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Abstract

In the thesis, we introduce a two-dimensional semi-linear credibility model, which is an
extension of the classical credibility or split credibility models used by practicing actuaries.
Our model predicts the future expected losses of a policyholder by considering its historical
primary and excess losses. The optimal split point is derived based on the mean squared error
criterion. We show when and why splitting a policyholder’s historical losses into primary and
excess parts work analytically. In addition, we derived formulas for estimating our model
parameters nonparametrically. Finally, we show the application of our model through three
examples.

Keywords: Two-dimensional semi-linear credibility model, split credibility, primary and
excess credibility, linear function, mean square error
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Summary for Lay Audience

Credibility theory is a set of quantitative tools that allows an insurer to adjust premiums
based on policy holders’ past loss experience. The theory features the combination of data
with other information, such as the mean loss of policyholders in the same rating class.

In this thesis, we introduce a two-dimensional semi-linear credibility model, which consid-
ers policyholders’ small losses and large losses separately. Our model is an extension of the
classical credibility or split credibility models used by practicing actuaries.
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Chapter 1

Introduction

Credibility theory is a quantitative tool that enables us to estimate and adjusts the future pre-
mium given a policyholder’s loss experience. For a detailed introduction of credibility theory,
readers are referred to Klugman et al. [8]. Assume that the risks are homogeneous, the manual
rate is designed to reflect the past and future expected experience of the entire rating class.
Because the policyholders in a rating class are different, the manual rate can not reflect individ-
uals’ actual risk. However, it is important that higher risks should have higher rate and lower
risks should have lower rate.

Therefore, the insurer is forced to determine how much of the difference between the pol-
icyholder’s own experience and the expected experience is due to random fluctuations as well
as how much is due to the fact that the policyholder’s own risk is higher or lower than the
average risk. That is, how much credibility does the policyholder’s own experience have? The
credibility necessarily depends on the amount of data. The more past information we have on a
given policyholder, the more credible the policyholder’s own experience, all other things being
equal. In group insurance, the loss experience of larger groups are more credible than that of
small groups.

Another use for credibility is in the setting of rates for classification systems. For example,
there may be many occupational classes in workers compensation insurance, some of which
may provide very little data. In order to accurately estimate the expected cost for insuring these
classes, limited empirical data can be combined with other information, such as past rates and
so on.

From a statistical point of view, if loss experience data from an insured or group of insureds
is avaiable, we should use the sample mean or some other unbiased estimator to determine
the premium. But the results in credibility theory show that it is optimal to give only partial
weight to this experience and give the remaining weight to an estimator produced from other
information. For details, readers are referred to Klugman et al. [8].

Credibility theory is an approach to combine the manual rate with the policyholder’s own
loss experience, so that future premium will reflect the future losses accurately. In this chapter,
we firstly introduce limited fluctuation crediblity theory, a subject developed in the early part of
the twentieth century. The theory provides an approach to assign full or partial credibility to a
policyholder’s experience. Then, we will introduce greatest accuracy credbility theory, which
was formalized by Biihlmann [1]. The simplest model of Biihlmann [1] is introduced in this
section and will be our assumption in the thesis. Besides that, we will introduce an improved



2 CHAPTER 1. INTRODUCTION

model that developed by Biihlmann and Straub [3], after the simplest Biihlmann model.

Then, we will introduce split credibility which is the research object of the thesis. We firstly
introduce semi-linear credibility with truncation (referred to Biihlmann et al. [4]). Then we
propose our two-dimensional semi-linear credibility model.

The thesis is organised as follows. In chapter 2, we discuss our two-dimensional semi-
linear credibility model and also discuss the nonparametric estimation method associated with
our model. In chapter 3, we show the application of the model with three examples. Chapter 4
concludes the thesis.

1.1 Limited fluctuation crediblity theory

Limited fluctuation crediblity theory is an approach to determine whether we should assign
full credibility on the policyholder’s own past experience or not and decide to assign partial
credibility if full credibility is inappropriate. Suppose that a policyholder has experienced X
claims or losses in past experience period j, where j € {1,2,3,---,n}. Suppose that E(X;) = &
and Var(X;) = o? for all j. The past experience may be summarized by the average X =
L >i_1 X;. Notice that E(X) = £ and if the X; are independent, Var(X) = ‘f—:

The insurer’s goal is to determine the value of £. One way is to ignore the past experience
and simply charge M, a value obtained from experience on other similar but not identical
policyholders, which is often called the manual premium. Another way is to ignore M and
charge X, which is full credibility. A third way is to choose some combination of M and X,
which is partial credibility.

For full credibility, we use statistical method to decide whether the losses are stable or not.
That is, selecting two numbers r > 0 and 0 < p < 1 (with r close to 0 and p close to 1) and
assigning full credibility if

Pr(-ré <X —£<18) 2 p. (1.0

Restate (1.1) as

(1.2)

Let y, be defined by
X -

&
<yl|l> . 1.3
N7 yJ p} (1.3)

o/ \n

yp = inf {Pr(
y

Then the condition for full credibility is

ré\n

(o

o r n
— < —\Vn=1|—, 1.5
'3 = yp\/ﬁ \/:0 ()

> y,. (1.4)

Rewrite (1.4) as
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where 4o = (y,/ r)?. If the X ; are independent, we can rewrite (1.5) as

0_2 é':Z
— < — 1.6
S (1.6)

Var(X) =

Alternatively, solving (1.5) for n gives the number of exposure units required for full cred-
ibility, namely,
o

2
nZ/lo[E] . (L.7)

For details, readers are referred to Klugman et al. [8]. Thus, we can get the condition of
sample size which meets the standard for full credibility.

If full credibility above is inappropriate, we consider partial credibility which contains the
past experience X in the net premium as well as the externally obtained mean, M. Then we get
the formula of credibility premium,

P.=ZX+(1-2)M, (1.8)

where the credibility factor Z € [0, 1] needs to be chosen. The theoretical method on the basis
of a statistical model to determine the optimal Z will be presented in next section. Another
method is based on the same idea as full credibility. We see from (1.6) that there is no assurance
that the variance of X will be small enough. However, it is possible to control the variance of
the credibility premium, P,, as follows:

é:2
/1—0 = Var(P.)
= Var[2X+(1—Z)M]
= Z*Var(X)
= 220—2.
n

Thus, Z = (¢/0) Vn/Ay. Due to Z € [0, 1], we have that

& |n
Z=min{y —\|—, 1;. (1.9)
g /l()

1.2 Greatest accuracy credbility theory

Biihlmann [1] introduced a model-based approach to solve the credibility problem. Sup-
pose that we have the past claims for a particular policyholder with n exposure units, X =
(X1, X5,-++,X,)", and a manual rate y (it is the same as M above) applicable to this policy-
holder. However, the mean of claims is quite different from the manual rate. This difference
raises the question of whether next year’s net premium (per exposure unit) should be based on
i, on X, or on a combination of the two. That is, how credible is the manual rate and how cred-
ible is the past experience for this policyholder? For this question, the Bayesian methodology
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is discussed in Klugman et al. [8]. But here we do not discuss the Bayesian methodology in
detail, and focus on the Biihlmann model (the simplest credibility model).

Under the Biihlmann model, for each policyholder, past losses Xj, ..., X, are assumed to
have the same mean and variance and are i.i.d. conditional on ®. Assume that ® is a random
variable which is the risk parameter associated with the policyholder. Define

u@) = E(X|0 =0),
(@) = Var(X;|® =0),

p = Euw®)),
v = EW(O)),
a = Var[u(©)].

We are interested in setting a rate to cover X, ;. Define

Hn+1(0) = E(X,4110 = 0),
Mn+1 = E(/Jn+l(®))

Now, we can calculate the unconditional mean and variance of X; as well as X as follows,

E(X)) = E[E(X,|®)] = E[u(®)] = u = E(X),

and
Var(X;) = E[Var(X;|®)] + Var[E(X;|0)]
= EMO)] + Var[u(©)]
= v+a,
and

Var(X) = E[Var(X|®)] + Var[E(X|®)]

_ 1@
n

+ Var[u(0)]

1%
= —+a.
n

Because the losses are i.i.d. conditional on ®, the unconditional mean and variance of X,,,;
are the same as X;’s. That is,

E(X,+1) = E[E(X,+110)] = E[ﬂn+l(®)] = E[/J(G))] = U= Upi1,

and

Var(X,.1) E[Var(X,.110)] + Var[E(X,.110)]
E[v(©)] + Var{u(0)]

V+a.
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Biihlmann [1] suggested a linear function of past loss data to estimate a policyholder’s
expected loss next year yu,,1(6). Thus, the credibility premium is

Pe=ag+ ) aX;, (1.10)
=1
where o, a1, - - , @, are parameters that are needed to be chosen. Hence, we choose the opti-

mal @’s to minimize mean squared error(MSE), which is

Q
Il

E{[un+1(®) - PC]Z} (L11)

E{[ﬂn+1(®) —ay— Zn: anj]z}. (1.12)

=1

Thus, by taking derivatives with regard to a’s in (1.12), it can be shown that the credibility
premium is given by

Pe=px(0) = do+ ) aX, (1.13)
J=1
= ZX+(-2)u, (1.14)
where
=" 1.15
T n+k (1.15)
and

v E[Var(X;|0)]
K= = ValEx,0)] (1.1

and o is the optimal @, and d; is the optimal «; for all j and Z is the optimal credibility factor,
Z. For details, readers are referred to Klugman et al. [8].



6 CHAPTER 1. INTRODUCTION

The minimum mean squared error(MMSE) in the Biihlmann model is

E{[un+1<®> aO—Za, ]}
- E{[un+1(®) 2% - (1—Z)u]2}
d

>
Il

i (©F + (2% + (1 = 2] = 2, [2X + (1 = 24|

= E{p(©) + 22X + (1= 2747 + 221 = RpX = 22X, X = 21 = DXy

= E(nn(©)) + ZZEX?) + (1 = 21 + 22(1 = Rp* = 22E (X, X) = 2(1 = Zp?

= Var(1(0)) + E(ui ()7 + 22 (Var(X) + EX)?) = 2ZE |EX,..X10)| - (1 - 2)°%°
1%

= a+2+ 22 —ta+ |- 22E [E(Xn+1®)E()_(|®)] —(1 =242

A |V ~ ~
= a+ 1P+ 77| —+a+ |- 2ZE[u®)] - (1 - 2)*®
n

= a+ >+ 22 £+ a+1* |- 22 (Var(u(®)) + Eu®))*) - (1 - 2)’

An |V A A
= a+@P+ 2| —-+a+ 2| -2Z2(a+ 1) - (1 - 248
n

% ~ ~
= 22—+ (a+p)(1 -2 -(1-2%°
n
~an V ~
= 72—+ (1-2)a
n

2 2
na \% v
= -+ a
na+v) n na+v

va(na + v)

(v + na)?
va

= ) 1.17
v +na (1.17)

However, the Biihlmann model does not allow for variations in exposure or size. Therefore,
the Biihlmann-Straub model is presented in Biihlmann and Straub [3] to correct the problem.
The difference between the Biihlmann-Straub model and the Biihlmann model is the condi-
tional variances. The conditional variances is assumed to be

0
Var(X;|® = 6) = % (1.18)

J
where m; is a known constant measuring exposure. This model would be appropriate if each
X; were the average of m; independent (conditional on ®) random variables each with mean
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(1(0) and variance v(6). Therefore, the unconditional variance of X; becomes

Var(X;) E[Var(X;|0)] + Var[E(X;|0)]

V()

J

= E + Var[u(0)]

1%
= —+a.

m;j

To obtain the new credibility premium (1.10), we should take derivatives with regard to a’s
in (1.12) again. Define
m=m;+my+---+m,

to be the total exposure. Then, the credibility premium (1.10) becomes

Pe=ux(®) = do+ ) @X;=28+(1-2p, (1.19)
j=1
where
- 1.20
Cm+k (1.20)
where k = v/a from (1.16) and
_ « m;
X = —X;. 1.21
2K (1.21)

=1

~.

For details, readers are referred to Klugman et al. [8]. They are a simple introduction for
traditional credibility theory. From now on, we will discuss the split credibility.

1.3 Split credibility

National Council on Compensation Insurance (NCCI) [10] introduced that NCCI’s Experience
Rating Plan Manual for Workers Compensation and Employers Liability Insurance (Plan) was
an integral part of determining the cost of workers compensation. This is a way to customize
insurance costs based on the characteristics of the employer. It provides employers with the
incentive to manage their own expenses through measurable and meaningful cost-saving pro-
grams.

However, very large losses including the entire portion of the claim beyond a certain level in
the experience period reduces the predictive ability of the Plan. Although very large losses are
less likely to occur and are seen as more fortuitous than smaller claims, we should reduce cred-
ibility of them for making accurate estimates of future premium. Hence, the split credibility is
presented.

NCCI [10] indicates a split rating approach is used to reflect both the frequency and severity
of losses. The split point of individual losses is approved as part of each state’s rate or loss cost
filing. The amount of any individual loss up to the split point is known as primary loss, which
reflects frequency. The amount in excess of the split point is known as excess loss, which
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reflects severity. For individual claims below the split point, the entire amount is primary loss
and the excess loss is 0.

Robbin [11] introduced that the Experience Rating Plan for Workers Compensation with a
primary-excess split promulgated by the NCCI made the actual losses, denoted by X, divided
into primary losses, denoted by X,,, and excess losses, denoted by X,. That is,

X=X,+X,, (1.22)
where
X, =min(X,K) and X,=X-X,. (1.23)
This plan estimates the future losses by adding together the credibility-weighted estimates
of primary and excess losses separately. That is,
P.=M+Z7,X,+ZX, (1.24)

where P. is estimator of the future losses, M = (1 — Z,)E(X,) + (1 = Z,)E(X.) as well as Z,
and Z, are constant to be determined, which are credibility factors. The difference between
the conventional non-split credibility and two split credibility is clear by comparing (1.8) and
(1.24).

Robbin [11] assumed that the distributions of X, and X, were dependent on a risk parameter,
®. Define

Hp(®@) = E(X,|0), u.(0)=EX.0),
vp(@) = Var(X,|®), v.(0)=Var(X.|0),
Hp = EWp(®)), .= EWu.(0)),
v, = E@W,(0)), v,=E(®./(0)),
a, = Varlp,®)], a,=Varlu.(0)],
CO) = Cov(X,(0),X.(0), p=EC(@®),
A, = vpta, A.=v.+a,,
7 = Cov(u,(©),u(0)), k=p+mn.

