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Abstract

A new additive structure of multivariate GARCH model is proposed where the dy-
namic changes of the conditional correlation between the stocks are aggregated by the
common risk term. The observable sequence is divided into two parts, a common risk
term and an individual risk term, both following a GARCH type structure. The condi-
tional volatility of each stock will be the sum of these two conditional variance terms.
All the conditional volatility of the stock can shoot up together because a sudden peak
of the common volatility is a sign of the system shock.

We provide sufficient conditions for strict stationarity and ergodicity of the model.
The ergodicity of the model cannot be studied in the standard way because of the non-
linearity. After reforming the original mathematical representation of the model into a
complicated Markovian structure, the systematic theory for Markov chain from Meyn
and Tweedie (2009) is applied.

All the parameters in the model are identifiable in terms of the second conditional
moments under mild assumptions. Then there exists a unique solution of parameters in
the domain which maximizes the likelihood function for a sufficiently large sample size.
The choice of starting values is unimportant within the parameter space defined by the
ergodicity theorem. Under some general assumptions we proposed, without specifying
the distribution of the innovation, different initial values will lead to the same estimates
asymptotically. Once both assumptions for ergodicity and identifiability are satisfied,
the quasi maximum likelihood (QML) has become a reasonable method to estimate pa-
rameters in practice. The sufficient conditions for the strong consistency and asymptotic
normality of the QML estimator are proposed.

The Monte Carlo simulation example is included in this thesis to demonstrate how to
verify the assumptions in the strict stationarity and asymptotic normality theorems. The

numeric issues for the estimating process in practice are addressed with possible solutions.



Keywords: Common risk, Conditional Volatility, Conditional Correlation, Ergodic-
ity, GARCH, Multivariate Time Series, Underlying Driven Process, Asymptotic Normal-

ity, Consistency.
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Chapter 1

Introduction

The log returns are commonly used in econometrics for some reasons. The raw prices are
restricted to be positive whereas the log returns can be any real numbers. Let S, S4,...
be a sequence of daily stock closing prices. Then the log return x; (or return in the

following sections) is defined as

S. -8,
x = log(S,/8 ) ~ L2121
S

The right hand side of the approximation sign is obtained by Taylor expansion. The
log returns can be interpreted as continuously compounded returns and the log return
values do not depend on monetary units of the original asset prices (see Figure 1.1 and
4.1). Moreover, the weekly or monthly log returns can be easily computed by summing
up the daily returns. Most of the observations plotted in Figure 4.1 fall into a relatively
narrow range with only few above 5% or below -5%.

As a measure of riskiness in financial securities, it is necessary to estimate the volatility
of the log returns instead of the raw prices for the financial modeling. Though the
volatility of the log returns does not tell which direction the log return goes, it can tell
us how far on average the returns move. It can be used in derivative pricing and risk

control.
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Figure 1.1: The original daily closing prices and the log returns

In early studies of financial models, the log returns are assumed to be independent
and identically distributed with a mean and a variance which remain the same over time.
This type of structure is motivated by the Black-Scholes-Merton (BSM) model (Black
and Scholes, 1973; Merton, 1973) which is an important framework to derive the option
prices. In the BSM model,

ds,/S, = udt+ odW,.

After discretizing the time interval in this formula, this formula leads to the conclusion

that the daily log returns follow an independent and identically normal distribution with
1

mean (4 — 502) and variance o?. Therefore, the volatility of the log returns can be

1
estimated by the sample standard deviation. If ¥ = — 3\, x;, then
n

Such an assumption does not hold in practice for all kinds of different reasons. If
the log returns are normally distributed, the sample density will be close to the normal

density. However, the sample density in Figure 1.2 has a much higher peak and fatter tails
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Figure 1.2: The plot on the left: the solid black line shows the sample density of WFC
log return, the blue dashed line shows the corresponding normal density. The plot on the
right: the sample autocorrelation of WFC log return.

compared to the corresponding theoretical normal density. This phenomenon is known
as leptokurtosis. Another noticeable violation is that a large value tends to be followed
by another large value, and a small value tends to be followed by another small value,
regardless of signs. This characteristic of financial time series is called volatility clustering.
One more evidence of such a feature is based on the sample autocorrelation functions.
Though the sample autocorrelations of the log return sequence are mostly within the
confidence bands around 0, the sample autocorrelations of the transformed sequences,
both the absolute values and the squared values, decay to 0 slowly in Figures 1.2 and 1.3.
All of these suggest that the second order of the log returns or volatilities is changing

dynamically depending on the previous values.

1.1 Heteroskedasticity Models

The conditional heteroskedasticity models have played an important role in financial

world today by taking the nature of the financial log return series into consideration.
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Figure 1.3: The sample autocorrelation plots of transformed WFC log returns (absolute
values on the left and squared values on the right).

Assume {x, : t > 0} is the observed process and let ¥, be a set (o-field) generated by
{x;, X;_1, ...}, then the general form of the conditional heteroskedasticity model is written
in a multiplicative structure. The variance of the log return depends on the observations

up to one-step before the current time. In mathematical equations,

Xt = €0
E(x|#-1) =0 (1.1)

E(xX|Fio1) = 07

The innovations {¢ : t € T} are i.i.d. random noise with mean 0 and variance 1. Moreover,

the innovations are independent of ¥,_;, and o’s are ¥,_; adapted.

Engle (1982) introduced the autoregressive conditional heteroskedasticity (ARCH)
model with the unique ability of capturing volatility clustering in financial time series at

the time. The ARCH(q) model defines the conditional variance of x, to be
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However, the selected lag ¢ tends to be large when the model is applied to real market
data. Subsequently, Bollerslev (1986) extended the formula of o2 by adding its autore-
gressive terms, then the number of terms on the right hand side can be notably reduced.

The conditional variance of the univariate GARCH(p,q) model is defined as

If the backshift operator is used in the representation, the univariate GARCH(p,q) model
can be written as an ARCH(co) model. The ARCH(o0) model is

The detailed equalities of the coefficients can be found in Francq and Zakoian (2010).

Other extensions of the univariate GARCH model try to characterize the asymme-
try effect, which include exponential GARCH model (Nelson, 1991), threshold GARCH
model (Zakoian, 1994), double threshold (G)ARCH model (Li and Li, 1996), dynamic
asymmetric GARCH model (Caporin and McAleer, 2006). The theories and applications
of univariate (G)ARCH type models are well developed, while the multivariate cases are
much harder in general.

When there is more than one time series, it becomes necessary to understand the
co-movements of the returns. It is well known that the volatilities of stock returns are
correlated with each other. In contrast to the univariate cases, the multivariate volatility
estimations based on a GARCH dependence are much more flexible. There are two
possible ways to build a parametric model in the multivariate GARCH models. One
is to model the conditional second moment directly and the other one is to model the
conditional correlation along with the marginal conditional variance for each sequence
together.

The multivariate GARCH models are specified based on the first two conditional
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moments as well as the univariate cases. A multivariate volatility model, called half-Vec
(vech) GARCH model (Bollerslev et al., 1988), is also one of the most general forms of
multivariate GARCH models. Let vech denote the vector-half operator, which stacks the

lower triangular elements of an m X m matrix as a vector with length m x (m+1)/2. Then

— gl/2
Xy = Ht €&,

q P (1.2)
hi=c+ ZAi'lt—i + Z B;h,_j,
i=1 J=1

where

h; = vech(H,),

Ne-i = vech(€€T),
& 40, 1,),

and A;, Bj are m X m coefficient matrices.

In this class of models, the conditional covariance matrix is modeled directly. The
m(m + 1) 2+ m(m + 1)
2 2 '

It increases at a rate proportional to m*, which makes it difficult to get the estimations.

number of parameters in the general m-dimensional case is {( p+q)

Another famous class of the multivariate GARCH models built on H, is the BEKK
model (Bollerslev et al., 1988; Engle and Kroner, 1995). The conditional covariance

matrix is considered as

H =CC™+ ZK: qu A€ & AL + ZK: Zp: By H,_;B;,

k=1 i=1 k=1 i=1

where C, Ay and By, are m by m matrices. C is a triangular matrix, Ay and By are not
m(m+ 1
necessarily symmetric. The number of parameters is (p + g)Km? + (T), which is

much smaller than the Vech version.

There are simpler ways of specifying H, by using the method in the second category



1.1. HETEROSKEDASTICITY MODELS 7

mentioned above. The constant correlation coefficient (CCC) GARCH model is presented
by Bollerslev (1990), who assumes that the conditional correlation matrix R is time-

invariant, where

I pi2 .. Pim
piz 1 .. pam
R =
Pim P2m - 1
mxXm

The number of parameters is reduced to O(m?) from O(m*) in the Vech GARCH model.

The model is defined as

_ ggl/2
Xy _Ht €&,

H[ :SIRSt, (13)

q 4
At =c+ ZAixt_i2 + Z BjAt—j7
P =1

where A; is a m dimensional vector of diagonal elements of the conditional covariance
matrix H,, S, is the diagonal matrix of the elements in VA,, and the square vector x,_;>
is (x%,t—i’ o xrzn,t—i)T‘

A less restrictive time-variant conditional correlation version, called the dynamic cor-

relation coefficient (DCC) GARCH, is studied by Engle (2002), Tse and Tsui (2002).

The conditional correlation is changed to be dynamic in the structure of H,.

H[ = SIR[SZ

where the elements in R;, p;j; = L The terms in both the denominator and the

Vi 9 jjr

numerator can be written as a weighted average of their past values and the element in

matrix €¢€,7, may or may not with a constant. In matrix form,

O = -D(&€™) + A0,
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or

O =8SU-a-p +al&e™) + L0,

Both CCC-GARCH and DCC-GARCH models are built by modelling the conditional

variance of each series and the conditional correlation between series.

There are additional extensions to the multivariate GARCH models as described
above, e.g. the generalized orthogonal GARCH (Van der Weide, 2002) and the vector
ARMA-GARCH model (Ling and McAleer, 2003).

1.2 Factor models

The strong positive association between the equity variance and several explanatory vari-
ables is confirmed by Christie (1982). The volatilities of equities are driven by the same
underlying process which is related to some variables besides the returns. A successful
class of the multivariate models is the capital asset model and its extension, factor mod-
els. The asset pricing model (Treynor, 1962, 1961; Sharpe, 1964) has been introduced by
economists by comparing the sensitivity, £’s, of the series with the overall market risk.
Later, Fama and French expanded the variables in the asset returns model to a three
factor model (Fama and French, 1993) and a five factor model (Fama and French, 2015).

In the earliest setup, there is only one factor which is the market return. The model is

Ex; = x; + Bi(Ex,, — x¢)

where x; is the return of asset i, x; is the risk-free rate of interest and ; is the sensitivity
of the expected excess asset returns to the expected excess market returns. In such a
setup, the correlation between two expected returns, p; ; = Bif;, is a constant over time.
These models only consider the relative risk between the individual series and the general

market performance. They treat the market index or some overall market variables as
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the common risk factors which do not take the dynamic change along with time into
consideration.

One way to improve the model is to change the static factors into hidden dynamic
factors. The generalized factor model (Forni et al., 2000) assumes the individual log

return is a linear combination of K factors with an idiosyncratic risk,

K
xi,t:Zﬁjﬁ,j"'ni,t’ i:1,2,...,m.
J=1

or in a matrix form

x;=Bf + 1,

where B is a loading matrix with m rows and K columns, the idiosyncratic risk are corre-

lated with a covariance matrix Q. The factors have the following conditional specification
E1(fr) =0,

Et—l(ftftT) =N

where A, is a positive definite matrix.

The conditional covariance matrix of x; is
H, = BA,B™ + Q.

The identifiability in the dynamic factor models is a problem since any full rank square
matrix 7' can be used to premultiply the factor f;, then the conditional second moment

remains the same which means
H, = (BT)(T'A(T™)")(BT)".

Therefore, the solution of the parameters is not unique based on the conditional second
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moment. The number of parameters increases at a rate proportional to m? because the

number of elements in B is m(m + 1)/2.

The factor GARCH model (Vrontos et al., 2003) is a special case of the factor model
with Q = 0 and the number of factors equals to the dimensions of the observed process,
K = m. Moreover, A, is assumed to be a diagonal matrix with GARCH specified diagonal
elements o7, where

2 _ 2 2 ;
o =wiraif,  +Boi, ., i=1....m

Hafner and Preminger (2009a) solve the identification problem by putting constraints on
the constant terms w,;’s in the GARCH structure such that all of them are set to be one

in the equation above.

Though the dynamic factor model has many good features, it has some problems in
practice. In the general dynamic factor model settings, the number of factors K need to
be specified at the beginning (see Hallin and Liska, 2007). As in the principal component

analysis, the factors may lack practical interpretations.

Another way to improve the static factor model is to build the model with economic
reasoning. The risk can be divided in to systematic and idiosyncratic risk factors with

an additive structure. Using the idea from Vasicek (1987),

— 2
Xiy = Pi€os + \/1 —Pj€is

where €, is the systematic risk and ¢;,’s are the idiosyncratic risks. The systematic risk
and each of the idiosyncratic risks are independent of each other. In this setting, the
correlation between assets i and j remains constant over time, which is p;0;. Berd et al.

(2007) modified the model into a one-factor (G)ARCH model that

Xy = bro, + o€,



1.3. MODEL SPECIFICATION 11

where b > 0 and rg, is the market risk factor (systematic risk). The market risk factor ro,
has a conditional distribution with mean 0 and variance O'%J, where o%’t has the structure
of a univariate GARCH conditional variance. The model has been introduced without
any statistical property.

Generally speaking, the factor models with loading matrices have identifiability prob-
lem. If the conditional distribution of the factors remains the same over time (e.g. the
constant conditional mean and variance), then the loadings can be simply determined
by the unique solution of a linear regression. However, if the conditional distribution of
the factors is changing dynamically, the number of solutions of the loading matrix can

be infinity without additional constraints.

1.3 Model Specification

With information flowing around the world instantaneously, most markets (Asian, Euro-
pean, and American) will react to the same events (good news or bad news). Currently,
most stock prices will go up or down together following big events (random shocks).
Carr and Wu (2009) found that a common stochastic variance risk factor exists among
the stocks by using the market option premiums. We want to introduce a simple common
risk model which keeps the GARCH structure and involves the stock returns only. We
propose a new additive GARCH type model by using a common risk term to characterize
the internal relationship among series explicitly. The common risk term could be used as
an indicator of the shock among series. The conditional correlations aggregated by this
common risk term are changing dynamically.

The univariate GARCH model has a huge success in financial practice, while most
of the multivariate GARCH models extensions do not have a simple way to capture the
common risk among different stocks. The goal of this section is to propose a model which

defines the common conditional variance term directly. The model will have a structure
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similar to the univariate GARCH model, and it will also have characteristics similar to
the univariate GARCH model. The idea is borrowed from the factor models to use an
additive structure. Not like the class of DCC GARCH models, asymptotic theorems can
be provided in this new setting.

Some empirical studies show that GARCH model with p = g = 1 is the most com-
monly used one in applied econometrics, so we only define the model as an extension of
GARCH(1,1) process here. The model could be easily generalized based on GARCH(p,q)
case, although the statistical study of the generalized model will be much harder.

Consider an R™-valued stochastic process {x;,t € Z} on a probability space (Q, A, P)

and a multidimensional parameter 6 in the parameter space @ where

0= (/01,2,"' s Pm—1,ms W1, * 5 Wy, A1, 000 ,a’m,ﬁl,'“ ,,Bm,ﬁm,"' ,ﬁom)T,

which belongs to a parameter space of the form

m(m—1)

Oc[-1,1]1 7 x][0,c0)*".

Denote a m + 1 dimensional real valued innovation process by {€,t € Z}, and the infor-
mation set (o-field) denote the information set available at time ¢ by F, = o(€, €1, - . .).
Assume that the innovations are independent and identically distributed with mean 0
and covariance matrix X which is also a correlation matrix,

Rme 0m><l
3 =

01><m 1
where R is the same matrix defined above. The elements in the R matrix represent the
internal connections between shocks. When R is an identity matrix, the model becomes
a two factor model with the loading coefficients set to be 1.

The innovation at each time 7 can be divided into two parts as T = (etT, - €,;) where
Sin
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€ind = (€14, €y, - . ., €y,)7. The first part is an m-dimensional vector of correlated individual

shocks €,,q and the second part is a univariate independent common shock term €.

We say that x; is a common risk model with an additive GARCH structure if, for all

t € Z, we have

X1t = €101 + €,:00,;

Xoy = €402, + €00,
(1.4)

Xmyt = €miOmy T €000,

where o, ...,0,, are following a GARCH structure and o, is related to all of them,

2 _ 2 2
O = Wi + Xy, +ﬂ10—1,t—1

2 2 2
Oy, = W2 + a2X5, 1 +ﬁ20—2,t—1

...... (1.5)

2 2

— 2
i = W T X

g m,t—1 + ﬂmo—m,t—l

2 _ 2 2
Oos = :8010-1,1 +-- +:30m0-m,t'

Introduce the following notations,
D, =diaglo ;00 o), 1= (1,1, , )T,
Then (1.4) could be written in a matrix form:
X = D€ jng + 00 ,60,1. (1.6)

So the model could either be specified by (1.5) and (1.6) together or (1.4) and (1.5)
together.
The main idea of this setup has been published in Chu et al. (2016) but in a slightly

different mathematical form. The identifiability theorem in Chapter 3 of this thesis was
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also included in that proceeding manuscript without proof, whereas this thesis gives
additional details. Aside from the reason to obtain the parameter identifiability, the
structure of the covariance matrix X has its own interpretation. For a bivariate case, this
model allows two stock returns to be correlated through the individual innovations even
in the absence of the common shock. An independent external shock is applied to the

two stocks in the same way which drives the returns simultaneously.

The number of parameters is increasing at the rate O(m?) which is similar to the
CCC-GARCH model. We could partition the vector of unknown parameters into two

parts: the parameters in the innovations correlation matrix X and the coefficients in
m(m — 1
(1.5). The number of total parameters is s = s; + 3m + 1, where s; = % is the

number of parameters in R. There is no redundancy in defining the dependency among

2

the returns through the matrix ¥ and the common factor o . in the model. The process

0.1
is the same as a CCC-GARCH(1,1) process when By = B2 = --+ = Bom = 0. Therefore,
CCC-GARCH(1,1) is a special case of this process. Note that for pjo =+ = pp_1m =0,

the process further reduces to m independent univariate GARCH(1,1) series.

The conditional covariance matrix of x;, H, = cov(x,|¥;_1), can be computed from the

definition,

2 2 2 2
oy +0—1,1‘ e + 0120102 ... 004 + P1mO 1,0 m s
02+ P20 0 ol +0? 02+ om0 2,0
0,t P1201:02,; 0,¢ 2t e 0,t P2,mO 2,0 m ¢
H, =
0'2 + 0140, 0'2 + O 0, 0'2 + 0'2
0t pl,m 1,tY m,t 0,¢ p2,m 2.V mgt e 0, m,t

H; can be written as the sum of two parts: H, = 0'(2“.] + D,RD, where
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Each term on the left hand side (1.5) has its own lower bound,
01 2 Wi Ty 2 Wy and 0, > Bo1wr + -+ + BomWn

Hence, the conditional variance of each component in x, at time ¢ has different lower

bound as well.

The conditional correlation between series i and series j can be represented by the
elements in H, matrix

cov(x;, xj,t)

var(x;,) var(x;,)

2
Oos F PiLT i it

2 2 2 2
\/(O'OJ + O'i’t)(O'OJ + O'J.J)

Pijr =

Tir || Ojs
L+pi;| —||—
0ot 0o,
2 2
it Ojt
1+ — 1+ —
00t 00t

From the equations above, the conditional correlation matrix tends to be J when the
common term oy, is much larger than both o, and o ;. In this case, the common risk
term is dominant, and all the log return series are nearly perfectly correlated. On the
contrary, the conditional correlation matrix will be approaching the constant correlation
matrix R when the common risk term is much smaller than o, and o, or is really close
to 0. Then, the conditional correlation will become time invariant which is the same as

a CCC-GARCH model. Mathematically,

R, — J when o, — oo,

R, = R when o; — 0.
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2

PREE:! linear com-

Based on the specification in (1.5), R, cannot be neither J or R as o,
bination of O'I-ZJ for i = 1,2,---,m. Nonetheless, the expression for O'é’t can have other
possibilities which might involve terms like 0'3’[_1, )cl.z’t_1 or O'?J_]. This is only a demon-

stration of the potential of the model with the additive structure in (1.4).

1.4 Statistical Theory of multivariate models

Since the model proposed in the previous section follows a GARCH type structure, the
main tool used in this thesis can be borrowed from the GARCH models. The theories in
this thesis include the stationarity and ergodicity theorem, the consistency theorem and

the asymptotic normality theorem.

The strict stationarity of the univariate GARCH(1,1) model is proved in Kliippelberg
et al. (2004) by rewriting the conditional variance O'l.2J as an infinite sum of the past
squared innovations {e’}. Whether the process is strictly stationary depends on y where
y = Elogan? + . The necessary and sufficient conditions for a univariate GARCH(p, q)
model is provided in Nelson and Cao (1992) and Tsai and Chan (2008). In the general
univariate GARCH (p,q), the latest p conditional variance can be combined with the last
q observed points to construct a linear representation in vector form. The top Lyapunov
exponent of the spectral radius of the coefficient matrix in the new form is used to control
the strong consistency.

The local consistency and asymptotic normality theorem of the QMLE in the uni-
variate GARCH(1,1) model is provided in Lumsdaine (1996). A local neighbourhood of
the true parameter is defined, then the consistency theorem is built inside this neigh-
bourhood under very restrictive assumptions. Lee and Hansen (1994) provide the strong
consistency among the whole parameter space in the univariate GARCH(1,1) setting un-
der the strictly stationary and ergodic assumption. The finite moment requirement is

only needed with the 4th moment to obtain the asymptotic normality. The consistency
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and asymptotic normality theorems in a univariate GARCH(p,q) model is very similar to
the GARCH(1,1) case which uses the top Lyapunov exponent and the finite 4th moment

plus some other conditions (see Berkes et al., 2003; Francq and Zakoian, 2004).

The theories of the multivariate GARCH models are very complicated. The method-
ology in univariate cases cannot be extended to multivariate GARCH models. The results
of the multivariate models are studied case by case including both the stationary theory
and the asymptotic normality theory. Jeantheau (1998) proves the strong consistency
theory of the estimator under the strict stationary and the identifiable assumptions. As
an example, the detailed conditions to check the strict stationarity and the identifiability
for the CCC-GARCH model are included in the paper. Comte and Lieberman (2003) con-
tinues the next stage of the asymptotic theory which is the normality of the QMLE with
the finite 8th moment. The Markov chain theory in Meyn and Tweedie (2009) is used
to prove the stationarity and ergodicity of the BEKK GARCH model (Boussama et al.,
2011), the Vech GARCH model (see Hafner and Preminger, 2009b for the GARCH(1,1)
case, Jiang (2011) for the general GARCH (p,q) case) and the factor GARCH model
(Hafner and Preminger, 2009a). For the asymptotic normality, both Hafner and Pre-
minger (2009b) and Jiang (2011) prove it under the finite 6th moment while Hafner and
Preminger (2009a) requires only the finite 4th moment with the factor GARCH setting.
All of the proof of the asymptotic normality mentioned above follow the framework in

Chapter 4 of Amemiya (1985).

