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ABSTRACT

This dissertation presents implicit spectrally-accurate algorithms based on the concept of
immersed boundary conditions (IBC) for solving a range of computational fluid
dynamics (CFD) problems where the physical domains involve boundary irregularities.

- Both fixed and moving irregularities are considered with particular emphasis placed on

the two-dimensional moving boundary problems. The physical model problems
considered are comprised of the Laplace operator, the biharmonic operator and the
Navier-Stokes equations, and thus cover the most commonly encountered types of
operators in CFD analyses. The IBC algorithm uses a fixed and regular computational
domain with flow domain immersed inside the computational domain. Boundary
conditions along the edges of the time-dependent flow domain enter the algorithm in the
form of internal constraints. Spectral spatial discretization for two-dimensional problems
is based on Fourier expansions in the stream-wise direction and Chebyshev expansions in
the normal-to-the-wall direction. Up to fourth-order implicit temporal discretization
methods have been implemented. The IBC algorithm is shown to deliver the theoretically

predicted accuracy in both time and space.

Construction of the boundary constraints in the IBC algorithm provides degrees of
freedom in excess of that required to formulate a closed system of algebraic equations.

The ‘classical IBC formulation’ works by retaining number boundary constraints that are

~ just sufficient to form a closed system of equations. The use of additional boundary

constraints leads to the ‘over-determined formulation’ of the IBC algorithm. Over-
determined systems are explored in order to improve the accuracy of the IBC method and
to expand its applicability to more extreme geometries. Standard direct over-determined
solvers based on evaluation of pseudo-inverses of the complete coefficient matrices have
been tested on three model problems, namely, the Laplace equation, the biharmonic

equation and the Navier-Stokes equations. In all cases tested the over-determined
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formulations based on standard solvers were found to improve the accuracy and the

range of applicability of the IBC method.

Efficient linear solvers suitable for the spectral implementation of the IBC method have
been developed and tested in the context of two-dimensional steady and unsteady Stokes
flow in the presence of fixed boundary irregularities. These solvers can work with the
classical as well as the over-determined formulations of the method. Significant
acceleration of the computations as well as significant reduction of the memory
requirements have been accomplished by taking advantage of the structure of the
coefficient matrix resulting from the implementation of the IBC algorithm. Performances
of the new solvers have been compared with the standard direct solvers and are shown to
be of up to two orders of magnitude better. It has been determined that the new methods
are by at least an order of magnitude faster than the iterative methods while removing
restrictions based on the convergence criteria and thus expanding the severity of the
geometries that can be dealt with using the IBC algorithm. The performance of the IBC

method combined with the new solvers has been compared with the performance of a

“method based on the generation of the boundary conforming grids, and is found to be

better by at least two orders of magnitude. Application of the new solvers to the unsteady
problems also results in performance improvement of up to two orders of magnitude. The
specialized solvers applied to the over-determined formulation is shown to be at least two
orders of magnitude faster than their standard counterparts while capable of extending
the range of applicability of the IBC algorithm by 50%-70% for the Stokes flow problem.
The concept of the specialized solvers has been extended to solve two-dimensional
moving boundary problems described by the Navier-Stokes equations, where the new
solver has been shown to result in a significant acceleration of computations as well as

substantial reduction in memory requirements.

The conceptual aspects of extending the IBC algorithm for solving three-dimensional
problems have been presented using the vorticity-velocity formulation of the three-
dimensional Navier-Stokes equations. Test results on the implementation of the IBC

algorithm for three-dimensional problems are discussed in the context of heat diffusion
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problems in the presence of fixed as well as moving boundaries. The algorithm is shown
to be spectrally-accurate in space and capable of delivering theoretically predicted
accuracy in time for the different test problems. Given a potentially large size of the
resultant linear algebraic system, various methods that take advantage of the special
structure of the coefficient matrix have been explored in search for an efficient solver,
including two versions of the specialized direct solver as well as serial and parallel
iterative solvers. Both versions of the specialized direct solver have been shown to be

more computationally efficient than the other solution methods.

Possible applications of the IBC algorithm for analyzing physical problems have also
been presented. The advantage of using IBC algorithm is illustrated by considering its
application to two physical problems, which are — 1) analysis of the effects of distributed
roughness on friction factor and ii) analysis of traveling wave instability in wavy
channels. These examples clearly show the attractiveness of the IBC algorithm for

studying effects of a large array of boundary geometries on the flow field.

Keywords: Computational fluid dynamics (CFD), spectral method, immersed boundary
conditions (IBC) method, distributed roughness, moving boundary problem, implicit
method, Fourier expansion, Chebyshev polynomial, domain transformation (DT) method,

direct numerical simulation (DNS).
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CHAPTER 1

Introduction

1.1. Objective

The dissertation develops efficient, spectrally-accurate, temporally implicit gridless
algorithms that can be applied to various heat and fluid flow problems involving either

fixed or moving boundary irregularities.

1.2. Motivations

Boundary irregularities are encountered in many practical engineering problems pertinent
to flow of heat and fluids and are well known to affect the flow field. In general,
boundary irregularities can be classified into two different categories, namely, fixed and
moving. A regular two-dimensional physical domain that is devoid of any boundary
irregularity assumes the shape of a rectangle when investigated in a Cartesian frame of
reference while in a polar frame of reference the regular physical domain takes the form
~ of a circle. Therefore, for three-dimensional problems the shape of the regular physical
“domain in the Cartesian coordinates would resemble a rectangular box with flat surfaces
on all sides and in the three-dimensional cylindrical coordinates would resemble a plain
cylinder. Flow problems involving physical domains with stationary irregularities are
termed as the ‘fixed boundary problems’. On the other hand, flow problems where the
form of the boundary irregularities vary as a function of time with respect to the
laboratory frame of reference in a known and well prescribed manner, are referred to as
the ‘moving boundary problems’. Unlike the ‘free boundary problems’, where the

boundaries of the flow domain change shape in response to the evolution of flow, the



moving boundary problems allow accurate identification of spatial and temporal

locations of the flow boundaries a priori.

We are particularly interested in investigating boundary irregularities that have the form
of roughness, where the mean heights of the irregularities are very small compared to the
characteristic length of the flow domain. The individual roughness elements can have
different shapes and may be apart from each other by large enough distance forming
isolated roughness elements. Irregularities can also be spread all along the walls of
physical domain of interest, which are termed as distributed roughness. Corrugated
boundaries, therefore, also belong to the class of distributed roughness. From a physical
perspective, our research is focused on the analysis of the effects of distributed

roughness.

Among various effects, it is well known that surface roughness exerts crucial influence
on heat transfer rate [1], skin friction drag [1, 2] and transition of shear layers from
laminar to turbulent states [3, 4]. One of the principal motivations for the research work
has been the interest to examine the influence that fixed surface roughness can exert on
the hydrodynamic stability of shear layers in channel flows. Such studies allow devising
passive flow control strategies in order to accelerate or decelerate the laminar-turbulent
transition process through the design of properly structured roughness [5]. In this regard,
one first needs to compute the modified mean flow in the presence of stationary
roughness by solving the steady Navier-Stokes equations where high spatial accuracy is
“warranted. The next step is to forecast the behavior of the mean flow when it is subjected
to small perturbations using linear stability analysis, which predicts the growth rate of the
disturbances. In addition to high accuracy, the computational efficiency of the mean flow
solver is a substantial issue as a comprehensive hydrodynamic stability analysis requires
investigation of a vast array of geometric shapes. Algorithms that permit simple and
convenient modeling of the boundary geometries are tremendously advantageous in such
scenarios and, therefore, developing an efficient algorithm has been an important
objective for the present research. Finally, in order to study the evolution of instabilities

towards the final saturation state a tool needs to be developed to perform direct numerical



simulation (DNS) where once again the importance of the efficiency of the DNS solver

becomes as crucial as the accuracy it can deliver [6].

Flow problems with moving surface roughness also possess significant importance from
physical perspective especially in designing active flow control strategies [5]. Highly
accurate and efficient algorithms that are capable of solving such flows can be used as a
means to design active flow control systems where the shape of the roughness is adjusted
- dynamically in response to flow evolution. Besides this, researchers from various other
fields have been attracted to efficient algorithms for moving boundary problems. One of
the major motivations for the present research has been to develop an algorithm capable
of analyzing peristaltic and pulsatile flows that are encountered in the field of biomedical
engineering when one is interested in studying flows through the esophagus and
vasculatures, respectively. Any algorithm intended to examine such flows require the
capabilities - of handling flow involving deforming boundaries with high accuracy and
also in an efficient manner. This explains our motivation for developing an algorithm that
can efficiently handle moving boundary problems and deliver high spatial and temporal

accuracy.

1.3. Fixed boundary problems

We shall first focus on flow problems involving boundary irregularities that remain
stationary with respect to the laboratory frame of reference. In general, the numerical
' solution process works by approximating the governing partial differential equations
describing the physical flow with a set of algebraic equations through discretization and
the presence of boundary irregularities imposes a major challenge for any algorithm
employed for discretization. Over the years, researchers have developed numerous
algorithms to deal with such challenges. When the system of discretized equations is
represented in the matrix form, the corresponding matrix of the coefficients of the
unknowns is referred to as the coefficient matrix. In most algorithms, the algebraic

equations are derived by discretizing the field equations into a number of finite points or



elements or elemental volumes, thereby making the resultant discretization grid-
dependent. Methods based on finite-elements, finite-difference and finite-volumes are
examples of grid-dependent discretization procedures. On the other hand, there are
gridless methods where the discretization is not performed on any particular grid points
or elements and generally work by assuming global solutions based on expansion of
polynomials. For example, Galerkin-projection-based spectral method discretizes field

equations in a gridless manner.

1.3.1. Review of the available algorithms for fixed boundary problems

Most of the conventional algorithms for solving flow problems involving fixed
irregularities are based on the generation of boundary conforming grids that uses
standard finite-element, finite-volume or finite-difference schemes [1, 7]. Here one of the
grid lines coincides with each of the boundaries of the physical domain. These standard
methods suffer from a common limitation of lower spatial accuracy mainly attributable to
low-order of discretization schemes that are typically used for these methods. Higher
absolute accuracy can nevertheless be achieved using very fine grids but results in
unreasonable computational overhead while the use of higher-order schemes generally
necessitate substantial increase in efforts associated with formulations, grid construction
and programming implementations [8]. Moreover, computational efficiencies of all these
methods drop sharply when assigned to investigate a large array of boundary geometries
particularly due to substantial cost of generating the coefficient matrices for the different
* boundary shapes.

Some other methods are based either on numerical or analytical mapping of the physical
domain. Domain transformation (DT) method relies on analytical mapping of the
irregular physical domain into a regular computational domain allowing exact
enforcement of flow boundary conditions. DT method coupled with spectral
discretization of the transformed spatial coordinates is capable of delivering high spatial
accuracy [9, 10, 11]. However, analytical mapping contributes to substantial



complication in the transformed field equations resulting in significant cost for
generating the coefficient matrix. Therefore, spectral implementation of the DT method
is recommendable for solving flow problems with high degree of irregularities only [10,
11].

Domain perturbation (DP) method offers an alternative simple approach for handling
boundary irregularities. This method uses a regular computational domain and instead of
enforcing the boundary conditions along the edges of the physical domain the method
works by transferring the boundary conditions to a certain mean location [10, 11, 12].
However, the applicability of DP method is limited to problems with very small
amplitudes of roughness [11]. For flow over a rough leading edge it has been found that
the first-order DP method provides reasonable accuracy only for situations where flow
modifications induced by the boundary irregularities can be approximated by a linear
theory [13]. -

A novel approach for solving flow problems involving boundary irregularities was
proposed by Peskin in 1982 [14]. The method was based on the concept of immersed
boundaries. The idea was implemented for studying flow behavior around cardiac valves
and is generally referred to as the ‘immersed boundary (IB) method’. Similar to the DT
and DP methods, the IB method also uses regular computational domain, however, the
edges of the computational domain extends beyond the edges of the physical domain.
Therefore, the computational and physical boundaries may not necessarily coincide.
"Unlike the DP method, the physical boundary conditions in the IB method are enforced
along the edges of the physical domain that are immersed inside the extended
computational domain. Since the first work of Peskin, a number of variants of the
immersed boundary methods have been developed by various researchers and are
reviewed in [15, 16]. The original IB method as proposed by Peskin in the context of
cardiac mechanics problems has later turned into a popular tool for handling problems
involving fluid-structure interactions [16]. The physical boundary conditions on the
immersed boundaries are imposed using additional forcing and the nature of this forcing
is the fundamental distinguishing feature of the different variants of the IB method [15].
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The forcing, in general, may be either continuous or discrete [15]. In the continuous
forcing approach, the continuous governing equation is first modified by using a source
term or forcing function in order to account for the no-penetration and no-slip conditions
at the boundaries. The modified governing equation is subsequently discretized on a
Cartesian grid which implies that the general formulation involved is independent of
discretization technique [15]. In the case of the discrete forcing approach, the governing
equation is first discretized and then only the cells adjacent to the immersed boundaries
are adjusted to account for the physical boundary conditions. The discretization method,
therefore, plays an important role for the discrete forcing approach [15]. The elimination
of the cost of generating body conforming grids make the IB methods computationally
very efficient as compared to the methods that rely on constructing body conforming
grids discussed earlier. However, most of the IB methods are based on the low-order
finite-difference, finite-volume or finite-element techniques [15] and as a result suffer
from a common issue of low spatial accuracy. Moreover, the very physical concept of
local forcing along the immersed boundaries used to enforce the no-slip and no-
penetration conditions adds another level of uncertainty in these algorithms. The forcing
are capable of affecting the flow physics locally around the boundaries, which although
is difficult to quantify may lead to inaccurate representation of local wall shear as well as
other derivatives of the flow quantities. Any procedure that even locally changes the flow
physics may be unable to predict the second derivative of mean flow with sufficient
accuracy. This can lead to significant inaccuracy in the study of stability of shear layers
which are strongly affected by the second derivative of the mean flow. Aiming for higher
" spatial accuracy may lead to even further deterioration of tb1s problem. This particular
aspect of uncertainty associated with the IB methods have not been studied thoroughly

and requires systematic investigation.

1.3.2. The immersed boundary conditions (IBC) method

One of the common limitations for most of the methods discussed so far is low spatial

accuracy resulting from various low-order discretization techniques, which these



methods are mostly based upon. Spectral methods are well known to provide the highest
accuracy for spatial discretization of the field equations and, therefore, have become the
preferred approach particularly for direct numerical simulations [7]. However, most of
the standard implementations of the spectral method are restricted to regular geometries,
i.e., physical domains involving straight walls. Szumbarski and Floryan [17] developed a
novel algorithm for solving two-dimensional steady-state fixed boundary problems that
combined the inherent efficiency of the immersed boundary concept with the high
- accuracy of spectral discretization. This method is referred to as the immersed boundary
conditions (IBC) method in the present work. The discretization of the field equation in
the stream-wise direction where the flow is assumed to be periodic is implemented using
Fourier expansions, which reduces the governing partial differential equation into a set of
ordinary differential equations. Discretization in the normal-to-the-wall direction is
performed using expansions based on Chebyshev polynomials. Finally, a set of algebraic
equations in terms of the unknown coefficients of the Chebyshev polynomials are
derived using the method of Galerkin projection [18]. Boundary geometries in the IBC
algorithm are assumed to be periodic and are modeled using Fourier expansions.
‘Although it limits the applicability of the algorithm only to boundary shapes that are
expressible using Fourier expansions the resultant discretization process is gridless as all
possible variations of boundary geometries can be achieved by changing the Fourier
coefficients only. Such modeling of the geometries also substantially simplifies
programming numerous geometries, which are essentially defined by a set of Fourier
coefficients only. Unlike the IB methods discussed in the previous section, the IBC
method does not depend on any fictitious forcing to impose the physical boundary
conditions, rather transforms the original boundary value problem into an internal value
problem. The discretized boundary conditions, therefore, enter the algorithm in the form
of internal constraints. However, construction of the boundary constraints in the IBC
method provides degrees of freedom in excess of that required to formulate a closed
system of algebraic equations. The standard implementation of the IBC method as
presented in [17], accommodates the boundary constraints in a Tau like manner [18]
resulting in a closed system of equations and is referred to as the ‘classical IBC

formulation’. The first unsteady implementation of the IBC algorithm was done by
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Husain and Floryan [9] in the context of a simpler two-dimensional conductive heat flow
problem involving fixed boundaries. The superiority in computational efficiency of the
IBC method over the spectral implementation of the DT method is evident from the

results presented in [9].

1.4. Moving boundary problems

1.4.1. Review of the available algorithms for moving boundary problems

Researchers have developed a variety of algorithms over the years in order to deal with
the moving boundary problems. The different algorithms as a whole can be classified
into two categories, Lagrangian and Eulerian [19, 20]. Combinations of Lagrangian and

Eulerian schemes, termed as the mixed methods [19], have also been investigated.

Lagrangian methods are well suited for moving boundary problems [19, 20]. The
coordinate systems in these methods move along with the fluid, which implies that the
individual computational cells always contain the same fluid elements. The so called
Lagrangian velocities are functions of time and initial positions of all elements of the
fluid body. Lagrangian methods permit sharp identification and simple delineation of the
moving boundaries thereby allowing precise enforcement of the boundary conditions.

However, Lagrangian methods are not suitable for problems where there is a possibility

of significant mesh distortion [19, 20]. For such problems the Lagrangian algorithms

suffer from problems of mesh tangling and numerical instabilities related to highly
distorted meshes that consequently results in loss of numerical accuracy [19, 20].
Possible remedial measures to deal with mesh distortion and associated problems are

reviewed in [19, 20].

An Eulerian algorithm, in general, works with coordinate system that is stationary in a
laboratory frame of reference. However, in certain cases the coordinate system for an

Eulerian scheme may move in a prescribed manner in order to account for the



continuously changing solution domain [19, 20]. Eulerian algorithms can be divided for
convenience into three sub-categories, namely, fixed grid, adaptive grid and various

mapping methods [19].

In the fixed grid methods, the grid is fixed in the solution domain and the location of the
moving boundaries can be tracked using either surface [21] or volume tracking
procedures [22]. The algorithms based on surface tracking track the moving boundaries
using a series of interpolated curves through a discrete set of points whose motions
during the solution process allow precise identification of the boundary locations [22,
23]. The high memory requirements associated with the necessity to store the locations of
the points and other relevant information is a major drawback for the surface tracking
methods particularly for problems with highly deforming boundaries [20]. The volume
tracking algorithms on the other hand work by reconstructing the boundaries using
marker quantities whenever necessary and, therefore, do not require storage of the
boundary locations. The presence of a convenient marker within a computational cell and
its quantity forms the basis of the various boundary reconstruction methodologies.
Different versions of volume tracking algorithms exist, e.g., volume of fluid (VOF) [24],
marker and cell (MAC) [25] and level set [26, 27] methods. These methods are based on
standard spatial discretization schemes with low order of accuracy for the field equations,
which are consistent with the diffused locations resulting from the boundary

reconstruction processes.

" The adaptive grid Eulerian methods for moving boundary problems rely on numerical

mappings to adjust the grids at each time step so that two of the grid lines always overlap
with the moving boundaries. Very high computational costs attributable to grid
reconstruction at each time step act as a major predicament for these methods. For
example, around 75% of the total computational cost for the problem discussed in [28] is
attributable to the grid construction process alone. The computational costs for these
methods are not affected significantly by the choice of spatial discretization techniques.
The requirement of high accuracy in solution may lead to numerous challenges as the

overall error is contributed by the error in grid generation as well as error from spatial
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and temporal discretizations éf the field equations. Analytical mapping of the irregular
physical domain into a rectangular computational domain in the case of DT method can
help in improving the accuracy at the cost of increased complexity of the field equations
[9, 29]. However, such mappings are available only for a limited class of geometries [19]
and reconstruction of the coefficient matrix during each time step can add to the overall

computational cost by a substantial margin [9].

-On the basis of the discussions on the various algorithms in the present section, it is
evident that optimizing the requirements of high accuracy and computational efficiency
constitutes the greatest challenge for any algorithm employed for solving moving
boundary problems. Immersed boundary (IB) methods, as discussed in Section 1.3.1, are
inherently better suited to deal with the variability of geometries of the solution domain.
In fact, the concept as first proposed by Peskin [14] was applied to blood flow around the
valves of a beating heart. Although the basic underlying concept of the IB methods make
them efficient in dealing with moving boundaries, most of the IB methods for the moving
boundary problems suffer from similar limitations as has been discussed for the fixed
boundary problems, i.e., low spatial accuracy and uncertainties associated with the use of

additional forcing to satisfy the boundary conditions.

1.4.2. IBC algorithm as applied to the moving boundary problems

"~ The accuracy of any algorithm applied for solving moving boundary problems is
‘influenced by two dominating factors — i) the precision in representation of the temporal
and spatial locations of the boundaries and ii) the error associated with the scheme
employed to discretize the field equation. The IBC method relies on spectral
discretization of the spatial coordinates of the field equation and allows sharp
identification of the locations of time-dependent physical boundaries. The algorithm is
conceptually similar to the fixed grid Eulerian methods. As the algorithm works with an
extended computational domain, therefore, the physical domain at any instance of time is

immersed inside the computational domain. The field equations are required to be



g o e b e st et e i R L e e L

11

discretized only once for the complete simulation and during every time step only the
boundary conditions are discretized using the IBC concept to account for the change in
boundary locations. This reduces the cost of generating the coefficient matrix
significantly as only the part of the matrix corresponding to the boundary conditions are
required to be reconstructed at every time step. Special solution methodologies can be
developed that take advantage of this characteristic of the IBC algorithm in order to

reduce the effective size of the system of equations required to be solved at each time

step by a substantial margin without comprising the spectral accuracy in the spatial

dimensions.

1.5. Preview of the dissertation

The materials presented in this dissertation are organized in seven chapters. This section
is intended to provide a preview of the material presented in the different chapters.
Chapters 2 to 4 are derived from manuscripts that have already been published or
accepted for publication in various scientific journals. Chapters 5 and 6 are based on
manuscripts that have been submitted to scientific journals for publication and are
currently under review. The structure of the dissertation follows the integrated-article
format and therefore, Chapters 2 to 6 retain the contents of the relevant manuscripts in

their entirety without the associated abstracts.

" Chapter 1 provides information regarding the objectives of the present research along

‘with the motivating factors. It also briefly discusses the various algorithms available for

handling fixed and moving boundary problems along with their respective limitations
with the aid of the existing literature. The chapter also introduces the concept of
immersed boundary conditions in conjunction with a concise discussion on the basic
traits and prospective advantages and limitations of the algorithm in the context of both
fixed and moving boundary problems.
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Chapter 2 presents the application of the IBC algorithm for moving boundary problems
in the context of two-dimensional conductive heat flow. The physical mechanism of
diffusion is governed by a linear second order partial differential equation described by
the Laplace operator. The model problem, therefore, permits convenient characterization
of the fundamental disposition of the IBC algorithm when employed for moving
boundary problems. Comparisons of different versions of iterative solvers that take

advantage of the unusual structure of coefficient matrix resulting from the

- implementation of the IBC method are also presented. The computational cost advantage

of the IBC method as compared with the spectral implementation of the DT method is
demonstrated as well with the aid of [9].

Chapter 3 deals with the extension of the IBC algorithm to two-dimensional Stokes flow
involving moving boundaries. Stokes flow when formulated in terms of the stream
function is-described by the biharmonic operator, which is a fourth-order linear partial
differential equation. One of our principal objectives is to employ the IBC algorithm for
solving moving boundary problems described by the three-dimensional Navier-Stokes
equations. When such a problem is posed in terms of the velocity-vorticity formulation
(with elimination of the pressure), the Laplace and the biharmonic operators become the
main constituents. Therefore, the Stokes flow problem chosen in Chapter 3 is the natural
step in the investigation of the extension of the IBC algorithm from the heat conduction
problem towards the full Navier-Stokes problem. Moreover, from a physical perspective
most flows in micro-channels fall under the purview of the Stokes limitation and for that

matter spectrally-accurate algorithm for handling Stokes flow is going to be very useful

* tool as well. Effectiveness of various iterative solution strategies that take advantage of

the special structure of the coefficient matrix resulting from the implementation of the
IBC algorithm are also explored in this chapter.

In Chapter 4, an over-determined formulation of the IBC algorithm (as opposed to the
‘classical formulation’ referred to earlier) is proposed by using additional boundary
constraints that result from the discretization of the physical boundary conditions with
the use of the IBC algorithm. Use of the additional constraints that leads to over-
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determined systems are explored in this chapter in order to improve the accuracy of the
IBC method and to expand the applicability of the method to more extreme geometries.
Possible improvement of accuracy through the use of the over-determined formulation
could be problem dependent. Therefore, the formulation has been tested on three model
problems, i.e., the Laplace equation, the biharmonic equation and the Navier-Stokes
equations; and thus the chapter covers the most commonly encountered types of

operators in computational fluid dynamics problems.

Specialized linear solvers suitable for the spectral implementation of the Immersed
Boundary Conditions (IBC) method are developed and tested in Chapter 5. For
convenience, Stokes flow is considered as the model problem. The efficient specialized
solvers have been implemented for both the classical and the over-determined IBC
formulations. Performances of the new solvers have been compared with the standard
direct solvers and different iterative solvers. The performance of the specialized IBC
solvers has also been compared against spectrally-accurate domain transformation (DT)
method, which is based on the generation of the boundary conforming grids. Application
of the new solvers to the unsteady fixed boundary problems has also been investigated.
The purpose of developing the new solvers has been to make three-dimensional
calculations using the IBC method practically feasible by reducing the computing costs
for the irregular geometries (e.g., channels bounded by corrugated walls) close to the

computing costs for the regular geometries (e.g. channels with straight walls).

"Chapter 6 presents the extension of the IBC algorithm as applied to simulations of

viscous flows with moving boundaries described by the two-dimensional Navier-Stokes
equations. Up to fourth-order implicit temporal discretization methods have been
implemented. Performances of various linear solvers employed in the solution process
have been evaluated and a new class of solver that has its root in the specialized solvers

presented in Chapter 5 is proposed and tested.

Finally, Chapter 7 summarizes the various important observations made with regard to

the different formulations (classical and over-determined) of IBC algorithm as well as
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different solvers (direct and iterative) as applied to the different two-dimensional model
problems in a summarized form. Possible extension of the IBC algorithm to three-
dimensional problems is later laid out in the context three-dimensional velocity-vorticity
formulation of the Navier-Stokes equations. The different issues with regard to the
implementation of the IBC algorithm for three-dimensional problems are discussed using
the test results based on a simpler physical problem that deals with unsteady heat
diffusion in the presence of fixed as well as moving boundaries. The results to be
- presented in this regard are extracted from the report [30]. My colleague D.C. Del Rey
Fernandez is responsible for the formulation, programming implementation and
computations of the results presented in [30] as a part of his Masters research. I have
assisted Prof. Floryan in supervising him throughout the different stages of formulation
and implementation of the algorithm along with presentation and discussion on the
various aspects of the computed results presented in [30]. I have also been a principal
contributor-in the writing of the report [30]. Various solvers that take advantage of the
special structure of the coefficient matrix including a version of the specialized direct
solvers based on the concept presented in Chapter 5 as well as serial and parallel iterative
solvers are explored for the three-dimensional problem in search for an efficient solver.
Possible applications of the research work associated with the dissertation are also briefly
presented in this chapter using two illustrative examples. Results obtained by the IBC
method are verified against those available in literature to validate the reliability of the
algorithm. Finally, the conclusions on the various aspects of the research associated with
this dissertation are presented in a summarized form along with recommendations for

future work.
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CHAPTER 2

Moving boundary problems described by the Laplace

operator’

2.1. Introduction

The term ‘moving boundary problem’ refers to a problem where a boundary of the
solution domain changes location during the solution proceés. The related problem where
boundary motion is a priori unknown and has to be predicted as a part of the solution
process is usually referred to as a ‘free boundary problem’. In the present chapter we are
interested in finding a spectrally-accurate solution to the first problem that maintains

sharp resolution of the location of the boundary.

Moving-boundary algorithms have been reviewed in [1] and can be classified as
Eulerian, Lagrangian and mixed. Eulerian algorithms rely on a coordinate system that is
stationary in a laboratory frame of reference or moves in a prescribed manner (Galilean
transformation). Such algorithms can be divided for convenience into fixed grid methods,

adaptive grid methods and various mapping methods.

In the fixed grid methods the grid is fixed in the domain and, since in general, the
location of the moving boundary does not overlap with a grid line, a special procedure
must be added to identify the location of the moving boundary. This location can be

'A version of this chapter has been published as —

Husain, S.Z., and Floryan, J. M., Implicit Spectrally-Accurate Method for Moving Boundary Problems
using Immersed Boundary Conditions Concept, Journal of Computational Physics, vol. 227(9), pp. 4459-
4477 (2008).
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tracked using either surface or volume tracking procedures. In the former approach a set
of points is introduced to mark location of the boundary which is represented as a set of
interpolated curves. These points are moved in a prescribed manner during the solution
process [2,6] and provide ability for precise identification of boundary location. In the
latter approach the information about the boundary location is not stored but the
boundary is reconstructed whenever necessary on the basis of the presence of certain
quantity of a convenient marker within computational cell, e.g., MAC - Marker and Cell
- [3], VOF -Volume of Fluid [4,12] and Level Set [9,13] methods. The reconstruction
process leads to a diffused location of the boundary but the overail accuracy can be made

consistent with low accuracy discretization schemes for the field equations.

In the adaptive grid methods the computational grid is continuously adapted so that one
of the grid lines always overlaps with the moving boundary. This leads to a large
computational overhead associated with grid re-generation at each simulation time step.
In this sense numerical grid generation combined with finite-difference discretization of
the field equations and grid generation for the finite-element discretization are
c;onceptually identical. In certain situations numerical grid generation can be replaced by
analytical mappings, but this does not alter the basic concept of such methods. The
overall accuracy of tracking of the location of the boundary is determined by the

accuracy of numerical implementation of various mapping schemes.

Lagrangian methods are characterized by a coordinate system that moves with the fluid.
Each computational cell always contains the same fluid and its tracking requires solution
~ of an initial value problem. These methods are well suited for moving boundary
problems as they permit simple delineation of moving boundaries. The two main
problems involve mesh tangling and loss of numerical accuracy associated with highly
distorted meshes. Possible remedies are discussed in [1]. Mixed Lagrangian-Eulerian

methods rely on the combination of concepts described above [1].

The accuracy of the available methods for ‘solving moving boundary problems is dictated

by the accuracy of representation of boundary location and by the discretization error of
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the field equations. Spectral methods provide the lowest error for the field equations but
are limited to solution domains with regular geometries. The variability of geometry of
the solution domain represents the main challenge for implementation of these methods.
One possible implementation can be based on the concept of immersed boundary
conditions [11]. This concept has been proposed in [8,10] in the context of simulation of
cardiac dynamics but its first spectrally accurate implementation for fixed boundary
problems has been given in [11]. Immersed boundary conditions method uses fixed,
regular solution domain for the required spectral expansions and the actual physical
domain is submerged in the interior of the computational domain. Boundary conditions at
the edges of the physical domain are replaced by constraints imposed inside
computational domain. The method is analogous to the fixed grid methods discussed

above.

This chapter describes extension of the algorithm proposed in [11] to the case of moving
boundary problems. The analysis is carried out in the context of diffusion problem. The
model problem is described in Section 2.2. The Immersed Boundary Conditions (IBC)
method is discussed in Section 2.3. The Domain Transformation (DT) method that is
used to demonstrate the efficiency of the IBC method is discussed in Section 2.4. Results
of numerical tests are discussed in Section 2.5. Section 2.6 provides a short summary of

the main conclusions.

~ 2.2. Model problem

We shall pose the problem of interest in the context of heat conduction. Consider
unsteady conductive heat flow in a slot bounded by corrugated walls whose geometry

changes as a function of time and is described by the following relations (see Fig. 2.1)

yL(x,0=-1+ > HE(t)e*™, Yo, =1+ Y HP (t)e™™ (2.2.1a,b)

n=- n=-w
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where H® =H{™", H® =H{™" and star denotes complex conjugate. Such problems
are of interest in the case of nano-channels and nano-switches where the effects of
surface roughness could be significant [7]. The slot is periodic with wavelength A=2n/a.
and extends to too in the x-direction. The dimensionless field equation describing heat

flow has the form
9%0/ox* +6*0/dy* = 90/ ét. (2.2.2)

where 0 denotes temperature. This equation needs to be supplemented by suitable initial

and boundary conditions, which are taken to be in the form
0(x,y,t=0) =6, yL(x,0=yLi(x), yu(x,0=yu(x), (2.2.3a-c)
OX, yL (X,1),) =0, (x,1), O(X,yy(X,1),t) =0y(x,t) (2.24a,b)

where 6;, yui, yui , 6L, Oy are considered to be known.

Yu(x.)

Y%

Figure 2.1. Sketch of the instantaneous form of the domain of interest in the physical plane.

The time variations of the temperature field result from the variations of the temperature
along the edges of the physical domain as well as from the deformation of the domain.
The main difficulty in finding a solution to (2.2.2)-(2.2.4) is associated with the
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variations of the geometry of the physical domain, which leads to the moving boundary
problem. We shall discuss two solution methods suitable for this problem, i.e., a method
based on the concept of immersed boundary conditions (IBC) and a method based on the
concept of domain transformation (DT). The latter method will be used to illustrate

advantages of the IBC method. We shall begin our discussion with the former method.

2.3. The immersed boundary conditions (IBC) method

We are interested in the determination of the solution of (2.2.2)-(2.2.4) with spectral
accuracy. We shall use Fourier expansions in the x-direction and expansions in terms of
Chebyshev polynomials in the y-direction. Standard definition of Chebyshev
polynomials uses the domain (-1,1), however the physical domain is confined between
(14+Yy) and (-1-Y1) where Yy and Y denote the locations of extremities of the domain
of interest during time interval of interest (see Fig. 2.1). The first step in the solution
process involves a mapping from the physical (x,y) coordinates to the computational

(x, ¥) coordinates in the form

e ul Gk €) ) 2.3.1)

1+ Y, —-(-1-Y,)

where § e (-1,1). The governing equation takes the form

0%0/0x> +T% 8%0/85* =0/ ot (2.3.2)

where I'=2/(2+ Y, + Y, ) is a constant. Locations of the corrugated boundaries in the

(X, ¥) plane are given as

JLxt)= ZAP ()™, Fu(x, )= DAL ()™, (2.3.3a,b)

n= o n=
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where AP @MW) =1+ F[— 2-Yy +HO® (t)], AP®=TH®(®) for n#0,
AP =1+ F[— Yy + HY (t)] , A®(t)= TH®(t) for n# 0. The boundary conditions at

the transformed boundaries become

0%, YL (%, 1),1) =0, (x, 1), 0(x, Yy (X, 1), ) =0y (x,1) . (2.3.4a,b)

The solution can be represented in the form of Fourier expansion

® N
0(x,5,t)= D O (F,t)e™ ~ ﬁcb(“’()‘z,t)e“““ (2.3.5)

n=—0 n=—Ny

where ®®(§,t) = @ (§,t) and star denotes complex conjugate. Substitution of (2.3.5)
into the field equation and separation of Fourier components lead to an uncoupled system

of parabolic partial differential equations for ®*, n €(0,N,,), of the type

o0® /ot=(r2D? - n2a? o™ 2.3.6)

where D=d/d§. Two types of temporal discretizations are used. The two-step implicit

method results in the following relations

T+l

D2 - (n2a? + 154t o) =- 24t D™ +0.5At 0™, ne(0,N,,) (23.7a)

while similar relations resulting from the one-step, self-starting implicit method is given
by

D% — (202 + At o @) =— At 10®,  ne(o,Ny,). (2.3.7b)
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In the above the subscript T denotes the time step and At stands for the (constant) length

of the time step. Relation (2.3.7a) has the form of an inhomogeneous ordinary differential
equation for ®) . The following discussion will be carried out in the context of the two-
step method, while the relevant relations for the one-step method can be readily deduced.
The unknown function ®*) can be represented in terms of expansions based on

Chebyshev polynomials in the form
V @ N
N () =Y GELT,H)>Y. G T, ) 23.8)
k=0 k=0

where Ty denotes the Chebyshev polynomial of k™ order and G, are the unknown

coefficients of the expansion. Substitution of (2.3.8) into (2.3.7a) gives

[r2D? - (n2o +1.5871 3G, T, =22 3G, + 05473 GO, T, (2.3.9)

k=0 k=0 k=0

We use Galerkin procedure [14-16] to develop equations for the unknowns Gf:‘r) 15 1€y

we multiply both sides of (2.3.9) by Tj(§) and integrate with the weight function

d=1/1-9* to get

i[ (T;, DT, )- (% + 15867 )T, T, ) ]Gf:‘T)H:_zAt—lNi( T, T, )
=0 (2.3.10)

S0SAT ST, TIGE,  , je(0Ny)
k=0

1
where the inner product is defined as(f;(§),g, (§))= j f,(9)g. (3)@($)dy . Evaluation of
-1

inner products can be significantly simplified by taking advantage of the well known
orthogonality properties of the Chebyshev polynomials [14-16]. Equation (2.3.10) leads

to N1-1 decoupled algebraic equations for each Fourier mode; two additional equations
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required in order to close the system need to be derived from the boundary conditions

and these conditions provide coupling between different Fourier modes 5, 11].

The boundary conditions are to be enforced along the lines ¥ (x,t+1)and yy(x,7+1)
while the solution domain remains fixed at § e (~1,1). To explain the immersed boundary

conditions method in general, at time 1+1 we evaluate the unknown Ofx,1+l1) =
O(x A(x,7+1),7+1) along an arbitrary time dependent line that at time t=t+1 occupies
position y=f(x,t+1), such that f is a periodic function with period A=2n/o and

[Ax,t+1)|<1. The function fx,7+1) can be expressed without losing generality as

© ) N .
fxtl)= T PEe= 5 3 peivex @3.11)
n=- n=-N,

where one in practice deals with a finite number of terms N, . The unknown 6(x,t+1) is
periodic in x with the same period A and thus can be expressed in terms of Fourier series
as

N .
0%, T+)= B (kX T+t ) = 3 o el 2.3.12)

n=—N9

where Ng=N1Ns+Nuy. Since the flow representation is limited to Ny+1 modes, we will
be able to enforce constraints only on the first (Ny+1) terms in (2.3.12). The same

unknown can be expressed using the discretized form of the solution, i.e.,

Bx )= FOO(f( T4, T+ D™= 3 FGELT(f(x D)™™ (2313)

n=—NM n=-NM k=0

Since Ty(f(x,t+1)) is periodic in x, it can be expressed in terms of Fourier expansion as

follows
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N
Tt = > wi ™= (2.3.14)

m=-N,

where max(Ns)=Nt1*N, . The expansion coefficients in (2.3.14) can be evaluated with
the help of the recurrence relation for Chebyshev polynomials in the

formT,,, (¥) = 2§T, () - T,_,(¥) that leads to the following recurrence relation

_ (
wi‘i‘i =2 TPEwE D _ym (2.3.15)

n=—0

whose evaluation begins at k=0 and results in

T+

w2, =1, wi®, =0 forjm/21;  wi%, =P forjm|>0. (2.3.16)

Substitution of (2.3.14) into (2.3.13) gives

- N. N,
BxtH) = 3 2 GP, W, eferme

n=-Ny k=0 m

‘Z 2 iGi“iilvvi“:ﬁ (2.3.17)

n=-Ng m=-Ny k=0

- and comparison of (2.3.12) with (2.3.17) gives

@_ ¥ Uam o emm
(p-r+l Z ZGk 1:+1wk T+l °* (2318)
m——NM k=0

Equation (2.3.18) can be used to express boundary conditions along the lines

y.(x,t+1)and y,(x,T +1). In the case of our model problem these boundary conditions

take the following form
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N N
( (n-m) _
M S (w, ) =00,

m=-Np k=0
N
f iGl(;nil (WU kn:;)_q)%l)m (2.3.19a,b)
m=-N)p k=0
N N
where O (x,T+])= O™, ™, Oy(x,1+1)= DO ™ and (2.3.19%b)

n=—Ny, n=-Ny
corresponds to the lower and upper walls, respectively. Equations (2.3.10) and (2.3.19)

form a complete set of algebraic equations for the unknown coefficients G{,,, k =

0,.....,N1, n=0,....,Nm. A direct solution of this system moves simulations by one time

step forward and the resulting algorithm will be referred to as the direct algorithm.

In the case of time steps of constant length, the coefficients of the discretized Eqgs
(2.3.10) do not depend on time and thus this part of the coefficient matrix need to be
constructed only once at the beginning of the solution process. The matrix entries
cdrresponding to the boundary conditions (2.3.19) need to be reconstructed at every step
of the simulations process; the reader should note that this is where the information about

the motion of the boundaries enters into considerations.

The matrix of coefficients can be very large when a large number of Fourier modes are

- required and this motivates the search for an efficient solution method. Before solution is

to be carried out the matrix is reduced to a real form by taking advantage of the complex
conjugate properties ®® (§,t) = ©C™°(§,t) (see Eq. 2.3.5) resulting in a structure shown
in Fig. 2.2 where the horizontal lines show the coupling effect of boundary conditions
(2.3.19) and the blocks of coefficients in the upper triangular form resulting from the
discretization of the differential equation (2.3.6) form a band along the diagonal. Such
structure suggests the use of an iterative solution algorithm based on the decoupling of
Fourier modes. The unknowns corresponding to a Fourier mode of interest in equation

(2.3.19) at the current time step can be expressed in terms of the remaining Fourier
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modes using their values from the previous time step (or from the previous iteration).
The solution process beginé with mode 0, proceeds to the next mode using the most
recent information available and continues until the last mode Ny is reached, and then it
is repeated until a convergence criterion is satisfied. In this way, the solution of the
complete system of size (N1+1)*(2Nm+1) is replaced by a repetitive solution of systems
of (Nt+1) equations for each Fourier mode. The rate of convergence is generally very
good; it decreases with an increase of the current amplitude and the wave number
characterizing wall geometry. We shall refer to the iterative algorithm as the “decoupled
algorithm” and discuss performance of its various variants in Section 2.5. We wish to
stress at this moment that the use of the decoupled algorithm significantly reduces
memory requirements as one needs to work with many small matrices instead of one very
large matrix as well as it opens the possibility for parallelization of the computations.
This issue becomes significant in the case of three-dimensional problems and large

number of Fourier modes and Chebyshev polynomials.

500

1000

1500

2000

0 500 1000 1500 2000

Figure 2.2. Structure of the coefficient matrix resulting from the implementation of the Immersed
Boundary Condition Method for Ny=15 and Nr=70 and the test problem (2.5.7)-(2.5.8). Only

non-zero elements are marked.
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A very popular approach in dealing with moving boundary problems involves adjusting

grid so that one of the grid lines always overlaps with the instantaneous location of the

boundary [1]. The adjustments may have many forms, extending from analytical

mappings to numerical coordinate generation. The adjustments in the shape of elements

- in the finite element method can also be viewed as a form of mapping. In order to judge

the efficiency of the IBC method as compared to all other mapping-type methods, we

selected a simple method that relies on analytical mapping. The current shape of the slot

in the physical domain (x,y) is mapped into a straight slot in the computational domain

(&,m) with ne<-1,1> using mapping in the form

(y =Yy (X, t))
Yu (X, t) YL (X, t)

E=x, ‘ n=2

After mapping Eq. (2.2.2) takes the form

0’0 9 ) %0 o0
W'*'WI(E»TI’ t)gn"*‘wz(i,"l,t)%"’ws(@ n, t)_a? = Ws(éa n, t)E
where W, (§,1,1) = (1, -0, )/(n; +73), W, (€,n,t) =21,/(n% +n})

W, (F,,n,t) =1/(n? +n§ ). Expressions for n, 1x, Nxx and 1y are given below

(2.4.1)

(2.4.2)

and

M, =[(y) (=D - (yu)M+DI/yy =y, N =[(y)(M-D-(¥u): M+ DYy - Y1),

- nYv - Yo )I,(YL )g -(yy )g J l(YL )gg -(yu )ggJ"’ 2y, (Yy )gg -2yyu(y, )gg +
(Yu - YL)2
- 2nftyy)e - )+ 2 - )]
Yy -y)

XX

and




30

2
YU—yL,

Ny =

where subscripts &, t denote derivative d/d€, d/dt, respectively.

Solution of (2.4.2) is represented in terms of Fourier expansion as

. © . N .
0E )= TP (0% Y WO (n, ) (2.4.3)

n=—o n=—NM

where ¥® =¥ ™" and the known coefficients W;, W, and W3 at each time t=t are

replaced by their Fourier expansions

Wl(a,n,r)— W E® e Wy n= > Wi (e |

m=-2Ny, m=-2Ny

Wy m0= 3 wi(n) et 2.4.4)

m=—2Ny

Substitution of (2.4.3) and (2.4.4) into (2.4.2), separation of Fourier components and the

use of a two step implicit method for the temporal discretization leads to

2 M 2 -1 -
D ‘Pﬁi’% o YW +isaws2 | 0¥ - z[<sa> + 1507 oW,

" Nu (2.4.52)
=-2At™ Nz”w("'”w“) + 0.5At™ Zw(” ) ne(0,Ny)
- s-Ns,t 4 . s_N3111:15 " YM

="M —I\M

where D=d/dr|. A similar expression for the one step implicit method has the form



31

NM NM
DY+ 3 [weD +isaw 0 pwe, - > fso? + At e,
§=-Nm s=—Ny,

(2.4.5b)
N
A YwEOw® | ne(0,Ny) .

s=—Ny

The reader may note that all equations (2.4.5a,b) are coupled together through the known

variable coefficients. The unknown ¥ (n) can be expressed with spectral accuracy

using the Chebyshev expansion in the form

) N
¥, m) = F2, T,(m) ~ > E, T, . 2.4.6)
k=0

k=0

Use of the Galerkin procedure described in Section 2.3 leads to N1-1 algebraic equations
for F), for each Fourier mode. The remaining closing conditions come from the

boundary conditions.

The treatment of boundary conditions follows standard procedures. The boundary

conditions have the form

Ny

BEn=-L =0 &)= 2 ¥ (™,
BEN=11) = 8yE 0= WP (e (2.4.7a))
n=-Ny

Use of (2.4.3) leads to the boundary conditions for each Fourier mode in the form

YOCLY=¥P1), POQ)=TP®). (2.4.82,b)
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Introduction of Chebyshev expansion (2.4.6) leads to the required closing conditions in

the form
X k() (n) ) (n) (n)
kZO(-l) Fk,'r+l=\IIL,1:+l > ng,m =¥y, (2.4.9a,b)

The above process leads to a system of equations with a full matrix of coefficients.

- Solution of this system moves simulations by one time step forward and this approach

has been referred to in the previous section as the direct algorithm. As the matrix is full,
no special iterative algorithm can be proposed. All entries corresponding to differential
equations (2.4.5a) need to be reconstructed at the each time step while entries
corresponding to boundary conditions remain essentially unchanged, which is opposite to
what had to be done in the case of the IBC method. This observation suggests that the
IBC method could be significantly faster when the cost of construction of the coefficient

matrix is significant. This issue will be discussed in the next section.

2.5. Testing of the algorithms

We shall discuss performance of the algorithms in the context of two convenient test
problems involving movements of boundaries, i.e., movements of the upper wall
corresponding (i) to an elastic traveling wave and (ii) to a elastic standing wave.

2.5.1. Elastic traveling wave

Consider an elastic wave traveling along the upper wall with the lower wall being flat.

The shape of the resulting slot can be described as

yu(x,t) = 145 cos[a(x-ct)], yi=-1. (2.5.1)
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where ¢ denotes the phase speed, a denotes the wave number and S stands for the

amplitude of the wave. Time variations of the shape of the slot are illustrated in Fig. 2.3.

Figure 2.3. Shape of the upper wall deformed by elastic traveling wave described by Eq.(2.5.1)
with the amplitude S=0.15, the wave number a=1.0 and the phase speed c=n at t=0, T/8, T/4,
37/8, T/2, 5T/8, 3T/4, 7T/8 and T, where T denotes one time period.

We wish to determine variations of the temperature in the interior of the slot while
keeping the temperature of the upper wall at 8y=0 and at the lower wall at 8;=1. Use of

the Galilean transformation
X=x-ct (2.5.2)
transforms the unsteady moving boundary problem into a steady fixed boundary problem

with a sinusoidal upper wall. The full problem in the moving frame of reference (X.y)

has the form
820/ 8X? +c 89/ 0X +9%0/dy* =0 (2.5.3)

with boundary conditions in the form
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0(X,-1)=1, 0(yy (X)) =0 where yy=1+Scos(aX). (2.5.4)

Problem (2.5.3)-(2.5.4) is solved using IBC method and its performance can be judged
by determining the error of enforcement of boundary conditions at the upper wall as a
function of the amplitude and the wave number of the wave. For convenience, we use the

L., norm for 0 evaluated at the upper wall defined as

Jeu X, = sup [0, yu(X))| (2.5.5)

0<X<L2n/a

as a quantitative measure of the error. This norm is very strict and thus provides an
unambiguous means to judge the accuracy of enforcement of boundary conditions.
Dependence of boundary error as a function of geometric parameters for a fixed number
of Fourier modes Ny is illustrated in Figs 2.4 and 2.5. The reader may note in judging
these results that S=2 corresponds to a situation when the lowest extreme of the upper
wall touches the lower wall. The available results suggest that the error is at machine
accuracy level if a and S are below certain critical values. Once these values are reached,
the error begins to increase rapidly in a fairly universal manner. This critical values of
and S can be increased by increasing the number of Fourier modes Ny used in the

calculation, but the qualitative character of the error increase remains unchanged.

Distribution of temperature along the upper wall 8y(X) over a single spatial period is
* displayed in Fig. 2.6. The expected value is zero, however the actual.value is different
‘and its magnitude illustrates the error in the enforcement of boundary conditions. This
error is oscillatory in X with the maximum occurring around X=0 and A, i.e., around the
upper extreme of the deformed wall. The same problem has been solved directly in the
fixed coordinate system as a moving boundary problem and the error variations as a
function of time are illustrated in Fig. 2.7. It can be seen that the magnitude and pattern
of distribution of the error remain the same as a function of time, however, the pattern
shifts in the direction of the positive x-axis with the phase speed of the wave, i.e., its

maximum follows the movement of the upper extreme of the wall.
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Figure 2.4. The ||0U (Xt )||uc norm (see Eq. 2.5.5) evaluated using the IBC method as a function

of the wave amplitude S for selected values of the wave number « for the model problem (2.5.3)-
(2.5.4) with c=n. The dashed and solid lines represent results obtained with the Ny = 10, 15
Fourier modes, respectively. The reader may note that S=2 corresponds to the trough of the wave

reaching the bottom wall. Ny=70 Chebyshev polynomials were used in the calculations.
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Figure 2.5. The ||0U( X,t )||°D norm (see Eq. 2.5.5) evaluated using the IBC method as a function

of the wave number a for selected values of the wave amplitude S for the model problem (2.5.3)-
(2.5.4) for c=n. The dashed and solid lines represent results obtained with the Ny = 10, 15
Fourier modes, respectively. The reader may note that S=2 corresponds to the trough of the wave

reaching the bottom wall. Nr=70 Chebyshev polynomials were used in the calculations.
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Figure 2.6. Distribution of temperature at the upper wall 6y for the model problem (2.5.3)-
(2.5.4) with the phase speed c=r, the amplitude S=0.2 and the wave number a=1. The presented
results were obtained using the IBC method with Ny=15 Fourier modes and Nr=70 Chebyshev

polynomials.
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Figure 2.7. Distribution of temperature at the upper wall 6y at t = 2T, 2.25T, 2.5T, 2.75T and
3T, where T stand for one time period, for the model problem (2.5.3)-(2.5.4) with §=0.2, a=1.0
and c=n. The presented results were obtained through a direct solution of the moving boundary
problem in the fixed coordinates system (x,y) using the IBC method with Nyy=15 Fourier modes
and N1=70 Chebyshev polynomials. Solution corresponding to the fixed boundary problem in the
moving frame of reference was used as the initial condition. Presented results correspond to the

3™ period after initiations of the calculations.
p
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Figure 2.8 illustrates variations of the temperature at a few test points as a function of
time over five time periods determined using direct solution of (2.5.3)-(2.5.4) in the fixed
frame of reference, i.e., solving it as a moving boundary problem. It can be seen that the
algorithm faithfully reproduces the oscillatory character of temperature variations and the
phase shift between different spatial locations. Figure 2.9 illustrates spatial distribution of
the heat flux at the upper wall for the same problem as a function of time over one time
period. Changes in the variations of the spatial distributions of the heat flux as a function
- of time demonstrate a correct phase shift. Figure 2.10 illustrates variations of the
maximum error in the evaluation of the temperature as a function of the temporal step
size At. The character of these variations demonstrates that the algorithm delivers the
first- and second-order accuracy for time simulations, as theoretically predicted. Solution
of the fixed boundary problem in the moving frame of reference was used as the initial

condition for the solution of the moving boundary problem.
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Figure 2.8. Variations of the temperature 6 at points (x,y) = (0, 0.7), (A/4, 0.7), (3/2, 0.7), (3)/4,
0.7) for the model problem (2.5.3)-(2.5.4) with the amplitude §=0.15, the wave number a=1.0
and the phase speed c=n solved directly as a moving boundary problem in the fixed reference
frame for five time periods. Solution of the corresponding fixed boundary problem in the moving
frame of reference was used as the initial condition. Ny=15 Fourier modes and Nr=70

Chebyshev polynomials were used in the computations.
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t=0, T T/8 T/A 3T/8

Figure 2.9. Variations of heat flux distribution at the upper wall at times t=0, T/8, T/4, 31/8, T/2,
57/8, 3T/4, 7T/8 and T, where T stand for one time period. Other conditions as in Fig. 2.8.
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Figure 2.10. Variations of the maximum error as a function of the step size At used in the
temporal discretization in the case of the model problem (2.5.3)-(2.5.4) with the amplitude
S$=0.05, the wave number a=1.0 and the phase speed c=rn. Error is defined as the difference
between the results obtained through the direct solution of the moving boundary problem in the
fixed frame of reference and the corresponding fixed boundary problem in the moving frame of
reference at a time corresponding to t=1.0. Ny=10 Fourier modes and Nr=60 Chebyshev

polynomials were used in the computations.
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2.5.2. Elastic standing wave

Consider elastic standing wave at the upper wall with the lower wall being flat. The

shape of the slot can be described as

yu(x,t) = 1+S sin(ox)cos(wt), yi=-1, (2.5.6)

- where a denotes the wave number, S stands for the amplitude and ® denotes the

frequency of the wave. Time variations of the shape of the slot are illustrated in Fig. 2.11.

