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Abstract

The focus of this work is a family of maps from the space of n X n symmetric matrices, S”,
into the space S ® for any k = 1,...,n, invariant under the conjugate action of the orthogonal
group O". This family, called generated k-isotropic functions, generalizes known types of
maps with similar invariance property, such as the spectral, primary matrix, isotropic functions,
multiplicative compound, and additive compound matrices on S".

The notion of operator monotonicity dates back to a work by Lowner in 1934. A map
F : 8" — §™is called operator monotone, if A > B implies F(A) > F(B). (Here, ‘>’ denotes
the semidefinite partial order in §”.) Often, the function F is defined in terms of an underlying
simpler function f. Of main interest is to find the properties of f that characterize operator
monotonicity of F. In that case, it is said that f is also operator monotone. Classical exam-
ples are the Lowner’s operators and the spectral (scalar-valued isotropic) functions. Operator
monotonicity for these two classes of functions is characterized in seemingly very different
ways.

The work in Chapter 1 extends the notion of operator monotonicity to symmetric functions
f on k arguments. The latter is used to define (generated) k-isotropic functions F : S" — S ()
for any n > k. Necessary and sufficient conditions are given for f to characterize an operator
monotone k-isotropic map F. Then, in Chapter 2, we give necessary and sufficient conditions
for the analyticity of (generated) k-isotropic functions.

When k = 1, the k-isotropic map becomes a Lowner’s operator and when k = n it becomes
a spectral functions. This allows us to reconcile and explain the differences between the con-
ditions for monotonicity and analyticity for the Lowner’s operators and the spectral functions.

We say that a function F : S” — S™ is k-tensor isotropic, if it satisfies

F(UAU") = (UK F(A)(U®Y

for all U € O" and all A in the domain of F. Here, ‘®k’ denotes the k-th tensor power. The



goal of Chapter 3 is to investigate the internal structure of the k-tensor isotropic functions and
formulate a canonical representation of F in terms of simpler functions on R". We achieve this
goal in the case when k = 2 for any natural n. In the process, we characterize the structure of
the matrices in the centralizer of certain orthogonal subgroups of O™

An orthogonally invariant class of operator functions, F# is studied in Chapter 4. Then,
we connect F# to (generated) k-isotropic functions, when it is restricted to block diagonal

matrices. This connection allows us to establish various smoothness properties of F*.

Keywords: Spectral function, primary matrix function, Lowner’s operator, isotropic func-
tion, k-isotropic function, symmetric function, analyticity, multiplicative compound matrix,
additive compound matrix, tensor product, anti-symmetric tensor product, operator monotone
function, Pick function, Bernstein function, positive map, k-tensor isotropic function, central-

izer, orthogonal group, differentiability, orthogonally invariant function
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Chapter 1

Introduction

Let N, :={1,...,n}. Denote by R™" the space of all n X n real matrices and denote by S” the
space of all nxXn symmetric matrices with inner product (A, B) := Tr (AB). Let O" be the group
of nxn orthogonal matrices. Denote by RZ the convex cone in R" consisting of all vectors with
coordinates non-increasingly ordered. For any A € §", let A(A) € RZ be the vector of ordered
eigenvalues of A. Denote by Diag x the n X n matrix with x € R"” on the main diagonal. Denote
by P" the collection of all n X n permutation matrices.

For any A € S", we use the notation A > 0, whenever A is positive semidefinite. Denote
by S’} the closed convex cone consisting of all positive semidefinite matrices in S”. The cone
S’ defines a partial order on S” in the following way. For any A, B € §", we use the notation

A > B, whenever A — B > 0.

Definition 1.0.1 A map F : S" — S™ is called operator monotone, if
A > B implies F(A) > F(B)

for any A and B in the domain of F.
A characterization of operator monotonicity is as follows.

Proposition 1.0.2 Let F : S" — S™ be a C' map defined on a convex domain with non-empty
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interior. Then, F is operator monotone, if and only if VF(A)[H] = 0 for all H € S’} and all A

in the domain of F'.

The focus of this thesis is to show the operator monotonicity and analyticity of a class of
orthogonally invariant matrix-valued functions and study the connection to other types of or-
thogonally invariant matrix-valued functions. This class of functions captures three previously
investigated classes of orthogonally invariant matrix-valued functions. We start with the three

special cases.

Definition 1.0.3 A real-valued function F : S" — R is called a spectral function, if

F(UAU") = F(A)

holds for all U € O" and all A € S™ in the domain of F.

Spectral functions are also known as scalar-valued isotropic functions. They have been
extensively studied and applied in various areas, for example, engineering, see [25], material
science, see [21], and optimization and variational analysis, see [14].

We say that a function f : R" — R is symmetric, if f(Px) = f(x) holds for any x € R" and
any permutation matrix P € P". The representation theorem of spectral functions is as follows

and can be found in [6] and [22].

Theorem 1.0.4 A real-valued function F : S" — R is a spectral function, if and only if there

exists a unique symmetric function f : R" — R such that F(A) = (f o 1)(A) forall A € S".

Properties of a spectral function and its corresponding symmetric function f are closely
connected. For example, a spectral function F is differentiable at A, if and only if f is differen-
tiable at A(A). The evolution of research in this area can be found in [13], [15], [19], [20], and
[23]. The analyticity of spectral functions has been proven in [24]: F is is analytic at A, if and

only if f is analytic at A(A).



Examples of operator monotone spectral functions are shown as follow: detA, —det A™!
for A > 0, and Tr A. The next theorem shows the characterization of operator monotonicity of

spectral functions.

Theorem 1.0.5 Let f : R" — R be symmetric function with corresponding spectral function
F : S" — R. Then, F is operator monotone, if and only if f is non-decreasing in each

argument.

We now introduce another class of orthogonally invariant functions.

Definition 1.0.6 A function F : S" — S" is called a primary matrix function, if there exists a

function f : R — R such that

F(A) = U(Diag (f(Ai(A)), . .., f(A, (AU, (1.1)

where U € O" is such that A = U(Diag A(A))U".

Primary matrix functions are also known as Lowner’s operator functions. One can see that
primary matrix functions are well-defined, since the right-hand side of (1.1) does not depend
on the choice of the diagonalizing matrix U of A.

Several properties, for example, derivatives, operator monotonicity, and operator convex-
ity of primary matrix functions are studied and are characterized in terms of the underlying
function f, see for example [4, Chapter V] and [10, Chapter 6].

The primary matrix function F is a continuously differentiable at A, if and only if f : R - R
is continuously differentiable at each A;(A) for i € N,,, see [4, Theorem V.3.3]. The differential
of F is expressed by the first divided differences of f, see [4, Theorem V.3.3]. For any x € R"

in the domain of f, define the n X n divided difference matrix

fx) i x = x,
PR =3 fo) - fO) (1.2)
— ifx; # xj,
Xi — )Cj
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for i, j € N,,. Then, we have
VF(A)[H] = U(fM(A(A)) o (UTHU)UT

for any A in the domain of F and U € O" such that A = U(Diag A(A))U". Here, ‘o’ denotes the
Hadamard product between two matrices.

If f is analytic, then (1.1) becomes

F(A) = 55 f@) - A dz,
I

where I' is a Jordan curve in the complex plane enclosing the eigenvalues of A. Thus, the

primary matrix function F is analytic, if and only if f is analytic, see [12, Chapter 7].

Definition 1.0.7 A function f : R — R is called operator monotone of order n, if the corre-
sponding primary matrix function F : S™ — S8" is operator monotone. A function f : R - R
is called operator monotone, if the corresponding primary matrix function F : S" — S" is

operator monotone for all n.

The following examples are collected in [4, Chapter V]. The functions x” for x > 0 and
r € [0,1], —=1/x for x > 0, and x/(1 + x) for x > 0 are operator monotone. See [7] for more

examples. Operator monotonicity of order n is characterized as follows.

Theorem 1.0.8 Let I be an interval in R. A continuously differentiable function f : I — R
is operator monotone of order n, if and only if f1(x) given by (1.2) is a positive semidefinite

matrix for every x € R" with coordinates in I.

Note that in Theorem 1.0.8, the matrix dimension n was implicitly fixed. An operator
monotone function f defined on an interval / can be characterized by a Pick function, see [4,

Theorem V.4.7] and Nevanlinna’s theorem [4, Theorem V.4.11].



Theorem 1.0.9 A function f : I — R is an operator monotone function, if and only if

f(x)=a+bx+f+oo( ! 4 )dll(/l),

o A= x  22+1

for some a € R,b > 0, and u a positive Borel measure on R with zero mass on I, such that

—+00 1

In [18, Chapter 6], the connection between operator monotone functions and complete
Bernstein functions is explained. That is, a function f : (0, o) — [0, 00) is operator monotone,
if and only if it is a complete Bernstein function.

The class of primary matrix functions is a special case of the following class of functions.

Definition 1.0.10 A function F : S" — S" is called a tensor-valued isotropic function, if
F(UAU") = UF(A)U",

forallU € O" and all A € S™ in the domain of F.

An example of tensor-valued isotropic functions found in [21] is the Piola-Kirchhoff stress
function in an isotropic solid.

We say a function f : R" — R" is symmetric, if f(Px) = Pf(x) holds for any x € R"
and any permutation matrix P € P". The following representation theorem for tensor-valued

isotropic functions can be found in [21] and [22].

Theorem 1.0.11 A function F : S — S" is a tensor-valued isotropic function, if and only if

there exists a symmetric function f : R" — R" such that
F(A) = U(Diag f(A(AN)U",

where U € O" is such that A = U(Diag A1(A))U".
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Note that if f : R" — R”" is such that f(x) = (g(xy),...,g(x,)) for some g : R — R, then the
tensor-valued isotropic function becomes primary matrix function (1.1).

We now introduce the class of functions that capture the spectral, the primary matrix func-
tions, and tensor-valued isotropic functions.

Let N, ; be the set of all subsets of N,, of size k € N,, with elements ordered non-decreasingly.
Order the elements in N, ; lexicographically so that we use them to index the coordinates of
vectors in R() and the entries of matrices in R(*(). For any X € R and any p € N, 4, denote
by x, the p-th element in vector x. For any A € R(O*() and any p, T € N,4, denote by A, the
element in the p-th row and 7-th column of A.

Then, for any A € R™" and any p, 7 € N,,, denote by A, the k X k minor of A with indexes
in the intersection of p;-th, ..., pr-th rows and 7;-th , ..., 74-th columns.

For A € R™" the k-th multiplicative compound matrix of A, AV € RW*Q) is defined by
(AY), . := det(A,,) forany p,7 € N,;.
Definition 1.0.12 A function F : S" — S () is called k-isotropic, if
F(UAU) = UV F(AYU®)'

forallU € O" and A € S™ in the domain of F.

Definition 1.0.13 A functionf : R" — R®) is called symmetric, if the equation
Diag f(Px) = P®(Diag f(x))(P®)

holds for all x € R" and all permutation matrices P € P".

The representation theorem of k-isotropic functions in [16] is shown as follows.



Theorem 1.0.14 A function F : §" — s is k-isotropic, if and only if there is a unique

symmetric function f : R" — R such that
F(A) = UM (Diag f(A(A))(UY), (1.3)

forall A € S" and U € O" such that A = U(Diag A(A))U".

For any x € R" and any p € N, 4, let
X, = (X, .05 X,,) € RE,
Any symmetric function f : R¥ — R defines a symmetric function f : R* — R®), see [16], by
f,(x) := f(x,) forall x € R" and all p € N,;.

In this case, (1.3) is called a (generated) k-isotropic function.

A (generated) k-isotropic function becomes a spectral function, if we take k = n. In that
case, we have U® = det(U) = =1, since U is orthogonal and the set N,,,, contains only one
element {1, 2, ...,n}. Thus,

F(A) = f(4(A), ..., 4,(A)).

A (generated) k-isotropic function becomes a primary matrix function, if we take k = 1. In

that case, we have UV = U and the set N,,; contains n elements {1},.. ., {n}. Thus,

F(A) = U(Diag (f(1(A)), ..., f(A,(AN))UT.

A k-isotropic function becomes a tensor-valued isotropic function, if we take k = 1. Similar
to the case of primary matrix functions, we have U = U and the set N,,; contains n elements
{1}, ..., {n}. Thus,

F(A) = U(Diag f(A(A)))U".
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Some other examples are shown as follows. If we take f(xy,...,xx) = x; +--- + x, a
(generated) k-isotropic function becomes the k-th additive compound matrix, see [11, page
19]. If we take f(xy,...,x;) := xy--- Xy, a (generated) k-isotropic function becomes the k-th
multiplicative compound matrix, see [17].

The main result shown as follows generalizes the results in [3], [20], and [23], when k = n,

and generalizes the result in [5], when k = 1, see [16].

Theorem 1.0.15 Suppose f : R" — R js symmetricand F : §" — S () is its corresponding

k-isotropic function. Then, F is C" if and only if f is C" foranyr =1,...,co.

The technique in [16] cannot show the analyticity of k-isotropic functions. Thus, a different
technique is used in Chapter 2. We lift a (generated) k-isotropic function to a map from S” to
s By proving the analyticity of such lifted map, we obtain that a (generated) k-isotropic
function is analytic at A, if and only if the underlying symmetric function f : R¥* — R is
analytic at A(A).

The main goal in Chapter 3 is to characterize operator monotonicity of the (generated) k-
isotropic functions in terms of the underlying symmetric function f : R* — R. The main result
is shown as follows. Let I* := I x --- x I for k times. A symmetric, C' function f : I*¥ — R is
operator monotone (of order n), if and only if the function f(-, X) is operator monotone on / (of
order n — k + 1) for all x € R,

This result explains the apparent difference between Theorem 1.0.8 and Theorem 1.0.5, if
we increase k from 1 to n.

The class of orthogonally invariant functions studied in works [1], [2], [8], [9], and [26]
generalizes primary matrix functions to a class of functions on several operator arguments.

We now give the construction. For any fixed ny, . . ., ng, k-tuples in N, X- - -XN,, are ordered
lexicographically. Any function f : R¥ — R defines an operator map F¥ : $™ x --- x §" —

§™ T by

FH(AL, ... A = (&, U)(Diag, f(A,(A), ..., 4, (AN U (1.4)



forl = (ly,...,Iy) € N, x---xN,,, where U; € O" are such that A; = U;(Diag A(A,))U;" for
i € N;. Here, Diag;, denotes a diagonal matrix with the values f(4;(A)),..., 4, (A)) on the
main diagonal ordered lexicographically. Function (1.4) is well-defined, since the right-hand
side of the function does not depend on the choice of the diagonalizing matrices U; for i € N;.
One can see that the map (1.4) becomes a primary matrix function (1.1), when k = 1.

The map defined by (1.4) is orthogonally invariant, that is,
FIUAUL, ... . UAUD = @@L UDF AL A)®L, U (L5)

forany U; € O",i € N;.

We want a representation theorem of functions F# : §™ x .-+ x §" — §™"" that satisfy
(1.5) in the same pattern as we have for Theorems 1.0.11 and 1.0.14. In Chapter 4, we work
under a particular case, whenn; = --- =n, =t nand Ay = --- = Ay =: A € §" to formulate a

representation theorem for maps F : " — S, called k-tensor isotropic functions, satisfying
F(UAU") = (&, U)F(A)(®_,U)

for all U € O" and all A in the domain of F. We solve the problem fully in the case of k = 2.
In Chapter 5, we study the connection between the class of (generated) k-isotropic func-

tions and (1.4), when the underlying function is symmetric. It allows us to characterize the

differentiability of (1.4) by applying Theorem 1.0.15. Characterization of the analyticity of F#

in terms of f is obtained, where f is not necessarily symmetric.
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Chapter 2

A unified approach to operator monotone

functions

2.1 Introduction

2.1.1 Connecting operator monotone and spectral functions

Denote by R™" the space of all n X n real matrices. Denote by S" c R™" the Euclidean
space of symmetric matrices with (A, B) := Tr(AB) and Frobenius norm ||A|| := +/Tr (AA).
Let O" be the group of n X n orthogonal matrices. Denote by RY the convex cone in R" of
all vectors with non-increasing coordinates. For any x,y € R", we write that x > y when
x; >y foralli =1,...,n. Forany A € §", let A(A) € R be the vector of eigenvalues of A,
ordered non-increasingly: that is, 4;(A) is the i-th largest eigenvalue. For any vector x € R", let
Diag x € S” be the matrix with x on the main diagonal and zeros elsewhere. For any A € R™",
let diag A € R" be the diagonal of A.

For A € §", we write A > 0 when A is positive semidefinite matrix. The set of all positive
semidefinite matrices in S” is a closed convex cone, denoted by S’. This cone defines a partial

order on §” as follows. For any A, B € §", we write A > B, whenever A — B > 0. The focus of

this work is the monotonicity of functions with respect to this partial order.

13
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Definition 2.1.1 A map F : S" — S™ is called operator monotone, if
A > Bimplies F(A) > F(B)

for any A and B in the domain of F.
A characterization of operator monotonicity is easy to obtain as we now recall.

Proposition 2.1.2 Let F : S" — S™ be a C' map defined on a convex domain with non-empty
interior. Then, F is operator monotone, if and only if VF(A)[H] > 0 for all H € S'} and all A

in the domain of F'.

Proof Suppose that F is operator monotone. Let A € S” be in the interior of the domain of F
and let H € S’}. Then, we have F(A + tH) — F(A) > 0 for all small enough positive . This
implies that VF(A)[H] is positive semidefinite. (Taking limit, the conclusion holds for all A in
the domain of F.)

For the other direction, suppose that VF(A)[H] > O for all H € S} and all A in the domain
of F. Forany A, B € §" with B > A, let A(¢) := (1 — t)A + tB for t € [0, 1]. Then, one can see

that
1
F(B)-F(A) = f VFA)[A' ()] dt = 0,
0

since A’(t) = B—A > 0forallz € [0, 1].

Often, a function F on a domain of S”, is defined in terms of an underlying simpler function
f- In that case, of main interest is to find what properties of f characterize operator monotonic-
ity of F. Classical examples are the primary matrix functions and the spectral functions that

we now describe.

Definition 2.1.3 A real-valued function F : S" — R is called a spectral function, if

F(UAU") = F(A)
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holds for all U € O" and all A in the domain of F.

Spectral functions are also known as scalar-valued isotropic functions. They have nu-
merous applications in the fields of optimization, engineering, and material science, see for
example [13], [23], and [27].

The following representation theorem of spectral functions is easy to deduce, see [5] or
[24]. A function f : R" — R is symmetric, if f(Px) = f(x) holds for any n X n permutation

matrix P and any x € R” in the domain of f.

Theorem 2.1.4 A real-valued function F : S" — R is a spectral function, if and only if there
exists a unique symmetric function f : R" — R such that F(A) = (f o A)(A) for all A in the

domain of F.

The spectral functions are in one-to-one correspondence with the symmetric functions. Ef-
forts have been focused on identifying the properties of the spectral functions that are inherited
from the corresponding symmetric functions. For example, F' is convex, if and only if the cor-
responding symmetric function f is, see [3]. Even though the eigenvalue map 4 : §" — R" is
not differentiable everywhere, F is differentiable at A, if and only if f is differentiable at A(A),
see [12], [14], [21], [22], and [25]. Further, in [26], the authors show that F is analytic at A if
and only if f is analytic at A(A). The list of such transferable properties is quite long, but not
every property of f is inherited directly by F, for example Gateaux differentiability, see [12,
page 587].

Examples of operator monotone spectral functions include detA; —detA~! for A > 0; and
Tr A. It is easy to see when a spectral function is operator monotone as the next result shows.

Its proof is easy and well-known, we include it for completeness.

Theorem 2.1.5 Let f : R" — R be symmetric function with corresponding spectral function
F : S" — R. Then, F is operator monotone, if and only if f is non-decreasing in each

argument.
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Proof Suppose that F is operator monotone. For any x,y € R” with x > y, we have f(x) =
F(Diag x) > F(Diagy) = f(y).

For the other direction, suppose that the symmetric function f is non-decreasing in each
argument. For any A, B € §" with A > B, by Weyl’s monotonicity theorem, see [2, Corollary

II1.2.3], we have A(A) > A(B). In that case, F(A) = f(1(A)) > f(A(B)) = F(B).

We proceed with describing the primary matrix functions.

Definition 2.1.6 A function F : S" — S" is called a primary matrix function, if there exists a

function f : R — R such that

F(A) = U(Diag (f(1(A)), ..., f(,(A)N)U",

where U € O" is such that A = U(Diag A(A))U".

