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Abstract

In noncommutative geometry, the metric information of a noncommutative space is en-
coded in the data of a spectral triple (A, H, D), where D plays the role of the Dirac operator
acting on the Hilbert space of spinors. Ideas of spectral geometry can then be used to define
suitable notions such as volume, scalar curvature, and Ricci curvature. In particular, one
can construct the Ricci curvature from the asymptotic expansion of the heat trace Tr(e™).
In Chapter 2, we will compute the Ricci curvature of a curved noncommutative three torus.
The computation is done for both conformal and a non-conformal perturbation of the flat
metric. By applying Connes’ pseudodifferential calculus for the noncommutative tori, we
explicitly compute the second density of the heat trace expansion for the perturbed Lapla-
cians on both functions and 1—forms. On the other hand, in noncommutative geometry one
also wants to get a good notion of an action functional which depends only on the spectrum
of D, called spectral action functional. It is known that such a functional can be expressed
as Tr(f(D)) for some function f. In chapter 3, we show that the von Neumann entropy,
average energy, and negative free energy of the Gibbs state of the second quantized Dirac
operator dI'D has a spectral action functional interpretation of the original Dirac operator
D. To be able to carry on the computations, we have to incorporate the chemical poten-
tial u. All those spectral action coefficients can be given in terms of the modified Bessel
functions.

il
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Summary for lay audience

In mathematics one can describe the topological properties of a compact Hausdorff
space M via the algebra C(M) of all continuous complex-valued functions over M, which
is a commutative C*—algebra. By analogy, a noncommutative C*—algebra encodes all the
topological information of a noncommutative space.

In Section 1.1 and 1.2, we shall briefly review the definition of a spectral triple which
encodes the geometric information of a noncommutative space. Then in Chapter 2, we
shall recall the definition of the noncommutative three tori. Then we will compute the
Ricci density of curved noncommutative three tori under the conformally flat metric and a
specific non-conformal metric by analyzing the spectral properties of the Laplace operators.

In Section 1.3 and 1.4, we shall give a brief introduction to the spectral action principle
and the second quantization. A spectral action functional is an additive functional with
respect to direct sum of the spectral triples and the second quantization is one method to
describe a multi-particle system in the quantum statistical mechanics. We will show, in
Chapter 3, that the entropy and energy of the Gibbs state of the second quantized Dirac op-
erator can be interpreted as spectral action functionals of the original Dirac operator. More-
over, we will explicitly compute all the spectral action coefficients for the above quantities
in both Bosonic and Fermionic cases.
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Chapter 1

Introduction to noncommutative
geometry

In this chapter, we will briefly review the pseudodifferential operators and elliptic opera-
tors first, then we will introduce some basic concepts in noncommutative geometry, such
as spectral triples and spectral action. Finally, we will give a short introduction about en-
tropy and energy in the quantum statistical mechanics. This chapter contains introductory
material needed to understand my two joint papers [3, 6].

1.1 Pseudodifferential operators and elliptic operators

We first briefly review the theory of pseudodifferential operators on R™, then we shall
review the theory of pseudodifferential operators on an m—dimensional oriented closed
manifold M following Gilkey’s book [7].

To simplify the notations, we let dx, dy, and d¢ denote the Lebesgue measure on R™
with an additional normalizing factor of (27)™/2. Following this notation, we define the
convolution product of two Schwartz class functions f, g € S(R™) by

(f*g)x) = fR i S(&x—y)gdy = FOgx — y)dy,

Rm

and the Fourier transform of f by

fo = f e f(x)dx.
Rﬂ‘l
|



2 CHAPTER 1. INTRODUCTION TO NONCOMMUTATIVE GEOMETRY

We shall also use the following notation

i A e

(9_361 0x,,

The following properties of Fourier transform will be used:

DifE@) = ~0F (@ f) @), & f© = (D) ©.

1.1.1 Pseudodifferential operators

Definition 1.1.1 Let U C R™ be an open subset. We say p(x, £) is a symbol of order d, and
we denote it by p € SY(U), if

(1) the function p(x, &) is smooth in (x,&) € U X R™ with compact x support,

(2) for all multi-indices (a, ), there are constants C, g such that

IDYDEp(x, )| < Cop(1 + |E)* P,

We also denote by S ~(U) = (N S%U), and when U is the whole Euclidean space R™, we
d

may simply write the set of all symbols of order d as S¢. For a given symbol p, we define
the associated operator P(x, D) : S(R™) — S(R™) by

Pmmmm:f

Rm

¢ p(x, &) f(&)dé = f OV p(x, &) f(y)dydé.
R JR™

By definition P(x, D) is a linear map from S(R™) to S(R™). We can extend P(x, D) from
S(R™) to the Sobolev space H,. We refer to Gilkey’s book [7] for more details in this
regard.

Lemma 1.1.2 Let p € S¢. Then |Pf|,_y < C|fl for all f € S(R™). Thus P can be extended
to a continuous map P : H; — H_, for all s.

The class of pseudodifferential operators is closed under the composition and adjoint.
Moreover, if P and Q are two pseudodifferential operators whose symbols are p(x, &) and
q(x, &) respectively, then we have the following asymptotic expansions of the symbols of



1.1. PSEUDODIFFERENTIAL OPERATORS AND ELLIPTIC OPERATORS 3

adjoint and composition
a(P) ~ ) diDip'/al,

a(PQ) ~ ) dip(x,£)Diq(x, &)/B.
B

Here the relation ~ means that the difference of two symbols is infinitely smoothing,
namely,

p~p/c>p_p/es—oo:ﬂsd'
d

Let p(x,&) € S have x support in U C R™, and we denote by C>(U) the set of all
smooth functions with support in U. We restrict domain of P to be C;°(U). Then the range
of Pis C2(U) as well, and thus the operator P : C°(U) — C2(U) is well-defined. We
denote the set of all such operators by W¢(U).

In general, let p(x,&) be a matrix-valued symbol, i.e., all the components of p(x, &)
belong to S¢. The corresponding operator P is then given by a matrix of pseudodifferential
operators. Thus P is a map whose domain and range are vector-valued functions with
compact support in U.

Now we can extend the theory of pseudodifferential operators on an oriented smooth
closed Riemannian manifold M. We shall consider scalar functions first.

Definition 1.1.3 Let C*(M) be the space of smooth functions on M, and let P : C*(M) —
C*(M) be a linear operator. We say P is a pseudodifferential operator of order d if for
any open chart U on M, and for any ¢, € C(U), the localized operator ¢Py is a
pseudodifferential operator with order d on U.

The pseudodifferential operators acting on a vector bundle V over M is defined as below.

Definition 1.1.4 Let M be an oriented closed manifold, and V. — M be a vector bun-
dle. Let C*(V) denote the space of smooth sections of V. We say a linear operator
P : C*(V) — C=(V) is a pseudodifferential operator of order d if for any open chart
U on M which is a local trivilization for V and for any ¢,y € C2(U), the localized opera-
tor Py : C2(U,C") — C2(U,C") is a pseudodifferential operator of order d on U acting
on C2(U,C").

If the vector bundle V is equipped with a Hermitian product (-, ), then we can define an
inner product over C*(V) by

@%LWWW&MWWL



4 CHAPTER 1. INTRODUCTION TO NONCOMMUTATIVE GEOMETRY

and complete it to a Hilbert space, which we denote by L*(M, V). We can then define the
adjoint operator P* with respect to this inner product. For this adjoint operator P*, we have

o (P7) = o (P)".

The order d of a pseudodifferential operator P puts some restrictions on P. In fact, we
have the following theorem. One can check [7] for a proof.

Theorem 1.1.5 Let M be an oriented closed smooth Riemannian manifold with dimension
m, and V. — M be a Hermitian vector bundle. For any P € W/(M, V), as a densely defined
operator on L*(M, V), we have:

(1) P is a bounded operator ifd < 0.

(2) P is acompact operator ifd < 0.

(3) P is a Dixmier class operator ifd < —m.
(4) P is a trace class operator if d < —m.

Let U be an open subset of M. For a symbol p € S¢(U) of order d, we define the leading
(principal) symbol p; of p to be the class of p in the quotient spaces S(U)/S 1 (U).
Following this definition, if P and Q are pseudodifferential operators of order d; and d,
over U, then PQ is a pseudodifferential operator of order d; + d, and

o(PQ) = o (P)o(Q).

The symbol o (P) is not globally well-defined on M since it is not invariant under the
change of coordinates, while the leading symbol o (P) is invariant under the change of
coordinates. Thus the leading symbol o (P) is globally well-defined.

Definition 1.1.6 Let p € SYU) be a square matrix and U, be an open set such that U, C
U. We say p is elliptic on U, if there is an open subset U, with U, ¢ U, ¢ U, C U and
there exists a symbol p’ € S ~*(U) such that

pp' —1€S8577(Uy), p'p—1€S(Uy).

We call an operator P € W4(M, V) elliptic if for any open chart U C M and for any
o, ¢ € CZ(U), the localized operator ¢ Py is elliptic when ¢y(x) # 0.
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If a pseudodifferential operator P € W¥(M, V) is an elliptic operator, then there exists an
operator Q € Y~4(M, V) such that

PO-1€e¥=(MV), OP-I1c¥>(M,V).

We call Q a parametrix of P. According to Theorem 1.1.5, both PQ — I and QP — I are
compact operators, thus P is invertible in the Calkin algebra and therefore P is a Fredholm
operator.

1.2 Spectral geometry

Recall that for an operator T : H — H over a Hilbert space H, the spectrum of T is
defined by
spec(T) = {1 € C: (T — ) is not invertible in B(H)}.

According to the spectral theory if T € K(H) is a self-adjoint compact operator, we can
then find a complete orthonormal basis {¢,} of H consisting of eigenvectors of 7. The main
idea of spectral geometry is to figure out how much geometric information one can extract
by analyzing the spectrum of some given geometric operator such as the Laplace operator,
on a Riemannian manifold M. The most well-known example in spectral geometry is
Weyl’s law (see e.g. [8]).

Theorem 1.2.1 (Weyl’s Law) Let M be a compact smooth Riemannian manifold of di-
mension m. Let A : L*(M) — L*(M) be the Laplace operator over M, whose eigenvalues
are 0 = Ay < Ay < ---, each eigenvalue repeated according to its multiplicity. We denote
by
NQ) :=#{j:1; < 1}
Then we have
Wy

(2mym

where w,, is the volume of the unit ball in R™, that is

NQ) ~ Vol(M)A™?, as A — oo,

-
W, = ———.
T(Z+1)

From Weyl’s Law, one can deduce an asymptotic formula of the j—th eigenvalue of A:

N VIE o
P e e
(0, NOI(M))?
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In fact, we have the following more general result (see e.g. [7]).

Lemma 1.2.2 Let V — M be a smooth Hermitian vector bundle over a closed smooth
Riemannian manifold M of dimension m. Let P : C*(V) — C*(V) be an elliptic self-
adjoint pseudodifferential operator of order d > 0. If we order the eigenvalues such that
|1] < |Aa| < -+, then there exists a constant C such that |4;| ~ Cj*™.

1.2.1 Laplace type operators

Let (M, g) be an oriented closed smooth Riemannian manifold of dimension m, and V — M
be a rank n smooth vector bundle.

Definition 1.2.3 We say a second order differential operator P : C*(V) — C*(V) is a
Laplace type operator if o1(P) = g&é&;. Namely, in any local chart U, P can be written as

p=—gil L 4l g AN BeCW BrdV)).
0x; Ox; Ox

For instance, let V : C*(V) —» C*(T*M ® V) be a connection on the vector bundle V, that
is, a C-linear map satisfying

V(fo)=df ¢+ fVe, VfeC(M), ¢eC(V).
WedefineV: C*(T"M®V) - C*(T"M & T*"M ® V) by
Viw®é) - VEweé+we Ve, weQ'(M), £ e C(V),

here VZ€ is the Levi-Civita connection for the cotangent bundle T*M. Now consider the
second covariant derivative operator V? given by the following composition map

Co(V) S C(T'MOV) S C(T"MRT M V).
Taking the trace over T*(M) @ T*(M), we define a differential operator
Py = =Tr(V?) : C*(V) - C=(V).
In a local coordinate, we have

Py = —gijv,giVaj + gijl"f.‘jvak.
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Here I'¥ ;s are the Christoffel symbols for the Levi-Civita connection, namely,
Vi€o; = Tjdx' ® b,
Hence Py is a Laplace type operator. In fact, we have the following result [7].

Lemma 1.2.4 Let P : C*(V) — C*(V) be a Laplace type operator. Then there exists a
unique connection V on 'V and a unique endomorphism E € C*(End(V)) so that

P=Py-L.

Remark For a given closed smooth Riemannian manifold M, if we denote its Levi-Civita
connection by
VEC . C™(T(M)) — C=(T*(M) ® T(M)),

we can always extend VX€ to the tensor fields:
vie . T) — T;’“.
In more details, in a local chart, the Levi-Civita connection V€ follows the following rules:
(1) V¥dx* = -Tdx' ® dx’,
Q) Vi€ (0,) =301 ® - ®V¥0,  ® @0, fordy =0 ®-+-®0,i,
3) VECdx) =Y dx' ® - - @ VECdx/k ® - - - @ dx/r fordx! =dx/' ® --- @ dxr,
4) Viwen) = VEw ®n + w ® V€ for any tensors w, 7,
(5) V€ f =df for f € Ty = C(M),
(6) VE€(y) = S(=D) 'y A+ AVECY Ao A vk for any k—form y = y! A -0 A YK

When there is no confusion, we simply denote the Levi-Civita by V, and denote the adjoint
of V by V*. Then we have the following result (see e.g. [11]).

Theorem 1.2.5 (Weitzenbock Formula) Ler A! : Q'(M) — Q' (M) be the Laplacian on
1—forms of M. We have the formula:

A = V'V + Ric.

Here Ric € End(T* M) is the Ricci operator.
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1.2.2 Heat equation

Let V — M be a smooth Hermitian vector bundle over M. We take P : C*(V) — C*(V)
to be an elliptic pseudodifferential operator with order d > 0. We also require P to be self-
adjoint and o (P) to be positive definite for all x € M. Then there exists some constant C,
such that spec(P) C [C, o). The heat equation is the partial differential equation given by:

(g N p) Fon =0, fx,0)= f(x) € Co(V),

Formally, it has a solution f(x, ) = e~ f(x). We define the heat kernel K(z, x, y) : V, >V,
to be:

K(t,x,y) = > e ",(x) ®6,0).

n

Here ¢, is the eigenfunction of A, with norm 1. Thus

e f(x) = f K(t, x,y) f(y)dy.
M

Also, e is a trace class operator for all # > 0 and we define the heat trace as

—tP\ _ —tdy _
Tr (e ) = En e = fM tr (K(¢, x, x)) dx.
P

Since spec(P) C [C, o), we get an integral representation for the operator e™";

e =1 e - pyan,
2ni ),
where 7y is a contour in the complex plane that goes around the spec(P) in the clockwise
direction without touching it.
While the operator (P — 1)~! is not a pseudodifferential operator, the method given in
[7] is trying to approximate (P — 1)~! by some pseudodifferential operator R(1) and then
obtain properties of e™'¥ via R(1). First, we shall generalize our definition of symbol:

Definition 1.2.6 Let R be the closed region of C consisting of y together with the compo-
nent of C\'y which does not contain the interval [C, ). We say q(x, &, ) € SKA)U) is a
symbol of order k depending on the complex parameter A € R if

(1) q(x,¢&, ) is smooth in (x,&,1) € R" X R™ X R, has compact x—support in U and it is
holomorphic in A.
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(2) For all (a,p,y) there exist constants Cy g, such that

D DEDY G, €9 < Capy(1+ 18] + 4]y
We say q(x, &, A) is homogeneous of order k in (¢, ) if

q(x, t&,1°) = fq(x, &, 1), Ve 1. (1.2.1)

We let Wi (4)(U) be the set of all operators Q(1) : C°(U) — C°(U) with symbols g(x, &, 1) €
S*(2) having x—support in U.

Lemma 1.2.7 ([7]) Take Q; € Y\ (A)(U) with corresponding symbols q; for i = 1,2. Then
010, € Yy, 4k, (D(U) has symbol g where

q-~ ngcth%/Oé!-

Lemma 1.2.8 ([7]) Ifh : U — U is a diffeomorphism between U, U c R™, then it induces
a map h, : ¥ (A)(U) = P )(O) and
o(hP) = p(h™" x1, (dh™" (x))'é1, 2) € S ()(D).

Using Lemma 1.2.8, we can extend the class ¥(1) to closed manifolds using a partition of
unity argument. We now wish to solve the following equation recursively:

o(RA)(P —-2)—-1~0. (1.2.2)
We define R(A) with symbol ry + 7 +---, where r; € § ~4=J(2). We also define p;.(x, &) =
d
pj(x,&) for j < d and p/(x,&, ) = pa(x,€) — A Then o(P - 1) = p;.. We denote
i=0
P € §i(2), and (p/)~" € S7(A). The equation (1.2.2) yields:

Z dgrj- Dipi/a! ~ 1.

a,jk

Z Z d¢rj-Dipilal ~ 1,

n |a|+j+d—k=n

We rewrite it as

where j,k > 0 and k < d. There are no terms with n < 0. For the term with n = 0, we get
the requirement that rop/, = I. Thus ry = (py — A)~! and by induction, for n > 0 we get the
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recursive formula:
r, = —ro Z dger‘;p,'(/a!.

||+ j+d—k=n
j<n

We can also write
r, = —rp Z dgeripk/a!.

||+ j+d—k=n
j<n

We define E(¢) = 2Lm fy e MR(A)dA. Let K'(t, x,y) be the kernel of E(¢), and K(t, x, y) be
the kernel of e, It is proved in [7] that K'(¢, x, y) is a smooth kernel and that K’(z, x, y)

can approximate K(z, x, y) to arbitrary orders of ¢ as t — 0. Thus we can get the information
of e7'F by studying E(f). We let

1
ay(x,P) = — ffe‘lr,,(x, & DdAdE.
2ni y
Suppose d is an even number. If we replace &€ by —&, we conclude from (1.2.1) that
a,(x,P) =0, when nis odd.

According to [7], a,(x, P) € End(V, V) is invariantly defined independent of the coor-
dinate system and the local frame of V. Thus a,(x, P) is globally well-defined as an endo-
morphism of the vector bundle V. We can also get the following asymptotic expansion of
the heat kernel on diagonal:

(o)

K(t, x,x) ~ Z 17 a,(x,P), ast— 0.
n=0

Thus we have the asymptotic expansion of the trace of the heat operator e™*:

Tr (e"P) = f tr (K(t, x, x)) dx
M

NZ’% f tr (a,(x, P)) dx
n=0 M

[ee)

~ D T ap).
n=0

where a,(P) = fM tr (a,(x, P)) dx. The terms of a,(P) are spectral invariants of P, i.e., they
only depend on the spectrum of P, which can be computed using local expressions obtained
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from the symbol of P. In Chapter 2, we will use the terms of a,(x, Ag) and a(x, A1) to
compute the Ricci curvature of noncommutative torus T;.

1.3 Noncommutative Riemannian geometry

The geometric properties of a closed Riemannian spin manifold M can be described by the
triple (C*(M), L>(M, S), D), where S is a spinor bundle of M, and D is the Dirac operator
associated with the Levi-Civita connection lifted to the spinor bundle. In fact, one can
recover the geodesic distance on M by [3]

d(x,y) = sup{|f(x) = fO)I - [ILD, f1ll < 1}.

This triple is called the canonical spectral triple and was introduced by Alain Connes [3].

1.3.1 Spectral triples

Definition 1.3.1 A spectral triple (A, H, D) consists of an involutive (unital) x—algebra
A with a faithful representation m on a Hilbert space H, and a self-adjoint operator D
defined on a dense subspace of H such that (D +i)~" is a compact operator and [D, n(a)] is
a bounded operator for all a € A. A spectral triple is called even if there is a Z,—grading
y:H — H,ie,y* =1andy" =y, such that yn(a) = n(a)y and yD = —Dy.

When there is no confusion, we may simply write the representation n(a) as a for any
a € A. Another example of a spectral triple is the Hodge-de Rham spectral triple. Let M
be an oriented closed Riemannian manifold. The triple

(C¥(M), L*(M, AT:M), d + d*)
forms a spectral triple, and in this case, there is a Z,—grading y defined by y : w — (=1)“lw.

Definition 1.3.2 We define a real structure on a spectral triple (A, H, D) to be an anti-
linear isometry J : H — H such that:

(1) J* = ¢
(2) JD = €DJ,

(3) Jy=¢€",
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n 01 2 3 4 5 6 7
e 1 1 -1 -1 -1 -1 1 1
e 1 -11 1 1 -1 1 1
€ 1 -1 1 -1

Table 1.1: KO-dimension

where the signs €, €', €’ € {1} are given by the Table 1.1. Moreover,
(4) [a,b°] =0, forall a,b € A, where b° = Jb*J .

(5) [[D,al,b°] =0, forall a,b € A.

The condition (4) is called the order zero condition. It implies that H is an A—bimodule
with left and right action of A given by a and b°, and condition (5) is called the order one
condition. It corresponds to the property of geometric Dirac operators of being first order
elliptic differential operators.

