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Abstract

Inspired by recent work in homotopy type theory [CORS18], we develop the theory
of reflective subfibrations on an oo-topos €. A reflective subfibration L, on € is a
pullback-compatible assignment of a reflective subcategory Dy C &€,x with associ-
ated localization functor Ly, for every X € &. Reflective subfibrations abound in
homotopy theory, albeit often disguised, e.g., as stable factorization systems. The
added properties of a reflective subfibration L, on & compared to a mere reflective
subcategory of € are crucial for most of our results. For example, we can prove that
L-local maps (i.e., those p € Dy for some X € €) admit a classifying map. The exis-
tence of such a classifying map is a powerful tool that we exploit to show that there is
a reflective subfibration L, whose local maps are exactly the L-separated maps, that
is, those maps with L-local diagonal. We investigate some interactions between L,
and L, and explain when the two reflective subfibrations coincide. Finally, we show
the existence of reflective subfibrations associated to sets of maps in € and describe

some of their properties.

Keywords: reflective subfibration, local class of maps, classifying map, separated

map, higher topos theory, localization theory, homotopy type theory.
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Summary for lay audience

In Mathematics, one often faces two important needs.

1. Simplify some problems, by discriminating between the properties that are rel-

evant and those that are ancillary for a certain issue.

2. Present some mathematical objects of interest in different ways, so as to high-

light different aspects of these objects.

A powerful mathematical tool to answer these needs is localization theory, which
singles out the local properties and objects that are pertinent to the study of a problem.

Localization theory is particularly useful when studying spaces. Classically, this
study was carried out geometrically in homotopy theory, a branch of Mathematics
that classifies spaces by looking at whether or not one can be deformed into the
other. More recently, localizations of spaces have been studied logically in homotopy
type theory, a syntatic language for reasoning formally about spaces.

This works merges the latter approach with the former, providing a new framework
for understanding spaces through their localizations. The most important features
of our approach are: a simultaneous treatment of the localization of both spaces and
maps between them; and the usage of a modern language that allows the abstraction
of the notion of “space” to mean anything that can be thought of as having points,
paths between these points, paths between these paths, and so on. In our work,
we recover all classically studied examples of localizations of spaces, and give new
insights to their properties.

In bridging the logical and the geometrical approaches to localizations of spaces,
we establish a dictionary between the two approaches that can help in evaluating the

advantages and disadvantages of both, and merging the two communities together.
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Chapter 1

Introduction

1.1 Overview

This thesis is concerned with a systematic study of the theory of localization in an
oo-topos, inspired by recent work in homotopy type theory ([CORS18] and [RSS17]).
We provide here the motivations behind this study, its structure, and how it fits into

what is already known on the subject.

In Section 1.2, we provide some background on localizations in homotopy theory
and category theory that motivate our work. In Section 1.3, we explain our framework
for the study of localization in the context of an oo-topos, and highlight the main
themes of our work. In Section 1.4, we put our work in context by relating it with
other work on the subject of localization, both in homotopy type theory and in higher
topos theory. In particular, we discuss the relationship between this work and the
paper [CORS18]. In Section 1.5, we describe in some detail the content of each chapter
of this thesis, highlighting our main results. Finally, in Section 1.6, we explain some

conventions and notation concerning oco-categories that we use throughout this work.
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1.2 Motivation for the study of localization

Localization of spaces is a classical topic in homotopy theory. One of its main
features is that it provides tools and techniques analogous to those provided in algebra

by localizations of rings and modules. These techniques include:
(i) simplifying or solving complicated problems by working locally;

(ii) formulating and proving local-to-global principles, that is, isolating those prop-

erties that hold globally if and only if they hold locally;

(iii) providing fracture or decomposition theorems that recover an object of study

from its localizations.

Localizations of simple spaces at primes provide striking examples of all the above
features. A space X is simple if, for every point x € X, m (X, x) is abelian and
acts trivially on , (X, z), for all n > 2. Given a set of primes T, localization at T
provides a universal T'-localization map X — Xp inducing the algebraic localization
(X, ) — (X, 2) ® Zp, for every n > 1 and every z € X. Here, Zr is the
localization of Z at the multiplicative set generated by the primes not in 7. In
particular, X is a T-local space, that is, a space such that every homotopy group is
a Zp-module. (This is the correct notion of T-local space since we are assuming our
spaces to be simple.) When p is a prime number, we write Xy, = X, and talk about
p-local spaces, whilst, when T' = (), we write Xy = X, and talk about rational spaces.
One can then prove the following results, where all spaces are assumed to be simple.

(All results are taken from [Sul05, §2].)

(i) Classifying rational H-spaces (that is, spaces equipped with an up-to-homotopy
associative and unital operation) is easy: up to homotopy equivalence, they are

products of Eilenberg Mac-Lane spaces.

(ii) X is an H-space if and only if all of its p-localizations X, are H-spaces and,
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for every pair of primes p, g, the rationalization maps X, — X, <— X, induce a

ring isomorphism H,.(X,; Q) = H.(X,; Q).

(iii) A space X is the homotopy limit of its localizations, in the sense that it is
the homotopy limit of the diagram {X, — Xo}, a prime, Where X, — Xy is the

rationalization map.

One might then wonder whether powerful statements like those above can be adapted
to homotopy-theoretic settings other than spaces, such as simplicial sheaves on a site.

There is another interesting perspective on localization that is perhaps more fa-
miliar to category theorists. Namely, one can look at localization as a way to present
certain objects of interest, rather than as a tool for simplifying our objects of interest
and making them easier to understand. For example, once we are given a (small) site
C, what we are really interested in is the study of sheaves, rather than presheaves,
over C, and the process of inverting the covering sieves in the category of presheaves
is better understood as a presentation of the category of sheaves, rather than as a
simplification of the category of presheaves. Similarly, one is intrinsically interested
in studying stacks over C, for example in algebraic geometry. Now, one can present
stacks as the (fibrant objects in the) localization of the Jardine model structure on
sPre(@) (the category of simplicial presheaves over €) that inverts the map S? — AY
([Hol08, Thm. 5.4]). This result provides a point of view that has arguably more to
do with the idea of generalizing stacks to n-stacks ([Hol08, Def. 1.8]), rather than

simplifying simplicial (pre)sheaves.

1.3 Our setting: reflective subfibrations

It is thus interesting to develop a unifying framework for the systematic study
of localization theories, with the goal of encompassing and generalizing some of the

examples that are already understood, while also providing new insights on them.
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In the history of homotopy theory there have certainly been a few successful ap-
proaches in this sense. For example, one can consider augmented idempotent homo-
topical functors, popularized by Adams and Farjoun ([AF10], [Far96]), or one can
look at Bousfield localizations of model categories, as developed by Bousfield, Kan
and Quillen (see [Hir03] for a complete treatment). Our approach, based on the the-
ory of reflective subfibrations on an oco-topos &, differs from these and other takes on
localization as it employs the modern language of co-category theory, it emphasizes
localization of maps rather than localization of objects (the latter being a special case
of the former), and it naturally shares ties with homotopy type theory, the internal
language of higher topos theory.

Our setting for localization is best understood and loses its artificial vibe if one
looks at the following classical example of localization of spaces. Namely, for a fixed
set S = {fi: A; — B;}ier of maps between spaces, one wishes to study those spaces
that see maps in S as weak equivalences, that is, the spaces X for which the maps
XJi: XBi — X4 (i € I) are weak equivalences. These are called S-local spaces.
There are at least two significant examples of this construction in classical homotopy

theory:

(a) given a fixed prime number p, when S consists of all the ¢g—th multiplication
maps S % S! where ¢ is a prime other than p, S-local simple spaces are just

the p-local simple spaces introduced earlier ([MP12, § 6.1]);

(b) if A is any space and S consists of the unique map A — * to a one-point
space, S-local spaces are best known as A-null spaces. They are those spaces
X for which every map A — X is homotopically equivalent to a (unique up to

homotopy) constant map A — X.

In this situation, classical localization theory provides, for each space X, a functorial

choice of a space LX and of an S-localization map n(X): X — LX, such that:

e cach LX is an S-local space;
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e 7(X) is the homotopically initial map into an S-local space, i.e., for every S-local

space Y, Y1(X) . YIX 4 Yy X is a weak equivalence.

In other words, if we let D be the full subcategory on the S-local spaces, D is a reflec-
tive subcategory of D “up to homotopy”, in the sense that 7(X) is only homotopically
initial, and not strictly initial, among maps from X into an S-local space. Now, it
turns out that this localization also makes sense for maps of spaces and it is done
fiberwise. Namely, to a map of spaces p: F — X, we can functorially associate a map
Lx(p) over X with the property that the homotopy fiber of Lx(p) over each x € X
is the S-localization of hofib,(p). Hence, maps whose homotopy fibers are S-local
spaces are called S-local maps. In general, they form a much larger, and much more
interesting, class of maps than the maps between S-local spaces. For example, the
universal covering map R — S' is S*-null (i.e., it has O-truncated fibers), even though
S' is not S'-null (it is not O-truncated). For each space X, we can then consider the
category Spaces, y of maps of spaces over X. The S-local maps with codomain X form
a reflective subcategory Dx of Spaces, y (again “up to homotopy”). These reflective
subcategories are not unrelated one to the other. For example, from the fiberwise
description of S-local maps, it is immediate to see that, given a homotopy pullback

square of spaces
M—F

q p
Y —X
if p is S-local, then so is q. (We are using that a homotopy commutative square
of spaces is a homotopy pullback square if and only if the induced maps on fiber
sequences are weak equivalences.) In fact, we could almost argue that the fiberwise
definition of S-local maps is given precisely to ensure this stability under homotopy
pullbacks.
A reflective subfibration Lo (Definition 3.1.1) is defined so as to generalize the
above setting of a pullback-stable system of reflective subcategories. This general-

ization proceeds in at least two ways. First, one can define reflective subfibrations
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on an arbitrary (Grothendieck) co-topos € and not just on spaces (the terminal oo-
topos). Roughly, an oo-category € ([Lur09]) is a category for which, between every
two objects X and Y, there is a space of maps (as opposed to a set of maps). These
spaces of maps give notions of morphisms from X to Y (the 1-morphisms) and of
morphisms between such morphisms (the 2-morphisms) and of morphisms of mor-
phisms between these morphisms (the 3-morphisms), and so on. The definition of
oo-category implies that all n-morphisms in € for n > 2 are invertible. Moreover,
oo-category theory is a conservative extension of ordinary category theory, where all
categorical constructions, such as limits, colimits, and adjunctions, still make sense.
Because of their intrinsic “space-like” nature, co-categories are also contexts in which
to develop homotopy theory, which will then inherently be a categorical homotopy the-
ory that allows a treatment of homotopy theory via universal properties. An co-topos
is a special kind of co-category € that satisfies properties analogous to the classical
Giraud axioms for ordinary Grothendieck topoi (see [MM94, App. A] for an account).
These axioms make an oo-topos € a more suitable setting for homotopy theory than
a bare oo-category, as they render € more similar to a “category of spaces”. (For

example, every object X in an oco-topos has homotopy groups m,(X).)

Another aspect in which reflective subfibrations generalize the framework of S-
local spaces is that they allow for more general systems of reflective subcategories
Dx C &/x (for € an oo-topos and X € &) than those associated to a set S of maps in
€. For example, in our work we show that we can construct reflective subfibrations
out of the datum of a stable factorization system on € or of a left exact localization
on & (Theorem 4.2.5 and Proposition 4.2.8). In fact, we can even use the theory
of reflective subfibrations to prove new results about stable factorization systems

(Proposition 6.1.2).

Given a reflective subfibration L, on € with associated reflective subcategories
Dx C &/x, we write Ly for the induced localization functor, namely, the composition

of the reflector of €, x into Dx with the inclusion of Dx into €,x. The collection of
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all objects in Dy, as X varies in €, form the L-local maps, and the objects of D := D,
are called L-local objects. L-local objects and maps satisfy many enjoyable properties.
For example, if X € € is an L-local object, then every loop object Q(X,z) is also
an L-local object. (In an oco-topos €, (X, z) is defined as the pullback of 1 = X
along itself, where 1 is the terminal object of €. This recovers the homotopy type
of ordinary loop spaces when €& is the co-topos of spaces.) However, the localization
functors Lx do not commute with loop objects: if (X, z) is a pointed object in &,
in general L(Q(X,z)) is not equivalent to Q(LX, Lz). We can fix this misbehavior
and compute L(Q(X,z)) by means of another reflective subfibration L, related to
Lo. The main purpose of our work is the study of such an L), which we tackle in
Chapter 5. There, we consider the class of L-separated maps (Definition 5.1.1). If
& = Spaces and we look at L-separated objects, we get that L-separated spaces are the
spaces with L-local loop spaces. We develop a great deal of the theory of L-separated
maps, culminating in our main result, the existence of a reflective subfibration L, on
& for which the L'-local maps are the L-separated maps. As far as we know, this is
a novel result in the context of homotopy theory and higher topos theory (but not
in homotopy type theory — see below). In Corollary 6.1.3, we then prove that, for
every pointed object (X, z) of &, L(QX,z)) ~ Q(L'X, L'x).

1.4 Relationship to other work

We mentioned earlier that our take on localization theory is inspired by homo-
topy type theory, a dependent type theory with homotopy-theoretic features ([UF13]).
More precisely, the definition of reflective subfibration on an oco-topos € appears in
[RSS17] as the external notion (in higher topos theory, HTT) that captures the in-
ternal description (in homotopy type theory, HoTT) of a reflective subuniverse. The
work in [RSS17] is mainly concerned with an important subclass of reflective sub-

universes, namely the Y -closed ones, also known as modalities. These correspond to



8 CHAPTER 1. INTRODUCTION

composing reflective subfibrations on &, that is, reflective subfibrations L, for which
the composite of two L-local maps is again an L-local map. In the context of higher
topos theory, the authors of [ABFJ17a] use the term “modality” as a synonym for a
stable factorization system on an co-topos &€, and they carry out a systematic study
of these factorization systems. On the other hand, the authors of [CORS1S] shift
their focus back to the general setting of reflective subuniverses, motivated by the
study in homotopy type theory of localizations at primes (which are not modalities).

We can then depict our work as the (homotopy) pushout square

{modalities in HoTT, [RSS17]}

{localizations in HoT'T, [CORS18]}

-
{modalities in HTT, [ABFJ17a]} ————— {localizations in HT'T, this thesis}

A few more words are in order about the relationship between our work and
[CORS18]. Many of our results, including Theorem 5.3.3, are formulated and proved
there in the framework of homotopy type theory. In fact, [CORS18| was used as
a road-map for our work, which is partly about translating results present there
into the language of higher topos theory. The basics of this translation are fairly
simple and constitute the core of the analogy between HoTT and HTT. For example,
if U is a universe in type theory and € is our preferred co-topos, a type family
P: X — U corresponds to a map p: £ — X in &, thought of as having homotopy
fiber over x € X given by P(z). In particular, the type family Idx: X x X — U,
associating to each x,y: X the identity type Idx(x,y), corresponds to the diagonal
map AX: X — X x X. Since the functor X x (=): &€ — &€,x has both a left
adjoint ), and a right adjoint [], the type-theoretic Sigma-type 3,.x P(z) and
Pi-type IL,.x P(z) are simply the objects £ = > p and [[yp in &, respectively.
However, mastering this translation process takes some care, and we often encountered

difficulties that affected both the statements and the proofs of our results as compared
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to [CORS18]. There are several causes for these difficulties.

First, in HoT'T, terms have types and one can often prove statements about all
terms of a type by proving them for one generic term of that type. (This is the
analog of set-theoretic statements of the form “for all x € X, it happens that...”
whose proofs usually start with “let x € X”.) In HTT, the only sensible thing to
do, in general, is to work globally, so that statements and proofs concerning all terms
of a type are usually made “term free” by working in slice categories. One can get
a good sense of the potential consequences of this slicing process by comparing the

statement and proof of our Proposition A.3.4 with the analogous result in HoTT,

[CORS18, Lemma 2.23].

A further point of difference is given by the fact that the natural starting point for
localization in HoTT is a reflective subuniverse (an internal notion), whilst the natural
starting point in homotopy theory is a reflective subfibration (an external notion).
In particular, results that are naturally stated in terms of universes in HoTT do not
always appear as meaningful in the context of HT'T (or, anyway, one might wish to find
a better phrasing). For example, Proposition 5.2.6 and Corollary 5.2.8 are the results
of our attempt to give a more natural formulation of [CORS18, Lemma 2.19]. Prior
to conversations we had with the first and the last author of [CORS18], that lemma
was only saying that a type family P: X — U} extends along an L’-localization X —
L'X (see also [CORS18, Rmk. 2.35]). This last example shows how the differences
between the HoTT and the HTT settings give occasions for one point of view to
inform and complement the other. Statements and proofs that are present here but
not in [CORS18] should then be taken in this spirit. For example, this applies to the
results showing that L-local and L-separated maps form local classes of maps in &
(Proposition 3.2.3, Remark 3.2.7 and Proposition 5.1.7), as well as to the discussion

of Section 6.2 about reflective subfibrations for which L, = L.

Finally, the translation process from HoTT to HTT often turns strict equalities in

the former setting into canonical equivalences in the latter, and one must keep track
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of these equivalences. A typical example of this phenomenon is the Beck-Chevalley
condition, which provides canonical equivalences involving pullback functors and their
adjoints as in
donr =g ) and = []*
k f g h

for suitable maps h, k, g, f in € (see Lemma A.1.3). In type theory, the corresponding
statements are judgmental (that is, strict) equalities which say that substitution of
terms commute with > and II operations. This bookkeeping process for equivalences
becomes particularly evident in our proof of Theorem 5.3.3, which is more complicated
than the HoTT proof given in [CORS18, Thm. 2.25].

In April 2019, after most of the results in this thesis were accomplished, M. Shul-
man gave a proof of the conjecture that every oo-topos models homotopy type theory
([Shul9]). Hence, all statements proven in HoTT can be translated into true state-
ments in any oco-topos &'. This applies, in particular, to the results given in [CORS18].
However, we believe that this recent development does not invalidate our work en-
tirely, for several reasons. First of all, our work on localization in HT'T can not be
immediately recovered from the analogous work in Ho'T'T since the starting points are
different (reflective subfibrations in HT'T, reflective subuniverses in HoTT). Hence,
the already-mentioned translations that accompany our work still need to be done
in practice, at least if one wants to obtain an external understanding of the internal
statements provided by HoTT. Secondly, not all proofs we give here are direct trans-
lations of the HoT'T ones, as some type-theoretic arguments do not have an obvious
counterpart in the HTT setting, so that we were often forced to employ different
proof techniques. Furthermore, even for those arguments that parallel more closely
the ones in [CORS18], we believe our proofs can give some working-knowledge on
how to use and adapt HoTT reasoning to prove theorems in an co-topos &, in a spirit
similar to [ABFJ17a] and [Rezl5]. Finally, as remarked earlier, several results here

are not present in [CORS18].

! Modulo the initiality conjecture for homotopy type theory.
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1.5 Content and structure

We give below a summary of the structure and of the content of this thesis which

consists of seven chapters (including this introduction) and an appendix.

In Chapter 2, we follow [Lur09] and [GK17] to give an overview of the theory
of local classes of maps in an oco-topos €. A class S of maps in € is said to be local
(Definition 2.1.2) if it is closed under coproducts, stable under pullbacks, and satisfies
a descent condition. Up to size issues, a class S of maps in € is local exactly if it
admits a classifying map p € S (Definition 2.1.4), so that every other map of S is
a pullback of p. In particular, the class of all maps in € is local and so it admits a
classifying map u: U — U. The base space U plays the role in € of a given universe
in homotopy type theory. Classifying maps p: E — X enjoy an important property
called univalence (Definition 2.2.8) which, roughly, means that equivalences between
(homotopy) fibers of p are completely determined by paths in X. In order to formulate
univalence, one needs to introduce an object of equivalences between any two objects
X and Y of €, defined in [GK17, Thm. 2.10]. We give an alternative characterization

of it in Lemma 2.2.4.

In Chapter 3, we apply the results of the previous chapter to a class of maps associ-
ated to a reflective subfibration Le on €. We show that L-local maps (Definition 3.1.1)
form a local class of maps in € (Proposition 3.2.3) and use this fact to characterize
reflective subfibrations on spaces as “fiberwise localizations” (Corollary 3.2.4). It fol-
lows that L-local maps admit a univalent classifying map u”: U~ — U*. By [GK17,
Cor. 3.10], there is a monomorphism U* — U and u’ is the pullback of u along this
mono. This fact links the notion of reflective subfibration on € with that of reflective

subuniverse in HoTT.

In Chapter 4, we introduce and study L-connected maps. These are maps in &
whose fibers have trivial L-localization (Definition 4.1.1). We establish a few technical

lemmas about these maps, aimed at proving the following result.
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Theorem 4.2.5. Let € be an oco-topos.

1. Let F = (£, R) be a stable factorization system on €. There exists a modality

L7 on & whose local maps are exactly the maps in R.

2. Let L, be a modality on €. Let £ be the class of L-connected maps and R the

class of L-local maps. Then Fj, = (£, R) is a stable factorization system on &.
Moreover, the assignments F +—» Lf and L, — F}, are inverse to one another.

Here, a modality is a reflective subfibration L, on € such that the composition
of two L-local maps is again L-local. The above theorem reconciles this meaning of
the term “modality” with the one used in [ABFJ17a] to refer to a stable factorization
system (Definition 4.2.1). In a different flavour, this result is internally proven in
HoTT in [RSS17]. Chapter 4 is tangential to our main results of Chapter 5 and can
be skipped at a first reading, except for the main concept of an L-connected map.

In Chapter 5, we get to the core of our work. For a general reflective subfibration
L, on &, we introduce L-separated maps as those maps in & whose diagonal is an
L-local map (Definition 5.1.1). L-separated maps inherit a lot of pleasant properties
from L-local maps. In particular, they also form a local class of maps of € (Proposi-
tion 5.1.7), hence they satisfy a necessary condition to be themselves the local maps
for a reflective subfibration on €. Showing that this is indeed the case is the purpose
of this chapter. Our path to victory goes through a careful analysis of the interactions
between L-separated and L-local maps which culminates in the following character-
ization of L'-localization maps, that is, those maps into an L-separated object that
are initial among maps out of a fixed object X € € and into an L-separated object

(Definition 5.2.2).
Theorem 5.2.10. The following are equivalent, for a map n': X — X’ in &:

1. n is an L'-localization of X;
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2. 1 is an effective epimorphism and

X2 X xw X

N

X x X

is an L-localization of AX.

