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Abstract

The flow of a two-dimensional steady wall jet observed in the slot and blade coating processes
has been examined theoretically near the channel exit. The Newtonian free surface jet emerges
from a channel and deposits onto an infinite moving wall with an adverse or favorable pressure
gradient applied inside the channel. The Reynolds number considered is within the moderate
range, and fully developed Couette-Poisueille flow conditions are assumed to prevail far
upstream inside the channel. The effects of inertia and pressure gradient on the velocity, the
shape of the free surface, and the stress are emphasized. It is found that the jet always contracts
near the channel exit regardless of the level of inertia and direction of the applied pressure

gradient. An adverse pressure gradient provides thinner film thickness than a favorable one.

Keywords

Wall jet flows, free surface flows, slot coating, blade coating, matched asymptotic expansion,
moderate Reynolds number, inertia, laminar jet flows, moving wall, boundary layers, channel

exit.
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Chapter 1

1 Introduction

A liquid jet is formed when a stream of liquid exits from a channel, nozzle, tube or orifice
where it acquires more or less a columnar shape. This phenomenon can be seen in
something as simple as in the showers and kitchens to rather complex fields including but
not limited to automobile, pharmaceutical, agriculture, irrigation, ink-jet printing and
cosmetics (Eggers and Villermaux 2008). Typically, this type of flow is named based on
the formation mechanism such as free surface jet, wall jet, impinging jet and so on. A free
surface jet forms when the fluid emanates from a slot/nozzle into the surrounding air

without being bounded by any wall (see figure 1.1 a).

Upper wall (stationary)

Free surface

Free surface

Lower wall (stationary)

(a)

Upper wall (moving) ————»

LT

| x Free suface

Lower wall (stationary)

(b)




Symmetry line

Free sface ! Free surface

Wall (stationary)

(c)

Figure 1.1: Schematic representations of the (a) free surface jet, (b) wall jet and (c)

impinging jet.

However, as the name suggests, a wall jet is created when the flow of liquid is discharged
through a narrow slot/gap and deposited onto a moving/stationary wall (see figure 1.1 b)
(Pantokratoras 2011). When the jet strikes a wall (stationary/moving) at an angle,
impinging jet forms (see figure 1.1 c). Based on the flow condition, the jet flow is either
laminar or turbulent. All the aforementioned jet flows exhibit a stress singularity at the
channel exit as a result of the change in the value of the shear stress from a non-zero value
close to the Poiseuille level at the wall to a zero value at the free surface. This sudden jump
in the shear stress causes a boundary layer to form in a region near the free surface (see
sections 2.2 and 2.4 for details). In addition, both the free surface and impinging jets are
symmetric about horizontal and vertical axes, respectively. However, in the case of the
wall jet, the symmetry is lost due to the formation of an additional boundary layer close to
the wall because of the failure of the wall adherence condition of the core flow given the

inviscid character of that flow.

Given the importance of the free surface wall jet flow in the film cooling of gas turbine
blades, combustion chambers and the defrosters for automobiles and most importantly in
the coating (Levin et al. 2005), it has been examined extensively in the past. Glauert (1956)
studied the flow of a jet on a stationary flat wall and provided a similarity solution for that
wall jet flow. Later, Riley (1958) examined the compressibility effect on the wall jet. Maki
(1983) and Mahmood (2005) studied the moving wall jet under the influence of heat



transfer experimentally and numerically, respectively. Merkin and Deenham (1986)
investigated the effect of suction and blowing on a moving wall jet. Levin et al. (2005)
explored the wall jet of Blasius type (extended to infinity in thickness). Elliotis et al. (2005)
examined the wall jet in the creeping flow regime. More recently, Pantokratoras (2011)
studied the laminar wall jet flow for a combination of moving plate and free stream. Other
jet flows that have also been analyzed in the previous literature see, for example, the works
of Tillett (1968), Philippe, and Dumargur (1991) on the free jet, Watson (1964), Bowels
and Smith (1992), Bush, and Aristoff (2003) on the impinging jet and for the gravity jet,
Ruschak and Scriven (1977), and Wilson (1986).

1.1 Problem description and practical relevance of the current
study

This thesis focuses on the free surface flow of a planar moving-wall jet at moderate
Reynolds number near the channel exit with direct relevance to the coating flow. In the
current study, inertia is assumed to be important but is typically neglected in the traditional
modelling of the coating process. However, inertia may not be negligible for high-speed
processes. Currently, various coating processes are used such as blade, slot, curtain and dip
coating (Weinstein & Ruschak, 2004).

Moving substrate ———»

Downstream free
surface

Vacuum «

\

analyzed domain

Downstream
slot die

(@)



Upper wall (Moving)

Free smface

Lower wall (Stationary) 0 x

(b)

Figure 1.2: (a) Schematic illustrations of a typical slot coating and (b) schematic

illustrations of the analyzed domain of the slot coating process.

Moving substrate —»
=
] /g;lstrcam free
Flow behind Blade surface .
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Figure 1.3: (a) Schematic illustrations of a typical blade coating process and (b)

schematic illustrations of the analyzed domain of the blade coating process



The current work focuses mainly on the slot coating and the blade coating processes which
involve adverse and favorable pressure gradients, respectively, in addition to the substrate
movement. In the slot coating process, the coating liquid is pumped into the slot die, and it
distributes through the narrow slot then it exits from the slot onto a moving substrate (figure
1.2 a). Part of the flow is being driven downstream by the moving substrate and part of it
circulates upstream as a result of an imposed low-pressure area or vacuum that is often
needed to facilitate faster and stable coating. This vacuum causes an adverse streamwise
pressure gradient to act inside the channel formed between the downstream die and the
moving substrate. Therefore, in that case, the flow inside the channel is a superposition of
Couette (velocity driven), and Poiseuille (pressure driven) flows. On the other hand, in the
blade coating, the flow is between a fixed blade of prescribed shape and a substrate moving
parallel to itself (see figure 1.3 a). The coating liquid is dragged inside the channel by the
moving substrate, which causes a hydrodynamic pressure rise at the nip of the blade. Due
to the pressure rise, the blade rejects most of the liquid, and only a fraction passes into the
narrow channel. Since the drag flow can only carry half of the coating liquid, a streamwise
favorable pressure gradient is needed to carry the rest (Aidun et al. 1997). Thus, in this
case, the pressure gradient pumps the coating liquid in the same direction as of the
movement of the substrate inside the channel. Then, in both processes, the moving
substrate drags the flow out of the channel in the form of a free surface wall jet, and thin
layers of liquid films are obtained.

In the present study, the two coating processes are studied in a manner as illustrated
schematically in the figures 1.2 b and 1.3 b, respectively. A channel is formed between the
moving substrate and the slot die or blade, which is evident from these figures. Also, in
both cases, the fluid encounters a free surface whenever it leaves the channel. Thus, a free
surface moving wall jet is produced. Although the problem exhibits the challenges common
to flow near a singularity, it becomes particularly simple far downstream of the channel
exit as it becomes fully of the boundary-layer type. For this reason, it is helpful to first
review the boundary layer flow for a moving wall jet (Schlichtling 2000) in an infinite

medium (without a free surface).



1.2 Boundary layer theory

A boundary layer is a thin region where the viscous effects are important. Whenever fluid
flows over a body, a thin boundary layer is formed close to the body surface due to no-slip

condition. Ludwig Prandtl proposed this idea first in 1904.

In the boundary layer theory, the flow of a fluid at high Reynolds number (ratio of inertia
to viscous forces) is divided into two different regions: a boundary layer where the flow
shows significant viscous characteristics and an outer layer where the flow corresponds to
inviscid flow. This division of the flow facilitates a considerable simplification in the
theoretical analysis of the flows with high Reynolds number.

Now, consider the flow over a flat plate at a zero incidence, which is moving at a velocity,

C (figure 1.3). The lengths are made dimensionless with length | (characteristic length in

the streamwise direction), the velocities with C, and the pressure with pC2 . Thus, the mass

conservation and momentum equations for a steady two-dimensional incompressible flow

in the non-dimension forms read,

i, (1.2.1)

ou  au_ dp (% o
ox 0y ox Relgx? oy

——+— +—], (1.2.2)

2 2
d V@v _@+i[ﬂ+a_V] (1.2.3)

ox oy oy Relax? oy?)

where u and v are the streamwise and transverse velocity components, respectively, Re
is the Reynolds number and pis the pressure. If the limit Re — oo is taken, the equations
(2.2.2) and (1.2.3) will reduce to those for inviscid flow, and no-slip condition at the plate
will not be satisfied. Therefore, to satisfy the no-slip at the plate, the viscous effect in the
thin boundary layer close to the plate has to be considered. The order of magnitude of the

above equations reveals that both the coordinate, yand velocity, v are of the order of



O(S)Where d is thickness of the thin boundary layer. Consequently, these variables have

small values in the boundary layer for 6 — 0 or Re — o and are not suitable to describe

the boundary layer flow. Thus, they are scaled as follows:

y:y\/R_~%, V:v\/@. (1.2.4)

Moving plate LR

Figure 1.4: Schematic representation of the moving wall jet (Schlichting 2000).

This scaling makes the new variables the same order as x and u i.e. O(1). Now,

introducing the above-transformed variables into the expressions (1.2.1)-(1.2.3) and

applying the limit Re — oo the following equations are obtained:

a—u+@=0, (1.2.5)
oX 0oy

ou _au op o%u

U—+V—=——+—, (1.2.6)
oXx oy  OX (Tyz

@:O. (1.2.7)
oy

The above equations are known as boundary layer or Prandtl boundary layer equations.
Expression (1.2.7) implies that pressure is constant across the boundary layer.
Consequently, it can be taken from the pressure at the outer layer, i.e. the pressure of the



inviscid flow is imposed in the boundary layer by the outer flow. Since the velocity

gradients must vanish at the edge of the boundary layer, equation (1.2.6) becomes,

L _

— 1.2.8
OX OX ( )

where U is the free stream/inviscid flow velocity in the outer layer. In this case, U is

constant (U=0) which indicates that S—E =0. Therefore, the boundary layer equations (in

dimensional form) simplify to the following equations:

Z—u+%=0 (1.2.9)
X

2
ug—iw%:v% (1.2.10)

Here v is the kinematic viscosity of the fluid. For a moving flat plate, the boundary
conditions are the following:

y=0: u=C, v=0 (1.2.11a)

y >0 u=U=0 (1.2.11b)

The problems (1.2.9)-(1.2.11) admit a similarity solution, which means that the velocity
profiles of the flow at different points are similar i.e. they can be plotted onto each other

by using a suitable scaling factor. For a flat plate, using the Blasius (1908) scaling factor,

y

~ which is set as,
15 (x)
1/2
n= y(%j (1.2.12)

Correspondingly, the stream functions is set as,



v =(2vxC)"?f () (1.2.13)
Finally, substituting the variables n and  into the expression (1.2.9)-(1.2.11) leads to,
f"+ff"=0 (1.2.14)
Subject to the following boundary conditions:

n=0: f=0, f'=1 (1.2.15a)
n—o: f'=0 (1.2.15hb)

The development of the wall shear stress along the moving plate with distance is plotted in
the figure 1.4. As the figure suggests, the shear stress decreases monotonically with
distance. In particular, the stress exhibits a dramatic drop near the leading edge. A similar
behavior is expected in the slot and blade coating processes near the channel exit where a
singularity occurs as a result of a sudden drop in the shear stress at the exit; the shear stress

suddenly vanishes at the free surface (see figures 1.1b and 1.2b).

0.025 : : : :
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Figure 1.5: Shear stress distribution along the moving plate
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1.3 A brief discussion on the solution strategy

The current work is based on the methodology developed by Tillett (1968) for the free
surface symmetric jet flow at high Re. The flow configuration of Tillett’s problem is
depicted in the figure 1.5. From the figure it is evident that when the free surface jet
emerges from the channel at the channel exit (x =0), the wall shear stress undergoes a

drastic change from a non-zero value at the lower wall (z=0), to a value of zero at the
free surface(z = Q(x)). This removal of the wall shear stress causes a boundary layer to

form in a region close to the free surface. In this region, the base velocity profile adjusts
itself to satisfy the condition of zero traction at the free surface. Outside the boundary layer,
the flow is assumed to have the base Poiseuille character to the lowest order, which begins
to change when the fluid exits the channel in the form of a free jet. The solution of the
problem is then constructed in powers of € both in the ‘inner’ layer (boundary-layer) and

in the ‘core’ layer, where € is a small parameter in the problem defend as, €= Re V3,

e
_b

x.y.M
Z:] F

™ ug(z) Core region
Inner layer
z=C(x)
L
%o 0 X
()

Figure 1.6: Schematic representation of (a) Tillett’s (1968) free surface jet and (b) his

region of study.
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To investigate the problem, the X axis is considered along the lower edge of the channel
and the Z axis in the transverse direction at the channel exit with the origin fixed at the
exit. The stream function of the base Poiseuille flow inside the channel is,

2

yo =22 —523. (1.3.1)

The flow variables are non-dimensionalized by measuring the lengths with respect to

channel width a, velocities with Aa, stream function with Aa?and pressure with pA2a2.

