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Abstract

Complicated nonlinear systems of ordinary differential equation with constraints (so-
called differential algebraic equation (DAE)) arise frequently in applications, and are
often so complicated that they are in practice automatically generated by computer
modeling and simulation environments. We used the MapleSim software to generate
such systems. Missing constraints arising by prolongation (differentiation) of the DAE
need to be determined to consistently initialize and stabilize their numerical solution.
In this thesis, we review a fast prolongation method to find hidden constraints, and
apply it to systems from MapleSim models. Our symbolic numeric prolongation method
avoids the unstable eliminations of exact approaches, and applies to square systems (i.e.
systems hav-ing the same number of equations and dependent variables). The method is
successful provided the prolongations have a block structure, which is efficiently uncov-
ered by Linear Programming. Constrained mechanical systems generated by MapleSim
are used to demonstrate the power of the approach. The geometry of the constraints,
regarded as the solution set of a positive dimensional polynomial system, is determined
by using the new tools of numerical algebraic geometry. We used Bertini, a global ho-
motopy continuation solver, for this purpose. In particular Bertini determines consistent
initial conditions on the constraints. These conditions, together with the block structure

and an efficient Maple interface enable the efficient numerical solution of the system by

standard ODE methods.
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Chapter 1

Introduction

The analysis of nonlinear systems of differential algebraic equations (DAEs) occurs com-
monly in applications. Missing constraints need to be determined for DAEs in order even

to initialize and stabilize their numerical solution. A simple example of a DAE is:

Xtt+/\X - 0
X +v?=1

The system (1.1) is for the motion of the simple pendulum shown in Figufe 1.1.

Figure 1.1: One pendulum system.



Here X (t), and Y (¢) give the position of a unit mass on a unit length pendulum under
constant gravity g with A as a Lagrange multiplier. Also X?+Y? = 1 can be regarded

as a constraint. In the form (1.1) notice that the initial conditions:

X(0):=X% X.(0):=X]
Y(0) =Y, Y(0):=Y{ (1.2)

can not be independently posed at t = 0. Obviously (X°)* + (Y°)? = 1. The derivative
of the constraint is 2XX; + 2YY, = 0 and so the missing constraint obtained by the
differentiation must also be satisfied by the initial conditions. Thus 2X°X?+2Y°Y? = 0.
Of course, for the pendulum we can have its constraint removed by changing to polar

coordinates as below:
X :=sin(f), Y :=—cos(f). (1.3)
Then the DAE is equivalent to the explicit ordinary differential equation (ODE):
s + gsin(f) =0 (1.4)

But often DAEs are too complicated, especially those that are automatically generated,
to have their constraints algorithmically removed. Thus an important problem is to
determine all missing constraints for DAE so that constant initial conditions satisfying
the constraints can be determined for their numerical solution. More general models are
partial differential algebraic equations (PDAE). In this thesis we focus on DAEs which

are automatically generated by computer software.

Wu, Reid, and Ilie gave a symbolic-numeric approach [1, 2] for the computation of
Riquier Bases for PDAE, and showed that it can be useful in finding missing constraints
for such systems. In particular they presented new theoretical results, showing that
their method can be naturally applied to the approximate solution of PDAE by semi-
discretization (i.e. by the method of lines). In this thesis we apply their method to



systems of DAEs arising from various models generated by the MapleSim Software {3, 4].

MapleSim is a multi-domain modeling and simulation tool running in Maple.

We used the Wu and Reid’s method [1] to determine missing constraints for MapleSim
models and find initial conditions to numerically solve them. As described in {2] differen-
tial elimination algorithms apply a finite number of differentiations and eliminations to
uncov\er obstructions to formal integrability (i‘.e. to finitely characterize the relations be-
tWeen all the Taylor coefficients of solutions at a point). Since many numerical solution
methods depend .on or are equivalent to Taylor expansions, the determination of such
obstructions or missing constraints can be essential for such methods. Exact differential
elimination algorithms that apply to exact polynomially nonlinear systems of PDAE are
given in [5,6, 7, 8, 9]. Such methods identify all hidden constraints of PDAE systems
and the computation of initial conditions and associated formal power series solutions in

the neighborhood of a given point.

A major problem in these approaches is the exploding size of prolongations (differ-
entiatiohs) for more than one independent variable. In symbolic approaches much effort
‘has been devoted to control the growth of this size by developing redundancy criteria (for
integrability conditions), and making strong use of elimination with respect to rankings
to decrease the size of the prolongations [10, 11]. However, symbolic elimination can
cause expression swell even in the case of one independent variable, such as for DAE

problems arising in multi-body mechanics.

Very little work has been done on the corresponding problems for symbolic-numeric
methods. Techniques which are helpful for the symbolic case are often unstable for the
approximate case, since the rankings (the differential analogue of term orders or even
more primitively, ordered Gaussian elimination) that underlie symbolic methods can

cause pivoting on small quantities and result in instability.

References [1, 2] give progress on this problem for a certain class of PDAE. For this
class, only prolongations with respect to one independent variable are needed. Rankings
are important in [1, 2] but do not cause instability since no eliminations are made. Hence

the expression swell due to the eliminations mentioned above is avoided. A suitable



ranking is determined by solving an integer linear programming problem to uncover a

block structure in the PDAE system.

Another main idea in Wu et al. [1, 2] is that such prolongations are essentially DAE-
like, and enable DAE techniques to be generalized to the PDAE case. In that case they
generalized a method of Pryce for DAE in the framework of Riquier Theory. In addition,
the method in their work yields the method of Pryce [12] for systems of DAE as a special

case which is very useful here because all MapleSim systems are DAE.

Prolongation will usually introduce more equations as well as more variables, but not
always. If some equations after differentiation do not introduce new variables for the
whole system, then there is the possibility that the dimension of the system is lowered.
Pryce [12] proposed a method to detect such “chances” that minimize the dimension
by taking advantage of the special structure of some systems. Pryce’s method was the
generalization of a method developed by Pantelides with historical roots in the work of
Jacobi (see [13]). References [14, 15] show that Pryce’s method can be extended to give

a polynomial cost method for the numerical solution of DAE.

Our goal in this thesis is to apply the method of Wu et al. [1, 2] to DAE models gen-
erated by the MapleSim package. Our models included: mechanical éystems, electrical
models, and multi-body systems. We simulated their behavior using the MapleSim soft-
ware. In our algorithm we derive the DAE system from the model and use our method
to simplify them. When a simplified system is obtained, we use the fast prolongation
method with respect to one independent variable, usually time ¢, in order to find missing
constraints. Pryce’s method helps us to determine the missing constraints and to avoid
expression swell. Next, we apply fast prolongation to the system to obtain it a block

triangular form.

Bertini is a software package for computation in numerical algebraic geometry (Sommese
et al. [16]). In particular this package uses numerical homotopy continuation to find all
isolated solutions of polynomial systems. Further it determines (witness) points on all
submanifolds (or components) of solutions. We use it to solve the polynomial systems

arising in the block structure. Subsequently, it gives us the initial conditions to consis-



tently initialize and then numerically solve the simplified DAE system. Finally [17], using

dsolve in Maple 13 gives us the numeric solution for the system.

MapleSim models also provide examples of multi-body systems with singularities. See
(18, 19, 20] for the analysis of singularities of such systems with closed kinematic loops.

In Chapter 6 we will study MapleSim models with singularities.

Arponen et al. in [18] worked on singularities of a benchmark problem called the “An-
drews squeezing system”. They show that for some physically feasible parameter values
this system has singularities. Later, Piipponen in [19] used the same approach on planar
linkages. He analyzed closed four-bar mechanisms, closed five-bar mechanisms, and closed
six-bar mechanisms for their singularities. In particular he used the tools of computa-
tional algebraic geometry to determine the singularities. He also established strategies
to find necessary conditions for singularities. The methods are based on Grdbner basis

computations and ideal decomposition [21].

The paper [20] by Arponen motivated us to create a two equal-length bar slider crank
using MapleSim. The purpose of that paper is to present a new technique for regularizing
- certain singularities of mechanical systems. Arponen’s method is based on the elimination
of singularities by reformulating multibody systems of equations in such a way that the
cause of singularity is eliminated. In particular, we made systems of a two equal-length
bar slider crank to study singular cases using MapleSim. We described the differences of

our approach to the approach given in [18, 19, 20].

In Chapter 2, we give an overview of the fast prolongation method and how it produces
block triangular structures. We discuss DAE and PDAE and continue by defining of a
t-dominated system and a signature matrix for such a system. Then we show how to use
this matrix to do the fast prolongation method on a square system and obtain a block
triangular structure. Finally, we use the example of a one pendulum system to illustrate

these methods.

Chapter 3 provides an introduction to homotopy continuation which is a very powerful
and useful method to find isolated solutions of a multivariate polynomial system. We

present our homoi:opy algorithm which is implemented in Maple in order to find the zero



set of a polynomial system. In our package we first execute the fast prolongation and
subsequently obtain the block structures. The Bertini software for numerical homotopy
continuation is used to solve the block structure and give consistent initial conditions
for the system. Moreover, the Bertini software is able to characterize positive dimension
solution sets by using so-called witness points for polynomial systems. We conclude this
chapter with some examples.

Chapter 4 g.ives a complete description of our method. First we make a system in
MapleSim, derive its equations, and simplify them. Next we apply fast prolongation to
the simplified system in order to determine its missing constraints. Then we determine
the block structure. Finally, we use the block structure to determine initial conditions.
The slider crank example is used here to illustrate our method.

In Chapter 5 we apply our method to examples: Firstly, we worked on a non-linear
damper with a linear spring which is made in MapleSim by using a so-called custom
component. This enables us to add new components to the MapleSim library. The
second example we describe is a multi-domain system of a DC-motor attached to a slider .
crank which has a piecewise function in its system of DAE. The goal of this example is
‘to illustrate the way that we can use Bertini when we have a piecewise function.

Finally in Chapter 6, we discuss a special case of a slider crank which has singularity.
We analyze singularity of the model and show how Bertini is used to detect the singularity
set of this system.

In our conclusion, Chapter 7, we summarize our results, discuss future work and open

problems.



Chapter 2

Fast prolongation method

2.1 Introduction

We work with systems produced by MapleSim such as Electrical, Mechanical, Multibody
and other types of systems. The MapleSim package is interfaced to Maple. In particular
MapleSim1, MapleSim2, MapleSim3, and MapleSim4 were released by MapleSoft during
' 2008-2010 to run with Maple 12, 13, and 14. The model equations produced by MapleSim
are DAEs.

Wu, Reid and Ilie in [1, 2] introduced a fast prolongation method, a development
of (explicit) symbolic Riquier Bases for partial differential algebraic equation (PDAE).
Their methods are applicable to a class of PDAESs that are dominated by pure derivatives
in one of their independent variables with respect to some (partial) ranking. System of
DAEs are dominated by pure derivatives in £, and the fast prolongation methods enable
the determination of missing constraints without unstable elimination. It also enables
the determination of initial conditions that can be used to solve the system numerically.

To begin we present some basic definitions.

Definition 2.1.1. Let u € R™ be an unknown vector valued function int. An equation

of the form u™ = F(t,u,4,i,...) is called an ordinary differential equation (ODE) of



order n. Therefore, a first order ODE can be written as
uw=F(t,u) (2.1)

Initial conditions are easy to state for such ODE. Most generally a DAFE is a system in
implicit form which is not equivalent to an explicit ODE. For example f(t,u,4) = 0 where
gu-’.ﬁ is singular. DAEs are distinct from ODEs in that a DAE is not completely solvable

for the derivatives of all components of the function u.

One often cited subclass of DAE are those of form:

,
tu, ..., u®) =0,

g(t,u) =0,

\

Here t is the independent variable (time for us) and © € R™ is the m-vector of dependent
variables. The function f consists of the equations modeling the dynamics. The function
g contains the constraint equations (not hidden ones) which is a set of algebraic equations. -
And, there is a singularity when the Jacobian of g is not maximal rank [20, 21].

In a similar manner a PDAE is a general systems of PDE which is not in explicit

solved form ( see Reid, Lin, and Wittkopf [6]).

2.2 Signature matrix of t-dominated systems using
rankings

Systems which are t-dominated, are dominated by pure derivatives. We will explain

definition of ¢t-dominated systems in 2.2.10.

Definition 2.2.1. (Pure-derivative [I1, 2/) Let F be a field (R or C in our case).
Let x := (x1,...,%,) be the independent variables (which is just t in our work), and
u = (ul,...,u™) be the dependent variables for a system of PDAE. A pure derivative

with respect to an independent variable z;, is a derivative of the form (%)kuj where

ke N={0,1,2,...}.



For example uy is a pure derivative in ¢, while u,; is not a pure derivative. Systems
which are t-dominated, are dominated by pure t-derivatives which are highest with respect

to a ranking.