On the way, we also prove Proposition 5.2.6 which gives a characterization of L-
local maps in terms of extensions along L’-localization maps. This is a good example
of how one can use the theory of classifying maps (applied to the classifying map of
L-local maps) to translate reasoning about universes in homotopy type theory into
proofs of results whose statements have nothing to do with universes. After a few
more preliminary lemmas, we conclude Chapter 5 by using Theorem 5.2.10 to prove

the following result, which combines Theorem 5.3.3 and Corollary 5.3.4.

Theorem. Let L, be a reflective subfibration on an oco-topos €. Then the following

hold.
1. For every map p € €z, there exists an L'-localization map 1, (p): p — Lz (p).

2. There exists a reflective subfibration L), on & for which the L'-local maps are

exactly the L-separated maps.

We remark that the proof of the above theorem makes crucial use of the fact that
L-local maps admit a classifying map and that this map is univalent. This result is
also significatively more complicated to prove in our setting than in homotopy type
theory (see [CORS18, Thm. 2.25]).

In Chapter 6, we present some results that we can state or prove once we know
that L-separated maps are associated to a reflective subfibration on €. For example,
we give a way to produce new stable factorization systems from old ones (Proposi-
tion 6.1.2), and we prove a result that shows how L[ accounts for the lack of com-

mutativity between L, and loop functors (Corollary 6.1.3). We also study further
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relationships between L, and L), proving, for instance, results that link L'- and L-
connected maps (Proposition 6.1.9). We make use of the fact that L’-localization is
almost left exact (Proposition 6.1.4) to give a characterization of self-separated re-
flective subfibrations. These are reflective subfibrations L, for which L, = L,, in
the sense that every L-separated maps is L-local (the contrary being always true).
Self-separated reflective subfibrations are linked to the notions of hypercomplete and
oo-connected maps in an oco-topos € (Definition 6.2.2). Self-separated reflective sub-
fibrations can be characterized in terms of special left exact localizations of €, the
quasi-cotopological localizations (Definition 6.2.5) as explained by the following result,

which does not appear in [CORS18].
Theorem 6.2.8. The following are equivalent, for a reflective subfibration L, of €.

1. L, is self-separated.

2. L, is the modality associated to a quasi-cotopological localization of €.
In this case, hypercomplete maps are L-local.

In Chapter 7, given any set S of maps in €, we prove the existence of the S-
localization on €. Namely, we show that we can construct a reflective subfibration L7
on & with the property that an object X € € is L°-local if and only if, for every map
f: A— Bin S, the map X/: X — X4 is an equivalence in & (Proposition 7.1.12).
We remark that this existence result uses local presentability of the oo-topos €. When
S = {A — 1} for an object A of &, the corresponding S-localization is called A-
nullification. We show that it is always a modality (Proposition 7.1.9). We conclude
the chapter with two sections where we explore some properties of S-localizations in
the case where: a) the maps in S all belong to the left class of a cartesian factorization
system on &€ (Section 7.3); or (b) all the maps in S are between 0O-connected types
(Section 7.4).

Finally, in Appendix A, we collect some results about locally cartesian closed oo-

categories that we need in our work, but that we could not naturally fit anywhere in
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the main body without interrupting the flow of our arguments. Some of the results
there are well known, but for others we could not find any reference in the literature.
An example of the results in the latter group is given by Proposition A.2.1, where we
prove the topos-theoretic version of the function extensionality axiom from HoTT.
Section A.3 is a nice little compendium of abstract nonsense that allows us to prove
Proposition A.3.4, a result about unique extensions of maps that is crucial for the

proof of Theorem 5.2.10.

1.6 Higher categorical conventions

We gather here miscellaneous background concepts and notation about oco-catego-

ries that we use throughout our work.

Infinity categories. In this work, we use (more or less explicitly) many results
about the category theory of co-categories that are proven in [Lur(09], where an oco-
category is taken to be a quasicategory, that is, a simplicial set which has the right
lifting property with respect to inner-horn inclusions. However, all these results are
basic facts that every model of oo-category theory ought to provide, and the specific
incarnation of co-categories as quasicategories only comes into play in the proofs
that these results actually hold in that model. Here are a few examples of basic

“model-independent” results we use, where C is an co-category.

e For every X, Y € C, there is an oo-groupoid C(X,Y') of maps in € from z to y.
Here, an co-groupoid is thought of as an abstract homotopy type, but can be
incarnated as a Kan complex. Given two maps f,g: X — Y, one writes f =g

if f and g are homotopic, that is, if they are in the same path-component of

C(X,Y).

e Composition of maps is defined, associative and unital up to coherent higher ho-

motopies. Maps in € having a two-sided inverse with respect to this composition
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are called equivalences.

e For every object A € C, every map f: Y — X gives rise to a map of oo-
groupoids C(A, f): C(A,Y) — C(A, X), well-defined and natural up to homo-
topy, which represents composition with f. These maps detect equivalences, in
that each map C(A, f) is an equivalence of co-groupoids for every A € € if and

only if f is an equivalence in C.

e For every X € C, there is a slice oo-category €,x whose objects are maps in €
with codomain X and whose morphisms are homotopy commutative triangles
between these maps. There is also a forgetful functor €,x — € which is con-
servative, i.e., it reflects equivalences. If f: Y — X is a map in C, there is a

natural equivalence of oo-categories (C/x)/r =~ C)y.

e There are notions of limits, colimits and adjunctions that have the right homo-
topical universal property and can be characterized representably through the

mapping spaces C(e, o).

Uniqueness of maps. Given an oo-category C, when we make statements about
the existence and uniqueness of a map in C satisfying certain conditions, we always

mean that the space of maps verifying those conditions is contractible.

Slice categories. Given an oo-category €, we often depict a map m: p — ¢ in a

slice category €,z as a commuting triangle in C of the form

E m

M
NS
Z

leaving the interior 2-simplex implicit. We will often carry over this implicitness to
other maps in slice categories that are constructed from m, at least as long as the

context is enough to disambiguate. For example, if the implicit 2-simplex of m above
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is o, then the implicit 2-simplex of the map in €,z given by

E—" M

(p,p)

is (0,0).
If p and g are objects in a slice category €/, we write p %% ¢ to mean the product

object of p and ¢ in C/;.

Orthogonality relation. We will make extensive use of the orthogonality relation

between maps in an oco-category C.

Definition 1.6.1. Let f: A — B, g: X — Y be maps in an oo-category C. We say
that f is left orthogonal to g and that g is right orthogonal to f if the following square

of co-groupoids is a homotopy pullback square

(B, X) 229 _e(B,y)
&) e

When this happens, we write f L g.

Remark 1.6.2. The pullback condition in Definition 1.6.1 can be restated as asking

that the induced map of co-groupoids
@: C(B,X) = C(A, X) xeuy) C(B,Y)

is an equivalence. Equivalently, this means that each homotopy fiber of ¢ is con-
tractible. We can phrase this condition by saying that for every solid commutative

diagram in C
A——=X

7
f Ve

e

B .Y

NS}



18 CHAPTER 1. INTRODUCTION
there exists a unique dotted filler.

When € has a terminal object 1, given an object X in €, we simply write f L X
to mean f L (X — 1). To minimize the risk of confusion, we use the symbol L
when we want to denote the orthogonality relation in the slice co—category €,x. So,
for example, if a: p — ¢ is a map in C/x and r is an object in C/x, @ Lx r means
that « is left orthogonal to the map r — idx in C/x.

Given a class M of maps in €, we write “M for the class of maps in C that are
left orthogonal to every map in M, and we write M+ for the class of maps in € that

are right orthogonal to every map in M.

Infinity topoi. By an co-topos we mean an oo-category € with the following prop-

erties.
(a) € is a locally presentable co-category ([Lur09, Def. 5.5.0.1]).
(b) Colimits in € are universal ([Lur09, Def. 6.1.1.2]).
(c¢) The class of all maps in € is a local class of maps (see Definition 2.1.2).

This characterization of co-topoi follows from [Lur09, Thm. 6.1.6.8] and is also given
in [ABFJ17a, Def. 2.2.3]. We spell out some consequences of this definition that will

be used throughout our work. Let € be an oco-topos.

(i) € admits small limits and colimits. In particular, it has a terminal object 1 and

an initial object 0.

(ii) € is a locally cartesian closed oo-category. This means that, for every map

f:Y — X the pullback functor

f*Z E/X — 8/y
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(vi)

has a left and a right adjoint, which we denote by
Zia/y—)a/x and Hig/Y_>8/Xa
f f

respectively. Given an object p € €y, > f(p) is just the composite map f o p.
When f is the unique map A — 1 for A € £, we simply write >, and [],.
In this case, ), is the forgetful functor €,4 — €. We may refer to left and
right adjoints to pullback functors as dependent sums and dependent products

respectively.
0~ 1 in € if and only if & is equivalent to A", the terminal co-category.
Coproducts in € are disjoint, as in [Lur09, § 6.1.1 and Lemma 6.1.5.1].

For every n > (—2), one can define the classes of n-connected and n-truncated
maps ([Lur09, Def. 5.5.6.1 and Def. 6.5.1.10]). These forms the left and the
right class of a factorization system in €, respectively (see Definition 4.2.1 and
[ABFJ17a, Prop. 3.4.6]). (—1)-connected maps are also called effective epimor-
phisms and (—1)-truncated maps are also known as monomorphisms. We write
X — Y and X — Y to denote an effective epimorphism and a monomorphism,

respectively.

For every X € €&, the slice co—category €,x is again an oco-topos.



Chapter 2

Univalence for local classes of maps

In this chapter, we gather some background material and a few new results that
will be needed in the rest of our work.

In Section 2.1, we follow [Lur09] and describe the theory of local classes of maps
and their classifying maps which will be crucial when working with reflective subfi-
brations. In Section 2.2, we give an account of the notions of objects of equivalences
and univalent maps, as developed in [GK17]. Lemma 2.2.4 provides an internal de-
scription of Eq(X,Y) — the object of equivalences between two objects X, Y of an
oo-topos € — that does not appear in [GK17].

2.1 Local classes and classifying maps

We introduce here local classes of maps in an co-topos € and explain that, modulo
size issues, they are exactly the classes S of maps in € that admit a classifying map,
that is, a map p in .S such that every other map in S is a pullback of p. Our exposition

follows [Lur09]. We fix an oo-topos € throughout.

Proposition 2.1.1 ([Lur09, Prop. 6.2.3.14]). Let S be a class of maps in & and
suppose S is closed under small coproducts in E*7* and stable under pullbacks. Then

the following are equivalent for S.

20
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1. Given any pullback square in &

E—2 oM
|

Q

p

where f is an effective epimorphism, p is in S if and only if q is in S.

2. Given any commutative cube in &

A B
N ‘\
X Y
f g‘
h k
C D
N N
Z 1%

if the back and the left faces are pullback squares, the top and the bottom faces are
pushout squares and f,qg,h € S, then the right and the front faces are pullback

squares and k € S.

Definition 2.1.2. A class S of maps in € which is closed under small coproducts, sta-
ble under pullbacks and satisfies one of the equivalent conditions of Proposition 2.1.1

is called local.
Example 2.1.3. The class of all maps in an oo-topos is local.

Local classes of maps in an co-topos are important because, up to size issues, they

are the classes of maps that admit a classifying map.

Definition 2.1.4. Let S be a pullback-stable class of maps in an co-topos €. Denote
by Cart(S) the sub-oco-category of £~ having the maps in S as objects and pullback
squares as morphisms. A classifying map for S, if it exists, is a terminal object

p: E — X of Cart(95).
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Thus, a classifying map p: F — X for S is a map in S such that every other map

in S is a pullback of p in an essentially unique way.

Example 2.1.5 ([Lur09, Prop. 6.1.6.3]). The class of all monomorphisms in an oco-

topos € has a classifying map.

Definition 2.1.6. Let s be a regular cardinal. A map f: X — Y in € is said to be

relatively k-compact if for every pullback square

W—X
=)
Z—=Y

where Z is k-compact, W is also xk-compact.

The notion of relatively sk-compact maps is what gives the smallness condition

needed to prove the following result.

Proposition 2.1.7 ([Lur09, Prop. 6.1.6.7]). Let S be a local class of maps in an
oco-topos €. Then, there are arbitrarily large reqular cardinals k such that the class

S, of maps in S that are relatively k-compact is local and has a classifying map.

We record in the following observation a few remarks about the “arbitrarily large”

cardinal x appearing in the statement of Proposition 2.1.7.

Remark 2.1.8.

1. The regular cardinal x in € has to be large enough for:

(a) € to be locally k-presentable;

(b) the pullback functor

p: &M 5 g(d)”

to preserve r-filtered colimits;
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2
(c) the restriction of p to k-compact objects in €43 to land in 8,(.@A2)<], where

€, denotes the full subcategory of k-compact objects in €.

2. When £ is also taken to be strongly inaccessible, then the class of relatively
rk-compact maps in € is closed under dependent products, in the sense that, if
f: X = Y and g: E — X are both relatively x-compact, then II;(g) is also
relatively k-compact (see [GK17, Lemma 4.17]).

Notation 2.1.9. For every regular cardinal x as in Remark 2.1.8 (1) and (2), we
denote by
U, — U,

the classifying map for k-compact maps in €. Here, U stands for “universe” ,where
the terminology is borrowed from homotopy type theory (see [UF13, § 1.3]). If S is

a local class of maps, we denote by
Us - u;
the classifying map for Sj.

Note that, by definition, there is a pullback square

Us — U,

K

ﬂ L (2.1)

US?UH

K

where the map s, is unique up to equivalence.

2.2 Objects of equivalences and univalence

Following [GK17], we explain here how one can associate an object Eq(X,Y") to

every pair of objects X,Y € € so that the global elements of Eq(X,Y’) are the equiv-
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alences from X to Y. We use such objects of equivalences to define and characterize
univalent maps in an oco-topos.
Every oo-topos € is, in particular, a cartesian closed oo-category. One way of

saying what this means is that, for every X,Y € &, the functor
E(X x (=),Y): &P — 0coGpd

is represented by an object YX € &, which we call the internal hom from X to Y. For
every X € € there is then a functor (—)*: & — & which is right adjoint to X x (—).
We denote by

eVxy: YX xX —=Y

the counit of the adjunction at X, Y € €. Note also that, forevery T' € €, E(X xT,Y)

can equivalently be described as
E(X xT,Y xT),

where X x T is shorthand notation for the projection X x T" — T', seen as an object
of (CJ/T
Now, € is in fact locally cartesian closed, so for every X € € and every p,q € &x,

we get an internal hom ¢? in & x.

Notation 2.2.1. If F = dom(p) and M = dom(q), we write [E, M|x for the domain

of ¢P. In this way, we can consider ¢P as a map
B, M]x & X

in €.

We now want to find a subobject of Y* (or, more generally, of ¢?), whose global

elements correspond to equivalences X — Y. To this end, let J(&) be the core of
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€, that is, the maximal oo-subgroupoid of €. It can be explicitly described as the

(strict) pullback of co-categories

J(€) £
| l
J(Ho(€&)) — Ho(&)

where J(Ho(€)) denotes the usual, 1-categorical, core functor. Since for every oo-
category € and every X,Y € €, Ho(C)(X,Y) ~ m(C(X,Y)), it then follows that

there is a pullback square

J(E)(X V) ——E(X.Y)
l |
molJ(E)(X.Y)) — m(E(X,Y))

(2.2)

and that the map J(E)(X,Y) — €(X,Y) is a monomorphism. The assignment
T JEm)(X xT,Y xT)

thus defines a subfunctor of £(X x (—),Y). It turns out this functor is itself repre-

sentable.

Proposition 2.2.2 ([GK17, Thm. 2.10]). For every X,Y € &, there is a subobject

Eqe (X,Y) of YX such that, for every T € &, there is an equivalence of co-groupoids
E(T,Eqe(X,Y)) = J(E/r)(X x T,Y xT),

natural in T € E. Furthermore, this is also true “locally”, that is, for every two

objects p,q in a slice category & x.

Notation 2.2.3. For p: F — X and ¢: M — X, we write Eq,yx(F, M) for the
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domain of Eqg (p,q), so that Eqg (p,q) is a map

Eqg ,  (pa)
Eqx(E,M) ——— X

in &. We will often just write Eq(p, ¢) for Eqe x (p, q), if no risk of confusion arises.

In the following, it will be useful to have another, more explicit, description of
Eq(X,Y). For X,Y € &, there is a map cxy: X¥ x Y¥ — X% obtained as the

adjunct map to the composite

XY xevyy evy,x
XY xYX¥xX XY xY X

Lemma 2.2.4. For every X,Y € &, there is a pullback square

Eq(X,JY) — XY x V¥ x XY
L [(cx,yoprm, CY,Xopr13)

— XX xYY
(idx,idy)
where pryy (resp. prig) is the projection YX x XY x XY — YX x XY onto the first

two components (resp. onto the first and last components). This is also true “locally”

for every p,q € € x.

Note that, on global elements, the right vertical map sends f € £(X,Y) and
0,1 € E(Y, X) 1o (gf, fh) € E(X, X) x E(Y, ).

Proof. The statement for slice categories is proven exactly as the one for &, so we just
prove the latter. By [GK17, Lemma 2.8], it follows that there is an essentially unique
inversion map i: Eq(X,Y) — Eq(Y, X), such that, for every T" € &, the following
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diagram commutes

J(E&r) (X xT,Y xT) 1
(id,i)t idx et
JET) X XT,Y xT)X J(&r) (Y xT,X xT)—=J(&r)(X xT,X xT)

! l

Em(X xT,Y xT)x Ep(Y xT,X xT) Em(X xT,X xT)

where the middle and bottom horizontal arrows are composition maps and the unla-
belled vertical maps are monomorphisms. In fact, for each T, i picks out an inverse
for every equivalence X xT'— Y x T over T. Now, let P be the pullback in € of the

cospan displayed in the statement of the lemma. If we still denote by i the composite
Eq(X,Y) = Eq(Y, X) — XV,

there is a map

Eq(X,Y) = XY xY* x XV

given by the monomorphism Eq(X,Y) — Y% on the second component and by i on
the other two components. The above-mentioned result from [GK17] then implies

that this map determines a morphism ¢: Eq(X,Y) — P.

We show that ¢ is an equivalence by verifying that £(7), ¢) is an equivalence of
oo-groupoids for every T' € €. For ease of exposition, we show this for T = 1 only; the
same proof below goes through for a generic 7' € € by working with € ;7(X xT,Y xT)
rather than €(X,Y"). There is a (homotopy) pullback in coGpd

(1 P) ——E(Y.X) X E(X. V) x E(V.Y)
l |
1

E(X, X) x E(Y,Y)

whereas (1, Eq(X,Y)) ~ J(E)(X,Y) can be described as the (strict) pullback (2.2).
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Note that, by the description of equivalences in an co-category as those maps having

a left and a right inverse, the composite map
E(LLP)= &Y, X)x E(X,Y)x EY,X) = E(X,Y)

automatically lands in J(E)(X,Y), giving a map ¢: (1, P) — J(E)(X,Y) which
takes (g, f,h) (for f: X - Y, gf ~id and fh ~ id) to just f. On the other hand,
the map ¢: J(E)(X,Y) — £(1, P) induced by ¢ sends an equivalence f: X — Y to
(i(f), f,i(f)), for a chosen inverse i(f) of f. It follows that ¥ o ¢ ~id. We conclude
by observing that v is an equivalence. For, if f € J(€)(X,Y), by definition of £(1, P)
we get that

hofib (1)) ~ hofibsa, (=) o f) x hofibia, (f o (=)

and both factors on the right are contractible, since both the maps
fo(=): &Y, X)—= &Y, Y)and (=)o f: E(Y,X) = E(X, X)
are equivalences of oo-groupoids when f is an equivalence. O

Remark 2.2.5. Given f: X — Y, we denote by biinv(f) the corner in the pullback

square
biinv(f) —— Eq(X,Y)

- |

1 yX

Thus, biinv(f) is a (—1)-truncated object of € (i.e., it is a proposition) and we have
that biinv(f) ~ 1 exactly when f is an equivalence in €. (In fact, &(T,biinv(f))
is either empty or contractible precisely depending on whether or not f x T is an

equivalence in €7, for T' € €.)

Definition 2.2.6 ([GK17, §3.1]). The object of equivalences for p: E — X is the
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object of € x . x given by

Eqs/XxX(p X idx,idx X p) Eq/XXX(p X idx,idx X p) - X x X

where p X idx: F X X — X x X and similarly for idx x p. We write the object of
equivalences for p as

Eq/x(p): Eq)x(E) = X x X

Note that, given a global element (z,y): 1 — X x X, a global element of the fiber
of Eq,x(p) over (z,y) is given by an equivalence fib,(p) — fib,(p).

Remark 2.2.7. There are pullback squares in &

ExX E X xFE E
pxiXmJ lp and idXXle lp
X xX— X xX X
Ty pro
If Ax: X — X x X is the diagonal of X, we then get that
(Ax)"(p x idx) = p = (Ax)*(idx x p)
By the definition of Eq, it follows that the identity map
id, € J(&/x)(p. p)
induces a map idtoequiv: X — Eq,y(E) over X x X as in
X idtoequiv Eq/X<E)
(2.3)
Ax AI/X(P)
X xX

Definition 2.2.8. [GK17, §3.2] A univalent map is a map p: E — X in & for which

the associated map idtoequiv: X — Eq,y(E) is an equivalence in €/xxx.
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The following result tells us that univalent maps abound and it will be crucial in

the proof of one of our main results (see Theorem 5.3.3).
Proposition 2.2.9 ([GK17, Prop. 3.8]). Every classifying map p is univalent.

Remark 2.2.10. The Fundamental Theorem of oco-Topos Theory states that, for
every X € €, € x is again an oo-topos ([Lur09, Prop. 6.3.5.1]). Hence, all the results
in this section apply equally well to €,x. In particular, for every local class S of maps
in €/x, there are arbitrarily large regular cardinals x such that there is a univalent

classifying map for S, over X as in:

—~——

uS'x P yS'x
X
We end this section with the following observation about truncated univalent map.

Lemma 2.2.11. Let p: E — X be a univalent and n-truncated map in an oo-topos

&, forn > (=1). Then both E and X are (n + 1)-truncated.

