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Abstract

In the Critique of Pure Reason, Immanuel Kant takes the ostensive constructions characteristic of
Euclidean-style demonstrations to be the paradigm of both mathematical proofs and synthetic a priori
cognition in general. However, the development of calculus included a number of techniques for
representing infinite series of sums or differences, which could not be represented with the direct
geometrical demonstrations of the past. Salomon Maimon’s Essay on Transcendental Philosophy addresses
precisely this disparity. Maimon, owing much to G. W. Leibniz, proposes that differentials of sensation
achieve what Kantian constructions could not. More importantly, Maimon develops a kind of symbolic
cognition that is not delimited by the constraint of the pure forms of intuition. The mind does not construct

its objects, but constructs itself through inquiry into the real objects of thought.

Keywords: Kant, Maimon, Leibniz, Calculus, Construction, Cognition, Symbolic, Differential, Philosophy,

Mathematics



Summary for Lay Audience

With the Critique of Pure Reason Immanuel Kant reorients metaphysics away from things considered
independently of the mind, towards the invariant structures of cognition and how the mind must suppose
these structures in every experience of things. While this might bring order to the flurry of affections that
impose themselves on the mind, a consequence of the critical turn is that the non-empirical objects of
mathematics must also find their ultimate source and validation in the experience of empirical objects. Kant
develops his philosophy of mathematics according to the use, tradition, and rigor of constructions in
geometry. By the early eighteenth century, however, calculus had challenged the role of perception and
sensation in the mathematical sciences. And not only this, the prominence of symbolic notation over
geometrical construction allowed mathematicians and philosophers to think real objects that could never be
given in the domain of experience. This line of thought is inaugurated by G.W. Leibniz and further
developed by Salomon Maimon in the eighteenth century. In the first chapter, I develop Kant’s notion of
‘construction’ and its place within his philosophy of mathematics, and critical philosophy more generally.
The second chapter explicates Kant’s relationship with calculus, specifically with Isaac Newton’s Method
of Fluxions, and shows how the indefinite iteration of constructions cannot adequately represent the relevant
properties of infinite series. Chapter 3 goes on to develop Maimon’s response to Kant - the 'differentials of
sensation’ - together with Leibniz’s analytic method of infinitesimals. The fourth and final chapter illustrates
the use of differentials in cognition with an example from Leibniz’s De quadratura and goes on to explicate
some consequences for Kant’s critical philosophy. It concludes by indicating a passage from representation

to reality, where cognition determines the thinking subject as much as it determines the object of experience.
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So we start in the middle with our cognition of things and finish in the middle again.

Salomon Maimon, Essay on Transcendental Philosophy

Introduction

Charles Sander Peirce one remarked that Kant “drew too hard a line between the operations
of observation and of ratiocination. He allows himself to fall into the habit of thinking that the
latter only begins after the former is complete...His doctrine of the schemata can only have been
an afterthought, an addition to his system after it was substantially complete. For if the schemata
had been considered early enough, they would have overgrown his whole work” (CP 1.35).! Kant
intended the schema of a concept to bridge the gap between the world of things and our
representations of those things. Our access to the world is mediated by our capacity to receive
information through bodily sensations, and our ability to retain then compile this information
according to a common set of relations. Our representations are not equal to the things they
represent, since the existence of things does not depend on the mind that thinks them. On this
model, concepts group together relations that are observed through experience. But what are the
origin of these concepts? Are they already in the mind, or are they communicated to the mind
through experience? To complicate matters, the rise and success of Newtonian physics indicated
that there was a necessary relation between the world of motion and the mathematical models of
motion. With empirical phenomena, it is possible to appeal to the senses as the bridge between
mind and world. But the relation between pure mathematics and the world of experience subsists
without as obvious of a support. In Critique of Pure Reason, Kant proposes an all-encompassing

system of philosophy that accounts for the connections between the different faculties of the mind.

! This refers to The Collected Papers of Charles Sander Peirce, Volume 1, Paragraph 35.

1



Instead of searching after the ultimate nature of things (whether they have essential mathematical
or conceptual properties), he turns inward and asks about the necessary conditions that must
foreground our experience of things. This is the anticipatory character that Peirce criticizes. In
addition, this places all activities of the mind under the jurisdiction of Kant’s philosophical system.
The domains of mathematics, natural science, and logic are delimited in advance by “a teacher in
the ideal, who controls all of these and uses them as tools to advance the essential ends of human
reason” (A839/B867). The ultimate goal of thinking is a single coherent science into which all
cognitive pursuits are resolved: “One can regard the critique of pure reason as the true court of
justice for all controversies of pure reason; for the critique is not involved in these disputes, which
pertain immediately to objects, but is rather set the task of determining and judging what is lawful
in reason in general in accordance with the principles of its primary institution” (A751/B779). The
ideal legislator that presides over this court is the philosopher.? The relation of this system to the
sensible world is confused if not lost.

Such a pursuit seems grandiose because it is. This thesis aims to show how developments
in mathematical practice, roughly between the years 1660-1700, presented a fundamental
challenge to this systematic way of philosophizing. The appraisal of Kant’s philosophy in light of
infinitesimal or differential calculus is most thoroughly developed in Salomon Maimon’s Essay
on Transcendental Philosophy. Maimon is critical of systematic philosophizing because he finds
real value in reflecting on our cognitive capacities and delimiting the scope of our representations.
He states, “In order to avoid all misunderstandings, | will make my opinion on this matter known

to the world. | maintain that Kant's Critique of Pure Reason is, in its own way, as classical a work

2 “From this point of view philosophy is the science of the relation of all cognition to the essential ends of human
reason (teleologia rationis humanae), and the philosopher is not an artist of reason but the legislator of human reason”
(A839/B867).