Definition 2.2.2. (Jet wvariables [1, 2]) Consider a set of m dependent variables
u*(z1,...,Tn) which are functions of n independent variables z1,...,Tn. The set of jet
variables is the set of indeterminates Q = {v'|a = (ay,...,0n) E N*U{0},i=1,...,m}

where each member of 0 corresponds to a partial derivative of u by:

vt e (Dg, ) ... (Dg,)uzy,...,z,) = D* U (21, ...,Tn). (2.3)

An example of this correspondence is:
vs2 < (Dz,)*(Da,)*u(1, 22). (2.4)

Definition 2.2.3. (Ranking [22]) A positive ranking < of Q is a total ordering on

- which satisfies:

’Ui ~ ’U‘Z; = fo+'r =< ’Uf;_*_,y,

Ul < Vg (2.5)

for dll o, 8,7 € N* U {0}.

Example 2.2.4. When there is only one independent variable and one dependent vari-

able, Definition 2.2.8 implies there is only one ranking:

U< Up < Upg < onn. (2.6)

Before we define t-dominated systems we need to consider rankings which are consis-

tent with highest ¢-derivatives [1, 2]. For example, for two independent variables ¢, x and
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for each v/, such a ranking needs to satisfy:
W<l <ul_ <<l <ul <., (2.7)

It is easy to extend this (partial) ranking to the case when z is a vector (e.g. using
lexical order on x). In the general case t = x, for an zx-dominated system. However, we

caution that ¢ may not represent time for some physical -dominated systems.

Definition 2.2.5. The leading derivative of each equation R; with respect to each v’ using
the (partial) ranking (2.7), is denoted by LD(R;,vw’) which is highest ranked derivatives
for R; respect to u’.

Example 2.2.6. In these systems below we show the leading derivative of each equation

R; respect to the mentioned variable using the (partial) ranking (2.7):
¢ R = {uw — cuzy = 0} then LD(R;y,u) = Uss.
o R= {wmt — Wy = 0} then LD(R],’(U) = Wyt

o R ={us — (va)’ = 0, (virr)* + (v5)* = 0} then LD(R1,u) = tz, LD(R1,v) = vy,
and LD(RQ,’U) = Vttt-

Defining a weight map ¢ : 8 — R with respect to ¢ = x; as below, helps us to hide
the details about the differential order of the other independent variables [1, 2]:

)
. O, if a, = 0, for ever k;

(VL) = ¢ P yP7 (2.8)
| kTt € otherwise

w.n

where “e” is a symbolic parameter. For purpose of computation € > 0 may be taken

small and positive.
Example 2.2.7. The weight map for these three examples is:

® Uy = (Dt)2u = (,O(Utt) = 2.
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o Upzt = (D) (Dy)u = ©(ugar) = 1+€.

o u=(D,)° . (Dz,)%u = o(u) = 0.

Definition 2.2.8. (Signature Matrix [I, 2/): By applying (2.8) to the leading deriva-
tives of R, we obtain an € x m matriz (;;) which is called the signature matriz (with

respect to t) of R (see Pryce [12] for the DAE case):

o(LD(R;,w)), if R; depends on w or any of its derivatives;
(0i5)(R) = (2.9)

—00Q, otherwise

Example 2.2.9. Consider R := {uw — C’ugez = 0}. The 1 X 1 signature mairiz
(with respect to t) for this R is: ¢ = @(LD(Ry,u)) = @(uw) = (3). For R =
{(vetes)® — vzt +vze = 0}, 0 = @(LD(R1,v)) = p(vsee) = (4). And for R := {wge—w; = 0},
7 = G(LD(Bs,w)) = 9(wze) = (1 + ).

The 2 x 2 signature matriz (with respect to t) of the system {uz — (vy)? = 0, (vis)® +

(vz)? = 0} with'rows corresponding to Ry, Ry and columns corresponding to u,v is:
(1+¢€) 2

-0 3

Definition 2.2.10. (t — dominated System [1, 2/) R is dominated by pure derivatives

in the independent variable t (t-dominated) if there is no € appearing in (o;;)(R).

Thus from the last example Uy — gz = 0 and (Vg )? — Vgt +vze = 0 are t-dominated.
In contrast w;; — w; = 0 and the system {uz — (va)? = 0, (vi)® + (vz)* = 0} are not
t-dominated. |

A PDAE system which is dominated by pure derivatives with respect to an indepenQ

dent variable z;, must at least contain such a derivative in each of its equations.

Example 2.2.11. uy; — gy = 0 and v — uz = 0 both contain pure t-derivatives in
their equations (uy; and v respectively). But Uz — Uz = 0 contains neither a pure t or

z-derivative, and so is not t-dominated.
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2.3 Generalizing the fast prolongation method

2.3.1 Square systems

Let R Be a square (i.e. #equationsz#unknow‘ns=m) and t-dominated system. The sig-
nature matrix (o;;)(R) contains information on the differential order and ignores details
on the coefficients and degrees of items of a system R. Wu and Reid [1] introduced a
fast method based on (o; ;)(R) to differentiate R with respect to ¢ to include its missing
constraints. Pryce’s method for square DAEs is a special case (see [13]), and yields a

local existence and uniqueness result.

Pryce’s method {12] finds the local constraints for a large class of square DAE using
only differentiation. This differentiation is called prolongation in the literature and in

[1, 2] this construction is generalized to PDAE.

Systems from MapleSim models are systems of DAE with ¢ as an independent variable.
' Therefore they are t-dominated systems. In the case of square systems from MapleSim

models, we use the Wu and Reid fast prolongation method to uncover hidden constraints.

Suppose R; is differentiated ¢; > 0 times. The new system after differentiation is
denoted by D{R.. Suppose the highest order of u; that appears in D{R is d;. From the
definition of (o), d; is the largest of ¢; 4+ 0y;, which gives

dj —C 2 Tij, for all ’&,] (210)

There are at most m + Xd; pure t-derivative jet variables and m + X¢; equations in
D$ R (considering independent variables and all non-t-derivatives as parameters). Making
the assumption that each equation drops the dimension by 1, the dimension of DfR is
Yd; — ¥¢;. Finding all the constraints is equivalent to minimizing the dimension of DfR.

Thié can be formulated as an integer linear programming (LP) problem in the variables
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c=(ct,...,cm)and d = (dy,...,dn):

4

Minimize 2z = %d; — Xg¢;,
where d; —¢; > 035, | (2.11)

\C',;ZO

P

Remar;k 2.3.1. Wu et al. [2] say “This integer LP problem is dual to an assignment
problem [12]. The task is to choose just one element in each row and column of the
signature matriz, then mazximize the sum of these m elements. The mazimum is called
the Maximal Transversal Value (MTV). If this value exists, then problem (2.11) has a
finite solution. Such problems can be solved (and the existence of MTV can be checked)
efficiently and in polynomial time by the Hungarian Method”. In [1, 2] they used LPSolve
in the optimization package of Maple 10 and their method is implemented here in Maple
138.

2.3.2 Block triangular structures

After we obtain the number of prolongation steps c¢; for each equation, we can construct
the partially prolonged system D{R using c. We assume ¢; > ¢3 2 -+ 2 ¢p, and
let k. = c;, which is closely related [12] to the index of system R. The r-th partial
differentiation of a PDE R; with respect to ¢ is denoted by Rg-r). Then we can partition
DiR into k, + 1 parts for 0 < i < k. by

B;:= {R"9 ™) .1 < j <myi+c¢; — ke > 0} (2.12)

For 0 < ¢ < k., B; has fewer variables than B;,;. The block structure in the case

c; = Ccj+1 + 1 is given in Table 2.1.
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BO Bl « v Bkc—-l Bkc
ROTRY [ ... [rED| R
0 c2—1 C
Rg ) N Ré 2—1) Rg 2)
RO | | glem

Figure 2.1: One pendulum system.

Example 2.3.2.-The Pendulum. Consider a pendulum of unit mass, under constant
‘gravity g as shown in Figure 2.1. In particular X (t), and Y (t) give the position of the
pendulum and A(t) is a Lagrange multiplier. These variables satisfy the system of DAE:

‘
R1 :—_—Xtt‘l‘/\X:O

Ri={ Ry:=Yy+\Y =—g (2.13)

\ R =X%24+Y?%=1

The signature matrix for (2.13) with rows corresponding to R;, Ry, and R3, and

columns corresponding to X, Y, and A, is:

(2—00 0\

—0co 2 0 (2.14)
\ 0 0 —oo)

Based on this sig}lature matrix we obtain ¢ = (0,0,2) and d = (2,2,0). Recall that ¢;
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means the i-th equation needs to be differentiated c¢; times (¢; > 0) and d; is the highest
order of derivative of u’ after the prolongation. Here k., = 2, therefore we order ¢, d, and
Rasc=(2,0,0),d=(2,2,0),and R:={X?+Y?=1,Xu+AX =0,Y; + \Y = —g}.

Thus the block structure for this system is:

By B B,
X+Y=1[2XX;+2YY,=0 | 2X;/+2Y;* +2X Xy +2YY;; =0
Xtt + /\X - 0
Yoo+ AY = —g¢

Table 2.2: Block structure for one pendulum system:.

Using the first prolongation method yields two missing constraints for this system, which

are shown in By and B, in the table above.



16

Chapter 3

Numerical algebraic geometry: A

homotopy method

3.1 Introduction

In this chapter we describe the advances made in the numerical solution of systems
“of multivariate complex polynomial equations. For illustrative purposes we introduce
a simple homotopy method and describe how it is used to find isolated solutions of
polynomial equations. This method is described by Sommese and Wampler in [23].
Moreover, with Hauenstein and Bates they introduced the Bertini software [24, 25] which
is an advanced efficient implementation in C. It is used in our package to find initial

conditions for systems of DAEs.

Bertini is an efficient software package for computations in numerical algebraic ge-
ometry that use homotopy [16]. It is able to find zero dimensional (isolated) as well as
represents positive dimensional solution sets of a system. Solutions can be computed with
up to several hundred digits of accuracy. Sommese and Wampler [23] write “For pply—
nomial problem arising in applications in science and engineering, the homotopy method

works wonderfully well”.

Verschelde [26] has also developed an efficient package for numerical algebraic ge-

ometry, PHCPack; in ADA. Other notable packages include Hom4ps, by T. Y. Li and
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collaborators [27] which finds isolated solutions of polynomial systems. It does not per-
form numerical algebraic geometry, but leads the field in creating start systems based on

mixed volume, which have few diverging paths.

It is appropriate to begin with the definitions of “polynomial,” and the “solution of

polynomial systems” which are given below from [23).

Definition 3.1.1. (Polynomials [23]) A function f(z) : CN¥ — C in N variables z =
(z1,...,ZN) 18 a polynomial if it can be expressed as a sum of terms, where each term
is the product of a coefficient and a monomial. In particular, each coefficient is a com-
plex number, and each monomial is a product of variables raised to non-negative integer
powers. If N =1 we have an univariate polynomial and otherwise it is multivariate. Let
a = (ay,...,ay) with each o; a non-negative z’ntege'b, and write monomsials in the form

e = Hf\_’__l z;*. Then, a polynomial f is a function that can be written as

- fl@®) =) aas” (3.1)
- o€l

~where I is a finite set and a, € C. The notation f € Clz;...zy] = Clz] means f is a

polynomial in the variables x with coefficients in C. The total degree of a monomial ¢ is

o] ;== a1+ -+ an and of the polynomial f(x) is maxgeran0 || A poly'h,omz'al system

is written as f : CV — C" which has n polynomials in N variables.

Remark 3.1.2. At times we may wish to represent f in other bases than the monomial

bases used here, but this suffices for a definition.

Definition 3.1.3. (Zero Set, [23]) If f(z) : CV — C" is a system of multivariate

polynomials, we use the notation V(f) := f~1(0) to represents the solution set of f(z) =
0:

V(f) = f7(0) = {x € C"|f(z) = 0}. (3.2)

Here V(f) is called the variety of f.
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3.2 Homotopy continuation

We present a homotopy continuation method, which is a method for finding all zero-
dimensional (isolated) solutions of a multivariate polynomial system. Commenting on
alternatives to homotopy methods Sommese and Wampler [23] write: “For low-degree
polynomials in one variable, one approach is to reformulate the problem as finding the
eigenvalues of the companion matrix, which is convenient due to the wide availability
of high quality software for solving eigenvalue problems [28]. For polynomial with high
degree, divide-and-conquer techniques may be better [29].” Another alternative to ho-
motopy methods is to use Newton’s method. However, Newton’s method gives us just
one of the roots at a time. In addition, with a poor initial guess, Newton’s method can
fail. In corifrast, homotopy methods are globally convergent and theoretically can find
all roots in situations where all alternative methods fail.