Francq and Zakoian (2010) provide a comprehensive summary of some multivariate
GARCH models in Chapter 11, including the BEKK, Vech and CCC GARCH models.
The stationarity theory is proved for Vech and CCC GARCH model while the estimation
theory with asymptotic results is only provided for CCC GARCH. For the DCC-GARCH
model, the theoretically sound statistical inference procedures do not yet exist, as noted

in Caporin and McAleer (2006).
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1.5 Organization of the Thesis

The notations and the new common underlying risk model have been introduced in
Section 1.3 above as well as some properties. The terms on the left hand side of (1.5) can
have other specifications. The main idea in this class of models is that both of these parts
are determined by the previous values iteratively. The similar theoretical derivation in
this thesis can be followed under moderately varying assumptions.

Chapter 2 states the stationarity and ergodicity theorem of our model, which is crucial
in time series. The sufficient but not necessary conditions are provided in the theorem. In
Chapter 3, the parameter estimation method using Gaussian quasi-maximum likelihood
is discussed. The strong consistency and the asymptotic normality of the estimator, two
important large sample results, are provided in this chapter. One of the assumptions
in this chapter can be substituted by the conditions in the previous chapter. Chapter 4
addresses the results of the Monte Carlo simulation study based on a bivariate exam-
ple. The example chosen in this chapter satisfies all the assumptions in Chapter 2 and
Chapter 3. Furthermore, some numeric issues and possible solutions are discussed in this

chapter. The last chapter, Chapter 5, concludes all the results and presents future work.



Chapter 2

Ergodicity and Stationarity

2.1 Introduction

The asymptotic theory of the quasi maximum likelihood estimator needs to be established
if the observed time series is stable in some kind of form. Moreover, the reliability of the
forecasting highly depends on this kind of stability. If a process is stable, the statistics
obtained from the sample could be used to describe the future behavior of the process.
In addition, some of the statistical properties of the process will remain the same in the
future as the observed past. The type we would like to choose to describe the stability
in this multivariate time series model is the stationarity and geometric ergodicity.

The stationarity of a stochastic process has two different forms, the strict (or strong)
stationarity and the weak (or second order) stationarity. The strong stationarity is defined
in terms of the joint distribution while the weak one is based on the first and second
moments. Their definitions can be found in almost any textbook on time series analysis,

see Tsay (2010) and Francq and Zakoian (2010) as examples.

Definition 2.1 (Weak Stationarity)

The process {Y,} is weakly stationary if,

1. the mean of the process does not change over time which means

19
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EY, = u for all t € Z,

2. the autocovariance of the process is finite and it does not change when time is shifted

cov(Y, Y) =v() for all It € Z and y(0) < oo.

Definition 2.2 (Strict Stationarity)
The process {Y;} is said to be strictly stationary if the joint distribution of (Y, --,Y,) s
wdentical to that of (Y41, Y4 for alll € Z |, where k is an arbitrary positive integer

and (ty, ..., t;) s any collection of k integers. It is written as
d
(Y[p“' ’Ylk) = (Yll+l9." ’Ylk+l)’
where £ means equal 1n distribution.

On the one hand, the weak stationarity does not imply strict stationarity since the
higher moments of the process may depend on time ¢, but on the other hand, a strictly
stationary process with a finite second moment is weakly stationary. A measurable
function of a strictly stationary variable is still strictly stationary, but this is not true for
the weakly stationary variables. In this section, we will prove the strict stationarity of
the process in Section 1.3.

The definition of an ergodic process is very technical. Intuitively, if a process is
ergodic, the initial values will be irrelevant in the long run. The ergodicity is the requisite
to apply the ergodic theorem, which is a law of large numbers of the stochastic process.
By the ergodic theorem, the average of time series converges to the same limit as the
ensemble average when the sample size gets large, and this limit could be considered as
the center of the process, then the process will return to the center in a finite time on

average or we can say that the expected return time to the center is finite.
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The form of ergodicity used in Hafner and Preminger (2009b) is the V-geometric er-
godicity which means that the difference between the t-step transition probability mea-
sure P'(y,-) and the stationary probability measure converges at a geometric rate under
the V-norm distance measure. The form we choose here is the V-uniform ergodicity which

is a special case of the V-geometric ergodicity.

Definition 2.3 (V-Uniform Ergodicity, Ch16 in Meyn and Tweedie (2009))
Consider an ergodic Chain Y on the state space S, and let P(y,-) be the transition proba-
bility, n(-) be its stationary distribution. V is a positive function such that'V : § — [1, c0).

The chain is said to be V-uniform ergodic if
I[Py = 7O, = 0, 1> o0

where P'(y,-) is the t-step transition probability and the V-norm distance between Py and

P, is defined as

1P (y, ) = Pa(y, )l sup,<y [P1(y, 8) — P2y, 8)
1P, = Pylly = sup 121020 = Py i<V |

Su
Yo V) o V)

From the definitions listed above, we could see that both the stationarity and er-
godicity require the process to remain unchanged but in different ways. The stationarity
requires that some properties of the process do not change over time, while the ergodicity
demands the behavior of the sequence stays the same not only over time but also over the
defined state space. Hence the stationarity is a necessary but not a sufficient condition
for ergodicity (Bendat and Piersol, 2010).

When the parameters in our defined model satisfy certain conditions, they will gen-
erate the process which has the desired statistical properties. We provide the sufficient
conditions for a common risk process to be stationary and ergodic in this chapter.

In the appendix of Hafner and Preminger (2009b), a technique is provided to show

us how to rewrite a multivariate GARCH(1,1) model as a suitable state space expres-
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sion when they prove Theorem 1, and Jiang (2011) extends this theorem into a general
multivariate GARCH(p,q) model. The same methodology in their paper is used to proof
the stationarity and ergodic theorem in this thesis. The observed process is combined
with the unobservable conditional volatility terms to form a higher dimensional recursive
formula. Then, this specification can be reduced to a lower dimensional representation
which depends on the volatilities and innovations only. Therefore, the new specification

can be treated as a chain to use the theorems in Meyn and Tweedie (2009).

2.2 Markovian Process and Nonlinear State Space

Model

The first step is to change the model in Section 1.3 into a special form such that the
classical well-developed theory of Markov Chains can be applied.

The general model specified by (1.5) and (1.4) can be rewritten in a different form
in order to apply the standard theory of Markovian structures. The last term in (1.5),
O'(Z)J_l, is replaced by other terms. Hence, the stochastic process at time ¢, x;, can be
written as a function of previous conditional variances 0'%,[_1,0'3’[_1,--- ,0'3“_1 and the

current innovation variables €.

X1t =€0 \/ﬁm[wl + aflxit,l +ﬂ1UiH] + o+ Bomlwm + amxf,,,t,l +,3m03,,,t,1]

2 2
+ €1, \/a)] +aixy, +,810'1’t_1

Xt =€0 \/,801 [wi +a1x],_ +B107 1+ + Bomlwm + @nxs, | +Buoy, ]

(2.1)

2 2
+ €ny \/wm + X, F B0,

2 _ 2 2
Ol =W1 +a1Xy ;4 +ﬁ10—1,t—1

2
m,t—1°

2 _ 2
Tt =Wm + WXy + B0
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Then, a 2m-dimensional Markovian process {Z,} is formed where Z; = (Z,,,- -+ , Zom,)T =
(X1 ,xm,,,of’[, e O',ZH’I)T at each time point ¢. Then
81(Zi1, &)
gn(Zi-1, &)
2;=G(Zi1,¢)= (2-2)

8mi1(Z-1, &)

8m(Z_1, &)

where gy, -, g, are some deterministic non-linear functions.
Meyn and Tweedie (2009) summarized the tools to study stochastic processes follow-
ing different kinds of chain structures. Our model written in (2.1) fits into the framework

of a multidimensional nonlinear state space model defined in Chapter 2.2.2 of Meyn and

Tweedie (2009).

Definition 2.4 (Nonlinear State Space Model or NSS(F))
A stochastic process Y = {Y;} is called a nonlinear state space model driven by F with

control set O,, or NSS(F) if

NSS1 for eacht >0, Y, and W, are random variables on R" and R? respectively, satisfying
inductively fort > 1,

Y, = F(Yt—l, Wz)

for some smooth (C*) function F : S X O,, —> S, where S is an open subset of R"

and O,, is an open subset of R?;

NSS2 the random wvariables {W;} form an i.1.d. disturbance sequence on RP, whose

marginal distribution T possesses a density vy, which is supported on an open set

O,.
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Define the sequence of inductive mappings: {F,: S X0, = S : t > 0}

Fo(yo) =yo0, Fi(yo,u1) = F(yo,u1),

Ft(YO’MI,MZ,"' 7ul‘) = F(Ft—](y07u17u27”' 7”[—1)’ u[) fort > 1

At each time ¢, the latter half of the multivariate function G in (2.2) from g,+1 to g, is
completely determined by the past Z,_; which does not involve any randomness from the
innovation in any sense. We could use the relationship between Z, and (Z,_1, €) in the
first half of this G function and substitute the corresponding terms in the second half.

Therefore,

2
2 _ 2 2 2
o, =wrtap (El,t—lo'l,z—l + €01 \/,3010'1,,_1 +-- +ﬁ0m0—m,t—]) + 8107,

2
_ 2 2 2
wy + @ (62,1—10'2;—1 + €01 \/,3010'1,,,1 - +,30m0'm7,,1) + 62075,

g
SIS
<

I

(2.3)

2
— 2 2 2
O-m,; =Wyt ap (Em,t—lo-m,t—l + €,-1 \/ﬁOlo-l’t_l +- +ﬁ0mo-m’,_1) +ﬁmo-m,[_1~

After all these operations, the original 2m dimensional Markov model above is reduced
into an m dimensional formulation. This new m dimensional representation still follows

a Markovian structure.

Define
Yt = F(Yt—I, Wt), (24)

where Y, = (014,024, ,0m)T and W, = ;. This process can be treated as a homoge-
neous Markov chain. The process {Y,} written in (2.4) is an NSS(F) where F is a smooth
function with § € (0,00)” and an m + 1 dimensional innovation process W, satisfying

NSS2 on the control set.

Definition 2.5 (The Associated Control Model CM(F))
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CM1 The deterministic system

yl:F[(yO’ubuZ’”"ut)’ t€N+’

where the sequence of maps {F, : S X O, — S,t € N} has been defined above,

is called the associated control system for the NSS(F') model, denoted by CM(F),

given the deterministic control sequence {uy, uo, -+ ,u;_1,u;, t € N*} lies in the control
set O,, CRP.
For an m dimensional vector Y = (Y, Y5, - ,Y,)T and another m + 1 dimensional vector

U=U,,--,U, Uy,), we define functions fi,..., f,, as

2
wi + @y (U1Y1 + Ui \/ﬁOlY]z +--- +,30in) +B1Y;

HY,U) =

LY, U) =

_ =

2
wy + a3 (U2Y2 + U \/,8011/12 e +,30in) +BY;

2
fm(Y’ U) = \/wm + (UmYm + Ui \/ﬁOlYIZ + +ﬁ0me%l) +ﬁme%l

It is easy to see that these functions are the components of the function F in (2.4), which

means
Sil¥eo, W)
Y, =FX;.1,W,) = : . (2-5)

Jn(¥e-1, We)
The irreducibility of the original stochastic process could be studied based on the associ-
ated control model driven by F. The control model associated with F defined in (2.4) is
denoted by y, given the control sequence {uy,uz, -+ ,u,—1, U} Where s = (V11 V2.05 "+ s Yimr)-

Hence the sequence of function {F,} is specified by
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Fl(y()’ ul) = F(y()7ul)’

yt = Fl(yo,ul,u27"' ’ut—l’ut) r> 1

If we could prove the geometric ergodicity of the process {Y,}, then it is natural that
{Z,_1} and the original process {x,} are ergodic as well (Proposition 4 of Carrasco and

Chen 2002).

2.3 Ergodicity and Stationarity Theorem

The main result of this chapter is included in this section. The observable process x;
will be stationary and ergodic under the four assumptions. These four assumptions are

sufficient but not necessary for the conclusion in this theory.

Theorem 2.3.1 (Geometric Ergodicity)
Consider the stochastic process X, defined by (1.4) and (1.5) and its matching dimension

reduced form in (2.5). Assume that:

Al The marginal distribution of {€} is given by a lower semi continuous density fe, w.r.t.
the Lebesque measure which has support of an open set on R™1. The initial value

Yy in (2.5) is independent of {€};
A2 a;>0 and w; >0 fori=1,2,...,m;
A3 a;+Bi<1 fori=1,2,...,m;

A4 There exist a positive integer py and a positive number s3 < 2 such that
supE [llB()‘), et)lljfl] < 1, where B is the partial derivative of function F(Y,W) with
y
respect to the first variable Y, and the matrixz norm ||| is the operator norm corre-

sponding to a given vector p-norm.
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Under Assumptions Al — A4, the process {Y,} is geometrically ergodic and a time invari-
ant measure  exists. Then the original process {X;} is also geometrically ergodic. If
the process {X;} starts from the stationary distribution, it becomes a strictly stationary

Process.

The first assumption, Al, is a regular constraint with respect to the distribution of
the innovations. It is easily satisfied by all well defined continuous densities such as the
normal density and the student-t density. Assumptions A1 and A2 are needed for forward
accessibility which means the chain can be controlled using a certain control sequence for
all possible states in the space defined. In addition, Assumptions A2 and A3 lead to the
conclusion that a universal attracting point exists for any starting state.

The last assumption is associated with the drift of the chain. When this assumption
is satisfied, the mean of the one-step drift is controlled by the current state. If the current
state is far from the attracting state, the chain has a tendency to pull the process back
near the attracting point in the next step. The last assumption seems really abstract and
the verification of such an assumption is not easy. The detailed steps of verification are
included in Chapter 4, which includes performing a Monte Carlo simulation.

There are two existence conditions included in the last assumption, s3 and p;. This
assumption could be modified. The existence of p; might be weakened by using the
spectral radius of the matrix since it is the lower bound of the matrix induced norm.
Both Hafner and Preminger (2009b) and Jiang (2011) proposed the ergodic theory for
multivariate Vech GARCH model based on similar assumptions. Assumption 2.3 in
Hafner and Preminger (2009b) and Assumption A4 in Jiang (2011) are special cases of
Assumption A4 here. In their setting, the integer p; has been set to be 2 and the existence
of s3 was proved by the continuity of an exponential function.

The moment conditions, Assumption 2.2 in Hafner and Preminger (2009b) and As-
sumption A2 in Jiang (2011), are needed here as well. These conditions are embedded in

the model setup since the second moment of € is X which is finite.
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2.4 Proof of the Theorem

Some of the definitions from Meyn and Tweedie (2009), which are used in this chapter,
are provided in Appendix B.

The drift condition V4 as (15.28) in Meyn and Tweedie (2009) is essential when we
want to prove the theorem in this chapter. We start this section by introducing the
concept of geometric drift towards some set C which is the drift condition V4 in Meyn

and Tweedie (2009).

Geometric Drift Towards C
There exist an extended-real values function V : Z — [1, o], a measurable set C,

and constants 6 > 0, v < oo, such that
AV(z) < =6V(z2) + vlc(z), z€Z, (2.6)
where AV(z) is the one step ‘mean-drift’ on a chain which is defined as

AV(z) := fP(z, dy)V(y) = V(@) = E[VX, )X, =21 - V(2), z€Z (2.7)

The proof of Theorem 2.3.1 will be divided into two main parts,
e the NSS(F) model is a y-irreducible aperiodic T-chain in Lemma 2.4.1 below,

e there is a V function which satisfies the drift condition above on a petite set C in

Lemma 2.4.4 below.

The existence of such a V function will lead to the geometric ergodicity of the process
{Y,}, given that {Y,} is a y-irreducible aperiodic chain (Theorem 15.0.1 and Theorem
16.0.1 of Meyn and Tweedie, 2009).

If the function V used in the geometric drift condition is unbounded on the whole state

space but bounded on C, then the chain is positive recurrent with invariant probability
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measure 7 (Theorem 15.0.10 of Meyn and Tweedie, 2009). As in (i) of Theorem 15.0.10
of Meyn and Tweedie (2009), for all x € C, |P’(y, C) - P°°(C)| — 0 when ¢ — oo such that
P> =n.

The same assumptions lead to the V-uniform ergodicity of the process {Y,}, which is

a more general form of ergodicity than the geometric ergodicity (see Chapter 16 of Meyn

and Tweedie, 2009 and Jiang (2011)).

Lemma 2.4.1 Under Assumptions A1 —A3, the CM(F) associated with NSS(F) in (2.4)

18 a Y-irreducible aperiodic T-chain.

Proof Under Assumptions Al and A2, the NSS(F) is a T-chain (Definition B.1 in Ap-
pendix B) since the CM(F) is forward accessible by Proposition 7.1.4 of Meyn and
Tweedie (2009) (the proof of forward accessibility refers to Lemma 2.4.2 below). An
equivalent form of the M-irreducibility of the CM(F) (Definition B.4 in AppendixB),
which is the existence of a fixed globally attracting point y* (Theorem 7.2.5 of Meyn and
Tweedie, 2009), has been proved in Lemma 2.4.3 under Assumption A3. The control
sequence {y,} will converge to this y* as t — oo under a control sequence {u, = u*} from
any possible initial state y,. So the M-irreducible CM(F) leads to the conclusion that the
NSS(F) is y-irreducible (Theorem 7.2.5 and Theorem 7.2.6 of Meyn and Tweedie, 2009).

Such a control model has a minimal set M (the same set in M-irreducible) which can
be uniquely (in some sense) partitioned into finite disjoint closed sets @ = {Q;: 1 <i <[}
for an integer [ > 1 (i.e. M = J_, Q;) and Q is a periodic orbit (Theorem 7.3.3 of Meyn
and Tweedie, 2009). Since there is a globally attracting point y* contained in the minimal
set M, y* is reachable at almost any time. In other words, y* belongs to each Q;, so we
conclude that [ is 1 and the minimal set is aperiodic.

By Theorem 7.3.5 of Meyn and Tweedie (2009), the NSS(F) model is a y-irreducible
aperiodic T-chain if the CM(F) is an M-irreducible chain and its unique minimal set M

is aperiodic. O
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Therefore, the proof of Theorem 2.3.1 is equivalent to verifying the following conditions:

1. The associated control model driven by F, y,, is forward accessible under Assump-

tions Al and A2.
2. The globally attracting point of the CM(F) y* exists if Assumption A3 is satisfied.

3. The drift condition (2.6) is satisfied under Assumption A4 with an unbounded drift

function V with a petite set C.
These three conditions are verified in different lemmas below.

Lemma 2.4.2 If Assumptions A1 and A2 are satisfied, then the associated control model
driven by F defined in (2.5) is forward accessible.

Proof For a given initial value in the support, yo € §, and a control sequence {u; :
u; € 0,,t € N*}, let {B;;; : t € N} denote the partial derivative matrix of function F
with respect to the first variable and let {A;;; : t € N} denote the partial derivative

matrix of function F with respect to the second variable, both evaluated at (y;,#s41).

Mathematically,

OF ]

By = Bii(Yo, r, Uz, -+ s Ue1) = Bye, Uey) = v ,
L y—(yt9ut+1)
OF ]

A1 = A1 (Yo, ur, U2, - S U1) = A(Ves Ues1) = |7 ’
ﬁu?(y 2t)

t>Ut+1

where y; = Fi(yo, Uy, Uz, - ,Uy).

A short notation y(y,) is used to replace the expression \/:301)’%,: + -+ Bomya,, in all
the equations below. Hence, the complicated expressions contained in the elements of
the matrices A,y and B, can be simplified in writing.

As we can see, the elements of A,;; and B,y are functions of y, and u;4q. By is

an m X m square matrix while A;;; is an m by m + 1 matrix. Moreover, matrix A,
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can be divided into an m dimensional diagonal matrix AA(y,,u;+1) and a column vector

AB(y;, tsyr)-

Specifically,
bb bbi, ... bbyy- bby
bbyi  bbys ... bbymy  bby,
B(ys, ues1) =
bbm—l,l bbm—l,Z bbm—l,m—l bbm—l,m
bb,, bb,, ... bbu,-1  bbun
and

aag i 0 e 0 abl’m_'_]
0 ada, ... 0 abz’mﬂ

AYe, Ui1) = (AA(yta i) mxmAB(ye, ut+l)m><1) =

0 0 ... aawmm abymn

where

Um+1,+180i) it
QiU re1Yip + Umst i1 YY) Uipy) + ——————
Y(¥s)

Jiye, ussr)

)+ Biyia
bby; =

fori=1,---,m,
_ (Ui p1Yig + Umst 141V V) U1 14180, j.

bb; ;i =
N Jiye, ) y(ye)

fori# jandi,j=1,---,mand

ai(”i,ml)’i,t + um+1,t+1'}’()’t))yi,t
Jie uip)

ad;; =

@i(Uis+1Yip + Uns1,1Y D)) Y(Ye)
Siye, ues1)

abi,m+1 =

fori=1,---,m.
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Denote the generalized controllability matrix along with the control sequence uy, u,, . ..

by C!

1= 1,23,

C;o :=[B,- - BA1lB; - - B3Ao| - - - |B/A-1]|A,].

The non-linear control model driven by F is forward accessible if and only if for each initial
value yy € S, there exist 1 € N* and a sequence of control variables w° = (u,°,--- ,u,°) €

0,, such that the rank of Cj is full ( Proposition 7.1.4 of Meyn and Tweedie, 2009).

In this transformed setup, we need to find a ¢t and a control sequence which satisfies
t 720y _
rankCy (u") = m. (2.9)

Starting from ¢ = 1, we will move on to # = 2 if we cannot find a #° = (u;) to satisfy the

rank condition in (2.9) under Assumption A2.
When t =1,

C;O = (Al)mx(m+1) = (AA(yO’ ul)mxmAB(yO’ ul)mxl)’

where AA is the diagonal matrix. If AA is a full rank matrix with rank m, we could
conclude that the CM(F) is forward accessible because the condition in (2.9) is met.
Then, the sufficient condition for the forward accessibility is changed to find a suitable
uy such that the diagonal elements of matrix AA defined above in (2.8) are non-zero. From
the model setup and Assumption A2, it is easy to see @; > 0, y;o > 0 and fi(yo,uy) > O.

Hence, any m + 1 dimensional uy satisfies
(Ui1Yi0 + Ums1.1YWD0)) 0 for i =1,2,...,m (2.10)

would work here. O

We will determine the value of this control variable u; in the next part of this section

s Uy
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so that it can serve the purpose of both the 1st and the 2nd conditions in the proof of
this theorem.

In the rest of this chapter, we are going to measure the distances between vectors and
work with the mean value theorem in multivariate cases. The partial derivative of the
multidimensional function F with respect to a vector is a matrix. Thus, the first question
we need to answer is how to define an appropriate vector norm as well as a matrix norm.

The vector norm used in this thesis is the L, norm and the matrix norm is chosen

to be the corresponding induced operator norm. For p > 1, the L, norm of a vector

y=01,...,y) 18
n 1/p
yll, := (Z W] .
i=1

The operator norm of a m X n matrix A corresponding to a given vector p-norm is

defined as

layll,
il

lAll, « = SUP{ y R yll, # 0}

y

= sup{llAyll, : y € R, Iyll, = 1}
y

There is no easy way to calculate the induced matrix norm for a general p except
for these special values, 1,2 and co. However, if A is a diagonal matrix, the p-norm of
A is always the absolute value of the largest diagonal element by the definition of the
operator norm. The searching process in this section takes advantage of this property,

which helps reduce the complication of the induced matrix norms.

Lemma 2.4.3 There exists a globally attracting point in the associated control model

driven by F under Assumption A3.

