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Abstract

The origin of embedding problems can be understood as an effort to find
some minimal datum which describes certain algebraic or geometric objects.
In the algebraic theory of quadratic forms, Pfister forms are studied for a
litany of powerful properties and representations which make them partic-
ularly interesting to study in terms of embeddability. A generalization of
these properties is captured by the study of central simple algebras carrying
involutions, where we may characterize the involution by the existence of par-
ticular elements in the algebra. Extending this idea even further, embeddings
are just flags in the Grassmannian, meaning that their study is amenable to
tools coming from intersection theory. We show that in each of the preceed-
ing cases, embeddability can be used to obtain new characterizations of some
primary information related to the ambient structure.

Keywords: Quadratic forms, Albert forms, Hermitian forms, algebraic groups,
algebraic varieties, Schubert varieties, algebraic cycles, involution varieties,
descent, central simple algebras, Chow groups.
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Summary for lay audience

In 1908, Wedderburn published his foundational paper “On hypercomplex
numbers”, whose significance can be formalised in a single structure theo-
rem, telling us that in some sense, all algebras look a certain way. It was
later discovered that for the same reason a sum of two squares times another
sum of two squares is still a sum of two squares, these algebras encode some
deep number theoretic properties. Living in between several worlds, from the
algebraic theory of quadratic forms to function fields and algebraic varieties,
these objects interact intimately with one another.

This thesis explores the interplay between properties of numbers, algebras
and geometric objects. The contributions of this work is threefold. Firstly,
we discover that some classes of quadratic forms determine other, larger
classes. Secondly, we find certain elements inside algebras which summarize
important properties of these objects. Lastly, we establish a bridge between
an algebraic and geometric view of algebras by considering combinatorial
descriptions of how objects filter through space.
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Introduction

The central aim of this thesis is to elucidate an important connection be-
tween quadratic forms, central simple algebras and flag varieties through the
lens of embeddability. We concern ourselves with these objects only insofar
as they relate to one another. There are several prevailing themes which we
will highlight throughout this work, touching on various aspects from the al-
gebraic theory of quadratic forms to the structure of central simple algebras
with involution and the geometric properties of symplectic Grassmannians.
Throughout this work, we assume K is a field of characteristic not 2.

The study of central simple algebras, finite dimensional associative K-algebras
with no non-trivial two-sided ideals and center equal to the base field K has
been one of the central driving forces in many important areas of mathemat-
ics including algebraic geometry, algebra and number theory. An important
result of Albert [Alb39], demonstrated that a central simple K-algebra A
is of order 2 in the Brauer group if and only if it can be equipped with an
involution (of the first kind), i.e. an anti-automorphism of order 2 (fixing
the base field). A direct consequence of this result was the ability to relate
geometric properties of a central simple algebra with algebraic properties of
Hermitian and quadratic forms. The simplest form of this relationship can
be understood when considering the first example of a non-commutative K-
algebra which does not take the form of a matrix algebra. Introduced by
Hamilton in 1843, the quaternion R-algebra (‘%’) is generated by {1,1,7,k}
under the relations

ZQ = —a, j2 = _b> Z] =k= _jla
where a = b = 1. We can associate an involution to (‘%’), called the canonical
involution ~ : (“?b) — (a?b) defined by

Yo l+ri-id+ry-j4rs-k)=ro-1l—ri-i—ry-j—r3-k

1



with

which can also be identified with X2 — aX? — bX3 + abX3, a homogeneous
polynomial of degree 2. This latter form defines a quadratic form, which car-
ries several structural properties encoding information about the associated
algebra (in this case, the quaternion). For instance, the existence of a non-
trivial solution to the norm form X2 —aX? —bX3 + abX? is equivalent to the
existence of an isomorphism (a,b)x = My(K). As powerful a result as this
may seem to be, the fact that it works relies deeply on the structure of the
norm form. In fact, quadratic forms with such powerful structural properties
and associations have been studied for many years under the name of Pfister
forms, first described in detail by Albrecht Pfister in 1965. Pfister forms have
several important connections ranging from involutions on tensor products of
quaternions and Milnor K-theory [Mil70] to the computation of Chow groups
of quadrics [Kar95]. These properties are so strong that it is oftentimes de-
sirable to understand which quadratic forms can be realized as subspaces or
subforms of Pfister forms. In [HI00|, Hoffmann and Izhboldin offered a char-
acterizations of embeddability which allowed one to understand what field
theoretic conditions are necessary to realize a quadratic form as a subform
of a Pfister form. A particularly interesting case in their investigation was
the Albert form, a quadratic form

q = {(a,b,—ab, —c, —d, cd)

associated to the biquaternion K-algebra (‘%’) ® (%) whose form theoretic
properties determine whether or not the associated biquaternion K-algebra

can be decomposed into matrix algebras.

The connection betweeen involutions on tensor products of quaternion K-
algebras and Pfister forms goes even deeper as it was conjuctured by Shapiro
[Sha77a] that a totally decomposable involution, i.e. an involution that can
be decomposed as a tensor product of involutions on quaternion algebras act-
ing diagonally, corresponds to an m-fold Pfister form (up to similarity) for
some natural number m. This conjecture, commonly referred to as the Pfister
Factor Conjecture, was proven by Becher [Bec08] in 2008 using several tech-
niques from valuation theory and Hermitian forms. In particular, Becher’s
proof was non-constructive in the sense that he did not demonstrate how ex-
actly specific involutions on tensor products of quaternions corresponded to



specific Pfister forms. The advantage of obtaining an explicit correspondence
would lie in our ability to frame decomposability in terms of the coefficents
and obtain a more rigid understanding of the algebra theoretic structure in
terms of associated Pfister form. In particular, understanding the precise
structure of the Pfister form lends itself naturally to a more precise under-
standing of Pfister involutions [BFPQ03].

From another perspective, the study of Lagrangian involution varieties has
become a focal point of several mathematical disciplines concerned with the
geometric properties of central simple algebras. Remarkably, these vari-
eties have a natural closed embedding into Severi-Brauer varieties which are
amenable to study via three mathematical viewpoints. The first treats these
as geometric objects which characterize the solutions to certain equations.
In particular, the points of the Severi-Brauer variety SB(A) are precisely the
reduced ideals of dimension 1 lying inside a given central simple algebra A.
The second viewpoint treats SB(A) algebraically, in terms of the structural
properties of A. The third examines SB(A) cohomologically via the sec-
ond Galois cohomology group of the multiplicative group of a field. These
viewpoints have been effective in tackling problems concerning Lagrangian
involution varieties and generalized involution varieties.[KMRT98]

For instance, Krashen [Kral0] and McFaddin [McF17| characterized the zero
cycles with coefficients for involution varieties in small index. More recently,
Junkins, Krashen and Lemire [JKL17| determined torsion in the Chow group
for certain algebraic groups of type A,, by determining necessary and sufficent
index conditions on a central simple algebra A such that the corresponding
generalized Severi-Brauer variety SB,,(A) contains a certain twisted Schubert
variety with points inside the Grassmannian. The motiviation for study-
ing these twisted Schubert varieties arises from the combinatorial nature as
reduced ideals of specified dimension satisfying certain containment condi-
tions. These objects, Schubert varieties, form the building blocks of the Chow
group of the Grassmannians. In particular, the classical notion of “essential
set” originally introduced by W. Fulton |Ful92| and adapted by D. Anderson
[And16] has proved to be fundamental in understanding difficult properties
concerning Schubert cycles of Lagrangian Grassmannian. Where general-
ized Severi-Brauer varieties are characterized by ideals of a fixed reduced
dimension inside a central simple algebra, involution varieties are defined by
isotropic ideals of fixed reduced dimension inside a central simple algebra



with symplectic involution. The addition of an isotropy condition means
reasoning about isotropic ideals must now also include reasoning about the
structure of totally isotropic spaces of Hermitian and bilinear forms. This
necessitates a natural extension of the techniques introduced by Junkins,
Krashen and Lemire [JKL17] incorporating the theory of forms. Moreover,
these ideas lend themselves particularly well to computing torsion elements in
the Chow group, describing the geometric interactions between subvarieties
in terms of intersection theory [Kar95|.

0.1 Summary

The main results of this work lie in the crossroads of several distinct and im-
portant mathematical areas. The applications include an explicit description
of Pfister forms in terms of embeddable Albert forms, a constructive proof of
the Pfister Factor Conjecture in small dimensions and a complete description
of small index involution varieties via computation of its Chow groups.

In Chapter 1 we introduce the theory of symmetric bilinear forms and its
analogue in characteristic # 2, the theory of quadratic forms. We review
the central pillars which make the algebraic theory of quadratic forms an
attractive formalism for establishing latter results concerning involutions,
Hermitian forms and Chow groups. We view Pfister forms as central to
all major developments in the theory of quadratic forms. In particular, in
Section 1.3 we consider the problem of determining under what conditions,
if any, a quadratic form ¢ can be embedded into an m-fold Pfister form p.
The main results of this chapter are contained in Section 1.4 where Theorem
1.4.4 is a novel characterization of 4-fold Pfister forms in terms of embedded
Albert forms:

Theorem 1.4.4. Consider an anisotropic Albert form (a, b, —ab, —c, —d, cd)
over K where a,b,c € K' C K, trdeg,. K'(d) = 1. If (1) L g is 4-embeddable,
that is, (1) L ¢ C ((x,y, z,w)) for some anisotropic Pfister form ((z,y, z, w))
over K, then

<<l’,y, Z7w>> = <<a, b, —C, —d>> .
In particular, if —1 € (K*)? we have that

({z,y,2,w)) = ((a,b,¢,d)) .

4



In Chapter 2 we introduce the theory of central simple algebras with a par-
ticular emphasis on central simple K-algebras equipped with involution. We
review some of the basic results associated to the structure of such algebras
in relation to the associated involution. Motivated by the characterization of
similitudes in [Sha77a| and [Sha77b|, we find an explicit basis of generators
for maximally decomposed similitudes. The main result of this chapter is a
constructive proof of the Pfister Factor Conjecture for A = (®,Q;, ®",0;)
with m < 3,

Theorem 2.3.2. Let ®",(Q;,0;) be a split K—algebra and assume o =
®P_,0; is an anisotropic involution. If n < 3, then ¢, is a Pfister form.

To our knowledge this is the first constructive characterization of Pfister
forms in terms of the algebraic structure induced by the involution. We be-
lieve our result can easily be used in the context of both the structure of
algebras and algebraic programming and demonstrate the flexibility of our

approach by explicitly determining Albert forms inside of a predetermined
4-fold Pfister form.

Chapters 3 and 4 set up the background for discussing Schubert cycles in
a principled manner. Chapter 3 discusses Hermitian forms over arbitrary
finite dimensional K-algebras and provides a clarification of the well-known
reduction theorem in characteristic # 2. Chapter 4 introduces algebraic
groups and reviews the classification of split semisimple algebraic groups in
terms of root systems and Dynkin diagrams. In Section 4.3, we review an
alternative characterization of algebraic groups in terms of automorphisms of
central simple algebras which references our earlier results of embeddability
of Albert forms and Pfister elements. We conclude with a short review of
projective homogeneous G-varieties paying special attention to the case of
Grassmannian varieties and flags which will be the focus of the final chapter.

In Chapter 5, we study Schubert cycles of complete flag varieties correspond-
ing to maximal symplectic grassmannians. In particular, in Section 5.2 we
consider under what structural conditions can Schubert cycles be realized as
closed subvarieties of symplectic Grassmannians. We find a new characteri-
zation of these results in a direction which extends the work of [JKL17| from
algebraic groups of type A, to algebraic groups of type C,, of small degree.

Theorem 5.3.11. The maximal symplectic Grassmannian variety SG(A, o)
has a closed subvariety P such that P ®x L ~ X, for a Schubert subvariety



X, if and only if ind(A) | ged(E)y) and max(FE)) € ind(A, o) where E) is the
essential set of the partition \. Moreover, in this case, A contains a flag of
isotropic right ideals I,, C --- C I, for E\ = {a4,...,a,} such that for any
finite extension L/K,

P(L)={J C AL :rank(J N (1,)r) > j for (j,a) € E\}.

We conclude our inquiry in Section 5.4, applying the ideas developed in Sec-
tion 5.2 to compute torsion in the Chow group corresponding to the involu-
tion variety of a central simple algebra of degree 4 with symplectic involution.
As we will see, this is simply a twisted form of the Lagrangian Grassmannian
variety. Our main result towards this direction is stated here for brevity.

Theorem 5.4.1. Let (A, o) be a degree 4 central simple K-algebra equipped
with a symplectic involution ¢. Then the torsion of the topological filtra-
tion corresponding to the maximal symplectic Grassmannian, SG(A, o) is
determined as follows:

1. If ind(A

4, then, | Tors(T*(SG(A,0))| =1,

)
2. If ind(A) = 2, and o is anisotropic then, | Tors(T*(SG(A, 0))| = 2,
) = 2, and o is isotropic then, | Tors(T*(SG(A4,0))| = 1,

(

(
3. If ind(A
4. If ind(A) = 1, then, | Tors(T*(SG(A,0))| = 1.

A corollary of this result, Corollary 5.4.1, determines torsion in the corre-
sponding Chow group using deep results relating the topological filtration
with the Chow group.



Chapter 1

Quadratic forms

We briefly introduce the theory of symmetric bilinear forms over fields of
characteristic # 2 to setup the algebraic theory of quadratic forms which
will be the central object of interest in this chapter. The first two sections
review some classical results coming from these theories along with algebraic
techniques necessary to work with them. The last section investigates the re-
lationship between Albert forms and Pfister forms in terms of embeddability
and gives a new result connecting these two notions.

1.1 Symmetric Bilinear forms

Let K be a field of characteristic # 2. By K2 we denote an algebraic
closure of the field K, and by K® a separable closure of K. Let V be a
finite dimensional vector space over the field K. A symmetric bilinear form

on V is a map
b:VxV —K

satisfying the following properties for all vy, v, w; € V and ¢,d € K:
o b(vy,wy) = b(wy,vy),
e b(cvy + dvg, wy) = cb(vy, wq) + db(vg, wy).

We denote a finite dimensional vector space V equipped with a symmetric
bilinear form b by (V,b) and refer to such a pairing as a (symmetric) bilinear
space. A bilinear form is said to be skew-symmetric if it is linear in each com-
ponent and b(vy, w;) = —b(wq, v1). We say a bilinear form b is non-degenerate

7



if b(v, w) = 0 for every w € V implies v = 0. Using this definition, what fol-
lows is a classical result in linear algebra which characterizes non-degeneracy
in several different forms:

Proposition 1.1.1. [Lam05, Proposition 1.1.2] The following are equivalent:
1. (V,b) is non-degenerate,
2. The map ev: V. — V'V defined by
v — ev, : w — b(v,w)
is a K-isomorphism where V'V is the dual vector space to V.

3. The matriz (b(e;, e;)) associated to b is invertible with ey, . .., e, forming

a basis of V.

We call a morphism between bilinear spaces preserving the structure of the
associated bilinear forms an isometry. To be precise, an isometry of two
bilinear spaces (V,b1) and (W, by) is a K-linear isomorphism ¢ : V. — W
such that

b1(v1,v2) = ba(d(v1), P(v2))

for all v;,v3 € V. In this sense, isometries are transformations preserving
the metrics induced on the space. In the case b; and b, are isometric we will
write b; = by. An immediate consequence of this definition is that over the
algebraic closure, dim gaiy (V') = dimgae (W) implies (V, by) = gas (W, b2). To
get a sense of why this is the case we first consider symmetric bilinear forms
on a 1l-dimensional vector space defined by

bl(xvy) = Ccry, vx>y € K7

bQ(xay) = dl’y, vxay € K7

for some ¢,d € K*. For convenience we denote (V,b;) by (c), and observe
that

(), = (dhy,
if and only if d € Dg(b) where Dy (by) = {b1(v,v) € K* | v € V}. Now, if
dimpae (V') = dimgas (W) then it is easy to see that

<C>b1 gK"‘lg <d>bz ’

8



since d = c(\/Tg)2 € Dy (by) with \/73 € K. By orthogonally decomposing

the space we can proceed inductively.

We say (V,b) is an anisotropic bilinear space if it contains no non-trivial
solutions i.e. b(v,v) = 0 if and only if v = 0. In contrast, a non-zero vector
v € V is isotropic if b(v,v) = 0 in which case we say the symmetric bilinear
form b is isotropic. Extending the idea of isotropy to its limit, we define the
hyperbolic form on a vector space V with subspace W such that V := WaWV
to be the symmetric bilinear form by defined by the mapping

brwy (V1 + wi, v + w3) = wy(v1) + wy(va)

for all v1,v; € W and wi,ws € WY. We consider a subspace W C V to be
totally wsotropic if
blw = 0.

In other words, W is a totally isotropic subspace of (V,b) if b(w,w) = 0 for
every w € W. We can easily see that a subspace W is totally isotropic if
and only if W C W+. Moreover dimg (W) < 3 dimg(V), since the non-
degeneracy assumption implies

dimg (W) + dimg (W) = dimg (V)

with W+ ={v e V | b(v,w) =0 for all w € W }. The notion of a hyperbolic
form coincides with that of isotropy in the following sense: (V,b) is hyperbolic
if and only if there exists a totally isotropic subspace W C V such that

An important connection between symmetric bilinear forms and symmetric
matrices is that we can interpret the diagonalization of invertible symmetric
matrices through Gram-Schmidt to give us that any non-degenerate sym-
metric bilinear form is diagonalizable. In particular, over an algebraically
closed field, an even dimensional (non-degenerate) symmetric bilinear form
is hyperbolic. To state this result correctly, we must first define additive and
multiplicative operations on symmetric bilinear forms in the form of orthog-
onal sums and tensor products. Let (V,b;) and (W,bs) be bilinear spaces
with associated symmetric bilinear forms over K. We define the orthogonal
sum of by and by, denoted by by L by, to be the map

b Lby: (VOW)x (VW)= K

9



defined by

(b1 L bo)((v1,w1), (v, w2)) = by (v, va) + ba(wy, ws).

for all vi,v9 € V and wy,wy € W. It is easy to see that by L by is indeed
a symmetric bilinear form such that (b L by)(V,W) = 0. Alternatively,
we define the Kronecker product or tensor product of by and by, denoted by
b1 ® by, to be the map

by Rby: (VW)x (VW)= K
defined by
(bl X b2)(’l}1 (059 Vg, Wy & UJQ) = bl(’Ul, ’U)l) . bg(’Ug,U)Q)

for every vi,vo € V and wy,ws € W. The following two results are classi-
cal and of monumental importance. They are foundational to the modern
algebraic theory of both symmetric bilinear forms and quadratic forms.

Theorem 1.1.2. (Witt’s decomposition theorem) If b is a non-degenerate
symmetric bilinear form on V' then there exist subspaces U,/ W C V' such that

b=bly L blw

with bly anisotropic and bly hyperbolic. Moreover, by is unique up to isom-
etry.

Proof. See |[Lam05, Proposition 1.4.1].

Theorem 1.1.3. (Witt’s cancellation theorem) Let by, by and by be non-
degenerate symmetric bilinear forms over K. If by and by are anisotropic
then

le_bongJ_bo:blng.

Proof. See |[Lam05, Proposition 1.4.2].

Together, these results make it possible to define a ring structure on the
class of symmetric bilinear forms via their associated Witt ring. We remark
that the isometry classes of nondegenerate symmetric bilinear forms over
K, denoted by M,(K), form a semi-ring under orthogonal sum and tensor

10
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product. Define the Grothendieck-Witt group of K, denoted with W, (K), by
an equivalence relation ~ on My(K) x My(K) such that

(bl7 bQ) ~ (dla d2)
if and only if
by Ldy = dy L by
with by, bo,dy,ds € My(K). To avoid confusion, we denote the equivalence

—

class of (b1, b2) in W, (K) by by — by. By the classical results stated above, it
can be shown that Wj,(K) has the structure of a ring with addition defined
by

(bl - bQ) + (d1 — dQ) - (bl J_ dl) - (b2 J_ dg)

—

and multiplication defined by W,(K) by:
(b1 — bo)(dy — d2) = ((by @ dy) L (ba @ d2)) — (b1 ® d2) L (ba ® dy)).

We conclude this section by giving several useful properties of the Grothendieck-
Witt ring.

Lemma 1.1.4. [EKMO08, Proposition 1.2.4, Theorem 1.4.7]

1. Let by and by be anisotropic symmetric bilinear forms over K. Then

o —

by = by € Wy(K) < by = by.

—

2. The additive group (Wy(K), +) is generated by the classes of 1-dimensional
symmetric bilinear forms subject to the relation

(a) + (b) = (a+b) + (ab(a + b))
for all a,b € K* such that a +b # 0.

1.2 Quadratic forms

Let us assume, as before, that all fields discussed are of characteristic # 2.
There is a one-to-one correspondence between symmetric bilinear forms and
quadratic forms over a field K given by the map

b—q:V — K
where ¢,(v) = b(v,v) for v € V. We denote (V,q) to be a (n-dimensional)

quadratic space if the following conditions are satisfied:

11



1. V is an n-dimensional vector space over K,
2. q(av) = a*q(v) for any a € K and v € V,
3. by(v,w) = 3 (¢(v +w) — q(v) — g(w)) is symmetric bilinear.

Remark 1.2.1. Notice that 3. gives us the reverse correspondence from
quadratic forms to symmetric bilinear forms:

be(v,v) = 5 (q(2v) — q(v) — q(v)) = q(v).

Clearly, in the case that char(K) = 2 this correspondence no longer holds.

N | —

We say that two quadratic spaces (V,¢) and (W, p) are isometric, denoted by
(V,q) = (W, p), if there exists an isomorphism of vector spaces g : V. — W,
such that

p(g(v)) = q(v),
for all v € V. To shorten notation, we will refer to the quadratic space (V, q)
by ¢ and denote an isometry (V,q) = (W,p) by ¢ = p. In the same way that

symmetric matrices are diagonalisable by Gram-Schmidt, (non-degenerate)
quadratic forms have a diagonal representation.

Theorem 1.2.2. [Lam05, Criterion 1.2.3] Let (V,q) be a quadratic space and
c € K*. Then ¢ € D(q) if and only if (V,q) = (K*v,{c)) L (V',p) where
q(v) = c and (V',p) is a quadratic subspace of (V,q).

Let M,(K) denote the set of all isometry classes of (non-singular) quadratic
forms over K. The binary operations

Vi) L (Va,2) = (Vi@ Vo, qu L q2)
with (¢1 L ¢2)(v @ w) = ¢1(v) + ¢2(w) and
Vi,q1) @ (Va,2) = (V1 @ Vo, 1 @ q2)

with (¢1 ® ¢@2)(v@w) = ¢1(v) - @2(w) give M, (K) the structure of a semi-ring.
In particular, the fact that M,(K) is a commutative cancellation monoid
(by Theorem 1.1.3) allows us to define a ring structure via the Grothendieck
construction. We call

—

W,(K) = Groth (M,(K)) = M,(K) x M,(K)/ ~
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the Grothendieck-Witt ring, defined by the relations
(q1,92) ~ (p1,p2) if and only if 1 L pp = py L go,

(p1,p2) + (01, 42) == (p1 L q1,p2 L 2),
(p1,p2) X (1, ¢2) = (M1 @1 L pa ® @2, p2 @ 1 L p1 ® o).

—

where we identify M,(K) — W, (K) via g — (g¢,0).

Example 1.2.3. Below, we give examples of the Grothendieck-Witt ring for
various fields.