The approach of homotopy continuation is to:

e Define a family of problems depending on parameters which contains the system

we want to solve.
e Find the solution of the problem for some appropriate point in the parameter space.

e Lollow the solution path from the point in the parameter space where we have the

solution to the point which is related to the original problem we want to solve.

Consider a polynomial system f : CN¥ — C" that we would like to solve by homotopy
continuation. We can form a polynomial system ¢ that is related to f but has known,
or easily computable, zero set. The polynomials f and g form a homotopy, such as the
linear homotopy H(z,t) = f(1 — t) + ytg where v € C is a random number. I will
explain in next section why we need this random v. For a well-formed homotopy, there
are continuous solution paths from the solutions of g to all solutions of f which can be
followed using predictor-corrector methods. If ¢ = 1 we have H(z,1) = g whose roots
are known and if ¢ = 0 we have H (2,0) = f whose roots need to be found. Therefore,

we can start from ¢ = 1 and track our path to ¢ = 0. In the next section, I will give
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an algorithm for this method. Note it is conventional in the literature to start at ¢ = 1
and go to t = 0, in opposition to the apparently more natural order 0 < ¢t < 1. This is
beéause most of the interesting behavior bccurs at the final time and representing ¢ by
t = 0 is preferable for this reason.

A big advantage of this method is that it can easily be parallelized, which means if
the starting polynomial ¢ has several solutions, the corresponding solution paths may b.e
tracked on different processors. There is a Méssage Passing Interface (MPI) version of
Bertini whose implementation is a parallelized homotopy method and can be used for big

systems of polynomials.

3.2.1 A generic illustrative homotopy algorithm

Consider a univariate polynomial p(z) := 2% + @124 + -+ - + ag. We want to show how
continuation can be used to find zero set of this polynomial. One of the great advantages
of working with the complex numbers is that, by the fundamental theorem of aigebra.,
we know V(p) has exactly d points, including multiplicities. Therefore we can consider |
‘a starting system with d known roots and follow construction paths to the roots of p(z).

We know how to solve z¢ — 1 = 0: its d roots are
zp = e¥V=d for =0, d—1. | (3.3)
We can define a homotopy by
H(z,t) :=t(z* — 1) + (1 — t)p(2). (3.4)

When ¢t = 1 we have H(z,1) = 2% — 1, with known roots, and when ¢ = 0, we have the
system H(z,0) = p(z), which we want to solve. We need to track the solution paths as
t goes from 1 to 0. The question is how can we numerically do this? The solution paths

z; needs to satisfy H(z;(t),t) = 0 for all ¢t. Therefore:

dH(z‘i (t), t)
dt

dz;(t)

0 dt

i

- Hz(z’i(t)a t)

+ Hy(2:(t),1), (3.5)



20

where H,(z,t) and H,(z,t) are the partial derivatives of H(z,t) with respect to z and t

respectively. Thus
dzi (t)
dt

= —H(a(t),t) " H(x(t),t). (3.6)

This is an ordinary differential equation for z;(¢), with initi&ﬂ values at ¢ = 1 given by
z;(1) which are starting points for this homotopy. The roots we seek are the values of
2;(0).

There are some deficiencies for this method which we now discuss. For some poly-
nomials, H(z,t) can be constant for some ¢. Also, H(z,t) may have roots with mul-
tiplicity more than one. For example for p(z) = 5 — 22, the homotopy is H(z,t) =
t(2> — 1) 4+ (1 — t)(5 — 2?). These are difficulties at t=2, because H(z,2) = ()2 has
a double root and at t = %, because H (z,% = 2 has no solution. Using the following
“quick fix,” which is called “gamma trick” in [30] enables us to avoid these cases. In

particular select a random angle 8 € [0, 27]. As usual let i = +/—1. Then
H(z,t) = te'?(2* — 1) + (1 — t)p(2) = 0. (3.7)

‘Now, due to the complex factor €, the paths are well defined for all t € [0, 1]; with
probability one we do not face the difficulties above [23]. One further random angle

B € [0, 2] is required to define a suitable homotopy
H(z,t) = te"(2* — e¥) + (1 = t)p(2) = 0. (3.8)

For more details see [23]. Note that at t = 0, we have the same target points as before (8 =
0). The non-singular path tracking algorithm that we used in our Maple program can

be summarized as follows. To be general we can consider a system with N polynomials,
H(z,t) : CY x R — CV. In what follows H, = %g—- is the N x N Jacobian matrix and

H;, = %J—;I— is an /N X 1 matrix.

Simple homotopy Algorithm 3.1:

e Given: System of equations, H(z,t) : CV¥ xR — C¥, initial point z at ¢y = 1 such



21

that H(z,%0) ~ 0, and initial step length h; m = 5 (# of successive corrections);

k := 0 (a counter to count # of successful correction steps).

e Find: Approximation of a homotopy path (z(t),t) from ¢t = 1 to ¢ = 0 with
H (Zo, to) ~ 0.

e Procedure: For : =0 while ¢; > 0 do

1. Prediction: Predict solution wg by solving (3.9) implicitly (by an Euler
method), then decrease t by h: |

Hz(zz-, tg) W = HZ(Z,', ti) * 2 Ht(z,,;, t@') : h, (39)
t .= ti — h. (310) _

2. Correction: Find the solution w of H(z,t) = 0 using Newton’s method with

start value wgy and fixed ¢.

3. Update: If (successful correction step)
|H (w,t)| < [H(wo, )]’ (3.11)
then

(zi+1, tig1) i= (w, 1)
1:=1+41

k:=k+1

Itk =mthenh :=2xh

Go to predictidn step 1 to calculate wq for the obtained :.
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else

k:=0
h:=h/2
t:=t,;+h

Repeat prediction step with this half size hand (z;, ;).

Refine endpoint: At ¢, = 0, correct z; to high accuracy with Newton’s method.

We make some notes about Algorithm 3.1.

In the Update step in the Algorithm 3.1:
e The correction step is considered successful in Algorithm 3.1 if (3.11) is satisfied.

e We can cut step length, A, in half on one failure of the correction and to double it, if
m successive corrections at the current step length have been successful. Following

Sommese and Wampler in [23], we used m = 5 in our algorithm in Maple.

Reason for Euler and Newton as prediction and correction method: Expanding

the homotopy function in Taylor series yields:
H(z+ Az,t+ At) = H(2,t) + H,(z,t) Az + Hi(z, ) At + . ..., (3.12)

If we have a point (2z;,%;) close to the path, so that, H(z;,t1) ~ 0, then H(z; + Az, t; +
At) ~ 0. Then to, first order |

Hz(zl, tl)AZ -+ Ht(zl, tl)At =0 (313)

Of course, we can explicitly solve Az = —H;(z,t1)H:(z1,t1)At from (3.13). How-
ever, numerically it is much cheaper to solve the implicit form at each time step than

first explicitly symbolically invert H,. From (3.12) when Az and At are small we can
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approximate Az as the solution of

H(Zl,tl) -+ Hz(zl,tl)Az =0=
Az = —H Yz, t)H(21,t) | (3.14)

Equation (3.13) is an Euler prediction step and (3.14) is a Newton correction step.

One strategy to stay close to the path [23] is to keep the A small and the number of
iterations in the correction (3.14) small (say < 3). Staying close to the path also helps
avoid path jumping. Moreover, in our ptogram in Maple to save computation time, h
is bigger at the beginning of the path (1 > ¢ > 0.1), then near the end h is smaller for
(0.1 > ¢ > 0). For simplicity but not necessarily efficiency, my program was implemented

also using fixed small step size.

3.2.2 Homotopy for other functions

Homotopy approaches are useful not only for polynomial solving but also for solving
‘more general type of systems. The DAE systems we generated all using MapleSim are
mostly trigonometric equations which can be converted to polynomials. For example,
for equations involving sin(#) and cos(f), we can introduce new variables, sg := sin(f)
and ¢y := cos(f). Then the equation becomes polynomial subject to s5 + ¢ = 1. When
solutions for sg and cy are found, the values of @ are easily calculated. However not all
equations involving trigonometric functions can be changed to polynomials. Examples

include z + sin(z) = 0 and sin(z) + sin(zy) = 0.

3.2.3 Examples of the homotopy algorithm

In this section we use our simple homotopy algorithm to illustrate homotopy solving.

Example 3.2.1. The equation f(z) =0 in (3.15) has four distinct roots.

f(z) == (z = 3)(z — % — 5i)(z — i)(z = Ti) = 0. (3.15)
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The algorithm we implemented in Maple in Section 3.2.1 yields the homotopy paths

shown in Figure 3.1 and the solution shown in Table 3.1.

start values

Figure 3.1: Homotopy solution paths for f(z) := (2 = 3)(z — 5 — 5i)(z —)(z = 7i) = 0.

In Figure 3.1, the 4 start values are at left of the figure (i.e. at t = 1) and the 4 target
solutions are at right (¢ = 0). In particular the 4 solutions A, B, C, D are 73, % + 51, 1,

and 3, respectively.

Roots of start function: Roots of target function:
(2t — ) (z—3)(z — 5 —5i)(z —i)(z — Ti)
Random a,b € (0..27)
—0.9368574672 + 0.34971143263 0. 4+ 7.0000000004
—.3497114324 — 93685746731 3.000000000 + 01
.3497114320 + .93685746751 .5000000000 +- 5.000000000z
9368574674 — .34971143221 0. + 1.000000000:

Table 3.1: Start points and target roots of (z — 3)(z — £ — 5i)(z — i)(z — 74) = 0 by our
homotopy solver.

Example 3.2.2. The function g(z)

g(z) = (2 = 3)° (3.16)
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in Figure 3.2 has root 3 with multiplicity 6. The homotopy Algorithm 3.1 yields the

homotopy paths shown in Figure 3.2 and corresponding solution shown in Table 3.2.

starf values

Figure 3.2: Homotopy solution paths for g(z) := (z — 3)® = 0.

In Figure 3.2, the 6 start values are at left of the figure (i.e. £ = 1) and the 6 target

solutions z = 3 are at right (¢ = 0).

Roots of start function: Roots of target function:
e (25 — ) (z — 3)°

Random a,b € (0..27)
—.9861980826 — .1655697494: | 3.000094330 — 0.1399863868 x 10~%:
—.6364866497 + .7712877185: | 3.000025356 + 0.7583900569 x 10~%;
—.3497114324 — .93685746737 | 3.000005939 — 0.7347802653 x 10~
3497114320 + .93685746757 | 2.999964105 + 0.4427595856 x 10744
6364866493 — 7712877189 | 2.999958763 — 0.3564671291 x 104
9861980823 + .1655697508: | 2.999950164 + 0.4104603269 x 10~>3

Table 3.2: Start points and target roots of (z — 3)° = 0 by our homotopy solver.
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Example 3.2.3. The solutions of

h(2) := (z + 15)%(z — 48.94)(z — 36.9 + 10.30)%(z — v2) = 0 (3.17)

is combination of real and complex roots with multiplicity one or more than one (see
Figure 8.3 and Table 3.3).

Figure 3.3: Homotopy solution paths of (z+15)%(z —48.9)(z —36.9+ 10.35)%(2 —/2) = 0.

Start values af left of Figure 3.3, t = 1 are shown around a circle. At the right there

are six roots. Two of the roots have multiplicity two (B and D in Figure 3.3).



27

Roots of start function: Roots of target function:
e (28 — e®) (z +15)%(2 — 48.9i)(z — 36.9 + 10.37)%(z — v/2)
Random q, b € (0..27)

—0.9861980826 — 0.1655697494¢ —14.99999959 — 3.912940075 x 1074
~0.6364866497 + 0.77128771851 —15.00000040 + 3.838379100 x 10773
—0.3497114324 — 0.93685746731 36.89999939 — 10.29999981:
0.3497114320 + 0.93685746751 —10~2 4 48.90000000:
0.6364866493 — 0.7712877189: 36.89999939 — 10.29999981
0.9861930823 + 0.1655697508 | 1.414213562 + 0.4

Table 3.3: Start points and target roots of (z+15)2(z—48.9z')(z—-36.9+10.3i)2(z—\/§) = (.

3.2.4 Discussion

An alternative to using the prediction-correction methods is to only using prediction
steps. Thus we only numerically solve the prediction ODE (3.6). We compared these
two strategies on some examples. We used dsolve/numeric in Maple with Fehlberg
fourth-fifth order Runge-Kutta method (rkf45) and absolute error(abserr) =10~7 and
relative error (relerr) =0.000001. On our example the results were obtained more
quickly but not as accurately as results from our prediction and correction method with
tolerance=0.000001. For the example below dsolve/numeric computing time for find-
ing all roots is =2.797 seconds but the prediction and correction computing time is =9.391

seconds.

