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Chapter 1  

1 Introduction 

1.1 Motivation and background 

Heat and mass transfer involving porous media is prevalent in, for example, air-

conditioning, drying, food storage, and chemical processing. Such applications involve 

porous media of various types and characteristic lengths such as fabrics, desiccants, 

grains and produce, food stacks, and bricks, etc. These applications also involve heat and 

mass transfer between solids, fluids and gas-vapor mixtures, and must be treated as 

conjugate fluid/porous/solid problems for analysis and design. In addition, due to the 

possible presence of water in its liquid and vapor phases, mass transfer of moisture often 

occurs due to evaporation and/or condensation. All combined, the conjugate heat and 

mass transfer that takes place in numerous engineering applications presents several 

interesting challenges in terms of analysis and design.  To this end, analytical solutions 

are often not possible and numerical modeling is counted on to provide analysis and 

insight into complex heat and mass transfer problems. 

In terms of numerical modeling of porous media, scale of porous media becomes 

important. If I model a transport process at the pore-level, or microscopic scale, of the 

porous media then the usual form of the transport equations can be utilized. However, 

such an approach requires the modeling of each pore inside porous media, which is 

computationally expensive. An alternate approach is to model the transport processes at 

the macroscopic scale of the porous media because at this scale porous media can be 

considered as porous continuum comprised of fluid and solid-constituents (or phases) as 

shown in Fig. 1.1. In addition, at the macroscopic scale, two approaches can be taken to 

model heat and mass transfer inside porous media. From the modeling perspective, the 

simplest approach is to consider thermal and mass equilibrium between the fluid and 

solid-constituents of the porous media, which yields one solution for temperature and 

moisture concentration at a given location within the porous media. However, such 

approach limits the applicability of heat and mass transport models inside porous media 
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to a certain class of problems. Conversely, to capture the physics of more complex heat 

and mass transfer problems, a non-equilibrium approach is utilized, which provides a 

separate solution for each constituent at a given location within porous media. As a result, 

the modeling of non-equilibrium heat and mass transfer inside a porous media enables the 

simulation of more complicated problems. In particular, the non-equilibrium heat and 

mass transfer approach is required to simulate the problems that involve unsteadiness or 

where the fluid and solid-constituents of porous media have considerably different 

properties.  

An even more diverse class of heat and mass transfer problems can be considered if 

fluid/porous/solid domain conjugacy is combined with the non-equilibrium approach 

inside the porous media. Such models can then simulate heat and mass transfer problems 

related to evaporative cooling, convective drying, chemical processing, food stacks 

storage and processing, etc. as shown in Fig. 1.2. Although at the microscopic scale, a 

food stack cannot be considered as a porous media, as described earlier, it can be 

modeled as porous continuum at the macroscopic scale. However, heat and mass transfer 

within food stacks generally becomes turbulent due to the comparatively large size of 

randomly packed produce within the stacks. As a result, in some cases, it is also essential 

to model macroscopic turbulence and turbulent heat and mass transfer inside porous 

media.  

 

Figure 1.1: Porous media modeling at microscopic and macroscopic scales. 
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The present work is directed at improving the capability of current computational Fluid 

Dynamics (CFD) modelling and discretization practices to incorporate non-equilibrium 

heat and mass transfer in a general conjugate framework, which includes interfaces 

between fluid-porous, fluid-solid and porous-solid regions. Several key issues in current 

modelling practices are resolved inside the porous region, and in particular, at interfaces 

between the fluid and porous regions. The result is a general and robust framework for 

conjugate modelling that can be utilized for many target applications in engineering and 

industry. Validation of the computational framework is carried out by solving problems 

in evaporative cooling, drying and fully-turbulent packed beds of spheres. 

The remainder of the introductory chapter introduces volume-averaging, which is the key 

element for up-scaling the transport equations in the porous media, and then describes 

modelling practices for heat and mass transfer, which provides a context for where the 

current work fits into engineering analysis. Scope and objectives are given to close the 

chapter. 

 

Figure 1.2: Heat and mass transfer applications related to a) convective drying; b) 

produce storage (adapted from Ambaw et al. [1]); c) evaporative cooling. 
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1.2 Volume-averaging 

Before considering current practices in computational modelling, it is essential to discuss 

the process of volume-averaging, which is necessary in porous regions of the domain. As 

mentioned earlier, from the computational perspective, modeling of porous media at the 

macroscopic scale is feasible, however, to utilize this approach, I need to up-scale the 

transport equations of a process to the macroscopic scale of the porous media. This up-

scaling is achieved by performing a volume-averaging operation of the transport 

equations. The volume-averaging operation produces additional terms that require closure 

to complete the model. 

In volume-averaging, integration of a transport equation is performed over a 

representative elementary volume (REV) of the porous media. After volume-averaging is 

performed, there exists a volume-averaged value of a quantity 𝜑 at every point in space 

inside porous media. Mathematically, the volume-averaging of 𝜑 is expressed as [2] 

 〈𝜑〉 =  
1

𝑉
∫ 𝜑

𝑉𝑓

𝑑 𝑉 (1.1)  

where, 𝑉 refers to the volume over which the averaging is carried out, Vf  is the fluid 

volume inside 𝑉, and 〈𝜑〉 is defined as the extrinsic-average of 𝜑. Similarly, an intrinsic-

average 〈𝜑〉𝑓of 𝜑 is evaluated as [2] 

 〈𝜑〉𝑓 =  
1

𝑉𝑓
∫ 𝜑

𝑉𝑓

𝑑 𝑉 (1.2)  

The porosity of porous media 𝜀 is then obtained as [2] 

 
𝜀 =

〈𝜑〉

〈𝜑〉𝑓
 (1.3)  
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1.3 Literature survey of heat and mass transfer modelling 

1.3.1 Basic modeling 

The most basic models utilize simple heat and mass balance equations to model various 

heat and mass transfer problems. In this respect, an indirect evaporative cooler was 

modeled by Riffat and Zhu [3] using the resistance circuit analogy and energy balance 

equations for heat transfer, while mass transfer was modeled using the empirical 

correlations. In a similar way, the complex problem of dew point evaporative cooling was 

modeled by Zhao et al. [4] and Zhan et al. [5]. Moreover, Woods and Kozubal [6] 

modeled the novel system of desiccant-enhanced evaporative air-conditioning, which 

involves air dehumidification through desiccant drying followed by an indirect 

evaporative cooling step, using an elaborate set of heat and mass balance equations. 

Earlier, using the same approach, the problem of desiccant evaporative cooling was also 

modeled by Feyka and Vafai [7], and Mago et al. [8]. The convective drying of porous 

materials has also been modeled, in a simple manner, using the correlations that predict 

moisture content as a function of temperature and other problem parameters (see, for 

example Akpinar et al. [9], Demir et al. [10], Menges and Ertekin [11], and Seiiedlou et 

al. [12]).  

More sophistication and advancement is achieved by modeling heat and mass transfer 

problems using the differential transport equations of energy and moisture. In such cases, 

it is often necessary to model the flow using the conservation of mass-momentum 

differential equations. Using this approach, Wu et al. [13] utilized the transport equations 

of energy and moisture to simulate the case of direct evaporative cooling. The group 

incorporated both the mass of evaporated water and latent heat of water evaporation as 

source terms in the model. In another study, Martín [14] modeled a semi-indirect 

evaporative cooling process using a commercial finite-volume package Fluent. The 

energy of evaporation/condensation was incorporated in the model using the existing heat 

and mass transfer correlations. Due to the incapability of Fluent to simulate 

evaporation/condensation as such, its model was included using the user-defined function 

option. Earlier, Chourasia and Goswami [15] modeled heat and mass transport inside a 

stack of potatoes as porous media using the transport equations of mass, momentum, 
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energy, and moisture. For the problem of convective drying of porous materials, 

diffusion-based transport equations of energy and moisture, comprised of unsteady and 

diffusive terms, have been utilized. Moreover, these models employ convective boundary 

conditions at the surface of wet porous materials. In this respect, the required convective 

heat and mass transfer coefficients are evaluated using Nusselt and Sherwood number 

correlations (see, for example Golestani et al. [16], Perussello et al. [17], Srikiatden and 

Roberts [18], and Younsi et al. [19]). 