115+

Yu

~— T~
7

- .
[ BT/8,5TIB )

SN -

0.85 T/2

Figure 2.11. Shape of the upper wall deformed by elastic standing wave described by Eq.(2.5.6)
with the wave number a=1.0, the amplitude S=0.15 and the frequency w=r at times t=0, 1/8,
T/4, 3T/8, T/2, 51/8, 3T/4, 7T/8 and T, where T denotes one time period.

We wish to determine variations of the temperature in the interior of the slot while
keeping the temperature of the upper wall at 8;=0 and at the lower wall at 8;=1. The full

test problem has the form
—- 00/t +0%0/0x% +8%0/0y* =0 2.5.7)

with boundary conditions in the form
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0(x,-1,t) =1, 6(x, yy (x,t), t) =0 where yy=1+Ssin(ax)cos(wt). (2.5.8)

For convenience, we use the L., norm for 0 evaluated at the upper wall defined as

(2.5.9)

By, = sup [8(x,yy(x,1),1)
0<X<L2n/a

as a quantitative measure of the error.
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Figure 2.12. Variation of the ||0U (x,t )||m norm as a function of time over two time periods for the

model problem (2.5.7)-(2.5.8). Ny=70 Chebyshev polynomials were used and the solid, dash and
dotted lines corresponds to Ny=15, 12, 9 Fourier modes. Solution of the fixed boundary problem
for the geometry described by (2.5.8) with t=0 was used as an initial conditions. All other

conditions are as in Fig. 2.11.

Figure 2.12 illustrates variations of the above norm over two time periods with the initial
conditions corresponding to the solution of a fixed boundary problem with the shape of
the boundaries described by (2.5.8) at t=0. It can be seen that the error changes
periodically in time with the frequency equal to double of the frequency of the standing
wave. The maximum of the error occurs at times when the slot opening reaches

maximum. The location of the maximum error follows location of the maximum slot
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opening as illustrated in Fig. 2.13. The character of the error remains unchanged as a
function of time which points to the robustness of the algorithm. The magnitude of the
error can be reduced by increasing the number of Fourier modes used in the calculations

but its qualitative features remain the same, as illustrated in Fig. 2.12.
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Figure 2.13. Distribution of temperature of the upper wall 6 after three (solid line) and three
and half time periods (dashed line) for the model problem (2.5.7)-(2.5.8) evaluated using the IBC

‘method with Ny=15 Fourier modes and Nr=70 Chebyshev polynomials. Solution of a fixed

boundary problem corresponding to geometry described by Eq.(2.5.8) with t=0 was used as the

initial condition. All other conditions are as in Fig. 2.11.

The IBC algorithm enforces zero conditions for only the first Ny Fourier modes.

Behavior of the remaining available Fourier modes (for Nm+1 < n < Np) provides an

~ illustration of the error behavior and this is illustrated in Fig. 2.14. The first Ny Fourier

modes are indeed zero and the maximum error is associated with the first neglected
mode. As the magnitude of the error is related to the size of the slot opening, this error is
expected to be the same every half time period and this is indeed the case, as shown in
Fig. 2.14. The same figure displays error associated with solving the same problem using
different sizes of the “computational box” and thus using different forms of Fourier
expansions. It can be seen that the error is associated with different (but easily predicted)

terms of the Fourier expansions and its magnitude does not change. It has been observed
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that the algorithm does not permit spurious error transfer between different Fourier

modes and does not generate any spurious spatial oscillations.

The accuracy of determination of temperature 8 in the interior of the slot is dominated by
the error associated with the temporal discretization, as the spatial discretization has
spectral character and thus is typically much more accurate. Results shown in Fig. 2.15
demonstrate that the algorithm does deliver the first- and second-order temporal

accuracy, as theoretically predicted.

9E-10

i after 3 at the
7E-10 F periods initial state

i after 3.5
|(Dn| periods
5E-10 |
3E-10 | A B
1E-10

0 10 20 30 40

Fourier mode number, n

Figure 2.14. Fourier spectra of temperature distribution at the upper wall 6y for the model
problem (2.5.7)-(2.5.8) with the amplitude S=0.15, the frequency w=rn and the wavelength of the
standing wave A=2m. The initial conditions correspond to the solution of a fixed boundary
problem for the geometry given by (2.5.8) with t=0. Three different forms of Fourier expansions
were considered, i.e., case A: a=1.0, Ny=9 ; case B: a=0.5, Ny—=18 and case C: a=1/3, N\=27.

N7=70 Chebyshev polynomials used in all cases.

Figure 2.16 illustrates time variations of the temperature in the interior of the slot. It can
be seen that these variations have strictly periodic character, as expected. The
instantaneous isotherms inside a slot deformed by an elastic wave with a more complex
shape are illustrated in Fig. 2.17. The variations of the heat flux at the upper wall for the
same slot are illustrated in Fig. 2.18. These results illustrate the ability of the algorithm
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to deal with complex movements of the boundaries that require the use of several Fourier

modes.
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Figure 2.15. Variations of temperature 0 as a function of the step size At at a test point

(2.x,y)=(37/2, 0.7) for the model problem (2.5.7)-(2.5.8) with §=0.05, a=1 and o~ at a time

t=T+1.0 where T denotes time period computed with Ny=10 and Nr=60 . The initial conditions

correspond to the solution of a fixed boundary problem for the geometry given by (2.5.8) with
- =0.
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Figure 2.16. The evolution of @ at a test point (x,y)=(0,0.7) during the first four time periods for
the model problem (2.5.7)-(2.5.8) with the wave properties described in Fig. 2.11 computed with
Ny=10 and Nr=60. The initial conditions correspond to the solution of a fixed boundary problem
Jfor the geometry given by (2.5.8) with t=0.
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Figure 2.17. Instantaneous isotherms in the upper part of a slot bounded by y,(x,t) = -1, yu(x,t) =
1+(-0.05i€™ + 0.0125¢"™ +CC) cos(wt) for w=n using Ny=15 and Nr=70 evaluated after two time
periods at times t-2T=0, T/8, T/4, 3T/8, T/2, 5T/8, 3T/4, 7T/8 and T, where T stands for one time
period and CC is the abbreviation for complex conjugate. The initial conditions correspond to
the solution of a fixed boundary problem in a slot with geometry given by the above equation
with t=0.
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Figure 2.18. Variations of heat flux distribution at the upper wall in a slot with the flat lower
wall y,(x,t) = -1 and a elastic standing wave in the form yy(x,t) = 1+(-0.58ie™ + 0.1258¢"™
+CC) cos(wt) with §=0.1, a=1.0 and w=r at the upper wall at times t-2T=0, T/8, T/4, 31/8, T/2,
5T/8, 3T/4, 7T/8 and T, where T stands for one time period and CC is the abbreviation for
complex conjugate. The initial conditions correspond to the solution of a fixed boundary problem
for the geometry corresponding to the shape of the slot at time t=0. The results were determined

using N\,=15 Fourier modes and Nr=70 Chebyshev polynomials.

2.5.3. Efficiency of the algorithm

Efficiency of the algorithm is dictated by the cost of construction of the matrix of
coefficients and solution of the resulting system of linear equations. Both actions have to
“be repeated at each step of the time-dependent solution process. All tests referred to in
the discussion below had been carried out in the MATLAB computing environment

using the same hardware.

Structure of the matrix in the case of IBC method has been discussed in Section 2.3.
Entries corresponding to the field equations need to be computed only once at the very
beginning of the computations as they remain unchanged. Entries corresponding to the

boundary conditions need to be re-computed at each time step as they change due to the
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movement of the boundaries. In contrary, all entries need to be recompﬁted at each time
step in the DT method. In addition, the cost of a single construction of the coefficient
matrix is significantly higher in the case of the DT method due to the presence of
numerous and complex coefficients in the equations. The relative advantage of the IBC
method is illustrated by noting that in the case of the model problem (2.5.7)-(2.5.8) with
NMm=15 Fourier modes and Nt=70 Chebyshev polynomials it took 592 seconds to
construct a complete matrix in the case of DT method but only about 8 seconds in the
. IBC method. The latter is significantly reduced at the next time step, while the former
has to be entirely repeated, which adds to the relative advantage of the IBC method. For

this reason the development of the DT method has not been pursued.

Table 2.1. Time requirements for the direct and various iterative/decoupled schemes for the IBC
algorithm for the model problem (5.7)-(5.8) with §=0.1, a=1.0, o= and Nr=70. Computations

have been carried out using two-step implicit method with 4t=0.01.

Number of Time required for 100 time steps (in seconds)
Fourier modes, . . Decoupled algorithm
Nm Direct algorithm Version A Version B Version C
10 299.9 34.8 329 29.2
15 880.7 86.6 84.3 83.2

Once constructed, the solution of the system of linear equations can be carried out using
standard methods resulting in a direct algorithm, as discussed in Section 2.3. Since the
coefficient matrix in the DT method is full, no savings associated with special features of
the matrix can be expected. Matrix in the case of IBC method has a special structure and
-this provides opportunity to use iterative algorithm. The performance of different
iterative/decoupled schemes is illustrated in Table 2.1 and compared with the direct
algorithm. Since the overall accuracy of the time-dependent solution is determined by the
error of the temporal discretization, the convergence criterion for the decoupled
algorithms in these tests had been set at 10 in order to make it comparable with the error
in time. The performance of the decoupled algorithm can be improved by taking
advantage of the information available at the previous time step and re-arranging the

iteration strategy. Three different strategies have been tested. Version A has been
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described in Section 2.3, version B uses extrapolated values of the modal functions
during the first iteration and continues iterations until convergence criteria are met and
version C uses only extrapolated values of the modal functions and eliminates iterations.
In all cases the method remains second-order accurate as the extrapolation provides
second-order accuracy in time. The results (see Table 2.1) show significant savings
resulting from the use of iterative/decoupled algorithms as compared with the direct
algorithm. The distinction between different iterative algorithms and their limitations are

_ illustrated in Table 2.2. The cost of the direct algorithm remains the same regardless of

the magnitude of amplitude S of the standing wave. The cost of version A of the iterative
algorithm increases as the amplitude S increase and, for sufficiently high value of S the
algorithm diverges. Versions B and C behave in a similar manner but diverge for smaller
values of S. The relative performances of different versions of the iterative algorithm are
very similar, and they all require less computer time as compared with the direct
algorithm by an order of magnitude. The direct algorithm however provides access to

much larger amplitudes of boundary motions.

Table 2.2. Time requirement for the direct and various iterative/decoupled schemes for the IBC
algorithm for the model problem (5.7)-(5.8) with a=1.0, o=m Ny=15 and Ny=70 for various

level of wave amplitude. All other conditions are same as Table 2.1.

Time required for 100 time steps (in seconds)

am:lz:\::e, S Direot algorithm Decoupled algorithm
Version A Version B Version C
0.05 : 880.0 84.6 83.2 83.1
0.10 880.7 86.6 84.3 83.2
0.15 879.7 94.4 88.4 *
0.20 880.2 104.4 110.3 *
0.25 880.2 156.9 ' * *
0.30 880.3 * * *
0.35 880.5 * * *

* indicates failure for the decoupled algorithm to satisfy the required convergence criteria
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2.6. Conclusions

We have developed a fully-implicit, spectrally-accurate algorithm for moving boundary
problems using immersed boundary conditions concept. Computations are carried out
using a fixed computational domain where the field equations are discretized using a
combination of Fourier and Chebyshev expansions. Boundary of the physical domain
moves through the computational domain and its location is tracked using the concept of
- immersed boundary conditions, i.e., the boundary conditions are replaced by constraints
that enforce physical conditions along lines internal to the solution domain. The
algorithm provides sharp resolution of the location of the moving boundary similar to the
case of algorithms based on mapping methods where one of the coordinate lines overlap
with the moving boundary. The computational cost of the algorithm is significantly
smaller as compared with the mapping-based algorithms because the part of the
coefficient matrix that corresponds to the field equations needs to be constructed only
once and only entries corresponding to boundary conditions need to be recomputed at
each time step. The coefficient matrix has special structure that provides opportunities
for the use of much more efficient iterative solution methods. These methods can reduce
the overall computational cost by an order of magnitude as compared to the direct
method, however, they limit the ability of the algorithm to handle large-amplitude
motions of the boundaries. Such algorithms remain of interest nevertheless as they can be

easily parallelized and require less memory.
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CHAPTER 3

Moving boundary problems described by the biharmonic
operator1

, 3.1. Introduction

The first step in the most common approach used for simulations of flows in complex
geometries involves numerical modeling of geometry of the flow domain. A model of the
domain is constructed using grid generator and flow boundary conditions are imposed on
the edges of this domain, i.e., the flow domain overlaps with the computational domain.
This process, which is frequently referred to as pre-processing, could consume majority
of time required for preparation of the simulation. The flow boundary conditions are
enforced exactly and one is concerned with various errors associated with spatial and
temporal discretization of the field equations. Complications occur when geometry of the
flow domain changes as a function of time, e.g., when one deals with the moving
boundary problems. In the present work we are interested in finding a spectrally-accurate
and computationally efficient solution to such problem while maintaining a sharp

resolution of the location of the moving boundary.

Techniques developed for handling of the moving boundary problems have been
- reviewed in [1] with updates given in [2]. Such techniques can be classified as Eulerian,
Lagrangian and mixed. Eulerian algorithms, which are of interest in the present work,
rely on a coordinate system that is either stationary in a laboratory frame of reference or

moves in a prescribed manner (i.e., describable by the Galilean transformation). These

'A version of this chapter has been published as —

Husain, S.Z., and Floryan, J.M., Gridless spectral algorithm for Stokes flow with moving boundaries,
Computer Methods in Applied Mechanics and Engineering, vol. 198, pp. 245-259 (2008).
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algorithms can be divided for convenience into fixed grid methods, adaptive grid

methods and various mapping methods.

The adaptive grid methods adjust the grid at each time step so that one of the grid lines
follows the moving boundary. The adjustment is done numerically through appropriate
mappings. The process is conceptually identical regardless of whether one uses
numerical grid generation combined with finite-difference discretization of the field
equations or a grid generation scheme for the finite-element discretization of the same
equations. These methods have high computational overhead as the grid needs to be
reconstructed at each time step followed by solution of the field equations. In the case of
the problem discussed in [3] and solved using finite volume discretization, the cost of
grid construction reached the level of about 75% of the total cost of the computation. The
boundary conditions are imposed exactly and thus the overall error includes contributions
from the .grid generation and the spatial and temporal discretizations of the field
equations. Numerous problems occur when one is interested in high accuracy as this

requires both high accuracy in grid generation and high accuracy discretization.

One can reduce the cost of computations and improve accuracy by using analytical
transformations that map the irregular flow domain into a regular computational domain
at the cost of increased complexity of the field equations (see [4] for an example). Such

mappings are available for a limited class of geometries [1].

In the fixed grid methods the boundary of the flow domain is allowed to move through a

" _fixed grid and this eliminates the high computational cost of grid re-adjustment. Various

methods for modeling of movements of boundaries based either on the surface or volume
tracking procedures are discussed in [1,5]. In the former approach a set of points is
introduced to mark location of the boundary which is represented as a set of interpolated
curves. These points are moved in a prescribed manner during the solution process [5,6]
and provide ability for precise identification of boundary location. In the latter approach
the information about the boundary location is not stored but the boundary is

reconstructed whenever necessary on the basis of the presence of certain quantity of a
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convenient marker within computational cell, e.g.,, MAC - Marker and Cell [7], VOF -
Volume of Fluid [2, 8] and Level Set [9, 10] methods. The reconstruction process leads
to a diffused location of the boundary but the overall accuracy can be made consistent

with the low accuracy discretization schemes used for the field equations.

Lagrangian methods are characterized by a coordinate system that moves with the fluid.
Each computational cell always contains the same fluid and its tracking requires solution
of an initial value problem. These methods are well suited for moving boundary
problems as they permit simple delineation of moving boundaries. The two main
problems involve mesh tangling and loss of numerical accuracy associated with highly
distorted meshes. Possible remedies are discussed in [1]. Mixed Lagrangian-Eulerian

methods rely on the combination of concepts described above [1].

The available methods have low order accuracy and thus one is interested in the
development of techniques that could overcome this limitation. The overall error is
affected by the accuracy of representation of boundary location and by the accuracy
associated with spatial discretization of the field equations. Spectral methods provide
ldwest error for the field equations but are limited to solution domains with regular
geometries. The variability and complexity of geometry of the flow domain represents
the main challenge for implementation of these methods, however, the use of the concept
of immersed boundary conditions provides a way to combine both, i.e., the fixed, regular
solution domain with a complex, time dependent flow domain [11]. The immersed
* boundary conditions concept has been proposed in [12] in the context of simulation of
‘cardiac dynamics. Boundary conditions at the edges of the physical domain are replaced
by constraints imposed inside the computational domain but these constraints have been
constructed using physical arguments through introduction of forcing functions that
reproduce the effect of the boundary [13]. In this sense the method is analogous to the
fixed grid methods discussed aBove. The first spectrally accurate implementation for
fixed boundary problems has been given in [11] with the constraints constructed in a
formal manner by imposing conditions for elimination of certain terms in the spectral

expansions representing flow boundary conditions. This implementation is limited to
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geometries that can be represented by Fourier expansions but results in a gridless
algorithm as all possible variations of boundary geometries are described in terms of the
Fourier coefficients only. The programming effort associated with modeling of changes
of geometry has been essentially removed as the only information required for specifying
the new geometry is reduced to a set of Fourier coefficients provided as input to the code.
This implementation has been extended to hydrodynamics stability problems [14] and
applied successfully in the analysis of the effect of surface roughness [15].

This chapter is focused on the development of spectrally-accurate algorithms suitable for
solution of time-dependent flow problems, including moving boundary problems. Such
algorithms are of interest in the development of active flow control and management
techniques using micro-electro-mechanical devices. As our interest is in flows through
micro/nano channels, we focus our attention on the small Reynolds number limit, i.e.,
Stokes flow. Simpler problems, i.e., unsteady conduction problems in a corrugated
channels have been considered earlier in [16, 17] without encountering numerical
instabilities. The model problem for the present work is described in Section 3.2. Spatial
and temporal discretizations are discussed in Section 3.3. Results of numerical tests are

discussed in Section 3.4. Section 3.5 provides a short summary of the main conclusions.

3.2. Model problem

- The model problem consists of an unsteady Stokes flow in a channel bounded by
‘corrugated walls with geometry of the corrugation changing as a function of time (see
Fig. 3.1). These geometries as well as motions of the walls are described by the following

relations

n=+o0 n=+00

y (X, t)=—1+ Y H®(t)e™, yo(x, =1+ Y H®(t)e™™ (3.2.1a,b)
L L U 0]

n=—0 n=—w
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where H® =H{™ and H® = H{"" are known and stars denote complex conjugates.

The channel geometry is periodic in x with wavelength A=2n/a and extends to o in the

x-direction.

Y%

yx.t)

Figure 3.1. Sketch of the instantaneous form of the flow domain.
The dimensionless field equation has the form

%(V’W):V’(Vzw). (3.2.2a)

where ¥ denotes the stream function, which is defined as

| u(x,y,t) =u,(y)+u,(x,y,t) = d¥,/dy + 0¥/dy = 0¥ /0y, (3.2.2b)
v(x,y,t) = v,(x,y,t) = 0¥ / Ox = 0¥ ,/0x (3.2.2¢)
and V2 =8%/0x*+8%/0y*. Here u(x,y,t) and v(x,y,t) denote the total velocities in x-
and y-directions, respectively, u)(x,y,t) and vi(x,y,t) denote velocity modifications due to

the presence of boundary motion, the Poiseuille flow uo(y)=1-y2 is taken as the reference
flow, Wo=-y’/3+y+2/3 denotes the stream function of this flow and ¥r stand for the
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stream function of the complete flow (total stream function). The problem formulation
needs to be supplemented with suitable initial conditions, which are taken to be in the

form

u(x,y,O) = ui(x’Y), V(X,y,O) = Vi(X,Y), YL(X,O)=YLi(x)a YU(X,O)=YUi(X), (3233-(‘1)

where ui(x,y), vi(X,y), yLi(X) , yui(X) are considered to be known, and boundary conditions
.at the solid walls, which are taken to be in the form

uy (v (%, ) + u, X,y (x,0,0) =u (%, t) =0, (3.2.4a)

uO (YU (X, t)) + u1 (X, YU (X, t)9 t) = uU (x’ t) = 0 > (324b)
' n=+o dH(n) )

VYL 0,0 =V, () = dy e = 3, SLoe™, (3.2.4c)
. D=+ dH(n) .

v, (%, Yy X,1),0) =vy(x,t) =dyy/dt= )" dt” e, (3.2.4d)

3.3. Discretization method

‘We ‘eilre interested in the determination of solution of (3.2.2)-(3.2.4) with spectral
accuracy. The main difficulty associated with the implementation of spectral
discretization arises due to the irregularity and time-dependence of the solution domain.
In order to overcome this problem, we select fixed rectangular computational domain
extending over one period in the x-direction and extending sufficiently far in the y-
direction so that the flow domain remains always immersed inside the computational

domain during the time interval of interest. If we denote the locations of extremities in
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the shape of the walls as Yy and Y, the y-extent of the computational domain is set as (-

1-Yy1,1+Yy) without loss of generality.

The spatial discretization is based on the use of Fourier expansions in the x-direction due
to periodicity of the geometry, and on expansions in terms of Chebyshev polynomials in
the y-direction. We shall use standard definition of the Chebyshev polynomials and thus
the y-extent of the computational domain needs to be mapped onto (-1,1) (see Fig. 3.1)

before calculations can proceed. The required mapping has the form

y=Iy-(+Yy)]T +1 (3.3.1)

where ¥ e (—1,1) , = 2/(2+Yy+Yy) is a constant and the governing equation transforms

into

2 2 4 2 4
2 6_+F26_ ¥ = ‘3—-;-21“2 g +rt 0 v, (3.3.2)
6t ax2 55’2 ax4 ax26§,2 694

Locations of the walls in the (x, ¥ ) plane are given as

FL 0= AP ®™, Futut= Y ADHe™, (3.3.3a,b)
where  AP®=1+T]-2-Y, +HO @), A®@®=TH®@®) for 00,

AQD)=1+ l"[— Y, + HY (t)] , A )= TH® (1) for n# 0. The boundary conditions at

the transformed boundaries become
uO(SIL(x)t))"'ul (x99L(xat):t) =0 » (3343.)

U, Gy (1) +u, (%, 5 (x,9),t) =0, (3.3.4b)
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= dAS) inax

v, (% ¥, %, 0,0 =v, (x,t) =" d§, /dt =T" ) 5 (3.3.4¢c)
=+ dA(n) )
V(%5 X0, =vyx,)=T"dj,/dt=T" —d?‘l—e“m (3.3.4d)

The solution can be represented in the form of Fourier expansion

n=+wo n=+Ny

Px,§,0)= D 09 F 0" ~ > o® @, e ™ (3.3.5)

n=-w n=-Ny

where ®® (§,t) = ®™ (§,t)and star denotes complex conjugate. Substitution of (3.3.5)
into the field equation (3.3.2) and separation of Fourier components lead to an uncoupled

system of partial differential equations for ®®, ne(0,N,,}, of the type
%[rzn2 ~ (n0)2]0® =[r*D* —2I'? (na)*D? + (na)* J© (3.3.6)

where D=d/dy. Two types of temporal discretizations have been used. The two-step

implicit method results in the following relations

[r*D* + (- 202022 - 1502671 02 +(nta® +1.5n2a2At™ o) = 537
Jd./a
_24t7[F2D? - (no) o™ +0.5at D2 - (a) o™, ne(0,Ny,)

while similar relations resulting from the one-step, self-starting implicit method is

[0“D* + (- 2(0e)?T? - 0.5T2At™ )D? +((nor)* +0.5(na)* At o), =

33.7b
~0.5A7 [M’D? - (no)*]0®,  ne(0,N,,) (3.70)
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In the above, the subscript T labels the time step and At stands for the (constant) length of
the time step. Relation (3.3.7a) has the form of an inhomogeneous ordinary differential

equation for ®*). The following discussion will be carried out in the context of the two-

T+l

step method, while the relevant relations for the one-step method can be readily deduced.

The unknown function ®®

T+

can be represented in terms of expansions based on
Chebyshev polynomials in the form

k=Ny

k=0
0@ = kZGf:LIT M= ZG@HT} @) (3.3.8)
=0

where Ty denotes the Chebyshev polynomial of k™ order and G{",, denotes the unknown

coefficients of the expansion. Substitution of (3.3.8) into (3.3.7a) gives

[T*D* + (- 2n%’T? ~ 157%™ ) D? +(n*a +15n2a2At“)]k=ZmG£'2+lTk=
‘ k=0 (3.3.9)
_ 241D - (aay’] 37GOT, +05A¢ [?D? - (aay?] ZGEZ_IT

k=0

Galerkin procedure is used to develop algebraic equations for the unknowns G

k1+1’

we multiply both sides of (3.3.9) by Tj(¥) and integrate with the weight function

d=1/1-§* to get

k=N

Z[l“ (T,D*T,)+ (- 20%’r? ~15T*A¢ (T, DL, ) + (n'a +15n%a?at"T,T,)] G2,

-~
[1‘2 D’T) (nmf ][—2Ar‘G§;jz+05A1r‘G§;jg1 je (0N, —4)
(3.3.10)
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1
where the inner product is defined as (fj (9),gk(§')>= I f.()g, ($)@(F)dy. Equation
-1

(3.3.10) leads to Nt-3 decoupled algebraic equations for each Fourier mode. Four
additional equations required in order to close the system need to be derived from the
boundary conditions and these conditions provide coupling between different Fourier

modes.

- The boundary conditions are to be enforced along the lines ¥ (x,7+1)and yy(x,t+1)
that are inside the computational domain while the solution domain remains fixed
atye (— 1,1) . This can be accomplished using the concept of immersed boundary
conditions. We begin description of the implementation of boundary conditions by noting
that at time t+1 one needs to evaluate velocity components ufx,t+1) = u(x, x,t+1),7+1)
and vix,t+1) = v(x, fix,7+1),t+1) along an arbitrary time dependent line / that at time t =
1+1 occupies position ¥ = f{x,1+1), such that f is a periodic function with period A =

2n/o and [f{x,7+1)| < 1. The function f{x,t+1) can be expressed without loss of generality

as
n=—w . n=+N, .

fixttl)= D PHe™ = D PHe™ (3.3.11)
n=—w n=-N,

where in the calculations the shape of the wall is approximated by the finite number of
terms N4 . The velocity components ufx,t+1) and v(x,t+1) are periodic in x with the

same period A and thus can be expressed in terms of Fourier series as

n=+N,

u(x,tH )= uE Ax o)) = ) U e™,
n=—Ny
n=+Ng .
VAX,TH)= v AX,TH),TH) = D VEe™™ (3.3.12a,b)

n=-N,
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It will become obvious from the follow up discussion that the summation extends to
No=N7Na+Nym. When f{x,7+1) overlaps with the position of the wall, u; and v; are known
and the coefficients in the above expansions can be determined. Since the flow
representation used in the computations is limited to Ny+1 modes (see Eq. 3.3.5), only
on the first (Ny+1) terms in (3.3.12) can be accounted for. We shall now discuss the

method used to enforce these conditions.

-Velocity components u; and v; can be evaluated along the wall at time 1+1 using the

discretized form of the solution, i.e.,

u,(xT+1) =ug(f (kT + 1)+ rn§5¢<“>( £ (% +1)7+1)e™™

n=—Ny

n=+Ny, k=N

=, (f(x, T+ D) +T 3 Y GO, DT (fxt+1)e™ , (3.3.132)

n——NM k=0

n=+Ny .
v,(x,1+D)=- D ina®P(fx,r+1)r+1)e"™

n=—Ny

n=+Ny k=Ng

=-> > inaGY, T (Ax,t+1)e™™. . (3.3.13b)

n=-Ny k=0

Chebyshev polynomials and their derivatives evaluated at the wall, i.e., Ti(f{x,7+1)) and
DTy(f(x,t+1)), are periodic functions of x and thus can be expressed in terms of Fourier

_expansion as follows

m=+N; m=+N,
To(Ax,T+1)) = ngﬂgﬂe , DTu(fx,1+1)) = Zd‘ ) e (3.3.14a,b)
m=-N, m=-N;

Where max(N;)=N7N4 and the method for evaluation of coefficients w{™,, and d{, is

explained in Appendix A. Substitution of (3.3.14) into (3.3.13) gives
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n=+N, n=+Ng m=+Ny k=Np

uxt+l)= S FO(t+1)e™ +T G® Jemeax (3.3.15a)
A kr+1Y ke

n=—Ng n=-Ng m=-Ny k=0

n=+Ng m=+Ny k=N

vixT+) ==Y > YimaG{, wiDe™™

n=-N, m=-Ny k=0

where
n=+Ng .

u,(f(x,t+1) = Y FO(t+1)e™ whereN; <N,,. (3.3.16)
n=-Ng

Comparison of (3.3.12) with (3.3.15) gives

: . m=+Ny k=N m=+N), k=N
US=FO@+1)+T D> Y. GRAED , VO=-> > imaG,deD (33.17ab)
m=-Ny k=0 m=-Ny k=0

The reader may note that Vt(ff is not independent but results from specification of

Uﬁ’_?l (see Appendix B). Equations (3.3.17) can be used to express boundary conditions
along the lower and upper walls, i.e., for aty, (x,t+1) and y,(x,7+1). In the case of

our model problem the boundary conditions along the lower wall take following form

"m=+Ny, k=N; '
Sy 6E,A )R =-T'E®%q+1), In|>0 (3.3.182)
m=N, k=0

m=+Ny k=N ) (@-m) . dA(n)
> Y imaGR,(w )y =-T" (—L—J ., |n|21 (3.3.18b)
T+l

m=-N,, k=0 dt
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and are enforced for |n|<Ny,. Relations obtained for |n|>Np can be used as a measure of
error in the enforcement of flow boundary conditions. Similar boundary conditions can

be written for the upper wall by replacing subscript L with subscript U.

The above problem specification is incomplete due to the shortage of boundary
conditions for the mode zero in Eq.(3.3.18b). While these conditions can be selected
arbitrarily, we shall focus our attention on the fixed mass flow rate case, i.e., we shall
require that the net mass flow rate in the x-direction is maintained constant during motion

of the walls.

Volume flux Q along the channel can be evaluated by integrating the x-velocity

component across the channel, i.e.,

a\I’T
&y

§
Qx,t+1)= jy[ J 4§ =¥ (%, 5y T+1),1+1) o (x, §, (x,T+1),7+1). (3.3.19)
L T+

The volume flux represents an x-periodic function that can be written in the form of a

Fourier expansion

n=+Ny

Qx,t+1)= D> Q®P(r+1)e™™ (3.3.20)

n=—N)y

where the zero term, i.e., Q©, represents the net mass flux along the channel. Evaluation

of this flux requires knowledge of ¥'r at both walls. The evaluation process is very

similar for both walls and thus we shall limit description to the lower wall only.

Values of Wt at the lower wall can be evaluated by considering velocities of material
points located on the line / overlapping with this wall. These velocities are known and

can be expressed as
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u,(x,t+1)=0, (3.3.21a)

v,(x,T+1) =

A k=+NA (n) .
dy, (Z,tf +1) % ~r (d‘;‘;n j el | (3.3.21b)
y n=-N,, nz0 t T+

The Fourier expansion on the right hand side of (3.3.21b) does not éontain mode zero as
the mean position of the wall is assumed to be independent of time. The rate of change of

Wt along the wall can be written as

%(X,?L(x,t +1)) = 6%T(x, § (%, T+1)+ F%T—(x, . (x,T+ 1))%. (3.3.22)

The first and second terms of the right hand side are replaced with (3.3.21b) and

(3.3.21a), respectively, and the resulting expression is integrated in x resulting in

n=+N, (n) .
Yo%, § (xt+1)=— >, (inal)’ (9—‘;‘%-) €™ +C, (t+1) (3.3.23)
. n=—NA, n=0 +1

where Cp is an arbitrary function of time. An analogous expression written for the upper
wall introduces another arbitrary function of time, i.e., Cy. Substitution of (3.3.23) and an
equivalent relation for the upper wall into Eq.(3.3.19) and extraction of mode zero results

in
CU(t+i)=Q(°)(r+l)+CL(r+1). (3.3.29)

The value of Q¥ (t +1) is assumed in this analysis to be known and independent of time,

and equal to the flow rate of the reference flow, i.e., Q©¥ = 13‘- )

One of the functions Cy and Cp, can be selected arbitrarily and the other one follows from
(3.3.24). In the description given below the latter one has been selected arbitrarily by
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introducing condition ¥1=0 at a conveniently selected point x, at the lower wall resulting

in
n=+N, dA(n) .
C.e+)=T" > (ina)” -—a—t"— e, (3.3.25)
n=-N, ,n#0 -+l

The computationally useful form of (3.3.24)-(3.3.25) requires introduction of ¥ as this is
the unknown in our problem formulation (see Eq. 3.2.2; ¥Y=Wr-W¥;). Values of

¥ evaluated along the lower wall represent a known function of t and x, periodic in x,

that can be expressed as

n=+N

Y G T+))= 3 (OF), ™ (3.3.26)

n=—Ny

with a similar expression for the upper wall. Values of ¥ along the lower wall can be

computed from (3.3.19), (3.3.23-3.3.26) as

n=+N), dA(n) ‘
Yx9, (x,t+1),t+) == D (inal)” (—Et!-—] enex _
. n=-Ny ,n0 . 1+ A® (33 273)
>, @)™+ 3 (inaD)? (———) Sl
n=-Ny n=-Ny;,n#0 dt i1
and for the upper wall as
n=+Ny dA(n) ‘
Y(x, (X, t+1),1+1)=— Z (inal)™ dtU o
e " (3.327b)
eV o Ny dA® ) .
e 3 a5 o0
n=-Ny n=~N)y,n20 dt w1
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Stream function ¥ at the lower wall can be expressed in terms of the Fourier expansion

(3.3.5) and the Chebyshev expansion (3.3.8) in the form

n=+Ny )
(x5, x,T+]),t+l)= Y OP L (x,T+1))e™™ (3.3.28)
n=-Ny
where
m=+Ny k=N
POGxT+I)= > .G, (wWem) . (3.3.29)
m=-Ny, k=0

Substitution of (3.3.28)-(3.3.29) and similar expressions for the upper wall into (3.3.27)

results in the form of the closing conditions useful for numerical implementation, i.e.,

m=+N,, k=N . 0 n=+Ny ) . dA(n) .

3> G, el ) =80+ Y (nar); (T e, (3.3.302)
m=-Ny k=0 n=-Ny,n=0 1
m=+Ny, k=Np . 0 n=+Ny, . . dA(O) . o

> GS‘;’+I(W$)+I)U =-09+ Y (inal) d—L "™ + QO (3.3.30b)
m=-Ny, k=0 n=-Ny,,n=0 t -+l

Equations (3.3.10), (3.3.18) and (3.3.30) form a complete set of algebraic equations for
the unknown coefficients G, ,k=0,.. ,Nt, n=0,....Num. A solution of this system of

equations moves calculations forward by one time step. Various methods of solutions
will be discussed in the next section. Once the stream function has been determined, the
velocity components can be computed from the definition of ¥ (see Eq. 3.2.2) while

evaluation of pressure is discussed in Appendix C.

An alternative formulation frequently found in the literature [18] uses a constant pressure
gradient constraint rather than the fixed mass flux constraint and the corresponding

boundary conditions are discussed in Appendix D.
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3.4. Testing of the algorithm

We shall discuss the performance of the algorithm in the context of two convenient test
problems involving movements of boundaries, i.e, movements of the lower wall
corresponding (i) to a traveling elastic wave and (ii) to a standing elastic wave.

3.4.1. Traveling elastic wave

3.4.1.1. Test problem

t=0,T T/8 T/4 3T/8 T/2 5T/8 3T/4 T7T/8
e

Figure 3.2. Shape of the lower wall deformed by elastic traveling wave described by Eq.(3.4.1b)
with the amplitude S=0.2, the wave number a=1.0 and the phase speed c=n at t=0, T/8, T/4,
37/8, T/2, 5T/8, 3T/4 and 7T/8, where T denotes one time period.

Consider an elastic wave traveling along the lower wall with the upper wall being flat.

The shape of the resulting channel can be described as

n=+Ny )
Vi =-1+ ) HP et yux,t) =1 (3.4.1a)

n=-Ng,n#0
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and, in the simplest case of a sinusoidal wave, the shape of the lower wall becomes

¥ (x,t) = =1+ Scos[a(x —ct)] = -1+ (0.58** + CC) (3.4.1b)

where ¢ denotes the phase speed, o denotes the wave number and S stands for the
amplitude of the wave. Variations of the location of the lower wall as a function of time
are illustrated for this particular case in Fig. 3.2.

Use of the Galilean transformation

X=x-ct (3.4.2)

transforms the time-dependent moving boundary problem into a time-independent fixed

boundary problem. The full problem in the moving frame of reference (X,y) takes the

form
o o’ o* 02 o*
{6X3+6X6y2 }T+|:6X4+26X26y2+6y‘ ¥ =0 (3.4.3)

with boundary conditions in the form

n=+Ny

uX,+1) =0, vX,+1) =0, uX,y, X)) =0, v(y,X)=-c ) inaHPe™™. (344)

n=-Ny,,n=0

Elastic wave propagation problem represents a good test problem as it can be solved as a
steady fixed-boundary problem in the moving reference frame and an unsteady moving-
boundary problem in the fixed reference frame, and both solutions can be compared. The
former one, i.e., (3.4.3)-(3.4.4), provides testing opportunity for the analysis of accuracy
of spatial discretization and, especially, accuracy of enforcement of boundary conditions,
and the latter one provides opportunity for testing of accuracy of temporal discretization.
The former problem is solved using the steady version of the method discussed in the

previous section.
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3.4.1.2. Solution in the moving frame of reference

Problem (3.4.3)-(3.4.4) represents steady fixed boundary problem. As the first step, we
wish to demonstrate the spectral accuracy of the spatial discretization used in the present
work. While this discretization is fairly standard, one needs to pay special attention to the
zone around the moving wall where the concept of immersed boundary conditions is
used to impose flow boundary conditions due to possible problems associated with the
formation of boundary layers in the distribution of modal functions. The Chebyshev
expansions (3.3.8) with coefficients calculated using Galerkin procedure (3.3.10) are
guaranteed to be spectrally accurate with the increasing number of terms Nt. In most
cases sixty Chebyshev polynomials provide machine accuracy. When a—oo (corrugation
with shorter wavelength) and higher Fourier modes begin to play a role, one needs to
increase the number of Chebyshev polynomials in order to resolve wall boundary layers.
These layers become extremely thin for larger values of o and for higher Fourier modes
(see Fig. 3.3). Modal functions change very rapidly inside these layers while they are
nearly zero in the rest of the domain. Typically one needs to use N1~80 for a=20 and

N1~160 for a=>50 in order to provide the required resolution.

The second aspect of spectral accuracy involves convergence of the truncated Fourier
series (3.3.5) describing x-variations of the unknown. In all tests dealing with this issue

the number of Chebyshev polynomials Nt was kept sufficiently large in order to reduce

the associated error to machine accuracy. Chebyshev norm defined as

po

1
o =\/ I'? [DO®(§,HDO™" (5, )§)dy , d=1/41-5 (34.5)
-1

had been adopted as a measure of the “magnitude” of the derivative of the modal
function ®®. Results displayed in Fig. 3.4 demonstrate that this norm decreases as a
function of the mode number n with the rate of decrease very rapidly reaching the

(asymptotic) exponential form.
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Figure 3.3. Distribution of the real part of D& as a function of y for the higher modes (n>10)
in the vicinity of the lower wall for the model problem (3.4.3)-(3.4.4) for a=5 and S=0.05.

Ny=15 Fourier modes and Nr=80 Chebyshev polynomials used in the computations.
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Figure 3.4. Variations of the Chebyshev norm of D& (see Eq. 3.4.5) as a function of the
Fourier mode number n for the model problem (3.4.3)-(3.4.4) for different wave amplitudes S for

a=1.0. Nyy=20 Fourier modes and Ny=60 Chebyshev polynomials used in the computations.

Error in the enforcement of flow boundary conditions is of special interest. For
convenience, we adopt the L, norm for u- and v-velocity components evaluated at the

lower wall as quantitative measures of this error. These norms are defined as
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[ = sup ja X, Va@)].,= sup |v.(X) (3.4.62)
where
U X)=uXy (X)) , VaX) =V (X)) (X) (3.4.6b)

and their distributions as functions of S and « are illustrated in Figs 3.5-3.6. The reader
may note in judging these results that S=2 corresponds to a situation when the upper

most point of the lower wall comes into contact with the upper wall.

10°

Ve Lt

10"

1 -12
10° 0 10°

A (B)

Figure 3.5. Variations of the “"er(X)"m (Fig. 3.54) and ||v,',,(x\9ﬂ00 (Fig. 3.5B) norms (see Egq.

3.4.6a) as a function of the wave amplitude S for selected values of the wave number « for the

model problem (3.4.3)-(3.4.4) with the phase speed c=n. The dashed and solid lines correspond

" to results obtained with the Ny = 10, 15 Fourier modes, respectively. The reader may note that

S=2 corresponds to peak of the wave reaching the top wall. Nr=60 Chebyshev polynomials were

used in the calculations.

The available results suggest that the error is at machine accuracy level if o and S are
below certain critical values. Once these values are reached, the error begins to increase
rapidly in a fairly universal manner. The critical values of a and S can be increased by

increasing the number of Fourier modes Ny used in the calculation, but the qualitative
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character of the error increment remains unchanged. The location of the maximum error
overlaps with the location of the lowest point in the lower wall, as illustrated by

distribution of error along the lower boundary displayed in Fig. 3.7.

10°

Vel lof

10"}

10’

Figure 3.6. Variations of the |u, (X)|_ (Fig. 3.64) and |v,,(X)|, (Fig. 3.6B) norms (see Eq.
3.4.6a) as a function of the wave number «a for selected values of the wave amplitude S for the

model problem (3.4.3)-(3.4.4) for the phase speed c=n. Other parameters as in Fig. 3.5.
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Figure 3.7. Distribution of error u,, and v,, (see Eq. 3.4.6b) in the enforcement of flow boundary
conditions at the lower wall for the model problem (3.4.3)-(3.4.4) with the c=m, §=0.2 and a=1.

The presented results were obtained with Ny=15 and Nr=60.
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3.4.1.3. Solution in the fixed frame of reference

6.0E-09

t=2T, 3T 225T 25T

4) (B)

Figure 3.8. Distribution of error in the enforcement of flow boundary condition u.. (Fig. 3.84)
and v., (Fig. 3.8B) for the u- and v-velocity components (see Eq. 3.4.6b), respectively, at the
lower wall at t = 2T, 2.25T, 2.5T, 2.75T and 3T, where T stand for one time period, for the model
problem (3.4.3)-(3.4.4) with the amplitude S=0.2, the wave number a=1.0 and the phase speed

=n. The presented results were obtained through a direct solution of the moving boundary
problem in the fixed coordinates system with Ny=15 Fourier modes and Nr=60 Chebyshev
polynomials. Solution corresponding to the fixed boundary problem in the moving frame of

reference (3.4.3)-(3.4.4) was used as the initial condition.

The problem discussed in the previous section becomes a moving boundary problem
when expressed in a fixed reference frame. We use solution obtained in the moving
* frame of reference as an initial condition and track evolution of the flow as a function of
time. The time history of the error of enforcement of boundary conditions is illustrated in
Fig. 3.8. It can be seen that the maximum error is similar to that found in the case of
solution obtained in the moving frame of reference, location of this error follows location
of the maximum opening of the slot as it moves in the x-direction, and the magnitude of
this error remains approximately constant when several waves pass through the

computational box.
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Variations of the velocity components in selected test points are displayed in Fig. 3.9.
The results shown in the figure demonstrate (i) the periodic variations in time with the
expected period and (ii) the phase differences between different x-locations that match
phase differences determined using solution in the moving frame of reference.
Distribution of shear stress at the moving boundary displayed in Fig. 3.10 demonstrates
that the expected periodicity and phase shifts have been reproduced. Results of the
temporal grid convergence studies displayed in Fig. 3.11 demonstrate that the one-step
.and two-steps algorithms reproduce the expected first- and second-order accuracy in

time, respectively.

1.05
u 0.35
0.7 v
0
0.35 -‘ 035}
% 2 t 4 6 074 2 t 4 [
(A (B)

Figure 3.9. Variations of the u-velocity (Fig. 3.94) and v-velocity (Fig. 3.9B) components for
three time periods at points (x,y) = (0, -0.6), (A/4, -0.6), (A2, -0.6), (34/4, -0.6), A=2nm/a, for the
model problem (3.4.3)-(3.4.4) solved directly as a moving boundary problem in the fixed
reference frame. Solution corresponding to the fixed boundary problem in the moving frame of
\refer‘ence (3.4.3)-(3.4.4) was used as the initial condition. N\=15 Fourier modes and Nr=60

Chebyshev polynomials were used in the computations. Other conditions as in Fig. 3.2.
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Figure 3.10. Distribution of the wall shear stress at different time levels after two time periods
Jor the model problem (3.4.3)-(3.4.4). Other parameters are as in Figs 3.2 and 3.9.
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Figure 3.11. Variations of error in the u- (Fig. 3.114) and v- (Fig. 3.11B) velocity components

as a function of the step size At used in the temporal discretization in the case of the model

- problem (3.4.3)-(3.4.4) with the amplitude S=0.1, the wave number a=1.0 and the phase speed

c=n. The error is defined as the maximum of the absolute value of the difference between the

results obtained through the direct solution of the moving boundary problem in the fixed frame of

reference and the corresponding fixed boundary problem in the moving frame of reference at a

time corresponding to t=1.0. Ny=10 Fourier modes and Ni=60 Chebyshev polynomials were

used in the computations. Solution of the model problem (3.4.3)-(3.4.4) in the moving frame of

reference is taken as the initial condition for the direct solution method.
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3.4.2. Standing elastic wave
3.4.2.1. Test problem

Consider standing elastic wave at the lower wall with the upper wall being flat. The

shape of the resulting channel can be described as

n=+Ny

yo)=-1+ Y HP() ™, yulx,t) =1 (3.4.7)

n=-Ny,n20
and, in the simplest case of a sinusoidal wave, the shape of the lower wall becomes

yi(x,t) = -1+ S cos(wt) cos(ax) =-1 + (0.5 S cos(wt) e“* + CC) (3.4.8)
where o denotes the wave number, S stands for the amplitude and ® denotes the

frequency of the wave. Variations of the location of the lower wall as a function of time

-are illustrated for this particular case in Fig. 3.12.

-0.8 P

/ . N 3T/8, 5T/8 -T_

L 4714, 3714 N, 4 l
A= ‘./_.. A \_‘ Vs 1

..-....‘./‘-.. '-.-o«-.....
L ~ 18,718 N
cesorss’ / e S \ Steenns,
e 7™~
-1.21— T/2
0 2 X 4 6

Figure 3.12. Shape of the lower wall modified by elastic standing wave with the wave number
a=1.0, the amplitude S=0.2 and the frequency o=n at times t=0, T/8, T/4, 3T/8, T/2, 51/8, 3T/4,
7T/8 and T, where T denotes one time period.
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The full test problem has the form

2 2 4 2 4
g{6—2+a—2-:|‘1’=|:64+ ‘3 2+a4}1’ (3.4.9)
at| ox? oy ox* oxloy: oy

with boundary conditions in the form
u(x,+1,t) =0, v(x,+1,t)=0,

n=+Ny d

Uy (0,0=0, vy, &Y= Y ~—(H®)" (34.10)

n=-Nj,,n=0 dt

For convenience, we use the L, norm as a quantitative measure of error associated with

the enforcement of velocity boundary conditions at the lower wall, i.e.,

||u“(x,t)||u° = sup |u“(x,t)| , ||v,(x,t)||m = sup | ve,(x,t)| (3.4.11a)
0sX<2w/a 0sXs2n/a

where

uer(x’t) = u(x’YL(xst)at) ’ V“(X,t) = v(x,yL(x,t),t)-VL(x,t)) . (3 4.1 lb)

3.4.2.2. Solution of the test problem

Figure 3.13 illustrates distribution of error in the enforcement of boundary conditions at
the lower wall. It can be seen that the magnitude of the error changes periodically in time
with frequency equal to double the frequency of the standing wave. Variations in the
magnitude of the error can be correlated with variations of the shape of the wall, i.e., the

maximum of error occurs at times when the channel opening is the largest. The
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magnitude of error can be reduced by increasing the number of Fourier modes used in the

calculations but the qualitative behaviour of error with time remains unchanged.

The spatial distribution of error is illustrated in Fig. 3.14 after 3 and 3.5 cycles of the
wave motion. It can be seen that the maximum of error shifts to location corresponding to
the maximum opening of the channel. The Fourier spectra of the error shown in Fig. 3.15
demonstrate that the Ny number of Fourier modes have been eliminated according to the
construction of the immersed boundary conditions algorithm described in Section 3.3.
The largest error is associated with the first Fourier mode omitted in the enforcement of
boundary conditions. The error associated with the higher omitted Fourier modes rapidly

decays as the mode number increases.
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10"
0

(4) (B)

Figure 3.13. Variations of the | ve,(x,t)"w (Fig. 3.13B) norms (see

u,, (x|, (Fig. 3.134) and

Eq. 34.11a) as a Junction of time over three time periods for the moving boundary problem
defined by (3.4.8)-(3.4.10) for a=1, §=0.2 and &= r (shape of the wall is illustrated in Fig. 3.12)
computed using Nr=60 and different values of Ny. The initial conditions used correspond to
shape of the wall given by Eq. (3.4.8) at time t=0 and zero flow modifications. It can be seen that
the initial transient dies out and the time-periodic flow response begins to dominate after 1-2

periods.
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Figure 3.14. Distribution of the error u,, (Fig. 3.144) and v, (Fig. 3.14B) in the u- and v-velocity
components (see Eq. 3.4.11b) at the lower wall after three (solid line) and three and half time
periods (dashed line) for the model problem (3.4.8)-(3.4.10) evaluated with Ny=15 Fourier

modes. All other conditions are as in Figure 3.13.

Figure 3.15 also displays results of tests carried out in order to check if the method
produces any spurious spatial oscillations. Three cases were considered, i.e., in case (A)
the wave was represented by the principal Fourier mode and the calculations had been
carried out with Nyw=9 Fourier modes, in case (B) the wave was represented by the
second Fourier mode (the principal mode has the wave number a=0.5), and in case (C)
the wave was represented by the third Fourier mode (the principal mode has the wave
number a=1/3). In order to have fully equivalent representations, the number of Fourier
modes used in cases (B) and (C) were N=18 and Nw=27, respectively. The selected
‘ representations admitted subharmonics of the 1/2 type in case (B) and 1/3 type in case

~ (C). The Fourier spectra shown in Fig. 3.15 demonstrate the equivalency of the results in
all three cases. No subharmonics had been produced during the solution process and the

modes expected to produce zero contributions in cases (B) and (C) behaved as expected.

Results of temporal grid convergence studies are displayed in Fig. 3.16 and demonstrate
that the one-step and two-steps algorithms reproduce the expected first- and second-order
accuracy in time, respectively. Variations of velocity components at a test point

displayed in Fig. 3.17 demonstrate the expected periodic variations in time.




