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Abstract

A mixed L” norm of a function on a product space is the result of successive classical L?
norms in each variable, potentially with a different exponent for each. Conditions to determine
when one mixed norm space is contained in another are produced, generalizing the known
conditions for embeddings of L” spaces.

The two-variable problem (with four L” exponents, two for each mixed norm) is studied
extensively. The problem’s “unpermuted” case simply reduces to a question of L” embeddings.
The other, “permuted” case further divides, depending on the values of the L” exponents. Of-
ten, they fit the “Minkowski case”, when Minkowski’s integral inequality provides an easy,
complete solution. In the “non-Minkowski case”, the solution is determined by the structure
of the measures in the component L” spaces. When no measure is purely atomic, there can be
no mixed-norm embedding in the non-Minkowski case, so for such measures the problem is
solved.

With at least one purely atomic measure, the non-Minkowski case divides further based on
the structure of the measures and the values of the exponents. Various necessary conditions
and sufficient conditions are found, solving a number of subcases. Other subcases are shown to
be genuinely complicated, with their solutions expressed in terms of an optimization problem
known to be computationally difficult.

With some difficult cases already present in the two-variable problem, it is impractical to
cover every case of the multivariable problem, but results are presented which fully solve some
cases. When no measure is purely atomic, the multivariable problem is solved by a reduction to
the Minkowski case of certain two-variable subproblems. The multivariable problem with un-
weighted £” spaces has a similar reduction to easy two-variable subproblems. It is conjectured
that this applies more generally; that, regardless of the structures of the involved measures,
when every permuted two-variable subproblem fits the Minkowski case, the full multivariable
mixed norm inclusion must hold.

Keywords: L7 mixed norms, permuted mixed norms, Minkowski’s integral inequality,
embedding, atomic measure, atomless measure, partition problem
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Chapter 1

Introduction

Every analyst knows at least one theorem regarding mixed norms. Minkowski’s integral in-
equality proves an embedding between mixed-norm spaces. Even Tonelli’s theorem tells us
that, when every exponent in a mixed norm is the same p, permuting their order is irrelevant,
always yielding L? on the product space. (In case the name sounds unfamiliar, Tonelli’s theo-
rem is a version of Fubini’s theorem for nonnegative functions, which is valid with extended
real values even without requiring integrability.)

Given an n-tuple P = (py, ... p,), each p; € (0, 0], a mixed L? norm is a norm applied to
functions f(xy,...,x,) on a product measure space (Xi,uy) X - -+ X (X,,, i), computed by

p2/p1
||f||p=[fx ((fx If(xl,---,xn)lp‘dﬂl(xl)) )

successively applying an L (X;) norm in each variable x;. (Naturally, when some p; = o, an
essential supremum is used instead. Also, for p; < 1 only quasi-norms are obtained.)

The problem addressed here is the question of when one mixed-norm L* space is contained
in another. As noted in [4], such spaces are Banach function spaces, so whenever this is true
there is a continuous inclusion map. The problem then amounts to one of determining whether
there is a finite constant, and what the best constant (i.e. least value) is, in the following

Pn/[’n—l

1/pn
d,un(xn)] ; (1.1)

inequality.

Let Xi, ..., X, be measurable spaces, each X; admitting o-finite measures y; and v;. Sup-
pose that P = (py,...,p,) and Q = (qy, - . ., qn), two n-tuples of exponents drawn from (0, co].
Take any permutation o on {1,...,n}. Then the question is one of finding the least constant

C € [0, oo] (or, at least, conditions when C < oo) such that, for any measurable, complex-valued
function fon X; X --- X X,

Ifllg < Cliflloee) (1.2)

where

I1fllg = (f

X
Po) Po(1) 1/ po@m
||f”o‘(P) = (f .. (f |f(XI, ey xn)lpo-(l) d,u(r(l)(xg(l))) e dlufr(n)(-xa(n))) .
X, X1

o(n)

1/qn

a2/q
(f If(xl,---,xn)lqldvl(xo) '-'dvn(xn)) and
X1



2 CHAPTER 1. INTRODUCTION

Although one could permute the mixed norms on both sides of (1.2), only one permutation
o is used, yielding ||f|l,(p). This is because the variables can be relabled, so that without loss
of generality the left-hand side is simply [|f1[,.

Computations involving mixed norms have appeared in the literature at least since Little-
wood’s famous 4/3 inequality [22] in 1930, generalized by Grothendieck’s inequality in 1956.
This inequality has proven fundamental in bilinear analysis, and been extended and interpreted
in many ways since. (Major results in bilinear and multilinear analysis and their history are
discussed by Blei in [6], where Theorem 10 shows a mixed-norm inequality central to the proof
of Littlewood’s inequality.) However, only in 1961 did Benedek and Panzone define the “L”
spaces with mixed norm”, and prove many of their properties, in their paper [4].

Since then, L’ mixed norms have enjoyed a variety of applications in both pure and applied
mathematics. Applications in other disciplines seem to be growing in recent years, but the
following mention only a handful, not necessarily the most important. In 2009, Kowalski
[21] applied mixed norms, as well as the Besov and Triebel-Lizorkin spaces which can be
characterized using mixed norms, to sparse methods in signal regression. Various papers since
have cited this one, including [30] on dictionary learning and [32], which applies a mixed ¢, /¢,
regularization to two learning tasks. In statistics, Zhao, Rocha, and Yu introduced “composite
absolute penalties”, a variation on mixed norms, in their much-cited [33].

In pure mathematics, the study of Sobolev spaces has come to use mixed norms frequently.
In 1987, Fournier [16] found that properties of mixed norms could be used to prove both the
approach of Gagliardo [17] and Nirenberg [26] to the Sobolev embedding theorem and Little-
wood’s inequality [22]. He developed, as an intermediate result, a mixed-norm generalization
of Minkowski’s integral inequality which is itself a special case of our Theorem 7.2.4. Inspired
by this paper and Fournier’s subsequent collaboration with Blei in [8] to investigate embed-
dings of Lorentz spaces into mixed-norm L” spaces, Milman [25] combined mixed norms
with interpolation theory to provide alternate proofs of the major results both in [16] and in
Fournier’s subsequent collaboration with Blei, [8], which investigated embeddings of Lorentz
spaces into mixed-norm L?” spaces.

Those spaces that arise in these investigations of embeddings of the Sobolev spaces Wl1 R)
have attracted recent research. Algervik and Kolyada’s 2011 paper [1] proves embeddings of
these mixed-norm spaces, dubbed “Fournier-Gagliardo mixed norm spaces” after [16] and [17],
into Lorentz-type spaces defined using iterative rearrangements, i.e. rearrangements over one
variable at a time. Kolyada’s 2012 [20] develops further properties of these Fournier-Gagliardo
mixed norm spaces and Lorentz-type spaces with iterative rearrangements, leading to a sharp
constant in a Sobolev embedding.

The Bohnenblust-Hille inequality, itself an extension of Littlewood’s 4/3 inequality, has
recently seen further extension, using the theory of multilinearity and p-summing operators. In
2010, Defant, Popa and Schwarting devised coordinatewise multiple summing operators and
applied them to develop vector-valued extensions of Bohnenblust-Hille in [14]. The next year,
Defant joined with four other authors in [13] to make great strides toward better estimates of
the coefficient in the Bohnenblust-Hille inequality, as well as various applications. Although
neither of these papers explicitly discusses mixed norms, some results use expressions involv-
ing mixed norms, and certain proofs can be simplified using the mixed-norm generalizations of
the Holder and Minkowski inequalities in this document’s Section 7.2. Appendix A provides
example applications of these two inequalities, including a quick and easy proof of Lemma 1



in [13], a special case of a result by Blei in [7]. More recently, Popa and Sinnamon [28] es-
tablished two inequalities which generalize inequalities in [6] and [14]. Some fairly lengthy
arguments there can be boiled down to quick applications of the mixed-norm forms of Holder
and Minkowski.

The idea of mixed-norm spaces has been generalized beyond L”; in [9], Blozinski intro-
duced mixed norm spaces constructed from rearrangement-invariant Banach function spaces.
Other than L?, the specific spaces mentioned for this mixed-norm construction include Orlicz
spaces, Lorentz-Zygmund spaces, and Lorentz A,(X) and L(p, q) spaces. Several applications
are developed, as well as inclusion results involving tensor products, kernels of integral opera-
tors, and Lorentz mixed-norm spaces.

Boccuto, Bukhvalov, and Sambucini developed impressive results on general mixed norms
in [10]. They primarily sought connections between mixed norms and “similar” norms on
product spaces, analogous to the way that an L” mixed norm with p the same for every vari-
able is simply L” on the product. Weaker properties are established for Orlicz, Lorentz, and
Marcinkiewicz mixed norms, as well as counterexamples refuting certain properties in many
Lorentz space cases. An appendix provides a striking generalization of the Kolmogorov-
Nagumo theorem. Roughly speaking, the Kolmogorov-Nagumo theorem provides that the
embedding given by Minkowski’s integral inequality (our Theorem 3.5.1) cannot be reversed
unless the exponents are equal, when Minkowski’s inequality becomes the equality of Tonelli’s
theorem. The generalization proves that, outside of special circumstances, this equivalence of
the two permutations of a mixed norm (F [E] and E [F] in their notation) is impossible unless
both component spaces E and F are L” with the same p.

To define mixed-norm Lorentz spaces, Barza, Persson, and Soria defined a notion of multi-
dimensional rearrangement in [2]. This turned out to agree with Blozinski’s mixed norm con-
struction from [9], so Barza et al., joined by Kamiriska, used Blozinski’s formulation in their
[3], which applied mixed Lorentz norms to find necessary and sufficient conditions for norma-
bility of two-dimensional Lorentz spaces, the one-dimensional problem having been solved
earlier. Furthermore, they proved embeddings among classical, multidimensional, and mixed
norm Lorentz spaces.

Finally, in 2014 Clavero and Soria [12] revisited the work done by Algervik and Kolyada
[1] and Fournier [16], generalizing their embeddings. Working with a particular generalization
of mixed-norm spaces using rearrangement-invariant spaces, these embeddings are generalized
to be between these mixed norm spaces and rerrangement-invariant spaces; optimal domains
and ranges are found. Though the definitions may be new, the paper notes that estimates on
these quantities have been found as early as the work of Gagliardo [17] and Nirenberg [26].

Yet, even though so much work has been done with mixed norms, over half a century after
the term was coined, the embedding problem between L” mixed norm spaces had not been
resolved. Perhaps this is because some simple cases seem unremarkable. Many applications
may not need to change the order of the variables, as in amalgam spaces, where the meaning of
such a permutation is unclear. The “unpermuted” case where o is the identity simply reduces
to one-variable problems, as treated in Sections 3.4 and 7.5. Even when permutation of mixed
norms is considered, when the left and right sides in (1.2) differ only by permutation (i.e. each
Pr = qr and = v for k = 1,2 and o is not the identity), the Minkowski inequality gives
a sufficient condition, and the Kolmogorov-Nagumo theorem shows that this is also, except
for fairly trivial measure spaces, necessary. Even the generalization of Minkowski’s integral
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inequality to the “Minkowski condition” for inclusion in Section 3.6 is straightforward, and
gives an easily computed best constant. The complexity of certain non-Minkowski cases, and
the computationally difficult solutions that arise, are not necessarily expected.

With all the interesting generalizations that have arisen since Benedek and Panzone in-
troduced mixed-norm L” spaces, one might ask why only L” mixed norms are treated here.
First, the unpermuted case reduces to single-variable problems even for general mixed norms,
as noted in Theorem 2.2 of [18]. Therefore, only the permuted case of the problem really
teaches anything specifically about mixed norms. In order to develop sufficient conditions for
the permuted case, some method to deal with the permutation is required. Fundamentally, the
methods here are based on the Minkowski integral inequality and Tonelli’s theorem (which can
be viewed as an equality case of Minkowski). The generalized Kolmogorov-Nagumo theorem
in [10] shows that, for other spaces, an analogue to Tonelli’s theorem cannot be expected.

In addressing the problem, first comes a summary of the known one-variable solution in
Chapter 2. This is not only necessary for completeness, but important to general solutions,
because many cases reduce to one-variable inclusions and the computation of mixed-norm best
constants always involves one-variable best constants. Next simplest is the unpermuted case,
which in two variables looks like

Uwfmmmwmﬂﬁww)s%f“ﬂm@wmmfwmﬂ.
X Xi Xz X

Treated for two variables in Section 3.4 and more generally in Section 7.5, this case always re-
duces to one-variable subproblems. Simply applying the one-variable inclusions successively,
when they hold, solves the problem with C = C; ---C,, where each C;, is the best constant
over X;. Even in the permuted case, one-variable inclusions remain necessary for mixed-norm
inclusion, as is proven by considering “factorable” functions f(xy, x;) = fi(x1)f2(x2).

The two-variable permuted case looks like

Uwfvmmwwmﬂﬁwmﬂscuwfvmmwwmﬁﬂwmﬂ.
X, \JX; X Xo

The so-called “Minkowski case” has min(p;,q;) < max(p,,q»), i.e. one of the “one” expo-
nents (p; and ¢g;) is no greater than one of the “two” exponents (p, and ¢,). In this case,
solved in Section 3.6, using both single-variable inclusions and applying Minkowski’s integral
inequality either at the start of this process, in between the inclusions, or at the end, solves
the problem. Again, C = C,C,, the product of single-variable best constants, for Minkowski’s
integral inequality has the constant 1.

In the non-Minkowski case, when max(p,, g,) < min(py, q;), such a simple solution is not
possible. This more complex situation is first treated in the special case of common measures,
i.e. when for each k € {1, 2} there is a single measure A; = y; = v, in section 4.1. In this
case, both a proof that the Minkowski condition is necessary for measures which are not purely
atomic and a solution for the case where just one of X; and X, has purely atomic measures are
developed, in Sections 4.1.2 and 4.1.3 respectively.

Section 4.2 lifts the restriction of common measures to treat the non-Minkowski case more
generally. However, it opens with various results in Section 4.2.1 which can reduce many



cases to the common measure situation, demonstrating that this special case is not as limited as
it initially seemed. It is also worth noting that the reductions to common measures developed
in Propositions 4.2.2 and 4.2.3 produce common measures A; and A, which are connected to
the solution of the one-variable problem, where in many cases the solution depends on the
properties of a measure A produced in the same way.

The two-variable problem finishes with its most difficult case, the non-Minkowski case
where both X; and X, have purely atomic measures, treated in Chapter 5. Some basic necessary
and sufficient conditions still apply, but to cover nearly all the cases which remain, a variational
argument is developed in Section 5.2 to show that we can, in many cases, approach the best
constants with simpler functions. In particular, in the non-Minkowski case max(p;,q;) <
min(p;, q1), if p1 < g, or p» < g», we need only consider functions analogous to matrices
with at most one non-zero entry per column, at most one non-zero entry per row, or both.
Section 5.3 uses rearrangements to compute the best constant in the case p, < ¢, < p; <
g1, when we can use “diagonal” functions with at most one non-zero entry per row and per
column. Section 5.5 treats p, < ¢, < ¢q; < pi, using functions with one entry per row, and
q>» < p» < p1 < g1, with at most one entry per column. The best constants are given in terms
of a genuinely computationally difficult problem described in Section 5.4, of which a special
case amounts to the NP-hard optimization version of the partition problem. The very last case,
where g, < p» < g1 < p; and both X; and X, have purely atomic measures, is left unsolved
beyond previously established conditions, but is expected to be the most complicated case.

Since certain cases of the two-variable problem are so difficult, a full multivariable solution
is not provided, but results covering a fair number of cases are given. First, mixed-norm Holder
and Minkowski inequalities are given in Section 7.2, both for later use and because they’re
useful inequalities for mixed norms. Section 7.4 shows that, analogously to the previously
established necessity of single-variable inclusions, all “subinclusions” are necessary. Such
subinclusions are mixed-norm inclusions among a k-variable subset of the full n (or simple L?
inclusions if k = 1), ordered according to the relative positions, depending on o, in which they
appear in [|f|l, < C||fll,;)- The proof uses partially factorable functions, where f(x,...,x,)
is a product of one function of the selected k variables for a subinclusion and one-variable
functions in the other variables.

Section 7.5 proves the unsurprising result that the unpermuted case reduces to single-
variable problems however many variables are used in the mixed norms. Fortunately, Section
7.6 establishes a more substantial sufficient condition which brings back the Minkowski case
from the two-variable problem. When none of the measure spaces involved is purely atomic,
there is a complete solution: permuted mixed-norm inclusion holds if and only if every 2-
variable subinclusion is of either unpermuted or fits the Minkowski case. A different argument
establishes the same result for unweighted ¢ spaces; the connection between these is that one-
variable inclusion always has g < p for measures which are not purely atomic, while it always
has p < g for unweighted ¢7. The consistent order between each p; and ¢, makes it relatively
straightforward to use Minkowski’s integral inequality, plus one-variable inclusions, to prove
mixed-norm inclusion.

It is conjectured that these are not the only cases in which the multivariable problem can be
reduced to two-variable subproblems. Specifically, that to prove the full multivariable mixed
norm inclusion, it is sufficient to establish that each permuted two-variable subproblem is in
the Minkowski case.



Chapter 2

One-variable review

When is one L? space contained in another? The known answer is both the simplest possible
case of the general problem and an important piece of its solution. Several articles in the Amer-
ican Mathematical Monthly address this problem, which constitutes the one-variable case of
the mixed-norm inclusion problem. Miamee [24] addresses the general problem and charac-
terizes it as one of checking the existence of a finite best constant, but does not cover all cases
and presents results which do not explicitly specify the best constants. The earlier notes by
Subramanian [29] and Villani [31] provide some results, but only treat the case of one measure
rather than two. This chapter develops a solution with best constants, where important cases
and issues relevant to the more general problem are discussed.

2.1 Problem Statement

Consider a measurable space (X, X), i.e. a set X on which X is a o-algebra. Let u and v be
non-zero, o-finite measures on X and p,q € (0,00]. The question is when ij(X) c LI(X),
understood in the sense that any function with finite L/(X) norm must also have finite L}(X)
norm. It turns out that the inclusion holds if and only if there is a constant C < oo such that, for
any measurable, complex-valued function f on X,

I sy < ClIfllzz o (2.1)

It is not a priori obvious that the inclusion Lﬁ (X) ¢ Li(X) is equivalent to the existence of
a finite constant C, though it is not difficult to see that C < oo is sufficient. Proof of this
equivalence is provided in Section 2.2.

Definition 2.1.1. Recall that the L? spaces (or Lebesgue spaces) are a class of function spaces
defined by the L” norms; for any measure space (X, u) and 0 < p < oo, define for any measur-
able function f : X — C the quantity

Iip .
||f||Lﬁ(X) = { (L |f(x)|P d/l(_x)) lfp < 0

€SS SUP ¢ (x ) |f(x) if p=oo ’

which takes values in [0, co].
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The essential supremum, denoted ess sup, is a variation on the supremum which disregards
values on sets of measure zero. Here is a precise definition, along with some related definitions
from basic measure theory.

Definition 2.1.2. Given a measure space (X, Z, ), a measurable set E € X is said to be u-null
if and only if uE = 0. When context makes the measure u clear, a u-null set E is called null.

Definition 2.1.3. Let (X, ) be a measure space, and P(x) a property which is either true or
false of each point x € X. The property P(x) is said to hold u-almost everywhere (abbreviated
u-a.e.) if and only if it fails on a u-null set, i.e.

ufxe X : =P(x)}) =0.

When the measure is clear from context, we may simply say that a property holds almost
everywhere, or a.e..

Definition 2.1.4. Let (X, 1) be a measure space and f : X — R be a measurable function. Its
essential supremum is

esssup f(x) = inf {a € [—o00, 00] :p(f‘l(a, oo)) = 0},

XE(Xu)
in other words, the least @ such that f < a u-a.e.

Definition 2.1.5. The vector space ij (X) defined by the ||| L2(x) horm consists of all equivalence
classes, identifying functions which agree p-almost everywhere, of measurable functions f :
X — C such that ||f||L5(X) < oo, Whenever p > 1, Lff(X) is a Banach space, i.e. a complete
normed vector space. When 0 < p < 1, ij(X) is still a vector space, but is not normed since
the triangle inequality fails. When the measure i or the underlying set X is clear from context,
the simpler notations L”(X) or L” may be used, with the corresponding norm (or quasi-norm
for p < 1) denoted ||-||.»x, or [|ll,-

The standard notation ¢” i1s used instead of L” when weighted or unweighted counting
measure is involved, so that integrals are sums. Given an at most countable index set /, a
weight w : I — (0, 00), a measurable, complex-valued function f on /, and p € (0, oo],

fll = 4 @it O wi@)'? if p < oo
0= supg L) = oo

where every term is nonnegative, so the sum converges absolutely, if at all. (Therefore the
order of elements in I need not be specified.) The corresponding space £%(I) consists of those
functions f(i) (equivalently, sequences (a;),;, since I is a countable index set) such that || f]| @y
When the space is unweighted (i.e. w is a constant 1), the notation £7([) is also used for the
space and norm. By itself, £” is understood to use unweighted counting measure on N. For any
of these, the short form ||||, may be used for the norm.

Since the values of || f]| LX) and ||f1l,¢x, depend only on the modulus |f(x)| and the follow-
ing results will not involve the addition of functions, it suffices to consider only nonnegative
functions. The notation L*(X) denotes the space of all measurable (with respect to X) functions
on X which take values in [0, co].



8 CHAPTER 2. ONE-VARIABLE REVIEW

Definition 2.1.6. Given measures u and v on a space X, the measure v is absolutely continuous
with respect to u if and only if every u-null set is v-null. This is denoted by v < pu.

Note that, if v <« u, there is some measurable set £ C X such that uE = 0 and vE > 0.
Since ||f||L5(X) = 0 while || fll,¢x, > O, there is no constant C < co such that

Iy < CllAlLzex)

for all f € L*(X). Furthermore, consider ooy, for which ||°°XE||L5<X) = 0 and ||°°XE||L;’(X> =
XV(E)'4 = oo. Therefore L/(X) ¢ LI(X).

(The example coyr may seem contrived, but when uE = 0, it is y-a.e. equal to the constant
zero function. A meaning of inclusion L,ﬁ' (X) c Li(X) which does not respect a.e. equality
would be rather strange.)

Assumption For the rest of Chapter 2, assume that v < u. (Otherwise, inclusion always fails.)

When v <« y, the Radon-Nikodym Theorem guarantees that there is a yu-measurable func-
tion, denoted by fl—;, such that v(E) = fE jl—;dy for any measurable set E. The more general
Lebesgue-Radon-Nikodym Theorem is described for signed measures in Section 3.2 of Fol-
land’s [15], where it is Theorem 3.8. Because only unsigned measures are used here, only the

following corollary is needed.

Corollary 2.1.7 (Radon-Nikodym Theorem for Unsigned Measures). Let u and v be o-finite
(positive) measures on a common measurable space (X,X) such that v < u. Then there is a
u-measurable function f : X — [0, o) such that, for each E € %,

V(E) = f J(X)du(x).
E

Furthermore, any two such functions f must agree u-a.e.

Because the Radon-Nikodym derivative Z—; is only defined by u and v uniquely up to modi-

fication on u-null sets, it is most appropriate to think of fl—; as representing an equivalence class
of functions, rather than a function. However, this is the same identification made throughout
and whenever working with L” norms. The following theorem provides the solution to the
one-variable inclusion problem, in terms of the Radon-Nikodym derivative, to be proven in
Section 2.4.