Proof Given an induced matrix norm ||[|,, the mean value theorem of multidimensional
variables has been applied on the difference between the control points y,; and y, under

the control sequence {u, = u*}. There exists a m dimensional vector y,” between these
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two points, such that

yeer = yell, = IFQeu") = Fyop,u))ll,
_ ‘ OF

Ve = Y1) - [—
= e = ye-1) - B ud)ll,

% Lr*#*) p (2.11)

<ye = yeall, 1By ud)ll,, -

where p is a fixed positive integer.
If

I1B(ys, u)ll, < 1 (2.12)

is true for any y, in the space with a fixed u*, then we can find a constant p, on the cord

of sup ||B(y;,u")|l, and 1, and apply the inequality in (2.11) iteratively. So,
y

Weer = yell, < Wye = yecall, 00 < ... < pgllyr = yoll, -

The change between time steps ||y.+1 — y4ll,, given the control variable u*, is approaching
0 when t goes to infinity, i.e.

Yoy ast— oo,

This proves the existence of the globally attracting point y* in the control model.

In order to prove the existence of the globally attracting point, we only need to find
a control variable #* which satisfies the condition in (2.12). Since both p and u* are

unknown, a straightforward way to simplify the condition is to set the last element of u*,

*

um+1’

to be zero. Then the matrix B is changed to be a diagonal matrix, the value of p will

not have any effect on the result of || B(y;, u")l|,. Therefore, the condition in (2.12) becomes

2 ”
a ) "y1 + iy U +
”B(yt’ u*)”p = max 1 , mUy Ym ﬁmym

cees — >
\/a)l + Q]MTZ)}% +ﬁ1y% \/(l)m + a/mu;kn Y +ﬁlym

<1l. (2.13)
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Then the inequality above could be further simplified as
(Oliuf2 +,3i)(a/iuf2 +Bi— l)in -—w; <0
for i = 1,...,m. The first m elements in u#* could be chosen as any combination of

—,/l_'Bl <uj < wll_'gl,...,—,fl_'gm <ul, < ,/1_'87",

so that au? + B; — 1 < 0, which makes the inequality in (2.13) true for any y in the state

space.
By Assumption A3, for any @ in the parameter space, we could choose the control
variable to be u* = (1,...,1,0), which will satisfy the condition in (2.12) and lead to the
existence of a globally attracting point.
This control variable does not only satisfy (2.13) but also fulfill the full rank condition

(2.10) in Lemma 2.4.2. i

The last piece of the puzzle is to find the fixed constant p so that both the vector
norm and the induced matrix norm can be defined.

The drift condition V4 in Meyn and Tweedie (2009) needs to be verified under the
original stochastic model Y, instead of the associated control model y, in the previous

subsections.

Lemma 2.4.4 The drift condition (2.6) is satisfied under Assumption A4 with an un-

bounded drift function V with a petite set C.
Define a function V as
V(Y)=1+IYll;, (2.14)

where s3 and p; are the same numbers as the ones stated in Assumption A4.

Proof Suppose the globally attracting point in Lemma 2.4.3 is denoted by y*. By the

mean value theorem, we can get
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V(Yo =1 +IYdll;
=1+ IFYeer, W) = FO", Wo) + F(y", WOl
=1+ [BY .\ W) - (Y —y) + FO", W), Yy’ is between ¥,y and y*
=1+ IF(y", W) = Bt/ Woy" + BY -, W)Yl -

(2.15)

By Minkowski’s inequality,

E[V(Y )Y = y]
=1 +EIF", Wisr) = BO, Wer)y™ + By Wea)yll,
<1+ ENFQY", W) = B, WeDy'll; + VI ENBGL s Wl

<1+ ENFQ", Wadlly, + 17 BB Wl + I EIBYL, Wedlly,

For any given y, y,’ is a fixed point between y and the globally attracting point y* without
any randomness. Assumption A4 is equivalent to that }EllB(yt’,WtJ,l)lljff1 < 1 is true for
any points y,” within that interval and for any possible y. The value in Assumption A4,

supE [||B()7, Wt+1)||‘;,31], is denoted by A in the following statements.
y

So,
E[VX )Y =yl <AV(y) +v (2.16)

where

v=1=A+EIFY" Wil + 115 EIBG. Wiy,

Then drift function defined in (2.7) becomes
AV(y) = E[VY)lY: = y] = V() < (A - DV(y) +v.

The measurable set C is chosen as
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2
={Y: V@) =1+|Y] < : 2.1
c { V) =1+] ||p,_1_ﬂv} (2.17)

2
> 2, it is easy to tell that C is not an empty set.
A

We can see that

Since C is a union of closed intervals on real numbers, C is a compact set. By
Theorem 6.2.5 in Meyn and Tweedie (2009), C has to be a petite set since the chain Y,
is a y-irreducible T-chain.

For Y € C, since A <1 and V(Y) > 0,

AV(Y) < %V(Y) +v.

1-24

For Y ¢ C, so V(Y) 3

>,

AWES%;WD.

Let 6 = and the measurable set C to be the one in (2.17). The task left in the

drift condition (2.6) is to verify that v is finite. The finiteness of v is equivalent to the
finiteness of E||[F(y*, W)l and EIIB(Y,’,W,H)II;. By the model setup, E||W il is =
which is finite, so E||Wt+1||,sfl is finite when s3 < 2. This model setup would lead to the
finiteness of E||F(y*, Wedll; -

From the previous proof, we can get
E[BY, . Wenll}, <1< 1.

The finiteness of v follows. m|



Chapter 3

Gaussian QMLE and its Asymptotic

Theory

In this chapter, a parameter estimation method called Gaussian quasi-maximum like-
lihood (QML) will be used to find the parameter values. The estimator (QMLE) will
converge as the sample size increases, which leads to two important asymptotic results.
The first one is the estimator converges to the true value almost surely, and the other one
is, after choosing a scale related to the sample size, the difference between the estimator
and the true parameter converges to a normal distribution. In brief, we will establish
the strong consistency and the asymptotic normality theorem under certain conditions

in this chapter.

3.1 Gaussian Quasi-Maximum Likelihood Estimator

A distribution must be specified for the innovation € process in order to form the likeli-
hood function. The maximum likelihood (ML) method is particularly useful in statistical
inferences because it usually provides an estimator which is both consistent and asymp-
totically normal. The quasi-maximum likelihood (QML) method could draw statistical

inferences based on an even misspecified distribution of the innovations while the ML

38
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method assumes that the true distribution of the innovations is the specified distribu-
tion. ML method essentially is a special case of the QML method with no specification

error.

The observations x,’s are assumed to follow a realization of an m-dimensional common

risk process with an unknown true parameter

_ (»,O 0) (0) 0 0 0) [0 0) (0 (0)
00_(p1’29"'apm_1’m,w1 "..’wm’al ,"',am7ﬁ s P P17 Om)T9
which belongs to a parameter space of the form
m(m—1)
O c[-1,11"z x[0,c0)*. (3.1)

Under the assumption of normally distributed driving innovations, €’s, we could estimate
6y by constructing the Gaussian quasi likelihood function based on the one-step ahead

density of conditional distribution x,|%;_;.

The observations in (1.4) can be written as linear combinations of normally distributed
variables given the past. Therefore, the conditional distribution of the observations x,’s
are multivariate normal too, e.g. x,%;-; ~ N(0, H;). The model in (1.4) and (1.5) can be

revised to a different form as

12
x|Fi-1 = H,/'°&
o +07? 02+ p120 0 02+ PO 140
0,¢ 1t 0,¢ P1201,:02¢ ... 0,¢ P1.mO 1,:0 m
2 2 2 2
T4 + 0120 1,02, e + 0y, cee Oy + 02,m0 2,0 mt (32)
H; =
O + PO 14O ms 02+ PrmT 2,0, ol +07?
0,t pl,m 1,tY m,t 0,t p2,m 2,V mgt e 0,t myt

where the innovations &; are a sequence of i.i.d m-dimensional standard normal variables.

Then the quasi log likelihood function for n observations is conditional on an initial in-
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formation set 7y, up to an additive constant and a constant scale, given by

n

1 IS
L(0) = — > (log|H(O)| + x, H(0) 'x0) =~ > 1(0). (3.3)
t=1

=1
where ¥, = o€, €1, ...}

Theoretically, {x; 0, , Xmn0,010," "+ s Tmo}, Which are drawn from their stationary dis-
tribution or depends on the infinite past. However, we do not possibly know their station-
ary distribution in practice, which makes this likelihood impossible to work with. What
we can do is to work with the likelihood function conditional on some finite given initial
values or a finite past. Define L,(0) as the target function or the quasi log likelihood
which is conditional on a set of initial values {¥,0, -, 0,010, ,0mo}. The choice of
the the initial value is almost arbitrary, the only constraint is that &y, , 0o need to
take some non negative values.

Based on this initial value, we define &4, -+ , 0, for t > 2 iteratively as

2 2 2
O, =wr+a1xy,; +B107,

For t = 1, we just change the values x;9, -, X0 to X1, -+, X0 in the iteration above.

Then, other terms H,(6), [,(8) and L,(0) can be defined analogously,

. 1 < . . 1 K.
L® =~ ;{logw,(en +xHO) ) = 21 I(6). (3.4)

This L, is called the observed likelihood which is also a conditional quasi likelihood, and
the corresponding filtration F, = ol€, €1, ...,6) for t > 0. It is found that H is a fixed
matrix since all the elements are determined by X, - ,X,u0. The similarity between

these two likelihood functions is visible, we will explain more on their difference. (3.4) is
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conditional on any possible initial values whereas (3.3) is conditional on the stationary
distribution (or a random variable based on infinite past). L,(6) is a statistic which can
be calculated from the observable data, whereas it is not possible to get L,(6) based on
the observations. The impact of any two different initial sets will vanish when the sample
size approaches to infinity. Despite that, the choice of the initial value does have its
practical effect on other aspects when we solve the optimization problem numerically,
such as computational cost, efficiency, etc. L, in (3.4) is the quasi likelihood function in
this chapter while it may have different meanings in another context.
The QML estimator is defined on the workable function in (3.4) as
9;1 = arg max L,(0)

6O
n

1 3 N
- in— » {log|H,(6 TH,(6)™!
arggergmn;{ oglH(0)| + x:TH,(0)" x/} (3.5)

1 -
= arg min — Z 1,(0).
n
=1

6O

We are investigating the statistical property of this estimator in the rest of this chapter.

3.2 Strong Consistency

The first asymptotic result we are interested in is the consistency since the consistency
describes the relationship between the sample size and how far the estimate is from the
true value. As the sample size increase indefinitely, the estimate can be arbitrarily close
to the true value in some sense. In this section, we show that the estimate converges to
the true value almost surely as the sample size approaches infinity.

We start this section with the concept of parameter identifiability, which is crucial for

the strong consistency.

Definition 3.1 (Parameter Identifiability)
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Suppose that H,(0) be the conditional second moment of x;,, @ be the parameter space.

Then H,(0) is identifiable if V01,0, € @ and allt € Z

H,(Ol) = Ht(02) a.s. = 0, = 0,.

Since the model is a parametric model, the parameter identifiability and the model
identifiability are the same in this setting. This definition of identifiability is consistent
with Jeantheau (1998). We note that we are dealing with a stochastic process whose
conditional distribution belongs to a location-scale family. The location has been set to
be 0, and the conditional scale is H,(6).

The principal term o, contributes to all the conditional volatilities at the same time.
It is necessary to study the condition of parameter identification since the parameter
estimates are based on maximizing the likelihood function. If the parameters are not
identifiable, we could end up with different estimates when we choose different initial

searching points.

Theorem 3.2.1 (Model Identifiability Theorem)

Assume that:

A5 The law of € is such that there is no quadratic form q for which q(€&) = ¢ a.s. with

some ¢ € R.

Under Assumptions A1—AS, if m > 2, then the conditional second moment matrixz H/(0) is
identifiable. There exists a unique solution of @ € @ which maximizes the quasi likelihood

function if n 1s sufficiently large. In other words, the model is identifiable.
Remark In Lemma 3.2.4, we require m to be equal or greater than 2.

Proof The fundamental step to prove this theorem is Lemma 3.2.3 below. If Assump-
tions AS and A2 are satisfied, Lemma 3.2.4 tells us that the parameters are identifiable

from H,, the conditional second moment of x,. Suppose that 6, is the true value of the
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parameters, then E(L,(6y)) > E(L,(0)) for all 8 # 6y and all n by Lemma 3.2.5. Under
Assumptions A1 — A4, the process x; is ergodic and stationary, therefore there will be a
unique solution of 6y in the parameter space ® which maximizes the likelihood function

when the sample size n is sufficiently large. O

The first assumption is necessary for the invertibility so that the current ¢”’s in (3.3)
can be written as a function of the infinite past. Assumption AS is a mild constraint on
the innovation distribution as Assumption Al, which can be easily satisfied by a wide
range of well-defined distributions. As explained in Chapter 2, Assumptions A1 — A4 are
not equivalent to a stationary and ergodic process since equivalence means necessary and
sufficient conditions. Assumptions Al, A3 and A4 can be substituted by the conclusion
of Theorem 2.3.1, the observable process x; is stationary and ergodic while Assumption

A2 is always needed.

Theorem 3.2.2 (Consistency Theorem)
Consider the stochastic process x; defined by (1.4) and (1.5) with true parameter 6y

satisfying the following assumptions:
B1 The parameter space @ is compact;
B2 The observed sequence {x;} is strictly stationary and ergodic,

B3 For the observed sequence {x,}, there exists a positive constant vy such that E||x||"" is

finite;
B4 The model is identifiable.

Under Assumptions Bl — B4 the quasi maximum likelihood estimator in (3.5) is strongly

consistent, 1i.e.

A

a.s.
0,— 6, asn— co.
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Remark

1. Il in Assumption B3 is the Euclidean norm of a vector, e.g. p =2 as a L, norm.

Since all the p-norms are equivalent, E|lx,|[, is also finite for any integer p.
2. Assumption B3 is related to the stochastic equicontinuity of L,(6y) when n — co.

3. Though the uniqueness of 8, is not guaranteed when # is finite, Lemma 3.2.8 tells

us that every sequence of 8, converges to 6, almost surely.

The assumptions we proposed are similar to the ones in Hafner and Preminger
(2009b), Hafner and Preminger (2009a) and Liu (2011). The norms in this theorem
and all context below are the L, vector norm and the corresponding induced matrix
norm. The first assumption, B1, is needed for the compactness argument so that we can
use the finite subcover to finish the proof. We assume that the stationary solution with
a finite moment is observed in Assumptions B2 and B3. The stationarity assumption is
crucial to apply the ergodic theorem. The existence of v; is the key while the value of v,
is not that important. The difference between (3.3) and (3.4) will approach zero with the
increased sample sizes if such a v; exists . As mentioned in the identifiability theorem,

we can use Assumptions A2 and A5 to replace the last Assumption B4 .

3.2.1 Proof of Theorem 3.2.2

Hafner and Preminger (2009a) state their consistency theorem as Theorem 2 and provide
the proof in their Appendix A. The proof of the consistency theorem in this thesis uses
a similar compactness argument.

For any @ € @ and any positive number ¢, let V.(0) be the open ball with center
and radius ¢ and V.(0) be the closed ball with the same center and radius.

We will prove the theory using contradiction method. Suppose that 8, - 6y a.s., then

there exists at least one w within the sample space such that lim,_. 8,(w) # 6. If we
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use A, to denote the space @\V.(6y), then by Heine-Borel theorem, A is also a compact

space. We can see that - 00” > ¢ infinite often, or §,(w) € A infinite often, for
any arbitrarily small c¢. For each of these w’s stated above, we can find a subsequence
9;1, — 0; where 0; € A (see Chapter 7 in Kolmogorov and Fomin, 1970). Since 9,1,(a))

is the MLE with sample size n;, we will focus on the sequence of increased sample sizes

ni,ny,.... For a positive integer k, there exists kK’ such that

énl(w) - 01“ < 1/k for any

[ > k. In other words, 8,, € V,,.(8;) N A for any [ > k'.

Eeolz(G’o)

> lim inf inf — Z 1.(0)

>0 60 Ry
=limnf - Z 18, (3.6)
[—o0
>1i f— li - —
1?_% é;n Z l,(0,,,) 11111> :fup 31618 Z 1,(60) Z 1(0)

[—>0o0

>liminf  inf Z 1.(6)

1>k OEVI/k(G])ﬂA n;
[—>00

n

1
>liminf — > _inf [,(6) (3.7)
/E)/go n; pr 0€V1/k(01)ﬁ1\
The first two equations hold because of Lemma 3.2.7 and the ergodic theorem. (3.6)
is obtained by the definition of the quasi MLE. The second inequality results from
Lemma 3.2.8 and the last line is true because of the assumption we started with. Now

we will focus on the last term in the inequality above.

We can see that, for any € within the compact set V;,(6;) N A, the sequence {{,(0)}, is



46 CHAPTER 3. GAUSSIAN QMLE AND ITS ASYMPTOTIC THEORY

stationary and ergodic since every [,(0) is a measurable transformation of the observable
sequence, i.e. [(0) = f(0,y:,¥¢-1,...) and f is a measurable function. By the uniform
ergodic theorem (Theorem A.1 and Exercise 7.3 in Francq and Zakoian, 2010), we can
conclude that {infgep, ,9,)na [:()}; is also a stationary and ergodic sequence. The modified

ergodic theorem can be applied, so

n

| . .
lim inf — inf (@) =E _inf  [(6).
/Zk, ny —1 0€V1/k(01)ﬂ/\ 06V1/k(01)ﬂ/\

Thus, (3.7) above becomes

Eg l:/(6p) > E inf  [(0) — El,(6,)
2% /k(01 NA

as k — oo. The convergence is obtained by Beppo Levi’s theorem since El(60y) is well
defined (Lemma 3.2.6) and Einfgep, ,(,)na :(f) is monotone increasing to E/(6) as k goes
to infinity.

To conclude, if 0, ¢ V.(6y) N O for arbitrarily small ¢, it will lead to El,(6y) > El,(6,),
which contradicts that 6y is the unique minimum of E/; in Lemma 3.2.5. Therefore, 0,

must be within V.(6y) N @. The strong consistency 0, SN 6, follows as ¢ — 0.

3.2.2 Lemmas

Lemma 3.2.3 If U is a r Xd matriz and V., is an F,_;-measurable vector,

=V=>U=0and V=0

2
xd,z

Proof Similar to the proof for Lemma 3.1 in Jeantheau (1998).

The information contained in the o(F,-) includes X;—1,01,-1,"** » Tpms-1,00s-1 and
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Olss "y Omyr 00y The first line of the equation could be written as

d d
E 2 §

Ulihi(o-l,h"' 7O-m,t,0-0,t’ et) = Uliki(o-l,l,"' ’O-m,lao-o,t’ et) = V]
i=1

i=1

where h; functions are corresponding to the rules specified in (1.4) (non degenerate func-
tion).

Let function k; = h?, i = 1,2, ,d, then k;’s are the quadratic functions of € for given
T1ts s Omgs 004

U,; and V) are constants with respect to o(#;-;) while the innovation term at time z,
€, is independent of o°(¥;-1). Let u be the measure of (71, , s 04 Ur1, -+ 5 Ura, V).

We get,

d
1=PY UikiT 110+ 2 O 001 €) = V1)
i=1
d
= fP(Z Uriki(O 1+ s T 0 €) = VAT 1452+ 5 T To Ut =+ 5 Uids V1)
i=1
Then,

d
P(Z uiki(o1 gy Om 00 €) =Vv1) =1 pas.
i=1

Uy =---=ujg = v i a.s. because of the Assumption A6 above. Hence, Uy =--- = Uy =
Vi, P a.s. It means that all the coefficients U,; equal to 0 almost surely, so does V. For

other elements of U and V, it is also true. |

Lemma 3.2.4 Under Assumptions A2, A5 and A6, the conditional second moment ma-

triz in (3.2) is identifiable when m > 2. If 61,0, € O,
H,(Ol) = Ht(02) a.s. = 0, = 0,.

Remark The proof below, specifically (3.12) and (3.13), requires U; and U, having at

least two distinguish rows. This only happens when m is equal or greater than 2.
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Proof Assume H,(6,) = H,(0;) where

T
0, := (Pl,z,"' s Pm=1ms W1, ** 5 Wy X1y ° 00 ,Olm,ﬂl,"' ,,Bm,Ol()l,"' ,0/0,11,,301,"' ,,30m)

’

. ’ ’ ’ ’ ’ ’ ’ ’ ’ / 7 N\T
02 T (pl,Z"” ’pm—l,m’wl" o ’wm’al’”' ’am’lBI" o ’IBm’aOI" o ’aOm’IBOI"” ’ﬁOm) .

Use the standard backshift operator B (B'x? = x>, for any integer i), (1.5) can be

written in a more compact way:

(1-BiB)o;, =w; + a;Bx,

...... (3.8)
2 2
(I =BuB)o,,, =Wn + anBx;,,,
By Assumption A6, the above equations are invertible.
) wi ale%J
O = +
o 1=-p1 (1-BiB)
2
2 Wm a,mB'xm,t
Oy = + 3.9
T 1=Bu (1 -BuB) (3.9)

2 _ 2 2
00, _ﬂ()lo-l,t + o+ BomO

2
w] alel,t

I-B1  (1-piB)

2
w O me’t

T=Bn ' (1=BuB)

=ﬁ01[ +"'+ﬁ0m[

The diagonal elements in the conditional covariance matrix H; can be expressed as

following;:

_ 2 2
Hii,t _O—i,t + o-O,t

2 2 2
=Bo1oy, + -+ Boi + Do+ BomO i,

aiBx? . a;Bx? 3.10
—Bon | —— + L Boi + )| (310)
1-p1 (1-p1B) 1-8i (1-BiB)
W a/me,%”
-+ Bom + .
l_ﬁm (1_IBmB)
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H;;(61) = H;;,(6>) holds for all possible past values of x;,x,-1,X;-2,---. It is easy to see

the constant terms on both sides are equal,

B “r + (1 + o) Wi 4 + W

0 o)) ——— + -+ -+ By ——

"1-5 -5 1 =B (3.11)
=8, @) + -+ (1 +8p) @ + -+ B W ‘
_Oll_ﬂ/l Oil_ﬁ; Oml_ﬁ;n'

From (3.10), we can extract the diagonal equations H;;,(6y) — H;;,(62) =0 for i = 1,...,m.
Let

(BOI + Day - (ﬂ{)] + 1)0"1 BOZQZ _lgéza,z e IBOma'm —,B(/)md;n
U Borar = By, @] (Boz + Daz = By, + Dy -+ Bom@m — By, @,
1 =
Borar — By, @] Boaz — By, o Bom + Dam — Bom + 'y,
Then,
2
X-1
2
X
2,-1
u|l "=V (3.12)
2
‘xm,t—l
The vector on the right hand side of the above equation V is a function of xf_ 5 xf_ 3

so it is an F,_p-measurable vector. According to Lemma 3.2.3, this equation leads to the
conclusion U; = 0 and V| = 0.(i.e. lef_l =V, = U, = 0). Therefore, we can have

a; = a; and By; = B, based on Assumption A2.

Similarly, let U, denote the following matrix

(Bor + D11 — By, + Da' B Boaa2f2 — B, @55, Bom®mBm = By U
Bora1Br — B, @B Boz + Dazfa = By, + Dy, -+ Bom@mPm = By @B
Pora1B1 — By, @B, Bo2aafz — B, @55, o (Bom + Damp,, = Bom + 1) @,,B,,

then
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U| ~ =V.,.

and V; is an #,_3-measurable vector = U, =0 = g; = g..
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(3.13)

The next step to go back to the constant term in (3.11) based on the identities we

got above.
(Bor +1)— ,302 +-+Bo =(Bo1 + ,1 + Bo2 ,2 +-+Bo “n
-B ﬁz ml—ﬁm - B 1-p> "1 =B
Bor 2+ (1 + i) + = ‘“'1 R R
T-p . l—ﬁ “ml—/sm =B -5 T~ B
+ -+ (1 + Bom = +(1+ + -+ (1 + Bom
Bt 4 ,3 B4 ’32 ( ﬁO)l—,Bm ,3011_131 ( ’802)1—,82 (1 + Bom) 1~ »
(3.14)
We could subtract the second line from the first line,
W w W W)
1= 1-5 1= 1-p
Since 1 —8; >0,
Wy — W = 1_£2( - w)).

