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ABSTRACT

This thesis advocates the use of shrinkage and penalty techniques for estimating the param-
eters of a regression model that comprises both parametric and nonparametric components
and develops semi-nonparametric density estimation methodologies that are applicable in
a regression context.

First, a moment-based approach whereby a univariate or bivariate density function
is approximated by means of a suitable initial density function that is adjusted by a linear
combination of orthogonal polynomials is introduced. Such adjustments are shown to be
mathematically equivalent to making use of standard polynomials in one or two variables.
Once extended to apply to density estimation, in which case the sample moments are being
utilized, the proposed technique readily lends itself to the modeling of massive univariate
or bivariate data sets. As well, the resulting density functions are shown to be expressible as
kernel density estimates via the Christoffel-Darboux formula. Additionally, it is established
that a set of n observations is entirely specified by its first » moments.

It is also explained that a univariate bona fide density approximation can be obtained
by assuming that the derivative of the logarithm of the density function under consider-
ation is expressible as a rational function or a polynomial. An explicit representation of
the density function so obtained is derived and jointly sufficient statistics for its parameters
are identified. Then, extensions of the proposed methodology to density estimation and
multivariate settings are discussed. As a matter of fact, this approach constitutes a general-
ization of Pearson’s system of curves. Several illustrative examples are presented including
regression applications.

Finally, an iterative algorithm involving shrinkage and pretest techniques is intro-
duced for estimating the parameters of a certain semi-nonparametric model. It is theoret-
ically established and numerically verified that the proposed estimators are more accurate
than the unrestricted ones. This methodology is successfully applied to a mass spectrome-

try data set.



Key Words: density approximation, joint moments, bivariate Hermite polynomials, bi-
variate normal distribution, bivariate density estimation, log-density, Pearson curve, semi-
nonparametric model, local linear regression, multiple simple regression, shrinkage esti-

mation.
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Chapter 1

Introduction

A plethora of results pertaining to density approximation or density estimation are avail-
able in the literature. In the former case, the exact density function is approximated by
means of various statistical or mathematical techniques, while in the latter case, the under-
lying density function which is unknown is estimated from the available data. There are
numerous studies on density approximation/estimation methodologies in univariate case;
however, fewer are available for multivariate distributions. Chapter 2 is concerned with
density approximation/estimation techniques that make use of polynomial adjustments and
are applied to bivariate distributions. A family of distributions known as Pearson’s curves
is introduced in Chapter 3. In this case, one assumes that the logarithm of the density
function of interest has a rational form where the numerator and denominators are polyno-
mials of degrees one and two respectively. An extension of the Pearson frequency curves
is proposed and an explicit representation of the resulting density approximant is provided.
This approach is extended to apply to bivariate random vectors in Chapter 4. It should
be pointed out that the bivariate density approximation/estimation techniques discussed in
this thesis can readily be generalized with a view to model multivariate distributions. As
well, they can be utilized in the context of regression. Additionally, a parameter estimation
technique applying to a certain semi-nonparametric regression model, which was proposed
by Ma et al. (2015) is improved upon in Chapter 5. In this model, there are n different
location and scale parametric components and a common unknown function as the non-

parametric component. Stein-type shrinkage and pretest techniques were applied to the
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parametric components of the model to increase the level of accuracy of the estimators.

The last chapter includes some concluding remarks and points out possible developments.

Note that since this thesis has been submitted in the ‘integrated article’ format, some
redundancies are somewhat inevitable as each chapter is essentially self-contained. The
Mathematica code utilized in connection with the main numerical examples presented in

this dissertation is included in Appendix A.

1.1 Density estimation

1.1.1 Introduction

Over the years, statisticians have devoted much attention to approximating and estimating
density functions, and there is a significant body of scientific literature on the subject. At
the outset, it should be specified that what is referred to as a bona fide continuous density

function is a nonnegative continuous function that integrates to one over its support.

Parametric distributions such as the exponential, gamma, beta, and normal, are en-
tirely specified by their parameters. In order to estimate their associated density functions,
one only needs to determine the parameters from the available observations. However,
specific parametric distributions are often inadequate for modeling purposes. Accordingly,
nonparametric density estimation techniques which are more flexible, have been widely
studied. One can refer to Parzen (1962), Silverman (1986) and Izenman (1991) for further
considerations about various density estimation methodologies. Since the density estima-
tion techniques discussed in this thesis are based on moments, it is now established that the

first n sample moments comprise all the information contained in a sample of size n.



Theorem 1.1.1. A sample of size n is uniquely determined by the first n moments.

Proof. Let S = {x1, x9, ..., xp} be a set of points and let M = {my, ma, ..., mp}
where my, = Y 1 xfl /n is the h'™™ sample moment, 4 = 1, ..., n. According to the
fundamental theorem of algebra, a monic polynomial of degree n, p(2) = ag+ajz+ - -+
ap—12""1 + 2", is uniquely defined by its coefficients {ag, a1, ..., a,_1} and it is also
uniquely specified by its n roots {x1, x9, ..., xp}. Note that only the case of real roots is
of interest in this thesis. Moreover, given S, the coefficients of p(x) can be expressed in
terms of the sequence of moments M via the Newton-Girard identity. Accordingly, a given

polynomial of degree n, say p(x), can be represented as follows:

n n
[T =a)=> (-1)" e, g, (1.1.1)
=1 k=0
where eg = 1 and
n 4 1
66:22(_1)3—1%7],7”]., (=1,...,n. (1.1.2)
j=1

Thus, given the first n sample moments associated with S, a sample of size n, one
can determines the right hand side of (1.1.1) whose roots are precisely {x1, xa, ..., zp}.
This establishes that S is uniquely specified by M. Although S and M contain exactly
the same amount information, oftentimes, only a subset of the latter suffices to elicit the

distributional characteristics of a given sample. a

1.1.2 Kernel density estimates and histogram

One of the oldest and popular methodologies for estimating an unknown density function

is known as kernel density estimation, see for instance (Rosenblatt, 1956), (Epanechnikov,
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1969), (Scott, 1979) and references therein. Such estimates which depend on a kernel

function K (-) as well as a bandwidth h, have the following functional form:

:Lhz:: ("’“—% (1.1.3)

where n denotes the sample size and fh(x) is the estimated density function at the point x.
There are several types of kernel functions which, for example, are discussed in (Epanech-
nikov, 1969), (Scott, 1979), (Silverman, 1986), (Botev et al., 2010), (Xu et al., 2015) and
references therein. The Gaussian, Epanechnikov and the tri-cube kernels are the most
widely utilized. Additionally, there are various criteria for finding the optimum value of A,
known as bandwidth selection techniques whereby on can obtain more accurate density es-
timate on the basis of a given dataset such as those proposed in (Bowman, 1984), (Park and
Marron, 1990), (Sheather and Jones, 1991), (Jones, Marron and Sheather, 1996), (Hall et al.
1992), (Park, Turlach, 1992), (Cao et al., 1994) and (Jiang, 2009). Note that every kernel
function has to satisfy the following conditions: (1) K (z) = K(—xz), 2) [ K(z)dx =1
and 3) 0 < [2?K(z)dx < oo.

Among all the kernel density estimators, the histogram might be the oldest and easi-
est to implement, see (Rudemo, 1982). Incidentally, it is still widely used. In order to apply
this approach to a given dataset, one needs an initial point xy and a bandwidth /. Then,
the m intervals are usually defined as D; = [zg+ (i — 1)h, zg+ih), i = 1,2, ..., m,
where each interval is often taken to be closed from the left side and open from the right
side. Let Zp), (x) be the indicator function of the i*" interval, and n;, the number of sample

points that fall into D; with ) 1" ; n; = n. The histogram function is then given by

1 m
=1



1.1.3 Density estimation methodologies involving polynomial adjustments

Some density approximation/estimation techniques depend on the moments of a given dis-
tribution. Whereas exact moments are used for the purpose of density approximation, sam-

ple moments are employed for the purpose of density estimation.

Density approximation/estimation methodologies involving polynomial adjustments
are discussed in the next chapter. In this case, the density approximant is the product of
an initial (base) density function f(z) and a polynomial adjustment of degree m, p(z) =
it a;z'. Thus, the resulting density approximant of degree m is f,(z) = fo(z)p(z).
The coefficients a;, 2 = 0, 1, ..., m, are obtained by solving a linear system of equations

that relies on the moments of the target and base density functions.

Now, let

k
() :Z(Sk’g 2 k=0,...,m, (1.1.5)
=0

be polynomials defined on the interval («, 3), which satisfy the orthogonality property,

b 0, for i=j
/ w(z) () pj(r) de = (1.1.6)
¢ 0 for @ #j,

where w(z) denotes a certain nonnegative weight function whose ‘moments’ given by
ff 2k w(x) dz, exist for k = 0,1,..., and 6; will be referred to as the jth degree or-
thogonality factor. Then, {¢g(z), v1(x),...,em(x)} is said to form a set of orthogonal

polynomials with respect to w(z).
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Provost (2005) developed a density approximation methodology involving linear
combinations of orthogonal polynomials as adjustments. Making use of orthogonal poly-
nomials has the advantage that there is no need to solve any linear system of equations to
determine the unknown coefficients present in the adjustment. It is explained in the next
section that a density approximant computed as the product of a base density and a stan-
dard polynomial adjustment is equivalent to an approximant that is obtained as the product
of the same initial density and a certain linear combination of orthogonal polynomials. It
is also explained that in the context of density estimation, the latter can be expressed as a

kernel density estimate.

1.1.3.1 Moment-based density approximants: orthogonal vs standard polynomials

It is shown in this section that the coefficients a;j,j = 0,1. .., p, appearing in the approxi-
mant fy,(x), defined as f,(z) = c w(z) Z?:o a; p;(x) where the normalizing constant c is
such that | 0{3 cw(z)dz = 1, can be determined by matching the first p moments of f;,(x)
to those of f(z), the density function being approximated. First, one can easily establish

that the equalities

B B
/ xjfp(a:)dx:/ o f(x)dz, j=0,1,...,p, (1.1.7)

(07

are mathematically equivalent to

B B
/ cpj(x)fp(:v)dx:/ pi(x)f(r)dz, j=0,1,...,p, (1.1.8)

« «

where the ¢; (x)’s are orthogonal polynomials generated from the base density function
by means of the Gram-Schmidt orthogonalization process. Accordingly, if (1.1.8) holds,

which amounts to assuming that the first p moments of the approximate distribution are



equal to those associated with the target density function, one has

8 p B
/ cw(e) S o pie) 9j(x) do = / oi(2) () d,

that is,
p B B
ca; [ w(z)pi(z)pjx)de= [ ¢;@)f(r)ds
Yeor| o= [Co
or
B
cajti= [ i) f(@)ds,
so that
i@ f @) da
J 09]' ’
where

8 gJ
/ o) f(2)dz = / mef
= Z o hx (¢

(1x (¢) denoting the /" moment of the distribution specified by f(x). Thus,

Zéﬂu}( , J=0,1,...,p,

and the pth degree density approximant can be expressed as follows:

ZZ ]EMX (x)’

7=0/¢=0

where 0; = ff w(x) gz)?(:v) dz and §; ¢ denotes the coefficient of z'in pi(r).

(1.1.9)

(1.1.10)

(1.1.11)

(1.1.12)

(1.1.13)



1.1.3.2 Kernel representation of the density estimates

Density estimates which are the counterparts of the orthogonal polynomial density approx-
imants discussed in the previous section are shown to admit a certain kernel representation.
Let {x1,x9,...,x,} be a simple random sample from a population whose distribution is

specified by the random variable X. On replacing the exact moments, yx (¢), in (1.1.13)

by the sample moments, m x (¢) = % n , £=20,1,...,p, one obtains the pth degree

orthogonal polynomial density estimate,

. pi(a)
fo(@) = w(@) Y == 0jemx () (1.1.14)

J
w(x) "1
= DD g wilwi)ej(). (1.1.15)

On making use of the Christoffel-Darboux formula, that is,

zp: oe() euy) _ _ Opp  epr1(@) op(y) — op(@) p+1(y)

: (1.1.16)
Op+1,p+1 Op (z —y)
cf., e.g., Hildebrand (1956), ¢y, ;. being the coefficient of 2% in ¢ (), and letting
"1
Kp(z,2;) = w(x Ze— (i) () (1.1.17)
or equivalently,
w(z) Opp (Pp+1(2) ep(wi) — op(x) Ppr1 (i)
Ky(@, z;) = (z) pp( pr1VT)Yp T T ¥R\ YptlLi ) (1.1.18)
Op+1,p+1 Op (x — ;)
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one has the following kernel representation of the orthogonal polynomial density estimate:

fplz) = %ZKp(xaxi), (1.1.19)

which is mathematically equivalent to the representation given in (1.1.14) in terms of the

first p sample moments. It can be shown that such kernels integrate to one.

Example 1.1.1. Legendre Polynomial Kernels Let golkj(x) = le:o 5,%7 , 2! denote a kP
degree Legendre polynomial; then the coefficient of 2! as given explicitly in a suitable

form in Provost and Ha (2009) is

so that 5,%771 = 2n!/ (2”(71!)2) . In this case, the support is (—1, 1), the weight function is
w(zx) = 1/2, and the orthogonality factor is 6, = 2/(2p + 1) . Thus, according to (1.1.18),
the pth degree kernel associated with the Legendre polynomials is

o+ 1) (Fh @) b @) — oh(@) by (@)

) = 1.1.2
Kl xi) = p—— , (1.1.20)

where goI,;(x) = Z?:o 6};72. ' denotes a Legendre polynomial of degree k.

In some instances and, in particular, if one wishes to make use of available results
on classical orthogonal polynomials, it may be indicated or even necessary to transform
the data prior to resorting to the representations the density estimates given in (1.1.14),
(1.1.15) or (1.1.19). For example, on letting y1, y2, . . . , yn, be a simple random sample from
a distribution specified by the density function, f(y), and making the change of variables
x = g(y), where g(y) is a differentiable function of y, the density estimate corresponding

to (1.1.19) becomes

o) = S Kot 90000 (REN
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where /Cp (-, -) is as defined in Equation (1.1.18). Oftentimes, it suffices to apply an affine

transformation such as

9(y) = : (1.1.22)

so that support or the first moment (or in some cases the first two moments) of the trans-
formed variable coincide(s) with that (those) of the normalized weight function associated
with a given type of orthogonal polynomials. It should be noted that, by making use of the
Gram-Schmidt orthogonal generalization process, one can always generate a set of orthog-
onal polynomials from a suitable weight function, in which case there is no need to apply

any transformation to the data.

When one makes use of the linear transformation specified by Equation (1.1.22), the

density estimates (1.1.14), (1.1.15) and (1.1.19), respectively become

Z/ZT

> Z omx(( (1.1.23)

=0
with
L~ (yimmy! _ 1 "
0= 23 (M) =30 () v -
i=1 k=0
where
1 n
_Eny, k=0,1,...,0;
=1
f()—iw(y_T)Zii (D) e (0 (1.1.24)
Ay v )L Zag i\ ) i\, ) o
i=15=0 "J
and
: L S~y (U=T yi—T
fp(y)—ﬁZICp< . T> (1.1.25)

In the case of a density approximant, which is based on uy (k) = E(Y*), k=0.1,...,p,,
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the linear transformation yields the following density approximant corresponding to (1.1.13):

fp(y)=w<y_7>zp:2jjw¢j(y_7), (1.1.26)

v : 1/6’]- v
j=0/¢=0

where

l
o) =55 3 (G Juy (14,
k=0

As a further refinement, one could define the kernels to be zero subinterval where
they are negative and renormalizing the resulting function to obtain a bona fide density
estimate.

The main results derived in this section, that is, the connection between approximants
and estimates and the dual representation of the density estimates, ought to provide valuable
insights into the orthogonal polynomial density estimation methodology advocated herein
and lead to a heightened appreciation of this approach as a viable alternative to other density

estimation techniques.

1.1.4 Pearson’s frequency curves

In order to model skewed observations, Pearson (1895) proposed a system of frequency
curves known as Pearson’s curves. He assumed that the following differential equation

holds:

d fx () T — ag
= 1.1.27
dz CQI2+01[E—|—CO fX(x)v ( )

where fx(x) is the density function and ay, cq, ¢ and co are constant parameters. Then,
he identified 13 major types of density curves, depending on the values of the constant
parameters, which can be determined as the solutions of the differential equation (1.1.27)

by solving an appropriate linear system of equations requiring the first four moments of the
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Figure 1.1: The regions of different distribution types of Pearson’s frequency curves based
on the values of 31 = skewness squared and 35 = kurtosis + 3, where the (39-axis is in
reverse order. There are no distributions in the critical region (top right shaded area).

distribution. In Figure 1.1 (Podladchikova, et al., 2003), different Pearson curves can be
identified in terms of certain relationships between their skewness and kurtosis. There are
many well-known families of distributions, such as the normal, beta, gamma, chi square,
Student t whose density functions could be obtained from this differential equation.

By multiplying both sides of Equation (1.1.27) by =", one has

d fx(v)

P =z"(x — ag) fx(z). (1.1.28)

2" (egx® + 1z + )

Then, by integrating by part both sides of (1.1.28) and assuming that lim‘z| oo T fx () =

0, the following recurrence formula for the moments of fx (x) is obtained:

apin — ncofn—1 — (N + V)erpn — (n+ 2)copin 1 = finy1, (1.1.29)

h

where /i, is the n'™ moment. On setting 1_1 = 0, with yy = 1, one has the following



13

linear system of equations:

—ap+c1 =0
co + 3copg = —p2
—aope + 3c1pg + 4eapz = —p3

—agps + 3copg + deppug + dHeapy = —jig. (1.1.30)

where i, being the k™ central moments for k = 0,1, 2, 3, 4.

1.1.5 Differentiated log-density approximants (DLDA’s)

This is a generalization of the Pearson frequency curves discussed in the previous sub-
section whereby the derivative of logarithm of a density function fx (z) whose support is

(cv, ) is assumed to be a rational function, that is,

=r(z), (1.1.31)

where

_ D im0 % z! _ Ny(z)
Z?:O ¢jal Ds(x)’

r(z) (1.1.32)

Ny (z) and Dg(z) being polynomials in = of orders v and § . Without any loss of generality,
¢, the coefficient of 29 in the denominator of r(x), is set equal to one. The coefficients
a;’s and ¢;’s are determined by solving a linear system that is specified in Chapter 3 where

an explicit representation of the approximant,
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T

fy,d(l‘) = /{efa r(y) dy)

is provided, x is denoting the normalizing constant. Unlike Padé approximants, DLDA’s

remain nonnegative.

1.2 Shrinkage, pretest and penalty estimators

Various regression models, both parametric or semi-nonparametric, have been proposed
in the literature. For regression models involving a certain number of parameters, it is
important to determines the number of significant parameters; otherwise, overfitting may
create problems for prediction purposes and other analyses. Additionally, one should know
which variables are significant and which ones can be considered as nuisance. In this
section, we give an overview of variable selection based on the shrinkage, pretest and

penalty strategies, as discussed in Ahmed (2014).

1.2.1 Shrinkage methods: basic concepts

Consider the regression model,

y = X3 +k€, (1.2.1)
where y = (y1, v2,. .., yn)/ is the response vector, X is an n X p fixed matrix of coeffi-
cients, 3 = (81, B2, ..., Bp)’is the unknown vector of parameters and € = (e, €2, ..., €)'

is the unknown error vector, a prime denoting the transpose of a matrix or a vector. Let
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E(€e) = 0 and Cov(e) = oI. The following two assumptions, called “regularity condi-
tions”, are made for deriving the estimators:
o max x; (X' X)~1x; = 0. as n — oo, where x;/ is the i*' row of X.
<i<n

/
o lim XX
n—oo M

= (C, where (' is a finite positive definite matrix.

If there is no restriction on 3, the unrestricted estimator (UE) of 3 is given by

BUE = (X'x)"1X'y. (1.2.2)

Let 3 be divided into two subvectors as 3 = (B’l, Bé)/ so that (37 is a pj-vector
and 39 is a pa-vector with p; +py = pand 0 < p;, © = 1,2. Suppose that we have the
uncertain prior information (UPI) that 37 is a vector of nuisance parameters and 31 is the
set of parameters of interest. Such UPI might be written as a linear restriction H3 = h
on 3 where H is a known py x p matrix and h is a known vector of length ps. Under the

restriction H (3 = h, the restricted estimator (RE) is obtained as

plE = gV _(x'x) 1 H'(H(X'X) " H')"Y(HBYE —n) (1.2.3)

where BRE is a linear transformation of BUE . If we want to test the validity of the re-
striction (UPI) as the null hypothesis Hy : HB = h, the following test statistic is to be
utilized:

(HB;i = h)(H(X'X)"'H')"L(HB; — h)

Cbn: 2 ) 7’:17"'7”’
86

where



16

2y = XB"F)(y - xBYF)
e n—p

is an estimator of o2. Under H, ¢,, has a chi-square distribution with po degrees of free-

dom.

Shrinkage and pretest estimators are obtained as linear combinations of BUE and
BRE in terms of the test statistic ¢, as described below.
. . . ~ S .
The Stein-type shrinkage estimator (SE) 31 of 3 is calculated as

S +RE  +UE +RE
-5

Bi” =51 + (B {1 —kep, '},

where k = pp — 2 (py > 3). In some cases, the sign of (1 — k¢ ) might be negative
which may adversely affect the estimators. To overcome this difficulty, Ahmed (2014) used

the positive-rule Stein-type estimator (PSE) which is defined as

.S+ +~RE ,-UE +RE
= - B

B =B + (B {1 — ke, 11T,

. . A S+ .
where at = max{a, 0}. An alternative way of evaluating 31" ' is

.S+ s RE s UE

7 =8 + (87 - 8 - ke (e < K),

where I(+) denotes the indicator function.

The pretest technique (PT) of estimating 31, the parameter vector of interest, yields

. ~ PT C .
the pretest estimator 31 = which is of the form,

~ PT ~ UE ~ UE ~ RE

B1 =3 — (B —B1 )(¢n < Cn,oz)a
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where ¢,  1s the upper 100ath percentage point of the test statistic ¢,. Under the PT, we
test the prior information (i.e. UPI) with H(y before computing the estimator while SE and
PSE use the value of the test statistic to obtain the estimator. In this case, PT either rejects

~ RE
or not the presence of 31 based on whether ¢, > ¢y o or not.

In addition to the above techniques, there are some popular penalized least squares
family of estimators which are for instance available in Ahmed (2014). Under these tech-
niques, a penalized term (involving the parameters) is added to the sum of squared errors
to shrink a subset of the parameters to zero. The resulting general form of the penalizing

least squares is

S(B)=(y - XB)(y — XB) + An(B), (1.2.4)

where 7(3), which is called the penalized function, is a function of the parameter vector
B. A > 0 is called the tuning parameter and the optimum value is mainly selected by cross

validation.

Within this class of estimators, ridge regression (Hoerl, 1958), least absolute shrink-
age and selection operator (LASSO) (Tibshirani, 1994), adaptive Lasso (Zou, 2006), the
smoothly clipped absolute deviation (SCAD) method (Fan and Li, 2001) and the minimax
concave penalty (MCP) (Zhang, 2010) are the most popular techniques. Among them,
LASSO and SCAD are more widely used. We shall simply provide a brief review of these

techniques, more information about these methods being available in (Ahmed, 2014).

The penalty function given in Equation (1.2.4) for LASSO is the sum of the absolute

values of the parameters. Accordingly, the LASSO estimator is obtained as

n p n
pLASS0 (i —Bo— D _wijBi)*+A>_ |5j\}~
-1 i—1

= argmin {
B =

2
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In this case, the shrinkage and variable selection are done simultaneously.

SCAD is another important penalized estimator which is given by

n p
ASCAD
B

n
Zargrnﬁin{ (yi — Bo — wi,j@j)2+>\zpa,/\|5j|},
=1 i—1

=1

where p, ) (+) is the smoothly clipped absolute deviation penalty. The SCAD penalty func-
tion is a quadratic spline on [0, co) with nodes at A and a), whose first order derivative
is

(oA — |=)*

e () = MI(e] <)+ SC0

I(|Jz| >N}, >0,

where A > 0 and o > 2 are the tuning parameters. For the asymptotic analysis of these

methods, the reader is referred to Ahmed (2014).
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Chapter 2

A moment-based bivariate density estimation methodology applicable

to big data modeling

2.1 Introduction

When density functions do not have closed form representations or they assume compli-
cated forms that may for instance involve special functions, it may be desirable to replace
them by certain relatively simple moment-based approximations. However, unlike the type
of approximants being proposed in this chapter, such approximations, which include Pear-
son curves (Solomon, 1978), Edgeworth expansions (Edgeworth, 1905), Johnson curves
(Elderton and Johnson, 1969), Gram-Charlier expansions (Charlier, 1906) and the saddle-
point approximations (Daniels, 1954) and (Reid, 1988) can prove inadequate. This is often

the case when for example the target distributions are not unimodal.

It may happen that different distributions have the same moments, which is often re-
ferred to as the “moment problem”. Rao (2001) provided conditions that ensure the unique-
ness of a density function with respect to its moment sequence, (i), i = 0, 1, 2, .... A

sufficient condition is that

iu(

=1

i)t
i!

be absolutely convergent for some ¢ > 0.
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The density approximation methodology being proposed in this section, that is, ad-
justing a base density function by means of a polynomial or a linear combination of orthog-
onal polynomials, is not restricted to univariate density functions. While being conceptu-
ally simple and easy to implement, this approach is flexible, and accurate. As well, it is

applicable in the context of density estimation.

Incidentally, it should be noted that moment-based density estimation techniques are
ideally suited for modeling data sets containing an exceedingly large number of observa-
tions, which will be referred to as massive data sets. Indeed, once the moments have been
evaluated, which is easily achieved even for extremely large data sets, the determination of
the estimated density function does not depend on the sample size. Moreover, when a new
set of observations, say, Tpq+1s -+ Tns becomes available in addition to an initial data
set, T1, ..., Ty, there is no need to make use of each of the n; original data points. This
is the case since the AP updated moment will then be {nimy, + Zn: x?} /n where my,

1=n1+1
denotes the hth sample moment evaluated from the initial data set. In the bivariate case,

bl
let my o = > 2}y
1=1

/nq be the (h, €)™ joint sample moments of the initial observations
(1, y1)s -+ -5 (Tny, Yny)- Then, the joint moments can be similarly updated as {nymy, ;+
. i xfyf}/n given the additional observations (7,41, Yn;+1)s - > (¥n, Yn). This
;(T)Lé::rriy clearly extends to joint moments occurring in higher dimensions. Thus, moment-
based methodologies enable one to process large amounts of univariate or multivariate data
that often arrive in streams without having to access previously collected observations.

Note that, for instance, this is not the case for kernel density estimates which, unlike the

proposed estimates, do not have a simple functional representation.

This chapter is organized as follows. A univariate density approximation technique
relying on Hermite polynomials and their associated Gaussian type weight function is dis-

cussed in this introductory section. As explained in Provost and Ha (2009), approximants
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that are based on other initial continuous density functions and their associated orthogonal
polynomials can be similarly obtained. The use of standard polynomials as adjustments
is treated in Provost (2005). An efficient formula for generating bivariate Hermite poly-
nomials, which can easily be extended to the multivariate case, is provided in Section 2.2.
Some properties of such polynomials are also described in that section. In Section 2.3, the
density function associated with a bivariate random vector is first approximated in terms of
a bivariate standard polynomial. Then, the use of linear combinations of bivariate Hermite
polynomials is discussed in connection with the approximation of normal-type bivariate
densities, which are often encountered in practice. Algorithms are provided for both ap-
proaches, which are shown to produce identical density estimates. This methodology is
extended to density estimation in Section 2.4 where several illustrative examples are pre-

sented. Some concluding remarks are included in the last section.

The proposed moment-based density approximation methodology is now briefly de-
scribed for the univariate case. Let Y be a random variable whose density function is to be
approximated and X = (Y — u)/o. First, fx(z), the density of X, is approximated by

means of a certain base density, ¢ x (), that is adjusted by a polynomial of degree n:

Fxn(@) = ¥x(2) Y &pat. (2.1.1)
k=0

Clearly, the resulting density approximant for Y is then given by

n

Fra0) = bl —w)/) 3 (21 @.12)

k=0

As explained in Provost (2005), the coefficients ;. can be determined by equating

the first n moments of fx, () to those of fx (z) and solving the resulting linear system of
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equations.

Since the adjustment consists of a polynomial, it may happen that some of its roots
fall within the support of the target distribution, in which case the approximant will be
slightly negative on certain subintervals which, generally, is hardly noticeable graphically.
It should be noted that, theoretically, the higher the degree of the adjustment, the closer to
zero such negative parts will be. In any case, this issue can easily be addressed by defining
the original function to be zero when it is negative and normalizing the resulting function
so that it integrates to one, thus yielding a bona fide density approximant. Alternatively,
one may apply an iterative procedure, namely the P-algorithm proposed by Gajek (1986),
in order to obtain legitimate density approximants. Whether in the context of density ap-
proximation or density estimation, we shall refer to expressions such as those appearing
in Equations (2.1.2) and (2.3.1) as density functions with the understanding that they can

readily be made bona fide.

When 1) x () is a standard normal density function, Equation (2.1.1) can be written

as follows in terms of orthogonal polynomials:

n
I, (@) = vx (@) Y mpHy(w) (2.1.3)
k=0
where Hy(x), k=0, 1,..., are univariate modified Hermite polynomials given by
582 dk‘ mQ
Hp(z) = (—1)k67—6_7, —00 < x < 00,
dx
k
= Zakh ach. (2~1-4)
h=0

These polynomials satisfy the following orthogonality property:
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/OO e~ 2 [ (x) H () do = V271 635 (2.1.5)

2
where 5ij is equal to 1 if ¢ = j and, 0, otherwise. In Equation (2.1.5), e™* /2 is the

. . . . . . _ 22
weight function associated with the density function is ¢ x () = \/Lz?e z%/2

whose jth
momentis my (j) = [ _OOOO zIp xdx. In this instance, the coefficients 1. in Equation (2.1.3)
can be determined from equating [ Hy(z)fx,, (z) dz to [*0_ Hy(z)fx (z) dz for k =
0,1, ...,n. On applying the orthogonality property (2.1.5), these coefficients are then

obtained as

k
1
Mk = {ZakhﬂX(h)}7 k=0,1,2,...,n, (2.1.6)
CTgk h—0
where 0), = 27k!, aig, ..., a, are the coefficients obtained from Equation (2.1.4),

and px(h) = E(X h). Expansions of functions in terms of orthogonal polynomial series
such as Hermite, Laguerre, Jacobi and Legendre, essential and approximating properties
of orthogonal systems as well as multiply orthogonal series are discussed for instance in
Sansone (2004), Alexits (1961) and Szegd (1959); the convergence behavior of such ex-
pansions, including the fundamental theorem on the convergence of orthogonal series are
also treated therein.