Theorem 2.1.8. The least constant C € [0, o] such that ||f;4x, < C ||f||L§(X) for any measur-
able function f on X is as specified below, separated by case.

g=p=oc0: C=1.
O<g<p=o0: C =v(X)",
2 1
0<g<p<oo: C:[f(ﬂ(x))pqd,u(x)] .
x \du
O<p<g<oo: C =gllrtip,

)p/(p_q) du, for E € X.

where € > 0 denotes the infimum of all strictly positive values of fE (j—;
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Observe that the second case is the limit of the third case as p — oo, so they could be

1
j—v . This means that when 0 < ¢ < p < oo (and not
Hllp/(p-g)

both o0), assuming v < u, the necessary and sufficient condition for ij(X) Cc LX) is that Z—;

combined into one case with C =

be in L,’j/ =9 (X). In the final case p < g, again assuming v < u, the necessary and sufficient

( Z_V )p/ -9
u

zero. Otherwise, & = 0 and inclusion fails with C = 0'/471/7 = oo, since 1/g — 1/p < 0 in this
case. Corollary 2.5.7 gives a condition on measures that implies € = 0, showing that this holds
for many measures.

A slightly more condensed version of this theorem is given as part of the summary of the
one-variable solution in Section 2.7.

condition for inclusion is that the positive values of fE du be bounded away from

2.2 Preliminaries

Intuitively, we can think of L/ (X) c L!(X) as saying that any function f € L*(X) must be in
LY(X) if it is in L[(X), i.e. that Ifllzx) < oo implies [|fll s, < oo. Of course, technically,
the elements of LJ;(X) are not functions, but equivalence classes of functions, identified by
agreement u-almost everywhere. Similarly, the elements of L{(X) are equivalence classes for
agreement v-almost everywhere. The following describes the connection between this func-
tionwise notion of inclusion and what it means in terms of equivalence classes.

Definition 2.2.1. The inclusion L;;(X) C L!(X) is understood here in a functionwise sense; that
is, for each f € L*(X), if ||f||ij(X) < oo then || f1l.4x)-

Definition 2.2.2. Given a measure space (X, u), let [f] ., denote the equivalence class of f for
agreement p-a.e., i.e.

[fl,={geL"(X): f=gu-ael].
Proposition 2.2.3. The formula ([ f]ﬂ) = [f], specifies a well-defined map
L1 LI(X) — LX)

if and only z'fllfllLf;(X) < oo implies || fllpax) < o0 for any f € L™(X).

Proof. Assume that ||f||Lﬁ(X) < oo implies ||f||L3(X) for any f € L*(X). To see that ¢ is well-
defined, consider any fi, f» € L*(X) which are in the same class, in the sense that [f1], = [ /2],
This means that f; = f, u-a.e. Recall that we assume v < u, so because the set where f; # f>
is p-null, it is also v-null; that is, f; = f> v-a.e. Therefore [fi], = [ 2],

The space LI(X) is valid as the codomain because, as long as [ f] . € L} (X), the function
f € Li(X). For any g € [f],, i.e. such that f = g v-a.e., llgllzax) = Ifllz9(x) < oo and so the class
L ([f]#) = [f], is in the space L(X).

Conversely, suppose that ¢ : L/’j (X) — LI(X) as a transformation of equivalence classes.
Suppose that f € L*(X) is such that I£ll5x) < eo. Then [f], € Li(X), so u[f1,) = [f], € LYX)
and ||f1l,4x) < 0. O
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So, the functionwise inclusion Lﬁ (X) c LI(X) is equivalent to a natural embedding of
function spaces which consist of equivalence classes. For simplicity, we will from now on
work functionwise, making such statements as f € L;(X) rather than [f], € Lj(X).

Next, we address why the inclusion problem Lﬁ (X) c LI(X) can be formulated in terms of
the existence of a finite best constant C in ||fll;sx, < CIIfl L20x) - This is based on a property
of inclusions among Banach function spaces, which is quite helpful when p,q > 1. If either
exponent is less than 1, there is still a method to convert the problem to one where the exponents
are at least 1, as the following result shows.

Lemma 2.2.4. Fix an arbitrary real number t > 0. Let C € [0, 0o] denote the least constant
such that

||f||L‘5(X) <C ||f||ij(X) (2.2)
for all f € L*(X), and let D € [0, oo] denote the least constant such that

1Al oy < DRl x, (2.3)

for each h € L*(X). Then C = D'.
Furthermore, LIi(X) ¢ LY(X) if and only if L (X) c L(X).

Proof. Given any h € L*(X), let f = h'. Then
1
”h”L’j(x) = ”f”Lét(X) and ”f”L/T(X) = llhlltLﬁ(X) .

Therefore
1/t 1 1
Wallscry = I < (CAgoo) ™ = CV Mhllge -

Because D is the least constant for (2.3), D < C'', so D' < C.
To obtain the reverse inequality, for any f € L*(X), let h = f'/. Of course, this implies that
f = I, as above, so the same equalities apply, and

t
1 llzgx = Wally sy, < (DAL 0) = D1 llzgn -

Because C is the least constant for (7.7), C < D'.
For equivalence of the inclusion problems, suppose that Lj;(X) c L}(X). For any i € L*(X),
let f = A" and note that if & € L"(X), then ||f||L;:(X> = ”h“tLﬁ’(X) < 00, 80 [|All 1, = ||f||]1d{5’(x) < oo,

This means that Lff’ (X) c L'%(X). The converse is proven similarly. |
With this, it is possible to convert the original inclusion problem to one involving Banach
function spaces (defined in such sources as [5]; see Definitions 1.1 and 1.3), if this is not

already the case. Recall the standard fact that any linear operator between normed vector
spaces is continuous if and only if it is bounded.

Definition 2.2.5. Where V and W are normed vector spaces, a linear map 7 : V — W is
bounded if and only if there is some constant C € [0, oo) such that, forallv € V,

ITvllw < Clvlly .
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Remark A linear map 7' : V — W between normed vector spaces is bounded if and only if it
is continuous.

This equivalence is standard and given here without proof. See Folland’s [15], where it
is Proposition 5.2. The above notion of boundedness for linear maps is defined immediately
preceding the proposition. The following proof rests on the more powerful result that every
inclusion between Banach function spaces is continuous, found for example in [5] as Theorem
1.8.

Proposition 2.2.6. The inclusion L,(X) C LI(X) holds if and only if there is a constant C < oo
such that

forall f e L*(X).

Proof. If either p or g is strictly less than 1, let
t=max(p~',q ")

and use this # in Lemma 2.2.4 to convert the inclusion problem Lﬁ (X) € LI(X) to the equivalent
L,’f (X) ¢ L(X), with both exponents tp, tq > 1. This transformation also takes the problem of
finding the least constant C such that

Iy < CllAllzzx)

for all f € L*(X) to the problem of finding the least constant D such that
||h||LrVq(X) <D Hh”LL”(X)

for all h € L*(X). If either constant exists and is finite, so is the other, and C = D', by Lemma
2.2.4. This also means that, if one fails to exist (as a finite constant), then so does the other.
Replace p by tp and g by tq for the remainder, so that p,g > 1.

With exponents at least 1, the Lebesgue spaces are Banach function spaces, as defined in
[5]. Therefore, if L/(X) c L}(X), then by Theorem 1.8 in [5], there is a constant C < oo such
that || fll 2, < CIIA LX) for all f € L*(X). The converse is simple, as the existence of C < oo

implies that there is a continous inclusion map LZ (X) = LI(X). O

This result is why the inclusion problem is addressed by finding the least constant C; the
inclusion holds if and only if C < oo, in which case C provides the operator norm of the
inclusion map.

2.3 Holder’s inequality

Recall Holder’s inequality, a fundamental result in the theory of L? spaces. It involves the con-
cept of conjugate exponents, defined here along with one standard notation, the prime notation
(as in p’) used for it. This notation is used throughout.
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Definition 2.3.1. Given any p € [1, co], its conjugate exponent p” € [1, oo] is defined by

1 + l, =1. (2.4)

p p
Because this definition is symmetric in the roles of p and p’, any (p’)’ = p. Note that
although this computation can be applied when 0 < p < 1, in this case —oco < p’ < 0, and vice
versa with p and p’ exchanged. Furthermore, Holder’s inequality, in the form described below,

is not valid for such exponents.

Theorem 2.3.2 (Holder’s inequality). For any measure space (X, u), any u-measurable, complex-
valued functions f and g on X, any p € [1, oo] and its conjugate exponent p’ € [1, ],

flfgldﬂ < £ 1l lgll -
X

Ifl<p<ooand fell, ge ij,, then fg € L', with equality if and only if f and g" are
linearly dependent, i.e. there are constants a, 8 not both zero such that a f? = Bg” u-a.e.

Holder’s inequality is sharp, which can be expressed in the following way. (A similar result
is true even for measures which are not o-finite, but with the additional requirement that f be
in LJ(X). Since this work is only concerned with o-finite measures anyway, this version is
more convenient.)

Corollary 2.3.3. Suppose that (X, u) is a o-finite measure space. For any particular g € L*(X),
the least constant 0 < C < oo such that, for any f € L*(X),

ﬁ(fgdﬂ < Cllifllzzexy

isC = ”g”Lﬁ’(X)' Naturally, this means that it is possible to have C < oo if and only if g € Lfl’, (X).

Proof. By Holder’s inequality, this inequality is valid with C = ||g]| oo € [0, oo], so it remains
only to establish that this is the least possible constant. Note that both sides are zero (and
C=0=]gll ' (X)) when u is the zero measure on X, so assume that u is nonzero.

Since u is o-finite and nonzero, there is an increasing sequence (E,),>; of measurable
subsets of X such that each uE, € (0,00) and X = ;5 E.

If p = co, define for each n > 1 f, = x,, so that each || f,||zx) = 1 since u(E,) > 0. Also,
fx Jfngdu = fE gdu — fx gdu = ||gl| LX) by the Monotone Convergence Theorem. Therefore
no constant less than ||g|| L) is satisfactory.

If p = 1, observe that for any ¢ < ||g]| L5005 there is a measurable S. C X such that uS. €
(0,00) and ¢ > c on S.. Therefore fX)(Spgd,u = fs gdu > cu(S,) = C”XSC”L},(X), so C > c.
Because this applies to any ¢ < ||g]| LX) the least possible value of C is ||g]| L2 (X)-

Now suppose that 1 < p < co. Foreachn > 1, letg, = min(g, n)yg, and f, = min(g, n)” Py, .
Note that f7 = g” = min(g,n)” yg,, which has an integral bounded above by fE n”dy <
n’ W(E,) < oo, so f, € Li(X) and g, € L”,”(X). There is now equality in Holder’s inequality,
SO fx fugndu = |11l Lﬁ(x)llg,,n 2 implying that C > ||g,|| 2 x° By the Monotone Convergence

, , , , 1y NV
Theorem, lim,,_, [1gxll o = (hmn—>oo fX min(g, n)” XEnd:u) = ( fX g’ dll) = |lgll 2 xy S©
lgll, » X is the least possible value of C. |
‘u
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Simply rearranging the above inequality then provides the following result.

Corollary 2.3.4. Forany g € L*(X),

[, fsd

u

X
sup ———— = lgll, " v
f ||f||L§(X) L 0

where this supremum is taken over f € L*(X), not almost everywhere zero.

Corollary 2.3.3 to Holder’s inequality easily provides answers to some cases of the Lebesgue
space inclusion problem, including the following familiar examples.

Example 2.3.5. Whenever 1 < g < p < oo, L7[0,1] c L0, 1] (with Lebesgue measure),
where the inclusion map has norm 1. (This is a slight generalization of the fact that any function
on [0, 1] which is p™ power integrable (p > 1), e.g. square-integrable, must also be integrable.)

Proof. This can be established by showing that the least constant C so that the following in-
equality holds for all f € L*(X) is 1.

A1l = ClIAl,
If g = oo, then p = oo and clearly the least constant is C = 1. Now, if ¢ < p = oo, then C =1

works since f < ||f]|, a.e., and therefore fol l[f(0l2dx < |IfIIL, (1 = 0) = |IfI|L; it is the least

1 .
constant because, for any constant ¢ > 0, ( fo c?dx)'1 = c. On the other hand, for p < oo, this

inequality has the form
1 1/q 1 1/p
(f f(x)”dx) < C(f f(x)pdx) .
0 0

Substitute & = f9 and take the ¢ power of each side for

1 1 q/p
f h(x)dx < C1 ( f h(x)p/"dx) .
0 0

Corollary 2.3.3, applied with g as the constant function 1, shows that the least value of C? (and

1 1/(plqy

therefore C itself) is [1gll,,,y = (fo la’x) = 1. O

A similar argument shows that L;(X) ¢ L!(X) whenever y is a finite measure on X, though

the constant will not necessarily be one. In fact, this is a special case of Proposition 2.4.1 with

the Radon-Nikodym derivative Z—/’j = 1, giving C = (u(X))"/9. On the other hand, when there

is just one measure u and u(X) = oo, there is no inclusion with ¢ < p, as illustrated in the
following special case.

Example 2.3.6. When 1 < g < p < oo, {7 ¢ {4, with the customary counting measure.
(This includes the fact that square-summable or other p”-power summable series need not be
summable.)
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Proof. The case p = oo is trivial since, when f(n) is the constant sequence 1, ||f]|,, = 1 while
Ifll, = (X, DY? = oo, so the least constant in [|f]l, < C|fll,, is C = co. When p < oo, the
result after substituting & = £7 and taking ¢ powers is

/
Z h(n) < C* [Z h(n)”/q]q ! :

Again, use g = 1 in Corollary 2.3.3, this time to find that the least C? = (3, 1)"/%/9" = 0, so
C = oo as well. O

However, because no non-empty set can have a counting measure less than one, when p < ¢
there is an argument which shows that ¢” C ¢9. The exponents are not suitable for Holder’s
inequality, so it is not applied, but the general argument is developed in Proposition 2.4.3.

2.4 Proof for one-variable case

The following results, taken together, establish Theorem 2.1.8, giving necessary and sufficient
conditions that Lﬁ(X) c L1(X), i.e. the existence of C < oo such that 1 Npaxy < C||f||L5(X).

Proposition 2.4.1 (Holder condition). When 0 < g < p < oo, there is a constant C < oo such
that || fllgx) < C||f||L5(X) for any f € L*(X) if and only if the appropriate condition holds:

dv dv a
If p < oo, — e LII"9(X) with C = U —1 ] .
du du L0
1/q
dv dv
Ifg < p = oo, —el'X with C = H— .
du . du LY(X)
Ifq=p = oo, C=1

where, as noted above, d—/‘: denotes the Radon-Nikodym derivative of v with respect to (.
Proof. If g < oo, Holder’s inequality gives

dv
du

dv
du

dv
q — q q q
”f”LZ(X) = f);lf' d,ud'u < |||f| ”Lﬁ/‘l(x) ”f”Lz(X)'

(p/9) ‘ (p/9)
L (x) L (x)

Because the inequality is sharp, as found in Corollary 2.3.3, the least possible constant C €

P
r=q’

-1
[0, oo] in the inequality is Z—L’ . If furthermore p < oo, then (p/q) = (1 - %) =

L/(lp/q)’(
while if p = oo, then p/g = oo and (p/q)’ = 1. In either case, C < oo if and only if j—; is in the
appropriate Lebesgue space.

Now suppose p = g = oo. For any f € L*(X) such that || f|lz»x) = oo, the inequality holds
regardless of C. When ||f||L;<7(X) < oo, let E = f_l(”fHLff(X)’ oo]. Because uE = 0 and v < p,
vE =0, so ||fllzecx) < 1+ ||f||L;°(X)- To see that 1 is the least possible constant, consider any
constant function, for which || f||z=x) = IIf]I L (X)- |
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Proposition 2.4.2. When 0 < p < g < oo, define a measure

d pl(p—q)
)= [ (d—v) i
SN{42>0) M

(with the natural interpretation A = t when g = o). Then A is o-finite and ||f1l,4x,) < C ||f||L{j(X)
forall f € L*(X) if and only if, for all h € L*(X),

||h||Lj(X) < C||h||L§(X)- (2.5)

Proof. Because u is o-finite and the function

dv p/(p—q)
X{Z—Z>O} (@)
is measurable and finite y-a.e., A is also o-finite. Assuming ||f|l;s) < C|| f||Lﬁ(X), for any
h e L*(X), let
dv 1/(p—q)
f= h)({l%>0} (@)
and substitute to derive (2.5).

1/(g—
Conversely, given (2.5), forany f € L*(X)leth = f (j—;) fan and compute
dv 1/q dv 1/q
||h||L§(X) = Hf(d_) X{;L;>0} = f(d_) = ||f||L‘5(X),
H LiX) H LiX)
WAz = |10,y < 1z
from which || fll sy < C ”f”Lﬁ(X) follows. O

Proposition 2.4.3. Let 0 < p < g < 0. If there exists € > 0 such that every measurable E C X
with A(E) < € is A-null, then for any C > glla-1/p,

Wallscxy < CllAlly )
for any h € L*(X).

Proof. If h ¢ L(X) or h = 0 A-a.e., then the inequality is clearly true, so suppose neither of

these is true. Then A,(¢) := /l(h‘l(t, oo]) is a non-increasing function of ¢ > 0, everywhere
finite and not everywhere zero. Let T = inf{r > 0 | 4,(¢) = 0} € (0, co] and note that h(x) < T
for 1-a.e. x € X. Whenever 0 <t < T, A;(¢) > 0, so A,(t) > &. Thus,

e <tPAu(t) = f dA(x) < f h(x)PdA(x) < f h(x)PdA(x) = ||A|l?
{h(x)>1) {h(x)>1)

Pryvy
. LX)

Taking p roots and letting t — T, this yields T < s‘”Pllhlqu(X). This is exactly what is
required when g = oco. For g < oo,

1l ) = f h(x)1dA(x) < T f h0"dAG) < (7 7lihllg) " AL

LiX0)"

With g™ roots, the proof is complete. O
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Corollary 2.4.4. Suppose that 0 < p < g < oo and let & denote the infimum of A(E) for all
measurable E C X such that A(E) > 0. If € > 0, then the least value of C such that

||h||L3(X) <C ||h||L§(X)
forany h € L*(X) is C = g'/471/p,

Proof. Proposition 2.4.3 has established that the least C < £!/971/7_ 50 it remains only to show
that no lesser value works. By the definition of &, for any n > 1 there is some measurable

E, C X such that & < A(E,) < £ + 1. Let h, = yg, and observe that

1/q
hnllzc (fXXqE,,d/l) _AE)YT A(E, Va1
= ip = WE)/P ~ T '
Wnllizo [y aa)’ AED

(Because A(E,) > O, lIAll ) = 1, so the numerator is still A(E,)"? when g = oo, with the

, _ o , 14
natural interpretation é = 0.) Since the minimum value of C is sup;,, W”L# and, because
S LY (X)
1/g-1/p 1/g-1/p
}1 - 1‘—7 < 0, AE)V- VP > (s+ ,11) ,C > (8+ l) for any n, and therefore C >
gl/a=1/p, o

Lemma 2.4.5. For 0 < p < g < oo, if there are measurable sets of arbitrarily small positive A
measure, then there is no finite constant C such that, for any h € L*(X),

||h||Lj(X) <C ||h||L§(X)'

Proof. Substituting h = y into (2.5) produces A(E)'/4 < CA(E)'?, which implies that C >
A(E)Y41P when A(E) > 0. Because the exponent is negative, choosing E of sufficiently small
positive A measure makes the right-hand side arbitrarily large. O

Taken together, these propositions yield Theorem 2.1.8.

2.5 Atomless measures only allow Holder inclusion

Of the two types of conditions for inclusion between Lebesgue spaces, for many measures
inclusion is only possible with the Holder condition, Proposition 2.4.1. The relevant properties
of measures are described below.

Definition 2.5.1. A measurable subset A of a measure space (X, w) is called an atom when
HA > 0 and, for any measurable F' C X, either u(AN F)=0oru(A\ F) =0.

Naturally, this means that the other piece, A \ F or A N F respectively, must have the full
measure of A.

Proposition 2.5.2. Equivalently, we can define an atom A as a measurable set which, when
decomposed into any disjoint union A = E U F of measurable sets E and F, must have one of
UE =0oruF =0.
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Proof. Were A not an atom by the second definition, there would be a disjoint union A = EU F
with both uE > 0 and uF > 0. Then, since (by disjointness) uE + uF = uA, 0 < uE =
HA — uF < pA. Consequently, A cannot be an atom by the first definition. Conversely, were A
not an atom by the first definition, there would be a subset £ c A with 0 < uF < pA and so,
letting E = A\ F, we’d also have uE = uA — uF > 0, so A could not be an atom by the second
definition. O

As the name suggests, an atom is essentially an indivisible set. (Null sets might as well
be empty for many purposes, including the functional analytic operations here, based on the
integral and essential supremum.) This indivisibility makes atoms effectively much like sin-
gletons, as suggested by results in Section 2.6, especially the finding in Lemma 2.6.7 that any
measurable function on a measure space must be almost constant (constant up to null sets) on
any atom in the space. But of more immediate importance are two properties of measures in-
volving atoms, which will also be important in later chapters to separate cases of the problem
for more than one variable.

Definition 2.5.3. A measure is called purely atomic when every measurable set of positive
measure contains an atom. At the other extreme, it is atomless when it has no atom, i.e. every
subset of positive measure can be expressed as a disjoint union of two sets of positive measure.

Example 2.5.4. Counting measure on any set X is purely atomic, as is any weighted counting
measure (a measure ¢ on X where, for any § C X, u(S) = 3 5 m(x), where m : X — [0, oo]).

Example 2.5.5. Lebesgue measure on any Euclidean space is atomless. So is any weighted
Lebesgue measure, i.e. a measure u defined by u(E) = fE w(x)dx, for any Lebesgue measurable
E c X, where w is a fixed nonnegative measurable function. (By the Radon-Nikodym theorem,
every measure which is absolutely continuous with respect to Lebesgue measure is a weighted
Lebesgue measure.)

These terms are the same as those used by Bogachev [11], though other authors differ; for
example, sometimes “non-atomic” is used instead of “atomless”. The following simple lemma
shows that any atomless space must have sets of arbitrarily small measure. Although a theorem
with a rather stronger result is cited as Theorem 4.1.4, that much won’t be needed to show that
inclusion among Lebesgue spaces with atomless measures is only possible through the Holder
condition, Proposition 2.4.1.

Lemma 2.5.6. If (X, u) is an atomless measure space and E C X a set with uE > 0, then for
any € > 0 there is a measurable subset F C E with 0 < uF < &.

Proof. The goal is to prove by induction that, for any n > 0, there is some F, C E such that
0 < uF, < 27"uE. (This is sufficient since, for any € > 0, there is some n > 0 such that
27"uE < &.) Whenn = 0, Fy = E suffices. For the inductive step, suppose that F,, C E has
0 < uF, <27uE. Because u is atomless, by Proposition 2.5.2 there are disjoint subsets A and
B of F, such that F,, = A U B and both uA > 0 and uB > 0. Because A + uB = uF,, let F,

be whichever of A and B has the lesser measure and then 0 < pF,.; < suF, <2°™VYuE. O

Corollary 2.5.7. Let u and v be o-finite measures on X and p, q € (0, co]. When v is not purely
atomic, ||l 9x) < C ||f||L£(X) cannot hold with a constant C < oo unless g < p.
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Proof. Assume that v is not purely atomic, so there is some measurable set Y’ C X, with
vY’” > 0, which contains no atom for v. Let g denote the Radon-Nikodym derivative of v
with respect to u, which must exist if inclusion is to be possible, and let Y = Y’ N g71(0, 00),
i.e. the subset of ¥’ where g > 0. Since v(Y’ \ Y) = fm gx)du(x) = | oy 0dp(x) = 0,
v(Y) = v(Y’) > 0. Therefore u(Y) > 0 as well.

