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Abstract

This thesis focuses on developing and computing ruin-related quantities that are potentially
measurements for the dual risk models which was proposed to describe the annuity-type busi-
nesses from the perspective of the collective risk theory in 1950’s. In recent years, the dual
risk models are revisited by many researchers to quantify the risk of businesses similar to the
annuity-type. The major extensions of this thesis consist of two aspects: the first is to search
for new ruin-related quantities that are potentially indices of the risk for well-established dual
models; the other aspect is to generalize the settings of the dual models instead of the ruin
quantities. There are four separate articles in this thesis, in which the first (Chapter 2) and the
last (Chapter 5) belong to the first type of extensions while the others (Chapter 3 and Chapter 4)
belong to the generalizations of the dual models.

The first article (Chapter 2) studies the discounted moments of the surplus at the time of
the last jump before ruin for the compound Poisson dual risk model. The idea comes from that
the ruin of the compound Poisson dual models is caused by absence of positive jumps within a
period with length being propotional to the surplus at the time of the last jump. As a quantity
related to a non-stopping time, the explicit expression of the target quantity is obtained through
solving integro-differential equations.

The second article (Chapter 3) investigate the Sparre-Andersen dual risk models in which
the epochs are independently, identically distributed generalized Erlang-n random variables.
An important difference between this model and some other models such as the Erlang-n dual
risk models is that the roots to the generalized Lundberg’s equation are not necessarily distinct.
By taking the multiple roots into account, the explicit expressions of the Laplace transform of
the time to ruin and expected discounted aggregate dividends under the threshold strategy and
exponential distributed revenues are derived.

The third article (Chapter 4) revisits the the dual Lévy risk model. The target ruin quantity
is the expected discounted aggregate dividends paid up to ruin under the threshold dividend
strategy. The explicit expression is obtained in terms of the g-scale functions through con-
structing a new dividend strategy having the target ruin quantity converging to that under the
threshold strategy. Also, the optimality of the threshold strategy among all the absolutely con-
tinuous stategies when evaluating the target quantity as a value function is discussed.

The fourth article (Chapter 5) initiate the study of the Parisian ruin problem for the general
dual Lévy risk models. Unlike the regular ruin for the dual models, the deficit at Parisian ruin is
not necessarily equal to zero. Hence we introduce the Gerber-Shiu expected discounted penalty
function (EPDF) at the Parisian ruin and obtain an explicit expression for this function.

Keywords: Sparre-Andersen dual models, expected discounted aggregate dividends, dual
Lévy risk models, Parisian ruin, Gerber-Shiu function
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Chapter 1

Introduction

1.1 The risk model of interest

In ruin theory, Lundberg [1] was the first one to propose what is now known as the classical
Cramér-Lundberg risk model that describes risks due to occasional losses called claims in the
insurance businesses and studied the probability of ultimate ruin. This model is known as the
theoretical foundation of ruin theory. Further investigation of the Cramér-Lundberg risk model
was conducted by Cramér [2], after whom the model was named.

In general, we call the risk model with continuous income (premiums) but occasional losses
(claims) classical risk model, whose surplus process {U(z) : t > 0} is always given in the form

Ut=u+X@®), t=0,

where u > 0 is the initial capital of the line of business and {X(¢) : r > 0}, which is a cadlag
stochastic process issued from 0 (i.e. X(0) = 0), is employed to characterize the model dynam-
ics. For example, in the fundamental case of the Cramér-Lundberg risk model {X(7) : ¢ > 0} is
assumed to have a linear drift minus a compound Poisson process. Namely,

N(t)
X0 =ct-Y Y, Yp=0, 120,
i=0

where ¢ > 0 represents the premium rate, the claim counting process {N(¢) : t > 0} is a homoge-
neous Poisson process and the severities (sizes of each claim) {Y};2, are a sequence of indepen-
dent and identically distributed (i.i.d.) random variables with support on the positive half of the
real line. Later in the 1950’s, Andersen [3] generalized the classical Cramér-Lundberg model
by extending {N(¢) : t > 0} to a general renewal process. Subsequently, the renewal risk model
was named after him, i.e., Sparre-Andersen risk model. More recently, due to the rapid de-
velopment of the fluctuation theory of Lévy processes, many important results including those
for the reflected Lévy processes and refracted Lévy processes have already been introduced
to the modern risk theory to calculate the probability of ultimate ruin and optimal dividends
under various dividend strategies and dependence among the claim sizes, interclaim times and
premium rate. In sum, the risk models with different model dynamics {X(¢) : # > 0} have been
extensively studied in the past decade and many important ideas and results may be found in
Asmussen and Albrecher [4] and Kyprianou [5].



2 CHAPTER 1. INTRODUCTION

This thesis focuses on the dual model of the ruin model, which was proposed by Cramér
[6] to describe another type of insurance businesses which he called “pure annuity business”
in his introduction of the fundamental assumptions of risk processes. An important special
case of the pure annuity business is a life annuity business, under which the policy holder pays
premiums as a lump sum at the date the policy is issued in exchange for the insurer’s liability to
paying annuities continuously. The death of the policyholder will cause instantaneous income
by allowing the insurer to add the corresponding reserve free at the disposal of the insurer.
Based on this idea, the surplus process of the life annuity business, denoted as {R(¢) : t > 0},
can be described by the dual model of the classical risk models, namely,

R(t)=u—-X(t), t>0, (1.1.1)

where u > 0 is the initial capital (including the premium collected in advance) and {X(¢) : ¢ > 0}
defines the model dynamics for the classic risk model. Besides of the annuity business, the dual
risk model may also be employed to describe the surplus process of businesses with income
due to inventions and discoveries such as pharmaceutical or petroleum companies [see 7].

As a typical example of the dual risk models, it is necessary to discuss the dual model of
the Cramér-Lundberg risk model in which {X(¢) : ¢ > 0} is defined in the same way as that of
the Cramér-Lundberg risk model but different meanings for the parameters, namely,

N(?)

X(t):ct—ZYi, Yo=0, t>0,
i=0

where ¢ > 0 is the annuity rate, compound Poisson process {N(t) : t > 0} is the claim counting
process and {Y;};, are identically independently distributed income random variables (the re-
serves free of disposal). Then {R(¢) : t > 0} is called the surplus process of the dual model of
the Cramér-Lundberg risk model. Figure 1.1 shows a sample path of {R(z) : t > 0}.

A R()

!

>
-

0 T

Figure 1.1: One sample path of the surplus process R(f)

Recent literatures related to the dual risk models focus on the optimality of certain strategies
of dividend payments which was firstly proposed by de Finetti [8]. In particular, the optimality
of the barrier strategy is proved in Bayraktar et al. [9] under the general dual Lévy risk models.
However, in practice, the barrier strategy is not realistic due to that the probability or ultimate
ruin is 1 [see 10]. Hence this thesis focuses on the threshold strategy which pays dividends at
a fixed rate only when the surplus stays above some threshold.
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1.2 General notation and assumptions

The research of this thesis is based on the surplus process (1.1.1) with various settings of
{X(#) : t > 0} defined on the filtered probability space (Q,.7,{.Z}0, P), which is a cadlag
skipfree upward stochastic process issued from 0. To avoid the trivial case that the surplus
drifts to —co with probability one, we employ the so-called negative loading condition or net
profit condition, namely,

E[X(1)] <O, (1.2.1)

as a basic assumption of this thesis. With the help of the condition (1.2.1) we could guarantee
that the surplus process {R(¢) : t > 0} drifts to co with probability one and thus the time to the
ultimate ruin

T =inf{r >0 : R(t) = 0} (1.2.2)

(with the convention that inf @ = co) may be equal to co with a positive probability, i.e. the
survival probability of {R(f) : t > 0} is greater than 0. In this thesis, the most important ruin
quantity is the Laplace-Stieltjes transform (L.S.T.) of the ruin time 7 as a function of the initial
surplus u# > 0, namely,

$(u) = E [ Lz |R(0) = u, (1.2.3)

where 1;, is the indicator function and 6 > 0 is usually assumed to be a constant discount
factor. In particular, the ruin probability as a function of the initial surplus # > 0 may be
obtained straightforward as long as we have an explicit expression of ¢s(u).

One of other ruin-related quantities is the expected discounted aggregate dividends paid up
to ruin. In this thesis, the dividends are paid according to the threshold strategy which pays
dividends at a constant rate only when the surplus level is greater than or equal to a constant
threshold b > 0. This quantity is denoted as

T
Vs(u; b) = wE [ f S V) dt‘R(O) = u], (1.2.4)
0

where w > 0 is the dividend rate.
Throughout this thesis we denote the Laplace-Stieltjes transform (L.S.T.) of a random vari-
able Y as

f(s) = f eV dF(y), Re(s) >0,
[0,00)

whenever Y is nonnegative with the cumulative distribution function (C.D.F.) F(y). In par-
ticular, if Y is a continuous nonnegative random variable with a probability density function
(P.D.F) f(y), the L.S.T. of Y is denoted as

f(s) = f‘x’ eV f(y)dy, Re(s)>0.
0
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Chapter 2

The discounted moments of the surplus
after the last innovation before ruin under
the dual risk model

2.1 Introduction

In this chapter, the surplus process {R(7) : t > 0} is defined through letting X(¢) = ct — S(¢)
in (1.1.1), where ¢ > 0 is called the expense rate and {S(¢) : r > 0} represents the aggregate
revenue from time O up to time ¢. In insurance, this kind of models are used for the life-annuity
business process where an insurance company is continuously paying out annuity instalments,
while the death of a policyholder might bring the reserve of the annuity as an income [see 1].
Besides, the dual risk model might also be considered for modelling some other businesses with
income due to inventions and discoveries such as pharmaceutical or petroleum companies [see
2, for more detail]. One particular case of this model in which S (7) is defined as a compound
Poisson process was considered in [2] in order to study the optimal-dividends problem under a
barrier strategy. In that paper, the authors focus on models with jumps distributed as mixtures of
exponential distributions. Also, later in [3], they work on the same topic for the dual compound
Poisson risk model with diffusion. Inspired by their works, [4] study the time to ruin and the
dividends’ moments. Further, [5] generalizes the barrier strategy to a threshold strategy under
which the expense rate level c¢; increases to ¢, once the surplus surpasses the threshold, instead
of paying all dividends to the shareholders immediately after the surplus R(#) reaches the barrier
(the latter case may be seen as a special case with ¢, = o0). Apart from the optimal-dividends
problem, the dual risk model may also be utilized to solve other problems such as a tax-payment
problem, which may also be interpreted as another generalization of the dual risk model with
a barrier strategy [see 6]. A further generalization of this model is considered in [7] where
the dual risk model with arbitrary jump distribution and innovation-time distribution is studied
under a budget-restriction strategy. In the present paper, we do not generalize the model itself
anymore. Instead, we are interested in a quantity of the classical dual risk model which is a
generalization of the Laplace transform of the time to ruin.

The contents of this article is organized as follows: In Section 2, the compound Poisson
dual risk model is formally defined. In Section 3, we provide the general solution to a certain
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homogeneous integro-differential equation and its relationship with the Laplace transform of
the time to ruin. In Section 4, we derive the general solution to the non-homogeneous equation
and then implement the results on the quantity of interest.

2.2 Notation and definitions

Let the number of innovations {N(f) : r > 0} be a compound Poisson process with intensity
parameter 4 > 0 and the sequence of revenue random variables {Y;}7, be independent and

identically distributed (i.i.d.) with C.D.E. F(y) =1 — 17@), y > 0, while F(0) = 0, probability
density function (p.d.f.) f(y) = F'(y), y > 0, and Laplace transform

fls) = f e f(ydy, s>0.
0
Hence, the inter-innovation times {Vj}j.‘;l , independent of the revenue random variables {Y j};’.';l ,
have an exponential distribution with mean 1/A4. Also, the counting process {N(¢) : r > 0} and
the jump sizes {Y j}52, are assumed independent. Thus, the surplus process may be written as

NG
R(t)=u+ct—ZY-, t>0.

=1

In most papers on renewal risk models, the time of ruin 7 is defined as 7" = inf{r > O :
R(t) < 0} [see, for instance, 8]. However, under dual risk models, we usually define the time
to ruin by (1.2.2) since ruin is caused by the continuous consumption at rate ¢, which means
that ruin may only happen immediately after the surplus reaches 0 [5, 7]. For the same reason,
it is more reasonable to consider the information of the last innovation before ruin rather than
that at time 7'. Suppose the last innovation before ruin occurs at time 7, then the corresponding
surplus is R(7). If there is no innovation before ruin, then let 7 = 0. Due to the assumption that
the expense rate is constant, we derive immediately a relationship between T and 7:

C

T=1 (2.2.1)

Our goal is to find a useful analog of the expected discounted penalty function that is introduced
in [8]. We propose

@, 5(1) = E|e " WRE@)rct|RO) = u|,  u>0, (2.2.2)

where w : [0, 00) — R* is the “penalty” function. The function ®,, s(u) is a generalization of
¢s(u) defined in (1.2.3), since if we let w(x) = e‘gx, x > 01in (2.2.2), then by the relation (2.2.1)
¢s(u) coincides with @, s(u). The explicit form of the former is also obtained in previous works
[see, for instance, 6, 5, 7].

Adapting to the negative loading condition (1.2.1), the expense rate ¢ satisfies

E[S(#)] —ct>0 (2.2.3)

[see 2], which is equivalent to ¢ < AE[Y;].
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In Section 3, we calculate some quantities by contour integrals in the complex plane. For
this reason, we introduce the integral of f(z) on a contour I" in the counter-clockwise direction

as
SE f(@)dz.
r

2.3 The Laplace transform of the time to ruin

The Laplace transform of the time to ruin is an important quantity in the literature related
to ruin theory. From this quantity one may easily obtain the ruin probability of the surplus
process by simply letting 6 = 0. Also, the Laplace transform of the time to ruin provides
sufficient information about the defective distribution of the time to ruin. Apart from the above-
mentioned reasons, another important role of this quantity is that it may be derived from a
particular solution of a homogeneous integro-differential equation which we discuss later.

For initial capital # > 0, consider the Laplace transform of the time to ruin ¢; defined
by equation (1.2.2). We condition on the time () and the amount (y) of the first revenue and
hence obtain two scenarios: either the surplus process starts all over with a new initial surplus
(u — ct + ), or the company is ruined (« < ct). In the latter case, the discount factor is e™o4/¢
Thus, the Total probability theorem yields

u/c 00
ds(u) = A f [ f bo(u — ct +) dF(y)] e dp 4 gmOMIe,
0 0
If we replace u — ct by v, then
A e ‘ .
ds(u) = e Aroule f [ f ds(v + ) dF(y)] erorvie gy 4 gm(Houle, (2.3.1)
¢ 0 0

By differentiating both sides with respect to u, we obtain

i) = — 20 A o f [ f 65(v + ) dF ()
c 0 0

c

e(/l+6)v/c dv

A - , A+0 .
+ = e—(/l+6)u/c f ¢6(u + y)e(/l+6)u/c dF(y) _ e—(/l+6)u/c.
C 0 C

Since equation (2.3.1) may be presented also as

ﬂ ) U 00
_e—(/l+(3)u/c f [f ¢6(V + y) dF(y)] e(/l+§)v/c dv = ¢5(M) _ e—(/l+(5)u/c’
0 0

C

we have as well

A+6
C

A A
Po(u) + d5(u) = p; j; ¢ou+y)dF(y) = — f $s(¥)f(y —u)dy (2.3.2)

/l 00
= - f ds(Vk(u —y)dy,
¢ Jo

where k(z) = f(—z)1(.<q) is the convolution kernel of (2.3.2). To discuss the solution of (2.3.2),
we first introduce the concept of the Holder’s condition.
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Definition A function A(x) satisfies the Holder’s condition if there exist constants C > 0 and
r € (0, 1] such that for any real numbers x and y

|n(x) = h(y)| < Clx = yI"

and for any [x| > 1 and [y| > 1

r

|n(x) = h(y)| < c‘l 1
x oy

We shall denote H as the set of all the functions satisfying the Holder’s condition. Besides, by
denoting the set of all functions g(x) defined on R satisfying

flg(x)lqu <o, 1<g<w

R

as L,(R) by the convention, we define another set of functions G as
G = {g € Lz(R) 18 € LI(R)},

where g;(x) = xg(x) for all x € R. Then it turns out that if g(x) € G, then its Fourier transform,

namely,
1 (o]
8(s) := \/Tf eg(x)dx, seR, *=-1
JT J—00

belongs to H. Since f(x) is a density function defined on (0, o) and

f k(z)dz =1, f |zk(z)|dz = E[Y1],

(o)

k € G and hence k € H. Hence we may derive the general solution to (2.3.2) according to the
guideline how to derive the general solution in the class

G, :={geG:g €G}

to an integro-differential equations of convolution type provided by [9, Section 7.2]. In par-
ticular, for the homogeneous case (2.3.2), the solution has the form ¢s(u) = ¢5(0)e™, where
a is a constant and ¢s(#) < 1. The boundedness implies that @ < 0 and ¢s(0) < 1. Moreover,
replacing ¢ by its solution in (2.3.2) and subsequently dividing by ¢s(0)e®, yields

h 1.
A0 o= fca).
C C

By letting s = —a, we obtain the Lundberg’s fundamental equation

A+0 A ~
—— — 5=~ f(s). (2.3.3)
c c
Because of condition (2.2.3), this equation has a unique positive solution p = p(d) and (for

a sufficiently regular income-size distribution) a unique nonpositive solution —r = —r(9). In
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particular, if 6 = 0, then r(0) = 0. Finally, it is established by the above reasoning that the
solution of equation (2.3.2) has the form

Ps(u) = ¢5(0)e™,  u>0.

If we set u = 0 1in (2.3.1), we deduce that ¢5(0) = 1. Therefore, the Laplace transform of the
time of ruin 7 is
¢o(u) = E[e ™ L) [RO) = u| = e, u>0, (2.3.4)

[see also Lemma 1 in 5]. This explicit expression is quite useful for determining the defective
distribution of 7.

Theorem 2.3.1 The (defective) cumulative distribution function of the time of ruin T for the
dual Poisson surplus process {R(t) : t > 0} is

(o) An
e+ u E [f —y"le™ 1 (ey — u) dy] , t>ufc
(

u/c,t] I’l'

0, t<ufc

FT(tlu) = n=1 5

where " is the n-fold convolution of the density p with itself. And the (defective) kth moment
of T is

Cw U\ e (Au wthel 1t ems
E|T"17c|RO) = u] = 7% (E) +Z( f(u/m>t+k le~r f (ct—u)dt), u> 0.

|
o n:

Proof Since for initial capital # > 0, ruin is impossible to happen before time u/c, then
E|e™ 1<y li7<R(0) = u| = E [ 172 |R(0) = u| = 0 (2.3.5)
for t < u/c. Also, the above reasoning indicates that
E e Lirauer<eRO) = u] = E[e 1oy |RO) = u| P(Vy > ufe) =5 (23.6)
Hence by letting 6 = 0 in both (2.3.5) and (2.3.6), we obtain

(2.3.7)

e~ t=ujc

0 t<ufc
Fr(tlu) = { _a

Now, we only need to consider the case of # > u/c. As mentioned in [10], from the Lagrange’s
implicit-function theorem, for any analytic function 7(z), there exists an explicit form of 7(p)
in terms of 6. Namely,

A+6) o [(A\ D dvt o,
n(p) = U(T)+Z{(Z) o 17 @f" )]

n=1

. 6}. (2.3.8)

In particular, when n(z) = e, equation (2.3.8) reduces to

) s 00 1 n (_1)11 dn—l f ~ 7 ‘
pu 0y + - _ Z(u+y) pnx d

n=1 c
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_sy, > [(A) u o] @Oy
ety E){(‘) = | eyl <y>dy].
o c|] n.

(0,00)

+
Now, let t = “ y. We then have

c

2t (A
e Pt = o N Z( - f R L (o ) dt). (2.3.9)
(u/c,00)

|
pr n:

Hence

e = E|e™ 1 |RO) = u| = E e 17, |R(0) = u| + E [ 1yyecr e |R(0) = u]

A+6

= "+ E e Lyjecr<|R(O0) = u].

Comparing the above result with (2.3.9), we conclude

[ A'u
E e 1ye<r<co)lR(0) = u| = § ( f r"—le—“”)ff"*(cz—u)dz). (2.3.10)
[ < ] = n! (u/c,00)

If fr(tlu) 1s the defective conditional p.d.f. of T, then identity (2.3.10) may be presented as

(o] /1”
f e fr(thuydt = f {Z [n—f‘t"—le—“”)f S (et - u)]} dr, (2.3.11)
(u/c,00) (u/c,00) .

n=1

where we implemented Tonelli’s theorem to exchange the order of summation and integra-
tion for integrands that are nonnegative. Equation (2.3.11) combined with (2.3.9) yields after
inversion of the Laplace transforms with respect to ¢

N A'u 1%
frtlw) sy = ; [7 e M (et — u)] Lisuse)

almost everywhere on [0, co), which is equivalent to

[ee)

/ln
() =" [n—,” e M (et - u)]

n=1

almost everywhere on (u#/c, c0). Hence for t > u/c, expression (2.3.7) implies

!
Fr(ty) = e +Plujc < T <fiR(0) = u] = e “ + lim f FrOlu) dy
by gim [ i LU et ey — | L
—e ¢ — e cy—u
alufc J, n! Y Y Y
P!

-4y N U 1 -y fn
=e ¢ +f(;/c,t] {Z[ n! y le /lyf (Cybt)]}dy
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The last equality is due to the continuity of the infinite summation. Thus, combining with
expression (2.3.7), the defective c.d.f. of T is

o) /ln v
e il 4y Z f - V' le™ ™ (ey —u)dy, t>u/c
=1 (u/c,t] n. .

