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Abstract

In mathematics education, communication is one of the foundational cornerstones. The 

Ontario Ministry of Education and Training has placed a significant emphasis on 

communication in the mathematics classroom. In The Ontario Curriculum, Grades 1-8: 

Mathematics Revised (2004), communication is highlighted as one of the seven 

mathematical processes as well as one of the four categories for assessment on the 

achievement chart. Communication takes many forms in the mathematics classroom 

including questioning, written response, and discourse. Despite all of the emphasis on 

communication, the employment of quality communication in mathematics is somewhat 

elusive. One method for eliciting quality communication in mathematics is through 

conceptual questioning. The question then arises, can a generalist intermediate teacher 

create and implement conceptual questions, and assess student responses in terms of 

conceptual understanding and communication. Using the action research format known 

as learning study I investigate two teachers. Learning study provided the opportunity for 

the teachers to examine the creation and application of conceptual questioning through 

the development and implementation of the rate and ratio unit. The data collected, some 

of which contains a narrative format, was viewed through a variation theory and 

phenomenography lens. The data revealed that within certain specific conditions, the 

creation and employment of conceptual questions can be accomplished by generalist 

teachers, albeit to varying degrees of success.

iii



Key Words: Communication, complexity theory, conceptual questioning, learning study, 

mathematics education, mathematical thinking, phenomenography, problem solving, 

variation theory

IV



Dedication

To my Dad and Mom, John, Stephen, and Mark in appreciation of their love and support.

v



Acknowledgments

I would like to acknowledge, with gratitude, the encouragement and support given 

to me by Dr. Immaculate K. Namukasa.

VI



Table of Contents

Page

Certificate of Examination ii

Abstract iii

Dedication v

Acknowledgements vi

Table of Contents vii

List of Tables x

List of Figures xi

Chapter 1 : Introduction............................................................................................. 1

1.1 Mathematics Education in Ontario 1

1.2 Communication 3

1.3 The Research Problem 7

1.4 The Research Overview 10

Chapter 2: Literature Review ....................................................................................12

2.1 Overview of Trends in Mathematics Education 12

2.2 Constructivism 14

2.3 Mathematical Thinking 15

2.4 Mathematical Communication 16

2.5 Teacher Questioning 18

2.6 Good Questioning 21

2.7 Conceptual Questioning 23

2.8 Chapter Conclusion 26

Chapter 3: Framework and Methodology..................................................................27

3.1 Action Research 28

3.2 Phenomenography 30

vii



3.3 Variation Theory 31

Chapter 4: Method and Design...................................................................................33
4.1 From Lesson Study to Learning Study 33

4.2 A Data Analysis Approach 34

4.3 Research and Design 38

4.4 Unit as Planned 44
4.5 Chapter Conclusion 64

Chapter 5: Analysis and Findings................................................................................65
5.1 Interview Narratives and Personal Reflection 66

5.2 Reflections -  Detailed by Theme 75

5.3 Observations and Reflections: Unit as it Happened 81

Chapter 6: Discussion of Findings...............................................................................93

6.1 The Thesis Question: Reflection 94

6.2 Learning Study on Conceptual Questioning Analysis 98
6.3 The Attributes: A Concluding Discussion 106

6.4 Table 3: Aspects of Conceptual Questioning 111

Chapter 7: Summary and Conclusion............................................................................112

7.1 Setting the Stage: Original Thesis Question 112

7.2 Necessary Prerequisites for Conceptual Questioning 115

7.3 Revelation and Responses: Aspects Discovered in the Process 117

7.4 Conclusion: Generalized Comments/ Next Steps 121

References....................................................................................................................... 124

Appendices..................................................................................................................... 129

Appendix A Questionnaire 129

Appendix B Interview Questions 132

Appendix C Ethics Approval and Participant Letters of Permission 133

Appendix D Sample of Unit Lesson Plans 143

Appendix E Curriculum: Specific Expectations 147
Appendix F Table 148

Appendix G SMART Board File 149

Appendix H Black Line Masters (BLM) 156

viii



Appendix I Copyright Release 166

Vitae............................................................................................................................. 169

IX



List of Tables

Table 2 Summary of Rate and Ratio Conceptual Questions 63
Table 1 Textbook Correlations Between Title, Author, and Publisher 150

x



List of Figures
Figure 1 TIMSS Video -  Triangles with the same base and same height 47 

have the same area

Figure 2 TIMSS Video -  Eda and Azusa’s Property Boundaries 47

Figure 3 TIMSS Video -  Irregular Quadrilateral Questions 48

Figure 4 TIMSS Video -  Irregular Quadrilateral Solution 48

Figure 5 Mason -  Rolling Cup Question 50

Figure 6 Small -  Chocolate Powder to Milk Ratio Question 51

Figure 7 Addison Wesley -  popcorn Advertising Graphic 54

Figure 8 Introduction to Counter Manipulative Question 56

Figure 9 Ratio Table Exemplar 58

Figure 10 Grocery Store Tag 60

Figure 11 Cereal Box Question 61

Figure 12 Chocolate Chip to Cookie Ratio Card 1 86

Figure 13 Chocolate Chip to Cookie Ratio Card 2 86

Figure 14 Nelson 8 Graphic -  Student Solutions to Cement Questions 87

Figure 15 Nelson 8 Graphic -  Student Solutions to Cement Questions 87

Part 2

Figure 16 Four Traits of Conceptual Questioning 111

XI



1

1. Introduction

1.1 Mathematics Education in Ontario

1.1.1 A Brief Overview

The quest to teach mathematics effectively in Ontario has long been a 

professional goal of educators. All teaching college programs devote a large section of 

course work time to the training of future educators in the art of teaching mathematics. 

The Ontario Ministry of Education and Training (OMET) has also provided educators 

with curriculum guides specifying what content should be taught at specific grades within 

the five identified strands of mathematics, and combined that with descriptors of the 

seven mathematical processes through which the content should be taught. To this end 

there have been several curriculum changes made over the past twenty years through the 

1985, 1997, and 2004 curricula. Most recently, there have been the revisions of most 

Ontario curriculum documents, such as The Ontario Curriculum, Grades 1-8: 

Mathematics Revised (OMET, 2005) which was a revision of the 1997 curriculum. This 

revised curriculum states that “Students must problem solve, communicate, reason, 

reflect, and so on [select tools, connect and represent], as they develop the knowledge, 

the understanding of concepts, and the skills required in all the strands [namely, number 

sense and numeration, measurement, geometry, patterning and algebra, and probability 

and data management]” (OMET, p.l 1). Currently, the Ontario Ministry of Education and 

Training has designated 300 instructional minutes to mathematics during a six day cycle 

(The Literacy and Numeracy Secretariat, 2009) and many school boards in Ontario have 

even specified that there should be 60 minutes of continuous, uninterrupted instructional 

time each day specifically designated to mathematics instruction and practice (Ophea, 

2009). OMET has provided many online resources, although they are mainly at the
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primary and junior level. OMET has also paired their online resources with funding 

opportunities geared towards professional development to inform teachers and associated 

educators, such as subject consultants and specialists at the school boards, about 

curriculum changes and new resources. For the elementary classroom teacher, shifts in 

educational emphasis involve curriculum revisions and the pedagogical reforms that 

follow raise some huge questions: What should mathematical instruction look like? How 

does one effectively incorporate the seven mathematical processes in the teaching of 

content? What should be the major learning aims of classroom mathematics instructional 

time, and how should that learning be assessed and evaluated?

I .1.2 Gaps in Resources at the Intermediate Level

Many resources have been designed to help answer these questions from expert 

panel reports such as Leading Math Success: Mathematical Literacy, Grades 7-12 Expert 

Panel to practical classroom resources such as Targeted Implementation and Planning 

Strategies for the Revised Mathematics (TIPS4RM) to various guide books and related 

facilitator handbooks on primary and junior mathematics instruction, and webcasts by 

such mathematics educators as Dr. Deborah Loewenberg Ball and Dr. Marian Small. 

Although each of these resources has its own focus on content guidelines, specific strand 

expectations, practical classroom activities and specific instructional strategies, they also 

have an overarching, connecting flow. The resources in a manner aligned to the 

curriculum document emphasize teaching mathematics by encouraging students to solve 

well designed mathematics problems (what has come to be known as teaching through 

problem solving). In my experience as a teacher I found the resources lacking on two 

fronts: One, intermediate mathematics resources, Grades 7 and 8, are significantly under
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represented. Most Ontario Ministry of Education initiatives and reports of expert panels 

on mathematics learning have been “rolled out” beginning at the primary level but either 

do not exist or tend to lose momentum by the intermediate level. Whereas one report is 

available for Grades 7-12, the Leading Math Success (OMET, 2004); two are available 

for Grades 1 -6, the Early Math Strategy (OMET, 2003) and Teaching and Learning 

Mathematics (OMET, 2004). It can be argued that the Targeted Implementation and 

Planning Supports fo r Revised Mathematics (TIPS4RM), (Leading Math Success, 2005) 

document was designed specifically for Grades 7 to 10, although a significant number of 

lessons have never been developed for this document including whole units of study. For 

example, there are major gaps in the Grade 8 number sense and numeration strand, 

particularly in the integer unit, as the lessons are all listed as not available.

Two, a definitive, practical outline with examples of what communication in 

mathematics is and how to elicit it, nonetheless is not clearly stated, at least not in one 

place. Communication as a mathematical process is inadequately addressed on multiple 

fronts by The Ontario Curriculum, Grades 1-8: Mathematics Revised (2005). Yet most 

elementary teachers in Canada are not specialists at mathematics; as generalists they do 

not have an extensive mathematical background to draw from. They teach at least three 

subjects and may not have taken mathematics past the high school level.

1.2 Communication

1.2.1 What is Mathematical Communication ?

OMET (2005) defines the process of communication, as:

the process of expressing mathematical ideas and understanding orally, visually, 

and in writing, using numbers, symbols, pictures, graphs, diagrams, and words.
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Students communicate for various purposes and for different audiences, such as 

the teacher, a peer, a group of students, or the whole class. Communication is an 

essential process in learning mathematics. Through communication, students are 

able to reflect upon and clarify their ideas, their understandings o f mathematical 

relationships, and their mathematical arguments, (p. 17, italics added)

Teachers, among other opportunities that exist in the classroom, are encouraged to 

Model mathematical reasoning by thinking aloud, .. . encourage talk at each 

stage of the problem-solving process; ask clarifying and extending questions and 

encourage students to ask themselves similar kinds of questions; ask students 

open-ended questions relating to specific topics or information (e g., ‘How do you 

know? ’ ‘Why? ’ 'What i f . . . ? ’ 'What pattern do you see? ’ ‘Is this always true? ’); . 

. . [and] model ways in which various kinds of questions can be answered, (p. 17) 

As a process, communication also involves reasoning, problem solving, and questioning 

Communication is also one of the four key assessment areas in the Ontario 

curriculum document achievement charts. The achievement charts involve what has come 

to be referred to as the KUTCA (knowledge and understanding, thinking, 

communication, and application) model. Communication together with the other three 

categories -  knowledge and understanding, thinking, and application -  is identified as an 

assessment category. Details about subsets of communication as a mathematical process 

that is to be assessed are offered in the achievement chart. Samples of students’ written 

communication on assessment tasks are compiled in a separate publication, the Ontario 

Curriculum Exemplars (OMET, 2002) to illustrate students’ performance at each of the

subsets of communication.
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As an achievement category communication in mathematics involves the 

expression and organization of mathematical thinking (e g., clarity of expression, 

logical organization), using oral, visual, and written forms (e g., pictorial, graphic, 

dynamic, numeric, algebraic forms, concrete materials). . . Communication for 

different audiences (e g., peers, teachers) and purposes (e g., to present data, 

justify a solution, express a mathematical argument) in oral, visual, and written 

forms . . . Use of conventions, vocabulary, and terminology of the discipline (eg., 

terms, symbols) in oral, visual, and written forms, (p. 23, Achievement Chart, 

OMET, 2005)

Clearly, the learning process and assessment category of communication in mathematics 

is approached through several forms not limited to the traditional written symbolic forms. 

Its teaching involves multiple dimensions including mathematical thinking, 

communication for different audiences, use of conventions, questioning and problem 

solving. The focus for this thesis is on the process of communication as a phenomenon, 

intertwined with the process of problem solving.

1.2.2 Communication Through Problem Solving

Communication through problem solving, which is the process of encouraging 

students to talk, write, draw, listen to mathematics as they work on mathematics tasks, 

has become a prevailing teaching methodology in mathematics education which is 

promoted by both the National Council of Teachers of Mathematics (NCTM), and the 

Ontario Ministry of Education. In Ontario, The Ontario Curriculum, Grades 1-8: 

Mathematics Revised (2005), places a strong emphasis on communication through 

problem solving as integral parts of the seven mathematical processes. The Ontario
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Ministry of Education then, entwines the process of communication and problem solving. 

“The mathematical processes can be seen as the processes through which students acquire 

and apply mathematical knowledge and skills. These processes are interconnected. 

Problem solving and communication have strong links to all other processes” (The 

Ontario Curriculum, Grades 1-8: Mathematics Revised, 2005, p. 11). As evidenced by 

most curriculum and research developments, communication through problem solving is 

a broad area of mathematics teaching and learning, therefore a study of the phenomenon 

of communication needs to narrow its focus. I narrow this focus further to teacher 

questioning techniques and sensibilities. The general research question is: How can 

generalist teachers at the intermediate level develop and employ “conceptual questioning 

techniques and sensibilities”; assess student responses; and promote the communication 

of student conceptual understanding of the mathematical processes, contained within the 

five strands of the Ontario Curriculum?

As stated earlier, there are multiple facets of communication. Therefore the 

refining of the focus of this thesis comprised an examination of teacher questioning as it 

elicits oral, visual, and written communication in the mathematics classroom. The 

Ontario Curriculum, Grades 1-8: Mathematics Revised (2005) provides some general 

ideas as to the type of questions that can elicit communication. For instance, it 

encourages teachers to model mathematical thinking, stresses the correct use of subject 

specific vocabulary and provides generic prompts for open-ended questioning. However 

failure to follow this emphasis on eliciting communication is demonstrated by the focus 

on strands in mathematics for the elementary report card and by stating only one learning 

expectation for the communication process expectation for each grade as compared to
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several learning expectations for the strands. In the three reporting cycles, elementary 

teachers are required to report on each strand in mathematics at least twice. These reports 

are based on expectation related to the strand rather than being founded on the 

achievement chart categories that include communication and thinking as is done in high 

school. Unlike elementary school, high school mathematics teachers in Ontario base their 

assessment of students on the KUTCA model. Each assessment category has a specific 

weight for the final grade with a larger emphasis placed on communication and thinking 

than on knowledge and understanding, and application categories.

1.3 The Research Problem

In my experience, as a teacher and facilitator who provides professional 

development in mathematics in my school board, elementary teachers lack a clear 

understanding of the nature of communication, not to mention its relation to problem 

solving. As a result communication specific questions on provincial and classroom 

examinations that require a student to explain an answer using words, diagrams and 

symbols are poorly completed, as little attention is paid to this type of questioning outside 

of the grades 3, 6, and 9 where provincial testing is conducted. Given the lack of a 

definitive practical outline, the lack of emphasis on mathematical processes including 

assessing and reporting on communication on the report cards, and the lack of clear 

understanding of communication by teachers, there is a need to examine how aspects of 

communication such as questioning could be developed to promote communication in the 

mathematics classroom. This study focuses on a specific kind of questioning, identified 

as conceptual questioning.
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From a personal perspective, my interest in communication in the mathematics 

classroom was originally piqued during course work for my master’s degree and also 

based on reflection on personal teaching practices. From a teaching perspective, there 

was a natural wonder about communication, and specifically different types of questions 

and how they should be used in mathematics. From a professional development stance, 

much of the communication emphasis by the ministry and my school board had been 

placed on the use of problem solving questions, and student written responses in 

mathematics. The ideas surrounding the concept of conceptual questioning, however, 

began during course-related research when I was introduced to Heibert and Stigler (1999) 

and the 1995/1999 TIMSS video study which is discussed in Chapter 2.

Even in classrooms where generalist elementary teachers are attempting to be 

aware of helpful teaching practices, such as the nature of questions that elicit 

mathematical thinking, the awareness has not been transferred to action (M.W. Mitchell, 

personal communication, April 18, 2007). Also the instructional methods in the resources 

have not been transferred from the resources and the curriculum documents to classroom 

instruction. Worse still, few resources have been made available for teachers specifically 

at the intermediate level in terms of how to implement and assess communication. 

Currently available mathematics textbooks attempt to address some issues surrounding 

the incorporation of problem solving but are generally lacking in areas of communication 

and specifically teacher questioning.

In light of Mason and Watson (1998) and Ball and Chazan’s (1999) emphasis on 

the need to possess a deep foundational knowledge of mathematics, it is hard to imagine 

generalist teachers using conceptual questioning, yet they have to if they are to promote
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mathematical thinking and communication. Let us imagine a teacher, who has 

experienced mathematics learning through an instructional questioning or rote method. 

Due to the nature of rote learning, mimicking the example becomes equated with success. 

Therefore when it comes to teaching a topic such as the division and multiplication of 

fractions, many teachers lack conceptual understanding of these operations. Rather than 

attempting to gain conceptual understanding and explore that understanding with the 

students, these teachers usually revert back to teaching using instructional questions and 

rote method even if the easier lessons in a unit have been taught through a more 

exploratory basis. Ball and Chazan (1999), whose research focuses on pre-service 

teachers, make the following observations. “Prospective teachers come to their formal 

preparation to teach mathematics with ideas and ways of thinking that influence what 

they learn . . . they have developed a web of interconnected ideas about mathematics, 

about teaching and learning mathematics, and about schools” (p.l). Therefore when 

teaching, especially a subject area like mathematics that is most likely not a specialty to 

many teachers, personal experiences and incomplete conceptual understanding of 

mathematical concepts often lead teachers to teach mathematics the way they were taught 

mathematics, from a “set of rules’ perspective (Ball & Chazan, 1999). Having abandoned 

the conceptual understanding route, learning becomes more of a rote process, such as 

following the blackboard example approach with some occasional use of manipulatives

and technology. For example, think about the division of fractions, j  -s- j . It is a difficult

concept to teach students without a solid understanding of what division really is. Often 

teachers will revert back to the rule, or like the little ditty says, “Ours is not to reason

• • 1 2 • why, but to invert and multiply”. Therefore students complete TX T without the
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understanding of finding how many y ’s are in a y  . Students, who just follow the “rules”

then, become successful imitators of the teacher without conceptual understanding and a 

lack of ability to communicate about fractional operations. Instructional questioning in 

mathematics then, is limited to procedural questions concerning the next step in the 

algorithm or seeking numeric responses.

Therefore the area of mathematics education that this thesis research will explore 

is how generalist teachers can increase their understanding of communication, 

particularly how can they create and employ conceptual questions that lead students 

towards increased communication? The research is guided by the following questions: 

Since there is a lack of exemplary resources at the intermediate level on communication, 

(a) How can generalist teachers at the intermediate level develop and employ conceptual 

questioning techniques and sensibilities? (b) In what ways can generalist teachers assess 

student responses to conceptual questions; and (c) How can generalist teachers promote 

the communication of student conceptual understanding of the mathematical processes, 

contained within the five strands of the Ontario Curriculum?

1.4 The Research Overview

In the literature review chapter, an outline of relevant research related to 

mathematical thinking, mathematical communication, teacher questioning, and 

conceptual questioning are examined. The framework chapter explores action research as 

a means by which research was conducted and synthesized. This is coupled with the 

methodologies of variation theory and phenomenography through which research data 

and related questions have been filtered. The method and design chapter provides insight 

into the action research method and learning study design used to create the unit of study
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that was implemented and researched. Data analysis and results are outlined in the fifth 

chapter which includes insights gained from planning, implementing, observing, and 

reflecting on the unit. The final concluding chapter provides a summary of the findings, 

contributions of the research, and next steps for the research.
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2. Literature Review

2.1 A Very Brief Overview o f Trends in Mathematics Education 

A large portion of mathematics education research has been focused on student 

learning of mathematics. Educators and researchers have spent considerable effort in 

exploring how students of various levels and abilities can best learn mathematics. For 

instance, researchers have examined and compared schools of varying demographics 

(Boaler, 1998), rural verses urban (McKenney, Champpell, Berry et al., 2009), various 

geographic locations across a selected country and even cross-continental comparisons 

have been made (Heibert & Stigler, 1999; PISA, 2003). With all of the expert panels, 

research data, and analysis it has come to be understood, at least in the educational 

community, that students learn mathematics best when they are able to interact with it on 

a meaningful level (LNS, 2007; Schoenfeld, 1992; Tomlinson, 2001;Van de Walle & 

Lovin, 2006). In terms of how students learn mathematics then, educators likely agree 

that students need to develop strong reasoning and proving skills, communication skills, 

and problem solving skills in order to demonstrate a high standard of understanding. The 

National Council of Teachers of Mathematics (NCTM) outlines in the Principles and 

Standards for School Mathematics (2000) a focus for educators in terms of how students 

learn mathematics and thus how they should be taught mathematics. The Ontario 

Ministry of Education and Training echoes the ideas brought forth by NCTM (2000), 

emphasizing the need for educators and teachers to use differentiated instructional 

methods, to provide authentic, real world mathematics problems, to promote solving 

problems through a variety of methods, and to solve Fermi type problems with various 

solutions (Expert Panel on Students Success in Ontario, OMET, 2004).
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2.1.1 Learning Should Influence Teaching Methodologies

Research on teaching methodologies indicates that educators and teachers 

struggle to change teaching methodologies despite knowing that instruction needs to be 

student centered (Ball & Chazan, 1999). McKinney, Chappell, Berry, and Hickman, 

(2008) state that “although significant progress has been made in understanding how 

children learn mathematics, teaching methodology remains unchanged” (p. 278).

Traditionally changes in teaching methodology have come from outside of the 

teachers themselves, usually due to a change in curriculum content or in the form of 

reforms implemented at the school board level in policy. Although these factors can 

induce some change, it is negligible and only partially assimilated into the teachers’ 

methodology (Pehkonen & Tomer, 1999). Most teachers grow and adapt in teaching 

beliefs and practice over the term of their career to one degree or another. However, to 

effect change at an increased pace, Pehkonen & Tomer (1999) believe that “in order to 

effect a successful and positive change, teachers first need to be ‘perturbed’ in their 

thinking and actions, and secondly they need to commit themselves to doing something 

about that ‘perturbance’” (p. 261). Therefore, change in methodology is a slow process 

unless teachers encounter an experience which causes them to examine their practice, 

such as being in the role of a learner rather than the teacher, or becoming a parent of a 

school-aged child (Pehkonen & Tomer, 1999).

2.1.2 Example from USA on Difficulty Changing Methodologies

In their research report, Silver, Morris, Star and Benken (2009) examined 

intermediate mathematics teacher applications for the National Board for Professional 

Teaching Standards (NBPTS) certification in the United States. The applications
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consisted of submitted exemplary lessons in mathematics instruction. These lessons were 

considered to be the best efforts of competent mathematics teachers and demonstrated the 

teachers’ understanding of problem solving skill development and the related assessment 

of student work. The conclusions of the researchers were that, while these examples were 

submitted as “the best of the best”, the actual changes desired in the instructional 

methodologies in mathematics were evident only to a limited degree. The significance of 

this study then, is the evidence that even designated expert teachers in mathematics 

struggle with the implementation and consistent use of new teaching methodologies. 

Reforming pedagogy is not easy. Thus, an examination of specific new teaching 

methodologies encouraged in Ontario and how teachers and educators can improve upon 

these methodologies is warranted.

2.2 Constructivism

From a constructivist view point, knowledge is conceptually understood by 

individuals when they make a connection with that knowledge. Without connections or 

the activation of prior knowledge, the new information lacks relevance and is not 

remembered or used by the individual and this holds especially true in mathematics 

education. As the Literacy and Numeracy Secretariat of Ontario (2007) states, 

“Mathematics instruction has to start from contexts that children relate to — so that they 

can ‘see themselves’ in the context of the question” (p.2). It has been pointed out by 

Schoenfeld (1992) and reinforced with the NCTM (2000) Standards and Principles that 

one of the main goals of mathematics education should be the development of students as 

competent problem solvers. In order to clarify what is meant by “competent problem 

solvers”, it is imperative that there is a clear understanding of the terms communication,
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and mathematical thinking. It is through students’ communication in mathematics that 

teachers are able to discern a student’s level of conceptual understanding and ability to 

demonstrate mathematical thinking.

2.3 Mathematical Thinking

Lampert (1990) and Schoenfeld (1992) stress that mathematical thinking in the 

classroom needs to be reconnected with what it means to think mathematically in the 

discipline of mathematics. For the purpose of this thesis the definition of mathematical 

thinking includes the exploration of patterns, the seeking of solutions, and the 

formulation of ideas (Schoenfeld, 1992). Thus, there is a strong relationship between 

mathematical thinking and mathematical communication.

2.3.1 Example o f Conceptual Understanding

Mathematical thinking is the actual process of thought through a mathematics 

problem which varies according to conceptual understandings. For example the addition 

of 97 + 38 can be approached on two fronts. The first approach would be the addition of 

the ones column, 7 + 8 is 15, followed by the addition of the tens column. Therefore 9 + 

3 is 12, bring over the 1 and the answer is 135. A second approach would be to add the 

tens column first, 90 + 30 is 120. Then to add the ones column, 7 + 8 is 15, therefore 120 

+ 15 is 135. Mathematical communication then, is the ability to communicate to others 

about the process of mathematical thinking. Thus the connections between mathematical 

thinking and mathematical communication lie in a social constructivist base. From this 

perspective, learning is based in social interaction where understanding and thinking are 

developed and enhanced through listening, discussing, and communicating with peers.
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2.4 Mathematical Communication

Communication is more than the regurgitation of mere number facts, formulas, 

and vocabulary. To be meaningful, communication needs to embody ample instructional 

time for students to participate in problem solving that provides opportunities for them to 

demonstrate reasoning through mathematical thinking, and for discourse about 

mathematical ideas, and thus form a deeper understanding of mathematical concepts. Cai 

and Kenney (2000) define mathematics communication as the ability to not only “use its 

[mathematics’] vocabulary, notation, and structure to express ideas and relationships but 

also to think and reason mathematically. In fact, communication is considered the means 

by which teachers and students can share the process of learning, doing, and 

understanding mathematics” (p. 534). The Ontario Ministry of Education provides a 

similar definition that mathematical communication is a central process of expressing and 

organizing mathematical thinking (The Ontario Curriculum: Grades 1-8, Mathematics, 

Revised, OMET, 2005).

NCTM outlined in their document Standards and Principles for School 

Mathematics (2000) the importance of communication. “Students should be encouraged 

to increase their ability to express themselves clearly and coherently. As they become 

older, their styles of argument and dialogue should more closely adhere to established 

norms” (Communication section, ^ 2). The Literacy and Numeracy Secretariat of Ontario 

(2007) echoes these sentiments proclaiming:

Classroom instruction needs to provoke students to further develop their 

informal mathematical knowledge by representing their mathematical thinking in 

different ways and by adapting their understandings after listening to others. As
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they examine the work of other students and consider the teacher’s comments and 

questions, they begin to: recognize patterns; identify similarities and differences 

between and among the solutions; and appreciate more formal methods of 

representing their thinking. Through rich mathematical discourse and argument, 

students and the teacher come to see the mathematical concepts expressed from 

many points of view. (p. 2-3)

From this statement it is clear that both the classroom mathematics teacher and the 

students are expected to grow and develop their mathematical thinking through classroom 

communication.

2.4.1 Mathematical Literacy

It can be argued that a strong component of communication and mathematical 

thinking is mathematical literacy. Mathematical literacy is a term that encompasses many 

aspects of mathematics education and is widely used in professional education circles in 

Ontario. Several researchers, especially those in Australia, include elements of number 

sense as part of the definition. For the purposes of this thesis, however, the term 

mathematical literacy should be taken in a more literal sense. Just as literacy 

encompasses a strict code of grammar, syntax, and rich vocabulary, so mathematical 

literacy is comprised of facts, formulas, procedures, and subject specific terminology. 