1. W,

—

2. W,(R) = Z[Cs], where C5 is a cyclic group of order 2.

a
I
N

2

—

3. Wy(F,) =Z®7Z/2® Z/4, whenever p =3 mod 4.

—

4. W,(F,) 2 Z & (Z/2)3, whenever p=1 mod 4.

Consider the ring homomorphism dim : W) — Z, given by dim ((q1, ¢2)) =
dim ((g1,0) — (g2,0)) = dim(q; — g2). Denote the kernel of the dim map by
I,(K). Although the Grothendieck-Witt ring retains much of the structural
information pertaining to quadratic forms over a particular field, we wish
to reduce our consideration to anisotropic quadratic forms only. To do this,
we construct the Witt ring of K by applying the decomposition of Theorem
1.1.2: For any quadratic form ¢,

q = Qan L mH,

where ¢,, denotes the anisotropic quadratic form and mH, m € Z, denotes an
orthogonal sum of m hyperbolic planes, H := (1, —1) which can be identified
with X2 — Y2, To classify the anisotropic quadratic forms it suffices then to
quotient by the ideal ZH:

—

W, (K) = W, (K) /ZH.

The following result demonstrates some useful characterizations of the Witt
ring.
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Theorem 1.2.4. [Lam05, Proposition II.1./]

1. The elements of W,(F) are in one-to-one correspondence with the isom-
etry classes of all anisotropic forms.

2. Two forms q, p represent the same element in W,(F) if and only if
Qan = Pan-

3. If dim(q) = dim(p) then =D € Wy (F) if and only if ¢ =p

Example 1.2.5. We present the Witt rings of the fields discussed in Example
1.2.3.

W,(C) = Z)2.

W, (R) =

W, (F,) = Z/4, whenever p =3 mod 4.

4. Wo(F,) = (Z/2)[F) /(F))?], whenever p =1 mod 4.

o —

We call the image of @ under the projection map W,(K) — W (K)
the fundamental ideal of W,(K') and denote it by [,(K). By construction,
the fundamental ideal I,(K) consists of all even dimensional quadratic forms
in W,(K). In other words, I,(K) is generated as a K-module by all 1-
fold Pfister forms (1, —a), denoted by ((a)), with a € K*. Moreover, since
dim(>H) € 27Z for any m € N, we have the Cartesian square

W(K) S 7

-

where dimy : W, (K) — Z/2 is defined by dims(q) = dim(g) mod 2.

Now that we have the notion of (the first) fundamental ideal in terms of
1-fold Pfister forms, it turns out we can naturally extend it by considering
I7(K) to be the n-th power of the fundamental ideal I,(K’), generated as
a K-module by forms (1,—a;) ® ... ® (1,—a,) for some ay,--- ,a, € K*.
The advantage of this characterization is that it induces a natural filtration.
The usefulness of such a filtration relies on an incredibly important classical
result in quadratic forms due to Arason and Pfister.
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Theorem 1.2.6. [Lam05, Hauptsatz X.5.1]
If p € 1}(K) and p is anisotropic, then dimp > 2".

Indeed, an immediate consequence of the Arason-Pfister hauptsatz, theorem
1.2.6, is that quadratic forms are bounded in some sense by these funda-
mental ideals i.e. N I7(K) = 0 where we identify I(K) = W (K) for
notational convenience. It serves to reason then that a complete classifica-
tion of quadratic forms necessitates a rigorous understanding of which forms
are contained in which ideals. Recalling the map dims defined earlier, we
see immediately that ker(dimy) = I,(K). Identifying the higher fundamen-
tal ideals in terms of some particular algebraic properties of the associated
quadratic forms turns out to be quite fruitful in the first few cases, but
ultimately unsatisfactory. The existence of algebraic realizations to higher
fundamental ideals remains an open question. Alternatively, we might ask
ourselves if fundamental ideals might be described in terms of some cohomo-
logical invariants. Indeed, we might begin by asking if there exists a class of
cohomological invariants (of quadratic forms) {e?},

el [[(K) — H'(Gk, p2) = H' (Gal(K*? | K), pa),

where p5 are the roots of unity of order 2 with the appropriate characterizing
properties such that

@ —q2=0¢€ [J)(K), for n > 2" > dim(q;) + dim(gy).

The existence of such invariants would then imply that we can determine
whether two quadratic forms ¢, go are isometric via the vanishing conditions
on {el} for 0 <i < r € N. Remarkably, the {e!} turn out to appear naturally
as structural characterizations of I"(K) in low-dimensions. For n = 0, ef is
the rank of a quadratic form ie. ef = dimy : I)(K) = Wy(K) — Z/2 =
H°(Gk, pi2) and ker(ef) = I;(K). In the case n = 1, we introduce the notion
of discriminant by considering the following map:

—

det : W,(K) — K*/K*?

01 — g2 — det(qr) det(gz) .

Although this map is well-defined, it turns out to be inadequate for our
purposes. The disadvantage lies in the fact that det(H) = det((1, —1)) = —1,
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which prevents us from factoring through W,(K). To adjust this, we embed
K*/(K*)? into a larger group with more flexibility and consider the map

disc : I,(K) — 7,2 x K*/(K*)?

(q) = (dimy q,d=(q)),

where do(q) = (—1)2 9m@@im@)-1) det(q) € K*/K*2 and the multiplication
on Z/2 x K*/K*? is defined by

(a,b) - (', ) = (a+d', (—=1)"“bl).
Direct computation shows that
el = disc: [,(K) — im(e;) = {0} x K*/K*? = HY (G, pa),

and ker ef = IZ(K). In terms of the dimension dim;, and signed determinant
d4, we can rephrase the result as follows:
dimy(q) =0

q € I?(K) if and only if
! de(q) =1

The map, e : IZ(K) — H?*(Gk, p2) turns out to be harder to encode

algebraically, we will see in Chapter 2 that H?(Gk,u2) can be identified
with the 2-torsion part of the Brauer group. In trying to determine the
appropriate algebraic realization of e, a natural candidate to consider is the
Clifford algebra associated to a quadratic space (V,p) given by

C(V)=CV,p) =T(V)/(v@v—p(v)),
where T'(V') is the tensor algebra of V' defined by
T(V) = @ps Ve,

where VY = K and (v®v — p(v)) is an ideal generated by v ® v —p(v) for all
ve V. C(V) depends on the isometry classes of (V,p) uniquely and carries
with it a natural Z/2-graded algebra structure:

C(V) = Co(V) ® Ci(V),
where Co(V) = &2,V and Cy(V) = @2, V&L,
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Using classical results in the structure theory of Clifford algebras, it can be
shown that

C(V) € Bry(K), if V is even-dimensional
Co(V) € Bry(K), if V is odd-dimensional

where Br(K) denotes the Brauer group (defined rigorously in Section 2.1)
and Bry(K) denotes the 2-torsion elements of Br(X). In particular, this
classification can be used to construct a morphism,

¢: I2(K) — Br(K)

defined by

[C(q)], if dimgq is even
[Co(q)], if dimg is odd

Here we abuse notation and use C(q) to represent C(V,q). It follows quite
easily from this definition that

e ¢(I}(K)) C Bry(K), and
o [}(K) C ker(c)

In fact, ¢(I7(K)) = Bry(K) by a famous result of Merkurjev [Mer81] which
shows (among other things) that

I2(K)/I3(K) = Bry(K).

1.3 Albert forms and Embeddings

An n-fold Pfister form over K is a quadratic form of type
<17 —CL1> Q& <17 _an> )

where a; € K*, and we write ((a1, ..., a,)) for short. We say that a quadratic
form q over K is n-embeddable if there exists an anisotropic n-fold Pfister
form ¢, such that ¢ C ¢ i.e. there exists a quadratic form p over K such
that ¢ L p = ¢. Note that ¢ C ¢ is equivalent to the existence of a linear
subspace W C V such that ¢ = ¢|w. The anisotropy of ¢ assures a non-
trivial embedding, since any isotropic Pfister form is hyperbolic (see |Lam05,
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Theorem X.1.7]) and one can always embed such a quadratic form ¢ into
m - H, for all m satisfying dim ¢ < m. Indeed, since for any a € K* we have
a = (%) — (%)% € Dg((1,-1)) it follows ¢ = (as,--- ,a,) C dim(q)H
which yields the smallest non-specified (hyperbolic) Pfister form containing g.

There are several useful applications of m-embeddability within the theory
of quadratic forms. For example, embeddability can in some sense be under-
stood as a minimal datum for constructing a larger Pfister form. If p is a
2-fold Pfister form such that (1,a) C p, then p = ({(a,c)) for some ¢ € K*.
Similarly, if q is a 3-fold Pfister form such that (1, a,b) C ¢ then ¢ = ({(a,b,¢))
for some ¢ € K*. This relationship can be generalized in one direction to get
an important class of forms known as Pfister neigbours. A quadratic form o
over K is called a Pfister neigbour if o can be embedded into a Pfister form
p (up to multiplication by a scalar multiple) where dimg(p) < 2dimg o. In
terms of Milnor K-theory, [HI00, Theorem 5.1| shows that when computing
the transfer kernel of the Milnor K-theory of a function field extension the
generators must satisfy certain minimality conditions with respect to the de-
gree. In the theory of motives, an understanding of the embeddability into
an anisotropic Pfister quadric is necessary in order to define the local motivic
cohomology of a point for the isotropic motivic category [Vis19].

Examples 1.3.1.

1. Any anisotropic 3-dimensional quadratic form (a, b, ab) is 2-embeddable.
Indeed (a,b,ab) C (1,a,b,ab) = ((—a,—b)), where the anisotropy of
({(—a, —b)) is assured by the anisotropy of (a, b, ab).

2. If q is an anisotropic n-fold Pfister form, then ¢ is m-embeddable in
some m-fold Pfister form where m > n.

3. If q is a 2™ dimensional quadratic form, then ¢ is m-embeddable if and
only if ¢ is an m-fold Pfister form.

Before we proceed any further it is necessary to define an important class of
field extensions called function fields. By viewing quadratic forms as homoge-
neous polynomials of degree 2, we are naturally led to consider the algebraic
varieties corresponding to quadric surfaces, i.e. integral projective quadrics.
Under mild assumptions on the quadratic form, such as non-degeneracy and
anisotropy, we are induced to studying the class of function fields which in
the context of quadratic forms, refers to the function field of the projective
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quadric associated to the form. The pursuit of a deep understanding of func-
tion fields has contributed to numerous fundamental results in the theory of
quadratic forms [AP71]| and central simple algebras [HHKO09]. In particular,
both the Milnor Conjecture [Vo03| and the Bloch-Kato Conjecture [Voll|
rely on the machinery of function fields. For a (n+ 1)-dimensional quadratic
form ¢ = (ag, - ,a,) over K, the function field K[¢] of the quadric as-
sociated to ¢ is given by solving the polynomial equation with respect to
XO;

K[¢) = K(X1, -+ X)(\/ ~(@X2+ -+ a,X2)/ag)

An important property to notice about the function fields is that if ¢ is
anisotropic over K then ¢ is isotropic over K|[¢|. Alternatively, if ¢ is
isotropic, then the function field K[¢] is a transcendental extension of K.
More generally,

Lemma 1.3.2. A function field K[¢] is purely transcendental if and only if
the form ¢ is isotropic over K.

Proof. Tt is easy to see that isotropy over K[X] implies isotropy over K.
Indeed, assume f; € K[X] are such that ¢(f1,...,f,) = 0, and we may

assume without loss of generality that X 1 f; for some i = 1,...,n. We can
see in this case that ¢(f1(0),..., f.(0)) = 0 where f;(0) € K and f; # 0
for some 7 = 1,...,n. The reverse direction follows by definition, i.e. ¢ is

isotropic if and only if ¢ =2 H L v for some quadratic form v over K. In
particular, since the transformation H(%, %) = XX, is an isometry
G :V — V of H can be extended to ¢ by ¢(GX) = XoX; + (X, ..., X,).
This implies that K[¢]| = K[X7, ..., X,]. O

Remark 1.3.3. We can find an even smaller “generic” subfield K(¢) C
K|[¢] with respect to the condition of obtaining isotropy. Observing that
ang + -+ +a,X? = 0 and considering the mapping Z; — X;/ Xy we see
that the field extension,

K(@) = K(Zy, -+ Z) = K(Zv, -+ o) (a0 + 1 22+ + 0,1 22 ) a)

satisfies properties similar to K[¢]. In particular, we have that ¢ is isotropic
over K(¢).

We will state an important result concerning function fields which we will
rely on shortly.
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Theorem 1.3.4. [Lam05, Remark X.4.8][[EKM08, Theorem 22.5] Suppose
 is a quadratic form over K. If q is an anisotropic Pfister form hyperbolic
over K|p|, then abp C q for any a € Di(q) and any b € Dk (p).

The problem of embeddability was first considered by Hoffmann [Hof95],
where it was shown that if dimq < 2" + 1, then there exists a field ex-
tension L/K, such that ¢ is (n + 1)-embeddable over L. If the field ex-
tension is required to be purely transcendental, then Hoffmann and Izh-
boldin [HI00, Theorem 1.1] showed that any anisotropic form ¢ can be em-
bedded after base changing to some purely transcendental extension K (X)
over K (preserving the anisotropy of q). The idea is rather simple; we as-
sume that ¢; C ¢ is a subform maximal with respect to embeddability in
some Pfister form 7 over K, and we recursively construct higher Pfister
forms containing larger subforms. In particular, if ¢ L ¢o = ¢ and ¢; L
o = 7, then (1, m(Y) — ¢2(X)) ® 7 is an anisotropic Pfister form contain-
ing a subform of ¢ of dimension strictly bigger than dim¢; over K(X,Y) =
K(X1,..., Xdimgss Y1, - -+, Ydaimn, ). 1o see that this is indeed the case, it suf-
fices to compare the Witt indices of 7 1 —q and (1, g2(X) — m(Y))®@7 L —q.
We will see a special case of this result in Lemma 1.3.8.

The next natural step is to consider the structure determined by embeddabil-
ity. In other words, if ¢ is n-embeddable (¢ C ) with minimal 7, to what
extent is 7 determined by ¢. This generalizes the notion of a Pfister neigbor
which determines conditions for a (2" + 1)-dimensional quadratic form to
be (n + 1)-embeddable. Note that over a local or global field, all (2" + 1)-
dimensional quadratic forms are (n + 1)-embeddable. We study the first
non-trivial case of embeddability by studying Albert forms and offer a new
result connecting Pfister forms with their embedded Albert forms in Theo-
rem 1.4.4. Let us begin by stating a classical result connecting biquaternions
and Albert forms.

Theorem 1.3.5. [Lam05, Theorem II1.4.8] Let (‘%’) and (C?d) be quaternion
algebras over K, and A = (a?b) ® (%l) denote a biquaternion K-algebra. The
following are equivalent:

1. A is a division algebra.
2. q= ({{a,b)) L —{{c,d)))an is anisotropic over K.
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3. (‘%’) and (‘7‘1) are division algebras which do not share a common

quadratic splitting field.

We call the quadratic form
q = (<<a7 b>> 1 - <<C7 d>>)an = <_a7 _b7 ab? ¢, d7 _Cd> )

with a,b,c,d € K*, an anisotropic Albert form. It follows easily that any
6-dimensional form ¢ € I7(K) is similar to an Albert form [Lam05, Corollary
XII.2.13]. We proceed to show that ¢ cannot be a subform of any anisotropic
3-fold Pfister form.

Lemma 1.3.6. No anisotropic Albert form q is 3-embeddable.

Proof. Assume the contrary. Then the fact that ¢ L (z,y) € I’(K) implies
det(q L (z,y)) = 1.

However, since det(q) = —1 we must also have det({x,y)) = —1, the later
being equivalent to requiring (z,y) = H (see [Lam05, Theorem 1.3.2]). We
conclude that any 3-fold Pfister form containing ¢ as a subform must be
isotropic, hence hyperbolic (see |Lam05, Theorem X.1.7]). O

Following results established in [Hof95, Main Lemma| we see that there exists
a field extension L/K with several nice properties such that a prescribed
Albert form q is 4-embeddable. We abuse notation and denote such a field
by K again, since we are mostly interested in understanding the structure of
the Pfister form not its existence.

Remark 1.3.7. The above assumption is necessary since it is not always the
case that there even exists an n-embeddable quadratic form for some n € N
over an arbitrary base field K. Indeed, [HIOO0| refers to Kahn for providing
the following example: Assume cd(K) < 3. Then [[*(K) = 0 for all m > 4,
meaning that there are no non-trivial m-fold Pfister forms to embed into.
Alternatively, we could restrict ourselves to considering fields K, such that
cd(K) > 3, but this is not a sufficient condition to ensure 4-embeddability
for Albert forms. Consider K(X) := K(Xj,..., Xs); then

q = (X1, X, X3, Xy, X5, - X1 X0 X3 X4 X5) € ((f1(X), fo(X), f3(X), fu(X)))

for any fi(X), -, f(X) € K[X].
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Henceforth, let us assume that the Albert form is 4-embeddable i.e. ¢ C ,
where 7 is some anisotropic 4-fold Pfister form over K. Now we would like to
proceed with as much generality as possible, however not much can be said
without one additional assumption: ¢ C #’, where 7’ L (1) = 7. It turns out
this can be imposed by extending our arguments to a field extension L of K,
such that (1) L ¢, C 7y, and 77 remains anisotropic.

Lemma 1.3.8. [Hof95, Proof of Theorem 1.1.] Assume ¢ is a codimension
1 subform of an anisotropic quadratic form . If ¢ C w, where © is an
anisotropic m-fold Pfister form, then there exists a field extension L/ K, such
that vy, C mp,.

Proof. By assumption, ¢ L ¢; = 7 and ¢ L (z) = 9 for some =z € K*.
Consider the function field extension L = K[¢; L — (z)]. Then by base
change to L we see that (¢1);, L — (x), is isotropic, implying

() C (¢1)z-

It remains to show that = is anisotropic. Indeed, if we assume that the
Pfister form 7, is isotropic, it must also be hyperbolic so by Theorem 1.3.4
we have cd(¢ L —(z)) C « for any ¢ € Dg(¢p1 L —(x))) and d € Dg(m).
In particular, we may choose d = 1, since m is a m-fold Pfister form i.e.
7= (l,—ay)...(1,—a,) for some ay,--- ,a, € K. It follows that

(L= () Lop=m

for some anisotropic quadratic form ¢,. Moreover, since Pfister forms are
strongly multiplicative [Lam05, Theorem X.2.8] we have that cr = 7 for

Y [

any ¢ € Dg(¢1) € Dg(w). In particular, 7 = cr = ¢¢y L c¢ implies
clpr L —(x)) L ¢o & 7 = ¢y L cé, which by Theorem 1.1.3 lets us
conclude that

—c(z) L g = co.
or alternatively (multiplying by ¢™1),

—(z) Ll 2o

However, this contradicts the anisotropy of ¢ L (x) = 1. O

Henceforth we make the additional assumption that (1) L ¢ is anisotropic.
The above Lemma motivates our assumption that ¢ C 7 implies (1) L ¢ C
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7. We define the pure subform ¢’ of ¢ to be a quadratic form over K such
that

(1) Lo’ =¢.

We proceed by invoking a fundamental result in Pfister forms also known as
the Pure Subform Theorem:

Theorem 1.3.9. [Lam05, Thereom X.1.5] Let ¢ = ({a1,...,a,)) be an m-
fold Pfister form with —b € Dg(y'). Then there exist by, ..., b, € K such
that

© = ((b,ba, ..., b)) .
The following is a generalization of Theorem 1.3.9:

Theorem 1.3.10. [Lam05, Theorem X.1.10] If 7 = {({(by,...,b.)), r > 0,
v={_(d,...,ds)), s > 1, and —e; € Dg(7V'), then there exist ey, ..., €5 €
K>, such that

((b1, .. bpydy, . ds)) = ((by, ... bpyer, ... €5)) .

Remark 1.3.11. There is a slight difference between the Theorems cited
here and those appearing in the text. This difference is captured by a pref-
erence for alternative notation. In [Lam05|, ((a)) = (1,a) whereas we use
({(a)) := (1, —a). With this difference in mind, the results are equivalent.

Corollary 1.3.12. [Lam05, Corollary X.1.11] Let q be an anisotropic Pfister
form. If ¢ = (1,—b,—c,...) with b,c € K*, then

q = ((byc,dy, ..., dg))
for some suitable dq, ...,ds € K*.
Proof. An immediate consequence of Theorem 1.3.9 is that ¢ = ((b, by, ..., by,))
)

for some by,...,b,, € K*. Moreover, since ¢ = (1,—b,—c,...,) = ((b)) L
(—c,...) we have that

(B)) L {0)) (b, - b)) = {(B)) L (=)

which by Theorem 1.1.3 implies —c € Dy (((b)) ((by,...,by))"). By applying
Theorem 1.3.10 we arrive at our desired result. ]

23



Lemma 1.3.13. Let ¢ = (—a, —b,ab, c,d, —cd) be an anisotropic Albert form
with a,b,c € K* and w be a 4-fold Pfister form over K. If (1) L q C m, then

= <<a’7 ba —C, Z>>
for some z € K*.

Proof. By assumption, (1, —a, —b, ab,c,d, —cd) C w. Theorem 1.3.12 implies
m = ({(a,b,u,v)) for suitable u,v € K*. In particular,

(1, —a,—b,ab,c,d,—cd) C ((a,b,u,v))
can be better understood by decomposing the Pfister form as

(1, —a, =b,ab) L ({a,b)) ((u,v))".

where we recall that (1) L ((u,v))" = ((u,v)). By Theorem 1.1.3 we have

(e,d,—cd) C ({a, b)) ((u,v))".

( (
Now, Theorem 1.3.10 with ¢ € Dg({{a,b)) ({u,v))") combine to imply
({a,b,u,v)) = ({a,b, —c, z))

for suitable z € K*. O

Remark 1.3.14. Notice that in the case —1 € (K*)?, it is easy to see that
for a,b,c,d € K*, an Albert form ¢ = (a, b, ab, ¢, d, cd) embeds canonically
into the pure part of a 4-fold Pfister form ({(a,b,c,d)) for a field K of any
characteristic (see [CD17, Corollary 5.5] for characteristic 2 case). However,
whether ((a,b, ¢, d)) is anisotropic, or whether such a 4-fold Pfister form is
unique remains unclear. We will show in the following section that even in
the case —1 ¢ (K*)?, we still expect to see a unique embedding under certain
additional assumptions which are intuitively motivated at the end.

1.4 Strong Albert forms

Let K’ be a field of characteristic # 2. In this section, we proceed to deter-
mine a novel result on the structure of 4-fold Pfister form containing an Albert
subform. Assume a,b,c € K" and z € K'(d), where trdeg (K’'(d)) = 1. We
make frequent use of the following exact sequence due to Milnor (see [LamO05,
Theorem IX.3.1]).
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Theorem 1.4.1. Let E = K'(d) and let i be the functorial map
i: W(K') — W(E).
Then the following sequence of abelian groups is split exact:
0— W(K') -5 W(E) 25 @, W(E,) — 0,

where the direct sum extends over all monic, irreducible polynomials ™ €
K'ld] and E, is the residue field of the field completion with respect to 7.

Recall the definition of the second residue homomorphism Oy :
Op : W(K") — W(E,) = W(K'[d]/)
¢ L 7 — @,
where q1 = (a1,...,a,), @2 = (b1, ..., bm),
Or(a;) = 0 mod m,

9,7(b;) = bj mod

for all 4,5. The proof of our result relies on two standard theorems in
quadratic form theory:

Theorem 1.4.2. [Lam05, Theorem VIIL.2.7] Let K C L be a field extension
of odd degree. If a K-quadratic form q is anisotropic over L, then q is
anisotropic over K.

Theorem 1.4.3. [Lam05, Theorem IX.1.3] Let v be a quadratic form over
K', and let p(x) € K'[x]N Dgr(z)(y) where z is a transcendental element over
K'. Then,

1. p(x) is already represented by ~v over K'[x].
2. If e € K’ is such that p(e) # 0, then p(e) € Dy/(7).

