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Abstract

Let X be a simplicial object in a small Grothendieck site €, and let G be
a sheaf of groups on C. We define a notion of G-torsor over X, generalizing a
definition of Gillet, and prove that there is a bijection H'(X,G) = [X, BG],
between the set of isomorphism classes of G-torsors over X, and the set of maps
in the homotopy category of simplicial presheaves on € with respect to the local
weak equivalences. We prove basic results about this invariant, including an
exact sequence in non-abelian cohomology associated to a central extension of
sheaves of groups, as well as a characterization of the sheaf cohomology group
H?(BG, A), with coefficients in a sheaf of abelian groups A, in terms of central
extensions of G by A.

It is well-known that, if k is a perfect field, the motivic cohomology of the
classifying space BGl,, is a polynomial algebra over the motivic cohomology of
k; we give a proof that takes advantage of this theory of torsors over simplicial
schemes.

Finally, using the work of Vistoli, we prove that, working over the complex

numbers, the map in Chow groups

H*(B4PGl,, Z(x)) — H*(BxisPGL,, Z(*))

is injective, when p is an odd prime.
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Summary for lay audience

Algebraic groups are important objects of study in Algebraic Geometry.
An important example for this thesis is the projective linear group PGl,,
which is the algebraic group that encodes the automorphisms, or symmetries,
of projective space of dimension n — 1. There are various ways to construct
“classifying spaces” for algebraic groups; if one can calculate the cohomology
of the classifying space of an algebraic group, then one has found universal
characteristic classes for the algebraic structures whose automorphism groups
are given by that group.

This thesis presents results concerning the cohomology of the classifying
spaces of algebraic groups. We begin in Chapter 2 by proving some basic
results in a very general setting, where the classifying space is constructed using
simplicial methods from Algebraic Topology. This simplicial construction has
a long history, and the results of this part of the thesis are connected to work
of Jardine, and earlier work of Giraud and Breen.

The general linear group plays a central role in the theory of algebraic
groups; in Chapter 3, we study the motivic cohomology of its classifying space.
The results of this chapter are not new, but this presentation has not appeared
in print before. And, the ideas involved illustrate ways in which the results of
Chapter 2 can be applied.

Finally, in Chapter 4, we prove a theorem about the relationship between
the motivic cohomology of two different notions of classifying space for the
projective linear group PGl,, where p is an odd prime. These two notions
of classifying space correspond to the Nisnevich and étale topologies, respec-
tively. To the best of my knowledge, the motivic cohomology of the Nisnevich
classifying space has not before been studied in the literature, except in the

rare cases in which it coincides with that of the étale classifying space.

il



Acknowledgements

I would like to thank my supervisor, Rick Jardine, for his help with the ma-
terial of this thesis, but also for his advice and encouragement on all of the
mathematical projects that I have worked on at the University of Western
Ontario. I would also like to thank Dan Christensen, Chris Kapulkin, and
Aji Dhillon for their advice on a variety of mathematical topics during my
time here. Finally, I would like to thank James Richardson for several helpful

discussions on topics related to this work.

v



Contents

Abstract

Summary for lay audience
Acknowledgements

Introduction

1 Background on motivic cohomology

2 Torsors over simplicial objects

3 The motivic cohomology of BGIl,

4 The Nisnevich classifying space of PGI,

References

ii

iii

iv

17

42

63

72



Introduction

Let’s begin with an example. Over a field k, the algebraic group Gl,, represents
a sheaf of groups on the Zariski site Smy, of smooth k-schemes: Gl,,(5) is the
group of invertible n X n matrices with entries in the ring of global sections of
the scheme S.

A simplicial (Zariski) sheaf on Smy, is a functor Sm;” — sSet that satisifes
the usual patching criterion with respect to Zariski-open covers. An example
of such an object is the classifying space of the sheaf of groups Gl,,, which is
the composite

Gl, B
SmY = Grp — sSet .

Here, B is the nerve, or classifying space functor. This simplicial sheaf deserves
its name, because there is a bijection H'(S, Gl,) = [S, BGL,], between the set
of isomorphism classes of vector bundles over S, and the set of maps in the
homotopy category of simplicial sheaves on Smy, formed with respect to the
Zariski-local equivalences.

This is a special case of a very general result of Jardine [Jar89], but it is
also a manifestation of something very concrete. A rank n vector bundle V
over a scheme S can be given by the data of a Zariski-open cover {U;} of S,

and transition functions 7;; € Gl,(U; N U;) satisifying the cocycle condition

Tk

U;nU;nUy, © T UinU;nU, = Lik|U;nU;NUy -



The Cech nerve of the cover {U;} is a simplicial scheme U, with

n

U= || Uyn---n0U
(40;+--,in)

and face maps given by the obvious inclusions. The natural map U — S of
simplicial schemes is a Zariski-local equivalence. Moreover, the data of the
transition functions is exactly what’s needed to define a map f : U — BGI,.
In simplicial degree zero, fy is the unique map to the terminal sheaf, and in
degree 1, the transition functions determine maps U;NU; — Gl,,, which define
f1. Because of the cocycle condition, the maps (T;;,T;x) : U, NU; N U, —
Gl, x Gl, define a map fy : Uy — (BGl,)s such that f; and f; commute
with the simplicial structure maps. The simplicial sheaf BGl, is 2-coskeletal,
because the nerve of any category is 2-coskeletal, so this determines the map
f:U — BGl,. The diagram S < U EN BGl, gives the map in the homotopy
category S — BGI, corresponding to the vector bundle V.

In [Gil83], Henri Gillet defines a notion of vector bundle over a simplicial
scheme. Using this definition, one can define a universal rank n vector bundle
over the simplicial scheme BGl,, so that the pullback of this universal vector
bundle along the classifying map f : U — BGI, gives a vector bundle over
U, which coincides with the pullback of V' along the Zariski-local equivalence
U—S5S.

Now, for any sheaf of groups GG on a site C, the classifying space construc-
tion gives a simplicial sheaf BG, which classifies G-torsors in a sense analogous
to the classification of vector bundles by BGl,; this is the theorem Jardine
proved in [Jar89]. These classifying spaces BG are the main subject of this
thesis.

Let X be a simplicial object in €. In Chapter 2, we define a notion of



G-torsor over X, generalizing Gillet’s definition, and prove that there is a
bijection H'(X,G) = [X, BG], between the set of isomorphism classes of G-
torsors over X, and the set of maps in the homotopy category of simplicial
presheaves on C, formed with respect to the local weak equivalences. And, we
prove some basic results about this invariant, including an exact sequence in
non-abelian cohomology associated to a central extension of sheaves of groups,
as well as a characterization of the sheaf cohomology group H?*(BG, A), with
coefficients in a sheaf of abelian groups A, in terms of central extensions of G
by A.

It is well-known that, if k is a perfect field, the motivic cohomology of the
classifying space BGl,, of the k-group Gl, is a polynomial algebra over the
motivic cohomology of k; this calculation appears in a paper of Oleg Pushin
[Pus04]. In Chapter 3, we give a proof of this result that takes advantage of
the motivic model structure on simplicial presheaves with transfers, which is
recalled in Chapter 1, as well as the theory of torsors over simplicial schemes
developed in Chapter 2. Both Pushin’s argument and the argument of Chap-
ter 3 make use of vector bundles over simplicial schemes: the key step is
showing that the map EGl, xq), P* ! — BGIl,, from the Borel construction
for the action of Gl,, on projective space, induces a monomorphism in mo-
tivic cohomology; the Borel construction EGl, Xg1, P"~! can be seen as the
projectivization of the total space of the universal vector bundle over BGl,,.
Better understanding the homotopy theory of these vector bundles was the
original motivation for the work of Chapter 2. Making use of the homotopy
classification of torsors established there, we extend Pushin’s monomorphism

in motivic cohomology to an identification of motivic homotopy types

Z(EG, xg1, P") ~ Z,,(BGl, x P* 1),



after applying the free presheaf with transfers functor Z,,.

In motivic homotopy theory, it is typical to give the category Smy the
Nisnevich topology. Then, if G is a Nisnevich sheaf of groups on Smy, the
classifying space BG constructed using the nerve functor B : Grp — sSet
classifies the Nisnevich G-torsors. So, in this context, we’ll denote this con-
struction by ByisG. Following Morel and Voevodsky [MV99], if G is an étale
sheaf of groups on Smy, let B.tG be the Nisnevich homotopy type of an étale
fibrant model of ByisG. The object By G is called the étale classifying space

of GG, as it classifies étale G-torsors, in the sense that there is a bijection

Helt<Sv G) = [S, BetG]Nis

for any S in Smy. Up to motivic weak equivalence, the étale classifying space
B.G of a linear algebraic group G is a sequential colimit of smooth k-schemes;
this is a result of Morel and Voevodsky [MV99, Proposition 4.2.6].

There is a canonical map in motivic cohomology

H* (B G, Z(*)) — H*(BnisG, Z(%))

induced by the map ByisG — BetG. Using the work of Angelo Vistoli [Vis07],
in Chapter 4, we prove that, working over the complex numbers, and restricting

attention to the Chow groups, the map

H** (B4 PG, Z(*)) — H*(BxisPGL,, Z(*))

is injective, when p is an odd prime.



Chapter 1

Background on motivic

cohomology

1.1 Simplicial presheaves with transfers

Let k£ be a perfect field. In this section, we define the additive category Cory
of finite correspondences, as in [MVW06], and the motivic model structure on
simplicial presheaves with transfers, as developed in [RO08| and [Jarl5].

Let Smy be the Grothendieck site of smooth, separated k-schemes, with
the Nisnevich topology.

If X and Y are schemes, with X connected, an elementary correspondence
from X to Y is an irreducible, closed subset of X xY whose associated integral
subscheme is finite and surjective over X. An elementary correspondence
from a non-connected scheme X to Y is an elementary correspondence from
a connected component of X to Y. Let Cor(X,Y) be the free abelian group
generated by the set of elementary correspondences from X to Y. We'll call
the elements of C'or(X,Y") finite correspondences.

If f:X — Y isamapin Sm; and X is connected, then the graph of f
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defines an elementary correspondence from X to Y. If X is not connected,
then the sum of the components of the graph of f is a finite correspondence.
The additive category Cory has the same objects as Smy, and for any schemes
X,Y, the group Cor(X,Y) gives the morphisms from X to Y. The law of
composition is defined via the intersection product, see [MVWO06, p4]. There
is a functor v : Smy — Cory that is the identity on objects, and takes a

morphism of schemes to its graph.

Definition 1.1.1. A presheaf with transfers is an additive functor Cor;” —
Ab. We'll write PST(k) for the category whose objects are presheaves with
transfers, and whose morphisms are natural transformations; we’ll write s PST (k)

for the category of simplicial presheaves with transfers.
There is a free-forgetful adjunction, defined sectionwise:

z
sPre(Smy) sPrez(Smy)

u

where the left-hand side is the category of simplicial presheaves (ie, functors
Sm;” — sSet), and the right-hand side is the category of simplicial abelian
presheaves (ie, contravariant functors Sm;” — sAb).

There is a functor 7, : sSPST(k) — sPrez(Smy) that is defined by com-

position with v, and this functor has a left adjoint
7" sPreg(Smy) — sPST(k)
which is the left Kan extension determined by
YN(Z(A") ® Z(hom(—,U))) = Z(A") @ Cor(—,U) .

We'll use Zy, : s Pre(Smy) — sPST(k) to denote the composite v* o Z.
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1.1.1 Model structures

In order to define the motivic model structure on sPST(k), we begin with

some important definitions, following [MV99] and [Jarl5].