0, t<ufc

Fr(tlu) =

Now, based on the defective distribution of 7,

E[T*17|RO) = u| = E[T*Ly)|T = u/c, RO) = u| P(T = u/c|R(0) = u)

+u Z {lim f B [Tkl{T<oo}|T = t,R(0) = u] %tﬂ-le—ﬂf (et — u) dt}

alu/c
n=1

_ o (u\E (A k=1 =t p
_ e (2) +Z(m L/c,o@ﬂ e (et — wyde |,

n=1

which concludes the proof Theorem 2.3.1.

Although we have obtained a general solution for the defective kth moment of T in series
form, there are still some practical difficulties to assign the exact value of the defective kth
moment due to the n-fold convolution f*. Even in a very simple case, for example, when
the jump size is an exponential random variable, a substantial amount of work is required for
deducing the defective moments. Example 2.3 illustrates this idea. To proceed, we require an
auxiliary result.

Lemma 2.3.2 Suppose xi(s) and x,(s) (x1(s) > x,(s)) are the two (positive) roots to the
quadratic equation
¥ -x+s5=0, (2.3.12)

1
where 0 < s < T Then for t > 0, we have

S| e [2n -k =1\ xe*
Z{SZ[( n—k )E”_xlxz'

n=0 k=0

Proof Since x;(s) and x,(s) (x;(s) > x»(s)) are the two roots of the function x> — x + s = 0,
then Vieta’s formulae produce

X +x =1
XX =5

(2.3.13)

Since all summands are positive, by Tonelli’s theorem, we may exchange the order of
summation
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If K = 0, then Lemma 2.A.1 in Appendix 2.A implies that

o AR oy S =

m=0 m=1

i 22m lsm fﬂ 2m(0) 40 1+ 1 i 4 mfﬂ zm(e) W
COS = = -— S COS
T 0 2 27T 0 0
1 1 7 do
+ —_— —
2 21 Jy 1—4scos*(6)

by exchanging the order of summation and integration. By Vieta’s formulae (2.3.13) and the
trigonometric relationship 1 — 2 cos?(6) = — cos(26),

1 — 4scos*(6) = x7 + x5 — 2x1X, c0s(26). (2.3.14)
As aresult, a change of variables from 6 to /2 implies

1 1 (" do 1 1 (7 do
I . . (2.3.15)
2 2mJy 1-4scos’@) 2 4nJy xF+x3—2x1xc0s(6)

Now, implementing Euler’s formula, we replace the trigonometric function by the complex
number cos(d) = (z +z71)/2 where z = ¢ € C, where 1 = V—1. Hence we have dz = ¢ d§ =
1zdf. As aresult, the above integral becomes a contour integral in the complex plane. Then the
entire expression reduces to

11 & do Lo 1 dz
2 4nJy B+ x2-2xxecos(d) 2 4m Joo (7l - x)(nz—x) 1z
1 1 dz

"2 4m =1 (1 — 02)(x1z — x2)

Let g(z) = (x; — x22)”!, which is a holomorphic function in |z| < 1. Then from the Cauchy’s

integral formula,
1 1 1 1 1
_9§ 8(2) dZ:_g(ﬁ):_. N (23.16)
[

211 J=1 X12 = X2 X1

Therefore, recalling once again Vieta’s formulae (2.3.13), we deduce

izm_lsm—1+l o111
m 202 x%—xz_Z 2 X1 —-X2 XI—-Xp

m=0 2

Alternatively, if k > 1, following similar arguments as in the case k = 0, we deduce by imple-
menting Lemma 2.A.1 and then exchanging the order of summation and integration that

e 2 k=1 22m+k 2 m+k
> ( me )s"“k} = § l—s f cos((k — 1)B) cos?*~1(6) do
0 T _

m
m=0

m=
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de.

_(2s) f” cos((k — 1)8) cos*~1(0)
2 Jo 1 — 45 cos2(6)

As before, we may implement identity (2.3.14) and then change variables from 6 to 6/2 to
obtain

i (2m +k - l)smk] ReD fzﬂ cos((k — 1)6/2) cos*! (9/2) "
powr m  An 0 xl + x2 2x1x, cos(0)
_ 8 [ [2cos((k = 1)6/2)I2 cos(6/2)1! "

4 Jo X7 + x5 — 2x1x, cos(6)

We substitute 2 cos(f) by z + z7! with z = ¢“ according to Euler’s formula and rewrite the
denominator accordingly.

00 k=1 1=k k-1
3 (2m+k—1) ] ¢ $ (= +e?) (e at)
S =— z
m=0 m 4 lz]=1 (X1 - XZZ)(Xlz - .X2)
¢ T (Eet) T R () ;
= Z
4mt Jig=1 (x1 — 02)(x12 — x2)
» k=1
sk (z+ D! sk (z + 1)
= dZ'+ e dZ.
Ari Jig=1 (X1 — 22)(x012 — X2) Ani Ji=1 (X1 — x22)(x12 — x2)

1

Observe that whenever |z| = 1, then 77 = Z. Therefore,

-1 1 k-1 | 1 o
56 (Z + ) dZZSE (z + ) d(_z_1)
=1 (41— X022)(X12 — X2) MR B y———
EZ+ D! )
= d .
Sém (xX1Z — x2)(x) — X22) @
(z+ D!

Hence, if we let g(z; k) = ———, which is a holomorphic function in |z] < 1, then the
X1 — X%
Cauchy’s integral formula 1mp11es that

® 2 k-1 k “k k k k-1 xxk
S e £ (e
o 2mi Ji=1 X12 = X2 X1 \x xX{ = X5 X1 — X

after recalling Vieta’s formulae (2.3.13) for x; and x,. Therefore, the double summation be-

comes
2m+ k — 1 o xp (o) o oxe
— k!(x; - X)X - X

m=0

as needed.
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Example Suppose the distribution of the revenue random variables Y;, j = 1,2,..., is ex-
ponential with mean u. Then f(y) = e™*/u and thus f™(y) = y"'e™/*/[u"(n — 1)!] is the
Erlang(n) p.d.f. Hence, we may calculate the defective mean of the time to ruin. We begin by
implementing Theorem 2.3.1 and then changing the variable of integration form ftoy = ¢t — u

Au = /ln
E[T17<)|R(0) = u] = Ee an

: f r"e—ﬁ’f"*(cr—u)drl
oL Jw/e)

e 1 /1 n 1%
:;e c {1*‘2 ;(2) (Ow)(Y+u)e cyf (y)dyl}
_E _/lTLj i n n n] % %l
—Ce {1+Z (c) ( ) n!(n_l)'f (y+u) ( )dy:|}
_g _/lTl»‘ N ﬂ l ; 1 n\ * 21’lk1 iﬂ%y
= L° 1+Z{(c)( ) n!(n—l)![;(k)ufo y - )dy}}

e SRR S0 )

k=0
Condition (2.2.3) is equivalent to A/c > 1/u. Thus, if we let x; = A/ |c(2/c +1/u)| and
X =1/ [/J (A/c+ l/,u)] in Lemma 2.3.2, then

U _a m—k-1\u (a2 1\
E[T17.|R(OO) =u]=—e" < X\ x ( ) ( + —)
{T<oo} c nzz(; 142 kzz(; n—k k! r
U W (gl O A )
c X] — Xo c Alc=1/u  c(Au—-c)

Alternatively, one may obtain the defective mean of the time to ruin by differentiating the
Lundberg’s equation

A+6—cp=Af(p) = (2.3.17)

1+ pup
Thus, when 6 = 0, the positive root p(0) = A/c — 1/u > 0 by inequality (2.2.3). Now, by
differentiating both sides of (2.3.17) with respect to §, we obtain

App’ ()

O T e

Ap

H ,p'(0) = —.
ence, p’(0) i —0)

Therefore, the defective mean of T is found by formula (2.3.4) to be

O _ Auu .
c(Au —c)

—_—
RYEN
==

0 0 _om ' =
E[T1{7.)|R(0) = u] = —%(Iﬁd(u) 0= 35 ¢ #(0) U (0)e™”



2.3. THE LAPLACE TRANSFORM OF THE TIME TO RUIN 15

~(2-1), .
Since the ruin probability is equal to ¢5(u)| se0 = e PO = ¢ ( ") , the proper mean of the time
to ruin 7, given that T < oo, is
Auu
c(Au—c)’

Similarly, the second (defective) moment of 7 may be expressed by Theorem 2.3.1 with a
subsequent change of variables fromftoy = ct —u

E[T|T < o0, R(0) = u] =

E [TZI{T<OO’|R(O) _ u]

n!\c (0.00)

n l ”; - n+l, n—1 —(%+ll1)y

) (ﬂ) n!(n—l)!f0 O +uy ™y e dyl

A n 1 n 1 n+1 n+1 L 00 - _(%_'_%l)y
(E) (/_l) m;( k )”[} yo e dy

n+1 }

U\ U e i ([ 2n—k \uk (2 1)\
)z f;{m”)xﬁzZ o a5

TR R on \(4 1\ S 20—k \uk (2 1)\
=—e -4 - + DX x5 -+ + — =+ -
¢ c cZ{(n )lxz[(n+l) c /,t) Z:(n+1—k)k!(c ,u)

k=1

I

where x; = A/ [c (Ac + 1/,u)] and x, = 1/ [,Lt (A/c + 1/,u)] as before. Then for s = x;x,, it is
easy to verify that x;(s) and x,(s)(x1(s) > x,(s)) are the roots to the quadratic equation (2.3.12).

If we let
“on—k—=1\uk (2 1)
S (1) = =(=+-] 1
=S\ )
k=0
then
u o wlu 10 [ 2n\(a 1\ )
E|(7T*17.|RO)=u|=—e < {—+ —— S+ o+ | S.(0)de| s
[P1yRO) = ] = 2 e 1 cas{zl(nﬂ)(c #) fo 0 ]s }
n= S=X1X2

Observe that by convention, ((J)) = 0 for all j > 0 and that cos(26) cos**() is an even function.
Hence, by Lemma 2.A.1 and after changing the order of summation and integration we deduce

) 2 /1 1 -1 /l 1 -1 22}1—1 T
Z ( " )(— + —) s = (— + —) { i f cos(26) coszn(e)snl do
n+1/\c u c u) “ s -

n=1
/l 1 -1 22n T
_ (_ N _) { il f cos(26) COSZ"(Q)Sn] deo
¢ H n=0 T 0

M2 10
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1 i o
= /—l + l Ef cos(26) {Z [4s cosz(Q)]n} dé
¢ H 7o =0
(2,1 ‘lﬁf” cos(26) @
c u) mJy 1—4scos*)
(2,1 T xixcos(d)de
c u) 2mJy xX2+xE-2xxc08(6)

where identity (2.3.14) was implemented to deduce the last equality. Slight rearrangements,
followed by application of (2.3.15) and (2.3.16) indicate that

1 (> xixcos(@)dd 1 fz” X+ X 1as
2n Jo X7+ x5 — 2x1x, cos(6) 4r ), X%+ x5 — 2x1x, cos(6)

1[x+x3 fz” de 1
2| 2 Jo  x7+x;—2x1x;c08(6)
2 2 2 2
_l [xl + x5 B 1} 3 X5 3 X5
- 2 2 ) 2 v
2\x; - x; X|—Xx,  X1—X2

Therefore, the infinite sum reduces to

S22 ]2y
— n+1)\c u xi—x\c ul

Also, by Lemma 2.3.2, we have

(9]

Z {[fousn(t) dt] s"”} = sﬁu {i [S,.(0)s"] dt} = sfou [x1)ilx2 e"Z(?+ )t - l]dt

n=1 1
-1 -1
(a1 Xz(4+l)u X1
= —+ =] e\ = —~+t -] —su
X1 — X2 \C X1 — X2 \C M

®I—=

Hence, the total is

S 2n \(a 1\t (a1 ) (41!
Z ( " )(—+—) +f S,(Hde| s = — (—+—) ez("+“) —(—+—) — su.
“i\n+1/\c u 0 x1—x\c u c U

We now need to determine the derivative with respect to s of the right-hand side of this equality.
Namely,

0[] -2 [ b 2[5 _ctiob]dn

os | x; — x, oxy | x; — x ds  O0x|x1 —x

As a root to the quadratic equation (2.3.12), x; satisfies x; — x; + s = 0, which implies the
relation

2 - D 1o,
ds
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or equivalently,
dx 1 1

ds x—x

Similarly,
dX2 _ 1
ds x;—x
As a result,
2 2
2 X1 exz(%ﬂll)u _|_ X1 + 2x 1 exz(%_;_}ll)u
ds | x1 —x; (X1 = X2 X1 =X | X — X
2 2
xl + xlu 11 + l 1 exz(%*—lll)u
(xl—x2)2 xXp—x\c pflxi—x

2472 2x, xju (/1 1)
B 2 2 el 1
(xl -0 (X —-x)? (X —Xx) M

_ {2xl xp — (x1 — x2)] N xju (11 N 1)} exZ(g+5)u

(x1 — x)? (x1 — x2)? M
>
x| T (4 + l) stk
(Xl -x)  (x —x) u

:(_+ )[2/1(6/1)2 L A’ le;

c (Au—cy  (Au—c)

by the definitions of x; and x, in terms of the model parameters. Finally,
u (A 1 - Au 0 -x2 X (”+])u
E(T?1i7.RO)=u|l= ==+ - ¢ — | —L "\
[ (T<o}|R(0) u] CZ(C #) e 8s{x1—xze
241%u (Auu)? _(g—l)u
= e A
Au—c)  AAp—c)?
Again, the alternative way of calculating the second (defective) moment is by differentiating
twice with respect to ¢ the Laplace transform of the time to ruin (2.3.4)
—p(O)u

S=X1X2

E[Tzl{T<oo}|R(O): ] (952¢5( )‘ @52 =0

=ue " "{ulp’ (0)]> — p” (0)}.

Differentiating Lundberg’s equation (2.3.17) twice with respect to ¢ and then letting 6 = 0

20 OF _ p'©) e Ep"(0)
=0 [L+pp(O)F [1+up0) u-c?  u

yields

e 0 Aup’(6)
) = S T+ )P

2
which indicates that p”’(0) = ——#. Thus, the second moment is
(A = ¢)’

2 _ 12| wy? 20%u | (21}
B[ i lR0) = o] = {cz(ﬂu o a0 © sk
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Hence, the proper second moment of the time to ruin 7, given 7 < oo, is

(Auu)? 22uu
E[T*T ,R(0) =u] = )
AT <o RO =1 = GO0~ * Gu—cp

Therefore, the variance of T, given T < oo, is
22 u

Var[TlT < OO,R(O) = I/t] = (/1”—_6)3

2.4 The discounted moments of the surplus at the time of the
last jump

Suppose that k € N and define the defective discounted kth moment of R(7) as
O5(u; k) = E|e "R Lreoy|RO) = u|, u>0, 6>0, 2.4.1)

where 7 represents the time at which the last innovation before ruin happens. In fact, equation
(2.2.1) implies that ®s(u; k) is a particular case of ®,, 5(u) with w(x) = egxxk, x > 0. Notice that
for u = 0, ruin happens without any positive jump almost surely. Hence T = 0 with probability
1. This leads to

D5(0; k) = E [ "R(1) 17| R(O0) = 0] = E [ R(1) Lyp |t = 0, R(0) = 0] = Lycpy.
(2.4.2)

Now, we derive the explicit form of ®s(u; k).
Theorem 2.4.1 ®s(u; k) defined by (2.4.1) satisfies the following nonhomogeneous integro-
differential equation (IDE):
d « y
(A + 6)Dy(us k) + cd—CI>5(u; k) = A f Ds(u + v, k) dF () + (6u + ck)ut e (2.4.3)
u 0

along with boundary condition (2.4.2).

Proof Conditioning on the time (¢) and the amount (y) of the first gain, there are two possible
scenarios: either the surplus process starts all over with a new initial surplus (u — ct + y), or the
company is ruined (z < cf). In the latter case, 7 = 0 and R(r)* = R(0)* = u*. Thus, the Total
probability theorem yields

u/c 00 00
Os(us k) = f e [ f Os(u — ct + y; k) dF(y)] Ae~ M dr + f uk - e~ dr
0 0 u/c

u/c 00
:/lf [f Os(u — ct + y; k) dF(y)] O PR e
0 0

_ 46

A Y AN .
=—e " f f egx(l)(;(x + y;k)dxdF(y) + ukem e
¢ 0 Jo

d
by a change of variables form 7 to x = u — ct. Applying the operator (/l +0+ cd—) on both
u

sides of the above equation produces the required result.
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In order to solve (2.4.3), we introduce a (k + 1)-dimensional function space Wf, which is
defined as

W,‘f = Span{efu, ue™, ..., uke™y.

Since the differentiation operator and the integration operator with respect to the c.d.f. P(y) are

_4
linear transformations on W,f, we may find a particular solution of (2.4.3) in the space W, © by
determining the inverse transformation if it exists.

Theorem 2.4.2 If6 + Af (’;’) and

f e P dF(y) < oo,
0
k
then equation (2.4.3) has a particular solution ®3(u; k) = Z a;u
i=0
{a,-}f.‘:1 may be obtained by the following recursive formula:

_; 4
k=ig=c" \where the constants

1. a 0
0 — ~
§-Af (%)
k[c—/lao Fr %)—cao]
2 ap = = y
5-Af (%)
1 i—1 k— i N
3 4= ———|4 (i_]_)(—1)‘_Jajf(’_”(z)—c(k—i+1)a,~_1 forall2 <i<k
s-af(2)| H\i-J

Proof We only need to verify that ®*(u; k) solves equation (2.4.3). On one hand, its left-hand
side is

. d
(1+ )O3 k) + e - D k) =
u

k k k
(A1+0) Z au - /IZ au + ¢ Z(k — i+ Da;_u* et
i=0 i=0 i=1

k

k
_i 4 ; i 4
= 6Zaiuk lem et + cZ(k— i+ Da;_u e e

i=0 i=1

k
1 . _j -4
= Sagu*e " + E [6a; + c(k — i + Da;_ | u* e ",
—

1

On the other hand, the right-hand side is

o | &
2 i k=i
j(: [Z a(u+y)

i=0

et AF(y) + (Su + ck)yul e
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l

ai(k l— l) Lm yk—l—ie—%y dF(y)
Nkl k—i  Fk—=1-i) /_1
ey

- kfj>j k=i\ i wen (A
=Jde ¢ Zu Z k_j(—l) a; fv Z

k ki .
0 k — ) )
=Je " f [ai ( l)ulyk_l_l} e dF(y) + (u + chu e e
0 0

A
+ (Su + ckyu e "

+ (Ou + ck)uk_le_%"

+ (6u + ck)ukil{%M

=0 =
k [/ .
1 . —_ .. ~ e /l A
WS K= i o ()] + 6+ eyt (2.4.4)
=0 im0 M 71 ¢

by exchanging the order of summation and by some subsequent changes of variables. Notice
that from the recursive formula in the case 2 < i < k, we obtain

AZ ]?_]. (=) a; fO7 A4 = 6a; + c(k —i+ 1a;_,.
\i— ] / c

Hence, expression (2.4.4) may be rewritten as
k

~ /l = /l 1 -4y . —j 4y
alf(;)_kGOf (E)l W lee +Z[5aj+c(k—]+ l)aj_l]uk le~e

J=2

~[(A
/laof(—) ke i 4+ 2
c

+ (0u + ck)uk_le_g"

(2 . (2 . (2 .
= /laof(—) +6|ufeme" + /lalf(—) — Akayf’ (—) + ck|utemen
C C C
k A
+ Z |6a; + etk = j + Daji | u*Tee, (2.4.5)
J=2

By the definitions of ay and a; we have
(A
/laof(—) + 6 =da
c

~(A ~(A
/lalf(—) - /lkaof(— + ck =b6a; + ckay.
c c
Thus, expression (2.4.5) reduces to

4y

_1 -
Saguke " + (8ay + ckag) u* e " +

M~

[5aj +cek—j+ l)a‘,_l] Wi iu
=2
k
:&louke_%” + Z [6aj +ctk—j+ l)aj_l] uk=ie= i,
=1

which is exactly the left-hand side of (2.4.3) as demonstrated above.
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In the particular case k = 0, we recover the Laplace transform of the time of the last revenue
before ruin.

Corollary 2.4.3 Under the compound Poisson dual risk model, if 6 # Af (%), then

Se~ ¢t — /lf(f) e P
s-Af(3)

E|¢ ™17 R(0) = | = u> 0. (2.4.6)

Proof Since
E e 17 IR(0) = | = ®5(u; 0),

Theorem 2.4.1 implies that E [e™"1i7)|R(0) = u] satisfies (2.4.3) with k = 0. Thus, Theo-
rem 2.4.2 provides a particular solution of (2.4.3) with k = 0, which is

Se~tu
(D(;(I/t;()) = W
Hence,
o O
D:(0;0) E;:jz;zgj #1.

Thus, we need to adjust ®*(u; 0) by involving the general solution of the corresponding ho-
mogeneous integro-differential equation. Notice that 0 < E [e‘&l{T@o}lR(O) = u]ps 1 for all
u > 0, we need to exclude one of the particular solutions of the corresponding homogeneous
integro-differential equation, namely, e™. As a result,

Se
E ¢ 72w |RO) = u] = D}(u:0) + ae™ = —2— + ae".

6-4f(2)

where a is a constant that needs to be specified. To do so, we recall the initial condition (2.4.2),
which implies that ®5(0; 0) = 1. Thus,

[N P

) .
()

Af (
5-1

~m

and the desired equation (2.4.6) is recovered.

For k > 0, let ®*(u; k) be the particular solution for (2.4.3) obtained by Theorem 2.4.2. Then
®*(0; k) = a; # 0, which means that we should adjust ®*(u; k) by involving the general solution
of the corresponding homogeneous integro-differential equation. By condition (2.2.1), we have

R(t) < cT.
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Equality holds if and only if V| > u/c. Thus,
Dy(u; k) = E [ "R 1o RO) = 1] < B [T* 17 IR(0) = u].