Here, A= su and U is the mean velocity. The conservation of momentum equations in the
a

non-dimensional forms read to,

1

VzWxz ~WxWzz = —Px +R—e(\|/xxz +W222),s (1.3.2a)
1

VxWxz ~WVzWxx = Pz _%(\l’xxx +Wxzz)- (1.3.2b)

The symmetry and wall conditions as well as the kinematic and dynamic boundary
conditions at the free surface are to be satisfied (refer to the next section and Tillett (1968)
for details). In order to solve the boundary layer flow close to the free surface, which is
also called as inner layer, the following scaling variables are introduced,

x=& z=y+((x), (1.3.3)

where, y=¢en and {=¢h . For matching with the core Poiseuille flow it is necessary that

Y~ y2 as m— oo, which leads to the following inner expansion for the stream function

and pressure,
_.2 3
y=e"¥y+e" W3+, (1.3.4)

p:84P3+85P4+“'- (1.3.5)
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The following similarity solutions are found for ¥, and ¥5:
v, =£23, (0 =¢&f
2 =E7°5(0), Y3 =£f3(0), (1.3.6)

where, 6= a‘mn iIs the similarity variable. The equations and the boundary conditions for

fy and f5 are,
2 1.0
fo+=f,f5 —=f5= =0, 1.3.7
2+3hl =31 (1.3.7)

subject to f,(0)=f3(0)=0 and f,(6) ~ 02 as 0 — oo,

i+ 2HaF5— 313 + T35 =0, (138)

subject to f3(0) =f3(0) =0 and f,(0) ~ —%63 as 6 — .

The third boundary conditions for both problems are obtained by matching the inner flow

with the core flow at the edge of the boundary layer. The streamwise velocity at the free
surface to the order 0(83) becomes,

u(x,z=¢)=2.5572ex"/3 - 3.5878s%x %3, (1.3.9)
To examine the core flow the stream function and pressure are expressed as,

Y =yg+ey]+..., (1.3.10)
P=Po+ePp+--- (1.3.11)

Here, yq is just the stream function of the base Poiseuille flow and higher order terms are

the deviation from the basic flow. After substituting the above expansions into (1.3.2), to

each order of ¢ different equations for stream function are obtained and by matching the
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boundary layer flow onto the core at the edge of the boundary layer trivial solutions are
found for both y; and w, .ie. yi(X,z)=y,(x,z)=0. However, the yzequation
provides a non-trivial problem due to the non-homogenous boundary condition
y3(x,0)=-2x. Using w3 =—y,, the following equation and boundary conditions are

obtained in the core layer,

V2wg + W3 =0, (1.3.12a)

z(1-2)

1
ws| X, = =0,
( 2) (1.3.12b)
w3 (x<0,0)=0, w3 (x>0,z—0)=-2,

where V = §+ aﬁ Then, carrying out the variable separation method, the solution of the
X 0z

above equations both inside and outside the channel become,

W3(x<0,2)=—yg == AnePr*v, (), (1.3.13)
n=1
Wa (X >0,2) =~y =2V (2)+ Y Ane PV, (2). (1.3.14)
n=1

The coefficients A, are obtained from matching the upstream and downstream core flows
at the exit. The shape functions w, are governed by the following eigen value (f3,)
problem:

Vi +[Bﬁ L Zzzjvn -0, Vi (0)=V, (%)=0- (1.3.15)

The expressions of pressure inside and outside the channel are determined by using
(1.3.13)-(1.3.15) which leads to, namely,
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p3(x<0,z)=—4x— 22 eBnX{(z—zz)Vr'] —(1—22)Vn}, (1.3.16)
n=1 Bn

p3(x <0,2) —22 eﬁnx{(z—zz)v,g—(l—zz)vn}. (1.3.17)
n=1 n

The flow has been matched in different layer by adopting the matching rule of Van Dyke
(1964) which is expressed as, E,H,w =HE v . Here, E,, and H, are corresponding

inner and core expansion operators, respectively. Not only the additional boundary

conditions needed to solve problems in different layers but also the shape of the free surface

is attained from the matching. The surface height up to 0(83) is given by,

¢(x)=0.70798exY/3 ~1.04457¢2x2/3, (1.3.18)

Finally, by applying Van Dyke’s composite expansion (C, =E,+H,—E.H;), the

following composite streamwise velocity is obtained:

Cou = ex3f3 (0)+22x*f5(0) +O(e%). (1.3.19)
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Figure 1.7: Pressure development along the centerline with distance x (Tillett 1968).
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The pressure profile along the centerline is plotted against the distance x in figure 1.6. From
the figure, it is clear that the pressure retains its Poiseuille level inside the channel except
very close to the channel exit. This behavior will be contrasted with the pressure
distribution for the coating process.

From the figures 1.2 b, 1.3 b and 1.5, it is visible that as the fluid emerges from the channel
in the form of a jet, it experiences a drastic change in the shear stress level at the channel
exit, i.e. the value of shear stress suddenly becomes zero on the free surface from a finite
value at the wall which causes a stress singularity to form. This type of singularity produces
a major hindrance in the theoretical methodology. On the other hand, the inclusion of the
singularity and its immediate surroundings is inevitable if a computational scheme is
implemented because of the need for whole domain discretization (Saffari and Khayat
2008). The singularity region affects the rest of the flow in the domain significantly and is
difficult to handle numerically if a satisfactory level of accuracy is required. On the
contrary, due to the similarity nature of the flow near the free surface, asymptotic analysis
can become a viable alternative since the singularity is circumvented completely in the
formulation (Khayat 2014; Khayat 2017).

Interfacial and free surface flows are intrinsically complex because of the unknown
location/shape of the free surface. Incidentally, the presence of stress singularity with the
free surface makes both the problem and solution substantially more complicated. A
combination of numerical and analytical schemes has also been proposed for tackling this
type of problem (Shi et al. 2004). Although mesh refinement provides higher accuracy by
capturing the singularity more effectively, at the same time, it leads to the presence of
stronger flow gradients that are difficult to handle numerically (Pasquali & Scriven 2002).
By writing the flow equations in the curvilinear coordinate system, Tsukiji and Takahashi
(1987) avoided the difficulty associated with the unknown free surface. However, their
approach complicates the flow equations. On the other hand, perhaps, the asymptotic
analysis provides a deeper understanding of the flow structure near the singularity by
identifying two distinct regions: a boundary layer close to the free surface, which extends
without including the singularity point, and a core region where the flow remains almost

fully developed. In this case, the insertion of the singularity is not essential given the
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similarity characteristics of the flow in the boundary layer close to the free surface.
Asymptotic analysis has been implemented successfully for flows in the visco-capillary
limit (Goren and Wronski 1966; Ruschak and Scriven 1977; Higgins 1982; Benilov et al.
2008) and in the visco-inertia limit close to the present study (Tillett 1968; Philippe and
Dumargue 1991; Khayat 2017). Miyake et al. (1979) carried out a similar approach for a
vertical jet falling under the influence of gravity. Wilson (1986) applied a local similarity
transformation for the axisymmetric viscous-gravity jet of the boundary layer type flow
near the free surface. For the non-Newtonian flow, for instance, see the works of Zhao and
Khayat (2008), Saffari and Khayat (2008) and Khayat (2014). More recently, using the
asymptotic approach, Khayat (2016 a, b) investigated the jet flow coming out from a

hydrophobic channel.

1.4 Historical overview on coating flows

The coating is a process where a thin layer of liquid is applied to a solid/flexible moving
substrate (Weinstein & Ruschak, 2004). In other words, a thin layer of liquid displaces the
gas at a solid substrate (rigid/flexible), often moving (lliopoulos & Scriven, 2005). This
process is present in numerous industries (Fig 1.7).

© @

Figure 1.8: Different applications of coating processes (a) adhesive tapes, (b) paper, (c)

thin displays and (d) transparent printed electronics (Araujo and Carvalho 2014).
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For instance, food, textile, paper, adhesive tapes, magnetic disks and even in flexible and
transparent electronics and thin displays (Araujo and Carvalho 2014; Lee et al. 2016;
Maillard et al. 2016). Although various coating processes are currently available, they can
be broadly categorized as the pre-metered or self-metered coating. Blade, dip and roll
coating fall into the category of self-metered coating whereas slot, curtain and slide coating
into the pre-metered one. As in the case of self-meter process, the thickness of the coating
film depends as a whole on the geometry, liquid properties, and web speed. However, in a
pre-metered process, the flow rate setting directly determines the coating thickness without
the influence of the earlier mentioned parameters (Weinstein & Ruschak, 2004; Ruschak
1985).

Due to its importance in various industrial production processes, coating flow has been
studied extensively in the past several decades. Ruschak (1976) performed a theoretical
analysis based on film theory of Landau and Levich (1962) to determine the flow limit
(effects of different parameters) of extrusion slot coating for the Newtonian fluid. In his
work, he considered very small Capillary number by setting the coating speed close to zero.
The Capillary number (Ca) is the ratio between the viscous to surface tension forces

defined as, Ca = w where, u is the viscosity, V is the coating speed and o is the surface
()

tension. To find out the film thickness in the slow flow (negligible inertia) limit he carried
out a singular perturbation method and observed that film thickness became thinner with
the smaller value of the Capillary number. He also noticed that gravity did not affect the
flow much in the limit considered in the study. Higgins and Scriven (1980) extended
Ruschak’s analysis by incorporating the viscous effect in the coating bead (inside the
channel) with variable meniscus location. They concluded that as the coating speed became
higher, the dynamic contact angle increases which altered the coating behavior. Saito and
Scriven (1981) carried out a finite element analysis on slot coating flow to examine the
Capillary number effect on the curved meniscus close to static contact line and, showed
that the downstream meniscus no longer remains attached with the slot at the higher
Capillary number and lower flow rate. Through experiment, Lee et al. (1992) determined
the minimum wet thickness for extrusion slot coating. In their experiment, the range of

Reynolds number (Re) was low, i.e. from 0.2 to 24. The Reynolds number is the ratio of
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pVh
u

coating speed and h is the minimum coating thickness. The experiment was conducted

inertia versus viscous forces expressed asRe = where pis the fluid density, V is

using two different fluids: Glycerin-water solution and standard silicon oil. The minimum

Q

coating thickness was calculated using the formula, h ~VEB where Q is the volumetric

flow rate in the slot die and B is the coating width. They noticed that there exists a critical
Ca corresponding to each of the examined coating gaps. Beyond the critical Ca, the
minimum wet thickness became constant regardless of the value of Ca. However, below
the critical Ca, strong dependency on Ca was found. In addition, in the limit of their coating
conditions, gravity influence on the minimum wet thickness was insignificant. Following
the work of Lee et al. (1992), using the highly viscous fluid in the slot coater, Yu et al.
(1995) investigated the possibility to reduce the minimum wet thickness. Interestingly, they
found out that it is achievable if a low viscous fluid is used as a bottom carrier layer. Chang
et al. (2007) investigated the slot coating process experimentally for low viscous fluid. In
their experiment, a flow visualization technique was used to determine both the
downstream and upstream meniscus and their effects on coating thickness. Three separate
coating regions were viewed based on the fluid, die geometry and flow conditions. Beyond
a critical Reynolds number (Re=20), both viscous and surface tension effects became
negligible, and inertia dominated the flow. Ashmore et al. (2007) predicted the final film
thickness of slot coating flow for different substrate geometry and non-Newtonian fluids
at low Reynolds number (approximately from 0.6 to 12). They used a combination of the
lubrication theory and the asymptotic approach for the study. It was observed that the
elastic stress became significant in the strongly elastic limit. In turn, this dominated the
film thickness behavior over the surface tension and viscous effects. However, the

opposite trend was seen for the weakly elastic limit case.

The low-flow limit is an important aspect for slot coating, which is defined as the maximum
substrate speed possible without any coating defects at a fixed minimum thickness or vice
versa (Carvalho and Kheshgi, 2000). By modifying the viscocapillary model, Carvalho and
Kheshgi (2000) developed a 2D numerical tool to study the effect of higher Capillary

numbers in the low-flow limit of slot coating flow. At higher Capillary number (Ca > 0.3
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), inertia started to dominate the flow. In fact, it delayed the onset of low-flow limit. By
considering low Capillary and vanishing Reynolds numbers, Romero et al. (2004)
conducted a study on the slot coating flow for a polymer solution to predict the low-flow
limit. The minimum coating thickness increased as the fluid became more shear thickening.
Again, Romero et al. (2006) investigated the onset of the low-flow limit of slot coating
flow but this time using mildly viscoelastic fluid. Their results confirmed that for low
Weissenberg number (ratio of elastic force to viscous force) and less flexible polymer
molecules, the coating window (minimum thickness and maximum speed possible) was
wider compared to the Newtonian fluid. Using a flow visualization technique, Lin et al.
(2010) investigated the validity of a commercial 2D numerical simulation package on
predicting the coating window for slot coating and, showed that the theoretical maximum
coating speed without any defects was higher than the experimental one. More recently,
Jang et al. (2013) proposed a model for slot coating by modifying the viscocapillary model
to accommodate the high Capillary and to some extent inertia effects. Unlike the
viscocapillary model, they had taken account of the pressure variation under the slot die,
which enabled them to predict coating thickness at high Capillary and Reynolds numbers.
They observed that when Re>10 due to significant inertia effect the film thickness
decreased with increasing inertia and viscocapillary model did not show good agreement

with the simulation at the higher Capillary number (Ca > 0.2).