Definition 1.1.2. An elementary distinguished square in Smy is a pullback

diagram
UxgV——V
b
U S

J
with j an open embedding, p an étale morphism, such that the induced mor-
phism p~!(S — U) — S — U of closed subschemes (with reduced structure) is

an isomorphism.

Definition 1.1.3. A simplicial presheaf X on Smy has the B.G.-property if

X (0) is contractible, and the diagram of simplicial sets

X(U)—= XU x5V)
is a homotopy pullback for all elementary distinguished squares in Smy.

Recall that the projective model structure on s Pre(Smy,) has the section-
wise Kan fibrations for fibrations, and the sectionwise weak equivalences for
weak equivalences. The cofibrations are defined by the left lifting property,
and are called projective cofibrations. Now, we’ll describe a localization of
the projective model structure that has the Nisnevich-local equivalences for
weak equivalences; this is [Jarlb, Example 7.22]. Let F be the smallest set of

projective cofibrations of s Pre(Sm;) that contains

1 All the generating trivial cofibrations for the projective model structure,
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which are the maps of the form:

A} x hom(—,U) — A" x hom(—,U)

2 Projective cofibrant replacements of the maps

UUUXS\/V—>S

associated to all elementary distinguished squares

3 The map
) — hom(—,0)

from the empty simplicial presheaf to the presheaf represented by the

empty scheme

and such that F satisfies the closure property: if A — B is a member of F,

then so are all cofibrations

(Bx0A")U(AxA") — B x A",

Using the methods of [Jarl5, Ch 7], we can form the left Bousfield localization

of the projective model structure on s Pre(Smy) with respect to F.

Proposition 1.1.4. A map f: X — Y of s Pre(Smy,) is an F-local equiva-

lence if and only if it is a Nisnevich-local equivalence.

Proof. First, we’ll show that if Z is F-fibrant, then Z has the B.G.-property.

Let (j: U C S,p:V — S) be the data of an elementary distinguished
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square, and choose a factorization

N
UxgV V

such that 7 is a projective cofibration, and f is a sectionwise equivalence. To

show that the diagram

Z(U) —= Z(U x5 V)

is a homotopy pullback, it suffices to show that the induced map

hom(S,Z) — hom(U Uyx.v Y, Z)

of simplicial sets is an equivalence, and this follows from the fact that a pro-
jective cofibrant replacement of the map U Uy v V — S'is in F.

As Z has the B.G.-property, it follows from a theorem of Morel-Voevodsky
(see [MV99, Proposition 1.16], and [Jarl5, Theorem 5.39]) that there is a
sectionwise equivalence Z — Z’ such that Z’ has the right lifting property
with respect to all monomorphisms that are Nisnevich-local equivalences.

Now, if f : X — Y is a Nisnevich-local equivalence, we can replace f up to
sectionwise equivalence with a map f. : X. — Y. between projective cofibrant
objects. For any F-fibrant object Z, the map f : hom(Y,, Z’) — hom(X,, Z)
is an equivalence of simplical sets, and therefore f* : hom(Y,, Z) — hom(X,, Z)
is as well. It follows that f is an F-local equivalence.

Conversely, say f : X — Y is an F-local equivalence. Then, by the

construction of the F-local model structure (see [Jarl5, Theorem 7.10]) there
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is a diagram

X Y
|

such that L X and LY are F-fibrant, the map Lz(f) is a sectionwise equiv-
alence, and the maps 7,7’ are in the saturation of F. As all the maps in F
are Nisnevich-local equivalences, it follows that f is a Nisnevich-local equiva-

lence. O

Let Fu1 be the set obtained by adding to F the O-section U — A! x U
of the affine line, for all smooth k-schemes U. We can localize the projective
model structure on sPre(Smy) with respect to Fui, and I'll call the result
the projective motivic model structure. To see that the F,:1-local equivalences
coincide with the motivic weak equivalences® observe that a JFui-fibrant sim-
plicial presheaf Z has the B.G.-property, and the map Z(A' xU) — Z(U) is a
weak equivalence for all smooth k-schemes U. It follows that a motivic fibrant
replacement Z — Z' is a sectionwise equivalence, and then one can argue as
in the proof of Proposition 1.1.4.

For later use, we record a lemma about motivic weak equivalences:

Lemma 1.1.5. If f : X — Y is a map of simplicial presheaves such that each
map fn : X, — Y, is a motivic weak equivalence, then f is a motivic weak

equivalence.

Proof. The statement follows from the assertion that, for any map X — Y
of bisimplicial presheaves such that each map X,, — Y, of vertical simplicial
presheaves is a motivic weak equivalence, then the induced map on diagonals

d(X) — d(Y) is a motivic weak equivalence.

1See [MV99], where the motivic weak equivalences are called Al-weak equivalences, and
are defined for maps between simplicial sheaves on the smooth Nisnevich site. See also
[Jarl5, Example 7.20].
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For this, recall that the motivic model structure on s Pre(Smy) has the
monomorphisms for cofibrations, and is therefore a category of cofibrant ob-
jects. Then, the assertion can be proved as the analogous assertion for bisim-

plicial sets (see, for example, [GJ09, Proposition IV.1.7]). ]

There is also a projective model structure on s PST (k). The fibrations and
weak equivalences are defined sectionwise, and the cofibrations are defined by
a left lifting property. By [Jarl5, Thm 8.48] we can localize the projective
model structure on sPST(k) at the set of cofibrations Z.(F), and I'll call
the result the projective local model structure. Similarly, we can localize the
projective model structure on s PST (k) at Z;,.(Fa1), and I'll call the result the
motivic model structure.

For later use, we record a lemma about projective cofibrations of simplicial
presheaves with transfers. The Dold-Kan functors NV : sAb — C'h (Ab) and I :
Ch4(Ab) — sAb can be used to define N : sPST (k) — Ch (PST(k)), where
N(X : Cori® — sAb) is given by No X, and I' : Ch, (PST(k)) — sPST(k)
is defined similarly. Then N and I' form an equivalence of categories.

As PST(k) is an abelian category with enough projectives [MVWO06, Theo-
rem 2.3], Ch, (PST(k)) has a model structure for which the weak equivalences
are the homology isomorphisms, the fibrations are the maps that are epimor-
phisms in positive degrees, and the cofibrations are the monomorphisms that
have degree-wise projective cokernels. We can use this to check if a map of

simplicial presheaves with transfers is a projective cofibration:

Lemma 1.1.6. A map f : A — B of simplicial presheaves with transfers is a
projective cofibration if and only if it is a monomorphism, and N (coker(f)) is

projective in each degree.

Proof. Say p: X — Y is a sectionwise trivial fibration of sPST(k), and we
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have a lifting problem

A——X
f P
B——Y

The map N(p) is a homology isomorphism which is epi in positive degrees, so
if N(f) is a monomorphism with N (coker(f)) projective in each degree, then
the lift exists in the image of the above diagram under N, and thus in the

original diagram. The converse is similar. O]

1.1.2 Tensor products

Let sPrez(Smy.) denote the category of simplicial abelian presheaves; it has

a closed symmetric monoidal structure, with

(A B)(U), = A(U),, @ B(U),

and

Hom(A, B)(U), = hom(A ® Z(U) ® Z(A"), B)

for all simplicial abelian presheaves A, B, all schemes U, and all n > 0.

The category Cory of finite correspondences has a symmetric monoidal
structure, given by cartesian product of schemes. Using this, and the de-
greewise tensor product on sAb, Day convolution defines a closed symmetric
monoidal product on s PST(k), which T'll denote by ®,.. It’s easy to check
that the free presheaf with transfers functor Zy, : s Pre(Smy) — s PST(k) is
monoidal with respect to the cartesian product on s Pre(Smy) and ®y,.

Furthermore, the product ®;,. and the motivic model structure make s PST (k)
into a monoidal model category [RO08, Lemma 10].

When we define the motivic cohomology groups, we’ll use the following
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notation from [Jarl5, Chapter 8§].

Notation 1.1.7. Let Z,(S') be the cokernel of the map Z(A") — Z(S!)
induced by the base point of S' = A'/OA!. For a simplicial abelian presheaf
A € sPrez(Smy) and n € N,

O"(A) = Hom(Z4(S")®", A) and

O (A) = A® Ze(SH"".

For all simplicial abelian presheaves A and n € N, there are natural weak

equivalences
[(NA[-n]) ~Q(A) and ['(NA[n]) ~ Q"(A).

where I and N are the Dold-Kan functors.

1.2 Motivic cohomology

The motivic cohomology groups are the Nisnevich hypercohomology groups of
some complexes of Nisnevich (even étale) sheaves with transfers. These groups
are representable in many derived categories, and there are many approaches

to constructing these categories. This section follows [Jarl5, Chapter §].

Definition 1.2.1. If K is a simplicial presheaf with transfers, then the singular

complex of K is

C.(K) = d(Hom,, (A}, K))

in sPST(k), where A}, is the cosimplicial scheme made up of the affine spaces
A} in the usual way, and d is the diagonal functor from bisimplicial abelian

groups to simplicial abelian groups.
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Notation 1.2.2. For a pointed simplicial presheaf (X,z) on Smy, write

Zy (X, z) for the cokernel of the map Zg, (¥) = Z, (X).

Definition 1.2.3. For ¢ € N, let Z(q) be the simplicial presheaf with transfers

Z(q) = Cu(Zu (G, €)) @ Zo(S)*7 .

where (,, is pointed by the identity element e.

Definition 1.2.4. For any simplicial presheaf X € sPre(Smy), and p €
Z,q € N,
HP(X,Z(q)) = [Z(X), 7P (1.Z(q)) s -

For any p € Z, q € N, a Nisnevich fibrant model of Q2777(v,Z(q)) is already
motivic fibrant. This follows from [MVWO06, Corollary 14.9]; see also [Jarl5,

Example 8.49]. So, there is an isomorphism

[Z(X), 7P (1. 2(q) nis = [Z(X), Q7P (1.2(q))]

for any simplicial presheaf X.
Finally, we can construct the cup product in motivic cohomology, following
[IMVWO06] and [Jarl5]. For any ¢,s € N, there is a canonical map [MVWO06,

Construction 3.10]:

Y Zitr (GN) @ 4, Zyy (G12) — 7, gy (GA4T9))

which induces a map

Z(q) @ Z(s) = Z(q + s)

For any p,r € Z, and for any simplical abelian presheaves A and B, there is a
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canonical map [Jarl5, Remark 8.36]:

QO P(A) @ Q(B) » Q7" (A® B).

These maps induce the cup product pairing

H?(X,Z(q)) ® H"(X,Z(s)) — H"*Y(X,Z(q + s))

for any simplical presheaf X.

16



Chapter 2

Torsors over simplicial objects

This chapter collects together several general results about torsors and non-
abelian cohomology. In Section 2.2, there is a definition of G-torsor over a
simplicial object X in a Grothendieck site C, for any sheaf of groups G on C,
as well as a homotopy classification of the resulting non-abelian cohomology
invariant H'(X,H). There is an exact sequence in non-abelian cohomology
associated to any central extension of sheaves of groups, and this leads us to
consider the cohomology group H?(X, A), where A is a sheaf of abelian groups
on C. In Section 2.3, we prove that, when G is a presheaf of groupoids on €,
there is a canonical bijection between the cohomology group H?(BG, A) and
a suitably defined set of equivalence classes of central extensions of G by A.
Finally, in Section 2.4, we use the results of Section 2.2 and Section 2.3 to
give a characterization of Hy, (BG, H), where H is a sheaf of groups on the
Nisnevich site Smy of smooth schemes over a field k, and G is an algebraic

group over k.