Notice that identity (2.3.4) implies that

0k
E |77 |RO) = u] = — o

35¢ =0 (uke_p(o)”) ,

0=0

we have

lim E [ R(T) Li7<)IR(0) = u] = 0.

Uu—00

Thus, we need to exclude the particular solution ™ to the homogeneous integro-differential
equation in the expression of ®s(u; k). Therefore, the boundary condition (2.4.2) leads to

Ds(us k) = Oy(u; k) — are™™,  u> 0. (2.4.7)

Example Suppose that the revenue random variable has exponential distribution with mean u
so that f(s) = 1/(1 + us). Then,

s 6+ se4slu
§——- s+ _1 dc+ou—cd

1+’Lf'
c

ag =

To calculate the discounted mean of the surplus at the last jump before ruin, we also require

the constant
apAu

CF e T 2005 — PAc + Ap)
ar = 1 = — e
0— Tond (0c + 0du —cA)
Thus,
oc + 04 2 26 — *A(c + A A
E [e“STR(T)l{T@o}lR(O) = u] = OCTOW einy SOHTC (c+ ) (e_?” - e"’”).
0c + 6du —cA (6c + 6Au — cA)?

Appendix

2.A The trigonometric integral representation of binomial
coefficients

Lemma 2.A.1 Consider any [, j € N, then the binomial coefficient (;) is equal to a trigono-

metric integral

j 2j_1 T .
( ): — f cos (21 — j)f) (cos(8))’ de. (2.A.1)

7S
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Proof Since by the Euler’s formula and the binomial expansion we have

Joy j .
e 0D — - (J) 0=
= (i 5

=0

J

(cos(®))’ = [e e

we have

j K
(cos(@)) = 2! 12(5) cos (21 — j)f) . (2.A.2)

=0

Notice that for the Fourier expansion of (cos(H))j we have

(cos(9))’ = —ao + Z a, cos(nf) + Z b, sin(nf), (2.A3)

n=1

where

1 .
ap = — f (cos(9))’ do

Tr -
1 (" .

= ;rf (cos(9)) cos(n)dd, n=1,2,...
1 .

= - f (cos(®)) sin(nd)d, n=1,2,...
Tr -

Therefore, comparing the coefficient of the term cos ((2/ — j)#) in (2.A.2) and (2.A.3) yields
(2.A.1).
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Chapter 3

The ruin time under the Sparre-Andersen
dual model

3.1 Introduction
The dual ruin model is defined through letting
X(@) =ct—S8()

in (1.1.1), where ¢ > 0 is the constant expense rate and {S (¢) : ¢t > 0} is the aggregate revenue
from time O up to time ¢. This kind of models is widely used in modelling the surplus processes
of companies with continuous expense but occasional income due to contingent events [see
1, 2, 3]. One particular case of this model is the compound Poisson dual risk model, which is
studied thoroughly in many other papers, including the dividend payment problem with barrier
[see 1] or threshold strategy [see 2] and the tax payment problem [see 4]. Besides, Landriault
and Sendova [3] generalize the Sparre Andersen dual risk model with Erlang-n inter-innovation
times by adding a budget-restriction strategy. Recently, in Rodriguez et al. [5], an explicit form
of the Laplace transform of the ruin time under the Erlang-n dual risk model is provided. In
this paper, we are mainly interested in the explicit form of the Laplace transform of the time to
ruin under the Sparre-Andersen dual model with generalized Erlang-n inter-innovation times.
As shown in Ji and Zhang [6], under the Erlang-n dual risk model, the roots to the Lundberg’s
equation are distinct. However, under the generalized Erlang-n dual risk model, this is not the
case any longer (see Example 3.5). Instead, the multiplicity of the roots should be considered
when we derive an explicit form of the Laplace transform of the ruin time.

The contents of this article are organized as follows: Section 2 introduces the notation and
model settings. In Section 3, we derive a homogeneous integro-differential equation for an
auxiliary quantity related to the Laplace transform of the ruin time. In Section 4, we discuss
the number of roots of Lundberg’s equation with positive real part in order to find the general
solution of the integro-differential equation deduced in Section 3. Section 5 provides the ex-
plicit expression of the Laplace transform of the time to ruin. In Section 6, we apply similar
arguments for analyzing the threshold-dividend-strategy problem and obtain the explicit form
of the expected discounted dividends under the dual risk model with exponential jumps.

25
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3.2 Notation and model settings

Let the independently and identically distributed (i.i.d.) positive random variables {Y;, Y>, ...}
represent the amounts of the occasional revenue and denote their common cumulative distribu-
tion function (c.d.f.) by P(y), y > 0, with P(0) = 0, their probability density function (p.d.f.) by
p(y) = P'(y), y > 0, and their Laplace transform by p(s) = fooo e dP(y), s > 0. The renewal
reward process {S(?) : ¢ > 0} with i.i.d. inter-event times {V;}:, is constructed as

N(1)

SH=) Y
i=1

where N(f) = max{k € N : Vi +V,+...+V, <t} is the number of gains from time O up to time ¢.
By convention, S (#) = 0 whenever N(¢) = 0. In this paper, we assume that the inter-event times
Vi, j=1,2,..., (we may also call them inter-innovation times) have a generalized Erlang-n
distribution with parameters 4;, A, ..., 4, > 0, i.e. V, in particular, may be expressed as

v, 2 Z W,
=1

where W; is an exponential random variable with mean 1/4;, j = 1,2,...,n. Hence, if we
denote the probability distribution function of V; by f(#), ¢ > 0, then the corresponding Laplace
transform of f(¢) has the form

- 0 1 A;
- = E(H)dt = . Re(s)>0. 3.2.1
F(s) fo e~ f(r)dt 1—1[ T e(s) 3.2.1)

1
Futhermore, if we define by f.(¢) the p.d.f of the random variable ¢V, then f.(#) = — f(¢/c) and
c
hence by the change of scale property of the Laplace transform, we have

fi(s) = fles) = ﬂ S Re(9)>0 (32.2)
‘ A +cs’ - -
Now define auxiliary function
ge(1) = e f() (3.2.3)

then by the first translation property of the Laplace transform

< 5 . A;
g.(s)=fels+—|= ——, R > 0. 324
2e(s) f(s C) JE[MCH& e(s) (3.24)
Since the dual model describes the surplus process of some kind of business which we do not
want to bancrupt with probability 1, adapting to the net-profit condition (1.2.1), the expense
rate ¢ satisfies,

cE[Vi] <E[Y1]
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as one of the basic assumptions for our model. The net-profit condition is one of the basic
assumptions in many articles related to the dual model such as Avanzi et al. [1] and Landriault
and Sendova [3]. Furthermore, in Section 4, the net-profit condition plays an important role in
determining the number of roots with positive real part to the generalized Lundberg’s equation
when there is a simple root on the boundary.

Since the expectation of V; is

n n 1
E[Vi]= ) EWj] = "
j=1 j=1
if we denote by u = E[Y], the net-profit condition becomes
Z”: 1
— <
Aj

J=1

(3.2.5)

oI

Now define the ruin time 7 := inf{r > 0 : R(#) = 0} and the ruin probability with given initial
capital u

wo(u) = E[I{T<oo}|R(O) =u], u>0,
where 1z is the indicator function of an event E. Then
po(u) <1

for all u > 0 only if the net-profit condition (3.2.5) holds. More generally, the Laplace transform
of the ruin time, given initial capital u, is defined as

05(u) = E e L7 c|RO) = u|, u>0.

Our goal is to find an explicit form of ¢s(u) by solving an integro-differential equation.
In addition, we introduce the Fourier transform of ¢s(u)

|
@s(&) = Von I . ps(u)e " du, £ €R,

where 1 = V-1.

3.3 An integro-differential equation
In most literature related to ruin theory, the Laplace transform of the ruin time satisfies some

integro-differential equation derived by conditioning on the amount and the time of the first
innovation. We apply this approach here too. Namely,

u/c 00 00
Ps(u) = f e [f @s(u —ct +y) dP(y)] f(oyde + f e f(1) dt.
0 0 ufc



28 CHAPTER 3. THE RUIN TIME UNDER THE SPARRE-ANDERSEN DUAL MODEL

With v = u — ct the above equation becomes

1 ! L * - u—
@s(u) =— f et [f 0s(v +y) dP(}’)] f(u)dv +e % (E)
¢ Jo 0 c c
= f” [f"" s(v +y) dP()’)] g(u—v)ydv+ e—éﬁﬁ(ﬂ) ,
o LJo c

where F(¢) is the tail distribution of the density function f(¢). Hence, ¢s(u) satisfies a convolution-
type integro-differential equation of the form

fw = [ 1= v+ 6o G3.0)
0
with G(¢) = e™/“F(t/c) and operator 1 : C«) — C(.) defined as

£ = fo LG +y)dPO).

For integro-differential equation (3.3.1), we have the following theorem for a particular class
of functions G(u).

Theorem 3.3.1 For a function

G e{heCl.,:
=1

]_[ (a +O+ c—)] h(u) = (3.3.2)

if {(u) satisfies (3.3.1), then {(u) also satisfies the homogeneous integro-differential equation

n

1_[(4 +6+c—)] L) = [l_[/l] @, u>0, (3.3.3)

J=1

with boundary conditions {?(0) = GP(0) fori=0,1,...,n— 1.

Proof Since equation (3.3.1) is of the convolution type, if we denote the Laplace transform of
T[] (u) by I[Z](s), then we have

Z(s) = T1L()2(5) + G(s),
which may be rewritten as

n

|Z() - G(9)] = (]—[ ai) T1Z1(s)

i=1

n(ﬁi +0+cs)
i=1

implementing identity (3.2.4). For convenience, let /(1) = {(u)—G(u). Then the above equation
reduces to

n

W(s) = []_[ Ai} T1Z)(s). (3.3.4)

i=1

1—[(/1,- +0+cs)
i=1
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Now, define the elementary symmetric functions for 4; + 6,4, + 9, ..., 4, + 6, namely,

oo =1
o =L +)+L+dH)+...+(,+0)
o =+ +0)+ A +0)(A3+9)+...
+(Ap-1 + 0)(A, + 6) (3.3.5)

o0 =]+
i=1

[also mentioned at the end of Section 6 in 7]. Then (3.3.4) may be expanded as

> oiles)Ps) = (]_[ A,.) T1L(s), (3.3.6)
i=0 i=1
and thus the Laplace transform of n (/l +0+ c—) Y(u) is
j=1
foo e 1—[ (/l +0+ c—) Y(u)du = foo e lz O'iCil//(i)(I/t)} du
0 j=1 0 i=0

= ; oic [) e_S”L//(i)(u) du
- Z oi(cs)(s) — an [i Sjw(ilj)(o)] _ Zn: oD (0)
i=1

i=2 j=1
n n—1

_ [ﬂ a,-] T121(s) - Z lsf Z ety 1 ka)‘ Z o H(0) (3.3.7)
i=1 j=1 i=j+1

due to the relationship

00 i—1
f YO (w) du = s(s) = 7'Y(0) — ... = sy (0) =y V() = s(s) - D SP(s)
0

=0
fori =1,2,...,n— 1. Therefore, by letting s — oo we deduce
= — lim Z [sj Z ety f>(0)} Z o0, (3.3.8)
i=j+1

since the left-hand side of (3.3.7) is a Laplace transform. Now, we obtain that the limit of a
polynomial with respect to s is 0 when s — oo, which implies that all the coefficients of this
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polynomial are 0. More precisely, if we denote

aj== Y oy 0, j=01.n- 1,
i=jr1

-1

then equation (3.3.8) may be written in terms of {a;}’;_; as

2

lim (a,,_ls”_1 +a,28" "+ ... +as+ ao) = 0.

S§—00
Thus,
A" a, 38"+ L+ ays + ag
d,—; = — lim =0

§—00 sn_l

and for the same reason,
A, =0y, 3=...=a;=ay=0.

Consequently, we obtain a homogeneous linear-equation system satisfied by y(0), ¥’ (0), . . ., "~ D(0)

[ ot 0 0 ... 0| wo
ol ot 0O ... 0 W' (0)
T = |On2"? o™ o o 0] Y(0) | =0 (3.3.9)
oc 0 C? o .. ot _l//(”‘l)(())_

Notice that in (3.3.9) the matrix X. is such that det(X,) = (o,c")" # 0. Hence, the homogeneous
linear equation system (3.3.9) has unique solution, which is the trivial solution

(/7 =0. (3.3.10)
Therefore, by (3.3.7) we deduce

00 n d |
fo o n(ﬁj+6+ca) z//(u)du:(

J=1

n

A,-] T121(s).

i=1
By (3.3.2) we may simplify the latter equation to

n

fo“’ i ( A 46+ "‘d%) () du = [ﬂ ai)f[z:](s).

Jj=1 i=1

Therefore, inversion of the Laplace transforms yields the required result (3.3.3). Also, from
(3.3.10) we may conclude that /?(0) = G?(0) forall i = 0,1,...,n— 1.

In particular, we have the following corollary for ¢s(u).

Corollary 3.3.2 The Laplace transform of the time to ruin ps(u) satisfies

n

]—[ /l~+6+c£
! du

J=1

%(u)z(]—[ Ai] fo @s(u + ) dP(Y) (3.3.11)

i=1

) s\
with boundary conditions gofs’)(O) = (——) fori=0,1,...,n—1.
c



3.3. AN INTEGRO-DIFFERENTIAL EQUATION 31
Proof Since ¢;(u) satisfies (3.3.1) with G(u) = e~/ “F(z) and
c

I [ps] (u) = fo @s(u +y)dP(y),

we only need to verify that

s . i —ou/c E _
L | (A]+5+cduﬂ [e F(C)] =0 (3.3.12)

and that

Since by definition

e—au/cf(ﬂ) _ poule f(s)ds = e—éu/cf fi(s)ds = f g (u + 5)ds,
c u/c u 0

by Lemma 3.A.2

T1(voeegt)ffe=r )] [

j=1

1—[ (/l +0+ c—)} g(u+ $)e® ds =0,

=1

which confirms that (3.3.12) holds. Thus, ¢s(u) satisfies (3.3.3) due to Theorem 3.3.1. Finally,
by the Leibniz’s rule,

O | o _(-9)
W_[e F(C)] u:o_( C) (33.13)

as F(0) = 1 and Lemma 3.A.1 implies that fP(0) = g”(0)lso = 0, j = 0,1,...,n — 2, when
n=2,3,... Whenn =1,
5 0
u=0 C

5 1
Lastly, the implied boundary conditions are go(’)(O) = (——) fori = 0,1,...,n—1 and
c
n=1,2,...

i—

£leom@)- B Jeoremreot)

k=0

u=0

es(0) = e F (%)

as needed.

Now, by taking Fourier transforms on both sides of equation (3.3.3), we obtain

[n (4 + 6+ cig) [@s(®) = [ ] f [ f @s(u +y) dP(y)] e " du

J=1
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Hin PN it
= rl/ljfo [mfm¢5(u+y)e duldP(y)

=] [ fo elfys??a(f)dP(y):[n /lj]@a(f)ﬁ(lf)-
j=1

Thus, if £ is not a root of

n

[ [(+0+ci) = [H ﬂj] Q3]
j=1

J=1

then @5(&) = 0. With s = —i€ the latter equation reduces to

[1 (1 £ 0 - Cs) = 3(s), (3.3.14)

j=1 j

which is the generalized Lundberg’s equation under the generalized Erlang-n dual risk model.
Hence, the roots of (3.3.14) are a key element in the solution of (3.3.3).

3.4 Roots to the generalized Lundberg’s equation

The roots with positive real parts of the generalized Lundberg’s equation (3.3.14) were first
studied by Gerber and Shiu [7]. We include their conclusion in this section as our first theorem.
Theorem 3.4.1 (Gerber and Shiu [7]) For 6 > 0, the generalized Lundberg’s equation (3.3.14)

has exactly n roots with positive real part (counting possible multiplicity of the roots).

Proof Since 6 > 0, consider a domain D that is a half disk centered at 0, lying in the right
half of the complex plane, with a sufficiently large radius R. For convenience, we choose some

24+ 0
{ al } Denote
i o) cs
= 1+—|-—=
7 1[( +/1i) /L-l

c
=~ ) cs B
n(s) = (1 + Z) - Zl = p(s).

R > max

1<i<n

and

i=1 L

5 5 R
=1+ ==
A A

Then for s located on the half circle |s| = R, Re(s) > 0, we have
cs
+ —_— —_—

A B N
L) A o

c 24, +6 ( 5)

cR o)
=— —(1+—
A; A;

1+-=
A

/ll' C

=1,
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forany i = 1,2,...,n. Thus, |y(s)| > 1 on the the semicircle |s| = R, Re(s) > 0. On the other
hand, for Re(s) = 0, i.e., s locates on the imaginary axis,

0 cs L 0
l+—]——| 2> 1+ — 1.
(+/L-) /L'_l_[( +/1')>

i=1 !
Therefore, |y(s)| > 1 on the boundary of the half disk dD. Since for Re(s) > 0,

n

ol =] |

i=1

n(s) =yl = ()l < 1 < [y(s)l

on the boundary of the half disk, by Rouché’s theorem, n(s) has the same number of roots in
the half disk as y(s). Therefore, n(s) has exactly n roots in the half disk with radius R and thus,
by letting R — oo we conclude that 7(s) has exactly » roots in the right half of the complex
plane.

Remark This simple result does not require any additional assumption, which makes it valid
for both the generalized Erlang-n Sparre-Andersen risk model and its dual model.

The idea for proving Theorem 3.4.1 relies on Rouché’s theorem, which requires that there
are no roots located on the boundary of some domain. However, we are not able to construct
a suitable domain to prove the same result in the case 6 = 0 because s = 0 is a root of
the generalized Lundberg’s equation (3.3.14). As a result, we choose the modified Rouché’s
theorem developed by Klimenok [8] to prove the following theorem.

Theorem 3.4.2 For 6 = 0, the generalized Lundberg’s equation (3.3.14) has exactly n roots
with positive real part (counting possible multiplicity of the roots) and one simple root s = 0
under the net-profit condition (3.2.5).

Proof Since 6 = 0, let
cs
¥(s) = ﬂ[l - ﬂ—]
j=1
then y(0) = p(0) = 1. Thus, the function y(s) — p(s) has a root s = 0. Now, consider two
functions

$1(z) =yR(1 -2)
$2(z2) =-pR(1 -2))
on the open disk D = {z € C : |z] < 1} and its boundary 0D = {z € C : |z] = 1}, where R is

a sufficiently large positive number (for example, let R > max {/l j} /c). Then we immediately
<Jj<n

obtain

¢1(1) = =¢2(1) =1 # 0. (3.4.1)

Besides, ¢; and ¢, are analytic functions on D and continuous on the boundary dD. On one
hand, for those arguments z € dD such that z # 1, we deduce

R(1-2)
a;

cRz
a;

i

R
C__1H -
4;
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fori=1,2,...,n. Thus,forze dDand z # 1,

l—[(l_cR(l—z))
A;

j=

#1(2)] =

On the other hand, for z € dD and z # 1,

_f e—R(l—z)ydP(y)
0

12| > |¢2(2)l, z€0D,z # 1. (3.4.2)

¢2(2)| = |=-p(R(1 = 2))| =

< f le R dP(y) < 1.
0

Therefore, we have

Moreover,

n

R
#(1) = -Ry'(0) = )" == = cRE[V)]

=1
and ¢,(1) = Rp’(0) = —Ru. Hence, by the net-profit condition (3.2.5),

¢ (1) + ¢5(1)
¢1(1)
Therefore, by conditions (3.4.1), (3.4.2) and (3.4.3), we conclude that ¢(z) + ¢,(z) has the

same number of zeros as ¢,(z) on the open disk D [see 8, Corollary 2]. Since the zeros of ¢(z)
are

= R(cE[V ] —w) <O0. (3.4.3)

A ]
1-—€0,)cD, j=1,2,...,n,
cR

¢1(z) has n zeros in D. Thus, the function ¢(z) + ¢,(z) also has n zeros in D, denoted by
Z1,...,2:. Now, consider the conformal mapping A(z) := R(1 —z). Let s; = h(z;) € h(D),
j=12,...,n Then sy,...,s, which are independent of R, are all the roots of (3.3.14) such
that s € h(D). Since (D) = {z € C: |z— R| < R}, then (D) — {z € C : Re(z) > 0} as R — co.
Therefore, si,...,s, are the only roots of (3.3.14) such that Re(s) > 0. In addition, (3.4.3)
also guarantees that s = 0 is a simple root of (3.3.14) on the boundary of the right half of the
complex plane.

If we combine Theorems 3.4.1 and 3.4.2, we may conclude that for any 6 > 0, the general-
ized Lundberg’sequation (3.3.14) has exactly n roots (including their multiplicity) with positive
real parts under the net-profit condition (3.2.5).

3.5 The Laplace transform of the ruin time

As we established in the previous section, there are n roots of Lundberg’s equation (3.3.14)
in the right half of the complex plane whenever 6 > O under the net-profit condition (3.2.5).
Assume that among them m are distinct (m < n) and are denoted by p;, ..., p, with respective
multiplicities vy, ..., v,,. Then we shall derive an explicit expression for the Laplace transform
of the ruin time by implementing the boundary conditions appearing in Theorem 3.3.1. Before
doing so, we proceed with two auxiliary results.



3.5. THE LAPLACE TRANSFORM OF THE RUIN TIME 35

Lemma 3.5.1 Suppose that h(x) is an arbitrary polynomial of degree n € N, namely,
h(x)=ho+hix+---+h,x", ho,h,....,h, €C, h, #0.
Then by defining

d
h (E)f(u) = h()f(u) + hlf/(u) + .+ h,,f<”)(u), f c Cn(—oo, ),

we have

h (i) (u"e-f") = Z @) & (u), (3.5.1)

du P J! du’
foranyieNand € € R.