Furthermore, Y cannot contain any atom for y. For any measurable A C Y there must be
disjoint union A = E U F such that vE > 0 and vF' > 0, by Proposition 2.5.2, since A cannot
be an atom for v. Of course, this means that uE£ > 0 and uF > 0, so A cannot be an atom for
u. Restricting u and v to Y then yields atomless measures with the Radon-Nikodym derivative
g > 0 p-almost everywhere. Since L;;(X) c L!(X) would also apply to functions supported on
Y, it can be disproven by refuting L;(Y) c LI(Y).

For any p < g, define A as in Proposition 2.4.2, so that dA = g"/*»~?du. By Lemma 2.4.5,
it suffices to show that there are subsets of Y with arbitrarily small A measure, which Lemma
2.5.6 establishes must be true as long as A is atomless on Y. For any A C Y with 1A > 0, also
1A > 0, so using Proposition 2.5.2 again there is a disjoint union A = E' U F such that u£ > 0
and uF > 0. But, since g > 0 u-a.e., also g”/?~9 > ( u-a.e., and therefore AE > 0 and AF > 0.
This means that A cannot be an atom for A, which therefore is atomless on Y. m]

2.6 Integrals over o-finite purely atomic spaces are weighted
series

Having found that, unless v is purely atomic, the inclusion L/(X) c L}(X) is only possible
when g < p, and only with the Holder condition given in Proposition 2.4.1, we now investigate
the purely atomic case. Although there is more flexibility in the exponents, as p and g need not
be in any particular order, Lebesgue spaces with purely atomic measures turn out to be quite
constrained. Not only are the sequence spaces ¢” the archetypal example, but weighted ¢7 is
essentially the only kind of Lebesgue space over a purely atomic, o-finite space.

The following arguments establish that any o-finite purely atomic measure space can be
decomposed into a countable disjoint collection of atoms and a leftover null set, and ultimately
that integration over any o-finite, purely atomic measure space can be computed as a weighted
series. There’s nothing new here, but since later treatment will freely represent such measure
spaces as weighted counting measure on the natural numbers, an explanation follows.

One technical difficulty in making sense of counting atoms and even a basic notion of
distinct atoms is that, given any atom, adding or removing a null set will result in another
atom. As in the familiar notion of equivalence of functions which agree almost everywhere, we
must disregard such differences of measure zero, as made precise in the following equivalence
relation.

Definition 2.6.1. Let (X, X, u) be a measure space. Atoms Ay, A, € X are equivalent, denoted
A ~ Ay, if and only if their symmetric difference is a null set, i.e. u(A;24,) = 0.

By additivity, any equivalent atoms A; ~ A, have equal measures, so for any equivalence
class A, u(A) is well defined. It is also useful to have a notion of disjointness applicable to
these equivalence classes, for which the measure-theoretic definition of “almost disjoint” is
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suitable. (Naturally, given any atoms A; and A, and a non-empty null set N, A; UN and A, UN
cannot be disjoint, though each A, U N ~ Ay.)

Definition 2.6.2. Two atoms A; and A, are said to be almost disjoint when A; N A, has zero
measure. Similarly, we can call two equivalence classes A; and A, almost disjoint when there
exist representatives A; € A; and A, € A, which are almost disjoint.

Note that this apparently weak demand that there exist an almost disjoint pair of represen-
tatives nonetheless implies that every pair of representatives is almost disjoint. Furthermore, it
turns out that any pair of inequivalent atoms must, in this sense, be almost disjoint.

Lemma 2.6.3. Any two inequivalent atoms are almost disjoint.

Proof. Suppose that two atoms A; and A, are not almost disjoint. Then A; NA; is a measurable
subset of A; with positive measure. Since A is an atom, A; \ (A; N A;) = A; \ A, is a null set.
Similarly, A, \ A, is a null set. Therefore, sois AjAA; = (A; \ A3))U(A \Ay),and A ~ A,. O

The following corollary restates this result in terms of equivalence classes.
Corollary 2.6.4. Any two distinct equivalence classes of atoms are almost disjoint.

The countable additivity property of measures applies not only to disjoint sets, but also to
almost disjoint sets.

Lemma 2.6.5. For any sequence (E,) of pairwise almost disjoint measurable sets in a space
with measure u, u(\J, E,) = X, ME,.

Proof. Let Fy = E; and, forn > 1, define F,, = E, \ (E,_U---UE;). Because E, = F, U
(E.NE,_)U---UE,NE)),uE, < uF,+u(E,NE,_)+---+u(E,NEy) = uF,+0+---+0. But
F, Cc E,,souF, < ukE,, and therefore uF, = uE,. The sets (F,) are disjoint and have the same
union as the (E,), so by countable additivity u(|J, E,) = u(U,, Fn) = 2, uF, = X, HE,. O

Proposition 2.6.6. Let u be a o-finite measure on a space X. Then there are only countably
many equivalence classes of atoms under ~.

Proof. Consider any measurable £ C X and natural number m. If there are infinitely many
equivalence classes of atoms with measure at least % and a representative contained in E, then
there is a sequence (A, ) of such classes. Taking representatives A, C A, with each A, C E, by
Lemma 2.6.3 the sequence (A,) is almost disjoint. Because | J,, A,, C E, the countable additivity
provided by Lemma 2.6.5 gives uE > u(l, An) = X, 1A, = 2, i = oo.

Conversely, if uE < oo, then the collection C,, of classes of atoms with measure at least %
and a representative contained in E is finite. Since every atom has positive measure, the set of
all classes of atoms with a representative contained in E is | J,, C,,, which must be countable.

Because u is o-finite, there is a sequence E; C E, C Ej3--- of measurable sets such that
each uE; < oo and X = (J, Er. For any atom A, were u(A N E;) = 0 for every k, then
by subadditivity u(A) = u(Ui A N Ey) < 2 u(A N Ey) = 0; of course, atoms have positive
measure, so this means that there must be some k such that u(A N E;) > 0. Because A is an
atom, this implies that u(A N Ey) = nA, and A is equivalent to the atom A N E; contained in E;.
Every equivalence class of atoms has a representative contained in some Ej. Since there are
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at most countably many equivalence classes of atoms contained in each Ej, this implies that,
as a countable union of countable sets, there collection of all equivalence classes of atoms is
countable. O

The following fact suggests that, for the purpose of working with functions on measure
spaces, atoms might as well be singletons.

Lemma 2.6.7. Any measurable function on a measure space must be almost constant on any
atom in the space, in the sense of having a single value almost everywhere on the atom.

Proof. Let f be a function on a measure space containing an atom A. Let y be the supremum
of all # such that u{fx € A : f(x) <t} =0. Foranyy’ > y,u{x € A : y < f(x) <y} > 0;
were this measure zero, then the supremum would have to have been at least y’. Because A is
an atom, then, {x € A : y < f(x) < y’} must have the same measure as A. Therefore, u{x € A :
f(x) >y} = 0. Taking a countable union using y’ = y+ %, we find that u{x € A : f(x) >y} =0.
Consequently, ufx e A: f(x) #y} =pulx€A: f(x) <y}+u{lxe€A: f(x) >y} =0,s0 f(x) =y
almost everywhere on A. O

Finally, we have the following result, as a consequence of which we can replace functions
defined on o-finite purely atomic measure spaces by sequences of values. Since the integral and
essential supremum are preserved by mapping each function to the corresponding sequence, all
L? norms are kept intact.

Theorem 2.6.8. For any o-finite purely atomic measure space (X, i), there is a sequence (A,),
finite or infinite, of atoms such that every atom in X is equivalent to some A,. For any f €
L*(X), for each n let f(A,) denote the value which f takes u-a.e. on A,. Then L*(X) is in one-
to-one correspondence with sequences defined by a, = f(A,); furthermore, this equivalence

gives
fdu = apwy,
Jopau=3

n

with weights defined by w, = j1(A,), and esssup, f = sup, a,.

Proof. By Proposition 2.6.6, we can enumerate the classes of atoms in a (finite or infinite)
sequence (A,). For each n, let w, = u(A,) for any A, € A,, noting that the measure is
independent of the choice of representative. For each n, Lemma 2.6.7 tells us that f takes on
one value a, = f(A,) almost everywhere on the atom A,. Because u is purely atomic, the
complement X \ |, A, of all the atoms has measure zero, for it contains no atom. Therefore

the integral
[ sau= 3 [ pdu= Y amtan = 3

Each value a, is attained on A, (which must have positive measure), so esssup f > sup, a,.
On the other hand, f < sup, a, on |J, A,, which means that f < sup, a, almost everywhere, so
esssup f < sup, a,. O

Finally, the solution to the inclusion problem is specialized to purely atomic measures in
the following corollaries. Suppose that 4 and v are purely atomic measures, the necessary
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vy < p assumed, with the u-atoms of X enumerated as (E;),; for some index set / which is at
most countable, typically a subset of N. For each i € I, let u; = u(E;) > 0 and v; = v(E;). Note
that each E; is either a v-atom, if v; > 0, or v-null (when, of course, v; = 0). The problem can
then be described in terms of weighted £, asking when /(1) c £1(I).

Corollary 2.6.9. Let I be an at most countable set and, for each i € I, let u; > 0 and v; > 0.
The least constant C < oo such that, for any sequence (c;);cs,

llcilleary < Cllcillerqry s

is as follows in each case, observing the conventions that 1/oco = 0 and 1/0 = co.

q=p=0 . C =1
) _ ||,,1/a,,~1/p
0<gs<spsoco: C= ”Vi U; ”e(tr'—rfl)*‘(l)
2 __a\g'-p!
O<p<q$oo: C:Sl]p (vl_’"‘iuil’—tI) <
i€l

Proof. Based on Proposition 2.4.1 and Corollary 2.4.4,
q = p = 0 . C = 1

l/q
O<g<p=co: C = Zvi] = v(X)7

i€l
-1 -1
1/q » 4 q —p
— pP—q P—q
y = E V. I/tl-
17 0)) iel

4 |

g '-p
r __4q
< . — 1 .I”‘I ) P—q
O<p<g<oo: C }QIg{Zvl U, >0}]

ieS

0<g<p<oo: C =

The second and third cases combine neatly in the above formula. In the last case, g7' —p~! < 0,
so the overall expression achieves greater values when the inner sum is smaller; since zero
values (when v; = 0) are excluded from the infimum, so the supremum excludes co. O

The following simple fact about inclusion among unweighted £” sequence spaces is pre-
sented for easy reference later; one half appeared before as an example.

Corollary 2.6.10. The inclusion ¢?(N) C ¢4(N) occurs if and only if p < q, in which case the
least constant C = 1.

Proof. Simply use u; = v; = 1 in the above. As noted in an example at the end of Section 2.3,
since )}; 1 = oo, the Holder criterion for inclusion (applicable when g < p) cannot possibly be
satsified, except of course when p = ¢ and the spaces are identical. (Clearly, C = 1, which

agrees with ||1||.) On the other hand, when p < g there is always inclusion, with C = 1, the

—1_ -1
L _49\9 P
supremum of (1 r=a ] ,H,) ) O
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2.7 Summary

This chapter’s solution to the one-variable problem is summarized in two following results.
First, a helpful piece of notation which will be used more extensively later. For exponents

P-q € (0, 0],
(p:q'=q"-p,
as defined in Definition 4.2.8, generalizing the standard Holder conjugate p’ = p:1. It is
defined with the conventions co™! = 0 and 0~! = oco; for example, co: 00 = 07! = 0.
First, a condensed version of Theorem 2.1.8. It is still assumed that v < u, for otherwise

the best constant is C = oo.

Theorem 2.7.1. The least constant C € [0, o] such that ||fl4x, < CI|f]l LX) for any measur-
able function f on X is as specified below, separated by case.

dv\'"
0<g<p<oo: C= (d_) (Holder condition)
H piq
dV 1/q
< = — v
O<p<g<o C = sup (d,u) XEn|2:50) y
p:q:oo: C: 1,

where the supremum in the second case is taken over all measurable E C X.

Recall that Lﬁ (X) c LI(X) if and only if C < oo, so this provides the following characteri-
zation of when inclusion holds, in terms of the measure A defined in Proposition 2.4.2.

Corollary 2.7.2. Define a measure A(E) = f

EN
Depending on p and q, the indicated condition on A is both necessary and sufficient for inclu-
sion.

.
(4250) (j—;)" " du on the measurable space (X, X).

O<g<p<oo: ij(X) C LI(X) if and only if {A(E) > 0: E € X} is bounded away from co.
0<p<gq<oo: LX) C LUX) if and only if {A(E) > 0 : E € £} is bounded away from zero.

A simpler way to state the first condition is A(X) < oo, but the formulation above is chosen
to emphasize the similarity between these two conditions.



Chapter 3

Two-variable basics

Because of its length and the numerous cases and subcases it features, the solution to the
two-variable mixed-norm inclusion problem is spread among Chapters 3, 4, and 5. (Chapter
6 summarizes the major results in these chapters, describing the major results and how they
fit together to ssolve the two-variable inclusion problem.) As cases are solved, the remainder
of the solution focuses on the complements of these solved cases. Note that there are two
assumptions which hold without loss of generality, and should be treated as given beginning
from the point where they appear.

Specifically, on page 26, an assumption of absolute continuity is introduced. This is shown
to be a necessary condition, so there is no point in proceeding without it, for inclusion is
certainly impossible unless it holds. This allows free use of the Radon-Nikodym derivative,
which as in the one-variable case is important to the solution. Proposition 4.2.1 provides a
reduction to problems involving only positive Radon-Nikodym derivatives, % >0fork=1,2.
From 42 on, then, we assume this.

(These assumptions are based on ideas which work throughout, but the reader only needs
to keep them in mind beginning where they occur, until the end of the two-variable problem.)

3.1 Definitions

Let (X;,Z;) be a measurable space (i.e. X; is a o-algebra on the set X;) with a o-finite measure
U1, and let (X5, ;) be a measurable space with a o--finite measure u,. Given, as well, exponents
P1, P2 € (0, 00], we let P = (py, p2), following the notation from Benedek and Panzone [4], and
define a mixed norm by computing, for any measurable function f on X; X X,

p2/pi
L2(Xa) B (\L‘Q (ﬁ(. G )l d/“”(xl)) d,uz(xz))

That is, first compute the L”' norm of the function f(-, x;) on X; using the measure yu,, then
compute the L”> norm of the result (which depends on x,). If either p; or p, is oo, the appro-
priate integral is replaced by an essential supremum. The corresponding function space, the
mixed norm space L?, consists of the equivalence classes (under the standard identification of
a.e. equal functions) of all measurable functions f : X; X X, — C such that ||f]|, < co. When

1/p2

1Al = Az,

23
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p1 = 1 and p, > 1, as shown in [4], this space is a Banach function space. For exponents less
than one, the triangle inequality fails, so we do not have a true norm.

This mixed-norm computation is well-defined since the function ||f(x;, x2)|| 12 x) of x, is
itself measurable, by Tonelli’s theorem if p; < co. In the case p; = oo, the measurability of the
intermediate function ess sup,, [f(x1, )| is a consequence of the Luxemburg-Gribanov theorem
[23], which applies for any Banach function norms with the Fatou property.

We also wish to discuss reversing the order in which the mixed norm is computed, with
Lﬁj(Xz) before Lﬁl' (X1). The exponent vector P = (pi, p») notation does not really describe
this concept, since writing, say, (3, 2) instead of (2, 3) would be understood as changing which
exponent is associated with each variable, but not the order of integration. This is not surpris-
ing, since although Benedek and Panzone describe many properties of mixed-norm Lebesgue
spaces in [4], they do not cover what Fournier calls “permuted mixed-norm spaces” in [16].
(This paper’s main topics are Sobolev spaces and bilinearity, but both the concept of “permuted
mixed-norm spaces” and a generalization of Minkowski’s integral inequality to mixed-norm
spaces are described.)

Since the order of integration is essentially arbitrary, and there is no fundamental reason
to prefer X; before X, (or why one space should be “one” and the other “two”), all mixed
norms here are assumed to be “permuted”. For now, given a permutation o (of {1,2}, in this
two-variable chapter) and P = (py, p,), we define the (permuted) mixed norm

W llop) = (f (f |fCer, x)IP7 dpoy (Xo))
Xo(2) Xo(1)

where, again, integration is replaced by the essential supremum for any co exponent. Naturally,
the mixed-norm space L7 consists of (the equivalence classes of) those functions f for which
| f1lopy < o0. If o~ is the identity, then this is identical to || f||, from the previous definition, while
if o~ is the transposition (12), then ||f]|,p, is what would be obtained from |[|f||, by reversing
the order in which the integrations over y; and u,, as well as the exponentiations and roots p;
and p,, are applied. (Basically, every “one” object, such as Xi, y;, and p;, becomes a “two”
and vice versa.)

With that in mind, though, it’s worth asking why there is any need to introduce the per-
mutation. For discussing a single mixed norm, there really isn’t, since relabeling would work
as well. However, this is useful for discussing multiple mixed norms with different orders of
integration. As described in Section 3.5, Minkowski’s integral inequality provides a familiar
example of comparing differently permuted mixed norms, especially in its Corollary 3.5.2.

Note that when p; = p,, regardless of the permutation o, LoP) = [P the classical Lebesgue
space, with p = p; = p,. (Tonelli’s theorem can be used to verify the result’s independence of
the order of integration for p < co.) However, for unequal exponents, the permutation makes a
big difference. Not only can the numeric result of computing |||, vary with o, but the two
norms need not be equivalent, as the following example shows. (However, Corollary 3.5.2 to
Minkowski’s integral inequality shows that one of them consistently gives greater values than
the other, and consequently one of the spaces L™ is always contained in the other.)

Do)/ Po(1) 1/po)
) dio) (XO'(Z)))

Example Using X; = X, = N with counting measure, P = (1,2), and o the non-identity
permutation in S,, LY ¢ L7P),
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Proof. Let
i U ifi=j
€T 0  otherwise

The function f(i, j) = ¢;; is in L” but not in L7,

2 1
1fllycp) = (Z ci,j) - Zz = oo.

i=1

O

As we’ll see later, because the exponent p; = 1 < 2 = p,, in this example (by Corollary
3.52) IFlp < llllyp), so L7 < L.

3.2 Problem statement

Given two mixed-norm spaces in two variables, we seek necessary and sufficient conditions
for one to be a subset of another. Because mixed-norm spaces are Banach function spaces,
whenever this happens the inclusion map must be continuous. That is, there is a mixed-norm
inclusion if and only if there is a finite best constant. (This is demonstrated in multiple variables
in Proposition 7.3.2.)

Let (X;,X;) be a measurable space which admits o-finite measures u; and v; and (X5, Z;)
have o-finite measures u, and v,. Also let P = (py, p>) and Q = (g1, q2), where py, p2,q1,q> €
(0, 00], and 0,7 € S,. When is there a constant C < oo such that the below inequality holds
for any measurable function f on X; X X,? And, in this case, what is the least value of C in
1fll¢gy < ClIfllypy» i-€. the norm of the inclusion map L7 < L7@?

If 7 is not the identity, then relabeling so as to swap every “one” (py, q1, X1 € X1, 41, V1)
with its corresponding “two” reduces to the case where 7 is the identity and oo 77! replaces o,
so that we only need consider

1fllg < Clliflloee) -

(It is evident that the existence of C < oo implies that L™ < LC. For the converse, see
Proposition 7.3.2 which covers the multi-variable case, relying on Lemma 7.3.1 to reduce to
the case where each p;,q; > 1 for k = 1,2. Then, as observed by Benedek and Panzone in
[4], our mixed-norm spaces are Banach function spaces, as defined in Bennett and Sharpley
[5]. As proven in Theorem 1.8 of [5], any inclusion between Banach function spaces must be
a bounded map, i.e. there must be such a C < 0.)

Concretely, this breaks down into two cases, of which the first is the “unpermuted case”
with 7 as the identity and where the order of integration is the same on each side,

3.1

<C H”f”LZ: X1)

L2(Xy) —

H”f”[j{(xn|

L2 (X2)
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The other case is the “permuted case”, with non-identity 7, where the inner and outer variables
are reversed between the two sides,

(e (3.2)

< iz .
L2(%) Mgz oe L x)

3.3 One-variable inclusions are necessary

For either inequality (3.1) or (3.2) to hold for all measurable functions, it is necessary that
both L] (X;) c LI(X)) and L,;(X;) c L% (X,). This is most readily seen by considering

1 1
factorable functions, i.e. those of the form f(x, x,) = fi(x1) f2(x2). From these, it follows that

each v, < 4, but proving this consequence first makes it easier to establish the one-variable
inclusions.

Lemma 3.3.1. When either (3.1) or (3.2) holds with C < oo, each v, < py fork = 1,2.

Proof. 1f vi < u,, then there must be a measurable S| C X; with ¢, = 0and v;S| > 0. Let
f(x1,x2) = xs,(x;) and observe that

1 1
§(f) = ”XSIHL‘Q(XI) HIHL‘V’;(Xz) =(181) fan (nX>) /a2 0,
with the convention (v,X>)" = 1. However,

p(f) = @S DV (uX2)''7 = 0,

since 1181 = 0. This means that there is no suitable constant C < oo.
Similarly, if v, <& u,, then we can replace S| by X; and X, by some S, with S, = 0 and
v28, > 0, and proceed as above to prove that C = oo. O

Again, since absolute continuity is necessary, it can be assumed.
Assumption For the rest of the two-variable problem, assume that v; < p; for k = 1, 2.

Lemma 3.3.2. When either (3.1) or (3.2) holds with C < oo, there must be finite constants C,
and C, such that, for each k € {1,2} and any measurable function f; on X,

”fk”L‘jz(x) < Ck”ﬁc”[ﬁ’;(x)- (33)

Proof. Suppose that f(x;,x2) = fi(x1)f>2(x,) for some measurable functions f; on X; and
1
f>» on X,. For any such function and any exponent p > 0, ( fX. |f(x1, x0)|P dpl(xl)) v =

1/ .

el (fy, 1fGeIP dpy(x1)) " and ess sup,, £ (x1, x)| = |fa(xa)less sup,, |fi(xi). Similarly, | ;]
factors out of any L” norm computation over X,. Therefore, both inequalities (3.1) and (3.2)
reduce, for these factorable functions, to

Wfillg o sz < C ANz 1ollizz s - (3.4)

Vv

Because v, is a non-zero, o-finite measure, there is a measurable E; C X; suchthat 0 < v, E;| <
co. As v; < p; by assumption, y; Ey > 0, and by o-finiteness there is a measurable S| C E; so
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that 0 < 1S, < oo, while still 0 < v;§; < oo. (Were there no subset §; C E; with 11§, < o0
and v;S; > 0, then v; would have to be zero on E.)