Primary matrix functions are also known as Lowner’s operator functions. It is easy to see
that they are well-defined, meaning that the value of F'(A) does not depend on the choice of the
orthogonal matrix U diagonalizing A.

Characterizing when a primary matrix function F is operator monotone in terms of its cor-
responding function f has been the topic of extensive research in the past. One can specialize
Proposition 2.1.2 and for that we need a description of the differential of F. It is known that
F is a a continuously differentiable at A, if and only if f : R — R is such at each 4;(A) for
i =1,...,n, see [2, Theorem V.3.3]. The differential of F is described in terms of the first
divided differences of f as follows. For any x € R”, such that all xy, ..., x,, are in the domain

of f, define the n X n divided difference matrix

() if X = x),
U= fa) - foxp 2.1)
— ifx; # xj,
Xi — .Xj
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fori, j=1,...,n. Then, see for example [2, Theorem V.3.3], we have

VFA)[H] = U(f"(AA)) o (UTHU)U"

for any A in the domain of F and U € O" such that A = U(Diag A(A))U". Here, ‘o’ denotes the

Hadamard product between two matrices.

Definition 2.1.7 A function f : R — R is called operator monotone of order n, if the corre-
sponding primary matrix function F : S" — S" is operator monotone. A function f : R - R
is called operator monotone, if the corresponding primary matrix function F : S" — S" is

operator monotone for all n.

For example, x”, for x > 0 is operator monotone for r € [0, 1]; as well as —1/x for x > 0
and x/(1 + x) for x > 0 see for example [2, Chapter V]. See [6], among other places, for more

examples. Operator monotone functions of order n are characterized as follows.

Theorem 2.1.8 Let I be an interval in R. A continuously differentiable function f : I — R is
operator monotone of order n, if and only if f''(x) is a positive semidefinite matrix for every

x € R" with coordinates in I.

Operator monotone function f defined on an interval I can be characterized by Pick func-
tions that take real values on I, see [2, Theorem V.4.7] and Nevanlinna’s theorem [2, Theorem

V4.11].

Theorem 2.1.9 Let I be an interval in R. A function f : I — R is an operator monotone

function, if and only if

f(x) = a+bx+ f w( ! A ) du(a), (2.2)

o A= x  2+1

for some a € R,b > 0, and u a positive Borel measure on R with zero mass on I, such that

f L du(Q) < oo. (2.3)

o AZ+1
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There is a connection between operator monotone functions and complete Bernstein func-
tions, as explained in [20, Chapter 6]. The class of complete Bernstein functions is equal to
the class of non-negative Pick functions on (0, o). Hence, f : (0,00) — [0, o) is operator
monotone, if and only if it is a complete Bernstein function.

We now introduce the class of functions that unite the spectral and the primary matrix
functions. They will explain the apparent different nature of Theorems 2.1.5 and 2.1.8. That is
one of the main goals of this work.

Let f : R* - R be symmetric and f : R" - R() be defined by

£,(x) = f(xp,,. .., %)

forall x e R" and all p := (py, ..., o) that satisfy 1 < p; < --- < px < n. For any n X n matrix
U, denote by U™ its k-th multiplicative compound matrix, where 1 < k < n. Section 2.2 gives
the precise definition and properties, but at the moment recall that U® is a (") X (") matrix that

k k

is orthogonal, if U is.

Definition 2.1.10 A function F : S" — S () is called ( generated) k-isotropic, if
F(A) := UP(Diag f(AA))(U®), (2.4)

where U € O" is such that A = U(Diag A(A))U".

It can be shown that the right-hand side of (2.4) does not depend on the choice of the
diagonalizing matrix U, see [1] or [17]. The (generated) k-isotropic functions form a “bridge”
between the spectral and the primary matrix functions. Indeed, when k = n, one has U™ =
det(U) = £1 and N,,,, := {{1, ..., n}}, thus (2.4) becomes a spectral function. When k = 1, one
has UV = U and N, :={{1},...,{n}}, thus (2.4) becomes a primary matrix function.

A natural extension of Definition 2.1.7 is the following.
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Definition 2.1.11 A symmetric function f : R¥ — R is called operator monotone of order n,
if the corresponding (generated) k-isotropic function F : S" — S ® is operator monotone. A
symmetric function f : R¥ — R is called operator monotone, if the corresponding (generated)

k-isotropic function F : S" — S ® is operator monotone for every n > k.

A main goal of this work is to characterize operator monotonicity of the (generated) k-
isotropic functions in terms of the corresponding symmetric function f : R — R. This is
achieved in Corollary 2.3.5. The comments after it describe how Theorem 2.1.8 connects to
Theorem 2.1.5 as k increases from 1 to n. Another connection between these theorems is the

second main result in this work. Its proof is at the end of Section 2.3.

Theorem 2.1.12 Let I be an interval in R and I* := I X --- X I, k times.
A symmetric, C' function f : I* — R is operator monotone (of order n), if and only if the

function f(-, X) is operator monotone on I (of order n — k + 1) for all x € R¥!,

The (generated) k-isotropic functions are maps on a single matrix argument. But since one
can vary n freely, as long as n > k, one can obtain a function on several symmetric matrix

arguments, simply by

F(Ay,...,A,) = F(Diag (Ay,...,An)),

where A; € S" foralli=1,...,mwithn=n;+---+n,,

2.2 Main definition and notation

Denote by

the set of the first n natural numbers and denote by NN, the set of all subsets of N,, of size k with

elements ordered increasingly, where k = 1,...,n. The elements of the set N, ; are ordered
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lexicographically. For any x € RO, x,, denotes the p-th element in x, where p € N, ;. For any
A € R(Z)X(Z), A, ; denotes the element in the p-th row and 7-th column, where p, T € N, ;. For
any x € R" and any p € N,, define x, := (x,,,...,X,,) € Rk, Finally, for any A € R and
any p, T € N, 4, denote by A,; the k X k minor of A with elements at the intersections of rows
P1,-..,pPr and columns 7,..., 7.

For any A € R™", the k-th multiplicative compound matrix of A, denoted A® € RO, is

defined by
(AP),, = det(A,), for any p, T € Ny

The following properties of the k-th multiplicative compound are well-known, see for ex-
ample [4]:

AW pBH — (AB)(k) and (A(k))T — (AT)(k)’

for any matrices A, B € R, and if A is invertible,
A9 = @a™)®.

Denote by {e', ..., e"} the standard orthonormal basis in R” and by {e° : p € N,,;} the stan-
dard orthonormal basis in R(®). For any permutation o : N, — N, there exists a permutation

matrix P such that

Px = (XO'(I)’ ey xa'(n))T

for all x € R" or equivalently Pe”® = ¢’ for alli = 1,...,n. Every permutation o : N, — N,

defines a permutation c® on N,,; by

O'(k)(p) := the increasing rearrangement of {o(0), ..., 0 (or)} (2.5
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for all p € N,,;. The corresponding permutation matrix P of o® is defined by
Pe” ) .= ¢ for all p € N, .

Let €,, be +1, if the permutation ordering (o(p1), ..., 0 (px)) increasingly is even and be

—1, if it is odd. The relationship between P%® and P can be shown to be:

PpLere) = e(ere"(k)“").

Any symmetric function f : R¥ — R defines a function f : R" — R by
f,(x) := f(x,) forall x € R" and all p € N,;. (2.6)
Such f is symmetric, in the sense that
f(Px) = Pf(x)

for all x € R" and all n X n permutation matrices P, see [1].

Definition 2.2.1 A function F : S" — S () is called ( generated) k-isotropic, if
F(A) := U®(Diag f(AA))UY)', (2.7)

where U € O" is such that A = U(Diag A(A))U"; and we say F is generated by f.

For example, when k = n, one has U™ = det(U) = #1 and N,,, := {{1,...,n}}, thus (2.7)
becomes a spectral function. When k = 1, one has U = U and N, = {{1},...,{n}}, thus
(2.7) becomes a primary matrix function.

In addition, if f : R¥ — R taken to be f(xi,...,Xx) 1= X --- X, then (2.7) turns into the

k-th multiplicative compound matrix of A € S”, that is F(A) = AW,
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Andif f : R¥ — Ris taken to be f(x,...,Xx) := x| + - - + X, then (2.7) turns into the k-th

additive compound matrix of A € §”, denoted henceforth by Ai(A).

2.2.1 A note about domains

Denote by dom f C R¥ the domain of the symmetric function f : R* — R. Naturally, dom f is
a symmetric set: Px € dom f for all x € dom f and all k£ X k permutation matrices P. Define

the set

dom, f :={x € R" : x, € dom f for all p € N, }.

It is easy to see that dom,, f is a symmetric set. Indeed, choose any n X n permutation matrix P,
with corresponding permutation o : N,, — N,,. Then, for any x € dom,, f and any p € N, , one
sees by (2.5) that vector (Px), = (Xg(p,)s - - - » Xo(py)) 18 @ permutation of X, w,). Since x,w,) €
dom f and the latter set is symmetric, we get (Px), € dom f. That is, Px € dom,, f.

To avoid pathological situations, we

assume throughout that the set dom f C R* is convex.

It is easy to see that this implies that dom,, f € R" is convex.

Then, the domain of the k-isotropic function F : S — § () generated by f : R¥ — Ris

domF :={A e€S": A(A) € dom, f}

={A € S": A,(A) € dom f for all p € N, ;}.

Since dom,, f is convex and symmetric, Theorem 7 in [15], asserts that dom F' is a convex set

as well.
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2.2.2 The differential of a (generated) k-isotropic function

A well-known connection between the k-th multiplicative compound and the k-th additive com-

pound matrices is
d (k)
Ar(A) = E(I +tA) o (2.8)

see for example [18].
We now state the main result from [1], which is also re-derived in a more general context

in [17].

Theorem 2.2.2 Let f : R¥ — R be a symmetric function with corresponding (generated) k-
isotropic function F : S" — S, Then, F is C" at A, if and only if f is C" at 1,(A) for all

p € N, In that case, the differential of F, at Diag x in the direction H € S", is given by

k

of .
Z g(xp)Hpipi lf,D =T,
i=1 P
) _ (_I)H—jMHPW iflontl=k-1and x,, # x,
(VF(Diag x)[H]),, = Xp, — Xg, (2.9)
’ 0
(—l)’”gi(xp)H . flontl=k-1and x, = x,
0 iflont <k—1,

where in the second and the third cases, the indexes i, j € Ny are such that p; € p \ T and
7; € T\ p. (Here, |p N 7| denotes the number of common elements in p and t.) For arbitrary

A e S" we have
VF(A)[H] = UY(VF(Diag A(A)[UTHU)(U®)" (2.10)

forall U € O" such that A = U(Diag A(A))U".

Using formula (2.9), one can obtain an explicit expressions for the entries of the k-th addi-
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tive compound matrix (2.8). Indeed,

I+ tH)® — J®
Ak(H):lin(r)l( - )t — VF(D[H],
11—

where F is generated by f(xi,...,x;) := x1 - - x;. Thus, we have

i H,, ifp=r,

i=1
(A(H))pr = (—1)*H (2.11)

piTj

ifjpNn7l=k—-1andp; € p\r,7; € 7\p,

0 otherwise.

One may also refer to [1, Corollary 2.1] for a direct derivation of formula (2.11).

2.3 Characterization of operator monotone k-isotropic func-
tions

For any p € N, ;_; let

= N,\p

be the complement of p in NV,,. Note that p° € N, ,_¢41-
While the j-th element of p € N, ;_; is denoted by p;, to keep the notation lighter, the j-th

element of p¢ is denoted by p/, that is
P = (0°);.
For any s € p¢, let a(s) be the position of s in p¢. That is,

a:p = N, iy and s = p*¥, (2.12)
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We say that p € N, is an extension of p € N, ,_1 by s, 1f s € p° and p = p U {s}. Such
extensions are denoted by p + s.

For any s € p°, let 5(s) be the position of s in p + s. That is,
B:p" = Neand s = (0 + 5)s). (2.13)
Finally, for any i € N,_., 1, let (i) is the position of p' in the extension p + p'. That is,
Y 1 Npgrr = Ny and o = (0 + 0y (2.14)

Replacing s by ¢’ in (2.13), we see that y(i) = B(p"). Conversely, replacing i by a(s) in (2.14),
and using (2.12), one obtains

y(a(s)) = B(p™) = B(s)

for any s € p¢. That is, the following diagram commutes:
pc a% Nn—k+l

N

Ny

The maps «, B, and y depend on p but we suppress that for the sake of simplicity.

For any fixed p € N,,;_;, we introduce two linear maps:
L:S" s and Ly - §" - 5O
For any A € S"7*+! Jet

Aotirayy 11, J € p°,
(lp(A))ij =

0 otherwise.

In other words, A is the principal minor of /,(A) at the intersection of the rows and columns
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with indexes in p°. The rest of the entries of /,(A) are zero.

For any A € §"7*+! Jet

A ifp=p+pandt=p+p/,
(Ly(A))pzr :=
0  otherwise.

In other words, A is the principal minor of L;(A) at the intersection of rows and columns with
indexes in {p + p', ..., p + " !} If p or 7 does not contain p as a subset, then (L;(A)), = 0.

Let E,_;+1 € S"*! be the all-one matrix and let
EF = lp(En—k+1)-
Trivially, we have

(E")

e

=E, 1. (2.15)

It is easy to see that both E,_;,; and E” are positive semidefinite.
Note that when k = 1, we have one choice for p, namely p = 0 and p¢ = N,,. Then, a(s) = s

and B(s) = 1 for all s € N,,. In addition, /;(A) = L;,(A) = A forall A € S"*! and E* = E,.

Theorem 2.3.1 Let A € S with diag A = 0. Let J be an (’]Z)Xn matrix with J, ; = 0, whenever

s ¢ p. Define a linear map T : S" — s® by
T(H) := A o Ay(H) + Diag (J(diag H)). (2.16)

Then, T(H) > 0 for all H > 0, if and only if T(EP) > 0 for all p € N, ;_;.

Proof First, we decompose T(H) as a sum of (kfl) matrices of size (Z) X (Z) The decomposition

is such that no two matrices in the sum have overlapping, non-zero, off-diagonal entries.
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For any p € N,;_1, define T, € S"**! by

(T) . Jp_'_pi’pi
p ij 7 5 . . .
Y (1Y OYDA, i i #

ifi=],

for all i, j € N,,_s4;. Then, we have

Jp_‘_pi’pinipi ifi = j,

(T 0 Hyepe)ij = (Tp)ij(Hpepe)ij =
(=1)YO+OA,

for all i, j € N,_4,. Thus,

(Ly(T 0 Hpee)) (Tp 0 Hyeye)ij ifp=p+p and7=p+p,
p\Lp O Hpepe))pr =
0 otherwise,

Jp’piH-

plpt

ifp=p+p andp =1,

=3 (“1yO"OA, Hy ifp=p+p,t=p+p/andi+j

0 otherwise,
JpoiHpp, ifp=p\{ptandp =1,
= (_1)i+jAp,‘er,-‘rj 1f,0 =p \ {Pz},p = T\ {Tj} and |,0 N Tl

0 otherwise.

After these preparations, we claim that

T(H)= ) Ly(T,0 Hyp).

PEN, k-1

p+pi’p+ijpipj lfl ;t j,

27

(2.17)

(2.18)

To show (2.18), we are going to compare the diagonal and off-diagonal elements on both sides.

Fix p, 7 € Ny4.

If |o N 7| < k — 2, then, using (2.11), it can be seen that the elements in position (o, 7) on



28 CHAPTER 2. A UNIFIED APPROACH TO OPERATOR MONOTONE FUNCTIONS

both sides are all zero.
Iflontl=k—1,letp :=pNt. Then, p is an extension of p by p;; and 7 is an extension of

p by 7; for some i and j in Ny. Then, using (2.11), we obtain
(T(H))p,r =(Ao Ak(H))p,T = (_1)i+jAp,THp,-Tj = (Lp(Tp © Hp“pf))p,‘r-

For any other ¢ € N,;_;, with / # p, we have that / is not a subset of both p and 7. This implies
(Lé'v(Tg o Hé’cé’c))p,-l— =0.

If p = 7, then one obtains

JopiHpp, 1t p = p\{p;} for some i € N,
(Lp(Tp © Hpc'pc'))p,p =
0 otherwise.

Thus,

k
(T(H)),,, = (Diag (J(diag H))),, = (J(diag H))y = Y JppHp, = ( 3 L@, Hpcpc))

i=1 PEN k-1 PP

The last equality holds, since if p is not an extension of p by p; for some i € N, then the
summand corresponding to p is zero.
Next, we claim that T}, is a principle minor of the matrix T(E”). Indeed, if p is an extension

of p by p' and 7 is an extension of p by ¢/, with i # j, then p # 7 and we have
(T(Ep))p;r = (A . Ak(Ep))p,‘r = (_I)Y(i)+7(j)Ap,T(Ep)pipJ = (_I)Y(i)+Y(j)Ap,T = (Tp')ij-

For the second equality, we used (2.11). For the third equality, we used (2.15) and the fact that
0, p' € p°. Finally, the last equality uses (2.17).

If p is an extension of p by p', then one has

(T(E”)),,, = (Diag (J(diag E))),, = (Jdiag E*))y = 3 JpsE)u = Jpyy = (Ty)i

s=1
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where the fourth equality holds because J,; = 0, if s ¢ p and (EP)¢s = 0, if s ¢ p°. Thus, the
only (possibly) non-zero term corresponds to s = p'.

We are now in a position to prove the theorem. One direction is easy: If T(H) > O for all
H > 0, then T(E?) > 0 for all p € N,;_y, since EF > 0.

For the other direction, suppose that T(E”) > O for all p € N, ;_;. Then, since 7}, is a
principle minor of T(E”), we obtain T, > O for any p € N, ;. Fix H > 0. Then, Hpyepe >
0, being a principle minor of H, for any p € N, ;_;. Theorem 5.2.1 in [8] shows that the
Hadamard product of two positive semidefinite matrices is positive semidefinite, hence we
have T, o H,c,c > 0. The latter implies that L,(T, o Hy,e) > 0, by the definition of L, and

T(H) > 0 follows from (2.18).

The proof of Theorem 2.3.1 has several revealing features that are going to be important

for us. We separate them in the next corollary.

Corollary 2.3.2 Let A, J, and T be as in Theorem 2.3.1. For any p € N, _,, define T, € S"**!
by

! (1 OYDAG i g i T

(2.19)

foralli, j e N,_,1. Then,

T(H)= " Ly(T} 0 Hyye)
peNn,k—l
and T(H) > 0 for all H > 0, if and only if T, > O for all p € N, ;1.

Comparing formulas (2.9) and (2.11), one arrives at the following representation of first

differential of (generated) k-isotropic functions in the same pattern as (2.16).
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Proposition 2.3.3 Let f : R* — R be a symmetric, C' function with corresponding (generated)

k-isotropic function F : S" — S (). Let J(x) be the (’Z) X n matrix defined by

0 .

a){ (x) i s€Ep,
j(x)p,x = y

0 otherwise.

If x € R" has distinct coordinates, then the differential of F can be written as

VF(Diag x)[H] = A(x) o Ay(H) + Diag (J (x)(diag H)), (2.20)

where

f(xp) - f(-x‘r)

A, = Ko = Xt

0 otherwise.

iflontl=k—1andp; € p\1,7; € 7\p,

Note that matrix J(x) is just the Jacobian of f(x), defined by (2.6).
For each p € N,,;_; and each x € R” with distinct coordinates, define the divided difference

matrix T(x) € S"*! by

of cr e
@(xpm;) ifi = j,

(= 1y S pap) = [ (Xpap0) (2.21)

Tp(x)ij =

if i # j,
xP[ - Xp_/

for all i, j € N,_x41. Note that 7;(x) is exactly (2.19) after replacing J by J(x) and A by A(x).
Thus, Corollary 2.3.2 and (2.20) imply

VF(Diag x)[H] = Z L(T5(x) 0 Hye), (2.22)
PEN, k-1

whenever x € R” has distinct coordinates.

The next lemma shows that any two divided difference matrices 7;(x) and T:(x), where
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0,1 € N, 1, are related to each other.

Lemma 2.3.4 [f T:(x) > O for some T € N, ;_; and all x € dom,, f with distinct coordinates,

then T;(x) > 0 for all p € N, x_ and all x € dom,, f with distinct coordinates.