In this case, the determination of the coefficients 1, for k =0, 1, 2, ..., n, does not
require the solving of any linear system of equations. In general, a sequence of orthogonal
polynomials can be generated from a given weight function by applying the Gram-Schmidt
orthogonalization process. The approximation of a univariate mixture of normal density

functions is considered in the following example.
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Figure 2.1: Exact (solid line) and approximated (dashed line) density functions

Example 2.1.1. Let X1 ~ N (—4, 2), X ~ N(2, 3) and fx (z) = 1/2[fx, (z)+[x,(z)].
In Figure 2.1, the dashed line represents the density approximant as determined from the
first 15 moments of the mixture by making use of Equation (2.1.3). This approximant is
seen to be nearly identical to the exact density function on which it is superimposed. Even

more accurate approximations could be obtained by making use of additional moments.

2.2 Bivariate Hermite polynomials

As indicated earlier, univariate Hermite polynomials can be determined from Equation
(2.1.4). A few approaches may be utilized for obtaining bivariate Hermite polynomials.
Rayner et al. (2013) proposed a recurrence formula that cannot be easily extended to higher
dimensions. Willink (2005) discussed the use of a simpler formula, which is an extension
of Equation (2.1.4), and derived some useful relations for determining multivariate Hermite
polynomials of different orders and obtaining the moments of a multivariate normal distri-
bution in terms of Hermite polynomials. Later, Withers and Nadarajah (2010) suggested
a related formula. We will hereafter make use of the differentiation formula proposed by
Willink (2005). Letting z = (z, y)' and ¥ be a positive definite matrix of order 2, the

associated bivariate Hermite polynomial of orders 1 and r can be obtained as follows:
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a’l"

Hy | ro(2, X) = (—1)Texp(z/2_1z)m

exp( —2'2712) (2.2.1)
where 7 = r1 + 9. For simplicity, we will denote Hy,r,(z, X) by Hyy ry(z, y) when
there is no ambiguity. This formula can easily be extended to k£ variables, in which case

Z:(.Z'17£L'2’ -'-7xk)/andT:T1+r2+...+rk.

Example 2.2.1. Let Z = (X, Y)’ be a centered bivariate Gaussian random vector with

21
covariance matrix Y = . Hermite polynomials of various orders r (= 11 + 79)

1 3
were determined by applying Equation (2.2.1). For example, one has

_ _ 8 a3 | 6 3x2y 1633y2 4y3
Hig(z,y)=—55+155+ 35 — 105 + 105 — 105
8 3322 , 9z% | 52z 4223 22¢2  6lz2y?  28xyd | 4yt
Hyp(r,y) = 95 — o5 T 625 T 135 — 635 — 195 T 63 — 625 T 655

Hyo(z,y) =,

Hyp(z, y) =% -1,

Hzo(z, y) = 2° — 3w,

Hyo(z, y) = at — 622 + 3,
)

I
8
ot
I
—_
e}
8
w
+
—_
ot
8

which are the univariate Hermite polynomials of orders 1 to 5.

In the bivariate case, a concept called the dual of a bivariate Hermite polynomial is

needed.
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Definition 2.2.1. Let H; (7, y) = Z%ZO Z};:O Oijke 2%y* be a bivariate Hermite polyno-

mial of order (i, j) where i and j are nonnegative integers. Then
v u
H:;v(xv y) = Z Z 5ZUmnxmyn
n=0m=0

is called the dual bivariate Hermite polynomial associated with H; ;(x, y) with respect to

the weight function g(z, y). Then, one has

* Quﬂ) if (Z’j) = (u,v)7
/2/9(33, y) Hy (2, y) Hi j(z, y)dedy = (2.2.2)
R 0 otherwise.

Remark 1. The dual of a bivariate Hermite polynomial H,, ,(x, y) can be obtained as
Hy (2, y) = Bl(z +iX)"(y +iY)"]

where i@ = y/—1 and (X, Y) is a centered bivariate normal random vector, see Willink
(2005) and Withers and Nadarajah (2010).
The following theorem explains how the joint moments of a bivariate normal vector

can be obtained from bivariate Hermite polynomials.

Theorem 2.2.1. Let Z = (X, Y') be a normal random vector with mean p and covariance
matrix ¥, that is, Z ~ No(u, 3); then, according to Willink (2005), the (rq, rg)th Joint

moment of Z can be determined as follows:

B(X"Y"2) = Hyy po (=X 1, =271, (2.2.3)
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2.3 Moment-based bivariate density approximation

In this section, the univariate methodology, as described in Section 2.1, is extended to ap-
proximate bivariate continuous density functions. First, we discuss the use of standard
polynomials as adjustments and then, demonstrate that utilizing linear combination of or-
thogonal polynomials produces exactly the same approximants. Hereafter, we shall de-
note the target density function by f(z, y). Let f(x, y) = ¥(z, y) A(x, y) where ¢ (x, y)
is a suitable initial density approximant whose selection is discussed in Remark 2 and
A, y) = 3720 2520 ¢; jz'y’ is an adjustment. Now, let f, 4(, y) denote the following

approximant of orders p and ¢:

fpa(@, y) = bz, y) Apg(T, y) 2.3.1)

where Ay, 4(x, y) = f:o 23‘:0 ci, jxiyj is a truncated polynomial adjustment. Typically,
the more fluctuating or jagged a marginal density function is, the greater the highest degree

of the corresponding variable appearing in the polynomial adjustment ought to be.

Remark 2. In order to identify a suitable base density function, one may rely for instance
on common knowledge about the characteristics of the target distribution or the general fea-
tures of a histogram of the observations when a data set is available. If only the moments
of a distribution being approximated are available, then a uniform base density would be
indicated. Only coarse initial estimates or approximants are required since the polynomial
adjustments will lead to significant improvements in accuracy. For instance, in order to
approximate a bivariate normal-type density function, one would make use of a bivariate
Gaussian base density function, as was done in Example 2.3.1. As can be seen from the last

three numerical examples included in the next section, other types of base density functions
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can also be appropriately selected.

Let the integrated squared difference between f;, 4(x,y) and f(x,y) over the support

of joint distribution be denoted by

2
ISD(p,q // Ipg(x,y) f(a;,y)) dx dy. (2.3.2)

To quantify the error incurred by approximating the target density function f(z, y)
with fp ¢(2,y) and determine the optimal orders of the adjustment term, we seek values of
p and ¢ such that 1.5 D(p, q) reaches a set tolerance level or beyond which I.SD(p, ¢) only

decreases marginally.

Let the (k, )™ exact joint moment associated with the density function f(z, y) be
denoted by pu(k,€) = [2 [ 2*yt f(z, y) dz dy and the (k, )™ joint moment associated
with the base density ¢(z, y), by m(k, () = [52 [ a* yt ¢ (x, y) dz dy. Joint moments
could as well be determined by differentiating the moment-generating functions when they

are available.

In order to obtain a computable representation of the approximant f, 4(x, y), one
needs to determine the coefficients ¢; ; of the truncated polynomial adjustment. To this
end, as in univariate case, the joint moments of the exact density f(z, y) are equated to

those associated with fp 4(z, y):
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p(k, 0) = / / xkyefp,q(xa y) dz dy

/ / €¢$ y)/\pq(x y) dzdy
P q o
:/_ /_ Y P )Y D ety dedy

i=0 j=0

—iZ// 7Y b, y) dedy,

1=07=0

fork =0,...,pand ¢{ = 0, ..., g, which yields the following (p + 1)(¢ + 1) linear

equations:

wu(k, €) = iicidm(k’—f—i, C+7), k=0,1,2,....,p, £=0,1,2,...,q. (23.3)
i=0 j=0

Thus, the ¢; ;’s can be obtained by solving the linear system Mc¢ = p where ¢ and p are

vectors of dimensions (p 4+ 1)(¢ + 1) whose (i(g + 1) + (j + 1))™ component, c; j and

u(, j), appear in the same order fori =0, 1, ..., pand j =0, 1, ..., ¢. Increasing p and

q should theoretically result in greater accuracy. The generalization to three or more vari-

ables is straightforward. The following algorithm describes the process of approximating a

continuous density function f(x, y) in terms of standard polynomial adjustments.

Algorithm 3.1. Moment-based density approximants expressed in terms of standard poly-
nomial adjustments
Step I: Let p and ¢ initially equal 3—or a larger integer, which would be indicated in the

case of an irregular marginal density function.
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Step 2: Evaluate the joint moments of the bivariate vector (X, Y'), that is, pu(é,j) for
1=0,1,...,pandj=0,1, ..., q.

Step 3: Set the density approximant as fp 4(z, y) = ¥(x, y) Apg(z, y) wWhere ¥(x, y) is
the initial base density (selected as per Remark 2) and Ay, 4(z, y) = I;(‘):() Z?:O ¢, jxiyj
is the polynomial adjustment.

Step 4: Obtain the coefficients ¢; ; by solving the linear system of equations resulting from
Equation (2.3.3).

Step 5: Evaluate 1.SD(p, q) as defined in Equation (2.3.2).

Step 6: Repeat steps 2-5 with larger values of p and/or g until SD(p, q) is deemed to be

sufficiently small.

Note that it can prove useful to standardize or rescale the data before applying Algo-
rithm 3.1 or Algorithm 3.2. This can be achieved as follows:

Let m' = (my,my) be the mean of a random sample (z1,y1), ..., (¥n, yn) Whose
underlying distribution is specified by the density function f(x,y) and let S ~1/2 pe the
inverse of symmetric square root of the sample covariance matrix. Then, letting z; =

(x;,9;),1=1,...,n, the standardizing transformation
zr =812 (z;—m), (2.3.4)

is utilized to remove the correlation between the variables with z* = (7, 4)". When deal-
ing with positive random variables, it suffices to rescale the data, in which case m is set to

0 in the above transformation.

A density estimate is then obtained by applying Algorithm 3.1 to (z7, y;‘)’ . The final

density estimate fp, for (x1,1),...,(2n,yn) is then obtained by applying the inverse
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transformation to the density f, 4(z*,y*), which yields

fp,q(%y) = fp,q(z) = 15_1/2| Ip.aq <5_1/2 (z — m)) . (2.3.5)

Now, let the adjustment be expressed in terms of orthogonal polynomials. When
a Gaussian base density is indicated, once the target distribution has been centered, the
polynomial adjustment Ay, 4(x, y) consists of a linear combination of bivariate Hermite
polynomials as defined in Section 2.2. In this instance, one may utilize the following

approximation to f(x, y):

fpa(z, y) = v(z, y ZZm,] iz, y) (2.3.6)
i=0 j=0
where 1(z, ) = 26(v/22,v/2y) and ¢(-,-) denotes a standard bivariate normal density
function.
The coefficients 7;; are obtained by equating [ [ Hy ,(, y) fpq(x, y) dzdy to
JJHyo(x, y)f(x, y)dedy foru = 0,1,...,pand v = 0, 1, ...,q, where the dual
Hermite polynomial Hy, ,(z, y) is as specified in Definition . Denoting the (;, €)™ joint

moment of the centered target distribution by (&, ¢), one has

//1/1x y) H szﬂ ij(, ydxdy—zz%kuk (). (2.3.7)

1=0 7=0 /=0 k=0

Then, on making use of Equation (2.2.2) with g(z, y) replaced by ¢ (z, y), the left-

hand side of Equation (2.3.7) becomes

ZZ%,;//¢I y uvx y)-HZ_](‘r y)dxdy—nu Ueu V)

1=0 j5=0
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so that

PPN k, ¢
= fo() Zkf() uvké’u( ’ ) (2.3.8)

eu, v

Nu,

Thus, as in the univariate case, there is no need to solve linear systems of equations
when making use of linear combinations of orthogonal polynomials as adjustments. The
steps to be utilized for approximating f(x, y) in terms of bivariate Hermite orthogonal

polynomials are provided in the next algorithm.

Algorithm 3.2. Moment-based density approximants expressed in terms of bivariate Her-
mite orthogonal polynomials

Step I: Let p and q initially equal 3 —or a larger integer, which would be indicated in the
case of an irregular marginal density function.

Step 2: Evaluate the joint moments of the bivariate vector (X, Y') denoted by (i, j) for
1=0,1,...,pand7=0,1, ..., q.

Step 3: As specified by Equation (2.3.6), set the approximate density as fp 4(x, y) =
U(z, y) Zfzo Z?:() ni;jH; j(x, y) where ¢(z, y) is a centered Gaussian base density,
H; j(z, y) is the associated bivariate Hermite polynomial of order (4, j) and Z?:() z;]':o
ni.;jH; j(x, y) is the adjustment.

Step 4: Evaluate the coefficients 7; ; by making use of Equation (2.3.8).

Step 5: Evaluate 15D (p, q) as defined in Equation (2.3.2).

Step 6: Increase p and/or ¢ and repeat steps 2-5 until /.SD(p, q) is deemed sufficiently

small.

The proposed density estimation methodology can readily be extended to the multi-

variate case as follows. Let f(x) denote the density function associated with a p—dimensional
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random vector X' = (Xj,...,X,) whose domain is D = (aq,31) X --+ X (ap, Bp) and
{gpik(:ﬁ), i, = 0,1,..., }, k= 1,...,p, be sequences of orthogonal polynomials that
can be generated from the normalized nonnegative weight functions wy(z), k = 1,...,p,

whose product shall serve as base density. Letting
p
pi(@) =[] @i, (@x)
k=1

the ;(x)’s are seen to form an orthogonal system on D with respect to the weight function
w(x) = Hi:l wy, (). Assuming that f(x) is square integrable, that is, [ fx)dx <
oo, defining ¢/ = (i, ... ,ip) to be a vector of nonnegative integers, and letting 1 =

(1,...,1) be a p-dimensional vector, f(x) can be expanded as follows:

f@) =w(x))  a;¢;(w),

where the summation sign denotes a multiple sum whose indices 7; are going from 0 to
nj, j = 0,...,p. Given a simple random sample, @1, ..., &, we define the resulting

multivariate orthogonal polynomial density estimate to be
fr(@) = w(@) ) a; () (23.9)

where n = (nq,...,n,) and
.1
a4 =~ > eilmy),
k=1

see Schwartz (1967) or Hall (1983) for selected results. This form assumes that the com-
ponents of the base density are independently distributed. As previously explained, one
can transform the data so that the components be uncorrelated, in which case w(x) should

prove to be a suitable initial density estimate.
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The following theorem formally proves the equivalence between the approximated
densities obtained in terms of standard polynomial adjustments and those resulting from
linear combinations of orthogonal polynomials as adjustments for the univariate and bi-
variate cases. Thus, for a given target density function, an identical approximate density
function can be obtained without having to generate a set of orthogonal polynomials from

the selected base density function.

Theorem 2.3.1. For a given base density function, the approximated density functions ob-
tained by utilizing standard polynomial adjustments are mathematically equivalent to those

obtained by making use of linear combinations of orthogonal polynomials as adjustments.

Proof: The result is first established for the univariate case.

Let fo(z) = ¢(x) S0 cr 2%, where the ¢;,’s are such that the first » moments asso-
ciated with the approximated density function fn(x) agree with those of the target density
fx). Let fo(z) = (z) > j—=omnjH;(x) where the H;(z)’s are the orthogonal polynomi-
als corresponding to the base density function ¢ (x) and the coefficients 7; are such that

the first n» moments of f,, () also coincide with those of f (), be also an approximation to

().



Then,

7=0
n J
=)y i (D fﬂk)
7=0 k=0
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(2.3.10)

It should be pointed out that the set of orthogonal polynomials generated from a

given base density is unique and that such polynomials of degree less than or equal to n are

linearly independent. Thus they are forming a basis for all standard polynomials of degree

at most n. Accordingly, there is a single linear combination of such orthogonal polynomi-

als that will be equal to a specific standard polynomial of degree n.

We now consider the bivariate case. Noting that Zf:() Z};:O = Zzzo Zfz ;- and

;]‘:0 Zézo = Zg:() Z;]':g , and letting fp#](xa y) = ¥(x, y) Eizo EZZO Ck:,él’kyg and

Foa(x, y) = (. y) 0o Y9 mijHi j(, y), one has
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p q

fra@ y) =0z, 9)> Y nijH j(x, y)

i=0 j=0
i

q J

Z M5 Z Z ikl l’k’yg,
=03j=0 k=0 (=0

>

p
x,y Z
1=0
p { q ]
) DD DN mijagreaty
i=0 k=0 =0 (=0
p
2
p

Xq: { zp:iﬁk EO‘UM} byt

k=0¢=0 =k j={

q
=0z, ) DY ety

k=0 ¢=0
= fpqlz. ). 2.3.11)

This demonstrates the mathematical equivalence between approximated densities ob-
tained in terms of standard polynomial adjustments and those expressed in terms of linear
combinations of orthogonal polynomials when, in each case, the highest degrees of x and
y are respectively p and ¢. This equivalence can be similarly established in higher dimen-

sions. O

The following example illustrates graphically that both approaches produce identical

density approximants.

Example 2.3.1. A mixture of bivariate normal densities. Let

1.1 0.33 0.03 0.2 0.4 0.04
Zq ~ Ny , 2o ~ Ny , (2.3.12)
—0.1 0.03 0.33 1.2 0.04 04
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(a) Exact density (b) Base density (c) f5,6(a:, Y) (d) f6’6 (z,y)

Figure 2.2: Plots in connection with Example 2.3.1

and f(z, y) = %(le(x, Y) + fz,(, y)). The base density ¢(z, y) is assumed to have the

following distribution:

0.65 0.5675 —0.2575
Ny , , (2.3.13)

0.55 —0.2575  0.7875

whose mean and covariance matrix coincide with those of the mixture.

Although, increasing p and ¢ improves the accuracy of the approximant, at some
point, the improvement as quantified by the integrated squared differences between the ex-
act and approximated density functions as defined by Equation (2.3.2), becomes minimal.
Figure 2.2 displays the plots of the exact and base density functions as well as the ap-
proximated densities of f(z, y) which were adjusted by making use of a bivariate standard
polynomial and a linear combination of bivariate Hermite polynomials. For p = ¢ = 6, it
is seen that the approximants obtained from both types of adjustment are nearly identical

to the exact density.

2.4 Density estimation and applications

In this section, we make use of the proposed approximation methodology in the context of

density estimation. Let {(z1, yi.), k = 1, ..., N} be a dataset whose underlying density
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function has to be estimated. In this case, an appropriate initial density function can be
chosen by inspecting a bivariate histogram (or scatter plot) of the data or histograms of the
observations on each of the variables. For example, if the histograms of the x;.’s and the
y}.’s are more or less normally distributed, then the base density function ¢ x (x, y) can be
taken to be that of a Na(f, i) random vector where & and S are respectively the sample
mean and sample covariance matrix. The polynomial adjustment is then determined from

the joint sample moments, which are

N

. 1 R

fij =55 2Tk 67 =0.12. 2.4.1)
k=1

Let ECDF(z, y) denote the empirical CDF associated with the dataset and F), 4(z, y) =
I [? o fo.q(z, y)dyda be the CDF obtained from the estimated density function fp, ¢ (2, ¥).
The selection of the optimal maximal degree for each variable appearing in the polynomial
adjustment, which are denoted by p* and ¢*, is made in terms of the following sum of

squared differences:

N
SSD(p,q) = > (ECDF(x;, y;) — Fpq(xi, v:))?, (2.4.2)

1=1
which is used as a goodness-of-fit measure. The optimal degrees of p and ¢ denoted by
p* and ¢* are chosen to be those that minimize SSD(p, q). Thus, the steps described in
Algorithm 3.1 apply to the determination of a density estimate, except that sample moments
are utilized in lieu of exact moments and the degree selection criteria is based on S.SD(p, q)
rather than ISD(p, q). Note that in light of Theorem 2.3.1, there is no need to resort to

orthogonal polynomials.
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(a) SSD(n,n) vsn (b) SSDx(p) vs p (c) SSDy(q) vs q

Figure 2.3: Graphs in connection with the selection of the optimal degree Example 2.4.1

Alternatively, it may prove simpler to consider SSDx (p) and SS Dy (q), which de-
note the sums of the squared differences between the ECDF and a CDF estimate obtained
from a univariate density estimate that has been adjusted by means of a polynomial of de-
gree p for x and a polynomial of degree ¢ for y, and then select p* and ¢* corresponding to
global minima or local minima beyond which further improvements are minimal. It would
be appropriate to proceed in this manner whenever one of the variables requires a higher
degree adjustment due to its more pronounced variability. This approach is utilized in the

following examples.

Example 2.4.1. Consider the observations referred to as the xclara data set which is avail-

able from the R package data base (Struyf et al., 1996).

Plots of bivariate and univariate SSD’s are shown in Figure 2.3. The graphs of SSDx
and SS Dy indicate that one could take p = 7 and ¢ = 11 as suitable degrees for the ad-
justments in z and y, respectively. In fact, SSD(7,11) = 0.73 and SSD(11,11) = 0.74
which, on taking parsimony into account, suggests that setting p = 7 and ¢ = 11 is more
than adequate, which is confirmed by the plots shown in Figure 2.5. Figure 2.4 contains a

scatter plot and a histogram of the data as well as a plot of the base density.

Such density estimates could be utilized in the context of nonparametric regression.

Consider for instance the regression model
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(a) Scatter plot (b) 3D Histogram (c) Base density

Figure 2.4: Graphs in connection with Example 2.4.1

SmoothKemeXY (11, 11)

100 ™

®) fr7(x, v) ©) frii(z, y) @ fiai(z, y)

Figure 2.5: Kernel density estimate and f) 4(z, y) forp =7, 11 and ¢ =7, 11

y=g(z)+e, (2.4.3)

where g(x) is an unknown continuous function and € denotes a random error term. On the
basis of an estimate of the joint density f; ¢(z, y), one can readily determine the condi-
tional density f, 4(y|X = z). Although the predicted values of the response variable are
often determined by taking the expectation of the conditional density of Y given X = z,
plots of the conditional density functions such as those appearing in Figure 2.6 prove sig-

nificantly more informative.

The following example shows that the proposed methodology also applies to non-

Gaussian type continuous distributions.
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@) fii,7(yle =—15)  (b) fii7(ylz =4) (©) fi1,7(ylxr = 25) (d) fi1,7(y|z)

Figure 2.6: The estimated conditional density function (Example 2.4.1)

Example 2.4.2. The dataset being modeled in this example was extracted from CommViol-
PredUnnormalizedData which is included in the “UC Irvine Machine Learning Repository
dataset”. It contains 2315 observation vectors related to communities and crime. It com-
bines socio-economic data from the 90 Census, law enforcement data from the 1990 Law
Enforcement Management and Admin Stats survey, and crime data from the 1995 FBI
UCR, see Redmond (1990). We selected “pctUrban”: the percentage of people living in
areas classified as urban as the X variable and “pctWFarmSelf”: the percentage of house-
holds with a farm or self employment income in 1989 as the Y variable. Since the same
observations are used for the variables X and Y in Example 6 wherein a third variable is

also involved, we shall refer to certain figures pertaining to that example.

As can be seen from panels (a) and (b) of Figure 2.8, the marginal distribution of
each variable behaves somewhat like a gamma random variable. Accordingly, the initial
density estimate (plotted in panel (c) of Figure 2.7) was taken to be the product of two
gamma density functions, that is, ¥(z, y) = g1 (a1, B1) - g2(a9, [2) where the parameters

_92 =2
were determined as follows: o = yfiQ = 10.2251 and 81 = Y= = 1.41277, where Z

is the sample mean of X and v = % Zszl x% is the second sample moment of X. The
parameters g = 6.14075 and 59 = 1.92751 were similarly obtained from the observations
on Y. Figure 2.7 also includes a scatter plot and a three-dimensional histogram of the

bivariate data.

The graphs of SSDx and SS Dy shown in Figure 2.8 suggest that p = 7 and g = 4
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Figure 2.7: Graphs in connection with Example 2.4.2

would be suitable degrees. The resulting density estimate plotted in panel (d) of Figure 2.7

turns out to be similar to the kernel density estimate plotted in panel (a) of Figure 2.9.

Example 2.4.3. In this example, the approach being herein advocated is applied to a trivari-
ate dataset. We modeled the data CommViolPredUnnormalizedData with the variables X
and Y as previously defined in Example 2.4.2 and a third variable Z, “perCaplnc”: per
capita income, which is modeled by a \(43.750, 163.531) random variable whose density
function is plotted in panel (f) of Figure 2.8.

Figure 2.8 contains plots of the univariate KDE’s and base densities for each of the
three components. The graphs of the univariate SSD’s, also shown in Figure 2.8, suggest
that suitable degrees for the adjustments in x, y and z could respectively be 7, 4 and 5.
Thus, the base density in x, y and z, that is, the product of the univariate base densities, is
adjusted by means of a trivariate polynomial of degrees 7 for x, 4 for y and 5 for z. This
yields a density estimate denoted by f7 4 5(, ¥, 2).

Since this estimated density function cannot be plotted, the bivariate marginal den-
sity estimates, that is, f7 45(7,%), f7.45(y,2) and f7 4 5(7, z) are shown in Figure 2.9,
where for example f7 4 5(z,y) = i f7.4,5(x,y,2) dz. They are seen to be quite similar to
the corresponding KDE’s also plotted in the same figure. It should also be observed that
density function of the marginal distribution X and Y, that is, f7 4 5(z,y) as plotted in

panel (d) Figure 2.9 agrees with f7 4(x,y), which is the joint density function of X and Y’
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Figure 2.8: Univariate KDE’s, base densities and SSD’s in connection with Example 2.4.3

plotted in panel (d) of Figure 2.7.

The next example illustrates the usefulness of proposed methodology for modeling
large datasets. This approach is most efficient as it only relies on the joint sample moments

of a dataset, irrespective of its size.

Example 2.4.4. The dataset being considered, which is called Covertype, contains 581, 012
observations on 54 covariates. It was also extracted from the “UC Irvine Machine Learning
Repository dataset”. This data was analyzed in (Blackard and Denis, 2000) in connection
with forest cover studies.

We selected “Aspect”: aspect in azimuth degrees as the X variable and “Slope”:
slope in degrees as the Y variable. Figure 2.10 displays a three-dimensional histogram of

the data and the KDE’s for X, Y and (X, Y'). Uniform and gamma base density functions
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(a) KDE for (X,Y) (b) KDE for (Y, Z) (c) KDF for (X, Z)

YZt(7,4,5)
XYH(7, 4, 5) T
A

(d) Marginal PDF f7 45(z,y) (e) Marginal PDF f7 4 5(y, z) (f) Marginal PDF f7 4 5(x, 2)
Figure 2.9: Plots of the bivariate KDE’s and the bivariate marginals of the proposed density
estimates in connection with Example 2.4.3
were used for X and Y respectively. The SSD values associated with X and Y whose
minima are respectively 7 and 3, are shown in panels (e) and (f) of Figure 2.10, which also
includes a plot of the estimated density function f7 3(z,y) whose features are similar to

those exhibited by the kernel density estimate.

The next example shows the application of density estimation in nonparametric re-

gression models.

Example 2.4.5. In this example, we consider the following nonparametric regression model

yi =m(z;)+e€, i=1,...,n (2.4.4)
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Figure 2.10: Graphs in connection with Example 2.4.4

where

. ifo<z<1

wig

ifl<z<?2

o=

el if2 <w <3

)
\

and ¢;’s follows normal distribution N0, 0.05).

The scatter plot of the n = 2000 points is shown in Panel (a) of Figure 2.11. The
density function was obtained by making use of bivariate Legendre polynomials of orders
at most 20 from Equation (2.3.9). The plot of the resulting bivariate density function, the
contour plot and the projection of the PDF are shown in panels (b) to (d) in Figure 2.11,

respectively.

Example 2.4.6. In this example, the dataset is a given set of 100000 points whose scatter
plot shown in Panel (a) of Figure 2.12 represents a square within a triangle. The density
function was obtained from Equation (2.3.9) by making use of bivariate Legendre poly-
nomials of orders at most 40 . The plot of the resulting bivariate density function, the
contour plot and the projection of the PDF are displayed in panels (b) to (d) in Figure 2.12,

respectively.
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Figure 2.11: Scatter plot, Histogram, bivariate PDF, contour plot and estimated regression

function in connection with Example 2.4.5



50

Sk
il
‘!=L .

A

‘\,‘:

G
il

(b) Bivariate PDF

Vi

2 0 2 4 2 0 2 4

(c) Contour plot (d) Density projection

Figure 2.12: Scatter plot, bivariate PDF, contour plot and density projection in connection
with Example 2.4.6
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2.5 Concluding remarks

This chapter introduces an efficient methodology for approximating the density functions
of continuous random vectors, which makes use of a base density function and a moment-
based polynomial adjustment. It was shown that on making use of a sequence of orthogonal
polynomials associated with a given base density function, one can directly obtain density
approximants or estimates without having to solve any system of linear equations. It was
established that a density approximant whose adjustment is expressed in terms of a lin-
ear combination of orthogonal polynomials, is identical to that resulting from a standard
polynomial adjustment. As well, the proposed approach has been successfully employed
for modeling four data sets. The numerical examples illustrate its flexibility as well as its
applicability in higher dimensions. All the calculations were carried out with the symbolic
computation software Mathematica, the code being available from the authors upon re-
quest. As it turns out, the resulting density estimates possess a simple functional form that
lends itself to algebraic manipulations. Furthermore, as was explained in the Introduction,
the proposed methodology is ideally suited to model the massive data sets occurring nowa-

days in genomics, meteorology and numerous other fields of scientific investigation.
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Appendices

A .l

Some useful univariate orthogonal polynomials

54

Among the widely used orthogonal polynomials, the Legendre, Laguerre, Jacobi and Her-

mite polynomials are of particular interest in connection with the approximation of density

functions. Some of their mathematical properties are included in this section.