Based on the above discussion I can conclude that energy and moisture transport 

differential equations are frequently used to model various heat and mass transfer 

problems. However, such studies mostly utilize a single transport equation of energy and 

moisture for modeling the inside of the porous media, which inherently incorporates the 

assumption of equilibrium heat and mass transfer. While, this simplification is valid for 

many cases, some cases require the modeling of non-equilibrium heat and mass transfer 

inside porous media. By non-equilibrium heat and mass transfer inside porous media, I 

refer to a model that has separate energy and moisture transport equations for each of the 

fluid and solid-constituents. In addition, the review further shows that the conjugate 

framework problems involving heat and mass transfer can be simplified by segregating 

the fluid and porous regions and then using convective boundary conditions to link them 

in an explicit manner. However, in such case, the robustness of the model depends upon 

the correlations used to calculate the convective coefficients. To avoid this dependence, 

heat and mass transfer modeling in an implicit conjugate framework is required. The 

subsequent section is dedicated to the review of studies that consider non-equilibrium 

approaches and/or a conjugate framework to model heat and mass transfer involving 

porous media.  

1.3.2 Conjugate and non-equilibrium approaches 

The existing literature shows that some studies have employed non-equilibrium heat and 

mass transport inside porous media. In this respect, an early attempt was made by Liu et 

al. [20] to model non-equilibrium moisture transfer inside a porous media by 

incorporating separate transport equations for liquid water and water vapour. The 

formulation was generic, and also included evaporation and condensation of moisture. 
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However, the group considered thermal equilibrium between liquid and gas phases inside 

porous media. Similarly, Zhang et al. [21] modeled non-equilibrium heat and mass 

transfer for a rotary desiccant dehumidifier. However, their model was specifically 

intended for such class of problems.  For the problem of convective drying of porous 

materials, non-equilibrium mass transfer inside porous media was considered by De 

Bonis and Ruocco [22]. Their model included conjugate heat and mass transfer between 

fluid and porous regions, however, they considered thermal equilibrium inside the porous 

material. In another study, the concept of air-conditioning a space through evaporative 

cooling of wet porous walls was simulated by Chen [23] using energy and moisture 

transport equations inside porous region. In this respect, the author used separate 

transport equations for water and water vapour, but, assumed local thermal equilibrium 

within porous domain.  

Few non-equilibrium modeling studies exist for problems related to heat and mass 

transfer of food or produce stacks. Recently, Ambaw et al. [1] modeled the distribution of 

a gas, which is used to control a fruit ripening process, inside conjugate fluid/porous 

domains. In this respect, the group employed separate concentration transport equations 

of the gas for each phase of the porous region. However, their model did not consider 

heat transfer inside the conjugate domains. Conversely, Ferrua and Singh [24] simulated 

forced air cooling of strawberry packs using thermal non-equilibrium approach. Earlier, 

Zou et al. [25,26] proposed a comprehensive air flow and heat transfer formulation for 

the applications related to the ventilation of packed foods. In this respect, they modeled 

air flow and heat transfer in conjugate fluid/porous/solid domains, and also incorporated 

non-equilibrium heat transfer inside the porous domain. However, in their work, no 

description of continuity of flow and heat transfer was provided at fluid-solid, fluid-

porous, and porous-solid interfaces. Considering thermal and moisture equilibrium inside 

porous region, Moureh et al. [27] simulated turbulent airflow inside and around slotted-

enclosures filled with spheres (porous domain). The nature of their study warranted 

consideration of conjugate fluid/porous domains. However, the authors relied on Fluent 

to deal with the complexities associated with a fluid/porous interface. 
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For problems related to convective drying of porous materials, few studies have utilized a 

conjugate-domain approach. Many studies utilized interfacial heat and mass transfer 

conditions to link the fluid and porous regions (See for example Defraeye et al. [28], 

Erriguible et al. [29], Murugesan et al. [30], Suresh et al. [31], and Younsi et al. [32]). 

However, all of these studies considered thermal and moisture equilibrium inside the 

porous media. Moreover, some of the groups [28,29,32] obtained solutions in the fluid 

and porous regions separately using different software/codes, but, explicitly linked both 

regions. In this respect, first the fluid region was solved for one time step then based on 

the fluid region’s solution heat and mass fluxes were imposed at fluid-porous interfaces 

to obtain solution inside porous region for the same time step.  

1.3.3 Turbulence and turbulent heat and mass transfer 

As mentioned earlier, for problems related to, for example, food stacks, heat and mass 

transfer can be turbulent due to large size of packed produce. In addition, many problems 

involve conjugate domains as well, which means that from turbulence modeling 

perspective, I need to model turbulence in the fluid and porous regions and at fluid-

porous interfaces. Turbulence modeling in clear fluid regions has been extensively 

studied, however, the existing literature shows few studies focused on modeling 

macroscopic turbulence at fluid-porous interfaces. In this respect, Chandesris and Jamet 

[33], and de Lemos [34] studied turbulence treatment at fluid-porous interfaces using the 

𝑘-𝜀 model.  

Turbulent heat and mass transfer inside food or produce stacks is widely modeled at the 

macroscopic scale of porous media. For example, as described earlier, Moureh et al. [27] 

modeled turbulent airflow inside and around slotted-enclosures filled with spheres to 

examine the distribution of airflow. The group modeled turbulence in the fluid and 

porous regions using the Reynolds stress models (RSM). Similarly, to predict turbulent 

airflow, temperature, and humidity distributions inside a cold storage room containing 

boxes loaded with spheres, Delele et al. [35] modeled turbulence using a combination of 

𝑘-𝜀 and 𝑘-𝜔 models. Moreover, Ambaw et al. [1] simulated turbulence inside conjugate 

fluid/porous domains, with the porous domain comprised of randomly packed spheres, 

using SST 𝑘-𝜔 model. In addition, Alvarez and Flick [36] modeled turbulent airflow to 
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simulate the cooling process of packed food stacks using the transport equation of 

turbulent kinetic energy. 

For modeling turbulence and turbulent heat and mass transfer at the macroscopic scale of 

porous media, the transport equations require time-averaging along with volume-

averaging. In this respect, the employed time-averaging operation is identical to that used 

in the clear fluid region. The time-averaging of a quantity 𝜑 is expressed as [37] 

 𝜑̅ =  
1

∆𝑡
∫ 𝜑 𝑑𝑡

𝑡+∆𝑡

𝑡

 (1.4)  

and, in general, the split of 𝜑 into its time-averaged component 𝜑̅ and temporal deviation 

𝜑′ is defined as  

𝜑 = 𝜑̅ + 𝜑′ (1.5)  

Due to the fact that both time- and volume-averaging operations are performed one after 

another, one can wonder if the order of averaging operations is critical. To answer this 

question, Pedras and de Lemos [37] proposed double decomposition concept, which 

involves time-averaging followed by volume-averaging or vice versa. The group found 

that the solution is not dependent upon the order of averaging i.e. 〈𝜑̅〉𝑓 = 〈𝜑〉𝑓̅̅ ̅̅ ̅̅ .  