Programme for International Student Assessment (PISA) (2003) provides a broader 

definition of mathematical literacy stating the following:

[Mathematical literacy is] an individual’s capacity to identify and understand the 

role that mathematics plays in the world, to make well-founded judgments and to 

use and engage with mathematics in ways that meet the need of an individual’s
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life as a constructive, concerned, and reflective citizen, (p. 24)

Several of the mathematical processes outlined in the Revised Ontario Curriculum: 

Mathematics Grades 1-8, based on the above definitions, are also components of 

mathematical literacy. Examples of this would be problem solving, reasoning and 

proving, representing, and reflecting.

2.4.2 Balanced Mathematics and Differentiated Instruction (DI)

Another term often associated with mathematical processes in the professional 

education community in Ontario is that of a balanced mathematics program. The term 

borrows from its English subject area counterpart, balanced literacy. A balanced 

mathematics program would be one that embraces all of the seven mathematical 

processes in such a way as to provide explicit teacher modeling followed by shared, 

guided and eventually independent work. Another aspect of the balanced mathematics 

classroom is the use of differentiated instruction (DI) methods to teach students. 

Differentiated instruction is a pedagogical approach to teaching with the central 

component being the teacher’s ability to vary differing aspects of instruction. The main 

areas of differentiating instruction are to differentiate or alter the content, the process, or 

the product (Small, 2008; Tomlinson, 2003). As this thesis examines and focuses on 

specific aspects of communication, balanced mathematics programming and 

differentiated instruction techniques will surface as central components.

2.5 Teacher Questioning

Communication in mathematics can be viewed by its various forms of 

argumentation (Lampert, 1990), discourse (Fisher & Kopenski, 2008; Knuth & Peressini, 

2001), listening (Davis, 1997), and/or writing (Whitin & Whitin, 2002). However, the
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force that fosters students’ communication in any of those forms is teacher questioning. 

Therefore teacher questioning becomes a central component to quality communication in 

mathematics.

2.5.1 Types o f Questions

Much literature exists on practical management of questions and questioning that 

spans subject areas. This study focuses on questioning in mathematics teaching, 

particularly on types of questions that elicit communication. There are several types of 

questions that are used in the mathematics classroom: process questions that focus on 

what the next step should be; instructional questions that are used greatly in Socratic 

lessons - which means for me direct and rote questions where students answer through 

mimicking the teacher examples, and include specific ‘yes or no’ and numeric responses; 

problem solving questions that focus on the standard “What do I know?” and “What do I 

need to know?” type of questions; and conceptual questioning (Mason 2000). Conceptual 

questioning is not easy to delineate. Conceptual questioning has promise to go beyond 

some of the limits of the other types of questioning, yet it is not necessarily separate from 

other types of questions. Conceptual questioning appears, rather, to be more of a teaching 

mind set or methodology used for asking questions. It does not focus on the “guess what 

I’m thinking” questioning game, instead conceptual questioning encourages questions 

that prompt mathematical thinking asking questions such as “What i f . . . ?” and “What 

happens when . . . ?” (Mason & Watson, 1998; OMET, 2005; Small, 2008). Detailed 

planning is required in order to effectively implement conceptual questioning because 

this type of questioning does not necessarily flow naturally unless one has had 

tremendous practice using conceptual questioning and possesses a deep foundational
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understanding of the subject area (Ball & Chazan, 1999; Mason & Watson, 1998).

2.5.2. Mason: Three Points about Traditional Questioning

Mason (2000) provides a critique of the use of general teacher questioning 

techniques. He asserts that:

1. Students require explicit examples of the mathematical thinking process in order to 

shape and make sense of their own mathematical thinking.

2. Questioning is a natural part of the process for engaging and assessing students’ 

understanding.

3. Teachers impulsively ask questions as their minds travel from concept to concept.

2.5.3 Heibert & Stigler: Cultural View o f Teaching/Questioning

Teacher intent is to assist students by guiding the students to the way the teacher 

thinks. Often, as Mason (2000) points out, this type of teacher questioning also includes 

pre-determined or expected answers. Through the 1995/1999 TIMSS video study, which 

most notably compared Japan with successful mathematics educational systems as 

measured by the TIMSS test to the less than successful educational systems within the 

United States, Heibert and Stigler (1999) discovered some key elements to successful 

mathematics teaching. They concur with Mason’s ideas on teacher questioning, 

especially when comparing Japanese teacher lesson formats and interactions with 

students to those in the United States. Cultural views play a central role, according to 

Hebert and Stigler (1998), in the teaching and subsequent learning of mathematics. 

Teachers in the United States uphold the cultural view that the learning of mathematics is 

a procedural process which emphasizes skill development. The teacher, through 

questioning strives to keep students engaged in the lessons, demonstrates the necessary
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skill for the seat work, and then rushes in to aid students who are confused or 

experiencing frustration. Individual differences are compensated for with modifications 

and streaming at the upper levels. In contrast, Japanese teaching culture views 

mathematics as a series of relationships to be discovered through problem solving 

activities. The teacher poses problems and monitors student struggles and successes in 

order to facilitate the follow-up discussion. Individual differences are seen as advantages 

and everyone is expected to gain something from the lessons (p. 125).

2.6 Good Questioning

2.6.1 Mason: Good Questions, Pre-planning and Assessment

Mason (2000) provides insight into solutions for teachers who recognize the need 

for offering opportunities to develop communication skills and to use questions that 

encourage students to practice mathematical thinking. The key for teachers lies in teacher 

questioning techniques. Good questioning techniques require careful pre-planning before 

implementation can be effective (Mason & Watson 1998; Small 2008). Too often 

teachers find themselves asking questions that do not provoke mathematical thinking, but 

rather contain contrived answers or solutions that lead students down the path of rote 

learning or mimicking the teacher.

2.6.2 Core Mathematical Themes - Schoenfeld -  Enculturation

For questioning techniques in mathematics to be beneficial, according to Mason 

(2000) they should, through explicit means, promote the development of “core 

mathematical themes” (p. 100). Small (2008) concurs with Mason on this point as she 

cites the need to acknowledge and define the big ideas and themes in mathematics and 

center teacher questions around those ideas and concepts. Students would then be more
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apt, according to Mason (2000), to “integrate them [core mathematical themes, ideas, and 

concepts] into their sense of mathematical thinking and into their own thinking than if 

they remain implicit or beneath the surface” (p. 101). Therefore Mason believes that the 

type of questioning teachers emulate should be modeled after the questioning style 

mathematicians use among themselves. Schoenfeld’s (1992) ideas on mathematics 

instruction and questioning parallel Masons’ as he highlights the need for enculturation 

in mathematics. Enculturation is the immersion of students into the mathematical 

community. It relies heavily on the idea of building a community through social 

interaction. Thus the enculturation aspect is akin to the Ontario Ministry of Education’s 

emphasis on mathematical communication that can only be created through teacher 

modeling of questioning techniques and an appropriate classroom environment of respect 

created by the teacher (Inman, 2005). Also, enculturation is in line with Lampert (1990) 

and Schoenfeld’s (1992) connection of mathematical thinking in the classroom to 

thinking mathematically in the discipline of mathematics.

2.6.3 Appropriate Questioning Engages Mathematical Thinking

Appropriate questioning, as Mason (2000) points out, is based on the teacher’s 

attempt to engage students in mathematical thinking. There is a danger for teachers in the 

persistent use of one type of question as this leads to a predictable pattern for students 

who will often opt out of the thinking process and instead guess what is on the teacher’s 

mind or disengage completely (Mason). Manouchehir and Lapp (2003) point out that 

teachers are unique in their communication style because they consistently use questions 

as a means for communication rather than a more traditional form of communication: 

conversation. It is the continual use of conversational questioning that Manouchehir and
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Lapp state “control[s] students’ learning because they focus students’ attention on 

specific features of the concepts . . . [and] establish and validate students’ preconceptions 

about what is important to know to succeed in mathematics” (p. 563-564). Therefore the 

key for appropriate questioning is the awareness of the type of questions being asked and 

the further realization in the teaching moment what mode of questioning is being used 

(Mason). Once this awareness is established and then actively thought about, the 

techniques for quality questioning, also termed conceptual questioning, can be honed.

2.7 Conceptual Questioning 

2.7.1 Filter fo r Variation o f Types o f Questions

Conceptual questioning then becomes a filter for the variation of questioning 

types in order to promote mathematical thinking. Conceptual questions include rich 

mathematical problems but are not limited to these (Mason & Watson, 1998). They may 

extend to sub problems, follow-up questions, prompts, or probes that the teacher poses to 

students as they solve problems or as the teacher instructs the students. An example of a 

mathematical problem that is a conceptual question is: if one wanted to mass produce 

cylindrical water containers out of 8 x 11 plastic sheets with minimal waste, what would 

be the best dimensions? Student approaches and responses will vary. It can be expected, 

at the most basic level, students will identify and use the circumference and area formulas 

for circles in order to create a net for a cylinder that may involve minimal waste. At a 

higher level of mathematical thinking students would apply the necessary formulas to 

achieve minimal waste from the plastic sheets. However, at a more advanced level 

students might identify the dimensions for minimal waste, reason through the application 

of the formulas, justify their reasoning for the dimensions chosen and then explain clearly
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explain clearly how they arrived at this consensus. According to Mason (2009), “in order 

to provoke learners into taking initiative, into engaging fully with mathematical ideas and 

mathematical thinking, it is necessary to construct pedagogic tasks which call upon 

learners to make use of their undoubted powers of making sense” (p. 1). Therefore it is 

the attributes of reasoning, problem solving, and communication evoked by the question 

which promotes mathematical thinking thus making it into a conceptual question.

2.7.2 Heibert & Stigler -  Japanese Pre-plan Explicit Questions

Heibert and Stigler (1999) completed an extensive study on mathematics teaching 

techniques employed in North America. Heibert and Stigler (1999) point out that one of 

the keys behind the success of the Japanese teachers is that they have not only pre­

planned the explicit questions they ask, but they also promote the idea of multiple 

solutions to the question or mathematics problem presented. In Japanese lessons, the 

questions used were more adaptive with the acceptance of multiple avenues to reach the 

desired conclusion. As students worked through the problems, the Japanese teachers let 

the students struggle with the concepts, using their struggles to guide the follow-up 

discourse in the lesson. Inman (2005) builds on the idea of the Japanese lesson structure 

by creating a list of questioning dos and don’ts. Her list includes key ideas such as being 

open to different responses, giving students thinking time, and not imposing teacher 

knowledge of mathematical concepts on students. After all, good questioning by teachers 

allows students to work through mathematical concepts and “we must not rob them of the 

opportunity to practice alone” (Inman, 2005, p. 29). Small (2008) concurs with Mason 

(2000), and Hebert and Stigler’s (1999) conclusions stating that teachers continue with 

the tendency to use questions solely to check for students’ understanding. This means that
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there is a limited use of questions which encourage mathematical thinking. Small (2008) 

agrees with Mason (2000) that educators and teachers must think about the questions they 

are using. Teachers should be asking why they are using a question and what they hope 

the students will gain mathematically from the questions used. Small (2009) expands 

upon this questioning concept by developing mathematical questions and problems that 

she terms “open questions” and “parallel tasks”. Many of these questions and tasks reflect 

the concepts identified by Heibert and Stigler (1999) as teaching techniques used by the 

Japanese teachers in their study. However, Small’s questions are what she terms “open” 

as they allow for students of various levels to access them and actively promote variance 

in the solutions.

Reinhart (2000) takes Mason and Watson’s (1998) and Mason’s (2000) ideas 

about pre-planning the use of explicit questions in lessons one step further. He suggests 

replacing teacher directed lessons with sets of questions aimed at students’ discovery of 

concepts, highlighting the need to ask a variety of types of questions with the motto 

“never say anything a kid can say” (p. 484).

The communication of mathematical thinking is a primary element of a balanced 

mathematics program. If students are to ever truly come to a meaningful understanding of 

mathematics concepts, then teachers must not only provide the type of questions to 

prompt such thinking, but they must also allow students the opportunity to respond. 

Manouchehri and Lapp (2003) point out, that current trends in mathematics education 

include a strong emphasis on the students’ abilities to reason, evaluate, draw conclusions, 

and provide explanations from a mathematical perspective. As a result teacher 

questioning “must give learners an opportunity to communicate their reasoning
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processes” (Manouchehri & Lapp, 2003, p. 564).Therefore the key to eliciting quality 

communication begins with the teachers’ careful attention to the types of questions they 

ask. Questions then should be monitored for form, content, and purpose in order to 

promote opportunities for quality communication.

2.8 Conclusion

Although there is some research available on questioning in mathematics and a 

plethora of research on teaching through problem solving and differing types of 

communication, there is a distinct lack of research on conceptual questioning techniques 

and sensibilities. This lack of research is compounded by a lack of resources at the 

intermediate level on communication coupled with a focus on teacher questioning 

techniques. So the research question is then put forth: How can generalist teachers at the 

intermediate level develop and employ conceptual questioning techniques, assess student 

responses, and promote the communication of student conceptual understanding of the 

mathematical processes, contained within the five strands of the Ontario Curriculum? 

Therefore, since there is a lack of exemplary resources at the intermediate level on 

communication, (a) How can generalist teachers at the intermediate level develop and 

employ conceptual questioning techniques and sensibilities? (b) In what ways can 

generalist teachers assess student responses to conceptual questions?, and (c) How can 

generalist teachers promote the communication of student conceptual understanding of 

mathematical processes, contained within the five strands of the Ontario curriculum?
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3. Framework and Methodology

This thesis study examines the mathematical processes of communication 

intertwined with the process of problem solving which is narrowed through a focus of 

teacher questioning techniques. Therefore the phenomenon of communication is 

tempered by the following questions: How can generalist teachers at the intermediate 

level develop and employ conceptual questioning techniques and sensibilities, assess 

student responses, and promote the communication of student conceptual understanding 

of the mathematical processes, contained within the five strands of the Ontario 

Curriculum? I specifically ask: Since there is a lack of exemplary resources at the 

intermediate level on communication, how can generalist teachers create and employ 

effective conceptual questions that lead students toward improved communication? In 

what ways can generalist teachers increase understanding of communication in the 

mathematics classroom? An examination of how communication can be elicited through 

teacher questioning techniques and sensibilities, how these techniques and sensibilities 

can be developed, and how questioning techniques and sensibilities can be implemented 

so that they become applicable to mathematic pedagogical practices needs to be done. 

The design purposely incorporates variation theory and phenomenography, and since the 

study involved two teachers researching, and implementing conceptual questioning in 

their own classrooms, its method is action research. The action research is being 

tempered by the structures of learning study.

In this chapter an outline of action research and why it was chosen is followed by 

an outline of the background and central principles for learning study. The process of 

implementation of the learning study is further outlined and the issues surrounding
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participants and ethics are discussed.

3.1 Action Research

Action research, as a framework, has the capability to reflect a variety of personal 

fundamental points of view. This is due to the very nature of action research that 

embraces the opinions, ideas and belief systems of the participants. As stated by Somekh

(1995):

Action research is grounded in the culture and values of the social group whose 

members are both participants in the research field and researchers. It may be 

instigated by an individual, but its momentum is towards collaboration, because 

the emphasis on social interactions and interpersonal relationships has the effect 

of drawing other participants into the research process. The focus of the research 

is likely to be on an issue which is of concern to the group, (p. 349)

It is hard to point to a specifically defined definition of action research as the definition 

may flux according to the participants’ beliefs and understandings. Bradbury and Reason 

(2008) define action research as:

A participatory, democratic process concerned with developing practical knowing 

in the pursuit of worthwhile human purposes, grounded in a participatory world 

view which we believe is emerging at this historical moment. It seeks to bring 

together action and reflection, theory and practice, in participation with others, in 

the pursuit of practical solutions to issues of pressing concern to people, and more 

generally the flourishing of individual persons and their communities, (p. 2) 

McNiff (2002) defines action research through related terms as a:

practical way of looking at your own work to check that it is as you would like it
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to be... it is often referred to as practitioner based research; and because it 

involves you thinking about and reflecting on your work, it can also be called a 

form of self-reflective practice. (NcNiff, 2002, What is Action Research Section,

1  1)

Therefore action research can be viewed as the investigative inquiry into a personal, 

professional, and practical question which may be investigated through self-conducted 

research in collaboration with other practitioners.

Action research is the overarching method for the research in this thesis for 

several reasons.

• Action research is a grass roots process by which a classroom teacher, as researcher, can 

affect change in their own environment. It lends itself well to the learning study format 

which will be discussed further in this section.

• Action research has the ability to close the gap between research and practice (Cohen, 

Manion, & Morrison, 2007; Somekh, 1995) and since the participants are also the 

researchers, there arises a powerful dynamic for improving practice.

• The ability to address very relevant and practical issues and questions is supported 

through action research and its personal relationship to the participants (Somekh, 1995).

• Action research can become a very effective mode of professional development 

(Somekh, 1995). The attraction of action research is that it creates the opportunity to self­

examine one’s teaching practice which when shared, can create an avenue to effect 

change on a larger educational scale.

• Action research is fluid in that it does not prescribe itself to one hypothesis but centers 

around ideas and the development of them (McNiff, 2002). Therefore, action research



30

provides an appropriate avenue for the development of practical research on teaching and 

learning.

Often action research contains a social justice element which is based in its 

critical theory roots. Cohen, Manion and Morrison (2007), state that critical theorists 

view action research as a practical method to bring about change, promoting a more 

democratic society where one is aware of the elements of power and control, and 

becomes empowered to change education and ultimately society. Although action 

research has its roots in critical theory, it has also been heralded by complexity theorists 

(Bradbury & Reason, 2008). Rather than emphasize the emancipatory aspect of action 

research, this study emphasizes the changes, differences and relations in experience of 

participants and in case of classroom action research by both the individual learners and 

learners as a group, and teachers in the learning process. This variation of action research 

is obtained through careful implementation of lesson study or its cousin learning study 

that are discussed in Chapter 4, Method and Design.

3.2 Phenomenography: A Framework fo r Analyzing Data

3.2.1 What is Phenomenography?

Phenomenography is an established approach to educational research that has its 

roots in Sweden at the University of Goteborg (Martin, 1994; Pang, 2003). 

Phenomenography is concerned with relationships between people and the experienced 

phenomenon. The premise of phenomenography is to “understand the various ways in 

which different people experience, perceive, or understand the same phenomenon” 

(Walsh, Howard, & Bowe, 2007, p.l). When examining the term phenomenography, the 

Greek roots for that word give an increased meaning and significance to the term. Orgill
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(2008) states phenomenography, “is derived from the words phainonmenon (appearance) 

and graphein (description). Thus, phenomenography is a description of appearances” (p. 

1). Since the experience is what is being examined, extensive research time and effort is 

focused on exploratory interviewing of individuals (Orgill, 2008). However, it is also 

important to note that although different people can experience the same phenomenon 

and have various experiences related to that phenomenon, there are a limited number of 

ways any phenomenon can be experienced (Martin, 1994; Walsh, Howard, & Bowe, 

2007).

3.2.2 How Phenomenography is Applied to Research in the Mathematics Classroom

As a qualitative approach in an educational setting, phenomenography examines 

peoples’ experiences of a phenomenon. From a phenomenography perspective, 

knowledge gained is measured in the ways in which the individual understands 

something rather than the more traditional quantitative approaches where knowledge 

acquisition is strictly gauged through quantitative measures. In the mathematics 

classroom, the process of communication can be viewed as a phenomenon. As such, 

teacher questioning and the ensuing experiences by both the teachers and the students can 

be explored for variations, growth, and development as aspects of a phenomenon.

3.3 Variation Theory: A Framework for Analyzing Data

3.3.1 What Variation Theory Is -  And Its Constructivist Roots

According to the learning theory of constructivism, students do not gain a deep 

personal understanding of concepts unless they are able to make connections with these 

concepts in terms of prior knowledge. Variation theory leads off of a constructivist 

approach by examining the different ways that students interact with a concept, also
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generally termed a phenomenon. This added dimension allows the researcher to gain a 

deeper understanding of the teaching and learning processes (Runesson, 2005).

3.3.2 How Variation is a Methodology and its Relationship to Phenomenography 

Variation theory, as a theoretical framework, has its roots embedded in 

phenomenography (Runesson, 2005; Vikstrom, 2008). Variation theory involves the 

examination of differences or variations in learning, and thus seeks to identify how 

learning comes to be (Runesson, 2005). From this perspective, “learning is defined as a 

change in the way something is seen, experienced, and understood” (Runesson, 2005, 

p.70). Vikstrom (2008) further clarifies this by stating that variation theory goes beyond 

just the experience of the phenomenon such as communication in the mathematics 

classroom by examining how the “different ways of understanding can arise and develop” 

(p. 212). Originally, phenomenography research, according to Pang (2003), aimed at 

answering two fundamental questions: “‘what are the different ways of experiencing the 

phenomenon’ and ‘how are these related to each other?”’ (p. 147). With the more recent 

focus on variation, however, there has been a shift from “studying different ways of 

understanding something to studying how those different ways of understanding can arise 

and develop” (Vikstrom, 2008, p. 212). Variation theory then examines how the different 

ways of understanding a phenomenon or experience can arise and develop. The 

experience of the phenomenon and the understandings linked to the phenomenon are 

viewed as one in the same through variation theory (Vikstrom, 2008). Therefore variation 

theory becomes a natural outflow of the study of a phenomenon such as conceptual 

questioning and allows the researcher to examine aspects of this phenomenon or 

phenomenographic experience.
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4. Research Method and Design

The framework of action research provides the opportunity to combine classroom 

practice and reflection with classroom research. Therefore action research becomes a 

sound vehicle through which to explore students’ communication through conceptual 

questioning. Action research can be carried out in various forms including lesson and 

learning study.

4.1 From Lesson Study to Learning Study

Learning study, one specific form of action research, allows for a specific focus 

on the exploration of the phenomenon of teacher questioning as it aids communication 

and problem solving. In order to gain a clear understanding of the merits of learning 

study, one can begin by contrasting it with its cousin lesson study. It has been through 

research on lesson study that I have evolved towards embracing the ideas and the 

underlying theoretical basis of learning study.

Lesson study is an approach to teacher professional development that is highly 

successful in Japan. In North America the merits of lesson study have been highlighted 

by several mathematics education researchers, most notably Heibert and Stigler (1999), 

and Fernandez and Yoshida (2004) and in Canada by Bruce and Ladky (2009).

Lesson study, as the term implies, is an intense, detailed study of a particular 

lesson (Fernandez & Yoshida, 2004). It is common practice for lesson study to be 

completed by 2-3 teachers and an outside facilitator, who has extensive knowledge of the 

subject area. It usually commences within one school and at a common grade level or 

division. The goals of lesson study are not necessarily focused on a particular academic 

outcome but rather centers on one particular teaching skill or learning method which is
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developed through a particular subject area, usually mathematics (Fernandez & Yoshida). 

Lesson study focuses on the development of one, possibly two lessons, that are then 

taught, observed, revised, and re-taught in a cyclical fashion through the various teacher- 

participants’ classrooms. Lesson study’s success is due to its nature as a process. It is 

comprised of various stages that remain in flux depending on the goals of the teachers 

and educators who are participating. Fernandez and Yoshida, and Heibert and Stigler 

(1999), identify six steps in lesson study format; preliminary planning of the lesson, 

lesson implementation, peer observations, lesson revision, re-teaching of the lesson 

followed by further revision, and the sharing of the lesson with others. In Canada, Bruce 

and Ladky (2009) identify with and implement four steps in the lesson study cycle: “goal 

setting, planning, lesson implementation and reflection” (p. 2).

4.2 A Data Analysis Approach

Learning study is a newly developed approach towards improving both teaching 

and learning which as is the case with phenomenography has developed most notably in 

Sweden. As a model of professional development, learning study embraces the classroom 

teacher as the primary catalyst for change in the educational system. It favors a grass 

roots approach to implementing change rather than a forced top-down approach. Through 

learning study, teachers “explore the relationship between teaching and learning with the 

aim to improve students’ learning” (Ling & Runesson, 2007, p. 157).

The purpose of learning study is to design and study lessons, usually in a unit, 

that will help students and educators navigate the path between their prior conceptions of 

a topic to the deeper understanding. The purpose of this learning study is to provide an 

opportunity to further explore the development of communication about mathematical
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concepts through the techniques of conceptual questioning. Learning study adopts the 

language of phenomenography, which “refers to student’s conceptions of phenomena” 

(Davis & Dunnill, 2008, p.5). The use of a phenomenography approach then allows for 

various conceptions to be developed around a particular concept or phenomenon (Davis 

& Dunnill, 2008). A ‘learning outcome circle’, developed by Davis and Dunnill (2008) 

and based in variation theory, allows for the teacher to evaluate what conceptions 

students have developed and the interrelationships among them. The intent is that the 

learning outcome circle be used to emphasize multiple “critical” conceptions of a concept 

at a variety of levels. This allows for teachers in the learning study to understand the 

different constructions their students make and to adjust their teaching strategies 

accordingly. Davis and Dunnill (2008) clarify this by stating that:

In learning study it is expected that the target conceptions [italics mine] for some 

students will be more complex than the target conceptions for others, given the 

different starting points in students’ thinking. Teachers are expected to identify 

the features . . .  of the conceptions they wish learners to learn and to provide 

students with an experience in which all of the features of the target conception 

are varied simultaneously [italics in original], (p. 7)

In my view, the learning study borrows the best aspects of the Japanese lesson 

study, teacher collaboration, lesson observation, and peer review (Ling & Runesson, 

2007; Davis & Dunhill, 2008). However the driving force behind learning study is what 

sets it apart. Learning study follows a cyclical framework that revolves around the 

teaching and learning process of both teachers and students (Ling & Runesson, 2007). 

Learning study begins by examining the participating teachers’ foundational knowledge
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on the way a particular conception of phenomenon is learned and taught, therefore 

focusing on a conception of phenomenon that might involve several lessons as a unit of 

study. Davis and Dunnill (2008), identify this examination of conceptions of phenomena 

by stating that, “In learning study, lesson preparation is preceded by an attempt to 

identify variation in ways of understanding phenomenon that is the focus of the lesson. 

This phenomenographic activity frames the learning objectives for the lesson, and also 

features prominently in teachers’ review of the lesson” (p. 3). Davis and Dunnill (2008) 

further clarify their interpretation of learning study by identifying three central aspects 

which they believe give learning study its unique stance. First, akin to lesson study, 

collaboration is emphasized throughout the whole learning study process. Second, in 

contrast to lesson study, the focus of the planning stages centers around variation theory. 

The principle of variation theory is “not simply to stress the existence of the feature, but 

to highlight its relevance through variation” (Davis & Dunnill, 2008, p. 7). According to 

Ling and Runesson, (2007), variation theory equates the ability to learn something with 

the ability to “discern its critical aspects” (p. 158). It is the ability to discern most aspects 

of a phenomenon that determines one’s ability to learn The objects of this study, 

therefore, center on various ways of understanding communication, teachers’ ability to 

discern critical aspects of conceptual questioning, and the resulting student responses. 

The efforts made to design and implement conceptual questioning with the aim of 

increased communication are reflected upon. Successes are examined for traits of 

conceptual development, student engagement, level of communication and evidence of 

mathematical reasoning and failures are explored, modified, and retested. In focusing on 

multiple lessons involving the phenomenon of teaching and learning, learning study
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affords the opportunity for professional development. As well the pre and post reflection 

process creates a standard by which the successes of the learning study can be adequately 

judged (Davis & Dunnill, 2008).