The difference between w; — w! could be expressed in terms of w,

a)z—wz—l_ﬁl(wl—w'l
w3 — wé :_—'83(0)1 - w’l)
1 -4
’ l_ﬁm ’
W = Wy =7 5, (w — wy).

Plug all these equalities back into the first line of (3.14),

’
_O‘)]’
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(1+ﬁ01+ Bz 1-p - Bom 1=
1B 1-8 1-p -8, 1-p

)(a)l—w’l):O

Then,
1+ Bot +Boz - + Bom
1 -4

Since 1+ Bo1 + o2 -+ +Bom >0 and 1 -, > 0, we can get that w; = w}. Like the manner,

(W —w) =0

each time we can convert the first line in (3.14) into different positive numbers multiply
w; —w!. Then, we could end up with the conclusion that all the constants are identifiable
wi=w fori=1,2,--- ,m.

Up to this point, all the parameters in oy, , 0, 00, have been identifiable. The
identifiability of the parameters in the correlation matrix (012, s Pm-1.m) = (©] 55"+ Pp_i )

will follow from the equality of the non-diagonal terms in H,(6y) = H,(6,). O
Lemma 3.2.5 At each time index t, B(1,(6y)) < E(1,(6)) for all @ # 6,

Proof

Eg,(1(8)) — Eg,(1:(60))

= Eg, log I'}Z’g)))" + Bg,(x,/H; ' (0)x,) — Eg,(x, H,(6p) ' x;)
— By log ol + Ea 6 H PO, O, (006 - EaE/6)
= Eg, log gt(ﬁ)))” + By [tr(€/ H, "> (00)H; (O)H, * (0)€1)] -
= By log ol + Bl HYPO0H; O, Gu)] - m
= Eg, lo lL{’(Z))'|+E90[t (H!”*(00)H ' (0)H,"*(8y))] -
= By, lo lLIt‘((ao))HJrEgo[z (H!"*(80)H"*(00)H, " (6))] -
= Eglo ILZ’((HO))H + Bg, [tr(H(60)H, ' (8))] — m
|H,(6)|

g, log TN + Eg,[log |H,(60)H, ' (8)] + m] —m =0
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If A,.n is a positive definite matrix, then log|A| < tr(A) — m where the equal sign holds if
and only if A = I,,. The inequality in last line holds due to this statement from Lemma
A.1 of Bollerslev and Wooldridge (1992). Then by Lemma 3.2.4, H,(6p)H, ' (0) # I for all

t if and only if 6 # 6. O

Lemma 3.2.6 At each time index t, E(1,(6)) is well defined in R U {+oo} for any 6 € ©O.

The theoretical average of the time series converges, which means

1 n
- D 1(0) > Egli(6) a.s..
t=1

Proof Since H,(0) is a conditional covariance matrix for each time index t, it is positive
definite by the definition. Let us denote the eigenvalues of the m by m square matrix
H,(0) by {1;,(0)},, then all the eigenvalues 4;(6) are positive fori =1,...,m.

The eigenvalues are continuous functions of the matrix elements based on the compact
parameter space assumption and the Wielandt-Haffman theorem. Therefore, we could
find a positive real number y such that 1,,(0) >y for V6 € @ and all i,z. The constant y

needs to satisfy that 0 < y < infgeq 1;(6). Hence,

H©)| = | 4®) = y" >0

i=1

Eg, [ (0) < Eg, log™ |H,(0)| < max{0, —mlogy} < +oo

E(,(0)) is well defined.

Next, the sequence {/,(6)}, is stationary and ergodic since it is noted as a measurable
transformation of the strictly stationary sequence {x;, x;_1,...}. We could apply the stan-
dard ergodic theorem for stationary series to [,(6) from Doob (1990). Therefore, for any
6c0,

1 n
- D 1(®) > B li(6) as.,
t=1

where [,(0) is the theoretical function depending on the infinite past. O
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Lemma 3.2.7 At each time index t, Eg,l,(6p) < +00.

Proof The eigenvalues of H,(6) are denoted by {1;(0)}",, the same notation used in the

proof of previous lemma.

EgyLi(69) = Eg, log |H,(60)| + Eg,(x,"Hi(60) ™' x,)
= Eq, log |H(69)| + Eo, (§:'&0)

2m
- V—Ego log |H,(6p)]"*™ + m
1

2m
< — log Eg,|H,(60)]"*" + m

vi/2m
- —log]Ego (]_[ A,,(ao)] +m (3.15)

2 v1/2
< —logEgo( rr;ax /l,t(00)) +m

< C logEg, IH(Bp)Il,;" + m

< Cy logEg, I (B)Il; "> + m

The process is strictly stationary under the true value of parameter 6y. The existence
of a finite vith moment of the observed sequence in Assumption B3 leads to the finite
v1/2th moment of h,(6y) regardless what induced matrix norm we choose. Hence, the last

line in the above inequality is finite. O
: 1, 1, +
Lemma 3.2.8 limsup,_, . Supgee [— 2m; (@) — = 21—, [(0)| = 0 a.s..
n n

Proof In the following proof, C;,C,,... and ay, by, c1,az,bs,¢5 ... will represent some
finite constants and they may have different values in different inequalities below. The
difference between 1,(0) and 7,(8) will be measured at the exponent v,/8 where v; is defined

in Assumption B3.

sup ,(6) ~ (6" (3.16)
S
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2 ’ - ! T3 - vi/8
= sup |log |H,(0)| — log |H,(0)| + x,H,(0)'x, — x,/H,0)'x,|"
6O

~ vi/8 vi/8
<C; sup [log |H,(0)| — log [H(8)I]"" + C, sup
0O 0O

x/ |H(O)™" - A0)" ] x,

The first job is to show that sup,.e ||H,‘1(0)||p and Supg.e ||I:It‘1(0)||p are finite.

The constant y in Lemma 3.2.6 needs to satisfy that 0 < y < infgeg 4;/(0). Therefore,

the eigenvalues of H,(6)"' are {/l,-,(O)‘l};’i , and the positive real number y satisfies

ro_ 1 . L
S % e @ = Sp @, = sup [l @,

for any 6 € @ and all i,z and p > 2.

Similarly, we could find a finite absolute boundary for supg.e ||FI,‘ 1(0)||p given the same
norm p. Hence, there exists a positive number a; such that both supy.q ||I-It‘ 1(0)||p and

SUPgeo ||Ht‘ 1(0)||p are smaller than a;.

Next, it is time to study the two terms in the last line of (3.16). The first term, which

is the absolute difference between log |H,(6)| and log |H,(6)|, could be bounded above.

v1/8

sup [log |H,(8)| — log |H,(0)|
0O

)v1/8

<sup (miog 1, + [10) - A0 A7 @) )

]p)]ws (3.17)

=y [’” log (1 + ([0 - o)) FI?(@)HP)]WS

— sup (1og 1, + [H6) - A.®)| ;')

6O

<sup [mlog 11,1, + [[£446) - 0)| ;0

0O
vi/8 7 vi/8 r—1 v1/8
<m"* sup ||H0) - H.O)| " ||, @]
6cO
<m" % sup||F,(6) - A" a;'”
6cO P

Using (8) in Appendix A, we could get the first inequality. The triangle inequality leads
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to the second inequality, while (1) in Appendix A points to the fourth inequality.

The second term in the last line of (3.16) can be bounded above as well. Applying

(7), (8) and (9) in Appendix A, we have

/ 1 _ 7 (-l /8
sup x,/ [H(6)™" - 6| x,
6cO
~ ~ vi/8
=sup |tr(x,/ H,(0)" |[H(8) — H,(0)| Hi(6) ' x,)
6O
- - vi/8
=sup |tr(H,(0) ™" | H(0) — H/(6)| H(8) ' x.x/)
6O
_ ~ —11 /8 ~ v1/8 —11 /8 /8
=Csup [|A6)7 [, [[H:®) = A,@)|, [H.&) ], e, (3.18)
f<
<C ~ —11 /8 ~ v1/8 —1v1/8 vi/4
<Cssup ||A@) || [|H@) ~ A@)| || HO)" | Il
6cO
Vi 2 vi/8 Vi v
<C3a)'"* sup ||H.(0) = H(O)|| " ay'"* Ilxll,
6cO

vi1/8
p

<C, Sup”H[(a)—FIt(a) ||xt||;1/4.
0O

Now, based on the results above, (3.16) can be further simplified as

sup [1,(6) — L(@)|"*

6O
vi1/8
p

vi/8
p

<Cssup||H,(8) — H(O)|||'" + Cysup||H,(0) - H®|'" llxII}"* (3.19)
0cO 0O

Our interest lies in the difference between H,(6) and H,(#). The diagonal terms and non-
diagonal terms of H, need to be considered separately. Let vech be the Half-vectorization

of the symmetric conditional covariance matrix H,. By (5) in Appendix A,

vi/8p vi/8
m m
8
||vech(Ht)||;‘/ = ZH’{;J-F Z Hl-l;-,t < ZlHii,t|+ Z |H,ju
i=1 i,j=1,,m i=1 Lj=1,--.m
i<j i<j

Then for any ¢t > 1, we have



56 CHAPTER 3. GAUSSIAN QMLE AND ITS ASYMPTOTIC THEORY

v1/8
sup ||Ht Ht
v1/8
<Cosup [vech(H,) — vech(A)||
v1/8
m
<Cg sup Z |Hji; — Hiigl + Z |H;je — Hijsl (3.20)
€0 |51 ij=1m
i<j
vi1/8
m
~2 ~ ~
<Cg sup Z |0'” + O'Ot -0 O'O,I + Z i jT1.40 14 = 01,jT 140 jul
90 | o i =T m
i<j
v1/8

m
2 ~2 2 ~2 ~ o~
<Cg sup Z |O—i,t - O_i,zl + m|0_0,; - 0'0,;| + Z |Pi,j| : |O—i,t0-j,t - o_i,to_j,tl
00 | =1 i,j=1,+,m
i<j

v1/8

m
2 ~ ~ o~
<Cosup| > mByi + Dlot, = GF1+ D" il - loworj = &1y
0€O | = ij=1,m
i<j

m

8| 2 ~2 8 8 ~ ~ 8
<C¢ sup E (mBo; + 1)V]/ |0'l-,, - O'i,t|vl/ + § |Pi,j|v1/ oo — O-i,to-j,t|VI/
00 | 71 i,j=1,-m
i<j

We could get the difference between o7, and 67, by iterating (1.5).

_O-zOBz + Zﬂj(wl + a; x,t 1— /) +,Bt la)l + a/lﬁ’ 1x120
(3.21)

l—ﬁl+z 118, Li=1-j

07, =078, +Z,B’(a), +aix;,_ )+ B w + a5 (3.22)

j=0
The v;/8th moment of O'I.ZJ based on the infinite past is finite because of the finiteness of

E|lx/]" in Assumption B3.
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Esup(O'-2 Y12 =R sup( + ﬁ /2
90 oeol—ﬁz Z 11”1’

W,
<sup
6O

vi/2 )
! + V1/2ﬁJV1/2E(x )vl/Z:I

— B)V1/2 : : it—1-j

(=p= 5 (3.23)

V1/2 av1/2 ‘|

w; i

gy 1_3?1/2C7

<sup
6cO

<ap; < o0

We could get similar finiteness result for some lower moments of 0'1 "

Esup(a‘ )V‘/4 < ajs

b0 (3.24)

Esup(U )"'/8 < ay.
6cO

All a,, az and a4 are finite constants, which satisfy the above inequalities for any i from
1 to m.

From Assumption Bl and the model setup, there exist b; and py such that 0 < §; <
by<lfori=1,2,--- ,mand |p;;| <po < 1.

Then,

2 2 2 1 ~ 2
Oir— |v1/ <(|0'10_0',0|5)V1/ +(@ifi |xlo i,0|)vl/
2 2 2 ~2 2 —v1/2,.2 2 —v1/2, 2 2
B P(T) T + (G + @ PO+ @B (@) (3.25)

MBI < Mb?

M; is a random variable that depends on the infinite past values {x;,,# < 0}. The expec-

tation of M; is finite which could be obtained from (3.23).

2 ~ 2 ~ 2 1 ~ 2
E sup |0—i,t 0; thl/ <E Sup(|0'l 0 tOIBt)Vl/ +E Sup(alﬁt |'xl 0 [,Ol)VI/
0cO 6cO 0cO

(3.26)

<Esup M8 < ash"/?
6cO

Related results can be easily obtained following the steps above because of the existence
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of the finite numbers a, a3 and a4 in (3.23) and (3.24). So we have

2 2 /4 /4
E sup |0_i,z O_i,zl < a6b]
6O

(3.27)

2 _ =2 /8 v1/8
Esuploy, — ;""" < azb) """,
0O

The finite constants as, ag and a; are assumed to be universally applied toi =1,2,--- ,m.

The differences between the cross terms are much more complicated than the diagonal

terms. Then,

N ~ ~ o~ /4
Tit0 s — 00 | v =0T = iy jy + Tig0 jr — T 4| v

- - - v /4
< (O'Jlt|0'i,t = Tid + Tidoje — 0'j,z|) (3.28)
~ vi/4
g g
Jit 2 ~ Lt 2 ~
< (—~ . I(Ti,, - O'i’t| +—" |O'j,t - O'j’t|)
0'1";"'0'1"[ O-j,t+0-j,l‘

2 \Wi/d 2 ~2 v /4 ~2NvfA| 2 2 /4
SCg(O'jJ)V‘/ lo—i,t_o—i,t|VI/ +C9(O’i’t)vl/ |0'j’,—0'j’t .

From the representations of ﬁ'it in (3.22) above, we could bound this last line by

adding up the expectation of x,?,

<2 i /2
()"

=2
S[(&EO’BDW/Z + Zﬂfmﬂ(a};lﬂ + a;1/2xv1 )+ﬂl§t—1)V|/2wlyl/2 + alyl/Zﬁlgt—l)V|/2)~cy1]
k=0

it—1-k i,0
-2
~2 2 kv, /4 2 2 t—1 2 2 2 H(t—1 2~
S(O-i,OﬁE)VI/ +Z'BiVI/ (a)}’l/ +a,;/1/ ||xt—1—k||vl)+ﬁ§ wi/ w;’l/ +a;/1/ ,81( wi/ xrb
k=0
Hence,
E sup(d'l-z’,)vl/ 2
6O
-2
SE Sup[(&lz’oﬁf)‘)l/z + Z,Bf‘}l/“(w:}l/z +a,;’|/2”xt_l_k”\)1) +ﬁ§t—1)\/1/2w:‘/]/2 +ar1/2ﬁ51—1)\/1/2x;}6]
0O ’
k=0

-2
S(&go)vl/z supﬁiv‘/2 + Z supﬁfv‘/za:."/zE -1kl +ag < ag < o0
0O k=0 0O
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The upper bound of E supy.e(G7,)"* would be obtained likewise,

Esup(6;)""* < ago. (3.29)
6O

Now we proof that the expectation of the cross term decays exponentially. Using (3.23),

(3.26) and (3.29), we have

4 . A 4
E sup |pi,j|vl/ |0'i,t0'j,z - O'i,zo'j,tlvl/
6O

4 2 4, 2 ~ 4 4 ~2 4, 2 ~ 4
SCS sup |pi,j|Vl/ E Sup(o-j,t)Vl/ |O-i,t - O-i,tl‘}l/ + C9 sup |pi,j|Vl/ E Sup(o-i,t)Vl/ |O-j,t - O-j,t|V1/
<@

0O 6O 6O 6

2 2 2 ~2 271/2 ~2 2 2 ~2 211/2
<Co[E sup(c))"*Esup o7, — 57" *1"* + Ci[Esup(67,)" *E sup o5, — 67,1 *1"
0O 0O 0O 0O ’

<Ciola - ash)"*1'* + Cyilagash!*1'/?

=0,
Similarly, by (3.24), (3.27) and (3.29), we can get
E sup |p; " lovs,07 s — 6714071 < Cuab'® = OB7"). (3.30)
6O

Thus,

vi1/8
p

o) m
81 2 ~2 8 8 ~ ~ 8
<Co ) Esup| > (mBy + D"t =G24 > o R ooy, — 66l
=1 90|55 i,j=1,,m
i<j

Z E [sup ||H, - H,
6O

t=1

[ee] m
v1/8 2 ~2 v/8 v1/8 ~ ~ /8
<Cs ) | D m+ )" Esuplo?, — 71"+ > Esuploi " Hloie - Fidyl”
=1 | i=1 60 i,j=T.m €O

i<j

m(m —1)

<Co ) [mlm + 1)"Parb* + ch’;l/S)
=1
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<> 0By < dy < o0 (3.31)
t=1

by using the fact that b, is smaller than 1.

Cauchy-Schwarz inequality and (3) in Appendix A are used one more time on the

second term in (3.19) to study the summation of this term from 7 =1 to infinity. Thus,

(59

525l -l ey

Z(E sup [F(0) - AO|) el
t=1

<c162(Esup||Ht<0> A"
0O

t=1
1/2

<Cy7 Z Z(m + )"E sup o7, — a7, "+ Z Esup o 1" o0y = &6 M

=11 i=1 ’ ij=1,m 0O

i<j

Sl 4, mim=1) Nk
<Cpy ) fmlm + 1" agh"* + ==——Cpob}" ]

—1 L
<> 0 <dy < oo (3.32)

t=1

To complete the proof of the strong consistency, for any ¢ > 0, by Markov inequality,

(3.31) and (3.32) a few lines above,

8

> P(supli(®) — 1(8)] > ¢)

—1 =]

= Psup [L(6) = [@)!"® > ¢"/%)

8

—1 0O
< i E supyeq 11:(6) — 1,(0)"®
- - o /8

1=

§ Z‘” E Supge 1(0) — L(O)"®
- - CV]/S
1=

EICs supgeo [|H:(0) — HO)||" + Ca supyco ||H,0) - A O)]"" 1x

[e+]
Z v1/8
t=1 ¢

V|/4
el ]

IA
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<C5d1 Caud,
- CV1/4 CV1/4

<090,

By the 1st Borel-Cantelli lemma, we could conclude that sup, |/,(0) — 1(0)] - 0 as..

We have thus shown the desired result by the Cesaro mean theorem since

1 + 1 & - I + -
lim sup |— 1(0)— - [,(6)| < lim sup sup — 1(0) - 1,(0)].
n_woﬂeg n; ' l’l; ' nawpaegn;|t ' |

3.3 Asymptotic Normality

After establishing the strong consistency in the last section, it is time to move on to study
the convergence speed of the quasi maximum likelihood estimator. More specifically, the
distribution of the difference between the estimator 8, and the true parameter 6, would
approach a normal distribution with a certain speed under some conditions.

The convergence speed generally is a monotone increasing function of the sample size
n. For instance, if {X;, X5, ...} is a sequence of independently and identically distributed

2

random varaibles with mean u and finite variance o°. Then, by the classical central

1

limit thoery, an estimator of the mean denoted by f, = — >, X;, converges to a normal
n

distrbution, i.c. Vi (i, — ) — N(O, o).

We can state another asymptotic result if the following assumptions are satisfied.
C1 The observed sequence x; has a finite 8h moment.
C2 The parameter 6, is an interior point of @.

Theorem 3.3.1 (Asymptotic Normality)
Under Assumptions Bl — B2, B4 and C1 — C2, the QMLE 8, defined by (3.5) has an

asymptotic normal distribution around the true value 6y, which means
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Vi@, — 6) > N, 7'V

where

31,(6o) ACHRIACH
dV =E .
[ aaonr | "V 26 06"

Assumption C2 is very common in proving the asymptotic distribution under some rate
since the derivatives are needed. In Assumption C1, the finite 8th moment requirement
is very conservative because of our own convenience. Like Assumption 3.6 of Hafner and

Preminger (2009b), the finite 6th moment would work if the corresponding neighbourhood

v(60y) € O around 6, can be found such that for all i, i, and i3,

0’1,(0)
E sup | —F—+—| <
sosion) |96, 96,,00,
. : . 31,(0) .
The finite 8h moment leads to the largest neighbourhood since E|———=—| < oo is
00,,00,,00,,

true for any 6 in Q.

3.3.1 Proof of Theorem 3.3.1

Under Assumptions Bl — B4, we have the strong consistency result above. For a point in
any compact set around 6, the results in Lemma 3.2.3- 3.2.8 will follow. Therefore, we
can always select a proper set v(6) for a large n such that 6, € v(6y).

The mean-value expansion is applied to the score function around the true parameter

6y. Hence,

ol,(8,)
fz

1 al,(oo) 0%1,(0) A
Z [ aaaaT)v%<an—oo> (3.33)

where 8, is on the chord between 8, and 6, and 8 is between 8, and 6,.
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The proof of this theorem will be divided into the following intermediate steps:

E H 0li(6o) 01,(6o)

00 00
»1(6o)| . .
2. EH 50007 is finite.
olL(0
3. — Y, f( D) 2, N, v).

\/_

dl,(6y) 3L, (Bo)
90 90

2ie1 = 0p(1).

&
5. There exists a neighbourhood v(6y) € @ around 6, such that

o L6y 51(80)| _
n 4 90007 30067

sup
feu(6o)

= op(D).

6. There exists a neighbourhood v(6y) € @ around 6, such that for all ij,i, and i3,

»’1(0)

E su W<OO

Ocu(6y)

Once again, L, vector norm and the corresponding induced matrix norm are used through-
out this section. (7) in Appendix A tells us that all the inequalities will remain the same

subject to a scale when the norm is changed to some other L, norms. We will prove these

. OH/0
steps one by one. Some notations are used in the following proof, including ;H,; = (9:9( ),
. PHO) A0 ’
CH, = d. H =——.

0T Tag0e, T 96,00,00,

1. First derivative criterion.

We will calculate the components of the score function, which are given by

oL _ 9
00, 06

0 0
= |H;' (0)I6—@|Hz(0)| + tr(xtxtTa—@Hz(ﬁ’)_l)

0
log |H,(0)] + ag.tr(xt'Ht(O)_lxt)
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- 0 0 -
= |H, 1(0)|6_0i|Ht(0)| + tr(xtxtTa—gl_Ht(G) h

= tr(H; ' (0) ;H/(0)) + tr(x,x,"H/(0)"' ;H,(0)H,(60)™")

= tr[(Ly — %%, H(0)™") ;H(O)H; ' (0)]. (3.34)

Therefore, when 6 = 6y, we have

o1,80)
ek

-

=tr[(L,, — E (H}*(00)&:&,7 H,*(00)|F7-1) H(80)™") ;H(80)H ' (60)]

=tr[(L,, — L) ;H,(60)H; " (6)] = 0. (3.35)

01,(6o) O1,(60)"

50 50 is finite. The elements in the

Now we move on to prove that E‘

target matrix are

B l,(6y) 9l,(6)
06, 00

<C\E(|L, — x.x. H,60)"||" | E1.60)|| ||, .60
<201+ |00 g6 H, 00 ) | 00|60 |
<2C, (1 +ElI&&IP)E([|H(60)]| || H:60)]))

<. [s(aolf]” Qo]

<00

Lemma 3.2.8 has proved that ||H,(00)_1|| < co. This result along with (8) in Ap-
pendix A bring us the first inequality. The second inequality uses the C, inequality
and the fact that the model follows (3.2) at 6. We note that ||H,(00)”2.§—‘t§,TH,((%)‘”Z||2 <
C ||1f,-'t;f,T||2 <(C ||§t||4 a.s.. The third inequality is obtained by this result, the in-
dependence between &, and H;, and also the independence between &; and H,’s

derivatives. The second last line was implied by the Cauchy-Schwarz inequality
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and Assumption C1. The last line results from Lemma 3.3.2.