17
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2.1 Torsors

This section gives a quick introduction to the theory of torsors, following
[Jar15, Chapter 9].

Let € be a small Grothendieck site. If G is a sheaf of groups on €, and F
is a sheaf with G-action, we say that the G-action is free if it is free in each

section.

Definition 2.1.1. If G is a sheaf of groups on a site C, a G-torsor is a sheaf F’
with a free G-action, such that the canonical map F//G — * is an isomorphism

in the sheaf category.

If U is an object of a site €, we’ll say that a G-torsor over U is a G|y-torsor
on the site C/U.

There is a nice characterization of G-torsors in terms of the Borel con-
struction: if F' is a sheaf with G-action, the Borel construction EFG xg F is
the nerve of a sheaf of groupoids, which I'll call E4F': for an object U of €,
EqF(U) is the groupoid with Ob EqF(U) = F(U), and Mor EqF(U)(z,y) =
{9 € G(U)|gx = y}. Every sheaf of groups G acts on itself by the group

operation; in this case, we’ll write EG = FG xg G.

Proposition 2.1.2. If F' is a sheaf with G-action, then F is a G-torsor if and

only if the canonical map EG X F' — * is a local weak equivalence.

Proof. Because EG x g F' is the nerve of a sheaf of groupoids, all sheaves of 7,
vanish for n > 2. We have an isomorphism of sheaves 7o(EG x¢ F) = F/G.
If the G-action on F' is free, then all presheaves of fundamental groups of
EG xg F vanish, so the map EG xg F' — % is a local weak equivalence.
If the map EG xg F' — % is a local weak equivalence, then for any object

U of €, and for any f € F(U), the induced map of presheaves m(EG X
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Fl|u, f) = * is a local monomorphism. So, if g € G(U) satisfies gf = f, there
is a cover of U such that g restricts to the identity element on each member

of the cover. As G is a sheaf, ¢ is the identity. O
A map of G-torsors F' — F’ is a G-equivariant map.

Proposition 2.1.3. If G is a sheaf of groups on C, then the category of G-

torsors on C is a groupoid.

Proof. If f: FF'— F' is a map of G-torsors, there is an induced diagram

EGXGF = EGXGF/

~ 7

BG

The natural map from the Borel construction to BG is a local fibration, and
by [Jarl5, Lemma 5.20], pullback diagrams of simplicial presheaves in which
one leg is a local fibration are homotopy cartesian for the injective local model
structure. So, the induced map on fibres, which is f : F' — F’, is a local weak

equivalence of sheaves, hence an isomorphism. O

2.2 Torsors over simplicial objects

The central definition of this chapter was motivated by a definition of Henri
Gillet [Gil83, Example 1.1]. According to Gillet, if X is a simplicial scheme, a
vector bundle V' over X consists of a vector bundle V), over X, for all & > 0,
and for all ordinal number maps 7 : m — n, an isomorphism 7*(V,,) — V,,.
Furthermore, Gillet says that a vector bundle V over X is determined
by the data of a vector bundle V, over Xj, together with an isomorphism

o dyVy — diVy such that dja o dja = dja.
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We will use the following definition, which was suggested to me by Rick

Jardine.

Definition 2.2.1. Let C be a small Grothendieck site, GG a sheaf of groups on
G, and X a simplicial object in €. A G-torsor over X consists of a G-torsor F’
over Xy, together with an isomorphism « : diF' — diF' of G-torsors over X,

such that sjo = idp, and the relation
dyo o dyo = djo

holds over Xs. If (F,«) and (F’ ') are G-torsors over X, an isomorphism
(F,a) = (F', ') consists of an isomorphism ¢ : F' — F” of G-torsors over X,
such that the relation

dipoa=aodip

holds over X;.

Write 7 : 0 — n for the ordinal number map that takes 0 to i. For those who

like diagrams, the cocycle condition says that the following triangle commutes

*
d5a

0*(F) » 1%(F)

dia %

2°(F)

And, an isomorphism (F,«) — (F’,a’) consists of an isomorphism ¢ : F' — F’

such that the following square commutes

di(F) —255 di(F)

al l‘“'

d(F) —— dg(F")

0¥

Write H'(X, G) for the set of isomorphism classes of G-torsors over a sim-
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plicial object X, and let [—, —] denote the set of maps in the homotopy category

of s Pre(C), with respect to the injective local model structure.

Theorem 2.2.2. If G is a sheaf of groups on C, and X is a simplicial object
in C, then there is a bijection H(X,G) = [X, BG].

Before we prove the theorem, we’ll need some terminology.

Definition 2.2.3. Let C be a small Grothendieck site, H a presheaf of groupoids
on C, and X a simplicial object in €. We'll say that an H-mapping datum over
X consists of an object F' of H(Xj), together with a morphism « : d{F — djF’

in H(X), such that sja = idp, and the relation

* % _ %
dya o dsae = djo

holds in H(X,). If (F,«) and (F’,a’) are H-mapping data over X, an iso-
morphism (F,a) — (F’, ) consists of an isomorphism ¢ : F — F’" in H(X)),
such that the relation

dipoa=ad odly
holds in H(X;).

Let MD(X, H) denote the set of isomorphism classes of H-mapping data

over X, and let m(—, —) denote the set of simplicial homotopy classes of maps.

Lemma 2.2.4. If H is a presheaf of groupoids on €, and X is a simplicial

object in C, there 1s a bijection

MD(X, H) =« (X, BH) .

Proof. Say f : X — BH is a map. Then f; : Xo — Ob(H) corresponds to
an element ' € Ob(H)(Xy). The map f; : X; — Mor(H) corresponds to
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a € Mor(H)(X3), and fo : Xo — Mor(H) X+ Mor(H) corresponds to a pair
(B,7) € Mor(H)(X3) x5t Mor(H)(X2) (here, s and ¢ are source and target
maps).

We have d;a = d; F for i = 0, 1, and the restriction sja is the identity on

F'. Furthermore,

v =do(B,7) = djx
yo B =di(B,7) = di

ﬁ = d2(/877> = d;OZ

so we have dja o djo = djc.

A simplicial homotopy h : X x A! — BH between f, f' : X — BH can
be seen as a map X — B(H?'), where H' is the presheaf of groupoids with
HY(U) = Fun(1, H(U)) for all objects U of €. By adjointness, h corresponds
to a map h : 7(X x A!) — H from the fundamental groupoid of X x Al
As the fundamental groupoid functor respects products, and w(A') is the
free groupoid on the ordinal number 1, such a map is equivalent to a map
n(X) — H.

If f,f': X — BH are maps, (F,«) is the H-mapping datum over X that
corresponds to f, and (F’,a’) corresponds to f’, and h : X — B(H') is a
homotopy from f to f’, then hg corresponds to a map ¢ : F' — F’ in H(Xj),
which defines an isomorphism (F,a) — (F',a/).

Conversely, say (F,«) is an H-mapping datum over X. The object F €
Ob(H)(Xy) corresponds to a map fy : Xo — Ob(H), the morphism a €
Mor(H)(X;) corresponds to a map f; : X7 — Mor(H), and the pair (d5«, dia)
corresponds to a map fo : Xo — Mor(H) X Mor(H).

The maps fy, f1, and fo commute with the simplicial structure maps by
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the assumptions on (F,«). As BH is 2-coskeletal, because the nerve of any
category is 2-coskeletal, this suffices to define a map f: X — BH.

Say ¢ : (F,a) — (F',d) is an isomorphism of H-mapping data over X,
and let f: X — BH be the map defined from (F”,a’). There is a homotopy
h: X — B(H') from f to f’, where hy € Ob(H?')(X,) corresponds to the
isomorphism ¢ : F' — F', hy € Mor(H")(X;) corresponds to the commutative
square djpoa = o’od;p, and hy € Mor(H')(X5) X Mor(H?')(X3) corresponds
to the commutative squares 1*¢ o dja = da’ o 0*¢ and 2*¢ o djaw = djao o

1. [

Lemma 2.2.5. If g : H — H' is a sectionwise equivalence of presheaves of

groupoids, and X is a simplicial object in C, then the induced function
g« : MD(X, H) — MD(X, H')

s a bijection.

Proof. 1f (F,«) is an H-mapping datum over X, then (gx,(F), gx,(«)) is an
H’-mapping datum over X, and this assignment induces the function g,.

For any object U of €, the map gy : H(U) — H'(U) is an equivalence of
groupoids by assumption, so there is a map fy : H'(U) — H(U) with fy left
adjoint to gy. If ¢ : U — V is a map in €, there is a natural isomorphism

fuo@* = ¢* o fy, given by the following diagram

% ov ou /\ (2.1)

where 17 and € are unit and counit isomorphisms, respectively. Given compos-

able maps U 2V % Win C, the composition of the natural isomorphisms
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associated to ¢ and v is given by the following diagram

which is equal to the natural isomorphism associated to the composite 1) o
¢ by the triangle identity. In other words, the maps fy and the natural
isomorphisms of 2.1 define a pseudo-natural transformation f : H — H.

Say (F,a) is an H'-mapping datum over X. Let F' = fy,(F), and let

a: diF — diF be the composite

fX1 (@)

difxo(F) = fx,di(F) —— fx,dy(F) = dy fx,(F) -

Then, using the pseudo-naturality of f, (F',&) is an H-mapping datum over
X, and this assignment induces a function f, : MD(X, H') — MD(X, H).
The function f, is inverse to g.. We'll show that g. o f, is the identity on
MD(X, H'); the other direction is similar. Let (F, «) be an H'-mapping datum
over X, and define (F, @) as before. The unit 7y : F — gx, fx,(F) defines an

isomorphism (F, ) = (9x,fxo,(F), g9x,(@)): we have a commutative diagram

1gX0fX0 I gX1fX1 —g gX1fX1 I d()gXoon )

dimo di(F _— d* dgmo

1

where 7y is the unit of the adjunction fx, 4 gx,, and 7; is the unit of fx,

x,- The long way around the right-hand triangle can be represented by the
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following diagram

H(Xo) —22 H(X,)

RN

fx,

(Xo) —— H'(Xy) —— H(X
T b
H'(X))

This is equal to the short way around the right-hand triangle by the triangle

identity. The left-hand triangle commutes by a similar argument. O]

Proof of Theorem 2.2.2. There is a model structure on the category of presheaves
of groupoids on a small site € such that a map K — K’ is a weak equivalence
(resp. fibration) if and only if BK — BK’ is a weak equivalence (resp. fi-
bration) with respect to the injective local model structure on s Pre(€). This
model structure first appeared in [Hol08]; see also [Jarl5, Proposition 9.19].
For any sheaf of groups G, let G — Tors be the presheaf of groupoids on C
with G — Tors(U) the groupoid of G|y-torsors on €/U for all objects U of C.
The canonical map G — G — Tors is a local weak equivalence, and G — Tors
satisfies descent, in the sense that any fibrant model G — Tors — (G — Tors)"

is a sectionwise equivalence [Jarl5, Corollary 9.27].

If X is a simplicial object in €, then
HY(X,G) =2 MD(X, G — Tors),
by definition. As G — Tors satisfies descent, Lemma 2.2.5 implies that

D(X,G — Tors) @ MD(X, (G — Tors)")
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for any fibrant model G — Tors — (G — Tors)". By Lemma 2.2.4,
MD(X, (G — Tors)") =« (X, B(G — Tors)") .