The experimental study conducted by Chu et al. (2006) analyzed the effect of inorganic
particles and polymer additives in the slot coating flow. It was concluded that strong
interactions of the polymer and additive particles extended the coating window by
stabilizing the coating bead significantly. Moreover, the dimensionless coating thickness
became constant for Ca > 0.1. For the simulation, the coating speed was 0.55 m/s, which
corresponds to Re around 12.16. In terms of Elastocapillary number, Bajaj et al. (2008)
examined the influence of viscoelasticity of dilute polymer solutions on the slot coating
flow (negligible inertia) and, concluded that increase in the fluid elasticity narrowed down
the window for uniform coating. Chang et al. (2009) examined the start-up of slot coating
flow. In particular, the effects of prewetting, viscosity, slot gap, coating gap and die lip

length on start-up were investigated. Here, the Reynolds number was expressed as,
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V, i : .
Re=—PYS _ \where V is the average speed in the slot, \,, is the speed of the substrate

uvy, /' H

2
s

and H is coating gap. The ranges were from 1 to 47 for Reynolds number and from 0.02
to 0.11 for the Capillary number. They found out that coating surface prewetting plays an
important role in reducing the start-up time requirement to reach steady state. In addition,
at low Reynolds number, the formation of a steady upstream meniscus was quicker than
the downstream one whereas at high Reynolds number the steady downstream meniscus
formed first.

Earlier studies of Sullivan and Middleman (1986, 1987) on the blade coating were
conducted to understand the fluid rheology and blade geometry effects on the coating
performance. Both of the studies problem formulations were based on the classical
lubrication theory of Cameron (1966). In the first, by neglecting gravity and inertia effects,
it was found that the relative magnitude of shear thinning and elastic behaviors determined
the limit of coating thickness. Extension of the computational domain, different pressure
boundary condition, inertia and surface tension were incorporated in the second study. It
was noticed that coating thickness became independent of the geometric parameters for
highly elastic Boger fluid while a strong dependency was found for the Newtonian
counterpart. In this investigation, they considered Re=0.9 and Ca <4, respectively.
Pranckh and Scriven (1990) investigated the interactions of the blade, liquid and loading
inside a blade coater from the elastrohydrodynamic point of view using lubrication and
shell theory. Their theory provided a better approach than Saito and Scriven (1985) to
predict the key principles that govern the deformation of the blade. Ro and Homsy (1995)
carried out a double perturbation expansion for the small capillary number and
Weissenberg number for Hele-Shaw flow by neglecting both gravity and inertia effects.
They concluded that manifestation of the normal stress near the exit increased the film
thickness. Ross et al. (1999) examined the blade coating flow between the blade and
moving substrate for both Newtonian and non-Newtonian fluids using the lubrication
theory (negligible inertia). They found that the blade geometry controlled the impact of
weakly non-Newtonian and its Newtonian counterpart on the flow. Lee et al. (2002)
examined the viscoelasticity effect on the free surface profile near the exit in the slot
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coating flow for low to moderate Weissenberg number. In the low flow limit (Re =0),

they observed that viscoelasticity was triggered by the onset of stress boundary layer at the
interface. Consequently, a thicker film was obtained. Lliopoulos and Scriven (2005)
studied the blade coating process numerically by focusing the influence of particle
suspensions on the blade and substrate. Two types of blade geometry: trailing stiff and
plowing were considered in the study. In addition, the applicability of the
elastohydrodynamic theory of blade coating was broadened by including wear of the
blades. They found out that the coating thickness increased with the Reynolds number. The
same scenario was observed for the higher Capillary number. In fact, the coating thickness
tapered off at the higher Capillary number. In their study, the approximate ranges of the
two numbers were, respectively, 0<Re<55 and 10<Ca<30. Mitsoulis and
Athanasopoulos (2010) examined the blade coating process for different blade geometry
and fluid property. They found that low shear thinning (n>0.3) increased the film

thickness while high shear thinning (n < 0.3) decreased the film thickness.

1.5 Motivation

The use of printed electronics and thin photographic films are increasing day by day due
to their involvement in the production of thin displays, solar cells, and electrodes for
lithium-ion batteries. Typically, the production of these products involves high-speed
coating processes such as the slot coating and the blade coating. The range of the coating
speed can vary approximately from 5 m/min to 100 m/min in those processes. At this
coating speed, inertia effect becomes significant (high Reynolds number) due to the lower
viscosity of the coating fluid (<20mPas) (Chang et al. 2007; Hong et al. 2013; Jang and
Song 2013). The increase in Reynolds number can be illustrated by the following two
examples. First, taking the values of the coating speed (C), fluid viscosity (u), density (
p) and coating gap (D) from Chang et al. (2007) as 10 m/s, 10 mPa s, 1151 kg/m? and

0.0002 m, respectively. In this case, the calculated Reynolds number (Re = pC—D) becomes

230. Now, from Chu et al. (2006), the corresponding values are 2 m/s, 11.7 mPa s (obtained
at a nominal shear rate of 1000 s), 1030 kg/m® and 0.0003 m. Consequently, the value of

Reynolds number reads 53. The magnitudes of the pressure gradients in the above cases in
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terms of non-dimensional pressure gradient G are 0.1 and 0.3, respectively. It is clear from
the above examples that inertia must be considered in the high-speed coating processes to
get a better understanding of the flow behaviors. In the current analysis, a mathematical
model has been developed for the slot, and the blade coating flows by considering moderate
inertia effect, i.e. moderate Reynolds number (Reynolds number approximately from 10 to

a few hundred), which has been neglected in the previous studies.

Another important aspect in the theoretical analysis of the coating flows is the presence of
the singularity at the channel exit. As discussed before, capturing this singularity is
numerically difficult, yet necessary for more accurate prediction and a better understanding
of the flow behavior outside the channel. However, most of the numerical studies on the
coating flow overlooked this singularity effect in their formulation. For example, Mitsoulis
(2010) conducted a numerical simulation of the blade coating process using the finite
element analysis. From the figures 6 to 8 of Mitsoulis (2010), it is evident that not only the
shear stress but also the pressure and the normal stress exhibit a singularity at the channel
exit. This cannot be ignored since the singularity dominates the flow close to the exit, which
eventually determines the accuracy of the prediction of the coating thickness and flow. In
addition, numerical schemes tend to smooth out the singularity whereas the asymptotic
approach used in the present study provides a better understanding of the flow in the

vicinity of the singularity.

1.6 Summary

In conclusion, the current chapter introduces the problem in a general manner by focusing
on the slot and the blade coating processes. The flow characteristic near the channel exit
governs the flow nature further downstream where the free surface jet acquires a uniform
thickness. Moreover, the presence of stress singularity and unknown shape of the free
surface complicates the problem. In the next chapter, a mathematical model will be
developed to capture the singularity along with the shape of the free surface under the
action of moderate inertia. It is expected that the present study will help the coating
industries by enhancing the understanding of the singularity and responses of the velocity
fields, free surface shape and the stress fields to the singularity.
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Chapter 2

2  Free surface moving wall jet flow near the channel exit

2.1 Problem formulation

Consider the flow of an incompressible fluid emerging out from a two-dimensional channel

of width D with fluid density p and fluid viscosity u. The fluid properties correspond to the

Newtonian fluid. In the figure 2.1, the flow configuration is schematically depicted in the
(X, Z) plane . The X-axis is considered along with the lower stationary wall, and the Z-axis
is taken across the channel in the transverse direction. The channel exit coincides at X=0
which is the origin for both axes. Note that the upper case letters represent the dimensional
form whereas lower case letters denote the non-dimensional form. The fluid is depositing
on the forward moving wall, which is moving at a velocity C in the positive X direction.
The flow is driven by the simultaneous action of the translation of the upper wall and an
applied adverse or favorable pressure gradient (dP/dX) inside the channel and, i.e. Couette-

Poiseuille flow. The stream function of the base Couette-Poiseuille flow becomes,

3 2 2
gy L dPrZT 527, C27 2.1.1)
3 2 2D

Non-dimensional variables are introduced by measuring the lengths with respect to channel

width, D, stream function with respect to CD and pressure with respect to pC2.

Lower wall 0

(a)



24

Core region

-
L
llllll
"L

Lower wall 0
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Figure 2.1: Schematic illustration of the free surface wall jet of (a) the slot coating and

(b) the blade coating (dimensionless notions are used).

In the current problem, two major dimensionless parameters appear, namely, Reynolds
number, Re and the non-dimensional pressure gradient, G and are expressed as,
pCD D? dP
G —

Re=—"—, =———. (2.1.2)
u 2uC dx
Thus, the equation (2.1.1) will turn out to be the leading order solution in the core region

and is conveniently introduced here as,

22 23

In the current study, the Reynolds number, Re is assumed to be moderately large and
G= 0(1) .1f G =0, the flow is only driven by the forward wall translation and if G — —o
or G — o, is solely induced by the pressure gradient. Typically, the value of G varies from
-0.05 to -0.20 in the blade coating process and from 0.05 to 0.20 in the slot coating process
(Llipoulos and Scriven 2005; Mitsoulis 2010; Chin et al. 2010, Lin et al. 2010). For a steady

laminar two-dimensional flow, the non-dimensional conservation of momentum equations

take the following forms:
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1

VzWxz ~WxWzz = —Px Jr%(‘I’xxz + W22 ) (2.1.4a)
1

VxWxz ~WzWxx =Pz _%(Wxxx +Wyzz ) (2.1.4b)

2.2 The Kinematic and dynamic boundary conditions on the free
surface

The kinematic boundary condition implies that the normal velocity of the particle on the
free surface follows the normal velocity of the surface itself. In other words, the fluid does

not cross the free surface (Middleman 1995).

The dynamic boundary condition (see figure 2.2) on the free surface means that there is no

traction on the free surface i.e. F=6-n=0.

Therefore, we can write,

(IE-n)X =Gy Ny +GCyyN, =0, (2.2.1)

(ﬁ-n)Z =G, Ny +6,,n, =0. (2.2.2)

Figure 2.2: Schematic representation of the dynamic boundary condition on the free

surface.
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For the Newtonian viscous fluid,

Oyx :—Rep+22—i:—Rep+2wxz, (2.2.3)
ou ow
Oyxz = Ozx :E+8_X =Wzz =~ V¥xx> (2.2.4)
ow
Ozz :—Rep—l—ZE:—p—Z\uzx. (2.2.5)

The components of normal ni are given by,

Ny = s andn, =— L : (2.2.6)
g2 +1 £ +1

From now on, the subscript denotes the partial differentiation. Substituting the expressions
(2.2.3)-(2.2.5) into the equations (2.2.1) and (2.2.2), and after rearranging the terms the

following equations are obtained:

pC'—%(ZC'wxz ~Wzz +Wyx ) =0, (2.2.7)

p"‘%[(‘l’zz _WXX)C'+2\V2X]:0- (2.2.8)

Finally, for x >0, the kinematic and dynamic boundary conditions at the free surface,

z=((x),are,

v =0, (2.2.9a)
PL'— 25 (28'Wiz =Wz +Wxx ) =0, (2.2.9b)
P+ rel(Wzz =W )€+ 2wz ] =0. (2.2.9¢)

Here, a prime denotes total differentiation. Inside the channel (x <0), the following

conditions must be satisfied:



27

v, =1 \u=(1—%j, at z=1, (2.2.10a)

v, =0, v =0, at z=0, (2.2.10b)
22 3

v(x —)—oo,Z)—>(1—G)7+G? as X —> —o, (2.2.10c)

To the lowest order, it is assumed that the flow retains its base Couette-Poisueille profile
(2.1.3). Due to the presence of a stress singularity at the exit, the flow behavior changes as
it comes out from the channel in the form of a free surface wall jet. This condition would
not be imposed in the proper inviscid limit since there is no mechanism (viscous) exists
that diffuses the stress singularity. Then all the conditions of the problem would be satisfied
by simply postulating that the base profile stays unchanged in the whole jet region (similar
to a Newtonian free jet (Tillett 1968)). However, no uniqueness theorem exists for this
inviscid problem. It is plausible that other solutions might exist. Nevertheless, in the
present study, it is assumed that the fully developed Couette-Poiseuille flow is everywhere
in the proper inviscid limit (see also Saffari & Khayat (2008) for the viscoelastic case). By
implementing this assumption, to the lowest order, it can be concluded that the flow in the
core of the jet is not affected by the flow in the boundary layer region close to the free
surface. However, it is expected that the boundary layer induce perturbations to the base
Couette-Poiseuille flow, when the higher order terms are included, both for the flow
upstream and downstream of the channel exit. This postulation is analogous to the one
made by Smith (1979) for the tube flow with severe constriction. In Smith’s case, the core
flow also satisfies the inviscid flow equations to the leading order. Further discussion on
the current and Smith’s formulation is provided in section 2.5. Other asymptotic studies on
the interactive boundary layers are discussed in the book by Sobey (2005). When the fluid
detaches itself from the wall of the channel, a boundary layer is formed very close to the
free surface due to the vanishing of the wall shear stress at the exit, which is denoted here
as a free surface or inner layer. This thin layer and the jet contraction (or expansion) affect
the core of the jet, with the core layer remaining predominantly of the inviscid rotational

character.
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This inviscid layer cannot extend to the moving upper wall, where significant viscous
shearing occurs, forcing the formation of an upper-wall layer near the moving upper wall.
Similarly, the core flow must also adjust to the viscous shearing flow in the lower-wall
layer upstream of the stress singularity at the exit. In other words, given the predominantly
inviscid character of the core flow, the core solution cannot satisfy the no-slip condition at
both walls (Khayat 2017). Different flow regions for the moving wall jet are shown
schematically in the figure 2.3. In each of the region, different physical mechanisms
dominate the flow with corresponding characteristic length scales. In particular, the flow
in the region close to the free surface downstream of the channel exit, i.e. the inner region,

is shear dominated by boundary layer characteristics.