2. By (19) and (20) in Appendix A, the second derivative with respect to the ith and

jth parameter can be rewritten as following

6%(0)

90,00,
=irr[(llm —x:x,"H/(0)""),H(O)H, (9)].

00;

-1 -1
=tr| ;;H/(0)H;' (6) + ,H,6) H;O(é) — xtxtT(H’ao(?) H(0)H,'(6)
J J
OH; ' (6)

+ H;'(6) ;H(0)H;' (0) + H'(0) ;H,0) )]

39,

=tr[ ;H(0)H, () + H,(O)H, ' (0) ;H,(6)H, " (0) + x,x, H, ' (6)
(;HA8) HL(6) - ;H(0) + H(0)H; " (6) H,(6)) H,(8)]

:ﬂ’[(]lm - xtxtTHt_l(0))(int(0)Ht_l(9) - l‘Hth_l(o) th(a)Hz_l(a))

+ x.x,"H; () ,H(0)H; " (6) ;H(0)H; "' (6)] (3.36)

Using the fact that & and H, are independent given the past, the expectation of

the same element is

*1,(6p)
96,06,

d

:E{W[(]Im - x,x,"H; |(0))(,;H(O)H; ' (0) — H,H; ' (0) ;H/(6)H, ' (8))
+x.x,7 HAO)H;(8) ;H,O)H; " 6)]}

<C\E|(L,, - xx, H; @), HAOH; 6) - H.H©) HO)H " ©))
+ CE ||x.x," H/(0)H; " (0) ;H(O)H, " (0)||

<CoE| llxex T ([, A1) + 2| .,0)] || A1)
+ CE|;H.0)| + ([ AO) [#.0)])

<2GEIIC) ELaO]) " E]HO )"
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+ GE %@ ||, H40)|[) + CE|,H.0)

+C4(]E||th(0)||2) (E||l.H,(0)||2) <o (3.37)

The first inequality holds because of Minkowski’s inequality and the second in-
equality results from that ||H,‘ 1(¢9)|| has an upper bound. By repeatedly using the
Cauchy-Schwarz inequality, we can get the third inequality. Assumption C1 and

(ii) in Lemma 3.3.3 lead to the finiteness result in the end.

The results in the previous two parts imply the existence of the matrix V and
the asymptotic normality of the score function. Similar to the argument in Sec-

tion 3.2.1, an extension of the martingale central limit theorem in Billingsley (1961)

L)
0

can be applied here because that is stationary and ergodic, see page 61 of

Jiang (2011) for more details. The desired result follows.

By the generalized Chebyshev inequality and the C, inequality we have for € > 0
and 1/4 > v, > 0,

Z az,<ao> az,wo) (3.38)

oL@y  OLOy)|”
> €) < n 0 ZE‘ 29(00) 3 29(00)

t=1

Hence, it is sufficient to show that for some v, > 0, the summation is finite.

Based on the score function in (3.34), the terms on the right hand side can be

written as (6 was dropped from the equations for simplicity)

S EACHIRACH]
00 00

<C\E H(]Im - x,x,THt_l)iH,H, - (]Im — xtx,TI:It_l)iIfI,I:I, "

=CB| (0 e A (AL~ )

+xx," (H' - A7) HH

:CIEH (L, = xex, B [(H - ) B+ B (B - B
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V2

+xx, H! (H, - H,) H ™' HH

From the C, inequality, the Cauchy inequality and both supyg ||H; ! (8)|| and supyg ||H;(0)||

are bounded by constants by the proof in Lemma 3.2.8, we have

V2

ol(6y) al(6y)
00 00

V2

sclEH(]Im —xox B (H, - H)A + HH(H, - H)H|

V2

+ C,E|\x,x,"H '(H, - H)H ' .H.H'

<CiB[(Cs + Calleal P18, = 0™ + | | 1H, = A1)

V2

+ CsE||[waP1a, - a1 || A ]
<C\ G|, — 1 + ol ) @] ) - A
+ O G(E| AP EBH - A+ eoc(® el E]LA - AP
+ CsE(le™) " (el - =) (B A ) (3.39)

Similar to the arguments when we prove Lemma 3.2.8, for some v, > 0, E||x,||*? < oo.
Using the results in Lemma 3.3.3 and Lemma 3.3.4 and the Markov inequality, we
can tell, for the same v, > 0, that E|,H,|** < oo, ¥, BILH, — H,|"* < o and
= (BILA - AIP2) " < co.

Then, the finiteness of the summation in (3.38) has been verified.

(o)

) E

1=

V2

ol.(6y) al(8y)
00 00

(3.40)

1w 0L(80) _ 01(8)
Nl 09
0l,(8y)  1(8o)

- = 0,(1).

00 00

This leads to that

converges to 0 almost surely. Therefore,

2t

‘L
Vi

5. We can use the result in (3.37) to get the expectation of the difference between 1,(6)
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and 1,(0). If 0 < v3 < 1/4, then

V3

P10)  I0)
06,00, 06,00,

=Bitr| (L - xxTH; '), HH - HH HH)
= (L - xxTB)(HA - H A HA)
+xxTH ' HH HH - xx] A H A fltﬂ,‘l]
<CiB[( — ot B ) = HH HH)

- (]Im —xzx:ﬁfl)(ijﬁtgz_l - HH 'ﬁfﬁt_l)

SCIE{H(H," — xlx,THt_l) I-J.ILLH,_1 - (]Im — xlxgﬁfl)ijﬁ,ﬁ_lﬂ
+ H(]Im —xx] H)(HH G HH - 7 H! .ﬁ,ﬁ,‘l)
xx] A7 (A HA - HH HHE)

-

scl{E”(]Im —xx B HH = GHA )+ xx] (B - HY) ,.jﬁ,ﬁ,‘l'

—xx] (B - A7) HA HA

‘|

—xx](H' - A;') HH HH'

-

+ B|\(L, — x| (ALH - BAY) AL A+ B (A - )

V3

V3

+ E|(xx] B, (H, - A)H;" HH HH'

V3

<C.E (]I —xxTH! 7 i\l 5 -1 g1
<CiB|(L — xx] B ") (;H, - ;H)H " + ;HH (H, - A)H; |

‘V3

V3

+E|\(L, - xx] A, GH, - H)H; ' + HA H, - A)H; | A A

. . 2 2~ ~ V3
+B|(L, - xx]HY) HH; (GH, - H)H + H A H, - H,)H,“]H

V3

+E|lxx] A7 (H, - A)H; ' HH;' HH;'
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2~ 2 . 2 ~ V3
+Bl|xx] B A GH, - HOH + HA (H, - H,)H,‘I]H
.. s ||V3 2v3 .. = ||v3 = ||v3
<C,E inl_inl + C3E||x; int_int
2v3 = V3 2v3 < V3
+ CsE|x, G|+ B, A,
. V3 2 ||V3
+ C7E (,'Ht - jHt
va(l A ||v3 ~ ||v3 5 ||V3 .3 . 5 ||v3
.3 L ||v3 2v3 5 ||V3 ~ ||V3
L ||v3 ~ ||V3 2v3 L ||v3 V3 v3|| & ||v3
s ||v3 ~ ||V3 2v3 . 11va

By using Assumption C1 and Cauchy-Schwarz inequality repeatedly, the summation

can be rewritten as

Z"’: L) L))
106,00, 06,00,
= .. P& 4v3 2\/3 1/2
=1
AV s [12v3y1/2 6v: o 3v; 3v3\1/3
+ Cu(E|A, - || B A )+ o BlA - | e AT
Gm + 1133 5 13v3\1/3 . 5 [12v3 2v3\1/2
+ G| B - AT+ o]k - A E‘ Al)
3Vx 3v3 < 113v3 1/3 . 2V3 2V3 1/2
+ C(E| A, ‘Ht al e ‘ A7)+ CIO(E” H, ' H, - )
813 4V3 ~ 1143 o 14V 1/4
+ Co(E|x, E',. 'H, al g a| ")
. 1133 . 5 [3v3 6v3\1/3 2m ~ ]|2v3y1/2
O] | B a - A R+ o] AR - )
=+ 1133 - 113v3 6v3 1/3
+Cis(E| ;A E|H - || E|x| )
5 |14v3 _ [14v3 83 < 14vay1/4
< 1143 - 114v3 8v3 . 14vs 1/4
+C15(E JHt E HI_HI xt E‘IHI )
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< i kE ' ,'th - ijﬁf " + kz(E” inz - ijﬁf 2V3)1/2 + k3(E I:I, - H,; 21)3)1/2
t=1
il ) kel ) e - )
N k7(E‘ th - ;t 2V3)1/2 N kg(E I:I, u 4v3)1/4 N kg(]EH th B jﬁt 3v3)1/3
(3.42)

In Lemma 3.3.3 and 3.3.4, each of these summations has been proved to be finite.

Hence,

V3

N 0,0 9%,
Z]E sup -
— geno)!00:00; 00,00,

(3.43)

9*1,(6)  3°1,(6y)
00007 00007

1
By Borel-Cantelli lemma, Supge,e, |- St =o(l) as..
n
6. We will apply Results (19) and (18) in Appendix A on the third derivatives. Based
on the terms and steps in (3.36),
°1(0)
96, 96,6,

=] (00 = e T @) (OB ) ~ 1 0) O @)

+x.x,7 H(O)H; ' (9) ;H(O)H;' ©)|

=tr|(Ln — xex, H' W H H - HH HH - HHHHY
+ HH HH HH - HH G HH + HHHH HH
+xox, HY HHHH - HHHH?HH +  HHHH
- HH' HH' HH ' - HH' HH' HH'+ HH' HH'H'
- HH HH ' HH |

<ci Bl PE (i) ] + caf Bl B 1 B ]

+ c3[E llx.x, I’ B ”ika“3 E ”ka”3 ]1/3
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+ ey ]1/4

(Bl 10 B[ A E | ] A
v sl 1P A B 8 ]
+ o[ R 1B a1 B ) ]

+ || i + s[E AP E e
+ o[BI B A ]

+eu[B | B 8] )
A e

ven[E| A B[] A ]1/3 (3.44)

Lemma 3.3.3 and Assumption C1 tell us that every term in the last inequality is
finite. The result is true for any 8 € @, so we can definitely find such a set v(6y)

around 6, to satisfy this finite result.

After proving all the intermediate steps above, it brings us back to (3.33). By Steps 3

and 4 above, we can get that

Z (911(90)

1 611(00) 611(00) alf(00) o
=|— = N(0,V)

=1

since the term in the bracket converges to 0 in probability and the second term converges
to a normal distribution with 0 mean and variance V.

Apply the Taylor expansion on the stationary second derivative term around 6y,

L PUD) (1 PL0)) L 1h 9 (PLe)) o
n ~n pOIr 6,9 3.45
(” =7 00067 n il 0006 +n;am 9696 m.z( 0) (3.45)

i1ip i1l

where 6 is between 8, and 6.

8, is within the neighbourhood of 8, because of the strong consistency. Moreover,



72 CHAPTER 3. GAUSSIAN QMLE AND ITS ASYMPTOTIC THEORY

within the same compact set v(6,), when the sample size n is sufficiently large,

lim sup

n—oo

1 n 621 (0*)
Z agT( 30290T )iliz
13 1(6")
<lim sup — Z sup aOT( (’jgtaaT )1112

n—oo —1 Ocv(6y)

0*L(6)
%( 00007 )1112

<E su
e (Bo)

(3.46)

by Step 6 above. This leads to another convergence result,

P P
_ZaaT(aaam) (61 = 60) = 0.

The first term in (3.45) converges to J in probability by applying the ergodic theorem,

11(80)
90007

Then, the left side of (3.45) converges,
1 0 L)) r
- - J
n L4 56067

By Step 5, the same results apply to the term within the bracket in (3.33),

L L® 1 azz,(é>+[1 N OLO) 1 X L)

P
J 3.47
C1 50067 1 £ 9000 ' \n L 06067  n L 96007 | (3.47)

The final step in this proof is to use the Slutsky’s theorem, the desired result can be

obtained.

3.3.2 Lemmas

Lemma 3.3.2 Under Assumption C; — C,,
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4 4
(i) Eo}, < co and EG, < co. In addition, E(a',-,taj,,) < oo and ]E(o‘i,,a*j,,) < oofor

ij=1,...om, i #j. Therefore, B < co and B||f|" < oo,
(ZZ) E(Zl =0/ lt 1 1)4 <
(1i1) E(Zz B x ,z i 1)4 <

(iv) E(S210- 122, ) < oo

8
Zl()tltll}
—_— <

0_3

(O] .
1t it

(Zl 0/~ zt 1- 1)2]8
< 00,

(v) E 00 a,ndE[

3
Tt

Uiy

(’Ui) E Zl ll’Bl] zt 1- lr<00, [(Zl llﬁll tt 1- 1)2]8<oo

5
it

22 )T
and E[(Zl_l B X)) } <o

(o

3
T

(i) | BB ) lﬁf-lxi,_l_»r .

8 8
[ Y2, 10— DB Yl =D =-2)87x
(viii) B| =22 U <o and B[22 oo
| Tt Tt
(i) E (X2 I - DB, 13,)(21 VBTN l)} o
o
o it
Proof a,b,c,d,a;,by,cy,d; ... will be used to represent some finite constants and they

may have different values in lines in the following proof.

(i) Apply Holder’s and Minkowski’s inequality ((14) and (15) in Appendix A), for
i=1,2,....m

4
EO'”—]E[I_’& +Z @B, ]}
o 4
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The last line is from Assumption C,, Exﬁt is finite. Then by (3) in Appendix A, the

second result follows.

For the practical term,

4
E@'it ( Oﬁz + Z ﬁ; it—1—-j +Z:B]wz +a'z:Bt l5sz0]
4
<a1 {(O‘ Oﬁl) +E(Z a’lﬁl ii—1 ]] +a2+a3ﬁgt—1)4:| < 00

The second part of the result follows by Cauchy-Schwarz inequality.

Move to the last part of this result, both expectations will be proved following
the same logic. The diagonal elements of H; are finite summations of O'%J and the
non-diagonal elements are finite summations of both O'I-ZJ and 0,0, By (4) in

Appendix A, E[|H|I* is finite . So is B|A,".

(ii) From (i) above and (4) in Appendix A, the term on the left hand side becomes

4
(Zﬁ,x,t - ] =E [(a%,t = ﬁlm]

4
<a [E(cﬁt/ai)“ + (Q_L;;l)al) ] -

(iii) The inequality follows by applying (14) and (15) in Appendix A.

4 o 4
[Z 1B lxlzt 1 1] :{Z B [E (xz'z,t—l—l)4]l/4} < ©o.

=1 =1

(iv) The results (10), (11) and (12) in Appendix A lead to

oo 4 . \
E(Z Il - 1),31 lez, ] ,) S{Zl(l_ 1)[;5—2E(xit_1_1)1/4} o

=2 =2
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(v) The denominator o7, can be reduced according to the terms in the numerator.

[,2 8 [
E ZiOﬁi'xi,t—l—l] _ Zl Oﬁl ir—1-1
0-‘
“ »\/ +alzk0ﬁz it—1-k

8

00 lx2

<E Z i%i1-1-1
— w; /.2
| /=0 \/1ﬁ+a’ iii-1-1

[ oo

SEZ zztll/\/_]

L [=0
[ 1/81%
= Z[ tlt 1- Z/V )]
L /=0
M oo 8
1/2 g 1/8
< Z 1 E tt 1- l <

L /=0 t

The Holder’s and Minkowski’s inequality can be applied afterwards to get an upper
bound of the summation in the second last line. The first inequality holds, then we
can apply the same technique and transform the terms on the left hand side of the

second inequality.

Therefore,

o )
3 al 1,1

Oy

. [(Zi’ioﬁfxi,_l_l)zr e {lai, ~wi/(1 —ﬁ,-)r

<a

ot "
it \8 i 8
E(aza;) ’ ((1 “Byar ]

1

1 3 Wi 8
:aa—?E (O-i,t) +a (—(l —ﬁi)a'i) < 00,
(vi) Using (10) and (11) in Appendix A, and the similar arguments in both (v) and (iv),

21111811”11 = -1 ’
= <aE Zl,/ﬁ X 1

=0
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0 8
<a [Z B2 [EGE, ,)]”8} < 0.

=0

The other two inequalities can be proved as well using the same method. Then,

112 218
[(211 1111)] <b,E

00 11,2 16
Z i tt 1-1
(a; )34

3
O-i,t =1 i lt 1-1
16
-1)/4 172 \1671/16
<b, Zﬁ§ B2 )] < oo
=1
and
318
-1 00 -1 24
(lelﬁ ltll) <CEZ lﬁ ttll ]
5 =t1 B2 5/6
it = (aifx i,t—l—l)/
o 24
3 471/24
<er| ) ppie [E(X,-lﬁl_z) ] < 0.
=1

(vii) By transforming the term inside the first pair of brackets in the numerator and

applying the result in (vi),

(Zl 0'8 it—1 1)(21 1lﬁl ! ,, - 1)]
E 3
| it
>O'-2 ; 02 l l._lx.z 8
<E L,t/ (Zl_l SBZ 1,t—1—l)]
O-lt

Z 112 8
ey Xit-1-1
< o0

Ois

(viii) Using (10) and (11) in Appendix A, and the result (vi) above in this lemma, we

can get

E 2 I - 1):85_2)%2,;—1 -

Tt

8
Zl(l—l)Jﬁ’ 222, ,]

=2
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o 8
<a [Z I(1- 1),3(1 " [E( 8t . l)]l/gl < 0.

=1

Similarly, the second inequality becomes

L[ ZRa 0= D0 =287, "

Tit

8
Zl(l— D= 2) B2, ,}

=3

(9

8
Zl(l— (I - z)ﬁa 3)/2 [E( 8; - l)]l/Sl

=3

(ix) We can use (vi) in the second line of the inequality below in order to get the desired

finiteness.

(Srata- 082, ) (R )|

3
O

>(Z‘l>22 l(l - l)ﬁi_zxi,_l_l) (Z?L lﬁi_]xiz,t—l—l)—
3/2 3/2

Uiy Uiy

16
Zzzl(l_l)lzlzmz} [le ll?z 1-1]

<
\ 77 oy
Z:l 21(1_1)ﬁl ? zt 1-1 :
<a \ E 7
| (Bix i,z—l—l)

oo 16
sb\E Zl(l DR l}

L [=2

L
oo

had 16
<oy {3z e ] <o

=2

Lemma 3.3.3 Under Assumptions Cy — C,,
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71 £ 4. Therefore, E”,-H,”4 < oo, where ;H, = L represents the first derivative of

90,
matrix H, with respect to the i-th parameter.
~2 22 (95'.2 22 oG 2 22
(i) max(E || ,E|5| JE|z| )< k., < oo fori=1,...,m and any positive number
0 <z <4. In addition, ]EHL.I:II' < 00,
(iii) B, H| < oo, where ,H, = o H,
i iy , i1 = .
/ / 06,00,
_ o ..  O°H,
w) E|l..H;|| < oo, where .,H; = ————
(i0) B k| I 06,00,06,
= |123 1) 2H
(v) ]E“int < oo, where ;;H, = 70 6‘0 for any positive number 0 < z3 < 1.

Proof We can see from (7) in Appendix A and the proof of Lemma 3.2.8, the norm
constant p is irrelevant here when we work on (iii), (iv) and (v). Therefore, it is equivalent
to prove that the partial derivative of each element of the matrix H, with respect to 6;
has a finite absolute third moment.

Since H,(6) is a symmetric matrix, we could denote the element in the ith row and
Jjth column of H,(0) by H,j,, and assume i < j and [ < k in p;; without loss of generality,
i, ,l,k=1,...,m. The lower case letters with or without a subscript, a, b, a,, by, ..., have
been used as symbols to represent some finite constants, they may have distinct values

in different lines below.

(i) The first derivatives of O'Zt with respect to the parameters can be easily calculated.
By using the inequalities in Lemma 3.3.2 and (4) in Appendix A, the following

inequalities can be obtained.

4
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E ~| = < o0
(9a)l- (1 —ﬂ,’)
o2 |
1t
Bl —E(Z,B 2 <o

Oo? ! 4
: ((1 —B) +Zla/,,31 1x121 1-1
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. 4 4
( i=j ﬁO]) |:((1 _jﬁ )) +E(Zla}lgll it l_l)]<oo

It is easier to consider the diagonal terms and the other terms of H,(6) separately.

E 6Hii,l ¢ E 8Hlll‘a 2 ’ ]l 4an-i2,t4
(awj) R aw] = (1= +Boj) ’awj <
4
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(L +B0y) E | <

< 00
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E(W;)“ = (L= +poj) E
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): PAY
5ﬁ01)
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The first derivatives of the diagonal elements have been proved. Then, for the

non-diagonal terms, we have the similar finiteness result.

E(M”")4 B 1o =2 41, ny (L)
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8 Zk 0~ j ML —1-k
<{E (]li:lpi, T+ Ljmpijois + 2Boio l,t) E (Tn)

g\ 1/2
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Based on (4) in Appendix A and p;; € [-1, 1],

4
OH;j,
E( : ) =E ( i= lpl]z +1] lpl]z ﬁol) [(1 ﬁl)Z +Zkal / lxlzt 1 k)}
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The desired result follows.

(ii) We can easily write down the first derivatives of &7, in (3.22).

85—?1 ! 1 _:82 !
E ~| = < o0
ow; 1 -8

052 !
1l ~
E Oa; _E(g ,BJ -1 t lx%()]

4
S DR R IR

4

It is worth to notice that the first part in the second inequality is a continuous
function with respect to any fixed ;. It is easy to see that this term has a maximum

a on t € Nt which leads to the result in the last line.
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The last term, the derivative of 5'1.2’[ with respect to B; is

4

)
(90'1., ;

E
9P

_]E(tﬁ’ 57+ Z ozl T l+(u,)+(t—1),8’2(w,+ax )]
=1

(o)

4
<a |:t ﬁ(f 1)4 8 +E[Z lﬁgl_l)(aixl%t_l_l + (1)[)] + (t 1) ﬁ(? 2)4a;1x~180]

=1

<c 1Bt + ¢y + c3(t - 1)'B.

The last line of the inequality above is a continuous function of ¢, h(¢). Since §8; < 1,

0 4
we can prove that h;(f) has a maximum. The term E'G_”‘ is finite for any 7 > 0.

We move on to the first derivative of the practical conditional covariance matrix Iflt.
We study all the elements in our target and start with the diagonal elements. By

the results above in this lemma,

~ 4 ~2 |4
0H.;, -
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Ga)j ( / ﬁOJ) (’)a)j OO
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~ 4 ~0 |4
aI_Iiit Jit
E =1 + Bo)*E || < oo,
9B, ( T 0B
~ 4
E|—| =E|67,| <o
aﬁoj' ’

Similar results are true for the 4th moment of the non-diagonal terms as following.

Suppose that i < j and [ < k,

~ 4
ﬁHij,t _ - - 4
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ry 4 2 4
(9H,~- ]li:O" +]1':O-i ol
E‘ it _E ( 1V jt Jj=l ,tp“ ()[)i < oo,
B ot /
~ 4
OH;;
E‘ “ =B|o?|" < .
Boi |

(iii) A sufficient condition is that all absolute elements of the second partial derivative
of H, are finite in terms of the third moment. Only the non-zero terms are listed
below because the number of all second derivative elements is large.
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4 00 4
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4
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Il - DB |B(, 1) ‘/3) L2
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Above proved the finiteness of the absolute diagonal terms of the second derivative.

The non-diagonal elements will be shown below.