as Euclid's, and as incapable of refutation. In order to defend this claim | will take on all of his
opponents” (ETP 338n.3). But this is not to remain content with the system as Kant formulates it.
He continues, “But looked at from the other side I hold this system to be insufficient... The
existence of ideas in the mind necessarily indicates some kind of use for them... As a result, our
thinking essence can never be satisfied with sensible objects and its way of thinking them... it
feels in itself an irresistible drive to extend these limits ever further and to discover a passage from
the sensible to the intelligible world” (ETP 338-339n.3). One such method of passing from the
sensible to the intelligible is through Euclidean-style constructions of geometrical objects. And
here is where the schema of a concept is meant to bridge mind and world. Schemata turn the logical
relations of concepts into the spatial and temporal relations of experience. Concepts, especially the
concepts of mathematics, cannot relate to empirical objects “without immediately descending to
conditions of sensibility, thus to the form of the appearances, to which, as their sole objects, they
must consequently be limited, since, if one removes this condition, all significance, i.e., relation to
the object, disappears, and one cannot grasp through an example what sort of thing is really
intended by concepts of that sort” (CPR A240-241/B300). The paradigm of direct, ostensive
construction proves the validity of mathematical relations by showing such relations in space and
time. But, how is it possible to construct the summation of an infinite number of miniscule triangles
to prove that it equals the area under a curve? This method of proof falters when concepts cannot
be constructed in space and time, but are nonetheless real.

Mathematicians of the eighteenth century developed a new set of primarily algebraic

techniques to solve this problem, and Maimon draws on these techniques to establish the passage



from the sensible to the intelligible adequate to the demands of the objects of mathematics.® He
replaces the tradition of constructing figures in space and time with a method of abstracting
conceptual relations from the sensations and appearances given to consciousness. Maimon posits
differentials or elements of sensation that are finite yet smaller than any assignable magnitude, and
are “determinate units such that when they are added to themselves successively, an arbitrary finite
magnitude then arises” (ETP 29n.2). The reciprocal operations of summation and differentiation
give us a way of representing a finite magnitude composed of infinitely many, infinitely small
differences. The construction is no longer the decisive element in proving the validity of
mathematical claims, rather the rules according to which summation and differentiation operate
are the ultimate criterion of reality. In other words, where Kant would explain calculus in terms of
consciousness, Maimon explains consciousness in terms of calculus. The aim is not to inaugurate
a ‘return’ to Maimon, since there is no ‘Maimonian’ paradigm to return to.* Instead, Maimon’s
work describes a way beyond Kant from both within his system and by bringing mathematics to
bear on the totalizing ambitions of the Critique.

This thesis does not argue against Kant by appealing to the authority of mathematics. The claim
is that restricting cognition to the domain of experience, and the forms of space and time, cannot
account for the actual scope of cognition both in domain of philosophy and beyond. The finitude
of consciousness is the point of departure for thinking by other means. Symbolic notation is not

empty characteristic in need of an arithmetical or geometrical supplement, nor does it stand in for

3 In addition to the central place of both the differentials of specific quantities, as well as the differential quotient or
the derivative of a curve (expressed in Leibnizian terminology as dy or dx, and 3—1 respectively), Maimon also makes

reference to Newton’s method of fluxions, Cavalieri’s method of indivisibles, as well as the binomial theorem and the
process of integration by means of infinite, recursive sums (See Maimon 33-35, 229). Also see (Duffy 2014, 241-242)
for a discussion of Maimon’s familiarity with mathematics across other works. A detailed discussion of Maimon’s
Leibnizian interpretation of the calculus, and Kant’s Newtonian interpretation, follows below.

4 Among the growing scholarship on Maimon, there has been a consistent relationship between Maimon and Gilles
Deleuze, due to several mentions across various works. For a list of references, see Voss (2015, 77n.58).
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the ratios and proportions that give mathematical concepts a real object. Marcelo Dascal explains
that, for genuinely symbolic cognition, “instead of the ‘thing” conferring its meaningfulness to the
character, it is only the use of characters that makes ‘things’ accessible to our thoughts” (Dascal
1987, 68). Mathematical notation is an adequate symbolic language for representing the infinite
because a determinate object does not need to precede symbolization. For algebra of Descartes’
analytic geometry, it is only “once the ratios or proportions are constructed between the known
and the unknown magnitudes according to the given conditions of the problem, [that] the algebraist
can symbolize each such relationship by writing equations using the chosen notation” (Shabel
2003, 126). With the resources of infinite series expansions (such as the binomial theorem, Taylor
series, or the Leibniz’s use of the harmonic triangle), the proportions between terms cannot all be
given, but the rule for determining the series can be grasped in a finite or partial summation. The
difference between the thing and its concept is reduced to a degree of comprehension, since a finite
mind cannot fully and adequately represent these objects. Even though the manipulation of a well-
designed characteristic is a practice that takes place in space and time, it amplifies the content of
cognition beyond direct or ostensive constructions, without presuming complete or direct intuition
of things as they are in-themselves. This is the trajectory traced by Leibniz and Maimon, who agree
that “the sign is an instrument for representing something as an object of intuition that is not [in
fact] an object of intuition,” which is exemplified by an interpretation of the calculus that attends
not only to the spirit of discovery, but to its letter as well (ETP 278).° By freeing representation

from the constraints of experience, the mind frees itself from the constraints of finitude.