Definition 1.3.3 A spectral triple is finitely summable if |D|™ is a trace class operator for
some a > 0.

Definition 1.3.4 A spectral triple is regular if for all a € A, a and | D, a] are in the domain
of 0™ for all positive integers m. Here 6(-) = [|D], +].

Definition 1.3.5 A finitely summable spectral triple is of metric dimension m if the operator
|D|™* is a trace class operator on the half plane {s € C : Re(s) > m}.

Definition 1.3.6 The dimension spectrum is the set of poles in C of the zeta functions
Ly p(s) :=Tr (bID|™") associated to the spectral triple, where b is an element in the algebra
generated by the elements 6™ (a) and 6" (| D, a]) for all a € A, and m € N.

1.3.2 Noncommutative tori

We shall first define the two dimensional noncommutative torus, and then give the definition
for higher dimensional noncommutative tori. For a real number 6 € [0, 1), the noncommu-
tative two torus C(T3) is the universal C*—algebra generated by two unitary elements U
and V subject to the commutation relation

VU = UV, (1.3.1)
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By universality of C(T2), we mean that for any C*—algebra C (U, V) with two unitary
elements U and V which satisfy (1.3.1), there exists a unique homomorphism from C(T?2)
to C*(U, V) which maps U to U and V to V. The C*—algebra C(T?) can be considered as
the algebra of all continuous functions over a noncommutative torus T5. We can also define
the dense subalgebra C*(T%) c C(T?) by

C”(Tﬁ) = {a € C(Tg)‘a = Z An, U™V", a,, € C rapid decay sequence} )

m,n

This dense subalgebra C*(T;) can be regarded as the algebra of smooth functions on the
noncommutative torus Tg. In fact, when 8 = 0, C (T(z)) 1s 1somorphic to the C*—algebra of
all continuous functions on torus T2, and C o<’(Tg) is the x—algebra of all smooth functions
on T2

Similar to the two dimensional case, one can construct higher dimensional noncom-
mutative tori. Let ® = (¢;;) € M, (R) be an n X n skew-symmetric matrix. The algebra
C(Tf) is the universal C*—algebra generated by n unitaries U, for 1 < j < n, subject to the
commutation relations

U;Uy = ™ UU;, 1< jk<n

One can consult [9] for more details about noncommutative tori. In Chapter 2, we will
compute the Ricci curvature and scalar curvature of noncommutative 3—tori equipped some
specific metrics.

1.3.3 Spectral action

In noncommutative geometry, we are interested in constructing an action functional for
a finitely summable spectral triple (A, H, D). A suitable construction of such an action
functional is the spectral action that was proposed in [2]. A spectral action for (A, H, D)
is defined as

Tr(f(D/A)),

where f is a non-negative even smooth function that is rapidly decreasing at infinity and A
is a positive real number. We usually assume that there exists a function /4(x) such that

f(x) = f ) h(H)e ™ dt.
0
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We also assume the existences of an asymptotic expansion of the heat trace of the form

Tr (e—sz) ~ Zaat(’, t— 0" (1.3.2)

4

We define the spectral zeta function to be

{o(s) =Tr (D).

Here we regard |D| as an operator over the orthogonal complement of kerD c H. Accord-
ing to [4], we have the following formula to calculate the residues of {p(s):

Lemma 1.3.7 Each non-zero term a, with @ < 0 corresponds to a pole of {p(s) at -2«

with
2a,

Res;—2{p(s) = I[(-a)’

and {p(s) is regular at O with
{p(0) + dim kerD = a,.

By this lemma, we can get an asymptotic formula for the spectral action. For more details,
one can check [4], [12] or [10].

Theorem 1.3.8 Let (A, H, D) be a spectral triple that satisfies (1.3.2). Then there is an
asymptotic expansion of the spectral action

Tr (f(D/A)) = Z fs NP Res sl (s) + F(0)p(0) + 0(1), A — oo,

BeSp*

where fz = fooo F(x)x*~'dx, and the summation is taken over the positive part of the dimen-
sion spectrum.

In Chapter 3 we will construct some spectral actions via the second quantization of the
Dirac operator D. Before that, we shall review some background about quantum statistical
mechanics.

1.4 Basics of quantum statistical mechanics

In quantum statistical mechanics, the quantum mechanical states of n particles in the con-
figuration space R are described by vectors of the Hilbert space L2(R™). If the number of
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particles is not fixed, the states are given by vectors of the full Fock space

F = P LP®R™),

n>0

where ¢ = {™},50 € F with y® € C and '™ € L*(R™) for n > 1. The norm of ¢ is given
by
WP = P+ > | w0, x)Pdx - dx,.

n=1 VR
In microscopic physics, identical particles are indistinguishable and in mathematics this is
reflected via the symmetry of the probability density under the interchange of coordinates.
If the component ¢/ of a state ¢ is symmetric under the interchange of coordinates for all
n € N, the particles are called bosons and they are said to satisfy Bose-Einstein statistics.
We denote the set of all functions that satisfy such symmetric conditions by ¥,. On the
other hand, if the component /™ of a state i is anti-symmetric for all n € N, the particles
are called fermions and we say they satisfy Fermi-Dirac statistics. We denote the set of all
functions that satisfy the anti-symmetric conditions by #_. Both ¥, and #_ are Hilbert sub-
spaces of . In this chapter, we will briefly review the Fock space and second quantization.
One can check [1] and [8] for more details.

1.4.1 Definition of Fock spaces

In this section we denote by H the Hilbert space of one-particle configuration space. Here
we consider the inner product (-, ) of H to be conjugate linear in the first component and
linear in the second component. We shall first recall the definition of the Fock space ¥ (H),
and the corresponding Fermionic Fock space #_(H) and the Bosonic Fock space 7..(H).
We denote by H" = H® H Q - - - ® ‘H the n-fold tensor power of H when n > 0, and
let H° = C. The Fock space F(H) is the completion of the pre-Hilbert space & H". We

n>0

define the operators P, on H" by

P.(fi®fi®-®f) =" > fuy®fri®® fran,

nes,

P.(i®h®®f)=0)" > (" fu)® frr) @ ® fuiuy,

nes,

for all fi, ..., f, € H. Here S, is the symmetric group of degree n. It is not difficult to see
that both P, and P_ are projections, namely, Pi = P, = (P,)*. Thus P, can be extended
by continuity to projection operators over the Fock space F (/). The Bosonic Fock space
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¥, (H) and the Fermionic Fock space #_(H) are then defined as
Fi(H) = Po(F(H)),
and the corresponding n-particle subspaces H” are defined as

H! = P.H"

1.4.2 Second quantization of operators

The structure of the Fock space allows us to amplify an operator on H to the whole
Bose/Fermi Fock spaces 7.(H). This procedure is commonly referred to as the second
quantization.

Let H be a self-adjoint operator on H with domain D(H). For any fi,--- , f, € D(H),
we define H, on H by

P, H®LQ - QHfi® - ®f,]| n>0,
Ho(Po(fi® - ® fy) = Z‘l ’

0 n=0.

The direct sum operator P H, is essentially self-adjoint according to [1], and the self-
n>0
adjoint closure of this direct sum operator is called the second quantization of the operator

H and it is denoted by dI'(H). Namely,

dT(H) = @ H,

n>0

In particular, if H = 1 is the identity operator, then we have
dr’'(1) = N.

We call the operator N the number operator on 7. (H). The domain of N is
D(N) = {w = W hs0r Y PO < oo},
n>0

and for any ¥ € D(N)
N'// = {nw(n)}nz()-
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The number operator N plays an important role in quantum statistics, as it counts the num-
ber of particles in the statistical system.
We now consider a unitary operator U on H. First, we define U, on H by

P.(UMLRULS---@US,) n>0,

Un(Pi(f1®f2®"'®fn)):{ﬂ n=0.

and then extend it to the whole Fock space. We denote this extension by I'(U). It is called
the second quantization of the unitary operator U,

T(U) = @ U,.

n>0

It is worth mentioning here that I'(U) is also a unitary operator on ¥.(H). Also, if
U, = ¢" is a strongly continuous one-parameter unitary group acting on 4, then

F( Ut) — eildF(H)

on the Fock spaces F.(H).

If H is a self-adjoint Hamiltonian operator on the one-particle Hilbert space #, then the
dynamics of the ideal Bose gas and the ideal Fermi gas are described by the Schrodinger
equation

LA
ih—" = dT(H)Y,

on F,(H) and F_(H) separately with the initial value ¢y = ¥ € F.(H). We choose the
units so that 72 = 1. The solution of the Schrodinger equation gives us the evolution

l// (S 7:1(7_[) (4 l!/r = g_itdr(H)l// — I“(e—itH)l//-

The evolution 7,(A) of a bounded observable A € B(F.(H)), on the other hand, is the
conjugation by I'(e):

A € B(F.(H)) - 1,(A) = T(e™)AT (e ).

1.4.3 CAR and CCR relations

The CAR and CCR are acronyms of “canonical anti-commutation relations” and “canonical
commutation relations”, correspondingly. To describe the CAR and CCR relations, we
shall define the annihilation operators and creation operators first.
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Suppose ‘H is a complex Hilbert space. For a vector f € H, we shall define the
operators a(f), and a*(f) acting on the Fock space # () by initially setting a(f)y® = 0,
a’'(fy® = f,Vf € H, and

af)fi®f® - ®f)= V(L)) L®[® @ f
a(fN)fiehe @)= Vi+1fRf/ihHQf® - ® fi.

Here ¥ = 1 € C. Extension by linearity then yields two densely defined operators on
F(H). In fact, if ¢ € H", we can see that

la(Hw ™I < Nall AL lla™ (vl < Vu+ AL

Thus a(f) and a*(f) are well-defined in the domain D(N'/?) of N'/2, and

la(Hwll < AN + D2l lla*Owll < ATV + 1)V 2y,

We call a(f)’s the annihilation operators, and a*(f)’s the creation operators on the Fock
space ¥ (H). One can see that the maps f + a(f) are anti-linear while the maps f — a*(f)
are linear. Moreover, we have that a*(f) is the adjoint of a(f); namely, one has

(@ (g, ) = (¢, a(f))

for any ¢,y € D(N'/?).

We can then define the annihilation operators a.(f) and the creation operators a’,(f) on
the Fermi/Bose Fock spaces ¥.(H) correspondingly by

ai(f) = P:ta(f)Pj:a ai(f) = P:ta*(f)Pi-

Since both 7, (H) and F_(H) are invariant subspaces of the annihilation operator a(f), and
a(f)" = a*(f), thus we have

ax(f) = a(f)Ps,  ai(f) = Pea’(f).

A straightforward computation shows that on the Fermionic Fock space F_(H),

{a_(f),a-(g)} = {a’(f),a’(g)} = 0, {a_(f).d”()} = (f. )L, (L4.1)
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and on the Bosonic Fock space . (H),

[a.(f), a.(®)] = [a,(f),a\(&)] = 0, [a.(f),a ()] = (f, &L (1.4.2)

The first relations (1.4.1) are called the canonical anti-commutation relations (CAR), and
the second relations (1.4.2) are called the canonical commutation relations (CCR).

By CAR algebra we mean an algebra generated by elements that satisfy (1.4.1). In fact,
we have the following proposition [1]:

Proposition 1.4.1 Let H be a complex Hilbert space, F_(H) be the Fermionic Fock space,
and a_(f) and a* (g) the corresponding annihilation and creation operators on F_(H).
(1) For all f € H, we have

lla-(OI = A1 = llaZ(Hl.

Therefore both a_(f) and a*(g) have bounded extensions on ¥_(H).
(2) Taking Q = (1,0,0,---), called the vacuum vector, and an orthonormal basis {f,}
of H, then
Y(fors s fan) = A (fo,) - (fa,)

form an orthonormal basis of F_(H), when {f,,,- - , fa,} runs over all the finite subsets of
the orthonormal basis {f,}.

(3) The set of bounded operators {a_(f),a*(g); f,g € H} is irreducible on F_(H),
i.e., the only closed subspaces of F_(H) which are invariant under the action of the set
{a_(f),a*(g); f,g € H} are the trivial subspaces {0} and F_(H).

Definition 1.4.2 We call the subalgebra of B(F_(H)) generated by a_(f), a*(g) and 1 the
CAR algebra and denote it by CAR(H).

Although the CCR relations look very similar to the CAR relations, one can not simply
mimic the way to define CAR algebras to deduce the definition of CCR algebras. The
reason is that the annihilation operators a.(f) and the creation operators a’(g) are not
bounded operators on ¥, (H). In fact, we have

la(H ™Il = Vully ™11

where ™ is the n—fold tensor product of f € H with ifself. Thus to define the CCR
algebra, we first introduce the set of operators {®(f), f € H} by

a.(f) + ai(f)

@ =
(f) N
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Since the map f — a.(f) is anti-linear, and f + a’(f) is linear, then

O(f) + i0(f) _ O(f) - i0(if)
V2 V2o

Thus it suffices to examine the set of operators {®(f), f € H}.

Let F . (H) = P, (@nzo 7’{”) C F.(H),i.e., F,(H) contains the sequences = {¢/"},50
which have only finitely many nonvanishing components.

Since for each f € H, ®(f) is essentially self-adjoint on F,(H), ©(f) has a unique
self-adjoint extension. We still use ®(f) to denote this self-adjoint extension

a,(f) = . ady(f)

a(f) +a*(f)
o(f) = =
V2

We have the following proposition [1].

Proposition 1.4.3 Forany f € H, let

a(f) +a*(f)
\/E b

Let CCR(‘H) denote the algebra generated by {W(f), f € H}. It follows that
(1) For any f,g € H, W(f)D(®(g)) = D(D(g)), and

O(f) = W(f) = exp (D(f)).

W(HPW(f)" = O(g) — Im(f, ¢)L.
(2) For each pair f,g € H
W(HW(g) = e MW (f + ).

(3) W(=1) = W(f)".

(4) For each non-zero f € H, we have
W) -1l = 2,

and W(0) = 1.
(5) The set {W(f); f € H} is irreducible on F,(H), and CCR(H) is a simple algebra.
(6) If lfo — fIl = O, then

H(W(fo) =Wyl — 0

for all ¢ € F,(H).
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The operators W(f) are called Weyl operators, and the algebra CCR(H) is called the
CCR algebra of H.

1.4.4 Gibbs state

Let H be the one-particle Hilbert space and H : H — ‘H be a positive operator such that
ePH is trace class. The Gibbs state wg is defined as a state over B(H) by

where 8 > 0 is the inverse temperature. Now we want to define a Gibbs state over CAR(H)
and CCR(H). We define the modified Hamiltonian operator K, by

K, =dl'H — uN : F.(H) = F(H).
The Gibbs state wg,, is defined as

Tr(e K A)

a)ﬁalvl(A) = Tr(e_'BK/‘) s

A e CCR(H) or CAR(H).

To make sure the Gibbs state is well-defined, it is necessary to confirm that Tr(e %) < co.
In fact, we have the following propositions from [1].

Proposition 1.4.4 Let H be a self-adjoint operator on the Hilbert space H and let B € R.
The following conditions are equivalent:

(1) e is trace class on the one-particle Hilbert space H.
(2) e PUH-Y s trace class on the Fermionic Fock space F_(H) for all u € R.

Proposition 1.4.5 Let H be a self-adjoint operator on the one-particle Hilbert space H,
and let B, u € R. The following conditions are equivalent:

(1) e is trace class on the one-particle Hilbert space H and B(H — ul) > 0,

(2) e PUNH-D) s trace class on the Bosonic Fock space F.(H).

1.4.5 Entropy and energy via second quantization

In this section we shall briefly introduce the density matrix and the definitions of von Neu-
mann entropy, average energy and free energy.
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Definition 1.4.6 A density matrix p : H — H is a self-adjoint operator such that p > 0
and Tr(p) = 1.

In particular, let H : H — 9 be a Hamiltonian operator. We denote the associated partition
function by Z = Tr(e ). If Z < oo, we can get a density matrix pz = #[_H;H).

Definition 1.4.7 Let p be a density matrix over a Hilbert space H. We define the von
Neumann entropy of p to be S(p) = —Tr(plogp).

According to this definition, von Neumann entropy is additive, i.e., given two density ma-
trices p; and p,,

S(p1 ® p2) = S(p1) + S(p2).

There is another important quantity in quantum statistical mechanics called “average
energy”’, which is defined by

(H)ys = %Tr(He’ﬂH).

One can also compute the average energy by taking the derivative of log Z with respect to
B:
(Hy =~ (103 2)
ﬁ - 6ﬁ g *

The quantity
F(pg) := (H)s — B~'S(pp)
is often called free energy. It is also given by

F(op) = —B ' log(2).

In Chapter 3 we will show how to define the spectral actions via the second quantization.
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Chapter 2

Ricci curvature for noncommutative
three tori

2.1 Introduction

This chapter is a reproduction of my joint paper with Asghar Ghorbanpour and Masoud
Khalkhali [8]. The spectral geometry and study of local spectral invariants of curved non-
commutative tori has been the subject of intensive studies in recent years. In particular a
Gauss-Bonnet theorem, the definition of scalar curvature, and the computations of scalar
curvature for noncommutative two tori equipped with a curved metric has been achieved in
[6, 10, 5, 9]. Building on these results, computing the scalar curvature in other dimensions
and settings is carried out in [11, 17, 18, 14, 1, 7, 4, 15]. Beyond the scalar curvature, in
[12] a definition of Ricci curvature in spectral terms is proposed and the Ricci density is
computed for conformally flat metrics on noncommutative two tori.

In the present work we shall compute the Ricci curvature of noncommutative three tori
for conformally flat metrics as well as non-conformal perturbations of the flat metric. Study
of non-conformally flat metrics in three dimension is justified since even in the commuta-
tive case the class of conformally flat metrics on a three dimensional manifold is much
smaller than the class of all metrics.

At the heart of the spectral formulation of Ricci curvature lies the Weitzenbock formula.
This formula measures how far the Laplacian on 1-forms is from the Bochner Laplacian of
the Levi-Civita connection on the cotangent bundle. It states [13, Lemma 4.8.13] that the
difference is the Ricci tensor lifted to an endomorphism of the cotangent bundle denoted

24
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by Ric, and called the Ricci operator in [12]. More precisely, we have
Ay = V'V +Ric. (2.1.1)

This result combined with Gilkey’s formulas for the heat trace [13] reveals immediately
that a linear combination of the Ricci operator and the scalar curvature is the density of the
second coefficient of the heat trace of the Laplacian on 1-forms. That is

Tr(e ™) ~ ag(a))t™? + ap(a)t ™% + - -, t— 0",

where

1
ar(Ay) = (4m)™"? f tr(gR—Ric)dvolg,

M
and R denotes the scalar curvature. These densities can be recovered by studying the local-
ized heat trace Tr(Fe™'*'), where F' is a smooth endomorphisms of the cotangent bundle.
To isolate the Ricci operator, the second density of the heat trace of the Laplacian on func-
tions a(Ag) = (4m)™"/? éR enters the game where it is used to eliminate the scalar curvature
present in a>(x, A1). Then the Ricci functional, as a functional on the algebra of sections of
the endomorphism bundle of the cotangent bundle of M, is introduced as

Ric(F) = lim 27 (Tr(tr(F)e ™) — Te(Fe ™)),  F € C*(End(T*M)).

If we denote the second density of the localized heat trace by a,(tr(F), 2¢), the above for-
mula can then be written as

Ric(F) = ay(tr(F), £o) — ax(F, Ay),  F € CT(End(T*M)).

An equivalent version of the Ricci functional in terms of the spectral zeta function can be
given by [12]

((0’ tr(F)’ AO) - ((0’ F’ Al) + Tr(tr(F)QO) - TI'(FQI), m=2
Ric(F) =
(% — DRes,y_i({(s,tr(F), 29) — (5, F, &y)), m> 2,

where Q; is the orthogonal projection on the kernel of A;.

This paper is organized as follows. In Section 2, we first recall the definition of the
noncommutative Ricci curvature from [12]. To define the Ricci functional for the non-
commutative three torus, it suffices to define the Laplacian on functions and on 1-forms.
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We also recall the rearrangement lemma and Connes’ pseudodifferential calculus in this
section. The analogue of the de Rham complex for the noncommutative three torus is
discussed in Section 2.2.2.

For the analogues of conformal e=2*(dx?+dy*+dz*) and non-conformal e~?"(dx*+dy?)+
dz? families of metrics, the Laplacians are computed in later sections. In Section 2.3, ap-
plying the pseudodifferential calculus, the densities of the second terms are computed in the
conformal case and the scalar curvature and Ricci density are computed for these metrics
in Proposition 2.3.5 and Theorems 2.3.3 and 2.3.6. Finally in Section 2.4 we first compute
the scalar curvature of the noncommutative three torus equipped with a non-conformally
flat metric. We then compute the Ricci density for this class of metrics. It is interesting to
note that two of the functions that appear in the expression for scalar curvature, Theorem
2.4.3, are the same as functions that appear in the scalar curvature of the two dimensional
curved noncommutative tori [5, 10]. In Appendix A, we produce the steps that were used
to compute the scalar curvature in the non-conformal case. In Appendix B, we give the list
of functions obtained from the rearrangement lemma that are used in our computations.