Proof Let 7 :={n—-k+2,...,n} € N,;,_;. Note that the function vy, defined by (2.14), corre-

sponding to 7 is such that y(s) = 1 for all s € 7°. Then, the divided difference matrix 7T:(x) is

given by
0
(9_f(x%+%i) ifi=j,
— Xj—i
A I Ry (O 223)
ifi# j,
X — Xii

for i, j € N,_44;. Fix another index p € N, ,_;. We are going to relate 7,(x) to T:(x) Let
o : N, - N, be the permutation that sends p; to #; for i € N;_; and sends o’ to #/ for

Jj € N,_s41. The corresponding permutation matrix P is

(Px)y, = x;;, forieN;_; and

(Px)y = xz  fori € Ny_gyq.
Since f is a symmetric function, one can see

f((Px)p+pf) = f((Px)p» (Px)pf) = f(xs, x:1) = f(xe42)  and

of Vo OF
o P.Xf)pi (V% x)p+pf) = Oxr (Xt440)-

Using (2.21), for i, j € N,,_;,; one obtains

0
6(P];)..((P X)ppi) iti=J
T.(Px)).. = i 2.24
(T,(Px)), (_l)y(ow(j)f (PX)pep) = JPDpsp) ifi # j, o

(Px)y — (Px),
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a . . .
87]1()5%#!') ifi = j,
= (_l)y(i)+y(j) f(x‘i-+-i-i) - f(x.'r+-,'-/') ifiz j,

Xy — Xyi

where the function vy is the one associated with p. Define the matrix A, € §"**! by

(Ap)ij = (-1 )V(i)+7(j).

Note that A, is positive semidefinite, since

(Ap)ij — (_1)7(i)+7(j) — (_1)7(1)+7(i)(_1)7(1)+7(j) — (Ap)il(Ap)lj»

that 1s

Ay = (Ap)a(Ap)L, =0,

x] —

where (A,).1 denotes the first column of A,. Comparing (2.23) to (2.24), we see that

Tp(P x) = T:+(x) o0 Ap,

for all x € dom,, f with distinct coordinates. Thus, if 7;(x) > 0O, then by [8, Theorem 5.2.1], we

conclude T, (Px) > 0. The result follows from here.

Combining all of the results in this section, namely: Theorem 2.3.1, Proposition 2.3.3,
Corollary 2.3.2, and Lemma 2.3.4, we obtain a characterization of the operator monotonicity
of the (generated) k-isotropic function F in terms of its corresponding symmetric function f.

Recall also Definition 2.1.11.

Corollary 2.3.5 Let f : R¥ — R be a symmetric, continuously differentiable function. Then, f

is operator monotone, if and only if T,(x) > 0, for some p € N, ;_| and every x € dom,, f.

Proof By Proposition 2.1.2, F is operator monotone, if and only if VF(A)[H] > 0 for all
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H > 0 and all A in the domain of F. Using (2.10), one can see that this is equivalent to
VF(Diag A(A))[H] > O for all H > 0 and all A in the domain of F. (Since F is continuously
differentiable, it suffices to consider matrices A in the domain of F' with distinct eigenvalues.)
Using (2.21), (2.22), and Corollary 2.3.2, the latter is equivalent to 7,,(1(A)) > 0, for all p €
N, -1 and every A € dom F with distinct eigenvalues. Finally, by Lemma 2.3.4, the latter is

equivalent to 7:(1(A)) > 0, for some 7 € N,,;_; and every A € dom F with distinct eigenvalues.

Note that Corollary 2.3.5 is a direct extension of Theorem 2.1.5. Indeed, when k = n,
the (generated) k-isotropic function becomes a spectral function. The possible values of p are
{1,...,i=Li+1,....n}fori=1,...,n.Ifp={1,...,i-1,i+1,...,n}, then Ty(x)isalx1
matrix and (2.21) turns into

0
7,0 = L.

Thus, the spectral function F is operator monotone, if and only if df(x)/dx; > O for all i =
1,...,n.

Note as well that Corollary 2.3.5 is a direct extension of Theorem 2.1.8. Indeed, when
k = 1, the (generated) k-isotropic function becomes a primary matrix function. We have p = 0

(the only choice for p) and the divided difference matrix 7,;(x) turns into (2.1).

Proof of Theorem 2.1.12 Fix x € I*!. Lety := (y,...,Vus1) be any vector from ["**1,
According to Theorem 2.1.8, the function f(-, X) is operator monotone on [ of order n — k + 1,

if and only if the divided difference matrix of f(:, x):

%mm ifi=j,

Yi—=DYj

D(y);; := (2.25)

ifi# j,

where i, j € N,_,, is positive semidefinite for all y € I"**!. (By continuity, it suffices to
consider only vectors X and y, such that together they have distinct coordinates.)

Let 7 :={n—k+2,...,n}. The divided difference matrix (2.21), with respect to 7, turns
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into
() ifi =},
X+i
Iy, =1 O (2.26)
( ) J f(-x‘i'+‘i'i) - f(x-j-+-j-j) e .
ifi # J,
.xi-i - x-[-j

for i, j € N,_zs. Note that ¥ = i and x;,+ = (x;, x;) for all i € N,_;,;. Let x := (y, X) € R” and
observe that x € dom, f. We also have that x;; = y; and x;,; = (y;, X) for all i € N,,_;,;. Thus,

comparing (2.25) and (2.26), we conclude that

D(y);; = (T‘i'(x))ij

forall i, j € N, ;1.

If f is operator monotone, in the sense of Definition 2.1.11, then by Corollary 2.3.5 and
Lemma 2.3.4, we obtain that 7’;(x), and hence D(y), is positive semidefinite. Thus, f(-, X) is
operator monotone on / of order n — k + 1.

If f(-, X) is operator monotone on / of order n — k + 1, for all x € R¥!, then the divided
difference matrix (2.25) is positive semidefinite for any y € I"**! and the result follows by
reversing the steps in the previous paragraph.

Since the above arguments hold for any n > k, the rest of the theorem follows.

Theorem 2.1.12 strengthens the connection between Theorem 2.1.5 and Theorem 2.1.8 and
fully explains the apparent differences in the criteria for operator monotonicity. Taking n = k,
the (generated) k-isotropic function becomes a spectral function. The fact that the symmetric
function f : R” — R is operator monotone of order n implies that it is operator monotone
with respect to each argument of order one, that is, on 1 X 1 matrices. In that case, operator
monotonicity is the same as being non-decreasing.

Taking k = 1, the (generated) k-isotropic function becomes a primary matrix function. In

that case, the statement of Theorem 2.1.12 becomes trivial.
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2.4 Applications and examples

2.4.1 Connections with operator convex functions

A function F : §" — §" is said to be operator convex, if the inequality
(1-0F(A)+tF(B) > F(1 —1A +tB)

holds for all A, B in the domain of F and all ¢ € [0, 1]. We say that F is operator concave, if
—F is operator convex.

Consider a function f : R — R and its corresponding primary matrix function F' : §" — S".
The function f is called operator convex of order n, if F : §" — §" is operator convex. The
function f : R — R is called operator convex, if F : " — S§" is operator convex for all n.

Examples of operator convex functions are given in [2, Chapter V], among them are the
functions x” for x > 0 with r € [-1,0] U [1,2]; and xlog x for x > 0. A characterization of
operator convex functions f of order n, in terms of the second order divided differences of f is
given in [11]. There are many connections between the operator monotone functions and the
operator convex functions. We now state the one that we are going to exploit, see [2, Theorem

V.2.9].

Theorem 2.4.1 Let f : [0,a) — R be continuous with f(0) < 0. The function f is operator

convex, if and only if x™! f(x) is operator monotone on (0, a).

We should notice that unlike the characterization in [11], the characterization given in The-
orem 2.4.1 does not rely on the second derivatives.
Extending the notion of operator convexity to symmetric functions f : R¥ — R is now

readily anticipated.

Definition 2.4.2 Consider a symmetric function f : R* — R with its corresponding (gener-

ated) k-isotropic function F : S" — § ©. we say that f is operator convex of order n, if
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F:8"— 850 s operator convex. We say that f is operator convex, if F : §" — s is

operator convex for all n > k.

A matrix K € R™" is a contraction, if 1;(KK") < 1. The proof of the next result and its

corollary mimics parts of the proof of Theorem V.2.3 in [2].

Proposition 2.4.3 Let f : [0, ) — R be symmetric and continuous with f(x) < 0, whenever
x; = 0 for some i € Ny. If a function f is operator convex, then the corresponding (generated)

k-isotropic function F satisfies
(K®) F(A)K® > F(K"AK) (2.27)

for all A in the domain of F and all contraction matrices K € R™",

Proof Let K € R™ be a contraction and let M; := (I — KK")"? and M, := (I - K'K)"/2.

Define

K M, 5 K -M, 5
U .= e O™ and V:= e O™".
M, —-KT M, KT

Fix any A € §" and let T := Diag (A, 0) € S?". Then, matrices

KTAK K AM, K'AK —K'AM,
U'TU = and V'TV = ,
MAK M,AM, -M\AK M, AM,

satisfy

UTU+V' TV |KAK 0
2 0 MAM,

The following calculation shows inequality (2.27). In it we consider matrices of size (2,;1) X

(2,;’). Note that every set in IN,,; can be viewed in a natural way as an element of N,,,. We
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focus our attention on the (Z) X (Z) block of elements with indexes p € N,,;,. Without loss of
generality, we may permute rows and columns so that this block is in the upper-left corner and
write ‘«’ to denote the remaining entries. Let Q € O" be such that A = Q(Diag A(A))Q". Since
A 1s in the domain of F, we have A(A) > 0 and this observation is used in the third equality

below:

- A 0| 0DiagdA)g" 0 028)

00 0 0

_|o® o][Diag, f(1,(4) 0||0%" 0

o o 0 )L o 0
0" 0||Diag, f(1,(4) 0|[Q¥" 0

- 0 0 0 o)L 0 0

|[F@ o

Lo of

where the third line is obtained using the fact that f(x) < 0, whenever x; = 0 for some i € ;.
The notation Diagp f(4,(A)) stands for a diagonal matrix with the elements {f(1,(A)) : p €
N, «} on the diagonal, ordered lexicographically. We now continue the calculation. To justify
the first equality, we use the definition of a (generated) k-isotropic function (together with the

reordering convention used to bring the elements with indexes in N, in the upper-left corner).

F(KTAK) * K'AK 0 UTU+ VTV
2
* * 0 MIAMl
1 1
< SFWTTU) + SF(V'TV)
- %(U("))TF A0 U(")+%(V("))TF A0 Ve

00 00
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(KD «|[FA) O||k® =«

IA
| =

* % 0 0 * %

(KD «|[FA) O||k® =«

N | —

* * 0 0 * *

(KP)Y F(AK®

* *

The second line is obtained using the operator convexity of F' and the forth line is obtained

using (2.28). Comparing the beginning with the end implies (2.27).

Corollary 2.4.4 Let f : [0,a)* — R be symmetric and continuous with f(x) < 0, whenever
x; = 0 for some i € Ny. If f is operator convex, then (x| - - - x)~' f(x) is operator monotone on

0, a)x.

Proof Let A,B € S} be invertible with A > B. Apply Proposition 2.4.3 to the contraction

K := A™'2B'2_ The left-hand side of (2.27) turns into
(KDY F(AK® = (B2A-VYPEAYA2BI2® = (BU2YBA-I2B F(A)A-2YO BB,
The right-hand side of (2.27) turns into
F(K'AK) = F(B'*A7'?AA™V?B'?) = F(B).
Thus, (2.27) implies that
(B")PATOF@A)ATHOBHO = F(B),
that is,

AT PR AT = (BOFBBTY.
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Since (A~1/?)® and F(A) are co-axial (simultaneously diagonalized), they commute. Thus,
AHWF@A) = BHYPF(B),

whenever A > B. The proof follows since the k-isotropic function (A~")® F(A) is is generated

by the symmetric function (x; - - - x;)~! f(x).

2.4.2 Constructing operator monotone functions on (0, @)

To construct operator monotone functions, we use Theorem 2.1.12.

Example 2.4.5 Let I be an interval. If g : I — R is operator monotone, then

SO, x0) = g(x) + - -+ g(xg)

is operator monotone on I*.

If g : I — [0, 00) is operator monotone, then

S, x) = glxy) - - g(x)

is operator monotone on I*. More generally, for any 1 < m < k, we have that

flenoxm) = ) g g(x,)

P ENk,m

is operator monotone on I*. |

Our extended notion of operator monotonicity for symmetric functions on k variables al-

lows us to see Theorem V.3.10 in [2] in an entirely new light.

Theorem 2.4.6 (Theorem V.3.10 in [2]) Let I be an interval. If f € C*(I) and f is operator
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convex, then for each y € I, the function

J(x) ifx=y,
g(x) := _ (2.29)
f(xi_;‘(y) -

is operator monotone on 1.

The function on the right-hand side of (2.29) is symmetric and is operator monotone with

respect to each argument. Thus, using Theorem 2.1.12 we obtain the following interpretation.

Corollary 2.4.7 Let I be an interval. If f € C*(I) and f is operator convex, then the function

f(x) fx=y,

g(x,y) = _
fx) = f») T

xX=y

is operator monotone on I°.

Conversely, g is operator monotone on (0, @)%, then f is operator convex on [0, ).

Proof The first part follows by Theorem 2.1.12. For the converse, if g(x, y) is operator mono-
tone on (0, @)?, g(x, 0) is operator monotone on (0, @) by Theorem 2.1.12. Since f(x) — f(0) =

xg(x,0) is operator convex on [0, @), by Theorem 2.4.1, and so is f(x).

Finally, we need another connection between operator monotone and operator convex func-

tions, see Theorem V.2.5 in [2].

Lemma 2.4.8 A function g : [0,+00) — [0, +00) is operator monotone, if and only if g is

operator concave.

In the next example, we use Theorem 2.1.9 and combine Corollary 2.4.7 with Lemma 2.4.8

inductively to obtain a family of symmetric operator monotone functions on k variables.
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Example 2.4.9 Let g : (0,@) — (0, o) be an operator monotone function, with integral repre-
sentation (2.2) for some a € R,b > 0, and a positive Borel measure u on R with zero mass on
(0, @), satisfying (2.3). By Lemma 2.4.8, g is operator concave, hence —g is operator convex.

Then, by Corollary 2.4.7, the symmetric function

( ) =g’ (x1) if x1 = xp,
81(X1, X2) 1= -
_8(x1) — 8(x2) S—
X1 — X

is operator monotone on (0, a)?. Using (2.2), it is easy to see that

g1(x1,x) = =b — f (A= x1)"' (A= x2)™" du(a).

By Theorem 2.4.1, the fact that g\(xy,x,) is operator monotone implies that fi(x;) =

X281(x1, X2) is operator convex on [0, &) with integral representation

Ji(x2) = =bx, - Xzf (A= x)"' (A= x2)7" du().

Let
J1(x2) ifx=xs,
82(X1, X2, 3) 1= fi(xn) — fi(xs)
S  JIAVIT le2 * X3.
X2 — X3

The function g,(x1, X», X3) is Ssymmetric, since it is continuous and for any distinct x, X, X3, we
have
X1 X2 X3

82(x1, 2, X3) = (- x)(x — X3)g(XI) (- x)(xn - x3)g(x2) (v — x0)(x3 — Xl)g(XS)'

By Corollary 2.4.7, it is operator monotone on (0, @) with integral representation

+00

g2(x1, X2, X3) = —b — f A= x)7' A= x) 7 (A= x3)7 du(d).

—00
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Define functions f; : [0, @) — R and g, : (0,@)**? — R, for k > 2, iteratively by

JeOre1) = Xp18r(X15 -+ v 5 Xpg1)s
S Xks1) if Xps1 = Xps2,
ert (X155 X62) =9 i) = filhsd)
if X1 # Xpgo
Xie+1 = Xiet2
By induction, for any natural number k, we have for any distinct x,, . . . , Xi42
k+2
k -1
ki1 (X1, .0y Xpg2) = — Z x;8(x;) H(Xi - Xj)
i=1 J#i

with integral representation

k+2

+00
8rr1(X1, ..oy Xpg2) = b — f A" 1—[(/1 —x)~ du(d).
e i=1

This shows that gi1(x1, . .., Xx+2) IS a Symmetric function.
If gx is operator monotone on (0,a)**!, then by Theorem 2.4.1, f, is operator convex on
[0, @). Then, by Corollary 2.4.7 the divided difference g, is symmetric and operator monotone

on (0, @)**2. This completes the inductive step. [

2.4.3 A connection with D-type linear maps

We conclude this work with a curious connection to the mathematics used in the field of quan-
tum entanglement.

A linear map T : R™" — R™" is called a D-type linear map, if it has the representation
T(H) = —H + Diag (D(diag H)) for all H € R™" (2.30)

for some D € R™" with non-negative elements. Such maps are studied in [10] in connection

with k-positive maps. A linear map 7 : R™" — R™" is called diagonal D-type linear map, if
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in addition D € R™" is diagonal.

The linear map (2.16) extends diagonal D-type maps, as we now explain.

Corollary 2.4.10 Linear map (2.16) turns into a diagonal D-type linear map, when k = 1,

Ji>—-1fori=1,...,n and

0 ifi=

—1 otherwise.

A,‘j =

Proof Let k = 1. Then, matrix J in (2.16) becomes diagonal matrix and we have that A,(H) =

H and A o H = —H + Diag (diag H). Then, (2.16) turns into

T(H) = —H + Diag (diag H) + Diag (J(diag H))

= —H + Diag ((J + I)(diag H)) = —H + Diag (D(diag H)),

where D := J + I is diagonal with non-negative elements.

In [9] and [19], a necessary and sufficient condition on the matrix D is given, so that the

D-type linear map is positive. In the case when D is diagonal the condition turns into
n 1 '
Z—Sl and D;>O0fori=1,...,n. (2.31)
i=1 i
This is equivalent with the condition obtained in Theorem 2.3.1, that is, T(E,) > 0, where E,
is the n X n all-one matrix. We conclude by showing the equivalence.

Proposition 2.4.11 Consider the map (2.30) for a diagonal D € S',. Then, T(E,) > 0, if and
only if (2.31) holds.

Proof Suppose that T(E,) = D — E,, is positive semidefinite. Then, D; > 1 for all i. Consider

vector d := (1/Dy4,...,1/D,,) to obtain

OSdT(D—En)d:ZD——(
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and (2.31) follows.

Suppose now that (2.31) holds. It can be shown that

det(D—-E,) =Dy --- Dy, — Zn: l_l Dj;.

=1 j#i

Dividing by Dy, - - - D,,,, one concludes that det(D—E,) > 0. One can show analogously, that the

determinant of every principle minor is non-negative. Hence, D — E,, is positive semidefinite.
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Chapter 3

On the analyticity of k-isotropic functions

3.1 Introduction

Denote by R™" the space of all n X n real matrices and denote by S” the subspace of all n X n
symmetric matrices with inner product (A, B) := Tr(AB) and Frobenius norm ||A|| := VTr(AA).
Let O" be the group of n X n orthogonal matrices: A € O" if and only if ATA = I. Denote the
convex cone in R" of all vectors with non-increasing coordinates by RZ. Then for any A € S”,

let A(A) € RZ be the vector of ordered eigenvalues of A:
A(A) > 1,(A) = - > 2,(A).

For any vector x € R", let Diag x be the n X n matrix with diagonal elements x and zeros
elsewhere. Denote by P the collection of all n X n permutation matrices.

The focus of this paper is to show the analyticity of a class of orthogonally invariant matrix-
valued functions that captures as a special case three previously investigated classes of orthog-
onally invariant matrix-valued functions. We begin by familiarizing the reader with the three

special cases.

48
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Definition 3.1.1 A real-valued function F : S" — R is called a spectral function if

F(UAU") = F(A)

holds for all U € O" and all A € S™ in the domain of F.

The spectral functions have been extensively studied and applied in various areas ranging
from optimization and variational analysis, see [15], to engineering [25] and material science,
see [21], where spectral functions are also called scalar-valued isotropic functions. We say that
a function f : R" — R is symmetric if for any x € R", f(Px) = f(x) for any permutation matrix

P € P". The following representation theorem is well-known, and can be found in [7] and [22].

Theorem 3.1.2 A real-valued function F : S" — R is a spectral function, if and only if there

exists a unique symmetric function f : R" — R such that F(A) = (f o 1)(A) forall A € S".

Properties of the symmetric function f and its corresponding spectral function are tightly con-
nected and many investigations have focused on particular properties. For example, even
though the eigenvalue map 4 : §" — R” is not in general differentiable, F is differentiable
at A if and only if f is such at A(A). One may refer to [14], [16], [19], [20], [23], and [24] for
an example of the evolution of such studies. The analyticity of spectral functions is shown in
[24] following the same pattern: F' is is analytic at A if and only if f is analytic at A(A).