Proof. 1f X is (n+ 1)-truncated, then so is F because p is n-truncated by hypothesis.
In order to show that X is (n + 1)-truncated, we can show that the diagonal AX
is nm-truncated. By univalence, AX is equivalent to Eq/X(p), which is a subobject
of (idx x p)P*4x) in € y». Therefore, it suffices to show that (idx x p)®*14x) is n-
truncated, because a subobject of an n-truncated object is n-truncated. Since idx X p

is a pullback of p, it is an n-truncated object of €,x2. But then

(idx x p) P = T (p x idx)*(idx x p)

pXidX

is also n-truncated, because dependent products, like any right adjoint, preserve n-

truncated objects (see [Lur09, Prop. 5.5.6.16]). O
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Corollary 2.2.12. Let p: E — X be the classifying map of monomorphisms in an
oo-topos. Then X is 0-truncated and E is contractible. In particular, p is the subobject

classifier of T<o(€), the ordinary 1-topos of O-truncated objects of €.

Proof. We show that E is contractible. By Lemma 2.2.11 above, X is 0-truncated.

Since id; is a monomorphism, there is a pullback square

11— > K
_J
idll
1—>

r1‘|

=

X

for some map "1': 1 — X, which is a monomorphism because X is O-truncated. In
particular, since E has a global element, it is (—1)-connected, that is, the map £ — 1

is an effective epimorphism £ — 1. The composite square

EJ 1J E
idEl idll lp
E 1 X

I—l—\

shows that idg is the pullback of p along £ — 1 L5 X. Because p is a monomorphism,
idg is also the pullback of p along itself. Since p is a classifying map, we then get a

commutative diagram
p

N

and then £ — 1 has to be an equivalence, as needed. O

E

Notation 2.2.13. In light of Corollary 2.2.12 above, we follow the traditional conven-
tion in topos theory and denote by t: 1 — € the classifying map for monomorphisms

in our oco-topos €.

Remark 2.2.14. Given Corollary 2.2.12, one might wonder whether the result about

the truncation level of the total space E in Lemma 2.2.11 can be sharpened. We pro-
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vide an example of a O-truncated univalent map p: £ — X, where E is 1-truncated,
but not O-truncated. Let J(A') be the (1-)groupoid of natural numbers and bijections
among them. Let J(N), be the groupoid of pointed objects in J(N'). Upon applying
the nerve functor, the forgetful functor J(N). — J(N) induces a O-truncated map

N(J(N).) = N(J(N))

between 1-truncated objects in coGpd. This map is univalent, because it is a classify-
ing map: it classifies the O-truncated maps with finite fibers. The fiber of the diagonal
map A(N(J(N).)) over two points (n,4), (m, 7) in N(J(N).) is J(N).((n, 1), (m, 7)),
the set of pointed bijections from n to m. Hence, N(J(N).) is 1-truncated, but not

O-truncated.



Chapter 3

Reflective subfibrations and

classifying maps

In this chapter, we introduce the notion of reflective subfibrations L, on an oo-
topos €, which constitute our main object of study. Essentially, this is a collection
of pullback-stable reflective subcategories Dx of €, x, with reflector Lx. We call the
objects of Dy, as X varies in €, L-local maps. The definition is taken directly from

[RSS17, §A.2).

In Section 3.1, we discuss some properties of reflective subfibrations that follow

from their definition and from the general theory of reflective subcategories.

In Section 3.2, we show that, for a reflective subfibration L, on &, the class of
L-local maps form a local class of maps (Proposition 3.2.3). Therefore, L-local maps
admit a univalent classifying map (see Theorem 3.2.6). We can use this observation to
link the concept of reflective subfibration on &€ to the notion of a reflective subuniverse

in homotopy type theory, as given in [CORS18] and in [RSS17].

33
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3.1 Reflective subfibrations

We give here the definition of reflective subfibrations on an oo-topos € and estab-
lish some notation about them that we will use throughout our work. We also derive

some immediate properties of reflective subfibrations.
Definition 3.1.1 ([RSS17, §A.2]). Let € be an oco-topos.

1. A system of reflective subcategories (srs) L, on € is the assignment, for each

X € &, of an oco-category Dy such that:

e Each Dy is a reflective co-subcategory of €, x, with associated localization
functor Lx =: &/x — &€,x. This is the composite of the reflector of &,x
into Dx and the inclusion of Dx into &,x. When X = 1, we write D for
Dy and L for L;. D is called the underlying reflective subcategory of the

SIS L.
e For every morphism f: X — Y in &, the pullback functor f*: €,y — & /x

restricts to a functor Dy — Dy which we still denote by f*.

Note that an srs gives in particular a subfunctor of the functor C°° — ocoCAT

sending X € € to &,x. Here coCAT is the oco-category of oo-categories.

2. An srs L, on € is a reflective subfibration on &, if, for any f: X — Y in € and
any p € €y, the induced map Lx(f*p) — f*(Lyp) is an equivalence.

3. An srs L, on € is composing if, whenever p: X — Y isin Dy and ¢: Y — Z is

in Dz, the composite gp is in D . In particular, if X € D, then Dx C D .
4. A modality on & is a composing reflective subfibration L, on €.

Remark 3.1.2. For every object X € € and every map f: Y — X, we have that
(€/x)/f ~ €y (see [Kapl4, Lemma 4.18]). Therefore, for each X € &, a reflective
subfibration L. induces a reflective subfibration L.~ of & /x by taking @;X to be
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Dy. It follows that all the results we give below about reflective subfibrations on an

oo-topos also hold “locally” in the oo-topos €/x, for X € €.
From now on, we fix a reflective subfibration L, on our favorite oo-topos €.

Notation 3.1.3. We adopt the following notation for the rest of this work.

e A morphism p: £ — X is called L-local if, seen as an object of &,x, it is in

Dx. We call E € € an L-local object if E — 1 is an L-local map.

e For X € &, Sx denotes the class of all Lx-equivalences, i.e., maps a: p — ¢q in
€/x such that Ly («) is an equivalence. Equivalently, Sx = LDy, where *Dy
denotes the class of maps in €,x which are left orthogonal to maps in Dx (see
Definition 1.6.1). When it is clear that o is a map in €,x, we will often drop
the explicit reference to the object X in our terminology, and just talk about

L-equivalences.

e Given p € &/x, we write nx(p): p — Lx(p) for the reflection (or localization)

map of p into Dx. Note that nx(p) € Sx. For X € &, we set n(X) := n(X).

Recall from Section 1.6 our notation for the adjoints to pullback functors. The

following remarks will be used extensively throughout.
Lemma 3.1.4. Given f: X — Y, we have:

(i) f*(Sy) C Sx, that is, if a: p — q is an Ly-equivalence, then the induced map

f*(p) = f*(q) on pullbacks is an Lx-equivalence;
(11) £(Sx) C Sy.

Proof. Given ¢ € €,y we know that nx(f*q) = f*(nv(q)), so that, in particular,
f*(nv(q)) € Sx. Since, given a map a: ¢ — ¢ in €y, Ly(a) is the unique map
with Ly (a) o ny(q) = ny(q’) o «, the first claim follows immediately. The second

claim follows by an adjunction argument: if @ € Sx, given a map (: r — s in Dy,
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Yr(a) Ly B <= o Lx f*(P) and the latter holds since f* restricts to a functor
@y — ®X~ ]

Since L-local maps are closed under pullbacks, we can characterize Sy and Dy as

follows.

Proposition 3.1.5. The following hold for any X € €.
(1) p € &/x is in Dx if and only if « Lx (p — idx) for each o € Sx.
(ii) If r € Dx and f: X — Y is any map in &, then Hfr is in Dy-.

(iii) Dx is an exponential ideal in € x , i.e., ifr € Dx andp € E/x, then the internal

hom rP is also in Dx.
(iv) Lx preserves products and Sx is closed under products in € x.

(v) A map a: p — q is in Sx if and only if, for each r € Dx, the map of internal

homs r®: r9 — rP is an equivalence.
(vi) p € €/x isin Dx if and only if p* is an equivalence for each o € Sx.

Proof. For the first claim, since Sx = *Dy, Dx C (Sx)*. On the other hand, if p
(that is, p — idx) is right orthogonal to Sy, then there is a map v: Lx(p) — p with
vonx(p) =id, and it is easy to see that nx(p) is then an equivalence.

As for (ii), given r € Dy, f: X — Y and any map a € Sy, adjointness gives
that o Ly [[;r <= f*(a) Lx 7 and the latter orthogonality condition holds
by Lemma 3.1.4 (i) and by the hypothesis that r is in Dy. Since internal homs
can be constructed via pullbacks and dependent products, it follows that Dy is an
exponential ideal, establishing (iii). It is straightforward to check that this latter
condition is equivalent to Ly preserving and Sx being closed under products in &,
proving (iv).

As for (v), Dx being an exponential ideal implies that, for every p € €,y and

r € Dy, r"x® . plx®) _ P is an equivalence. Thus, if a: p — ¢ is in Sy, then r® is
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Lx(«

equivalent in £°7° to the equivalence r ). Conversely, if 7 is an equivalence for

every r € Dy, then, given a map 3: r — s in Dy, consider the diagram

Sp

Sa

Since both s* and r® are equivalences, the dotted map is also such, which implies
that o Lx . Finally, (vi) follows immediately from (i), using closure under products

of Sx. O

Remark 3.1.6. Proposition 3.1.5 (i) and (v) can be restated as saying that a map
a:p — qin &)y is such that, for every r € Dy, & x(a,r) is an equivalence of co-
groupoids if and only if 7* is an equivalence in €. In this case, a € Sx. Similarly,
t € &/x is in Dy if and only if, for every a € Sx, Ex(a,t) is an equivalence, if and
only if t* is an equivalence. The external-hom description of L-equivalences is the
common one in higher category theory, whereas the internal-hom description is the
one available in homotopy type theory. (In fact, homotopy type theory can not even
state the external description, which provides some added value to the homotopy
theoretic approach to localization.) Reflective subfibrations are defined so that these

two perspectives on localization coincide.
We will also need the following cancellation property of L-local maps.

Proposition 3.1.7. Suppose given composable maps X Yoy % 7 in & such that
g,9f € Dy. Then f € Dy.

Proof. Let a: p — ¢ be a map in €y which is an Ly-equivalence. To show that f is

in Dy, we need to show that the induced map of co-groupoids

S/Y(aaf): 8/Y(Q> .f) - S/Y(pa f)
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is an equivalence. We will prove this fact by realizing such a map as the compar-

ison map of (homotopy) fiber sequences in a pullback square. Consider the map

Y,(a): gp — gg and let f: gf — g be the map induced by f. We have similar maps

q: 99 — g and p: gp — g. By Lemma 3.1.4 (ii), ¥ (a) is an Lz-equivalence. Since

both g and ¢gf are in D, by hypothesis, the vertical maps in the commutative square
€2(90.9f) —22" ¢ (90, 9)

8/Z(Eg(a),gf)t €/z(Eg(a).9)

€/z(9p,9f) W €2(9p, 9)

are equivalences. Hence, the square is a pullback. We can now take the induced map

on fiber sequences. By the dual of [Lur09, Lemma 5.5.5.12], we have:

hOﬁbﬁ (8/Z(QQ>7)) = (8/Z)/g (a’?) = 8/Y(Q> .f)

Since g (X,(a)) = p, we similarly get that

hofibg(s, () (€/2(gp, f)) = € /v (D, f)

and the induced map on fiber sequences is €y (a, f), as required. O

Corollary 3.1.8. If X, Y are L-local objects, then any map f: X — Y is L-local. In
particular, if L is a modality and X € D, then Dx = D x. O

Corollary 3.1.9. If g: A — B is L-local, then so is Ag: A — A xg A.

Proof. Consider the pullback square in €
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Since g € Dp, the displayed map pr is in D 4. But proAg = id 4, so the claim follows
by Proposition 3.1.7, since idy € D 4. O

3.2 Classification of L-local maps

We show here that, for a reflective subfibration L, on an oco-topos &€, the L-local
maps form a local class of maps in € and, therefore, they admit a univalent classifying
map.

Let

M = | Ob(Dx).

Xee
Thus, M¥ is the class of all L-local maps. Observe that M’ is stable under pullbacks:
if p: £ — X isin MF and f: Y — X is an arbitrary map in &, then f*(p) is in ME,
by Definition 3.1.1.

Lemma 3.2.1. M is closed under arbitrary small coproducts: if I is a set and

fi € Dx; for j € I, then [, f; is in D(Hij)'
Proof. For each A € &, idy is L-local since it is the terminal object in €,4. In
particular, idg is an L-local map, where 0 is the initial object of €. This takes care of

closure under empty coproducts. Since colimits in an oco-topos are universal, there is

an equivalence

&y, — [,
J

given by taking pullbacks along the inclusions ¢;: X; — [ ;X5 It follows that, given

a map « in S/L[ijv
«Q J‘Hij Hfj <~ (Lk)*(Oé) J—Xk fk forall k € I.
J

(Note that (u,)*(L1; fj) = fx because coproducts in € are disjoint.) The latter condi-

tion is true whenever « € S(LI,' X)) thanks to Lemma 3.1.4 (i). O
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Lemma 3.2.2. Given any pullback square in &

E—2-M
|

p

Q

where f is an effective epimorphism, p is in MY if and only if q is in ME.

Proof. By [Lur09, Lemma 6.2.3.16], the statement is true if we replace “being in M%”
with “being an equivalence”. Suppose p € Dy and consider 1y (q): ¢ — Ly(q). We
know that f*(ny(q)) = nx(f*(¢)) = nx(p) and then f*(ny(q)) must be an equivalence,
since p € Dx. By the opening observation, 7y (q) is also an equivalence, so that

qc @y. ]
We have thus proved the following result.

Proposition 3.2.3. The class M* = [Jy.. Ob(Dx) of all L-local maps for a reflec-

tive subfibration on & is a local class of maps of €.

We can use the above proposition to characterize reflective subfibrations on oo-
groupoids as fiberwise localizations. The proof of the result below is a typical example

of how to use the fact that M” is a local class of maps in practice.

Corollary 3.2.4. If € = coGpd, a map p: E — X is L-local if and only if, for every
x € X, the homotopy fiber hofib,(p) is an L-local co-groupoid.

Proof. 1f & = coGpd, the canonical map s: J[, .y 1 — X is an effective epimorphism
since it induces a surjection on path components. Since colimits in an oco-topos are

universal, we have a pullback square

HggeX hoﬂbx (p) —F
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where s’ is the coproduct of the maps hofib,(p) — 1. Thus, p is L-local if and only
if s’ is L-local, by Lemma 3.2.2. Since, for every xy € X, the pullback of s along
the inclusion xg: 1 — [],cy 1 is hofiby(p) — 1, Lemma 3.2.1 and stability under
pullbacks of L-local maps give us that s" is L-local if and only if every hofib, (p) is

an L-local co-groupoid, as required. O

Remark 3.2.5. The above corollary can be generalized to any oo-topos € upon
suitably replacing {1} with a set C' of k-compact objects of € such that, if C is the
full subcategory of € spanned by the objects in C, every X € & is a colimit of the
canonical diagram €,x — €. (Such a set C always exists for any locally presentable
oo-category, thanks to the proof of (5) = (6) in [Lur09, Thm. 5.5.1.1], combined
with [Lur09, Lemma 5.1.5.3].) Indeed, in this case, for every X € &, the canonical
map
( H A) —- X
AeC, A-X

is an effective epimorphism, by [Lur09, Lemma 6.2.3.13]. By the same argument
used in the proof of Corollary 3.2.4, p: E — X is L-local if and only if, for every map
j: A— X with A € C, the pullback map A xx E — A is L-local. If every object in
C'is L-local and L is a modality, this is the same as each object A x x E being L-local.
For example, if € = Pre(D) (the oco-category of presheaves over a small co-category
D) and L is a modality such that every representable functor is L-local, then a map
p: E — X is L-local if and only if, for every map D(—, D) — X, the pullback object
D(—, D) xx E is L-local.

Thanks to Proposition 2.1.7 and Proposition 2.2.9, Proposition 3.2.3 imply the

following result.

Theorem 3.2.6. Let  be a regular cardinal as in Remark 2.1.8 and let ME be
the class of maps in & which are L-local and relatively r-compact. Then ME has a
classifying map

T
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which is univalent.

Remark 3.2.7. As in (2.1), there is a pullback square

Ut - U,
| |
U- U,

Since both LAI,:L — UL and U, — U, are univalent, [GK17, Cor. 3.10] says that I, is a

monomorphism. Therefore there is a pullback square

Uk 1
A
U, Q

IsLocal,

where t is the classifying map for monomorphisms, as in Notation 2.2.13. In other
words, Z:lz — UL (and hence all the relatively x-compact L-local maps) determines
and is determined by the map IsLocal,: U, — €2, through which L-local types are
introduced in homotopy type theory, where U” is called a subuniverse of the universe
U (see [CORSIS, Def. 2.1]). Note that, given a x-compact object X € &, the asso-
ciated characteristic map 1 — U, factors through the monomorphism I,.: UX »— U,

(that is, X is L-local) if and only if the pullback of the composite

IsLocal,
1 Z/{H sLoca 0

along 1 — ) gives a (—1)-truncated object of € which is equivalent to 1.



Chapter 4

L-connected maps

We study here properties of another class of maps associated with a reflective

subfibration L, on an oo-topos &, the L-connected maps.

Section 4.1 contains the important definitions that we will need later on, and a few
technical properties of L-conected maps. The hasty reader can ignore the material

coming after Remark 4.1.2 and move forward to Chapter 5.

Those willing to read the rest of the chapter will see their patience rewarded in
Section 4.2. We prove there that every stable factorization system on £ determines a
modality and, conversely, every modality L, on € gives rise to a stable factorization
system whose left class is given by the L-connected maps and whose right class is given
by the L-local maps (Theorem 4.2.5). In the context of homotopy type theory, this
correspondence is proven in [RSS17, §1], through some intermediate steps. Although
some overlap between our proof and the one in [RSS17] certainly occurs, we did
not follow the work there to formulate our arguments. We conclude Section 4.2
by discussing a special kind of modality on € which is associated to any left exact

reflective subcategory of £.

43
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4.1 Definition and basic properties

Given a reflective subfibration L, on &€, we give here the definition of L-connected

maps and prove a few technical properties about them that will be used in Section 4.2.

Definition 4.1.1. f € €/x is said to be an L-connected map (in €) if Lx(f) ~idx.

Equivalently, f is L-connected if
(F 22 Lx () = (f D idy)

as objects in the arrow category of €,x, where the equivalence is given by id; and
Lx(f) — idx. We sometimes refer to this fact by saying that an L-connected map f

is its own reflection map.

In particular, an L-connected map f: E — X is an Ly-equivalence when seen as

amap f: f —idy in &/x.

Remark 4.1.2. By taking the reflection of f € &,x into Dx and using stability
under pullbacks of reflection maps (see Definition 3.1.1 2.), it follows immediately

that L-connected maps are stable under pullbacks along arbitrary maps.

Remark 4.1.3. Suppose p: £ — X and ¢: M — X are maps in € and let a: p — ¢
be a map from p to ¢ in €,x. Consider the sliced reflective subfibration L)X given
in Remark 3.1.2. Then, o being L/X-connected means that Yx(a): E — M is L-

connected.

Lemma 4.1.4. Suppose given composable maps X Ly % 7 and suppose that f is

L-connected. Then g is L-connected if and only if gf is L-connected.

Proof. Let nz(g): g = Lz(g) be the reflection map of g € €, into D. The hypoth-
esis on f means that the map f: f — idy is the reflection map of f into Dy. By

Lemma 3.1.4 (ii), it then follows that ¥,(f): gf — g is an Lz-equivalence and so the
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composite map in €,z given by

Egf

af 2 g 229 1 (g)

is the reflection map of gf into Dy. The claim now follows. O

Lemma 4.1.5. If L, is a modality on &, then, for every map f: E — X, the reflection
map Nx(f): f — Lx(f) is L-connected.

Proof. We prove this result for X = 1, the general case having the same proof. Let
n(E): E — LE be the reflection map of E and let n: n(F) — Lpg(n(E)) be the
reflection of n(E) into Dpr (that is, n = nre(n(E))). The situation can be depicted

as follows
n Ligp(E)

ALE(U(E))

E —unE)—LE
By Lemma 3.1.4 and since L is a modality, n is an Lj-equivalence into an L-local
object and it is therefore equivalent to n(E) via the map Lyg(n(E)). Hence, n(FE) is
L-connected. 0

Lemma 4.1.6. Let L, be a reflective subfibration on €. Then the following hold.

(i) Suppose p: E — X is a map in & with the property that f L p for every

L-connected map f. Then p is an L-local map.

(ii) Suppose that Le is a modality and let f: A — B be a map in € with the property
that f L p for every L-local map p. Then f is an L-connected map.

Proof. We start by proving (i). Consider the reflection map of p into Dx given by

E nx (p) LX(E)

p\X /LX(P)
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Then, by Lemma 4.1.5, nx(p) is L-connected. Therefore, by the hypothesis on p,
there is a unique n: Lx(F) — E with nnx(p) = idg and pn = Lx(p). In particular,
p is a retract of the L-local map Lx(p) and it is therefore an L-local map itself.

As for (ii), consider the reflection map of f into Dp given by

A ns(f) LB(A)

f\BAB(f)

The hypothesis on f implies that there is a unique s: B — Lg(A) with sf = ng(f)
and Lp(f)s = idg. In particular, sLg(f) can be seen as a map Lg(f) — Lp(f) in
€,p. Precomposing this map with ng(f), we deduce that sLp(f) = id. Hence, s is

an equivalence and f is L-connected, by Lemma 4.1.5. O

4.2 Stable factorization systems are modalities

In [ABFJ17a] the term “modality” is used as a synonym for a stable factorization
system on an oo-topos €. We would like to reconcile that terminology with the
definition of modality given in Definition 3.1.1. Namely, we want to show that to
every stable factorization system on € one can associate a reflective subfibration
which is a modality and, conversely, that every modality on & gives rise to a stable

factorization system.

We start by recalling what a stable factorization system is. The reader might also
want to refer back to Definition 1.6.1 and the discussion after it. All the background
definitions and results that we report below are taken from [ABFJ17a, §3.1].

Definition 4.2.1. Let F = (£, R) be a pair of classes of maps in €.

1. We say that F is a factorization system on & if £L =R, R = L+ and every
map in € admits a factorization into a map in £ followed by a map in R. The

classes £ and R are called the left class and the right class of the factorization
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system F, respectively.

2. We say that a factorization system F on € is stable if the left class L is stable
under pullbacks. (The right class R is always stable under pullbacks.)

It follows from the definition of a factorization system F = (£, R) that the fac-
torization of a map into a left map followed by a right map is unique up to unique

equivalence.

Example 4.2.2. For every n > —2, the n-truncated maps in an oo-topos € form the
right class of a stable factorization system, whose left class is given by the n-connected

maps (see [ABFJ17a, Prop. 3.5.6] and [Lur09, §6.5.1]).

For reference, we record here the following partial 2-out-of-3 properties satisfied

by the left and right classes of a factorization system.