Following a similar procedure to that which established the existence of §; C X; with
0 < pui(S1) <ooand 0 < v{(S) < oo proves that there is some S, C X, with 0 < u(S5,) < o0
and 0 < v2(S,) < oo,

For any measurable function f; on Xj, let f, = x5, and inequality (3.4) gives

1/q S )1/ 1/p
( f |f1<x1>|q'dvl<x1>) <Mc( f Ifl(xl)l”‘dm(xl)) ,
X1 X1

T (nSy)le

which establishes that the minimal constant C; in (3.3) satisfies C; < (1252)"/72(v,8 )7V C <
co. Similarly, letting f; = ys,, for any measurable function f, on X5,

1/q2 S 1/p 1/p2
( |fz<xz>|‘ﬂdm<xz)) 5%0( | |f2<xz>|mdu2<x2)) ,
X (1Sl X

thus the minimal constant C, < (11,5 1)"/P'(v,S1)~"/9'C is also finite. O

The following result includes the necessity of single-variable inclusions, but also provides a
quantitative lower bound on the mixed-norm best constant, connecting it to the single-variable
constants.

Proposition 3.3.3. Let C € [0, o] denote the least constant for which either (3.1) or (3.2) is
satisfied for any measurable f, and for k = 1,2 let C; € [0, 0o] denote the least constant so that
for any measurable f; on X;

”kaLﬁl’f(Xk) < Ck”ﬁc”[ﬁf(x,\,)- (3.5
Then C > C,C,.

Proof. From Lemma 3.3.2, we know that if C < oo, then each C; < co. (Because no measure is
zero, it is impossible for either Cy to be zero.) As in that lemma, for any measurable functions
fion X and f, on X, let f(x;,x2) = fi(x1)f2(x,) and then, for such f, either inequality (3.1)
or (3.2) reduces to

”fl”LZ]l X1) ||f2||L3§(X2) <C ||f1||Lz11 X1 ”fz”L;IZ(XZ) .

When both C; and C, are finite, for any & > 0 it is possible to choose functions f; so that
each
”fk”Lff,’f(Xk)

Ck—g < k>

<
”fk”Lﬁf(Xk)

because Cy is the supremum of all such ratios when the denominator is nonzero. For such
functions, inequality (3.2) yields

(Ci-8)(Cr—-e) LC,

so C;C, < C because this is true whenever € > 0. O
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3.4 Unpermuted case

In the unpermuted case described by inequality (3.1), the necessary condition that both single-
variable inclusions LZ,’;(X,() C L}(Xy) hold turns out to be sufficient, as well, and the lower

bound C,C; is the best constant C.

Theorem 3.4.1. For k € {1,2}, let C; € [0, ] denote the least constant such that, for any
measurable function f; on X,

||fk||L‘3,§(xk) < Ck||ﬁc||L{j1§(xk)’

and let C € [0, o] denote the least constant such that, for any measurable function f(x,, x;) on
X1 X Xs,

< C||iftlg e,

L2(X2) —

(oZ
Then C = C,C, (in particular, C < oo if and only if both C| < oo and C, < ©0.)

L2(X2)

Proof. To see that C < C,(,, i.e. that the two-variable inequality is valid with C;C, in place
of C, take an arbitrary measurable f(xi, x,). For each particular value x, € X;, |f(-, x2)| is a
measurable function on X, so the k = 1 inequality yields

“”f”]fjll(xl)

< =
L2 ~ HC] ez o L2(X2) € H”f”Lﬁ}(Xl) L2(x)

1

Furthermore, the inner L)

(X1) norm produces a measurable function of x,, so the k = 2 in-

equality applies.
gl g, =] |
1 ||f||LL:(X1) L200) 142 ”f”Lle(Xl) 122(%)
soC < C]Cz.
Of course, C > CC; regardless of permutation, from Proposition 3.3.3. O

Example Let X; = [0, 1] with u; Lebesgue measure, v; = xu;, py =2,andg; = 1. Let X; = N
with 1, = v, being counting measure, p, = 1 and g, = 2. Then the least constant C such that,
for any measurable function f(x,n) on [0, [] X N, [|fll, < C||f]|p, 1.e.

2\1/2 1/
(Z(fol |f(x,n)|xdx)] SCZ(fol If(x,n)|2dx)

2

; — L
1sC = i

Proof. By Holder’s inequality, for any Lebesgue measurable function g on [0, 1] (since % + % =

1),
1 1 1/2 1 1/2 1 1 1/2
[ ([ 20~ [ e
folg(x)lx x<(f0 [{€9] x) | rdx 7 s lg(xX)|” dx
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Since Holder’s inequality is sharp (Corollary 2.3.3), the least constant C; in ||g]| L1, (0.1D) <

C, ||g||L31([0’1D is \i@ Because p, = 1 < 2 = ¢, Corollary 2.4.4 applies using the common
measure A = y, = v,, counting measure on N. The least non-zero counting measure of any set
is 1, which is the value of ¢ in that result, so C, = 11/271/r2 = 1 By Theorem 3.4.1, the least
value of C = C,C, = L.

V3 _
Furthermore, in this case we can confirm that C = % 1s achieved as %, for example with
x ifn=1
X, n) = .
fx,n) { 0 otherwise
For this function,
172

1
Il (Z" (15 el ) [ 2dx

1

I1lp - 5 (fol I (x, e dx)l/z (fol x2dx)1/2 - L

L
3

&l-

O

Because the unpermuted case has such a simple solution, the rest of this chapter covers the
permuted case, described by inequality (3.2). The example at the end of Section 3.1 already
shows that, for the permuted case, having both single-variable inclusions is not sufficient. (Re-
call that, in that example, the one-variable norms are identical on each side; however, the mixed
norms differ in the order of summation and turn out to be inequivalent.)

3.5 Minkowski integral inequality

To understand the permuted case, Minkowski’s integral inequality is an essential tool. Recall
that it generalizes the triangle inequality for Lebesgue spaces, known as Minkowski’s inequal-
ity, which itself is derived from Holder’s inequality. A statement of this well-known theorem
follows here, without proof. Details can be found in many references, such as Folland’s [15],
where this is part (a) of Theorem 6.19, “Minkowski’s Inequality for Integrals”.

Theorem 3.5.1 (Minkowski integral inequality). Let (X, u) and (Y, v) be o-finite measure spaces.
Forany f € LY (X X Y) and any p € [1, 00),

p 1/p 1/p
( f ( f f<x,y>du(x>) dv(y)) < f ( f f(x,y)”dV(y)) ().
Y X X Y

Each side of the inequality can be regarded as computing a mixed norm, with an implicit
1 exponent associated with the integral in x and the explicit p exponent for the integral in
y, where the difference between sides is that the y integral moves to the inside on the right,
its exponent coming with it. This is because p > 1, as we can see in the following simple
generalization which replaces p > 1 and 1 by two exponents p > ¢; moving the integral with
the greater exponent, p, to the inside yields a norm which always produces greater values.
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Corollary 3.5.2. Let (X, u) and (Y,v) be o-finite measure spaces. For any f € L*(X X Y) and
any 0 < g < p < oo,

11300 |

o S ||||f||L5(Y>||Lz(x>

Proof. Suppose that p < co. Let g(x,y) = f(x,y)? and r = p/q, which must be at least 1. Then
we can apply the Minkowski integral inequality in

q/p

plq r 1/r
( f ( f f(x,y)"dﬂ(x)) dv(y)) - ( f ( f g(m)dy(x)) dv(y))
Y X Y X
1/r
< f ( f g(x,y)’dV(y)) du(x)
X Y
q/p
- [ f ( f f(x,y)"dV(y)) dﬂ(X)]
X Y

and, by taking g™ roots, obtain the desired result.
When g < p = oo, forv-ae. yeY

1/q q 1/q
( f f(x,y)qdu(x)) s( f (ess supf(x,y)) d,u(X)) :
X X y

so this inequality holds for the essential supremum in y,

q/q

100

S ||||f||Ls°<Y)||Lg(X) :
Finally, in the case p = g = oo, both sides are equal, simply the essential supremum of f on
(X, 1) X (Y,v). m

As an immediate consequence, if P = (p, g) and o is the non-identity permutation of two
elements, then so long as g < p, L ¢ L”®, with an inclusion map of norm 1. (The inequality
shows that C = 1 works, and it is easily verified to be the least constant by considering fac-
torable functions f = f1(x)f>(y), i.e. products of one-variable functions. For such f, each side
of the inequality equals || f]| L9%) 1Al L)) Since the one-variable Lebesgue norms on each side
match, the one-variable constants are C; = C, = 1, so along with the unpermuted case, this
is another case where C = CC,, the lower bound on C given in Proposition 3.3.3. However,
the next section establishes a much more general sufficient condition, based on Minkowski’s
integral inequality, for mixed-norm inclusion with C = C,C,.

3.6 Minkowski’s inequality sufficient condition

Recall that here and for the rest of the chapter we’re studying the permuted two-variable case,
seeking the least constant C € [0, o] in (3.2), which is repeated here:

<C H”f”Lﬁ%(Xz)

L2(Xy) —

Hl|f||L311(Xl)|

Lyt (x))
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Observe that the least C € [0, oo] satisfying (3.2) can be characterized as a supremum of
ratios over all measurable functions f on X; X X, which are not almost everywhere zero,

v

121 x,

L2 (X2)

C =sup
f¢0 H”f“LL’Z(Xz)

2

(3.6)

Ly (X1)

(As long as f is not u; X u,-a.e. zero, the denominator cannot be zero.)

The mixed-norm form of Minkowski’s integral inequality immediately provides certain
sufficient conditions for C < oo (that is, for the mixed-norm inclusion L} (L;2) < L(L1))),
depending (outside of the necessary per-variable inclusions) only on the exponents.

Theorem 3.6.1 (Minkowski sufficient condition). Assume the necessary one-variable inclu-
sions, i.e. that for each k € {1,2} there is a least possible constant C such that, for any
measurable f; on X, ”ﬁ<”L‘v’,’§<Xk) < Ck”ﬁ(HLﬁ]l:(Xk). If min(py, q1) < max(p,, q»), then inequality
(3.2) is satisfied with the least possible C = C,C,.

Proof. Considering factorable functions f(x, x,) = g(x;)h(x,), we find (as in Theorem 3.4.1)
that C > C,C,. For the reverse inequality, there are four cases in which to prove inequality
(3.2) is satisfied with C replaced by C,C5.

e Case 1: p1 < p»

The one-variable inclusions, followed by Minkowski’s integral inequality (Theorem 3.5.2),
establish that

<G ”C1 ANz x

< s [0 1

4

A1l x,

L2 (X2) L2(X2)

<CiG H“f”LZ%(XZ)

L2(X2)

Ly (X))

o Case2: ¢ < p»

Using the one-variable inclusion [(g]| ¢ (x,, < Callgll z2x,) With g = [Ifll21(x,), followed by
vy o) V1
Minkowski’s integral inequality,

< G [l 1,

L2(X2) — v

< G |1l cx,

H”f”L‘jll(xl)

L2(X2)

Lyl (X))

Finally, applying the one-variable inclusion in X; yields

H”f”Lle(xl)

< p .
PIELTe (TS P

e Case3: p1 < ¢
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This time, it’s inclusion in the first variable, Minkowski, and finally inclusion in the
second variable.

. < HC P
H”f”LV} X)) LZ%(Xz) lllf”L”:(Xl) L(Z(Xz)
<C ”” Il 22 »
f L5 (X2) LLII(Xl)

< CiCa |1z,

Ll (x1)

e Cased: q1 < q»

Minkowski’s integral inequality provides that ”ll fll Lo o ) < HII fll L2000 The
V2 V1
rest reduces to the unpermuted case, where both one-variable inclusions take this to the
conclusion
<C\C H : .
H”f”Lle(Xl) L’%(Xz) 142 ”f”L;I:%(XZ) Lf;}()ﬁ)




Chapter 4

Two-variable non-Minkowski case

4.1 Non-Minkowski case with common measures

4.1.1 Measure summability condition on blocks

Having found in Theorem 3.6.1 that the Minkowski condition min(p;,q;) < max(ps,q,) is
sufficient for mixed norm inclusion with C = C;C, (assuming the necessary one-variable in-
clusions), it remains only to consider the non-Minkowski permuted case, Inequality (3.2) with
max(pz,q2) < min(pi, q) .

Although this non-Minkowski case splits into several subcases depending on properties of
the measures involved, this section treats the simplest situation, where all exponents are finite
(for which it is sufficient that max(p;, g;) < o) and, rather than separate measures y; and v, on
each Xj, they are replaced by common measures A;. Although this seems rather restrictive, in
most cases there are methods to reduce the problem to common measures, as seen in Section
4.2.1. Where this does not work, the basic arguments presented here will be generalized in
Section 4.2.

For this introductory section, the case where both measures A; are purely atomic is also
omitted (although one may be purely atomic), as this is a particularly complex case which
merits its own section.

Definition 4.1.1. Whenever max(p;, g») < min(py, q;), define

I IR
@ = % and = %, @.1)
q, —D; 4, — P
with the convention that co™! = 0.
Observe that, when p; < co and g; < oo,
o= q(p1 — q1) and _ pi(p2 — QZ)’
q1(p1 — q2) P2(p1 — q2)

though this also applies with p; = oo or g; = oo, if understood with appropriate limits.

Proposition 4.1.2. Suppose that max(p,, q») < min(p;, q;) and each L} C LY. Then

33
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l.a<l,p<l,anda+pB < 1.
2. If vy is not purely atomic then a > 0.
3. If v, is not purely atomic then 8 > 0.

Proof. Because ¢, < py, the denominator ¢;' — p;' is always positive. Additionally, g, < ¢;,
s0 q;' —p;' < g;' —p;'; dividing both sides by ¢;' — p;! then yields @ < 1. A similar argument
based on p, < p; shows that 8 < 1. Finally,

ql—l +q£1 _p1—1 _pgl :1+q1—1 _pgl

a+p= 1 1 1 1
q, Py 4, Py

Of course, though the denominator is positive, g;' — p;' < 0, since p; < g;.

Statements 2 and 3 are consequences of Corollary 2.5.7. If v; is not purely atomic, then
P1 > q1,50q; —p;' > 0. Similarly, if v, is not purely atomic, then p, > ¢»,s0¢,'-p;' > 0. O

The first use of these exponents is in the following necessary condition based on the prop-
erties of the measures A;, which also gives a lower bound on the least constant C.

Proposition 4.1.3. If max(p,, q;) < min(py, q,) (i.e. the Minkowski sufficient condition does

not apply), max(pi,q;) < oo, and there is some C such that for all measurable functions f on
X1 XX,

o]y, = € P

LY (X Ly (X0)
then, for any disjoint sequence (A;) of measurable subsets of X| and any disjoint sequence (B;)
of measurable subsets of X,

where a; = A1(A;) and b; = A»(B;). Because qu - p% > 0 in the non-Minkowski case, as a

consequence it is necessary for C < oo not only that every such ) ; a?bf converge, but that the
collection of such series be bounded above.

Proof. The idea is to use combinations }}; ¢,y gxr, of block characteristic functions. Consider
42491 pP2—p)

any such disjoint sequences (4,) and (B;). Define ¢; = a/"""*'b/*""™* and, for each N, a

1
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function fy(x1, x2) = X;cn Cixa,(x1)x,(x2). Then

€1

rpew (fxz fxl 2isn C?]XA,-(xl)d/ll(xl))qlXB,-(XZ)d/lZ(XZ)) 2

H”fN”LZII(Xl)

([

Ly (X))

i (e Zeow e ) 0) ™ Gl ds o)

1

4.2)

1

(
(z,<N A 1(B))”
(

Siew P A(B) T (A, ))

qa1(p1-q2) 1, P2(P1—92) 2
ZZ<N 1 b aibl.

2@2-9) 2WP2-r1) a2 "
Z ql(m qz)bﬂz(m -q2) q1 b
l<N i

1
ria-q91) p1(p2—p1) m)pl

Naturally, the original left-hand side is at most C, while the supremum over N of the last
1

1_1
3 3 @ @ Pl
expression is (E (4 blﬁ ) . m]

Although the proof is complete as given, if one is curious about the source of the coefficients
¢;, they are computed so as to obtain equality in Holder’s inequality. Specifically, the greatest
possible value of the g, power of the expression (4.2),

- D qua%b,% 2P ! =pyh)
Yien € 41 (A) 1 A2(B)) i=N | ©i ;

a2

(S e 1A 0B )

o @
q2 P P2
c;a;'b;

PL
0

- . ’
is the £7=22 norm (the conjugate (%) = ﬁ) of the other factor,

(2
@»n 92

by Corollary 2.3.4 applied with f(i) = ¢”a' b* and g(i) = an(q‘ i qu{qz 720 A noted in
Holder’s inequality, Theorem 2.3.2, this value is achieved when f (1)42 is a scalar multiple of

P . S AL AL . . .
g()n=. Solving f(i)2 = kg(i)n— for c; produces the formula for coefficients given above,
92491 P21
¢ = a‘“(” 1) b/ 2172 (with k = 1), or a constant multiple of it. (Any extra constant factor is

cancelled in the ratio, because norms are homogeneous, i.e. ||cf]| = |c||[f]].)

a(q; -p7hH p '—p7")
i i

Pl :( E a;’bﬁ
(P1— %2 !

i<N
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4.1.2 Necessity of the MinkowskKi criterion for non-atomic measures

Although in general the criterion based on Minkowski’s inequality and described in Section
3.6 is only a sufficient condition, it turns out to be necessary, as well, when neither A, nor 4,
is a purely atomic measure. The flexibility afforded by measures which are not atomic allows
the construction of a counterexample in any non-Minkowski permuted case. A review of facts
from measure theory precedes the main result. First, recall these definitions from Section 2.5.

Definition 2.5.1 A measurable subset A of a measure space (X, u) is called an atom when
HA > 0 and, for any measurable F' C X, either u(AN F)=0or u(A\ F) =0.

(From Proposition 2.5.2, we know this is equivalent to the requirement that uA > 0 and, for
any disjoint decomposition A = E U F, either uE = 0 or uF = 0.)

Definition 2.5.3 A measure is called purely atomic when every measurable set of positive
measure contains an atom. At the other extreme, it is atomless when it has no atom, i.e. every
subset of positive measure can be expressed as a disjoint union of two sets of positive measure.

The following theorem regarding atomless measures was originally proven by Sierpifiski
in 1922. It is given without proof, but can be found in texts on measure theory, for example
Corollary 1.12.10 in Bogachev [11].

Theorem 4.1.4. If (X, u) is an atomless measure space, then for any real number a € [0, uX],
there is some measurable F C X with uF = a.

It has the following corollary, helpful to construct counterexamples.

Corollary 4.1.5. If (X,w) is a measure space with a measurable subset E, uE > 0 which
contains no p-atom, and (cy) is a sequence (finite or infinite) of nonnegative real numbers with
Dk Ck = UE, then X can be partitioned into a pairwise disjoint sequence (Fy), with as many
terms as (cy), of measurable subsets of E such that each uF = c.

Proof. First, observe that the restriction u|; of u to E, which applies to the o-algebra of mea-
surable subsets of E, is an atomless measure. Were this not so, there would be an atom A of
U, 1.e. a measurable subset A C E such that, for any measurable ' C E, either y(AN F) =0
or u(A \ F) = 0. Therefore this set A would also be an atom for the original measure y, on
X. (For any measurable S C X, note that E N § is a measurable subset of E. Because A
would be an atom for u|g, and recalling that A C E, either 0 = y(ANENS) =u(ANS)or
0=u(A\ENS)=u((A\E)U(A\S)) =u(A\S).) By hypothesis, however, E contains no
p{-atom, so u|, must be an atomless measure; work with it rather than p.

Now, find sets F; one-by-one, establishing by induction on n that, when we have just added
F,, the sets Fy,..., F, are pairwise disjoint and, for each 1 < k < n, uF; = c;. Because
c1 < Yo = nE, Sierpiniski’s theorem (Theorem 4.1.4) guarantees that there is some F; C E
with ,llF] =C].

For the inductive step, suppose that Fy,..., F, are pairwise disjoint subsets of E, each
uFy = c. If the sequence (c;) has only n terms, then this process is finished. Otherwise,

because
n

Cn+1 Sch :/JE—ZCk ZM[E\OF](],
k=1

k>n k=1
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there is a measurable F,,; C E\(F;U---UF,) with uF,.| = ¢,+1, so that we now have pairwise
disjoint subsets Fy,..., F,.; of E with each uF; = ¢ fork e {1,...,n+ 1}.

Thus we reach a sequence (F) of measurable subsets of E with each uF; = c;. These sets
are pairwise disjoint; it is sufficient to prove that arbitrarily finitely many of them are pairwise
disjoint, as the induction shows. Finally, to obtain a partition of X, note that by countable

additivity,
ﬂ(U Fk] = Z,qu = ch = pX.
k % k

Therefore u(X \ |, Fr) = 0. Add the null set X \ |, F to any one of the sets F;, not changing
its measure. This preserves pairwise disjointness and the property that each uF; = ¢, and now
provides that X = | J; F, in a disjoint union. O

Now, this is enough to prove that, when neither 4, measure is purely atomic, the permuted
mixed-norm inclusion L7 < L2 is true if and only if the exponents satisfy the Minkowski
condition min(p;,q;) < max(p,, g,) and both one-variable inclusions Lﬁ’: (Xy) C Ljf( Xy (k €
{1,2}) are true. (Recall that this mixed-norm inclusion is equivalent to the existence of a C < oo
such that inequality (3.2) is true, with g, = v = A4, for any measurable function f on X; X X5.)

Having already established in Section 3.6 that one-variable inclusions plus the Minkowski
condition on exponents are sufficient for permuted mixed-norm inclusion, it now remains to
refute mixed-norm inclusion when the Minkowski condition fails. Given the non-Minkowski
case max(ps, g;) < min(p1, q;), the (always necessary) one-variable inclusions, and that neither
A, measure is purely atomic, the aim is to produce a counterexample where the mixed-norm in-
clusion fails. Note that, as with the rest of the section, the hypotheses include max(p;, g;) < oo,
but Theorem 4.2.16 shows that this result holds more generally.

The key to this argument is working on subsets of each X; which contain no atom for A,
and therefore where the measures’ restrictions are atomless. On these sets, Corollary 4.1.5
allows the production of subsets of various desired measures, from which a function in L7®
but not in L can be obtained.

Theorem 4.1.6. Assume that neither A, nor A, is purely atomic. If max(p,,g;) < min(p;,q)
and max(pi, q;) < oo, then there is no constant C < oo such that, for every measurable function
f on X; X X5,

H”f”l‘ LX) <C H”f”ﬁ’z(xz)

LY (X L (X))

Proof. Since neither A is purely atomic, for each there is a measurable subset E; C X; with
positive A; measure which contains no A; atom. Because Ay is o-finite, we can choose E; such
that 0 < A4(E;) < 0.

When considering functions f supported on E; X E,, inequality (3.2) with y; = v, = A
implies that

[0, = € M2

L (E> Ly (E)

So, to disprove mixed-norm inclusion, we need only consider functions on E; X E,, where
the restricted measures A|g, are atomless. Proposition 4.1.3 shows that it suffices to find dis-

joint sequences (A;) of measurable subsets of E; and (B;) of measurable subsets of E, such
that, letting each a; = 4,(A;) and b; = A,(B)), >.; a;’bf = oo.
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Proposition 4.1.2 establishes that, in this non-Minkowski case of max(p,, g») < min(py, q1),
a + B < 1. Furthermore, because neither 4; nor A, is purely atomic, « > 0 and 8 > 0, so
O<a+p<l.

