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Abstract

The Borel equivariant cohomology is an algebraic invariant of topological spaces with actions
of a compact group that inherits a canonical module structure over the cohomology of the
classifying space of the acting group. The study of syzygies in equivariant cohomology
characterize in a more general setting the torsion-freeness and freeness of these modules by
topological criteria. In this thesis, we study the syzygies for elementary 2-abelian groups (or 2-
tori) in equivariant cohomology with coefficients over a field of characteristic two. We approach
the equivariant cohomology theory by an equivalent approach using group cohomology which
will allow us to distinguish syzygies via the exactness of the Atiyah-Bredon sequence using
"shifted" and "virtual" subgroups that overcome the problem of the finiteness of the acting
group. We apply this characterization to study the equivariant cohomology for locally standard
actions of 2-tori and also for torus actions with compatible involution, that will generalize the

equivariant formality for Hamiltonian torus actions on symplectic manifolds.

Keywords: equivariant cohomology, group actions, torus actions, syzygies, group cohomology,

Hamiltonian actions, Weyl invariants, manifold with corners, big polygon spaces.
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Summary for Lay Audience

In algebraic topology we study properties of spaces by algebraic means; the homotopy, ho-
mology or cohomology theories are algebraic invariants of the spaces that are preserved under
continuous deformations. Another approach to study the properties of spaces is throughout
their symmetries or group actions, which is known as the theory of transformation groups.
The equivariant cohomology is an algebraic invariant of both the topology of the space and
its given group action. This algebraic invariant will become a module over a polynomial ring
in several interesting situations; for example, when involutions or reflections of the space are
considered. In this thesis, we characterize topological and algebraic properties of the equivariant
cohomology for these particular actions, we relate this results with the progress done by circle
and torus actions, and we also provide applications on symplectic manifolds and manifold with

corners, that generalize the notions of polytopes and polyhedra.
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Chapter 1

Introduction

Topology studies those invariant and properties of spaces that are preserved through continuous
deformations. Many of these properties can be captured by algebraic means: homotopy
groups, homology, cohomology theories and other tools from algebraic topology carry a lot of
information about the space. On the other hand, a different approach to studying invariants or
properties of spaces is through its symmetries; this led to the theory of transformation groups;
more precisely, studying actions of topological groups on spaces. To relate these two main
approaches, one can use the theory of equivariant cohomology as it captures both the topology
of a space X and the action of a group G on X in terms of ordinary cohomology. This theory was
formally introduced by Borel [Borel, 1960] in his transformation groups seminar, yet earlier
constructions involving equivariant de Rham cohomology and equivariant differential forms
were given by Cartan in [Cartan, 1950]. The equivariant cohomology has many applications
in different fields in mathematics; namely, there are important results in algebraic topology,
algebraic geometry, transformation groups, symplectic manifolds, K-theory, index theory and

cobordism theory.



Following [Borel, 1960], let G be a compact Lie group, EG — BG a universal principal bundle
for G and let X be a topological space with a continuous action of G or a G-space. Observe that
the space EG x X is homotopy equivalent to X and the diagonal action of G on it is free. The
equivariant cohomology of X with coefficients in a commutative ring R, denoted by H;(X;R),
is defined as the singular cohomology of the space Xg = (X X EG)/G (known nowadays as the
Borel construction or homotopy quotient of X). Observe that the projection map EG x X — EG
induces a map Xg — BG and thus a map of rings in cohomology H*(BG : R) — H},(X;R).

Hence, Hf,(X;R) becomes canonically a H*(BG;R)-module.

The equivariant cohomology is natural with respect to both G and X. Namely, any map ¥ — X
between G-spaces X and Y which preserves the action induces a map of H*(BG;R)-modules
H(X;R) — HE(Y;R). On the other hand, for any homomorphism of Lie groups «: G — K
and any K-space X, there is an induced action of G on X and a morphism of H*(BK; R)-modules

HE:(X;R) — H5(X;R).

The equivariant cohomology for spaces with an action of a compact Lie group has been studied
since 1960 from different approaches, and several tools have been developed to compute it. For
example, let G denote a compact connected Lie group. The G-equivariant cohomology with
real coefficients of a G-space X will be a module over the graded commutative polynomial ring
H*(BG) concentrated in even degrees and it will be determined by the restriction to the action

on the maximal torus 7" in G as the following result exhibits [Hsiang, 1975, Ch.III§1 Prop.1].

Theorem 1.1 (Reduction to torus actions). Let G be a compact connected Lie group, T be a
maximal torus in G with normalizer N and W = N /T be the corresponding Weyl group. Let X

be a G-manifold, and consider cohomology with real coefficients. Then,

e There is an isomorphism of H*(BG)-algebras natural in X

HE(X) = Hy (X)".



* There is an isomorphism of H*(BT)-algebras natural in X

Hr(X) = H*(BT) ®p+(p6) Hg(X).

On the other hand, torus actions appear naturally in other instances in mathematics; namely, in
algebraic geometry (toric varieties), symplectic geometry (Hamiltonian actions) and combina-
torics (moment angle complexes). Therefore, the study of equivariant cohomology for these

actions has been an ongoing trend in mathematics during the last decades.

Earlier results for torus equivariant cohomology allow us to characterize the torsion of the
equivariant cohomology for nice spaces (such as manifolds or CW-complexes) in terms of the
space of fixed points. More precisely, let k be a field and let X be a T-space with fixed points
XT. The kernel of the map ¢: H;(X;k) — H;(XT;k) induced by the inclusion consists of the
H* (BT ;k)-torsion elements of H7(X;k). Therefore, H7(X;k) is torsion-free if and only if the

map @ is injective.

Furthermore, it has also been of great interest to distinguish 7-spaces whose equivariant
cohomology is a free H*(BT;k)-module. Let k = Q and T be a torus of dimension n. Let
X be a T-space such that H7(X;k) is a free module. For x € X, let T, denote the stabilizer
subgroup of x in T. Then the finite filtration Xo = X7 C X; C--- C X,, = X given by X; = {x €
X :dim(7;) > n—k} induces a long exact sequence [Atiyah, 1974], [Bredon et al., 1974]

0 — Hy (X:;k) D Hi (Xo:k) — Hi (X1, Xo3 k) = - = Hi' (X, X, 13k)  (1.0.1)
In particular, the exactness of the first terms of this sequence allows one to completely determine
the T-equivariant cohomology of X in terms of the two spaces X’ and X7, and in many situations,

they are easier to handle.

For example, the GKM-method applies this sequence to compute the T-equivariant cohomology
of toric complex projective varieties with finitely many fixed points and one-dimensional

orbits [Goresky et al., 1997]. Moreover, [Allday et al., 2014] showed that the exactness of the



sequence (1.0.1) is equivalent to H7(X;k) being a reflexive module, that is, it is isomorphic to
its double H*(BT;k)-dual. Furthermore, the authors related the exactness of such a sequence to
algebraic properties of modules that lies in between torsion-freeness and freeness that we will

refer to syzygies and we will discuss next.

For a finitely generated module M over a polynomial ring R in n indeterminates, we say that M

is a j-th syzygy if it fits in an exact sequence
O—M—=F —-—F;

of finitely generated free modules F;, 1 <i < j. The first syzygies are the torsion-free modules
and the n-th syzygies correspond to the free modules by the Hilbert Syzygy Theorem.
As a consequence of Theorem 1.1, the syzygies can also be characterized for compact connected

Lie group actions in terms of torus actions as the next theorem exhibit.

Theorem 1.2 ([Franz, 2016, Prop.4.2]). Let X be a G-space with an action of a compact
connected Lie group G. Suppose Kk is a field of characteristic zero. If T C G is a maximal
torus in G, then the G-equivariant cohomology of X is a j-th syzygy over H*(BG) if and only if

H7(X) also is as a module over H* (BT ).

Therefore, the algebraic properties of the equivariant cohomology are determined by the torus
actions for compact connected Lie group actions and cohomology with coefficients on a field of
characteristic zero. Allday, Franz and Puppe have achieved results in syzygies in equivariant
cohomology for torus actions. For example, the characterization of syzygies and the equivariant
Poincaré duality [Allday et al., 2014], the quotient criterion for syzygies to locally standard
torus actions [Franz, 2017] and the construction of the Big polygon spaces [Franz, 2015] whose
equivariant cohomology is not free but it is a syzygy of order m for m < n/2 where n is the rank

of the acting torus; these spaces will be discussed in Section 4.4 of this document.



It is interesting to consider what happens when the ground field has positive characteristic p.
When p is odd, the syzygies in equivariant cohomology for actions of a p-torus G (or elementary
p-abelian groups) are described in terms of torus equivariant cohomology by restricting to the
polynomial part of H*(BG:k) isomorphic to the cohomology of the classifying space of a torus
[Allday et al., ]. On the other hand, the equivariant cohomology for the case p =2 is still a
module over a polynomial ring but now the generators are sitting in degree 1 which requires a
different treatment than the torus case. However, for a T-spaces X, in this thesis we proved a

reduction to the subgroup 7; C T consisting of the order 2 elements in 7' (See section 4.2).

Theorem 1.3 (Reduction to 2-torus actions). Let k be a field of characteristic 2 and X be a
T-space with an action of a torus T. Let T, be the maximal 2-torus in T. Then there is an
isomorphism of H*(BT>)-algebras

Hr,(X) = Hr (X) @p+(pr) H* (BT)

and so Hy(X) is a j-th syzygy over H* (BT ) if and only if H,(X) is as a module over H* (BT5).

This reduction theorem motivates a complete study of the equivariant cohomology for 2-torus
actions analogous to the progress done on torus actions and p-torus actions by Allday-Franz-
Puppe. The key of this reduction is that the cohomology of the classifying space BT, is free
as a module over the cohomology of BT and it also applies for the case of p odd. As in the
torus case, these particular actions appear naturally in other fields in mathematics; mainly, they
will be induced by the action of the maximal 2-torus on the real locus of complex projective
varieties, anti-symplectic involution on Hamiltonian symplectic manifolds and real moment
angle complexes.

The main restriction of the characterization of syzygies in equivariant cohomology for 2-tori
lies in three main facts; namely, the acting group is finite, the classifying space BG is not

simply connected and its cohomology is not concentrated in even degrees only. To overcome



all these issues, we implement an algebraic construction of the equivariant cohomology for
2-torus actions. Firstly, if G denotes a 2-torus, we use that there is a natural isomorphism
of H*(BG)-algebras Hf;(X) = Extf,(k,C*(X)) which arises from an isomorphism between
spectral sequences. Secondly, under this algebraic approach to equivariant cohomology, there
are multiplicative subgroups I' of the group of units k[G]* which extend the notion of usual
subgroups of G when k is infinite. These subgroups are strongly related to linear subspaces
K C Hi(BG), and they will allow us to overcome the issue of the finiteness of G. A I'-equivariant
cohomology H}:(X) and a K-equivariant cohomology H (X) are defined, and they are modules
over Rr = H{:(pt) and Rx = Hy(pt) respectively. They generalize the topological construction

of the Borel equivariant cohomology for 2-tori. In particular, the following theorem was proved.

Theorem 1.4. Let G be a 2-torus of rank n, X be a G-space and K C H\(BG) be a linear
subspace of G of dimension s. There is a subgroup I of the multiplicative units of k|G| of G

isomorphic to a 2-torus of rank s and canonical isomorphisms Ry — Rg and H{\(X) = Hg(X)

such that the diagram

commutes (and the labelled maps are canonical).

Therefore, these constructions will imply that results from torus actions involving the Atiyah-
Bredon sequence, the equivariant homology, the equivariant Poincaré duality, the quotient

criterion for syzygies carry over to the 2-torus setting. Some details of Allday-Franz-Puppe’s



proof of the torus actions setting work analogously in the 2-torus case; however, there are also

results that either do not carry over or need to be carefully checked.

We apply the 2-torus reduction theorem to spaces with some semi-direct product actions,
motivated by the following situation appearing in a symplectic setting. Let M be a compact
symplectic manifold with a Hamiltonian action of a torus 7" and an anti-symplectic involution
T: M — M which is compatible with the torus action in the sense of that, for any g € T, and
X € M, it holds that g- 7(x) = 7(g7! -x), In [Duistermaat, 1983, Thm. 3.1], it was proved that

for the real locus M* of M and cohomology with coefficients over [, there is an additive

isomorphism
N
d;
H*(Y;F,) =@ H" 7 (F;Fa). (3)
i=1
where F; is a connected component of M” for i = 1,...,N. Furthermore, in [Biss et al., 2004,

Thm. A], an isomorphism in equivariant cohomology for the real locus of M was proved by
Biss-Guillemin-Holm. Explicitly, the action of 7 on M induces an action of the maximal 2-torus

on M" and the equivariant cohomology satisﬁes
Hy, (M*;F) @ FT :TF)) (4)
and an extension of this result was estabhshed in [Baird and Heydari, 2018, Thm.16] for non-

abelian Lie groups. In particular, these results imply that Hz, (Y;F2) is free over H*(BT5;[F).

To obtain further advances in this setting, in this thesis we examine whether this relation between
the equivariant cohomology of a space and its real locus still holds in a more general situation
relying only on the topology of the space. Indeed, in the case of a topological space X with a
torus action and a compatible involution, this is equivalent to an action of the semidirect product
G =T x (1), where 7 acts on T by inversion. Therefore, we studied the equivariant cohomology
H{(X;F>) as a module over H*(BG;F,). First of all, we showed that the cohomology ring

H*(BG;F,) is canonically isomorphic to a polynomial algebra (Theorem 4.1.2) and thus we



are allowed to characterize the syzygies for these particular actions. In particular, we also prove

a reduction to 2-torus actions as we stated in one of our main results (Theorem 4.2.9).

Theorem 1.5. Let X be a compact space with an action of a torus T and a compatible involution
7. Let G =T x (1) and H C G be the subgroup consisting of all elements of order 2. Then
HE(X;F2) is a k-th syzygy over H*(BG;F) if and only if Hj(X;F2) is a k-th syzygy over

H*(BH;F>).

And as a consequence, a characterization of syzygies for the real locus can be derived as we

state in the following result (Theorem 4.3.5).

Theorem 1.6. Let X be a path-connected finite-dimensional G-CW-Complex. If Hj,(X) is a

J-th syzygy over H*(BG), then so is Hr,(X*) as a module over H* (BT5).

This thesis is intended to be as self-contained as possible and it is organized as follows. In
Chapter 2 we discuss the generalities of the equivariant cohomology, classical results in this
area and several criteria for equivariant formality. Chapter 3 contains the main work of this
thesis on the equivariant cohomology for 2-torus actions, the algebraic construction of the
equivariant cohomology and the relation between shifted and virtual subgroups of 2-torus are
established, also the analogous results of Allday-Franz-Puppe for the torus case are stated and
proved. In Chapter 4 we study the equivariant cohomology for torus actions and a compatible
involution, criteria for equivariant formality and syzygies in equivariant cohomology for spaces
with these particular actions. Finally, we provide a proof for the reduction from torus actions to
2-torus actions in equivariant cohomology with [»-coefficients, and we present applications of
these results to the syzygy order of the real locus and also using Franz’s big polygon spaces
to construct syzygies in equivariant cohomology for these particular actions of any order.
Appendices A and B contain the background needed on fibrations, spectral sequences, regular

sequences and syzygies.



Chapter 2

Generalities of equivariant cohomology

2.1 Group actions and principal G-bundles

Let X be a topological space and G be a topological group with identity element e € G. We
say that X is a G-space if there is a continuous action of G on X that is, there is a continuous
map -: G XX — X satisfyinge-x=xand g-(h-x) = (gh)-x forany g,.h € Gand x € X. A
continuous map f: X — Y between G-spaces is a G-map if f(g-x) = g- f(x) for any x € X,
g € G. We define the fixed point subspace of X as the set X® = {xc X : g-x =x, Vg € G},
and we say that the action is trivial if g-x = x for any g € G, x € X; or equivalently, X% = X.
We will denote by X /G the orbit space of the action, the element G-x={g-x: g€ G} € X/G
is called the orbit of x under G. Analogously, for a subsetA CX,G-A={g-a:g€ G,acA}.
We say that A is G-invariant if G-A C A. For x € X, the isotropy subgroup of G at x is defined
as the subgroup G, = {g € G : g-x = x} and we say that the action is free if G, = {e} for any

x € X. Observe that if the action is free, then the fixed point subspace X is empty.

We will assume during this document that G is a compact Hausdorff group and X is a Hausdorff

space, and we will use the term "group" to denote a compact Hausdorff group unless otherwise



2.1 Group actions and principal G-bundles 10

specified. Similarly, a G-space will denote a Hausdorff topological space with an action of
a group. Under our assumptions, the canonical map a,: G/G, — G -x is a homeomorphism.
Given two G-spaces X and Y, we denote by X x Y where X x Y is a G- space with the diagonal
action. Under extra assumptions on the group and the acting space, we have the following result

[Hsiang, 1975, Thm.L.5].

Theorem 2.1.1 (Equivariant tubular neighbourhood theorem). Let G be a compact Lie group
and let X be a G-space which is completely regular. For any x € X there is a subset A C X such
that A is Gy-invariant and there is a G-equivariant homeomorphism G-A = G Xg A and it is a
neighbourhood of the orbit space G - x which retracts onto it . When G is a Lie group and X is a
manifold with a smooth action of G, A can be taken homeomorphic to the normal tangent space

T X /T(G - x). In this case, G X, A — G- x is a vector bundle.

We say that two maps fy, f1: X — Y are G-homotopic if there is a homotopy F: X X I —Y
between fj and f such that F(—,t) is a G-map for every ¢ € I. Analogously, we say that X and
Y are G-homotopy equivalent if the composites fg and gf are G-homotopic to the identity
map for some G-maps f: X —Y and g: Y — X. Let G and H be groups, X be a G-space and
Y be both a G-space and a H-space. Suppose further that the actions on Y are compatible in
the sense that g- (h-y) =h-(g-y) forany g € G, h € H, y € Y. Then there is a well defined
action of H on the orbit space X X Y. In particular, this construction satisfies the following

properties,
Proposition 2.1.2.
1. IfY = {x}, then X xgY =X/G.

2. LetY =G and G act on'Y by left multiplication. This action is compatible with the action

of H = G on itself given by g-g' = g'g~'. Therefore, Y is (G,G)-space and X xG G



2.1 Group actions and principal G-bundles 11

becomes a G-space; moreover, the projection X X G — X induces a G-equivariant

homeomorphism X xgG = X.

3. Let Z be an H-space. There is a natural homeomorphism (X xgY)xgZ =X xg (Y Xy

2).

4. Let Z be an H-space. Suppose that H is a subgroup of G, then X XxgG Xy Z =X Xy Z.

In particular, if Z is a G-homeomorphic into a point, we get that X X (G/H) = X /H.

Definition 2.1.3. A principal G-bundle p: E — B is a G-map between G-spaces, where G acts
trivially on B and there is an open covering of B; namely, {Uy : o € I'} and G-homeomorphisms

0o p~'(Uy) — Uy x G making the diagram

P~ (Uy) P y Ug X G
I
Uq

commutative, and Uy x G has the action g - (b, g') = (b,g’g~"). Observe that this last condition

implies that G acts freely on E and therefore p : E — B induces a homeomorphism E /G = B.
Recall that the principal G-bundles are in particular fiber bundles and hence fibrations.

Remark 2.1.4. * Let X be a space, p: E — B be a principal G-bundle and let f: X — B
be a continuous map. Then the pullback f*p: f*E — X is a principal G-bundle over X
where f*p is the projection on the second factor. Moreover, any two homotopic maps

give rise to G-homeomorphic pullback bundles.

* Let p: E — B be a principal G-bundle and let X be a G-space. Then the G-equivariant
map E X X — E X {x} descends into amap q: E XgX — E X {*} = B which is a fiber
bundle with fiber X and structure group G. This fiber bundle is called the associated

bundle to p : E — B with fiber X.



2.2 Classifying spaces 12

* Let G be a Lie group and H be a closed subgroup. In this case the projection G — G/H is
a principal H-bundle. In particular, for any principal H-bundle p: E — B, the associated
bundle E Xy G — B is a principal G-bundle. On the other hand, for any principal G-
bundle p': E' — B, the quotient map ¢ : E’ — E’/H is a principal H-bundle and the map

E'/H — B’ is a fiber bundle with fiber G/H.

2.2 Classifying spaces

The contents of this section are classical and there are many sources where these topics
are discussed; as a preferred reference, the results cited in this section can be found in
[tom Dieck, 2008, §14.4]. We will also refer to the theory of fibrations and spectral sequences
discussed in Appendix A. Let [X, B] denote the set of maps between X and B up to homotopy,
and P (X) the set of principal G-bundles over X up to G-homeomorphism; there is a classical

result relating these two sets just defined.

Proposition 2.2.1. Let p : E — B be a principal G-bundle with E contractible and let X be a

CW-complex. Then any E' € Pg(X) is of the form f*E for a unique f € [X,B].

A principal G-bundle satisfying this condition is called a universal G-bundle, and B is called
the classifying space of G. Moreover, if G is a CW-complex with cellular operations and
such a bundle exists, £ and B can be taken to be CW-complexes. B is unique up to homotopy
equivalence and E is unique up to G-homotopy equivalence. In [Milnor, 1956] it is shown
that the universal bundle EG — BG exists and it is unique up to G-homotopy equivalence for
any topological group G. The most commonly known examples of classifying spaces are the

following.

Example 2.2.2.
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1. Let G = Z. Since G acts freely and properly discontinuously on R by translation, we get

that EZ = R and BZ = S.

2. LetG=S" LetS™ = Un>o0 52"+1 be the colimit of the complex spheres. S* is contractible
and admits a free action of S! which arises from the scalar multiplication of S' in
§2+1.C €1 for every n > 0. We obtain then that ES' = $* and BS! = CP* is the
infinite dimensional complex projective space. On the other hand, if we identify Z/p as
the subgroup of S! consisting of the pth-roots of unity for p > 2, we get that EZ/p = S!,
BZ./2 = RP* is the infinite dimensional real projective space and BZ/p = L7 is the

infinite dimensional p-lens space for p > 2.

More generally, if G is a discrete group, then BG = K(G, 1) is the Eilenberg-Maclane space

and EG is its universal covering.

Remark 2.2.3. Let a: H — G be a continuous group homomorphism. First notice that the
homomorphism ¢ induces on G a structure of an H-space. For the universal H bundle EH —
BH, there is an associated bundle EH Xy G — BH which is a principal G-bundle. Therefore,
from Theorem 2.2.1, there is a unique map (up to homotopy) Ba: BH — BG that classifies
the principal G bundle EH xy G — BH. This construction is functorial with respect to group
continuous homomorphism; namely, B(idg) = idpg for the identity map idg: G — G, and
for a composite K P, i % G we have that B(oto B) = B(a) o B(B). This follows from
the isomorphisms of principal G-bundles EG X G = EG and EK xx H xg G = EK X G

respectively.

In particular, for a closed subgroup H C G, there is a characterization of the canonical
map Bi: BH — BG induced by the inclusion i: H — G given by the following result
[tom Dieck, 2008, pp.348].



2.2 Classifying spaces 14

Proposition 2.2.4. Let G be a compact Lie group and H C G be a closed subgroup. In the
sequence

. . Bi
H5G6%5G/HL BH S BG,
each subsequence consisting of three consecutive objects is a fibration.

As we will see later, many fibrations that we will be interested come as a pullback or as an
associated bundle of principal G-bundles where the base space is a classifying space. In this
case, the action of the fundamental group of the base space on the cohomology of the fiber, as

introduced in Appendix A, can be explicitly described.

Proposition 2.2.5. Let G be a topological group, F be a left G-space and EG %, BG be the
universal principal G-bundle. Then the action of w(BG) on the cohomology of F in the
associated fiber bundle F — EG Xg F — BG is determined by the induced action of G on

H*(F).

Remark 2.2.6. Let now N be a closed normal subgroup of G, K = G/N be the quotient group
and B: G — K be the quotient map. Any action of G on a space X induces a canonical action of
N on X. Moreover, K acts on the orbit space X /N via k -X = gx where g is such that $(g) = k.
The action is well defined; namely, if / is such that B () = k, then gh~! € ker(B) =Im(a) =N
and we get then g% = nhx = hx. Furthermore, it can be shown that there is a homeomorphism

X/G = (X/N)/K via the map [x|g — [X|k.

We will use this remark to show that there is a strong relation between group extensions and fibra-
tions involving the classifying spaces, as it is illustrated in the following result [tom Dieck, 2008,

pp-349].
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Theorem 2.2.7. Let 1 - N % G E) K — 1 be a group extension of topological groups where

N is closed in G. Then there is a fibration
BN — BG — BK.
Moreover, if the sequence is split, the action of m1(BK) on BN is induced by the canonical

action of K on N given by the isomorphism of G with the semidirect product N x K.

Remark 2.2.8. Suppose that there is a commutative diagram

1 SN, 6Pk s 1
1 s N % & s K’ s 1

where the rows are group extensions. By naturality of the classifying space construction, we get

a commutative diagram

BN > BG > BK
BN’ > BG' > BK’

between the classifying spaces and thus the vertical arrows induce a map of fibrations. In

particular, we get a map of spectral sequences.
We finish this section with this important example.

Example 2.2.9. From Example 2.2.2(2) we have seen that BZ /2 = RP* and BS I — CP>. From
Proposition 2.2.4 the inclusion Z/2 = {41} — S' induces a fibration

s'/(z)2)=Ss" — Bz/2 — BS".
We are going to compute explicitly the map p: RP” — CP* and the induced map in cohomol-
ogy p*: H*(CP*;F,) — H*(RP*;FF,). Since H*(RP*;F,) = F,[t] and H*(CP>;F,) = F;]c]
where deg(¢) = 1 and deg(c) = 2 it is enough to determine the image of the generator ¢ under

p*. Using the Gysin long exact sequence (Corollary A.10), we have a short exact sequence

H2(BS') s H*(BZ,)2) — H' (BS").
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Since H'(BS') = 0 as this cohomology is concentrated in even degree, we have that the map

p*: H*(BS') — H*(BZ/2) is an isomorphism and so p*(c) = 1.

2.3 The Borel construction

Let G denote a compact Hausdorft topological group (or just a group in our notation). From this
point on, for a G-space X we will mean a topological space X which has the G-homotopy type of
a G-CW-complex. Following [Allday and Puppe, 1993, §1.1], a G-CW-complex X is a colimit
of spaces X;, obtained inductively as follows: Let X_| = (. For each n € N there is a set of indices
I,, a set of closed subgroups {H; : i € I,} and G-equivariant maps f;: G/H; x S"~! — X,
such that X, is the pushout of the diagram

Lic;, G/Hi x "1 —— X,

| l

Uier, G/Hi x D" ——— X,
Here D" is considered as a trivial G-space (and so "1y, If G is discrete, this definition is
equivalent to a cellular action on a CW-complex.
Borel introduced the notion of equivariant cohomology as an extension of the ordinary coho-
mology for G-spaces [Borel, 1960] which deals with both the topology and the nature of the
action. In this section we review his construction, known nowadays as the Borel construction,

and we will discuss its main properties. We start with the following definition.

Definition 2.3.1. For a G-space X the Borel construction of X is defined as the quotient space

Xc = (EG x X)/X where G acts on EG x X diagonally.