Combining the above results, we have discovered the following relationship
between Albert forms and 4-fold Pfister forms:
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Theorem 1.4.4. Consider an anisotropic Albert form q = (a,b, —ab, —c, —d, cd)
over K where a,b,c € K' C K, trdegy, K'(d) = 1. If (1) L q is 4-embeddable,
that is, (1) L q C ({x,y, z,w)) for some anisotropic Pfister form ({x,y, z, w))
over K, then

<<$’ Y,z w>> = <<CL, b7 -G, _d>> :
In particular, if —1 € (K*)? we have that

({2, 2,0)) = ((a,b,c,d))

Proof. By lemma 1.3.13, we see that

<Cv d, _Cd> - <<a7 b>> <<_C? Z>>/ ’
which reduces down to

d(1l,—c) C c¢(—a,—b,ab) L —z({a,b,—c)) .

Now we will proceed to show that the isotropy of

c{—a,—b,ab) L —z{{a,b,—c)) L (—d)

implies z = d. Note that isotropy over E implies isotropy over F, for all
monic irreducible m € K'[d], since (1,—1) = 7 (1, —1).

Using the descent of isotropy and letting m = d, we have by Milnor’s exact
sequence that

Oq (¢ {—a,—b,ab) L —z({a,b, —c)) L (—d))

= da(=2((a,b,=¢c))) L (1)

is isotropic. Now, given ((a,b, —c)) € W(K') we must have that z = dz’ with
2" € K'[d] for the above equation to be isotropic. We write

2= fad" + ...+ fo,

for some n € N and fy,..., [, € K'.

We continue by showing n is odd. Indeed, following Theorem 1.4.3,
(d) C c{—a,—b,ab) L —z{{a,b,—c))
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over K'(d) implies
d e DK’[d}(C <—CL, _ba CLb> 1 -z <<a7 b7 _C>>>>

which means we can represent d = cu—dz'v for some u € Dgrg((—a, —b, ab)),
v E DK/M(«CZ, b, —C>>).

First note that both degu,degv = 0 mod 2, since they are represented by
quadratic forms. We next consider the highest degree terms with respect
to d and recall that, by assumption, all quadratic forms appearing here are
anisotropic over K’. Since degdz'v =1+ deg 2’ 4+ degv and degcu = degu,
and degv = degu = 0 mod 2, we have that 1+ deg 2’ + degv = degu if and
only if deg 2’ is odd (if u # 0) or deg 2’ = 0 (if u — 0). This is relevant since
d = cu — dz'v is possible as a representation with u,v € K'[d] only when
u # 0 and degree > 1 terms cancel or u = 0 and 2’v = —1 in which case
deg 2z’ = 0. Let us assume that deg 2’ is odd; then 2’ has a decomposition

Y=y
into its irreducible components 7, ..., 7, € K’[d]. Moreover, it must be the
case that at least one m; has odd degree, say m;. Then, repeating the above
argument with = = m; we see by descent of isotropy,

Or, (c(—a,—=b,ab) L —z {{a,b,—c)) L —(d))

=dmy -7, ({a,b, —c))

is isotropic in K’[d]/m;. However, [K'[d]/m; : K'] is odd implies that ((a, b, —c))
is anisotropic over K'[d]/m; by Theorem 1.4.2, which is a contradiction.
Hence degz cannot be odd and must therefore be 0 ie. 2/ = f, € K’
Now since d = cu — dfyv we have by degree and component comparison that
cu =0 and fov = —1. In particular, —fo = v~ and v € Dy g({(a,b, —c)))
implies —fo € Dgrq)({{a, b, —c))). Combining the preceeding results we see
that z = dz’ = dfy and ((a,b, —c¢, 2)) = ({a, b, —c, —d)) since ({a,b, —c, z)) =
<<CL, bv _C>> 1 <<a7 b’ _C>> <_Z> = <<a7 b’ _C>> 1 <<CL, b’ _C>> <_df0> and by
roundness of Pfister forms [EKMO08, Corollary 6.2] we have

({a,b, =) (=dfo) = ((a,,—=c)) (d) .

Putting this all together yields our desired result. [
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In light of Lemma 1.3.8, it suffices to assume ¢ C ({x,y, z, w)) by base change
to a function field extension. However, we will need to be extremely careful
that the algebraic independence of the coefficients is still respected over the
function field (this is not generally the case). In Section 2.3 we will see
an alternative method of understanding embeddings of Albert forms into 4-
fold Pfister forms by establishing a set of elements which are by their very
construction m-embeddable for prescribed m. Moreover, as a consequence of
the above result, we will be able to realize embeddability as a decomposition
of a central simple algebra in terms of quaternion algebras.

Remark 1.4.5. An interesting consequence of Theorem 1.4.4 follows by
using [Mer13, Example 3.7] which, in our interest, defines a non-trivial co-
homological invariant of degree 4 central simple algebras. In particular, it
shows that the map sending a biquaternion K-algebra to the appropriate 4-
fold Pfister form describes a unique inclusion of the underlying Albert form
into the pure part of the 4-fold Pfister form. Moreover, if we assume all fields
considered contain an algebraically closed field then Theorem 1.4.4 implies
that whenever the cohomological invariant of a biquaternion algebra is non-
trivial, the embedding of the Albert form into the pure part of an anisotropic
Pfister form is unique.

We conclude observing the following result which arises while considering
the reduced Whitehead group in algebraic K-theory [KMRT98, §17]. In
particular, it allows us to postulate that the condition ¢ C 7 is not strong
enough to determine 7. Indeed, (1) L ¢ C 7 might be necessary.

Corollary 1.4.6. [KMRT98, Proposition 17.30] Let p be an Albert form and
consider the change of base map

i I (K)/13(K) — I;(K(q))/13(K(q)).

Then,
ker(i) = {m + I}(K) | p C m, 4 fold Pfister}.
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Chapter 2

Associative algebras

In this chapter, we will develop the notion of a central simple algebra (CSA)
which forms the basis of several results in subsequent chapters. For instance,
the basic objects of the Brauer group introduced in Chapter 1 are central
simple algebras while the definition of Hermitian forms in Chapter 3 and
the classification of split semisimple algebraic groups fundamentally rely on
central simple algebras in their formulation. In particular, we study the prop-
erties of anti-automorphisms of order 2 on CSAs insofar as they determine the
algebraic structure of the underlying algebra. In the final section, we provide
a new constructive proof of the Pfister Factor Conjecture for n < 3, charac-
terizing the precise relationship between involutions and Pfister forms. We
conjecture that this result is limited only by the computational complexity
of determining what we call Pfister elements.

2.1 Central simple K-algebras, the Brauer group
and quaternions

Let K denote a field of characteristic # 2. By K8 we mean an algebraic
closure of the field K, and by K®P a separable closure of K. All K-algebra
are assumed to be finite-dimensional, unital and associative algebras over K.

A central simple K-algebra A is a K-algebra, such that A has no proper two-
sided ideals and Z(A) = K - 14, where Z(A) denotes the center of A. The
fundamental Theorem of this section is Wedderburn’s Structure Theorem for
central simple K-algebras:
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Theorem 2.1.1. (Wedderburn’s Structure Theorem) The following are equiv-
alent:

1. A is a central simple K-algebra.

2. There exists a unique pair (n,D), where n € N and D is a central
division K -algebra, such that

A~ M,(D).

3. There is a K-algebra homomorphism
¢ A®x L — M, (L), for some me N

with a field extension L of K, called a splitting field of A.

4. The canonical map
A® AP — Endg A

a® b — (r+— axd)

s an isomorphism of K -algebras.

We define A to be the opposite algebra of A consisting of the same elements
as that of A with multiplication defined by

b = (ba)”

for a,b € A. An immediate consequence of conditions 1. and 2. is that both
K28 and K*P are splitting fields of A . Moreover,
dimg A = dimgas A @ K*8 = dim g M, (K*8) = m?;

Y

and m is called the degree of A, denoted by deg A.

The relationship between A and D in 2. can also be expressed via the endo-
morphism ring of a (unique) simple left A-module V| in the following way.

A=EndpV, D =End,V (1)
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and
dimg V =deg Adeg D.

The algebra D occuring in the decomposition 2. of A is called the division
algebra associated to A. We define the index of A to be the degree of the
division algebra D associated to K, i,e.

ind(A) = deg(D).

There are many interesting results in the study of central simple K-algebras
concerning the central division K-algebra D associated to a central simple
K-algebra A. 1In favor of this perspective, we define the following equiv-
alence relation, known as Brauer equivalence. Let A, B be central simple
K-algebras; then

A ~ B if and only if M, (A) =k M,,(B)

for some ny,ny € N. By 1. we may reformulate the Brauer-equivalence
relation above in terms of the simple left A-module V' and B-module W in
the following way:

A ~ B if and only if Endy V = Endg W.

Clearly, if A and B are two Brauer-equivalent central simple K-algebras and
deg A = deg B, then A = B. More than that, the tensor product endows
central simple K-algebras under Brauer-equivalence with the structure of an
abelian group, called the Brauer group of K and denoted by Br(K).

Proposition 2.1.2. [Pie82, Theorem 13.3/: For a central simple K-algebra
A, the following are equivalent:

1. L is a splitting field of A.

2. There exists a central simple K -algebra B Brauer-equivalent to A, such
that B D L and [L : K] = deg B.

If L is a field extension of K contained in B such that [L : K| = degB
we say that L is a mazimal subfield of B. Indeed, if B is a central division
K-algebra such that L is a maximal subfield of B then B contains no proper
field extension of L. This will be an important point to keep in mind when
we construct a cross-product algebra later which will be the first step in
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realizing the Brauer group of K as the second Galois cohomology group
H?(Gg, K**), where by G := Gal(K®*/K) we mean the absolute Galois
group of the field K. In particular, we will need an incredibly powerful
theorem due to Skolem-Noether:

Theorem 2.1.3. (Skolem-Noether) Let A be a central simple K-algebra and
B a simple K-subalgebra. If f,g : B — A are K-algebra homomorphisms,
then there exists a € A*, such that

f(b) = Inn(a) o g(b) = ag(b)a™", for all b€ B.
Moreover, every automorphism of A is an inner automorphism.

Now, the general idea is to characterize the Brauer-equivalence classes of A
by the internal structure of a subalgebra which should determine the entire
class up to a condition which depends on an element in H?*(Gy, K%*). To
do this, we make use of a standard fact in central division K-algebras which
states that any central division K-algebra D contains a maximal separable
splitting field L. The argument is trivial in the case of finite fields and
inductive otherwise. Now, if L is a maximal separable splitting field of D,
then L*P is a Galois splitting field of D by the uniqueness of the central
division K-algebra associated to a central simple K-algebra. In view of
this remark, Proposition 2.1.2 implies that any central simple K-algebra A
is Brauer-equivalent to a central simple K-algebra B containing a Galois
splitting field L and such that deg B = [L : K]. This can be rephrased in
terms of the functorial properties of the Brauer group of K, namely

Br(K) = UEDK Galois BI(E/K), (2)

with Br(E/K) = ker(Br(K) — Br(F)) defined by sending [A] to [A ®x E].
Assuming (via Brauer-equivalence) that A contains a maximal Galois split-
ting field L, we obtain a set of linearly independent K-algebra homomor-
phisms

{o:L—LCA|oeGalL/K)},

which can be extended by Skolem-Noether to a set of linearly independent
inner K-automorphisms of A given by elements e, € A for 0 € Gal(L/K)
ie.

{Inn(e,) : A — A | 0 € Gal(L/K)}.

As a consequence, we can derive the following structural conditions:
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Lemma 2.1.4. [Pie82, Lemma 14.1] If A satisfies the conditions above, then
1. {e, | 0 € Gal(L/K)} is an L-basis of A @k L.
2. If o,7 € Gal(L/K), then ¢(o,7) = Inn(e,!) o Inn(e,) o Inn(e,) € L*.
3. ¢(o,7)(po, 7)1 p(p, o7)(T(P(p,0))) "t =1, for all o,7,p € Gal(L/K).

In terms of cohomology, 3. is equivalent to the 2-cocycle condition for co-
homology groups. Conversely, if A satisfies 1., 2. and 3. then we say A
is a crossed product of L and Gal(L/K) with respect to ¢, denoted by
A:=(L,Gal(L/K), ¢). Moreover, as the following proposition demonstrates,
all K-algebras which can be constructed as crossed product algebras are cen-
tral simple K-algebras containing a maximal Galois splitting field.

Proposition 2.1.5. [Pie82, Proposition 14.1] Let L be a Galois extension
of K and assume

¢:Gal(L/K) x Gal(L/K) — L™
satisfies the 2-cocycle condition, i.e. ¢ € H*(Gal(L/K), L*).
If {e;|l0 € Gal(L/K)} is a basis for the K-space
A = Qsecal(L/K) 0L,

then we can define a K-linear multiplication pn: A X A — A by

,u(z €oCors Z erd,) = Z eo (0, 7)7(Co)d,

o, T

where ¢y, d, € L and A is a central simple K -algebra containing L as maximal
splitting Galois extension of K. Moreover,

{es|0c € Gal(L/K)}
satisfies 2. of Lemma 2.1.4 with respect to ¢.

The above results allow us to relate Br(L/K) and H*(Gal(L/K), L*) modulo
some compatibility conditions.
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Theorem 2.1.6. [Pie82] If L/K is a Galois extension, then the map
arx : H*(Gal(L/K),L*) — Br(L/K)

¢ — [(L, Gal(L/K), ¢)]
18 an 1somorphism.

By viewing the absolute Galois group Galg of the field K as a profinite group
(see |Berl0, Section 1.1.2.4]) we are able to leverage several nice functorial
properties of the latter. In particular, using [Ber10, Theorem III.7.30], we
have that

H*(Gg, K*P*) = lim H*(Gal(E/K),E*). (3)
—
EDK finite Galois

This leads to the following powerful characterization of the Brauer group in
terms of Galois cohomology,

Theorem 2.1.7. [Pie82, Theorem 14.6[[Ber10, Theorem VIII.20.6] The
map
lim ok @ H(Gg, (K**?)*) — Br(K).
LD?Gal

1$ an isomorphism.

Let A be a central simple K-algebra and assume that D is a central division
K-algebra Brauer-equivalent to A. An incredibly useful consequence of this
equivalence is that it allows us to compute the torsion of an element of A
in Br(K) as a divisor of deg(D). In particular, assuming several facts with
respect to the degree of a central simple K-algebra under base change (see
[Pie82, Corollary 14.4]), it is easy to show that if D is of degree pi'---ptm
then D2 D, ® ---® D,,, with D, pairwise non-isomorphic central division
K-algebras, such that deg D; = p5*, for 1 <i <m

We conclude this section with a non-trivial example and application of a cen-
tral division K-algebra which is not a matrix algebra. We define a quaternion
K-algebra, denoted by (%b), to be the K-algebra on the two generators ¢, j
subject to the relations



The first example of a quaternion algebra (%‘1) was discovered by Hamil-

ton. As it turns out, these algebra have many interesting algebraic connec-
tions with quadratic forms, the most basic of which are illustrated below.

Fact 2.1.8. [Lam05, Proposition II11.1.1, Theorem II1.2.8, Theorem I11.2.11]
1. (a—b) 1s a central simple K-algebra, for all a,b € K*.

K
2. (?b) = <ax2f<by2), for all a,b,x,y € K*.

3. (1—[;1) = (“—Kl) = (“’I;“) = My(K), for all a € K*.

4 (%) ex L= (%)

5 (%) @x (%) ~ (%)
It is important to note that any central simple K-algebra A with deg A = 2
is isomorphic to a quaternion K-algebra. Moreover, (‘%’b)®2 ~ 1 € Br(K),

and the fact that the quaternion K-algebras are minimal among elements of
order 2 in Br(K) suggests that they should play an important role in the
characterization of Bry(K), the set of 2-torsion elements in Br(K). This
turns out to be the correct intuition:

Theorem 2.1.9. [Mer81] Let [A] € Bry(K). Then

s

for some m € N and aq,...,ay,b1,...,b, € K*.

In fact, we will see in the next section that this Theorem can be reinterpreted
in terms of involutions of central simple K-algebras.

2.2 Involutions

The aim of this section is to develop central simple K-algebras with involu-
tion as twisted forms of symmetric or skew-symmetric bilinear forms up to a
scalar factor. We refer to [KMRT98| for a thorough treatment of the results
presented in this section.

Let A be a central simple K-algebra. An involution on Aisamapo: A —
A, such that for all x,y € A*:
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L o(x+y) =o(x)+o(y),
2. o(zy) = o(y)o(z),
3. o?(z) = .

A central simple K-algebra A equipped with an involution o is denoted by
(A,0). The centrality of A implies that o(K) = K. Moreover, ok : K —
K is either the identity automorphism or a non-trivial automorphism of order
two. If o|x = idg, then o is called an involution of the first kind. Otherwise,
if 0| # idk, then o is called an involution of the second kind. It will be
the convention of this thesis that by an involution o we will always mean an
involution of the first kind. We say that two central simple K-algebras with
involution (A, o), (A, 0’) are isomorphic if there exists a K-linear homomor-
phism f: A — A’, such that foo =0"0 f.

Let V' be a finite dimensional vector space over K. A bilinear form b :
V xV — K is called non-singular, if the induced map

b:V — VY
v+ b(v, —)

is an isomorphism of K-vector spaces.

There is a canonical anti-automorphism of Endg V' satisfying 1. and 2. as-
sociated to a non-degenerate bilinear form of V' defined by

b»—)ob:l;_lo(—)tol;:EndKV—>EndKV.

with o, (f) = bt o ftob, where f* € Endg V is the transpose of f defined by
sending g to g o f. Alternatively, o, can be characterized as the adjoint in-
volution of b satisfying the property: b(v, fw) = b(op(f)v,w), for allv,w € V.

The correspondence between non-degenerate bilinear forms V over K and
involutions on M,,(K) is given below for completeness

Theorem 2.2.1. [KMRT98, Theorem 0.1] There is a one-to-one correspon-
dence between the set of non-degenerate bilinear forms B over K modulo
multiplication by invertible scalar factor and K-linear anti-automorphisms
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of Endg V. In particular, under this equivalence, non-singular symmetric or
skew-symmetric bilinear forms of V' over K correspond to involutions of the
first kind on Endg V.

To be more explicit, we may endow V with a basis {ej,...,e,} over K and
identify Endg V' with M, (K), so that there is a correspondence between
non-degenerate bilinear forms of V' over K and elements in GL,,(K) given by

b [be;,e;)] =B

b(x,y) = T My [m;j] = M.

We say b is symmetric if and only if [b(e;, ;)] = [b(es, e;)]" and b is skew-
symmetric if and only if [b(e;, e;)] = —[b(e;,e;)]". In particular, we identify
the involution o, on Endg V' with the involution o on M, (K) given by
op(M) = B~ 'M'B for all M € M,(K).

Now, ideally, we would like to classify an involution o on a central simple K-
algebra using what we know about involutions on M, (K). The most natural
way to do this is to lift the involution o on A to an involution ¢ ®k id;, on
A®k L = M, (L), where L is a splitting field of A, and classify o based on the
symmetric or skew-symmetric properties of the non-degenerate bilinear form
associated to the lift. The problem with doing this directly lies in the fact
that neither the non-degenerate associated bilinear form b nor the invertible
associated matrix form B are determined uniquely by o. Moreover, both of
these choices depend on the choice of the splitting field L which is clearly
not unique. Therefore, we must identify the symmetric or skew-symmetric
behavior of a non-degenerate bilinear form associated to an involution with
the structural properties of the central simple K-algebra which are invariant
under base change.

In this regard, we define the sets of symmetric and skew-symmetric elements
in a central simple K-algebra A with involution o as follows:

Sym(A,0) ={a€ Alo(a)=a}={a+o(a)|ac A}
Skew(A,0) ={ac A|o(a) =—a} ={a—0(a) | a € A}

Furthermore, given any embedding

A AR1CA® K = M, (K*).
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we can construct the unique characteristic polynomial char.pol., ,(X) (in-
dependent to the chosen embedding) of an element a € A viewed as an
element of M, (K*P). For more information, we refer to [Pie82, 16.1]. The
characteristic polynomial char. pol. 4 ,(X) is of the form

char. pol. 4 ,(X) = X" —¢-1(a) X" 4 cpa(a) X" —. ..+ (=1)"co(a) (2.1)

where ¢,_1(a) = Trda(a) denotes the reduced trace and c¢o(a) = Nrd(a)
denotes the reduced norm. Moreover, we have the following result.

Lemma 2.2.2. [KMRT98, Lemma 2.3] Let A be a central simple K-algebra
with an involution o. Then,

tAIAXA—>K

(z,y) — Trda(zy)

is a non-singular symmetric bilinear form, such that Sym(A, o) L Skew(A, o) =

A.

In particular, the structure of the characteristic polynomial is determined by
the involution in a peculiar way.

Lemma 2.2.3. [KMRT98, Proposition 2.2.9] Let A be a central simple K-
algebra with involution o of symplectic type. The minimal polynomial of every
element in Sym(A, o) is a square. In particular, Nrda(s) is a square in K

for all s € Sym(A, o).

As a consequence, to find invariants of the minimal polynomial in the sym-
plectic case we will have to instead consider the pfaffian characteristic poly-
nomial, Prp, (X) € K[X] defined by the property that for every s €
Sym(A4, o),

char.pol ,(X) = (Prp, ,(X))2,

For s € Sym(A, o) we define the pfaffian trace and pfaffian norm as coefhi-
cents,

Prp, ((X) := X™ — Trp, (s)X™ " + - -+ 4+ (=1)"Nrp,(s).

The invariants captured by the characteristic polynomial are instrumental in
determining some key aspects of the algebraic structure determined by an
involution on a central simple K-algebra. We proceed to show that the sets
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Sym(A, o) and Skew(A, o) are stable under base change. Indeed, this follows
by the stability of dimension under base change, i.e. dimg Sym(A,o) =
dimy, Sym(A® L, o ®idy) and dimg Skew(A, o) = dimy, Skew(A® L, o ®idy).
Moreover, assuming L is a splitting field of A and identifying (A® L, o ®idy)
with (M, (L),op) we obtain the following relations:

1. B = BT if and only if the bilinear form b associated to o ® idy, is
symmetric,

2. B = —BT if and only if the bilinear form b associated to o ® id;, is
skew-symmetric.

As a consequence, if M € M, (L), then BT = B implies
op(M) = M if and only if BM = (BM)7,
and BT = —B implies
op(M) = —M if and only if BM = (BM)™.
Rewriting these into a single statement gives

Sym(A, o), if B= BT

B~ Yo Sym(M,(L),t) =
ym(Mn(L), ) {SkeW(A,o), if B=-BT
Moreover, in conjunction with the fact that dim Sym(M,,(L),t) = @

can summarize the results as follows

, wWe

n(n+1)

b is symmetric if and only if dimg Sym(A, o) = 5

and

n(n+1)
—

This definition is independent of both our choice of splitting field L and the
associated bilinear form b. We may thus classify involutions on a central
simple K-algebra A in the following manner:

b is skew-symmetric if and only if dimy Skew(A, o) =

1. An involution o is of orthogonal type if for any splitting field L there
exists an isomorphism (A ® L,o ®idy) = (End.(V), 03) with b a sym-
metric bilinear form.
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2. Alternatively, we say an involution o is of symmetric type if for any
splitting field L there exists an isomorphism (A® L, o®idy) = (End, V, oy)
with b a skew-symmetric bilinear form.

The relationship between involutions on A of orthogonal type and involutions
on A of symplectic type is given in the following classification result.

