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Abstract

In this thesis, we apply bifurcation theory to study two biological systems. Main attention is
focused on complex dynamical behaviors such as stability and bifurcation of limit cycles. Hopf
bifurcation is particularly considered to show bistable or even tristable phenomenon which
may occur in biological systems. Recurrence is also investigated to show that such complex
behavior is common in biological systems.

First we consider a tritrophic food chain model with Holling functional response types 111
and 1V for the predator and superpredator, respectively. Main attention is focused on the sta-
bility and bifurcation of equilibria when the prey has a linear growth. Coexistence of different
species is shown in the food chain, showing bistable or even tristable phenomenon. Hopf bi-
furcation is studied to show complex dynamics due to the existence of multiple limit cycles. In
particular, normal form theory is applied to prove that three limit cycles can bifurcate from an
equilibrium in the vicinity of a Hopf critical point.

Further investigation is focused on the recurrence behavior in oscillating networks of bio-
logically relevant organic reactions. This model has one unique equilibrium solution. Analysis
is first given to the stability and bifurcation of the equilibrium. Then, particular attention is fo-
cused on recurrence behavior of the system when the equilibrium become unstable. Numerical
simulations are compared with the analytical predictions to show a very good agreement.

Keywords: Food chain model, oscillating network, organic reaction, stability, saddle-node
bifurcation, Hopf bifurcation, limit cycle, bistable, tristable, recurrence
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Chapter 1

Introduction

1.1 Overview

Bifurcation analysis has always played an important role in the study of practical dynamical
systems, such as biological models, physical models, and chemical models. For example, as it
has been shown, a railway vehicle has stable motion in low speeds, but when it reaches a high
speed, the motion becomes unstable. The main purpose of nonlinear analysis on the dynamics
of railway vehicles is to study bifurcation, nonlinear lateral stability and hunting behavior of
vehicles in tangent track. As an indispensable part of bifurcation theory, Hopf bifurcation is
a very important type of bifurcation and often occurs in almost all physical systems, yield-
ing periodic oscillations. In particular, Hopf bifurcation can occur in many biological systems
such as the Lotka-Volterra model of predator-prey interaction (known as paradox of enrich-
ment), the Hodgkin-Huxley model for nerve membranes [1], the Selkov model of glycolysis,
the Belousov-Zhabotinsky reaction and the Lorenz attractor. Thus, considering Hopf bifurca-
tion is of great importance in studying biological and physical systems.

Hopf bifurcation is also known as Poincaré- Andronov-Hopf bifurcation, named after Henri
Poincaré, Eberhard Hopf, and Aleksandr Andronov [2]. In the mathematical theory of bifur-
cations, Hopf bifurcation appears from a critical point at which the system’s stability changes
and a periodic motion arises. More precisely, Hopf bifurcation occurs in a dynamical system
from an equilibrium solution when the linearized system contains a pair of purely imaginary
eigenvalues at the equilibrium solution. With a general assumption for a dynamical system, the
equilibrium solution loses its stability at a critical point and a family of small-amplitude limit
cycle bifurcates from the equilibrium. Further, for post-critical behaviors, Hopf bifurcation
can be classified as two types: supercritical and subcritical. Assume that a dynamical system
undergoes a Hopf bifurcation from an equilibrium of the system, the normal form associated
with the Hopf bifurcation can be written as

dz _ . )
2 =A@+ + P, (1.1)

where z, ¢ are both complex and A is a parameter. If we write ¢ = « + iB, « is called the first
Lyapunov constant. There exists a unique limit cycle bifurcating from the equilibrium z = 0
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for A4 > 0, with the solution given by

(1) = 4 /—ﬂe(“ﬁ”"ﬁf. (1.2)
a

If « < 0 (or @ > 0), then the bifurcation is called supercritical (or subcritical). Therefore,
if the first Lyapunov constant (focus value) is negative, then the limit cycle is orbitally stable
and the bifurcation is supercritical. Otherwise the limit cycle is unstable and the bifurcation is
subcritical.

Recently, there have been many studies on the subject of Hopf bifurcation. Among them,
the main research is focused on the analysis of limit cycles and stability. Yu et al. [34] studied a
bacteriophage model that includes prophage, focusing on asymptotic behavior of the solutions,
and proved the existence of a supercritical Hopf bifurcation and stable limit cycles. Zhang et al.
[35] studied a newly autoimmune four-dimensional disease model, and proved the existence of
a supercritical Hopf bifurcation, leading to a family of stable limit cycles. The study of Hopf
bifurcation has also been used to investigate the behaviors in simple disease models arising
in epidemiology, in-host disease and autoimmunity (e.g., see [36]). Recently, there are also
some studies on the tritrophic food chain models, in which the coexistence of multiple species
is shown by proving the existence of a stable limit cycle. For example, Francois and Llibre
[11] used averaging theory to prove the existence of a stable periodic orbit contained in the
region where all variables are positive. Castellanos et al. [8] studied linear growth of the prey
and functional response of Holling type III [62] for the middle and top species, and showed a
double zero-Hopf bifurcation in the positive octant of R* using the averaging theory. In [4], the
authors studied the case when the prey has linear growth, while the middle and top species have
functional responses Holling types II and III [62], respectively, and proved the existence of a
stable limit cycle in the region of interest. In [6], the authors considered the case when the prey
has logistic growth, while the predator and superpredator have the functional responses Lotka-
Volterra type and Holling type II [62], respectively, forming a differential system based on the
Leslie-scheme. In the paper, the authors also computed the first Lyapunov coefficient explicitly
and showed the existence of a stable limit cycle. Moreover, they demonstrated by simulation a
strange attractor which provides evidence that the model exhibits chaotic dynamics.

In this thesis, our study focuses on the stability and bifurcation of limit cycles due to Hopf
bifurcation. In particular, we consdier two models: a tritrophic food chain model and an os-
cillating networks model. For the food chain model, we mainly investigate the case when the
model is characterized by that the prey growth rate is linear in the absence of the predators,
while the functional responses for the middle and top species in the chain are Holling type
IIT and Holling type IV, respectively. For the oscillating network model, our main attention is
focused on Hopf bifurcation and the reccurence phenomenon induced by Hopf bifurcation.

To study our two models, we need the basis of stability and bifurcation theory for nonlinear
dynamical systems. In the following, we briefly introduce some of the fundamental theory and
methodology.
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1.1.1 Linear theory

Firstly, we present some results and formulas for general dynamical systems to study the sta-
bility of equilibrium solutions. Consider the general nonlinear differential system:

X=f(xp), xeR', peR” f:R"™— R, (1.3)

where the dot denotes differentiation with respect to time ¢, x and u are the n-dimensional
state variable and m-dimensional parameter variable, respectively. Assume that the nonlinear
function f(x,u) is analytic with respect to x and u. Suppose that an equilibrium solution
of Eq.(1.3) is given in the form of x, = x.(u), which is determined from f(x,u) = 0. In
order to analyze the stability of x,, evaluating the Jacobian of system (1.3) at x = x.(u) yields
J() = Dyfly=x,q- If all eigenvalues of J(u) have nonzero real parts, then the system is said
to be hyperbolic, that means no complex dynamics exists in the vicinity of the equilibrium.
Otherwise, at least one of the eigenvalues of J(u) has zero real part at a critical point, defined
by u = u., and bifurcations may occur from x,.(u). To determine the stability of the equilibrium,
we firstly find the eigenvalues of the Jacobian J(u), which are the roots of the characteristic
polynomial equation:

P,(1) =det[A] — J(w)]

1.4
="+ a; (A" + a (A + -+ o (WA + a,(u) = 0. (14

For a fixed value of y, if all the roots of the polynomial P,(1) have negative real part, then the
equilibrium is asymptotically stable for this value of u. If at least one of the eigenvalues has
zero real part as u is varied to cross a critical point ., then the equilibrium becomes unstable
at u. and bifurcation occurs from this critical point. When all the roots of P, (A1) have negative
real part, we call P,(1) a stable polynomial, otherwise an unstable polynomial.

In general, for n > 3, it is hard to find the roots of P,(1). Thus we use the Routh-Hurwitz
Criterion [46] to analyze the local stability of the equilibrium solution x = x,(u). The criterion
gives necessary and sufficient conditions under which the equilibrium is locally asymptotically
stable, i.e. all the roots of the the characteristic polynomial P,(1) have negative real part. These
conditions are given by

Ap) >0, i=1,2,...,n, (1.5)
where A;(u) is called the ith-principal minor of the Hurwitz arrangements of order n, defined as
follows (here, order n means that there are n coefficients a; (i = 1,2, ...,n) in Eq. (1.4), which

construct the Hurwitz principal minors):

Ay = ay,
A =det|D 1

|d3 a2

[a; 1 O (1.6)
A3 = det ay ap ap|,

|[d5 d4 43

An = ClnAn_] .
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Assume that as yu is varied to reach a critical point 4 = p,, at least one of A;’s becomes zero.
Then the fixed point x.(u.) becomes unstable, and y, is called critical point. It can be seen
from Eq. (1.5) that if a,(u) = 0, but other Hurwitz arrangements are still positive (i.e. A, = 0,
A(w)>0,i=1,2,...,(n—1)), then P,(1) = 0 has one zero root. In this case, system (1.3) has
a simple zero singularity and a static bifurcation occurs from x,.. In other cases, for example,
Hopf bifurcation occurs at a critical point when P,(1) = 0 has a pair of purely imaginary
eigenvalues +iw (w > 0) at this point. However, the pair of purely imaginary eigenvalues
are often difficult to be determined explicitly for high dimensional systems. Here, we present
the following theorem without computing the eigenvalues of the Jacobian of a general system.
The theorem gives the necessary and sufficient conditions for determining a Hopf critical point
based on the Hurwitz criterion. Its proof can be found in [57].

Theorem 1.1.1 [57] The necessary and sufficient conditions for system (1.3) to have a Hopf
bifurcation at an equilibrium solution x = x, is A,_; = 0, with other Hurwitz conditions being
still held, i.e. @, >0and A; > 0,fori=1,...,n—2.