Fi

(v) 1

Upper wall layer

o

(i )

Figure 2.3: Schematic depiction of the computational domain (all notations are
dimensionless). The boundary layers are depicted along the free surface (dotted lines),

upper wall and lower wall. Five segments of the control volume analysis are also shown.
In between the inner region and the moving wall, the core region, both shear (Z—u) and
z

elongation ( Z—i) prevail because of the high proportion of the Couette-Poiseuille character

of the flow and contraction of the jet. The core region also extends to upstream from the
channel exit. The effect of the drop in shear stress diffuses upstream inside the channel (x

< 0) over a distance xwhere fully developed Couette-Poiseuille flow is recovered, and

downstream (x > 0) towards the moving wall over a distance X, at which point the flow
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is entirely of the boundary layer type. Near the free surface and lower wall, boundary layer
type solutions are determined. Outside the channel, a similarity solution is sought in the
inner layer, which is then matched onto the core solution outside of the exit. After that, the
outside core flow is matched onto the solution in the core region inside the channel. An
important observation is that between the inner and lower-wall layers no matching is
required for the similarity flow at x =0. The inclusion of the singularity is not essential
here because of the similarity nature of the flow. This constitutes a major advantage of the
current formulation. As discussed before, part of the formulation in each layer is similar to

the symmetric free jet formulation carried out by Tillett (1968).

2.3 Flow in the free-surface or inner layer

A change in coordinate is introduced by letting y =z —C(x) to examine the boundary layer
structure close to the free surface. In addition, the scaling in the transverse direction is
changed by writing y = er, where ¢ =Re™ is the small parameter in the present problem
and the value of a is to be determined. One can write {(X) = eh(x)by assuming that the
height ¢ of the free surface is of the same order of magnitude as the boundary layer
thickness h and hereafter work with h. It is not necessary to assume that h(x)=0(1) as

€ — 0; examination of the equation (2.3.2a) shows that the inner expansion developed in

the current section holds only when h :o(s_l), i.e. £ tendsto 0 with €. In the matching

section it will be shown that indeed h = 0(1). Now, following Tillett (1968) and Philippe

& Dumargue (1991), the following change in coordinates is introduced, namely,
X=E, z=g(n+h). (2.3.1)

Substituting the transformed variables into equations (2.1.4a) and (2.1.4b) and after making

the necessary rearrangement, it is concluded that,
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YnWen ~VeWnn = € (pé - h'pn)

(;_ ) (1+1) ) (2.3.2a)
et Ay et (‘V&‘m =20y + 0 g - h”"’nn)’
~yqvee HWeven v Y (vpven ~vewny )
[1_ j 14 ] (2.3.2b)
=Py e vy ‘h"l’nnn)‘g(a )(a%_h%) ¥

From equations (2.2.9) the boundary conditions on the free surface i.e. at n=0 become,

v=0, (2.3.33)
() > 12
e(Np+yy )€ {Zh'(‘l’&n‘hlwnn){a_a‘h'%] w]—o, (2.3.30)
G T (o VERNEY
prec® (2 Ry -2 h(a_g_h %j v=0 (2339

The aim is to find a solution of the equations of (2.1.4) in the form of an boundary layer

expansion in €. In order to match this to the core Couette- Poisueille flow, it is necessary

2.2
n

to have y ~¢en” ~ y2 as m— oo in the inner region, to lowest order in €. Therefore,

must be of order 82. In order to determine the value of o, the convective and viscous
terms must balance. This is achieved upon taking the value of o =1/3similar to the case
of Newtonian jet (Tillett 1968; Miyake 1979; Philippe & Dumargue 1991) as well to the
non- Newtonian jet (Khayat 2014). The streamwise and transverse velocity components

. . 1
are now expressed in terms of the stream function as u=y, ==y, and
€

W=—yy =—ye + h'\un , respectively. Considering the fact that the streamwise velocity u

in the inner region must match the velocity u — (1—G)z+Gz2 in the core region, it is
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concluded that u is of order €. The order of the transverse velocity can be found by writing

the continuity equation in terms of the inner variables,

elg —eh'u, +w, =0. (2.3.4)

Clearly, w is of order e Consequently, the momentum conservations equations (2.3.2)

reduce to,

2 ,
VqWen ~VeWan = ¢ P~y 2350
.0.0d
2 4 2 (2 "
& Yy te (‘Vé&n ~ 2y 0 Yy =h ‘Vnn)’

. 2 !
YWee +VeWen W (Vwe —Vev)
: s o (2.3.5b)
=Dy =& (Ve =g )= (a_g_h%) \s

Similarly, the boundary conditions on the free surface i.e. at =0 can be rewritten as,

v=0 (2.3.6a)
5 o oY
e(Np+ vy 2“'(Wan—h"lfnn)+[a_§‘haj V=0 (2:3.60)
22y~ e Lol 2 =0 2.36
pe° (20 =Ny )2 & ) (2369

The inner expansion for  begins with a term in 82 . This assumption holds until contrary

evidence is found. Therefore, the expansion precedes in powers of € so that,

v(Em)=e2¥, (& n)+e3W5(Em)+ - (2.3.7)

Similarly, h is expanded as,
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h(&)=s7 (&) =ho(&)+ehy (&) +-- (2.3.8)
From (2.3.5)-(2.3.7), itis concluded that pressure p in the inner layer is of order 84 . Hence,
p(&m)=&"Py(&n)+e"Ps (& M)+ (2.3.9)

Recalling that u :l‘l’n and w =—\Ifg+h'\lfn, then the velocity components take the
€

following form,
u(gn)=gUy(&m)+e°Up(Em)+- (2.3.10)
W(E M) =Wy (&,1)+&>Ws (E,1)+- (2.3.11)

In this case, Uy =¥, Uy =¥3, and W, =W +hgy"¥5,,, and so on.

2.3.1  Flow in the inner layer to 0(82)

To leading order in &, equation (2.3.5a), reduce to,
oW oen = ¥2: Yo = Yo (2.3.1.1)

The above problem is similar to the case of symmetric free jet (Tillett 1968) with different
boundary conditions. The corresponding boundary conditions are obtained from (2.3.6),

namely

¥ (E,0) =Y,y (E0)=0. (2.3.1.2a)
To complete the problem for¥,, another boundary condition is required. This is the
matching condition, which will be obtained later, namely,

2
Yo (E,m) ~ (1—(5)”7 as 1 — o. (2.3.1.2b)
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Following Tillett (1968) a similarity solution can be carried out for ¥, , which is written

here as,

¥, (&m)=£2%,(6), (2.3.1.3)
where 0 = nallg is the similarity variable. The equation for f, (9) is given by,

3fy + 2f,f5 — 42 =0. (2.3.1.4)

Subject to the following boundary conditions:

f,(0)=f3(0) =0, (2.3.1.5a)
92
f,(0) ~(1—G)? as 0 — oo, (2.3.1.5b)

Condition (2.3.1.5b) is achieved from matching, which will be discussed in section 2.8.
For large 9, it is possible to obtain an asymptotic solution, subject to condition (2.3.1.5b),

to read,

2
£, (8 —> o0) ~ (1—0)@, (2.3.1.6)

where ¢, isa G dependent constant determined from the numerical integration.

A common form of the problems (2.3.1.4)-(2.3.15) can easily be derived for all the values

of G and is given by,
395 + 29,04 — g% =0. (2.3.1.7)
Subject to the following boundary conditions:

92(0)=9g5(0) =0, (2.3.1.8a)
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2
92(0) ~ % ast— oo, (2.3.1.8h)

where f, =b,0, andtzg. Both a and b, are constants. Similarly, for large 0, the
a

asymptotic solution becomes,

(t+dy)?

> (2.3.1.9)

go(t—> ) ~

The problem (2.3.1.7)-(2.3.1.8) is solved as an initial-value problem, where equation
(2.3.1.7) is integrated subject to the conditions (2.3.1.8a) and a guessed value of the slope

at the origin. The slope g5 is adjusted until a reasonable matching is achieved between the
solution and its asymptotic form (2.3.1.8b) at larget, or, more precisely, between g5and
1. The integration is carried out over the domain [O,tw], where t_, corresponds to a

relatively large value of t. A value of t, =6 is turned out to be sufficiently large to secure
the matching within an imposed tolerance. Matching the numerical solution with its

asymptotic counterpart (2.3.1.9) gives the value of d;. From the figure 2.4, it is convenient
to observe that the initial slope is approximately g’2(0) =1.61090 and the value of d; is
approximately equal to 0.8920. The value of the similarity function f,, its derivative and

the constant c; for each G are determined from the following relations:

f,(0)=(1-G)"2 g, (1), £5(0)=(1-G)* g5 (1). (2.3.1.10)
So, the slope at the origin becomes,

f5(0)=(1-G)**g5(0). (2.3.1.11)
And the constant,

¢ =(1-6) 34, (2.3.1.12)
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Figure 2.4: Variation of the function g,,g5and g5with t for all the G values.
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Figure 2.5: Variation of similarity function f,with 0 for all the G values.
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Figure 2.4 displays the dependence of g,on t for all the G values. The figure does not
reflect clearly the flow behavior with respect to the parameter G. All it says that the
function g, and its slope increase monotonically with t for the every G value. The effect
of G on the similarity function f, can easily be seen in the figure 2.5. From the figure, it
is obvious that f,increases essentially linearly with G, pointing to a strengthening of the
flow with the pressure gradient, which is also reflected by the increase in the slope f;.

However, different scenarios are observed for the positive and negative G values. In
particular, as the value of G increases positively, the flow is actually weakening which is
understandable since G positive means that the pressure gradient is acting adversely.
Therefore, increasing the magnitude of the adverse pressure gradient will reduce the effect

of the wall velocity, which will eventually lead to a weaker flow. This behavior is more

evident in the figure 2.6 where the initial slope fé(O) and the constant c; are plotted

against the parameter G. Of particular interest, the value of the initial slope f5 (0) which

is directly related to the streamwise velocity component u on the free surface.

Figure 2.6: Dependence of the initial slope f3(0) and c; on the parameter G.
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The figure suggests that the velocity is decreasing with the positive increasing values of G,

which confirms the weakening of the flow with the adverse pressure gradient indeed (see
figure 2.10a). For the negative G values, initial slope f5 (0) shows an opposite trend, which

indicates the increase in the velocity u (see figure 2.10b). This, in turn, reflects the
strengthening of the flow with the favorable pressure gradient. Interestingly, for the

positive G values, ¢, shows a contrasting behavior of the initial slope. This has a significant

consequence on the influence of adverse pressure gradient on the film height. The film
height increases with the increasing values of positive G as opposed to the velocity at the
free surface, which is shown in the figure 2.12a. However, this is not the case for the
negative G cases where the reduction of the film height with G is observed (see figure
2.12b).

2.3.2  Flow in the inner layer to 0(83)
To next order in £ (2.3.5a) becomes,

lPZn\P&in + Tsn]‘Pzén - “Pzéq’snn - \Psa\Pznn = ‘i’gnnn . (2.3.2.1)
The boundary conditions are,

W3(2,0) = W3, (£,0) =0. (2.3.2.23)
Matching provides the third boundary condition, which is,

Pa(E,m) ~ 213 as n - o. (2.3.2.2b)
Similar to before, Y5 also admits a similarity solution of the form (Tillett 1968),
¥3(&m)=Ef3(0), (2.3.2.3)

3
S

where 8 =n&"* is the similarity variable. The equation for f3(6)is given by,

3F4F4 — 2f ,F§ — 3f5F5 = —3F5 (2.3.2.4)
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Subject to the following boundary conditions:

f3(0) =f3(0) =0, (2.3.2.53)
93
f3(0) ~ G? as 0 — . (2.3.2.5b)

For large 0, an asymptotic solution similar to the free surface jet (Tillett 1968; Saffari &
Khayat 2008; Khayat 2014) is possible to obtain, namely,

f3(6 o) ~ %{(emf—%}cz(em). (2.3.26)

Similarly, the common form of problem (2.3.2.4)-(2.3.2.5) for all the values of G is given

by,

303" +29503" —39,03 +395"93 =0. (2.3.2.7)

Subject to the following boundary conditions:

93(0) =g3'(0) =0, (2.3.2.89)
t3
93(6) ~ 3 Btow (2.3.2.8b)

where f3 = b3g3andt=g. Both a and b3 are constants. Condition (2.3.2.8b) is obtained

from matching, which will be discussed in section 2.8. The asymptotic solution reads,

g3 (t = o) ~ %[(t+d1)3—6}+d2(t+d1). (2.3.2.9)
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The value of constant d,(1.65404) is determined from the numerical integration of

equation (2.3.2.7). Although the solution procedure is similar to before, the problems
(2.3.1.7)-(2.3.1.8) and (2.3.2.7)-(2.3.2.8) are solved as a coupled system. Figure 2.7

depicts the profiles of function gswith t. Here also, the effect of G on the flow is not

evident and the true picture is displayed in the figure 2.8. For the positive values of G, both

fzand f3 are always turn out to be positive, indicating to a higher order strengthening

effect of pressure gradient on the flow close to the free surface whereas a higher order

weakening effect is visible for the negative G values due to the negative values of both f3
and f3. This can also be seen upon taking the velocity u to the third order by using the

expressions (2.3.10), (2.3.1.3) and (2.3.2.3) respectively,

u(x,0)=ex3f,’ (8)+e2x?3; (0). (2.3.2.10)
At the free surface (z =¢), the velocity becomes,

u(x,z:Q):gx1/3fé(0)+32x2/3fé(0). (2.3.2.11)

It is to be noted that for pure Couette flow (G =0) case, to capture the higher order effect,

one needs to proceed to the next order i.e. to order ¢*. The following expressions are used

to determine the value of the similarity function f3, its derivative and the constant c,:

f3(0)=G(1-G) tgs(t), f4(0)=G(1-G) “3g3 (1). (232.12)
Now, the slope at the origin becomes, namely,

£4(0)=G(1-G) *2g3(0). (2.3.2.13)
And the constant,

¢, =G(1-G) #3d, (2.3.2.14)
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Figure 2.9: Dependence of the initial slope fé(O) and c, on the parameter G.