Proposition 2.2.4. [KMRTY8, Proposition 2.7] Let A be a central simple
K-algebra with an involution o. Then

1. Forallu € A* such that o(u) = tu, the map Inn(u)oo is an involution.

2. For every involution o, there exists u € A*, uniquely determined up
to scalar factor such that oy = Inn(u) o o and o(u) = £u. Moreover,

uSym(A, o) = Sym(A,0)u™t, if o(u) =u

Sym(A, o) = |
o {u Skew (A, o) = Skew(A, o)u™", if o(u) = —u

and

Skew (A, 01) = uSkew(A, o) = Skew(A,o)u™t, if o(u) = u
ew(A,o01) = uSym(A, o) = Sym(A, o)u~!, if o(u) = —u

3. Assume that o' = Inn(u) o o, where u € A*, such that o(u) = *u.
Then o and o' are of the same type if and only if o(u) = u.

In fact, the preceding proposition can be used to show the following more
general structural result,

Corollary 2.2.5. [KMRT98, Proposition 2.8] Let A be a central simple K -
algebra with involution o.

1. If deg A is odd, then A= Myez a(K) and o is necessarily of orthogonal
type. In particular, Skew(A, o) N A* = 0.

2. If deg A is even, then ind A = 2% for some k € N and A has involu-
tions of both types. Moreover, Skew(A, o) N A* # () and Sym(A, o) N
(A*\ Skew(A, o)) # 0.
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In light of Proposition 2.2.4, consider the central simple K-algebra M, (K)
with involution ¢ denoting the transpose. If ¢ is an involution on M, (K) we
have that

o=Inn(M)ot,

for some M € GL,(K) uniquely determined up to a factor in K* such that
M = £M7T. Since the transpose involution is orthogonal by definition, we
have that the involution o is orthogonal if and only if M = M7 and o is
symplectic if and only if M € Skew (M, (K),t).

By Corollary 2.2.5, we have thus characterized all involutions which can be
equipped on a central simple K-algebras of odd degree. From this perspec-
tive, it is natural to consider what happens in the case of central simple
K-algebras of even degree. In particular, what are the involutions on the

quaternion K -algebras (%b) and their tensor products. To start we define an

involution 7 on (“?b) by a map sending

T‘O'1+T1'Z.+7"2'j+7‘3'kﬂ—)7"0'1—(Tl'i+T2'j+T3'k).

It follows that ~ is a symplectic involution on K, that is, Sym((‘%b) ) = L.
Moreover and perhaps more interestingly, this involution has several charac-
teristic properties which define a structure on the central simple K-algebra

in terms of coefficients of the characteristic polynomial Equation 2.1.

Proposition 2.2.6. For v defined as above, the following hold:
1. Trd(Lb)(x) = ~(x) +x, forall z € (%2)"

K
2. Nrd(%b)(m) =v(x)x, for all x € (a—’b)x,
3. If o is an involution on a central simple K-algebra A, such that
olx)+x €K, ando(z)r € K, forall x € K,

then A is a quaternion algebra.

The involution v on (‘%’)X is called the (canonical) sympletic involution on
(“?b) It is easy to see that every orthogonal involution o on (%b) *is of the
a,b

form o = Inn(u)o~y, where u € Skew((%2) )\ K is uniquely determined up
to a scalar factor in K. To generalize the above toward the tensor product

of quaternion K-algebras with involutions, we have the following:
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Proposition 2.2.7. [KMRT98, Proposition 2.23] Let (A;, 0;) be central sim-
ple K-algebras with involutions o;, 1 < i < n. Then (Q,A;, @ ,0;) is a
central simple K-algebra with involution. Moreover, ®_,0; is of symplectic
type if and only if an odd number of involutions o; are of symplectic type.

Thus we have defined a correspondence between involutions on M, (K) and
symmetric/skew-symmetric bilinear forms. As a consequence we were able
to characterize the symmetry conditions of the associated bilinear form as
a structural property of a central simple K-algebra with involution. In ad-
dition, this classification made it possible to obtain results which have im-
plications toward both the structure of the central simple K-algebra and all
other possible involutions on it. However, due to the scope of this work,
we have made no comment on the existence of such involutions nor on how
these involutions compare via Brauer-equivalence. In order to remedy this,
we will state several results which are based on a natural generalization of
the results established thus far. The first of these is due to Albert [Alb39] in
his seminal work Structure of Algebras which developed much of the modern
structure theory of central simple K-algebras we have today.

Albert provided a simple criterion to determine whether or not a central
simple K-algebra carries an involution. We will state his result without
proof.

Theorem 2.2.8. [Alb39, Theorem 10.19] Let A be a central simple K-
algebra. Then

A has an involution o if and only if [A] € Bry(K).

In particular, if A has an involution o, then any central simple K-algebra B
such that A ~ B has an induced tnvolution denoted by op.

In particular, if (A, o) is a central simple algebra equipped with an involution
of the first kind, then ind(A) = 2". Since A carries an involution we can
see that the order of A in the Brauer group is either 1 if ind(A) = 1 or
2 if ind(A) > 1. Moreover, given that A4 = 1 ¢ Br(F), any prime
dividing ind(A) must also divide the order of A in Br(K) (which we denote
by by ord(A)). Succinctly, this can be summarized as ord(A) = 2 implies
ind(A) = 2". In fact, algebras which carry an involution have a particular
representation in the Brauer group. This follows from a result of [Mer81|
connecting Milnor K-theory, Galois cohomology and quadratic form theory
together. We rephrase the result using our established notation,
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Theorem 2.2.9. [Mer81, Theorem 2.2] Let A be a central simple K-algebra
with involution o. Then
a;, b;
A ~ nl (2
®2_1 ( K > ’

for some m € N and ay,...,ay,by,...,b, € K*.

We can rephrase the above results in terms of Hermitian forms as follows. Let
A be a central simple K-algebra with an involution o and D is a central di-
vision K-algebra such that A ~ D with induced involution op. A Hermitian
form on D (with respect to an involution op) is a bi-additive map

h:V xV — D,
such that,
1. h(av,bw) = op(a) - h(v,w) - b, for all a,b € D and v,w €V,
2. h(v,w) = op(h(w,v)), for all v,w € V.
If 2. is replaced by h(v,w) = —op(h(w,v)), for all v,w € V, we say that h
is skew-hermitian. Similar to the case of non-degenerate bilinear forms,
D=Kandop=o0|p.

We define a hermitian form to be non-degenerate by the condition that
h(v,w) = 0 for all w € V implies v = 0 € V. As was to be expected, the
existence of a non-singular hermitian or skew-hermitian form on D implies
the existence of an involution o, on A:

Proposition 2.2.10. [KMRTY8, Proposition 4.1] For every non-singular
hermitian or skew-hermitian form h on M, there exists a unique involution
op on A =EndpV, such that o|x = 0|k, and

h(z, f(y)) = h(on(f)(2),y), for all w,y € V.

If D = K, Hermitian forms can be realized as quadratic forms. We conclude
this section with the following generalization of the correspondence given at
the beginning of the section.

Theorem 2.2.11. [KMRTY98, Theorem 4.2] If o is an involution on D, the
map h — o, defines a one-to-one correspondence between non-singular her-
mitian and skew-hermitian forms on V' up to a factor in K* and involutions
on A=Endp V. In particular, the involutions o;, on A and o on D are of the
same type if h is hermitian and of the opposite type if h is skew-hermitian.
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2.3 Pfister elements

In this section we outline a new approach to realizing the connection between
involutions on central simple K-algebras and quadratic forms. All forms used
henceforth are assumed to be non-degenerate. We begin by stating a powerful
representation Theorem for quadratic forms.

Theorem 2.3.1. [Lam05, Theorem IX.2.8] For any quadratic form ¢ and
any anisotropic form v over K, the following are equivalent:

1oo(fi(Xy, o, X)), ooy fu(Xy o X5) = v(Xy, ..o, X)) for some fr, ...

K(X1, ..., X,).
2. ¢ is a subform of v over K.
3. Dr(p) C Dr(7) for any field extension L/K.

In particular, if p(X1,...,Xn) € Dr(x,,..x,)(7) then dimg(¢) < dimg (7).

-----

This characterization gives us a means of identifying Pfister forms in terms
of the values they can assume over a transcendental extension. We say that
two quadratic forms p and g over K are similar if p = cq for some ¢ € K*.
By [Lam05, Theorem X.2.8] we see that for an anisotropic quadratic form ¢
and transcendental field extension K (X) = K(Xy, -+, Xon),

q(X)q Zk(x) ¢ if and only if ¢ is similar to a Pfister form. (2.2)
Assume ®I",(Q;,0;) is a split K-algebra with orthogonal involution o =
®I ,0; adjoint to a n—fold Pfister form ¢,. Since ® ,Q; = Mayn(K) are
isomorphic as K-algebras with involution we see by Equation 2.2 that there
must exist 6 € ®;_,Q);, satisfying

b, (v, 0w) = 47 (X)bg, (v, w)
for all v,w € K*". Moreover, given that o is adjoint to b, , we see that

by, ((0(0)0)v, w) = by, (4o (X)v, w)

and non-degeneracy of b, implies 0(0)0 = ¢,(X). In order to determine
0 € ®_,Q; explicitly, we introduce some notation.
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m bm . . .
Let Q,, = (a I ) denote the quaternion K —algebra such that {1, ,,, jm, km }

generate (), as a K-algebra subject to the relations

zfn = am,jfn = b,,, kfn = —ambm
Zm]m = _jmima kam = _kmima ]mkm = _km]m

Assuming that ®;2,0; is an orthogonal involution we can, without loss of
generality, further suppose that for p = 1,...,m the o0, are also orthogonal
involutions defined by

op(ip) = —~ip, 0p(Jp) = Jp, Op(kp) = kp.

Now that we have defined the appropriate notation, we focus our attention
on coustructing 6,, € ®,(Q;, ;) such that 0(0) = ¢,(X) for o0 = @, 0;.
In some sense, 6,, can be understood as an element which structures the
norm form of ®,(Q;,0;). Note that the tensor structure between elements
of different quaternion algebras will be implied, i.e.

iriafs = (1 ®1®1)(1®iR1)(1®1® j3) =i @iy ® J3
with the involution o = ®?_,0; acting diagonally.

Theorem 2.3.2. Let ®7_,(Q;,0;) be a split K—algebra and assume o =
X 05 158 an anisotropic involution. If n < 3, then q, is a Pfister form.

Proof. We proceed in a case-by-case basis:

1. Let K(X) = K(Xl,XQ) and 01 = X1 + ilXQ. Then, since (0'(91)91)
= X? — a1 X?, we have that b, (61v,6,w) = (X7 — a1 X3)b,, (v, w) for
all v,w € V @y K(X). Hence qg, (X1, X5) = X7 — a1 X3 € K(X) is
a similarity factor for ¢y, ., which implies g5, = (1, —a1) C g, (see
[Lam05] Ch IX. Corollary 2.10). Since dim(g,) = 2 we have

({a1)) = (1, —a1) = ¢

2. Let K(X) = K(Xl, ce 7)(4) and 62 = Xl + ’ilXQ + j1i2X3 + k1i2X4.
Then. since 0(62)0y = X7 — ay; X3 — bjaa X3 + a1bias X7, we see that

by, (620, w) = (X12 - othQ2 — b1a2X§ + alblang)bqa (v, w)
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for all v, w € Vi (x). By the same reasoning as in the previous case and
vice-versa. However, if Q) is split this means that (1, —ay, —by,a1by)
is hyperbolic meaning that b; € ((ay)). We conclude that gy, =
({ay,b1a9)) = q,. Moreover, if either ()1 or @5 is split we must have the
other is split as well since, by assumption, )1 ® ()5 is split., It follows
that by € ({a1)) implies that

((a1, a2)) = g,

3. Let K(X) = K(Xl, tee ,Xg) and 93 = X1 + ilXQ +j1(i2X3 +j2i3X4 +
k2i3X5) + kfl(’igXﬁ + i2j3X7 + ZQkSXS) As in the preceeding cases,
computing o (03)05, we conclude that

4o = <<CL1>> J_ —blbgag <<CL2>> _L alblagbg <<CL3>> _L _b1a2 ((a1a2a3>> .

It may seem surprising at first, but ¢, is, in fact, a Pfister form. To see
this we can simply compute the dimension, discriminant and Clifford
invariants of ¢, i.e.

dim(Qa) = 17 (QU) = 17w(q0) = Ql & QZ X QS =1

See Appendix A for a more detailed calculation of the Clifford invariant.
[

Remark 2.3.3. Although we verified the algebraic invariants necessary for a
quadratic form to be a Pfister form, this was redundant as the characteriza-
tion of Pfister form described in Equation 2.2 implies that the involution norm
0(0,,)0,, describes a Pfister form for m < 3. Moreover, we did not need to ex-
plicitly assume anisotropy in the cases we have discussed thus far, as gy, (X)
being a similarity factor for an isotropic form (¢, )x(x) = (¢an) x(x) L rH im-
plies that gp,, (X) is a similarity factor for (¢.,)x(x). Indeed, if ¢, is isotropic
then dim(q,,) < dim(q,) but given that gy, (X) is a similarity factor for qq,
this means dim(qgp,,(x)) < dim(qs,) which is a contradiction unless g., = ¢
or q, is hyperbolic. Using Theorem 2.3.1 and considering the dimensions of
Qo,, for m =1,2,3 we can use these facts to reduce to the case that either

1. ¢ is hyperbolic.
2. Gan = 4o = 46, -
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This is just the restatement that isotropic strongly multiplicative forms are
hyperbolic (see [Lam05, Theorem X.2.9]).

A particularly important work towards this direction was carried out by
Shapiro in [Sha77a| through his analysis of determining quadratic forms by
means of studying its similarity factors. In the language of [Sha77al, the
claim that 6, is a Pfister element is equivalent to the claim that (V) q,) is
a Pfister form given that ¢,,, is admissible in Sim(V). A key distinction
between our work and that of [Sha77a| and [Sha77b] is that our approach de-
termines both the space of similarities along with the associated Pfister form
both completely and constructively using only properties of the involution.
In contrast, [Sha77a| argues by induction on a small set of similarity factors
to induce additional structure on the quadratic form.

One motivation in studying similarity factors is their relationship to quater-
nion algebras equipped with involutions, a connection which forms the basis
of the Pfister factor conjecture [Sha77b|. A proof of the Pfister Factor Con-
jecture was first given by Becher,

Theorem 2.3.4. [Bec08] Let n € N and let (A,0) be a K-algebra with in-
volution such that deg(A) = 2". There exist K -quaternion algebras with in-
volution (Q;, 0;) such that (A, o) = QI (Q;,0;) if and only if, for every field
extension L/ K, the L-algebra with involution (A, o)y, is either anisotropic or
hyperbolic.

Remark 2.3.5. In the course of the proof, Becher offered several analogous
characterizations of his result. However, none of the characterizations ad-
dressed the explicit structure of the Pfister form associated to the involution
in terms of the involutions on quaternion K-algebras.

2.4 An example: Pfister elements and embed-
dability

In this section, we give an example of using Pfister elements to determine em-

beddability from a computational point of view. In other words, what forms

lend themselves to embed into m-fold Pfister forms naturally and what forms
impose conditions on the coefficents of the underlying algebra. We briefly
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consider the example of Albert forms once more.

We proceed to show that elements which belong to a tensor product of m
split quaternion K-algebras satisfying

by, ((0(0)0)v, w) = by, (4o (X)v, w)

where ¢, is assumed to be anisotropic are m-embeddable. Firstly, we observe
that if (Q;, 0;) = (Ma(K), 04,) with ¢; = ((a;)), a; € K* then @, (My(K),0;) =
(Maym (K), 0,4) where ¢ = ((a1, ..., am)). We denote (Xq,..., Xom) by X and
suppose there exists § € @, My (K (X)) satisfying

0(0)0 = p(X) € K(X)",

where p(X) is a homogeneous polynomial of degree 2. Then it follows by
Theorem 2.3.1 that p C ¢ = ((a1,...,am,)), i.e. pis m-embeddable. As a
consequence of this reformulation, we are better able to understand the nec-
essary conditions which allow us to embed a quadratic form p into an m-fold
Pfister form ¢. Indeed, to demonstrate the advantage of our approach, we
revisit the problem of embeddability for Albert forms in Section 1.3.

amy bm

K
be the quaternion K-algebra generated by {1,im, jm,kn} with the asso-
ciated orthogonal involution o, : @,, — @,, defined by the mapping
Om(im) = —im. We would like to explicitly construct the element in ®3_;Q;
corresponding to the Albert form. Consider the element

Following the notation introduced in the previous section, let Q),,, =

o = jl (’iQXg —+ j2i3X4 + k2i3X5) + /{31 (i3X6 -+ i2j3X7 -+ ’iQk?ng) € ®?:1QZ'

and let o denote the associated orthogonal involution ®3_,0; on ®3_,Q;. By
the construction of «, we have

O'(Oé)Oé = —blang—blbgang—|—b1a2b2a3X§+a1b1a3Xﬁ2+a1b1a2b3X$—alblagagngg

Assume ®3_,Q; = M,:(K) (this is equivalent to the condition that o be
adjoint to a symmetric bilinear form), if ¢ is an anisotropic involution then
it follows from Theorem 2.3.1 that

o = (—b1az, —bibyas, —biasboasz) L (aibias, aibiasbs, —aibiasasbs) C qo-.
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Note that, despite the fact that it seems universal, we know by Lemma
1.3.6 that it will ultimately fail. In particular, since dim(q,) = 6 and
det(qo) = —a; we have that by [Lam05, Corollary XII.2.13] ¢, is an Al-
bert form if and only if det(q,) = —1, i.e. a; = 1. However, a; = 1 implies
(Q1,01) = (My(K),H), which means that ¢, is isotropic hence hyperbolic,
since by [Lam05, Theorem X.1.7|, isotropic Pfister forms are (necessarily)
hyperbolic.

To demonstrate the usefulness of our approach, we repeat the above argu-
ments with a slight modification. In what follows, we highlight the flexibility
inherent in the constructibility of Pfister elements along with their power to
reveal deeper structure. Let us choose

o = J1ju(i2Xs + Joiz Xy + koiz Xs) + k1 (13X + i23 X7 + i2k3 Xs) € ®5_,Q;
then o(a)a is equivalent to
—byagby X5 —b1baazby X7 +brasbaazby X7 +a1biaz Xg+arbiasbs Xz —arbiasazbs Xg
and ¢, is given by
<—blazb4, —b1baasby, —bla252a3b4> 1 <a1bl(13a aibiazbs, —a151a24353> C Go-

In similar fashion as before, it follows that, dim(q,) = 6 and det(q,) = —ab;.
Therefore, by choosing by = a;(K*)? we have ¢, is an Albert form that is 4-
embeddable in ¢, if and only if ¢, is anisotropic. The condition that b4 lie in
the same square class as a; is one of many different conditions imposed by our
choice of a. The precise choice of a makes arguing in general difficult given
the intractability of the associated computation. In particular, we conjecture
the following:

Conjecture 2.4.1. Consider (A4, 0) = ®F ,(Q;, 0;) where (Q;, 0;) is a quater-
nion Q-algebra equipped with orthogonal involution ¢;. The computational
complexity of determining all Pfister elements 6,,, € A is ©(2P(™) where p(n)
is a polynomial function of n.
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Chapter 3

Hermitian forms

In this section, we will clarify some ambiguity in the literature over the
reduction theorem for e-Hermitian forms over rings in the case that the base
ring contains % The topics covered here are largely background material and
the reader is encouraged to consult with either [Knu91| or [Sch85] for a more
detailed exposition.

3.1 Sesquilinear forms

Let A be a associative unital ring such that 2 € A*. An involution on A
is a map 0 : A — A such that o is an anti-automorphism of order 2, i.e.
oz +y) =o(x)+o(y), o(zy) = o(y)o(x), o(o(x)) = z and (1) = 1 for
all z,y € A. Note that the definition given here coincides with that of an
involution on a central simple K-algebra given in Section 2.2, where the last
condition ensures trivial action over a base field by K-linearity. We will retain
prior conventions and denote a ring A carrying an involution o by (A, o).

Example 3.1.1. We give some examples of rings carrying an involution.

1. Let K be a field of characteristic # 2. The central simple K-algebra
M,,(K) equipped with the transpose involution is a ring with involution.
Moreover, any central simple K-algebra equipped with an involution is
a ring with involution.

2. Consider A x A equipped with a map

€:AXA? — A X AP
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defined by sending (z, y?) — (y, 2°"). We call (Ax A, €) the hyperbolic
ring of A, denoted by H(A).

3. Observe the matrix ring M5(A) equipped with a map o : My(A) —

M, (A) defined by
fa b . d —b
7 \¢ d —c a )’

It is easy to see that (Ms(A), o) is a ring with involution. In particular,
observe that o(x)r = det(z)l,, for all z € My(A). Tt turns out that o
is the only linear map on Ms(A), such that (1) = 1 and o(x)z € A
[KMRT98, Exercise 1.5.2].

We begin by considering a right A-module M, denoted by M 4. A sesquilinear
form on M, is a bi-additive map

s MxM-—A

such that s(za,yb) = o(a)s(z,y)b for all x,y € M and a,b € A. Alterna-
tively, we may also say that (M, s) is a sesquilinear form on (A, o). Let us
proceed by defining a duality for M with respect to o which will allow us to
define a correspondence akin to that between bilinear and quadratic forms
in previous chapters.

We start by considering the dual module of M, denoted by M*, which we
identify with the right A-module (MY)s = Homa(My, A) defined by the
action

(fa)(m) := o(a)f(m),

for a € A,m € M. Notice that, without the existence of an involution o we
would have to restrict ourselves to only considering the natural left A-module
structure on M"Y with action given by (af)(z) := af(x). Using the module
structure induced by the involution we will be able to define a duality giving
us a correspondence between Hermitian forms and sesequilinear forms. Now,
taking the dual module of M = M™* once again, we obtain the double dual
M** and a natural transformation cany : M — M** defined by sending
m — m*™ with m™(f) := o(f(m)) for all f € M*.
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Lemma 3.1.2. [Knu91, Proposition 1.3.1.2] If My is a finitely generated
projective (right) A-module, then

cany c M — M™

1$ an isomorphism.

Proof. We reduce to the case where M = A. Recall that by construction,
M** = (MY)Y (see [Knu9l, Lemma 1.2.1.1]). By projectivity of M we may
assume that M @& N = A* for some k € N. Since Hom4(—, A) preserves
direct sums i.e. Homa(My @ Na, A) = Homy(Ma, A) @ Homa(Ny, A) we
have that canx is an isomorphism if and only if can,; and cany are both
K-isomorphisms. Following this line of reasoning we show canyx is an iso-
morphism by reducing to the case of showing can, is an isomorphism which
follows trivially by construction. O

Let (M,s) be a sesquilinear form on (A,c). We define the left adjoint
of (M,s) to be the A-linear homomorphism s, : M — M* defined by
si(x)(y) = s(x,y) for all z,y € M. Similarly, we define the right adjoint
of (M,s) to be the A-linear homomorphism s, : M — M* defined by
sp(x)(y) = s(z,y)* == o(s(y,x)) for all z,y € M. In particular, A-linear ho-
momorphisms naturally induce sesquilinear forms. Indeed, given an A-linear
homomorphism h : M — M*, we define a map

ShIMXM—>A

by setting s,(x,y) := h(z)(y) for all x,y € M. It is then easy to check
that h induces a sesquilinear form (M, s) on (A,0). We denote the set of
sesquilinear forms on (A, o) by Sesq, (M) and observe that the left (or right)
adjoints induce a correspondence

Sesqu (M) <— Homy (M, M™).
Moreover, this correspondence can be understood as an isomorphism of Z(A)-
modules where Z(A) denotes the center of A carrying a natural left action on
both Sesq, (M) and Hom (M, M*). For e = £1, we say that a sesquilinear
form s € Sesq, (M) is e-Hermitian if s, = esy, i.e.

s(z,y) =es(x,y)" = eo(s(y,x)) forall z,y € M.
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An equivalent formulation in terms of corresponding elements over Hom 4 (M, M*)
is obtained by first considering the adjoint s* of a sesquilinear form s. We
know that (s%),(x)(y) = s*(z,y) = o(s(y,x)) by construction and recall-
ing that m**(f) := o(f(m)) we get o(s(y,z)) = 2**s;(y). Now, x**s/(y) =
(s1)*(x**)(y) since ¢*(f) = f¢ whenever ¢ € Homa (M, M*) and f € M*.