Legendre Polynomials:

This class of orthogonal polynomials is defined on [—1, 1] as

1 d", 5 n
Pn(:c):%dx—n(a: —1) s n:O, 1,...,

or
n

Puo) = So-1 () (14 /2 1 - 02

1=0

They satisty the recurrence relation

(n+1)Pyy1(z) = (2n+ )aPy(z) — nPy—1(zx),

the first five being Py(z) = 1, Py(z) = x, Py(x) = 3(32% — 1), P3(x) = 3(52° —

3x), Py(z) = %(35304 — 3022 + 3), and the orthogonality property

. = 5.
9 on + 1"

where d;; = 1 when ¢ = j and 0 otherwise.
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Laguerre Polynomials:

The support of these orthogonal polynomials is [0, co). They are given by

~%et d" —x, n+to
o dx_”(e 2", n=0,1,...

Ly(a,x) = *

or

and satisfy the recurrence relation

(n+1)Lpyi(a,z) = 2n+a+1—-2)Lag(r) — (n+a)Lp_1(a,x),

the first few generalized Laguerre polynomials being Lg(«o,z) = 1, Li(a,x) =

—z+1, Ly(a,z) = 2%/2 — (a4 2)x + (a + 2)(ar + 1) /2, as well as the

orthogonality property

o0 r 1
/ % " Li(a,x)Lj(o, x)dr = Mézj.
0

n!

Jacobi Polynomials:

These orthogonal polynomials which are defined on [—1, 1] can be determined as

follows:

In(a, B, x) = Z

n
1=0

(n + a) (" + 5) ((x+1)/2)"((x = 1)/2)"

7 n—1



56

they satisfy the orthogonality property

1
/ (1—2)%(1+2)7Ji(a, B,2)Jj(a, B,x)dz

-1
22t a+ DI+ B+1)
C2nta+pB+DI(nta+B+1)nl Y

e Hermite Polynomials:

The modified Hermite polynomials are defined on (—o0, 00); they can be obtained

as follows:
2 2
z¢ d" _z*
Hp(z) = (-1)"e2 Tt z.

They satisty the recurrence relation
Hy1() = aHy () — nHy 1 (x)

and orthogonality property

> —z2/2
/ e H;(x)Hj(z)dr = V2mn! 0ij-
—00

A .2. Density approximation by means of Legendre and Laguerre

polynomials

A .2.1. Legendre polynomials for densities having a compact support

Provost (2005) suggested to use Legendre polynomials to approximate densities with com-
pact supports. For simplicity, at first, we assume that the density function fx (z) is defined
on [—1, 1]. Next, we extend the results to an arbitrary closed support [a, b] by applying a

simple linear transformation. We have
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fx(@) = Nepp(x) (A2.1)
k=0

where pj.(x) is a Legendre polynomial of degree k in z, that is,

floor|k/2 )
_ Cvio—k  (2k —2d)! k—2i
pi(r) = Z_EO S T T (A2.2)

- 2% — 2i)! 2% + 1
_pyigh_{ k—2i) = *(A23
Z D2 i B = %) = g (A23)
with p7 = pj.(7) wherein X k=2i i replaced by the (k — 2i)™ moment of X, which is given

by

1
px (k) = B(XF) = /1xkfX(x) de, k=0,1,2,....

To approximate fx (x) on the basis of 1 x(0) =1, ux (1), ..., ux(n), we make use of the

truncated series

Fxp(@) = Nepgla).
k=0

To extend this approximation technique to a density function fy (y) having an arbi-

kth

trary compact support [a, b] with £"* moment,

b
py (k) = B(XF) —/ v fy()dy, k=0,1,2,...,

a
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the following linear transformation is required:

P 2Y —(a+10)
b—a
the support of X being [ —1, 1]. After some algebra, one obtains the following approxima-

tion:

Iy, () ZM}%( a+b)>

2k+1pk((2y — (a+b))/(b— a)) wherein 3/ is replaced by py (7).

where \j, =

A .2.2. Laguerre polynomials for densities defined on the positive half-line

Laguerre polynomials are appropriate for approximating the density functions of many
statistics defined on the interval [ a, c0), such as shifted gamma distributions.
Suppose a random variable Y is defined on the interval [a, co) where 0 < a < c©

and denote its j™® moment by py-(5), j =0, 1, 2, .. .. Define

_ oy (2) = py(1)?
py (1) —a ¢

and set X = Y;a.

Then, X has the support [0, o) and its density function has the following represen-

tation:

fx(@)=a"e™> §;Li(v,x), (A.2.4)
k=

where
i (v+7+1)ziF

(v, ) k;vj— (v +j—k+1)

k=0
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is a Laguerre polynomial of order 7 in  with parameter v and

J .
! .
—k
Z_: k'j— )vr(y+j—k+1)“X(] )
which can be expressed as §; = F(#'JJFUL (v, ) wherein X% is replaced by py|[k].

Since Y = ¢X + a, we then have

Fra) = (y=a)’e™" e > 8;L; (0. 2=
j=0

= fry®) Y wjLj(a— 1, %) (A2.5)
j=0
wherea =v + 1= (M(/M(g)(luy 2 ,Bb=c= W, fyo(y) is a gamma distribu-

tion with parameters o and 3 and w; = I'(a)d;.

For further results on the approximation of various types of density functions by
means of orthogonal and standard polynomials, the reader is referred to Provost (2005).
Note that density approximations expressed in terms of modified Hermite polynomials are

discussed in Section 2.1.



Chapter 3

An explicit representation of differentiated log-density approximants

expressed as rational functions

3.1 Introduction

This chapter focuses on a density approximation (estimation) methodology that yields what
is referred to as differentiated log-density approximants. Under this approach, the deriva-
tive of the logarithm of the density function fx (x) is represented as a rational function.
This constitutes an extension of Pearson’s frequency curve system wherein the density

function of a continuous distribution is assumed to satisfy the following equation:

—apt+x
co+cir + 02$

los(fx (x)) =

(3.1.1)

where the parameters ag, cg, ¢; and co are real numbers that can be determined from the
first four moments of the distribution. The collection of all the distributions satisfying
Equation (3.1.1) is called the family of Pearson distributions, which are described in El-
derton (1938) and have been studied by Cramer (1946), Elderton (1953), Bol’shev (1963),
Johnson and Kotz (1970), Solomon and Stephens (1978) and Stuart and Ord (1987), among
others. Several widely used statistical distributions such as the gamma, beta, normal and

uniform belong to this family.

As an extension of (3.1.1), consider the generalized Pearson’s system (GPS) wherein

approximants satisfy the following differential equation:
60
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d fx@) ag+az+.. +apa”
d, o)) = _ ’ 3.1.2
dr g(fX( )) fX(x) Co+61$+--.+65$6 ( )

where ag+ a1z +. ..+ ayz’ = Ny(z) and co+c1z+ . . .+ 5z = Dg(x), the coefficients
a;’s and c;’s being treated as parameters. The probability density function (PDF) f x ()
generated from (3.1.2) shall be referred as differentiated log-density approximant (DLDA)
or a generalized Pearson’s density curve. Several authors considered some special cases
of (3.1.2) leading to certain PDF’s of interest. For instance, an extension of the Pearson
family of distributions that was considered by Cobb et al. (1983), can generate multimodal
univariate distributions when the degree of the numerator is greater than one and the de-
nominator is selected as one of the following polynomials: Dy(z) = 1, —0o < & < o0;

Di(z) =z,0 <z < 00; Do(x) =22, 0 <z < 00; Do(z) =x(1 —z), 0 < z < 1.

Rossani and Scarfone (2009) solved the differential equation

_apt+air+ a2x2
co + 1o + cox?’

Llog(fx ()

in connection with the monitoring of the interactions of the charged particles in an electric

or magnetic field. Shakil et al. (2010) considered the differential equation

_agta1r + agch

d
alog(fx(-’f)) e , 1 #0, (3.1.3)

whose solution is the PDF,
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fx(x) =k R (3.1.4)

with p = —ag/2¢cq, @ = ag/b1, 5 = —a1 /b1, k being the normalizing constant. Hamedani

(2011) obtained the following PDF:

fx(x) = K,I/m_(y—'_l)(ﬂ - a:c2”)e_o‘xl/_ﬂx_y, 0<z< (—)%, (3.1.5)

SH e

where «, 3, v > 0, k being the normalizing constant, which satisfies the differential equa-

tion:

) B vB2 — (v+1)BzY — wafz? — (v — Daz® + va?z®
loslfx (@) = BT — g3t :

(3.1.6)

For other studies in connection with generalizations of the Pearson family of distributions,
the interested reader is referred to (Dunning and Hanson, 1977), (Shakil, 2016), (Lefevre

et al., 2002), among others.

The traditional Pearson curves for which the degrees of numerator and denominator
are respectively one and two while the coefficients of interest in (3.1.2) are not specified in

advance are a very particular case of the proposed DLDA’s, which results in more accuracy.

A review of different density estimation methodologies is provided in (Silverman,
1986). Reid (1988) discussed the saddlepoint technique to approximate a target density.

Certain moment-based techniques were discussed for instance in (Elderton and Johnson,
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1969), (Solomon and Stephens, 1978), (Provost, 2005) and (Provost and Ha, 2015). Ex-
tensions to bivariate and multivariate density estimates or approximants are discussed in

(Scott, 2015), (Zareamoghaddam et al., 2017a) and (Zareamoghaddam et al., 2017b).

This chapter is organized as follows: The DLDA methodology is described in the
next section. An explicit expression for the density approximant is derived in Section
3.3 where some special cases of interest are considered as well. In Section 3.4, we carry
out a Monte Carlo simulation study involving several well-know distributions to illustrate
the efficiency of DLDA methodology. Some concluding remarks are included in the last

section.

3.2 Differentiated log-density approximation

This section describes the DLDA technique as applied to the approximation of continuous
density functions. Let fx(z) be a continuous density function defined on the interval
(ar, B) = 7. Ttis assumed that the derivative of the logarithm of fx (z) can be represented

by a rational function, that is,

= r(x), (3.2.1)

where

_ S a;jx’ _ Ny(z)
Z?:O ¢jxd Ds(x)’

r(z) (3.2.2)

Ny (x) and Dg(z) being polynomials in z of orders v and 6 . We shall assume without any

loss of generality that ¢4 is equal to one. After determining the a;’s and ¢;’s, by solving the
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linear system specified by Equation (3.2.7), which involves a certain number of moments

of the target distribution, fx () is approximated as

fro(x) = rela ) dy (3.2.3)

where  is the normalizing constant.

In light of Equations (3.2.1) and (3.2.2), one has

0
fos(@) Y aix’ = fl 5(x) Y e, (3.2.4)
from which the polynomial coefficients can be obtained as follows: Multiplying both sides

of Equation (3.2.4) by 2" and integrating over the interval (e, B) yields

G v 8 LN
/ fus(x) Z a; 7P dr = / £ 5(2) Z ¢ 2 hde, h=0,1,..., v+ 6 (3.2.5)
@ i=0 @ §j=0
then, on interchanging the sum and the integral on each side of this equation and integrating

the left-hand side by parts, one has

g
ai/ xl+hf1/,6( =fys(x chxj+h |5 (3.2.6)

1=0

0 Ny
Z (7+h) / x3+h_1fy75(x)dx, h=0,1,..., v+0.
j=0 “
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Thus, letting pj,, h = 0, 1,..., v + 4, denote the A*™™ moment of the approximated

density function fx (z), one obtains v + 0 + 1 linear equations of the following form:

)
Z a; (i +h) = Z Cj ﬂ‘ﬁ_h fz/,(?(o‘) aj+h)

7=0
)
Z G+Rpu(G+h—1), h=01,..., v+, (3.2.7)

where ;19 = 1. In order to determine the unknown coefficients of r(x) as specified by
Equation (3.2.2), one needs to solve the linear system resulting from Equation (3.2.7). By

replacing the unknown p(h) by ux (h), for h =0, 1,..., v+ J, where px (h) denotes the

h*™™ moment of the distribution being approximated, one obtains the following system of

linear equations:

1)
Zaz px (i+h) :ZC] B‘H_h fz/,(s(&) aj+h)
1=0 7=0
)
Z G+h)pux(G+h—1), h=01,....,v+6, (3.2.8)
where in most cases of interest f,, 5(c) and f,, 5(3) can be set equal to zero.

Once the solution of this linear system is obtained, one may solve the differential

equation

Iy 5(x) = r(@) fy5(x), (3.2.9)

where r(z) = SV a;2'/ 235-:0 ijj , by making use of symbolic computation packages
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such as Mathematica or Maple. Equivalently, one can evaluate the right-hand side of Equa-
tion (3.2.3), which as shown in the next section, provides an explicit solution to the differ-

ential equation specified by Equation (3.2.9).

Remark 1. The degree of the denominator Dg(x) in (3.2.2), that is 0, corresponds to the
number of times the density function fx(x) intersects the abscissa plus the number of
points at which this density function is not differentiable. Note that in light of Equation
(3.2.3), it is seen that the integrand will become infinite at the roots of Dg(z) so that the
approximant will be zero at those points. Moreover, since a simple polynomial cannot ad-
equately account for abrupt changes in the slope of a function, one needs to include the
number of points of non-differentiability in the set of roots of Dg(x). Also, increasing the

degree of numerator N, (x) generally leads to more accurate approximations.

3.3 An explicit representation of the density approximant

The following lemmas provide an explicit representation of the density approximation

fu,é(x)-

Lemma 3.3.1. Let \i, Ao, ..., \s be the distinct real roots of a polynomial Dg(y) =
6 ) 2 ,

Yo ciyh cs #0,and M(y) = > a;y', ay # 0, with y < 8, be another polynomial. Then,
0 1=0

one has

0
M(y) _ PP (3.3.1)

where T = M()\k)/ H ()\k — )\g).
(+k
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Proof: Let

0
=5 , (3.3.2)
Y — Ak

which can be re-expressed as

Z as y )
=y R Tk Ak (3.3.3)
/}:[1(y Ap) k=L l:[ (y— M)

where clearly A, = [] (y — Aj). As the right and left hand sides of (3.3.3) are equal for
J7k

each y value, one has

e =35 Tl )
£k

1=0 k=1

On substituting A\j to y in this equation, all the summands the right hand side will vanish

except for the k™ term, which is 75, [T (A, — A;). Thus,

J#k
,y .

T = (Zaz 2)/ [TOw =
i=0 itk

Lemma 3.3.2. Letting x > o, 1 > 2 and A, B, a and b be constants. One has
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/ Ay+ B q _/A(2y+a)/2+(B—aA/2)d
y2+ay+b y2+ay+b Y
A 9 aA dy
=—1 b B—— —- 334
S +ay+0)+ (5= [ L 64

where one of the following three cases is possible depending on the solutions of the equation

v24+ay+b=0:

i. The equation y* + ay + b has two real roots of A1, Ao (M # A9). By setting

2
m2=5b— %, one has \{ = —a/2 + mand Ay = —a/2 — m, and

Ay+ B / Eq / FEoy
———dy = dy + d
/y2+ay+by y—A Y=g Y

= By logly — A1] + Ea logly — Ao

—10g(ly — A1y — 2o |2) (335)
AMN+B A)Xo+B
where E| = >\1£)\ and By = /\2%)\1
ii. The quadratic equation has one repeated real root, that is A\ = \| = Ay = —a/2

where m = 0. In that case,

Ay+ B A 9 aA / dy
_AYTE gy = Zlogly— A2+ (B -8y [ S

aA

=Alog(y —A) = (B — —)/(y = A). (3.3.6)

iii. The quadratic equation does not have any real root. Then,
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A B A A
Ldy = Zlog(y? +ay+b) + (B - 25 dy
2 b 2 2 2
yray+ (y*+ay+a?/4)+b— 4

A 9 aA dy
=2 b) + (B — —

A A 2
= §log(y2 +ay+b)+ (B — a?) . arctan(y +ﬂj/ ).
(3.3.7)
Now, letting A1, A2, ..., As denote the distinct real roots of the denominator D (y)

of the rational function specified in Equation (3.2.2), one can express Dg(y) as a product

of monomials, that is, Hizl(y — Ap). If v > 0, one has

Nu(y)/Ds(y) = Qu—s5(y) + R(y)/Ds(y), (3.3.8)

where Q,,_s(y) = ZZ 0 % y' and R(y) = ZZ:O d;y', dy # 0,7 < 6, are the quotient
and the remainder of the rational function r(y), respectively. The coefficients ¢; and d;
can be determined by making use of symbolic computation packages such as Maple or

Mathematica. Note that ()(y) will be equal to zero whenever v < 4. Thus,

Y gaiy ST odiyf
r(y) = ;’_0 : Zqzy + =
Hk: 1(?J—>\k =0 T 1y — M)

_ quy + Z - /\k 3.3.9
where
/-Y .
= (D diny)/ TTOw = ) (3310
i=0 j£k
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as shown in Lemma 3.3.1, and one has

/axr(y)dyz

S~

Qu-s)dy+ ) / dy

y— Ak
v—9 . )
=> a1 5+ mlogly — Al [%
1=0 k=1
v—94 _ ‘ )
=Y g (@ =)/ + 1)+ D {log |z — M| —log o — Ay |}
1=0 k=1
v—4 . 0
= g+ 1) + log H |z — N |™F + C. (3.3.11)
i=0 k=1
5 ) 0
where C' = — 37" 7 q; o't/ +1) —log T] |a — Ag|™ is a constant.
k=1

Thus, using the representation of t§1e approximate density function specified by Equa-
N
fx v\y

tion (3.2.3) that is £, 5(x) = re'® Da® ", one has

. )
SV gt/ (i41)+Hlog T |e—N[Th+C
fus(x) = re k=1

)
v—=0 i+l
= gle2niz0 G/ (i41) H |z — N[k, x € (o, ), (3.3.12)
k=1
where «’ is a normalizing constant (such that | f fus(x)dz = 1), g; is as defined in (3.3.8),

g; being zero whenever v < 9, 7, is defined in (3.3.10), and the \j’s are the J distinct roots

of D(g(z)

We now consider the special cases where 6 < 2. Explicit representations of the

approximated density function fy,(;(m) for 0 = 0, 1 and 2 are specified below.
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I. Letting 6 = 0, without any loss of generality, one has

g 8 =p(a) =) aza’. (3313
1=0

Thus, in light of (3.2.3), the approximated density function has the following repre-

sentation:

i+1
foo(z) = reda ) dy — o 2 0 77T’ : (3.3.14)

where ~ and «’ are the appropriate normalizing constants.

II. When 6 = 1, so that the denominator is a linear function of the form D1 (z) = x —\q,

the rational function r () has the following form:

>i—g @i’ 71
== 3 = — 3.3.15
where QQ,_1(z) = Z-”:_Ol gzt Accordingly, the approximated density function
fv1(x) is obtained as
v—1 4 _4+1
fui(@) = & (x = Ap)Te2i=0 HI (33.16)

where x is the normalizing constant.

III. When § = 2, one can let co = 1 without any loss of generality. Assuming that there

are no repeated roots, the denominator has the form of Dy (z) = 2% + ¢1 @ + cg and
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Equation (3.2.2) has the following representation

y )
ZZZO a,il'z
x2 + c1x+ ¢

A1z + Ag

—_. 3.3.17
x2+clx+co ( )

r(z) = = Qy—2(z) +
Do(x) = 22+ c1 x + cg can have either two real roots or two complex roots. First,

we assume that Do (z) has two real roots, A| and A9, so that

Az + Ay 01 0o
P = + ;
e +c1x+ ¢ rT—AN  T— A

with 0] = % and 0y = % calculated through partial fractions. Then,

from Equation (3.2.3), one has

o d x 01 d z 09 d
fua(z) = rele Q=2 Ao =5y Al =g 4
) S 2 i git] 2 0:
= Kl e2ei=0 T+1 I 1= = 2%, (3.3.18)
k=1
where (), _o(x) = zl'/:_()Q qz-a:i and, x and ' are normalizing constants. The second

possibility is that 22 ez + co does not have any real root. We know that

Al.’L‘+A0 da

-2 4 _j+1 [T 5120
foa(x) = ge2i0 T efa vitep ke (3.3.19)

Thus, the density estimate obtained by evaluating the last integral in Equation (3.3.19)

can be expressed as follows by making use of Equation (3.3.7) (Lemma 3.3.2):

v=2 9i_git+l 4 arctan _rhey /2
L, Ay 2i=0 i+ (\/m
fvox) =K (2" +crx+c)2Ze v (3.3.20)

with x’ being the new normalizing constant. On the other hand, when Dy(x) has the

single solution A = —¢1/2, by making use of Equation (3.3.6) (Lemma 3.3.2), the
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solution of the integral in Equation (3.3.19) is

Alx-l-AO de

v=2 4 i+l [
i e @ x2+cl z+cq

fl/72(x) — K€ 1=0 ml'

v—2

i+1
= /(2 — \)A1e2i=0

i 1

HIT T X, (3.3.21)
When the DLDA is a differentiable function as is the case for instance of the right-hand
side expression in Equation (3.3.18) which, assuming that the end points of the distribution

are \; < A9 and letting 0; = qjjT_Q?’, J=3,..., v+ 2, can be expressed as

v—1 i1
fua(a) = &' (z = A)"1 (Mg — )% e2i=0 030"

1
_ ez.?il pj(el, ...,9j+1)Kj(x)+q(91, ey 9j+1) (3322)

in the notation of Hogg and Craig (1978, p. 366), where p; (61, ..., 0j41) = 0, for j =
L...,v+1, Ki(z) = log(x — A1), Kao(x) = log(Ay — 7) and K;(z) = 72 5 =

3,..., v+ 2. Accordingly, on the basis of a sample of size n,

n n n n
Zlog(mi—/\l), Zlog(/\z—%'), Zl‘ia"w Zx;/
i=1 i=1 i=1 =1

are joint sufficient statistics for 01, ..., 6,9, the parameters of the resulting density func-
tion. Joint sufficient statistics can be similarly determined for the parameters of the general

form of the density approximant given in Equation (3.3.12).

3.4 Numerical results

In the first example, simulation study is carried out to compare the accuracy obtained from
the density approximants determined by making use of the DLDA methodology in con-

nection with the sample moments of the simulated distributions and the kernel density
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estimation (KDE) technique. The integrated squared error

ISE(f) :/(f(:p)—f(x)>2dx, (3.4.1)

is utilized to measure the accuracy of the approximated density f ().

Example 3.4.1. Let n = 500, 1000, 2000 observations be generated randomly from beta(2,10),
gamma(2,20), exponential(2), Student ¢(5) and normal distribution PDF’s. The DLDA and
KDE methodologies were applied to the generated random values by running Monte Carlo
simulations 100 times. The means and standard deviation of the resulting ISE’s are included

in Table 3.1.

Table 3.1: Average ISE’s (SD’s in parentheses) for different distributions estimated by

applying the DLDA and KDE techniques.

n = 500 n = 1000 n = 2000
Beta DLDA | 0.0165 (0.0247) 0.0100 (0.0065) 0.0069 (0.0034)
KDE | 0.0270 (0.0142) 0.0158 (0.0079) 0.0101 (0.0041)
Gamma DLDA | 0.0001 (0.0001) 0.0000 (0.0000) 0.0000 (0.0000)
KDE | 0.0002 (0.0001) 0.0001 (0.0001) 0.0001 (0.0000)
Exponential DLDA | 0.0449 (0.0366) 0.0391 (0.0216) 0.0381 (0.0157)
KDE | 0.0641 (0.0148) 0.0544 (0.0077) 0.0457 (0.0062)
Student ¢ DLDA | 0.0013 (0.0013) 0.0008 (0.0006) 0.0006 (0.0004)
KDE | 0.0020 (0.0011) 0.0010 (0.0006) 0.0006 (0.0003)
Normal DLDA | 0.001 (0.0004) 0.0003 (0.0002) 0.0002 (0.0001)
KDE | 0.0018 (0.0009) 0.0010 (0.0005) 0.0007 (0.0003)

Example 3.4.2. In this example, the following density function is considered:

)
/2 ifo<z<1
fle)=11/2 if1<z<?2 (3.4.2)
(3—x)/2 if2<z<3
\
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Figure 3.1: Exact and estimated PDF’s and CDF’s in connection with Example 3.4.2.
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Figure 3.2: Exact and estimated PDF’s and CDF’s in connection with Example 3.4.3.

In order to approximate this density function, we let 6 = 4 be the degree of the
denominator in accordance with Remark 1, noting that there are two points where the func-
tion is not differentiable and two points of intersection with the abscissa. The exact density
and distribution functions as well as the DLDA density approximant fo 4(x) and the cor-

responding CDF approximation are shown in Figure 3.1.

Example 3.4.3. In this case, the target density function is taken as an equally weighted
mixture of Beta(10, 2) and Beta(4, 6) PDF’s. The degree of the denominator is set to
two. The DLDA density approximant fg () and the exact density functions are plotted in

Figure 3.2.
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Chapter 4

A log-density estimation methodology applicable to massive bivariate

data

4.1 Introduction

We initially consider the problem of approximating the density function of a univariate
continuous random variable. Obtaining an accurate density approximation can prove use-
ful when the exact density function of a statistical quantity such as an estimator or a test
statistic may not be tractable or have a simple closed form. The flexible methodology that
is proposed relies on the moments of the target distribution and can even be utilized to ap-

proximate irregular or multimodal density functions.

There exist several types of density estimates and approximants. However, many
of these techniques will fail to provide adequate approximations, especially when the tar-
get density is not a smooth unimodal function. Silverman (1986) provides a survey of the
various available methodologies while (Reid, 1988) focuses on the saddlepoint approxima-
tion. Moment-based techniques are described for instance in (Elderton & Johnson, 1969),
(Solomon & Stephens, 1978) and (Provost, 2005). (Efromovich, 1999) presents a unified
account of nonparametric approaches to density estimation. Other types of nonparametric
density estimates that are based on the L1 norm are presented in (Devroye, 1985) while
both parametric and nonparametric approaches are discussed in (Eggermont, 2001). The

multivariate case is extensively treated in (Scott, 2015).

79
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The bivariate density estimation methodology that is proposed in this chapter relies
on a univariate density approximation technique that produces differentiated log-density
approximants (DLDA’s) whereby the derivative of the logarithm of a density function is
assumed to be expressible as a rational function. This approach only necessitates the mo-
ments of a distribution up to some particular order; accordingly, when used in conjunction
with sample moments, it enables one to process large amounts of data that often arrive in
streams without having to access previously collected observations. Upon solving a system
of linear equations, the coefficients of the rational function can easily be determined, the
density approximant being then obtained by solving a differential equation. This density
estimation technique is then applied to each of the marginal distributions of a standardized
bivariate sample; the product of the resulting density estimates serves as a base density that
is adjusted by means of a bivariate polynomial whose coefficients are determined from the
joint sample moments of the standardized dataset being modeled as well as those associ-
ated with the base density function. The resulting expressions assume relatively simple
functional representations that can lend themselves to algebraic manipulations; this is not
the case for kernel density estimates, which incidentally may not be as accurate, as is sug-

gested by a numerical example (Example 4.3.1) involving a sample of simulated values.

This chapter is organized as follows. First, the technique being utilized for obtain-
ing univariate DLDA’s is developed in Section 4.2, including the special case where the
derivative of the logarithm of the target density function is assumed to be a polynomial.
The bivariate case is then considered in Section 4.3 where DLDA’s are utilized to obtain
approximants or estimates of the marginal density functions whose product is adjusted by
a bivariate polynomial. To illustrate the applicability of the new methodology, several nu-

merical examples are presented in Section 4.4.
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4.2 Differentiated log-density approximation

This section summarizes the results obtained in (Provost & Ha, 2015) wherein a novel
technique for approximating continuous univariate density functions is introduced. This
approach will be utilized in the next section to approximate the density functions associ-

ated with each of the marginal distributions of a standardized bivariate random vector.

We now explain how differentiated log-density approximants are determined. Let
fx (z) be a continuous density function defined on the interval (o, 5) = .. It is assumed

that the derivative of logarithm of fx (x) can be represented by a rational function , that is,

=r(z), 4.2.1)

where

7‘(1’) - 22:0 ; i - D(g(l’)’

4.2.2)

Ny (z) and Dg(x) being polynomials in x of orders v and 6 . Without any loss of generality,
cs, the coefficient of 29 in the denominator of r(z), is set equal to one. After determining
the a;’s and ¢;’s, by solving a linear system involving a certain number of moments of the

target distribution, fx (x) is approximated as

fuala) = mela T,

where £ is the normalizing constant, which is such that the integral of f, 5(x) from a to

x
3 numerically integrates to one, and eJo ") dY ig the solution of the differential equation
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specified by (4.2.6).

In light of Equations (4.2.1) to (4.2.2), one has

0 v

Fs@) ejal = f,5() ) aza, (4.2.3)
7=0 i=0
from which the polynomial coefficients can be obtained as follows: Multiplying both sides

of Equation (4.2.3) by z” and integrating over the interval (o, 3) yields

) v

B : B :
/ £ 5(@) Z cjx~7+hdx = / fus(@) Z a;z Mz, h=0,1,..., v+
« «

§=0 i=0

On interchanging the sum and the integral on each side of this equation and proceed-

ing by parts for the left-hand side, one has

1) ) v

) 8 B8 .
fus(x) ZijEHh 15— > e+ h)/ P Th=lf s(z)de = ai/ 2, s(x) da,
« a

J=0 J=0 i=0

where h =0, 1,..., v + J. Note that the first term on the left-hand side, that is,

fus(x) Z?:O ¢zl th o

a» Will be zero whenever f, 5(a) = f, 5(3) = 0, which is the case
for most densities of interest. Thus, omitting this term and letting i, h =0, 1,..., v+,

denote the A*™™ moment of the approximated density function f,, s(z), one obtains v+ + 1

linear equations having the following form:

1) v
= AR pG+h—1)=> auli+h), h=0,1,..., v+  (424)
j=0 i=0



83

with (0) = 1. In order to determine the unknown coefficients of r(x) as specified by
Equation (4.2.2), one needs to solve the linear system resulting from Equation (4.2.4). On
replacing the unknown p(h) by px (h),forh =0, 1,..., v + 6, where px (h) denotes the
pth

moment of the distribution being approximated, one obviously obtains the following

linear system:

)

Z GHh)puxG+h—1= aiux(i+h), h=01,...,v+0 (425)
j=0 1=0

Once the solution of this linear system is obtained, one still has to solve the differen-

tial equation

fl5(@) = r(@)f5(x), (4.2.6)

where r(z) = SV _ja;z"/ Z?:O cjxj , which can easily be achieved by making use of

symbolic computation packages such as Mathematica or Maple.