1,.;,0; 1. 0; 4
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All the absolute third moments of the terms have been proved to be finite. The
elements which are not listed above have the value 0. The desired result, E || H,” <

oo, follows.

(iv) Among all the third derivatives of the diagonal elements, only 6 terms are not zero

and they are listed below.
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The non-diagonal elements have more non-zero terms. By Lemma 3.3.2 and (3),

(4) in Appendix A, we could prove the following results.
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As of now, we have proofed that all the elements of E ||l~ﬂﬁt||4 are finite.

(v) Similar to the proof of (iii) above, only the non-zero terms are listed below because
the number of all second derivative elements is large. The only difference is that

these elements have an initial value (%o, &) while the ones in (iii) have infinite past.
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> =(1._.; \33 Z3
‘awjf)ﬁj ( l—]+180]) (1 _ﬁj)




3.3. ASYMPTOTIC NORMALITY 97
azﬁii,t —1~
B Oa j0Bo; E(Zﬁ Xjpr By Xjo)
-2

SZE P PR (3.78)

(921:11'1',: “ P I-1_2 =252 \z3
B e dp. —@”+ﬁw}m§]w Ko+ (0= DB %)
J J

<a+ (= 1FRIRE) (3.79)

821:1" z3 t—1 -2 z3
1,1 t— 1~ /-1 /-1 2 -2 ~2
1 + B w; + l~oz-x.__+(t—1)a/--x<)

aﬁ aﬁO/ (ﬁ JO ; ﬁj J ; ﬁj JVjt—1-1 ]B_] 7,0

<a+ tZ3185'l_1)Z30-?,Zf)3 +(—-1) Z3ﬂ(f 2)z3 ~2Z% (380)
aHii
‘ %) a,é =(1-; + ,BOJ)“E[I(I— DB, + Zl(l DB w;

J5FT
+Zl(l— Da B2, + (= Dt - 2)a B2,
23 23
<a+ |t - DBT205,| +b|(t— Dt - DB 3xjo] (3.81)

Since ¥ and 0 are fixed, the terms in (3.78) - (3.81) are functions of ¢, all have

maximum on ¢ € N*. Then, above proved the finiteness of the absolute diagonal

terms of the second derivative.

The non-diagonal elements will be shown below.
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All the absolute third moments of the terms have been proved to be finite. The

elements which are not listed above have the value 0. The desired result, E ||, jH,||Z3 <
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o0, follows.

Lemma 3.3.4 Under Assumptions C; — Cs,

2 <24

it " Yis

0
() T2 Bl

< oo where 8; means the jth parameter.

(1) Eloi,0j—01,0j,* < O(ﬁf’)+0(ﬂ§’) and Elo,6 ;6,0 > < O(ﬁl.z’)+0(,85t). Therefore,
~ 2 .
E‘aHij,t aHij,t PijT jt  PijO jr

| < 0B + 0B,

60'1.2J 65’12J O-i,t O-i,[
3 _ =32 2
(i) Elo;, — &3 1 < OB?).
; 62H,~”-]$, azl:li]jlvt 127 127
(iv) E @ 2~ @57 7 < 0B;) + OB;)) for any 0 <z7 < 1.

PH; | PH;
(v) Blpmrai= - = < 0(82) + O)
N

802 Ho? 852 952
it J1t .t J1

29

(vi) Xy B

. 2210 ]/2
lth - .H, ) < oo for

3211, 1/3
) < oo for any 0 < z;; < 1/3 and

< o for any 0 < z9 < 1, X1, (EHIHZ — H,

any 0 < z19 < 1/2, and |, (EHII:I, - .H,

) 4zi2\ 1/4
>, (E” H, - lH,' ) < oo for any 0 <z, < 1/4.

213 .
lel‘ - let

(vii) Y-y Bl H: — int

2214\ 1/2
) < oo for

4z15\ 1/4
) < oo for any 0 <z;5 < 1/8.

< oo forany 0 <z;3 < 1/2, 31, (E

any 0 < z14 < 1/4, and Y7, (E

(viii) 32 Blo?, - 2| < co. Then, $2 B||H, - A" < oo, 32,@||H, - A" < oo

for any 0 < vig < 1/2 and Z;’il(E”Ht - H, 4v”)l/“

< oo for any 0 <vyy <1.

Proof After dropping the zero terms, the non-zero terms can be proved by the following
inequalities. Still, the lower case letters a, b, ... have been used to represent some finite

constant, they may have distinct values in different lines.
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(i) Since the term o, only relates to w;, @;, B; based on the expression. The derivative

a(o-lz,t - &?,t) TR ¢
T equals to 0 i 60; is not one of w;, @; or ,B;.
a(0-'2t - 5-'21) ! ﬁt'ﬁO' !
EB|l—2% il [ ) R V0 o
Ow 1 -5 6
a(o-‘zt - ~'2t) !
i, i, 14 8 (r—1)4 2 ~2 4 _ 14
0 | P pyr i) TR By~ Tl = 060
5(0'1.2t - &?z) ! _1)4

7 00 )

+af(t = D*BIEI, - oIt = 08 + OB

Since each of these summations is finite, so the result is true.

(ii)) We can replace v/4 by 2 in (3.30), then the first part has been proved. Following

the similar steps, the second part becomes

1/2 ~ 14\1/2
E|O-l lo-jl‘ 0-1 to-]tl <(E0-, IEIO-]t O-jl‘l ) / + (EO— Elo-ll‘ O-i,tl ) /

4 4

Eo; v,
a7 = (e

2 ~2 14\1/2
E|0' —arHY

<O(B7) + OB).
(iii) By (3.26), (i) in Lemma 3.3.2 and Cauchy-Schwarz inequality,

3 <30 P 2~ D
Elo, = &7,1" =Eloy,0i0 — 07,074
Elo?, - &7 [*
4172 il 1 T A
<(Blo? N A (——=")"* + Blo [ Elo?, - 531

2 yap)*
=0(B?).

(iv) 0 <2z7 <2, we can use (iii) in this same lemma to prove this result. Hence,
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o 2 75 27
d Hiljl,t 0 Hiljl,l

2 \2 52 )2
(80'1.1,[) ((90'1.1,,)
Pirj1 O jit _ pilil&jlst

3
40'1. 4 40'11 ,

3 3 .
O-Jl to-ll t O-ll to-fl*t

3
40—[1 [O-lll

27

27

3 Nt
O-]l to-ll t 0-11 to-JlJ

3
40—11 to-llt

2 25\1/2 2 A 25\1/2
<al(Blo ), [T, , — o) V2 + Bl B, — 0 )]

<0B7) + 0B,

(v) We can work on the derivative directly,

") 2 13 2 2
0 Hiljl ! 9 Hlljlt _E' Piyji _ Piyji
do; t@o']l . 80'” t(90'J1 , 40,1010 40400
2
<aE O-j1,lo-i1,l — 00t

<alOB?) + OB7)] < o0

(vi) The proof will be based on the elements of the difference matrix as well. If 6; €

{wk, ag, Bi}, it is easy to see the diagonal terms have finite summations,

29 29

oH J]l‘ao-kt a ]]tao—2

Z"] - ' OH,j, — Hjje

— 00; GO'kJ 00; (90'k . 00,
- (kt O-kt) ®
< E Lizj + Boi)B|———F——
< 121( k=j + Boi) 26,

<Y OBZ) + 0(B) < 00

=1

because of (i) in this lemma.

The next step is to check the non-diagonal terms. Assume i < j and [ < k in pj

without loss of generality, i, j,[,k = 1,...,m. The total summation of any term that
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has not been included below is 0.

29

< 0

’a(Hut lj t)
Ipij

29
§ ‘0' it jr — 000 it

- J0(H;j; — ijt) R ‘(pij(]lj:lo-it + 10 jy) ao—lzt
E[————| =) E : — + Borl o1y |
; ‘ ow; ; Oy ! ow,
(L + 1,6 05-2 “
_ (p (1= ~t 107j1) +,801]1j:1]1i:l) Lt
Oy awl
~ ~ 29
00t — 010 j;
<N a1, 3} _
Z n ’((1 ﬁa) TG
S B Lin | Tl jmr + 0l + Bof?
(I =B Pij o o
(O(,Bfg) + O(ﬁ;?g) + 0(6?9,879)) < 00
=1
S _|0(Hy, - Hiy)|? < ol +ojdiy o}
ZE'# = ) E|(oi ! D £ +,801]lj=l]li=l)8_t
=1 ! =1 Tl !
B pij(L im0y + 1inyG ) + Bl il ‘95'121 “
25_1’1 Ol]lllal
n o 0_2 —5’2 29
<a E| ( Lt Lt
P 6@1
u O'i]l‘:+0"]li:ao-2
b Epij g =1 gt l Lt
=1 O (9([1
Ol + ddin 85'12,z ?
,Dz] &l,t Gal

Use (16) in Appendix A and (ii) in this lemma since 2z9 < 2, the second expectation

term becomes

279

> . - ~2
E' ol + 01007, &l + 65,1007,

Ga, 5'1,, (90/,

279 (95' 279
+d E(—’) E
805,-

8(0’
0011

~ 229
z t O it Ot

Oir Oy

n 229
O jit
< Z c|El —
=1 Tt
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2z 2 ~ \22 2z
+Z ((r”)zg o, = 750 29+d\/E(aaj”)29Eﬂ_g ’
O-/t (9&’[ (961",' O-j,t O-jl
iz 154 129 7
< Z O(B) + OB) + OB“B=) <
=1
8 Hl it ﬁl i 2
Then, we can get ;| E OHijs = Hiso) < o0
ﬁa/,
Similarly, the non-diagonal terms with respect to 8, can be proved.
Zn:E O(H;j; — Hij,t) ? _ZH:E (p__O',-,,]L,-zl + 0z + Bol i1, )80'”
— aﬁl £ L 20_” 0l j=11Li=] ﬁ
B Pij(Lj=iGip + 125 1) T Byl i1, 5~2 ®
25_[[ 0/ j=11i=] (9,81

oo? — 57
<az | ( Lt Lt

O-II]lj I+O-jl‘]ll lao-lt

oy 5,81

29

~2

U'i,t]ljzl + 01 30'1,z
ij =

/ 01 op;

< > 0BP) + 0B?) + 0WB) < 0o
t=1

After checking all the elements of the difference matrix, we can conclude that

n

) E

t=1
2.8

[Z Z OB) + OWB) + OB?) + OB + OB, )]

t=1 L j=1 k=1

Jj*k
n
D
=1

OB2) + O(“B) + ) OB) + O(fgﬁ;@)]
j=1

29

29

a(Ht - I:Iz)

O(b) + O(bY™) + O b?)

t=1
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The desired results follow, e.g.

n 29

n—oo

Simply apply (5) in Appendix A on the above inequalities, we can get

n . 2z104 1/2
;}l—{lc;lo (EH l-I:I, - th ) < 00
=1
n ) 3z11\ 1/3
lim (E” H, - H, ) <00
n—co
=1
and
n ) 4z12\ 1/4
lim (EH H, - H, ) <o
=1

since 0 <2z10<1,0<3z;;<land 0<4z, < 1.

(vii) We need some preliminary inequalities before working on the non-diagonal elements.

One is

2 2 17 ~ 213

E‘ 9 H; . _ 0 H; j i 13 = Ej Ojir Tju

2 ~2 - ) .
apiljlao-i,,; apilhaa-il,; 20, 204,

<13

< OB + 0(B5™) (3.82)

0110t — 01101

20—il 40t

for any 0 < zj3 < 1 because of (ii) above.

The other set of inequalities is, for any z < 4, we have

o, =7, [ B\
L, L, — i — 0 [Z t'Z
Seondp, ((1 —,8,-)2) (“h)
Po? -2,

z l‘ﬁf IBi - ) z
:E{[,B,-(l -B) * (1-3)? th + (- DB, Z(xzo - xi,O)}

2 -2 2 1=2)7 ~2
<al(tB))* + BRIEx + a(t — 1B Exy + a(t — 1B 505

Oa,;0B;

=0(°45) + O(B)
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E w ) :]E‘ 1B; 2p; + B Z 18152 +ﬁ€a.i (= 1B
BB Bi(1 —B;)? (1—ﬁ)3 ! 111 ii=1-1 T Pi 11:2 it-1-1
ﬁlaﬁt—lﬁo (1631)2 il = DB Zﬁtxn -
B Y B = DB+ e~ D= 27— )|
=1
<ay(FB + B + a7 + Bl + ay(c = 1B + ast Bl
+(t = 1)t — 2)B"
=0(F%) + O(BF) + O(F (t — 1Y) (3.83)
dwidw; w0 Ow;0w; Oa;0q;

Sufficiently, we will prove the finiteness of each element and start with the diagonal

terms. If §; and 6, are both in the set {wy, a, Bi},

i E 0’H,j, — Hyj
0.0,

=1

213 217 ~2 =2
__|°Hjp ooy, 0oy,  OPHy, 007,007,

(0022 36, 06, (352, 98; 06,

" 8Hj]l azo-kt 6Hj]f (920',” o
80’% (90](901 60’it 00 (901
n 2 2 2 ~ 213
T O O-kt *
< 1 k)= >
= Z( PR 50 56, ~ 96,06,

< Z O(B") + Z O(F1 ") Z O(F™ (1 = 1Y) < o,
t=1

If one of 6; and 6, is B,k = 1,2,...,m and the other one is in the set {wy, @, Bi}.
Assume 0; = By, and 6, is one element in {wy, @, B}, then we can conclude from (i)

in Lemma 3.3.4 that

n

> E

t=1

213

02 th Hjj,t
0.0,

00, 00,

213 2 2
~ ‘60‘,{’[ o e

The next step is to check the non-diagonal terms. Assume i < j and [ < k in pj

without loss of generality, i, j,Lk=1,...,m
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It is easier to start working with the non-diagonal elements in the matrix.

52(Hij,z - I:Iij,t) f
Oprdw;,
O*Hj, 80'?|J o*H,;, 05

)
_ it 213 T+ 10 o+ 1 2
Gpijﬁo'izl’t aa),-] 6pl,j65.i21’t awh | ( Jj=kLi=l J=l —k)( 1= I_])

E|

=E|

PH; &H;, oo}
S(Elé) p) - F) aJ; [ | 9 I_J|2Z]3)]/2(]1i1=i+]1i1=j)
pij O-il,t pl] O-il,t wll
O*H;:, do? 957
+(E U 2zsg .t 1l 12z1311/2 1o+ 1,
( lﬁpijaﬁ'?]J |8w,~1 r, =) A(Ly, 1=))
1713 213
<OB7") + O(B™)
E' 62(Hij,t - ﬁiji,t) o
8plkaa'i1

213

52Hij,z ao—izl,t 32[‘71‘/;1 35';'21,:
= - (Ljop Ly + 1 L p)(L = + 1 =)

ap,-j(?O'l.zlJ 8&’,’1 ap,-jad'l.zl,t (9a/,~1

(g PCHi _ PHy = 0o e 1
“\opo0? . 8pi0052 da; ) (i + 1))
tj i1,t t i1t i
azﬁ ” 2213 60_2 85_2 2713 1
+ E 1], i1,t _ i1t ]ll, . + ]li N
( ‘apijaa'?lt oa;, oa;, ) (L= =)
SO(ﬂ;ZB) + 0(53213)
0 (Hj, — Hijo) [
Opuop;,
‘ 2 |23
11,1 i1,t

= (Lo Limy + 1y L) (L = + 1)

—E _
dpudo; , OB, Oprdd; , OB,

PHy  0°H; o;
(Bl - U PR ) )
dpij0o;, ,  Opi0T; By
2 17 2 ~2
b g it Duspaying g,
o, |9, 9B, o

SO(ﬁ;zm) + O(ﬁ;m_%) + O(Z‘Zl3ﬁ;?'3)

O*(Hys — Hij) |
(Ow;,)?
= O Hy aai 2 _ 521:1:‘11(6&"21 ) ZI}(]L + 1))
= (60'121)2 aa)l-] (85—121)2 5601'1 i1=i i1=j
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62H~t 52ﬁ~-, 2213 (90.2 4z13 12
S]li:i'i']ll‘:' E L 2 d
(i =) @) (857) Ow;, )
62ﬁ~, 2213 30'.2 05.2 2713 12
+ (L + 1) (Bl —Z | Ej(—1)2 - (1)
(U + L)) (057 (Bwi,) ((')wil) )

<[OB) + OBF) + OB ™)Ly + Liy—)) = OB) + OB™)
az(Hij,t - I:Iij,t) w

a(l),‘] (9(1),'2
B ' azHij,t 00'121 (90'122 621:Iij,, 66-121 65-122

002 00?2 dw;, Ow;, OF* 052 dw;, Ow;
i ir 1 2 i i 1 2

213

(L =il + 15215 2 )

2 2 17 2 2 1421
<(E O"Hij _ O"Hij |2z13)1/2(E|%|4Z13)1/4(E% 3)1/4
- 80’%60’? 85'[.205'? Ow; dw,
4z): ~ 21221 ~2
+ (E 62Hij’t ) 3)1/4(]5 8;.—12 — a;r‘z Zn)l/z(E%ﬁzu)lM
00‘%00‘? Ow;, Ow; dw;
.\ (E 621:Iij,t 4113>1/4(E 0;5’? 4z13 1/4( 0;‘.3 B 5;5‘3 2213)1/2
05‘?06‘? ow; ow; Ow;

<OB™) + OB + O(F) + O(B5™) = O(B™) + O(B™)

P(Hyj, — Hijp) ™"
awi, 6&’1‘1

P Hyj, (90'121 60-1‘21 B P H;j, 85'?1 65’%1

((90'121 )2 Ha)il BCY,'I (65'12] )2 8(1),'1 ﬁail

5~ R 2

S( GZHU’, B 8~2H,~j,, Zl})]/Q(E %

do;do; 957007 ow;,

213

(L= + 1;,=))

4z13

)]/4

4z13

A

60’?
1

(9(1’1'1

.\ (E OHj, 4113)1/4( do; _ 057 2“3)1/2(]5 o 4Z'3)1/4
60'121 (90'121 Ga)il 60),‘1 aa,-l
7 ~2 2 ~2 1221
" (E azHijJ |4113)1/4(E| ao’il |4113)1/4(E (90'1-1 _ (90'1.1 Z13)1/2
05‘[2166'121 6(1),'1 8a/,~1 6&,‘1
<0(B{z13) + O(Bt;13)
=< ; j
82(Hij,t - Hij,t) o
8&)1" 6&,»2

<13

(L=l + 152 515,—)

2 2 2 2 73 ~2 a~2

__| Hi, do; doy, O*H;;, 00 007,
002 00? dw;, da;, 052 052 Ow;, Oa;

i1 in 1 2 i1 in 1 2

~ 2 2 14 2 14
<(E OPHii  0°Hiny Z”)1/2(E do, Z'3)1/4<E o, Z‘3)1/4
B (90'1.21 30’?2 35‘?1 (95'1.22 Ow;, oa;,
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2 4213 2 ~2 |2z13 ~2 14213
G o i R G
do; oo}, Ow;,  Ow, Oa,
5 4z ~2 14213 2 ~2 12213
. (E O*H, 13)1/4(E oo | 1/4( oo, ~ oG, ”)1/2
05‘[21 85‘[22 6(1),'| (9&,'2 (’)a/,-z

<O + OBE) + OB) + OBE) = OB + O(B)
O*(Hyj;, — Hijn)| ™"
Bwilaﬁj]
g FPHy, 0o} 00 &*Hy, 95} 055,
(90'1% (90'3] awil aﬁjl (95'?' (95'51 (9(1)1'1 6ﬁjl

213

(L =il =+ L5152

<(E (92H,~1j1,, (92[:[,'1]'15, 2Z13)1/2(E 00'?1 4Z'3)1/4(]E|(90'§1 4“3)1/4
Vot aoi 057057 Ow;, B,
~ 4 ~2 12 2 4
+ (E _aZHiljl.t 113)1/4(15, 801'21 _ :21 Z13)1/2(15_ J Zl3)1/4
do; do; dw;,  Ow;, B,
. (E 62FI,-1J-15, 4113)1/4(E (95'1.21 413 1/4( ‘(90'51 ~ 85‘?1 2Z13)1/2
(95'121 (95'51 6(1)1‘1 G,le 8ﬁj1

<OBE") + OB) + OB) + O(B7) + O(F )

— 213 213 213
=0(B;™) + OB + O B
*(H;j — Hijn)|™" (o, ~ 07,
0(1)1'16,80,"

213

(]lilzi + ]]‘i1=j) < O(ﬁﬁli)

(9cuil

By using (i) above and Cauchy-Schwarz inequality to enlarge the terms repeatedly,

62(Hij,t - I:Iij,t) o
8(11"0&,'1
&> Hij, (90-121 S, I:Iij,t 65’%} ) SE
= )2(60,-1) " @o2r G, | Toeit i)
62H,‘j,t GZI:IUJ 2 1/2 60'121 4 1/4\2
< ‘(aai)z B (afr,.i)zl ) ((E'(?Ti.' W) s+ 1)
82H- ) t4Zl3 1/4 80'2 86’2 2z13 12 80'2 4z13 14
+E¢ E_ll__ll E_ll ]]-i—i+]].l‘—‘
( (60’%1 )? ) ( Oo;, Oa; ) ( da;, ) (L= 1=4)
821:1- i t4Z13 1/4 85-2 1/4 80'2 85’2 2213 1/2
+E¢ E_”4Zl3 E_ll_ J1 ]li—i+]li—'
( (65-,21)2 ) ( |(9C¥l'| | ) ( 6al~| a% ) ( 1= I—])

<O(B") + O(B").
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By using Cauchy-Schwarz inequality to enlarge the terms repeatedly,

2 17 213
0*(H;j; — H;j,)

Oa,-lé?ajl

2 2 2 2 17 ~2 a=2

d Hiljl,t 60_1'1 80-1'1 0 Hiljlal (90'1.1 ao’jl

249 2 . T 9=0 00 A ‘
do; 005 Oa;, O, 057 907 O, Oaj,

213

( 5‘2Hi1j1,t ~ 82[:11.1].” 2113)1/2( 60-121 4Z13)]/4(E ao.i 4113)1/4
do; dos 057007 da, da,
(E aZﬁiljl’t 4213)1/4( ao_izl aa_izl 2z13)1/2(E ao.i 4z13)]/4
+ —_— —_— —_—
g} do; oa;,  Oa;, da,
(]E O Hi 4Z13)1/4(E 66_1'21 - 1/4(15 80-51 ‘95'51 2Z13)‘/2
+ —_— —_— —_— -
65’365’3] Ba/,'l 0aj1 (9a/j1
_ 1z 1z
=0(B) + O(B")
aZ(Hij,z - [:Iij,t) o
0(1/,~10,8j1
2 ~ ~2 a=2 |z
azHille 00—1'21 6O-j1 _ azHille 60—1'2| 00—]1 w
60'12160'31 aa,-l aﬁjl 65'12165?1 (9&’1'1 8,le
~ 2 2 4
<(E azHiljl,l _ azHim,t Zl})l/z(E —80-?'-|4Z13)1/4(E 6O-j' 213)1/4
B 80'?16(T§1 6&1.216(7?1 Oa;, aB;,
(E #H, . 4Z13)1/4( do; 957 2213)1/2(E do3, N
+ —_— —_— —_—
9o} do oa;, O, P,
azﬁiljlvt s 1/4 65-121 4z13\1/4 80'% ~§| 2 172
+(Bommgar| ) g e -2 )
ao-ilao-jl Cyil B]l ﬂ]l

— v z: s . 13 2t
=0(B5™) + OB + OB) + OB + O B5)

— i 8 13 pt:
=0(Bi™) + OB + O B

aZ(I_Iijt - I:Iijt) o 62(0"21 r 5-'21 t) o z
\ , i1, i1, . )< 1213
E o B T (L= + 1)) < OB;")