79

6.0E-07
6.0E-07 | atthe
m’: - initial
= n)
IU(")L, state IV‘ lo,
after 3.5 3.0E-07
30E-07 | time ~|
periods
Case A |
1.0E-11 : o 2
Y 10 20 30 40 1oEN S 10 20 30 40

Fourier mode number, n Fourier mode number, n

4) (B)

Figure 3.15. Fourier spectra of error distributions u,, and v,, (see Eq. 3.4.11b) in the u- (Fig.
3.154) and v- (Fig. 3.15B) velocity components at the lower wall for the model problem (4.8)-
(4.10). Three different forms of Fourier expansions were considered, i.e., case A: a=1.0, Ny=9 ;
case B: a=0.5, N\y=18 and case C: a=1/3, Ny=27. Nr=60 Chebyshev polynomials used in all

cases. All other conditions as in Fig. 3.13.
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Figure 3.16. Variations of the u- (Fig. 3.164) and v- (Fig. 3.16B) velocity components as a
function of the step size At used in the temporal discretization at a test point (x,y)=(7/2, -0.75) in
the case of the model problem (3.4.8)-(3.4.10) with the amplitude S=0.1, the wave number a=1.0
and the frequency w=r at time 1=1.0. The initial conditions correspond to the solution of the
fixed boundary problem for the wall shape given by Eq.(3.4.8) at t=0. N,~10 Fourier modes

and N=60 Chebyshev polynomials were used in the computations.

Variations of the shear stress at the moving wall are displayed in Fig. 3.18 and also

follow the expected periodic variations in time. The instantaneous streamlines associated
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with a standing wave with a more complex form are displayed in Fig. 3.19 in order to

illustrate the algorithm’s ability to deal with more complex motions.

Figure 3.17. The evolution of the u- (solid line) and v- (dashed line) velocity components at a test
point (x,y)=(A /4,-0.6) during the first four time periods for the model problem (3.4.8)-(3.4.10)

evaluated with Ny=15 Fourier modes. All other conditions are as in Figure 3.13.
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Figure 3.18. Distribution of the wall shear stress at different time levels during the third time
period. The results shown were determined using Ny/=15 Fourier modes. All other conditions are

as in Figure 3.13.
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Figure 3.19. Instantaneous streamlines in a channel bounded by y.(x,t)=-1+(0.05ie" -0.0167ie’™
+0.0125ie™ +CC) cos(wt) and yu(x,t)=1, for o=n using Ny=25 and N1=80 evaluated after two
time periods. Results are shown at times t-2T=0, 1/8, T/4, 3T/8, T/2, 51/8, 3T/4, 71/8 and T,
where T stands for one time period. The initial conditions used correspond to shape of the walls
at time t=0 i.e. y.(x,0)=-1+(0.05i" -0.0167ie’™ +0.0125ie"™ +CC) and yu(x,0)=1, and zero flow

modifications.
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3.4.3. Efficiency of the algorithm

The proposed algorithm requires solution of a system of linear algebraic equations
resulting from the discretization of the field equations and boundary conditions at each
time step. The resulting matrix structure is displayed in Fig. 3.20 and underscores the fact
that algebraic equations resulting from discretization of each modal equation of type
(3.3.7a) are uncoupled, i.e., the corresponding coefficients form blocks in the upper
triangular form. The only coupling between Fourier modes is provided through the
boundary conditions, i.e., the corresponding entries form horizontal lines in the matrix

(four lines per block).
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Figure 3.20. Structure of the coefficient matrix for the test problem (3.4.8)-(3.4.10) obtained with

N,=10 and Nr=60. Non-zero entries are marked in black.

Direct solution of the matrix equation leads to a solution method that we shall refer to as
the ‘direct algorithm’. The efficiency of this algorithm is very good as the only matrix
entries that have to be recomputed at each time step correspond to the boundary
conditions. In addition, the shape of the moving wall can be easily adjusted by changing
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the magnitude of the relevant Fourier coefficients. In this sense, the proposed algorithm
is superior with respects to algorithms based on dynamic grid adjustments and/or
mapping methods as the cost of re-gridding and matrix construction have been
eliminated, and comparable to algorithms based on various forms of interface tracking

- while delivering much higher accuracy.
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-Figure 3.21. Performance of the first version of the decoupled algorithm with different values of
the over-relaxation factor for the model problem (3.4.3)-(3.4.4) as a function of the amplitude S
of the traveling wave with the wave number a=1.0 and the phase speed c=n. Time required by
the direct method is given for reference. All calculations have been carried out with Ny~=15

Fourier modes and Nr=60 Chebyshev polynomials.

The matrix of coefficients can be very large when a large number of Fourier modes are
required and this motivates the search for a method of solution that avoids construction
as well as inversion of the complete matrix. Structure of the matrix (see F1g 3.20)
suggests the use of an iterative solution algorithm based on the decoupling of Fourier
modes. We have tested four versions of such algorithms which we shall refer to as the

‘decoupled algorithms’.

In the first version, the unknowns corresponding to a Fourier mode of interest in equation

(3.3.18) and (3.3.37) at the current time step are expressed in terms of the remaining
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Fourier modes using their values from the previous time step (or from the previous
iteration). The solution process begins with mode 0, proceeds to the next mode using the
most recent information available and continues until the last mode Ny is reached, and
then it is repeated until a convergence criterion is satisfied. In this way, the inversion of
the complete matrix of size (Nt+1)*(2Nmt1) is replaced by a repetitive solution of

system of (Nr+1) equations for each Fourier mode.
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Figure 3.22. Number of iterations required by different versions of the decoupled algorithm as a
Sfunction of the simulation time (and thus position of the wall). Simulations have been carried out
over two periods of motion of the standing wave described in Section 3.4.2 with the wave
amplitude $=0.15, the wave number a=1.0 and the frequency w=n using zero initial condition,

Ny=15 Fourier modes and Nr=60 Chebyshev polynomials.

“Versions 2-4 retain different couplings between the main modes as this might accelerate
convergence. In version 2 we solve for each mode simultaneously with mode 0, e.g., we
solve a system of equations for modes 0 and 1, then for modes 0 and 2, and then for
modes 0 and 3, and so on. In version 3 we solve for each mode simultaneously with
mode 1, i.e.,, mode 0 and 1, then 1 and 2, followed by 1 and 3, and so on. In the forth
version, we solve for modes 0, 1 and 2 together and then separately for each of the
remaining modes. It is necessary to point out that the decoupled algorithms reduce

memory requirements as one needs to work with many small matrices rather then one
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very large matrix as well as they open possibility for parallelization of the computations.
This issue becomes significant in the case of three-dimensional problems and large

number of Fourier modes and Chebyshev polynomials.
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Figure 3.23. Variations of time (in sec) required to achieve convergence using different versions
of the decoupled algorithm as a function of the simulation time (and thus position of the wafl). All
the other conditions as in Fig. 3.22.

The rates of convergence of all versions of the decoupled algorithm are generally very
good; they decrease with an increase of the amplitude S and the wave number a
characterizing the moving boundary. Their efficiency is illustrated in Fig. 3.21 in the
context of the test problem discussed in Section 3.4.1 solved in the moving reference
_ frame. It can be seen that the iterative method (version 1) requires less time than the
direct method as long as the amplitude S is less than ~0.23. Over-relaxation decreases the
efficiency of the method for S<~0.23 but improves efficiency for higher amplitudes S.
The relative efficiency of different versions is illustrated in Figs 3.22 and 3.23 in the
context of the test problem discussed in Section 3.4.2. Figure 3.21 displays variations in
the number of iterations required for convergence as a function of simulation time. The
maxima in the number of iterations correspond to instants of time when the channel
opening passes through the maximum and minima correspond to times when the channel
becomes flat. Figure 3.23 displays analogous information but expressed in terms of the

computing time required for convergence. The local maxima correspond to instants of
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time when the channel opening passes through the maximum and minima correspond to
times when the channel becomes flat. It can be seen that version 1 of the decoupled
algorithm is most efficient as inclusion of additional coupling between Fourier modes

increase number of iterations and time required for convergence.

3.5. Conclusions

A gridless algorithm for unsteady flow problems described by the biharmonic operator
(Stokes flow) has been presented and tested. The algorithm uses a fixed computational
domain with the flow domain completely immersed inside the computational domain.
The flow boundary conditions are imposed using the concept of immersed boundary
conditions. Two versions of boundary condition had been presented, i.e., corresponding
to the fixed mass flux constraint and to the fixed pressure gradient constraint. The
algorithm is suitable for the flow domains that have form of a channel whose geometry is
periodic in the stream-wise direction. The opening of the channel may change as a
function of time in an arbitrary manner but resulting in an instantaneous geometry that is
Fourier transformable. The algorithm uses Fourier expansions for the spatial
discretization in the flow direction, Chebyshev expansions for the discretization in the
transverse direction and the first- and second-order implicit temporal discretizations.
Various tests confirm the spectral accuracy of the spatial discretization and the
theoretically predicted accuracy of the temporal discretization. The algorithm is very
 efficient as the part of the coefficient matrix corresponding to the field equations needs to
‘be computed only once and the only changes required at each time step are limited to
entries corresponding to the boundary conditions. In addition, the algorithm is veryb
flexible as far as adaptation to different geometries is concerned as the only changes
required are limited to changes in the Fourier coefficients describing motions of the
walls. The numerical error associated with treatment of flow boundary conditions is well
controlled during the simulation process. No numerical instabilities have been observed.
Direct and decoupled versions of the algorithm had been explored. It had been found that

while the direct algorithm is more efficient in situations when large-amplitude motions of
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the boundaries are of interest, a simple mode-decoupled algorithm is significantly faster

when the interest is limited to small amplitude motions.
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CHAPTER 4

Over-determined formulation of the IBC method’

4.1. Introduction

‘Immersed boundary’ (IB) methods refer to a class of methods where the computational
domain extends beyond the physical domain resulting in edges of the physical domain
immersed inside the computational domain. The name has been coined by Peskin [1] in
the context of cardiac mechanics problems. The concept is very attractive as one can
work with a fixed, regular computational domain regardiess of the shape of the physical
domain, i.e.; the cost of generating boundary conforming grid has been completely
eliminated. Field equations can be discretized using a simple reference coordinate system
and are never changed regardless of the geometry of the physical domain. The main
challenge associated with this method is the development of procedures that result in the
enforcement of physical boundary conditions along the physical boundaries located
inside of the computational domain. There are no conditions to be imposed along the
edges of the computational domain (unless the edges of the physical and computational
domains coincide) and thus the problem formulation needs to be closed by a set of
| ~ constraints rather then by the classical boundary values. The IB method has been
‘devel‘oped primarily in the context of fluid flow problems. The prevailing procedure for
impdsition of constraints replacing physical boundary conditions involves introduction of
additional forcing that makes the fluid to move along the physical boundary. This
methodology has roots in the physics of the problem, requires good understanding of the

'A version of this chapter has been accepted for publication as —

Husain, S.Z., Floryan, J.M. and Szumbarski, J., Over-Determined Formulation of the Immersed Boundary
Conditions Method, Computer Methods in Applied Mechanics and Engineering, doi:
10.1016/j.cma.2009.09.022 (2009).
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problem, and algorithm calibration involves elements of trial and error. Details of

procedures based on the so-called continuous and discrete forcing are reviewed in [2, 3].

Fictitious domain methods [4, 5] offer an alternative approach for handling boundary
irregularities where problems formulated on a complicated domain are solved on a
simpler domain that contains the complicated domain. Use of simple domain enables

efficient computational grid generation. The fictitious domain method is very suitable for

- moving boundary problems as it does not require regeneration of grid to account for the

changing boundary geometries [5].

A separate group of methods has its roots in the methodology developed for handling the
moving boundary problems and has been reviewed in [6]. Here one should focus on the
fixed grid methods where the motion of the interface is tracked through a reference fixed
grid. The most popular methods are based on the fluid fluxes and are known as the
volume of the fluid (VOF) method. More recent methods rely on the concept of level set
[7,8]. All these methods are of low-order in terms of spatial accuracy as they are based
on the low-order finite-difference and/or finite-volume discretizations, and the interface

tracking procedures result in smearing of the interface.

An alternative direction for handling boundary irregularities has been proposed by
Szumbarski and Floryan [9] and is referred to as the immersed boundary conditions
(IBC) method in the present work. The IBC method is conceptually similar to the IB

methods as the physical field of interest is immersed inside the computational domain.

" However, unlike the IB method, the IBC method does not use additional forcing to

impose the physical boundary conditions rather transforms the original boundary value
problem into an internal value problem. The concept behind the IBC method is also
different from the fictitious domain method as it does not simplify the geometry of the
problem to enforce the boundary conditions [4]. The IBC method leads to a formal
construction of boundary constraints that provide the required closing relations. Spatial
discretization relies on the spectral expansions and thus provides ability to reach machine

level accuracy. The boundary constraints rely on the representation of physical boundary
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in the spectral space and nullifying the relevant Fourier modes. Such implementation is
limited to geometries that can be represented by Fourier expansions but results in a
gridless algorithm as all possible variations of boundary geometries are described in
terms of the Fourier coefficients only. The programming effort associated with modeling
-of changes of geometry has been essentially removed as the only information required
for specifying the new geometry is reduced to a set of Fourier coefficients provided as
input to the code. The additional attractiveness of this concept is associated with the
. precise mathematical formalism, high accuracy and sharp identification of the location of
physical boundaries. This method has been successfully extended to unsteady problems
[10] as well as moving boundary problems [11, 12] where the boundary geometries are
time-dependent. The computational advantage of this approach over conventional
mapping-based spectral algorithm is more evident for the moving boundary problems
[11, 12], because only the entries in the coefficient matrix corresponding to the
discretized boundary conditions are required to be computed at each time step while part
of the coefficient matrix corresponding to the discretized field equations needs to be
constructed only once. The special structure of the coefficient matrices resulting from the
algorithm also provides opportunities for devising more efficient iterative solution
inethods [10-12]. While the IBC method has been successfully employed for various
classes of problems, it has limitations in terms of severity of boundary geometry that can
be handled accurately. Various tests have shown that if either the wave number of the
physical boundary corrugation or the amplitude of this corrugation is too large, the

method fails to provide an acceptable accuracy [9-12].

" This chapter addresses the limitations of the IBC method discussed above. The IBC
method relies on the Galerkin projection for the construction of discretized analog of the
field equations. Some of the projection equations are eliminated to provide “space” for
the boundary conditions, which are imposed in the Tau-like manner. The boundary
conditions are “discretized’ using the IBC concept resulting in a number of boundary
constraints that is far in excess of that required to formulate a closed system of algebraic
equations. In the “classical” formulation of the IBC method [9], only the number of

boundary constraints required to form a closed system is retained and boundary
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constraints corresponding to the lowest (dominant) Fourier modes are used for this
purpose. Use of additional available constraints could lead to an increase in the accuracy
of the IBC method and could extend its applicability to more extreme geometries, but
leads to an over-determined formulation of the problem. Since we have chosen to work
with the over-determined formulation, we can also explore whether the use of all

available projection equations offers any computational advantage.

The possible gains associated with the over-determined formulation of the IBC method
could be problem dependent. In order to provide a definite answer, we have tested this
formulation on three model problems involving most commonly found operators, i.e., the
Laplace operator, the biharmonic operator and the Navier-Stokes equations. In each case,
we have used the same class of geometries for testing purposes so that the reader can
identify issues associated with the progressively more complicated operators. Section 4.2
discusses model geometry. Section 4.3 provides description of the method for the
Laplace equation. Section 4.4 is devoted to the solution of a model problem that leads to
a biharmonic operator. Section 4.5 provides discussion of the solution of the Navier-
Stokes equations. Section 4.6 provides a short summary of the main conclusions. In order
to provide reliable testing of the accuracy of the over-determined formulation, we have
determined reference solutions by solving all three model problems using the mapping
method that leads to the classical treatment of boundary conditions. A brief outline of the
relevant algorithms is given in Appendices E, F, G for the Laplace, biharmonic and

Navier-Stokes problems, respectively.

4.2. Model geometry

We select model geometry in the form of a two-dimensional slot extending to o in the
x-direction and periodic with the wavelength A=2n/a (see Fig.1). The slot is bounded by

walls whose geometry is expressed in terms of Fourier expansions in the form
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n=+N, n=+N,

yL®)=-1+ Y H{e™ yu®=1+ > HPe™ (4.2.1a,b)

=-N, n=-N,

where H® = (H(L"‘) )., HY = (Hg“) ) and the asterisk denotes complex conjugate. Such

geometries are of interest in simulations of various physical phenomena where surface
roughness plays important role, e.g., electrical micro-capacitors, micro-heat exchangers,

laminar-turbulent transition, electrostatic filters, etc. We have selected three types of field

- equations that the reader might encounter in such applications, i.e., the Laplace equation

(discussed in Section 4.3), the biharmonic equation (discussed in Section 4.4) and the
Navier-Stokes equations (discussed in Section 4.5). These equations are linear second-
order, linear fourth-order and nonlinear fourth-order, respectively, and thus provide

ample opportunity for illustration of the performance of the algorithm.
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Figure 4.1. Sketch of the domain of interest in the physical plane.

4.3. Problems described by the Laplace equation

The Laplace equation governs different types of practical flow problems, e.g. conductive

heat flow, ground-water hydrology, potential flow, etc. In our case we shall consider the
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Laplace equation to be describing the conductive heat flow in a corrugated slot whose

geometry has been defined in Section 4.2.

4.3.1. Problem formulation
The dimensionless field equation describing heat flow at steady state has the form
V?6=0, (43.1)

where V2 =0_ +0,, is the Laplacian and the symbol Odenotes partial differentiation

with subscripts x and y denoting the arguments of partial differentiations. Equation
(4.3.1) needs to be supplemented by suitable boundary conditions. For convenience we

select isothermal boundary conditions on both walls in the form
6(x,y, (x)) =C, =const, 0(x,yy (x)) =C,, =const, (4.3.2a,b)

and the remaining boundary conditions follow from the assumption of periodicity of
geometry. We shall now briefly describe the discretization process. The irregular wall
geometry poses the main difficulty in solving problem (4.3.1)-(4.3.2). In order to
determine solution with spectral accuracy, we use Fourier and Chebyshev expansions in
_ the x- and y-directions, respectively. The physical domain is confined between (1+Yy)
and (;l-YL) which denote locations of extremities of the domain of interest (see Fig. 4.1).
The first step in the solution process involves a mapping from the physical (x,y)

coordinates to the computational (x, ¥) coordinates in the form
¥=2[y-(1+Y)I/[1+Y, - (-1-Y.)]H, (4.3.3)

which limits computational domain to § e(-11) and permits the use of the standard

definition of Chebyshev polynomials. The governing equation in the transformed
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coordinates takes the form

0,8+T20,,6=0, 4.3.9)

where I'=2/(2+ Y, +Y, ). The boundaries in the (x, ¥ ) plane become

n=+N, ) n=+N, )
)= 2APe™™ Fo®)= 2ADenx (4.3.5a,b)

n=-N, n=-N,

where A$)=1+F[_2—YU+H§.O)], AP =TH{ for n# 0, A$)=1+F[—YU+HS))] ’

A® =TH® for n# 0. The corresponding boundary conditions are

0(x, ¥, (x)) =C,, 0(x, ¥, (x)) =Cy,. (4.3.6)

The solution can be represented in the form of Fourier expansion

0=+ R n=+Ny, .
0(x,9)= Y OV He™ = ¥ 0®FHe"", (4.3.7a)
n=-o n=-Ny

where @@ (§) = (0 ($)) and ©® satisfies the modal equations in the form
D™ n2a?e™=0 (4.3.7b)

where D? = d%/djy?, n=0,.....Ny. A minimum of two boundary conditions have to be
extracted from (4.3.6) for each equation of type (4.3.7b) resulting in a total 2*(Ny+1)
conditions required to close the system. These conditions take an explicit form for each
modal equation in the case of smooth boundaries but all modes become coupled in the

case of irregular geometry as will be shown later.
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The unknown modal functions ®® (§) can be represented in terms of expansions based

on Chebyshev polynomials in the form

0® () = Zz(n)T $)= Z ZOT, () (4.3.8)

k=0

where Ty denotes the Chebyshev polynomial of k® order and Z®are the unknown

~expansion coefficients. Substituting (4.3.8) into Eq.(4.3.7b) and applying the Galerkin

projection technique, i.e., multiplying both sides of the resulting equations by Tj(§) and

integrating with the weight function & =1/4/1-$* , we obtain

k=N

Z[(T DT > *o?)T,, T ]Z‘“" j=0,..,Nr. (4.3.9)

k=0

1
The inner products in Eq.(4.3.9) are defined as(f;(§).g, ()= j’ £.(9)g. ()d(F)d§ and
-1

are evaluated using the well known orthogonality properties of Chebyshev polynomials.
The reader may note that one can construct a maximum of (NT+1)*(Nm+1) equations of
the type (4.3.9).

4.3.2. Enforcement of boundary conditions

The boundary conditions are to be enforced along the lines ¥, (x) and ¥,,(x) while the
solution domain remains fixed at§e(-11). A computationally suitable form of

boundary conditions will be constructed using the concept of Immersed Boundary
Conditions (IBC). We start with explaining the process of evaluating the unknown
temperature 0(x) = 8(xf(x)) along an arbitrary line, I:={(x,y): y=f(x)}, such that fis a

periodic function with period A=2n/a and [{x)|<1 which can be expressed as
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n=+N,
fx)= pOenex (4.3.10)
n=—N,

where all P®’s are known. 8(x) is periodic with the same period A and thus can be

expressed in terms of Fourier series as

0(x)= 0 AN = 3 e 43.11)

n=-Njy

where the value of Ny will be established later. Expressions for the expansion coefficients

o™ can be determined by inserting the discretized form of solution into (4.3.11) resulting

in
8= 3 OV = 5 T ZOT, (/)" (43.12)

Since Ty(f(x)) is periodic in x, it can be expressed in terms of Fourier expansion as

follows
m=Ng .

Tfx) = > wiDe™ (4.3.13)
m=-Ng

where max(Ns)=N1*N, . The expansion coefficients in (4.3.13) can be evaluated with

 the help of the recurrence relation for Chebyshev polynomials resulting ~ in

’ 0
w® =1, w™=0 forjm|21, w{®=P®™ forjm|>0,and w{% =2 P®w{™ -w{.

n=—w

Substitution of (4.3.13) into (4.3.12) gives

o=+Ny k=N m=+Ng h=+Ng n=+Ny, k=N

el(X)= Z Z Zz(kn)wl(‘m)ei(n+m)ux = Z Z Zzin)wl((h—n)eihax (4314)

n=-Ny k=0 m=-Ng h=-Ng n=-Ny, k=0
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where h=n+m and Ng=N1Ns+Nm. Comparison of (4.3.11) with (4.3.14) (with accounting

for the change of labels in (4.3.14), i.e., n—>m, h—n) gives

m=+N, k=N

o™= > Y ZPwE™ |, nel,.,N, . (4.3.15)

m=-N,, k=0

Equation (4.3.15) constitutes the basis for enforcing the boundary conditions along

boundaries immersed inside the solution domain, i.e., along the boundary lines ¥; (x)
and y;(x). In the case of our model problem, these boundary conditions lead to

boundary constraints that take the following form

m=+Ny, k=N; C forn =0
Z Z Zim)(wLU)in_m) = =Y » N = Or"’ Ne (4316)
me Ny k0 ’ 0 for n#0

and the subscripts ‘L’ and ‘U’ denote lower and upper walls respectively. The reader may
note that we have physical conditions at the boundaries that we refer to as boundary
| conditions, e.g., Eq.(4.3.6). The discretization of (4.3.6) leads to (4.3.16) which we shall
refer tc; as the boundary constraints. The reader may also note that the assumed flow
representation (4.3.7) is limited to Ny+1 Fourier modes that require 2*(Np+1) of
boundary constraints to form a closed system while Eq.(4.3.16) provides a larger pool,
i.e., 2*(Ngt+1)=2*(NTNa+NpM+1), of potential constraints that one can choose from. The

discretization process results in (Npm+1)*(N1+1) projection equations and the same
number of the unknown expansion coefficients Z™ . This provides certain flexibility for

designing a suitable algorithm. Various options will be discussed below.

a. Classical IBC method
Two projection equations are eliminated for each Fourier mode (tau procedure) providing
degrees of freedom required to enforce boundary conditions. The first 2*(Nym+1)

conditions of type (4.3.16) are enforced at each wall resulting in a closed system of
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equations. The values of the remaining ¢®’s for n>(Ny+1) provide a measure of error in

the enforcement of boundary conditions that may be used as a part of post-processing.

b. Pseudo-Classical IBC method

The number of the enforced boundary constraints of type (4.3.16) is increased to
2*(My+1), where Mpy>Ny, and an equal number of projection equations is dropped
resulting in a closed system of algebraic equations. In the special case of My=Ny, this

method reduces to the classical IBC method.

¢. Over-determined formulation of the IBC method - version 1

This method is based on the classical IBC method. The first Nr-1 projection equations
for each Fourier mode is retained and the system of equations is made over-determined
by enforcing 2*(My+1) boundary constraints of type (4.3.16) where My>Ny. In the

special case of My=Ny this formulation reduces to the classical IBC method.

d. Over-determined formulations of the IBC method - version 2

In this case, all projection equations for each Fourier mode are retained (i.e., N1+1

equations) and 2*(Mm+1) of boundary constraints of type (4.3.16) are enforced, where
MM>Np. A special variant of the over-determined formulation may be obtained when

MM=NM.

4.3.3. Solution of the resulting system of equations

Let us assume that the final system of equations consisting of the projection equations

and boundary constraints has the form
Ax=b (4.3.17)

where A is a pxq coefficient matrix, x is a q-dimensional column vector of unknowns

and b is the known matrix-vector product which is a p-dimensional column vector. In
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general, for the over-determined IBC problems, the matrix A has more rows than
columns, i.e., p>q. But for the classical and pseudo-classical IBC methods, the matrix A

is square, i.e., p=q.

The classical and pseudo-classical IBC problem can be solved using any standard
technique, e.g., Gauss elimination, resulting in a unique solution. On the other hand,
there are several methods that can be used to solve the over-determined system resulting
in somewhat different solutions. We shall now discuss this issue in details. We wish to
find a g-dimensional vector x such that it satisfies equation (4.3.17) where A € CP9,
b € C*and p>q. In general, the objective is to minimize the residual vector r=b-Ax
€ CP although it may not be possible to make it equal to zero. The minimization can be
done in the least squares sense, where the length of the residual is measured in terms of

the 2-norm, i.e., xe C?is obtained in a way that minimizes "r"2 = ||b— Ax" - If the rank h

of matrix A € CP is full then the least squares solution to the over-determined problem
is unique. So, one of the most important preconditions before solving an over-determined
system is to make sure that the matrix A € C”has a full rank h=q, i.e., the matrix has q
linearly independent columns and rows. The reader may note that a given full rank

matrix may not be numerically full rank due to the limited length of the computer word.
The matrix A € C™and vector b € C*have elements corresponding to the projection

equations (4.3.9) and to the boundary constraints (4.3.16), respectively. We may define

the residual in a new form as

Iewll, = ees ], +w s, (4.3.18)

where ||rPE ||2 is the residual corresponding to the projection equations, [y, || , is the

residual corresponding to the boundary constraints, w; is the weight applied to the

boundary constraints and "rw ||2 is the resultant weighted residual. When w1, the

boundary constraints become more important and, when solved in the least squares sense,
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the norm "r,,c"2 is minimized. On the other hand, when w<1, the field equations become
more dominant and the least squares solution minimizes the norm||rPE ||2 For the case

wi=1, the norm ||r,,E ||2 becomes equal to the regular norm ||r||2 Unless otherwise stated,

the default value of the weight factor wi=1 is used in producing results presented in this

chapter.

The general way of solving the least squares problem is to evaluate the pseudo-inverse or
the generalized inverse A" of the over-determined matrix A € C™ such that

x=A"D. (4.3.19)

Different methods may be employed to evaluate the pseudo-inverse. The three leading

and most commonly used approaches are based on the
i. Normal equations (NE)

ii. QR factorization (QR), and

iii. Singular value decomposition (SVD).

Although other variants of these methods are possible, we shall limit our considerations

only to those listed above.

" i. Evaluation of pseudo-inverse using normal equations

If A has full rank then the easiest way to solve an over-determined system in the least

squares sense is to solve the normal equations [Ref. 13] given by

where A® is the conjugate transpose of A. The expression for the pseudo-inverse in this

case becomes
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A= (A"A)'AR e Cov. 4.3.21)

The computational work involved in evaluating A* is the smallest among the three
methods considered. This method works better if A is a real matrix and it is a method of

choice when the speed of calculations is the only consideration.

ii. Evaluation of pseudo-inverse using QR factorization

The most popular method for solving least squares problems is based upon the QR
factorization [Ref. 14]. Here, the matrix A € C™is decomposed into a product of a
unitary matrix Q € C”® and an upper-triangular matrix R € C™, i.e.,

A=QR= Q(()R‘J 4.3.22)

where R, € C*?is an upper-triangular matrix. The pseudo-inverse A" takes the form
AT'=R)'Q" e C. (4.3.23)

iii. Evaluations of pseudo-inverse using SVD
The singular value decomposition (SVD) of a matrix A € C¥* is the most reliable
- method to evaluate the pseudo-inverse of the matrix A [Ref. 11,12], but at the same time,

‘it is the most computationally expensive method. According to the SVD theorem, for any

matrix A € CPof rank h there exists unitary matrices U € C*®? and V € C¥%such that

0
A=UXVH z=(0‘ 0], (4.3.24a)

where X € C™1, X, =diag(c,,0,,0;,........ ,0,)and
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G,20,20,2........ 20,>0 (4.3.24b)

where o; are the singular values of A. The pseudo-inverse in this case becomes

-1
at=v|Z Olym, 4.3.25)
0 0

As stated before, in order to obtain an accurate solution of an over-determined system by
computing the pseudo-inverse using any method, it is imperative to ensure that the matrix
A € CP has numerically full rank h=q where p>q. There are numerous techniques to
compute the rank of an over-determined matrix. The most reliable method is based on
SVD. In an ideal case, the number of nonzero singular values of a matrix is equal to the
rank of the matrix. But due to accumulation of the round-off error in the process of
computing‘ the singular values, a tolerance greater than machine epsilon may need to be
selected and then the number of singular values greater than the selected tolerance is

taken to be the numerical rank of the matrix. In this analysis we have selected the

“frequently used definition of the tolerance in the form

tol = pxoyxe (4.3.26)

where p is the maximum size of the matrix A, o, stands for the maximum singular value

of the matrix A and £ denotes the machine epsilon.

Any matrix A € C™with rank h<q (where p>q) is called a rank-deficient matrix.
Although the SVD method is applicable for a matrix with any numerical rank, the
accuracy of the solution will be smaller if the matrix is rank-deficient. Our results
suggest that rank-deficiency may arise due to the fact that the elements in the coefficient
matrix corresponding to the discretized boundary constraints are smaller in magnitudes
than those corresponding to the projection equations. The difference in the magnitudes of

the boundary-constraints-entries and the projection-equations-entries increases as the
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channel geometry becomes more challenging, i.e., when the corrugation amplitude and
the corrugation wave numbers increase and/or when the specification of boundary
geometry involves increasing number of Fourier modes. Weighting the boundary
constraints with a suitable weight-factor, as shown in Eq. (4.3.18), has potential to reduce
the numerical rank-deficiency problem should there be any, and consequently, may
improve the accuracy. Excessive weight factor, on the other hand, may reduce the overall
accuracy of the solution. The importance of the weight factor will be explained in detail

with the help of numerical results to be discussed in the next section.

4.3.4. Numerical tests

This section provides discussion of results of numerical tests carried out with various
versions of the over-determined formulation of the IBC method. For convenience, we
have assumed that the slot has flat upper wall and a wavy lower wall, i.e., its geometry is

defined as
y, (X)=—1+Scos(ax), yo(x)=1, (4.3.27a)b)

where S denotes the corrugation amplitude and a denotes the corrugation wave number.
Both walls are isothermal, i.e., 0(yL(x))=0 and 6(1)=1. In order to have a meaningful
discussion of error, we have produced a machine-accurate reference solution using the
Domain Transformation (DT) method where the irregular flow domain is analytically
mapped into a regular computational domain resulting in the classical form of boundary
conditions. We have used the same spatial discretization as in the case of the IBC
method, i.e., Fourier expansions in the x-direction and expansions based on the
Chebyshev polynomials in the y-direction. Details of the DT method can be found in
Appendix E.

We define the error in the evaluation of 0 at any (x,y) location as
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B (X,¥) =85 (X,¥)- 05 (X,¥), (4.3.28)

where B¢ stands for the 0 obtained using any version (classical or over-determined) of
the IBC method and 6pr denotes the solution obtained for the same physical problem
using Domain Transformation (DT) method (with sufficient number of Fourier modes

and Chebyshev polynomials to provide machine accuracy). Norm defined as

ol = sup Batxy) (4.3.29)

yL(®)<y<yy ()

is used to compare accuracy of different versions of the IBC method. The error in the

enforcement of physical boundary conditions along the lower wall yi(x) is defined as

0 pe (VL (X)) =01pc (Y (X)) (4.3.30a)
. and norm defined as
Buscl, = sUP By ®) (4.3.30b)
0<x<A

is used to compare accuracy in the enforcement of the boundary conditions using
different versions of the method. The Fourier spectra of the boundary error are expressed

as

Bun (L) = 3 40y e™ 43231)

n=—o

and provide useful information about the character and spatial distribution of this error.
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We shall start our discussion with the pseudo-classical IBC method. Figure 4.2 shows
variations of the accuracy of this method as a function of the corrugation amplitude for
the corrugation wave number a=5. Accuracy of the classical IBC method is displayed for
comparison purposes. It is evident that the pseudo-classical method is not capable of
providing accuracy improvement with respect to the classical method and that its
accuracy actually deteriorates as the value of My increases, i.e., when more boundary

constraints are added at the expense of the equal numbers of projection equations. It can

.also be seen that the maximum error occurs inside the flow domain while for the classical

IBC method it occurs at the corrugated boundary. The difference between the maximum

error and the error at the boundary increases significantly for higher values of Mum.

10"
Pseudo-classical method — L
. N,=15, N,=70,M,=25
g 10°} Pseudo-classical method
=.8 N,=15, N;=70,M,=20
CD= 10° F
% 107
=
= 10°}
10" £ Classical method
N,=15, N;=70
10—13 1 ! 1
0.05 0.1 0.15
S

Figure 4.2. Variations of the "02,( X,y )"m (dash lines) and |0

be (x)"nn (solid lines) norms for the

er,

‘ Lapldce equation (Section 4.3) for the slot geometry defined by Eq. (4.3.27) as a function of the

corrugation amplitude S for the corrugation wave number a=5.0 determined using the pseudo-
classical IBC method with a different number of boundary constraints 2*(Myrt1). The reference
solution has been determined using the domain transformation (DT) method with N\~=30 Fourier
modes and Nr=100 Chebyshev polynomials. Results obtained using the classical IBC method are

shown for comparison purposes (the maximum error for this method occurs at the boundary).

Figures 4.3A and 4.3B show variations of the error resulting from the use of different

solution methods for the system of equations resulting from the first version of the over-



107

determined formulation of the IBC method. The pseudo-inverse computed using the
normal equations (Eq. 4.3.21), QR factorization (Eq. 4.3.23) and SVD (Eq. 4.3.25) are
found to be at a similar level for higher values of wave amplitudes and wave numbers,
and perform significantly better when compared to the classical IBC method for the
equal number of Fourier modes Ny used to represent the solution. Since similar results
were also observed for the more complex model problems to be discussed in Sections 4.4

and 4.5, all results presented from now on will be based on the SVD method unless

explicitly stated otherwise. Additional argument in favor of the SVD method is the fact

that this method is the most reliable method for computing the rank of a matrix and is the
suggested method for evaluation of the pseudo-inverse if the coefficient matrix has

potential of becoming numerically rank deficient [Ref. 13, 14].

Figures 4.3A and 4.3B also reveal that in the case of the classical IBC method there
exists a certain critical combination (critical zone) of the corrugation wave number a and
the corrugation amplitude S above which the method is unable to provide acceptable
results. The reader may note that an increase in the number of Fourier modes and
Chebyshev polynomials actually deteriorates accuracy of the solution for the conditions
anve this critical zone, but improves accuracy below this zone (as one would expect
when “grid” resolution is increased). The over-determined formulation improves
accuracy for high values of the corrugation amplitude S and thus extends the range of
applicability of the IBC method — results displayed in Fig. 4.3 show more than two

orders of magnitude accuracy improvement for S=0.125 and for o=5.0 (i.e., for

' parameter values corresponding approximately to the critical zone).

Analysis of accuracy of both versions of the over-determined formulation of the IBC
method shows that these versions deliver the same accuracy, i.e., keeping additional
projections equations in the computations does not provide any advantage under the
conditions tested in this work. All further results discussed in this chapter have been
obtained using the first version of the over-determined formulation. It should be

understood that the results shown apply to both formulations.
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Results displayed in Fig. 4.4A and 4.4B demonstrate that the accuracy systematically
increases as the number of additional boundary constraints 2*(My-Num) used in the
computations increases, eventually reaching a saturation point after which the accuracy
cannot be improved any more. The optimal value appears to be around My~25 for the
conditions used in this particular test. Improvements obtained using My=30 over those
obtained using My=25 are insignificant especially below the critical zone and thus use of
MMm=>30 is not justified due to the increase of the computational costs associated with the
.increase of the size of system of equations. The user needs to choose the value of My
carefully in order to make optimal use of computing resources. Numerous tests carried
out as a part of this work suggest that the optimum range of My is approximately 30% to

40% higher than the number of Fourier modes Ny used to represent the solution.

1
10 7 10’
’
107 ¢ i hod ; 1] Critical Zone.
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Figure 4.3. Variations of the ||08,( b Y )||w norm as a function of the corrugation amplitude S

(Fig. 4.34 with a=5.0) and as function of a (Fig. 4.3B with $=0.125) for the Laplace equation
(Section 4.3) solved using the over-determined formulation (version 1) of the IBC method with
2¥Myt1) number of boundary constraints for the slot geometry defined by Eq. (4.3.27).
Solutions have been determined using different methods to evaluate the pseudo-inverse, i.e., NE-
normal equations, QR — OR factorization, SVD — singular value decomposition. The reference
solution has been determined using the domain transformation (DT) method with Ny=30 Fourier
modes and Nr=100 Chebyshev polynomials. Results obtained using the classical IBC method are

shown for comparison purposes (dash lines).



109

10’ 7 10'
’
SXi ) : ) Critical Zone. 4
° ORI - L o'y P
-3 ' t /l;
107 Classical method ' 10°} Classical method Py v
N, =15, N,=70 \</// 2
== 10°F Cinnsicai mathod = 10°} A 9
s N,=10, N,=60 = -7 . 8
[==) -7 - d =
= 10"} _ N - g g 107} - & %
| - N,=30, N,=100 5
e
10° Over-detarminad method (SVD) 10°+ 3
“ =15, N;=70, M,,= 5%
107§ Over-determirfed method (QR) 10" )
N, =15N,=70, M, =20 ”z;
-13 1 ya 1 L -13 . L el
10 0.05 s O 0.15 10” 3 ; ry )
(4) (B)

Figure 4.4. Variations of the |6,,(x,y)|, norm as a function of the amplitude S with the

corrugation wave number a=5.0 (Fig. 4.44) and as a function of the wave number a with the
amplitude §=0.125 (Fig. 4.4B) for the Laplace equation (Section 4.3) with the slot geometry
defined by Eq. (4.3.27) for different number of boundary constraints 2*(My+1) used in the
computations. The pseudo-inversed was computed using the QR-factorization. The reference
solution has been determined using the domain transformation (DT) method with Ny=30 Fourier
" modes and Nr=100 Chebyshev polynomials. Results obtained using the classical IBC method are

shown for comparison purposes (dash line).

Results displayed in Fig. 4.4A and 4.4B also demonstrate that accuracy cannot be
arbitrarily improved by increasing the number of additional boundary constraints 2*(Mu-
Nm) used in the computations. The pseudo-inverses in these cases have been computed
using the QR factorization technique. The optimal value appears to be around My~20 for
the conditions used in this particular test. Improvements obtained using Mm=25 over
those obtained using My=20 are insignificant especially below the critical zone and thus
use of MM>25 is not justified due to the increase of the computational costs associated
with the increase of the size of system of equations. The user needs to choose the value
of My carefully in order to make optimal use of computing resources. Numerous tests
carried out as a part of this work suggest that the optimum range of My is approximately

30% to 40% higher than the number of Fourier modes Ny used to represent the solution.
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The distribution of the error along the lower boundary is displayed in Figure 4.5 for the
wave number and the amplitude of the corrugation corresponding to the critical zone (see
Fig. 4.3). It can be seen that the error is oscillatory in space with the amplitude of the
oscillations significantly changing along the boundary for the classical IBC method, and
with the location of the maximum amplitude overlapping with the location of the
maximum slot opening. Error for the over-determined formulation remains oscillatory
but the amplitude does not significantly change along the length of the slot. For the
particular test case shown in Figure 4.5, the amplitude of the error changes by about five
orders of magnitude along the length of the slot for the classical IBC method but only by

about an order of magnitude for the over-determined method solved.
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" Figure 4.5. Distribution of the boundary error 6,.,.(y.(x)) along the corrugated wall for the
Laplace equation (Section 4.3) for the slot geometry defined by Eq. (4.3.27) with the corrugation
wave number a=5.0 and the corrugation amplitude S=0.125 evaluated using the over-
determined formulation (version 1) of the IBC method with Ny=15 Fourier modes, Nr=70
Chebyshev polynomials and 2*(My+1)=42 boundary constraints used in the computations with
the resulting system solved using the SVD, QR and NE methods. Results determined using the
classical IBC method with the same number of Fourier modes and Chebyshev polynomials are

shown for comparison purposes.
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The Fourier spectra of the error for the same test conditions (as presented in Fig. 4.5) are
shown in Figure 4.6 and demonstrate that the first Ni+1 of Fourier modes have been
eliminated in the case of the classical IBC method and that the largest error is associated
with the first few Fourier modes omitted from the enforcement of boundary conditions.
The spectrum of error in the case of the over-determined formulation is more uniform
and is spread over all Fourier modes involved in the computations. Figure 4.6 also shows
that the maximum error associated with any Fourier mode in the spectrum produced by
the over-determined formulation is more than two orders of magnitude smaller than the
maximum error associated with any Fourier mode produced by the classical formulation.
These results suggest that the overall improvement in the accuracy of the over-
determined formulation results from a more uniform spatial distribution of the error, e.g.,
Fig. 4.5, and from the distribution of the error among larger number of Fourier modes

used to enforce boundary conditions, e.g., Fig. 4.6.

0| ozt (] .
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Fourier mode number, n

Figure 4.6. Fourier spectra of the boundary error 6,,,.(y.(x)) for the Laplace equation (Section
4.3) for the slot geometry defined by Eq. (4.3.27) with the corrugation wave number a=5.0 and
the corrugation amplitude S=0.125 evaluated using the over-determined formulation (version 1)
of the IBC method with Ny=15 Fourier modes, N;=70 Chebyshev polynomials and
2%(M)+1)=42 boundary constraints used in the computations with the resulting system solved
using the SVD, QR and NE methods. Results determined using the classical IBC method with the

same number of Fourier modes and Chebyshev polynomials are shown for comparison purposes.
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Variations of the error and the rank of the coefficient matrix as a function of the weight
factor for the over-determined formulation are shown in Figure 4.7. It can be seen that
the coefficient matrices for the model problem always have full rank (which is 2201 for
this particular test). The error remains constant as the weight factors increases up to a
certain limit, above which the error in the field begins to grow while the error in the
enforcement of physical boundary conditions begins to decrease. Increase of the number
of boundary constraints 2*(My+1) used in the computations increases the overall
accuracy but does not change the qualitative character of variations of the error as a

function of the weight factor.
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Figure 4.7. Variations of the ||08, (x,y )"m (dash lines) and

6., 1c (x)"m (solid lines) norms, and of

the rank of the coefficient matrix (dash-dot line), as a function of the weight factor for the
Laplace equation (Section 4.3) for the slot geometry defined by Eq. (4.3.27) with the corrugation
amplitude S=0.15 and the corrugation wave number a=5.0 for the over-determined formulation
(version 1) of the IBC method. The solutions were determined with Ny=15 Fourier modes,
N7=70 Chebyshev polynomials and with a different number 2*(Mys+1) of boundary constraints.
The reference solution has been determined using the DT method with Ny=30 Fourier modes and
N=100 Chebyshev polynomials. Accuracy of the classical IBC method used with the same

number of Fourier modes and Chebyshev polynomials is shown for comparison purposes.
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The different aspects of the spectral accuracy of the classical IBC method have been
investigated earlier in the context of both fixed [9, 10] and moving boundary problems
[11, 12]. The discretization in the y-direction based on the Chebyshev expansions is
guaranteed to be spectrally accurate with the increasing number of Chebyshev
polynomials Nt used in the computations while the accuracy of discretization in the x-
direction remains to be demonstrated. Figure 4.8 shows the variation of the error for the

over-determined formulation of the IBC method as a function of the number of Fourier

.modes Ny used in computations. It can be seen that the error decreases exponentially

with an increase of Ny and the magnitude of contributions of higher modes to the
complete solution also decreases exponentially, similarly as in the case of the classical
IBC formulation [9-12]. The over-determined IBC formulation retains spectral accuracy

also in the case of more complex operators considered later in this work.

119l

12
Number of Fourier modes, N,,

6,.(x,y )||w norm as a function of the number of Fourier modes Ny

used in the computations for the Laplace equation (Section 4.3) for the slot geometry defined by
Egq. (4.3.27) with the corrugation wave number a=>5.0 and different corrugation amplitudes S for
the over-determined formulation (version 1) of the IBC method. The solutions were determined
using Nr=70 Chebyshev polynomials and different number 2*(My+1) of boundary constraints,
where My, was selected to be approximately 30% higher than Ny. The reference solutions have
been determined using the DT method with Ny=30 Fourier modes and Nr=100 Chebyshev

polynomials.



114

4.4. Problems described by the biharmonic equation

The biharmonic equation describes low Reynolds number flows as well as a number of
problems in the theory of elasticity. This equation represents a convenient test problem
that involves higher derivatives and requires more boundary conditions. In our case, we
shall formulate the model problem in the context of Stokes flow in a corrugated slot

whose geometry has been defined in Section 4.2.

4.4.1. Problem formulation
The dimensionless field equation has the form
V=0 4.4.1)

where V* =[0,__ + 20,y +0,,,,] is the biharmonic operator and ¥ denotes the stream

function, which is defined as
ux,y)=uy(y)+u,(x,y)=D¥,+0,¥,=0,¥, (4.4.2a)

v(x,y)=v,(x,y)=-0,'¥, =-0,¥ (4.4.2b)

where D=d/dy. Here u(x,y) and v(x,y) denote the total velocities in x- and y-directions,
respectively, u;(x,y) and vi(x,y) denote velocity modifications due to the presence of
boundary corrugation, the reference flow in a smooth channel has the form of Poiseuille
flow, i.e., uo(y)=1-y2, ¥(x,y) stands for the total stream function, W¥i(x,y) denotes the
modification of the stream function due to the boundary irregularities, and W¥o=-
y/3+y+2/3 is the stream function of the reference flow. The problem formulation needs
to be supplemented with suitable boundary conditions, which are taken to be in the

following form
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Uy () = U, (71, (X)) + 8, (%, Y, (X)) =D¥, (v, (%)) + 8, %, (%, y, (x)) = 0, (4.4.3a)
Uy (%) = U (Y (X)) + 1, (%, Y (%)) =D, (¥ (X)) + 8, ¥, (%, y, (%) =0, (4.4.3b)
VL (%) =V, (%, 7, (%) =- 0, %, (%, 7, (X)) = 0, (4.4.30)
Vy®) = V(%Y () =-0,¥,(x,yy(x)) =0, (4.4.3d)

where the subscripts L and U refer to the lower and upper walls, respectively. Since
boundary corrugations are periodic in x, the flow modifications will also be periodic and
this leads to periodic boundary conditions for the flow quantities as well as an additional
flow constraint which is typically taken to be either in the form of the mass flow
constraint or the pressure gradient constraint. We shall return to this issue later in the

text.

We want to formulate the problem for the stream function modification ¥;. The
substitution of W(x,y)=¥o(y)+¥i(x,y) into (4.4.1) as well as application of the
transformation (4.3.3) that makes the computational domain compliant with the standard
definition of Chebyshev polynomials result in

[0 0 +2T 20 gy + T 403555 T¥, = 0. 4.4.4)

‘Locations of the transformed boundaries are given by Eq. (4.3.5) and the boundary

conditions corresponding to the transformed domain become

0,¥,(x, 9. (x)) = -D¥, (F.(x)), 0;¥,(x,Jy (X)) =-D¥,(Fy(x)), (44.52-b)

¥, (x,¥, (X)) = (constant), , ¥, (X, ¥y (x)) = (constant),,, (4.4.5¢-d)
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where D =d/dy . In order to obtain solution to the problem (4.4.4)-(4.4.5) with spectral

accuracy we shall apply the same spatial discretization technique as for the model
problem discussed in Section 4.3, i.e., Fourier expansion in the x-direction (which

satisfies periodicity conditions directly) and Chebyshev expansion in the y-direction.

The former one leads to

n=+N

P (x5)=3 00" = 3 OO G)e™ (4.4.62)

n=—Ny
where ®® (§) = ((D ) (9))' and results in the modal equations in the form
*D* - 2n%6’T?D? +n*a*)®® =0, 1n=0,...,Nu (4.4.6b)

with each of fhem requiring four boundary conditions. The latter one leads to
o® ) = ZG(“’T = Z GT(§) 4.4.7)

where Ty denotes the Chebyshev polynomial of k® order and G® are the unknown

coefficients of the expansions. Substituting (4.4.7) into (4.4.6b) and applying the
Galerkin projection technique, we obtain a system of (Nr+1)*(Nwm+1) projection

_ equations in the form

3 [r*(1,,D*T, ) - en?a’r?)(T;, D?L,) + %0 T, 1) G = 0,

§=0,..,N; , n=0,.,N,. (4.4.8)

The discretized form of the boundary conditions are to be derived using the concept of
immersed boundary conditions (IBC). The outline of this method has been provided in
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Section 4.3, however, we shall repeat basic steps as there are sufficient differences that

need to be explained.

One needs to evaluate 0,%,(x, f(x)) and ¥,(x,f(x)) along an arbitrary line inside the
computational domain /:={(x,¥): y=/£x)}, such that f is a periodic function with period
A = 27/ and |[fx)] < 1. Both quantities, i.e., 3,'¥,(x, f(x)) and ¥,(X, f(x)), are periodic

in x with the same period A and thus can be expressed in terms of Fourier series as

8., (x, £ (X)) = S e ¥ (x, f(x))=°=f° V@eiex (4.4.9a,b)

n:—Ne n =—N9

and can be evaluated using the discretized form of the solution as

n=+Ny k=N

0;¥,(x, f(0)=T 3 3 GPDT(f(x)e"",

n=-Ny k=0

n=+Ny k=

¥, (5 f()= 2 ZN GPT, (f(x)e™ . (4.4.10a,b)

n=-Ny k=0

Chebyshev polynomials and their derivatives evaluated at the line Ax), i.e., Ti(fx)) and
DTi(fx)), are periodic functions of x and thus can be expressed in terms of Fourier

expansions as

m=+Ng . m=+Ng )
T(fx) = Y we™, DTi(fix)) = Y d@e™=, (4.4.11a,b)
m=-Ng m=-Ng

where max(Ns)=N1*N, and coefficients w™and d™ are known from the properties of

Chebyshev polynomials. Substituting (4.4.11) into (4.4.10), one obtains
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n=+Ng m=+Ny k=N

O, (% fON=T Y, 3 3 GEdrmes,

n=-Ny m=-N,, k=0

n=+Ny m=+N,, k=N

)= Y Y D GPwEe

n=N, m=-Ny k=0

where Ng=N1N+Ny. Comparison of (4.4.12) and (4.4.9) gives

m=+Ny k=N n=+Ny k=N;
UP=r 3" Y G, Ve =3 T GEwe.
m=-Ny k=0 n=-Ny k=0

DW¥(f(x)) is known and can be expressed in terms of Fourier expansion as

n=+Ng

DY¥,(f(x))= D F?e™ .

n=-Njg

The final form of boundary constraints can be written as

m=+Ny k=N¢

U= 2 X Gim)(dw)in—m) =-T7'F®,, for|n>0
m=-Ny, k=0 ' '
m=+N,, k=N.
VO = 3 3 GP(w o )t™ =0, forn=0
m=-N,, k=0
m=+Ny, k=N ~
Viy = Z,:., kZ;’ Gy” (wL,U )i ™ = (constant), , ,
m=-Ny k=l
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(4.4.12a,b)

(4.4.133,b)

(4.4.14)

(4.4.15a)

(4.4.15b)

(4.4.15¢)

where n=0,...,Ng and the subscripts L and U denote lower and upper walls respectively.

The form of constants that appear in Eq. (4.4.15¢c) can be determined using either the

constant volume flux or the constant pressure gradient constraint. For convenience, we

have selected the former one for this presentation, i.e., we assumed that the flow rates in
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the smooth reference slot and in the corrugated slot remain the same. Volume flux Q can

be evaluated by integrating the x-velocity component across the slot, i.e.,

Fu(x)
Q)= I (%)d? =¥, Gy ())+ ¥, (% §u (X)) - ¥ (7. %)) - ¥, (%, §,. (X)) (4.4.16)

L&)

where the ¥ (¥, (x)) and ¥, (¥, (x)) are known periodic functions and can be expressed

as Fourier series in the form

n=+My

qlo(S'L,U (x)) = Z Es)ueinm . 4.4.17)

n=-M)y

The volume flux represents an x-periodic function that can be written in the form of a

Fourier expansion

=+Ny

Q)= Y. Q@em= (4.4.18)

’ n=—Ny

where the zero term, i.e., Q(o), represents the net mass flux along the channel.
Substituting Eq. (4.4.5¢,d), (4.4.17) and (4.4.18) into Eq. (4.4.16) and extracting the zero

mode results in

- Q® = (constant),, — (constant), +E@ ~-=O, 4.4.19)
As the definition of stream function is accurate up to a constant, one of the constants in
Eq. (4.4.15¢) can be assumed arbitrarily and other has to be evaluated using Eq. (4.4.19).