4.2.1 Rationale

Learning study, which is a sub-form of action research, is an appropriate method for 

this research for several reasons. First, learning study provides an effective foundation for 

examination of teaching pedagogies by exploring the teachers’ philosophical view of 

teaching a particular subject area. Once this has been established, it provides a base from 

which to build upon during the learning study process. Second, the very collaborative 

nature of learning study allows for each teacher to have a personal investment and 

ownership of the planning and implementation. Third, learning study identifies and works 

with various understandings of phenomena, thus, creates the opportunity for 

differentiated instruction within the unit of study. Fourth, the creation of meticulous 

lesson plans means that all teachers complete questioning techniques in a similar manner 

with the same questions being asked. Fifth, with the learning study format the questions 

could be replicated in a variety of classroom situations with different teachers and a 

variety of students. The richness of this experience will lead to designing, implementing, 

and studying the effects of conceptual questioning on students’ communication by 

teachers who co-plan, co-teach, and co-reflect on a Grade 7/8 mathematics unit.

4.2.2 Structuring Specifics

The specific plan for implementing the research phase of this project is multifaceted. 

Learning study usually involved the development of a unit of study. The learning study 

for this thesis was at the elementary level, and completed during the third term. The
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learning study involved two intermediate elementary classroom teacher-participants, one 

was both a teacher-researcher and a teacher-participant and the other was only a teacher- 

participant.

4.2.3 Researcher's Role.

The teacher-researcher began by conducting a preliminary questionnaire (Appendix A) 

with the teacher-participant to ascertain the teacher-participant’s particular background 

and ideas about communication in mathematics. The teacher-researcher also completed a 

questionnaire. From a variation theory perspective, the questionnaire was used to 

ascertain the foundational knowledge of the teachers allowing for the differences in 

understanding to become more apparent in the post study analysis. A follow up informal 

interview was also conducted after the questionnaire to further examine the teacher- 

participants’ variations in understanding about communication, teacher questioning 

techniques and sensibilities in mathematics.

4.3 Research and Design

4.3.1 Meetings

At the initial learning study planning meeting the two teachers involved in the learning 

study, the teacher-researcher and teacher-participant, discussed the relevant research on 

teacher questioning techniques in mathematics. This discussion also incorporated the 

teacher-participants’ knowledge on teacher questioning and on the specific strengths and 

needs of their students. Since this study was conducted in the latter half of the third term, 

the teacher-participants were generally aware of the participating students’ prior 

conceptual understanding, communication skills, and general comfort level with 

mathematics. This prior knowledge was used to help design the learning unit, particularly
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to craft the conceptual questions used within the unit.

The second learning study planning meeting was conducted with the sharing of detailed 

lesson plans on a computer program, Smart Ideas. This is a commonly used program in 

the school board where this study took place and both teacher-participants were familiar 

and comfortable with its use. Several of the conceptual questions were discussed and 

modified by both teacher-participants. It was also agreed upon that both teachers would 

adopt similar instructional methods, and lesson formats from existing resources. 

Differentiated instruction (DI) methods that were already practiced in other subject areas 

by the teacher-participants, were implemented through the type of teacher questioning 

used. One aspect of differentiated instructional methods is to provide questions that 

include multiple layers, so that all students experience some level of success. This 

layering of questions will be further discussed in a later section on the specific unit used. 

The teacher-participants also agreed to use the same mathematics text books and 

provided students with identical homework assignments. After the first two planning 

meetings, contact between the teacher-participants was maintained through email and 

telephone conversations. With the creation and implementation of the unit lesson plans, 

variations in understandings were noted. Student responses to questions and concepts 

were generally anticipated.

Once the initial lessons had been taught in each classroom, the teacher-researcher and 

teacher-participant conferenced via the internet. The teachers were able to review their 

experiences, and post any revisions for the next lesson plans if need arose.

After the learning study had been completed, the teacher-researcher conducted a 

follow-up interview with the teacher-participant, see Appendix B, and through self­
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reflection to ascertain if there have been any fundamental shifts in the teachers’ view of 

questioning techniques and how these relate to students’ communication and thinking in 

mathematics. Post unit observations of students’ communication and of unit content 

knowledge were also completed to ascertain grasp of the concept(s) taught.

4.3.2 Data Collection

This learning study gathered a variety of data that is of a qualitative nature: 

questionnaire, interview, reflection, and observation data. Part of the data was organized 

by both the instrument used to collect the data and by individual participant. For example, 

in the findings chapter the interview data is correlated in one subsection by headings 

relating to the questions asked and by teacher-participant. Other data sets are organized 

and explored by issue or topic. Since the data was based on personal interviews, 

conversations, and reflections, parts of the data are presented in a first person narrative 

format. Emerging themes, trends, and commonalities in the data are presented in a 

thematic format with emphasis from individualized data.

The learning study format incorporates interviews, self-examination, peer collaboration, 

and observations. Informal interviews (Appendix B) and conversations, which are 

reflective in nature, with the teacher-participants is a major component of the 

phenomenological approach to research. The post learning study interview questions 

were as follows:

1. What has been the most significant benefit of participating in this learning study?

2. How has your understanding of communication changed?

3. How might the elements of teaching questioning worked on during the learning 

study be translated into other units of mathematics?
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4. Have any of your teaching practices changed since participating in this learning 

study? How?

5. Do you believe that your students have improved in terms of their communication 

skills through this unit?

These interview questions were presented to each teacher-participant in a structured 

manner; however there was also ample discussion of personal experiences, successes, and 

struggles with lesson structure and with students. Personal experiences related to the 

phenomenon are central to the phenomenography approach to data analysis. These 

experiences of teacher questioning techniques were collected through reflective self­

evaluation, conversations, informal interviews, and observations. Conversations relating 

to the reflection of the teacher-participants in this learning study will be presented in a 

narrative format in the chapter on analysis. Another part of the learning study process 

involves the use of pre and post observations of students in order to determine their base 

understanding in a subject area and what was learned. The observations included 

informal questioning of students during individual and small group work situations about 

rate and ratios, and individual teacher-student conferencing with students towards the 

middle and end of the learning study.

4.3.3 Ethical Considerations

Cohen, Manion, & Morrison (2007) provide an extensive review of literature on the 

ethics of action research which has been categorized into several interrelated ethical 

principles or considerations. Permission to carry out the research was obtained from the 

school board and ethical consideration of both the university and school board were 

adhered to (see Appendix C -  ethics approval form, letters of permission, consent forms).
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Several of the ethical principles are generic in that they apply to most areas of research. 

One such issue is that of privacy and confidentiality. When completing this action 

research project, it was imperative that anonymity of participants be maintained on 

several levels.

First, action research allows for the researcher to become a participant in the research 

which has drawbacks and benefits. However, as Cohen, Manion, & Morrison (2007) 

point out, although the researcher is a part of the area they are studying and cannot 

therefore be totally objective:

Other people’s perspectives are equally as valid as our own, and the task of 

research is to uncover those. Validity, then, attaches to accounts, not to data or 

methods (Hammersley and Atkinson 1983); it is the meaning that subjects give to 

data and influences drawn from the data that are important, (p. 134)

Second, anonymity is necessary so that teacher-participants will feel free enough to 

share their personal thoughts and challenges and be open to have a peer evaluate their 

specific use of questioning during their mathematics teaching. Third, paired with the 

anonymity of the teacher-participants is that of the schools and students where the study 

is conducted. In order to maintain this anonymity, pseudonyms have been used, specifics 

on class size have been altered, and only generic information has been shared about the 

respective schools involved. It is also important to clarify that names of the schools and 

the teachers have been presented in a purposefully fictional manner to protect the identity 

of the respective schools and students involved, in light of the dual teacher-researcher -  

teacher-participant role.
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4.3.4 The Participants

In the spirit of carrying out an ethical study, both schools and teacher-participants 

involved in this study have been assigned pseudonyms.

Bear River is a large school in the heart of an urban community. The school contains a 

mixture of students from various nationalities including a moderately sized English 

language learner (ELL) population. Most students who attend Bear River come from 

lower socio-economic backgrounds. The study took place in a split Grade 7 and 8 

classroom with 25-30 students. The teacher from Bear River is Ms. Rock and she was the 

main classroom teacher. Ms. Rock has been teaching at the intermediate level for 

approximately eight years. She has her Bachelor of Education degree with a teachable in 

History. Ms. Rock has her primary, junior, and intermediate qualifications, has obtained a 

specialist in reading, a specialist in History and completed her Principals Qualification 

Program Part 1. Ms. Rock has been active in the areas of literacy, social justice, and 

differentiated instructional techniques task forces at the district school board level.

Fox Wood is a small school situated in the midst of a small community. The school is 

comprised of students who come from both urban and rural homes. The resulting student 

population is largely homogeneous with lower to mid socio-economic backgrounds. The 

study took place in a split Grade 7 and 8 classroom with 25-30 students. The teacher from 

Fox Wood is Ms. Hare and she was the main classroom teacher during the study. Ms 

Hare has been teaching at the intermediate level for approximately eight years. She has 

her Bachelor of Education degree with a teachable in Art. Ms. Hare has her junior and 

intermediate qualifications and is currently completing more course work with an

education focus. Ms. Hare has been active in the areas of mathematics and science task
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forces at the district school board level.

4.4 Unit as Planned

4.4.1 Unit Expectation

The mathematics unit of study created for this thesis was on the topic of rate and 

ratio at the Grade 7/8 level which falls under the Number Sense and Numeration strand of 

the Ontario mathematics curriculum. The Number Sense and Numeration strand, I 

believe, is one of the most comprehensive of the five strands as it focuses on a variety of 

sense-making skills that seem to flow into the other four strands. At the intermediate 

level, for example, topics such as factors and multiples flow into Patterning and Algebra 

in terms of finding the n111 term and solving for the variable. Percent and ratio slip into 

Data Management and Probability in terms of collection and analyzing data as well as 

exploring the concept of chance. Ratio also appears in the Measurement strand when 

calculating and comparing various measures, converting between units of measure, and 

between linear and squared cubic measurements. The core of the unit was designed 

primarily by the teacher-researcher and modified with input from the teacher-participant. 

Initially the unit was created this way because the teacher-researcher had the research 

background on the types of questions one could use for conceptual questioning. As this 

knowledge was shared with the teacher-participant, she was also able to contribute to the 

formation of questions. The unit was designed with lesson plans for nine teaching days. 

Appendix D contains some examples of the lesson plans designed for this unit. Since the 

unit was completed in the month of June, it took longer as some classes were missed for 

assemblies, sporting events, year end festivities, and class trips.

Since this rate and ratio unit was taught by both the teacher-researcher and
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teacher-participant to split grades classrooms, the content covered was a blend between 

the Grade 7 and Grade 8 expectations in The Ontario Curriculum: Grades 1-8, 

Mathematics Revised (2005). The overarching goal of the expectations for mathematics 

in the Number Sense and Numeration strand, according to The Ontario Curriculum: 

Grades 1-8, Mathematics Revised (2005), is that students grasp an:

Understanding o f number and operations as well as the ability to apply this 

understanding in flexible ways to make mathematical judgments and to develop 

useful strategies for solving problems. In this strand, students develop their 

understanding of numbers by learning about different ways o f representing 

numbers and about the relationships among numbers . . . Experience suggests that 

students do not grasp all of these relationships automatically. A broad range of 

activities and investigations, along with guidance by the teacher, will help 

students construct an understanding of number that allow them to make sense of 

mathematics and to know how and when to apply relevant concepts, strategies, 

and operations as they solve problems (p.8, italics added).

In the Number Sense and Numeration strand, there are four specific expectations under 

the subtitle proportional reasoning (see Appendix E). In Grade 7, students are to 

demonstrate an understanding of the relationship among decimals, fractions, and 

percentages concepts; identify rate as a comparison of ratio; and solve problems 

involving unit rates. For example, a comparison ratio might involve calculating heart 

rates in beats per minute and making comparisons with classmates. In Grade 8, almost 

every specific expectation of the four under proportional reasoning highlights problem 

solving using, proportions, percentages, and rates. For example, a rate problem might ask
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students to compare the cost of different sized packages of a product to determine which 

is the best value. This unit on rate and ratio attempts to provide opportunities for students 

to interact with rate and ratio concepts on a meaningful level and to connect the use of 

mathematical judgment, mathematical thinking, and different ways of presenting 

communication skills with students’ newly learned rate and ratio concepts as they solve 

problems.

4.4.2 Conceptual Questions: Background

In terms of the conceptual question techniques created and used in this unit, their 

development was largely, but not exclusively, influenced by several key researchers in 

the field of mathematics. Although the researchers and their research have already been 

discussed in the second chapter, literature review, the influences of some of these key 

researchers necessitates some restating as it applies to specifics in the development of 

conceptual questioning for the unit. The brief overview of these essential researchers will 

be again referenced as initial connections are made between particular questioning 

techniques discussed, and those used or developed through the rate and ratio unit by the 

teacher-researcher and teacher-participant.

Hebert and Stigler (1999) explored and highlighted the big ideas and fundamental 

differences in approaches to teaching mathematics between several countries, most 

notably Japan and the United States. The differences noted were striking in that the whole 

Japanese approach to teaching embodied distinct types of mathematics problems in which 

the solving of the problem became the basis for their lesson structure. One of the 

Japanese problem solving questions highlighted in the TIMSS Video Study (National 

Center for Educational Statistics, Heibert & Stigler, 1995) was related to the area of a
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triangle. In this section, I examine the 

Japanese teachers’ approaches to teaching 

this problem, parallels in their approach to 

teaching, and elements used in conceptual 

questioning. In the Japanese classroom, the 

problem solving question was presented as
Figure 1: Triangles with the same base and
same height have the same area. This is , . .  _ . . T ~ .
demonstrated with the triangles drawn ma,n focus for the lesson. In Ontario this
inside of parallel lines.
Adapted from t im s s  video 1999 approach is referred to as teaching through

problem solving. Skills developed in the previous day’s lesson were highlighted during

the review part of the lesson and students 

were encouraged to build upon the previous 

days skills with the current lesson’s 

problem. Previously students had discovered 

that a triangle between two parallel lines 

with the same base measure had the same 

area (Figure 1). The teacher formed links 

between the problem from the day before and the new problem that he posed. The new 

problem was to find an equitable way to divide the land with a straight line (see Figure 2) 

between Eda and Azusa so that the areas were equal. Both Figures 1 and 2 were 

presented to students on a television screen. The teacher allowed students three minutes 

to work out a solution individually and then gave them three minutes to work with a 

partner. After allowing the students to struggle with the solution, the teacher had several 

students show their solutions on the board. The whole class then discussed the solutions.

Figure 2: Eda and Azusa’s Land 
Using the same concept of parallel lines 
from the triangle question, students need 
to find an equitable boundary for the land.
Adapted from TIMSS Video 1999
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The teacher then went on to pose the main 

problem of the day’s lesson to the class. He 

gave them an irregular quadrilateral as

shown in Figure 3 and posed the problem:

how could one draw a triangle with the same
Figure 3: Irregular Quadrilateral
This figure is similar to the quadrilateral area as t^e quadrilateral? Again
presented in the Japanese lesson. 0 ^ 0
Adapted from TIMMS Video 1999

students were given three minutes to solve

individually and three minutes with a partner. If the students were not successful after 

that time period, they were allowed to look at hint cards provided by the teacher and to

seek assistance, Figure 4. Those students who 

solved the irregular quadrilateral problem 

explained their solutions in a small group 

setting and were then given extension

questions. In one extension question the
Figure 4: Solution
By using two parallel lines (dashed) the teacher asked if it was possible to solve a 
sides of the quadrilateral can be
modified into a triangular shape (dotted). . . , ,
Adapted from t im s s  video 1999 similar problem using different polygons such

as a pentagon. Could students get two triangles out of that shape using the same idea of

same based triangles inscribed in two parallel lines? What about a hexagon? As students

discussed the possibilities, the teacher asked the whole class how they would know if

they could solve the problem with two triangles. The conclusion of the lesson was that

students would only know the answer if they attempted the problems themselves. The

intrinsic value of the Japanese lesson problems is that the problem solving questions are

accessible in that they are less wordy and do not appear as complex as typical North
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connections to big ideas, such as fundamental geometric concepts which are 

demonstrated in the exemplar questions on a variety of conceptual levels, is an essential 

element to Japanese teaching questions. Students are challenged to increase their 

conceptual understanding by reasoning through the whole problem solving process. It is 

important to note that the idea of teaching through problem solving is not new; however 

it is the manner in which problems are presented and the type of problem solving 

questions given in the TIMSS Video that made the Japanese teaching methods different 

from the United States and German lessons shown.

Mason (2000), who was another major source of insight, brings to attention the 

tremendous role that questions play in classroom communication, especially in the 

mathematics classroom. Mason and Watson (1998) explain that questions need to go 

beyond simply “open or closed, [to] promote thought about structure of a concept” (p.5). 

Mason (2000) highlights the need for teachers to make a conscious effort to think about 

the questions they ask and specifically to examine the motivation behind the questions 

asked. In a recent paper on a phenomena approach to teaching and learning mathematics, 

Mason (2009) states that “mathematical thinking can be initiated through experiencing 

some phenomena which triggers questions” (p. 1). An example, as shown in the question 

in Figure 5, demonstrates how a central experience of a question or phenomena can help 

students engage fully with the mathematical concepts and ideas. As with the TIMSS 

Video study (1995/1999) questions, Mason’s (2009) phenomenon of the rolling cup 

provides an opportunity for students to engage with the mathematics conceptions behind 

the phenomenon on various levels. At a basic level of conceptual understanding, students

49
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develop an understanding of the relationship between the different circumferences of the 

two ends of the cup and the arc produced during the roll. As students gain conceptual 

Rolling Cup

Phenomena A plastic cup rolls about on the floor

Questions What path will the cup follow, and what dimensions of the cup do you need to 

know in order to predict details of the path? Could two cups of different shapes 

roll on the same path, in some sense?

Possible Predicting the path shape is based on experience of the world, though it is not

Developments s0 eas^ t0 ^  P1̂ 0'56 aP°ut why nnust have that shape. Predicting details of 
the curve makes use of properties of circles and the use of the ratios. There are 

opportunities to work on seeking and expressing relationships and on 

generalizing [sic] rather than simply dealing with a particular cup.

Figure 5: Sample Phenomenon Question 
Presented by Mason (2009, p.2)

understandings, they are challenged by teacher generated “What i f . . . ?” and other 

questions which initiate students into the process of generating their own questions and 

hypothesizing possible outcomes to their questions. Through the interactions with 

concepts such as radius, diameter, circumference, arc, and ratios, the application of these 

concepts, and the related communication both individually and in small groups these 

questions afforded the opportunity for conceptual development. Not only are students 

engaged with the concepts but through the problem solving process, their engagement 

leads to further speculations, questionings, and related hypothesis fostering 

communication.

Small (2009), another key source of inspiration, provides some practical insight 

into types of questions, how to modify questions, use of questions, and specific 

exemplars of questions that one could use in mathematics. These questions provide 

opportunities to interact with the concepts on a variety of academic levels and also invite
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communication about concepts. Modifying existing questions, especially those found in

textbooks, is one practical method that Small

(2009) uses to create deeper mathematical

questions. One of her methods for

modification includes the rewording and

Figure 6: Making Sense Question reordering of questions in order to elicit richer
Example
This question was used to illustrate the response. 0 ne such method Small (2009) 
making sense question types dunng a r  '
lecture by Dr. Small.
small (March 9 ,2009 ) termed “Making Sense Questions” where the

questions are phrased “Why does it make sense that. . .? ” see Figure 6. Small’s reasoning 

behind this type of questioning is simple. When one takes away the guessing factor 

related to the mathematical conceptions, as in the case with the chocolate milk question, 

that the amounts are related and most likely equivalent, students become free to explain 

why they know something and are afforded the opportunity to explain their thinking in a 

less intimidating format. So, when examining the chocolate milk question, students are 

fairly certain that the amounts are equivalent and what they need to do is state why that 

might be the case and how they can prove it. Another key phrase used by Small (2009) is 

“How do you know that . . .  ?” which uses the provided answer to the question to allow 

students to think (e g. justify, explain), to communicate (e g. talk, listen, write) 

mathematically, and to grapple with clarifying their reasoning and conclusions about the 

question and concepts being investigated.

It is important to note at this time, that the preceding question examples presented 

by the TIMMS (1999) video study, Mason (2009), and Small (2009) are exemplars 

created by researchers who have deep knowledge and experience with the development

Why does it make sense that chocolate 
milk would taste the same if there were 2 
scoops of chocolate mix to 3 cups of milk 
OR 4 scoops of chocolate mix to 6 cups 
of milk?
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and implementation of conceptual questions. As such, these conceptual question 

exemplars are the standard to which other conceptual questions are compared, such as 

those created in the rate and ratio unit.

4.4.3 Conceptual Questions: Explanation

As stated in the introduction to this thesis, there are several types of questions that 

are used in the mathematics classroom: questions that focus on procedure, formulas, and 

the process of what the next step should be; instructional questions that focus on numeric 

responses; problem solving questions that adhere to a standard model of “What do I 

know?”, “What do I need to do?”; and conceptual questioning. Conceptual questioning 

encompasses multiple aspects of a variety of questions as it focuses on pedagogical 

practices rather than a type of question and is therefore difficult to define. By its nature, 

conceptual questioning is more of a skill that requires thought and practice as it is 

malleable to the mathematics strand, type of question, and desired form of 

communication sought. Conceptual questioning encourages mathematical thinking asking 

questions such as “Give me an example o f . . .  ”, “Is it sometimes, always or never true 

that . . .” (Mason & Watson, 1998, p. 3). Detailed planning is required in order to 

effectively implement conceptual questioning because this type of questioning does not 

necessarily flow naturally unless one has had extensive practice using conceptual 

questioning. As well, this type of questioning appears to require a foundational 

understanding of the subject area, or at least of the concepts at hand and those that are 

related. As commented on earlier in this chapter, both Mason (2000) and Heibert &

Stigler (1999) discuss the importance of the type of questions used in the mathematics 

classroom. Their examples are rich in the way that mathematical concepts are developed,
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which comes from the wealth of mathematical knowledge of the researchers, and a 

teaching environment, in the case of the Japanese teachers shown in the video, that is 

conducive to those questioning techniques.

As suggested by Small’s (2009) chocolate milk question, one place that a 

generalist elementary teacher can begin the journey towards the creation of conceptual 

questions is to glean ideas from existing resources. Although the resources available at 

the intermediate level are slim, applying some forms of modification, even to textbook 

questions, can begin to aid teachers in the use of conceptual questioning techniques. In 

the above three examples forms of modification includes using question starters that 

encourage thinking and explanations, posing a series of questions that center on big ideas 

and fundamental concepts, and using presentations of contexts that students can easily 

think and communicate about. Conceptual questioning involves a huge thinking 

component on the part of the classroom teacher. An examination as to why a question is 

being asked and what mathematical concept is being examined becomes fundamental. 

Therefore, having a resource from which to base conceptual questioning is helpful 

bearing in mind that to form ordinary textbook questions into conceptual questions 

involves investigating the reasoning behind asking the question, such as focusing on 

creating opportunities for communication, mathematical thinking, and concept 

development. In the rate and ratio unit, the conceptual questions designed were leading 

towards generating students’ communication and developing conceptual understanding 

based upon the ideas presented by those such as Heibert & Stigler (1999), Mason (2009), 

and Small (2008). However, developing conceptual questioning is a learning process. In 

the Findings section I will explain more about the extent to which the questions
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developed for this rate and ratio unit reached the level of depth that the research 

exemplars depicted at the start of Section 4.4 portray.

4.4.4 Conceptual Questions: As planned for the Learning Study 

4.4.4.1. Introduction o f concepts.

The unit on rate and ratio was introduced with a graphic question about popcorn

consumption, which was adapted from

Addison Wesley 71 mainly due to its 

graphic nature, see Figure 7. The 

series of ratios related to popcorn 

consumption was presented to the 

students in four different formats: 2

Figure 7: Popcorn Advertising Question
Used with permission from Addison Wesley 7

out of 3 people surveyed preferred 

Super popper popcorn (in student 

language, Ad.l), twice as many people preferred Super Popper popcorn (Ad. 2), 7036 out 

of 10554 people surveyed preferred Super Popper popcorn (Ad. 3), 3518 more people 

preferred Super Popper popcorn (Ad. 4).

At the introduction to the rate and ratio unit, the teacher-researcher perceived that 

the popcorn question would allow students to interact with ratios in a non-threatening 

manner. From a conceptual development standpoint, the popcorn question was intended 

to lead to the development of an awareness of both mathematics and linguistic aspects of 

how ratios may be represented. For example, the statement “twice as many” was

1 Most teachers refer to textbooks by the publisher’s name rather than by author or title. Since that is an 
educational trend among teachers, and there is a desire to make the following sections flow in a readable 
and practical manner, the textbooks cited will be referred to by the publisher’s name and grade level. 
Appendix F provides a chart which correlates the textbook publisher and authors for ease o f  reference.
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linguistic while the statement “2 out of 3” was mathematical. The use of what is 

commonly referred to as a think, pair, share strategy was employed to encourage 

interaction from all students. Through the accountability built into and opportunity it 

affords to all students to talk and explain this strategy, it was expected that students 

would begin to develop communication skills with their peers rather than letting a few 

students in the class answer all of the questions while the majority were passive 

observers.

Students would be provided with a series of prompting questions related to the 

graphic representation of the ratios as seen on the smart board (Appendix G) and on the 

student work pages. (See Appendix H for black line master version of the question 

prompts)

1. Which advertisement(s) is/are most effective?

2. Do the advertisements have the same numerical value?

3. How do you know that Ad. 1 and Ad. 3 are giving the exact same information? 

The first question prompt was designed to encourage the communication of responses 

which could be entirely opinion based. The second question prompt invites the 

opportunity for comparison and the development of the idea of equivalency within the 

ratios. The teacher-researcher and teacher-participant saw the third question prompt 

presented as a conceptual question for several reasons. It is not asking the student to 

identify which ratios are the same, but asks for an explanation about how one would 

know that the statement was true. The “how do you know . . . ?” question starters, are 

likely to create the opportunity for students to demonstrate a deeper understanding of
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different representations of ratios while highlighting the development of increased 

communication skills (Small, 2009).

The teaching component of conceptual questioning, mainly teacher modeling and 

fostering of student oral communication, begun in the introductory popcorn question 

continued with the counter question shown in Figure 8. The question was also modified

from Addison Wesley 72. Following the 

counter question were the group of toy 

vehicles and camel questions. These two 

questions were significant in that they 

provided a review and built upon the junior 

curriculum expectations of fractional 

comparisons as outlined by the Ontario 

Ministry of Education curriculum document. 

At the Grade 7 and 8 levels, the fractional 

comparisons are built upon the junior concept and transferred to fraction, decimal, and 

percent comparisons and equivalencies. Thus to develop the concept that ratios are 

comparisons of either part-to-part or part-to-whole, the grouping of toy vehicles was 

used, also an adaptation form the Addison Wesley 7 text. To practice this connection 

further, students participated as a class on the camel comparison questions. In the camel 

questions, two sets of camels were compared; Arabian camels with one hump, and 

Bactrian camels with two humps. In addition, some camels were sitting while others were 

standing. Students were asked to create various ratios using the four types of data. The

2 The question was changed from round coloured dots to coloured tiles largely due to the fact that both 
teacher participants had coloured tile manipulatives in their classrooms. Thus, the students would be able to 
physically manipulate the tiles and create various ratios in small groups.

How can you compare the number of yellow 
counters to blue counters?

[s1[s1[gfg R s |0 lG |G |G |G |G
Y y |y h Y Y

B i k l ± B B B B B

How many different ways can you compare 
the counters?
•  Write out each way as we will look at this list later.

Adapted from Addison Wesley 7

Figure 8: The Counter Question 
Adapted from Addison Wesley 7
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ratios were then classified as part-to-part or part-to-whole. Although the counters, 

vehicles, and camel questions were not conceptual questions, but instructional questions 

with mainly numeric responses and some unit terminology, they were included because 

they reinforce necessary foundational concepts for the unit. Further, it is important to 

note that more “routine” type questions such as response questions still have a place in 

the mathematics classroom.

4.4.4.2 Developing connections to other concepts.

Annika’s Fish (see Appendix H), a series of questions adapted from a data set in 

the Nelson 8 textbook, was designed to help develop comparisons between fractions, 

percentages, and ratios. Questions were modified to bring forth conceptual 

understandings of comparisons and conversions between fractions, decimals and 

percentages, and their relationship with ratios. For example, the question: “Explain how 

you know that Annika’s list follows the sales person’s recommendations?” elicits an 

explanation of how and why her list of fish is within the limits stated by the sales person. 