Next, we present a method for computing focus values. There are many methods developed
for computing the focus values of planar vector fields, such as Poincaré Takens method [16],
the perturbation method [58], the singular point value method [23], etc. But, for higher di-
mensional dynamical systems, the computation is much involved. In the next two subsections,
we briefly introduce the method of normal forms for computing the focus values of general
n-dimension dynamical systems. The general normal form theory can be found in [16, 10] and
computations using computer algebra systems can be found in [17, 29].

1.1.2 Normal form theory
Consider the following general n-dimensional differential system:
7=Az+ f(2),zeR", f:R" > R", (1.7)

where Az and f(z) represent the linear and nonlinear parts of the system, respectively. We
assume that z = 0 is a fixed point of the system, which implies that f(0) = Df(0) = 0. It is
also assumed that f(z) is analytic and can be expanded in Taylor series about z, and system
(1.7) only contains stable center manifolds. In the computation of normal forms, the first step
is usually to introduce a linear transformation into (1.7) such that the linear part of (1.7) can
be changed into the Jordan canonical form. Without loss of generality, suppose that under the
linear transformation z = T'(x, y), system (1.7) becomes

i=Jix+ fix,y), xeRt, fi:R"— R,
).7 = J2y + fZ(X’y)a yE€ Rn_k’ f2 :R" — Rn—k,

where J, =diag(4;, A2, - -+ , ), and J, =diag(As1, Aksa, -+, Ay), WithRe(1;) =0, j =1,2,--- k
and Re(1;) <0, j=k+1,--- ,n.

Next, we apply center manifold theory [5] to system (1.8), yielding to that y can be ex-
pressed as y = H(x), satisfying H(0) = DH(0) = 0. Therefore, the first equation of (1.8) can
be rewritten as

(1.8)

X =Jix+ fi(e, HX) = Jyx + fR) + L0 + -+ ffx) +-- -, (1.9)
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where flj € Mj,j=2,3,..., M; defining a linear space of vector fields whose elements are
homogeneous polynomials of degree j. Equation (1.9) describes the dynamics on the center
manifold of system (1.8), and H(x) can be determined from the following equation:

DH(x)[J1x + fi(x, H(x))] — J2(H(x)) — fo(x, H(x)) = 0. (1.10)
Next, by using normal form theory, we introduce the near-identity transformation:
x=u+Qu)=u+qg W +qg W)+ +qgw+---, (1.11)
where ¢/ € M;, j =2,3,... into (1.9) to obtain the normal form,
i=Jiu+Cu)=Jiu+c ) +@+-+c’ W+, (1.12)

where ¢/ € M;, j=2,3,...

In the view point of computation, computing center manifold and normal form seems to
be straightforward. However, to design an efficient algorithm is not an easy task. Recently,
an explicit recursive formula has been developed for computing the normal form together with
center manifold for general n-dimensional differential systems associated with semisimple sin-
gularities. We omit the detailed formulas and algorithms, as well as the Maple program here,
which can be found in [29].

1.1.3 Bifurcation of multiple limit cycles

Now we turn to discuss how to determine the maximal number of limit cycles which may
bifurcate from a Hopf critical point. Suppose that we have obtained the normal form of system
(1.7), given in the polar coordinates up to the (2k + 1)th order term:

=1y + vir? + vart + -+ v,
; 2 4 2k (1.13)
0=w.+Hr +tLr +-- + t(,r-,

where r and 6 denote the amplitude and phase of motion, respectively. v, and #; are expressed
in terms of the original system’s coeflicients. vy is called the kth-order focus value of the origin.
The zero-order focus value v is obtained from linear analysis.

To find k small-amplitude limit cycles of system (1.7) around the origin, we first find the
conditions based on the original system’s coefficients such that vo = vi = v, =--- = v =0
(note that vy = 0 is automatically satisfied at the critical point), but v, # 0. Then appropriate
small perturbations are performed to prove the existence of k limit cycles. In the following
theorem, we give sufficient conditions for the existence of small-amplitude limit cycles. (The
proof can be found in [17].)

Theorem 1.1.2 [17] Suppose that the focus values depend on k parameters, expressed as

Vj:Vj(fl,Ez,"',Ek), j:O’l?""ka (114)
satisfying
vi(0,---,0)=0, j=0,1,--- k=1, »(0,---,0) #0,
OWo, Vi, 5 Vi (1.15)
and det |20V Vi) (gl g

a(61’ €, ", )
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Then, for any given g > 0, there exist €, 6, -+, and 6 > 0 with |¢j| < g,j = 1,2,--- ,k
such that the equation 7 = 0 has exactly k real positive roots (i.e. system (2.1) has exactly k
limit cycles) in a §-ball withe its center at the origin.

1.2 'Two biological models studied in the thesis

This thesis is focused on the study of a tritrophic food chain model and an oscillating networks
model of biologically relevant organic reactions. Particular attention is given to stability of
equilibrium solutions and bifurcations.

1.2.1 A tritrophic food chain model

The general tritrophic food chain model with three species is described by the following three
ordinary differential equations [7]:

dx
i h(x) = f(x)y,

d

d—f = c1yf(x) — gz — wy, (1.16)
dz

E = c38(y)z — d»z,

where x, y and z represent respectively the densities of the bottom, the middle and the top
species in the chain. The function /(x) represents the growth rate of prey in the absence of
the other species, and Ah(x) is assumed linear in this study. The functions f(x) and g(y) are the
functional responses of the predator y and superpredator z, respectively. All the parameters are
positive. The parameters c¢; and c; represent the benefits from the consumption of food, and the
parameters u and d, represent the mortality rate of the corresponding predators. For ecological
study, the region of interest in R? is the positive octant Q = {(x,y,z) € R}x >0,y > 0,z > 0}.
We consider the case when f is Holling type III and g is Holling type IV, which are given
explicitly in the form of
Cl1X2

ay
= 1.17

yV+b

f(x) =

where ay, by, a,, b, are positive parameters.

1.2.2 An oscillating networks model of biologically relevant organic re-
actions

To study oscillations in oscillating networks, a simple kinetic model is constructed in [54],
described by the following three ordinary differential equations:

dA

E =kiSA—-kIA - k3A — k()A + k4S,

dl

E = k()IO - k()I - kzIA, (118)
dS

— =koSo — koS —ksS — k1S A,
ar 090 — Ko 4 1
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where A = [RSH], I = [maleimide], S = [AlaSEt], I, and S, are the concentrations of
maleimide and AlaSEt fed into the reactor, respectively, k;, i = 1,2,3,4, are rate constants
and k is the space velocity. From the linear stability analysis of this model [39], we find that
increasing k, from lower to higher values causes two transitions. The first one is from a stable
focus to a stable orbit via an Andronov-Hopf bifurcation [48], and the second one is from a
stable orbit to a single stable equilibrium via a saddle-node or fold bifurcation [48].

1.2.3 Outline of the thesis

In Chapter 2, we focus on Hopf bifurcation in a tritrophic food chain model (1.16) with Holling
functional response types III and IV. We provide a summary on the linear analysis of system
(1.16). And we find three limit cycles around the Hopf singular point in system (1.16) by using
normal form theory. Conclusion and discussions are presented at the end of this chapter.

In Chapter 3, we are devoted to the stability analysis of the equilibria in an oscillating
networks model of biologically relevant organic reactions (1.18). We first present a summary
on the stability of equilibria of the model by the Routh-Hurwitz Cirterion, and then identify
saddle-node and Hopf bifurcations arising from the equilibrium. Numerical simulations are
given to show the good agreement between simulations and analytical predictions. Conclusion
and discussions are drawn at the end of this chapter.

Finally, we conclude the thesis in Chapter 4 and also disucss some potential future research.



Chapter 2

Multiple Limit Cycles in a Food Chain
Model

2.1 Introduction

After the pioneering work of Lotka and Volterra [24, 30], the study of ditrophic food chains has
received and been continuously receiving much attention in mathematical ecology. The classi-
cal ecological models of interacting populations often have focused on two species. Continuous
time models of two interacting species, usually called prey-predator models, have been ana-
lyzed extensively, and some notable achievements have been made, for example, see [3, 21].
Mathematically, these models can exhibit only two basic patterns: Trajectories approach a
steady state or a limit cycle. However, the ecological communities in nature have been ob-
served to exhibit much more complex dynamics. Price et al. [28] argued that community
behavior must be based on three or more trophic levels. Continuous time models with three
species have been reported to have more complicated patterns. Existence of limit cycles, mul-
tiplicity of attractors, and catastrophic bifurcations are the characteristics of the models which
have been used to explain complex behaviors observed in the field. The research in the past two
decades has demonstrated that the complex dynamical behavior, including quasi-periodic mo-
tion or even chaos, can arise in continuous time ecological models with three or more species.
Much attention has been paid to the study of the transition from periodic oscillation to chaotic
motion. Understanding the mechanism of generating such behaviors constitutes an exercise
of paramount importance. In the late 1970s, some interest in the mathematics of tritrophic
food chain models emerged. One important model is called tritrophic food chain because each
population except the lowest eats only the one on the immediate lower trophic level [12]. Our
attention in this article is to investigate whether or not three species can exist simultaneously.
The typical ecological interaction has been studied from a mathematical point of view through
a differential equation system, showing the coexistence of species translating to the existence
of a stable limit cycle. Some authors dealt with the problem of persistence [12, 13], but did
not provide information on the number and the geometry of the attractors. Hogeweg and Hes-
per [20] showed through simulation that a particular food chain model can behave chaotically,
however, this paper did not receive much attention. Later, Hastings and Powell showed in [18]
that food chains behave chaotically on a “tea-cup” strange attractor, and the three populations
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have diversified time responses increasing from bottom to top. Around the same time, Muratori
and Rinaldi [26] performed a singular perturbation analysis to confirm that the tea-cup geom-
etry is the result of the interaction between high frequency (prey-predator) oscillation and low
frequency (predator-top-predator) oscillation. Since then, particular effort has been devoted to
the study of the complex dynamics of food chain systems, and bifurcation analysis has been
the major tool of investigation.