&#(Hyj — Hijp)|™"

E - r P
aﬁilaﬁh
2 2 7 ~2 9=2

<E azHille ao-il (9O'j1 _ aZHille 80’!’1 ao’jl "

(90'121 (90'31 Hﬁ,-l 6ﬁjl 05'121 65'51 8,8,-1 (9,8,1

<OB") + O(B°) + O B7) + O("B")



3.3. ASYMPTOTIC NORMALITY 111

213

0*(H;j, — H;; G
( )it JJ) 1,1 1, (]lilzi + ]lilzj) < O(ﬁffn) + O(tZBﬁZH)

|Z13 — |

8Bi16180i1 aﬁil

Based on the preliminary results at the beginning and Cauchy-Schwarz inequality,

*(Hyj — Hij [
6w,-1(9,8,-]
&*H,j, 0o; o} _ PHy, 952 952
(007 )2 0w, OB;, (957 )2 Ow;, OB,
aPIijt 820-12 8Hijl 826'12 i3
+ ’ o ~ , 1 (]lilzi+]li1=j)
do; 0w, 0B, 957 Ow; IB;,
2 2 17 2213
e R P A
do; do; 06057 9B;,
4z13 2 ~2 2
1 )1/4(E % 3 &ilzm)]/z(Ea I
aw,-] (9w,~l aﬁi}

4z13

e

4z13

)1/4
4z13

)1/4
2213

)1/2

2 4213
do;,

Oo?
a1

&H;j,
(90'?1 601.21
& H,j,
052 05
0H;;,, O0H,j,

0o? 052
i i
620—1'2. 0? 6'1.2]

(90.),'1 8,8,-1 B (90.)1'1 aﬁ,-l

4z13 65_2
13|

1/4
)" el

2713

80’?} (95'?I
aﬁ i 6ﬁ i
2z13

)1/2

2213

)1/2](]11'1:1' +1,,-))

1/2 820'1.21
) (E‘ (9a),-] Bﬁil
2213 (91:1, .

el

1
SO(IBEZL%) + 0(’33213) + O(ﬂfn) + 0(,3;213) + O(tZIS,BZH)

=0(B") + OB + O(F3 ")
|(92(Hij,z - I:Iij,t) "
O0a;,0B;,
0*H, i 801.21 001.21 0*H, i 0&1.21 601.21
(00 )? Oy OB;, (957 )? Oy OB,
aHij,t 820-1'21 B aﬁij,t (925_%1 213

+
aO'lzl Gailaﬁil 65'121 aaildBil

(L= + 15, 2))

<[(E O Hj, _ &’ H;;, 2Z13)1/2(E % 4113)1/4(E do; 4“3)1/4
"B (@) (057 ) da, 9B,
02[:[,-' 4z13 14 (90'1.2 (95.12 2z13 12 (90'1.2 4z13 14
NELAT g RE ey R
(00-121 )2 da; 1 da; 1 6181 1
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Ol [0\ 14, |05 [ \1a, |00y 06 [P
e
OH;;,  OH, [\, | 80 [FPan
+(E 80{_ ?%r ) (E‘—ﬁﬁi. 611%1 )
o o P, |0H;, [k
+(E 331'15[131'1 _351'15[131'1 ) (E 35‘% ) ]

<O(BE) + O(BT) + OB™) + O B™)
az(Hij,t - I:Iij,t) o

aﬁilaﬁil
0°H,;, 00} 00 9*Hyy, 007 0o
(60'121 )2 (9,8,‘1 6,81'1 (85’[21 )2 (9,8,‘1 6,81'1

(9H- . 320'-2 8FI ) 625_2 213
+ — L —| (M= + 152))
do; 0B 0B, 05 BB, ] -

4z13

)1/2

2213 60'2
i

&#H;,  0*H;, )I/Z(E‘—
B,

S[(E (007 2 B (852

4z13

. azgij,t S ‘60‘1.21 65-1_21 2 0, . 80'1-2] )1/4

+( @0 )2 ) B, B, ) B,

.\ (E OH;j, 4113)1/4(}13 (91,-21 4Z13)1/4(E ai,-zl _ ai,-zl 21‘3)1/2
(953 ) 9B, B, 9By

s ol Oy gl Py

o ao; 0B, 0B;,

+(E >o; _ a7 2Z‘3)1/2(]E 0H,;, Zl3)1/2]

BB, B9, 05}

SO(,B?B) + O(IBZZH) + O(tleﬁZn) + O(tzmﬁfn) + O(Z‘ZB(I _ 1)113,3?13)

Therefore,

213

::;:: IEE" iflé?t - ijléit

1=

n 2 0
=3 Ena (a}giaeflt)

213

1213

< > [0B) + 0w B) + 0B™) + 0GB + O,
t=1
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+ O(F5(t = ™) + O (t = 1 B)|

< D OWBR) + O™ + O(EPBR) + 0> (¢ = 170 b™)

t=1

We use the similar argument used above in (vi) and get the rest of the desired

results,

n

i - .. ||2214\1/2

DY IR
=1

< . . [|4215\ 1/4

i Sl ] ) <
t=1

since 0 <2z14 < 1/2 and 0 <4z;5<1/2

(viii) Recall the difference between o7, and 7, in (3.25),

4

2 ~2
E‘O—i,t — Oy

4
) 1,2 2
= E}ﬁﬁ(g 0r — 00+ aif; (X0, — X0.0)

4

By Assumption C1 and (i) in Lemma 3.3.2, Elo}, —&7,| < co. The result along with

(ii) leads to X2, EHHI - lflt”4 < 0. The other inequities are true by applying the

same arguments used in (vi)and (vii).



Chapter 4

Simulation Study

4.1 Introduction

A Monte Carlo simulation will be performed to study the asymptotic properties of the
QMLE for a given true value 6y, which satisfies all the assumptions regarding the param-
eter, including A2, A3, A4 in Chapter 2 and Bl in Chapter 3. When the innovations follow
the Gaussian distribution, then Assumptions Al and A5 are satisfied. Assumptions A2
and A3 are explicit expressions which are easy to verify if we know the value of 6, while
the other two assumptions A4 and Bl are complicated. The main problem we are facing
is that the stationary and ergodic parameter space is not explicitly known, so the search

area cannot be defined in the algorithm when we estimate the parameters.

In this chapter, we study a simplified version of the model with two-dimensional
data. Prior to the simulation, we want to find a proper value in the parameter space. For
Assumption B1, a closed interval is defined in the next section as a searching area so that
the algorithm is looking for the estimate in a compact space. With the general consensus
in financial economics, the log return series of stocks is stationary. We start with the
log returns of two stocks. After applying numeric optimization with the conditions in

Assumptions A2 and A3, we can get an estimate 6, from the real data which maximizes

114
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the likelihood function with some initial values. The Monte Carlo method is used in
the next section to verify whether the drift condition, Assumption A4, is satisfied. If
the estimate 8, passes the test, it will be used as “true” parameter 6, when we use the
simulation method to study the statistical properties. Otherwise, a modification will be

implemented on 9d to create such a 6y which meets Assumptions A1 —AS and B1, B3, B4.

It is worth to notice that even if 8, does not pass the drift condition in Assumption A4,
it does not mean that it cannot produce a stationary and ergodic observable sequence.
As a sufficient condition, Assumption A4 leads to a smaller space than the true stationary
and ergodic parameter space. Often the estimates obtained from real data analysis fail
to pass the drift condition test. We included the results obtained from the Monte Carlo
simulation on an artificial 6, in this chapter which passed the drift condition. The same
simulation was also performed on 8,, and the convergence results are similar to we got

for @y. This suggests that the sufficient drift condition A4 might be too strong.

4.2 Monte Carlo Study Preparation

To reduce the number of parameters and simplify the model, the contributions from each
individual stock to the common risk indicator O'%J can be set to be equal, which means
Bor = Boz = -+ = PBom = Po- This setup not only serves the convenience purpose but also

saves the computation time. The number of parameters in 0'% . will be reduced to 2 from

m + 1, which we have before the simplification.

A bivariate example is shown in this section. The bivariate realization of the model

becomes
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log returns of IBM and CSCO

0.1

-0.1

Jan03 1995  Jul011997  Jan03 2000  Jul012002  Jan03 2005  Jul02 2007

Figure 4.1: Log return of IBM and CSCO from 1995-01-01 to 2007-12-31

X1 = €101 + €00,
Xoy = €072+ €00,
2 2 2
O = Wi + a1Xy 1 +ﬁ10-1,t—1 (4'1)

2 2 2
0o = Wr+ QX5 | + 205,

05 = Bolot, + 3.

and the number of parameters is 8. In order to choose a ‘true’ parameter 6y in this
simulation study, we estimate the parameters based on the centered log returns of two
equity series (two stocks in American stock market): International Business Machines
Corporation (IBM) and Cisco Systems, Inc. (CSCO) from 1995 to 2007 with 3274 trading
days in total. As we can see from Figure 4.1, more than 90% of the log returns lie within

the range between -0.05 and 0.05.

The default searching box needs to be chosen by considering not only the assumptions
but also some additional constraints. One of the constraints is that the meaning of these
parameters. On the one hand, we want at least one of By;’s to be larger than 0 so that the
common term 0'(2),, does not disappear. Therefore, in this case, a lower bound is needed
for By other than 0. On the other hand, we are not expecting the contribution from one
term to the common term O%J higher than itself, which means that the upper bound of

Boi is set to be 1 for By;’s.
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The final searching region is chosen to be @ = [=1, 11X [¢, 11X [¢, 11> X [0, 1 —¢]* X [1, 1]
where ¢ is set to be 107, Several numeric checks are added to verify the positive definite
constraints on both H, and R matrices through the eigen decomposition. Further numeric

issues will be discussed in Section 4.4.

In Theorem 3.3.1, the observed x, have a finite 8th moment which can lead to the
w1 ) Ex%,l W) azExi .

-5 " 15 -5, 1-5

EO%J = wy, then wy, w, can be solved by the last two equations in (4.1). Therefore,

= w, and

weak stationarity. Let Eoj, = =wy, Eo3, =

_ Wo + wq
R

W + w»y
BT

To ensure these terms are positive, Assumption A3 is needed.

A non-linear optimization function nlminb in R with box constraints is used to es-
timate the parameter. While this function is extremely helpful, it has a few numeric
problems when we use it in such a high dimensional case. These problems will be dis-
cussed in Section 4.4. The output from nlminb gives a locally optimal solution but
without specifying whether it is the global ones. Varies methods in Section 4.4 are used

to increase the likelihood of being the global optimum.

The estimated values are shown in the first row of Table 4.1 as 6,. The next step is

to test whether this estimate satisfies Assumption A4.

A Monte Carlo study has been conducted to study the properties of the estimates in
a numeric way. In this verification, the integer p; is set to be 2, then the corresponding
matrix induced norm is also called spectral norm. The positive number s is chosen to be
1. Theoretically, the conditional standard deviation (o,,07%,) can reach positive infinity
without any upper bound. In theory, the expectation listed in Assumption A4 needs to
be verified for all possible y in the state space. Nonetheless, we only need to know that

the expectation is smaller than 1 within the sensible range from a practical point of view.
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The time series sequence, x,™ = (x1,, X2,), We are targeting is the daily stock return which
never has any value beyond the interval (=0.5,0.5). From the expression in (4.1) and the
constraint a; + 8; < 1, it is sensible to verify the conditional standard deviation using
the upper bound (1,1)T. In the meantime. the lower bound of this region is set to be

(Vwr, Vwo)T.

In this bivariate case, the steps to verify the drift assumption for a given value 6,

1. Choose a sample size n, simulate n independent and identically distributed 3 di-

mensional innovations € where €’s are N(0, X).

2. Set up the region With ¥,.;, = Gimints Ymin2)" = (VT VBT ad Ypar = Giman 1 Ymar2)” =
(1,1)7. We can discretize the interval between y,, and y,,. by creating grids
using the weighted averages. The domain of each element in the 2 dimensional
weight variable s = (s1,$2), [0,1], can be divided into K; equally spaced points
(0,1/K3,--- ,(K3 = 1)/K3,1). The grid points are set to be y., =y o, = (S1Ymin1 +

(1 = $)Ymax.1> $2Ymin2 + (1 = $2)Ymax2)T, so the number of grids is (K3 + 1) X (K3 + 1).

3. For each grid point, the partial derivative matrix B(y,,, ) is calculated for these in-

novations €. Then the average of these n values is obtained as the term E ||B(}, €)||,.

4. Finally, we can get the range of E||B(¥, €)|l, over the region defined. If the upper
bound of the range is smaller than 1, then we can conclude that Assumption A4 is

satisfied.

The steps are similar to the ones in Hafner and Preminger (2009b) and Jiang (2011), but
more complicated and computationally intensive. The sample n is set to be 200 and the

number of grids, K3, is 1001 in this example.
> range (EDriftOrg)

[1] 0.7148196 1.0071080



4.3. SIMULATED RESULTS 119

Table 4.1: The numeric estimate from IBM and CSCO centered log return and the ‘True’
value used for the bootstrap simulations (rounded to two decimal digits)
H P12 1060)1 106602 100&’1 100&’2 10,81 10,32 IOﬁ()
6, | 418 293 8.03 7.65 554 9.09 930 044
0 || 418 293 8.03 7.65 554 850 850 4.42

Unfortunately, the estimate 8, does not pass the test. So we need to modify the values
to create a 6y which satisfies the conditions stated above.

Some testing runs have been performed to check which element has a larger effect on
this result. Only one value is changed at each run while the values of other elements of
the parameter remain the same as 6, in Table 4.1. As in the univariate or multivariate
GARCH models, the changes in B; have a significant impact on the partial derivative.
The “true” values of parameters in the second row are set to be the modified values based
on the first row by modifying the values of 3 parameters. The individual parameters
B1 and B, are set to be 0.85, and By to be 10 times the estimate around 0.42. All the
numbers in the table are rounded to 2 decimal places for a better display where the more
accurate values are used in the simulation.

Once again, the same test is applied to this modified parameter value 6.
> range (EDriftMod)
[1] 0.6990809 0.9907809

The upper bound of that expectation is smaller than 1, this 8 satisfies all the assumptions
in Chapter 2 and 3 regarding the parameter. Thus, we can use this 6y as the true value

in the following examples.

4.3 Simulated Results

In order to investigate the consistency and asymptotic normality, we need to know the

exact value of the true parameter. Then the simulated results can be compared with the



120 CHAPTER 4. SIMULATION STUDY

theoretical values, which are calculated based on the theorems in the previous chapters.

The initial values are fixed at (x¢, 09) = (0.008,0.008, 07 1, 079 2) Where 071,002, are the
default values obtained from the log returns of IBM and CSCO by the method described
in Section 4.4.3. Given the true value 6, satisfying the assumptions, we could simulate
a path with i.i.d. normally distributed innovation and then estimate the parameters
by maximizing the Gaussian likelihood function based on the simulated path. If the
simulating and estimating processes were repeated for K times with K large enough,
we could numerically verify the asymptotic properties of the ML estimators with the
knowledge about the true parameter value.

The initial values (x¢,0) and the true parameter 6, are fixed as the values stated
above. For the ith path, the detailed steps to generate the estimates are shown as

following;:

1. Generate K; + K, i.i.d multivariate normally distributed innovation €, with mean
0 and known covariance X, where K, is the number of observations we desired and

K, is the size of the burn-in period.

2. Calculate the simulated observations xi, ..., Xk,+x, and the corresponding oy, . .., 0k, +k,
iteratively.

3. Drop the first K; points from the sequences, the sequences left are xg,+1,. .., Xk 1k,
and OKi+1s-+ s OK+K, -

4. Get the estimate 9(;()2 by using the method in Section 4.4.

We repeat this process for N, times, then examine the behavior of the estimates.

Some typical paths of x, and o, are shown in Figure 4.2 which represent the paths

x(li), ... ,xg?l .k, i Step 1 and 2. Though the true parameter we used to generate the path

is an artificial 6y, the simulated observed paths x; still show a similar characteristic as the

original stock returns. They have similar ranges, the same volatility clustering feature

and both are heavy tail distributed.
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Figure 4.2: The simulated paths: the top three are the simulated x, (the black solid
line represents x;, and the red dashed line represents x,,) and the three below are the
corresponding o, (the black line represents O'it, the red line represents 0'%,; and the blue
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Figure 4.6: The histogram of p, &1, &>, 8o when K, = 20000. The blue lines represent the
true values.

We simulate 1000 paths (N, = 1000) with different sample sizes K, from 1000 to 20000
and set the burn-in size K; to be 7000. Figure 4.3 and Figure 4.4 show the histogram of
the parameters. From these two figures, we can see that the estimate of p has a positive
bias while the estimate of By, has a negative bias. Among the 1000 estimates of By, 26
of them hit the upper bound of the searching region, 1. Though 1000 is about 4 years
of data in the stock market, it is still very small when we want to study the asymptotic
properties. Most of the histograms are skewed. When the sample size is increased to
20000, the histograms of the estimates in Figure 4.5 and 4.6 become more symmetric.
The centers of the bell shapes are much closer to the true values. Between these two
sample sizes, 1000 and 20000, 4 sample sizes are chosen for K, and they are 3000, 5000,
7000 and 10000.

Section 4.4 uses a numeric optimizer, an element of the output gives an indicator
whether the numeric iteration converges based on the some numerical criteria. The
proportion of the convergenced estimates is 99.5% when the sample size equals to 1000.

Then the proportion gradually decays to 91.6% when we increase the sample size to

20000(98.3% for K, = 3000, 96.1% for K, = 5000, 94.7% for K, = 7000 and 93.1% for
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K, = 10000). Given the fact that the target function is summing up a large number
of terms, the rounding error may become overwhelming when the sample size increases.
The change in the convergence rate relates to the numerical stability which we have no
control. All the results below are based on the converged estimates.

Ignore the sign of the bias, the absolute bias of a parameter with true value 6, is

defined as

% 2%

N2 = oo
Then, the absolute biases of each parameter with different sample sizes are shown in
Table 4.2. The absolute biases generally decrease as the sample size increases with few
exceptions. Since the estimate of one parameter is related to the estimate of other
parameters, the increasing of the absolute bias of one parameter may be because of the
reduction in the absolute bias of another parameter. We cannot compare the overall
effect for different sample sizes. It is important to realize that it is impossible to achieve

0 in any numeric study and the accuracy is limited by several factors. We define another

measure called relative absolute bias as

absolute bias of
o

relative absolute bias (RAB) of 6 =

which takes the scale of the true parameter into account. The RABs for different pa-
rameters are comparable in terms of different K,. Table 4.2 is converted to Table 4.3
by using this new measure. In the last column, the vanishing trend of the total RAB is
clear as the sample size increases, which means the bigger the sample size, the better the

estimate will be.

In addition to the absolute bias, the root mean square error (RMSE) is used to

evaluate the performance of the estimate. The RMSE we used in this thesis is

1 & .
RMSE of @ = 1| — > (8 —6,)2
(0] JNZ ;( K, 0)
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Table 4.2: The absolute biases with different sample sizes (rounded to two decimal digits)

K, | p12(107%) wi(1077) wy(1077) @1(107%) a»(107%) Bi(107%) Bo(107%) By(107)

1000
3000
5000
7000
10000
20000

1.82
12.86
6.23
1.26
1.35
3.25

14.80
6.59
2.68
1.73
1.25
0.91

31.31
8.24
4.95
2.85
3.01
0.94

2.79
3.12
1.28
0.56
0.45
0.59

5.19
2.78
1.54
0.55
0.66
0.50

9.22
3.77
1.21
0.99
0.44
0.45

28.64 5.45
4.93 19.55
3.31 9.15
1.71 0.65
2.25 1.14
0.50 4.62

Table 4.3: The relative absolute biases with different sample size (%)

K> P12 wi W i (o) B B Bo  total RAB
1000 || 0.43 50.51 3898 3.65 936 1.08 337 1.23 108.63
3000 3.08 2249 1025 408 502 044 0.58 442 50.36
5000 149 914 6.16 1.68 277 0.14 039 2.07 23.84
7000 || 0.30 5.89 355 073 099 0.12 020 0.15 11.93
10000 || 0.32 4.28 374 058 1.19 0.05 0.26 0.26 10.69

20000 || 0.78 3.11 1.18 0.77 091 0.05 0.06 1.04 7.90

Unlike the one defined in Liu (2011), the mean of the estimates 0 is replaced by the true

value 6y. The numeric results are shown in Table 4.4. In this table, the reduction in

RMSE is dramatic when a larger sample is used to estimate the parameters. In terms

of the RMSE, it also implies that a larger sample size will lead to a more accurate point

estimate in most cases.

The histograms in Figure 4.5 and 4.6 both have nice bell shapes, but there are not

enough evidence to confirm the normal distribution proved in Chapter 3. More convincing

methods are used to check the normality in both graphical and statistical way. Instead

of the raw estimate 9(i), the distribution of the rescaled estimates in Section 3.3 is studied

because \/Kz(@Kz — 6y) is more informative.

The graphical tests include quantile-quantile(Q-Q) plots and the density plots for each
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Table 4.4: RMSE of the estimates (rounded to two decimal digits)

K> | p12(107) @1(107") @,(107"2) (107 @x(107%) B1(107%) Bo(107%) By(1072)
1000 || 17.78 2174 10413 416  3.54 2503 109.18 4.11
3000 || 572 3.1 646 144 133 304 662 139

5000 3.21 1.41 3.56 0.73 0.72 1.51 3.81 0.76
7000 2.49 0.92 2.25 0.54 0.50 1.14 2.62 0.59
10000 1.87 0.71 1.52 0.40 0.37 0.73 1.64 0.44

20000| 0.86 0.37 0.65 0.21 0.17 0.40 0.78 0.21

parameter. To save space, only the results for 4 parameters are included here despite the
fact that the number of parameters is 8. The change in the skewness and bias of p;, and
Bo, which was shown in Figures 4.3 and 4.4, needs to be addressed. Other than these
two parameters, w; and B are chosen to represent the estimates in both extremely small
and relatively large scales. Figures 4.7 to 4.10 are the normal Q-Q plot of pi,,wy,B
and By. The qgqnorm plot of w; has few extreme values at the tail when K, = 1000
but this gradually changes when K, increases to 20000. For the same 4 parameters,
the densities are plotted in Figure 4.11 to 4.14. A black solid line represents the kernel
density estimation and the blue dashed line shows the referenced normal density with
the same mean and variance. The kernel densities are far from the referenced normal
densities with a higher peak when K, = 1000. With the largest sample size 20000, the

kernel estimations are close to the reference lines both in the centers and the tails.

From the numeric point of view, the distribution of \/72(@1(2 — 6,) stabilized to the
reference normal distribution and the kurtosis of kernel estimation is shown in Table 4.7
along with the skewness. The kurtosis of all parameters becomes stable around 3 which
is the standard for normal distribution. There are several normality tests implemented
in R, some of them are very sensitive to the tails or the size of the data. Though
the distributions of the rescaled estimates are approaching normal as the sample size

increases, there is no reason to expect these estimates to pass the normality tests even



4.3. SIMULATED RESULTS 127

with the largest sample size 20000.

The assessments in the previous paragraphs show us that the distribution of \/E(@Kz -
6y) is approaching a normal distribution with mean 0. The first 6 rows in Table 4.5
show the rescaled standard deviations calculated from the Monte Carlo simulation. The
rescaled standard deviations of the Monte Carlo simulation are relatively stable except
for the case when K, = 1000. The last question we are interested in is that whether the
limiting standard deviation is determined by J='VJ~! as stated in Section 3.3. Both the
first and second derivatives of [,(f) are extremely hard to evaluate since they are given

by very complex iterative formulas in the proof of Theorem 3.3.1.