With the question wording “how do you know” the guess work as to whether or not 

Annika’s list matched the sales person’s recommendations is removed. This provides 

students with the opportunity to explain their reasoning by using the data they had created 

in the previous questions. Students also had to demonstrate an understanding of how they 

knew their answers using mathematical concepts such as fractions, ratio and percent.

The question, “How many chocolate chips are in my cookie?” and the ratio table 

demonstration that followed Annika’s Fish questions are focused on the concept of ratio 

comparisons and foundations in the concept of equivalent ratios. A copy of this activity is 

included in Appendix H. In the chip and cookie activity, each student was given several
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cards with picture groups of chocolate chips and cookies. First, students were asked to 

write a ratio for the chips to cookies. Second, students shared their chip to cookie pictures 

and ratios with a partner. The partner groups were then instructed to find as many chip to 

cookies ratios that were the same as they could by examining other groups’ ratios. The 

term equivalence was not yet introduced. The comparing of ratios so that equivalency 

could be defined required an increase in skill level.

4.4.4.3 Further exploration o f ratios and rates.

As equivalent ratios were further explored 

the idea of the ratio table was introduced. Ratio 

tables were a method of finding equivalency that 

was new to the teacher-participants. However, 

ratio tables are not a new concept. Van de Walle 

and Lovin (2006) and Small (2008) both describe 

and demonstrate the principles of the ratio table in 

their instructional books about teaching 

mathematics. This concept is also related to T- 

charts or table of values in the junior curriculum 

as well as to gradient and differences in the high school curriculum. The tables have the 

potential to be used to find equivalency based on repeated multiplication (see Figure 9) of 

the dotted arrows across the top of the ratio chart. Under the bottom row of the chart, the 

variety of dashed and solid lines represents alternative multiplicative actions. The 

interesting idea surrounding the ratio table is that it resembles equivalent fractions and

'■a O O O A A A A
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! 6 | t2  1 24 ! 48 i 30 |
3 ! 16 | 32 j 64 j 40 I |

\ : ...

! * 4 Ts
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Figure 9: Ratio Table 
A ratio table easily demonstrates 
through direct representation, steps 
of simple repeated and/or related 
multiplication to find equivalency.
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mimics the multiplication matrix which students frequently use throughout the year. The 

use of familiar representations is more helpful for weaker students.

The intent of the next set of tasks and related questions: pattern blocks, hot 

chocolate, cement ratios, and classroom ratios, was to further develop the concept of 

equivalent ratios through teacher-directed, as opposed to student-posed, conceptual 

questioning. The pattern blocks were used to demonstrate equivalent ratios related to 

area, which was a task adapted from the Nelson 8 textbook. The concept development 

sought from this group of questions was related to the Ontario Ministry of Education 

expectations of solving problems involving quantities and proportions. The pattern block 

question, adapted from Nelson 8, involved the use of manipulatives that many students 

were already familiar with. Thus, conceptual questioning and teacher scaffolding of the 

task was done on an individual or small group basis as necessary.

The hot chocolate question, adapted from Addison Wesley 7, was mainly teacher 

directed as it was used to demonstrate several more ways of finding proportional 

relationships between two quantities, mostly from a numeric perspective. Comparing two 

quantities as two different ratios was a key factor in this task and conceptual questioning 

was related to the comparisons found.

Students’ understanding of equivalent ratios was further challenged when a third 

term was introduced into the ratio such as the cement questions, which were adapted 

from Nelson 7. In the cement questions, the ratio of bags of cement to sand to gravel was 

explored. Conceptual questions were introduced following Small’s (2009) model of 

question starters and related to potential problems faced on the job site. For example: “If 

the ratio of cement:sand:gravel was 1:3:4, and Mike arrives to the job site and finds 6
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bags of sand, how does he know that he needs to ask his boss for 8 bags of gravel?” The 

intent of the cement questions then, were to provoke an authentic real life element to 

what students had been doing thus far with ratios. The classroom ratio questions, adapted 

from Small (2008) were designed to take a visual representation approach and pair it with 

the numeric approach for finding equivalency. The cement questions marked the third set 

of questions related to equivalency. Therefore, students were given time to investigate on 

their own and share with peers before any instructional hints were given.

4.4.4.4 Problem solving

The concept of problem solving using the knowledge leaned with the calculation 

of unit rates was introduced through the examination of students’ heart rates. Students

measured their own heart rates and used the data to complete a graph. This assignment

was taken directly from the TIPS4RM document, see Appendix H. Heart rate was then

also used to introduce the idea that rate was

. food
B asics 02

2009/05/25 000 65633 27947
Pack 10 68SG 20843001
Cheerios honey nut 
cereal 685g

always more forless! always more forless!

Figure 10: Grocery Store Tag 
Tags were used to discover real life 
applications of rate.

similar to ratio in that it compared two or 

more values but that it was different because 

rate involves two different measures. 

Another real life component for the 

exploration of rate was demonstrated with

the examination of grocery store item tickets, commonly known as tags (e.g., Figure 10).

Students were provided with a series of tickets for related products and examined the

various rates on the tags. A discussion was held on how the rates were usually given per

100 grams and that this standard amount helped consumers select the best deal on a 

product. Conceptual questions such as: “If you usually buy the club packs of yogurt cups,

20843001
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but the variety packs of 12 are on sale, how can you decide what is the better deal?” were 

formed around the purchasing of products.

The culminating task dealt with the 

examination of cereal box questions which were 

adapted from the Addison Wesley 8 textbook 

(Figure 11). Along with asking students to make 

comparisons as to which box was the best deal, 

the conceptual questions for the task also

prompted students to decide under what 

circumstances would one choose to buy a 

certain sized box of cereal even though it may 

not be the most cost efficient with the greatest 

amount of cereal for the least amount of money.

The final task in the rate and ratio unit was twofold. One class participated in a 

percentage problem (see Appendix H) and the other completed a problem solving 

question on winter sports (also see Appendix H). Students in both classes were 

challenged to apply their knowledge about rate, ratios, and percentages to their problems. 

Key to finding a solution was the ability to communicate effectively.

In the percentage question, students were required to explain their thinking about 

sale prices and what difference, if any, the order of taking percentages off of regular 

priced merchandise would make. Students justified their responses both in written format 

and by completing computations as proof that their response was correct.

Samantha likes Cheerios and her family 
eats a lot of them. So when she was 
shopping, Samantha wondered what would 
be the best deal on Cheerios.

Cheerios come in 3 different sized boxes:

Figure 11: Cereal Questions 
This was the starting page for the 
cereal box questions that initiated 
rate comparisons.
Adapted from Addison Wesley 8



The winter sport problem was unique in the manner in which it was introduced. 

Students were divided into groups of four. Each person in the group received a card with 

a piece of information and a question. The group members could only share their 

information orally as no one was allowed to look at another person’s card. This forced 

students to communicate not only their question but also the math that was contained on 

their card. Each group had a problem solving template which had to be completed. Since 

key pieces of information were necessary, every student had to communicate. The idea of 

having only one paper limited students so that they also had to communicate the why and 

how of their mathematics calculations and reasoning.

Table 2 is a summary of the conceptual questions included in the unit. It 

highlights each questions’ unique trait, skill targeted, intent of question, and planned 

teaching resources. The questions, tasks, activities and prompts planned for the rate and 

ratio unit were carefully thought out by both the teacher-researcher and teacher- 

participant. The intent of these questions was to develop a base from which conceptual 

understanding could be generated and through which quality communication could be 

elicited. Since the rate and ratio unit was an initial attempt at creating and using 

conceptual questions, there were many obstacles to overcome. However, the learning 

study process afforded these educators the opportunity to share ideas about question 

techniques, how to implement different questions, and discuss what was successful and 

what further modifications might be beneficial in the future. The highlights of triumphs 

and frustrations will be discussed in the following sections of this chapter.
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Table 2
A Summary of Rate and Ratio Conceptual Questions and Problems

Question Trait Skill Intent Teaching
Resources

Popcorn
Advertising
Ratios

Graphic, Familiar 
content, How do 
you know . ..?  
prompt

Representing
ratios

Introduction to unit, 
Develop
communication skills

Think-pair-share
strategy

Counter
Questions

Graphic,
Manipulatives

Part-to-whole 
and part-to-part 
ratios

Self discovery of types 
of ratio comparisons

Think-pair-share
strategy,
Manipulatives

Toy
Vehicles

Graphic, Familiar 
content

Part-to-whole 
and part-to-part 
ratios

Reinforce use of 
terminology and 
application of skills

Teacher Modeling 
of terminology

Camel
Question

Graphic, Virtual 
manipulatives

Part-to-whole 
and part-to-part 
ratios

Reinforce use of 
terminology and 
application of skills

Think-pair-share 
strategy, Virtual 
manipulatives

Annika's
Fish

Chart, Graphic, 
Real life 
application

Percentages 
and ratio 
comparisons

Application of new 
skills in ratio and 
communication/ 
justification

Think-pair-share
strategy

Ratio Table Chart Equivalent 
ratios through 
linear chart

Introduction of a new 
method of determining 
equivalency -  based 
on familiar context of 
equivalent fractions

Teacher modeling 
of strategy

Cookies to 
Chips

Graphic, 
Manipulative 
cards with 
graphics of ratios

Equivalent
ratios

Application of 
equivalency finding 
skills

Think -pair- share 
strategy

Pattern
Blocks

Graphic, 
Manipulatives, If 
. . .  then 
question 
prompts

Equivalent
ratios

Application leading to 
more abstraction of 
questioning

Think-pair-share
strategy,
Manipulatives

Hot
Chocolate

Graphic, Virtual 
manipulative

Equivalent
ratios

Introduction to different 
methods of finding 
equivalent ratios and 
making comparisons

Teacher Modeling 
of two strategies 
for equivalency

Classroom
Ratio

Symbolic 
representation, If 
. . .  then, Under 
what condition? 
Question 
prompts

Equivalent
ratios

Problem solving , 
Application of skills in 
more abstract form

Think-pair-share
strategy

Cement Graphic, Real 
life application, 
How do you 
know . . . ? 
question 
prompts

Equivalent
ratios

Application and 
Justification of 
equivalency

Think-pair-share
strategy

Heart Rate Real life 
application

Rate, and 
comparisons of 
rate

Graphing rate 
comparisons

Think-pair-share
strategy
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Grocery
Tags

Graphic, Real 
life application

Rate and 
comparisons of 
rate

Explanation, 
Justification, Practice 
for later questions

Teacher modeling 
to independent 
work

Cereal Real life 
application, 
Under what 
conditions . . .  ? 
question 
prompts

Rate and 
comparison of 
rate

Explanation,
Justification,
Reasoning and proving

Think-pair-share
strategy,

Percentage
Problem

Real life 
application

Percentage 
relationships 
and ratio 
comparison

Problem Solving, 
Justification

Individual
application of skills

Winter Play Familiar Context Equivalency,
percentage

Problem Solving,
Communication,
Explanation

Cooperative group 
effort

4.5 Conclusion

To summarize, action research provides a framework for this thesis through which 

data is viewed and interpreted. The methodologies of phenomenography and variation 

theory work simultaneously with one another. Variation theory has developed out of 

phenomenography as research has shifted focus to attend to the variations in the study of 

the experience of a phenomenon (Pang, 2003).

Learning study by its nature adopts a personal element by examining one’s 

teaching practice, therefore lending itself well to the framework of action research. 

Learning study also has foundations steeped in both phenomenography and variation 

theory. Thus learning study becomes a natural outflow for the research approach used in 

this thesis. The methodology of variation theory guides the data analysis.
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5. Data Analysis and Findings

Action research provides a framework for the learning study on conceptual 

questioning techniques and sensibilities. The benefit of the framework of action research 

is that it allows for the pairing of teaching with self-reflection and of theory with practice 

(McNiff, 2002). The framework of action research is paired with the methodology of 

variation theory in order to examine and analyze the data and findings of the learning 

study on conceptual questioning. In this learning study, variation theory focuses research 

and analysis on the variations of the experience of a phenomenon of teacher questioning 

techniques and sensibilities, conceptual questioning in particular, and resulting student 

responses.

Data for the analysis was obtained through: informal interviews and conversations 

with teacher-participants before, during, and at the end of the learning study; self­

analysis; notes based on learning study meetings; pre learning study questionnaire; lesson 

observations of small group work, class discussions, teacher-student conferencing, and 

student work. This research project incorporates a variety of data that is qualitative in 

nature including interview narratives, individual and joint reflection notes and 

observation of students’ activity and participation. In this chapter the main interview, 

reflection, and observation findings are presented. The purpose of the teacher- 

participants’ narratives in the interview reflection section is to ascertain teacher growth, 

changes in teacher understanding of communication, conceptual questioning techniques 

and sensibilities. These aspects of teaching are related back to the thesis question, which 

examines of the ability of a generalist teacher to elicit student communication through 

conceptual questions. The personal narratives also include identifying a comfort level
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with conceptual questioning techniques and sensibilities. The themes of teacher fears, ties 

to other subjects, and professional benefits add further to the discussion. The observation 

and reflection section delineates where the students have made progress with 

communication and their interactions with the new style of conceptual questioning.

5.1 Interview Narratives

The learning study interview questions, which were completed after the rate and 

ratio learning study, are referenced in this chapter by condensed headings: Benefits of 

participation in the learning study; Changes in understanding of communication; 

Transferring teacher questioning techniques; Changes in practice; and student 

communication skill development. The learning study interview with the teacher- 

participant was conducted as a conversation between the teacher-researcher and the 

teacher-participant. In the interview where the teacher-researcher and teacher-participant 

were one in the same, the interview questions were given by a third party as the teacher- 

researcher discussed orally and typed responses on the computer. Since the interviews 

were not tape-recorded, the interview statements are based upon specific, detailed notes 

from the interview sessions in which the researcher copied both verbatim and in coded 

short hand the conversation statements. As such, the teacher-researcher wrote the 

responses to the interview questions from an overview of the questions asked. The data 

from the interviews is thus represented in a personal narrative format. The narrative 

format allows aspects of the classroom learning community to be explored following a 

complexity theory framework with an emphasis on interactions and connections within 

the learning systems. The narrative form creates a form from which the examination of 

adaptations by both teachers and students to the complexity of conceptual questioning



can be analyzed. Central to this format is an accurate reflection of the teacher- 

participants’ thoughts, ideas, and experiences related to the phenomenon of conceptual 

questioning as conveyed through their narrative. Analysis of the data involved reading 

and re-reading the narratives looking for themes and specific instances that exemplify the 

themes. Three central themes about the learning study emerged from the interview 

process which are discussed following the interviews: the identification and 

acknowledgment of general fears teachers have about teaching mathematics; significant 

ties of communication and teaching pedagogies between teaching mathematics and 

teaching other subject areas; the professional benefits of teaching mathematics using 

conceptual questioning. These themes are also presented in a narrative format in the 

reflection section by the teacher-participant. The format is designed to emphasize 

parallels and differences among teacher experiences and student responses.

5.1.1. Interview Reflections: Bear River, With Ms. Rock 

Benefits o f participation in the learning study.

Ms. Rock had this to say about the benefits of participation.

The question techniques used were one of the most beneficial parts of the study. I 

was able to gain more confidence with a broader range of questions and my 

questioning became more effective. I also felt that an added benefit was the 

pictorial nature o f the tasks and questions. Most of the tasks and questions 

contained diagrams or picture references which engaged the students and 

supported students who usually tended to struggle with mathematics concept 

development. One dramatic example of the benefits of pictorial representations 

was with a Grade 7 boy who was on an individualized education program. His
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work in mathematics had been modified to the Grade 5 programming level 

throughout the year, but paralleled the topics taught to the other students. In the 

rate and ratio unit, he became engaged especially with the camel question. He was 

able to develop and articulate an understanding o f the difference between part-to­

part andpart-to-whole ratio comparisons and even completed textbook questions 

at the Grade 7 level on this concept.

Changes in understandings o f communication.

Ms. Rock also commented in depth about changes in her understanding of 

communication.

My ideas about communication have changed over the duration of this unit. 

Although I know what good communication looks like in literacy, I was 

somewhat unclear about what good communication may look like in mathematics. 

I believe I have become more effective at using leading questions and eliciting 

quality communication. In my mathematics lessons prior to this rate and ratio unit, 

I would tend to have a teacher-directed lesson in which I elicited student 

comments and responses intermittently. Generally it was the same three or four 

students who, even with wait time, always answered the questions. Other students 

only participated when directly called upon. Now I actively strive towards 

incorporating more student talk through pairs and small group activities. Another 

change in teaching practice is the use of leading questions. By using the term 

leading questions, I am trying to differentiate between teaching students as 

telling and teaching them through guided discovery. I am able to use the leading 

questions to help my students think deeper about mathematics and to develop
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understanding rather than trying to give them understanding. A recent example 

would be in my measurement unit where I have now incorporated activities that 

help develop area formulas rather than giving students the formula and working 

strictly on application. I already do this in literacy, since my strengths are in 

language. However, I  had not done this consistently in math before. This may be 

because I had been teaching math the way I was taught, having been taught in the 

Socratic manner of the British school system. There is a certain comfort level in 

teaching that way. For example, I have learned to think about and complete 

mathematics computations and concepts in a certain way. Trying to teach using 

leading questions, then can become tricky. What if I was asked a question by a 

student that I was unsure about? I also sometimes wonder if I was asked the 

wrong question, could I get confused with my own understanding?

Transferring teacher questioning techniques.

The interview also involved a question on whether teachers though what they had learnt 

during the rate and ratio unit would be transferred to other units. Ms. Rock was of the 

view that questioning techniques could be transferred.

I don’t see why you couldn’t transfer the questioning techniques from the rate and 

ratio unit to another unit of mathematics. If the questioning techniques worked 

with a unit that our students traditionally struggle with, why would it not transfer 

to another less difficult unit? An example would be teaching the Number Sense 

and Numeration unit on integers. Although I have not routinely used leading 

questions in other units in mathematics, I  have used leading questions, some o f 

which are conceptual questions, and provided discovery tasks in my integers unit.
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Changes in teaching practice.

Ms. Rock also commented about changes in her teaching practice.

Since participating in the learning study on rate and ratio, my comfort level with 

the use o f leading questioning techniques has improved. I also feel that I have 

more appreciation o f how and when students communicate their understandings 

of mathematical concepts. I think the discussion allowed my students to engage 

more, especially the small group work and paired activities where they were able 

to grapple with the concepts. This was evidenced by one student who had average 

mathematics capabilities but would never voluntarily answer a question in class. 

After the small group activity during the popcorn question, this boy volunteered 

to take on the role of presenting the group’s work in whole class discussion. I 

think this was due in part to the confidence built in the small group setting.

Ms. Rock emphasized the changes in using leading questions and offered an example of a

student who benefited from communicating in a small group setting.

Student communication skill development.

Student improvement o f communication and expression o f their conceptual 

understandings were evident in their written work. The questions that they 

completed for the rate and ratio unit fostered a focused communication on 

explanations and description as opposed to the more traditional textbook question 

that emphasizes knowledge and understanding, or basic application questions and 

answers. The assessment fo r understandings and the assessment o f 

understandings in this unit were both more anecdotal than I usually have in
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mathematics as I was able to conference with students individually about what 

they had learned and explore and apply concepts with them.

The benefits that Ms. Rock experienced were seen in both written work and student 

conferencing.

5.1.2. Interview Reflections: Fox Wood, With Ms. Hare 

Benefits o f participation in the learning study.

Ms. Hare mentioned collaboration and in-depth reflection as a major benefit of the 

learning study.

One of the most beneficial aspects of participating in the learning study was the 

opportunity to collaborate with my peers. Teaching can become a lonely 

profession and the opportunity to discuss teaching pedagogy with another peer is 

rare but important. Although I routinely examine what was successful and less 

than successful in my daily teaching, a more in depth reflection o f my personal 

practice was a welcomed opportunity.

Changes in understandings o f communication.

As was the case with Ms. Rock, Ms. Hare gave a detailed account of the changes in 

understanding or communication that resulted from her participation in the learning 

study.

I would have to say that my understanding of communication has changed. 

One of the major challenges for me in this unit was in the creation of defining 

parameters for what communication is and what it should look like in the 

mathematics classroom. Originally I thought I knew what communication was, 

that defining it in terms of mathematics would be as easy as defining it in literacy.
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For example I thought that communication was. can the student write using the 

mathematics terminology and use the formula(s)? However, I have come to 

realize that, that is only a small part o f communication. There is the whole aspect 

o f reasoning, justification and proving as well as the whole process o f talking out 

ideas in order to develop concepts.

Communication is a broad topic. Exactly what communication looks like in 

mathematics is open to some interpretation. As my class and I worked through the 

questions in the rate and ratio unit, my expectations for student communication 

were raised and I was consistently impressed with the ideas and connections my 

students were able to make. For example, I was surprised with a pair of students. 

One student was quick to figure mathematical concepts out, but lacked the 

necessary communication skills to explain how he arrived at his conclusions. The 

other student in the pair was one who often remained silent preferring that others 

explain or the answer questions. However, while working on the popcorn 

questions, these two boys quickly realized that all four of the ratios were 

equivalent and then set about demonstrating how they knew that to be true. The 

ability to clarify their thinking as a pair was unusual for them and proved to be an 

inspiration for me as a teacher.

In addition to detailing aspects in which her understanding had changed, Ms. Hare gave 

an example of how the positive changes in two students with different communication 

needs -  a student who even when strong in mathematical thinking would rarely 

participate in oral discussions and another who was simply quite reluctant to participate
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in activities that required mathematical thinking and communication -  challenged her 

understanding of communication.

Transferring teacher questioning techniques.

Ms. Hare was also positive that teacher questioning techniques were transferable to other 

strands in mathematics but was rather conservative about the length of the process. 

Questions become conceptual as they are deliberated on by the teacher and 

molded to lead students to a deeper understanding and more articulate 

communication. Can this be applied to other mathematics units? O f course, but it 

will require a concerted effort on the part o f the teacher to create the conceptual 

questions and anticipate when those questions are best used. Due to the nature of 

conceptual questioning, the application o f these techniques would be a long term 

process rather than something that could be implemented instantaneously. 

Changes in teaching practice.

Ms. Hare considered her level of awareness of forms of questions, and the use of 

questions to be heightened by teaching the rate and ratio unit.

My teaching practices have evolved with the creation and implementation 

of the rate and ratio unit. I have developed a heightened awareness o f the various 

forms o f questions I  am asking in class and the type o f answers that I am eliciting. 

I often find myself pausing before asking a question to think about the purpose o f 

what I am asking. Another change in teaching practice has been the use of a 

technique called think alouds. The idea is for the teacher to model their thinking 

by communicating their thought process out loud for students to hear. In my 

current mathematics unit, I have also been focusing on creating opportunities for
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students to collaborate on mathematical concept development, while actively 

structuring my mathematics lessons so that there is less teacher talk and more 

collaborative sharing and communication o f ideas and concepts.

Student communication skill development.

Ms. Hare shared her pleasant surprises.

In mathematics classes, there tends to be the handful of students who 

always answer the teacher’s questions while the rest of the class remains 

relatively disengaged. This was not the case with the rate and ratio unit. In my 

classroom I was surprised by the number o f students who volunteered to answer 

questions for the rate and ratio unit. This was especially noticeable with some o f 

the higher needs students who became actively engaged in both discussions and 

in their independent work. One student in particular stands out as she was highly 

verbal by nature but on an individualized education program which included 

modifications in mathematics programming. This student could talk circles 

around any topic in literacy, although not necessarily in a logical manner. 

However, she would often voice her displeasure with math as she lacked the 

conceptual development to communicate productively. During the rate and ratio 

unit, there were several instances [camel question and heart rate] where this 

student triumphantly announced that she ‘‘got the math ” and could share her 

answers with the class. Unfortunately this was the last unit in math in June as it 

would have been interesting to see if the changes sparked by this unit would be 

transferred by these students to other units in mathematics.
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To Ms. Hare, the changes in students who were weak in mathematics were more 

noticeable.

Data from the interviews after the learning study suggest that the teacher- 

participants’ comfort level and confidence with conceptual questioning increased. Both 

teachers attribute the changes not only to conceptual questioning but also to the other 

teaching strategies such as the think-pair-share. The teachers were surprised that both the 

weak and strong students appeared to have benefited from the use of conceptual 

questioning. Although the teachers were well aware of the time, effort, and challenges of 

trying to use conceptual questioning they agreed that the process was worth the effort.

5.2. Reflections: Identified by Theme

As stated earlier in this chapter, there were three central themes which emerged 

from the analysis of the interview and reflection data: general fears and limitations of 

generalist elementary teachers; relationships identified between other subject areas and 

mathematics; and professional benefits identified by both teacher-participants. The 

narratives from the individual teachers’ reflections are presented by theme.

5.2 .1 Fears and Limitations o f Generalist Teachers: Ms. Rock

There are several challenges that teachers face when trying to implement 

conceptual questioning. I believe that the primary issue would be one of 

confidence. Experienced teachers, such as myself, have a greater level of 

confidence which affords them the opportunity to take greater risks or experiment 

more with their teaching methods. Teachers tend to always teach a subject area in 

the same manner. This is true especially in mathematics. It is only when teachers 

are challenged, or presented with a different perspective, that they begin to see
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things in other ways. However, attempting to change the way one teaches is a 

difficult task and it can shake you at first. For those new to teaching, the difficulty 

in implementing newly acquired questioning techniques is increased as they are 

also faced with the challenge of general teaching practice, behaviour 

management, and teaching methodology.

Beyond the issue of confidence, looms the issue of time management. Although I 

found it profitable to use different types of conceptual questions, there was a 

significant amount o f time needed by students to complete these questions. Time 

constraints come in a variety of forms. There is the rush to cover topics and 

numerous strands before report cards are due to the office, the intensity of an 

enormous mathematics curriculum, grappling with what should be taught, and 

deciding what is not going to be covered. There is also the limit of teaching time; 

actual minutes in the daily cycle and the number of interruptions for various 

reasons. Instructional time is further compounded by the type of questions used. 

Teachers have a finite amount o f time to plan, and planning time needed far 

exceeds the number of minutes provided during the typical work day. Planning 

for the use of conceptual questions takes more time than planning a unit or lesson 

in a more traditional manner.

To Ms. Rock, lack of confidence, lack of experience and limited time are major

challenges to implementing a new and more involved teaching method. Whereas to Ms.

Hare the constraint of time is aggravated by the teachers’ lower level of comfort with
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mathematics and by the numerous changes in teaching practice that teachers are 

encouraged to implement at the same time.

5.2.2 Fears and Limitations o f Generalist Teachers: Ms. Hare

Teachers are not immune to the/ear o f mathematics. As elementary teachers we 

are required to be experts in a multitude of subject areas. This becomes 

increasingly difficult, especially at the intermediate level where the curriculum 

content is laden with technical and subject-specific concepts, definitions as well 

as jargon. Currently teachers are consumed by trying to implement changes in 

teaching practices which are promoted at the district and provincial level. For 

example, the mandated creation of a balanced literacy and balanced mathematics 

program coupled with teaching specialized content that is intense such as science, 

places an enormous strain for teacher planning and implementing such 

programming. Teachers are also peppered with teaching methodologies such as 

differentiated instruction. All of this requires re-thinking of classroom activities 

and pedagogy. Once more, it also requires an exorbitant amount o f time for 

planning and structuring o f the classroom for success. Therefore, any weakness 

in a subject area becomes magnified. To compensate, many teachers teach 

mathematics the way in which they were taught mathematics: teacher example on 

the board, practice an example as a class, followed by multiple independent rote 

questions. Changing the way you teach a subject area like mathematics is a slow 

process. It involves lots of trial and error, the ability to accept both failure and

success, and learn from them.



78

Learning to teach mathematics using conceptual questioning is not an easy 

process. There is an element o f risk taking on the part o f the classroom teacher. 