The general tritrophic food chain model with three species is described by the following
three ordinary differential equations [7]:

dx

? = h(x) — f(x)y,

d—f = c1yf(x) — g)z — py, (2.1)
d

d_i = c38(y)z — dyz,

where x, y and z represent respectively the densities of the bottom, the middle and the top
species in the chain. The function /(x) represents the growth rate of prey in the absence of
the other species, and A(x) is assumed linear in this study. The functions f(x) and g(y) are the
functional responses of the predator y and superpredator z, respectively. All the parameters are
positive. The parameters c¢; and c; represent the benefits from the consumption of food, and the
parameters u and d, represent the mortality rate of the corresponding predators. For ecological
study, the region of interest in R is the positive octant Q = {(x,y,z) € R}x > 0,y > 0,z > 0O}.

In this chapter, we consider the case when f is Holling type III and g is Holling type IV,
which are given explicitly in the form of

a1x2

X2+b1

ayy
yV+by

f(x) = . 80) = (2.2)

where ay, by, a,, b, are positive parameters.

The rest of the chapter is organized as follows. In section 2.2, we provide a linear analysis of
system (2.1), in particular on the stability and bifurcation of the positive equilibrium. In section
2.3, we prove the existence of three limit cycles around the positive equilibrium, arising from
Hopf bifurcation. In section 2.4, numerical simulation is presented in good agreement with our
analytical theory. Finally, the conclusion and discussion is drawn in section 2.5.

2.2 Bifurcation analysis of system (2.1)

In this section, we consider the differential system (2.1) where the functional responses are
given in (2.2) and the growth rate of prey is linear. So, the function 4 is written as h(x) = px
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and the differential system that we will analyze has the form,

. axy
X = - .
b, + x?
2

. a1 x arz

=|-u+ — , 2.3
Y K bl + x? bz + yz)y ( )
. arcsy

=|-d, + .
Z 2 b2 +y2)Z

It is obvious that p, = (0,0,0) is a boundary equilibrium solution of system (2.3). The
Jacobian matrix of system (2.3) evaluated at the equilibrium p, is given by

p 0 O
0O —u 0],
0 0 -d

which clearly shows that p,, is a saddle point.

Because it is hard to obtain the explicit expression of the positive equilibrium solution of
system (2.3), we derive the conditions based on the system parameters for the existence of the
positive equilibrium in the region of interest. Moreover, we study the stability and find the con-
ditions under which Hopf bifurcation occurs from the positive equilibrium. In [7], the authors
have given the conditions for the existence of the positive equilibrium, and a single limit cycle
bifurcating from this positive equilibrium. Here, our main result is to prove the existence of
three limit cycles. First, we cite some results from [7].

It should be noted that for practical systems proving the existence of a single limit cycle
is usually not difficult , but proving the existence of two limit cycles is quite challenge. It is
extremely difficult to prove the existence of three limit cycles. Very few articles have been
published to discuss the existence of three limit cycles, for example, see [33, 14] .

Lemma 2.2.1 [7] For system (2.6) with positive parameters, the point py = (xo, Yo, 20) € Q is
an equilibrium if and only if the parameters a;, b, and the third coordinate of p, satisfy

p(bi + x3) c
a=——L b= E(Gzc_s — oY), 20 = —(—tyo + €1X00),
X0Yo d, d, (2.4)
arCs
Yo < — = THYo F CiXop > 0.
2
Corollary 2.2.2 [7] With the conditions given as in Lemma 2.2.1, if
ki + uc a,c
¢l = M’ o < @203 (2.5)
C3X00 d,

with k; > 0, then zo > 0 and the equilibrium is inside €, given in the form of py = (xo, Yo, %).
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With the parameter values given in Lemma 2.2.1 and Corollary 2.2.2, system (2.3) becomes

px*y(by + x7)

X=px— ——,
p xoyo(by + x?)
ardyyz x2y(by + x3)(ky + pesyo)
= - 2 ~+ 0 —— — 1y, (2.6)
yolaxcs — dayo) + doy c3xgyo(by + x°)
. ardrc3y )
z=dyz -1
? (y0(02€3 — dyyo) + dry?

The Jacobian matrix of system (2.6) evaluated at py = (xo, Yo, 2—12) is given as follows:

(x5 —bi)p _Xop 0 ]
X3+ by Yo
I, = 2by(ky + pcsyo) 2d5k, _@
c3x5(by + x3) ac; c3
0 ki(azcs — 2dyyo) 0
arC3Y0

Which, in turn, yields a cubic characteristic polynomial, given by
Pl =2 +A2+A1+A;=0, 2.7
where the coefficients A, A,, Az are expressed in terms of the parameters in system (2.6) as
_ csp(by — xp)ay — 2doki (by + x5)
(b1 + x})c3a,

= ——————{[(-2y0d] + (az¢3 — 2py0)d;

(b1 + X))y ? (2.8)

+2a,¢30)by + daxg(arcs — 2dryo + 2py0) 1kt + 2a2bic5upyo)s

_ dokip(by - xp)(azes — 2dayo)
(b1 + xé)ciazyo .

Ay

9

3

Based on the characteristic polynomial (2.7), we consider possible bifurcation from the equi-
librium py, including both static and dynamic (Hopf) bifurcations. The static bifurcation occurs
when P;(4) = 0 has zero roots (zero eigenvalues). Thus we let A; = 0 to get by = x(z), which
yields A; < 0. Thus, the static bifurcation occurs in the unstable region, which is not interesting
physically.

Theorem 2.2.3 In system (2.6), if one of the following conditions is satisfied,

D) 0<x< Vb, 0<)’O<C;2—;3, ky <k, p>0;

¢ (2.9)
I 0 < x < Vb, 0<yo<C;2—d3, ki < ky < ky, > po;
p
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then the equilibrium py = (xo, Yo, %) is local asymptotically stable. Here,

B arc3p%(by — x3)[b1(axcs — dayo) + dayoxg]
dy(by + xYda(by + x})(arcs — 2dayo) + 2dopyoxg + 2b1plazes — dayo)]’

kv,

B csp(by — x3)as
VT 2y +2)

Proof According to the Hurwitz criterion, first we have

A > 0= clpbi—x)ar >0 b —x>0= 0<x9< Vby;
cip(by — xay

A > 0= 2p(b, — xDay — 2doki(by +x2) >0 = ki <
] c3p(by — xp)as 2k1 (D1 + xp) : 2d>(by + x3)

— ki <ky;
2 axcs
A3 >0= (b] - XO)(a2C3 - 2y0d2) >0= 0< Yo < ﬁ
2
(2.10)

Then, we compute A, = AjA, — Az to obtain

2

(by + x%;)zc;‘a%yo

Az AZa’

2.11
As = (b1 + 2)yopctbia2An — ki{=2y0(2 + by)d2 + [(@acs — 2py0)b, @10
+x%(azcs + 2py0)1da + 2a0bic3plda () + by)(ky — k).

Now, solving A,, for u, we obtain the critical value,

_ kilda(by + xp)(arcs — 2yods + 2py0) + 2bip(asrcs — 2dayo)l(ky — ki)

= (2.12)
2biaxcspyolky — ki)

MH

Further, it can be verified that k1, < ky:

ki < ky
— arc3p?(by — x3)[b1(axcs — doyo) + dayoxi] - c3p(by — x})ay
do(by + ) [do(by + ) (arcs — 2y0ds) + 2drpyoxt + 2b1plarcs — doyo)]  2dx(by + x%)
plbi(arcs — doyo) + dryoxg] -
[da(by + x3)(azc3 — 2y0ds) + 2dapyoxg + 2biplazes — dayo)]

)

| =

& 2p[bi(arcs — dayo) + dayoxg] < [da(by + x5)(arcs — 2yods) + 2d>pyoxg + 2b1p(ascs — dayo)l,

— dr)(b; + X%)(ClzC3 — 2y0d2) > 0.

(2.13)
Thus, besides A; > 0, A, > 0, A3 > 0 under the conditions given in (2.10), the above
discussion shows that A, > 0 for k; < k; (u > 0) or k;, < ky < ky (u > ug). Hence,

if ky < kg = A, > 0 for u > 0 = equilibrium point is stable, or

if kp < k; < ky = A, > 0 for u > uyp = equilibrium point is stable. (2.14)
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Next, we derive the conditions for Hopf bifurcation. According to Theorem 1.1.1, Hopf
bifurcation occurs from the equilibrium py at y = uyg > 0 when the following conditions hold,
0<x < Vo, kL<k1<kU,O<yo<%. (2.15)
2
Under the conditions in (2.15), we rewrite P;(A) as

F\F,

Pi(A) = , 2.16
N Searlasiobr — ) - 2kido(br + )by + 22 (210
where (b &
Fi = ayc3(by + x2) |4+ L;‘)] :
61203
(2.17)
ki(b; — x2)(axcs — 2d
Fs = 2y0ds(by + 2)(ky — k1) [/12 P 1(Dy 0)(22 3 2)0)
2yo(by + x5)(ku — ky)
Thus, we can get the three roots (three eigenvalues) of P;(1) as @ and +wi, where
_ _2dy(ky — k)
ac:
(2.18)

2

o = pki(by = x3)(axc3 = 2dayo)
q =
2yo(by + X(z))(kU —ky)

satisfying @ < 0 and wy > 0 for 0 < k; < ky.

In order to make the normal form computation feasible for the Hopf bifurcation, we further
set
arcs
4d,’
Then, we can rewrite ki, ky, A;, A, Az, ug, @ and w as

Bip*c3ay(3B; + 4X))

Xo = \/)T, Xo>0, ky =k + %(kU_kL)’ Yo = by = X%+Bl,Bl > 0. (2.19)

ki = ,
"7 2dy[(dy + 3p)By + 2Xo(dy + 20)](2X, + By)
cnglaz
hy= 2,
2d2(2X0 + Bl)
A = Bipd,
2[(d> + 3p)B; + 2Xo(d> + p)I’
A = (dy + 6p)B; + 2Xo(d> + 4p)Bp
) =

(2X, + B;)? ’
_ &p’Bil(dy + 6p)By + 2Xo(ds + 4p)]
7 20(da + 3p)By + 2Xo(da + 2p)1(2Xo + B1)?’
_ B\pd,
"~ 2[(d> + 3p)By +2Xo(d> + 20)]’
_ [(d> + 60)By + 2Xo(d> + 4p)1B,
4(Xo + B)(2Xo + B))

VI(d> + 6p)B; +2Xo(d> + 4p)1Bip
2Xy + B; ’

(2.20)

HH

wWH =
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satisfying A; >0, A, >0, A3>0, A, =0, <0, ug >0, wy > 0, as expected.