Observe that the Borel construction is well defined (up to homotopy) and it is independent of

the choice of the model for EG.

Example 2.3.2.
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o If X = pt we get ptg = EG X pt = BG.
* Assume that G acts trivially on X, then Xg = EG/G x X = BG x X.

Important properties of the Borel construction are given in the following proposition (see

[Hausmann, 2014, §7.3] for a reference of the following results).
Proposition 2.3.3.

(i) Fora G-map f: X — Y between G-spaces, there is an induced map fg: Xg — Yg between
the respective Borel construction of X and Y. Furthermore, if X is G-homotopy equivalent

toY, then Xg is homotopy equivalent to Y.

(ii) The constant map X — pt induces a map p: Xg — BG which is a fiber bundle with fiber
X, the map p coincides with the map induced by the projection EG x X — EG. If the
action has a fixed point x € X, the map p admits a section s,: BG — Xg. Furthermore,
for any G-map f: X — Y the diagram

XG /o > Yo

N

BG

Is commutative.

(iii) The quotient map EG x X — Xg is a principal G-bundle which coincides with the pullback

of the map p: Xg — BG over the universal principal bundle EG — BG.

(iv) For any group homomorphism ¢ : G — G’ and any G'-space X, there is a map of fibrations

Xg —— Xg

o

BG —— BG'

where the action of G on X is the one induced by ¢.
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Definition 2.3.4 (Equivariant cohomology). Let X be a G-space. The G-equivariant coho-
mology of X with coefficients in a field k, denoted by H (X;k), is defined as the singular

cohomology of the Borel construction of X; that is,

HG(X;k) = H (Xg: k).
Observe that for a trivial G-space X, Hj(X:;k) = H*(BG; k) ® H*(X; k).
Proposition 2.3.5. Let X be a G-space.

(i) If G acts freely on X, H5(X:;k) = H*(X /G;k). Moreover, if X is taken to be a G-CW -

complex, there is a homotopy equivalence Xg ~ X /G.

(ii) Suppose that char(k) = 0 and G acts locally freely on X that is, the stabilizer group G, is
finite for any x € X. Then H;(X:;k) = H*(X /G;k).

From Proposition 2.3.3 we have that any G-map f: X — Y induces a map in G-equivariant
cohomology f&: Hj5(Y;k) — Hf(X;k). In particular, the canonical map p: X — pt induces a
map of rings p*: H*(BG;k) — H/(X;k). Therefore, the G-equivariant cohomology inherits a

canonical H*(BG;k)-module structure and thus H};(X:;k) is a graded H*(BG;k)-module.

The assumption of dimy H*(X;k) < oo is considered so the equivariant cohomology is a finitely
generated module in several interesting cases as we state in the following proposition (see

[Allday and Puppe, 1993, Prop 3.10.1]).
Proposition 2.3.6. Let k be a field and let X be a G-space such that dimy H* (X;k) < oo
(a) If G=T is a torus then H} (X;Kk) is a finitely generated H* (BT ;k)-module.

(b) If G=(Z/p)" and k is a field of characteristic p, then H},(X;k) is a finitely generated

H{ (X ;k)-module.
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Remark 2.3.7. The equivariant cohomology can be also defined for topological pairs (X,Y)
where Y is an invariant subspace of X. The introduction of the equivariant cohomology for
these pairs is useful for proving results as in the ordinary cohomological setting. For example,
an equivariant version of the Mayer-Vietoris sequence, the Tautness property and the excision
theorem arises from the ordinary version. More precisely, we have the following properties for

the equivariant cohomology.

* Excision: Let A, B C X be G-invariant subsets of a G-space X such that int(A) Uint(B) =
X. Then there is an isomorphism Hj(A,ANB) = H},(X,B) induced by the inclusion

(A,ANB) — (X,B).

» Mayer-Vietoris: Let (X,Y) be an equivariant pair and suppose that X = int(A) U int(B)
and Y = int(C) Uint (D) for some subspaces A,B C X and C,D C Y. There is a long exact

sequence

= HEYANB,CND) — HA(X,Y) — HE(A,C) @ HE(B,D) — HE (X, Y) — -+

« Tautness: Let ¥ C X be a taut subspace!. Then H(X,Y) = limy H*(X,U) where U

runs over all invariant neighbourhoods of Y in X.

2.4 The localization theorem

The localization theorem is a powerful tool in equivariant cohomology that has no analogue in
the setting of ordinary singular cohomology. It relates the equivariant cohomology of a space
with the equivariant cohomology of its fixed point subspace. The first approach of this result
is due to [Borel, 1960, Ch.IV] and the reference used for the results cited in this section is

[Mukherjee, 2005, §1.3].

"'A subspace Y is taut in X if the canonical map limycy H*(U) — H*(Y) is an isomorphism, the limit is taken
over all the neighbourhoods of Y in X. If Y is compact, or Y is closed and X paracompact, then Y is taut in X
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Definition 2.4.1. Let X be a G-space and x € X. The inclusion Gy — G of the stabilizer
subgroup induces a map j,: R — R, where R = H*(BG;k) and Ry = H*(BG;k). f SCRis a
multiplicative subset, we define the subspace of cohomological S-fixed points as the set

X5 ={xeX:Snker(j) =0}.

Let f € H*(BG;k) and set X/ = {x € X : j*(f) = 0}. Notice that X \ X/ is open by the
equivariant tubular neighbourhood theorem (Theorem 2.1.1); therefore, X5 is closed since
x5 = ﬂ X*. Moreover, X* is also a G-invariant subspace of X as j, = Jg-x- The next example

seS
illustrates why this subspace is called the cohomological S-fixed point set.

Example 2.4.2. Consider S =R\ {0} and assume X = 0. For any x € X%, j, is an isomorphism
since Gy = G and the map p*: H*(BG;k) — H},(X;k) is injective by Proposition 2.3.3-(ii).

This implies that x € X* and thus X® contains all fixed points of X under the action of G.

In general, X could contain more points than fixed points, but in specific cases, these spaces

coincide as we illustrate in the following proposition.

Proposition 2.4.3. Let G = (S')" be an n-dimensional torus , X be a G-space and assume
that char(k) = 0. For any subtorus K C G, let PK C R = H*(BG;k) be the prime ideal
ker(j%: R — H*(BK;Kk)) where j is the map induced by the inclusion K — G. Then X5 = XX

where S = R\ PK.

In particular, from this proposition, when K = G we obtain X5 = X% where S = R\ {0}.

For any R-module M, S—1M denotes the localization with respect to S, it is defined as the set
of pairs (s,m) € S x M under the equivalence relation (s,m) ~ (s',m’) if and only if there is
at € S such that zsm’ = ts'm. The localization S~'M inherits a S~'R-module structure and it
is isomorphic to § ~1R @z M. With this notation, we can state the most general version of the

localization theorem for singular cohomology.
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Theorem 2.4.4 (Localization theorem). Let G be a compact Lie group and X be a compact

G-CW complex. Set R and S C R as above. Then the inclusion map X° — X induces a map

H:(X:;k) — HE (X5 k) which becomes an isomorphism after localization by S, that is, the map
STUHE(X: k) — ST HE (XS k)

is an isomorphism.

There are many sources where a proof of this version of the localization theorem can
be found. See, for instance, [Hsiang, 1975, Thm.III.1], [tom Dieck, 1987, Ch.IIL.3] or
[Allday and Puppe, 1993, Thm.3.1.6].

Now we will discuss some consequences of the localization theorem. Notice that the fact that
r: H:(X;k) — HE(X5;k) is an isomorphism after localization under S we get a characterization
on the kernel and image of this map. In fact, if x € ker(r) there is an element s € S such that
s-x =0, that is ker(r) is S-torsion. On the other hand, for any y € H,(X“;k) there is an element

t € Ssuch that -y € Im(r).

Also, there is a concrete version of the localization theorem for torus actions and finite cyclic

group actions.

Theorem 2.4.5 (Localization theorem for p-torus). Let G = (S')" or (Z/p)" for some n > 1.
Let X be a compact G-CW-complex and denote by R = H*(BG;k) and S = R\ {0}. Then the
inclusion X© — X induces an isomorphism

STUHE (X k) — ST HE(XC k).
of S~ R-modules where the cohomology is considered with coefficients in a field of characteristic

zero if G = (SY)" or characteristic p if G = (Z/p)".

In particular, we obtain that ker(¢: H},(X;k) — HE(X%;k)) is the R-submodule consisting of
torsion elements. Therefore, we can state the following corollary with the same assumptions as

those in Theorem 2.4.5.
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Corollary 2.4.6.
X6 £ 0 if and only if H}.(X;K) is not a torsion H*(BG)-module.

* The canonical map H}(X) — HE(X9) is injective if and only if H},(X) is a torsion-free

H*(BG)-module.

The assumptions on X are necessary for the theorem to be true; for example, let G = S! act
freely on X = EG = CP> with the canonical action. Then X = 0, H},(X;k) = H*(BG;k) and

the inclusion X¢ — X induces the zero map in cohomology.

2.5 Equivariant formality

In this section, we introduce the notion of equivariant formality that intrinsically relates the
H*(BG;k)-module structure of Hj(X;k) to the geometric and topological properties of the
space and its fixed point subspace. These results are classical in the development of the theory
of equivariant cohomology and the first approaches to this notion are due to [Borel, 1960]. How-
ever, the use of the term equivariant formality has its first appearance in [Goresky et al., 1997]
although other authors rather use the terminology totally non-homologous to zero or cohomology
extension of the fiber to avoid confusion with the concept of formal spaces in rational homotopy
theory, since the equivariant formality is not the equivariant extension of this notion. We will

also assume that EG is path-connected (e.g if G is a CW-complex).

Definition 2.5.1. Let X be a G-space. We say that X is G-equivariantly formal over k, or X
has a formal action of G (if the ground field k is understood) if the map

reg: HG(X: k) — H* (X k)
is surjective, where r is the map induced in cohomology by the inclusion of the fiber in the fiber

bundle X — X — BG.
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Notice that if g € G and [,: X — X denotes the map lo(x) = g - x, then for any z € EG we
have that i; o l, = i,., where i; denotes the inclusion of the fiber i,: X — Xg; that is, it is the
map given by i.(x) = [z,x] € EG X X. In particular, for any a € H};(X;k), we obtain that
lgr(a) = L5iZ(a) = (ily)*(a) = (ig)"(a) = r(a). Therefore, the image of r is contained in
the G-invariant elements of the cohomology of the fiber, that is Im(r) C H*(X;k)¢. From
Proposition 2.2.4, the action of 7; (BG) on the cohomology of the fiber coincides with the above
and if the map r is surjective, then every element is invariant under this action. So we can

summarize this fact in the following consequence of equivariant formality.

Proposition 2.5.2. Let X be a G-space with a formal action of G. In the fiber bundle X —

Xc — BG, 7 (BG) acts trivially on the cohomology of the fiber. O

If X is G-equivariantly formal, or equivalently, the map rg admits a section, from the Leray-
Hirsch theorem (Theorem A.8) we have an isomorphism

H;(X;k) =2 H(BG;k) @ H* (X k)
of H*(BG;k)-modules. In particular, if H*(X;k) is finitely generated, we have that H,(X; k)
is a free H*(BG;k)-module. We can now state the following characterization of equivariant

formality using the theory of spectral sequences discussed in Appendix A (Theorems A.11 and

A.12).

Proposition 2.5.3. Let G be a compact Lie group and X be a G-space such that dimy (X, k) < oo.

The following are equivalent.
(a) X is G-equivariantly formal.

(b) In the fibration X — X¢ — BG, m(BG) acts trivially on the cohomology of the fiber and

the spectral sequence degenerates at E.
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(c) The action of 71 (BG) on the cohomology of the fiber is trivial and H}(X;k) is a free

H*(BG;k)-module.

The localization theorem can be used to find a useful criterion to determine whether or not a
G-space is equivariantly formal by relating the singular cohomology of the space with the one

of the fixed point subspace. First we recall the following topological invariant of a space X.

Definition 2.5.4. Let X be a topological space. Define the i-th Betti number of X as the integer

b;i(X) = dimy H'(X:;k), and the Betti sum of X as

b(X) :Zbi(X) € NU {eo}.

The following result ([Allday and Puppe, 1993, Thm.3.10.4]) is extremely useful to characterize

equivariant formality for some particular group actions.

Proposition 2.5.5 (Criterion for equivariant formality). Let X be a compact G-CW-complex
space where G is a torus of rank n (resp. p-torus of rank n with p any prime), and letk = Q

(resp. k =F,). X is G-equivariantly formal over k if and only if b(X) = b(X9).

As a corollary of this characterization and the localization theorem, we have the following

criterion for equivariant formality for torus and p-torus actions and k = Q or k = I, respectively.

Corollary 2.5.6. Let X be a G-space such that b(X) < oo. Then X is G-equivariantly formal if
and only if H,(X;k) = H*(BG;k) ® H*(X) as H*(BG;k)-modules.

Example 2.5.7. Let G = S! and X = 2. Consider the action of G on X given by the rotation

along the vertical axis. Thus XY consists of two points: the north and the south pole.



2.5 Equivariant formality 25

— ¢l
G=s""|

Notice that the orbit space X /G is contractible and thus it does not provide any information
about either the topology of the space or the nature of the action. On the other hand, by
considering the equivariant cohomology H(,(X), we can see that it is a free H*(BG)-module as
h(X%) =2 = b(X), and from the criterion for equivariant formality we get an isomorphism of
H*(BG)-modules.

1 (8%:Q) = H*(BS,; Q) @ H* (5% Q).

Remark 2.5.8. The equivariant formality property is inherited by restriction to subgroups.
Let X be a G-space and H C G be a closed subgroup. Notice that X becomes an H-space
by restriction of the G-action. Since the restriction map rg factors through ry, if X is G-
equivariantly formal, then X is H-equivariantly formal by looking at the surjectivity of the

restriction maps.
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Chapter 3

Equivariant cohomology for 2-torus

actions

3.1 Algebraic construction of the equivariant cohomology

In this section, we define the equivariant homology and cohomology for 2-torus action analogous
to the case of torus actions [Allday et al., 2014]. Introducing the equivariant homology will
lead to an equivariant extension of the Poincaré duality for spaces that satisfies this property at
the ordinary cohomology level. To achieve this, we need to use a purely algebraic construction
of the equivariant cohomology using the normalized singular chain complex of a G-space as a
G-module. The approach that we use is from the group cohomology point of view and it was
also discussed in [Allday and Puppe, 1993, Ch.I §1.2-1.3]. Recall that by convention, a chain
complex C, is considered as a cochain complex negatively graded, so the differential on C is a

map of degree 1. We also denote the cohomology of the complex C* by H*(C).

We first will quickly review some fundamental facts of group cohomology; a preferred reference

is the classical book [Brown, 1982]. Let k denote a field and G be a finite group. Let P, —
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k be a projective resolution of k as k[G]-module. For any k[G]-module M we define the
group cohomology of G with coefficients in M as the cohomology of the cochain complex
Homy g (P, M); that is

Hy,,(G;M) = H* (Homy ) (P, M)) = Extﬂ*([G] (k,M)
Recall that this is well defined (does not depend on the chosen resolution) as any two projective

resolutions are chain homotopic. Group cohomology carries a cup product in the following

sense. Given two k[G]-modules M, N there is a map
H?(G,M) @ H(G,N) = H""(G,M ®N)
which is associative, graded commutative and natural with respect to k[G]-maps [Brown, 1982,
Ch. V §2]. If we set M = N =k, there is an isomorphism of graded rings
Hy,,(G,k) = H*(BG;k)
between the group cohomology (with the cup product defined above) and the singular cohomol-

ogy of the classifying space [Adem and Milgram, 2013, Ch.I.Thm.4.4]

Group cohomology can be also defined with coefficients over a cochain complex M* of k[G]-
modules as follows. Given a projective resolution P, — k we consider the double complex
D, . = Homy ) (P., M*) with differential d(f) = dpy o f — (—=1)1f o dp where | f| denotes the
degree of f. We define the cohomology of G with coefficients in M* (some authors define it
as the hypercohomology of G) as the cohomology of the total complex Tot(D ), that is
H(G,M") = H* (Homy g (P, M")).

The hypercohomology is natural with respect to M*; namely, for any chain map f: M* — N*
there is an induced map f*: H*(G;M*) — H*(G;N*). Moreover, if f is a weak equiva-
lence, then there is an isomorphism H*(G,M*) = H*(G,N*). In particular, if M* has a k[G]-
differential graded algebra structure with a map m: M* ® M* — M*, then the cohomology

H*(G, M*) inherits a graded algebra structure by composing the cup product with the multipli-
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cation map of M*
H*(G,M*) @ H*(G,M*) N H*(G,M* @ M™) m, H*(G,M™).
In some cases, the hypercohomology can be explicitly described as the next result shows.

Proposition 3.1.1.

* Let M be a complex of trivial k[G]-modules. Then H*(G,M*) = H,,,(G) @ H*(M).

o Let M* be a complex of free k|G|-modules. Then H*(G,M*) = H*(M®) where M°

denotes the complex MG = Homy ) (k, M*).

Proof. Following [Brown, 1982, Ch.VIL.§5], for the first assertion, let P, be a free resolution of
k as k[G]-module and denote by P; = P, ®¢ k. By definition, we have that H,(Pg) is the group
homology H,.(G) of G . Now If M* is a complex of trivial k[G]-modules, there is an isomorphism
of double complexes Homg (P,, M*) = Homy (P, M™*). Using the universal coefficient theorem,
we have an isomorphism H*(G,M*) = Hom(H.(G),H*(M)). The statement follows from the

fact that the k-dual of the group homology is isomorphic to the group cohomology for finite G.

To prove the second assertion, We start by filtering the double complex Homg (P, M*) by

column degree, and we have a convergent spectral sequence

E}! = H(Homy (P, M")) = H"(G,M").
Notice that E"? = H{,,(G,MP), and as each M? is a free k[G]-module by assumption, we can
write MP =k[G|®V, = Ind?e}vp for some k-vector space!. From the Shapiro’s Lemma in group
cohomology, and since Ind{Ge}Vp = Coind?e}Vp, we obtain that Hgr,(G,MP) = H{,,({e}, V).
Therefore, E f 1 =0ifg>0and E f 0= (MP)Y; this implies that the spectral sequence collapses

in the E,-page and we have that H* (M) = H*(G,M*). O

'For any subgroup H C G and an H-module M, the induced G-module Ind is defined as k[G] @y M. Similarly,
Coind$§ = Homy (k[G],M).
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Since X is a G-CW complex by our assumptions, the chain and cochain complexes C,(X)
and C*(X) are k|[G]-modules by extension of the cellular action on X. We have the following
properties of the cohomology of G with coefficients in the cochain complex C*(X), that we will
refer as the hypercohomology of X and it will be denoted by H*(G,C*(X)). The cup product of
the group cohomology defined at the beginning of this section, and the usual cup product defined
in the cochain complex C*(X ) induce on H*(G,C*(X)) an algebra structure [Brown, 1982, Ch.X

§4]. The main properties of this construction are the following [Brown, 1982, Ch. VII].
Proposition 3.1.2. Let X be a G-CW complex. Then,

» If G acts freely on X, then H*(G,C*(X)) = H* (X /G).

 If X is a contractible free G-space, then Cy(X) is a free resolution of k as k|G|-module.

* Any G-map f: X — Y where Y is a G-CW complex induces a map of algebras
H*(G,C*(Y)) 16, H(G,C*(X)). If f induces an isomorphism in cohomology, f¢; is

a ring isomorphism.
From this result we get the following remarks.

Remark 3.1.3. The total space of the universal bundle EG — BG can be taken as a free G-CW
complex. Thus C,(EG) provides a free resolution of k as k|[G]-module and

H*(BG) = H*(EG/G) ~ H*(G,C*(EG)) X H*(G,C*(pt)) = H* (G:k)
by Proposition 3.1.2. In particular, the constant map X — pt induces a map H*(G,C*(pt)) —
H*(G,C*(X)) of algebras which induces on the hypercohomology of X a structure of H*(BG)-

module.

As we have seen, the hypercohomology shares similar properties with the G-equivariant coho-

mology for G-spaces. In fact, they are isomorphic H*(BG)-modules as we will show next.
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Proposition 3.1.4. There is an isomorphism of H*(BG)-modules H},(X) = H*(G,C*(X)) nat-

ural in X.

Proof. It follows from the commutative diagram
EGxX — X

L]

EGxpt —— pt

where the horizontal maps are homotopy equivalences. The top map induces an isomorphism

H(G,C*(X)) 2 H(G,C*(EG x X)) = H*(Xg) by Proposition 3.1.2. O

Using this identification, we can give an explicit construction of the differential of the double
complex in the case when G is a 2-torus of rank r and k is a field of characteristic two as we

will state in the following result (Compare with [Allday and Puppe, 1993, Prop.1.3.23]).

Theorem 3.1.5. Let G = (gy,...,8r) be a 2-torus and let M* be a cochain complex of k|G|-
modules. There is an isomorphism R :== H*(BG) = Kk[ty,...,t,] and an isomorphism of R-
modules

H*(G:M™) = H"(C5(M"))

such that the double complex C5(M) = R® M* has a differential given by d(p®m) = p®

dm)+Y_ tip®(e+gi)m.

Proof. First we will assume that G = 7Z/2 = (g). Recall that the standard resolution P, of k as
k[G]-module is given by P; = k[Gle; where the differential on P, is the k[G]-linear extension
of 6(e;) = (e+g)e;—1 (we set e; = 0 for i < 0). And the map €: Py — k is given by €(a.e +
agg)eg = ar + a,. This resolution induces the isomorphism R = k[t| where 7 is dual to e;.
Consider the coalgebra H,(BG) = @!_,kw; dual to R where w; is dual to t'. We define the
complex Q; = H;(BG) ® P; = k[G]w; with differential d(w; ® x) = w;_| ® (e + g) - x which

induces a free resolution of k as k[G]-module. From Proposition 3.1.4 and the independence of
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the choice of the resolution, we obtain that the equivariant cohomology of M* can be computed

as the cohomology of the double complex
Homg(Qx«, M*) = Homg (H,.(BG) @ k[G],M*)
=~ Hom(H,(BG),Homg(k[G],M™))
>~ Hom(H,(BG),M*) = H*(BG) @ M"*
This isomorphism of bigraded modules is extended to an isomorphism of double complexes by

translating the differential from the leftmost term. In fact, the isomorphism
¢ : Homg(H,(BG) ®k[G],M?) — H”(BG) @ M1
is given by ¢(f) =1’ ® f(w, ®e) for f: H,(BG) ® k|G] = M,. We get that ¢(df) =1’ ®

du(f(wp®e)) +1tPT ® (e+g)f(w,®e), and that 9 is a map of H*(BG)-modules.

Now we will prove the general case. If G = G| x --- X G, = (g1,...,&,) is a 2-torus of rank r,
there are isomorphisms k[G] 2 k[G] ® - --k[G,] and H*(BG) =K|ty,...,t,] as algebras. If P!
denotes the resolution of k as k[G;]-module, the standard resolution of k as k|[G]-module is given
by P.=Pl®---@P. Let A, = {I = (ki,...,k;) €N : ¥ k; = p}. Notice that the set of
elements {e; = e}q ®--®e; 1€ Ap} formak[G] basis for P, where P, =k[Gjle!, for 1 <i<r.
Under these identifications, the differential on each P! is given by d (ei,) = Tie;_l with 7, =e+g;,
and over P, is the map d(e;) = Y.I_, Tie;, where [; = (ky,...,k;—1,... k,) for all integer p and
I € A,. Similarly to the base case, if wi € Hi(BG;) denotes the dual element to t* € H*(BG;).
we have that H,(BG) = kwy where wy = w,lcl ®---®@wy_and I € Aj. As in the base case, there
is an isomorphism of double complexes ¢ : Homy g (H.(BG) ® P,,M*) = H*(BG) @ M* that

maps f: Hy(BG)® P, — M7 t0 ¥eq, ' ® f(w; ®e) where t! = tf‘ .-tk is dual to w;. By
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translating the differential on the left term into the right term; we have that

e(0f)=@(duof)+ ) '@ f(dwi®e))

IEA,

=@(dyof)+ Y, fl@ifif(wl,@e)

I€A 4 i=1

:(p(dMof)—{-Z Z tit1i®fif(W[i®€)

i=11A,4

.
=@(duof)+ Y 4 Y fornfw®e)
i=1 I€A,
This implies that for any p ® m € R ® M*, the differential is given by d(p®@m) = p@dm +

i_1tip @ Tim, O

We call this complex the singular Cartan model of M* and it will be denoted by Cj5(M).
Notice that the singular Cartan model is a module over R = H*(BG) and the differential is a
map of R-modules. This construction is natural with respect to maps of cochain complexes;
that is, for any map f: N* — M* of chain complexes there is an induced map of double
complexes f: C5(N) — C5(M) and thus a map in cohomology. Furthermore, the Cartan model
is independent from the chosen generators; more precisely, if G = (g1,...,g,) = (g}, ... &) are
two choices of generators, there is a homotopy equivalence between the two respective Cartan
models C5(M*) ~ C},(M*)" arising from the independence of the projective resolution in group
cohomology. Finally, if M* is a differential graded k[G]-algebra, there is a natural product on
the singular Cartan model that makes it into a differential graded algebra and it can be explicitly

described as we state in the following proposition.

Proposition 3.1.6. Let M* be a differential graded k|G]-algebra. The singular Cartan model
C((M) is a differential graded algebra with product given by Hom)ut on) =t om-gn
where g' = g]f' cghrand I = (ky,... k) € Ap. This product is natural with respect both G and
M.
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Proof. Following [Brown, 1982, Ch.V], the hypercohomology H*(G; M) inherits a cup product
which is independent of the chosen resolution of k as k[G]-module. It can be explicitly
constructed in the following way: if P, is such a resolution, and A: P, — P, ® P, is a chain
map of k[G]-modules where P, ® P, has the diagonal action of G, for u,v € Homg(P,, M) then

uUv € Hom(P,,M) is given by the composite

AP oP. YN MoM-M

and it satisfies d(uUv) = duUv+uUdyv. Let us start with the base case G = (g) and P is the

standard resolution, for e, € P,, we have? that A(e,,) = Yiii—n€k® g¥e; . This follows from the

commutativity of this map with the differentials; namely,

dA(en)=d< Z ek®gkel> = Z ‘cek,1®gkel+ Z ek®gk’cel,1

k+Il=n k+Il=n k+I1=n

= Z er®g e + Z ger®g e+ Z ek ®ghe + Z e ®g e

k+l=n—1 k+Il=n—1 k+l=n—1 k+l=n—1
= Y ageats Y aoge=Ate,1)=Ad(e))
k+l=n—1 k+l=n—1

Furthermore, for elements t” @ m,t? ® n € H*(BG) ® M* which correspond to the elements
u(ep) = m,v(ey) = n (and zero otherwise) € Homg(P;,M*) respectively, we have then that
() (€p1g) = T 1opsquler) -vier) = ule,)-g"v(ey) = m-gPn. (uUv)(e,) = Oforn # p+g
and so (uUv) corresponds to the element tP*9 @ m - g’n. Now we proceed to prove the
general case. Let G = (gq,...,g,) and P, = P! ® --- ® P! be the standard resolution of k as
k[G]-module. For a basis element ¢; € A,, A(e;) = Al(e,) ®---®A"(e;,) (up to a suitable
permutation of its terms) where I = (ki ...,k,) and A’ : P! — P! ® Pi. As before, foru=t'@m
and v =t/ ®n € H*(BG) ® M*, if I +J denotes the componentwise sum of the entries of each
r-tuple, then (uUv)(ex) =0if K # I+J and (uUv)(er+y) = uler) ~g]1“ o ghv(e)) =m-gn;

in other words, (! @m) U (#/ ®@n) =t/ @m- gln as desired. N

2This formula can be found as an exercise in [Brown, 1982, p-108].
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Definition 3.1.7. Let X be a G space where G is a 2-torus. By setting M = C*(X) in the theorem
above, we have a double complex C{;(C*(X)) and it will be denoted by Cf;(X). This complex
is called the singular Cartan model of X and there is an isomorphism of H*(BG)-modules

H(X) = H*(C;(X)) by the above result and Proposition 3.1.4.