The mathematics teacher needs to have a certain comfort level with the 

mathematical content before conceptual questioning can take place. If the teacher 

lacks an understanding of the mathematical concept behind the questions, then 

there is little hope of that teacher being able to provide the necessary foundation 

for conceptual questioning.

5.2.3 Ties and Comparisons to Other Subject Areas. Ms. Rock

Both Ms. Rock and Ms. Hare bring insightful points of view to the relationship of

mathematics and other subject areas based on their academically diverse backgrounds 

My experiences teaching math in this unit from a conceptual questioning 

standpoint is like teaching students to write in literacy. When teaching writing a 

teacher needs to, even at the intermediate level, go through the pre-writing 

process with the students. The teacher models how to write, and often lays a 

foundation of knowledge and ideas with students so that when they are writing 

independently, they have something to write about and the skills to write it. The 

mathematics unit had a large oral focus which acted like the pre-writing stage in 

literacy. Since the students and I talked about the conceptual questions, the 

students knew what to do when it came time to work independently. This lessened 

the students’ anxiety levels about the rate and ratio concepts. Rate and ratio are 

not easy concepts in mathematics, but the students got it! They grasped the 

concepts without realizing how hard the rate and ratio principles really were and 

the students used the mathematical terminology with accuracy and fluency.



79

J. 2.4 Ties and Comparisons to Other Subject Areas: Ms. Hare

Traditionally mathematics is the one school subject area in which it has been 

socially acceptable for one to not only admit his or her lack of skill, but to wear 

that lack of skill as if it were a badge of honor. I have had parents comment that 

they were never good at mathematics so they wouldn’t expect their son or 

daughter to be good at it. Yet I have never had a parent say the same thing about 

other subjects such as reading. Thus the fear of mathematics is transferred and 

even promoted from generation to generation. For some students, taking risks in 

mathematics becomes next to impossible, especially for the communication of 

concepts and ideas and even answering some conceptual questions.

Whereas Ms. Rock likened the introduction of conceptual questioning to the pre-writing 

stage in literacy, Ms. Hare commented on the uniqueness of the aversions towards 

mathematics that appears to limit students’ oral communication in mathematics.

5.2.5 Professional Benefits: Ms. Rock

The mathematics rate and ratio unit provided me with a different perspective on 

teaching mathematics since it was heavily based on conceptual questioning 

techniques. I welcomed the opportunity to work collaboratively on the unit, 

especially since the rate and ratio mathematics unit was one that I have less of a 

comfort level teaching. As the unit progressed, both the students and I enjoyed 

working with the various questions.

In the more literacy-based subject areas such as literacy, history, geography, and 

even science, teachers tend to ask open-ended questions with ease. This is not
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necessarily the case in mathematics. In mathematics there are usually definitive 

answers, either right or wrong, and of course these answers are numeric values. 

Traditionally the teacher’s role has been that of a leader, the font of all right 

mathematical answers and keeper of the methods and rules for reaching those 

answers. With conceptual questioning, what needs to happen is a mind shift in 

teaching mathematics. Teachers need to let go of the notion that they are all­

knowing. They need to create a mathematical learning community in which the 

teacher and the students both partake, on some level, in the learning journey. 

Despite the challenges of changing teacher questioning techniques there are many 

benefits to applying different questioning techniques. Changing the types of 

questions used in the mathematics classroom, allows more access to mathematical 

concepts on one level or another for most students. If teachers, however, do not 

allow students enough time to work with questions or problems presented, the 

results would be that the students were short changed in learning how to reason 

and thus communicate in mathematics. Therefore, teaching mathematics using 

conceptual questioning has its challenges but it is worth the effort and time.

5.2.6 Professional Benefits: Ms. Hare

I enjoyed working on the mathematics rate and ratio unit, although there were also 

challenges. The use of conceptual questioning requires some content knowledge, 

flexibility, and practice on the part of the classroom teacher. There is a lot of pre­

planning of questions as the teacher needs to approach answers from different 

perspectives and predict how some students may respond. The questions do not 

necessarily flow naturally without some practice.
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One thing I found surprising was just how oral the rate and ratio unit was. When 

teaching, there is a tendency for the teacher to do a lot of the talking during 

lessons. The emphasis on the think, pair, share strategy and other collaborative 

groupings provided multiple opportunities for the students to discuss and 

communicate ideas and provided some forms o f accountability that do not exist in 

a more teacher-directed lesson. Thus there was a huge collaborative effort with 

students willingly sharing ideas and examining various solutions. The exciting 

fact about this unit was not only how actively engaged the students were, but also 

in the level of success. All my students, even those who struggled academically in 

mathematics all year, were able to grasp rate and ratio concepts at some level. 

When commenting about the professional benefits of the learning study, both the teacher- 

researcher and the teacher-participant noted the benefits for themselves and for their 

students, specifically the benefit of collaborative effort and sharing ideas. The teachers 

noted the learning study was worth the effort and time. They also alluded to several key 

factors, on the part of the teacher, which were crucial for conceptual questioning to take 

place. The key factors include teacher’s comfort level which is related to teaching 

experience, the teacher’s conceptual understandings of the mathematics being taught 

paired with an understanding of why conceptual questioning is necessary, and the 

availability of teacher planning time.

5.3 Observations and Conversations: Unit as it Happened 

Learning study has its foundations steeped in both phenomenography and 

variation theory. As such, learning study fosters an examination of the phenomenon of



teacher questioning techniques in teaching mathematics as it provides an effective 

foundation for examination of views about pedagogy. Thus the examination of key 

developments in the unit as it took place provide interesting insight into the analysis of 

teacher questioning techniques as they relate to communication in the mathematics 

classroom. This section will examine the teacher observations including, teacher-student 

conferences, small group and whole class discussions, and students’ work.

5.3.1 Learning Study: Background Information.

It is important to point out that since the rate and ratio unit was taught in June, 

neither school in this study was air-conditioned, and most students were well aware that 

report cards had been submitted to the office before the unit was completed. The fact that 

this conceptually challenging unit was taught during a less than ideal time period, lends 

credence to the many positive responses to the attempt to implement conceptual 

questioning.

5.3.2 The Introduction: Popcorn Question and Counters

The students in both classes were interested in the various popcorn advertisement 

statements as evidenced by their immediate interaction with the tasks, clearly on-task 

conversations, and attentiveness to peer comments. The ratio statements related to 

popcorn consumption, see Chapter 4, Unit as Planned, Figure 7, and the questions that 

followed the introduction of these ratios, found in Appendix H, asked students to make 

comparisons between advertisements, and justify which advertisement they thought was 

most effective. Through the “how do you know . ..?” question focusing on 

Advertisement 1 and Advertisement 3, and the think, pair, share activity, students were 

engaged with the mathematics of ratios at various levels according to their abilities. This

82
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the student responses both orally and written to various questions. At the most basic 

level, students identified the first popcorn ratio, Advertisement 1, “2 out of 3 people 

preferred . . as the one they liked the best because they deemed it to be 

“mathematically based”, which in student terms means that the ratio looked like math. 

Mid-level or average mathematics ability students reported that the first ratio was the best 

because it looked like a ratio they would see on packaging or in advertising. Higher 

ability students demonstrated more conceptual mathematical understandings through 

reasoning and then proving that all of the popcorn information presented was in fact the 

same, just stated differently. Most students were not intimidated by the ratios, and in fact 

many did not grasp the fact that they were even working with ratios in the beginning.

Through working in pairs, students continued to establish a comfort level with the 

mathematics concepts which became foundational to the students’ abilities to 

communicate more effectively about ideas and concepts. Sharing ideas with the whole 

class provided a foundation for communication by allowing for the consolidation of 

concepts and the introduction of terms such as ratio. The accompanying black line 

master, found in Appendix H, provided students with several questions relating to the 

popcorn ratios. Students appeared to be more confident answering the questions after the 

class discussion which was evidenced by the limited amount of assistance sought from 

the teacher. The written student responses and answers to the follow-up textbook 

assignment reflected the value of the concepts discussed as a whole class. For example, 

over half of the students in each class were able to recognize that all of the ratios in the 

popcorn graphic contained the same information, but stated differently. Furthermore, 

many students also commented that working with the reduced ratios was more
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meaningful. Responses to questions also indicated that students were split in their 

reasoning as to which advertisement ratio was the best. The classes’ consensus, at both 

Bear River and Fox Wood centered on the idea that smaller numbers were better.

Students were also influenced by the numeric quality of Advertisement 1 which they 

deemed more appropriate than the literacy-based Advertisement 3. What might have been 

seen at the movies and in-store advertisements was also a factor. Generally, students were 

able to back up their ideas with evidence from the ratios coupled with their personal life 

experiences with advertisements, statistics, and love of popcorn.

Manipulatives are an important part of both teacher-participants’ mathematics 

teaching repertoire. The concept of part-to-part and part-to-whole ratio comparisons was 

introduced using counting tiles. Counting tiles, also commonly referred to as patterning 

tiles, are plastic 1 by 1 inch squares. They come in a set of four colours: red, yellow, blue, 

and green. This lesson included a series of counting tiles displayed as a three-termed 

ratio. The initial question was posed on the smart board with the counters visible: How 

many different ways can you compare the counters? Students worked in pairs and triads 

to physically manipulate the counters to show the various ratios and identified the type of 

ratio. Most students at this point compared part-to-part ratios but as the teacher- 

participants circled the room and offered scaffolded hints, students began to also create 

part-to-whole ratios. This was evidenced in particular by one student who, in previous 

units, would wait for others to share solutions and complete answers. She would only 

answer questions with direct teacher assistance. However, after insisting on working 

alone to physically create and then draw as many ratios as she could find with the square 

counters, she became quite animated with her discoveries and excitedly shared them first
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with the teacher and then with the whole class. She had compiled a complete list of not 

only the part-to-part ratios but also the part-to-whole ratios and labeled them using the 

correct terminology. This was a defining moment for her in the unit.

Group discussion was furthered by the question posed on the subsequent smart 

board page: Is the comparison ratio of blue to green the same as the comparison ratio of 

green to blue? How do you know? This question spawned much whole class discussion, 

initiated the introduction of key mathematics vocabulary into the conversation, and 

helped students differentiate between part-to-part and part-to-whole ratio comparisons.

Since both teacher-participants had access to smart board technology, some 

students were able to also manipulate the counters on the smart board. The benefits of 

hands on materials became readily apparent during both teacher observations and during 

follow-up class discussions. All students, regardless of their comfort level with 

mathematics or their abilities, were active participants in the whole-class discussion. The 

ability for all students to participate orally, and use mathematical terminology correctly, 

was further reflected in the presentation of similar questions such as the camel questions 

and the toy vehicle questions discussed earlier in Chapter 5. Students also commented 

about the assignments. Sometimes students tended to find that the mathematics work 

makes sense to them in class, but when they get home they struggle to remember how to 

apply the concepts to their homework assignments. This was not the case with the rate 

and ratio homework, assigned out of the students’ regular textbook.

5.3.3 Mid-Unit Highlights: Cookies and Cement

The chocolate ship cookie ratio activity (Figures 12 and 13) was one that the 

student’s enjoyed much success with. The think, pair, share strategy allowed for all of the
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students to gain a level of confidence before sharing their ratios ideas with the class.

Initially students were given four chip to cookie cards. Each card had a drawing of

chocolate chips and cookies on them. Students 

were instructed to create a ratio for each card. 

During the pair time, students shared their ratios 

with a partner and then tried to see if there were 

any ratios that might be the same. Since 

equivalent ratios had not been fully discussed at 

this point, some students discovered 

equivalency and even went as far as relating

Figure 12: Chop to Cookie Ratio 
Card 1

them to fractions. Sharing with the class, 

afforded the opportunity to discuss student

discoveries and allowed for students to 

educate their peers on what they had 

discovered.

The cement question was designed 

to allow for application of equivalent ratio 

concepts in a real life situation. The newer 

element was the introduction of a third term 

in the ratio. In the cement question, the ratio 

was 1 bag of cement: 2 bags of sand: 4 bags 

gravel. The conceptual questions
Figure 13: Chip to Cookie Ratio 
Card 2

accompanying the cement ratio implemented Small’s (2008) “how do you know . . .  ?”
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question starter and applications of real life context. Thus a large part of the success of

the cement ratio questions was due to 

both the visual nature of the question, 

and the aspects of real life application. 

Students appeared to enjoy the real life 

situations presented and engaged 

actively, especially with the “how do 

you know . . .  ?” questions. One student 

r-. . .  „ , n ... _ . .. on an individualized education plan (IEP),

who had started out with work refusal in 

mathematics, and became totally engaged with the cement questions. Not only did she 

provide a pictorial representation for one of the questions, she also wanted to share her

answers with the whole class (Figure 

14). Another student who had previously 

been uninterested in participating in 

math class, also shared his interpretation 

of the answer using a chart format that 

was demonstrated in the patterning unit 

several months pervious (Figure 15). 

Both Figures 14 and 15 were shared
Figure 15: Student Solution from Smart board

with their respective classes on the
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5.3.4 Mid-Unit Struggles: Pattern Blocks and Classroom Ratio

The pattern block questions, adapted from Nelson 8, proved to be challenging. 

Students in Ms. Rock’s class were already familiar with pattern blocks and the idea that 

they could be used to represent fractions. This prior knowledge allowed students to have 

a deeper understanding of pattern blocks as they related to ratios. The image associated 

with the ratio block question showed one green triangle with one red trapezoid 

representing the ratio of 3:1; the second image was of a yellow hexagon with two blue 

rhombi representing the ratio of 4:6. The question following the ratio statements was: If 

the green triangle to red trapezoid is 1:3, how do you know that the ratio of blue rhombi 

to yellow hexagon is 4:6? Once again, the “how do you know . . .?” question prompt was 

designed to help students elaborate on the equivalence of the ratios. Students were placed 

in pairs and triads, based on their mathematics abilities, so that Level 1 students worked 

with Level 3 and Level 2 students worked with Level 4 students. This type of pairing 

allowed for the more advanced students to explain their thinking while the Level 1 and 2 

students explored the concepts in more depth. This was evidenced through teacher 

observations of small group activity combined with whole class discussions. The pairing 

of students according to ability for the questions became a central key in both students’ 

understanding and communication.

Ms. Hare’s class, however, struggled significantly with the pattern block question. 

Most students were unable to discern how the ratio for the first set of blocks was related 

to the ratio for the second set of patterning blocks, and thus gave up attempting the 

question. This may be due in part to the fact that they had not used pattern blocks during 

the fraction unit as Ms. Rock’s class had done. Also, there was a distinct tendency in Ms.
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Hare’s class for students to easily give up attempting anything that they deemed too 

difficult, preferring the teacher give information and formulas rather than striving for that 

understanding themselves.

The purpose of the classroom ratio question was to provide the opportunity for 

further application of the concept of equivalence. The ratios were not equivalent in the 

initial ratios of boys to girls presented: Class A with a ratio of 3:4 and Class B with a 

ratio of 4:3. Students were first asked to explain if there were 28 students in Class A and 

35 in Class B, how could they prove that the total ratio of boys to girls was 32:31? 

Students were then asked to discover under what circumstances would or could the ratios 

become equivalent. The final question asked students to identify under what conditions 

the total ratio of boy to girl between the two classes could become 1:1. The classroom 

ratio questions were difficult for both classes. This was evidenced by student refusal to 

complete that task, verbal analysis of the difficulties by the students, and teacher 

observations. Students were generally less engaged with the questions, which may be due 

to a number of factors. The classroom ratio questions were perhaps more abstract than 

other questions previously explored. During the reflection, Ms. Hare felt that the graphic 

included in this question was symbolic in nature rather than a visual representation, 

which may have been a factor for the lack of student success. Ms. Rock hypothesized that 

if the question had been related to specific classes in the students’ school and those ratios, 

rather than a stranger’s class, that students would have experienced more engagement and 

success. The classroom ratio question is an example of a question that fell short of 

eliciting oral communication and mathematical thinking.
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5. 3.5 Final Questions: Cereal Boxes and Winter Playday Problem

The question about cereal boxes was a great success with the students in both 

classes. Students were intrigued with price tag bar code cards. They seemed fascinated by 

the amount of information that was available on them with regards to unit pricing, and 

sizing. Both Ms. Rock and Ms. Hare discussed with their classes the significance of unit 

pricing by 100 grams. The real life demonstration, by Ms. Rock, of how to compare 

yogurt containers to find the best deal was significant as it related mathematics to the real 

world and set the stage for the cereal questions.

As for the cereal questions, most students were able to work out which cereal box 

was the best price for the most product. However, it was their responses to the application 

questions that were interesting. In particular, Ms. Rock noted several students’ responses 

to the “Under what circumstances . . .” questions. She felt that due in large part to the 

generally low to mid range of socio-economic backgrounds of her students, they were 

able to identify with purchasing a smaller box of cereal at the greater cost per 100 grams. 

Students cited their reasons being a money issue with the monthly checks having not 

come out yet and the family being desperate for cereal. It was interesting to note that 

these students would have gleaned this information from their home life rather than being 

specifically told by parents that this was the situation. It becomes apparent that 

mathematics in the real world was the balancing of the bank account and not purchasing 

the best ratio.

Although it is recognized that the conceptual questions designed for the rate and 

ratio unit were beginning steps, the teacher-participants were excited about the changes 

that took place in teaching pedagogy and related results within the classroom. It was
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noted by one teacher-participant that due to the rich discussion that centered on the 

terminology and application of rate and ratio students made connections to the new 

concepts and were then far more confident in their abilities when it came to completing 

their independent work. This was evidenced by the increased amount of independent 

work, and the minimal number of “How do I do . .. ?” questions students asked of the 

teacher. The students’ continued successes throughout the unit, at all levels of 

mathematics competency, in both their understanding of the mathematics concepts and 

their ability to clearly communicate about those concepts, was a source of inspiration.

The teacher-participants credit the pictorial nature of the questions coupled with the large 

amount of oral discussion, and the types of questions asked as contributing factors to the 

overall success.

5.3.6 Concluding Discussion

Overall the implementation of the rate and ratio unit was viewed as a success by 

both Ms. Rock and Ms. Hare. Each teacher-participant commented positively on how oral 

the unit was. The teacher-participants felt that the quality of mathematics concepts shared 

by students was unique and surpassed expectations. For instance, both teacher- 

participants said they had students who traditionally had struggled with mathematics 

concepts, and yet they were able to articulate their understanding, although basic in 

nature, about rate and ratio using the correct mathematics terminology. This had 

previously been a rare occurrence in both classrooms. Although both teacher-participants 

acknowledged the fact that conceptual questioning techniques did not flow naturally, they 

both agreed that the techniques became more natural as they were practiced and that they 

were definitely worth the effort to incorporate. Both teacher-participants mentioned that
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they are intending to continue developing the use of conceptual questioning in their 

respective classrooms.
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6. Discussion of Findings

As we discuss the findings a review of the fundamental research question is 

important. The research problem for this thesis examines the process of communication, 

specifically through conceptual questioning in mathematics as a phenomenon. Therefore 

the research problem involves multiple dimensions including varied forms, audiences, 

and purposes of students’ communication. How can generalist teachers at the 

Intermediate level develop and employ conceptual questioning techniques; assess student 

responses; and promote the communication of student conceptual understanding of the 

mathematical processes, contained within the five strands of the Ontario Curriculum? 

Action research provided a framework to explore these questions. The research focused 

on one unit of mathematics -  the Grade 7/8 rate and ratio unit.

The discussion of the findings in the following section has been organized as it 

relates to three central facets of research: conceptual questioning, communication, and 

the learning study. Through this analysis there are four key traits or critical aspects of 

conceptual questioning that emerged: the importance of oral aspects of the unit, 

discussion, reflection and collaboration; the visual nature of the questions and problem; 

the importance of real life application and of familiarity with the contexts used; and the 

significance of teacher modeling. Figure 15, at the end of this chapter provides a 

conceptual map of the relationship of the four traits to conceptual questioning. These four 

key traits are further discussed in terms of where they fit into the research, and of how 

they are related to the thesis question. The analysis by trait will allow for the correlation 

of related data from interviews, reflections, and observations.
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6.1 The Thesis Question: Discussion

6.1.1 An Understanding o f Where It Began

The goal of this study has been to develop conceptual questioning techniques and 

sensibilities that foster student communication in mathematics. The conceptual 

questioning ideal is demonstrated in part by the Japanese teachers in the TIMSS video 

(1999), as discussed by Heibert and Stigler (1999), and also supported with rich 

conceptual question examples from Mason (2000; 2009). In light of the low volume of 

research on conceptual questioning conducted to date, it is important to point out that this 

process of conceptual questioning is in its infancy stage especially within the rate and 

ratio unit.

6.1.2 Conceptual Questioning

The thesis question, as stated earlier in this section, is multi-faceted, and as such 

the analysis must include a dissection of its parts. The first part of the thesis question 

examines the idea of conceptual questioning. The journey into conceptual questioning has 

been a long and twisting road. Initially it was thought by the teacher-researcher that 

conceptual questioning might be a type of question similar to problem solving questions.

It was hypothesized that as a type of question there might exist a type of formula for 

creating and implementing such questions. However, upon examination of other research, 

especially Mason and Watson (1998) it soon became apparent that there was not a magic 

formula for the creation of conceptual questions. Both Mason and Watson (1998) and 

Small (2008) provide a form of question starter or stem from which a teacher can build 

conceptual questions. However, cautions against the use of these question starters as a 

blanket formula leading to conceptual questioning is made by Mason and Watson (1998).
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“The questions are certainly not a recipe for teaching mathematics, nor even a menu from 

which one can choose. Rather they are intended as a source of inspiration and as an aid to 

change” (p. 3). There is an element of thought that needs to take place on the part of the 

teacher before a question is asked. For example: What is the purpose of asking that 

question? What are the big ideas or concepts that I am trying to teach? What are the 

possible answers students could give and what possible misconceptions might arise?

This research confirmed that, conceptual questioning is actually an awareness of 

questioning style that involves contemplation, content, conceptual understanding, 

consistency, and dedication on the part of the teacher employing such questioning 

practices. Conceptual questioning then impacts what aspects of a concept are asked 

about, when the question might be asked, and finally it provides some pedagogical 

direction on how to ask the question. As evident from the rate and ratio study, not all 

conceptual questions work the way they were planned and just because a question 

worked one time with one class is not a guarantee that it will be effective again. For 

example, the classroom ratio question, although conceptual in nature and aimed at 

application of the equivalent ratio concepts, proved to be exceedingly difficult for both 

classes. With the cereal question, Ms. Rock’s class was able to grasp some of the follow­

up conceptual questions surrounding the choice of different boxes of cereal due to their 

generally lower socio-economic backgrounds. Ms. Hare’s class, however, needed some 

prompting and real life examples from the teacher in order to reason through the 

questions effectively. Therefore, as discussed later in this chapter, conceptual questioning 

techniques and sensibilities becomes a method of teaching rather than a set of questions
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that can be dropped into a lesson or unit without thought and careful structured pre­

planning.

6.1.3 Critical Aspects o f Conceptual Questions and Sensibilities

The driving force behind learning study is that it follows a cyclical framework 

which revolves around the teaching and learning process of both teachers and students. 

Thus the rate and ratio learning study began by giving the teacher-participants the 

opportunity to examine their conceptual understandings and critically examine their 

current pedagogy regarding the teaching of mathematics.

From Chapter 4, Unit as Planned we can see that the teacher-researcher and 

teacher-participant adapted some aspects of conceptual questioning. These include but 

are not limited to: selecting questions that (a) elicit mathematical thinking, (b) ask for 

explanations rather than for answers only, (c) give the answer but instead ask for the 

justification, (d) aid conceptual development such as through the use of counters, toy 

vehicles, and camel questions, (e) engage various students, especially how the questions 

are presented in familiar math context, visual context, or real life contexts; as well as 

being prepared to, (f) anticipate student responses and misconceptions, and (g) offer 

scaffolding hints to those students who are challenged by the question. Further from the 

unit as implemented, the teacher-researcher and teacher-participant added to this list and 

refined some traits. For instance, the teachers realized that visual contexts that were 

symbolic were not as helpful as those that were more concrete. We may therefore say that 

the teacher-researcher and teacher-participant learned some aspects of conceptual 

questioning (Ling & Runesson, 2007). Although the teacher-researcher and teacher- 

participant put forth tremendous effort, time, and diligence into the creation of conceptual
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questions, what the teachers learned and accomplished regarding conceptual questioning 

fell shy of the kind of questioning described in the TIMSS (1999) video study or in 

Mason (2000).

6.1.4 Communication

The second part of the thesis question addresses the issue of communication. 

Communication is highlighted as a central component in mathematics. It is one of the 

seven mathematical processes in the Ontario mathematics curriculum, occupies one of the 

categories on the achievement chart, and is a term that is bantered about in the Ontario 

mathematics educational community. However, when it comes to defining what 

communication is in mathematics, the term becomes complex. As discussed in the 

literature review, communication could be considered what students are able to write, 

their responses to key questions which are labeled communication, what students can 

describe orally, or what they are able to share in discussions. This research suggests that 

under the auspices of conceptual questioning, communication could be defined as a 

student’s interactions with mathematical concepts both orally and written. That is not to 

be confused with just any generic response. Quality communication must demonstrate a 

deeper understanding of a concept through reasoning, justification and proving, by 

students as they not only apply the concept “discovered” but also create connections 

between concepts. Several aspects of communication are further highlighted in the 

section regarding the learning study analysis such as the apparent oral and visual nature 

of conceptual questions within this unit of study and the noticeable increase in oral 

communication, including the use of correct mathematical vocabulary and concept 

focused conversation both individually and in group and whole class discussions.
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6.1.5 Application

The third part of the thesis question examines the implementation and effect of 

conceptual questioning across the five strands of mathematics. For the purpose of data 

collection, I selected the number sense and numeration strand out of the five strands.

6.2 Learning Study on Conceptual Questioning Analysis 

6.2.1 Student Understandings and Teacher Perceptions

The purpose of a learning study is to design and critically evaluate lessons that 

will help students navigate the paths between their prior conceptions of a topic, and the 

newly learned concept or phenomenon, thus creating a deeper understanding. For this 

study the emphasis was on communication through conceptual questioning.

From a lesson evaluation perspective, the student responses during various 

discussions both as a whole class and in small group settings were revealing. The classes 

as a whole engaged in the problems and questions presented and generally participated 

with enthusiasm in discussions. The teacher-researcher and teacher-participant noted that 

this was a significant shift from previous mathematics units where students were reluctant 

to engage fully and even with ‘think, pair, share’ time given, often sat passively in whole 

group discussions.

Conferencing with individual students also confirmed a strong understanding of 

rate and ratio concepts covered in the unit. In discussion on rate comparisons a student 

demonstrated further application of ratio using appropriate terminology. During his 

student-teacher conferencing he was pleased to point out that the rate comparison was 

applicable to cans of frozen juice. He said that at the local grocery store the cans of pink
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lemonade were a much better deal than the cans of juice concentrate because the ratio of 

lemonade was 1 can to 4 cups of water and the ratio for juice was 1 can to 3 cups of 

water. Therefore since both cans were of equal amount, there was more lemonade made 

from one can than the juice so it was a better deal. The mathematical process expectations 

in The Ontario Curriculum: Grades 1-8 Mathematics Revised (2005), specifies that 

students should “communicate mathematical thinking orally, visually, and in writing, 

using mathematical vocabulary and a variety of appropriate representations, and 

observing mathematical conventions” (p. 110). During individual conferencing sessions, 

most students were able to articulate their thinking on rate and ratio, and all students used 

mathematical vocabulary directly related to rate and ratio demonstrating solid conceptual 

understanding.

Meaningful connections were further evidenced by students who typically 

struggled with mathematics and yet found success with the rate and ratio unit. One such 

example was a student who responded to the cement ratio question on equivalence, 

shared in Chapter 5 by drawing a diagram presented in Figure 13 to find and then prove 

her equivalent ratio. The teacher observed that this same student had previously struggled 

with equivalence in the fractions unit and was generally reluctant to attempt any 

mathematics questions, especially those outside of her math comfort zone.