Lemma 4.2.3 ([ABFJ17a, Lemma 3.1.6 (3)]). Let F = (L,R) be a factorization

system on € and let f and g be composable morphisms in E.
(i) If f € L, then gf € L if and only if g € L.
(ii) If g € R, then gf € R if and only if f € R.

Given a class M of maps in € and an object X € &, we let Mx be the class of
maps in &,/ x that are mapped into M by the forgetful functor €,x — €. We can use

this construction to lift factorization systems to slice categories.

Lemma 4.2.4 ([ABFJ17a, Lemma 3.1.7]). Let F = (L, R) be a factorization system

on &. Then, for every X € €, Fx := (Lx,Rx) is a factorization system on & x.
We are now ready to prove the following result.
Theorem 4.2.5. Let € be an co-topos.

1. Let F = (L, R) be a stable factorization system on €. There exists a modality

LT on & whose local maps are ezactly the maps in R.
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2. Let Lo be a modality on €. Let L be the class of L-connected maps and R the

class of L-local maps. Then F, = (L, R) is a stable factorization system on €.

Proof. We prove the two statements separately and we begin by proving the first
claim.

Assume that F = (£, R) is any factorization system on €. Set D := R/, the full
subcategory of € spanned by those X &€ € such that the map X — 11isin R. It follows
from uniqueness and functoriality of the (£, R)-factorizations (see [ABFJ17a, § 3.1]
and [Lur09, Prop. 5.2.8.17]) that D is a reflective subcategory of €. For X € &, the
value L(X) € D of the reflector and the unit map n(X): X — L(X) are determined
by the fact that

n(X)

X L(X) =1

is the factorization of the map X — 1. In particular, n(X) is a map in £, which
gives immediately the needed universal property for the unit map. We can then
apply the same considerations to the factorization system (Lx,Rx) on &€/x, hence
obtaining a reflective subcategory Dx := (Rx)say of €/x, for every X € €. Note
that, by definition, p € €,x is in Dx if and only if it is in R when considered as
a map in €. Since the class R is closed under pullbacks along arbitrary maps and
under compositions with maps in R (see Lemma 4.2.3), it follows that the assignment
X +— Dy so defined gives rise to a composing srs L7 on € (see Definition 3.1.1). It is
straightforward to see that L7 is a reflective subfibration precisely when F = (£, R)
is a stable factorization system.

We now prove the second claim. Let L, be a modality on € and let F = (£, R)
be as in the statement of the theorem. For any f: F — X in &, the reflection of f

into Dy given by
nx (f

f\* Ax(f)
X

is an Fp-factorization of f, by Lemma 4.1.5. Both £ and R contain all equivalences

E
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and are closed under composition, by Lemma 4.1.4 and because L, is a modality. Fur-
thermore, by Remark 4.1.2, the left class is closed under pullbacks, while Lemma 4.1.6
says that £+ C R and *R C L.

Thus, to conclude that Fp, is a factorization system, we just need to show that
the reverse inclusions also hold, that is, we need to prove that, for every L-connected
map f: X — Y and for every L-local map p: E — Z, we have that f L p. This

amounts to showing that the following commutative diagram in coGpd

e, B) U ey, 7)

&) | [ew2)

is a pullback square. Equivalently, we can check that the induced map on fibers is an
equivalence. By looking at the fiber over k € E(Y, Z), such an induced map is given
by

€/z(f,p): €/z(k,p) — €/z(kf,p),

where f is given by considering f as a map kf — k in & /7. This map fits into the

following commutative square in coGpd

&2z (k),p)
S/Z(LZ(k)vp)ug/Z(lﬁp)

&Lz &2

€z(Lz(kf),p) m &z(kf,p)

(Here, nz(k): k — Lyz(k) is the reflection of k into D, and similarly for nz(kf).)
Note that the horizontal maps are equivalences because p is L-local by hypothesis.
On the other hand, since f is L-connected, the map f: f — idy is an Ly-equivalence
and so f = ¥i(f) is an Ly-equivalence, by Lemma 3.1.4 (ii). Therefore, L;(f) is an
equivalence. It follows that & (f,p) is an equivalence, since the other three maps in

the diagram above are equivalences. This concludes the proof that f 1 ¢, and that
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F1, is a stable factorization system. O

Corollary 4.2.6. The assignments F — LI and L, — Fj determine a bijective
correspondence between the class of stable factorization systems on an oco-topos & and
the class of collections {Dx }xee of reflective subcategories Dx C & x which form the

L-local maps for some modality L, on E.

Proof. If F = (£, R) is a stable factorization system, the right class of F,7 is again
R and then the left class has to be £ since £ = “R. Thus, F = F 7. If L, is the
modality associated to {Dx}xee, then, by definition, the reflective subcategories D X
associated to the modality L7 are given by the L-local maps with codomain X € €.

Therefore, Dy = D, for every X € €. O

Example 4.2.7. By Example 4.2.2 and applying the above theorem, we get that, for
every n > —2, there is an associated modality L} on &, for which the L-local maps

are exactly the n-truncated maps. We call this modality the n-truncated modality on

€.

We conclude this section by applying Theorem 4.2.5 to construct reflective subfi-

brations out of a left exact localization of an oco-topos €.

Suppose D C € is a reflective subcategory, with reflector a: € — D. Recall that

D is called left exact if a is left exact, that is, if it preserves finite limits.

Proposition 4.2.8. Let i: D < & be a left exact reflective subcategory of & with
reflector a: € — D. Set L :=1a: &€ — E. Then there exists a modality Ly on & for
which Ly = L and a map f: X — Y in € is L-local if and only if the square

n(X)

X LX
fl J/Lf (4.1)
Y ——LY

n(Y’)

15 a pullback.
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Proof. Note that L = ia is left exact, because it is the composite of two left exact
functors. By [ABFJ17b, Lemma 2.6.4], L gives rise to a stable factorization system
on €. The left class L of this factorization system consists of the L-equivalences and
R = L1 is exactly the class of all maps f: X — Y in & satisfying the stated pullback
condition. We can then conclude by using Theorem 4.2.5 (1). O

We will see in Section 5.2 that a pullback-like characterization of L-local maps
similar to the above one can be given for any reflective subfibration L, on &, upon

suitably replacing the reflection map n(Y") (see Proposition 5.2.6).

Remark 4.2.9. In the context of Proposition 4.2.8, Corollary 4.2.6 implies that
the L-connected maps are exactly the Li-equivalences. This is because, if R is the
class of L-local maps, Corollary 4.2.6 says that R is the class of L-connected maps,
whereas the proof of Proposition 4.2.8 says that R is the class of Li-equivalences.
Therefore, Proposition 4.2.8 is really just a special case of the constructions given
in Theorem 4.2.5 with a different description of the class of L-connected and L-local
maps. In fact, we can note the following. Recall from Definition 4.1.1 that every
L-connected map f: Y — X is an Ly-equivalence when seen as a map f: f — idx.
Furthermore, by Lemma 3.1.4 (ii), if a: p — ¢ is a map in € ,x which is an Lx-
equivalence, for some X € &, then it is an L;-equivalence. It follows that, for the

modality L, of Proposition 4.2.8, the following hold.
(a) The class of Li-equivalences and the class of L-connected maps coincide.

(b) For every X € & amap a: p — ¢ is an Ly-equivalence if and only if Yy («) is

an Li-equivalence.

The modalities on € with these properties correspond to the so-called lex modalities

in homotopy type theory — see [RSS17, Thm. 3.1].



Chapter 5

L-separated maps

This chapter represents the core of our work. For a reflective subfibration L, on
€, we introduce here the class of L-separated maps, that is, those maps in €& whose
diagonal is an L-local map, and show that they form the local maps for a reflective

subfibration L, on &.

In Section 5.1, we provide the formal definition and derive some closure properties
of L-separated maps. We also prove that they form a local class of maps in &, thus
satisfying a necessary condition for being the local maps of a reflective subfibration
on €.

In Section 5.2, we explore some connections between L-local and L-separated
maps, culminating in a characterization theorem of L’'-localization maps. These are
the universal maps out of a fixed object and into an L-separated object, and we
show they are equivalently those effective epimorphisms whose diagonal is a suitable
L-localization map (see Theorem 5.2.10). In Proposition 5.2.6, we also prove a char-
acterization of L-local maps in terms of a pullback condition involving L'-localizations
and we deduce from it a (folklore?) description of n-truncated maps in an oo-topos
€ as suitable pullbacks of their (n + 1)-truncations (Corollary 5.2.8).

Finally, in Section 5.3, we prove the existence of a reflective subfibration L, on &

with the property that the L’-local maps are exactly the L-separated maps (Theo-

52
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rem 5.3.3 and Corollary 5.3.4).

The notion of L-separated map, as well as Proposition 5.2.6, Theorem 5.3.3 and
a few auxiliary results we prove in this chapter, are expressed in the language of
homotopy type theory in [CORS18, §2.2-2.3|. In particular, we borrow from there the
main ideas for the proofs of Theorem 5.2.10 and Theorem 5.3.3. However, the details
and the techniques used in proofs have been modified, sometimes significatively, to
apply to the “term-free” exposition we work with, which often comes with added care
needed. This is particularly evident in the proof of Theorem 5.2.10 and in the results
of Section 5.3.

5.1 Definition and basic properties

In this section, we wish to study those maps p: E — X whose diagonal map
Ap: E — E xx FE is L-local. Before turning this property into a definition, let us
stress that there is no ambiguity in what this means. Indeed, recalling Remark 3.1.2,
Ap is L’'*-local as a map p — p x¥ p in &x if and only if it is L-local as a map

E— FExx FEin €.

Definition 5.1.1. A map p: £ — X in & is called L-separated or L'-local if the

object Ap € €/pxyp is in Dpy g, ie., if Apis an L-local map.

Remark 5.1.2. Given a space (Kan complex) X, the diagonal map AX is, up to
equivalence, the path-fibration map X2l — X x X. (More generally, this is true
whenever we choose a presentation of an co-topos by a simplicial model category M
since X2l is a path object for X € M.) Hence, Definition 5.1.1 describes all those
spaces X for which the fibers of the path-fibration map (i.e., the spaces Path(zx,y)
of paths in X between any two points z,y € X) are L-local. Keeping this intuitive
analogy in mind can help in getting a better feeling for many of the results in this

section.

Remark 5.1.3. We can make the following elementary observations.
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(i) Corollary 3.1.9 is exactly the statement that every L-local map is L-separated.

(ii) The diagonal of every monomorphism is an equivalence, so every monomorphism

is L-separated. In particular, any (—1)-truncated object is L-separated.

Example 5.1.4. For every n > —2, there is a modality L = L7 on & for which the
L-local maps are the n-truncated maps in £, by Example 4.2.7. Since a map is (n+1)-
truncated precisely when its diagonal is n-truncated ([Lur09, Lemma 5.5.6.15]), the
L™-separated maps are exactly the maps in € which are (n + 1)-truncated. In partic-
ular, note that, for this reflective subfibration, the L-separated maps are themselves
the local maps for another reflective subfibration. We will see in Section 5.3 that this

is always the case.
L-separated maps share the same closure properties as L-local maps.

Proposition 5.1.5. The class of L-separated maps is closed under pullback and de-
pendent product along any map; that is, if f: Y — X is any map in € andp: E — X
and q: M — Y are L-separated, then f*(p) € &,y and [[;q € €)x are both L-

separated. Furthermore, the internal hom p’ is L-separated.

Proof. We begin by showing that f*(p) is L-separated. Write f*(E) for Y xx E, so
that f*(p): f*(F) — Y. The composite pullback square in &

f(E) xy f*(E) fH(E) L
| | ‘
f*(p) p
\
F(B) f*(p) Y f X
is the same as the composite square
f*(E) Xy f*(E) EXXE FE
| ]
p*(p) p
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in which the right square is a pullback by definition. It follows that the left square is
also a pullback. By an easy application of the pasting lemma for pullbacks, we then

get that the square
[ (E) K
A ) | lAp
fH(E) %y f{(E) —=EXxx E

is a pullback. Hence, A(f*(p)) is the pullback of the L-local map Ap, so it is itself
L-local by Definition 3.1.1 (1).

As for stability under dependent products, applying Proposition A.2.2 (and Re-
mark A.2.3) to ¢ € €y and to [];, the diagonal of [, ¢ can be recovered as

[T (e, &) (Ag)
pr
for suitable maps pr and (€1, €;). Since L-local maps are closed under pullbacks (by
definition) and dependent products along arbitrary maps (by Proposition 3.1.5(ii))
and since Agq is L-local by hypothesis, we can conclude that A(]] ; q) is L-local, that
is, [1; ¢ is L-separated.
The last claim now follows, since (—)/ =~ [T, f*(—). O

Proposition 3.1.7 also has an exact counterpart for L-separated maps.

Lemma 5.1.6. Suppose given composable maps X Ly % 7 in & such that g and

gf are L-separated. Then f is L-separated.

Proof. There are pullback squares

X xy X X : Y
|- /- |oo
XXZX dxxaf XXZY Txgidy YXZY

in which all the vertical maps are L-local, since Ag is L-local by hypothesis. If we let
p be the leftmost vertical map, we have that po Af = A(gf). We can then conclude
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using Proposition 3.1.7. ]

Proposition 5.1.7. The class M’ of all L-separated maps is a local class of maps in

€.

Proof. We established already that M’ is pullback-stable. Suppose given a set-indexed
family of L-separated maps f;: X; = Y;, fori € I. Let p: P — ][, X; be the pullback
of [, fi with itself. Because colimits in € are universal, P ~ [, t.(p), where vy, is
the coproduct inclusion of X;. For a fixed j € I, by definition of p and of [ [, f;, lx, (p)
is the same as the pullback of ], f; along ¢y, o f; and this pullback is just X; xy, X:

LX .

Xj Xy} Xj Xj - H,Xz
TR 7
Xj fi Y; Ly; Hz}/;

Here the right square is a pullback because coproducts in € are disjoint. Thus,
P =1], Xi xy, X; and it follows that A([[, f;) is the map [[, A(f;), which is L-local
because the class of L-local maps is closed under coproducts (see Lemma 3.2.1).
Finally, suppose given a pullback square
E-*~M
b

<

where f is an effective epi and p is L-separated. We need to show that ¢ is L-separated

too. We have a commutative cube in &

EXYM MXYM
\E g | ™

E 1’ ]\l/_l 1
N

\X Sy
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Here the bottom, front and right faces are all pullback squares. Since the composite
of the back and right faces is also a pullback square, it follows that the back face
is a pullback square, which implies all faces are pullback squares. This tells us that
E xy M — M xy M is an effective epimorphism and that £ xx £ = E Xy M.
Therefore, the diagonal Ap can be identified with idg Xy g, which is then L-local
(since Ap is L-local by the hypothesis that p is L-separated). Therefore, in the

pullback square
E g M

_

EXyM—>>MXyM

idpxyg

the left vertical map is L-local and the bottom horizontal map is an effective epimor-

phism. By Lemma 3.2.2, it follows that Aq is also L-local, as required. O

Since every L-local map is L-separated, using Proposition 2.1.7, Proposition 2.2.9

and [GK17, Cor. 3.10] we get the following result.

Corollary 5.1.8. There are arbitrarily large reqular cardinals k such that the class

of relatively k-compact L-separated maps is classified by a univalent map
ulk Ul = uv.

If ul: Z:I:L — UL is the classifying map for relatively k-compact L-local maps, we have

a pullback square

|
Uu-r U

in which the bottom horizontal map is a monomorphism.
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5.2 Interactions between L-local and L-separated
maps

We study here some relationships between L-local and L-separated maps and
prove some important results that characterize L’-localization maps. These results
will be used in Section 5.3 to show the existence of L, the reflective subfibration on

€ whose local maps are the L-separated maps.

Lemma 5.2.1 ([CORS18, Lemma 2.21]). Suppose given a commutative triangle

E

2 M
N %
X
in which Aq € Dyyy o and o € Dy, that is, q is L-separated and o is L-local. Then

Ap is in Dpy g, i.e., p is L-separated.

Proof. Since a: E — M is in D)y,
(idpxxa: Exx E—Exx M)=(Exx M — M)"(«)
is in Dpy  ar. Similarly, the map
((idg,): E— E xx M) = (o xx idp)*(Aq)

is in ®E><XM- But

(ldE Xx a) o Ap = (ldE, Oé),
so we can conclude that Ap is L-local using Proposition 3.1.7. O

Definition 5.2.2. A map a: p — p' in €,y is called an L’-localization map of p if p’
is L-separated and, for every other map 3: p — ¢ where ¢ is L-separated, there is a

unique ¥: p’ — ¢ with ¢y o v = 5.
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Remark 5.2.3. The above definition is saying that a: p — p’ is an L'-localization if

p’ is L-separated and

E/x(a,q): E/x(0',q) = €/x(p,q)

is an equivalence of oco-groupoids for every L-separated q € £,x. Since, given an
L—separated r € € x and any t € €/x, 1" € €/x is again L-separated, this external
description of an [L’-localization map in terms of equivalences of oo-groupoids can
actually be rephrased internally, by asking that ¢“ is an equivalence in & x for every
L-separated map ¢: Y — X. Indeed, ¢*: ¢"" — ¢” is an equivalence if and only if
every map : f — ¢ has a unique lift to ¢*’. This, in turn, happens if and only if, for
every object f € €y, (fxa) Lx qor, equivalently, & Lx ¢/, which holds true as soon
as « is an L'-localization, because ¢/ is L-separated. Closure under exponentiation
of L-separated maps also ensures that, if a: p — p' is an L'-localization of p € € x,

then a x* a is an L'-localization of p xX p (where (—) x* (—) denotes the product

in 8/X)
Recall from Definition 4.1.1 the notion of an L-connected map.

Lemma 5.2.4 ([CORSIS8, Prop. 2.30]). Let /: p — p' in €,y be an L’-localization
ofpe &y, withn': X — X' as a map in &. Then n' is an L-connected map.

Proof. Let
nxr(n')

X Lx X

X /x/(’i')
X/

be the reflection map of ' € €,x/ into Dx. If we let r := p’ o Lx/(1’), then we can
consider nx/(n'): p = r and Lx/(n'): r — p’ as maps in € y. By Lemma 5.2.1 applied
to Lx:/(n'), r is L-separated. Hence, by the hypothesis on 7/, there is a unique map

q: p' — r with ¢n' = nx/(1') as maps p — r in €y. Since

Lx:(n)qn' = Lx/(n)nx(n') =1,
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by the universal property of 7' we conclude that Ly/(n)q = id,y. As a consequence,

we can consider ¢Lx(n’) as a map Lx/(n') = Lx+(1') in €,x, and we have

qLx(n")nx (') = qn' = nx ('),
from which we conclude that ¢Lx/(n') = id, and so 7" is L-connected. O

Lemma 5.2.5. Let x be an arbitrarily large regqular cardinal and ul: UL — UL be
the classifying map for the class of relatively rk-compact L-local maps. Then UL is

L-separated.

Proof. We write UL for UL and similarly for 4L and ul. Since ul is univalent (Defi-

nition 2.2.8), we have an equivalence
AU") ~ Eqyyr (u")

over U* x U". By definition, Eq . (u") is the object of equivalences in &z, be-
tween idyz x u” and u* xidyz, both of which are L-local since u” is. By Lemma 2.2.4,
such an object of equivalences is then the pullback of a cospan of objects in Dy, e

and it is therefore in Dyr L. O

Proposition 5.2.6. Let X € € and let': X — X' be an L'-localization of X. Then

a map p: E— X s L-local if and only if the square

E nxr(n'p) Ly E
pl | Exrtorw)
X X'

/

n

1s a pullback square in &.

Proof. For the non-trivial implication, assume p is L-local. Let k be a regular cardinal

such that p is relatively xk-compact and the class of relatively k-compact L-local maps
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has a classifying map u’: L?,Z; — UL Let P: X — UL be such that we have a pullback

square
E 1L
| U

[ L )
Xyt

Since UL is L-separated, there is a unique map P': X' — UL with P = P/, Let
p': E' — X' be the pullback map in

E' Uur
J K
P,L luL
X ———Uy
P

By definition of P’, n': X — X’ induces a map n: E — E’ such that the composite

square in
E—" - F UL
| "
‘ v |« )
X ! X’ ! Z/llf
n P

is the square (}). It follows that the left square in (1) is also a pullback. Thanks to
Lemma 5.2.4, n' is L-connected. Thus, so is n, by Remark 4.1.2. In particular, n is
an L-equivalence (i.e., n: n — idg is in Sg/). By composing domain and codomain
of n: n — idg with p/, Lemma 3.1.4 (ii) gives that n: n'p — p’ is an L-equivalence.

Since p’ is L-local, it follows that n is the L-localization map of n'p, as required. O

Remark 5.2.7. As explained in Remark 3.1.2, Proposition 5.2.6 is also true “locally”,
i.e., when we take our ground oco-topos to be €,x instead of €. For the result above,

this means specifically that, if
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is an L'-localization of p in €,x, a map

D4

is L/*-local (as an object in (&,x)/p, 50 m is in Dp) if and only if

ng (N (p)om)

Y LpY
ml LLEmn;( ()m)
E E

7' (P)

is a pullback square in €,x. (Note that, in the above, Ly should in fact be L;,}X,
where L;,}X is the reflector of (€,x)/y onto @I/);X and L~ is the reflective subfibration

on €,x induced by L,, as in Remark 3.1.2. But, by its own definition, LI/J,X =Lg.)

The following corollary is probably well-known, though the only explicit reference
we could find in the literature is [Rez10, Lemma 8.6], where the statement is proved
in the context of model topoi. It might be worth noticing that our proof is completely
internal and does not directly use the description of co-topoi as left exact localizations

of presheaf categories.

Corollary 5.2.8. Forn > —2, a map p: E — X is n-truncated if and only if ||p||ns1

18 n-truncated and the commutative square

Hn
E—H> HEHn—H
pJ ‘/||P||n+1
X —[[X]ln+1

Hn+1

18 a pullback square.