For this analysis we have assumed the stream function to be zero at the lower wall, which

leads to

(constant), =0, (constant), =Q® -2 + 20, (4.4.20a,b)
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The final form of the boundary conditions resulting from the constant volume flux

constraint becomes

. m=+N), k=N _
V0= 3" Y GP(w ™ =0,

m=-Ny k=0
m=+Ny k=N
(-m) 0) =0 , =
VP = 3 Y GP(wy TP =QV-EP +ED. (4.4.21a,b)
m=-Ny k=0

In all calculations presented in this chapter, the volume flux through the corrugated slot
has been taken as Q©® =4/3, i.e., equal to the volume flux for Poiseuille flow in a

smooth slot.

The projection equations (4.4.8) and the discretized boundary conditions (4.4.15) and
(4.4.21) provide building blocks for the construction of different versions of the IBC
method. Similarly as in Section 4.3, one can select a certain number of projection
equations and a certain number of boundary constraints that need to be retained for each
Fourier mode resulting either in a closed or an over-determined formulation. We have
selected for numerical tests the same versions of the over-determined formulation of the
IBC method that had already been tested in the context of the Laplace equation (see
Section 4.3).

4.4.2. Numerical tests

This section provides discussion on the results of numerical tests carried out with various
versions of the IBC method. For convenience, we selected the same test geometry as in
Section 4.3 (see Eq. 4.3.27) and produced a machine-accurate reference solution using

the Domain Transformation (DT) method based on the Fourier expansion in x-direction
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and expansions based on the Chebyshev polynomials in y-direction. Details of the DT

method applied to the biharmonic equation can be found in Appendix F.

We define the error in the evaluation of the u- and v-velocity components at any (x,y)

location as
U, (X, y) =Ugc (X, y) ~Upr (X, Y) ’ Ve (X, Y) =Vmc (X, y) = Vpr (X, Y) (44233,]3)
where the subscript ‘IBC’ stands for machine accurate the results obtained using any

version of the IBC algorithm and the subscript ‘DT’ denotes the solution obtained using

the DT method. We use the following norms to compare errors of different methods

el = s LGy, Velo= s bayl.  (4424b)
L (X)SS;SSYU (x) YL (X)SS;SSYU (x)

The errors in the enforcement of the physical boundary conditions along the corrugated
boundary y; (x) are defined as

U (YL (X)) =0 (YL (X)) 5 Ve (YL (X)) = Ve (YL (X)) (4.4.252)
and the norms defined as

~||ue,,l,c |LD = sup lue,,l,c (x)] , "v“,bc"w = sup |ve,,bc (x)| (4.4.25b)
0sx<h 0<x<A

are used to compare accuracies in the enforcement of the boundary conditions using
different versions of the method. The corresponding Fourier spectra of boundary errors

are given by

Ugpe LX) = D UDE™ , Vo (7L (X)) = D V™. (4.4.26a,b)

n=—w n=-w
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Since we have shown in Section 4.3 that (i) the pseudo-classical IBC method does not
improve accuracy and (ii) the accuracy of the second version of the over-determined
formulation is nearly the same as the accuracy of the first version, we shall omit both
these methods/versions from any further discussion. We shall use SVD method for

evaluation of the pseudo-inverse unless explicitly stated otherwise.

Figure 4.9 illustrates variations of the rank of the coefficient matrix for different values
of the weight factor w, as a function of the corrugation amplitude S and the corrugation
wave number . It can be seen that the “numerically determined” rank deteriorates as the

severity of the geometry increases (larger S and «), but it can be corrected by increasing

the weight factor.
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Figure 4.9. Variations of the rank of the coefficient matrix as a function of the corrugation wave
number a for the corrugation amplitude S=0.1 (Fig. 4.84) and as a function of the corrugation
amplitude S for the corrugation wave number a=5 (Fig. 4.8B) for the biharmonic equation
(Section 4.4) with the slot geometry defined by Eq. (4.3.27) for the over-determined formulation
(version 1) of the IBC method with Ny=15 Fourier modes, Ny=70 Chebyshev polynomials and
2*¥(My+1)=42 boundary constraints.

Figure 4.10 illustrates variations of the error in the u-velocity component as well as

variations of the rank of the coefficient matrix as a function of the weight factor for a
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fairly severe geometry of the corrugation where one could expect numerical problems
associated with the rank deficiency. It can be seen that the coefficient matrix is rank
deficient when the weight factor w=1, i.e.,, when no weighting is used, and the
corresponding error is quite large. An increase of the weight factor improves numerical

conditioning of the matrix in the sense that the numerically-determined rank increases
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Figure 4.10. Variations of the "ue, (x,y )||ao (dash lines) and |u,,,, (x)"ou (solid lines) norms, and

of the rank of the coefficient matrix (dash-dot line), as a function of the weight factor for the
biharmonic equation (Section 4.4) for the slot geometry defined by Eq. (4.3.27) with the
corrugation amplitude S=0.1 and the corrugation wave number a=>5.0 for the over-determined
formulation (version 1) of the IBC method. The solutions were determined with Ny=15 Fourier
modes, Nr=70 Chebyshev polynomials and with a different number 2*(My+1) of boundary
~constraints. The reference solution has been determined using the DT method with Ny=30
Fourier modes and N1=100 Chebyshev polynomials. Accuracy of the classical IBC method used

with the same number of Fourier modes and Chebyshev polynomials is shown for comparison

purposes.

and, at the same time, the accuracy of the computed solution improves until the
numerically determined rank becomes full. The rank and the accuracy remain constant
with further increase of the weight factor until this factor becomes too large. Further

weighting of boundary constraints increases the maximum error in the interior of the
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solution domain although the error in the enforcement of boundary conditions may still
decrease. It is obvious that the weighting that one should use in order to maximize
accuracy cannot be too small, but weighting that is too big will also compromise
accuracy. Since the correct weighting is problem dependent, results shown in Fig. 4.10
suggest that the most reliable way to choose the correct weighting, which we shall refer
to as the optimal weight, is to select the minimum weighting that leads to a numerically
full-rank coefficient matrix. Comparison of Figs 4.7 and 4.10 show that, when the correct
weight factor is used (optimal weight in the case of the biharmonic equation), the
maximum error at the boundary is of the same order of magnitude as the order over the

whole domain.

Variations of the error in the u-velocity as a function of the corrugation amplitude S for
the corrugation wave number a=5 are illustrated in Fig. 4.11. It can be seen that there
exists a certain critical combination of the corrugation wave number and the corrugation
amplitude (critical zone) beyond which the accuracy of the classical IBC method cannot
be improved by increasing the number of Fourier modes Ny and Chebyshev polynomials
Nr used in the computations. Both versions of the over-determined formulation provide
similar and substantially improved accuracy (as compared with the classical method)
around the critical zone with a proper selection of the weight factor, similarly as in the
case of the Laplace equation. The same figure also demonstrates that an increase in the
number of boundary constraints 2*(Mwm+1) used in the computations cannot arbitrarily

improve the accuracy, i.e., there exist a certain My that provides the best possible

" accuracy and this accuracy cannot be improved with further increase of My. Similar

behavior has also been observed in the case of the Laplace equation discussed in Section
43.
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Figure 4.11. Variations of the |

u,.(x,y )"w norm as a function of the corrugation amplitude S for

the biharmonic equation (Section 4.4) with the slot geometry defined by Eq. (4.3.27) for the
corrugation wave number a=5.0 for the over-determined formulation (version 1) of the IBC
method for different number of boundary constraints 2*(My+1) used in the computations. The
boundary constraints for the over-determined methods were weighted with a factor w=10°. The
reference solution has been determined using the domain transformation (DT) method with
Ni=30 Fourier modes and N;=100 Chebyshev polynomials. Results obtained using the classical

IBC method are shown for comparison purposes.

Figure 4.12 illustrates the distribution of the boundary error along the corrugated wall. In
the case of the classical IBC method the error oscillates along the length of the slot with

the location of the maximum amplitude of the oscillations coinciding with the maximum

- slot opening. The difference between the maximum and minimum amplitudes is almost

three orders of magnitude. The same amplitude is approximately constant along the
length of the slot in the case of the over-determined formulation. The Fourier spectra of
the boundary errors in the u-velocity displayed in Fig. 4.13 show that the first Ny+1
Fourier modes in the error distribution have zero amplitudes in the case of the classical
IBC method, in agreement with the theoretical predictions. A similar spectrum for the
error of the over-determined formulation demonstrates that the error is spread over all
Fourier modes while, at the same time, the magnitude of the Fourier coefficients is

reduced by almost two orders of magnitude as compared with the classical IBC method.



126

This observation is consistent with the accuracy improvement associated with the over-
determined formulation (see Fig. 4.11) and is qualitatively similar with the observations

made in the case of the Laplace equation (Section 4.3).
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Figure 4.12. Distribution of the boundary error u,,;.(y.(x)) for the biharmonic equation (Section
4.4) for the slot geometry defined by Eq. (4.3.27) for the corrugation wave number a=5.0 and the
éorrugation amplitude S=0.11 determined using the classical and over-determined (version 1)
formulations of the IBC method and evaluated using Nyy=15 Fourier modes, Nr=70 Chebyshev
polynomials and, in the case of the over-determined method, 2*(My+1)=42 boundary

constraints. All other conditions as in Fig. 4.10.

Analysis of results shown in Figs 4.11-4.13 demonstrates that the biggest gains in
: accuracy are achieved by adding just one additional boundary constraint (equivalent to
M=16 for this test), as this leads to a more uniform error distribution and the associated
reduction in its magnitude, e.g., Figs 4.12-4.14. Further increase of My is less efficient in
error reduction, and increase of My beyond a certain critical values (Mm~30 in the

present case) brings no benefit at all.
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Figure 4.13. Fourier spectra of the boundary error u....(y.(x)) for the biharmonic equation
(Section 4.4) with the slot geometry defined by Eq. (4.3.27) with the corrugation amplitude
S=0.11 and the corrugation wave number a=5.0 determined using the classical and over-
determined formulations (version 1) of the IBC method and evaluated using Ny=15 Fourier
modes, N1=70 Chebyshev polynomials and, in the case of the over-determined formulation,

2%(M,+1)=42 boundary constraints. All other conditions as in Fig. 4.10.

4.5. Flows described by the Navier-Stokes equations

The Navier-Stokes equations are of interest in many applications as they describe
motions of many of the most common fluids. The general case of a three-dimensional
flow can be reduced to a system of Laplace-like and biharmonic-like operators with
nonlinear terms treated as known through various forms of linearization. Such operators
have been discussed separately in Sections 4.3 and 4.4 and thus it remains to consider
modification of the algorithm to account for the presence of nonlinear terms. Here we
select the simplest case of a two-dimensional flow in a corrugated slot whose geometry is
described by Eq.(4.2.1) as such problem contains all features of the more general three-

dimensional problem yet remains sufficiently simple. The main difference between the
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present problem and the problem discussed in Section 4.4 is the presence of nonlinear

terms arising due to the convective effects.

4.5.1. Problem formulation

The reference flow, i.e., flow through a smooth slot, is the Poiseuille flow with the

| velocity and pressure fields in the form
U, (XN =0,y =1-y", vo(x,y)=0, p,(X,y)=p,(x)=-2xRe @5.1)
where the motion of the fluid is in the positive x-direction, the Reynolds number Re is
based on the half channel height and the maximum velocity in the x-direction and the
flow is driven by a constant negative pressure gradient. Introduction of the wall

corrugation introduces flow modifications and thus the total flow quantities can be

expressed as
ux,y)=u(y)+u,(xy), vx,y)=vi(xy), pXYy)=p,(X)+p(x,y) 4.5.2)

where u, v and p denote the total velocities and pressure, and u;, v; and p; denote
velocity and pressure modifications due to the presence of boundary irregularities.
Substitution of (4.5.2) into the Navier-Stokes and continuity equations result in the

- following form of governing equations

u,0,u, +u,0,u, +v,\Du, +v,d,u,=-8,p, +Re"V’u,, (4.5.3a)
U0, V) + 4,0, V, +v,;0,v,=—8,p, + Re” Vv, (4.5.3b)

d.u, +0,v,=0. ' (4.5.3c)
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The reader may note that the flow problem can be posed either for the complete flow
quantities (u,v,p) or for the flow modifications (u;,vi,p1). Both approaches have been
considered and the latter one was selected due to the numerically smaller values of the

resulting nonlinear terms and faster convergence of the iterative solution process.

Introduction of the stream function ¥ as defined by Eq. (4.4.2) and elimination of
pressure lead to a single field equation in terms of the unknown modification of stream

function ¥, in the form

Re™'V*¥, -[u,0, (V?)~ D0, ¥, =0, (6, (u,,)+0, u,v,)]

454
—0,[0,(u,v,) + ay(vlvl )]

The solution algorithm treats the nonlinear terms on the right hand side of (4.5.4) as
known. These terms are improved iteratively until convergence is reached. The required
boundary conditions are identical to those given by Eq. (4.4.5). Use of discretization
technique described in Section 4.4, i.e.,, Fourier expansion in the x-direction and
Chebyshev expansion in y-direction, and application of the Galerkin projection
technique, result in a set of discretized algebraic equations for each Fourier mode in the

form
z [[*Re’(T, DT, ) - 20°0’T*Re*(T;, DT, ) +n'a‘Re’(T;, T, ) -
inal*(T,,u,D’T, ) + in’a*(T,, u, T, )IG®
k=N;

= g [ (imar(T, DT, )+ n'a*Re’(T,, T, )RS + (%(T,, DT, ))RE) ~ finl(T,, DT, ) R
(4.5.5)

where j=0,...,N1, n=0,....,Nm. The products on the right hand side of (4.5.4) have been

replaced by their Fourier expansions in the form

n=+N,

[(ulul ), (W, vy), (v, v, ):Kxa 3’) = ZM[R?) s R(zn) R Rg“’ ks’)ehm (4.5.6a)

n=-Ny,
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and the corresponding modal functions have been replaced by Chebyshev expansions in

the form

RereRO)- S R R2.REIG). (45:6)

k=0

The discretized boundary conditions are the same as those for the biharmonic equation,
i.e., they are given by Egs. (4.4.15) and (4.4.21). The projection equations (4.5.5) and the
discretized boundary constraints (4.4.15) and (4.4.21) provide building blocks for the
construction of different versions of the IBC method. Similarly as in Section 4.4, one can
select a certain number of projection equations that need to be retained for each Fourier
mode and a certain number of boundary constraints resulting either in a closed or an

over-determined formulation.

The solution process involves iterations due to nonlinearity of the problem. The left hand
side coefficient matrix originating from the linear terms needs to be computed only once
followed by the evaluation of the inverse for the classical method and the pseudo-inverse
for the over-determined methods. At each iteration, the solution is obtained by
multiplying the known nonlinear terms on the right hand side by the inverse or pseudo-
inverse of the coefficient matrix followed by re-evaluation of the nonlinear terms. The
computational cost of each iteration is dominated by the cost of evaluation of the non-

linear terms. These terms are computed using Fast Fourier Transformation (FFT) and
aliasing errors are controlled through the use of the padding method [Ref. 15]. The
iterations continue until the change in the magnitude of the Chebyshev coefficients is less
than the convergence criteria which, for all results presented in this chapter, were set to
10,
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4.5.2. Numerical tests

We shall now discuss results of numerical tests carried out with the various versions of
the IBC method. For convenience, we have selected the same test geometry as already
used in Sections 4.3 and 4.4 (see Eq. 4.3.27) and produced a machine-accurate reference
solution using the Domain Transformation (DT) method based on the Fourier expansion
in x-direction and expansions based on the Chebyshev pblynomials in the y-direction.
Details of the DT method applied to the Navier-Stokes equations can be found in
Appendix G. For convenience, we shall use the same definition of errors as in the case of
the biharmonic equation given by Eqs (4.4.23)-(4.4.26). All results presented in this
section have been obtained using the first version of the over-determined IBC method.
The second version has been tested and, since it produces nearly the same accuracy, it

has been omitted from any discussion.

The reader may note that the dominant term on the left hand side of (4.5.4) is multiplied
by Re! which could result in a boundary-layer like behavior of the solution for large Re.
- Such potential boundary layers, however, do not pose numerical problems as they can be
easily resolved due to the use of Chebyshev expansions in the y-direction. One could
multiply Eq.(4.5.4) by Re before starting the discretization process. This would result in
a dominant biharmonic operator on the left hand side and nonlinear terms on the right
hand side increased by Re. Solution based on this form of equations has been tested and
it resulted in problems with the rank of the coefficient matrix similar to those described
in Section 4.4 regardless of the value of Re, as well as in the increase of problems
associated with the convergence of the iterative solution process. The form of the field
equation given by Eq.(4.5.4) was judged to be the best for the numerical work and thus

all tests described in the remainder of this section have been carried using this form.

Figure 4.14 illustrates variations of the numerically determined rank of the coefficient
matrix as a function of the corrugation wave number o and the corrugation amplitude S
for various levels of the weight factor w; for two values of the Reynolds number. It can

be seen that the numerically determined rank of the matrix deteriorates as the severity of
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the geometry increases. This deterioration is significant for low values of Re (e.g.,
Re=0.1) but very small for higher values (e.g., Re=100) where the relative “weight” of
the biharmonic operator in the projection equations is automatically “corrected” by the
factor Re’l. While in both cases, i.e., for small and large Re, the problem can be corrected
by using appropriate weighting, a large weighting of w=10’ is required when Re=0.1 but
'small weighting of w=10 is sufficient when Re=100. This auto-correction of the rank of
the coefficient matrix for larger values of Re simplifies code calibration and selection of

- other numerical parameters.

Figure 4.15 illustrates variations of the accuracy of the method as well as the numerical
rank of the coefficient matrix as a function of the weight factor w; for different values of
the Reynolds number for a fairly severe geometry of the corrugation where one could
expect numerical problems associated with the rank deficiency. We shall begin our
discussion with the low values of Re where the coefficient matrix is rank deficient when
no weight-factor is used, i.e., when wi=1. As the weight factor increases, the numerically-
determined rank approaches the full rank and, at the same time, the accuracy of the
results increases, similarly as in the case of the biharmonic equation discussed in Section
4.4. The reader should note that an excessive increase of w; deteriorates the overall
accuracy but may improve accuracy in the enforcement of the boundary conditions. One
may conclude that there exists an optimal range of w; where the results are most accurate,
e.g. Fig. 4.15A. The best way to identify the correct value of w;, which we shall refer to
as an optimal weight factor, is to select the lowest value of w,; that results in the
numerically full rank of the coefficient matrix. Results displayed in Fig. 4.15A show that
 the errors in boundary conditions and in the field are of the same order of magnitude
when the optimal w is used, and they are smaller by about two orders of magnitude when

compared with the error of the classical method.

The performance of the algorithm remains qualitatively the same as the Reynolds number
increases, as illustrated in Figs 4.15B and 4.15C for Re=1 and Re=10, respectively.
However, problems with the matrix rank are less pronounced and can be corrected with

progressively smaller values of w:. The error can be reduced by about two orders of
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magnitude by using the over-determined formulation with the optimal weighting for the

conditions used in these tests.
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Figure 4.14. Variations of the rank of the coefficient matrix as a function of the corrugation wave
number a for the corrugation amplitude S=0.1 (Fig. 4.84,C) and as a function of the corrugation
amplitude S for the corrugation wave number a=5 (Fig. 4.8B,D) for the Navier-Stokes problem
(Section 4.5) for different Reynolds numbers with the slot geometry defined by Eq. (4.3.27) for
the over-determined formulation (version 1) of the IBC method. Computations have been carried
out with Nyy=15 Fourier modes, Nr=70 Chebyshev polynomials and 2*(Myt+1)=42 boundary

constraints.
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Further increase of the Reynolds number changes characteristics of the algorithm.
Problem with matrix rank largely disappears for Re=100, as illustrated in Fig. 4.15D.
Error of the method is reduced by increasing the number of additional boundary
constraints but an excessive increase of My leads to a large increase of the error, which is
opposite to what has been found in the case of the Laplace and biharmonic operators as
well as the Navier-Stokes equations for low Re. In the case of the test illustrated in
Fig.15D, the smallest error is produced for MM=20 and a further increase in the number
- of boundary constraints (i.e. My=25-30) increases the error by three orders of magnitude
making the over-determined method worse than the classical method. As a result,
selection of the “best” value of My becomes critically important; this value can always
be identified on the basis of accuracy of enforcement of physical boundary conditions on
the corrugated boundary as the boundary values are given exactly in the problem

formulation. The same conclusions apply to the selection of the optimal weight factor.

Figure 4.16 illustrates variations of the accuracy of the method as a function of the
corrugation amplitude S for a fixed corrugation wave number a=5. The improvements in
the accuracy obtained using the over-determined formulation, when compared with the
classical method, are clearly visible. The classical method fails to provide a reasonable
accuracy beyond certain critical combination of the corrugation wave number o and the
corrugation amplitude S (critical zone), and the accuracy cannot be improved by
increasing the number of Fourier modes Ny and the number of Chebyshev polynomials
Nr, similar to the cases of the model problems discussed in Sections 4.3 and 4.4. The
over-determined formulation provides accuracy gains of about two orders of magnitude
~ for geometries corresponding to the “critical zone” but only if Re is sufficiently small
(e.g., Re<10, see Fig. 4.16) and, in this sense it extends the range of applicability of the
IBC method as far as severity of geometries is concerned. When Re is high enough
(Re=100 in our test, see Fig. 4.16D) the accuracy gains are of about one order of
magnitude for less severe geometries, but disappear for geometries where the classical
method starts to experience accuracy problems (i.e., geometries corresponding to the

critical zone).
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Figure 4.15.  Variations of the ||ue,( x,y )||00 (dash lines) and Iue,, ,,c(x)|Lo (solid lines) norms,

and of the rank of the coefficient matrix (dash-dot line) as a function of the weight factor w; for
the Navier-Stokes equations (Section 4.5) with the slot geometry defined by Eq. (4.3.27) for the
corrugation wave number a=5.0 and the corrugations amplitude S=0.075 for the over-
determined formulation (version 1) of the IBC method and evaluated using Ny=15 Fourier
"modes and Nr=70 Chebyshev polynomials, and different number 2*(My+1) of boundary
constraints. The reference solutions have been determined using the domain transformation (DT)
method with Ny=35 Fourier modes and N;r=120 Chebyshev polynomials. Accuracy of the

classical IBC method used with the same number of Fourier modes and Chebyshev polynomials

is shown for comparison purposes.

It can be concluded that an increase of the Reynolds number decreases accuracy gains
associated with the over-determined formulation but these gains remain nevertheless of

practical interest for less severe geometries (see Fig. 4.16). The use of the over-
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determined formulation extend the range of applicability (in terms of the severity of
geometry) of the IBC method, but this range decreases with an increase of Re and

becomes virtually identical with the range of the classical method when Re~100.
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Figure 4.16. Variations of the ||uer (x, y)||w norm as a function of the corrugation amplitude S for

the Navier-Stokes equations (Section 4.5) with the slot geometry defined by Eq. (4.3.27) for the
corrugation wave number a=5.0 for the over-determined formulation (version 1) of the IBC
method. The boundary conditions for the over-determined method were weighted with a factor
w=10" Jor Re=0.1 and Re=1, w~=1 lid Jfor Re=10 and w=1 4 for Re=100. Results obtained using
the classical IBC method are shown for comparison purposes (dash lines). All other conditions

are same as in Fig. 4.14.
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4.6. Summary

We have considered over-determined formulation of the immersed boundary conditions
(IBC) method. The field equations are discretized on a regular computational domain
using Fourier expansions in the periodic direction and Chebyshev expansions in the
transverse direction, and are converted into algebraic equations using Galerkin projection
method. The physical domain has an irregular shape and is submerged inside the regular
‘computational domain. The physical boundary conditions enter the numerical algorithm
in a Tau-like manner and their discretization leads to relations referred to as boundary
constraints. The discretization process results in a number of boundary constraints that is
larger than that required to form a closed system of algebraic equations. Use of additional
boundary constraints as well as all available projection equations lead to an over-
determined formulation and the resulting algebraic equations can be solved using the
least squares method. Use of additional boundary constraints is explored in order (i) to
increase the accuracy of the IBC method and (ii) to increase the range of applicability of

the IBC method to more severe geometries.

Numerical tests have been carried out for the Laplace and biharmonic operators, and for
the Navier-Stokes equations. It has been found that the accuracy of the results obtained
using the NE, QR and SVD based evaluation of the pseudo-inverse of the coefficient
matrix of the over-determined algebraic system were comparable, especially around the
critical zone. However, SVD was chosen to evaluate the pseudo inverses for the model
- problems in Sections 4 and 5 as the coefficient matrices encountered for these problems
are prone to numerical rank-deficiency. It has been determined that the retention of all
projection equations does not offer any accuracy advantage. On the other hand, increase
in the number of boundary constraints increases the accuracy of the method as the
boundary error is spread over all Fourier modes involved in the computations resulting in
a lower absolute value of the error. The accuracy increases by at least two orders of
magnitude and the range of applicability of the method expands as compared with the
classical formulation of the IBC method for the Laplace and biharmonic operators. There

is a certain maximum number of boundary constraints to be included in the computations
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that results in the best accuracy (30%-40% higher than the number of Fourier modes used
to represent the solution) and further increase in the number of these constraints does not
offer any advantage. The biharmonic operator suffers from the numerical rank deficiency
but this problem can be corrected by re-weighting boundary constraints (i.e., by selecting
optimal weighting factor). In the case of the Navier-Stokes equations the performance of
the method depends on the Reynolds number Re. For low Re, the algorithm performs as
in the biharmonic operator case. As Re increases, the problems with the numerical rank
deficiency decreases, but the accuracy gains associated with the over-determined
formulation and the increase in the range of applicability diminishes. The accuracy
depends on the number of additional boundary constraints and its excessive increase
leads to the deterioration of the accuracy as compared with the classical formulation of
the method. The over-determined formulation provides nevertheless accuracy gain of at
least one order of magnitude within its range of applicability when compared with the

classical formulation for the highest value of Reynolds number tested, i.e., Re=100.
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CHAPTER 5

Efficient linear solvers’

5.1. Introduction

Flow problems involving irregular physical domains pose considerable computational
challenges associated with modeling of geometries. Typical approaches involve
generation of boundary conforming grids and imposition of boundary conditions along
the edges of flow domains. A conceptually different method, where one carries out
computations in an extended fixed and regular computational domain that engulfs the
physical domain regardless of its shape, is referred to as the “immersed boundary” (IB)
method and has been proposed by Peskin [1] in the context of cardiac mechanics
problems. The attractiveness of this concept arises from the elimination of the cost of
generaﬁon of boundary conforming grids, while the main challenge is associated with the
enforcement of the physical flow boundary conditions which are now located in the
interior of the solution domain and enter formulation of the numerical problem in the
form of constraints. In general, the immersed boundary methods introduce additional
forcing in order to make the fluid to move along the physical boundaries. The forcing
applied can be either continuous or discrete, and detailed procedures for its construction

" have been reviewed in [2, 3].

Most of the available implementations of the immersed boundary methods suffer from a

limitation of low spatial accuracy attributable to their use of the low-order finite-

'A version of this chapter has been submitted for publication —

Husain, S.Z. and Floryan, J.M., Efficient linear solvers for problems arising from the spectral
implementation of the immersed boundary conditions method (2009).
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difference, finite-volume or finite-element technique for spatial discretization. Another

‘uncertainty is associated with the use of the local forcing in order to enforce the no-slip

and no-penetration conditions. Such forcing may affect flow physics around the

boundaries of the flow domain leading to a potentially inaccurate representation of local

- wall shear as well as other derivatives of the flow quantities. Although estimating the

magnitude of inaccuracies associated with such procedures is difficuit, any procedure
that even locally alters the flow physics may be unable to predict the second derivative of
mean flow with sufficient accuracy, and this could lead to an inaccurate prediction of
stability characteristics of shear layers. Implementation of higher-order spatial

discretization schemes may amplify this problem.

An alternative version of the IB method, the “immersed boundary conditions” (IBC)
method, which uses spectrally-accurate spatial discretization and formal construction of
boundary constraints, has been proposed in [4]. The geometries of flow domains are
described using Fourier expansions, which limits the type of geometries that can be

considers but, on the other hand, provides ability to deliver a machine level accuracy.

This method results in a gridless algorithm where all possible variations of the boundary

geometries are described in terms of the Fourier coefficients and thus offers an
opportunity to develop geometry optimization procedures. The IBC method has been
successfully employed in the analyses of different shear layer instability problems [5-7]
and has been extended to unsteady problems [8] as well as to moving boundary problems
[9, 10].

~ The implementation of the IBC method results in a number of boundary constraints that

is far in excess of that required to formulate a closed system of algebraic equations. In
the “classical” formulation [8-10], only the number of boundary constraints required to
form a closed system is retained and boundary constraints corresponding to the lowest
(dominant) Fourier modes are used for this purpose. Various tests have shown that if
either the wave number of the physical boundary corrugation or the amplitude of this
corrugation is too large, the classical method fails to provide an acceptable accuracy [8-

10]). Use of additional constraints leads to an over-determined formulation, and this
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formulation has been found to improve the accuracy and the range of applicability of the
- IBC algorithm [14].

The IBC method for both the classical and over-determined formulations uses Fourier
expansions in the periodic directions and Chebyshev expansions in the normal-to-the-
wall direction. Although such discretizations yield spectral convergence properties, the
computational cost of the method increases very rapidly with increasing severity of the
boundary geometries [8-10] and/or due to three-dimensional character of the flow
problem and may lead to computational requirements (processing power and memory)
far in excess of what can be provided by the currently available hardware.  The
computational speed and memory issues become more prominent for the over-

determined formulation which is solved in the least squares sense.

The work presented in this chapter explores the special structure of the coefficient matrix
resulting from the implementation of the IBC method and explores different solution
techniques in the search for an efficient solver of the linear system. Section 5.2 discusses
the model problem. Section 5.3 describes the different categories of solvers for the
classical implementation of the IBC algorithm. Section 5.4 considers efficient solutions
of linear systems resulting from the over-determined formulations of the IBC method.
Section 5.5 discusses efficient solutions of the unsteady problems involving both
constant and time-dependent boundary conditions. Section 5.6 provides a short summary
of the main conclusions. A machine-accurate reference solution determined using the
" domain transformation (DT) is described in Appendix F. This solution is used for testing

“of the accuracy of the IBC algorithm when required.

5.2. Model problem

Our interest is in the development of algorithms for solution of the Navier-Stokes
equations. Since the nonlinear terms are irrelevant to the objectives of the present work,

we shall omit them and thus we shall focus on the Stokes limit where the field equations
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can be expressed in terms of the bi-harmonic operator. This operator describes a number
of problems in the theory of elasticity which expands the range of applicability of the

present work.

We shall state the model problem in the context of flow in a two-dimensional corrugated
channel extending to +oo in the x-direction and periodic with the wavelength A=2n/a (see
Fig. 5.1). The following presentation is limited to a short outline which is required in
order to understand the origins and structure of the linear systems to be solved. Details of
the formulation can be found in [4-10].

Yu(X)

Figure 5.1. Sketch of the solution domain.

The channel of interest is bounded by walls whose geometry is expressed in terms of

Fourier expansions in the form

n=+N, . n=+N, )
yL®=-1+ Y HPe™™ yu@=1+ Y HPe™™ (5.2.1a,b)

n=-N, n=-N,
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where H® = (H‘L'“) )‘, HY = (H{}“) )' and stars denote complex conjugate. The

dimensionless field equation describing flow in the interior of the channel has the form
VY =0 (5.2.2)

where V*=[0,__ + 20,,,, +90,,,,], O denotes partial differentiation and subscripts x and

y denote the arguments of the differentiations. Here, ¥ denotes the stream function,
which is defined as

u(x,y)=uy(y)+u,(x,y)=D¥,+0,¥,=0,¥, (5.2.3a)
V(X’Y) =V (X, Y) = —ax\Pl = —ax‘P (523b)

where D=d/dy, ue(y)=1-y* , Wo=-y°/3+y+2/3 and u(x,y) and v(x,y) denote the total
velocities in the x- and y-directions. The subscripts 0 and 1 denote quantities
corresponding to the reference Poiseuille flow and modifications due to the presence of
boundary corrugation, respectively. The assumptions of no penetration and no slip at the

boundaries result in the following boundary conditions

0,¥,(x,y,(x)) = -D¥,(y,_(x)), 0,%,(x,yy(x)) =-D¥,(yy(x))  (5.2.4a,b)
. 8,%,(x,y, (x)) =0, 8,%,(%,yy (%) =0, (5.2.4¢,d)
where the subscripts L and U refer to the lower and upper walls, respectively.
Enforcement of the flow boundary conditions on the irregular wall geometry, which

represents the main computational difficulty, is carried out using the Immersed Boundary

Conditions method. We shall now briefly explain the whole discretization process.
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The boundary corrugations are periodic in x and thus the velocity field modifications are
also periodic in x. These modifications are represented in terms of Fourier expansions
where the modal functions are represented in terms of Chebyshev expansions. The flow
domain is confined between (1+Yy) and (-1-Yr) (see Fig. 5.1) and, since the algorithm
uses standard definition of the Chebyshev polynomials, one must map the physical (x,y)

coordinates to the computational (x,¥) coordinates where ¥ € <— 1,1). The mapping has

the form

gopY=A+Yy) (5.2.5)
1+ Y, —(-1-Y,)

and changes the field equation to the form
[0 onx +2T20 1059 + T #0555, 1¥, =0, (5.2.6)

where I'=2/(2+ Y, +Y, ). The locations of the boundaries in the (x,§) plane are given

as
n=+N, ) n=+N )

FL)= AP Fo®)= DADen™ (5.2.7a,b)
n=-N, n=-N,

~ where the quantities A™ and A™ can be easily deduced using (5.2.1) and (5.2.5). The

éorresponding boundary conditions are
0;¥, (x, yL (X)) =-D¥, . (X)), oY, (x, Yy (X)) =-D¥,Fy(®), (5.2.8a-b)

¥, (x,¥, (x)) = (constant), , ¥, (X, ¥y (x)) = (constant),, , (5.2.8¢c-d)
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where from now and onD = d/dy . The unknown stream function ¥ is represented as a

Fourier expansion

n=+w R n=+Ny .
¥, (x,9)= Y 0@~ 3 o F)e", (5.2.92)
n=— n=-Ny,

where ®® () = (@"“) (51))' , the expansion is substituted into the field equation (5.2.6) and
the Fourier components are separated resulting in an system of uncoupled equations for

the modal functions®®, n e (0,N,, ), of type
[[“D*-2(Tna)?D? +(nor)* [0 =0. (5.2.9b)
The modal functions are discretized using Chebyshev expansions in the form
® (o _ ST EET (o) o B @O (3
¥ (¥) = kZ_OGk T, (¥)= kZ_‘a GY'T () (5.2.10)

where Ty denotes the Chebyshev polynomial of k™ order and G are the unknown
coefficients of the expansions. Substitution of (5.2.9)-(5.2.10) into (5.2.6), separation of

the coefficients of different Fourier modes and application of the Galerkin projection

technique [8-11] lead to the (Nt+1)*(Nm+1) projection equations in the form

3T [r4(1,, D1, ) - fener (1, D°T, ) +fn*a* )T, 1)) G¥ = o,

j=0,.,Nz ,[n[=0,..,Ny,. (5:2.11)

The complete set of discretized algebraic equations requires discretization of the
boundary conditions (5.2.8a-d) in terms of the unknown Chebyshev coefficients G .

The following discussion will be presented in the context of the lower wall while

relations for the upper wall can be easily deduced. One needs to represent the known
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values of 0,%,(x, ¥, (x)) and ¥,(x,¥.(x)) in a convenient form; both quantities are

periodic in x with the period A = 2n/a. and thus can be expressed in terms of Fourier

expansions in the form

n=+Ny n=+Ny

0,¥,(x, 9, (%)= ZU‘“’ mex W (X, 5, (X)= ZV‘“’e“““ , (5.2.12a,b)

n=-Ny n=-Ny

where U® and V® are known and the summation limit Ny>Ny while the actual value of

Ny will be determined later. The terms 0,%,(x,¥,(x)) and ¥,(x,§.(x)) can be

represented using the discretized form of the solution as

n=+Ny k=N

O ()=T 3 3 OEDT, GG,

n=-N,, k=0

n=+Ny, k=N

Y& 5.0)= Y D GOT, (5. (x)e™™. (5.2.13a,b)

n=—Ny k=0

Chebyshev polynomials of order k and their derivatives evaluated at ¥, (x) are periodic

functions of x and can be represented as

m=+Ng m=+N

T = Y (WP e™, DT,(.(x)= 3 (d )Pe™*, (5.2.14a,b)

m——Ns m=—NS

where max(Ns)=N7*Na. The coefficients w™ and d™ are known from the properties of

Chebyshev polynomials. Substitution of (5.2.14) into (5.2.13) results in

b=4+Ny n=+N,, k=N

a?\yl(x’?x.(x)) r Z Z ZG(")(d (hn) eox

b=-Ny n=-N,, k=0
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h=+Ny n=+Ny k=Nt

a7 )= D YD GO (w, et (5.2.152,b)

b=-Ny n=-Ny k=0

where h=n+m and Ny=NtNa+Nym. D¥ (¥, y(x)) are known and can be expressed in

terms of Fourier expansion as

n=+Ny

D¥,(§,y(x)= D Foe™ (5.2.16)

n=-Ny

Renaming of indices n by m and h by n in Eq. (5.2.15) and comparison of the resulting
expressions with (5.2.12) provides the expressions for U® and V® that form the basis of
boundary constraints. Substitution of these expressions along with (5.2.16) into the
boundary conditions (5.2.8) results in the final form of boundary constraints, i.e.,

m=+Ny k=N

> Y G, ™ =-T7'F®, for|n|>0 (5.2.172)
m=-Ny k=0
m=+Ny k=N

2 kZ G®(w, ™ =0, forn=0 (5.2.17b)
m=-N,, k=0

m=+Ny, k=N

Z G™ (w,_ U)( = (constant), ,, , (5.2.17¢c)

- m=-Ny k=0

where |n|=0,...,N, and the subscripts L and U denote lower and upper walls

respectively. The form of constants that appear in Eq. (5.2.17c) can be determined using
either the constant volume flux or the constant pressure gradient constraint. For
convenience, we have selected the former one for this presentation, i.e., we assumed that
the flow rates in the smooth reference channel and in the corrugated channel remain the

same. As the definition of stream function is accurate up to a constant, one of the
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constants can be assumed arbitrarily. For this analysis we have assumed the stream

function to be zero at the lower wall, which leads to

(constant), =0, (constant), =Q® -E® +=©, (5.2.18a,b)
n=+My .

where ¥ (§, ,(x)= D Efe™ . In all calculations presented in this chapter, the
n=My

volume flux through the corrugated channel has been taken as Q@ =4/3, i.e., equal to

the volume ﬂux for Poiseuille flow in a smoeoth channel.

The discretized modal equations (5.2.9)-(5.2.11) and the discretized boundary constraints
(5.2.17)-(5.2.18) provide building blocks for the construction of different versions of the
IBC method.

There are two issues that are critical to the applicability of the IBC method outlined
above. The modal functions are decoupled and could be considered separately in the
solution process in the case of smooth walls. This leads to the numerical solution of
several small linear systems which can be done efficiently and forms basis of the spectral
DNS simulations of transition/turbulence in channel flows [12-13]. In the case of
corrugated walls the modal functions become coupled due to boundary constraints and

this necessitates numerical solution of a potentially very large linear system which, in

~addition, could be ill-conditioned. The reader should note that the structure of the

algebfaic problem remains the same in the case of the full Navier-Stokes equations as the
nonlinear terms are evaluated on the basis of information taken from the previous
iteration and thus end up on the right hand side of the linear system without providing
any explicit coupling between the modal functions. The coupling between modal
functions originates only from the geometry of the flow domain and cannot be removed
through numerical operations. We need, therefore, to develop efficient solvers that can

deal with such linear systems.
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The second issue is related to the stream-wise discretization, which involves two Fourier
expansions, one for the field equations (5.2.9)-(5.2.11) and one for the boundary
constraints (5.2.15). These expansions may have different rates of convergence and thus
selection of the correct truncation may affect the overall accuracy of the discretization as
well as the size of the linear system to be solved. As the geometry of the corrugation
becomes more demanding, one should expect reduction of the convergence rate of the
expansions related to boundary constraints as the field equations do not directly carry
information about the shape of the channel. Equation (5.2.11) provides Nr+1 projection
equations for each modal function and the complete solution is defined using (2Ny+1)
modes. Equations (5.2.17)-(5.2.18) provide a pool of 4(2Ny+1) boundary constraints
with Ny = (NTNa+Num) being larger than Ny. The classical formulation of the IBC
method follows the tau procedure where four projection equations are eliminated for each
modal function providing degrees of freedom required in order to enforce the flow
boundary conditions. 4(2Nj\+1) boundary constraints obtained from Egs. (5.2.17)-

(5.2.18) using |n| =0,...,N,, are employed to form a closed system of equations. The

values of U™ and V® for [n[>(Ny+1) provide a measure of error in the enforcement of
flow boundary conditions. If one of the Fourier expansions has slower rate of
convergence, it could be advantageous to include more terms in the solution but this

leads to the over-determined problem formulation.

Investigations reported in [11] showed that the use of additional projection equations did

not improve the accuracy of the solution while the use of additional boundary relations
| did. Therefore, in the present work, we shall be retaining N1-3 projection equations for
each Fourier mode and the system of equations will be made over-determined by

enforcing 4(2My+1) boundary constraints of type (5.2.17)-(5.2.18) using |n| =0,...My

where Ny=Mpy>Nu. This process leads to the least-square solution of a potentially very

large and ill posed linear system, and this necessitates search for an efficient solver.
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5.3. Solvers suitable for the classical formulation of the IBC method

The linear system of discretized algebraic equations involved in the classical formulation

has the general form

Lx=Z, (5.3.1)

where L is a pxp coefficient matrix with p = (2Ny+1)(Nrt1), x is a p-dimensional
column vector of unknowns and Z is a p-dimensional column vector whose values are
known. The system is organized by grouping entries corresponding to the projection
equations in matrix H of size gxp, q = (2NMt+1)(Nt-3), and entries corresponding to
boundary relations in matrix K of size (p-q)*p, resulting in the structure of coefficient
matrix L illustrated in Fig. 5.2. Matrix H has the block diagonal structure with each
block corresponding to a different modal equation and having the size (NT+1)x(N1-3).
Matrix K is full and provides coupling among the different Fourier modes.

|-'~ Discretized projection equations —-l
Discretized boundary constraints

Figure 5.2. Structure of the coefficient matrix arising in the context of the classical formulation
of the IBC method constructed using Ny=2 Fourier modes and N1=30 Chebyshev polynomials
Jor the model problem (5.2.2)-(5.2.4). The black entries correspond to the non-zero elements.



T AL, v BT S

152

5.3.1. Standard direct solvers

The system (3.1) can be solved either directly or iteratively. The coefficient matrix L,

whose structure is illustrated in Fig. 2, has a large proportion of zero elements. Sparsity

“of a matrix is generally defined as the ratio of the number of nonzero elements to the

total number of elements. The sparsity of L can be approximately evaluated as
[(2NMHD(NT=3)(N+1)+ 4Q2NneH1)2 (NT+HD[ (2Np+1)? (Nr+H1)), dee., it is inversely

~ proportional to the number of Fourier modes and Chebyshev polynomials used in the

computations. In other words, any increase in the number of Fourier modes and/or
Chebyshev polynomials lead to the increase of the sparsity (as well as the size of the
matrix). The reader may note that any change in the number of Fourier modes influences
the sparsity more than a similar change in the number of Chebyshev polynomials.
Treatment of L as a sparse matrix accompanied by the use of special solvers tuned for
such matrices [14] can lead to potential efficiency gains for two reasons, i.e., i) data
structures for sparse matrices require less computer memory, and ii) the algorithms
developed for sparse matrices avoid operations on zero elements and thus are more
efficient [14].

In order to characterize different available solution methods and to identify the most
suitable one, we start with the five most common direct solvers using MATLAB

implementation. We shall refer to them as:

' i) Classical Method A, which relies on the Gaussian elimination,

ii) Classical Method B, which solves the system of equations using Gaussian elimination
and taking advantage of the sparse structure of the coefficient matrix (L is first pre-
processed as a sparse matrix [14] and the system of equations is then solved using a

specialized solver that performs Gaussian elimination on sparse matrices),

iii) Classical Method C, which is based on the LU decomposition,
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iv) Classical Method D, which is also based on the LU decomposition, however, it first
converts the coefficient matrix L into a sparse matrix and then uses specialized solver

for computing LU factors of sparse matrices,

V) Classical Method E, which solves the system of equations by computing the inverse

of the coefficient matrix L.

In the following discussion method A is used as the reference method. The performance
gains achieved by the other methods are quantified as the ratio of computational time
involved in solving (5.3.1) by method A to that required by the method in question and is

denoted byGain,,, . Larger values of Gaing,,, correspond to more efficient

methods.

The relative performances of different solvers are assessed using a convenient test
problem. Here we have assumed that the test channel has flat upper wall and a wavy

lower wall, i.e., its geometry is defined as
y. (x)=—1+Scos(ax), yox)=1, (5.3.2a,b)

where S denotes the corrugation amplitude and o stands for the wave number of

corrugation.

The pérformance gains for methods B, C, D and E are illustrated in Figure 5.3. It can be
seen that method E, i.e., computing the inverse of L is the least efficient, while method B
that performs Gaussian elimination on L after rearranging it as a sparse matrix is the
most efficient. Method C or LU decomposition of L delivers similar performance as the
reference method (method A). Figure 5.3 also shows that performing LU decomposition
on L converted into a sparse matrix provides significant performance improvement, as
expected. Performance gains obtained using methods C and E are almost independent of
the problem size for higher values of Ny and Nr, while the efficiencies of methods B and

D become more prominent with increasing values of Ny, which results in an increase in
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the number of blocks of the same size (Fig. 5.3A) as well as a higher degree of sparsity
of L. Efficiencies of methods B and D remain almost unchanged when one works with a
constant number of blocks of increasing size (Fig. 5.3B) due to relatively smaller change

in the sparsity of L.

10

______ 5 Method D’
- e - "~~._’______’______._./_.._._-—-—0-—-—""
: — = Method C : Method C
. . — —o- of ©f
51-’_—4———.———-0—\—-0—-———4 51’:‘—0———9———0—/-——4———0———4
L) T~ — N —— I N - '_"-l\fe_thod e\ R »
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Number of Fourier modes, N,, Number of Chebyshev polynomials, N,
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Figure 5.3. Variations of the performance gains associated with the use of the classical methods
B, C, D and E as a function of the number of Fourier modes Ny (Fig. 5.34, Nr=100) and as a
function of the number of Chebyshev polynomials Ny (Fig. 5.3B, Ny=20) used in the
corﬁputations. The tests have been carried out using the model problem (5.3.2) with a=3.0 and
S5=0.05.

5.3.2. The domain transformation method

The main advantage of the IBC method in solving flow problems involving irregular
boundaries lies in the spectral convergence characteristics of the spatial discretization.
The Domain Transformation (DT) method is another algorithm capable of delivering
spectral convergence, which is based on analytical mapping of the irregular flow domain
into a regular computational domain [8, 9, 11]. The mapping results in the classical
treatment of boundary conditions at the expense of significant complication of the field
equations. This method can be viewed as a representative of methods involving

construction of boundary conforming grids; such grids in general need to be constructed
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numerically, however, for the DT method this part of numerical cost is avoided through
an analytical mapping. The DT method serves two purposes in the current work. First, it
is used to illustrate the comparative performance of different versions of the classical
IBC method. Secondly, it is used to calculate the machine-accurate reference solutions
that are useful when characterizing error of the different over-determined versions of the
IBC method to be discussed in the next section. The solution for the DT method is
obtained using the same spatial discretization methodology as used for the IBC method,
i.e., Fourier expansions in the x-direction and Chebyshev expansions in the y-direction.

Further details on the DT method can be found in Appendix F.

The performance gains for different classical IBC methods over the DT method are
quantified as the ratio of computational time required to determine solution of the model

problem (5.2.2)-(5.2.4), (5.3.2) by the DT method to that required by the classical

method in question and is denoted by Gainp, .. 1rsstomemion- LATger values of
Gainp,, . raestomation S1ENITY disadvantage of the DT method as compared against the

classical IBC method in question. Figure 5.4 reveals that the reference IBC method A
pérforms significantly better than the DT method for any given combination of Fourier
modes and Chebyshev polynomials. Unlike the IBC method, the modal field equations in
the case of the DT method are coupled (see Appendix F), which increases the cost of
constructing the coefficient matrix substantially and, therefore, is responsible for the
huge difference in the relative performance. The performance data shown in Fig. 5.4
_ provide however an incomplete picture as it is known that the DT method yields better
accurécy compared to the IBC method for smaller number Fourier modes and/or

Chebyshev polynomials [8].

Figure 5.5 provides information that helps in assessing this aspect of the performance,
however, one needs to define a suitable measure of error before proceeding with the

discussion. We shall use the L, norms defined as

[oal.= swp foatxy), Vel.= swp ey, (5.33a,b)
yL(X)zxsyu?X) YL(X§SXXSY:(X)
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in order to quantify the error for the DT and IBC methods over the whole flow domain.

The quantities u_(x,y) and v_(x,y) for the DT method are computed using a

sufficiently high number of Chebyshev polynomials (>100) and then looking at
variations of properties of the solution as a function of the number of Fourier modes Num
used in the computations. This process is analogous to the grid-convergence testing
techniques widely used for the methods involving standard finite-difference, finite-
volume or finite-element discretizations. In the case of the IBC methods, the quantities

u_(x,y) and v_(x,y) are computed in a different manner, i.e., using the following

relations
v (X, ¥)=upc(X,¥) —upr(x,Y), U, (X, Y)=upc(X,y) - upr(x,y), (5.3.4ab)

where the subscript ‘IBC’ denotes solution obtained using the IBC method and the
subscript ‘DT’ denotes the machine-accurate reference solution determined using the DT
method. For the IBC methods, a second measure of error associated with the accuracy in
the enforcement of the physical boundary conditions is used. This error is defined using

the following L, norms

a0, = 9 [ @),

[Fane)s o= [Vpc@), (5:3.58.b)
where,
(Bpc @), =U0KY L6, (Vape @)y =Vyo®).  (5.3.62b)

The subscripts L and U in Egs. (5.3.5)-(5.3.6) denote the lower and upper walls of the

channel, respectively. Since the error in the u-velocity component is related to the error
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of the y-derivative of the stream function, which needs to be evaluated numerically and
thus is potentially less accurate than evaluation of v, we shall focus our attention on u,, in

the further discussion. Due to the particular definition of the test geometry (5.3.2), we

shall use the norm "umBC |Lo = "ua,BC (x)L"w to measure the solution error.

Number of Chebyshev polynomials, N,
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Figure 5.4. Performance gains associated with the use of the classical method A as compared
with the domain transformation method as a function of the number of Fourier modes Ny (solid
line, Nr=100) and as a function of the number of Chebyshev polynomials Ny (dash line, Ny=20)

used in the computations. Other conditions as in Fig. 5.3.

| It has been established that in the case of the classical IBC methods the error in the
enforcement of the physical boundary conditions provides a very convenient and strict
measure of the overall error, provided a sufficient number of Chebyshev polynomials has
been used to represent the solution in (5.2.10) [8-10]. In other words, if the solutions are
independent of any increment of Nr then the maximum error over the computational
domain becomes equal to the maximum error in the enforcement of the flow boundary

conditions, i.e.,
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d
dN,

e, = "ue,,BC"w when (ue].)=0. (5.3.7)

The above definitions provide basis for discussion of the results displayed in Fig. 5.5A,
which illustrate variations of the performance gains of the IBC methods A and C with
respect to the DT method as a function of the corrugation amplitude S. It can be seen that
the IBC methods outperform the DT method, however, the advantage decreases as the
number of Fourier modes that must be used in the computations in order to deliver the
desired accuracy increases (see Fig. 5.5B). The relative advantage of the method A
diminishes rapidly with increasing value of S while method C maintains considerable
advantage. One can conclude from the above discussion that the IBC method with a
standard ‘“‘un-optimized” but properly selected linear solver is computationally
significantly more efficient then the DT method and, by implication, is more efficient

then any method relying on the construction of boundary-conforming grids.
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Figure 5.5. Variations of the performance gains associated with the use of the classical methods
A (dash line) and C (solid line) as compared with the DT method as a function the corrugation
amplitude S (Fig. 5.54). Tests have been carried out for different levels of solution accuracy. The
number of Fourier modes Ny required to reach the desired accuracy is shown in Fig. 5.5B. Other

conditions as in Fig. 5.3.