Figure 2.9 illustrates the dependence of the initial slope fé(O) and c,on G. Surprisingly,

both the initial slope fé(O) and c, follow an increasing trend with the positive G values,

indicating higher order strengthening effect of the adverse pressure gradient on the flow
near the free surface. In contrast, a decreasing trend is observed for the negative values of
G, pointing to a higher order weakening effect of the favorable pressure on the flow close
to the free surface. Now, along with the slopes in figures 2.6 and 2.9, the expression
(2.3.2.11) provides the dependence of the free surface velocity uon the pressure gradient,
which is depicted in the figure 2.10 for all the G values. From the figure, it is clear that the
free surface velocity u diminishes in the case of favorable pressure gradient and grows for
the adverse pressure gradient upon adding the higher order term. Figure 2.11 displays the

effect of inertia on the free surface velocity u. Expression (2.3.2.11) and the figure both
suggest that u(x,z=§)increases monotonically with x. In the figure 2.11a, apparent
decrease in the surface velocity is observed due to the scaling used in the current

formulation. The true picture is reflected in the figure 2.11b where the Reynolds number

multiplies the streamwise velocity. The depthwise velocity w and the free surface height
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will become available once the free surface height is determined from matching in the
section 2.8. However, at this stage, it is helpful to discuss the influence of pressure gradient
and inertia on both of them. The free surface height is given by (refer to section 2.8 for
details),

£(x) = ecx3 + 62 (lS—ZG)xz’?’. (2.3.2.15)

By recalling the equations (2.3.11), (2.31.3) and (2.3.2.3), to third order, the transvers

velocity component is obtained, to read,

o[ x7V2 13
W(x,0)=—¢ 3 (2f, —6f5)—x hgf)
(2.3.2.16)
—¢3 {fg —gfg’ —x23¢hp - xY 3hifé]
At the free surface, (2.3.2.16) reduces to,
AT el . 2C) o
W(X,Z=C)=?E_> C1f2 (0)-}-? C1f3(0)+mf2 (0) . (23217)

The jet surface profiles for different levels of pressure gradient are shown in the figure
2.12, reflecting a monotonic increase with distance x. The film gets thicker with the
increment in the level of favorable pressure gradient whereas it becomes thinner with the
adverse pressure gradient. The figure also suggests that the jet always contracts near the
exit regardless of the direction of the pressure gradient. Figure 2.13 displays the inertia
influence on the jet surface. The effect of inertia is similar to the favorable pressure
gradient, which tends to increase the jet thickness as its value becomes higher. The
transverse velocity w profiles are plotted against the distance for the different G values in
the figure 2.14. It is clear from the figure that the depth wise velocity gradually diminishes
with x after the jump at the channel exit for any G values. This means that elongation is
only dominant in a region very close to the channel exit. The figure also indicates that there

is a significant departure in the transverse velocity for the positive G values.
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Figure 2.10: Influence of pressure gradient (a) adverse (G [0,0.8]) and (b) favorable

(G [0,—0.8])on the streamwise velocity u at the free surface z=¢(x) for e=0.1.
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Figure 2.11: Influence of inertia on the streamwise velocity u (x =lz= C) at the free

surface z={(x) (a) for different & and (b) Reu(x=1z=¢).
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Figure 2.12: Influence of pressure gradient (a) adverse (G <[0,0.8]) and (b) favorable

(G €[0,-0.8])on free surface z=¢(x) for £ =0.1.
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(G €[0,-0.8])on the transverse velocity, w(x,z = ¢)at the free surface, z=¢(x) for
e=0.1.

Figure 2.15 displays the surface curvature variation with the inclination angle for € =0.2

and G e[0,0.8]. From the figure, it is visible that the curvature decreases with the

increasing adverse pressure gradient. This agrees with the fact that the more positive the
value of G becomes the more contraction of the free surface occurs. The results in the figure
2.15 are overall qualitatively similar to the numerical results of Saito & Scriven (1981) and
Lee et al. (2002) (refer to figure 23a of Lee et al. 2002) for the slot coating flow. However,
in the present case, the surface curvature shows a change in the concavity at low inclination
angle as opposed to the linear growth predicted for the slot coating flow in the previous
studies. This might happen due to the high inertia effect considered in the current analysis.
The effect of inertia on the surface curvature are shown in the figure 2.16 for G=0.4. Inertia
affects the surface curvature in a contrasting manner to the pressure gradient by increasing

the value of curvature.
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Figures 2.17 and 2.18 display the effects of pressure gradient and inertia on the pressure
along the free surface, respectively. A sharp variation of the pressure occurs very close to
the exit in both cases due to the singularity effect (figure 2.17). In addition, the pressure

reaches to zero level rapidly for higher inertia than the lower inertia (see figure 18).

The effect of inertia on the film thickness at a specific x location (x=1) for different levels
of the pressure gradient is depicted in the figure 2.19. The figure shows that the film
thickness increases with the Reynolds number, and an asymptotic behavior of the film
thickness at higher Reynolds number is also reflected in the figure 2.19. Surprisingly, this
behavior is independent of the direction and magnitude of the pressure gradient. Usually,
the high Reynolds number flows exhibit this behavior since the viscous effect becomes
negligible when Re — oo . Eventually, the flow will act as an inviscid flow with the film
thickness becomes equal to the channel gap. Moreover, as the magnitude of adverse
pressure gradient increases, the film thickness gets thinner, and an opposite trend is

observed for the favorable case.
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2.4 Flow in the lower wall layer

The flow structure in the boundary layer near the lower wall is examined separately in this
section. In this layer, similar to the free-surface layer, the transverse coordinate near the

boundary will be denoted by y =e&n, where ¢ is the same small parameter used before. To
examine the lower-wall layer i.e. the structure of the boundary layer close to the lower wall
upstream of the channel exit, the near-wall coordinates are changed as x =¢ and y =z =¢n

. Similar to the inner layer, matching with the core flow upstream of the channel exit shows

2 2.2
that \p~(1—G)y—:(1—G)% as m—>oo. Therefore, y must have the order of &

2
close to the lower wall. In this case, the non-dimensional momentum conservation
equations (2.1.4), along with the no-slip, no penetration (2.210a and 2.2.10b) and upstream
(2.2.10c) conditions are,

WWen ~VeWnn = ~€Pg +& Vg +€ Ween, (2.4.1a)
WWiee ~VeWen =Py +6 Wenn + € e, (2.4.1b)
y(&n=0)=y, (§n=0)=0, (2.4.1¢c)
2.2 3.3
e €
w@—+ﬂmﬁ~a—ey%L+G—£i (2.4.1d)

The streamwise and transverse velocity components become,

“:%WW (2.4.2)

Noting from the expressions (2.4.1) that p is of order €2, the flow field expansion reads,

y(&m) =82, (& n)+eP3(Em)+- -, (2.4.4)
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p(&m)=e2P, (&m)+3Ps (& M)+ (2.4.5)

A hierarchy of problems is obtained to different orders by inserting (2.4.4) and (2.4.5) in
(2.4.1). Only one boundary condition in the x direction is required for each problem.
Accordingly, the condition in the equation (2.4.1d) which is the far-upstream condition is
adequate for the problems to be well posed. This, in turn, eliminates the necessity of
matching with the inner layer flow at the channel exit (x = 0). In addition, it is not required
to introduce rescaling in the streamwise (x) direction unless one wants to capture the flow
structure very close to the origin. Consequently, the order of x is assumed to remain at least
of O(1); an upstream distance very close to the origin, i.e. from the channel exit is precluded
in the current formulation. This is not the case of the flow in a constricted (dilated) channel,
where the streamwise direction x is rescaled in terms of the inverse power of the
indentation slope (and the Reynolds number), which makes it possible to capture the flow
close to the inception of the constriction (dilation). In order to determine the flow through
and past the constriction (dilation) (Smith 1976) rescaling of x is essential. However, in

the present case, the flow is discontinuous through the singularity.

To determine the additional boundary conditions needed to solve the problem (2.4.1)

matching between the lower-wall and the core layers is considered next. From the core

layer first recall that, the perturbations 4 (Xx,z) =y (x,z)=0. Thus, equation (2.5.2) is

conveniently written here as,

Y Y
w(x,z)=(1—G)?+G?+83\|/3(x,z:y)+---. (2.4.6)

Applying Eg (refer to equation 2.8.1 in the section 2.8) in (2.4.6), it is clear that,

y> L y®

When the inner variable expansion Hg is applied, it is clear that,
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2 2 3.3 2 3
H3E0\y:(1—G)8; +GS;] :(1—G)y7+c;y? (2.4.8)

Also, from (2.4.4), Hgy =e?¥, +&3W5. Setting HaEqy =EgHay, it is deduced that

2 3
¥y ~ (1—G)%and W3~ G%for large n.

To the leading order, equations (2.4.1) reduce to,
\PZT]\PzéTl —\Pzél‘}lznn = —Pz(t3 +T2nnn, PZT] =0. (249)

The boundary conditions for the above problems are,

¥, (&n=0)="¥5,(&n=0)=0, (2.4.10a)
821,]2
¥y (-&m)~(1-G) - (2.4.10b)

To the next order, the expressions (2.4.1) lead to the following problems,
\Pzn\Pgan - \I’3§qj2nn = —P3§ + LP3T|T|1’|’ P3n =0. (2411)

Subject to the following boundary conditions,

¥3(&m=0)="¥3,(§n=0)=0, (2.4.12a)
3.3
W3 (-En)~G 8; - (2.4.12b)

Matching the pressure leads to,

Po: (&m) =0, Pz (£,m)=2G. (2.4.13)

Incidentally, it is not difficult to show that the solutions to 0(82) and 0(83) are,
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2
\Pz(g,n)=(1—e)”7, P,(&m)=0, (2.4.14)
3
W3 (EM)=G % P3(€,1)=2GE, (2.4.15)

Thus, up to 0(83) , the flow does not deviate and preserves its Couette-Poiseuille character

near the lower wall.

Before proceeding to the next order, it is necessary to determine the inner value

y3(Xx<0,z—0) for the core flow problem at this stage. First noting from (2.4.6) that

2 3
1
E3\|;:(1—G)y?+Gy?+a3[w3(x,0)+y\|/3y(x,0)+5y2\|/3yy(x,0)+..}. (2.4.16)

Hence,

v oY
HaEqy :(1—G)?+G?+s3\y3(x,0). (2.4.17)

Also, from (2.4.4), (2.4.14) and (2.4.15),

2 3

Hay =(1—G)y7+Gy? . (2.4.18)
This leads to,

y2 Yy
EqHay :(1—(3)?+G? (2.4.19)

Matching (2.4.17) and (2.4.19) yields,

y3(x<0,z=0)=0. (2.4.20)
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This is the required to determine the core flow upstream of the channel exit (refer to the

problem (2.5.5) in the next section).

Now, from (2.4.1) the equations for ¥, and Py are,
\PZT]‘PA]—F;T] —\P4§\P2nn = —P4g + \P4nnn , P4T] =0. (2421)

Clearly, P4(&m)=P4(&). Indeed, the above expression confirms that the problem is of

the boundary-layer type, which requires only one boundary condition in the streamwise

direction. Next, the matching condition is sought, which is needed in addition to the wall

conditions to determine the disturbances ¥, and P,.

Takingm =4 and n =3 in (2.4.6) (refer to section 2.8),

2

3
H4Eay =3y” —2y° +&yyay (x,2=0) = (1—G)y?+G y?+s4n\|/3z (x,z=0). (2.4.22)

And comparing with

v Y
E3H4\|1:(1—G)7+G?+84‘P4, (2.4.23)

yields the desired matching condition for large n, namely,

Y4(Em—> o) ~nys, (x,2=0), (2.4.24)

e8]
A
where V3, (§,2=0)= Z_ﬂeﬁnivﬁ (z=0) is deduced from (2.5.10). It is to be noted
n=LMn

that Vj (z= 0) is obtained from the solution of the eigenvalue problem (2.5.8), with B,
being the eigenvalues. In addition, the coefficients A, are obtained from matching the

upstream and downstream core flow at x = 0 as per (2.5.15). In the table 1 and table 2, the

values A, for the first six modes are stated.
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By using (2.4.14) and eliminating the pressure gradient from the expression (2.4.21),
finally, the problem for ¥, (&,m) becomes,

(1—G)T]lp4énn = ‘P4nnnn, (2425a)

¥4 (En=0)=W4,(En=0)=0, W4(E—>—0m)~0, (2.4.25b)

¥y (Em—> o)~ n>" An gbné, (2.4.25¢)
a1 Bn

Following Khayat (2017), the problem (2.4.25) is solved by seeking a similarity solution

of the form ¥, (&,n) = Zﬁeﬁnéﬁ] (n), where the functions F, (n) are governed by
n=1 Fn

" =(1-G)nBnFRy", (2.4.26a)
Fa(0)=F(0)=0, Fy()~L  Fi(x)~0. (2.4.26h)

Problem (2.4.26) is a two-point boundary-value, which is solved numerically for each

mode separately. Figure 2.20 illustrates the profiles of F)(n) for the first six modes for
the values of G=0.4, reflecting a monotonic growth of F,(n) and its derivatives.