As X is cofibrant and B(G — Tors)” is fibrant with respect to the injective

local model structure on s Pre(C), we have

7 (X, B(G — Tors)") = [X, B(G — Tors)"] & [X, BG] .

2.3 Cohomology and central extensions

The results of this section require significant parts of the theory of non-abelian
cohomology developed by Jardine [Jarl5, Chapter 9], generalizing work of
Giraud [Gir71] and Breen [Bre78]. We begin by introducing the necessary

parts of this theory.

2.3.1 Presheaves of groupoids enriched in simplicial sets

The approach to non-abelian cohomology described in [Jarl5, Chapter 9|
makes use of the Eilenberg-Mac Lane W functor. We will not need the details
of the construction, which can be found in [Jarl5, Section 9.3] or [Stel2], but
we will use a few facts, which we now summarize.

Write soGpd for the category of groupoids enriched in simplicial sets; then
W is a functor soGpd — sSet. If G is a groupoid enriched in simplicial sets,
[Jar15, Corollary 9.39] says that there is a natural weak equivalence d(BG) —
W (@), where d is the diagonal functor, and BG is the bisimplicial set given

by viewing G as a simplicial groupoid, and applying the nerve functor B



CHAPTER 2. TORSORS OVER SIMPLICIAL OBJECTS 27

pointwise.
The nerve also defines a functor B : 2—Gpd — soGpd. If H is a 2-groupoid,

then BH is the groupoid enriched in simplicial sets with

Ob(BH) = Ob(H) and Mor(BH) = B(Mor(H)) .

It is an abuse of notation, but we will write W (H) for the simplicial set given
by first applying B to the 2-groupoid H, and then applying W.

These functors extend to the presheaf level by applying them sectionwise.
There is a model structure on the category of presheaves of 2-groupoids on C
such that a map A — B is a weak equivalence if and only if WA — WB is a
local weak equivalence of simplicial presheaves; this is [Jarl5, Theorem 9.57].

The Eilenberg-Mac Lane functor W is part of a Quillen equivalence between
simplicial presheaves and presheaves of groupoids enriched in simplicial sets

[Jarl5, Theorem 9.50], and it follows from this that

[BG,W(H)] =[G, H]>-pd

for any presheaf of groupoids G and for any presheaf of 2-groupoids H.

2.3.2 Cocycle categories

For objects A, B of a model category M, write h(A, B) for the category whose
objects are diagrams

A<—C——=B
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and whose morphisms are commutative diagrams

This is the category of cocycles from A to B. The important point is that, if
the model category M is right proper, and if its class of weak equivalences are
closed under finite products, in the sense that if f : A — B is an equivalence,

then so is any map f x1: Ax C — B x C, then there is a canonical bijection

o h(A, B) = [A, B]

between the set of path components of h(A, B) and the set of maps in Ho(M)

for any objects A, B of M. This is [Jarl5, Theorem 6.5].

2.3.3 Cohomology and extensions

Let A be a sheaf of abelian groups on a site €. There is an associated presheaf
of 2-groups Iso(A) defined as follows: for U an object of €, the 1-morphisms

of Iso(A)(U) are the isomorphisms

Q A|U—>A|U

of sheaves of groups on €/U, and the 2-morphisms are given by

Iso(A)(U)(a,a) = A(U) for all 1-morphisms « ;

Iso(A)(U)(a, 8) =0 for all « # .



CHAPTER 2. TORSORS OVER SIMPLICIAL OBJECTS 29

Define a sheaf of 2-groups A[2] on € such that A[2](U) has only the identity
I-morphism, and has A(U) for 2-morphisms.
Let f: A[2] — Iso(A) be the map that includes A[2] as a subobject, and

define a retraction g : Iso(A) — A[2] by

glh:a—a)=h:*x—x,

for any 2-morphism h of Iso(A)(U).
Because A[2] is a sheaf of 2-groups, we can identify B(A[2]) with the sim-
plicial sheaf of morphisms from the unique object to itself; this simplicial sheaf

is just BA. By [Jarl5, Corollary 9.39], we have

WA[2] ~d(BBA) ~ K(A,?2) .

So, for any presheaf of groupoids G on €, there are isomorphisms

H*(BG, A) = [BG,K(A,?2)]
>~ [BG, W A[2]]
=[G, Al2]]2-cpd

~ moh(G, A[2]).

As the map f: A[2] — Iso(A) is a section, the induced map

fe : moh(G, A[2]) — moh(G,Iso(A))

is a monomorphism.
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In [Jarl5, Theorem 9.66], Jardine constructs a bijection
moh(G,Iso(A)) = moExt(G, A)

with the set of path components of a category Ext(G, A), which we’ll now
define.

If p: G — G is a map of presheaves of groupoids, let im(p) be the presheaf
of groupoids that has the same objects as G', and with im(p)(z,y) given by
the image of the function G'(x,y) — G(p(x),p(y)). Say that a map p : G' —
G is essentially surjective if the canonical map im(p) — G is a local weak
equivalence of presheaves of groupoids, in the sense that the induced map of
nerves is a local weak equivalence of simplicial presheaves.

Say that a kernel of a map p: G’ — G is a diagram

K ! Aut(G)

N

Ob(G)

where Aut(G’) is the group object in the category of presheaves over the
presheaf Ob(G) with Aut(G")(U) = {a : z — x € G'(U) |z € ObG'(U)},
K is a group object in the category of presheaves over Ob(G’), and j is a
homomorphism of group objects over Ob(G"), such that the following diagram
is a pullback:

K—o Aut(@)

%€

Say that a kernel for p in A is a kernel j : K — Aut(G’) together with a map

of presheaves w : K — A such that the induced map K — A x Ob(G’) is a
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homomorphism of group objects over Ob(G’) that induces an isomorphism of
associated sheaves.

The objects of Ext(G, A) are triples (p, j,w), where p : G' — G is essen-
tially surjective, and (j,w) is a choice of kernel in A for p.

A morphism o : (p,j,w) — (p/,7,w’) of this category is a local weak
equivalence o : G’ — G” such that p’ oo = p, and w' o 0, = w.

If G is a presheaf of groups, and p : G’ — G is an essentially surjective map
of presheaves of groupoids, then G’ must be locally connected, i.e., a gerbe.

The map K — ODb(G’) is an example of what Jardine calls a family of
presheaves of groups F — S over the presheaf S, which is a group object in
the category of presheaves over S. For an element z € S(U), the fibre F, of

the family F over x is defined by the pullback diagram

F.—F|v

|

* —— Sl

If (p: G — G, j,w) is an object of Ext(G, A), and « : * — y is a morphism
of G'(U), then a defines an isomorphism K, — K, of presheaves of groups on
C/U by conjugation; via w, we get an induced automorphism of A|y.

Let CenExt(G, A) C moExt(G, A) be the subset consisting of equivalence
classes that have a representative (p : G' — G, j, w) with the following prop-
erty: for all objects U of €, and for all morphisms « of G'(U), the automor-
phism of A|y given by conjugation with « is the identity.

If G happens to be a sheaf of groups, and (p : G’ — G, j,w) is an object of
Ext(G, A) such that G’ is a sheaf of groups, then the kernel of p is necessarily
isomorphic to A; the extension (p, j, w) has the property of the last paragraph

if and only if the kernel of py is contained in the centre of G'(U) for all objects
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U of €.

Theorem 2.3.1. For any presheaf of groupoids G on C, and any sheaf of

abelian groups A, there is a bijection

H?*(BG, A) = CenExt(G, A) .

Proof. We will show that CenExt(G, A) is the image of the function

H2(BG, A) —==1oh(G, A[2]) —2 moh(G, Iso(A)) —— moExt(G, A).

First, we’ll recall the definition of the bijection

Y moh(G,1Is0(A)) — moExt(G, A)

of [Jar15, Theorem 9.66]. Say

G <21 7 L TIso(A)

is a cocycle from G to Iso(A). Define a presheaf of 2-groupoids EzF, whose
objects are the objects of Z. The l-morphisms x — y of EzF(U) are pairs
(e, f) with o : @ — y a l-morphism of Z(U) and f € A(U). A 2-morphism
(a, f) = (B,g) of ExF(U) is a 2-morphism h : o — [ of Z(U) such that
F(h)=g7'f.

If « 2 — yis a l-morphism of Z(U), then F(a) is a l-morphism of
Iso(A)(U), ie an automorphism of A|y; write a, for this automorphism. The
composite of (a, f) : 2 — y and (B,9) : y — z in EZF(U) is (Ba, gB.(f)) :
T =z

Let EzF = mo(EzF) be the presheaf of path component groupoids.
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There is a map © : EzF — Z which is the identity on objects, on 1-
morphisms is (a, f) — «a, and takes the 2-morphism A : (o, f) — (5, g) to the

underlying 2-morphism A : o — . Write g, for the composite

E F —">1(Z) —==G.

Let K(F) = AXOb(EzF); define j : K(F) — Aut(EzF) by letting j, : Aly —
E;F, be defined in sections by the rule f — [(1,, f)], for all z € Ob(EZF)(U).

Let w : K(F) — A be projection; then (j,w) is a kernel for g, in A.

The rule (g, F') — (g«, j, w) defines a functor h(G,Iso(A)) — Ext(G, A),
and v is the induced function on path components.

An element of moh(G,Iso(A)) is in the image of f, if and only if it has
a representative (g : Z — G, F : Z — Iso(A)) such that F factors as Z —
A[2] C Iso(A). This is equivalent to the condition that, for all 1-morphisms «
of Z(U), F(a) = a, is the identity on A|y. Say (g, F) is such a cocycle. We
will show that for any 1-morphism o of EzF(U), the automorphism of Ay
given by conjugation with o is the identity.

Let 0 = [(«, f)] : © — y be a l-morphism of EzF(U). Let V. — U be
an object of €/U, and let  + 2’ and y — ¢’ under Z(U) — Z(V'). For any
g€ A(V),

(e, H[(Lar, 9]0, I = [(e, £)(Lar g) (@7, f 7))
= (e, f)la™",gf )]
= [(1y, foulgf™))]

= [(1y, 9)]

So g — g and ¢ induces the identity on Aly.
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We’ve proved that the image of our function H*(BG, A) — moExt(G, A)
is contained in CenExt(G, A).

To see the opposite inclusion, let’s briefly recall the bijection
¢ mExt(G, A) — moh(G,Iso(A4)) ,
inverse to ¢. If (p: G' — G, j,w) is an object of Ext(G, A), there is a cocycle
G <2 R(p) 27 1s0(A).

The presheaf of 2-groupoids R(p) has the same objects and 1-morphisms as G’,
and there is a 2-morphism o — § if and only if p(a) = p(f). For a morphism
a of G'(U), F(p)(«) is the automorphism of Al defined by conjugation with
Q.

We have ¢[(p, j,w)] = [(¢, F(p))]. Clearly, then, if [(p,j,w)] is an element
of CenExt(G, A), then ¢[(p, j, w)] is represented by a cocycle in the image of

f«, namely (q, F(p)). This completes the proof. O

The elements of H*(BG, A) corresponding to central extensions of sheaves
of groups can be interpreted as universal obstruction classes, in the following

sense:

Theorem 2.3.2. Let A — G' & G be a central extension, where A, G' and
G are sheaves of groups. For any simplicial presheaf X, there is an ezxact

sequence of pointed sets
HY(X,G") 2~ H'(X,G) "> H*(X, A),

and if F € HY(X,Q), then n(F) = F*(c,), where ¢, € H*(BG, A) classifies

the extension A — G' — G.
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Proof. We write H'(X,G) = [X, BG]. If X is a simplicial object in the un-
derlying site, this agrees with our previous definition by Theorem 2.2.2.