® For a detailed explication of Leibniz’s thought, see La Sémiologie de Leibniz. « Lorsque nous sassions distinctement
chaque composante d’une idée, nous avons une connaissance « intuitive » de cette idée. Mais ce type de connaissance
n’existe chez I’homme que pour les notions primitives et pour un petit nombre de notions composées peu complexes.
La grande majorité de nos connaissances étant donc symbolique, dans la plupart de nos raisonnements nous
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Chapter one is dedicated to explaining the role of geometrical construction in Kant’s
philosophy. Section 1.1 introduces some fundamental Kantian terminology in addition to laying
out the structure of cognition and transcendental philosophy. 1.2 introduces the distinction between
philosophical and mathematical cognition. This section highlights the connection between the
terms construction, imagination, and schema. 1.3 shows how geometrical (ostensive) construction
is the foundation of Kant’s philosophy of mathematics, and how algebra has objective validity
only through its use in geometry. 1.4 marks a turning point, where the centrality of construction is
extended beyond mathematics alone. There is a bifurcation between sensations and their
corresponding objects, which Maimon calls the “universal antinomy of thought in general.” This
antinomy is solved (not dissolved) by positing a vector through sensation and the understanding,
which Maimon calls a differential of sensation. Chapter two describes Kant’s relationship to
calculus. 2.1 gives a brief account of Newton’s Method of Fluxions, and shows how Kant was able
to incorporate this kinematic conception of calculus into his philosophy. 2.2 explains how
constructions are meant to prove the validity of a priori judgments. Kant distinguishes between
ostensive and apagogic proof, where the former is the standard on which he built his system.
However, calculus implicitly relies on apagogic modes of proof because it is impossible to
construct infinite series or infinitely small magnitudes. Chapter 3 comes off the heels of the new
symbolic paradigm that concludes chapter 2, and develops the notion of symbolic cognition as a
response to the shortcomings of ostensive construction. 3.1 begins by reprising real definitions and
their role in geometry. From this, it shows that a construction cannot ground synthetic judgments

because the reason for the correspondence of certain properties cannot be given, only assumed.

n’effectuons que des manipulations de signes, sans jamais les remplacer par les idées correspondantes. Les signes sont
donc, pour des raisons dérivées de la théorie de la connaissance, constitutifs de la pensée » (Dascal 1978, 209).



3.2 stresses the difference between actual and possible experience, and how the former involves a
passive synthesis not effected by the understanding. Actual experience presupposes a rule that
governs the sensible, but that the understanding has no insight into. The imagination has a role in
both of these syntheses, in one case it passively determines some element, and in another it actively
determines it. This element is the differential. 3.3 gives the Leibnizian background to Maimon’s
philosophy, and it also shows how the differential as infinitesimal quantity is not compatible with
Kant’s use of calculus (which relies on fluxions). Differentials are fictional entities that reduce
difference to nothing and produce continuity between objects governed by the same rule. The
differential quotient, or relation between two differentials, persists even when the individual terms
are reduced to zero. Together with the law of continuity and Leibniz’s new principle of equality,
differentials become the vanishing difference between two things whose difference can be made
smaller than any assignable magnitude. Chapter 4 is the final chapter which aims to draw some
consequences from the role of differentials in cognition. 4.1 summarizes a demonstration from
Leibniz’s De quadratura, and reprises apagogic proof in relation to continuity and equality. This
section gives a proper example of how differentials are able to extend beyond the bounds of
intuition, and how they are fictional entities that cannot be circumscribed or inscribed in a
construction. 4.2 returns to the philosophy of Maimon, and uses the above lessons to explain how
differentials allow the understanding to abstract pure relations from actual appearances. Concepts
can legitimately be exhibited by symbols, without recourse to the relations of space and time. 4.3
is both the final section and conclusion. The upshot of Maimon’s philosophy is that cognition is
not meant to organize all of nature according to concepts. The differential is a passage from the
sensible to the intelligible, from the finite to the infinite. The idea of an infinite mind whose

panoptic view adequately describes every object is a fiction that brings unity to cognition.



Nevertheless, it is a fiction that enables the mind to become more objective, more real; “a practical
rule by which we go into ourselves, as it were, or better, by which we, as such, attain ever greater

reality” (ETP 165).



Chapter One

1.1 Empirical Experience at the Center of Transcendental Philosophy

Kant does not give an explicit definition of the transcendental per se, but there is much to
infer from its use as an adjective. Two instances are particularly clear. First, in the introduction to
the ‘Transcendental Logic,” Kant distinguishes general logic from transcendental logic. The former
concerns only the relations that one can think between objects in general, including the objects of
experience, and makes no distinctions based on the content or origin of its cognitions. As to the
later, Kant writes: “Such a science, which would determine the origin, the domain, and the
objective validity of such cognitions, would have to be called transcendental logic, since it has to
do merely with the laws of the understanding and reason, but solely insofar as they are related to
objects a priori and not, as in the case of general logic, to empirical as well as pure cognitions of
reason without distinction” (CPR A57/B82). In this instance, the transcendental describes a kind
of logic that is not only concerned only with the form of its cognitions (the laws of the
understanding and reason), but also the relation between these laws and the ways that objects are
necessarily represented in cognition. Transcendental logic is, in one respect, concerned with the
possibility of the relation between form and matter, it does not look to empirical experience since
the unity and significance of experience is the result of actually applying the rules of the
understanding to the matter of sensations. This is the logic of truth insofar as “no cognition can
contradict it without at the same time losing all content, i.e., all relation to any object, hence all
truth” (CPR A62/B87). The other part of transcendental logic concerns its merely subjective use,
and the principles of reason that mitigate illusions, since “it is very enticing and seductive to make
use of these pure cognitions of the understanding and principles by themselves, and even beyond

all bounds of experience, which however itself alone can give us the matter (objects) to which



those pure concepts of the understanding can be applied” (CPR A63/B87). Kant warns that “the
understanding falls into the danger of making a material use of the merely formal principles! of
pure understanding through empty sophistries, and of judging without distinction about objects
that are not given to us, which perhaps indeed could not be given to us in any way” (CPR
A63/B88).