Proof By the linearity of the differentiation operator, we obtain

A\ ( ey OO &
h(@)(uef):k: —(ue‘f)

k! dut

b ZH: dd_t:f (”l) Zn: h(")(())g.k—j

LT Ak

Notice that

nopk) k—j L A 0) j ]
h (0)§'f h ka> d_fj )
= (k= ~ K du

[ h®0) & |
o )

s
~
<

I
o

T
[«
.
<
[l
s

= 10(€).
u=t

o
S |°<.
~.

ACIO) uk]
k!

| k=0

Therefore, identity (3.5.1) is proved.

Lemma 3.5.1 is useful for determining the solution of the integro-differential equation
(3.3.11) satisfied by the Laplace transform of the time of ruin.

Lemma 3.5.2 Suppose that p € C with Re(p) > 0 is a root with multiplicity v of Lundberg’s
equation (3.3.14). Then for any polynomial rt,(u) of degree v—1, ¢*(u) = m,(u)e™" is a solution

of (3.3.11),
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n

Proof Denote 7, (1) = ro + riu+ ...+ rp_qu’~" and h(x) = n (/lj +0+ cx), where r,_; # 0.
j=1

[ ,:1 (ﬁ vor Cdi) }w (u) =h (d—i) [Z; r,uiepu]
) e

" p(=p) &
=30 )

Then

<

i=0
—1

< ..

r,-e_p"
J!
i=0 =0

by Lemma 3.5.1 since h(x) is a polynomial of degree n. Furthermore, equation (3.3.14) is
equivalent to

h(—s) — []_[ /l,-] p(s) =0, (3.5.2)
j=1
and p is a root of (3.5.2) with multiplicity v. Thus, we may write
h(=5) - []_[ A,-] p(s) = (s = p)'n(s), (3.5.3)
j=1

where 7(s) is an analytic function such that n(p) # 0. Hence, for j = 1,2,...,v — 1, differenti-
ation j times of (3.5.3) yields

n Jj .
(=D)'h(=p) = []—[ aj] p(p) = Z [( ) myls P)V_kn(j_k)(s)] =0,
j=1 k= s=p
1.e.,
h(=p) = (1)1{]_[ ﬂj]f)(j)(p), j=0,1,...,v-1. (3.5.4)
j=1
By identity (3.5.1), we conclude that
& AV < h(—p) &’
; rih(a)(ue ) Z rie Z Far (). (3.5.5)

J

Notice that in the right-hand side of the latter equation, i < v—1 < n, which implies P (ul) =0
u

for all i < j < n. Hence, implementation of equation (3.5.4) produces

h9(=p) d] (=1)/ (])(p) d’
SO 0)-{[]]35 E2 2 L

j=0 Jj=0
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{1

(i.)<—1>fﬁ<f><p>uf-f.
0 J

Jj=

Thus,

1= ,]—

y—1 n y—1 i
Z():rih(d—i)(uie_p“ :[ AJ]IZne 4 (’)( 1/ pP (o' (3.5.6)

Furthermore, the relationship
D) = [ yerare)
0

combined with equation (3.5.6) indicates that

v—1 n el .
Z r; (du) i —Pu) - l_[ A Z rie—Puf (u + y)ie—py dP(y)
J=1 i=0 0

i=0
=] T4 f ©*(u+y) dP(y).
j=1 0

Therefore,

l (a +6+c—) o' (1) = (]—[g]f o' (1 + ) dP(y),
j=1

1.e., ¢*(u) 1s a solution of equation (3.3.11). Since m,(u) is an arbitrary polynomial of degree
v — 1, Lemma 3.5.2 is proved.

Lemma 3.5.2 indicates that the solution of the integro-differential equation (3.3.11) has the
form

m [vj—1
(,0(5(14) = Z [Z I’j,kukJ e Pit 4 r1{§:0}

=1 { k=0
) s\
with coefficients satisfying the boundary conditions ¢;'(0) = | ——| fori =0, 1,. -1

Theorem 3.5.3 The Laplace transform ¢s(u) of the time of ruin under the Sparre-Andersen
dual model with generalized Erlang-n inter-innovation times, given initial surplus u > 0, has
the explicit form
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,Pm(0) are the roots of Lundberg’s equation (3.3.14) lying on the right

where p1(6), p2(6), . . .
. Vm, respectively. All coefficients rj; may

half of the complex plane with multiplicity vy, v,, ..
be obtained by solving the linear-equation system

" =Dk s\
> AL HE (3.5.7)
=0 (k) : ¢
wherei=0,1,...,n— 1.
Proof According to Lemma 3.5.2,
m Vj*l
(,05(14) = Z Z rj,kuke_pf(‘s)” + 7‘1{5:0}
j=1 | =0
with boundary conditions gog)(O) - (-< fori =0,1,...,n— 1. Hence, because ¢s(u) — 0 as

u — oo [see 4, Lemma 2.1], we have r = 0, i.e., the Laplace transform of the ruin time 7 has

the form

j=1 \ k=0

m [vj-1
YOEDY [Z rj,kuk] PO (3.5.8)

with boundary conditions

. s\
gof;)(()):(——), i=0,1,...,n— 1. (3.5.9)
c
For convenience, denote p; = p;(0) for j=1,2,...,m. Thenfori =0,1,...,n -1,
moq vi~1 m_vj—1 d s\
gof;)(O) = Z i Z rj,kuk e it = Z Z [rLk? (uke pf”) ] = (——) . (3.5.10)
Pl | = u=0  Jj=1 k=0 u=0 ¢
Since
d ,, cu ek
dui (I/l 4 ) =0 - (l _ k)‘ {i>k}>
equation (3.5.10) may be simplified to
m min{v;—1i} . i
: iN=-0% 0

Exchanging the order of summation in (3.5.11) yields the required linear system (3.5.7).

The following examples provide the Laplace transform of the ruin time for some special

cases.
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Example Consider the special case 4, = A, = ... = A,. Then the model is just an Erlang-
n dual risk model. Hence, as mentioned in Rodriguez et al. [5], all roots of the generalized
Lundberg’s fundamental equation (3.3.14) are distinct, i.e., m =nandv, =v, =... =v, = L.
Thus, the Laplace transform of the ruin time 7 is

T 0
| (pj - ;)
ws(u) = Z s e it

= j-1 n
(o) - pl-)}
i=1

[16r-0)
for j =1,2,...,n, which coincides with Rodriguez et al. [5, Theorem 4.2].

i=j+1

Example Consider a dual Sparre Andersen ruin model with exponentially distributed claims
with mean ¢ = 1, while the inter-innovation times are i.i.d. generalized Erlang-3 random
variables with parameters 4; = 9, A, = 25 and A3 = 32. Now, let 6 = 0 and the expense rate
¢ = 1. Then the generalized Lundberg’s equation is

(-5)0-5)0- %)=

After some algebra, it is rewritten as

st — 655 + 12475* — 58875 = s(s — T)(s — 29)* = 0.

Hence, the generalized Lundberg’s equation has a zero root sy = 0, two positive roots s; = 7
and s, = 29. In particular, the multiplicity of the root s, = 29 is 2. Since 6 = 0, ¢o(u) is
actually the ruin probability for initial capital # > 0. Thus,

@o(u) = rie” "™ + (ry + ry u)e >

where coefficients r, r,, and r,; satisfy

ry+np0 =1
71’1 +297‘2’0—l’2,1 =0.
(7?1 + (29)%r20 —22Nry; =0
841 357 .
Therefore, r| = TR o = TR and rp; = BETR which leads to
841 357 + 4466
ou)= —e " = il ue_29“ u>0.

484 484 ’

3.6 Expected discounted dividends under a model with a thresh-
old strategy

3.6.1 A set of integro-differential equations

In this subsection, we generalize some existing results concerning the expected discounted
dividends. More precisely, we consider the Sparre-Andersen dual risk model with generalized
Erlang-n inter-event times’ distribution.
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Consider a dividend strategy with threshold » > 0 and different expense rates ¢; and c»,
where ¢, > c;, depending on whether the current surplus is below or above the threshold [for
further detail on this model, see 2]. Moreover, as an expense rate without dividend payments,
usually c; is assumed to satisfy condition (3.2.5) with ¢ replaced by c¢;. Then the total dis-
counted dividends until ruin are defined as

Ds(b) = (¢c2 — ¢1) j;T e Ligiysp) dt
and the expected total dividends paid until ruin are
Vs(u, b) = E[Ds(b)IR(0) = u].
Depending on the value of the initial surplus, define

Vl,(g(u, b, O<u<bd

Vs(u,b) =
o0 {Vz,é(u,b), u>b

Then we have the following main results for this section.

Theorem 3.6.1 The function V, s(u, b) satisfies the integro-differential equation

[ﬂ (Aj +6+c %) ]Vw(u, b)

J=1

n b—u 00
= [ﬂ aj][ f Vio(u +y,b)dP(y) + f Vao(u +,b) dP(y)
j=1 0 b-u

(3.6.1)

ai
with boundary conditions TVL(;(u, b) =0,i=0,1,...,n— 1, while the function V, s(u, b)
u' u=0
satisfies the integro-differential equation

1foeoee)

j=1
_ [ﬂ 1 j] f [vz,é(u +y,b) = 2 ; ‘ ] dP(y) (3.6.2)
j=1 0

with boundary conditions

[Vz,(s(u, b) -

CZ_CI]

0 C1 i
ﬁvm(u, b)'u:b = (C_z) ﬁvl,é(u,b)

_ 5\
_eta (——) (3.6.3)
u=>b 0 C

fori=0,1,...,n—1.
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Proof Firstly, we consider the function V; s(u, b). Conditioning on the time and the amount of
the first innovation, we have

u

a b—u+cit
Vis(u,b) :f e [f Vis(u—cit+y,b)dP(y)
0 0
+ f Vos(u—cit+y,b) dP(y)l f()de.
b—u+cit
The change of variables v = u — ¢ then yields the equivalent representation

U b—v 00
Vis(u,b) = f [f Vis(v+y,b)dP(y) + f Vos(v+y,0)dP(y)| g, (u—v)dv  (3.6.4)
0 0 b—v

for all 0 < u < b, which is of the form (3.3.1) with

TVsl(vb) = fo Vo(v + y, b dP(y).

and G(u) = 0 which is from the set (3.3.2).
_ Therefore, Theorem 3.3.1 implies equation (3.6.1) with the required boundary conditions

6l
TVL{;(u,b)' =0fori=0,1,...,n-1.
u' u=0

Secondly, consider the case u > b. Again conditioning on the first jump, we have three
scenarios:

1. If the jump happens within time [0, (u — b)/c;], then the expected discounted dividend,

given the time of first jump ¢, is
e [ Vit cat+3.5)4PO) + (2 - e
0

2. If the jump happens within time ((u—b)/c,, (u—b)/c,+b/c1], then the expected discounted
dividend, given the time of first jump 7, is

C1 tfucf;h _ b
e_é’f (= Vis (b _¢ (r _Z ) +y, b) dP(y)
0 %)

w0 )
teo f Vas (b _¢ (t U ) +y, b) dP(y)
C](I—ﬂ) CZ

2

+(c2 = e
€2

3. If there is no jump before ruin, i.e. the time of the first jump is greater than (u — b)/c, +
b/c, then the expected discounted dividend is (¢z — ¢1)@up4-
[

Hence, by letting v = u — b > 0 for convenience, the total probability theorem yields

v/co 00
Vos(v+ b,b) = f e [f Vos(v+b —crt+y,b)dP(y)| f(¢)dt
0 0
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v/c)
+ f e™(ca — c)agsf(t) dt
0

v/co+b/cy [ cl(t—é) v

+ f e f Vis (b - (r - —) +y, b] dP(®y)
v/e 0 (&%)
v/co+b/cy [ 00 v

+ f e ! f Vas (b — ¢ (t — —) + v, b) dP(y)
v/cy cl(t—é) (&)

v/cr+b/cy
+ f e (c, — cl)&qéf(t) dr
% 2

/c2
— b
+ (C2 —Cl)c_li 6F(1 + —)
L'2

B

f(t)drt

f(t)dt

G ()

v/co 0o _
- f [ f Vas(v + b — ot +y,b) dP(y) — %] e (1) dr
0 0

_ v/ca
2_a f@yde
0 0
v/ca+b/cy c1(t=v/c2)
+f [f Vis(b—ci(t—v/cy) +y,b)dP(y)
v/cy 0
4 f Vas (b= c1(t = v/es) +y,b)dPG) | e f(o) dr
cit=v/e]
+( Y F |~
Cr — C1)a> 1.
2 ! aé Cy
Since
_ v/ca — _
Cy Cq f([)dl’+C2 C]F 1 :CZ Cl’

by the substitutions 7 = v — ¢, in the first integral and 7, = b — ¢;(f — v/c,) in the third and
fourth integrals, we deduce

Y 00 C —C
Vos(v+b,b) = f [ f Vas(b + 11 + v, b) dP(y) — = = l]gcz(v—ﬁ)dﬁ
0 0

b
b—
2 T [Vs](12,b)gc, (u + v) dr
¢t Jo 1
G- q ey v n €2 — Cl' (3.6.5)
1) (6] 6
Notice that
@ ; a_ (2 —c¢)amis 2 Vas(v+b,b), v=0,

we rearrange (3.6.5) as follows to make sure that both sides of the equation are nonnegative

C —(

)

—Vos(v+b,b) = f Um (62 - Y, sb+11+7,b) dP(y))] 2, (v —11)dny
0

0
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b
h—
_ e I [Vs] (12, b)gc, (u + v) dr,
C1 Jo (6]
L2 G mep( ) 270
0 C o

Since Lemma 3.A.2 implies that

n b
[n(ﬂj+5+62% ]fo I[Vg](‘rz,b)gcz(%:m+v)d‘rz

=1
b
b —
:f V(s (12, b) 1—[(/1 +0+cr— )}gCZ(M‘FV)dTZ_O’
0 i 1

and (3.3.12) indicates that

. I\lle2=¢ syes( V)] _
ln(ﬂj+6+C25)} lTe  F c—2 —O,

J=1

then if we let

b b- - _
G(V) = —2 f I [V(s] (Tz, b)gcz (—CZ( TZ) + V) de + He—(?v/czF (1) ,
0 C 0 c

C1
we have

n

(/l +6+c2:) Gv)=0

j=1
Therefore, Theorem 3.3.1 implies

[H(/l +5+czjv)} [62 - VM(Hb,b)]

J=1

-1l Ta f ["2 b)] dP(y) (3.6.6)
J=1 0
with boundary conditions
& [c2- ’ b - 5\
e LR ] | I R S ATCNORG el g, s 2 (L
o' 0 y=0 ¢1 Jo €1 g €2
fori=0,1,...,n—1, due to (3.3.13). Since
0 d(v+b)
—V b,b) = V. b,b) -
gy 2o D) =5e T Vaav .0

9
u=v+b

0 0
30 + b) Vos(v+b,b) o Vas(u, b)




44 CHAPTER 3. THE RUIN TIME UNDER THE SPARRE-ANDERSEN DUAL MODEL

we conclude that

o' 0
—.Vz,(s(v + b, b) = —.Vz’(s(u, b)
oV ou'

u=v+b

fori =1,2,... by induction. Thus, equation (3.6.6) is equivalent to (3.6.2) with corresponding

version of boundary conditions

% &) ; 1 Vsl b)] - _ —E—? Obf Vil (T29b)g£’i2) (#I_TZ)) dry + €y —C
fori=0,1,...,n— 1. Furthermore, we observe that
f() = c2¢"ge,(cat),
which yields

| T O ¢ c cot
gCI (t) = _¢ 6t/ lf(_) = _2ch (i) .
c (o] (6]

1 &)

Thus, (3.6.4) becomes with v replaced by 7,

Vie(u,b) = f I [Vs](12,b)gc,(u — 12)d1,
0

-2 I [Vs] (12, b)gc, (M) dr,
1 Jo C1
Differentiating both sides of (3.6.7) i times with respect to u yields
ai C i+ " 0 CZ(M - TZ)
Fvl,ﬁ(ua b)=|— I[Vé] (7'2,b)gc2 — |dn;
u C1 0 C1
fori =0,1,...,n— 1. Hence, by letting u = b we have

b {eo(b - Ly
2 T [Vs] (12, b)gglz) (02( TZ)) dr, = (ﬂ) V1s(u, )
c1 Jo C1 o) Ou

u=b

Therefore, the required initial conditions (3.6.3) are obtained.

Since (3.6.2) has the same form as (3.3.11), Lemma 3.5.2 produces

m Vj— 1

Cr —C . _
2 . LV, b) = Z Z riau — b e ROy s p,
j=1 k=0

for 6 > 0, where R(6), R»(9), . .., R,,(0) are roots of the equation

B 0—CyS 5
452

0

|

Y
(&%)

(3.6.7)
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lying on the right half of the complex plane with multiplicity vy, v»,...,v,, respectively. All
coeflicients r;; are determined by the boundary conditions involving V s(u, b) and V, s5(u, b).
Namely, the boundary conditions are

i YR ioq _ i
¥ BED gk sy = —(—ﬁ) 9y ) = (ﬁ) (3.6.8)

AR i
= (i—k)! ] Ou 0 c)

fori=0,1,...,n—1.

Remark Under the compound Poisson dual risk model with a threshold strategy, there is only

one boundary condition
C2—C

V26(b, b) =

—-—r= Vl,é(b’ b)9

which is then called “the continuity condition" [see 2].

3.6.2 Exponential jump distributions

Suppose that the amounts of revenue have an exponential distribution with density function
p(y) = e . Then

00

b—u
I[Vsl(u,b) = f Vio(u +y,b)Be™ dy + f Vas(u + y, b)Be™ dy
0 b

—u

b )
= B f Vis(n, b)e™™ dy + B f Voo (v, b)e™dy, 0 <u<b.
u b

0
Hence, applying the operator (8_ — ,B) on I [Vs](u, b) yields
u

0
(a— —[)’) I[V(;](u, b) = _ﬁvl,(S(u’ b)
u

[see also Subsection 2.1 in 2]. Thus, for 0 < u < b we have

57}

Hence, the related characteristic equation reduces to

- 6+cix) B oA
l_[(1+ y )_ﬁ—x_p( -

J=1

n

0
1_[(/77'4‘54‘01%)

J=1 J=1

Vi, b) + []_[ 2 ,-] BVis(u,b) = 0. (3.6.9)

If we let X = —x, we actually obtain another Lundberg’s fundamental equation for the
generalized Erlang-n dual risk model
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By the fundamental theorem of algebra, the above equation has n + 1 roots in C. Besides, our
previous discussion at the end of Section 3.4 demonstrates that only one of the n + 1 roots is
located in the left half of the complex plane, which means it is a negative real number denoted
as so. Suppose that the roots with positive real part are sy, ..., s; with multiplicities «i, .. ., k.
Thus, the theory of ordinary differential equations implies that

Vis(u,b) = qoe” Y0“+Z Zq]ku e, O0<u<hb.
J=1 \ k=

In order to determine the coefficients go and g;’s, we have n boundary conditions

al
—Vi 5(“ b)

g =0, i=0,...,n-1

u=0

Hence, g;;’s may be evaluated in terms of g, through the linear-equation system

z'( 1)k ;
( — k)' J q]k —q0S, (3.6.10)
k=0 jixj>k !
fori=0,1,...,n— 1. Besides, by Lemma 3.5.1 we may calculate i-th derivatives of V, 5(u, b)

Kj~—

Z%k )|
k=0 u=
Kj— _st ink k! s
kzc;qf Z()(k o

Hence the boundary conditions of (3.6.2), namely, equations (3.6.8) are

_ (-1
< Cl( ) ZZ z(_k;le/k((S)”j,k

S0

Ew T = (=50)'qoe™

S0

= (—s0)'qoe”™

I
"+
j=1

1
")
j=1

k=0 jvj>k
c [ k-1 ink ; k!
— __1 _ i —sob o ,sib i-71.k—z
—( c2) {( 50)'qoe™"" + ; ;q,,ke Z( )(k (=)D } 3.6.11)
fori = 0,1,...,n — 1. Now, we only have 2n linear equations to solve for 2n + 1 unknown

parameters qo, qj.’s and r;;’s. For this reason we need one more linear equation by reviewing

n n b 00
[ ]—[ (/l +6+ Cl;) ]Vl s(u,b) = 1—[ ;B [ f Vis(y, b)e ™ dy + f Vas(y, b)e ™ dy].
=1 u b

j=1

Since Lemma 3.5.2 implies that

n n 1
[ l_[ (/lj +0+ ¢ %ﬂ [Vl’,;(u) - qoe_s"”] = | (/lj +0+ ¢ %) Z Z gt e

J=1
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we obtain

n N
(5—0150 —sou U k -5 -
1_[(1+ 1. )qoe 0 +ﬁeﬁfu Zqu,kye M dy

j=1 J j=1 k=0

b b
:qoﬁeﬁ“f e =SBy dy +,Beﬂ“f Z Z q; y eV e dy +,Beﬁ”f Vas(y, b)e™® dy.

j=1 k=0

Thus,

n (=so=PB)b+Bu __ ,—sou
S—cis qoB e e
(1 + 1 0]qoe—sou ( )
1

i A —so—p8
00 1 Kj—
+ﬁeﬁ”f Vas(y) = ZZq w'e e dy.
b j=1 k=0

Since e™**" is one of the general solutions of (3.6.9), we have

n S — —sou
1—[ (1 + 6180)6106_50” _ dupe .
A; So + ﬁ

j=1 J

Thus the coefficient of term € must be zero, i.e.,

(=s0-B)b o L K]
qo€ f k —s: -B
— = Vas(y, b) — gy e e dy
o+ b JZ:; kzz(; ’
m vj=l 1 xj=1 , .
— Ky e PP Fk+1,b(s +B8))qix
CQ Cl = e 3 L Jar . (3.6.12)
1k0('8+R(6)) j=1 k=0 B+5))
where ['(n, x) = "¢ dt is the upper incomplete Gamma function. Therefore, we con-
clude that ’
l K_,'—l
qoe " + Z Z qjvkuk e St O<u<b
=1 { k=0
Vs(u, b) = - ot ,
Cy — C1 Z Z o — b)k e RIOW=b) 5
=1 | k=0

where the 2n+1 unknown parameters g, qo and r;; are obtained by solving the linear-equation
system that consists of 2n + 1 equations and includes systems (3.6.10) and (3.6.11) together
with equations (3.6.12).
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3.6.3 A numerical example

We consider a Sparre-Andersen dual model with a generalized Erlang-3 distributed inter-
innovation times with parameters 4; = 0.12, 4, = 0.6, and A3 = 0.81. If we assume that
the income distribution is an exponential with S = 0.1 and the discount factor is ¢ = 0.08, then
under the threshold strategy with ¢; = 0.5 and ¢, = 1, the generalized Lundberg’s equation for
initial capital larger than the threshold is

0.08 —s 0.08 —s 0.08 — s 1
1 1 1 = . .6.1
( T T02 )( T T06 )( T T081 ) 105 + 1 (36.13)
By solving (3.6.13), we obtain that apart from a negative root R_ = —0.07, there are two

positive roots p; = 0.14 and p, = 0.8 with multiplicities v; = 1 and v, = 2, respectively. Thus,
for all u > b the expected discounted total dividend paid before ruin V;g(u, b) has the form

1-05
0.08

with the unknown parameters r, 1,y and r,; to be determined. Similarly, by solving equation

0.08 — 0.5s 0.08 —0.5s 0.08 —0.5s 1
(1+—)(1+—)(1+ )

Vo.os(u, b) =

re 0 h) o [7’2,0 + (U — b)] e "8 us b, (3.6.14)

0.12 0.6 081 | 10s+1

we obtain the values of 5;, j =0, 1,2,3 as listed in Table 3.1 below.