For turbulence modeling at the macroscopic scale of porous media, the existing literature 

generally utilizes the 𝑘-𝜀 model, although turbulence inside the porous media has also 

been modeled using RSM and Large Eddy Simulation (LES) approaches by Kuwata and 

Suga [38] and Kuwahara et al. [39], respectively. In addition, in their work, Kuwahara et 

al. [39] compared the results of LES and 𝑘-𝜀 model, and found that 𝑘-𝜀 model is capable 

of modeling turbulence at the macroscopic scale inside porous media. The existing 𝑘-𝜀 

turbulence models can be classified based on their definition of turbulent kinetic energy 

𝑘. In this respect, the most popular 𝑘-𝜀 models were proposed by Nakayama and 

Kuwahara [40] and Pedras and de Lemos [37], who defined macroscopic turbulence 

kinetic energy inside porous media as  
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 𝑘𝑁𝐾 =
1

2
〈𝐯′ ∙ 𝐯′̅̅ ̅̅ ̅̅ ̅̅ 〉𝑓 (1.6)  

where, 𝐯′ represents the microscopic velocity fluctuation in time.  

Later, Teruel and Rizwan-uddin [41,42] added a dispersive component of turbulent 

kinetic energy in Eq. 1.6 to define total macroscopic turbulent kinetic energy as  

 𝑘𝑡𝑜𝑡𝑎𝑙 = 𝑘𝑁𝐾 +
1

2
〈𝐯̅̃ ∙ 𝐯̅̃〉𝑓 (1.7)  

where, 𝐯̅̃ refers to the spatial deviation of time-averaged velocity  

Based on the above discussion, I can say that macroscopic 𝑘-𝜀 turbulence models inside 

porous media already exist. However, as these models are derived using volume- and 

time-averaging operations, additional terms arise due to averaging that require closure to 

complete these models. Similarly, time- and volume-averaged heat and mass transfer 

equations also require closure in order to be utilized in the macroscopic model. In 

general, the closure is obtained by simulating the problem at the microscopic scale of 

porous media i.e. inside REV.  

Since the present work is focused on macroscopic turbulence and turbulent heat and mass 

transfer inside randomly packed bed of spheres (treated as porous media), I require 

turbulence, energy and mass transfer information at the microscopic scale of the 

considered porous media.  

The existing literature shows numerous studies that have incorporated turbulence and 

heat transfer at the microscopic scale of packed spheres. However, most of the studies 

utilized a structurally packed bed of spheres, and were focused on different aspects of the 

problem [43-47]. Very few studies have employed the more realistic random packing of 

spheres at the microscopic scale. In this respect, previously mentioned work of Ambaw et 

al. [1] used random packing of spheres to simulate the problem. Similarly, turbulent 

airflow through randomly packed spheres contained in vented boxes was simulated by 

Delele et al. [48] to examine turbulent flow inside the domain. In another study, turbulent 
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flow and heat transfer inside packed beds composed of randomly arranged short circular 

cylinders, rather than spheres, was simulated by Mathey [49]. 

From the above discussion, I can state that microscopic simulation studies inside packed 

beds of spheres, in general, did not focus on the macroscopic model closure. However, 

the existing literature shows a few such attempts, where simple two- and three-

dimensional structurally composed REVs were utilized. When it comes to the closure of 

the macroscopic 𝑘-𝜀 model, closures were obtained for two- and three-dimensional 

REVs, composed of a structured array of circular and square rods, and flat plates by 

Nakayama and Kuwahara [40], Pedras and de Lemos [37], Teruel and Rizwan-uddin 

[41,42], Chandesris et al. [50] and Drouin et al. [51]. For the case of packed spheres, 

closure of the macroscopic turbulence model was obtained by Alvarez and Flick [36]. 

However, the group utilized a transport equation of 𝑘 and an expression for 𝜀 to model 

the macroscopic turbulence. Recently, Mathey [49] obtained the closure of the 

macroscopic 𝑘-𝜀 model by considering REVs composed of structurally packed spheres. 

Moreover, the author also included the dispersive effects of turbulence in his work. 

However, the model closure was obtained for a small range of Reynolds number with 

packed bed porosity being constant. The existing literature shows very few studies 

focused on the closure of macroscopic heat and mass transport equations. In this respect, 

the closures obtained by de Lemos [52] are only limited to two-dimensional REVs 

composed of structured array of circular, elliptical, and square rods.  

1.4 Development of transport equations 

The details of the model development capable of simulating non-equilibrium heat and 

mass transfer in conjugate fluid/porous/solid domains are provided in chapter 2, however, 

the development of the transport equations is omitted. In this section, I demonstrate how 

the required form of the transport equations utilized in the fluid and porous regions are 

obtained. As a brief overview, heat and mass transfer of the moist air (dry air-water 

vapour mixture) is modeled in the fluid region. In this respect, the air flow is modeled 

using the mass and momentum conservation equations. The moisture content of the air is 

quantified by solving the water vapour mass fraction 𝑌𝑣 transport equation. The density 
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of air-water vapour mixture 𝜌𝑓 is constantly updated to account for moisture gain or loss. 

In addition, the present study models the energy of the air-water vapour mixture, which is 

composed of sensible and latent components, by solving its energy transport equation.  

In the porous region, non-equilibrium heat and mass transfer is considered. The moist air 

forms the fluid-constituent of the porous media, and utilizes the same transport equations 

proposed in the fluid region. The solid-constituent is considered to be composed of a 

solid-structure holding water. In such case, the heat and mass transfer of the solid-

constituent is modeled by including its energy and water mass fraction 𝑌𝑤 transport 

equations, respectively.  

Since the present work is focused on the development of a model that simulates heat and 

mass transfer problems over a moderate temperature range from around 0º C to 50°C, 

heat transfer due to radiation is not considered. Moreover, due to this reason, most 

thermophysical properties are also considered constant.   

1.4.1 Fluid region 

The mass and momentum transport equations, in their usual forms, are expressed as  

𝜕𝜌𝑓

𝜕𝑡
+ ∇. (𝜌𝑓𝐯)  = 0 (1.8)  

𝜕(𝜌𝑓𝐯)

𝜕𝑡
+ ∇. (𝜌𝑓𝐯𝐯) = −∇𝑃 + 𝜇𝑓∇2𝐯 + 𝜌𝑓𝐟 (1.9)  

The water vapour mass fraction equation is given as [53] 

𝜕(𝜌𝑓𝑌𝑣)

𝜕𝑡
+ ∇. (𝜌𝑓𝑌𝑣𝐯) = ∇. (𝜌𝑓𝐷𝑓𝛻𝑌𝑣) + 𝑆𝑣 (1.10)  

In the present work, the energy transport equation takes a different form to account for 

the entire energy of air-water vapour mixture. To drive the required form of the energy 

equation, I start with the following expression [54]  
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 ∑
𝜕(𝜌𝑓,𝑖ℎ𝑖)

𝜕𝑡
𝑖

+ ∑ ∇. (𝜌𝑓,𝑖ℎ𝑖𝐯𝒊)

𝑖

= −∇𝑞 + 𝑆𝑒 
(1.11)  

I can decompose the species velocity 𝐯𝒊 into the average mixture velocity 𝐯 and species 

diffusion velocity 𝐯𝒅,𝒊, which leads to the following expression 

 ∑
𝜕(𝜌𝑓,𝑖ℎ𝑖)

𝜕𝑡
𝑖

+ ∑ ∇. (𝜌𝑓,𝑖ℎ𝑖𝐯)

𝑖

= −∇𝑞 − ∑ ∇. (𝜌𝑓,𝑖ℎ𝑖𝐯𝒅,𝒊)

𝑖

+ 𝑆𝑒 
(1.12)  

The relation between species density 𝜌𝑓,𝑖 and mixture density 𝜌𝑓 is given as  

 ∑ 𝜌𝑓,𝑖

𝑖

= 𝜌𝑓 ∑ 𝑌𝑖

𝑖

 
(1.13)  