Because A is central in G’, there is an induced action BA x BG' — BG’
of the simplicial sheaf of abelian groups BA on the simplicial sheaf BG’'. The
Borel construction for this action is the bisimplicial sheaf EBA X g4 BG' with
(p, q)-bisimplices given by the ¢'* simplicial degree of the Borel construction
for the action A*P x G'*P — G'*P.

The action of A*P on G'*? is free for all p > 0, so the map

EA*P X yxp G™P — G*P

is a local weak equivalence. These maps induce a local weak equivalence from
the diagonal
d(EBA xpa BG') — BG .

Moreover, there is a sequence of bisimplical sheaves

BG' — EBA x4 BG' — BBA,

and, taking diagonals, the sequence

BG' — d(EBA x4 BG') — d(BBA)

is a sectionwise fibre sequence, hence a local fibre sequence. In general, if
A x X — X is an action of a connected simplicial abelian group A on a

connected simplicial set X, then the sequences

X =2 AP x X — AP
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are fibre sequences of connected simplicial sets, and so the sequence

X - FEAx4X — BA

of bisimplicial sets induces a fibre sequence of simplicial sets after taking di-
agonals, by a theorem of Bousfield and Friedlander, which appears as [GJ09,
Theorem 1V.4.9]; the m,-Kan condition in the hypotheses of the Bousfield-
Friedlander theorem are satisfied by [GJ09, Lemma IV.4.2(1)].

As d(BBA) ~ K(A,2), we have the exact sequence

HY(X,G") 2~ H'(X,G) —"= H*(X, A).

This is exactly the argument of [Jarl5, Example 9.11] in our case.
Say F € H'Y(X,G) = [X, BG]. Then 7(F) is given by the diagram in the

homotopy category

X 5 BG<=-d(EBA x 3, BG') —= d(BBA).

To finish the proof, we need to show that the cocycle

BG «+ d(EBA x4 BG') — d(BBA) (%)

represents ¢, € H*(BG, A).
First, note that

EBA x5 BG' =~ BBR(p),

where R(p) is the resolution 2-groupoid that appeared in the proof of 2.3.1.
Using the natural weak equivalence d(BH) — W(H), for H a presheaf of

groupoids enriched in simplicial sets, we have a pointwise equivalence from (x)
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to the cocycle

WG« W(R(p)) = W(A[2]). (xx)

The functor W has a left adjoint

7G : sPre — Pre(2 — Gpd),

where (G is the loop groupoid functor to presheaves of groupoids enriched in
simplicial sets, and 7 is the fundamental groupoid functor to presheaves of
2-groupoids.

If H is a groupoid enriched in simplicial sets, then w(H) is the 2-groupoid
with

Ob(w(H)) = Ob(H) and Mor(n(H)) = m(Mor(H)) .

This adjunction defines a Quillen equivalence between presheaves of 2-groupoids
and the 2-equivalence model structure on simplicial presheaves of [Jarl5, The-
orem 5.49]. This follows from [Jar15, Proposition 9.59] and [Jar15, Proposition
9.61]. The 2-equivalence model structure has all monomorphisms for cofibra-
tions, so that every object is cofibrant.

Now, for M a presheaf of 2-groupoids and M a fibrant model of M, we

have natural weak equivalences

TGWM —>7GWM —~ M,

as the functor W preserves weak equivalences. It follows from this that the

cocycle obtained by applying 7G to (#x) is pointwise equivalent to the cocycle

G < R(p) — A[2],
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which represents the class in moh(G, A[2]) corresponding to the extension

A—-G —G.

2.4 Examples

We are now in a position to give some examples of torsors over simplicial

objects.

Example 2.4.1. Let GG be a group object in a site C; then G represents a
presheaf of groups on €, and assume that this presheaf is a sheaf. Assume
further that € has all finite products, so that BG is a simplicial object in C.
Define a G-torsor over BG as follows. Over (BG)y = * we take the trivial
G-torsor, which is the sheaf G, with G-action given by left multiplication.
The face maps dy, d; : G — * are necessarily the same, and the pullback of G
along d; is the projection map m : G X G — G, and G acts on G x G by left
multiplication on the first factor. Let a: G X G — G x G be the isomorphism
of G-torsors over G given by a(h,g) = (hg,g); then (G, «) is a G-torsor over
BG.

If we take G = Gl,,, this construction corresponds to the “universal vector

bundle” over BGI,, of [Pus04], which is the Borel construction EGIl,, x g, A™.

Example 2.4.2. Let S be a scheme, and let {U; — S}, be an étale cover.

There is a simplicial scheme U with

U= || Uiqxs-xsU,
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and a canonical map of simplicial schemes f : U — S, which is an étale-local

equivalence; see [Jarl5, Example 4.17]. By Theorem 2.2.2, the induced map

o H;t(S? G) - Helt(Ua G)

is an isomorphism, for any étale sheaf of groups G.

Further examples are given by the classifying spaces of algebraic groups. In
the following, an inner automorphism of a sheaf of groups is an automorphism

given by conjugation with a global section.

Proposition 2.4.3. Let k be a field, G a k-group, and H a Nisnevich sheaf

of groups on Smy. Then,

Hy, (BG, H) = hom(G, H)/ inner automorphisms of H.

Proof. We have

Hy..(BG, H) =~ [BG, BH] = n(BG, B(H — Tors)) ;

see the proof of Theorem 2.2.2.

We’ll begin by defining a function

a:m(BG, B(H — Tors)) — hom(G, H)/ inner automorphisms of H.

Given a class in 7m(BG, B(H — Tors)), choose a representative ¢ : BG —
B(H — Tors). Write T for the H-torsor over Speck corresponding to ¢ :
Spec k — Ob(H — Tors). Any Nisnevich torsor over the spectrum of a field is
isomorphic to the trivial torsor, so choose an isomorphism 7, : T" — H, where

H is the trivial H-torsor over Speck. For an object U of Smy, write Ty, Hy
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for the restriction of T, H to U; the choice of 75, determines an isomorphism
of H-torsors over U, 1y : Ty — Hy, for every object U of Smy. Furthermore,
the choice of 7 allows us to define a map ¢ : BG — B(H — Tors), where
1o : Spec k — Ob(H — Tors) corresponds to the trivial H-torsor H, and 1)y is
defined by the rule ¥, (g) = Tp¢1(g9)7; " for every g € G(U). By construction,
T : ¢ = 1 defines a simplicial homotopy. In simplicial degree 1, we have

1 G — Aut(H) = H; define

a([¢]) = [t].

To see this is well-defined, let ¢’ : BG — B(H — Tors) be a map with o : ¢ =
¢' a simplicial homotopy. Write T” for the H-torsor over Spec k corresponding
to ¢, and choose an isomorphism 77, : 7" — H, which determines a simplicial
homotopy 7' : ¢’ = . Let p : ¢ = 1’ be the composition 7/ o ¢ o 771, The
homotopy g gives an isomorphism H — H of H-torsors over Speck, i.e., an
element h € H(k), and we have ¢j = hi);h™!, so that a is well-defined.

The function « is a bijection, as it has inverse

f : hom(G, H)/ inner automorphisms of H — 7(BG, B(H — Tors)),

defined as follows: given a class in the domain, choose a representative f :

G — H, and let

B(1f) = [BG 22 BH — B(H — Tors)).

If h € H(k) and f' = hfh™!, then h defines a simplicial homotopy B(f) =
B(f"), so 8 is well-defined. O

Example 2.4.4. The motivating example for Theorem 2.3.2 is the Brauer
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group. On the étale site (Schg)e; over a scheme S, the central extension of
sheaves of groups

G,, — Gl, & PGl,

corresponds to a class ¢, € H2(BPGl,, G,,), and a PGl,,-torsor F over S lifts

to a Gl,-torsor if and only if the class F*(c,) vanishes in H%(S, G,,).

Example 2.4.5. If S is a smooth scheme over a field, then the Nisnevich
cohomology group H%, (S, G,,) is zero, and so all Nisnevich PG1,,-torsors over
S lift to Gl,-torsors. The situation is more interesting over a simplicial scheme.

By Proposition 2.4.3, for any k-group G, a Nisnevich PGl,-torsor over BG
is given by a homomorphism f : G — PGl,, and f lifts to a Gl,-torsor over
BG if and only if f factors through the canonical map p : Gl, — PGl, up to
simplicial homotopy, and hence on the nose.

By Theorem 2.3.1 and Theorem 2.3.2, the central extension G,, — Gl,, —
PG, corresponds to an element ¢, of the group Hz,(BPGl,,G,,), and a
homomorphism f : G — PGI, factors through Gl,, if and only if f*(c,)
vanishes in Hg,(BG,G,,). This is a statement about motivic cohomology,

because of the isomorphism

HI%is(X’ Gm) = HS(X’ Z(l))7

for any simplicial presheaf X.



Chapter 3

The motivic cohomology of

BGly,

This chapter presents calculations of the motivic cohomology of BGIl, and
BSIl,,. These results are well-known; a calculation of the motivic cohomology
of BGl, appears in a paper of Pushin [Pus04] (in which the author studies
the relationship between higher Chern classes and reduced power operations
in motivic cohomology), and the result about Sl,, follows easily from this. The
argument has a long history, going back to the work of Grothendieck [Gro58]
and Gillet [Gil81]. The proofs in this chapter take advantage of the motivic
model structure on simplicial presheaves with transfers, as well as the approach
to torsors over simplicial schemes developed in the previous chapter. While the
fundamental ideas are the same as those underlying Pushin’s argument, these
ideas appear in a different form in this setting. The key step in the calculation
of the motivic cohomology of BGIl, is a projective bundle theorem, which

appears here as an identification of the motivic homotopy type of

Z(EGl, xq1, P"),

42
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the free simplicial presheaf with transfers on the Borel construction for the

action of GL, on P"~! with Z;.(BGIl, x P"!).

3.1 The general linear group

Let k£ be a perfect field. In this section, we will prove the following

Theorem 3.1.1. The motivic cohomology of BGl, is a polynomial algebra

over the cohomology of the base field
H(BGL, Z(%) = H' (K, Z(+))[es, . 4]

with ¢; € H*(BGL,, Z(7)).

The proof is by induction on n; we’ll begin by using the identification of
motivic homotopy types P> ~ BG,, to prove the base case.

If X is a scheme, we have H?*(X,Z(1)) = Pic(X). Via this isomorphism,
the line bundle O(1) defines an element ¢ € H?(P", Z(1)).

Proposition 3.1.2. The motivic cohomology of projective space is given by
H*(P", Z(x)) = H"(k, Z(*))[c] / (") .
For this, see e.g. [MVWO06, Corollary 15.5], which says that there is an

identification of motivic homotopy types Z;,.(P™) ~ & Z(1).

Proposition 3.1.3. The motivic cohomology of infinite-dimensional projective
space is given by

H* (P, Z(x)) =2 H*(k, Z(x))[c] .

Proof. Let ¢ € N and p € Z, and take a Nisnevich fibrant replacement
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0%2177(~,7(q)) — F(p,q). Then, for any simplicial presheaf X on Smy,
Hp(Xv Z(Q)) = ﬂ-Ohom(Z(X)) F<pa Q)) )

where hom denotes the mapping space in s Prez(Smy). There is a tower of

fibrations
hom(Z(P"), F(p, q)) + hom(Z(P'), F(p, q)) + ...