Second, in the introduction to the Critique, Kant begins to describe the kind of cognition
necessary for a pure use of reason, which would be capable of addressing the relation between the
particular claims of experience and the universal and necessary claims of reason. Such a discipline
is metaphysics. If such a discipline were to bring itself to “certainty regarding either the knowledge
or ignorance of objects, i.e., to come to a decision either about the objects of its questions or about
the capacity and incapacity or reason for judging something about them, thus either reliably to
extend our pure reason or else to set determinate and secure limits,” it could rightly be called a
science (CPR B21). It is doubtful whether this has ever been achieved, even today, but, the critical
project is a first step in this pursuit, and as such, must take stock of the objects, capacities, and
limits that have thus far composed the discipline. Kant writes, “I call all cognition transcendental
that is occupied not so much with objects but rather with our mode of cognition of objects insofar
as this is to be possible a priori” (CPR A12/B25). Transcendental cognition is the use of reason
directed in assessing how and in what ways it is possible to have cognition of objects. As in the
first instance, this involves analyzing the various faculties at work, and isolating those that do not
depend on experience, or can be thought as logically proceeding their application to experience.

Though it may seem that the transcendental is a realm unaffected by actual, empirical
experience, the opposite is the case. Kant writes, “There is no doubt whatever that all our cognition

begins with experience; for how else should the cognitive faculty be awakened into exercise if not
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through objects that stimulate our senses and in part themselves produce representations, in part
bring the activity of our understanding into motion...thus to work up the raw material of sensible
impressions into a cognition of objects that is called experience?” (CPR B1).% By this Kant means
that the proper use of the understanding is to make judgments about the appearances that present
themselves to consciousness. Kant divides cognition into three (possibly four) faculties: Sensible
intuition or Sensibility, the Understanding, and Reason.” All empirical (a posteriori) cognition
concerns sensible intuition, which is the only receptive faculty of cognition. All intuitions are
sensible since the qualitative component of experience is not the product of a spontaneous act of
the understanding; rather, these qualities are representations of how objects ‘affect’ the senses.
Though Kant writes “In whatever way and through whatever means a cognition may relate to
objects, that through which it relates immediately to them, and at which all thought as a means is
directed as an end, is intuition” this is not to say that sensible intuitions of an object are the things
themselves (CPR A19/B33). All cognition deals with representations, whether empirical or pure.
Since the matter of sensation must be given from without, any representation of empirical objects
must depend on what is given in experience. For this reason, there are no definitions of empirical
concepts, only explications of them since “I can never be certain that the distinct representation

of a (still confused) given concept has been exhaustively developed unless | know that it is

% The next paragraph qualifies this statement: “But although all our cognition commences with experience, yet it does
not on that account all arise from experience” (CPR B1). This is the difference between a posteriori and a priori
cognitions, which will be explored below.

" This list will function to introduce the necessary groundwork, though the imagination will play a large role in what
follows. There is some controversy about whether the imagination is a faculty in its own right, since it spans the divide
between intuition and the understanding. Heidegger’s influential interpretation in Kant and the Problem of
Metaphysics places the imagination at the centre of cognition (Onof, Schulting 2015, 23-27). Deleuze also includes
the imagination among the faculties of representation, and sensibility as a faculty of presentation (Deleuze 2013, 8-
9). Recent commentaries have given more ground to the understanding as that which determines, in some way, the
syntheses of the imagination. The imagination would be performing a discursive though ‘non-’ or ‘pre-conceptual’
synthesis that unifies intuition prior to judgments of the understanding. This is the thrust of Beatrice Longuenesse’s
and Michael Friedman’s approach (Onof, Schulting 2015, 10, 16-19). Maimon’s discussion of the imagination
resembles the latter position, though he maintains that we can only represent empirical intuitions as if the imagination
were governed by the understanding, if the work of the imagination is to be ‘legitimate’ and not mere play (ETP 134).

11



adequate to the object,” and that it “can contain many obscure representations, which we pass by
in our analysis though we always use them in application, the exhaustiveness of the analysis of my
concept is always doubtful, and by many appropriate examples can only be made probably but
never apodictically certain” (CPR A728/B756).

As sensible intuitions, all appearances have both matter and form prior to their
determination and subsumption under a concept. The pure forms of any intuition are space and
time, regardless of whether the matter is also given, that is, whether the intuition is pure or
empirical. The representation of objects outside of the mind is space, outer sense; and the
representation of objects inside the mind is time, inner sense.® Kant is explicit that the forms of
intuition are not concepts, nor do they have their origin anywhere other than in intuition. In an
especially clear footnote, he writes,

Thus empirical intuition is not put together out of appearances and space (out of perception
and empty intuition). The one is not to the other a correlate of its synthesis, but rather it is
only bound up with it in one and the same empirical intuition, as matter and its form. If one
would posit one of these two elements outside the other (space outside of all appearances),
then from this there would arise all sorts of empty determinations of outer intuition, which,
however, are not possible perceptions. (CPR A429/B457)

There is no such thing as an absolute space or absolute time that exists apart from the mind,
since this would imply that space and time are forms of things as they are in themselves or apart

from any representation. However, even if this were the case and there was a perfect isomorphism

8 Notice that thoughts or mental representations in general are still intuitions. That is to say, the mind perceived
empirically is not identical to the unity of apperception that receives these intuitions. As such, all judgments issuing
from the understanding are spontaneous, i.e., not implicated in the empirical order of causes (CPR B155-156). This is
significant, since Kant introduces a logical order of reasons that stands apart from the natural order of causes, and as
such there can be no reduction of cognition to substance or matter of any kind (this terminology is taken from Brandom
2012). This opens up the possibility of genuinely objective judgments. That is to say, connections between concepts,
though derived from experience are not grounded in any one experience, but range over a number of instances.
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between the forms of intuition, and the relations amongst things themselves, there is no perception
that could reveal this coincidence, since, by subjective necessity, all cognition of outer objects is
necessarily represented in space. Space and time, as the forms of intuition that must precede any
representation of sensation, are pure representations. By pure, or a priori, Kant names those
features of cognition that the subject contributes of itself. This is the discovery that put
mathematics at the forefront of scientific innovation, where the geometer must produce a figure
“from what he himself thought into the object and presented (through construction) according to
a priori concepts, and that in order to know something securely a priori he had to ascribe to the
thing nothing except what followed necessarily from what he himself had put into it in accordance
with its concept” (CPR Bxii). Not only does the subject give form to appearances, it also brings
unity to the manifold of various qualities located in space and time. It does this by means of the
original unity of apperception. In many ways, this is the key component of the entire critical
system, and it deserves some elaboration.