2.2 Preliminaries

In this section we shall fix notations and review preliminaries required for the rest of the
work. We will start with the definition of noncommutative three torus and then we construct
the de Rham complex for it and discuss how one can define the Laplacians by fixing a metric
on the noncommutative torus. Finally, we recall the definition of the Ricci functional from
[12] for noncommutative three tori.

2.2.1 Noncommutative three tori

For a general introduction to topology and geometry of noncommutative tori the reader can
consult [3]. Let 8 = (8) € M3(R) be a skew-symmetric matrix. The noncommutative 3-
torus C (Tg) is the universal unital C*-algebra generated by three unitary elements u, u;, u3
satisfying the relations:

2mif ji

Uty = e uug, jk=1,2,3.

We shall use both notations C (Tg) and Tg to refer to the noncommutative space represented
by the algebra C(TS). For 8 = 0, the C*-algebra C(Tg) is isomorphic to the algebra of
continuous functions on the 3-torus T° = R3/Z.

There is an action of T* on C(T}), which is given by the 3—parameter group of auto-
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morphisms {a,}, such that
a (u") =7"u", (2.2.1)

where for m = (my,my, ms) € Z*°, we set u™ = u"u*u3*, and similarly, for z = (z1,22,23) €

my _mp _m3

T°, we denoted z]"z,2z;” by 2. The set of all elements a € C(T;) for which the map
Z — a,(a) is smooth, form an involutive dense subalgebra of C(Tg), which will be denoted
by C*(T3). Alternatively, C*(T3) can be expressed as

C“(Tg) = { Z anu™ : {an} ez 1s rapidly decreasing}.

meZ3

By rapidly decreasing, we mean the Schwartz class condition that for all k € N,

sup(1 + |m*)|a,* < co.
mez3

There is a normalized faithful tracial state ¢ on C (Tg), determined by
(™) =0, Vm=#(0,0,0), ande(l)=1.

The tracial state ¢ here plays the role of integration over Tg. The algebra C “(Tg) possesses
three derivations, which are defined by the following relations:

6j(z a,u™) = Z mjau”, j=1,2,3.

meZ3 mez3

These derivations 6; satisfy the relations

(0j(a))" = —=0;(a"),
@(ad (b)) + ¢(6;(a)b) = 0.

2.2.2 De Rham complex for noncommutative three tori

We will first construct the space of differential forms on T;. Let W = C* and A°W =
EB?ZO AW be the exterior algebra of W. The algebra

Q°T, := C(T3) ® A°W,

will play the role of the algebra of complex differential forms of the noncommutative 3-
torus.
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We define the exterior derivative on functions, dy : Q°T} — Q!'T;, by
do(a) = (i61(a), i0x(a), i03(a)), VYa € C(T).

Correspondingly, exterior derivative on 1-forms, d; : Qng - QZTS, and on 2-forms d, :
Q’T; — Q°T; are given by

di(ay, as,a3) = (i61(az) — i6s(ay), i02(az) — id3(as), id1(az) — id3(ay)),
dr(b1, by, b3) = i61(by) — i62(b3) + i03(by).

It is not difficult to check that d;,;d; = 0. We define the de Rham complex of the noncom-
mutative 3-torus to be the following complex

QO3 & oid 4, o3 B o3, (2.2.2)

In the commutative case, to define the Laplacian on forms, we need to fix a Riemannian
metric first and find the adjoint of the exterior derivatives, d; with respect to that metric.
Then the Laplacian A; on j-forms is defined as

A= dj—ld;_l +d;dj j: 1,
T \dd, j=0,

In the noncommutative case we can study specific forms of metrics where the effect of the
metric can be implemented through a volume form. Then this helps us to define the adjoint
of the exterior derivatives and similar to the classical case, one can define the Laplacian on
j-forms. These metrics include conformal perturbation of a flat metric, as it is studied in
[6, 9, 5, 10] for noncommutative two tori, and a new class of non-conformally flat metrics
in which only two directions are perturbed by a conformal factor. The geometry of confor-
mally flat metrics on T3 will be studied in section 2.3, and the geometry of non-conformally
flat metrics will be studied in section 2.4.

2.2.3 The Ricci functional

In a noncommutative setting, as a general rule, spectral methods must be employed to for-
mulate metric invariants. For example, in the noncommutative formulation of the Ricci
curvature in [12], instead of a tensorial algebraic definition, the spectral properties of the
Laplacians are used to define and compute what is called the Ricci density. This formula-
tion allows us to define this quantity for the noncommutative three torus. In this section,
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we quickly review the definitions and motivations for this new formulation.

Suppose M is an m—dimensional closed oriented Riemannian manifold. Let V — M be
a smooth Hermitian vector bundle over M and P : C*(V) — C*(V) be a positive elliptic
differential operator of order d. The heat operator e~ is trace class for all positive values
of t and it has a short time asymptotic expansion (cf. [13])

[0

Tr(e™'F) ~ Z a,(P)tT, =0

n=0

The coefficients a,(P) are given by an integral formula
a,(P) = f tr(a,(x, P))dvol(x), (2.2.3)
M

where tr(a,(x, P)) is the fibrewise trace and dvol(x) = +/detgdx!...dx™ is the Riemannian
volume form of M.

To recover the densities a,(x, P), one needs to study the localized heat trace Tr(Fe™")
by a localizing factor F € C*(End(V)). For an endomorphism F € C*(End(V)), there is
also a complete asymptotic expansion

(&9

Tr(Fe™'F) ~ Z a,(F, P)t"?", t— 0,
n=0

where, this time the coeflicients a,(F, P) can be written as the integral

a,(F,P) = f tr(F(x)a,(x, P))dvol(x).
M

A method to compute these densities, which uses the pseudodifferential calculus, will be
outlined in the next section, and will be used for differential operators on the noncommu-
tative tori.

On the other hand, if P is a Laplace type operator, namely, a positive elliptic operator
whose leading symbol is given by the inverse of the metric tensor, then there exists a unique
connection V on V and a unique endomorphism E € C*(End(V)) such that [13]

P=Py-FE,

where Py : C*(V) — C*(V) is the Bochner Laplacian of the connection defined as the
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composition of operators as follows
00 Vv 00 /i Vv 00 * -g®l 00
Py:Co(V) > C(T"MQV) > C(T"MRT"M®V) — C*(V).

The first two densities of the corresponding heat kernel for P are given by

ao(x, P) = (4m)™"1,

1

a(x, P) = (4m) " (ZR() + E),

where R(x) is the scalar curvature of M.
We apply the above general idea to Laplacians Ay and A, on Q°(M) and Q'(M). The

endomorphism E for the Laplacian on functions Ay is zero, therefore, the first two densities

in the heat kernel of A are given by
ao(x, no) = (4m) ™2,

1
ax(x, o) = (4m)™ 2(ER(X))-

By Weitzenbock formula (2.1.1), the endomorphism for Laplacian on 1-forms A; is —Ric,,
the Ricci operator on the cotangent bundle. Thus we have

ao(x, Ap) = (4m) "1,
ar(x, 1) = (4n)—m/2(éR(x) — Ric,).
These observations lead us to the following definition from [12].
Definition 2.2.1 The Ricci functional Ric : C*(End(T*M)) — C is defined as
Ric(F) = ay(tr(F), Ao) — ax(F, Ay). (2.2.4)

The Ricci functional can also be described in terms of the spectral zeta function [12, Propo-
sition 2.2]:

Rio(F) = {4(0, tr(F). 80) = {0, F. 80 + Trte(F)Q0) = Te(F Q). m=2 o
[(§ = DRes,—y 1 (£(s,tr(F), 80) = {(s, F, 1)), m> 2.

Here {(s, F, A1) is the localized spectral zeta function defined by Tr(FA[*) for R(s) >m/2,
{(s, f, 2o) 1s defined similarly, and Q; is the orthogonal projection on the kernel of A ;.
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2.2.4 Pseudodifferential calculus and local computations

In this section, we briefly recall the definition of Connes pseudodifferential calculus [2]
for C*-dynamical systems adapted to 3-dimensional noncommutative tori and outline the
necessary steps to use it to compute the heat trace densities. These densities then can be
used to define the Ricci density and the scalar curvature density for the noncommutative
three torus.

The action (2.2.1) on C(T;) defines a C*—dynamical system (C(T3),R* ). A pseu-
dodifferential calculus can be assigned to the given C*-dynamical system. The symbols of
order d are given by smooth maps p : R* — C*(T}) such that

(1) For any non-negative multi-indices a, 5, there exists a positive number C, g such that
16°Pp@l < Cap(1 + |EDP.
(ii) There is a smooth map f : R*\{0} — C*(T3) such that

}gg Xp(AE1, A&y, AE) = f(£1, 62, 63).

Here, we use the notation that for any multi-index @ = (a4, a,, @3) we have

o9 9

@

5% = 515N 6D,

We shall denote the set of all symbols of order d by S(T;). The pseudodifferential
operator associated to a given symbol p € S¢ (TS) is defined by

Py(a) = 2n)~ f f e “p(@)a.(a)dzdé, ae C(T3).

The following theorem from [2] gives a formula for the symbol of the product of pseudod-
ifferential operators.

Theorem 2.2.2 If p; € SU(T3), j = 1,2, there exists a p € S“** such that P, = P, P,,

and moreover, p has an asymptotic expansion given by
1 @ (0%
p~ D=0 08" (o). (2.2.6)

Remark For our purposes, we need more general symbols which take values in C*(T;) ®
M, (C). The above calculus easily extends to this setting.



32 CHAPTER 2. RICCI CURVATURE FOR NONCOMMUTATIVE THREE TORI

In the rest of this section we outline the steps through which one can find the second density
of the heat trace a, for a positive elliptic differential operator on TZ using the pseudodiffer-
ential calculus. For more details we refer the readers to [13] for the commutative case and
[6, 10, 5] for the noncommutative case.

Let P be a second order positive elliptic operator on Tg with positive principal symbol,
1.e., if we write the symbol of P as the sum of the homogeneous parts a, (&) + a;(§) + ao(é),
a,(£) is positive and it is invertible for any nonzero & € R3. Then the parametrix (P — 1)~
for any 1 € C\R" is a pseudodifferential operator of order —2 and its symbol o-((P — 1)™}!)
can be written as by(&, ) + by (€, 1) + - - -, where b;(¢, 1) is homogeneous of order —2 — jin
(&, 2), that is it satisfies b;(t£, 2 1) = 27b (&, A) for all 1 > 0. The terms b; can be written
in terms of a;’s and b, using the recursive formula for symbol product (2.2.6) applied to
the equality (P — )" (P - 1) ~ I:

bo(€, ) =(as = V)",

3
bi(&,A) = = boarby = ) 8,(b)5(ax)bo,

= (2.2.7)
by (&€, 1) = = boapby — biai by

3
1
= D (0b0)S @by + ,(b1)5i(ax)bo + 50,0,(b0)55 (ar)bo).

i=1

Using the Cauchy integral formula and the formula for the trace in terms of the sym-
bols of a smoothing operator, one has the asymptotic expansion of the localized heat trace
Tr(Fe ") as follows:

(o)

) o N e(F e [ = [
Tr(Fe ') Zz go(tr(F( 57 fR 5 fy e'b,(€, DdAdE)).

n=0

The geometric meaning of the second density a,(P), i.e., densities for the coeflicient of the
term 72, in the classical case is discussed in section 2.2.3. In the noncommutative case, by
analogy, the second density which is given by

_ 1 L g
a(P)= o fR 5 fy e by (&, DdAdE, (2.2.8)

can be used to define the Ricci and scalar curvature for the noncommutative torus when
P is a carefully chosen geometric operator. By a homogeneity argument given in [14] for
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noncommutative three tori, we can rewrite a,(P) as

877/2

1
w(P) = — f by(&, ~1)dE. (2.2.9)
R3

To compute the integral (2.2.9) above, one needs to apply the rearrangement lemma.
Here we shall use a general version from [16, Corollary 3.5].

Proposition 2.2.3 Suppose A is a C*—algebra. Let f, ..., f, : Ryg — C be smooth func-
tions such that for each pair of positive numbers 0 < C; < C, and each multi-index
a € N1 the function f(xq, ..., Xp) = H;):o fi(x;) satisfies

00
f sup  [u(0" f)(us)ldu < oo,
0 Ci<si<C

0<j<n

Let A = e for some selfadjoint element a € A. Then for py,--- ,p, € A

f So(wA) - by - fi(uA)----- b, - fp(uA)du
0
= ATV F (D), Ay, Ay D)1 - p2 -+ - pp),

where A, is the modular operator acting on b; by A(b) = A~'bA, and the smooth function
F is given by

F(s1, .0 8p) = fo Jo(u) - filusy)----- Jp(usy)du.

In the following, we first compute the Laplacians A, and A;; and show that they are
anti-unitary equivalent to operators A, and A, which are second order positive elliptic
differential operators. Hence, the above theory can be applied to find their second densities
a(Aoy) and ax (A1 ). Now we can define

Definition 2.2.4 The scalar curvature functional R : C*(T;) — C is defined as
R(a) = plaar(Lop)), a € C(T)), (2.2.10)

and ay(Ao ) will be called the scalar curvature density or just the scalar curvature and we
denote it by R.

Similar to Definition 2.2.1, we define
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Definition 2.2.5 The Ricci curvature functional Ric : C“(Tg) ® M3(C) — C is defined as
Ric(F) := @(tr(Fax(2o4)) — @(Fax(214)), F € C*(T}) ® M5(C). (2.2.11)
The Ricci density is then defined by the equation
Ric(F) = ¢(tr(FRic)), F € C™(T3) ® M5(C).

It can be readily seen that
Ric=RQ®I; — az(ALh).

Using the Mellin transform, one can show that the above definition is equivalent to the
equation (2.2.5).

Remark Note that we choose to drop the effect of the volume form density vol on the Ricci
and scalar curvature densities. We have also dropped the overall multiplicative constants
in our definitions above. This means that we are ignoring a factor of mvol for the scalar
curvature density and a factor of Sﬂl—mvol for the Ricci density. Moreover, we shall use
operators which are anti-unitary equivalent to the Laplacians while computing the densities.
It can be seen readily that if A = U*AU, for some anti-unitary operator U then

Tr(Fe ) = T(FU ¢ U) = T(UFU"e™™).

Similarly, the localized heat trace densities are related as above. These two points should be
taken into account while we recover the classical results in the limit & — 0 of our formulas
for the noncommutative tori.

2.3 Ricci density for conformally flat metrics

In this section we first investigate how the geometry of conformally flat metrics on three
torus T° can be implemented on the noncommutative three tori T5. We then use it to define
the Laplacian on functions and on 1-forms; that is we find the Laplacian of the de Rham
complex (2.2.2) with respect to the induced inner products. Then using the pseudodifferen-
tial calculus we compute the second densities of heat trace asymptotic for these operators
which by Definitions 2.2.4 and 2.2.5 can be used to define the scalar curvature density and
the Ricci curvature density for T5.

In the commutative case, if 7 € C*(M) is a real valued function, conformally changing
the Riemannian metric by the function e~ will result in changing the volume form. For
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instance, if the dimension of a closed Riemannian manifold M is m, and we denote the
conformal change of g by g = ¢ ?"g, then the new volume form dx is e"dx. As a result,
the inner products on Q°(M), Q' (M), and Q*(M) are given by

i fode = f N
M
(041,042>g=fg_l(m,@z)e(z_m)hdx,
M

(Wi, W) = f(/\28_1)(0)1,(7)2)6(4_m)hdx-
M

Inspired by these classical equations, we are able to study the conformal change of
metrics for noncommutative three tori. Let i be a self-adjoint positive element of C*(T;)
and let go(a) = @(ae™"), for any a € C(T3). Denote the Hilbert space given by the GNS
construction of C(Tg) with respect to the positive linear functional ¢, by ?{}(lo). In other
words, the inner product of H, ,50) is given by

(a,bYon = p(b"ae™").

Let H, }(11) denote the Hilbert space completion of Q'T; with respect to the inner product of
7-{,(21) given by

3
(@1, a2, a3), (b1, by, b)) = 9O biaie™).

i=1

Similarly, let 7—(}(12) denote the Hilbert space completion of Q>T} with respect to the inner
product of 7‘[,52) given by

3
(@1, @, a5), (b1, ba, b3)os = 9 biaie").
i=1

We identify the formal adjoint operator d; of d; acting on elements of Q/*'T} ¢ H as
follows. Let us denote ¢"/? by k. Then we have

3
dy(ay,as,a3) = —iZ S (ak )k,

=1
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and

di(ai,az,a3) =

(icig(agkz)k2+i62(a1kz)kz, i63(ak>)k*—i61 (a1 k*)k?, —ial(a3k2)k2—i52(a2k2)k2).

Now, we can define the Laplacian on O-forms to be Ag;, = dydop, and the Laplacian on
1-forms to be Ay, = did; + dyd;. We have

3
nop(a) = dido(@) = ) 6,6k D,
j=1

On the other hand, the Laplacian on 1-forms is given by
Arplar, ar,a3) =

((02(82(a)k?) + 63(83(an)k?) = 62(81(a2)k?) = 63(81(a3)k™)) K> + 3 616 (ak)k®),
(61(81(@)k®) = 61(62(a)k) + 83(53(a)k®) = 63(S2(az)k™)) K> + X 626 (a kK,
(61(61(a3)k?) = 61(83(a1)k*) = 62(83(a2)k?) + 62(82(a3)k™)) I + 3 63(6 (@ jk )K)).

The right multiplication operator R satisfies the property
(Riwa, Risbo,, = @o(k°b*ak®) = (kb ak™) = o(b*a) = (a, b)o,

and thus extends to a unitary operator from 7—((()0) to H'"”, which we still denote by Ry.
Let J : C(T3) — C(T3) be the adjoint map J(a) = a*. Then Rj:J : 7-{(50) — W;lo) is an
anti-unitary operator. Thus A is anti-unitary equivalent to

3
AO,h = JR;A()’th.%J = k_3(JA()’hJ)k3 = Z k35jk_25jk3.
=1
It can also be seen that

(Ri(ar, az,a3), Ri(b1, by, b3))1 = (a1, az, a3), (b1, by, b3))1 o

Hence Ry can be extended to a unitary operator from Wé]) to H }(11)’ which we still denote by
Ry. Then we get an anti-unitary operator R;J : 7‘(51) - 7—(21). Therefore, Ay, is anti-unitary
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equivalent to
&l,h = JRzAl,thJ = k_IJALth.

Since JR»J = k™, and J6; = —6;J, for j = 1,2,3, we have
JRuS:RwS;J = JRnJIS RS T = K"SK'S ;.
Thus,
Apar, az,az) =
(kosk2S3kar + kork*Srkar — kook*Sikar — kssk*Sikas + ) k™' 61k°6 k' ay,

—k,k*02kay + kd3k*03kay + k61 k*81kay — kozk>Srkas + Z k™'6,k%6 k7 a,
—k,k*03kay + k61k*0 kas — k6,k>S3kay + ké,k>Srkas + Z k' 63k%6 k" a;).

2.3.1 Scalar curvature

The scalar curvature for conformally flat metrics on noncommutative three tori was first
computed in [14]. For the sake of completeness, we shall compute it again here. As
discussed in Section 2.4, we define the scalar curvature of Tg to be

~ 1
R = ax(dow) = 3 7/2f by (&, =1)dé. (2.3.1)

where b,(&,—1) is the second term in the asymptotic expansion of the symbol of the
parametrix of Ag,.
To compute b, we need first to find the symbol of the Laplacian on functions.

Lemma 2.3.1 Let the symbol of Ao, be written as the sum of its homogeneous parts,
o(Aop) = ax + ay + ag. Then we have

ar = K& + K& + k3,

(k6 (k) + K2 6,(k™ k)&,

a:

w IIML»
—_

(k67 (%) + K6k )0,6%)).

N
S
Il

i=1
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To evaluate the integral in (2.3.1), for this case, we shall first move to spherical coor-
dinates. After performing the angular integrals, we are left with sums of integrals of the

form

To compute these latter integrals we need to use the following version of the rearrangement
lemma. Here we present it as a corrollary of Proposition 2.2.3, but a straightforward proof
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00 _ » ‘
f by piby pably? - piby " u R d,
0

can be found in [14].

Corollary 2.3.2 Let by = (1 + k*u)™", p; € C*(T}), m; € Z, for j = 0,1, ..., p, and set the

modular operator A be A(x) = k™%xk®. Then

where

Fo,

Proof Let u be 1>, Then we have by = (1 +(tA)*/*)~! where A = k% = €3, and it is enough

o (S1a e 15y) = kf" (1 +uy™
0

f by’p1by" - 'Pplbgnpu(_%Jerf)du =
0

k(2_42mj)Fmo,,...,m,;(A(l)’ e A(p))(m Py 'pp),

p

J
j=1 =1

to consider the following functions;

folx) 1= xHRHRRZm (4 2Py ) = (L4 2Py, =

If we set Fongoo iy (15 0s Sp) = F(51,8182,7++ , 512+ 5p), by Proposition 2.2.3, the result is

proven.