We shall now focus our attention on the issue of development of specialized solvers that
can take advantage of the special structure of the coefficient matrix.
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5.3.3. Iterative solvers

Analyses of three-dimensional flows as well as flows in channels with complicated
boundaries may require a large number of Fourier modes Ny and/or Chebyshev
polynomials Nt in order to deliver an acceptable accuracy. Use of large values of Ny and
Nt poses two inter-connected difficulties, i.e., the size of the problem increases resulting
in a potentially unacceptable execution time and memory requirements increase making
‘problem potentially un-accessible to the standard hardware. The use of the sparse matrix
techniques, as discussed in Section 3.1, reduces the memory requirements and the
operation count, with the former one being much more significant [11]. Therefore, the
performance gains of sparse solvers as compared with the direct Gaussian elimination of
the full matrix are found to decrease with increasing the size of the problems. In addition,
storing matrices in a sparse form requires storing locations in addition to the values of the
nonzero elements of the matrix and thus can play a limiting role when one needs to use a
very large number of Fourier modes and Chebyshev polynomials. Therefore, the
development of specialized linear solvers that address the issues of computer memory
and computational efficiency is necessary in order to provide access to parameter ranges
that are expected to be of interest in applications. We shall present two distinct types of

solution approaches that address the above issues.

The first approach is based on the concept of mode decoupling [8-10]. Since the
projection equations (5.2.11) are not coupled directly and the only coupling is provided
| by the discretized boundary constraints (5.2.17)-(5.2.18), one may consider the
| projection equations and the boundary constraints separately. In the iterative solvers, the
unknowns corresponding to a Fourier mode of interest are expressed in terms of the
remaining Fourier modes using their values from the previous iteration. For the first
iteration a suitable initial approximation is used. Two versions of the iterative solvers
were tested, namely the Gauss-Seidel and the Jacobi iterative methods. In the case of the
Gauss-Seidel method, the solution process begins with mode 0 and proceeds to the next
mode using the most recent information available and continues until the last mode Ny is

reached, and then it is repeated until a convergence criterion ¢ is satisfied. In the Jacobi
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iteration the solution computed for any mode during any given iteration is not affected by
the solutions computed for the remaining modes during the same iteration, thereby
providing the opportunity for potential parallelization of the iterative process. The
convergence criterion € used here for both methods is based on the absolute difference

between the solutions from two consecutive iterations.
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Figure 5.6. Variations of the performance gains associated with the use of the Gauss-Seidel
(solid line) and Jacobi (dash line) iterative methods as a function of the number of Fourier modes
NM (Fig. 5.6A, Nr=100) and as a function of the number of Chebyshev polynomials Ny (Fig. 5.6B,
Ny=20) used in the computations for different values of convergence criterion €. Other

conditions as in Fig. 5.3

Figure 5.6 demonstrates that the performance gains obtained by both iterative techniques

increase with increasing either the number of Fourier modes or the number of Chebyshev

. polynomials used in the computations. While performance of the both methods is

enhanced for larger values of ¢, i.e., for lower accuracy, it should be also noticed that the
Jacobi method is slightly slower compared to the Gauss-Seidel method as the Jacobi
method requires more iterations to satisfy a given convergence criterion. Parallelization
tests based on the Jacobi method and a small number of processors (max 4) did not show

any efficiency gains and therefore, results in this regard are not presented.
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Figure 5.7. Variations of the performance gains associated with the use of the Jacobi (dash line)
and Gauss-Seidel (solid line) iterative methods as a function the corrugation amplitude S for
different convergence criterion ¢. Computations were carried out with Ny=20 and Nr=100.

Other conditions as in Fig. 5.3.

Figure 5.7 shows that, although the iterative solvers perform better for smaller
corrugation amplitudes S for a given corrugation wave number a, they do not guarantee
convergence. The no-convergence or extremely slow convergence problems limits
applicability of these methods to less extreme geometries, i.e., to small enough S and
small enough a. On the good side, these methods are memory efficient as one needs to
store only diagonal blocks in matrix H and along with matrix K from the general matrix
L (see Fig. 5.8).

5.3.4. Specialized direct solvers

The second group of specialized methods to be explored represents direct solvers that
take advantage to the special structure of the coefficient matrix L. Part H of L is a block
diagonal matrix where each block corresponds to a different Fourier mode, and part K is

a full matrix corresponding to the discretized boundary constraints.
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l-— Discretized projection equations -——-l

H— Discretized boundary constraints

Figure 5.8. Structure of the re-arranged coefficient matrix arising in the context of the classical
Jormulation bf the IBC method constructed using Ny=2 Fourier modes and Nr=30 Chebyshev
polynomials for the model problem (5.2.2)-(5.2.4). The black entries correspond to the non-zero

elements.

We begin by extracting the largest square matrix A of the size qxq from H; this requires
reorganization of the vector of unknowns by relocating four coefficients of the
Chebyshev expansions for each Fourier mode to the end of the vector. Selection of the
coefficients for the relocation is dictated by the structure of the block matrices in H,

especially the block corresponding to mode zero which has an upper triangular structure.

| \ Removal of the last four coefficients from this block would lead to an under-determined

non-invertible matrix. Therefore, one is free to remove any four unknowns from the
diagonal blocks except the last four. However, it can be shown that the first four
unknowns of mode zero have zero coefficients. As a result, we have opted for removing
the coefﬁcients of the first four unknowns for each mode resulting in the structure of
coefficient matrix as illustrated in Fig. 8. The resultant square matrix A of size qxq has a
block diagonal structure with each block of size (N1-3)x(N1-3). The rectangular matrix B
of size qx(p-q) also has a block diagonal structure with each block of size (Nr-3)x4 while
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the full rectangular matrix C has size (p-q)xq and the full square matrix D has size (p-

Qx(p-q). The complete system can be written as
Ax; +Bx; =74, Cx1 +Dx; =7, (5.3.8a,b)

where vector x; contains unknowns G{for ne(-Ny,Ny), ke(4N;), and x;

contains unknowns G®Mfor ne(~Ny,Ny), ke(03). The right hand side vector

Z
remains unchanged with Z = [Zl }, Z; having length q and Z, having length (p-q). B and

2
D contain information associated with G, G®, G and G, while A and C contain

the rest. Solution of (5.3.8) can be written as
x,=E"'Z,-E'CA”'Z,, x,=A7Z, -A"Bx,, (5.3.9a,b)
where E = (D —CA™'B) has the size (p-q)x(p-q).

The approach described by (3.8)-(3.9) is based on the concept of Schur complement [15]
which reduces the solution of system of size [(2NM+1)(NT+1)]x[(2NMm+1)(NT+1)] into a
solution of two systems of sizes [(2Nm+1)(Nt-3)]x[(2Nm+1)(Nt-3)] and [4(2Nnm+1)]
x[4(2Np+1)]. However, the potential advantage associated with the use of the Schur
- complement can be extended even further by considering the fact that the quantities A
17, and A™B can be computed block by block instead of operating on the complete A and
B. In other words, the process of inversion of a big matrix A of the size [(2Ny+1)(N1-
3)Ix[(2NMm+1)(N7-3)] is reduced into a process of inverting (2Ny+1) small sub-matrices
of the size (NT-3)x(N1-3). The number of arithmetic operations in this approach would
be significantly smaller than those required by any of the standard direct methods,
including the sparse solvers, as one will be computing the inverses or equivalent factors
of a number of small sub-matrices. This solution process brings the performance of the

method to the level found in the case of smooth walls where the geometry-based
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coupling between different modal function does not exist (see discussion at the end of
Section 2). The method also reduces the memory requirements substantially as only the
non-zero diagonal blocks in the A and B are needed to be stored instead of the complete
A and B. In order to avoid the numerical issues associated with the process of computing
inverse of ill-conditioned matrices the solution method relies on LU decomposition to
compute the quantities A'Z; and A™B. This solution method is referred to as the
Classical Method F.

The blocks in A and B corresponding to mode n are complex conjugates of those

corresponding to mode —n. The Classical Method G takes advantage of this property and
computes A by inverting (Ny+1) small matrices of the size (Np-3)x(Nr-3).

Number of Chebyshev polynomials, N,

5 060 70 80 90 100 110 120
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Number of Fourier modes, N,,

Figure 5.9. Variations of the performance gains associated with the use of the classical methods
F (dash lines) and G (solid lines) as a function of the number of Fourier modes Ny, (Fig. 5.94,
Nr=100) and as a function of the number of Chebyshev polynomials Ny (Fig. 5.9B, Nyy=20) used

in the computations. Other conditions as in Fig. 5.3.

Unlike the iterative solvers discussed in Section 5.3.3, the specialized methods F and G
do not impose any restriction on the usability of the classical IBC algorithm as the
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solutions are computed directly. Figure 5.9 illustrates performance of methods F and G
(as compared against method A) as a function of the number of Fourier modes Ny and
Chebyshev polynomials Nt used in the computations. The performance of both methods
increases significantly as the number blocks (2Nm+1) in A is increased and, particularly,
for the method G the gain increases from approximately 1 to 50. Increasing the size of
individual blocks while keeping the number of blocks unchanged also increases the

performance gains; in the case of method G the gain increases from approximately 10 to

20 when Nt increases from 60 to 120 while Ny is kept fixed at 20. In general, the G

method provides better performance compared to the F method and its advantage

increases for larger values of Nm and Nr, which is expected.

4w} (lul=10"

llu,Jl=10™

320

H
=o 10
s 7/
© 3

10
1 0.02 0.04 0.2)6 0.68 0.1 1 1 2 3 4 5
S a
A) (B)

Figure 5.10. Variations of the performance gains delivered by the classical methods F (dash
line) and G (solid line) as a function of the corrugation amplitude S (Fig. 5.104, a=3.0) and as a

- function of the corrugation wave number a (Fig. 5.10B, $=0.05). Computations were carried out

- using Ny=100 Chebyshev polynomials while the number of Fourier modes Ny has been selected

in order to meet the desired accuracy stated in terms of ||u“ (x,y)Hw and thus depended on the

values of S and «a.

Figure 5.10 shows performance enhancements provided by methods F and G as a
function of the corrugation amplitude S for a fixed corrugation wave number (Fig.
5.10A), as well as a function of the corrugation wave number a for a fixed corrugation

amplitude (Fig. 5.10B). The reader may recall that the number of Fourier modes used in
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the computations has to increase in order to maintain the specified accuracy when the
severity of the corrugation geometry increases. Results displayed in Fig. 5.10
demonstrate that the advantage of the F and G methods increase exponentially with an
increase of the severity of geometry (as measured by higher values of S and a). It can

also be seen that the advantage of methods F and G increases when higher accuracy is
desired, i.e., when value of "ue,"co decreases, and this trend is opposite to that found in the
case of iterative solvers. The reader should note that the specialized solvers are about an

order of magnitude faster than the iterative solvers (compare Figs. 5.6 and 5.9-5.10) and

obviously does not suffer from the convergence problems.
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Figure 5.11. Variations of the performance gains associated with the use of the classical methods
- F (dash line) and G (solid line) as compared with the DT method as a function of the corrugation
-amplitude S. Tests have been carried out for different levels of solution accuracy. The number of
Fourier modes Ny required to reach the desired accuracy is shown in Fig.5B. Other conditions

as in Fig. 5.3.

A comparison of performance between the DT method and the classical IBC F and G
methods is shown in Figure 5.11. It can be seen that the F and G methods provide
substantial acceleration of computations, particularly for higher values of the corrugation
amplitudes. Unlike the method A, the performance of the F and G methods increase as
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the desired solution accuracy is increased. For the target accuracy of [u,,| =107 for the

corrugation with S=0.1 and a=3, method G computes the solution approximately 50
times faster than the DT method, while the fastest of the direct methods that operate on
the complete L matrix (method C) computes solution approximately 11 faster (see Figure
5.5A).

5.3.5. Memory requirements

Memory requirement imposes another potentially severe restriction. Typically,
computations of the inverse or LU factors of any matrix require twice the memory
needed to hold the information pertinent to the matrix itself. The most common
implementations of the IBC algorithm [8-10] rely on the construction and use of
complete L fesulting in very high memory requirements when a large number of Fourier
modes and Chebyshev polynomials need to be used. However, the specialized classical
IBC methods F and G work by computing LU factors of the individual blocks of A
thereby computing individual blocks for the quantities A”Z;, A'B and CA™B. In that
case only the nonzero diagonal blocks of A™ and B need to be stored in the memory. The
amount of memory required by the iterative solvers is equivalent to that required by the
specialized direct solvers (methods F and G), however, these methods are limited in

usability due to the restrictions imposed by their convergence characteristics.

\Figuré 5.12 shows the reduction in memory usage by the classical IBC methods F and G
over the classical method A as a function of the number of Fourier modes as well as
Chebyshev polynomials used to represent the solution. This figure reveals that memory
savings obtained by the methods F and G grows rapidly with the increase in the values of
Ny and Nt with method G being the most memory efficient, as expected. In the case of
30 Fourier modes and 100 Chebyshev polynomials, method G uses approximately 40
times less memory compared to method A, while the savings by method F is

approximately 34.
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Figure 5.12. Variations of the memory use by the classical IBC methods F (solid line) and G
(dash line) compared to the classical method A as a function of the number of Fourier modes Ny
(with Nr=100) and Chebyshev polynomials Nr (with Ny=20) used in the computations. Other
conditions as in Fig. 5.3.

5.4. Solvers suitable for the over-determined formulation of the IBC method

The classical formulation of the IBC method has been successfully employed for various
classes of problems [8-10]. However, its applicability is limited by the severity of the
- boundary geometries that can be handled with a reasonable accuracy [8-10]. Figure 5.13
‘illustrates the limitation of the classical formulation in an unambiguous manner. The
reader may recall that this formulation uses the same number of Fourier modes in the
expansions for the field variable and for the boundary constraints. Results displayed in
Fig. 5.13 demonstrate that there exists a critical corrugation amplitude Scritcal, Which can
be found for each corrugation wave number a, beyond which the use of additional
Fourier modes Ny in the solution does not improve the accuracy (the accuracy is
improved below Scritical). As the geometry becomes more demanding (as S increases), the

Fourier expansions describing boundary constraints have smaller rate of convergence
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and, potentially, may fail to converge. It has been shown that the use of a larger number
of terms in these expansions, i.e.,, a larger number of boundary relations, improves
convergence [11] and thus provides access to a wider range of values of S and . This
leads to the over-determined formulation of the IBC method and the relevant linear
'system can be solved only in the least squares sense. There are several possible solution
strategies based on the fact that the entries into the coefficient matrix can be divided into
two classes, i.e., those corresponding to the field equations and those originating in the
“boundary constraints. In the solution process one could assign different weights to both
classes of entries, potentially solving one of them exactly while the other one only in the
least square sense. It has been shown in [11] that the selection of the weight factor affects
the final accuracy and thus one needs to search for the optimal weight, and this process is

computationally expensive.
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Figure 5.13. Variations of the Hue, (x,y )||w norm as a function of the corrugation amplitude S for

the classical formulation of the IBC method for different number of Fourier modes Ny, used in the
computations. Tests were carried out for the channel geometry defined by Eq.(5.3.2) with the
corrugation wave number a=5.0 using Nr=100 Chebyshev polynomials. S.i..; defines value of S
above which the use of additional Fourier modes cannot improve the accuracy of the solution.

Grey zone identifies area where the IBC method is unable to deliver the required accuracy.
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The construction of the over-determined system of equations is based on the utilization
of 4(2My+1) boundary constraints of type (5.2.17)-(5.2.18) using |n|=0,..,M,,, where

Nu=MM>Ny with Ny being the number of Fourier modes used in defining the solution in
(5.2.9). In accordance with the classical formulations Nt-3 projection equations of type
(5.2.11) for each Fourier mode are retained. Therefore, the system of equations will
reduce to the classical formulation for the special case of Nv=Mm. The complete over-

determined system of algebraic equations has the general form
Lox=12Z,, 54.1)

where L, is a rxp coefficient matrix with p = 2Ny+1)(Nr+1) and r = p+8(Mum - Nm), X is
a p-dimensional column vector of unknowns and Z, is a r-dimensional column vector
whose values are known. Similar to the classical formulation, the system is organized by
grouping entries corresponding to the projection equations in matrix H of size qxp, q =
(2NM+1)(N1-3), and entries corresponding to boundary relations in matrix K, of size (r-
q)*p. The structure of the coefficient matrix L, is illustrated in Fig. 5.14A. For the same
physical problem, the matrices H for the over-determined and the classical formulations
are the same and have a block diagonal structure with each block having the size
(Nt+1)x(N1-3). Matrix K, is full and provides coupling among different Fourier modes.

System (5.4.1) could be very large and this necessitates search for efficient solvers.

‘5.4.17; Standard direct solvers

System (5.4.1) can be solved directly using various standard algorithms that evaluate the
unknown vector x € C? in the least squares sense by minimizing the 2-norm of the

residual vector for the complete system denoted by r=Z,-L.x € C". The general way of
solving the least squares problem (5.4.1) is to evaluate the pseudo-inverse or the

generalized inverse L," of the over-determined matrix L, such that
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x=L,"Z,. (5.4.2)

The pseudo inverse L, was calculated in [11] using the method of normal equations, QR

factorization and the SVD method. All these methods have been found to provide a

‘similar level of accuracy, especially around and beyond the critical point. In the present

work we shall explore two specialized methods that provide more efficient solution of
(5.4.2) with details to be presented in Section 5.4.2. We begin with the discussion of the

- standard methods using MATLAB implementation, i.e.,

i) Over-determined Method A, which relies on QR factorization. This is the most popular

method for solving least squares problems [17]. Here, the matrix L, e C™®is

decomposed into a product of a unitary matrix Q € C™ and an upper-triangular matrix
ReC™,ie,

Rl
L, =QR=Q(0 j (5.4.32)

where R, e CP?is an upper-triangular matrix. The pseudo-inverse L," takes the form

L, = (Ry)Q" e C. (5.4.3b)

ii) Over-determined Method B, which solves the least squares problem (5.4.1) using the

~ singular value decomposition (SVD) algorithm. The SVD of a matrix L, € C™® is the

most reliable method to evaluate the pseudo-inverse of the matrix L, [16,17] although it
is the most computationally expensive method. According to the SVD theorem, for any

matrix L, € C™® of rank h there exists unitary matrices U e C™ and U € C?? such that

_ H _ z,0
L, =UEV", Z=| "), (5.4.42)
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where Ze C™®, X, =diag(c,,0,,0;,.... ,0,)and
6, 20,20, 2........ 20, >0 (5.4.4b)

where o; are the singular values of L,. The pseudo-inverse in this case becomes

-1
Lo =V Z 0lys, (5.4.4c)
0 0

5.4.2. Specialized Direct Solvers

We are interested in the development of efficient solvers that could significantly reduce
the computing time. In order to take advantage of the structure of the matrix, we start
with the classical methods F and G described in Section 5.3.4 and generalize them to the

over determined formulation.

The largest square matrix A of the size qxq is extracted from H, which leads to three
other sub matrices B, C, and D, (see Fig. 5.14B). The resultant A and B matrices have
block diagonal structures as discussed in Section 5.3.4, while the full rectangular
matrices C, and D, have sizes (r-q)xq and (r-qQ)x(p-q), respectively. The vector of
unknowns x is re-organized by re-locating the first four coefficients of Chebyshev
| expansions for each Fourier mode resulting in the structure of the coefficient matrix

shown in Fig. 5.14B. The complete system can be written as
Ax; +Bxy = (Zo)s, Coxi + Doz = (Zo)z, (4.5a,b)

where vector x; contains unknowns G{”for ne(-N,,N,), ke(4,N;), and x;

contains unknowns G{”for ne(-Ny,,Ny), ke(0,3). The right hand side vector
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(Zo )l
(Zo)z

q). Matrices B and D, contain information associated with G, G, G and G\,

remains unchanged with Z_ = , (Zo)1 having length q and (Z,); having length (r-

while matrices A and C, contain the rest. Solution of (5.3.8) can be written as

x,=E,"(Z,),-E,"C,A(Z,),, x,=A"(Z,),-A"'Bx,, (5.4.6a,b)

where E,” = (D, —C,A"'B) is the pseudo-inverse of the over-determined matrix E, and

has the size (p-q)x(r-q).

|¢.+_— Additional boundary constraints
k.'._ Additional boundary constraints

Figure 5.14. Structure of the coefficient matrix for the A and B (Fig. 5.144) and C and D (Fig.

5.1 4B) over-constrained methods.

The quantities A™(Z,); and AB can be computed block by block thereby reducing
computational time and memory requirements. In practice the quantities A (Z)1 and A
1B are computed using the LU decomposition technique in order to avoid any numerical

issues associated with the evaluation of the inverse of ill-conditioned matrices.
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The use of (5.4.5)-(5.4.6) in solving the over-determined problem (5.4.1) is
fundamentally different from the process used in the over-determined methods A and B,
which were explored in Ref. 14. Methods A and B minimize the 2-norm of the residual
vector r=Zy-Lox € C’, which eventually minimizes residual attributable to both the
projection equations and the boundary constraints. In Ref. 14 a weighted residual method
was investigated where one can put more weight on either the projection equations or the
boundary constraints in order to obtain the most accurate solution. Determining the
optimum weight factor in this approach can be computationally expensive, particularly
for problems that result in numerically rank deficient coefficient matrices. For the over-
determined methods A and B, all test results to be discussed correspond to the optimum
weight factors. On the other hand, in the new approach described by (5.4.5)-(5.4.6), the
projection equations are satisfied exactly whereas the boundary constraints are solved in
the least-square manner. This approach is independent of the rank of the E, matrix and
thus removes the cost of determination of the optimum weight factor. The difference
among the various specialized over-determined solvers lies in the algorithms employed

to compute the pseudo inverse E,". We shall consider two methods, i.e.,

iii) Over-determined Method C, which relies on the QR factorization technique described
earlier in (5.4.3a,b) to compute E," and

iv) Over-determined Method D, which evaluates E, by applying the SVD technique
described using (5.4.4a-c).

Both specialized over-determined solvers C and D take advantage of the complex
conjugate properties of the diagonal blocks of A in order to achieve the highest efficiency
of the computations as well the lowest usage of memory, similarly as in the classical
method G. We shall use the same test problems and error norms as described in Section
5.3. The over-determined method A is used as the reference method. The performance
gain achieved by other over-determined solvers will be quantified as the ratio of the

computational time involved in solving (5.4.1) by the over-determined method A to that
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required by the over-determined method in question and is denoted by Gaing,., 4crmined -

Larger values of Gaing,., s crmmnea COTTEspond to a more efficient method.
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Figure 5.15. Variations of the ||ue, (x.y )||w norm as a function of the corrugation amplitude S for

the channel geometry given by Eq. (5.3.2) with the corrugation wave number a=5.0 computed
using the over-determined IBC methods A (dotted line), B (dash line), C (dash-dotted line) and D
(solid line) employing 4(2M)+1) number of boundary constraints with different values of My
Computations were carried out using the same number of Fourier modes to represent the field
variable, i.e., Ny=20, and N1=100 Chebyshev polynomials. The reference solution has been
determined using the domain transformation (DT) method with Ny=45 Fourier modes and
Nr=125 Chebyshev polynomials. Results obtained using the classical IBC method are shown for
comparison purposes. Accuracies of methods A, C and D are similar and the relevant curves
- coincide. The grey zone illustrates expansion of the range of applicability of the IBC method due

to the use of the over-determined formulation.

Results displayed in Figure 5.15 illustrate variations of the solution accuracy obtained
using four different over-determined solvers employed with the same number of Fourier
mode Np=20, but with different numbers of additional boundary constraints 8(Mm-Nu),
as a function of the corrugation amplitude S. In order to measure the advantage of the
over-determined methods, we assume that the maximum acceptable error is 10 and

identify Srer as the maximum corrugation amplitude for which the classical IBC method
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is able to deliver this accuracy using the same number of Fourier modes, i.e., with
Nm=20. It can be seen that the accuracies of different over-determined solvers are
approximately similar around S, these accuracies are substantially better than the
reference value of 10™*. The range of S for which the over-determined solvers can provide

no less than the four digits accuracy is significantly expanded.

Figure 5.15 also shows that the accuracy cannot be arbitrarily improved by increasing the
number of additional boundary constraints. The optimal value of these constraints
appears to be around My~30 for this particular test conditions. Numerous tests carried
out as part of this study suggest that the optimal value of My is approximately 50%

higher than the number of Fourier modes Ny used to represent the field variable.

Figure 5.16 illustrates improvements of the accuracy delivered by the over-determined
solvers due to the increase in the number of Fourier modes Ny used to represent the field
variable while employing the “optimal” number of additional constraints, i.e., with My
being approximately 50% higher than Ny. It can be seen that an increase of Ny
substantially improves the accuracy as well as expands the range of applicability for the
specialized over-determined methods. On the other hand, increasing the number of
Fourier modes Ny beyond 30 actually degrades the accuracy of the solution for the
standard over-determined methods A and B with method A being more adversely
affected than method B.

" The complexity of geometries that the IBC method can handle accurately is defined
using the critical corrugation amplitude Scisca Which takes different value for each
corrugation wave number a (see Fig. 5.13) and depends on the type of the formulation,
i.e., classical or over-determined. For the particular test conditions shown in Fig. 5.16,
Scrticarx0.1 for the classical formulation (see Fig. 5.13). The over-determined method D
improves accuracy by approximately eight orders of magnitude for the same geometry. If
one keeps accuracy fixed at 10, the over-determined method D extends the applicability
of the IBC method by increasing Scrticat by more than 70%. Comparisons of accuracies

obtained with different over-determined solvers shows that the over-determined method
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A produces lowest accuracy while the method D provides the highest accuracy, and for
the specialized methods C and D, an increase of the number of Fourier modes used in the

computations by 10 produces accuracy improvement of at least two-orders of magnitude.
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Figure 5.16. Variations of the ||ue, (x,y )||0o norm as a function of the corrugation amplitude S

computed using the over-determined IBC methods A (dotted line), B (dash line), C (dash-dotted
Ifne) and D (solid line) employing different number of Fourier modes Ny, and 4(My+1) boundary
constraints. Other conditions as in Fig. 5.15. The grey zone illustrates the largest possible
expansion of the range of applicability of the IBC method due the use of the over-determined
Sformulation (e.g., this range cannot be expanded any further through an increase in the number

of Fourier modes Ny, used in the computations).

Variations of the computational efficiency of different over-determined solvers, as
compared to the over-determined method A, as a function of the number of Fourier
modes and Chebyshev polynomials used in the computations are illustrated in Fig. 5.17.
The over-determined method B is the slowest; methods C and D outperform method A
by a factor of 100 or more for higher values of Ny and Nt. The over-determined method
D is slightly slower than method C while delivering substantial accuracy improvement
for higher values of Ny (see Fig. 5.16) and this leaves the user with a clear choice as far

as the best solver for the application at hand.
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Figure 5.17. Variations of the performance gains associated with the use of the over-determined
methods B, C and D as compared with the over-determined method A as a function of the number
of Fourier modes Ny (Fig. 5.174, Nr=100, My~1.5*Ny) and as a function of the number of
Chebyshev polynomials Nr (Fig. 5.17B, Ny=20, M)=30) used in the computations with the
channel shapes defined by Eq.(5.3.2) with a=5.0 and $=0.13.

Figure 5.18 illustrates variations of the performance of different over-determined
methods as a function of the number of additional boundary constraints used in the
solution while keeping the same number of Fourier modes and Chebyshev polynomials.
It can be seen that the relative performance of methods C and D slightly decreases as
expected. A useful comparison between the classical method A and different over-
determined methods is presented in Figure 5.19. The performance gains by the over-

determined methods C and D increase substantially as the number and size of the blocks

in the A matrix increase, however, these gains are not as impressive as in the case of the

classical methods F and G (see Fig. 5.9). This is mainly due to the fact that the cost of
computing Eo" is significantly higher than the cost of computing the equivalent of E™
and there is an additional computing cost associated with the construction of the
additional boundary constraints. Nevertheless, the over-determined method C is about 25
times faster than the classical method A for Ny=30 and Nr=100 while the over-
determined method D is about 21 times faster. It should be stressed that for the higher
values of the corrugation wave number o (=5), the classical methods would require a
larger number of Fourier modes Ny while the over-determined methods can work with a

smaller number of such modes and with just a few more boundary relations in order to
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deliver the same accuracy, and this would further improve the relative performance of the

over-determined methods C and D.
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Figure 5.18. Variations of the performance gains associated with the use of the over-determined
methods B, C and D as compared with the over-determined method A as a function of the number

of boundary constraints 4(Myr+1) used in the computation. Ny—=20 and Nr=100 were used in the
computations. Other conditions as in Fig. 5.17.

Figure 5.20 shows that the error in the enforcement of the physical boundary conditions

”uﬂ_Bc || for the over-determined method D is equal to the maximum error over the

whole solution domain ||u“||w provided that a sufficient number of Chebyshev

polynomials have been used in the discretization. This observation is very important as it
allows the use of the same strict measure of error as introduced in the case of the classical
IBC method, e.g., Eq. (5.3.7).
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Figure 5.19. Variations of the performance gains associated with the use of the over-determined
methods B, C and D as compared with the classical method A as a function of the number of
Fourier modes Ny (Fig. 5.194, Nr=100, My~1.5*N)) and as a function of the number of
Chebyshev polynomials Ny (Fig. 5.19B, Ny=20, My=30) used in the computations. All tests have
been carried out for the channel geometry defined by Eq.(5.3.2) with a=3.0 and S=0.1.
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- Figure 5.20. Variations of the norms "u“"m (dash line) and "u, BC |L° (solid line) evaluated

using the over-determined method D as a function of the number of Fourier modes Ny (Fig.
5.204, Nr=100, Myr1.5*N,y) and as a function of the number of Chebyshev polynomials Nr (Fig.
5.20B, Ny=20, My=30) used in the computations. The reference solution has been determined
using the domain transformation (DT) method with Ny~=45 Fourier modes and Nr=125
Chebyshev polynomials. All tests have been carried out for the channel geometry defined by
Eq.(5.3.2) with a=3.0 for a few selected values of S. For certain parameter ranges the dash lines

may not be visible as they overlap with the solid lines.
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Figure 5.21 illustrates variations of the critical amplitude Scrisear Of the corrugation
(determined using the classical formulation) as a function of the corrugation wave
number o. Scrtca decreases from ~0.5 for a=1 to ~0.05 for a=10. The same figure
illustrates the best possible accuracies that can be produced by the classical and the over-
determined formulations for the corrugation amplitudes S=Sctca. The over-determined
method D improves accuracy by ten orders of magnitude for a=1 and this gain drops to

six orders of magnitude for a=10.

Figure 5.22 compares values of Sciica for the classical and over-determined
formulations. It can be seen that Scricas increases by approximately 50%-70% depending
on the value of the corrugations wave number a when replacing the classical formulation
with the over-determined formulation. The same figure illustrates the best accuracy that
can be obtained using the over-determined formulation under conditions corresponding

10 Scritical for this method.

10° L 710°
——— el -— )
-5
107 F ~ ~— ——] Classi\cal Method
~N
_8 107} Sl ' e
s I 410" %
= 10°} STt -s] @
10™ Over-determined
‘ Method D
-13 w1 — [N e -2
10 2 4 6 8 10'°

Figure 5.21. Variations of the critical corrugation amplitude S..;.. determined using the
classical formulation (dash line) as well as the best accuracy produced by the classical
formulation for the corrugation amplitude S=S..i.a (upper solid line) as a function of the
corrugation wave number a. Accuracy produced by the over-determined formulation (method D,
lower solid line) for the same geometries is shown for reference. All tests have been carried out

for the channel geometry defined by Eq.(5.3.2).
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Figure 5.22. Variations of the ratio of critical amplitudes Sc,ii.a computed on the basis of the
over-determined (method D) and classical formulations as a function of the corrugation wave
number a for the channel geometries defined by Eq. (5.3.2) (dash line). The solid line illustrates
the best accuracy obtained by the over-determined IBC method D for the critical values of the

corrugation amplitude S_yii.q corresponding to this method.

Similarly as in the case of the classical methods F and G, the over-determined solvers C
and D require significantly less memory. Both over-determined methods C and D require
similar memory as the ohly difference between them is the use of different schemes to
compute the pseudo inverse. Figure 5.23 illustrates rapid reduction in the memory use
_ compared with the over-determined methods A or B, e.g., for N\=30 Fourier modes and

~ Nr=100 Chebyshev polynomials used in the computations the C and D methods require

about 25 times less memory than the A and B methods.
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Figure 5.23. Variations of the ratio of memory required by the over-determined methods
A and B and the over-determined methods C and D as a function of the number of
Fourier modes Ny and the number of Chebyshev polynomials Nr used in the
computations for the channel geometries defined by Eq. (5.3.2). Methods A and B, and C

and D require similar memory.

5.5. Unsteady problems

The specialized direct solvers discussed in Sections 5.3.4 and 5.4.2 can be extended to
~ solve the linear systems resulting form the discretization of the unsteady flow problems,
including cases with time-dependent boundary conditions. The general form of the

algebraic system that needs to be solved at each time step can be expressed as

L x(t) = Z(t), (5.5.1)

where L is a rxp coefficient matrix with p = (2NyM+1)(Nt+1) and r = p+8(Mm - Nu), X i
a time-dependent p-dimensional column vector of unknowns and Z is a known time-

dependent r-dimensional column vector. For the over-determined IBC formulation, My
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is greater than Ny leading to r>p, while the assumption of My=Nuy leads to the classical
formulation for which r=p. The elements in Z for the current time-step are functions of
both the solution vectors x(t) evaluated at previous time-step(s) as well as the physical
boundary conditions [8-10]. The basic structure of the coefficient matrix L would be
similar to that shown in Fig. 5.2 for the classical formulation and would take the form
shown in Fig. 5.14A for the over-determined formulation. In both cases the complete

system can be divided into two sub-systems of the form
Hx(t) = Zs(t) , Kx(t) = Za(0), (5.5.2a,b)

where the block diagonal matrix H of size qxp, q = (2Nm+1)(Nr-3), groups entries
corresponding to the projection equations and the full matrix K of size (r-q)xp contains
entries corresponding to the boundary constraints. The right-hand-side vector Z; is
always a function of time and depends on the type of temporal discretization while the
right-hand-side vector Z, remains unchanged unless the physical boundary conditions

depend on time, e.g., time-dependent wall transpirations.
5.5.1. Standard direct solvers

Since the coefficient matrix L in Eq.(5.5.1) remains unchanged during the time stepping,
one needs to compute either the inverse or the LU factors of L only once in the case of
the classical formulation and L” in the case of the over-determined formulation. The
| following discussion of the performance of various standard unsteady solvers will be
~based on the classical formulation while performance of solvers suitable for the over-
determined formulation can be deduced by comparing data to be presented in this section
with those discussed in Sections 5.3 and 5.4. We have explored three different standard

direct solvers:

i. Unsteady classical method A, which computes the LU factors of L once with the
solution process for the subsequent time steps reduced to a combination of backward

substitutions and forward eliminations,
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ii. Unsteady classical method B, which also relies on the LU decomposition but applied
to L after it has been converted into a sparse matrix (similarly as in the case of the
classical method D),

iii. Unsteady classical method C, which computes the inverse of L once with the solution

process for the subsequent time steps reduced to matrix multiplications.

5.5.2. Specialized direct solvers

Specialized solvers are developed following the same ideas as described in Section 5.3.4.

The first four coefficients of the Chebyshev expansions for each Fourier mode are

relocated resulting in the extraction of the largest square block diagonal matrix A € C%¢
from the complete matrix L. The re-arranged system for flow problems with time-

dependent boundary conditions can be written as
Ax, (t)+Bx,(t)=Z,(t), Cx, (1)+Dx,(1)=Z,(t), (5.5.3a,b)

where vector x,(t)contains unknowns G{(t) for ne(-Ny,Ny), ke(4,N;), and

vector X,(t) contains unknowns G{(t) for ne(-N,,N,), ke(0,3). Matrices

- AeC% and CeC"99contain information associated with x,(t), while matrices

BeC¥®? and DeC*P®9 contain information associated with xa(t). Solution of

(5.5.3) can be written as
x,(t)=E*Z,(t)-E"CA'Z, (1), x,(t)=A7Z (t)- A7Bx, (), (5.5.4a,b)

where E* =(D—-CA™'B) is the pseudo-inverse of the over-determined matrix E and has

the size (p-q)x(r-q). In the case of the classical formulation, r is equal to p and, therefore,
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E’ in Eq. (5.5.4a) should be replaced by E™'. We shall limit further discussion to the

classical formulation only.

The solution process starts with the evaluation of Al A'B, E?! and E’IC, or their
equivalents, all of which are computed block-by-block taking advantage of the block
diagonal structure of A and B, and then stored in the memory for repetitive use at each of
the subsequent time steps. The quantity A™Z;(t) needs to be computed at each time step
and this is done in the block-by-block manner multiplying each block of A™ with the
corresponding elements of Zy(t). Two versions of the specialized classical solvers have

been tested:

iv. Unsteady classical method D, which uses matrix inversion technique to compute A™

and E,

v. Unsteady classical method E, which computes the LU factors of A and E in order to
compute A™B, E'C, A7 Z,(t) and E'Zy(1).

5.5.3. Comparison of the performance of different solvers

The right-hand-side vector Z, remains constant for problems with constant boundary
conditions while it needs to be re-computed at each time step in the case of the time-
| dependent boundary conditions. This difference affects the way quantity E”Zx(t) needs
‘to be evaluated; in the latter case E™Z(t) needs to be computed at each time step while
in the former case E™'Z, can be computed only once and stored for subsequent repetitive
use. Because of the small size of E, the difference in the computational time associated
with the ‘change between the constant and the time-dependent boundary conditions is
insignificant and thus all tests reported in this section have been carried out with the
time-independent boundary conditions using the same reference geometry as used in

Sections 5.3 and 5.4, i.e., geometry described by Eq.(5.3.2).
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The total computational cost of the solution depends on the number of time steps and on
the size of the problem dictated by the spatial discretization. The unsteady classical
method A is used as the reference method in the following discussion. The total
performance gain achieved by any other unsteady solver is quantified as the ratio of the
total computational time involved in solving (5.5.1) by the unsteady method A to that

required by the method in question and is denoted by Gain,,,, . Larger values of

Gain ., indicate advantage for the method in question over method A. Performances

of different unsteady solvers for two different numbers of time steps are illustrated in

Figure 5.24. It can be seen that the efficiency of all methods, except method C, improves
with increasing the number of Fourier modes Ny or the number of Chebyshev
polynomials Nt. Method E was found to be the fastest while methods B and C were

found to be rather slow for problems involving larger values of Ny and Nr.
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Figure 5.24. Variations of the total performance gains Gainyusieaq, resulting from the use of the

classical unsteady methods B (short dash lines), C (long dash lines), D (Dash-dot lines) and E

(Solid lines) as a function of the number of Fourier modes Ny (Fig. 5.244, Nr=100) and as a
function of the number of Chebyshev polynomials Nr (Fig. 5.24B, Ny=20) used in the
computations. The tests have been carried out using the model problem (5.3.2) with a=3.0 and
S$=0.05. Two-step implicit method was used for the temporal discretization. The thinner and

thicker lines correspond to simulation carried out with 100 and 500 time steps, respectively.

Figure 5.24 shows a surprising change in the performance of the methods, depending on

the number of time steps used in the simulations. The increase in the number of steps
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decreases the performance of all methods, with exception of method C, which displays
fairly large improvement in the performance. The reader may note that the complete
solution process consists of two segments. The first one involves the construction of
either the complete coefficient matrix or its relevant parts and evaluation of either the
inverse or the LU factors, which are stored for the subsequent use. The computational
cost of this segment shall be referred to as the fixed cost as it does not depend on the

number of time steps used in the simulations. The second segment consists of the

‘repetitive use at every time step of information generated during the first segment. The

cost per single time step is referred to as the variable cost. The total computational cost
consists of the sum of the fixed cost and the variable cost multiplied by the number of
time steps. The relative performance of different methods in all these areas can be

measured using additional performance measures defined as follows:

i) Ratiop s mece is defined as the ratio of the fixed and the variable costs and provides

an “absolute” measure of the efficiency of the method of interest. Higher value of

Ratiop, comme COTresponds to higher cost of construction and pre-processing of the

coefficient matrix and usually indicates disadvantage for this method,

ii) Gaing,, is defined as the ratio of the fixed cost of the unsteady method A to the

fixed cost of another method and provides a measure of gains in the fixed component

of the computational cost of the method in question (larger values of Gaing,,

indicate advantage of the method in question),

iif) Gain,,,,, is defined as the ratio of the variable cost of the unsteady method A to the

variable cost of another method and provides a measure of gains in the variable
component of the computational cost of the method in question (larger values of

Gain,,,,,. indicate advantage of the method in question).
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The total gain, as measured by Gain 4 » is @ function of Gaing, 4, and Gain,,,, as
well as the number of time steps involved in the simulation. Gainy,,,,, is dominated by
Gain,, , if either Gaing,, is very large or a small number of time steps is used in the
simulation; Gain,,,, is dominated by Gainy,,,, When either Gaing, is small or

when a large number of time steps is used in the simulations.

Figure 5.25 shows that the unsteady method C has values of theRatiop, ., umce
substantially higher than the remaining methods, while values of RatiOpy e fOr the

methods A and B drop by about two orders of magnitude and values for the methods D
and E drop by additional two-orders of magnitude. Method D has the lowest value of

Ratio,, s rmance » 1-€-» the smallest fixed cost when compared against the variable cost.
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\Figure 5.25. Variations of the Ratioperformance associated with the use of the classical unsteady
methods A (Dot line), B (short dash line), C (long dash line), D (Dash-dot line) and E (Solid line)
as a function of the number of Fourier modes Ny (Fig. 5.25A, Nr=100) and as a function of the
number of Chebyshev polynomials Ny (Fig. 5.25B, Ny=20) used in the computations. All other
conditions as in Figure 5.24.
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Figure 5.26. Variations of the performance gains Gaing;.q associated with the construction and
pre-processing of the coefficient matrix using the classical unsteady methods B (short dash line),
C (long dash line), D (Dash-dot line) and E (Solid line) as a function of the number of Fourier
modes Ny (Fig. 5.26A, Nr=100) and as a function of the number of Chebyshev polynomials Nr
(Fig. 5.26B, Ny=20) used in the computations. All other conditions as in Figure 5.24.

Comparison of the fixed cost among the various methods is illustrated in Fig. 5.26. It can

be seen that Gain,_, is the lowest for method C and the highest for method E, indicating
that method C is the most expensive while E is the least expensive. Gaing, , varies by

almost three orders of magnitude between different methods. Comparison of the variable
cost is illustrated in Fig. 5.27. Method B is the most expensive while method E is the
least expensive. The relatively low variable cost for method C suggests that the

disadvantage of this method due to the high fixed cost decreases as the number of time

~ steps increases, thereby improving the over-all performance as quantified by

Gain ., (see Fig. 5.24).

Analysis of data displayed in Figures 5.24-5.27 shows that method E is the most
efficient, as quantified by Gain,,,, (see Fig. 5.24), in spite of having values
ofRatio, .. ... a little bigger than those for the method D (see Fig. 5.25). The best

efficiency of this method results from the lowest fixed cost and the lowest variable cost
(see Figs. 5.26 and 5.27). Memory requirements provide another limitation for

applicability of each of the methods. The unsteady methods E and D require storage for
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only certain segments of the complete matrix L and this leads to the reduction in memory

use similar to those found in the case of the classical steady method G (see Fig. 5.12).

The above discussion shows that method E represents the best unsteady solver from the
point of view of execution time as well as memory requirements. Performance of this
solver should be closed to the performance of any other solver used for DNS as the
problems associated with the geometry-based coupling between the various Fourier
‘modes have been efficiently dealt with through the development of the specialized

solution techniques.
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Figure 5.27. Variations of the performance gains Gainygyiapie associated with advancing

solution one time step forward using the classical unsteady methods B (short dash line),
C (long dash line), D (Dash-dot line) and E (Solid line) as a function of the number of

. Fourier modes Ny (Fig. 5.274, Nr=100) and as a function of the number of Chebyshev

- polynomials Nr (Fig. 5.27B, Ny=20) used in the computations. All other conditions as in
Figure 5.24.

5.6. Summary

Efficient linear solvers for problems arising from the spectral implementation of the
immersed boundary conditions (IBC) method have been proposed and tested. The
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classical as well as the over-determined formulations of the IBC method have been
considered. The testing and demonstration of the efficiency of these solvers have been
carried out in the context of a model problem consisting of Stokes flow in a corrugated
channel. The specialized solvers take advantage of the structure of the coefficient matrix
and provide acceleration of computations by up to two orders of magnitude and a similar
reduction in the memory requirements when compared with the performance of the

standard solvers. These solvers are also about an order of magnitude faster than the

-iterative solvers and their applicability is not constrained by the any convergence

limitations. Comparison of the performance of the specialized solvers with the
performance of the solvers based on the construction of the boundary conforming
coordinates (which were represented by the Domain Transformation method in the
present work) demonstrate approximately two-orders of magnitude of better performance
of the IBC method.

The specialized solvers applied to the over-determined formulation of the IBC algorithm
significantly improve the accuracy of the enforcement of the flow boundary conditions
while extending the applicability of the IBC algorithm to more severe geometries
(5.50%-70% increase of the corrugation amplitude, depending on the corrugation wave

number) with a very reasonable increase of the computational costs.

Analysis of performance of the specialized solvers applied to unsteady problems has

been presented in the context of the unsteady Stokes flow with constant as well as time-

~ dependent boundary conditions. These solvers were found to improve the computational

‘efficiency and reduce the memory use by up to two orders of magnitude when compared

with the standard solvers and thus bring the performance of the IBC algorithm very close
to the performance of the standard DNS solvers used for analysis of flows in smooth

channels.
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CHAPTER 6

Moving boundary problems described by the Navier-Stokes
equations’

- 6.1. Introduction

‘Moving boundary problems’ refer to situations where the boundaries of the flow domain
change locations as a function of time in a known and well prescribed manner. Such
problems attracted attention of researchers from various fields for many years and the
relevant algorithms have been pursued with considerable interest particularly in the field
of biomedical engineering. Practical examples include peristaltic and pulsatile flows that
define the flows in the esophagus and flows through the vasculatures due to cardiac
actions. Various available algorithms can be classified mainly as Lagrangian and
Eulerian [1]. Mixed methods, that are combinations of the Lagrangian and Eulerian

techniques, have also been pursued [1].

In algorithms based on the Lagrangian concepts, each fluid element is followed
individually resulting in a need for a coordinate system that moves with the fluid. Mesh
tangling and associated loss of numerical accuracy poses significant restrictions on the

~ overall applicability of these methods [1].

The Eulerian algorithms rely on coordinate systems that are stationary in a laboratory

frame of reference or may move in a prescribed manner. Such algorithms can be divided

'A version of this chapter has been submitted for publication —

Husain, S.Z. and Floryan, J.M., Spectrally-accurate algorithm for moving boundary problems for the
Navier-Stokes equations (2009).
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- for convenience into fixed grid, adaptive grid and various mapping methods.

In the fixed grid methods, the grid is fixed in the solution domain and the locations of the
moving boundaries are tracked using either surface [2] or volume tracking procedures
[3]. The surface tracking relies on a set of points whose motion is tracked during the
solution process allowing precise identification of the boundary locations; these
boundaries are represented as a set of interpolated curves [3, 4]. The volume tracking
algorithms on the other hand work by reconstructing the boundary whenever necessary
instead of storing the boundary locations. The presence of a convenient marker within a
computational cell and its quantity form the basis of the various reconstruction
methodologies. Different versions of volume tracking algorithms exist, e.g., VOF
(Volume of Fluid) [5], MAC (Marker and Cell) [6] and Level Set [7, 8] methods. These
methods are based on the standard spatial discretization schemes with low order of
accuracy for the field equations, which are consistent with the diffused boundary

locations resulting from the boundary reconstruction processes.

The adaptive grid methods use numerical mappings to adjust the grids at each time step
so that one of the grid lines always overlaps with the boundary location. The
computational costs of these methods are very high due to the requirement of grid
reconstruction at each time step. For example, the grid construction process contributed
to about 75% of the total computational cost for the problem discussed in [9]. The choice
of spatial discretization technique has a smaller effect on the overall computational costs.

" The requirement of high accuracy in solution may lead to numerous challenges as the

total error has contributions from the error in the grid generation as well as from the error

due to spatial and temporal discretizations of the field equations.

Analytical mapping of the irregular physical domain into a rectangular computational
domain can help in improving the accuracy at the cost of increased complexity of the
field equations [10, 18]. However, such mappings are available only for a limited class of
geometries [1] and reconstruction of the coefficient matrix during each time step can add
to the overall computational cost by a substantial margin [19].
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Mixed Lagrangian-Eulerian methods rely on the combination of the concepts described
above [1].

The increase of accuracy while maintaining computational efficiency poses a significant
challenge for any algorithm to be developed for moving boundary problems. One of the
new concepts involves the use of the immersed or fictitious boundaries. This concept was
first proposed by Peskin [11] in the context of cardiac dynamics and its various variants
have been reviewed in [12, 13]. The common limitation is the spatial accuracy, as most
of these methods are based on the low-order finite-difference, finite-volume or finite-
element technique [13-16]. The second, less known limitation is associated with the use
of the local fictitious forces required to enforce the no-slip and no-penetration conditions.
These forces locally affect the flow physics and this may lead to the incorrect estimates
of derivatives of flow quantities, i.e., misrepresentation of the local wall shear. It is
difficult to estimate the potential error associated with such procedures, but it is known
that in the case of hydrodynamic instabilities the second derivative of mean flow plays a
very strong role in determining the flow response, and this derivative may not be
predicted with sufficient accuracy using a procedure that changes flow physics (even
locally). This problem is likely to be more pronounced in the case of methods with higher
spatial accuracy. Sharp interface method as presented in [17] also uses Cartesian grid to
enforce boundary conditions along the immersed boundaries that may be either stationary

or moving. The method relies on the level set description of the immersed interface along

“with finite-difference discretization and special treatment for points close to, the interface

resulting in a sharp resolution of the interface. This method requires modest
programming effort and retains low spatial accuracy, similar to other immersed boundary

methods discussed earlier.

Spectral methods provide the lowest error for spatial discretization of the field equations
but are generally limited to solution domains with regular geometries. The first spectrally
accurate implementation of the immersed boundary concept was developed by

Szumbarski and Floryan in the context of a fixed boundary problem [18] and is referred
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to as the Immersed Boundary Conditions (IBC) method in the rest of this discussion.
This method does not use any fictitious boundaries or fictitious forces but relies on a
purely formal construction of boundary constraints in order to generate the required
closing relations. The method is analogous to the fixed grid Eulerian methods. Spatial
discretization relies on the spectral expansions based on Fourier and Chebyshev
expansions in the stream-wise and normal-to-the-wall direction respectively and thus
provides ability to reach machine level accuracy. The construction of boundary
constraints relies on the representation of the physical boundaries in the spectral space
and nullifying the relevant Fourier modes. Such implementation is limited to geometries
that can be represented by Fourier expansions but'results in a gridless algorithm as all
possible variations of boundary geometries are described in terms of the Fourier
coefficients only. The programming effort associated with modeling the changes of
geometry has been essentially removed as the only information required for specifying
the new geometry is reduced to a set of Fourier coefficients provided as an input to the
code. The additional attractiveness of this concept is associated with the precise
mathematical formalism, high accuracy and sharp identification of the location of time-
dependent physical boundaries. The method has been implemented to study problems
involving hydrodynamic instabilities induced by surface roughness [19, 20] and has been
successfully extended to unsteady problems [21] as well as moving boundary problems
involving Laplace and biharmonic operators [22, 23]. Extension of the IBC algorithm to
three-dimensional problems is fairly simple. The flow-field needs to be assumed to be

periodic in two spatial dimensions, which are discretized using Fourier expansions, while

‘the remaining aperiodic dimension is discretized using Chebyshev expansions. The

boundary geometries/motions can be modeled using Fourier expansions in the periodic
dimensions and the enforcement of the boundary conditions would follow the concept of

the IBC algorithm as presented in the case of two-dimensional problems.

The work presented in this chapter has two goals. The first one deals with the extension
of the IBC algorithm to moving boundary problems described by the two-dimensional
Navier-Stokes equations. The second one deals with the question of efficient

implementation of the algorithm. The chapter is organized as follows. Section 6.2
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provides description of the model problem used for presentation of the algorithm. Section
6.3 describes numerical implementation of the flow boundary conditions. Section 6.4
discusses performance of the algorithm using carefully selected test problems. In
particular, Section 6.4.1 describes peristaltic flow problem while Section 6.4.2 considers
pulsatile flow problem. Section 6.4.3 provides a brief discussion of issues associated with
different temporal discretization schemes. Section 6.4.4 discusses issues related to the

efficient implementation of the algorithm. Section 6.5 provides a short summary of the

-‘main conclusions.

6.2. Problem formulation

The problem to be investigated consists of an incompressible unsteady viscous flow in a
conduit bounded by moving walls (see Fig. 6.1) whose shapes and motions are described

by the following relations

yL & )==1+ > HO(t)e™ , Yo =1+ 3 HE®e™ . (6.2.1a,b)

where L and U stand for lower and upper walls respectively. Here H™ = H{™" and

H® = H{™" are known and stars denote complex conjugates. At any instant of time, the

- conduit extends to *co in the x-direction and its geometry remain periodic with the

‘wavelength A=27/a..