Proof. By virtue of Example 4.2.7 and Example 5.1.4, we can apply Proposition 5.2.6
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where L, is the n-truncation modality and get a pullback square

E J—n> Lix s (E)

p JL||X||n+1(|'|n+1P)

[ Xl

X
Hn+1

Since || X ||n41 is (n 4 1)-truncated and Lyxj,,, (|-|n+1p) is n-truncated, Ljxj,,, (E) is
(n + 1)-truncated. (This is a specific instance of Lemma 5.2.1.) But n is a pullback
of the (n + 1)-connected map |-|,+1: X — || X||ns1, so it is itself (n + 1)-connected.
Finally, any (n + 1)-connected map m: A — B where B is (n + 1)-truncated is an

(n + 1)-truncation map of A. O

Proposition 5.2.9 ([CORSI1S8, Prop. 2.26]). Let

7' (p)

N

E E'

be an L'-localization of p € €,x. Let Npx p(Ap): Ap — r be the L-localization of
Ap € € gy r and consider r' defined by the pullback square

Exp kb FE'

o= Jor (t
E xx E—)>E’ xXx B

n'x (D)X xn'x (p

Then there is a natural equivalence p: R S Exp E over Exx E as in

e
St
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Proof. For sake of readability, we write 7' and n for 7'y (p) and ngx, g(Ap), respec-
tively. The natural map ¢ is given by the universal property of 7, since 1’ is L-local.
(By definition, 7’ is the pullback of the L-local map Ap'.) Now, since ' x x i’ is the
L/-localization map of the product object p x* p of &€ /x, Proposition 5.2.6 applied in
&/x gives that there is a pullback square

= T
RJ

r q

77l><X77, / /
Exx E———FE xx F

where n: (7' xx n)r — ¢ is the L-localization map of (n' xx n')r. Set m :=
nn: B — T and | := mwq, where n: E/ xx E' — X is given by the composite
map F' xx E' — E’ Py X. Note that 7 is L-separated, because it is the product in
€/x of the L-separated map p’ with itself. Hence, since g is L-local, [ is L-separated
by Lemma 5.2.1. Since m = nn is naturally a map m: p — [ in € /x, there is a unique

s: E' — T over X with s =p' and s’ = m.
Now,

qsn’' = qm = qnn = (' xxn')Ap = Ap'y/’

so that ¢gs = Ap’ and we can write s: Ap’ — ¢ as a map over E' xx E’. Hence, s

induces the dotted comparison map 1 of pullback squares in

Exg E E'
y \
N N
R — T
r! Ap’
r q
ExxE—1""X" _F' xyxFE
AN AN
id id
\ N
FE Xx FE £ Xx £
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Using the fact that the front face is a pullback, it follows that ¢o An’ = 7, from which
we get 1eon = 1, so that ¥ o ¢ = id. We now claim that s is an equivalence. This
would imply that ¢ (and therefore also ¢) is an equivalence, since a map of cospans
made of equivalences induces an equivalence on pullbacks. We now verify that s is
an equivalence. Since s: Ap’ — ¢ is a map between L-local maps over E' xx F’,
it is enough to show that s € Sg/« m. Now, n: p — p’ is L-connected so it is an
Lgr-equivalence (more precisely, ': n’ — idg/ is in Sg/). By Lemma 3.1.4 (ii), com-
posing n': ' — idg with Ap' gives that n': (Ap")ny’ — Ap’ is in Spx . Similarly,
composing domain and codomain of n with ' xx #’ turns 7 into a map in Sg/ v g
and then m = nn is also in Sp/« g, since n is an L-equivalence by hypothesis. Since

sn' =m, s € Sprx g, as needed. O

Our next main result characterizes L'-localization maps in terms of their diagonal
maps, providing a useful criterion that we will employ to show that every p € &€ x
has an L'-localization. The proof of the following result uses some general facts
about locally cartesian closed oo-categories that can be found in the Appendix (see

Section A.3).

Theorem 5.2.10 ([CORS18, Thm. 2.34]). The following are equivalent for a map

1. 0’ is an L'-localization of p;

2. 1 is an effective epimorphism and the L-localization of Ap is given by

XXX/X

St
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Proof. We prove the theorem when Z = 1; the general statement follows from this one
by Remark 3.1.2. We start with a map n': X — X’ and show first that (1) implies (2).
If ' is an L'-localization of X, then thanks to Proposition 5.2.9 we only need to show
that 7 is an effective epimorphism. Let (7,7) be the (effective epi,mono)-factorization

of ', with i: W — X’. Since ¢ is a monomorphism, the square

WX
o Jox
W X WWX/ X X/

is a pullback. Hence, since X’ is L-separated, so is W. Therefore there is a unique
s: X' - W with sn’ = 7. From isn’ = im = n/, we get that is = idx, i.e., i has a

section. Thus, ¢ is both a mono and an effective epi, so it is an equivalence.

Conversely, assume 7/’ is an effective epimorphism and An' is the L-localization of

AX. In the pullback square

Xxxy X——X'

|- Jax (+)
XxX—XxX'
XN

t

1’ x 1’ is also an effective epimorphism and ¢ is L-local by hypothesis. Thus, AX’ is
also L-local since L-local maps are a local class of maps in €. This shows that X' is
L-separated. We now verify that 7’ has the universal property of an L’-localization
map. Let f: X — Y be a map into an L-separated object Y. We need to show that
f extends uniquely along 7. We do so by applying Proposition A.3.4 to f and 7.
We want to show that

E = Z ( H (pry, X' x f)(er’”,XY)>

X'XY—=>X" \XXX'XY—=>X'XY

is contractible in €,x,. Applying Lemma A.3.1 and the Beck-Chevalley condition
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(Lemma A.1.3) to the pullback squares

Xx X xy 22X x vy X o x
|- yv] /|
XxX'xY—X'"xY X'

Xxn'xY

we can instead show that

Bi= ) ( 11 (XXWXYYOMpXWfW%W”U

XXY—=X \XXXXY—=>XXY

is contractible in €,x. We will show that this object of €, x is equivalent to the object

idx, which is contractible in €, ,x. Lemma A.1.1 gives that
(X xn' xY)* <(er,X' X f)(er’"IXY)> ~
= (X X0 X Y ) (pry, X7 x f)) ) (erca)
Notice that
(prx, X' x f) = (f x pry)"(AY), (pryx,n xY) = (1 x pry,)"(AX')

and

(f xpry)(X xn' xY) = (f xY)(pry, pry),

where pry: X x X xY — X and pry: X x X XY — Y are the projections onto the

appropriate factors. Using these, one can see that
(X x 7' xY)" ((pry, X' x f)) = (idxxx, fpr;): X x X - X x X x Y,

(X xn'xY) ((pry,n' xY))=txY: (X Xy X) XY 5> X xXxY
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where ¢ is defined in the pullback square (x) above. Therefore,
(X x o' xY) ((prx,X’ x f)(prx’”lxy’> ~ (idxx, fpr)™"

Now, since t is the localization of AX in € x, x, taking pullbacks along the projection
X x X xY — X x X gives that ¢ x Y is the localization of AX XY in &/ x.xxy-
Since (idxxx, fpr;) is L-local (as the pullback of the L-local map AY'), we further

have

(idXXX,fprl)th ~ (idXxX,fpl"l)AXXY ~
~ H (AX X Y)*(ldXXX7fpr1) ~ H (1dX7f)7
AXXY AR XY

where (idy, f): X — X x Y. We can now finally conclude because

s 0 (L))

XXY =X \pryyy: XxXxY—=XxY \AXxY

~ Y [I Gde.p))= D (idx, f)=idx.

XxY =X \pryyy o AXxY) XxY =X

5.3 Existence of L’-localization

In this section we prove that the class of L-separated maps is always the class
of local maps for a reflective subfibration on €. In doing this, the hardest part is
constructing an L’-localization map for every p € €,;. To this end, we begin by
proving a few preliminary results that can be stated independently of the task at

hand.

Recall that, if p, ¢ are objects in a slice category &€,,, we write p x% ¢ to mean the

product object of p and ¢ in &,.
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The first result we need is a term-free interpretation of what can be considered an

internal Yoneda lemma involving diagonal maps.

Lemma 5.3.1. Lett: E — X be a map in € and form the pullback square

XXFE——F
_J
X xt t
X x Xp—r>X
2
Then there is a map in & x2
E—YY _xxE
(AX)t At ’
X x X

inducing an equivalence

Bt = JJ(xX x )»¥

in E/x, where pri: X x X — X is the projection onto the first component.

Proof. For any k: M — X, there are pullback squares

(id, k)

M Mx X M

_ >|< _] l

k Ex X k
¥

X XxX——X

in &, witnessing that the product object (kx X)x**(AX) in € /x2 is given by (AX)k.
Similarly, (AX)k is also the product object (X x k) x** (AX) in €/x2. Applying

these considerations to k = t, we get that

(t,id): (AX)t — X x t
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gives a map

Bt — JJ(X x )*¥

pTry
by adjointness. Using the fact that AX is a section of pr,, and considering the adjoint

pairs Y., - pr3, pry - Hprl, we get a chain of natural equivalences

€ x(kt) = &/ x (pry(AX )k, t) ~ & xa (AX)k, X x t) ~

~ &x2 (b x X, (X xt)) = €/x k,H(X x t)5X

pry

where the composite map is given by composition with . O

Lemma 5.3.2. Let X € € and letr: R — X? be an object in € x2. Let also X X r be
the composite map (7 x X) o (X x 1), where 7: X? ~ X? is the canonical involution.

Then the following hold.

(i) There is a natural equivalence

B:r = H()?;/r)(AXXX)

Pra3
m 8/X2 .

(it) Thereis amap p: AX — [, ()?;/r)(’"xx) such that, for any mapn: AX —r

in &/x2, there is a commutative square

AX - " = [T(X x 7))

Prag

n IT (X)) (5.1)

pra3

P [1(X x r)&XxX)

Prag

Proof. The first claim is a special case of Lemma 5.3.1 applied to the map r =
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(r1,72): R — X?, seen as a map r: rp — pr, in € x2. Indeed, the following pullback

square in €
X3 Pris X2
PrzalJ lprz
X? X

pry
witnesses that pry: X® — X is the product object of pry: X? — X with itself in € /X
and the displayed maps pry; and pry, give the projection maps out of this product.
The map AX x X: X? — X3, seen as a map pry — pry, is the diagonal of the object

pry € €/x. Since X x r = pris(r), Lemma 5.3.1 gives the desired natural equivalence

B:r o I, (X X )&%,

For the second part, we describe the map

pi AX — JI(X x 1)
Pra3
and how it makes the square (5.1) commute by looking at its adjunct. Under the

adjunction prj; 4], . giving a square as (5.1) is the same as giving a square

X x AX - L2 o (X X )X

Xxnl i()??’r)wxx)
X ker e (e

where we used that X x AX = pri;(AX) and similarly for X x r. Taking further

adjoints along (=) xX* (AX x X) 4 (=)2%*Xwe need to exhibit a square

(X xn)x X (AX % X)

(X x AX) x¥* (AX x X) (X xr) xX* (AX x X)

|
(XxAX)x X (x X) lgﬁ

Y
(XXAX)Xx3(r><X) ______________ - X X7

The products (X x AX) x¥* (AX x X), (X xr) x¥* (AX x X) and (X x AX) xX*
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(r x X) in € xs, together with their projections onto the factors, are represented, in

order, by the following pullback squares in &

AX 2

X——X R - X?

| - ‘k | f[ﬂ\, |

AX (1d71d71d) AXxX (7‘1 ,7‘1,7‘2) AXxX

2 \ \|(3 \ \L?) 2 \ J/3
X XxAX X X xR Xxr X X XxAX X

Using Lemma 5.3.1 as in the first part, we know the map /3% is given by

B=(ry i
RZ=0 v o R

\ -
T (r1,m1,m2) Xxr

X2 —\:X?’
AXxX

We take p to be given by

pF=(r2,id) X xR

\ -
T (r1,72,m2) Xxr

X2 —\:X?’
XxAX

Then the composite maps
Bt ((X % ) X (AX x X)) and pf ((X % AX) x* (1 x X))

are given by the following composite maps in &, xs respectively

X n R (Tl,id) X % R X n R (T27id) X % R
| |
(id,ile ’TJ ’T% (idyidN:’l2 M}%
X3 X3

By using properties of the product X x R and since 7 is a section of both r; and 7o,

one can see that these composite maps are equal since they are both equal to the map
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(id,n): (id,id,id) — X x rin €, xs. (Here all the needed homotopies are obtained by
using either degenerate 2-simplices or the 2-simplices defining 1 as a map AX — r

in E/XQ.) I

Theorem 5.3.3 ([CORS18, Thm. 2.25]). For every Y € &, each f € €,y has an
L'-localization 0y (f): f — f'.

Proof. We prove the result for Y = 1. Fix X € € and let n: AX — r be the L-
reflection map of AX € €/x2. Let s be a regular cardinal such that r is relatively
r-compact and the class of relatively s-compact L-local maps admits a classifying

map uf : Z:IV’L’“ — U7. Omitting & from our notation, we then have pullback squares

R -1, Uy —1
7 and wf = e
XXX—F>UL UL>L—>U

We denote the composite pullback square as

R—"-U

TLJ L

XXX?Z/I

Let (1/,i) be the (effective epi,mono)-factorization of "r#: X — U¥X, the adjunct

map to "r. We let X’ := cod(n/). Note that, if (n,ir) is the (effective epi,mono)-

X X

factorization of 7, then ' =} and i = ¥ o iy, since +¥ is a monomorphism.

Our goal is to verify that the conditions in Theorem 5.2.10 apply to 7, thus show-
ing that n’ is the L’-localization map of X. The map 7’ is an effective epimorphism
by definition. To show that X’ is L-separated, note first that Uy, is L-separated by
Lemma 5.2.5, hence so is U5, by Proposition 5.1.5. Since 7 is a monomorphism, we
have that AX' = (i, x ir)*(AWU;)), which implies that X' is L-separated, because

L-local maps are closed under pullbacks.
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It remains to show that An' is the L-localization map of AX. As usual, we can
see An’ as amap An': AX — tin € x», where t is the pullback map (7" x n')*(AX’)
and it is therefore L-local. Hence, there is a unique map ¢: r — t with pn = An/ as

maps in €,x2. We will show that ¢ is an equivalence.

The strategy we adopt is to, first, construct a monomorphism ¢’: t — r and,
then, show that ¢'¢: r — r is an equivalence by showing that we have ¢ pn = 7.
This will imply that ¢ itself is an equivalence. Note that, by definition of ¢, showing
that ¢'n = n is the same as showing that ¢'An’ = n.

Step 1. Construction of ¢’ and description of A’ We construct ¢ as
a composite of various equivalences and a monomorphism. Consider the following

diagram.

e

ux P X xUYX — &

L
AX (1) AUX (o 3)
T

X? —UX x

[V ~
\ (1) / (rpr zfﬂ{r;) (D)
~ )/ /'

prag < X2 / o

XxAX \\\\\
(5)$// BRI DN
Xge—/’—,’v’_”_\’iw
CXXTMTXX)

The maps labelled as ev are appropriate counits of product - internal-hom adjunc-
tions. The diagram above contains most of the information we need for Step 1. We

proceed to explain this diagram, show how it defines ¢’, and give a description of
©'An'.

(i) Recall that A7’ is a map AX — ¢ in €,x2, and one can show that ¢ is the pullback
map of the cospan in (1) of (D). Because of this, the square (1) determines An'.
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(ii) Thanks to Function Extensionality (Proposition A.2.1), AUX ~ [] ev*(AU).
pr
Hence, v

o (T Ty Hev*(AU)
Pras

(iii) Since the bottom square (5) in (D) is a pullback, we can use the Beck-Chevalley

condition (Lemma A.1.3) and obtain an equivalence

te~ 1_[(|—7’1 prig, 7' pryg)  (AU)
Pras
Since the pullback of X x AUYX along X x "r ¥ x T ¥ is X x t, the square (6) in
(D) determines the map X x An': X x AX — X xtin &/xs. It follows that the
map X X AX — ("r7pryy, "7 pry3)*(AU) determined by the square given as the

composite of (3) and (6) is the adjunct of the composite map

AX 27 o 1_[(’_7'j pryy, "1 pryg)*(AU)

PTra3

(iv) We now consider the map j in €. displayed in the top-right corner of (D).

(uxid) )

Here, M is simply a name for the domain of the map (id x ) The map j

is defined as the composite of the equivalence AU ~ Eq;(u), given by univalence

(uxid) which exists since

(Definition 2.2.8), and the monomorphism Eq;,(u) — (id X u)
the domain is a subobject of the codomain. Thus, j is a monomorphism as well.

Using the fact that (7) in (D) is a pullback square, we then obtain a monomorphism

p{]((r7f7pr12,r737pr13)*(j)
H(rrjprm,rrjprlg)*(AU) = H(X x )X,

PTo3 PTa3

Here, X x r is the pullback map priz(r) = (7 x X)(X x r), where 7: X? ~ X?
is the swapping equivalence, and W is simply a name for the domain of the map

()?\></7’)(”X). Note that the map displayed above is indeed a monomorphism be-
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cause — being right adjoints — pullback and dependent-product functors preserve

monomorphisms. Therefore, we get a composite monomorphism

t— T 5 ).,

PT23

The map ¢ in € xs given in (D) is determined, as a map X x AX — ()?;/r)(rxx),
by the composite of the squares (3) and (6) with the 2-simplex representing the map
g AU) — (id x u)@>D Tt follows that 1 is the adjunct to the composite

AX 2T o TTX %))

PTa3
This means that this latter map is the composite

T
AX BT X x AX 22 TT(X x )™,

Prog PTa3

where 7 is the unit of the adjunction pr3, - Hpr23 at AX.

(v) Since X x r = pri;(r), X x r is L-local. Hence, because

NXX:AX x X =5rxX

is an L-localization map (it is the pullback along pr,, of 1), we have an equivalence

(X 5 P) PN (X )X 25 (X 5 ) @XX),
Whence, we have a composite monomorphism

t— T x ) = T %)@,

PTra3 PT23

(vi) Finally, we have an equivalence
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Brr 2 T % r)@xx0)

PTa3

as in Lemma 5.3.2. Composing the monomorphism obtained in (v) with the inverse
of B we obtain the needed monomorphism ¢': t — r. Using what we found in (iv)

above, the composite ¢’ An’ is then given as the composite

H /l/} —_ N ——
AX B T]X x AX 225 T xn)™0 S,
PTog PT23

where the displayed equivalence is 37! ] ()?;/r)("XX).

PTra3

Step 2. Proof that ¢'An’ = n. By the work above, it suffices to show that the

maps
AX L B H(m)(AXxX)
B Pra3
and
AX LTI X x AX 225 T x )9 22 S T(X x )@
Prag Prag - Pras

are equal in € x2. By Lemma 5.3.2 (ii), there is a map

p: AX — JI(X x 1)

PT23

making the following diagram commute in & x2

AX — " = [T (X x 7))

Pra3

" l I (Fr) <)

pra3

r——— J(X x )X
Pra3
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Thus, we only need to show that p = (Hpr% w) ~. Equivalently, we can show that

the adjunct maps

Pobs (X x AX) = (X x 1))

are equal in €,xs. Since the square (7) in the diagram (D) is a pullback, we only
need to show that p’ and v are equal after composing with g := ("7 "pry,, "7 'pry3)
and o: g()?\x/r)(”X) — (id x u)™*4) that is, as maps g(X x AX) — (id x u)@xid),
Finally, we can further show that op’, o¢ are equal in € ;2 by showing their adjuncts

along the adjunction (=) x4 (u x id) 4 (=)®*9 are equal.

In order to describe the adjunct of op’, we use Lemma A.1.2 with f = X x AX,

g = ("rpry,y, "rpryy), p = id x w and ¢ = u x id. Consequently, g*¢ = r x X,

g*p = X x r and the adjunct of op’ is given as the composite map

€(idxu)

G((X x AX) X (r x X)) Dy g(X X 7) = gg™(id x 1) L% id x u

Recall that, by definition, there is a pullback square

R—"-U

_
P o
X x X?Z/I

Since (X x AX) x** (r x X) = (X x AX)r, using the proof of Lemma 5.3.2 and
the fact that g*(id x u) = )?\x/r, we have that p*: (X x AX)r — X x r and

EGdxu): (X x 1) = id X u are described by the two squares below

Pu:(ﬁvid) 6(id><u):(r7"—l(7’1 Pra,pry),T pry)

R X xR X xR Uxu
o _
T (r1,r2,72) L)?Zﬂ %L idxu
\
X2 x3 X3 u2

XxAX g=("r7pri," 7 pri3)
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Hence, the composite €(qaxu) o (the adjunct of op’ in € /u2) is given by the map

AL Ny Y

(mr7 rr—x Axu (53)

To describe the adjunct of o), note that, from the squares (6), (7) and (3) and the
definition of j in the diagram (D), o1 is given as the map in € ;2 described by the

diagram
o .- Yy M
XxAX (Trr) Al“ (i)
X g

g=("rpryg," 7 'pry3)
Then, the adjunct of j7r7 in &, is the composite j*("r" xU* (4 x id)), where

Gh AU xH? (u x id) — id x w is the adjunct of j. Using that there are pullback

squares
(Frrr) ~ (idu) -~
R UxUuU U——UxU
] g
T’[ Luxid ‘ Luxid
X2 U? U U?
(’_7”—‘7’_7',—‘) u
we get that j#(7r7 x“* (u x id)) is the composite map
~ ~  jt=(u,id) ~ (ur,7)

R : Uuxu Y L uxu

|
u,u o 5.4
(WM( \L )% - (Tr,; 1\ %Xu ( )
u2

One can now see that the maps (5.3) and (5.4) are equal by using the square (5.2)

defining "7 (including the implicit given homotopies). Our proof is then complete.

O

Once we know that every map in € has an L’-localization, we can also show
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that L'-localization form a reflective subfibration on €. The crucial point here is
to show pullback-compatibility of L’-reflections. This is necessary when working in
higher topos theory, but it is superfluous in homotopy type theory as reflections are

automatically stable under pullbacks in that setting.

Corollary 5.3.4. Given any reflective subfibration Lo of an co-topos £, there exists a
reflective subfibration L, of & such that the L'-local maps are exactly the L-separated

maps. Furthermore, if Lo is a modality, then so is L.

Proof. Let D’ be the full subcategory of € spanned by the L-separated objects and
let t: D" — & be the inclusion functor. Theorem 5.3.3 constructs, for every X € &,
an L'-localization map n(X): X — L'(X). By definition of L'-localization map, this
means that, for every X € &, the oo-category defined as the pullback

X ) > @l

/LDJ ‘

X JE &
has an initial object. By [Joy08, §17.4], « has a left adjoint L': &€ — D', i.e., D’ is a
reflective subcategory of €. The same construction performed on each slice category
now gives that, for every X € &, the full subcategory D'y of €,x on the L-separated
p € &/x is reflective. On the other hand, Proposition 5.1.5 says that, for every
f: X =Y, the pullback functor f*: €,y — &€/x restricts to a functor Dy, — D.
Therefore, we obtain a system of reflective subcategories L, on €. To conclude that
we actually get a reflective subfibration, we only need to verify that the L’-reflection

maps are compatible with pullbacks.