When reflecting on the possible reasons behind the improved levels of 

participation and successful understanding of rate and ratio concepts, the teacher- 

researcher and teacher-participant identified several attributes of the learning study.

These included the oral emphasis the unit took, the visual aspects of questions used, the 

importance of teacher modeling and the variety of questions presented within a familiar
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context. Although these are important aspects to conceptual questioning, it is interesting 

to note that the oral and visual aspects, teacher modeling and use of familiar contexts are 

not specific to teacher questioning. These aspects are each a helpful way of teaching 

mathematics in general.

The most significant attribute was how much of the unit was based around oral 

discussions. This should not be confused with teacher-centered or teacher-dominated 

lesson structures. Rather the oral nature of the unit refers to a focus on student responses 

which incorporated the sharing of ideas and discoveries. The teacher-participants were 

facilitators of the discussions and activities who provided questions that helped guide 

students to develop their understanding rather than telling students a rule.

Another key attribute was the visual nature of the problems and related questions. 

Almost every question presented was related to a visual model; be it a pictorial 

representation or the use of hands on manipulatives. The teacher-participant and teacher- 

researcher credit the visual models used in the unit for the success of students who had 

typically struggled with mathematics concepts during previous mathematics units. This 

was especially evident in the math counter question where a student who struggled with 

many mathematics concepts throughout the year, was able to find success with the 

counter question. In relation to the visual nature of the unit questions, during interviews 

and planning sessions the teacher-researcher and teacher-participant both commented 

numerous times on the success level of all of their students. The teachers concluded that 

this might be due to the visual nature of the questions and problems presented during the 

unit, which had not been a conscious focus during the creation and adaptation of the 

questions used.
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An important observation was that students actively engaged in the counter 

questions and the pattern block questions which the teacher-researcher and teacher- 

participant believed was because the students were accustomed to the use of 

manipulatives and were given ample time to discuss. One example was in Ms. Rock’s 

class, as her class had previously used pattern blocks to represent fractions and 

equivalency of fractions. In their small group activity with pattern blocks, students who 

understood the concept early on were observed helping others. For instance individual 

work time, coupled with peer to peer assistance allowed for all students to talk about, ask 

questions, and to explain the mathematics as well as to experience a level of success. The 

confidence level and communication skills of the stronger students were also built 

through this activity.

The final significant attribute of the learning study was the level of real life 

application and the air of familiarity in many of the questions. Students were highly 

engaged right from the introduction of the unit with the popcorn and advertising ratio 

questions. The familiarity with popcorn and the elements of advertising allowed students 

of various mathematical levels to engage actively with the questions. Students 

commented to both teacher-participants on how easy the mathematics was, especially at 

the beginning of the unit with the introduction of the popcorn graphic shown in Chapter 

4, Figure 7. Even students, who admittedly did not understand the larger numbered ratios, 

commented on how they could understand the small ratios of 2 out o f 3 and twice as 

many. This initial success provided the necessary foundation for students to take risks 

with other questions in the unit.
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Another factor aiding in familiarity of questioning was the amount of teacher 

modeling that was employed. The teacher-participants worked diligently with their 

students to establish expectations about the questions used, through the modeling of 

responses to questions. For example, both teacher-participants modeled responses to 

various questions presented in the class mathematics textbook. A central component to 

modeling was the academic level of communication demonstrated with the use of unit 

vocabulary and detailed explanation of what the teacher-participant was thinking while 

solving the questions. Teacher modeling of expected behaviors, in this instance types of 

responses to questions was significant. After all, the idea of conceptual questioning was 

not only a new technique for the teacher-participants, but also for their students.

6.2.2 Analysis: The Attributes Contributing to Success and Difficulties with Questions 

Upon reflection, it was surprising to both teacher-participants how pictorial the 

questions selected and modified for the unit were. Although pictures, diagrams, and 

symbolic representations often assist student learning and are applied to a degree in 

textbooks, the fact that almost every question in the rate and ratio unit had a visual 

representation was noteworthy. The visual representations not only helped the students to 

gain conceptual understanding but it also gave them a forum from which to discuss their 

ideas and solutions. In one case, a student in Ms. Hare’s class who was quite strong in 

mathematics but consistently struggled to explain her understandings to her peers was 

able to articulate her solution to the cement problem using the diagram as an aid. From a 

teaching perspective, the use of pictorial representations allowed another avenue for 

discussion as students could be asked to relate their solutions or ideas to the pictorial 

representations. The visual aspects of the questions used coupled with the teacher
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modeling and emphasis on discussion as done with questions like the cement ratio, were 

what seemed to initially determine which questions were successful. Questions which 

were less visual or pictorial in nature required more review, revisions or as in the case of 

the classroom ratio questions, just needed to be abandoned altogether.

One problem and related questions that both classes of students were not 

successful with was the classroom ratio problem. The students struggled with the 

questions even though the concepts of finding equivalent ratios were already familiar to 

them. The teacher-researcher and teacher-participant shared that the students’ challenges 

were due to two main factors. First, there was a distinct lack of interest in the question as 

there seemed to be no relevance to student lives. Second, the graphic used was colour 

coded blue Bs for boys and pink Gs for girls. It was hypothesized that this representation 

was symbolic rather than pictorial in nature, which may have contributed to the lack of 

student success.

From a teaching perspective, mathematics questions and the related concepts 

presented were often taught beginning with the very concrete and moving towards a more 

abstract application. This is not always an easy transition for students and they will often 

struggle with questions that are more abstract in nature. An example of this in the rate 

and ratio unit was the pattern block question. Initially students had difficulty with finding 

the equivalence in the ratios. However, those that persisted, especially in Ms. Rock’s 

class, were able to complete the question and demonstrate conceptual understanding. 

Therefore, having students wrestle with a question does not warrant the abandoning of 

abstract questions. As learned from the Heibert and Stigler (1999) TIMSS video study,
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allowing students to work for conceptual understanding can strengthen their 

mathematical abilities, as was evident in the Japanese lessons.

There are, however, exceptions to the benefit of attaining conceptual 

understanding through some form of a struggle through a question or problem. One such 

question was the classroom ratio question. Not only did this question lack a strong visual, 

it was abstract in nature, and the students were reluctant to engage in the question. In both 

teacher-participants’ classrooms, it became apparent that the classroom ratio question 

was flawed. The classroom ratio question had appeared well-developed. The teacher- 

researcher and teacher-participant had identified the concepts of equivalency behind the 

question and defined some ideas as to how students might approach the question. It was 

also understood that the questions were more abstract. However, as the students of 

various mathematical abilities worked with the problem, their frustration and lack of 

engagement quickly became evident. Both teacher-participants, independently of one 

another, discontinued the lesson with the classroom ratio question and proceeded to the 

next set of questions.

As professionals, it is important that teachers recognize the difference between a 

struggle that is worth the enduring understanding in the end, and a question in which the 

casualties from the battles waged to get the final solution are more detrimental than the 

concept which may be gained. Although the concepts needed to solve the classroom ratio 

questions were important, there were other questions which could also accomplish the 

same outcome and would not deflate the newly developed confidence of the students in 

the process.
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Students from both classes were particularly engaged in the cement and cereal 

questions. They were animated about the cement questions as the real life applications 

were directly evident. Many students could identify with the construction worker and his 

desire to appear competent, with student help, to his boss. Another interesting aspect of 

the cement questions was the various approaches to solving the questions that students 

used. One of the questions stated: “Mike’s boss asked him to bring 4 bags of cement to 

the job site. Explain how Mike also knows he will need to bring 12 bags of sand.” 

Students already had the ratio of 1 bag of cement: 3 bags of sand: 4 bags of gravel. When 

sharing with the whole class how they solved the problem, one student demonstrated 

equivalency by drawing the increasing ratios under one another until she reached 4 bags 

of cement and 12 bags of sand. Another student followed in a similar manner by writing 

the numeric version of the ratio until the necessary conditions were met. This student 

pointed out the number of gravel bags also needed as he had written the whole ratio. 

However, it was the use of the patterning T chart to solve the problem that was the most 

abstract solution. The student was able to apply a concept from patterning to help him 

solve and explain the equivalency. This was significant on two fronts. First this student 

was usually able to demonstrate sound mathematical thinking related to mathematics 

concepts. However, in this situation he demonstrated even more complex mathematical 

thought by making a direct connection between two concepts, one from patterning and 

the other from rates. Second, this student often found it difficult to share his thinking 

process with others, therefore being able to communicate by sharing ideas meaningfully 

so that others could understand was an interesting development.
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The cereal questions were also related to real life for many students. All students 

were aware that cereal comes in a variety of sized boxes, and they were eager to prove 

which box was the best price point. Initially, some students stated that the largest box of 

cereal would automatically be the best buy, without working out the cost per 100 grams. 

The logic for these students was that being the most expensive, if the large box wasn’t the 

best deal, then no one would buy it. They also likened the purchasing of the large box to 

what one would find in a warehouse store when buying in bulk. However, many students 

were also able to identify with the purchase of the smallest box, which was not the best 

deal but had the smallest price tag.

Thus the elements of oral communication, pictorial references and real life 

experiences and applications were significant at making the learning study on conceptual 

questioning successful. It appears these attributes allowed students who had previously 

struggled tremendously in mathematics to gain some level of confidence and proficiency 

with ratios. From my teaching experience, rate and ratio concepts are not easy ones to 

grasp, in fact many adults struggle with them. Therefore it is significant that the students 

in both classes were actively engaged in most of the questioning tasks in the rate and ratio 

unit despite the fact that they were learning difficult concepts in late June.

6.3 The Attributes: A Concluding Discussion 

Initially this thesis questioned how a generalist intermediate elementary teacher 

can teach mathematics successfully. It has been established through Ontario Ministry of 

Education documents that at the intermediate level, elementary teachers are, so to speak, 

required to be experts in a variety of areas of study from science to history and 

geography. This applies to mathematics too. However, in my experience, most
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elementary teachers are not mathematics specialists nor have many of them encountered 

mathematics courses beyond high school. Although a majority would have taken at least 

a teaching methods course in mathematics during their pre service programs, given the 

short length of the bachelor of education programs these courses are usually cursory. 

Since mathematics is to a larger extent a content-based subject that builds from one 

concept to the next, an understanding of mathematics is a critical factor in the ability to 

teach it. So, can a generalist intermediate teacher teach mathematics fostering conceptual 

understanding and communication? The Ontario Ministry of Education (2005) believes 

this is possible as stated in the revised version of the mathematics curriculum: “fostering 

student’s communication skills is an important part of the teacher’s role in the 

mathematics classroom. Through skillfully led classroom discussions, students build 

understanding and consolidate learning” (The Ontario Curriculum: Grades 1-8 

Mathematics Revised, 2005, p. 25). Therefore, the attention given by educators and 

teachers to communication and conceptual understanding through teacher questioning is 

of paramount importance regardless of the level of mathematics instruction teachers 

themselves have received even in pre-service programs. However, based on the 

reflections in this learning study, the answer to the original pondering of how can a 

generalist teacher teach with conceptual questioning does not have an easy answer. This 

study has provided preliminary answers to the question of “how” -  which in its most 

basic form would be -  with a great deal of difficulty, effort, time, and risk taking.

Creating and using conceptual questioning at the TIMSS (1999) video study or 

Mason (2009) level becomes an ideal that is not yet possible for most teachers. However, 

as demonstrated with the rate and ratio unit, conceptual questioning techniques and
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sensibilities can be employed by generalist intermediate teachers with various levels of 

success. This success is contingent on several requirements including comfort level, level 

of conceptual understanding, and planning time on the part of the teacher.

First, the teaching experience of a teacher trying to implement conceptual 

questioning is an important factor. Of tremendous importance is the teacher’s comfort 

level with teaching intermediate students in general. Added to the comfort level is the 

ability of a teacher to focus on lesson preparation and the planning and creation of 

questions based on understandings of the content. Teachers therefore need to also possess 

a certain comfort level with the curriculum content and the concepts being taught.

Conceptual questioning techniques require the teacher to think about what they 

are asking and to analyze the questions before they are posed. Often, as Mason (2000) 

pointed out, teachers ask questions routinely as part of their communication with 

students, without stopping to figure out what they are really asking and why. In some 

instances teachers also keep their questions limited to what they are comfortable with, 

such as a more Socratic approach. Ms. Rock commented that as an experienced teacher, 

she was better able to handle conceptual questions with confidence. She also noted the 

significance of her shift in thinking about her role as a mathematics teacher. Ms. Rock 

realized that as the teacher she did not have, nor need to have, all of the answers, all of 

the time for every mathematics question.

Second, having experience coupled with some foundational understandings of 

mathematics affords teachers time to think through the types of questions they would like 

to employ and plan for the anticipated student reactions. The anticipation of how students 

might understand concepts and deciphering possible misconceptions is a second critical
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requirement for implementing conceptual questioning. Misconceptions will often creep 

into student’s understanding of mathematics and teachers need to anticipate this 

happening and have a plan of action to counter such misconceptions. For example, many 

students arrive to the intermediate grades firmly believing that when you multiply two 

numbers together, the answer will always be larger than the value of the two terms 

multiplied. This misconception leads to much student frustration when multiplying 

fractions and decimals, where the answer is not necessarily larger than the terms 

multiplied.

Since pre-planning for conceptual questioning is necessary, a third critical 

requirement would be the element of time. Some time was saved for the teacher- 

participant because the research behind conceptual questioning was presented by the 

teacher-researcher to the teacher-participant. This allowed for a common foundation from 

which to form their conceptual questions. Creating that foundation however, took time 

and effort on the part of the teacher-researcher before conceptual questions used for the 

unit were even created. It takes time and effort to select the type of questions and the 

most beneficial methods for introducing those questions. Both Ms. Rock and Ms. Hare 

commented on the amount of time it took to create and employ conceptual questions 

especially considering that the unit was short, comprised of only nine teaching days. Ms. 

Hare found that much of her preparation time at school was used to investigate, modify, 

and create questions that would aid in the development of mathematics concepts. Ms. 

Rock echoed these sentiments also commenting on the issue of collaborative time needed 

to co-plan, which could only be done on the teacher’s personal time. Therefore the
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teachers often sent small thoughts via email rather than being able to sit down together 

and compare notes.

Throughout the learning study, the main goal of the teacher-researcher and 

teacher-participant was to employ conceptual questions in the hopes of eliciting quality 

communication from their students. Through the analysis of the data, the teacher- 

researcher, teacher-participant, and their respective classes have begun to demonstrate the 

development of skills which enable them to question, converse, and apply mathematical 

concepts to the questions presented. This change in teaching practice, although in its 

infancy, has inspired and motivated the teachers involved to strive for the application of 

these ideas and related skills in other mathematics units.
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Figure 16 Four Traits of Conceptual Questioning
This diagram demonstrates the connections between conceptual questioning and its four traits.
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7. Summary and Conclusion

In the beginning of this journey I was interested in the challenges and triumphs of 

teaching mathematics at the intermediate level as a generalist teacher. Given the Ontario 

Ministry of Education emphasis on the process of communication I became interested in 

examining aspects of communication in mathematics. With a review of the literature on 

communication, this examination was ultimately focused down onto conceptual 

questioning and the role that teachers partake in implementing techniques involved in 

conceptual questioning. The primary focus became: How can generalist teachers at the 

intermediate level develop and employ “conceptual questioning techniques and 

sensibilities”, and promote the communication of student conceptual understanding of the 

mathematical processes, contained within the five strands of the Ontario Curriculum?

7.1 Theory Verses Practice

7.1.1 The central theorists

As stated in Chapter 5, the rate and ratio unit was the first attempt by the two 

teachers in this study at the application of research on communication in general and 

more specifically conceptual questioning in a Grade 7/8 mathematics classroom. Of 

particular note, Heibert and Stigler (1999), Mason (2000; 2009), and Small (2008) all 

outline varying aspects of conceptual questioning. Heibert and Stigler (1999), dissect the 

success of the Japanese teaching structure. They contrast the Japanese structure with the 

teaching practices in North America. Ultimately there is a cultural difference in the 

approaches to teaching and learning which influences the success of the Japanese 

teaching pedagogies, making the application of the Japanese teaching pedagogies
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difficult to implement in the North American classroom. Mason (2000) provides a variety 

of question prompts and a solid theory on the implementation of conceptual questioning. 

Most notably he cautions teachers to develop an awareness of the questions they ask and 

their subconscious reasons for asking those questions. In order to be successful at 

thinking through questions prior to asking them, teachers need to possess a conceptual 

understanding of the mathematics being taught. Small (2008) provides several ways to 

approach the development of teacher questions such as starting with the answer and then 

asking process-oriented questions. Small, like Mason, emphasizes the necessity of 

developing an awareness of the question types that teachers enlist. Implicit in Mason and 

Small’s recommendations on conceptual questioning is the assumption that the teachers 

posing these questions have conceptual understanding of mathematics and have 

established a teaching environment which is conducive to particular teaching methods 

such as group work.

Chapter 4, the section on Unit as Planned drew from the conceptual questions 

promoted and used by Heibert & Stigler, Mason, and by Small to design a unit that is 

taught using conceptual questioning. Key elements which were evident in each of the 

question exemplars used in the literature were: a considerable conceptual understanding 

of the mathematical concept by the teacher; the obvious forethought about what concepts 

were being examined and how best to target them; and an awareness of where those 

concepts connected in the larger picture of mathematical learning.

7.1.2 The application

This research focused on the ability of generalist teachers, not experts in the area 

of mathematics, to elicit communication from their students. In light of the research
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conducted on communication and the ultimate focus on conceptual questioning, as it 

relates to the questions created and fielded in the rate and ratio unit, several significant 

conclusions are reached.

The original thesis question revolved around generalist intermediate teachers’ 

ability to teach mathematics in a manner that encourages mathematical communication 

from students. In the rate and ratio unit, the teacher-researcher began the learning study 

by sharing with the teacher-participant the research compiled on communication and 

conceptual questioning. This allowed for a more equal foundation of knowledge from 

which the participating teachers could base the creation of conceptual questions. 

Questions were designed for the rate and ratio unit after examining the research and 

specific questions such as those viewed in the TIMSS video (1999) and highlighted by 

Mason (2009) and Small (2008). Many of the questions created, nonetheless, lacked deep 

conceptual development. This is not to say that the questions created and employed in the 

rate and ratio unit were ineffective as a whole, rather they were effective in eliciting more 

communication from the students than had been evident in the teacher-participants’ 

classrooms prior to the research and also in the TIMSS video.

The use of conceptual questions marked a significant change in teaching 

pedagogies for the participating teachers and the learning experience of the students. The 

richness of these initial attempts at conceptual questioning, lies in the noteworthy 

changes in the type, such as discourse on reasoning and proving, explanation, and 

justification, as well as the amount of communication demonstrated by the students. 

Better still, through the attempts at employing conceptual questions and the resulting data 

analysis, several elements necessary for success became evident.
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Communication, as discussed, is an expansive topic. There are multiple facets to 

communication, both oral and written, which include: argumentation, discourse, listening, 

and/or writing. As evidenced by the oral nature of the rate and ratio unit questions, 

teacher questioning techniques are the vehicle through which student oral and written 

communication is elicited and responses evaluated. Therefore it can be concluded that 

teacher questioning becomes a central component to communication that is a means 

through which mathematical thinking is evoked and shared and also that encourages 

problem solving and is a means through which solutions are presented in the mathematics 

classroom.

7.2 Necessary Prerequisites

7.2.1 The Quandary o f a Generalist Teacher : Understanding o f Concepts

There are three main conditions under which generalist teachers must operate in 

order to gain an understanding of conceptual questioning and then begin to change their 

teaching practices to reflect that understanding. Foremost, generalist teachers need to 

develop an understanding of the mathematical concepts they are teaching, both within the 

unit but also within the framework of mathematics as a whole. As the analogy states, a 

house cannot be built upon the sand and be expected to withstand the tropical storms it 

will encounter. In the same manner, generalist intermediate teachers cannot formulate or 

adopt conceptual questions, anticipate students’ responses to these questions, assess 

students’ responses without the foundational understanding of the mathematics they are 

teaching. Since conceptual questioning requires teachers to examine questions used from 

multiple aspects, including the main concepts and ideas the question is designed to elicit, 

a foundation in the understanding of the big mathematics ideas in a topic and how these
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ideas relate to other topics is imperative. Therefore, this research confirms Mason’s 

(2000) finding that teachers need to possess a conceptual understanding of the 

mathematics being taught if they are to implement conceptual questioning.

7.2.2 The Quandary o f a Generalist Teacher: Personal Commitment

The second condition under which generalist teachers can develop an awareness 

and understanding of communication is directly related to a personal commitment to the 

necessary changes in teaching pedagogy for a teacher to implement conceptual 

questioning. This commitment to change an aspect of a teacher’s practice is not a small 

undertaking and cannot be viewed lightly. Change can be an uncertain experience with a 

level of fear attached to it. This can be especially evidenced in the world of teaching 

intermediate students. When faced with challenges and uncertainty, teachers generally 

revert back to the way in which they were taught a subject. This trend has been noted by 

Ball and Chazan (1999), and commented on by Ms. Rock in her personal narrative 

reflection in Chapter 5. A second note of significance that was also referenced by both 

the teacher-researcher and teacher-participant, was that of the amount of time it took to 

prepare the types of questions that led to quality communication; be it questions posed to 

the whole class, to small groups, or to individuals. The availability to collaborate with a 

peer and opportunity to become reflective practitioners, aided both the teacher-researcher 

and teacher-participant in their quest to not only develop a deeper understanding of the 

mathematical concepts taught, but also to adjust their pedagogical teaching practices.

7.2.3 The Quandary o f a Generalist Teacher: Significance o f Communication

Changes in teaching pedagogy are related directly to the third condition, an 

understanding of the significance of communication in the development of mathematical
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thinking, and the strong ties between communication and conceptual questioning.

Without an appreciation of the necessity of quality communication or an understanding of 

what quality communication entails, the commitment to implement the changes necessary 

for communication will fade with the stresses of other teaching commitments such as 

preparation and planning time, classroom management, and the necessity to cover 

specified content. A commitment to eliciting communication, at least in part, by using 

conceptual questioning techniques was reinforced through the experiences of success by 

both teachers and students, and the evaluations of these successes.

7.3 Revelations and Responses

7.3.1 Employing Questions with a Communication Focus

Questions that evoke a generic “yes/no” or numeric responses, do not allow for 

the development of mathematical communication, at least not the oral and visual form. 

Most questions, when examined, are really designed to elicit knowledge and 

informational responses. In fact, even when asked to explain their responses students will 

often give the technique or formula used in class so the teacher cannot be really sure if 

there is understanding of the concept or just mimicking of what the student has seen. 

Conceptual questions, like the ones employed in the rate and ratio unit in Chapter 5, were 

different in the type of communication they elicited that went beyond procedural 

responses. Students became engaged in the mathematics to the point that they were 

willing to share their thinking such as when they shared a variety of ways of solving the 

cement question.

When examining student interactions and levels of communication and the 

elements of the conceptual questions used, several interesting traits emerged. First the
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questions had a decidedly oral component to them. Students appeared to develop a level 

of increased confidence in their thinking that meant that they were not shy to share their 

thinking and to explain solutions to the problems solved. This was evident through the 

various times students - weak or strong - were willing to share what they had learned 

despite their previous refusal or lack of ability to do so in other units. A case in point was 

when the weaker students also shared their solutions such as on the tiles questions, and 

when stronger students assisted in explaining to weaker students the pattern block 

question. The increased confidence might be attributed to the process of having students 

work through the concepts first individually, then collaboratively in pairs, and then 

sharing in whole class discussion.

Second, teachers need to model quality communication. Students do not know 

inherently how to communicate, much less how to communicate about mathematics. 

Therefore teacher modeling is key. That being stated, teachers also need to know what to 

model and how to model it. Both teacher-participants in this study modeled quality 

communication and mathematical thought processes while teaching, often using textbook 

questions to begin and then expanding upon their thought process as a demonstration for 

students.

Third, was the visual nature of the conceptual questions employed. The questions 

that were successful in the rate and ratio unit all had a visual component to them. This 

was particularly evident with the first question surrounding the popcorn advertisements. 

The visual element in successful conceptual questions was an interesting trend noted by 

both the teacher-researcher and the teacher-participant.
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In tandem to the visual nature of the conceptual questions which were successful 

was the fourth element of familiarity and relevance of these questions to the students. The 

successful conceptual questions had relevance to students as evidenced by such questions 

and those related to the cereal box sizes and contrasted with the less than successful 

questions related to classroom ratios.

Upon reflection, most questions explored in this unit were designed to help 

students develop an understanding of a concept or to connect understanding of one 

concept to another. These questions were usually enthusiastically completed with ensuing 

talk and writing about concepts and ideas. Examples of these questions include the 

cement, heart rate, popcorn, and cookie questions. The questions that required further 

application contained an element of struggle for the students. This was evident with 

questions like the pattern blocks. However, questions that lacked relevance and visual 

reference, like the classroom ratio questions, became labor-intensive and consequently 

students’ communication became very limited. Thus, questions that provide opportunity 

for students to think mathematically, and allow for oral communication of responses, are 

questions that reflect a students’ level of conceptual understanding. Therefore, questions 

that elicit quality communication embody several components: questions need to allow 

for oral response before written responses are required; they need to be visual in nature or 

at least have a visual component; and the context of the question needs to bear some 

relevance for the students.

7.3.2 Assessing Question Responses for Communication

Part of the foundation of learning study planning stages is variation theory which 

allows for the teacher to evaluate what conceptions students have developed and their
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interrelationship throughout the implementation of the unit. The principle of variation 

theory is to create relevance so that students can discern the crucial concepts through 

variation (Ling & Runesson, 2007). A learning outcome circle, identified by Davis and 

Dunnill (2008), helps to focus the development of concepts for planning lessons. The 

learning outcome circle focuses the big ideas or “target conceptions” in the unit of study 

(Davis and Dunnill, 2008, p.7). As the students vary in their interactions with the 

concepts, so the learning outcome circle flexes. This allows for teachers to understand the 

different constructions their students make and to adjust the teaching strategies 

accordingly. Since students in the rate and ratio learning study were at differing grade 

and achievement levels academically, the variations in conceptual understandings were 

accepted and built upon. In regards to the teachers’ learning outcome circle, the 

development of variations in designing and implementing conceptual questions included 

aspects such as visual and pictorial representations, a spectrum of paired to whole class 

activities and collaboration, and were preceded with authentic teacher modeling.

Communication by most basic definition is the exchanging of thoughts and ideas. 

Based on this definition it has been my experience that generally, students are better at 

communicating by talking about their ideas than they are at writing out their thoughts. 

When talking, students are able to articulate their thoughts and are more willing to 

explain in detail the processes they use or describe the basis for their ideas. Thus the oral 

component to this study allowed for the assessment of student communication to take 

place easily. Student responses were monitored through both group interactions and 

whole class discussions. Further assessment and the clarification of student thought 

processes were also completed through individual student conferencing. An interesting
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aspect of the conferencing is the continuation of communication as a two-way 

conversation. With individual conferencing, the teacher was able to ask for further 

clarification when necessary and pose deeper probing questions to continue the dialogue 

as needed. Thus the assessment of communication was based more upon the oral than the 

written student responses, which when documented, became a powerful assessment tool 

for communication in mathematics.

7.4 Conclusion: General Comments and Next Steps

Learning studies view the classroom teacher as the primary source for change. 

This grassroots, teacher-focused approach affords teachers the opportunity to examine 

their pedagogies in a practical manner with the goal of improving student learning. The 

teacher-participants in this research embraced the opportunity of participating in the 

learning study on rate and ratio. Their engagement became a form of professional 

development. Traits of conceptual questions including the visual nature and use of 

familiar contexts, demonstrated a growth in the teacher-participants’ understandings of 

what conceptual questioning entailed. By using the questions they designed, and 

attempting to implement what they had learned, the teacher-participants developed a 

willingness to pursue conceptual questioning with confidence.