The reference flow, i.e., steady flow through a straight conduit, is the Poiseuille flow

with the velocity and pressure fields in the form

UEY) =u, () =1-y", V,x¥)=0, p,(x,y)=p,(x)=-2xRe (6.2.1)
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where the motion of the fluid is in the positive x-direction, the Reynolds number Re is
based on the half conduit height and the maximum velocity in the x-direction, and the
flow is driven by a constant negative pressure gradient. The pressure and time scales
have the form pvUpax/L and L%/, respectively, where v stands for the kinematic viscosity
and p denotes the density of the fluid. Introduction of the wall motions induces flow

modifications and thus the total flow quantities can be expressed as
ux,y,t) = uo(Y)+ul(x’ v, vxy.H)=v,(xy1, p&, y,t)= Po(X)+ P, x,y,t) (6.2.3)

where u, v and p denote the total velocities and pressure, and u;, v; and p;

denote velocity and pressure modifications induced by the boundary motions.

yu(x.t)

¥ x

. Figure 6.1. Sketch of the instantaneous form of the flow domain.

Substitution of (6.2.3) into the Navier-Stokes and continuity equations result in the

following form of governing equations

Re’'d,u, +u,0,u, +u,0,u, +v,Du, +v,0,u, =-8,p, +Re"'V’y,, (6.2.4a)

Re0,v, +u,0,v, +u,8,v, +v,0,v,=—0,p, +Re” V?v,, (6.2.4b)
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o,u,+0,v,=0, (6.2.4¢)

where D = d/dy, V=0, +0,, is the Laplacian and the symbol O denotes partial

differentiation with subscripts x, y and t denoting the argument of the differentiation. The
flow problem can be posed either for the complete flow quantities (u,v,p) or for the flow
modifications (ui,vi,p1). The latter approach was selected for the present work as it
results in numerically smaller nonlinear terms thereby providing faster convergence

when iterative solution processes are employed.

The problem formulation needs to be supplemented with suitable initial and boundary

conditions. The initial conditions are taken to be in the form

u(x,y,0) = ui(x,y), v(x,y,0) =vi(x,y), y(x,0=yL(x), yu(x,0)=yui(x), (6.2.5a-d)

where ui(x,y), vi(x,y), yui(X) , yui(x) are considered to be known, and the boundary

conditions at the solid walls are given by

u, (yL (x9 t)) +u, (X, Y. (X, t), t) =uy (X, t) =0 s (6263)
U, (YU (X, t)) Ty, (X, Yu (X, t)’ t) =Uy (X, t) =0 ’ (626b)
YL =V Y= ,) = > HEYe (6.2.60)
VY6 0,0 vy (k) = (p) = > HDYe ™, (6.2.6d)

where the ‘ ' * sign denotes derivative with respect to time.
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Introduction of the stream function ¥ and elimination of pressure lead to a single field

equation in terms of the unknown modification of stream function ¥, of the form

Re™'9,[V?*¥,]-Re™'V*¥, +[u,0,(V?)-D?u,0,1¥, =

-0,[0, (uu,)+9,(,v,)] +0,[0,(w,v,)+9,(v,v))]. 62.7)
Where V? =8,, +0,, is the Laplacian and
ux,y,t) =u,(y)+u,(x,y,t) =D¥, + 8, ¥, = 0¥,/0y, (6.2.82)
V5 ¥,1) = v,(%, 1) = —3, ¥, = -8, ¥, (6.2.8b)

where ¥y = -y’/3+y+2/3 denotes the stream function of this flow and ¥r stand for the
stream function of the complete flow (i.e., the total stream function). The boundary

conditions in terms of the stream function thus take the following form

8, %, (%, (5, 0,1) = D, (3, (5, 1) (6.2.92)

0,¥,(x,yy (X, 1),t) = -D¥ (yy (%, 1)), (6.2.9b)
' 6X‘P1(x,yL(x,t),t)=-=Z HPYe™™, (6.2.9¢)
6X‘I‘1(x,yu(x,t),t)=-=2 HY)'e™™. (6.2.9d)

We are interested in the determination of solution of the flow problem described by Eqs
(6.2.7)-(6.2.9) with the spectral accuracy in space and the desired accuracy in time. The
main difficulty associated with the implementation of the spectral spatial discretization

arises due to the irregularity and time-dependence of the solution domain.
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In order to overcome problems associated the with spatial discretization, we select fixed
rectangular computational domain extending over one period in the x-direction and
extending sufficiently far in the y-direction so that the flow domain always remains
immersed inside the computational domain during the time interval of interest. If we
denote the locations of extremities of the walls as Yy and Y, within the time interval
under investigation, then the y-extent of the computational domain is set as (-1-Y,1+Yy)
without loss of generality. The spatial discretization is based on the use of Fourier series
in the x-direction due to periodicity of the geometry, and on expansions in terms of the
Chebyshev polynomials in the y-direction. We shall use standard definition of the
Chebyshev polynomials and thus the y-extent of the computational domain needs to be
mapped onto (-1,1) (see Fig. 6.1) before calculations can proceed. The required mapping

has the form

y=ly-(1+Y)IT +1 (6.2.10)

where y € (— 1,1) and " = 2/(2+Yy+Y1) is a constant. Application of (6.2.10) transforms

the governing equation into

Re™'8,[V2¥,]-Re'V*¥, +[u,d, (V?)-I"2D%u,0,]¥,

R (6.2.11)
=-T0,[0, (uu,)+0,(,v,)]+0,[0,(u,v,)+ ray(vlvl)]

" where V? =0, +I?d,, and D =d/d§. Locations of the walls in the (x,§) plane are

given as

FL 0= > AP, Foh= Y AD(He™, (6.2.12a,b)
where  AQ@M)=1+T[-2-Y, +HO 1), APt =TH®@®) for n#0,

AP H=1+T1-Y, +HP (O], AP (®)= THP(t) forn#0.
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The boundary conditions at the transformed boundaries become

8y, (%, §1. (X, 1), 1) = -D¥, (%, 1), (6.2.132)

0,%, (%, y(x,1),1) = -D¥ Gy (x,1), (6.2.13b)

¥, (x, 5, (%, 1), ) =— Z (inal) (A®)e™™ + C, (1), (6.2.13¢c)
n=-o0,n+0

(X, Ty (X, t),6) =— f (inal)* (AD)Ye™™  + Cy (1), (6.2.13d)
n=-o0,n#0

where Cy(t) and Ci(t) are time-dependent constants resulting from integration of Eq.
(6.2.9c) and (6.2.9d), respectively.

The solution can be represented in the form of Fourier expansion

n=+Ny,

¥ (x,9,t)= Z(D(“)(y t)e™™ ~ th(")(y t)e™™, (6.2.14)

n=—w n=-Ny

where @@ (§,t) = ® (§,1). Substitution of (6.2.14) into Eq. (6.2.11) and separation of

Fourier components lead to a system of partial differential equations for ©®,

ne(0,N,,), of the type

Re 3,[T2D? - (n0)? |0 - Re[M*D* - 2% (n0)?D? + (nay)* Jo® +
finar?u,b? - imo)*u, - inar 2D, jo® = , (6.2.15)
—inalD(R, )™ -I?D*(R, )™ - (aa)*(R, )™ +inalD(R, )™

where the nonlinear velocity products are periodic and thus are expressed in terms of the

relevant Fourier expansion in the form
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[(u,), @,v), v, v)Kx, §,1) [(R ® R,)™,[R,) (“)ky t)e™™. (6.2.16)

n——NM

Four types of temporal discretizations have been used. The third-order implicit method

results in the following relations

—Re'TD* + (1IM*Re™ At /6 + 20%a’T* Re™' + inal 7w, J0* + (@2)" =

(— n‘a*Re™'-11n%a*[At™ Re /6 — inal*D?u, —in’ a3u0) ™

[— inal DR, 2 -2D*(R, )™ - (na)*(R, ), +inalD(R, )‘“’] (6.2.17)
+3Re” AT [I2D? - (n)? p® - (3/2)Re” At [F2D? - (na)* o)
+(1/3)Re™ At [[2D? - (nar)? }Dﬁ‘l’z, n e (- Ny, Ny),

while similar relations resulting from the first-, second- and fourth-order implicit
methods are shown in the Appendix I. In the above, the subscript T denotes the time step
and At stands for the (constant) length of the time step. The solution is obtained in an
iterative manner during each time step with the superscript J denotihg the iteration

number.

Relation (6.2.17) has the form of an inhomogeneous ordinary differential equation for

®™ . The following discussion will be carried out in the context of the third-order

1+l

implicit scheme, while the relevant relations for the other schemes can be readily

deduced. A detail discussion of issues associated with the performance and numerical

implementation of different temporal schemes is given in Section 6.4.3.

The unknown function @®®

T+l

can be represented in terms of expansions based on the

Chebyshev polynomials in the form

k=Np

o) = 2 ZSLlT GE 2 ZS‘)HITR ® (6.2.18)

k=0
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where Ty denotes the Chebyshev polynomial of k™ order and Z{),, denotes the unknown

coefficients of the expansion.
The modal functions associated with the Fourier expansions of the nonlinear terms can

also be expressed in terms of expansions based on the Chebyshev polynomials in the

form

k=Ng
[(R ?3 ’ S.i ) ?3 ky) = Z [ k o+l ’ k T+l ’ k T+1 ]Tk (Y) (62 1 9)
k=0

Relations (6.2.18)-(6.2.19) are substituted into (6.2.17) and Galerkin procedure [24] is

used to develop a set of algebraic equations for the unknown coefficients Z{ , in the

form
[—Re”' T*(T, DT, )+ (LIr* Re™ At™ /6 + 20%0’T* Re T, DT, )+
5 inol*(T,,u,D°T, )+ (-n‘a*Re - 11T At " Re/6) T, T,) [z, )" =
k=
0 —inal’ 2<’I‘J.,Ik)zuoTk>—in30L3<Tj,u T ) |

k=N, —inaF<Tj,I§T >(1~{ }:) < T, DT, >
& | (m0(T; T, )R, ., + inar (T, DT, )&
)

+k=sz (Re At)'l[F2<Tj,]52Tk> ~ (n0)*(T, T, ]
’ k=0

[3233—(3/2)2333_1+(1/3)Z£‘32_2, ne(-Ny,Ny), je(ON;), (6220)

)i

1
where the inner product is defined as (fj(Sf),gk(Sf)>=J‘fj(Sr)gk ()(y)dy and
-1

®=1/4/1-9* denotes the weight function [24]. The inner products are evaluated using
the orthogonality properties of the polynomials. Equation (2.20) leads to Nt+1 algebraic

equations for each Fourier mode; these equations are coupled through the nonlinear

terms. Since the Chebyshev polynomials do not individually satisfy the boundary
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conditions, special construction is required to ensure that the global solution (2.14)
satisfies the boundary conditions. These conditions will be accommodated in the Tau-like
manner [24] where the four highest projection equations for each Fourier mode are
dropped in order to make space for the relations that ensure that the discretized boundary
conditions are satisfied. The numerical treatment and discretization of boundary
conditions are discussed in the next Section and show additional source of coupling

among different Fourier modes.

The evaluation of the nonlinear modal functions R(™, R{” and R{’ involves

determination of velocity components u; and v; in the physical space, evaluation of
velocity products in the physical space, evaluation of the Fourier transforms of the
velocity products and, finally, evaluation of the coefficients of Chebyshev expansions
representing modal functions of the velocity products. 'Aliasing errors are controlled
through the use of the padding method [24]. The padding method requires evaluation of
the velocity components u; and v; in (2Myu+1) locations in the x-direction for each y-
location where MM>1.5Nym. In order to take advantage of the properties of the FFT
algorithm, it is recommended to select values of My equal to a power of 2. The FFT
algorithm generates (2My+1) modes but only modes <-Ny,Np> are retained. The cost of
evaluation of the non-linear terms is one of the dominant factors that affect the total
computational cost per iteration. The iterations continue until the change in the
magnitude of the Chebyshev coefficients for two consecutive iterations is less than the

convergence criteria which, for all results presented in this paper, were set to 10,

6.3. Numerical Treatment of Boundary Conditions

The flow boundary conditions are imposed using the Immersed Boundary Conditions
(IBC) concept. Transformation (6.2.10) ensures that the boundary extremities at any

given time are contained within the computational domain y (— 1,1) . The flow boundary

conditions are to be enforced along the lines ¥, (x,7+1)and y(x,7+1) that define the
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physical boundaries in the transformed coordinates (x,y), where the locations of these

lines are represented in the form

n=+N, . n=+N, .
T+ D AP e, Jox T+~ Y AP e, (6.3.1a,b)
n=-N, n=-N,

The following discussion will be carried out in the context of the upper wall with the
developments for the lower wall being analogous. At time 1+1 one needs to evaluate

(0,%,), (X, T+1) = B ¥, (X, Fy (x,T+1),T+1) and (%), (x,t+1) =

¥, (x,¥y(x,t+1),7+1) along the time dependent line ¥, (x,T+1).

The terms (6;1’1 )U (x,7+1)and (‘I’, )U (x,7+1) are periodic in x with the period A = 2n/a

and thus can be expressed in terms of Fourier series as

n=+Ny .
(0,%,),(x. T+ D) = 0,9, (%, Fy (x, T+ D, T+1) = Y UB ™,
. n=-Ny
n=+Ny .
(#)y T +) =, (%, §y (x,T+1),1+1) = Y Ve ™ | (6.3.2a,b)
n=-Ny

~ The follow up discussion shows that the summation extends to Ny=NtNa+Nu. Since the

flow representation used in the computations is limited to Ny+1 modes (see Eq. 2.14),
only the first (N)+1) terms in (6.3.2) can be accounted for. The components in (6.3.2)
can also be evaluated along the wall at time t+1 using the discretized form of the

solution, i.e.,

(0,%,), (%, T +1) = 8, ¥, (%, 9y (x, T +1),T+1)

n=+N,, k=N, © Ao o oo s (6.3.3a)
= Y D Z® DTG t+1D)e

n=-Ny k=0
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(#,)y (%141 = ¥, (%, §y (x,T+1),7+1)
oL (6.3.3b)

=Y Y Z8 T,Gexr+D)e™
ﬂ=—NM k=0

Chebyshev polynomials and their derivatives evaluated at the wall, i.e., T, (yy(x,t+1)

and ﬁTk(SIU(x,t+ 1), are periodic functions of x and thus can be expressed in terms of

Fourier expansion as follows

m=+Ng m=+Ng .
T(Foxt+D)= D, Wy )™, e™, DT, [Fexr+D)= >, (dy)m ™ (6.34ab)
m=-Ng m=-Ng

where max(Ns)=NtN4. The method for evaluation of coefficients (wU)f:,’:)+1 and (d, i’;)ﬂ

is explained in the context of Stokes flow in Appendix A. Substitution of (6.3.4) into
(6.3.3) gives

n=+Ny m=+Ny k=N;

B,%), 4= 3 Y Yz, (0, )P (6.3.52)

n=—Ny m=-Ny k=0

n=+Ny m=+Ny k=Ny

(Fyr+l= D, 3, 3 Z(wy )i e (6.3.5b)

n=-Ny m=-N,, k=0

 Comparison of (6.3.2) with (6.3.5) gives

m=+Ny, k=N p ( ) m=+N,, k=N p )
() m) n-m, ) _ (m) n-m
U”l Z z Zk,ﬂl k,‘H-l ’ V1:+1 2 Z Zk.ﬁl(wU )k,¢+1 . (636a’b)
m__NM k=0 m——NM k=0

The function (ﬁ‘l’o )U (x,7t+1) is known from the reference flow and can be expressed as
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O, ), x 1) = S P+ e (63.7)

n=-w

Substitution of (6.3.2)-(6.3.7) into (6.2.13) leads to boundary conditions along the lower

and upper walls in the form

m=+Ny, k=Np

Y Y @A R =R @+, In|>0 (6.3.82)
m=—Ny k=0

m=+Ny k=Ny

Y Y z®, (W ) = ~(mal) (A%, [n21 (6.3.8b)
m=-Ny k=0
m=+Ny k=N

D Zl‘;'ill(wL,u)i;'fi—C v(T+)), (6.3.8¢)
m=-Ny k=0

that are enforced for |n|<N,. Relations obtained for [n>Ny, can be used as a measure of

error. The form of constants C, ,(t+1) that appear in Eq. (6.3.8¢) can be determined

using either the constant volume flux or the constant pressure gradient constraint. For
convenience, we have selected the former one for this presentation, i.e., we assumed that
the flow rates in the smooth reference conduit and in the deforming conduit remained the

same. Volume flux Q along the conduit can be evaluated by integrating the x-velocity

- component across the conduit, i.e.,

¥
Qx,t+1)= _r(a;;r) dy =¥, (%, t+1),7+1) ¥ (x, . (x,T+1),t+1). (6.3.9)
L T+

where according to the definition of the total stream function

V(¥ X T+1), 1+ 1) =¥, (X, ¥y (X, T+ 1)) + ¥, (X, J y (X, T+ 1), T+1). (6.3.10)
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Values of ¥ evaluated along the lower wall represent a known function of t and x,

periodic in x, that can be expressed as

n=+N,

Y@y t+1))= Z :S{J)ﬁl e (6.3.11)

n=—Ny

The volume flux represents an x-periodic function that can be written in the form of a

Fourier expansion

n=+Ny

Qx,t+1)= Zq(")(t +1)e™™ , (6.3.12)

n=—Ny

where the zero term, i.e., q©”, represents the net mass flux along the conduit. The value

of q@(t+1) is assumed in this analysis to be known and independent of time, and equal

©_4

to the flow rate of the reference flow, i.e., q 5

Substitution of (6.2.13), (6.3.10)-(6.3.12) into Eq. (6.3.9) and extraction of mode zero

results in
Cy(t+1)=q@+C t+1)+EQ -E?. (6.3.13)

One of the constants, either Cy or Cr, can be selected arbitrarily and the other one
follows from (6.3.13). In the description given below the latter one has been selected
arbitrarily by introducing condition ¥1=0 at a conveniently selected point x=x, at the

lower wall resulting in

C.(x+1)=—-E0 + WZIS (inaI’) " (A®Y!

n=-N, ,n#0

(6.3.14)

‘t+1
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Substitution of (6.3.14) into (6.3.13) gives

n=+N

Cow+1)=—E® + Y (inol)* (ALY, & +q©. (6.3.15)

T+l
n=-N, ,n#0

Substitution of (6.3.14)-(6.3.15) into (6.3.8¢) results in the form of the closing conditions

useful for numerical implementation, i.e.,

m=+Ny, k=Nq . n=+N, .
—(0 : = i
> zggj?ﬂ(wg’?ﬂ)L =-8P+ ) (inol)*'(AP),, ™™, (6.3.16a)
m=-Ny; k=0 n=-N, ,n=0
m=+Ny k=N . 0 n=+N, )
— . — i 0
> > ze, (ng:{l)u =-EQ+ Y (inol)'(AP),, ™™ +q. (6.3.16b)
m=-Ny, k=0 n=-N, ,nz0

Equations (6.2.20), (6.3.8a-b) and (6.3.16) form a complete set of algebraic equations for
the unknown coefficients Zf:fz+1 ,k=0,...,.Nt, n=0,....,Nm. A solution of this set moves

calculations forward by one time step. The performance of the algorithm and various

methods of solution of the algebraic equations are discussed in the next section.

6.4. Performance of the algorithm

Two different problems have been selected to test and characterize the performance of
the algorithm. The test problems involve (i) peristaltic flow and (ii) pulsatile flow. The
selection of these test problems enables us to show the applicability of the proposed
algorithm in solving flow problems of considerable practical interest, particularly in the

field of biomedical engineering.

6.4.1. Peristaltic flow
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6.4.1.1. Problem prototype

A general form of peristaltic flow can be modelled by considering peristaltic wave

traveling along the conduit walls, whose locations can be described as

n=+Ny . n=+Ny .
yix =1+ > HP ™9, Yo, =1+ Y HY ™, (64.1ab)
n=-Ng,n#0 : n=-N_,n=0

where ¢ denotes the phase speed of the wave and a stands for its wave number. The
simplest situation corresponds to the wave profiles described by only one Fourier mode,

resulting in the wall motions described by
vy (x,t) = 1+ Scos[a(x —ct)] = -1+ (0.5S8e“*® + CC), (6.4.2a)
Yo (%, t) =1-Scos[a(x — ct)] =1-(0.5S**® + CC), (6.4.2b)

where S stands for the amplitude of the wave and CC denotes complex conjugate. Figure

6.2 illustrates changes in the location of the walls as a function of time.

Peristaltic flow represents a convenient test problem because it can be converted into a

* steady, fixed boundary problem in the moving frame of reference (X.,y) using Galilean

transformation in the form

X=x-ct. (6.4.3)

This is an easier problem and its solution provides a convenient comparison problem for
the direct numerical solution of the time dependent, moving boundary problem in the
fixed frame of reference. In addition, this problem provides a convenient test for

characterization of the accuracy of spatial discretization.
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05F t=0, T T4 T/2 3T/ Upper wall

Figure 6.2. Locations of the conduit’s walls deformed by peristaltic wave described by Eq.(6.4.2)
with the amplitude S=0.25, the wave number a=1.0 and the phase speed c=n at times t=0, T/4,
T/2, 3T/4 and T, where T denotes one time period.

The full problem in the moving frame of reference (X,y) takes the form

-Re'V*Y, +[(u, - €)0x(V?)-D’u, 0 1¥, =~ 0,[0x(u,u,)+0,(u,v,)]

6.4.9)
+0x[0x () +0, (v V)]
where V2 =0, + 0,, and the boundary shapes take the forms
Vi (X) =-1+(0.5S¢* + CC), Yy (X)=1-(0.58¢* + CC). (6.4.5a,b)
The boundary conditions in the moving frame of reference (X,y) have the form
n=+Ny
uX,yp X)) =0, V@ eX)=-c¢ ) inaH{pe"™ (6.4.6a,b)

n=—N),020
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The stationary problem (6.4.4)-(6.4.6) shall be referred to as the model problem #1, and
will be solved using the steady version of the technique discussed in the previous

sections.

The same problem expressed in the fixed frame of reference (x,y) consists of the field
equation (6.2.7), boundary conditions (6.2.9) with wall motions given by (6.4.2). This
problem can be solved directly as a time dependent, moving boundary problem - we shall
refer to this problem as the model problem #2. The solution of the model problem #1 is
used as initial condition for the model problem #2 in various tests discussed later in the

text, unless explicitly stated otherwise.

6.4.1.2, Solution of the model problem #1

Model problem #1 provides an opportunity to demonstrate the spectral accuracy of the
spatial discretization. In order to have a meaningful discussion of error, we have
produced a machine-accurate reference solution for this problem using the Domain
Transformation (DT) method where the irregular flow domain is analytically mapped
into a regular computational domain resulting in the classical treatment of boundary
conditions. We have used the same spatial discretization as in the case of the IBC
method, i.e., Fourier expansions in the X-direction and Chebyshev expansions in the y-
‘ direction. Details of the DT method can be found in Appendix J.

We define error in the evaluation of the u- and v-velocity components at any location

(X.y) as
U (X, Y)=upc(X,y) —upr (X, y), VX, ) =Vpc(X, ¥) - Vpr (X, y), (6:4.73,b)
where the subscript ‘IBC’ denotes solution obtained using the IBC algorithm and the

subscript ‘DT’ denotes the machine-accurate reference solution determined using the DT

method. We shall use the L, norms defined as
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oel= swp Xy, Pl.= s Xyl (648ab)
YL(X§S)§SY:(X) YL(X§SXSY:(X)

as a measure of error over the whole flow domain. Error in the enforcement of flow

boundary conditions is of special interest and is measured using the L., norms defined as

ococ GOl =50 {5 CO), bl nc @), [} (6.4.9)
[Veuse ), = Sup /uﬂ(vu,nc ), b|(Venc ), | (6.4.9b)
where

(0 5c X)), =UXKY1u (X)) »

(Varc @),y =VCY1 6 CVaraa)) - (6.4.10a,b)

Here the terms (vwﬁu(X))L and (vmn(X))U stand for the actual velocities of the lower and

upper walls, respectively. We shall focus further discussion on the error in the u-velocity

component, i.e., Ue . This error is related to the error of the y-derivative of the stream

" function which needs to be evaluated numerically and thus evaluation of u is potentially

less accurate than evaluation of v.

The Chebyshev expansions (6.2.18) with coefficients calculated using the Galerkin
procedure are expected to deliver spectral accuracy in the y-direction with the increasing

number of terms Nr. The validation of this fact is illustrated in Fig. 6.3.
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Figure 6.3. Variations of the norms lu.,|, (solid lines) and

U, BC"@ (dashed lines) as a

function of the number of Chebyshev polynomials Nr used in the computations for the model
problem #1 (see Eqs (6.4.4)-(6.4.6)) for the peristaltic wave with the wave number a=1, the
phase speed c=r and different amplitudes S. Computations have been carried out for the flow

Reynolds number Re=100 using Np~=20 Fourier modes.

Figure 6.3 also shows that the use of a single norm ”u“,BC ||°0 as an error measure could be

misleading when the number of Chebyshev polynomials employed in the computations is
not adequate. The reason behind this property can be explained with the aid results
displayed in Fig. 6.4, which shows formation of boundary layers in the distribution of
modal functions in the zones around the walls. Although the discretization in the y-
direction using the Chebyshev expansions is fairly standard, the existence of boundary
layers creates special problems. Inadequate number of polynomials can lead to spurious
oscillations in the distribution of the modal functions and increase the error in the overall
solution although the boundary conditions may still be satisfied with very high accuracy
(see Fig. 6.3). In most cases, sixty Chebyshev polynomials provide machine accuracy.
However, when the wavelengths of the peristaltic wave become shorter (o increases),
higher Fourier modes begin to play important role and one needs to increase the number

of Chebyshev polynomials in order to resolve the wall boundary layers with reasonable
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accuracy. Figure 6.4 shows that these layers become extremely thin for larger values of o
and for higher Fourier modes. Modal functions change very rapidly inside these layers

while they are nearly zero in the rest of the domain.

3E-05 ,5
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: ; wall corrugation
1 : t
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= i | i
— -\ 1 i :
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Figure 6.4. Distribution of lDdi(”) Lfor higher modes (n>10) in the vicinity of the lower wall for

the model problem #1 (see Eqs (6.4.4)-(6.4.6)) for the peristaltic wave with the wave number
a=35, the amplitude S=0.025 and the phase speed c=n. Computations have bee carried out for the
flow Reynolds number Re=100 using Npy=15 Fourier modes and Nr=100 Chebyshev

polynomials.

The convergence of the truncated Fourier series is pertinent to the second aspect of the
' spatial discretization, i.e., accuracy of discretization in the x-direction. Chebyshev norm

‘defmed as

pe

1
. =\/r [DO®(FHDO G, D6§)5 , d=1/{1- (64.1)
-1

is used as a measure of the magnitude of the derivative of the modal function ®® (i.e.,
the u-velocity component). Results displayed in Fig. 6.5 demonstrate that this norm

decreases exponentially as a function of the mode number n.
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Figure 6.5. Variations of the Chebyshev norm of D&" (see Eq.4.5) as a function of the Fourier
mode number n for the model problem #1 (see Egs (6.4.4)-(6.4.6)) for different amplitudes S of
the peristaltic wave with the wave number a=1.0 and the phase speed c=n. Computations have
been carried out for the flow Reynolds number Re=100 using N)~=20 Fourier modes and Nr=80
Chebyshev polynomials.

The next question of interest is the identification of the number of Fourier modes Ny
required for a desired level of accuracy of the solution. Results displayed in Fig. 6.6
demonstrate that when a sufficient number of Chebyshev polynomials is used (see Fig.

6.3), the maximum error over the computational domain becomes equal to the maximum

- error in the enforcement of flow boundary conditions, i.e.,

d
dNy

(uall, >Ival.) =0- (6.4.12)

||u¢1’“w =“uer,BC|L, and "ver"w = “verrBC"m when
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Figure 6.6. Variations of the norms ||u“”ﬂ0 (circles) and "u“’BC hw (triangles) as a function of

the number of Fourier modes Ny, used in the computations for the model problem #1 (see Eqs
(6.4.4)-(6.4.6)) for the peristaltic wave with the wave number a=1, the phase velocity c=rn and
selected values of the amplitudes S. Computations have been carried out for the flow Reynolds
number Re=100 using Nr=80 Chebyshev polynomials

Therefore, the number of Fourier modes Ny used in the computations contributes only to
the error in the enforcement of flow boundary conditions while the magnitude of the
error inside the solution domain is determined by the number of Chebyshev polynomials.

This fact is further substantiated through the results displayed in Fig. 6.7, which

. demonstrate that the error reaches maximum around the wall and decreases rapidly as

one moves away from the wall. Thus, one can use the norm ||u“,3c"w to quantify the

maximum error for any number of Fourier modes Ny assuming that a sufficient number

of Chebyshev polynomials Nt have been used.
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Figure 6.7. Distribution of the absolute value of the error u.(X)y) (see Eq.(6.4.7)) around the
upper wall for the model problem #1 (see Egs (6.4.4)-(6.4.6)) for the peristaltic wave with the
wave number a=1.0, the amplitude S=0.1 and the phase speed c=n. Computations have been
carried out for the flow Reynolds number Re=100 using N)y~20 Fourier modes and Nr=100
Chebyshev polynomials.

Figure 6.8 shows distribution of error in the enforcement of flow boundary conditions for
the u- and v-velocity components along the upper wall. It can be seen that the errors

oscillate along the conduit and that the locations of the maxima of the amplitudes overlap

~ with the location where the peristaltic wave maximizes conduit opening. This figure also

illustrates that the magnitude of the error in the u-velocity component is slightly higher
than that in the v-velocity component, as had already been pointed out in the preceding

discussion.
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Figure 6.8. Distribution of the boundary errors (uesc)y (see Eq.(6.4.10a), solid line) and
(Verscu (see Eq.(6.4.10b), dash line) for the model problem #1 (see Eqs (6.4.4)-(6.4.6)) for the
peristaltic wave with the phase speed c=n, the amplitude S=0.05 and the wave number a=1.
Computations have been carried out for the flow Reynolds number Re=100 using Ny~=15 Fourier

modes and Nr=80 Chebyshev polynomials.

Variations of the error |u_|_ as a function of the amplitude S of the peristaltic wave for

fixed values of its wave number o, and as a function of its wave number a for fixed
amplitudes S are illustrated in Figs 9 and 10, respectively. The results shown demonstrate
that for certain combinations of o and S, the accuracy can be maintained at the machine

level. However, the error increases almost exponentially when values of a and S reach

certain critical threshold. The error can be controlled by increasing the number of Fourier

modes used in the computations and/or by using the over-determined formulation [25],
which provides ability to simulate dynamics of peristaltic waves with more complex
profiles. Both techniques do not however affect the qualitative character of the error
variations; they merely increase the threshold of o and S that leads to a rapid error

increase.
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Figure 6.9. Variations of the ||ue, (1\9"°° norm (see Eq. (6.4.8)) as a function of the amplitude S of

the peristaltic wave with the phase speed c=n and with selected values of the wave number a in
the case of flow with the Reynolds number Re=100 (model problem #1, see Egs (6.4.4)-(6.4.6)).
The dashed and solid lines correspond to results obtained with the Ny = 10 and 15 Fourier

modes, respectively. N;=80 Chebyshev polynomials were used in the computations.
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Figure 6.10. Variations of the "ue, (/\9"00 norm (see Eq. (6.4.8)) as a function of the wave number

a of the peristaltic wave with the wave speed c=r and with selected values of the amplitude S.

Other parameters are as in Fig. 6.9.
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6.4.1.3. Solution of the model problem #2

We shall now focus our discussion on the model problem #2, i.e., a moving boundary
problem expressed in a fixed frame of reference (x,y). Solution of the model problem #1
provides initial conditions via the reversed Galileo transformation. We shall use the L
norms as quantitative measures of error associated with the enforcement of flow

boundary conditions, i.e.,

)L’(qu,Bc , t)l)u} , (6.4.132)

Mu «ne (X5 t)"ao = Sugm {(‘u e (X, 1)

0<X<

).} (6.4.13b)

”ver,BC , t)”oo = Sup {qvu,BC x, t)l)L ’ (lver,BC x,1)

0<X<2n/a

where

(u er,BC (X, t))L,U = U(X, YL,U (X, t)’ t) ’

(Varze % B) g =VEYru (%0, - (Vour )y (%, 1) (6.4.14a,b)

The test problem is solved using different temporal discretizations and relevant

discussion is provided in Section 6.2. Figure 6.11 illustrates the time history of
||u‘er (x, t)"oo and demonstrates that the location of the maximum error follows the location
of the maximum conduit opening as it moves in the positive x-direction, similarly as in

the case of solution obtained in the moving frame of reference (see Fig. 6.8). The

magnitude of this error remains approximately constant while several waves pass through

the computational box.
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Figure 6.11. Distribution of the boundary error (u.pc)u (see Eq. (6.4.14)) at times t = 2T,
2.25T, 2.5T, 2.75T and 3T, where T stand for one time period, for the model problem #2 with the
amplitude of the peristaltic wave S=0.05, the wave number a=1.0 and the phase speed c=n.
Computations have been carried out for the flow Reynolds number Re=100 using Ny=15 Fourier
modes, Nr=80 Chebyshev polynomials and the third-order implicit temporal discretization
scheme with the time step At=0.001. Solution of the model problem #1 was used as the initial
éondiﬁon.

Variations of the u-velocity component at a few test points are displayed in Fig. 6.12.
The test points have the same y-coordinates but are spaced apart in the x-direction by a
distance of A/4, where A is the wavelength of the peristaltic wave. The results show the

expected phase differences associated with different locations of the test points. Both

* figures, i.e., Figs 11 and 12, demonstrate the expected periodic variations in time of the

computed quantities.
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Figure 6.12. Variations of the u-velocity component over three time periods at four test points
for the model problem #2 solved directly as a moving boundary problem in the fixed reference
frame. A=271/a stands for the wavelength of the peristaltic wave. Other conditions are as in Fig.
6.11.

-6.4.2. Pulsatile Flow

6.4.2.1. Problem Prototype

Pulsatile flows can be modelled by replacing the flat conduit walls with elastic standing

waves, which can be expressed as

n=+Ny . n=+Ny .
yixt)==1+ > HP()e™™, yox, =1+ > HP() ™, (6.4.15a,b)
n=-Ny,n=#0 n=-Ny,,n=0

and, in the simplest case of a sinusoidal wave, the shape and motion of the walls can be

described as

yu(x,t) = -1+ S cos(wt) cos(ox) =-1+ (0.5 S cos(wt) e + CC), (6.4.16a)
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yu(x,t) =1 - S cos(et) cos(ax) =1 - (0.5 S cos(wt) €™ + CC), (6.4.16b)

where o denotes the wave number of the standing wave, S stands for its amplitude and ®
denotes its frequency. In the above, CC implies complex conjugate. The character of

- motion of the walls in this case is illustrated in Fig. 6.13.

L
1S
f

Figure 6.13. Locations of the conduit’s walls deformed by an elastic standing wave with the
wave number a=1.0, the amplitude S=0.25 and the frequency w=n= at times t=0, T/8, T/4, 3T/8,
T/2, 5T/8, 3T/4, 7T/8 and T, where T denotes one time period.

The complete test problem consists of the discretized field equations (6.2.20), the
" boundary constraints (6.3.8a-b, 6.3.16), the boundary motions described by (6.4.16) and
suitable initial conditions consistent with the boundary shapes. We shall refer to this

problem as the model problem #3. For convenience, we shall use the L., norms defined

by Eq.(6.4.13) as quantitative measures of error associated with the enforcement of flow

boundary conditions.
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6.4.2.2. Solution of the model problem #3

Figure 6.14 illustrates variations of the maximum error in the enforcement of the flow
boundary condition for the u-velocity as a function of time over two time periods. It can
be seen that the magnitude of the error changes periodically in time with frequency equal
to double the frequency of the wave. The occurrence of the maximum error has certain
phase lag with respect to the occurrence of the maximum conduit opening, with the phase
lag increasing with an increase of Re. Results displayed in Fig. 6.15 demonstrate that the
time lag does not depend on the wave amplitude, which implies that this lag is a function

of the Reynolds number and the wave frequency only.
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Figure 6.14. Variations of the

u,, BC(x,t)|Lo norm (see Eq. (6.4.13)) as a function of time over

two time periods for the standing wave problem (model problem #3) with the wave number a=1,
the amplitude S=0.05 and the frequency a=r for three Reynolds numbers, i.e., Re=1, 10 and
100. Computations have been carried out using Ny=15 Fourier modes, N;=80 Chebyshev
polynomials and the third-order implicit temporal discretization scheme with the time step
At=0.001. Solution of the steady, fixed boundary problem with the shape of the walls given by
Eq.(6.4.16) was used as the initial condition.




229

S$=0.05 Re=100

C"oo
—-—
o

(¢

T10™
2 10-11
10
o
10

Figure 6.15. Variations of the

u,, Bc(x,t)"w norm (see Eq. (6.4.13)) as a function of time over

two time periods for the standing wave problem (model problem #3) with the wave number a=1
and the frequency =7 for three values of the wave amplitude, i.e., $=0.02, 0.03 and 0.05. Other
conditions are as in Fig. 6.14.

Results shown in Fig. 6.16 demonstrate that the magnitude of the error can be reduced by

" increasing the number of Fourier modes used in the computations but its qualitative

character remains unchanged. The spatial distribution of the error is illustrated in Fig.
6.17 after 2.125 and 2.625 cycles of the wave motion, i.e., when the error is largest (see
Fig. 6.16). It can be seen that the maximum of the error occurs at a location
corresponding to the maximum conduit opening at a given instant of time and the
magnitudes of the maxima at the two time levels are essentially identical. The reader
shéuld note that the maximum of this error as a function of time occurs after the walls

have already moved passed the position corresponding to the maximum possible conduit

opening, as discussed in the previous paragraph.
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Figure 6.16. Variations of the

ue,,BC(x,t)"w norm (see Eq. (6.4.13)) as a function of time over

three time periods for the standing wave problem (model problem #3) with the wave number
a=1, the amplitude S=0.025 and the frequency w=rn. Computations have been carried out for the

flow Reynolds number Re=100 using Nyy= 9, 12 and 15 Fourier modes. Other conditions are as
in Fig. 6.14.
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Figure 6.17. Spatial distribution of the error (u..sc)u (see Eq.(6.4.14)) at two different instances

of time for the same standing wave problem as described in Fig. 6.16. Other conditions are as in
Fig. 6.14.




The Fourier spectra of the error in the enforcement of the u-velocity boundary conditions

is given by the following relation

(ape G D)y = 2 (UL (t))L,U e™ (6.4.17)
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Figure 6.18. Fourier spectra of distribution of the boundary error (u..psc)u (see Eq. (6.4.17)) for

the standing wave problem (model problem #3) with the wave amplitude S=0.025 and the
Jfrequency ar=n . Three different forms of Fourier expansions were considered, i.e., case A:
a=1.0, Ny=5 ; case B: a=0.5, Nyy=10 and case C: a=1/3, Ny=15. Computations have been
carried out using Nr=80 Chebyshev polynomials and the third-order implicit temporal
discretization scheme with the time step At=0.001. Solution of the steady, fixed boundary
problem with the shape of the walls given by Eq.(6.4.16) was used as the initial condition.

The computed spectra shown in Fig. 6.18 demonstrate that the first Ny Fourier modes
have been eliminated, according to the construction of the boundary constraints described
in Section 6.3. The largest error is associated with the first Fourier mode omitted in the
enforcement of the flow boundary conditions; the error associated with the following
modes rapidly decreases as the mode number increases. Figure 6.18 also displays results
of tests carried out in order to check if the method produces any spurious spatial

oscillations. Three cases were considered, i.e., in case (A) the wave was represented by




P PR CIRESNAR AT 4T e R

232

the principal Fourier mode and the calculations had been carried out with Ny=5 Fourier
modes, in case (B) the wave was represented by the second Fourier mode (the principal
mode had the wave number a=0.5), and in case (C) the wave was represented by the

third Fourier mode (the principal mode had the wave number a=1/3). In order to have

- fully equivalent representations, the number of Fourier modes used in cases (B) and (C)

were Ny=10 and Ny=15, respectively. The problem set up admitted sub-harmonics of
the 1/2 type in case (B) and 1/3 type in case (C). The Fourier spectra shown in Fig. 6.18
demonstrate the equivalency of the results in all three cases. No sub-harmonic had been
produced during the solution process and the modes expected to produce zero
contributions in cases (B) and (C) behaved as expected. Temporal variations of the u-
and v-velocity components at a test point displayed in Fig. 6.19 demonstrate the expected
periodic variations in time, with the error of u being larger than error of v, as had already

been discussed.

Figure 6.19. The evolution of the u- (solid line) and v- (dashed line) velocity components at a
test point (x,y)=(A/4,-0.9) during the first four cycles of the standing wave (model problem #3).

All other conditions are as in Figure 6.17.
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6.4.3. Temporal discretization

In the course of the present work we have tested four different fully-implicit temporal
discretization schemes, which can deliver first-, second-, third- and fourth-order
accuracy. The schemes treat all terms implicitly resulting in a nonlinear system of
algebraic equations that has to be solved iteratively at each time step. The general form

of the modal field equations (6.2.15) can be written as

8 [L,0™] = £,0® + N¥O®, (6.4.18)

where £,, £, denote linear and N stands for nonlinear differential operators acting on
the unknown modal functions ®® . The expression for advancing from ®® at time t to

@) at time t+At using the first-, the second-, the third- and the fourth-order schemes

have the forms

(a8 - £)o0 " = 40 A0, (6:4.19)
[G/2)at" 8 - £, 1= )" = #o® ) + At L [20® - 1/2)0®], (6.4.19b)
[a1/6)a"8 - £, oW [ = #o@f + (6.4.19)

AT [BOP - (3/2)0S) +(1/3)0%,]

-1

[(25/12)87 8 - O] = MO +

AL [4D® —30® 4+ (4/3)0%, —(1/4)O® (6.4.19d)
T -1 -2 ®1,

respectively, where the superscript J+1 denotes the current iteration and J denotes the

previous iteration The values of the modal functions ®®) on the right hand side of Eqs
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(6.4.19a)-(6.4.19d) associated with the nonlinear terms are initialized with the values of
@™, i.e., with the solution from the previous time step. The first-order implicit scheme

is self-starting, and is used to start the second-, the third- and the fourth-order methods.

All methods were found to be numerically stable.

Computational cost of the implicit schemes cannot be predicted beforehand, as it is
dominated by the number of iterations required in order to solve the nonlinear algebraic
equations with the specified accuracy. We have used the convergence criteria based on
the absolute difference between two subsequent solutions, and this difference had been
set to 10 in all tests reported in this chapter. The required number of iterations is
influenced by several factors including wave profiles, (e.g.., their wave number,
amplitude, phase speed, frequency), the number of Fourier modes and Chebyshev
polynomials used in the spatial discretization, the type of temporal discretization and the
time step-size.

Results of the temporal grid convergence studies for the model problem #2 are reported

using the error defined as

Uy = SUD (U551, (6.4.20)
0<x<2 /o
yL(x,0<5y<yy{x,H
where
udiﬁ‘erence (X, y’ t) = uMP#Z (X, y, t) - uMP#l (X, y, t) . (6421)

Here the term u,;,, refers to the solution obtained through the direct solution of the
moving boundary problem in the fixed frame of reference and the term u,g;, denotes

solution of the corresponding fixed boundary problem in the moving frame of reference
and converted into the fixed-frame of reference using the reversed Galileo

transformation. The results shown in Fig. 6.20 corresponds to time t=1.0 and demonstrate

that all the temporal schemes deliver the theoretically predicted accuracy.
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Figure 6.20. Variations of the error u,, (see Eq.(6.4.20)) as a function of the time step At. Results
shown were obtained for the travelling wave problem (model problem #2) with the wave
amplitude $=0.05, the wave number a=1.0 and the phase speed c=r. Computations have been
carried out for the Reynolds number Re=100 using Ny=10 number of Fourier modes and
Nr=100 number of Chebyshev polynomials. Solution of the model problem #1 was taken as the
initial condition. Fig. 6.20A4 — first- and second-order methods, Fig. 6.20B — third- and forth-

order methods.

6.4.4. Computational efficiency and effectiveness

All implicit algorithms require solution of a large system of nonlinear algebraic equations
at each time step. The nonlinear system is solved in an iterative manner, i.e., the
nonlinear terms are moved to the right hand side and the resulting linear system is solved
repetitively with the right hand side being updated after each iteration. The solution
process requires evaluation of the inverse (or equivalent) of the coefficient matrix only
once for the first iteration, with subsequent iterations reduced to multiplication of the
inverse (or equivalent) with the recomputed right hand side vector. Because of the size of
the system, one needs to evaluate the performance of various possible solution strategies

of the relevant linear system.
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Figure 6.21. Structure of the coefficient matrix for the model problem #2 constructed using

N)=3 Fourier modes and Nr=30 Chebyshev polynomials. Non-zero entries are marked in black.
The linear system has the form
Lx=R (6.4.22)

where L is a pxp coefficient matrix with p = 2NMt+1)(Ntt+1), x is a p-dimensional
column vector of unknowns and R is a p-dimensional column vector representing
information contained in the nonlinear terms and taken either from the previous time step
or from the previous iteration. The system is organized by grouping entries
corresponding to the linear part of the field equations in matrix H of size qxp, q =
(2NM+1)(N1-3), and entries corresponding to boundary relations in matrix K of size (p-
q)*p, resulting in the structure of coefficient matrix L illustrated in Fig. 6.21. Matrix H
has the block diagonal structure with each block corresponding to a different modal
equation and having the size (Nt+1)x(Nt-3). This matrix needs to be computed only ones
as it does not depend on boundary motions. Matrix K is full as it provides coupling
between different modes and it needs to be recomputed at each time step in order to
capture boundary motions. Structure of matrix L illustrates advantage of the IBC
algorithm.
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Figure 6.22. Variations of the ratio of time required to construct the coefficient matrix using the
DT method as compared with the IBC method for the model problem #1 as a function of the
number of Fourier modes Ny (dash line, Nr=100) and as a function of the number of Chebyshev

polynomials Nr (solid line, Nyy=15) used in the computations.

Algorithms based on the dynamic grid adjustments and/or mappings require an effort
equivalent to evaluation of the complete coefficient matrix L at each time step while the
IBC algorithm requires evaluation of only matrix K which represents a small portion of
the complete matrix L. The additional cost associated with the evaluation of the complete
matrix can be illustrated using the domain transformation (DT) method discussed in the
context of the test problem #1 as a representative of the methods requiring grid
adjustment. Figure 6.22 shows the ratio of time required to construct the coefficient
matrix for the DT and the IBC methods using different numbers of Fourier modes Ny
and Chebyshev polynomials Nt1. The IBC method requires approximately 30 times less
time for the smaller values of Ny and Nt and the savings increase almost linearly with
the increase of either Ny or Nt. The cost of the matrix construction further significantly
increases (relative to the IBC method) if the grid adjustment has to rely on the numerical

grid generation.
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Equation (6.4.22) can be solved directly using various algorithms, with potential
efficiency gains associated with taking advantage of the sparse character of the
coefficient matrix. We have tested four different methods in an effort to find an efficient

solution strategy.

vi) Method A: This method relies on the LU decomposition. The lower and upper
triangular matrices are computed at the beginning of each time step and the
subsequent iterations are reduced to a simple backward eliminations and forward

substitutions in a repetitive fashion.

vii) Method B: The solution process for this method is also based on LU
decomposition, however, it takes advantage of the sparse structure of the coefficient

matrix L and uses specialized solver for computing LU factors of sparse matrices.

viii) Method C: The inverse of the coefficient matrix L is computed once at the
beginning of each time step and the subsequent iterations are reduced to the

multiplication of the inverted matrix with the updated right hand side vector.

iX) Method D: Similar to method C this method computes the inverse of the coefficient
matrix using specialized procedures for sparse matrices.
Method A is used as the reference method in the following discussion. The
~ performance gain” achieved by other methods can be quantified as the ratio of
computational time involved in advancing solution by one time step using method in
question to that required by method A. Figure 6.23 illustrates performance gains of
methods B, C and D. It can be seen that method B is the most efficient while method D is
the least efficient. The efficiency of methods B and C depends very little on the problem

size, while the efficiency of method B increases almost linearly from ~1.15 to ~1.5 when

increasing the number of blocks of the same size (Fig. 6.23a). The efficiency of this
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method is almost unchanged when one works with a constant number of blocks of

increasing size (Fig. 6.23b).
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Figure 6.23. Variations of the performance gains associated with the use of methods B, C and D
Jfor solution of the linear problem as a function of the number of Fourier modes Ny (Fig. 6.234,
Nr=100) and as a function of the number of Chebyshev polynomials Nf (Fig. 6.23B, Ny=15) used
in the computations. The tests have been carried out for the model problem #2 using the third-
order implicit discretization with a=1.0, §=0.05, Re=100 and c=rn. The solid and dashed lines
* correspond to results obtained using time steps 4t=0.001 and 4t=0.01, respectively.

When a large number of Fourier modes and/or Chebyshev polynomials are used, the
resulting matrix could be very large leading to the computationally unacceptable solution
cost, in spite of a minimal cost associated with the generation of matrix L at each time
step. The solution cost can be reduced using iterative solver based on the mode
deéoupling concept [22, 23, 26]. It had been demonstrated that such solvers lead to a
significant acceleration of computations in the case of flows governed by linear
operators, with further efficiency gains possible through parallelization as the mode
decoupling method is very suitable for applications on distributed processors. On the
negative side, the iterative algorithm limits the range of geometries that can be accessed
due to convergence problems, as documented in the context of linear operators [22, 23,
26]. The convergence problems are more severe in the case of nonlinear operators, which

further limit the range of geometries that can be modeled.
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Figure 6.24. Structure of the modified coefficient matrix for the model problem #2 constructed
using Ny—=3 Fourier modes and Nr=30 Chebyshev polynomials (see Eqs 4.23-4.24). Non-zero

entries are marked in black.

Because limitations associated with the iterative solver deemed to be too constraining, a
new direct solver has been developed following concepts described in [26] where
‘advantage was taken of the fact that part H of the matrix L does not change during time
advancement. Part of this matrix can be inverted once and the overall solution can be
reduced to a solution of a much smaller algebraic system supplemented by multiplication
by the inverted matrix. The largest square matrix that can be extracted from H has the
size qxq. For that purpose, the vector of unknowns has been re-organized by re-locating
the first four coefficients of Chebyshev expansions for each Fourier mode to the end of
the vector resulting in the structure of coefficient matrix illustrated in Fig. 6.24. Square
matrix A of size qxq has block diagonal structure with each block of size (NT-3)x(N1-3),
rectangular matrix B of size qx(p-q) has block diagonal structure with each block of size
(N1-3)x4, full rectangular matrix C has size (p-q)xq and the square matrix D has size (p-
q@)x(p-q). Matrices A and B remain unchanged during time advancement while C and D

need to be recomputed. The system can be written as

Axy +Bxy = Rl, Cxi+Dx2=R;, (6.4.23a,b)
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where vector x; contains unknowns Z{for ne(-N,,Ny), ke(4,N;), and x;

contains unknowns Z®for ne(-Ny,N,), ke(03). The right hand side vector

R
remains unchanged with R = [R’:I, R; having length q and R; having length (p-q).

2
Matrices B and D contain information associated with Z{", Z®, Z{ and Z{”, while

matrices A and C contain the rest. Solution of (6.4.23) can be written as
x, =E'R,-E"CA'R,, x, =A7R, -A"Bx,, (6.4.24a,b)

where E=(D-CA'B) has the size (p-q)x(p-q). Matrices A and A™B need to be
computed only once and remain unchanged during time advancement; the main

computational effort at each time step is reduced to solving a system of equation of the
size (p-q)*(p-q) resulting in method E. '

V)  Method E: Method based on Eqs (6.4.23)-(6.4.24) where all operations equivalent

to evaluation of the inverse matrices are carried out using LU decomposition.

Figure 6.25 shows that performance gains vary approximately from 1.5 to 5 depending
on the severity of geometry and problem size, and are approximately the same regardless
if one uses more smaller blocks (more Fourier modes, Fig. 6.25a) or works with fewer
but larger blocks (more Chebyshev polynomials, Fig. 6.25b). The reader should note that
an increase of severity of boundary motions (larger amplitude S of boundary motions)
increases the number of iterations required per time step. Since the largest performance
gains are associated with the first iteration, the performance gains for the more extreme
wave profiles are less pronounced. In a similar way, use of smaller time steps reduces

advantage of this method as it decreases the number of iterations per time step.

Method E can be further improved by taking advantage of the block-diagonal structure of
matrix A, which results in method F.
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vi) Method F: The inverses A™ and A™B are computed by inverting individual blocks

(rather than inverting the whole matrices) using the LU decomposition.

Figure 6.25 illustrates that performance gains associated with method F vary from 4 to 12

“depending on the severity of geometry and problem size, similarly as in the case of

method E. These gains increase rapidly with an increasing number of Fourier modes and

Chebyshev polynomials, and are approximately the same regardless if one uses more

- smaller blocks (more Fourier modes, Fig. 6.25a) or works with fewer but larger blocks

(more Chebyshev polynomials, Fig. 6.25b). Similarly to method E, this method performs
slightly better for the less severe geometries and for smaller time step sizes, which result

in a fewer iterations per time step.
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Figure 6.25. Variations of the performance gains associated with the methods E (lower curves)

and F (upper curves) as a function of the number of Fourier modes Ny (Fig. 6.254, Nr=100) and

" as a function of the number of Chebyshev polynomials Nr (Fig. 6.25B, Ny=15) used 9in the

computations. The tests have been carried out for the model problem #2 using the third-order
implicit discretization with a=1.0, Re=100, c=r, and different values of S. The solid and dashed

lines correspond to results obtained using time steps At=0.001 and At=0.01, respectively.