2.3 Existence of three limit cycles around p

In this section, we will present our main result. We will apply normal form theory to show that
at least three small-amplitude limit cycles can bifurcate from the equilibrium p.

Theorem 2.3.1 For system (2.6), at least three small-amplitude limit cycles can bifurcate from
the equilibrium p.

Proof In order to study the limit cycle bifurcation around the equilibrium p, near the critical
point u = uy, we need to compute the focus values. To achieve this, we use the following
transformation,

x=xp+Tu+Tpv+Tizw,

y=yo+ Tou+Tnv+Tynw, (2.21)

z2=20+ T31u+ T3y + Ts3w,

where
T = 8d2(2X + B1) VXo[(dy + 3p)B; + 2X,(d> + 2p)]
11 = = ]
c3ax[(dy + Tp)By + 2Xo(d> + 4p)]By
T = 8d,(2Xo + B1)* VXo[(d> + 3p)By + 2Xo(d> + 2p)]wy
12 — — D
c3[(dy + 6p)By + 2Xo(d> + 4p))az[(dy + Tp) By + 2Xo(d> + 4p)1By
_ Xop(—arc3px5 + arbic5p — 2drky x5 — 2b1doky )czaz
B 2(arc3x3 = 2drx2y0 + arbics — 2b1doy0)k3dy
T21 = O, (222)
_ 2[(dr + 3p)By + 2Xo(dy + 20)1(2Xo + By)wn
22 — D)
pcs(dy + 6p)B;y + 2Xo(d> + 4p)]By
T = _yo(—azcgpx(z) + azblcgp - 2d2k1)€§ - 2b1d2k1)
» (arc3x% — 2d>x3y0 + acbics — 2bidoyo)esky
T?)] - 17
T3 =0,
Ty =1,

to transform system (2.6) to a new system expanded in the form of

5

i =v+ Z a; guviwt,
i+j+k=2
5

: [k
Vo o=-—-u+ Z biju'v'w”, (2.23)
i+ j+k=2
5
H — i J ok
W = CogoiWH t+ CijgkU V'W",
i+j+k=2
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where the coefficients a;j, b;x and ¢, are expressed in term of the parameters in system (2.6).

Then, using the Maple program in [29], we get the first three focus values as follows:

Vi =-(Bidy + 3Blp + 2Xod, + 4X0p)2/[23?p(31 d, + 7Blp + 2Xod, + 8X0p)(4B?d;

Vs

V3

+49B3d%p + 180B3dy0* + 216B3p° + 24B2X,d3 + 26082 Xd2p + 840B>Xod,p*
+864B7Xop® + 48B X3d; + 452B, X5dop + 1280B, Xjdop* + 1152B, X3p° + 32X d;
+256X3d3p + 640X3dop? + 512X3p°)(16B3d3 + 193B3dap + 720B3drp? + 864 B3p°
+96BX,d; + 1028 B2 Xd3p + 336085 Xodrp* + 3456 B3 Xop* + 192B, X3d;
+1796B, X2dsp + 5120B, X3 d>p* + 4608 B, X2p° + 128X3d5 + 1024 X} d2p
+2560X;drp? + 2048X3p )31 Vi,

= —2(Bld2 + 3BIP + 2X0d2 + 4X0p)4d2/[9cga§(363?d§ + 433B?d§p + 16203?0’2[)2

+1944B3p% + 216B2Xod2 + 2308 B2Xod2p + 756082 Xodop?* + TT76B> X0

+432B, X2d3 + 4036B, X2d2p + 11520B, X2dp? + 10368 B, X2p° + 288X35
+2304X3d2p + 5760X3dap? + 4608X30%)(2X, + B)(16B3d3 + 193B3d2p + T120B3d,p°
+864B%p° + 96 B2 Xod + 1028 B2Xod2p + 3360B2Xodp? + 3456B2X,p° + 192B, X2d3
+1796B, X2d2p + 5120B, X2dp?* + 4608 B, X20° + 128X3d2 + 1024X3d%p + 2560X o>
+2048X3p3 0 BI(B1dy + TB1p + 2Xods + 8Xop)*(AB A2 + 49B3d2p + 180B3dyp?
+216B3p° + 24B2Xod3 + 260B2Xod2p + 840B2 Xodop? + 864B2Xop? + 48B, X2d2
+452B,X2d2p + 1280B, X2dop? + 11528, X20° + 32X3d3 + 256 X3d2p + 640X3 dap?
+512X3p°) (B1dy + 6B1p + 2Xd> + 8X0p)*1Vaa,

= —d%(Bldz + 331/0 + 2X0d2 + 4X0p)6/[648(31d2 + 6Blp + 2X0d2 + 8X()p)4B%1p5(B]d2

+7B1p + 2Xod, + 8Xop)*c3'0a5(64B3d; + T69B;d5p + 2880B;dp* + 3456 Bp°
+384B2Xod3 + 4100B2Xdap + 134408 Xodrp* + 13824B2 X0 + 168 B X2d3

+7172B, X3d3p + 204808, X2d>p? + 184328, X20° + 512X3d5 + 4096 X d2p
+10240Xdop* + 8192X;0*)(36B3d3 + 433B3dap + 1620B3drp? + 1944 B3p°
+216B2X,d3 + 2308 B2Xod2p + 7560B2Xod2p* + 1776 B2 Xop® + 432B, X2 d3

+4036B, X2dap + 11520B, X2dyp? + 10368B, X2p° + 288X3ds + 2304X}d2p + 5760X; dop?
+4608X30°)*(2Xo + B)’(4B3d3 + 49B3d3p + 180B3dxp* + 216B3p* + 24 B2 X, d3
+260B3Xod2p + 840B3 Xodop? + 864B2Xop® + 48 B X2d5 + 452B, X2 d2p + 1280B, X2d»p*
+1152B,X3p* + 32X d; + 256X d5p + 640X dop* + 512X;0°) (16B3d; + 193Bd5p
+720B3drp* + 864B3p° + 96 B1 Xod; + 1028 B3 Xod5p + 3360B; Xod>p* + 3456 B1 Xop°
+192B,X2d3 + 1796 B, X2d2p + 5120B, X} d>p* + 4608B, X2p° + 128X3d3 + 1024X3d2p
+2560X3dop? + 2048X30°)°1V3,,
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where Vy,, V,, and V3, are polynomials in X, d>, p and By, and V;, and V,, are listed in
Appendix.

From computation, we can choose X, as a free parameter to express other parameters as
dz = DzX(), P = RD2X0, B] = BXO

Then, we get
Vie = D}X}Viy, Vau = D¥X30Vay, Vi, = D3EX" Vs,

where Vy;, V5, and V3, are expressed in term of R and B.
Using the Maple built-in command, we eliminate R from V;;, = V,, = 0 to obtain

V] 2w = resultant(Vlb, ng, R)
= —209305557128275993010925074939984178315264B*6(B + 1)*(B + 2)'?
X(3B + 4Y°(8 + 9B)}(15B + 16)*(23B + 24)2(3B> + 8B + 8)F, F2F2F2Fs,
(2.24)

F, = 147B% + 874B* + 1668B> + 11048 + 24B — 128,

F> = 9279B% + 320168’ + 38156B* + 10960B° — 10700B* — 4864B + 2048,

F3= 5919387 + 227328B° — 393560B° — 3227552B* — 5745904 B> — 41414408
—-1167360B — 98304,

F,= 265186629B'* +3162608064B"3 + 18146078748B'> + 65973784152B"!
+166528741076B'° + 297577658208 B° + 366510497088 B8 + 2830433692165’
+89715855360B° — 57877204992B% — 76036567040B* — 274169856008°
+3643146240B% + 5555355648B + 1233125376,

(2.25)
and Fs5 can be found in the Appendix.

Then, we can find seven real positive roots from the polynomial equation V5, = 0, however,

only one satisfies V| = V, = 0. This solution is given by

B =0.1268297707---, R =0.235165980--- . (2.26)

. 1 ODng
under which V; =V, =0, V3 = —=(2.677759596---) x 10 o2 < 0.
c3

Further, a simple computation shows that

6
0

det [M # 0.

= (5.650407 101 ——
8(B,R)] (5.650407050---) x 10

4
2
asch
Thus, according to Theorem 1.1.2, two small-amplitude limit cycles can bifurcate from the
equilibrium point p, in the system (2.6). Finally, a linear small perturbation on u from uy is
applied to obtain an additional small-amplitude limit cycle, giving a total of three limit cycles
around the equilibrium py.
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2.4 Simulation of three limit cycles

In this section, we simulate the three limit cycles bifurcating from the equilibrium p,. Since
V3 < 0, the outer-most and inner-most limit cycles are stable and the middle one is unstable,
and the equilibrium p, must be unstable. Note that all the three limit cycles and located on a
2-dimensional invariant manifold near the equilibrium p.

SetD, =1,Xy, =1,a, =2, c; = 10. The equilibrium point becomes py = (1,5
Now, we perturb the parameters B and R as

50RB(6BR+B+8R+2) )
> (2+B)(3BR+B+4R+2)’"

B = B, -0.000036455---, R=R.—-0.000124549. .-, (2.27)
under which the system (2.6) becomes

= (0.235041430--)x*? + (17.62810726 - - - )x> — (0.099976908 - - - )23
—(7.498268139 - - - )x2y + (0.264843112 - - - )xy* + (19.86323342 - - - )x,

j= (0.101911014---)x2y3 + (7.643326115 - - - )2y — (0.062388356 - - - )y* — 2x2yz
—(4.679126724 - - - )y — (2.253586630 - - - )yz,

= a3z +20yx3z — 75x%z — (1.126793315 - - )zy% + (22.53586630 - - - )yz

—(84.50949863 - - - )z.
(2.28)

0.9 52 515 51 505 5 495 49 48 48

Figure 2.1: Simulation of system (2.28) showing the inner-most stable limit cycle.