For instance

Fii(s1) = QL, Fri(s1) = ”(W"‘f)

s+ 51 2(fs1+ 1) st
7T(\3/S_1(€/S_2+ 1) + 1)

(/51 + 1) s1 ([f2 + 1) 2 (Yfsi3fs2 + 1)

(/51 +2) 51 (V52 + 1) (V51 952 + 2) +2)

2+ 1) s (Vs + 1) s (s 1)

2

Fi1:(s1,8) =

Fr11(s1,82) =

2 —-m;
l_l (u ]—[ sp+ 1) UMD gy
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The complete list of these functions can be found in Appendix B.

All the p;’s appeared in our computations are multiples of J;(k) or 6§(k). We want to
write all p;’s in terms of log k. To perform this step, using the expansional formula applied
in [5, section 6.1], we find the corresponding formula

K16 ,(k) = f(A)S,(log k),
K'85(k) = f(A)(S(log k) + 2g(Aqy, A))(8(log k) - §;(log k),

where, 1
6(x/6 — 1
f= [ wieas= 2820,
0 log x
brs 36(x6((v!/6 — 1)1 _q L1
g(x,y) = f f xs/6yt/6dtds _ (X ((y ) og x ogy) Ogy)‘
0 Jo log xlog y(log x + log y)

And finally, the result is rewritten in terms of V :=log A = -3[h, -].

Theorem 2.3.3 For the noncommutative three tori Tg equipped with a conformally flat
metric g = e”*"'13, the scalar curvature R is given by

- k=2
R = ay)(Agy) = W(K(V) (a(logk)) + H(V1), Vi) (Z 6;(logk) - 6,(log k)) ),

where A(x) = Z?:] 63(}(), k = ", The one variable function K is given by

1— es/3
K(s) = ——-, 2.3.2
(S) S(es/G + es/2) ( )
and the two variable function H is given by
3((e* +3)s(e”=1)— (e = 1)(3e + 1)1
B s ) I ) e IO

st(s + D)es ) (eb+0/3 4 1)

The classical limit & — 0, is obtained by taking the limits of K(s) and H(s, ) ast, s — 0.
We obtain

1 1
lim K(s) = ——, li H(s, 1) = —.
sl—r)% (S) 6 (s,t)l—l;l(}),O) (S ) 6

This implies that the scalar curvature R approaches the limit

k—2
~5i7 2,280 = 8,5,
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as § — 0. It matches with the scalar curvature —2¢" 3(—=2h;; + h?) for the three torus with
the metric g = e~"(dx* + dy* + dz*) up to the factor of k%4873/? due to our convention (see
Remark 2.2.4).

2.3.2 The Ricci density

In this section, we shall compute the Ricci density of T3 equipped with a conformally flat
metric. To this end, we first need to find the term (2.2.9) for A;;, which is anti-unitarily
equivalent to the Laplacian on 1-forms. We shall follow all the computational steps listed
in the previous section to compute the scalar curvature, with one difference that the symbols
are matrix valued in this case and the results will be in the matrix form. We start with the
symbol of Ay .

Lemma 2.3.4 [f we denote the symbol of Ay, by 0(A1 ) = ax + ay + ao, then we have

a =(K*E + K8 + K &)L,

Ko (k™) + k716, (k%) k&, (kMK —k&3(kM k!
a, = k_léz(k4)k k3(51(k) + kél(k3) 0 &
k165(kMk 0 K361 (k) + k&1 (k)
k36, (k) + k&, (k) k161 (k*)k 0
+|  —ké (kMK Ko,k + k716, (k%) —kS3(kMHK &
0 k=165(kMk k36,(k) + koo (k)
k353(k) + k(53(k3) 0 k_lél(k4)k
+ 0 K363k + ké3(k>) k=16,(kMk &,
—ké; (kMK kS (kMK K63k + k163(k)

3
ag= Y (K6:(K;0k")) = ko ;(K26,(Kk))Exy + ) k6 (K6 (k).

1<i,j<3 j=1

Here E;;’s are the matrix units. |}

To compute by(£,—1), we use the symbol of Ay, and (2.2.7). Then (2.2.8) gives the
second heat trace density ax(A ;).
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Proposition 2.3.5 With notation as above, we have

- 1
kP ay (B, ) = (_EK(V) (alogk)) + T(Vqy, Vo)) (X 6i(logk) - 5,(log k))) I3

3

+ Z (F(V)(8:6(1og b)) + W(V1), Vo) (8i(log k) - 6,(log k)

i.j=1

+5 (Vay. Vo) (16 (log k), 6,(log k)1)) Eyj,

where K is the function in (2.3.2), and the other functions are given as follow:

—50 s 1
Fis= =D

2(1 +e)s

3s(1 —ef)(eS —eS —e3 —1)+31(1 —ei)(e’S +e5 +ei - 1)
T(S’ t) = 354t (540 >

st(s+tes (es +1)
wis.n= ST el L)
st(s+ ez (e +1)
1 r s+t S+2t S+t

S(s,0) = ——(3s(e5 - DT + 7 = 4 1)

st(s + e (e + 1)

S+2t 2s5+3t s+t t )

—3t(e3 —1)2e’5 +e 3 —e? +e’

Using definitions 2.2.4 and 2.2.5, Theorem 2.3.5, and Proposition 2.3.3, we can compute
the Ricci density of the noncommutative three tori Tg equipped with a conformally flat
metric g = e 2" ;.

Theorem 2.3.6 The Ricci density of T; equipped with the conformally flat metric g =
e 215 is given by

3 3
Ric :ﬂ'_ik_z (EK(V) (A(lOg k)) + (H — T)(V(l),V(z)) (25[(10g k) . 5((10g k))) I3

— 7k )" (F(V) (6:6,(log b)) + W(Va), Vo) (Sillog k) - 6,(log k)
+ S (Vay. Vi) (16,(log k), 6ilog k1) ) E;;.

Here k = e"?, and A(a) = Y 5§(a) denotes the flat Laplacian. |}

Remark To check the result with the commutative case, we need to find the following
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limits:

) 1 ) 1 . 1
ImF) =7 m Ten=-5 lm Wen=s.

Since in the commutative case the commutator term [6;(log k), 6;(log k)] on which S acts,
automatically vanishes, we find that the (i, Ht entry of the Ricci density for 6 = 0 is given
by

k2 :
gy (&j( ; 67 (h) = 60(h)?) + 8:()S ;(h) + 6,(6 j(h))) , (2.3.4)

where the 6;; denotes the Kronecker delta. On the other hand, a direct computation in
the commutative case for the metric g = e " 15 gives the (i, j)* component of the Ricci
operator as

3
€2h (5,1(2 hg[ - ]’l[Z) + h,'hj + h,‘j) ,

=1
which matches with the corresponding Ricci density in (2.3.4) after taking into the account
the Remark 2.2.4.

2.4 Ricci density for non-conformal perturbations

In this section we shall compute the Ricci curvature for a metric on the noncommutative
three torus which is an analogue of the metric

e 2dx* + dy?) + dz?, (2.4.1)

for some 4 € C*(T?) in the classical case. The inner products on functions, 1-forms and
2-forms for a torus equipped with this metric are given as follows:

(fi. 22 = fT3 fifre dxdydz,
for all fi, f» € QX(T?),
(a,B) = fqr; (a1,8_1 +arBs + a/3ﬁ_3€_2h) dxdydz,
for all @ = (a1, @z, @3),8 = (B1,52,83) € QI(T?), and

&) = f (&€ + &7 + 977 ddydsz,
T
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for all & = (£, &5, &),1 = (71,72, 113) € Q(T3).

Let k = €" for h € C¥(T}). Motivated by the classical case, we denote by 7{}(10) the
Hilbert space given by the GNS construction of C(T3) with respect to the positive linear
functional

po(a) = p(ak™?).

For 1-forms, we denote by 7-{,5]) the Hilbert space, which is the completion of Q'T3 with
respect to the inner product given by

(a.b) = ¢(bjay + bya + byazk™?).

For 2-forms, we denote by > the Hilbert space, which is the completion of QT3 with
respect to the inner product given by

(a.b) = ¢ (bjak* + bja; + bias).

We also need adjoints of de Rham differentials (2.2.2) with respect to the given metric. It
can be shown that the adjoint of d, is given by

dy 2 b > (DS (B + 62(b2)K” + 63(b3) = bk *6:(k%), b = (b1, b2, by) € QT
Similarly, the adjoint of d acting on an element a = (a;, a», a3) € QT is given by

d; : a v (i6x(a1k®) + i63(a3), i63(ar) — i61(a1k®), —i6x(ar)k* — i61(a3)K’).

To compute the spectral densities of the Laplacians for these metrics, we will follow
the steps presented in section 2.2.4. By a homogeneity argument, again, the computation
of contour integral can be bypassed by setting 4 = —1;

1 1 1
(2m)3 jl; %sz(f, A)dAdé = P j% by(&, —1)dE.

Then we have integrals in & variable where the dependence of the integrand comes from
the powers of by(&, —1) = (1 + a,(¢))™" and ¢ ;. To compute these integrals, we first apply a
change of variables,

& = Vu(l +n?)cosO, & = u(l +n?)sing, & =n, (2.4.2)
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where the domain of the new variables (u, 1, ) is given by
ue [07 +OO)’ ne (—OO’ +OO)’ XS [07 27()

The Jacobian of this substitution is %(1 + 1?), and this substitution decomposes by to (1 +
172)~! multiplied by a noncommutative part which depends only on u. More precisely

bo(é,~1) = (1 + P&+ K&+ ) =+ 177 +u(l + )™ =

1+ T]Z b()(bt)

Here we denoted (1 + uk?)~! by bo(u). As a result, after applying the substitution, each
term of b, ends up with a triple integral whose two variables (7, #) can be separated and
integrated, without involving any noncommutative terms. For instance,

fR EEBE DS Kb 163 (Kbo(€, ~1)dg
_ f‘” f“’ f W’ (1 + %) sin* 0
o Je 1+

21
0
0 n2 21 . o0
:(L mdﬁ) ( fo sin 90’9) fo by (10)83(k)bo ()53 (K*)bo()du

3nr

T 16 Jy

D)) Rt (1 -+ P ndid

Wby ()53 (k*)bo(u)83(k*Ybo(u)du.

Applying the substitution and integrating out the n and 6 variables, we end up with
sums of u integrals in one of the following forms:

f bO(”)moplbo(u)m'pz .. 'ppb()(l/l)m”u_2+z " du,
0
or N
f bo(u)™ p1by()™ py - - 'ppbo(u)mf’u_3+2”’.idu_
0

Here we need Proposition 2.2.3 for

fo(x) 1= xEMV(1 + x)™™,
fil=0q+x)™, j=1,..,p,

and a = 2h. Here v is equal to 2 or 3. We then get the following version of the rearrange-
ment lemma.

Corollary 2.4.1 Let by = (1 + uk>)™!, pj € CM(TZ), m; € Z, for j = 0,1,2,...,p, and
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A(x) = k™2xk>. Then

f bo ()™ p1bo(u)™ pabo(u)™ - - - pibo ()" u ™ =" dy
0

_2(=3F  mi+v-1)
= 2o mity Fz%,ml mP(A(l),A(Z)’ s A1 P27+ Pp),s

.....

where
00 p J —m
F%,ml ..... mp(sl, 825 ey Sp) = j; (1 +wu)y™ l—[ (u 1—[ Sp+ l) Uz dy,
j=1  h=1
|
For instance,
log(sy)
[2] _
Fl,l(sl) - 5| — 1 s
log(s;) — 1) +1
F _ s1( ’
2,1(51) (Sl _ 1)2
Fﬂl(sl’ 5) = (515, — 1)log(sy) — (51 — l)log(slsz),

(s1 = Dsi(s2 = D(s152 = 1)
—s15210g(s1) + 5152 10g(s152) — 52 10g(s152) + log(sy)
(s1 = D(s2 = D(s1s2 = 1) '

We also need the following result from [5, Section 6.1], according to which we find the

(31
F1,1,1(Sl’ $2) =

formula
k'6;(k) = £(A) (6;(log k),

K162(k) = F(A)(G3log b)) + 28(Ay. Awy)(8(log k) - 6;(log k),

0 logx

(2.4.3)

where

" 4(vx —Dlogx—1logy) +1lo
g(x,y) = f f X2y Pdtds = (V(yy — Dlog gy) gy).
0o Jo log xlog y(log x + logy)

Now we can start computing the Laplacians and their spectral densities.

2.4.1 Scalar curvature

In this section, we first find the Laplacian on functions A for the given metric and its
anti-unitary equivalent differential operator Ag;,. Then we use its symbol and its resolvent
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expansion to find the scalar curvature.

The Laplacian on functions 2, : C*(T3) — C*(T;) for the metric (2.4.1), which is
given by Ay, = dydy, computes as

Aop(a) = @)k + S3(a)k* + 53(53(a)k)k>.

We define the map Ry : Hoo — Hos by Rora = ak, forall a € C (Tg). It is not hard to see
that Ry is an isometry from Hy to Hy,. That is, (Roxa, Roxb)os = {a,b)oo. Hence, the
Laplacian on functions A for the metric (2.4.1) is anti-unitary equivalent to the differential
operator (RoxJ)" AguRoxJ on Q°T3, which we denote by A,.

Lemma 2.4.2 The homogeneous components of the symbol o (A ) are:
ay = K& + 126 + &,
ar = 2k6, (k)& + 2k62(k)&, + (k™' 63(k) — 63k~ )&,
ag = k&3 (k) + kd5(k) + k' 63(k) — 83(k)k263(k) — k™' 83(k)k ™" 55(k).

Proof It can be readily checked that the operator A, on the elements of C ”(TS), is given
by
Rop(a) = K*61(a) + K*55(a) + 63(a)
+ 2k61 (k)61 (a) + 2k65(K)5x(a) — k'3 (K2) k7' 83(a) + 2k 63(k)03(a)  (2.4.4)
+ k78 (k)a + kot (ka + ko3(ka — k' o5 (k) k283 (k)a.

Then the symbol is given by replacing ; by &;.

The scalar curvature of T equipped with the metric (2.4.1) is defined as in Definition
2.2.4. Similar to the conformal case it is given by (2.3.1) where b, is the second term in the
symbol of the parametrix of Ay, for this metric. The computation then shows that we have:

Theorem 2.4.3 The scalar curvature R of the noncommutative 3-torus T’ equipped with
the non-conformal metric (2.4.1), is given by

m%ay(Ro) =K1 (V)(ST(h) + 83(h)) + Hi (Y1), V2 )61 (R) - 81(R) + 82(h) - 52(h))
+ k2Ka(V)(03(h)) + k2Hy(V 1y, Vo)) (03(h) - 85(h)),
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where
e:(2e° — se* —2 —5)
K = s
1) ds(e’ — 12
Ko(s) 1 —e* + 2se’
S) =" >
2V T dse3 (1 — es)?
1
H(s,t — ‘(e — 1)2s* —€e'(ef — 1)
5 e~ Dste = Dite — (s + t)(
—(ef =) = Dst+ (1 =e’)e = (e = Dt - s)),
1
HZ(S9 t) =

4e1+0(es — 1)(e! — 1)(e* — 1)2st(s + z)x
((et _ 1)2(e5+t _ 3€2S+t e — 1)52

+ (es _ 1)2(es+21 + es+3t _ eZt + 3€t)t2
—2(e* = (' = 1) = )(s - 1)

+ (e — 1)(de’ + 25T — 55T 4 25 4 o — Se! + 267 + l)st).

We can get the classical scalar curvature in the limit & — 0, which is obtained by taking
the limits of the above functions as s, — 0. We have

1

li H(s,1) =0, li H>(s,t) = =
(s,r)g?),m 1(8,1) (st l%m 280 = 8’
1 1

lim K,(s) = o lim Ky(s) = -5

Therefore, when 6 — 0, the scalar curvature approaches to

T 48732 (287 () + 263(h) + 4e 53 (h) — 6" 53(h)?)

which is &5 multlple of the scalar curvature, 2¢*"(h; + hy) + 4hs3 — 6(h3)?, in the com-

mutative case. This matches with our normalization of the scalar curvature density.

Remark Comparing the functions K; and H; with the corresponding functions K and H
found in [5, 10] for the spectral densities of the Laplacian k0" 0k reveals that

1 1
Ki(s) = —gK(s), H(s,t) = —gH(s, 7). (2.4.5)
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The factor —% is the result of the use of two different normalizations. In the rest of this

section we shall look for a clarification of why such a relation (2.4.5) should be true.

First note that the Laplacian on functions A}, given in (2.4.4), is the sum of two Lapla-

0, h’
cians when we assume that d5(k) = 0

Rop =2 @1+ 1045,

where

Al = Z K63 (a) + 2k5,(k)oi(a) + k6 (k)a,  AY) =83
i=1
The operator A( ) is equal to the operator k0*0k, which is anti-unitarily equivalent to the
Laplacian on C""(Tg) in [10, Section 4.1] when the complex structure is given by 7 = i,

namely 7, = 0, 7, = 1. The operator A N(Z})l is the Laplacian of T' with flat metric. Then, the

(1)

Y and Ay, as we discuss next.

local spectral invariants of A, are related to those of A

Let P and Q be two elliptic second order positive differential operators on C(T4) and
c(T "') respectively. Then P® 1 + 1 ® Q forms a positive second order elliptic differential
operator on C (Td) ®C (T "). Moreover, for any > 0anda € Aypand b € Ay we have

Tr(a ® be " F®1*190)) = Tr(ae ") Tr(be?), a e C™(T%), b e C*(T%), t > 0.

This not only gives a relations between the coefficients of asymptotic expansions as t — 0%,
but also it provides a relation among the densities of these coefficients. In other words if

o

Tr(ae™) ~ 3 1S pyaa (P, Trbe™) ~ 3 "% gy (ba,(Q)).

n=0 m=0

where ¢y and ¢y is the tracial state on C oo(Td) and C °°(T ), respectively, then

8

o0

Tr(a @ be™®!+1°0) = " Z 775 gy(aay(P)gw (ban(Q))

n=0 m=0

@ |agb( Y aP)ean0)|

(o9
=0 I=m+n

In our case, we have

Q) @)

1 2
ax(Bop) = ax(Ay)) ® ag(A) + ao(Ay)) ® ax(A)).
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However, since O'(Aézj)l) = ¢, we have az(ﬁg%,)l) =0and ao(ﬁg%,)l) = +/mr. Thus

< ~a
ax(Bon) = Vray(&g).

This is the main reason why the functions of two-dimensional noncommutative two torus
with conformally flat metric emerge in the formulas for the noncommutative three torus
with non-conformal metric (2.4.1). On the other hand, we note that the functions K, and H,
in Theorem 2.4.3 are new and do not seem to be related to functions for the noncommutative
two torus.

2.4.2 Laplacian on 1-forms and the Ricci density

In this section, after finding the Laplacian on 1-forms on T} equipped with the metric
(2.4.1), we compute its second heat trace density. Combining with the results from the
previous section, we shall then compute the Ricci density of this metric.

Recall that exterior derivative on 1-forms is given by
di(ay, az, az) = (i61(a2) — i62(a1), i62(a3) — i63(az), i61(az) — i63(ayr)),
and hence its formal adjoint with respect to the metric is
di(ar, az, az) = (i82(@ k%) + id3(as), i63(az) = id1(@ k), =idx(@)k’ = id1(a)k’) .
Thus, the Laplacian on 1-forms A;;, computes as
Aplar, az,a3) = dody(ay, az, az) + didi(a,, az, a3) =

(51(51(01)k2) + 82(62(@)k?) + 53(ar) + 02(a2)01 (k) = 61(a2)d2(k?) — 6, (ask 255(k?)),
81(a1)32(k*) = 82(ar)d, (k%) + 61(81(ax)k?) + 82(02(ax)k?) + 85(az) — Sa(azk253(k?)),
81(a1)83(k>) + 82(a2)53(k) + 61(az)k” + 03(az)k> + 53(53(ask k) )

Lemma 2.4.4 The Laplacian on 1-forms Ay, is anti-unitary equivalent to a differential
operator Ay, whose symbol is the sum of the homogeneous components given by

a = (K& + K5 +E) L,
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51(K)E + 62(kHE  61(kN)E — 62(KH)é) —63(kH)k™'&
ay = S (k)E = 61(k)E  61(K)ér + 62(kD)é, —63(k)k™'&,
2 b
k163(kH)é k~'63(kH)é 2k ; Si(k)E + [k7", 53(k)1E;

00 —61(83(KHk™)
a=|0 0 —62(83(K)k™")
0 0 k62(k) + k&3(k) + k™' 63(k253 (k™))

Proof Denote by Ry : Hio — Hi, the operator defined as
Ry 4 (b1,bs,b3) = (b1, by, b3k) .