One lesson learned from implementing conceptual questioning was the realization 

that not every question created would work, and that just because a question was valuable 

once did not guarantee it would be significant again. Thus, teachers need to be aware of 

when to pull back from a question and regroup with their class. However, from the 

teacher-participants’ perspective, the effort needed to create the conceptual questions and 

the risks taken to implement them in the rate and ratio unit were worthwhile. Having
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worked to define and then implement conceptual questioning techniques left both teacher 

participants with the tools to apply their understandings to other units in mathematics, 

which both teacher-participants stated they were eager to do.

A contributing factor to the success of the learning study was its emphasis on 

collaboration. Teaching can be a very solitary activity as it is rare for teachers to get the 

opportunity to collaborate with their peers. Even though time for collaboration was 

limited in this study the chances to collaborate and chat either by phone or email were 

extremely beneficial. Through sharing with one another, the teacher-participants were 

able to further refine their questioning skills. This allowed room for small changes in 

conceptual question wording and emphasis to be implemented freely and thus the 

conceptual questions became more effective at eliciting communication, at least oral 

communication.

Aside from the learning study process, the engagement of students with the rate 

and ratio concepts is noteworthy. This rate and ratio unit was taught in the month of June. 

As most elementary teachers know, many students at the intermediate level begin to wind 

down their learning about May. It is exceedingly difficult to get students engaged in 

learning when the weather is nice and report cards are completed. There were days, late 

in June, when the only really academically-oriented activity was the teaching and 

learning surrounding the rate and ratio unit in both teacher-participants’ classrooms. Thus 

it can be conjectured that the use of conceptual questioning and its related emphasis on 

communication was a main contributing factor to students’ active engagement.

In conclusion, the two teachers in this learning study began by initially exploring 

conceptual questioning techniques. The designing and implementation of conceptual
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questions in the classroom over the rate and ratio unit was one step towards fully 

understanding the conceptual questioning phenomenon. Several notable observations 

about conceptual questioning were made in the learning study unit which raises a few 

questions for future investigation. In the data analysis, significant attributes of conceptual 

questioning were highlighted, specifically the oral nature of the unit, the visual aspects of 

most of the questions, and the relevant context for the students. This then raises the 

question, could it be that conceptual questions need to have certain parameters or set of 

attributes to be successful? For example, how important were the visual aspects of the 

conceptual questions? And just how significant is the role of oral communication in order 

for student conceptual understandings to develop? Finally, what are the other attributes of 

conceptual questioning, attributes that go beyond what has been researched both in this 

thesis and in the reviewed literature? Thus this initial foray into the process of 

communication in mathematics and ultimately the application of conceptual questioning 

has proven to be a rich and rewarding experience that altered the teaching pedagogies of 

the participating teachers.
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A ppendix A

Questionnaire
Learning Study Teacher Questionnaire 

on
Communication in the Intermediate Mathematics Classroom

T h is  q u e s tio n n a ire  is p a rt o f a  U n iv e rs ity  o f W e s te rn  O n ta r io  re s e a rc h  project o n 
c o m m u n ic a tio n  in m a th e m a tic s  a t th e  in te rm e d ia te  le ve l. T h e  item s in this qu e stio n n a ire  
re late  to : y o u r u n d e rs ta n d in g  o f th e  role o f c o m m u n ic a tio n  a n d  te a c h e r q u e stio n in g  in 
m a th e m a tic s ; y o u r  te a c h in g  practice s a n d  u n d e rs ta n d in g s  re g ard in g  m a th e m a tic s 
instru ction; y o u r p e rc e iv e d  re le v a n c e  o f cu rre n tly a va ila b le  re s o u rc e s ; y o u r a s s e s s m e n t 
p ra c tic e s .

P le a s e  ra n k y o u r a g re e m e n t w ith  th e  s ta te m e n ts  in this q u e stio n n a ire . C irc le  o n ly  the  
n u m b e r th a t b e s t relates to  y o u r  beliefs.

Scale: 1 = never ----------5 = always/ usually
(adapted from: Kovarik (2008); Lock (2002); Zambo & Hong (1996))

# Statements: Communication and Questioning Rank

1 I h a v e  a  firm  u n d e rs ta n d in g  o f w h a t c o m m u n ic a tio n  in 
m a th e m a tic s  is all a b o u t.

1 2 3 4 5

2 I u s e  a  va rie ty  o f q u e s tio n s  d u rin g  m a th e m a tic s 
instruction.

1 2 3 4 5

3 I a m  c o m fo rta b le  w ith th e  u s e  o f p ro b le m  so lving 
q u e s tio n s  in m a th e m a tic s .

1 2 3 4 5

4 I u s e  real w o rld  e x a m p le s  w h e n e v e r  p o ss ib le  fo r 
instructional p u rp o s e s .

1 2 3 4 5

5 I feel v e ry  c o n fid e n t w h e n  I a m  d isc u ssin g  w o rd  
p ro b le m s  w ith th e  class.

1 2 3 4 5

6 I o fte n  a nticip ate  stu d e n t q u e s tio n s  a n d  
m is u n d e rs ta n d in g s .

1 2 3 4 5

7 I o fte n  h a v e  stra te g ie s fo r  re s p o n d in g  to s tu d e n ts ’ 
q u e s tio n s  irre spe c tive  o f th e  level o f difficulty.

1 2 3 4 5

8 I o fte n  h a v e  stra te g ie s fo r  d e a lin g  w ith stu d e n t 
m is c o n c e p tio n s .

1 2 3 4 5

9 I o fte n  u s e  q u e s tio n s  to  fu n n e l stu d e n ts  to  th e  right 
a n s w e r. 1 2 3 4 5

1 0 I o fte n  k n o w  a b o u t s tu d e n ts ’ m a th e m a tic a l b a c k g ro u n d  
a n d  I u s e  this k n o w le d g e  w h e n  fo rm u la tin g  q u e s tio n s .

1 2 3 4 5

1 1 I b e lie ve  th a t b as ic  m a th e m a tic s  skills n e e d  to be 
ta u g h t first b e fo re  s tu d e n ts  c a n  e n g a g e  in o p e n -e n d e d  
p ro b le m  so lvin g  activities a n d  in a n s w e rin g  q u e s tio n s .

1 2 3 4 5
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# Statements: Communication and Mathematics Rank
1 2 I th in k  th a t q u e stio n in g  in M a th e m a tic s  p re d o m in a te ly   ̂

a im s  a t g etting stu d e n ts  to  learn th e  s y s te m  o f rules a nd  
p ro c e d u re s .

2 3 4 5

1 3 I th in k  th a t qu e stio n in g  in m a th e m a tic s  p re d o m in a te ly   ̂
a im s a t interpreting a n d  d e v e lo p in g  m a th e m a tic a l 

c o n c e p ts

2 3 4 5

1 4 I th in k  th a t q u e stio n in g  in m a th e m a tic s  is  ̂
p re d o m in a te ly  a im e d  a t g etting s tu d e n ts  to  thin k a n d  

c o m m u n ic a te  m a th e m a tic a lly.

2 3 4 5

1 5 I th in k  th a t q u e stio n in g  in m a th e m a tic s  is  ̂
p re d o m in a te ly  a im e d  a t ge ttin g  s tu d e n ts  to  s e e  the 

p a tte rn  a n d  b e a u ty  in m a th e m a tic s .

2 3 4 5

1 6 I thin k th a t g etting th e  c o rre ct a n s w e r sh o u ld  b e  th e   ̂
m a in  fo c u s  fo r  th e  u s e  o f q u e stio n in g .

2 3 4 5

1 7 T e a c h e r s  s h o u ld  u s e  a  va rie ty  o f q u e stio n  ty p e s  fo r  ̂
instructional p u rp o s e s .

2 3 4 5

1 8 T e a c h e r s  s h o u ld  u s e  specific ty p e s  o f q u e s tio n s  fo r  ̂
instructional p u rp o s e s . 2 3 4 5

# Statements: Communication and Teaching Rank 
Practice

1 9 I m a k e  re g u la r u s e  o f jo u rn a ls  in m a th e m a tic s . ^ 2 3 4 5

2 0 I strive to  in c o rp o ra te  c o o p e ra tiv e  learning strategies in  ̂
m a th e m a tic s  instruction. 2 3 4 5

2 1 I in c o rp o ra te  p ro b le m  so lvin g  stra te g ie s rou tin ely in  ̂
m a th e m a tic s  instruction. 2 3 4 5

2 2 I a c tive ly  in c o rp o ra te  th e  s e v e n  m a th e m a tic a l p ro c e s s e s   ̂
in m y  instructional stra te g ie s. 2 3 4 5

2 3 I ro u tin e ly u s e  d ifferentiated instructional m e th o d s  in  ̂
m a th e m a tic s . 2 3 4 5

2 4 I u s e  m a n ip u la tiv e s  in m a th e m a tic s  instruction re g u larly. ^ 2 3 4 5

2 5 I im p le m e n t a  b a la n c e d  m a th e m a tic s p ro g ra m  in m y   ̂
c la s s ro o m . 2 3 4 5

2 6 M y  s tu d e n ts  s p e n d  th e  m ajo rity o f the ir s e a t w o rk  tim e 1 
w o rk in g  individually.

2 3 4 5

2 7 I c lu s te r s tu d e n ts ’ d e s k s  o r u s e  ta b le s s o  s tu d e n ts  c a n   ̂
w o rk  to g e th e r. 2 3 4 5

2 8 I m a k e  it a  priority in m y  c la s s ro o m  to  g ive  stu d e n ts tim e  ̂
to  w o rk  to g e th e r. 2 3 4 5
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# Statements: Communication and Resources Rank
2 9 I h a v e  b e e n  in -s e rvic e d  o n  th e  re vise d  m a th e m a tic s 

curricu lum . 1 2 3 4 5

3 0 I a m  c o m fo rta b le  w ith th e  c o n te n t o f m a th e m a tic s 
o u tlin e d  in th e  curriculum . 1 2 3 4 5

3 1 I u s e  th e  T I P S 4 R M  d o c u m e n t regularly. 1 2 3 4 5

3 2 I re g u la rly in c o rp o ra te  th e  le s so n  id e a s fro m  th e  C ro s s  
C u rric u la r A p p r o a c h e s  d o c u m e n ts  p ro vid e d  b y  the 

O n ta r io  M in istry o f E d u c a tio n .

1 2 3 4 5

3 3 I s u p p le m e n t instructional re s o u rc e s  w ith p e rso n ally 
o b ta in e d  m a te ria ls. 1 2 3 4 5

3 4 I s u p p le m e n t s tu d e n ts ’ te x tb o o k  a s s ig n m e n ts  w ith 
a dd itio n al practice m a te ria ls. 1 2 3 4 5

3 5 T h e  te x tb o o k  I u s e  in m y  c la s s ro o m  su p p lie s all th a t I 
n e e d  to  k n o w  a b o u t te a c h e r q u e stio n in g  te c h n iq u e s . 1 2 3 4 5

3 6 T h e  te x tb o o k s  I u s e  p ro v id e  g o o d  s u p p o rt fo r 
im p le m e n tin g  a  va rie ty o f q u e s tio n s .

1 2 3 4 5

3 7 I b e lie v e  th e  curriculum  e m p h a s iz e s  th e  p ro c e s s  o f 
c o m m u n ic a tio n . 1 2 3 4 5

# Statements: Communication and Assessment Rank
3 8 I o fte n  a s s e s s  s tu d e n t u n d e rs ta n d in g  fro m  class 

d is c u s s io n .(P ) 1 2 3 4 5

3 9 I h a v e  re g u la r c o n fe re n c e s  w ith m y  s tu d e n ts  a b o u t their
p ro g re s s . 1 2 3 4 5

4 0 F o r  a s s e s s m e n t p u rp o s e s , I a m  prim arily inte re ste d  in 
w h a t s tu d e n ts  c a n  d o  individually. 1 2 3 4 5

4 1 I u s e  m a th  projects a s  a fo rm  o f a s s e s s m e n t. 1 2 3 4 5

4 2 I u s e  h o m e w o rk  a s  a  m a in so u rc e  o f a s s e s s m e n t. 1 2 3 4 5

4 3 I in c o rp o ra te  th e  u s e  o f k n o w le d g e  q u e stio n s fo r 
a s s e s s m e n t re g u larly. 1 2 3 4 5

4 4 I in c o rp o ra te  th e  u s e  o f a pp lic a tio n  q u e s tio n s  fo r 
a s s e s s m e n t re g u larly. 1 2 3 4 5

4 5 I in c o rp o ra te  th e  u s e  o f e x p la n a tio n  q u e s tio n s  fo r 
a s s e s s m e n t reg u larly.

1 2 3 4 5

4 6 I b e lie v e  g ro u p  w o rk  is a n  im p o rta n t p a rt o f a s s e s s m e n t 1 2 3 4 5

4 7 I a s s e s s  s tu d e n ts ’ k n o w le d g e  prim arily w ith  p a p e r  a n d  
pencil tests.

1 2 3 4 5
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A ppendix B

Interview Questions

Learning Study Teacher Interview Questions 

Communication in the Intermediate Mathematics Classroom

1) What has been the most significant benefit of participating in this learning study?

2) Do you believe your understanding of communication has changed?

3) Do you believe that the elements of teaching questioning worked on during the 

learning study can be translated into other units of mathematics?

4) Have any of your teaching practices changed since participating in this learning study?

5) Do you believe that your students have improved in terms of their communication skill 

development through this unit?
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L etter o f  Perm ission -  Teacher

Ihiucatioit

Communication in Mathematics: A Case for Conceptual Questioning in 
Ontario Middle Schools

LETTER OF INFORMATION

Introduction
My name is Stephanie Insley and I am a graduate student at the Faculty of 
Education at The University of Western Ontario. I am currently conducting 
research into forms of communication in mathematics, specifically teacher 
questioning, and would like to invite you to participate in this study.

Purpose of the study
The aims of this study are to examine elements of communication in the 
intermediate mathematics classroom with a focus on teacher questioning 
techniques.

If you agree to participate
If you agree to participate in this study you will be asked to participate in a 
Learning Study research project which involves the development and 
implementation of a unit of study, in the subject area of mathematics. As a 
participant in the Learning Study research project, you will be asked to 
participate in several focus group meetings; collaborate on the unit of study 
design; conducting pre and post unit observations of your students in your 
class who have agreed to participate; complete a pre and post study 
questionnaire coupled with informal pre and post study interview; and 
consenting to video-tape your teaching of several lessons in the unit of 
study. Your time commitment would be approximately 6 hours in total.

Confidentiality
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The information collected will be used for research purposes only, and 
neither your name nor information which could identify you will be used in 
any publication or presentation of the study results. Video tapes and all 
information collected for the study will be kept confidential and destroyed 
after a five year period.

Risks & Benefits
There are no known risks to participating in this study. One benefit of 
participating in this study may be the opportunity to develop professionally 
and get a co-planned unit.

Voluntary Participation
Participation in this study is voluntary. You may refuse to participate, refuse 
to answer any questions or withdraw from the study at any time with no 
effect on your employment status.

Questions
If you have any questions about the conduct of this study or your rights as a 
research participant you may contact the Manager, Office of Research 
Ethics, The University of Western Ontario at 519-661-3036 or
ethics@uwo.ca.

If you have any questions about this study, please contact:

Ms. Stephanie Inslev 
Home:
School: '
Email: or_

My supervisor, Dr. Immaculate K. Namukasa 
Tel:
Emaik_

This letter is yours to keep for future reference.

Stephanie Insley
Graduate Student
University of Western Ontario

mailto:ethics@uwo.ca
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Communication in Mathematics: A Case for Conceptual Questioning in 
Ontario Middle Schools

Stephanie Ins ley Graduate Student,
Faculty o f Education, University o f Western Ontario

CONSENT FORM

I have read the Letter of Information, have had the nature of the study 
explained to me and I agree to participate. All questions have been answered 
to my satisfaction.

Name (please print):

Signature: Date:

Stephanie Insley

Signature:______________________________ Date:
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Letter o f Permission -  Students from Teacher-Participant's Classroom

E du ca t ion

Communication in Mathematics: A Case for Conceptual Questioning in 
Ontario Middle Schools

LETTER OF INFORMATION

Introduction
My name is Ms. Stephanie Insley and I am a graduate student at the Faculty 
of Education at The University of Western Ontario as well as a classroom 
teacher in the Thames Valley District School Board. I am currently 
conducting research into how to improve the teaching and learning of 
Mathematics through the use of teacher questioning. I would like to invite 
you, as a student, to participate in this study.

Purpose of the study
The aims of this study are to examine elements of communication in the 
intermediate mathematics classroom with a focus on teacher questioning 
techniques.

If you agree to participate
If you agree to participate as a student in this study, your involvement in 
lessons taught during the Mathematics Rate and Ratio unit would be 
observed and video- taped. All students, regardless of whether they choose 
to participate in the study or not, will continue to participate in the 
Mathematics Rate and Ratio unit of study that is going to be researched. If 
you have not signed the Thames Valley District School Board form 
indicating that you can be video taped, then I will not video tape you.

Voluntary Participation
Participation in this study is voluntary. You may refuse to participate, refuse 
to answer any questions, or withdraw from the study at any time with no 
effect on your academic status. Your decision to participate or not, will not



have any affect on your grade in this unit o f mathematics or on your 
relationship with your classroom teacher or Ms. Insley.
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Confidentiality
The information collected will be used for research purposes only, and 
neither your name nor information which could identify you will be used in 
any publication or presentation of the study results. All information collected 
for the study will be kept confidential. All video tapes will be kept in a 
locked office and not shared with third parties. After a period of five years 
the video tapes will be destroyed.

Risks & Benefits
There are no known risks to participating in this study.

Questions
If you have any questions about the conduct of this study or your rights as a 
research participant you may contact the Manager, Office of Research 
Ethics, The University of Western Ontario at 519-661-3036 or
ethics@uwo.ca.

If you have any questions about this study, please contact:

Ms. Stephanie Insley 
Tel:
Email: or

Or, my supervisor :

Dr. Immaculate K. Namukasa 
Tel:
Email:

This letter is yours to keep for future reference.

Ms. Stephanie Insley 
Graduate Student 
University of Western Ontario

mailto:ethics@uwo.ca
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Letter o f Permission —  Students from Teacher-Researcher's Classroom

Western
E d u c a t io n

Communication in Mathematics: A Case for Conceptual Questioning in 
Ontario Middle Schools

LETTER OF INFORMATION

Introduction
My name is Ms. Stephanie Insley and I am a graduate student at the Faculty 
of Education at The University of Western Ontario as well as a classroom 
teacher. I am currently conducting research into how to improve the teaching 
and learning of Mathematics through the use of teacher questioning. I would 
like to invite you, as a student, to participate in this study.

Purpose of the study
The aims of this study are to examine elements of communication in the 
intermediate mathematics classroom with a focus on teacher questioning 
techniques.

If you agree to participate
If you agree to participate as a student in this study, your involvement in 
lessons taught during the Mathematics Ratio and Proportions unit would be 
observed and video- taped. All students, regardless of whether they choose 
to participate in the study or not, will continue to participate in the 
Mathematics Probability unit of study that I am going to research. If you 
have not signed the Thames Valley District School Board form indicating 
that you can be video taped, then I will not video tape you or observe you for 
study purposes.

Voluntary Participation
Participation in this study is voluntary. You may refuse to participate, refuse 
to answer any questions, or withdraw from the study at any time with no
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effect on your academic status. Your decision to participate or not, will not 
have any affect on your grade in this unit of mathematics or on your 
relationship with Ms. Insley. Anonymity regarding your choice to participate 
or not, will be guaranteed as consent forms will be collected by another 
teacher, will be kept by the office secretary and will not be released to Ms. 
Insley until final grades are submitted in June.

Confidentiality
The information collected will be used for research purposes only, and 
neither your name nor information which could identify you will be used in 
any publication or presentation o f the study results. All information collected 
for the study will be kept confidential. All video tapes will be kept in a 
locked office and not shared with third parties. After a period of five years 
the video tapes will be destroyed.

Risks & Benefits
There are no known risks to participating in this study.

Questions
If you have any questions about the conduct of this study or your rights as a 
research participant you may contact the Manager, Office of Research 
Ethics, The University of Western Ontario at 519-661-3036 or
ethics@uwo.ca.

If you have any questions about this study, please contact:

Ms. Stephanie Insley 
Tel: t
Email: or

My supervisor, Dr. Immaculate K. Namukasa 
Tel:
Email:

This letter is yours to keep for future reference.

Ms. Stephanie Insley 
Graduate Student 
University of Western Ontario

mailto:ethics@uwo.ca
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Communication in Mathematics: A Case for Conceptual Questioning in
Ontario Middle Schools

Ms. Stephanie Insley: Graduate Student 
Faculty o f Education 

University o f Western Ontario

CONSENT FORM

Please check one of the boxes below and return to your classroom 
teacher.

I have read the letter of information. I choose not to participate in 
the study at this time. I am aware that I am still required complete the 
unit of study in mathematics.

I have read the letter of information, have had the nature of the 
study explained to me and I agree to participate. All questions have 
been answered to my satisfaction.

Name of Student (please print):

Signature of Student:

Name of Parent/Guardian (please print):

Signature of Parent/Guardian:
___________________________________  Date:____

Name of person obtaining consent: Ms. Stephanie Insley

Signature of person obtaining consent:______________

Date:
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A ppendix D

Sample Lesson Plans
This appendix contains a sample of the lesson plans used in the rate and ratio unit, days 
one to five. Features include the conceptual question prompts in the resource column and 
some notes in the lesson plan on what expected student responses may entail when
necessary.

D a y  1 W h a t  i s  a  R a t i o ?

M a t e r i a l s L e s s o n  P l a n R e s o u r c e s

Smart File Introduce the notion of ratios by viewing the popcorn Addison 7
Calculator advertisements (Smart file - page 2) Nelson 7 & 8
Lined paper 1. T h i n k / P a i r / S h a r e
or Which advertisement(s) is/are the most effective?
notebooks Do the advertisements have the same numerical
Pencils values?

How do you know that ad #1 and ad #3 are giving the
C o n c e p t u a lcoloured exact same information?

tiles Note: Students will naturally gravitate to the 2 Q u e s t i o n s
BLM1 advertisements on the left as they are ratios. Both

How do you know 
that ad # 1 . . .?

ratios are dealing with the same numbers(and are
equivalent), but one is making a part-to-part ratio 
and the other is making a part-to-whole ratio
comparison. You may choose to come back to Do you think that
this point later.
2 . T i l e  C o m p a r i s o n s
This is set up so that you can use coloured tiles for

. . . f

hands on manipulatives along with the smart file. C o m m u n i c a t i o n
Have students work individually or in pairs to create P o i n t s :
as many ratios as possible with the data set. You may - ads - final ratio
need to guide them into a comparison of a part-to- comparison
whole. Be sure to emphasize the question on part 2 of - ability to show
the smart file “do you think that. . . ” as this will allow part-to-part and
for communication and give you insight as to how part-to-wholewell they understand ratios.
Answer: There are 2 different ways to express the 
ratios concerning the # of green and the # of blue tiles. 
Green:BIue = 9:12 = 4:3 and Blue:Green 4:3 
They are different ratios but they provide us with the 
same

ratios
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D a y  2 E x p l o r i n g  R a t i o

M a t e r i a l s L e s s o n  P l a n R e s o u r c e s

Smart File 1 . A  c o l l e c t i o n  o f  H o t  W h e e l s Addison 7
Notebooks/ Using the Smart file, compare the collection of Hot Nelson 7 & 8
paper Wheels.
Pencils Begin with p a r t - t o - w h o l e .  In this case you can
Calculators compare the number of cars to the total number of C o n c e p t u a l
BLM 2 vehicles. There are 9 cars and 13 vehicles in total. The 

ratio can be written 9 to 13 or 9:13.
P a r t - t o - p a r t :  One can compare a part of a group to 
another part of a group. For example there are 9 cars

Q u e s t i o n s

to 4 airplanes. We can write this as 9 to 4 or 9:4. 9 C o m m u n i c a t i o nand 4 are called terms of the ratio. 9 is the first term
and 4 is the second. P o i n t s :
You will need to add notes to the Smart file in this Camel activity
section as you see fit.
2 . P r a c t i c e :  C a m e l s  Q u e s t i o n
This is a class practice question. After students have 
figured out the ratios, have them go back and label 
their ratios as part-to-whole or part-to-part.
3 .  A n n i k a ’s  F i s h
This has been modified from the Nelson 8 “Getting 
Started” on page 46 and the visual is in the Smart file. 
Have students work towards independent practice for 
this question. It requires some figuring out of 
percentages from fractions which you may need to 
review with your students prior to the activity. The 
follow-up questions for this activity are designed to be 
more conceptual in nature. Some students may require 
more structured hints for this part. I included the last 
question as a slide - to take up after the BLM 2.

Anmka’s Fish
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D a y  3  &  4 E q u i v a l e n t  R a t i o

M a t e r i a l s L e s s o n  P l a n R e s o u r c e s

Multiplicati
on matrix
Pattern
Blocks
Calculator
Math
notebook/
paper
Pencil
Smart File
BLM 3
Appendix
1.3
Nelson 8 
Textbook

1 a .  C o o k i e s
Equivalent ratios, because they tend to be similar but 
not the same as fractions, can worry students. As an 
intro activity, your stronger students should be able to 
see and make comparisons between ratios based on 
their equivalent fraction experience while the weaker 
students will be happy with just making the ratios. 
They may need a push to make the comparisons.
1 b .  R a t i o  T a b l e
A Ratio table is a neat way of finding equivalent 
ratios. For your IEP students, they can find equivalent 
ratios using the multiplication matrix. Your stronger 
math students can use the ratio table. See Appendix 
1.1 for an explanation.
2 . P a t t e r n  B lo c k  R a t i o s
This lesson is modified from Nelson 8 section 2.3 on 
page 56 and there is a pattern block visual in the smart 
file. Have students look at the green triangle and red 
trapezoid and identify the relationship. (3 green 
triangles fit into 1 red trapezoid.) Then have 
students examine the second grouping of pattern 
blocks. Pose the question. If the green triangle to the 
red trapezoid ratio is 1:3, how do you know that the 
ratio of the blue rhombus to the yellow hexagon is 
4 :6? Depending on the amount of time and the 
understanding of students, you may to continue with 
the 2.3 exploration. “D” also provides an excellent 
opportunity to demonstrate conceptual understanding. 
(I may include that one regardless of the time 
constraints.)
3 .  R e c i p e
Begin with the comparing of ratios s m a r t  f i l e  - “hot 
chocolate”. This will allow for the application of the 
ratio tables to a “real life” problem. This can then be 
applied to quantities in a recipe for numbers of people
served.

Addison 7 
Nelson 7 & 8 
MathPower 7 
Making Math 
Meaningful

C o n c e p t u a l
Q u e s t i o n s
If the green 
triangle to the red 
trapezoid ratio is 
1:3, how do you 
know that the 
ratio of the blue 
rhombus to the 
yellow hexagon is 
4:6?

If Ms. Wilson has 
28 students and 
Ms. Insley has 35 
students, how do 
you know that the 
total combined 
ratio of boys to 
girls is 32:31?

C o m m u n i c a t i o n
P o i n t s :
-class discussion 
about cookies
- ratio table
- discussion of 
pattern blocks



146

D a y  5 U s in g  P r o p o r t i o n  t o  S o l v e  R a t i o

M a t e r i a l s L e s s o n  P l a n R e s o u r c e s

BLM 4 1 . D r .  S m a l l ' s  c l a s s  p r o b l e m
Pose the class ratio of boys to girls question. Smart 
file “Small Ratios” . For some students it may help to 
have them draw it out. Work through both questions 
- have students do that last one completely 
independent (except for 1EP).
1) If Ms. Wilson has 28 students and Ms. Insley 
has 35 students, how do you know that the total 
combined ratio of boys to girls is 32:31?
2) If we combine the 2 classes, what are the 
necessary conditions for the ratio to be 1:1?

2 . C e m e n t
This section is modified from the Nelson 8 text 
section 2.4 on page 58. Questions have been 
modified to reflect the curriculum expectations.
The ratio of stone to sand i n  liardfast Concrete 
is 2  to 3. How much stone is needed if 15 bags of 
sand are used? (Ministry Document - example 
question)

C o n c e p t u a l
Q u e s t i o n s
If we combine 

the 2 classes, 
what are the 
necessary 
conditions for the 
ratio to be 1:1?