Remark 1 The degree 0 is set to be the number of times the density function (or its compo-
nents in the case of mixtures) intersects the abscissa plus the number of points at which the
density function is not differentiable, the roots of Ds () corresponding to the intersection
points and the points of non-differentiability as the case may be. For instance, in the case
of a triangular distribution, one would let 6 = 3, and for the mixture of density functions

described in Example 2.1, 6 was set equal to 4.

For a given ¢, let the integrated squared difference (or error) between the approxi-
mate density function f, 5(x) and the exact density function fx (x) over the support of the

distribution be denoted by
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ISD(v) = /y ( foo(z) — fX(x)>2dx. 4.2.7)

Remark 2 In order to quantify the discrepancy between the approximate density f,, 5()

and the target density fx (z) and to determine the optimal order of the numerator of r(x),

we seek the value 1y such that /.5 D(v) reaches a set tolerance level or I.SD(v) only de-

creases marginally beyond 1.

The following algorithm summarizes the DLDA procedure for approximating a uni-

variate continuous density function fx (z).

Algorithm Differentiated log-density approximation methodology

1.

Let v = 0 be the initial order of N, (z) as specified in Equation (4.2.2) and 4, the
order of Dg(z), be selected as per Remark 1. (It should be noted that, in most cases

of interest, v is greater than or equal to two.)

Evaluate the moments of the random variable X, that is, ux (i) fori =0, 1, ..., r,
where r =2v +0if § <wvandr = 20 + v — 1if § > v. (These moments replace

those associated with the approximated distribution appearing in Equation (4.2.4).)

. Determine the coefficients of the rational function by solving the linear system (4.2.5).

Find the solution of the differential equation specified by (4.2.6) by making use of a
symbolic computation package and normalize the resulting function to obtain a bona

fide density function f,, 5(x).

. Evaluate 1.SD(v) as defined in Equation (4.2.7).

Repeat Steps 2-5 with larger values of v until /.SD(v) is deemed to be sufficiently

small as per Remark 2.
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0.2 04 0.6 0.8 1.0

Figure 4.1: Exact (solid line) and approximated (dashed line) density functions in connec-
tion with Example 4.2.1.

Example 4.2.1. Suppose that fx (x) is the univariate density function of a mixture of two
equally weighted beta distributions with parameters (2, 20) and (3, 2). In this example, we
set v = 4 and § = 4. The plots of the exact and approximate density functions are shown in
Figure 4.1. In this case, after rounding to three decimals, the coefficients are ag = 0.031,
a; = —0.709, ag = 3.070, ag = —3.210, ag = 0.147, ¢ = 0, c; = —0.040, co = 0.407,

c3 = —1.367, ¢4 = 1 and the density approximant is

fra(z) =701 — 2)%997(0.040 — 0.3672 + 22)0-621

¢~0-14T+1.55  arctan(2.337-12.7312) /9 ()36,

4.2.1 Polynomial log-density approximants
As a particular case, one may assume that the differentiated log-density function is a poly-

nomial of order n, that is,

n

Lin(fx) = Y a’

1=0

in which case ¢y = 1 and the other ¢;’s are equal to zero in Equation (4.2.2). This gives
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rise to the following linear system:

px(0)  px(1) ... px(n) ag 0

px(1)  px(2) oo opx(e+1) | | @ —nx(0)

px (2 px3) oopx(+2) | e | = —2ux1) | @238
px(m) pxm+1) ... px(2n) an —npx(n—1)

which, in matrix form, can be expressed as Ma = 7T where a is the vector of unknown
coefficients. We now show that M is a positive definite matrix. Suppose that z is an

arbitrary non-null vector of . Then,

2! Mz = Z Z %2 / 2 fy(z) dz
i=0 j=0 @

_ /f( ;

N 2
Z zixz> fx(z)dx > 0.
1=0

Thus, the linear system specified by Equation (4.2.8) has the unique solution M/ ~17.

The resulting density approximant, which shall be referred to as a Polynomial Log-density
Approximant (PLDA), will then have the following representation:

fx, (2) = keXimo @i /(i+1) 4.2.9)

where  is the normalizing constant, which is determined by numerical integration.

Remark 3 The DLDA (PLDA) methodology can be applied in the context of density esti-
mation by replacing the exact moments of the target distribution by the sample moments

associated with a given dataset. In this case, the degree of V), (z) is determined in terms
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of the sum of the squared differences between empirical distribution function and the esti-
mated CDF obtained from f, 5(x), thatis, SSD(v) = > ;" (ECDF(z;) — Fy,a(a:i))Q. One
could select the degree v for which SSD(v) reaches a minimum value or beyond which
SSD(-) does not decrease significantly. A suitable degree for Dg(x) can be determined
by following the guidelines provided in Remark 1 on the basis of a preliminary density

estimate such as a histogram.

4.3 Bivariate density estimation

In this section, the DLDA methodology, as described in the previous section, is initially
utilized to approximate each of the marginal density functions of a standardized bivariate
random vector (X, Y)'. A bivariate polynomial adjustment is then applied to the product
of the marginal density approximants to produce a bivariate density approximation. As
well, it is explained that the proposed bivariate density approximation methodology can be
utilized in the context of density estimation by substituting joint sample moments of given

orders to the corresponding exact joint moments of a target distribution.

When X and Y are independent random variables, their joint density function can
be expressed as the product of the marginal density functions, that is, fx y (7, y) =
fx(z)fy (y). However, in general the variables forming a random vector are not inde-
pendently distributed even after standardizing it, and some adjustment to the product of the
approximate or estimated marginal density functions is needed. We are proposing to apply
a bivariate polynomial adjustment to the standardized vectors, which yields a density of the
form specified in Equation (4.3.1). The density approximant/estimate corresponding to the

original bivariate distribution/data is then obtained by applying the inverse transformation.
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Now, letting (w;, 2;), i = 1,..., n, constitute a dataset with sample mean (w, z), an

estimate of the covariance matrix V' is required in order to standardize these n observation

vectors. Let this estimate be the m.1.e. of V, thatis, V = {vij}, where v1] = [Z?:l(wi —

@)2] /n, w1z = va1 = [ (wi — @)(z; — 2)] /n and vag = [ 374 (% — 2)*] /n. The
standardized data is then obtained as

T; _ ‘771/2 w; — W

Yi R T R

v—1/2 denoting the inverse of the symmetric square root of V. The w;’s and the z;’s are

then uncorrelated (however, in general, they are not independently distributed), and we let

f1 5102620 ¥) = fu1.561(%) foa.s52(y) Tp(2, ), (4.3.1)

where f,, 5, () and f,, 5,(y) denote the estimated marginal density functions for the stan-
dardized vector (X, Y)', mp(z,y) is a bivariate polynomial adjustment of order p in each
variable. Note that whenever §; = 0, ¢ = 1, 2, the subscript J; is omitted on both sides of

Equation (4.3.1) and that the subscript p is omitted when there is no polynomial adjustment.

The degrees v, 01 and v, do associated with the density estimates of X and Y are
obtained in accordance with the guidelines provided in Remark 3. Due to the presence of
a polynomial adjustment, smoother estimates (of lesser degrees) of the marginal density

functions could be utilized.

Obtaining the coefficients of the polynomial adjustment

The coefficients of the polynomial adjustment 7, (z, y) = Z?:o Z?:o d; j 2" 17 can be de-

termined as follows. For simplicity, we denote the estimated density function f,1 51,2 52,5
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(z, y) by fp(z, y), and f,q 51(2) fr2 62(y) by P(z, y) so that
fp(x» y) = 1/’(% y) Wp(fa y)

Let the (k, £)th joint moment associated with the exact density function f(z, ) be denoted
by u(k, () = [2 [ 2¥ ¢ f,(x, y) dz dy and the (k, €)™ joint moment associated with the
initial density ¢(z, y), by m(k, £) = [52 [ ¥yt p(z, y) da dy.

In order to obtain a computable representation of the approximant f,(z, y), one
needs to determine the coefficients d; ; of the polynomial adjustment. To this end, the
joint moments of the exact density f(z, y) are equated to those associated with f,(x, ),

that 1s,

(k. 0) / / 2Ryl fo(x, ) dzdy
/ / y v(x, y) mp(x, y) de dy

p p
= / / Pyl )0 " d; 'y dedy
—00 J =00

i=0 j=0

= ZZ/ / di j 2"y (2, y) da dy,

=0 7=0

fork=0,...,pand { =0, ..., p, which yields the following (p 4+ 1)? linear equations:
plk, 0) =Y dijm(k+i, €+5), k=0,1,2,...,pand (=0,1,2,..., p.

Thus, the d; ;’s can be obtained by solving the linear system Md = p where d and p are
vectors of dimensions (p + 1)2 whose (i(p + 1) + (j + 1)) components, cij and pu(i, ),

appear in the same order for: = 0, 1, ..., pand 7 = 0, 1, ..., p. Increasing p should
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(a) Scatterplot of the(b) Histogram of the (c) SSD(v1)vsv; (d) f5 x) and hlstogram
original data original data

(e) SSD(v2) vs o (f) f3(y) and histogram(g) Transformed base (h) SSD(p) vsp
PDF ¢(w, 2)

Figure 4.2: Dataset, SSD’s, estimates of the marginal densities and base density function
(Example 4.3.1)

theoretically result in greater accuracy. The generalization to three or more variables is
straightforward.
The selection of the optimal degree p associated with 7y (z, y) is then made in terms

of the following sum of squared differences:

n
SSD(p) =Y (ECDF(w;, z) — Gplw;, %))?,
1=1
where ECDF(w, z) denotes the empirical CDF associated with the dataset and G'p(w;, 2;) =
Y [7 gp(w, 2) dz dw is the CDF determined from the final density estimate Guy 61,09.59.p
(w, z) = gp(w, z), which is obtained by applying the inverse of the standardizing transfor-
mation to fj(x, y). Note that the base density function, that is, ¥(x, y) will be denoted
by ¢(w, z) after applying this inverse transformation and that the degree of each estimated

marginal density function is determined from the SSD function applied to the correspond-

ing component of the original dataset.
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The following example which makes use of a simulated dataset, enables one to gauge

the accuracy of the density estimate obtained by making use of the proposed technique.

Example 4.3.1. Let X and X9 be bivariate normal random variables where

—1.1 0.33 0.03 0.2 0.4 0.04
X1 ~ Ny : and Xg ~ Ny , ,

—0.1 0.03 0.33 1.2 0.04 0.4

whose density functions are denoted by 9%, (w, z) and 9x, (w, z), respectively and let X
denote the random vector resulting from an equally weighted mixture of their respective
density functions, that is, gy (w, z) = 0.59x, (w, z) + 0.59%, (w, z). Three thousand bi-

variate data points were generated from this mixture.

The scatterplot and a 3D histogram of the data are displayed in panels (a) and (b) of
Figure 4.2. As per Remark 2, the SSD plots of the estimated marginal density functions
shown in panels (c) and (e) indicate that 1 = 5 and v9 = 3 are suitable polynomial de-
grees. The corresponding univariate density functions are plotted in panels (d) and (f). The
transformed base density estimate g5 3(z,y) obtained from the product of the estimated
marginal densities which were determined by applying the PLDA methodology and the

SSD(p) values are respectively plotted in panels (g) and (h) of Figure 4.2.

The bivariate exact density gx (w, z), the kernel density estimate and the final joint
density estimate g5 3 7(w, z) wherein p = 7 is selected as the optimal degree for the poly-
nomial adjustment based on the SSD(p) values are included in Figure 4.3. It is observed
that the plots of the estimated density based on the proposed methodology and the kernel
density estimate obtained by applying Silverman’s rule of thumb are in very close agree-
ment with that of the exact density function, the SSD(7) value obtained from the final

density estimate g5 3 7(w, z) being 0.0249 while it is 0.1147 for the kernel density esti-
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(a) Exact (b) Bivariate KDE (c) Final PDF estimate
95,3,7(“172)

Figure 4.3: Exact and estimated density functions (Example 4.3.1)

mate. The ISD values of the estimated density function and the kernel density estimate
which were determined by making use of the bivariate counterpart of Equation (4.2.7) are

respectively 0.0006 and 0.0011.

4.4 Illustrative numerical examples

Four applications of the proposed bivariate density estimation methodology, which involve
actual datasets are presented in this section. In the first three instances, the derivative of
the log-density estimate is assumed to be a polynomial whereas it is taken to be a rational

function in the fourth one.

Example 4.4.1. The dataset being modeled in this example was extracted from Comm Vio-
IPredUnnormalizedData which is included in the “UC Irvine Machine Learning Repository
dataset”. It contains 2315 observation vectors related to communities and crime. It com-
bines socio-economic data from the 90 Census, law enforcement data from the 1990 Law
Enforcement Management and Admin Stats survey, and crime data from the 1995 FBI
UCR, see (Redmond, 1990). We selected “pctWFarmSelf”: the percentage of households

with a farm or self employment income as the W variable and “perCaplnc”: per capita
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Figure 4.4: Dataset, SSD’s and estimates of the marginal density functions (Example 4.4.1)

income in 1989 as the 7 variable.

The histogram of the data is displayed in panel (a) of Figure 4.4. The SSD plots of
the estimated marginal density functions of the standardized data shown in panels (b) and
(d) of Figure 4.4 indicate that 1 = 4 and v9 = 3 are suitable degrees. The corresponding
density functions are plotted in panels (c) and (e). (The SSD’s for 1 = 6 and v = 4 are

not shown as they were comparatively too large.)

The bivariate kernel density estimate, the transformed (by means of the inverse of
the standardizing transformation) base density estimate ¢(w, z) obtained from the product
of the estimated marginal densities based on the PLDA methodology and the final joint
density estimate g4 3 7(w, z) wherein p = 7 is selected as the optimum degree for the poly-
nomial adjustment, as indicated by the SSD(p) values plotted in panel (f) of Figure 4.4,

are included in Figure 4.5.
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Figure 4.5: SSD and density estimates (Example 4.4.1)

Example 4.4.2. In this example, we consider the dataset concrete also included in the “UC
Irvine Machine Learning Repository dataset”, which contains 1030 observation vectors re-
lated to concrete compressive strength in civil engineering. More information about this
dataset is available in (Yeh, 1998). We selected “Cement”: kg in a m3 mixture as the W

variable and concrete compressive strength as the Z variable.

In Figure 4.6, the scatterplot and a histogram of the concrete data are displayed in
panels (a) and (b). Likewise, the previous example, the SSD plots of the estimated marginal
density functions that are shown in panels (c) and (e) of Figure 4.6 indicate that /; = 4 and
vo = 3 are suitable degrees while the corresponding univariate estimated density functions

are plotted in panels (d) and (f). Large SSD values were omitted.

The bivariate kernel density estimate, the transformed base density estimate ¢(w, 2)
obtained from the product of the estimated marginal densities based on the PLDA method-
ology and the final joint density estimate g4 3 6(w, ) wherein p = 6 is selected as the op-
timum degree for the polynomial adjustment based on the SSD(p) values plotted in panel
(c) are all included in Figure 4.7. We observe that the proposed density estimate which has
an SSD of 0.0886 reflects the most salient features of the histogram more accurately than

the kernel density estimate for which the SSD is 0.1369.
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(a) Scatterplot of the original(b) Histogram of the original (c) SSD(11) vs 11
data data
(d) f4(x) and histogram (e) SSD(v3) vs v (f) f3(y) and histogram

Figure 4.6: The dataset, SSD(v1), SSD(19) and estimates of the marginal density functions
(Example 4.4.2)

(a) Bivariate KDE  (b) Transformed base (c) SSD(p) vsp (d) Final PDF estimate
PDF ¢(w, ) 94,3.6(w, 2)

Figure 4.7: SSD(p) and bivariate density estimates (Example 4.4.2)
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(a) Histogram of the(b) f5(x) and histogram(c) fs(y) and histogram  (d) Bivariate KDE
original data

Figure 4.8: Dataset, estimates of the marginal density functions and bivariate KDE (Exam-
ple 4.4.3)
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(a) Transformed base PDF ¢(w, z) (b) Final PDF estimate g5 ¢ 7(w, 2)

Figure 4.9: Transformed base PDF and final PDF estimate (Example 4.4.3)

Example 4.4.3. The dataset being considered, which is called Covertype, contains 581, 012
observations. It was extracted from the “UC Irvine Machine Learning Repository dataset”.
This data was analyzed in (Blackard, 2000) in connection with forest cover studies. We
selected horizontal distance in meters to nearest roadway as the W variable and horizontal
distance in meters to nearest wildfire ignition points as the Z variable. Figure 4.8 displays a
three-dimensional histogram of the data as well as f5(z) and fg(y), the estimated marginal
density functions, and the corresponding histogram plots. The bivariate kernel density es-

timate is shown in panel (d).

The transformed base density estimate ¢(w, z) and the final joint density estimate

g5.6,7(w, z) wherein p = 7 is the selected degree of the polynomial adjustment are both
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Figure 4.10: Dataset, SSD’s and estimates of the marginal density functions (Example
4.4.4)

included in Figure 4.9. We observe that the proposed density estimate is consistent with

the histogram of the observations.

Example 4.4.4. Finally, the bivariate dataset being considered and referred to as the Flood
data was collected in the Madawaska Basin, Quebec, from 1990-1995. It includes 77 obser-
vations. The first component of the data is the peak value and the second one is the volume.

In this case, the DLDA methodology is applied and it is appropriate to let 61 = do = 2.

The scatterplot and a histogram of the data are displayed in panels (a) and (b) of
Figure 4.10. The SSD plots of the estimated marginal density functions that are shown in
panels (c) and (e) of Figure 4.10 indicate that 1 = 5 and v9 = 5 are suitable degrees. The

corresponding density functions are plotted in panels (d) and (f).



98

(a) Bivariate KDE (b) Transformed base (c) SSD(p)vsp (d) Final PDF estimate
PDF ¢(w, 2) 95.2,5,2,6(w, 2)

Figure 4.11: SSD and density estimates (Example 4.4.4)

The bivariate kernel density estimate, the transformed density estimate ¢(w, z), that
is, the transformed product of the estimated marginal densities, and the final joint density
estimate g5 2 5 2 6(w, z) wherein p = 6 is selected as the optimal degree for the polynomial
adjustment based on the S.SD(p) values plotted in panel (c) are all included in Figure 4.11.
The SSD associated with the proposed density estimate, that is, 0.0265 is about a third of

that corresponding to the kernel density estimate, which is 0.0782.

4.5 Concluding remarks

A technique is developed whereby the derivative of the logarithm of a univariate continuous
density function can be approximated by a rational function, which enables one to obtain
bona fide density approximants for each of the marginals of a standardized continuous bi-
variate density function. Then, a bivariate density approximant is determined by adjusting
the product of the marginal density approximants (taken to be a base density function) by
means of a bivariate polynomial whose coefficients are determined from the joint moments
associated with the standardized target and base density functions. The methodology is
then extended to be applicable in the context of density estimation on the basis of a set of
observations by making use of their joint sample moments. This approach, which is well
suited for modeling massive datasets, can readily be applied in multivariate settings. The

Mathematica code utilized to carry out the calculations and to produce the graphs is avail-
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able from the authors upon request.
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Chapter 5

Shrinkage estimation applied to a semi-nonparametric regression

model

5.1 Introduction

Consider the n semi-nonparametric regression equations (Ma et al., 2015),

yit = ai + Bim(xit) + &, (5.1.1)
where ;4 is the {th response value on the i*® individual for i = 1,2,...,nand t =
1, 2, ..., T, with the corresponding explanatory variable x;;. The unknown coefficients c;

and 3; are the location and scale parameters associated with 7" model, m(+) is the common
nonparametric component which is assumed to be differentiable, and the €;;’s are the error
terms which are assumed to be independently and identically distributed with mean zero

and constant variance 2. The model (5.1.1) could be represented in matrix form as

Y=A+Bm(X)+¢E,

where Y = {y;1}, A = (a1lp, ..., aply), 17 = (1,..., 1), B = Diag(B1, ..., Bn)s
X ={x}and & = {é;}fori=1,2,...,nandt =1, 2, ..., T. The objective consists
in estimating the parametric and nonparametric components of this regression model. One

may use this model when the observations on several individuals are similarly distributed
101
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but with possibly different response values that could be explained by varying location and
scale parameters. One could refer to (Fan and Gijbels, 1996), (Robinson, 1988), (Stone,
1982), (Ruppert et al., 2003) and (Begun et al., 1983) for more information about nonpara-

metric and semi-nonparametric models and related results.

For the purpose of measuring the characteristics (proteins, etc.) of individual molecul-
es, mass spectrometry (MS), which converts those characteristics to ions in some magnetic
fields, are utilized to sort and separate the ions and then measure the separated ions re-
lating to such characteristics, see for instance (Roy et al., 2011), (Yasui et al., 2003) and
(Guilhaus, 1995). A mass spectrum will usually be presented as a vertical bar graph in
which each bar represents an ion having a specific mass-to-charge ratio (m/z), the length
of the bar indicating the relative abundance of the ion. The most intense ion is assigned
an abundance level of 100, and it is referred to as the base peak. Such measurements
are useful to monitor the progression of the disease and to evaluate new treatments. The
two more widely used mass spectrometers are SELDI-TOF (surface enhanced laser des-
orption/ionization time-of-fight) (Baggerly et al., 2004) and MALDI-TOF (matrix assisted
laser desorption and ionization time-of-flight) (Baggerly et al., 2003). Model (5.1.1) was
proposed for analyzing such mass spectrometry data. In each spectrum, the y-axis is the
relative abundance (intensity) and the x-axis is the mass-to-charge ratio (m/z value). In this
chapter, we apply this model to a SELDI-TOF mass spectrometry data set collected from
a study on liver cancer. Interested readers could refer to (Ma et al., 2015) and references

therein for more information about MS data analysis.

When making use of Stein-type shrinkage techniques, one assumes some prior un-
certain information (PUI) about the parameters of interest. The Stein-type shrinkage es-
timators are predicated on the assumed PUI with a view to increase the accuracy of the

estimates of the parameters of interest. For some background about various shrinkage
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techniques applying to similar problems, one can refer to (Ahmed and Krzanowski, 2004),
(Ahmed, 1994), (Chitsaz and Ahmed, 2012a), (Chitsaz and Ahmed, 2012b) and the refer-
ences therein. We focus on the location and scale parametric components in model (5.1.1).
In the remainder, the prior information consists in letting all the scale parameters 3;’s be
equal, fori =1, ..., n, thatis, 1 = ... = 8, = By, B being unknown. The parametric
components are then estimated under the full model as well as the restricted model which
is specified in Section 5.3 where the Stein-type shrinkage estimators for the location and
scale parameters are also discussed. Section 5.4 features a simulation study that confirms

the efficiency of the shrinkage-type estimators.

5.2 The original methodology

The multi-step algorithm proposed in (Ma et al., 2015) for the estimation of the parametric
components «; and (3;, i« = 1, 2,..., n, and the nonparametric function m(-) in (5.1.1)
is described in this section. As the authors stated, on the one hand, when the values of
the «;’s and (;’s for ¢« = 1, 2,..., n, are known, one will end up with nonparametric
regression models whereby m(-) is estimated by some local linear regression approach
using the kernel function K (-) with Kj,(-) = K(-/h)/h, h being a suitable bandwidth; on
the other hand, if m(-) were known, the model would reduce to n simple linear regression
equations in which case location and scale parameters are obtained by applying the least

squares approach.

5.2.1 The algorithm

In order to obtain estimates for both the parametric and nonparametric components of

(5.1.1), the following iterative algorithm was proposed in (Ma et al., 2015):
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Algorithm 1: Iterative algorithm for the semi-nonparametric model

e (a) Set ¢y = 0 and 81 = 1. The initial kernel estimator of m(-) obtained from

(14, y1¢), t =1, ..., T via ygp = m(xqs) + €q¢ is

() = i Wi (5.2.1)

Z?:l wit(z)

where wiy(z) = Kp(21¢ — 2)(S72 — (w14 — 2)S71) and Spp = Y1) K (21, —

) (zy — )k for k =1, 2.

e (b) Replacing m(-) by m(-), as obtained in Step (a), the parameters «;, 5;,7i = 1,...,n

are estimated by simple linear regression (least squares) as

4, = Zimlitwi) =)l oo s

= — y Gy =Y — (5.2.2)
S L (i) — ;)2

_ T = T ~
where 7; = 7 3" /_1 yir and m(x;) = 5 Y1y ().

e (c) Given the estimates &; and Bi, the estimate of the function m(+) is updated as

T
o 7:1 Zt:l w;‘t(x)yjt
= T ,

(z) (5.2.3)

where wfy(x) = 32Ky (zig — 2)[X0y B2S5 — (g — 2) Sy B2STY ) vy =

(it — )/ By and Sp) = ST K (g — ) (g — 0)F for k = 1,2,

e (d) Repeat Steps (b) and (c) until convergence is observed for both the parametric

and nonparametric components.

Note: The bandwidth ~2* might be different from £ in order to achieve a better convergence

rate, see (Ma et al., 2015).
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5.2.2 Bandwidth selection

The proper choices of h and A* may asymptotically affect the accuracy of the estimators.
(Ma et al., 2015) suggested the K-fold cross validation approach for selecting the band-
width. To this aim, all n individuals are divided randomly into K groups 71, Zs, ..., Zk
where Zj, is taken to be the k™ test set with Z_,. = ({1,2, ..., n} — Z.) as the corre-

sponding training set. Now, Algorithm 1 is applied to Z_, to obtain my (-, h, h*) as an

—k
estimator of m(-) where h and h* are the bandwidths used for obtaining /n(-) and m(-),
respectively. Then, given my k(-, h, h*), the parametric components of the test set are

estimated by the least squares (simple linear regression) approach and the mean square

prediction error associated with Z;, is computed as

T
MSPE(Zj,, h, h*) = Z— Z Z (Wit — g — By 1z, (x4, 0, h*)* (5.2.4)
€7y, t=1

where &;,; and Bkl are the estimated regression coefficients in Z;. fork =1, ..., K. Then,
the optimum values of the bandwidths for i and h* are chosen to be those that minimize

MSPE, that is,

K

. 1

(h, h*) = arg minj, ;) > MSPE(Z, h, h*). (5.2.5)
k=1

Asymptotic results

The following asymptotic results are stated in Ma et al. (2015). By asymptotic, it is meant
that both n and 7" are considered to be large enough (normally n < T'). The following

conditions will be needed to establish the asymptotic theory.

C1: The baseline intensity m(+) is continuous and has a bounded second order derivative.
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C2: There exist constants « > 0 and § > 0, such that f(-) the marginal density of x;;

satisfies f(x) > 0, and | f(x) — f(y)| < ¢|z — y| for any = and y within the support
of f(-).

C3: The conditional variance 01-2(3:) = Var(y;t|z;; = ) is bounded and continuous in z,

where:=1,...,nandt=1, ..., T.

C4: The kernel K(-) is a symmetric probability density function with bounded sup-
port. Hence K (-) has the properties: [0 K(u)du = 1, [*0 uK(u)du = 0 and

[%°_u? K (u)du is positive and bounded.

—00

Let X = {xy,i =1,....n, t =1,...,T}H 1y = ffoooulK(u)du and v} =
29wt K2 (u)du, for I > 0.

oo U

Lemma 5.2.1. Assuming that conditions C1-C4 are satisfied,

B(in(x) — m(@)|X) = g (£)uah? + o(h?),

- vy o (z) 1
Var(m(z)|X) = Toh—f(x) + O(ﬂ)’
vy o2 (z
B(n(e) ~ m)1) = " @)W+ T o )

Lemma 5.2.2. Suppose that conditions C1-C4 are satisfied and assume that E (m2 (zir)) (%4
1) < oco and E(mQ(xit)) > 0foralli=1,...,nandt =1, ..., T. By restricting the

order of h to be between T2 and T=Y/4, the BZU values are asymptotically distributed
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as follows:
(B = B) ~ N(0,01%). (5.2.6)

For more information about the value of o1 and the proofs of Lemmas 5.2.1 and

5.2.2, one can refer to Ma et al. (2015).

Letting m(-) be a consistent estimator of the nonparametric component m(-), the

nuisance parameter, it follows that

@V —a) ~N(0,092), i=1,...,n, (5.2.7)

5.3 Stein-type location and scale estimators

Once m(-) in (5.1.1) is identified, the problem reduces to solving multiple simple regression
models wherein the slopes 3 = (81, ..., )" and the intercepts o = (aq, ..., o) are
estimated via the least squares approach. In fact, m(-) is considered to be the nuisance
component whereas m/(+) is viewed as its consistent estimator. Thus, the goal is to improve
the accuracy of the parametric estimators under the assumption that the slope is the same
for all n models, i.e., 31 = ... = B, = Py where [ is unknown. For simplicity, m(z;;) is
denoted by m;; and M = {m(x;), i =1, ..., n, t =1, ..., T}. Accordingly, we have

the following n simple linear models:

v, = ol + B, m; + €, 1=1,2,...,n, (5.3.1)
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withy; = (yi1, .-, vir)s 17 = (1, ..., 1), m; = (m;1, ..., m;7)" and the associated
error vector €; = (€1, . .., €;7) with mean vector 0 and covariance matrix o217, I being
the identity matrix of order 7.