2.5 Conclusion and discussion

In this chapter, we have considered a tritrophic food chain model with functional response
Holling types III and IV for the predator and superpredator, respectively. We have studied
the stability and bifurcation of the positive equilibrium when the prey has linear growth. We
have applied center manifold and normal form theory to give a detailed analysis on the Hopf
bifurcation.

Moreover, we have investigated the bifurcation of multiple limit cycles, which can cause
complex dynamics in biological systems. We have particularly shown that the food chain
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Figure 2.2: Simulation of system (2.28) showing the inner-most stable (in red) and the middle
unstable limit cycle (in blue).

Figure 2.3: Simulation of system (2.28), showing all the limit cycles with inner-most and
outer-most ones stable (in red) and middle one unstable (in blue).

model can exhibit at least three limit cycles due to Hopf bifurcation, which may explain how
complex dynamical behavior occurs in such food chain systems. The numerical example shows
that it is possible to have bistable phenomenon consisting of two stable limit cycles (the inner-
most and outer-most ones), restricted to a center manifold. Since periodic and quasi-periodic
oscillations are often observed in real biological systems, it is anticipated that the multiple
limit cycle bifurcation studied in this chapter may lead to establishing a good methodology for
investigating such complex dynamical behaviors. We hope that the method presented in this
chapter can be used to study other nonlinear dynamical systems, and promote further research
in this field.



Chapter 3

Recurrence Phenomenon in Oscillating
Networks

3.1 Introduction

Today organic chemical reaction networks become more and more important in life and play a
central role in their origins [38, 52, 53]. Network dynamics regulates cell division [55, 40, 56],
circadian rhythms [43], nerve impulses [41] and chemotaxis [50], and provide guidelines for
the development of organisms [49]. In chemical reactions, out-of-equilibrium networks have
the potential to display emergent network dynamics such as spontaneous pattern formation,
bistability and periodic oscillations. However, it has been noted that the principle of organic
reaction networks developing complex behaviors is still not completely understood. In [54], a
biologically related network organic reaction was developed, which exhibted bistability and
oscillations in the concentrations of organic thiols and amides. Oscillations are generated
from the interaction between three sub networks: an autocatalytic cycle that produces thi-
ols and amides from thioesters and dialkyl disulfides; a trigger that controls autocatalytic
growth; and inhibitory processes that remove activating thiol species that are generated dur-
ing the autocatalytic cycle. Previous studies proved oscillations and bistability using highly
evolved biomolecules or inorganic molecules of questionable biochemical relevance (for exam-
ple, those used in Belousov-Zhabotinskii-type reactions)[37, 44], while the organic molecules
used in [54] are related to metabolism, which is similar to those found in early Earth. The
network considered in [54] can be modified to study the influence of molecular structure on the
dynamics of reaction networks, and may possibly lead to the design of biomimetic networks
and of synthetic self-regulating and evolving chemical systems.

Numerical simulations given in [54] has shown that that space velocities (defined as the
ratio of the flow rate and the reactor volume and given in units of per second) in the range
0.0001-0.01/s would produce hysteresis. In order to test the result of simulations, the authors
of [54] studied the total concentration of thiols during stepwise changes. In particular, they
started from a low flow rate, then rised to a high flow rate, and finally returned to the low flow
rate. To activate the autocatalytic pathway, one needs to use high thiol concentrations which
are generated through self-amplification [of CSH (cysteamine)], requiring the space velocities
to be lowered to 0.0005/s. It has been observed that when the space velocity reaches 0.006/s,

19
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the system transitions will be out of the self-amplifying state. Such limits may explain the self-
amplification which requires maleimide to be removed from the CSTR (continuously stirred
tank reactor) more rapidly than it is added through the inlet port; while when the termination
of self-amplification starts, free thiols should be removed from the CSTR by transporting out
from the outlet port more rapidly than they are produced. Noticed from the model prediction,
an increase of maleimide concentration reduced the bistable limit flow velocity. This chemical
reaction network shows a general process to convert any quadratic autocatalytic system into
a bistable switch. In [39], Epstein and Pojman found that bistable systems could generate
oscillations in the presence of an inhibition reaction. In the system studied in [54], they choose
acrylamide as an inhibitor, and tested this system with acrylamide in batch, which exhibited
a oscillation (that is, one peak) in the concentration of free thiols. Moreover NMR (nuclear
magnetic resonance) analysis has shown that the oscillation is triggered when the maleimide
is removed. With a combination of numerical simulations and experiments in the CSTR under
different flow rates, they found the conditions under which the addition of acrylamide can
produce sustained oscillations in RSH (organic thiols). To determine how the changes in flow
rate affect oscillations, the authors of [54] further examined the influence of flow rate on the
stability, period and amplitude of oscillations. It showed that period increases nonlinearly with
space velocity, while the amplitude increases linearly.

Recently, the recurrence phenomenon has received great attention. For example, Zhang
et al. [60] studied the recurrence phenomenon of a newly autoimmune disease model. The
newly developed 4-dimensional model exhibits recurrent dynamics, which are preserved in a
reduced and rescaled 3-dimensional model as well. They analyzed the dynamics underlying
this behavior in both the 4-dimensional and 3-dimensional models, and further proved that the
recurrent behavior arises due to Hopf bifurcation. Moreover, some other disease models also
show recurrent behavior, which was found in multifocal osteomyelitis [45, 47], eczema [42]
and subacute discoid lupus erythematosus [51]. Actually, the subtypes of some diseases are
clinically classified based on the patterns of this recurrent behavior [61]. Thus, an improved
understanding of recurrence phenomenon in autoimmune disease is important to promoting
correct diagnosis, patient management, and treatment decisions. Possibly, the recurrence phe-
nomenon may be used to realistically explain complex dynamics in some real physical systems,
and an improved understanding of recurrent dynamics in organic reactions may promote cor-
rect classification, management and utilization of energy resources.

To explain the trends in period and amplitude of oscillating networks, and the nature of
bifurcations at low and high limiting space velocities, a simple kinetic model has been con-
structed in [54] to enable qualitative analysis on dynamic behaviors. The model simplifies the
autocatalytic thiol network to bimolecular autocatalytic production of thiols from thioester, and
considers the concentrations of CSSC (cystamine) and acrylamide ([CSSC] and [acrylamide])
as constants:

dA

E =kiSA—-kIA - k3A — k()A + k4S,

dl

E = k()IO - k()I - kzIA, (31)
dS

— =koSo — koS —ksS — k1S A,
ar 090 — Ko 4 1
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where A = [RSH], I = [maleimide], S = [AlaSEt], I, and S are the concentrations of
maleimide and AlaSEt fed into the reactor, respectively, k;,i = 1,2,3,4, are rate constants
and ky is the space velocity. From linear analysis [39] of this model, we find that increas-
ing ko from low to high values causes two transitions. First, the system taking the transition
from having a stable focus (damped oscillations) to a stable orbit (sustained oscillations) via
an Andronov-Hopf bifurcation [48]. Second, the system transits from having a stable orbit to a
single stable equilibrium (a stable ‘node’-an equilibrium in which the system, when perturbed,
returns directly to the stable state, as opposed to orbiting around it) via a saddle-node or fold
bifurcation [48].

In this chapter, we focus on the stability analysis of equilibria. The rest of the chapter is
organized as follows. In the next section, we identify the saddle-node and Hopf bifurcations
arising from the equilibrium and use simulation to verify the analytical predictions. Further,
analysis on the Hopf bifurcation and in particular the post-critical oscillation are given in sec-
tion 3.3. Numerical simulation to show the recurrence phenomenon is presented in section
3.4, which agrees very well with the experimental results given in [54]. The conclusion and
discussion is drawn in Section 3.5

3.2 Stability and bifurcation: linear analysis

In this section, we present a linear analysis for model (3.1) based on the results established
for general nonlinear dynamical systems in the previous section. The equilibrium solution of
model (3.1) is obtained by simply setting A = [ = S = 0 and solving the resulting algebraic
equations, which yields an equilibrium solution E;, given by

I()k() S()k()
E, =|A, , , 3.2
! ( ! A1k2+k0 A1k1+k0+k4) ( )
where A, is determined from the equation:
klk()SoAl kzko]()Al k4k()S()
- — (ko + k3) Ay + ——— =0, 33
k() + k4 + klAl k() + kZAl (ko 3) : k() + k4 + k1A1 ( )

which is equivalent to:
(k1k2k3 + klkzko)A? + [ké(kl + kz) + k()(klkzlo + koks + koky + kiks — klkzs()) + k2k3k4]A%
+[k8 + k(z)(kzl() + k3 + k4 — k]S()) + ko(k2k41() + k3k4 — k2k4S())]A] — k4k(2)S() =0

The data obtained from the experiments [54] for the model are given below, .
So=0.05M, Iy =0.01M, ky =0.25s7 "M,
kr = 3005 M, ky = 0.003557, ky =7 x 107557, (3-5)
under which system (3.4) becomes
F(Ay, ko) = (z—(l) + 75ko)A7 + (12401k(2) - g;Z)ko + ZOégZ)OO)A% + (k3 56
299107 , 167951 ko)A, — 7 2 =0 '

+ -
100000 © 200000000 2000000 °
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Figure 3.1: The component A; of the equilibrium solution E/, satisfying F'(A;, ky) = 0.

Note that the rational numbers given in the above equation are obtained by transforming the
numbers in digital format for convenience of computation. The graph depicted in Figure 1
shows the component A of the equilibrium solution £, satisfying F(A4, ky) = 0.