When 0 < a + 8 < 1, the series 3,., m~/ @ converges; let M = 3., m~ /@ For
eachi > 1, leta; = M ' (E)m™Y@P and b; = M~ ' A,(E)m™"/@*P 5o that 3, a; = A1(E})
and ));b; = A,(E,). Because each E; contains no atom of A;, by Corollary 4.1.5 there is a
pairwise disjoint sequence (A;) of measurable subsets of E; with each 1;A; = a; and there is a
pairwise disjoint sequence (B;) of measurable subsets of E, with each 1,B; = b;. As desired,
il a?b,-g = M P (LE)* (LE) Yy m™! = o, _ .

Finally, when o + 8 = 0 (i.e. @ = = 0), let a; = 4;(E1)27" and b; = A,(E»)27, in which
case again ) ;5 a; = A1(E;) and )5 b; = A,(E»), so there are again disjoint sequences (A;),
(B;) witheach A; C Ey, a; = 4;(A;) and B; C E,, b; = A,(B;). Now, > ;s a?bﬁ =) 1l=00. O

i

4.1.3 Two-variable permuted case, one purely atomic measure

When at least one space is purely atomic, permuted mixed-norm inclusion is possible even
outside of the Minkowski case. We’re still considering common measures, where a single
Ay takes the place of y; and v, for each k € {1, 2}, the non-Minkowski case max(p,, g;) <
min(py, q;), and supposing that max(p;, g;) < co. (In the non-Minkowski case, this also implies
that p, < o0 and g, < o0.) The question is whether L7" < L2, where o denotes the unique
non-identity permutation of {1,2}, and, if so, finding the norm of the inclusion map. Based
on the results in Section 2.6, the purely atomic factor will be taken to be an at most countable
index set /, with weighted counting measure. (The weights are the measures of atoms in the
original purely atomic space.)

Proposition 4.1.7. Suppose that max(py,q,) < oo. If A, is purely atomic but A, is not, then
L7 c L2 (with non-identity o) if and only if each L (Xi) c L{\(X;) for k = 1,2 and one of
these conditions is true:

1. min(py, q;) < max(ps, q2)

2. the measures of all 1, atoms are 1%—summable

In the first case, the least constant C = C,C,, the product of the one-variable constants. In the
1 -1

second, C;C, < C < C ||(v,-)||qzip2 , Where (v;) denotes the sequence of measures of atoms of

Ay,

{1-a

Recall that, as defined in Section 4.1.1, @ = (ql—l _ p[l) / (‘El _ le) and
B = (qgl ‘PEI)/(CIZI _Pl_l), so that % = (qgl —pgl)/(qgl _ ql_l)'

Proof. Factorable functions provide the lower bound C,C, < C, as shown in Proposition 3.3.3.
In the first case, the Minkowski sufficient condition for inclusion, demonstrated in Section 3.6
gives C < C,C,. For the rest of the proof, assume this condition fails, so that max(p;, g;) <
min(p;, q1). Because (X, A,) is a o-finite, purely atomic measure space, as shown in Section
2.6 it can be replaced by the natural numbers, with weighted counting measure. Let these
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weights be denoted by (v;), each v; the measure of an atom in X,. If there are only finitely
many atoms, the tail of the sequence (v;) can be filled with zeroes.

B
I-a

The following computation proves inclusion when (v;) is 1f%y-sumrnable, iLe. ), v/ < oo,

For any measurable function f(x,i) > 0of x € X; and i > 1,

i

@ o _n

”f”cg = Z (f f(x’ i)qld/ll(x))‘ll v = Z (f f(x, i)qld/ll(x))ql VFV; n
i X i X

By Holder’s inequality using the conjugate exponents % and ﬁ, recalling that g, < ¢, in the
non-Minkowski case,

a-92

||f||Q<(Z( fX S 1<x>)v,] [Zv )

i

2 -9
E i 91 P-4 _41 a
= f f(x, i)ql Vil)z d/ll()(f) E Vl- 7 d-0 ’
X i i

where the equality is due to Tonelli’s theorem, allowing the order of integration and summation
to be reversed. Next, because Z—; > 1 in the non-Minkowski case, for any sequence (c;) the
series ; ¢/''7> < (3, ¢;)"/P2. Apply that here with ¢; = f(x, i)v;:

" a R I Gy
||f||qQ2 < (f (Z fx, i)pzvi) d/h(X)] (Z v, qlqz] .
X1\ i

Taking the g, root, this is

- a 5\ =gy’
Ifllg < f [Z Sx, i)l’zvi] dA,(x) [Z Vila] .
X\ i
The final step uses the one-variable inclusion Lil‘ (Xy) cC L;“l (X1), with the norm of that inclusion
represented as usual by Cy,

% 1 qgl_qfl
Ifllg < € fx (Zf(x,i)"zvi) dmx)] (Zv;i)

i i

11
PR al—ps!
=C § v/ Wfllopy = CLIODIT, 72 1 llop) -
T {1-a
l

On the other hand, if (v;) is not %—summable, we can disprove inclusion with Proposition
4.1.3, by obtaining appropriate sets so that ), agbﬁ is arbitrarily large. The divergence of the
series D ie; vf =) implies that the index set / is infinite; being countable, it has an enumeration
(in)n>1- In the purely atomic factor, we simply let each B, consist of exactly one atom, b, = v; .
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Since 4, is not purely atomic, it has a subset A with 4;(A) > 0 which contains no atom. For
each N > 1, define a sequence ay(1) to ay(N) by

e
ay(n) = ﬁfhm)-
ZnNzl vilrl_a

Using Corollary 4.1.5, because 4, restricted to A is atomless and 221=1 ay(n) = 41(A), there are
disjoint subsets Ay(1),...,Ay(n) of A with each 4,(Ay(n)) = ay(n).

Recalling that @ < 1, for large N this sum becomes arbitrarily large. Proposition 4.1.3 then
shows that the least C = oo, i.e. L7P ¢ 2. O

Proposition 4.1.8. Suppose that max(py,q;) < oo. If Ay is purely atomic but A, is not, then
L7 L (with non-identity o) if and only if each L' (Xy) € L§ (Xy), for k = 1,2, and one of
these conditions is true:

1. min(p;, q;) < max(p,, g>)

2. the measures of all 1, atoms are &—summable

In the first case, the least constant C = CC,, the product of the one-variable constants. In the
11

second, C1C, < C < Cy |l ", where (u;) denotes the sequence of measures of atoms of
1=k

Ay.

Witha = (7' = p1') /(45" = pi") and B = (5" = p3") /(45" - p7")-
%= (g = p7") / (27" - p3").
Proof. Factorable functions provide the lower bound C,C, < C, as shown in Proposition 3.3.3.
In the first case, the Minkowski sufficient condition for inclusion, demonstrated in Section 3.6
gives C < CC,. For the rest of the proof, assume this condition fails and that max(p,, ¢») <
min(pi, q1).

As a o-finite purely atomic measure space, (X, 4;) has countably many atoms, with mea-
sures to be enumerated as (u#;). Represent functions on X; by functions on {1,2,...}, with
integrals as series weighted by (u;). In these terms, if (u;) is ﬁ{-summable, for any measurable
function f(i,y) with y € X5,

e 1

2?2

||f||Q:[ f (Zf(i,y)‘“ui) cMz(y)] SCz[ f [Zf(i,y)‘“u,) d@(y)) ,
Xo ; Xo :

1 1
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using the inclusion L” 2(X2) - L"2 (Xg) In the non-Minkowski case, p, < ¢, so for any non-
’il

P2
negative terms ¢;, 3, ¢;” < (3; c,)ﬂz Applied to the above with ¢; = f(i,y)"u.",

”f”QSCZ[ f [Zﬂl ' qf)cmz(y)) —CZ[Z f(i,y)mcmz(ymﬁ) ,

where the final equality is due to Tonelli’s theorem. By Holder’s inequality with the conjugate

exponents £ - and 2
D1 P2

a5 s}
i vX2

P2 P1=P2

- {Z (fx f(i’y)pzd’lZ(Y))pz w]m [Z ufz(m‘pﬂ) pl”‘pz) pl
Ly
= F12%, (Z pJ

1 _1

P2 P

Therefore

1 1

o -
W llopy = Czll(ui)llf'l%ﬁ " Nl ey -

(Y

Iflly < Cs [Z 7

1

However, if (i;) is not ﬁ-summable, take inequivalent atoms (A;),; of X;, where I must
be infinite (but countable, by Proposition 2.6.6), so it has an infinite enumeration (i,),~;. Let
each a, = u;,. Let B C X, be a subset with A,(B) > 0 which contains no atom. For each N > 1,
definefor1 <n <N

U;
by(n) = ﬁﬂz(B)-
Zn:l uiln—a

Because A, is atomless on B and ZnN:1 by(n) < A,(B), there are disjoint subsets By (1), ..., By(N)
of B such that A,(By(n)) = by(n).

N 3
% (04 n=1 ugluinﬁ
§ anbN(”)ﬁ = T .8
n=1 ( N ulﬂ)

n=1 ",
N 1-8

ﬁ

= }:”z

n=1

Since f < 1, for large N this sum is arbitrarily large. As in the previous proposition, by
Proposition 4.1.3 L™ ¢ L2, i
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4.2 Non-Minkowski case, in general

The previous section’s restrictions of considering common measures and finite exponents are
here lifted. One-variable inclusions remain necessary, and the Minkowski case min(p;, ;) <
max(p,, ¢») remains, with such inclusions, sufficient for permuted mixed-norm inclusion, with
C = C,C,. Therefore, the focus remains on the non-Minkowski max(p,,g,) < min(py, q;)
case, but with the possibility that one or both of p; and g; may be co. Furthermore, rather than
studying only common measures Ay, different measures y; and v are allowed.

Absolute continuity, v, < 4, remains necessary and is therefore still assumed. Methods
using the Radon-Nikodym derivative turn out, in most cases, to allow a reduction of the prob-
lem with different measures to one with common measures, as we are about to see. Thus, the
previous simplified arguments remain relevant, not only in inspiring the ideas behind somewhat
more complicated approaches, but in solving some problems after reduction. Although there
are limitations and cases better handled otherwise, the idea of reducing a problem in u and v
to one in A, which first showed up in the one-variable problem in Proposition 2.4.2 (and could
also be applied for Proposition 2.4.1 in many cases), still has its uses.

4.2.1 Reducing to common measures

Recall from Theorem 2.1.8 that each necessary one-variable inclusion L} (X;) € L% (X,) im-

plies that v, < w4, so each Radon-Nikodym derivative fﬁ exists. For this problem, we can
further suppose that each Z—;’; > 0 u-a.e.

Assumption For the rest of the two-variable problem, assume that % > 0, y-a.e., fork =1,2.

The justification comes from the following proposition.

Proposition 4.2.1. For each k € {1,2}, let Y, = {x €X;: Z—;I’:(x) > O}. Any constant C > 0
satisfies, for any measurable function f on X; X X,

H||f||L‘V’11(X1)| <C H”f”LZ%(XZ)

L2(X2) —

b
Lyl x)

if and only if it satisfies, for any measurable function g on Yy X Y»,

< C |lighuzzor,

[t g, <

Lo
(Equivalently, for any measurable function g on X; X X, which is supported on Y, X Y>.)

Proof. Naturally, if C works in the first inequality, it works in the second, since Y; X ¥, C
X X X;. (Any function g can be extended to f = gon Y; X Y5, f = 0 off Y; X ¥, to which the
first inequality applies.) It remains only to show that, if the second inequality is always valid
for a particular C, the first inequality also holds with it.

Assuming the second inequality for a particular C, take any measurable function f on
X1 X X;. Let g be the restriction fy, .y, of f to ¥ X ¥5. Because each vi(X; \ ;) = 0,

[0, = I
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while because each Y, C X,

([T Y (157

o~ oy
Therefore, as desired,
[0y = M
<C H
I8l 121

<C H”f”Lg%(XZ)

L
o

Replacing each X; by Y} to work on this Y; X Y,, where each j—;’; > 0, we get the same best

constant C with the convenience that each Z—l‘:’z > 0, ui-almost everywhere. (If desired, it can be
defined and positive everywhere.)

The next two results reduce to a common measure in a particular variable; first in X, then
in X,. When both are applicable, they can be applied together to reduce the problem entirely to
common measures A; and A,. Note that the constant remains the same in this reduction, so not
only does the qualitative question of whether inclusion holds have the same answer afterward,
but the quantitative best value of the constant C is preserved.

Pl
(The assumption that % > ( is helpful because it means that (%)‘”"" makes sense whether

p1 > g or p; < qi, although even without that assumption we could use it times the character-
istic function of the set where % > 0.)

Proposition 4.2.2. Suppose that L (X,) C L} (X)) and either p; = q; = o or p # q,. Define
a measure A, as follows.

If p1 = q1 = cothen A, =

Pl

dVl P1741
If p1 # q1 and p,q, < oo then A, = i M1
1

Then the following are equivalent:

For each measurable f on X| X X, ””f”LZ]l(Xl) <C H”f”Lﬁ;(Xz)

L2 (X2)

<
=C (T

Lyl (X))

For each measurable h on X; X X5, HllhIlel xD)
A1

P
L2 (X, Ly (X))

Proof. First, suppose that p; = g; = co. Because v; < u;, any subset £ C X; with v{(E) > 0
must also have w;(E) > 0. With the further assumption that % > 0 u;-a.e., explained earlier in

this section, if 111 (E) > 0 then v|(E) > 0. Consequently, the essential supremum norms ||-||. (x,)
and ||-|| L3 (xp) are identical, so we can simply use either y; or v, as the common measure 4; and
obtain the same problem.
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For the rest of the argument, assume that p; # ¢; and both are finite. If the first inequality

holds, then for any measurable £ let f =

([P

L‘I 2

<C

=C

If the second inequality holds, then for any measurable f let & = |f] (dv‘ )""’“ .

ar
— q1
ﬂm—(£y1wJ

11 x,

1

1
dV D1—a1
()
Pl -
dyy \ra !
f |h|‘“(d—‘ dm)
X M1
1
q1
ffqldvl)
X "2<Xz>
J i 1)
1
dVl P1 141 i
J s (G

Al 2

L2(X2)

Lyt (X1)

-1

L2 (X2)

L
([ mman)
Xi qu(X)

<[ wig,,ar )

ﬁ

:Cf||f||LZ§(X2)dﬂl)
X1

= C Al ex,

Lyl (x1)

O

(Note that in this next result, p, = g, = oo is impossible in the non-Minkowski case. This is
left in since the result could be applied in the Minkowski case, even though that case is simple

enough as it is.)

Proposition 4.2.3. Suppose that L}(X>) C L}}(X,) and either p, = g, = o or py # q». Define

a measure A, as follows.

If pr = g2 = cothen A, =

P2

dvy
If p» # q2 and p>, g2 < oo then A, = T i

M2
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Then the following are equivalent:

Cann B o)

For each measurable f on X| X X, ”HfllL LX)
"1

L2(Xa) Lyl (x1)

For each measurable h on X| X X5, ”||h||qu X1
V1

L (X2) L (x)

Proof. The case p, = g, = oo works as in the preceding result, where the one-variable inclusion
from the hypothesis and jﬁ > () provide that || - || L3(X2) = [| - ||Loo (x,)- Again, for the rest assume
that p, # ¢, and both are finite.

1
dvy )m*qz

If the first inequality holds, then for any measurable £ let f = || ( i

d 2[22 2
yz pP2—q
fn | W)( ) dllz}
([ 1 )

5
<C (f fpzdlllg)

X>
€

p: 2‘7 P2
- C f |h|p2(dV2) 2 zdﬂz
X2 dus

=C ”h”Lfg(Xz)

(T

Lyl x)

Ly (x1)

Lyl (x))

-1

If the second inequality holds, then for any measurable f let & = |f] (d"z )”2 2

=
. ( f 11 5, Y )
( f A 2)
el )
X2

= 129 E
c (Lm ,Uz)

=C ”f”Lfg(Xz)

AL

IA

LP] (X )

Lyl (X1)

Ly (x1)
m|

In the remaining cases where p; = ¢, < o or p, = g, < oo, inclusions with common
measures turn out to be sufficient, but may not be necessary. Also, unlike the previous results,
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the best constants may differ between the original L“® < L€ problems and the versions with
common measures.

For example, the following result shows that proving an inclusion using either u; or vy,
alone, as a common measure on X; implies the original inclusion using both y; and v;. The
converse is true if the Radon-Nikodym derivative is bounded away from zero. Because of the
limitations on these results, alternative methods are instead used to solve the problem with
general measures, but they are given here in case they are of interest.

Proposition 4.2.4. Suppose that L,/(X;) C L}/ (X)), p1 = q1 < oo, and that there is some
constant C < oo such that at least one of the following is true for every measurable function f
on X; X X,.

< ||tz

< C[|iftlgzxe

H”f”L‘“(X])
11,

Then there is a constant C' < oo such that, for every measurable function f on X; X X,

(IZ Hllfll -

L2(Xy) L (X1)

L2 (X%) Lyl (X1)

L (Xz) L xy

If additionally the Radon-Nikodym derivative % i L has a strictly positive a.e. lower bound, then
the existence of such a constant C’ implies that there is a constant C satisfying both of the first
two inequalities.

Proof. Recall from Theorem 2.1.8 that the inclusion Lp ! (Xl) c LI(X)) with p; = ¢ < o
implies that d“ € L (X)), so there is some M > 0 such that Vl <M u,-ae.
Suppose that the ﬁrst inequality holds with some C < oo.
1

s
_ o q
o ( fx " dvl)
a1
o ([ vra)
X qu(X)
1/q
M c(f 1 )

1
= M C Il z2cx,

A1l x,

L2 (X2)

IA

IA

Lyt x)

That is, the final inequality is then true with the (not necessarily least) constant C’ = M'/C.
Next, assume that the second statement is true with some C < oo.

oy €[ [ W 1)
([ Mg, an 1)

=M /p1C H”fHLﬁ%(XZ)

i x,

I/\

Ly (X))
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The final inequality is true with C’ = M'/P1C.
Now suppose that there is some m > 0 such that dV: > m pp-a.e. and that there is some
C’ < oo satisfying the last inequality. Then we can verify both of the first two inequalities for

different constants C, as follows.
1
f q1 d “
= | /] 1
qu(X ) ( X1 f K a
va (XZ)

ml/q: (f |f|q'dv1)l
X1

1/q1 ,
aiiled VT

11,

IA

L2 (X)

IA

L (x))

A1l x|

of =% e

—¢| J i 1)

1
<m /p'C, '”f”Lfg(Xz)

‘IZ(X )

Ly (x))

Unsurprisingly, there is a similar result involving u, and v;.

Proposition 4.2.5. Suppose that L7}(X,) C L)} (X2), p» = g2 < oo, and that there is some
constant C < oo such that at least one of the following is true for every measurable function f
on X; X Xs.

<C “”f”L”Z(Xz)

< ||tz

H”f”[j}(xl)
17122100,

L2(Xy) Lt (X1)

L2 (Xy) Lyt x)

Then there is a constant C' < oo such that, for every measurable function f on X| X X,

““f”Lvl X1) “”f”L"%(XZ)

Ly? (Xz) Lyl x)

If additionally the Radon-Nikodym derivative ©2 i 2 has a strictly positive a.e. lower bound, then
the existence of such a constant C’ implies that there is a constant C satisfying both of the first
two inequalities.

Proof. As in the preceding result, the one-variable inclusion implies that dvz € L;(X2), so
there is some M > 0 such that ; d” < M u-a.e.



48 CHAPTER 4. TwO-VARIABLE NON-MINKOWSKI CASE

Assuming that there is some C < oo for which the first inequality holds,

=
- ( f 1, 2)
1/q
< MU ( | Ifl”zduz)
X3

1
= MV2C 1 £lz2 x,

11,

Ll x)

Lt x)

This is the last inequality with C’ = M'/%2C. Now suppose that the second inequality is true

with C < oo.
1
P2
<C |f172dv,
LqZ(X) (‘fXVZ f P
L, (X1

Ml/pzc (f |f|p2d,uz)p

1
=M /po ”“f”Lfg(Xz)

1,

Lyt (x))

Lyt x)

This time, C’ = M'/P2C works.
Now, suppose that for some m > 0, ;% > m pu;-a.e. and that the last inequality holds for
some C’ < oco. The first two inequalities are established below.

Hllf”Lvl(xl)' 120 (f ”flL‘“(X) 2)
i
<m/42(f ||f|qu(X) )
g v
]
11222 x, )
”Hf”Lvl(Xl) qu(Xz) ' L (X1)
7
f f1duy
X2 Lﬁll(Xl)
1 ps
<m''’"C 'Hf”va(Xz) )
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4.2.2 Block factorable function necessary condition

The following results generalize the main result, Proposition 4.1.3, of Section 4.1.1. Although
they cover the cases p; = oo and g¢; = oo, they also serve to generalize the combinations
of characteristic functions of blocks, used in that section, to a more flexible notion of block
factorable functions. Factorable functions, i.e. those of the form f(x,x;) = fi(x1)f2(x2),
established the basic lower bound C;C, < C, which is refined by considering block factorable
functions (which are so named since they are locally factorable on blocks, although they are
generally not globally factorable functions) as described below.

Definition 4.2.6. Let / be an (at most) countable index set, with a corresponding disjoint col-
lection (A;);c; of measurable subsets of X; and another disjoint collection (B;);c; of measurable
subsets of X,. Foreach i € I, let C{(A;) and C,(B;) be the least nonnegative constants such that,
for any g; € L*(A;) and h; € L*(B,),

~ < Ci(A) llg: and
||gz||L3;(A,.)_ 1( z)”ngij%(Ai)

4.3)
||hi||LZ§(Bi) < CZ(Bi) ”hiHL",’%(B,-) .
(Equivalently, C;(A;) is the least constant such that ||g;| 14 (x) < Ci(A) gl 1) for any g; €

L*(X;) supported on A;, and similarly for C»(B;).)

Although the index set / would normally be either N or, for finite collections, {1, ...n}, any
(at most) countable set, being in bijection with one of these, would do. The constants C;(A;)
are so named because they are local versions of C;, and C»(B;) of C,, applicable to functions
supported on the sets A; and B;, respectively. (In this sense, C; = C(X;) and C, = C,(X3).) Of
course, any function on A; is a function on X;, and similarly for B; and X,, so each C{(A;) < C,
and C2(Bl) < CQ.

Definition 4.2.7. Given disjoint collections (A;),; and (B;),c; as above, a block factorable func-
tion f supported on (A; X B;);c; 1s one of the form

fla, ) = ) gilxnhi(x),

i€l

where each g; is supported on A; and each h; supported on B;. (Naturally, the order of summa-
tion here is irrelevant since each point (x;, x;) is in at most one block A; X B;, and therefore at
most one non-zero term contributes to f(xy, x;).)

Definition 4.2.8. Given two exponents p, g € (0, o], define the relative conjugate of p with
respect to g as p: g € (—oo, 0o], computed using the conventions that co™! = 0 and 07! = oo, by

(p:q) ' =q"'-p". (4.4)

Note that the standard Holder conjugate is recovered by p:1 = p’. Although this idea is
hardly new, the term “relative conjugate” is improvised and probably not standard. This name
for the exponent p: g is chosen because of its role in the following generalization of Corollary
2.3.3, a sharp form of Holder’s inequality.
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Corollary 4.2.9. Let (X, 1) be a o-finite measure space and suppose that 0 < g < p < co. For
fixed g € L*(X), the least constant 0 < C, < oo such that, for any f € L*(X),

lfgll, < Collfll,
is Cg = |igll,.,. Consequently, C < oo if and only if g € LI (X).