It is of interest to summarize relative advantages of the IBC method as compared with
the methods based on the dynamic grid adjustment represented in this discussion by the
DT method. The IBC method requires the construction of the H matrix only once while

the elements corresponding to the relatively smaller. K matrix need to be computed at
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every time step. In contrast, the complete coefficient matrix needs to be computed at each
time step for the DT method at an additional cost already discussed at the beginning of
this section. Here the reader should note that results presented in Fig. 6.22 compare costs
of construction of the complete matrices for both methods while in the actual
- implementation a much smaller matrix K needs to be computed at each time step for the
IBC method. Use of method F for solving the resulting linear system further increases the
relative gains of the IBC method. The DT method leads to the full coefficient matrix and
the cost of solution of the linear system is similar to the cost associated with method A of
the IBC implementation; the relative gains of IBC methodology resulting from the use of
specialized solver (method F) are illustrated in Fig. 6.25.

Memory requirement provides a second limitation for the applicability of the algorithm.
The most common implementations of the IBC algorithm of the type discussed here rely
on the construction of the complete matrix L [21-23] resulting in extreme memory
requirements when a large number of Fourier modes and Chebyshev polynomials need to
be used. Method F requires storage for matrices B, C, D and only for the diagonal blocks
~of matrix A. The memory requirement can be further reduced by noting that the
information about the diagonal blocks can be overwritten with the information about the
inverted blocks. Figure 6.26 illustrates variations of the ratio of the memory use by
methods A and F. It can be seen that in the case of Nyy=25 Fourier modes and Nt=120
Chebyshev polynomials method F uses about 20 times less memory than method A. The
memory gains increase almost linearly and very rapidly when the number of Fourier
modes Ny increases (resulting in a larger number of blocks). The memory gains change
very little as the number of Chebyshev polynomials Nt increases (resulting in larger
blocks - see Fig. 6.26).

The final comment deals with the memory use associated with the methods based on the

dynamic grid adjustment represented in this discussion by the DT method. This method

leads to the full matrix and offers effectively no potential for memory savings.
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Figure 6.26. Variations of the ratio of memory used by methods A and F as a function of the
number of Chebyshev polynomials Nr (dash line, Ny=25) and as function of the number of

Fourier modes Ny (dash line, Ny=120) used in the computations.

6.5. Conclusions

A highly accurate algorithm to analyze unsteady flow problems associated with the
presence of moving boundaries has been presented. The algorithm relies on the concept
of immersed boundary conditions where the time-varying flow domain remains
cofnpletely immersed inside a fixed computational domain during simulation time. The
flow boundary conditions are imposed in the form of constraints. The algorithm uses
Fourier expansions in the stream-wise direction, Chebyshev expansions in the wall-
normal direction and fully-implicit time discretization with up to fourth-order accuracy.
Various tests demonstrate that the algorithm delivers spectral accuracy in space and the
theoretically predicted accuracy in time. The entries in the coefficient matrix
corresponding to the field equations remain unchanged during boundary motions due to

the use of the immersed boundaries concept. As a result, only a small part of the

coefficient matrix corresponding to boundary constraints needs to be recomputed at each
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time step resulting in a significant saving of computing resources. A very efficient linear

solver that takes advantage of the structure of the coefficient matrix has been proposed.

The proposed solver results in a significant acceleration of the computations as well as in

a substantial reduction of memory requirements.
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CHAPTER 7

General discussion, applications and conclusions

7.1. Discussion

The research work presented in this dissertation has been motivated by the following

three principal objectives:

1.  Developing implicit, spectrally-accurate algorithms to simulate unsteady heat
~and fluid flow problems described by the most commonly encountered
{ operators in the field of computational fluid dynamics in the presence of fixed

and moving boundary irregularities.

ii. Exploring options to expand the range of applicability of the algorithm in
terms of the geometric complexities that it can handle with an acceptable

accuracy, as well as increasing the level of accuracy for a given boundary

geometry.

iii. Enhancing the efficiency of the algorithm by improving the computational
speed and reducing the memory requirements in order to render the IBC
algorithm as a highly effective tool for analysis of two- and three-dimensional
fixed and moving boundary problems.

Each of the above issues is discussed in sequence in Section 7.1.1, 7.1.2 and 7.1.3. The

three-dimensional formulation is discussed in Section 7.2. The advantages provided by

the IBC algorithm for analyses of physical problems are presented in Section 7.3 using
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suitable examples. Finally, a short summary of the main conclusions arising from this

dissertation is presented in Section 7.4.

- 7.1.1. Development of implicit, spectrally-accurate algorithms

The main goal of my doctoral research has been to develop an implicit spectrally-
- accurate algorithm for solving the Navier-Stokes equations in the presence fixed or
moving boundary irregularities. The Laplace and the biharmonic operators are the core
components for these partial differential equations. Therefore, investigations were first
carried out in the context of flow problems involving the Laplace operator and the
relevant results are presented in Chapter 2. The Laplace operator constitutes a convenient
starting point due to its simplicity from both physical and numerical perspectives.
However, the Laplace operator also governs several physically interesting flow problems,
e.g., conductive heat flow, ground water hydrology, potential flow, etc. Later in Chapter
3, the IBC algorithm was extended to solving the Stokes flow with moving boundaries
where the field equation is described by the biharmonic operator. In addition to being an
important constituent of the Navier-Stokes problem, the biharmonic operator describes
creeping flow, which is encountered in various micro-channel flows as well as a number
of problems in the theory of elasticity. The investigation for two-dimensional flow
problems were completed with the application of the algorithm for two-dimensional
Navier-Stokes problem involving moving boundaries with the corresponding results and
discussion presented in Chapter 6. Besides differences from the physical perspective, the
" model problem described in Chapter 2 has an important difference from the standpoint of
boundary conditions with the problems presented in Chapters 3 and 6.

The two-dimensional Stokes and Navier-Stokes problems have been formulated using the
stream function, thereby eliminating the pressure terms and for that reason any
complication associated with the treatment of the pressure terms is removed. The

pressure field is evaluated as a part of the post-processing once the solution for the

stream function is obtained. The procedure for evaluating pressure is presented in
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Appendices C and K in the context of the Stokes and Navier-Stokes problems,
respectively. The completion of formulations for the Stokes and Navier-Stokes problem
require additional constraints, either in the form of constant volume flux or constant
pressure gradient. For convenience, the constant volume flux constraint has been selected
for the problems presented in Chapters 3 to 6. However, the form of the boundary
constraints for the constant pressure gradient condition is presented in Appendix D in the
context of the Stokes problem. Similar constraint for the Navier-Stokes problem can be

easily derived by comparing Appendix K with Appendix D.

Modeling of the boundary geometries is a core part of the immersed boundary conditions
algorithm. The geometries, whether fixed or time-dependent, are modeled in the IBC
algorithm using Fourier expansions. The algorithm only admits shapes of boundaries that
can be expressed in terms of Fourier series thereby narrowing the type of geometries that
are accessible. Nevertheless, a wide range of geometries can still be investigated and
more importantly, the definitions of the geometries are reduced to defining the Fourier
coefficients only thereby resulting in substantial simplification of the programming

_efforts. Therefore, the benefits associated with such definition of geometries significantly
outweigh the limitations.

The moving boundaries have been illustrated in the model problems by considering
elastic traveling waves and elastic standing waves (see Chapters 2, 3 and 6). The
selection of the elastic traveling waves allowed solving the model problems as stationary
problems in a moving frame of reference. The steady solutions computed in the moving
frame of reference are free from any error associated with temporal discretization and
provide means to identify the error associated with the various temporal schemes applied
to solve the corresponding unsteady moving boundary problems in the fixed frame of
reference. Besides this, the solution in the moving frame was useful in characterizing the
spatial discretization dispositions of the IBC algorithm in definitive and unambiguous
manners. The different model problems, when solved in the moving frame of reference,
also permitted to characterize the performance of the algorithm for fixed boundary

problems from a general perspective.
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Certain characteristics of the IBC algorithm, as revealed from its application in the
various model problems considered for the present study, deserve an overall
recapitulation. The algorithm works by using Fourier and Chebyshev expansions in the
stream-wise and normal-to-the-wall directions respectively. The order of Chebyshev
polynomials used to discretize in the normal-to-the-wall direction is found to crucially
dictate the behavior of error in the solution. It has been observed that with adequate
number of Chebyshev polynomials used in the discretization, the maximum error in the
solution field is shifted to locations around the irregular boundaries (see Fig. 6.3, 6.6 and
6.7). Therefore, a strict and definitive measure of accuracy for the IBC algbrithm can be
constructed by using the L.-norm of the error in the enforcement of the boundary
conditions. This allowed for convenient studying of the error behavior for the algorithm
by using the constructed error norm. One can conveniently estimate the adequate number
of Chebyshev polynomials as any further increment in the order of the polynomials
beyond this number will not change the solution field by any meaningful degree. The
adequate number of Chebyshev polynomials required to discretize the field equation as
well as the boundary conditions is dictated by the magnitude of the wave number of the
“model geometries. The distributions of the modal functions associated with the higher
Fourier modes used in the discretization exhibit boundary layer like structure around the
irregular boundaries (see Fig. 3.3 and 6.4). Increase of the corrugation wave number
results in a decrease of the thickness of these boundary layers which, therefore, require
the use of a larger number of Chebyshev polynomials for their proper resolution.
Chapters 3 and 6 give estimates for the adequate number of Chebyshev polynomials that
need to be used for different ranges of the corrugation wave numbers for the associated

~ model problems.

Chebyshev norms are used to measure the contribution of the different Fourier modes for
all the model problems. Exponential decrease of the Chebyshev norms of the truncated
Fourier expansions, as observed for all the model problems, reveal the spectral

convergence characteristic of the algorithm in the x-direction (see Fig. 3.4 and 6.5)




ki
¥
g

4

252

The algorithm in its classical form is found to provide spectrally-accurate solution when
the geometric irregularities are below some critical threshold characterized by the wave
number and the wave amplitude of the corrugated geometric shapes investigated in
different Chapters (see Fig. 2.4, 2.5, 3.5, 3.6, 6.9 and 6.10). As expected, the critical

- combinations of the wave number and the wave amplitude are found to be the highest for

the Laplace operator and the lowest for the Navier-Stokes operator. For the particular
case of the Navier-Stokes operator the critical threshold is found to decrease with
increase in the value of the Reynolds number. These observations are consistent with

intuitive expectations.

The error in the enforcement of the boundary conditions is found to vary in an oscillatory
manner with the maximum of the error found to coincide approximately with the location
of the maximum channel/slot opening for all the model problems (see Fig. 2.6, 2.7, 2.13,
3.7, 3.8, 3.14, 6.8, 6.11 and 6.17). For the moving boundary problems, the algorithm
reproduced this particular characteristic at any instant of time in accordance with the
shape of the boundaries at that time. The periodic variations in the solution field as a
function of time have been faithfully computed by the algorithm for all the model
problems along with the associated temporal phase shift for solutions at points having
different spatial locations (see Fig. 2.8, 3.9 and 6.12).

The spectral composition of the error in the enforcement of the boundary conditions for

the classical formulation have shown that the solution vectors did not contain any

~ harmonic of order lower than the number of Fourier modes used in the definition of the
‘solution (see Fig. 2.14, 3.15 and 6.18). In order to check whether the algorithm produces

any spurious spatial oscillation, tests have been designed that admit sub-harmonics for
the different model problems by representing the boundary locations with different
Fourier modes and accounting for the related changes in the length of the computational
box. The solutions have been found to produce no sub-harmonics and the modes
expected to contribute zero contributions behaved accordingly (see Fig. 2.14, 3.15 and
6.18).




253

Up to fourth-order accurate, implicit, backward-difference schemes have been
investigated for temporal discretization purposes. The different temporal schemes have
been found to provide the theoretically predicted accuracy for all the model problems
considered (see Fig. 2.10, 2.15, 3.11, 3.16 and 6.20).

7.1.2. Improvement of accuracy and applicability of the algorithm

For the classical formulation of the IBC method, it has been observed that for any model
problem there exists a critical combination of the wave number and the wave amplitude
of the boundary geometry beyond which any further increment of the number of Fourier
modes used to define the solution fails to improve the accuracy (see Fig. 4.3 and 5.13).
The primary motivation behind the research work presented in Chapter 4 was to increase
the critical wave number for a given value of the wave amplitude and vice versa. Another
objective was to improve accuracy for a given number of Fourier modes used in the
computations for any geometry. On the other hand, the part of the work presented in
Chapter 5 associated with the ox}er-determined formulation, was primarily motivated by

the quest for improved the computational efficiency of the solution process.

Diagnosing the cause that limits the accuracy and applicability of the classical form of
IBC algorithm is crucial for making any progress in improving the algorithm. As has
been discussed in Chapter 5, the discretization of any model problem in the periodic
direction in the context of the IBC algorithm is based on two different Fourier
expansions. The first expansion is used to discretize the field equation of the model
problem and the second one is related to the discretization of the boundary conditions.
The discretized field equations do not offer any coupling among the different Fourier
modes for the model problems except the Navier-Stokes equations where additional
coupling comes from the nonlinear terms. Nevertheless, for all the model problems, the
field equations in their discretized forms do not contain any information pertinent to the
boundary geometries. Therefore, with increasing complexity of the boundary shapes for

any model problem, the rate of convergence of the Fourier series related to the boundary
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conditions slows down compared to the convergence of the Fourier series for the field
equations. However, in the case of the Navier-Stokes problem, the rate of convergence of
the Fourier expansions used to discretize the field equations may become an issue
particularly for large values of the Reynolds number Re as the coupling influence of the

- nonlinear terms may overwhelm the coupling influence of the boundary conditions.

A possible remedy to the limitations of the classical IBC formulation, as investigated in
Chapter 4 and parts of Chapter 5, is to increase the number of terms in the Fourier
expansions used for discretizing the boundary conditions. The discretization of the
boundary conditions by the IBC algorithm leads to a number of discretized boundary
constraints that are far in excess than those required to form a close system of equations.
In the classical formulations the boundary constraints are incorporated in a Tau like
manner where only a certain numbers of discretized boundary constraints are retained
that result- in a closed system of equations. Use of additional boundary constraints
implicitly implies using additional terms in the Fourier expansions for the boundary
conditions, which is expected to contribute to better convergence characteristic of the
truncated Fourier series for the boundary conditions. Incorporation of additional
boundary constraints, however, leads to an over-determined formulation and the
corresponding discretized set of algebraic equations can be solved only in the least

squares sense.

The principal step in solving the over-determined problem is based on the computation of
the pseudo-inverse of the over-determined coefficient matrix. In order to have a complete
- picture with regard to the effectiveness of the over-determined formulation, three model
problems described by the Laplace operator, the biharmonic operator and the Navier-
Stokes operator have been examined in Chapter 4. Only steady, fixed boundary versions
of the model problems are considered for the convenience of testing. The solution
approach in Chapter 4 is based on computing the pseudo inverse of the complete over-

determined coefficient matrices. Three different methods for evaluating the pseudo-

inverse have been examined in Chapter 4, namely, the method of normal equations, the
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QR factorization and the singular value decomposition (SVD). The performances of all

three methods were found to be equivalent, particularly around the critical zone.

The pseudo-inverses in Chapter 4 were computed for the complete coefficient matrix
which for the Stokes and Navier-Stokes operator has been found to be prone to numerical
rank-deficiency. Rank deficiency is found to originate from the difference in the order of
magnitudes of the elements in the coefficient matrices originating from the discretized
field equations and the boundary constraints. Such rank-deficiency problem suggested
the use of SVD for computing the pseudo-inverse for its reliability. Besides this, a
method of weighted residual has been introduced, where the discretized boundary
conditions are multiplied by a weight factor, which permits to control the influence the
boundary conditions can exert on the complete solution process. The best solution in this
method corresponds to the optimum weight factor, which is defined as the smallest
weight factor for which the numerical rank-deficiency of the coefficient matrix is

eliminated.

The solution of the over-determined problem by computing the inverse of the complete
coefficient matrix as pursued in Chapter 4 is found to improve the accuracy for Laplace
and Stokes problem by at least two orders of magnitude for boundary shapes around the
critical zone (see Fig. 4.3-4 and 4.11). The range of applicability of the algorithm is also
found to be significantly expanded as compared with the classical formulation of the IBC

method for these model problems. The investigation of the spectral composition of the

" boundary error have shown that unlike the classical method the error for the over-

" determined method is spread over all the Fourier modes involved in the computations

resulting in lowering of the absolute value of the error and consequently improving the
accuracy (see Fig. 4.6 and 4.13). However, the performance of the over-determined
method in the case of the Navier-Stokes equations is found to depend on the Reynolds
number Re (see i?ig. 4.16). The performance of the algorithm for low Re is observed to
be similar to the Stokes problem, while increase in Re is found to diminish the accuracy

and applicability gain from the over-determined formulation although problems with

numerical rank deficiency decreases (see Fig. 4.15). Such behavior of the algorithm for
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the Navier-Stokes problem is attributable to the dominating role that the nonlinear terms
start to play with increase of Re, which results in slower convergence rate of the Fourier
expansions associated with discretization of the field equation as compared to the Fourier

expansions related to the boundary conditions.

Although the IBC formulation gives access to a large pool of additional boundary
constraints it has been observed that increasing the number of constraints arbitrarily does
not improve the accuracy in the same manner (see Fig. 4.10 and 4.15). In fact, in some
cases using too many additional constraints have been found to be disadvantageous for
the solution approach considered in Chapter 4. The retention of additional projection
equations led to another version of over-determined formulation in Chapter 4 that have
been found to bring no meaningful improvement or degradation of the solution.
Therefore, during the tests associated with Chapter 5 such version has not been

attempted.

Chapter 5 primarily explores a different approach in solving the over-determined system
~of discretized algebraic equations resulting from the over-determined formulation in
order to improve the computational performance of the algorithm. For convenience of
investigation, only steady Stokes flow in the presence of fixed boundaries has been
considered in the chapter. In the new method, the discretized field equations are satisfied
exactly while the boundary constraints are solved in a least squares sense without relying
on any weight factor. This approach saves a substantial amount of computations that is
required by the direct method described in Chapter 5 which needs to determine the
optimum weight factor. The SVD and QR factorization techniques have been used to
compute the relevant pseudo-inverses in this approach. The solvers using this technique
are referred to as the specialized over-determined solvers. The specialized solvers reduce
the size of the effective matrix for which the pseudo-inverse needs to be evaluated and

this results in a substantial reduction in computational time.

A brief discussion pertinent to the improvement of the computational efficiency observed

for the specialized solvers is going to be presented in Section 7.1.3, while in the current
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section we shall focus on the performance of the new approach from the accuracy point
of view. For any given number of Fourier modes, the specialized over-determined solver
based on SVD is found to be more accurate than any other classical or over-determined
solver (see Fig. 5.16). Moreover, the specialized SVD based solver gives access to larger
values of Chebyshev polynomials and Fourier modes as it requires substantially less
amount of memory compared to the direct solvers and therefore, is found to significantly
increase the range of applicability of the IBC method compared to the classical
formulation of this method. Depending on the wave number of the boundary
irregularities, this solver is found to extend the applicability of the algorithm by 50%-
70% in terms of the increment in geometric severity defined by the maximum amplitude
of the irregularities that can be accessed for different values of the wave numbers (see
Fig. 5.21 and 5.22).

Spectral implementations of the domain transformation (DT) method have been used to
compute machine accurate reference solutions for all the model problems presented in
Chapter 4. The DT method works by analytically mapping an irregular physical domain
into a regular computational domain and its implementations for the different model
problems considered in Chapter 4 are shown in Appendices E, F and G. This method can
be viewed as a representative of methods based on the construction of boundary
conforming grids where the construction is done analytically rather than through a

numerical grid generation.

~ 7.1.3. Enhancement of computational efficiency

The computational efficiency of an algorithm is one of the most important factors that
need to be considered when one is assigned to select an algorithm for numerical
simulation of flow problems in the presence of fixed and moving irregularities. Chapter 5
presents a systematic study of the efficiency of the various solvers employed to solve the

system of equations arising from the implementation of the classical and over-determined
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implementations of the IBC algorithm for steady and unsteady problems in the presence

of fixed boundary irregularities.

The model problem selected in Chapter 5 is the Stokes flow. Both steady and unsteady
versions of the model problem have been considered. The steady-state model problem
has been solved using the spectral implementation of the domain transformation (DT)
method to compare the relative efficiencies of the various IBC solvers with respect to the
DT method. Besides this, machine accurate solutions computed by the DT method were
also tremendously useful in investigating the various over-determined IBC solvers.
Gauss-Seidel and Jacobi iterative solvers have also been explored for the classical IBC
formulation of the steady problem. The iterative solvers have been found to perform
better than the standard direct solvers where the complete system of equations is solved
directly (see Fig. 5.6). However, the efficiencies of the iterative solvers have been found
to suffer significantly with increasing difficulty in the geometry of the boundaries

eventually leading to failure to satisfy the desired convergence criterion (see Fig. 5.7).

A new class of solvers, termed as specialized direct solvers, has been developed that
takes advantage of the special structure of the complete coefficient matrix resulting from
the implementation of the IBC algorithm. The specialized solvers work by extracting the
largest possible square matrix from the complete coefficient matrix. This largest square
matrix happens to only contain information relevant to the discretized field equations and
have a block diagonal structure that can be inverted in a block-by-block manner. This
results in a substantial reduction in the computational overhead. The efficiency of the
- specialized solvers has been found to increase with the increasing severity of the
boundary geometries as larger number of Fourier modes are needed for solving such
problems. For example, the most efficient version of the specialized direct solver is
found to be approximately 50 times faster than the standard direct solver for 30 Fourier
modes and 120 Chebyshev polynomials used in the computations (see Fig. 5.9). It has
been possible to reduce the computations for the specialized solvers further by

considering the complex conjugate properties that exist among the different blocks.
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Even the standard direct IBC solvers are found to be more efficient than the domain
transformation (DT) method although the performance differences between them
diminish with increasing geometric severity (see Fig. 5.5). This is so because the increase
in geometric severity necessitates use of larger number of Fourier modes for the standard
IBC solver as compared to the DT method in order to achieve the desired accuracy. In
contrary, the efficiencies of the specialized IBC solvers are found to increase as
compared with the DT method with increasingly difficult geometries irrespective of the
level of desired accuracy in the solution (see Fig. 5.11). The concept behind the
specialized solver cannot be extended to the DT method due to strong coupling that exist
among the different Fourier modes in the discretized system of algebraic equations

resulting from the transformed field equation.

The concept of specialized solvers is then extended to the over-determined formulation
of the IBC algorithm. The performance gain obtained by the specialized direct over-
determined solvers as compared against the standard direct over-determined solver is
found to increase very rapidly and reaching the order of approximately 200 or more when
the number of Fourier modes in the solution is set at 25 or beyond (see Fig. 5.17). This
substantial reduction in the computational time as experienced by the specialized over-
determined solvers make them tremendously useful in improving the accuracy and

applicability of the IBC algorithm for practical purposes.

The concept of the specialized direct solvers is\ later applied to solve unsteady fixed
boundary problems subject to constant as well as time-dependent boundary conditions in
" the Section 5.5. The specialized solvers are found to be substantially faster than the
standard solvers for unsteady simulations (see Fig. 5.24).

The spectral methods are chosen widely for direct numerical simulation (DNS) of flows
involving straight boundaries. The main reason behind the popularity of the spectral
algorithms for DNS is the high spatial accuracy these algorithms can deliver. Another
reason making the spectral methods feasible for DNS of flows through channels with
straight walls is the fact that the discretized field equations along with the boundary
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conditions for the different modes are decoupled with the only coupling originating from
the nonlinear terms in the field equations that can be treated explicitly with different
hybrid temporal discretization schemes [1]. The IBC algorithm coupled with specialized
solvers has the potential for use in DNS of flow in channels with irregular shaped walls

at a comparable cost.

The solution of the moving boundary problems through the application of any algorithm
- requires solving a system of equations at every time step. However, in the case of the
IBC algorithm the system of equations originating form the discretized field equations
remain unchanged and the corresponding part of the coefficient matrix need to be
constructed only once. This inherent property of the IBC algorithm is extremely
favorable for dealing with moving boundary problems as the cost of constructing the
coefficient matrix at every time step is dictated only by the elements related to the
boundary constraints. The concept of the specialized solvers as illustrated in Chapter 5 is
extended to the moving boundary problems in Chapter 6 in the context of the two-
dimensional Navier-Stokes equations. The specialized solvers as applied to the moving
boundary problems enhanced the computational efficiency by a substantial margin (see
Fig. 6.25).

In addition to the very high computational costs associated with the use of a large
number of Fourier modes and Chebyshev polynomials, the related high memory
requirements can restrict the severity of the geometric shapes that can be handled by the
standard IBC solvers. For all model problems tested in the course of work for this
- dissertation the specialized solvers are found to reduce the memory requirements for the
IBC algorithm by a substantial margin making the algorithm further attractive (see Fig.
5.12,5.23 and 6.26).

7.2. Extension of the IBC algorithm to three-dimensional problems

Various model problems considered in the Chapters 2 through 6 dealt with two-
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dimensional flow situations. Although significant physical information of practical
interest can be extracted from the analyses of two-dimensional flows, in certain situations
it may be essential to investigate three-dimensional flow problems for obtaining a

complete picture.

7.2.1. Three-dimensional Navier-Stokes equations

The three-dimensional Navier-Stokes equations in terms of the wall-normal vorticity and

wall-normal velocity derived using the methodology described in [2] have the form

o, o vidy, 1o,

2t % & 2V (N;), (7.2.1.1)
0 1 0 ov, d*u

a(Vzvl)—§V4n +u, EX—(VZVI )+ EI’FZO = <N2>, (7.2.1.2)

where = X, _ow, is the wall-normal component of vorticity and (N, ) and (N, ) are
Bz ax 1 2

nonlinear terms whose explicit forms are given in Appendix M. The terms
u,,v,andw, correspond to the velocity modifications in the presence of surface

irregularities and up denotes the reference Poiseuille flow, i.e., u(y)=1-y~.

A close look at the three-dimensional governing equations (7.2.1.1)-(7.2.1.2) reveals that

the three-dimensional Laplace and biharmonic operators are the major constituents of the
linear part of the equations. The two-dimensional versions of these operators have
already been dealt with the IBC method in the preceding chapters and discretizations of
the three-dimensional operators do not present any major conceptual difference. The IBC
method for the three-dimensional problem proceeds by assuming the solution field to be
periodic in the x- and z-directions and therefore, the unknown field variables ) and v; are

discretized using Fourier expansions in these directions. The resulting modal functions
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should then be discretized in the y-direction using expansions based on Chebyshev
polynomials. Later, use of different temporal discretization schemes along with the
Galerkin projection technique will reduce the dimensionless field equations into a system
of discretized algebraic equations in terms of the unknown coefficients of Chebyshev

expansions for the different Fourier modes in the x- and z-directions.

The discretization of the no-slip and no-penetration conditions at the three dimensional
- bounding surfaces would also follow the same concept as described for the two-
dimensional problems in the previous chapters. The first-step in this regard is to model
the three-dimensional surface geometries. We shall assume the surface geometries to be
periodic in the x- and z-directions and therefore, their shapes can be expressed using

Fourier expansions as

Vo (x,2) =1+ Y Y HEweiaxmbs | (7.2.1.3a)

n=—0 m=—0w

y (x,z2) =1+ Z ZH{“’m)ei(“‘“”"B’) , (7.2.1.3b)

N=—00 M=—00

where HEP =H{;™ ,HE;™ =H{™", stars denote complex conjugates and

subscripts L and U denote the lower and upper surfaces, respectively. Later the boundary
conditions are discretized using the concept of immersed boundary conditions where
distributions of u;, v; and w, along the upper and lower surfaces are expressed in terms

of the unknown coefficients of Chebyshev expansions of v; and 7.

The nonlinear terms in the three-dimensional equations (7.2.1.1)-(7.2.1.2) have forms
similar to those encountered in the two-dimensional problems (see Appendix M) and can
be treated using the iterative technique described in Chapters 4 and 6. Other standard

methods for treating the nonlinear terms are provided in [3].
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In the following section we shall be discussing the different aspects of the three-
dimensional implementation of the IBC algorithm in the context of a convenient model
problem that only involves the Laplace operator. Later in Section 7.3.2, we shall see the
application of the IBC method for solving three-dimensional velocity-vorticity
formulation of the linear stability equations that involve both the three-dimensional

Laplace and biharmonic operators.

7.2.2. Three-dimensional heat conduction problem

The materials to be presented in this section are extracted from the report [4]. The model
problem selected in [4] deals with heat conduction in a three-dimensional medium. Some
preliminary works relevant to [4] has been published in a peer-reviewed conference
proceeding [5].

The physical process of conduction is described by the three-dimensional Laplace
operator. The details on the modeling of three-dimensional geometries along with the
discretization procedures for the field equation and the boundary conditions are presented
in [4]. Section 7.2.2.1 presents discussion on the properties of the spatial and temporal
discretization of the three-dimensional field equation and the boundary conditions with
the use of the IBC method on the basis of the test results presented in [4]. Various issues
related to the different solution techniques for the discretized system of equations as well

as results on testing of their performances are discussed in Section 7.2.2.2.

7.2.2.1. Spatial and temporal discretization characteristics

Various test problems considered in [4] encompass all possible scenarios, including
steady and unsteady problems in the presence fixed or moving boundary irregularities

subject to constant and time-dependent boundary conditions. Characterization of the

spatial discretization properties is achieved in [4] by considering a convenient steady
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fixed boundary test problem having a flat lower surface and corrugated upper surface.
The surface corrugation is described in terms of the corrugation amplitude as well as the
corrugation wave numbers in the x- and z-directions. Various tests have shown that the
error in the solution field is larger around the irregular upper surface. Error is shown to
vary in an oscillatory manner along the upper surface and location of maximum error
overlapped with the maximum slot openings. These observations with regard to the
behavior of error for the three-dimensional problem are consistent with the characteristics

- of the IBC algorithm as observed in the context of different two-dimensional model

problems presented in the preceding chapters. A L.-norm denoted by |5 measuring

the maximum error in the enforcement of boundary conditions is used to study the
accuracy characteristics of the algorithm. Tests have been conducted in [4] to illustrate
the spectral convergence characteristics of the spatial discretizations and to substantiate
the fact that the IBC algorithm for the three-dimensional problem is capable of enforcing
the Fourier modes in the boundary constraints with appropriate values without producing

any sub-harmonics or spurious error. For unsteady fixed boundary problems subject to

time-dependent boundary conditions |[0c|_, i.e., the maximum error in the enforcement

of the boundary conditions is observed to vary periodically as expected.

Test problems were also designed to investigate the IBC algorithm for conduction
problem in slots with deforming upper surfaces and flat lower surfaces. Such test
problems belong to the class of moving boundary problems and the deformations in the
upper surface was simulated by considering traveling and standing elastic waves. The
~ objeétives of these test problems were to determine the ability and the efficiency of the
algorithm to handle boundary motions. Besides solving the resulting problems directly as
unsteady moving boundary problems in a fixed frame of reference the traveling wave
problem is also solved as a steady problem in a moving frame of reference. The solution
of the traveling wave problem in the moving frame of reference has been used to
determine the error in the temporal discretization of the direct solution. Different tests
have proved the capabilities of the algorithm to resolve the temporal and spatial
variations in the solution field associated with boundary deformations with high accuracy

and without any accumulation of error.
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Up to fourth-order implicit temporal discretization schemes have been examined for all
the test problems designed in the course of this work. The algorithm is found to deliver

the theoretically predicted temporal accuracy in all the cases tested.

7.2.2.2. Linear solvers

The size of the system of discretized linear equations for a three-dimensional problem is
considerably larger than its two-dimensional counterpart due to the presence of the
additional spatial dimension which is discretized using Fourier expansions. Such large
system of equations when attempted using a standard direct solver (as discussed in
Chapter 5) results in very high memory requirement as well as extremely slow
computational speed and, therefore, substantially limits the range of applications of the
IBC algorithm for the three-dimensional problems in general. The structure of the
complete coefficient matrix for the three-dimensional problem is similar to the structures
- observed for the two-dimensional problems. As a result, different solutions schemes
including serial and parallel iterative solvers and two versions of the specialized direct
solver have been developed in [4] and their relevant performances are examined by
comparing against a ‘reference solver’ based on LU decomposition of the complete

coefficient matrix.

The parallel Jacobi iterative solver based on 4 CPUs are found to perform slower than its
serial version while the Gauss-Seidel iterative solver is found to be the fastest. Although
the iterative solvers are seen to be fairly efficient compared to the reference solver they
suffer from similar convergence issues as observed in the context of two-dimensional

problems, which limit the range of geometries that can be accessed using such solvers.

Two versions of the specialized solver have been implemented to handle the three-
dimensional problems, which are — i) execution-efficient implementation and ii) memory-

efficient implementation. The execution-efficient version retains all the sub-matrices in
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memory for re-usage while the memory-efficient version reconstructs all the sub-matrices
whenever necessary and removes them from memory immediately after they are used.
For steady fixed boundary problems the performance of both the versions has been found
to be comparable although the memory-efficient method gives access to substantially
larger number of Fourier modes required by the more difficult geometries. Comparative
study on the performance of the serial Gauss-Seidel iterative solver and the memory-
efficient specialized solver has been carried out for the steady fixed boundary problems.
The test results presented in [4] reveal that the iterative solver is a bit more efficient for
benign geometries (as defined by lower values of corrugation amplitude) while the
specialized solver outperforms the iterative solver for the more extreme geometries
where the iterative solver fails to converge. The advantage of the specialized solver
increases with increasing number of Fourier modes without facing any issues similar to
the convergence problem of the iterative solver. Therefore, specialized solvers are the

best the options for the three-dimensional problems.

In the case of unsteady fixed boundary problems the execution-efficient specialized
~solver has shown clear advantage over the memory-efficient version when moderate
number of Fourier modes (less than 10 modes) were used in the computations. However,
for the moving boundary problems the execution-efficient method has shown little or no
improvement in computational performance even for moderate number of Fourier modes.
This is due to the fact that the effective computational time for memory intensive
problems are dictated by the speed with which the CPUs are capable of accessing the
physical memory as frequent retrieving of data from the memory becomes a major
component of the total computational cost. The execution-efficient method can, therefore,
eventually lead to slower computational performance for moving boundary problems

with large enough number of Fourier modes used in the computations.

In the view of the aforementioned observations it can be concluded that both versions of
the specialized solver provides excellent computational efficiency for the three-

dimensional problems and the memory-efficient version is preferable to the execution-
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efficient version for solving problems involving extreme geometries that require use of

larger number of Fourier modes.

7.3. Applications of the IBC algorithm in solving problems of physical

interest

* The material presented in this dissertation has been primarily devoted to explaining the
different concepts of the IBC algorithm and characterizing the algorithm as applied to
different model problems in the presence of fixed and moving irregularities. We have
focused more on the moving boundary problems as such problems are more difficult and
challenging to deal with for any algorithm. The algorithm developed and described in the
previous chapters can be applied to analyze a wide range of computational fluid
dynamics problems, which in addition to being challenging have practical importance
from physical perspective. With growing popularity of micro-electro-mechanical systems
(MEMS) efficient and accurate algorithms to handle moving boundary problems are
becoming very important as such problems are encountered in various engineering
applications of MEMS [6]. Numerical simulation of flow problems in micro-conduits
involving fixed or deforming surfaces are crucial in developing various micro-fluidic
devices. In this regard, the algorithms presented in the context of Stokes flow in Chapter
3 and low Reynolds number viscous flows described by the Navier-Stokes equations
presented in Chapter 6 would be particularly useful in simulating flows in micro-conduits
involving fixed and moving irregularities. The presented moving boundary algorithms
 would be also very useful and computationally efficient in simulating various biomedical
flow problems, e.g., pulsatile flows and peristaltic flows. For example, the algorithm will
enable researchers to study peristaltic pumping in order to devise efficient peristaltic
pumps. Identification of optimum boundary geometry that can lead to the most
improvement in a desired functionality usually requires investigation on a large number
of different geometries. The IBC algorithm is very suitable for such studies due to its
efficient modeling of boundary geometries. Analyzing stability of shear layers in viscous

flows in the presence of surface roughness refers to a class of problems which are very
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interesting as well as extremely challenging and the IBC algorithm can be extremely
useful in all the different stages of such analyses, i.e., determination of the basic state,
solution of the linearized disturbance equations and studying the evolution of the

disturbances by developing efficient DNS solvers.

The purpose of the current section is to show the advantages of the IBC algorithm when
applied to investigate two problems of practical interest. In order to maintain the focus of
- the discussion centered on the advantageous characteristics of the IBC algorithm, details
on the physical aspects of the chosen example problems are going to be kept at a

minimum in Sections 7.3.1 and 7.3.2.

7.3.1. Investigation of the effects of distributed surface roughness on the

friction factor

In this section we shall illustrate the application of the IBC algorithm to study the effects
~of distributed surface roughness on the friction factor f for steady two-dimensional
channel flows. Friction factor is a dimensionless quantity that is related to the pressure
loss in a flow system due to friction along the length of the system. Classical work by
Moody [7] relating the friction factor with Reynolds number and ‘relative roughness’ for
fully developed pipe flows is famously known as the ‘Moody Chart’ and is widely used

to evaluate pressure loss in pipe flows.

The particular example problem selected for this section deals with roughness elements
that have the forms of triangles. However, the algorithm as well as the methodology to be

presented in this section is applicable to any Fourier transformable geometric shape.

Consider channels with flat uppers walls while the lower walls are described by
triangular roughness elements as shown in Fig. 7.3.1.1. The boundaries of the channels

are defined by the relations
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(71.3.1.1)

where the Fourier coefficients H™ can be evaluated in terms of the parameters S, a, b, ¢

and A (see Fig. 7.3.1.1) and therefore, are treated as known.

e (e

(4)

A=atbtc

(B)

Figure 7.3.1.1. Schematic of a channel with a flat upper wall while the lower wall has triangular

roughness elements described by Eq.7.3.1.1 (Fig. 7.3.1.14) and enlarged view of one wave length

of the triangular roughness elements (Fig. 7.3.1.1B). The triangular geometries over one wave

length A are defined in terms of the parameters S, a, b and c as shown Fig. 7.3.1.1B. The wave

number a=2n/2, where A=(a+b+c).

The interest in such a problem could be motivated by different objectives that may

include

- determining the optimum triangular shapes in terms of the (a/b) ratios

corresponding to the lowest or highest friction factors,

- investigating the effects of the distance ¢ between two triangular

elements on the friction factor for shapes with different (a/b) ratios and

different Re,

- studying effects of Re on friction factor for geometries defined by fixed

(a/b) ratio while the values of S and/or ¢

are variable, etc.
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In order to perform any or all of the aforementioned analyses, we need to solve the steady
version of the Navier-Stokes equations formulated in terms of the stream function given
by Eq. (4.5.4) subject to the boundary conditions (4.4.5) using the discretization
technique described in Section 4.4. We shall be working with the classical formulation of
the IBC algorithm and refer to the computer program that computes the solution of
(4.5.4, 44.5) as the ‘mean flow solver’. The pressure field as well as the associated
pressure loss and friction factor in the presence of the distributed roughness need to be
. evaluated as a part of post-processing and the details regarding the evaluations of these

quantities are provided in Appendix K.
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Figure 7.3.1.2. Curves of constant [ xRe for channels with wall geometries defined by Eq.

(7.3.1.1), where f is the non-dimensional friction factor (see Appendix K). Results are presented
Jfor Re=500 and three particular types of lower wall geometries. Type 1 (dash-dot lines): a/b=3,
¢=0; Type 2 (solid lines): a/b=1, c=0; Type 3 (dash lines): a/b=1/3, c=0.

Figures 7.3.1.2 and 7.3.1.3 show two illustrative examples of friction factor contours in
the a-S parameter space where o is the wave number of the triangular roughness

elements and S is the base to peak height of the roughness. Figure 7.3.1.2 shows the

contours of friction factor for triangular geometries with different (a/b) ratio while the
Reynolds number is kept fixed at Re=500. On the other hand, Fig. 7.3.1.3 shows the
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curves of constant friction factors for different values of Re for triangular roughness
elements of a fixed (a/b) ratio.
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Figure 7.3.1.3. Curves of constant f xRe for channels with wall geometries defined by Eq.

(7.3.1.1) for different values of Re, where f is the non-dimensional friction factor (see Appendix
K). Results are presented for Re=1 (dash lines), Re=100 (dash-dot lines) and Re=500 (solid
lines). In all cases the wall geometries belong to Type 2 (a/b=1, c=0) as defined in Fig. 7.3.1.2.

Construction of contour plots of friction factor as shown in Figures 7.3.1.2 and 7.3.1.3
usually calls for investigation of a large number of geometries described by the variations
of S and a. In our case, we have considered 26 and 18 different values of S and a,
respectively, which lead to a total of 468 different geometries. Algorithms that require
- generation of body conforming grids would warrant substantial manual effort associated
with the process of grid generation for all the different channel geometries. Whereas, in
the case of the IBC algorithm the use of regular computational domain coupled with the
use of very efficient modeling of the geometries eliminates the computational costs and

manual efforts linked with grid generation. The different geometries in the IBC algorithm
are defined in terms of the Fourier coefficients H™ only, which are conveniently

constructed by a separate function that just requires to take the values of a, b, a and S as

its inputs. So, the manual effort associated with the investigation of 468 different




272

geometries is reduced to forming arrays of a and S for the different geometries.
Afterwards, the mean-flow solver is called repetitively from loops that go through the

different elements of the arrays of a and S.

In order to approximate the triangular geometries with sufficient accuracy, particularly in
the cases of larger values of a and S, one needs to consider at least ten terms in the
Fourier expansions defining the shape of the lower walls, i.e., No>10. Consequently a
- significantly large number of Fourier modes Ny is required to define the solution. The
data points for the Figures 7.3.1.2 and 7.3.1.3 were computed by setting the values of Ny
and Nt to 75 and 150 in the mean flow solver, respectively. With the use of specialized
linear solver the solution time for a single geometry has been observed to be
approximately 17 seconds or less. The amount of memory required by the specialized
solver for such combinations of Ny and Nr is little less than 200MB (Mega Bytes). On
the other hand, the standard direct solvers would be prohibitively slow in computations
for such large number Fourier modes and Chebyshev polynomials. Besides this, memory
required by the standard solvers for such combinations of Nym and Nr is approximately
7GB (Giga Bytes), which is fairly high for most of the standard serial computing

platforms.

One may decide to use commercial CFD codes for the type of investigations presented in
this section. However, most of the commercially available CFD codes would require very
fine grid resolution or equivalent to match the spatial accuracy achievable by the IBC
method, which ultimately leads to larger computational costs. Moreover, manual efforts
related to grid generation or equivalent operations for the different geometries will also

add to the disadvantage for the commercial solvers.

7.3.2. Traveling wave instability in wavy channels

The second example on the application of the IBC algorithm is concerned with studying

the stability of shear layers in wavy channels. Surface irregularities of various forms and
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scales exist in most flow systems and contribute to spatial modulation of the flow fields.
Although the application of the IBC algorithm in the current section is going to be
presented in the context of wavy channels, the algorithm is equally applicable to any

other form of distributed roughness that are expressible using Fourier expansions.

Analyzing possible responses of flows subject to spatial modulation of various forms are
essential in devising various flow control strategies in order to alter particular properties
of the flow field in favorable ways [8]. Wavy channel walls fall under the domain of
distributed roughness. Surface roughness may be properly designed from various flow
control standpoints, e.g., to accelerate or delay the laminar-turbulent transition process, to
increase or reduce the skin friction drag, to enhance heat transfer by improving mixing,
etc. Among the various aspects of the effects of surface roughness adequate
comprehension of how it affects the laminar-turbulent transition process in shear layers is
very fundamental. Flow instabilities as well as transition to turbulence can be
investigated through various means including laboratory and numerical experiments as
well as linear, weakly nonlinear, strongly nonlinear and bifurcation theories [9]. For our
“study we shall be using linear stability analysis which is based on the linear theory and is

particularly suitable low-disturbance environments.

The walls of the wavy channel for the example problem are expressed as

y (X) =—1+S[e™ +e7*], Yy (X) =1+S[e™ +e7™], (7.3.2.1)

where S and a are real quantities denoting the amplitude and wave number of the wall

corrugation, respectively.

Before conducting the linear stability analysis we need to determine the form of the basic
state or mean flow first by using the mean flow solver (described in Section 7.3.1) for
channels bounded by the wavy walls described by Eq.(7.3.2.1). The basic state is

computed in terms of the modification of stream function ¥; (see Sections 4.4 and 4.5) in

the presence of surface roughness. The associated modifications in the velocity fields u
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and v; as well as the total mean flow velocity components u and v can be computed as a
part of post-processing. For convenience, from this point onwards in this section, we

shall use the subscript ‘2’ to denote the total mean flow quantities, i.e.,
V, (%) =[u,(x,¥), v, (X, ¥)] = Vo (x) + V; (X) =[u,(¥),0] + [u,(x,¥) + v, (x,¥)],

P, (X) =p,(x)+p,(x,y). (73.22)

Once the form of the basic state is computed, the next step is linear stability analysis
where we shall work with the governing equations in the form of vorticity transport and
continuity equations. The details of the procedure involved in linear stability analysis are
given in [10]. In the present section we shall present the relevant formulations in a brief
manner as the main objective of this section is to illustrate an application of the IBC
algorithm. We shall superimpose unsteady three-dimensional disturbances on the mean

flow quantities as
Q(x,y,2,t) =Q,(x,y) + Q,(x,y,zt), V(x,y,z,t) =V, (x,y)+ V;(x,y,2,t), (7.3.2.3)

where Q =[£,n,v] denotes the vorticity vector. The subscripts 2 and 3 refer to the mean

flow and disturbance fields, respectively. The mean flow velocity field has the form

 Va(%,y)=[u(¥),0,0]+ SIES ), E2 ()06 , (1324

n=—Ny

where f® =& £® = £ and star denotes complex conjugate. Substitution of Eq.

(7.3.2.3) into the governing vorticity and continuity equation followed by subtraction of

the mean parts and subsequent linearization result in disturbance equations of the form

623 +(V,.V)Q, - (2, V)V, +(V,V)Q, - (R, V)V, =Re” V*Q,,
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VYV, =0, Q, =VxV,. (7.3.2.5a-c)
The boundary conditions for the disturbance velocities take the homogeneous form
V,(x,y.(x),2z)=0, V,(x,yy(x),2) =0. (7.3.2.6a,b)

As we are interested in the asymptotic stability, therefore, the t and z dependence are

taken care of by considering the solution in the form
V,(%,¥,zt) =[h, (x,y),h, (x,y),h, (x,y)]e ™" +CC, (7.3.2.7)

where 6 and p are real and indicate the wave numbers of the disturbance field in the
stream-wise and span-wise directions, respectively. On the other hand, o is a complex
quantity, i.e, ¢ = o; + ic;, with its real (o;) and imaginary (o;) parts describing the
frequency and the growth rate of the disturbances, respectively. In the case of stationary
‘vortices the exponent ¢ is purely imaginary. In the above expression CC stands for
complex conjugate. The functions h,, hy and hy describe the amplitudes of the
disturbance velocity vector which are modulated by the surface irregularities and,

therefore, the disturbance velocity vector is further discretized as

N, .
Vi(x,y,zt) = i[gu ()8, (¥): 8, (N1 +.CC, (7.3.2.8)

m=-Np

(m) (-m)* S(m) _ (-m)*

Where gu =gu Ov gv o™ G

8w T 8w

denotes the number of modes used to define the modulated disturbance amplitudes.

, star denotes complex conjugate and Np

Substitution of (7.3.2.4) and (7.3.2.8) into the disturbance equations (7.3.2.5) and

separation of the coefficients of the different Fourier modes result in a system of three

ordinary differential equations in terms of the unknowns g™, g™ and g™ for each
ary q u v w
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Fourier mode ‘m’. For convenience, we introduce a new term =, which is related to the

y-component of the disturbance vorticity 1, by the relation = =in,. The solution for =

can be assumed in the same form given by (7.3.2.8) as

N.
E= 3 g@eiCmoriaa oC (13.2.9)

m=-Np

The unknowns g™ and g™ then can be expressed in terms of g™ andg™ as
=[ily™Dg” - uge”1/ {x™},
g™ =[y™g®™ +iFpDg™ ]/ {x™}?, (7.3.2.10)

where D=d/dy, ™ =8+ma, {x™}* ={y™}*>+nu? and T is constant resulting from
the transformation of the y-coordinate into the ¥-coordinate using Eq. (6.2.10).

Introduction of g™ thus reduces the system of three ordinary differential equations for

(m) (m)

each mode in terms of g, g o

and g’ into a system of two ordinary differential

equations in terms of g™ and g™ which are

N
T(m)g(.“’) +ReulDu,g™ =Re z[E(m Mg 4 Eagm ],

n=-Np

S®g™ = _Re 2[H<mm)g<m-n) + gy, (7.3.2.11a,b)

n=-Np

where S®™,T™ E®™» E™ H™ and HE™are various differential operators and

their explicit forms are given in Appendix L. The modal disturbance equations (7.3.2.11)

are further discretized using expansions based on Chebyshev polynomials as
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£2(3) =Y G T,), 82 @)= 2 ZT,). (73.2.120)

=0 j=0

Finally, (7.3.2.12) is substituted into (7.3.2.11) and the method Galerkin projection is

applied to discretize the disturbance field equations into a system of algebraic equations.

The homogeneous boundary conditions (7.3.2.6) are discretized using the immersed
boundary conditions method as described in the previous chapters. The final form of the
discretized boundary constraints for the upper wall become

i“ E[IFY(") x®)2(d, )(m-n)]G(n) 2 ibl{x‘“)}‘z(wu)(“““)]Z‘“) =0 ,

n=—Np, k=0 n=-Np, k=0

2 2[1”(:1)“{,(@)}-2((1 m—n)]G(n> + 2 i[y(n) (™) (wU)‘“““’]Z‘”) =0 ,

n=-Np k n=-Np, k

| ‘2 2[(W =le® =0 (7.3.2.13a-c)

n=—Np, k

where the coefficients (w, )™, (W, )™, (d.)™and (d, )™ are known and the processes
for evaluating these coefficients are explained in Chapter 4. The sample results to be
presented in this section have been obtained by using the constant volume flux constraint

- as the additional closing relation.

The complete system of homogeneous equations comprised of the discretized disturbance
equations and boundary conditions will have non-trivial solutions only for certain
combinations of parameters 8, i and ¢. For our analyses, we shall pose the problem as an
eigenvalue problem for o. If 60 the flow is unstable with the disturbances growing

exponentially, whereas 6;<0 indicates exponential decay of the disturbances and 6;=0

refers to neutral stability.
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Figure 7.3.2.1. Neutral curves for Re=5000 and different values of S.
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Fighre 7.3.2.2. Neutral curves for S=0.008 and different values of Re.

A comprehensive study of the stability characteristics of flow in the presence of
distributed surface roughness and for that matter in wavy channels requires among other
things construction of neutral curves in different parameter. A neutral curve defines the
boundary between the stable and unstable regimes in a parameter space. Figures 7.3.2.1
and 7.3.2.2 show neutral curves for flows in a wavy channel in the a-6 parameter space

for fixed values of S and Re, respectively. The neutral curves provide information

regarding the critical combinations of different flow and geometric parameters. A large
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number of neutral curves are required to determine the global critical stability conditions

as a function of the amplitude S of the waviness [11].

The linear stability equations are stiff in nature, which implies that the solution of these
equations are extremely sensitive to the applied discretization scheme and are vulnerable
to numerical instabilities. In order to overcome possible issues concerning numerical
stability one needs to work with higher-order spatial discretization schemes. A
comprehensive review of the various numerical methods applied to solve the classical
Orr-Sommerfeld equation for plane Poiseuille flow is provided in [12, 13]). The
experience of various researchers as reviewed in [12, 13] suggests the use of fourth-order
or higher schemes for spatial discretization of the stability equations when discrete
numerical methods based on finite-difference or finite-elements are to be applied. In the
context of classical Orr-Sommerfeld equation for plane Poiseuille flow, Orszag [13] has
shown that a fourth-order finite-difference scheme with 100 grid points is capable of
predicting the most unstable eigenvalue with only three meaningful digits of accuracy.

Application of finite-element method using a non-uniform grid and a fifth-order high

precision Hermite element has been found to provide results comparable with the most

accurate results available in the literature [12]. On the other hand, the spectral methods
based on Chebyshev expansions are capable of evaluating the eigenvalues with very high
accuracy and for less computational cost [13]. The steep gradients of flow properties near
the boundaries are responsible for the requirements of higher-order schemes. Substantial
dependence on the lower-order schemes or low-precision elements by most of the

commercial CFD codes, therefore, makes them less suitable for analyzing stability

- problems. One can try to work around with lower-order schemes by using very fine grids,

which will overwhelmingly increase the cost of grid-generation or equivalent operations.