AO) S1 52 83
-0.0614 | 0.3272 | 1.4464 | 1.7277

Table 3.1: The values of s; for j =0,1,2,3

Therefore, when 0 < u < b, the expected discounted dividend paid before ruin has the form
VO.OS(M, b) — qoeo.06l4u + qle—0.3272u + qze—l.4464u + q36—1.7277u’ O<u< b, (3615)
where ¢, ¢», and g3 satisfy the following Vandermonde linear system

1 1 1 —q1/90 1
0.3272 14464 1.7277 ||—q2/q90| =| —0.0614 |. (3.6.16)
0.3272% 1.4464%* 1.7277> -q3/qo (—0.0614)2

The solution to (3.6.16) suggests that for 0 < u < b,

Voos(ut, b) = o€ = 1721070327 1 2208371440 — 1 4873¢777). (3.6.17)

Now, there are only four unknown parameters, i, 129, 12,1, and go to be determined by spec-
ifying the threshold b and then solving the linear equation system comprised by (3.6.11) and
(3.6.12), namely,

1 1 0 x®) || 6.25
0.14 0.8 -1 X'(b)||r20| _| 0.5
0.14>  0.82 -0.16 x"(b)||r1|  [0.04]
02471 097! 092 M) || qo 62.5
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where
X(X) — e0.0614x _ 1.72106—0.3272)6 + 2.20836_1'4464x _ 1.48736_1'7277x

and
e0.0614x 1‘72106—0.3272)5 2.20836_1'4464x 1.48736_1'7277x

() = 0100614 0.1+03272 © 0.1+ 14464 01+ 17277

We calculate the values of ry, rp, 12,1, and go for b = 4, 8, 12, 16, and 20. The results are given
in Table 3.2.

r 2.0 1 q0
5.4401 | -0.2170 | -0.0521 | 1.2545
49567 | -0.2210 | -0.0538 | 1.0040
4.8516 | -0.2233 | -0.0544 | 0.7894
4.8293 | -0.2238 | -0.0545 | 0.6182
20 || 4.8246 | -0.2239 | -0.0545 | 0.4838

—_ —
O\Noo-lk@

Table 3.2: The values of ry, 12, 12,1, and g for b = 4, 8, 12, 16, and 20

Figure 3.1 displays the graph of V os(u, b) for b = 4, 8, 12, 16, and 20 as well as V{ o3(u, u)
as a function of u. The function Vog(u, u) is of some interest not only because it comprises
the non-differentiable point of Vj os(u, b) for different b > 0 but also because it is important in
calculating the optimal threshold [see 2, Section 5.]. Finally, all the five curves share the same
properties as those in [2, Fig. 5]:

1. If u is fixed, then V;s(u, b) decreases as b increases.

) —C .
= 6.25 as u increases.

2. If bis fixed, then V) og(u, b) increases up to the upper bound

3. All curves are non-differentiable at u = b due to (3.6.3), which shows that the left and
the right derivatives of V do not coinside.

4. Voyos(u, u) is a monotone increasing function of u.

Appendix

3.A Some auxiliary results

Lemma 3.A.1 Suppose that f(1) is the density function of the generalized Erlang-n distribu-
tion with parameters Ay, ..., A, > 0 and g.(t) is defined by (3.2.3). Let gff)(t) represent the i-th

, 1
derivative of g.(t), then gE.’)(O) =0,i=0,1,...,n-2, and gg."_l)(O) = — 1_[ A;.
Cn
i=1
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V(u,b)
3 4 5
| |

2
!

Figure 3.1: Vi os(u, b) for b = 4, 8, 12, 16 and 20.

Proof The Laplace transform of g.(¢) is provided by formula (3.2.4). And the Laplace trans-
form of g(7) is presented as

n—1

f g1 df = ") - ) 5" 7g(0). (3.A.1)
0

i=0
By letting s — oo, the left hand side of (3.A.1) has to go to 0. Thus we obtain

n-2
R [Sngcm R IR O] B ()

i=0

= Jim l—[ - lim Z 11g9(0) ~ g07(0)

1
= — 1—[/1 - hmZ =110 (0) — g7 D(0),

1 n
which yields g.(0) = g.(0) = ... = g""?(0) = 0 and g "(0) = = ]—[ A; as needed.

Lemma 3.A.2 Suppose that f(t) is the density function of the generalized Erlang-n distribu-
tion with parameters A, ..., A, > 0 and g.(t) is defined by (3.2.3). Then for all a € R,

ﬁ(/l +5+ch)

i=1

g(t+a)= (3.A.2)

Proof We first consider the case @ = 0, i.e.

n

[ (/l +O+ cdg)] g(0) = (3.A.3)

i=1




3.A. SOME AUXILIARY RESULTS 51

Consider the elementary symmetric functions of 4y + 6,4, + 6, ..., 4, + ¢ defined by (3.3.5).
Then

n

d \ i (i
1—[ (/l,- +0+ c&)] g = ; oic gi)(t).

i=1

Hence, taking Laplace transforms on both sides yields

(o)
f o
0

Lemma 3.A.1 indicates that

n

d _ n Y B
l—[ (/l, +0+ Cdt)] g.(t)dt = IZO: oic fo‘ e gl (t)dt.

i=1

5'3.(5), i=0,1,...,n—-1

f e g dr = 1
¢ s"g(s)—— | |4, i=n ’
0 B() - — ]_1[

and therefore,

00
f —st
0

(/1 +5+c—)] g.(ndt = gc(s)ZO'[cs - l_[/l
=1
:(ﬁ—d +CS+5)]—[(A +cs+6)—lil/l,~:().

i=1

Finally, (3.A.3) follows by the inversion of the Laplace transforms.
For the general case a # 0, we have

dz + )

d_dth(t H) = Gt g =8,
by the chain rule. We deduce then by induction that
i i—1 )
d ,gc(t ta)= dri-1 (g;(x) x=r+a) =...= g(l)(x)|x:t+a'

Therefore,

[ (/l +5+CE)
i=1 d

gt +a) = Z oic gca +a)= Z oict ("W). ,.,)

= [Z mc"g“)(x)]
i=0

=0.

xX=t+«a

Acknowledgements:

The authors want to thank an anonymous referee for a through reading of a previous draft of
this paper and for numerous insightful comments. Support by a grant from the Natural Sciences
and Engineering Council of Canada for this work is also gratefully acknowledged.



52 CHAPTER 3. THE RUIN TIME UNDER THE SPARRE-ANDERSEN DUAL MODEL

Bibliography

[1] B. Avanzi, H. U. Gerber, E. Shiu, Optimal dividends in the dual model, Insurance: Mathe-
matics and Economics 41 (2007) 111-123. 25, 27

[2] A.Ng, On a dual model with a dividend threshold, Insurance: Mathematics and Economics
44 (2) (2009) 315-324. 25, 40, 45, 49

[3] D. Landriault, K. P. Sendova, A direct approach to a first-passage problem with applica-
tions in risk theory, Stochastic Models 27 (2011) 388-406. 25, 27

[4] H. Albrecher, A. Badescu, D. Landriault, On the dual risk model with tax payments, Insur-
ance: Mathematics and Economics 42 (2008) 1086-1094. 25, 38

[5] E. Rodriguez, R. Cardoso, A. Egidio dos Reis, Some advances on the Erlang(n) dual risk
model, preprint . 25, 39

[6] L. Ji, C. Zhang, Analysis of the multiple roots of the Lundberg fundamental equation in
the PH(n) risk model., Applied Stochastic models in Business and Industry 35 (1) (2012)
45-60. 25

[7] H. U. Gerber, E. Shiu, The time value of ruin in a Sparre Anderson model, North American
Actuarial Journal 9 (2) (2005) 49-84. 29, 32

[8] V. Klimenok, On the modification of Rouché’s Theorem for the queueing theory problems,
Queueing Systems 38 (2001) 431-434. 33, 34



Chapter 4

On the threshold strategy for paying
dividends under the dual Lévy risk model

4.1 Introduction

There is a substantial body of literature focusing on the dividend problem in recent years. Of
main interest are the expected discounted total dividends paid to shareholders and the optimal
strategy that maximizes these dividends. In particular, the dividend problem under the classical
compound Poisson model is studied thoroughly. The extensive results are mainly due to the
fact that the surplus process is essentially a spectrally negative Lévy process with a positive
drift. Namely,

Ut =u+X@), t=0,

where u > 0 is the initial capital of the insurance company and the spectrally negative Lévy
process {X(¢) : t > 0} describing the evolution in surplus does not have monotone sample paths.
Various dividend strategies including the barrier strategy and the threshold strategy are dis-
cussed for this type of models. Under the barrier strategy, an elegant solution is found by
Avram et al. [1] in identity (5.1), while Frostig [2] develops a more general result for Markovian
arrival risk processes. In addition, Wang and Yin [3] study the moment generating function of
the discounted aggregate dividend payments until absolute ruin by allowing borrowing money
with a debit interest rate when the surplus is negative. It is worth mentioning that the optimal
dividend strategy might be a non-barrier strategy (see Azcue and Muler [4, Section 10.1]). The
threshold dividend strategy is proved to be optimal when the dividend rate is restricted by a
constant (see Kyprianou et al. [5]). Also, the expression satisfied by the expected discounted
aggregate dividends is in terms of defective renewal equations under a Sparre-Andersen model
perturbed by diffusion (see Meng et al. [6]).

The dividend problem under the dual model, which is used to describe the life-annuity
insurance business (see Cramér [7, Section 5.13]), is first considered in Avanzi et al. [8]. Under
this type of models, the surplus process is

Rt)=u—-ct+S@), t=0, 4.1.1)

where u > 0 is the total single premium of some life annuities, ¢ > 0 is assumed to be the rate
at which annuitants are paid continuously, and {S(¢) : # > 0} is the gross reserve that is freed

53
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due to the death of annuitants by time 7. Model (4.1.1) further assumes that S (¢) is a compound
Poisson process. Apart from the life-annuity interpretation, the dual model may also be utilized
to describe the surplus of companies whose income is due to inventions or discoveries, for in-
stance, pharmaceutical or petroleum companies (see Avanzi et al. [8], Landriault and Sendova
[9], Song et al. [10]). In Avanzi and Gerber [11], the authors study the expected discounted
dividends until ruin for a diffusion-perturbed version of model (4.1.1) under a barrier strategy
by integro-differential equations. Consequently, they obtain an explicit solution when the oc-
casional income follows an exponential distribution and a mixture of exponential distributions,
respectively.

The optimal dividend strategy under the dual model is the barrier strategy (see Bayraktar
etal. [12, Theorem 2.1]) as long as the surplus process belongs to the class of spectrally positive
Lévy process without monotonic sample paths. In practice, however, it is not advisable to
implement this strategy as ruin occurs with probability one. For this reason, Ng [13] proposes
the threshold strategy that pays dividends at a rate w > 0 instead of paying to the shareholders
the entire excess (w = oo) of the current surplus over the threshold. This modification makes
the threshold strategy more flexible. Based on the analysis of a threshold dividend strategy,
one may easily extend the results to a more general case, namely, the multi-threshold dividend
strategy.

A particular difficulty that was not resolved in the literature is to deduce an explicit ex-
pression of the expected discounted dividends when the initial capital is below the barrier or
threshold. More precisely, identity (2.4) in Avanzi and Gerber [11] is a second order integro-
differential equation satisfied by the expected discounted dividends up to ruin but the authors
provide an explicit solution only when the gains’ distribution is a finite mixture of exponential
distributions. Similar is the situation in the simpler case when o = 0 in (4.1.1), which is consid-
ered by Ng [13]. The author provides an explicit solution to the first order integro-differential
equation satisfied by the expected discounted dividends (see Ng [13, equation (5)]) when the
initial surplus is greater than the threshold and deduces an explicit solution for an initial surplus
lower than the threshold in the case of gains that have a distribution that is a finite mixture of
exponential distributions.

In this paper, we consider the threshold dividend strategy under the dual risk model with
general Lévy assumptions, which is a natural generalization of the dual model with surplus
process (4.1.1). We attempt to resolve the above difficulty by approaching the problem from a
different angle. Namely, the presence of the threshold allows us to build connections between
the dual model and a certain spectrally negative Lévy process and to obtain subsequently ex-
plicit results through fluctuation identities. Consequently, we are able to fill in the gap in the
existing literature by providing explicit solutions for the quantities of interest when the initial
capital is below the threshold.

This paper is organized as follows: Section 4.2 provides further details regarding the model.
Then, for a given dividend threshold b > 0, the expected discounted dividends under the dual
Lévy risk model with initial surplus u > 0 are discussed in Sections 4.3. In Section 4.4, we
derive the optimal threshold when the threshold strategy is applied and verify the optimality
of the threshold strategy assuming a ceiling dividend rate. Finally, an example of the dual
Lévy risk model with gain-size probability density function (p.d.f.) that has a rational Laplace
transform is discussed in Section 4.5.



4.2. MODEL SETTINGS 55

4.2 Model settings

4.2.1 The threshold dividend strategy

Suppose the surplus process of a business may be described by the dual model {R(?) : ¢ > 0}
which is defined as
Rt)y=u-X(@®), t=0, 4.2.1)

where {X(¢) : t > 0} is a spectrally negative Lévy process defined on the filtered probability
space (Q, 7 ,{F},,P) with {#},,, being the natural filtration. The Laplace exponent of
{X(#) : t > 0} is defined by

292
w(0) = log (E [eGX“)]) = UT +y6 — f (1= = xl ) () (4.2.2)
(0,00)

where § > 0, y € R, o > 0, 1;, is the indicator function, and the Lévy measure v satisfies

Y(=00,0) = 0 and -
f (1 A xz)v(dx) < .
(0,00)

We denote the law and the expectation with respect to {X(7) : # > 0} issued at x € R (i.e.,
X(0) = x almost surely) by P, and E,, respectively. If {X() : t > 0} has paths of bounded
variation, then {X(¢) : ¢ > 0} can be written as X(¢) = ¢t — S (¢) uniquely where

c= y+f xv(dx) € (O,E[S(1)]), E[S()] = fw xv(dx). 4.2.3)
(0,1) 0

Condition (4.2.3) is called negative loading condition, which prevents the sample paths of
{R(?) : t > 0} from drifting to —oco with probability 1.
Now, suppose a threshold dividend strategy with constant threshold » > 0 and dividend rate
w > 0 1is applied to {R(¢) : t > 0}, which results in the modified surplus process {R,(f) : t > 0}
after the dividends are paid. This modified surplus process is driven by the stochastic differen-
tial equation
dR,(?) = —a)l{Rb(t)>b} dt —dX(), Rp0)=u. 4.24)

If we define {X,,(¢) : t > 0} by X,,(t) = X(¢) + wt, then equation (4.2.4) may also be written as
ARy (1) = wlig, ey At — AX, (1), Ry(0) = . (4.2.5)

where {X,,(7) : t > 0} is also a spectrally negative Lévy process. The corresponding Laplace
exponent ¥, (0) of {X,(¢) : t > 0} is defined by

V(@) =@ +wb, 6=>0 (4.2.6)
and in particular, ¥y(0) = y(0) for all 8 > 0.

Remark The modified process {R,(¢) : t > 0} is called refracted Lévy processes and was first
discussed by Kyprianou and Loeffen [14], who consider the spectrally negative case.
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For the surplus process {R,(¢) : t > 0}, the first passage times of some level x € R are defined
as

T!=inf{t>0:R,(t) >x} and T, =inf{t>0:R,(*)<x}, x€eR,

(with the convention that inf @ = oo) which allows us to formally define the expected dis-
counted aggregate dividends before ruin as

Ty
VO(u,b) = E [Wfo‘ e_&l{Rh(t)>b} dz|R,(0) = ”] .

If we define the running maximum and running minimum of some stochastic process {Y(¢) : t > 0}
as

Y(r)= sup Y(s) and Y(r)= inf ¥(s),
s€[0,£] - s€[0,1]

then the function V®(u, b) may also be expressed as
W%mm:ai[ e P|Ry() > b, R,(t) 2 OIRy(0) = u]dr. (4.2.7)
0

In general, V(u, b) has different representations depending on whether 0 < u < b or u > b.
Hence, for mathematical clarity, we rewrite V© (u, b) as

VO®u,b), 0<u<b

VO(u, b) =
(. 5) {V;‘S)(u,b), u>>b

(see Ng [13, p. 316]). Observe that for the special case u = b, V®(b, b) is a constant that needs
to be determined additionally.

4.2.2 Scale functions

Most quantities of interest in ruin theory under Lévy risk models can be expressed explicitly
in terms of scale functions. The most basic scale function is W@ (x) : R — [0, co) which is
defined by its Laplace transform

‘fe%WwwM= 0 > ®(q), (4.2.8)
0

W) —q
with ®(q) = ®y(q) where
@, (q) =sup{é >0 : y,(&) =g} (4.2.9)

more generally. Moreover, W@ (x) = 0 for all x € (-0, 0). In ruin theory, the function W@ (x)
in the bounded variation case plays the same role as the function v() in equation (3.3) in Lin
et al. [15]. In addition to W@ (x), another important function is

Z@u):1+qf‘W@00®a x€R, (4.2.10)
0
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which is also widely used in fluctuation theory of Lévy process (see Avram et al. [1, p. 160]).
The functions W@ (x) and Z?(x) are called g-scale functions and their versions under the
exponential change of measure with respect to any a € R

dpe

— ea[X(t)—X]—l//(a)t
dP, |z,

are denoted as W[(lq)(x) and Zf,q)(x) throughout this article. Then Kyprianou [16, Lemma 8.4]
provides the following relation between W'?(x) and W,gq)(x):

W‘(lq)(x) — e_axW(‘J"'l/’(a))(x), P R’ (4211)
implying that
Z9(x)=1+gq f eV WEHO (3)
0
Remark Observe that notation with a subscript w or a such as X, (1), ¢¥,(0), ®,(q), Wf,q)(x),

and Z,(lq)(x) reduce to their versions without a subscript when that subscript equals 0. (See, for
instance, comments regarding identities (4.2.6) and (4.2.9).)

We note the following result which is required for further derivations.

Lemma 4.2.1 Suppose that {X(¢) : t > 0} is a spectrally negative Lévy process without mono-
tonic sample paths that is issued at x € (0, a) for some a > 0. If 0 > 0 and q > 0 are such that
q+ (@) >0and v =inf{t > 0 : X(¢) ¢ (0,a)}, then for a fixed t > 0,

M (1 A 1) = e aHVONNRXEA 760D (X (7 A 1)), (4.2.12)
is a P, — martingale.
Proof Since r > 0, there exists s such that 0 < s < t. Then
E, [M{(t AD|Z,| = M (x A D)L jseny + B [ M (7 A O.F, | Liscons:
For s < 7 A t, we have by the the strong Markov property that
E, MYz A 1)|Z)] = e OV By [M (A (- 9))]. (4.2.13)
Then by the exponential change of measure
Exi [My (t A (1 = )] = OBy, [e ™ Z0 (X(x A (2 - 5)))]. (4.2.14)
Since e‘q(”’)Zéq) (X(7 A 1)) is a P’-martingale (see Avram et al. [17, p. 220]), we have
Ef ) e IZ0 (X A (- )| = 27 (X(s), s <t (4.2.15)
Thus, combining (4.2.13), (4.2.14) and (4.2.15), we obtain
E, [Méq)(‘r A t)|,§fs] = M;q)(s), S<TAL,
and therefore
E, [M{(t AD|Z| = M (0 A )Lizeny + MyP(5)Ljscony = M (T AT A ) = M (T A 5)

as required.
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4.3 The expected discounted aggregate dividends

In this section, we focus on deriving an explicit formula for VO (u, b) for all u > 0. Our main
result is stated in the following theorem.