In the above, p is the process covariance and x is the parameter covariance.
The MSE is

2
0= E{[Zpo (= Zy — 1p(©) + Z.X, + (1 = Zo)pte — p,,(@)] } (1.25)
where (1,,1(0) = u(®) = u,(0) + 1 (0).

By taking derivatives with regard to Z, and Z, separately in (1.25) and setting them to zero,
the credibility premium is

P. = px(0) = Z,X, + (1 = Zy), + ZeXe + (1 = Zo)pte, (1.26)
where
. Ala, + ) —«k(a, +
Z, = @+ m -« ), (1.27)
D

Ay(a, + ) — k(a, + )
D b

N
I

(1.28)
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and
D= 2,1, -« (1.29)

Hence, the MMSE is

2
0 = E{[Z,,X,, + (1= Zp)y = 1p(©) + ZX, + (1 = Zopae = 1) } (1.30)

= (a, + M = 2Z,) + (a, + m)(1 = Z,). (1.31)

For details, readers are referred to Robbin [11].

In Robbin [11], the MSE was regarded as a criterion for optimization. If the MMSE in split
credibility would be less than the MMSE in non-split credibility, then the split method should
be better than the non-split way. After considering the correlation between X, and X, Robbin
[11] derived the optimal split credibility of each loss by the least squares method and showed
when split in effective. However, under collective risk model (CRM), the following situations
may make the split ineffective:

1. Inversion: The optimal excess credibility is bigger than the optimal primary credibility.

2. Out of range: One of the optimal split credibilities is beyond 100% or negative.

In fact, Gillam [6][7] showed that there were many empirical evidences for the practicality
of split credibility. Why the situations above never happened among those evidences? We find
that a pivotal assumption in Gillam [6] is that primary and excess losses are uncorrelated. In
addition, the optimal split credibility factors, Zp and Z,, given by Gillam [6] are different from
Robbin [11]’s. However, we find that they will be same if both the process covariance and
parameter covariance are zero in Robbin [11].

As we all know, it is not possible that the process covariance and parameter covariance both
become zero because X, and X, must exit a correlation because they are from one same X. So
the assumption in Gillam [6] should not be satisfied in reality. This means that we should not
ignore the covariances between the primary and excess losses.

1.4 Semi-linear credibility with truncation

Biihlmann et al. [2] assumed that the claims(losses) were from two different sources: ordinary
claim with density D,(X|®) with probability 1 — 7 and excess claim with density D.(X) with
probability . Then, the density function of claims, fg(X), is given by

fo(X) = (1 = m)D,(X|®) + nD.(X) (1.32)
To estimate the future premium, we can use Equation (1.13) as before and minimize the

MSE (1.11) to get the optimal parameters. However, Biihlmann et al. [2] gave us a new way to
estimate the future premium. That is,

Pe=a+b ) (X;A M) (1.33)

J=1
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where a, b and M should be chosen by minimizing the MSE,

0

Il
o]
—

- 2
Eu®)X) - PC] } (1.34)

Il
ty
—

_ n 2
E@)X)—a—-b ) (X; A M)] } (1.35)

j=1

_ n 2
Tty + (1 = ME(u,(@)X) —a — b Z(X,- A M)] } (1.36)

=1

Il
txy
—

This method is standard credibility technique combined with data trimming, where the
parameter, M, is the trimming point.

Notice that in the model, only the ordinary part of the distribution depends on risk parame-
ter, ®. What’s more, we realize that it is a method that keeps only the primary part of the loss
distribution. The excess part is ignored. More details about this credibility estimation tech-
nique based on transformed data will be seen in Biihlmann et al. [4]. It is called semi-linear
credibility.

In order to avoid the impact of large claims on the overall credibility premium, Biihimann
et al. [4] look for transformations of the data. The credibility estimator is then applied to the
transformed data. One approach is to truncate either the aggregate or the individual claims.

In the thesis, the transformed data we assign is given by

Y; = f(X;) = min(X;, K) (1.37)

where K is the truncation point. The new credibility premium is
px(0) = do + Y @Y, (1.38)
=1

In Biihlmann et al. [4], the semi-linear credibility estimator of uyx(6) in the Biihlmann
model, based on Y; above, is given by

—~K) nTxy  _

Pe=uy (0) = ux + —5—— — py) (1.39)

m'y + O'y
where

ux = E(ux(9)), (1.40)
uy = E(uy(0)), (1.41)
xy = Cov(ux(0),uy(®)), (1.42)
y = Varluy(©)], (1.43)
% = Var[ux(®)], (1.44)

oy = E[Var(Y;®)]. (1.45)
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The MMSE is given by
. =~(K) 2
0 = E{fix ©)-x(®) (1.46)
2
nt
S S (1.47)
nTY + O-Y

We notice that semi-linear credibility includes non-split credibility model because the cred-
ibility premium (1.38) would become (1.13) if the optimal K went to infinity.

1.5 Our model

As we said before, semi-linear credibility considers only the primary part of the loss distri-
bution. To reflect all parts of the loss distribution, we add the excess part into semi-linear
credibility. We calculate the optimal parameters a’s given K by minimizing the MSE (1.11)
and also calculate the value of MMSE compared with non-split credibility’s and semi-linear
credibility’s to see if split credibility is effective. If the value of MMSE of split credibility is the
smallest between them, then the split credibility is effective and is able to make the estimator
of future premium more accurate. Finally, we hope to give a way to identify when we should
use split credibility and which K should be chosen.



Chapter 2

Two-dimensional semi-linear credibility
model

In this chapter, we look for general results of our model, called two-dimensional semi-linear
credibility model, including the optimal coefficients, @’s, and the value of MSE. Then we will
make a summary for general results. Next, we will give specific results in split credibility. We
will also discuss some properties of credibility in this model and the method for the optimal
split point will be presented. Furthermore, nonparametric estimation will be discussed, which
is helpful for us to solve the real problems. Finally, we derive the estimators of credibility
premium of the primary part and excess part.

In the thesis, we consider the two-dimensional semi-linear credibility model in the simple
Biihlmann model, that is for each policyholder(conditional on ®), past losses Xi, ..., X, have
the same mean and variance and are i.i.d. conditional on ®. For details, readers are referred to
Klugman et al. [8].

2.1 General results
Based on semi-linear credibility, we have only one transformed data Y; = f(X;). Now, we add

another transformed data L; = g(X;) that is different from Y; into the model. Hence, we get a
new credibility premium(or called estimator). That is,

px(0) = ag+ Y ay¥;+ » ayl;. 2.1)
J=1 =1

2.1.1 The optimal o’s

To choose the optimal @’s, we minimize the MSE. That is,

0= E{[ﬂn+1(®) — Q@ — an ay;Y; - i a’LjLJ]Z}- 2.2)

J=1 J=1

12
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Taking derivatives with regard to a’s and setting them to zero yields fori = 1,...,n,

6Q . n n .
o= = 0= E{z Han1(©) = do = @Y= ) ai L, (—1>}, (23)
0 [ . . )
Jj=1 j=1
aQ _ ) n . n ) .
2 = 0= E{2\ua(©) —do= ) 0¥y = ) al Ly |- . (2.4)
Yi ) j=1 =1 ;
aQ _ A n ) n . .
Y = 0=E{2|up+1(©) —dp — Z OleYj - Z (leLj (=Ly)¢, (2.5)
Li ) j=1 =1 ;
where @ is the optimal @ and ay; is the optimal ay; and a7; is the optimal «/; for all i.
Then, expanding them yields
Elt1(©)] = do+ ), ayE(Y) + ) aE(Ly), (2.6)
j=1 j=1
Elu(®)Y] = &E(Y)+ ) oy E(Y;Y) + > dELY)), 2.7)
j=1 j=1
Elti@)L] = GEWL)+ Y| ov;EYL) + ) ai;E(LL). (2.8)
j=1 j=1

The left-hand side of Equation (2.7) can be rewritten as

Elpni1 (©)Y7] E{E[u.+1(©)Y;|01}
= E{u1(©)EY/O]}
= E{E[X,.1|O]E[Y|O]}
= E{E[X,+Yi|O]}

= E[X,.Yi],

where the second from the last step follows by independence of X; and X,,.; conditional on @,
which is same as Klugman et al. [8]. Then, Equation (2.7) becomes

E[X,1Yi] = GoE(Y) + ) oy (YY) + ) ai;E(L;Yy). 2.9)
=1 =1

Hence, we also have
E[X,1Li] = GE(L) + ) av;E(Y;L) + ) i ;E(LLy), (2.10)
j=1 j=1

which is from (2.8) and whose reason is followed by above.
Besides, the left-hand side of Equation (2.6) can be rewritten as

E[ptn+1(0)] = E[E(X,+1|0)] = E[X,11].
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Hence, we rewrite Equation (2.6) as

EX,1] = do + ) i E(Y) + ) i E(L).
j=1 =1

Next, mutiply (2.11) by E[Y;] and subtract from (2.9) to obtain

Cov(X,1, Y = Y @y, Con(Y;, i) + ) ai,Cov(Ly, Y,

=

=

in the meantime mutiplying (2.11) by E[L;] and subtract from (2.10), we get

fori=1,..

Cov(Xyoi, L) = ) @y;Con(Y;, L) + ) a,Cov(L), L),

., 1.

=1

=

2.11)

(2.12)

(2.13)

For the convenience of expression, we give a table of our notations in the thesis. That is,

Notation Expression Notation Expression Notation Expression
Hx(®) E[X|©] Ky (©) E[Y|O] HL(©) E[L|O]
Hx Elux(©)] My Eluy(0)] ML Elp (0)]
s Var[ux(9)] T Var[uy(0)] 77 Var[ui(O)]
oy E[Var(X|0)] oy E[Var(Y|®)] o7 E[Var(L|®)]
xy | Cov(ux(®), uy(®)) x| Cov(ux(®), 1. (0)) v | Cov(uy(®), u(®))
Oxy(®) Cov(X|0,Y|0) 0x.(©) Cov(X|0, L|®) Oyr(©) Cov(Y|0, L|®)
Oxy E[6xy(0)] OxtL E[6x.(0)] SyL E[6y(0O)]

Table 2.1: A list of notations

Using the notation above, the left-hand side of Equation (2.12) can be rewritten as

Cov(X,11, )

E[XynYi] -
E{E[X,1Y|O]} — E[ux(©)]E[uy(©)]
E{E[X,.1|®]E[Y}|®]} - E[ux(®)]1E[uy(©)]
Elux(®)uy(0)] — Elux(®)]E[uy(0)]
Cov(ux(®), uy(0))

= Txy,

E[X,]E[Yi]

fori = 1,...,n and the reason of the third step is independence of X; and X,,,; conditional on

0.

Under the same reason, we have

Cov(Y,Y) =1y and Cow(L;,Y)) = 1yr,

forj#iandi,j=1,...,n.
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Now, we rewrite Equation (2.12) as

Txy = Z @y;Cov(Y;, Y)) + dy;Var(Y;) + Z ariCov(L;, Yy) + apiCov(L;, Yy) (2.14)
j=1

J=1

= ) vty + a0} + 1) + Y @ty + Oy + Tvr) (2.15)
y i

= Z Q’;/jT%/ + QAyiO'%/ + Z CZALJ'TYL + QALi6YL, (216)

=1 Jj=1
where

Var(Y;) = E[Var(Y|®)]+ Var[E(Y,|©)] (2.17)

= o5 + Var[uy(©)] (2.18)

= oy +13, (2.19)

Cov(L;,Y:) = E[Cov(Li®,Y|®)] + Cov(E[LiO®], E[Y/|®]) (2.20)

= E[Cov(L|®, Y|®)] + Cov(u(®), 1y(O)) (2.21)

= OyL+ TyL. (2.22)

Compared with (2.16), Equation (2.13) can be rewritten as
TxL = Z OfijYL + CL’},'&YL + Z a’le% + CL’AL,'O'i, (223)
=1 =1

fori=1,...,n.
Next, mutiply (2.16) by o2 and mutiply (2.23) by Jy;, then subtract each other to obtain

TXYO'i — Tx10yL — (T?/O'% — Tyr0yL) Z;le a/i’j - (TYLO'i - TiéYL) 2?21 CYALJ'

2 2 o
Tyo = Oy

afy,- = . (224)
ifoso? # 63, andfori=1,...,n.
We notice that the right-hand side of Equation (2.24) does not depend on i. So we have that

ayj =dy;fori# jandi, j=1,...,n. We let them be a’y. With the same reason, we let all o,
be a; fori =1,...,n. Then, we have

~ 2 2 ~
Txy = day(nty +o0y)+ d(ntyr + 0yr),

o A 2 2
Txr = dy(ntyp +0yL) + ar(nt; +07),

which can be rewritten in matrix form as

2 2 ~
nty + 0y, ntyp+ Oyr, ay | [ Txy (2 25)
ntyr + Oyr I”LT% + O'i ay TxL |- ’
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Hence, @y and @, have a unique solution,

& = TXY(nTi + O'i) — Tx(nTyL + Oyr) (2.26)

(nt3 + 03)(nts + 07) — (nTy + Syr)?

TXL(nTZY + 0'%) — Txy(nTyL + OyL)
= 2 L 22 4 2 2 (2.27)
(nty + oy)(nt; + 07) — (nTyL + Oyr)

it
(nty + 0y (nt] + 07) # (nTyr + 6yr). (2.28)

Let A represent (nt3 + 05, B represent nts + o> and C represent (n7y,, + dy.). The matrix
becomes

nti+oy nty+6y\_ (A C
ntyL+6y, nti+o: |\ C B

If the determinant of this matix is zero, that is AB = C?. Then, there are no solution for
Equation (2.25) if Txy/7x; # C/B, and there are infinite solutions if 7xy /7y, = C/B. For details
of matrix with zero determinant, readers are referred to Marcus et al. [9].