Write P,, = hom(Z(P"™), F(p, q)), and consider the Milnor exact sequence (see,

e.g., [GJ09, Proposition VI.2.15])
* — lim'm P, — mo(lim P,) — lim 7o P, — * .

Note that

mhom(Z(P"), F(p, q)) = mohom(Z,(S"), hom(Z(P"), F(p, q)))
= mohom(Z,(S') ® Z(P"), F(p, q))

= mohom(Z(P"), 2F (p, q)) ,
and therefore
mhom(Z(B"), F(p,q)) = H"™(P", Z(q)) -
The tower of abelian groups

HP Y, Z(q)) «+ HP (P, Z(q)) + ...
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satisfies the Mittag-Leffler condition, so lim'm P, = 0. As

lim hom(Z(P"), F'(p,q)) = hom(Z(P>), F(p, q))

n

the lim' exact sequence implies that

HP (B>, Z(q)) = lim H"(P", Z(q)) .

n

[]

Let’s recall the Borel construction. If G is a sheaf of groups on a site C,
and F'is a sheaf with G-action, the Borel construction EG X F' is the nerve
of a sheaf of groupoids, which I'll call EgF: for an object U of C, EqF(U)
is the groupoid with Ob EqF(U) = F(U), and Mor EgF (U)(z,y) = {g €
G(U) | gx = y}. Every sheaf of groups G acts on itself by the group operation;
in this case, we'll write EG = EG X G.

Now we can finish the case n = 1 of Theorem 3.1.1.

Proposition 3.1.4. There is a zigzag of motivic weak equivalences, giving

P>* ~ BG,,.

Proof. The inclusion i : A" — {0} € A" — {0} defined by

(S$1,--+,80) > (S1,.-.,8n,0)

contracts onto the north pole (0,...,0,1) by an algebraic homotopy

(A" —{0}) x A — A" — {0}



CHAPTER 3. THE MOTIVIC COHOMOLOGY OF BGLy 46

which is defined by

((S1y.--,8n),t) — (tS1,...tSp, 1 — 1) .

Let F'(X) denote the fibrant model of a simplicial presheaf X with respect to
the motivic model structure on sPre(Smy). As all objects are cofibrant for

this model structure, the above algebraic homotopy gives a homotopy

F(A" —{0}) x A' = F(A™" — {0})

from the map i, : F(A" — {0}) — F(A™™ — {0}) to the constant map onto
the image of the north pole (0,...,0,1) in F(A™"! — {0}). So, the colimit
lim, F(A" — {0}) is sectionwise contractible, and, by motivic descent, the
colimit A* — {0} = lim, (A" — {0}) is motivically contractible.

Now, G,, acts on A" — {0} without fixed points, so the map

EGnm xg,, (A" —{0}) = (A" = {0})/Gn,

is a local weak equivalence. The map from the Nisnevich sheaf quotient (A" —
{0})/G,, to P"~! induced by the canonical map A™ — P"~! is easily seen to
be an isomorphism, as it induces an isomorphism at every Hensel local ring.

So, the induced map on the colimits

EG,, xg, (A® —{0}) — P®

is a local weak equivalence.
The canonical map 7 : EG,, Xg,, (A* —{0}) — BG,, is the projection

G x (A* —{0}) — G in simplicial degree n, and 7 is therefore a motivic
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weak equivalence by contractibility of A>* — {0} and Lemma 1.1.5. [

Fix n > 2, and let PE denote the Borel construction for the action of GI,,

on P71, So, PE is a simplicial scheme, with

PE, = GI** x P!,

and with dy : Gl,, x P! — P"! the action, and d; : GI, x P*~! — P!
projection.

There is a canonical map 7 : PE — BGI,, which is projection in each
degree.

Let {Uy,...,U,} be the usual open cover of P"~!  for which Uj is the subset
where z; # 0. This is a trivializing cover for the line bundle O(1), which has
transition functions x;/x; € G,,(U; N U;). The cover {U;} defines a Cech
hypercover U, — P"~! which pulls back to hypercovers djU, — Gl,, x P!
and d;U, — Gl,, x P"~!. The pullback

V-. Po dé U.

AR

d:U, —= Gl,, x P!

defines a hypercover V, — Gl,, x P"~! which corresponds to the open cover
{di"(U;) Ndy ' (U;)}1i—y of GL, x P*~1. This is a trivializing cover for djO(1)

and d;O(1), and the elements
pid;i (i) /pidy ;) € G (dy ' (Us) Ndy ™ (U)))

define an isomorphism « : djO(1) — d§O(1). The pair (O(1),«) defines a

G,,,-torsor over PE.
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By Theorem 2.2.2, (O(1),«) corresponds to an element ¢ € [PE, BG,,].
We have
[PE, BG,,] = [Z,(PE), Z(1)] a1 ;

using the cup product on motivic cohomology, we get classes
¢ € 24y (PE), Z(j)]ar for 0<j<n—1.

Let I7 be a motivic fibrant and cofibrant model of Z(j) in sPST(k), and let
f?: Zy(PE) — I’ represent &.

We’ll use ¥ to denote the composition

Z4n(PE) —> Z4,(PE) @4y Zin(PEJ 222, (BGL,,) @y, @70 17

where the first map is induced by the diagonal PE — PE x PE.
The following projective bundle theorem is the key step in the proof of

Theorem 3.1.1.

Theorem 3.1.5. The map

n—1

Y Zin(PE) = Zn(BGL) @1 @ T

Jj=0
18 a motivic weak equivalence.

Proof. If X is a simplicial presheaf with transfers, then there is a short exact

sequence
0—= @D skiX — P2 skiX — X —=0 (3.1)

Just in this proof, we’ll write £ = Z,,.(PE) and B = Z;,(BGl,,). Form the
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diagram
B sk ’ D, skiE B
| | |
@?io Ssz ®tr E @20 Ssz ®tr E E ®t7‘ E

| | |

Dy skiB @4 By I’ — D skiB @ @ g —Be, @, I

Here, the middle row is obtained by tensoring the top row with E, and the
bottom row is obtained by letting X = B in 3.1, and tensoring with EB?;& I,
The right vertical composition is our map ¢, and d = €@, d;, where d; is
Zy applied to the canonical map sk;PE — sk;PE x PE. The map labelled j
is a cofibration by Lemma 1.1.6. The map j’ is a cofibration, as @;:01 I is
cofibrant. It follows that both the top and bottom rows of the diagram are

cofibre sequences, so if we can show that the composition
B2 oskiE — &5k B @y @701

is a motivic weak equivalence, it will follow that v is as well.
For any simplicial scheme S, sk;(Z.(S)) is cofibrant, as N(sk;(Z(5))) is

projective in each degree. So, it suffices to show that each component
g; . Ssz — Sle R @?;01[]

is a motivic weak equivalence.
We’ll prove this by induction on 7. First, we need some notation. For

k>0, let v:AY — A* be the vertex corresponding to the functor 0 — k that
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takes 0 to k; this gives us a map
B : PE, 2 PE, x A° = PE;, x A* .
Let oy, : PE, x A¥ — PFE be the canonical map, and let
& = (0.0 B)' () € (L (PEL), Z(j)]in for 0<j<n—1.
Let fg be the composite
7o Zy(ag 0 B) : Zyy (PER) — I .

Then, fg represents Si. Note that fq : Zy(P"') — I represents the class in

[Z.(P"1), Z(1)]p1 corresponding to O(1). So, og is the map
n—1pj . n—1 n—17j
S0 fo + L (P"7) = @51

which is a motivic weak equivalence by [MVWO06, Theorem 15.12].
Now, assume that for some i > 0, each o, is a motivic weak equivalence

for m < i. Write sk; E as the following pushout:

Py —=2 ¢k, E

Ei (9 Al T) SklE

where Pg is given by the pushout:

LiE®ON 2> L,E® A

1

E; ® OA! Py
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Both of these diagrams are homotopy pushouts, as all objects appearing
in them are cofibrant, and the maps labelled a; and a4 are easily seen to be
cofibrations.

Writing sk; B as a pushout, as above, and tensoring with EBJ;OIN, we get

the following pushout

Pp @y Sy I ski—1 B @4 ©f2

| 5

(B; ® A) @ &g I sk B @y, ®j 1

which is a homotopy pushout as before. We’ll show that o; is a weak equiv-
alence by giving a natural transformation from the diagram defining sk;E to
this one, which is a weak equivalence in each component, and which induces
o; on the pushouts.

Note that bgoo;_1 = g;0a¢, and o;_1 is a weak equivalence by the inductive
hypothesis.

There is a diagonal map F; — E;®,,. F;, which is Z, applied to the diagonal
map PE; — PE; x PE;, and from this and the diagonal map on A’ we get a
map

Eio A = (B @y )@ A @A,

Then,

(B @ B) @ A'@ A" (E; @ AY) @y, (B; @ AY),

and there is a map

(1 @ AY) @ (B2 [ 0 w) 2 (B; @ AY) @ (B; @ AY) — (B @ AY) @y, B0 17 .
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Let
T By @ AT = (B, @ A) @, @1 I

denote the composition of these maps; then, o; o as = bs o 7;.

Consider the map 1 x v : A x A% —+ A? x A?, where v is still our chosen
vertex. There is a homotopy h : A x Al — A% x A? between 1 x v and the
diagonal map; the homotopy is defined by an obvious natural transformation
between the functors i — i x i that correspond to these two maps. This gives

a homotopy between 7; and the following map:
E; @A —"~(E;® AY) @y B — (B; ® A) @, @13 I (3.2)
where
5 =L <IP’Ei x AT P (PR x AY) x ]PEZ-)
and € = (m; © AY) @ &1 f7. Again by [MVWO06, Theorem 15.12], the map

B —E; ®y EZ@%Z Rpr &5 I
is a motivic weak equivalence, and so the map 3.2 is as well.

The maps 0;_1 and 7; restrict to the same map v; : P — Pp &, EB?;OlI 7,
To see that this map is a motivic weak equivalence, note that it is induced
by a natural transformation from the pushout diagram defining Pg to the one
defining Pg ®y, @}Z&I J. which is a weak equivalence in each component.

For this, note that the homotopy h restricts to the boundary of A’ as:
A x A N A

OA" x Al —B>8N x A’
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and h is a homotopy from the “diagonal” map
OA" = OA" x OA' — A" x A'

to 1 x v: 0A" — OA' x A, Using this, one can check that the components of

this natural transformation are equivalences, finishing the proof. n

Corollary 3.1.6. The induced map on motivic cohomology
7 H*(BGl,,Z(x)) — H*(PE,Z(x))

18 a monomorphism.

Proof. As Z(0) is both motivic fibrant and cofibrant, we can take I° = Z(0).

Let pr: @7—gI’ — Z(0) be projection, and define
¢ : Ztr(BGln) ®tr EB;L;()IIJ — Ztr(BGln) ®tr Z(O) = Zt'r(BGln)

as ¢ = 1 ®y pr. Because the projection pr has a section, the map ¢ has a

section. The following diagram commutes

Z.,(PE) v Zir(BGL,) @ @70 17
Z4(BGl,)
so the claim follows by the previous lemma. O]

Using the same argument one uses to calculate the motivic cohomology of

projective space, Theorem 3.1.5 implies that the map

n—1
el e e wt @ H"(BGL, Z(n — i) — H™(PE, Z(n))

1=0
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is an isomorphism, and therefore that there are unique elements ¢; € H*(BGl,, Z(7))
such that

't &, =0,

If F'is a Gl,,-torsor over a simplicial scheme X, corresponding to a map in the

Nisnevich homotopy category f : X — BG]l,, then there is an induced map

[ H(BG,,Z(x)) — H* (X, Z(%)) .