Next, we consider the stability of equilibrium solution E;, and give a complete bifurcation
classification. Evaluating the Jacobian of (3.1) at E; yields a cubic characteristic polynomial,
given by

Pl(/l,Al, k()) =1+ al(Al, k())/l2 + Clz(Al, k())/l + 613(A1, k()) =0, (37)

where the coefficients a;(A1, ko), ax(A1, ko) and az(Ay, ko), expressed in terms of A; and k, are
given below:

1
Ay ko)= 30000000000 k,°
@1(Ar, ko) (30000000 A, + 100000 k»)(25000 A, + 100000 k, + 7)[ 0

+(12010000000000 A; + 29912800000)k,* + (903750625000000 A >
—18440900000 A; + 2102499)k, + 225187500000000 A, + 65730000000 A,
+749700A,],

1
Ay ko)= 60000000000000k*
@ (A1 ko) 200000000(3004; + ko)(250004, + 100000k0+7)[ 0

+(300250000000000004 + 119647000000000)k; + (3612002500000000000A3
—1135861000000004; + 12614896000)k; + (1351125000000000000A?
—15796615625000000A7 + 80706500004 + 294343)k + 1125000000000000004

+163931250000000047 + 45055500000047 + 1029004 ],

1
A, ko)= 112500000000000000A%k
a3(A1, ko) 200000000(3004, + ko)(250004, + 100000k0+7)[ 170

+90075000000000000043 k5 + 1806001250000000000A7k; + 12010000000000000A kg
+20000000000000%; + 393750000000000A7 + 3215625000000000A3 &,
—15922825625000000A2k7 — 762843000000004 & + 59822800000000k;
+220500000000A7 + 8922900000004k, + 80412500004 k5 + 8409898000k,
+30870000A7 + 205800A ko + 294343k7].

(3.8)
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Based on the characteristic polynomial (3.7), we consider possible bifurcations from E;, in-
cluding both static and dynamical (Hopf) bifurcations. First, we consider static bifurcation,
which occurs when P (4,A1,ky) = 0 has zero roots (zero eigenvalues). The simplest case is
single zero, i.e. when a;(Ay, ky) = 0, and A; should simultaneously satisfy F (A, ky) = O (see
Eq. (3.6)). Thus, we obtain

Ay (ko) = —[kos(143903980000000000000000000000k,
+ 428288040277200000000000000000k;, — 6213276890147 198000000000000k,
+2680386939177203000000000k;  + 3631431743948809500000k;,
+ 1210694204622124250k,
+ 15045612346947)]/[431640059950000000000000000000005,
— 130217314646275350000000000000000k
+2997175144063924475000000000000k,
— 2087883562700064162500000000k;, — 511166217034919556250000k,
+ 233617980290310525000k0, + 2178822504600000], (3.9)

where k, is determined from the equation,

F>(kos) = 14376010000000000000000000000000000k;
+85670310851400000000000000000000000k,
+126683283344956849000000000000000000k5,
—3016017614668520296000000000000000k;
+2922708873924575222500000000000k
—79581534791494732500000000k;
—377631037207690850937500k;,
+63258405194198581500ko; + 610426123747209.

(3.10)

Solving F,(kys) = 0 for ko, yields four positive real solutions. Then, substituting the four
solutions into A;,(ko,) using (3.9), we get four values of A;(ko;), and two of them are positive,
which yield two critical values (see the two circles in Figure 2): (kos,, A15:) = (0.000308266 - - - ,
0.000026398 - - - ) and (0.000815525---,0.002006192 - --). By verifying the changes of the
stability on both sides of the critical points on the curve F(ky, A;) = 0, we find that the first one
defines a saddle-node bifurcation. For example, we select A; = 0.000027 (above the critical
point), the corresponding value of k is equal to 0.000308273 - - -, under which the eigenvalues
defined by equation (3.7) are 0.0000199 - - -, —0.000249107 - - - and —0.112353614 - - -, imply-
ing that the corresponding equilibrium solution is unstable. When we select A = 0.000025
(below the critical point), the corresponding ky is equal to 0.000308308---, for which the
eigenvalues are —0.000046078 - - -, —0.000244614 - -- and —0.120143088 - - -, indicating that
the corresponding equilibrium solution is locally asymptotically stable.

Next, we turn to consider Hopf bifurcation which may occur from the equilibrium E;. To
achieve this, we apply Theorem 2.1 to the equilibrium E;, where A; satisfies the polynomial
equation F(Ay, ky) = 01in (3.6). Based on the cubic characteristic polynomial P;(4,A,ky) = 0
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Figure 3.2: The graphs of a3(A,ky) = 0 and F(A,, ko) = 0.

(see Eq. (3.7)), we apply the formula, A,(A1, ky) = aja, —as, to solve the two polynomial equa-
tions, A, = 0 and F(Ay, ky) = 0, together with the parameter values given in (3.5), yielding
three candidates for Hopf critical points: (kogy1, Agr) = (0.000176806---,0.001114785---),
(0.000254830 - - - ,—0.000029768 - - - ) and (0.000309121 - - - ,0.000033790 - - - ). We only con-
sider the biologically meaningful points with two positive entries to get two possible Hopf
critical points (kog1, Ag1) and (kogs, Aps). For these two sets of solutions, we need to check if
the eigenvalues defined by equation (3.7) contain a pair of purely imaginary eigenvalues and
a negative eigenvalue. By a simple calcualtion, we find that the unique Hopf critical point is
(kow, Ag) = (0.000176806 - -- ,0.001114785 - - - ), which is shown in Figure 3. Note that at the
critical point (koy, Ag), other stability conditions given in Theorem 2.1 are still satisfied.

As a matter of fact, by using these given parameter values, we may numerically compute
the Jacobian of system (3.1) at the equilibrium E; to obtain a purely imaginary pair and one
negative real eigenvalues: +0.001087856i--- and —0.336194209 - - -. Therefore, on the equi-
librium solution curve defined by F(ky,A;) = 0 (see Figure 4), the equilibrium E; is stable
from the origin to the Hopf point (koy,Ay), and unstable from (koy, Ap) to the saddle-node
bifurcation point (koy,, A1), and then returns to stable from the saddle-node bifurcation point,
as shown in Figure 3.4.

We have used the MATCONT in Matlab to obtain the numerical bifurcation diagram, as
depicted in Figure 3.5, which agrees with that as given in Figure 3.1.

3.3 Normal form of Hopf bifurcation and limit cycles

In this section, we will further study the Hopf bifurcation from the equilibrium E; of the system
(3.1), and use normal form theory to study stability of the bifurcating limit cycles. Assume that
ko = kog + 1 = 0.000176806 - - - + u, where u is a small perturbation (bifurcation) parameter.
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Figure 3.3: The graph of A, = 0, showing Hopf bifurcation.
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Figure 3.4: Bifurcation diagram
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Figure 3.5: Numerical bifurcation diagram obtained by using MATCONT in Matlab, confirm-
ing the result shown in Figure 3.1.
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Based on the values given in (3.5), we introduce the following transformation,
A =A +x + X3,

I =-0.004737302---x; +0.000015401 - - - x, + 1.002113047 - - - x3
N 0.000176806 - - - + u
100(3004; + 0.000176806 - - - + )’ (3.11)

S =-1.514185916--- x; + 3.134552877 - - - x5 + 0.012529174 - - - x3
N 0.000176806 - - - + u
20(0.25A; + 0.000246806 - - - + )’

into system (3.1) to obtain

dx;
d_); = Gi(xb X2, )C3;/1,A1), i = 1’2’3’ (312)

where

Gi(x1, X2, X33 11, A1) = [-6.685965797 x 107 % x; + 1.270633803 x 1073 x,
+1.451973290 x 107" — 2.174775067 x 1077 + 4.537921451 x 10™"x x,
— 5.827487976 x 10™""xx3 + 4.537921451 x 10™"x3x, — 3.652712909 x 10~'%x3
—5.038382521 x 10733 + (1.642442597 x 107" + 0.000004405x3x,
+0.000004405x, x, — 0.000005657x; x3 — 0.000002111x — 0.000003545x3
+ 1.246098433 x 10™%x; + 1.233487325 x 107 x, + 3.427342293 x 107 x3)u
+(7.294389852 x 107! + 0.000770440x, x, + 0.000770440x3x, — 0.000989380x; x3
—0.000369229x7 — 0.000620151x3 + 0.000005074x; + 2.161797593107"x,
+0.000005354x3)A; — 0.9953022834A3 1 — 3.984526808A% 1% — 0.013270697 1A 1
+ (4.6447439891078 + 0.000002911.x, + 0.0103992451x3x, + 0.0103992451x; x,
—0.0133544568x, x3 — 0.0049837837x] — 0.0083706731x3 + 0.000026078x;,
+0.000035502.x3)1* + (0.000878680x, + 0.035797988x5 + 0.033677967x,
— 1.496381068x7 — 2.513294604x3 + 3.122373365x, X + 3.122373365x3.x,
— 4.009675672x;x3 — 0.000002893)A 1 + (0.779943388x3x, + 0.779943388x; x>
— 1.001584265x,x3 — 0.004135088x; + 0.000988827x, — 0.004102836x3

+0.34240946727° — 0.3737837804x] — 0.6278004841x3)A? + (3.122373365x;,

— 2.513294604x; — 2.496381068x; + 0.0241785817)A%u + (—0.0083706731x;
+0.0103992451x, — 4.008317117x; — 0.0397006230)A ;1> + (—0.3737837804x,
+0.7799433885x, — 0.6278004841.x3 — 0.0036595339)A7 — 0.0133333333x,1°]/[(A,
+0.000987226 + 4u)(A; + 5.893552658 x 1077 + 0.003333333)],