Now, we get the value of @y and ;. Then, we can get the value of @, from Equation (2.11).
That is

do = px — ndyply — ndpfiy . (2.29)

Now, we get the new credibility premium from (2.1). That is

,U;(\@) = dy+dy Z Y, +dy Z L; (2.30)
=1 =1

= MUux — ndyﬂy - na7L,uL + I’LnyY + I’LCL}’\LZ (231)

= pix +ndy(Y — py) + nd (L — py), (2.32)

where (ay, @) are the optimal a’s.
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2.1.2 The minimum value of MSE

Next, we also need to calculate the minimum value of MSE (2.2) because we will compare it
with the MMSEs of non-split credibility and semi-linear credibility. So, we have

0

. 2
E{[un+1(®> - m(@)] } (2.33)
2
= E{[,Ltn+1(®) -y — ncfyl_’ - ndLL] } (2.34)

2 2
_ E[(ﬂnﬂ(@) _ ndyl_/) ; (c?o ; nchE) - 2(,un+1(®) - ncfyl_/)(a?() ; nchL) (2.35)

= E(tun1(0)’) + ndy’E (¥?) = 2n6vE (11 ()Y ) + &y + n’d,*E (L?) + 2ndiodi, E (L)
~280E (11(©)) = 2n0LE (1,11 (®)L) + 2nctodiy E (¥) + 2n°drdvE (VL) (2.36)

1
2 2 2.2 2 2 2 " n 2
= Ty + Uy +nady (ZO'Y+TY+/JY — 2ndy(Txy + uxpy) + @

1
252 2, .2 2 A N A
+n-ay, (;O’L + 17 4+ up | + 2ndod g — 2doux — 2na(txr + 1xir)

1
+2I’l(¥()ay/ly + ZHZCZLCZY (_6YL + Tyr + MylUp (237)
n
2 2 A2 2 2 A2 2 2422 A A 2
= Ty — My + I’LCL’y oy +n°ay Ty —n"dy dy + (Ux — ndypy — nd@rur)
2 2 2.2 2,22 " A o
+na oy + n’d; T, —n adp u; + 2n(ux — ndyuy)appy + 2ndypuxly
+2n(1’L(Yy(5YL + 21’1 O,’La/’\yTYL - 2nd\yTXY — 2I’lGj’\LTXL (238)
= TX + ndy? O'Y + n2dy2‘ry - 2ndyTyxy

+na/L20'% +n CL/LZT% 2nar Ty

+2naLay6YL + 21’1 CL’LCL/’\yTYL, (239)

where @; and @y meet Equation (2.25).The details of why Equation (2.36) goes to (2.37) will
be seen in Appendix A.

Remark The minimum value of MSE above(or called Q) is the minimum value given by one
K in our model. Giving a different K will result in a different MMSE.

2.1.3 Summary

In summary, we give two Theorems as follows.

Theorem 2.1.1 The two-dimensional semi-linear credibility estimator of ux(6) in the simple
Biihlmann model, based on two different transformed data Y; = f(X;) and L; = g(X)), is given
by

px(0) = px + ndy(Y — py) + ndp(L - pp),
where (@y, @y ) satisfies

HT%, + O'%, ntyr + oy ay | Txy
ntyr + Oyr I”LT% + O'i ay > |’
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or

TXY(nTi t+0 i) — Tx(nTyr + Oyr)

(nt3 + 02)(n72 + 02) — (nTyL, + Oyr)?

TXL(nsz + 0'3) — Txy(ntyp + Oyr)

(nt3 + o) (nti + 07) — (nTy + Syr)?

if (n72 + o) (nt2 + 02) # (nTyL + Sy1)*

Theorem 2.1.2 The minimum mean square error of the two-dimensional semi-linear credibil-
ity estimator in the simple Biihlmann model is given by

n n 2
N _ 2 A2 2 2,22 ~
Ooin = E{[,u,m(@) -y — E ay;Y;— E a/Lij] } = Ty +nady oy +nady Ty — 2ndyTyxy
=1 =1
A2 2 222

+nd "o + n a7t — 2nd txg

+2na;adyoyr + 27’12(1”\L(fyTYL.

Remarks The two-dimensional semi-linear credibility model includes non-split credibility
model and semi-linear credibility model. It will be semi-linear credibility model if ¥; =
f(X;) = g(X;) = Ljfor j = 1,...,n. Furthermore, it will be non-split credibility model if
Yi=fX;))=X;=g(X;)=L;for j=1,...,n.

In general, condition (2.28) will not be met if ¥; = f(X;) = g(X;) = L;for j = 1,...,n,
which means that we will not be able to use Equations (2.26) and (2.27) to get the optimal a’s.
However, Equation (2.25) will always be established whatever the transformed data are.

2.2 Split results

According to Section 1.3, split credibility model has two different partial losses, primary loss
and excess loss. So, generally, we should let Y; be the primary loss and let L; be the excess
loss. However, in order to simplify the expressions of optimal @’s and MSE as well as be more
intuitive to compare with non-split credibility model and semi-linear credibility model with
truncation, we keep Y being X, = min(X, K) but set L = X. The relationship between their
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parameters is as follows,

n n
ao+oszij+cerXej
= a/0+apz +aez X;i—X,))

j=1

= a/0+(a/p—cxe)Zij+aein
j=1

J=1

n n
= C¥0+C¥Yij+C¥LZLj
J=1 J=1
n n
= ao+ayzY]’+C¥XzX',
=1 =1

where X,,; = min(X;, K) and X,; = X; — X,,; as well as K is a split point. In the meantime, we
change the notation a; to ax and change the notation L to X.
Hence, we should have

Hx(60)

dp = d’\y+d\L:d\y+d\x, (240)

d, = dp=day. (2.41)

In this way, we have the accurate expressions of credibility premium and MMSE as follows,

1x(®) = px +ndy(¥ - pry) + ndx(X - pix) (2.42)
= ux+Zy(Y — uy) + Zx(X — py), (2.43)
where ¢y and @’y meet
n‘z‘% + O'%/ nTX2Y + 5)51/ a’:y _ T);Y , (244)
ntxy + 0xy NnTy +0y ay Ty
and
Q = TX + na/y O'Y + n2a7y27Y - 2ndyTyy
+ndy ol + nldy Ty - 2ndxTy
+2naXa'y6Xy + 2l’l axcfy‘rxy (245)
1>

= TX+ Zy(T +ZY TY_2ZYTXY

1/\2
+—Zx O' + ZX TX ZZXTX
n

2 - ——
+—szy(sXY + 2ZXZYTXY, (246)
n

where Z/ = nay and Z; = na’y which are credibility of each part.
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Again, we let A represent (n73 + 03), B represent nt% + 0% and C represent (n7yy + Oxy).

The matrix becomes ) )
nty+oy nixytoxy | (A C
( NTxy + Oxy Ny + 0% ) B ( C B/ (2.47)

If the determinant of this matix is zero, there are no solution for Equation (2.44) if 7xy/ Ti *
C/B, and there are infinite solutions if Tyy/ Ti = C/B. For details of matrix with zero determi-
nant, readers are referred to Marcus et al. [9].

In general, A and B are not equal to 0, but A = 0 when K = 0. In this situation, 7xy = 0,
C =0, Y = 0 and our credibility model becomes non-split credibility model.

When we have infinite solutions, the solution of non-split credibility model is also a solution
for us in our credibility model, which means that the minimum value of MSE in our credibility
model is same as the minimum value of MSE in non-split credibility model. Hence, we choose
the solution of non-split credibility model as the solution of our credibility model in this time.

2.2.1 Properties of credibility

Before we study the optimal split point, we present some properties of credibility. This will
help us gain intuition and make practical sense of our model.
Rewrite Equation (2.25) as

2 2
— NTyxy l’lTY + O'Y —
ZX = - Zy, (248)
ntxy + 6XY ntyy + 6XY
2 2 2
— nt nty + 0y —
X X X
ZY = - Zx, (249)

ntxy + 6XY ntyy + 6XY

if ntyy + 0xy # 0. In general, this condition should be always met because if X < K, then
Y = X and xy would be 7%, which is always bigger than zero except ux(®) is a constant but it
should not be happened, as well as 5xy would be 0%, whose property is same as 7%. Otherwise,
Y would be always equal to K and we would get ntxy + dxy = 0. In an extreme case which is
that all of X are bigger or equal to K, our model would become non-split credibility model and
this situation would be the same as K = 0.

Let n — 400, (2.48) and (2.49) become

Zy = 1-—7, (2.50)
Txy
_ 2 i __
Zy = —~_ X7 (2.51)
Txy Txy

thus we get Zx — land Zy — 0 if 72, # T%75. In general, this condition is met except ¥ = X
or K = 0or K — +0o. As we all know, we should give more credibility to the data if there are
a lot of losses we get. The properties of credibility above meet our expectation.

For the time being, we don’t restrict Y = min(X, K) and let it can be any functions on X for
now and go to find the influences of parameters 7xy and dxy.

Let Txy — oo, we get Z; — 1 and Zy — 0. From the results, we know that this influence
is the same as n’s if we choose a function on X, ¥ = f(X), with a large value of 7xy. Both of
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them will cause more credibility on X. Notice that the value can be either very small or very
large.

Similarly, let 6xy — oo, we get 2; — 0 and Z/ — 0. From the results, we know that
we should use the manual rate, uy, to estimate the future loss if we choose a function on X,
Y = f(X), with a large value of 6xy. Notice that the value can be either very small or very
large.

Remarks In the above, we discuss the sensitivity of the credibility to the values of a parameter
assuming that other parameters remain unchanged. In fact, other paramters may be changed
with Txy or 0xy, but we don’t consider this situation here. So, further research can be whether
any other parameters would be changed or not when the parameters we specify change if you
are interested in these results and want to explore more.

Notice that the credlblhty of primary loss, Z,, is equal to Zy + ZX and the credibility of
excess loss, Ze, is equal to ZX We are not able to ensure that Z and Z are between 0 and 1 as
commented in Robbin [11].

2.2.2 The optimal split point

The optimal split point minimizes the mean square error. Let the MMSE of non-split credibility
be Qmp, the MMSE of semi-linear credibility be Q,Sl and the MMSE of two-dimensional semi-
linear credibility be Qtdsl- From (1.17), (1.47) and (2.45), we respectively have

A 2
Owsp = 5 (2.52)
O-X + l’lTX
2
nt
A _ 2 XY
lel - TX - P} 2 (253)
O-Y + I’lTY
Qldsl = Ti + I’ZQAYZO'%/ + I’lzd’\sz%/ - zn(f\yTXY

+ndx oy + n*dy’ty — 2ndxTy

+2naxaydxy + 2l’l dxAyTxy. (254)

We notice that Q,4 is a function of the split point, K, because dx, @y, py, o2, 72, dxy and
Txy are functions on K. In theory, we take derivatives of Q,;; with respect to K and let the
expression equal to zero for getting the optimal split point, K. In the mathematical formula, it
18

0 Qtd sl

—=0.
0K

However, it is hard to solve this equation because the processes are extremely complex. For
practical application, we decide to use another simple method to determine the optimal split
point. Before that, we give an inspiring and accurate approach as well as hope that it will be
helpful with future research. Now we give the Leibniz’s Rule. For details, readers are referred
to Border [5].
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Lemma 2.2.1 (Leibniz’s Rule) Let A C R" be open, let I = [a,b] C R be a compact interval,
and let f be a (jointly) continuous mapping of A X I into R. Let « and [ be two continuously
differentiable mappings of A into I. Then

gx) = f(x,ndr,

is continuous in A. If in addition, the partial derivative 9 exists and is ( jointly) continuous on

ox
A X I, then g is continuously differentiable on A and

B(x) Of(x,1)
g'(x) = f PRt (x, BB (x) — f(x, a(x))a’ ().

a(x) X

Notice that the conditional mean of Y = X, is the function on X and K. Under the integral
expression, the integral interval is only related to K and the function is only integrated on X.
Therefore, we can use the Leibniz’s Rule to get our partial differential equations. Suppose that
the losses, X, have the same distribution with pdf, fxe(x), and cdf, Fye(x), conditional on ©.
Let Y = min(X, K), then

K
r(®©) = [ afion)dx + K(1 = Fro(K))
0
Under the Leibniz’s Rule, we take partial derivative of uy(®) with respect to K, then

Iy (0) K 9 (xfxe(x))
(;K - fo %dx + K fxie(K) — 0fx0(0)

+1 - Fxo(K) — K fxo(K)

= KfXI@(K) +1- Fx|@(K) - Kle@(K)
= 1= Fxe(K).

Using the same method, all of the partial differential equations of parameters are derived.
In the end, the numerical solution of K should be obtained. However, we guess that the solution
would be so complex that it is not easy to be used in reality and we give another way to get
it. Let us turn to research for size relationships between Qnsp, le and Q,dsl. Then, we get a
Theorem as follows,

Theorem 2.2.2 Let the MMSE of non-split credibility be Qnsp, the MMSE of semi-linear cred-
ibility be Qtsl and the MMSE of two-dimensional semi-linear credibility be Qnm Then, Qtdsl
will be the minimum value between them, that is,

QAtdsl < Qnsp and QAtdsl < QAtsl»
where Q,p is (2.52), Qv is (2.53) and Qg is (2.54).
Proof: We only proof the first inequality, Qtds, < Qnsp, and the other’s proof is similar. Notice

that when ay is equal to 0, we have

2

A _ 2 A2 2 2 A~ 2 A2
Qtdsl = Ty thaxy Oy +n ax Ty — 2]1(},’)(TX

= ndy’oy + (1 - ndy)’ty,
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2
A T
where ay = —%—. Then,
(J'X+nTX

A .2 2 A2 2
Qus = nax oy + (1 —nadx) Ty
4.2 4.2
nTyoy Oy Ty

(0L +nt3)? (0% + n13)?
o Ty
2 2

o +nt}

= Qnsp,

which shows again that the two-dimensional semi-linear credibility includes non-split credibil-
ity.

Assume that the MMSE of two-dimensional semi-linear credibility, Qtdsl’ is bigger than
Qnsp with the optimal @y and @y where @y # 0. However, we know that we could find the

A N N A 2
value of MMSE, Q.4 = Oy, as long as we selected @y = 0 and oy = # And we could
X X

get a smaller value. Therefore, Q.45 With the optimal @y # 0 is not the MMSE and it is not
existed.
In total, we have Qtdsl < QAmp for all times. |

As we said before, if the determinant of matix (2.47) is zero, then there are no solution for
Equation (2.44) or the solution of non-split credibility model would be chosen as the solution
of our credibility model. However, there is a special case that we do not need to split the losses
if the determinant of matrix (2.47) is not zero. We give a Theorem as follows.