By incorporating 𝜌𝑓, the energy equation takes the following form  

 ∑
𝜕(𝜌𝑓𝑌𝑖ℎ𝑖)

𝜕𝑡
𝑖

+ ∑ ∇. (𝜌𝑓𝑌𝑖ℎ𝑖𝐯)

𝑖

= −∇𝑞 − ∑ ∇. (𝜌𝑓,𝑖ℎ𝑖𝐯𝒅,𝒊)

𝑖

+ 𝑆𝑒 (1.14)  

The Fick’s law of diffusion is defined as [53]   

 𝜌𝑓,𝑖𝐯𝒅,𝒊 = −𝜌𝑓𝐷𝑓∇𝑌𝑖 (1.15)  

Using the Fick’s law, I obtain 

 ∑
𝜕(𝜌𝑓𝑌𝑖ℎ𝑖)

𝜕𝑡
𝑖

+ ∑ ∇. (𝜌𝑓𝑌𝑖ℎ𝑖𝐯)

𝑖

= −∇𝑞 + ∑ ∇. (𝜌𝑓𝐷𝑓∇𝑌𝑖ℎ𝑖)

𝑖

+ 𝑆𝑒 
(1.16)  

The total species enthalpy ℎ𝑖 can be decomposed into sensible and latent components as 

 ℎ𝑖 = 𝑐𝑝,𝑖𝑇 + ℎ𝑓𝑔,𝑖 (1.17)  

By including this decomposition, I arrive at the following form of the energy equation  
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∑
𝜕[𝜌𝑓𝑌𝑖(𝑐𝑝,𝑖𝑇 + ℎ𝑓𝑔,𝑖)]

𝜕𝑡
𝑖

+ ∑ ∇. [𝜌𝑓𝑌𝑖𝐯(𝑐𝑝,𝑖𝑇 + ℎ𝑓𝑔,𝑖)]

𝑖

= −∇𝑞 + ∑ ∇. [𝜌𝑓𝐷𝑓∇𝑌𝑖(𝑐𝑝,𝑖𝑇 + ℎ𝑓𝑔,𝑖)]

𝑖

+ 𝑆𝑒 
(1.18)  

The Fourier’s law of conduction expresses the conductive heat flux 𝑞 as [55] 

 𝑞 = −𝑘𝑓∇𝑇 (1.19)  

Lastly, I employ Eq. 1.19 to obtain the required form of the air-water vapour mixture 

energy equation, which is given as 

 

∑ 𝑐𝑝,𝑖

𝜕(𝜌𝑓𝑌𝑖𝑇)

𝜕𝑡
𝑖

+ ∑ ℎ𝑓𝑔,𝑖

𝜕(𝜌𝑓𝑌𝑖)

𝜕𝑡
𝑖

+ ∑ 𝑐𝑝,𝑖∇. (𝜌𝑓𝑌𝑖𝑇𝐯) +

𝑖

∑ ℎ𝑓𝑔,𝑖∇. (𝜌𝑓𝑌𝑖𝐯)

𝑖

= 𝑘𝑓∇2𝑇 + ∑ ∇. [𝜌𝑓𝐷𝑓∇𝑌𝑖(𝑐𝑝,𝑖𝑇 + ℎ𝑓𝑔,𝑖)]

𝑖

+ 𝑆𝑒 
(1.20)  

1.4.2 Porous Region 

During the volume-averaging of a transport equation, I often encounter volume-averaging 

of spatial derivatives. In such cases, the spatial averaging theorem is utilized, which is 

defined as [2] 

⟨∇𝜑⟩ = ∇⟨𝜑⟩ +
1

𝑉
∫ 𝒏

𝑎𝑓𝑠

𝜑 𝑑𝑎 
(1.21)  

where 𝑎𝑓𝑠 is the interfacial surface area of the REV, and 𝒏 is the unit vector normal to 

𝑎𝑓𝑠. In other instances, I need to volume-average the products. In such situations, I 

decompose a quantity into its intrinsic average and spatial deviation, and consider that the 

volume-average of spatial deviation equals zero. In the present work, the decomposition 

of mixture density 𝜌𝑓, velocity 𝐯, mass fraction 𝑌, and temperature 𝑇 is given as  
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𝜌𝑓 = 〈𝜌𝑓〉𝑓 + 𝜌̃𝑓 ≈ 〈𝜌𝑓〉𝑓 

𝐯 = 〈𝐯〉𝑓 + 𝐯̃  ,     〈𝐯̃〉 = 0 

𝑌 = 〈𝑌〉𝑓 + 𝑌̃  ,     〈𝑌̃〉 = 0 

𝑇 = 〈𝑇〉𝑓 + 𝑇̃  ,     〈𝑇̃〉 = 0 

(1.22)  

For the present study, I consider the spatial deviation of mixture density 𝜌̃𝑓 to be 

negligible. This simplification is justified because the mixture density of moist air does 

not change significantly with moisture gain or loss. In addition, in terms of magnitude, I 

consider 〈𝑌〉𝑓 ≫ 𝑌̃, 〈𝑇〉𝑓 ≫ 𝑇̃, and 𝐯̃ to be of same order as 〈𝐯〉𝑓[2]. Moreover, I also 

consider the porosity of porous media to be constant. 

Based on the aforementioned volume-averaging information, I obtain the volume-

averaged form of the transport equations proposed for the fluid region. With the 

simplification of mixture density, the volume-averaging of mass and momentum 

equations follows the procedure discussed by Whitaker [2], which will not be repeated 

here for conciseness. The extrinsic form of the closed volume-averaged mass and 

momentum transport equations are given as [2] 

 𝜀
𝜕〈𝜌𝑓〉𝑓

𝜕𝑡
+ ∇. (〈𝜌𝑓〉𝑓〈𝐯〉)  = 0 (1.23)  

 

𝜕(〈𝜌𝑓〉𝑓〈𝐯〉)

𝜕𝑡
+

1

𝜀
∇. (〈𝜌𝑓〉𝑓〈𝐯〉〈𝐯〉)

= −𝜀∇〈𝑃〉𝑓 + 𝜇𝑓∇2〈𝐯〉 + ε〈𝜌𝑓〉𝑓𝐟 −
𝜀𝜇𝑓

𝐾
〈𝐯〉 −

𝜀〈𝜌𝑓〉𝑓𝑐𝐸

√𝐾
|〈𝐯〉|〈𝐯〉 

(1.24)  

where the last two terms on the right-hand side of Eq. 1.24 are usually referred as the 

Darcy and Forchheimer terms, respectively. These terms account for the additional 

pressure drop that fluid experiences through porous media. 