We now define the second class of orthogonally invariant functions that concern us.

Definition 3.1.3 A function F : S" — S" is called a primary matrix function if there exists a

function f : R — R such that

F(A) = U(Diag (f(1(A)), ..., f(A,(A)N)U", (3.1

where U € O" is such that A = U(Diag A(A))U".
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It can be shown that primary matrix functions are well-defined. That is, the right-hand side of
(3.1) does not depend on the choice of the orthogonal matrix U diagonalizing A.

Derivatives, operator monotonicity, and operator convexity of primary matrix functions are
studied and characterized in terms of the underlying function f, see for example [5, Chapter

V] and [10, Chapter 6]. If f is analytic, then (3.1) becomes

F(A) = 95 f@) - A) ' dz,
I

where I' is a Jordan curve in the complex plane enclosing the eigenvalues of A. Thus, the
primary matrix function F is analytic if and only if f is analytic, see [12, Chapter 7].
Primary matrix functions are also known as Lowner’s operator functions. They are a special

case of the following class of maps.

Definition 3.1.4 A function F : S" — S" is called a tensor-valued isotropic function if
F(UAU™) = UF(AU",

forallU € O" and all A € S" in the domain of F.

An example of tensor-valued isotropic function found in [21] is the Piola-Kirchhoff stress
function in an isotropic solid.

We say a function f : R" — R”" is symmetric if for any x € R", we have f(Px) = Pf(x)
for any permutation matrix P € P". The following representation theorem for tensor-valued

isotropic functions can be found in [21] and [22].

Theorem 3.1.5 A function F : S" — S" is a tensor-valued isotropic function if and only if

there exists a symmetric function f : R" — R" such that

F(A) = U(Diag f(A(A))U,
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where U € O" is such that A = U(Diag A(A))U".

Note that if f : R” — R”" is such that f(x) = (g(x;),...,g(x,)) for some g : R — R, then the
tensor-valued isotropic function becomes primary matrix function (3.1).

The construction in works [2], [3], [8], [9], and [26] generalizes primary matrix functions
to several operator arguments. We introduce the setting as follows. Let N be the set of natural

numbers and let

be the set of the first n natural numbers. For any fixed ny, ..., ny, consider the set of k-tuples in
N, x---xN,, endowed with the lexicographical order.

Any function f : R* — R defines an operator map F : ™ X --- X §™ — S™"" by
F(Ay,...,Ay) = (®f:1Ui)(Diag, S, (A, ... ,/llk(Ak)))(®f:1U,-)T, (3.2)

where [ = (Iy,...,[;) isinN,, x---xN, and U; € O" are such that A; = U;(Diag A(A;))U;" for
i =1,...,k Here, Diag, denotes a diagonal matrix, where on the main diagonal we have the
values f(4;,(A1),..., 4, (Ay)) ordered lexicographically. The right-hand side of (3.2) does not
depend on the choice of the diagonalizing matrices U;, i = 1,...,k. When k = 1, the map (3.2)
becomes a primary matrix function (3.1).

Note that the map (3.2) has the following invariance property
FUAU, ..., UAUD = @ UIF (AL ..., A)®L U

for any U; € O"%,i = 1,...,k. While construction (3.2) extends primary matrix functions to
the multi-variable setting, it cannot capture the class of spectral functions nor tensor-valued
isotropic functions. The focus of this paper is the class of orthogonally invariant maps intro-
duced in [1] and [17]. It captures all three classes of functions and the special case of (3.2),

when f : R¥ — R is a symmetric function. Next two sections introduce the back ground,



52 CHAPTER 3. ON THE ANALYTICITY OF k-ISOTROPIC FUNCTIONS

notation, and the construction.

3.2 Background

3.2.1 Tensor and anti-symmetric tensor power of R”

Denote by ®R” the k-th tensor product of R”. This is the linear space of dimension n* of all
formal finite linear combinations of products {x; ® --- ® x; : x1,...,x € R"}, where all the
necessary identifications are made so that the product is linear in each argument separately.

The inner product in & R” of any vectors u; ® - - - ® u; and v; ® - - - ® vy is given by
U1 ® -+ @ U, V1 @ -+ - @ Vi) = Uy, Vi) - - (U, V).

Given k linear operators Ay, ...,A; on R”, their tensor product A} ® ... ® A, is a linear

operator on ®R" defined by
(A1®---®Ak)(x1®---®xk) = A1x1®---®Akxk

and then extended by linearity. It is well-known that there are no inconsistencies in the exten-

sion process. Important properties of the tensor product include
(A® - ®A)BI® - ®B)=AB® - ®AB,, (A|® -®A) =A;® - QA;.
When Ay, ..., Ay are invertible, so is their tensor product and
Ar®-- @A) =A@ @A

When all operators are the same, we use the short-hand notation A =A® - ®A.
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For any vectors xi, ..., x; € R", the k-th anti-symmetric tensor product is defined by
1
XL A /\xk = — Z e(,xa(l)®-~~®x0(k), (33)
\/H O’ZNk—>Nk

where €, is equal to 1 if the permutation o is even and is equal to —1 if the permutation o is

odd. It is easy to see that this product is anti-commutative:
XN ANXGN - ANXGAN ANy ==X N AXGAN NG N A X

Denote by A*R" the subspace of ® R" spanned by all k-th anti-symmetric tensor products. The
dimension of A*R" is (Z) The inner product in A*R" is the restriction of the inner product on

®R". Explicitly, the inner product between u; A --- A ug and v; A -+ - A vy is given by
!
(uy A= Nug,vi A=+ Ay = det (Cu;, Vj>i,j:1)-

The subspace A*R" is invariant under the operator ®A, allowing one to denote by A*A the
restriction of ® A to the space AKR”. This is known as the k-th anti-symmetric tensor power of

A. It can be shown that
(AFAY O A== A X)) = Axp A=+ A Axg.

Note that anti-symmetric tensor product between operators is not defined when the operators
are not all equal. The antisymmetric tensor power of an operator shares similar properties to

the tensor power:

(AFAYAEB) = AK(AB),  (AFA)* = AFA™. (3.4)



54 CHAPTER 3. ON THE ANALYTICITY OF k-ISOTROPIC FUNCTIONS

When A is invertible, so is its antisymmetric tensor power and

(AFA)! = AFATL (3.5)

3.2.2 Indexing in the spaces R” and R(:)

Let

Nf := N, x --- X N, (k times),

and assume that the elements in N* are ordered lexicographically. We use N* to index the
coordinates of vectors in R™ and the entries of matrices in R™*" . If x € R”k, the x; denotes the
[-th element of x, for [ € N’,‘,; and if A € R”kx"k, then A;,, denotes the element in the /-th row
and m-th column, for [, m € N¥,

Given n X n matrices A and B, their tensor product is defined by

A]]B A]nB
A®B:=

Extend this inductively to products A; ® - - - ® A, of more than two matrices. We denote the
k-tensor power of a matrix A by

A = AQ---®A.

(This notation distinguishes between the k-tensor power ® A of an operator A.) It is easy to see
that

(A®Yim = Ay, - Ay, for any I, m € N¥,

The tensor product between matrices has analogous properties as those between operators on
R".

Let N, be the set of all subsets of N,, of size k with elements ordered non-decreasingly,
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here 1 <k < n. Thatis, if p := {p1,...,0x} € N, 4, assume that

P1<p2 <-r <P

This assumption allows us to view N, ; as a subset of Nﬁ.

Order the elements in N,,; lexicographically. In this way they are used to index the coordi-
nates of vectors in R(:) and the entries of matrices in R(*(), For example, if x € R('k'), then for
any p € N, , denote by x, the p-th element in vector x; and if A € RO*), for any p, 7 € N, 4,
A, ; denotes the element in the p-th row and 7-th column of A.

If A € R™", then for any p, 7 € N,4, denote by A,,, the k X k minor of A obtained at the
intersection of rows with indexes py, . .., px and columns with indexes 7, ..., 7.

To avoid confusion, vectors in (resp. operators on) R(® are denoted in bold font, such as x
and A, while vectors in (resp. operators on) R” are in plain italics: x and A.

For A € R™" the k-th multiplicative compound matrix of A, denoted by A® € RO, is

defined by
(AD), . = det(A,,) forany p,7 € N,;.
The following properties are well-known:
ADBO = (ABYP (AP = (AP and (AP)! = (A~1)®,
corresponding to properties (3.4) and (3.5).

3.2.3 Identification of R” with ®R" and of R(:) with A*R”

Denote the standard orthonormal basis in R" by {e',...,e"}. Denote by {e¢/ : [ € N’,‘l} the
standard orthonormal basis in R” and by {e’ : p € N,;} the one in R®. Fixing a basis, allows

one to view any linear operator on R" as a matrix.
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The standard isometry between R” and ®*R” is denoted by 7~ and defined by

T(E):=e"® - -®e", forall ] € Nf,

extended by linearity. For an n X n matrix A (viewed also as an operator on R"), we have the

relationship:

T((A®H)X) = (®*A)(Tx), for any x € R™.

The standard isometry, call it ‘W, between R() and AFR” is given by

W) = A--- A, forall p e N,

and then extended by linearity. For an n X n matrix A (viewed also as an operator on R"), we

have the relationship:

WAPx) = (AA)(Wx), for any x € R(D.

Equivalently, we have the following commuting relationships:

WAD = (AW or APW! = W-L(ARA).

3.2.4 Permutation matrices

For any permutation o : N, — N,, the corresponding permutation matrix P is such that
Px = (Xo(1y, - -+ » Xo(m)' for any vectors x € R” or in terms of basis vectors Pe?® = ¢ for all
i=1,...,n.

Every permutation o : N, — N, defines a permutation on N,; denoted by o® in the
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following way
O'(k)(p) := the increasing rearrangement of {o(01), ..., 0 (0x)},
for any p € N, 4. The corresponding (Z) X (’Z) permutation matrix P of ® satisfies
Pe” V) = ¢, (3.6)

for any p € N, ;. Let €,, be +1 if an even number of transpositions are required to order vector
(o(p1),...,0(pr)) increasingly; and let it be equal to —1 otherwise. The ralation between

matrix P and P® is:

P(k)ea-<k)(p) — P(k)(w—l(empeo(m) A-e- A eO'(pk)) — Eo-,p(W_l(/\kP)(eo-(pl) Ao A eo-(pk))

= Eo‘,p(W_l(ePI Ao A €pk) — Ea',pep — Eo_’pPeo-(k)(p),
for any p € N, ;.

3.2.5 Final remark

Let E be a Euclidean space with inner product (-, -). An isomorphism 7" : E — E* between E
and its dual is defined by T'(x)(a) := {(x, a). Then, one can view that x® y € E ® E has a linear

map E — E defined by
(x®y)a) =Tkx)N(a)®y = (x,a)y.
Similarly, one can view that x® y € E® E has a bilinear map 7(x) ® T(y) € E* ® E* defined by

(x®y)a,b) := T(x) @ T(y)a,b) = T(x)(@)T (y)(b) = {(x,a)y,b).
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3.3 The main definition

Definition 3.3.1 A function G : S" — S () is called k-isotropic if
G(UAU") = UPGA)UD)

forall U € O" and A € S™ in the domain of G.

Definition 3.3.2 A function g : R" — R is called symmetric if the equation

g(Px) = Pg(x),

holds for all x € R" and all permutation matrices P € P", with corresponding P defined by

(3.6).
The representation theorem of k-isotropic functions, stated in [17], is as follows.

Theorem 3.3.3 The function G : S" — § () s k-isotropic, if and only if there is a unique

symmetric function g : R" — RO such that
G(4) = U¥(Diag g(AANU™) ', (3.7)

forall A € S" and U € O" such that A = U(Diag A(A))U".

The matrix G(A) corresponds to a self-adjoint operator on AKR” given by

WoGA) oW = 3 g(AAN @y, A--- Ahy) ® (g, A-++ Ay, (3.8)

PEN,, &

where {uy, ..., u,} are the columns of U such that A = U(Diag A(A))U".

Example 3.3.4 When k = 1, map (3.7) reduces to tensor-valued isotropic function G : S" —

§", since UV = U and G(A) = U(Diag g(A(A)))U" for a unique symmetric g : R" - R". |}
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For any x € R" and any p € N, 4, denote
Xy = (Xp, ..., Xp) € R*.
Example 3.3.5 Let g : R¥ — R be symmetric and define g : R" — R by
8o(x) 1= g(x,), forall x e R" and all p € N, .

It was shown in [1], that g is symmetric in the sense of Definition 3.3.2. In this situation, we say
that g is generated by g. Using Theorem 3.3.3, consider the following subclass of k-isotropic

maps:
G(A) := U (Diag g(A(AN)(U™)" = UP(Diag, 3(A,(A))UY), (3.9)

where U € O" is such that A = U(Diag A(A))U".

The map G defined in (3.9) becomes a spectral function if we take k = n. In that case U® =
det(U) = %1, since U is orthogonal. The set N,,,, contains only one element p = {1,2,...,n},
and thus

G(A) = 8(4(A), ..., 4,(A)).

The map G defined in (3.9) becomes primary matrix function if we take k = 1. In that case,

UD = U. The set N,.1 contains n elements {1}, ..., {n} and thus
G(A) = U(Diag (g(11(A), ..., g4, (AN)NU".
One can specialize even further. Taking

g(-x]’---,xk):x]+...+xk,
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(3.9) becomes the well-known k-th additive compound matrix, see [11, page 19]. While taking

8(x1, .oy XK) = X1+ Xg,

(3.9) becomes the well-known k-th multiplicative compound matrix, see [18]. |

The main result in [17] states the following.

Theorem 3.3.6 Suppose g : R" — R® s symmetric and G : §" — S () is its corresponding

k-isotropic function. Then G is C" if and only if g is C" foranyr =1,..., co.

Following the construction in Example 3.3.5, Theorem 3.3.6 extends the main result in [4],
[20], and [23] (see also [21]), when one puts k = n, and it extends one of the main results in
[6] (see also [19]), when one puts k = 1. When k = n, a spectral function is C” if and only if
the corresponding symmetric functionis C" forr = 1,. .., co.

In the more general case when g is symmetric but not generated by a symmetric g, as in
Example 3.3.5, then Theorem 3.3.6, applied with k = 1, extends Theorem 8.1.9 in [21] about
the C" differentiability of tensor-valued isotropic functions, where r = 1,. .., co.

The technique used in [17] is not suitable for showing the analyticity of k-isotropic func-
tions. That is precisely the focus of this note. The main result, see Theorem 3.7.4 below, states
necessary and sufficient conditions for the analyticity of k-isotropic functions that are generated

by a function g : R¥ — R, as explained in Example 3.3.5.

3.4 Additional notation and lemmas

A partition of N, is a collection of non-empty, pairwise disjoint subsets of N,, with union N,,.
A set in a partition is called a block. In this note, partitions of N,, are generally denoted by the
letter 1.

Every x € R" defines a partition /* on N,, by having i and j in the same block if and only

if x; = x;. The blocks of a partition determined by x are denoted by I = {I{, ..., I}}, that s, r
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denotes the number of blocks.

For example, if x € RY and

-xl:'..:xkl>xk1+1:...:xk2>.'.>xk,-,1+1:...:xk3

then

L={l...;kLL="{k+1,... k},.... [ ={k_1 +1,...,k}.

We now explain how any x € R” generates a partition I on NX. The blocks of this partition
are labelled by the elements of N’;, as follows. For any s = (s1,..., s;) in N’; , define a block in

the partition of N¥ by

I = {ZEN'; i€ I, forany i € Ny,

where [, are the blocks of the partition I*. Equivalently, [,m € N are in the same block of the

partition I* if and only if x; = x,,, where for x € R" and [ € N¥ we denoted

. k
X = (xll,...,xlk) € R

For example the cardinality of I} is

L5 = 1751~ - 1.

For any fixed x € RY, we say that a matrix A is I*-block-diagonal if A can be written as

A =Diag (A, As,...,A,) with A; of size |[| foralli=1,...,r.

Lemma 3.4.1 If a matrix A is I*-block-diagonal, then A®* is I*-block-diagonal with blocks of

: k
size |I}| for s € N;.
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Proof For any I,m € N, the entry of A% in /-th column and m-th row is calculated by
(A% = T1-, A, Forany a,b € Nf witha # b, let ] € I and m € I;. Then, there ex-
ists at least one i € N; such that a; and b; are in different blocks of the partition /*. Thus,

Ap, = 0 and we have (A®9),,, = 0.

For any x € R”, we say that x € R is I*-block-constant, if X; = Xx,, for any [, m in the same
block of I*. Equivalently, for any /,m € N,’j we have x; = Xx,,,, whenever x; = x,,.
We say that a function f: R" — R™ is block-constant, if vector f(x) is I"*-block-constant,

for all x € R”. In other words, a function f : R" — R™ is block-constant if and only if

fi(x) = fn(x), whenever x; = x,,

for all x € R" and all [, m € N,

It is easy to see that, for any fixed x € R”, we have (Diag x)U = U(Diag x), forall U € 0"
if and only if x has equal coordinates. We need a result analogous to this one about matrices
commuting with tensor powers of U.

For any x € RY, define the following subgroup of O":

O :={W € 0" : W is I*-block-diagonal}.

The following lemma gives a necessary sufficient condition for diagonal matrices to commute

with tensor powers of matrices from O.

Lemma 3.4.2 For any fixed x € RY and x € R™, we have

(Diagx)U® = U®*(Diagx), (3.10)

forall U € O, ifand only if x € R™ is I*-block-constant.
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Proof Suppose x € R” is fixed. Equation (3.10) holds, if and only if for any fixed /,m € N¥,

((Diag x)U*),,, = (U™(Diag X))1m»

holds, that is,

(Dlag X)l,*(U®k)*,m = (U®k)l,*(Diag X)*,m’ (3 1 1)

holds where A, . is the /-th row of A and A, is the m-th column of A for all A € R

Simplify (3.11) to obtain equivalently

XZ(U®k)l,m = Xm(U®k)l,m .

The last equality holds, if x is I"*-block-constant. In the other direction, choose U € O, such

that (U ®k)l,m # 0, then one can conclude x; = Xx,,,.

Lemma 3.4.3 Let f : R" > R" and let F : S" — S™ be given by

F(A) := U®(Diag f(AA))(U)', (3.12)

where U € O" is such that A = U(Diag A(A))U". The map F is well-defined, whenever f is

block-constant function.

Proof For this map (3.12) to be well-defined its value must not depend on the choice of U in the
spectral decomposition of A. Note that if U € O" is one matrix such that A = U(Diag 1(A))U"
then

are all orthogonal matrices that give the ordered spectral decomposition of A. Thus, map (3.12)
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is well-defined, whenever
U®(Diag f(AA)N)U)" = V¥ (Diag f(A(A)) (V'

for any U, V giving ordered spectral decomposition of A. The properties of tensor powers give

equivalently
(VTU)*(Diag f(A(A))) = (Diag f(AA)))(VTU)®.

Since VU can be any element of 03( " by Lemma 3.4.2, map (3.12) is well-defined, whenever

f is block-constant.

Matrix F(A) corresponds to an operator on ®R" given by

ToF(A)oT ™" =) fAANw, ®: @) ® (w, ® -+ &), (3.13)

leNk

where {uy, ..., u,} are the columns of U such that A = U(Diag A(A))U".

3.5 Lifting k-isotropic functions

Theorem 3.5.1 Let f : R" — R"™ be a block-constant function and let F : S" — S™ be defined

by (3.12). Suppose that the following condition holds
Six) = f,(x), foralll e N’;, p € N, with I' = pand all x € R", (3.14)

where ! is the non-decreasing rearrangements of I. Then, operator T o F(A) o 7! on @R"

preserves subspace NR".

Proof We only have to show that for any x; A --- A x; € AKR" and any A € S", vector
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T o F(A)o T (x| A-++ A x)is in A*R™. By (3.13), we have

T o F(A) o T ' (x A= Ax) = D LA, & ©u) ® (w, ® - @) (x1 A+ A xp)
leNk

= Zfl(/l(A))(u;1 @ Quy, X1 A Axp)(Uy -+ Quy,). (3.15)

leNk

Using definition (3.3) of the wedge product, one obtains

1
U, @ @up, X AN+ Axg) = ——=(u;, ® -+ - Quy,, Z ErXo(l) @+ ® Xo(k))

5

o: N >Ny

1
W Z €ty @+ -+ @ Uy, Xo(1) ® *++ ® Xorir))

Ny - Ny
k
1
= —‘ Z € H(uli»xa(i)>,
Vk! o Ny —Ny i=1

where €, is +1 if the permutation o is even and is —1 if the permutation o is odd. Notice that

k
> e | [ xow) = det (G, x5 1))

(TZNk—>Nk i=1

by definition of determinant and notice that
det ((uli,xj>ﬁj:1) = 0, whenever /; = [; for some i # j.