Notice that there is a first quadrant spectral sequence
Ey =R®H*(X) = H;(X: k). (3.1.1)
In [Allday and Puppe, 1993, Cor. B.2.4] the authors showed that there is a homotopy equiva-
lence of DG-modules over R
C;(X)=R®C*(X) >R H"(X) (3.1.2)
where the differential d on the right hand side can’t be explicitly described; however, sometimes
it is convenient to replace the singular Cartan model by the free and finitely generated model
R® H*(X). For instance, equation (3.1.2) shows that Hf,(X) is a finitely generated R-module if
H*(X) is finitely dimensional over k. This model is called the minimal Hirsh-Brown model

of the G-space X. We can also state the following consequence of considering this model.

Proposition 3.1.8. Let X be a finite dimensional G-CW complex such that the equivariant

cohomology H,(X) is free as an R-module. Then X is G-equivariantly formal.

Proof. It is enough to check that rankg H;(X) = dimy H*(X) and then by Corollary 2.5.6 we

have that X is equivariantly formal. In fact, let M be the model H*(X) ® R which is a free

R-module and let us consider k as an R-module via the augmentation map R 5k given by

t;i — 0. Therefore, we have that M @g k = H*(X) as chain complexes where the differential on

the right hand side is the zero map.

As M is free over R, applying the algebraic Eilenberg-Moore spectral sequence [Eilenberg and Moore, 1966],

[Smith, 1967] we have a spectral sequence

Ey" = Tork (H*(M),k) = H*(M ®rk)
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since we are assuming H* (M) = H}(X) to be free over R, the spectral sequence collapses (it
is concentrated in the zeroth column) and ES* = HE(X) ®rk = ES* & H* (M ®gk) = H*(X).

This implies that rankg Hj(X) = dimy H*(X). O

Remark 3.1.9. Recall that in Proposition 2.5.3 we proved that X is G-equivariantly formal
if and only if Hj(X) is a free R-module and the local coefficient system in the fibration
X — X — BG is trivial. However, for 2-torus actions, we just showed that the freeness of the

equivariant cohomology is sufficient for X being equivariantly formal.

Now we will construct a dual to the equivariant cohomology as it will allow to extend the
Poincaré duality for ordinary cohomology into the equivariant setting. Roughly speaking, the
equivariant homology will be the dual of the singular Cartan model constructed in Theorem

3.1.5.

Definition 3.1.10. Let M* be a cochain complex of k[G]-modules. The G-equivariant homol-

ogy of M* is defined as the homology of the chain complex
C%(M) = Homg(C5(M),R)

and it will be denoted by HE (M).

It is easy to check that the equivariant homology is contravariant with respect to M. That is, if
f: M* — N* is a map of k[G]-cochain complexes, then there is an induced map f¢: HE(N) —
HY(M) of R-modules. Furthermore, it is also contravariant with respect to G; that is, for any
group homomorphism G’ — G between 2-tori and for any k[G]-chain complex M,, there is a
map HS(M) — HC (M) as H*(BG)-modules. Finally, If M = C*(X) for some G-space X, then
we denote the G-equivariant homology of X by HS(X).

In general, the G-equivariant homology is neither the homology of the Borel construction nor
the group homology with coefficients in a cochain complex. For example, set X = pt and then

HC(X) = R but H,(Xg) is torsion as the homology is negatively graded by convention.
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Now we assume that b(X) < co. We have that C£(X) is homotopy equivalent to the twisted
tensor product H*(X)®R as in Equation (3.1.2) and then C¢(X) is homotopy equivalent to
H.(X) ® R since Homg(—, R) preserves homotopy equivalences. The latter is a bounded below
graded module over R by our assumptions on X. This will avoid convergence problems on
spectral sequences . In particular, there is a convergent spectral sequence

E| = ROH,.(X:k) = HS (X;k) (3.1.3)
analogous to (3.1.1). Also, there is a universal coefficient theorem for equivariant (co)homology
that we will state in the next proposition; the proof is derived in the same way as [Allday et al., 2014,
Prop. 3.5] which uses the following fact: Let M be a differential graded R-module which is
free over R. Then there is a spectral sequence with E,-term given by E; = Extg(H*(M),R)

converging to H*(Homg(M,R)).

Proposition 3.1.11 (Universal coefficients theorem). Let X be a G-space. There are spectral
sequences natural in X

E} = Exth(H4(X),R) = HE(X)
E = Exty(HO(X),R) = H}(X)
Combining this result and Proposition 3.1.8 we can state the following consequence.

Corollary 3.1.12. Let X be a G-space. Then X is G-equivariantly formal if and only if the

equivariant homology HS (X) is a free R-module.

Proof. If Hf,(X) is a free R-module, the Universal coefficient spectral sequence collapses at E»
and we have that HC (X) = Homg(H%(X),R) is the dual of a free module and so it is free. The

converse statement holds in a similar fashion. O]
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3.2 Equivariant Poincaré duality and equivariant Euler class

Let M be a connected closed orientable manifold of dimension n, there is a canonical iso-
morphism H*(M;k) — H,_.(M;k) given by taking the cap product with the orientation class
o € H,(M;k) for any field k. This is a well-known result in algebraic topology and it is widely
known as the Poincaré duality theorem for closed orientable manifolds. The aim of this section
is to extend the Poincaré duality theorem to the equivariant cohomology for 2-torus actions and
a field k of characteristic two that satisfies similar properties to the non-equivariant version.
The main results arising from this construction are analogous to [Allday et al., 2014, §3] where

the torus case is treated.
We first consider a generalized notion of the (non-equivariant) Poincaré duality in a topological
setting, as we state in the following definition.
Definition 3.2.1. Let k be a field. A topological space X is called a k-Poincaré duality space
(k-PD space) of formal dimension n, if it satisfies the following conditions:

o dimy H*(X;k) < oo.

« H'(X;k) =0 fori>nand H"(X;k) 2k.

* There is a distinguished homology class o € H,(X;k), called orientation, such that the

pairing

H/(X:k) x H"/(X;k) = k

given by (x,y) — (xUy, o) is non-degenerate for 0 < j < n. Here the form (-, -) is the
map induced by evaluating a chain on a cochain.
Notice that this induces an isomorphism H/(X;k) & H,_;(X;k) (given by the map x — xN 0).
Or in other words, H*(X;k) = Homy (H*(X;k),k) is an isomorphism of k-vector spaces of

degree —n.
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Let G be a 2-torus and k a field of characteristic two as usual. Observe that the orientation class
o € H,(X:;k) is invariant under the G-action induced in homology. This follows from the fact
that the trivial action of G on H,(X;F,) extends to the action on H,(X;F,) ®p, k = H,(X; k)
by extension of scalars.

The lifting of the orientation o to H(X) will follow from the spectral sequence (3.1.3) as
E, 0 o H,(X)Y is the only term of degree —n and © is invariant under the G-action. This leads

to the equivariant extension of Poincaré duality by considering the equivariant cap product
CH(X) x CO(X) 5 9 (x)

given by (T Ny)(S) = y(TUS) for T, S € C;(X) and y € CY(X). The cup product in the singular

Cartan model C;5(X) is given as in Proposition 3.1.6 by (p®x) U (¢®y) = pg® (xUg%y) for

some multi-index o € N,

Proposition 3.2.2 (G-equivariant Poincaré duality). Let M be a G-space that is also a k-
Poincaré duality space of formal dimension n. Let (6] € H,(M) denote its orientation class.
There is a class [6)g € HY(X) which is a lifting of [6) under the canonical map HC(X) —
H.(X), and there is a natural isomorphism PDy : H5(M) — HS_, (M) (with respect to both G

and X ) given by the cap product with [C]g.

Proof. Notice that 1 ® H,(X)Y is the only term of degree —n in the E,-page of the spectral
sequence (3.1.3) and so 6 € H, (X )¢ corresponds to a non zero class [6]g € HY (X). To prove the
second assertion, first notice that HY (X ) is isomorphic to the cohomology of the double complex
Homy (C*(X),R) and so there is a spectral sequence with Ej-term E; = Homy(H?(X),RP)
converging to HC (X) filtering by R-degree. Similarly, the spectral sequence for the singular
Cartan model of X obtained by R-degree filtering is given by £y = R, @ HY(X). Let oG € CS(X)
be a representative of [0]g, and let ¢ be the map CJ;(X) — CZ(X) induced by the cap product

with 0. Such a map induces a map between spectral sequences given by the R-linear extension
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of p(1@x)(1®y) = (1®@x)Nog)(l@xy) = (o) (1@x)U(1®y)) = o6(1® (xUg"y)) =
(xy)(0o) = (xNno)(y) for x,y € H*(X) and thus it corresponds to the R-linear extension of the
non-equivariant Poincaré duality on H*(X) which is an isomorphism. Therefore, the E|-page
of these spectral sequences are isomorphic and so H;(X) is isomorphic to HE(X) via the cap
product with [0]g. Naturality of the equivariant Poincaré duality map follows from both the

naturality of the non-equivariant map and the spectral sequences. 0

There is also an equivariant Poincaré-Lefschetz duality that involves relative cohomology. The

proof is similar to the above results as it is an extension of the duality in ordinary cohomology.

Proposition 3.2.3. Let M be a G space which is also a k-Poincaré duality space of formal
dimension n. Let N C M be a closed G-invariant subspace. There are isomorphisms of R-
modules pdy : Hjy *(N) — HS(M,M \N) and pdy: H}; *(M,N) — HZ(M\ N) which fit in a

commutative diagram

+ —— Hg "(M,N) —— Hg™"(M) ——— Hg"(N) ——— Hg"' ™" (M,N) —

lpdz lP Dy J(Pd 1 lﬁdz

- — HS(M\N) —— HS(M) —— HS(M,M\N) —— HS (M\N) ——

where the horizontal exact sequences arise from the equivariant long exact sequence associated

to the pair (M,N) and (M,M \ N) respectively.

If M is a closed G-manifold then it satisfies Proposition 3.2.2. Let N C M be a closed G-invariant
submanifold of M of dimension n and write j¢: HY(N) — HY(M) as the map induced in
equivariant homology by the inclusion j: N — M; similarly, j5: H5(M) — H(N) denotes the
map induced in equivariant cohomology. Consider the composite

PD,}

.G ok
vt HG(N) 225 HO () 25 HO (M) =5 HE =" (M) “% HE "7 ().

Under this construction, we introduce the following definition.
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Definition 3.2.4. The G-equivariant Euler class of N with respect to M denoted by eg(N C M)

is defined as the cohomology class vy y(1) € H " (N).
Two important properties of the equivariant Euler class are the following.

* Naturality: Let G and K be 2-tori and oc: K — G be a group homomorphism. For any G-

manifold M and G-invariant submanifold N it holds that oi;(eg(N C M)) = ex(N C M).

 Multiplicativity: Suppose that G = K x L, N C M is K-invariant and N’ C M’ is L-
invariant submanifolds of M and M’ respectively. Then eg(N X N' C M x M) = eg (N C

M)e (N CM').
The second property will follow from the next proposition.

Proposition 3.2.5 (Kiinneth theorem for equivariant homology). Let G = K X L be a decompo-
sition of 2-subtori which induces an isomorphism of algebras R = Rx ® Ry where Rg = H*(BK)
and Ry = H*(BL). For any K-manifold M and L-manifold N, there is an isomorphism of
R-modules

x: HY(M) @ HE(N) — HE (M x N).
Moreover, this isomorphism satisfies [M]x X [N], = [M X N|g.

Proof. Let myy: M x N — M and 7y : M x N — N be the projections. The non-equivariant
Kiinneth theorem follows from the homotopy equivalence ¢ : C*(M) ® C*(N) — C*(M x N)
given by ¢ (a ® b) = my,(a) - my,(b). Such a map induces on the singular Cartan model a homo-
topy equivalence of R-algebras ¢ : Cx (M) R C}(N) — C5(M x N) given by ¢((p®a) ® (¢®
b)) = pq®@ 7}, (a) - w5 (b). This induces a quasi-isomorphism C%(M x N) — Homg(Ci (M) ®
C/(N),R) by dualizing the above map. Then it only remains to prove that the latter complex is

quasi-isomorphic to CX (M) ® CE(N).
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Filtering these complexes by R-degree, we get spectral sequences
E| =R®H,(M)®H,(N) = R®Homy (H*(M),k) @ Homy (H*(N),k) = HX (M) ® HE(N)
and

E! = R Homy (H* (M) ® H*(N),k) = H* (Homg(C5(M) @ C;(N),R)).

There is a quasi-isomorphism f: E; — E| induced by the map
Homy (C* (M), k) ® Homy (C*(M),k) — Homy (C* (M) @ C*(N), k)
which is itself a quasi-isomorphism because of the assumptions on M and N their homology
and cohomology are finitely dimensional over k. Then f induces an isomorphism between the
E;-terms of the spectral sequences above and so the R-modules Homg(Cx (M) ® C; (N),R) and
CK(M)® CE(N) are quasi-isomorphic. This fact, combined with the dual of ¢g, provide an
isomorphism of R-modules
x: HX(M) @ HE(N) — HE (M x N).

Finally, the isomorphism H, (M) ® H.(N) — H,(M x N) maps [M] x [N] to [M x N] and this
implies that the elements [M|g x [N]. and [M x N|¢ both restrict to [M x N| under the canonical

map HS (M x N) — H,(M x N). [

Example 3.2.6. Let G = G| x G; be a 2-torus of rank 2 where G; = {1,g},G, = {1, 7}. Let
G act on C where g acts as the multiplication by —1 and 7 as the complex conjugation. Let
x,w denote the generators of H*(BG|) and H*(BG;) dual to g and 7 respectively. Then the
equivariant Euler class eg(0 C C) = ax? + Bxw +yw? € H>(BG). Let K = {1,s} and ¢ be the

generator of H*(BK). Consider the following cases

* Let s act on C in the same fashion as g and let j; : K — G be the map sending s to g,
then the induced map in cohomology is given by j}(x) =t and j;(w) = 0. Notice that

ex (0 C C) = t? since g acts non-trivially in both components of C = R @R and the Euler
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class is multiplicative. From the naturality of the Euler class we get ot = Ji(ec(0 C

C)) = eg, (0 C C) = t2; therefore, a = 1.

* Let s act on C in the same fashion as 7. As before, the map j, : K — G sending s to T
induces the map in cohomology mapping x to 0 and w to 7. In this case, ex (0 C C) =0

since T acts trivially on one real factor of C. Therefore, by naturality, we obtain y = 0

* Finally, let s act on C as g7, and j3 : K — G sends s to (g, 7) and, in cohomology, both
x,w are sent to 7. Since s acts trivially on one real factor of C, ex(0 C C) = 0 and by

naturality, 12 + Br*> = j;(eg(0 C C)) = ex(0 C C) = 0. Therefore, § = 1.

So we have proved that eg(0 C C) = x(x+w).

3.3 The Atiyah-Bredon sequence

In this section we construct an Atiyah-Bredon sequence for 2-torus actions analogously to
[Allday et al., 2014] in the torus case; their proofs carry over to the 2-torus case and are imitated
with slight modifications to our settings. For the torus case, if X is a T-equivariantly formal over
a field of characteristic zero, where T is a torus, in [Chang and Skjelbred, 1974] the authors

showed that there is an exact sequence
0— Hj(X) — Hjy(XT) — H (X1, xT) (3.3.1)
where X is the union of all 7-orbits of dimension at most 1. Furthermore, [Atiyah, 1974] and
[Bredon et al., 1974] proved independently that there is an extended exact sequence
0— Hi(X) = Hp(X") = H: ' (X, XT) = - = HF7 (X, X,_1) = 0
where X; is the union of all 7T-orbits of dimension at most i. The authors [Allday et al., 2014]

studied the “Atiyah-Bredon” sequence in a more general setting; more precisely, if a space is not

T-equivariantly formal, then a partial exactness of the sequence turns into algebraic properties
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of the T-equivariant cohomology; in fact, the syzygy modules in commutative algebra 3 play an

important role in the equivariant cohomology theory.

For the 2-torus case, we start by constructing a filtration of a G-space by its orbits as we state in

the following definition.

Definition 3.3.1. Let X be a G-space. The G-equivariant skeleton X; of X is the union of
orbits of size at most 2/ for —1 <i <r. In particular, X_; =0, Xo =X G and X, = X. This
induces a filtration

0=X1CXC--CX,=X

This filtration is called the G-orbit filtration of X.
These subsets satisfy the following properties.

Proposition 3.3.2. Let X be a G-space. Then each of the subset X; is closed in X for any

—1 <i<r. Moreover, if b(X) < oo, then b(X;) < oo.

Proof. Note that X; = {x € X : rank(G,) > r—i}. To see that this subset is closed, it is enough to
check that for any x € X, there is a neighbourhood U of x such that forany y € U, G, C g 1Gg
for some g € G. This will follow from the equivariant tubular neighbourhood theorem (Theorem
2.1.1); in fact, for a given x € X, there is a neighbourhood of the form U = G X, A for some
G -invariant subset A of X. We consider the map f: U — G -x as the composite of the projection
G xg,A — G/Gy and the homeomorphism G/G, = G - x. This map sends y = [g,a] to g - x for
y € U; moreover, the map f is G-equivariant and so for any & € G, we get - f(y) = f(y); in
other words, /- (g-x) = g-x. This implies that g~'hg € G,, or equivalently, 1 € g~'G,g.

The second part of the proposition follows by noticing that X; = J{X" : H C G, rank(H) > i},
b(X™) < oo (this is a consequence of the localization theorem 2.4.5) and there are finitely many

subgroups occurring in G. [

3See Appendix B for a discussion of this notion
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Recall that an R-module is said to be Cohen-Macaulay if depthz (M) = dimg (M) (See Appendix
B). Now we will show that for a G-space X, the G-equivariant homology and cohomology
of the pairs (X;,X;_1) arising from the G-equivariant skeleton filtration are either zero or

Cohen-Macaulay over R = H*(BG).

Proposition 3.3.3. The R-modules H},(X;,X;—1) and HE(X;,X;_1) are either zero or Cohen-

Macaulay of dimension r —i for 0 <i <r.

Proof. Let 0 <i < rsuchthat X;_| # X; and set Y = X; \ X;_;. We first assume that for every
x €Y, G, = H for some fixed 2-subtorus H of rank r —i. Let K be a 2-torus complement of H so
that G = H x K. We have then an isomorphism of algebras R = Ry ® Rg where Ry = H*(BH)
and Rxg = H*(BK). Now we use the Tautness property for equivariant cohomology and excision
to get

Hg(Xi,Xi—1) = colimy Hg(X;,U) = colimy H5(Y,Y NU)

where limit is taken over all G-invariant open neighbourhoods U of X;_1 in X;. Now from

Remark 2.2.6 we have that Y5 = BH X Yk since H acts trivially on Y. This implies that
colimy HG;(Y,Y NU) = Ry ® colimy Hg (Y, Y NU)
>~ Ry & colimy H*(Y /K.Y NU /K)
>Ry @H" (Xi/K,Xi-1/K)
using that K acts freely on Y. Now observe H*(X;/K,X;_1/K) might not be a trivial Rg-module;
in fact, it depends on the splitting of the exact sequence
l-H—-G—-K—1

if it were a trivial Rg-module, this will imply that H5(X;,X;_1) is a Cohen-Macaulay module
over R of dimension dimRy = r —i. In the case of a non-trivial action, we may consider

the finite filtration of Hj(X;,X;_1) = Ry ® H*(X;/K,X;_1/K) using that H*(X;/K,X;_1/K) is
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finite dimensional over k. In fact, we set F, = @y, Ru ® H*(X;/K,X;_1/K) so that Fy =
H{(X;,X;—1) and F,, = 0 for every p > n and some n > 0. Such a filtration consists of successive
quotients that are free over Ry with trivial action of Rg. Thus, each of these quotients is a
Cohen-Macaulay R-module of dimension » — i. By the long exact sequence of the Ext functor

associated to the short exact sequence
0= Fpr1 = Fp = Fp/Fpp1 —0

we conclude that each module of the filtration is a Cohen-Macaulay R-module of dimension

r — i; in particular, Hg (X;,X;—1) is a Cohen-Macaulay R-module of dimension r — i.

Now we proceed to prove the general case. Write X; \ X;—; = |J;_ Yk as the disjoint union of
finitely many spaces Y; such that for every x € Y;, G, = Hj for some fixed 2-subtorus Hj of rank
r —i. Then by the Mayer-Vietoris long exact sequence for equivariant cohomology (See remark

2.3.7) we have an isomorphism of R-modules

n
HG (X, Xi1) = D HG(Xi, Xi \ )
k=1
Therefore, by applying the previous case on each factor, we have that H(X;,X;—1) is the
direct sum of Cohen-Macaulay R-modules of dimension r — i and hence H; (Xi,X;—1) is also a

Cohen-Macaulay ring of dimension r —i.

The statement for G-equivariant homology follows from the Universal Coefficient Theorem
(Theorem 3.1.11) and the characterization of Cohen-Macaulay modules by the Ext modules

given in Proposition B.7. [

Recall that the orbit filtration of X leads to a filtration of C¢(X) and a spectral sequence

converging to HY(X). In particular, we get the next resullt.

Corollary 3.3.4. The spectral sequence

Ei.‘p :HE(XPaXp—I) :>H>kG(X)
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arising from the orbit filtration degenerates at E'.

Proof. For any p, the differential d': E,} p ELL p 18 a map between Cohen-Macaulay mod-
ules of dimension » — p and r — p + 1 respectively . Therefore, by Proposition B.8 we have that
this map is zero. Analogously, one obtains that any higher differential d*: EX , — EX_, kil

is zero for k > 1 and thus the spectral sequence degenerates at E'. 0
Proposition 3.3.3 and 3.3.4 lead to the following theorem.

Theorem 3.3.5. For any G-space X, the spectral sequence arising from the orbit filtration
E{’ = Hj(X),,X,—1) = H{(X) and the spectral sequence from the universal coefficient theorem

EY = Exth(HE(X),R) = HE(X) are naturally isomorphic from the E>-page on.

Proof. The given proof in [Allday et al., 2014, Thm. 4.8] for the torus case is purely algebraic

and it carries over to the 2-torus case in the same fashion. L]

Definition 3.3.6. For any G-space X the E| page of the cohomology spectral sequence associ-
ated to the G-orbit filtration of X leads to a sequence

H(Xo) — HE(X1,X0)[1] = -+ — HE(Xr, Xp—1) [7]
which will be called the G-Atiyah-Bredon sequence of X and this complex will be denoted by

AB(;(X). The augmented G-Atiyah-Bredon sequence is the complex
0 — HG(X) — H5(Xo) — HG(X1,X0)[1] — -+ = HG(Xr, Xr—1)[7]
obtained by connecting the canonical map induced by the inclusion Xy — X to the G-Atiyah-

Bredon sequence. The augmented sequence will be denoted by AB(X) and we set ABg (X) =

Hg(X)

As a consequence of Theorem 3.3.5, we get that the cohomology of this complex can be

described in the following corollary.
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Corollary 3.3.7. H/(AB}(X)) = Exth,(HS (X),R) for any i > 0.

As an immediate consequence we have that if two G-spaces X and Y are G-homotopic then
H*(AB[(X)) = H*(AB[(Y)). The first terms of the augmented Atiyah-Bredon sequence induce
amap HY(X) — H°(AB%(X)). From Theorem 3.3.5 it follows that this map coincides with the
canonical map H(,(X) — Homg(HS(X),R). Therefore, the Chang-Skjelbred sequence (3.3.1)
0 — Hj(X) — Hi(Xo) — H*(X1,Xo) is exact if and only if the canonical map Hj(X) —
Homg(HC(X),R) is an isomorphism.

In [Allday et al., 2014, Lem 5.6] the authors constructed the augmented Atiyah-Bredon se-
quence for torus action in a very remarkable way. Although the proof was made for the torus

case, it holds in general for any filtration of a topological space X, as we state in the following

result.

Lemma 3.3.8. Let X be a topological space with a filtration X_1 =0 C Xy C --- C X. Then

the sequence

0—H"(X)— H (Xo) > H (X1,X0) = - (3.3.2)

(up to a degree shift) can be obtained as the E|-term of a spectral sequence converging to 0.
The analogous statement in equivariant cohomology holds if X is a G-space and the filtration

consists of G-invariant subspaces of X.

Proof. Let Y = C(X) = (X x [0,1])/(x,0) ~ (x',0) be the cone over X. Then the relative
cohomology H*(Y, pt) = 0 where pt denotes the apex of the cone. Consider the filtration

Y; =X UC(X;) fori > —1, and so we get a filtration of Y
0CY | =XCY=XUCX))C--CY

as can be pictured out in the following figure
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pt

CX

Such a filtration induces a spectral sequence with Ej-term given by E {) =H*(Yp—1,Yp—2,pt) =

H*(Y, pt) = 0. Such a spectral sequence gives rise to a sequence

0— H*(Y_1,pt) — H* N (Yo,Y_1, pt) — H*"2(Y1, Yo, pt) — -+ (3.3.3)
notice that H*(Y_y, pt) = H*(X), H*(Yy,Y_1,pt) = H* (X UC(Xp),X U pt) = H*(Xp) and
H*(Y;,Yi_1,pt) = H"(XUC(X;),X UC(X;—1),pt) = H*(X;,X;_1). Therefore, sequence (3.3.3)

coincides with the sequence (3.3.2) up to a degree shift. [

Proposition 3.3.9. The augmented Atiyah-Bredon sequence can be obtained as the E| page of
a spectral sequence converging to 0. If this sequence is exact everywhere but possible except at
two adjacent terms, then it is exact everywhere. This statement also holds for the localization of

the Atiyah-Bredon sequence with respect to any multiplicative subset S C H*(BG).

3.4 Shifted and virtual subgroups of 2-torus

Unlike the torus case where there are infinitely many subtori for a fixed torus 7', in the 2-torus
case we need to introduce the notion of shifted and virtual subgroups to be able to get analogous
results from the torus case into the 2-torus case. The shifted subgroups were widely discussed in
[Allday and Puppe, 1991], (and the references therein) and the virtual subgroups were treated

in [Allday et al., |. We will only refer to some properties that will be useful for our purposes.
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Let G be a 2-torus of rank r and k be a field of characteristic 2. Choose generators G =
(g1,-..,8r) and let 7, = e+ g; € k[G]. Then k[G] is isomorphic to an exterior algebra in n-
variables and so it is a local ring with maximal ideal m = (7j,...,7,). We also denote the
multiplicative subgroup of units in this ring by k[G]*. Consider an element u € k[G]* that can
be written in the form u = e+ Y}, 0;7; mod m? for some (a,....q,) € k”. We say that u is
a non-trivial unit if &« = (o, ..., o) € k" is non-zero. In this case, u generates a subgroup of

k[G]* of order 2.