Predominantly, significant departure is observed for the first mode (p3; =3.5161) from the
rest modes. This, in turn, reflects the dominance of the first mode on the velocity. Since
Fn(n=0) and Fy(n=0)are directly related to the shear stress at the wall and pressure,
respectively, their values are listed in the table 1 and table 2. In particular, for all modes,
Fr(n=0)>0 and Fy(n=0)<0. To the current order, using equations (2.4.2), (2.4.3)

and (2.4.4) the velocity components are given by

u(&n)=(1-G)en+Ge*n® +¢° Z 0 ePnF (1 (2.4.27)
n=1 n
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w(gmn)= 842 nePnk (n (2.4.28)
no1 Bn

In this case, the pressure and wall shear stress at the lower wall turn out to be,

p(&m)= 3ZG§+84Z 0 ePnipr(n =0), (2.4.29)
n=1 Pn

1(gn=0)=1- G+822 N ePniE" (n=0) (2.4.30)
n=1~n

F ()

Figure 2.20: the profiles of Ry (n) for the first six eigen modes (G=0.4). Also the values

of Fy(n=0) and Fy(n=0)are shown in the insets.

So, the asymptotes for the velocity components become,

u(?’;,n—>oo)~(1—G)sn+GaZn2+832 n gBn& (2.4.31)
n=1 n
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w(g,n—>oo)~—s4z%eﬁn? (2.4.32)
n=1Fn

The flow development near the lower wall is depicted in the figures 2.21 and 2.22 for
G=0.4 and G=-0.4, respectively. In the figures, the disturbances profiles of the streamwise
(2.21) and depthwise (2.22) velocities are shown at equal intervals for —-0.25<x <0. As
expected, in the limit X ——co both disturbances vanish exponentially. Likewise, the
asymptote reflecting the extent of the (inviscid) character of the core flow does not satisfy

adherence at the lower wall. When the fluid approaches the exit, a significant elongation is

noticed, which is reflected from the drastic departure of the value of W, (x=0,z) from

zero. The shear stress at the wall always turns out to be positive. Thus, it is confirmed that
there is no possibility of separation upstream of the channel exit along the lower wall. In
the figures 2.23 and 2.24, the influence of inertia on the development of the pressure and
the shear stress along the lower wall upstream of the channel exit are illustrated,
respectively. Interestingly, the pressure remains close to the Poiseuille level. Depending on
the sign of G, it increases/decreases essentially linearly all the way to the exit, but reaches
a positive/negative level at the exit. Surprisingly, the level of shearing decreases with
increasing inertia for any G value, which indicates flattening of the velocity profile near
the channel exit. Both the shear stress and the pressure exhibit singularity at x = 0. This is
because when the fluid moves along the lower wall and emerges along the jet free surface,
it experiences vanishing shear stress and pressure at the free surface. However, the pressure
and the wall shear stress are remained to Couette-Posieuille level upstream of the channel

exit.
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Figure 2.25: Pressure profile along the lower wall and free surface for ¢ =0.44 and G=-

0.4. Inset shows the magnification of the area very close to the exit inside the channel.
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Figure 2.26: Pressure profile for trailing stiff blade geometry for Re=12 (figure 9 of
Lliopoulos and Scriven 2005). Inset shows the blade configuration (figure 4 of

Lliopoulos and Scriven 2005).
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Figure 2.27: Pressure distribution in the blade coating of a shear-thinning fluid obeying
the Carreau model for S010 geometry (figure 11b of Mitsoulis and Athanasopoulos
2010). Inset shows the S010 geometry (figure 11a of Mitsoulis and Athanasopoulos

2010).

In the figure 2.25, the pressure profile along the lower wall and on the free surface is plotted
for G=-4 and £=0.44. The pressure decreases essentially linearly with the distance and
drops lower than the ambient value at the region close to the exit both upstream and
downstream. This is due to the acceleration of the flow as it moves along the curved free
surface. Gradually, it rises back to the ambient level, i.e. to zero. This behavior agrees
qualitatively well with the numerical results of the blade coating flow of Lliopoulos and
Scriven (2005) and Mitsoulis and Athanasopoulos (2010). For the convenience, the
pressure profiles along the blade and on the free surface of the above-mentioned
investigations are illustrated in the figures 2.26 and 2.27, respectively. From the figure
2.26, it can be seen that as the Reynolds number increases less dip in the pressure occurs
along the blade close to the exit, and the pressure on the frees surface also diminishes
quickly to zero with the increasing level of inertia. Similar trends are found from the current

analysis, which are depicted in the figures 2.23 b and 2.18, respectively. However, a
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singularity in the pressure is present in the current results that cannot be seen in both of the
numerical analyses.
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Figure 2.28: Axial shear stress profile along the blade wall and roll for a Newtonian fluid
in the S010 geometry (figure 8a of Mitsoulis and Athanasopoulos 2010). Inset shows the
S010 geometry (figure 7a of Mitsoulis and Athanasopoulos 2010).

Figure 2.24b illustrates the shear stress development at the lower wall for the different level
of inertia and G=-0.4. From the figure, it is evident that the shear stress retains its Couette-
Poiseuille level inside the channel expect very close to the exit. A jump in the shear stress
value is observed very close to the channel exit since the fluid starts to feel the presence of
singularity upon approaching the exit. This characteristic is reminiscent of the numerical
result obtained by Mitsoulis and Athanasopoulos (2010) for the shear stress along the
blade, which is presented in the figure 2.28 for convenience purpose. However, the

discrepancy in the direction of the jump is due to the different geometric orientation
considered in the present study.
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2.5 Flow in the core layer

For convenience, the core region is divided into two different regions: outside the channel
(x>0) and inside the channel (x <0) from the exit (x =0). In this layer, the solution of
the problems (2.1.4) is sought in each of the regions separately. For this purpose, equations
(2.1.4) are conveniently rewritten here as

3
YWz = WxWzz = —Px +& (Wxxz + Wzzz) (2.5.1a)

VUxWxz ~VzWxx = Pz —¢3 (Wxxx +\szz) (2.5.1b)
The stream function and pressure are represented here by the following outer expansions:
Y=y +ey]+..., (2.5.2a)

P=po+epy+---. (2.5.2b)

Here, wo :(1—G)Z+Gz2 is just the basic Couette- Poiseuille flow stream function

provided in (2.1.3). For m>0, y,, corresponds to the higher order terms that denote the

deviation from the base flow due to its interaction with the boundary layers. This behavior
of the base flow is similar to the laminar free jet flow (Tillett 1968; Saffari & Khayat 2008;
Khayat2014; Khayat 2017) and tube or channel flow with a constriction (Smith 1979). To
leading order, the fully developed profile is applied in such cases also. At high Reynolds
number, Smith studied the flow for three different levels of constriction: fine, moderate

(1976) and sever (1979). The constriction severity is reflected in the obstacle characteristic

slope, which is of O(Re_llg) and O(Re_m) for fine and moderate constrictions,

respectively. Smith defined the Reynolds number Re based on the tube diameter and
maximum velocity. In this case, the non-linear influence of the obstacle in the upstream is
absent, and the core flow is just an inviscid rotational perturbation of the base flow. The

current problem also encounters the similar situation, where the jet contraction resembles
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to a fine to moderate constriction, and outside the inner and wall layers, the core flow is of

the inviscid elliptic, but linear in nature.

In contrast, for severe constriction, the obstacle slope is of O(1). Therefore, this creates a
significant upstream influence on the core flow. The current problem does not correspond
to this level of constriction severity as mentioned before. Note that regardless of the
constriction level of severity, the flow field expansion takes the same form. Hence, the
above expansion (2.5.2a) is the same as expansion (2.1) for the flow with a severe
constriction (Smith 1979). Although the leading order terms in (2.1) do not exactly

correspond to fully developed flow, they still satisfy the inviscid equations of motion.

Due to the elliptic nature of the governing equations, the deviation from base flow will also
extend to the region x <O upstream of the channel exit x=0. Following these

assumptions, a hierarchy of equations is obtained to each order upon inserting expressions
(2.5.2) into equations (2.1.4). To leading order pg(X,z)=0. For m=1 and n=2, the
matching conditions obtained in section 2.4 and 2.8, and the condition
Ym0 (X > —2,2)=0, lead to the vanishing of the stream function and pressure

everywhere. More explicitly,

v1(X.2)=yy(X,2)=py(X,2) =p2(x,2) =0. (2.5.3)
To next order,m =3, equations (2.1.4) lead to

W0zW3xz ~WaxWozz = —Pax +2G, (2.5.4a)

~WozV3xx = ~P3z- (2.5.4b)

Upon eliminating p3 from the above equations, the following equation is obtained for y3:

V2ygy — 022y, =0, (25.5)
Yoz
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2 2
Where V2 =a—2+a—2. Noting that wg = —y3,, the following boundary-value problem is
ox° oz

obtained for the ranges - —oo < x <o and 0<z<1:

2G

V2Wq — Wa =0, (2.5.6a)
> (1-G)z+GZ? °

w3 (x,1)=0,

w3(x,0)=0 for  x<0,

(2.5.6b)

W3(X,Z—>O)=% for x>0,

w3 bounded as |x| — o

Matching  between the inner and core flow provides the condition
2 : . .
w3(x>0,z—>0):£ (see section 2.8 for details). The non-homogeneity of the

boundary condition prohibits the vanishing of the solution. Even though the formulation is
common to both core flow regions, they will be examined separately for convenience

purpose.

2.5.1  Flow in the core layer upstream of the channel exit (x <0)

Now, consider the core flow in the region inside the channel (x <0). Equation (2.5.6a) is
a second order linear equation with non-constant coefficient in z. In this case, the following

form of the solution is achieved using the separation of variable argument (Tillett 1968):

W3 (X <0,2) =gz, =— > AnePn*V, (2). (25.1.1)
n=1

Here, V,, are the shape functions and governed by the following eigenvalue problem:

Vn"+(5% 2K z)vn _o, V,, (0)=Vn(1)=0, (25.1.2)
z+kz



where, k = % and 3,, is real and positive.
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n B An Fq (0) R (0)
1 3.3111 -0.3824 1.4768 -1.4896
2 6.3965 -0.4362 1.8357 -2.3061
0.2 3 9.5102 -0.4559 2.0948 -3.0036
4 12.6362 -0.4655 2.3030 -3.6301
5 15.7661 -0.4704 2.4792 -4.2072
6 18.9010 -0.4731 2.6337 -4.7478
1 3.5161 -0.6998 1.3716 -1.2825
2 6.5498 -0.9442 1.6817 -1.9347
3 9.6320 -1.0565 1.9115 -2.5008
04 4 12.7380 -1.1182 2.0980 -3.0127
5 15.8540 -1.1553 2.2567 -3.4858
G 6 18.9780 -1.1788 2.3962 -3.9299
1 3.7694 -0.8580 1.2333 -1.0313
2 6.7715 -1.4400 1.4876 -1.5117
3 9.8205 -1.7996 1.6815 -1.9341
00 4 12.9010 -2.0293 1.8409 -2.3191
5 15.9972 -2.1829 1.9775 -2.6764
6 19.1061 -2.2900 2.0980 -3.0126
1 4.0890 -0.6949 1.0314 -0.7053
2 7.1231 -1.5502 1.2119 -0.9945
3 10.1600 -2.3609 1.3552 -1.2514
08 4 13.2170 -3.0486 1.4758 -1.4876
5 16.2901 -3.6094 1.5806 -1.7083
6 19.3780 -4.0628 1.6740 -1.9169

Table 1: Values for the first six modes for [G € 0.2,0.8]
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n Bn An Fr'{ (0) Fr’I”(O)
1 2.9983 0.4175 1.6333 -1.8245
2 6.1950 0.3737 2.0788 12,9577
0.2 3 9.3580 0.3607 2.3851 -3.8937
4 12,5123 0.3541 2.6276 47257
5 15.6610 0.3497 2.8317 -5.4885
6 18.8090 0.3463 3.0100 -6.2013
1 2.8452 0.8381 1.6951 -1.9658
2 6.1234 0.6838 2.1799 -3.2524
3 9.3060 0.6434 2.5062 42991
04 4 12.4710 0.6242 2.7631 -5.2256
5 15.6262 0.6121 2.9788 -6.0735
G 6 18.779 0.6035 3.1670 -6.8652
1 2.7680 1.2564 1.7497 -2.0947
2 6.0642 0.9460 22717 13,5322
3 9.2630 0.8723 2.6162 46849
00 4 12.4370 0.8385 2.8862 5.7017
5 15.5980 0.8180 3.1125 -6.6310
6 18.755 0.8036 3.3097 -7.4979
1 2.6733 1.6088 1.7986 12.2136
2 6.0140 1.1374 2.3561 -3.7996
3 9.2271 1.0337 2.7175 5.0545
08 4 12.4090 0.9873 2.9995 -6.1582
5 15.5750 0.9597 3.2356 -7.1656
6 18.7350 0.9405 3.4411 -8.1047

Table 2: Values for the first six modes for [G IS —0.2,—0.8]

Since the above problem is an eigenvalue problem, it is solved numerically subject to the

additional boundary condition V, (0)=1.The first six eigenvalues are tabulated in the

table 1 and table 2 for the values of G from 0.2 to 0.8 and from -0.2 to -0.8, respectively.
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Figure 2.29 depicts the dependence of the shape functions on the corresponding

eigenvalues. Interestingly, V,, decreases with n whereas 3, increases. This facilitates

reasonable convergence after only a few modes.

v (G=-0.4)

Figure 2.29: Shape function V,, vs z for the first six Eigen modes for G=-0.4 .