We notice that Ry : Hi o — Hi, is an isometry from H, o to H, ;.. Thus Ay is anti-unitary
equivalent to Ay, = (Ry4J)" A1 4R 4J which is given by the formula

&l,h(al’ a,az) =

(51(k251((11)) + 8,(K262(ar)) + G3(ar) + 61(k*)02(az) — 62(k*)S1(az) — 61(83(k)k " a3),
62(k*)61(ar) — 81(k*)Sx(ar) + 61(k*51(a2)) + 62(k*02(an)) + 65(az) — 62(53(kHk ' a3),
k' 63(k%)81(ar) + k™' 63(kM)0x(az) + kb (kaz) + ko3 (kas) + k™' 63(k%63(k™ az))).

This proves the lemma.

Then computation can be carried out to compute a>(A; ), and the final result is given
in the following proposition. In this proposition to make the formulas concise, we shall use
the notation

FY(0) := F(V)(0),  FY(01-p2) = F(V1), Vo))(o1 - ),

for a given function F' with one or two variables.

Proposition 2.4.5 The second density of the heat trace for the operator Ay, is given by

s %az(ﬁl,h) =

(K35(03(h)) + 2W3y(62(h)*) + kK5 (83(h)) + k> HS (85())) Eny

+ (KT (67(h)) + 2WY, (51(h)) + kK3 (63 (h)) + k™ H (63(h)?))

+ (KY(01(h) + 83(h) + HY (61(h)” + 6:(h)) + k™ Hy (53(h)*)) Ex

+ Z ket (Kx(éié () + S T([6:(h), 6 ,(W]) + W (16:(h), 6 ,.(h)})) E;;.
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Here [6;(h), 6 (h)] and {6;(h), 6 j(h)} denote the commutator and anti-commutator. The func-
tions are given as the entries of the following matrices.

1 erzzi,els_l 0 (s _ 1)6% + e_%
K=o S (5Dl 4ok,
S(e_ )es_s_l es—s—l %
e2(es-1)
0 1 %e‘%
S, =1 0 e %|8i(s,),
11 0
2 2
where o | 2
1 S—1)%e't + e's(e’ — 1
Sty = L (e Detrese -1
25t 2st(es — 1)(e" = 1)(est = 1)
Also,
1 S efsfr_l
3 cosh(%t) 0 —
Wen=| 0 " deones) S s,
) o) 33

Here, H, is the function from Theorem 2.4.3. The function W53, together with the remaining
functions, are given below:

Waal(s,1) = 16e% (e — 1)(e' — i)(e”’ — 1)2st(s + t)><
((e’ — D1 —4e’ — &% — et — 4>t 4 32
+2(e' + 1)(e' + 1)(e*™ = 1)(e* — €")st
— (€' = 1)°(1 —4de' — & — ™ — 4> + &)
— 4" - )€’ - (" = 1)(s - 1)),
H;(s, 1) = !

de(e — e — e — 12st(s +1) .
(e'(e' = (=1 =3¢ + & = )5
+(e = 1(1 = +3e™ + )
—4ef(e* — (e - D™ = 1)(s—1)
+ (7 — 72+ _ (st | 5 3+

+ 33T L BT 365 _ 267 — el 4 l)st),
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2—2e' +se*+ s (e =D -1)(s+1)
2 b H4(S, t) = s+t *
4s(es — 1) 8ez (et — 1)st
The power of k in the sum denoted by c(i, j), counts how many of indices i, j are equal to

51

Unlike the phenomena observed for the scalar curvature in Remark 2.4.1, the functions

Ki(s) =

of the heat trace densities of the Laplacian on 1-forms are not related, at least in the same
way as before, to those of the Laplacian on 1-forms of the conformally flat metric. This is
a consequence of a simple fact that the Laplacian on 1-forms of the product Riemannian
manifolds is not the sum of the Laplacians on 1-forms of the components. In fact, if (M, g;)
and (M,, g,) are two oriented Riemannian manifolds, then the Laplacian on 1-forms on the
product manifold (M; X M;, g X g») is given by

MOL+1®@A1+20®1+1® 40+ 2dy®d, +2dy ® d,

where Ag and A; are the Laplacians on functions and 1-forms for the corresponding mani-
folds.

Using the above proposition and Theorem 2.4.3, we obtain the Ricci density in the
following theorem.

Theorem 2.4.6 The Ricci density Ric of T equipped with the metric (2.4.1) is given by

w2 Ric = — (R3,(63(h) + 2W3y(6:(h)) + k2R (3() + k23 (63(h))) Eyy
— (KT (67(h) + 2WY,(61(h)) + k2R3 (63(h)) + k> H3 (63(h)*)) Exa
— k2 H] (55(h)*)Es3
= > KD (RE(66,00) + S (16,0, 6,1 + W (8i(h), 8,(0)D) Eys
where K (resp. Wi; and H;;) is different from K;; (resp. W;; and H;;) only in their diagonal
entries. The new functions are given by
/2

—1 +¢€* + sée’
45(1 + es/2)2 °

k22 = kll = Kll _Kl =

—1 + e + se’l? S
4sesI2(1 + es/2)?’ 2

and 1:13 = H3 - H2, I:I4 = H4 - Hz, and W33 = W33. I

I~<3:K3—K2:

The classical limit of the Ricci density can be obtained by letting s, — 0. First note
that in the commutative case the terms involving functions §;; disappear because they act
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Figure 2.1: The graph of functions S ,, W3, and Wii.

on the commutator [6;(h), 6;(h)] which is zero. On the other hand, functions W;; are anti-

symmetric in their variables; W;;(s,1) = —W;;(z, s). Hence, the terms involving them will
vanish too. Moreover, since lim H;(s,t) = 0, we have lim W,-j(s, t) = 0. The limit
(5,5)—(0,0) (s,6)—(0,0)

of the other terms are given by

L g 1
lim K(s) = (1) 5§ lim K(s) = 3’
8 8 14
and also | |
(g,AS}%,O) Hs(s,1) = T (S’t}%’o) Hy(s, 1) = -7

Thus when 68 — 0, the Ricci density Ric approaches to

Ricy = P X
e~ "(265(h)* — 63(h)) — é 57 (h) 0 —e785,65(h)
0 e~ (265(h)* — 63(h)) — i 67(h) —e7"5,65(h)
—e76,65(h) —e‘h6263511) 2e72(55(h)* — 63(h))

while the Ricci density in the classical case is given by

Ric,,, =
e*(hyy + hy) + haz — 2(h3)? 0 hi3
0 e*(hyy + hy) + has — 2(h3)? ho3 .
e*hys e hys 2h3; — 2(hs)?
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The apparent discrepancy between the limit case Ricy and the commutative formula Ric,,,
is due to our convention for the Ricci functional, and as mentioned in Remark 2.2.4 we
have the relation

1
(R4 Rico(R, 4J)* = Ry 1 JRicoJR, ;1 = —Ricome ™.

3
8n2



Appendix A

Computations

In this section we give some details of the computation of the scalar curvature for the non-
conformal metric. The full details can be found in the Mathematica file accompanying this
paper.

The computation starts from the formula for b, given by (2.2.7). We first plug in for-
mula by and write b,(&, 1) in terms of b, and the homogeneous parts of the symbol a,, a;
and ay:

by (€, 1) = = boaoby — bia1by — 01(bg)d1(ar)by — 02(bo)o2(ar)by — 03byo3(a)by
—01(b1)61(az)by — 02(b1)d2(az)by — 05(b1)03(az2)by
1 1 1
- 55%(570)52(02)50 - iag(bow%(az)bo - Eéﬁ(bo)éﬁ(az)bo
— 0,03(by)0302(a2)by — 0102(by)6201(az)by — 0103(by)6103(az)by.

The next step is to plug a;’s from Lemma 2.3.1 into the above formula. Note that the
derivatives of by can be written as

(91(170) = —Zflkzb(z), 52(190) = —2§zk2b3, 53(b0) = —253[9(2)-

The complete outcome is long and involves 465 terms. Here we only display the result for
a sample term 03(by)d3(az)by below.

03(bo)d3(az)by
= —4EEKPbS, (KP)bgo3(k* )by — 8&5¢3k2 by, (k2 )bod3 (k)b
—4E1ED503(K)b03 (k)b — 8E1E3by3 (K )bod3(k)by
+2£1b363(k*)boS3(k)bo — 4E16,E3K° b6, (k) bg63(k*)bo
55
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—8E1E6:E5K 62 (K)bod3 (k)b — 8E1£5E3k byd (K)bo3 (k)b
+A&3 E3bokd (K)DE03 (K2 )by — 16,6363k bid | (k*)bod3 (k*)b
+AEEDEKS (k)bod3(k*)by + 4€1E3b7363(k*)bod3 (k)b
—8E1EE30365(K)b303 (k)b — 16616363b303(k2)bed3(K )by
261630k~ 53(k)b 53 (kH)by — 2£2E3bS3(k)k ™ bE63 (k)b
F2E2E2 D3k 83(k)bod3 (K*)by — 2E2E3b553(k)k™ " bods3 (k)b
—&E1bok ™' 53(k)bod3(k*)bo + E1bod3(k)k™" bod3(k*)bg
—8ELEE K DE0, (K )bg53 (kP )by — 16£163E3k* b6, (k*)bod3(k*)by
+HAE1E:E3bokS (k)63 (K )bo + 4E162€3b5k(k)bod3(K*)by
—4&,EE3kb501 (KP)bgo3 (Kb — 8816563k byd1 (K*)bod3 (k)b
+4£165E3bokS 1 (k)byS3 (K2 )bo + 461E5E3b3kd 1 (K)bod3(K*)bo
+2£,b503(k)boS3(k*)bo — £3bok ™" 83(k)bod3(k*)by
+&bo03(k)k ™ bod3(k*)bo — 46E5b503(k*)bgo3(k*)by
—8&, 30303 (K2)boS3(k )by + 2E33bok ™' 53(k)bE63 (k)b
—2E3E3bo03(k)k ™' 363 (k)b + 2E3E3b5k ™ 83(k)bod3 (k)b
=266 b553(k)k™ bod3(K*)by — 4E5E3k7bE6,(k*)bids(k*)by
—8E5E3Kk2 b6, (k*)bod3(K2)bo + 4€3E3bokd(k)b53(k*)by
+4E E3b%kS, (k)bod3(k*)by.

Then we apply the substitution given in (2.4.2) and integrate with respect to n and 6.

The result then is
+00 21
f by(u,n,0,

2u3k2b351(k)k3b3k51(k)b0 + 2u*k2b351(k)k3b3 l(k)kbo + 2u3k2b§52(k)k3b3k52(k)b0
+2u3 b6, (k) b6 (k)kbo + 41k bk (k)bokd | (k)bo + 4 k* bk (k)bod (k)kby
+4P kP bYkS, (k)bokd (k)bg + 41’ k* bk (k)bod(k)kby + 4u’k* b6, (k)kbokd 1 (k)b
+l K b3S (k)kboS  (k)kbg + 41 k* byo, (k)kbokd (k)bo + 41 k* by 6, (k)kboda (k)kby
+2u3 bk (k) bgkd  (k)bo + 2u’ k> bkd (k)k*byo (k)kby — 2u”k*bks, (61(k)) by
+20° kP bgk S, (k) b6, (k)kbo + 2u” kK> bkd (k)k*bgkd,(k)bo — 2uk*bkd, (6,(k)) b
— 4Pk b3S (k)81 (k)b — 2u*k*bs, (61 (k)) kby — 4uPk* b6, (k)6 (k)by
212k b3S, (8,(k)) kb — 2u*bgkd3(k)bokds(k)by — 2u”bykds(k)bods(k)kby
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+2u”bkds(k)bgkos (k)by + 2u*bykds(k)bgos(k)kby — 2u”bio(k)kbokds (k)b
—2uPb}65(k)kbod3(k)kby + 2u*bi63(k)kbikds(k)bo + 2u*bi63(k)kbios(k)kby
+4uP b ko3 (k)bokds (k)by + 4u* bk (k)bod3(k)kby + du”bi63(k)kbokds(k)by
+4uP by 65 (k)kbods (k)kby — 8u*k*bykd, (k)bokd1 (k)b — 6u*k*bykd) (k)bod (k)kby
— 81k bk, (k)bokda (k)by — 61 k*bikd»(k)bo,(k)kby — 6u*k*b3s | (k)kbokd (k)by
—~ 4Pk b6, (k)kboS, (k)kby — 6u*k*bi6,(k)kbokd,(k)by — 4u”k* b6 (k)kboda (k)kbg
—2uPbokd (k)k*bgkd (k)by — 2ubokd (k)k*byd, (k)kby — 2u*bokd (k)k* ko (k)by
—~2uPbokd (k) b, (k)kby + ubjkds (63(k)) by + 2ubios(k)d3(k)by
+ub}6; (53(k)) kbo — 2ubikds (65(k)) by — 4uby65(k)53(k)by
—2ub 63 (65(k)) kbo + 3uk*bykd (81(k)) b + 3uk*bgkd, (62(k)) by
+Auk* b6, (k)8 (k)by + uk*bi6; (61(k)) kbo + 4uk*bi6,(k)S, (k)b
+uk*b35, (65(k)) kbo + ubok™" 85(k)bokd3(k)bo + ubok™ 85(k)bod3(k)kbq
—ubok ™' 63(k)bgkd3 (k)b — ubok™ 83(k)byd3(k)kby + 4ubokd, (k)bokd (k)bg
+2ubokd (k)boS 1 (k)kbo + 4ubokd,(k)bokd,(k)bo + 2ubokd(k)boda(k)kby
—ubo83(k)k ™" bokds(k)by — ubods3(k)k™" bod3(k)kbg + ubodz(k)k™' bikds(k)bg
+ubod5(k)k™ byo3(k)kby — ubgk ™ 83(k)bokd3 (k)b — ubgk™ 85(k)bod3(k)kby
—ub3kd3(k)bok ™ 83(k)bo + ubkd3(k)bod3(k)k™" by + ubjd3(k)k™" bokds (k)b
+ub}d3(k)k™ " bod3(k)kby — ubds(k)kbok™ 83(k)bg + ubios(k)kbods (k)k™' by
—bok™"63 (63(k)) bo — bokd (81(k)) by — bokds (82(k)) by + bgk™" 83 (85(k)) by
—b§5 (85(k)) k™' bo + bod3(k)k285(k)bo + bok™ 83(k)k™" 85(k)by

1
—bEk'83(k)k ™' 63(k)bo + bd3(k)k ™' 63(k)k~ by + Ebok‘ldg(k)bok“dg(k)bo
1 1
—Ebok“&(k)boég(k)k‘]bo - z190(53(k)k-1190/<-1(53(k)b0

1
+§b063(k)k’1b053(k)k’1b0.

To perform u integration, we apply Corollary 2.4.1 where the functions F ,[,fO]

up in the result. The p terms appearing in the outcome expression include 6 ;(k) and 6§(k)
multiplied by a power of k. We use the following identities to bring all these p’s into the

form k7'6; or k‘léﬁ(k).

-m, Show

F(A)(p102) = FAWAR)P1 - p2),  F(A)K"pk") = k™" A2F(A)(p),
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F(A), A)(K'py - K"pok") = kl+m+"A(1> AL F(AmAa)pr - pa).

These identities are consequences of the fact that A is a C*-algebra automorphism which
commutes with k£ and also xk = kA%(x). Applying the aforementioned identities, the inte-
gral of b,, up to the total factor 72, is equal to

(3+ AHFRA) (k'63K)) - FIE) (k7'63(h)) — 201 + ADFR(A) (k'83(K)))
(2A(1)(A(z) + 2FP] (A, Ae) (K'61(K) - k716, (k))

— 22 (A2 + HFY) 1(A(1), Ay (K7'81(k) - k76, (K))

(2)

- 2A(1)(3A + 2A(21)A(22) + 3A(21)

+ ZA(Zl)(l + A(l))(l + A(z)) . 1(A(U, Ay

+ HFY | (A, Ap)k01(0) - k7'61(K)
(k'61(k) - k151(0)
+ 470 (1 + A2 2+ Al SFEL (A, Ag) (K'61(K) - k7'6,(k))
+ 4% R (A Ap) (K 61(0) - k'61(k))
— 405 P (A A (K510 - k7'6,(0)))
+ (3 + ADFPI) (K'63(K)) - FPI(A) (k' 83(K))
—2(1 + A)FP(A) (k'83(h0)))
(2A(1)(A(2) + FP] (A, Aw) (K'62(K) - k7' 6,(k))
2A(21)(A(2) + DFY (A M) (K'62(K) - k7' 6,(k))
- 2A(1)(3A + 2A(21)A(22) + 3%
(1 + Aa))F 121 (B, Ae)

+ HFY] | (A, Ak 0:(0) - k7' 5(K)

+2A%,(1 + A k' 6(k) - k7' 85(K))

(1)) (k
+4Aq(1 + A(l))(l + A(z))F[Zl LAy, Ay) (K7 62(k) - k7' 65(K))

+ 4A€1)F201 (A A K20 - k' 6:(K)

— 403 2L (A M)k 520 - K7 620)) )
+ k2= FPA) (K'83(0) + (1 + A)FR(A) (k' 63(k))

—2(1+ A)FSA) (K'830) + (1 - A)FLNA) (k' 83(6)) )
+ k(A - (1))(A(2) + DFP (A Ae) (k7' 63(k) - k7' 83(K))

— 2A(A% + DAY + DFP (Agy, Aw) (k7' 63(k) - k7' 53(K))

6]
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+2A<21>F[ 1Ay Ay (K830 - k' 63(k)
(1 +A 2)Fl 11 (A, M) (k7' 83(K) - k7' 85(k))

* (A(l) A<1>)(A<z> + 1)F53;1(A(1)»A(2>)( “L53(k) - k7' 63(k)

— (A2 (2))(1 +A(1) AL+ AL ALY

m (@) H=®)

51 (A, M) (K1 63(K) - k7' 65(0)
* 2A(1>(A<1> + 1)(A(2) + DFS) [ (Aqy, Ae) (k7' 63(k) - k7' 63(K))
+ 4A(1)(A

+ DAL, + DFS (A, Ae) (k7' 63(k) - k7' 83(K))

@ @

1 _1 ~ B
+ 58— D@,” - DFY] (M), Ay (K7 63(K) - k7' 63(K)
- 4A<21> oAy, Ag) (K7 63(k) - k™' 53(k)

—(1- 2A 2)F20 (A, A) (K7'63(k) - k7' 63(K)) ).

In the above formula, we grouped the terms with the same sequence of p;’s together.
The terms which has k'6?(k) have exactly the exactly the same functions as the term
k~163(k), and it reads

(3 + A)FE(A) - FI(A) - 2(1 + AHFTI).

If we substitute the functions F ,[,ng] in the above expression, we get:

2 \/s1(s1 log(s1) + log(sy) — 251 +2)
(V51— D3 (/51 + 1) '

The function for k'8, (k) - k~'6,(k) is the same as the function for k=8, (k) - k~'6,(k) and it
is given by

Yi(sy) = —

(51, 59) = 21 \[s1 /52
S1, 8
D) = e G = D5 = D52 = D555 = Dsrsa = D2

( 3/2(s5/2 1/2

+ 2s2/2 log(sy) + s3(log(s;s2) — 2) — 25, 10g(s152) + log(s1s) + 2)
+ 5357%(s3*(log(s1) — 1) = (s — 1)(log(s152) — 2) — V/s2(log(sys2) — 1))

+ s2sl(sz(log(s2) -D+1)- sl(sg(log(slsz) — 1) —2s,log(sy) +log(s;sy) + 1)

— V5153 (log(s152) + 1) — sy(log(s152) + 2) + log(s152) — /sa(log(sy) + 1) +2)
+1 - 5, +log(s2)).
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Also, the functions for k™'65(k)k'65(k) and k~'63(k) are given by

27 (=52 + 251 log (s1) + 1)
V51 (s1 = D log (s1)

Yo(sy) =

and

27
X
Vsisa(s1 = D(s2 = D(s152 — 1)? log(s1) log(s2) log(si 52)
(5753 = 55183 + s1s0 + 283 + 45153 = 553 + 51 + 1)(s152 = 1) log(s1) log(s2)

(51, 82) =

+(51=1)*(s381 + 5155 — 55 + 352) 10og(52)*~(5:—1)* (35752525 + 51 + 1) log(s;)*

+2(s2 = D(sy — D(s252 — l)log(z—?)).

Finally, we would like to express the result in term of logk and V := log A = [-2h, -].
To do so we first need to use the formula (2.4.3), then replace A with e¥. For example, the
term involving §2(log(k)) comes from ¥ (A)(k™'63(k)) and it is given by

7 VA(s; log(A) + log(A) — 2A +2) 2(VA - 1)

AN f(A) = -
Y1 (A)f(D) (VA - 1)*(VA + 12 log(A)
~ 2e%(zev—VeV—2—V)
_27T V(ev_ 1)2 V

Multiplying the overall factor (47)"? and factoring out the powers of 7, we get the function
K (s) given in Theorem 2.3.3. Similarly, other function are obtained as

1
K>(s) = @'ﬁz(es)f(s)
1
Hi(s,1) = P (p1(e’, e f(e) f(e) + 2y (e'egle’, e)),
1
Hy(s,1) = 2 (pa(e’, €N f(e)) f(e") + 2un(e’egle’, e")).