I now focus on volume-averaging of water vapour mass fraction equation (Eq. 1.10) 
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presented earlier. The volume-averaging of the unsteady term is carried out as   

⟨
𝜕(𝜌𝑓𝑌𝑣)

𝜕𝑡
⟩ =

𝜕⟨𝜌𝑓𝑌𝑣⟩

𝜕𝑡
=

𝜕⟨〈𝜌𝑓〉𝑓(〈𝑌𝑣,𝑓〉𝑓 + 𝑌̃𝑣)⟩

𝜕𝑡
= 𝜀

𝜕(〈𝜌𝑓〉𝑓〈𝑌𝑣,𝑓〉𝑓)

𝜕𝑡
 (1.25)  

For the advective term, I use the spatial averaging theorem (Eq. 1.21), which results in  

⟨∇. (𝜌𝑓𝑌𝑣𝐯)⟩ = ∇. ⟨𝜌𝑓𝑌𝑣𝐯⟩ +
1

𝑉
∫ 𝒏

𝑎𝑓𝑠

. 𝜌𝑓𝑌𝑣𝐯 𝑑𝑎 (1.26)  

The second term on the right-hand side of Eq. 1.26 becomes zero with the application of 

the no-slip hydrodynamic boundary condition at 𝑎𝑓𝑠. For the first term on the right-hand 

side of Eq. 1.26, I split the quantities using Eq. 1.22. The resulting advective term is 

expressed as  

⟨∇. (𝜌𝑓𝑌𝑣𝐯)⟩ = ∇. ⟨〈𝜌𝑓〉𝑓(〈𝑌𝑣,𝑓〉𝑓 + 𝑌̃𝑣)(〈𝐯〉𝑓 + 𝐯̃)⟩

= ∇. (𝜀〈𝜌𝑓〉𝑓〈𝑌𝑣,𝑓〉𝑓〈𝐯〉𝑓 + 〈𝜌𝑓〉𝑓⟨𝑌̃𝑣,𝑓𝐯̃⟩) (1.27)  

Similarly, the diffusive term is expanded as 

    ⟨∇. (𝜌𝑓𝐷𝑓∇𝑌𝑣)⟩ = ∇. ⟨𝜌𝑓𝐷𝑓∇𝑌𝑣⟩ +
1

𝑉
∫ 𝒏

𝑎𝑓𝑠

. 𝜌𝑓𝐷𝑓∇𝑌𝑣 𝑑𝑎

= ∇. (𝐷𝑓〈𝜌𝑓〉𝑓⟨∇𝑌𝑣⟩) +
1

𝑉
∫ 𝒏

𝑎𝑓𝑠

. 𝜌𝑓𝐷𝑓∇𝑌𝑣 𝑑𝑎

= ∇. 𝐷𝑓〈𝜌𝑓〉𝑓 (𝜀∇〈𝑌𝑣,𝑓〉𝑓 +
1

𝑉
∫ 𝒏

𝑎𝑓𝑠

𝑌𝑣 𝑑𝑎) +
1

𝑉
∫ 𝒏

𝑎𝑓𝑠

. 𝜌𝑓𝐷𝑓∇𝑌𝑣 𝑑𝑎 

(1.28)  

The second term inside the brackets on the right-hand side of Eq. 1.28 can be written as 

1

𝑉
∫ 𝒏

𝑎𝑓𝑠

𝑌𝑣 𝑑𝑎 =
1

𝑉
∫ 𝒏

𝑎𝑓𝑠

〈𝑌𝑣〉𝑓 𝑑𝑎 +
1

𝑉
∫ 𝒏

𝑎𝑓𝑠

𝑌̃𝑣 𝑑𝑎 
(1.29)  

Since, 〈𝑌𝑣〉𝑓 remains constant inside the REV, it can be moved out of the integral, which 

yields 
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1

𝑉
∫ 𝒏

𝑎𝑓𝑠

𝑌𝑣 𝑑𝑎 = {
1

𝑉
∫ 𝒏

𝑎𝑓𝑠

𝑑𝑎} 〈𝑌𝑣〉𝑓 +
1

𝑉
∫ 𝒏

𝑎𝑓𝑠

𝑌̃𝑣 𝑑𝑎

= −(∇𝜀)〈𝑌𝑣〉𝑓 +
1

𝑉
∫ 𝒏

𝑎𝑓𝑠

𝑌̃𝑣 𝑑𝑎 =
1

𝑉
∫ 𝒏

𝑎𝑓𝑠

𝑌̃𝑣 𝑑𝑎 
(1.30)  

Using this simplification, the diffusive term is written as 

⟨∇. (𝜌𝑓𝐷𝑓∇𝑌𝑣)⟩

= ∇. (𝜀𝐷𝑓〈𝜌𝑓〉𝑓∇〈𝑌𝑣,𝑓〉𝑓) + ∇. (𝐷𝑓〈𝜌𝑓〉𝑓
1

𝑉
∫ 𝒏

𝑎𝑓𝑠

𝑌̃𝑣 𝑑𝑎)

+
1

𝑉
∫ 𝒏

𝑎𝑓𝑠

. 𝜌𝑓𝐷𝑓∇𝑌𝑣 𝑑𝑎 

(1.31)  

The volume-averaging of the source term 𝑆𝑣 results in 𝜀𝑆𝑣,𝑓. The resulting volume-

averaged water vapour mass fraction equation can be expressed as  

   𝜀
𝜕(〈𝜌𝑓〉𝑓〈𝑌𝑣,𝑓〉𝑓)

𝜕𝑡
+ ∇. (𝜀〈𝜌𝑓〉𝑓〈𝑌𝑣,𝑓〉𝑓〈𝐯〉𝑓)

= ∇. (𝜀𝐷𝑓〈𝜌𝑓〉𝑓∇〈𝑌𝑣,𝑓〉𝑓 + 𝐷𝑓〈𝜌𝑓〉𝑓
1

𝑉
∫ 𝒏

𝑎𝑓𝑠

𝑌̃𝑣 𝑑𝑎 − 〈𝜌𝑓〉𝑓⟨𝑌̃𝑣,𝑓𝐯̃⟩)

+
1

𝑉
∫ 𝒏

𝑎𝑓𝑠

. 𝜌𝑓𝐷𝑓∇𝑌𝑣 𝑑𝑎 + 𝜀𝑆𝑣,𝑓 

(1.32)  

Eq. 1.32 in its current form cannot be utilized because it includes the additional terms that 

require closure. In this respect, the second and third terms inside the brackets on the 

right-hand side of Eq. 1.32 are closed using a gradient-diffusion type model. The second 

term on the right-hand side of Eq. 1.32 represents interfacial moisture transfer between 

the fluid and solid-constituents of porous media. This term is closed using a gradient-

convection type model. Consequently, the extrinsic form of closed volume-averaged 

water vapour transport equation is expressed as 
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𝜀
𝜕(〈𝜌𝑓〉𝑓〈𝑌𝑣,𝑓〉𝑓)

𝜕𝑡
+ ∇. (〈𝜌𝑓〉𝑓〈𝑌𝑣,𝑓〉𝑓〈𝐯〉)

= ∇. (〈𝜌𝑓〉𝑓𝐷𝑒𝑓𝑓,𝑓∇〈𝑌𝑣,𝑓〉𝑓) + 𝜀𝑆𝑣,𝑓 + 〈𝑚̇𝑓𝑠〉 
(1.33)  

The volume-averaging of solid-constituent’s water mass fraction equation also follows 

the same steps. The resulting closed form of the volume-averaged water transport 

equation is given as 

 (1 − 𝜀)
𝜕(〈𝜌𝑠〉𝑠〈𝑌𝑤,𝑠〉𝑠)

𝜕𝑡
= ∇. (〈𝜌𝑠〉𝑠𝐷𝑒𝑓𝑓,𝑠∇〈𝑌𝑤,𝑠〉𝑠) + (1 − 𝜀)𝑆𝑤,𝑠 − 〈𝑚̇𝑓𝑠〉 (1.34)  

Using the same process, I now volume-average the air-water vapour mixture energy 

equation (Eq. 1.20). The unsteady terms are volume-averaged as  

 

⟨∑ 𝑐𝑝,𝑖

𝜕(𝜌𝑓𝑌𝑖𝑇𝑓)

𝜕𝑡
𝑖

⟩ + ⟨∑ ℎ𝑓𝑔,𝑖

𝜕(𝜌𝑓𝑌𝑖)