Result by dsolve/numeric: Result by prediction and correction:

—14.9991594040901 — 0.112989803875263 x 10™% | —14.99999959 — 3.912940075 x 10~ 73
—15.0001157551416 + 0.165970043007754 x 10~2¢ | —15.00000040 + 3.838379100 x 10~7¢

36.9241045638584 — 10.30817154894274 36.89999939 — 10.29999981;
0.2169589718836 x 10~° 4 48.8999997696319: —10728 4 48.900000004

36.8924717622899 — 10.29777937030364 36.89999939 — 10.29999981;
1.41421355480710 — 1.41056735789722 x 1078 | 1.414213562 + 0.

Table 3.4: Comparison between dsolve/numeric and prediction-correction for solving
(z + 15)%(z — 48.94) (2 — 36.9 + 10.3i)%(z — v/2) = 0.
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3.3 Positive dimensional solutions

Homotopy continuation methods provide efficient numerical algorithms to compute exact
approximations of all zero dimensional (isolated) solutions of polynomial systems. How-
ever, numerical algebraic geometry treats both zero-dimensional and positive dimensional
solution sets. The fundamental parts of the positive dimensional solution set of equations
are its irreducible components. These are the algebraic subsets Z of the solution set. 'The
solution sets are separated into a union of irreducible components, so that none of them
is contained in the union of the others. Among those components there may be some zero
dimensional (isolated) and some positive dimensional (dim > 0) solution sets. So-called
‘witness sets’ are 'the basic data structure used to describe positive dimensional solution

sets.

Consider an irreducible component Z of a system of polynomials f(z) = 0. A witness
set for Z consists of triple (f, L, W), where L is a random linear space of dimension
complementary to dimension of Z and where W is a set of points such that W :=ZN L.
The Bertini software is able to give zero dimensional and positive dimensional sohltions for
a system of N xn polynomials [31, 32]. In those works it was shown that we can represent
a positive dimensional by approximate (so-called witness) points, which are obtained as
intersection points of the set with a linear space of complementary dimension. Here we
want to illustrate witness sets and how to use them to describe positive dimensional

solution sets.

3.3.1 A numerical irreducible decomposition

I start with a motivating example from [31], which is a system of polynomials with several
solution components, of different dimensions and degrees. Later, we define the witness
set, which is used to represent pure dimensional solution sets of polynomial systems

numerically.



29

Example 3.3.1. Suppose we wish to find the solution set of f : C3> — C3:

(y — 22)(z? + y2 + 2% — 1)(z — 0.5)
f(z,y,2) = (2 — 2%)(z® + y* + 2* = 1)(y — 0.5)
] (y — z2)(z — 2%) (2% + y* + 2 — 1)(z — 0.5) ]

0 (3.18)

In this factored form we can calculate the decomposition of the solution set z = f~(0)

into irreducible solution components, as below:
Z=2ZoUZ1UZy={Znn} U{Z11U Z12U Z13U Z14} U {Z01 } (3.19)

Where
e Z, is the sphere (z° +y* + 22 — 1) =0,
e Z;; is the line (z = 0.5, z = (0.5)3),
o Zy, is the line (z = /0.5,y = 0.5),
o Zi3 is the line (x = —v/0.5,y = 0.5),
o 714 is the twisted cubic (y — 22 =0,z — z° = 0),
e Zp is the point (z = 0.5,y = 0.5,z = 0.5).

Here Zy; is 2-dimensional, Zp; is O-dimensional and Zy;, Zi3, Z13, and Zy4 are all 1-

dimensional.

3.3.2 Witness sets

Now we define witness sets using [31]. Consider f := C¥ — C" of n polynomials
f = {f1,fey-.., fn} and N unknowns x = (z1,%s,...,Zx). Recall we represent the
solution set of f by

V(f) = {x € C"|f(x) = 0}. (3.20)
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Suppose X C V(f) C C¥ is a pure dimensional algebraic set of dimension 7 and degree d.
By pure, we mean all components of the set have the same dimension. A witness set for
X is a data structure which consists the system f, a linear space L C C¥ of codimension
i, and a set of d points X N L.

When X is not pure dimensional, a witness set for X can be separated into a list
of witness sets, one for each dimension. X has a unique decomposition into irreducible
components. The'refore, a witness set for X has a decomposition into the corresponding
irreducible witness sets. This is called a numerical irreducible decomposition of X.

Therefore, the irreducible decomposition of the solution set Z in (3.19) is:
[W2: Wla WO] = [[W‘L’l]a [W117 W12a W13) W14]) [WOI]]a (321)

where the W; are witness sets for pure dimensional components, of dimension i, parti-
tioned into witness sets W,;’s corresponding to the irreducible components of Z. Thus

for this example we have:
e W5, contains two points on the sphere (22 +y? + 22 — 1) = 0, cut by a random line,

e W1, contains one point on the line (z = 0.5,z = 0.53), which is cut by a random

plane,

e Wi, contains one point on the line (z = /0.5,y = 0.5), which is cut by a random

plane,

e W3 contains one point on the line (z = —v/0.5,y = 0.5), which is cut by a random

plane,

e Wi, contains three points on the twisted cubic (y — 2% = 0,z — z® = 0), which is

cut by a random plane,
o Wy is still just this point (z = 0.5,y = 0.5,z = 0.5).

The witness sets W;; consist of witness sets W = {3, f, L, x}, for x € Z;; N L, where

L is a random linear subspace of codimension ¢ (in this example of dimension 3 — 7).
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Moreover, as we can observe here #W,; = deg(Z;;) = #(Z;; N L). If we ask Bertini to
solve this polynomial system, for example, as a result it gives a text file which contains
#W,; witness points for each components of various dimension. Furthermore, it is able
to show the dimension and degree of each component as well as singular and non-singular

solution sets. We will show one example of singular solutions from Bertini in Chapter 6.



32

Chapter 4

Main algorithm for MapleSim

generated models

4.1 Introduction to the MapleSim software

The main goal of this thesis is to efficiently apply the fast numeric geometric techniques
~discussed in Chapter 2 to a wide variety of physical models generated by the MapleSim

software [3].

MapleSim is a high-performance multi domain modeling and simulation tool which
uses components from various engineering fields. We can build component diagrams that
represent such systems in a graphical form using MapleSim’s drag and drop interface.
When we obtain such a system, we can simulate its behavior using numeric approaches.

Unlike other simulation environments MapleSim exploits Maple’s symbolic features.

MapleSim uses the symbolic and numeric capabilities of Maple to generate the math-
ematical models that simulate the behavior of the physical system. We can, therefore,
derive the system’s equations in Maple and create concise and numerically efficient mod-
els. MapleSim enables the creation of the physical components the user needs without
forcing the user to write complex code and mathematical equations. Other physical
modeling tools h;)wever, demand that we write programming code to create physical

components. Consequently, MapleSim can cut project time and cost.
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MapleSim also provides control theory tools, which give the ability to optimize and
control parameters to minimize rise time and reduce overshoot. Using 3D visualizer
features, MapleSim enables us to obtain an immediate insight into behavior of our models.

A typical MapleSim workspace is given in Figure 4.1 below:

ﬁi RLirrbetamn J o Lnpled 1

Figure 4.1: MapleSim environment.

To make a model,' we need to use appropriate MapleSim library icons from the left palette
in Figure 4.1. Then we drag and drop the relevant icons on the workspace (the center
panel of Figure 4.1). Next we connect the icons in the desired manner. We can use the
Parameters pane in the right hand side of Figure 4.1 to change system parameters such
as final time, relative error, absolute error, and others.

Moreover, we have the option to choose initial conditions here while making our
model. When we click on some components, an IC (initial condition) appears in the
parameter pane. There are three options for IC: Ignore; Treat as guess; Strictly
Enforced. Ignore means MapleSim ignores the initial conditions of this component
given by user, and uses default values which are zero in most of the cases. Treat as

guess means MapleSim uses the initial condition for this component if it is consistent
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with other initial values. Otherwise it replaces the initial condition with a consistent one.
Finally, Strictly Enforced means MapleSim uses the initial condition which is given

by the user. If the condition is not consistent it sends an error message to the user.

If we want to measure a quantity for a component such as an angle, speed or accelera-
tion, we need to add a ‘probe’ to that component. Those values are graphically displayed

after Simulation.

The best way to derive equations is using the Modelica language which is accessi-
ble in MapleSim work space. The Modelica language [33] is a multi-domain modeling
language for component-oriented modeling of complex systems. It can model systems
containing mechanical, electrical, hydraulic; thermal, control, electric power or process-
oriented subcomponents. The Modelica Standard Library contains about 920 generic
model components and 615 functions in various domains. Modelica is an open standard
for describing physical models and components. Many components in MapleSim are from
the Modelica Standard Library. Because these Modelica components have been devel-
oped over many years and validated by industry, engineers can have confidence that their

MapleSim model will provide an accurate representation of the system. The Modelica file
of a MapleSim model can be exported to MapleSim after the model’s creation. To obtain
the DAE system of the model, we have to open the Modelica file in a Maple worksheet.
MapleSim equations after simulation are simplified. However, in the Modelica file they

are unsimplified and raw.

Input and output values for the system, can be visualized using Maple. Also MapleSim

does index reduction of DAE [6]. Index reduction enables the inclusion of missing con-

straints.

MapleSim is c.ompa,rable with Matlab’s Simulink. Simulink is also a recent environ-
ment for multi-domain simulation and model-based design for dynamic systems integrated
with Matlab. In some cases MapleSim differs from this software. We mention just one
of differences here [3]. If we need a component which is not available in the MapleSim
libraries we can create it in Maple with easy-to-use templates in which we only have

to write down the equations that define the component’s dynamics. No other modeling
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products have this ability. In Chapter 5, we give an example of this feature.

4.2 Algorithm for MapleSim generated models

Our algorithm in order to apply fast numeric geometric techniques with MapleSim models
18:

Algorithm 4.1 : Fast numeric-geometric techniques for MapleSim

¢ Given: A model created from MapleSim.
¢ Find: Numerical solution of system of DAEs for this model.
e Procedure:

1. Model in MapleSim: Make a model in MapleSim, do simulation and export

Modelica file.
2. In Maple’s worksheet: Open Modelica file and save it.

3. Simplification: Derive the DAE system and its variables. Change variables physi-
cal names to the mathematical names such as X[i] when¢ = 1... number of variables.

Simplify the system.

4. Fast Prolongation: Calculate ¢; and d; as described in Section 2.3, by fast pro-
longation package. |

5. Initial Time: Set initial time according to the model in MapleSim.

6. Initial Conditions: There are two different cases for this part.
If ¢; = 0 for all ¢, we use initial conditions from Modelica file if there is any, or a
random initial condition. |
If Jdi, ¢; # 0, a block structure is calculated and we create a bottom-up block by the

two steps below:

(a) Jet Variables: Change jet variables to produce a file for Bertini (e.g. use

rtttt rather than ).
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(b) Bottom-Up Block: Use bottom-up substitution in block triangular struc-
tures [1, 2] to find consistent initial conditions:

Loop: For bottom block to top block repeat:

i. Solve system of this block by Bertini.

ii. Plug Bertini’s solution into the next block until all blocks are solved.

7. Solution: Use dsolve/numeric to solve the system of DAE from this model with

initial conditions from step 6.
8. Comparison: Compare our solution to that obtained by MapleSim.

We made an automatic package for Algorithm 4.1. For most models all that is required

is to input the Modelica file.

4.2.1 Simplification

The large DAE systems of MapleSim models usually contains many simple equations.
MapleSim uses these simple equations to reduce the number of variables and simplify
- the system of DAEs which can be accessed from a Maple worksheet. Figure 4.2 gives an
example of such a simplified system.

However, our goal is to apply alternative procedures to the unsimplified DAE system.
While using an automatic command for generating the unsimplified system for a special
model we found a bug which was reported to MapleSoft Corporation. This led us to
use instead the Modelica file for the unsimplified system of equations. We derive the
Modelica file and open it in a Maple Worksheet in order to obtain the unsimplified system
of equations in Maple. The Modelica file includes all information about the system such
as names, parameters, variables, constants and the system of DAE.

Firstly, we change variable names from Modelica names to a form usable by our Maple
programs. Variable names in Modelica are physical names such as “Main.probe2.phi”,
for example which means the angle of the second probe attached in the main system.
Moreover, in Modelica they are not shown as functions of t. Such variable names are

changed to Xi(t), where ¢ is from 1 to the number of variables.



Y Model Equations

To start, click System Update to populate the Subsystem menu with a list of the subsystems in your
physical model. From the list, select the subsystem for which you want to retrieve model equations or
properties. Alternatively, select Main to retrieve model equations or properties for the entire system.