Thus, in the sum (3.15), the possibly non-zero terms are those corresponding to indexes [ € N
with distinct elements. For every [ € N* with distinct elements, there exists a p € N, such that
I" = p. Equivalently, there exist a p € N, ; and a permutation o : N; — N, (depending on )
such that p,; = [;. Using (3.14), we continue

1

ToF(A)o T (xi A== Ax) = > filA(A)) det (uy X)) —=(uy, @ - @ )
leNk \/IF
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1
= ) —
_ p%;k F(AA)) det (Gt x)12) MZL e @ @), (3.16)

since

k k k
det((”[,’, xj>[’j:]) = det((”p(r(,‘)’ xj>i,j=]) =€ det((”pi’ xj)i,jzl )’

holds, where €, is the sign of the permutation o that orders / non-increasingly. Notice that for

any fixed p € N,,x, we have

1 1
Z f(rﬁ(ull Q- ®uy) = Z 'E(Tﬁ(upo’(l) ®---® upu'(k)) = Upy N Nl

I'=p

Finally, substituting into (3.16), gives

T o F(A)oT '(x; A -+ A xp) = Z fp(A(A)) det ((Ltpi,xj)ﬁj:l)(up1 A A, (3.17)

P eNn,k

which is in the subspace AFR”.

Corollary 3.5.2 Let f : R" — R™ be a block-constant function and let g = R" — R pe a

symmetric function. Suppose that f satisfies condition (3.14) and
Jfo(x) = g,(x) for all x € R" and all p € N,;.

Let F : S" — S™ be defined by (3.12) and let G : S* — S © be the k-isotropic function

corresponding to g, see (3.7). Then,

T oF(A)oT | 0. = WoGA) oW, (3.18)

kRn

forall A eS"
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Proof Straightforward calculation using (3.8), gives

WoGA) oW (xy A+ Axp)

= > oAy, Avee At) @ (thy, A+ At )61 A A Xy)

P ENn,k

= > o AAN g A Aty Xt A ANty A A thy)

PEN, &

= > 8o(AA) det (i x5 12ty A A ty)
PEN, &

= > L)) et (g, x5 1oy )thp, A=+ A ttg)
PEN, &

=T o F(A) o T (xy A=+ A xy),

where (3.17) was used for the last equality.

3.6 The structure of symmetric functions g : R” — R(®)

In this section, we examine the structure of a symmetric function g : R" — R®. For any

p € N4, define p¢ := N,,\p ordered increasingly as a member of N, ,_;. For x € R", let
Xpe 1= (xp?, e xPZ_k)'

For any p, 7 € N,;, and any permutation o : N, — N, such that p = c¥(7), we have that o

sends the elements of 7¢ to the elements of p¢ as well.

Theorem 3.6.1 A function g : R" — R is symmetric if and only if there exists a function

h : RF x R"* — R symmetric in RF and in R"* respectively such that

8o(X) = h(x,; xpe),

holds for all x € R" and all p € N,
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Proof Suppose function g : R" — R®) is symmetric. Take a permutation o : N, — N,
with corresponding matrix P, which sends {1,...,k} to {1,...,k} and sends {k + 1,...,n} to

{k+1,...,n}. By Definition 3.3.2, for all such permutations o, using (3.6), we have

holds for all x € R". Thus, the coordinate functions g (x) is symmetric in (xj, ..., X;) as

.....

well as in (xp41,..., X,).

Define / : R* x R** — R by

for all x € R". For any p € N,4, there exists a permutation o : N,, — N, with corresponding
matrix P, such that c®({1,...,k}) = p and sending {k + 1,...,n} to p¢. Calculate g,(x) by

using (3.6) again:

= h(Xg(1ys - - > Xor)s Xl 1ys - - = » X)) = H(Xp5 Xpe),

where in the last equality, we used that 4 is symmetric with respect to its first k, as well as its
last n — k, arguments. This is what we had to show.
For the other direction, let 4 : R¥ x R"* — R be symmetric in R¥ and in R"* separately.

Define function g : R* — R by

8o(x) := h(x,; x,c), forall x € R" and all p € N,, ;.

To show that g is symmetric in the sense of Definition 3.3.2, take any permutation o : N, — N,,,
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with corresponding matrix P. Then, for any 7 € N, 4, let p := o® (1), and consider

gT(P.X) = h((Px)T’ (P-x)‘r") = h((-x(r(l), cees -x(T(n))T; (-XO'(I)7 cees xa(n))‘r”)

= M(Xgzy)s - - - s o) Xo(t6)s + -+ Xa(r;;k)) = h(xp; Xpe) = 8p(X),

where the penultimate equality holds because % is symmetric in R¥ and in R"™* separately.

Since this holds for all x € R", the proof is complete.

Corollary 3.6.2 If a function g : R" — R js symmetric, then

gp(x) = g-(x), whenever x, = x,

forall p,T € N, ; and all x € R".

Example 3.6.3 Let f : R* — R be symmetric and continuously differentiable. It is easy

to show that the gradient Vf(x) : R" — R" is symmetric. By the Theorem 3.6.1, function
h:RxR"" — R defined by

0
h(x1; X2, ..., X,) 1= %(x)for all x e R"
1

is symmetric with respect to its last n — 1 arguments. Every other partial derivative of f can be

expressed as

of

_(x) = h(xi;xl’ e X1 Xitls e o - ’-xn)
8)6,-

fori=1,...,n

Theorem 3.6.1 allows us to characterize the symmetric functions g : R" — R that are

generated in the sense of Example 3.3.5.
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Corollary 3.6.4 Let g : R" — R pe symmetric and continuously differentiable. Then, g is
generated by a symmetric function g : R* — R if and only if for any p € N,

08y

3 (x) = 0, whenever i € p¢ for all x € R". (3.19)
Xi

Proof Suppose that g is generated by symmetric function g : R* — R. For any p € N,;, we

have
0 0g
ﬁ(x) = —g(xp) = 0, whenever i € p¢ for all x € R".
6xi 8x,~

For the other direction, since g is symmetric, by Theorem 3.6.1, we have g,(x) = h(x,; x,c)

for any p € N, 4 and any x € R". By (3.19) we have

oh 08y e n
a(xp; Xpe) = a(x) = 0, holds whenever i € p¢ for all x € R".

This implies that h(x,; x,-) = h(x,), so g is generated by g := h.

3.7 Analyticity of generated k-isotropic functions

Notice that antisymmetric of operators Ay, ..., A, is only defined when A; = --- = A;. One
can see that a (generated) k-isotropic function cannot be represented by the Dunford-Taylor
integral directly, when the corresponding symmetric function g : R* — R has a Cauchy integral
representation. Thus, we lift a (generated) k-isotropic function to a function F' : §" — § s
defined by (3.12) and find the Dunford-Taylor representation of F, see Theorem 3.7.3. By
applying the identity (3.18), one can prove the analyticity of (generated) k-isotropic functions,

see Theorem 3.7.4.
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3.7.1 Lifting a symmetric function

We begin this section with a general extension problem, that is of some interest to us. Given an

analytic, symmetric function g : R" — R(®, is there an analytic function f : R” — R™ that is
1. block-constant;
2. satisfies condition (3.14); and
3. fo(x) = g,(x) forall x e R" and all p € N, ;.

The last condition, says that the following diagram commutes

R™
/ ln (3.20)

R" —&5 RG

where IT : R™ — R() is the projection defined by I1(x) := (X,)pen, ;-
As the next example shows, constructing such an analytic extension f is easy when g is

generated by a symmetric function g : R* — R.

Example 3.7.1 Let § : R¥ — R be symmetric and analytic, then the generated symmetric
function g : R" — R®, given by g,(x) := g(x,) for all p € N, is analytic.

Define f : R" — R™ by fi(x) := g(x;) forall | € N¥. The three conditions are trivially
verified. Indeed, if ,m € Nﬁ are in the same partition of I* then x; = x,,, so fi(x) = g(x;) =
8(xn) = fu(x). The fact that g is symmetric guarantees that condition (3.14) holds. Finally,
f is analytic since it is the composition of the analytic function g and the projection map

xeR"— x; € RA [

The next example shows that not only generated, symmetric functions g can be extended

analytically in the required way.
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Example 3.7.2 Let g : R" — R" be symmetric and analytic and let g : R* — R be symmetric

and analytic. Define g : R" — R® by
8o(x) := g(qp(x)), forall x € R" and all p € N, 4.

Function g is analytic since it is the composition of g, the projection map x € R" — x, € R,
and q and they are all analytic.

Function g is not generated since for any p € N, and i € p°, the derivative

99y,
e (x)

og k .,
700 = ; Z(gp(x))

is not necessarily zero, see Corollary 3.6.4.
Function g is symmetric since for any p € N, and permutation o : N, — N,, with

corresponding permutation matrix P, we have

8o(Px) = g(qp(Px)) = 8(qp, (PX), ..., 4y (PX)).

Next, since q is symmetric we have q(Px) = Pq(x). That is, for any i = 1,...,k, we have

4o (PX) = (Pg(X)),, = qoip)(x) and we continue
8o(Px) = §(qop)(X); - - -, Go(pp) (X)) = &(Gop)(X)) = 8oy (X) = (Pg(X)),.
Define the function f : R" — R™ by
fix) = gqu(x)), for l €Ny,

It is clearly analytic since it is the composition of analytic functions.
To show that f is block-constant, fix x € R" and choose l,m € N such that x; = x,,. We are

going to show that fi(x) = f,,(x). Consider the transposition o : N,, — N, that maps [; to m;
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and vice versa, keeping the rest of the elements of N, fixed, for alli = 1,... k. Let P' be its
corresponding transposition matrix. Since x; = x,,, we have that P'x = x for all i. The fact that

q is symmetric implies

4i,(x) = @i, (P'x) = (P'q(); = Gy (X) = @umi(X),

foralli=1,...,k Hence,

ﬁ(x) = g’(% (X), ) q1k(x)) = g(le(x)a ) qu(X)) = fm(x)

Function f satisfies (3.14) because g is symmetric. Finally, diagram (3.20) trivially com-

mutes. |

Note that Example 3.7.2 reduces to Example 3.7.1, when we let g(x) := x for all x € R".

3.7.2 Analyticity of generated k-isotropic functions

The following lemma shows the analyticity of a sub-class of map F : S” — §" defined by

(3.12).

Theorem 3.7.3 Let § : RX — R be symmetric and let f : R* — R™ be defined by
fi(x) := 8(x)) for all x € R" and | € N, (3.21)

Then, function F : S" — S™ defined by (3.12) is analytic if and only if g is.

Proof Suppose g : R* — R is analytic. Then, the Cauchy integral representation of g holds:

3 xp) 9§ 9gg(zl,-..,zk) s
e (271)" M5,z - x) ’
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where I is a positively oriented circle in the complex plane enclosing the points {x, ..., x;}.
Function f, defined by (3.21) is clearly analytic, since g is and the map x — x; is analytic for
all [ € N¥,

For any x € R™, denote by Diag, x; the n* x n* diagonal matrix with /-th diagonal element

x;. The Dunford-Taylor integral representation of F(A) forany A € " is

F(A) = U®*(Diag f(AA)))U)" = U (Diag, g(A(A)) (U

. 1 8z, s 2k) T
:U®kD _éé d d U®k
(Diag Qaif 3o R G- Ay %)(U%)

1 k ]
= —(27Tl)k ‘ﬁ .. ﬁg(Zl, . ,Zk)U®k(Diagl D(Zi — /ll,-(A))_l)(U‘gk) dZ] . de,

where U € O" is such that A = U(Diag A(A))U" and T is a positively oriented circle in the

complex plane enclosing all eigenvalues {1;(A), ..., 4,(A)}. Notice that

k
U (Diag, [ [~ ) UM = @I -4 @@ @l - A),

i=1

holds. Thus, one obtains the integral representation

F(A) = ;k § o Sgé(zl, . ..,Zk)((le—A)fl - ®(Zk1—A)7l)dZ1 < dzg,
Qri)* Jr r

where I is a positively oriented circle in the complex plane enclosing all eigenvalues of A.
Since the eigenvalue map A — A(A) is a continuous function, the circle I" also encloses eigen-

values of all matrices B in a small open neighbourhood of A. Thus,

F(B) = ;-k96""&?(21,-.-,Zk)((le—B)_l ®---® @l —B) ) dz - dz
ri)* Jr r

holds for every B in an open neighbourhood of A. Since for any fixed zy,...,z; € I', the map
B (z1]-B)™'®---®(z:/— B)~! is also analytic in that open neighbourhood, the result follows.

For the opposite direction, one just needs to restrict F : §” — S”* to the subspace of §” of
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diagonal matrices.

As a corollary, we obtain the analyticity of the k-isotropic functions defined by (3.7) in the

case when the function g is generated by a symmetric function 3.

Theorem 3.7.4 Let g : R¥ — R be symmetric and let g : R" — R® pe defined by

8o(x) := g(x,) for all x e R" and p € N, .

Then, the k-isotropic function G : " — S ) defined by (3.7) is analytic if and only if g is.

Proof Suppose that g : R* — R is analytic. Define f : R* - R” asin (3.21)and F : §" —
S™ by (3.12). By Example 3.7.1, function f satisfies the conditions in Corollary 3.5.2. By
Theorem 3.7.3, F is analytic, hence identity (3.18) implies the analyticity of G.

For the opposite direction, one just needs to restrict G : " — § ® to the subspace of " of

diagonal matrices.

Theorem 3.7.4 contains two well-known special cases. Taking k& = 1 in it, one obtains
the the analyticity of primary matrix functions, see for example [12, Chapter 7]. While taking

k = n in it, one obtains the analyticity of spectral functions, see [24].
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Chapter 4

Canonical representation of k-tensor

isotropic functions

4.1 Introduction

Denote by R™” the space of all nxn real matrices and by S” the subspace of all nxn symmetric
matrices with inner product (A, B) := Tr(AB) and Frobenius norm ||A|| := +Tr(AA). Let O"
be the group of n X n orthogonal matrices: A € O", if and only if ATA = I. Denote by R the
convex cone in R” of all vectors with non-increasing coordinates. Forany A € §", let A(A) € R

be the ordered vector of eigenvalues of A:
Ai(A) > (A) > --- > A,(A).

For any vector x € R", let Diag x be the n X n matrix with diagonal elements x and zeros
elsewhere. Denote by P" the collection of all n X n permutation matrices.
There are several well-studied classes of matrix-valued functions that have orthogonally

invariant properties. We give a short summary.

Definition 4.1.1 A function F : §" — S" is called a primary matrix function, if there exists a

79
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function f : R — R, such that

F(A) = U(Diag (f(1(A)), ..., f(A,(A))U", 4.1)

where U € O" is such that A = U(Diag A(A))U".

It is easy to see that the primary matrix functions are well-defined, see [6, Chapter V]. That
is, the right-hand side of (4.1) does not depend on the choice of the orthogonal matrix U diago-
nalizing A. For example, the map F(A) = exp(A) is a primary matrix function. Primary matrix
functions are also known as Lowner’s operator functions. Works [12] and [19] characterize
operator monotone primary matrix functions in terms of Pick functions. Operator convex pri-
mary matrix functions are characterized in [17]. Other properties are studied in [2], [3], [10],
[11], and [13]. For more examples, see the monographs [6, Chapter V] and [14, Chapter 6].

Primary matrix functions are a special case of the following class of maps.

Definition 4.1.2 A function F : S — S" is called a tensor-valued isotropic function, if

F(UAU") = UF(A)U"

forallU € O" and all A € S™ in the domain of F'.

The monographs [15] and [22] list numerous applications of the tensor-valued isotropic
functions in mechanics and engineering. For example, the Piola-Kirchhoff stress function in
an isotropic solid, given in [15, page 128] and [22, page 173] is an example of tensor-valued
isotropic function.

We say that a function f : R" — R" is symmetric, if f(Px) = Pf(x) for any x € R" and any
permutation matrix P € P". The following representation theorem for tensor-valued isotropic

functions can be found in [22] and [23].
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Theorem 4.1.3 A function F : S" — S" is a tensor-valued isotropic function, if and only if

there is a unique symmetric function f : R" — R”, such that

F(A) = U(Diag f(A(A))U", (4.2)
forall A € S" and U € O", such that A = U(Diag A(A))U".

Note that, if f : R” — R” is such that f(x) = (g(xy),...,g(x,)) for some g : R — R, then the
tensor-valued isotropic function, given by (4.2), becomes primary matrix function, given by
4.1).

In [1] and [20] an generalization of the tensor-valued isotropic functions was proposed. For

an nxn matrix A, let A® denote the k-th multiplicative compound matrix of A, where 1 < k < n,

see [21].

Definition 4.1.4 A functionG : S" — S ® is called k-isotropic, if
GUAU") = UNGAYU®)

forall U € O" and A € S" in the domain of G.

Since U = U, the k-isotropic functions turn into the tensor-valued isotropic functions, when
k = 1. Moreover, when k = n the k-isotropic functions become spectral functions, see [18] for
an overview of their properties and applications. The k-isotropic functions have a representa-
tion in the spirit of (4.2). In order to describe it, we introduce the following notation.

Let N, := {1,2,...,n} and let N, be the set of all subsets of N, of size k, ordered non-
decreasingly, where k € N,,. Order the elements in N,,; lexicographically. In this way, they are

used to index the coordinates of vectors in R(),

Every permutation o : N, — N, defines a permutation on o® : N,x — N, in the



82 CHAPTER 4. CANONICAL REPRESENTATION OF K-TENSOR ISOTROPIC FUNCTIONS

following way:
o ®(p) := the non-decreasing rearrangement of {o(p;), ..., 0 (o)}

Definition 4.1.5 A function g : R" — R®) is called symmetric, if

8o(Xo(1ys -+ - s Xor(n)) = gO'(/")(p)(-xla ey Xp)

holds for all x € R" and all p € N,

The representation theorem of k-isotropic functions, stated in [20], is as follows.
Theorem 4.1.6 A function G : S" — S @® s k-isotropic, if and only if there is a unique
symmetric function g : R" — R, such that

G(A) = UM (Diag g(AAN)(U®)

forall A € S" and U € O", such that A = U(Diag A(A))U".

Several authors have pursued another direction for generalizing the primary matrix func-
tions. For example, in [4], [5], [8], [9], and [24] the primary matrix functions have been
generalized to function on several matrix arguments (not necessarily of the same size). We
now proceed to describe that extension.

Any function f : R* — R definesamap F : §™ X .-+ X §™ — §""" by
F(Ay..... Ay = @, U)(Diag, f(A,(A))..... 4,(A)G, U)', (4.3)

where [ = (Iy,...,L;) isinN,, x---x N, and U; € 0" is such that A; = U;(Diag A(A;))U;" for
alli = 1,..., k. In addition, Diag, denotes a diagonal matrix with the indicated values on the

main diagonal ordered lexicographically with respect to the k-tuples /.
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When k = 1, the function given by (4.3) turns into the primary matrix function given by
(4.1). While (4.3) extends primary matrix functions to the multi-operator setting, it does not
capture the class of tensor-valued isotropic functions.

The map defined by (4.3) has the following invariance property:
FUIAUL ..., UAUL) = (8, UDF(Ar, ..., A)@L, U (4.4)

forany U; € O"%,i = 1,...,k. The opposite is not true. Thatis, if map F : §™ X --- X §™ —
Sm-m gatisfies (4.4), then one cannot conclude the existence of f : R — R, such that (4.3)
holds.

A natural goal is to formulate a representation theorem, in the spirit of Theorems 4.1.3 and
4.1.6, for functions F : §™ x---XS§"™ — §™"7* that satisfy (4.4). At present time, this problem
appears to be too challenging. A particular case is to let ny = --- = n; =: n, and assume that
the invariance (4.4) holds whenever A} = --- = A; =: A € §". Further specialization is to

formulate a representation theorem for maps F : S” — S”* satisfying
F(UAU") = (85, U)F(A)(&,U)'

for all U € O" and all A in the domain of F. This work addresses the latter problem, and it

answers it fully in the case k = 2 and any n. That result is formulated in Corollary 4.4.4.