Proof. If ¢ = oo, then p = coand p:q = 07! = oo as well. Because |fg| < ||fll-llglle pt-a.€., in
the essential supremum ||fglle < ||fllwllglleo. Therefore the least constant C, < ||gllco-

To find that ||g]|. is the least constant C,, note that for any € > 0, there is a set E. C X on
which |g| > ||g||.c — € and such that 0 < u(E,) < oo. (Use o-finiteness of u to produce E. of finite
measure, if necessary.) Let f. = yg. and then observe that, on E. itself, |f.g| = |g| > lIgll< — €.
Therefore

I feglloo = 118lleo — € = [ fellow lIgllec =€),

and in the limit as € — 00, Cy > [|g]|w.
Now suppose that g < co. Simply let f = f? and g = g7 and apply Corollary 2.3.3:

Ifgllt = fx Fadu < Cllfll,q = CIAII 4.5)

has the least constant C = ||g|l(,/qy = 1&lp/(p-g) = ||g||j’,:q. Taking ¢ roots,
178lly < Cell £l (4.6)
is valid with C, = ||gl|,.,; this is also the least constant C, since, if (4.6) holds with some C,,
then (4.5) must hold with C = C}, and the least value of C there is C = ||g||? ., m]

Many following results will be easier to write in terms of relative conjugates. The compli-
cated exponents which appeared in the case of common measures, dubbed a, 8 and 1%
and defined in (4.1), can be easily written using this notation.

(21
’g’

o= P11 @ _ Py
P1:q 1-B8 piiq

_ P12 B _4-92
P2 g2 l-a prig

It is simply computed, and convenient to note, that the sign of p : g corresponds to the order
of p and g, as expressed below.

p:q>0 if and only if p>q
p:qg<0 if and only if p<q

Proposition 4.2.10. Suppose that max(p,, q>) < min(py, q,) (the Minkowski sufficient condi-
tion for inclusion does not apply) and let C € [0, o). For any (at most) countable I and disjoint
collections (A;),c; of measurable subsets of X;, (B;) of measurable subsets of X,, let C1(A;) and
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C,(B;) denote the least constants in (4.3). Then the least constant Cr(A, B) such that, for any
block factorable function f supported on (A;, B;)ic/,

Ifllo < Crr(A, B) |y

is computed by
Cpr(A, B) = |IC1(ADC2(B)llgr:ax 1) -

Proof. For any block factorable function f = }’,.; g;h; supported on (A; X B;);c;, define ratios

_ ||gi||L3}(X1) . ||hi||L3§(X2)
r() = ———, ra(i) = .
||gi||14['1’}(x1) | i”L,'g(Xz)

For this block-factorable f, when g; < oo (so g, < g1 < oo as well), since the collections
(g:) and (h;) are disjointly supported,

€

1200 = (fxz (fxl ; |gi(x)hi(x)|"! dVl(xl)) de(Xz)]
= f Z( f [giCen)l” dw(xl))‘“ i)l dva(xr)
Xz i X1

= Z( f 18| dvl(xl))ql [i(x)I™ dva(xz)
7 X X>

1Al = [|1A1ls1x,

v

1
92
- 1192 h: q2 .
> lgilf o I Lm))
i

When g, = oo, the same conclusion is true, computed as follows.

1

2 -
= q1 = i hi a d
/1o |||f||LVl(X1) o (fxz (eils;lllpglg (xD)hi(x2)| } Vz(X2)]
@ i
- Z(esssuplgi(xl)l) f|hi(x2)|‘72dv2(x2))
f x1€X1 X,

1

a
— 1192 1192
- Z||gl||L3;(X1)||h,||tg(x2)) .
l

Similarly,

PL
_ _ i i
Wity = 112050 o, = (Z ), o, Lﬁg(@] ,
1
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understood as sup; ||gl| 2 (xy) ||| 12(xy) when p; = oo. These can be used together with the
1 2
inequality which defines Cpr(A, B) to produce

92
q2 92 —
D 8 ) W, D12 = 171251600

L2 (Xy)

< Cpr(A, B)® "

||f||L[j§(X2) 12

a2

P
= Cyr(A, B)” (Z I8l g W5 o, )] .

By Holder’s inequality (Corollary 2.3.3) applied with the exponent 8 - to llgil|* 710t [|A; ||L1,2(X)
and (q—Q) = 171 q —— to r1())%r,(i)%, the least constant K in
a2
Pl
Z I8l ) Wil ., D720 < K(Z Il WS )] @7
is K = ||r?2rgz|| s Since Cgr(A, B)* is a viable constant above,
P1—92 92
P Pl ) P12
Cor(A, B2 2 K = | > (n@n@m= | =| > @)™ *|
i€l iel
for the right-hand side here is the least constant given by Holder. Consequently, Cgr(A, B) >
lrirallee oy (When pyp = oo, (”—;) = 1, so this is an £%> norm, as desired.) Finally, since

each C{(A;) is the supremum of r;(i) over all functions g; supported on A; and C,(B;) is
the supremum of r,(i) over h; supported on B;, taking these suprema we have Cgr(A, B) >
IC1(ADC2(B)lgor a2 (1y-

On the other hand, K = ||C 1(A,~)‘12C2(Bi)‘12||€ S " satisfies (4.7) for any functions g; sup-

ported on A; and A; supported on B;, so taking the g, root implies that

”f”Q < ”Cl(Ai)CZ(Bi)”(m=612(I) ”f”(r(p)

for any block-factorable f supported on (A; X B;). Because Cgr(A, B) is the least such constant,
Csr < |IC1(ADCo(B)|lgp1 021y =

Theorem 4.2.11. Suppose that max(p,,q,) < min(py, q,) (the non-Minkowski case) and let
C € [0, oo] be the least constant so that inequality (3.2),

Ifllg < Cliflloee)

holds for all f € L*(X;| X X3).

For any (at most) countable I and disjoint collections (A;)ic; of measurable subsets of X,
(B))icr of measurable subsets of X5, let C1(A;) and C,(B;) denote the least constants as above.
Then

C = [|C1(ADCa(Bllor:ar gy -
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Proof. By Proposition 4.2.10, the best constant for block-factorable f supported on (A; X B;);e;
is Cpr(A, B) = ||C1(A)C2(B)llgr1:a2¢ry- No lesser constant works for this special class of func-
tions, so certainly no lesser constant will work for the more general f € L*(X; X X5). Therefore
C = Cpr(A, B) = ||C1(AD)C2B)llerr a2 1y O

This is easily seen to refine the established C > C;C, since, with only one A; = X; and
By = X;, Ci(Ay) = Cy, Ca(By) = Cy, and ||C(A)DCo(A)lgp1:02y = C1C,. More generally,
assuming the mixed-norm inclusion L7® < L2 on X, x X, the same inclusion holds locally
on blocks A; X B;. On each block, the product C;(A;)C,(B;) of local best constants C,(A;) (for
L (A) — LI(A) and Cy(B;) (for L)>(B;) — L2(B;)) gives a lower bound on the norm of
inclusion L7P(A; x B;) — L2(A; X B;). These products combine through the £”!*% norm to
give a lower bound on the best constant C in the global mixed-norm inclusion L7P (X, x X,) <
LO(X; X X>).

The resulting necessary condition lets us rule out mixed-norm inclusion if there is any way
to form disjoint sequences (A;) in X; and (B;) in X, such that the resulting ||C1(A)C2(B)l, .4, =
oco. This can be established by finding functions g; and h; such that [|rir||, .,, = oo or is
arbitrarily large (for various choices of functions with fixed (A4;) and (B;)), where r;(i) and r,(7)
are as defined in the preceding proof.

One possible application is in considering characteristic functions, as a quick way to obtain
a generalization of the necessary measure summability condition from Proposition 4.1.3 of

2 a?bf < 0, 1i.e.

P1:a2  P1:92

P11 I, P2 02
E a;'"'b; < 00,

i

beyond the case of common measures. The below result can also be obtained directly by
computing the ratio of mixed norms ||fl, /||l Where f is a combination of characteristic
functions of blocks (3, c;va,xs;) and choosing coefficients ¢; for which Holder’s inequality is
sharp.

Corollary 4.2.12. Whenever max(p,,q>) < min(py, q), for any disjoint sequences (A;) of
measurable subsets of X, and (B;) of measurable subsets of X,, any constant C satisfying
inequality (3.2) is bounded below,

V(A9 vy(By)' e
M (AP sy (By)! P2

ERLET0)

(Naturally, this means that the above sequence norm must converge, regardless of the sets A;
and B;, if C < oo; furthermore, in this case its values must be bounded above.)

Proof. Let gi(x1) = xg,(x;) and h;j(x,) = xr,(x2) and apply Theorem 4.2.11. The local best
constants

Ciidy > ||gi||Lj’11(A,») RO
(A) > =

T gl AT
||hi||L3§(B,-) _ Vz(Bi)]/q2
”hi”Lfg(Bi) 'uz(Bi)l/Pz,

Cy(B)) >
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since each g; is supported on A; and 4; on B;. Therefore this is an immediate consequence of
C = [|Ci(ADCA(Bl,y, - g, - o

P1:q2

In the case of common measures A; = y; = v, Proposition 4.1.3 that (Z, "bﬁ ) = < C is
an easy consequence, generalized by Corollary 4.2.12. When each 4,(A;) = a; and A(B;) = b;,

(A9 1B/ w
=\ @

A (ADYPr p(By)Vr
4.2.3 Necessity of the Minkowski criterion for non-atomic measures

1 1
P1id1 3y P21492
i b;

£P1L92(]) |' P1:92

The result here generalizes Theorem 4.1.6 beyond the special case of common measures, and
allows exponents to be co. This establishes that, in the case of measures which are not purely
atomic, the Minkowski sufficient condition is always necessary. Relevant definitions and prop-
erties from Section 2.6 and Subsection 4.1.2 are used, and a few more added here to deal with
distinct measures y; and vy.

First, recall that Proposition 4.2.1 reduced the problem to the case where each dl‘;" > 0, for
k = 1,2. This means that u; and v, have the same atoms, are either both atomless or neither
atomless, and both purely atomic or neither purely atomic. (Although this assumption remains
in place for the mixed-norm inclusion problem, for these more general measure-theoretic is-
sues, the hypotheses are stated explicitly.)

Lemma 4.2.13. Whenever v < uand Z—; > 0 u-a.e., any measurable set has positive yu measure
if and only if it has positive v measure. (Equivalently, the null sets are also the same.)

Proof For any measurable set F' with u(F) > 0, smce = > () u-a.e., the nonnegative function
)(F ~ is not u-a.e zero. Consequently, v(F) = f dv = f XF d”dy > 0. On the other hand, if

,u(F) = (0, then of course v(F) = fF dﬂd,u 0. O

Lemma 4.2.14. Whenever v < u and j—; > 0 u-a.e., the measures yu and v have the same
atoms.

Proof. Let A be any u-atom. By definition, for any measurable £ C A, either u(E) = 0 or
U(A \ E) = 0. Because v < pu, in the first case v(E) = 0, while in the second v(A \ E) = 0.
Therefore, as long as v(A) > 0 (i.e. A is not v-null), A is a v-atom.

Conversely, let A be any v-atom. Since v(A) > 0, of course u(A) > 0 as well. For any
measurable E C A, either v(E) = O or v(A \ E) = 0. By Lemma 4.2.13 applied to F = E or
F = A\ E, as appropriate, if v(E) = 0, then u(E) = 0; also, if v(A \ E) = 0, then u(A \ E) =
One or the other must be true for any E, so A must be a y-atom. O

Lemma 4.2.15. Whenever v < u and > 0 u-a.e., u is purely atomic if and only if v is purely
atomic. Similarly, u is atomless if and only if v is atomless.

Proof. Lemmas 4.2.13 and 4.2.14 show that u and v have the same atoms, the same null sets,
and the same sets of positive measure. Because the definitions of “purely atomic” and “atom-
less” are dependent only on which measurable sets have these properties, clearly either both of
w and v are purely atomic or neither is, and either both of ¢ and v are atomless or neitheris. O
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The next theorem generalizes Theorem 4.1.6 to cover distinct measures y; and vy, as well
as oo as a possible exponent. The basic idea remains the same, though.

Theorem 4.2.16. Suppose that neither u, (equivalently, vi) nor u, (equivalently, v,) is purely
atomic. If max(p,,q;) < min(py,q;), then there is no constant C < oo such that, for every
measurable function f on X; X X,

H”f”[j}(xl) <C ””f” 2(Xa)

L2(X2) Lt

Proof. Since neither v, is purely atomic, for each there is a measurable subset E, c X, with
positive v, measure which contains no v, atom. Because yy is o-finite, we can also have 0 <
Vi(Ey) < co. Decompose Ey = U3, {x €k, : dvk }l}, possible since % > 0. By subadditivity,
at least one of these sets must have p0s1t1ve measure, since vi(E;) > 0; that is, there must be
some n; such that the subset E;, ¢ E; where dy‘ % has positive measure. Now we have

sets £, with 0 < v (E,) < oo, where Z;’; > ﬁ’ and which contain no v; atom. Additionally,
0 < wi(Er) < oo and each E; contains no y; atom. (By Lemma 4.2.13, also 0 < w(Ey). And
Vi(Ey) = fE jvzdpk > fE md,uk —k,uk(Ek), so wi(Ey) < oo because vi(E;) < o0.) Furthermore,
Lemma 4. 2 14 shows that E contains no y; atom because it contains no v; atom.)

For any function f supported on E; X E;, inequality (3.2) implies that

121 s, C 11z2ce,

Lq2(Ez) LN(ED

Because each dV" -~ on E, by direct computation we find that

1 1/q1 1 1/q2
> — —
L2 (E) n 1,

with the natural convention 1/c0 = 0 in case g; = co. This implies that

(s Il

2
L2 (Ey)

1/ﬂ11 1/112

1Al e,

ar 1/q2
n,-n, C”l|f||LZ§(E2)

111 e,

L2(Ey) — L2 (E2)

Ly (Ey)

So, to disprove mixed-norm inclusion, we need only consider functions on E; X E, with,
rather than gy and v, the common measure |z, on each E;. Proposition 4.1.3 shows that it
suffices to find disjoint sequences (A,,),,»; of measurable subsets of E; and (B,,),,»; of measur-
able subsets of E; such that, letting each a,, = u;(A,,) and b,, = u(By), X a,ib’f; = oo, with
the exponents « and g defined in (4.1).

Proposition 4.1.2 establishes that, in this non-Minkowski case of max(p,, g») < min(py, q1),
a + B < 1. Furthermore, because neither v; nor v, is purely atomic, @ > 0 and 8 > 0, so
O0<a+p<l.

When 0 < @ + 8 < 1, the series ), m” converges; let M = ), -, m~#. For each
i > 1, leta, = 29557 and b, = 25255 5o that Y, a, = p(Ey) and 3, by =
t(E»). Because each E; contains no atom of y, by Corollary 4.1.5 there is a pairwise disjoint
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sequence (A,,) of measurable subsets of E; with each uA,, = a,, and there is a pairwise disjoint
sequence (B,,) of measurable subsets of E, with each u,B,, = b,,. As desired, },-, azbfz =
M= P E)®* (Ey ¥ sy m™! = oo.

Finally, when ¢« + § = 0 (ie. @ = 8 = 0), let a,, = w1 (E)27" and b,, = w(E»)27",

in which case again )}, a, = mi(Ey) and .5 b,y = o(E>), so there are again disjoint
sequences (A,,), (B,,) with each A,, ¢ Ey, a,, = 1(A,) and B,, C E;, b,, = u(B,,). Now,
Zmzl agzbfz = Zle 1 = oco. o

4.2.4 Two-variable permuted case, one purely atomic measure

Now, we address the final topic which was introduced in the setting of common measures
with finite exponents, that of Section 4.1.3: the situation where one measure is purely atomic.
Fortunately, with the assumption that Z_Z > 0 (justified by the reduction in Proposition 4.2.1),
Lemma 4.2.14 shows that 1, is purely atomic if and only if v is. As before, the purely atomic
space is represented by the natural numbers, with different weights for the measures y; and v;.
The first step, however, is to reduce to a simpler formulation of the problem.

Recall that Proposition 4.2.1 reduces the problem to considering only the case where each
Radon-Nikodym derivative % > 0 (since the region where j—;"( = 0 can be discarded), and
Lemma 4.2.15 shows that, in this case, y is purely atomic if and only if v, is purely atomic.
Therefore, in this case it makes sense to say either that X is a purely atomic space, or it is not.
Furthermore, Lemma 4.2.14 establishes that each y; and v, have the same atoms.

Suppose that X; has purely atomic measures, with atoms enumerated by (E;);;; the meaning
of % > 0 is that each v{(E;) > 0, as well as p;(E;) > 0. (This is achieved by tossing out any
atoms with zero v, measure, in accordance with Proposition 4.2.1.) As explained in Section

2.6, any measurable function f on X; can be represented by a sequence c;, such that le fdu, =
Dicr Cil1 (E;) and le fdvy = Y civi(E;). Similarly, when X, has purely atomic measures,
enumerate the atoms (for both y, and v,) by (F;);c;, so that integrals of measurable functions
over X, become sums )’ ;c; c;ux(F;) and 3 jc; c;jva(F)).

Since it is possible that measure spaces may be neither purely atomic nor atomless, the
standard measure-theoretic decomposition into purely atomic and atomless parts is used. An
appropriate notation, as well as that for the measures of atoms, is described below.

Definition 4.2.17.

XI:EOU[UEi], X2:FOU[UFj),

i€l jeJ

where Ej and F, are atomless, each E; is an atom for y; and v;, and each F; is an atom for u,
and v,.

Note that E is a null set if and only if X, is purely atomic, while I is empty if and only if
X, is atomless. Similarly, Fy is null if and only if X, is purely atomic, and J is empty if and
only if X, is atomless.

As noted in Lemma 2.6.7, measurable functions are almost constant on atoms. For con-
venience, then, functions on a purely atomic X; will be represented as functions on the index
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set I and J. The same principle applies to functions f(xi, x,), which will be written as f(i, x,)
when X has purely atomic measures, f(x;, j)) when X, has purely atomic measures, or f(i, j)
with both.

Definition 4.2.18. Weights in the resulting sums are represented with the following brief forms.

ui(i) = i (Ep) ur(j) = ua(F)
vi(@) = vi(E) va(j) = v (F))

The mixed norms o(P) and Q implicitly use weighted one-variable norms for the atomic
factors, here to be denoted "' (u;), €"*(u,), £?'(vy), and £%(v,), as appropriate. Arguments
will also include unweighted sequence norms, denoted ¢”(/) and ¢7(J), for various values 0 <
p < oo. The colon notation p:q is used extensively in the following, as well. To repeat the
definition,

(prgy =g =p".
For another notational convenience, note that a sequence (finite or infinite, depending on the
index set) (a;);¢; can be referred to as a, and an ¢” norm |la;||,» ) can be written as ||allex.
Similarly, we can use the abbreviation b to refer to a sequence (b));e;, and write [[bll;p) =

1D ;llery- This is used, for example, in the norm ||\11/q’2u21/m||€,,l ey Of (vz(j)l/qzuz(j)_l/”z)J_Ej.
Proposition 4.2.19. Suppose that 0 < max(p,,q,) < min(p;, q;) < oo and the two necessary
one-variable inclusions L "(Xi) C L “(Xy) (for k = 1,2) hold, with best constants Cy. Fur-
thermore, assume that nelther w1 nor vy is purely atomic, while u, and v, are purely atomic.
Represent X, by a countable index set J with weights u, and v,.

Then L°P) c L2 if and only if the sequence (v2(j)'2uy(j)~/72) ey is (g1 : q2)-summable, in
which case Cl(EO)”vl/q2 ~lp <C<(C ||vl/q2 ~1p
part of X;.

Naturally, when X, is atomless, this simplifies to C = C

where Ey is the atomless

||£P| g — ”qu a2 (Jy

||v1/42 1/P2|
192 ()

Proof. First, a computation to verify that (g, : g,)-summability of v2 21/ P2 is sufficient for

inclusion, establishing the upper bound on C.

S D 2L

jeJ Mz(]) 7

fCxrs Dllg

9192

" TG
A V2UJ
annw(x)uzuw) > ]

jel 1 jel \ua ()7

1/q2
Vs

IA

s
= 'Hf(xl,J)uz(J)"2 .
" gan () :92())

by Holder’s inequality with conjugate exponents £ > L and 22— —_—. The first factor’s value is inde-
pendent of the order of the one-variable g; norms (by Tonelli’s theorem if g; < o), so it can



58 CHAPTER 4. TWO-VARIABLE NON-MINKOWSKI CASE

be reversed. Next, recall from Corollary 2.6.10 that, since p, < g; in the non-Minkowski case,

||'||€‘II(J) = ||'||[1’2(J)-

Ifllg

IA

1
() [

DI x)

€
[ [

2L oo

IA

1
120}
. . 1/ —]/
= Zf(xb])pzuz(])) ||V ~ pz”f‘ll ()
i LX)
1
)
. . 1/ —1/
1 [Z Fxr, HPPus(j) ||V “ pz”g{n @)
JeJ Lyt (X))

= C1 15"y 1 Ny

where the final step is applying the L (X;) c L} (X)) inclusion.
Notice that, because any measurable functlon on a single atom F; is constant, the local best
constant C»(F;) on each atom is

Co(F)) = va()2uy ()7,

(Regardless of the values of p, and ¢,, the best constant given in Corollary 2.6.9 reduces to
that simple value.) .

For any finite subset Jy C J, let S (Jo) denote the partial sum Y} ;c, (vz( DYy, ()Y PZ)QI o
Define, for j € Jy,

¥ =S () ua(HT) T = S () CaF e (4.8)

Observe that 3 ;y; = 1.

Because L}, (X;) C L} (X;) with measures which are not purely atomic, by Corollary 2.5.7
we know that ¢; < p;. The atomless part Ey of X; is then not null, and on E, as a subspace
Lp '(Eo) C L} (Ey). The case p; = g; will be postponed, but otherwise Proposition 2.4.1 shows

P

that the Radon-Nikodym derlvatlve ZLisin L, " (Ey), and that the best constant on Ej is

1 q, —D
awm{J(zjmy‘wmm] < Ci(X)) < o

Pl
If we define the measure A; = (%)”'7‘“ i1, this means that ;(Ey) = C(Ey)P' 9.

Corollary 4.1.5 provides a disjoint sequence (A j)je] of measurable subsets which partitions
0
E,, each
A1(A)) = y;(Ep) = y;Ci(Ep) 7.
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(Since ) jcj, vj = 1, the total 3 e, A1(A)) = 41(Ep).)

Proposition 2.4.1 can be applied to each A; to show that C;(A;) = ( f (dvl )

2 q;'-p7!
P11 .
duy dp ) ’

in other words, 1,(A;) = fA (dV‘ (x; ))”1 o du(x;) = Ci(A;)P'*9", and therefore each

1
Ci(4)) = ;""" Ci(Ey).
The necessary condition using block factorable functions, Theorem 4.2.11, yields
C Z ||C1(AJ)C2(BJ)||€])1 :qz(JO) *

Applied with the A; above and B; = F';, and using (4.8), this means that

1

) “C(Eg)Ca(F))

C>

£91:92(J)
_ Ci(Eyp)
S (Jo)rrian

_1
(Zjejo Cz(Fj)ql :qz)m 19

1
(ZjeJo Co(Fj)n Zqz)m o

HC F )‘1] 9
2 L) P1a92
J 192 ()

= Ci(Ep)

1

- C\(Eo) [Z Co(F )" q] |

Jjedo

= C1(Eo) [v2 ()" 2ee(D ™|y -

This provides the lower bound on C, by taking the supremum over the various finite J, C J.
As a consequence, if ( 1/ ‘”uzl/ b 2) is not (q; : g)-summable, this lower bound can be made
arbitrarily large for various Jy C J. In this case, C = oo.