Theorem 2.2.3 Assume that Tf( 0, xy # 0and 6xy/Txy = O'i / Ti, as well as,

Nty + 03 nTxy + Oxy 20

nTxy + Oxy nTy + 0% '

Then, the two-dimensional semi-linear credibility model becomes non-split credibility model
whatever the split point is.

Proof: Because the determinant of matrix (2.47) is not equal to zero, &y and ax have a unique
solution. And if Syy/Txy = 0%/7%, then we know that (dy,dx) = (0,7%/(n7% + 0%)) is a
solution of Equation (2.44) because

Txy 1 1 Ti

= - 2
ntxy +0xy n+ %L n+ I
XY Ti

) 2°

nty + 0y
Hence, we know that the solution (dy, @x) = (0,7%/(n7% + 0%)) is the unique solution of
Equation (2.44). And notice that this solution of two-dimensional semi-linear credibility model
is also the solution of non-split credibility model, so the two-dimensional semi-linear credibil-
ity model becomes non-split credibility model whatever the split point is in this situation. [
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Under Theorem 2.2.3, the split way is invalid and we do not need to split the losses if the
conditions of Theorem 2.2.3 are met.

Now we give our method to get the optimal split point. Firstly, we sort the losses, X, from
small to large. And then, we take some percentiles as our split point according to the accuracy
we need. The more precise, the more points. From our practical experience, the K value
generally is chosen a relatively large value, so we can take more points at larger percentiles to
determine the best K value.

For example, we could choose the Oth, 25th, 50th, 75th, 80th, 85th, 90th, 95th and 100th
percentiles as our split points. Then, we use our formulas to calculate the parameters and the
optimal a’s. Next, we calculate the values of MMSE given by different split points. We choose
the minimum one and choose the corresponding K value, which is the percentile and would
be different in number’s value according to different data, as the future optimal percentile in
future data from the same source(or the same group).

In this method, we can not guarantee that the K value we choose is the exact optimal K
value for each group of data, but the worst result is only the minimum of MMSE of non-split
credibility and MMSE of semi-linear credibility.

2.2.3 Nonparametric estimation

In this section, we consider unbiased estimation of our parameters, i, Tf(, Uf(, Txy and Oxy.
Let us use the simple Biihlmann model as an example.

Suppose that n; = n > 1 for all j and we have policyholders with number of m > 1. That
is, for policyholder i, we have the loss vector

Xi= X Xo, o, X)), i=1,2,-,m.
Furthermore, conditional on ®; = 6;, X;; has mean
Hx(6;) = E(Xij|®i =0,),
and variane
Vx(6;) = Var(X;;|0; = 6)),

as well as X;; and X;, are independent if s # ¢ conditional on ®; = §;. In the meantime, X;; and
X, are also independent if i # s because of the independence of different policyholders. So we
have

_ 1 ¢
Xi = Z; Xijs
| oo

X:%ZZ%.

i=1 j=1

An unbiased estimator of uy is
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because

E(iix) = E(X)

|
g
™
=
B

At the same time, an unbiased estimator of the conditional variance of X;; is
I 1 &
Vx(®;) = HZ(XU - X))
=1

Hence, an unbiased estimator of 0'5( is

—_—

__ RN
0% = EVi(®)) = — > Vi(®)

For details, readers are referred to Klugman et al. [8].
‘We now turn to determine unbiased estimator of Ti. Since

Var(X;) = Var[E(X,-IG),-)]+E[Var(Xi|®i)]
Vx(©;
= Var[ux(®)] + E X; )}
0_2
= T§(+7X,

an unbiased estimator of 7% is

—_—

2
—
% = Var(X,-)—YX

1 & o3
= Xl._XZ__X
m—I;( ) n

1 & 1 _

i=1 j=1

25



26 CHAPTER 2. TWO-DIMENSIONAL SEMI-LINEAR CREDIBILITY MODEL

—_—

where O'i 1s given and
Va X = —1 E X - )_( 2
V( i) 1 L ( i ) .

For uy, sz and Uzy, we firstly get the data Y from the losses X. In our case, Y = min(X, K)
given a split point K. Then, their unbiased estimators are

m
TN
j=1

1

>
'~<|

Hy =
11

B m(n = 1) =1 j=1

For estimation of 7yy and dxy, we firstly consider an unbiased estimator of the covariance.
Suppose that S,S,,---,§, are independent random variables with same mean us = E(S )
and T, T5,--- , T, are independent random variables with same mean ur = E(T';). And we are
only talking about paired data where S; and T'; are only correlated when i = j.

Let

~ L

1 1]
~ | ~
-1
G

Then, consider the statistic 3._,(S ; — S)(T; — T). It can be rewritten as

(SjTj—SjT—TjS +ST)

DS =81~ T)

j=1 j=1

D 8;Tj=r8T =rST +rST)

=

> 8,T;-r8T.
J=1
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Taking expectation of both sides yields

I
el

E Z;](Sj -S)T;-T) Z; SjTj_ ~rEST)

= E Z S.,-T.,-— = r|Cov(S, T) + pspr]

= E /Z; SjTj_ —r kcov(%g S, %; T)) + pispir
= E ]Z; SjTj: —r %c()v(z S, Z T}) + pispir

= FE ESJT ——ZCOV(SJ,T) ris Uy

j=1

= E ZS Tl —Cov(S,T) — ruspr

= rE(S T) - COV(S T) - rusur
= r[EST) - usur] — Cov(S,T)
= (r—1Cov(S,T).

Therefore, an unbiased estimator of the covariance is — Z (S -S T — T).

To estimate dyy, notice that we have an unbiased estlmator of 6xy(0,) as follows,
— 1 < _ _
5xr(©;) = m;% - X)(Y; - T
Hence, an unbiased estimator of dyy 1s

Sxy = E@Gxy(®)) = ZZ S5xr(©))

- m(l’l — 1) Z (X’J X; )(Yzj ,').

=l j=

Now we consider the value of Cov(X;,Y;). Recall that X;;, X5, , X, are independent
conditional on ®; = 6; and so are Ys. So we also know that X;; and Y}, are independent if s # ¢
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conditional on ®; = 6;. Then
Cov(X;, ) = E|[Cov(X|®;,Ti0)|+ Cov|EX0)), E(Y|0))]

+ Cov(ux(0), uy(0))

1 & 1<
= E C - E Xi'®i’_g Yi'®i
OV(I’Z = Jl n =1 jl )

+ Txy

= E >—C0v(Z X:/10;, Z Y0

J=1 J=1

+ Txy

_ |
= FE ; Zl COV(Xij|®i, Yz]|®l)
L J=

+ Txy

1
= E ;Cov(Xl@,YI@)

= —+ Txy.
n

We also have an unbiased estimator of Cov(X;, ;) as follows,

Cov(X., 7)) Z(X X, - 7).

Thus, we get an unbiased estimator of 7xy. That is,
Txy = Cov()?,-, Y) - —
= i -X)Y;,-Y) - mn(n—l)zm: (X;; — X)(Y;; - Y.

Now, we give all unbiased estimation of our needed parameters and you can review the
whole results of this section in Appendix B.

2.2.4 The estimators of 1,(6) and p.(6)

Besides the estimator of ux(6), we also concern about the estimators of primary part(u,(6)) and
excess part(u.(6)). In reality, the large claims generally are large relative to all of data and we
do not want that they occupy so large proportion that it will influence our future income as well
as increase risk and instability. In the other words, we hope that the mean of the excess part is
very small to reduce the overall impact of that part. Therefore, we could control the influence
and risk if we could estimate y,(6) and p,(6).
We discuss p.(6) only and the other is similar. Let Y be X, = min(X, K) and L be X,

X — X,. Then pu,(0) = ,uY(®) and 1.(®) = u;(©). And we let the estimator of u,(6) be ,up(G)

and the estimator of u,.(6) be ,ue(H) We change @ to be Bo, ay to be ,BY and change a’x to be ,BX
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We still use Y's and Xs as data to estimate u,.(6). Because the independence of L is the same as
X, the processes are the same as the processes of the estimator of uy(6). Therefore, we have

116) = 11..(0)

Bo +,gYZn] Y; +,3Axin
= P

pr — nByuy — nBxpix + nfyY + nfxX
pr +nBy(Y — piy) + nfx(X — uy),

compared with (2.32) as well as where Sy and 5y meet

nTy + 0y nTxy + Oxy )( By ):( TyL ) (2.55)

2 2 3
ntxy + Oxy nty + oy ﬁX TxL

compared with (2.44). Because we only want to use the parameters we have used and calcu-
lated, we rewrite Ty; and Tx; as

Ty = Cov(uy(0),u (0))
= Cov(uy(0), ux(®) — uy(0))
= Cov(uy(0), ux(0)) — Cov(uy(0), uy(0))
= 1xy — Var[uy(0)]

= Txy -7 2y,

xe = Cov(ux(0),u.(0))
= Cov(ux(0), ux(®) — uy(©))
= Cov(ux(0), ux(0)) — Cov(ux(0), uy(©))
= Varlux(©)] — txy

2
= Tx — Txy,

because

ux(®) = E[X|®] = E[X, + X,|O] = E[Y + L|®] = E[Y|O] + E[LO]
= py(0) + p(0) = up(0) + u.(0),
Hx = My +HL = Hp + U

For u,(0), we change d) to be ¥y, @y to be ¥y and change @y to be yx. The estimator is

70+77yzn: Yj+77xzn:Xj
=1 =1

Hy — nyyiy — nyxpix + nyyY + nyxX
py + ¥y (Y = py) + nyx(X — piy),

11,(0) = 11y(6)

where
( I’lT%,-f—O'%, nTXy+6Xy)()7y):( TZY ) (2.56)

2 2 2~
ntyy + Oxy nty + oy Yx Txy
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Notice that the right-hand side of Equation (2.44) is the sum of the right-hand side of
Equation (2.55) and the right-hand side of Equation (2.56). That is,

1ix(0) = u;(\ﬁ) + 11(6),

which meets our expectation. Now, we can estimate u,(6) and u.(6). More elegantly, using
matrix notation we can write

Hx(0) Mx ndy ndy y— i

() [=1| my |+| vy nyx ( % Y ) , (2.57)
sl A A — /JX

Ue(6) HL nBy nPx

where py = u, and u; = p,.



Chapter 3

Examples

In this chapter, we discuss three examples. The first one is that the losses follow an Exponential
distribution conditional on risk parameters. The second one is that the losses follow a Poisson
distribution conditional on risk parameters. The final one is that the losses follow a mixture of
two Exponential distributions where one distribution is conditional on risk parameters. All of
risk parameters, ®, follow a Gamma distribution.

3.1 Exponential distribution conditional on ©

We consider an example much like the collective risk model (CRM) in Robbin [11]. Suppose
that the losses X1, Xi, X3, ..., X;, conditional on ®; = 6; follow an Exponential distribution
with the same mean and same variance as well as ® follows a Gamma distribution with shape
parameter, «, and rate parameter, 5. Let fxe(x) be the probability density function(pdf) of the
losses conditional on ® and fg(6) be the pdf of the ®. Let Fye(x) be the cumulative distribution
function(cdf) of the losses conditional on ®. Then, we have

frio-o(x) = 07, (3.1)
Fyo-o(x) = 1—¢€™, (3.2)
fo(0) = %9““6‘”. (3.3)

Hence, the mean and variance of losses conditional on ® as well as the mean and variance
of ® are

1
EX|® = er)_5 (3.4)
1
Var(X|0 = 9)—9— 3.5
E@©) = = (3.6)
B
Var®) = —. (3.7)
B

31
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Assume that there are m = 6 policyholders. Each policyholder’s risk parameter is repre-
sented by a random variable ® = (Q; = 6,,0, = 6,,...,0¢ = ), which follows a Gamma
distribution with shape parameter, @ = 6, and rate parameter, S = 50. For each policyholder,
conditional on ®; = 6;, n = 45 past losses are observed. Then, we use R code to randomly
generate risk parameters and losses. For details of data, readers are referred to Table 3.1 and
for details of R code, readers are referred to Appendix C.

3.1.1 Parametric estimation

By (3.4), ux(0) = E(X|® = 0) = 1/6. Thus, the unconditional mean of X is

1 1
Hx = E[ux(©)] = E[@) = f@f@(g) do,
1 B
= | —=——0""'edb,
oC@) ¢
_ f '3_ 9720 P0 de,
I'(a)
ﬁ o a—2 —B0
= | acit@-1 ¢ 9
ﬁ IBQ—I )
= 6" e do,
a-1J) Ta-1 ¢
B
= T (3.8)
The unconditional variance of X is
1 1 B
2 _ _ _ a—1 —B0
o3 = E[Var(X|0®)] = E[@] = f ETQ)H e de,
= f '8—9“—%—1” de,
I'(@)
2 a—2
= F F 97 3e7P0 4o,
(a-Da-2)) T(a-2)
:82
= — 3.
(- D(a-2) (3:9)
where I'(a) = (¢ — DI'(a — 1).
Hence, we can calculate 7'?( as follows,
) 1 1 1Y’
7y = Var[ux(®)] = Var ey = FE o -F ol
B B
T @-D@-2 @-1
2
= F (3.10)

(@-DXa-2)
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Then, we calculate the parameters of ¥ = min(X, K) given by split point, K. The mean of

Y conditional on @ is

Hy(6)

K
f xfxe(x)dx + K(1 — Fxe(K)),
0
K
f x0e™ " dx + Ke K,
0
K
f —xd(e_e") + Ke K,
0
(xe)

K

K
—f —e " dx + Ke X,
0

0

Now, the unconditional mean of Y is

1
uy = E[uy(®)] = E(

1 K
= —Ke_9K+Ke_HK—(Ee_9x) ,
0

11

= a—ée—g’f. (3.11)

1 1
__ _p9K| _ _1_ _~__-OK
5-5") = #la)-#[e)
_ B I ok
= ole_fée Jo(0) do,
_ B 1 0K B a—1_—Bo
= ﬁ—fée @9 e d@,
_ 18 _f_wg(y—Ze—(ﬁ+K)6d9’
a-1 (@)
_ B B B+ K a-2 —(B+K)0
= e<1 B+K @-DJ Ta-n’ ¢ %
B B
a-1 B+K*la-1)
B g\

- ﬁ[l—(ﬁﬂ(} . (3.12)

According to the calculation of (3.8), (3.9) and (3.12), we can easily calculate the following

equations.