4.2 Background and notation

Denote by ®R" the k-th tensor power of R”. That is the linear space of all formal finite linear
combinations of products {x; ® - ® x; : x1,...,x € R"}, with all necessary identifications
made so that the product is linear in each argument separately. The dimension of @ R" is n*.

The tensor product of k linear operators Ay,..., A, onR", A; ® - - - ® Ay, is a linear operator
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on ®R" defined by

(A] ®--~®Ak)(x1 ®"'®Xk) = A]X] ®'--®Akxk

and extended by linearity. Important properties of the tensor product are as follows:

(A1 ®A2)(B] ® Bz) = AlBl ®A232, and (A] ®A2)* = AT ®A§ (45)

When A, and A, are invertible, so is their tensor product and

A @A) ' =AT' @A (4.6)

The notation ®A :=A®---® A is used, when A,, ..., A, are all equal to A.

The tensor product of two n X n matrices A, B is defined by

AyB ... A.B
A®B =
AnB ... A,B
and can be extended to a tensor product of Ay, ..., Ay by A; ® --- ® A;.

Analogous properties to (4.5) and (4.6) hold for tensor product of matrices as well. Taking
Ay =---= A, =: A, the tensor product A; ® - - - ® A, turns into k-th tensor power of A, denoted
by A%,

We now give the main definition of this work.

Definition 4.2.1 A function F: S" — S™ is called k-tensor isotropic, if

F(UAU") = (U F(A)(U®)

holds for all U € O" and A € S™ in the domain of F.
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A collection of non-empty, pairwise disjoint subsets of N,, with union N,, is called a partition
of N,. A set in a partition is called a block. We generally use the letter / to denote a partition of
N,. Every x € R", defines a partition /* on N,, by taking i and j in the same block, if and only
if x; = x;. Denote by I = {I{, ..., I} the partition, and its blocks, determined by x, where r is
the number of blocks.

Let

Nf =N, x --- X N, (k times)

and assume that the elements in N* are ordered lexicographically. The set N is used to index
the coordinates of vectors in R” and the entries of matrices in R**", If x € R, then x; denotes
the /-th element of x, for [/ € N’,fl; and if A € R™ then A, denotes the element in the /-th row

and m-th column, for [, m € Nﬁ. Then, the entry in the /-th row and m-th column of A% i
k
A = | | A
i=1
On the other hand, if x e R" and [ € Nﬁ, then define the subvector
xXpi=(Xp, .00, Xg).

Any x € R” generates a partition I* on NX. The elements of N¥ label the blocks of this

partition as follows. For any s = (s,. .., 5;) € N¥, define a block in the partition of N* by
I ={le N’,‘, AN I;‘i, for any i € N},

where I, is the s;-th block of the partition I* for i = 1, ..., k. Equivalently, I, m € N’; are in the

same block of the partition I', if and only if x; = x,,. The cardinality of I is

Ll = 1251 - - 1.
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Denote the standard orthonormal basis in R” by {e!,...,e"} and denote the standard or-

thonormal basis in R” by {e’ : / € N*}. A natural isometry 7 : R” — & R" is defined by

TE):=e'® - e forall [ € N

and extended by linearity.

For any fixed x € R, matrix A € R™" is called I*-block-diagonal, if A can be written as
A = Diag(Ay,...,A,) with A; of size |I'| for all i = 1,...,r. It is not difficult to see that, if
matrix A is I*-block-diagonal, then A® is I*-block-diagonal with blocks of size [I}| for s € N

For any x € RZ, a vector x € R"™ is called I*-block-constant, if X; = X,, for any /,m in the
same block of I*. Alternatively, x € R™ is I*-block-constant, if X; = X,,, Whenever x; = Xx,,
for all ,,m € Nf. We say that a function f : R? — R™ is block-constant, if vector f(x) is
I*-block-constant for all x € RZ. In other words, a function f : Rl — R™ is block-constant, if
and only if f)(x) = f,,(x), whenever x; = x,, forall x € R and all /,m € Nk,

We use the following notation throughout. For any x € RZ, let

o™ :={V¥*: Ve
O} :={V € 0" : Vis I"-block-diagonal};

o = (V¥ : v eo.

Observe that O" = O" holds, if x contains equal coordinates. A k-tensor isotropic function
X q p

F:S" — S™ is well-defined, if

(V" U)®F(Diag A(A)) = F(Diag A(A))(V"U)®

forany A € §" and any U, V € O", such that

A = U(Diag A(A))U" = V(Diag A(A)V". (4.7)
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It is easy to see that, if U,V € O" satisty (4.7), then V'U € O))4)- Moreover, every matrix

in 03( 4 can be obtained in this way, that is, if W € 03( 4 and U € O" satisfies (4.7), then
V := UWT also satisfies (4.7) and W = V'U. Thus, F(Diag A(A)) is in the centralizer of

On,k

w4 Finding a representation theorem for k-tensor isotropic functions reduces to finding the

centralizer of O™*

4y With that in mind, denote the centralizer and the symmetric centralizer of

a collection A of n X n matrices by

CA):={BeR™ :AB = BAforall A € A},

Cs(A) ={BeS":AB = BAforall A € A}.

The orthogonal group O" has two connected components. One, consisting of orthogonal matri-
ces with determinant +1, forms a group called special orthogonal group and denoted by S O".
The other connected component consists of orthogonal matrices with determinant —1. We need

to specialize our notation further. For any fixed x € RZ, let

SO} :={VeS§SO": VisI*block-diagonal},

SO = (v v eSO

A matrix is called sign-identity, if it is a diagonal matrix with +1 or —1 on the main diagonal.

Denote by I’ the set of all n X n sign-identity matrices, and let

k= (v* . ver).

If x € RY has distinct coordinates, then I} = Of.
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4.3 The centralizer of 0"

The goal of this section is to obtain a system of linear equations that characterize the matrices
in the centralizer C (Oﬁ’k), for x € RY. That is the statement of Theorem 4.3.11.
It is well-known that, for x € R”, Diag x is in the centralizer of 0", if and only if x has equal

coordinates. Similarly, we have
C(0}) = {Diagy : y € R" is I*-block-constant}.

Next lemma gives an analogous statement for the group O™*, see Lemma 4.2 in [16].

Lemma 4.3.1 Forx € R, we have
Diagx € C(0™), (4.8)
if and only if x is I*-block-constant.

4.3.1 A representation of C(0"")

Lemma 4.3.2 For any A € R™, we have A € C(O"), if and only if A € C(SO") and A

commutes with one orthogonal matrix with determinant —1.

Proof Let I, be an n X n orthogonal matrix with determinant —1. Suppose that Al = I A and
AV = VA holds for all V € §O". Notice that for any V € O" with determinant —1, we have
VI, € SO". Hence, A(VI,) = VAI, = (VI,)A holds for all V € O" with determinant —1. Thus,
AU = UA holds for all U € O".

The other direction is obvious.

Analogous proof shows more generally, that for any x € RY, we have

C(OY) =CUHNCSOY).
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Lemma 4.3.3 For any x € R%, we have C(O™) = cI™) n (S 0.

Proof Fix x € RI. It is clear that the centralizer on the left-hand side is contained in the
intersection on the right. In the other direction, for any B € O, there exists a B; € SO’ and a

B, € I, such that B = B B,. Then, for any matrix A € C(S 0™ n C(I'"), we have
k pok k k
AB® = AB¥B5* = B¥ABY = B¥*BS*A = B¥A,

completing the argument.

The next goal is to compute C(I"*) and C(S O™*) separately.

4.3.2 The centralizer of I"*
Lemma 4.3.4 We have that A € C(I}), if and only if A is diagonal.

Proof Suppose A € C(I}). Then, for any B € I} and i, j € N,,, we have
0 = (AB - BA)ZJ = AUBJJ - BiiAij = Al](BJ] - Bii)-

Choosing B, such that B;; # B;;, whenever i # j, shows that A;; = 0. The opposite direction is

trivial.

To characterize C(I"™*), we need the following notation.

1. Forany [ := (l},..., k) € Nﬁ and a permutation o : N — N, let
o(l) := (la(l)a ce ala(k))-

2. Define the map a: N — {0, 1}" by

0 if j appears even number of times in /,
o) = (4.9)
1 if j appears odd number of times in /,
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forj=1,...,n.

In other words, if [ = (I;, ..., 1), then we have

k

a(l) = Z el (mod 2).

i=1

The map « is transitive, in the sense that, if a(l') = a(/?) and a(/?) = a(P®), then a(l') = a(?)

holds, for any I', 2, P € NX. We are now ready to describe C(I'"*).

Proposition 4.3.5 We have that A € C(I"*), if and only if
Ay, =0, whenever a(l) # a(m)

holds for all I, m € N¥,

Proof Matrix A is in C(I1"), if and only if for any B € I",
0 = (AB* = B*A)yn = Ayn(B¥ ) — (B¥)1).
Thus, A € C(I"™"), if and only if A;,, = 0, whenever (B%¥),,,, # (B®"),, for some B € I". Since
(B*)1y = BBy, -+ By, and (B¥)um = Buyy By -+ Buany»

one sees that (B¥),,,, = (B¥),, for all B € I", if and only if a(l) = a(m). The result follows.

For the rest of the subsection, we focus on some special matrices from C(I**). For any

I,m € N¥ and a permutation o : N; — Ny, define the n* x n* matrix P,, by

1 ifo(l) =m,
(PO')l,m = (410)

0 otherwise.
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Notice that for any / € N’; and a permutation o~ on N;, we have a(o(l)) = a(/). Thus, using
Proposition 4.3.5, one can see that P, € C(I"""). For example, when k = 1, P,, is identity, since
the only permutation on N, is the identity. It should be clear that P, is a permutation matrix,

and its action on the standard basis of R is

-1
Po_em — e(r (m)

for all m € N, Thus, P, is the permutation matrix corresponding to the permutation on N¥

induced by o. For later reference we record the fact:

P, =P, ..

Of course, not every n* x n* permutation matrix is of the form (4.10). What makes (4.10)
special is that it (or rather its corresponding operator) permutes vectors within the tensor prod-

ucts in ®R". Indeed, for any / € N*, we have

T o P(r o T_l(el‘r(') R & elo—(k)) =9 o Pge(r(l) — T(e’) — el' Q- ® elk.

Hence, by linearity

ToPro7 '(xP® - @x™) =x'®...0x

forany X e R",i=1,...,k.

4.3.3 Linearizing the problem

Fix any x € RY. By Lemma 4.3.3, in order to characterize the matrices in C (O?k ), we need to
find those in C(I™") that also commute with the matrices in S O™*. A direct approach appears

to be futile. Instead, we carry the calculations in the tangent space to the manifold § 0" at the
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identity matrix /. The following proposition is standard, we include the proof for completeness.

Proposition 4.3.6 Lett € (—€,€) — V(1) € S O} be a differentiable path with V(0) = 1. Then,
V'(0) is a skew-symmetric, I*-block-diagonal matrix. In fact, any skew-symmetric, I*-block-

diagonal matrix can be obtained in this way.

Proof Take the derivative on both sides of V(1)V(¢)" = I with respect to ¢ at = 0 to obtain
V(0)V'(0)" + V'(0)V(0)" = 0, implying that V’(0)" = —V’(0). Since V(¢) is I*-block-diagonal
matrix, so is V’(0). For any n X n skew-symmetric, I*-block-diagonal matrix A, the smooth

curve V(¢) := exp(tA) € S O is such that V(0) = I and V’(0) = A.

Let

H" := {A € R™" : A is skew-symmetric},

H! :={A € R™" : A is skew-symmetric and /*-block-diagonal}.

Define a linear map S; : R™" — R by

Si(A) =AQRI® - @I+I®A® - QI+ +]®---QIRA.

The next step is to show that the centralizer of S O'** is equal to the centralizer of

Su(H?) := {Sk(A) : A € H").

For the next lemma, recall that exp(A + B) = exp(A) exp(B) whenever A, B are in R™" with

AB = BA, see [7, page 32].

Lemma 4.3.7 For any A € R™", the following equality holds,

exp(Si(4)) = (exp(A))™. (4.11)
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Proof Since A®I®---®1,...,I1®---®1®A commute, the left-hand side of (4.11) becomes

exp(Si(A)) =exp(A®RIQ - - QI+ IRAQ - QI+ - +I®---QIRA)

=expARI®---®)---expl®---®I®A)

N (ARI®---I) A (I®--- IR A)
(; i )(Z(; i )

i i ARI® - D" ---(I®---QI®A)*
- il

1150050 =0

(o9

A'"RI®--- @D (I® -1 A¥)
il i)

i1,e0nig=0
O ATRARR - Ak 2\ Al ek
= > —— =(D.5) = (expa)®,
i ! i!
i1yeensix=0 i=0

which is what we had to show.

It is well-known that the map

A€ H! — exp(A) € SO’

is onto, see [7, page 58]. For the next theorem, recall that A exp(B) = exp(B)A, whenever A, B

are in R™" with AB = BA, see [7, page 31].
Corollary 4.3.8 We have C(S O’;"‘) = C(Sk(HY)).

Proof Let A € C(S OZ”‘). Take a smooth curve V(¢) € SO’ for t € R with V(0) = I. Differenti-

ate both sides of

AV = V()P A

with respect to ¢ at t = 0 to obtain

AS(V'(0)) = S (V'(0)A.
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Since any matrix in H? is equal to V’(0) for some smooth curve, we conclude that A €
C(Sk(HY)).
For the opposite inclusion, let A € C(Sy(H?Y)). For any A € H’, by Lemma 4.3.7, we have

A(exp(A)® = Aexp(Si(4)) = exp(Si(A)A = (exp(A))*A.

Since every matrix in S 0’;”‘ is of the form (exp(A))® for some A € H", we are done.

Since S O C S O™ C O™, we have
C(O0™) c C(S 0™ c (S o™).

The next proposition shows that every matrix P, is in C(O™%).
Proposition 4.3.9 We have P, € C(O™), for every permutation o : Ny — Ny.

Proof Since P, is in C (Ii’k), we only need to show that P, is in C(S§ O™*). That is, we have
to show that P,S;(A) = Si(A)P,, for all A € H" and all permutations o : N; — N;. For any

I,m € N¥, we have

(PO'Sk(A))I,m - (Sk(A)PO')l,m = (PO')I,O'(I)(Sk(A))O'(Z),m - (Sk(A))l,O"l(m)(PO')a'"(m),m'

Now,

(PO')I,G'(I) =1 and (P(T)O"l(m),m =1

and

k k
St = D At | [ lms = D At | [ Hm 1y = St i1y
i=1

J#I i=1 J#I

The proof follows from here.
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4.3.4 The centralizer of O™

The following function allows us to compare two given indexes. Define 6 : Nf x Nf — {0, 1}

by

1 if ]+ # m; for some i* € Ny and [; = m; for all i # i*,
0(l, m) := 4.12)
0 otherwise,

for any [, m € N¥. It is obvious that 6(/, m) = 6(m, I), for any [, m € N

Lemma 4.3.10 For any A € H", Si(A) is skew-symmetric and its elements are

Al 0L, m) =1 with I; # m;.,
(S =
0 if(l,m) =0,

for any l,m € N¥,

Proof The fact that S;(A) is skew-symmetric follows from the properties of tensor product.
Without loss of generality, it suffices to consider the following three cases.

Case 1. If / = m, then 6(/, m) = 0, and since

(A®I®...®I)l’m:---:(1®I®"'®A)l,m:05

we have (Si(A));, = 0.

Case 2. If [ # m; and [; = m; for all i # 1, then 6(/,m) = 1. Using that

(A RI®---® I)lm = Allmlllzmz te Ilkmk = Allml’

(1 AR - ® I)l,m = Il1m1A12m2 T Ilkmk = 0’

(I RI®--- ®A)1,m = Illmlllzmz o 'Alkmk = 0’

we obtain that (Sy(A))im = Aym,-
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Case3.If [, # m|,[, # my and [; = m; forall i = 3,....k, then 6(/,m) = 0. Using that
(A®I®---®I)l’m:-~':(I®I®"'®A)l,m:07

we obtain (Si(A));, = 0.

Consider the following skew-symmetric matrices in H”. For any s,¢ € N,,, with s # ¢, such

that s and ¢ are in the same block of %, let

1 ifi=sandj=1,
(ADij=% -1 ifi=rand j=s,

0 otherwise.

Thus, any A € H? can be written as

A= ZAS,AfC’,

s>t

where s,7 € N, are in the same block of I*. If the coordinates of vector x are all equal, then
H" = H", so we drop the index x and write simply A%, for all 5,7 € N,, with s # 7.

Define the set
B, m) :={I' e N* : a(l) = a(I") and 6(I',m) = 1},

where « is given by (4.9) and 6 is given by (4.12). Note that, in general, the sets (I, m) and

B(m, ) are not equal.

Theorem 4.3.11 For any x € R%, we have A € C (0%, if and only if A € C(I"™) and satisfies

D AS A, = D (SUA A, (4.13)

I'efl,m) I'ef(m,)

foralll,m e N’,‘l and all s, t in a same block of I, with s # t.
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Proof By Lemma4.3.3, A € C(O""), if and only if A € C(I"*)NC(S O""). By Corollary 4.3.8,
C(S 0"%) = C(S ((H")) and by the linearity of the map Sy, we have that A € C(S ((H")), if and

only if

D A (SHA 1, = D (SUAD AL, (4.14)

I'eNk I'eNk
for all ,m € Nf and all 5,7 in a same block of I*, with s # t. If I' ¢ B(l,m) then either
a(l) # a(l") or 6(I',m) = 0. In the first case, by Proposition 4.3.5, we get A; ;i = 0. In the latter
case, (Si(AY)n,, = 0. Thus, the left-hand side of (4.14) is equal to the left-hand side of (4.13).
Analogously, the terms on the right-hand side of (4.14) corresponding to ! ¢ S(m,[) are

Z€ro.

Lemma 4.3.12 Fix any I,m € N’,‘, and s,t € N,, such that s and t are in a same block of the
partition I* and s # t. Then, the left-hand side of (4.13) is not identically zero, if and only if at

least one coordinate of m is s or t and
a(l) = a(m) + €* + €' (mod 2). (4.15)

Proof By Lemma 4.3.10, one can see

(AN, if 6, m) = 1 with I, # m;.,
(StA) = o
0 if (1',m) = 0,

1 if 6", m) =1with I} = s,m; =1,

=94 -1 if6d",m) =1 withl. = t,m; = s, (4.16)

0 otherwise,
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for any !, m € N¥, where the second equality is obtained after observing that

. 1 ifi=s,j=1,
(AY)ij =
-1 ifi=tj=s.

Suppose that the left-hand side of (4.13) is not identically zero. This implies that 5(I, m) #
and there is an I' € B(I, m), such that (Sk(AN)pm # 0. By (4.16), at least one coordinate of
m e Nt is sor . Let m := (my,my,...,my) and I' := (I},1},...,1}). The k-tuples [' and m are
almost the same, except that they differ in one position, namely i*. In fact, (., m;) is equal to

(s,t) or (¢, s). Thus,

k k
a(h) = v + Z ¢l (mod?2) = v + Z e" (mod2)
ot o
k
IR Z e (mod?2) = a(m) + €* + €' (mod 2).

i=1
i#i*

Since I' € B(I, m), we also have a(l) = a(I").

For the other direction, suppose that m contains s or ¢ and / and m satisfy (4.15). We only
need to find an I' € B(I, m) satisfying (SkANpm #0.

Since m contains s or ¢, without loss of generality, assume m = (s,ms,...,my). Taking
I' = (t,ms,...,m), one can see by (4.16), that (Sk(AN)pm # 0. The latter implies also that

6(I',m) = 1. By (4.15), one can see
k k
a(l) =€ + Z M=e"+ ) " +e +e (mod2) =a(m)+e + e’ (mod2) = a(l).

i=2 i=2

Thus ! € B(I, m), completing the proof.
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4.4 The main results

In this section, we specialize to the case kK = 2 and to considering only symmetric matrices in
the centralizer of 0. It is easy to see Cs(O™) = Cs(I"™*) N Cs(S O™). Since C(SO™) =
C(Si(HY)), it is easy to see that Cg(S 0" = Cy (Sk(H)). We apply Theorem 4.3.11 to obtain
explicit representation of the matrices in Cs(O?). To simplify the presentation, we first obtain
explicit representation of the matrices in Cs(O™?). This is achieved in the next theorem, whose

proof is given in the Appendix.