By integrating expression (2.5.1.1) subject to y3 (x — —0, z) =0, leads to

o0

va(x<0,2)= Y 2nghnxy, (7)

n=1Fn
So, the total stream function inside the channel becomes,
2 3

e8]
w(x<o,z):(1-6)%+ez—+g3zﬁeﬁnwn (2)
n=1Fn

The core streamwise velocity inside the channel to the order 0(83) IS given by,

(2.5.1.3)

(2.5.1.4)
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< A

u(x<0,z)=(1-G)z +Gz% +¢° > Zn gBnXy (2). (2.5.1.5)
n=1Hn

Finally, the coefficients A, are obtained by matching the flow with the outside one at the

channel exit, and will therefore be determined once the outside flow is considered.

2.5.2  Flow in the core layer downstream of the channel exit (x > 0)

Downstream from the channel exit x =0, the solution of problem (2.5.5) takes the

following form:

2G < -
W3 (X>0,z)=—y3y :EVO (2)+ > Ane v, (2). (25.2.1)

Since, outside the channel the flow has to match with the inner layer flow, this matching

forces the outside flow to have an additional term in the solution in the form of V; ().

Here V, (z) satisfies the following equation and boundary conditions:

2k

VO" _
z+kz

~Vo=0, Vo(0)=1  V,(1)=0. (25.2.2)

Problem (2.5.2.2) admits an analytical solution in the form as,

(2.5.2.3)

V0:2kz(1+kz)ln( 1+2k}.

j+1+ 2kz+z(1+ kz)[2k|n (1+ k)—
1+kz 1+k

The development of the function V (z) with different G values is shown in the figure 2.30.
As mentioned before, the coefficients A, are found by matching both inside and outside
wgat x=0. For this purpose, equating the expressions (2.5.1.1) and (2.5.2.1) atx=0,

yields

Vo (2)=——> AV, (2). (25.2.4)
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Figure 2.30: the profiles of function V (z) for different G values

which is a spectral representation of Vo(z) in terms of the orthogonal shape functions

V;, (2). Note that, by multiplying the equations in (2.5.1.2) and (2.5.2.2) by V; and V,,

respectively, then integrating, and using the conditions therein, it is not difficult to show
that

(VpUop) - L (25.2.5)

Ba

where the brackets denote integration over the interval 0 <z <1. Consequently, using the

orthogonality of the shape function, (2.5.2.4) yields

- G(MaYg) G
(@-G)(V&)  pi(-0)(V3)

A, = (2.5.2.6)
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Finally, the stream function is obtained by integration equation (2.5.2.1) and applying

Y3 (X —>0,z=1)=0, leads to

w3 (x >0,2)=—%xvo(z)+ ZA—:e‘Bann (2). (25.2.9)
n=1

Therefore, the total stream function and streamwise velocity outside the channel take the

following forms:

3 o0
y(x>0,2)=(1-G)z°+G %+a3 {—%xvo (2)+ Y 2ngPrxy, (z)}, (2.5.2.10)
B n=1Fn

e}
u(x>0,z) =(1—G)Z+G22 +g3 {—%xv(’) (2)+>] ﬁe—ﬁnxvr’] (z)} (2.5.2.11)
N n=1rn

2.5.3 Pressure in the core layer and elsewhere

In this section the pressure distribution inside the core layer, inside and outside of the
channel is considered. The pressure inside the channel is obtained by integrating equation
(2.5.4b) subject to appropriate boundary conditions, which are determined as follows. First

of all, recall from section 2.2 that the pressure in the inner layer was shown to be the order

of &*. Therefore, for x >0, by matching the pressure in the core and inner layers it can be
easily deduce that the pressure in the core region outside the channel vanishes at the

interface between the two layers, or

p3(x>0,z—>0)=0. (25.3.1)

Hence, at the channel exit, this gives to p3(x =0,z — 0) =0. Now, upon evaluating (2.1.3)

and (2.5.1.1) atz =0, equation (2.5.4a) reduces to

Pay (X <0,2=0)=2G. (25.3.2)
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Noting that the pressure must match a zero third order pressure from the inner solution at

the channel exit, equation (2.5.3.2) is integrated subject to p3(x=0,z —>0)=O, which

gives pressure near the wall inside the channel, namely,
p3(x<0,2=0)=2Gx. (2.5.3.3)

Now, upon inserting equation (2.1.3) and (2.5.1.1) into equation (2.5.4b), the expression

for the transverse pressure gradient at any point inside the channel becomes

pa (x<0,2) =[ (1-6)z+G2* | 3" AgBreP* Vs, (2.5.3.4)
n=1

Which, upon using (2.5.1.2), is conveniently recast as,

o0

Py (x<0,2) == 2n ghnx {([(1—6)2 +Gz2}vn')' ~([(1-6)+26z]V; )} (2.5.3.5)

n=1 Bn

Finally, (2.5.3.5) is integrated subject to (2.5.3.3), leading to

p3(x <0,2)=2Gx— Z eB”X{[l G)z+GzzJVn'—[(l—G)+ZGz]Vn}. (2.5.3.6)
no1 Bn

Although Couette-Poiseuille conditions are theoretically recovered in the limit X — —oo,
calculations based on expression (2.5.36) indicate that these conditions prevail essentially
for x < - 1, corresponding to a distance approximately equal to one channel width. Now,
consider the pressure outside the channel. Inserting expressions (2.1.3) and (2.5.2.1) into
(2.5.4b) yields

Paz (x>0,2) = —i An B ([(1_6)2 +GZZJV”,)I _

2.5.3.7
n=1 Pn ( :

~([(1-6)+26z2]V, |

Which, upon using (2.5.1.2), and integrating and matching with (2.5.3.6) at x =0gives
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p3(x=0,z)= —i An o~nx {[(1—6)2 +Gz2}vn' -[(1—G)+2Gz]vn}. (2.5.3.8)
n=1Fn

Thus, the pressure is available at any point in the core region inside and outside the channel.
Incidentally, these expressions are valid both in the inner and core layers as 83p3(x,z)

turns out to be equal to the composite pressure. In other words, the pressure everywhere is
readily available and is given by p(x,z)= a3p3(x,z)+0(s4). Figure 2.31 displays the

influence of pressure gradient on the pressure distribution at the upper wall for different
values of G. The pressure decreases monotonically with x and essentially becomes zero
after some distance downstream of the channel exit. The figure also suggests that the core
pressure is not affected by the G expect that when the magnitude increases it takes a bit
longer distance to go to zero. The development of pressure in the core layer with different
heights is presented in the figure 2.32. Surprisingly, regardless of the applied pressure
gradient direction, the pressure decreases essentially linearly with distance x both upstream
and downstream of the channel exit. Upon approaching to the channel exit, there is a
sudden change in the slope from a constant value to a zero value. This is possibly the
indication of the singularity, and close to the upper wall, the pressure changes smoothly.
This behavior is reminiscent of a symmetric free jet where it tends to vanish essentially for
any height downstream of the channel exit (refer to figure 3 in Tillett 1968). In fact, the
figure also reflects that the jet contraction does not have any significant effect on the flow

close to the upper wall, i.e. the effect is limited to the lower half of the core layer only.
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Figure 2.31: Influence of pressure gradient on the pressure distribution at the upper wall
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2.6 Composite flow

The composite flow over the entire jet region is obtained by determining the composite
velocity and pressure profile outside the channel. Following Van Dyke (1964), the

composite expansion operator is defined by

C, =E, +Hp —EyHy. (2.6.1)

This expression provides a uniform approximation to order &" over the entire width of the
jet. Given the availability of the treatment in the previous section, it is convenient to first

generate Cgy, and then deduce Couand C,ow . For n=m=3, the composite expansion for

the stream function from (2.)-(2.113), namely,

C3\|l = 82X2/3 |:f2 (9) + G 22C2j|

(1-6)

+g3{xfg(e)+w3(x,z)+%+[(1-e)z+e£]h2}.

(2.6.2)

Even though the value of h, is required if the stream function is to be evaluated to 0(83),

this accuracy is not essential when the flow variables are determined. Differentiating the
resulting stream function yields the desired composite velocity components,

Cou =u=ex3f, (8)+2x?/3 |:f3, (0)+ (12GG) zcz} + 0(83), (2.6.3)
2,,-1/3 !
Cow = Cow(x,2) = —= X3 lzfz(e)—L;cl)}o(é). (2.6.4)

The above expressions dictate how the velocity profile changes over the entire jet width up
to second order in €. In the case of pressure, the non-zero contribution enters only to the

third order, namely,

Cap =£3p3 +o(g4), (2.6.5)
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where p3 is given by the expression (2.5.3.8). The effect of G on the flow field, i.e.

streamwise and transverse velocities and pressure at the different x position between the
free surface and upper moving wall are depicted in the figures 2.33, 2.34 and 2.35,
respectively for € =0.2. The profiles of velocity u in the figure 2.33 reflect that despite the
presence of significant depthwise velocity component (figure 2.34), the flow retains
essentially its Couette-Poiseuille character at the channel exit. Downstream of the channel
exit, there is growing slip on the free surface, which flattens the velocity profile.
Eventually, the flow behavior changes from the fully developed Couette-Poiseuille to a
uniform flow further downstream of the exit, i.e. at large x. The velocity profiles flatten
more in the case of adverse pressure gradient (figure 2.33a) than the favorable case (figure
2.33c). However, the w profiles do not show any significant qualitative dependency on the
G. It diminishes gradually with the distance x after the jump at the channel exit. Figure
2.34 confirms that the vertical flow component is essentially absent except near the free
surface. Note that the flow exhibits the strong presence of both shear and elongation in the
region close to the free surface. The transverse pressure gradient is particularly strong near
the free surface due to sudden jump in the velocity w and shows an intricate variation across
the jet. Given the vanishing of the normal force at the free surface and dominance of shear
over the elongation, pressure tends to decay to zero over a relatively short distance from
the channel exit (see figure 2.35). Note that for G=0 case, i.e. for pure Couette flow the
pressure stays constant (figure 2.35b). In this case, to capture the pressure variation, one

needs to calculate the order O(s"’) disturbances of the core flow.
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Figure 2.33: Composite Streamwise velocity profile over the entire jet region at different
locations for (a) G=0.4, (b) G=0 and (c) G=-0.4 and for ¢ =0.2. Vertical lines represent

the corresponding x location.



82

1 \ )
0.8
1 1
> ~N 0.5 \ N 0.5
0.6 1 :
o
= N 0.5 o) 0.01 0.02 o 0.01 0.02|
* o == w | W
o 0.025 0.05 L’”//
W |
0.2
(a)
o) ; . . |
o) 0.5 1 | s T o +
x (G=0.4)
1 'l . )
0.8 - ]
©-¢7 1 1 i
' =3 0.5 k
e 0.5 \
04|05 . i
o)
o == o 0.01 0.02 o 0-0:1 0.02
© 003 o1 e AeE
0.2 4 ]
) o
(b
o . . . | |
o 0.5 1 1= T v
x (G=0)
1 1 , .
0.8
0.6 ) 1
1
~ 0.5 \ ~N 0.5 K
0.44 N 0.5 o ° I
o 0.02 0.04
o I/———= : ;
o 0.05 0.1 w w3
0.2 - . .
A%
©
(6] . . . . I
(0] 0.5 1 1.5 M o T
x (G=-0.4)
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Figure 2.35: Composite pressure profiles across the jet width for (a) G=0.4, (b) G=0 and

(c) G=-0.4 and for £ =0.2. Vertical lines represent the corresponding x locations.
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2.7 Flow far from the channel exit

In this current section, upon adopting the control volume approach the flow in the far
downstream of the channel exit is examined. In this case, the non-dimensional momentum

conservation equation is expressed in the integral form as,

[(6—uu)-ndi =0, (2.7.1)
C

where, uis the velocity vector and o is the total stress tensor, which is scaled similarly to
the pressure (see section 2.1). Therefore,

o=—pl+g (Vu +Vu! ) (2.7.2)
More explicitly,

3 3 3
Oxx =P+26Wyz,  Oxz =02 =€ (W27 ~Wxx ), Ozz =—P— 26"y, (2.7.3)

Here dl denotes a line element of the closed curve C. The five segments or arcs considered

for the closed curve C are illustrated in figure 2.3: (i) a line x =Xy <0, 0<z <1 upstream,
(i) a segment xo <x <0, z=0 of the lower wall, (iii) a segment 0<X <X, Z= Q(x)
of the lower free streamline or free surface, (iv) aline X =X, §(X,,)<z<1 downstream,

and (v) the segment Xy <X <X, z=1 of the upper wall (see figure 2.3). Here X, is the

(dimensionless) relaxation length in the streamwise direction. Here, only the x component
of equation (2.7.2) is considered. Since there is no traction on the free surface, number (iii)

will not contribute in the analysis. Thus, the equation (2.7.1) reduces to,

I;[p ~2e%y,, +\I!§l(:x0dz —Jfo Sy, (x,0)dx
(2.7.4)
‘E(xw)[p ~26%yg + \vﬂ dz+ j:go ey, (x,1)dx =0.