Theorem 4.3.1 Under the threshold dividend strategy with threshold b > 0, dividend rate
w > 0, and discount factor 6 > 0, the expected discounted aggregate dividends paid by the line
of business {R(t) : t > O} until ruin with initial surplus u > 0 satisfy

ZOb
VO(u,b) = = |20 - u) - Z0) )Qf;”(b —w|, u>0, (4.3.1)
J QL (b)
where
mmhﬂmﬁﬁﬁm=ﬂw+muqfﬂMWWme (4.3.2)
0

Proof Consider a dividend payment strategy 7° with a parameter € > 0 constructed as follows.
The strategy n° pays dividends at rate w > 0 whenever the corresponding modified surplus
process {RZ(t) > ()} stays above level b > 0. Otherwise, no dividend is paid if the surplus
level stays below b—¢ > 0. If the surplus at time ¢ falls into the interval [b—¢, ), then dividends
are paid at rate w > 0 only when the surplus enters the interval from above, i.e. neither R;(0) =
u € [b — &,b) nor the surplus entering [b — &, b) from below will lead to dividend payments.
A graphical comparison of the modified surplus processes between dividend strategy n° (black
solid line) and the threshold dividend strategy (purple solid line if it is different from the surplus
process of 7°) is given in Figure 4.1. In Figure 4.1, when for the first time {RZ(I) > O} enters

A Ri(l‘)
Ry (1)
b N\
---------- NN R b —g
u
To 1
0 T, T, Ts TO_’E

Figure 4.1: Comparison of sample paths of the modified surplus processes

[b — &, b) from below at T, no dividends are paid. However, when the surplus process revisits
the interval [b — &, b) from above at T, and T3, dividends are paid at rate w > 0 as long as the
surplus remains in the interval [b — &, b). Based on our construction of dividend strategy n°, we
have

Ry-o(1) < RE(1) < Ry(1)
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almost surely for all 7 > 0. Moreover, the difference between {Ry,(¢) : t > 0} and {R,_.(¢) : ¢t > 0}
is

t
Ry(1) = Rp—o(1) = w f Lz, (etp-e) 455
0

which is an increasing function of ¢ and thus

!
sup [Ry-c(5) = Ry(s)| = Ry(1) = Rypo(1) = w f Lk, oetp-em) 45 = 0
s€[0,t 0

as € | 0 in almost sure sense, which results in

sup |RE(s) = Ry(s)| < sup |Ry-o(s) — Ry(s)| = 0

s€[0,1] s€[0,1]
as € | 0 in almost sure sense. Therefore, by the arguments in Kyprianou and Loeffen [14, p.
38] we may conclude

lim (R5(0), B5(0)) = (Ry(0), R,(1)

almost surely for all # > 0.
Now, define the dividend-rate process {Jlf(t) > O} € {0, w} corresponding to the dividend
strategy m°. The corresponding expected discounted aggregate dividends are defined by

VO(u,b,6) = E [ f €T gy 0) | REO) = u] .
i x

Then, based on our construction of 7¢, we have

Wl op) < Jp(0) < Olgeoy )

almost surely. Hence, by (4.2.7), Fubini’s theorem, and the dominated convergence theorem
we have

VOu,b,e) > E

@ f(; e_&l[Ri;<t)zb,B§(t>>0] d?|R,(0) = ”] = VO(u,b)

as € | 0. On the other hand, we also have

VO(u,b, &) <E|w fo € Vipeopezomo) YRHO) = ”}

=E|w fo ) e_&l[Ri(f)e[b—a,b),ﬁf,(tbo] d|R;(0) = u| + E|w j(; ) e_éll{Rf,(t)zb,B;(t»o} dr|R;(0) = ”]
<E :w fo ) e pepen) |REO) = u| + E |w fo ) Vi o -0} [RHO) = ”]

=w fo " op |R:(0) € [b - £, b)R;(0) = u| dt + E |w fo ) B T L AOE u]
:%P |R(e5) € [b - &, D)IR;(0) = u| + E | fo ) € "L ysp i y-0) 4| R5(0) = u]

—VO(u, b)
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as € | 0, where e; is an exponential random variable with mean 1/6, which is independent of
all other random variables. In the above derivation, the second-to-the-last equality is obtained
by exchanging the order of expectation and integration. Subsequently, we employ the newly
defined r.v. e;.

Finally, the two limiting results yield

1151 VOu,b,e) = VOu,b), u>0. (4.3.3)

We now discuss the explicit expression of VO(u,b,e)in the cases u > band 0 < u < b
separately.

Case 1: Ifu > b > 0, we denote VO(u, b, &) = Vf)(u, b, &) and the first passage time of level x
from above as
T =inf{tr>0:R; (1) <x}, xeR

Then the expected discounted aggregate dividends V®(u, b, ) may be rewritten as

TO_’S
f e O JE(t) dt
0

Notice that the sample paths of {Rg(t) > 0} are skip-free downward, which results in
T,* > T, almost surely. Hence, given R7(0) = u > b > 0, we have

VO@u,b,e) = E

R;(0) = 4 .

€
—&

T, T,° T,
f e JE() dt = f e i) dt + f e " JE(t) dt. (4.3.4)
0 0 T

—&

b-¢

Since for all ¢ € [O, Tb__’i], we have J/(¢) = w as u > b, and then (4.3.4) reduces to

T(;,E -0t 78 w 6T, ¢ -oT; TJ,S_T;EE -0t y& -
e Jb(t)dt:g(l—e ve) + e e (T, + 1) dr.
0 0

By taking conditional expectation on 9}/—_,8, the strong Markov property of the Lévy
process {X,(¢) : t > 0} implies

E

T(;VE =& —&
f e JE(1) dt‘%;i ] = % (1-e%) + VO —e,b,8).  (435)
. :

Thus, taking expectations on both sides of (4.3.5) yields

VG b,e) = (VO - ,b,) — 5 E[e

RE(0) = u] +2. (4.3.6)

Given R;(0) = u > b > 0, we have R{(1) = u — X, (t) forall 0 < ¢ < T, and thus

T—,S

b—s

inf{t>0:X,)>u—-b+e}=17"°

u—-b+e’
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which is the exiting time of (—oo,u — b + ¢) for {X,,(¢) : # > 0} issued at 0. Therefore,

E [e“STb_iZ

RE(0) = u] = E|¢ e | = g7 0bre) (4.3.7)

[see 16, Section 8.1]. In sum, we obtain the explicit expression of Vgg)(u, b, £) by incor-
porating (4.3.7) into (4.3.6). Namely,

VO (u, b, &) = [V(‘”(b —&,b,&) - %] e @ ubre) | %. (4.3.8)

Also, since Q0 (b —u) = e @b and ZO (b — u) = 1 for u > b, identity (4.3.8) may be
rewritten as
Vi2(u,b,e) = H(b — u,b,e), u>b, (4.3.9)

where
HO(x, b, &) = @2 VO _ g b ) — % 09(x) + %z@(x), XxeR. (43.10)

Then it is clear that
VOB, b) = VO(b, b,0) = H(0, b, 0). (4.3.11)

Identity (4.3.11) is used to obtain the unknown constant V®'(b, b) in the following deriva-
tions.

Case 2: Now, we discuss the case 0 < u < b as well as the constant VO(b — g, b, ). Since
there is no dividend payment from the business line {R(¢) : t > 0} if T,** < T,* where

TH =inf{t > 0 : Ri(f) > x),

for R;(0) = u € (0, b), we have

T5° T;®
=8 75 (£) dt = —o6T;* | P -6(-T,®) 7& dr
\[0 e J,(dr=e e }f e Jy(1)dr.

+.,&
Tb

By taking conditional expectation on ffT;,e, we obtain

E

7" te
f e (1) dt‘%;,s} = e ey V) (RS(T; ). b.&). (4.3.12)
0

Thus, by recalling (4.3.9) we have,

VOu,b,e) = E [e—”z? Voo H (b = RYT7), b, 2) [RE(0) = u] .

As {RZ(I) > O} is equivalent to {R(¢) : r > 0} for all # € [0, 7,“], identity (4.2.1) pro-
duces

Vfé)(u, b,e) = E [e—ar,fvsH(é) (b —u+ X(T;’g), b, g) 1{T0_,8>Tb+,s}] . (4.3.13)
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Notice that the event T, < T, “|R%(0) = u is equivalent to
inf{t >0:u—-X@¢) <0} <inf{t >0:u—-X(¢t) > b},
hence the its complement 7|, ‘> T; ’SlRi(O) = u is equivalent to
mf{t>0:b-—u+X@®)>2b}>inf{t>0:b—-u+ X() <0}

Since
T;’g =inf{r>0:R;(#) > b} =inf{tr >0:b—u+ X() <0}

then it follows (4.3.13) by letting
7. =inf{r>0:X(@®) <x} and 7} =inf{r>0:X(r) > x}
for any x € R that
VO, b,e) = By, [6_675 HO (X(x5),b, ) 1[76«;}] .
Hence, we obtain by equation (9) in Avram et al. [17]

By [0 DHO (X AT bo8)| = VO b,2) + HOW, b oEs |71 |

Wb — u)
_ y© (0) _Z
= V" (u,b,e) + H”(b,b, &) o) (4.3.14)
The left-hand side of (4.3.14) may be obtained via the fact that for all # > 0
E;.. [e_é(Ta NIOHO (X(ry AT A Db, 8) (4.3.15)

is a P-martingale. To see this, since

OOty ATy Aty = Myt ATy A1) and ZO( ATy A D) = MY (T5 ATy A D,
we may conclude that fof)(Ta A1) A1) and Z(‘S)(Ta A T} A t) are P-martingales by
Lemma 4.2.1. Thus, (4.3.15) is a P-martingale by the linearity. Therefore,

E,, [e-5<fo“Z>H<5> (X(T6 AT), b, s)] =H9®b-ub,e), 0<u<b.

As a result, we have

HO(b,b, €)

(0) _ g©
Vi'(u,b,e) = H”(b —u,b, &) — Wob)

WOMb —u), 0<u<b. (4.3.16)

Hence, by letting u = b — &, we have

H9(b,b, &)

0, _ — g© _
Vb -¢e,b,e)=H"E,b,e) Wow)

W), Vex>0. (4.3.17)
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If {X(¢) : t > 0} has sample paths of bounded variation, then {X(¢) : ¢ > 0} may be written
in the form X(¢) = ct — S(¢) uniquely, where ¢ > 0 and {S(¢) : t > 0} is a pure jump
subordinator. Thus by letting € = 0 in (4.3.17) we obtain

HO(b, b,0)
VO, b,0) = VOB, b) = HY0,b,0) - ———>—
(b5,0) = VO(b,b) = HO(0,5,0) - = 2o
which leads to H®(b, b,0) = 0 by (4.3.11). Therefore,
7O
Vo py =21 - 20 4.3.18)
6 0(b)

If {X(7) : t > 0} has sample paths of unbounded variation, then we calculate V®(b —
&, b, e) from (4.3.17), namely,

W
{[z<6>(g) = P90 (e)| - [2OB) — 0 (b)| W@EZ;}
VODb - ¢g,b,¢) = % ©)p
1 = e ®ul* [fof)(s) - W‘;;—)((b))W%)}

Hence by letting £ | 0 and the L’Hoptial rule, the continuity condition [13, see] requires

VOB, b) = VOB, b,0) = 11351 VOB —g,b, €)

) [56%(5)8 WD (6) - W(f%((bb)) o) | woe) + 0(b) ;V ij‘?;?)e%(mew(&y(g)
Kk ) D)
o) = [0Ru0) + TE ) WOE)
©) (0) (©) _ 70 D, (0)e
o [aems — W, (8) Wj;—)((bb))mww) VV;&,((Z L 20 Wi)(g’)e
S &lo O b) Db) WO (e)
o [wd)w(é) + o b)(Dw(é)} T

A0
0 0Y(b)

[see 18, Lemma 3.1 and Lemma 3.2], which corresponds to (4.3.18).

Therefore, (4.3.18) is correct for the surplus process driven by all spectrally negative Lévy
processes without monotonic sample paths. Based on (4.3.18), by letting £ = 0 in (4.3.16) and
(4.3.9) we obtain (4.3.1) finally.
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4.4 The optimality

4.4.1 The optimal threshold »*

In this section, we obtain the optimal threshold b so that we could maximize the expected net
present value of the dividends under a threshold strategy. We have the following result.

Theorem 4.4.1 The optimal dividend threshold b* for any initial surplus u > 0 is

b* =inf{b 2 0: 600 (b) > wD,(5)Z(b)}.

Proof Let GO(x) = 609 (x) — w®,(5)Z®(x), then
G’ (x) = 60,(6) 0 (x) + 6w, ()W (x) — wD,,(H)SW(x) = 60,,(6)0L(x) > 0,

which means G (x) is a strictly monotone increasing function. Hence G®(b) > G (b*) for
all b > b* > 0. Notice that definitions of Z@(x) and Q¥ (x) produce

b
()
200 5f0 WO dx + 1

(6) —®,(5)b b ’
Qu (b)e wd,,(5) f e~ Po@x WO () dx + 1
0

which allows us to find the derivative

d Z9(b) WO (b)
— = GOb).
db fo)(b)e‘q’w“)”] (09 ®)] evutom ®
Thus,
(©)
VO, b) = %{z“)'(b - Qﬁé)—gm PO ) }
_w SWO(b — ) ©(b) G(é)(b)Q b ) — d® (O ZP(BLYWO (b — u)
° [Qw Gl 09 )
w WO (b)
— Wb = u) — Op — GO
6fof><b>[ G0 om % ”)] @
__oWOB) |y 050 WO ®)
 s[edwmf [Q‘“ A ] R
(d®w(5))
___woW90) B | ZOOD gy _ ) (:;g)(&))() WA — 1) | GO ()
[Q“”(b)] WO ) P

B wW® (D) pCs u)qnw(é)E%(é)[ d%(é)rol{ ) }] GOb).
s[o0w)| b
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Therefore, for b > b*, we have GV (b) > G(b*) > 0 and thus V@ (u, b) is monotone decreasing
with respect to b on b € (b*, 00). Hence if b* = 0, then the optimality is guaranteed. Otherwise,
G9(b*) must be 0 and for those b € (0, b*) we have G (b) < 0, which indicates V©(u, b) is
monotone increasing with respect to b on b € [0, b*). As a result, b* is the optimal threshold.

4.4.2 The variational inequality

In this section, we will discuss the optimality of the threshold dividend strategy among the set
of strategies I1,, C I, namely,

I, = {n ell: D'(t) = f W'(s)ds,0 < W'(5) < a).},
0

where IT represents the set of all admissible dividend strategies 7 := {D"(¢) : t > 0}. The value
function is the expected discounted aggregate dividends until ruin, namely,

v

ve(u) =E f . e o dD”(t)‘R(O) = u], u>o0,
0

where 0™ = inf{r > 0 : R(t) < D"(t)}. The corresponding optimal value function is

v, (1) 1= sup v (u).
nelly,

Heuristically, by forcing the surplus process paying dividends by an arbitrary strategy n € I1,,
during time interval [0, #) for small % the optimal value function v.(u) has to satisfy

h
v,(u) > E|e M, (R"(h)) + f e dD"(s)
0

R(0) = u]
h

=E_, [e_‘shv* (=X(h) — D" (h)) + f e dD”(s)].
0

h
Since e ~ 1 — 8h, D*(h) ~ w"(h)h and f e 9 dD"(s) ~ W' (h)h, we have
0

V() 2 E., [(1 — 6h) [v. (=X () = V., (=X () (k] + w”(h)h] + o(h)
= (1= SR By [y, (X00)| = By (v (=X00) = 1) )| + 00

for all © € I1,. By the definition of infinitesimal generator of {X(¢) : ¢ > 0} we have for any
suitable function f(x) that

E[f(X®)| =t Tf) + f(x) + o), -0,

where for any sufficiently smooth function f(x), the infinitesimal generator of {X(7) : ¢ > 0} is
defined through

2 )
LA = 1" +7f (0 + fo [f(x=2) = ) + f(2Lee| (2.
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Thus,
Vo) 2 (1 = 6h) [ATv.(=x) + v(-0)] | __, + (1 = Vi(=0))| __ & (Wh + o(h)

X=—

= AV, () + v.(u) = Sv.h + [1 = v, | " (W) + o(h),

where I" is the infinitesimal generator of the spectrally positive Lévy process {—X(7) : t > 0},
namely,

0_2

Ef@) = Zf (0 =yf () + f £+ 2) = £ = F/@l ey W)
0
for any sufficiently smooth function f(x). Therefore, for any dividend strategy r € I1,,,
By, @) = 6v.(u) + (1 = v(w)) " (h) + 0(1) < 0.

Thus, the variational inequality of Hamilton-Jaccobi-Bellman (HJB) type
sup {(f = Sy.u) + (1 - v;(u))} <0, 4.4.1)
0<i<d

provides a sufficient condition for optimality.

Remark For I1, = |J Il,, the variational equation (4.4.1) is

w>0
max{(l" - 6)v.(u), 1 — v.(u)} <0

as discussed in Bayraktar et al. [12].

4.4.3 Verification

In this section we show that the threshold strategy with optimal threshold b is an optimal
strategy in I through verifying the value function V© (u, b*) satisfies the HIB equation (4.4.1).
As we discussed in the previous section, for all u > b*,

Zow") o~ Pu@u-b")

== 7
0l (b")

Notice that e~®«©®* is an eigenfunction of the operator [* — a)% with respect to the eigenvalue

¢ > 0. On the other hand, the operator (f - w%) f(u) = 0 as long as f(u) is a constant. Thus,

VO by = L
(,b) = <

5
(r - wa—) VO, b+ w - VO, b = w—6 - % = 0. (4.4.2)
u

Now let us assume b* > 0. In this case, we have G®(b*) = 0 as we discussed in subsec-
tion 4.4.1. Thus we have

0
w®d,,(6)

VO, b*) = % [Z(‘”(b* —u) - 09®b - w|, u>0.

The optimality of V®(u, b*) under the situation u > b* is verified by (4.4.2). Hence we only
need to consider the case 0 < u < b*. First, we introduce the following result which is also
mentioned in Avram et al. [17, p. 224].
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Proposition 4.4.2 Suppose 6 > 0 satisfies y(0) < oo, then for g > 0 such that g > —y(0), the
function f(x) = e"xZ;q)(x) is an eigenfunction of T" with respect to the eigenvalue 1 = q + y/(6).

Based on Proposition 4.4.2, by letting v = 0 and v = ®,(J) respectively, we may conclude
that both Z@(x) and Q¥ (x) are eigenfunctions of I" with respect to eigenvalue 6 > 0. Thus,
(T = 6Z9(x) = ([ - 6)0Y(x) = 0 for all x > 0, which implies

0

— 5090 =
w(Dw(é)(F 0)Q, ()| =0,

(T — §)HO (x: b*) = % T - 6)Z9(x) —

for all x > 0. Therefore, (I" = §)V@(u, b*) = (T = §)HO(x, b*)
the first derivative at any point u € (0, b") is

= 0. Besides, notice that
x=b*—u

aﬁv@(u, by = Q90 —u) > 1, ue,b).
u

Therefore,

(f - 5) VOu,b*) + w

1- gV(é)(u, b*)] <0, wue(0,b". (4.4.3)
u

Combining (4.4.2) and (4.4.3) completes the verification of the optimality of the threshold
strategy.

4.5 Applications: Dual Cramér-Lundberg model perturbed
by diffusion

In this section, we are interested in the numerical example in Avanzi and Gerber [11] equipped
with an optimal threshold dividend strategy instead of the optimal barrier strategy. As a spe-
cial case of spectrally positive Lévy processes with jumps of rational transform, the Laplace
transform of the scale function W®(x) of the pertubed dual Cramér-Lundberg model may be
expressed as

0o 1 1 n C
~0x WO () dx = - ——, R > DO, (45.1
foe 0= s = T EENE—000 * -y 1O O @5

where n + 1 € N* is the degree of the polynomial in the numerator of ¥/(6) — 6, {r};_, are

distinct roots with negative real part (for simplicity) to the equation ¥(8) — 6 = 0 and {Cy};_,

can be obtained by the partial fraction decomposition, namely,

1
W(r)’

(see Kuznetsov et al. [18, p. 170]). Hence if we let 6 = 0 without considering the domain
{0 € C:R(O) > D)} in (4.5.1) we obtain by denoting ry = ®(6) and Cy = (1,//’(1’0))_1

Ck kzl,...,l’l,

n g 1

=0 1% 0
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Hence, definition (4.2.10) yields

Z00x) =1+ 52 .y = (52 Ck o 4 e R
k=0
Also, by (4.3.2) we obtain an explicit expression for fo)(x)
©) I — g PO Dy (8)x
0P(x) = w®,(5) Z ck—@l o+ €T
Since by letting 6 = ®,(0) in (4.5.1) we obtain
Z A 3 1 3 1 _ 1
= D,0) — i Y(@u(0) =6 Yu(@u(6) — wDu(0) =5 WDy (S)
k=0
Thus
Q(a)( x) = wd,, () Z erk(xV0)+(Dw(6)(x/\0), xeR.
Ll - a,<6>
Therefore, our main result (4.3.1) indicates
Z 9 erlb
i 1 — 1 (@) (u-b)s
V(é)(u’b) — wz Ckerk(b—u)+ — - — =0 € , u>0,
k=0 Tk Z C, ch(d)
—e
Ly = D,y (0)

where (x); = x V 0. To obtain the optimal threshold b*, if 6 > d®,(6) then b* = 0. Otherwise,
b* is the unique positive root to

1 1
) [N
Z C [rk — @, (6) rk] e =0.

k=0

Example Consider a threshold strategy under the dual model perturbed by diffusion with fixed
parameters b = 10, v(dx) = Ap(x)dx where 1 = 1, p(x) = e, x > 0,c = 0.75, 0 = 0.5 and
0 = 0.005. These are the same parameter values as in Avanzi and Gerber [11, Illustration 3.1]
where the barrier strategy is studied. Then we derive Table 4.1 and Table 4.2 by choosing d
such that ¢ + w = 1, 10, 100, 1000, 10000. Notice the last line with w = oo coincides with the
barrier strategy with b = 10 discussed by Avanzi and Gerber [11, [llustration 3.1].