As we have already mentioned, Kant takes the achievements of both mathematics and
natural science as examples of objective truth. The subject matter of both sciences can be
approached, not independently of all subjectivity, but independently of any particular subject.
When Kant turns to metaphysics, he asks: What, in experience, must be true for all subjects with
minds like my own, or, what is objective in experience? Before answering this, the term experience
has a technical meaning for Kant. In the B edition of the ‘Transcendental Deduction,” Kant makes
a distinction between thinking and cognition. Where thinking only requires concepts, cognition
requires two components, concepts and intuitions. For the sake of brevity, and because this will be
treated later, Kant proposes twelve concepts that “spring pure and unmixed” from the

understanding alone (CPR A67/B92). In contrast to the receptive nature of sensibility, which yields
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sensible intuitions, the understanding is both spontaneous and guided by principles that determine
concepts. In sum, “All intuitions, as sensible, rest on affections, concepts therefore on functions.
By a function, however, | understand the unity of the action of ordering different representations
under a common one” (CPR A68/B93). Since intuitions are the only kind of representation
immediately related to an object, concepts can only relate to objects by means of an intuition.
Consequently, when Kant calls the understanding the faculty for judging, by judgment he means
the representation (concept) of a representation (intuition) of an object by means of a rule
(function).®

Kant isolates twelve distinct ‘functions of judgment’ from a fundamental unity of the
understanding, that is, twelve ways that the understanding can impart unity to two or more
representations.'® From these are derived the twelve categories, also grouped in four, which, as
concepts, act as the more general representations, and “are related to some representation of a still
undetermined object” (CPR A69/B94).1! The understanding can only bring unity to representations
by means of concepts, and as such, the categories are not concepts of the functions of judgments,
but are the functions of judgments in action, i.e., are the purely formal rules given content from
intuition. Apart from the understanding, sensibility gives a diverse array of intuitions. Even though

these intuitions have both form and matter,*? “Only the spontaneity of our thought requires that

9 “We can, however, trace all actions of the understanding back to judgments, so that the understanding in general can
be represented as a faculty for judging” (CPR A69/B94).

10 Under four headings are: Quantity — universal, particular, singular; Quality — affirmative, negative, infinite; Relation
— categorical, hypothetical, disjunctive; Modality — problematic, assertoric, apodictic (CPR A70/B95).

11 The Categories are also grouped according to the functions of judgment: Quantity — unity, plurality, totality; Quality
— reality, negation, limitation; Relation — inherence and subsistence, causality and dependence, community
(reciprocity between agent and patient); Modality — possibility/impossibility, existence/non-existence,
necessity/contingency (CPR A80/B106). Also following the functions of relation, causality and community relate
concepts to concepts, where substance (and accident) relate a concept and an intuition.

12 In the scholarship, there are two different ways of interpreting the form proper to sensations. Béatrice Longuenesse
holds that the term ‘formal intuition’ describes the particular spaces and times of various sensations, which, when
combined by the understanding, give rise to the pure forms of intuition considered as a singular abstract space and a
singular abstract time (Longuenesse 2005, 72). Contrary to this, Henry E. Allison holds that space and time, as singular
forms of intuition, are pre-conceptual unities (given all at once). All particular sensible intuitions are limitations of
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this manifold first be gone through, taken up, and combined in a certain way in order for a cognition
to be made out of this.” He continues, “I call this action synthesis. By synthesis in the most general
sense, however, | understand the action of putting different representations together with each
other, and comprehending their manifoldness in one cognition” (CPR A77/B102-103). Judgments
are able to unify representations because judgments subsume representations under a more original

unity.*

Kant explains that “the understanding is completely exhausted and its capacity entirely
measured by these functions [of jJudgment],” which is a transcendental unity that is logically priori
to category of unity, under which the categories unite the sensible manifold of intuition (CPR
A79/B107).

Returning to the distinction between thinking and cognition, one can think whatever one
likes since the concept itself is possible (if it is non-contradictory) without any sensible intuition.
Concerning cognition, Kant writes, “the categories do not afford us cognition of things by means
of intuition except through their possible application to empirical intuition, i.e., they serve only
for the possibility of empirical cognition. This, however, is called experience. The categories
consequently have no other use for the cognitions of things except insofar as these are taken as
objects of possible experience” (CPR B147-148). Now we are closer to answering the question
that spurred this discussion. The distinguishing feature of empirical cognition, or experience, is

that sensation must be given, and givenness is only an affection of the subject by an object.

However, possible experience does not require this subjective criterion insofar as it names the

these pure forms, must be ‘cut out’ of them (See A32/B48). Formal intuitions are distinct regions of space treated as
objects, as such, they are mediated by the concepts of the understanding (Allison 2004, 115). This issue will return
when discussing mathematical constructions and the relations of Geometrical figures to objects. | lean more toward
Longuenesse’s position, since, even if there were something like a singular space for intuition, it could only be
represented as a single space by the understanding, since there is no such perceivable object (See A429/B457). We
will refer to the note on (CPR B160-161) below.