𝜕𝑡
𝑖

⟩

= ∑ 𝑐𝑝,𝑖

𝜕⟨𝜌𝑓𝑌𝑖𝑇𝑓⟩

𝜕𝑡
𝑖

+ ∑ ℎ𝑓𝑔,𝑖

𝜕⟨𝜌𝑓𝑌𝑖⟩

𝜕𝑡
𝑖

= ∑ 𝑐𝑝,𝑖

𝜕⟨〈𝜌𝑓〉𝑓(〈𝑌𝑖,𝑓〉𝑓 + 𝑌̃𝑖,𝑓)(〈T𝑓〉𝑓 + 𝑇̃𝑓)⟩

𝜕𝑡
𝑖

+ ∑ ℎ𝑓𝑔,𝑖

𝜕⟨〈𝜌𝑓〉𝑓(〈𝑌𝑖,𝑓〉𝑓 + 𝑌̃𝑖,𝑓)⟩

𝜕𝑡
𝑖

= ∑ 𝜀𝑐𝑝,𝑖

𝜕(〈𝜌𝑓〉𝑓〈𝑌𝑖,𝑓〉𝑓〈𝑇𝑓〉𝑓)

𝜕𝑡
𝑖

+ ∑ 𝜀ℎ𝑓𝑔,𝑖

𝜕(〈𝜌𝑓〉𝑓〈𝑌𝑖,𝑓〉𝑓)

𝜕𝑡
𝑖

 

(1.35)  

Using the steps described earlier, the volume-averaging of the sensible and latent 

advective terms is carried out as 
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⟨∑ 𝑐𝑝,𝑖∇. (𝜌𝑓𝑌𝑖𝑇𝑓𝐯)

𝑖

⟩ = ∑ 𝑐𝑝,𝑖

𝑖

⟨∇. (𝜌𝑓𝑌𝑖𝑇𝑓𝐯)⟩

= ∑ 𝑐𝑝,𝑖

𝑖

∇. ⟨𝜌𝑓𝑌𝑖𝑇𝑓𝐯⟩ + ∑ 𝑐𝑝,𝑖

𝑖

1

𝑉
∫ 𝒏

𝑎𝑓𝑠

. 𝜌𝑓𝑌𝑖𝑇𝑓𝐯 𝑑𝑎

= ∑ 𝑐𝑝,𝑖

𝑖

∇. ⟨〈𝜌𝑓〉𝑓(〈𝑌𝑖,𝑓〉𝑓 + 𝑌̃𝑖,𝑓)(〈T𝑓〉𝑓 + 𝑇̃𝑓)(〈𝐯〉𝑓 + 𝐯̃)⟩

= ∑ 𝑐𝑝,𝑖

𝑖

∇. (𝜀〈𝜌𝑓〉𝑓〈𝑌𝑖,𝑓〉𝑓〈T𝑓〉𝑓〈𝐯〉𝑓 + 〈𝜌𝑓〉𝑓〈𝑌𝑖,𝑓〉𝑓⟨𝐯̃𝑇̃𝑓⟩

+ 〈𝜌𝑓〉𝑓〈T𝑓〉𝑓⟨𝐯̃𝑌̃𝑖,𝑓⟩) 

(1.36)  

 

⟨∑ ℎ𝑓𝑔,𝑖∇. (𝜌𝑓𝑌𝑖𝐯)

𝑖

⟩ = ∑ ℎ𝑓𝑔,𝑖

𝑖

⟨∇. (𝜌𝑓𝑌𝑖𝐯)⟩

= ∑ ℎ𝑓𝑔,𝑖

𝑖

∇. ⟨𝜌𝑓𝑌𝑖𝐯⟩ + ∑ ℎ𝑓𝑔,𝑖

𝑖

1

𝑉
∫ 𝒏

𝑎𝑓𝑠

. 𝜌𝑓𝑌𝑖𝐯 𝑑𝑎

= ∑ ℎ𝑓𝑔,𝑖

𝑖

∇. ⟨〈𝜌𝑓〉𝑓(〈𝑌𝑖,𝑓〉𝑓 + 𝑌̃𝑖,𝑓)(〈𝐯〉𝑓 + 𝐯̃)⟩

= ∑ ℎ𝑓𝑔,𝑖

𝑖

∇. (𝜀〈𝜌𝑓〉𝑓〈𝑌𝑖,𝑓〉𝑓〈𝐯〉𝑓 + 〈𝜌𝑓〉𝑓⟨𝐯̃𝑌̃𝑖,𝑓⟩) 

(1.37)  

The diffusive term of the energy equation is volume-averaged as 

 

⟨𝑘𝑓∇2𝑇⟩ = ⟨∇. (𝑘𝑓∇𝑇𝑓)⟩ = ∇. ⟨𝑘𝑓∇𝑇𝑓⟩ +
1

𝑉
∫ 𝒏

𝑎𝑓𝑠

. 𝑘𝑓∇𝑇𝑓𝑑𝑎

= 𝑘𝑓∇. (∇〈𝑇𝑓〉 +
1

𝑉
∫ 𝒏

𝑎𝑓𝑠

𝑇𝑓𝑑𝑎) +
1

𝑉
∫ 𝒏

𝑎𝑓𝑠

. 𝑘𝑓∇𝑇𝑓𝑑𝑎

= ∇. (𝜀𝑘𝑓∇〈𝑇𝑓〉𝑓 + 𝑘𝑓

1

𝑉
∫ 𝒏

𝑎𝑓𝑠

𝑇̃𝑓𝑑𝑎) +
1

𝑉
∫ 𝒏

𝑎𝑓𝑠

. 𝑘𝑓∇𝑇𝑓𝑑𝑎 

(1.38)  

In the similar manner, the volume-averaging of the species diffusion energy transport 

term is conducted as 
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⟨∑ ∇. [𝜌𝑓𝐷𝑓∇𝑌𝑖(𝑐𝑝,𝑖𝑇𝑓 + ℎ𝑓𝑔,𝑖)]

𝑖

⟩

= ∑ ∇. ⟨𝜌𝑓𝐷𝑓∇𝑌𝑖(𝑐𝑝,𝑖𝑇𝑓 + ℎ𝑓𝑔,𝑖)⟩

𝑖

+ ∑
1

𝑉
𝑖

∫ 𝒏
𝑎𝑓𝑠

. 𝜌𝑓𝐷𝑓∇𝑌𝑖(𝑐𝑝,𝑖𝑇𝑓 + ℎ𝑓𝑔,𝑖)𝑑𝑎 

(1.39)  

The first term on the right-hand side of Eq. 1.39 is further expanded as 

 

∑ ∇. ⟨𝜌𝑓𝐷𝑓∇𝑌𝑖(𝑐𝑝,𝑖𝑇𝑓 + ℎ𝑓𝑔,𝑖)⟩

𝑖

= ∑ ∇. 𝑐𝑝,𝑖𝐷𝑓⟨𝜌𝑓𝑇𝑓∇𝑌𝑖⟩

𝑖

+ ∑ ∇. ℎ𝑓𝑔,𝑖𝐷𝑓⟨𝜌𝑓∇𝑌𝑖⟩

𝑖

= ∑ ∇. 𝑐𝑝,𝑖𝐷𝑓⟨〈𝜌𝑓〉𝑓(〈T𝑓〉𝑓 + 𝑇̃𝑓)∇𝑌𝑖⟩

𝑖

+ ∑ ∇. ℎ𝑓𝑔,𝑖𝐷𝑓⟨〈𝜌𝑓〉𝑓∇𝑌𝑖⟩

𝑖

= ∑ ∇. 𝑐𝑝,𝑖𝐷𝑓⟨[〈𝜌𝑓〉𝑓〈T𝑓〉𝑓 + 〈𝜌𝑓〉𝑓𝑇̃𝑓]∇𝑌𝑖⟩

𝑖

+ ∑ ∇. ℎ𝑓𝑔,𝑖𝐷𝑓〈𝜌𝑓〉𝑓⟨∇𝑌𝑖⟩

𝑖

= ∑ ∇. 𝑐𝑝,𝑖𝐷𝑓〈𝜌𝑓〉𝑓〈T𝑓〉𝑓⟨∇𝑌𝑖⟩ +

𝑖

∑ ∇. 𝑐𝑝,𝑖𝐷𝑓〈𝜌𝑓〉𝑓⟨𝑇̃𝑓∇𝑌𝑖⟩ +

𝑖

+ ∑ ∇. ℎ𝑓𝑔,𝑖𝐷𝑓〈𝜌𝑓〉𝑓⟨∇𝑌𝑖⟩

𝑖

= ∑ ∇. 𝑐𝑝,𝑖 𝐷𝑓〈𝜌𝑓〉𝑓〈T𝑓〉𝑓 (ε∇〈𝑌𝑖,𝑓〉𝑓 +
1

𝑉
∫ 𝒏

𝑎𝑓𝑠

𝑌̃𝑖,𝑓 𝑑𝑎)