Go(x1, X2, X33 11, Ay) = {5.046435823 x 10712 x; — 8.222154554 x 10~ "x,
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+7.013669022 x 107'% — 3.808463387 x 107" x7 + 7.375550314 x 107" x| x,
+4.825811507 x 107"%x,x3 + 7.375550314 x 107" x3x, + 5.206657845 x 10™'x3
+5.056493269 x 10™"2x3 — [0.0133333333(~5.950289605 x 107" — 0.0000536994x; x,
—0.0000536994x; x, — 0.0003513548x; x5 + 0.0000277284x7 — 0.0003790832x3
—0.3775567185 x 107 x; + 1.035004006 x 10™"x, — 0.3782889752 x 107 x3)]u
—[0.0133333333(—2.642633124 x 107 — 0.0093915594.x; x, — 0.0093915594x3 x,
—0.0614488327x x3 + 0.0048494565x7 — 0.0662982892x3 + 0.0000183015x,
+0.0000104640x; + 0.0000169789x3)]A; — 0.4807747388A3 1 — 1.924701537A31*
—0.0064103298A 1 — [0.0133333333(~0.1682711586 x 107> + 0.0005649292x;
—0.1267653433x3x, — 0.1267653433x, x, — 0.8294237395x, x3 + 0.0654569690x
—0.8948807086x3 — 0.0092468712x; — 0.009264157 1.x3)]u*
—[0.0133333333(0.1164626449x, — 0.1039722264x3 — 0.0983753008x,
+19.65345496x7 — 268.6879328x3 — 38.06129433x; x, — 38.06129433x3.x,
—249.0344778x, x5 + 0.000104818)]A 1 — [0.01333333333(-9.507400748x3x,
—9.507400748x,x, — 62.20678047x, x5 + 0.1323386341x; + 0.0012071504x;,
+0.05989444020x3 — 0.0001240491 + 4.909272679x7 — 67.11605314x3)]A3
—(0.01333333333(36.93870567x, — 268.6879328x3 + 19.65345496x;
—0.8759488090))A%u — (0.01333333333(—0.8948807086x; + 300.1232347x;,
+0.06545696905x; + 1.438285911))A,u* — [0.01333333333(4.909272679x;,
—9.507400748x, — 67.11605314x3 + 0.1325786792)]A3 — 0.01333333333x,1°}/[(A,
+0.000987226 + 4u)(A; + 5.893552658 x 1077 + 0.003333333u)],

Gs(x1, X2, X33 1, A1) = {=1.741803333 x 10™%x; + 6.003510305 x 10™'°x,
+8.241160714 x 107'%x7 — 5.385351495 x 107 x;x, — 1.737257276 X 107" x x3
—5.385351495 x 107 x3x, — 1.745498436 x 107"x3 + 6.853153162 x 107'®
—1.741905912 x 10~ x3 — [0.0133333333(~5.814110402 x 10"
+3.920934653 x 1077 x3x, + 3.920934653 x 107" x;x, + 0.1264851934x, x3
—0.0006000175x3 + 0.1270852109x3 + 0.0012681588x; — 4.371000039 x 107'%x,
+0.0012682771x3)]u — [0.0133333333(—2.582153434 x 107'* + 0.0000685736x, x,
+0.000068573x3x, + 22.12113583x;x3 — 0.1049377304x7 + 22.22607356x>
+0.0001304019x; — 7.640451461 x 10™®x, + 0.0001566166x3)]A; — 0.0046977165A3
—0.0188065253A%1* — 0.0000626362A 1° — (0.0133333333(~1.644200801 x 107
—0.1031837643 x 107 x; + 0.0009255932.x3x, + 0.0009255932x; x,
+298.5865536x;x3 — 1.416427958x% + 300.0029816x3 + 2.993662281x;
+2.994262198x3))u* — [0.0133333333(-0.000309417 1 x, + 0.9899843300x;3
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+0.7352776462x, — 425.2824944x% + 90075.89521x% + 0.2779093621 x, x5
+0.2779093621 x5, + 89650.61272x,x3 + 0.1024198492 X 107%)]A 1

— [0.0133333333(0.0694194909.x3 x, + 0.0694194909x, x, + 22393.99152.x, x3
—0.1036671966x;, — 0.8814161928 x 10> x, + 22.24056690x; — 0.1212101079 x 103
~ 106.2320969:7 + 22500.22362x3)]A2 — [0.0133333333(0.2779093621 x,
+90150.89521.x3 — 425.2824944x, — 0.0085590171)]A2u

— [0.0133333333(600.2529816.x3 + 0.0009255932x, — 1.416427958x;
+0.0140536908)]A 14> — [0.0133333333(~106.2320969x; + 0.0694194909x,
+22500.22362x3 + 0.0012954446)]A7 — 0.0133333333x31°}/[(A; + 0.0009872263
+4u)(A; + 5.893552659 x 1077 + 0.0033333333.)].

Note in the above equations that we have used digits format for convenience. Similarly, with
ko = kop + 1 = 0.000176806 - - - + u, we can rewrite (3.6) as

F(u,Ay) = —-0.2757604935 - - -A% —-75x% A{’,u + 0.0002580192 - - -A%
+1.821952649 - - -A%,u - 300.25A%/12 +5.496613923--- x 10784,
—-0.0002180204 - -- At — 2.991600420 - - - A > — A (3.13)
+1.094119833 x 10713 + 1.237646058 - - - x 10~
+0.35 x 107212,

Now, the Jacobian of system (3.12) evaluated at the origin, x; = 0, i = 1, 2, 3, at the critical
point, u = 0, A; = 0.001114785 - - - (corresponding to the positive equilibrium E; for model
(3.1)) is in the Jordan canonical form:

0 0.001087856 - - - 0
—-0.001087856 - - - 0 0 (3.14)
0 0 —-0.336194209 - - -

To obtain the normal form of Hopf bifurcation, we need to find vy and 7y from linear
analysis. The following theorem gives formulas for computing v, and 7.

Theorem 3.3.1 [59] For the two-dimensional linear system,

(Xl) _ anpm w+ 6112#] (Xl) ’ (3.15)
X2 —w + anp an X2
the following hold:
1 1
Vo = 5(011 +ax), 170 = 5(012 — ay). (3.16)

Based on the center manifold theory, the system on the center manifold of system (3.12) is
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a two-dimensional dynamical system. Then, applying the formula (3.16), we obtain

L (@G G
C 2 \omon T omou)| g,
1 5(%%')+5(%%')8A1 . 3(%%)+3(‘Z%)6A1
2 ou 0A; Odu ou 0A; Jdu a1t
- M=
_1|[aE | A TER (A6 | aGH TE
2|l du A, OFwAD ou OA, WA
- A Ay x;=0,u=0
= 1455701498 - - -,
(3.17)
- _1(#G 56
* T2 \0xdu  Oxi0u 320,420
_L|(3GD) | 0GR oar | _(9GD)  9GR) oA,
2 ou 0A, Ou ou 0A; Ju o
L x;=0,u=
B 1 a(axl) 6(6x|) aF(ﬂAl) a(%(x?z) . a(giz) 5F(#A1)
2| o 0A, _0F(5A1> o 0A, _aFg;Aw
1 1

L x;i=0,u=0
= 1.538917076 - - -

Next, substituting u = 0, and A; = Ay = 0.001114785 into system (3.12), and then
applying the Maple program [58] to the resulting system yields

v = 36.64582372---, 1 =-54130.35015--- . (3.18)

Therefore, the normal form associated with this Hopf bifurcation, up to third-order terms, is
given by
o= r(vop + vir?)
= r(1.455701498 - - -yt + 36.64582372 - - - %),

) (3.19)
0 =w.+Tou+ 177
= 0.001087856 - - - + 1.538917076 - - - u — 54130.35015 - - - r?
The steady-state solutions of Eq. (3.19) are determined from i = 6 = 0, yielding
F=0, 7 ~-0.039723530-- - pu. (3.20)

The equilibrium 7 = 0 represents the equilibrium E; of model (3.2). A linear analysis on
the first differential equation of (3.19) shows that £(4");y = vou, and thus 7 = 0 (ie. the
equilibrium E) is stable (unstable) for u < 0 (> 0), as expected. When u is increased from
negative to cross zero, a Hopf bifurcation occurs and the amplitude of the bifurcating limit
cycles is approximated by the nonzero steady state solution,

7 =0.1993076279 - - - \/—u (1 <0). (3.21)

Since L(%)|01 = 2viF = =2vu > 0 (u < 0,v9 > 0,v; > 0), the Hopf bifurcation is
subcritical and so the bifurcating limit cycles are unstable. Equation (3.21) gives the approxi-
mate amplitude of the bifurcating limit cycles, while the phase of the motion is determined by
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0 = wt, where w is given by

do

w=—
dt3.2n

= 0.001087856 - - - + 2151.787535 - - - . (3.22)

3.4 Simulations

In this section, we present simulation to demonstrate the behavior changes of solutions, show-
ing a good agreement with the experimental results reported in [54].

Based on the given parameter values in (3.5), the system (3.1) can be rewritten as

A
C;—t = 0.255A - 300/A - 0.0035A — kyA + 0.00007S,
dl
i 0.01ko — ITkoy — 3001A, (3.23)
dS
i —0.255 A — koS —0.00007S + 0.05ko.

We use the ode45 package in Matlab to simulate the above system to obtain the results, as
shown in Figure 3.6.

It is seen from Figure 3.6 that the solutions of A are oscillating when the values of kg
are chosen between koy and kggz,. The period of oscillation increases with the increase of
ko, as shown in Figure 3.7. This shows the interesting recurrence phenomenon, which has
been also studied by Zhang et al for a recurrent autoimmune disease model [60]. From a
biological point of view, the subtypes of some diseases are classified based on the patterns of
this recurrent behavior [61]. Therefore, an improved understanding of recurrence phenomenon
in autoimmune disease is crucial to promoting correct diagnosis, patient management, and
treatment decisions. For the recurrence phenomenon studied in this chapter, it can be used to
realistically explain complex dynamics in organic reactions and promote correct classification,
management and utilization of energy resources.