13 Kant calls it the original unity of apperception since the unity under discussion proceeds the category of unity, and
must ground the possibility of its use in experience (CPR B135).
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formal or pure conditions requisite for the representation of a sensation, which must be true for
any and all experience, or experience as such. Contrary to how it might seem, no particular
experience of an object can be objective by itself. Instead, only insofar as the unity of the object
stands as an emblem of the formal unity of consciousness can the experience of an object be
abstracted from the particular, subjective features of experience. Kant expresses this differently in
the A and B editions of the Critique, which nonetheless convey the same point. In the A edition,
Kant frames it this way: all appearances, or empirical intuitions, are immediately related to an
object that cannot itself be given in experience; since this object itself does not depend on any
subjective faculty (only our sensation of it is subjective), it is a non-empirical component of
experience that we can think but not cognize. Kant names this the ‘transcendental object = X.” He
writes:
The pure concept of this transcendental object (which in all of our cognitions is really
always one and the same = X) is that which in all of our empirical concepts in general can
provide relation to an object, i.e., objective reality. Now this concept cannot contain any
determinate intuition at all, and therefore concerns nothing but that unity which must be
encountered in a manifold of cognition insofar as it stands in relation to an object. This
relation, however, is nothing other than the necessary unity of consciousness, thus also of
the synthesis of the manifold through a common function of the mind for combining it in
one representation. (CPR A109).
This necessary, synthetic unity of consciousness is, as hinted above, the transcendental
unity of apperception. This description reveals that the transcendental unity itself is what is

objective in experience, and can be thought objectively as an empty object = X, or subjectively as
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the a priori unity to which all possible cognitions belong.'* In the B edition, Kant introduces the
term ‘I think’ as that which must accompany all representations, especially those given by
intuition. Otherwise, one would find oneself in a situation where “something would be represented
in me that could not be thought at all, which is as much as to say that the representation would
either be impossible or else at least would be nothing for me” (CPR B132).1°

It is important to stress that, even though appearances are given by means of the subject
alone, by means of their form these appearances can be ordered objectively; that is, they can be
represented according to concepts so that the circumstances of perception do not exhaust the
possible ways one might experience an object. So, finally to answer the question, ‘What, in
experience, must be true for all subjects with minds like my own, or, what is objective in
experience?,” one can say: The objective validity of experience is founded on empirical cognition,
that is, the relation of concepts to intuitions, which are the only means for the understanding to
represent objects. Since an object can never be given in itself, and cannot directly ground or unify
representations of itself, the unified representation of an object is derived from the transcendental
unity of apperception. This is not to say that there are no objects beyond consciousness but that

the manifold of appearances, and the various qualities of sensation, can only be unified or thought

14 Allison highlights that the transcendental object, and things-in-themselves, overlap since they are both the referents
of sensation. Rather than commit Kant to radical idealism, wherein the mind perceives only itself in empirical objects,
he takes Kant to be making a methodological point. The thing-in-itself, or object = X, is only ever thought, and can
never be perceived. As such, it is a methodological exercise of the understanding; “it stipulates how an object must be
considered, if it is to function in a transcendental account as “something corresponding to sensibility viewed as
receptivity.” As such, the prohibition does not bring with it any ontological assumptions about the real nature of things
or about a super-sensible realm” (Allison 2004, 70). This is not an ontological assumption, only a reflection on the
transcendental limits of cognition.

15 perhaps the understanding cannot represent such a state to itself, but this does not make it absolutely impossible. In
his Monadology, Leibniz distinguishes between perception and apperception, and maintains that one cannot discount
“perceptions whose owners were not aware of them” §14. He also maintains that “we experience within ourselves a
state in which we remember nothing and have no distinguishable perception, as when we fall into a swoon or are
overcome by a deep and dreamless sleep” §20 (L 644).
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as corresponding to objects by the understanding.*® Any use of the understanding, even its use a
priori, depends on its possible connection to appearances. In Kant’s words:

Understanding is, generally speaking, the faculty of cognitions. These consist in the

determinate relation of given representations to an object. An object, however, is that in

the concept of which the manifold of a given intuition is united. Now, however, all
unification of representations requires unity of consciousness in the synthesis of them.

Consequently the unity of consciousness is that which alone constitutes the relation of

representations to an object, thus their objective validity, and consequently is that which

makes them into cognitions and on which even the possibility of the understanding rests.

(CPR B137).

It is by making objectively valid judgments that one either clarifies or amplifies the content
of the judgment. Clarifying the concept is an analytic judgment because it clarifies the intension
of a concept, its identity, or all of the varying marks or determinations that differentiate concepts
from one another (CPR B11). Amplifying the concept is a synthetic judgment, since, as already
mentioned, the act of synthesis involves connecting diverse representations or determinations, not
by means of identity, but by means of the unity of experience. As we will see, space and time as
the pure forms proper to sensibility, that is, sensible intuition, are what facilitate both synthetic
empirical jJudgments and synthetic pure judgments. The former are judgments of experience, which
means that two concepts that are not connected analytically (by identity) are thought together in

the object. And, since empirical cognition (experience) is objective, the connection is

¥ In Kant’s Critical Philosophy, Deleuze makes a similar point about the connection between the object = X as the
correlate of the ‘I think.” He writes, “the manifold would never be referred to an object if we did not have at our
disposal objectivity as a form in general (‘object in general’, ‘object = x”). Where does this form come from? The
object in general is the correlate of the ‘I think” or the unity of consciousness; it is the expression of the cogito, its
formal objectivation” (Deleuze 2013, 15). The emphasis on the generality of this unity is meant to emphasize the role
of the understanding from that of imagination, where the former “is not synthesis itself, it is the unity of synthesis and
the expression of that unity” (ibid., 16). A positive characterization of the imagination follows below.
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transcendentally necessary, though not logically necessary.!’” The latter are judgments of possible
experience, where, “if we want to go beyond the given concept in an a priori judgment, we
encounter that which is to be discovered a priori and synthetically connected with it, not in the
concept but in the intuition that corresponds to it” (CPR B73). The synthetic connections are made
by means of the pure forms of sensible intuition and concern how the pure concepts of the
understanding (categories) must be adapted to space and time, so that they can have transcendental,

in addition to logical, value.