B ( B
a—l[ﬁ+2K ’ G-13)
i B\~
(@-D(@-2) ,8+K) ’ G194
ﬂz ﬁ a-2
(@-D(@-2) ,B+2K) ' G-15)
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Then, the value of 73 is

= Varluy(©)],
= E[uy(®)’] - E[uy(®)1%,

1

= E|l—=+—=e

@2

1

= EF|l =+ —=e

@2

1
@2

1
@2

BZ

20K __ 2

20K __ 2

1

06
2

G

ﬁZ

- [é_ ée—wﬂ i {a/i 1 [1 i [ﬁ
‘ K)_

1
-0K
o’ ) -

B

B

ﬁZ

|

In addition, Tyy is

Txy =

B

B+ 2K

a-172

Cov(ux(®), uy(®)),
Elux(®)uy(®)] — uxuy,

ﬂZ

a-2
,3+1<) C(@-1)?

[

B
(a—l)Z[l_(ﬁ+K)

@-D@-2)" (a- 1)(a—2)[,8+2](
28°
(@ - D(e-2)

BZ
(@ - (e -2)

1 1 ﬁ2 ﬁ a-1
E[®2 & ) (- 1)2[1 [ﬂ+K] ’
p p B\
(a—l)(a—Z)_(a—l)(a—2)(ﬁ+K] -

:82
(@—1)

ﬁZ

o

(@ - D(@-2)

:82
(@—1)

&

B
B+ K

o

B
B+ K

)a—l
b

P
B+ K

i

-

-
ol
"
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(3.17)



36

CHAPTER 3. EXAMPLES

To calculate o’% and dyy, we need to calculate the following equations.

E[Y?|® = 6]

In addition,

E[XY|O = 0]

K
f X207 dx + K?e K,
0

(_XZe—Hx)
0

K
—K?e 7% 4 2f xe " dx + K?e %K,
0

K
2f xe % dx,

0

K x
2f ——d(e™),

o 0

K
2x 2 kK
__e—é)x __f _e—dex’
0 o 0 Jo

2K k2 (le_exJ

X K
- f —2xe " dx + K*e K,
0

0 AN
_2_Ke—HK " E 26—01(
0 0> 6 '

K +00
f X20e % dx + f Kx6e % dx,
0 K

Ky 22

o¢ Te e

+00 K
K ( f x0e™ %% dx — f xBe™%* dx) ,
0 0

~0K _ g2 ,~0K

2K 2 2
= ——e_HK + —— _e—eK _ Kze—HK +
0 0> 62
1 1 1
K|z -4 e 1 Kook
6 06 6
K 2 2
— __e—eK +—— _e—9K

0 > 6

(3.18)

(3.19)
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Therefore, the value of 0'% 18
oy = E[Var(Y|®)] = E|E(Y’|®)- E(Y|0)|,
g 2
2K 2 2 1 1
- gl T _ T ek _ | _ _ _ oK
o "o @ [@ o’ ]]
2K 2 2 1 1 2
_ -0K -0K -20K -0K
= E—6€ +@—@€ —@—@6 +@€ ],
[ 2K 1 1
_ -0K 20K
= F —68 + @ - @e ] ,
a—1
B B (BT
(e -D(@-2) a-1{B+K
,82 ﬁ a=2
(a—D(a-2) (,8+2K] ’
2 a-2 a-1
2K
= A 1 - P o (3.20)
(a—D(a=-2) B+2K a—-1\B+K
In addition, dyy is
Sxy = E[Cov(X]0,Y|@)] = E[EXY|O) - ux(@)uy(®)],
K 2 2 1 1
_ -0K -0K -0K
= E—6€ +@—@€ —@4'@8 ],
K 1 1
_ -OK -OK
= F —66 + @ - @e ] s
a—1
) B BB
 (@-D@-2) a-1|8+K
a-2
B B
(a—D(a@-2)\B+K ’
a-2
— ﬁz 1 _ ﬁ —
(- D(@=-2) B+K
a—1
KB ( B
ﬁ(ﬂ " K] . (3.21)

Remarks According to the formulas above,

must be bigger than 2. That is, a > 2.

the shape parameter, @, of Gamma distribution

If @ > +00 and § = M is a constant, then all of the parameters mentioned above go to
zero whatever the split point K is. In this situation, the MMSE of two-dimensional semi-linear
credibility model goes to zero, which is the same as the MMSE of non-split credibility model.
Furthermore, the credibility premium goes to zero too in this situation.
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However, it is worth noting that when the determinant of matrix (2.47) is not equal to
zero, this example is a very special case because regardless of the split point, the MMSE of
our credibility model is always the same as the MMSE of non-split credibility model, which
means that we don’t need to split the losses. Because this example under the situation meets
the conditions of Theorem 2.2.3. That is,

B2
% (@-D@-2) _ .
T§( B B? B .
(@ - 1*a-2)

Now we turn to calculate dyy/7xy and we have

ﬁz ﬁ a-2
- ©h-
Sxy (- 1)(a- 2)[ (,B+K} ( + K ]
a ,82 ﬁ a—21 a—1
(a—l)(a—2)[l_[ﬁ+K) | (a—1)2 ( )
I R AV A
(a-1)(a-2) B+ K (cx—l)(ﬁ+K) + K

- ’

,32 o ﬁ a—2‘_ ,8 -2
(@ —1D(a-2) B+ K | (cx—l)2 ,8+K

which can be simplified to
kK (g )\
ﬁ +K\f+K

1 1 ﬂ a2
Sy a-2|" (B+K

[ [ R A N

Let D be the denominator of the fraction above. We have

a-2 a-2
o= sl |-t
a—-2 B+ K a-1 B+KJ\B+K
1 ﬁ a-2 1 ﬂ a-2
a—-1{p+K|] a-1{p+K|

B 1 i ﬁ a—21 1 ﬁ ﬁ a-2 1 ﬁ a-2
- (a/—l)(a—Z)»l_[ﬁ+K] _+a—1[ﬁ+1<)(ﬁ+l<) _ﬁ(ﬁ+K) ’

B 1 | ﬁ a-2 1 ﬂ a-2
~ @-De-2)| \B+K __a/—l B+K)\p+K|

b

J |




3.1. EXPONENTIAL DISTRIBUTION CONDITIONAL ON ® 39

Now, we easily get that

Oxy
—=a-1.
Txy
Therefore, the conditions of Theorem 2.2.3 are met and we do not need to split the losses
in this example under the situation.
Under the assumptions and data of Table 3.1, we can use R code to calculate the parameters
we need by parametric estimation. For details of R code, readers are referred to Appendix C.
Suppose that K = 5 and let Z be the optimal credibility of non-split credibility model. Let
the MMSE of non-split credibility be Qnsp, the MMSE of semi-linear credibility be Q,S, and
the MMSE of two-dimensional semi-linear credibility be Qtds,. For details of their formulas,
readers are referred to Equations (2.52), (2.53) and (2.54). Then we have Table 3.2.

Parameter Value Parameter Value Parameter Value
Ux 10 o'i 125 Tf( 25
Uy 3.790787 0-2Y 2.626232 T?, 0.1582076
Oxy 8.577252 Txy 1.71545 V4 0.9
dy -2.49E-16 ay 0.02 do 1
Onsp 2.5 O:sl 11.41182 Qi 2.5

Table 3.2: The value of parameters by parametric estimation calculated using R in examplel
(when K =5)

From Table 3.2, we know that Qnsp = Q,ds,, 7 = ndy and &y = (1 — Z)yx. These above
mean that the two-dimensional semi-linear credibility model is the same as non-split credibility
model in this time. You will see all of the MMSESs of each model for all of the split points, X,
which are from 0 to the maximum value of the losses, X, in Figure 3.1. Notice that the line of
MMSE of the two-dimensional semi-linear credibility model coincides with the line of MMSE
of non-split credibility model in Figure 3.1.

3.1.2 Nonparametric estimation

The results of nonparametric estimation are different from the results of parametric estimation
because our parameters are estimated from data and our method is sensitive to estimation error.
In addition, because this example does not have a fixed optimal split point, the optimal split
point given by nonparametric estimation has a large variance. For details of the formulas of
nonparametric estimation, readers are referred to Appendix B.

Again, under the assumptions and data of Table 3.1, we use R code to calculate the pa-
rameters we need by nonparametric estimation. For details of R code, readers are referred to
Appendix C. Suppose that K = 5 and let Z be the optimal credibility of non-split credibility
model. Let the MMSE of non-split credibility be QA,”,,, the MMSE of semi-linear credibility
be Q,sl and the MMSE of two-dimensional semi-linear credibility be desl- For details of their
formulas, readers are referred to Equations (2.52), (2.53) and (2.54). Then we have Table 3.3.
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MMSESs by parametric estimation given K
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Figure 3.1: MMSEs by parametric estimation given K in examplel

We can see the estimation error in Table 3.3 and they are large in the variance and covari-
ance. You will see all of the MMSESs of each model by nonparametric estimation for all of the
split points, K, which are from 0 to the maximum value of the losses, X, in Figure 3.2.

Thus, we get that the optimal split point is the 97th percentile (38.2). For details, readers
are referred to Appendix C.

Accoring to the method in Section 2.2.2, we choose the Oth, 25th, 50th, 75th, 80th, 85th,
90th, 95th and 100th percentiles as our split points. Then, we use R code to calculate the
parameters and the optimal o’s. We calculate the values of MMSE given by different Ks. You
will see all of the MMSE:s of each model by nonparametric estimation for specific split points
in Figure 3.3.

We choose the minimum one and choose the corresponding K value as the future optimal
percentile in future data from the same source(or the same group). In this case, the optimal
split point is the 95th percentile.

3.2 Poisson distribution conditional on ®

Suppose that the losses X;;, Xi», X3, . . . , Xi, conditional on ®; = 6; follow a Poisson distribution.
O follows a Gamma distribution with shape parameter, @, and rate parameter, 8. Let fxjo(k) be
the probability mass function(pmf) of the losses conditional on ® and fg(6) be the pdf of the
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Parameter Value Parameter Value Parameter Value
Ux 9.622611 o%( 115.353 Ti 8.223654
Uy 3.759468 o'2y 2.673828 sz 0.08377466
Oxy 9.389524 Txy 0.7828881 Z 0.7623633
dy 0.01151496 a’x 0.01588295 do 0.7969588
Onsp 1.954242 O 3.943323 Orasi 1.940266

Table 3.3: The value of parameters by nonparametric estimation calculated using R in exam-
plel (when K = 5)

®. Then, we have

fxie=o(k) =

Jfo(6)

gke?

k!’

@
B_ga— 1 e—ﬁé)'

I'()

The mean and variance of X conditional on ® are

Hence, we easily get that

E(X|® =0) 0,

Var(X|® = 6) =

a
Hx = E(®):,§’
o = E@) =<
X = B
5 o’
Ty = Var(@):ﬁ—z.

Let Y = min(X, K), then the mean of Y conditional on ® is

uy(® = 0)

K-1

2,

k=0
K-1

e I

T
k=K

k

Gre

(3.22)

(3.23)

(3.24)
(3.25)

(3.26)

(3.27)

(3.28)

(3.29)
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MMSESs by non-parametric estimation given K
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Figure 3.2: MMSEs by nonparametric estimation given K in examplel

We calculate E(®*¢~®) as follows,

ﬁl}
E(@fe®) = G g1 gp,
(®%e™) f e @) e

9(¥+k—le—(ﬁ+1)6’ do
(@) ’

— F(a/ + k) ﬁa (ﬁ + 1)a+k a+k—1 _—(B+1)6
= f fa) G+ *rarn. ¢ %@
@+k-1) p°

= . 3.30

(@—1D! (B+ 1)k ( )
Hence, the unconditional mean of Y is
K-1 E @ke—(a
pro= ) k=K ( o )k
k=0
Kl k—-K@+k-1)! o
= ( ) F (3.31)

+ K
e k! (=1 B+ 1)k
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MMSESs by non-parametric estimation given specific K
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Figure 3.3: MMSESs by nonparametric estimation given specific K in examplel

To calculate 7xy and dxy, we need to calculate the following equations.

e
— _ 2
EXYI®=6) = » Kt ) Kk—r.

k=0 k=K
K-1 er—e K-1 le—é)]

= k2 +K|0-— k s
; k! ; k!
L oke~?

= S k(k - K)— + K6, (3.32)

k!
k=0
K-1 E (@k“e‘@)
Eux@©uy(©) = ) (k-K)——pq + KE(0),

k=0 ’
K-1

A K (3.33)
= N @ |
— k! (a-DIB+ 1)e+k+l B

>~
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Hence, we have

Txy = E(ux(O)uy(®)) — uxuy,

Bl k-K@+k! p° %
= _|_K_
Lkl (@-DI@+ 1Dt g
Hk-Ka(@+k-1! p° <&
Lkl B (@-D! B+t T g
Kl k—K@+k-1)! p° a+k «a
- Z - -—, (3.34)
Lkl (@-D! B+ 1)k g+l B
oxy = E[EXY|®)] - E(ux(®)uy(0)),
K-1 E(G)ke—@)
= k(k — K)—————~ + KE(®) —
k!
k=0
' k—K@@+k! p° <&
;{ kI (@— DB+ Dokl T g
Blk-K@+k-1) o a+k
= ( B -k - : (3.35)
ekl (a-D! B+ D B+1
Notice that
a+k «a kB —a
Ple=175 = Br1
a+k kB —a
B+l T B+l
Hence, we easily get that
Oxr _ 5 Tx
Txy Ti'

From now on, when the determinant of matrix (2.47) is not equal to zero, the conditions
of Theorem 2.2.3 are met and we do not need to split the losses in this example under the
situation. This results are the same as the first example’s.

Assume that there are m = 6 policyholders. Each policyholder’s risk parameter is repre-
sented by a random variable ®, which follows a Gamma distribution with shape parameter,
a = 50, and rate parameter, S = 5. For each policyholder, conditional on ®; = 6;, n = 45 past
losses are observed. Then, we use R code to randomly generate risk parameters and losses. For
details of data, readers are referred to Table 3.4 and for details of R code, readers are referred
to Appendix C.