The case p; = g; = oo is simple. For any measurable £ C X; with viE > 0, the local
best constant C{(E) = 1. (Of course, the best constant on a v;-null set would be zero, but
the hypothesis that both measures be non-zero in the one-variable inclusion problem L;;(X) C

L!(X) would not be satisfied on such a set.) We need only obtain any disjoint sequence (A j)je]

of measurable A; C X; such that each vi{A; > 0, which is easy to do within E, since v;
is atomless there. (With j > 1, say, use Corollary 4.1.5 to obtain sets with v;A; = 27y, E,,
shrinking E to a subset with finite v; measure if necessary.) Then each C(A;) = 1, so applying
Theorem 4.2.11 with B; = F; yields (since p; = q1)

=C, ||v1/qz —1/p

o ||C2(F )”m @2 () ”Vl/q2 7 ||t"/l ()

||€‘il @)

Finally, suppose that p; = g; < oco. In this case, C;(E) = ess supE(dZI) for any
measurable £ C Xj, including C; = Ci(X;). (For the following, recall that the assump-

tion d—y’z > (0 means that any subset of each X; has positive u; measure if and only if it has
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positive v, measure. Such sets will simply be said to “have positive measure”.) Fix an ar-
bitrary £ > 0 and note that the subset of E, where (d“) Ha > Ci(Ep) — & has positive mea-
sure. Take a collection (A j)je] of disjoint measurable subsets of that set, each with posi-
tive measure, possible since the measures y; and v, are atomless on E,. Observe that each
Ci(A)) = esssup, (dv’ ) a > Ci(Eo) — &. Apply Theorem 4.2.11 with such A; and let each B;
be the atom F;, again with Co(F ;) = vo(j)/%2uy (j)~ /7.

C 2 [C/ANCUBY | ar ) 2 [(C1(ED) = &) Co(F |0,

(C[(EO) 8)”\/1/(]2 Um“gql a2 J)

1/f12 1/172

This applies with arbitrary € > 0, so withe — 0%, C > C; ||v O

||[‘11 [y
Proposition 4.2.20. Suppose that 0 < max(p;,q,) < min(py, ql) < oo and the two necessary
one-variable inclusions ka(Xk) c L! “(Xy) (for k = 1,2) hold, with best constants Cy. Fur-
thermore, assume that u, and v, are purely atomic, while neither u, nor v, is purely atomic.
Represent X, by a countable index set I with weights u, and v,.
Then L°® c L2 if and only if the sequence (vl(i)l/qlul(i)‘””‘)iel
which case Co(Fy) ||vl/q1 ~lim <C<(C ||v1/q' e
part of X,.
Naturally, when X, is atomless, this simplifies to C = C, ||v

is (p1: p2)-summable, in

where Fy is the atomless

-2y < [

1/q 1/171”
Py’

Proof. First, a computation to verify that (p; : po)-summability of vi/ 4 u[l/ P is sufficient for

inclusion. Using L}2(X,) € L2 (X»),

G, x2>||Q—[Z||f|[ql(m} <c2( f ||fv1/q1||[;1(1)dﬂ2(x2))hz.

JjeJ
In the non-Minkowski case, p, < gy, so by Corollary 2.6.10, |||l 5y < [I*llge2(r). Together with
Tonelli’s inequality (to exchange the order of the L”> one-variable norms),

1

Ifllp < C> ( f (VA [ d,uz(xz)) =

1/41”

Liy 32| )

€1

-G, [Z ”fl LP2(X) l(l')Pz/Pl (vl(i)l/mul(i)—l/m)l’z) .

By Holder’s inequality with the conjugate exponents p L and plp 'pz

|| 1/q1 —1/P1||

1/p1
”f”Q <G H”f”Lpz(Xz) u 72805

=C, ||v1/£11 —1/171”[1!)1 ) ||f||g'(P)

The lower bound on C proceeds much as in the previous proposition. Because any measur-
able function on a single atom E; is constant, the local best constant C;(E;) is

R (1)

Ci(E) = v ()7
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For any finite subset Iy C 1, let S (Iy) denote the partial sum )., (vl(i)”‘“ul(i)““”l)pl " De-

fine, for i € I,

)Pl ‘P2

y; = S(Io)_l (vl(l')l/(hul(l‘)—l/[’l — S(IO)_ICI(EZ')‘DI:‘DZ, 4.9)

sothat )}, y; = 1.

Because L2(X») c L2(X,) with measures which are not purely atomic, by Corollary 2.5.7
we know that ¢, < p;. The atomless part Fy of X, is then not null, and on F, as a subspace
L" o (Fo) C Ll >(Fo). Postponing the case P> = ¢», otherwise Proposition 2.4.1 shows that the

Radon-Nikodym derivative ; ” 1s in L”2 &z (Fy), and that the best constant in F is

P 4y —Py
d 2=
Co(Fo) = (f (d—z(xz)) d#z(xz)] < Cy(X) < oo.

P2
Define A, = (fﬁ)ﬁ L, 50 that A,(Fo) = Co(Fo)P .
Partition F) into a disjoint sequence (B;),c;, of measurable subsets, by Corollary 4.1.5, with
each
A (B;) = yida(Fo) = yiCo(Fo)* .

p

P2 q, —p
Proposition 2.4.1 shows that each C,(B;) = ( f (dvz)”z 2 du ) C . Then

dps

1

Ca(B)) = y* " Co(Fy).

Use A; = E; and the B; above, plus (4.9), in the necessary condition for block factorable
functions, Theorem 4.2.11.

C= ||C1(A')C2(B')||fm:qz(10)
_ Cz(Fo)

S (o)

lC\(Ey e

£P1:92(1p)

(Zielo Ci(E)P 5172)P1 qu
(Ztel ( Jao _l/pl)pl pz)pzlqz
o

1

= Cy(F)) [Z (V}/’Ilul—l/m)l’l :pz)m )

i€ly

= C2(F)

= Cy(Fo) v ;7|

eP1iP2(I)

When (v}/ e 11/ b ‘),GI is not (p; : po)-summable, this lower bound can be arbitrarily large for
I
different choices of I, so C = co.
In the non-Minkowski case, neither p, nor g, can be oo, so all that remains is p, = g, < oo.

In this case, for any measurable F' C X,, C>(F) = ess supy (dvz) . Fix an arbitrary £ > 0 and

1/q2 .
note that ( d”) > C»(Fy) —€e on a subset of F, of positive measure. Since the measures on F)
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are atomless, we can take a collection (B;),c; of disjoint measurable subsets, each with positive

1
measure and C»(B;) = esssupy (%’2) A C>(Fy) — &. By Theorem 4.2.11 with each A; = E;,

recalling that C,(E;) = v;())"/9u;(i)""/",

C > [|C1(E) (Co(Fo) = Elri o)

= (Cy(Fo) — &) ||V}/qluil/pl ||gp1 p2(p)

Ase — 0%, C > Cy(Fy) ||v}/q‘ul_1/p' ||€,,1:,,2(1). Once more, vi/q‘ul_l/p‘ must be (p; : p,)-summable

to have C < oo. O



Chapter 5

Non-Minkowski case with two atomic
measures

5.1 Weight summability sufficient conditions

When all measures are purely atomic, we represent integrals in either space as weighted series,
with weights (u1(0));¢; for 1, (vi(0)ig; for v, (ua())) e, for o, and (va(j)) e, for vo. The previous
arguments that (g, : g,)-summability of vl/ 2 1/ P> and (p; : p,)-summability of vl/ a 1/ P are
sufficient conditions for L7® < L¢ st1ll apply, just as when one space has purely atomic
measures. However, they might not now be necessary, as it may not be possible to produce
similar counterexamples when both spaces are purely atomic.

The following results establish that (p; : ¢»)-summability of vl/ © 21/ P2 or vi/ 7 11/ Pl'is also
sufficient for L7® ¢ L. Although these conditions are also valld for the case of one purely
atomic space, they are less useful there.

Specifically, when X; has measures which are not purely atomic, by Corollary 2.5.7 the
necessary inclusion L (X;) c LT (X,) implies that q1 < p1. Therefore q2 —ql < q2 p;l, SO

(qgl - p[l)_] =P qa<q1:qx = (q2 -q] ) . Corollary 2.6.10 then establishes that (p; : g»)-
summability implies (g, : g;)-summability. Any theorem should be given with the weakest
hypothesis possible, so when X; does not have purely atomic measures, the weaker (g : ¢»)-
summability condition on (v;/ > 21/ P 2) (which, in that case, is also necessary) is preferred.
Similarly, when X, does not have purely atomic measures, the weaker (p; : p,)-summability
condition on (vl/qlu1 1/”‘) is used.

When both X; and X, have purely atomic measures, the preferred condition may vary.
When p; > ¢q1, (q1 : g2)-summability of (vl/ - 21/ P 2) is the preferred sufficient condition for in-
clusion, but it is also possible that p; < ¢, so that (p; : g)-summability is preferred. Similarly,
when p, > ¢,, the weaker inclusion condition is (p; : p,)-summability of ( 1 u; 1p ‘), while
when p, < ¢, we would look for (p; : g,)-summability.

Proposition 5.1.1. Suppose that 0 < max(p,,q,) < min(py,q;) < oo and that p, and v, are
purely atomic. Represent X, by a countable index set J with weights u, and v,.
If the sequence (vz(j)l/qzuz(j)‘l/”z)l_ej is (p1 : q2)-summable, then L7 c L2, with

C<C ||v]/qz l/pz”[p]:qzw.

63
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Proof. Consider any f(x;, j) € L*(X; x J). Using L}, (X;) c L] (X)),
1

1FGer, g = [Z; 1 120 (m)um(j)—upz)qz]
Jj€

1

a2
% N Nar,, o =1/p2) 2
<C (Z A5 ) 02007 (v2) ! Pa()172) ]
jeJ
Next, Holder’s inequality with the conjugate exponents Z—z‘ and mpflqz yields

P14
pP14az

L
1fllg < 1 | lg1 00,y 027

P192
fmJZKwﬂmmmWQm@
J

Reversing the order of the L”' norms (by Tonelli’s theorem if p; < 00),

17l < Cllva ) (™ s [ N ] g1,
1

Corollary 2.6.10 shows that |||z ;) < [Illg2(s)> SO

fllg < Co [va sy |17

N ~n—1
= C1 [V ur (72| oy 1 Ny -

||€p2(])|'Lﬁ%(X])

O

Proposition 5.1.2. Suppose that 0 < max(p,,q,) < min(py,q;) < oo and that u; and v, are
purely atomic. Represent X, by a countable index set I with weights u, and v,.

If the sequence (vl(i)l/qlul(i)l/”‘)iel is (p1:q2)-summable, then L°P c L°, with C <

1/q1 —1/171”
G ||V1 U o1y

Proof. Consider any f(i, x,) € L*(IxX,). Because ¢, < ¢, Corollary 2.6.10 provides ||| ;) <
Il a2 1y -

1

£ G x)lg = f ||f(i,x2>||zs.(,)w(i)i’fdw(xz))”
X1

i

iel

€L

£G, x2>q2]v1<i>3?dm<xz>) 2

IA

1

= Z( f f(i,Xz)‘”de(xz))vl(i)ZT)
X

iel
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with the order of integration reversed by Tonelli’s theorem. After some rewriting, apply

Holder’s inequality with the conjugate exponents B ~and L ‘qz

Ifllg < ( f fG, xz)qzdvz(xg)ul(z)m (v @y ()Y’ )
iel

. . P12\ P1492
D (@ @
¢P1(I)

i€l

IA

( f £, x2>42de<xz>)” (i)
Xz

The inclusion L};)(X,) C LZ(X>) then yields

Iflle < C2 |Ilgzcan ],

- C ||v]/ql I ||{fl7| a2 () ”f”o-(P)

|| 1/q: —1/171 ||

P (])

5.2 Classifying extremal functions

With both measures purely atomic, we identify functions on X; X X, with functions f(i, j) on
I x J, for some (at most) countable index sets I and J. As noted earlier, the measures of atoms
become weights on the elements of 7 and J, so that, where (E;),.; enumerates the atoms on X;
and (F j)jej enumerates the atoms on X»,

ui (i) = ui(Ey) uy(j) = po(F;)
vi(@) = vi(E) va(j) = vao(F)).

Recall that Proposition 4.2.1 reduces to the case where each 2% /J > 0 py-a.e., which is assumed.
This way, each pair y; and v, has the same atoms, so the phrase “the atoms on X;” is not
ambiguous. This also means that the u; and v, sequences are strictly positive.

The functions f(i, j) can be thought of as possibly infinite matrices ( /i j). Matrices of
specific forms may prove particularly easy to analyze; Corollary 4.2.12, with its combinations
of characteristic functions of blocks, in this purely atomic case is about considering matrices
which, up to reordering of rows and columns, are block diagonal and constant on each block.
The expression it gives as a lower bound on C is computed as a best constant for all such
functions with a particular division into blocks; it gives an ¢”'*9> norm of terms each of which
is a best constant for constant functions on the block A; X B;.

Measurable functions are always (almost everywhere) constant on atoms, so by using the
atoms E; and F'; as blocks (corresponding to singletons i € I and j € J for f(i, j)) the special
case of blockwise constant functions actually becomes general; in terms of matrices, it is only
natural that each entry contains a single value. Given finite or infinite sequences (i,) in / and
(j,») in J, the inequality from Corollary 4.2.12 becomes

Vl(in)l/fh v2(jn)1/q2 PLiq2 ﬁ
. an(ul(in)lfpl uz(in)l/pz) ;
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obtained by considering functions which correspond to matrices (f; ;) with at most one entry in
each row and in each column, and which can thus be rearranged to be diagonal.

(To clarify, lest we be tempted to start thinking about diagonalizability, this matrix con-
ceptualization is only a convenience, to provide a simple way to imagine these purely atomic
functions and to describe certain special types which are easy to work with. The term “matrix”
naturally brings to mind linear algebra and the properties of well-behaved linear operators, but
none of that is actually used here. While it is possible that matrix multiplication could provide
a meaningful operation which would enrich these ideas somehow, it is not clear that there is a
reasonable application of linear algebra here.)

Although special classes of functions give lower bounds on C, to obtain upper bounds we
must either consider more general functions or prove that the general best constant C can be
achieved, or at least approached, by the ratio ||f|l, / || f1l,p, for functions f from a special class.
Ideally, we want conditions when it’s sufficient to consider functions representable by diagonal
matrices (for some order of / and J), i.e. when for each i € I there is at most one j such that
f(i, j) is nonzero, and for each j € J there is at most one i such that f(i, j) is nonzero. If not,
it still may be possible to allow at most one non-zero entry per row, or at most one non-zero
entry per column.

First, a demonstration that it is sufficient to work with functions represented by finite-
dimensional matrices.

Proposition 5.2.1. Let C denote the least nonnegative constant such that, for any f € L*(IXJ),
Ifllo < Cllfllop)y and recall that C = SUP 140 IfNlo/Ifllep). Then there is a sequence (fi) such
that:

e FEach f; has a corresponding integer Ny such that fi(i, j) = 0 except on Iy(k) X Jy(k), for
particular finite sets Iy(k) C I and Jo(k) C J with cardinality at most Ny.

Ifillo

e lim =
AT

Proof. Fix any enumeration (i,,) of I and any enumeration (j,,) of J. For each k > 1, there is
some g such that
1
C—- < llgkllo <
kgl

(Take g; = |g«| = 0, valid since this doesn’t change the norms at all.) For N > 1, let yn (i, jiz) =
liftm < Nandm < N, and yy(i, j) = 0 otherwise. Every L” norm has the Fatou property, so
mixed L” norms do as well (as stated in Part I of [4] immediately following the mixed-norm
triangle inequality); therefore,

llgixnllo _ llgxllo
N lgixnllory  1gkllow)

because limy_,., g¥v = gk pointwise.

(Recall that a Banach function norm p is said to have the Fatou property when O < h, /' h
implies p(h,) T p(h). The Monotone Convergence Theorem establishes this for L” with p < oo,
and it’s fairly straightforward for L™ as well.)
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Therefore there is some N such that ||2f;);1:ﬁ(|rli> is within % of Hgfﬁ(lrl(gp). Let fi = gixn, and the
triangle inequality gives
2 e _ .
kil
Of course, each f; is supported on the set Iy(k) X Jo(k), where Iy(k) = {i,, : m < N;} and Jy(k) =
{jm : m < N;}. Each factor has cardinality at most N;. O

Corollary 5.2.2. Let C denote the least nonnegative constant such that, for any f € L*(I X J),
Ifllp < Clifllyp) For any particular finite subsets Iy C I and Jo C J, let C(ly, Jo) denote the
least nonnegative constant such that, for any f € L*(1,J) supported on Iy X Jy (that is, zero off
Iy X Jo), [1fllg < Co, Jo) | f1l5(p)-

Then C is the supremum of C(ly, Jy) over all finite subsets I, C I and Jy C J.

Proof. By Proposition 5.2.1, there is a sequence (f;) of functions, each f;, € L*(IxJ) supported
on Io(k)xJo(k) for some finite subsets Io(k) C I and Jo(k) C J, such thatlimy, || fillp / I fillop) =
C. Any C(1y, Jy) is the best constant for a subset of L*(I X J), so C(ly, Jy) < C. Therefore

/il
llo sup C (Io(k), Jo(k)) < sup C (I, Jo) < C.
||fk||a-(p) k lo.Jo

C =sup
k

O

Proposition 5.2.3. Suppose that 0 < p, < g, < min(py, q;) < oo (the non-Minkowski case with
the additional constraint p, < q,) and let Iy C I and Jy C J be any finite subsets of the index
sets for f(i, j). Let C(ly, Jo) be the least constant such that, for any f(i, j) for which all nonzero
values have i € Iy and j € Jy,

1fllg < Clo, ) 1 e -

Then C(ly, Jo) can be achieved as ||flly / || fllop) where f has at most one non-zero entry per
row, i.e. for each fixed i € I, there is at most one j € Jy such that f(i, j) # O.

Proof. Let f(i, j) € L*(I x J) be supported on I, X Jy, i.e. zero except for (i, j) € Iy X Jy, with
Ifllopy = 1, [Ifllg = Co, Jo), and among such functions the fewest possible non-zero values.
(The maximum is achieved since L* (I, x Jy) is finite-dimensional, so the unit sphere of L7
there is compact, and any continuous function achieves its optima on a compact domain. Well-
ordering of the natural numbers provides that among those functions achieving the maximum,
there is a minimum number of non-zero values.) Suppose, in order to produce a contradiction,
that there is some r € I, with distinct sy, s, € Jy such that both f(r, s;) > 0 and f(r, 52) > O.

First suppose that g; = oo. In this case, define g(i, j) to match f(i, j), except replacing
whichever of f(r,s1) and f(r, s,) is lesser by zero. Because max ey, f(r, j) = max ey, g(1, j),
1flg = ligll. Then, since g < f, llgllyp < flp) = 1. Define hi, j) = liglly(p 8, ) and
observe that

lIgllo
”g“o'(P)

l18llp) .

1 while Al =
lgllp) e

IAllopy = > |lglly, = Co, Jo).

This means that /4 is in the L7? unit sphere and achieves the maximum value C(/y, Jy) of the
L mixed norm on it. However, & has one fewer non-zero value than f, contradicting the
minimality of the number of non-zero values in f.
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For the remainder, suppose that g; < co. Let T denote the open interval

T = (=f(r, s)ux(s1), (1, 52)ux(s7))

and define

1

61(9)=(f(r,s1)p2+ o_\" and b0 = | f(r, s)" — 0 )p2

ur(s1) uy(s2)

for 6 in the closed interval T = [—f(r, 51)”us(s1), f(r, $2)”u>(s,)]. Note that a(0) = f(r, s1),
b(0) = f(r, sy), and a”u,(s,) + b u,(s,) is constant. For 8 € T, a’(6) > 0 and »’(0) < 0. On
this open interval, differentiating the constant a(6)”?u,(sy) + b(6)”*u,(s,) shows that

a” a'uy(sy) = b (=0 un(sy).
Take the logarithm and differentiate to get

(po — Dloga +loga +loguy(s1) = (pr — 1)1ogb + log (=b") + log us(s7)
al a// b/ b/l
Po-D—+—=pP-D—+— (5.1)
a a b b
For each value 8 € T, define a modified version f, of f by

al@) ifi=rj=s

foi, D=1 bO) ifi=rj=5
f(i,j) otherwise

and observe that fy = f, and forall 0 € T

P1

WAl = > [Z fali jy p] w() =1,

icly \ jeJo

i.e. each such f; is on the unit sphere of L7". (When p; = oo, instead observe that, for each
1

0 €T, | follpy = maxp, (Z jeso Jo(is Pua( j))E = 1, because the inner sum is always the same
as in f.) Because ||f]|, achieves the maximum value, C(ly, Jo), for f supported on Iy X Jy in
the L7® unit sphere, the function

2

1AE = [Z fili j)%(i)) v2()) (52)

jE.]o i€ly

of 6 has a maximum at zero. Only two terms vary with 6, so define

A=) fls)"vi(@) and  B= )" f(i,5)" i)

i€ly i€l

and this means that the function F defined by

F(O) = (A — £(r, s)" () + @@ v (M) va(sy)

- (5.3)
+ (B = f(r, s2)"vi(r) + DO)" vi(r) 4 va(s2)
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has a maximum at 8 = 0. Therefore F’(0) = 0 and F”’(0) < 0.
F'(6) :% (A~ £ s () + a®vi())5 va(s) (qra® v ()
- % (B = f(r, s vi(r) + 6™y ()5 vals2) (16 (=5) i (1)
=x(0) - y(0).
where
x(0) = @2 (A~ £, ) i() + @i () @ v (va(sy),
¥(O) = 2 (B~ f(r, )™ vi(r) + 0w (r)n " b0 (=5) vi(r)va(s2),

and both x and y are strictly positive functions with x(0) = y(0) and x’(0) < y’(0).

(F’(0) = 0 gives x(0) = y(0) and x'(0) < y'(0) because F”(0) < 0. Strict positivity of
A= f(r, )" u (r) + au (r) and B(r, )7 u,(r) + b7 u,(r) is because a’ > 0, b’ < 0, and having
a(6) and b(0) replace terms in A and B still leaves a nonnegative sum, with the replaced terms
strictly positive within the open interval T'.)