Define the Chern classes of F' to be the elements

ci(F) = f*(c;) € H*(X,Z(1)) .

Proposition 3.1.7. The motivic cohomology ring of BG)" is the polynomial
algebra

H™(BG,,", Z(x)) = H*(k, Z(+))[pi(c), - - -, 0, (¢)]

where p; : BGX"™ — BG,, is the projection map, and ¢ € H*(BG,,,Z(1)) is

the generator from Proposition 3.1.3.

Proof. We have BG™ ~ (P*>°)*" which is the colimit of

(BY)*" = (P2 5 ... .

As Zy (P™) ~ @ Z(1) [MVWO06, Corollary 15.5], we have

H*((P™)*", Z(x)) = H*(k, Z(+)) [} (c), - .-, on(e)] / (pi(e)™ . o (0™ )

where ¢ € H*(P™,Z(1)), and an argument analogous to the proof of Proposi-

tion 3.1.3 gives the result. O]
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Let P, ,—1 C Gl, be the subgroup-scheme consisting of matrices (a; ;) with
as1 = asy = -+ = a,1 = 0. These are the matrices that fix the line spanned

by e; =[10 ... 0]7. Consider the diagram of inclusions

Gm X Gln_l — Pl,n—l — Gln .

The nerve functor preserves products, so there is an induced diagram

BGm X BGln,1 — BPl,nfl — BGln .

The inclusion P, ,_; — Gl, induces a map EP,,_; — EGI, between con-

tractible free P, ,_;-spaces, which induces a local weak equivalence

BPy, 1 =2 EP 41/ Pin1— EGL, /P, .

There is a map Gl, — P! with M ~ Me;, and this induces a Gl,-
equivariant isomorphism between the Nisnevich sheaf quotient Gl, / P ,—1
and P"! as can be checked by evaluating at the Hensel local rings. From

this, we have an isomorphism

EGl, /P, | = EGl, xq, P"' =PE .

As schemes, Py ,,_1 = G,;, x Gl,,_1 X A" ! and so the inclusion G,,, x Gl,,_; <
P ,—1 is a motivic weak equivalence. By Lemma 1.1.5, the induced map

BG,, x BGl,,-y — BP,,_; is a motivic weak equivalence. The inclusion
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BG,, x BGl,,_; — BGl],, factors as

BG,, x BGl,,_;“— BG]I,

gl T

BP,,_, PE

~

So, the induced map on motivic cohomology

H*(BGl,,Z(%)) — H*(BG,, x BGl,_1, Z(x))

is & monomorphism.

Lemma 3.1.8. The map induced by inclusion BG)" — BGI, induces a

monomorphism on motivic cohomology.

Proof. By induction, we may assume BG)"~! — BGI,_; induces a monomor-
phism on cohomology. As the inclusion BG,, x BGl,_; — BGI, induces
a monomorphism on cohomology, it suffices to show that the inclusion 7 :
BG " — BG,, x BGl,_; induces a monomorphism on cohomology.

We have BG,, x BGl,_; ~ P> x BGlI,_;, which is the colimit of the
diagram

P! x BGl,_; — P?> x BGl,,_; — ...

With ¢ € H?(P™,Z(1)) as before, and p; the projection map, we have

H*(P™ x BGl,1,Z(%)) = H*(BGl,1, Z(x))[pi(c)] / (p1(c)" ") |

using again [MVWO06, Corollary 15.5]. An argument analogous to the proof of

Proposition 3.1.3 shows that

H*(P* x BGl,_1,Z(*)) = H*(BGl,_1,Z(*))[p;(c)]
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where now ¢ € H*(P>,Z(1)). As i*(pi(c)) = pi(c), where the right-hand side
is the generator from Proposition 3.1.7, the inductive hypothesis finishes the

proof. ]

We need a couple of lemmas before we can finish the proof of Theorem 3.1.1.

Lemma 3.1.9. Let G be a presheaf of groups on a site C, and let g be a global
section of G. The map BG — BG induced by the inner automorphism of G

defined by g is homotopic to the identity.

Proof. Define a homotopy BG x A! — BG as the nerve of a functor H :
G x 1 — G. For any object U of €, the category G(U) x 1 has objects
{0,1}, and hom(0,0) = hom(0,1) = hom(1,1) = G(U). For f € hom(0,0),
let H(f) = f, for f € hom(0,1), let H(f) = gf, and for f € hom(1,1), let

H(f)=gfg™" O

Lemma 3.1.10. If X is a stmplicial scheme, U,V C X are maps of simplicial
schemes such that U,,V, C X, is a Zariski cover for all n > 0, and we have
a € HP(X,7Z(q)) and B € H"(X,7Z(s)) such that o vanishes when restricted to

U, and [ vanishes when restricted to V', then the cup product o - 3 is zero.

Proof. Let F be a Nisnevich fibrant model of Q%7P(v,Z(q)). Asi: Z(U) —

Z(X) is a cofibration, the sequence
hom(Z(X)/Z(U), F) — hom(Z(X), F) £ hom(Z(U), F)

is a fibre sequence of simplicial sets. It follows that we can choose a represen-
tative f : Z(X) — F of a such that i*(f) = 0, and therefore f factors through
the presheaf-theoretic quotient Z(X)/Z(U). Similarily, there is a representa-
tive of § that factors through Z(X)/Z(V'). But, the condition that U and V



CHAPTER 3. THE MOTIVIC COHOMOLOGY OF BGLy 58
give a Zariski cover of X in every simplicial degree implies that the map

A
2(X) 3 2(X) © Z(X) > (2(X)/2(U)) ® (Z(X)/2(V)
induces the zero map at every local ring, so that this map is zero in the
homotopy category of s Prey(Smy) with respect to the Zariski topology, and

hence zero in the homotopy category with respect to the Nisnevich topology.

]

Let o, = o;(pi(c),...,pi(c)) € H*(BG" Z(i)) be the elementary sym-

metric polynomials. The following result finishes the proof of Theorem 3.1.1.

Proposition 3.1.11. The image of H*(BGL,,Z(x)) in H*(BG}",Z(*)) is
H*(k,Z(%))[o1,...,04).

Proof. The H*(k,Z(x))-algebra generated by the o; is the subalgebra of H*(BG)", Z(x))
invariant under the action of the symmetric group S,, on BG,\", where S,, per-
mutes the factors. This action is the restriction to BG," of the S, action
on BGl, given by the inner automorphisms defined by permutation matrices.
By Lemma 3.1.9, the image of H*(BGl,,Z(x)) is contained in the subalgebra
generated by the o;. The image is equal to this subalgebra, as the Chern class
c; € H*(BG],, Z(i)) restricts to o;, as we’ll now show.

For n > 1, let £ = EGI, xq1, A" be the Borel construction for the
usual action of Gl, on A", and let D" = EG," Xgx» A" be the restriction
to the maximal torus. Note that D" = pj(E') @ --- @ pi(E'). Let & €
H?(P(D"),Z(1)) be the restriction of &, € H*(P(E"),Z(1)), and let ¢, €
H?*(BG)",7Z(i)) be the restriction of ¢;. The elements ¢, are characterized by
the equation

€n+cl_ n_1+"'+Cl —0.
T 1 T n
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So, it suffices to show that

n

H(ﬁT +p;(c)) =0.

=1

Let (O(1),a,) be the G,,-torsor on P(E™) that corresponds to &,. The re-
striction of (O(1), ay,) to P(p;(E')) is isomorphic to the pullback of (O(1), o)
along the map P(p;(E')) — P(E"). So, the following diagram commutes in

the Nisnevich homotopy category

P(p;(E')) —=P(D") —=P(E")

| N

P(E") BG,,

&1

From this it follows that 7 restricts to pf(&;) on P(p;(E')), and so &r + pi(c)
vanishes when restricted to P(p;(E?)), as & + ¢ = 0.

For each 1 <17 < n, let

Ci=pi(E) @ - @ pi(E) & - @ pi(E")
The obvious map P(D") — P(C;) — P(p;(E')) is a motivic weak equiva-
lence, as it is a rank n — 1 vector bundle in each degree. The inclusion
P(p;(E')) — P(D") — P(C;) is a section of the projection, therefore a mo-
tivic weak equivalence as well. So, & + pf(c) vanishes when restricted to
P(D™) — P(C;).

Now, the result follows from Lemma 3.1.10 n

3.2 The special linear group

In this section, we prove the following
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Theorem 3.2.1. Let k be a perfect field. Then the motivic cohomology of

BSl, is the polynomial algebra
H*(BSL,,Z(x)) = H*(k,Z(x))[c2, . .., ¢n]

where ¢; € H*(BSL,,Z(i)).

Let T,, denote the subgroup of diagonal matrices in Sl,; there is an iso-

morphism G"~' — T,, defined by

(ar, ... anq) = diag(ar, ..., an_1,a7" .. a;t)) .

The composite

G ' ST, G -G

m

is equal to the composite

_\—1
G;;Ln_l det Gm ( ) Gm

The inversion map (—)~! induces the map on H*(BG,,, Z(x)) defined by ¢
—c, and the determinant induces the map H*(BG,, Z(x)) — H*(BG)" ', Z(x))
defined by ¢ — pi(c) +--- +pi_,(c).

Let ¢ be the composition G"~! 2= T,, < GX"; then

¢*(py(c)) = —=(pilc) + -+ pr_q(c)) -

It follows that the map on motivic cohomology induced by BT, — BG)" is
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the quotient map

H*(k, Z(%))[pi(c), - ... pp(0)] = H*(k, Z(x))[pi(c), - ., pp(c)]/ (pi(c)+ - -+p,(c)) -
Consider the diagram of inclusions

T, ——Sl,

L

GX"——Gl,

The image of H*(BGl,,Z(x)) in H*(BT,,Z(x)) is H*(k,Z(x))[o2,...,0n].
The image of H*(BS),,, Z(x)) is contained in the symmetric part of H*(BT,, Z(x)),
as the restriction of the S,-action on BG," to BT, is also the restriction of
an Sp-action on BSIl, given by inner automorphisms: the transposition that
exchanges the i and (i + 1) factor is defined by the block diagonal matrix

with

in columns i and i+1. So, H*(k, Z(x))|os, . .., 0,] is the image of H*(BSl,,, Z(x)).

Lemma 3.2.2. The inclusion T, — Sl, induces a monomorphism
H*(BSL,,7Z(x)) — H*(BT,, Z(x))
Proof. This is analogous to the proof of the corresponding result for Gl,,. Let
SPi 1 ={(m) € Sl, | mog="---=myuo=0}.

As schemes, SP;, 1 = Gl,_; X A"~ The projection map SP 1 — Gl

has a section, which takes a matrix N = (n;;) to the block diagonal matrix



CHAPTER 3. THE MOTIVIC COHOMOLOGY OF BGLy 62

(a;;) with ay; = det(N)™* and a;; = n;j—1-1 for all 4,5 > 1. It follows that
the induced map BGl,_; = BSP;,_; is a motivic weak equivalence.

The inclusion SP;,_1 < Sl, induces a map BSP;,_1 — ESL,/SP;,_1,
which is a local weak equivalence. Furthermore, ESl,/SP;,_1 = ESI, xg,
Pt

Arguing exactly as in the proof of Theorem 3.1.5, the map ESI, xg,
P*~! — BSl, induces a monomorphism on motivic cohomology, and so the
map BSP,,,_1 — BSI, does as well.