In the next section, some Stein-type shrinkage estimators for the slopes and inter-

cepts are computed under the parallelism hypothesis, i.e. H, : 3 = [yly,.

5.3.1 Estimates under the full and restricted models

By making use of the known matrix M, the unrestricted (full model) estimates of a and (3

of (5.3.1) obtained by applying the least squares approach are as follows:

U=V, .. 87y  and &Y=y-T1,8Y, (5.3.2)

where y = (1., ..., Jn.)s BV = mly; — F(mi17)(yi17)]/(T Q;), Tn, = Diag(my.,
oy mn), T Qi = mim; — 1 (mf17)2, m;. = 7(mi1yp) and g;. = 7(yj17).

Furthermore, the unbiased estimator of o2 is

1 " X
2 - U U 2
ST nT—an;Hyi —&; 17 — B7 my3, (5.33)
1=

where ||-||2 denotes the Lo-norm. However, under the null hypothesis, i.e., Hy : B = Sglp,

the restricted estimators of o and 3 are

3R _ 1n1;LD225U

"TO and & =a"+T,HAY, (5.3.4)

where H = I,~[1,1], D]/ (nTQ) withnQ = 37| Q; and Dy, = Diag(TQy1, ..., TQp).
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Theorem 5.3.1. (Saleh, 2006) Assuming that the conditions of Lemma 5.2.2 are satisfied,

then given M, one has

~U
o’ — 0 Dll —T D22
) ~ Noy, o7 K , (5.3.5)
pY -3 0 —Tp Doy Doy
~R * *
atl -« 0 Dy, D
) ~ Ny, N A (5.3.6)
Br - 0 D3, Dy
pY - 0 Doo  HD2
) ~ Noy, 03 : (5.3.7)
By — pE Hp3 DyyH' HDogy
and
R - 1,1/
BR — Byl B — 5p)l non @
T A, = ok o | "9 (5.3.8)
By — Bk Hp O  H Dy

with fl, = 1,1,Dy3'B/(nQ), D13 = (N)™' + T,,DooTy, N = Diag(T, ..., T),
D3 = (N 4+ 11,10, T,/ (nQ), Diy = 51,1, Ty, and D3| = D%,

nQ
5.3.2 Shrinkage estimators

In order to test Hy : 3 = [y1y, the likelihood ratio test statistic,

~ATTl _ A~
_ ﬂU H,DQQIHﬂU

bn=— "2 (53.9)

is considered. Saleh (2006) proved that under the null hypothesis, £, follows a central
F-distribution with n — 1 and 7" — 2n degrees of freedom, while under the alternative hy-

pothesis, H, : B # [ply, it follows the noncentral F'-distribution with n — 1 and T — 2n
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degrees of freedom and noncentrality parameter A2 /2 where A? = BU/H ! D2_21 H BU / o2,

In terms of £,,, the Stein-type shrinkage estimators of o and 3 are given by

B°=p8Y —c;'HBY  and & =&Y el HBY, (5.3.10)

where ¢ = %Withm:n(T—Q) and ¢ - n — 3 as nT" — oo. Note that if £, > ¢,

then c L, IS 1, and this may result in over-shrinking, which is undesirable. In order to
avoid this problem, one can utilize of the positive-rule shrinkage estimators of a and 3,

which are defined as follows:

a™ = a1, <o)+ & I(Ly > ¢

=V +{1-(1—cL;HT(Ln > )THBY, (5.3.11)

B = BRI(L, <)+ B T(Ln > o),

BY —(1—cLYHYZ(L, > c)HABY, (5.3.12)
where Z(+) is the indicator function.

The preliminary test estimators of & and 3 are obtained as follows:

BT = gV — HAY (L, < ca),

afT =aV + 1, HBY I(L, < co), (5.3.13)

where ¢, (the critical point) is the the upper a-quantile of the central F’ distribution with

n — 1 and m degrees of freedom.
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5.4 Asymptotic properties

In this section, we study the asymptotic properties of the estimates of the unknown para-
metric components «; and 3;, 7 = 1, ..., n, in (5.1.1), as determined by applying various
shrinkage and pre-test techniques. The nonparametric component m(-) shall be targeted
as a nuisance parameter. Asymptotic means that, both n and 7" are assumed to be large

enough (normally n < T).

Theorem 5.4.1. Assuming that all the required conditions stated in Lemma 5.2.2 are sat-
isfied, the bias associated with intercept and slope estimators are
b(a¥) =0

b(g") =0
b(8") = —Hp
b(8%) = —c(n — VHBE[x, 7, (%)
b(B"%) = ~HB{Gpi1m(c1: A%)

+ Bl (AT (Fyyrm(A%) > )]}

b(BT) = —~HB Gpi1m(la; A?)

b(a) = T, HB
b(&%) = e(n — )T HBEx;, 2, (A?)]
(A?)]

b(a"%) = T, HB{E[F, ], ,,

+T,HB Gn+17m<c1; A?)

b(a"T) = T, HB Gy 1.m(la; A?)

_ N _ ~ ~
where (o, = nJ&F m(), A% =p3U H’D221HBU/02, = n+1 , b(B*) = E(B8* —
8| M) and b(&*) — E(d* —a| M),

Theorem 5.4.2. Assuming that all the required conditions mentioned in Lemma 5.2.2 are
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satisfied, the MSE associated with intercept and slope estimators are

5 2
MSE(/BU> =0"Dag MSE(dU) 202D11
o?1,1),

MSE(3?) = IO

+HBB'H  MSE(@&R) =o’D}y + T, HBB' H'T),

MSE(B°) =02 Day — c(n — 1)o” HD22{2E[x;, 31 (A%)] = (n = 3)E[x,, {1 (A%)]}
+c(n? = 1)(HBB'H')E[x;, 1 5(A%)]
MSE(&°) =0>Dyy — c(n — 1)0> T, H Do H'T) {2A2 B[, 21 (A?)]

— (n = 3) B[, {1 (AN} + e(n® = D)(Tn HBB'H'T;) Elx,, {5 (A%)]

MSE(BP%) = MSE(B°) — (¢?HDyy — 2HBB' H')

x Bl(1 = e1Fy o (A)I(Fupam(A%) < e1))

— HBB'H'E|(1 - eoF, 3 | (A*)I(Fry3,m(A%) < c2)]
MSE(&"S) = MSE(&°) — (6®THDyw H'T!, — 2T, HBB' H'T))

x E[(1 =1yl (AP)I(Fri1,m(A?) < 1)

n+1,m
— TuHBB'H'T, B[(1 — caF, Ly (AP)I(Fyy3,m(A%) < )]
MSE(B'T) =0?Dag — 02 HD9yGyy 1. (ba; A?) + HBB'H'
X {2Gn11,m(ba; A7) = Gy m(Lh; A7)}
MSE(&"T) =0 D1y — 0(D11 — Di1)Gry1m(la; A%) + T, HBB'H'T),

X {2G11.m(la; A?) = Gy 3.m(Ch: A%)}

/ / ~
where gz — Z_-T-:%Fn_lvm(a)’ cy = d:—_:?)l), D:Tl — N—l + Tn]-r?g-gnTn’ MSE(/@*) =

E((8* - B)(8* — B) | M) and MSE(&*) = E((&* — a)(&* — ) | M).
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Saleh (2006) showed that by comparing the MSE matrices of different intercept es-

timators under Hy, the following results hold:

(i) MSE(&Y) — MSE(&™) = 0T, HBB'H'T!,

(ii) MSE(6Y) — MSE(&'T) = o* T, HBB' H'T), G i1 m (la; 0),

(ii1) MSE(&TT) — MSE(&R) = o T, HBB' H'T) (1 — Gpi1.m(las 0)),

(iv) MSE(&Y) — MSE(&°) = co®T, HBB' H'T), (5.4.1)
(v) MSE(&°) — MSE(&"®) = o>T,HBB' H'T,

x (E[(1 = c1Fp ) ) (0)*Z(Fi1p(0) < e1))),

where the right hand sides of the above expressions are positive semidefinite matrices.

Theorem 5.4.3. Assuming that all the required conditions mentioned in Lemma 5.2.2 are

satisfied, the risk expressions associated with the intercepts and slopes are

R R dU;W =o2tr W D11
R(BY; W) = o%tr(W Dyo) ( ) ( )
24/ R(&™: W) =o?tr(WD?))
) 1/ W1 ; 11
R(B™ W) = TnC Ay g W
Q B HT WT,HB
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R(B%; W) = o%tr(W Dag) — ¢(n — 1)otr(W H Dag)

x 2B, F1(A%)] = (n = 3) B[x;, {1 (A%)]}

+c(n® = 1)(B'H'WHB)E[x, { 5(A%)
R(&°; W) = o?tr(WD11) — c(n — 1)o?tr(WT H Doy H'T) ) {207 E[x;, 2 (A?)]

— (n=3)E[, 1 (AN} + e(n® = 1)(B'H'T,WT, HB)E[x;, {5(A%)]

R(B"%;W) = R(B% W) — (6®tr(W HDag) — 28 H'WHB)E[(1 — 1 F, ) | (A%))

X I(Foi1m(A%) < e1)] = B'H'WHBE[(1 — eoF, Ly | (A%)
X L(Foy3m(A%) < c)]

R(&"% W) = R(&°; W) — (6*tr(WT,HDyoH'T!) — 28/ H'T. WT, HB)
x Bl(1=c1Fy )y (A)I(Fp1m(A%) < o))

~ BHTWT,HBE((1L — caFy Ly (AD)T(Foys m(A%) < )]

R(BYT; W) = o®tr(W Dag) — otr(W HDa2) Gy 1 n(la; A2) + ' H'WHB

X {2Gn41,m(las AQ) - Gn—|—3,m(€:¢§ A2>}

R(&"T, W) = o%tr(WD1y) — a2tr[W (D11 — Di))Gri1m(ba; A) + B H'T,WT, HJ

X {2Gn41,m(las AQ) - Gn+3,m(£2§ AZ)}

where W is a positive definite weight matrix, R(3*; W) = E((8* — B)W (8" — 8) | M)
and R(&*; W) = E((a* — a)W(a* — a) | M).

The proofs of these results are included in the Appendix.

By making use of Equations (5.4.1), one can conclude that under the null hypoth-

esis R(B™ W) < R(BY; W), RB"TW) < R(BY: W), R(B% W) < R(B™T; W),
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R(B°;W) < R(BY; W) and R(BYS; W) < R(B%; W).

5.5 Experimental results

In this section, we compare the performance of the four estimators defined in the previous
section, first by carrying out Monte Carlo simulation studies and then by applying them to

a certain mass spectrometry data set.

5.5.1 Simulation study

Monte Carlo simulation studies are conducted for comparing the shrinkage estimators of
a and B in (5.1.1) with those originally proposed. As a measure of accuracy in connection
with such estimators, the “relative error” (RE) is considered. The relative error of (o™, 3%)

with respect to the estimators obtained from the original approach, that is, (aU, BU), is

defined by
Er(aV, gY)
RE(a*, B%) = ———— 5.5.1
with
n
Er(a, B*) =Y _(af —a)* + (B — B)°, (5.5.2)
1=1

where the «;’s and ;’s are the assumed values of the parameters fori = 1, ..., n. Thus, a

larger relative error represents an improvement in accuracy over (aU, B U), the unrestricted
(full model) estimators.
It is indicated to test the performance of the estimators both under H( and the al-

ternative hypothesis. We carried out simulation studies for different values of A where
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A =8 - Boly] % A being equal to zero under the null hypothesis.

Example 5.5.1. In this example, the exact values of the location and scale parameters
of length n, are taken to be a = (0, 0.2, 0.5, 0.7, 1, 0, 0.2, 0.5, 0.7, 1,.. .)/ and 3 =
(1, 1, ..., 1)’ for various values of n and 7', and the function m(x) is assumed to be sin(x).
The error terms are assumed to be independently and identically distributed A/ (0, 0.25) ran-
dom variables. In this case, we set ;4 = x¢fort =1, ..., T,and? =1, ..., n, which is
the case in many practical problems such as those arising in mass spectrometry data, the 7°
values of z; being selected randomly from a uniform distribution on the interval U (0, 20).
The values of (h, h™) were set to be (0.1, 0.1) noting that these values had almost the min-

imum MSPE for different n and 7" values based on a 5-fold cross-validation approach.

The scatter plots of the simulated observations (x;+,vy;¢), t = 1, ..., T = 2000
where ¢ = 1, 2, 3, 4, are included in the top panel of Figure 5.1 and the graph of the exact
function m(x) = sin(x) is plotted over the interval (0, 20) as a solid black line while the
estimated functions /m(-) and m(-) are shown as blue and red dashed lines in the bottom
panel of the same figure. It should be pointed out that, in this example, the estimated non-
parametric functions (curves) obtained with the other techniques are very close to those
determined with the original (unrestricted) method. Thus, we only plotted the unrestricted
estimates of the functional components. It is observed that these estimated functions of

m(-) and 7 (-) are in a very close agreement with the original function m(x) = sin(x).

The relative errors associated with the various estimators are shown in Table 5.1 for
several values of n and 7" when A = 0. It is seen that when the null hypothesis is valid,
the relative errors of the restricted estimators have the largest values, which is acceptable,
while the pretest relative errors are similar or rather close to the restricted values. Then,

the positive shrinkage technique provides the next best estimators and, of course, these are
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Figure 5.1: Scatter plots of the first four sets of simulated values (top panel); the actual
function m(z) = sin(x) and the estimates m () and i (x) (bottom panel).
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all more accurate than the original estimators as the RE’s associated with all of these tech-

niques are greater than 1.4, which confirms that they are more efficient than the standard

estimates.
Table 5.1: RE(a™, 3%) for certain values of n and T' (A = 0)
n T | RE(aft, BB RE(FS, g% RE(FT, gFT)
10 500 1.7389 1.4152 1.5031
10 1000 1.7440 1.5841 1.7440
10 1500 1.5923 1.5495 1.5923
10 2000 1.9465 1.6802 1.9465
10 2500 1.9358 1.5848 1.9358
10 3000 1.4921 1.3002 1.4921
15 2500 1.6641 1.6045 1.6641
20 2500 1.4713 1.4408 1.4713
25 2500 1.9156 1.7880 1.9156
30 2500 1.6359 1.5931 1.6359
35 2500 1.5651 1.4930 1.5651

In Table 5.2, the relative error of the estimators are shown for various A > 0 values
when n = 20 and 7" = 1500. It is observed that the estimators obtained with the restricted
method are not as efficient as they are for the case A = 0 since the null hypothesis is not
valid in this case. However, the relative error associated with the positive shrinkage and
pretest estimators are still greater than or equal to one. This corroborates the efficiency of

the Stein-type shrinkage techniques regardless of the validity of the null hypothesis.

Example 5.5.2. We now consider the estimation of the location and scale parameters,
which are as specified in Example 5.5.1, letting the error terms have a N (0, 0.25) dis-
tribution, the functional component being m(z) = 2/(exp(z) + exp(—x)) on the support
(—7, 7) in this case. The bandwidths i = 0.2 and h* = 0.1 were utilized for various values

of nand 7.
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Figure 5.2: Scatter plots of the first four sets of simulated values (top panel); the actual
function m(x) = 2/(exp(x) + exp(—x)) and the estimates m(x) and /() (bottom panel).
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Table 5.2: RE(a*, B*) for certain A > 0 with n = 20, 7" = 1500, and m(z) = sinz

A RE(QR, BR) RE(O{PS, ,BPS) RE(QPT, ﬁPT)
0.00 1.99974 1.90482 1.99974
0.05 0.85712 1.24353 0.97805
0.10 0.36683 1.09256 1.00000
0.15 0.19461 1.05267 1.00000
0.20 0.11837 1.03648 1.00000
0.30 0.05624 1.02329 1.00000
0.40 0.03259 1.01790 1.00000
0.50 0.02124 1.01506 1.00000
0.60 0.01495 1.01332 1.00000
0.70 0.01111 1.01214 1.00000
0.80 0.00860 1.01130 1.00000
0.90 0.00687 1.01065 1.00000
1.00 0.00562 1.01013 1.00000

In Table 5.3, as was the case in the previous example, the relative errors of the esti-
mators are shown for several values of n and 7" when A = 0. In this example, when the null
hypothesis is valid, the relative errors of the estimators are even larger than those observed

in Example 5.5.1 and thus the efficiency of those estimators is superior in this case.

Table 5.3: RE(a*, 3*) for certain values of n and 7" where A = 0 and m(x) =
2/(exp(x) + exp(—x))

n T | RE(aft, BB RE(FS, g% RE(FT, gFT)
10 500 7.1292 1.7358 7.1292
10 1000 3.5141 2.8260 3.5141
10 1500 3.2525 2.5407 3.2525
10 2000 2.9014 2.3964 2.9014
10 2500 2.7548 2.6044 2.7548
10 3000 3.5942 3.4507 3.5942
15 2500 17144 1.6971 1.7144
20 2500 3.1391 3.1250 3.1390
25 2500 3.1670 3.0557 3.1670
30 2500 4.8968 4.6132 4.8968
35 2500 2.3400 2.2858 2.3400
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In Table 5.4, the relative error of the estimators are shown for different A > 0 values
when n = 20 and 7" = 1500. One can again observe that the estimators associated with the
restricted method are not as efficient as they are for the case A = 0 since the null hypothe-
sis is no longer valid. The relative error associated with the positive shrinkage and pretest

estimators are for the most part close to one.

Table 5.4: RE(a*, 3*) for certain A > 0 with n = 20, T = 1500, and m(z) =
2/(exp(z) + exp(—x))

A RE(aR, ﬁR) RE(aPS, BPS) RE(aPT, ﬁPT)
0.00 3.63055 2.82008 3.18199
0.05 1.87993 1.81232 1.59694
0.10 092114 1.26926 0.95903
0.15 0.56465 1.12593 1.00000
0.20 0.37634 1.06943 1.00000
0.30 0.19538 1.02086 1.00000
0.40 0.11837 1.00419 1.00000
0.50 0.07908 0.99689 1.00000
0.60 0.05652 0.99321 1.00000
0.70 0.04243 0.99118 1.00000
0.80 0.03306 0.99001 1.00000
0.90 0.02653 0.98930 1.00000
1.00 0.02180 0.98888 1.00000

5.5.2 Application to a mass spectrometry data set

The shrinkage estimation techniques are now applied to an actual mass spectrometry data
set, namely, the SELDI-TOF mass spectrometry data set collected from a study on liver
cancer patients conducted at Changzheng Hospital Shanghai. The accuracy of these meth-

ods are measured by evaluating their mean squared error (MSE):

n T
MSE* = ZZ yir — &F — Bim(z)*)2. (5.5.3)
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Figure 5.3: The observations on five individuals randomly selected from the mass spec-
trometry data set (top panel); the estimates 1(z) in blue and m(x) in red (bottom panel).

Table 5.5 shows the MSE values in connection with different estimating approaches.
It is seen that, the MSE values associated with the positive shrinkage technique is the small-
est and that the pretest estimator and original method gave the same level of accuracy even
though the null hypothesis is not valid. As previously explained, the restricted estimation

produces the largest MSE value.

Table 5.5: MSE values obtained from various techniques applied to a mass spectrometry
data set.

Original R PS PT
MSE | 13.48971 17.95069 13.38967 13.48971

The plots of the observations of 5 randomly selected individuals from the data sets
are presented in the top panel of Figure 5.3, while the plots of the estimates m(z) and 7(z)
of the nonparametric component of the model are shown in the bottom panel of Figure 5.3.

In this case, n = 35 and T" = 21000.
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Appendices

Some asymptotic results are formally proved in Appendix A2.1 and the results of a simu-
lation study that corroborates the usefulness of certain shrinkage and penalty techniques in

connection with the multivariate linear regression model are presented in Appendix A2.2.

A2 .1. Proofs of Theorems 5.4.1, 5.4.2 and 5.4.3

The following Lemma will be used to establish the asymptotic results:

Lemma .1.1. (Judge and Bock, 1978) Let the p-vector x have a Nyy(px, Yx) distribution.

Then, for a measurable function of ¢, one has

E[x¢(x'x)] = pxE[p (x5, 9(A?))] (A2.1.1)

and

Bpod(x'%)] = Sx Bl 2 (AN)] + ixph B0 (A7) (A212)
where A? = pl S5 iy

A2 .1.1. Proof of Theorem 5.4.1

The biases associated with BU, dU, BR and & follow from the results stated in Theorem

5.3.1. Additionally, one has

b(3%) = E[BY — B — L, HBY] = —c(n — 1) HBE[H(x,, 15(A%))],

b(a”) = Ela" — o+ L, ' T, HBY] = c(n — )T, HBE[(x;, 75 (A%))],
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b(B7%) = BB — B+ (1 — L, HYHBYZ(L,, > ¢)]
= — HB{Gpi1,m(c1; A7) + 1 E[F L (AP T(Fop1 (A7) > e1)]},
b6 =E[aY —a+ {1 - (1—cLHYI(Ln > )} T HBY]
(A%)] = BIE, Y (A I(Fuy1m(A%) > e1)]}

+ T, HB Gn—&-Lm(Cl; A2)7

- ClTnHﬁ {E[ n+1 m

b(B77) = BB” — B~ HBY T(Ly < Ca)) = ~HB Cy1 mlla; A,

b(a&"") =Ela” — a+ T,HBY I(Ln < Ca)] = TuHPB Crs1m(la; A?).

A2 .1.2. Proof of Theorem 5.4.2

Likewise, the MSE’s associated with BU, dU, BR and &f can easily be derived from

Theorem 5.3.1. The MSE’s of other estimators are obtained as follows:

MSEB®) =E[(BY - cL,'HBY - B)(BY — L, HBY - B)']
= E[(8Y - B)(BY - B)| —2cHE[L,'BY (BY - BY]
+PHE[L;28Y 3V H
=0%Dyy — c(n — 1)0* HDpp{2Ex; 31 (A%)] — (n — 3)E[x;, 11 (AD)]}
+c(n® — 1)(HBB'H')E[x;, {5(A%)]
MSE(@&®) =E[(&Y + e T HBY — a)(&V + c ;' T HBY — a)]
=0 D1y — e(n — )0 TyH Doo H'T} {287 E[x;, 21 (A%)] = (n = 3)E[,, {1 (A%)]}
+e(n® = 1)(TnHBB H'T)) Elx

)



MSEB") = E(BY — HBY Z(Ly < Ca) — B)(BY — HBY Z(Ly < Ca) - B)]
=E[(BY - B)(BY — B)] —2HE[BY Z(Ln < Ca)(BY — B)]
+ HE[Z(Ln < Ca)BY BV 1H'
=02 Doy — 0*HD9G i1 m (la; A?) + HBB'H'
X {2G 01 1,m(la; A%) = Gz m(lh; A%)}
MSE@&"T) =
— 02Dy + 2T, H E[BY Z(L,, < Co) (@Y — )]
+ ThHE[L(L, < Co)BYBYVIH'T),
=0°D11 — 02(D11 — D7) Gs1.m(la; A) + T, HBB' H'T),

X {2G11.m(la; A%) = Gry3m (U A%}

MSE(BT%) =E(zz))  where {z=p8Y-(1-cL;)I(L, > )HBY — B}

= MSE(B%) = (6?HDyy — 2HBGB H')
X B[(1=c1Fy (AP I(Frp,m(A%) < 1)
— HBB'H'E[(1 - coF, [y (AP)T(Fpy3.m(A%) < o))
MSE(@&P) =E[(@Y + {1 = (1= cL;NT(Ln > NTHBY — )

x (@Y +{1—(1—cLVYI(Ln > )} THBY — )]

= MSE(&°) — (0> Ty HDoo H'T), — 2T, HBB'H'T))E[(1 — e1 F, Y

X L(Fyi1,m(A?) < ¢1)] = ToHBB'H'T),

X E[(1 = coFy s (AP)I(Fpy3m(A7) < c)l.
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|

E[(&Y + T, HBY T(L,, < Co) — o) x (&Y + T, HBY T(L,, < Co) — )]

(A%))

For detailed derivations of the MSE’s associated with pretest and shrinkage estima-

tors, one can refer to (Ali, 1990).
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A2 .1.3. Proof of Theorem 5.4.3

Clearly, in a p x p matrix A = [a;;], the tr(A) is the sum of the diagonal elements of
A. By making use of the properties of the trace and the definition of the risk, that is,
R(B*;W) = E((8* — B)W(B* — B)| M) = tr(WMSE(B")), the risk expressions

follow directly from the MSE expressions given in Theorem 5.4.2.

A2 .2. A simulation study of certain shrinkage and penalty
techniques in connection with the multivariate linear

regression model

In this section, we compare the relative mean squared error (RMSE) of the restricted,
shrinkage, pretest, penalty (LASSO and SCAD) estimators described in Section 1.2 to the
unrestricted model estimator for various values of n, p and p;. Monte Carlo simulation ex-
periments have been carried out to examine the performance of these methods with respect

to their MSE’s. The following linear model was simulated:

Yi =101 + 2202+ +apibpt+e,i=1,...,n,

where 21 ; and x5 ; are selected randomly and independently from a N/ (1, 2) distribution,
Tgi,t=3,..., pareiid N'(0, 1) and the error terms ¢; are also iid A/(0. 1). We wish to

test the null hypothesis Hy : 3; =0forj=p; +1, ..., n

As discussed earlier, we partition the parameter vector 3 = ( ’1, ﬁé)/ as ,6(0) =

(8],0"). Let A* = |8 — B9 where || - || denotes the Lo norm. To compare the perfor-
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mance of these estimators, the MSE of an estimator of 31 obtained from each method was
determined as well as the value of the MSE for the full model estimator, and the following

ratio was considered:

R . MSE (BVE
RMSE(BYF, 87) = ﬁé*))
1

where Bi‘ is an estimator of one of the aforementioned types.

In Table A2.1, first, we compare the performance of various estimators first keeping

p and pj fixed and then keeping n fixed in the second part of the table.

Table A2.1: RMSE’s of various estimators for several values of n, p and p;

~RE +S8 +58+ »PTI' 5 LASSO ; SCAD

n p p1 B B B B b1 b1
50 15 5 791 250 251 2.37 1.41 1.23
60 15 5 745 228 226 231 1.40 1.95
70 15 5 742 226 229 243 1.37 2.06
80 15 5 747 231 234 2.36 1.40 2.03
90 15 5 633 211 212 2.12 1.40 1.90
100 15 5 664 212 212 2.13 1.40 1.87
100 20 7 511 1.73 1.73 1.73 1.15 1.62
100 25 10 395 1.53 1.55 1.55 1.06 1.49
100 35 15 3.62 1.48 1.49 1.48 1.02 1.47
100 50 20 4.67 1.75 1.79 1.74 1.07 1.77

In Table A2.2 we are interested in observing the effects of changing n and p while
keeping p; = 4 and A* = 0. We see that by increasing p, the accuracy is improving in
nearly every case.

It is expected that when A* = 0, the RE’s will be the more accurate estimators;
however when A* > 0, the scenario changes and the RE’s are no longer preferred, as can

be seen from the RMSE values presented in Table A2.3.
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Table A2.2: RMSE’s of various estimators for several values of p and n and A* = 0

n » L BlRE ~ S 61S+ BlpT BlLASSO glscAD

30 10 4 838 276 276 3.06 1.85 2.31

30 14 4 1467 3.62 373 3.83 2.01 3.15

30 18 4 31.16 5.14 364 597 2.80 4.61

50 10 4 751 275 275 276 1.95 2.32

50 14 4 1163 3.04 305 3.10 1.87 2.58

50 18 4 1682 3.68 372 3.61 1.73 3.11

100 10 4 621 241 240 245 1.75 2.02

100 14 4 9.62 269 269 2.67 1.61 2.50

100 18 4 16.02 3.33 350 3.50 1.73 3.06

120 10 4 586 245 242 255 1.80 2.19

120 14 4 939 279 276 282 1.63 2.39

120 18 4 14.11 297 299 295 1.55 2.68

Table A2.3: RMSE’s for several values of A*

A* n b L BlRE 315 315%— BlpT glLASSO BlscAD
0O 50 15 6 510 1.89 187 194 1.28 1.69
006 50 15 6 488 201 202 2.04 1.27 1.75
012 50 15 6 392 190 192 195 1.25 1.75
02 50 15 6 297 1.89 1091 1.89 1.38 1.72
035 50 15 6 1.71 186 186 1.78 1.36 1.61
05 50 15 6 105 1.76 177 1.64 1.30 1.66
08 50 15 6 044 160 156 154 1.32 1.79
1 50 15 6 034 166 166 1.58 1.34 1.79
2 50 15 6 009 155 155 152 1.23 1.68




Chapter 6

Concluding remarks and further research

6.1 Concluding remarks

Certain univariate moment based techniques have been extended to the bivariate case and
it was explained that they are applicable in higher dimensions. In Chapter 2, it was as-
sumed that a bivariate density function could be approximated as the product of an initial
density function and a bivariate polynomial adjustment. The coefficients of the polynomial
adjustment were determined by making use of the joint moments of the exact and initial
density functions and a polynomial degree selection criterion was proposed. Then, it was
established that adjustments by means of standard and orthogonal polynomials produce the
same approximants. Then, this technique was extended to obtain density estimates to esti-
mate an appropriate density function in which case sample moments are utilized in lieu of
exact moments of the exact density function. Several illustrative examples were provided.
It was also explained that the methodology is applicable to ‘big data’. One example in-
volved trivariate data and application of the technique to regression analysis was pointed

out.

In the next chapter, a popular class of univariate distributions known as Pearson’s
family of distributions or Pearson’s frequency curves, as well as certain extensions which
were previously proposed, were reviewed. Then, a general extension of Pearson’s distribu-
tions, which is called differentiated log-density approximant (DLDA), was introduced and
an explicit solution of the resulting PDF was obtained. It was explained that this method-

ology also applies in the context of density estimation.
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In Chapter 4, an extension of DLDA technique to bivariate random vectors was con-
sidered. Using the technique discussed in Chapter 2, a bivariate DLDA density estimation
was developed. These chapters conclude with several applications. Unlike kernel den-
sity estimates, the density estimates discussed in this thesis have functional representations

which makes them amenable to algebraic manipulations.