You will see all of the MMSEs of each model by nonparametric estimation for all of the
split points, K, which are from 0 to the maximum value of the losses, X, in Figure 3.4.
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MMSEs
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Figure 3.4: MMSEs by nonparametric estimation given K in example2
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Thus, we get that the optimal split point is the 78th percentile. For details, readers are
referred to Appendix C.

Accoring to the method in Section 2.2.2, we choose the Oth, 25th, 50th, 75th, 80th, 85th,
90th, 95th and 100th percentiles as our split points. Then, we use R code to calculate the
parameters and the optimal o’s. We calculate the values of MMSE given by different Ks. You
will see all of the MMSE:s of each model by nonparametric estimation for specific split points
in Figure 3.5.

MMSESs by non-parametric estimation given specific K

0.21
|

0.20
|

MMSEs

—&—  Two-dim. semi.
—=¥= Trad semi
Non-gplit.
I I I I I

0 5 10 15 20

017

The specific split point, K

Figure 3.5: MMSESs by nonparametric estimation given specific K in example2

We choose the minimum one and choose the corresponding K value as the future optimal
percentile in future data from the same source(or the same group). In this case, the optimal
split point is the 80th percentile.

3.3 Mixture of two Exponential distributions conditional on
¢

Suppose that the losses X;, Xi», Xis, . . ., Xi, follow a mixture of two Exponential distribution
where one distribution has mean 1/0; = 1/6; with weight w and the other has mean 1/1 with
weight 1 — w. O is a Gamma distribution with shape parameter, @, and rate parameter, 3.

Let fxje(x) be the probability density function(pdf) of the losses conditional on ® and fg(6)
be the pdf of the ®. Let Fxp(x) be the cumulative distribution function(cdf) of the losses
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conditional on ®. Then, we have

fro=o(x) = wbhe™™ + (1 — w)le™, (3.36)

Fxo-s(x) = wl-e™+(1-w)(l-e™=1-we™-(1-we™, (337
_ B a—1 _—p0

fe(0) = @9 e (3.38)

Hence, the mean and variance of losses conditional on ® are

E(X|®) = wé+ (1- a))%, (3.39)
Var(X|®) = E(X?|0®)- E(X|0®)%,
2 1 11
= w@+(l —w)ﬁ— a)6+(1 —a))i} ,
5 1 20w(l-w)l 1-o?
= Qu-w )@— ot & (3.40)

Assume that there are m = 6 and A = 0.1 and w = 0.75. Each policyholder’s risk parameter
is represented by a random variable ® = (®; = 6,0, = 6,,...,0¢ = ), which follows
a Gamma distribution with shape parameter, « = 6, and rate parameter, 8 = 25. For each
policyholder, conditional on ®; = 6,, n = 45 past losses are observed.

Then, we use R code to randomly generate risk parameters and losses. For details of data,
readers are referred to Table 3.5 and for details of R code, readers are referred to Appendix C.

3.3.1 Parametric estimation

Because this example is an extension of Examplel, the derivation of the following formulas
can be referred to Example1’s. The unconditional mean of X is

E

b

ux = E[ux(0)] ) +(1 - w)z

1
w +(1 - w)z. (3.41)

a—-1

The unconditional variance of X is

2 o1 20(l —w) 1 1 - w?
ox = E[Var(X|®)] = E (2w—w)@— —5 T |
2 20(1 - 1 —w?
= Qw-w?) p wl-w) £ —2 (3.42)

(@-D@-2) 1 a-1 2
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Hence, we can calculate Ti as follows,

% = Var[ux(0)]

1 1
Vv —+ (1 —w)—|,
ar[a)®+( w)/l]

1:'
(1)6 .
0)2 ﬁz .

(@ - D*a-2)

= Var

(3.43)

Then, we calculate the parameters of ¥ = min(X, K) given by split point, K. The mean of
Y conditional on 6 is

1 1 1 1
1y(0) = w (5 — ée—e’f] +(1 —w) (Z - Ze_’”(). (3.44)

Now, the unconditional mean of Y is

ﬁ 1_ ﬁ a—1
B+K

a-—1

A

1 1
Uy = E[uy(®)] = w{ } +(1-w) (i — —e_M]. (3.45)

Then, the value of 73 is

= Varluy(©)],

_ 1 1 oK 1 1 K
= Var[a)(é—@e ]+(1—a))(;—ze J],
= Var[w(é—ée_(%)],
0 a-2 a-2
e ot |
@-D-2)| " |B+2K B+K

Bz ﬁ a-172
= 1)2[1 —[ﬁ”() } (3.46)

Cov(ux(©), uy(0)),
Elux(®)uy(©)] — puxuy,

NI T B\
@ [@_@e Bdrrstel R Ve

,82 ,8 a-2 Bz ,8 a—1
2
w{(a—l)(a—Z)[l_(/}+K] 1_[ﬁ+K] ]} (3.47)

S (@-1y

In addition, txy is

Txy

E

b
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To calculate o, and dyy, we firstly calculate the following equations.

2K 2 2 2K 2 2
2 _ _ —0K -0K -AK —-AK
E[Y |®—0]—U)(—7€ +?—§€ ]+(1—a))[—7€ +E—ﬁ€ ) (348)

In addition,

K 2 2 K 2 2
— — -0K —-60K -1K -1K
E[XY|0 = 6] —w[—ge +§—§€ )4‘(1—(1))(—;6 +E—?€ ) (3.49)

Therefore, the value of 0'2Y is

oy E[Var(Y|®)] = E [E(Y2|®) — E(Y|®)2],
[ 2K 2-w 2w-2 2K l1+w
w

w
-OK ek _ Y _oek _ ) ¢
—66 + o2 + 9 ¢ @26 ) + (1 w)[ . e + -

2w l-w 1 1 1 1
_?e—/”( _ 76_2/1[() _ 2w(1 _ CL)) (Z_ ze—/lK} [6_ 6€—®K]:| ,
~2Kep( B\ C-wep  2ew-DF( B\

B+K|] T@-Da-2 @-De-2|g+K]

222 a-2 K 1+ 5 .
(o _6;))'(8& -2) [ﬁ +ﬁ2K) +(1 - w) [— e 4 @ © -k _ /lzwe—zug] _

E

a-—1

1 FERS A

a—1
Zw(l—w)(%—/lle_/”() F [1—( ﬁ) i
a—1 B+K

In addition, dyy is

(3.50)

oxy = E[Cov(X|0,Y|0)] = E[E(XY|O) - ux(®)uy(©)],

K 2-w 2-w
_ —0K 0K
= Flw (—66 + o2 - o2 e ]+

K l+w 1+w
-1K K|
(1 - 0)) [— Ie + PE - PE € ]

1 1 1 1- 1 1
w(l —w) (Z_ Ze_’lK) e w[— - —e_G)KH ,

) —Kw/s( i )“‘1 Q-wwf  wQ-w)p [ B ]“‘2

a-1|g+k] Tle-Dw@-2 @-De-2|\B+K

K l+w 1+w
-AK Ak |
(1 — a)) [— Ie + PE - PE € ]

a—1
w(l—w)(l—le_ﬂ() B wl-w B [1_[ B ] |
a—1 A a-1 B+K

171 (3.51)
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Under the assumptions and data of Table 3.5, we can use R code to calculate the parameters
we need by parametric estimation. For details of R code, readers are referred to Appendix C.
You will see all of the MMSEs of each model for all of the split points, K, which are from 0 to
the maximum value of the losses, X, in Figure 3.6.

MMSEs by parametric estimation given K
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The split point K,
from 0 to the maximum value of Xs

Figure 3.6: MMSEs by parametric estimation given K in example3

From Figure 3.6, we get that the optimal split point is the 77th percentile (7.99) under
parametric estimation. For details, readers are referred to Appendix C.

Suppose that K = 7.99 and let Z be the optimal credibility of non-split credibility model.
Let the MMSE of non-split credibility be Qnsp, the MMSE of semi-linear credibility be QAml and
the MMSE of two-dimensional semi-linear credibility be Qtds,. For details of their formulas,
readers are referred to Equations (2.52), (2.53) and (2.54). Then we have Table 3.6.

Parameter Value Parameter Value Parameter Value
Ux 6.25 0'§ 54.29687 Tf( 3.515625
Uy 4.188381 oﬁ, 7.933374 Tf, 0.5068244
Oxy 15.04467 Txy 1.233023 V4 0.7444853
ay 0.009024379 ax 0.013548843 o7 0.7384988
Onsp 0.8982939 Opsi 1.290039 Ouasi 0.8714286

Table 3.6: The value of parameters by parametric estimation calculated using R in example 3
(when K =7.99)

From Table 3.6, we know that QA,dsz < QA,”I,, which means that our model improves non-split
credibility model. In this time, we have that Zy = nay = 0.406097 and Zy = nay = 0.6096979,
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so the credibility permium under our model is that 1x(6) = py + Zy(Y — uy) + Zx(X — px) =
5.548993.

3.3.2 Nonparametric estimation

The results of nonparametric estimation are different from the results of parametric estimation
because our parameters are estimated from data and our method is sensitive to estimation error.
For details of the formulas of nonparametric estimation, readers are referred to Appendix B.
Again, under the assumptions and data of Table 3.1, we use R code to calculate the pa-
rameters we need by nonparametric estimation. For details of R code, readers are referred to
Appendix C. You will see all of the MMSEs of each model by nonparametric estimation for all
of the split points, K, which are from 0O to the maximum value of the losses, X, in Figure 3.7.

MMSEs by non-parametric estimation given K
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Figure 3.7: MMSEs by nonparametric estimation given K in example3

Thus, we get that the optimal split point is the 88th percentile (11.6). For details, readers
are referred to Appendix C. However, due to our method being sensitive to estimation error,
the minimum value of MMSE is smaller than zero, which should not be happened.

Accoring to the method in Section 2.2.2, we choose the Oth, 25th, 50th, 75th, 80th, 85th,
90th, 95th and 100th percentiles as our split points. Then, we use R code to calculate the
parameters and the optimal o’s. We calculate the values of MMSE given by different Ks. You
will see all of the MMSE:s of each model by nonparametric estimation for specific split points
in Figure 3.8.

We choose the minimum one and choose the corresponding K value as the future optimal
percentile in future data from the same source(or the same group). In this case, the optimal
split point is the 85th percentile.
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Figure 3.8: MMSEs by nonparametric estimation given specific K in example3



Chapter 4

Conclusion

In this thesis, we proposed a two-dimensional semi-linear credibility model. This model ex-
tended the commonly used semi-linear credibility model with truncation and the split credulity
model by explicitly considering the covariance between the primary and excess losses.

For the two-dimensional semi-linear credibility model, we derived the parameter values by
minimizing the mean squared errors. The formula for the value of MSE at its minimum is also
derived. The key results are repeated in the following:

1. No solution if the determinant of matix (2.47) is zero and Txy /7% # (nTxy + oxy)/(n7% +
0'5().

2. Non-split solutions if the determinant of matix (2.47) is zero and TXY/T§( = (ntxy +
Sxy)/(nt% + 0%) or if Theorem 2.2.3 is accepted.

3. Split solutions if the determinant of matix (2.47) is not zero and Theorem 2.2.3 is not
accepted.

We then suggested a simple method to determine the optimal split point. Furthermore, the
formulas of nonparametric estimation have been derived.

We showed the application of our model through three examples: an Exponential distribu-
tion with the rate parameter following a Gamma distribution and a Poisson distribution with the
rate parameter following a Gamma distribution and a mixture of two Exponential distributions
where one distribution is conditional on the rate parameter following a Gamma distribution.

In the first two examples, we showed that, in theory, splitting the loss into primary and
the excess did not reduce the MSE. However, in our numerical examples, since parameters
are estimated from data, our method is sensitive to estimation error and one may find that the
splitting does help reducing MSE.

In the third example, we showded that splitting the loss into primary and the excess did
reduce the MSE. However, since parameters are estimated from data, our method is sensitive to
estimation error and the minimum value of MMSE under nonparametric estimation is smaller
than zero.

In reality, whether one should split the losses or not is an important but complicated issue.
The classical split credibility model used by NCCI assumes that the primary and the excess
losses are independent, which in our view is inaccurate. However, the method is used by
actuaries for many years. Our model is an attempt to improve the NCCI model by considering
the dependence between the primary and excess losses, but more theoretical and empirical
investigations are needed.
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Appendix A

Propositions

We continue using Table 2.1 as the notations here.