1.2 Philosophical and Mathematical Cognition

The model of cognition centered on experience makes sense, since the aim of cognition is
to sort the manifold sensations affecting the mind into a series of relations that obtain between
objects, independent of the order of perception. This model is less obviously true of mathematical
cognition, “For the object that it thinks it also exhibits a priori in intuition, and this can surely
contain neither more nor less than the concept, since through the explanation of the concept the
object is originally given, i.e., without the explanation being derived from anywhere else”
[emphasis added] (CPR A730/B758). The primary difference between 1) philosophical and 2)
mathematical cognition is this: 1) whether cognition a priori operates in abstracto, that is, whether
concepts are treated only as universals without a determinate object; or, 2) whether cognition
operates in concreto, i.e. whether concepts treat an individual, though pure, intuition that is not

given in experience (CPR A735/B763). Though this distinction occurs more than five hundred

17 In the Prolegomena, judgments of experience are contrasted with judgments of perception. Where the former are
objective since they depend upon both the categories and the transcendental unity of apperception, the latter “require
no pure concept of the understanding, but only the logical connection of perception in a thinking subject” (Kant 2001,
38). By logical Kant does not mean analytic, only that the connection is made formally and not transcendentally.
Experience can yield objectively synthetic judgments only if the connections are required to cognize an object, not if
the connections are established by affection or any other subjective ground.
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pages into the Critique, mathematical cognition has been a staple throughout. In the preface to the
B edition Kant writes:

A new light broke upon the first person who demonstrated the isosceles triangle (whether

he was called "Thales" or had some other name). For he found that what he had to do was

not to trace what he saw in this figure, or even trace its mere concept, and read off, as it
were, from the properties of the figure; but rather that he had to produce the latter from
what he himself thought into the object and presented (through construction) according to

a priori concepts, and that in order to know something securely a priori he had to ascribe

to the thing nothing except what followed necessarily from what he himself had put into it

in accordance with its concept. [emphasis added] (CPR Bxii).!8
This last clause highlights the dynamics of mathematical cognition, namely, that the sole content
of the object is derived from the rules of its composition, or, its concept thought in relation to
intuition. And it is precisely the character of this relation to intuition that distinguishes the two
types of cognition.

Kant’s most clearly formulates this distinction in the first chapter of ‘The discipline of pure
reason.” He makes the distinction because, when one treats philosophy by the standards of
mathematics, it becomes dogmatic, i.e. it does not ask the critical or transcendental questions about
the use of reason. This is because mathematics supplies both the form and matter of its cognitions
a priori, which is impossible for philosophy. Since this distinction will take us through to section

3, it is worth quoting in full:

18 This formulation returns with Maimon, who takes mathematical cognition as the standard of all cognition a priori.
The objective validity of judgments depends on the understanding alone, since it is the ground of the connection. He
writes: “All that the understanding can assume with certainty in the object is what it itself has put into it (in so far as
it has itself produced the object itself in accordance with a self-prescribed rule), and not anything that has come into
the object from elsewhere” (ETP 59-60).
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Philosophical cognition is rational cognition from concepts, mathematical cognition that
from the construction of concepts. But to construct a concept means to exhibit a priori
the intuition corresponding to it. For the construction of a concept, therefore, a non-
empirical intuition is required, which consequently, as intuition, is an individual object,
but that must nevertheless, as the construction of a concept (of a general representation),
express in the representation universal validity for all possible intuitions that belong under
the same concept. Thus I construct a triangle by exhibiting an object corresponding to this
concept, either through mere imagination, in pure intuition, or on paper, in empirical
intuition, but in both cases completely a priori, without having had to borrow the pattern
for it from any experience...Philosophical cognition thus considers the particular only in
the universal, but mathematical cognition considers the universal in the particular, indeed
even in the individual, yet nonetheless a priori and by means of reason, so that just as this
individual is determined under certain general conditions of construction, the object of the
concept, to which this individual corresponds only as its schema, must likewise be thought

as universally determined. [emphasis added] (CPR A713-714/B741-742).

Three terms— construction, imagination, and schema — hold this quote together and name the key

differences at play. The imagination and schema are introduced in close proximity to Kant’s

discussion of the categories because they are together the reason or ground that authorizes

application of the categories to sensible intuitions. Constructions do not depend on sensibility in

the same way since pure intuitions can be spontaneously produced by the imagination.

Mathematical cognition, therefore, possesses a distinct relationship to the object s of experience.

The imagination is given a distinct role in the ‘Transcendental deduction of the pure

concepts of the understanding,” and is discussed in the section entitled ‘On the application of the
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categories to objects of the senses in general.” There is much to glean from its situation. For Kant,
deduction is less associated with the logical or mathematical procedure of drawing necessary
conclusions from a given set of premises, than it is with the legal procedure of providing proof for
the question of what is lawful (quid juris).?® The transcendental deduction is the procedure for
providing proof by means of the laws or the rules of the understanding alone, of how pure concepts
can apply to objects (CPR A85/B117). Thus far, we have described the categories in relation to
appearances — the matter of sensation and the form of intuition are first given, and the
understanding orders them as belonging to an object — but what has yet to be shown is by what
right or according to what reason these heterogeneous representations can interact. Concerning
sensibility, the rule governed action of the understanding is made legitimate by means of inner
sense, or time.

The transcendental subject (the “I think™) can only represent itself by means of intuition;
that is, representation of its contents must occur in inner sense. All intuitions, then, must be capable
of taking the form of time, since any perception through outer sense can be represented as a
thought, or a content of the empirical mind. However, the situation becomes more complicated

when considering contents of the mind that are not prompted by outer sense. In this case one must