But now we are done: the inclusion BT, — BSI,, factors as
BT, —BGI,_, —%~ BSP,, .~ BSI,
where f is the map defined by
diag(ay,...,an_1,a;" ... a; ;) — diag(as,...,a, 1)

and g is the map defined previously. As T;, = G"!, we've already seen that f

induces a monomorphism on cohomology. O]



Chapter 4

The Nisnevich classifying space

of PGl

In this chapter, we prove the following

Theorem 4.0.1. Let p be an odd prime. Quer the complex numbers, the

canonical homomorphism in motivic cohomology
H**(B,PGl,, Z(*)) — H*(Byni,PGl,, Z(x))

18 1njective.

The hypothesis that the base field is the complex numbers is used in the
proof of Lemma 4.2.2; the hypothesis that p is an odd prime is used in the

work of Vistoli [Vis07], upon which the proof of Theorem 4.0.1 relies.

4.1 Preliminaries

In this section, let k£ be a perfect field, and let Sm; be the Nisnevich site of

smooth, separated k-schemes.

63
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For GG a presheaf of groups on Smy, we’ll use ByisG to denote the Nisnevich

classifying space of GG, which is the simplicial presheaf on Sm; with
BnisG(U) = B(G(U)) for all schemes U,

where B(G(U)) is the nerve of the group G(U).
Following Morel and Voevodsky [MV99], let B,G be the Nisnevich homo-

topy type of an étale fibrant model of ByisG. Explicitly, choose a map
j : BNisG — Fet(BNisG) )

where 7 is an étale local equivalence, and Fii(BnisG) is injective fibrant with
respect to the étale topology. Then Fy (BG) is a model of ByG.

For any smooth k-scheme U, ByG classifies étale G-torsors, in the sense
that

Helt<U7 G) = {X7 BetG]Nis
In [MV99, Lemma 4.1.18], Morel and Voevodsky observe the following

Proposition 4.1.1. Let G be a presheaf of groups. The map Byn;sG — BaG
s a Nisnevich local equivalence if and only if G is an étale sheaf, and one of

the following equivalent conditions holds:
1. for any smooth scheme S over k, one has Ha, (S,G) = HL(S,G).

2. for any smooth scheme S over k and a point x of S, one has

H,(Spec(O%,), G) = .

And, they point out [MV99, Lemma 4.3.6] that general linear groups satisfy
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these conditions; so

BnisGl, — B Gl,

is a Nisnevich local equivalence for all n > 0.
If k is a perfect field, we've seen that the motivic cohomology of BGl, is

a polynomial algebra over the cohomology of the base field:

H*(BnisGl,, Z(%)) = H*(k,Z(x))[c1, - . -, €2

with c € H%(BNisGlna Z(Z))
If G is a presheaf of groups on the Nisnevich site Sm; as before, and

f G — Gl, is a representation, then we can define the Chern classes of f to

be
ci(f) = f*(c;) € H*(BnisG, Z(i)) .

As we have an identification By;sGl, ~ B.Gl, for the Nisnevich topology,
we have an identification of motivic homotopy types, so that we can define
Chern classes in the motivic cohomology of B, G in the same way. Because
the canonical map in the homotopy category BnisG — BetG is natural in G,

the homomorphism in motivic cohomology

H*(BuG, Z(%)) — H*(ByisG, Z(*))

takes Chern classes to Chern classes.

4.2 Proof of Theorem 4.0.1

We begin with a couple of lemmas.
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Let X be a simplicial set, and let F' be any field. There is an adjunction
I :s(F —vec) 2 sPrep(Smy) : I,

between simplicial F-vector spaces and presheaves of simplicial F-vector spaces,

where I'* is the constant presheaf functor, and I', is global sections.

Lemma 4.2.1. Let F' be a field, and let X be a simplicial set such that all
singular homology groups H,(X, F) are finite-dimensional. Then, the motivic

cohomology ring of I'* X can be written as the tensor product
H*(I™"X,F(x)) =2 H*(k,F(x)) ® H (X, F) ,

where elements of H" (X, F) are seen as elements of the motivic cohomology

group H"(I"™* X, F(0)).

Proof. The adjunction I'* 4 T', is a Quillen adjunction for the injective local
model structure on s Prep(Smy) and the usual model structure on s(F' —vec).

So, we have

HY(I"X, F(q)) = [F(I"X), F(q)[-pl]

= [FX, F(q)[-pl(F)].

For any simplicial F-vector spaces C' and D, the F-vector space [C, D] of maps
in the homotopy category of s(F' — vec) is isomorphic to 7 (C, D), the space
of maps from C to D in s(F — vec) modulo chain homotopy, as all simplicial

F-vector spaces are both fibrant and cofibrant. The obvious map

7 (C, D) = [ [ hom(H,(C), Ha(D))

n>0
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that sends a homotopy class [f : C'— D] to the induced maps (f, : Hyo(C) —

Hy(D),...) is an isomorphism, so that

[C, D] = [ hom(H,(C), H,(D)) .

n>0

For n > 0, we have

H,(F(q)[-pl(k)) = H™"(k, F(q)),

and so we have

H"(I*X, F(q)) = [ [ hom(H.(X, F), H " (k, F(q))) -

n>0

As H"(k,F(0)) = F if r =0, and is zero otherwise, we have
H*(T*X, F(0)) = H*(X, F) .

If V.W are F-vector spaces with V finite-dimensional, then the canonical
map

VY@ W — hom(V,W)

is an isomorphism. So, by our assumptions on X, we have

H(I*X, F(q)) = [[ H"(X, F) @ H"™"(k, F(q)) .

n>0

]

Lemma 4.2.2. Let p be an odd prime. Ouver the complex numbers, the homo-
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morphism in motivic cohomology

H* (Beipyp X 1), Z(%)) — H* (Buis(tp X 1), (%))

18 1njective.

Proof. As C contains a primitive p"* root of unity, the obvious map

F*BCP — BNis Hp

is a Nisnevich local equivalence, where C),, denotes the cyclic group with p
elements. We’ll begin the proof by showing that the homomorphism in motivic

cohomology

H**(Bet pty, Z(x)) — H* (I" BCy, Z(*))

is injective.
The Chow ring of Be p, is generated by the first Chern class ¢ of the
embedding p, C G, ([Vis07, p190]):

H**(Bey iy, Z(+)) = Z[t]/(p - 1) -

Furthermore,

H2(BNis Hp; Z(1>> = H1<BNis Hp Gm) = hom(,up, Gm) = Z/p )

using Proposition 2.4.3. Let ¢ denote the first Chern class of p, C G,, in

H?(Bis f4p, Z(1)): we want to show that ¢ has infinite multiplicative order in

H* (Buis ptp, Z()) =2 H*(T*BC,, Z(x)) .
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For this we use Z/p coefficients.

By Bloch-Kato (see e.g. [HW19]), we have

H(C,Z/p(i)) = Hy(C, ") = Z/p ,

[a¥)

and any generator 7 € HS(C,p,) defines an isomorphism Hgt(C,Mf?i) =
H(C, 21, so that 7 has infinite multiplicative order in H*(C, Z/p(x)).

By Lemma 4.2.1,
H*(I*BC,, Z/p(0)) = H*(BC,, Z/p) = Z/p

and a generator y of this group has infinite multiplicative order in H*(I'*BC,,, Z/p(0)).
Again by Lemma 4.2.1, 7 -y € H*(T*BC,, Z/p(1)) has infinite multiplicative
order.

Up to a choice of the generator y, we have ¢ +— 7 - y under the map
H*(T*BC,,Z(1)) — H*(T*BC,,Z/p(1)) . (4.1)

To see this, consider the diagram

H?(Bey pip, Z(1)) H?(Buis p1p, Z(1))

| |

H?(Bes pip, Z/p(1)) — H?(Bnis 1, Z/p(1))

| |

HZ (Bt pip, Z/p(1)) —= H,(Bris tip, Z/p(1))

As H?*(Be 1y, Z(1)) is p-torsion, the map labelled « is injective, by the uni-
versal coefficients sequence [MVWO06, p27]; the map labelled S is injective, by

the Beilinson-Lichtenbaum conjecture [Voell, Theorem 6.17]; and the map
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labelled ~ between étale motivic cohomology groups is an isomorphism, as
Buis ptp and Beg p,, are étale-locally equivalent. It follows that the map 4.1
does not kill ¢. Using Lemma 4.2.1 and that the ground field is algebraically
closed, every non-zero element of H*(I'*BC,,,Z/p(1)) is equal to 7 -y for some
choice of generator y € H*(BC,,Z/p). So, as ¢ + T -y, ¢ has infinite multi-
plicative order in H**(Byis fip, Z(*)).

Now we can prove the lemma. We have [Vis07, p194]:

H* (Bt 1), 2()) = Zls, 1]/ (p - 5,p-7) |

with s = 7f(t) and r = 75(t), where m; : p, X p, — p, are the projection
homomorphisms. As the image of ¢ in H?(Buyis f1p, Z/p(1)) is 7 -y, the image of

7 (t) in H?(Byis(ip X p1p), Z/p(1)) is 7-75 (y). By Lemma 4.2.1, the composition

HQ*(Bet(:upX:up)? Z(x)) — HQ*(BNiS(MpXMp)v Z(*)) — H2*(BNiS(NpXNp>a Z[p(*))

is injective, finishing the proof. O

The proof of Theorem 4.0.1 relies on the work of Vistoli on the Chow ring
of the étale classifying space of PGl, [Vis07]. By [Voe03, Corollary 6.2], we
have

Ag = H* (BaG, Z(%)) ,

where G is a linear algebraic group, and Ay, is the Chow ring of the classifying

space of G, in the sense of Totaro [Tot99].

Proof of Theorem 4.0.1. In [Vis07], Vistoli defines a subgroup C), x i, C PGl,,
as follows.
Let w be a primitive p* root of unity in C, and let 7 be the diagonal matrix

diag(w,w?, ..., wP™' 1). Then 7 generates a subgroup of PG, isomorphic to
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Hp-
Let o be the permutation matrix corresponding to the cycle (12 ...p) € S,,.

Then o generates a subgroup of PGl, isomorphic to C,, the cyclic group of
order p, viewed as a C-group scheme in the usual way. In our case, C, = p,,.

In Gl,, we have 70 = woT, so o0 and 7 commute in PGl,, and they generate
a subgroup of PGl, isomorphic to C, x p,,.

Just for this proof, write

CH*X = H*(X,Z(x)) .

Let T’pq, be the standard maximal torus in PGl,, consisting of classes of
diagonal matrices. By work of Totaro and Vistoli, [Vis07, Proposition 9.3] and
[Vis07, Proposition 9.4], the inclusions Tpg, C PGl, and C, x u, C PGI,

induce an injective homomorphism

CH*ByPGl, — CH*ByTpar, X CH*Bu(C, X 1) -

By Lemma 4.2.2, the natural map

CH*Be(Cp x p,) = CH" Bris(Cyy X 1)

is injective.

As group-schemes, we have
Xp—1
Tpa, =T, =GP,

so that BetTPGLp ~ BNisTPGlp-
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Consider the commutative diagram

CH*B.PGl, CH”BnisPGl,

| |

CH*BetTPGLP X CH*Bet(Cp X ,U,p) e CH*BNiSTpGLp X CH*BNiS(Cp X /_Lp)

The bottom route around the square is injective, and it follows that
CH*B.PGl, - CH"ByisPGI,

is injective. [
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