Proposition A.0.1
E (11:1(0)°) = 7 + 41y (A1)
Proof:
E (1 (©)) = Var(u,1(0)) + E(,1(0)) (A2)
= T+ Uy (A.3)
i
Proposition A.(.2
1
E(7?) = ZO'%, e (A.4)
Proof:
E(V?) = Var(Y)+E¥)y (A.5)
= E|Var(Y|®)| + Var |[E710)| + 11} (A.6)
1 1
= E[—ZVar(Yl +- 4+ Y,|0)| + Var[—E(Yl +o -+ YO |+ (AT
n n
1
= E[—Var(YlG)) + Var [E(Y|®)] + u5 (A.8)
n
1
= ZO’%; + T3+ Uy (A.9)
i
With the same proof, we have
|
E(L*) = —o] + 1] + 4] A.10
(%) oL T (A.10)
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Proposition A.0.3
E (/Jn+1(®)Y) = Txy + UxMy

Proof:

E(11(®7F) = E(E(1.1(©)710))

= E(pn(®E(710))
= E (1 (@py(®))
= Covn1(©), wy(9)) + Eltys1 (©)E(ur(©))

= Txy + UxHy
|

With the same proof, we have
E (ﬂn+l(®)£) = Txr + UxHL

Proposition A.0.4
_ 1
E (YL) = —OyL + Ty + MyHL
n

Proof:
E (YL) - E (E (YZ|®))
- F {%E[(Yl b YLyt Ln)|®]}
n

= izE [nE(Y.Li®) + (n - n)E(Y,L;|0)]
n
1 1

= };E(YiLi) +(1 - ;)E (1y(©)u(©))

1 1
- [Cov(Yi, L)+ uyuL] + (1= )| Coviur(@). 1 (@) + pypn

n

1 1
= ;l(éYL + Tyr + ,Lly/lL) + (1 - Z)(TYL + ,Lly,UL)

= ZéYL + Tyr + HyHL

(A.11)

(A.12)

(A.13)
(A.14)
(A.15)
(A.16)

(A.17)

(A.18)

(A.19)
(A.20)
(A21)
(A.22)
(A.23)
(A.24)
(A.25)

(A.26)

for i # j and the reason of the fourth step is independence of X; and X; conditional on ®. The

second from the last step follows by Equation (2.22). |



Appendix B

Formulas of nonparametric estimation

We continue using Table 2.1 as the notations here. Suppose that we have the data as follows,

Losses .
Theta’s X Y = min(X, K)
0, =6, X | Xi2 | Xi3 Xin Yii | Yio | Yis Yin
0, =6, Xo1 | X | X3 Xon Yor | Yoo | Y3 Y,,
03 =6; X3 | X3 | X33 X3, Y31 | Y3 | Y3 Y3,
®m = Hm Xml Xm2 Xm3 an Ym] Ym2 Ym3 Ymn
Table B.1: A list of data
And the unbiased estimation of our needed parameters are
by = X:iiixija (B.1)
nm4= 5
i = T=—> Y, (B:2)
nme= 5
and
o2 = E(Vy(® L S _xy B.3
o} = E(Vx( m-m;;( i =X, (B3)
o - 1 m n
= E(Vy(®)) = —— Y. — Y))>, B4
o = EVO) =) ) (V=T (B.4)
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and

and

and

Txy

CHAPTER B. FORMULAS OF NONPARAMETRIC ESTIMATION

2 = Var(Xi)—% (B.5)
LS X, - X)? ! Y X — X)) B.6
- m;(i_ )_miZIjZI( ij = i)’ ()
S5 = 5
2 = Var(Yi)—7 (B.7)
L S Yy : S Y, - 1)? B.8
= m;(i_ )—m;j:l(ij— i) (B.8)
R — I &
Sxr = EGxr(©)) = — 3 6xr(®) (B.9)
i=1
S o S P SV B.10
- m(n—n;j:l( 5= XY = 1), (B.10)
— _ by
Cov(X,, T)) — -~ (B.11)
n

1 m _ _ _ _ 1 m n B _
1 ;(Xi -X)Y;-Y) - mz Z(Xij -X)(Y;-Y). (B.12)

i=1 j=1



Appendix C

R code of examples

Examplel and Example? are referred to the following R code.

memory.limit (102400)
#### n represents the numer of losses and m represents the number
#### of thetas.

n <- 45

m <- 6

#### Randomly generate thetas with gamma distribution.
alpha <- 6

beta <- 50
theta <- rgamma(m,alpha,rate = beta)
#### Randomly generate losses with exponential distribution
#### conditional on thetas.
X <- matrix(nrow=0,ncol=n)
for(value in theta){
random_exp <- rexp(n,rate = value)
X <- rbind(X,random_exp)

#### use the code when we generate losses with poisson distribution
#### conditional on thetas.

#random_pois <- rpois(n,lambda = value)

#X <- rbind(X,random_pois)
}
# _____________________________________________________________
#### use the code when we collect the value of parameters.
#hat_total <- matrix(nrow=0,ncol=15,dimnames = list(c(),c(
# "mu_{X}","sigma_{X} " {2}","tau_{X}"2",
# "mu_{Y}","sigma_{Y} " {2}","tau_{X}" 2",
# "delta_{XY}","tau_{XY}","hat{Z}",
# "hat{alpha_{Y}}","hat{alpha_{X3}}","hat{alpha_{0}}",
# "hat{Q}_{nsp}","hat{Q}_{tsl}","hat{Q}_{tdsl}")))
# o o o o

#### Calculate the mean, variance and covariance of losses by
#### nonparametric estimation.
X_mu_theta <- rep(®,m)
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X_v_theta <- rep(®,m)
for(index in 1:m){

X_mu_theta[index] <- mean(X[index,])

X_v_theta[index] <- var(X[index,])
}
X_mu <- mean(X_mu_theta) #### mu_X
X_v <- mean(X_v_theta) #### sigma 2_X
X_a <- var(X_mu_theta)-X_v/n #### tau 2_X
#### Calculate the mean, variance and covariance of losses by
#### parametric estimation under exponential distribution
#### conditional on thetas.
X_mu_para <- beta/(alpha-1)
X_v_para <- beta”2/(alpha-1)/(Calpha-2)
X_a_para <- X_v_para-X_mu_para’ 2
#### Z_hat is the credibility solution of non-split credibility
#### model by nonparametric estimation.
Z_hat <- n/(n+X_v/X_a)
#### Z_hat_para is the credibility solution of non-split credibility
#### model by parametric estimation under exponential distribution
#### conditional on thetas.
Z_hat_para <- n/(n+X_v_para/X_a_para)

#### MMSE_split represents the value of MMSE in our credibility model
#### by nonparametric estimation.

#### MMSE_split_Y represents the value of MMSE in

#### semi-linear credibility model by nonparametric estimation.

#### MMSE_nonsplit represents the value of MMSE in non-split

#### credibility model by nonparametric estimation.

#### MMSE_split_para represents the value of MMSE in our credibility
#### model by parametric estimation.

#### MMSE_split_Y_para represents the value of MMSE in

#### semi-linear credibility model by parametric estimation.

#### MMSE_nonsplit_para represents the value of MMSE in non-split
#### credibility model by parametric estimation.

#### use this code when we choose the 0th,25th,50th,75th,80th,85th,
#### 90th,95th,100th percentiles split point

#PP <- sort(X)

#RESULT <- c("0th","25th","50th","75th","80th","85th","90th","95th",

# "100th")

#kk <- c(0,PP[0.25*n*m],PP[0.5*n*m],PP[0.75*n*m],PP[0.8*n*m],

# PP[0.85*n*m] ,PP[0.9*n*m] ,PP[0.95*n*m],PP[n*m])

# e

#### Under poisson distribution conditional on thetas, we change
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#### ’'by=0.1" to ’'by=1’.
kk<-seq(from=0, to=max(ceiling (X)) ,by=0.1)
MMSE_split <- rep(0®,length(kk))
MMSE_split_Y <- rep(0®,length(kk))
MMSE_nonsplit <- rep(®,length(kk))
MMSE_split_para <- rep(0®,length(kk))
MMSE_split_Y_para <- rep(0®,length(kk))
MMSE_nonsplit_para <- rep(®,length(kk))
#### Begin to calculate all of the MMSEs given by split points
#### and choose the optimal split point.
number <- 0
for(k in kk){

number <- number + 1

# _____________________________________________________________
#### use the code when we need to specify K.

# k <- 5

# ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

#### Generate Y=min(X,K) given by split point, K.
Y <- matrix(nrow=0,ncol=n)
for(index in 1:m){
random_function <- ifelse(X[index,]<k,X[index,],k)
Y <- rbind(Y,random_function)
}
#### Calculate the mean, variance and covariance of Y by
#### nonparametric estimation.
Y_mu_theta <- rep(®,m)
Y _v_theta <- rep(0®,m)
for(index in 1:m){
Y _mu_theta[index] <- mean(Y[index,])
Y v_theta[index] <- var(Y[index,])
3
Y mu <- mean(Y_mu_theta) #### mu_YV
Y v <- mean(Y_v_theta) #### sigma 2_Y
Y a <- var(Y_mu_theta)-Y_v/n #### tau 2_V
#### Calculate the mean, variance and covariance of Y by
#### parametric estimation under exponential distribution
#### conditional on thetas.
Y _mu_para <- beta/(Calpha-1)*(1-(beta/(beta+k)) " (alpha-1))
Y _v_para <- beta”"2/(alpha-1)/(Calpha-2)*(1-(beta/(beta+2*k))”
(alpha-2))-2*k*beta/(alpha-1)*(beta/(beta+k)) " (alpha-1)
Y_a_para <- beta”2/(alpha-1)/(Calpha-2)*(1+(beta/(beta+2*k))"
(alpha-2)-2*(beta/(beta+k)) " (alpha-2))-Y_mu_para“”2
#### Calculate tau_XY and delta_XY by nonparametric estimation.
pi_theta <- rep(®,m)
for(index in 1:m){
pi_theta[index] <- cov(X[index,],Y[index,])
3
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delta <- mean(pi_theta) #### delta_XV

tau <- cov(X_mu_theta,Y_mu_theta)-delta/n #### tau_XV

#### Calculate tau_XY and delta_XY by parametric estimation under

#### exponential distribution conditional on thetas.

delta_para <- beta”"2/(alpha-1)/(alpha-2)*(1-(beta/(beta+k))”
(alpha-2))-k*beta/(alpha-1)*(beta/(beta+k)) " (alpha-1)

tau_para <- beta"2/(alpha-1)/(alpha-2)*(1-(beta/(beta+k))”
(alpha-2))-beta”2/(alpha-1)"2*(1-(beta/(beta+k))”
(alpha-1))

#### use the code when we generate losses with poisson distribution
#### conditional on thetas.

#### Calculate tau_XY and delta_XY by parametric estimation

#### under poisson distribution conditional on thetas.

#delta_para <- 0

#tau_para <- 0

#for (i in 0:(k-1)) {

# delta_para <- delta_para+(i-k)*beta”alpha/(beta+1) " (alpha+k)*

# gamma (alpha+k) /gamma (alpha) * (k- (Calpha+k)/(beta+1))

# tau_para <- tau_para+(i-k)*beta”"alpha/(beta+1) " (alpha+k)*

# gamma (alpha+k) /gamma (alpha)*((alpha+k)/(beta+1)-alpha/beta)
#3}

# _____________________________________________________________

#### Calculate the optimal alphas by nonparametric estimation.
left <- matrix(c(n*Y_a+Y_v,n*tau+delta,n*tau+delta,n*X_a+X_v),
nrow=2,ncol=2)
right <- matrix(c(tau,X_a))
b_hat <- matrix(c(0,0)) #### (alpha_Y, alpha_X)"T
if(det(left)>1le-5){
b_hat <- solve(left,right)
}else{
if(tau/X_a-(n*tau+delta)/(n*X_a+X_v)<le-5){
b_hat[1,1] <- O
b_hat[2,1] <- X_a/(n*X_a+X_v)
}else{
cat("No.solution_when_K=",k,"\n",sep="")
next

3

a_hat <- X_mu-n*Y_mu*b_hat[1,1]-n*X_mu*b_hat[2,1] #### alpha_0

#### Calculate the optimal alphas by parametric estimation under

#### exponential distribution conditional on thetas.

left_para <- matrix(c(n*Y_a_para+Y_v_para,n“tau_para+delta_para,
n*tau_para+delta_para,n*X_a_para+X_v_para),
nrow=2,ncol=2)

right_para <- matrix(c(tau_para,X_a_para))

b_hat_para <- matrix(c(0,0))
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if(det(left_para)>le-5){
b_hat_para <- solve(left_para,right_para)
}else{
if(tau_para/X_a_para-
(n*tau_para+delta_para)/(n*X_a_para+X_v_para)<le-5){
b_hat_para[l,1] <- ©®
b_hat_para[2,1] <- X_a_para/(n*X_a_para+X_v_para)
}else{
cat("No.solution_.when_K=",k,"\n",sep="")
next

3
a_hat_para <- X_mu_para-n*Y_mu_para*b_hat_para[l,1]-
n*X_mu_para*b_hat_para[2,1]

MMSE_split[number] <- X_a + n*b_hat[1,1]72*Y_v +
n"2*b_hat[1,1]72*Y_a - 2*n*b_hat[1l,1]*tau +
n*b_hat[2,1]72*X_v + n"2*b_hat[2,1]"2*X_a - 2*n*b_hat[2,1]*X_a +
2*n*pb_hat[1,1]*b_hat[2,1]*delta + 2*n"2*b_hat[1,1]*b_hat[2,1]*tau
MMSE_nonsplit[number] <- Z_hat"2*X_v/n+(1-Z_hat)"2*X_a
if(k==0){
MMSE_split_Y[number] <- MMSE_nonsplit[number]
}else{
MMSE_split_Y[number] <- X_a-n*tau”2/(n*Y_a+Y_v)
3

MMSE_split_para[number] <- X_a_para + n*b_hat_para[l,1]"2*Y_v_para+
n"2*b_hat_para[l,1]"2*Y_a_para - 2*n*b_hat_para[l,1]*tau_para +
n*b_hat_para[2,1]"2*X_v_para + n"2*b_hat_para[2,1] 2*X_a_para -
2*n*b_hat_paral[2,1]*X_a_para +
2*n*b_hat_para[l,1]*b_hat_para[2,1]*delta_para +
2*n"2*b_hat_para[l,1]*b_hat_para[2,1]*tau_para

MMSE_nonsplit_para[number] <- Z_hat_para”2*X_v_para/n+

(1-Z_hat_para)"2*X_a_para
if(k==0){
MMSE_split_Y_para[number] <- MMSE_nonsplit_para[number]

}else{

MMSE_split_Y_para[number] <- X_a_para-n*tau_para 2/
(n*Y_a_para+Y_v_para)
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# MMSE_nonsplit [number],

# MMSE_split_Y[number],

# MMSE_split[number]))

# ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
}
# _____________________________________________________________

#### use this code when we choose the 0th,25th,50th,75th,80th,85th,
#### 90th,95th,100th percentiles split point

#### Draw a picture for comparing with each other by nonparametric
#### estimation with specific K.

#plot (kk ,MMSE_split,ylim = c(min(min(MMSE_split)) ,max(MMSE_split)),

# main="MMSEs by nonparametric estimation given specific K",
# xlab="The specific split point,K",
# ylab="MMSEs",1ty=1,pch=2,type="0")

#lines (kk ,MMSE_split_Y,1ty=2,pch=4,type="0’,co0l="2")

#lines (kk,MMSE_nonsplit,lty=4,pch=1,type="0’,co0l="3")

#legend ("bottomleft", cex=0.7, pch=c(2,4,1),1lty=c(1,2,4),

# col=c("black", "red", "green"),

# legend=c("Two-dim. semi.", "Trad. semi.", "Non-split."))
#### K is the optimal specific split point in percentage mode by
#### nonparametric estimation.