By definition of can,; we can rewrite the latter term (s;)*(2**)(y) as (s;)*cany,.
Combining the above relations we obtain (s*); = (s;)*canys and by extend-
ing the earlier definition of e-Hermitian forms to the adjoint we have that an
element h € Hom (M, M*) is called e- Hermitian if h = eh*cany;.

Now let us consider the Z(A)-module homomorphisms S, : Sesqu (M) —
Sesqu (M) given by
Se(s) = s+ es™.

Firstly, we notice that since 2 € A* we have ker(S_.) = im(S,). Indeed, it is
easy to see that im(S.) C ker(S_.) and the reverse containment is a conse-
quence of the fact that s = Fs+e€is* for any e-Hermitian form s € Sesqa(M).
We remark that ker(S_.) = im(S.) = Sesq,(M)/ ker(S,) and note that ele-
ments of im (.S, ) are generally referred to as even e-Hermitian forms. However,
in our considerations e-Hermitian forms and even e-Hermitian forms are one
and the same, so we will use the terms interchangably.

To define e-Hermitian forms in terms of Hom4 (M, M*) we first observe a
Z(A)-module homomorphisms S, : Homy (M, M*) — Hom (M, M*) given
by

Se(h) = h + eh*cany,.

and notice that ker(S_.) = im(S.). To see this, observe that im(S.) C
ker(S_.) since (h + eh*cany;) — €((h + eh*canys)*cany, is equivalent to (h —
(h*canys)*canys) + e(h*cany; — h*canyy), which is precisely the additive iden-
tity given that (h*canys)*canys) = can} h**cany = canj},cany<h = h. The
reverse equality follows similarly to the previous case, h = %h + %h =
%h + %eh*canM, since h € ker(S_,) is equivalent to h = eh*cany,.

Let Proj(A) denote the category of finitely generated projective right A-
modules and Sesq(M) the set of e-Hermitian sesquilinear forms over M. We
call a pair (M, s) with M € Proj(A) and s € Sesq(M) an e-Hermitian mod-
ule. Furthermore, we say that a sesquilinear form s is non-degenerate if s; and
s, are A-module isomorphisms. Combining these notions, we write herm.(A)
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to denote the category whose objects are non-degenerate e-Hermitian mod-
ules and whose morphisms consist of A-module homomorphisms f : M —
N such that so(f(x), f(y)) = s1(z,y) for all x,y € M with (M, s1),(N, s2) €
Ob(herm,(A)). Similarly to the case of quadratic forms, we refer to the mor-
phisms in the category herm.(A) as isometries.

Remark 3.1.3. We now make an extended but crucial remark regarding
unitary or (e, \)-quadratic forms. First introduced by Bak in [Bak81| as a
quotient of Sesqy (M), its theoretical contribution was meant to generalize
most of the preceding arguments to characteristic 2. In keeping with this
generality, both [Knu91| and [Sch85| develop important results regarding
transfer and reduction in terms of these unitary forms. Since our consid-
erations are limited to characteristic # 2, we wish to avoid the unnecessary
addition of technicalities and notation. However, to reference results from the
aforementioned authors it will be necessary to at the very least demonstrate
the equivalence of definitions in our setting. For a projective left A-module
M and € = +1 we define

Sesq (M) :={f € Hom(M, M*) | f + ef*cany = 0}.

Sesq_ (M) :={f —ef*cany | f € Hom(M, M™*)}.

A wunitary (e, Ajyr) — module is an element of Hom (M, M*) /Ay, where M is
a projective left A-module and A, satisfies

1. Ajs is an additive subgroup of Hom(M, M*) such that

Sesq_. (M) C Ay C Sesq “(M).

2. f*Ayf C Ay for all f € Hom(M,N) where N is a projective left
A-module.

We can see that by definition, any (e, A)-unitary form [h] € Hom(M, M*) /Ay
is uniquely determined by its even e-Hermitian form representation, h +
eh*can,s. From our considerations regarding S, we see there is a one-to-one
correspondence between even e-Hermitian forms and elements of

Hom (M, M*)/ ker(S.) = Hom(M, M*)/Sesq “.
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In particular, the isometries (morphisms) of even e-Hermitian forms and uni-
tary forms coincide as well (see [Knu91, Remark 1.5.3.3] and [Sch85, Lemma
7.3.6]). As a consequence, we note that the theory of unitary forms coin-
cides completely with that of even e-Hermitian forms in our context [Sch85,
Remark 7.3.4]. This concludes our remark.

Just like in the case of bilinear forms, we have a natural addition operation
in herm.(A) given by taking orthogonal sums. To be precise, we define the
orthogonal sum of two e-Hermitian spaces (M, s;1) and (N, s3) as

(Masl) 1 (N752) = (M@N751@52>7

where (s1 @ s3)(my @ ny, me G na) = s1(my, ma) + s2(nqy, ng) for my, my € M
and ny,ny € N. Additionally, for P € Proj(A) we have the notion of a
hyperbolic e-Hermitian space H(P) given by:

He:= (P& P H,),

where He(p1 @ qf,p2 ® ¢3) = qi(p2) + eo(g3(p1)) for all pi,po € P and
q;,q5 € P*. Any e-Hermitian space isometric to H¢ for some P € Proj(A)
is called e-hyperbolic. This naming scheme is appropriate as it turns out
that e-hyperbolic forms share much in common with their counterpart in the
classical theory of quadratic forms over fields. That is to say, over a split-
ting field, such as the algebraic closure, the e-Hermitian forms associated to
an orthogonal involution are precisely the hyperbolic forms in the theory of
quadratic forms.

Lemma 3.1.4. Properties of e-hyperbolic forms,

1. If (M, s) is a e-hyperbolic Hermitian space then, (M, \s) is also an
e-hyperbolic Hermitian space for any \ € Z(A)*.

2. For P,() € Proj(A), H(P® Q) = H(P) ® H(Q).

Proof. These results follow immediately by applying the definition of H¢(P).
]

We have seen that the structure of nonsingular e-Hermitian modules behaves
well in terms of hyperbolicity and orthogonal sum. This extends to decom-
position in the following sense: Let (M, s) € Ob(herm.(A)). f M = P& Q
and s(P, Q) =0, then (M, s) = (P,s |par) ®(Q, s |gag). In this case we say
that (P, s |pgp) is a subspace of (M, s).
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3.2 Reduction and equivalence

We begin by restating the reduction criterion demonstrated in [Knu91, The-
orem I1.4.6.1] making use of the fact that 2 € A* to express the result in
terms of the category of e-Hermitian spaces.

Theorem 3.2.1 (Reduction criterion). Let A be a finite dimensional K-
algebra with involution o and denote by rad(A) the radical of A. The canon-
ical reduction functor

F : herm,(A) — herm.(A/rad(A))
has the following properties:

1. F is essentially surjective and preserves orthogonal sums.

2. Any isometry in herm (A/ rad(A)) can be lifted to an isometry in herm (A).

Proof. The proof follows [Knu91, Theorem 11.4.6.1] and [Sch85, Theorem
7.4.4] with the following modifications. We reduce the general case of invari-
ant ideals to that of the radical, which is in fact invariant by [Knu91, 11.4.6]
(it is easy to see o(rad(A)) = rad(A)). Furthermore, completeness in the I-
adic topology (see [Knu91, §11.4.5]) follows trivially since all ideals contained
in the radical are nilpotent in a finite dimensional algebra by Nakayama’s
Lemma. Finally, following Remark 3.1.3, we can view unitary (e, A)-unitary
spaces as e-Hermitian spaces and arrive at our result. O

The reduction criterion allows us to transfer arguments concerning the struc-
ture of e-Hermitian forms over finite dimensional algebras to division alge-
bras. Firstly, we observe it is not necessarily that case that a finite dimen-
sional K-algebra A is semisimple. However, semisimplicity is guaranteed once
we quotient out the radical i.e.

A/rad(A) 2 A; x -+ x Ay,

for some n € N and finite-dimensional simple algebras A;,..., A,. Since
our algebra A carries an involution o and rad(A) is invariant under such an
involution, we would like to have a decomposition which is also invariant
under 0. By [Knu91, /.7.2.8] such a decomposition exists and is structured
as follows:

Ajrad(A) = Ay - x Ay, x H(By) X -+- x H(By,),
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where A; are finite dimensional simple Z(A4;)*-algebras, such that o(4;) = A;
and H(B;) is the hyperbolic ring of a simple finite dimensional Z(B;)*-
algebra B; invariant under 0. What we have effectively shown by the ar-
guments above is that every e-Hermitian A/rad(A)-module decomposes as a
product of e-Hermitian A; modules where A; can be realized as a finite dimen-
sional central simple Z(A)-algebra. A more detailed explanation following
this line of reasoning is given in [Knu91, Example 11.5.2.5 and Proposition
11.5.2.6].

We can now trace the ideas leading up to this point as follows (see [Knu91,
§11.6.6]). We wish to study e-Hermitian forms over arbitrary rings A carry-
ing an involution o. To focus our considerations we restricted our rings by
requiring that A is a finite dimensional K-algebra such that 2 € A*. As a
consequence of these restrictions we observed a reduction functor F with the
property that isometries of finitely generated A /rad(A) modules carrying an
e-Hermitian form with respect to o can be lifted to herm.(A). Moreover,
by the decomposition of semisimple modules respecting the involution o, we
can reduce our considerations even further to herm.(A;), where A; is a fi-
nite dimensional simple Z(A;)-algebra with involution o. By Wedderburn’s
Theorem such algebras are isomorphic to M;(D) for some [ € N and D is
a Z(A])-division algebra carrying an involution ¢’. We may describe D in
terms of an endomorphism End 4, (M) where M is a simple A;-module. This
alternative form is useful as we are able to apply techniques from Morita
theory to reduce our considerations even further down from herm.(4;) to
herm, (D).

Let P be a faithfully projective right A-module. Recall that P is faithfully
projective if P is finitely generated as an A-module and P ® 4 N = 0 implies
N =0 for any N € Proj(A). We wish to define an equivalence of categories
between herm.(A) and herm.(End4(P)). The first necessary step to take in
this direction is to define an involution on End 4 (P) induced by the involution
on A. In this regard, let us assume (P, s) € herm.(A) and consider the (left)
adjoint s;. We define an involution sy on End4(P) by the mapping:

s s
Furthermore, we may define the e-Hermitian form

sh: P x P —s End(P)
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where sg(z,y) is the map (x ®4 s(y)) : p— - 5(y)(p) (see [Knu9l, 1.9.2]).
Then we may state Morita equivalence for Hermitian modules as follows,

Theorem 3.2.2. [Knu91, Theorem 1.9.3.5] Let (P, b) be a €y-Hermitian mod-
ule over (A,0) and B = End(P) with e + 1. If P is faithfully projective,
then the functor

F : herm.(A) — herm,., (Ends(P))
defines an equivalence of categories given by
F:(M,s)— (M ®y P, sps).

An important Corollary of this result applies to central simple k-algebras.
Let A be a central simple K-algebra with involution o, by Wedderburn’s
theorem, we have A = M, (D) for some n € N and central division k-algebra
D. Since every projective module P over A is faithfully projective we obtain
the following as a consequence,

Corollary 3.2.3. Let (A,0) be a central simple K-algebra with involution.
If A= M, (D), then D has an involution T such that

F : herm.(A) — herm,. (D)

18 an equivalence of categories for some eg = £1. In particular, hyperbolic
spaces of A correspond to hyperbolic spaces of D.

We conclude this chapter by stating and proving the following result which
parallels [Sch85, Corollary 11.7.11.4] and [Knu91, Proposition I1.7.1.1] in de-
scribing all e-Hermitian forms of equal rank as twisted forms of the same
element over the algebraic closure.

Proposition 3.2.4. Let A be a finite dimensional K-algebra with involution
o. If (M,hy),(N,hy) € herm.(A) such that rank (M) = ranka(N), then
(M @ K™ hy)~ (N ® K hy) as A®@ K% -modules.

Proof. We start by observing that by the Reduction criterion Theorem 3.2.1
it suffices to consider the case where rad(A) = 0. In particular, we may
without loss of generality, assume that

A=A %X A,
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where A; are finite dimensional simple Z (A )-algebras such that o(4;) = A;.
Furthermore, since every e-Hermitian module over a direct product decom-
poses as a direct product of e-Hermitian modules, we may once again reduce
our considerations to considering A such that (A® L,o®idy) = (M,(L), 1),
where L is a separable Galois extension of Z(A;). Consider the faithfully
projective right M, (L)-module (L™, n (1)) € herm.(M, (L)), where n (1) =
(1,...,1). Using the Double Centralizer Theorem (see |[KMRT98, Theorem
I.1.5]), we see that Endyy, ) (L") = L and by Morita equivalence we see

F : herm (M, (L)) — herm.(L)

is an equivalence of algebras. Now since the theory of 1-hermitian spaces
coincides with that of symmetric bilinear forms over K9 and the theory of
—1-Hermitian spaces coincides with that of alternating forms, in each case
we may leverage our understanding of the latter to show:

(M ® Kalgahl) = (N ® KalgahQ)’

In other words, since any two symmetric bilinear forms (or skew-symmetric
bilinear forms) of equal dimension are isometric it suffices to let L = K.
In this case we see that by equivalence of categories F(M, hy) = F(N, hy) if
and only if rank 4 (M) = rank4(N). O
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Chapter 4
Algebraic groups

In this chapter we give a brief overview of algebraic groups and introduce only
the notions necessary for our later use. There are several classic resources for
the study of algebraic groups. For a more detailed investigation, the reader
is encouraged to visit any of [Bor91|, |[Hum75| or [KMRT9S|.

4.1 Preliminaries

An affine algebraic group over a field K is an affine variety G over K, with
a group structure such that the maps,

w:GxG— G,

u(g, h) = gh

and
t: G — G,

Wg) =g ",

are morphisms between algebraic varieties corresponding to multiplication
and inversion respectively.

Examples 4.1.1. Examples of affine algebraic groups.

1. The additive group G, = Spec K[X] is a 1-dimensional, irreducible,
affine algebraic group.
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2. The multiplicative group G,, = Spec K[X, X '] is a 1-dimensional,
irreducible, affine algebraic group.

3. The general linear group GL, = Spec K[X11,..., Xpn, D] with D =
det(X;;) is a n®>-dimensional affine algebraic group.

The last example is of particular importance since it follows by [Hum75,
Theorem 8.6] that G is an affine algebraic group over K if and only if G is
a closed subgroup of GL,, for some n € N. We will sometimes refer to affine
varieties which can be realized as subgroups of GL,, for some n € N as linear
algebraic groups. For example, the subgroups SL, (matrices of determinant
1), U, (upper triangular matrices), D,, (diagonal matrices) of GL,, are all
examples of affine (linear) algebraic groups.

Consider the affine algebraic groups G, G’. A map ¢ : G — G’ is a morphism
of algebraic groups if it is both a group homomorphism and a morphism of
affine varieties. As a consequence of this definition, it is easy to see that
ker(yp) and Im(yp) are closed subgroups of G and G’ respectively and

dim(G) = dim(ker(¢)) + dim(Im(yp)).

We say an affine algebraic group G over K is connected if it is irreducible
as an algebraic variety over K. In other words, if G = Gy U--- UG, is a
decomposition of G into its irreducible components (as a algebraic variety)
and 1 € G where 1 is the identity component of G' then we say that G is the
connected component of G' denoted by G°. In other words, G is connected if
and only if G = G°.

Example 4.1.2. Below we present some classical examples of con-
nected algebraic groups.

1. The additive and multiplicative groups G, and G,, are both connected
algebraic groups.

2. The orthogonal group O, is a linear algebraic group with Q% = SQ,,.

3. The general linear group GGL,, is a connected algebraic group, i.e GL,, =
GLY.
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Note that the linear algebraic group O, corresponds to the group of all
isometry classes of the quadratic form n (1). Indeed,

O,.(K)={M € GL,(K) | MI,M" = 1,,}.

A non-trivial, connected, algebraic group G is called simple if it contains
no non-trivial connected normal closed subgroups over K%9. Analogously,
we say that a non-trivial connected algebraic group G is semisimple if G
contains no non-trivial connected normal solvable subgroups over K%9. As
a consequence, a direct product of simple algebraic groups is by definition
semisimple.

Examples 4.1.3. Below we present examples of simple and semisimple al-
gebraic groups

1. The group SL,, is a simple algebraic group.
2. The group SO,, is a simple algebraic group.
3. The group PGL, is a semisimple algebraic group.

The maximal connected, normal, solvable subgroup of an algebraic group G
is called the radical of G and is denoted by R(G). It follows from this defi-
nition that a connected linear algebraic group G is semisimple if R(G) = 1.
For instance, SL,, is semisimple since R(SL,) = 1. Similarly, we call the
maximal connected, normal, unipotent subgroup of an algebraic group G the
unipotent radical, denoted by R,(G), and say that an algebraic group G is
reductive if R,(G) = 1. For example, GL,, is a reductive group. It follows
from the preceeding definitions that for any algebraic group G, G/R(G) is
semisimple and G/R,(G) is reductive. In particular, since R,(G) C R(G)
we have that every semisimple group is automatically reductive.

An affine algebraic group 1" over K which decomposes as a direct product of
copies of G,, over the algebraic closure is called a torus i.e.

TKalg = (Gm)n

for some n € N. We say that a torus is split if T' = (G,,)" for some n € N
over the base field K. Along the same lines, we declare a reductive algebraic
group G as split if G' contains a split torus which is maximal with respect to
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inclusion among tori in G. It turns out that tori play a central role in the
structure and classification of algebraic groups. In this direction, we define
the rank of an algebraic group in terms of the dimension of the split torus
i.e. rank(G) = n if and only if T C Gy where T' is a split maximal torus
such that T = (G,,)". This is well-defined as all maximal tori are conjugate
by [Bor91, Theorem II1.10.6]. We now proceed to set-up the machinery
necessary for the classification of certain types of algebraic groups.

4.2 Root systems

In this section we present the classification of all split semisimple affine alge-
braic groups. See [Bor91, §24.A|, [KMRT98, §25| or [Hum?75, §35] for a more
in depth discussion of the classification.

Let V be a vector space over R equipped with the (non-degenerate) symmet-
ric bilinear form (-,-) given by the Euclidean inner product. For any given
non-zero vector v € V', we define the reflection s, : V.— V to be the linear
transformation on V' given by

A finite subset ¢ C V of non-zero vectors is called a root system if the
following axioms are satisfied:

1. ¢ spans V as an R-vector space;
2. If a € ¢, then RaN ¢ = {£a};
3. If a, B € ¢, then s,(5) € ¢;

4. If o, B € ¢, then 2% €z

We define the rank of the root system ¢ to be the dimension of the associated
vector space V over R. Along these lines, we say that {aq, -+ ,a,} C dis a
basis of the root system ¢ if {ay, -+, «,} is a basis of V over R and for any

a € ¢ we have that
n
o = ZT’Z'OCZ'
i=1
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where r; are all integer coefficients of the same sign. A root is called positive
if all coefficents in terms of the basis of the root system are positive integers.
Alternatively, a root is negative if all coefficents are negative. We define the
Weyl group of ¢, denoted by W(¢), to be the subgroup of GL(V) generated
by all reflections s, for a € ¢. It follows from the definition of a root system
that the Weyl group W (¢) must be finite, since ¢ is finite, and that W (¢)
must permute the roots of ¢, as it is generated by reflections along roots
a € o.

Fix a basis Il C ¢ of the root system ¢. We define the Dynkin diagram to be
a directed graph with vertices indexed by elements of II and the number of
edges between two vertices o, o; € II given by 4%% That is to say,
the number of edges nq,q,, is determined by the angle between «; and ay.
We choose the edges in the Dynkin diagrams of Theorem 4.2.1 to represent
the order of s,sg in the Weyl group, whenever an edge joins two simple
(indecomposable elements) roots « and . Although there may, in general,
be multiple different choices of basis II C ¢, it turns out that the Dynkin
diagram of ¢ does not depend on the choice of basis. Moreover, it preserves
the structure of the root system associated to an algebraic group G, so that
we can recover the Weyl group W(¢) of ¢ from its Dynkin diagram. To see
this let m;; = 2,3,4,6 correspond to the number of edges joining roots o
and aj ie. 0,1,2,3 then,

{Sare oSl (507 = 1, (o)™ = 1},

We say that a root system ¢ of V is called irreducible if there does not
exist a partition ¢, C ¢ such that ¢; N ¢y = @ and (g, az) = 0 for all
a1 € ¢1 and g € ¢o. In fact, the irreducibility of a root system ¢ is precisely
equivalent to the connectedness of the associated Dynkin diagram of ¢. The
formal language we have thus far established puts us in a position to state
the main result of this section that all Dynkin diagrams of irreducible root
systems can be classified into one of 9 types,

Theorem 4.2.1. [Hum75, Appendiz. Root Systems| Dynkin diagrams can be
classified into four classical types An(n > 1), B,(n > 2),Cy(n > 2), D,(n >
3) and five exceptional types, Fg, E7, Es, Fy and Gy where the subscript de-
notes the rank of root systems:

(4,) O+ O0—0—0—0—0



(Es)

So how do we get a root system out of a split affine algebraic group? We
use the character group of the torus. Without loss of generality, choose a
split maximal torus 7' C G (note that all maximal tori are conjugate so this
choice is well-defined) and denote by T := Hom(7, G,,) the character group
of T. Note that since T is a split maximal torus, we have that

where n = rank(7"). We will show that by combining the Lie algebra asso-
ciated to G and a particular representation of G, it is possible to exhibit a
root system ¢ C T which will allow us to classify G' (up to isomorphism) by
the Dynkin diagram associated to the root system ¢. Firstly, consider the
adjoint representation

Ad: G — GL(Lie(G))
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where Lie(G) is the Lie algebra associated to G over K. We say that a
character a € T* is called a weight of the adjoint representation with a
weight subspace L, given by

Lo(K) = {l € Lie(G) | Ad(t)l = a(t)l for all t € T(K)}.

It follows we can use the weight subspaces (see [KMRT98, §22]) to decompose
Lie(G) i.e.
Lie(G) = @4 La,

where we sum over all non-zero weights «. This latter fact gives us the
representation to determine the root system of G.

Theorem 4.2.2. [KMRT98, Theorem VI.25.1] Let G be a split semisimple
algebraic group and let T C G be a split mazximal torus. The set of non-zero
weights a of the decomposition Lie(G) = @4 Ly is a root system in T*.

We briefly recall the context of the previous sections. Let G be a split
semisimple algebraic group and 7" C G be a split maximal torus. We define
the root system ¢(G) = {0 # a € T*} consisting of non-zero weights a com-
ing from the representation of Lie(G) = ®,L,. We proceed by associating
two lattices associated to ¢(G) in order to setup our next classification result.
We define A, to be a root lattice of ¢ if

A, = spang(ay, ..., ay),

where «; are the roots of ¢. Alternatively, we call A, the weight lattice of ¢
whenever

A, ={teT|a’(t) € Z for all a € ¢},

where oV : T — R is defined by aV(t) = 2 (;";). We say that G is simply
connected if T* = A, and G is adjoint if T* = A,.. In particular, notice that
A, CT* CA,.