Mike's boss asked 
him to bring 4 
bags of cement to 
the job site. 
Explain how 
Mike knows he 
will also need to 
bring 12 bags of 
sand .
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Curriculum Expectations
A ppendix E

These curriculum expectations are from Ihe Ontario Curriculum, Grades 1-8: 
Mathematics Revised.(2004) and reflect the specific expectations for both grade 7 and 
grade 8 under the number sense and numeration strand, proportional relationships. The 
bolded sections reference the key concepts that were used in the development of the 
conceptual questions for the rate and ratio unit.

G r a d e  7  E x p e c t a t i o n s  
P r o p o r t i o n a l  R e l a t i o n s h i p s

-  d e te r m in e , th r o u g h  in v e s tig a tio n , th e  
re la tio n s h ip s  a m o n g  fr a c tio n s , 
d e c im a ls , p e r c e n ts , a n d  ra tio s;

-  s o lv e  p r o b le m s  th a t in v o lv e  
d e te rm in in g  w h o le  n u m b e r  p e r c e n ts , 
u s in g  a  v a r ie ty  o f  to o ls  ( e .g . ,  b a s e  te n  
m a te ria ls , p a p e r  a n d  p e n c il, c a lc u la to rs ) 
(Sample problem: If th e r e  a r e  5  b lu e  
m a r b le s  in a  b a g  o f  2 0

-  d e m o n s tr a te  a n  understanding of 
rate as a comparison, or ratio, o f  tw o
m e a s u r e m e n t s  w ith  d iffe re n t u n its  ( e .g .,  
s p e e d  is a  ra te  th a t c o m p a r e s  d is ta n c e  
to  tim e  a n d  th a t c a n  b e  e x p r e s s e d  a s  
k ilo m e tre s  p e r  h o u r );

-  s o lv e  p r o b le m s  in v o lv in g  th e  
c a lc u la tio n  o f  unit rates (Sample 
problem: Y o u  g o  s h o p p in g  a n d  n o tic e  
th a t 2 5  k g  o f  R y a n ’ s F a m o u s  P o ta t o e s  
c o s t $ 1 2 .9 5 , a n d  1 0  k g  o f 
G illia n ’ s P o t a t o e s  c o s t $ 5 .7 8 . W h ic h  is 
th e  b e tte r d e a l?  J u s tify  y o u r  a n s w e r  ).

G r a d e  8  E x p e c t a t i o n s  
P r o p o r t i o n a l  R e l a t i o n s h i p s

-  id e n tify  a n d  d e s c r ib e  real-life 
s itu a tio n s  in v o lv in g  tw o  q u a n titie s  th a t 
a r e  d ire c tly p ro p o rtio n a l ( e .g . ,  th e  
n u m b e r  o f  s e r v in g s  a n d  th e  q u a n titie s  in 
a  re c ip e , m a s s  a n d  v o lu m e  o f  a  
s u b s ta n c e , c ir c u m fe r e n c e  a n d  d ia m e te r  
o f  a  circ le );

-  s o lv e  p r o b le m s  in v o lv in g  
proportions,
u s in g  c o n c r e te  m a te ria ls , d r a w in g s , a n d  
v a r ia b le s  (Sample problem: T h e  ra tio  o f 
s to n e  to  s a n d  in H a r d F a s t  C o n c r e t e  is 
2  to  3 . H o w  m u c h  s to n e  is n e e d e d  if 
1 5  b a g s  o f  s a n d  a r e  u s e d ? );

-  s o lv e  p r o b le m s  in v o lv in g  percent th a t 
a ris e  fr o m  re a l-life  c o n te x ts  ( e .g .,  
d is c o u n t, s a le s  t a x , s im p le  in te re st)
(Sample problem: In O n t a r io , p e o p le  
o fte n  p a y  a  p ro v in c ia l s a le s  t a x  [ P S T ]  o f 
8 %  and a fe d e ra l s a le s  t a x  [ G S T ]  o f  7 %  
w h e n  th e y  m a k e  a  p u r c h a s e . D o e s  it 
m a tte r w h ic h  ta x  is c a lc u la te d  first?  
E x p l a i n  y o u r  r e a s o n in g  );

-  s o lv e  p r o b le m s  involving rates
(Sample
problem: A  p a c k  o f  2 4  C D s  c o s ts  $ 7 .9 9 . 
A  p a c k  o f  5 0  C D s  c o s ts  $ 1 0 .4 5 . W h a t  is 
th e  m o s t e c o n o m ic a l w a y  to  p u r c h a s e  
1 3 0  C D s ? ) .
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A Correlation o f Textbook Authors, Titles, and Publishers

A ppendix F

A u t h o r s T i t l e Grade P u b l i s h e r
M. Small, M. Kestall, D. Zimmer,
D. Cooper, B. Beales, M. Bodiam, D. Duff, 
R. Foster, C. Hall, J. Hope, C. Kirkpatrick, 
B. Kroll Myhill, G. Suderman-Gladwell,
J. Toner

Mathematics 7 7 Thomas
Nelson

M. Small, M. Kestall, D. Zimmer,
D. Cooper, B. Beales, M. Bodiam, D. Duff, 
R. Foster, C. Hall, J. Hope, C. Kirkpatrick, 
B. Kroll Myhill, G. Suderman-Gladwell,
J. Toner

Mathematics 8 8 Thomas
Nelson

J. Johnston, M. Doucette, S. Thomas, T. 
Brown, D, Jones, J. Paziuk, K. Harper,
B. Keyes, A. Lenjosek, M. Sinclair,
C. Heideman, M. Davis, S. Jeroski

Math Makes Sense 7 7 Addison
Wesley

T. Brown, C. Featherstone, C. Heidaman, 
S Jeroski, J. Johnston, D. Jones, A.J. 
Keene, B. Keyes, G. Konis-Chatzis, A. 
Lenjosek, J. Memmie, E. Milne, M. 
Sinclair, E. Wood

Math Makes Sense 8 8 Addison
Wesley
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Smart Board File Used for the Lesson
A ppendix G

M ay 1 6 -2 :1 6  PM

There are different ways to compare numbers. 
For example,

look at the following advertisements.

Graphic used with permission from Addi9on Wesley 7

Pop C orn A dvertisem ents

How  can you com pare the num ber of yellow  
counters to blue counters?

How  m any different w ays can you com pare  
the counters?
Write out each way as we will look at this list later.

Adapted from Addison W esley 7

C ounters

Is the comparison ratio of blue to green the 
sam e as the comparison ratio of green to 
blue? How do you know?

W hat about different types of comparison?

C ounters  2

H ere  is a collection of Hot W heels vehicles.

Toy Graphics from SM ART Notebook gallery

part-lo-wl>ole ratio

W e can use a ra tio  to compare one part of a 
group to the whole group.

Adapted from Addison W esley 7

• «sa.
a n o »

Toy Graphics from SM ART Noi ebook g a lle y

tvir1-lr>part ratio

W e  can use a ra tio  to compare one part of a
group to another part of the group.

are called te rm s  of a ratio.

part-to -w hole part-to-part
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Arabian cam els iCH have 1 hump and 
Bactrian cam els have 2 hum ps

W h at is each ratio?

Arabians to Bactrians  

Arabians standing to Bactrians sitting

•  Bactrians sitting to Bactrians standing

•  Arabians to total num ber of cam els

C am el P ractice

Annika's Fish
Annika is buying a new fish tank and tropical fish. She wants 20 
different kinds and sizes of fish. Based on the size of the tank she wants, 
the salesperson recommends that no more than 35% of the fish should 

be 8 cm o r longer.
I

Type of fish

Number of fish 
Annika would like 

in her tank
Average 

length (cm)

neon tetra 8 4

orange swordtail 3 10

black moliy 6 7

angel fish 2 ____L L
algae eater 1 15

Wording and chart used with permission from Nelson 8

A n n ika 's  F ish

W rite the ratio o f neon tetra to the total 
num ber o ff is h  in the tank.

N eon Tetra: Total Num ber o f Fish 

O range Swordtails: Total N um ber o f Fish 

Black M olly : Total Num ber o f Fish

Angel Fish: Total N um ber o f Fish

Wording and chart used with permission from Nelson 8

Annika's Fish
Annika is buying a new fish tank ond tropicai fish. She wants 20 
aifferent kinds ond sizes of fish. Based on the size of the tank she wants, 
the salesperson recommends that no more than 35% of the fish should

be 8 cm o r longer.

Type of fish

Number of fish 
Annika would like 

in her tank
Average 

length lent)

neon terra 
orange swordtail

8
Z

t

10

Wac< molly 6 __z__
angel fish 2 11

algae eater 1 15

Wording and chart used with permission from Nelson 8

A n n ika ’s  F ish R a tios M ay 24 -9 :23  PM

C ook ies R atio  C ook ies
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How do you know th a t___________ and
____________are the sam e (equiva lent) ratios?

C ook ies  C on tinued

3 : 4  o o o A A A A

6.8 o o o A A A A  
' o o o A A A A

The ratios o f 3: and 6: are called equ iva lent 
ra tio s . This means that they are equa l.

An equivalent ratio can be found by either 
m ultiplying or dividing the te rm  numbers of the 
ratio by  the  sam e num ber.

Adapted from Add'Son Wesley 7

E qu iva len t R atios

R atio  T ab le

Sky made a pattern block design.

When comparing the-area'of the 
2 pattern blocks Sky stated 

that the block ratio was 
green:red = 1:3

Kendra made a related pattern block design.

She stated that the ratio o f 
th e ^ a je iio f the blue 

rhombi to the yellow 
hexagon was 
blue:yellow  = 4:6

OuestionAdapted from Nelson 8

Pattern B lock R atio

If the green triangle to the red trapezoid is 1:3, 
how do you know that the ratio o f the blue 
rhombi to the yellow hexagon is 4:6?

green:red = 1:3 blue:yellow = 4:6
QuestionAdapted from Nelson 8

Ashley makes her 
hot chocolate with 2 
scoops of powder to 
5 cups of water.

0 0 0

Justin makes his hot 
chocolate with 3 scoops 
of powder to 7 cups of 
water.

Which hot chocolate will have more chodate 
flavour?

Question adapted Iran Addison W esley

P atte rn  B lock  C on tinued C om paring  R atios - H ot C hoco la te
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There are 2 ways to solve this problem:

A. Find out how much water is used per scoop
of powder. W

B’l . . V  '
s a  b  mmmu
B ID

1 scoop of hot 1 scoop of hot
chocolate powder to chocolate powder to
2 1/2 cups of water. 2 1(3 cups of water.

Quek'ca flrinpfefl kan AdOsnn Wtevey 7

Ashley uses 1 scoop Justin uses 1 scoop
of hot chocolate o f hot chocolate
pow der to  2 1/2 cups pow der to  2 1/3 cups
o f water. o f water.

Ashley uses more w ater per scoop. 
Therefore Justin's hot chocolate is stronger 
than Ashley's hot chocolate.

Question adapted from Addison Wesley 7

M ethod 1 M ethod 1

B. Find out how much powder is used for
each cup o f water.
•  W rite the mixture as a  ratio
•  Write each ratio with the same second term, then

com pare first terms.

Ashley Justin
2:5 3:7

4:10 6:14

6:15 9:21

12:30 12:28

14:35 15:35

Question adapted from Addison Wesley 7

Since 2:5 = 14:35, Since 3:7 = 15:35,
Ashley uses 14 Justin uses 15
scoops of powder scoops o f powder
to  35 cups o f water. to  35 cups o f water.

Justin uses more hot chocolate powder. So
Justin 's hot choclate is stronger.

Question adapted from Addison Wesley 7

M ethod  2 M ethod 2

In Mr. W atson's class the ratio o f boys to girls 
was 3:4 and in Ms. Smyth's class the ratio o f 
boys to girls was 4:3.

W atson  Smyth
B B S  GGGG B B 8 B  GGG

3 :4  4 :3
•  If M r W atson had 2 8  students and M s Smyth had 35  
students, how do you know that the total ratio of boys to 
girls is 32:31?

•  If w e combine the two classes, what are the necessary

conditions for (he ratio to becom e 1:1? ouestions adapted
from Small (2008)

•  If Mr. W atson had 28 students and Ms.
Sm yth had 35 students, how do you know
tha t the to ta l ratio o f boys to g irls is 32:31?

W atson Smyth
B 8 B  GGGG BB BB GGG

3 - 4 4 : 3

Questions adapted from Small (2008)

C lassroom  R atio C lassroom  R atio
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•  If w e com bine the tw o classes, w hat are the
necessary conditions fo r the ratio to  becom e 
1:1?

W atson Smyth
B B B  GGGG

3 : 4
B B B B  GGG

4 : 3

Ov-«rr.i Sm» (2X0;

C lassroom  R atio

Michael has a »unnnn j«<h as a bricklayer'» assistant He is netpnn'tihle 
for mixing the concrete. CimcicK i» ma tie t>l cement, « m k  and gratel in 
a ratio «il 1 :1 :4  hy ma>». Michael needs H» make Sri kj! of concrete.

+ ♦ = 80 kfl

cenwm stnvfil

Graphic used with permission from Nelson 8

A. How m any parts in tota l are in the cem ent 
m ixture?

B. W rite  each ratio:
•  ratio o f cem ent to sand
•  ratio o f sand to gravel
•  ratio o f cem ent to  gravel

C em en t R atios

D. Mike arrives at a job  site and finds there 
are 8 bags o f gravel and no other 
supplies. When Mike phones his boss, 
how many bags o f cement and sand will 
he need to  ask for? ________

+ * -  90 kg

«TM MTK) I1« 1
G raph ic  used w ith  pe rm iss ion  from  N elson 8

C em ent #3

W hat is Rate?

A  rate is a comparison between tw o quantities 
m easured in d ifferent units. Unlike ratios, rates 
include the units.

A  unit rate is a special rate. It compares two 
rates in which the second term  is 1.
For example: 50km/h is a unit rate because it compares a 

distance travelled (50  km ) to 1 hour of time.

W hat Is R ate? H eart R ates
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Samantha likes Cheerios and her family 
eats a lot of them So when she was 
shopping, Samantha wondered what would 
be the best deal on Cheerios

Cheerios come in 3 different sized boxes:

• 1 kg  ̂ 10CO g 

Adapted from Addtscf Wesley 8

C erea l B ox Q uestions

A gram  is quite a small unit o f measure.

Since a gram is really too small to be 
practical fo r our purposes, we often measure 
in 100 gram s.

M easurem en t un it 10Og

W hen shopping, price tags g ive  us a lot o f 
inform ation

2009/05,21 <yX)-ä9749S947/
Pack 20 ¿Mi. . >«Wit01
Section unsalted 
butter ¿5 4 g

21 21

65.4C/100g

always more fo r ¡ess! always more fo r less!

T ags

So, w hat can we tell about this product?

202272 
DAMONl INC

200905-25 0CO 5MOO 32»S
«Uc* A 12COG WQ78501
Sllh.limlted edition 
f f.st yog 12X100R

21 21 /  f  ta  t==/̂
5 , / y

4 8 .2 C /I0 0 g

always more for tessi always more for less!

How many different ratios can you find?

Tag R atios

mum
6.49

¿Aw* more frf less! always more fnrbss!

i

II
IBBiH iiitt i  Him

n tn tfn * 7.29

1233 III II HIM
mi nos cm* m how » «nwii XT'S

8.99
more hf less! more br less!

Under what conditions m ight someone buy the 
600 g box o f Cheerios?

Under what conditions m ight som eone buy the 
1000 g box o f Cheerios?

S am p le  Tag C om parisons P ractice  Q uestions

22954801
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R elationship o f Percent to  Ratio

% is really a ratio o f a part to a whole 

So 75%  is the sam e as the fraction 3/4 

and as a part to w hole ratio is 3 to 4 
or can be defined as a part to part ratio as 3:1

I get 75% on my true false Science test.
So that is the same as 3 questions right out of 
every 4 or, 3 questions right fo r every 1 wrong.

Relationship of % to Ratio
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Math: Rate and Ratio

Black Line Masters 1
popcorn questions.

Appendix H

Name:

There are different ways to compare numbers. For example, look at the following 
advertisements.

¿ J O U T O F ^  ]
PEOPLE SURVEYED 

PREFERRED

.S U P E R -P O P P E R
P O P C O R N

7 0 3 6  OUT «! 
OF 1 0 5 5 4  I

PEOPLE SURVEYED j 
PREFERRED

.S U P E R -P O P P E R
P O P C O R N

Graphic used with permission from Addison 7

How are the numbers in each advertisement compared?

Which advertisement is most effective? Explain.

How do you know that advertisement #1 and advertisement #3 are giving you the same 

information?
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Black Line Masters 2

armika ’s fish questions.

Annika’s Fish

Type of Fish Number of Fish Annika Would Like Average Length (cm)

neon tetra 8 4

orange swordtail 3 10

black molly 6 7

angel fish 2 11

algae eater 1 15

Chart used with permission form Nelson 8

Annika is buying a new fish tank and tropical fish. She wants 20 different kinds and sizes 

of fish. Based on the size of the tank she wants, the sales person recommends that no 

more than 35% of the fish should be longer than 8 cm.

1 Write the ratio of the number of neon tetra to the total number of fish on Annika’s 

list. Write a similar ratio for each type of fish.

Neon tetra: all fish ___________

2. Calculate the percentage of each type of fish on Annika’s list.

3. How many fish on Annika’s list are longer than 8 cm?

4. W hat percentage o f  the fish are longer than 8 cm?
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5. What percentage of the fish are shorter or equal to 8 cm?

6. Does Annika’s list follow the sales person’s recommendations? Explain how 

you know?
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Black Line Masters 3a
heart rate questions lesson plan.

(Leading Math Success, OMET, 2005, Chapter5, Day 4 p. 12-13)

Unit 5: Day 4: Modelling Linear Relationships
Math Learning Goals
• Model relationships that have constant rates, where the initial condition is zero.
• Illustrate linear relationships graphically and algebraically.

G ra d e  7

Materials
.  B L M  5.4.1 , 5 .4.2

Assessm ent
O pportunities

W hole Class -> Brainstorm
With the students, brainstorm and compile a list of everyday relationships that 
involve a constant rate, e.g., a person’s resting heart rate, a person’s stride length, 
speed of a car driving at the speed limit, rate of pay at a job that involves no 
overtime, hours in a day.

W hole Class Demonstration
Using the context of stride length, measure one student’s stride length, e.g., 25 cm. 
Complete a table of values for 0-8 strides for this person and calculate the distance 
walked. Graph the relationship between this person’s stride length and the distance- 
walked. (There is no correct answer to the question.) Ask: Should “stride length” 
or “distance walked” be on the horizontal axis?
Discuss the meaning of:
• constant rate (same value added to each successive term, e.g., 25 cm);
• initial condition (the least value that is possible, e.g., zero);
• linear relationship.

Illustrate how to determine an equation for this relationship (d= 25s).
Together, calculate values that are well beyond the values of the table, e.g., what 
distance would 150 strides covet?
Discuss the advantages and disadvantages of the table of values, the graph, and the 
algebraic equation.

I  C o n s o l id a te  
D e b r ie f

Represen ting/Observation/Anecdotal Note: Assess students' 
a linear pattern in a chart and in a graph.
Pairs -> Investigation
Students complete question 1 on BLM 5.4.1 and BLM 5.4.2.

abilitj to represent P Some students may 
experience difficulty 
in determining the 
algebraic model.

Students with the

Small Groups - »  Presentation
By a show of hands, determine which students have the same heart rates. These 
students form small groups and present their tables, graphs, and algebraic 
expressions to each other. Groups discuss any results that differ and determine the

sam e heart rate 
should have the 
sam e numerical and 
algebraic
representations, but 
not necessarily the 
sam e intervals on 
their graphs.

correct answers.

Reflection
Practice

Home Activity or Further Classroom  Consolidation 
Complete questions 2 and 3 on worksheets 5.4.1 and 5.4.2.
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Black Line Masters 3b
heart rate questions student worksheet.

5.4,1: Getting to the Heart of the Math

1. a ) D e te rm ine  y o u r hea rt ra te  fo r 1 m inu te  a t rest:

beats pe r m inute.

b ) C om p le te  a ta b le  o f va lues  to  d isp lay  the  
num ber o f hea rtbea ts , H, fo r  t  m inutes.

N u m b e r o f 
M in u te s

N u m b e r o f  H e a rtb e a ts

0
1
2
3
4
5
6
7
8

oGa

&.Q
2

c) G raph the  re la tionsh ip . C hoose  su itab le  
in te rva ls  fo r each axis.

d ) W rite  an a lgebra ic  exp ress ion  fo r  the 
re la tionsh ip :

e ) H ow  m any tim e s  w ill yo u r heart bea t during : 
i. 30 m inutes: Number o f Minutes

ii. 45  m inutes?

iii. 1 hour?

iv. 90  m inu tes?

2. A fte r one  m inu te  o f  v igo rous  exerc ise , e .g ., runn ing  on the  spot, ta ke  yo u r pu lse  to
de te rm ine  you r hea rt rate a fte r exe rc ise . C om p le te  a tab le  o f va lues  fo r yo u r increased  heart 
ra te , and g raph th e  re la tionsh ip  on th e  grid .

3. In y o u r jo u rna l, com pare  the  tw o  graphs. Inc lude  "in itia l cond ition " and  “cons tan t ra te  o f 
change .”

TIPS4RM: Grade 7: Unit 5 -  Solving Equations 12
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Black Line Master 4
ratio and percents culminating questions.

(From Metz, 2003)

Making Sense of Percents

Ashley and her Mom are shopping for new jeans. They notice a rack of jeans with this 

sign on top.

40% off the lowest ticketed price

Ashley is excited because that means that the jeans are an additional 40% off of an 

already reduced price. She finds a pair of jeans in her size, but part of the price tag has 

been torn off. The remaining part of the tag looks like this.

Orig. Price

$40.00

Reduced 25% to

Ashley and her Mom both realize that the jeans’ ticketed price is missing. However they 

both think that they can figure out the final cost of the jeans. Ashley’s Mom says that 

since the jeans were already reduced 25% and are being reduced again by 40%, then they 

are really on sale for 65% off. Ashley disagrees. Ashley thinks that the reduction of 25% 

followed by a reduction of 40% is the way to calculate the final price.

What would the final sale price be using Ashley’s method?
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If Ashley’s Mom calculated the sale price of the jeans, what would it be?

Is Ashley or her Mom correct in their thinking? How do you know?



Black Line Masters 5a
winter play culminating questions

From Mathematics In-service on Proportional Reasoning
8.3.5: PROBLEM: GROUP 5

----------------------------------------------------------------------—

W in t e r  P la y  D a y W in t e r  P la y  D a y

Th e re  are 500 students at Pine Ridge 7 5 %  o f  th e  students at Pine Ridge
Elem entary School. - E lem entary signed up fo r W in te r Play Day.

H o w  m any students w e n t sn o w b o a rd in g? H o w  m a n y students participated in each 
event on W in te r  Play Day?

.___ _________________________________y

—

W in t e r  P la y  D a y W in t e r  P la y  D a y
v?-

3/5 o f th e  students w h o  signed up fo r 
W in te r  Play D a y actually show ed up to  
participate.

H o w  m a n y students participated in each . 
e vent o n  W in te r  Play Day?

6 0 %  o f  th e  students w h o  participated in 
W in te r  Play D ay w e n t sn o w b o a rd in g ; 8 %  
w e n t skiing a n d  th e  rest o f th e  students 
w e n t skating.

HqyifYnany students w e n t sn o w b o a rd in g?
Jr

■



Black Line Masters 5b
winter play problem solving

United W e Solve 
Problem  Solving  Te m p la te

P ro b le m  T it le :

W hat are you asked to find?

W hat are "the facts"? List them  here.

I f  necessary, organize "the facts" in a way th a t you can use them to solve 
the problem.

Do any calculations here:

Clearly state your answ er(s) here:
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Black Line Masters 5c
winter play answers.

United We Solve 
Problem Solving Template

Problem Title: Winter Play Day Team #

W hat are you asked to find?
The number of students who participated In the Play Day and the number who went
snowboarding.

W hat are "the facts"? List them here.
-there are 500 students in total 
-75%  signed up in total
-3 /5  of those who signed up, actually showed up
-60% of the students went snowboarding, 8% went skiing and the rest went skating

I f  necessary, organize "the facts" in a w ay that you can use them  to solve the 
problem.

-3 /5  of the 75% actually showed up 
-32%  went skating

Do any calculations here:

-Find 75% of 500 to get the number who signed up 

0.75 x 500 =  375 (or 3 /4  of 500)

-only 3 /5  of those actually attended. This is 60%. So 0.60 x 375 = 225

-Therefore 60% of these snowboarded: 0.60 x 225 =  135 
-Therefore 8% went skiing: 0.08 x 225 *  18
-Therefore 32% went skating: 0.32 x 225 = 72 (or 225 - 135 - 18)__________________

Clearly state yo ur a n s w e rs ) here:

There were 225 who participated. Of these, 135 snowboarded, 18 skiied and 72 skated.
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Copyright Releases
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*  C E N G A G E  
L e a r n i n g "

Gfobai Rights and Permissions Administration

20 D avis D m », Belm ont, C a lifo rn ia  34002 USA
Phone: 800-730-2214 or 650413-7456 F w  800-730^2215 or 6505954603  
Em ail: permissionrequest@cefigage.com

Subm it all requests online at www.cengage.com/pennriissions.

Response #21 8817
10/26/2009

Stephanie Insley
University of W estern Ontario
Graduate Student - Faculty of Education
407 Darlene Crescent
London, Ontario N6J 1B2 Canada

T h a r* you for your interest in the following Cengage Learning/Nefson Education, or one of their respective subsidiaries, divisions or 
affiliates (collectively, "Cengage/Netsnn") m aterial.
Title: Nelson M athem atics Grade 8 : Student Text 1E
A uthors): ZIM M ER, SMALL ET AL ISBN: 9780176263203 (0176269207)
Publisher Nelson Y e a r 2006
Specific m aterial: pages 46; 58; Chapter T  Getting Started page 46; Buying Fish - beginning statem ents and table; Chapter 2: 2.4 

Kabos; page 58; Learning About M ath introduction statem ent and graphic of cem ent ratio
Total pages: 2

For use by:
Nam e:
School/UnrvRiraty/Corripany:
Course title/num ben 
Term  of use:

Intended use:
For inclusion in a research paper, m aster's Uresis, doctoral dissertation, or manuscript to be prepared and submitted for publication. If at 
a la ter date a publishing contract is achieved, additions* permission will be required.

The non-exclusive permission granted in this letter extends only to m aterial that is ongrval to Die aforem entioned te x t As Die requestor, 
you will need to check all on-page credit references (as w ell as any other credit / acknowledgement section(s) in Die front and/or back 
of the book) to identify atl m aterials reprinted therein by permission of another source. Please give special consideration to aH photos, 
figures, quotations, and any other m aterial with a  credit line attached. You are responsible for obtaining separate permission from Die 
copyright holder for use of aH such m aterial. For your convenience, w e m ay also identify here below some m aterial fo r which you will 
need to obtain separate permission. For your reference, w e identify the foDowing m aterial for which you w il need to obtain separate 
permission.

picture or fish (Jupifertm ages)

This credit lino must appoar on tho first page o f text sotoction and with each individual figure or photo:

From ZIM M ER , SMALL ET A L. Nelson Mathematics Grade 8 ,1E. ©  2006 Nelson Education Lid. Reproduced by 
permission, ww wnengagfioom /perm issions

Namokase
University of W estern Ontario 
M asters Thesis 
F a i Term  2009

Sincerely,

Yvonne Liburd
Rights M anagem ent Specialist

mailto:permissionrequest@cengage.com
http://www.cengage.com/pennissions
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Ffc- o: "PubCañad a. Permissions" < Permissions.PubCanada<a pearsoned.com >
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M .Ed thesis. W e do ask that the material is fully credited and used for this use only. If the thesis is published 
fu rth er  we ask that y o u  contact us regarding permission.
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