19 The full quote is as follows: “Jurists, when they speak of entitlements and claims, distinguish in a legal matter
between the questions about what is lawful (quid juris) and that which concerns the fact (quid facti), and since they
demand proof of both, they call the first, that which is to establish the entitlement or the legal claim, the deduction”
(CPR A84/B116). Kant takes the question of fact as already settled, i.e., we know that this already occurs in
mathematics and natural science. He begins the Prolegomena by writing in the preface, “there are enough of them
[synthetic a priori judgments] which indeed are of undoubted certainty, and as our present method is analytical, we
shall start from the fact that such synthetic but purely rational cognition actually exists; but we must inquire into the
ground of this possibility and ask how such cognition is possible” (Kant 2001, 18). It might be contested that this
assumption is valid only for the Prolegomena, since its method of presentation is ‘analytical’ as compared to the
Critique. But, in the B introduction, Kant demonstrates that both mathematics and physics produce synthetic a priori
judgments, and argues that, “since they are actually given, it can appropriately be asked how they are possible; for
that they must be possible is proved through their actuality” (CPR B20). Since metaphysics is not yet a science, Kant
infers that such a science is possible because the kernel of our ‘natural predisposition’ to abstract beyond experience
is identical to that of mathematics and physics. The questions quid facti and quid juris will return with Maimon’s
objections to Kant.
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turn to the imagination [Einbildungskraft], which “is the faculty for representing an object even
without its presence in intuition” (CPR B151). The imagination at once belongs to sensibility —
it is subjective because the intuitions do not originate from an object, but are produced — and to
the understanding as an act of spontaneity. Kant remarks that, “the imagination is to this extent a
faculty for determining the sensibility a priori, and its synthesis of intuitions, in accordance with
the categories, must be the transcendental synthesis of the imagination, which is an effect of the
understanding on sensibility and its first application (and at the same time the ground of all others)
to objects of the intuition that is possible for us” (CPR B152).%° This transcendental synthesis of
the imagination is also called a figurative synthesis (synthesis speciosa), or the productive
imagination, since any combination that is thought by the understanding is also exhibited in time.
It is the synthesis that is responsible for the duration of thought, the time involved in passing from
one representation to another. Kant provides these examples: “We cannot think of a line without
drawing it in thought, we cannot think of a circle without describing it, we cannot represent the
three dimensions of space at all without placing three lines perpendicular to each other at the same
point...The understanding therefore does not find some sort of combination of the manifold
already in inner sense, but produces it, by affecting inner sense” (CPR B154-155). The
transcendental synthesis of the imagination does not describe the relationship of a concept to
intuition in general,?* but determines or structures intuition as the understanding thinks a concept.

To reiterate, this is not the synthesis that brings already given representations together in one

20 This synthesis does not belong to sensibility, since it is only a passive, determinable faculty, and it is not necessary
to think the synthesis in terms of intuition either. “[The first synthesis of the understanding] is nothing other than the
unity of the action of which it is conscious as such even without sensibility, but through which it is capable of itself
determining sensibility internally with regard to the manifold that may be given to it in accordance with the form of
its intuition” (CPR B153, B161).

2L This is called the ‘combination of the understanding,” or an intellectual combination. This can be thought as the
general sort of combination that is true of the transcendental unity of apperception. This synthesis already assumes
the connection between the rules of the understanding, and the determinate order in sensibility, which is not yet
accounted for (CPR B151).
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cognition. This synthesis produces order in inner sense, where the sole source of this order comes
from the rules of the understanding. In this circumstance, Kant explains, “the understanding always
determines the inner sense, in accordance with the combination that it thinks, to the inner intuition
that corresponds to the manifold in the synthesis of the understanding” (CPR B156). Here, the
‘inner intuition’ stands for the implicit relation that, as properly transcendental, the categories
posses to intuition in general. Sensibility can, at most, give the subjective associations between
appearances, which it does not produce, but receives. In contrast, the understanding determines
sensibility, not by producing a determinate intuition, but by adapting its pure rules to intuition. The
product is not a determinate content, but the determinateness of the combination itself, in the form
of a single, pure time.??

This leads to the second term, namely, schema. Different categories are thought by means
of different rules, e.g. causality is thought by hypothetical judgment, and community (reciprocal
cause-effect relations) is thought through disjunctions. These concepts can never be given
empirical content, so they are cognized as the “representation of a general procedure of the
imagination for providing a concept with its image;” this, Kant writes, “is what | call the schema
for this concept” (CPR B180). Like the productive imagination, a schema straddles the gap
between sensibility and understanding, but it is a general procedure, or a specific rule-set, for
thinking a concept in intuition. As above, the transcendental status of these rules means they must

be formulated in the language of intuition, and at least in pure time produced by the imagination.

221 am using ‘pure time’ in the way Kant uses ‘pure space’ in the ‘Analogies of Experience:’ “Space, prior to all things
determining (filling or bounding) it, or which, rather, give an empirical intuition as to its form, is, under the name of
absolute space, nothing other than the mere possibility of external appearances, insofar as they either exist in
themselves or can be further added to given appearances.” Space ‘prior’ to determination which gives the form of
empirical intuition (prior in a logical not temporal sense) is only the possibility of external appearances, just as pure
time is the possibility of internal appearances. It is not itself an object since it is ‘not a possible perception,” which
supports the interpretation that ‘pure’ space and time can only be ‘represented as object’ in anticipation of empirical
experience. The transcendental synthesis of the imagination orders inner sense by representing these appearances as
parts of a pure time which is itself ordered by the categories.
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Schemata are transcendental determinations of pure time. “Now a transcendental time-
determination is homogeneous with the category (which constitutes its unity) insofar as it is
universal and rests on a rule a priori. But it is on the other hand homogeneous with the
appearance insofar as time is contained in every empirical representation of the manifold” (CPR
A139/B178). All concepts have schemata, even empirical concepts. The schemata of empirical
concepts, that is, those concepts that can be perceived or given by sensibility, are not any
determinate intuition either, but only ‘a monogram of pure a priori imagination.” This monogram
or outline consists only of the marks or determinations that differentiate one concept from another.
Given the example of a dog, one can “specify the shape of a four-footed animal in general, without
being restricted to any single particular shape that experience offers me or any possible image that
I can exhibit in concreto” (CPR B180). No individual or fully determinate representation can be
given, insofar as a schema is only the specific rule set necessary for recognizing a concept in
experience, or constructing it a priori.?® Whence the schemata issue, Kant has nothing to say except
“[the schematism] is an art hidden in the depths of the human soul, whose true ope