—
=

We conclude this section with the classification of split simple affine algebraic
groups of classical type over a field K,

Theorem 4.2.3. Let G be a split simple affine algebraic group of classical
type. Then we may classify G according to its type as follows,
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(A ):

(By):

(Cn)-'

(D)

(D)

If G 1s simply connected, then
G = SLp11(K),
otherwise, G = SLy, 1/, where k divides n + 1.
If G is simply connected, then
G = Spiny,, . (K).

If G is adjoint, then
G = SO9,41(K).

If G is simply connected, then
G = SpZn(K)7
otherwise if G is adjoint, then

G = PGSp,, (K).

In this case, n = 2m. If G is simply connected, then
G = Spin,, (K).

If G is adjoint, then
G = PGSOy, (K).

Alternatively, in the case G 1s neither simply connected nor adjoint we

have G = Q,(K) or G = Spinj,, (K).
In this case, n =2m + 1. If G is simply connected, then
G = Spiny,,.

If G is adjoint, then
G = PGSO, (K).

Alternatively, in the case G is neither simply connected nor adjoint

then G = Oy, (K).
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4.3 Multipliers of similitudes

In this section we summarize a classical result of Weil [W60] which shows
that there is a deep connection between algebras with involution and clas-
sical groups of adjoint type. In particular, we will see how the notions of
embeddability in Pfister forms and strong Pfister elements relate to those of
similitudes. For a more detailed discussion of these results see [KMRT98,
Chapter III| or [Sha77a].

We begin by introducing some preliminary definitions which will allow us to
state this connection more precisely. Let (A, o) denote a central simple K-
algebra equipped with involution o. Recall that by Skolem-Noether, we know
that every automorphism of A is an inner automorphism, in other words

Aut(A,0) ={Inn(a) : A — A | o(a)a € K*}.

To see why this equality holds, observe that a map f : (A,0) — (A,0) is
an automorphism if

foo=o0of.

Since f is an inner automorphism, this definition is equivalent to
as(—)a~! = o(a)"'o(=)o(a),

where f = Inn(a) = a(—)a™!, implying the desired equivalence. We denote
the group of similitudes of (A, o) by Sim(A, o) where

Sim(A,0) :={a € A" | o(a)a € K*}.

Associated to the involution o we define the multiplier map p : Sim(A, o) —
A* by p(a) = o(a)a.

Remark 4.3.1. Recall the construction of strong Pfister elements 6,, in
Section 2.4 and Section 2.3.2. We see that by necessity 6,, € Sim(A, o) when
A =®™,Q;. Moreover, by the computation of maximal admissible subspaces
in [Sha77a] we have an upper bound on the decomposition of elements coming
from Sim(A, o) determined by the degree of A, whenever A is a tensor product
of quaternion K-algebras. Alternatively, the elements of Sim(A, o) which are
maximal in terms of the number of elements they decompose into are precisely
the strong Pfister elements whenever A is a tensor product of quaternion K-
algebras.
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Example 4.3.2. Let (A4,0) = (Endg(V),0,) where dimg (V) = n. Then
the following hold:

1. Iso(A,0) :={a € A* | o(a)a = 1} can be identified with O(q) where

O(q) :={M € M,(K) | g(Mv) = q(v) for every v € V'},

2. Sim(A, o) can be identified with GO(q) where
GO(q) :=={M € M,(K) | ¢(Mv) = cq(v) for every v € V'}
with c € K*.
Considering the group of isometries in terms of p, it is easy to see that
Iso(A, o) = ker(u).
This induces the following exact sequences
1 — Iso(A,0) < Sim(A, o) 5 KX — 1,

1 — K* < Sim(4,0) Lony Aut(A,0) — 1

and an isomorphism Sim(A,0)/K* = Aut(A, o) where we denote the quo-
tient Sim(A, o)/ K> by PSim(A, o) and say that PSim(A, o) is the group of
projective similitudes of (A, o).

Example 4.3.3. Consider a,b € K* such that (a,b) is a quaternion K-
algebra equipped with an involution o.

1. If o is orthogonal, such that o(i) = —i, with i> = —a, then
Sim(A,0) = K(1)* UK(i) -v
for any v with the property that v € (a,b)* and v = —uvi.
2. If o is symplectic i.e. ¢ is the cannonical involution, then
Sim(A,0) = (a,b)”.
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Recall that for a € A,
char. pol. 4 o(X) = X" — ¢, 1(a) X" + cpa(@) X" — ...+ (=1)"co(a),

where ¢,_1(a) = Trda(a) denotes the reduced trace and co(a) = Nrd(a)
denotes the reduced norm. Then for any a € A, o(a)a = k € K* implies
that Nrda(o(a)a) = Nrda(o(a)) Nrda(a) = Nrda(k) which can be reduced
to

Nrdy(a)? = k*"

since Nrda(a) = Nrda(o(a)) and Nrda(k) = k> for every k € K*. We
classify similitudes into two groups: proper and improper similitudes. We
say a similitudes a € Sim(A, o) is proper if Nrds(a) = k™ and improper if
Nrdy(a) = —k™. Along these lines, we denote the group of proper similitudes
is by PSim, (A, o) while we denote the group of improper similitudes by
PSim_(A,o0). We have now established all the necessary terminology to
state the celebrated result of Weil.

Theorem 4.3.4. [W60] If G is an adjoint absolutely simple affine algebraic
group of classic type over a field K, then there exists a central simple K-
algebra A equipped with an involution o such that

G = Sim(A4,0)°,

where Sim(A, 0)° is the connected component of Sim(A, o) and can be iden-
tified with the set of proper similitudes, PSim (A, o).

We conclude this section by classifying all absolutely simple affine algebraic
groups of classical type over K motivated by the result of Weil,

Theorem 4.3.5. [KMRT98, §26] Let G be an absolutely simple affine (lin-
ear) algebraic group over K. The following hold:

1. If G s simply connected, then

YA,: G =SLi(A), where A is a central simple algebra of degree n + 1.

2A,: G =SU(A, o), where A is a central simple algebra of degree n+ 1
over L and L/K is a quadratic field extension with unitary invo-
lution o such that o|x = idg.

B,,: G = Spiny,_(q), where q is a quadratic form over K.
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Cn: G = Iso(A,0), where A is a central simple algebra of degree 2n
and o is a symplectic involution.

D,: G = Spin,, (A, o), where A is a central simple algebra of degree
2n and o is an orthogonal involution.

2. If G s adjoint, then

YA,: G =PGL(A), where A is a central simple algebra of degree n+1.

2A,: G = PSim(A, o), where A is a central simple algebra of degree
n+ 1 over L and L/K is a quadratic field extension with unitary
involution o such that o|x = id.

Bn: G =8S09,.1(q), where q is a quadratic form over K.

Cn: G =PSim(A, o), where A is a central simple algebra of degree 2n
and o is a symplectic involution.

D,: G = PSim, (A, o), where A is a central simple algebra of degree
2n and o is an orthogonal involution.

4.4 Projective homogeneous varieties

Let G be a split algebraic group over a field K with a split maximal torus
T C G. We say X is a homogeneous G-variety if X is a variety over K such
that there is a G-action ¢ : G x X — X on X defined by (g, z) — ¢-x with
the following properties:

1. g-(h-x)=(gh) -z for all g,h € Gyay, ©r € Xgay, and
2. For every x,y € Xgay there exists g € Gag such that g-z =y.

Note that the first condition is precisely the definition of a group action and
the second condition is the definition of a transitive group action. If G is a
smooth algebraic group, we then say a homogeneous G-variety is implicitly
projective. In fact, as we will see, there is a correspondence between pro-
jective homogeneous G-varieties and quotients of G. In order to state this
correspondence appropriately it is necessary to define two important classes
of subgroups of G.

We say a a subgroup H of GG is Borel if H is a connected, solvable and closed
subgroup of G which is maximal with respect to these properties. Further,
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we say a subgroup P C G is parabolic if G/P is projective. It turns out
that if G is smooth, then for any Borel subgroup H C G, G/H is projective,
which implies that P is parabolic if and only if it contains a Borel subgroup
(see [Hum?75, Theorem 29.3]). For example, if G = GL(V') for some K-vector
space V then it can be easily confirmed from the above characterization that
the set of upper triangular matrices in GG is a Borel subgroup.

Now consider the root system ¢(G,T) of G with a basis of non-decomposable
(simple) positive roots I C ¢(G,T). For any subset © C II we define the
parabolic subgroup Pg to be the group generated by a Borel subgroup B D T
and the set of reflections s, for a € O, in particular any parabolic subgroup
is of this form by [Hum75, Theorem 29.3]. We have the following well-known
correspondence:

Theorem 4.4.1. [Bor91, § 24.A] Let G be a smooth split affine algebraic
group with a split mazimal torus T and root system ¢(G,T). Then X is a
homogeneous G-variety if and only if X = G/Pg, where © C Il and 11 is a
basis of positive roots of ¢(G,T).

We can restate the above result by saying that all projective homogeneous
G-varieties can be classified by subsets © C ¢(G,T') consisting of vertices
in the corresponding Dynkin diagram of GG. This allows us to define several
useful varieties which we encounter in practice as quotients of G with respect
to subsets of simple positive roots.

We conclude this section by introducing another way of understanding both
Borel and parabolic subgroups of GG is in terms of their actions on flags of
vector spaces. Consider an n-dimensional K-vector space V and a sequence
of subspaces

{0}=VyCcViC---CV, =V

with dimg (V) = m for all m present in the flag. If the sequence of subspaces
is full, i.e. each V; for ¢ = 1,...,m is realized in the sequence, we say the
flag is complete, in all other cases we refer to the flag as partial. By fixing
a basis, say {e1,...,e,} C V, it is easy to see that the Borel subgroup of
upper triangular matrices can be realized as the stabilizer of the full flag,

0 C span(e;) C span(ey,e3) C --+ C span(eq, ..., e,) = V.
In this sense, we say that GL, /U, is the complete flag variety where U,

is the set of upper triangular matrices. The parabolic subgroups enter this
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picture when we extend our considerations to partial flag varieties. Indeed,
the stabilizer of any partial flag must contain the upper triangular matrices,
a Borel subgroup, which is precisely the definition of a parabolic subgroup.
For example, we define the Grassmannian variety, denoted by Gr(m,n + 1),
to be the variety of all m-dimensional linear subspaces of a n+ 1-dimensional
K-vector space V. It is not too hard to see that the Grassmannian variety
is a homogeneous G-variety, with Gr(m,n + 1) =2 G/Pe,, where G is a split
algebraic group of type A, and O, = {a1,...,¥n_1,%nt1,-.. 05} In
particular,
Gr(l,n+1) = Gr(n,n+1) = P",

since all (n + 1)-dimensional and 1-dimensional subspaces of V' can be iden-
tified with the n-dimensional projective space.

Remark 4.4.2. The connection between projective homogeneous G-varieties
and groups of similitudes is much deeper than what we have covered here. For
example, in [McF19], it was shown that for a second generalized involution
variety X of a degree 4 central simple algebra A equipped with a symplectic
involution o, the group of K;-zero-cycles of X is determined by p(Sim(A, o)).

We conclude by giving a description of the maximal symplectic Grassman-
nian in terms of an algebraic group GG and a parabolic subgroup P. Let G be
a split semisimple group of classical type C,,, that is to say, let G = Sp,, (K).
It is not hard to see that for a skew-symmetric bilinear form on a vector
space of dimension 2n, Sp(V') acts transitively on the space of n-dimensional
totally isotropic subspaces of V. The parabolic subgroup P which stabilizes
a fixed n-dimensional totally isotropic subspace can be described is given by
the set of simple roots {a1,...,a, 1} with the last root omitted.

For a more general overview of the connection between Grassmannians, or-
thogonal Grassmannians and symplectic Grassmannians see [BLO0O, §3].

73



Chapter 5

Schubert cycles

In this chapter, we define the notion of an involution variety and use it as
a proxy for studying the algebraic structure of isotropic ideals contained in
central simple K-algebras with involution. We use the language of Schubert
cycles to prove a lifting criteria which allows us to realize twisted forms of
Schubert varieties by some nice combinatorial description. Working in the
language of algebraic groups covered earlier, we compute the torsion Chow
group for classical groups of type C), corresponding to Lagrangian Grass-
mannians associated to central simple K-algebras of degree 4 with symplec-
tic involution. To our understanding, this is not treated anywhere in the
existing literature. We refer the reader to [Kral0] for more background on
involution varieties, [BLOO] for a review of Schubert cycles and [EKMO08| for
an exposition on Chow groups of quadrics.

5.1 Involution varieties

Let (A,0) be an algebra with involution (of the first kind) over a field K
with char(K) # 2. We define the reduced dimension of a (right) ideal I C A
by

rdim(/) := dimg(7)/ deg(A).

For each (right) ideal I C A, we define its orthogonal ideal I+, by
I"={reA|o(x)y=0foryel}.

We say that a right ideal I is isotropic if I C I+. We observe that since
rdim(I) + rdim(I+) = deg(A), we can bound the reduced dimension of an
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isotropic ideal by 1 deg(A). Moreover, we can make use of this bound to
define the notion of index for algebras with involution. In this regard, we
define the index of (A, o) by

ind(4,0) = {rdim(I) | I C I*}.

Note that, since we know ind(A) | rdim(/) and (A, o) = (Endp(V), 03) for
some symmetric or skew-symmetric hermitian space (V,h) over D, we see
that ind(A4,0) = {nind(A) | 0 < n < w(h)}, where w(h) denotes the Witt
index of (V,h). This highlights a correspondence between isotropic ideals of
(A, o) and totally isotropic subspaces of (V) h) (see [KMRT98, Proposition
I1.6.2]). For any isotropic ideal I in (A, o) there exists a totally isotropic
subspace W C V, such that

I = Homp(V,W).

We say an isotropic ideal I € A is hyperbolic if and only if
1
max(ind(A, o)) = 5 deg(A).

In general, hyperbolic ideals encode properties of the involution. We consider
two examples of hyperbolic ideals.

1. Assume (A, o) is a central simple K-algebra equipped with a symplec-
tic involution. Then every ideal of reduced dimension 1 is isotropic.
Indeed, if rdim(7) = 1 for some I € A then ind(D) = 1 which means
that o is adjoint to a skew-symmetric bilinear form, containing all lines
through the origin as solutions.

2. Let (A,0) = (Ma(K),0,) where ¢ is a 2-dimensional quadratic form
over K. Tt follows by the hyperbolicity of ¢ ®x K(1/—det(q)) that
(A, 0) @K K(y/— det(q)) is a central simple K-algebra of degree 2 with
hyperbolic involution.

A result of Bayer-Fluckiger, Shapiro and Tignol [BFST93, Theorem 2.2|
shows that a central simple algebra (A, o) with orthogonal involution is hy-
perbolic if and only if (4,0) = (My(K) ® B,o, ® 7) where (B, 7) is some
central simple algebra with orthogonal involution and ¢ is a hyperbolic plane.
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We are now ready to consider involution varieties, which are determined by
conditions on the reduced dimension of isotropic ideals inside (A, o), our
definitions follows [Kral0, §8]. If X is a variety over K we will abuse no-
tation and denote the covariant functor from the category of commutative
K-algebras to the category of sets given by

R — Morge (Spec(R), X),

as X, and call X(R) the R-points of X (see [Kra08, §2| for more details).

The (k-th) generalized involution variety is the subvariety of the Grassman-
nian representing a functor of points given by isotropic reduced dimension £
right ideals inside of (A, 0) i.e.

IVi(A,0)(R) = {I € Gr(n® —nk, A)(R) | I is a right ideal, o(I)I = 0}.

Remark 5.1.1. The generalized involution variety is an analogue of the
generalized Severi-Brauer variety of a central simple K-algebra A, SBy(A),
defined to be the variety of ideals whose L-points are right ideals in A with
reduced dimension n,

SBi(A)(R) = {I € Gr(n* — nk, A)(R) | I is a right ideal}.

It is easy to see that in the case k > 1deg(A) we have the set of L-
points of IVi(A,0)(L) is empty since rdim(/) + rdim(/+) = deg(A) and
rdim(I) < rdim(/*) implies rdim(7) < 1deg(A) for all isotropic ideals I
of (A, o). Following [KMRT98, §1.C|, we realize SB,(A) as a closed subva-
riety of Gr(rn, A)(K) which we can identify with P(A""A). The argument
is identical for IV,.(A) by replacing Gr(rn, A)(K) with LG(rn, A)(K) which
has points corresponding to the rn-dimensional subspaces of A that form a
totally isotropic subspace of the hermitian form associated to (A, o).

The aim of the next section is to understand how isotropic ideals interact
geometrically by studying IV, (A, o) for n < £ deg(A). As a first approach,
our intuition suggests we consider the case that n = 1 and o is symplectic.
However, it is not hard to see that this is precisely equivalent to studying
the Severi-Brauer variety of A, which are treated extensively in [KMRT98|.
Indeed, if we realize an ideal of reduced dimension 1 as a rank 1 vector space
over some division algebra we know that it must be totally isotropic with
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respect to the associated skew-Hermitian form. In other words, the Severi-
Brauer variety associated to A is equivalent to a generalized involution va-
riety, i.e. SB(A) = IV,(A,0). The central focus of this chapter is directed
toward understanding Schubert cycles of maximal symplectic Grassmannians
i.e. SG(n,2n) = IV,(A,0) in the less understood case where n = $ deg(A).
We obtain a lifting property for these cycles and use this as a motivation to
determine the torsion elements in the corresponding Chow group. A brief
overview of current results for the maximal orthogonal Grassmannian case is
given in the Appendix.

In the next section, we attempt to extend the computation of torsion elements
in a Chow group obtained by [JKL17| in type A, and those obtained by
|[Kar16] in type B, to the type C, case corresponding to maximal symplectic
Grassmannians.

5.2 Maximal Symplectic Grassmannians

Let (A,o0) be a central simple K-algebra carrying a symplectic involution
with deg(A) = 2n. For a field extension L/K we identify the maximal
symplectic Grassmannian (also known as the Lagrangian involution variety)
SG(A,0) := IV, (A, o) where the set of L-points can be identified with

SG(A,0)(L)={I C AL |I=1"}

In the case that (A, o) is split, i.e. (A,0) = (Endg(V),0), the rational
points of SG(A, o) correspond to the maximal isotropic subspaces of V' as
discussed in Section 5.1. It follows that for a non-split central simple K-
algebra (A, o), the variety SG(A, o) is a twisted form of the Lagrangian
Grassmannian LG(n,2n), defined by the set of maximal totally isotropic
vector subspaces associated to the quadratic form adjoint to the involution.

The correspondence between isotropic subspaces and isotropic right ideals is
also used to construct a complete isotropic flag for (A, o) in the split case,
i.e. when (A,0) = (Endg(V), 04), with dimg (V') = 2n. First, fix a maximal
isotropic subspace V,, C V' (which necessarily has dimension n), and extend
to a complete flag of subspaces V; C V, C -+ C V,, such that dimg(V;) = j.
This flag then corresponds to a complete flag of isotropic right ideals of
(Endg (V),0n) by setting I; := Homp(V,V;). We will use this flag to define
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the Schubert subvarieties of SG(Endg (V), op,) in terms of isotropic right ide-
als.

Consider a strict partition a = [a1,...,a,] with n > a; > ay > -+ >
a, > 0. Such a partition can be represented by an upper shifted Young
diagram with a; boxes in the j-th row, starting at the jth column of an
n X n box. Alternatively, this diagram can be described by a partition A =
(A, A2, A] with a; = Ay —j+ 1 for j =1,..., (5] and Ajnjpq,..0, A,
determined such that \ is self-dual. In this context, the term self-dual comes
from Lakshmibai and Weyman, and refers to a diagram inside an n x n box
which is symmetric about the north-west to south-east diagonal of the box
[LW90].

Example 5.2.1. Suppose n = 4. The strict partition a = [4,2,1,0], cor-
responds to the upper shifted diagram on the left. We associate to a the
self-dual partition A = [4,3, 3, 1], which corresponds to the self-dual diagram
on the right. Note that the upper shifted diagram is obtained from the
self-dual diagram by removing all coloured blocks below the North-West to
South-East diagonal of the box.

a = )\:

These partitions, or their associated Young diagrams (of either upper shifted
or self-dual type), are used to define the Schubert subvarieties of the La-
grangian grassmannian SG(n,2n). Given a split algebra with symplectic
involution (A4,0) = (Endg(V),0p) with deg(A) = 2n, we fix a full chain of
isotropic right ideals

LcClhC---CI,CA such that rdim(/;) = j

Let A = [A1, A2, ..., Ay] be a self-dual partition with n > Ay > XAy > -+ >
An > 0, and let a(\) = [aq, ..., a,] be the corresponding strict partition.

The Schubert variety X, C SG(Endg(V), 0y, is then defined by intersection
conditions with respect to the above isotropic chain:

Xy ={J € SG(Endg(V),0o4) | rdim(J N Ipy1-q;) > j for j=1,...,n}

78



Using the correspondence between self-dual Young diagrams and upper shifted
Young diagrams, we can also define X in terms of \ itself:

Xy ={J € SG(Endk (V),0n) | rdim(JNL,pj-y,) > j for 1 < j <mnand \; > j}

Lemma 5.2.2. Let A be a central simple K-algebra of degree n and let 1 <
d < n. Gwen an ideal I, C A of reduced dimension a and a fixed integer
1 <r <a, the subset

Xy ={J €SB(d,4) | rdim(JN1,) >r},
is a closed subscheme of SB(d, A).

Sketch of the Proof. We proceed by expressing X, ,) as a degeneracy locus
for the scheme SB(d, A). Recall that the kth degeneracy locus of a morphism
¢ : E — F of vector bundles over a scheme X is

Di(¢) = {x € X | rank(¢(z)) < k},

where ¢(z) : E(z) — F(z) is the induced map on fibers over a point z € X.
Now, Di(X) is a closed subscheme of X as the zero scheme of the induced
morphism A*(¢) : AMTL(E) — AFTL(F), denoted by Z(A*"1(¢)). In other
words,

Di(6) = Z(AF),
The scheme structure of Dy (¢) is encoded in this latter description. That is

to say, locally, its ideal is generated by (k + 1)-minors of a matrix for ¢. See
[Fu98, Chapter 14, p. 243| for more discussion on degeneracy loci.

Npw, let us consider the tautological sequence of vector bundles for S =
SB(d, A):

0—>7Z—>A® 05 — 9,
where Z is the universal subbundle of S = SB(d, A) and Q is the universal
quotient bundle of S. Over a point J € SB(d, A), the induced sequence of

fibers over J is
0—-J—>A—A/J—0.

In particular, the right ideal I, of A induces a morphism of vector bundles
determined by the composite of the inclusion and the quotient morphism

¢Z[a®05—>A®Os—)Q.
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On the fiber over a point J € SB(d, A), we have that ¢(J) : [, > A — A/J.
Note that, im(¢(J)) = (I, + J)/J = 1,/(J N 1,) so that, in particular,
ker(¢(J)) = J N I,. Tt follows that for the morphism ¢ : [, ® Os — Q, we
see that

Diwryn(@) = {J € SB(d, A) | dim(L,/(J N L) < (a - r)n}
which is equivalent to
Da—rn(@¢) ={J € SB(d, A) | rdim(J N 1,) > r} = X(rq0).
O

For an algebra with symplectic involution (A, o) over a field K, and vec-
tor space V such that Endgay (V) = Agag, we say that a closed subvariety
P C SG(A,o0) is a twisted form of the Schubert variety X, if we can de-
fined an isomorphism of varieties between SG(A, o) and SG(n, 2n) such that
Prag is identified with X,. Recall, in this context SG(n,2n) is the variety
of points consisting of totally isotropic subspaces of dimension n in V' where
dimgae (V) = 2n. Thus, our first main goal will be to determine which
twisted forms of Schubert varieties appear in the Lagrangian involution va-
rieties of a given algebra with symplectic involution (A, o).