By simulation, we also find that the stable region before the Hopf critical point as shown
in Figure 3.4 (i.e. for ky € (0, koy)) can be divided into two parts: globally asymptotic stable
and locally asymptotic stable. The approximate value of the dividing point can be obtained
as follows: Recall koy = 0.000176806, we choose ky = 0.00014466350 and two initial points
(A, 1,S)=(1,1,1) and (0.001, 0.000005, 0.016) for simulation and obtain the results as shown
in Figures ?? and 3.9, respectively. It is seen that the trajectory starting from the first initial
point converges a large stable limit cycle, while that starting from the second critical point
converges to the equilibrium E;. We also choose ky = 0.00014466348 and the initial point
(A, 1,S) = (1,1,1) to obtain the result depicted in Figure ??. It is shown that the trajectory
eventually converges to the equilibrium E; even from a far away initial point, showing that the
E, is globally asymptotically stable for this value of ky. Thus, the approximate dividing point
for globally asymptotic stability and locally asymptotic stability is ky = 0.00014466348.
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Figure 3.6: Simulated component A of system (3.23) for ky = ko +0.0000069, j = 1,2,...20.
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Figure 3.7: The period of oscillation with respect to k.
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Figure 3.8: Simulated trajectory of system (3.23), starting from ¢ = 0 and ended at t = 6 X
108, converging to a large stable limit cycle starting from the initial point (1, 1, 1) for ky =
0.00014466350: (a) showing time history for 7 € (0,2 x 10°); and (b) showing time history for
te(@x10°,6x 10%).
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Figure 3.9: Simulated trajectory of system (3.23), converging to the equilibrium E; starting
from the initial point(0.001, 0.000005, 0.016) for ky = 0.00014466350.
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Figure 3.10: Simulated trajectory of system (3.23), starting from ¢ = 0 and ended at = 6x 10°,
converging to the equilibrium E| starting from the initial point(1, 1, 1) for ky = 0.00014466348:

(a) showing time history for t € (0, 5x10°); and (b) showing time history for 7 € (4.8x10°,5.5%
109).

3.5 Conclusion and discussion

In this chapter, we have analyzed the stability and bifurcation in a kinetic model, which was
constructed to enable qualitative analysis of dynamic behaviors in oscillating networks of bi-
ologically relevant organic reactions. In particular, a Hopf bifurcation is identified to be sub-
critical, and recurrence phenomenon is induced from the Hopf bifurcation for a pretty large
internal of parameter. Simulations are given to verify the theoretical predictions and to show a
very good agreement. The recurrence phenomenon studied in this chapter for a kinetic model
which characterizes oscillating networks of biologically relevant organic reactions may be one
of the sources of generating complex dynamics in biological systems or even more generally in
real physical systems. It is anticipated that the method developed in this chapter can be applied
to study other nonlinear dynamical systems, and promote further development in this field.



Chapter 4

Conclusion and Future work

4.1 Conclusion

In this thesis, we have applied nonlinear dynamical system theory to study two practical bio-
logical models: a tritrophic food chain model with Holling functional response types III and
IV for the predator and superpredator, respectively and an oscillating networks model of bio-
logically relevant organic reactions. In particular, we have used stability and bifurcation theory
to investigate the dynamical behavior arising from Hopf bifurcation and multiple limit cycle
bifurcation, which may explain how complex dynamical behavior occurs in such systems. Sim-
ulations are given to verify the theoretical predictions.

For the tritrophic food chain model studied in Chapter 2, we focus on the stability and bi-
furcation of the positive equilibrium when the prey has linear growth. Center manifold theory
and normal form theory are applied to analyze Hopf bifurcation. Moreover, bifurcation of mul-
tiple limit cycles is explored to show that the food chain model can exhibit at least three limit
cycles due to Hopf bifurcation, which may explain the complex dynamical behavior occurring
in such food chain systems. The multiple cycle bifurcation, confirmed by simulation, indicates
that a new bistable phenomenon consisting of two stable oscillations (the inner-most and outer-
most limit cycles), can occur in such a food chain model. Since periodic and quasi-periodic
oscillations are often observed in practical biological systems, it is anticipated that the multiple
limit cycle bifurcation studied in this thesis can establish a good method for investigating such
complex dynamical behaviors.

For the oscillating networks model studied in Chapter 3, a Hopf bifurcation is identified to
be subcritical, and recurrence phenomenon is induced from the Hopf bifurcation for a pretty
large interval of a parameter. Simulations are given to verify the theoretical predictions and to
show a very good agreement. The recurrence phenomenon studied in this thesis may explain
how complex dynamics occurs in biological systems or even more generally in real physical
systems. It is expected that the method developed in this thesis can be applied to consider other
nonlinear dynamical systems and promote further development in this field.

4.2 Future work

There are some interesting but also challenging problems that are worth to study further.

34
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In Chapter 2, we obtain at least three limit cycles in the food chain model due to Hopf
bifurcation. However, this result is based on the assumption that the prey has a linear growth,
which is a unbounded function. More realistically, the linear growth should be modified as a
bounded function, for example, the logistic equation. Certainly, studying such an nonlinear
growth function is much more challenging, but exhibit more interesting results. Also, to make
the complex algebraic computation manageable, we have set fixed values for some parameters.
It would be interesting to see what the maximal number of limit cycles can be achieved if all
parameters are chosen free.

In Chapter 3, we study the recurrence phenomenon in the oscillating networks model, and
use the method of normal forms to analytically determine the Hopf critical point, and show that
the Hopf bifurcation is subcritical by using just one bifurcation parameter. If we choose more
parameters, say two parameters, as bifurcation parameters, can we analytically determine the
generalized Hopf bifurcation? Also, in this thesis, we use numerical simulation to show the
critical point which divides the interval of the parameter corresponding to the stable equilibrium
into two parts: one is locally asymptotically stable and the other is globally asymptotically
stable. Thus, as a future work, we will try to use an analytical approach such as Lyapunov
function method to give a rigorous mathematical proof and find the algebraic expression to
determine this critical point.
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Appendix A

In Section 2.2 of Chapter 2, the V,, and V,, are given below.

Via = 190B]d] + 5823B)dSp + 74616 B]d3p” + 516841B]d3p* +20823308)d3p* + 4855806 B]d3p° + 60298568 d2p® + 3048192877 +2660B% Xod] + 7863685 XodSp + 97213283 Xod3p* + 649961685 Xod3p°
+25307088B5 Xod3p* + 5717995288 Xod2p° + 6914937685 Xodp® + 3438028885 Xop” + 15960B] X2d3 + 455172B] X2dSp + 5428668B] X2d5p” + 35023680B] X2 d3p® +1316800928] X2d5p*
+2877564008] X3 d2p° +337626432B] X3dp® + 16375910487 XZp” + 5320085 X3d) + 1465344 B0 X3 dSp + 1687146485 X3d5p + 10503840088 X3 dip® + 381078184 B X3 d3 p* + 80412377685 X3d3p°
+912658304B X3 dop® +429576192BS X3 p” + 1064008 Xgd), + 28394408 XgdSp + 316195528} Xgd5p? + 190070544 B3 Xgd3p® + 664935376 8] Xgdp* + 135231814483 Xgd3p> + 148014515287 Xgdop®
+672995328B; Xgp! + 1276808} X5d3 + 332793681 X3 dSp + 359985928} X3d5p* + 20915392081 X3d3p° + 70438966487 X3 d3p* + 137546393681 X3d3p° + 1443665408 B} X5 drp° + 6294077448 X3
+ 8512083 X§d] + 221587283 X§dSp + 23511744 B3 X§d5 0% + 13206745683 X5l p° + 42512678483 X5 d3p* + 78667315283 X5 d30° + 7774167043 XS p® + 31752192083 X507 + 2432083 X d}

+ 68966487 X] dSp + 735193687 X] d3p” + 3934259287 X] dyp + 11557145687 X[ d3p* + 18717491282 X] d3p° + 15406694487 X] dop® + 4875878482 X p7 + 430088, X5dSp + 48332881 X5 d5p*
+ 141209681 X§ d3p® — 24965128 X5d3p* — 207994888, X5d3p® — 3846963281 X§dp® — 2359296081 X5p’ — 65536 X0 d5p* — 917504X0d3p> — 4980736X)d3p* — 13107200X)d2p° — 16777216X)d2p°

~ 8388608X7p’,

Vaq = 1566767862220559410419204096X3°p% + 1615491072B3042° + 5616915145497151241453568830p% — 514935746619264986620418452357128; X7 dSp>°
— 27971434658404737495577309216768 B X3 d3p*! — 6660479065380721153124423696384 B3 X3 d3p** + 3499605027152561581515314561024 B3 X3 d3p*
+4025658451720501600221954834432B3 X27 d3p™* + 16193948823907877249579011276808; X37 dpp>> — 478313946361626624 B3 X35 d3*p* — 35513029308513779712B3 X 28433 3
— 1264667219894558785536 87 X25d32p — 2848777540923901870080087 X33 d3' p° — 45254391338143269781504087 X33 d3%p® — 536600948223057293685555283 X2 d)’ p’
— 49113900594231696745824256 B1X30 )8 p® — 35415801671127413000713011283X284)7 p° ~ 203476361719591123025920000083. X35 d30p'0 — 934120798247996452494324531282 X33} p'!
— 3400268491106837209303062937687 X284} *p!? — 95520546964793629896939143168 87 X35 d3>p!3 — 19114705091928396265642629529687 XZ8 )2 p'* — 189185372437994969079209787392 87 X35 d}! o1
+35145555335832709424 141356236887 X35 di0p'© +223790189895860148459645435904087 X328 d3p!7 + 6190483300810719699247478865920B7 X2 d5p!®
+1181163282114304313759214075904082 X35 d] p!° + 16896269212527722531747683893248 B3 X285 02 + 18468082500266070356576796934144B2 X385 p%!
+1531102183939033006086898791219287 X35 d3p™ + 9362195266082360040017914494976 87 XZEd3p™ + 3993281674537398031306828283904B1 X5 dap™
+1062982802402942553927758905344 B3 X8 dyp? — 296393150476320768B1 X37d3> p* — 17236401673853730816 81 X37 d3>p* — 44138323314853753651281 X3 d3' p°
~ 6276260491537378443264B X3°d3%° — 46478572699320651350016B1 X7 d) p” +2333991689079661736755281 X37d3Sp® + 500574664685963192146329681 X2 d}" p°
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+76478463262845275391878234112B1 X2 d)2p!* + 248522867683632458898402705408B1 X273 p'° + 6640563548421428040575012044808, X3°d30p'0
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+1933332273919627056975043362816B1 X27 d3p™ + 770268710461531085821993549824B1 X3 d3p>* + 1933938278682091028501558722568) X2° dp 0>
— 31151424509236337899958360342528 B, X3> djp!* — 137903484571095428228470167044096B; X3 d3 ' p!° — 4130109975720628643410787434496008; X3° d3 p!©
- 945010117522963114195309798883328 8} X3 dp'7 — 17145714633479915790636661300264968; X2° d5p!S — 249431350146717928389478534715801683 X5 d3 p'°
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