Appendix B

Functions from the rearrangement
lemma

In this appendix we list all the functions obtained from the rearrangement lemmas 2.3.2
and 2.4.1 which are required in the computations. First we have the functions from the
conformally flat case in section 2.3:

Fia(s)) =/ (537 + fsi),

Fastsn) = m (35 +2) /(2(351 + 1) 1),

Fai(s) = m (353 + 95 + 8)/(8(€/s_l+ 1) 3s1),
n(x‘/s_l({/s_z+ 1)+ 1)

(351 + 1) s (352 + 1) 452 (V51 452 + 1)

71(25?/3({/s_2+ 1)2 + x‘/s_l(%/s_2+2)2 + 52 + 2)

Fi1:1(s1,8) =

Fi21(s1, ) = 2 553 2 .
2(fsr+ 1) )7 (52 + 1) /s (Wi + 1)
Fyils s):n((e/s_1+2) (x/_+1)(€/_€/_+2)+2)

2({/s_1+1) (V_+1) (\/—\/—+1)’

Fro1(s1,82) =

(e/—+1) 5/3(V—+1)2V?2(</?1e/5+1)2
(V52 + D2(5}7 /52 + 577 (52 + 6) + 51352 + 2))

+\/_(2s2/3+7\3/s_2+6)+\3/s_2+2),
61
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F3,1,1(S1, §7) =

s
X
8s1v/s2(x/s1 + 13 (R/s2 + D(~fs152 + 1)
((24\3/3 + 3s§/3s?/3 + 27 /sy51 + 8s§/3s1 + 851) ({/5 + 1)

+ 9557 + 2458 (Y + 1) +8).

The list of functions required in the computations for the non-conformal metric is the
following:

FPl(s1) = log(s))/(s1 = 1),
F2(s1) = (51 = log(s)) = D/(s1 = 1,
F2l(s)) = (51 = D)5y +2log(s1) +3)/2(s1 — 1)),
FPl(s1) = (57— 251 log(s)) = /(2 = 1),
FEl(s1) = (s1(log(s) — D + 1)/(s = D2,
FP (51,52) = log (s152)/(s152 — 1),
((s152 — 1)log(sy) — (s1 — 1) log(sys2))
(s1 — Dsi(s2 — D(s152— 1) ’
FP (s1,52) = (515 = log(s152) = 1)/(s15 = 1,

! 2
(51— D2s7(s2 = 1)?(s152 — 1)((S1 ~ D7log(s152)

+ (5152 = D)(s1(=52) + (s1(s2 = 2) + D) log(s1) + 51 + 5, = 1)),

1 2
(51 = D2%s1(s5 — (515, — 1)2((S1 = 1)" log(s152)

+ (5152 = D((s1 = Dsi(s2 = 1) + (1 = s150) log(s1)),

1 3
G TG = TG S~ (1~ D leglsisy

+ (51— D(s2 = D(s152 = D(s1(s152 = 51+ 52) — 1)
— (5152 = (51252 = 3) + 1) log(s1))

(5152 = 3)(s152 — 1) + 21og(s152)

(2(s152 = 1)%) ’
1

2051 - Dsi(s2 — Disisz —
(265152 = 1) Tog(s1) = 2(s1 — 1)’ log(s152)
+ 51051 = (52 = Ds152 = D((s1 = 3)s152 = 351 +5)),

2
Fﬂl(ﬁ, $2) =

2
ngl(sl, $2) =

[2] _
Fz’l’l(sla SZ) -

2
Fﬁj,l(sl, $2) =

2
F (51,80 =

[2]
F3’1’1(S1, SZ) =
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(=s152 + 1)log(sy) + (s1 — 1)s7 log(sy52)
(s1 = D(s2 = D(sys2 = 1) ’
FE(]),l(Sl, $2) = (_SISZ + 5152 log(sys2) + 1)/(S1S2 - 1%,

FI (s1.52) = (533 = 25182 log(s152) — 1)/Q2(s152 = 1)),

1
(51— 1)2s,(s3 — 1)2(s157 — 1)((5152 —D((s; = D(s2 = 1)

+ (51 = $2)log(s1)) = (s1 = 1)”s, log(s1 ),

1 2

TG = Doy i = D log(sy)

= (51 = D((s2 = D(s152 = 1) + (51 = D52 log(s152))),
1

(s1— 1)3s1(s2 — 1)%(s152 — 1)?

+ 55573 — 21og(s))) + s257(log(s157) — 1) + s357(log(sy) + 2)

— 5353(21log(s))) + 5,57 (4log(s;) — 3log(s;s2) — 3) — 25, log(s))

+ 5551(=21og(s1) — 3) + sy51(log(s1) + 3log(s1s) + 3)

3
Fﬂl(sl, $2) =

3
FP) \(s1,52) =

3
F%,](Sl’ $2) =

3
Fﬁj,l(sl, $) =

(s7 + s3s3(log(s1) - 2)

+ sy(log(sy) — log(sy52) + 1) = 1)
! X
2(s1 = 1)(s2 = D)(s152 — 1)
(2651 = 1)’ 52 log(s152) = 2(s152 = 1)* log(s1)
+ (51 = D52 = D(s152 = D((s1 + Dsyso + 51 = 3)).

3
ngl(sl, $2) =
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Chapter 3

Second quantization and spectral action

3.1 Introduction

This chapter is a reproduction of my joint paper with Masoud Khalkhali [4]. The spectral
action principle of Connes and Chamseddine was originally developed mainly to give a
conceptual and geometric formulation of the standard model of particle physics [2]. The
spectral action can be defined for spectral triples (A, H, D), even when the algebra A is not
commutative. An interesting feature here is the additivity of the spectral action with respect
to the direct sum of spectral triples. Conversely, one can wonder whether a given additive
functional on spectral triples is obtained via an spectral action.

In arecent paper [3], Chamseddine, Connes, and van Suijlekom have shown that the von
Neumann entropy of the Gibbs state naturally defined by a Fermionic second quantization
of a spectral triple is in fact spectral and they find a universal function that defines the
spectral action.

In this paper we show that by incorporating chemical potentials one can extend the
formalism of spectral action principle to both Bosonic and Fermionic second quantization.
In fact we show that the von Neumann entropy, the average energy, and the negative free
energy of the thermal equilibrium state defined by the Bosonic, or Fermionic, grand par-
tition function, with a given chemical potential, can be expressed as spectral actions. We
show that all spectral action coeflicients can be expressed in terms of the modified Bessel
functions of the second kind. In the Fermionic case, we show that the spectral action coeffi-
cients for the von Neumann entropy, in the limit when the chemical potential u approaches
to 0, can be expressed in terms of the Riemann zeta function. This recovers the recent result
of Chamseddine-Connes-van Suijlekom in [3].

It should be noted that without the use of chemical potentials, the natural spectral func-
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tion for the von Neumann entropy in the Bosonic case is singular at # = 0, and in fact the
corresponding functional is not spectral.

In searching for a suitable expression of spectral action coefficients in all six cases
studied in this paper, we were naturally led to the class of modified Bessel functions of the
second kind. In Section 3 some basic properties of these functions are derived. In section
2 we recall some of the main concepts and results from the theory of second quantization.
Our main results are presented in Sections 4 and 5.

3.2 Second quantization basics

In this section, mainly to fix our notation and terminology, we shall recall some basic defi-
nitions and facts from the theory of second quantization in quantum statistical mechanics.
We shall largely follow [1].

3.2.1 Fock space and second quantization

In this section we shall first recall the definition of the Fock space ¥ (H) of a Hilbert space
H, and the correspondding Fermionic Fock space ¥_(H) and the Bosonic Fock space
F+(H) [1]. Here we will regard ¥, (H) as subspaces of F (H), although one can also treat
them as the quotient spaces of F () instead. After that we shall recall the procedure of
second quantization.

Let H be a complex Hilbert space. We denote by H" = HQ H ® - -- ® H the n-fold
tensor product of H with itself when n > 0, and let H° = C. The Fock space ¥ (/) is the
completion of the pre-Hilbert space €5 H". Define the projection operators P, on H" by

n>0

P.(fi®f®-8f)=0)" > fuy® friy® - ® friu,

nes,

P.(i®fh®®f)=0)" > ("fi)® fur) ® ® frn,

nes,

for all fi,..., f, € H. Since P, are bounded operators with norm 1 on @?{”, they can
n>0

be extended by continuity to bounded projection operators on the Fock space ¥ (H). The
Bosonic Fock space 7, (H) and the Fermionic Fock space F_(H) are then defined by

Fo(H) = Po(F (H)).
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The corresponding n-particle subspaces H are defined by H = P.H".

The structure of the Fock space allows us to amplify an operator on H to the whole
Bose/Fermi Fock spaces F..(H). This procedure is commonly referred to as second quan-
tization.

Let H be a self-adjoint operator on H with domain D(H). We define H, on ‘H” by

P, (®LQ - QHfi® - ®f,] n>0,
Hy (P (fi® - ® fy) = Zl ’

0 n=0,

for all f; € D(H). The direct sum operator P H, is essentially self-adjoint, and the self-
n>0
adjoint closure of this direct sum operator is called the second quantization of the operator

H and it is denoted by dI'(H). Namely,

dT(H) = @ H,.

n>0

In particular, let H = 1 be the identity operator. Then we have

dr(1) = N,

where N is the number operator on 7..(H), whose domain is defined by

D(N) = {w = (¥ h0s Y W IR < oo},

n>0

and for any ¥ € D(N)
Nl!’ = {mﬁ(n)}nzo-

For a unitary operator U on ‘H, first we define U, on H by

P.(UMLRUL®---@US,) n>0,

U11(Pi(fl®f2®"'®ﬁl)):{ﬂ 1’120,

and then extend it to the whole Fock space.

We denote this extension by I'(U), called the second quantization of the unitary operator

U,
T(U) = @ U,.

n>0
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It is worth noticing that here I'(U) is also a unitaty operator on . (). Also, if U, = e
is a strongly continuous one-parameter unitary group acting on H, then

F(U[) — eitdr(H)

on the Fock spaces F.(H).

If H is a self-adjoint Hamiltonian operator on the one-particle Hilbert space H, then the
dynamics of the ideal Bose gas and the ideal Fermi gas are described by the Schrodinger
equation

7
in—" = dT(H)Y,

on F,.(H) and F_(H), separately. We choose the units so that 7 = 1. The solution of the
Schrodinger equation gives us the evolution

Y € Fu(H) = iy = e "1y = T(e "y,
and the evolution of a bounded observable A € B(7.(H)) is given by conjugation as

A € B(F.(H)) — 1,(A) = T(e™)AT (e ).

Next we shall introduce the Gibbs grand canonical equilibrium state w of a particle
system at inverse temperature S € R, and with chemical potential u € R. Let

K, =dU'(H —ul) = dI'(H) — uN
be the modified Hamiltonian. Then w is defined by

Tr (e‘ﬁKHA)

YW= Ty

A € B(F.(H)).

Here we assume the operator e ?X« is a trace-class operator.

If we have two one-particle spaces H, and H,, and self-adjoint operators
H :H, — H,, H, : H, = H,,

then we can form the direct sum H, @ H, : H, ® H, — H, & H,.

Lemma 3.2.1 We have e~ TH®H) — o=dlUH) @ o=dUH) Moreover, when e ™M) are trace-
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class operators for i = 1,2, we can define the density operators

e—dr(HléBHz)

P = Tr(e-armem))’
o-dT(H)

pi= Tr(e~'th)’

and we have p = p; ® p,.

Proof It is clear that e #1®H2 = ¢~H1 @ ¢~H2 Thus
o AT(HeH) _ F(e—Hl ® e—Hz) — F(e—Hl) ® r(e—HZ) = o T(HY) g ,~dT(H>)

When the operators e~ ") are positive trace-class operators for i = 1,2, then

AT (H19H:) ¢~dT(H) g p=dT(H:)

p= Tr(e~dT(Hi®Hz)) = Tr(e~HD)Tr(e-dT(H2) =

p1® po.

3.2.2 CAR and CCR algebras

Both of the CAR and CCR algebras are constructed with the help of creation and annihila-
tion operators. Because of that, we shall recall the definitions of annihilation and creation
operators first.

Let H be a complex Hilbert space. For each f € H, we define the annihilation operator
a(f), and the creation operator a*(f) acting on the Fock space ¥ () by initially setting
a(fH® =0, a*(fHy® = f, forall f € H, and

aNfi®fr® - ®f)=Vn(fL ) L®® ® fu
a(f)fi®h® - ®f)=Va+1fR/®HO @ ® f.

Here ¢® = 1 € C. One can see that the maps f — a(f) are anti-linear while the maps
f — a’(f) are linear. Also, one can show that a(f) and a*(f) have well-defined extensions
to D(N'/?), the domain of the operator N'/2. Moreover, we have that a*(f) is the adjoint of
a(f); namely, for any ¢,y € D(N'/?), one has

(@ (g, ¢) = (d,a(/)Y).

We can then define the annihilation operators a..(f) and the creation operators a’ (f) on



3.2. SECOND QUANTIZATION BASICS 71

the Fermi/Bose Fock spaces 7. (H) by

ai(f) = Pia(f)Pia ai(f) = Pia*(f)Pi-

Moreover, since the annihilation operator a(f) keeps the subspaces . () invariant, we
have

ax(f) = a(f)Ps,  ai(f) = Pa’(f).

One computes straightforwardly that on the Fermionic Fock space ¥_(H),

{a_(f),a-(®)} = {a’(f),a’()} = 0, {a_(f),aZ(9)} = (f, &)L,

and on the Bosonic Fock space ¥ (H),

[a.(f), a.(®)] = [a,(f),a ()] = 0, la.(), d.(®)] = (f, 1.

The first relations are called the canonical anti-commutation relations (CAR), and the sec-
ond relations are called the canonical commutation relations (CCR).

Roughly speaking, the CAR algebra is the algebra generated by the annihilation opera-
tors a_(f) and creation operators a” (f). In fact, we have the following proposition [1]:

Proposition 3.2.2 Let H be a complex Hilbert space, F_(H) be the Fermionic Fock space,
and a_(f) and a* (g) the corresponding annihilation and creation operators on F_(H).

(1) Forall f € H, we have
la—(ON = 11£1l = lla (Il

Therefore both a_(f) and a*(g) have bounded extensions on ¥_(H).

(2) Taking Q = (1,0,0,---), called the vacuum vector, and { f,} an orthonormal basis of
H, then

U(fars o Jo) = 0~ (fy) -+ a” (fa,) Q

is an orthonormal basis of T_(H), when {fy,, ..., fa,} runs over all the finite subsets
of the orthonormal basis {f,}.

(3) The set of bounded operators {a_(f),a* (g); f, g € H} is irreducible on F_(H).

Definition 3.2.3 We call the subalgebra of B(F_(H)) generated by a_(f), a*(g) and 1 the
CAR algebra and denote it by CAR(H).
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Although the CCR rules looks very similar to the CAR rules, however, one can not
simply mimic the previous definition of CAR algebras to deduce the definition of CCR
algebras. The reason is that the annihilation operators a,(f) and the creation operators
a’;(g) are not bounded operators on 7. (H).

First we introduce the set of operators {®(f), f € H} by

a.(f) +a.(f)
O(f)y = ————.
) N
Since the map f + a.(f) is anti-linear, and f +— a7 (f) is linear, then
_ () +ioGf) o P) — i@GS)
a.(f) = — a,(f) —

Thus it suffices to examine the set of operators {O(f), f € H}.

Let F,(H) =P, (@nzo 7-{”) C F.(H), i.e. F.(H) contains the sequences ¢ = {/'},50
which have only a finite number of nonvanishing components.

Since for each f € H, ®(f) is essentially self-adjoint on F(H), ®(f) can be extended
to a self-adjoint operator, we still use ®(f) to denote the selfadjoint operator

a(f) +a*(f)
O(f) = %
We have the following proposition [1]:
Proposition 3.2.4 For each f € H, let
a(f) +a*(f)

O(f) = W(f) = exp ((O(f)).

\/E )
Let CCR(‘H) denote the algebra generated by {W(f), f € H}. It follows that
(1) Forany f,g € H, W(/)D(®(g)) = D(D(g)), and

W(HPW(f)" = D(g) — Im(f, g)1.
(2) For each pair f,g € H

W(HW(g) = e ™ORW(f + g).

(3) W(=f) = W(f)"



3.2. SECOND QUANTIZATION BASICS 73

(4) For each f € H\{0}
W) -1l =2,

and W(0) = 1.
(5) The set {W(f); f € H}is irreducible on ¥, (H), and CCR(H) is a simple algebra.

(6) Ifllfe = fll = O, then
I(W(fa) = WYl = 0

for all y € F(H).

The operators W(f) are called Weyl operators, and the algebra CCR(H) is called the CCR
algabra of ‘H.

3.2.3 Gibbs states

Let K, denote the modified Hamiltonian operator
K,=dI'(H—pul).

In the Fermionic case, we can define the Gibbs state w(A) over the CAR algebra
CAR(H) by
Tr (e #KeA)
Tr (e PKu) °

Here we assume the operator e #X+ is a trace-class operator on F_(7). In fact, we have the

W(A) = VA € CAR(H).

following proposition [1]:

Proposition 3.2.5 Let H be a self-adjoint operator on the Hilbert space H and let B € R.
The following conditions are equivalent:

(1) e is trace-class on the one-particle Hilbert space H.
(2) e PUHHY s trace-class on the Fermionic Fock space F_(H) for all u € R.

In the Bosonic case, we can define the Gibbs state w(A) over the CCR algebra CCR(H)

by
Tr (e‘ﬁK”A)

Tr (e7PKx) °

Similarly as in the case of Fermionic Fock space ¥_(H), it is implicitly assumed that the

w(A) = VA € CCR(H).

operator e Pk« is trace-class on ¥, (), in fact, we have the fololowing proposition [1]:
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Proposition 3.2.6 Let H be a self-adjoint operator on the one-particle Hilbert space H,
let B, u € R. The following conditions are equivalent:

(1) ePH is trace-class on the one-particle Hilbert space H and B(H — ul) > 0,

(2) e PUHHY s trace-class on the Bosonic Fock space F.(H).

3.2.4 Entropy and energy

Let (A, H, D) be a spectral triple. We can construct the Bosonic and Fermionic Fock spaces
F.(H) and F_(H), respectively. Let D, = /D> — u1. Suppose the operator e P» is a
trace-class operator on ¥, (H), or on ¥_(H). Then we can define the density matrix
oD,
P = Tr (e@i)’

In this section, we will show that when the operator e Pr is trace class on H, the von
Neumann entropy, the average energy, as well as the negative free energy of p can be
expressed as spectral actions for the spectral triple (A, H, D).

First let us briefly recall the von Neumann entropy and the energy. Consider a density
matrix p on a Hilbert space H, i.e. p is a positive trace-class operator with Tr(p) = 1. Its
von Neumann entropy is defined to be

S(p) := —Tr(plogp).

Consider an observable, that is a self-adjoint operator H : H — H, and let p = % exp(—BH)
be a thermal density matrix, at some inverse temperature 8. Here Z = Tr(exp(—SH)) is the
canonical partition function. Then the average energy (H) = Tr(pH) is given by

0
H)=—-—(logZ 2.1
(H) 95 (logZ), (3.2.1)
and the free energy F(p) is defined by
F(p) = ! logZ
I :

It is easy to see that

1
—F(p) = BS () = E(p). (3.2.2)
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In a given spectral triple (A, H, D), the operator e~'P« is well-defined on both %, (H)
and F_(H).

According to the proposition 3.2.5, the operator e~"P« is trace-class on F_(H) if and
only if the operator e~ is trace-class on . Thus suppose e P+ is trace-class on H. Then
we can define a density matrix

-drD,

dl'D,) = ———
p( /J) Tr(e_er“)

on F_(H). The map D — S(p(dI'D,)) gives rise to a spectral action, and this spectal action
is an additive functional on spectral triples. In fact, suppose D = § @& T is an orthogonal
decomposition, then

VD? —pul = \JS? —pl & \JT? — ul,

which we denote as D, = §, & T,,. According to Lemma 3.2.1,
p(dT'D,) = p(dT'S,) ® p(dI'T,,),
and since we have the entropy
S(pdl'S ) ® p(dl'T,)) = S(pdI'S ) + S(p(dl'T,)),

thus the map D — S(p(dI'D,,)) gives rise to a well-defined spectral action.

Now for a given chemical potential y, the map D — (dI'D,) gives us a spectral action
as well. According to Lemma 3.2.1, this action is additive. For simplicity, we take the
inverse temperature 8 = 1 here.

3.3 Modified Bessel functions of the second kind

The modified Bessel functions {/,(z), K, (z)} are the solutions of the modified Bessel’s equa-
tion
ZZyN + Zy/ _ (ZZ + VZ)y — 0’

(39"

1Y S
@) = (Ez) Z:(; T +v+ Dn!’

_ T I—V(Z) - Iv(z)
AT

where

and
- < argz < 7. 3.3.1)
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The right-hand side of (3.3.1) should be determined by taking the limit when v is an integer.
The function 7,(z) is called the modified Bessel function of the first kind, and K,(z) the
modified Bessel function of the second kind.

We shall introduce some basic properties of the modified Bessel function of the second
kind. For more detail, one can check the references [8, 7, 5].