To do this, we must first determine which of the intersection conditions in
the definition of X, are essential to determine X, uniquely, and which can
be removed without changing the variety itself. We introduce a variation on
Fulton’s essential set, defined in [Ful92|. For each self-dual partition A, we
define a set of pairs Ey := {(j,n+ 7 — A;) | A; > A\j11 and A\; > j} with the
convention that A\,.; = 0 for any partition .

We note that the first condition \; > A;; describes the situation that the
right-most box in the jth row of the corresponding Young diagram lies at
the south-eastern edge of a “corner”. The second condition A\; > j guarantees
that such a corner lies on or above the north-west to south-east diagonal of
the n x n square. The second coordinate of these pairs records the reduced
rank of the right ideal of the flag which defines the intersection condition.

Example 5.2.3. Suppose n = 4, and consider the self-dual partition \ =
[4,3,3,1]. The corresponding diagram has two corners above or on the diag-
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onal, corresponding to the set E\ = {(1,1),(3,4)}.

\ = T

Let B\ = {a | (j,a) € Ey}. Note that for any a € E), there exists a unique
1 <j <dsuch that (j,a) € E). Using E) we can identify a unique subchain
in B\, I,, Cl,, C---Cl,,, a; € E\ with the property that

X\ ={J € SG(Endk(V),on)(K) | rdim(J N 1,) > j for (j,a) € Ex}.

This E) uniquely defines X, and is minimal in the sense that if any pairs in
E)\ are changed or removed, the variety defined by this new set of conditions
will not be equal to X, (see [And16, Corollary 4.2]). Note that the Young
diagram for A can also be reconstructed from F) (keeping in mind that the
diagram must be self-dual).

Proposition 5.2.4. Let X, be a Schubert subvariety of SG(Endg(V'),04)
with dimg (V') = 2n and let (A, o) be an algebra with symplectic involution
over K of degree 2n. If ind(A) | ged(Ey) and max(E)) € ind(A,0), then
SG(A,0)(K) contains a closed subvariety over K which is a twisted form of
X,

Proof. Since A has an isotropic right ideal of reduced rank k if and only if
k € ind(A, o), it follows that if ind(A) | ged(FE)) and max(E)) € ind(A, o),
then A contains a partial flag of isotropic ideals I,, C --- C I, C A for

Ey = {ai,...,a,} (note that ind(A) | a; implies a; € ind(A,o)). We may
then define a closed subvariety Py C SG(A,0)(K) by

Py(L) = {J € SG(A,0)(L) | tdim(J N (I, @ L)) > j for (j,a) € Er},

where L/ K is a field extension. We will proceed by demonstrating that Py (L)
is, in fact, a closed subvariety of SG(A, o). To do this, we aim to show that
the Schubert cycle

Xy\={J €SG(A,o) | vdim(JNI,)>r (ra)€ E\}

defines a closed subvariety in SG(A, o). In particular, let us begin by consid-
ering the case for generalized Severi-Brauer varieties, since intersecting the
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consequent, Schubert cycles with SG(A, o) will give us the desired claim. Let
A be a partition fitting in a d x (n — d) box. Assume that ind(A) divides
ged(Ey). For any (k,a) € E,, there exists an ideal I, of A defined over K
with reduced dimension a. Thus, we may define

Qr={J €SB(d,A) | rdim(JN1,) >r (r,a) € E\} = N(ra)eEx X (r,a)s

where @), is realized as a closed subscheme of SB(d, A) via the intersection of
closed subschemes X, ,) defined in Lemma 5.2.2. For a splitting field L/K
of A, it is clear that

(Q\)r = {J € SB(Endg(V),04)(K) | rdim(J N 1,) > j for (j,a) € E\}.

Indeed, since A; = Endy (V) for some n-dimensional L-vector space V', and
all ideals of reduced dimension r, take the form Hom(V,W) for some r-
dimensional subspace W C V.

Coming back to our case, we have a central simple K-algebra A of degree
2n with a symplectic involution o and SG(A, o) is a closed subscheme of
SB(n, A) consisting of the isotropic ideals of SB(n, A) with respect to o.
Considering an isotropic ideal I, € A of reduced dimension a,

Xy NSG(A,0) = {J € SG(A,0) | rdim(J N 1,) > 7},

is a closed subvariety of SG(A, ). In particular, if we let A be a self-dual
partition fitting in a n x n box and assume the conditions of Proposition 5.2.4
i.e. ind(A)|ged(Ey) and max(E)) € ind(A, o) then for any (r,a) € E), there
exists a reduced dimension a isotropic ideal I, € A defined over K such that

Py ={J €SG(A, o) | rdim(JNI,) > 7,(r,a) € Ex} = Npajer, SG(A, 0)NX (0

and P, is a closed subscheme of SG(A, o). For a splitting field L/K of
(A,0), it is clear that (Py);, = X,. Indeed, this is follows since (Ap, o) =
(Endy(V), op) for some n-dimensional L-vector space V' and some hermitian
form h on V associated to o where all isotropic ideals of reduced dimension
r take the form Homy (V, W) for some r-dimensional subspace W C V which
is totally isotropic with respect to h. O]
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5.3 The singular locus of a Schubert variety

The goal of this section is to prove the converse of Proposition 5.2.4. That
is, we want to show that if SG(A,o) has a closed subvariety P defined
over K which is a twisted form of a Schubert variety X,, then we must
have max(E)) € ind(A, o) and ind(A4) | ged(Ey) (which is equivalent to
E) C ind(4,0)). More specifically, we would like to show that P must be
defined via intersection conditions with right ideals of A.

Fixing n, consider a self-dual partition A = [A1,..., \,] which corresponds
to a singular Schubert variety X, C SG(n,2n). The singular locus Sing(X))
of X, consists of a union of Schubert subvarieties X,, C X such that p is
a partition obtained from A obtained by adding either a pair of dual South-
East hooks, or a single self-dual South-East hook, to the Young diagram of
A. For a more precise version of this statement, we refer the reader to Section
9.3 of [BLOO).

Example 5.3.1. Suppose n = 4. For the self-dual partition A\ = [3,2, 1, 0],
Sing(X) consists of two subvarieties X, and X, with p = [4,4,2,2] and
W = [3,3,3,0].

The set of smooth Schubert varieties consists of those X, for which Sing(X,) =
(). In terms of self-dual Young diagrams, X, is smooth if and only if the un-
coloured boxes in the n X n square form a k x k square, for some 0 < k < n.

Example 5.3.2. Suppose n = 3. The smooth Schubert subvarieties of
LG(3,6) are given by:

[0,0,0] = 3,1,1] = 3,3,2] = 3,3,3] =

As it turns out, similar to the case of generalized Severi-Brauer varieties
[JKL17, Theorem 2.8], we want to show that the smooth Schubert subvari-
eties of SG(A, o) can be defined by inclusions. We start by considering the
split case (A,0) = (Endg(V),0p,) with dimg (V') = 2n.
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Suppose A = [n*, k"*] is the self-dual partition whose corresponding Young
diagram leaves a k x k square un-coloured for some 0 < k < n (i.e. A consists
of k copies of n followed by n — k copies of k). If & > 0, this diagram has
exactly one corner on or above the North-West to South-East diagonal, with
E\x = {(k,k)} (for k = 0, we have X, = SG(Endg(V),04)). Thus, the
smooth variety X, with F\ = {(k, k)} can be defined by a single intersection
condition:

X, = {J € SG(End (V), o4) | rdim(J N I;,) > k}
= {J € SG(EHdK(V>,O'h> ’ [k g J}

Using this description, we can classify twisted forms of smooth Schubert
subvarieties of SG(n,2n).

Proposition 5.3.3. Consider the mazimal symplectic Grassmannian SG(A, o)
with deg(A) = 2n, together with a Galois splitting field L/K. For any
1 < k < n, there exists a closed subvariety P C SG(A, o) defined over
K such that P @ L = X, for X = [n* k"*] if and only if k € ind(A, o).

Proof. Assume P is a closed subvariety of SG(A, o) such that P, = X, for
a self-dual partition A = [n* k"*] which means that E) = {(k,k)}. We
remark that X, can also be described as the set of maximal isotropic right
ideals of Ay ~ End.(V) containing the right ideal Hom,(V,W) for some
isotropic vector subspace W C V with dim;(W) = k. Now, consider the
right ideal of Endy (V') defined as

T::ﬂj

JeEPr,

First, notice that P is fixed by Gal(L/K), since the collection of J in the
indexing set above is permuted by the Galois action. By descent it follows
that I = I, for some right ideal I of A. Moreover, using the definition of Xy
we see that I, C J implies I, C I which for us means rdim(I) > k implies
rdim(I) > k. Similarly, the isotropy of I descends to the isotropy of I since
o(I @k 1)(I @k 1) C o(I)I = 0 where we identify I with [ ®x 1 C Iy. This
gives rdim(/) € ind(A, o) and since rdim(/) > k we have k € ind(A, o).
Indeed, by the definition of reduced dimension, all elements of ind(A, o) are
multiples of ind(A) which means that if [ is an isotropic ideal in (A, o) then

rdim(/) = rind(A) and £ = mind(A) where > m. In fact, by applying
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Lemma 5.3.4 (4.) (which we will see shortly) it follows that rdim(I) = k.

To see the reverse direction, if k& € ind(A, o), then we have by Proposition
5.2.4 that SG(A,0) has a closed subvariety X with A = [n*,k"""], Ey =
{(k,k)}, and E, = k. O

We define a set Sy := {(j,a) € E\ | j <a}. It can be easily shown that a
pair (j,a) is in Sy if and only if (j + 1,a) € E,, for some X,, C Sing(X)). By
this reasoning, we refer to Sy as the essential singular set of X,. As before,
we set Sy := {a | (j,a) € Sy}. While E\ determines all corners of the Young
diagram of \ above or on the North-West to South-East diagonal, S, picks
up only the “inside” corners.

Lemma 5.3.4. Let X, be a Schubert subvariety of SG(Endg(V),0p) with
respect to the flag of isotropic right ideals I C Iy C -+ C I, C Endg(V),
with rdim(I,.) = r. The following are equivalent:

1. \p defines an outside corner of the self-dual Young diagram of X, i.e.
n= >\k > )\k’-i-l-

2. (k’,k’) e kb,
3. k€ E\\ S.

4. I, € J for all J € X\ and there exists some J' € X,, such that
Iy & T

Proof. (1) <= (2): It follows from the definition of E\ that n = Ay > A\gig
if and only if (k,n +k — A\x) = (k, k) € E).

(2) = (3): It suffices to show that k ¢ Sy, which follows immediately from
the definition of Sy, as (j, k) € S implies j < k.

(3) = (2): If k € E\\ Sy, then (j, k) € E) forsome 1 < j < k. If j < k,
this contradicts the assumption that k& ¢ Sy. So, we must have j = k and
hence (k, k) € E,.

(2) = (4): If (k, k) € E), then for all J € X we must have rdim(JNI;) > k,
hence I, C J. Suppose that for all J € X, Ix11 C J or, equivalently
rdim(J N Iy41) > k + 1. This implies A\g1; = n = A, contradicting the
assumption that A\, > A\pi1.

(4) = (1): Suppose rdim(J N I;) = k for all J € X, but there exists some
J' € X, such that rdim(J' N Ix;1) < k+ 1. It follows that A\, = n but
)\kz—i-l <n. ]
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Example 5.3.5. Suppose n = 5 and consider the self-dual partition A =
[5,3,2,1,1]. In this case, £\ = {(1,1),(2,4)}, and Sy = {(2,4)}. Further-
more, Sing(X)) D X, with p = [5,4,4,3,1].

We obtain the following corollary to Proposition 5.3.3,

Corollary 5.3.6. Let A be a self-dual partition, L/K a field extension and k
be the unique element in Ey\ Sx. If SG(A, ) has a closed subvariety P such
that P @ L ~ X, then k € ind(A, o). Moreover, there exists an isotropic
right ideal I, C A such that for any J € P(L), (I ®x L) C J.

Proof. This is a straight-forward application of Lemma 5.3.4 to the proof of
Proposition 5.3.3. O

In order to provide the full converse to Proposition 5.2.4 for an arbitrary
Schubert variety X, it remains to show that if SG(A, 0)(K) contains an K-
form P of Xy, then ind(A) | ged(Sy) and max(Sy) € ind(A, ). To do this,
we construct closed subvarieties of P which are defined over K and to which
we can apply Corollary 5.3.6. These subvarieties will be obtained from the
structure of Sing(X,). We rely on the fact for a K-variety X, the singular
locus of X yas defines a Zariski-closed subset Z of X. By equipping Z with
the reduced induced scheme structure, we may view Z as a subvariety of
X defined over K. In particular, if SG(A,o)(K) has a closed subvariety P
defined over K such that P(L) ~ X, for a splitting field L/K of A, then P
has a closed subvariety Z C P defined over K such that Z(L) ~ Sing(X}).

5.3.1 An iterative process

In general, the singular locus of a Schubert variety may have many irreducible
components, none of which are required to be smooth. We deal with this by
recursively considering “the singular locus of a component of the singular lo-
cus” until we achieve subvarietes of P which are K-forms of smooth Schubert
varieties.
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Consider the variety P defined over K with the property that P ®x L ~ X,
we repeat the subvariety construction to achieve a closed subvariety Z C P
defined over K with Z @k L ~ X, provided that p can be obtained from
A by adding a finite number of hooks. We have the following lemma which
provides a combinatorial description of some particular partitions which can
be formed by adding hooks to a given partition . In essence, it describes the
effect of adding self-dual hooks on the Young diagram in terms of the essential
set. This will be key in proving Theorem 5.3.11 which is a new result de-
scribing the existence of twisted Schubert varieties in terms of combinatorial
information pertaining to the essential set and the index.

Lemma 5.3.7. Consider a partition A = [\, ..., \,] and suppose \; corre-
sponds to an inside corner. That is, (j,a) € Ey with j < a.

1. If a < n —a, adding a — j hooks (or pairs of self-dual hooks) to \ will
result in a partition p = [, . .., ] such that

n ifi<a
i=<4XN ifn—a>i>a

a ifit>n—a

2. If a > n — a, adding a — j hooks (or pairs of self-dual hooks) to \ will
result in a partition p = [py, ..., iy such that

n ifi<a
i =

a ifit>a
3. In both cases, a € E,, \ S,.

Proof. The basic idea is that we begin adding a hook to j with a correspond-
ing dual hook, if necessary, to ensure the partition is self-dual. Repeating
this procedure inductively on the new partition A\ will yield the desired results.

To be more explicit, in the first case, we observe that (j,a) € E, if and only
if \; = n—a+j. Itis easy to see that adding a — j hooks to the corner
(7, A;) implies that the resulting partition p; has the following relationship
with \;:

,uj = >\j +a —j =N
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which gives that u; = n for all i < a. By duality, (i,k) € E\ with i < a
and n —a+ 1 < k < n implies that (k,i) € FE, with with i < a and
n—a+1<k <n. In diagramatic terms, this establishes both a top right
a X a box and a bottom left a x a box. Now, since (i,k) ¢ E\ for i > a
and n —a+ 1 < k < n we have again by duality (k,i) ¢ E) for i > a and
n —a+ 1 <k <n which gives us that the last a rows of u are precisely a.

The proof of 2. follows similarly to 1. Indeed, the first a rows are n as before
and since there are less than a rows remaining we have that the n — a rows
must be determined by duality. O]

Example 5.3.8. Consider n = 5 and \ = [4,3,2,_1,0]. The diagram of \
has 2 inside corners with Fy\ = {(1,2),(2,4)} and S, = {2,4}.

A\ = 2

e For (1,2), we have a = 2 < 5 — 2, so applying part 1 of Lemma 5.3.7,
we obtain the partition u = [5, 5,2, 2, 2] after adding a pair of self-dual
hooks.

e For (2,4), we have a = 4 > 5 — 4, so applying part 2 of Lemma 5.3.7
may be applied to obtain the partition o = [5,5,5,5,4] after adding 2
pairs of self-dual hooks.

it IS

Note that X, and X, are both smooth.

5.3.2 Galois action on the singular locus

We desire a stronger claim than the existence of an K-form of Sing(X,). In
particular, we would like to say that for any Schubert variety X, C Sing(X)),
if P is a twisted form of X, defined over F', then P has a closed subvariety
Z C P, also defined over F', such that Z is a twisted form of X,. More
precisely, we have:
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Lemma 5.3.9. Let K/F be a Galois splitting field for A, and suppose that
we have a subvariety P of SG(A, o), such that P, = X,. If X,, C Sing(X,) is
an irreducible component of the singular locus of Xy, defined by the addition
of a hook to the Young diagram for X\, then there exists a subvariety Z C P
such that Z;, = X,,.

Proof. By the geometric description of the irreducible components of the
singular set, it is automatic that the Galois action, which acts via elements
of PSp(V7) cannot nontrivially permute the components of the singular set.
Hence, considered as points on the Hilbert scheme of SG(A, o), these irre-
ducible components are fixed by the Galois action, and hence correspond to
K-rational subvarieties Z C P as claimed. ]

Proposition 5.3.10. Let A and p be partitions defining Schubert subvarieties
of SG(n,2n) such that p is obtained from X\ by adding finitely many self-dual
hooks. For a central simple K-algebra A of degree n, if SG(A, o) contains a
closed subvariety P defined over K such that Pxay >~ X, then P contains a
closed subvariety Z defined over K such that Zxas ~ X,,.

Proof. 1f p is obtained from A\ by adding finitely many hooks, we may form
a sequence «j, ..., such that A = oy, p = oy and for each 2 <11 <k, o
is obtained from «;_; by adding precisely one hook or pair of dual hooks.
It follows from the definition of the singular locus that for each 2 <1 < k,
Xa, € Sing(X,, ;). Under the assumption that SG(A, o) contains a twisted
form of X,, over K, the above argument implies that SG(A, o) must also
contain a twisted form of X,, over K. By induction on ¢, we obtain the result
that SG(A, o) must finally contain a twisted form of X,, = X, defined over
K. O

This process yields the desired converse to Proposition 5.2.4.

Theorem 5.3.11. The mazimal symplectic Grassmannian SG(A, o) has a
closed subvariety P such that P @k L ~ X\ for a Schubert subvariety X,
if and only if ind(A) | ged(E)) and max(E)) € ind(A, o). Moreover, in
this case, A contains a flag of isotropic right ideals 1,, C --- C I, for
By ={ay,...,a.} such that for any finite extension L/K,

P(L) = {J C Ay, : rank(J N (1)) > j for (j,a) € Ex}
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Proof. If X, is smooth, then the result follows immediately from Proposi-
tion 5.3.3. Suppose S\ # 0 and that Sing(X,) = X, U---U X, . Suppose
(j,a) € Sy for some j < a. Using the replacement process described in
Lemma 5.3.7 together with Proposition 5.3.10, P has a closed subvariety Z
defined over K such that Zxas >~ X, where ;1 is obtained from A by adding
hooks implying a € E_u \ S_u where )\, is an insider corner of A. Applying
Corollary 5.3.6 we must have a € ind(A, o). In particular, this gives that
ind(A) | ged(Sy) (by 5.3.6 it follows that ind(A) | ged(Ey)). Now, recall
that outside corners are unique if they exist. Indeed, suppose (j,n) € E, is
an outside corner i.e. A\; = n, then (j,n —n+j) = (j,j) € E\. Similarly, if
(k, \g) is an inside corner then A, < nand k > jsoa, = (n—A,)+k >k > j.
Combining these facts we see that inside corners must be strictly bigger than
outside corners which gives us that max(E)) < max(Sy) € ind(A4, o).

Now, suppose ind(A) | ged(Ey) and max(E)) € ind(A, o). This is equivalent
to the claim that A contains a flag of isotropic right ideals 1,, C --- C I,
with E\x = {ai1,...,a,}. For a splitting field L/K of A, fix a full flag of
isotropic right ideals I," C I, C --- C I,/ such that I,, ®x L = I,, for all
a; € Ey. Let X, be the Schubert subvariety of SG(n,2n) defined by A with
respect to this flag.

Denote by P, the closed K-subvariety of LG(A, o). Recall that P, is a
closed subvariety bya the arguments provided in the proof of Proposition
5.2.4). Now, for any field extension L/K,

P\(L):={J C Ap :rank(J N (1,)r) > j for (j,a) € E\}

If P is a twisted form of X, defined over K, the goal is to show that P = P,.
Let L/K be an arbitrary finite field extension and let J € P(L). After
extending to a splitting field L'/L, we find that for any (j,a) € E), we have

rank(J N (1)) = rank((J N (L,))) = rank(Jp 0 (L)) > j

since I, € P} (L") = X,(L'). So P(L) C P\(L). We have that ¢ : P — Py
is an inclusion of K-varieties since iy, : P(L) — Py(L) for all finite field
extensions L/K. If L'/K is a splitting field for P, then iy, induces the
identity map. So coker(i);, = coker(ir/) = 0. Thus, coker(7) is a form of the
zero variety and so coker(i) = 0. It follows that P = P, as required. 0
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5.4 Bounds for torsion in the topological filtra-
tion

The remainder of this chapter is dedicated to computing properties of the
torsion Chow group corresponding to maximal symplectic Grassmannians of
degree 4 algebras with symplectic involution. For details and deeper results
on the Chow group please see [EKMO08, Chapter X]| We begin by consider
a smooth projective variety X over K, a field of characteristic 0. Consider
the Grothendieck group, the abelianization of a commutative monoid (see
Grothendieck-Witt group defined in Chapter 1),

Ko(X) = ([Oy] | V C X closed subvariety).
We define a topological filtration on Ko(X) by setting
Ko(X)® := ([Oy] | codim(V) > i)  and then T(X) := Ko(X)®/Ko(X)+V

where Oy is the sheaf of K-algebras mapping to the be the ring of regular
functions on an open set. In particular, we will avoid explicitly defining the
Chow group by observing the following identifications in the case that X is
a projective quadric (see [Kar91, §3.1, Corollary 4.4 and Corollary 4.5]):

T'(X) = CH'(X),

T?(X) = CH*(X).

The product in Ky(X) induces a graded ring structure on 7*(X), and tak-
ing the class of a subvariety W C X to the corresponding coherent sheaf
Ow induces a natural surjection of graded rings CHY(X) — T?(X) which
becomes an isomorphism when tensored with Z[ﬁ] (see [SGAG6, Corollary
1 — Theorem 2.12 in Appendix (RRR) and Example 0 of Chapter 2, §4])

We denote by X the variety X over the algebraic closure of K. For the case
X = LG(n,2n), a Z basis of T*(LG(n,2n)) is given by

where A = [Ay,...,\,] is a partition of [A| = Y77 | A; and ¥y = [Oy] for
V = X, (see [KT02, §2])
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The remainder of this section is devoted to proving the main result of this
Chapter, the computation of torsion elements in the Chow group of a maxi-
mal symplectic Grassmannian for a central simple K-algebra of deg(A) = 4
equipped with a symplectic involution. We first make some general remarks
on the key ideas used in our proof.