Usually, we are interested in the optimal threshold for different values of d under the above
model. Hence, we derive Table 4.3 to show how the optimal dividend threshold changes as d
increases. The last line recovers Avanzi and Gerber [11, Illustration 6.1].
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c+w | VO10,10) VO (u, 10)

1 34.144 —29.648076_0'2979284391u + 29.6480760'01844367193u +3. 10—34e7.279484767u
10 33.482 —29.080626_0’2979284391u + 29.0806280'01844367193u +1- 10_3367'279484767”
100 33.222 —28.855146_0'2979284391u + 28.8551560'01844367193u +1- 10—3367.27948476714

1’000 33.198 —28.834376_0'2979284391” + 28.8342380'01844367193” +1- 10—3367.27948476714
10’000 33.196 —28.833236_0'2979284391u +28.8321 160.01844367193u +1- 10_3367'279484767”
) 33.196 —28.831996_0'2979284391u + 28.8319960'01844367193u -3. 10—3467.27948476%1

Table 4.1: The expected net present value of dividends with threshold b = 10 forO < u < b

c+w | V9(10,10) V@ (u, 10)
1 34.144 50 — 31.505¢ 087

10 33.482 1,850 — 1, 826.6e~5555107u

100 33.222 19,850 — 19, 827¢505107

1,000 | 33.198 | 1.9985-10° — 1.99827 - 105500510
10,000 | 33.196 | 1.99985-10° — 1.99983 - 106510
0o 33.196 1 +23.196

Table 4.2: The expected net present value of dividend under threshold barrier with b = 10 for
u>b

c+w b*
1 11.10482123
10 16.73973727
100 16.83025628
1,000 | 16.83852844
10,000 | 16.83916094
00 16.84

Table 4.3: The optimal threshold (4 = 1, p(x) = e, ¢ = 0.75, 0 = 0.5 and 6 = 0.005)
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Appendix
4.A Proof of Proposition 4.4.2

Proof The proposition can be proved by verifying the Laplace transform. For convenience,
we define the identity operator by 7. Also, we denote the Laplace transform of any function g
such that g(x) = O for all x < 0 and the convoluation of g with Lévy measure v by

Lg= f e g(x)dx and C,g(x) = f g(x — 2)v(dz).
0 0

Denote
flx) = eBXZéq) (x) = ™ + qeex f Wéq)(y) dy = e + qee" f e W(‘“W))(y) dy.
0 0

Then f(x) — e® = 0 for all x < 0 and the Laplace transform of f(x) — %" is

_ q
(s = O)(Y(s) —y(0) — q)’

Hence, when v(0, 00) < oo, we have by the identities £(0) — 1 = 0 and go>W4¥©(0) = 0 (see
Kuznetsov et al. [18, Lemma 3.1]) that

L,[f(x) - €] s> R(O).

o 9 :
LI (f()-e™) = [7£ 55+ Lo+ L8~ V(0. )L, + f zv(dz)zs@x] [0 €]
0

2 00
— l%sz + s+ f e_SZV(dZ) — V(O, oo)} Ls [f(x) - egx]
0

— _0x\ _ qlﬁ(s)

VLW - = e —s@ - * 7@
On the other hand, T (eex) = (#)e™ which implies

LT (e“) = %, s > R().
Therefore,
qu(s) %0 1 g
Jf = = [y(0 ,
LU = o) v —q Ts—a - Y )”’]{s—e * (s—9>[w<s>—w<9)—q]}

which implies by the uniqueness of the inverse Laplace transform that T'f(x) = [¥(0) + q] f(x).
If v(0,00) = oo, then define an approximating sequence {v,}”, of the Lévy measure v by
v(dx) = 1 {x>n71}v(dx). Obviously, v,(0, ) < oo for all n € N*. Thus by defining the corre-
sponding ¥,,(6) and I',, we have

Lo f(x) = [¥a(0) + q] f ().
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Notice that
2 0

Fnf () = %fﬂ(x) @)+ fl [f(x=2) = f(0)]v(d2) + Ll) gz x)v(dz),  (4.A.D)

where g”(z’ X) = [f(x - Z) - f(X) + f/(X)Z] 1{Z>n_1} - f 551)

1
Since f zv(dz) = oo, we have by Kuznetsov et al. [18, Lemma 2.3 and Lemma 2.4] that
0

1{ for some &, € (x — z,X).

z>n~! }

(g+y(0))1
9+W—(x)}20, Vx eR,

F(x) = LX) + gWarvO () Wb (x)

Thus we have 0 < g,(z; x) < g,+1(z; x) for all z € (0, 1). Therefore, by Lebesgue’s monotone
convergence theorem,

lim gn(z; X)v(dz) = (f(x —2) = f(x) + f'(x)2) v(d2),

=0 Jo,1) 0,1)

which leads to through (4.A.1)

[f(x) = lim T, £(x) = lim [1,(6) + g] () = (0(0) + 9) f(x).
In sum, f(x) = eHxZéq)(x) is an eigenfunction of I" with respect to eigenvalue /(0) + q.
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Chapter 5

On the Parisian ruin of the dual Lévy risk
models

5.1 Introduction

In the literature on collective risk theory, dual models are collective risk models with the sur-
plus process defined by (1.1.1), where {X(¢) : # > 0} is an upward skip-free stochastic process
such that X(0) = 0 and sample paths that are non-monotonic. One fundamental case of the
setup (1.1.1) is the dual model of the Cramér-Lundberg type, which was first proposed by
Cramér [1] to describe the behaviour of businesses selling annuities. In recent years, the dual
model (1.1.1) was revisited by many authors with the intention of modelling a broader class of
businesses with continuous expenses and occasional gains, such as brokerage, pharmaceutical
and petroleum companies [see 2]. The majority of the discussions about the dual model focus
on the optimal dividend strategy and the Laplace transform of the time to ruin. Compared to
the ruin model for insurance companies, there are fewer quantities under the dual model that
may be used as meaningful measures of vulnerability to the solvency of the analyzed company.
As a result, the analysis under the dual model focuses on the Laplace transform of the time to
ruin and its special case, the probability of (ultimate) ruin [see 3, 4, 5, for instance].

In this article, we introduce a more recent variant of the notion of ruin, called Parisian ruin,
and related quantities to be studied under the dual model. All previous works on Parisian ruin
are either in financial or in insurance context. Here we make an attempt to broaden the set of
measures of vulnerability to the solvency considered under the dual model. We assume a fairly
general setting where {X(¢) : r > 0} is a spectrally negative Lévy process.

The concept of Parisian ruin comes from the Parisian barrier option proposed by Chesney
et al. [6], for which the option does not loose value if the price of the underlying asset reaches
and remains constantly below a fixed barrier within a predetermined period (we refer to this
period as the Parisian delay). Later, an analog of this concept is introduced in insurance context
by Dassios and Wu [7] who allow the surplus level to be negative within a prefixed period. By
extending the concept of regular ruin to Parisian ruin, Dassios and Wu [8] obtain the Laplace
transform of the time of Parisian ruin under the diffusion-perturbed Cramér-Lundberg model
with exponentially distributed jumps. More recently, an elegant expression of the Parisian ruin
probability under a general Lévy insurance risk model is derived by Loeffen et al. [9].

73
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To formally define the quantities of interest related to Parisian ruin, we introduce a class of
stopping times
K, =inf{t > p:t—n] > p} (5.1.1)

with the convention inf @ = oco. Here ¥ = sup{s € [0,f] : R(s) > —¢}, € > 0, with the
convention sup @ = 0. We denote the Parisian delay by p > 0. Then «J, represents the smallest
time such that the surplus drops and remains below —¢ for a period with length larger than or
equal to p. In particular, we denote the Parisian ruin time Kg = K, for short. Then the occurence
of Parisian ruin is equivalent to the event x, < oco. Furthermore, for the dual models, the
deficit at Parisian ruin is not necessarily 0. Hence, we may define an analog of the well-known
Gerber-Shiu expected discounted penalty function (EDPF) via

Bowp(tt) = E [e“”ﬂw(|R(Kp)l) 1, <} |RO) = u] ueR, (5.1.2)

where w : R — [0, 00) is assumed to be bounded and continuous on (0, co) with w(x) = 0 for
all x < 0 [see 10]. Our goal is to derive an explicit expression of the EDPF defined via (5.1.2).

The rest of this article is organized as follows: In Section 5.2, we introduce additional as-
sumptions and notation related to our study, which are crucial to the derivations in Section 5.3.
Also, the main idea and the full derivation will be given in Section 5.3. In Section 5.4, we ob-
tain the expected discounted moments of the deficit at Parisian ruin, including the Parisian ruin
probability for the compound Poisson dual risk model with exponentially distributed jumps
both analytically and numerically. The last section is dedicated to conclusions.

5.2 Preliminaries

We consider a spectrally negative Lévy processes {X () : t > 0} defined on the filtered proba-
bility space (Q, %, {-%:}i»0, P) with Lévy measure v that is absolutely continuous with respect
to the Lebesgue measure, satisfying v(—o0,0) = 0 and

f (1 A X)v(dx) < oo.
(0,00)

Let the associated Laplace exponent of {X(¢) : t > 0} be y(s) = log(E[e**V]) for all s > 0.
Further assumptions include that the sample paths of {X(7) : ¢ > 0} are not monotonically de-
creasing but drift to —oco eventually with probability 1. The latter assumption is equivalent
to

Y'(0+) = E[X(1)] <0, (5.2.1)

which is called the negative loading condition 5. With the aforementioned assumptions about
{X(®) : t > 0}, the absolute continuity of the Lévy measure v allows us to define the probability
density function f : (—o0,0) X [0, 00) + [0, 00) such that for all x < 0,

P(X(?) € (x,x+dx]) = P(X(?) € dx) = f(x,1)dx, t>0. (5.2.2)

In general, if {X(¢) : t > 0} has sample paths of unbounded variation, then the assumption (5.2.2)
could be generalized to x € R for a given > 0. However, the assumption (5.2.2) is not always
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true for those Lévy processes having sample paths of bounded variation on (0, 00). To see this,
consider the following spectrally negative Lévy process

Xt)=ct=8S@®, t=0, (5.2.3)

where ¢ > 0 and {S(¢) : r > 0} is a compound Poisson process with rate 4 > 0. Then it is
obvious that

PX()=ct)=e >0, 1>0,
which implies a point mass of the distribution of {X(¢) : ¢ > 0} at ¢t > O for a given ¢ > 0.

Now, suppose X(0) = x € R, which is not necesarily equal to 0. Then the law of {X(7) : t > 0}
given X(0) = x is defined through P,(-) = P(:|X(0) = x). The expectation with respect to P, is
denoted as E,. With these notations, we may define the exponential change of measure or the
Esscher transform through the Radon-Nikodym derivative, namely,

dpP¢
X — a(X(t)—x)—l//(a)t t>0 524
ap |, =€ , 120, (5.2.4)

for all x,a € R. Moreover, the duality (1.1.1) between {R(¢) : ¢t > 0} and {X(¢) : ¢ > 0} indicates
an equivalent definition of (5.1.2), namely,

Boaep@) = By [ (X)) 1 |- e R (52.5)

where k, here is redefined via

ky=inf{t>p:t-n>p}, p>0

correspondingly, where 7, is redefined by 7, = sup{s € [0, ] : X(s) < O}.
To calculate the EDPF defined in (5.1.2) or (5.2.5), we shall introduce the g-scale function
W@ (x) through its Laplace transform, namely,

w 1
—SXVV( ) _
j; ¢TWHdr = Y(s)—q’ s> e,

where ®(g) = sup{s > 0 : (s) = g}. On (-0, 0) the g-scale function W@ (x) is always equal
to 0. With the help of the g-scale function W@ (x) we may obtain an explicit formula for the
g-potential density of {X(7) : > 0} denoted as 8 (x), namely

69(x) = @' (q)e™ " — W?(x), x€R, (5.2.6)
where 9 (x) is defined through

f e P (X(t) € —dx)dr = f9(x)dx, x€R (5.2.7)
0
[see 11, Corollary 8.9.]. In particular, we have

09(x) = f e f(x,r)dt, x<0O.
0

Last, we denote the first passage times of {X(¢) : t > 0}
7, =inf{t > 0: X(t) >y} and 7, =inf{r>0:X(t) <y}

for some level y € R with the convention inf @ = oo. Then the Kendall’s identity [see 12,
Corollary VII.3] may be written as

sP (7} € ds)dx = 2P (X(s) € dx)ds, 520, x>0. (5.2.8)
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5.3 Main result

In this section, we derive a representation of the EDPF defined in (5.1.2) or (5.2.5) in terms
of some known functions and measures. A similar limiting technique used in Loeffen et al.
[9] will be considered in our proof, namely, we will derive the EDPF with respected to the
stopping time

I?Z = inf{t > p:t—inf{s >n,: R(s) < —sl{m>0}} > p},

instead of «,, where & > 0 and 1, = sup{s € [0,7] : R(s) > 0}. Then it is clear that /?g =K,
defined in (5.1.1). Now we shall explain how the event k;, < oo occurs. First we consider
the scenario that R(0) = u < 0 in which it is possible for &}, to be equal to p due to that the
surplus process {R(¢) : t > 0} never attains level 0 during the period [0, p]. One sample path
under the situation X}, = p is shown in Figure 5.1. If the surplus process {R(?) : t > 0} with

A R(@)

Figure 5.1: Sample path of R(#) corresponding to the case kj, = p

negative initial value enters (0, co) during [0, p], whenever the surplus level becomes positive,
the starting point of the Parisian delay is chosen to be the next time that the surplus level enters
(—o0, —¢) instead of the next passage time of {R(¢) : ¢ > 0} at level 0. One sample path of this
situation is shown in Figure 5.2. If the initial surplus « > 0, then &}, > p for sure and the event
kj, < oo occurs in the same way as in the situation u < 0 with k) > p. Now we define the EDPF
corresponding to K}, as

Boaep12) = E| e (R 11y [RO) = |, we R, (53.1)

Recall that the EDPF defined by (5.1.2) has an equivalent definition (5.2.5), likewise, the EDPF
defined by (5.3.1) has the following equivalent definition

Pow.p(U> €) = E_y [e_ékzw(x(’?;)) l{kf,<oo}] , ueR (5.3.2)

with & redefined by

K = inf{t >p:t—inf{s >n : X(s) > 81{m>0}} > p},
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A R(®)

Figure 5.2: Sample path of R(7) corresponding to the case kj, > p

where 17, = sup{s € [0, 7] : X(s) < 0}. Hence we have the following result of the EDPF defined
by (5.3.2).

Theorem 5.3.1 For given initial surplus u € R, discount factor 6 > 0, Parisian delay p > 0
and suitable penalty function w(x), the EDPF ¢s,, ,(u) has the following representation for
>0

Ay p(€)

~OOu _ , PR, (_ “PA, (~u), R, 533
B;s (&) (e e By p(-u)) + e oW, ue (5-33)

¢6,w,p(u7 8) =
where

Ay, = fo w(x)A, ,(dx) and Bs,(y) = fo A, (dx), yeR

and

P d
Ayp(dx) = [Py (X(p) € dx) - x fo F(=y.p = DP(X(1) € dx) {] 1)

Proof If the initial surplus u > 0O, then , > O for all # > 0. To obtain the EDPF given by
(5.3.1), by conditioning on the first passage time 7}, we have by the strong Markov property
and Kyprianou [11, Section 8.1]

¢(5,w,p(u’ 8) = ¢6,w,p(_8’ S)Efu [e_&r;l{‘r;%oo}] = ¢(5,w,p(_3, g)e—cl)((i)(u+s)‘ (534)

The unknown function ¢;,, ,(—¢, €) will be determined later. Now we consider the case u < 0.
For convenience we denote v = —u > 0. Under this situation, either k; > p or K, = p,
corresponding to the situations 7, < p and 7, > p, respectively. Then the EDPF defined in
(5.3.2) can be splited into two parts, namely,

G5 p(—v.6) = E, [e—&a@,w,p(—X(rg), 6)1{T6Sp]] + ¢ R, [W(X(p))l{T6>p]] . (5.3.5)

Since we have (5.3.4) for the cases that u > 0, by the Stong Markov property we obtain

B, 7% g (X0, 1 | = G2, 2IF,

o 0Tt (X(15)-€) 1 (e <p]] . (5.3.6)
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And the applying the exponential exchange of measure on the right handside of (5.3.6) yields

E, [e-&(? ¢5,W,p(—X(rg),g)1{Tasp}] = Goup(—5,£)e"OIPYO (11 < ). (5.3.7)

While the other term in the right handside of (5.3.5) can be written as

¢ PE, [W(X(p))l{Ta>p}] = ¢ fo ) w(x)P, (X(p) € dx, X(p) > 0), (5.3.8)

where X(1) = ir[%)f JX(s). Thus, by denoting
s€(0,¢

Ayp(dx) = P, (X(p) € dx, X(p) > 0),

equations (5.3.7), (5.3.8) and (5.3.5) yields

Gswp(=V,8) = P50 (=&, 8)e®(5)ng’(‘5) (Ta < p) +e7oP f w(x)A, ,(dx). (5.3.9)
0

We shall start with taking Laplace transform with respect to p for the measure A, ,(dx). Con-
sider an independent exponential random variable with intensity g > 0 denoted by e,. Then for
v, x > 0, Bertoin [13, Lemma 1.] provides

P, (X(eq) € dx, X(e,) > 0) = q(e_q’(q)”W(”’)(v) - W9 - X)) dx. (5.3.10)
Notice that with the help of (5.2.6), (5.3.10) reduces to
P, (X(e,) € dx,X(e,) > 0) = ¢ (69(v - x) — e * P00 (1)) dx, x> 0. (5.3.11)

Therefore, by the inverse Laplace transform on both sides of (5.3.11) we have for v > 0,
P
A,,(dx) = P, (X(p) € dx) - f f(=v.p =P (v} edr)dx, x>0. (5.3.12)
0
By applying the Kendall’s indentity (5.2.8) on (5.3.12), we obtain for v > 0
P dz
A, ,(dx) =P, (X(p) € dx) — xf f(=v,p =P (X(r) € dx) - X > 0. (5.3.13)
0

Therefore, (5.3.9) may reduce to
Bop (V. &) = Ganp(—£, )" PYO (15 < p) + € P A, (1), v >0, (5.3.14)
Notice that under the exponential change of measure,
PP (X(p) € dx. X(p) > 0) = ¢ 7" * P, (X(p) € dx. X(p) > 0).
Hence,

OO-2 PO (T6 < p) = PO PP) (X(P) < 0) = PO _ p0r®@p. (). (5.3.15)
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Thus, combining (5.3.14) and (5.3.15) yields
Ponp(—V:€) = Py p(—£.8) (7O — PR, (1)) + e7PA, (1), V>0, (5.3.16)
By letting v = £ > 0 in (5.3.16) we obtain

q)((s)aAw,p (&) '
Bé,p(g)
Therefore, if we replace ¢s,, ,(—¢,€) in (5.3.16) with (5.3.17) and recall v = —u, we obtain

(5.3.3)foru <0. Foru =v =0, A, ,(dx) = 0 and thus A,, ,(0) = B;,(0) = 0, which completes
the proof.

(5.3.17)

¢6,w,p(_8’ 8) =e

Theorem 5.3.1 provides a representation of the EDPF with respect to kj, for € > 0. Since
A, ,(0) = Bs,(0) = 0, the case £ = 0 should be defined in a limiting sense. The next theorem
provides the limit of ¢;,,,(0,&) as & | 0.

Theorem 5.3.2 For known functions A,, ,(v) and B; ,(v), we have

Avyle) f(; aw(X)P (X(p) € dx)

li{gl Gsw,p(0,8) = lim (5.3.18)

510 Bs,(e) f ” xe®P*P (X(p) € dx)
0

Proof We only need to study the limiting behavior of A,,s(¢) as & | 0 because B ,(¢) is a
particular case of A, ,(¢) that w(x) = €®©@*. Let us first discuss the case that {X() : t > 0} has
sample paths of bounded variation, under which {X(¢) : ¢ > 0} has a unique representation as
(5.2.3) where ¢ > 0, {S(¢) : t > 0} is a pure-jump subordinator. Then by the standard Tauberian
theorem of Laplace transform, we have

lif{)lAw’p(s):?Tm(D({) f e PMA, () dy. (5.3.19)
& {Too 0

Now consider the double Laplace transform of A, ,(dx) with respect to z and p, namely,

f o~y ( f A, (dx) dp) dx = f o~y (e“"(‘”xW(q)(y) — W9y - x)) dy dx
0 0 0

e~ O@x _ o0

= , @ :
=4 ) >q

Besides, Kyprianou [11, Section 8.1] provides

(res)] = | ¢ P (e € )

Thus, by inverting the double Laplace transform with respect to p we obtain

f e—CD({)yAy’p(dx) = f e Ci-Pp (T; € dt) dx. (5.3.20)
0 P
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Hence by (5.3.20), (5.2.8) and Tonelli’s theorem we have

fo ) e A, () dy = fo et ( fo ) w(x)Ay,,,(dx)) dy
= fo ) w(x) ( fo ) e P A, ,(dx) dy)
= foo xw(x) (fm e t-Pp (T; € dt)) dx
0 r

= f“’ e ¢! (f"o xw(x)P(X(t+ p) € dx)) i (5.3.21)
0 0 I+p

Thus with the help of Kuznetsov et al. [14, Eq.(50)], by (5.3.19) and (5.3.21) we have

hmAWp(g) =lim ﬁ hmff (f w(x)P (X(t+ p) € dx)) ti—tp (5.3.22)

{1e0 {1e0
= —f xw(x)P (X(p) € dx)
cp Jo
and in particular
1 00
lim Bs () = — f xe® PP (X(p) € dx).
elo cp Jo

Therefore, we obtain (5.3.18) for the bounded variation case. Next, we shall discuss the case
that {X(¢) : t > 0} contains a Gaussian component with coefficient o > 0 in which the sample
paths of {X(¢) : # > 0} have unbounded variation. Hence from (5.3.22) we know

lim A, () = 0

and so is the limit of B ,(¢) as € | 0. This reminds us of the L’Hopital rule. Consider the limit

of A}, (&) as € | 0, namely, by the Tauberian theorem and integration by parts,

. ’ 1 ” —O()y A’
lim A7, ,(8) = lim ®(Z) fo eTAL ) dy
= ?qu)(g)z f e "4, () dy
¢l 0
o 2 00 0 dl
= 1im 2O im¢ f e-é“t( f xw(x)P(X<t+p>edx))r
0 0

{0 L {Too

5 [
= ;‘fo xw(x)P (X(p) € dx).