In Chapter 5, a semi-nonparametric regression model proposed by Ma et al. (2015)
for analyzing mass spectrometry data sets, was studied. It involved n similar regression
models with identical nonparametric component, and n location and scale parameters. The
pretest and shrinkage techniques were applied for estimating the parametric components of

the model in order to obtain more accurate estimates.

6.2 Further research

Further investigations on the applicability of the density estimation techniques proposed in
this dissertation and comparisons to currently used techniques could be carried out. The
multivariate density estimation techniques discussed in this thesis could possibly be gener-

alized to estimate the density functions of certain random matrices.

The DLDA technique is an extension of the Pearson curves which makes use of stan-
dard polynomials. One could study the possibility of utilizing orthogonal polynomials in
both the numerator and the denominator of the rational function. As well, an extension
of the methodology that would directly produce bivariate density approximations and the

connections to copulas shall be investigated.

The regression methodology discussed in Chapter 5 could be extended to more com-

plex semi-nonparametric models involving several nonparametric components.



Appendix A

The Mathematica code utilized in connection with the main numerical examples presented

in this dissertation is included in Appendix A.
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Appendix A : Mathematica Code

A .l Modules Used in Chapter 2

Module used for Example 2.1.1. (Univariate mixture normal densities)

Foly_] 1= felyl = = — (e-0/e) - (e-v27/22);
2 27 2 2 \2rn 3
1 1 . 1 1 .

uy[h_] i=py[h] == | y" (e0®7/%) a —fy“ (e-w-272) ay
2J)o 2x 2 2J)= ~2n 3

n =15;

Table[uy[h], {h, 0, n}];

u=npuy[1];

=\ mv[2] - wy[1]1%

. . Y
ux[J_1 1= ux[J] = Expand[(

_uJJ] /.Y py[h];
s

Wix_] := e™/2;
o Ix] o= (- ) 2°%/2 HermiteH [k, —]
2
=V2rxr k!
y_u n 1 .
fy, [y_] :=w [ H*;[x] /. x3-":
W3 s ]z N .

S
- n 1 .
fly, [y_] := w[y u] (; [H*i[x] /X3
J

] 7Y oy h | W [F );
S S

S7 = Show[Plot[fy[y], {y, -15, 12}, PlotRange -» All], Plot[Evaluate[fy, [x]], {x, -15, 12},
PlotRange -» All, PlotStyle -» {Dashing[{0.01, ©0.01}], RGBColor[0, 0, 1]}]]

<
I
[

Expand [ (

Example 2.3.1. Approximation of the density of an equal mixture of bivariate

Gaussian densities by means of bivariate orthogonal polynomials

Needs ["MultivariateStatistics™ "]
ml= {1.1, -.1}; V1= {{.33, .03}, {0.03, .33}};
m2={.2,1.2}; V2 = {{.4, .04}, {.04, .4}};
Al = Inverse[V1];
A2 = Inverse[V2];
Plot3D|
.5 PDF [MultinormalDistribution[mi1, V1], {x, y}] + .5 PDF[MultinormalDistribution[m2, V2],
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{x, y}1, {x, -2, 3}, {y, -2, 3}, PlotRange -» All, PlotLabel -» "Exact Density"]

=

mgf[tl , t2_] := — @Ml {t1,12)+ {t1,£2} V1. {t1,t2}/2 | l @M2- {t1,12}+ {t1,£2} V2. {t1,t2}/2
2

N

jm[r_, s_] :=
jmr, s] = ((Derivative[r, s][mgf] /. {#1 - t1, #2 > t2})[[1]]) /. {t1 >0, t2 > 0};
jm[e, @] = 1;
u= {jm[1, @], jm[e, 1]}
V= {{jm[2, @] - jm[1, @]%, jm[1, 1] - m[1, @] jm[e, 1]},
{m[1, 11 - jm[1, @] jm[@, 1], jm[@, 2] - jm[@, 1]%}}
A = Inverse[ V];
e Xy} {x,y}/2

fbc[x_,y_] :=fbc[x,y] =
27

Plot3D[PDF [MultinormalDistribution[{@, 0}, IdentityMatrix[2]], {x, y}1,
{X: '31 3}: {y) ‘3) 3}:
PlotRange -» All, PlotLabel - "Standardized Base Density"]

Vhi = MatrixPower[V, -1/2];
Vh = MatrixPower [V, 1 /2];
Plot3D|[.5 PDF [MultinormalDistribution[Vhi. (ml - ), Vhi.V1.Vhi], {x, y}] +
.5 PDF [MultinormalDistribution [Vhi. (m2 - u), Vhi.v2.Vhi], {x, y}], {X, -3, 3},
{y, -3, 3}, PlotRange » All, PlotLabel » "Exact Standardized Density"]
mgfn[tl_, t2_] :=
1 @ (Vhi. (ml-p)). {t1,£2}+{t1,£2}.Vhi.V1.Vhi. {t1,£2}/2 1 @ (Vhi. (m2-p)) . {t1,£2}+{t1,2}.Vhi.V2.Vhi. {t1,t2}/2
2 2
mn2[r_, s_] :=mn2[r, s] =
Chop|[ ( (Derivative[r, s][mgfn] /. {#1 - t1, #2 > t2})[[1]]) /. {t1 >0, t2>0}];
mn2[0, 0] = 1;
H1[i_, j_] :=H1[i, j] = Expand|
Simplify| (—1)i+j / fbc[x, y] ((Derivative[i, j][fbc] /. {#1-x, #2>y})) [[111]];
Hi[e@, 0] = 1;
Unprotect [Power]; e X+@- xy+@."y’ _ 1. ppotect [Power];

Hd1[i_, j_] := Hd1[i, j] = Chop[Apart [ ExpectedValue[Expand | (x + i X) i (y+ iY)j] ,
MultinormalDistribution[{@, @}, {{1, @}, {0, 1}}1, {X, Y}]]]
efi_,j ,k ,11:=96[1i, j, k, 1] = FJ‘ fbc[x, y] Expand[H1[i, j] Hd1[k, 1]] dx dy;

hin_, x1_,yl ] :=

n_ n 1 k 1
h[n, x1, y1] = Z (CoefficientList[Hd1[k, 1], {x, y}][[i+1, j+1]])
kot \K! 1! {553

mn2[i, j]] Chop[Expand[H1[k, 1]1]] /. {x>x1, y > yl}

ListPlot3D[Flatten|Table[Chop[{wl, w2, Evaluate[fbc[x1, y1] h[9, x1, y1]]} Det[Vhi]] /.
{x1->vhi[[1, 1]] (Wl-u[[1]]) +Vhi[[1, 2]1] (wW2-u[[2]]),
yl-Vhi[[2, 1]] (wl-pu[[1]]) +
Vhi[[2, 2]1] (w2-4u[[211)}, {wi, -2, 3, 1/4}, {w2, -2, 3, 1/4}], 1],
PlotRange -> All. PlotLabel - 91
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Example 2.4.1. Bivariate ‘xclara’ dataset

ClearAll[YY, Y1, Y2, Y, X1, X2];

mydata = Import["“xclara.csv", "CSV"];
Unprotect[Power]; 070 = 1; Protect[Power];
header = mydata[[1]];

data = mydata[[2 ;;]];

myDataset = Thread[header -» #] & /@data // Map[Association] // Dataset;
data = mydata[[2 ;;]];

Y1 = data[ [All, 2]];

Y2 = data[ [All, 3]1;

n = Length[Y1]

datal = Transpose[{Y1, Y2}];

Y =Table[{Y1[[j]1, Y2[[311}, {J, 1, n}];
X1 =Table[Y[[i]1[[11], {i, 1, n}]1;

X2 = Table[Y[[i]1[[21], {i, 1, n}]1;

datl = Table[{Y1[[j]], Y2[[j11}, {j, 1, n}];

Plot3D[
Evaluate [PDF [SmoothKernelDistribution[datl, "SheatherJones", "Gaussian"], {x, y}11,
{X, Min[Y1] - 5, Max[Y1] + 5}, {y, Min[Y2] - 5, Max[Y2] + 5}, Filling - Axis,
Exclusions - None, PlotLabel - "SheatherJones-Gaussian", PlotRange - All]

mel = {Sum[X1[[j11 /n, {3, n}], Sum[X1[[j1]1/n, {3, n}]};

vi- —— {{sum[ (X2[[31] -me1[[1]1]1)?, {3, n}],
(n-1)
Sum|[ (X1[[j]1] -mel[[1]]) (X2[[j]1] -mel[[2]11), {J, n}]},
{sum[ (X1[[31] -mel[[1]]) (X2[[3]]-mel[[2]1]), {3, n}],
sum[ (X2[[j1]1-me1[[2]11)%, {3, n}]}};

Vhi = MatrixPower[V1, -1/2];

Vh = MatrixPower [V1, 1/2];

detVhi = Det[Vhi]

YY = Transpose [Vhi.Transpose[Y - ConstantArray[mel, n]]];

X1 = Table[YY[[i]1[[1]], {i, 1, n}];

X2 = Table[YY[[i]1[[2]], {i, 1, n}];

me = {0, 0};

V = IdentityMatrix[2];

ddx = (Max[X1] - Min[X1]) /1ee;

ddy = (Max[X2] - Min[X2]) /1@e;

Needs ["MultivariateStatistics™ "];

(» The joint sample moments of orders r and s: *)

jmir_, s_] :=3jm[r, s] = Sum[X1[[j]11"X2[[311°, {3, n}]/n

(* The base density x)

fnt[x_, y_] := fnt[x, y] = PDF [MultinormalDistribution[me, V], {x, y}]
(*Plot3D[fnt[x,y], {X,Min[X1] -2ddx,Max [X1] +2ddx}, {y,Min [X2] -2ddy,Max [X2] +2ddy},
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PlotRange- All, PlotLabel-"Standardized Base Density"]=x)
t1=11; t2=7;

Off [Inner::"normal”]
f3[L1_List, L2_List] := Inner[Plus, L1, L2, List];
L3 = Flatten[Table[{j, i}, {i, 0, t1}, {j, 0, t2}], 11;
P3 = Table[f3[L3[[i]], L3[[j1]1, {i, 1, Length[L3] }, {j, 1, Length[L3]}];
mgf[ttl , tt2 ] := @Me- (T, tt2}+ {ttl,tt2}.V. {ttl,tt2}/2
mm2[r_, s_] :=
mm2[r, s] = ((Derivative[r, s][mgf] /. {#1 - ttl, #2 > tt2})[[1]]) /. {ttl> @, tt2 > 0};

mm2[0, 0] = 1;
M4 = Rationalize[Table[mmZ[P3[ [i, j11[0[211, P3[[1i, J11C[[2111>»

{i, Length[L3]}, {j, Length[L3]}], 107%°];
Zvi[x_, y_] :=2vl[x, y] = Flatten[Table[x"j y~i, {i, o, t1}, {j, @, t2}], 1];
jmir_, s_] :=3jm[r, s] = Sum[X1[[j11"X2[[311°, {3, n}]/n
Gms[i_] :=Gms[i] = jm [L3[[i, 1]], L3[[i, 2]]1] ;
u = Table[Gms[i], {i, Dimensions[L3][[1]]}] // N;
c4 = LinearSolve[M4, u];
t5[x_, y_] :=t5[x, y] = fnt[x, y] c4.2Zvl[x, y];
cst = NIntegrate[t5[x, y],

{X, Min[X1] - 5 ddx, Max[X1] +5ddx}, {y, Min[X2] - 5 ddy, Max[X2] + 5 ddy}]

ft[x_, y_] :=detVhit5[Vhi[[1, 1]] (x-mel[[1]]) +Vhi[[1, 2]] (y-mel[[2]]),

Vhi[[2, 1]] (x-mel[[1]]) +Vhi[[2, 2]] (y-me1[[2]])]/cst
Plot3D[ft[x, y], {X, Min[Y1] - 5ddx, Max[Y1] + 5ddx}, {y, Min[Y2] - 5ddy, Max[Y2] + 5ddy},

PlotRange -» All, PlotLabel - t[t1, t2]]

F1[x_, y_] :=F1[Xx, y] = NIntegrate[ft[x1, y1], {x1, Min[Y1], x}, {yl, Min[Y2], y}]
(*Timing [F1[X1[[2500]],X2[[2500]]1]%*)
Off [ izero]
Off [NIntegrate::"ncvb"]
edis = EmpiricalDistribution[Y];
EmpCDF = Table [CDF [edis, Y[[j1]1]1, {Jj, n}1;
EstCDF = Table[F1[Y1[[j]1], Y2[[j111, {3, n}];
Sum[ (EmpCDF [ [j]] - Max[@, EstCDF[[j1]11)?%, {3, n}]

Example 2.4.3. Trivariate ‘CommViolPredUnnormalizedData’ dataset

ClearAll[ Yo, Y1, Y2, Y3, Y, X1, X2, X3];

mydata = Import["CommViolPredUnnormalizedData.csv", "CSV"];
header = mydata[[1]];

data = mydata[[2 ;;]];

Unprotect[Power]; 070 = 1; Protect[Power];

myDataset = Thread[header -» #] & /@data // Map[Association] // Dataset;
data = mydata[[2 ;5]];

Y1 = Table[data[[i, 16]], {i, Length[data]}];

Y2 = Table[data[[i, 13]], {i, Length[data]l}];

Y3 = Table[data[[i, 22]], {i, Length[data]l}];

n = Length[Y1]
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Y = Table[{Y1[[j]], Y2[[j11}, {j, 1, n}];

datal = Table[{Y1[[j]], Y2[[311, Y3[[j11}, {3, 1, n}];

meal = Mean[Y1]; mea2 = Mean[Y2]; mea3 = Mean[Y3];

Var = Covariance[datal];

Vhi = MatrixPower[Var, -1 /2]; detVhi = Det[Vhi];

Vh = MatrixPower [Var, 1/2]; detVh = Det[Vh];

X1 = Vhi[[1, 1]] (Y1 - ConstantArray[meal, n]) + Vhi[[1, 2]] (Y2 - ConstantArray[mea2, n]) +
Vhi[[1, 3]] (Y3 - ConstantArray[mea3, n]) +2.5;

X2 = Vhi[[2, 1]] (Y1 - ConstantArray[meal, n]) + Vhi[[2, 2]] (Y2 - ConstantArray[mea2, n]) +
Vhi[[2, 3]] (Y3 - ConstantArray[mea3, n]) +2.5;

X3 = Vhi[[3, 1]] (Y1 - ConstantArray[meal, n]) + Vhi[[3, 2]] (Y2 - ConstantArray[mea2, n]) +
Vhi[[3, 3]] (Y3 - ConstantArray[mea3, n]);

mel = Sum[X1[[j1]1/n, {3, n}];
me2 = Sum[X2[[j11 /n, {3, n}];
me3 = Sum[X3[[j1]1/n, {3, n}];
x2barl = Sum[ (X1[[j112) /n, {3, n}];
x2bar2 = sum[ (X1[[j11%) /n, {3, n}];

1
(n-1
alphal = me1? / (x2barl - me1?) ;
betal = (x2barl - me1?) /mel;
alpha2 = me2? / (x2bar2 - me2?) ;
beta2 = (x2bar2 - me2?) /me2;
jmini_, n2_, n3_] :=Sum[X1[[F11™ X2[[F11"*X3[[§11", {3, n}] /n
jm[e, o, 0] ;

Off [ shdw] ;
Needs ["MultivariateStatistics™ "];

V3 = ] sum[ (X3[[31] - me3)?, {3, n}];

fOX1[x_] := PDF [GammaDistribution[alphal, betal], x]

foOX2[y_] := PDF [GammaDistribution[alpha2, beta2], y]

fOX3[z_] := PDF [NormalDistribution[me3, Sqrt[V3]], z]

fntl[x_, y_, z_] := foX1[x] foX2[y] foxX3[z]

momentsli[hl_] := betal" Gamma[alphal + h1] /Gamma [alphal]; momentsl[0O]
moments2[h2_] := beta2"? Gamma [alpha2 + h2] /Gamma [alpha2]; moments2[0]
mg'F[‘ttl_] c= @me3 (ttl) +tt12v3/2

moments3[r_] := ((Derivative[r][mgf] /. {#1 - tt1})[[1]]) /. ttl - @; moments3[0] = 1;
mm3[p_, q_, r_] :=momentsl[p] moments2[q] moments3[r];

n
R R
e

t1=7; t2=5; t3 =4;
Off[Inner::"normal”, intpm]
f3[L1_List, L2_List] := Inner[Plus, L1, L2, List]
L3 = Flatten[Table[{k, j, i}, {i, ©, t3}, {j, ©, t2}, {k, @, t1}], 21;
L = Length[L3];
P3 = Table[f3[L3[[i]], L3[[3]11], {i, 1, L}, {3, 1, L}];
M4 = Rationalize|
Table[mm3[P3[[i, j11[[1]], P3[[i, J11[[2]1, P3[[i, 3110[3111, {i, L}, {F, L}], 10°%];
Zvl[x_,y_, z_] :=2vl[x, Yy, z] = Flatten[
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Table [x"k y~jz~i, {i, @, t3}, {j, 0, t2}, {k, @, t1}], 2];

Gms[i_] :=Gms[i] = jm [L3[[i, 1]], L3[[i, 2]], L3[[i, 3]1];

mu = Table[Gms[i], {i, Dimensions[L3][[1]]1}] // N;

c4 = LinearSolve[M4, mu];

t33[x_,y_, z_] :=fntl[x, y, z] c4.Zvl[X, Yy, Z]

cst = NIntegrate[t33[x, y, z], {x, 0, 20}, {y, -6, 6}, {z, 0, 20}]

ta[x_,y_,z_] :=

detVhi t33[Vhi[[1, 1]] (x - meal) + Vhi[[1, 2]] (y - mea2) + Vhi[[1, 3]] (z-mea3) +2.3,

Vhi[[2, 1]] (x-meal) + Vhi[[2, 2]] (y-mea2) + Vhi[[2, 3]] (z - mea3),
Vhi[[3, 1]] (x-meal) + Vhi[[3, 2]] (y-mea2) + Vhi[[3, 3]] (z - mea3) +2.5] / cst

(*Marginal joint density of (X, Y) :x)
tml[x_, y_] := NIntegrate[t4[x, y, z], {z, Min[Y3] - 2, Max[Y3] + 2}];
tmpl[x_, y_] :=
If[Min[Y1] < x < Max[Y1] &&Min[Y2] <y < Max[Y2] & tml[x, y] = @, tml[x, y], O];
Plot3D[tmpl[x, y], {X, Min[Y1] - 2, Max[Y1] + 2}, {y, Min[Y2] - 2, Max[Y2] + 2},
PlotRange » All, PlotLabel -» XY t[t1, t2, t3]]

datl = Table[{Y1[[j]], Y2[[j11}, {j, 1, n}];
D = SmoothKernelDistribution[datl];
Plot3D[PDF[D, {X, Y}], {X, Min[Y1] - 2, Max[Y1] + 2},
{y, Min[Y2] - 2, Max[Y2] + 2}, PlotLabel - SmoothKernel XY, PlotRange -» All]
ListPlot[datl, PlotLabel » ListPlot XY]

(*Marginal joint density of (Y,Z):%)
tm2[y_, z_] := NIntegrate[t4[x, y, z], {X, Min[Y1] - 2, Max[Y1] + 2}];
tmp2[y_, z_] :=
If[Min[Y2] <y < Max[Y2] & Min[Y3] < z < Max[Y3] & tm2[y, z] = @, tm2[y, z], O];
Plot3D[tmp2[y, z], {y, Min[Y2] - 2, 30}, {z, Min[Y3] - 2, Max[Y3] + 2},
PlotRange -» All, PlotLabel » YZ t[t1, t2, t3]]

dat2 = Table[{Y2[[j]1], Y3[[j11}, {J, 1, n}];
D2 = SmoothKernelDistribution[dat2];
Plot3D[PDF[D2, {y, z}], {y, Min[Y2] - 2, 30},
{z, Min[Y3] - 2, Max[Y3] + 2}, PlotLabel » SmoothKernel YZ, PlotRange -» All]
ListPlot[dat2, PlotLabel » ListPlot YZ]

(*Marginal joint density of (X,Z):%)

tm3[x_, z_] := NIntegrate[t4[x, Yy, z], {y, 9, 55}1;

tmp3[x_, z_] :=Max[tm3[x, z], O];

Plot3D[tmp3[x, z], {X, @, 30}, {z, Min[Y3] - 2, Max[Y3] + 2},
PlotRange -» All, PlotLabel -» XZ t[t1, t2, t3]]

dat3 = Table[{Y2[[j1], Y3[[]j11}, {J, 1, n}];

D3 = SmoothKernelDistribution[dat3];

Plot3D[PDF[D3, {X, z}1, {X, O, 30}, {z, Min[Y3] - 2, Max[Y3] + 2},
PlotLabel -» SmoothKernel XZ, PlotRange —» All]

ListPlot[dat3, PlotLabel » ListPlot XZ]
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Example 2.4.4. Bivariate ‘covtype’ dataset

ClearAll[YY, Y1, Y2, Y, X1, X2];

mydata = Import["covtype.csv", "CSV"];
Unprotect[Power]; 070 = 1; Protect[Power];
header = mydata[[1]];

data = mydata[[2 ;;]];

myDataset = Thread[header -» #] & /@data // Map[Association] // Dataset;
data = mydata[[2 ;;]];

Y1 = data[ [All, 2]];

Y2 = data[ [All, 3]1;

n = Length[Y1]

datal = Transpose[{Y1, Y2}];
Unprotect[Power]; 070 = 1; Protect[Power];
Y =Table[{Y1[[j]1, Y2[[J11}, {J, 1, n}];
X1 =Table[Y[[i]1[[11], {i, 1, n}]1;

X2 = Table[Y[[i]1[[21], {i, 1, n}]1;

me1 = {)'X1[[311/n, Y X2[[311/n};
j=1 j=1

V1= {{sum[ (x1[[31] -me1[[1]])?, {3, n}],

(n-1)
Sum|[ (X1[[j]1] -mel[[1]]) (X2[[j]1] -mel[[2]11), {J, n}]},
{sum[ (x1[[3]]-me1[[1]]) (X2[[31] -me1[[2]]), {3, n}],
sum[ (X2[[31]1 -me1[[2]11)%, {3, n}]}};

Vhi = MatrixPower[V1, -1/2];

Vh = MatrixPower [V1, 1/2];

detVhi = Det[Vhi];

YY = Transpose [Vhi.Transpose[Y - ConstantArray[mel, n]]];

X1 = Table[YY[[i]][[1]], {i, 1, n}];

X2 = Table[YY[[i]][[2]], {i, 1, n}];

me = {Q, 0};

V = IdentityMatrix[2];

ddx = 2 (Max[X1] - Min[X1]) / (Max[X1] + Min[X1]);

ddy = 2 (Max[X2] - Min[X2]) / (Max[X2] + Min[X2]);

Needs ["MultivariateStatistics™ "];

jmir_, s_1 :=3jm[r, s] = Sum[X1[[J11"X2[[311°%, {3, n}] /n

fnt[x_, y_] := fnt[x, y] = PDF[MultinormalDistribution[me, V], {X, y}]

t1=7; t2=4;

Off [Inner::"normal"]

f3[L1_List, L2_List] := Inner[Plus, L1, L2, List];

L3 = Flatten[Table[{j, i}, {i, 0, t1}, {j, 0, t2}], 11;

P3 = Table[f3[L3[[i]], L3[[j1]], {i, 1, Length[L3] }, {j, 1, Length[L3]}];
mgf [ttl , tt2_] := @me: (tthtt21s {ttL £E2).V. (€1, 2)/2

mm2[r_, s_] :=
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mm2[r, s] = ((Derivative[r, s][mgf] /. {#1 - ttl, #2 > tt2})[[1]]) /. {ttl- @, tt2 > 0};

mm2[0, 0] =1;
M4 = Rationalize[Table[mm2[P3[[i, j11[[111, P3[[i, j11[[2111,
{i, Length[L3]}, {J, Length[L3]}], 107%°];
Zvi[x_, y_] :=2v[X, y] = Flatten[Table[x"j y*i, {i, 0, t1}, {j, 0, t2}], 1];
jmir_, s_] :=3jm[r, s] = Sum[X1[[j]11"X2[[311°, {3, n}]/n
Gms[i_] :=Gms[i] = jm [L3[[i, 1]], L3[[i, 2]1] ;
u = Table[Gms[i], {i, Dimensions[L3][[1]]1}] // N;
c4 = LinearSolve[M4, u];
t5[x_, y_] :=t5[x, y] = fnt[x, y] c4.Zvl[Xx, y];
Plot3D[t5[x, y], {X, Min[X1] - 5ddx, Max[X1] + 5 ddx},
{y, Min[X2] - 5ddy, Max[X2] + 5ddy}, PlotRange -» All, PlotLabel -» T5[t1, t2]]
tpositive[x_, y_] := tpositive[x, y] = Max[t5[x, y], O];
Off [NIntegrate::"slwcon"]
cst = NIntegrate[tpositive[x, y],
{X, Min[X1] - 5 ddx, Max[X1] + 5 ddx}, {y, Min[X2] - 5 ddy, Max[X2] + 5 ddy}]
ft[x_, y_] :=detVhit5[Vhi[[1, 1]] (x-mel[[1]]) +Vhi[[1, 2]] (y-mel[[2]]),
Vhi[[2, 1]] (x-mel[[1]]) +Vhi[[2, 2]] (y-me1l[[2]])] /cst

Plot3D[ft[Xx, Y], {X, Min[Y1] - 10, Max[Y1] + 15}, {y, Min[Y2] - 5, 50}, PlotRange - All]

Histogram3D[datal]

D = SmoothKernelDistribution[datal];

Plot3D[PDF[D, {x, Y}], {X, Min[Y1] - 10, Max[Y1] + 15},
{y, Min[Y2] - 5, Max[Y2]}, PlotRange -» All]

Example 2.4.5. Applying this technique to nonparametric regression y=m(x)+¢

Off [NIntegrate::"slwcon"]
ClearAll|G, K, a, c, Z1, PE, PA1, rts, Sol]
I, v [z_]:=If[lusz<v,1,0]
(*The exact functionx)
Fe[x_] := fe[x] = (To,2[X] X+ Iy, 2[x] +I5,3[x] (x-1)) /3
n = 20000;
a=0;B8=3;v=5;6=2;
PE = Plot[fe[y], {y, ©, 3}, PlotRange » All,
PlotLabel -» Nonparametric, PlotStyle -» RGBColor[@, 0, 1]1];
Y1 = RandomVariate [UniformDistribution[{0, 3}], n];
eps = RandomVariate [NormalDistribution[@, ©.05], n];
Y2 = Table[fe[Y1[[i]]] +eps[[i]], {i, n}];
Y = Table[{Y1[[i]], Y2[[i]]}, {1, n}];
datal = Table[{Y1[[3j]], Y2[[311}, {3, 1, n}];
SCAT = ListPlot[Y, PlotRange - All, AxesOrigin -» {0, 0}]
X1 = Y1;
X2 = Y2;

fhatLegendre[x_, y_, data_, n_] := Module[{u, std, newdata, w, cw, nn, d,
dd, a, b, cov, invcov, xx, yy, X, ax0, bxe, xx1, yyl, byo, ayo, fx, aa, bb},
nn = Length[data];
xx1 = Table[data[[i]][[1]], {i, 1, nn}];
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yyl = Table[data[[i]]1[[2]], {i, 1, nn}];

ax@ = Min[xx1] - (Quantile[xx1, @.1] - Min[xx1])
bx@ = Max[xx1] + (Max[xx1] - Quantile[xx1, 0.9]);
aye = Min[yy1] - (Quantile[yyl, @.1] - Min[yy1]);
by = Max[yy1] + (Max[yyl1] - Quantile[yyl, 0.9])
(*#ax0=-15;

bx0=15;

ayo=-15;

by@=15; )

2 xx1 - (ax@ + bx@)
XX = 3
bxo - ax@
2yy1 - (aye + bye)
yy = 3
byo - ayo
wlzl_, z2_] :=1;
cw=1/4;

s . . . 2i+1 2j+1
a[i_, j_1:=If[i=08& j==0,80,
2 2

Mean [Expand [LegendreP [i, x]] Expand[LegendreP[]j, Y]] /. {X > XX, Yy - yy}]];
aa = Table[a[i, j], {i, @, n}, {j, @, n-1i}];
2i+1 25+1
2 2
Mean [Expand [LegendreP[i, x]?] Expand[LegendreP[j, y1%] /. {x > xx, y > yy}]];
dd = Table[d[i, j], {i, @, n}, {j, @, n-1}];
bli_, j_]1:=If[i--08 j=0,80,
If[@< (mnaa[[i+1, j+1]1%-dd[[i+1,j+1]])/((nn-1)a@a[[i+1, j+1]1%) <1,
(nnaa[[i+1, j+1]]1%-dd[[i+1, j+1]1)/((nn-1) aa[[i+1, j+1]11%), @]];
bb = Table[b[i, J]) {i, 0, n}, {], O, n-1}];
4

(bxe - axe) (byO - ayo)

k)

B

dii_, j_]:=If[i=08 j=0,0,

fx =

o, ned . . . . 2i+1 2j+1 .
cw+ZZaa[[1+1, j+1]]bb[[i+1, j+1]] LegendreP[i, z1]
i=e j=0 2 2
2 x - (ax@ + bxo 2y - (ayo + bye
LegendreP[j, z2]| /. {z1 > ( ) , 22 5 y - (ay ye) 1
bxo - axo@ byo - ay@

fx
]