Theorem 4.4.1 Any matrix A € Cs(O™?) can be expressed as

A= CllQ + ClzP(l,z) + a3P(1)(2)

for some a,,ay,as € R, where

1 ifly =1L, and m; = my,
Ql,m =

0 otherwise.

The permutation matrices P 5y and Py in R™*" are defined by (4.10) and correspond to the

transposition and the identity permutations on N,.

For easy reference, we state P ) and P(j)) explicitly:

1 lfll :mzandlzzml,
Pa)im =

0 otherwise,

1 lfll =m and l2 = my,
Puy2)im =

0 otherwise.

It is easy to see that Q and P, ») are symmetric and Py, is the identity matrix.
We now state the representation theorem for the matrices in Cs(O%). The proof is in the

Appendix.
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Theorem 4.4.2 Fix any x € RL. A matrix A € Cy (O™) has the following representation

A= Q(X]) + (Dlag Xz)P(l’Q) + (Dlag Xg)P(])(z),

where X1,X,, X3 € R"™ are I*-block-constant, such that

XD@n) = XDwy  and  (X2)ay ) = (X2) 1.1

forall | € N2. The map Q : R™ — R™" js defined by

Xy,m) lfl] = lg and np = ni,
(QG)im =

0 otherwise,

forall l,m € N2,

One can verify that all three matrices on the right-hand side of (4.17) are in § ",

(4.17)

(4.18)

Remark 4.4.3 Representation (4.17) may not be unique, if the partition I* of N, contains a

block with one element. Indeed, from the proof of Theorem 4.4.2, one can see that, if {s} € I*

is a block of size one, then one can choose the values of (X1)s.s), (X2)(s.5), and (X3)s.5) freely, as

long as they satisfy

Ao s = X159 + (X2)(s,5) + (X3)(5,9)-

To resolve this issue and make representation (4.17) unique, for every block {s} € I of size

one, we set

(Xl)(s,s) = 0, (XZ)(S,S) = 0, and (X3)(s,s) = A(s,s),(s,s)'

Vectors X1, X,, X3 remain I*-block-constant.

The representation of 2-tensor isotropic functions is as follows.
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Corollary 4.4.4 A function F : S" — S™ is 2-tensor isotropic, if and only if there exist block-

constant functions fi, >, f3 : R — R™, such that

F(A) = U(Q(fi(A(A))) + (Diag f(A(A)Pyi 2 + (Diag AAAN)P1)UT)  (4.19)

forany U € O", such that A = U(Diag A(A))U". In addition, the functions fi and f, satisfy

(1O ) = L1 @y and (f(X)) 1) = (X)) @01

foralll € N2. The map Q : R™ — R™ js defined as in (4.18).

Proof The right-hand side of (4.19) does not depend on the choice of the diagonalizing matrix

U € 0", since the expression

Q(f1(A(A))) + (Diag f2(A(A)))P 2) + (Diag f3(A(A)))Pa)e2)

is in the centralizer Cs(0"%,) by Theorem 4.4.2. Thus, the value of the right-hand side of

A(A)
(4.19) is well-defined.

Suppose that the value of F(A) is given by (4.19). For any V € O", we have that

F(VAV™) = (VU)*(Q(£i(A(A))) + (Diag f2(A(A)))P 2 + Diag fAAN)(VU)®)
= VR USX(Q(f1(A(A))) + (Diag f2(A(A))P( 2 + Diag f5(A(AN)US) (Ve2)'

= VEF(A)(VY),

implying that F is 2-tensor isotropic.
For the other direction, suppose that the function F : §” — S” is 2-tensor isotropic.

For each A € §7", it is easy to see that F(Diag A(A)) is in the centralizer Cs(O’;

2
A(A)). Hence,

by Theorem 4.4.2 and Remark 4.4.3, there are unique I"“-block-constant vectors X;, X,, X3,
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depending only on A(A), such that
F(Dlag /l(A)) = Q(X]) + (Dlag XQ)P(LQ) + (Dlag X3)P(1)(2).

Defining f;(1(A)) := x; for all i = 1,2, 3, completes the proof.

4.5 Appendix

Proof of Theorem 4.4.1 We use (4.16) repeatedly without further mention. We should notice
that (S»(A*)),,, = 0, whenever no entry of m is s or z. We characterize the symmetric matrices
in Cs(0™?), using Theorem 4.3.11. That is, we solve the following system of linear equations

in the entries of A € §":

DT ASA D= Y (SA A A, (4.20)
1'eB(lm) 1'eB(m.1)
for all ,m € N? and all 5,7 € N, with s # ¢. By the definition of the set S(/, m), system (4.20)
does not involve entries A;,, from A for which a(/) # a(m). Such entries are necessarily zero
by Proposition 4.3.5.

Also, if B(l,m) = B(m,l) = O, then both sides of (4.20) are zero. Thus, we only need to
consider [,m € Nﬁ, such that 8(I, m) # 0, or S(m, [) # @, or both to find all constrains on A. Note
that, if we transpose [ and m in equation (4.20), then its both sides switch places and change
sign. Thus, we only need to consider cases when the left-hand side of (4.20) is non-zero. Fix

s,t € N, with s # ¢. Since at least one entry of m is s or ¢, the possible values of m € Nﬁ are

(s,5), (.0, (5,0), (t,5), (my,5), (my,1), (5,my), and (1, my),

where m, my € {s, t}.

Case 1. Suppose m = (s, s). By Lemma 4.3.12, the possible values for [ are (s, ) and (¢, s).
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Case 1.a Suppose m = (s, s) and [ = (s, ). Then, we have

B(l,m) = {(1, ), (s,0)} and B(m, [) = {(s, 5), (1, 1)}.

Equation (4.20) turns into

A5 S2( AN 15) 055 + A s.0(S2(A)) (5. (5.5)

= 2 . (8,0),(5,8)EX(s,5),(s,5) 2 . (8,0),(t,)EX(1,1),(5,5)>
(S2(A™) A +(S2(A™) A

which simplifies to

A(s,t),(t,s)(_ 1) + A(s,t),(s,t)(_ 1) = (_ 1)A(s,s),(s,s) + (+ 1 )A(t,t),(s,s) s

that is

Ao 59) = Ao T Aianis T Awnss)- 4.21)

Case 1.b Suppose m = (s, s) and [ = (¢, s). Then, we have

B, m) = {(t, 5), (s,0)} and B(m, ) = {(s, 5), (1, )}

Equation (4.20) turns into

A(t,s),(t,x) (S2 (A St))(t, 5),(s,8) + A(t,s),(s,t) (82 (A St))(s,t),(s,s)

= (Sz(A“))(z,s),(s,s)A(s,s),(s,s) + (82(AS[))(t,s),(t,t)A(t,t),(s,s)’

which implies that

A1) + A isn(=1) = (DA 65 + (FDAGH 5.9
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that is

Ao s = Awsins) T Awsnsn T Awniss):- (4.22)

Comparing (4.21) and (4.22), and using that A is symmetric matrix, one obtains

Ay = Aws.es):- (4.23)

Case 2. Suppose m = (¢,¢). By Lemma 4.3.12, the possible values for [ are (s, ) and (¢, s).

Case 2.a Suppose m = (t,1) and [ = (s, ). Then, we have

B(l,m) = {(z, 5), (s, 1)} and B(m, [) = {(s, 5), (¢, 1)}.

Equation (4.20) turns into

A(s,t),(t,s) (82 (A‘Yt))(t,s),(t,t) + A(s,t),(s,t) (82 (ASI))(S,I),(t,t)

= (S2(A")) 5.5 Aty T (S2(A™ (5000 A1)

which implies that

Ao D) + Ao = (DA 5.0 + (FDAG 005

that is

Ainin = Aisons) + Asosn + Ass)en- (4.24)

Case 2.b Suppose m = (t,t) and [ = (¢, s). Then, we have

B, m) = {(z,5), (s,0)} and B(m, [) = {(s, 5), (1, D)}.
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Equation (4.20) turns into

Al5.5 (S (AN 9yt + A 5.0 S2(A)) 5.0

= (S2(A) 1.5 AG..0 F (S2(A)) )0 Aot

which implies that

Ao (D) + A g.n(F1D) = (DA 5.0 T (FDAG 00

that is

A(t,t),(t,t) = A(t,s),(t,s) + A(t,s),(s,t) + A(s,s),(t,t)-

This equation is a consequence of (4.23), (4.24), and the fact that A is symmetric, so we discard
it.

Case 3. Suppose m = (s,t). By Lemma 4.3.12, the possible values for / are (/;,1,) for
[ €N,.

Case 3.a Suppose m = (s,t) and [ = (s, s). This case is the same as Case 1.a after transpos-
ing [/ and m.

Case 3.b Suppose m = (s, ) and [ = (¢, ¢). This case is the same as Case 2.a after transposing
[ and m.

Case 3.c Suppose m = (s,¢) and [ = (I;,1;) for [} ¢ {s,t}. Then, we have

B, m) ={(s, ), (t,t)} and B(m,[) = 0.

Equation (4.20) turns into

A 1065 S2(A ) s.50.050 + Aty e (S2(A )y s = 0,
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which implies that

Agnso D + Agnan(=1) =0,

that is

A(ll,ll),(s,s) = A(ll,ll),(f,l) for all ll ¢ {S, t}. (425)

Case 4. Suppose m = (t,s). By Lemma 4.3.12, the possible values for / are (/;,1;) for
[, eN,.

Case 4.a Suppose m = (t, s) and [ = (s, s). This case is the same as Case 1.b after transpos-
ing [ and m.

Case 4.b Suppose m = (¢, s) and [ = (¢, ¢). This case is the same as Case 2.b after transpos-
ing / and m.

Case 4.c Suppose m = (t,s) and [ = (11, [;) for [; ¢ {s,t}. Then, we have

B(l,m) = {(s, 5), (t,)} and B(m, ) = 0,

Equation (4.20) turns into

A1) 5.5 S2(A ) 5.5).05) + Aty (S2(A sy = 0,

which implies that

Ad oD + Ag nen(=1) =0,

that is

A i = Ay Torall Iy & {s, 1},
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which is the same as (4.25).
Case 5. Suppose m = (my, s) for some m; ¢ {s,t}. By Lemma 4.3.12, the possible values
for [ are (my,t) and (¢, m;).

Case 5.a Suppose m = (my, s) and [ = (m,t). Then, we have

B(l,m) = {(m,, )} and B(m, ) = {(m, 5)}.

Equation (4.20) turns into

A 0.0 S2(A ) im0y .ms) = (S2(A™) )iy 01.0m1 .59y 5).0m1.5)5

which implies that

Ay 0.mn (1) = (=DAn, 5).0m1.5)»

that is

A(ml,t),(ml,t) = A(ml,s),(ml,s) for all nmq ¢ {S, l}. (426)

Case 5.b Suppose m = (m, s) and [ = (t,m;). Then, we have

ﬁ(l’ m) = {(mbt)} andﬁ(m, l) = {(S7ml)}~

Equation (4.20) turns into

A(t,m1 ),(my,t) (82 (ASZ))(ml B),(my,s) — (82 (AS[))(t,ml ), (8,11 )A(s,ml ),(my,s)s
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which implies that

A(t,m1),(m1,l)(_1) = (_1)A(s,m1),(m1,s)a

that is

A(t,ml),(ml,t) = A(s,ml),(ml,s) for all m; ¢ {S, l}. (427)

Case 6. Suppose m = (my,t) form; ¢ {s,t}. By Lemma 4.3.12, the possible values for / are
(my, s) and (s, my).

Case 6.a Suppose m = (my,t) and [ = (my,s). This case is the same as Case 5.a after
transposing / and m.

Case 6.b Suppose m = (my,t) and [ = (s,m;). Then, we have

B(l,m) = {(my, s)} and B(m, [) = {(t, m,)}.

Equation (4.20) turns into

A(S,I11|),(Wl|,S)(SZ(A”))(ml,S),(ml,t) = (SZ(A”))(S,ml),(t,ml)A(t,ml),(ml,l)a

which implies that

Asm) oy, (F1) = (FDA @) om0

that is

A omis) = Amy)om.o forall my & {s, 1},

which was obtained in (4.27).
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Case 7. Suppose m = (s,m;) for m, ¢ {s,t}. By Lemma 4.3.12, the possible values for /
are (t,my) and (m,, 1).

Case 7.a Suppose m = (s,m,) and [ = (¢, m;). Then, we have

ﬁ(l’ m) = {(ta mZ)} andﬁ(m, l) = {(S, mZ)}

Equation (4.20) turns into

A(t,mz),(t,mg) (82 (A St))(t,mz),(s,mz) = (82 (A St))(t,mz),(s,mz)A(s,mz),(s,mg) s

which implies that

A(t,mz),(t,mz)(_l) = (_I)A(s,mz),(s,mz)’

that is

A tmy) = Alsmy) (s.my) TOr all my & {s,1}. (4.28)

Case 7.b Suppose m = (s,my) and [ = (mj,,t). This case is the same as Case 6.b after
transposing / and m.

Case 8. Suppose m = (t,my) for m, ¢ {s, t}. By Lemma 4.3.12, the possible values for / are
(s,my) and (m,, s).

Case 8.a Suppose m = (t,m;) and [ = (s,m;). This case is the same as Case 7.a after
transposing [ and m.

Case 8.b Suppose m = (t,m,) and [ = (my, s). This case is the same as Case 5.b after
transposing / and m.

Now, we summarize the constrains (4.22), (4.23), (4.24), (4.25), (4.26), (4.27), and (4.28)

that we found and neglect the constrains which can be derived from the listed ones. Thus,
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matrix A € S” satisfies the following conditions:

A9 = Aasnns T Awssn T Awn.is.s
AGnisn = As) s
Awnen = Awsnis) T Awssn + Aswns
A = Mg (4.29)
Agngn = Ags.g.
Awggn = A.ang.9

Ao g = Biasa»

for all distinct ¢, s, € N,.. As a consequence of these relationships, using the fact that A is

symmetric, one can obtain that there are constants a,, a,, as, such that

A(t,t),(s,s) =da, A(s,t),(l,s) = da, A(t,s),(t,s) = das, (4.30)
for any distinct s, ¢ € N,,, and
A(s,s),(s,s) =ay+ay+a; forall seN,.

Note that, if A;,, is such that a(/)

a(m), then A;,, is of the form A ) (5.5, As.0).(1.5)> Atrs). (5>
or A, ) s.s) for some ¢ and s. As mentioned above A;,, = 0, whenever a(l) # a(m). Thus, all

entries of A are accounted for together with all relationships between them. The result follows

from here.

Proof of Theorem 4.4.2 Fix x € RY. By Theorem 4.3.11, in order to characterize the matrices

in Cs(0™), we need to solve the following system of linear equations in the entries of A €
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Cs(IL7):
D ASAD = ) (S A A, (4.31)
'eB(lm) 'eB(m,l)

forall [,m € N,; and all s, € N,,, with s # ¢, in the same block of I*.

Notice that, for any fixed s, 7 in the same block of /¥, equation (4.31) is the same as equation
(4.20), since A" = A*. Hence, relationships (4.30) obtained in the proof of Theorem 4.4.1 still
hold, but now the constants a, a,, a; depend on the block. Suppose that partition /* contains
r blocks and let a;,a,,a3 € R” be three vectors (one may also view them as r X r matrices)

whose entries are free variables. Thus, if s, ¢ are in the i-th block of 7*, then one can obtain
Awns =@ Asnes = @)ans  Arsws = @3)60s
and
Ajos.9 = @D + (A2)@) + (a3)G0)- (4.32)

If s € N, is in the i-th block of I* and ¢ is in the j-th block of I*, then the last four relations in

(4.29) imply that

Agrs.9 = @13 Ao = @i,
AGgq9 = @) A9 = (@2 (4.33)
Aqs = @3, Ao s = (@3 )

Since A is symmetric, we conclude that

@iy =@)ay) and (a2) ;) = (A2)()-
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A clarification is in order. The relations in (4.29) were derived under the assumption that
we can choose distinct s and ¢ in a same block of I*. If s is the only element in the i-th block and
q is the only element in the j-th block, then there are no restrictions on the elements A, ) (s.s),
AG0)(05) D@09 A sgs and A 5,5, SO we may assume that (4.33) and (4.32) hold as
well.

Finally, define the vectors x;, X,, X3 € R” as follows

XD == @D Xy = @1, j)s
(X2)(50 = (@20, (X2)(s.9) = (A2)(i,j)s

(X35 := @)y, X3 = (@3)ij),  (X3)(g9) 1= (@3)()i)

for all s, 7 in the i-th block and ¢ in the j-th block, where i, j € N, and i # j. The verification of

(4.17) is routine.
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Chapter 5

On differentiability of a class of
orthogonally invariant functions on

several operator variables

5.1 Introduction

Let N, := {1,...,n}. Denote by S”" the space of all n X n symmetric matrices with inner
product (A, B) := Tr (AB). Let O" be the group of n X n orthogonal matrices. Denote by RY the
convex cone in R” of all vectors with non-increasingly ordered coordinates. For any A € S”,
let A(A) € RZ be the ordered vector of eigenvalues of A. Let Diag x be the n X n matrix with
x € R” on the main diagonal.

Fix natural numbers n,, ..., n; and assume that the k-tuples in N, X --- X N,, are ordered

lexicographically. For any function f : R¥ — R define

F7:8Mx...x 8§ — §" " by

FA(Ay,. .., Ap) = (&, U)(Diag, f(,(A), ..., 4, (AD))E U,

116
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where U; € O" is such that A; = U;(Diag A(A;))U;" for i € N,. Here, Diag, x; denotes the
diagonal matrix with vector x € R"""* on the main diagonal and / € N,,, X --- X N, .

Several properties of these functions have been studied. For example operator monotonicity
and operator convexity are extensively studied in [2], [3], [6], [7], [9], [11], and [12]. In [6],
the author shows that, for values m = 1,2, function F* is C"™ at (A4, ..., Ay), if the underlying
fis CP, where p > m+k/2, at (4;,(Ay), ..., 4, (Ay)) foralll € N, X --- X N,,.

To introduce the second class of functions, denote by NN, ; the set of all subsets of N, of size
k with elements ordered increasingly, where 1 < k < n. The elements of the set N, ; are ordered
lexicographically and used to index the coordinates of vectors in R®. Let f:Rf > Rbea
symmetric function, that is invariant under permutations of its arguments. Define f : R” — R

by

£,(x) == f(xp,,. .00 %p,)

for all x € R" and all p € N, ;. Finally, let U be the k-th multiplicative compound matrix of
an n X n matrix U. It is known that U% is orthogonal, whenever U is, see Section 5.2 for more
details. For any symmetric f : R — R, define a function F : §" — S, called (generated)

k-isotropic, by

F(A) := U (Diag f(AA))UD)',

where U € 0" is such that A = U(Diag A(A))U".

Function F is well-defined and satisfies F(UAUT) = U®F(A)YU®)' for any U € O" and
any A in the domain of F, as shown in [10].

A characterization of C! (generated) k-isotropic functions was obtained in [1] and that was
extended in in [10] to C™ for a larger class, called k-isotropic functions. The (generated) k-
isotropic function F is C™ at A, if and only if the underlying symmetric function f is C" at

A,(A) for all p € N, . That result holds form = 0, 1, ... Later on, [8] showed that, F is analytic
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at A, if and only if the underlying symmetric function f is analytic at 1,(A) for all p € N,;.
The main goal in this work is to connect F and F, when the underlying function f is

symmetric. This allows us to characterize differentiability of F# in terms of symmetric f,

using the corresponding known properties of F. In addition, we characterize the analyticity of

F™ in terms of f, not necessarily symmetric.

5.2 Main definition

5.2.1 Tensor products

Denote by ®§;IR’” the tensor product of R™, i € N;. This is a linear space of dimension n; - - - iy
consisting of formal finite linear combinations of {x; ® --- ® x; : x; € R",i € N}, with all
necessary identifications made so that the product is multi-linear. The inner product between
U R - Qupand v; ® - - - @ Vi In ®f.‘:1R”" is (uy, vy) - - - (ug, v¢). The tensor product A; ® - - - ® Ay,

between operators A; on R", i € N, is a linear operator on ®f:1R”" defined by
(A1 ®- QAN ® - ®x;) 1= (A1x1) @ - - - @ (Agxr)

and extended by linearity. For short introduction to tensor product and its properties, see [4,
Chapter I].