The presence of boundary irregularities in our case results in modulated basic flows and
consequently the stability operators for such problems are stiffer. Therefore, the level of
difficulty to handle such problems using different discrete numerical techniques is

increased even further. The DT method as presented in the previous chapters is capable

of providing high spatial accuracy, however, the associated cost of mapping and
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discretization of the stability equations will be enormous. The IBC algorithm presented
in this dissertation relies on the spectral discretization on the spatial dimensions making
it extremely suitable for linear stability analysis of spatially modulated flows. The
algorithm is found to be secure against numerical instabilities and associated loss in
numerical accuracy due to its use of spectral discretizations. The solution of the complete
eigenvalue problem is computationally very expensive and the availability of very
efficient of modeling of geometries by the IBC method makes it further attractive for the
class of problem presented in this section. Besides these, it is well known that evaluation
of the eigenvalues are fairly sensitive to the accuracy in the computed basic state [10, 11]
and the spectral discretization used in the IBC algorithm ensures high accuracy in mean

flow solution.

Two general approaches may be pursued to trace the eigenvalues for constructing the
neutral curves, namely, global and local methods [8]. The global method works by
solving the complete discretized stability equations using an eigenvalue solver that

results in the spectrum eigenvalues at the expense of very high computational cost. A

“local method on the other hand works by converting the original eigenvalue problem into

an initial value problem which requires an initial guess for the eigenvalue to start with.
Although the global method is more reliable we opted for the local methods in our
computations in order to avoid the excessive cost of solving eigenvalue problems. We
have implemented two local methods for tracing of eigenvalues in the parameter space,
which are the inverse-iteration and the Newton-Raphson search technique [11]. For both
of the methods, repetitive solution of the mean flow is inevitable as each separate value
of a indicates a different geometry. The problem of geometric variability is compounded
for cases when both of the parameters related to the neutral curves affect the mean flow,
i.e., when neutral curves are constructed in the a-S, a-Re, S-Re or similar parameter
spaces. The variability of geometry and evaluation of associated mean flow thus act as
the major costs in the computations behind the tracing of the neutral-curves for any
algorithm and this is where the IBC method excels over various grid-dependent
algorithms that suffer from major costs of grid generation. First of all, IBC method

eliminates programming efforts associated with generating boundary conforming grids
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for different geometries as all variations in geometry are reduced to setting the
appropriate Fourier coefficients defining the geometries to correct values. Secondly, the
IBC method with the use of specialized linear solvers developed in Chapter 5 reduces the
computational time to solve the mean flow by a significant margin and adds to the
usefulness of the IBC algorithm even further.

7.4. Reliability of the results produced by the IBC method

Verification of the reliability of the results produced by an algorithm is a very important
part of the validation process. The simplest way to carry out validation is to compare the
new results against the others available in the literature. For the class of problems that are
of interest for the present research, there are extremely few results available in the
literature. This difficulty has been overcome in the dissertation by solving the test
problems using a different and more traditional method, i.e., the domain transformation
(DT) method, and using the same forms of spatial and temporal discretizations. The
spectral implementations of the DT method used in the dissertation (with details provided
in the appendices) are capable of solving the test problems with machine accuracy.
However, poor computational efficiency makes the DT method unsuitable for practical
use, particularly for the moving boundary and geometry-optimization problems.
Excellent agreement of the results obtained using the IBC and DT methods should make
the reader confident about the accuracy and reliability of the IBC method. In the case of
the moving boundary problems, elastic traveling waves have been chosen as a test
problem to describe the deforming boundaries. Such model problem permitted
determination of the solution by solving a stationary problem in a moving frame of
reference and thus without any temporal discretization errors. Comparison of results
obtained through a direct solution of the moving boundary problem in a fixed frame of
reference with the same problem solved in the moving frame of reference showed that
the IBC algorithm preserves the spatial and temporal variations of the solution field,

including spatial and temporal periodicity as well as spatial phase shifts.
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Table 7.4.1. Growth rate (o;) of the disturbances in a wavy channel (see Eq. 7.3.2.1) for
Re=5000, a=2.0, $=0.007, 6=0 and u=2.0. Mean flow computations have been carried out using
Nuy=5 Fourier modes by both the DT and IBC methods while only Ns number of modes are

retained in the representation of the mean flow for stability computations.

No. of Fourier

No. of Fourier Growth rate (o; % 10°) obtained by
modes used to
No. of Chebyshev  modes retained to
represent .
polynomials, Nt represent mean Cabal et al [16] IBC method in the
disturbance fields, .
flow, Ng N using DT method present work
D
1 0.215 0.153
60 2 3 0.229 0.185
3 N/A 0.185
1 0.184 0.153
70 2 3 0.187 0.185
3 N/A 0.185
1 0.184 0.153
80 2 3 0.185 0.185
3 N/A 0.185
1 0.184 0.153
90 2 3 0.184 0.185
3 N/A 0.185

* N/A denotes that results for such cases are not available in [16].

There are a few works available in the literature that deal with triangular roughness [14,
15], however, none of them deals with configurations of interest in this dissertation (see
Section 7.3.1). The available papers dealing with the hydrodynamic stability analyses are
mostly based on spectral methods but are limited to problems involving regular physical
domains. Cabal et al [16] present some results dealing with the stability of flow in a
wavy channel which provides an opportunity to compare the results obtained by the IBC
method. Cabal et al [16] has used similar definition of boundary irregularities while
applied the DT method for solving the resulting problem. A comparison of the growth
rates of disturbances, o; (see Eq. 7.3.2.8), obtained by Cabal et al [16] and in the present

dissertation are presented in Table 7.4.1. Comparison of both sets of results shows good
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agreement. The growth rates computed from the eigenvalue problem are extremely
sensitive to the accuracy of the basic state. In this regard, the good agreement between
the growth rates computed using the different methods, as shown in Table 7.4.1,
demonstrates the effectiveness and reliability of the IBC method in computing the mean
flow in the presence of boundary irregularities as well as predicting its linear stability

characteristics.

7.5. Conclusions

Implicit spectrally-accurate algorithms based on the concept of immersed boundary
conditions for two-dimensional flow problems described by the Laplace operator,
biharmonic operator and the Navier-Stokes equations have been presented in Chapters 2,
3 and 6 of the dissertation. The algorithms are capable of handling flow problems
involving fixed and moving boundary irregularities. The core algorithm works with a
regular computational domain that at any instant of time completely surrounds the
~ physical domain. In order to achieve spectral convergence characteristics the algorithm
employs Fourier and Chebyshev expansions in the x- and y-directions respectively. The
spatial and temporal boundary locations in the IBC algorithm are modeled using Fourier
expansions and, therefore, the algorithm is suitable for physical domains that are periodic
in the stream-wise direction. Various tests for the different model problems confirm
spectral accuracy in the spatial dimensions. Up to fourth-order implicit temporal
discretization schemes employed for the different model problems are found to deliver

theoretically predicted accuracy.

The discretization of the boundary conditions as implemented in the IBC algorithm leads
to substantially larger number of internal constraints than required to form a close system
of equations. The classical formulation of the IBC method only retains a certain number
of constraints that is required to form a close system of equations. However, the classical

IBC algorithm fails to provide reasonable accuracy beyond some critical combination of

the wave number and the wave amplitude irrespective of any further increment in the
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number of Fourier modes used to define the solution. Use of additional boundary
constraints leads to over-determined formulations of the IBC algorithm. Direct solution
of the over-determined problem by evaluating the pseudo-inverse of the complete
coefficient matrix is shown in Chapter 4 to improve accuracy for the Laplace and Stokes
problems by at least two orders of magnitude. However, the improvement in accuracy
obtained by the over-determined formulation for the Navier-Stokes problem is found to

depend on Re and diminishes with increase in the value of Re.

Efficient specialized linear solvers for the classical and over-determined formulations of
the IBC algorithm that take advantage of the special structure of the coefficient matrix
have been developed and examined in Chapters 5 and 6. For steady fixed boundary
problems investigated in Chapter 5, the specialized solvers deliver two orders of speed-
up in computations when compared against the standard direct solvers. The specialized
solvers were also observed to be at least one order faster than the iterative solvers for
such problems. Tests have shown that even the standard IBC solvers perform faster than

the domain transformation (DT) method while the specialized solvers demonstrated at

least two orders of magnitude difference compared to the DT method. In the case of

unsteady fixed boundary problems, the use of specialized solvers reduce the
computational cost to a level comparable to the cost of DNS for flow problems involving
straight walls. In addition to Being substantially faster, the specialized over-determined
SVD based solver is found to deliver better accuracy than the any version of standard
over-determined solver particularly around the critical zone. The specialized over-
determined solver is found to extend the level of severity in boundary geometry that can
be accessed by the IBC algorithm by a substantial margin. The IBC algorithm is
especially well suited for moving boundary problems as the part of the coefficient matrix
originating from the field equation remain unchanged during the solution process. The
use of specialized solvers adds to this inherent advantage of the IBC algorithm and is
found to improve the computational speed significantly in Chapter 6.

The extension of the IBC algorithm to three-dimensional problems has been presented in

Section 7.2. The concept of the algorithm for three-dimensional problems is explained in
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the context of the velocity-vorticity formulation of the three-dimensional Navier-Stokes
equations. The considered form of the Navier-Stokes equations is comprised of the
Laplace and biharmonic operators which have been successfully discretized for the two-
dimensional problems using the IBC method. It has been shown that the basic concepts
of the IBC algorithm remains unchanged when applied to the three-dimensional
problems as the solution field in the additional spatial dimension is assumed to be

periodic. As in the case of the two-dimensional problems, the periodic dimensions are

- discretized using Fourier expansions while the normal-to-the-wall direction is discretized

using expansions based on Chebyshev polynomials. The physical boundaries are
modeled using Fourier expansions in the periodic directions. Various issues related to the
implementation of the IBC algorithm for three-dimensional problems have been
presented and discussed in the context of the heat conduction problem which is described
by the Laplace operator. Up to fourth-order accurate temporal discretization schemes
have been implemented for the conduction problem. Solutions in the spatial dimensions
have been found to be spectrally-accurate for both fixed and moving boundary problems
subject to constant and time-dependent boundary conditions. For all the test problems,
the temporal schemes are found to deliver the expected accuracy. The dispositions of the
algorithm for the three-dimensional problem have been found to be consistent with the
observations made in the case of the two-dimensional problems. Serial and parallel
iterative solvers as well as two versions of the specialized direct solver have been
implemented in order to identify the most efficient solution approach. The execution-
efficient specialized solver enhances computational speed by retaining certain blocks of

the coefficient matrix in memory for repetitive usage while the memory-efficient version

~ eliminates all information from memory immediately after their use and reconstructs the

blocks of the coefficient matrix whenever required. Both versions of the specialized
solvers are found to be computationally more efficient compared to the standard and
iterative solution methods. However, for larger numbers of Fourier modes used in the
computations, the memory-efficient specialized method has been found to be more

efficient especially for the moving boundary problems. Therefore, the memory-efficient

specialized method is recommended for handling problems with severe geometries where
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larger numbers of Fourier modes are required to obtain solutions with acceptable

accuracy.

The example applications presented in Section 7.3 have illustrated the benefits of the IBC
algorithm in the context of two physically interesting and numerically challenging
problems. The linear stability analyses presented in Section 7.3.2 also provided an
example of the application of the IBC algorithm for solving three-dimensional problems
involving surface irregularities. The elimination of coordinate mapping and grid
generation or equivalent operations resulted in efficient performance of the IBC
algorithm for the example problems both of which require investigation of a wide range
of channel geometries. Spectral discretization of the spatial dimensions as implemented
in the IBC algorithm makes it very useful for stability analysis. The specialized solver
developed in Chapter 5 is found to add significantly to the intrinsic advantages of the
IBC algorithm thereby making the algorithm more suitable than the discrete algorithms
based on finite difference, finite elements or finite volumes for the type problems
presented in Section 7.3. Very good agreement between the results obtained by the IBC
~method and the same based on DT method from available literature as presented in

Section 7.4 demonstrates the reliability and effectiveness of the IBC method.

7.6. Recommendations for future work

Spectrally-accurate algorithms for fixed and moving boundary problems that are based
on the immersed boundary conditions (IBC) concept have been presented in this
dissertation. Flow problems described by the two-dimensional Laplace, biharmonic and
Navier-Stokes equations have been investigated in the course of the present work using
classical and over-determined formulations of the IBC method. In order to advance the

research pertinent to this dissertation the following works may be undertaken in future.

i) It has been discussed in this dissertation that the extension of the IBC method

to three-dimensional flow problems described by the Navier-Stokes equations
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does not require any conceptual difficulty. However, the implementation of
the algorithm to solve three-dimensional nonlinear moving boundary
problems may require optimizing the specialized solvers for a balance
between the computational speed and memory requirements. Therefore, the
next logical step would be to implement the IBC algorithm for such problems
to examine the ranges of surface geometries and motions that can be handled
by the IBC algorithm in a practically feasible manner. The stability equations
should also be reformulated to account for the three-dimensional mean flow

modifications in order to analyze the stability characteristics of such flows.

The most suitable temporal discretization methods for the direct numerical
simulation of the Navier-Stokes problem are the hybrid schemes [1] that treat

the nonlinear terms explicitly while use implicit methods for the viscous

.terms. However, the different hybrid schemes that have been tested in the

course of the present research appeared to be numerically unstable when they
are used in conjunction with the IBC method. In this regard, it would be
extremely useful to devise a numerically stable hybrid scheme for the IBC
method in order to eliminate the iterations on the nonlinear terms required by
the fully-implicit schemes and would, therefore, result in an overall robust

algorithm for performing DNS in irregular domains.

Development of spectrally-accurate algorithms for compressible flows as
well as for non-Newtonian fluids in the presence of fixed and moving
boundary irregularities using the IBC method can be very interesting for

different researchers.

From physical perspective studying the effects of surface roughness on the
heat transfer process in heat exchangers can be an interesting as well as a
very important research work. Such a problem does not require any
conceptual modification of the IBC algorithm. The main task from the

numerical point-of-view would be to couple the energy equation with the
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Navier-Stokes equations in the mean flow solver, linear stability analysis and
the DNS solver. The fact, that convection is the dominant mode of heat
transfer in a heat exchanger, provides opportunity for improvement of its
efficiency by increasing the convective heat transfer coefficient. Properly
structure roughness can be used to induce instabilities in the flow field to
enhance the momentum transport in the flow of the circulating fluid to
increase this coefficient. Surface roughness may also improve the efficiency
by increasing the effective surface area available for the heat transfer process.
However, instabilities caused by rough surfaces may necessitate more energy
to drive the flow through the system. So, a research in this regard may need
to be focused on optimizing heat transfer against the energy required to run

the system.
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APPENDIX A

'Evaluation of coefficients w™, and d{*, required in Eq.(3.3.14) and Eq.(6.3.4) and

12, required in Appendix C.

Coefficients in (3.3.14a) and (6.3.4a) can be evaluated with the help of the recurrence
relation T, (§) = 29T, () - T,_,(§) that leads to

n=+00
(m) - @ ,, (m-n) (m)
w k+l,7+1 ~ 2 z P‘t+lw kt+l w k-1,1+1 for k>1 ’ (A 1)

whose evaluation begins at k=0 giving the initial terms in the form
’Wg’? a=1 Wi, =0 forjm|>1; w™ =P forjm|>0. A1)

Coefficients in (3.3.14b) and (6.3.4b) can be evaluated with the help of the recurrence
relation DT, ,,($) = 2T, ($) + 2§DT, (§) - DT,_,(§) that leads to a relation

ao
dl(:ﬂ,ﬁl =2 Z Pr(fl) dl(::::—lll) - df:n—?,m +2w £n;)+1 for k>2, (A.3)

whose evaluation begins at k=0 giving the initial terms in the form

d® =0 forjm|>0; d©, =1,d{, =0 forjm|>1; d{%, =4P%) forjm|>0.  (A4)

1,7+1 1,1+ 2,7+1 1+l

Coefficients 1), required in Appendix E can be evaluated with the help of the

recurrence relation DT, (§) = 4DT, () + 2§DT,(§) — D*T,_,(§) that leads to a relation




a0
(m) _ (n) y(m-n) _ _(m) (m)
Tyt =2 Z Podiny —nh . 447, for k>3,

T+ 1,741
n=—w

- whose evaluation begins at k=0 giving the initial terms in the form

@ _ L0 _ _ . L@ _AgDe
=5, 0 for |m| 20; 12 =4, 1%, =0 forjm| > ; 1 =24P%)
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(A.5)

forjm{>0. (A.6)
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APPENDIX B

. Demonstration that fo} in Eq.(3.3.17b) cannot be independently specified.

We can write the following relation along line / overlapping with the moving boundary
y=rx1+1)

W x+AFx+AT+]),T+1) - P (x,f(x,1+1),T+1) =

X+A .1
I d‘PT(x,f(x(;;+l),t+l)dx=0 B.1)

X

which can be re-arranged as

Xj’v a\PT(X,f(X,T+1),T+1)+F6‘PT(X,f(X,T+1),T+1) df dx=0 (B 2)
ox o d | '

X

and expressed in terms of velocity components along the line / as
X+A df
I[—v,(x,t+l)+u,(x,t+l)a}dx=0. (B.3)

Substitution of (3.3.11) and (3.3.12) into (B.3) and integration gives

n=+N, .
o _ _; @®) p@
V‘t+l =-1a Z nU‘t+1P‘t+l (B4)
n=-N,

and demonstrates that the mean value of v,(x,7+1), i.e., V9

T+l

cannot be independently

specified as it depends on the specification of u,(x,7+1) as well as on the wall geometry

expressed by f(x,T+1).
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APPENDIX C

Evaluation of pressure field from the known stream function field for Stokes flow

problem presented in Chapter 3.
The total pressure field is given by
P(X.¥:t) = po(x) + p1(X,y,t) (C.1)
where po(x)=-2x is the pressure field associated with the reference Poiseuille flow and
Ppi(x,y,t) corresponds to the modification in the pressure field due to boundary motions.

The dimensionless field equations have the form

o,
ox

+I"§—v—‘—

5" 0, (C.2a)

aul_'_apl__auf _r2au12 =
a  ox oxE oY

0, , (C.2b)

2 2
a"1+ra‘11—a";—r2 a‘f; =0. (C.2¢)
ot oy ox oy

The velocity components u; and v; are known and can be expressed as

n=+Ny . n=+Ny .
w31+ =T Y DO®F,1+1)e™, v,(x,§,1+1) =i Y n®®(§,1+1)e™ (C.3)

n=-Ny n=-Ny

The corresponding pressure field can be expressed as




N Ay 7 P

I R
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n=+N,

px5,1+1)=A,(t+D)x+ Y p@@Fr+1)e™ (C4)

n=-Ny

where Ay(t+1) is a function of time and appears in the expression due to the fact that an

- x-periodic, time-dependent velocity field may be associated with a pressure field that has

a time-dependent, linear component in x. The unknowns A, and p® need to be evaluated
from the momentum equations. We begin with the evaluation of A;. Substitution of Eqs
(C.3-C.4) into (C.2b) and use of the two-step time discretization result in

A,@+1)=[*D* -15TAt"'D [0? + 24t "TDOP -0.54t " TDOY,, (C.5a)

7+l

p®(§,7+1) = [(ina)* [T*D? — (nor)? —1.5TAt™ DO, + 2T At DO®

C.5b
~0.5TA'DO®, for |n =0 (C.5b)
where D = d/dy . Similar substitutions applied to Eq.(C.2c) lead to
Dp® (§,7+1) = inal*[[?D? — (na)® ~1.5TAt™ [B&, - 2inaAt™ OO <6

+0.5inoAt™ @, for |n|>0

In the case of mode zero the right hand side of (C.6) becomes zero which results in

 p®,71+1)=const. (C.7)

The final expression for the complete pressure field has the form

n=+Ny )
pex, .1+ =[A, @+ -2]k+ 3 p®F,v+1)e™ +const (C.8)

n=-Ny,n=0

where the constant can be selected conveniently.
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APPENDIX D

~ Specification of the closing boundary conditions corresponding to the constant

pressure gradient constraint for the Stokes flow problem presented in Chapter 3.
Equation (3.3.30a) represents boundary condition that can be selected arbitrarily.

Equation (3.3.30b) needs to be replaced with condition expressing the desired pressure

gradient. Eq. (E5a) can be rewritten as

[F3D3 -1.5TAt"'D ]<I><°> =A,(t+1)-2At"TDOY +0.5At"TDOY,. D.)

L 23
Integration of the above equation across the channel gives

[r*D? — 15Tt OO Gy (x,7+1),5+1) - DOF, (x,1+1),7+1))=

A+ DT +1) = §, (%7 + D] - 280 T00 Gy (x, 1,0 - 00 G, (x, D), D)+ D2)

054 T[0° Gy (x,7-1),7-1) = ®O F, (x, 7~ 1),7-1)]

which is the second condition required for the modal function ®©. The pressure gradient
A, is assumed to be known at each time step. A computationally useful form of Eq. (D.2)

is obtained by expressing ®© and D?’®® in terms of Chebyshev expansions which are

~ evaluated at the boundaries using the Immersed Boundary Conditions concept described

in Section 3. If the boundary overlaps with the line / overlapping with the moving
boundary y = f(x,7+1) the required relations take the forms

k=Np s=+Ny )
OO(f(x,t+1)t+1)= Y GO, D wd, e, (D.3a)
k=0 s=~Nj
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k=N. s=+Np

D*OO(f(x,t+1),t+1)= Y GO, D5, e (D.3b)
k=0 s=—N,
where,
s=+Ng .
DT (Axt+D)= D £, ", (D.3¢)
s=—Ng

Method for evaluation of coefficients r®),, is explained in Appendix B. Substitution of

(D.3) written for the upper and lower walls into Eq.(D.2) results in the final form of the

condition being sought.
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APPENDIX E

Domain transformation method for the Laplace equation presented in Chapter 4.

The irregular slot geometry in the physical domain (x, y) is mapped into a straight slot in

the computational domain (€,n) using transformations in the form

g=x, N=2y-y,® -y @}y, -y.®)] (E.1)
Equation (4.3.1) takes the form

81,0+ B, (£,1)8,0+ B, (5,1)0,,0+ B3 (10,6 =0, E2)

where B,(&n)=n, /(n?+n2), B,(&m=2n,/(n2+n?) and ByEm)=1/(n2+n?).
Expressions for 1, Nxx and 1y are given in Appendix H. Solution of (E.2) is assumed to

be in the form of a Fourier expansion, i.e.,

=+N

B =3 90me™ = 3 9 (e, E3)

n=-<0 n=-Ny

- where 9® = 9", The known coefficients By (§,n) , N=1,2,3, are expressed in terms of

Fourier expansions in the form

m=+2N

By(&m= 3 b (me™: . (E4)

m=-2Ny

Substitution of (E.3) and (E.4) into (E.2) and separation of Fourier components lead to

the modal equations in the form
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m=+Ny m=+Ny
D29® 4+ ¥ [bO®™ 4+imab@®™®IDS™ — ¥ [(ma)?bf ™)™ =0, (E.5)
m=-Ny m=-Ny

requiring two boundary conditions each, where D=d/dn and n=0,...,Ny. The unknown

- 8™ (1) can be expressed with spectral accuracy using Chebyshev expansion in the form

=N.

k= k=N
§®(M)= YT E"T, () ~ oEi“’Tk(m- (E.6)

k=0 k=

Use of the Galerkin procedure described in Section 4.3 leads to Nr+1 algebraic equations

for the expansion coefficients E™ for each Fourier mode. Two equations corresponding

to the largest k need to be replaced by the boundary conditions (tau procedure).

The boundary conditions in the (§,m) plane have the form
8En=-1)=C,, O6EN=+D)=Cy E.7)
which lead to boundary conditions for the modal functions in the form

99(-1)=C,; 9®(-1)=0,n#0

. (E.8)
99(+1)=Cy; 9®(+1)=0,n 0

- Introduction of Chebyshev expansion (E.6) leads to the final form of the boundary

condition, i.e.,

k§1 (_l)kE?) =[{CL fOl' n= 0}9 {0 forn = 0}] ? (Ega)

TE® =[{C,, for n =0}, {0 forn = 0}]. (E.9b)
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APPENDIX F

- Domain transformation (DT) method for the biharmonic equation presented in

Chapter 4.

Application of transformations given by Eq. (E.1) brings Eq. (4.4.4) or Eq. (5.2.2) into

the form

a \Ijl + Bl (g’n)annn\lll + B2 (g’n)annq’l + B3 (&’ T‘)an\Pl +

nmnin

B, (&m0 gy ¥y + Bs(§, )0y, ¥ + B4 (§,m)0,, ¥, + B, (§,m)0,, ¥, + (F.1)
Bg(&,m)0 — B,(§,n)0 gggn\Pl +B,(E;m)0 g 11 = 0,

where

B,(&,m) = (62N, +2n.m +8n.nny, )/t #2202 +0t),

2

B, (5,1 = (302, + 40, Mg + 4101, + 412, J(né + 20202 +10?),
B, (&, m) = N/ (0} + 2020 + 7)),

B, (&) = (dn + ann2 J(n + 2202 +72),

By (&) = (121,10, +8n,m, J{nt + 20202 +7?),

By(&,m) = 4n/(n* + 2020 + ni),

B, (&,m) = 6n/(n} + 222 +7?),
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B, (&) =(6n2 + 202 /(¢ + 21202 +m?),

B, (&,m) = 4n,/(n’ + 2min; + n‘;),

B,o(&m) =1/(nt + 222 +n?), (F.2a-j)
are known and the expressions for Mx, MNxx, Moo Thoos Nxys Thay and 1My are given in

Appendix H. Definition of the stream function given by Eq. (4.4.2) remains unchanged

and thus the velocity components can be expressed as
u(E,n) =y, (&) +u,(E,n) =u,(En)+n,0, %,
v(€n) =v,(En) =-0,¥, -0, ¥, (F.3a-b)

where subscript ‘0’ denotes the known reference flow (Poiseuille flow) and subscript ‘1’
denotes modifications due to the presence of boundary irregularities. The boundary

conditions can be expressed as

n,0, (&= =-u,(5-1), 1,0, ¥ (&+D) = -4, (§,+1),

W (6D +1,0, %, (6D =0, 8,%,(6+1) +1,0,%,(+1)=0.  (F4a-d)

Solution of (F.1) is assumed in terms of Fourier expansion, i.e.,

=+00 =+Ny

YED= 3 60me™ 3 6O (n)e™ (F.5)

n=-w n=-Ny
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where ¢® = ¢, and the known coefficients B, (§,n) , N=1,...,10, are replaced by the

Fourier expansions in the form

=+2 Ny

By&m= 3 b&(m)e™ . (F.6)

m=-2Ny

Substitution of (F.5) and (F.6) into (F.1) and separation of Fourier components lead to

the modal equations in the form

m=+Ny, m=+Ny,
D*e® + D [bf"™ +imab{™]D’e™ + 3’[(ma)*bT™ o™ +
m=—Ny m=-Ny
m=+Ny,
D bE™ +imob{™ - (ma)’bf ™ ]D*e™ + F.7)
m=-Ny
m=+Ny
D bE™ +imobf™ — (ma)’b$ ™ — i(ma)’ by ™ ] D™ =0
m=-Ny

where D=d/dn and n=0,...,Ny, with each equation requiring four boundary conditions.

Boundary conditions (F.4) need to be re-arranged into a more suitable form. The known

reference flow at the boundaries u,(£,+1) can expressed as Fourier expansions in the

form
"M 2(a) inot 2 A ) inak
u,(§-1)= _Zli F"e™, u, €+ = _ZI; E; e™. (F.8)

Substitution of (F.8) into (F.4a-b) and use of the resulting relations in (B4c-d) results in

9%\ (&-1) =(n, /n,)u, (&-1), O ¥ (&) =(n /My )u, (E+D).  (F9a-b)

All the terms in the right hand side of (F.9) are known and thus can be expressed using

Fourier expansions, i.e.,
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n=+Ny . . n=+Ny . X
(/M Jue D)= 3 EPe™, (M /1, )ugG) = 3, EPe™ . (F.102-b)

Boundary conditions for the modal functions ¢ () can now be expressed as

D$® (-1) =-F® for In| >0, D@ (+1) = —F® for [n| 20,

6@ (-1)=E®™ /(ina) forn =0, 0@+ =E® /(ina) forn=0. (F.1la-d)

The two remaining conditions are derived from the constant volume flux constraint.
Volume flux Q along the slot can be evaluated by integrating the x-velocity component

across the channel, i.e.,

yu(x)
Q)= [u(x,y)dy, (F.12)

yL(x)

and can be expressed in the (§,1) coordinates as

Q)= ]l(an‘P)dn =¥, G+ + ¥ (E+D) - ¥, (&-D - ¥ (E-]) (F.13)

where the ¥, (&,-1) and ¥ (§,+1) are known and can be expressed in terms of Fourier

expansions as

n=+Ny . n=+Ny .
Y (-1 = D EPe™, W, (4= ) Ee™ . (F.14)
n=-Ny n=-Ny

The volume flux can be represented in the form of another Fourier expansion

e
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QE)="3 " Qe F.15)

n=-Ny

where the zero term, i.e., Q, represents the net mass flux along the slot. Substituting

(F.5), (F.14) and (F.15) into Eq. (F.13) and extracting mode zero results in

QP =9 (+1) -9 (-1 +EY - . (E.16)

As the definition of the stream function is accurate up to a constant, we can select the
value of ¥ on one wall arbitrarily. In the present analysis we assume the value of the
stream function at the lower wall to be zero which leads to the two closing conditions in
the form

9O(-1) =P, ¢®(+1) = =0 +Q°. (F.17a,b)

The unknowns ¢™(n) can be expressed with spectral accuracy using Chebyshev

éxpansions in the form
@y _SEQOT (1) o
()= kZ_%Sk“ T.(m= E, S T (). (F.18)

Use of Galerkin procedure leads to Nt+1 equations for the expansion coefficients S™ for

" each Fourier mode. Four equations for the highest index k are replaced by the discretized

boundary conditions (tau procedure) resulting in a closed system of linear algebraic

equations.
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APPENDIX G

Chapter 4.
Application of transformations given in Eq. (E.1) brings Eq. (4.5.4) into the form

Om 1 + By EM)0,, ¥, +B, (€N, ¥, +B;(E,n)d, ¥, +
B, (&M, ¥, + By (E,M)05, ¥, + B (M0, ¥, + B, (5,1, ¥, +
B, (5,0 ¥ + By (6,0, ¥, + Bio (5,10, ¥, + By, (5,10, ¥, +
B, (5 M0 ¥ = Ly, (N, )+ L, (&m0, (N, )+
L; (& M0,y (N1 )+ Ly (&m0, (N3 )+ Ls (5,100, (N,) +

Le(&m0;, (N, )+ Ly(&,md,,(N,) ,

where,

(N =(uu,)=(viv,), (Ny)=(uvy),

B,(&,m) =, +2n,m, +7;,

B, (&) = [6n7n,, + 20’ +8n.n,n,, —uoReln? —n.n2)]/B, &),

B, (& 1) = [3n2, +4n,n, + 40, + 402, —uReln,n,, +20,0, /By ),
B, (& 1) = [Meee ~ Re(UgT +21, )/ B &),

B, (&1 = {40} +4n,.n2)/B,(&m),
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- Domain transformation method for the Navier-Stokes equations presented in

(G.1)

(G.2a-b)

(G.3a)

(G.3b)

(G.3¢)

(G.3d)

(G.3¢)




B,(&,n) = [12n,n,, +8n,n, —uRe(3n? +12)|/B, &),

By(&m)=(4ng, ~3u,Ren,. )/B, &),

B, (&, m) = (6n,, — 3u,Ren, /By (&),
By (5,m) = (62 +2n2 /By (&),

B, (£, 1) = 41, /B, (5,1,

B (&)= —2/B, 5.,

B, (&,m)=—u,/B,(&M),

B, (&) =1/By (&),

L,(&m) =Ren,/By(En),
L2 (&’ Tl) =Re nxy/BO (E.» n) H
L, (&) = Ren,n,,/By (M),

L,(&n) =Re(n? —n2)/B, &),

L,(&n) =-Ren,/B,(&,n),
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(G.39)

(G.3g)

(G.3h)

(G.3i)

(G.3))

(G.3k)

(G.31)

(G.3m)

(G.4a)

(G.4b)

(G.4c)

(G.4d)

(G.4e)
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Ls(&m) =-2Ren,/B,(§,n), (G.4d)
L, (&) =-Re/B,(§,n). (G.4e)
‘The corresponding boundary conditions are given in Eqgs. (F.4). We assume solution of

problem (G.1) in the form (F.5). CoefficientsBy(&,m), N=1,...,12 and L, (&,n),

M=1,...,7 are be replaced by the Fourier expansion in the form

ByGmW= % b me ™, LuGm = 3.c(me. G5

The nonlinear terms (N, )and(N, ) are also expressed as Fourier expansions, i.e.,

n=+Ny n=+N

(N)E) = Z ™ m)et, (N)Em= 3 v®me=. (G.6)

n=-N n=-Ny

Substitution of (F.5) and (G.5) into (G.1) and separation of Fourier components lead to

the modal equations in the form

6" + (ima)b ™ D™ +
D#$® +m=§‘m J [bS™ +(imo )b ™ — (ma)*by™™ ID*$™ +
ey [[BE™ 4+ (ima)b® ™ ~ (ma)? b8 ™ —i(ma)*bP ™ D™ +
[(imo)b{T™ —i(ma)’b{i™ +(ma)*b; ™1™
i [c3™ +(ima)e{" ™ ]1Dy{™ +[c{" ™ ]D*y{™
= Y {[ed™ID*YE +[cf™ +(ima)ed ™ 1Dy +¢,

m=-Ny
[~(moy* e 1v5”

(G.7)

J

where D=d/dn and n=0,...,Ny, with each equation requiring four boundary conditions.
Substitution of (F.18) into (G.7) and use of the Galerkin procedure leads to Nt+1

equations for the expansion coefficients S{™ for each Fourier mode. The process of
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construction of the complete system of equations is completed with the replacement of
the four equations corresponding to the largest k by the discretized boundary conditions

(tau procedure). The resultant complete system of equations is solved in an iterative

manner.
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APPENDIX H

~ Coefficients required for the transformation of the field equations in the domain

transformation method for the different model problems described in Chapter 4.
-, ==+ - e -y,

M == 2N A 0)e = L)} + A+ M o)e + A= )ee [(yo - Y1),

a+m(yy) gee 1-m@. )ggg

xxx

3 uJe WL 3 x u VL
_ ["n{(y ) =)+ 3 {(ude — (¥ )§§}+J/(yu—n),

n =_|:4nxxx {(Yu)e —(YL)e} + Mo {(Yu)ee — (VL) } +
- N, {(Yu)ge — (1 )ggg} F(A+MYy)ezee T =1V ) e

il/()’u -Y.)»
N, =2/(Yyy—Y.)>
Ny ==, (T ) - L) T~ Y1)

My =20, i) G, {0 - G0 e - Y0,

Moy = |_3nxxy {(Vu)e — oL )g} +3n, {(yU)gg - )gg} +1n, {(yU)ggg - (YL)ggg}_l/(YU - Yi)-
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APPENDIX 1

~ First-, second- and fourth-order implicit temporal discretization for the model

problem described in Chapter 6.

~ Temporal discretization of (6.2.15) using the first-order implicit method results in the

following equation

—~Re'I*D* + (1“2 Re' At™ +2n%a’T? Re‘1+ina1“2u0)152 + (q)(n) )m
(— n‘a’Re-n?a’?At™ Re?—inal2D?u, —in3a3uo) i
Finard®, )5 -5 (R, )0 o @)% eimarb®, )] )

+Re™ At™ [Fzﬁz - (na)z}l)ﬁn), ne(0,Ny).

Temporal discretization of (6.2.15) using the second-order implicit method results in the

following equation

—Re'I*D* + (32 Re™ At /2 + 200’ Re ™'+ inal 2u, JO? +
(— n“a’Re”-3na’I2At™" Re /2 —inal*D*u, —in’a’u,

) (o) )H

FinarB®,)® -12D2(R,)®) - 0)*(R,)®) + inal DR, )2 |’

T+l T+l T+l T+l

+2Re™ At™ [r D’ - (no)’ ]cD?’ -0.5Re™ At™ [r2ﬁ2 —(na)’]cbg'g, ne(0,N,).

12)
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Temporal discretization of (6.2.15) using the fourth-order implicit method results in the
following equation

[_ Re™ T*D* + (25T Re™ At™ /12 + 2n%0’T? Re ™+ inal u, JD? +

: o )" =
(— n‘a*Re™-25n’a’T?At™ Re™/12 ~inal > Dy, —in3a3u0) ( 1 )

[-inarﬁ(R1 o —T?D*(R,)%) - ()’ (R,)%) +inar1‘)(R3)<"’]’

T+l
; -|-4'Re“l At [r2ﬁ2 _ (na)z }Dgn) —3Re™ At [le")z _(na)z }Dg)l
| +a/3)Re™ A 1D - ()2 o) - (1/4)Re” A1 [F7D? - (ao)? o,

ne(0,Ny).

T+l T+l

13)
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APPENDIX J

Domain transformation method for the model problem#1 presented in Section 6.4.1

in the moving frame of reference.

The irregular conduit geometry in the physical domain (X.,y) is mapped into a straight

conduit in the computational domain (§,m) using transformations in the form

£=X, n=[2y-y,®-y. Ry -y. X)]. .1
Application of transformations given in Eq. (J.1) brings Eq. (6.4.4) into the form

afmrm\lll + Bl (é,n)annn\ljl + B2 (E.D’ n)aqq‘{ll + B3 (é’ n)aq\lll +

B,(&n)d Enmm ¥, +B; (&, T])agnn ¥, +B4(&,n)0 En ¥, +B,(, n)aggn ¥+
B, (€, n)aggnn\l’l +B, (&, n)agggn‘yl +B,, (&, Tl)ag‘l’l +B, (& n)aggg\lll +

J2
B Mg = Lu(E Mg (N,)+ Ly ma, (N,)+ U2
L, (&m0, (N, )+ L, (&m0, (N, )+ Ly (&m0, (N,)+
L6(§9T|)agn<N2>+Ls(&nan)agn<N2> ,
where
(N =(uuy) = (vyvy), (N,)=(u,v,), (J.3a-b)
B,(§,m) = nx +2mm, +1n, (J.4a)
B, (£,m) = [6n2Mx + 2Mian? + 81, My, + (€ — uoREN M — 12 /By &), (1.4b)
3 ?CX 4 X IXXX 4 XXy'ly 4 ?(y
Bygm=| o e oo T T g e, (140

(c- uoRe)(Z'nxnxx + ZT]Xyny)
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’ B, (&) = [Mooox + Mocx = Re(UgTone + 2115 )]/ By (&), (1.4d) 3
|

B, (&) = (4n + 4n,n?)/By (& m), (1.4¢)

By = [12nm + 81y, + (e~ RN + 12 /By 1), (.49

 By(&,m) = (4n0 + 3(c— 1, R /By (1), (J4g)
B, (&) = (6nxx + 3(c- usReNIy )/By (& 1), (1.4b) |
By (&, = (6n% +2n2)/B, &), (7.4)
B,(&, ) = 4n/B, (& 1), | 14)
B,o(5,) = ~2Re/B, (5, ), .41
B, (&) = (¢~ u, Re)/ By (&, ), @4
B,Em=1/B,&n) (0.4m)
CLy(&m)=Ren,/By(5), (.52)
L,(& ) =Reny,/B, (&), (J.5b)
L;(&n) = Renyny,/By(E,m), (3.5¢) |
L,(& ) =Re{n? —n% /B, &), 1.5d) i
i




L,(E,m) =—Reny /B, (€M),
Ls(€,m) =—2Ren,/By(E,M),

L;(&n)=-Re/B,(&E,n)-

| In the above
Nx =— I_(l + Tl)(yU)g +(1- Tl)(YL)gj/(yU -Y.)s
M == 2N {(0)s — )} + A+ MF)g + Q-G

__ [311n {(YU)§ - (yL)g} +3n, {(YU)gg - (YL)gg} +
o A+MYu)ee + A=Y )

__ [411“, {(Yu)e —(Y)e} + N {(Yu)ee — (Yo )} +
B 4n, {(YU)gx,g - (YL)ggg} +(1+ N)(YU)gggg +(1- n)(YL)§§§§

ny =2/(YU _yL) s
My, ==, G0 -GSy -y,

MNxxy =~ lznxy{(YU)g = (V) + My {(Yu)ee — (Vi) }J/(y

nXXXy =

[3'1“,, {Ou)e — L)} Mg i) —Y)e!)
+ny{(YU)§§§ “(YL)ggg}

)§§J/(yU -V

:l/(YU_YL)a

}/(yu -Y.),

U_yL)s

/Yy = YL)-
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(.5¢)

(3.5d)

(J.5¢)

(J.62)

(J.6b)

J.6¢)

(7.6d)

(J.6e)

(.69

J.6g)

(J.6h)
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Definition of the stream function given by Eq. (6.2.8) remains unchanged and thus the

velocity components can be expressed as

u(&n) =ue(&n) +u, (&n) =u (&N +1,0, ¥, =n,0, ¥y,

V(i’ T'I) =V (E.a’ Tl) = —ag\Pl - nxanlpl = _aﬁ\PT - nxan\PT . (J7a'b)

The boundary conditions for the problem are given by the following relations

nyan\Pl (&s—l) = _uo(é’_l) s leanll’l (E.w+l) = _uo(é’*’l) ’

0¥ (&1 +1,0, ¥, (-1 = (y,) O ¥ (&,+1) +n,0, Vi (& +D) =(yy)'. (J.8a-d)

Solution of (J.2) is assumed in terms of a Fourier expansion, i.e.,

BEM =T 6O 3 PO e, 69)

where ¢® =¢"and star denotes complex conjugates. The coefficientsB,(&,n),

N=1,...,12 and L\ (&,n), M=1,...,7 are be replaced by the Fourier expansions in the

form
m=+2Ny . m=+2N\, .

By )= Ele b (n)e™* Ly@Em)= D g@Pme™. (J.10)
m=-2Ny m=—2NM

The nonlinear terms (Nl ) and (NZ) are also expressed as Fourier expansions, i.e.,

n=+N

(NYEM= 3 v®me™, (N, )&M) = Z: T3 (e . (.11)

n=-Ny n=—
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Substitution of (J.9), (J.10) and (J.11) into (J.2) and separation of Fourier components
lead to the modal equations in the form

6™ + (imo)b{™]1 D™ +
D™ + mf J [b%ﬂ:mz + (fma)b%“:m: - (ma):b,fn::]lﬁ‘“" . >
m= Ny |[BS™ + (ima)bP™ — (ma)*bP™ —i(ma)*bF™]De™ +
[(ima)big™ —i(ma) b ™ + (ma)*bi™1¢™
. (85 +(ima)g{" ™ IDy{™ +[gi ™ ]D*y{™
= > [gf™IDM® +[gf™ + (ima)gd ™ 1Dy ™ +¢,
" |-moy g1y

(1.12)

/

where D=d/dn and n=0,...,Ny, with each equation requiring four boundary conditions.

Boundary conditions (J.8) need to be re-arranged into a more suitable form. The known

reference flow at the boundaries u,(&,£1) can expressed as Fourier expansions in the

form
n=+Ny . n=+Ny A .
u,(§,-1) = ZN FVe™®, u,(E+1) = ZN Fmeinat (J.13a,b)

Boundary conditions (J.8¢c-d) can be re-arranged with the help of (J.8a-b) into the

following form

n=+Ny

OV (1) =(n, /ny (G~ ~c ) inaHPe™™,
n=-N,,n20
n=+Ny )
3 ¥ (E+D) =(n, /M, )up(E+D) —c D inaHPe™ . (J.14a-b)
n=—N),0#0




316

All the terms in the right hand side of (J.14) are known and thus can be expanded using

Fourier series with known coefficients as

n=+Ny n=+N

(M, /M) E-D—¢c D inaHPe™™ = 3 E®ein |
n=-Ny,,n=0 n=-Ny
a=+Ny . n=+Ny .
My /M E+D —c Y inaHPe™ = Y EPe™. (J.15a-b)
n=—Ny,,n=0 n=—Ny

The boundary conditions can now be expressed in terms of the unknown modal functions

™ () in the form

D™ (1) = -F® for |n| 20, D™ (+1) = -F for [n|> 0,
¢®(-1)=E{ /(ina) forn=0, 6@ (+1)=E® /(ina) forn=0. (J.16a-d)

Two more conditions are required to close the problem formulation. One condition is
arbitrary and is associated with the definition of the stream function. The constant mass
flux constraint has been selected as the second condition for this model problem.
Equations (J.7) and (J.8) lead to

. n=+Ny X
8. ¥ (&,-)=c > inaH{e™, (J.17)

n=-~Ny,n#0
where n, 0, ¥ (§,—1) =u(§,—1) = 0. Integrating the above equation along £ results in

Y, (- =c n%ﬁ{“)emaé — ¥, (€,~1)+ (const), . (J.18a)

n=-Ny,nz0

Similar expression for the upper wall takes the form
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n=+Ny

() =c Y HPe™ — W, (,+1)+(const),. (1.18b)

n=—Ny,n20

- As the definition of stream function is accurate up to a constant, we can arbitrarily assign

the value of the stream function to be zero at { = 0, which results in

n=+Ny

(const), =— Y H®. (J3.19)

n=-Ny,0#0

Volume flux Q along the conduit can be evaluated by integrating the x-velocity

component across the conduit, i.e.,
Yy . .
Qe0= fuct )y 020
YL
In the (€,m) coordinates the expression for the volume flux Q becomes
+1
Q)= [(8,¥)dn =¥, (E,+]) + ¥ (E,+]) — ¥, (§,-1) - ¥, (§,-1) J.21)
K}

where the ¥,(§,-1) and ¥,(§,+1) are known from the solution of the reference

~ Poiseuille flow and can be expressed in terms of Fourier series as

n=+Ny . n=+Ny 5
Y, (E,-1) = _ZN ?L(")e““"g , Y, (E,+1) = _ZI; ’PU(“)e‘““i. J.22)

The volume flux can be written in the form of Fourier expansion

=+ NM

QE)=" Y Q@e™, (3.23)

n=—NM
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where the zero term, i.e., Q©, represents the net mass flux along the conduit.

Substitution of Eqs (J.22), (J.23) and (J.19) into Eq. (J.21) and extraction of mode zero

results in

n n=+N
(const), =Q@-¢c 3 H® . (J.24)

n=-Ny,,n=0

Substitution of Eqs (J.9), (J.19), (J.22) and (J.24) into Eq. (J.18) and separation of mode

zero results in the two closing boundary conditions in the form

n=+Ny
¥OED=RO-c S HY,

n=-Ny,,n=0

n=+Ny N
$OGD=PP -c ¥ HP+Q®. (1.252,)

n=-Ny,n=0

The unknown ¢™(n) can be expressed with spectral accuracy using Chebyshev

expansion in the form
() Sam T ol
¢ (n)=§03£ T,(m)= :‘):o ST () - (J.26)

~ Application of Galerkin procedure to Eq. (J.12), as described in Section 6.2, leads to Np-
3 algebraic equations in terms of the unknown coefficients S for each Fourier mode.

The remaining closing conditions come from discretization of the boundary conditions

given by Eqs (J.16) and (J.25). Solution of the complete problem involves an iterative

process.




APPENDIX K

~ Evaluation of expressions for pressure field, pressure loss and friction factor for

two-dimensional steady Navier-Stokes problem presented in Sections 4.5 and 7.3.
The total pressure field is given by (4.5.2) as

P(x,y) = po(x) + p1(x,y) K.1)
where po(x)=-2x/Re is the pressure field associated with the reference Poiseuille flow and

pi(x,y) corresponds to the modification in the pressure field due to boundary

irregularities. The dimensionless field equations have the form

ou, ov
—l4r=t-=p, (K.2a
5 pw )

ulaul+1“vlauf+uoaul+l"v1 — —
ox M 0 ax ox %

du, __5p1+_1_ ou;
dy ox Re

2
+T2 ?-‘i} (K.2b)

1

LY

ov
u, 6x] +Tv,—=t+u,

2 2
v _ o, 1 [avl L avl] K.20)

&% Rel| ox? % |

The nonlinear terms in Eq. (K.2b) and Eq. (K.2c) can be rearranged by taking advantage

of the continuity equation (K.2a) to obtain the following forms

1o o] | oam,
0x Re

0
uoE—Fvl————@lul)—rg(ulvl), (K.3a)

ax2 692
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2 2
r@%=l_[ﬁ;+rza—f‘7} ) -2 )+ T (ww,). (K.3b)
0y Re|ox oy “x  ox oy
The velocity components u; and v, are known and can be expressed as
n=+Ny n=+Ny .
u(9)=T . DOOGe™, vi(x§) =-ia a0 @™ . (Kdab)
n=-Ny n=-Ny,
The corresponding modification in the pressure field can be expressed as
n=+Ny, .
% =A, x+ D p®Fe" (K.5)
n=-Ny

where A, represents the pressure correction factor or in other words the mean pressure
gradient modification over one wave length of the channel due to the presence of
boundary irregularities. A, appears in the above expression due to the fact that an x-
periodic velocity field may be associated with a pressure field that has a linear
-component in x-direction. The appropriate expression for Ap is unknown and needs to be

evaluated.

The products on the right hand side of (K.3a,b) can be expressed as

n=+Ny
(@), @v), vk 9)= Y RO,RY,RE (e (K.6a,b,c)

n——NM
The unknowns A, and p(“) need to be evaluated from the momentum equations. We begin

with the evaluation of A,. Substitution of Eqs (K.4-K.6) into the x-momentum equation
(K.3a) result in

A, l[1“ D* ®|-TDRY, (K.7a)
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T°Re")D*0® + {-Re'(na)? —inal'u, }DO®
® @) = (ina)™ for |n|=0. b
PrG)=(me) (inal’ 9(%"—)@‘“’ —(ino)R{™ —TDRY 2 (K.70)
Yy
Similar substitutions applied to Eq.(K.3b) lead to
I'Dp®() =Re™ [— i(na)’ —inal’D? }D(") -u,(na)*®® —inaR ¥ K

~-TDR{®  for |n|20

Substituting (4.4.6a), (K.4-K.6) into (4.5.4) and equating coefficients of mode zero result

in
L [r*p* ©©]-rp?R® =o0. (X.9)
Re

Integration of (K.9) lead to

1 [*D* ©]-IDR® = constant. (K.10)
Re 2

Comparison of (K.7a) with (K.10) suggests that the pressure correction factor Ap is a
constant.

* Now we are interested in evaluating the value of p. Equating the coefficients of mode

zero in (K.8) and subsequent integration lead to

p@ =-R{” +constant. K.11)

The final expression for the complete pressure field has the form
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n=+Ny, .
Px,¥) =[Ap - 2/Re]x + Zp(“) (¥)e™™ +constant (X.12)
n=-Ny

where the constant can be selected conveniently.

The expression for modification in the pressure field in the presence of surface

irregularities is given by

n=+Ny

Pi(%,9) =A,x+ D p®(§e™™ +constant. (K.13)

n=—Ny
The expression for effective pressure gradient over one wave length of the channel in the

presence of boundary irregularities is equal to mode zero of the x-derivative of (K.12),

ie.,

= (A, -2/Re). (K.14)

E1t

Now, we are interested in evaluating friction factor. The expression for non-dimensional

pressure loss is given by
Ap= % AL (K.15)

where AL denotes the length of the channel. If L, U, and pU; are the length, velocity

and pressure scales used for non-dimensionalization then we get,

(K.16)

B T 2
head loss, h; =_4_p_=(2_@) AL U,
p ox) L,

2
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where f,andﬁ are dimensional length and pressure. In the above expression the term

dp

2 ™ is known as the non-dimensional friction factor f'corresponding to given Ls and Us.

- We have used half of the original channel height L as the length scale and the maximum
velocity at the centre of the channel Upa as the velocity scale. For such length and

velocity scales the expression for friction factor takes the form

f=2A, —4/Re, XK.17)

where Re=U_,L/v and v is the kinematic viscosity of the fluid.
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APPENDIX L

Expressions for the operators used in Eq.(7.3.2.11).

T™ =I'*D* —{x™}? —iRe[y"™u, -],

Es,m'n) - perlEn) + FZ [inau{K(m—n)}-Z]fén) D , 1
ES® =iy™f® + T[1+nay ™™ (™} ?1f® D,
S® = [["D? - {™}*]* ~iRe[y™u, - G][I*D* - {k™}"] +iRey™I*D’u,,

H® - i{K(m)}zy(m—zn)f<n) + iy ®r2pH®
+inaf{k @™} [u? —y@y™2IP’DE® D
+ {K(m) }2 {K(m—n) }—2 [uz + Y(m»n)y(m—Zn) ]Ff‘sn)D
H{K™ 2 [ ® P3Py ™ 4+ 2nap’ 1T D?
H® ) [nay ™ — P ICEOD?,

H = nap{c ™™} 2 [y™ +y™]IDf,”
~inop{k™}? (@} £
+2nopy @ {x ™2 rE®D
—inop{x ™™} 2 rf®p?,




APPENDIX M

~ Explicit forms of the nonlinear terms in Eq.(7.2.1.1) and Eq.(7.2.1.2).

— u

ox oz’

cH OH
<N1> =

0(o6H, OoH, 02 0?
<N2> == + - 2t 32 Hv ’
oy\ ox oz ox oz
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