Lemma 3.3.1 When a € R, one has the formula
Koz(z) = K—a(z)~

Lemma 3.3.2 We have the formula

d
d—ZKO(Z) = —K;(2).

Lemma 3.3.3 For a > 0, when z — 0%, one has the asymptotics

- lOg(g) -y a= O’
Ka(Z) ~ a 2“
{ % (%) a >0,

where vy is Euler’s constant. When z / oo, one has

Ko@) ~ | /gze_z.

Lemma 3.3.4 One has the integral representation formula of the function K,(z):

ﬁ zy - —zx V= 1
Kv(z):m(i)ﬁ e (= 1)"2dx for v>—§.

Lemma 3.3.5 Let K, (z) be the modified Bessel functions of the second kind. Then one has
[5, 8.486]

7K,-1(2) — 2K,41(2) = =2vK,(2), (3.3.2)
K, 1(z) + K,1(2) = —ZEKV(Z), (3.3.3)
0z
0
Za_ZKv(Z) +vK,(2) = —zK,_1(2), (3.3.4)
0
7—K,(2) — vK,(2) = —zK,11(2). (3.3.5)

0z
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Lemma 3.3.6 When v > —%, a > 0, and x > 0, we have the integral formula [5, 8.432]

xX'K,(ax) =

F(V + %)(2")V f‘x’ cos xt
0

r(3) (2 + a?)"*2
Using Lemma 3.3.6, we obtain the following Lemma:
Lemma 3.3.7 When v > —%, a > 0, and x € R\{0}, one has

al’ (v + %) 2a)” __

IxI"K, (alx]) = ; Wya(X), (3.3.6)
r(s)
and
_ al’ (v + %) 2a)’ _
e™|x"K, (alx]) = 1 Gya(X), (3.3.7)
r(s)
where

1
WV,a(t) = ¢v,a(t) = wv,a (t + _) s

(2m1)? + az)w% , 2

and %/[’\v,a» am denote the corresponding Fourier transforms of ¥, , and ¢, ,. Namely,

/w\v,a(x) = foo wv,a(t)e_ZHiXtdt» gv,a(x) = foo ¢y,a(l‘)€_2mxzdt_

Proof According to Lemma 3.3.6, one has

L'(v+1)Qay e 1 ,
X" K, (alx]) = %f ———e 1,
or (1) o (2 + a2)"

and then changing the variable ¢ — 2xt, one can get formulae (3.3.6) and (3.3.7).
From Lemma 3.3.7, one can easily deduce the following lemma:

Lemma 3.3.8 When v > —%, a > 0, and x € R\{0}, one has

L(v+1)@ay

IX"*2K, (alx]) = — ", (%), (3.3.8)
—4aT (5)
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and

T(v+1)@Qay__
—— ¢, (%) (3.3.9)
—4nl’ (%)

3.3.1 Poisson summation and asymptotic expansions

™ X" K, (alxl) =

To continue, we need the following version of the Poisson’s summation formula:

Lemma 3.3.9 (Poisson’s summation formula [6]) If a function f(x) is integrable, tends
to zero at infinity, and xf’(x) € LP(0,0),(1 < p < 2), then

N N N N
lim (Z; fn) - fo f(r)dr] = lim [Zl g(n) - fo g(x)dx},

where

g(x) = Zf cos(2rxt) f(t)dt.
0
By this lemma we can deduce the following asymptotic expansion formulae [6]:

Lemma 3.3.10 When a — 0%, we have the following asymptotic expansions

N logm—y 1

> =1 Kolan) ~ 2227 228 (33.10)
. 2 2

N n+1 1

D D™ anKian) ~ 3, (33.11)
n=1

N —log(4nm) 1

S Kolan) ~ L1080 loga | 7 (3.3.12)
Z 2 2 " 2a

- 1 n

D anKifan) ~ —= + -, (3.3.13)

n=1

where 'y is Euler’s constant.

Proof Let us consider the formula (3.3.12) first. Let

s
((2rt)? + a?)1/?2’

Jo®) = go(x) = Ky(ax), a>0, x>0.
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By the equation (3.3.6), we have

go(x) =2 f ) cos(2nxt) fo(t)dt.
0

And
N N
hm( it - [ fo(t)dt)
N> o 0
_i 7T 1 + lim EN: 1 logN
S L\(@my+a)? ) Nee| S22
log N N m

+ lim [—— - dt

Nli?o( 2 fo (@n1y +a®)2 )

hnd 2

4 vy .. |logN 1 2nN 2nN

= -— |+ +1 - =log|—+ |l +|—

;(((2m)2+a2)1/2 2n) 2 T T2 T2 Og[ P P

= n 1\ v 1. 4«
= —— |+ £ = Zlog—

;(((ZNn)2+a2)1/2 2n)+ 2 2%

(3.3.14)
and
N N 0o -
lim (Zgo(n)— f go(x)dx)=zl<o(an)—5, (3.3.15)
* n=1 0 n=1

applying Lemma 3.3.9 to (3.3.14) and (3.3.15),

\ T 1 y 1. 4n < -
Z (((2””)2 +a?)!/? 2") 2 2 08 a = o an) 2a

n=1

Thus we get the asymptotic formula (3.3.12).

If we replace a by 2a in formula (3.3.12), we get

°° —log(4r)  log(2
> Ko(an) ~ ¥ oglam) | logGa)  x o,
Z 2 2 ' 4a

and

Z(—l)"”Ko(an) - Z Ko(an) -2 Z Ko(2an)
n=1 n=1 n=1
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2 2 2a 2 2 4a
_logm—y loga
2 2

N (y — log(4n) . loga N l) _ 2()/ — log(4n) N log(2a) . 1)

Thus we proved (3.3.10).
To prove (3.3.13), let

an
f](t) = W’ gl(X) = XKl(ClX), a > 0, x> 0.
We have -
gi(x)=2 f cos(2rxt) f1(t)dt. (3.3.16)
0
Since
. al N - an 1
N (Z S = fo ¢ l(t)dt) "2 (<<2rm>2 v a2)3/2) T2 G310
and
N N o0 -
lim [Z g1(n) — fo gl(x)dx] = Y nKi(an) - 5o (3.3.18)
n=1 n=1

Applying Lemma 3.3.9 to (3.3.17) and (3.3.18) again, we have

(o)

N an 1 i
Z (((27Tn)2 + a2)3/2) " 24 = Z nK,(an) — 5o

n=1 n=1

multiplying by a on both sides, we get the asymptotic formula (3.3.13).
Finally, since

[ee)

Z(—l)"”anl(l(an) = Z anK;(an) - Z 2anK;(2an)

n=1 n=1 n=1

1 Vs 1 Vg
~——t — =2+ —
2 2a 2 4a

Thus we proved (3.3.11).

Remark This is consistent with the formulae given in [5, 8.526], where if we take f = 0,
when x — 0%, we can get the formulae (3.3.10) and (3.3.12) then.
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3.4 The case of Fermionic Fock space

When the one-particle Hilbert space is H = C, then the Fermionic Fock space is ¥_(H) =
C P H. Suppose we have a Dirac operator D : H — H. Thus D = D* and o¢(D) = x € R.
Consider the Hamiltonian operator given by H = D?. Clearly the spectrum of H is o-(H) =
x?. Denote the chemical potential by u, where u < 0, and let D, = v/H — uT. Then the
spectrum of dI'D,, is o7(dI'D,,) = {0, 4/x*> — u}, and we get a density matrix

o~y

pP= Tr (e=Px)’

3.4.1 The von Neumann entropy in the Fermionic second quantization

In the Fermionic Fock space, the von Neumann entropy of p is given by
X2 —pu

S(p) = ~Tr(plogp) = —=
e Vi 4]

; log(l re ﬂ) (3.4.1)

It is worth noticing that we can still define D, for a general spectral triple, and when
u < 0, the difference between D and D, is

D-D,=—t

D+ D,
which is a compact operator. Thus D, here plays the role of a fluctuation of D, even though
there is no *—algebra here.

Let
2

g + log(l + e_ xZ_'u).
N

Notice that when u = 0, we get the same function i(x) as in [3]. The derivative of A,(x) is

h.(x) = S(p) =

X
hWix)=—-——7H797—¥—.
g 4 cosh? (—”‘22‘”)
According to [3],
o . 1= -2n L X"
h(Vx) =log () + > (<1) T EQm) .
o n n:.
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Thus we get the expansion of £,(x):

_n-2n

(x? —M)"

- 1
hu(x) = log(2) + > (=1)" Q)

Also, according to proposition 4.4 in [3],

h(x) = f‘” - g(r)dt,
0

where
—12(2n+1)%t
30 =5 Z (27 @n+ 11— 1)e . (3.4.2)
nez
Thus . .
hy(x) = f eI (1dr = f g (Ddr, (3.4.3)
0 0

where g,(1) 1= e"g(1).

Now we want to compute the moments of the function /,(x), that is the integral

f h,(x)x"dx.
0

To this end, one can first compute the two integrals

f log(l +e” sz_’“‘)xvdx and
0 e sz H 4 1

separately, and then sum them up.

Lemma 3.4.1 We have the integral formula:

0 2Y 1
(2 = 1) 2xdx = I'(v+ —)Z_VKV 2). 344
fl‘ ( ) V= ( 3 +1(2) ( )

Proof According to Lemma 3.3.4, one has the integral formula:

0 2” 1 d
I e (x? - l)"‘%xdx =— \/EF (v + E)Z_y (6_ZKV(Z) - VKv(Z)Z_I) ’
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and using (3.3.4) and (3.3.5)

0 1
a_ZKV(Z) = _E (Ky-1(2) + Ky11(2)),
vK,(z) _ 1

= —5 (Ky-1(2) = Ky11(2)) .

From which we get the formula (3.4.4).

Lemma 3.4.2 We have the following integral formula:

v

« | 2
f (P = 1) 2x%dx =
| 2

\r

Proof Taking the derivative with respect to z on both sides of the formula (3.4.4), one has

r (v . 1) TEKQ (2K @), (34S)

o) . 2V 1 a
ﬁ e—zx(xz - 1)V_7X2dx = \/;F (V + 5) (VZ_V_IKV-I—I(Z) - Z_Va_ZKvH(Z)) . (3.4.6)

Using (3.3.4), one has

aﬁKv+l(Z) = _KV(Z) - ﬂKi&l(Z)' (347)
Z Z

Now substituting (3.4.7) into (3.4.6), finally we get the desired formula (3.4.5).

Lemma 3.4.3 When v > —1, one has

* — /2= v w2 v 1 - n+l —Y—
fo 10g(1+e ‘/_ﬂ)xdxz(—ﬂw 2z$r(v;r )Z(—U ' Ky (nv7R)
(3.4.8)

n=1

Proof Notice that

2 - 1 2
log (1 +e Vo -ﬂ) = Vs eV,
n=1 n
and hence

00 s 1 00
f log(l + e_sz‘“)xvdx = Z(—l)"”— f e N Iy, (3.4.9)
nJo

0 n=1

Consider the integral

00
— 2_
f e "N dx,
0
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and substitute x by y = /x> — u to get:

f eV dx = f ey + u)%lydy.
0 N

) _ )
Substitute z = = to obtain

f eV Iy = (—,U)%l f e V(T - 1)%12615
0 1

Thus using Lemma 3.4.1, one has

[ e e o

Using (3.4.10) and (3.4.9), then finally we get formula (3.4.8).

Lemma 3.4.4 Whenv > —1,

VX2 —p v
————x"dx
e Ve 4 1

= () 2i (V+1)§} D (VR Ky (=) + (L Ky (ny=a)).
(3.4.11)

Proof Since y

= = () log (1 +¢7))

for y > 0 we obtain

— Z(_l)n+1ye—ny
n=1
Lety = y/x2 — u. Then

00

Yy v=1
——(* +p) 7 ydy

xX'dx =
f e\“‘2 +1 v e+ 1

(&9

E 04W{f e + )Ty
n=1 VK
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Changing the variable again, let z = \/L_Tl We obtain the formula:

A e S [

Now applying Lemma 3.4.2 to this equation, one gets the integral formula (3.4.11).

Lemma 3.4.5 Forv > —1, one has

* v — (_ 4+1 V+1 n+1 —
foh(x)xdx ()it — ( )Z( 1 Kyn(nv=p).  (3.4.12)

And . -
j; (X)X dx ~ ;+—1F(v +3)(v +2)

aspu— 0.

Proof Using propositions 3.4.3 and 3.4.4, we have

=(—u)%+%2%L ( )Z( 1)”+1 \/_Kv( \/_)n z+(2+v)KV+1( \/—u)n—g—l).

By applying (3.3.2) to this equation, we get the integral formula (3.4.12).
For the second statement, we use the asymptotics

g { ~log(5) -y =0,

@ (%)a a > 0.

Thus for v > 0,

* v v+ 1 v+1 ntl g, —v-
foh,,(x)xdx~2 lﬁr( ) ( +2)Z( 1y 2 (3.4.13)

as u — 0. By using

i(—l)"“n-v-2 =(1-27")¢v+2), (3.4.14)
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and the Legendre duplication formula for the gamma function

F(V’;I)F(V’;z)zz-Vﬁr(wl), (3.4.15)

in (3.4.13), we get

foo h,(0)x’dx ~(v+2)L (v+1)(1 - 27N (v +2)
0

1-— -v-1
= ﬁf(v + 3)§(V + 2),

which is the same as [3, Lemma 4.5].

We denote the a—th order spectral action coefficient of /,(v/x) by y,(a); namely,

yla) = f ) 3, (Ddt = f ) e 3 (1)dt. (3.4.16)
0 0

It is clear that for a fixed chemical potential u < 0, the equation (3.4.16) is an entire function
with respect to a € C. According to the Lemma 3.4.5, we can deduce that when the order
a < 0, the coefficient of ¢ in the heat expansion is

1 0 |
Yu(a) = mj; hy(x?)x"'dx (3.4.17)
2
I'(-a)

_ # p-arh i+ Z(_Dm (14K 3 (1v7R)), a<0. (3.4.19)

Now we show that for any fixed chemical potential u < 0, the function (3.4.19) is an
entire function with respect to a € C, so that the function (3.4.19) can give rise to spectral

f B (x)x > dx (3.4.18)
0

action coeflicients for any order a.

Proposition 3.4.6 For any fixed chemical potential u < 0, the function (3.4.19) is an entire
function in a € C. Hence we have the formula

Yula) = %2“”5(—#)‘3*3 Z(—l)"” (12K ey (n V7)) (3.420)

for all a.
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Proof We only need to show that the series

DU (0K (nV=0) (3.4.21)
n=1

is an entire function in a € C. In fact, using the integral expression for the Bessel function
K,(2) [5, 8.432], we have

K,(2) = f e =20 cosh(vr)dt, largz| < g or Re(z) = 0and v = 0.
0

We see that for a fixed z > 0 the function K, (z) is an entire function with respect to v € C.
Now we need to show that equation (3.4.21) is locally uniformly convergent. In fact, for
M <R,

|K,(2)] < f 2N cosh(Rr)dt = Kr(z2).
0

For|—a + %I < R, where R < oo, we have

< 3Ky (ny).

n=1

S Ky )
n=1

Since we have the asymptotic expansion

K@) ~ w/zlze-z Z— oo,

o

Z nF2 K (I’l ﬁ)

n=1

it follows that the series

is convergent. Therefore the series (3.4.21) is locally uniformly convergent, and the func-
tion (3.4.20) is an entire function. Now according to (3.4.16), y,(a) is an entire function,
hence the function (3.4.20) gives the spectral action coeflicients for all a.

Interestingly, we can express the spectral action coefficients vy,(a) in a more concise
way via the Poisson summation formula.

Proposition 3.4.7 For any fixed chemical potential u < 0, we have the expression for
Yul@):
@ I'a) v Qa-1)Q2n+ 121> +pu
a) =
Yu 2 ((211 + 1)27[2 _'u)a+1

(3.4.22)

n=—
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Proof Using Lemma 3.3.8, and using the Poisson summation formula, when v > —1,

a > 0, we have

©0 1 r (2a)v [
;(—1)”Inl”zl<v(alnl) =T ( Z ¢y, (1), (3.4.23)
where ¢, ,(x) = ——L ___ Since we have the equation

(Qx+1)2n2+a2)"* 2
Ky (1 V=1) = Koy (nv=1).

applying the formula (3.4.23) to proposition 3.4.6 we then get the equatoin (3.4.22) when
a> % Now, in proposition 3.4.6 we saw that y,(a) is an entire function. It follows that
the function (3.4.22) has an analytic extension to the whole complex plane C, and therefore

equation (3.4.22) is true for all a € C.

Remark The second expression of y,(a) is in the sense of analytic continuation. Thus
for example we have,

1 . T v Qa-D@2n+ 1)1+ 7]
=1 -~
Vu (2) a_,llr}l? Z (2n + 1)271'2 _ﬂ)a+1 ’

and

lim 1) lim I['(a) Z (2a-1) 1
w0 \2) Tt T2 L (@nt 1P 24k
Next we prove that when the chemical potential u — 07, we can get the same coeffi-
cients given in [3]. We follow the same notation as in [3], and denote

—2a

y(a) = n'¢(2a),

where £(z) is the Riemann &é—function.

Theorem 3.4.8 Forall a € {
have

5 n € Z}, when the chemical potential yu approaches to 0, we

lim y, (a) =y (a).
u—0
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Proof Since the spectral action coefficients are given by
Yula) = fo i gu.(r'dt = fo i eg(ntdt,
where g(¢) is given by equation (3.4.2), we obtain
JL%{ Yula) = fo i gi‘de = y(a).

Summarizing the above computations, we get the following proposition:

Proposition 3.4.9 (1) For a given chemical potential u < 0, the coefficient of t* in the heat
expansion is given by y,(a), where

Yula) = fo g, (1)dt,

and we have the following two explicit expressions of y,(a):

Yule) = %z—“%(—m*i Z(—l)”” (K g (2 ¥=1)

and

@) o (2a—-1DR2n+ 1’7+ pu
Y@= ,Zio (@n+ D2 -yt

Moveover, y,(a) is an entire function in a € C.
(2) For any given order a, when the chemical potential p approaches to 0, y,(a) converges
to y(a), namely,

lim y,(a) = y(a), ac€ {E ‘ne Z} ,
u—0- 2

where y(a) = %ﬂ_“f(Za).

3.4.2 The average energy in the Fermionic second quantization

Now we shall consider the average energy when the one-particle Hilbert space is H = C.
We denote by Z = Tr(eP%'Px) the partition function. Then

Z=1+ePVNon
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According to (3.2.1),

X2 —pu
l1+e W‘z‘”.

Interestingly, this is just the first part on the right-hand side of our von Neumann entropy
formula (3.4.1).

d
(drp,) =~ (log2) |ﬁ:] -

We denote this function by u,(x),

X2 —pu

Now let us consider the function uy(x) first. Since we have the expansion

uy(x) =

_ X _ N 1\t —nx
u(x) = g = ) (D" e ™, (3.4.24)

n=1

and (cf. e.g. [7])
1 « n? t\ 2
\/}e_"ﬁ = —f 2= - = |e e dt,
Vi Jo 42

u (x)—i(_l)nﬂi °°t_5/2 n_2_£ e_%e_t(xz_”)dt
a Vi Jo 4 2 .

n=1

we obtain

When p < 0, using the Fubini theorem, we can exchange the infinite sum and the integral,
so that

1 0 - I’l2 t n? 2
u,(x) = —f 2y (=1t (— - —) e T Wy x> 0.
1 \/E 0 HZ:; 4 2

Let

r,(t) = Lt_s/2 f:(—l)’“rl (n_2 - £) o et
H \r — 4 2

Then we obtain the following expression for the Laplace transform of r,,:

1, ( Vx) = f ru(He " dt, u<0, x=>0.
0

Therefore, the function u,( vx) is a well-defined spectral action function. Notice that here
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we can not take the chemical potential u = 0, since the function uy(x) is singular at x = 0.

L o U S B |
-10 -5 5 10

(a) The image of up(x) (b) The image of u_q ((x)

Figure 3.1: The image of uy(x) and u_g ;(x)

When a < 0, the spectral action coefficient of #“ is given by

1 « 2 «
w,(a) = —f w,(Vx)x ¢ ldx = —f u, (x)x > dx.
! M-a)Jo ™" [(-a) Jo "
Using Lemma 3.4.4, we can express w,(a) as follows:

Proposition 3.4.10 For any fixed chemical potential u < 0, the function w,(a) is given by

wy(a) = Gy Z(—l)" (Za n”_%K_M% (n ﬁ) — s HK_a_% (n ﬁ)) ,
n=1

=
(3.4.25)

and moreover, it can be extended to an entire function in a.

Proof Taking any u < 0, and using the same argument as in the proof of proposition 3.4.6,
we can show that w,(a) can be extended to an entire function as well.

Now we want to find a more explicit expression for w,(a) using the Poisson summation
formula.