𝑖

+ ∑ ∇. 𝑐𝑝,𝑖𝐷𝑓〈𝜌𝑓〉𝑓⟨𝑇̃𝑓∇𝑌𝑖⟩ +

𝑖

+ ∑ ∇. ℎ𝑓𝑔,𝑖𝐷𝑓〈𝜌𝑓〉𝑓 (ε∇〈𝑌𝑖,𝑓〉𝑓 +
1

𝑉
∫ 𝒏

𝑎𝑓𝑠

𝑌̃𝑖,𝑓 𝑑𝑎)

𝑖

 

(1.40)  

The entire volume-averaged air-water vapour mixture energy transport equation can be 

written as 
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∑ ε𝑐𝑝,𝑖

𝜕(〈𝜌𝑓〉𝑓〈𝑌𝑖,𝑓〉𝑓〈𝑇𝑓〉𝑓)

𝜕𝑡
𝑖

+ ∑ εℎ𝑓𝑔,𝑖

𝜕(〈𝜌𝑓〉𝑓〈𝑌𝑖,𝑓〉𝑓)

𝜕𝑡
𝑖

+ ∑ 𝑐𝑝,𝑖

𝑖

∇. (ε〈𝜌𝑓〉𝑓〈𝑌𝑖,𝑓〉𝑓〈T𝑓〉𝑓〈𝐯〉𝑓)

+ ∑ ℎ𝑓𝑔,𝑖

𝑖

∇. (ε〈𝜌𝑓〉𝑓〈𝑌𝑖,𝑓〉𝑓〈𝐯〉𝑓)

= ∇. (ε𝑘𝑓∇〈𝑇𝑓〉𝑓 + 𝑘𝑓

1

𝑉
∫ 𝒏𝑇̃𝑓𝑑𝑎

𝑎𝑓𝑠

− ∑ 𝑐𝑝,𝑖〈𝜌𝑓〉𝑓〈𝑌𝑖,𝑓〉𝑓⟨𝐯̃𝑇̃𝑓⟩ − ∑ 𝑐𝑝,𝑖

𝑖

〈𝜌𝑓〉𝑓〈T𝑓〉𝑓⟨𝐯̃𝑌̃𝑖,𝑓⟩

𝑖

− ∑ ℎ𝑓𝑔,𝑖〈𝜌𝑓〉𝑓⟨𝐯̃𝑌̃𝑖,𝑓⟩

𝑖

)

+ ∑ ∇. [ε𝐷𝑓〈𝜌𝑓〉𝑓∇〈𝑌𝑖,𝑓〉𝑓(𝑐𝑝,𝑖〈T𝑓〉𝑓 + ℎ𝑓𝑔,𝑖)

𝑖

+ 𝑐𝑝,𝑖𝐷𝑓〈𝜌𝑓〉𝑓⟨𝑇̃𝑓∇𝑌𝑖⟩

+ 𝐷𝑓〈𝜌𝑓〉𝑓
1

𝑉
∫ 𝒏

𝑎𝑓𝑠

𝑌̃𝑖,𝑓 (𝑐𝑝,𝑖〈T𝑓〉𝑓 + ℎ𝑓𝑔,𝑖) 𝑑𝑎] + 𝜀𝑆𝑒,𝑓

+
1

𝑉
∫ 𝒏

𝑎𝑓𝑠

. 𝑘𝑓∇𝑇𝑓𝑑𝑎 + ∑
1

𝑉
𝑖

∫ 𝒏
𝑎𝑓𝑠

. 𝜌𝑓𝐷𝑓∇𝑌𝑖(𝑐𝑝,𝑖𝑇𝑓 + ℎ𝑓𝑔,𝑖)𝑑𝑎 

(1.41)  

The closure for the energy equation is also obtained using the gradient-type models as 

explained earlier. The last term on the right-hand side of Eq. 1.41 may represent 

interfacial energy transfer due to mass transfer, which also accounts for the latent energy 

of water vapor evaporation. However, in the present model, the latent energy of water 

vapor evaporation is already accounted by fluid-constituent by tracking the entire air-

vapor mixture energy i.e. when moist air gains or losses moisture it uses its energy to 

account for that moisture exchange. Therefore, including this last term in the model will 

add the latent energy of water vapor evaporation to the fluid-constituent, which will 

negate the effects of evaporative cooling. Consequently, the last term on the right-hand 

side of Eq. 1.41 is neglected in the present work. The resulting extrinsic form of the 

closed volume-averaged energy transport equation for the air-water vapour mixture is 
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expressed as 

 

∑ 𝜀𝑐𝑝,𝑖

𝜕(〈𝜌𝑓〉𝑓〈𝑌𝑖,𝑓〉𝑓〈𝑇𝑓〉𝑓)

𝜕𝑡
𝑖

+ ∑ 𝜀ℎ𝑓𝑔,𝑖

𝜕(〈𝜌𝑓〉𝑓〈𝑌𝑖,𝑓〉𝑓)

𝜕𝑡
𝑖

+ ∑ 𝑐𝑝,𝑖∇. (〈𝜌𝑓〉𝑓〈𝑌𝑖,𝑓〉𝑓〈𝑇𝑓〉𝑓〈𝐯〉) +

𝑖

∑ ℎ𝑓𝑔,𝑖∇. (〈𝜌𝑓〉𝑓〈𝑌𝑖,𝑓〉𝑓〈𝐯〉)

𝑖

= 𝑘𝑒𝑓𝑓,𝑓∇2〈𝑇𝑓〉𝑓

+ ∑ ∇. [〈𝜌𝑓〉𝑓𝐷𝑒𝑓𝑓,𝑓∇〈𝑌𝑖,𝑓〉𝑓(𝑐𝑝,𝑖〈𝑇𝑓〉𝑓 + ℎ𝑓𝑔,𝑖)]

𝑖

+ 𝜀𝑆𝑒,𝑓

+ ℎ𝑓𝑠𝐴𝑓𝑠(〈𝑇𝑠〉𝑠 − 〈𝑇𝑓〉𝑓) 

(1.42)  

The volume-averaging of the solid-constituent’s energy equation also follows the same 

procedure, which will not be repeated here. The resulting closed form of the volume-

averaged solid-constituent’s energy transport equation is given as 

 

∑(1 − 𝜀)𝑐𝑝𝑠,𝑖

𝜕(〈𝜌𝑠〉𝑠〈𝑌𝑖,𝑠〉𝑠〈𝑇𝑠〉𝑠)

𝜕𝑡
𝑖

= 𝑘𝑒𝑓𝑓,𝑠∇2〈𝑇𝑠〉𝑠 + ∑ ∇. [〈𝜌𝑠〉𝑠𝐷𝑒𝑓𝑓,𝑠∇〈𝑌𝑖,𝑠〉𝑠(𝑐𝑝𝑠,𝑖〈𝑇𝑠〉𝑠)]

𝑖

+ (1 − 𝜀)𝑆𝑒,𝑠 − ℎ𝑓𝑠𝐴𝑓𝑠(〈𝑇𝑠〉𝑠 − 〈𝑇𝑓〉𝑓) 

(1.43)  

1.5 Thesis motivation and objectives 

The literature review presented in the section 1.3 describes the capabilities of different 

heat and mass transfer models from various aspects. In terms of non-equilibrium heat and 

mass transfer inside porous media, some numerical models [20,22,23] incorporated non-

equilibrium mass transfer, while others included non-equilibrium heat transfer [24-26]. In 

addition, most of these models utilized a non-equilibrium approach specifically designed 

for the particular case under study.  