Let then p: ' — X be an object in €,/x and f: Y — X a map in €. Let
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be the L'-localizations of p. We need to show that
m = f*(n'): f*(p) = f(p)

is the L'-localization of f*(p) in €,y. We do so by using Theorem 5.2.10. Set
f*(E):=Y xx E, q:= f*(p) and f*(E') :=Y xx E'. Since 1 is an L'-localization, it
is an effective epimorphism. Since effective epimorphisms are closed under pullbacks,
an application of the pasting lemma for pullbacks show that m is also an effective epi-
morphism. By Proposition 5.1.5, we also know that f*(p’) is L-separated. Therefore,
we only need to show that A(m) — as a map in €/« (g)x, (&) — is the L'-localization

map of Ag. In €y we have the pullback square (products are products in € y)

q X ey g — f*(p')
mmmmww% A(F* (')
gxq———= @) x @)

mxXm

and Am is a map Ag — (m x m)*(A(f*(p') in (€)y) - Using the equivalence

/(axq
(S/Y)/(qxq) =~ &) pe()xy f+(E)

and the definition of m = f*(n’), one can see that Am is the map

* Am * *
fH(E) JH(E) X =) [*(E)
~ e
Ag t
N Ve
[ (E) xy f*(E)
in € ¢+ (B)xy f+(B), Where t corresponds to the map (mxm)*(A(f*(p')) above. Similarly,
An'isamap Ap — sin &g« g (where s is a suitable pull-backed map) and it is the L-
localization of Ap by Theorem 5.2.10. We want to show that Am is a pullback of this

L-localization and conclude because L, is a reflective subfibration. Let g: f*(E) — E
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and ¢': f*(E') — E’ be the projection maps. As in the proof of Proposition 5.1.5,
with a few straightforward applications of the pasting lemma for pullbacks we see

that the following are all pullback squares in €

fY(E)xy ff(E)—=Exx E f*(E) xy f(E') —E' xx E'

|- | - l

1 (E) E f(E) ———F
f(B) ——'——E f(B) B
A(f*(p))l lAp A(f*(p’))l - lAp’

fY(E)xy f(F)—=Exx E () xy f(E')— E' xx E'

Then in the diagram

f*(E) X f*(E") f*(E) ——FExp F

() \E
¢ s g
A(f* (")) Ap/
fA(E) xy f*(E) —~Exx E
Txym ' xxn
N

F(B) xy f*(B) —— B xx B

the left and right sides are pullbacks (by definition of ¢ and s) and the front square
is a pullback by the above. Therefore, the back square is also a pullback. A final

application of the pasting lemma now shows that there are pullback squares in €

fHE) —2" fX(E) X () f*(E) —— f*(E) xy f*(E)
_ _

g

E Exp E

Ay EXXE

completing the proof that L. is a reflective subfibration.



5.3. EXISTENCE OF L'-LOCALIZATION 83

The final claim about L’ being a modality when L is follows from the observation

that, given composable maps in €,

xLhvy 4z
we have A(gf) = pAf, where p is a suitable pullback of Ag (see the proof of
Lemma 5.1.6). Therefore, if g is L-separated (so that Ag is L-local), p is L-local.
If also f is L-separated and L is a modality, we can then conclude from A(gf) = pAf
that ¢gf is L-separated. O



Chapter 6

Consequences of the existence of L)

In this chapter, we explore a few interactions between L, and L,. We apply some
of these results to provide a detailed discussion of those reflective subfibrations for
which L, = L,.

We start Section 6.1 with a few consequences of the existence of and the character-
ization of L'-localizations. In particular, Proposition 6.1.2 gives a recipe for construct-
ing new stable factorization systems from a given one, and provides an interesting
example of how the theory of reflective subfibrations can be used to prove theorems
that make no reference to it. Corollary 6.1.3 can serve as a motivation for the study of
L}, as it shows how L’-localization can be used to compute the L-localization of loop
objects. We then prove that L] is almost left exact (Proposition 6.1.4) and investigate
some relationships between L- and L’-equivalences/connected maps. Statements and
some proof ideas parallel the equivalent ones in [CORSI18, §2.4].

In Section 6.2, we introduce self-separated reflective subfibrations as those L, for
which L-separated maps are automatically L-local. We show that these can only
be non-trivial if the ground topos € is not hypercomplete. In this case, every self-
separated reflective subfibration arises as one associated to a (quasi-)cotopological
localization of € (Theorem 6.2.8), of which the hypercompletion localization is the

maximal example. The content of this section does not appear in [CORS18].

84
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6.1 Further interactions between L, and L/

Let L, be a reflective subfibration on €. We gather here some results that further

highlight the relationship between the reflective subfibrations L, and L.

We start with a couple of general properties of L, that follow from the existence of
L. Since L, is itself a reflective subfibration, we can talk about L’-connected maps.

These turn out to be linked to L-connected maps in the expected way.

Proposition 6.1.1. A map p: E — X is L'-connected if and only if it is an effective

eptmorphism and Ap: E — E X x E is L-connected.

Proof. By definition (see Definition 4.1.1), p is L’-connected if and only if p: p — idx
is the L'-localization map of p € €,x. The claim now follows by applying Theo-
rem 5.2.10. U

We can use this corollary to produce new stable factorization systems from a given

one. (Recall the definitions and results in Section 4.2.)

Proposition 6.1.2. Let F = (L, R) be a stable factorization system on an oco-topos
E. Let L be the class of maps [ in & which are effective epimorphisms and such that
Af € L, and let R’ be the class of maps g in € such that Ag € R. Then F' = (L', R’)

1s a stable factorization system on €.

Proof. By Theorem 4.2.5 (1), there is a modality L7 on & associated to F. We can ap-
ply Corollary 5.3.4 to L = L7 and obtain the modality L, of L-separated maps, which
then gives rise to a stable factorization system F' = Fp/, again by Theorem 4.2.5.
Since the L] -connected maps are exactly the maps in £, Proposition 6.1.1 allows us

to conclude. 0

Let LY be the modality associated to the stable factorization system of 0-connected
and O-truncated maps, as in Example 4.2.2. Consider the circle S! in the oo-topos

€ = o0oGpd and fix a point in it. Then QS', the loop space of S! with respect to
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the given point, is O-truncated. (Recall that, for X € € and z: 1 — X a global
element of X, Q(X,x) := 1 xx 1.) Therefore, L°(2S1) ~ Q51. On the other hand,
L°(S') is a point, because S! is 0-connected. This simple observation shows that, in
general, L-localization does not commute with taking loop objects. It turns out that
L'-localization can be used to fix this misbehaviour and compute localizations of loop

objects.

Corollary 6.1.3. Let L, be a reflective subfibration on €. Let X € & be an object of €
with a global element x: 1 — X. Set QX = Q(X,x). Then L(QX) ~ Q(L'X), where
the loop space of L'X is taken with respect to the global element 1 = X M L'X.

Proof. Since QX is the pullback along 1 @0 X2 of AX , the localization L(QX)
is the pullback along (z,x) of the L-localization of AX in &, x2, by Definition 3.1.1
(2). By Proposition 5.2.9, the L-localization of AX is the map X xpx X — X2,
which can be obtained as the pullback of A(L'X) along (1/(X))?. The claim then
follows. O

The next result we prove relates the pullback of a cospan of objects in € to the

pullback of the L’-localized span.

Proposition 6.1.4 ([CORS18, Prop. 2.28]). Let Y % X L7 bea cospan of maps
in & and let I'Y 2% /X &L 17 be the associated cospan of L'-local objects. Then,

the natural map ¢: P — Q induced on pullbacks is an Ly-equivalence.

Proof. The situation can be described by the diagram

Vo X i 22 A(L'Z)

AN
n’(Y)Xn’(X)\ n(Z)?

\
LY x !X ——— L' 7?
L'gxL'f
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where the front and back squares are pullbacks. If we let n: AZ — rz be the L-
reflection map of AZ into D42, we can expand the back and the right faces above as

in the following diagram

v(2)
P A
» AZ
!
(g x f)*Ry Ry-———-|- I xps 2 L'z
(gxf)rz v X / %Z)
x X Z? L'z?

where the equivalence ¢ is given by Proposition 5.2.9. Note that 77, being the reflection
map of p into Dy, is an (Lyx)-equivalence. The bottom half of the diagram
above gives a composite pullback square. So we see that (g x f)*(r,) is the pullback

of A(L'Z) along

(1'(2)*)(g = f) = (L'g x L'f)(n' (V) x 1/ (X)).

Therefore, the composite pullback square factors through ¢ as

(9 x f)*(Rz) ! Q Lz
(gxf)*(rz) % A(L'Z)
YxX— >[YxLUX—— > ['7?
(V)% (X) L'gxL'f

since the right square is a pullback by definition. Therefore, the left square is also a
pullback and the map t is L-connected, because it is a pullback of the L-connected
map 7' (Y) x 7/(X) (see Lemma 5.2.4). It follows from these considerations that the
map ¢: P — @ is given by the composite 7, where both ¢t and 77 are Li-equivalences
(see also Lemma 3.1.4 and Definition 4.1.1). Hence, ® is also an Lj-equivalence, as

needed. O

Remark 6.1.5. Although we will not need this stronger result, the proof of Propo-
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sition 6.1.4 above actually shows that ¢ is an (Lpy«1/x)-equivalence.
We now study interactions between L/L’-equivalences and L/L'-connected maps.

Proposition 6.1.6 ([CORS18, Prop. 2.30]). Suppose f: Y — X is an L -equivalence.
Then f is L-connected.

Proof. To ease readability, we slightly change our usual notation here. Namely, we
let n'y: X — L'X be the L'-localization map of X, and we let nx(f): f — Lx(f)
be the reflection map of f € &€/x into Dx. We need to show that Lx(f) is an
equivalence. Observe that if we apply X,/ to nx(f), we get an L x-equivalence
nx(f): n'xf = nxLx(f), by Lemma 3.1.4 (ii). Consider the composite map 0y Lx(f)

and reflect it into D x to obtain the map

nex(xLx (f)): nxLx (f) = Lox(nx Lx (f))-

Now, the composite in € 7/ x of this map with nx (f): nx f — n’xLx(f) is the reflection
map of 1y f into Dy x, because it is an L, y-equivalence into an Ly x-local object.

Thus, we can write this composite as

nwx(xf): nxf — Lox(mxLx(f))

We have a commutative square

Y X
n(f[ ln’x
LY —=L'X

L'f

and L'f is an equivalence by hypothesis. Hence, if we apply X p)-1 to npx (1 f)

above, we get the reflection map of (L'f)"'n’ f =1}, as in

nox () my — () (Lox (nx Lx (f)))
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Since 73 is L-connected (see Lemma 5.2.4), we must have that the map

(L")~ (Lox (nx Lx (f)))

is an equivalence and, then, L x(n'y Lx(f)) is an equivalence as well. But, by Propo-

sition 5.2.6, there is a pullback square

N x My Lx (f))

LyY Lix(LxY
xY, vx(LxY)
Lx(f) LL’X(W/XLX(f))
X : X
x
Therefore, Lx(f) is also an equivalence, as required. a

Remark 6.1.7. Let p: £ — X and ¢: M — X bemapsin &. If a:p — ¢gis a
map in &,y which is an L’y-equivalence, then, as a map in &, a: &' — M is an Lj-
equivalence, by Lemma 3.1.4 applied to L,. Hence, the result above applies to show

that a: £ — M is L-connected.

Lemma 6.1.8. Let f: Y — X be an L-connected map, with Y L'-connected. Then

X is L'-connected as well.

Proof. The hypothesis on Y implies that there is a commutative square

f

Y —X
n&»l n'x
1

—=L'X
L'f

To conclude that X is L’-connected, it suffices to show that L'f: 1 — L'X is an

equivalence. Consider the pullback square

F—* . X

o
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Note that ¢ is an L-local map, because it is also the pullback of the L-local map
A(L'X) along X ~ X x 1 Tex 2, (L'X)2. Since 7’y is an effective epimorphism,
the above pullback square implies that L'f is an L-local map. Since !: Y — 1 is an
Li-equivalence by hypothesis, after composing it with L'f: 1 — L'X, it becomes an

L/ x-equivalence, as a map L' fo! =’y f — L'f. Altogether, this means that

Y - 1

n’x JNL , X‘/L’f

gives the reflection map of n’y f into Dy x. But nx f is L-connected, by Lemma 4.1.4

and Lemma 5.2.4, and so L’ f is an equivalence, as needed. O

Proposition 6.1.9 ([CORSI1S8, Prop. 2.31]). Suppose given a commutative triangle
= M

NS
X

where p is L'-connected. Then a is L-connected if and only if q is L'-connected.

E

Proof. Recall from Remark 4.1.3 that a being L-connected is the same as the map
a:p— qin &/x, given by the commutative triangle above, being L/*-connected for
the sliced reflective subfibration L.~ of & /x. Suppose that p is L'-connected. If a is
L-connected, then ¢ is L'-connected, by Lemma 6.1.8 applied to €,x. Conversely, if
q is L'-connected, then both ¢: ¢ — idx and p: p — idx are L'y-equivalences. But
then a: p — ¢ is also an L'x-equivalence, and so a: E — M is an L)-equivalence.

Therefore, a is L-connected, by Proposition 6.1.6. O

6.2 Self-separated reflective subfibrations

We study here those reflective subfibrations L, on € for which L, = L, and show

that they correspond to special kinds of left exact reflective subcategories of &€, the
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quasi-cotopological localizations of €.

Definition 6.2.1. A reflective subfibration L, on an oo-topos & is self-separated if

every L-separated map is L-local.

The existence of self-separated reflective subfibrations on € is related to a prop-
erty of an co-topos called hypercompleteness. This property is discussed in detail in
[Lur09, §6.5.2]. For the reader’s convenience, we gather here the main aspects of

hypercompleteness that we need.
Definition 6.2.2. Let € be an oo-topos.

1. A map f in € is called co-connected if it is n-connected, for every n > (—2). In

particular, equivalences are co-connected.

2. An object X in & is called hypercomplete if it is local with respect to the
class of all co-connected maps. This means that, for every co-connected map
f: A— B, the map X/: X® — X4 is an equivalence in €. Equivalently, since
oo-connected maps are closed under products, E(f, X): E(B,X) — &(A, X)
is an equivalence in coGpd, for every oo-connected map f. In particular, n-
truncated objects are hypercomplete. A map p: E — X is hypercomplete if it
is a hypercomplete object of & x.

3. € is a hypercomplete oo-topos if every object in € is hypercomplete. Equiva-

lently, € is hypercomplete if every co-connected map in € is an equivalence.

Typical hypercomplete co-topoi are & = coGpd and € = Pre(C€), the infinity topos
of presheaves of co-groupoids over a small category €. However, not every oo-topos

is hypercomplete. What we have in general is the following result.

Proposition 6.2.3. Let & be an oo-topos and let E" be the full subcategory of &
spanned by the hypercomplete objects.
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1. &M is an accessible, left exact, reflective subcategory of €. In particular, it is an

oo-topos. As such, it is hypercomplete.

2. A map in € is hypercomplete if and only if it is right orthogonal to every oco-
connected map. For X € &, a map o in the co-topos € x is co-connected if and

only if ¥ x(a) is oo-connected in E.

3. There exists a modality L) on & for which, given any X € &, the L™ -equivalences
are the co-connected maps, and the L"-local maps are the hypercomplete maps.

We call this modality the hypercompletion modality on &.

Proof. The first part follows from [Lur09, Prop. 6.5.2.8] (see the discussion right after
it) and from [Lur09, Lemma 6.5.2.12]. The second part is [Lur09, Rmk. 6.5.2.21]. For
the last part, we can apply the results of Proposition 4.2.8 to the left adjoint & — &
of the inclusion €M C €. In this way, we obtain a modality L, on & with the desired

L"-equivalences and L"-local maps. O]
We are now ready to study self-separated reflective subfibrations.

Lemma 6.2.4. Let L, be a self-separated reflective subfibration on E. Then every
L-equivalence is an oco-connected map and every hypercomplete map is L-local. In
particular, if € is hypercomplete, Lo is the trivial reflective subfibration for which the

L-equivalences are exactly the equivalences in €, and every map is an L-local map.

Proof. The self-separated property of L, means that, for every map p € &, if Ap
is L-local, then p is L-local. Since equivalences are L-local, this implies that every
monomorphism is L-local. It follows that every n-truncated map is L-local, due to
the recursive characterization of n-truncated maps in terms of their diagonal maps
(see [Lur09, Lemma 5.5.6.15]). Since, for every X € &, Lx-equivalences are left
orthogonal to every map in Dx (see Notation 3.1.3), we get that every L-equivalence
is oo-connected. Since a hypercomplete map p € &€/x is local with respect to all

oo-connected map in &/x, it follows that every hypercomplete map is L-local. O
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When € is not hypercomplete, we can find non-trivial examples of self-separated

reflective subfibrations.

Definition 6.2.5. Suppose i: D — € is a reflective subcategory of €, with reflector
a: & — D. We say that L := ia is a quasi-cotopological localization of € if it is left

exact and, for every map f in &, if Lf is an equivalence, then f is co-connected.
Note that the hypercompletion L": & — E" is a quasi-cotopological localization.

Remark 6.2.6. In [Lur(09, Def. 6.5.2.17], Lurie calls a localization cotopological if it
is quasi-cotopological and accessible. Accessibility is not needed in our setting, so we

dropped that condition from our definition.

Proposition 6.2.7. Let L, be the modality associated to a quasi-cotopological local-

ization L: & — & (see Proposition /.2.8). Then L, is self-separated.

Proof. We start by remarking that, by the construction of L, given in Proposi-
tion 4.2.8, a map in € 7 is an L-equivalence if and only if it is an (L, = L)-equivalence
in €. Since L is a quasi-cotopological localization, it follows that, for any Z € € and
any p € &z, all reflection maps 7z(p): p — Lz(p) are oco-connected. In particular,
they are effective epimorphisms. We now show that every L-separated object is L-
local, the proof for maps being the same, but done in an appropriate slice category.
Suppose that X € € is such that AX is L-local and let n: X — LX be the reflec-
tion map of X. Using the definition of L-local maps from Proposition 4.2.8, since
L(X?) ~ (LX)?, the hypothesis that AX is an L-local map means that there is a

pullback square

X n
- LX
AX\L lA(LX)
X2 [X?
n

The statement that this square is a pullback is precisely the statement that the
diagonal of 7 is an equivalence, i.e., 1 is a monomorphism. Since 7 is also an effective

epimorphism, it is an equivalence and, then, X is L-local, as needed. O
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It turns out that the quasi-cotopological localizations are exactly the self-separated

reflective subfibrations on €.
Theorem 6.2.8. The following are equivalent, for a reflective subfibration Le on E.

1. L, is self-separated.

2. L, is the modality associated to a quasi-cotopological localization of €.
In this case, hypercomplete maps are L-local.

Proof. Proposition 6.2.7 is the statement that (2) = (1). Thus, we need to
show that (1) = (2). If every L-separated map is L-local, L, is a modality, by
Lemma 5.2.1. By Proposition 6.1.4, given any cospan X — Z <— Y of maps in &, the
canonical map X Xz Y — LX Xz LY is an L-equivalence and LX Xy LY is an
L-local object, because L, is a modality. This means that LX Xz LY ~ L(X xY),
so L =L1: & - D — € is left exact. On the other hand, if L, is self-separated,
Lemma 6.2.4 says that every L-equivalence is co-connected. Therefore, L: &€ — € is
a quasi-cotopological localization of €. To conclude, we show that a map f: X — Y

is L-local if and only if the square
x Y px

fl lL(f) (A)

Y g LY

is a pullback square. If this is the case, then the local maps of the given reflective
subfibration L, are the same as the local maps of the reflective subfibration associated
to L1, by Proposition 4.2.8, and therefore the two reflective subfibrations are the same.
Suppose that f: X — Y is L-local. Then, by Proposition 5.2.6, there is a pullback

square

XJWLY (W(Y)f) LLY (X)

fl iLLy(nmf)

n(Y’) Ly
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Since Lf € Dy, there is a unique map ¢: Ly (n(Y)f) — Lf with onry (n(Y)f) =
n(X) and (Lf)py = Lry(n(Y)f). Since the maps nry (n(Y)f) and n(X) are both
Li-equivalences, so is . Since L, is a modality, both LX and Lpy(X) are L-local
objects, and then ¢: Ly (X) — LX is an equivalence. It follows that the square (/\)

above is a pullback, as needed. O



Chapter 7

Localization with respect to a map

In this chapter, we study S-localizations, that is, reflective subfibrations associated
to sets S = {fi: A; — B;}ies of maps in an oo-topos €. The local objects for
these reflective subfibrations are the S-local objects, i.e., those X € & such that
X7i: XB — X4 is an equivalence, for every i € I.

In Section 7.1, we prove the existence of such reflective subfibrations, which we
specifically carry out when the set S consists of a single map f: A — B, the general
case following by the same arguments (Proposition 7.1.7). We call this reflective
subfibration L] on € the f-localization. When f is the unique map A — 1, we show
that f-localization is a modality, and we call it A-nullification (Proposition 7.1.9).
Even though the existence results in Section 7.1 will probably not come as a surprise
to a homotopy theorist, we stress that what we are concerned with is the existence
of a reflective subfibration on &, as opposed to the mere existence of a reflective
subcategory, which is a well-known fact, due to local presentability of € (see [Lur09,
Prop. 5.5.4.15)).

In Section 7.2, we investigate the effect of L'-localization when L, is given by
f-localization and show that it corresponds to X f-localization, where X f is the sus-
pension of f. In Section 7.3 and in Section 7.4, we explore properties of f-localization

when f is a map in the left class of a factorization system on &, or when f is a map

96
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between 0-connected objects.

Section 7.2 to Section 7.4 parallel [CORS18, §3] closely in terms of statements and
proofs, modulo the needed adjustments to the topos-theoretic setting. For example, in
Section 7.2, we need to work with cartesian factorization systems because, in contrast
with the situation in homotopy type theory, the left class of a factorization system

on € need not be closed under products.

7.1 Existence of f-localization

Fix a map f: A — B in our favorite co-topos €. We will construct a reflective
subfibration on € out of this datum.

Let us start by recalling from [ABFJ17a, Section 3.3] a few definitions and results
that we need. The reader might also want to refer back to Section 4.2 for definitions

and results concerning factorization systems.

Definition 7.1.1. A map f is internally orthogonal to a map g: X — Y in € if
(f x Z) L g for every object Z € &. If this holds, we write f L g.

Definition 7.1.2. A factorization system (£, R) in an oo-topos € is called cartesian

if, for every [ € £ and every r € R, [ L r (rather than simply having [ L r).