Next, click Get Equations to retrieve equations from the specified system or subsystem. Click

Assign to variable to manipulate these equations further in Maple. You can also retrieve properties
and assign them to variables.

| Model Main

[ "DFPSubsyslinst.theta_R3_ddot'(t) cos( 'DFPSubsyslinst.theta_R3

— 'DFPSubsyslinst.theta_R3_dot'( 72 ConnectingRod_L sin{ "DFi

Subsystem: + ‘DFPSubsysiinst.theta_R1_ddot (t) cos( 'DFPSubsyslinst.theta
[ Get Equations :

S — 'DFPSubsyslinst.theta_R1_dot'(t)* sin{ ‘DFPSubsyslinst.theta_
o ggtpix[e@aéﬂuatiqns,w 3 '

SRR R AR R R T (3- cos( ‘DFPSubsyslinst.theta_R1°(t)) crank_L cos( "DFPSubsy:
GQtBQOlean quations. -

o s _.5.5..1.%*—‘ ZEEH ConnectingRod_L

+ % sin( "DFPSubsyslinst.theta_R1'(t)) crank_L ConnectingRoa

S8t Inital Equations. . theta_R3"(1) )) "DFPSubsyslinst.theta_R1_ddot (1) + (1
PR REmtErs + 3 cos("DFPSubsyslinst.theta_R3"(1))* ConnectingRod_L*
(et Frobes . + % Com*zec'tin.gRt:mi_L2 sin( ‘DFPSubsyslinst.theta_R3 (1) )2)
. GetﬁConstrqigvts | ‘DFPSubsvslinst.theta R3._ddat’(1)

eq

To save your changes, save this worksheet in Maple and then save the .msim file to which this
| worksheet is attached in MapleSim.

Figure 4.2: Equation Analysis Template in equivalent Maple worksheet.
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Next the “.msim_der” used by Modelica for derivative is replaced by Maple’s deriva-

tion notation. Now we are left with a DAE system in Maple notation. For example:

X13(t) = 0, X17(t) = 0, X2(t) — X10() =0, ...

X1() - SX3(t) = 0, X4~ L X6(1) =0,... (4.1)

C1X34(t)) + Cycos(X25(t)) — X22(t) =0,...

Such systems contain many 2-term equations of the form u —v =0 or w — %—f— = 0 (1st
and 2nd rows in (4.1)). Such equations can be used to simplify the system. We use
classical symbolic simplification of the 2-term equations with respect to a ranking < so
that © < v, w < %f. Applying Maple’s DEtools[rifsimp] to the 2-term equations, and
substitution of the result in the rest of the system can dramatically simplify systems like
(4.1). In particular a system with many variables énd equations can be simplified to a

system with far fewer variables and equations.

This example (see Figure 4.3) will be used to illustrate the algorithm.

Figure 4.3: Two dimensional slider crank.

The two dimensional slider crank in Figure 4.3 is made using components from the
Multibody mechanical library. This system has a revolute joint, A, which is connected
to a planar link. This planar link is attached to a connecting rod using a second revolute
joint, B. The conhecting rod is then connected to a sliding mass by a third revolute joint,

C, and the sliding mass is attached to the ground by a prismatic joint. In particular, this
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system is used to convert rotational motion of the crank to translational motion of the
sliding mass or vice versa. For this system gravity is considered to be the only external
force, acting along the negative Y axis (the y axis for the inertial frame) [4].

This model in MapleSim consists of two subsystems, one for the crank and one for the
connecting rod. See Figure 4.4 for these subsystems which each contains two Rigid Body
Frames and one Rigid Body. A Rigid Body Frame is a frame with a fixed displacement
and orientation relative to a rigid body center of mass (CoM) frame with associated mass

and inertia matrix which is this Rigid Body here.

mEbRE I EINE ramAAEer HINRM b

‘ Rigid Body Frame

U" A R J e N
|
|
i

e s

o N

Rigid Body

Figure 4.4: Crank or connecting rod subsystem in slider crank in MapleSim.

In MapleSim we choose the length of the crank and connecting rod to be 1 and 2
meters, respectivc—;ly. We discuss later a singular case where the bars have equal lengthfs.
The model of the slider crank in Figure 4.5 consists of the two mentioned subsystems,
three Revolute joints, one Rigid Body and one Prismatic (joint allowing one transla-
tional degree of freedom along a given axis). We need MapleSim to measure displacement
from A to C' and angle 8 in Figure 4.3. Therefore we add two probes to our system, to
report the length and angle 8. We give an initial condition of 7/4 for the angle @ for
the first Revolute joint, which also has an attached probe. This initial condition will
be transferred to the related Maple worksheet via the Modelica file. The model before

simulation is shown in Figure 4.5, and after simulation is given in Figure 4.6.
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Figure 4.5: Two dimensional slider crank in MapleSim environment.

Figure 4.6: Animation of two dimensional slider crank after simulation.
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When we derive its DAE equations, we found that there are 23 equations and 23 variables.
The Maple form of the unsimplified system is:

X5(t) = 0, X10(t) = 0, X1(t) = X4(t), X4(t) = X6(t), X2(t) = X7(t),
X7(t) = X9(t), -X3(t) — X5(t) = 0, —X8(¢) — X10(t) = 0, X15(t) = X4(t),
X18(t) = X7(t), X14(t) + X3(t) = 0, X 14(t) = X12(¢), X19(¢) = X13(2),

X19(t) + X8(t) = 0, X18(t) = X16(t),
-%Xlﬁ(t) = X21(t), %xna) = X23(t), %Xm(t) = X20(t), %X23(t) = X22(t),
2sin(X17(2)) + sin(X16(2)) = 0, 4.2)
X15(t) = 2cos(X17(t)) + cos(X 16(t)),

3.25X20(t) + 3X22(t) cos(X16(t)) cos(X 17(¢)) + 3X22(¢t) sin(X 16(t)) sin(X 17(¢))~

cos(X 16(£)) X 11(t) + 24.525 cos(X 16(t)) — 3 cos(X16(2)) X 23(t)2sin (X 17(t))+

3sin(X16(t))X23(t)? cos(X17(t)) + sin(X16(t))X12(t) — X13(¢) =0,

3X20(t) cos(X 16(t)) cos(X 17(t)) + 3X20(t) sin(X 16(¢)) sin(X 17(t)) + 6X22(t)~

2c0s(X17(£)) X11(t) + 29.43 cos(X 17(t)) — Bcos(X17(£))X21(£)? sin(X 16(2))+

3sin(X17(t)).X21(t)2 cos(X16(t)) + 2sin(X17(t)) X12(t) = 0.

- DEtools|rifsimp]’s result on the first five rows of (4.2) is:

d d
-ngw(t) = X23(t), — X21(t) = X20(t),
| d
—X23(t) = X22(2), 2 X9(t) = X21(t)
X1(t) = X6(¢), X10(t) = 0, X12(t) = 0, X13(t) = 0, X 14(t) = 0,
X15(t) = X6(t), X16(t) = X9(t), X18(t) = X9(¢), X 19(¢) = 0, (4.3)

X2(t) = X9(t), X3(t) = 0, X4(t) = X6(t), X5(t) = 0, X7(t) = X9(¢), X8(t) = 0.

If we use the three last rows from (4.3) we can use for example X6(t) instead of X1(2),
and remove for example X10(¢) because it is zero, therefore out of 23 variables we are

left with eight variables below:
X11(t), X17(¢), X20(¢t), X21(¢), X22(t), X23(t), X6(t), X9(¢). (4.4)

Moreover, we can use the first two rows of (4.3) to remove X20(t), X21(t), X22(t), and
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X23(t) from the variables (4.4) as well. Finally we are left with just four variables, X6(),
X9(t), X11(t), and X17(t). Substitution of the rifsimp’s result in the remaining part of
the DAE system which is eight rows of (4.2), gives a square system of four variables and

four equations:

2SiIl(X1'7( t)) +sin(X9(t)) 0, X6(t) = 2cos(X17(t)) + cos(X9(t)),

3. 25( X9(t)) + 3( X17(t)) cos(XQ(t)) cos(X17(t)) +

353 d2 5 X17(t)) sin(X9(t)) sin(X17(t)) — cos(X9(£)) X 11(¢) +

24.52 cos(X9(t)) — 3 cos(XQ(t))(-—-XlT(t))2 sin(X17(t)) + (4.5)

d

dt |
3= d* 3 X9(t)) cos(X9(t)) cos(X17(t)) + 3(—2-X9(t)) sin(X9(¢)) sin(X 17(t)) +

6(—3 d2 2 X17(t)) — 2cos(X17(¢)) X 11(2) + 29.43 cos(X17(t)) -

3sin(X9(t))(—=X17(t))% cos(X17(t)) = 0,

3 cos(X17(t))(aX9(t))2 sin(X9(t)) + 3 sin(Xl?(t))(-d—tXQ(t))z cos(X9(t)) = 0

Here X9(t) = 0, and X17(t) = B, and X6(¢) is displacement from A to C in Figure 4.3.
Also X11(t) is the Lagrange multiplier for the system.

4.2.2 Fast prolongation

After we obtain a simplified system, we use fast prolongation to determine all missing
constraints. Using our package, we can quickly calculate the c¢; and d;. Recall ¢; is the
number of times we have to differentiate (prolong) the i-th equation in the simplified
DAE system and d; is the highest derivative order of variable u’ after the prolongation.

The c; and d; below for DAE system of the slider crank, (4.5) with four variables,
X6(t), X9(t), X11(¢), and X17(t) are obtained in 0.016 seconds:

Cl=2, 6220, C3=0, C4=0,

di =0, dy=2, ds =0, dy =2. (4.6)
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Therefore, according to the ¢; values we have to differentiate first equation in (4.5) twice
and there is no differentiation needed for the other three equations. Moreover, because
of the d; values the differentiation order of X6(¢) and X11(t) after prolongation turns
out to be zero. However, we expect the first order derivative and second order derivative

of X9(¢), and X17(t) to be in the system.

4.2.3 Solution of the DAE system

At this stage, we set the initial time, ¢y to find initial conditions in order to solve the
simplified DAE system. Unlike the crane example in [1], our MapleSim models are
invariant under time translation and we can choose initial time ¢ = 0. Wu and Reid in
[1] used the stats command in Maple to set random initial times because ¢ appeared
explicitly in non-derivative form in their example. .

If ¢; = 0 for all 4, we use initial conditions from the Modelica file, or random initial

conditions. I will give an example of this later in Chapter 5.

If Ji,c; # 0, we calculate the block structure. For the slider crank here ¢; # 0,
therefore we compute the block structure. Recall ¢; = 2 means we have to prolong
(differentiate) the first equation in the simplified DAE system twice. Thus the block
structure for the slider crank contains three blocks, By, which is called the bottom block,

and blocks By, By which are given below:

e By = [2sin(X17(t)) + sin(X9(¢)) = 0].

o B; = [2cos(X17(t)) £ X17(t) + cos(X9(t)) £ X9(t) = 0].

o By = [-2sin(X17(t))(LX17(t))? + 2cos(X17(t)) Ly X17(t) — sin(X9(t))(£X9(t))? +
cos(X9(t)) L7 X9(t) = 0, X6(t) = 2cos(X17(¢)) + cos(X9(t)),. . .]

In order to solve the ODE system for this problem, we have to solve By, B;, and B, to find

initial conditions. The total Bezout degree of the constraints is high. The Bezout degree

of a polynomial system of equations is the product of the degrees of each of the equations.

It is an important measure of the complexity of solving the system. However, even though

our constraint system has high Bezout degree it has a block triangular structure which

enables us to solve effliciently it by bottom up substitution.
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In bottom up substitution, we first numerically solve the bottom block (Bp), then
substitute the solution into B, and solve it. Again, we substitute solution of B; into Bs
and solve By and repeat this until we reach to the last B,;.

We use the Bertini package as our numerical solver. However Bertini requires poly-
nomial systems rather than algebraic equations. To obtain polynomial equations for the
slider crank, we replace sin(X9(t)), cos(X9(t)), sin(X17(t)), and cos(X17(t)) by nl(t),
n2(t), n3(t), and n4(t) respectively. The bottom block becomes 2%n3(t)+n1(t) = 0 sub-
ject to the relevant trigonometric identities n1(t)? +n2(t)* = 1, and n3(t)* + nd(t)* = 1.