Proposition 3.4.1. [Allday and Puppe, 1991, Thm.2.2] Let 1 < s < r be an integer and let

ui,...,us be non-trivial units in k|G| such that uj = e+, Ocl.j 7 mod m>. If the vectors
o= (OCIJ, ey Ocr]) are linearly independent in K, then the set {uy,...,us} generate a subgroup
C(uy, ..., us) of K[G]* isomorphic to a 2-torus of rank s. Moreover, the canonical map of rings

ir: k[I'] = k[G], induced by the inclusion, is injective where T =T "(uy, ..., us).

Definition 3.4.2. The group I' C K[G]* satisfying the conditions of the above proposition is

called a shifted subgroup of G of rank s and we write I' C° G.

Notice that k[G] is a k-algebra generated by the set {7y, ..., 7.}, that is, any element in w € k[G]
can be written as w = p(1 ..., 7,) where p € k[xy,...,x,]. Moreover, any linearly independent
k-linear combination of the set {71, ..., 7.} modulo m? will also give rise to a generating set of

k[G], as the next lemma will exhibit.

Lemma 3.4.3. Let o, € k[G] be elements such that 6; = Y|_, Oéij 7; mod m?> and Oéij € k for
Jj=1,...,r. Suppose that the matrix A = (Ocl.j) € GL(r), then the set {0y,...,0,} generate

k[G] as k-algebra.

Proof. Let S be the k-algebra generated by {oy,...,0,} and denote by R = k[G]. Then it

is enough to show that 7; € S fori = 1,...,r, or equivalently, that the map S — R induced
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by the inclusion is surjective. Firstly, for any positive integer n consider the set A, = {I €
(i1y...,i;) €N": ;-:1 ij =n}, and for I € A, define 7; = ”L’fl ---7; analogously oy is defined.
Since Tl-z = Giz =0, for n > r we have that 77 = o7 = 0. Recall that m is the maximal ideal
of k[G] generated by {1,...,7,}, similarly, we denote by n the maximal ideal of S generated
by {0o},...,0,} . Under this notation, we have that m” (resp. n”") is the ideal generated by
{m:1€T,} (resp. {o7:1€T,}) and son” Cm". Now notice that 7, =Y /_, ﬁij o; mod m? where
B= (ﬁij) = A, this implies that for I € T, 77 = ¥jcr, B0y mod m"*! for some elements
Bs € k. In particular, for n =r, we have that ', = {I = (1,...,1)},and 1y =17 ... 7, = det(B) oy,
thus m” = n’. The proof finishes by reverse induction by proving that m" = n”" for all n as a

consequence of the Nakayama’s Lemma as the ideal m is nilpotent. [

Using this lemma, we can guarantee the existence of complementary shifted subgroups as we

show in the next result.

Proposition 3.4.4. Let I" C° G be a shifted subgroup of rank s. There is a shifted subgroup T"
of rank r — s such that the canonical map k[I'] @ k[I"'] — k[G] is an isomorphism of algebras.

In particular, this implies that k|G| is a free k[I'|-module.

Proof. Let us suppose that I" is generated by elements {uy,...,us} where u; =e+Y/_, Ocl.j T
mod m?. Consider the k-vector space V = span(ty,...,7,) and set 6; = Y/_, Ocl-j 7; € V. Since
the elements {0y, ...,0;} are linearly independent over k, we can extend the set to a basis
{o1,...,04,05+1,...,0,} of V. We define the elements u; = e+ oj fors+1 < j <randletI”
be the shifted subgroup of G generated by these elements. The canonical maps ir and i induce
amap @: k[[]@Kk[I"] — k[G] given by ¢(a®b) = ir(a)ip(b). We will now see that this map
is an isomorphism of algebras. Since k[G] is an algebra generated by {7y, ..., 7.}, to show that
@ is surjective we only need to observe that 7; € im(¢) by Lemma 3.4.3. The isomorphism

follows then because as k-vector spaces, both k[I'] ® k[I"] and k[G] have dimension 2". O
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Now consider k as a trivial k[G]-module. Recall that the standard resolution P, — k satisfies
P, = @, k[Gle;, Py = k[G]lep and the differential is the map d: P; — Py given by d(e;) = Tieg
as discussed in the proof of Theorem 3.1.5 . The augmentation map €: Fy — k is the norm map
€(Yge; g8) = Yge ag- Under this resolution, we have that R := H*(BG;k) = Extyg) (k, k) =
k[t1,...,t] where the variables #; are dual to the generators e; under the functor Homy g (_, k)
and the differential induced by the multiplication by 7;. In this case, we will say that #; is dual to

T

Let I' =I'(uy,...,us) C° G. Any k[G]-module M is also a k[[']-module via the map ir. In
particular, when M = k, there is a standard resolution Q, — k as k[I']-module where the
differential dr is induced by the multiplication by the elements (e + ;). In this case, we
denote by Rr or H*(BT';k) the ring Extyry (k,k) and it is isomorphic to the polynomial ring
kly1,...,ys] where each y; is dual to u;. Under this notation, we can compute the map induced

in cohomology by the inclusion I' — k|[G] as the next proposition exhibits.

Proposition 3.4.5. Let I' C° G be a shifted subgroup of G of rank s. Suppose that I =
C(uy,...,ug) where uj=e+Y:_, ocl:jri mod m? for j=1,...,s. Then the map ir: R — Rr

induced in cohomology is given by it (t;) = ¥}, Ocl.j ;-

Proof. Write u; = e+ Zle(aij + Zk<ic£irk)ri where a; € k and c,{i € k[G]. The standard

resolution Q, of k as trivial k[I']-module is given by
N
d d
= P K[ fo > k
j=1
where dr(fj) = (e +u;)fo. On the other hand, the map ir: k[I'] — k[G] induces a map of

resolutions ir: Q. — P, where ir(fo) = eg and ir(f;) = ;:1(Ocij+2k<iciirk)ei forj=1,...,s.
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In fact, this map makes the diagram

C—— @ KIS — 2 K]S —— k

commute. To compute the map if-: R — Rr in cohomology, we need to look at the map
Homy ) (P, k) — Homyry(Qx, k) at the level H L Let Homy ) (P1,k) = @i, kt; where 4 is
dual to e; in the sense that Homy ) (k[G]e;, k) = k#;, and let Homyry (Qx, k) = @, ky; where

yj is dual to f;. Then we have that i(1;) = Y}, l}yj where
Aj = (i) (1) (f;) = ulir) (f))
r . . . . .
=1 (Z((le + chjdfk)el> = (Otlj + Zciirk) 1= (xi]

=1 k<l k<i
since 7 - 1 = 0 in k. Finally, we have that i(1;) = ¥_, Ocl.j yj. O
Definition 3.4.6. Let M* be a cochain complex of k[G]-modules. For a shifted subgroup
I' C¥ G, we define the I'-equivariant cohomology of M as the cohomology of the bicomplex
Homy ) (Qx, M) where Q. — k is a free resolution of k as k[I']-module and we will denote it
by Hf*(M). In particular, when X is a G-space, we take M = C*(X) in the above construction
and we denote by H['(X) the I'-equivariant cohomology of X. The canonical map X — pt

makes H}(X) into an Rr-module.

As a Corollary of Proposition 3.4.5, we have that the structure of Rr-module is independent of

the representative of the class of the generators u1, ..., us of I' modulo m?.

Corollary 34.7. Let I'y = I'(uy,...,us) and T'y =T'(vy,...,v5) be shifted subgroups of G

where uj—v; € m? forall j=1,...,s. For any G-space X, there are canonical isomorphisms
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t: Rry = Rr, and ¢ : Hf (X) — Hy. (X) such that the diagram

i, .
Rg — er E— Hrl (X)

| b [
iiiz i}
R — Rr, —— H{ (X)

commutes.

Proof. By Proposition 3.4.4, we can choose a shifted subgroup I C* G which is complementary

to both I'; and I'y, thus there are isomorphism of algebras k[G] = k[I"}] @ k[I"] = k[I2] @ k[I"].

Using the change of ring properties for the Ext functor, we have a canonical isomorphism
Extyr; (k, C*(X)) & Extyg) (k[I"],C*(X))

for i = 1,2. Since the latter term does not depend on I'y or I';, we have that R, = Rr, and

HY (X) = Hf, (X). The commutativity of the diagram follows from the naturality of the Ext

functor. L]

Notice that similar to the algebraic construction of the equivariant cohomology given in Section
3.1, there is a free differential graded Rr-module C{:(X) = Rr ® C*(X) such that Hf(X) =

H*(C{(X)) as Rr-modules.

Now we will discuss another construction which will be related to the shifted subgroups.

Definition 3.4.8. Let k be a field of characteristic 2 and G be a 2-torus of rank r. Consider the
k-vector space Lg = H|(BG;k) of dimension r. A virtual subgroup K of G is defined as a
linear subspace of L, and we say that K is a virtual subgroup of rank j if dimy K = j. In this
case we write K C° G and rankK = j. If K’ C° G is such that K ® K’ = Lg, we say that K’ is

complementary to K. Notice that a complementary subgroup is generally not unique.

Remark 3.4.9. There is a correspondence from the set of subgroups of G to the set of virtual

subgroups of G given by K — jx(H;(BK)) where jx: H.(BK) — H.(BG) is the map induced
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by the inclusion. In particular, if k = [¥5, this is a one-to-one correspondence between the
subgroups G’ of G and the virtual subgroups of G. In fact, if H*(BG) = F,[ty,...,t,] where f; is
dual to 7; = e + g;, for any subgroup K = (k) of rank 1, we have that jx(Lx) =Y.!_, &t where
k=g{'---g%. This follows from Proposition 3.4.5 by considering the virtual subgroup I'(k)
ask=(e+71)% - (e+1,) = e+ Y, &7 mod m>. The claim for a subgroup of any rank
follows by the Kiinneth theorem. This shows that the subgroups of G and linear subspaces of

L are uniquely determined by the vectors (&1, ..., &) € F5.

Recall that for a vector space V over any field k and a subspace W C V, the annihilator of W

in V is the subspace W of V* = Hom(V,k) consisting of the linear maps f € V* such that
fW)=0.
Let R = H*(BG) and let K be a virtual subgroup of G. We construct the R-algebra Ry = R/(K*)
where (K1) is the ideal generated by K C H'(BG), and there is a canonical map jg : R — Rg.
Then for any G-space X, we define the differential graded module over Rx

Cx(X) = Rg ®r Ci(X)
where the differential on Rx ®g C5(X) is the standard differential of a tensor product (the

differential on R is set to be zero). Notice that Cx(X) is free as a graded Rg-module.

Definition 3.4.10. The K-equivariant cohomology of the G-space X is the graded Rx-module,

Hy (X3 k) = H.(Cg (X))

Now we will relate the shifted and virtual subgroups of G which will give rise to a relation
between the respective equivariant cohomologies of X. In fact, let Vg = m/m? be the k-vector
space spanned by {7i,...,7,}, and let L = H;(BG) be spanned by {t{,...,# } dual to the
variables t; € H'! (BG). The map ®: Vi — L which sends 7; to ¢ is a natural isomorphism. In
fact, for any group homomorphism 4: G — G, the induced maps /: Vg — Vi and h,: Lg —

L satisfy ¢ o h = h,, o ¢ after a choice of generators in G and G'. In the case where G = G’
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and 4 is an isomorphism, the commutativity of the diagram shows that ¢ is independent of the

set of generators chosen. Using this identification, we have the following Theorem.

Theorem 3.4.11. Let X be a G-space and K C° G be a virtual subgroup of G of rank s. There
is a shifted subgroup I C° G of G of rank s and canonical isomorphisms Rr =N Ry and

H{(X) = H % (X) such that the diagram

Is commutative

Proof. Let {v{,...,vs} be a basis of K. Write v; =Y, Oﬂijt;k and define the elements u; =
e+Yi Otij‘L'j € k[G]. ThenI" =T"(uy,...,u;) is a shifted subgroup of rank s. We will show now
that ker(if.: R— Rr) = (K ). In fact, since if- is a map between polynomial rings generated in
degree 1, it is enough to show that ker(if.: H'(BG) — H!(BT')) = K. By Proposition 3.4.5,
we know that this map is given by A7 where A is the matrix A = (Otij ) € k"¢ under the standard
basis. Therefore, ker(ij.) = ker(A”) = Im(A)+ = K. Therefore, R/(K*) = Rr and the map i}
coincides with the projection jx under this canonical isomorphism.

Now choose N C° G complementary to K. Let I C° G be the shifted subgroup of G arising
from N. Then we have an isomorphism of k-algebras k[I'] @ k[I”] = k[G] by Proposition
3.4.4. Let Q. — k, Q’, and P be the standard resolutions of k as k[['], k[I['] and k[G]-module
respectively. Denote by P, = Q, ® Q. the induced resolution of k as k[I'] ® k[I"] = k[G]-module.
Since the G-equivariant cohomology is independent from the chosen resolution, there is a chain

equivalence of differential graded R-modules between the singular Cartan model C{;(X) and
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the complex C;(X) where the differential is the one induced by the resolution P,; that is,
d(p®@x) =p®d(x)+Y,_,vip® o;p where Rr = k[yi,...,y] and y; is dual to 0; = u; +e.

Therefore, we have a chain equivalence of Rg-modules

Cx(X) = Rk ©r C5(X) ~ Rg @R C5(X) = Rk ©r (ROC*(X)) = Rr@C*(X) = Cr(X). O

In particular, if K = ker(H'(BG) — H*(BG'))* = V3 for some 2-subtorus G, then the K-
equivariant cohomology defined above and the usual G’-equivariant cohomology coincide.
Now we will look at some applications of these constructions; firstly, analogous to the torus

actions case. [Allday et al., 2002, Prop.3.5], we can state the following result.

Proposition 3.4.12. Let X be a G space and k be an infinite field of characteristic 2. Then X
is G-equivariantly formal if and only if it is K-equivariantly formal for any virtual subgroup

K C° G of rank 1.

Proof. The direct implication follows from Remark 2.5.8 . Conversely, suppose that X is not
G-equivariantly formal. If G does not act trivially on the cohomology of X, there is an element
¢ € G that does not act trivially on H*(X) and thus X is not formal with respect to the subgroup
K = (g). Let us assume then that G acts trivially on the cohomology of X. Then we have a
spectral sequence

E> = H*(BG) ® H*(X) = HA(X)

and as X is not G-equivariantly formal, we find X > 2 minimum so that dj : E,?’q — E,:"Hl_k
is non-zero. Write d(a) = Y!_, pi® a; where {ay,...,a;} is a k-basis of H9+17¥(X) and p; is
a homogeneous polynomial of degree k. By naturality of the spectral sequences, it is enough
to find K C” G such that rg(p;) # 0 where rx: H*(BG) — H*(BK) is the map induced by the
inclusion. In fact, let (4,...,A,) € k" not zero such that p;(4,,...,A,) # 0; this is possible as
k is infinite. Consider the virtual subgroup K = (A1#; + - -+ A,;) of H;(BG). Then the map

rk: R — R satisfies that rg(p;) is non zero and thus X is not K-equivariantly formal. OJ
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Definition 3.4.13. Let X be a G-space and K a virtual subgroup of G. For any x € X we define
the virtual isotropy subgroup of x in K as

K.=KnVg
and the orbit filtration of G with respect to K by

X; = {x € X : rank K, > rank K — i}

Remark 3.4.14. We can also define the K-fixed subspace XX C X as the space XX = {x € X :
K, =K}={xeX:V5 CK'}. Notice that if PK = ker(R — Rg) and S = R\ PK, then X5 = XX
and by the localization theorem for the G-equivariant cohomology, there is an isomorphism of

S~!R-modules ST'H}(X) = ST H (XK).

On the other hand, we also construct an augmented K-Atiyah-Bredon sequence and it will
be denoted by EZ (X). Moreover, the results from the previous section involving the orbit
filtration and the Atiyah-Bredon complex carry over K-equivariant cohomology (Proposition

3.3.3, Corollary 3.3.4, Theorem 3.3.5, Corollary 3.3.7 and Lemma 3.3.9).

To prove a characterization of syzygies for 2-torus actions which was also given in [Allday et al., ,
Thm. 5.1]. we state the following Lemma proved in [Allday et al., , Lem.4.4] which will allow

an extension of the ground field of the mentioned characterization.

Lemma 3.4.15. Let R =K[ty,...,t,| be a polynomial ring over any field k. Let M be an R-
module and let u be an indeterminate so M(u) is an R(u)-module. For any 1 < j<r, M is a

J-th syzygy over R if and only if M(u) also is as a module over R(u).
Now we proceed to prove the characterization of syzygies

Theorem 3.4.16. Let G be a 2-torus, X be a G-space and Kk be a field of characteristic 2. Write

R = H*(BG;K). The following conditions are equivalent for any 1 < j <r
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1.

Proof.

The augmented Atiyah-Bredon sequence EZ(X ) is exact at HS,(X;,X;_1) for all —1 <

i<j—2.

The restriction map Hj(X) — Hg(X) is surjective for all virtual subgroups K of G of

rank r — j.
H{.(X) is free over all subrings Rxr C R where K is a virtual subgroup of rank j.

H{(X) is a j-th syzygy over R.

(2) < (3) First we will assume that K C G which will serve as a motivation to the general
case. Let L be a complementary subgroup so that G = K x L. There is a homeomorphism
X = (Xk )L and so a fiber bundle Xy — X5 — BL. As in Theorem A.11, we have that
the restriction map H(,(X) — Hg(X) is surjective if and only if the spectral sequence
E; = H*(BL;Hg (X)) — H{(X) degenerates at this page, or equivalently, H(X) is a
free R;-module which proves the equivalence for regular subgroups of G. Now we
suppose that K C° G and K’ is a complement to K. By choosing subgroups I',I” C* G
corresponding to K, K’ respectively; it can be shown that there is a chain equivalence of

Rp-modules

Co(X) =~ Cr(Cr(X)),
and in particular, there is a spectral sequence E, = H*(BI"; Hj(X)) = H(X)

(4) = (3) By assumption, there is an exact sequence 0 — H;(X) — F; — --- — Fj where
F; is a free R-module for 1 <i < j. Since R = Rx ® Rk, then each F; is also a free
Rg-module. As rank K’ = j, by the Hilbert Syzygy Theorem (which also holds for non

finitely generated modules) we conclude that H;(X) is a free Rg/-module.
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(1) = (4) For j = 1, the assumption translates into the exactness of the sequence 0 —

H}(X) — H(X9). Therefore, HY(X) is a first syzygy since Hy,(X9) is a free R-module.

Now assume that j > 2 and consider a finitely generated free resolution of HY(X)
Fig—-—F—>HSX)=0

The exactness of the Atiyah-Bredon complex for —1 <i < j—2 implies that Homg(HY(X),R) =

H}.(X) and so Exti(HS(R),R) = 0 for i > 0 by Corollary 3.3.7. Therefore, dualizing the

above resolution, we get an exact sequence
0—Hg(X) = Fy — - —F

which is equivalent to H;(X) being a jth-syzygy.

(3) = (1). If condition (3) holds for a field k, then it also holds for F,. By Lemma
3.4.15 we have that this condition is also true for F>(«) and so we can suppose without
loss of generality that k is an infinite field, and this will imply (1) for any field as it is
independent from the ground field. Firstly, for any K C” G and any 1 < j < r, we denote
by P(K, j) the statement (3) = (1); that is, if Hg(X) is free over all subrings Rg» C Rg
for any virtual subgroup K’ C K of rank j, then the augmented Atiyah-Bredon sequence
EZ is exact at the position i for —1 <i < j—2. We will prove that P(K, j) holds for any
K and j by induction; that is, we assume that P(K’, j') holds for any subgroup K’ C K

with rank K’ < rank K and j’ < j, and then we will show that P(K, j) holds.

We denote by XX the i-th skeleton of the orbit filtration of X with respect to K. Let
n =rankK and let Ki,...,K, be the isotropy subgroups occurring for elements x €
X{ . Notice that for any 7, rankK; >n—(j—1) =n—j+1and dimV, < j— 1 where
V; = ker(H'(BK) — H'(BK;)). Choose a subspace W C H!(BK) which is transverse
to all V; and dimW > n — j+ 1, and we define S to be the multiplicative subset of Rx

generated by S\ {0}. Then for any x € X \XjK_l, rank K, <n— j+1 and so dimV, > j;
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in particular, W NV, # {0}, and this implies that S~'H}(X;,X;_1) = 0 for i > j and
thus S™'H/(ABg(X)) = 0 as well. On the other hand, by induction hypothesis over
P(K,j— 1), we have that S"'H!(AB% (X)) = 0 for i < j — 2. Proposition 3.3.9 implies
that the localized Atiyah-Bredon sequence is exact everywhere. Therefore, to finish the
proof we will show that the localization map H/~2(ABg (X)) — S~ H/2(ABk (X)) is

injective.

Let a € § and without loss of generality we might assume that a € W. We will show
that the multiplication by a is injective. Consider K, = Anng(a) C° K. We claim that
xK = Xl.K“ fori < j—1. Since rankK, = n — 1, it is enough to show that rank(K,), =
rank K, — 1. In fact, since (K, ), = K, NK,, we have that rank(K},), = rank K, +rank K, —
rank(Ky + K;). As we chose W transverse to all Vy, we have that V, Nspan(a) = {0} and

thus Ky + K, = K. This shows that rank (K, ), = rank K, — 1.

Now we can choose L C° K to be a complement of K, in K. Notice that rank K, = n — 1,
rank L = 1 and we have a canonical isomorphism of rings R; = k|a|. There is a chain
equivalence Cg (X) = Cx(X) ®y|q k of Rg,-modules; using the universal coefficient
theorem there is a short exact sequence
0 — H(X) @y k — H (X) — Tory | (HE (X),k) = 0

by hypothesis Hg(X) is free over k[a] = R, C Rk and so the Tor term vanishes and
Hg (X) = Hg(X) ®ylq (X). Similarly, we have an isomorphism Hy (XK, xK,) =
Hi (XX, XK ) @y k for i < j—2. Using again the universal coefficient theorem we have
a short exact sequence

0— Hj_3(AB}k<(X)) Ol k —s Hj_3(AB}k(a (X)) — Torﬂf[a] (HIJJZ(X),k) —0

As Hg(X) — Hy,/(X) is surjective for all subgroup K’ C K of rank n — j by assumption,

then Hg (X) — Hyy(X) is surjective for all subgroup K" C K, of rank (n —1) — (j —1).
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Thus by induction hypothesis on P(K,,j — 1), we have that H/=3 (ABg (X)) =0. In
particular, the Tor term in the above sequence vanishes and we conclude that a is not
a zero divisor in H {;2 (X) for any a € S and so the localization map H/~2(ABx (X)) —

S~'H/=2(ABk(X)) = 0 is injective. O

We finish this section with an analogous result to [Allday et al., 2014, Prop 5.2] that bounds the

possible syzygy orders of the equivariant cohomology for Poincaré Duality spaces.

Proposition 3.4.17. Let X be a k-Poincaré duality space which is also a G-space where G is a

2-torus of rank r. If HY,(X) is a j-th syzygy with j > r/2, then Hj(X) is a free module.

Proof. Let M = H(,(X). As M is a j-th syzygy, Theorem 3.4.16 implies that H*(AB(X)) =0
for i < j—2. On the other hand, M also admits a regular sequence (xp,...,x;) of length j by
Theorem B.10. Then we have that Prdim(M) = Prdim(M/(x,...,x;)M) — j < r — j where
Prdim(M) denotes the projective dimension of M. This implies that Ext, (M, R) =0 fori > r— j.
From the Poincaré duality isomorphism (Theorem 3.2.2) we have that H}(X) & HZ(X)[—n] and
thus 0 = Exty(M([n],R) = Exth(HS(X),R) = H'(AB5(X)) by Corollary 3.3.7. Therefore, the
Atiyah-Bredon sequence of X is exact at all but two adjacent positions, so it is exact everywhere

by Corollary 3.3.9. Thus we get that H/,(X) is a free R-module again by Theorem 3.4.16. [J

3.5 The quotient criterion for 2-torus actions on manifolds
with corners

The approach of this section is analogous to [Franz, 2017, §3]. We will study the equivariant
cohomology of a space with a 2-torus action as a syzygy module using approximations of the

action by the subgroups and their respective fixed point subspaces. This approach will be useful
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to determine the equivariant cohomology of manifolds whose orbit space carries a structure of

manifold with corners.

Let R denote a polynomial ring in r variables over some field k and write dim R for the Krull
dimension of R. Recall that we say that a finitely generated R-module M is a j-th syzygy over

R if there is an exact sequence
O—M—=F —-—=F;

with finitely generated free R-modules F1, ..., F;. In particular, M is a j-th syzygy over R if and
only if

depth My > min(j,depthg Ry)

for all prime ideals p << R (Theorem B.10).

Now let G = (Z/2)" be a 2-torus of rank r, k be a field of characteristic 2 and let R = H*(BG) =
k[z,...,t]. Let K C G be a 2-subtorus and set L = G/K. We denote by Rx = H*(BK) and
Ry = H*(BL). Recall that the projection map G — L induces a graded algebras morphism Ry, —
R which makes R canonically an R;-module. If we identify L with some 2-torus complementary
to K in G, we get a non-canonical isomorphism G = K X L and R = Rx ® Ry and then R is a
free Rz -module. We will discuss an analogous construction for the virtual subgroups introduced

in the last section; firstly, we will introduce the following definition.

Definition 3.5.1. Let K C° G be a virtual subgroup of G. We say that K acts trivially on X if

Ve, € K+ for every x € X.

This definition is motivated by the situation arisen from the usual subgroups of G; namely,if a
subgroup K C G acts trivially on X, then K C G, for any x € G. This is equivalent to Vi, C Vg

where Vi = ker(H!(BG) — H'(BK)).
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Lemma 3.5.2. Let X be a G-space and K C° G, and let L C° G be a complementary subgroup

to K. Suppose that K acts trivially on X, then
(i) Hg(X) = Rxk ® H*(X) as Rx-modules

(ii) There are isomorphisms of R-algebras
H;(X) =2 R®g, H; (X) = Rk @ Hf (X).
The first isomorphism is canonical and the second one depends on the splitting K & L =

Hi(BG).
(iii) depthg H(;(X) = depthg, Hy (X) +rank K.