By the definition of J in Section 3.3, it is a symmetric matrix. The component in row i
6°1,(6o)
0,00,

and column j of this matrix can be computed by the limit of — 3\ when n — oo,
n

8”L.(6o)
00,00
the second derivatives of the negative target function for a simulated path. Therefore, a

which can be further simplified as . The numeric methods can be used to estimate

numeric estimation of the matrix J is easily obtained. In the meantime, the elements in V

1 ol,(0y) ol,(0
can be approximated by the expression — P é(oi()) (;EQJ-O)

requires us to compute the numeric first derivatives of [, at all time points, which means

. However, this expression

it can not be further simplified to the numeric derivatives of the overall target function
L,. After getting the numeric estimate of J and V, the diagonal elements of J~'VJ~! can
be computed, and they can be treated as the approximation of the asymptotic variance.
It is worth to note that the numeric estimates of J and V are calculated at @ instead of
6, since the likelihood function reaches its maximum at @ given a path, not at 6y. The
estimated estimated theoretical asymptotic standard deviations are included in the last

row of Table 4.5.

It is hard to conclude anything from the rescaled standard deviations of the Monte
Carlo simulation. As explained in the table of the absolute bias, the value of one pa-
rameter may get closer to the asymptotic standard deviation when the value of another

parameter is further away from the asymptotic standard deviation as the sample size
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Table 4.5: SD of \/E(@Kz — 60y) and estimated asymptotic SD (rounded to two decimal
digits)
Ky | pr2 @1(107) (107 @1 (107") @x(107") Bi(107") B fo
1000 ||4.22  13.99 3.07 6.40 5.72 15.56 3.18 6.42
3000 ||4.09 8.97 1.32 6.36 6.14 933 1.38 6.36
5000 ||3.98  8.17 1.29 6.00 5.92 8.66 1.36 6.15
7000 ||4.18 791 1.23 6.16 5.90 890 1.35 643
10000 (|4.33  8.31 1.19 6.28 6.02 8.55 1.26 6.66
20000 ({4.12  8.48 1.14 6.45 5.80 8.89 1.25 6.39
Asy ||4.15 8.36 1.20 6.39 5.95 890 1.27 645

Table 4.6: RASY with different sample sizes (%)

K> P12 w1 W) a (0%) Bi B Bo  total RASY
1000 1.56 6733 155.62 0.15 3.87 74.82 150.37 0.46 454.17
3000 1.62 7.25 9.60 048 3.25 490 9.02 1.27 37.40
5000 | 4.12 2.23 7.19  6.12 042 2.69 7.21 4.55 34.54
7000 || 0.59 5.39 2.54 3.61 0.81 0.01 6.16 0.19 19.31
10000 || 4.18 0.55 0.61 1.71 1.16 3.97 0.78 3.26 16.23
20000 || 0.77 1.42 5.47 1.04 251 0.09 1.60  0.85 13.76

increases. Thus, a new measure called the relative absolute difference with respect to the

asymptotic standard deviation can be defined as

| SD of \/Kz(éKz — 6y) — asymptotic standard deviation|

RASY of 6 = - —
asymptotic standard deviation

This measure uses the asymptotic standard deviation as a standard to compare the
performance of different sample sizes. Using this measure, Table 4.5 is converted to
Table 4.6. From the values in the last column, the total RASY is decreasing when the
sample size becomes larger. Overall, the standard deviations obtained from the Monte

Carlo simulation is getting closer to the asymptotic ones as the sample size increases.
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Figure 4.7: qqnorm of rescaled p7, with different sample sizes K,

The histograms, the relative absolute error and the root mean square error show that
the point estimator has a higher probability to fall into a close neighbourhood of the true
value when the sample size becomes larger. It is a rectification of the consistency in finite
samples. In the meantime, the distribution of \/E(@Kz —0)) is gradually moving towards

a stable normal distribution with the mean and variance specified in Theorem 3.3.1.

4.4 Numeric Issues with Solutions

4.4.1 The Scale Difference

Since the parameters are typical of quite different scales, the numerical algorithms to
obtain the estimation can be sensitive to this. We could take a univariate GARCH(1,1)
as an example since it is one of the most commonly used models for analyzing a single
sequence in the stock log returns. When a GARCH(1,1) model is fitted on a stock return,

the point estimates have considerable scale differences. The scale of @ is in the order
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Figure 4.14: The black solid line: kernel density of rescaled B8, with different sample
sizes K. The blue dashed line: standard normal using the same mean and sd from the
estimates

Table 4.7: Kurtosis (skewness) of vKy(8k, — 6) (rounded to one decimal digits)

K> P12 w) Wy @ @ Bi B2 Bo
1000 || 3.7(-=1.0) 156.7(9.2) 42.9(5.4) 3.0(0.3) 3.3(0.3) 171.8(-10.2) 43.9(-5.7) 3.5(0.9)
3000 |/5.4(-1.1) 4.5(0.8) 3.4(0.6) 3.0(0.1) 3.1(0.1) 3.4(-0.3) 3.8(-0.5) 5.4(1.2)
5000 |/3.7(-0.7) 3.0(0.3) 3.7(0.7) 3.1(0.0) 3.1(0.1) 2.8(-0.1) 3.9(-0.5) 3.7(0.7)
7000 ||4.0(-0.7) 3.1(0.3) 3.4(0.5) 3.4(-0.1) 3.0(0.1) 3.5(-0.2) 3.6(-0.4) 3.9(0.7)
10000 ([ 3.3(-0.5) 3.4(0.3) 3.5(0.3) 3.0(-0.0) 2.8(0.1) 2.8(-0.0) 3.1(-=0.1) 3.3(0.5)
20000 3.2(-0.3) 3.1(0.3) 3.0(0.3) 3.1(0.1) 3.1(0.0) 3.0(-0.2) 3.0(-0.2) 3.2(0.2)
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of 107® to 1075 while & and the scale of B is in the order of 10~!. This leads one to
imagine that the estimate from our model has a big difference on the scales of w; and
other parameters. In a more vivid picture, the optimization function begins the searching
in the neighbourhood of the starting value and finds a direction with the deepest descent
and moves in that direction with one step. Normally, the scale is related to the step size
and the step size would not differ much if everything is kept as the default.

There is an argument in R function nlminb called scale which can be used to adjust
the step size for each parameter and the default is 1. The larger the scale is, the smaller
the step size is. The scale of w;’s is changed to a larger value while the scales of other
parameters remain as 1. Since no one knows what a proper scale is for w;’s, the opti-
mization function is fed with a vector of alternative scales. The default argument in the
function is set to be al = (0,1,2,3,4,5,6,7), which means the possible scales for w;’s are
10¢'. The function will start optimizing the negative log likelihood with the scale in the
middle of al and if the number of elements in al, n,, is even, it will start with the smaller
one in the middle. Therefore, the scale will start from 10? in the default case and search

into the two ends of the vector 10¢! until the target function convergence numerically.

4.4.2 Computational Speed

Since the likelihood is built based on the conditional distributions, the likelihood value
needs to be calculated at each time point sequentially given a group of values for the
parameters. The inverse matrix operation needs to be performed at each time point.
The computation speed is a major problem when the maximum likelihood estimator is
desired.

Better than most of other statistical and graphical software, R provides a completely
programmable language for graphics, which makes the graphical capabilities of R extraor-
dinary. As a scripting language, the computation speed is one of its main drawbacks. In

the meantime, C++ is a relatively low-level compiled language. It is an object-oriented
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language with only some well-developed packages, which requires a higher cost in terms
of coding. To combine the advantage of both languages, Eddelbuettel and Sanderson
(2014) create a package RcppArmadillo which provides an interface to integrate C++
code within R. Since the optimization is a difficult job, it is not wise to code this part
by ourselves in C++. Thus, only the negative log likelihood function is written in C4++
and the rest part of the job is done in R code.

The computation speed of repeatedly computing the likelihood written in R and Repp
was assessed. For simplicity, the assessment was running in a two-dimensional case. The
computation is based on the centered log returns of the daily closing prices between 1995-
1-1 to 2007-12-31, which is the same time range as Section 4.2. The closing price of IBM
and BAC from the technology and the finance sector are used in this two-dimensional
example. Both programs ran for 1000 times to compute the negative likelihood function
with everything fixed. Figure 4.15 summarizes the time spent on 1000 computation as
a violin plot. Note that the computation time of the Repp program is way faster than
the pure R program. It takes about 690 milliseconds to run the R program on average
while it only takes 9.5 milliseconds to do the same thing in Rcpp. It definitely has a huge

improvement when the target function is written in Recpp.

4.4.3 Initial values and Starting Point

The initial value is (¥, do) which is needed in both the estimation and simulation pro-
cesses and the starting point is an argument in the estimating function which is used to
feed an initial value for the parameters to be optimized. The initial value is not important
asymptotically because of the ergodicity, but it does have some impact on the estimate
in the finite sample case. The longer the time series is, the smaller the difference will be
in the estimates. There is no way we can find a “perfect” initial value. One can choose
any value as long as it is a possible value. A good initial value means higher computation

efficiency and converges more quickly and it is common to believe that a value within



136 CHAPTER 4. SIMULATION STUDY

RIik()- k“‘

cpplik()-

100 10000
Time [milliseconds]

Figure 4.15: Violin plot for 1000 computation time using the same target function written
in R and Recpp

the high probability region is a good choice. Like the common choice in Zivot (2009), the
default initial value is generated based on the data. For m dimensional time series with
n observations, the default initial X, is set to be x| and the individual o terms to be the

1
mean square of each sequence. Therefore, 2, = ~Y" x> forl=1,...,m.
» 20,0 n =1 "t

The choice of starting point is much more important than the initial value. Since
this is a multivariate optimization problem and the surface of the likelihood function is
really flat, the starting value determines the neighbourhood the optimization function
looks into. Within the searching region, there are multiple local minimum points such
that the function nlminb in R outputs them as the numeric convergences are reached.

In all the studies in this chapter, the value of (%, ) is set as the default mentioned
a few lines above and 0y, is chosen based on the estimated values from individual

GARCH(1,1) model. The starting values of all p; ;’s are set to be 0 since X is guaranteed

Qi
to be positive definite. The starting values of w;, @; and B; are chosen as 4., —l;d" and
’Bi;d’i where Gpg.i» Xina.i» Bina; are the point estimates from univariate GARCH(1,1) models.

The importance of starting point can be seen in another highly related problem. The



4.4. NUMERIC ISSUES WITH SOLUTIONS 137

Table 4.8: Estimates and corresponding values of the negative likelihood from Windows
and Linux system: 6, is the estimate from Windows system and 6, is the estimate from
Windows system.

pr2# 10 wi1(107) w(107) @1(107%) @2(107%) Bi(107") Bo(107") By(107%) | NLL(10%)
Oy | —1.88 8.86 11.44 3.64 3.30 9.30 947  306.48 | -58.64
6, 2.73 11.85 17.33 3.86 4.68 9.58 9.51 0.12 —58.58

estimates under different operating systems are different. In Table 4.8, everything is the
same including the observed data, initial value, starting value and the negative log likeli-
hood function NLL. Surprisingly, the estimated values from Windows and Linux systems
are different. The difference between the estimates may be considered as rounding error
or precision problem except p and . From the value of the target function, the estimate
from Windows system outperforms the one from Linux system which one would never
expect. This disagreement in the estimates starts from July 2017 and the estimates are
the same prior to that. The function nlminb calls some low-level C functions, so an up-
dated C library could cause such a difference. However, there is no clue what is changed
inside the C library on Linux systems. This disagreement is also an evidence to show
that the likelihood surface is flat.

A possible solution is proposed by adding another convergence criteria to the algo-
rithm other than the default ones in nlminb. It does not make sense to do anything with
the initial value since they are data oriented. The reasonable change needs to be done
with the starting point. An iteration method is used to update the starting value. The
convergence tag outputted from nlminb has two possible values, 1 means not converged

and 0 means converged. The proposed criteria include the steps below.

1. Input the initial values (Xy, ) and the starting point 6,,, as well as the possible
scales for w;’s. Select a small tolerance tol as the break trigger and a maximum

number of iteration I. Set the iteration counter as 1.

2. The output using nlminb includes the estimated value 8, the convergence tag
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Table 4.9: Estimates and corresponding values of the negative likelihood from Windows
and Linux system using @y, and O p.

p12%10 w(107) @(1077) @;(107%) @x(107%) B1(107") Ba(107") Bo(107%) [INLL(10°%)
HZZ’”’Q —-1.88 8.86 11.44 3.64 3.30 9.30 947 306.48 | —58.64
Oz’;’rt’b —-1.88 8.86 11.44 3.64 3.30 9.30 947 30648 | —58.64
OSfZM -1.88 8.86 11.44 3.64 3.30 9.30 947 30648 | —58.64
efjgrt,b —1.88 8.86 11.44 3.64 3.30 9.30 947 30647 | -58.64
Tag, and the likelihood value L. The selected scale power S cale, for w;’s are also
outputted.

3. Set the starting point 6y, = 91, optimize the target function again. The group of
values is outputted {92, Tag,, L,, Scale,}. Update the counter by adding 1 to the
current value.

4. Create a scale vector S such that it has the same length as the parameter vector,
and initialize the elements as 1. Change the elements for w;’s to 105,

5. If the summation of |8, — 8|+ S is smaller than tol, the iteration is over. Otherwise,
update 8, = 6,, and go back to Step 3 until the counter reaches I.

6. If Tag, = 0 or Tag, = 1, output 8>, Tag,, L,, Scale,. Otherwise output 8;, Tag,

Ly, Scale,.

The output is considered as a converged estimate if the maximum number of iteration is

not reached. The same data, initial value that produced Table 4.8 are used to gen-

erate an updated example.

The estimating results using the iteration method with

two different starting values are shown in Table 4.9. The first starting point Oy,

uses what was described in the last paragraph and the second one 6,,, equals to

(0,0.00001, 0.00001,0.1,0.1,0.5,0.5,0.1).

From the table, two starting points lead to the same optimization result in both
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Windows and Linux systems after applying the iteration method. Any reasonable starting

point can be used in the algorithm since the effect of starting point becomes minimum.



Chapter 5

Concluding Remarks

In this thesis, a multivariate time series with a GARCH type structure has been proposed
to address the common risk within multiple selected stock returns. Although it has been
defined in an implicit form, the stationary and ergodic parameter space exists using
the T-chain theory in Meyn and Tweedie (2009). The asymptotic theories of the quasi
maximum likelihood estimator have been provided for the general model, including the

consistency and asymptotic normality.

The geometrically ergodic theorem has been presented in Chapter 2. The initial values
can be any possible state in the space since it has a positive chance to eventually get to
all other states from the initial state. Jeantheau (1998) and Aue et al. (2009) show us
a sufficient condition to control the stochastic process depending on the top Lyapunov
exponent for the strict stationarity of CCC-GARCH models. The condition A4 used to
control the drift in this model was much more complicated since the matrix norm of
the partial derivative matrix B is not trackable in an implicit formula. It is possible to
explore the stationary and ergodic theory further since the assumptions in this thesis are
the sufficient conditions but not the necessary ones. The true space can be much larger
than what has been studied in Chapter 2. The practical verification of Assumption A4

was done with a truncated state space within the sensible range. A deeper understanding
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of the process is needed to find a systematic method to check the assumption.

The Gaussian quasi likelihood function has been obtained by assuming that the in-
novations are i.i.d normally distributed. Under Assumptions Al — A5 in Sections 2 and
3.2.1, the quasi maximum likelihood (QML) has become a sensible method to estimate
the parameters in practice since the ergodicity and identifiability conditions were sat-
isfied. The most desired statistical properties of the estimator (i.e. consistency and
asymptotic normality) were wanted to ensure that the QMLE is approaching the true
parameter value as the sample size increases no matter the actual innovation is consistent
with Gaussian distribution or not. In addition to the assumptions for stationarity and
ergodicity, the finite 8th moment plus some regular conditions have led to both desired
asymptotic properties. It has a really high chance that the moment condition can be
relaxed to the 6th moment instead of 8th as Hafner and Preminger (2009b) proved for

multivariate GARCH models.

A parameter value satisfying all the conditions has been used to study the QMLE
numerically. In Monte Carlo simulations, the simulated processes behaved similarly to
a long memory time series. The numeric issues in R have been solved when the best
nonlinear multivariate optimization function nlminb was used. The proposed solutions
were useful, but the computation was time-consuming, there may exist certain ways to
obtain the initial value and starting point such that a higher efficiency can be achieved.
Despite our effort, we still do not have a good handle on the parameter space, or how
widely the assumptions are met by the financial data. In the simulation example, the
estimate typically converges with a sensible result when we apply the algorithm to a path
with sample size 1000 (about 4 years daily data). With the largest sample size in our
study, 20000 is unrealistic in practice. The algorithm needs a relatively large sample size
in order to get a good estimate. Nevertheless, a long log return sequence in the stock
market could have a structural change which will violate the stationarity assumption. A

study on the sample size is needed in the future.



142 CHAPTER 5. CONCLUDING REMARKS

The financial application of this model needs to be addressed in the future with a
comparison with the classical models. One possible application is to use this model
to manage portfolios. This model will allow us to study different stocks which have
comovements. The log returns might be highly correlated in certain periods, while they
may be uncorrelated in other periods. Better insights into the dynamic correlation based
on this model could affect the results of the portfolio optimization. If a portfolio only
consists of fixed income securities and equities, the model we proposed here could be used
to determine the allocation of the weights on them. The common risk term can reflect the
shock within the series directly, which can be used as an indicator to provide guidance to
adjust the weights on the equities and fixed income securities of the investment portfolio.
More weights will be moved onto the fixed income securities when the common risks
of the stocks invested rise sharply. This model setup could change the results in the
portfolio optimization because of the covariance structure. The default risk model might

benefit from this dynamic correlation setting as well.
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Appendix A

Useful algebra results

1. For x > —1, log(1 + x) < x.

2. Jensen’s inequality. If X is a random variable and ¢ is a convex function, then

YIEX)] < E[y(X)].

3. Cauchy-Schwarz inequality

|[E(XY)* < EX*EY?.

4. It ay,az,--- ,a, 20 and p > 1, then

n n n
P -1 p
Eaié(gai)pén" Eai.
i=1

i=1 i i=1

5. Ifay,ay,---,a,>0and 0 < p <1, then
SatzGayzet S
i=1

i=1 i i=1
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150 CHAPTER A. USEFUL ALGEBRA RESULTS

6. If aj,ap,--->0and 0 < p <1, then

7. All matrix induced norms are equivalent. A is a m by m square matrix, p; and p,
are a positive integers. |||, and |||,, are two induced matrix norm, then there are

positive constants /; and [, such that

LAl < NlAll,, < LA, -

8. A and B are m by m square matrices, and p is a positive integer,

tr(AB)| < m||All ||Bl|, -

9. A, B and C are m by m square matrices,

tr(ABC) = tr(BCA) = tr(CAB).

1

10. Trg = = if | xI< 1.

11. X, onx" = T if | x |< 1.
1

12, 3w = S0 G

(1 -x)?



13.

14.

15.

16.

17.

18.

19.

20.
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1 +4x+ x?
s e = XA e

(1-x*
Holder’s Inequality: Suppose that X and Y are two random variables, and p,q > 1

satisfy 1/p+1/g =1

EXY < E|XY| < (E|X|")"/P(E|Y|%)"9.

Minkowski’s Inequality: Suppose that X and Y are two random variables, and
1 < p <oo. Then

(BIX + YP)''7 < EIXP)'” + (BIYP)'.

If0<p<1, X and Y are two random variables, then

EIXY — XY < \/E|X|2PE|Y - Y+ \/E|I7|2P]E|X — XJ?r.

If0<p<1,X,Y, Z are three random variables, then

EIXYZ - XYZ)P < \/E|XY|2rE|Z — 7 + \/ElXZ|2PE|Y — ¥+ \/E|YZ|2PE|X - X|?r

x|

e
X IX]
. . : dA(x)™'
If x € R and A(x) is a matrix that the elements are functions of x, P
dA

—~A(x)™! —(X)A(x)‘1 .

dx

olog|X
£ 1) > 0, 08X _ )t

0X



Appendix B

Some Definitions in Markov Chain

Definition B.1 (T-Chains)
If ® is a Markov Chain for which there exists a sampling distribution a such that K,
possesses a continuous component T, with T(x,X) > 0 for all x, then ® 1is called a T-

chain.

Definition B.2 (Minimal Sets)
A set M is called minimal for the deterministic control model CM(F), if it is (topological)

closed, invariant, and does not contain any closed invariant set as a proper subset.

Definition B.3 (y-irreducible)
A chain ® = {®,} is called Y-irreducible if there exists a measure ¥ in B(X) such that,

whenever Y(A) > 0, we have L(x,A) = P (14 < ) > 0 for all x € X.

Definition B.4 (M-irreducible Control Models)
If CM(F) is indecomposable and also possesses a minimal set M, then CM(F) will be

called M-irreducible.

Definition B.5 (Petite Set)

A set C € B(X) is vy-petite if the sampled chain satisfies the bound
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Ko(x, B) 2 v4(B),

for all x € C, B € B(X), where v, is a non-trivial measure on B(X).

Definition B.6 (Period and Aperiod Chains)
Suppose that ® is a Y-irreducible Markov Chain. The largest d for which a d-cycle occurs
for ® is called the period of ®.

When d = 1, the chain ® is called aperiod.

Definition B.7 (Harris Recurrence)
Define the occupation time random variable ny := Yoy 1{® € A}. For x € X, A € B(X),

we consider the event that ® € A infinitely often and define

Ox,A) =P (®PecA io.).

The set A is called Harris recurrent if

O(x,A) = P,(na =) =1, x€A.

A chain ® is called Harris recurrent if it is y-irreducible and every set in B*(X) is Harris

recurrent.

Definition B.8 (Positive Recurrence)

Define the hitting time random variables T4 = inf{t > 1 : ®, € A}. For x € X, A € B(X),
we consider the expected hitting time E,ta. If Ext4 < 00, we say the set A is positive
recurrent. A chain ® is called positive recurrent if it is Yy-irreducible and every set in

BH(X) is positive recurrent.



Appendix C

Other Mathematical definitions

Definition C.1 (Converge in probability)
The sequence of random variables X1, X5, ... converges in probability to random variable
X, denoted as X, kit X, if

lim P(X, - X|>¢€)=0

for all € > 0.

Definition C.2 (Converge in distribution)
Consider a sequence of random variables X1, X>, ... and a corresponding sequence of cu-
mulative distribution functions (cdfs), Fy.. The sequence X1, Xa, ... is said to converge in

distribution to a random variable X with cdf Fx if
lim Fyx (x) = Fx(x)
for every x € R at which Fx is continuous.

Definition C.3 (Almost sure convergence)
The sequence of random variables X1, X, ... converges almost surely to random variable

X, denoted as X, SN X, if
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P(lw : lim X,(w) = X(w)}) = 1.

Definition C.4 (Consistent estimator)

There are two kinds of consistent estimator, the weakly consistent estimator and the
strongly consistent estimator.

An estimator 6, of parameter 8y is said to be weakly consistent, if it converges in proba-

bility to the true value of the parameter,
A P
0,, — 90.

An estimator 6, of parameter 6y is said to be strongly consistent, if it converges almost

surely to the true value of the parameter,

A a.s.

Qn — 60.
Definition C.5 (Stochastic equicontinuity)
A stochastic {X,(0)} is stochastically equicontinuous on ® if Ye > 0,¥6 > 0,dn > 0 such

that

limsup P(sup sup |X,(0) — X,(6)] >¢€) <6

n—oo 0e® 0’'eB(0,n)

where B(6,n) is a open ball around the center 8 with radius n.
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