To send these blocks to Bertini we need one more change. All variables are replaced

by jet variables. Therefore the three blocks become:
e Bo=[2*n3+nl=0,n1%2+n2% -1=0,n3%2+n4%?-1=0).

o B

2% nd * X17t +n2 x X9t = 0).

e By = :—2*n3*X17t2+2*n4*X17tt—-n1 * X924+ n2x X9t =0, X6 = 2xnd +n2, 3.25
XOtt+3+ X17tt *xn2+nd+ 3« X1Ttt+nl xn3 —n2* X11+24.525*n2 — 3+ n2 x X172
n3+3%nl% X17t2%nd = 0,3 % XOtt % n2 % nd + 3% X9t k1l %13 +6 % X17tt — 2xnd x
X11+29.43 % nd — 3 xnd + X% x nl + 3+ n3  X9¢2 xn2 = 0]. |

Using the initial condition X9(¢) = m/4 from the Modelica file and solving the system of
polynomials from By in Bertini gives values for nl, n2, n3, and n4 which we substitute
in B;. Then we solve the single equation in B; and get X9¢, and X17¢. Substitution of
all these in B; and solving the resulting polynomial system, we obtain initial conditions
for X9tt, X17tt, X6, and X11.

After we obtain initial conditions for all variables, Maple’s dsolve/numeric command
is used to solve the ODE system which is the last block B;. For almost all MapleSim
models, we use an implicit numerical method because the system of DAE from these
models are stiff and explicit methods are very expénsive.

Finally, as a confirmation we can plot the solution and compare it to the MapleSim
result. For the slider crank example, we can plot X9(¢), and X6(t) for desired time to
compare with two probes that are shown in MapleSim part, # and distance from A to C

in Figure 4.3. In Chapter 5, and 6 we will give more examples for this method.
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Figure 4.8: MapleSim result for angle and displacement for slider crank.
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4.3 Simplification of various type of DAE systems
generated by MapleSim

Not all of the DAE systems which we worked on are like (4.1). For example the DAE
system of RLC-Circuit model is:

X8(t) = 0, X21(t) = X27(t), X1(£) — X4(t) =0, . ..
X1(t) — CI%Xﬁ(t) =0,X14 - CQ%XQ(t) ~0,... (47)

X21(t) = Cs + msim/PIECEWISE(X28(t) < Cs, 0, true, Cy)

In (4.7) X28(t) is “_msim_time” which is time or t in the system. Also msim/PIECEWISE

is the symbol for piecewise function in the Modelica file:

0 for t<C |
X21(t) = Cs + { . ; (4.8)

Cy otherwise

An example of a different class of MapleSim DAE systems is the Heating Transfer system:

X5(t) = 0, X7(£) = 0, X1(t) — X2(£) =0, ...
X19(2) — CI%Xl(t) ~0,X3 CQ%XQO(t) ~0,... (4.9)

X19(t) — X5(t) + X25(t) + X32(¢t) =0,...
Another vary interesting DAE system is that for a 3D pendulum with drag in MapleSim:

X69(t) = 0, X70(t) = 0, X44(t) - X17(t) =0,...
X95(t) — 01%X96(t) =0,X94 - OQ%X50(?5) =0,...

X78(t) = sin(X50(t)), X59(t) = cos(X50(t)) cos(X97(t)), ... (4.10)
X47(t) = C3 + msim/PIECEWISE(X 1(t) < C4, 0,true,Cs) ...
~2cos(X96(t)) sin(X50(t)) sin(X97(£)) X49(t) + X94(£) X 95(t) cos(X50(t)) ...
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For this system we can use the first three rows of (4.10) to do simplification. However
we are unable to use DEtools[rifsimp] for equations similar to the third row of (4.10)
since sin and cos functions appear in the system. We first obtain DEtools|rifsimp|’s sim-
plification of first two rows of (4.10) and substitute it into the rest of (4.10). We then
use equations from third row of (4.10) to again substitute, for example sin(X50(t)) for
X78(t) and cos(X50(t)) cos(X97(t)) for X59(t). This reduces the number of variables

and equations further.

There are some other DAE systems from MapleSim models which combine feature of
(4.1) and (4.7) or (4.1) and (4.9) such as a slider crank and a DC-motor attached to-
gether and a centrifuge. Similarly, we can use DEtools[rifsimp| on redundant equations
and substitute the result in the rest of the DAEl system to simplify it. Simplification

results for different MapleSim models by this method is summarized in this table below:

MapleSim Model Before simplification | After simplification
#Eqnsx #Vars #Eqnsx#Vars
2D Slider Crank 23%x23 4x4
3D Slider Crank 24 x 24 X7
Rotating Pendulum 26x 26 2%2
Gimbal 27%x 27 3x3
RLC-circuit 32x32 1x1
Furuta Pendulum 34x34 2X2
Triplets 39x39 3x3
Heating transfer system 41x41 1x1
DC-motor 57x57 1x1
Non-linear Spring Damper 57x57 2x%2
Five-Pendulums 65 %65 5X5
One-loop-Pendulum 69%x69 88
Slider crank+DC-motor T2x72 HXx5
Centrifuge 100x 94 3x3
Two-loops-Pendulum 102x102 14x 14

3-D Pendulum 117x96 3x3
Ice Tank 186186 5% 5

Table 4.1: Simplification result for various MapleSim models.
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4.4 Fast Prolongation on DAE systems generated by
MapleSim

After we obtain a simplified system, the fast prolongation method is used to uncover all
hidden constraints. The fast prolongation is very fast-not more than 0.05 seconds was
taken on all models here. This is done in a computer with 2.66 GHz Intel Core processor
and 6.00 GB memory (RAM). Fast prolongation timing for different MapleSim models
that we did is given in this table below:

MapleSim Model Time in seconds
2D Slider Crank 0.016
3D Slider Crank 0.016
Rotating pendulum 0.015
Gimbal | 0.015
RLC-circuit | 0.016
Furuta - 0.031
Triplets 0.001
Heating Transfer System 0.016
DC-motor 0.015
Non-linear Spring Damper 0.001
Five-pendulum 0.031
One-loop-pendulum 0.046
Slider crank+DC motor 0.001
Centrifuge 0.016
Two-loops-pendulum 0.062
3-D Pendulum 0.006
Ice Tank 0.016

Table 4.2: Fast prolongation timing for various MapleSim models.
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Chapter 5

Some MapleSim Models

5.1 Introduction

We applied the algorithm of Chapter 4 to many MapleSim models. Some of them are.
pre-prepa,red exa.mpleé such as, centrifuge, heating transfer system, ice-tank, etc. They
are accessible from MapleSim'’s examples menu. However, we built others ourselves using

sources such as [3, 4.

We will discuss user created examples using a so-called ‘custom components’ which
are special feature of MapleSim. Custom components help us to make new components
that are not already in MapleSim by first writing the equations for that component in a

Ma,ple worksheet.

We have substantial experience while working with the MapleSim models and we can
not talk about all of it here. In this and the next chapter, we try to summarize some
special and more significant cases that we faced. The first model we consider is a model
with custom components. This model does not have any missing constraints. The second
model is a multi-domain DC-motor attached to a slider crank. In this model we show
how to deal with a piecewise functions while using the Bertini software which requires

just polynomial equations. We made these models using [4].
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5.2 Models with custom components

In addition to over 300 available components, we can extend the MapleSim library by
creating custom components that are based on mathematical models that we define.
Custom physical components can be created by writing down the equations in proper
mathematical notation in a Maple template. A custom component can contain a partic-
ular subsystem and provide specialized functionality. By using the Custom Component
Template, which is a Maple worksheet included in the MapleSim document folder, we

perform the following tasks in Maple to create a custom component:

e Define the component equations and properties that determine the behavior of the

component (for example, parameters, input/output ports, and variables).
e Test and analyze our mathematical model. .
e Define and add input and output to the component.

o Generate the component and make it available in MapleSim.

5.2.1 A non-linear damper with a linear spring

To make this model [4], we used the custom component template to create a non-linear
spring damper component defined by differential equations. The equation defined in this
part are based on the Translational Spring Damper component in MapleSim. In this
case, the stifiness and damping coefficients are replaced with functions that are added as

inputs to the component. The spring-damper system is shown in Figure 5.1.
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Figure 5.1: The spring-damper system.

As previously mentioned, MapleSim componehts are based on equations. To define
the equations related to this component the end points, a and b, can be defined as the
‘ports’ for the component. The equations are derived relative to these ports. The general

equation of the motion is:

dx Edt-s.,.eg(t) % splt) = F(b). ‘ (5.1)

Here d is the damping coefficient, and c is the stiffness of this spring. The quantity sye

is the relative displacement between two ports s, and s, which is defined by

Srel = Sq — Sb. (5.2)

By a force analysis of the system, we have:

F(t) = Fy(t). (5.3)
Fy(t) + Fy(t) = 0. (5.4)

All of the above equations are necessary to define the behavior of this component. We

open a custom component template, through a document folder in MapleSim workspace
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and write these equations above in the provided document space. The quantities F,(t),
Fy(t), c(t), d(t) and s,, sp are input and output variables, respectively. When we define
everything in this template, the Generate MapleSim Custom Component button at the
end of the page adds this new component, NLMSD,; in Figure 5.2, to the MapleSim
workspace. Also, MapleSim allows us to attach more files to our model. For instance,
we can provide the relative displacement of the damper (0, 0.05, 0.1, 0.2, 0.25, 0.3) and
values of the damping coefficient (750, 500, 250, 75, 250, 650) in an external Excel file.
We now make a subsystem called Nonlinear Damper. In order to do that, we need a
procedure Constant to generate a real constant signal. This Constant produces stiffness
of the spring which is 1000 here. Also, we add a procedure Gain which outputs the
product of a gain value which is chosen 1 here with the input signal, and a 1D lookup
table, useful for transferring data from the Exqel file. Finally a Position Sensor is
added that measures the absolute position of a translational port. Figure 5.2 displays

this subsystem.
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Figure 5.2: The non-linear damper subsystem in MapleSim.
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To finalize the main system, we need a Sliding Mass, which is a sliding mass with
inertia, and a Force, for the external force acting on a drive train element as input signal,
and Step which generates a real step signal with the height 100 here. Mass of Sliding
Mass is chosen, for instance, to be 100 Kg. The final system of this model in MapleSim

is given below in Figure 5.3.

j »_Hu_‘» ¥ Bt .

Figure 5.3: The non-linear damper with linear spring in MapleSim.

We ask MapleSim to measure the damping, displacement, speed, and acceleration by two
probes which we added to the subsystem and the main system, respectivély. They are
shown in Figures, 5.2 and 5.3 as Probel-Damping, Probe2-s, Probe2-v, and Probe2-a.
To implement our algorithm, a Modelica file is made in MapleSim and is derived in a
Maple worksheet. All information about the system including system of DAE is trans-
ferred from Modelica format. The DAE system of this model is a system of 57 equations

and 57 variables of form:;

X13(t) = 0, X1(t) = X7(t), X2(t) — X3(t) =0,...
d d
X7(t) = msim/PIECEWISE(X28(t) < Cs,0, true, Cy), (5.5)

X34(t) = msim/PIECEWISE(X33(t) < 0.2, msim/PIECEWISE(...),true,...),
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where
X28(t) = _msim_time =t

Using DEtools|rifsimp] on the first two lines of (5.5) and substitution of the result into
the next two lines of (5.5) yields a simplified 2 x 2 system of equations:

d2

1007 X9(t) +X41(t)d£t-X9(t) +1000X9(t)) = { 0 <0

(5.6)
~dt? 100 otherwise |

In (5.6), X41(t) which is the damping coefficient is generated with linear interpolation based

on the position of the mass.

X41(t) = g(X9(t)) | X9(t) < .2
h(X9(t))  otherwise

and
2(X9(t)) = ; Cr — CoX9(t) — CaX9(t)*  if X9.(t) < 0.05
\ K(X9(t)) otherwise
K(X9(t)) = { Ca = C5X9(t) — Co(X9(t) — 0.05) + Or(X9(t) - 0.05)°  if X9(t) <.1
\ Cs — CoX9(t) + Co(X9(t) — .1)% + C1o(X9(t) — .1)°  otherwise
R(X9(2)) = <, Cui + C2X9(t) + Cra(X9(t) = .2)° + Cua(X9(t) — 2)°  if X9(t) <.25
| C1s + CreX9(t) + Crr(X9(2) — 25)2 — C1g(X9(t) — .26)°  otherwise

Also X9(t) =Probe2-s, X41(t) =Probel-Damping. Moreover, another outcome of
DEtools[rifsimp] is

%((Probe}s)) = Probe2-v, (5.7)

gz(ProbeZ—v) = Probe2-a. (5.8)

Next, we use fast prolongation to determine any hidden constraints. We find there are
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no missing constraints because:
¢ =0,c0=0,dy =2,dy =0. (5.9)

This result means that we do not need any prolongation of 2 x 2 system of equation,
(5.6). Based on the algorithm in Chapter 4 and the fast prolongation result, we find
initial conditions. If there are no initial conditions from the Modelica file, we generate
random initial conditions. For this system there are no initial conditions coming from

the Modelica file; therefore we are free to define our own:
X41(0) = 0, X9(0) = 0, D(X9)(0) = 0. (5.10)

Finally, Maple’s dsolve/numeric is applied to the 2 x 2 system of equations (5.6) with
initial condition (5.10) to determine X41(¢) and X9(¢t). We can plot the solutions and
compare them with the MapleSim result. To avoid expensive calculation in Maple, we

used standard finite difference approximation to calculate and plot the second derivative

of X9(t) which is Probe2-a [34]. We have:

D)@ = 3(~3fa=h) - f(@) + fla+ k)~ cfla+2m)  (5.11)

Therefore we can use the first derivative from dsolve/numeric result to approximate the

second derivative of the desired variable:

D*(f)(@) = 3 (~3D()(a~ h) = 3D(f)(a) + D(f)(a+h) = =D(f)(a+2h) (5.12)

The MapleSim results and our Maple worksheet results are the same for damping, dis-
placement, speed, and acceleration. In Figures 5.4 and 5.5 there is a comparison between

displacement and speed. There is also a close agreement for damping and acceleration.