Similarly, heat and mass transfer in a conjugate framework has been specifically modeled 

as well [1,22,24-26], however, all such studies considered thermal and/or moisture 

equilibrium inside the porous media. For the problems related to convective drying, as 
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mentioned earlier, some groups [28,29,32] maintained conjugacy by explicitly linking the 

fluid and porous region solutions obtained using different software/codes, which 

highlights their lack of a generic conjugate framework. In addition, the work of Moureh 

et al. [27] relied on Fluent to formulate the fluid-porous interface. None of these studies 

required the solid region to be included in the conjugate framework, which is essential for 

some heat and mass transfer problems discussed earlier. In this respect, only Zou et al. 

[25,26] proposed a conjugate fluid/porous/solid framework. However, no description of 

interface treatment was provided, and their model did not include mass transfer. 

The existing literature on macroscopic turbulence and turbulent heat and mass transfer 

inside porous media shows the availability of such models, however, the models require 

closure for the considered porous media. With respect to the closure for randomly packed 

bed of spheres, efforts were only made by Alvarez and Flick [36], and Mathey [49], 

however, both studies utilized structurally packed bed of spheres rather than more 

realistic randomly packed bed of spheres.  

It can be concluded based on the above discussion that no study, as yet, has proposed a 

generic formulation that simulates non-equilibrium heat and mass transfer in a conjugate 

fluid/porous/solid framework. In addition, to the authors’ knowledge, closure for a 

macroscopic model that simulates turbulence and non-equilibrium turbulent heat and 

mass transfer inside porous media composed of randomly packed bed of spheres still 

does not exist in the existing literature. Therefore, there is a need of a model that fulfills 

all of these requirements, and accurately simulates various related heat and mass transfer 

problems discussed earlier. In addition, the model must be generic and capable of being 

modified to the problem requirements. 

Based on this discussion, the overall objective of the present work is to develop a 

formulation that simulates various heat and mass transport problems in complex domains 

involving porous media over wide range of Reynolds numbers. This overall objective can 

be achieved by fulfilling the following specific objectives: 

1. The first objective is focused on developing a model that incorporates non-

equilibrium heat and mass transport in conjugate fluid/porous/solid framework. 
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2. The second objective is focused on the demonstration of the developed 

formulation by simulating the problems that essentially require non-equilibrium 

heat and mass transfer capabilities in conjugate framework. 

 

3. The third objective is to extend the applicability of the developed model to such 

class of problems that essentially involve turbulence and non-equilibrium turbulent 

heat and mass transport. 

1.6 Thesis outline 

The remaining chapters of the thesis are focused on achieving the objectives mentioned 

earlier. A brief aim and overview of each chapter is given as: 

 Chapter 2: The development of a formulation that simulates non-equilibrium heat 

and mass transport in conjugate fluid/porous/solid framework is presented. In this 

respect, the required transport equations for each region are presented, which is 

followed by a novel interfacial formulation. For ease, the discretization and 

implementation of the developed formulation is also included. For the purpose of 

model demonstration and validation, the problems of direct and indirect 

evaporative cooling and drying of a wet porous block are simulated. In addition, 

each selected case demonstrates a core capability of the developed formulation. 

The overall aim of this chapter is to develop the required generic formulation and 

to demonstrate that it is adaptable to different types of heat and mass transfer 

problems, and yet capable of providing physically realistic solutions. 

Consequently, this chapter forms the base of the thesis, from where the developed 

model is further utilized/extended to achieve the remaining proposed goals.  

 

 Chapter 3: The convective drying of a wet porous material using conjugate 

framework is presented. Although, drying process of a wet porous block is 

already covered in chapter 2, that case utilizes an internal drying airflow through 

moist permeable wood wool. Moreover, that case serves as a simple 

demonstration of the developed model to simulate such class of problems. In 
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chapter 3, convective drying of an apple slice as wet porous material along with 

the surrounding airflow region is modeled using the conjugate framework and 

verified using highly cited experimental data. The modeling of such a complex 

simultaneous heat and mass transfer problem provides a comprehensive and 

critical assessment of the developed formulation. It further demonstrates the 

capability of the developed model to accurately predict heat and mass exchange 

within the porous region and at fluid-porous interfaces under varying airflow 

conditions. In this respect, the mass exchange conditions at a fluid-porous 

interface are comprehensively discussed and modified to meet the problem 

requirements. In addition, the detailed modeling of apple flesh as a porous 

material is also carried out to show the intricate modeling capabilities of the 

developed model. Lastly, this chapter serves as an intermediate step towards the 

extension of the developed model, where implicit dynamic coupling of porous 

material phases is essential for the applications related to food storage and 

processing industries.  

 

 Chapter 4: This chapter extends the capability of the developed formulation to 

model such class of problems that involve turbulence and turbulent heat and mass 

transfer inside porous media. In this respect, this chapter focuses on closure of the 

available macroscopic turbulence and non-equilibrium turbulent heat and mass 

transfer models inside a porous media composed of a randomly packed bed of 

spheres. The closure is obtained by simulating the problem at the microscopic 

scale of the porous media. In addition, the applicability of the closure is extend by 

including the parametric variation of different geometric and flow parameters. 

 

 The last chapter covers the overall summary of the thesis, and also highlights the 

novel contributions made and the future recommendations.  
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Chapter 2  

2 Numerical model for non-equilibrium heat and mass 
transfer in conjugate framework*  

2.1 Introduction  

Fluid flow and heat transfer problems involving conjugate fluid/porous/solid regions have 

many applications in thermal management, drying, curing, filtration, etc.  Thus, there is a 

need for robust numerical models capable of simulating such classes of problems.  The 

developed formulation must be capable of modeling fluid flow, and sensible and latent 

heat exchange in conjugate fluid/porous/solid regions, and be accurate and robust at 

interfaces between these regions where sudden changes can occur in flow characteristics. 

With respect to numerically modeling of fluid flow and heat transfer in conjugate 

domains, a significant amount of work has been reported (see reference [1] for 

comprehensive literature review).  Costa et al. [2] proposed a finite-element approach to 

simulate flows in conjugate fluid/porous domains.  Their approach considered local 

thermal equilibrium in the porous region, which assumes that the total energy of a porous 

continuum comprised of fluid and solid can be characterized by a single temperature.  

While this is reasonable for solid materials of low conductivity, it is not appropriate for 

highly conductive metals, or for cases where the temperature of the fluid (or solid) is 

important for determining physical thresholds, such as in evaporative cooling. In 

addition, because of the discretization approach used at the interfaces between fluid-solid 

regions, their model was restricted to very low Reynolds numbers (< 10).  The most 

comprehensive recent work in conjugate domain modelling of heat and fluid flow was 

carried out by Betchen et al. [1].  Their work describes a conjugate domain model, based 

upon the finite-volume approach that accounts for fluid flow and non-equilibrium 

(sensible) heat transfer in porous regions.  One key contribution of their work was 

interface treatment between regions of the conjugate domain.  Robust mathematical 

conditions were developed and discretized that enable stable, smooth transitions across 