Proof. To prove (i), let Gx =(\,cx Gy and choose a decomposition G = Gx x G' = (g1,...,8k) X
(8k+1,- - -,&r) Which leads to an isomorphism R = Rg, ® Ry =K[t1,. .. ,t,]. Since K acts trivially
on X, we have that Vg, C K-+ for any x € X. This implies that Vg, = Vﬂex G, = Laex VG, C K+,
or equivalently, K C span(t{,...,#;). Let {vq,...,vs} be a basis of K, then v; = Zle (xijti* and
so we have an associated shifted subgroup of G, I'(uy,...,us) where u j=e+ Z;‘Zl Ocij T; and T;
acts trivially on X fori=1,... k. If ["(ug41,...,u,) denotes a shifted subgroup associated to
L, the isomorphism k[G] = k[['] @ k[["] of rings induces an isomorphism R = K[y, ..., y,] ®
k[ys+1,---,yr] and a chain equivalence Cj;(X) ~ (Rr ® R[-) ® C*(X) where the differential on
the right hand side is given by d(p® 0) = p®d(0)+ Y/, yip® (e +u;) - 0. Since (e +u;) acts
trivially on C*(X) fori=1,...,s, we have then that Cf;(X) ~ Rr ® (Rp ® C* (X)) ~ Rr @ Cpr (X)).
This induces an isomorphism in cohomology H(;(X) = Rx ® H; (X ) by Proposition 3.4.11.

To prove the second assertion, the canonical map k[G] = k[I'| @ k[I"] — k[G] @y k = k[I]
induces a map H}(X) = H; (X) — H;(X) of Rr-modules, and together with the canonical map

R — H((X) induces a morphism

R®p, Hi (X) — H5(X).



3.5 The quotient criterion for 2-torus actions on manifolds with corners 64

Combining the above maps with the isomorphism R = Rx @ Ry we get a commutative diagram

R &g, Hy (X)

Hg(X)

Rk @Ry ®g, Hf (X) —— Rx @ H; (X)

To prove the last assertion, by (ii) we have isomorphisms
Extg(HG(X),R) = Extp(R ®r, Hj (X),R) = R @, Extg, (H[ (X),Rv)
and thus Exty (Hj(X),R) = 0if and only if Ext}, (H; (X),Rr) = 0 because R is a free R;-module.

Therefore, the result follows from dimR = dimR; + rank K. ]
From this result we may prove the following Lemma.

Lemma 3.5.3. Let p <IR be a prime ideal and K C° G be a virtual subgroup such that (K*+) = q
where q is the prime ideal generated by p "H' (BG). Let L C" G be a complementary subgroup

to K. Then for any i > 0 we have

Exty (HG(X)p,Ry) = 0 & Exty, (Hf (X%),R.) =0
Proof. Since X is a finite G-CW-complex, by the Localization Theorem (see Remark 3.4.14)
and Lemma 3.5.2 we have isomorphisms

HG(X)p 2 HG(X")y 22 (Rop, HG(XY))p = Ry @, HG(XY),

and as in the proof of Lemma 3.5.2 we get

EXt;?p (HE(X)P ’ RP) = RP ®RL EXt;.?L (Hz (XK) ) RL)
To conclude, it is enough to show that Ry, is a faithfully flat R;-module.

Indeed, flatness of Ry follows from the facts that R is a free R;-module and the localization is

exact. To prove that it is faithfully flat, we just check that the localization map

(R®r, N) = Rx @N — (Rg @N)p = Ry O, N
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is injective for any Rz-module N.
Leta ¢ p, write a = ¥;a; ® u; where a; € Rk and {u;} is a homogeneous basis for Ry and up = 1.
Since a ¢ p, almost all a; = 0 and we can suppose that ag # 0. Therefore for any non-zero

X € Rk ®N, a-x # 0 which implies that the localization map is injective. [
With these results at hand, we proceed to prove the following result.

Lemma 3.5.4.

(i) For any subgroup K C° G,

depthp HE(XX) > depthp HE(X)

(ii) HE(X) is a j-th syzygy over R if and only if
depth, Hj (XX) > min(j,rank L)

for any subgroup K C° G with complementary subgroup L C° G.

Proof. To prove statement (i), let p = ker(H*(BG) — H*(BK)) and let i < depth H};(X). Itis
enough to show that Exty (H(XX),R) = 0; by Lemma 3.5.2-(iii) this is equivalent to check

rank L—(i—rank K) (

that Ext H; (XX) R;) = 0. Tt will follow from Lemma 3.5.3 as
Ry L

rank L—(i—rank K)
Extg, (

H; (X%),R.) =0 & (Exty "(H5(X),R))y = 0.
The latter term is zero as i < depth Hf;(X). Now we proceed to prove the equivalence in (ii).
«: Let p <R be a prime ideal and set q,K and L as in Lemma 3.5.3. Notice that for any
i > max(rank L — j,0), we have that Ext}'eL (Hj (X),Rr) = 0; therefore,

Exty (HG(X)p, Rp) =0
by Lemma 3.5.3. Since dimRy, > rank L, the above equality also holds for all i > max(7— j,0)

where 7 = dimRy,. This means that

depthg, H"(X)p > min(j, 7),
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that is, H(X) is a j-th syzygy by Theorem B.10.
=: For a given subgroup K C° G, consider p = ker(H*(BG) — H*(BK)), in this case, rank L =
dimRy,. Therefore by Proposition B.10.
depthg Hg(X)p = min(j,rankL),
as before, for i > max(rank L — j,0)
Exty, (HG(X)p, Rp) =0
and by Lemma 3.5.3

Exth, (H; (X), Re) =0

that is, depthg, H*(XX) > min(j,rank L) as desired. O
Now we can prove the following results.

Proposition 3.5.5. Let X be a G-manifold and j > 0. Then H*(X) is a j-th syzygy if and only if
H'(AB; (XX)) = 0 for any subgroup K occurring as an isotropy subgroup in X where L= G/K

and i > max(rankL — j,0).

Proof. As we discussed in the proof of Theorem 3.4.16, H*(X) is a j-th syzygy with coefficients
over a field k if and only if it is over the field F,. We will show that condition (ii) of Lemma
3.5.4 is satisfied for any subgroup K C G. Let K be a subgroup of G. Then XX is a closed
submanifold of X by the tubular neighbourhood theorem. For a connected component ¥ C XX,
there is a principal orbit G/G, where x € Y, so K C G, as subgroup. Set K’ = G,. L' = G/K’
and write rank K’ = rank K + k for some integer k > 0. Using Lemma 3.5.3-(iii) and 3.5.4 we
get
depthg, H; (Y) > depthg, Hy (XK/)
= depthyy Hj)(XX') +k

> min(j,rank ') +k > min(j,rank L).
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Finally, observe that
depthg, H; (X*) = min{i : Extg™"~"(H; (X*),R.) # 0} = min{i : H*"*"~"(AB} (X¥)) # 0}
by Corollary 3.3.7 and the Poincaré duality isomorphism HE (X) = H}(X). Then

depthg, H; (XX) > min(j,rank L) < H'(AB} (XX)) = 0 for all i > max(rank L — j,0). [
The next Theorem is one of the main results of this section.

Theorem 3.5.6. If H}(X) is a j-th syzygy over R then so is Hf (XX) over Ry, for any subgroup
K C° G and complementary subgroup L C° G. Furthermore, If K is a subgroup of G, then L

can be canonically identified with the quotient G /K.

Proof. Let K C° G,Y = XX and L be a complementary subgroup to K. We will show that the
condition of Lemma 3.5.4 holds for H; (Y). Let K’ C° L and choose a complementary subgroup
L' C° L of K’ in L. Notice that Ky = K ® K’ is a complementary subgroup of L in G, and we
have that YX' = (XX)X" = x¥_ On the other hand, there is an isomorphism H[(Z) = Hj ;/(Z)

where H

 1/(Z) denotes the cohomology of the complex C; ;,(Z) = R /(Anng (L)) ®g, C;(Z)

for any G-space Z; in fact, this follows from the ring isomorphism Ry, /(Anng (L)) = R;/. Notice
that H; ;,(Z) is canonically a R, ;;-module where Ry ;» = Ry /(Anng(L)).
Applying then Lemma 3.5.4 to the subgroup Ky C° G, we get

depthRL’L, Hj (YK/) = depthg , H;, (X Koy > min(j,rank L)

showing that H; (Y) is a j-th syzygy over R; by Lemma 3.5.4. O

As a Corollary we have the following result.

Corollary 3.5.7. Suppose that H5(X) is a torsion-free H*(BG)-module. Let K C° G and

Z C XX be a connected component. Then ZN XS # 0.

Proof. Let L be a complementary subgroup to K. By Theorem 3.5.6 we have that H; (XX) is a

torsion-free H*(BL)-module. As Hj (XX) = @,cxx H} (Z), where the index runs over all the
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connected components of XX, we get that H;(Z) is also a torsion-free H*(BL)-module. This

implies that Z = ZN XY # 0 by Corollary 2.4.6. O

Now we will relate this construction to G-manifolds M whose orbit space M /G inherits a
structure of manifold with corners. We first quickly review the definition of manifolds with

corners.

Definition 3.5.8. Let M be a topological manifold with boundary of dimension n. We say that M
is a manifold with corners if M has an atlas {(U;, ¢;) } where ¢;: U; — V; is a homeomorphism
of U; onto an open subset V; C R, , = [0,%0)" x R"™" for some fixed r < n, and the map

Q; o (pj’1 1 j(UiNU;) — @;(U;NU;) is a diffeomorphism for all i, j.

For any z = (x,y) € R, ,, we define c; as the number of zero coordinates of x in [0,c0)". If M is
a manifold with corners, then ¢, is well-defined for any m € M. We say that F is a facet of M if
F is the closure of a connected component of the subspace M| = {m € M : ¢,, = 1}. Notice that
F is a (n — 1)-dimensional submanifold with boundary of dM and g ¢, F = dM. Moreover,
any finite intersection of facets ﬂf-‘zl F; is either empty, or a disjoint union of submanifolds of
M of codimension k. A connected component of such an intersection is called a face of M
of codimension k. Notice that any face of M of codimension & is the closure of a connected

component of the subspace My = {m € M : ¢,,, = k}.

Remark 3.5.9. Any manifold with corners becomes a filtered space by setting X; = U<, M,

so X; consists of all faces of codimension at least r —i. In particular, Xo = M, and X, = M.

A face of R,, = [0,0)” x R"™" of codimension k is the subspace A; = {(x,y) € R, : x; =
0 for i ¢ I} for some I C {1,...,r}, |I| = k. In particular, the facets of R,., are the subspaces
A) ={(x,y) € Ry : x; = 0}. We say that M is a nice manifold with corners if for any m € M
there is a neighbourhood U C M and an open set V C R, , and a homeomorphism ¢: U — V

such that 9~ 1 (VNA/) = UNF for any facet F of M andany 1 < j < r.
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Now we will relate this construction to 2-torus actions. Let G be a 2 torus of rank r. There is
a standard action G on the space R” with n > r. In fact, identifying Z/2 = {£1} we have an

action of G on R” given by

(g17"'7gl‘) . (x17~--7xr;xr+17---7xn) - (glxla---7grxr7xr+l7---yxn)
and thus the quotient space R"/G = R,., = [0,00)" x R"™" is a manifold with corners. More

generally, we have the following definition.

Definition 3.5.10. Let X be a G-manifold of dimension n. A G-standard chart (U, @) of
x € X is a G-invariant open neighbourhood U of x in X and a G-equivariant homeomorphism
¢@: U — V on some G-invariant open set V C R" (with the standard action of G on R").
We say that X is a locally standard G-manifold (or that the G-action is locally standard) if
X has an atlas {(U;, ¢;)} consisting of standard charts such that the change of coordinates

@;o (pj_] 1 @;j(UiNU;) — ¢i(U;NUj) is a G-equivariant diffeomorphism for all , j.

In particular, the quotient space X /G is a manifold with corners. Any face P C X /G is a
topological manifold with boundary dP. Let w: X — X /G be the quotient map, and we identify
XG with its image in X /G. For any subspace A C X/G we write 7! (A) = X“. Notice that
all points in X lying over the interior of P have a common isotropy group Gp. We denote
by G; = G/Gp which is isomorphic to a complementary 2-torus of Gp in G. Also, we write
rank P = rank Gp. Observe that X” = 77! (P) is a connected component of X7 and the set
XP\IP = xP\ X9 is the open subset of X where G% acts freely. This implies that

Hg, (X" x%) = H*(P,0P). (3.5.1)
For two faces P,Q of X /G we write P Cy Qif PC Q and rankQ =rank P+ 1. If F C; X /G, X*
is a closed submanifold of X of codimension 1 and we denote by N its normal bundle. For any
face P C F, consider Ef p the vector bundle over X* \9P obtained as the pullback of Nr under

the inclusion of X7\?? on X¥. Under the inclusion (X, X?7) — (EFp,Ep p), the equivariant
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Thom class of Er p induces a class in the equivariant cohomology er p € H(l; (xP.x op ). Finally,
we denote by trp € H*(BG),) the restriction of ep p under the inclusion (pt,0) — (X*,X°7).
Notice that g p is the equivariant Euler class of the Gp-equivariant line bundle over a point

which corresponds to the generator of H*(BGp) in H!(BGp).

Remark 3.5.11. For any face P of X /G, consider the k-algebra Rp = H*(BGp). Notice that P is
a connected component of the intersection (pcpc,x /¢ F and thus X P is a connected component
of the intersection (\pcpc, x/GX FMoreover, for any point x € X\97_there is an isomorphism
Gp = [lpcrc,x/c Gr by looking at a standard chart of x in X. This implies that 75 p is a basis

for the vector space H' (BGp) which extends to an isomorphism of algebras
Rpgk[l‘F7p1PgF < X/G]
If PC Q, Gg € Gp and we have a canonical map ppp: Rp — Rp. It follows from the naturality

of the Euler class and the above remark that ppg(trp) =tr if Q C F and 0 otherwise. Now

we will proceed to prove the following lemma.
Lemma 3.5.12. Let P be a face in X /T.

(i) The composition
9p: H*(P,OP) = H, (X°,X7) > H5(X" xP)
induces a map wp: H*(P,0P) @ Rp — H} (X, X°F) which is an isomorphism of graded

vector spaces.

(ii) If P Cy Q the following diagram
H*(P,OP) © Rp —2— HZ(XP,XP)
5®ppgl l(s
H™+1(Q.00)®Ro —+ Hg' (X2 X7)
is commutative where 0 is the connecting homomorphism arisen from the cohomology

long exact sequence of the triple (Q,00,9Q\ (P\ dP)).
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Proof. To prove the first claim, notice that the map ¢p: H*(P,0P) — H*;(XP XOP)
Hz‘;(XP X ) is the composite of the isomorphism (3.5.1) and the map in equivariant coho-
mology induced by the canonical projection G — G = G/Gp. Suppose that Fi, ..., Fy are the

facets containing P. Using (i), we can define a map
wp: H*(P,0P)®Rp — HE(XT, x7)
by setting yp(a @15 p---11:p) = Pp(at)ey p--- € p. On the other hand, similar to Lemma
3.5.2(1), we have an isomorphism of algebras
p: H;(X" XP) — Rp® Hg, (X", X°") — H*(P,OP) ® Rp

by choosing a splitting of G = Gp x G%. In particular, for erp € H'(X*,XF), we have
that p(epp) € H'(P,0P)® (Rp) ® H'(P,OP) ® (R))o = (Rp)1 ® H'(P,0P). As tpp is the
restriction of er p to Rp we have then that p(ef p) = tr p + ar for some ar € H'(P,dP). Using

this computation we get that for o € H*(P,dP) it holds that

povp(a®ig p - 1gp) = p(Pp()er p---€fp)

= (a®@1)p(er p)™ - pler.p)™
=(a1)(1®tpp+ar®1)"---(1®1t5 p+1®ag)™
— Q@ () + S
where S consists of sums of terms in H*(P,dP) ® H*(Rp) whose elements in the second factor
are of degree lower than m + - - - + my; therefore, we obtained that p o yp is bijective and so is
Yp.
Finally, to prove (iii), we need to check that Syp(a ®1z'p- 15" p) = Wo(8(a) @ pro(ty' p &
tg" p))- As the maps ¢p, ¢¢ arise from natural constructions, they commute with 6. Furthermore,

since ppo(tr,p) is either tr o if Q C F or zero otherwise, we only need to prove that §(Ber p)

is either 6(B)erp if Q C F or zero otherwise. Recall that § arises from the connecting
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homomorphism 6 : H*(P,dP) =2 H*(dQ,9Q\ (P\ dP)) — H*(Q,dQ) which induces the map
§: HE(XP xP) = i (x92 x99\ (P\IQ)y _, gl (x2 x99).

In the case P C Q, by the Thom isomorphism theorem we have isomorphisms Hg_l (XP\OPY =

H(XP,x9P) and H ' (X9\99) = H(X2,X99) induced by the multiplication by erp and

er o respectively. As both epp and eg ¢ are restrictions of the equivariant Euler class of the

normal bundle N¥', we have that 0(Berp) = 6(B)er . In the second case, we have that ef p

is then the restriction of the Euler class of the normal bundle of X* in X¢ as P C; Q. By the

Thom-Gysin exact sequence we have that § vanishes precisely in the multiples of ef p. [

For a face P of X /G, the filtration by faces leads to a spectral sequence with E|-term given by

EP'= P H'(Q,00)= H"(P)

oce
rank Q=i
the columns of this spectral sequence give rise to a complex that will be denoted by B'(P). This
complex will be related to the Atiyah-Bredon sequence constructed in Section §3.3 and it will

provide a criterion to the syzygies in G-equivariant cohomology as it is shown in the following

theorem which is analogous to [Franz, 2017, Thm.1.3] for the torus case.

Theorem 3.5.13. Let X be a G-manifold with a locally standard action of a 2-torus G. Then
H(X) is a j-th syzygy over H*(BG; k) if and only if for any face P of the manifold with corners

M = X /G we have that H'(B*(P)) = 0 for any i > max(rank P — j,0)

Proof. Let Q be a face of X/G. We define the element 79 = [Tpcrc,x/ctro € Ro. These
elements induce an isomorphism of vector spaces Ry = Dy pRptp. On the other hand, by
Lemma 3.5.12 there is an isomorphism of vector spaces H*(Q,dQ) ® Rg — H5(X9,X?9)

compatible with the differentials. We have then an isomorphism

D H QIR = B HEX2,X%2). (3.5.2)
Q:rank Q=i Q:rank Q=i
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Noticing that the i-th equivariant skeleton of X is given by X' = U xP = U X we

P P
rank P=i rank P=i+1

see that the last term of (3.5.2) is the i-th term of the Atiyah-Bredon sequence ABic(X ) and so

there is an isomorphism (with an appropriate degree shift)

@ @H* (0,00)®Rptp = P B'(P)®Rptp = AB(X)

PCX/G
rankQ i QCP /

compatible with the differentials. Therefore, H'(AB};(X)) = @pcx /cH {(B*(P)) ® Rptp.

From Proposistion 3.5.5, we have that Hf;(X) is a j-th syzygy if and only if H i (ABg;, (X)) =0
for all faces P and i > max(rank P — j,0). The isomorphism above shows that this condition is

equivalent to the vanishing of H!(B*(P)) for all P and i > max(rank P — j,0). ]

We will use this criterion to construct syzygies in G-equivariant cohomology for 2-torus actions.
The dimension of a manifold with a locally standard action of a 2-torus is constrained to the rank
of the torus. In fact, if G = (Z/2)" and X is a G-manifold with a locally standard action of G
and X© = (), then dimX > r. In fact, if the action is locally standard, then X G is a submanifold

of codimension at least r and there can not be any fixed points if dimX < r.

Example 3.5.14. If X is a manifold with a locally standard action of Z /2, then the orbit space
M = X /G is a manifold with boundary. Conversely, any manifold with boundary can be realized
as the orbit space of the manifold X = (M LUM)/dM with the involution induced by the map
M UM — MM that swaps factors. The action is locally standard on X as it can be seen as the

reflection along the hyperplane where dM lies and so X¢ = dM.

Theorem 3.5.13 translates in this case on the statement that X is G-equivariantly formal if and
only if the map H*(dM) — H**'(M,dM) is surjective, or equivalently, the map H*(M) —
H*(dM) induced by the inclusion is injective. For example, if M = S' x [0, 1] is a cylinder (see
Fig.4.1), then the map H*(M) — H*(dM) is injective and so the manifold X is G-equivariantly

formal. It is easily seen that X is homeomorphic to the torus S! x S' and the involution is
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given by the axis reflection on one S! factor. Notice that 4 = b(X) = b(XY) = b(dM) so the
conclusion of Theorem 3.5.13 agrees with the one from Theorem 2.5.5.

On the other hand, M does not need to be orientable; for example, if M is the Mobius strip,
then M can be realized as the orbit space of a Klein bottle X (see Fig.4.2). Moreover, the map
induced in cohomology by the inclusion dM — M is the zero map and thus Theorem 3.5.13
implies that H,(X) is not equivariantly formal. This also agrees with the Betti number criterion

as 3= b(X) #b(X%) = b(IM) = 2.

O )

oM M X

Fig.4.1 - Orientable Manifold with boundary M

O &

oM M
X

Fig 4.2 - Non-orientable manifold with boundary M

Remark 3.5.15. More generally, following the constructions presented in [Lii and Masuda, 2008]
and [Yu et al., 2012], under some conditions a manifold with corner M can be realized (up to
homeomorphism) as the quotient space X /G of a manifold X with a locally standard action of

a suitable 2-torus G. In fact, let M be a nice manifold with corners and let 7 = {Fy } denote
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the set of all facets of F. If r = max{i : ﬂ Fy # 0} , then M is locally diffeomorphic to
ver, |T|=i
R x [0,0)" for some integer n > 0, but not to R" x [0,0)" 1,

Suppose further that there is a function A : F — G = (Z/2)" such that the set {A(F;) :i € I}
is linearly independent over Z/2 whenever (;c; F; # 0. As M is a nice manifold with corners,
any face P is realized as the intersection of the facets that contain P; namely, P = (pcp F. Set
Gp be the subgroup of G generated by {A(F) : P C F}. Consider the space X = (M x G)/ ~
where (x,g) ~ (x,h) if and only if x € P and gh € G,. X is locally diffeomorphic to R"*"
and the canonical action of G in X given by g- [x, h] = [x, gh] is locally standard and there is a

homeomorphism X /G = M.

We will say that X is obtained from M by the unfolding construction. The following examples

will illustrate this construction.

Let G =7/2 x7Z/2 and let M be a nice manifold with corners locally diffeomorphic to
R” x [0,00)2. Then the face lattice of M consists of facets F (of rank 1) and faces P of rank 0.
Set X be the manifold with a locally standard action of G constructed above. From Theorem

3.5.13 we have the following cases.

* H}(X) is a 2-nd syzygy (or equivariantly formal) if and only if for any facet F' the map
H*(dF) — H**1(F,dF) is surjective and the sequence @p H*(P) — @ H**(F,0F) —

H**2(M,0M) — 0 is exact at the second and third position.

Example 3.5.16. Let M be the 1-simplex {(x,x2) € Ry, x; +x2 < 1,x1,x2 > 0}. Then
we take X = M x G which is homeomorphic to 4 copies of M each labeled by an element
of g € G. At the same time, we label the facets of M by the elements g1, g2, 2182 so they
are pairwise linearly independent. The manifold X = X/ ~ is then constructed by gluing

together points of the same color as shown below.
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e

8182

Since the facets of M are acyclic, and so is M, it is easy to check that the G-equivariant
cohomology of X is a free module by looking at the complex B*(P) described above.
This can be also seen directly from the construction of the manifold X as we obtain that

X is diffeomorphic to RP? as the next picture illustrates.

where the action of G on X is given by the reflection along the main diagonals on the
square. Therefore, X consists of 3 points and thus 5(X) = b(XY) = 3; which confirms

the result obtained from the quotient criterion.

* H}(X) is a 1-st syzygy if and only if for any facet F the map H*(dF) — H*"!(F,dF)
is surjective and the sequence @pH*(P) — @p H* ' (F,0F) — H**?(M,0M) — 0 is
exact only at the third position. If the latter holds, the sequence is exact also at the second
position. In fact, by Theorem 3.4.17, we have that any 1-st syzygy (or torsion-free)

module is a 2-nd syzygy (or free) module as rank G = 2.

Example 3.5.17. To construct a space whose equivariant cohomology is torsion-free but not

free, we need to consider an action of a 2-torus of rank at least 3. Following [Franz, 2015,
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Lemma 7.1], let us start with the following manifold with corners
M={(u,z) € RZx R : |ui|* +|z|* = 1,u1 +up +u3 = 0}

and i = 1,2,3, where R, denotes the non-negative real numbers. Then M is a smooth manifold
with corners locally diffeomorphic to [0,%0)® x R. The projection M — (R?)? of the first
component induces a homeomorphism between M and the subspace of (R?)? consisting of
these triples (uy,uz,us) such that max{|u|,|uz|,|u3|} < 1 and u; +up +u3 = 0. The latter
space describes the configuration of triangles (including degenerate triangle) in R? with sides
of length at most 1. Therefore, M is homeomorphic to the intersection of a 6-dimensional ball
with a linear subspace of codimension 2 and thus M is topologically a 4-dimensional ball. In
particular, 9M = §3 and H*(M,dM) =2 H*(S*). Now we will look at the face decomposition of

M.

* M has exactly one face P of rank zero. Namely, it is given by those elements (u,z) € M
such that z; = 0, and then u; € S' for all i. Since one of the ’s entries depends on the
other two, P can be identified with the manifold

P={(u,uz,u3) € (") 1wy +ur+uz =0} = {(x,y) € ' x § 1 |x—y| =1}
P then is the configuration space of equilateral triangles in R? with one vertex in the
origin and two over the circle. Each of these configurations is determined by a rotation of
any of the pairs (1,e/3) or (1,e"®/3). In particular, this implies that P = S' LIS'. Thus

we have that H'(P) = H!(P) = k @k and it is zero in any other degree.

* M has three faces of rank 1. Namely, Q12,013 and Q>3 where Q;; consists of the pairs

(u,z) € M such that z; = z; = 0. We identify Q;; with the manifold with boundary

Q={(xy) €S x5 :|x—y <1}
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In terms of configuration spaces, this consists of isosceles triangles with one vertex in
the origin, two over the circle and whose base is of length at most 1 (Here we allow the
degenerate triangle). We can show that there is a homeomorphism Q 22 S! x I given by a
rotation of the pairs (1, e 7/ 3) € QO where —1 <t < 1. Computing the relative cohomology
H*(Q,P) of the cylinder relative to the boundary we see that H'(Q,P) = H?>(Q,P) =k

and it is zero in other degrees.

* M has three facets (of rank 2). Namely, Fy, F>, F3 where F; consists of the pairs (u,z) € M

such that z; = 0. We identify F; with the manifold with corners

F={(x,y) €S'xDy:|x—y| <1}

This space describes the configuration of triangles with one side of length 1, and two
of length at most 1. Each of these configurations is determined by a rotation of the
pairs (l,sei’”/3) € F where 0 <s<1and —1 <t < 1. Then F is homeomorphic to
S' x I x 128" x D,. Looking at the relative cohomology H*(F,dF) of the solid torus
with respect to its boundary (the torus) we find that H>(F,dF) = H>(F,0F) = k and it is

zero in other degrees.