Figure 5.4: Maple result for displacement and speed for the non-linear damper with a

linear spring.
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5.3 Multi-domain system in MapleSim

In MapleSim there are many models that are built by combination of two or more systems
from different fields. An example is a slider crank which is attached to a DC-motor. The
DAE system of this model contains a piecewise function and due to the attached slider
crank it has missing constraints. What should we do when we have a piecewise function
and we need to use Bertini which accepts just polynomials? In the following example we

answer this question,

5.3.1 A DC-motor attached to a slider crank

A DC-motor is an electric motor that runs on direct current (DC) electricity. This system
uses electrical energy to produce mechanical energy. Here, we attached this system to a
slider crank to observe the speed of slider crank [3]. This MapleSim model is given in

Figure 5.8.

T

| PfObaa | | _. ".’cmén?t- | | | . :
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_ _grﬂhi,ﬁ _ ' ' _ _ Connocb'@g‘?od‘__
Probe1
"o s .i °
- w |
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Figure 5.8: The slider crank system attached to a DC-motor in MapleSim.

'The DC-motor subsystem in MapleSim which contains an RLC-Circuit with an elec-

tromotive force (EMF), Inertia, and Rotational Damper is shown in Figure 5.9.
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Figure 5.9: The DC-motor subsystem in MapleSim.

An electromotive force (EMF) is an electric/mechanic transformer, Inertia is a 1-D
rotational component with inertia, and Rotational Damper is a linear 1-D rotational
damper. Parameters in this subsystem are chosen to be resistance of Resistor 1 Q,
inductance of Inductor i Henry, transformation coefficient of EMF 0.01 £%. The DC-
motor is connected to a Step which generates a real step signal. We choose the height of

this step, for instance, to be 2000.

The DAE system of this model from the Modelica file is 72 X 72 system of the forms :

X15(t) = 0, X20(t) = 0, X 14(¢) — X16(t) =0,...

d d d
X7(t) - —X8(t) = 0,X23 - —X21(t) = 0,X30 - = X60(t) = 0,...
X3(t) = msim/PIECEWISE(X4(t) < 0,0, true, 2000), (5.13)

2sin( X 55(t)) + sin(X54(t)) = 0, X53(t) = 2 cos(X55(t)) + cos(X54(t)),. ..

Here X4(t) = .msim_time = t. We use DEtools[rifsimp] on the first two rows of (5.13)
and substitute the result into the rest of the DAE system. This simplifies the system to

a 5 X 5 system of equations. Moreover, we replaced the msim/PIECEWISE function in
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the system by a Maple piecewise function. The simplified system is:

2sin(X55(¢)) + sin(X68(t)) = 0,

%%(Xg(t)) + X9(t) + 0.01%(){68@)) - <\ 2002 Z;er:: , (5.14)
X53() = 2 cos(X55(2)) + cos(X68(t)), .

3%(X68(t)) cos(X68(t)) cos(X55(t)) + 3522 (X68(2)) sin(X68(t)) sin(X55(t)) + . ..,

3. 265—25(X68(t)) +32 i 5 (X55(t)) cos(X63()) cos(X55(t)) + 35:2 (X55(t)) sin(X68(2)) ..

Here X68(t) = Probe3-phi, X53(t) = Probel-s, and X55(¢) is the angle made by
ConnectingRod subsystem with ground in Figure 5.8. Also X9(t) is direct current of
electricity, and X49(t) is the Lagrange multiplier for the system.

At this point, we apply fast prolongation for this system with variables X9(t), X49(¢),
X53(t), X55(t), X68(t) and obtain:

Cl=2, 02=0, C3=0, C4=0, C5=0

di=1,d=0,ds =0, dg =2, ds = 2. | (5.15)

Therefore, based on (5.15), we need to differentiate first equation of (5.14) twice to obtain
missing constraints. However, there is no need to differentiate the other equations in this

system, since for ¢ > 1 we have ¢; = 0. The missing constraints are:

) cos(X55(t))gz(X55(t)) + cos(XGS(t))%(X68(t)) = 0,
—2 sin(XSS(t))(-C-?;:-(X55(t)))2 + 2 cos(X55(t) j—;(X55(t)) —
sin(X68(t))(%(X68(t))) + cos(X68(t)) (X68(t)) — 0  (516)

Then, we make three block structures in order to find consistent initial conditions. These

are obtained by the bottom up block method using Bertini. Recall, Bertini is unable to
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work with algebraic equations which contain functions such as sin and cos. So we have

to transform these functions to produce a polynomial system:

sin(X55(t)) = nl(t), cos(X55(t)) = n2(?),
sin(X68(t)) = n3(t), cos(X68(t)) = n4(t). (5.17)

Moreover, we have to add two relevant trigonometric identities n1(¢)? + n2(¢)? — 1 = 0,
and n3(t)%2+n4(t)*> — 1 = 0 and change to jet variable notation. The final block structure

which goes to Bertini is:

e Bp=[2*xnl+n3=0,n12+n2%2~1=0,n3%+n4?-1=0].

.Bl

2 *n2 * X55t + nd x X68t = 0).

o By =[-2x%nlx X55t2 + 2% n2 x X55tt — n3 x X68t% + nd x X68tt = 0, X53 = 2% n2 +

. | 0 for t<0
nd, 1 « X9t + X9+ 0.01 x X68t = ,

2000 otherwise
3x X68ttxnd*xn2+3x X68tt*xn3*nl+6xX55tt —2%n2x X49+29.43%xn2—3*xn2+ X682 % -

n3+3xnl x X68t2xnd = 0,3.26 % X68tt + 3 X55tt x nd *xn2 + 3 x X55tt xn3xnl — nd *
X49+24.525 x nd — 3 xnd x X55t% xnl + 3 xn3 x X55t2 xn2 4 0.1 x X68¢t — 0.01 x X9 = 0].

We choose initial time to be zero and send the bottom block, By, to Bertini. When
Bertini gives back the result, we substitute that result in the next block and send it to

Bertini again. This is continued up to Bj, except here for B, we need to do one more job
4

. . _ 0 for t<O o . ,
due to the piecewise function, < . This piecewise function should be

\ 2000  otherwise
evaluated at ‘initial time’=0 since Bertini does not accept piecewise functions in its input

file. In addition to substitution of Bertini’s solution from other block in Bs, we need to
substitute ¢ = 0 and evaluate B, at this point as well. Therefore, that special equation
with piecewise function in B; is changed to %*X 9t + X9+40.01% X68t = 2000 and Bertini

is able to solve it.
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Chapter 6

Models with Singularities

6.1 Introduction to models with singularities

There are many works done on singularities of multibody systems. This motivated us to
investigate singular cases arising in MapleSim models. Arponen, Piipponen, and Tuomela
in {18, 19| analyzed the singularities of planar multibody mechanisms such as the “An-

drews squeezing system”, and various closed bar mechanisms.

The equation of the systems above take the Lagrangian form:
4
f(t, U, U, Uty + « /\) = 0,

< 6.1)
g(t,u) =0, (

\

where the function f describes the dynamical equations and g gives the constraints.
Here u € R™ are the (generalized) position coordinates, u;, and uy are first and second
derivatives, respectively, and A represents the Lagrange multipliers. A singular point is
where the number of degrees of freedom of the system changes. Mathematically these
are the points where the rank of the Jacobian of g drops and is not full rank [20, 21].

- There are some differences between [18, 19, 20] and our work. For example [18, 19, 20]
do not consider the actual dynamical equations and a.nalyze only the constraints given

by g. However, in our approach we work with the whole system.

Based on [20], the singularities can be handled in one of the following ways:
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o Avoided, or
e Compensated, or
¢ Eliminated.

Avoiding singularities mean we keep solution paths away from singularities. The works
[18, 19] are directed at finding the set of such singularities for multibody systems. Arpo-
nen [20] shows that a two bar slider crank admits a singularity if and only if the lengths
of the bars are equal. Thus a slider crank with different length bars we considered in
Section 4.2.1 is an example of the techniques of avoiding singularities. Compensating
for singularities means using techniques to overcome or compensate for the singularity.
Elimination. means that we find the singularity’s cause and reformulate the equations in
such a way that the cause of singularity is eliminated. Arponen in [20] uses a different
approach to [18, 19] in that he presents a new methdd for eliminating singularities for a
large class of multibody models.

The papers [18, 19, 20] use algebraic tools such as fitting ideals, Grébner bases etc,
which work only for polynomial systems. They used the Singular freeware [35] which
is a computer algebra system for polynomial computations with special emphasis on
the needs of commutative algebra, algebraic geometry, and singularity theory. Since
multibody equations contain trigonometric functions, to use algebraic techniques, the
constraints equations need to be changed to polynomial form. We also need to change
from trigonometric to polynomial form to use the Bertini software for polynomial systems.

There are two ways to formulate models of multibody dynamics. The first one uses
a minimum number of variables with constraint forces eliminated, e.g. in slider crank
using 7,8 as the variables where r is the bar length and @ is the angle which is made
by the bar. This is an example of the elimination method. The other formulation uses
Cartesian coordinates, keeping the constraint forces within the equations of motion which
are augmented by the constraints. This is called the augmentation method and the system

is said to be in descriptor form.

The method in {20] by Arponen for the slider crank works in descriptor form. Arponen
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used Cartesian coordinates (z;,y:) based on positions of the two bars. Our method for
the slider crank is an elimination method. We start with r and 8 and only convert to

polynomial form for these equations being solved by Bertini.

6.1.1 Equal-length bar slider crank

We consider an equal-length bar (length=1 meter) slider crank (see Figure 6.1). This

system is known [20] to admit a singularity.

Figure 6.1: Equal-length bar slider crank.

In a similar manner to [20] we analyze the constraints. We start with bottom block.
Finally, after constructing all blocks use of Bertini enables us to find the singular points.

We now give a formal definition [18] of singular points:

Definition 6.1.1. Let f : R® — R* be any smooth map where k < n and let df be its
Jacobian matriz. Let M = f~1(0) C R™ be the zero set of f. A point ¢ € M is a singular

point of M, if df does not have mazimal rank at q.

We observe that the MapleSim simulation is very slow near the singularity. This occurs
because as the Jacobian becomes singular the step size is made smaller and smaller to
retain accuracy.

In particular we set the final time, ¢; in MapleSim to be 10 seconds but found that

the simulation stops at 1.605 seconds with a message indicating a possible singularity
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at t = 1.625. We generate a Modelica file for our system and transfer all the'system’s
information to a Maple worksheet. The slider crank figure in MapleSim simulation at the
singular point corresponds to the animations below in Figures 6.2 and 6.3. In particular

we observe as does Arponen [20] that the singularities occur where the bars overlap.

Figure 6.2: Near singular configuration of the equal-length bar slider crank.

Figure 6.3: Near singular configuration of the equal-length bar slider crank.
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As discussed in Section 4.2.1 the DAE system of this model is a 23 x 23 system which
simplifies to a 4 X 4 system. Then, using the fast prolongation package, two missing

constraints are found. They are used to determine the blocks:
e By = [sin(X17(t)) + sin(X9(¢)) = 0].
o By = [cos(X17(t)) £ X 17(¢t) + cos(X9(t)) £X9(t) = 0].

o By = [-sin(X17(¢))(£X17(t)) + cos(X1'7(t))af%X17(t) — sin(X9())(£X9())? +
cos(XQ(t))ggXQ(t) = 0, X6(t) = cos(X17(t)) + cos(X9(t)),...]

The variables X9(t), X17(t) are indicated in Figure 6.4.

Figure 6.4: Variables for the slider crank.

In terms of probes, X9(t) is Probe2-phi and X6(¢) is Probei-s. Unlike the slider
crank in [20] that only uses Cartesian coordinates, we only change our system to such
polynomial coordinates system when required by the Bertini software. The blocks after

changing to such coordinates are:
e By=[n3+nl=0,n1%2+n2%—1=0,n3%+n4%~1=0]
e B =[nd»xX17t +n2* X9 = 0).