Let R := {f}= be the class of all maps g such that f - g. Then, if we let
L :=1R ==R, (L, R) is a factorization system (see [ABFJ17a, Prop. 3.3.8]). By
definition, this is a cartesian factorization system. Thus, as in Theorem 4.2.5, we get
that D := R/ is a reflective subcategory of €. Using the definitions of R and £ and
the fact that if [,I’ € £, then [ x " € L (see [ABFJ17a, Lemma 3.3.7]), it is easy
to see that D consists precisely of all those X € € such that X/: X% — X4 is an
equivalence in €. Furthermore, D is an exponential ideal (see Proposition 3.1.5 (iii)

for terminology).

Definition 7.1.3. An object X € & such that X/: X# — X“ is an equivalence is

called an f-local object.
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Remark 7.1.4. If we let L7: & — &€ be the localization functor associated to D, the
L -equivalences form the class =D = = D. Since X € & is f-local if and only if X*
is an equivalence for every L/-equivalence s, one can use this fact to show that X € &
is f-local if and only if the map of co-groupoids E(f, X): E(B, X) — &(A, X) is an
equivalence.

For any fixed X € &, we can now consider the map f x X: Ax X — B x X, seen

as a map in &x:

Ax XX Bxx

N
X

Set RX := {f x X}=. As above, we get a cartesian factorization system (£X,RY)
in &/ x with £ := L(RX) = £(RX). Then Dy = Rﬁdx is a reflective subcategory

of (CJ/X

Definition 7.1.5. We call an object p € €,x an f-local map if the map

pU>X) . pPre g pPra

is an equivalence.
The reflective subcategory Dx consists precisely of the f-local maps.

Remark 7.1.6. Using the fact that, if s € €,x and S = dom(s), the product map

(f x X) x¥ sin &/x is the map

AXSABXS

sprA\ A)rB
X

in €/x, it is easy to see that Ry C RX, where — as in Lemma 4.2.4 — Ry is the

class of maps in €,x that are in R when seen as maps in €.

We claim that the assignment X — Dy above defines a reflective subfibration on
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Proposition 7.1.7. For every map f: A — B in &, there is a reflective subfibration

LI on & for which the local maps are exactly the f-local maps.

Proof. Fix f: A — B in €. We show the reflective subcategories Dx of f-local maps
constructed as above give rise to a reflective subfibration. To start with, consider a
map ¢g: ¥ — X in &. We need to show that the pullback functor g*: &/,x — &)y
restricts to a functor Dy — Dy, i.e., we need to prove that ¢g*(p) is in Dy whenever
p € Dx. By hypothesis, pt/*X) is an equivalence in €/x, so that g*(p/*¥) is an
equivalence in €,y. But, by Lemma A.1.1, g* (p(fXX)) is equivalent to (g*(p))g*(fxx)
(as maps in €,y). Since ¢*(f x X) = f x Y as maps in €y, we can conclude that
g*(p) is in Dy. This shows that X +— Dy is a srs on E.

To prove that it is a reflective subfibration, we verify the condition of Defini-
tion 3.1.1 (2). Thus, let p € €,x with E := dom(p). The reflection of p into Dy is

given by the (L, R¥)-factorization of p — idx, which we depict as the commutative

triangle

E—" ~Ly(E)
N
X

in & We need to show that, for g: Y — X in &, (¢*(I,), g*(r,)) is the (LY, RY)-
factorization of g*(p) — idy in €y, where g*(I,): g*(p) — ¢g*(rp). Note that, by the
first part above, we certainly have g*(r,) € Dy (that is, g*(r,) — idy isin RY). Thus,
we only need to show that g*(1,) is in £Y. By definition, this means showing that,
for every m € RY, g*(I,) Ly m. But, by adjointness, this orthogonality condition in
€y is equivalent to the orthogonality condition I, Lx [] g m in €/x. Since [, € £x
by hypothesis, it suffices to show that, for every g: Y — X and every m € R, [] ,m
is in R¥.

By Remark 7.1.6, for every object s € € /x with S := dom(s), the product map
(f X X) x¥ sin &/x is just the map f x S: spry — sprg in & x. By definition,
[1,m is in RY precisely if (f x S) Lx [[,m in &/x for every s € € x as above. By
adjointness, this happens if and only if g*(f x S) Ly m in €,y. An easy application
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of the pasting lemma for pullbacks shows that, if we denote the domain of g*(s) by
g*(S), g*(f x 9) is the map

Ax g*(S) L By g2(8)

S <

in €/y. This map is the product map of the object g*(s) € €,y with the map
fXY:pry = prgin &y. Since m € RY = {f x Y}#, we can conclude that

g*(f x S) Ly m, as required. 0

Definition 7.1.8. Given a map f: A — B in &, we call the reflective subfibration
L' of Proposition 7.1.7, the f-local reflective subfibration on &. When f is the unique
map A — 1 for an object A € &, we call f-local maps A-null maps and the f-local

reflective subfibration A-nullification.
Nullifications are particularly interesting because they always form a modality.

Proposition 7.1.9 (cf. [ABFJ17a, Ex. 3.5.3]). A-nullification is a modality for every
Aeé&.

Proof. Using the same notation as in Lemma 4.2.4, we show that, for every X € €,
RX = Ry so that the claim follows from Theorem 4.2.5. By Remark 7.1.6, Rx C R¥
holds for every f-local reflective subfibration so we just need to prove the reverse
inclusion. Let then a: p — ¢ be a map in R and set m := Yx(a). Showing that «
is in Rx means proving that m € R. That is, we have to show that, for every C' € &,

every commutative square in &

AxC-oF

o | (+)
C—k>M

has a unique diagonal filler. If we let pr,: kpry, — k be the map in &, induced

by pr,, this means showing that, for every k € £(C, M), in the following comparison
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diagram of fiber sequences

&(Cym)

Em(k,m) E(C,E) E(C, M)
| | |
‘S/M(ﬁAvm) 8(prA7E) E(pI‘A,M)
| | !
& jar(kpra, m) E(A x O, B) — o> E(A X C. M)

the rightmost square is a pullback, that is, the leftmost map is an equivalence. Now,

k gives rise to a map k: gk — ¢ in &/x and

hOﬁbE (S/X(qk’ Oé)) = (8/X)/Q(E> a) = 8/M(k’ m)
Similarly, k pr, gives rise to a map kpr,: gkpr, — ¢ in &/x and

hofiby (E/X(qk:prA,a)) ~ &k pry,m).

It follows that there is a comparison diagram of fiber sequences

&/ x (gk,a)
& ik, m) —— & x(qk, p) ——"— & x(qk, q)

| | |
&/ (PTa,m) &/ x(PTa,p) €/ x(Pra,q)

¥ ¥ £ (ah pra.c) ¥
/x (gkpr 4,0
Em(kpry,m) ——E€x(qghpry,p) —— &/x(qkpry, q)
We claim that the right square is a pullback so that the induced map on fibers is
an equivalence. Indeed, pr, is the product map in €,x of idy with pry: pr, — idy,
where pry: A x X — X. Since £X is closed under products and pry,idy € £,

pr, Lx a, which means that the right square above is a pullback. O

Remark 7.1.10. By [ABFJ17a, Lemma 3.3.3], for every n > (—1), a map p in € is
n-truncated if and only if s,,1; L p, where s,,,1: S™™' — 1, and S™*! := X" (1]]1).
(Here, X" X is the (n + 1)-th suspension of X € &, which is defined recursively by
X :=1]]y 1 and ¥""X := X(X"X), for n > 1.) It then follows that the modality
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L? defined in Example 4.2.7 can also be described as the S™"!-nullification.

The results above still hold true if we replace the map f: A — B with an arbitrary
set S ={f;: Ai = Bj}ies of maps in &.

Definition 7.1.11. Let S = {f;: A; — B;}icr be a set of maps in €. A map p is
S-local if it is fi-local for every i € I. We denote by D% the full subcategory of & x
spanned by the S-local maps.

Proposition 7.1.12. Let S = {f;: A; — B;}icr be a set of maps in €. There exists
a reflective subfibration LS on & whose local maps are exactly the S-local map. In
particular, a map is an L°-equivalence precisely if it is an f;-equivalence for every

1el.

Proof. [ABFJ17a, Prop. 3.3.8] applies to give a cartesian factorization system (£, R)
on € in which R = S=. Furthermore, X € & belongs to the associated reflective
subcategory D = R ; if and only if X/i is an equivalence for every i € I. For every

X € & we can then take the class of maps in &,x given by
Sx X = {fi x X: pry, = pry }ier,

consider the associated cartesian factorization system on €, x, and obtain a reflective
subcategory Dx of €,x. An argument essentially the same as the proof of Propo-
sition 7.1.7 shows that this collection of reflective subcategories forms a reflective

subfibration LY on & with the required properties. O

Definition 7.1.13. The reflective subfibration LY on € whose local maps are the S-
local maps is called the S-local reflective subfibration on €, or simply the S-localization

on & We call a map an S-equivalence if it is an L® —equivalence.

Remark 7.1.14. By the very definition of L°, properties of LY involving S-local maps

and S-equivalences can be recovered from properties of L, for a single map f: A — B.
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In the following, we will then often state results for the reflective subfibration LY and

prove them for L].

7.2 (L]) and suspensions

When L, is an f-localization, L. is easy to describe and turns out to be another
localization with respect to a map. We prove this below and then highlight some

interactions between f-local and X" f-local objects, for n > 1.

Proposition 7.2.1. Let S be a set of maps in &. Then (L°) = L*°, where ¥ is

the set of maps given by the suspensions of the maps in €.

Proof. We show that the L°-separated maps are exactly the L*%-local maps. We
prove this for objects, the proof for maps being essentially the same, upon replac-
ing & with a slice oo-topos €,7. By Remark 7.1.14, we can reduce to the case
where S consists of a single map f: A — B. Let X € £&. We want to show that
X X¥B 5 X is an equivalence if and only if (AX)/*X*: AXP's — AXPa g
an equivalence. Here, f x X? denotes the map f x X?: pry — prp in &, y2, where
pry: A x X? — X?is the projection map, and similarly for pry.

Note that, since YA comes with two canonical basepoints S, N: 1 — YA, X>4
is naturally an object over X2. Similarly, X>/ is naturally a map over X? and it is
an equivalence as such if and only if it is an equivalence as a map in &, since the
forgetful functor &,x — & is conservative. We now proceed to show that X/ is
actually (AX)/*X.

Let [A x X% X?] be the domain of (AX)P"4, when seen as a map in & By
[ABFJ17b, Lemma 2.5.5], there is a pullback square

[Ax X2 X — X4
(axywra | l(AX)A
X2 (X2)A
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where the bottom map is induced by A — 1. If we paste this square with the pullback

square
xA—d x4
(Axr“lJ Jacen
(XA —— (X4)?

we get that (AX)P'4 is also the pullback of A(X?) along ¢?: X% — (X4)2, where
c: X — X4 is induced by A — 1. But

() (AXY) = (X xxa X = X?)

and X Xxa X ~ X4 because BA = 1]], 1. Therefore, (AX)P'2 = (X>4 — X?).
Similarly, (AX)P's = (X*B — X?) and (AX)/*X is X/, O

Using Corollary 6.1.3 the above proposition has the following immediate conse-

quence.

Corollary 7.2.2. For a set S of maps in & and for 1 5 X a pointed object,
L3(0X) ~ Q(L¥3X), where the loop space of L¥°X is taken with respect to the

global element 1 = X LCIN IS

We now study the effect of iterating the construction (L) — (L), where f is a
map between pointed objects. Recall that, if f: A — B is a map in &, the cofiber of
f is the object C} fitting in the pushout square

f

A—1-B
o

Recall also that an object Z € € is A-null if it is (A — 1)-local.

Theorem 7.2.3 ([CORS18, Thm. 3.6]). Let a: 1 — A and b: 1 — B be pointed
objects in € and let n > 1. Let f: (A,a) — (B,b) be a map of pointed objects.

Consider the following three conditions, for an object Z € €.
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1. Z s f-local.
2. Z is X" H(Cy)-null.
3. 7 is ¥ f-local.

Then (1) == (2) == (3). Furthermore, if the maps ev,: Z4 — Z and

evy: ZB — Z are (n — 1)-connected, the three conditions above are equivalent.

Proof. We start with some general considerations. The maps ev, and ev, are defined
as the maps induced by a and b respectively. Therefore the map c4: Z — Z# induced
by A — 1 is a section of ev,, and, similarly, cg: Z — Z% is a section of ev,. In
particular, both ev, and ev;, are (—1)-connected. On the other hand, since f is a
pointed map, Z/ is naturally a map ev, — ev, in € /7. Furthermore, Zlocp = ca.

Now, by definition of C/, there is a pullback square

76 — s 7

I e
ZB ZA
zf

We can then expand the above to a long fiber sequence as in the following diagram,

where all squares are pullbacks.

754 Z
l/ Cz|:B idz
¥
ZECf ZEB Z
| | .
| g 0
7 —esa—s Z2A A A
A T
idz
Z A zZA
cB zf

(Note that we used Z/ o cp = cy.)



106 CHAPTER 7. LOCALIZATION WITH RESPECT TO A MAP

We first prove that (1) = (2). If Z is f-local, then Z/ is an equivalence and
then so is Z¢ — Z. It follows that cop: 4 = 7% is also an equivalence, i.e., Z
is Cy-null. By Remark 5.1.3 (1) and Proposition 7.2.1, we then get that Z is also
"1 Cp-null.

Assume now that (2) holds. Then, in the portion of () given by
gunB 2% osna

-

Z Zznflcf

the bottom map is an equivalence by hypothesis, and then so is Z*"/. Therefore,

(2) = (3)

Suppose now that ev, and ev, are (n—1)-connected. Then, in () the maps c4 and
cp are (n — 2)-connected, because they are sections of ev, and ev, respectively (see
[Lur09, Prop. 6.5.1.20]). Since, for any m > (—2), m-connected maps are stable under
pullbacks, it follows that both of the maps Z*4 — Z and Z*4 — Z¥% are (n — 2)-
connected. Note that, if n > 1, cg4, as a section of Z%4 — Z, is (n — 3)-connected
and then csc,, as the composite Z 24, 724 5 7%Cr s also (n — 3)-connected.

Proceeding in this way, one obtains that, in the portion of (}) given by

n ZE7Lf n
272 B 272 A VA

l l |

Z Zznflcf Zznle

\L \LZEnflf
idy

Z ZznflA

Cyn—14

the maps csmn-14 and Z7"4 — Z¥" 'Y are (—1)-connected (effective epimorphisms).
Therefore, if Z is ¥" f-local, i.e., Z="/ is an equivalence, Z — Z=" 'Y and Z=" '/ are
also equivalences. If n = 1, this shows that (3) = (1). Otherwise, by induction,

77 is an equivalence and, then, (3) = (1) again. O
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7.3 Interactions with factorization systems

We investigate here some properties of L7 when the maps in S can all be taken
to belong to the left class £ of a cartesian factorization system F = (L£,R) on &
(Definition 7.1.2). By [ABFJ17a, Lemma 3.5.5], stable factorization systems are in
particular cartesian.

Recall that, given any factorization system F = (L, R), there is a factorization
system Fx = (Lx,Rx) in €/x, for X € €. Here, Lx is formed by those maps  in
€/x such that X x () is in £, and analogously for R.

Proposition 7.3.1 ([CORS18, Lemma 3.11]). Let F = (L, R) be a cartesian factor-
ization system, and let S be a set of maps in L. If a: p — q is a map in Rx and q

s S-local, then p is S-local.

Proof. We show this for S = {f: A — B}. Consider the map f x X: pry — prgin
€ /x, where pr,: Ax X — X is the projection map, and similarly for prz. Assume g
is f-local. Thanks to Remark 7.1.4, to show that p is f-local, we need to show that

the map of co-groupoids

8/X(.f X Xap): E/X(prBap) - S/X(prAap)

is an equivalence. We have a commutative square in coGpd

é?'/X(fX)(?p)
€/x(prp,p) ———— &/x(pra, p)

&/ x (Pera)L lg/x(mma)

&,x(prg, q) €/x(pra, q)

_—>
éi/){'(fXAX—’q)

Now, because the class £ is closed under product (see [ABFJ17a, Lemma 3.3.7]), the
map in € given by f x X = f xidy is in £ and, then, the map f x X: pry, — prz in
€/x isin Lx. Since a is in Rx by hypothesis and Fx = (Lx,Rx) is a factorization

system, we then get that the above square is a pullback. But, since ¢ is f-local by
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hypothesis, €,x(f x X, ¢) is an equivalence, and then so is €, x(f x X, p). This shows
that p is f-local, as needed. O

Corollary 7.3.2. Let S be a set of effective epimorphisms. If p € €,x is an S-local

map and t € & x is a subobject of p, then t is an S-local map as well.

The above proposition can be used to show that S-local maps satisfy a weaker

version of the composition property required for modalities.

Corollary 7.3.3. Let S be a class of maps in € and let a: E — M be a map such
that f _ a for every f € S. Then a is an S-local map and, given any commutative

triangle
E 2 M

N

X

if q is an S-local map, then so is p.

Proof. We use results and notation discussed in Section 7.1. For a fixed map f in €,
let R = {f}= and £ =R = = R. The hypothesis on a (for S = {f}) says that
a € R and, since Rx C R¥ (see Remark 7.1.6), the map a — idy; is in R¥, that is,
a is an f-local map. Since F = (£, R) is a cartesian factorization system and f € L,
the second claim now follows from Proposition 7.3.1 applied to the given commuting

triangle. 0

Theorem 7.3.4 ([CORS18, Thm. 3.12]). Let F = (L, R) be a cartesian factorization
system, and let S be a set of maps in L. For any X € € and p € & ,x, the reflection

map nx(p): p — L5 (p) of p into DY is in Lx.

Proof. Factor nx(p) according to (Lx,Rx):

®)
p—"L - L5 (p)

N

]
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By Proposition 7.3.1, i is S-local. Thus, there exists a unique [: L% (p) — i with
Inx(p) = . We then have rinx(p) = rl = nx(p) and so rl = idps (), by the universal
property of nx(p). On the other hand, the map Ir: i — i satisfies vl = Inx(p) = I,
ie., (Ir)l =1 with [ € Lx. By Lemma 4.2.3, Ir € Lx. Since r € Ry and rlr =, we
get that I7 is an equivalence, by uniqueness of factorizations. Thus, r is an equivalence

and so nx(p) =rlisin Lx. O

We can use the above theorem to give a sufficient condition for L7 to preserve

connectedness of maps in €.

Corollary 7.3.5. Forn > —1, let S be a set of (n — 1)-connected maps. If X € €

and p € & x is n-connected, then so is L5 (p).

Proof. By Theorem 7.3.4 with F,,_; =((n — 1)-connected, (n — 1)-truncated), the
reflection map nx(p): p — L (p) is (n — 1)-connected. Recall now that, if L2~*
is the modality associated to F,_;, (L?™!) = LZ, the modality associated to the
factorization system of n-connected and n-truncated maps. Since p is n-connected by

hypothesis, Proposition 6.1.9 then gives that L% (p) is n-connected as well. 0

7.4 Interaction with coproducts

By Lemma 3.2.1, if L, is a reflective subfibration on &, the class of L-local maps is
closed under coproducts, in the arrow category €°7*. In particular, for a set {X,};es
of L-local objects in &, this tells us that the induced map [[;c; X; — [l;c,1 is

jeJ “3j
L-local, but it does not allow us to conclude that the object [[..; X; is L-local.

jet
However, if L = LZ, we can find sufficient conditions on S for this to happen, by

studying the relationship between S-local and 0-truncated maps in €.

Proposition 7.4.1 ([CORSI8, Lemma 3.7]). Let S be a set of maps between 0-
connected objects. If p: X — J is an S-local map and J is O-truncated, then X is

S-local. In particular, O-truncated objects are S-local.
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Proof. We show the result for S = {f: A — B}, where A and B are 0-connected.
Note that, since J is O-truncated, we have an equivalence J<04 = J4 where T<pA
is the O-truncation of A. On the other hand, A is 0-connected, so there is an equiv-
alence 7<oA = 1. Altogether, we get that the map A — 1 induces an equivalence
ca: J = JA For the same reasons, we also have an equivalence cg: J — J5.
Consider now the map in €,; given by f x J: pry — prg, where pry: A x J — J
is the projection map, and similarly for prgz. Write [A x J, X]| (resp., [B x J, X])
for the domain of the internal hom pP™a € &€,; (resp., p*'& € &€,;). By [ABFJ17b,

Lemma 2.5.5], there are pullback squares in €

[BXJJ,X]—>XB [AXJJX]—>XA
pprBl lpB pprAl lpA
J — JB J— JA

Hence, since both c4 and cp are equivalences, the maps [B x J, X] — X and

[A x J, X] — X4 are also equivalences. But now, in the commutative diagram

(B x J,X] = X5
\\ \Xf\
\
| [AX I X] = x4
pB
pPrA |
J _ ~ . JB PA

h !
id J
J\ N

J J4

the dotted map is p/*”/, which is an equivalence by the hypothesis that p is f-local.
By the two-out-of-three property for equivalences, it follows that X/: X? — X4 is
also an equivalence, that is, X is f-local. The second claim follows by considering

ldJJ—)J U

Corollary 7.4.2. Let S be a set of maps between 0-connected objects. If {X;}jey is



7.4. INTERACTION WITH COPRODUCTS 111

a set of S-local objects, the coproduct [[ .., X; is S-local.

jeJ’

Proof. Set J := [];c,1 € €& Then J is O-truncated since 1 € € is such and the

O-truncation functor 7<¢: € — € preserves coproducts. By Lemma 3.2.1, the map

pi= H(Xj—>1): HX]-—>J

J J

is S-local. Therefore, []; X; is S-local, by Proposition 7.4.1. O

Corollary 7.4.3 ([CORSI18, Cor. 3.8]). Let S be a set of maps between 0-connected
objects and let p: X — J be any map into a O-truncated object J. Let v: L°X — J
be the unique map with Yyn(X) = p. Then n(X): p — 1 is the reflection of p into

DS. In particular, the S-localization functor L°: & — & preserves coproducts.