The face lattice of M is then
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Let X be the G-manifold that realizes M as a manifold with corners using the unfolding
construction. Then the G-equivariant cohomology of X is a first syzygy but not a second syzygy

as we will see using the quotient criterion. It is a first syzygy as the maps

H*(P) — H*(Q,P)
H*(ijp) 69I_I*(Qkap) — H*+1(E7aE>7
3
DH*(F,0F) - H' (M, 0M)
i=1
are surjective as it can be seen by using the explicit computation of these groups mentioned

above. On the other hand, H,(X) is not a second syzygy as the sequence
3 3
PH*(0,00;) -~ PH"(F,0F) = H*(M,0M) — 0
j=1 i=1
is not exact at the second position; that is, H>(B*(M)) # 0. In fact, the complex B* (M) takes

the form

kK> —k3—=0-=0

when * = 1. The map k® — k> is given by (a,b,c) = (a+b,a+ c,b+ c) which is of rank 2 and

then H?(B*(M)) # 0.

We constructed a 4-dimensional manifold X with an action of G = (Z/2)? such that the equiv-
ariant cohomology H;(X) is torsion-free but not free as H*(BG)-module. The generalization of
this space will be discussed more deeply in section 4.4 which discusses the Big Polygon spaces
introduced in [Franz, 2015]. In that section, we will construct syzygies of higher order in equiv-
ariant cohomology there. The space X obtained in Example 3.5.17 realizes the smallest possible
dimension where a manifold with a locally standard action of a 2-torus G whose equivariant

cohomology is torsion-free but not free exists. As we previously discussed, if rank G < 2 then
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free is equivalent to torsion-free in equivariant cohomology, so the minimal example should
occur when rank G = 3. On the other hand, for torus manifolds the G-equivariant cohomology

is free if and only if it is torsion-free, therefore dimX > 3.
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Chapter 4

Equivariant cohomology for torus actions

and a compatible involution

Let T be a torus of rank r and X be a T'-space. An involution on X is a continuous map 7: X — X
such that the composite of 7 with itself is the identity map on X. We say that 7 is a compatible

-1, 7(x). Such a situation

involution for 7 if for any g € 7 and x € X we have that 7(g-x) = g
was studied by [Biss et al., 2004] for symplectic manifolds with Hamiltonian torus actions and
a compatible anti-symplectic involution; the later was extended by [Baird and Heydari, 2018]
to Hamiltonian actions for non-abelian Lie groups. In this chapter, we will study the equivariant
cohomology of such spaces from a purely topological setting and we will see that it will

be canonically related to 2-torus actions for cohomology with coefficients in a field k of

characteristic 2.
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4.1 Cohomology of B((S')" x Z/2)

Let X be a topological space with an involution 7. Observe that 7 induces a well defined action
of the group Z/2 = {id, v} on X. Conversely, an action of Z/2 on X gives rise to an involution
7: X — X. In this case, we will use any of these equivalent concepts when is convenient and
sometimes the Z /2-equivariant cohomology of X will be called T-equivariant cohomology and

denoted by H; (X;k).

To study the equivariant cohomology of a 7-space X with a compatible involution T , we notice
that there is a well defined action of the group G = T x;Z/2 given by the semidirect product
of T and Z/2 where Z/2 acts on T by inversion, that is, 7(g) = g~ ! for g € T. Conversely, a
given action of this group G on X induces an action of 7 on X and a compatible involution 7.

We can summarize it in the following remark.

Remark 4.1.1. Let X be a topological space. X is a G-space if and only if it is a 7-space with

a compatible involution 7.

In view of this remark, the equivariant cohomology of a T-space with a compatible involution
can be realized as the G-equivariant cohomology by considering the induced action of the
semidirect product S' x Z/2. As we said in the beginning of this chapter, we will consider
now cohomology with coefficients over k = [F, since it will make the cohomology of the
classifying space BT (and any 2-torus in general) a polynomial ring. Even though the underlying
topological space of G is homeomorphic to 7' x Z /2, we can not say that BG is homeomorphic
to BT x Bt. However, as the G-equivariant cohomology of X is a module over H*(BG), we
will show that under our assumptions there is a canonical isomorphism of algebras H*(BG) ==

H*(BT)® H*(B7t) and thus H*(BG) will be a polynomial ring in (r+ 1) variables.
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To compute the cohomology of G, the short exact sequence
1-T—>G—>7Z/2—1
yields a fibration of classifying spaces
BT — BG — BZ/2

by Theorem 2.2.7. Since 7 (BZ/2) = 7Z/2, by Proposition 2.2.5 the action of 7;(BZ/2) on
H*(BT) is induced by the action of Z/2 on BT. As Z/2 acts on T by t(g) = g~ ', the action
on H*(BT) is given by multiplication of each generator ¢; by -1=1 . Therefore, 7 (BZ/2)
acts trivially on the cohomology H*(BT). Using the Serre spectral sequence, we can compute

explicitly the cohomology H*(BG) as we show in the following result.

Theorem 4.1.2. There is a unique graded algebra isomorphism
H*(BG) =2 H*(BZ/2) @ H*(BT) = Fa[w,c1,...,cx)
such that
* The canonical maps i*: H*(BG) — H*(BT), p*: H*(BZ/2) — H*(BG) induced by the
inclusion i: T — G and projection p: G — 7./2 coincide with the canonical restric-
tion map Fa[w,cy,...,cn] = Faler,. .. cn| and inclusion map Fo[w] — Falw,cq,. .. cp)

respectively.

* There is an algebra homomorphism ¢ : H*(BT) — H*(BG), such that i* o @ is the
identity over H*(BT) and it coincides with the canonical inclusion F;cy,... ¢y —

Fa[w,cy...,cul.
* The map j*: H*(BG) — H*(BZ/2) induced by the inclusion j: 1 x Z/2 — G coincides
with the canonical projection Faw,cy,. .., cy] = Fa[w].

Proof. Consider the fiber bundle

BT — BG — BZ/2.
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Since 7y (BZ/2) = my(Z/2) acts trivially on the cohomology of H*(BT) by Theorem 2.2.7, the

E; page of the associated Serre spectral sequence is given by

EY?~ HP(BZ/2;H?(BT)) = H*(BG)

Therefore, by the universal coefficient theorem we have an [F>-algebras isomorphism
Er, 2 H*(BZ/2) @ H*(BT) = Fa[w,c1,...,cnl,

and thus, the differential d, depends only on the values on the generators w and ¢; because it is a
derivation. Observe that d(w) = 0 since w lies on the horizontal axis of the spectral sequence;
on the other hand, d>(c;) =0foralli=1,...,nsince da(c;) € Ezz’l =H?*(BZ/2)®H'(BT) =0.
It follows that d» = 0, implying that E3 = E;. Now we consider the differential d3; as before,
it is determined by dj : Eg) 2 E33 0 In this case, we have d3(c;) = oyw? with either o; = 0 or
o, =1.

The sub-extension
T

TXZ[2 —— 7)2

1

1xZ)2 —— 7)2

induces a map of spectral sequences EY'? — EP?, where E, = H*(BZ/2) is the E, page of the
spectral sequence associated to the bottom exact sequence. By the naturality of the spectral

sequences we have then a commutative diagram
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n

~ 02 d3
EBFzCi = E3 —_ ES’O = bhw
i=1

~0,2 d —~3,0

which implies that dz = 0 since the right vertical arrow is the identity map and c?g =0.

Notice that for r > 4, we have that EX>~" = 0 and the differential d, : E>* — E> ™" also is.
Therefore, the spectral sequence collapses at E; and this implies that

E.=E, =2 H"(BZ/2)®@H"(BT) =2 Fs|w,cy,...,c;] = H*(BG)

Recall that the above isomorphism is a graded F»-vector space isomorphism; however, since
H*(BT) is a finitely generated polynomial algebra, we can choose a multiplicative section
¢ : H*(BT) — H*(BG) the surjective map of H*(BG) — H*(BT) induced by the canonical
map Fr[w,cy,...,¢;] = Facy,. .., c,] which maps w to zero. Therefore, from the Leray-Hirsch
Theorem that such map together with the canonical map p*: H*(BZ/2) — H*(BG) gives rise

to an isomorphism of graded H*(BZ/2)-algebras

6 : H*(BZ/2) ® H*(BT) — H*(BG)

given by 6(ax @ ) = p* () p(B).
Under this isomorphism, the canonical map induced by the inclusion j: B(1 x Z/2) — BG might
satisfy j(c;) = w? for some 1 < i < r. In that case, we consider the section ¢(c;) = ¢(c;) +w?

if (c;) =w? and @(c;) = @(c;) if P(c;) = 0. As discussed before, it induces an isomorphism

6 : H*(BZ/2) @ H*(BT) — H*(BG);
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furthermore, such a section is unique since it is determined by the condition j*¢ = 0, and thus

it makes the isomorphism 0 unique as well. Therefore, we have that the composition
j70: H*(BZ/2)®H"(BT) — H"(BG) — H"(BZ/2)
coincides with the canonical restriction map
Fa[w,ci,...,cn] = Falw].
Now notice that the composition
H*(BT) % H*(BG) & H*(BT)
where i* is induced by the inclusion 7' — G is the identity on H*(BT) since i*(w) =0 and ¢

was constructed as a section of this map. Therefore, we have that the maps

H*(BT) % H*(BG) and H*(BG) % H*(BT)

coincides with the canonical inclusion and restriction
Falery...,cr]) = Falwyer ..o e
and

Fa[w,ciy... cn] = Faler, ... cn)

respectively.

*

Using a similar argument over the composition, H*(BZ/2) £~ H*(BG) Ll (BZ/2/2) which

is the identity over [F;[w], we conclude that the map

H*(BZ/2) *> H*(BG)

coincides with the canonical inclusion

Fa[w] — Falw,cy, ..., cnl. O
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Now we will study the algebraic properties of the G-equivariant cohomology as a module over

H*(BG). We start with the following result.

Lemma 4.1.3. Let X be a G-space. There is an isomorphism of k-algebras

Hg(X) = He (Xr).

Proof. Let EG be the total space of the universal G-bundle, and consider EG as a model for
ET. The involution T induces an involution on the Borel construction X7 given by 7([z,x]7) =
[T-z,7(x)] for [z,x]r € Xr =2 EG xr X. This induces a free action of Z/2 on X7 and thus by
Proposition 2.3.5 there is a homotopy equivalence (X7)r ~ Xr/(Z/2). Moreover, the canonical
projection EG x X — X¢ is T-invariant and induces a map X7 — X which is also 7-invariant,
giving rise to a homeomorphism X7 /(Z/2) = X¢. Combining these results, we have a homotopy

equivalence Xg ~ (X7 )¢ which induces the desired isomorphism in cohomology. [
Using this Lemma we can now prove the following result.

Theorem 4.1.4. Let X be a G-space and assume that X is T-equivariantly formal. Then X is

G-equivariantly formal if and only if the Borel construction Xt is T-equivariantly formal.

Proof. Suppose first that X is G-equivariantly formal, then using Theorem 4.1.2 and Lemma

4.1.3 we get
He (Xr) = Hg(X) = H(BG) @ H" (X)
= H*(Bt)@H"(BT) @ H*(X)
= H*(Bt)®@H"(Xr)
and so X7 is T-equivariantly formal. Reversing the above sequence of isomorphisms, the

converse statement holds. However, we need to be careful with the H*(BG)-module structure
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of H}(X) and the H*(B7)-module structure of H; (Xr). From the diagram
HE(X) —— Hy(Xr)

I

H*(BG) ——— H}(BT)

| |

H*(Br) H*(Br)
and the canonical isomorphism H*(BG) = H*(Bt) ® H*(BT ) constructed in Theorem 4.1.2,

the H*(Bt)-module structure on H; (Xr) coincides with the restriction of the H*(BG)-module
structure on H(X) to the action of those elements of the form a« ® 1 € H*(Bt) @ H*(BT ) =

H*(BG).

[

Now we will apply this theorem to a category of spaces introduced by [Hausmann et al., 2005]
called conjugation spaces; this category includes examples such as complex Grassmannian,
toric manifolds, polygon spaces and some symplectic manifolds. We review the definition and
main properties of these spaces; however, we will omit details of the proofs and we will give

the appropriate citation when necessary.

Definition 4.1.5. Let X be a space with an involution 7 and denote by X* the subspace of fixed
points under the involution 7. We say that X is a conjugation space if it satisfies the following

conditions

« H*1(X)=0forall k > 0.
* There is a degree-halving additive isomorphism k: H>*(X) — H*(X").

* There is an additive section 6: H*(X) — H;(X) of the restriction map p: H;(X) —

H*(X) (Definition 2.5.1).

« For any m > 0 and a € H*"(X) the conjugation equation:

roc(a) = k(@w" +pm(w)
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is satisfied. Here r is the map in T-equivariant cohomology induced by the inclusion
X" — X, H*(Bt) = F,[w| and p,, is a polynomial in w with coefficients in H*(X) of
degree less than m.

Notice that the existence of ¢ is equivalent to X being T-equivariantly formal. The main

properties of conjugation spaces are the following.
Proposition 4.1.6. [Hausmann et al., 2005, §3]
1. K and G are ring homomorphisms.

2. k and o are unique. That is, if k' and ¢’ are also maps that make X into a conjugation

space, then k = k' and 6 = ¢'.

3. The conjugation structure is natural. More precisely, if X and Y are conjugation spaces
with conjugation structure (K1,01) and (K», 0y) respectively, then for any G-equivariant

map f:Y — X there are commutative diagrams,

H2(X) —L s H2(v) H*(X) —Ls H* (1)
R N L
H*(XT) —— H*(Y") Hi(X) —— H;(Y)

where f* denotes the restriction of f to the fixed point subspaces Y* — X*.

These spaces also satisfy very interesting properties; for our purposes, we only use the following

result.[Hausmann et al., 2005, Thm.7.5].

Theorem 4.1.7. Let X be a conjugation space with conjugation t. Suppose that a torus T
acts on X and that the action is compatible with tT. Then Xt is a conjugation space where the

conjugation on Xt is the one induced by T as in the proof of Lemma 4.1.3.

This theorem shows that X7 is T-equivariantly formal. Then immediately from Theorem 4.1.4
and that X is T-equivariantly formal by definition as H°?¢(X) = 0 we obtain the following

result.
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Corollary 4.1.8. Let X be a T-space which is also a conjugation space with a compatible

involution t. Then X is G-equivariantly formal.

4.2 Reduction to 2-torus actions

Let H="T, x Z/2 = (Z/2)"*! denote the maximal 2-torus subgroup in G = T x Z/2 where
T, < T is the maximal 2-torus subgroup in 7. Recall that H*(BH) = F,[ry,...,t,,w] inherits a
structure of H*(BG)-module induced by the inclusion H < G. In order to study this structure,
we need to compute explicitly the induced map in cohomology by the inclusion; firstly, we state

the following lemma.

Lemma 4.2.1. The map i*: H*(BG) — H*(BH) induced by the inclusion i: H — G is given

by i*(¢;) =12 +t;w for all 1 < i < nand i*(w) = w.

Proof. By theorem 4.1.2 we can assume that n = 1 and so H*(BG) = F;[c,w| and H*(BH) =
[F,[t,w]. Notice that the statement i*(w) = w is clear as it follows from the map induced by
the inclusion of Z /2 into the second factor of S! x Z /2 which factors through H*(BH ), Now
write i*(c) = at® + Btw + yw? for a, B,y € F,. As before, the inclusion of Z/2 in the first
and second factor of G show that &« = 1 and y = 0 (compare also with Example 2.2.9). To

compute f3, we consider the inclusion of G into SO(3) by identifying G with the set of matrices

A O
€ SO(3) where A € O(2). Recall that H*(BSO(3)) = F;|m,, @3] where |w;| = i for

0 =+1
i = 2,3 and the inclusion H — SO(3) induces the map ¢: H*(BSO(3)) — H*(BH) given by

¢(ap) = 1> +tw+w? and ¢(@3) = t?w +wr?. Since ¢ factors through i*, this implies that

B =1and so i*(c) = 1> +tw. O



4.2 Reduction to 2-torus actions 91

Iy

In Theorem 4.1.2 we showed that there is an isomorphism of graded algebras H*(B(S
7./2)) = H*(B(S' x Z,/2)); however, Lemma 4.2.1 implies that the structure of A,-algebras' is

not the same, as we state in the following corollary.

Corollary 4.2.2. Let G = (S")" x Z/2 and G = (S')" x Z/2 for n > 1. The mod2-cohomology

of the classifying spaces BG and BG are isomorphic as F»-algebras but not as As-algebras.

Proof. For ¢ € H?(BG) generator of degree 2, write Sq' (c) = acew + Bw? for a, B € F,. Let
H be the maximal 2-torus in G. By naturality of the Steenrod operations, we have that
i*(Sq'(c)) = Sq' (i*(c)) where i: H — G is the inclusion. Therefore, a(t>w +tw?) + Bw? =
Sq' (> +tw) = t>w 4+ wt? by Lemma 4.2.1 and so « = 1,8 = 0, here ¢ is the generator in
H'(BH) which restricts from c. On the other hand, a similar argument applied to the inclusion

j: H — G shows that Sq'(c) = 0 as j*(c) = 2. H

Proposition 4.2.3. H*(BH) is a free module of rank 2" over H*(BG); moreover, it is freely
generated by the elements of the form t{'t; - -t& where €; € {0, 1} for all i, and the canonical
multiplicative structure of H*(BH) as an Fy-algebra induces an H*(BG)-algebra structure

completely determined by multiplication of the elements of this basis.

Proof. Let [n]={1,2,...n}, A={I:[n] — {0,1}} and denote by t; = t{(l) .11 Notice that
fori=1,...,n, we have that #? = ¢;- | +w-#; and this implies that any p(ty,...,t,,w) € H*(BH)
can be written as a linear combination Y ;cx P; - #; for some P; € H*(BG). This shows that the
elements #; : [ € A generate H*(BH) as H*(BG)-module. It only remains to show that these
elements are linearly independent over H*(BG). Without loss of generality, suppose that there

is a homogeneous equation

ZPI'tI:O

IeA

! A, denotes the Steenrod squares algebra F,[Sq’ : i > 0]
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of degree m where Py € H*(BG). For any I € A, let x(I) =Y. ,1(i) so deg(t;) = x(I) and
deg(P;) = m— x(I). Also, consider the set I'; = {6 = (01,...,0,41) € N*F1 Y'i120(j)+
o(n+1)=m—x(I)}. We can write P; = ¥ cr, acow® ") where cg = cf(l) eS8 for

some O € [F,. Therefore,

Pr-tr= Z chtprg(t%—w)cwc(”ﬂ)
o€l

()+a() and ()% = (61 +w)7(1) - (1,+w) ). We claim that

(n)+0o(n)

I I
where 17,5 =1 R

in the sum

ZPI'U: Z Z act1+g(t+w)6w"(”“)

IeA IeA el

there are no common terms. In fact, if t7 | o (f +w)owoH1) = i s(t+w) S8 +1) for some
I,IeAand 6 €Ty, 6 €y, then 6 = & and so I =1 as H*(BH) is a unique factorization
domain. Finally, this implies that @ = 0 for all ¢ € I'; and I € A and so we obtain that P, =0

forall I € A. O
Using now that H*(BH) is a free H*(BG)-module we can prove the following result.

Lemma 4.2.4. In the fibration G/H — BH — BG, 71 (BG) acts trivially on the cohomology of

G/H and there is an isomorphism of H*(BG)-modules

H*(BH) = H*(BG) ® H*(G/H).

Proof. We first show that the local coefficient system is trivial. Consider the fibration G/H —
BH — BG which can be realized as the associated fiber bundle EG X g G/H — BG. Therefore,
it follows that the action of m;(BG) on G/H is induced by the action of my(G) on G/H by
Proposition 2.2.5. Since my(G) = {[(1,¢)],[(1,7)]} consists of two connected components, it
is enough to show that the multiplication on the left by (1,7) on G/H induces the identity
map on the cohomology H*(G/H). More precisely, for any coset (g,e)H € G/H we have that

(1,7)(g,e)H = (g~ !, e)H and thus such a map coincides with the map 7 — T sending g > g~ !
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as G/H ~ T. The induced map in cohomology is given the multiplication by —1, which is the
identity on H*(T') = H*(G/H) as we are considering cohomology with coefficients in a field
of characteristic two. Then we can apply the Eilenberg-Moore spectral sequence associated to
the fibration G/H — BH — BG with E»-term given by
Ey = Tory(p)(k, H*(BH)) = H"(G/H).

Since H*(BH) is a free H*(BG)-module by Lemma 4.2.3, the spectral sequence collapses
and there is an isomorphism H*(G/H) =k ®y-pg) H*(BH). This implies that the canonical
map H*(BH) — H*(G/H) is surjective and thus there is an isomorphism of H*(BG)-modules

H*(BH) = H*(BG) @ H*(G/H) by the Leray-Hirsch theorem. N

Another situation where the action is trivial arises from the pullback of fiber bundles, as we

state in the following result.

Lemma 4.2.5. Let F — E — B be a fiber bundle where 1) (B) acts trivially on the cohomology
of the fiber F. Then for any path-connected space X and any map f: X — B, m(X) acts

trivially on the cohomology of the fiber F in the pullback bundle F — f*E — X.

Proof. Consider f: (X,xy) — (B,bg) as a map of pointed spaces, then f : (f*E,p) = (X x3
E,(x0,20)) — (E,z0) is the projection on the second component and zg € Ej,. Note that
(f*E)x, = {x0} X Ep, and therefore f induces the identity map on cohomology H*(F) — H*(F).

Now let [y] € m(X,x0) and let H be a solution to the HLP
Fx{0} —— pE

E

FxI - X - B

Then, G = f o H is a solution to the HLP



4.2 Reduction to 2-torus actions 94

F x {0}

E

Fxf foy

B

By assumption, gy = G|p 1y acts trivially in the cohomology of the fiber. Let iy = H|p, (13

Then we get,

groy=Fohy
which implies that /) is the identity map on the cohomology H* (F). 0

Proposition 4.2.6. Let X be a G-space, which is also an H-space under the restriction of the

action. The fibration G/H — Xg — Xy induces a canonical isomorphism
Hy (X) = Hg(X) ©p-(pc) H™ (BH)
of H*(BH )-algebras natural in X, where H*(BH ) acts only on the right factor of Hi;(X) @ +(pc)

H*(BH).

Proof. Notice that the fibration G/H — Xy — X arises as a pullback bundle of the fibration
G/H — BH — BG. Therefore, the E,-term of the associated Serre spectral sequence is given
by

EY? =HP(Xg;HY(G/H)) = H"(Xg) ® H(G/H).

since 7} (Xg) acts trivially on the cohomology of G/H by Lemmas 4.2.4 and 4.2.5 .
Notice that the only possible non-zero differential in the Serre spectral sequence is induced by

the map d5 : Eg’l — E22’0 because H*(G/H) is generated by H'(G/H). Recall that Xy — Xg
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can be realized as a pullback of the fibration BH — BG, hence the map of fibrations
G/ H > Xg > X
G/H > BH > BG

induces a map between the respective spectral sequences giving, by naturality, a commutative

diagram )
1 & 2
H (G/H) —— H*(BG)

w

H'(G/H) —2—~ H*(Xg)
G

and again, from Lemma 4.2.4, d>» = 0 and therefore d» = 0. We obtain that the spectral sequence
collapses at the page E, and we get an isomorphism of Z/2-vector spaces.
Hy(X) = Hg(X)©H (G/H)
Moreover, from the Leray-Hirsch theorem, we get an isomorphism Hy;(X) = H},(X) ® H*(G/H)
as H(X)-modules; and again from Lemma 4.2.4 we get isomorphisms
Hy(X) = Hg(X) ©H*(G/H)

= Hg(X) ©n+(pc) (H(BG) © H(G/H))

= Hg(X) ®y+(pey H (BH)
as H;(X)-modules. Furthermore, the collapsing of the Eilenberg-Moore spectral sequence
arisen from the pullback diagram, shows that the canonical maps H(X) — Hj;(X) and
H*(BH) — Hpy(X) of H*(BG)-algebras induces a natural isomorphism Hg(X) ®p-(pg)
H*(BH) — Hj;(X) as H*(BG)-algebras. Finally, the last claim follows from the natural-

ity of such an isomorphism by considering the map induced by the projection X — pt. [

As an immediate consequence we have the following result.
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Corollary 4.2.7. Let X be a G-space such that b(X) < oo. Then X is G-equivariantly formal if

and only if H;(X) is a free H*(BG)-module.

Proof. By Proposition 2.5.3 it is enough to show that 7 (BG) acts trivially on the cohomology
of X. If H},(X) = H*(BG) ® H*(X), by Proposition 4.2.6 we have that

Hy(X)=H"(BH)Q H*(X).
Corollary 2.5.6 we have that X is H-equivariantly formal; therefore H = 7 (BH) acts trivially
on the cohomology on X. Since the map BH — BG induces a surjective map H = m;(BH) —
7o(G) = 1 (BG), and the action of 71 (BH) on X factors through 71 (BG), we can conclude that

71 (BG) acts trivially on the cohomology of X and so X is G-equivariantly formal. [l

Now we can prove the main result of this section which is analogous to the reduction from
compact connected Lie group actions to torus actions (Theorem 1.1). However, we first need

the following lemma; here we will use the characterization of syzygies given in Theorem B.10.

Lemma 4.2.8. Let R,S be algebras over a field k such that S be a free finitely generated
R-module. Let A be an S-algebra and B an R-algebra such that A = B Qg S as S-modules. Then

Ais a j-th syzygy over S if and only if B is a j-th syzygy over R.

Proof. Suppose that B is a j-th syzygy over R. Then there is an exact sequence of free R-
modules

O—=B—F —-—F

Since § is a free R-module by assumption, tensoring the above sequence with S yields to an
exact sequence

0— B®rS — F1 QRS — -+ — F; QRS.

Then A = BRpg S is a j-th syzygy over S as each F; ®g S is a free S-module.
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Conversely, suppose that A is a j-th syzygy over S. We will show that B is a j-th syzygy
over R by proving that every R-regular sequence of length at most j is also B-regular (see
Theorem B.10 for this equivalence). Let (ry,...,r;) be a R-regular sequence with k < j. We
claim that (rq,...,7%) is an S-regular sequence where 7}, = ry - 15 € S. First, let 6,...,0, be a
R-basis of S. Let us check that the multiplication by 7, on S/(r71,...,r 1) is injective, In fact,

if 7ps = Zf;ll Fis; and writing s; = Y/, lli o; where lli € R we obtain

n k—1
Z rAjO] = Fs = Z 7iS;
=1 i=1

~
I
_

[
D=

I’,‘lllGl

Il
—
~

I

1

k—1 )
ril; (07}
1 \i=1

This implies that rA; = Zi:ll r,-/'Lli, and thus 4; =0 as (ry,...,ry) is a R-regular sequence;

I
M=

l

therefore, we obtain that s = 0. This shows that (77,...,7%) is a S-regular sequence and thus it
is a A-regular sequence.

It remains to show that (ry,...,r) is a B-regular sequence. As above, let us consider the
multiplication map B/(ry,...,rk—1) — B/(r1,...,re—1) and let b € B be such that r-b =

):f.‘;ll ri-b;. We can write then

fk-(b@)lg) = (rk-b®15)

Since (7,...,7) is a A-regular sequence, we conclude that b® g =0,and sob=0as Sis a

free R-algebra. U

Combining Proposition 4.2.6 and Lemma 4.2.8 we have the following result.
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Theorem 4.2.9. Let X be a G-space. H},(X) is a j-th syzygy over H*(BG) if and only if Hf, (X))

is a j-th syzygy over H*(BH). O
Also from Proposition 3.4.17 we obtain immediately the next corollary.