¢ By = [-n3* X17t% +nd+ X17tt — nl* X9t% +n2+ X9t = 0, X6 = nd +n2, 3.25 » X 9tt +
1.5% X17tt xn2xnd + 1.5 X17tt x nl *n3 — n2+ X11 +24.525 x n2 — 1.5 % n2 x X 17t% *
n3+1.5xnl*x X172 «xnd =0,1.5 x X9t xn2xnd + 1.5 x X9tt x nl *n3 + 2.25 » X17tt —
nd x X114+ 14.715x nd — 1.5 ¥ nd x X9t2 x n1 4+ 1.5 x n3 * X9t? x n2 = Q).
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Here sin(X9(t)) = nl, cos(X9(t)) = n2, sin(X17(t)) = n3, and cos(X17(t)) = n4.
We use the initial condition X9(t) = n/4 from the Modelica file. We use bottom up
substitution with Bertini in order to find all initial conditions for this system. When
Maple’s dsolve/numeric is used it gives a max number of steps exceeded (maxfun)
error, due to the singularity. Graphs of Probe2.phi (X9(t)) close to the singular point

are given in Figures 6.5 and 6.6.

Figure 6.5: Probe2.phi result close to singular point P by dsolve for DAE system of the
equal-length bar slider crank.

}
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~
~N

-1.570- \

T . P
-1.57+ \

x \\

1572 \\
sm \

) 3,
=574+ \

Figure 6.6: Probe2.phi result close to singular point P of the equal-length bar slider
crank.
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The result from MapleSim and Maple worksheet are the same as each other before

this singular point, at £ = 1.625:

Probe2:phi

634

N\

-035 -

~-1.54

Figure 6.7: Maple result for the equal-length bar slider crank before singularity at ¢t =
1.625.
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Figure 6.8: MapleSim result for the equal-length bar slider crank before singularity.

Now we want to investigate the origin of the singular point. Based on Figures 6.2 and

6.3 the singular point occurs when:

XHt) =n/2, X17(t) = —7/2, X6(t) =0,
nl=1,n2=0,n3=-1,n4=0. (6.2)
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or

X9(t) = 3n/2, X17(t) = —3m/2, X6(t) =0,
nl=-1,n2=0,n3=1,n4=0. | (6.3)

Like Arponen in [20] and Piipponen in [19], we want to find the polynomial decomposi-
tion of the bottom block which contains all constraints. Decomposition is a generalization
of polynomial factorization (see [21]). Therefore, we use Bertini to decompose the bottom

block:
n3+nl=0n1*>+n22-1=0,n32+n4®>=1. (6.4)

The Bertini input file for this system of polynomials is:

CONFIG

TRACKTYPE: 17

END;

INBUT

variable group nl, n3, n2, n4;
funcrion £1,f2,£3;

f£i=n34+nl;

f2=nl"24n2"2-1;
£3=n3"2+n4~2-1;

END;

Figure 6.9: A sample Bertini input file.

We choose TRACKTYPE:= 1 in the file 6.9 (TRACKTYPE:= 0 by default). This instructs
Bertini to use its positive dimension solver. Recall from Chapter 3, Bertini can give
dimension and degree of the components in the decomposition of a polynomial system.
It also gives some information about singularities. Bertini shows that there are two

components each degree two and dimension one which are both nonsingular:

e Component-1: C;:nl+n3 =0, n2 —nd =0.

e Component-2: Cy:nl+n3 =0,n2+n4 =0.



In angular coordi;lates this is equivalent to:

e Component-1: sin(X9(t)) = —sin(X17(¢)), cos(X9(t)) = cos(X17(t)).

e Component-2: sin(X9(t)) = —sin(X17(t)), cos(X9(¢)) = — cos(X17(t)).
Thus one of the cases is:

e Component-1: T3 : X17(¢t) = —X9(¢t).

e Component-2: T, : X17(t) = X9(¢) — 7.
Figures 6.10 and 6.11 shows the components 77 and T5.

0 .
~ singular
position

Figure 6.10: First component of bottom block for equal-length bar slider crank.

©

singular
position

& ]

l"g
&

Figure 6.11: Second component of bottom block for equal-length bar slider crank.
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As we found in {19, 20|, the singular points are at the intersection C; N Cy of these

two components:

CiNCy={nl=1,n2=0,n3=-1,nd=0}or{nl=-1,n2=0,n3 =1, nd =0}.
Now we want to show that the Jacobian of (6.4) is full rank for these two components
and it is not full rank at their intersection. The Jacobian of (6.4) respect to [n1,n2,n3, nd]

1S:

1 0 1 0
2nl 2n2 0 0 (6.6)
0 0 2n3 2nd

oL A T ML, T W AT et e P e R T e e e T D

We can check and see that rank of the Jacobian at each point of (6.5) is 2 which is not

full rank (= 3). However at C) and C; it is 3 which is full rank (= 3) away from C, N Cj.

Now I would like to show bottom block decomposition using r, 8 coordinates (i.e using

the elimination method).

Figure 6.12: Equal-length bar slider crank position.

In Figure 6.12

X1 =rlcos(X9(t)), Y1 = rlsin(X9(t)),
X2 =r2cos(X17(t)), Y2 = —r2sin(X17(t)). (6.7)
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Therefore, the bottom block constraints will be:

X1’+Y1* =1,
X2 +Y22 =1, (6.8)
Yi=Y2.
In angular coordinate (6.8) is:
ri? —1=0,
r2*> —1=0, (6.9)

r1sin(X9(t)) + r2sin(X17(t)) = 0.

The decomposition of (6.9) is:
o Component-1: rl =1, r2 =1, sin(X9(¢t)) + sin(X17(¢)) = 0,
o Component-2: rl =1, r2 = —1, sin(X9(t)) — sin(X17(¢)) = 0,
. Component—l3: rl=—1,r2=1, —sin(X9(¢t)) + sin(X17(¢)) = 0,
e Component-4: rl = —1, r2 = —1, sin(X9(t)) + sin(X17(¢)) = 0,

Components 2, 3, and 4 are physically impossible since the bar lengths, r1, 72 are positive

and one. The only physically possible component is Component-1 which yields the cases:

r

Ti : X17(t) = —X9(t),

[rl =1, r2 =1, sin(X9(¢)) + sin(X17(t)) = 0] = «
T, : X17(t) = X9(¢t) — .

(6.10)

\

Thus using elimination method (r, § system) we can have two components which are the
same as before related to Figures 6.10 and 6.11. Therefore the two methods give the
same result.

Recall from Chapter 3, the Bertini software is able to give information é.bout singular

and non-singular solutions of a system. In order to do that, we can convert By, By, and
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B, to a system of polynomials. In particular Bertini’s input file contains:

n3+nl =0,

nl? +n2? —1=0,

% n3? 4+ na? —1=0,

nd x X17t +n2 x X9t = 0,

; ~nd * X17t% + nd x X17tt — nl x X9t* + n2 x X9t = 0, (6.11)
5; X6 = nd +n2,

3.20 x XOtt + 1.5+ X17tt *n2 xnd + 1.5 * X1Ttt * nl * n3 — n2 » X114

24.525 xn2 — 1.5 % n2 x X17t> *xn3 + 1.5 xnl x X17t? ¥ nd = 0,

A SPELR o G b T M R Y

1.5%x X9t *xn2*xnd+ 1.5% X9ttt xnl *xn3+ 2.25 % X17tt — nd x X11+
14.715%xn4 ~ 1.5 % nd * X9t2 xnl + 1.5 xn3 * X9t x n2 = (.

Bertini shows that there are six two-dimensional components shown in Table 6.1.
singular | dim Equations of components

N 2 X17t = X9t, X17tt = X9tt, X6 =0, nl+n3 =0, n2 +nd =0

N 2 X1t =-X9%, X17tt = -X9%t, n1 +n3=0,n2—nd =0

Y 2 | X1t =X, X1Ttt=X6=X9%t =0,nl=-1,n2=0,n3=1,nd4d =0
-:f_ Y 2 | X1Tt=—-X9t, X1Ttt =X6=X%t=0,nl=1,n2=0,n3=-1,nd =0
Y 2 | X17t=X9, X17tt=X6=X9%t=0,nl=1,n2=0,n3 =~-1,nd =0
Y 2 | X17t=-X9%, X1Ttt =X6=X%t=0,nl=-1,n2=0,n3=1,nd =0

Table 6.1: Six components from Bertini for solving all blocks of equal-length bar slider
crank
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Chapter 7

Conclusion and Future Work

The analysié of nonlinear systems of DAEs is becoming more common in applications. For
such systems, it is required to uncover all hidden constraints in order to determine their
initial conditions and numerically solve them. In general, this can be more challenging
when DAEs are complicated and automatically generated by a computer software. In
this thesis, we worked on DAE systems which arise from MapleSim software. MapleSim'
is & multi-domain modeling and simulation tool which enables us to make models from
diverse fields. This software is powered by the Maple software and systems of DAEs from

the MapleSim models can be transferred to Maple worksheet. |

Wu, Reid and Ilie introduced a fast numeric geometric approach [1, 2] in the framework
of Riquier Bases for PDAEs. In those works, it is shown that this approach can be very
useful in finding all missing constraints for such systems. Their methods are applicable
to a class of PDAEs that are square systems dominated by pure derivatives in one of
their independent variables with respect to some partial ranking. They showed for this
class, only differentiations (prolongations) with respect to one independent variable are
needed to determine missing constraints. Their method is called the fast prolongation

method.

Since system of DAEs are dominated by pure derivatives in ¢ (time here), we used
the fast prolongation method to find missing constraints and consistent initial conditions

for solving DAE from MapleSim. One of the contribution of this thesis is to show that



76

the fast prolongation method can be successfully applied to many MapleSim models from

- diverse fields.

We created some of the models and others were obtained from MapleSim example
menus. The systems of DAEs from MapleSim usually contain many simple redundant
equations. Another contribution is to show that these can be used to dramatically re-
ducé the number of variables and equations in the system. In particular we used Maple’s
DEtools[rifsimp] on those redundant equations to simplify the systems. Next, the fast
prolongation package is applied to the simplified system in order to find missing con-
straints. If any missing constraints are found, the block structure is computed. We use
the block structure and Bertini to find initial conditions and finally numerically solve the
DAE system. There is a discussion about our algorithm for MapleSim generated DAE
models in Chapter 4. A slider crank system in MapleSim is used here to illustrate our

~ approach.

The Bertini software is a global homotopy continuation solver introduced by Sommese
et al. [16]. Bertini applies to polynomial systems rather than algebraic equations to find
zero dimensional (isolated) solution as well as representing positive dimensional solution
sets of polynomial systems. It uses witness points to represent positive dimensional

solution sets (see Chapter 3). In Chapter 3 we also discussed homotopy continuation

methods.

In Chapter 5 we consider two MapleSim models: a nonlinear damper with a linear
spring and a DC-motor attached to a slider crank system. We made a nonlinear damper
with a linear spring using a so-called custom component. Such custom components are
a powerful feature of MapleSim and allow us to add new components to the MapleSim
library. A DC-motor attached to a slider crank system is a multi-domain model with a
piecewise function. In particular we successfully used our methods with Bertini on such
a system. We discuss the way Bertini should be used when we have piecewise function

which is not acceptable in the Bertini input file.

Another goal in this thesis was to work on models with singularities. In particular

the work on singularities [18, 19, 20] by Arponen, Piipponen, and Tuomela motivated us
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to study the singﬁlarities of an equal-length bar slider crank. In Chapter 6 we compare
our method on singularities with the methods in [18, 19, 20]. Also we show how to use
Bertini to detect singularities.

The fast prolongation method only works on square DAE systems. Although most of
the MapleSim models have equal number of variables and equations after simplification,
non-square (overdetermined) DAE systems can be generated. An important future work
is to extend this method to non-square systéms. - |

Only a few of the MapleSim models we studied so far have missing constraints. An
important future work is to study MapleSim models with missing constraints.

Another important future research area is to study models with singularities. Arpo-
nen, Piipponen, and Tuomela analyzed the singularities of planar multibody mechanisms
such as the “Andrews squeezing system”, and various closed bar mechanisms. Making
these models in MapleSim and analyzing their singularities using the techniques of the
thesis would be a very interesting future work. |

The last but not least open question and future work is how to apply fast prolongation
method to systems of DAEs from hybrid models. Hybrid models are models with switch-
ing. In these models there is at least one condition on the system which discontinuously

changes the DAE system if that condition is satisfied. For example the DAE system may

contain a condition such as.

if X3(t) <5 then X9(t) = -5 otherwise %XS(t) = . (7.1)
Therefore the DAE system ban discontinuously change. A very interesting open question

is how to apply fast prolongation to this kind of system.
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