Proposition 3.4.11 For any fixed chemical potential u < 0, we can express w,(a) as

a-— 1) . (3.4.26)

n + 1)*n? (—ﬂ)—“% F( !

w/l(a) =I(a+ 1),,22_00 (2n + 1)212 _lJ)u+1 N 4 \/E
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Proof Using (3.3.7) and applying Poisson’s summation formula, we obtain, for any v > 0
and z > 0,

s S o § )
;( ' Kzm) = 2T (v+ 5| 22 Zw e i ) B (3.4.27)

When a > %, we can combine the above equation with (3.4.25), and after simplification,

we can deduce the equation (3.4.26). Now since w,(a) is an entire function, we conclude
that (3.4.26) is valid in the whole complex plane.
Now we want to see how the spectral action coeflicients w,(a) behave when u — 07.
Proposition 3.4.12 When the order a < 0, we have the limit
1-2a

mﬂ‘“f@a}.

lim w,(a) =
u—0"

When a = %, we have the asymptotic formula

I -logm+vy N log \/—u

w,(a) ~ , - 0.
(@) 2Vn 2T H
When a > %, we have the asymptotic approximation
@~ 22 oy - ) 0 (3.4.28)
wy(a) ~ —n a)— ———I'la- =], - 0. 4.
g 2a- 1 Ayr 2 H

Proof For a < 0, we have

. . 2 ” ~2a-1 2 N
lim w,(a) = lim —— u, (X)x dx = dx.
10~ -0~ I'(—a) Jy I'(=a) Jo 1+e*

Applying (3.4.24), we get

= x%(Q-2MT( - 2a)(1 - 2a) 2-21"%
fo Tred* ™ T(-a) = a1 " @

When a = 0, since
wﬂ(o) = u,u(o)’

we deduce that
lim w,(0) = lim u,(0) = 0.
pu—0- u—0-
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When a = 3, using Lemma 3.3.10, we see that

1

2’
1 [

@@ = —2= D=0 (V=R Kin V=) = Ko V=)
n=1

1 -logm+vy . log \/—u
2n 24m

When a > %, using proposition 3.4.11, we have the limit

u— 0.

. (—p) 2 1)) _ N !
#ILI(I)I_ (a)ﬂ(a) + Wr(d - E)) = r(a + l)n:Z_oo W
=T(a+1)(2-2"%)7{(2q)

2 _ 21—2a
= S -1 F .

From which (3.4.28) follows.

In particular, using proposition 3.4.12, we get the expansion of u( v/x) as follows:
\/} s 2 _ 21—211 ~
=—+ —1)' ————n"¢R2n)x".
(VD) = =5+ ) (' 5 = )

n=1

3.4.3 The negative free energy in the Fermionic Fock space

Since the free energy is the difference between average energy and von Neumann entropy,
in the case of Fermionic second quantization it is natural to define the spectral action func-
tion with respect to the negative free energy to be

Vu(x) = () — 1, (x) = log (1 te ‘/_-ﬂ) (3.4.29)

Proposition 3.4.13 When chemical potential u < 0, we have the following equation:

1 *® = 3 _n? 2
Vu(x) = —— —)" e e gy,
A)2ﬁ£2¥>

Proof Since

nx

1 1 —Xy — _1 n+li
m+e>;(>n,
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and

o0 2
e VE = 23_‘[ e ey,
T Jo

1 = e 3 _n? 2
v (x) = — —1) e e gy
W00 = 2 ﬁz; fo (1)

Now since u < 0, we can apply the Fubini theorem to get the equation (3.4.29).

we have

Therefore the function v,(/x) is a well-defined spectral action function when u < 0,
while when u = 0, vo( v/x) is not a well-defined spectral action function since it is singular

at x = 0.

L L L Il L L L L L L
-4 ) 2 4 -4 -2 2 4

(a) The image of vo(x) (b) The image of v_g 1(x)
Figure 3.2: The image of vy(x) and v_y 1 (x)

We denote by 4,(a) the spectral action coefficient of v,(x) of order a. For a < 0 we

have
1 o 2 (e
A(a) = e fo v#(\/})x_“_ldx:m fo v (0)x 2 dx. (3.4.30)

Using an argument similar to the subsection 3.4.2, we obtain the following proposition. We
omit the proof which is similar to the proof of proposition 3.4.10, 3.4.11,3.4.12.

Proposition 3.4.14 For a given chemical potential u < 0, we can get a spectral action
from the negative free energy of the Fermionic second quantization, and this spectral action

function is given by the function v,(+\/x), where

vu(x) = log(l +e xz_") ,
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The spectral action coefficients of v,(\x) are given by the following two functions:

|
—a+5

2 Lyt S e (),
n=1

A(a) = NE

and

_ o ¥ ! 1
(@) = —— n;((2”+1)2”2—#)“+ i F(a 2).

Moreover, for any fixed chemical potential u < 0, A,(a) is an entire function. When the
order a < 0, we have the limit

-2
. ‘-1 _,
lull}%l_ /lﬂ(a) = mﬂ' 6(261)
When a = 0,
lim 4,(0) = log 2.
u—0"
When a = %, we have the asymptotic expansion:
1 1 - log +/—
ﬂﬂ(_)w ogn—y _log v7 h O
2 21 24/n
When a > % we have the asymptotic approximation:
2—2a -1 (_/J)—a+% 1
A ~——1%QRa)+ ——T |a - =|, 0.
M@~ G 0+ T (a=3). uo

Also, we can expand vo( \[x) as

s 2—2n _

ﬁ n 1 —n n
vo( Vi) = log2 — ==+ ;(—1) e

3.5 The case of Bosonic Fock space

As in the case of Fermionic Fock space, we can also define the spectral actions in the case
of Bosonic Fock space. Let H = C be the 1-particle Hilbert space. Then the Bosonic
Fock space is given by F,.(H) = @@ H". Let D : H — H be the Dirac operator on H.

n=0
We denote by H = D? the corresponding Hamiltonian operator. If the spectrum of D is
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o (D) = {x}, x€ R, then obviously o-(H) = {x?}. Let u < 0 be the chemical potential, and

let D, = VH — 1. The spectrum of dI'D, is 0(d'D,) = {n/x>* —pu :n=0,1,2,3,---}.
Since the chemical potential u < 0, we can define a density matrix

oD,

p= Tr (e=Px)’

3.5.1 The von Neumann entropy in the Bosonic second quantization

We define a function k,(x) by

ku(x) = S(p) = —Tl‘(plogp) = ——‘XZ_/J _ log(l _ e—\/ﬂ).

1 —eV¥n

In the Bosonic Fock space case, we cannot take the chemical potential u = 0, since the
function ky(x) is singular at x = 0:

Lemma 3.5.1 The function ko(x) is an even positive function of the variable x € R\{0},

and its derivative is
X

K(x) = —————.
() 4 sinh*(%)

(a) The image of ko(x) (b) The image of k_g.1(x)

Figure 3.3: The image of ko(x) and k_¢ 1(x)

Compare this to the function /((x) in section 3.4.1, or the function A(x) in [3], where

X

ho(x) = —m-
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Similar to /g(x), we shall prove that the function ko( 4/x) is also given by the Laplace trans-
form when x # 0. To prove this, we need the following lemma(compare this with Lemma
4.2 in [3]):

Lemma 3.5.2 For x> 0,

Z (2rn)? — x _ 1
= () + 27 4ginh%( )

Proof We use the Eisenstein series [3]

2 :
— (mn + x)? sin® x’

in conjunction with
sinh x = —i sin(ix).
Thus
1 3 1

4sinh?(L)  4sind(E )

e

4(mn + l—

~ Z (2nn)* — x
((27n)? + x)*

Now since one has the equation

00 2 )
f (2(271'71)21‘ — 1) e—(27m)2[—txdt — L}g,
" ((2n)* + x)

by the Fubini theorem we have the formula

—tx _ —(27n)?t
—4 — f f(e™dt,  f@t) = ;(2(2ﬂn)t 1)e ,

when x > 0.
Now we have the following lemma:

Lemma 3.5.3 Let
(o) = Z (2@an)’t - 1) =™,

nez
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The function f(t) is rapidly decreasing as t — 0.

Proof Consider the theta function
o) = Z e,
nez

Let
g(t) = =2t6'(t) — 6(¢).

We have f(t) = g(4nt). Thus it suffices to show that g(¢) is rapidly decreasing as t — 0*.
Now, using the Jacobi inversion formula,

I (1
0=3[i)

we have
— oL gy L (L) 2
g(0) = 2t( 5t e(t) \ﬁe(t)r ) 0 (3.5.1)
:t_l/ZH(%)+2t_3/20'(% — (5 (3.5.2)
=213y (%) (3.5.3)

Sinceast — 0%, ¢ (%) is rapidly decreasing, g(¢) is rapidly decreasing, and also the function
f(¢) is rapidly decreasing as t — 0*.

Thus we have the following proposition:

Proposition 3.5.4 When x > 0, one has

ko(x) = f " f(oat, (3.5.4)
0
where N
and 0 |
fiy="7=5 Z (2Qany’t - 1) e,

nez
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Proof According to Lemma 3.5.3, f(¢) is rapidly decreasing as t — 0*. Thus when x > 0,
the integral on the right hand side is well-defined. We denote the integral on the right hand
side of (3.5.4) by k(x). We have

0.k(x) = —2x f et f(H)dt = .x 5— = —0.ko(x), (3.5.5)
0 4 sinh” 2

2
and since both ko(x) and k(x) approach to O when x — oo, thus ky(x) = k(x).
Thus immediately we have

Proposition 3.5.5 When the chemical potential u < 0, for all x € R,

k(%) = fo e iy,

where

Ju® =& f(0) = 62—/: Z (2(27m)2t - 1) e~

nez

For the Bosonic Fock space, we can get similar results as in the Fermionic Fock space
case. The main difference between them is that we get alternating sum from Fermionic
second quantization, while we get just a sum in the Bosonic second quantization.

Lemma 3.5.6 When v > —1, one has the integral formula

0 v T v+ s
v _ Z+1 5 3K, _
f(; k,(x)x"dx = (=pu)*7°2 —\EF( > ) E nKxp (n \/ ,u) ,

n=1

and .
f k,(x)x"dx ~T'(v+1)(v+2){(v +2)
0

aspu— 0.
Proof The proof of this proposition is the same as the proof of the Lemma 3.4.5.

We denote by y,(a) the a—th order spectral action coefficient of k,,( v/x), that s,

Xula) = f ) I ﬁ(t)dt = f ) e f()dt.
0 0

Similar to the proposition 3.4.6 and proposition 3.4.7, we have the following proposition:
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Proposition 3.5.7 For a fixed chemical potential u < 0, we can express the a—th order
spectral action coefficient of k,(/x) as:

[ee)

_ | S —443 a+i
Xul@) = =27 Z] nK s (nvp). (35.6)
and .,
I'a) v~ 2a—-1D2n)*7* + u
= — 3.5.7
)(“(a) 2 — ((zn)zﬂz _ /1)“+1 ( )
Moreover, the expressions (3.5.6) and (3.5.7) both are entire functions of a € C.
Proof The proof is similar to the proof of proposition 3.4.6 and proposition 3.4.7.
Now let us investigate the behaviour of y,(a) when u — 07.
Proposition 3.5.8 When a < 0, we have the limit
—2a
lim y,(a) = - n%2a).
p—0" a
When a = 0, we have the asymptotic expansion
Xu(0) ~ 1 —log vV—p, u— 0. (3.5.8)
1 . .
When a > 5, we have the asymptotic expansion
272 I'(a) _a _
Xula) ~ = P §Qa) + T(—,U) ; u— 0.
Moreover, we have the expansion of ko(x) as follows
logx <« £Q2n)x"
k =1- + —ym 2 359
o( V) = Zl( I S (35.9)

Proof When a < 0, using the equation (3.5.6) and Lemma 3.3.3, we have

—2a+1

3
V= F(—a+ 5)((—2a+ 1)

1 2—2a+] 1
= (—a+ —) V= F(—a + 5)((—2a+ 1)

n%(=2a +1).

Aﬂt(a) ~

—2a

a
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Now since &(—2a + 1) = £(2a), we have that

—2a

lim y,(a) = —
u—0-

When a = 1, using Lemma 3.3.10, we have

! VA
XN( ) \/_ZnKl(n\/_)N_F N
When a > %, according to proposition 3.5.7,
['(a) 0 _ () (2a — 1)(2n)’n* + u
,u(a) - _(_ ) Z (2’,1)27.[2 )a+l '

n#0

Taking the limit of both sides,

r 2a -1 Q-2
i (1@ - S ): (“)Z o =~ 8 (a)

we get the asymptotic expansion

2—2a
X(@) ~ =1 €(2a) + S w0

Since when a = n is a positive integer,

xulm) = (=17 (V)|

b

we have

n 22 - 1!
(V)| _, ~ -1y (— —rrgm + 1 )(—u)‘”), 0

Thus we can expand ky( v/x) as

ko(\/})_c—ﬂ Z( 1)n+1 f(zn) x" *

22n m™n

where c is a constant. To find the value of ¢, we can simply take lil% (ko( Vx) + logx) that
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is,

1 I
cz}ci_r%(ko(\/;)+ °§x) :1133(—1 _‘/jf ~log(1-e ) + °§x) 1.

Then we get the expansion of ko( v/x):

2 22ngnp )’

ko(VE) = 1 — log x 4 Z(_l)m m (3.5.10)
n=1

where &(s) is the Riemann’s & function.

Since when the order a = 0,

Xu(0) = ky(0) = ko(v/=p0),

according to (3.5.9) we can deduce the asymptotic approximation of x,(0):

Xu(0) ~ 1 —log =g, u—0". (3.5.11)

3.5.2 The average energy in the Bosonic second quantization

As in the case of Fermionic second quantization, if we take the one-particle Hilbert space
to be H = C, we get the partition function

Z = Tr(e_ﬁdm“) = T
1 —e PV

Then by the formula (3.2.1),

0 X2 —pu
dr'D,) = —— (logZ =
(@rp,) =~ (log2)| =
We define p,(x) by
X2 —pu
pule) = ———=
! 1 —eV¥n

As with the discussion in section 3.4.2, with the chemical potential ¢ < 0, the function
pu(x) is given by the following Laplace transform:

Pu( V) = f sutedt,  u<0, x=0, (3.5.12)
0
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where
)= —t — — = |e"Te,
8,(7) V= HZ:; ) e He
Unlike the Fermionic second quantization, here we cannot take u = 0, as the integral on
the right-hand side of the formula (3.5.12) does not converge. This is consistent with the
fact that py(x) is singular at x = 0.

L P RS S S ! L o 1y !
-10 -5 - 5 10 -10 -5 5 10

(a) The image of po(x) (b) The image of p_g 1(x)

Figure 3.4: The image of py(x) and p_g(x)

When the order a < 0, we denote by «,(a) the spectral action coefficient of the spectral
action function p,( v/x), namely,

o 5 e
G’#(Cl) = mﬁ pu( \/})x_a_]dx = mf(; pﬂ(x)x—la—ldx.

Using the same argument as in section 3.4.2, we have

Proposition 3.5.9 For any fixed chemical potential u < 0,

_a+,

a,a) = —— —u)

-M

Z PVEHK o (ny=H) - 2an K, (nVR)). (3.5.13)

and it can be extended to a holomorphic function on C. Thus this formula gives the spectral
action coefficients of all orders. Moreover, we have yet another expression for a,(a):

> (3.5.14)

_ > Cn)r? () 1
Wl = e+ D,,Z; (@ - 4R F(“ )

and it can also be extended to an entire function for any fixed chemical potential u < 0.
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When the chemical potential 1 — 0~, we have the following proposition.

Proposition 3.5.10 For a fixed order a < 0, we have

1-2a

11m ay(a) =

50~ 1- 2aﬂ_a§(2a)'

Fora = 2, we have the asymptotic expansion:
(1) —y —1+log(4n) log v ~
aﬂ bl B - s l‘t - O .
2 RV 2+/m
For a > 3, we have the asymptotic approximation
21—2a . (_11)—a+% 1 _
a,(a) ~ 1—2a7r §(2a)+WF(a—§), u—0".
Moreover, we have the expansion of po( \/x)
l 2n
po(Vx) =1- = Z( D' ﬂ‘”f(Zn)—-

3.5.3 The negative free energy in the Bosonic second quantization

Similar to the Fermionic second quantization, we define the spectral action function with
respect to the negative free energy in the Bosonic second quantization to be

) = -og 1 - V).

It is obvious that the chemical potential must be negative, u < 0.
We denote by 3, (a) the spectral action coefficients of g, ( /x); namely,

1 0 e 2 0 g
Al = 5 fo (VDX dx = £ fo gu(0)x .

Using the same argument as before, we deduce that

Proposition 3.5.11 For any fixed chemical potential u < 0, ,(a) is an entire function.
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(a) The image of go(x) (b) The image of g_¢.1(x)

Figure 3.5: The image of gy(x) and g_¢1(x)

Moreover it has the following two explicit expressions:

—a+1 0

2(—/1)‘%211“ K .1 (V7).

IB,u(a) = \/7—1_ Z
and |
T < 1 SO 1
B}l(a) = 5 n;)o ((21’1)27(2 —,u)“ 4\/7__[ F(Cl 2).

When u — 07, the behaviour of the spectral action coefficients is as follows

Proposition 3.5.12 For any order a < 0, we have

-2a..—a

lim By(a) = - a),
When a = 0,
B.(0) ~ —log -4, u—0.
When a = %,
5 (1) _y—loglm log v =~ Vx Lo
“\2 2Vr r ave MO
When a > %,
2 M) e () ( _ 1) S0
Bula) ~ 2a )§(a) —— (=) 4\/EFa2, u—0".

105
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Moreover, we have the expansion of qo( \/x) as follows:

Vx logx <« 2" g X"
+ Y ey =T ot
;( i C U

CIO(‘/;):T_ > )




Appendix C

Spectral action basics

In this appendix we shall briefly recall the spectral action principle, originally formulated
by Chamseddine and Connes [2]. Assume (A, H, D) is a finitely summable regular spectral
triple with simple dimension spectrum, The spectral action is defined as

Tr(f(D/A)),

where f(x) is a non-negative even smooth function which is rapidly decreasing at +oo,
and A is a positive number called mass scale, or cutoff. Note that f(D/A) is a trace-class
operator. We denote by y(x) = f(+/x), and assume that y(x) is given as a Laplace transform

x(x) = f e g(s)ds,
0
where g(s) is rapidly decreasing near O and co. We also assume that there is a heat trace

Tr (e_’Dz) ~ Z ayt®, t — 0,

a

expansion

It was proved in [2] that the spectral action has an asymptotic expansion for A — oo,
namely,

Tr(y(D*/A)) ~ Z a A f s?g(s)ds.
0
When a < 0, by the Mellin transform,

1 (o)
Sa — f e—sxx—a—ldx‘
I'(—a) Jo
107
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Thus the spectral action coefficient is

j:o sYg(s)ds = ﬁ j;m)((x)x_“_ldx.

When « = 0,
f g(s)ds = x(0).
0

When a > 0, the spectral action coefficient fooo s%g(s)ds is of order A~!. Thus we get
2 - 1 * —a—1 -1
Tr(y(D?/A)) ~ Z oA —— | (0)x ' dx + agy(0) + OA™), A — c.
o I'(-a) Jo

And when « = n is a positive integer, since (d,)"(e™*") = (—1)"s"e™**, we have that

fo $g(s)ds = (~1)" ( fo @)"(e‘”)g(s)ds) - (C1"(0).

x=0
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Chapter 4

Conclusion

In noncommutative geometry, the geometric information is encoded in a spectral triple
(A, H, D). If we take

A=C(T), H=LXT,, QT), D=d+d,
where d* is determined by the metric over T, then the spectral triple
(C(Ty), LX(T,, Q°T;),d + d")

encodes all the geometric information of this given noncommutative three-torus. By com-
puting the coefficients a,(4¢) and a,(A;), we can get the Ricci density under the given
metric, which is given in section 2.3.2 and section 2.4.2. Moreover, we can obtain the
scalar curvature as a byproduct, which is given in section 2.3.1 and section 2.4.1.

On the other hand, in the noncommutative geometry setting, we would like to get a good
notion of an action functional, which can be associated to an arbitrary finitely summable
spectral triple that depends only on the spectrum of D. The spectral action

Tr(f(D/N)

is a suitable construction of such an action functional. Moreover, by doing the second

D

. . . . 2_ . .
quantization, we can obtain the second quantized operator e # where u is the chemi-

cal potential. When the partition function Z = Tr(e/" ‘/DZ_"‘) < oo, we can obtain a density
matrix p. We can interpret the entropy, average energy, and negative free energy of p as
the spectral actions of the Dirac operator D with the help of the chemical potential p. It is
worth to mention that the spectral action coefficients deduced from the Bosonic /Fermionic

110
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second quantization are very similar to each other. For instance, The spectral action coef-
ficients of the entropy via Fermionic second quantization given in Proposition 3.4.9 can be
expressed by an alternating sum of modified Bessel functions of the second kind, while the
spectral action coeflicients of the entropy via Bosonic second quantization given in Propo-
sition 3.5.7 can be expressed by the sum, instead of alternating sum, of the same terms.
This phenomenon reflects the difference between the anti-symmetric property of Fermionic
second quantization and the symmetric property of Bosonic second quantization.
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