Corollary 4.2.10. Let X be a k-Poincaré duality space with an action of G. If Hj(X) is a j-th

syzygy for j > (n+1)/2 then H;(X) is free over H*(BG). ]

In particular, H},(X) is a free H*(BG)-module if and only if H};(X) is a free H*(BH )-module.
As a corollary from Theorem 4.2.9 and the criterion for equivariant formality (Proposition 2.5.5)

we get the next result.

Corollary 4.2.11. Let X be a path-connected finite dimensional G-CW-complex. Recall that
b(X) = Y,;dimp, H'(X) denotes the Betti sum of X and suppose that b(X) < e. Then X is

G-equivariantly formal over Fy if and only if b(X) = b(X*). O

Theorem 4.2.9 shows that the H-equivariant cohomology of X is determined by the G-
equivariant cohomology of X. As in the case for compact connected Lie groups and maximal
torus for rational coefficients, we can also describe the G-equivariant cohomology of X in terms
of the Weyl invariants of the H-equivariant cohomology of X. Recall that the Weyl group of H
in G is defined as the quotient W = Ng(H)/H where Ng(H) denotes the normalizer of H in G.

We first prove the following proposition.

Proposition 4.2.12. Let W = Ng(H)/H be the Weyl group of H in G. Then W = (Z/2)" and
there is an isomorphism of algebras H*(BG) = H*(BH )W where the action on the cohomology

of H*(BH) is induced by the conjugation action of W on H.

Proof. Write H = ((g1,e),...,(gn,€),(1,7)) where g7 = 1 in the i-th factor S! of T. We claim

that Ng(H) =2 (Z/4)" x Z/2 where (Z/4)" = (6),...,6,) is generated by elements 67 = g;
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and Z /2 acts on Z/4 by inversion. Notice that for any (g,0) € G where g € T and o € (1),
(g,0) commutes with every element in H of the form (g;,e) and so we only need to restrict to
looking at the conjugation of the element (1,¢) € H by (g,0). Namely, if (g,0) € Ng(H) we
have that (g,0)(1,7)(g°,0) = (¢2,7) € H and thus we get g € (6y,...,8,). This implies that

W = (Z/2)" is generated by the cosets (6;,¢)H fori=1,...,n.

Recall that for any topological group the map induced in the cohomology of the classifying
space by the conjugation of a fixed element is the identity map [Adem and Milgram, 2013,
Ch.IT Thm.1.9], and this shows that i*(H*(BG)) C H*(BH)". It only remains to check the
reverse inclusion to finish the proof. We now proceed to compute the induced action on the
cohomology of H*(BH) = Kk|ty,...,t,,w] where the variables #; are dual to e+ g; and w is to
e+ 7 in F,[H] as discussed in Section 3.4. Fix i € {1,...,n}, notice that any (6;,e)H € W
acts trivially on the generators (g;,e) € H; on the other hand, we have that (6;,¢)H - (1,7) =
(6i,e)(1,7)(6:gi,7T) = (gi, 7). Using a similar approach as in the proof of Proposition 3.4.5, we
see that the induced map ¢; by the action of (6;,e)H on the cohomology ring F ¢, ..., t,,w| is

given by ¢;(r;) =1t; for j # i, ¢;(t;) = t; +w and @;(w) = w.

By Proposition 4.2.3, consider an element P = Y ;. Pit; € H*(BH)Y where P; € H*(BG) are
uniquely determined. We will show that P; = 0 if I(k) # O for some 1 < k < n. Suppose
that 7 € A is such that I(k) # 0, then @ (Pt;) = Pty +wPit;, where Ii(j) = I(j) if j # k and
Ix(k) = 0. Under this notation, we have that ¢ (#;) = #;, and then the equation P = ¢ (P)

implies that P, +wP; = P, and so P; = 0 as desired. [

Let X be a G-space. Notice that the actions of W on H induce an action on Xy as well as
on equivariant cohomology. This action is given by n - [z,x] = [f,(z),n - x] where the action
on the first factor is the one induced on EG by the conjugation of n. It is well defined as

n-[hz,hx] = [nhn=1 £, (z), (nh)(n~'n) - x] = n- [z,x]. Furthermore, since the conjugation action
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is trivial on both H*(BG) and H*(X), it follows that it also is on H(X). In particular, this
shows that i*(H(,(X)) C Hj;(X)". Actually, the isomorphism of Proposition 4.2.12 can be
extended to a natural isomorphism in equivariant cohomology by using the Eilenberg-Moore

spectral sequence. We summarize it in the following result.

Theorem 4.2.13. Let X be a G-space, H the maximal 2-torus in G and W the Weyl group of H
in G. Suppose that G acts trivially on the cohomology of X. Then there is a natural isomorphism
of H*(BG)-algebras

H(X) 2 Hy (X)"

induced by the inclusion H — G.

Theorem 4.2.9 is a particular case of a more general situation as follows, first we introduce the

following definition motivated by the approach done by [Baird and Heydari, 2018].

Definition 4.2.14. Let G be a compact group and let H be a closed subgroup of G. We say that
the pair (G,H) has the free extension property over k or (G,H) is a free extension pair if
the map H*(BH;k) — H*(G/H;Kk) is surjective.

Notice that the last statement is equivalent to the local coefficient system being trivial and
the degeneracy of the Serre spectral sequence associated to the fibration G/H — BH — BG
and thus H*(BH ) becomes a free H*(BG)-module. A similar approach as in Proposition 4.2.6
shows that for any G-space X, there is a natural isomorphism of H*(BH;k)-algebras

Hpy (X;k) = Hg (X5 k) @p+pex) H (BH).

For example, if G =T is a torus and H = T is the maximal 2-torus in 7, then (T, 7») has the free
extension property over a field of characteristic two. Furthermore, if G = U (n),SU (n),0(n)
or SO(n) and H is the unique (up to conjugation) maximal 2-torus in G, then the pair (G,H)
satisfies the free extension property over a field of characteristic two [Baird and Heydari, 2018,

Prop.6-Prop.8].
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Using these notions, we can generalize the previous results into the next corollary.

Corollary 4.2.15. Let (G,H) be a free extension pair over ¥y where H is a 2-torus. For any
G-space X and 1 < j <n, H},(X) is a j-th syzygy over H*(BG) if and only if Hf;(X) also is
over H*(BH). In particular, for torus actions, X is T-equivariantly formal if and only if it is

T,-equivariantly formal.

This result shows that, considering coefficients over a field of characteristic 2, the equivariant
cohomology for actions of tori, (special) unitary or orthonormal groups are closely related to

the equivariant cohomology for the restriction to 2-torus actions.

Example 4.2.16. Let X = RP" and G = SO(n+ 1). Denote by G, the maximal 2-torus in
G. Consider the canonical transitive action of G on " which descends to an action of G
on RP". As this action is transitive, we have that X = G - x for a chosen point x € RP" and
thus Hf,(X) = H;(G - x) = H*(BGy). Notice that G, = SO(n) x Z/2 = O(n) and H(X) =
H*(BO(n)). On the other hand, by Corollary 4.2.15 we have that X is G-equivariantly formal as
it is G,-equivariantly formal (X2 is a discrete space of n + 1-points and thus b(X) = b(X92)).
Finally we get an isomorphism of H*(BSO(n+ 1))-modules
H*(BO(n)) = H*(BSO(n+ 1)) ® H*(RP")

where the H*(BG)-module structure on H*(BO(n)) is induced by the inclusion O(n) — SO(n+

A 0
1) given by A —

0 det(A)

On the other hand, there is no apparent relation between equivariant formality for a group G and

its maximal 2-torus when the ground field is changed as we illustrate in the following example.

Example 4.2.17. There exist T-spaces X and Y such that X is T-equivariantly formal over Q

but not over F,, and Y is T-equivariantly formal over ¥, but not over Q. Firstly, let X = SO(4)
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be the special orthogonal group. Identify T = S' with the special orthogonal group SO(2). For
g € T,and A € SO(4) consider the action

g 0 L 0
g-A= A

0 b 0 g!

1

Al A 8A1l gAIg™
.IfA e XT, then

In fact, if A = where A;; € R2*2 then g-A=
Ay Axp Ay Apg !

we can easily check that Aj; = Ay =0, det(A;)det(Az;) =1 and Aj2,Ar; € O(2). Furthermore,

A1p commutes with all matrices in SO(2) and this implies that A1, € SO(2) and so is Aj;.

Summarizing, we have that the fixed point subspace X7 = X2 consists of all matrices A =

0 A T 1 ql :
such that Ajp,Az; € SO(2) and thus X' = SO(2) x SO(2) = S" x S". In this case

Ay O
bR(XT) = 4. There is a homeomorphism X 22 §3 x RP3 [Hatcher, 2002, p.294] which implies
that 52(X) = 4 and thus X is T-equivariantly formal over Q. On the other hand, b2(X"2) = 4
but 52(X) = 8; then X is not T-equivariantly formal over FF,.
Secondly, consider the space Y = S' with the action of T = S' given by g-y = g%y. With this
action, Y is not T-equivariantly formal over QQ as the action is locally free and so H} (Y;Q) =

H*(Y/S';Q) = H*(pt; Q) (Proposition 2.3.5). On the other hand, the induced action of 75 on ¥

is trivial and thus Y is Tp-equivariantly formal over [,, and so it is with respect to the T-action.

4.3 Equivariant cohomology for the real locus

In this section, we generalize the notion of spaces with a torus action and a compatible
involution to a large class of groups, and we study the equivariant cohomology for the fixed

point subspace under the compatible involution to generalize Theorem 1.5 from the introduction
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into a topological setting. We first introduce this notion motivated by the case when X is a

complex variety and the involution is induced by the complex conjugation.

Definition 4.3.1. Let X be a space with involution 7. The real locus of X is defined as the fixed

point subspace X 7.

Let G be a compact group, X be a G-space and T be an involution on X. We say that T is
a compatible involution on X if there is an action of Z/2 = (t) on G such that 7(g-x) =
7(g) - t(x) for any g € G, x € X. Similarly to the discussion at the beginning of this chapter,
the condition of compatibility is equivalent to an action of the group G; = G x;Z/2 on X. In

particular, the group G* acts on the real locus X* as we state in the following remark.

Remark 4.3.2. Let X be a G-space with a compatible involution 7. The action of G on X
induces a natural action of G* on the real locus X?. In fact, let g € G* and X € X*. Then we

have that g-x € X as

T(g-x) =1(g) - T(x) = g-x.

Definition 4.3.3. Let X be a G;-space and H be a 7-invariant subgroup of G. We say that

(G,H) is a t-free extension if both (G,H) and (G*,H") are free extensions.

With this notation introduced, we can proceed to prove the following theorem for generalized

syzygies over a Noetherian ring.

Theorem 4.3.4. Let G be a compact group and let X be a G-space with a compatible involution
T. Suppose that there is 2-torus H in G such that T acts trivially on H and (G,H) is a T-free
extension For any splitting H; = H X L and for any integer j > 1, ifHéT (X) is a j-th syzygy
over H*(BGy), then so is H::(X*) as a module over H*(BG"). In particular, X" is the real

locus of X.
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Proof. As H is a 2-torus, (G, H) is a free extension if and only if (G, Hz) is. In fact, it follows

from the commutativity of the diagram

| |

H*(BH) — H*(G/H)
where the map H*(G/H;) — H*(G/H) is an isomorphism and H*(BH;) — H*(BH) is sur-
jective. If X is a j-th syzygy over H*(BGy), it follows from Corollary 4.2.15 that it also is as
a module over H*(BH;) = H*(B(H x 7)). We can use now the tools for syzygies for 2-torus
actions discussed in §3.5. In fact, from Theorem 3.5.6 applied to the subgroup L C H;, we
obtain that H;;T/L(XL) =~ Hr (XL is a j-th syzygy over H*(B(H;/L)) = H*(BH"). Again by

Corollary 4.2.15, we get that X is a j-th syzygy over H*(BG"). O

This theorem applies, for instance, to the groups G =T x (Z/2)" for any n > 0 where each
involution T € (Z/2)" acts by inversion on T'; in particular, this generalizes torus actions and
torus actions with compatible involutions by considering H as the maximal 2-torus in G. It also
applies to SO(n) with the canonical T-action that makes the isomorphism SO(n) x;Z/2 = O(n);
in this case, H is the maximal 2-torus in SO(n). In particular, by Theorem 4.2.9, a lot of
information of the G-equivariant cohomology comes by considering 2-torus actions and ;-
coefficients and a topological generalization of Theorem 1.5 where Hamiltonian torus actions
on symplectic manifolds (equivalently 7-equivariantly formal) is discussed; since we are
weakening the geometrical assumptions, we need to strengthen our hypothesis by assuming

G-equivariantly formality on our spaces.

Theorem 4.3.5. Let G =T x7/2 and X be a path-connected finite-dimensional G-CW-Complex
where T is a torus. If H5(X) is a j-th syzygy over H*(BG), then so is Hy,(X") as a module over
H*(BT3). In particular, if X is G-equivariantly formal, then the real locus X" is T»-equivariantly

formal.



4.3 Equivariant cohomology for the real locus 105

Example 4.3.6. Let X be a T-space. Suppose X is also a conjugation space (Definition 4.1.5)
with a compatible conjugation 7. Then from Theorem 4.3.5 and Corollary 4.1.8 we have that

the real locus X© is T>-equivariantly formal.

The assumptions of Theorem 4.3.5 can not be weakened. For example, If X is a G-space such
that it is simultaneously T-equivariantly formal and 7-equivariantly formal, it is not necessary
true that X is G-equivariantly formal or so its real locus X7 is T>-equivariantly formal as the

next example exhibits.

Example 4.3.7. let X = {(u,7) € CxR: |u> +|z|> =1} = 5%, let T = S' acton X by g- (u,z) =
(gu,z); more precisely, by scalar multiplication in the first factor. Let T be the involution
7(u,z) = (i1, —z) which is compatible with the torus action. Notice that X7 = {(0,1), (0, —1)} =
§%and X® = {(—1,0),(1,0)} = S°. Therefore, the action of T> on X" is the multiplication by
41 and thus it is a free 7>-space, this implies that its 7>-equivariant cohomology is not free over
H*(BT3). On the other hand, Hj(X) is a free H*(BT)-module since X and X7 have the same

Betti sum.

One of the main issues of this example is that X¢ = 0, even assuming X© # 0 a counterexample
can be found and its construction is motivated by [Su, 1964, Sec. 5]. We start by recalling the

following well-known construction of topological spaces.

Definition 4.3.8. Let f : X — Y be a G-map between G-spaces X and Y. The mapping cylinder
is defined as the G-space My = (X x [0,1])UY / ~ where (x,1) ~ f(x), with the action given by
g (x,1) = (gx,t) for (x,t) € X x [0, 1] and the regular action on Y; notice that it is well defined

at the points of the form (x, 1) since f is a G-map.

The space My is G-homotopic to Y, and therefore H*(M;) = H*(Y). Also, the fixed point

subspace (Mf)G = Myc where f9: X% - YS. Now let g: X — Z be a G-map and M, the
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respective mapping cylinder, then the space My o = My Uy, 1o} M, has cohomology groups

fitting in the long exact sequence
0— H'(Msg) » H(Y)©HY(Z) —» H(X) — H' (Myg) — -
following from the Mayer-Vietoris long exact sequence. Moreover, My , becomes a G-space

and (My )¢ =M 4G g6 In particular, we have

Proposition 4.3.9. Let m,n,r be different integers, h : S™ — S" a map between spheres and
consider f =hxid: §" xS" — §" x 8" and g: S™ x §" — S§™ the projection. Then H*(My ;)
is free over 7./2 where a copy of 7./2 happens in degree O,n,m+r+ 1,n+r and it is zero

otherwise. In particular, b(My o) = 4.

Example 4.3.10. Let X = SPBCCrLy=8CC3andZ=5CC* LetT =S"actonX and Y
by scalar multiplication on the first component , and let 7" act on Z by scalar multiplication on
the first and second components and trivially otherwise. Then X7 = §', Y7 = §3 and Z7 = §°.
Let 7 act on X and Y as the complex conjugation on the first component respectively, and on Z
as the complex conjugation on the first and second component and multiplication by —1 on the
other components. Then X* = S2, YT =$%and Z° = S'. Note that the induced action of 7, C T
is free on Z°.

Let f: X XZ — Y X Z be the map i X id where i is the inclusion i(u,z) = (u,7,0),and g : X X Z —
X the projection. Consider the T-space M = My , and the induced action of T on M becomes
a compatible involution. Then b(M) = b(MT) = b(M"2) = b(M") = 4 from Proposition 4.3.9,
but b(MY) = b((M*)2) = 2.

Example 4.3.11. Let X =5 , Y = S? and 7 : X — Y be the Hopf map. This map can be
explicitly presented as /(u,z) = (2uz, |u|* —|z|*) where S? is seen as the unit sphere in C? and
S? as the unit sphere in C x R. Let T = S' act on S° and S? as the complex multiplication in

the first component respectively, and 7 be the involution on 3 and S? given by the complex
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conjugation in the first component respectively. Then 7 is compatible with the torus action
and XT =2 S, X7= 82 yT 22 5% and Y* = S'. Now let Z = $° be the unit sphere in C>, let T
act on Z by multiplication in the first component and 7 be the involution on Z given by the
complex conjugation in the first component, and multiplication by —1 in the second and third
component; then 7T =~ §3 and Z% = SO, notice that the action of the 2-torus 7> C T on Z% is
free.

Let M = My, be the construction of Proposition 4.3.9 , then b(M) = b(M") = b(M") = 4
and thus M is T-equivariantly formal; nevertheless, M® is not T>-equivariantly formal since

b((M™)2) =2 < b(M").
We can summarize these examples into the following proposition.

Proposition 4.3.12. There is a topological space M with an action of a torus T and a compatible
involution T such that MC # 0, M is T -equivariantly formal and 7. /2-equivariantly formal, but
the real locus M® is not Ts-equivariantly formal with respect to the induced action of the 2-torus

L CTonM". H

4.4 Application: Big polygon spaces

The big polygon spaces provide remarkable examples of the study of equivariant cohomology of
T'-spaces since their equivariant cohomology is not free but they realize all other possible syzygy
orders. Their non-equivariant and 7 -equivariant cohomology was determined by [Franz, 2015]
where an upper bound for their syzygy order was conjectured which was proved later in
[Franz and Huang, 2019]. These spaces generalize chain spaces and polygon spaces studied in
different contexts by [Farber and Fromm, 2013] and [Hausmann, 2014] for instance. The real
analogue of these spaces is also studied by [Puppe, 2018] in the case of 2-torus actions and

cohomology with [F,-coefficients.
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Let a,b be positive integers and M = (§2¢T2b=1n C (C* x C*)", 1 = (I1,...,1,) € R" such that

[; > 0 for all i. Consider

X = {(u,z) eEM: iliui:O}

i=1
and let T = (S')" acts on X by g- (u,z) = (u,gz), where gz = (g121,...,8nzn) € (CP)", giz; is
the scalar multiplication in C? for any i = 1,...,n, and set T as the complex conjugation in all
variables. Then X is a T-space with a compatible involution and therefore it inherits an action of
G =T % Z/2; furthermore, X is an orientable compact connected 7-manifold of dimension (2a+
2b— 1)n—2a [Franz, 2015, Lemma 2.1]. Following the notation of [Farber and Fromm, 2013],

the space of polygons of dimension d is defined as

E (1) ={(uy,...,u,) € (871 Zlu,—O}
we obtain that X = E»,(I), X9 = E,(I). Moreover, the real locus X7 is the real big polygon
space studied in [Puppe, 2018].
We now focus on discussing the syzygy order of H(X) over H*(BG), the first result is the

following.

Proposition 4.4.1. H},(X) is not free over H*(BG). In fact, H;(X) is not a j-th syzygy for

j>(n+1)/2

Proof. For the first statement, we will use that X G — X" and that the Betti sum of X is
strictly less than the Betti sum of X to conclude that H(X) is not free over H*(BG) (Corollary
4.2.11). The integer cohomology of X is free and its Betti sum is »(X) = 2" as shown in
[Franz, 2015, Prop.3.3]. On the other hand, when a > 2, the F,-cohomology of the space
XS = E,(1) is isomorphic to a quotient of an exterior algebra on n-generators by a non-trivial
ideal [Farber and Fromm, 2013, Prop. 4.2 ] and so b(X G) < 2", The same bound holds when
a = 2 by using that E{(I) = S' x E{(1)/SO(2) and the computation of the Betti sum as in
[Farber, 2008, §1.9]. This shows that b(X”) < b(X) and thus X is not G-equivariantly formal
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by Corollary 4.2.11. The last assertion of the proposition follows directly by applying Corollary

4.2.10 as X is a compact manifold and it satisfies Poincaré duality for [F;-cohomology. [

Now we restrict to the equilateral case of [ = (1,1,...,1) € R” and n = 2m + 1. Under these
assumptions we have that H(X) is an m-th syzygy over H*(BT') but not an (m + 1)-st syzygy
[Franz, 2015, Prop 5.1] with coefficients in a field of characteristic 0. We will prove that this
condition still holds when we consider the G-equivariant cohomology of X and [,-coefficients,
then from Theorem 4.3.5 we will give an alternative proof to [Puppe, 2018, Cor. 3.17] where it
is computed the syzygy order of the equilateral real big polygon spaces. By Lemma 4.2.9 we
can restrict to study the action of the 2-torus H = 7> x Z/2 where T denotes the 2-subtorus
of T and Z/2 = {id,t}. In order to compute the H-equivariant cohomology of X, we will
use the equivariant Poincaré-Alexander-Lefschetz duality for 2-torus actions. Namely, let
1:M\X — M be the inclusion and let 1/’ be the induced map in equivariant homology. For

simplicity set d = 2a+ 2b — 1; Theorem 3.2.3 implies that there is a short exact sequence
0 — coker i [nd] — Hj;(X) — kerif [nd — 1] — 0. (4.4.1)
For any subset J C {1,2,...,n}, write J = {1,...,n} \J and JU j = JU{j}, and we define
[(J) =Y jesly. We say that J is short if /(J) < [(J). In our case with [ = (1,1,...,1), J is short
if and only if [J| < m. Also, we define the manifolds
Vi={(u,2) eM:Vj¢&J(ujz;)=x}

Wy ={(u,z) eM:Vj,k¢J, uj=u,z; =z =0}

where * € §24+20=1 1 (C“ x {0}) is a chosen base point. Notice that V; is homeomorphic to
a product of |J| d-spheres and Wy = V; x §2~!; these homeomorphism imply that V; C W,
dimV; = |J|d and dimW; = |J|d + (2a — 1). Let [V;],[W;] be their respective homological

orientation classes and [Vj|g, [Wy]n their equivariant lifting. Then H, (M) is free with basis
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{IVs]:J C{1,...,n}} and H.(M\ X) is free with basis {[V;], [W;] : J short} [Franz, 2015, Lem.
3.2].

Analogously to [Franz, 2015, Lem. 4.5, Prop.4.6] we have
Proposition 4.4.2.

(i) HE (M) is a free H*(BH)-module with basis {[V)|y, J C {1,...,n}}.

(ii) HY(M\ X) is a free H*(BH)-module with basis {[V;|u, W), J short }.
(iii) 1 (Vi) = Vilu and 1 ((Wilu) = X0 wh(wj+w)? [Vl

Proof. Notice that b(M) = b(M™) as M = (§2=1)"; thus M is H-equivariantly formal and
we obtain that the restriction map
H (M) = H.(M)

which is the edge homomorphism of the homological spectral sequence (3.1.3) with E>-page
given by E» = H,(M) ® H*(BH) and converging to H (M) is surjective as the basic elements
[V7] have a lifting in H};(M). Therefore, the spectral sequence collapses and so {[V;]x, J C
{1,...,n}} is a basis of H (M) over H*(BH) as in the Leray-Hirsch Theorem (Theorem A.8)
proving then (i). The proof of (ii) follows in a similar fashion.

To prove (iii), we will use the H-equivariant Euler class (Definition 3.2.4) since it will help to
compute explicitly the map 1/ on the generators of H (M \ X). Let K = K| x K, where K| =
{1,g¢},K>» = {1,7t}, g denotes the action induced by multiplication by —1 and 7 the complex
conjugation in C, and let x,w denote the generators of H*(BK}) and H*(BK;) respectively.
From Example 3.2.6 we have that ex (0 C C) = x(x-+w). Let S denote the unit sphere in C¢ x C?,
let T be the complex conjugation on C* x C? and g the multiplication by —1 on C? . Set K1, K»

and K as before. Then ex (SK1 C S) = ex (R x {0} CR% x C?) = ex (0 C CP). From the above
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computation and the multiplicativity of the Euler class we get that egx (K1 C §) = x?(x +w)?
or equivalently, [S51]x = x?(x +w)?[S]k .

Now the proof for the case of the torus action on the big polygon space found in [Franz, 2015,
Lem.4.5] can be imitated in our situation to show that (iii) holds. Firstly, the identity i ([V;]y) =
[V7]u follows from the naturality of the equivariant homology, that is, from the commutative

diagram
HI(v))

I ™

HHE(M\X) —— HH (M)

To compute i ([W)]), we need to “enlarge” the acting group. For J C [n], define 7; the involution
on M given by the complex conjugation on the variables u; : j € J and z; : j € J, and write
oy = Tjc. Set Hy = T> x t; X 0y and H — Hj the map induced by the identity on 7> and the map
which sends 7 to (77,07). Thus we get a map H*(BH;) =k[ty,...,tn,wr,ws| — H*(BH) =
k[ty,...,t;,w] sending w; and wes to w and it is the identity in the other variables. Moreover,

we have maps in equivariant homology
H" (M) — HI (M)
Notice that the Hj-action on M induces an action of H on M; such an action coincides with

the initial action of H on M described at the beginning of the section. Also, we have similar

restriction maps for the Hj-invariant submanifolds X, M\ X C M.