Recall that X = SG(A,0) = IVy(A,0). To compute | Tors(T*(X))| with
deg(A) =4 and ind(A) | 4 we sketch the basic ideas here, for a more detailed
exposition on the background refer to Appendix C. First, we observe that A
decomposes as:

(A,O') = (Ql ® szo-)a

where @)1, Q2 are quaternion algebras. By |Lou78, Theorem B|, a symplectic
involution o on a central simple algebra of degree 4 fixes both (); and Q).
Thus we may decompose o into a diagonal action given by 7®~ where 7 is an
orthogonal involution on @7 (resp ()2) and + is the canonical involution on
Q> (resp @1). We shift our attention slightly and consider the pfaffian norm
associated to the symplectic involutions Nrp, given by Nrp,(a) = o(a)a for
all a € Sym(A, o). By [KMRT98, Proposition 16.8] it follows that Nrp, is,
in fact, an Albert quadric. If (A,0) = (Q1,7) ®k (Q2,7) then we have an
explicit description of the Albert quadric (see [KMRT98, Example 16.15])
given by,
Nrp, = Nrdg, (v)(Nrdy, L —Nrdp,, )

where Nrd’Q denotes the pure part of the norm form Nrdg. In either case,
using [KMRT98, Proposition 15.20] we are able to realize the set-theoretic
isomorphism of Nrp, and a codimension 1 subform s, as an isomorphism
of varieties using [KralO, Proposition 8.10] and [McF19, Remark 3.5, The-
orem 4.1]. In particular, we can summarize these results as saying that,
geometrically speaking, IV2(A, 0)(R) is a hyperplane of SBo(A)(R) given by
{T'rds = 0} and there is an isomorphism of varieties representing the func-
tors of points corresponding to ideals of reduced dimension 2 and isotropic
ideals of reduced dimension 2:

SBQ(Aa U) = XNrpgu

SG(A,0) = X,

where X, denotes a projective quadric associated to some quadratic form g.
We proceed to compute | Tors(7*(X;,))|. The main idea is to use the some
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key ideas from [Kar91|, especially Theorem 3.8 and Corollary 4.5, which can
be restated for our purposes as:

| Tors(T™(X,,))| = 27,

for ¢ ¢ I*(K) and s(q) is given by Cy(q) = My (D), with Cy(q) denoting
the even Clifford algebra corresponding to g and D the central simple division
algebra Brauer-equivalent to Cy(q).

Theorem 5.4.1. Let (A, o) be a degree j central simple K -algebra equipped
with a symplectic involution o. Then the torsion of the topological filtration
corresponding to the mazimal symplectic Grassmannian, SG(A, o) is deter-
maned as follows:

1. If ind(A) =4 then | Tors(T*(SG(A,0))| =1
2. If ind(A) = 2 and o is anisotropic then | Tors(T*(SG(A,0))| = 2
3. If ind(A) = 2 and o is isotropic then | Tors(T*(SG(A,0))| =1
4. If ind(A) =1 then | Tors(T*(SG(A,0))| =1

Proof.

1. Assume ind(A) = 4. Note firstly that s, is a 5-dimensional anisotropic
subform of Nrp,, or, in other words

Nrp, =2 (d) L s,

for some d € K*. Moreover, dy(Nrp,) = 1 implies d = —d4(s,). We
observe the following well-known result (see |Lam05, V.3.13]) for all
odd-dimensional quadratic forms ¢:

[Co(g)] = [C(q L —d<(q))].
In particular,
[Co(so)] = [C(ss L —di(s,))] = [C(Nrp,)] = [A].

where the last equality follows due to the fact that Nrp, is the Albert
form of A by [KMRT98, Proposition 16.8]. Since dim(Cy(s,)) = 27!
where n = dim(s,) we conclude that Cy(s,) = A, whence s(s,) = 0
and | Tors(T* (X, ))| = 1.

93



2. Assume ind(A) = 2. We can assume without loss of generality that
(Q1,7) = (My(K),ad,). By the remarks preceding [KLST95, Proposi-
tion 3.5] we know that

Nrp, = (1,—1) L (=hihy') Nrdg, = (1) L s,

where h : V — K is a Hermitian form over ()5 corresponding to ¢ and
h(e;,e;) = h; form an orthogonal basis {e1,es} of V. The key insight
we will need to proceed is that h is isotropic/hyperbolic if and only
if gj, is isotropic/hyperbolic (see [Sch85, Theorem 10.1.7]), where gy, is
the trace form of h given by

qn = (h1) Nrdg, L (he) Nrdg,.
Applying this to
So = <—1> 1 <—h1h2_1> N?"dQ27

we have that s, is isotropic if and only if either Nrdg, is hyperbolic or
—hihy' € Dg(Nrdg,). This can be rephrased as s, is isotropic if and
only if ¢, is hyperbolic if and only if o is hyperbolic.

Assume o is anisotropic, then s, is anisotropic. Moreover, since

[Co(s0)] = [M2(F) @ Q2] = [Q2]

implies Co(s,) = Ms(Q2), we have that s(s,) = 1. By a direct appli-
cation of [Kar91, Theorem 3.8] we see that

Tors(T*(Xs,)) = Z/2.
In particular Tors(T?(X,,)) = Z/2. If, on the other hand, we assume

o is hyperbolic ( since deg(A) = 4 we know that o can only be either
anisotropic or hyperbolic in our case), then s, is isotropic, i.e.

e 2 (1,—1) L g,
with dim(g,) = 3. It follows easily that
| Tors(T*(Xs,))| = 1.
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3. Lastly assume ind(A) = 1, the hyperbolicity of o implies s, is isotropic
and so we can conclude by the same reasoning as above that

| Tors(T*(X,,))| =1

[
Using the fact that 7%(X) = CH'(X) for i = 0,1,2,3 (see [Kar91, §3.1]), we
have the following corollary:

Corollary 5.4.2. Let (A, 0) be a degree 4 central simple K -algebra equipped
with a symplectic involution o. Then the torsion of the Chow group corre-
sponding to the mazimal symplectic Grassmannian, SG(A, o) is determined
as follows:

1. If ind(A) = 4 then | Tors(CH*(SG(A,0))| =1

3. If ind(A) = 2 and o is isotropic then | Tors(CH*(SG(A,0))| =1

)

2. If ind(A) = 2 and o is anisotropic then | Tors(CH*(SG(A,0))| = 2
) pu—

4. If ind(A)

(
(
(
(A) =1 then | Tors(CH*(SG(A, 0))| = 1

In particular, if a non-trivial torsion element exists, then it must be in
CH?*(SG(A, 0)).

Proof. We know that CHY(X) = T%X) for d = 0,1,2,3 by the remarks
following [Kar91, §3.1, Theorem 4.5]. The result then follows directly from
Theorem 5.4.1. In particular, keeping the notation introduced in the proof
of Theorem 5.4.1, we know by [EKMO0S, Lemma 70.2] that CH'(X,,) &
CH''(X,,) for all i > 0. We can see that, in the case ind(A) = 2 equipped
with an anisotropic involution ¢ implies that torsion must occur in the second
graded component of the Chow group. Alternatively, this follows directly by
|[Kar91, Theorem 4.5]. O

This concludes our investigation into embeddability through various different
disciplines, approaches and techniques.
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Appendix A

Computations of Pfister elements

In this chapter we give a computational verification that the quadratic form

a9, = ((a1)) L —bibaas ((az)) L aibiasbs ((as)) L —bias ((a1a2a3)) ,

is in fact similar to a 3-fold Pfister form. It suffices to check that c¢(gp,) =1
by [Lam05, Theorem X.5.6]. For simplicity, we will use the Hasse invariant,

s: W(K) — Bry(K)

defined by s((as, ..., an)) = [[;; (“#). The Clifford invariant and Hasse

invariant are related by [Lam05, Proposition V.3.20] as follows:

c(q) = s(q) - (%et@) :

whenever dim(g) = 7,8 mod 8. To show that gy, is a Pfister form we need
to show that ¢(gg,) = 1 € Bro(K) by [Lam05, Theorem V.6.11]. Once we

compute $(qp,) = 1 we are done since det(q) = 1 implies (%W) =1¢€

Bry(K) which means in our case, computing ¢(q) is equivalent to computing
s(q). We begin by expanding g,

do; ‘= <1, —ay, —bibyas, biasbsas, aybiazbs, —aibiazasbs, —b1a2,a1b1a3> .

1,1 —ay, — —bib biboas
s(qos) = <’7> & (%) ® < ! 2603],(6!1 1 2a3>
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brasbeas, ajas a1byasgbs, b1bs —aibiasasbs, —aazas —biag, arbias
e e e L e L G o

The argument now boils down to the fact that the tensor product of all the
expanded terms will reduce to

a, bl ag, b2 as, b3
K K K

which is trivial in the Brauer group by the assumption of Theorem 2.3.2 that
®3_,(Qs,0:) is split. To arrive at this decomposition it suffices to take the
product of the above terms and reduce the result using the following rules

(see Fact 2.1.8):
a,b a,b

(5¢) = () - emmm
(%b> (a,};b) _ <a,};1> € Bry(K).

The diligent reader will see that we arrive at our desired result using this
simple, albeit lengthy line of reasoning. To verify this claim, we simply
expand the computation of all quaternions which have coefficents that are
composites of other terms using the properties of quaternions to reduce s(qa,
to 1.

1.

_bba7abba —01,a1 —91,91 —91,92 —b1,a 2,01 2,01 2,02
(i) () () () (2) (52) (52) (52)

(52) (=) (=524) (#5) (%) € Bro(K)

b b‘? a a,a a as,a a ag,a a as,a
(Pt ) = ) () () (5) (52) (352) (52) (52) € Brali)

b b’bb a1,01 ai 1,01 1 a2,01 az 1
(Pl ) < () (22 (5) (%) (58) (52) () (52) € Bra(r)
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—abrasasbs, —aqasa et —a1\ {—a1.a0\ ( —a1.a —a a as\ (az,—a
(ot S ) () () () () () (52 (252)

) (252) (52) (52) (252
2

—_b ’ b —01,a — —01,a ag,a a as,a
(Fhemniien ) = (<) () () (52) (52) (52) € Bra(K),
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Appendix B

Maximal Orthogonal
(Grassmannians

Let (A, o) be an algebra with orthogonal involution over a field K, char(K) #
2. We define the orthogonal Grassmannian of (A, o), denoted using OG(A4, o),
by

OG(A,0)(L)={I C Ay | I =TI"}.

Note that OG(A, o) is a specification of IV,,(A, o) with the implicit assump-
tion that o is orthogonal. We proceed by considering the case where A is
split and deg(A) = 2n. In this instance, we have that (A, o) = (M, (K), 03,)
where (K", q) is a K —vector space equipped with a quadratic form ¢ (induced
by the involution oy, ) defined by ¢(v) := by(v,v) for v € K.

Lemma B.0.1. There is a one-to-one correspondence between isotropic ide-
als of (Endg (V'), 03,) and totally isotropic K —wvector subspaces of (V,q) given

by,
W CV — Homg (V, W)

Proof. Tt suffices to show that Homy (V, W)+ = Homg (V, W+). To see that
this is indeed sufficient we observe that if Homg (V, W) is an isotropic ideal
in Endg (V) then Homg (V, W) C Homg (V, W)+ = Homg (V, W) and W C
W+, which is precisely the definition of a totally isotropic subspace W in V.
The reverse direction follows easily assuming W C W+ C V and the above
equality. We proceed to show Homg(V, W)+ = Homg(V,W=). Assume
f € Homg(V, W) and g € Homg (V, W)™, Then we see that

bg(f (), g(v)) = by(o(9)f(u),v) = 0 foru, ve V.
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Since im(f) = W for some f € Homg(V, W) we have that im(g) € W+ and
g € Hom(V, W). If we repeat this line of reasoning with g € Homg (V, W)
we can see that o(¢g)(f(u)) = 0 for all w € V which implies o(g)f = 0 i.e.
g € Homg (V, W)™ O

In general, it is difficult to determine the structure of elements in this cor-
respondence explicitly. We consider the simplest non-trivial example. Let

T
us take isotropic ideals in the split quaternion K —algebra (,_y) equipped
with an orthogonal involution oy,. Since dimg (V) = 2, we see that (V,q)
is isotropic if and only if (V,q) is isometric to the hyperbolic plane i.e.

q = (1,—1). Alternatively, given that o}, is an orthogonal involution on
a degree 2 algebra, we know that it can be characterized by the generator

1, € Skew ((:1;_Ky> ,abq> by the considerations in Section 2.3. Assume, in
this case, that i2 = 1. Then letting I = (1 + 4,) denote a right ideal in
(%) we obtain o(/)I = 0 and hence [ is isotropic. An important note to
make is that our choice of i, such that i2 = 1 is equivalent to choosing a

x
particular orthogonal involution on (%)

Proposition B.0.2. There is a one-to-one correspondence between isotropic
ideals of (A, o) and totally isotropic subspaces W C V, where V is a D-vector
space such that A =k Endp(V).

Proof. Assume, without loss of generality, that (A,0) = (Endp(V),o3)
where h : V — D is a Hermitian form. Arguing as above, we have a
correspondence between totally isotropic Hermitian subspaces and isotropic
right ideals:

W CV «— Homp(V,W)
[

We will use this correspondence to construct a complete isotropic flag for
(A,0). This will be necessary in order to introduce Schubert varieties of
twisted flag varieties, which are a central focus of this section. So what is a
flag? Loosely, it can be thought of as a filtration of the space. To see what
this means in our case, let us first consider (A,0)gas = (Endgas(V), o)
and observe that W,(K) = Z/2 (see discussion preceeding Example 1.2.3)
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implies the quadratic form p associated to the symmetric bilinear form b can
be decomposed as follows,

~ ) mH, if dim(p) = 2m
b= mH+ < 1>, if dim(p) = 2m + 1

for some m € N. Note that for symmetric bilinear forms (adjoint to orthog-
onal involutions), the dimension of a totally isotropic subspace W C V is
not necessarily 3 dim(V). This lies in contrast to skew-symmetric bilinear
forms (adjoint to symplectic involutions) which are always even-dimensional.
It turns out that this subtle difference requires special attention.

Consider dim(p) = 2m such that the Witt-index denoting the number of
hyperbolic planes is m i.e. w(V,p) = m and denote the maximal totally
isotropic subspace W C V (of dimension m) by V,,. Taking any maximal
chain of strictly descending subspaces i.e.

o =Vyc-- cV,

such that dimg(V,,) = n for n = 0,...,m we get precisely the notion of a
complete (totally) isotropic flag of (Endg(V'),0,). Using the correspondence
between isotropic subspaces and isotropic ideals established earlier, we have
a complete chain of isotropic ideals:

(0)=1IyC---Cl,=Homg(V,V,).

We will make use of this flag to define the Schubert varieties of IV,,(End (V'), o).
Consider a strict partition defined by the condition a = [ay, . .., ay,] with

n>ap>ag > > A, > 0.

Such a partition can be represented by an upper shifted Young diagram with
a; boxes in the j-th row, starting at the j-th column of an n x n box. Al-
ternatively, this diagram can be described by a partition A = [\, Ag, ..., A\,]
with \j = a; +j for j = 1,...,m and A,,41,..., A, determined such that
the Young diagram for A is a doubled partition. We use the term doubled
partition to refer to the Young diagram inside an n x (n + 1) box which is
symmetric about the north-west to south-east diagonal of the box shifted to
the right by 1 column (see |Gill8] for more detail).
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Example B.0.3. Suppose n = 4. The strict partition a = [4, 2|, corresponds
to the upper shifted diagram on the left. We associate to a the doubled
partition A = [5,4,2,1], which corresponds to the diagram on the right.
Note that the upper shifted diagram is obtained from the double partition
by removing all coloured blocks on and below the NW to SE diagonal of the

box.
a::t A=

These partitions, or their associated Young diagrams (of either upper shifted
or self-dual type), are used to define the Schubert subvarieties of the maximal
orthogonal Grassmannian OG(n,2n + 1).

Given a K™ —algebra with orthogonal involution (A, 0) = (Endgas(V), 03)
such that deg(A) = 2n + 1, we fix a full chain of isotropic right ideals

I I, C---C I, C Asuch that rdim(/;) = j
Let A = [A, Ag,..., Ay be a doubled partition with
n>AN>MA>- 2>, >0,
and let a(\) = [ay, ..., ay] be the corresponding strict partition.

The Schubert variety X\ C OG(Endgas(V'),05) is defined by intersection
conditions with respect to the above isotropic chain:

Xy ={J € OG(Endga (V),0n) | rdim(J N [ y1-4;) > j for j=1,...,m}

Using the correspondence between self-dual Young diagrams and upper shifted
Young diagrams, we can also define X, in terms of \ itself:

X\ =1{J € OG(Endga (V),0n) | rdim(JNpq145-n,) > j for 1 < j <nand \; > j}

It turns out that the cohomology of Schubert varieties is closely connected
to the Chow ring of the ambient space. Much work has been done in under-
standing this relationship in terms of the underlying quadratic form structure
of the involution. For instance, in the case of maximal orthogonal Grassm-
naninas (which we have concerned ourselves with thus far) [EKMO08, Chapter
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XVI] gives a comprehensive treatment of the relationship between Schubert
varieties and Chow groups. Although the computation of the torsion Chow
group in the general case has remained elusive, several significant steps to-
ward this direction have been made. In particular, [Karl6, Corollary 1.6
and Proposition 4.2| give a characterization of the torsion Chow group us-
ing [Kar95, Proposition 2|, which is a result describing the torsion in the
topological filtration in terms of the restriction map.
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Appendix C

Details of theorem 5.4.1

Let us begin by reviewing our assumptions and notation. Let (A, o) denote
a central simple K-algebra A of degree 4 with a symplectic involution o.

Lemma C.0.1. [Lou78, Theorem B A degree j central simple K-algebra A
with symplectic involution o decomposes as

(A,0) = (Q1 Rk Q2,01 @k 02)
where o1 15 an orthogonal involution and o is a symplectic involution.

Proof. Assume ind(A) = 4 since it will be shown shortly that the claim
follows easily otherwise. We will begin by identifying a o stable )7 inside
A which by the Double Centralizer Theorem will give us a decomposition
A= Q1 ®CA(Qr) where deg(C4(Q1)) = 2 implies that Cy(Q) is a o-stable
quaternion K-algebra. The involution type of o, and o9 follows by process
of elimination, all other type pairs produce an orthogonal involution.

To construct ()7 it suffices to define anti-commutative, order 2 elements
i,j € A such that o(i) = i and o(j) = j (and o(ij) = —ij implicitly).
In fact, once we can find i € A such that o(i) = i we can construct j € A
by applying the Skolem-Noether to the inner automorphism K (i) — K (7)
defined by ¢ — —i. The problem thus reduces to finding an element ¢ € A
with the desired properties. As it turns out, every s € Sym(A, o) has order 2.

Let L/K be a Galois splitting field of A. We proceed to show that for every
s € Sym(A @k L,op)\K* = Sym(My(L),op)\I4 - K*,

det(s — X - I) = (X? —1)?
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for some | € L. By Skolem-Noether, every automorphism is inner which
means oy, o (—)" = Inn(u) or, in other words, o7, = Inn(u) o (—)*. By Propo-
sition 2.2.4 we have that u € Skew(My(K), (—)") and Sym(My(K),07) X u -
Skew(My(K), (—)"). Asa consequence, s = ua where a € Skew(My(K), (—)).
Using this decomposition, we have

det(s — X - I) = det(u) det(a — u ' X),

where both u and a — Xu~! are alternating matrices. From a classical re-
sult concerning Pfaffians, the determinant of an alternating matrix can be
represented as a square. Indeed, by choosing a basis such that an alternat-
ing matrix can be written as a direct sum of alternating block matrices, the
claim follows directly. This line of reasoning gives us det(s — X - I) = f(X)?
where f(X) € L[X]. In particular, f(X) = X% —1[ for [ € L which follows
by noting that since a — u~'X is alternating, both the degree 3 and degree
1 terms must vanish.

Since L/K is Galois and det(s — X - I4) is stable under Galois action, we see
that [ € K[X] (indeed consider the degree 2 term of det(s— X -I,) = (X?—1)%
We thus conclude that all s € Sym(A, o)\ K -1 are of order 2. This concludes
our proof. ]

A natural generalization of the preceeding argument can be phrased as fol-
lows. For every s € Sym(A4,0)\K, charpoly (X) = (X% — Trp,(s)X +
Nrp,(s))? where Trp,(s) = 0 implies Nrp,(s) = —s* € K*. We will fo-
cus our argument and only refer to (@1 ® Q2,01 ® 03) instead of (A, o) from
now on. Notice that dimg(Sym(Q1 ® Qq,01 ® 09)) = 6 where (Sym(Q; ®
Q2), NTPo,00,) 18 @ 6 dimensional quadratic space. We fix some notation,

Sym(Q1 ® Q2,01 ® 02)° = {s € Sym(Q ® Q2,01 ® 02) | TP 00,(5) = 0}.

Now, since N7py 50, i an Albert form using [KMRT98, Example 16.15] or
directly calculating Nrp,, s, With respect to the basis elements in Sym(Q; ®
Q2,01 ®03) (which we will do shortly). Notice that from the proof of Lemma
C.0.1, NTps, 0, (5) = —s%. By decomposing the symmetric elements of Q; ®
Q2 as the Sym(Q1,01) ® Sym(Qs, 02) and Skew(Qq,071) ® Skew(Q2, 02) we
can see that

NTps e, = Nrdg, (v)(Nrdy,, L — Nrdy,).
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In the case where ind(A) = 2 we can reduce the above argument signifi-
cantly and deduce even more about Nrp,. Indeed, by Wedderburns theorem
ind(A) = 2 and deg(A) = 4 implies that A = My(K) ® ). Consider-
ing the 1-Hermitian form (see [KMRT98, Corollary 4.2 (1)]) associated to
(Endg(V),0n) = (My(K)®Q), ad, ® o) where we have that h: V — Q is a
Hermitian form and V' is a rank 2 ()-module. Consider am orthogonal )-basis
{e1,e2}, by skew symmetry of h, we have h(e;, e;) = by € K. In particular,
by considering the K-vector space V; given by the K span of {e;,es} we can
identify h|y, with a quadratic map ¢, meaning that A = Endg (V) ® QQ where
each components is ¢ invariant by construction.

We will define the action of o on an element in M(Q) using what we know

of h. Consider o( i ) = b bz . We will compute the by
21 Q929 b21 b22

term, the other computations follow similarly. The main idea is to consider
the equality

bato((( 0202 ) = hofer, (0822 ) e

a21 A2 a21 A2

coming from the definition of the involution associated to a Hermitian form.
This evaluates to

ho(biier + barea, €2) = hy(e1, arner + agaes)
which can be further reduced to
O'(bgl)hg = h1a12.

In other words, by, = hy'hio(a12). The other coefficients follow from similar
calculations, giving us

o a11 Q12 ) — o(an) h51h10(a21)
Qo1 29 hg_lhﬂ(am) o(ass) '
Following |[KMRT98, Example 16.15], we can describe Nrp, explicitly by

computing —s? for the elements which are symmetric with respect to o de-
fined above. In particular Nrp, = (1,—1) L hyh; ' Nrdo.

To describe Nrp, in terms of the isotropy/hyperbolicity of the associated
Hermitian form it suffices to consider the trace form gp,(v) := h(v,v). This
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is a quadratic form which has the property that g, is isotropic/hyperbolic
iff h is isotropic/hyperbolic (see [Sch85, Theorem 10.1.7]). We can explicitly
compute the trace form ¢, using our construction of h over the rank 2 Q-
module V, doing so would give us that ¢, = hiNrdg L hoNrdg. This
concludes our remarks on Theorem 5.4.1.

Lemma C.0.2. Consider a central simple K-algebra A of degree 2m equipped
with a symplectic involution o. If m is odd then

<A7 U) = (Mm(K)7 a’dp) & (Q7 7)
for some quadratic form p over K.

Proof. By Wedderburn’s theorem, A = M (D) where k € N and D is a divi-
sion K-algebra. Since the exponent of D is 2 we must have ind(D) = 2! for
osme [ € N. By assumptions on the degree of A we have that [ = 1 and k = m.
Now consider the Hermitian module structure on V' a rank m -module. Let
{e1,...,em} be a Q-basis, by considering the vector space Vj corresponding
to the K-span {ey,...,e,} we see that h restricted to V; is a quadratic space.
In particular, since Endg (Vo) = My(K) and o(Endg(Vy)) = Endg (Vo) we
have that
(4,0) = (M(K), ady) ® (@, 7)

for some quadratic form p over K.
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