The last equality comes from the proof of Lemma 3.2 in Kuznetsov et al. [14] and identity
(5.3.22). In particular, we also have

L 2 (7 e
lglg)l B; (&) = ;fo xe” P (X(t) € dx).
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Therefore, using L’Hopital’s rule, we obtain (5.3.18) when o > 0. Now we have the last case to
discuss, namely, {X(¢) : # > 0} has sample paths of unbounded variation but no Gaussian com-
ponent. Then (5.3.18) may be proved through constructing a strong approximating sequence
{X,(t) : t = 0}, defined by

X,(t) = X(@)+n'B@r), t>0

for all n € N, where {B(¢) : t > 0} is a standard Brownian motion. Since Whitt [15, Lemma
13.4.1] implies

X, (t) — X()| < sup [X.(s) - X(s)| - 0
s€[0,7]

almost surely for all # > 0, we have in almost sure sense,

lim (X,(0.X,() = (X0, X)), t>0.

Thus, if we denote AY)(dx) = P, (X,,(p) edx, X (p) > O), then by construction AY) is ab-

solutely continuous with respect to the Lebesgue measure for all n € N and Ai”[),

n — oo in setwise sense. Hence for all E € B(R) with Lebesgue measure 0, Ag’l),(E) =0
for all n € N while E_ ,(E) := P,(X(p) € E) = 0 due to the unbounded variation sample
paths. Therefore, Ag’;(E) = E ,(E) forall n € N and E € B(R) with Lebesgue measure
0. Now consider £ € B(R) with nonzero Lebesgue measure, then Ag’},(E) >0, A, ,(E) >0
and &, ,(E) > 0. Let A, ,(E) = E, ,(E) — A_,(E), then there exists N, ,(E) € N such that

AUNE) < A, (E) + A, ,(E) = E, ,(E) for all n > N, ,(E). Notice that for z > 0

— A as

fo W)E,,(dx) = E, [w (X(P) Loy | < 0.

Therefore, by the Dominated Convergence Theorem for measures [see 16, Theorem 2.1(b)] we
have for z > 0

lim AT (2) := lim fo WAL (dx) = A, (2).

and in particular,

o.p n—oo

lim B)"(z) := lim | €™@A)(dx) = By ,(2).
n—oo 0 >

Thus by Lemma 5.A.1 we have

Aw,p(g) - lim i Asa)p(g) _ L xw(x)P (X(p) S dx)

im im lim —= = e ’
£l0 B(S,p (g) n—oo &l0 Bé,p (8) f xed)((S)xP (X(p) € d)C)
0

which completes the proof of that (5.3.18) is true for all spectrally negative Lévy processes
without monotone sample paths.

To obtain the representation of the EDPF defined by (5.2.5), we only have to show that

1;‘{{)1 ¢6,w,p(u’ 8) = ¢6,w,p(u)’ (5323)

which is equivalent to the following theorem due to (5.3.4) and (5.3.9).
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Theorem 5.3.3 For fixed 6, p > 0 and w(x) bounded and continuous on R satisfying w(x) = 0
for all x <0, we have

lim ™ G,p(=, &) = 1 65,00, &) = G, (0). (5.3.24)

Proof Recall the stopping time «;, defined in (5.1.1). By redefining 7 = inf {t >pit—n> p},
we have 7y > n,, which leads to

inf{s >n, : X(s) > 51{m>0}} <inf{s > n, : X(s) > &} < inf{s > 17 : X(s5) > &} = 17.

Therefore, k, < &}, < «}, and thus by the spatial homogeneity

E [ e_akpl{Kpm}] > E [ %1 {k;m}] >E [e—aKf;l{ K;<w}] — 00 [e_5kp1{Kp<oo}] :

Consequently, we obtain for all 6 > 0

- 5% _ |-
1;%113[6: 1{@@}]_13[(3 1{@@}].

Hence, we have

limk® — «
el P b

in the sense of weak convergence [see 17, Theorem 1]. Then due to the definition of weak

convergence, if we denote
®,(1) = E|e™'w (X(1)],

which is obviously bounded and continuous, then (5.3.23) is proved for all w(x) that is bounded
and continuous on R.

Finally, by combining Theorem 5.3.1, Theorem 5.3.2 and Theorem 5.3.3 we may conclude

f ) aw(X)P (X(p) € dx)

Do p (1) = (€7 — ™7 Bs p(—uw))+€ P A, p(-u),  u € R, (5.3.25)

f xe®@*P (X(p) € dx)
0

for all bounded and almost everywhere continuous w(x). In particular, if we let w(x) = e™** for
some p > 0, we may obtain the double Laplace transform of «,, and X(k,), namely,

¢6,p,p(u) — E,u I:e—§K,;—pX(K]7)1{Kp<OO}:|

fm xe PP (X(p) € dx)
_ Jo

= 0 (7@ — e B; ,(—u))
f xe® P (X(p) € dx)
0

+ e f e A, ,(dx), ueR. (5.3.26)
0



5.4. PaRISIAN RUIN QUANTITIES 83

5.4 Parisian Ruin Quantities

In this section, we focus on the particular case w(x) = x* where k = 0, 1, ..., under the negative
loading condition ¢’(0+) < 0. The corresponding EDPF, which is the discounted kth moment
of the deficit at Parisian ruin, is then defined as

B2 = B e [Rp)[ 11, [RO) = .

Consequently, by taking kth derivative with respect to p on both sides of (5.3.26), mutiplying
both sides by (—1)* and letting p = 0, we deduce

f‘w P (X(p) € dx)

Bsip () = (€70 — €77 By (—u)) + € P Ay p(—u), (5.4.1)

f xe® PP (X(p) € dx)
0

for all u € R, where
Ay p(—u) = f A, p(dx).
0
Then the following proposition is helpful for obtaining the quantity ¢, ;(u).

Proposition 5.4.1 For fixed p > 0 and k € N, we have the following Laplace transforms

« 0 xhtl k!
~op P =—— 42
\fo‘ e L p (X(P) € dX) dp (D(O)k+1 (5 )

and
1

Yo [X >O)xp (x dx)dp = ——. 543
[ e [ Zeorp eandp = goaes (54.3)

Proof The proof is straightforward using Kendall’s identity (5.2.8).

Proposition 5.4.1 shows that we may evaluate the quantity ¢, x(0) through numerical inversion
of Laplace transforms.

5.4.1 Compound Poisson dual risk processes with exponential jumps

Assume that {S(¢) : t > 0} is a compound Poisson process with intensity 4 > 0 and continu-
ous secondary distribution with probability density function B¢, y > 0. Then the Laplace
exponent

g4 B
w(0) = 0 /l+9+ﬁ

2
@(5):% (%—ﬁ)+§+\/(/—l—ﬁ+é) +4i8 , /l>,8.

C c c

and hence




84 CHAPTER 5. PARISIAN RUIN OF THE DUAL LEVY RISK MODELS

We also have fort > Qand x > 0
cd.(dx) dt = 6,,.(dr) dx.

To see this, consider the Laplace transform with respect to ¢ on the left handside of the above
equation, namely,

e—x@/c

f e "5 (dx)dt = f e“”l{xmsﬁdx} dr = 7 (1 - e‘gdx/c) = ¢ le™/¢ dx.
0 0

On the other hand,

f e 5. (cdr)dx = f e 5,(df) dx = e dx.
0 0

Now we denote for some p > 0

h(x,t,p) = e " 4 / @11 (2 ﬂﬁtx)
X

where I;(-) is the modified Bessel function of the first kind, we have

Aot s (C(p _ t) _ u)k_l e—ﬂ(c(p—t)—u) (/l(p _ t))k
fu,p—1t)=e® );ﬁk =D 5

=" h(c(p-t)—u,p—1,8), u<0 (5.4.4)

and

- — Yl Ble=n) )k
P(X(t) edx) = e [%(ct —dx) + Z gt (ct=x)""e (A1) x]
k=1

(k—1)! k!
= e (8(dx) + h(ct — x,1,f)dx),  x €[0,c] (5.4.5)

Hence, by setting w(x) = x*, we obtain

f ) aw(x)P (X(p) € dx) = e ((cp)k+1 + f " ¥ hep - x, p,B) dx) . (5.4.6)
0 0

Define .
Oi(z) == e (z"“ + f Xz - x, p,B) dx), 7>0,

0
then its Laplace transform is

ABp
Gi(s) = (k + 1)s~F+D 055

Hence, if we denote the Laplace transform operator as £, then (5.4.6) may be expressed as

ABp

f ) xw(X)P(X(p) € dx) = (k+ D)le™P L7} [s—<k+2>es+ﬁ] (cp).
0
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Likewise,
f(; ) xe® P (X(p) € dx) = ¢~ (1c®@)p £_1[s_2ef+ljfi‘]{’®'>](cp).
Thus, N
j; P (X(p) € dx) ) L‘l[s‘(k”)ef%](cp)
foo xe® P (X(p) € dx) S cp(é)pL—l[s—zeHﬂw](cp).
Moreover, 0

Ay p(dx) =P, (X(p) € dx) — x i flu, p— P (X(2) € dx)

x/c

= e_ﬂ"écp_u(dx) +e Phicp —u—x, p,B)dx

dr
t

P hic(p—1t)—u,p—t,B)h(ct — x,t,8) dt

— e (h(cp -x—u,p—x/c,3) +xf

x/c

t

cp—u
A p(—u) = e ((cp — u)k + f xkh(cp —u-—x,p,[B)dx
0

- fcp(cp — 0)h(x — u, x/c, B) dx
0

cp P dr
_ f ras f h(c(p —t) —u, p —t,B)h(ct — x, l‘,,B)T d)C)
0 x/c

and
cp—u
Bs(—u) = o~ (A-c®©) p-0©)u (1 + f h(cp—u—x,p,B+ D)) dx
0

B fcp N (X —u X/C,B + (I)((S)) dx
0

Jax.

Thus, we may obtain specific expressions for the functions Ay ,(—u) and B;,(—u). Namely,
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(5.4.7)

+ fcprph(c(p—t)—u,p—t,ﬁ+CD(6))h(ct—x,t,,8+®(6))%dx). (5.4.8)
0 x/c

Example We specify the model parameters as ¢ = 8 = 1 and A = 2, which are chosen to satisfy
the negative loading condition. Then for Parisian delays with different periods (p = 0.1, 1 and
5, respectively), we obtain the corresponding Parisian ruin probability (by assuming k& = 0 and

0 = 0) as a function of the initial surplus u € R. The result is shown below in Figure 5.3.

In Figure 5.3, we see that on one hand, as the Parisian delay period p is approaching 0, the
Parisian ruin probability seems to be approaching the classical ruin probability of the dual risk

model. Namely,
d(u) = e ®OW+ with (1), = max{u, 0}.
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Figure 5.3: Parisian ruin probability of the compound Poisson dual model

On the other hand, as the Parisian delay period p is approaching oo, the Parisian ruin seems not
to occur due to the negative loading condition which results in

A R@) = o
almost surely [see 11, Theorem 7.2(i)]. Therefore, the Parisian ruin probability for this model
is actually not a good measure of vulnerability to the solvency because the ruin probability may
be reduced by increasing p.
Similarly, we may obtain the expected discounted deficit at Parisian ruin (assuming dis-
count factor 6 = 0.05 and k = 1), which is shown in Figure 5.4. Figure 5.4 also emphasises

25

—— p=0.01
- -p=0.2
\ - - p=1
2 L
. -—-p=10

.
15F

05r

Expected discounted deficit at Parisian ruin

Figure 5.4: Expected discounted deficit at Parisian ruin under the compound Poisson dual
model

the consistency between Parisian ruin and regular ruin. That is, when p is approaching 0, the
expected discounted deficit at Parisian ruin as a function of u approaches (#)- = —min{u, 0},
which may be evaluated as the deficit at ruin (under dual models, the deficit at ruin is always
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0 when the initial surplus is positive; otherwise, ruin occurs immediately and the nonpositive
initial surplus is interpreted as deficit). Another interesting observation is that the expected
discounted deficit at Parisian ruin for a nonnegative initial surplus becomes a decreasing func-
tion of p as long as p is large enough, which indicates that the expected discounted deficit at
Parisian ruin might not be a proper measure of vulnerability to the solvency because it may
also be reduced by increasing p as the lines for p = 5 and p = 10 show.

5.4.2 Diffusion-perturbed Compound Poisson dual risk processes with
exponential jumps

Assume that {S(¢) : r > 0} is a diffusion-perturbed compound Poisson process with intensity
A > 0, o > 0 and continuous secondary distribution with probability density function Be™”,
y = 0. Then the Laplace exponent

) 0+ Top_ 8
= Cl J— _
v 2 0+p

and hence ®(0) is the largest positive root to

%293+(0;,8+c)92+(c,8—/1—6)9—6ﬁ:0.

The derivation of the explicit formula is omitted due to its complexity. Instead, we give an
example to show how the diffusion coefficient affects the Parisian ruin probability.

Example Assume the same model parameters as in Example 5.4.1 except that p = 1 is fixed.
Then we compute the Parisian ruin probability for nonnegative initial surplus employing Propo-
sition 5.4.1 and applying the Gaver-Stehfest algorithm for the inversion of the Laplace trans-
forms with respect to different choices of the value of o. The results are shown in Figure 5.5.
In Figure 5.5 we see that for a small initial surplus the Parisian ruin probability is smaller for
larger o~. This might be because small initial surplus tends to bring the surplus level into the
interval (—oo, 0), while large o seems to help bringing the surplus level back to (0, c0). How-
ever, due to the negative loading condition, the surplus level for a large initial surplus may not
drop below O easily without a larger value of o

5.5 Conclusions

In this article, we obtain an explicit expression of EDPF as defined in the (5.1.2) and assuming
Parisian ruin.

Based on the numerical illustrations shown in the previous section, we may conclude that
the Parisian ruin quantities, probability of ruin and expected discounted deficit, may not be
employed as proper measures of vulnerability to the solvency under dual models unless the
Parisian delay is predetermined due to other considerations. Otherwise, the EDPF may be re-
duced by increasing the length of the Parisian delay p. Such a strategy may not be implemented
in practice where external regulations restrict the waiting period for reporting bankruptcy. A
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Figure 5.5: Parisian ruin probability under the compound Poisson dual model perturbed by
diffusion

potential way to render Parisian ruin quantities useful for evaluating the risk of default is to
implement certain types of penalties for a large Parisian delay p. One natural choice is to in-
corporate a debit interest rate for negative surplus. As a result, the strong Markov property will
no longer apply to the surplus process, while the surplus is negative and hence, the problem
will become more challenging.

Appendix

5.A Interchange limit operators

Lemma 5.A.1 Assume sequences of functions {f,(x)}>", and {g,(x)}>>, converge to f(x) and
g(x) in pointwise sense respectively and
11Tm hm fu(x) = hm hm fu(x) = l1m f(x) =

and
lim lim g,(x) = lim hm gn(x) = hm g(x) =

nToo x—xp X=X n

besides, for all n € N,

lim 22—y € (0.00), Timy, =y € (0, c0),
X— X0 gn(x) nToo
then we have
tim Tim 2%~ Jim tim £ _ (5.A.1)
X=X nTeo gn( nfeo x—>x0 gn(x)

Proof Notice that the conclusion (5.A.1) is obviously true if lim,_,,, f(x) # 0 and lim,_,,, g(x) #
0. Hence we consider sequences of functions {f,(x,a)}," | and {g,(x, a)})", such that

fa(x,a) = fu(x) +ay, and  g,(x,a) = g.(x) +a
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for some a € R\{0}. Then immediately we have

f(x,a) = f(x)+ay and g(x,a)=g(x)+a

and

) o S @)
—_— 1m

lim lim = im .
x—xg nToo gn(_x, a) nfoo x—Xxg gn(_x, a)

Then (5.A.1) may be obtained by letting @ — 0 on both sides of (5.A.2) and the fact that
Jfu(x,a) and g,(x, a) converge to f,(x) and g,(x) uniformly for all » € N and f(x, a) and g(x, a)
converge to f(x) and g(x) uniformly.

5.A2)

Acknowledgements

Support by a grant from the Natural Sciences and Engineering Research Council of Canada for
this work is gratefully acknowledged.

Bibliography

[1] H. Cramér, Collective risk theory: A survey of the theory from the point of view of the
theory of stochastic processes, Ab Nordiska Bokhandeln, Stockholm, 1955. 73

[2] B. Avanzi, H. U. Gerber, E. S. W. Shiu, Optimal dividends in the dual model, Insurance:
Mathematics and Economics 41 (1) (2007) 111-123. 73

[3] D. Landriault, K. P. Sendova, A Direct Approach to a First-Passage Problem with Appli-
cations in Risk Theory, Stochastic Models 27 (3) (2011) 388—406. 73

[4] C. Yang, K. P. Sendova, The ruin time under the Sparre-Andersen dual model, Insurance:
Mathematics and Economics 54 (0) (2014) 28-40. 73

[5] E. V. Rodriguez-Martinez, R. M. R. Cardoso, A. D. Egidio dos Reis, Some advances on
the Erlang(n) dual risk model, ASTIN Bulletin (2014) 1-24. 73

[6] M. Chesney, M. Jeanblanc-Picqué, M. Yor, Brownian Excursions and Parisian Barrier
Options, Advances in Applied Probability 29 (1) (1997) pp. 165-184. 73

[7] A. Dassios, S. Wu, Semi-Markov Model for Excursions and Occupation time of Markov
Processes, 2005. 73

[8] A. Dassios, S. Wu, Parisian ruin with exponential claims, 2008. 73

[9] R. Loeffen, I. Czarna, Z. Palmowski, Parisian ruin probability for spectrally negative Lévy
processes, Bernoulli 19 (2) (2013) 599-609. 73, 76

[10] H. U. Gerber, E. S. Shiu, On the Time Value of Ruin, North American Actuarial Journal
2 (1) (1998) 48-72. 74



90

[11]

[12]

[13]

[14]

[15]

[16]

[17]

CHAPTER 5. PARISIAN RUIN OF THE DUAL LEVY RISK MODELS

A. E. Kyprianou, Introductory Lectures on Fluctuations of Lévy Processes with Applica-
tions, Springer Berlin Heidelberg, Berlin, Heidelberg, ISBN 978-3-540-31342-7, 2006.
75,777,779, 86

J. Bertoin, Lévy Processes, Cambridge University Press, Cambridge, ISBN 0521646324,
1996. 75

J. Bertoin, Exponential decay and ergodicity of completely asymmetric Lévy processes
in a finite interval, The Annals of Applied Probability 7 (1) (1997) 156-169. 78

A. Kuznetsov, A. Kyprianou, V. Rivero, The Theory of Scale Functions for Spectrally
Negative Lévy Processes, in: Lévy Matters II SE - 2, Lecture Notes in Mathematics,
Springer Berlin-Heidelberg, ISBN 978-3-642-31406-3, 97-186, 2013. 80

W. Whitt, Stochastic-Process Limits, Springer New York, New York, ISBN 0-387-95358-
2,2002. 81

O. Hernandez-Lerma, J. B. Lasserre, Fatou’s Lemma and Lebesgue’s convergence theo-
rem for measures, 2000. 81

S. Jensen, B. Nielsen, On convergence of multivariate Laplace transforms, Statistics &
Probability Letters 33 (2) (1997) 125-128. 82



Chapter 6

Future work

So far as we obtain in Chapter 5, a Gerber-Shiu type function with respect to the Parisian
ruin of the dual Lévy risk model has been discovered. It is natural to consider the de Finetti’s
optimal dividend problem based on the Parisian ruin. In Czarna and Palmowski [1], the authors
provided a very nice expression for the expected discounted aggregate dividends paid up to the
Parisian ruin under the barrier strategy and proved the optimality of the barrier strategy under
certain conditions for the general classical Lévy risk models. Encouraged by their results, we
strongly believe the optimality of the barrier/threshold strategy for the dual Lévy risk model
holds for the Parisian ruin time without any further specific conditions.

Besides, we will keep an eye on any potential ruin-related quantities of interest. Recently,
Liu and Cheung [2] develop a new type of Gerber-Shiu function for a Semi-Markovian risk
model involving the quantities R(7) defined in Chapter 2, R(7—), the running minimum at the
non-stopping time 7 (probably should be denoted as R(7)), and the deficit right before the first
jump (probably could be denoted as |R(7n(r)+1—)| where 7, := 3., V;) from a negative surplus
if we allow the business to continue even when the surplus is negative. This piece of work
reminds me of a potential generalization of the Gerber-Shiu type function defined via (5.1.2),
namely,

B @) = B | w (R R g ) [RO) = ], e R (6.0.1)

for the general dual Lévy risk models.

Moreover, we could consider the generalization of the dual Lévy risk models to the dual
Markov additive risk models, for which the underlying risk process is a spectrally positive
Markov addtive process (MAP). Since a serie of fluctuation identities related to the spectrally
negative MAP are given in Kyprianou and Palmowski [3, Theorem 1, Theorem 3], it is possible
to consider the de Finetti’s optimal dividend problem for the dual Markov additive risk models.

Last but not least, to approximate the Parisian ruin related quantities, the numerical inver-
sion of Laplace transforms is required, which might be computational consuming. Hence we
could consider to apply Erlangian approximation technique discussed in Asmussen et al. [4]
to approximate the fixed Parisian delay with a random variable having an Erlang(n) distribu-
tion. Certainly, further study of major interest relies on the convergence rate of this type of
approxmation as well.
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