Denote by {el.l, .. .,e;”' } the standard orthonormal basis in R for i € N,. Let {e! : [ €
N,, X -+ x N, } denote the standard orthonormal basis in R""". An isometry 7 : R"""™ —

R" ®--- ®R™ is defined by
TE)=el® @ forallleN, x-- xN,.
Given any n; X n; matrix A; for all i € N; and any x € R"""*, we have

T(®,A)%) = (S, ANTX),



5.2. MAIN DEFINITION 119

where on the right-hand side, A; is viewed as an operator on R" with respect to the standard
basis for all i € Ny.
For any A; € §™ for all i € N}, the self-adjoint operator corresponding to the symmetric

matrix FA(A,, ..., Ay is

FHAL, ..., A) =T o FH(A,...,A) 0T
= D QA AL ) © (8 u),
leN,,l X XNy,
where U; € O" is such that A; = U;(Diag A(A,))U;" and uf denotes the /;-th column of U; for

alli e Ny.

5.2.2 Anti-symmetric tensor products

The k-tuples in N, are ordered lexicographically and used to index the coordinates of vectors

n

k) X (Z) . For example, X, is the p-th coordinate of a vector

in R(®) and matrices of dimension (

x in R®) and A, ; is the (p, 7)-th element of an (Z) X (Z) matrix A. But if x € R”, then let

Xy = (Xp5 ..., X,,) € RE forany p € N, ; and if A is an n X n matrix, let A,, (without a comma)
be the k X k minor of an A with elements at the intersections of rows py,...,pr and columns
Ty,...,T forany p, 7 € N, 4.

n

k) X (2) matrix, denoted

The k-th multiplicative compound matrix of n X n matrix A is an (
by A®, such that A%} := det(A,,) for any p,7 € N, ;. For properties of k-th multiplicative
compound matrix, see for example [5].

For any vectors xi,...,x; € R", their k-th anti-symmetric tensor product (wedge product)

is defined by

1
XP A A X ;:—k Z ErXo(1) @+ @ Xo(k)s

\/_! o: N —-Ng

where the summation is over all permutations o on N and ¢, is defined to be +1, if o is even
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and to be —1, if o is odd. The wedge product is multi-linear and anti-commutative. Denote by
AFR" the (Z)—dimensional subspace of ®R" spanned by all k-th anti-symmetric tensor products

with inherited inner product
k
Uy Ave s A, vi A s Avg) = det ((ug, vi)y i)

If A is an operator on R”, then ®A keeps the subspace A*R" invariant. Denote by AFA the
restriction of ® A onto AKR”. It is called the k-th anti-symmetric tensor power (wedge power)

of A and satisfies
(AFAY(xp A A x) = (Ax) A -+ A (Axp).

For properties of k-th wedge power of A, see [5].
Denote by {e’ : p € N, «} the standard orthonormal basis in R, An isometry W : RG —
AFR™ is defined by

W)= A--- NP forallp e N,
and extended by linearity. The relationship between A% and A*A is:
WAPx) = (A*A)(‘Wx) foranyx e R,

where A is viewed as an operator and a matrix with respect to the standard basis.
For future reference, the self-adjoint operator on A*R", corresponding to the symmetric

matrix F(A), is

F(A) = Wo F(A) o W™ = 3" FA (AN A=+ Ahy) ® (g, A--- Atty,),

P! ERIn,k

where {u,, ..., u,} are the columns of U € O", such that A = U(Diag A(A))U".
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5.2.3 Operator functions on k variables

We are ready to introduce a class of operator functions on several variables by restricting
(generated) k-isotropic functions to block-diagonal matrices. Henceforth, we assume that
n=n;+---+n.

Let F*: S™ x---x §™ — § @) be defined by

F'(Ay,...,A) = F(A, @ @A),

where A;@- - -®A, denotes the block-diagonal matrix with blocks A;, i € N;. The corresponding

self-adjoint operator is

F A, ....,A) = WoFA &---®A) oW

5.2.4 Note about domains

We assume that the domain of the symmetric function f : R¥ — R, denoted by dom f C
R¥, is a symmetric and open set. Then, it is easy to see that the set dom, f := {x € R" :
x, € dom f for all p € N,,;} is also symmetric and open. Then, the domain of a (generated)

k-isotropic function F : §" — § @) corresponding to f : R* — Ris

domF :={A e S":A(A) € dom, f}.

It is not too difficult to see that for any / € N,, X --- X N,,, there is a p € N,, such that
A(A; @ -+ - © Ag) 18 a permutation of (4;,(Ay), ..., 4, (Ax)). Since the set dom f is symmetric,
we see that A; @ - - - @ Ay € dom F implies that (A4, ...,A;) € dom F#. Hence, the domain of
F™ is the set of all k-tuples (A4, ..., A;) from §™ X --- X §™ that satisfy A; @---® A, € dom F,

and this set is sufficient for our needs.
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5.3 Connecting F to F*

5.3.1 Introducing the linear map II

We introduce a linear map II that links the operator functions #% and #*, whenever both of
them are defined in terms of the same symmetric function f : R¥ — R.

Let the linear map I1; : R" — GB’JfZIR”-f for i € N}, be the embedding of R™ in EB'J‘.ZIR"J:
() =0®---®ud---®0 foranyu e R™,

where u appears in the i-th place of the direct sum.

LetIT: ®_ | R" — A'(@_R") be a linear map defined by
el @ ®e) =LA Al =@ ®O)A-—- AOD-- Del).
It can be extended by linearity to any vector in u; ® - - - ® u € ®f.‘:1R"f:
I @ - - Quy) = I (uy) A -+ ATL(uy). 5.1

Next, we show that IT preserves the inner product.

Lemma 5.3.1 Forany s,...,sy € Ny with sy < --- < 54, let u; € R% and v; € R"™ for j € Ny.
Define w :=I1,(uy) A - - - Ali(uy) and v := 15, (vi) A - - - AL, (vi). The inner product between
u and v is given by

Hlj-zl(uj, vy If si1,..., s are distinct,

(w,v) =
0 otherwise.

Hence, 11 preserves the inner product.
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Proof Casel. If all s, ..., s; are distinct, then s; = i for i € N} and we have
v =1ILi(vi) A= AL(vg)
with v; € R" for i € N;. Calculate (u, v) by
k
(u, v) = det (i), TGO o) = | | v),

J=1

since (I1;(u;),11;(v;)) = 0, whenever i # j.
Case II. Suppose now that sy, ..., s; are not distinct. There exists a j € N such that s; # j

for all i € N;. Then, we calculate the inner product between u and v by

(w,v) = L) Ao Ao (1) A Q) T, (v1) A= - - AL (V1) A T (Vi)
=& BOOA---ANOB---Bu_180)0AN0S---Duy),
IT;, (i) A= A, (Ver) A T (i)

= det({I;(u), I, (v))); =) = 0,

since the j-th row of the determinant is zero.

Foranyu =u; ® - - Qup,v:i=vi Q- - ®@ v, €®f:1R”",wehave

k
vy = @ @u v @ ®ve) = [ G i) = (M), TI)),
i=1
hence, the linear map II preserves the inner product.
The linear map I1 : ®f.‘:1R”i — /\k(EBf.‘:lR”f) is an injection, so we can consider the inverse

map 17!, defined on the range of II. That is, I1"' o I1(x) = u for any u € ®_ R™.
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5.3.2 Connecting F7 to F*

Letn := Zf:] njandletA = A, ®---® A, €8", where A; € S" forall i € Ny. Let U; € O" be
such that A; = U;(Diag A(A;))U;" for all i € N;. Denote by uf the /;-th column of U; and uf is

the eigenvector corresponding to 4;,(A;) for all i € N;. Matrix A is diagonalized by
A=U,&--- 0 U)(Diag AU, ®---e U, (5.2)

where A(A) := (A(A)), ..., A(Ay)) is not necessarily ordered. For any ¢ € N,,, the -th column of
U, ®---® Uy is denoted by #,. For any such ¢, there exist unique i € Ny and /; € N,,, such that

t= ;-_:11 n;+ [; and
i, = T(ul). (5.3)

This notation allows us to obtain the following representation of ¥ .
Recall that any symmetric function f : R¥ — R defines a function f : R" — R by
f,(x) := f(x,) for all x in the domain of f and all p € N,,;. Such function f : R" — R is

symmetric in the sense of
Diag f(Px) = P®(Diag f(x))P®" (5.4)

for all x € R" and all n X n permutation matrix P, see [1].

Proposition 5.3.2 Let f : R¥ — R be symmetric. Forany A := A & --- ® A, with A; € S" for

i € Ny, we have

F (Al A = ) FAf ANy A+ A lip) @ (i, A=+ ATy,

P ENn,k
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Proof Let P be an n X n permutation matrix, such that 1(A) = PA(A). Using (5.2), we obtain

A=U ®- - @ U)(Diag AU, &---a Uy)"
= (U] D---D Uk)(DlagPT/l(A))(Ul D---D Uk)T

=U;®-- -0 Uy)P (Diag A(A)P(U ;-0 Uy)".

Let U := (U; &---® UyP" and let f : R* — R() be defined by f,(x) := f(x,) for all p € N,

and all x € R". Such f is symmetric in the sense of (5.4). Then, we have

F*(A,...,Ay) = F(A) = UY(Diag f(A(A))UP" = UM (Diag f(PA(A))UD"
= U% PO(Diag f(1(A)PY" UP" = (UP)®(Diag f(AA))UPP"

= (U, & ® U™ (Diag fAA))U, & - - @ U™,

where we used (5.4). The rest follows.

Denote by M the collection of all p € N, satisfying
pi € {(l’ll +"'+I’l,’,1)+ 1,...,(”1 +"'+I’li,1)+n,‘} for all i € Ny
and let M® := N,,; \ M. Define the operator ¥ ;, by

Fu(Ar, .. A = Z f(/Nlp(A))(ITtp1 A Nily,) @ (ity, A -o+ A ip,)
PEM

and let 7 (A1, ..., A i= F(Ar, ., A = Fi(Ar . A

The relationship between F and F* is given in the next theorem.

Theorem 5.3.3 Let f : R — R be symmetric and consider the corresponding operators ¥,
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¥, and F . Then, for any A; € §™, i € Ny, the following diagram commutes

~ Fr(AL,..., A .
A @k Ry Tt o Ak@h R

Moreover, the operators F*(Ay, ..., Ay) and ¢;4(A1 ,...,Ay) coincide on subspace H(®f.‘:1R”i).

Proof We need to show that forany v:=v;®---® v, € ®f: R", we have
Do FHA,...,A)) = F*(AL,...,A) o TI(v). (5.5)
For the right-hand side, we have
Fr (AL, ...,A) o II(V) = F (A1, ..., Ap) o TI(V) + Frpe(Ar, ..., Ap) o II(). (5.6)

Note that the elements p of M have the property that for any p; € p, there exists a unique

l; € N, such that p; = Zi;ll n; + [;. Thus, using (5.3) and (5.1), we obtain
gy Ao Ay, = THD) A - AL = T ® -+ - @ ul). (5.7)
With that we express the first term on the right-hand side of (5.6) as

FrlAr, ..., A o TI(V)

= Z S ANty A -+ N ® gy A=+ AT )(TL (1) A -+ A TI(ve))

PEM

= > PO AN gy A=+ Al XKl A+ Al T A ATI())
pPeEM

= > QAN iy, A -+ A KT A - AT, TH () A -+ A T
peEM

k
= 2 FQp ANy, A i) | v
j=1

pPEM
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k
= D QA [ [l vnad e e ub,
j=1

[eNy X XNy,

where in the last three equalities we used (5.7) and Lemma 5.3.1.

We now turn our attention to the second term on the right-hand side of (5.6). Note that the
elements p of M have the property that for any p; € p, there exists unique s; € Ny and /; € N,,,
such that p; = Z;’:_ll nj + l;. The important observation is that the indexes s, ..., s are not

distinct and
oy A voe Nty = Hsl(u?l) A A Hsk(”lsAk)
With that, we calculate ¥ . (Ay, ..., Ay) o II(v) by

7:;/1‘«‘(141’ e ,Ak) o H(V)

= > FA Ay, A+ ANl @ (T, Ao Al )T (1) A -+ A TTe(v)
PEME

= Z FQp(A)) g, A -+ A i )T () A -+ AL (), T (vp) A -+ A TL(ve)
peEMe

=0,

where the last equality is obtained using Lemma 5.3.1.

Combining the results for the two terms on the right-hand side of (5.6), gives

k
F'An.. Aol = Y FAAD, ... 4,A) | [, vl @ @ u).

leNI,,1 X"'XN’% j=1

This also shows that F*(A;,...,A;) and F AL, Ay) are the same map when restricted to
the subspace H(®f.‘:1R”f).
For the left-hand side of (5.5), we have

Mo FAA,,...,A)M)
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=Tlo > f,(A),..., 4 A)EL 1) & @)1 & & vp)

lean X XNy,

=Jlo Z f(/lll (Al), ey /llk(Ak))<®f-{:1ufi, V® - ® Vk)(@f:]uﬁi)

[eNy, X XNy,

k
=To > fQAD,.... 4,40 | [ vl @ ouf)
i=1

lean X XNy

k
= > fa A A | [l vl e @ ul).
i=1

leN,l1 X+ XNy,
This shows that the diagram commutes.
Theorem 5.3.3 shows that
FHAL...,A) =TT o F*(Ay,..., A oIl

="' oFA, & --®A)oIl and (5.8)

FA @ dA)=TToFHA,,...,A) oI,

where both sides of the last equality are assumed to be restricted to H(®f:1R"i ).

Thus, one can use (5.8) to infer properties of F# from those of F.

5.4 Differentiability properties of F"

In this section, we study the differentiability properties of F/. We start with those associated
with a symmetric function f : R¥ — R. The following is a special case of Theorem 5.1 in [10],

which was proven for the more general k-isotropic functions.

Theorem 5.4.1 Let f : R¥ — R be symmetric with corresponding (generated) k-isotropic
function F : §" — S®). Then, Fis C™ at A, if and only if f is C™ at A,(A) for any p € N, .

Here, m=0,1,...

Theorem 5.4.1, together with (5.8), allows us to see the following corollary.
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Corollary 5.4.2 Let f : R* — R be symmetric with corresponding F? : $™ x ... x §"™ —
Smnk - The function F® is C™ at (A, ..., Ay), whenever f is C™ at A(AL @ -+ - © Ay) for any

p €N, . Here, m=0,1,...

Proof Suppose that f is C™" at 1,(A; & --- ® A) for any p € N,,;. Using Theorem 5.4.1, one
can obtain that the corresponding (generated) k-isotropic function is C" at A; @ - - - @ A;. Using

(5.8), the corresponding F is C™ at (A, ..., Ay).
Restricting F# to diagonal matrices, we get the following converse.

Corollary 5.4.3 Let f : R¥ — R be symmetric with corresponding F? : ™ x --- x §™ —
S, The function f is C™ at (A,(Ay), ..., 4, (Ay) for any | € N, X --- X N,,, whenever F"

isC"at(Ay,...,Ay). Heree m=0,1,...

An inductive formula for the first and higher-order derivatives of k-isotropic functions was
the focus of [10]. A formula for just the first derivative of (generated) k-isotropic functions was
obtained in [1]. Thus, at least in theory, one can obtain the formula for the derivatives of F?
using (5.8).

Now, address the analyticity of F. Here, the symmetricity of f : R¥ — R is not necessary.

Theorem 5.4.4 Let f : R* — R be a function with corresponding F¥ : S™ x- - -x§" — §m-nk,
The function F" is analytic at (A, ..., Ay), if and only if f is analytic at (;,(Ay), . .., A;,(Ap))

forallle N, X ---XN,,.

Proof Suppose f : R¥ — R is analytic. Then, the Cauchy integral representation of f holds as

follows

f(Zl,---,Zk)
d o dz,
SO = o z)kSE 9§ MG -

where I'; is a positively oriented circle in the complex plane enclosing the points x; for all

Jj € N;. The Dunford-Taylor integral representation of F¥(Ay,...,A) forany A; € $", j € N,



130 CHAPTER 5. ON DIFFERENTIABILITY OF A CLASS OF ORTHOGONALLY INVARIANT FUNCTIONS

is

FH(A,,... A = @5, U)(Diag, f(A,(A), ..., 4, (AD)@, U’

: 1 S @i ) g
= (@, U)D _é dzi--d kU,
(®J_l j)( 18 (27Ti)k Tk I | |I;‘:1(Zj - /llj(Aj)) . Zk)(®]_l ])

 @nif gy,

1 £ .
56 9§ f@,...,z)@ L, U)(Diag, | [ - 4,@a)")@,U) dz - dz,
F1 J:1

where U; € 0" is such that A; = U;(Diag A(A;))U;" and I'; is a positively oriented circle in

the complex plane enclosing all eigenvalues {4;,(A;) : [; € N, } for all j € N;. Notice that

k
@_,U))(Diag, | |G- 4,0 )@, U) =@l -AD" @& @l - A)7,

j=1
holds. Thus, we have the integral representation

1
A d) = oo b (b ezl = 407 90 @l = A ey dii
(27i) Tk I

Since the eigenvalue map A; — A(A;) is a continuous function, the circle I'; encloses the
eigenvalues of all matrices in a small neighbourhood of A; for all j € N;. It is easy to see then,
that for each fixed (zy, . .., z), the integrand is analytic in (A, ..., A;), and so is F.

For the other direction, restrict the function F¥ to diagonal matrices.
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Chapter 6

Conclusion and further extensions of

research

6.1 Contributions

In this thesis, we study the orthogonally invariant functions, called k-isotropic functions. This
class of functions captures previously well-studied classes of functions, for example, spectral,
primary, and tensor-valued isotropic functions. We extend the notion of operator monotonicity
and analyticity.

We emphasize that the apparent differences in operator monotonicity and analyticity are
explained in this thesis by characterizing such properties of (generated) k-isotropic functions.
The first differential is used to characterize the operator monotonicity with a decomposition
represented by a series of divided difference matrices. This allows us to also decompose the
first differentials of spectral and primary matrix functions to connect the their results. To char-
acterized the analyticity of (generated) k-isotropic functions, we lift the underlying simpler
function to a higher dimension so that we can use Dunford-Taylor integral to represent the
k-isotropic function.

Then, we consider another orthogonally invariant class of functions, k-tensor isotropic func-
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tions that captures primary and tensor-valued isotropic functions. The k-isotropic functions can
be obtained when we restrict sub-class of k-tensor isotropic functions to the space spanned by
all k-th anti-symmetric tensor products. The representation is found when k = 2 in the spirit of
the result in [8].

Finally, we connect (generated) k-isotropic functions to orthogonally invariant functions F
studied in [1], [2], [4], [S], [6], [9], and [10], when the underlying function f is symmetric. We
characterize differentiability of F¥ in terms of symmetric f, using the corresponding known
properties of (generated) k-isotropic functions. Characterization of the analyticity of F¥ in

terms of f is obtained, where f is not necessarily symmetric.

6.2 Further extensions of research

There are limitations and imperfections in the results we obtained, which shows potential re-

search directions. We list them as follows.

1. Characterization of operator monotonicity of all k-isotropic functions is unknown. No-
tice that the results of operator monotonicity are obtained when we consider a sub-class
of k-isotropic functions. We may study characterization of operator monotonicity of

tensor-valued isotropic functions first and then extend the result to k-isotropic functions.

2. Operator monotonicity can be extended to operator monotonicity on several variables
naturally. That is, we say that F/ : §™ X --- X §"™ — S§™ is operator monotone, if
A; = B;,i € Ny implies F(Ay,...,Ay) = F(By,...,By) for any A;,B; € §™,i € N;.
Koranyi proposed a different notion of operator monotonicity on two variables, see [6]
and Hansen proposed another notion of operator monotonicity on several variables that
extends Theorem V.2.3 in [3], see [5]. The connections among different notions of oper-

ator monotonicity are worth studying.

3. The characterization of operator convexity of k-isotropic functions is unknown. One
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should notice that operator monotonicity and operator convexity are closely related, see
[3, Chapter V]. There are first-order condition and second-order condition to characterize
operator convexity. For k-isotropic functions, we may prefer to calculate the second
differential to study the characterization. Then, we would be able to generalize the Lieb’s

inequality

AYA + B)'F = ARAVE 4 ARBUE

forall A,B € S, see [7].

4. Characterization of analyticity of all k-isotropic functions is unknown. Also, notice that
the result for analyticity is obtained when we consider (generated) k-isotropic functions.
We may study the characterization of analyticity of tensor-valued isotropic functions first

and then extend the result to k-isotropic functions.

5. For k-tensor isotropic functions, the representation when k£ > 2 is unknown. Properties

of differentiability and analyticity of k-tensor isotropic functions are also worth studying.
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