Proof. Note that the map v exists because J is S-local. Let

ns(p): p— L5(p)

be the reflection map of p into D5. Then, ¥;(n;(p)) is an L7-equivalence, by
Lemma 3.1.4, and X ;(L5(p)) is S-local, by Proposition 7.4.1. Hence, ¥ ;(n;(p)) can be
taken to be n(X) and the first claim follows. For the second claim, suppose {X;};je

is a set of objects in & and set

Xe=][x;, 7=]]t and p=][(X; > 1): X >
jeJ’ jeJ jeJ
For each j € J', let (n(X));: X; — (L°X); be the map obtained by pulling back
n(X):p — 1 along j: 1 — J. Since n(X) is the reflection map of p into D,
(n(X)); is the reflection map of X; into D, by Definition 3.1.1 (2). By universality
of colimits in an oo-topos, we get that [] e n(X;) is the reflection map of X and

then L% <]_[j€J, Xj) ~ ;e L (X;), as needed. O
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Remark 7.4.4. Proposition 7.4.1 also holds in slice categories €7, giving that, if we

have a commutative triangle

X

L
NoA

A
with p S-local (i.e., p € D3) and b O-truncated, then a is also S-local (see also
Remark 3.1.2). The proof parallels the one for €, upon noticing that, if A is 0-
connected, the projection map A x Z — Z, seen as an object in &7, is 0-connected,

because it is the pullback of A along Z — 1. We get similar local versions of the two

corollaries above.



Chapter 8

Summary and conclusion

In this work, we have provided a new approach to the study of localization theory
in an oo-topos that bridges the classical homotopy-theoretic study of the subject with
recent developments in homotopy type theory ([RSS17] and [CORS18)).

Our approach is based on the notion of a reflective subfibration L, on an oo-topos
€. This is a pullback-compatible assignment of reflective subcategories Dy C € x
of L-local maps, for every X € €. All of the classically studied examples of local-
izations fit into this framework: localizations (of spaces) at a set of maps (Proposi-
tion 7.1.12), stable factorization systems (Theorem 4.2.5), and left exact reflections
(Proposition 4.2.8).

We have investigated the properties of many classes of maps associated to a re-
flective subfibration L,. In particular, we have proved that L-local maps form a local
class of maps in €, thus admitting a classifying map (Theorem 3.2.6). We have also
shown that L-connected maps allow one to completely describe reflective subfibrations
with the property that the composite of two L-local maps is local as being associated
to stable factorization systems (Theorem 4.2.5).

We have extensively studied the class of L-separated maps, that is, those maps
in & whose diagonal is L-local. Our main result is the existence of a reflective subfi-

bration L, on & with the property that the L’-local maps are the L-separated maps
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(Corollary 5.3.4). With this existence result at hand, we have managed to prove many
results about the interactions between L, and L., including a complete description
of those reflective subfibrations L, for which L, = L, (Theorem 6.2.8).

In adopting homotopy type theoretic ideas to the homotopy theoretic context of
an co-topos, we have built a hands-on dictionary between homotopy type theory and
homotopy theory, highlighting similarities and differences between the two viewpoints,
and showcasing both the insights and the difficulties that this translation process de-
termines. We hope that this work will help in merging the two communities together,

and in evaluating the advantages and drawbacks of both approaches.



Appendix A

On locally cartesian closed

oo-categories

In this appendix, we prove some miscellaneous facts about locally cartesian closed
(lcc) oo-categories that are needed in our work but do not naturally fit elsewhere.
Some of these results are well-known, but others do not seem to appear or be proven

in the literature.

In Section A.1, we discuss some results about cartesian-closedness of pullback
functors, as well as some interactions between their adjoints. In Section A.2, we
formulate a “term-free” version of the type-theoretic axiom known as function exten-
sionality, and we prove that it holds in any lcc co-category. Finally, in Section A.3, we
prove a criterion for extending a map along another one with the same domain. We
formulate this criterion in terms of a certain object of “fiberwise extensions” being

contractible.

We fix throughout an lcc oo-category C.
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A.1 Pullback functor and its adjoints

The first set of results we need explore the behaviours of the pullback functors

and of their adjoints in C.

Lemma A.1.1. Let € be a locally cartesian closed oo-category. For any morphism

g: Y — X in C the pullback functor

g*Z G/X — G/y
is cartesian closed, i.e., for everyp,q € C/x, g* (p?) is the exponential object g*(p)9" @
m e/y

A proof of the above result for 1-categories can be found in [Joh(02, Lemma A.1.5.2]

and the same proof carries over to oo-categories.

Lemma A.1.2. Let €: gg* — ide,, be the counit of the adjunction go (—) - g*.
Given X € €, take p,q € C/x. Suppose given a diagram in C

\ T:=€pq
w T
|
*0) (g% ) a
f (9 pzy p
Y X

Let p*: f xY g*q — g*p be the adjunct to p in €y and consider the map op: gf — p°
in C/x. Then, g(f XY g*q) = gf x* q and the adjunct of op is given by the composite
map

# €p
g(f x¥ g"q) & g9'p S p

Proof. The fact that g(f xY g*q) = gf x* ¢ is given by the pasting-lemma for pull-
backs. By definition, the adjunct of op is the composite

goxX ev
gf xX ¢ 255 pi xX ¢ 2% p
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and the adjunct p# is the composite

* x¥g* * q
F XY grq - (grp) ) XY gt =R gp,
Using that (¢*p)¥"? xY g*q = g*(p? x* q), the map evy, 4, is the map g*(ev,,).
One then needs to show that the maps ev, ,(op X~ ¢) and €,g%(ev,,)(p x¥ g*q) are

equal. Consider the diagram below, where all squares are pullbacks

g (T xx Q) Txx@Q
(9f)@Q 9 Q Q

(

I/IL/ g T a

. / \ l N

Then m (as a map over Y) is p x¥ g*q and o'm (as a map over X) is op xX ¢. The

claim now follows by considering the following commutative diagram, where the back,

front and bottom faces of the cube (and, hence, also the top face) are pullbacks

. (T xx Q) ——T xx Q
Px7g h N *(evp,q) CVp,q
/ j €p ‘ \
(9f)@Q g*P P
(9)*aq W gr T p
P \ L Npa
N\
A ; Y 7 X

Lemma A.1.3 (Beck-Chevalley condition). Let C be a locally cartesian closed oo-
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category and let
_|
f

D-—".C
J

be a pullback square in C. Then the canonical natural transformations
bt —g > and I — ¥
k f 9 h
are equivalences.

Proof. The first map being an equivalence at every p € C/¢ is a restatement of the
pasting lemma for pullbacks. The result for dependent products follows from the
one for dependent sums by taking right adjoints, since adjoints compose (¢*X; is left

adjoint to f* ][, and similarly for 33h*). O

A.2 Function extensionality

In homotopy type theory, given two functions f,g: X — A between types X and

A, there is a map

(f =ax 9) — [[(f(@) =4 g(2))

evaluating a path between f,g: X — A at each x: X. The statement that this map is
an equivalence (for all types A, X and all functions f, g: A — X) is what is commonly

known as function extensionality.

In our setting, abstracting away from its term-based description, function exten-

sionality can be stated as the following result.

Proposition A.2.1 (Function Extensionality). Let C be a locally cartesian closed

oo-category. Given A, X € C, let ev: AX x X — A be the counit of the adjunction



A.2. FUNCTION EXTENSIONALITY 119

(=) x X 4 (=)* and form the pullback

Q A
|~ |as
AX x AX x X Ax A

(evi,eva)

Here evy (resp. evy) is the composite of the projection
AX¥ x AN x X -5 A x X

onto the first (resp. second) and third components with the evaluation map. Let
pr: AX x AX x X — AX x A% be the projection map. Then there is a canonical

equivalence

AAY) = ]«

m G/AXXAX-

Proof. Let k: E — A% x AX be an object in C/axxax. By adjointness, there is a

natural equivalence
C/ax ax (k:,Hq> ~ € axyaxxx (k x X, q)
pr

By the description of hom-spaces in co-slice categories (see [Lur09, Lemma 5.5.5.12])

and since @) is a pullback, we get a homotopy pullback square of co-groupoids

G/AXXAXX)((ICXX,(]) G(EXX,A)
J{J lG(ExX,AA)
* C(E x X,AxA)

(evi,eva)o(kx X)

But
G(E,A(AX)) ~ C(E x X,AA) ~ Aepxx,a)
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which means
Craxwaxxx(k x X, q) = hofiby (C(E, A(AY))) = € xx, ax (k, A(AY)),

where the last equivalence is again [Lur09, Lemma 5.5.5.12]. We then get a composite

equivalence

C/axxax (kf,HQ) =~ € axcax (k, A(AY))

pr

natural in k € C/4x, 4x, as required. O

Proposition A.2.1 can be promoted to a result about diagonals of dependent prod-
ucts, which corresponds to the type-theoretic function extensionality for dependent
functions. We now set up what we need to state this generalization of Proposi-

tion A.2.1.

Let p: E — X be amap in € and let

(IIxp) x X

\/

be the component of the counit of the adjunction (=) x X 4[]y at p € C/x. Here

is the projection map onto X. The projection map

(1) {11)

X7in @ /x. We can therefore describe the product map

is the product object m x

exXe:mx* 1T —px¥pin €/ x as the map over X given by

(e1,€) (Hp> (1;[]9>><X—>E><XE,
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where €; (resp. €3) is the composite of the projection

(110) < (T15) <0 (I02) <

onto the first (resp. the second) and third components with the counit map. The

pullback of Ap along € x* € in €,x can be described as the pullback square

Q’J E
/| | (A1)
(pr)x (HXP)XX Exx E

(€1,€2)

in € and @' can be naturally regarded as an object over X.

Proposition A.2.2 (Dependent Function Extensionality). Let C be a locally carte-

sian closed co-category and let p: E — X be a map in C. Construct ¢’ as in (A.1)

o (1) () (1) (1)

be the projection map. Then there is a canonical equivalence

and let

>(I1v) =117

M €My p) (M p)°

The proof of this result is, mutatis mutandis, the same as Proposition A.2.1; so

we will omit it.

Remark A.2.3. If C is a locally cartesian closed oo-category, then so is €, x for any
X € €. Thus, Proposition A.2.1 and Proposition A.2.2 hold true also in €,x and
give, formaps p: £ — X, f: Y — X and q: M — Y in €, an alternative description
of the diagonal of pf € C/x and of A (Hf q) as a map in Cy.
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A.3 Contractibility

We provide here a criterion for the existence and the uniqueness of extensions of
one map along another one with the same domain. This result is linked to the notion

of contractibility in €.

Recall that an object A € € is contractible (or (—2)-truncated) if the unique
map A — 1 is an equivalence (e.g., see [ABFJ17a, Def. 3.4.1]). When we apply this
definition to an object p € C,x, this means that p is contractible in €, x exactly when,
seen as a map in C, it is an equivalence. Since equivalences in an co-topos form a local

class of maps, we immediately get the following result, which we record for reference.

Lemma A.3.1. Let € be an co-topos and let f: Y — X be an effective epimorphism
in & Foranyp e & x, [*(p) € €y is contractible if and only if p is.

Before proving the technical extension result we need, we give a few preliminary

lemmas.

The following lemma is a standard exercise in 2-category theory since the notions
of slice oco-categories and of adjunctions between oo-categories can be completely

characterized in the 2-category of oco-categories — see [RV18, §3 and 4].

F
Lemma A.3.2. Let C, + "D be an adjunction and let D € D. Then there is an

——
G

induced adjunction on slice categories

F
G/GD< — ®/D
G
where, for p € C/gp and g € Dp, F(p) = epFp and G(q) = Gq. O

Lemma A.3.3. Letp: D — B x C be a map in a locally cartesian closed co-category
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C. Consider the map q: E — B x CB given by the pullback square

FE
|~ |»
BxCBP—=BxC

(pry,ev)

Then there is an equivalence

(M s )=z 1

B BxC—B CB BxCB—(CB

Proof. Let prg: B x C — B and prpos: B x CB — OF be the projection maps. Note

that [ q is, by definition, a map

e Y To—cn

PreB CB PreB

PronB

On the other hand, we can see p as amap p: ZprB p — prgin C/p. Setting a := [[5 p,

we then get a map

a: HZp—)HprB =CP.
B

prp B
It is therefore sufficient to show that a ~ Hpch qin C/on. Let k: Z — CPB be an
object in €,¢5. Using Lemma A.3.2 applied to the adjunction

Bx(-)
C L G/B

«— —
B

we get

e/cB(k‘,Oé) ~ (G/B)/prB (/ﬁﬁ,p)

Here x* is the composite map B x Z Bk px OB M B x (', seen as a map from
(Bx Z LaEN B) to prg, and thus as an object in (G/B)/prB' Since (G/B)/prB ~ C/pxc
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and using the definition of ¢ = (pry, ev)*p, we then obtain

C ok, @) 2 €/pxc (K, p) = €/pxc ((pry, ev)(B x k), p) ~

~ C/pxcs(B x k,q) = C/pxcs ((pres)*k,q) ~ €C)cn | k, H ql.

PronB

whence oo >~ [] ¢, as needed. O
PreB

Intuitively, the following result is giving a condition for the existence of a unique
extension of a map f along another map ¢ in terms of unique extensions along the
fibers of g. When we take fibers out of the picture, we get the following odd-looking

statement.

Proposition A.3.4 (cf. [CORS18, Lemma 2.23]). Let f: A — C and g: A — B
be two maps in a locally cartesian closed co-category C. Form the following pullback

squares in C

AxC B Bx A C
(prA,gXC)\L J \LAB (prA,BXf)l J \LAC’
AxBx(C——BxB AxBx(C—CxC
gxXprp fxprg

Consider the following object in C/p

E = Z < H (pry, B X f)(prA’gXC)>

BxC—B \AxBxC—BxC
where the displayed internal hom is taken in C/axpxc. Then the following hold.

(i) If we let f: CB — C4 denote the composite CP — 1 ER C4, there is an

equivalence
[TE =D (r.co) (ac?) (A.2)

where (f,C9): CP — C4 x CA.
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(ii) The space of global elements of the right-hand side in (A.2) is equivalent to the
space Ext(f, g) of extensions of f along g. In particular, if [ [z E is contractible

in C/p, then there is a unique dotted extension in

Al o

7

/
9 /
/

B

Proof. We start by proving the first claim. We have

(prAa B x f)(prAh(]XC) = H (prAag X C)*(prAa B x f)

(pra,9xC)

Since (pry, B x f) = (f x pro)*(AC) and (f X pro)(pra, g x C) = f x C, we get that
(pra, g X C)(pra, B x f) = (ida, f): A= Ax C.

Therefore, letting prg,~: A x B x C'— B x C be the projection map, we have
IT ra. Bx /) = T | ] (Gda f) | =[] Gda, £)
Prexc Prpxc \(pra,gxC) gxC

Using Lemma A.3.3, we then get

HE = H Z H(idA,f) ~ Z H (pry,ev)” (H(idA,f)) =:F

B BxC—BgxC CB proB gxC

where pros: B x CP — CPB is the projection map. There are pullback squares

i ev B
Ax B WX 4o AT ¢
ngBl ngC (idA,f)l J{AC
B _—
BxC — BxC AxC <0 CxC
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Thus, using the Beck-Chevalley condition, we get

~ Z H H ((f x C)(ida, ev(g x CB)))*(AC) ~

CB prop gxCB
~5S TI (% O)ida, ev(g x C))" (AC) ~
CB AxCB—(CB

~> " I (ev(Ax (£,.C9) (AC) = E”

CB AxCB—CB
where the last equivalence is due to the fact that (f x C)(ida, ev(g x CP)) is equal

to the composite map
Ax 0B 2D gy crxor S ox e

Using the Beck-Chevalley condition applied to the pullback square

AXQBMAXCAXCA
pPro pPro
O - O

we further deduce that

=S I Ax(f.co)(ev'(AC) ~

CB AxCB—CB

=500 (Hev Ac) S (.07 (A(C)

pro cB
where the last equivalence is given by Function Extensionality. This concludes the

proof of the first part.
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For the second part, note that
P =Y (f,CO)(A(CY)
CB

is the pullback object of C9: CP — C4 along f: 1 — C# and thus €(1, P) is the
homotopy fiber of €(1,CY) at f € €(1,C4). The latter homotopy fiber gives exactly

the needed space of extensions. O



Bibliography

[ABFJ17a]

[ABFJ17b)]

[AF10]

[CORS18]

[Far96]

(GK17]

[Hir03]

[Hol08]

[Joh02]

[Joy08]
[Kap14]

M. Anel, G. Biedermann, E. Finster, and A. Joyal, A Generalized Blakers-
Massey Theorem, ArXiv e-prints (2017), arXiv:1703.09050v2.

, Goodwillie’s calculus of functors and higher topos theory, ArXiv
e-prints (2017), arXiv:1703.09632.

J. F. Adams and Z. Fiedorowicz, Localisation and Completion with an
addendum on the use of Brown-Peterson homology in stable homotopy,
ArXiv e-prints (2010), arXiv:1012.5020.

J. D. Christensen, M. Opie, E. Rijke, and L. Scoccola, Localization in
Homotopy Type Theory, to appear in Higher Structures, ArXiv e-prints
(2018), arXiv:1807.04155.

E. D. Farjoun, Cellular spaces, null spaces and homotopy localization,
Lecture Notes in Mathematics, vol. 1622, Springer-Verlag, Berlin, 1996,
doi:10.1007/BFb0094429.

D. Gepner and J. Kock, Univalence in locally cartesian
closed oo-categories, Forum Math. 29 (2017), no. 3, 617-652,
doi:10.1515/forum-2015-0228.

P. S. Hirschhorn, Model categories and their localizations, Mathemati-
cal Surveys and Monographs, vol. 99, American Mathematical Society,
Providence, RI, 2003.

S. Hollander, A homotopy theory for stacks, Israel J. Math. 163 (2008),
93-124, doi:10.1007/s11856-008-0006-5.

P. T. Johnstone, Sketches of an elephant: a topos theory compendium.
Vol. 1, Oxford Logic Guides, vol. 43, The Clarendon Press, Oxford Uni-
versity Press, New York, 2002.

A. Joyal, Notes on quasi-categories, 2008.
K. R. Kapulkin, Joyal’s Conjecture in homotopy type theory, ProQuest
LLC, Ann Arbor, MI, 2014, Thesis (Ph.D.)-University of Pittsburgh.

128


http://arxiv.org/abs/1703.09050v2
http://arxiv.org/abs/1703.09632
http://arxiv.org/abs/1012.5020
http://arxiv.org/abs/1807.04155
http://dx.doi.org/10.1007/BFb0094429
http://dx.doi.org/10.1515/forum-2015-0228
http://dx.doi.org/10.1007/s11856-008-0006-5

BIBLIOGRAPHY 129

[Lur09]

[MM94]

IMP12]

[Rez10)]
[Rez15]
[RSS17]

[RV18]

[Shul9]

[Sul05]

[UF13]

J. Lurie, Higher topos theory, Annals of Mathematics Studies, vol. 170,
Princeton University Press, Princeton, NJ, 2009.

S. Mac Lane and I. Moerdijk, Sheaves in geometry and logic, Universitext,
Springer-Verlag, New York, 1994, A first introduction to topos theory,
Corrected reprint of the 1992 edition.

J. P. May and K. Ponto, More concise algebraic topology, Chicago Lec-
tures in Mathematics, University of Chicago Press, Chicago, 1L, 2012,
Localization, completion, and model categories.

C. Rezk, Toposes and homotopy toposes, 2010.

, Proof of the blakers-massey theorem, 2015.

E. Rijke, M. Shulman, and B. Spitters, Modalities in homotopy type the-
ory, ArXiv e-prints (2017), arXiv:1706.07526.

E. Riehl and D. Verity, Elements of co-category theory, Preprint available
at www.math. jhu.edu/~eriehl/elements.pdf (2018).

M. Shulman, All (oo, 1)-toposes have strict univalent universes, ArXiv
e-prints (2019), arXiv:arXiv:1904.07004v1.

D. P. Sullivan, Geometric topology: localization, periodicity and Galois
symmetry, K-Monographs in Mathematics, vol. 8, Springer, Dordrecht,
2005, The 1970 MIT notes, Edited and with a preface by Andrew Ranicki.

The Univalent Foundations Program, Homotopy type theory—univalent
foundations of mathematics, The Univalent Foundations Program,
Princeton, NJ; Institute for Advanced Study (IAS), Princeton, NJ, 2013.


http://arxiv.org/abs/1706.07526
www.math.jhu.edu/~eriehl/elements.pdf
http://arxiv.org/abs/arXiv:1904.07004v1

Curriculum Vitae

Marco Vergura

Education
e Ph.D., Western University (London, ON, Canada), 2015-2019.
e M.Sc., University of Leiden (Leiden, The Netherlands), 2014-2015.
e M.Sc., University of Padova (Padova, Italy), 2013-2014.
e B.Sc., University of Trento (Trento, Italy), 2010-2013.

Teaching experience
e Calculus instructor, Western University, Fall 2018.
e Teaching assistant, Western University, Fall 2015 to Summer 2018, Winter 2019.

Certificates and Awards

e Faculty of science graduate teaching assistant award, Western University, May
2019.

e Western certificate in university teaching and learning, Western University, April
2019.
Selected talks

e ‘“Localization theory in an oo-topos”. Geometry & Topology seminar, Western
University, 4 February 2019. Invited talk at the AMS Special Session on Struc-
tured Homotopy Theory, Ann-Arbor, MI, 20-21 October 2018.

e “Localization at a prime p". Two talks given in the reading seminar on localiza-
tion in homotopy theory, Western University, Winter 2018.

e “Dold-Kan correspondence for stable oo-categories”. Talk given in the reading
seminar on stable oco-categories, Western University, Spring 2017.

130



Selected conferences

e Fall Perspectives on Teaching, Western University, August 2018.

e 2018 MIT Talbot Workshop on Model-independent theory of co-categories, Gov-
ernment Camp, OR, May 27-June 2, 2018.

e 2016 AARMS Summer School, Dalhousie University, July-August 2016.

131



	Localization Theory in an Infinity Topos
	Recommended Citation

	Abstract
	Summary for lay audience
	Acknowledgements
	Introduction
	Overview
	Motivation for the study of localization
	Our setting: reflective subfibrations
	Relationship to other work
	Content and structure
	Higher categorical conventions

	Univalence for local classes of maps
	Local classes and classifying maps
	Objects of equivalences and univalence

	Reflective subfibrations and classifying maps
	Reflective subfibrations
	Classification of L-local maps

	L-connected maps
	Definition and basic properties
	Stable factorization systems are modalities

	L-separated maps
	Definition and basic properties
	Interactions between L-local and L-separated maps
	Existence of L'-localization

	Consequences of the existence of L'
	Further interactions between L and L'
	Self-separated reflective subfibrations

	Localization with respect to a map
	Existence of f-localization
	(Lf)' and suspensions
	Interactions with factorization systems
	Interaction with coproducts

	Summary and conclusion
	Appendix On locally cartesian closed -categories
	Pullback functor and its adjoints
	Function extensionality
	Contractibility

	Bibliography
	Curriculum Vitae