Let M = M N (C% x {0})" = (S2¢=1)". For J C [n], let A; be the inclusion of §?*~! into the
factors j € J of M. Notice that there is a homeomorphism W; = V; X Ajc; moreover, such
homeomorphism yields to an equivariant decomposition H; = (K x 77) X (Kje X 67) where
K; C T, is the 2-subtorus of non-trivial factors in the position j € J. Therefore, by the Kiinneth

theorem for equivariant homology (Theorem 3.2.5) we have that

(WilH, = Vilk <z, X [Aselkexay
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By naturality, we have that

i (Wila,) = i (Vilkyeey) % i ([Are ke car) (4.4.2)
As above, it is straightforward to check that iX/ ¥ ([V;] Kx1) = [Vilk,x1,» SO it only remains
to compute the last term of (4.4.2). Without loss of generality we can assume that J = 0, so
Aje = Ais the diagonal of M, o7 = T, 1y is trivial and H; = H. So we need to compute i’ ([A]g).
Since in H,(M) we have that [A] = " -1[A;] and M is H-equivariantly formal, we have then
in equivariant homology that [A]y = }i_[A;]n. Consider the inclusion K — H into the j-th
factor of 75, denote this group by K;. This map induces in cohomology an identification of x
with ¢;. Observe that Aj = VjT2 = VjKj and thus [Aj]y = [VjKj Jk;x7. We obtain by naturality of
the Euler class and the above computation that [A ]y = tj.’ (tj +w)?[V;]y. Finally, this implies

that

n

"([Aln) :Z (t;+w)[Vilu (4.4.3)
]:

For the general case, using this computation, for any J we have again by (4.4.2) that
K
0 (Wilk,) = i (Vilky ) X i7" (el ke o)

= [VJ]KJXTJ X Z t?(tj + WG)b[Vj]Kﬂ' X0y
i¢d
b b
=) 17(tj +we) Viugpylm,
i¢d
The computation for the H-equivariant cohomology follows by naturality and using the restric-

tion map H*(BH;) — H*(BH) with maps wg to w.
0

LetR=H*(BH) =T,[t|,...,t,,w] and write y; =;(¢; +w). We will use the Koszul resolution
of L=R/(y?,...,y%) analogous to [Franz, 2015, §5] to identify Hj;(X) with the Koszul syzygies
appearing in the resolution as described in Appendix B. Notice that the sequence (1, ...,#,,w)

is regular in R, and so the sequence (t; +w,...,t, +w) is regular. By Proposition B.3 it follows
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b

that the sequence ()7, ..,¥%) is regular and so Proposition B.12 implies that there is a free

resolution of L given by

O—>/n\N o n/\lN—> —>/\N—>N%R—>L—>O

where N is the graded free R-module with basis {vy,...,v,} each of degree 2b. We denote by
NV the R-dual of N generated by {V1,...,7,} dual to the basis of N each of degree —2b. The
map &y is given by & (vj, A---Av;) =YK yjvj, Ao AV A= Avi,. Set K = Im(;)[—2bk]
the k-th Koszul syzygy of L. The degree shift is made so K is generated by elements of
degree 0. Recall that by the self-duality of the Koszul resolution, K can be identified with the
image of the map Im(d,_1)[2b(n — k)] where d = 87 : A¥"'NY — ANV, where di(v;) =

Yi¢sYiviuj- We are identifying the basis of AFNY with the set of elements V; = Vi A AV,
forJ ={j1 <---<ji} C{1,...,n}. Inparticular, K; | and K} can be identified with the kernel

and image of the map d,,_ | up to a degree shift.
We will use this construction to prove the main result of this section.

Proposition 4.4.3. Let n =2m+ 1, m > 1. The H-equivariant cohomology of the big polygon

space
n
X:{(u,z)EM (22T Z }

is an m-th syzygy but not an m—+ 1-st syzygy.

Proof. The proof is similar to the case of the torus action [Franz, 2015, Prop. 5.1]. First we
compute the kernel and cokernel of 1 : HH (M \ X) — HY (M) (induced by the inclusion) in

the short exact sequence (4.4.1)

0 — coker1[nd] — Hj;(X) — kertf[nd — 1] — 0. (4.4.4)
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From Proposition 4.4.2 (i), (ii) we have that Hy; (M \ X) = EB (R-[Vslg ®R-[W)]g) and
|J |§m
Hy (M) = ©jc R [Vs]u as R-modules. By Proposition 4.4.2 (iii), the kernel of the map

A @ R-[Vig® @ R'[WJ]H%HE(M)

|J|<m |[J|<m

is the free R-submodule of H (M \ X) generated by the elements [Wj]z — ¥ jc; y? ViUl where
|J| < m since lf([VJ]H) = [Vj][—[ and lf([W]]H) = Zj¢fl‘§7(l‘j +W)b[V]Uj]H. On the other hand,
the map

' QR Wi~ D R-[Vi] CHI (M)
|=m J|=mt1

can be identified with the map d,,, | in the Koszul resolution of L = R/ (yll7 ,...,y?) described

above whose kernel is the Koszul syzygy K, 1>. So we obtain that

ker(1) = @ R[—|J|d — d] ® Ky 12]—md — d + 2]
|J|<m
The degree shifts follow from the fact that dim Wy = |J|d +d and dimV; = |J|d and the conven-

tion that the Koszul syzygies are generated in degree 0.

Similarly, we can see that Im (1) = @Dyj<m R [Vilu ©Im(dy11) and thus

coker(1) = H (M) /Im (1) = B R-[Vilu @ coker(dy 1)
|J|>m+1
Notice that from the Koszul resolution it follows that coker(d,;+1) = Im(d,;42) = Ky, the m-th

Koszul syzygy of L. Summarizing, we obtained that

coker(1/) = B RI-J|d] ® Ku[—(m+1)d].
[J|>m+1
and thus both ker(1/) and coker(1) are m-th syzygies. To finish the proof, it is enough to

show that the sequence (4.4.4) splits. This will follow from the following lemma [Puppe, 2018,
Lem.3.12] and using the singular Cartan model as a free R-model for equivariant cohomology.

O]
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Lemma 4.4.4. Let 0 — A % B — C — 0 be a short exact sequence of free differential graded
R-modules such that H.(A) and H.(B) are free R-modules. Then the exact sequence 0 —

coker(a) — H,(C) — ker(a..) — 0 splits.
As an immediate corollary of Proposition 4.4.3 and Theorem 4.3.5, we obtain the next result.

Corollary 4.4.5. The equivariant cohomology of the real big polygon space X* under the

action of the 2-torus T, is a m-th syzygy but not an m+ 1-st syzygy
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Appendix A

Fibrations and spectral sequences

In this section we recall the definition of fiber bundles, fibrations and spectral sequences,
together with remarkable results and properties of these constructions. The references followed

are [Mimura and Toda, 1991] and [Davis and Kirk, 2001].

Definition A.1. Let E, B be topological spaces with B connected. A fiber bundle over B, with
total space E and fiber F is an open covering {Uy, : o € I} of B and a continuous map p: E — B

satisfying that for any o there exists a map @y : p~!(Uy) — F x Uy such that the diagram

_ (0
p N (Uy) s Uy X F
x A
Uq

is commutative.

Note that for any b € B there is a homeomorphism p~!(b) = F; moreover, for any «,f € I
such that Uq NUg # 0, the map q)a(pﬁl 1 (UaNUg) X F — (UgNUg) X F is given by (b,x) —
(b,taqp(b)-x), where o : B— K is a continuous map called transition function and K is a group
acting on F' called the structure group of the fiber bundle. A principal G-bundle p: E — Bis a

fiber bundle with fiber G and structure group G acting on itself by g- g’ = g’g 1.



117

Definition A.2. Let X be a topological space. The fundamental groupoid of X is the category
7(X) whose objects are the elements of X and the set of morphisms between two objects
x,y € X is the set mor(x,y) = {f: I — X : f(0) = x, f(1) = y}/ ~ where ~ denotes the

homotopy relation relative to end points.

A system of local coefficients on X is a contravariant functor A: 7(X) — AbGrp from the
fundamental groupoid of X into the category of abelian groups. In other words, for any
x € X, A(x) = A, is an abelian group , and for any equivalence class of paths f: I — X,
A(f): Agy = Agp(o) is a group homomorphism.

When A, = A for any x € X and A(f) is the identity map on A, we say that the local system of

coefficients A is trivial.

Definition A.3. Let X be a topological space and let A be a system of local coefficients on X.

Define

Cn<X;A) = {Zgi(X)Gi c0i A" —X,gi EAG,'(V())} - @AX(X)ch(X)

xeX

where A" is the standard n-simplex, vo = (1,0,...,0) € A" and C,,(X) is the free abelian group of
n-chains in X. We make C,,(X;.A) into a chain complex by setting d, : C,(X : A) — C,—1(X;A)
as dy(g®0) =Y" (—1)'g® 80+ A(As)(g) ® 80, where §;0 denotes the restriction of ¢
to the (n — 1)-simplex as the face across the vertex v;, and As is the path from ¢ (v;) to 6(vp)
given by As(t) = o(tvo+ (1 —1)vy).

We define the homology of X with local coefficients .4, as the homology of the chain complex
C,(X;.A); namely, H.(X;A) := H.(C(X;A)). Analogously, we can define the cohomology
with local coefficients H*(X;.A). Note that when A is a trivial system of local coefficients, the

(co)homology with local coefficients agrees with the ordinary singular (co)homology.

Definition A.4. Let E, B be topological spaces. A continuous map p: E — B is a fibration if

it has the homotopy lifting problem with respect to any space X; that is, for any commutative
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diagram

X x[0,1] — B
there is a homotopy F : X x [0,1] — E that makes the diagram commute.
In particular, if p: E — B is a fiber bundle over a paracompact space, it is also a fibration.

Now let p’: E' — B’ be another fibration. A map of fibrations is a pair of continuous maps
f:B—Band f:E—E'sothat p'of = fop.

As in the case of fiber bundles, for any continuous map f: X — B, the pullback f*E of a
fibration is a fibration over X, and the projection f*E — E together with f induces a map
of fibrations. An important property that fibrations satisfy is given by the following theorem

[Davis and Kirk, 2001, §6.13].

Theorem A.5 (Homotopy long exact sequence associated to a fibration). Let p: E — B be a

fibration, b € B and set F = p~'(b). Then there is a long exact sequence in homotopy
g nn(F7f) — ﬂn(Eae) — ﬁn(Bvb) — ﬂ:n—l(Fab) —

-+ — m(B,b) — mo(F, f) —= mo(E, e) — mo(B,b).

where f € F, e € E and b € B are the appropriate base points. It is important to remark that
the exactness at the level of Ty refers to the exactness as pointed spaces, in the sense that the

kernel of the map (pre-image of the base point) is equal to the image.

In particular, from the fibration of the universal G-bundle EG — BG, we have that 7, (G) =

Tty+1(BG) forn > 0.

The previous theorem is independent of the chosen base point as all the spaces Fj, are homotopy
equivalent. This implies that F is well-defined up to homotopy equivalence if B is path-

connected. It will follow from the following remark.
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Remark A.6. Let y: [ — B be a path in B. We associate a map hy: Fy) — Fy (1) satisfying
* If y ~ 7/ (homotopy equivalent relative to end points) then /1, ~ hy (homotopic maps).
e If yis the constant path iy ~ idF.
* Ny.y ~ hyohy as long as the concatenation of paths y* ¥ is defined.

In particular, these properties imply that /4, is a homotopy equivalence. Therefore; for any b € B

we have a function

m (B,b) — {[f]: F — F,[f] is the homotopy equivalence class of f}.

Furthermore, 71 (B, b) defines a system of local coefficients A on B by setting A! = HY(F;R)
where R is aring and A?([y]) = I}, for [y] € 71 (B, b) and any g € N. In this case, the cohomology
with respect to this system of local coefficients will be denoted by H*(B; H?(F;R)). Observe
that there is a canonical action of 7 (B,b) on HY(Fj;R), and we say that ) (B,b) acts trivially
on the cohomology of the fiber if this action is trivial, or equivalently, the system of local

coefficients is trivial for every q.

Remark A.7. If B is simply connected, or if E — B is a fiber bundle with path connected

structure group G, then the system of local coefficients is trivial.

When in a fiber bundle the system of local coefficients is trivial, we have the following theorem
[Mimura and Toda, 1991, Ch.II1.§4] due to Leray and Hirsch who proved it independently in
1940’s. We say that a space X is of finite cohomology type if H*(X;R) is a finitely generated
free R-module in each degree. For example, if R =k is a field and X is compact or a finite

CW-complex, it is of finite cohomology type.

Theorem A.8 (Leray-Hirsch Theorem). Let FF — E — B be a fiber bundle such that either F is

of finite cohomology type each degree, or 7| (B) acts trivially in the cohomology of the fiber and
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B is of finitely cohomology type. Assume that the map i*: H*(E;R) — H*(F;R) induced by the
inclusion of the fiber i: F — E admits an additive section 0: H*(F;R) — H*(E;R). Then the
map

¢: H*(B;R)® H*(F;R) — H"(E;R)
given by ¢ (b®@x) = t*(b) - 0(x) is an isomorphism of H*(B; R)-modules.

It is important to remark that if R is a field, the above map 0 exists if and only if i* is surjective.

Powerful computational tools in homological algebra are the spectral sequences. In algebraic
topology, the Serre spectral sequence and the Eilenberg-Moore spectral sequence arise from
fibrations. We will finish then this section with the fundamental theorems of spectral sequences
for fibrations. Here H*(X) will denote the singular cohomology H*(X;R) for any space X and

a fixed commutative ring R.

Theorem A.9 (Cohomology Serre spectral sequence). Let p: E — B be a fibration with fiber
F. There exists a sequence (EF,d,), r =2,3, ... of bigraded chain complexes of R-modules,

and a sequence {D*" "} of subgroups of H"(E) satisfying the following properties.

1. There is a product

! ! / /
Pq P4 p+p,q+q
EPM@QEPY — Ef .

2. d, is a homomorphism of R-modules of bidegree (r,1 —r), that is, d,: EF*? — Ef+r’q_r+l

satisfying
drod, =0 and d,(xy) =d,(x)y+ (—1)""xd,(y)

pq

1 and such

such that the cohomology H*(E}™?) with respect to d, is isomorphic to E

isomorphism preserves the product.
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3. There is an isomorphism ¢: E} — HP(B;H9(F)) such that ¢(a-b) = (=) 9¢(a)U
@ (b). The product on the left-hand side term of is given in 1, and the product on the

right-hand side is the one arising from the cohomology cup product.

4. Forr > max(p,q+ 1), there is an isomorphism Ef"? = Effl and this module is denoted

by E&1.
5. The product in H*(E) induces a product

pPigpPd _y pptriatd
6. DP4 D prtha—l pra/prtla=l = EL49 \yhere the isomorphism preserves the product.
7. H'(E) = D",

8. A map of fibrations f: E — E', f: B— B induces maps f,: E. — E, and fp: D' — D
which preserve products, commute with d, (f,)* = f},, and (fp)* = fw. Also, f> and

fp: (D" — D% are induced by f.

In this case, we write H*(B;H4(F)) = H*(E) and we say that the spectral sequence converges
to H*(E). In the case where, for some r > 2, dy = 0 for s > r, then E, = E., and we say that the
spectral sequence degenerates at E,. Finally if E, is concentrated in a single row or column,

then the spectral sequence degenerates and we say that it collapses at the r-th page.

See [Mimura and Toda, 1991, Ch.II1.Thm.2.10] for a reference of this result. As an important
corollary the Gysin long exact sequence [Mimura and Toda, 1991, Ch.III.Thm.2.10] can be

derived.

Corollary A.10. Let p: E — B be a fibration with fiber F satisfying H*(F) = H*(S") for some

n > 1 and suppose that m;(B) acts trivially on the cohomology of F. Then there is a long exact
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sequence

*

... — H*(B) 5 HYE) - H"(B) L H* ' (B) & ...

where q is the multiplication by an element e € H""! (B) called the Euler class of B.

The map i*: H*(E) — H*(F) induced by the inclusion, it is closely related to the degeneracy

of the spectral sequence as the next result states [Mimura and Toda, 1991, Ch.IIL.Thm. 4.4].

Theorem A.11. Let F — E — B be a fibration of path-connected spaces. The system of local
coefficients is trivial and the Serre spectral sequence degenerates at E; if and only if the edge

homomorphism i*: H*(E) — H*(F) is surjective.

We finish this section with another spectral sequence that arises from a fibration. An approach
due to Eilenberg-Moore resulted in a tool that allows approximating the cohomology of the fiber
F from knowledge of the cohomology of E and B. Usually in the literature, the assumption of
B being simply connected is imposed in the hypothesis; however, the existence of the spectral
sequence and the (non-strongly) convergence of it still holds when the local coefficient system

is trivial as we state in the following theorem [Eilenberg and Moore, 1966],[ Smith, 1967].

Theorem A.12 (Cohomology Eilenberg-Moore spectral sequence). Let F — E — B be a
fibration of connected spaces and assume that ) (B) acts trivially on the cohomology of the
fiber. Let f: X — B be a continuous map and let f*E denote the total space of the pullback

bundle. There is a spectral sequence with E, term given by
Ep = Tory: (g (H" (X3 k), H" (E;k))
that converges to H*(f*E; k). In particular, when X = pt, then f*E = F and we get a spectral

sequence with E>-term

E, = Toer(B;k)(k,H*(E;k))

converging to H*(F;k). Here cohomology with coefficients over a field k is being considered.
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Appendix B

Regular sequences and syzygies

In this section, we include some generalities on the theory of Noetherian rings and modules
over them. The main reason to restrict our study to this special setting is that the equivariant
cohomology that we have been discussed in this document is a module over a polynomial ring
(with field coefficients). Therefore, some of the algebraic properties derived from modules over
Noetherian ring will be reflected over the equivariant cohomology. Most of the proofs of the
results stated in this chapter will be omitted and can be found in the main references we are

following [Bruns and Herzog, 1998] and [Bruns and Vetter, 2006].

Throughout this section R will denote a Noetherian ring satisfying either of the following

properties:
(i) Ris alocal ring (i.e. R has a unique maximal ideal m).

(i) R1is an N-graded ring and m is the ideal consisting of homogeneous elements of positive

degree.

The assumptions over R are needed to be able to use Nakayama’s lemma. In the case (ii), all

R-modules are assumed N-graded.
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Let M be an R-module. An element x € R is said to be M-regular if for any m € M we have
that xm = 0, then m = 0; that is, x is not a zero divisor en M. We say that x is regular if it is

R-regular.

Definition B.1. A sequence of elements x = (xp,...,x,) € R" is said to be an M-regular se-
quence if x; is M /(xy,...,x;—1)-regular for 1 <i<nand M/xM # 0. A regular sequence is a

R-regular sequence.
Example B.2. If R =k[x|,...,x,], (x1,...,X,) is a regular sequence.

As a consequence of our assumptions over R, and the Nakayama’s Lemma we have the following

properties [Bruns and Herzog, 1998, Prop.1.1.6, Prob.1.1.10]
Proposition B.3. Let M be a R-module and x = (x1,...,x,) an M-regular sequence. We have
1. Any permutation of x is an M-regular sequence.

2. If (X1,X2, -+« Xi1,Yiy Xit 1, - - - , Xn) IS an M-regular sequence, then (xi,...,Xiyi,...,Xy) is

an M-regular sequence.

3. k= (k. X)) is an M-regular sequence for all k > 1.

An M-sequence x = (x1,...,x;) is called maximal (resp. maximal in an ideal 1), if (x1, ..., Xg, X%t 1)
is not an M-regular sequence for any x;,| € R (resp. any x;4; € I). Now we will illustrate that

all maximal regular sequences in a given ideal / have the same length.
Recall that the annihilator of M is defined as the ideal in R, Ann(M) ={r € R: rm=0for all m €

M}. We state the following proposition [Bruns and Herzog, 1998, pp.9]

Proposition B.4. Let M,N be R-modules. Let x = (x1,...,x,) be an M-regular sequence and

set [ = Ann(N). Then
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1. If I contains an M-regular element, then Homg(N,M) = 0.

2. Suppose that x; € Ann(N) for 1 <i<n. Then

Homg(N,M/(x1,...,x,)M) = Ext4(N,M).

Let I be an ideal such that IM # M. Let (xi,...,x,) be a maximal regular sequence in /. Set
N = R/I and so Ann(N) = I. From the previous proposition, since / contains a M /(xy,...,x)-

regular element for 0 < k < n, we have that
Ext&(R/I,M) = Homg(R/I,M/(x1,...,x¢)) =0
and

ExtL(R/I,M) = Homg(R/I,M /xM) % 0

Therefore, we have that

n=min{k : Ext&(R/I,M) # 0}
is the length of a maximal M-sequence of elements in /.

Definition B.5. For an ideal / define depth, (M) = min{k : Ext&(R/I, M) # 0}, if IM = M then
depth, (M) = oo and Ext&(R/I, M) = 0 for all k > 0. Finally define

depth(M) = depth,,, (M) = min{k : Exts(R/m, M) # 0}

Recall that for any ring R, dimR denotes the Krull dimension of R. It is defined as the
supremum of the lengths of all chains of prime ideals in R. For an R-module M, we define
dimM = dim(R/ann(M)). It can be shown [Bruns and Herzog, 1998, Prop.1.2.12] that the

following relation holds.

Proposition B.6. Let M be a finitely generated R-module. Then depth(M) < dim(M).
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We say that M is a Cohen-Macaulay module if depth(M) = dim(M). The following result
[Eisenbud, 2005, Prop.A1.16] is a characterization dimension, depth and Cohen-Macaulay

property for modules over a polynomial ring.

Proposition B.7. Let R be a polynomial ring in n-indeterminate over a field k and M be an

R-module.
1. dimM = max{i: Ext} ‘(M,R) # 0}.
2. depthM = min{i: Ext} ‘(M,R) # 0}.

3. M is a Cohen-Macaulay module of dimension j if and only if Extzfi(M ,R) =0 for all
i # ]
The submodules of a Cohen-Macaulay module can be also characterized as we state in the

following proposition [Allday and Puppe, 1993, Cor.A.6.16.].

Proposition B.8. Let M be a Cohen-Macaulay R-module of dimension j. Then any non-zero

submodule of M has dimension j.

In particular, this implies that any map of R-modules f: N — M is zero if dimN < dimM.
From now R will denote a polynomial ring in »n indeterminate over a field k otherwise specified.
Let M be a finitely generated R-module. The Hilbert syzygy theorem states that M is a free
R-module if and only if there is an exact sequence

O—-M—F —-—=F,
of finitely generated free R-modules F;. It is also possible to characterize torsion freeness
through exact sequences. In fact, M is a torsion-free R-module if and only if it is a submodule

of a finitely generated free module F'; in other words, there is M fits into the exact sequence

0O—M—F.
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The aim of this section is to characterize the intermediate notion between free modules and

torsion-free modules. We first state the following definition.

Definition B.9. Let R be a Noetherian ring and let M be a finitely generated R-module. We say

that M is a j-th syzygy if there is an exact sequence
O—M—F —- - —=F;

of finitely generated free R-modules F;.

The next result ([Bruns and Vetter, 2006, §16.E]) is a characterization of the j-th syzygy mod-

ules.

Theorem B.10. Let M be a finitely generated R-module. Denote by M"Y = Homg(M,R). The

following statements are equivalent.

(a) M isa j-th syzygy.

(b) For all prime ideals p C R, depthg My, > min(j, depthg, Ry).

(c) Every R-sequence of length at most j is also an M-sequence.

(d) e If j=1. M is torsion free.
o If j = 2. M is reflexive, that is, the canonical map M — M"" is an isomorphism.
o If j > 3. M is reflexive and Exty(MY,R) =0 fori=1,...,j—2.

A way of constructing syzygies of a given order is using the Koszul complexes. We will review
its construction and we mainly focus on its relation with regular sequences. The references
followed are [Bruns and Herzog, 1998, §1.6] and [Weibel, 1995, §4.5].

An important example of a commutative graded R-algebra is the following
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Example B.11. Let M be an R-module. The tensor product 7' (M) is the graded R-algebra
given by T(M), = M®" with product given by a-b = a ® b; However, such a product might
not be commutative graded. If we consider the ideal / generated by elements of the form
x®x € T(M), the graded exterior algebra is defined as AM = T (M) /I and the induced product
by a Ab. In this case, we have that a Ab = (—1)Pll¢lp A a. Moreover, if M is a free R-module
and {e; : i € I} is a basis, then (AM), = A\" M is generated by the elements e; = ej, \---¢;,

such that J = {j; < --- < j,} CI. If M is free or rank m, then \" M = 0 for n > m.

Now we construct the Koszul complex for an R-module M and an R-linear map f-M — R.

Consider the assignment

n

(Viova) = Y (=D i A ATIA -,
i=1

which defines an alternating n-linear map M” — A" ' M. This map induces a linear map

d]’i: N'M — N"'M and we get a graded linear morphism df: AM — A M satisfying
® dfodf =0.
o dp(x) Ay+ (—=D)FxAds(y).

The Koszul complex K(f) is the chain complex

n n—1 2
o AME AM s AM S ML R0,

The Koszul complex satisfies many interesting properties; however, for our purposes, we will

focus on its applications to graded rings and graded algebras over a field k.

Let R be a graded ring. For any x € R, x is a regular element if and only if the sequence
0 — R R — R/(x) — 0 is exact, where (x) denotes the ideal generated by x. The latter
sequence is equivalent to say that R = R — R/(x) is a free resolution of R/(x) as R-module. In
fact, this resolution may be obtained as a Koszul complex in the following way: Let M be the

free R-module generated by an element m of degree |x|. Consider the R-linear map f: M — R
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given by f(m) = x, then the Koszul complex K(f) in this case is given by the chain complex
0—-M i> R — 0. The degree shift on M is done so the map f is a map of degree 0. Since
Im(f) = (x), the Koszul complex give rise to an exact sequence 0 — M = R — R/(x) — 0

which coincides with the above sequence by identifying M = R as ungraded rings.

Now we can take a look at the general case. Let (xi,...,x,) be a regular sequence of homo-
geneous elements in R and M be an R-module of rank n generated by elements vy,...,v,. We
regard M as a graded R-module by setting |v;| = |x;|. Consider the R-linear map f: M — R
defined in the basis elements as f(v;) = x;. Then the differential dy = § in the Koszul complex
K(f)=K(x1,...,x,)
k k—1
6k2 /\M — /\ M
given by §(vj, A=+ Av;) =Y (=) xjvj, A AVEA A,

The main result out of this construction is summarized in the following result [Bruns and Herzog,

Cor 1.6.14].

Proposition B.12. Let (x,...,x,) be a sequence in R. The Koszul complex K(xy,...,x,)
provides a free resolution of the R-module R/ (x1,...,x,) if and only if (x1,...,x,) is a regular

sequence.

The complex K(xi,...,x,) will be called the Koszul resolution of R/(xj,...,x,). From the
exactness of the Koszul resolution, we have that the R-module K = Im(J;) = ker(;_1) is a

k-th syzygy, and it is called the k-th Koszul syzygy of R/(x1,...,X,).

The k-th Koszul syzygy also arises from the dual of the Koszul resolution K (x1,...,x,) given
explicitly in the following way. Let {vi,...,v,} be a basis of MY = Homg(M,R) dual to the
basis {vy,...,v,}. This basis induces a basis for the exterior algebra v; = \z AREE m dual

to v;. So we have an isomorphism (AM") = (AM)". Under this identification, the map

1998,
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dp =8 N'MY — N'MY is given by dy(v;, A+ AVj_,) = X xivj, Ao AV, AV IE
we write J = {ji < ... < jx_1} then the map can be written as di(v)) = ¥Lig;(— 1)V xivju;
where (J,i) is the number of elements j € J such that j > i. Let us denote the dual complex by

Kv(xl yeue ,xn).

Now consider the isomorphism ¢,,: A" M — R such that ¢, (v; A--- Av,) = 1. This isomorphism

induces an isomorphism ¢ : A*M — \""*M" by setting ¢ (v)(w) = ¢,(v Aw). We have then

an isomorphism ¢ : K(x1,...,x,) — K" (x1,...,x,), that fits into a commutative diagram
0 M Sy gty O M —2 oy S R 0
J% = I l«m qu)
0 R—4 5 mv & e Y Ry ¥ R 7 A —

Therefore, we can identify the k-th Koszul syzygy Ky = Im(d,_j11) = ker(d,,_x12).
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