(*dtl=apple[[1]];*)
dtl = datal;
Clear[x]
m = 30

fapplel = fhatLegendre[x, y, datal, m];
nn = Length[dt1]

xx1 = Sort[Table[dt1[[i]][[2]], {i, 1, nn}]];
yyl = Sort[Table[dt1[[i]][[2]], {i, 1, nn}]];
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sal = Min[dt1] - (Quantile[xx1, ©.05] - xx1[[1]])

sbl = Max[dt1] + (yyl[[nn]] - Quantile[xx1, @.95])

fhat[a_, b_] := fhat[a, b] = fapplel /. {x > a, y -» b}

fto[x_, y_] := ftO[x, y] = Max[fhat[x, y], O]

cst = NIntegrate[ fhat[x, y], {x, 0, 3}, {y, sal, sb1}]

cstPLUS = NIntegrate[ fto[x, yl, {x, 0, 3}, {y, sal, sbl}]

ft [X_J y_] 1= ft [x, y] = 'FtQ[X, yl

ft[i, 1] // N
PTPLUS = Plot3D[fhat[x, y] / cstPLUS,

{x, 9, 3}, {y, sal, sbl}, PlotRange -» All, PlotLabel -» Legendre[m]]
ContourPlot[fhat[x, y] /cstPLUS, {x, 9, 3}, {y, sal, sbl},
PlotRange -» All, ContourlLabels - Automatic]

DensityPlot[fhat[x, y] / cstPLUS, {x, @, 3}, {y, sal, sbl}, Mesh - 10]
Histogram3D[datal, Automatic, "Probability"]
fX[x_] := fx[x] = FindMaximum[ft[x, y] /3, {y][[2, 1, 2]]
REGRE = Plot[fx[x], {x, @, 3}, PlotStyle -» {Red, Dashed, Thickness[0.02]}]
AA = Plot[fe[x], {x, ©, 3}, PlotStyle » {Blue, Thick}]
Show [AA, REGRE]

Example 2.4.6. Square within a triangle

<< Histograms"
(*<<Graphics” Graphics™ %)
SetDirectory["H:\\research\\my Package"];
Get ["Density.m"]
Ooff [FindRoot::"cvmit"]
Sim[n_] := Module[{r, 6, x2, y2, xy2, xy3, xyc, xys, xyt},
r = Sqrt [RandomReal[{0, 6.3 7}, n]];
6 = RandomReal[{@, 27}, n];
x2 =rcCos[O];
y2 =rSin[e];
xy2 = Table[{x2[[i]], y2[[i]1}, {i, 1, n}];
Triangle[list_] :=
Max[-21ist[[2]], list[[2]] - list[[1]] A3, list[[2]] +list[[1]] «/?];

. 4 . 4
xyt = Select[xy2, Triangle[#] < — +@.2 && Triangle[#] > — -0.28&];
3 3

circle[list ] := \/list[ [111%+1list[[2]11%;
(xxyc=Select[xy2, circle[#] <1.7+0.28& circle[#]>1.7-0.28&];*)
square[list_] := Max[Abs[list[[1]]], Abs[list[[2]]]];
xys = Select[xy2, square[#] <xn/4+0.28& square[#] >n/4-0.28&];
(xxy3=Flatten[ {xyc,xys,xyt},1];*)
xy3 = Flatten[ {xyt, xys}, 1];
xy3
]
no = 100000,
SeedRandom[22] ;
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dt = Sim[n@];
ListPlot[dt]
nn = Length[dt]
fhatLegendrel[x_, y_, data_, n_] := Module[
{u, std, newdata, w, cw, nn, d, dd, a, aa, b, cov, invcov, xx, yy, X, a9, bo, xx1, yyl},
nn = Length[data];
xx1 = Sort[Table[data[[i]][[1]], {i, 1, nn}]];
yyl = Sort[Table[data[[i]][[2]], {i, 1, nn}]];
a@ = Min[data] - (xx1[[3]] - xx1[[1]]);
be = Max[data] + (yyl[[nn]] -yyl[[nn-2]]);
2 data - (a@ + be) )

bo - a0
xx = Table[newdata[[i]][[1]], {i, 1, nn}];
yy = Table[newdata[[i]]1[[2]], {i, 1, nn}];
wlzl_, z2_] :=1;

newdata =

CW=1/4;
2 {x, y} - (a@ + bo)
X = ;
bo - a0

s . . . 2i+1 2j+1
a[i_, j_1:=If[i-=08 j=9,80,
2 2

Mean [Expand [LegendreP[i, x]] Expand[LegendreP[j, y]1] /. {X = XX, yqyy}]];
aa = Table[a[i, j], {i, @, n}, {j, @, n-1i}];
2i+12j+1
2 2
Mean [Expand[LegendreP [i, x]2] Expand[LegendreP 3, y12] /. {x > xx, y » yy}]];
dd =Tab1e[d[i: J]) {i: 0, n}, {J, 0, n-i}]_;
bli_, j_1:=If[i--08 j=0,80,
If[@< (mnaa[[i+1, j+1]1%-dd[[i+1,+1]])/((nn-1)a@a[[i+1, j+1]1%) <1,
(nnaaf[i+1, j+1]1%-dd[[i+1,j+1]])/((nn-1)a@a[[i+1, j+1]1%), @]];
bb = Table[b[i, j], {i, @, n}, {j, @, n-1}];

2 2 n n-i 2141 251
cw aa[[i+1, j+1]]1bb[[i+1, j+1
(ba—aa) +ZZ [[1+d, J+41100012+2, I+ ]]\/ 2 \/ 2

dii_, j_]:=If[i=08& j=0,0,

i-e j-o

LegendreP[i, z1] LegendreP[j, z2]| /. {z1 -» X[[1]], 22 » X[[2]1}

]

oDS1[data_, end_] := Module[{M, nn, cov, invcov, u, std,
newdata, xx, yy, a, d, aa, dd, J, JM, de, temp, b, a0, bo, xx1, yyl},
M = end;
nn = Length[data];
xx1 = Sort[Table[data[[i]][[1]], {i, 1, nn}]];
yyl = Sort[Table[data[[i]][[2]], {i, 1, nn}]];
a@ = Min[data] - (xx1[[3]] - xx1[[1]]);
be = Max[data] + (yyl[[nn]] -yyl[[nn-2]]);
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2 data - (ae + be)

bo - a0
xx = Table[newdata[[i]][[1]], {i, 1, nn}];
yy = Table[newdata[[i]][[2]], {i, 1, nn}];

s . . . 2i+1 2j+1
a[i_, j_1:=If[i-=08 j=9,80,
2 2

Mean [Expand [LegendreP[i, x]] Expand[LegendreP[j, y1] /. {X = XX, ¥ - yy}] ];
2i+1 2j+1
2
Mean [Expand [LegendreP[i, x]?]| Expand [LegendreP[], y1%] /. {x > xx, y > yy}]];
aa = Table[a[i.v J]) {i, 0, M3}, {J: 9, M'i}];
dd = Table[d[i: J]) {i: 0, M3}, {JJ 0, M'i}];

newdata =

dii_, j_]1:=If[i=08 j=0,0,

J[m ] := imzl"(zdd[[iarl, 3+111- (nn+1)aa[i+1, j+1]1%);
ize j-e

JM = Table[J[m], {m, O, M}];

de = Range[0O, M, 1];
testl = Table[{de[[i]], IM[[i]]}, {i, 1, Length[IM]}];
temp = Table[If[testl[[i, 2]] == Min[IM], test1[[i]][[1]], @], {i, 1, Length[IM]}];
Total[temp]

]

fcoml = fhatLegendrel[x, y, dt, 50];
nn = Length[dt];
xx1 = Sort[Table[dt[[i]]1[[1]], {i, 1, nn}]];
yyl = Sort[Table[dt[[i]][[2]], {i, 1, nn}]];
coma® = Min[dt] - (xx1[[3]] - xx1[[1]]);
comb@ = Max[dt] + (yyl[[nn]] -yyl[[nn-2]]);
Plot3D[fcoml /. {x -» X, y » ¥}, {X, comad, comb@}, {y, comad, comb@} ]
ContourPlot[fcoml, {x, coma@®, comb®}, {y, comad, comb@}, ContourLabels » Automatic]
DensityPlot[fcoml, {x, coma®, comb®}, {y, comad, comb@}, Mesh -» 10]

A .2 Modules Used in Chapter 3

Example 3.4.1. Monte Carlo simulation study

ClearAll [G, K, a, ¢, Z1, PE, PA1, rts, Sol]

Unprotect [Power]; 070 =1; Protect[Power];

21 = BetaDistribution[2, 10]; (*Beta Distributions)

(* 21=ExponentialDistribution([2]; (#Exponential Distributions) *)
(* 21=GammaDistribution([2,20]; (#Gamma Distributions=) )

(* 21=StudentTDistribution([5]; (#Exponential Distributionsx) =)
f1[x_1 :=f1[x] =PDF[21, {x}]

F1[x_] :=F1[x] =CDF[21, {x}]

145



146

ISD[m_, 21_] :=
ModuLe[{dai’aJ Y1, X1, edis1, EmCDF1, mel, V1, LB, UB, Sol, g1, hil, ISD1, ISD2},
ClearAll [G, K, a, ¢, Z1, rts, data, Y1, X1, edisl, EmCDF1,
mel, V1, LB, UB, Sol, g1, hi, ISD1, , ISD2, KSDf, KSDh] ;
f1lx_] :=f1[x] = PDF[ 21, {X}];
F1[x_] :=F1[x] =CDF[21, {x}];
data = RandomVariate[21, m];
Y1 =data;
n = Length[Y1];
edisl = EmpiricalDistribution[Y1];
EmCDF1 = Table [CDF [edis1, Y1[[j]1]1]1, {J, 1, n}];

n
mel =ZY1[[j]]/n;
Jj=1

V1 =sqrt|

sum[ (v1[[j1] -me1)?, {3, n}]];
(n-1)

X1 =Table[(Y1[[i]] -me1) /V1, {i, 1, n}];
ux[h_1 := ux[h] =Mean[X1"];

a=Min[X1]; f =Max[X1]; v=3; =2
LS[r_, v_, &_] :=

v o-1
LS[r, v, 6] = | Y'K[i] ax[r +1] = (r +8) mx[r+S-11 + » (r+3) G[J] ax[r+J -1 |;
i=0 j=0

Z1 = Solve[Table[LS[r, v, 5], {r, 6, v +J5}],
Flatten[{Table[K[i], {i, @, v}], Table[G[j], {j, @, 6-1}1}11;

a =Table[Z1[[1, i+1, 211, {1, ©, v}];

c =Table[Z1[[1, i +1, 211, {i, v+1, v +S}];

¢ =Append|[c, 1];

rt =SoLve[i'lc[[1’ +111y' =0, y];

i-0
rts =Table[rt[[1i, 1, 2]], {1, 1, &}]1;
Sol =
v I
DSolve[w'[x] = —[Za[[i +17] xi]/ [H (x -rt[[i, 1, 21]) | wix], w[x], x] // Chop //
1-0 i=1
Simplify ;

Soc =Sol[[1, 1, 211 /C[1];

Sply_1 :=5Sp[y] =Spc /- {X->Yy};

LB =Max[Min[rts] +0.02, Min[X1]];

UB =Min[Max[rts] -0.062, Max[X1]];

offl slwcon ncvb];
Nc1 = NIntegrate[Sp[x], {X, LB, UB}1;

S1[x_] :=51[x] = Sp[x]s

Nc1
gl[z_] :=g1[z] =S1[(z -me1) /Vi] /V1;
hi[x_] :=h1[x] = (Re[gl [x]1] -Ff1 [x]) n2;
ISD1 = NIntegrate[h1([x], {x, 6, 1}];

KSDf [x_] : = PDF[SmoothKernelDistribution[data], x];
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KSDh[x_] :=KSDh[x] = (KSDf[x] - f1[x])"2;
ISD2 = NIntegrate[KSDh[x], {x, 6, 1}1;

Return[{v, &, n, LB, UB, ISD1, ISD2}]]

ISDs = Table[ISD[1000, 71], {i, 100}];
MatrixForm[ISDs]

Mean [Table[ISDs[[1, 6]1], {1, 100}]]
StandardDeviation[Table[ISDs[[1, 6]], {1, 160}]]
Mean [Table[ISDs[[1, 7]1], {1, 100}]]
StandardDeviation[Table[ISDs[[1, 7]1], {1, 160}]]

(*Normal distributionx)

ClearAll |G, K, a, c, Z1, PE, PA1, rts, Sol]

Unprotect[Power]; 070 = 1; Protect[Power];

D1 = NormalDistribution[@, 17];
(*D2=MultinormalDistribution[{.2,1.2},{{.4,.04},{.04,.4}}];
D=MixtureDistribution[{1/2,1/2}, {D1,D2}];*)

fil[x_] := f1[x] = PDF[D1, {x}]

F1[x_] := F1[x] = CDF[D1, {x}]

(xdata=RandomVariate [D1,3000] ; x)

Plot [PDF [D1, x], {X, -4, 4}]

ISD[m_, 71_] :=

Module | {data, Y1, X1, edis1, EmCDF1, mel, V1, LB, UB, Sol, g1, h1, ISD1, ISD2, ISD3},
ClearAll (Ko, K1, a1, a0, ZO, Z1, data, cz0, cz1, fA, LS, LSO, Y1, X1, edis1l, EmCDF1,
mel, V1, LB, UB@, S, fo, g1, hi, ISD1, ISD2, KSDf, KSDh, ISD3, KSDf3, KSDh3] ;

fli(x_] :=f1[x] =PDF[ 21, {x}1;

Fl[x_] :=F1[x] =CDF[21, {x}]s

data = Sort[RandomVariate[21, m]];

Y1 =data;

n = Length[Y1];

edisl = EmpiricalDistribution[Y1];

EmCDF1 = Table [CDF [edis1, Y1[[j]11]1, {J, 1, n}1;

me1 = ' Y1[[j11 /n;

1

V1 = Sqrt| sum[ (Y1[[1] -me1)?, {3, n}]];

(n-2)

X1 =Table[(Y1[[i]] -mel1) /V1, {i, 1, n}];
ux[h_]1 :=ux[h] =Mean[Xx1"];
a =Min[X1]; B =Max[X1]; v=5;56=2;

(#Begin initial estimations)
LBO - -3.5; UBO = 3.5;

Lse[r_, v_] :=LSO[r, v] = [Zy"Ke[i];/x[r +1] = -rux[r-11 |;
i-0

Z0 = Solve([Table[LSO[r, v], {r, O, v}], Table[KO[1], {1, @, v}1];

a0[i_] :=20[[1, i +1, 2]11;
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go[x_1 :=go[x] =Exp[2 (a@[i] x1* /(1 +1))];
io

cz0 = NIntegrate[gO[x], {x, LBO, UBO}];

Se[x_] :=50[x] =g0[x] /cze;

folz_] :=fe[z] =S0[(z -me1) /v1] /Vi;
(*End initial estimation=x*)

LS[r_, v 1 :=LS[r, v] =( 2K1[i]yx[r+i] =-S0[al & +SO[B] & -ruxlr-11|;
i-0

Z1 = Solve[Table[LS[r, v], {r, ©, v}], Table[K1[1], {i, @, v}]1];
al = Table[Z1[[1, i +1, 211, {i, 8, v}];
al =Table[Z1[[1, i +1, 211, {1, 6, v}];

g1[x_] :=g1[x] =Exp[z (a1[[i+111x"/(1+1))];
i

czl = NIntegrate[gl[x], {x, LBO, UB®}];

S1[x_] :=S1[x] =g1[x] /cz1;

fAlz_] :=fA[z] =S1[(z -me1) /v1] /Vi;

hi[x_] :=h1[x] = (Re[fA[x]] -f1[x])"2;

ISD1 = NIntegrate[hl[x], {x, -4, 4}];

KSDf [x_] : = PDF[SmoothKernelDistribution|[data], x];
KSDh[x_] :=KSDh[x] = (KSDf[x] -f1[x1)*2;

ISD2 = NIntegrate[KSDh[x], {x, -4, 4}1;

Return[{v, &, n, LBO, UB@, ISD1, I5D2}]]

ISDs = Table[ISD[1600, 21], {i, 100}];
MatrixForm[ISDs]

Mean[Table[ISDs[[1, 6]], {1, 100}]]
StandardDeviation[Table[ISDs[[1, 6]], {1, 160}]]
Mean[Table[ISDs[[1, 7]1], {1, 100}]]
StandardDeviation[Table[ISDs[[1, 7]1], {1, 160}]]
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Example 3.4.2. Trapezoidal density approximant

ClearAll |G, K, a, c, Z1, PE, PAl1, rts, Sol]

I, v [z_]:=If[luszzsv,1,0]

(*The exact densityx)

Fe[x_] :=fe[X] = To, 1 [X] X/2+0.51; ,[x] + I 3[x] (-x+3) /2

Z
Rationalize[f fe[x] dx, 1073%];
)

Fe[z_] := Fe[Zz]

pux[h_] = px[h]

3
Rationalize[J x" fe [x] dx, 19_399];
2]

a=0; B=3; v=26; 6§=4;
PE =

Plot[fe[y], {y, ©, 3}, PlotRange -» All, PlotLabel -» {v, 6}, PlotStyle -» RGBColor[@, 0, 1]1];
LS[r_,v_, &6 ] :=LS[r, v, 8] =

A2 -1
ZK[i] pux[r+il = (r+6) ux[r+6-1] +2(r‘+j) G[j] ux[r+j-1]
i-e j=e
Z1 = Solve[Table[LS[r, v, 6], {r, O, v+6}],
Flatten[{Table[K[i], {i, @, v}], Table[G[j], {j, @, 6-1}]}1]1 //N
a=Table[Z1[[1, i+1, 2]]1, {i, @, V}]1;
c = Table[Z1[[1, i+1, 2]], {i, v+1, v+5}];
c = Append[c, 1];

5 .

rt = Solve[Zc[[i+1]] y' =0, y] // Chop;
i

rts = Table[rt[[i, 1, 2]], (i, 1, 6}1;

Sol = DSolve[w' [X] = - [2a[[i+1]] xiJ/ ( (x— rt[[i, 1, 2]]) Ww[x], W[X], X] // Chop //
i-e i=1
Simplify ;
Soc = Sol[[1, 1, 2]] /C[1];
Sp[y_1 :=5p[y]l =Spc /. {x->Yy}
LB=0; UB = 3;
Off[ slwcon ncvb]
Ncl = NIntegrate[Sp[Xx], {X, Min[rts], Max[rts]}]

far[x_1 := far[X] =

Sp [X]
Ncl

PAl = Plot[Re[fa1[Y]], {Y, Min[rts], Max[rts]},
PlotRange -» All, PlotLabel -» {v, 6}, PlotStyle -» RGBColor[1, 0, 0]1];
Show [
PE,
PA1]
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Example 3.4.3. Mixture of Beta densities

ClearAll |G, K, a, c, Z1, PE, PA1, rts, Sol]

Unprotect[Power]; 070 = 1; Protect[Power];

D1 = BetaDistribution[10, 2];

fl[x_] := f1[x] = PDF[D1, {x}]

D2 = BetaDistribution[4, 6];

f2[x_] := f2[x] = PDF[D2, {x}]

D = MixtureDistribution[{1/2, 1/2}, {91, D2}];

PP1 = Plot[f1[y], {y, ©, 1}, PlotRange » All,
PlotStyle -» RGBColor[9, 0, 1], AxesOrigin -» {0, 0}]

PP2 = Plot[f2[y], {y, ©, 1}, PlotRange » All,
PlotStyle - RGBColor[@, 0, 1], AxesOrigin -» {0, 0}]

I, v [z_]:=1If[usz=sv,1,0]

(xThe exact densityx)

fe[x_] := fe[x] = PDF[D, {x}]

Fe[z_] := Fe[2z]

Z
Rationalize[j fe[x] dx, 1073%];
)

pux[h_]1 = px[h]

1
Rationalize[J- x" fe[x] dx, 10-399];
0

a=0; B=1; v=8; §=2;

PE = Plot[f:[y], {Yy, @0, 1}, PlotRange -» All,
PlotStyle - RGBColor[@, @, 1], AxesOrigin -» {0, 0}]

PE2 = Plot[F:[y], {y, 9, 1}, PlotRange - All,
PlotStyle -» RGBColor[9, 0, 1], AxesOrigin -» {0, 0}]

LS[r_,v_,6_] :=

v -1
LS[r, v, 8] = ZK[i] Ux [P +1i] = (r+6) ux[r+d6-1] +2(r‘+j) G[j] ux[r+3j-1]

i-e j=e

Z1 = Solve[Table[LS[r, v, 6], {r, ©, v+6}],

Flatten[{Table[K[i], {i, @, v}], Table[G[j], {j, ©, 6-1}]}1]1 //N

a = Table[Z1[[1, i+1, 2]], {i, O, v}] //N

c = Table[Z1[[1, i+1, 2]], {i, v+1, v+8}] //N

c = Append[c, 1]

5 .
rt = Solve[Zc[[i+1]] y' =0,y] //N// Chop

i=0

rts = Table[rt[[i, 1, 2]], {i, 1, 6}]
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plly_] :=pllyl = Y'a[[i+1]]y'
i=0

Product [If[j #1, (rts[[j]]-rts[[i]1]), 1], {i, 1, 6}]
pllrts[[jl]]
p2[j]

P2[j_] :=p2[]]
theta[j_] := theta[j] = -

{quot, rem} = PolynomialQuotientRemainder[Ea[[i +111 y4, ic[[i +111y% y];
i=o i=o

CoQuot = CoefficientList[quot, y];

CoRem = CoefficientList[rem, y];

{quot, rem} // N

n2 = Length[CoQuot];

ii CoQuot[[i]] xi

6 .
fpaper [X_]1 = fpaper [X] = EXP[- ] nAbS [Xx-rts[[j]] ]thEta[J]
j=1

i=1 1
Nc2 = NIntegrate[f,aper [X], {X, 0, 1}];
LB=06; UB=1;

1
Fpap [X_1 2= Fpap [X] = —— Fpaper [X]
Nc2

PA2 = Plot[fpap[Y]l, {Y, LB, UB}, PlotRange - All,
PlotStyle -» {Thickness[0.008], Dashed, RGBColor[0.75, 0, 0.25]}]
Show [PE, PA2]
Fpap [X_] := Fpap [x] = NIntegrate [fap[y], {y, @, X}]
PA3 = Plot[Fpap[y]l, {y, LB, UB}, PlotRange - All,
PlotStyle » {Thickness[0.008], Dashed, RGBColor[0.75, 0, ©.25]}]
Show [
PE2,
PA3]

A .3 Modules Used in Chapter 4

Example 4.2.1. Univariate mixture of Beta densities

a=0; B=1; v=4; 6=4 ;
fe[x_] := fe[x] = (PDF[BetaDistribution[2, 20], x] + PDF [BetaDistribution[3, 2], x]) /2

Fe[z_] :=Fe[z]

r4
Rationalize[J. fe[x] dx, 19-399];
(4

ux[h_] := ux[h]

1
Rationalize[f x" e [x] dx, 1073%];
0

PE = Plot[fe[y], {y, a, B}, PlotRange » All,
PlotLabel -» {v, 6}, PlotStyle - RGBColor[@, 9, 1]]
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G[6] = 1;

G[6-1] =G1- (a+B);
G[6-2] =G2+aB -Gl (a+pB);
G[6-3] =GlaB-G2 (a+PB);
G[6-4] = G2ap;

LS[r ,v_, 6] :=

v -1
LS[r, v, 8] = ZK[i] ux[r+1i] = (r+68) ux[r+6-1] +2(r‘+j) G[j] ux[r+j-1]

i-e j=e

Z1 = Solve[Table[LS[r, v, 6], {r, O, v+6-2}]1,

Flatten[{Table[K[i], {i, @, v}], Table[{G1l, G2}]1}]11];

aj :=a;=ZzZI1[[1, i+1, 2]]

Gl=271[[1, v+1+1, 2]];

G2=71[[1, v+1+2, 2]];

5 s
rt = Solve[Zci y' =0, y] //N// Chop;
i=0
rts = Flatten[Table[If[Im[rt[[i, 1, 2]]1] < 10°*?, Re[rt[[i, 1, 2]]11, {}], {i, 1, 86}]] // N;

tn =
Sort[Flatten[Table[If[a- (B-a) /15 < rts[[j]] <a+ (B-a) /15 || B- (B-a) /15 < rts[[
J11 <B+ (B-a) /15, rts[[j11, {}], {3, Length[rts]}]]] // N;
Y S
Sol = DSolve[w' [X] = - (Zai xi)/ (n (x-rt[[i, 1, 2]]1) | wIx], w[x], x] // Chop //
i-e i-1
Simplify ;
Soc = Sol[[1, 1, 2]]1 /C[1];
So[y_1 :=Sp[y] =Spc /. {X>Vy}
Ncl = NIntegrate[Sp[X], {X, LB, UB}];
1
far[x_] = Ffar[X] = — Sp[X]
Ncl
PAl1 = Plot[f1,[y], {Y, LB, UB}, PlotRange -» All,
PlotLabel -» {v, 6}, PlotStyle -» RGBColor[1, @, 0]]
Show [
PE,
PA1]
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Example 4.3.1. Mixture of bivariate normal densities

Unprotect[Power]; 070 = 1; Protect[Power];

Needs ["MultivariateStatistics™ "]

D1 = MultinormalDistribution[{-1.1, -.1}, {{.33, .03}, {0.03, .33}}];
D2 = MultinormalDistribution[{.2, 1.2}, {{.4, .04}, {.04, .4}}];

D3 = MixtureDistribution[{1/2, 1/2}, {1, D2}];

-Fe[x_, y_1]:= fe[x, y] = PDF[D3, {Xx, y}]

Fe[x_, y_] :=Fe[x, y] = CDF[D3, {x, y}]

mel = > V1[[j]1]/n;
j=1

n
me2 = sz[ [311/n;
j=1

Var = Covariance[data];

Vhi = MatrixPower[Var, -1/2];
Vh = MatrixPower [Var, 1 /2];
detVhi = Det[Vhi];

X1 =Vhi[[1, 1]] (Y1 - ConstantArray[mel, n]) + Vhi[[1, 2]] (Y2 - ConstantArray[me2, n]);
X2 = Vhi[[2, 1]] (Y1 - ConstantArray[mel, n]) +Vhi[[2, 2]] (Y2 - ConstantArray[me2, n]);

H1 = Histogram[X1, 25];
H2 = Histogram[X2, 25];
ux[h_] := Mean[X1"]
py[h_] := Mean[X2"]

Marginal density for X1 :

vl =15; LB =Min[X1]; UB = Max[X1];
vl

LS[r_, vi_ ] :=LS[r, v1] = [ZK[i] px[r+1i] = -rpx[r-1]
i=0

Z1 = Solve[Table[LS[r, v1], {r, O, v1}], Table[K[i], {i, @0, v1}]];
al[i_] :=2Z1[[1,i+1, 2]];

¥l .
gl[x_] :=gl[x] = EXP[Z (a1[i] x**/ (i+1))]
i-e
cz = NIntegrate[gl[x], {x, LB, UB}];
S1[x_] :=S1[x] = g1[x] /cz
P1 = Plot[S1[y], {y, LB, UB}, PlotRange -» All, PlotLabel - v1]

Marginal density for X2 :
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v2 = 3; LB2 = Min[X2]; UB2 = Max[X2];

v2
LS2[r_, v2_] := LS2[r, v2] = (ZKZ[i] uy[r+i] = -rux[r-1]
i=0
Z2 = Solve[Table[LS2[r, v2], {r, O, v2}], Table[K2[i], {i, @, v2}]];

a2[i_] :=22[[1,1i+1, 2]];

Y2 .
g2[y_] := g2[y] = Exp[ ) (a2[i]y™**/ (i+1))]

i-e
cz2 = NIntegrate[g2[y], {y, LB2, UB2}];

S2[y_] :=S2[y] = g2[y] /cz2

P2 = Plot[S2[y], {y, LB2, UB2}, PlotRange -» All]

ListPlot[data, AxesOrigin -» {0, 0}]
Histogram3D[data]

Initial joint density function of (X1, X2) :

gIx_, y_1 :=gI[x, y] = 51[x] S2[y]
Plot3D[g[x, y], {x, LB, UB}, {y, LB2, UB2}, PlotRange » All, PlotLabel -» G[v1, v2]]

ft[x_, y_] :=detVhi
g[Vhi[[1, 1]] (x-mel) +Vhi[[1, 2]] (y-me2), Vhi[[2, 1]] (x-mel) +Vhi[[2, 2]] (y - me2)]

Plot3D[ft[x, y], {x, Min[Y1], Max[Y1]}, {y, Min[Y2], Max[Y2]}, PlotRange -» All]
Kernel Smooth density function of Y1 and Y2 :

D = SmoothKernelDistribution[data];
Plot3D[PDF[D, {X, y}], {X, Min[Y1], Max[Y1]},

{y, Min[Y2], Max[Y2]}, PlotLabel -» SmoothKernel XY, PlotRange - All]
Histogram3D[data]

Polynomial adjustment with degree “MSTerms”:

Off[ izero, NIntegrate::ncvb, NIntegrate::slwcon]

mi[i_, j_] :=ml[i, j] = NIntegrate[x'yJ g[x, yI, {X, LB, UB}, {y, LB2, UB2}]
MSTerms = 7;

f3[L1_List, L2_List] := Inner[Plus, L1, L2, List];

L3 = Flatten[Table[{j, i}, {i, @, MSTerms}, {j, @, MSTerms}], 1];

P3 = Table[f3[L3[[i]], L3[[j11], {i, 1, Length[L3]}, {j, 1, Length[L3]}];
M3 = Rationalize[

Table[m1[P3[[i, j11[[11], P3[[i, j11[[2]11], {i, Length[L3]}, {j, Length[L3]}], 19'25];
Zv[x_, y_] :=2v[X, y] = Flatten[Table[x*j y~i, {i, @, MSTerms}, {j, @, MSTerms}], 1];
Gms[i_] :=Gms[i] = Sum[X1[[j]]13(H] x2[[§]13 021 /in, (5, 1, n}];

u = Table[Gms[i], {i, Dimensions[L3][[1]]1}] // N;
c3 = LinearSolve[M3, u];
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t4[x_, y_]1 :=t4[x, y] = g[x, y] €3.Zv[X, y1;
t5[x_, y_] :=t5[x, y] = If[t4[x, y] <O || x>UB||x<LB||y>UB2|]|y< LB2, 0, t4[x, y]]
cii = NIntegrate[t4[x, y], {X, LB, UB}, {y, LB2, UB2}] // N
te[tl_, t2_] := t6[t1, t2] = t4[tl, t2] /cii
flu_, w_] := f[u, w] =detVhit4[Vhi[[1, 1]] (u-mel) +Vhi[[1, 2]] (w-me2),
Vhi[[2, 1]] (u-mel) +Vhi[[2, 2]] (w-me2)] /cii