X=Xeo
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Obviously, the contribution to order 0(83) will be consider only. Now, first consider the

first integral. The flow is fully developed with no inner layer in the far upstream of the
channel exit. In this case, based on (2.5.1.4) and (2.5.3.6), for large xg, the first integral
reads

(1-G)* (1-G)G G2

1 5.3 2:| _ a3 =
jo[p 28"y, T3 szodz_ZS Gxp+0+ 3 + 2 + = (2.7.5)

In addition, the second and fourth integrals are approximated up to 0(83) and this yields
0 3 3
—IXOS V2 (X,0)dx =€ (1-G) o, (2.7.6)

+j &3y, (%,1)dx =% (14 G) (X0 — X )- (2.7.7)

Thus, upon substituting (2.7.5)-(2.7.7) into the equation (2.7.4) yields,

_ 2
:(l G) (1 G)G+G—+g (1+G)xoo. (2.7.8)
X=Xop 3 2 5

E [p_ZEBsz +\vﬂ

At large X = X, the jet reaches uniform speed W and width y and the equation (2.7.8)

reduces to,

(1-G)* (1-G)G @2

2 3
Wy = + +—+¢e”(1+G)X,,. 2.7.9
1= 5 ;e (1+6) (2.7.9)

For an incompressible fluid conservation of mass provides that,

l f—
szjuodz == (1-¢)

0

G
+= 2.7.10
2 3 (27.10)
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Far downstream from the exit, if the jet velocity approaches the upper wall velocity 1, then

the above equations reduce to,

2
X&:i' (2.7.11)
Re 30(1+G)
x=%- (2.7.12)

Equation (2.7.12) suggest that for a free surface moving wall jet flow the final film
thickness is only a function of G, i.e. the applied pressure gradient. Moreover, in the
absence of imposed pressure gradient inside the channel, i.e. for pure Couette flow a film
thickness equal to the half width of the channel gap can be obtained. The thinner film
thickness is possible by adding an adverse pressure gradient, i.e. for positive G cases.
Increasing the magnitude of the favorable pressure gradient, i.e. negative G values will
increase the film thickness. On the other hand, the length at which the jet attains a uniform

width depends on both Reynolds number and G.

2.8 Matching between the inner and core layer

Matching between the inner and core layer at the interface provides the additional boundary
conditions needed for solving different problems in each of the regions. Here, the matching

rule developed by Van Dyke (1694) is adopted, namely,
EnHmy =HmEnw, (28.1)

where m and n are integers. When the expansion is expressed in terms of the core variables,
the core-expansion operator E, truncates immediately after the term of order e". The

corresponding inner expansion operator is denoted by H,. For successful application of

the above matching rule, it is required that the stretching transformation between the inner
and core variables must be expressed in the canonical form y = €n. The core expansion in

this case, must be written in terms of y, not z; otherwise, (2.8.1) can be satisfied only

approximately. The two expressions in (2.8.1) must be exactly same, for all the values of
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m and n. Depending on the values of m and n, different levels of matching are needed
to obtain the boundary conditions for the inner and core solutions and also to determine the

free surface height/displacement to each order in «.

First, consider the matching to O(e). Recall that, to leading order, the stream function in

Z2 3

the core region is, y = (1—G)7+ G % , Which is expressed in terms of y and h as

2 3
v :(1—G)(y+8h) e (y+§h) (2.8.2)
For m=2 and n=0, applying Egon (2.8.2) gives
2 3
Eqy =(1—G)y?+c;y? (2.8.3)

As this expression must be in inner variables when the operator H, is applied, it is rewritten

in the following form:

2 2 3.3

Eqy=(1-G)=2-+c = (2.8.4)
2 3
Hence,
2.2 2
HaEqy = (1-G) ] =(1—G)y?. (2.8.5)

To leading order, the inner expansion for the stream function is obtained from (2.3.1.3) as

v = &2, . Consequently, from (2.3.7), (2.3.1.3) and (2.3.1.6), at large 0, Ho is obtained
in terms of outer variable as
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Hyy = 622 = ;26213 , _ (223 {(l—G) (9+201)2}
2.8.6
(ni_m + 01)2 &89

_ 825';2/3 (1—G)

2
Thus, E0H2\|/=82‘PZ=(1—G)y?, which when matched with (2.8.5), leads to

2
¥, ~ (1—6)% for large n. This is the condition (2.3.1.2b) or, equivalently (2.3.1.5b).

Similarly, taking m=3 and n=0, leads to

y. oY
EOH3\jl= EO (SZTZ +83\P3). (288)

Which upon matching leads to, W5 ~ 2n3 for large . This is the condition (2.3.2.2b) or,
equivalently (2.3.2.5b). Next, to determine hy and boundary condition for \yl(x,z),
consider the application of (2.8.1) for m=2 and n=1. Applying E;on (2.8.1),

2 3
Eqy = (1—G)y7+Gy?+(1—G)y8ho +Gy?ehg +eyy (X, y+ehp) (2.8.9)

Expanding about y,

(aho)2

v1(X,y+ehg) = y1(X,y) +ehgyy (X, y) + Yayy (X, y) +---. (2.8.10)

Expanding the term on the right hand side about y=0,

2
w1 (X,y +ehg) =Wl(xio)+)"|/1y(X'O)+y7‘4’1yy(x’0)+"'

2.8.11
o (2.8.11)

+8h0\|]1y(X,0)+ \Vlyy(X,O)-l-"'.

In this case, (2.8.9) leads to
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2 3
Epy =(1-G) L+ G L +(1-G)yehy + Gy%eh,
2 3 , (2.8.12)
(Sho)

+eyy (X, 0)+eyyyy (x,0)+ ezhowly (x,0)+ Yayy (X, 0).

The terms surviving to 0(82) are identified by expressing Eqy in terms of inner variable,
n= Y 1o yield,
€

2
HoEqy = (1—G)y?+(1—G)yah0 +ey1(%,0)+eyyay (x,0)+e2hgyay (x,0).  (2.8.13)

On the other hand, applying E;in (2.8.6), leads to

2
ErHoy = (1—G)y?+(1—G)ayx1/3c1. (2.8.14)

Matching (2.8.13) and (2.8.14) leads to wl(x,O):O.This homogeneous boundary

condition results in y; (X,y)=0. The remaining terms yields the result hg = cix/3. The

vanishing of yy(x,z) means that, to the order &, there is no interaction between the

boundary layer and the core flow.

In this case, the free surface height is given by,
£(x)=eey(c)xM2+0(&?). (2.8.15)

Applying m=2 and n=2 in (2.8.1), leads to

y2 82h 2
HoEoy =(1-G) - +(1-G)yeho +(1-G) 20 +2y,(x,0), (2.8.16)

y2 U3 82)(2/3(:2
E2H2W=(1—G)7+(1—G)syx c1+(1—G)Tl. (2.8.17)
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Again, matching (2.8.16) and (2.8.17) yields to w,(x,0)=0, concluding that
v (x,2) =0everywhere which reflects the absence of interaction between the boundary

layer and the core flow up to order e

Finally, to obtain h;and w3(x,0) equation (2.8.1) is applied for m=n=3. Noting that

2
~1/3

(Tli +01)

Hay =2, + &35 =263 (1-6) A ———

(2.8.18)
G _ 3 6 _
+83§[§{(n§ 1/3+c1) —E}+c2 (na 1/3+cl)}.
Thus,
y° G
E3H3\|/:(1—G)?+—y3+sx1/3yc1[(1—G)+Gy]
(2.8.19)
1-G)c 6G
+e2x%/3 {(T) +Gyc? + czy} +e5X {czcl +3 (Gcl —Rﬂ
By applying (2.8.1), it is not difficult to show that
Eau = 2v3 2 2 2
3y =2y° —(3+c)y —a(h0+ah1+a hz)[2(3+c)—6y }
(2.8.20)
_¢? [(3+c—6y)(hg+zshohl)}é[wg(x,o)+2h8}.
Which leads to
Y oY
H3E3\|/:(1—G)?+G?+ay(1—G+Gy)ho
(2.8.21)

ve H%JrGy}h (1—G)yh1}+s3{(1—G)h0h1+w3(x,0)+6g}.
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Matching (2.8.20) and (2.8.21), and recallinghg = x1/3c1, the correction of the free surface

height to the next order is obtained, namely,

C
hy =—2 _x2/3, 2.8.22
1 (1—G)X ( )

In addition, one has,

2G
\IIg(X,O):—EX. (2823)

Condition (2.8.23) yields the third boundary condition in (2.5.5b). Consequently, for the
first time, a non-trivial core problem is attained.

The height of the free surface to next order is given by,

£(x)=ecx3 422 (1?6) X213, (2.8.24)

where ¢, and c, are the functions of G and are readily available from the figures 2.6 and

2.9, respectively.
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Chapter 3

3  Summary and concluding remarks

The laminar two-dimensional jet flow of a Newtonian fluid exiting into the stagnant
atmosphere is investigated in the current thesis. Especially, the flow near the channel exit
is examined at moderate Reynolds number with the pressure gradient (adverse/favorable)
applied far upstream of the channel exit. The problem is of direct relevance to two high-
speed coating processes, namely, the slot coating and the blade coating. The method of
matched asymptotic expansion is adopted to treat the problem. The interplay between the
inertia and the pressure gradient on the free surface shape and the profiles of velocity and
stress are emphasized. Sufficiently large inertia is assumed for allowing the asymptotic
development of the flow in terms of the inverse Reynolds number. In this case, by
expanding the flow field about the base Couette-Poiseuille flow, the equations of motion
are simplified. At the channel exit, a stress singularity occurs where the boundary condition
changes from no-slip at the lower wall to slip at the free surface. As a result, the entire flow
domain comprises of four different regions: inner, core, lower wall, and upper wall layers.
A classical boundary layer analysis is applied to determine the flow behavior in the free
surface or inner layer as well as in the lower wall layer. Note that the upper wall layer is
not treated in the present study. The boundary or inner layer forms near the free surface
due to the presence of the stress singularity at the channel exit whereas the failure of

satisfying the wall adherence of the core flow causes the two wall layers to form.

The boundary layer structure near the free surface and lower wall are investigated in details.
Two similarity solutions are obtained in the two regions, which allow to avoid dealing with
the singularity explicitly at the singular point, i.e. at x=0. In this case, matching between
the inner layer and lower wall layer is not required due to the similarity nature of the
solutions. This constitutes a major advantage of the current formulation over the numerical
counterpart where the whole domain discretization is an essential requirement. The shape
of the free surface is acquired by matching inner layer flow with the core flow outside the
cannel exit. It is found that the free surface always contracts near the channel exit regardless
of the level of inertia and direction of the applied pressure gradient. Depending on the

direction of the pressure gradient, upon approaching the channel exit, the fluid exhibits an
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increase (favorable case) or decrease (adverse case) in shearing at the lower wall with the
inertia. In the case of pressure along the lower wall, it remains close to the Couette-
Poiseuille level inside the channel and takes a negative or positive dip at the channel exit.
These behaviors are reminiscent of the results found by Mitsoulis (2010), and lilipoulos
and Scriven (2005) for the blade coating flow numerically. While the film thickness gets
thinner with the increasing level of adverse pressure gradient, it becomes thicker with the
increase of the favorable pressure gradient. However, the film thickness increases with the
inertia and reaches to an asymptotic value at higher inertia, i.e. larger Reynolds number.
This trend also aggresses qualitatively with the previous studies conducted on the slot and
the blade coating flows (refer to figure 10 of Ilipoulos and Scriven 2005, figure 11 of Lin
et al. 2010, and figure 5 of Chin et al. 2010).

The present analysis provides an accurate estimate of the flow behaviors close to the
channel exit, which are necessary to determine the flow far downstream of the channel exit.
When the jet achieves a thin uniform profile further downstream, any thin layer
approximation such as boundary layer or lubrication theory can be used to obtain the flow
characteristics with currently predicted flow conditions. Note that similar to the thin film
analysis, current formulation is not valid very close to the exit, i.e. at the point of inception.
The analytical form of the steady-state flow obtained from the current analysis can be

utilized to carry out a linear stability analysis.

3.1 Future work

Although the current thesis focuses only on the steady state flow of a free surface moving
wall jet encountered in the slot and the blade coating processes, the followings can be done

as an expansion work:

a) Calculation of the flow behavior in the boundary layer along the upper (moving)
wall.

b) Incorporation of the non-Newtonian effects using polymeric solution instead of
Newtonian fluid.

c) Consideration of the surface tension and gravity effects in the formulation, which

have been neglected in the present study.
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d) The heat transfer effect is not studied in the current thesis, which can be
incorporated in the future.
e) Currently, only single layer of flow is considered. This can be extended by taking

two layers of flow into consideration.
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