#K <- RESULT[which(MMSE_split==min(MMSE_split))]

#### Draw a picture for comparing with each other by
#### nonparametric estimation.
plot (kk,MMSE_split,ylim = c(min(min(MMSE_split)),max(MMSE_split)),
main="MMSEs_by_nonparametric.estimation_given_ K",
xlab="The_split_point ,K,\nfrom_0_to_the_maximum.value_of_Xs",
ylab="MMSEs", lty=1,type = '1’)
lines(kk,MMSE_split_Y,lty=2,col="2")
lines (kk,MMSE_nonsplit,lty=4,col="3")
legend("bottomleft", cex=0.7, lty=c(1,2,4),
col=c("black", "red", "green"),
legend=c("Two-dim._semi.", "Trad..semi.", "Non-split."))
#### K is the optimal split point in percentage mode by
#### nonparametric estimation.
K <- kk[which(MMSE_split==min(MMSE_split))]
K <- sum(X<K)/n/m

#### Draw a picture for comparing with each other by parametric
#### estimation.
plot (kk,MMSE_split_para,ylim = c(min(-1,min(MMSE_split_para)),
max (MMSE_split_Y_para)),
main="MMSEs_by.parametric._estimation.given. K",
xlab="The_split_point ,K,\nfrom_0_to_the_maximum.value_of_Xs",
ylab="MMSEs", lty=1,type = '1’)
lines(kk,MMSE_split_Y_para,lty=2, col="2")
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lines(kk,MMSE_nonsplit_para,lty=4, col="3")

legend("topright", 1lty=c(1,2,4), col=c("black", "red", "green"),
legend=c("Two-dim._semi.", "Trad..semi.", "Non-split."))

#### K_para is the optimal split point in percentage mode by

#### parametric estimation.

K_para <- kk[which(MMSE_split_para==min(MMSE_split_para))]

K_para <- sum(X<K_para)/n/m

Example3 is referred to the following R code.

memory.limit (102400)
#### n represents the numer of losses.
#### m represents the number of thetas.
#### omega is the weight of the first exponential distribution.
#### 1/lambda is the mean of the second exponential distribution.
n <- 45
m <- 6
omega <- 0.75
lambda <- 0.1
#### Randomly generate thetas with gamma distribution.
alpha <- 6
beta <- 25
theta <- rgamma(m,alpha,rate = beta)
#### Randomly generate losses with a mixture of two exponential
#### distribution conditonal on thetas.
X <- matrix(nrow=0,ncol=n)
for(value in theta){
#### Sample n random uniforms U.
U =runif(n)
#### Variable to store the samples from the mixture distribution
rand.samples = rep(NA,n)
#### Sampling from the mixture
for(i in 1:n){
if(U[i] < omega){
rand. samples[i]

rexp(l,rate = value)

}else{
rand.samples[i] = rexp(l,rate = lambda)
}
}
X <- rbind(X,rand.samples)
}
# _____________________________________________________________
#### use the code when we collect the value of parameters.
#hat_total <- matrix(nrow=0,ncol=15,dimnames = list(c(),c(
# "mu_{X}","sigma_{X} " {2}","tau_{X}"2",
# "mu_{Y}","sigma_{Y} " {2}","tau_{X}"2",
# "delta_{XY}","tau_{XY}","hat{Z}",
# "hat{alpha_{Y}}","hat{alpha_{X3}}","hat{alpha_{0}}",
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X_mu_theta <- rep(0,m)
X_v_theta <- rep(0,m)
for(index in 1:m){
X_mu_theta[index] <- mean(X[index,])
X_v_theta[index] <- var(X[index,])
}
X_mu <- mean(X_mu_theta)
X_v <- mean(X_v_theta) _
X_a <- var(X_mu_theta)-X_v/n

X_mu_para <- omega*beta/(alpha-1)+(l-omega)/lambda

X_v_para <- (2*omega-omega 2)*beta”2/(alpha-1)/(alpha-2)-
2*omega* (l-omega)/lambda*beta/(alpha-1)+(l-omega”2)/lambda”2

X_a_para <- omega 2*beta”2/(Calpha-1)"2/(alpha-2)

Z_hat <- n/(n+X_v/X_a)
Z_hat_para <- n/(n+X_v_para/X_a_para)

PP <- sort(X)
RESULT <- c("0th","25th","50th","75th","80th","85th","90th","95th",
"100th")
kk <- c(®,PP[0.25*n*m],PP[0.5*n*m],PP[0.75*n*m],PP[0.8*n*m],
PP[0.85*n*m],PP[0.9*n*m],PP[0.95*n*m],PP[n*m])

kk<-seq(from=0, to=max(ceiling (X)) ,by=0.01)
MMSE_split <- rep(0®,length(kk))
MMSE_split_Y <- rep(0,length(kk))
MMSE_nonsplit <- rep(®,length(kk))
MMSE_split_para <- rep(®,length(kk))
MMSE_split_Y_para <- rep(®,length(kk))
MMSE_nonsplit_para <- rep(0®,length(kk))

number <- 0
for(k in kk){
number <- number + 1




Y <- matrix(nrow=0,ncol=n)

for(index in 1:m){
random_function <- ifelse(X[index,]<k,X[index,],k)
Y <- rbind(Y,random_function)

}

Y_mu_theta <- rep(0®,m)

Y _v_theta <- rep(0,m)

for(index in 1:m){
Y _mu_theta[index] <- mean(Y[index,])
Y v_theta[index] <- var(Y[index,])

3

Y_mu <- mean(Y_mu_theta)

Y v <- mean(Y_v_theta)

Y_a <- var(Y_mu_theta)-Y_v/n

Y _mu_para <- omega*beta/(alpha-1)*(1-(beta/(beta+k)) "~ (alpha-1))+
(l1-omega)*(1/lambda-1/lambda*exp (-lambda*k))
Y _v_para <- -2*k*omega*beta/(alpha-1)*(beta/(beta+k)) " (alpha-1)+
(2-omega) *omega*beta”2/(alpha-1)/(alpha-2)+
2*omega* (omega-1)*beta”2/(alpha-1)/(alpha-2)*
(beta/(beta+k)) " (alpha-2)-
omega 2*beta”2/(alpha-1)/(alpha-2)*(beta/(beta+2*k)) " (alpha-2)+
(1-omega)*(-2*k/lambda*exp(-lambda*k)+(l+omega) /lambda”2-
2*omega/lambda”2*exp (-lambda*k)-(1-omega)/
lambda“2*exp (-2*1lambda*k)) -
2*omega* (l-omega)*(1/lambda-1/lambda*exp(-lambda®k))*
beta/(alpha-1)*(1-(beta/(beta+k)) " (alpha-1))
Y_a_para <- omega 2*(beta”2/(alpha-1)/(alpha-2)*
(1+(beta/(beta+2*k)) " (alpha-2)-
2*(beta/(beta+k)) " (alpha-2))-beta”2/(alpha-1)"2*
(1-(beta/(beta+k)) "~ (alpha-1))"2)
pi_theta <- rep(®,m)
for(index in 1:m){
pi_theta[index] <- cov(X[index,],Y[index,])
}
delta <- mean(pi_theta) _
tau <- cov(X_mu_theta,Y _mu_theta)-delta/n _
delta_para <- -k*omega*beta/(alpha-1)*(beta/(beta+k)) " (alpha-1)+
(2-omega) *omega*beta”2/(alpha-1)/(Calpha-2)-
omega* (2-omega) *beta”2/(alpha-1)/(alpha-2)*
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(beta/(beta+k)) "~ (alpha-2)+
(1-omega) *(-k/lambda*exp(-lambda“k)+(1l+omega)/lambda”2-
(l+omega) /lambda”2*exp (-lambda*k)) -
omega*(l-omega)*(1l/lambda-1/1lambda*exp(-lambda®k))*
beta/(alpha-1)-
omega*(l-omega)/lambda*beta/(alpha-1)*
(1-(beta/(beta+k)) " (alpha-1))
tau_para <- omega 2*(beta”2/(alpha-1)/(alpha-2)*
(1-(beta/(beta+k)) " (alpha-2))-
beta”2/(Calpha-1)"2*(1-(beta/(beta+k)) "~ (alpha-1)))

left <- matrix(c(n*Y_a+Y_v,n*tau+delta,n*tau+delta,n*X_a+X_v),
nrow=2,ncol=2)
right <- matrix(c(tau,X_a))
b_hat <- matrix(c(0,0))
if(det(left)>1le-5){
b_hat <- solve(left,right)
}else{
if(tau/X_a-(n*tau+delta)/(n*X_a+X_v)<le-5){
b_hat[1,1] <- 0
b_hat[2,1] <- X_a/(n*X_a+X_v)
}else{
cat("Noosolution_when_K=",k,"\n",sep="")
next

}
a_hat <- X_mu-n*Y_mu*b_hat[1,1]-n*X_mu*b_hat[2,1]

left_para <- matrix(c(n*Y_a_para+Y_v_para,n*tau_para+delta_para,
n*tau_para+delta_para,n*X_a_para+X_v_para),
nrow=2,ncol=2)
right_para <- matrix(c(tau_para,X_a_para))
b_hat_para <- matrix(c(0,0))
if(det(left_para)>le-5){
b_hat_para <- solve(left_para,right_para)
}else{
if(tau_para/X_a_para-
(n*tau_para+delta_para)/(n*X_a_para+X_v_para)<le-5){
b_hat_para[l,1] <- ©®
b_hat_para[2,1] <- X_a_para/(n*X_a_para+X_v_para)
}else{
cat("No.solution_.when_K=",k,"\n",sep="")
next

3
a_hat_para <- X_mu_para-n*Y_mu_para*b_hat_para[l,1]-
n*X_mu_para*b_hat_para[2,1]
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MMSE_split[number] <- X_a + n*b_hat[1,1]72*Y_v +
n"2*b_hat[1,1]72*Y_a - 2*n*b_hat[1l,1]*tau +
n*b_hat[2,1]"2*X_v + n"2*b_hat[2,1]"2*X_a - 2*n*b_hat[2,1]*X_a +
2*n*b_hat[1,1]*b_hat[2,1]*delta + 2*n"2*b_hat[1,1]*b_hat[2,1]*tau
MMSE_nonsplit[number] <- Z_hat"2*X_v/n+(1-Z_hat)"2*X_a
if(k==0){
MMSE_split_Y[number] <- MMSE_nonsplit[number]
}else{
MMSE_split_Y[number] <- X_a-n*tau"2/(n*Y_a+Y_v)

MMSE_split_para[number] <- X_a_para + n*b_hat_para[l,1]"2*Y_v_para+
n"2*b_hat_para[l,1]"2*Y_a_para - 2*n*b_hat_para[l,1]*tau_para +
n*b_hat_para[2,1]"2*X_v_para + n"2*b_hat_para[2,1]"2*X_a_para -
2*n*b_hat_paral[2,1]*X_a_para +
2*n*b_hat_paral[l,1]*b_hat_para[2,1]*delta_para +
2*n"2*b_hat_para[l,1]*b_hat_paral[2,1]*tau_para

MMSE_nonsplit_para[number] <- Z_hat_para”2*X_v_para/n+

(1-Z_hat_para)"2*X_a_para
if(k==0){
MMSE_split_Y_para[number] <- MMSE_nonsplit_para[number]

}else{

MMSE_split_Y_para[number] <- X_a_para-n*tau_para 2/
(n*Y_a_para+Y_v_para)
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plot (kk,MMSE_split,ylim = c(min(MMSE_split),max(MMSE_split+0.01)),
main="MMSEs_by.non-parametric_estimation._given.specific K",
xlab="The_specific_.split_point ,K",ylab="MMSEs",
lty=1,pch=2,type="0")
lines(kk,MMSE_split_Y,1lty=2,pch=4,type="0",co0l="2")
lines (kk,MMSE_nonsplit,lty=4,pch=1,type="0’,col="3")
legend("bottomright", cex=0.7, pch=c(2,4,1),1ty=c(1,2,4),
col=c("black", "red", "green"),
legend=c("Two-dim.._.semi.", "Trad..semi.", "Non-split."))

K <- RESULT[which(MMSE_split==min(MMSE_split))]

plot (kk,MMSE_split,ylim = c(min(MMSE_split),max(MMSE_split+0.01)),
main="MMSEs_by._non-parametric._estimation_given, K",
xlab="The_split_point ,K,\nfrom. .0 .to_the.maximum.value_of_Xs",
ylab="MMSEs", lty=1,type = '17)
lines(kk,MMSE_split_Y,1lty=2,co0l="2")
lines (kk,MMSE_nonsplit,lty=4,col="3")
legend("bottomright", cex=0.7, 1lty=c(1,2,4),
col=c("black", "red", "green"),
legend=c("Two-dim.._.semi.", "Trad..semi.", "Non-split."))

K <- kk[which(MMSE_split==min(MMSE_split))]
K <- sum(X<K)/n/m

plot (kk,MMSE_split_para,ylim = c(min(MMSE_split_para),
max (MMSE_split_para+0.01)),
main="MMSEs_by_parametric.estimation_given_K",
xlab="The_.split.point,K,\nfrom_0_.to_.the.maximum_value_of_Xs",
ylab="MMSEs", lty=1,type = '17)
lines(kk,MMSE_split_Y_para,lty=2, col='2")
lines (kk,MMSE_nonsplit_para,lty=4, col="3")
legend("bottomright", cex=0.8,1ty=c(1,2,4),
col=c("black", "red", "green"),
legend=c("Two-dim._semi.", "Trad..semi.", "Non-split."))

K_para <- kk[which(MMSE_split_para==min(MMSE_split_para))]
K_para <- sum(X<K_para)/n/m




Curriculum Vitae

Name: Jingbing Qiu

Post-Secondary South China University of Technology
Education and Guangzhou, China
Degrees: 2013 - 2017 B.Sc.

University of Western Ontario
London, ON
2017 - 2019 M.Sc.

Honours and Western Graduate Research Scholarship
Awards: 2018 - 2019

Related Work  Teaching Assistant
Experience: The University of Western Ontario
2017 - 2019

Remote actuarial assistant

Shanghai, China
2018 - 2019

Publications:

None

73



	Split credibility: A two-dimensional semi-linear credibility model
	Recommended Citation

	tmp.1565388046.pdf.hZpgx