ISDest = NIntegrate[ (f[u, w] - fe[u, w])~2 , {u, Min[Y1], Max[Y1]}, {w, Min[Y2], Max[Y2]}]

F[u_, w_] :=F[u, w] = NIntegrate[f[x1, y1], {x1, Min[Y1], u}, {y1l, Min[Y2], w}]
EstCDF = Table[F[Y1[[j]1], Y2[[j111, {3, 1, n}];

MSTerms
n

error = Z (EmpCDF[[j]1] - Max[@, EstCDF[[]]] ])2
j=1
Plot3D[f[u, w] , {u, Min[Y1], Max[Y1]},
{w, Min[Y2], Max[Y2]}, PlotRange -» All, PlotLabel - MSTerms]
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Example 4.4.1. CommViolPredUnnormalizedData

ClearAll[X1, X2, Y1, Y2, data, n]

Needs ["Histograms™ "] ;

Unprotect[Power]; 070 = 1; Protect[Power];

mydata = Import["CommViolPredUnnormalizedData.csv", "CSV"];

header = mydata[[1]];

data = mydata[[2 ;;]];

myDataset = Thread[header -» #] & /@data // Map[Association] // Dataset;
data = mydata[[2 ;;]];

Y1 = Table[data[[i, 13]], {i, Length[data]}];

Y2 = Table[data[[i, 22]], {i, Length[data]}];

data = Table[{Y1[[i]], Y2[[i]]}, {i, Length[data]}];
n = Length[Y1]

edis = EmpiricalDistribution[data];
EmpCDF = Table [CDF [edis, data[[j]]1], {j, 1, n}];

mel = ZYl[ [311/n;
j=1

J

n
me2 = »'v2[[j]1]1 /n;

=
Var = Covariance[data];
Vhi = MatrixPower[Var, -1 /2];
Vh = MatrixPower [Var, 1 /2];
detVhi = Det[Vhi];

X1 =Vhi[[1, 1]] (Y1 - ConstantArray[mel, n]) + Vhi[[1, 2]] (Y2 - ConstantArray[me2, n]);
X2 =Vhi[[2, 1]] (Y1 - ConstantArray[mel, n]) +Vhi[[2, 2]] (Y2 - ConstantArray[me2, n]);

Hist[data_, n_] := Module[{ran},
ran = Max[data] - Min[data];
Histogram[data, HistogramScale -» 1,
HistogramRange » {Min[data] - ©.4 * ran, Max[data] +©.4 * ran},
HistogramCategories » Range[Min[data], Max[data] +©.2 ran, ran/n]]
1
H1l = Hist[X1, 25];
H2 = Hist[X2, 25];
ux[h_] := Mean[X1"]
py[h_] := Mean[X2"]

Marginal density for X1 :
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vl =4; LB =Min[X1]; UB = Max[X1];

yl
LS[r_, v1_] :=LS[r, v1] = [ZK[i] px[r+1i] = -rpx[r-1]

i=0
Z1 = Solve[Table[LS[r, v1], {r, ©, v1}], Table[K[i], {i, @, v1}]];
al[i ] :=2Z1[[1, i+1, 2]1];

Yl .
gl[x_] :=gl[x] = Exp[Z (ari] xi** / (i+1))]
i-e

cz = NIntegrate[gl[x], {X, LB, UB}];

S1[x_] :=S1[x] = g1[x] /cz

f1[z_] := f1[z] =S1[(z-me1) /v1] /vi

P1 = Plot[S1[y], {y, LB, UB}, PlotRange -» All, PlotLabel » v1];
vl

Show[H1, P1]

Marginal density for X2 :

v2 = 3; LB2 = Min[X2]; UB2 = Max[X2];
v2

LS2[r_, v2_] :=LS2[r, v2] = (ZKz[i] py[r+i] = -rpx[r-1]
i=0

Z2 = Solve[Table[LS2[r, v2], {r, O, v2}], Table[K2[i], {i, @, v2}]];

a2[i_] :=22[[1,1i+1, 2]];

¥2 i
g2[y_] := g2[y] = Exp[ )" (a2[i] y***/ (i+1))]

i-e
cz2 = NIntegrate[g2[y], {y, LB2, UB2}];

S2[y_] :=S2[y] = g2[y] /cz2

f2[z_] := f2[z] = S2[(z - me2) /Vv2] /v2

P2 = Plot[S2[y], {y, LB2, UB2}, PlotRange -» All];
v2

Show[H2, P2]

ListPlot[data, AxesOrigin -» {0, 0}]
Histogram3D[data]

Initial joint density function of (X1, X2) :

glx_, y_1 :=gI[x, y] =S1[x] S2[y]

Plot3D[g[x, Y], {x, LB, UB}, {y, LB2, UB2}, PlotRange » All, PlotLabel -» G[v1, v2]]
Kernel Smooth density function of Y1 and Y2 :

D = SmoothKernelDistribution[data];
Plot3D[PDF[D, {X, Y}1, {X, Min[Y1], Max[Y1]},
{y, Min[Y2], Max[Y2]}, PlotLabel -» SmoothKernel XY, PlotRange - All]
Histogram3D[data]
ListPlot[data, PlotLabel » ListPlot XY]

Polynomial adjustment with degree “MSTerms”:



mi[i_, j_] :=ml[i, j] = NIntegrate[x'yJ g[x, yI, {X, LB, UB}, {y, LB2, UB2}]
MSTerms = 7;
f3[L1_List, L2_List] := Inner[Plus, L1, L2, List];
L3 = Flatten[Table[{j, i}, {i, @, MSTerms}, {j, @, MSTerms}], 1];
P3 = Table[f3[L3[[i]], L3[[j11], {i, 1, Length[L3]}, {j, 1, Length[L3]}];
M3 = Rationalize|
Table[m1[P3[[i, j11[[11], P3[[i, j11[[2]111, {i, Length[L3]}, {j, Length[L3]}], 19'25]3
Zv[x_, y_] :=2v[X, y] = Flatten[Table[x*j y~i, {i, @, MSTerms}, {j, ©, MSTerms}], 1];
Gms[i_] :=Gms[i] = Sum[X1[[j]]13(HH) x2[ 3112210 /i, (5, 1, n}];
u = Table[Gms[i], {i, Dimensions[L3][[1]]1}] // N;
c3 = LinearSolve [M3, u];

ta[x_, y_] :=t4[x, y] = g[x, y] c3.2Zv[X, y];
t5[x_, y_] :=1t5[x, y] = If[t4[x, y] <O || x>UB||x<LB||y>UB2||y< LB2, 09, t4[x, y]]
cii = NIntegrate[t4[x, y], {x, LB, UB}, {y, LB2, UB2}] // N
t6[tl_, t2_] := t6[t1, t2] = t4[t1, t2] /cii
flu_,w_] := f[u, w] =detVhita[Vvhi[[1, 1]] (u-mel) +Vhi[[1, 2]] (w-me2),
Vhi[[2, 1]] (u-mel) +Vhi[[2, 2]] (w-me2)] /cii

Estimated density for p=7:
Plot3D[f[u, w] , {u, Min[Y1], Max[Y1]}, {w, Min[Y2], Max[Y2]}, PlotRange -» All]

Off[ izero]

Off [NIntegrate::"ncvb"]

Off [NIntegrate::"slwcon"]

F[u_, w_] :=F[u, w] = NIntegrate[f[x1, y1], {x1, Min[Y1], u}, {yl, Min[Y2], w}]
EstCDF = Table[F[Y1[[j11, Y2[[3111, {j, 1, n}];

MSTerms
n
error = Z (EmpCDF[[j]] - Max[®, EstCDF[[j]1]1)>
j=1
Plot3D[f[u, w] , {u, Min[Y1], Max[Y1]},
{w, Min[Y2], Max[Y2]}, PlotRange » All, PlotLabel - MSTerms]

158
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Example 4.4.2. Concrete dataset

ClearAll[X1, X2, Y1, Y2, data, n]

Needs ["Histograms™ "] ;

Needs ["MultivariateStatistics™ "]

mydata = Import["“Concrete_Data.csv", "CSV"];
header = mydata[[1]];

data = mydata[[2 ;;]];

Unprotect [Power]; 070 = 1; Protect[Power];
myDataset = Thread[header -» #] & /@data // Map[Association] // Dataset;
data = mydata[[2 ;;]];

Y1 = Table[data[[i, 1]], {i, Length[data]}];

Y2 = Table[data[[i, 9]], {i, Length[data]}];

n = Length[Y1]

data = Table[{Y1[[j]1], Y2[[j11}, {3, 1, n}1;
edis = EmpiricalDistribution[data];

EmpCDF = Table [CDF [edis, data[[j]1]1], {j, 1, n}];

mel = 'V1[[j]1]/n;

j=1
me2 = »'v2[[j]1] /n;
j=1

Var = Covariance[data];

Vhi = MatrixPower[Var, -1 /2];
Vh = MatrixPower [Var, 1/2];
detVhi = Det[Vhi];

X1 =Vhi[[1, 1]] (Y1 - ConstantArray[mel, n]) + Vhi[[1, 2]] (Y2 - ConstantArray[me2, n]);
X2 =Vhi[[2, 1]] (Y1 - ConstantArray[mel, n]) +Vhi[[2, 2]] (Y2 - ConstantArray[me2, n]);

Hist[data_, n_] := Module[{ran},
ran = Max[data] - Min[data];
Histogram[data, HistogramScale -» 1,
HistogramRange » {Min[data] - 0.4 * ran, Max[data] +©0.4 * ran},
HistogramCategories -» Range[Min[data], Max[data] +©.2 ran, ran/n]]
1
H1 = Hist[X1, 25];
H2 = Hist[X2, 25];
ux[h_] := Mean[X1"]
py[h_] := Mean[X2"]

Marginal density for X1 :

159
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vli=4; LB=-3; UB=3.1;
yl

LS[r_, v1_] :=LS[r, v1] = [ZK[l] ux[r+1i] = -rpux[r-1]
i=e

Z1 = Solve[Table[LS[r, v1], {r, ©, v1}], Table[K[i], {i, @, v1}]];
al[i ] :=2Z1[[1, i+1, 2]1];

Yl .
gl[x_] :=gl[x] = Exp[Z (ari] xi** / (i+1))]
i-e
cz = NIntegrate[gl[x], {X, LB, UB}];
S1[x_] :=S1[x] = g1[x] /cz
f1[z_] := f1[z] =S1[(z-me1) /v1] /vi
P1 = Plot[S1[y], {y, LB, UB}, PlotRange -» All, PlotLabel » v1];

vl
Show[H1, P1]

Marginal density for X2 :
v2 =3; LB2 = -3; UB2 = 3.3;

Ls2[r_, v2_] :=LS2[r, v2] = (iKZ[i] py[r+1i] = -rux[r-1]
i-e
Z2 = Solve[Table[LS2[r, v2], {r, O, v2}], Table[K2[i], {i, @, v2}]];

a2[i_] :=22[[1,1i+1, 2]];

¥2 i
g2[y_] := g2[y] = Exp[ )" (a2[i] y***/ (i+1))]

i-e
cz2 = NIntegrate[g2[y], {y, LB2, UB2}];

S2[y_] :=S2[y] = g2[y] /cz2

f2[z_] := f2[z] = S2[(z - me2) /Vv2] /v2

P2 = Plot[S2[y], {y, LB2, UB2}, PlotRange -» All];
v2

Show[H2, P2]

Initial joint density function of (X1, X2) :
glx_, y_1 :=gI[x, y] =S1[x] S2[y]

Polynomial adjustment with degree “MSTerms”:
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mi[i_, j_] :=ml[i, j] = NIntegrate[x'yJ g[x, yI, {X, LB, UB}, {y, LB2, UB2}]
MSTerms = 6;
f3[L1_List, L2_List] := Inner[Plus, L1, L2, List];
L3 = Flatten[Table[{j, i}, {i, @, MSTerms}, {j, @, MSTerms}], 1];
P3 = Table[f3[L3[[i]], L3[[j11], {i, 1, Length[L3]}, {j, 1, Length[L3]}];
M3 = Rationalize|

Table[m1[P3[[i, j11[[11], P3[[i, j11[[2]111, {i, Length[L3]}, {j, Length[L3]}], 19'25]3
Zv[x_, y_] :=2v[X, y] = Flatten[Table[x*j y~i, {i, @, MSTerms}, {j, ©, MSTerms}], 1];
Gms[i_] :=Gms[i] = Sum[X1[[j]]13(HH) x2[ 3112210 /i, (5, 1, n}];
u = Rationalize[Table[Gms[i], {i, Dimensions[L3][[1]]1}], 10°%**] // N;
c3 = LinearSolve[M3, u];
ta[x_, y_1 :=t4[x, y] = g[X, y] €3.2Zv[X, y1;
t5[x_, y_] :=1t5[x, y] = If[t4[x, y] <O || x>UB||x<LB||y>UB2||y< LB2,0, t4[x, y]]
cii = NIntegrate[t4[x, y], {x, LB, UB}, {y, LB2, UB2}] // N
te[tl_, t2_] := t6[t1, t2] = t4[t1, t2] /cii
flu_, w_] :=f[u, w] =detVhit4[Vhi[[1, 1]] (u-mel) +Vhi[[1, 2]] (w-me2),

Vhi[[2, 1]] (u-mel) +Vhi[[2, 2]] (w-me2)] /cii

Off[ izero]

Off [NIntegrate::"ncvb"]

F[u_, w_] :=F[u, w] = NIntegrate[f[x1, y1], {x1, 50, u}, {yl, 0, w}]
EstCDF = Table[F[Y1[[j]1, Y2[[j11]1, {3, 1, n}];

MSTerms
error = 2 (EmpCDF[[j]] - Max[@, EstCDF[[j]]]1)?
j=1

Plot3D[f[u, w] , {u, 50, 570}, {w, O, 95}, PlotRange -» All]

Example 4.4.3. Covertype dataset

ClearAll[X1, X2, Y1, Y2, data, n]

mydata = Import["covtype.csv", "CSV"];
Unprotect[Power]; 070 = 1; Protect[Power];
header = mydata[[1]];

data = mydata[[2 ;;]];

myDataset = Thread [header -» #] & /@data // Map[Association] // Dataset;
data = mydata[[2 ;5]];

Y1 = data[ [All, 6]1;

Y2 = data[[All, 10]];

n = Length[Y1]

data = Table[{Y1[[j1], Y2[[j11}, {3, 1, n}1;
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mel = 'V1[[j]1]/n;

j=1
me2 = > v2[[j]1] /n;
j=1

Var = Covariance[data];

Vhi = MatrixPower [Var, -1 /2];

Vh = MatrixPower [Var, 1 /2];

detVhi = Det[Vhi];

X1 =Vhi[[1, 1]] (Y1 - ConstantArray[mel, n]) + Vhi[[1, 2]] (Y2 - ConstantArray[me2, n]);
X2 = Vhi[[2, 1]] (Y1 - ConstantArray[mel, n]) +Vhi[[2, 2]] (Y2 - ConstantArray[me2, n]);

H1 = Histogram[X1, Automatic, "Probability"]

H2 = Histogram[X2, Automatic, "Probability"]
ux[h_] :=Sum[X1[[311", {3, n}] /n

py[h_] :=sum[X2[[§]11", {3, n}] /n

pxy[r_s h_] :=Sum[X1[[J]1]1"X2[[311", {3, n}]/n

ListPlot [data, PlotRange » Al1l, AxesOrigin - {0, 0}]

Histogram3D[data, {40, 30}]

D = SmoothKernelDistribution[data];

Plot3D[PDF[D, {x, Y}1, {X, Min[Y1], Max[Y1]}, {y, Min[Y2], Max[Y2]}, PlotRange - All]

mxy = Table[uxy[r, h], {r, 0, 14}, {h, 0, 14}]
vl=5; LB=-2.5; UB=3.5;

vl

LS[r_] :=LS[r] = [ZK[i] mxy[[r+i+1,1]] == -rmxy[[r, 1]]
i=0

Z1 = Solve[Table[LS[r], {r, ©, v1}], Table[K[i], {i, @, v1}]];

alf[i_] :=2z1[[1,1i+1, 2]];

Yl 3
gl[x_] :=gl[x] = Exp[Z (ari] xi** / (i+1))]

i-e
cz = NIntegrate[gl[x], {X, LB, UB}];
S1[x_] :=S1[x] = g1[x] /cz

v2=6; LB2=-2; UB2=4.1;

v2
LS2[r_, v2_] :=LS2[r, v2] = (ZKZ[i] mxy[[1, r+i+1]] = -rmxy[[1, r]]
i=0

Z2 = Solve[Table[LS2[r, v2], {r, O, v2}], Table[K2[i], {i, 0, v2}]1];

a2[i_] :=2Z2[[1,i+1, 2]];

Y2 .
g2[y_] := g2[y] = Exp[ > (a2[i]y**/ (i+1))]

i=0
cz2 = NIntegrate[g2[y], {y, LB2, UB2}];
S2[y_] :=S2[y] = g2[y] /cz2
gIx_, y_] :=g[x, y] = S1[x] S2[y]

ft[x_, y_] :=detVhi
g[vhi[[1, 1]1] (x-mel) +Vhi[[1, 2]] (y-me2), Vhi[[2, 1]] (x -mel) +Vhi[[2, 2]] (y - me2)]
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Plot3D[ft[x, y], {x, ©, Max[Y1]}, {y, ©, Max[Y2]}, PlotRange -» All]
Polynomial adjustment with degree “MSTerms”:

mi[i_, j_] :=ml[i, j] = NIntegrate[x'yJg[x, y], {X, LB, UB}, {y, LB2, UB2}]
MSTerms = 7;
f3[L1_List, L2_List] := Inner[Plus, L1, L2, List];
L3 = Flatten[Table[{j, i}, {i, @, MSTerms}, {j, @, MSTerms}], 1];
P3 = Table[f3[L3[[i]], L3[[j11], {i, 1, Length[L3]}, {j, 1, Length[L3]}];
M3 = Rationalize|

Table[m1[P3[[i, J11[[1]], P3[[i, 311[[211], {i, Length[L3]}, {J, Length[L3]}], 10°*°];
Zv[x_, y_] :=2v[X, y] = Flatten[Table[x*j y~i, {i, @, MSTerms}, {j, ©, MSTerms}], 1];
(*Gms [i_]:=Gms[i]=Sum[X1[[§]]"3IL-21  X2[[§]1]"3005200 /n, {5,1,n}] ;%)
Gms[i_ ] :=Gms[i] =mxy[[L3[[i, 1]] +1, L3[[i, 2]] +1]]
u = Rationalize[Table[Gms[i], {i, Dimensions[L3][[1]]1}], 187%°] // N;
c3 = LinearSolve[M3, u];
ta[x_, y_] :=t4[x, y]l = g[X, y] €3.2Zv[X, Y1;
t5[x_,y 1 :=t5[x, y] = If[t4[x,y] <@ || x>UB||x<LB||y>UB2||y<LB2,0, td[x, y]]
cii = NIntegrate[t4[x, y], {x, LB, UB}, {y, LB2, UB2}] // N;
t6[tl_, t2_] := t6[t1, t2] = t4[t1, t2] /cii
flu_,w_] := f[u, w] =detVhita[Vvhi[[1, 1]] (u-mel) +Vhi[[1, 2]] (w-me2),

Vhi[[2, 1]] (u-mel) +Vhi[[2, 2]] (w-me2)] /cii

MSTerms
Plot3D[f[x, y] , {x, ©, Max[Y1]}, {y, O, Max[Y2]}, PlotRange -» All]
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Example 4.4.4. Flood dataset

ClearAll[X1, X2, Y1, Y2, data, n]

(*Needs ["Histograms™ "] ;)

Unprotect[Power]; 070 = 1; Protect[Power];

data = {{121, 3306}, {137, 8327}, {143, 7235}, {146, 10818}, {151, 5057}, {156, 6620},
{157, 5002}, {162, 5236}, {168, 3826}, {173, 4892}, {176, 6460}, {181, 7502},
{182, 7684}, {183, 4780}, {183, 7748}, {184, 5167}, {186, 8026}, {187, 7350},
{189, 4189}, {196, 6728}, {197, 9645}, {200, 9177}, {202, 9581}, {206, 8788},
{208, 10853}, {210, 6334}, {214, 6414}, {216, 9506}, {219, 14890}, {229, 8637},
{230, 10828}, {232, 8177}, {232, 14769}, {233, 5650}, {233, 8923}, {236, 12577},
{239, 6865}, {240, 8409}, {245, 6907}, {246, 8640}, {248, 6989}, {255, 8041},
{257, 10174}, {260, 8949}, {260, 11127}, {261, 9957}, {275, 10128}, {279, 9763},
{279, 10659}, {283, 7241}, {286, 8711}, {286, 12035}, {289, 7133}, {289, 10299},
{292, 8692}, {292, 12057}, {294, 8918}, {297, 9352}, {300, 9406}, {303, 8900},
{306, 12740}, {309, 12882}, {310, 9266}, {311, 13593}, {331, 13602}, {334, 11437},
{343, 8192}, {351, 11401}, {371, 8704}, {371, 12825}, {383, 14559}, {390, 13543},
{405, 11174}, {405, 15003}, {416, 11272}, {424, 13315}, {442, 13608}};

Y1 = Table[data[[i, 1]], {i, Length[data]}];

Y2 = Table[data[[i, 2]], {i, Length[data]}];

n = Length[Y1]

Y = Table[{Y1[[i]], Y2[[i]]}, {i, n}];

mel = »'V1[[j]1] /n;
j=1

]

n
>Iv2[[311 /n;
j:l

me2

Var =

(n:) {{sum[(Y1[[311 -me1)?, {3, n}], Sum[(YL[[F1] - me1) (Y2[[j]]-me2), {3, n}]},
{sum[ (Y1[[31] - me1) (Y2[[j1] -me2), {j, n}], Sum[(Y2[[j1] - me2)?, {3, n}]}};

Var // N;

Vhi = MatrixPower [Var, -1 /2];

Vh = MatrixPower [Var, 1/2];

detVhi = Det[Vhi] // N;

Vi=Var[[1, 1]];

V2 =Var[[2, 2]];

X1 =Vhi[[1, 1]] (Y1 - ConstantArray[mel, n]) + Vhi[[1, 2]] (Y2 - ConstantArray[me2, n]);

X2 =Vhi[[2, 1]] (Y1 - ConstantArray[mel, n]) +Vhi[[2, 2]] (Y2 - ConstantArray[me2, n]);

edis = EmpiricalDistribution[data];
EmpCDF = Table[CDF [edis, data[[j]1]], {j, 1, n}];

ux[h_] := Mean[X1"]
py[h_] := Mean[X2"]

H1 = Histogram[X1, Automatic, hspec
H2 = Histogram[X2, Automatic, hspec

"Probability"]
"Probability"]



165

Marginal density for X1 :

vl =5;

6 =2;

LB = -3.5;
UB = 3.5;

Dn[x_] := Expand[ (x - LB) (X - UB) ]
c = CoefficientList[Dn[x], x]

vl S
LS[r_, vl_, 6_] :=LS[r, v1, &] = ZK[i] px[r+i] ==Z(r+j) c[[j+11] ux[r+3j-11
i=0

j=o
Z1 = Solve[Table[LS[r, v1, &], {r, ©, v1}], Table[K[i], {i, @, v1}]];

Ki :=K;j=2Z1[[1, i+1, 2]]
Ci :=Ci=c[[i+1]]
Z1//N

Table[K;, {i, @, v1}] // N
Table[C;, {i, @, 6}] // N

5 s
Zci y*// N
i=e

mi1 = FindMinimum[{iKi x*t /[ (i+1), LB<x=< -2}, {x, -2.5}];
i=0

a=mil[[2, 1, 2]];

mal = FindMinimum[{iKi x*t /(i+1), 2 s x <UB}, {x, 2.5}];
i=0

b=mai[[2, 1, 2]];

Sol = DSolve[p ' [x] = - [[iKi xi]/ ((x-a) (x-b))|pIx], p[x], x] // Chop // Simplify ;
i-e

Spc = Sol[[1, 1, 2]1 /C[1];

Soll[z_] :=Spc /. {x~> z}

cnl = NIntegrate[Soll[x], {Xx, a, b}];

gla[x_] :=Sol1l[x] /cnl

I, v [z_]:=1If[lu<z<v,1,0]

S1[x_] :=S1[x] =1I,, p[X] gla[x]

P1 = Plot[S1[y], {y, a, b}, PlotRange » All, PlotLabel -» v1];
Show[H1, P1]

Marginal density for X2 :

165
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v2=5; 62=2; LB=-3.5; UB=3.5;
Dn2[x_] := Expand[ (x - LB) (x-UB)]
c2 = CoefficientList[Dn2[x], X]

v2 S
LS2[r_, v2_, 6_] :=LS2[r, v2, 8] = ZKZ[i] uy[r+i] = Z (P+3) c2[[3+211] mylr+3-1]
i-e j=o

Z2 = Solve[Table[LS2[r, v2, 62], {r, O, v2}], Table[K2[i], {i, 0, v2}1];

K2; :=K2; = 22[[1, i+1, 2]]
€2; :=C2; =c2[[i+1]]
Z2//N

Table[K2;, {i, @, v2}] // N
Table[C2;, {i, @, 62}] // N
52 .

Zczi yi//N

i=0

mill = FindMinimum[{VZZ'lei x*t/(i+1), LB <xs -2}, {x, -2.5}];
i=o
aa =mill[[2, 1, 2]];

mall = FindMinimum[{yZz'lei x*t/(i+1), 2 s x < UB}, {X, 2.5}];
i=0

bb = mall[[2, 1, 2]];

Sol22 =

DSolve[p'[X] = - [[VZZ'IKZi xi]/ ((x-aa) (x-bb))|p[x1, p[x], x] // Chop // Simplify ;
i

S2pc = Sol22[[1, 1, 2]] /C[1];

Sol2[z_] :=S2pc /. {X > z}

cnll = NIntegrate[Sol2[x], {Xx, aa, bb} ];

g2b[x_] :=Sol2[x] /cnl1

I, v [z_]:=1If[lu<z<v,1,0]

S2[y_] :=S2[y] = I.a,bb[y] 82b[y]

P2 = Plot[Re[S2[y]], {y, aa, bb}, PlotRange -» All, PlotLabel -» v2];
Show[H2, P2]

ListPlot[data, AxesOrigin -» {9, 0}]
Histogram3D[data, 20, "Probability"]
gIx_,y_1 :=gI[x, yl =S1[x] S2[y]
Plot3D[S1[u] S2[w], {u, a, b}, {w, aa, bb}, PlotRange -» All]
ft[x_, y_] :=detVhi
g[Vhi[[1, 1]] (x-mel) +Vhi[[1, 2]] (y-me2), Vhi[[2, 1]] (x-mel) +Vhi[[2, 2]] (y - me2)]
Plot3D[ft[u, w], {u, @, 500}, {w, 1000, 15500}, PlotRange -» All]

Kernel Smooth density function of Y1 and Y2 :

D = SmoothKernelDistribution[data];
Plot3D[PDF[D, {X, ¥}], {X, @, 500}, {y, 1000, 15500} , PlotRange -» Full]
ListPlot [data ]

Polynomial adjustment with degree “MSTerms”:

mi[i_, j_] :=ml[i, j] = NIntegrate[x'yJ g[x, yI, {X, a, b}, {y, aa, bb}]
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MSTerms = 7;

f3[L1_List, L2_List] := Inner[Plus, L1, L2, List];

L3 = Flatten[Table[{j, i}, {i, @, MSTerms}, {j, @, MSTerms}], 1];

P3 = Table[f3[L3[[i]], L3[[j11], {i, 1, Length[L3]}, {j, 1, Length[L3]}];
M3 Rationalize[

Table[m1[P3[[i, j11[[11], P3[[i, J11[[2]11], {i, Length[L3]}, {J, Length[L3]}], 10°%];
Zv[x_, y_] :=2v[X, y] = Flatten[Table[x*j y~i, {i, @, MSTerms}, {j, ©, MSTerms}], 1];
Gms[i_] :=Gms[i] = Sum[X1[[j]]13(H2T X2 [§113 0210 /i, (5, 1, n}];

u = Rationalize[Table[Gms[i], {i, Dimensions[L3][[1]]1}], 10°%**] // N;

c3 = LinearSolve[M3, u] // N

ta[x_, y_1 :=t4[x, y]l = g[X, y] €3.2Zv[X, Y1;

cii = NIntegrate[t4[x, y], {Xx, a, b}, {y, aa, bb}] // N

t6[tl_, t2_] := t6[tl, t2] = t4[t1, t2] /cii

fflu_, w_] := ff[u, w] =detVhit4[Vhi[[1, 1]] (u-mel) +Vhi[[1, 2]] (w-me2),
Vhi[[2, 1]] (u-mel) +Vhi[[2, 2]] (w-me2)] /cii

Off[ izero]

Off [NIntegrate::"ncvb"]

F[u_, w_] := F[u, w] = NIntegrate[ff[x1, y1], {x1, 0, u}, {yl, 1000, w}]
EstCDF = Table[F[Y1[[j]1, Y2[[J11], {3, 1, n}];

MSTerms
n

error = Z (EmpCDF[[j]] - Max[@, EstcDF[[j]]])?
j=1

Plot3D[ff[u, w] , {u, @, 500}, {w, 1000, 15500}, PlotRange -» All]
SSE of KDE:

D = SmoothKernelDistribution[data];
Plot3D[PDF[D, {x, ¥}], {X, 9, 500},
{y, 1000, 15500}, PlotLabel » SmoothKernel , PlotRange » Full]
Fkde [U_, W_] := CDF[D, {u, w}]
KdeCDF = Table [Fyde [YI[[j]1, Y2[[J111, {j, 1, n}1;

error = 2 (EmpCDF[[j]1] - Max[@, KdeCDF[[]]] ])2
j=1
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