This means that

X0 _y©

(log x)' (0) =~ < T = (log) (). (5.4)
Differentiating log x and log y,
' (0) = a"'a'vy(r) a a’
(oe ) 0= (@2 =) g5 S+ am T VT
’ _ b‘h—lblvl(r) b b’
(loe) (0 =02 =0 Frsi(n) + b () @-Dy*y

and, since the denominators are A and B, respectively, when 6 = 0, (5.4) gives

0V 4(0 (0 (0

(@2 —q1) a(A) Z((O))w(r) +(q1—1) (Z((())) + Z/((O))
bO)7 b'(0 A AC

<(q2—q1) (B) b((O))Vl(r) +(@ -1 b((O)) + b/((O))'

Subtracting (5.1) evaluated at 6 = 0 from both sides,

0)2' a’(0 (0
(@2 —q1) a(A) Z((O))Vl(”)'i'(% - p2) 6;((0))

b)Y b (0) b(0) (5.5)
<(q—q1) RO) vi(r) + (g1 — p2) b0)

Divide by a(0)”>~'a’(0)us(s1) = b(0)*>~! (=b'(0)) us(s2) > 0:

(g2 — q1) a(0)" P2y (r) LD (@2 =q) b)) g1 =D
Aur(sy) a(0)P2uy(sy) Bu,(s5) b(0)”2uy(s7)
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That is,
(q2 — p2) a(0)'vi(r) — (g1 — p2) a(0)'v(r) N (g1 —p2)A
Aa(0)P2uy(s) Aa(0)P2uy(s)
< @ =g bO)"vi() — (g1 = p2) bO"i(r) (g1 — p2) B
B Bb(0)P2uy(s7) Bb(0)P2u5(s,)’
SO

(g2 — p2) a(0)'vi(r) + (g1 — p2) (A — a(0)"'v(r))
Aa(0)P2us(sy)
< _ (g2 = p2) b(O)Y"'vi(r) + (g1 = p2) (B = b(0)"'v(r))
B Bb(0)P2u;(s) .

However, 0 < a(0)?'v((r) = f(r,s1)?vi(r) < Aand 0 < b(0)?'vi(r) = f(r,s2)?'vi(r) < B, so
with p, < ¢, < min(py, q1), the left-hand side is at least zero while the right-hand side is at most
zero. Therefore, both sides must be zero, so that p, = ¢, A = a(0)?'v,(r), and B = b(0)?'v{(r).
These equations, plus the definitions of a(#) and b(6), allow the simplification of F(6) from the
formula in (5.3) to

F(8) = a®vi(r) 1 va(s1) + b2vi (1)1 vy(s2)

P2 P2
= a”vi(r)avy(sy) + bPvi(r)avy(sy)

= V1(”)% (f(r, sDP2va(s1) + f(r, 52)P?va(s2) + (

va(s1) Vz(Sz))e)
uy(sy)  uz(sy)
As noted before, F' has a maximum at the interior point zero, so since it is an affine function

of 6, it must be constant. Therefore the expression (5.2) is constant with respect to 6 € T
and, by continuity, § € T. Consequently, ||fsll, = C(lo, Jo) for any 6 € T, including at either

end. But there is one fewer non-zero value of f; for endpoint 8; when 8 = —f(r, s1)"u>(sy),
a(f) = fo(r, s1) = 0, while when 6 = f(r, 5,)”us(s2), b(6) = fy(r, s,) = 0. The minimality of
the number of non-zero values in f is therefore contradicted. m|

For the next argument, it is convenient to note that, by the characterizaation

C = sup /1o
f#0 ||f||a-(p)

and by homogeneity,

. -1
C = sup{ligllg : lgllocp = 1} = (inf {Illop, < Il = 1) -
In detail, given any f which is not almost everywhere zero, define g = || f ||;} p) f- Observe that

Ifllo
1l

s0 ||gll, < € and can be brought arbitrarily close to C, which must be the supremum. Similarly,
leth =1|flly /.

||g||0-(P) =1 and ”g”Q =

1l

Wllop) = M, and [l = 1.
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Therefore ||h||;ép) < C, so ||hllypy 2 C~!, and can be brought arbitrarily close to C~!, which
therefore is the infimum.

These same remarks apply, of course, to the best constants C(/, Jy) for functions supported
on the finite sets Iy X Jy, where compactness of the norms’ unit spheres means that

max {[|flly : Ilfllp = 1} = CUo, Jo)
min {||fll,p, : 1fllg = 1} = Co, Jo) ™.

Proposition 5.2.4. Suppose that 0 < max(p;,q2) < p1 < g1 < oo (the non-Minkowski case
with the additional constraint py < q) and let Iy C I and Jy C J be any finite subsets of the
index sets for f(i, j). Let C(ly, Jy) be the least constant such that, for any f(i, j) for which all
nonzero values have i € Iy and j € J,

If1lo < CUo, Jo) Iflp) -

Then C(ly, Jo) can be achieved as ||flly / || fllp) Where f has at most one non-zero entry per
column, i.e. for each fixed j € Jy, there is at most one i € Iy such that f(i, j) # O.

Proof. Let F(i, j) € L*(I x J) be supported on I, X Jy, i.e. zero except for (i, j) € Iy X Jy, with
I fllopy = Co, JoO LIS lp = 1, and among such functions the fewest possible non-zero values.
(The minimum C(Jy, Jy)~! is achieved since L* (I X Jy) is finite-dimensional, so the unit sphere
of L2 there is compact.) Suppose, in order to produce a contradiction, that there is some s € J
with distinct ry, r, € I such that both f(ry, s) > 0 and f(r,, s) > 0.

First suppose that g; = oo, in which case

€

q92 a2
1/llg = [Z (rgz[lox fG. j)) v2(j)] .

J€Jo

Changing f to a new function g by reducing the lesser of f(ry,s) and f(r, s) to zero will not
change maxc;, (i, s), so llgll, = IIfll, = 1. However, because g < f, llgllyp) < Ifllyp) =
C(ly, Jo)™', so it must be the minimum, C(ly, Jo)~'. This contradicts the minimal number of
non-zero entries in f.

For the remainder, suppose that g; < oo and therefore, by hypothesis, p; < oo as well. Let
T denote the open interval (—f(ry, s)7'vi(ry), f(r2, $)?'vi(r,)) and define

€

Vl(rl))

a(f) = (f (ri, )™ + b(0) = (f (r2, )" —

a1
vi(r 2))
for 6 in the closed interval T. Because a(6)7'v,(r;) + b(6)7'v(r,) is constant,
a”'a'vi(r) = b1 (=B') vi(r).
Differentiate the logarithm to obtain

a/l bl bl/

a/
D=+ —=(q-D—+—. :
(q1 )a+a, (q1 )b+b, (5.6)
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Forany 6 € T,

L)

Ifolls = Z(Z fiti j)"‘vl(i)] () =1,

JjeJo \i€ly

so [[fellp = 1. Because ||f]|,p, achieves its minimum value, C(ly, Jo)™!, for f supported on
Iy X Jo in the L2 unit sphere, the function

Al

WAl = (Z fuli, j)”zvl(i)) 1 (0) (5.7)

iely jEJ()

has a minimum at 8 = 0. Define

A= folr, () and  B= )" filrs, ().

jeJo jeJdo
The function

F(6) = (A — f(ri, Y us(s) + aPur() 7 uy(r1)

” (5.8)
+ (B = f(r2, $)us(s) + b us ()72 ui(r)

has a minimum at zero. Therefore F’(0) = 0 and F”’(0) > 0.
F() =0 (4 = fr1,5)05) + @)™ () (pra i)
- 1% (B~ f(rae )us(s) + bPur(5))% " () (p2b™" (=) ()
=x(6) = y(6)
where

x(0) = p1 (A= f(r1, 9)Pux(s) + a"zuz(S))%_] a’ ' uy (ry)uy(s)

YO) = pi (B = f(rs, )Pua(s) + bPus(s)» " b7 (=b) g (r2)ua(s)

and both x and y are strictly positive functions with x(0) = y(0), since F’(0) = 0 and x’(0) >
y'(0), because F”’(0) > 0. Therefore

YO _XO) _

logy) (0) = < = (log x)" (0).
Differentiate log x and log y to find that
, bP b uy () b b’
1 0) = - -1)—+—
(logy)' @) = (1 = P2) g ) TP~V T
, a”'a' uy(s) a a”
1 0) = - -)—+—
(log x)" (6) = (ps P2)A (. 5)P1ua(s) + a”ur(s) +(p2—- 1D P + p
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and, when 6 = 0,
(01 = ) 2P 6 + (2= D )+
< (p1—p2) a(g)pz CZ(((()))) u(s) + (p2 = 1) 6;((8)) + Z((g)) .
Subtract the value of (5.6) at § = 0 from both sides to obtain
(p1 = p2) b((;)pz ]Z(((()))) uy(s) + (p2 — q1) [Z((g)) <(p1—p2) a(g)m 6:(((()))) uy(s) + (p2 — q1) (Z(((())))

Divide by a(0) =g’ (0, (ry) = b(O) =1 (=b'(0)) v(r,) > O:
(1= p)bO)*"Mur(s)  pr—aqa < (p1 — p2)a(0)> 1 uy(s) P2—q

Bvi(r2) b(0)7rvi(ry) — Av(ry) " a(0)vy(ry)
_(p1 = p2)b(O)?ur(s)  (p2—q)B < (p1 = p2)a(0)?uy(s) N (P2 —qA
Bb(0)71v(r) Bb(0)1vi(r) — Aa(0)?v(ry) Aa(0)?vy(ry)

(g1 — p2) (B = b(0)?uy(s)) + (g1 — p1)b(0)uy(s)
Bb(0)71v1(r2)
< _la1 = p) (A —a0)ux(s)) + (g1 — pr)a0)ux(s)
B Aa(0)?1vy(ry)
Because p; < g, the left-hand side is at least zero, while the right-hand side is at most zero.
Therefore each side is zero, p; = q;, A = a(0)”?uy(s), and B = b(0)"*u,(s). Together with the
definitions of a(#) and b(6), these simplify the formula in (5.8) to

F(0) = a"us(s)7 uy(r1) + b u(s)7 s (r2)
a 0
= up(s)" ((f(”l, s + )Ml(”l) + (f(rz, s — V1(l”2)) Ml(l”z))
ui(r) Ml(rz))g)-

vi(ry)  vi(r2)
Because this affine function has a minimum at the interior point & = 0, it must be constant.
Therefore, || foll,p) = C(lo, Jo)! for any @ € T, including the endpoints, where f; has one fewer

non-zero value than f. This contradicts the minimality of the number of non-zero values in f
among those functions in the L2 unit sphere with || f |-y = C(o, Jo) L. O

vi(ry)

= Mz(S);% (f(rl, )M ui(ry) + f(r2, )" ui(rp) + (

5.3 Best constants for diagonal case, p» < g, < p1 < q1

When the non-Minkowski condition max(p,, g>) < min(py, g;) is combined with the necessary
condition p, < ¢, for Proposition 5.2.3 and p; < g; for Proposition 5.2.4, the best constant is
obtained by considering functions which are, up to rearrangement of the indices, diagonal, in
the sense that each row ({f(io, j) : j € J} for fixed iy € I) and each column ({f(i, jo) : i € I} for
fixed j, € J) contains at most one non-zero entry. So far, this is only established over finite
subsets Iy C I and Jy C J, but the following results show that this is generally true, and develop
a formula for the resulting best constant.
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Lemma 5.3.1. For any i € I, let C\(i) denote the least constant such that, for any function
fi € L*(I) supported on {i}, ||f1||fgl|(,) < C; ||f1||L51|<,). For j € J, let Cy(j) denote the least
constant such that, for any f;(J) supported on {j}, ||f2||Lg§(J) < Cy()) ||f2||L5§(J). Then

Ci(0) =i ()P and  Cy(j) = va(D P ua ()7,

Proof. Any function f; supported on {i} has the form f = cy; for some constant c. By homo-
geneity,

Wil el lbealla o, vy
- . - N/p1’
||f||Lfl’1' o HX{J}”LSI' (X1) i (D)

and a similar computation works for J. O

Lemma 5.3.2. For any iy € 1, jo € J, let C(iy, jo) denote the least constant such that

Ifllg < Clo, jo) 1 fllp)

for any function f € L*(I X J) which is zero everywhere except (iy, jo). Then

vi(ig) 1 vy( i)'/

C(io, jo) = C1(in)C2(jo) = (i) P 1z (o) P2

Proof. Any such function has the form f(i, j) = cxyi(D)x(j,)(J). Using homogeneity and the
fact that mixed norms computed of factorable functions are products of Lebesgue space norms
of the factors, so long as ¢ # 0

”f”Q _ |c| ||/\/{i0}||g§ll(1) ”/\/{Jb} g‘g(]) < Cl(lo)cz(]o)
I lloey el ”X{io}“f{,’l‘ 1) HX{J'O}||£{,’22(J)

Therefore C(iy, jo) < Ci(ip)C2(jo), while Proposition 3.3.3 (also based on factorable func-
tions), applied with / and J replaced by the singleton subspaces {ip} and {jy} respectively,
yields C(io, jo) = Ci(i0)C2(jo)- O

Lemma 5.3.3. Suppose that p, < q < p1 < q1. Let Iy C I and Jy C J be finite subsets,
each with cardinality |ly| = |Jo| = N, where of course N < min(|I|,|J|). Let (Ci‘(m))1

<m<N
be a nonincreasing enumeration, i.e. C{(1) > --- > C{(N), of {C(i) : i € Iy}, corresponding
to an enumeration (iy,),_,..y according to Cj(m) = C\(iy). Similarly, let (C;(m))]<m<N be

a nonincreasing enumeration of (Ca(j));e;,, corresponding to an enumeration (j,,), <<y by
C5(m) = Ca(j,,). Then the best constant C(ly, Jo) such that

Ifllg < Co, Jo) 1 fllop)
for all functions f € L*(I x J) supported on Iy X Jy is

Vi (i) v ()

ur ()P us ()P

C(lp, Jo) = |

.....

pP1:q2
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Proof. The order of exponents provides, using Propositions 5.2.3 and 5.2.4, that the best con-
stant C(/y, Jy) can be achieved with some function f € L* (/) X Jy) which has at most one entry
in each row, and at most one entry in each column. Any such function has the form

N

S )= Z X 1isn DXz ()
m=1

for some coefficients cy, ..., cy > 0 and some permutation o € S y. (There is at most one non-
zero value in the “row” identified with each 7, ; its “column” is given by ji . where injectivity
is because there is at most one non-zero value in each column. The value is given by c,,; if there
is no non-zero value in that row, then ¢,, = 0 and the value of o-(m) can be any not reserved for
a non-zero value.)

Such a function is clearly block-factorable, supported on blocks ({ij;l} X { jfr(m)}) For

1<m<N’
those particular blocks, dependent on o, the best constant for block-factorable functions is

.....

according to Proposition 4.2.10. The choice of o which maximizes this constant is the one

which maximizes its p; : g, power,
N

Z Ambomy (5.9)
m=1
where each a,, = C (i) '% and by(n = Co( jfr(m))f’1 *42, Recall that the enumeration (i) of
Iy is chosen so that (C;(i;,)) is nonincreasing, and therefore so is (a,), i.e. a; > --- > ay.
The rearrangement inequality, given by Hardy, Littlewood, and P6lya as Theorem 368 in [19],
establishes that )} a,,b) is greatest when (a,,) and (b)) are similarly ordered, i.e. when
b, > --- > by, which occurs when o is the identity and

.....

Ci(m)Cy(m)| O

Therefore C(ly, Jy) is equal to this greatest value, Bl N

To solve the case with infinite index sets, we need the notion of decreasing rearrangement
of sequences, a special case of the decreasing rearrangement of functions described in such
references as [5] and [27]. When the definition there is applied to a sequence K = (K, K>, . . .),
finite or infinite, its rearrangement K* = (K LK. ) 1s a function on (0, c0),

K*(t) = inf {a € (0, 00] : {n : |K,| > a} has at most ¢ elements} .

But the function K™ is a step function, constant on intervals [n,n + 1). We identify each such
function with a sequence, and let K refer to that sequence.

For convenience, the rearrangement K, of a nonnegative sequence K = (K,,) can be char-
acterized as follows. Let N denote the possibly infinite number of elements of K which strictly
exceed lim sup; K;. Then

if 1 <n < N, then K is the n™ greatest value in K,
butif n > N, then K, = limsup K.
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(Given any y > lim sup; Kj, there are only finitely many values in K which are at least y; this is
why the n' largest value is well-defined for n < N.)

For any nonnegative sequence K which is either finite or convergent to zero, K* is a permu-
tation of K, sorting its entries into nonincreasing order.

The superscript asterisk notation used for the finite case in Lemma 5.3.3 is consistent with
this definition, and used in this sense in Cj(m) and C5(m). The is not the case for i;, and j;,
since I and J need not have any inherent order, and the values in the index sets are irrelevant;
the notations i, and j, are only used due to their connection to the rearrangements of the
atomic best constants C;(i) and C,(}).

The well-known Hardy-Littlewood inequality gives an upper bound in terms of rearrange-
ments,

f Ifgl <du< f F(Hg (t)dt.
X 0

This also applies when f is replaced by a function equimeasurable to itself, and the same for
g. (Note that equimeasurable functions have identical rearrangements, so the right-hand side
remains fixed.) The measure u is said to be resonant, as in Definition 2.2.3 from [5], if and
only if

w{ﬁﬁmniffmwmn
X 0

where the supremum is over all g equimeasurable to g. By symmetry in the roles of f and g,
we could just as well use functions f equimeasurable to f, and the supremum replacing both f
and g with equimeasurable functions must then be f fg.

Theorem 2.2.7 in [5] establishes that counting measure is resonant. In terms of sequences,
let A and B be countably infinite collections of nonnegative numbers. Then

sup Z amb, = Z a,b;,

where the supremum is taken over all enumerations (a,) of A and (b,) of B.

Theorem 5.3.4. Suppose that p, < g, < p1 < q1 and each X, has purely atomic measures. Let
the atoms of X, be (E;);c; and the atoms of X, be (F j)jej’ where I and J are (at most) countable

index sets. For each i € I and each j € J, let
Ci(i) = (B (1" and  Ca() = va(Fp (i,
Then the least constant C such that

Ifllo < Cllfllycp)
for any f € L*(X| X X3) can be computed by

C = ||CiemCsm)|

piq’

where C| and C5 denote the decreasing rearrangements of these sequences. (If I, J, or both
are finite, pad out C;, C,, or both with zeroes.)



5.3. BEST CONSTANTS FOR DIAGONAL CASE, P2 < ¢ < p1 < ¢ 77

Proof. For convenience, identify functions on X; X X, with functions on / X J, using weights u;,
and vy, as described in Definition 4.2.18 on page 57. For any finite subsets Iy € I and Jy C J,
let C(1y, Jy) denote the least constant such that, for any f € L*(I X J) supported on the subset
Iy X Jy of I X J,

Ifllg < Co, Jo) Iflp) -
The order of exponents provides, by Propositions 5.2.3 and 5.2.4, that the constant can be

achieved by some f with at most one entry in each row and at most one entry in each column.
Any such function has the form

N

£ = enXiim@Ox ()

m=1

for coefficients ¢y, ..., cy > 0 and distinct elements iy, ...,iy € Iy and ji,..., jy € J. (There is
at most one non-zero value in the “row” identified with each i,,; its column is given by j,; if
there is no non-zero value in that row, ¢, = 0.)

Such a function is clearly block-factorable, supported on blocks ({i,} X {jm});<m<n. FoOr
those particular blocks, the best constant for block-factorable functions is

Cor ({im} X {Jn}) = ||C1(i;n)c2(jm)||[miqz({1 ,,,,, N s

according to Proposition 4.2.10. Therefore C is the supremum of

1/(p1:92)
(Z Ci(im)” 4 Cal )" 4] : (5.10)

over all enumerations (i) of I and (j,,) of J, padded with zeroes if either set is finite. As noted
earlier, counting measure is resonant (as described and proven in such sources as [27] and [5]),
which means that the supremum of (5.10) over all enumerations (i,,) and (j,,) is

1/(p1:q2)
¢ (Z (CimC3m)” ] ,

as desired. m|

This is enough to solve the two-variable permuted inclusion problem where every measure
is counting measure on a countably infinite set, i.e. where every one-variable space is an
unweighted (7 space.

Proposition 5.3.5. Let C € [0, oo] be the least constant such that, for any function f(i, j) on
N2,

Ifllo < Cllfllyep) -
If p1 < q1. p2 < q, and py < g, then C = 1. Otherwise, C = co.

Proof. 1f, indeed, p; < q1 < p2 < g», then the fact that each p; < g, means that £°* C £% with

Cy = 1 by Corollary 2.6.10. Also, this is in the Minkowski case, so Theorem 3.6.1 proves that
C=CGC =1
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The rest of the argument is devoted to refuting inclusion in every other case. If either p; >
g, then by Corollary 2.6.10, £+ ¢ ¢4 ; that is, C; = co. By Proposition 3.3.3, C > C,C; = oo.
When p; < gy and p, < ¢, the only case left is p, < g, < p; < ¢;. But this case is the
one handled by Theorem 5.3.4; unweighted counting measure with p, < g, gives the local
best constant Cy(n) = 1 on each atom n € N. This constant sequence is its own decreasing
rearrangement, C; = 1. Theorem 5.3.4 then shows that

1/(p1:92)
C:(Zlm:qu = oo,

neN

5.4 Generalized partition problem

Solutions to the remaining non-Minkowski cases involve a generalization of a known problem,
the optimization version of the partition problem, known to be NP-hard. Considering this, a
full solution to the problem is not presented, just the definition and certain properties.

Definition 5.4.1 (Generalized Partition Problem). Let v € (0,1) and two nonnegative se-
quences (a;);c; and (b f)jej' Define

Y
GPP,(a,b) = supZ ai[z bj] ,

iel jeJ )

a supremum over all partitions {J(7) : i € I} of J into pairwise disjoint, possibly empty subsets
indexed by 1.

The partition problem itself is obtained when I = {1, 2}, with weights a; = a, = 1, and a
finite set J = {1,..., N}. The problem is one of maximizing, over all subsets J’ C J,

o)+ (20

Regardless of the partition, the two sums always add up to the same total, }; ., b;. Because the
exponent 7 is less than one, the maximum is achieved when these sums are as close to equal as
possible. Trying to partition a finite set into subsets with as close to equal totals as possible is
the optimization version of the partition problem.

1. If GPP,(a,b) < cothen b € ¢" and a € €. To see this, fix any iy € I and consider the
trivial partition with J(ip) = J, every other J(i) = (. With this,

Y Y
Zai[Z bj] = aj, [be] < GPPy(a,b) < co.
iel JjeJ(@) jeJ

This implies that ||b||; = X e, b; < oo, and furthermore that every a;, < ||b||1_7 GPP,(a,b),
50 llalle < 116" GPPy(a,b) < .
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2. 1f b € ¢" and a € ¢V, then GPP,(a,b) < oo. Regardless of the partition, apply
Holder’s inequality with conjugate exponents 1/(1 —y) and 1/y:

()

i€l JjeJ@) i€l i€l jed(i)
— Y
= llall1 /-y lIBIl}

This also applies to the supremum, GPP,(a, b) < |lall, -, ||b||¥.

3. Ifa € ¢>and b € " then GPP,(a,b) < co.

Zai[z b,}y <> ||a||m(2 bj]y <llals D’ D" b7 = llalls IBIE]

i€l JjeJ(@) i€l JjeJ (@) i€l jeJ(i)
In the supremum, GPP,(a, b) < |lall lIDI[}.

4. Let N = min(|/|,|J]), possibly infinite, and define, for 1 < m < N, a*(m) and b*(m) to

enumerate the N greatest values in g; and b; in nonincreasing order. If GPP,(a,b) < oo
then a*(b*) € ¢'.
For each 1 < m < N, let i"(m) be the element of / such that a;.,,, = a*(m), and let
J*(m) be the element of J such that b.(,,, = b*(m). Then partition J into singletons, each
J(i*(m)) = {j*(m)}. (f |J| > |I|, there will be leftover, lesser elements of j, but inserting
those in any set in the partition preserves the following inequality.)

N

GPPy(a,b) > )" a"(m)(b"(m))” = lla*(b*)'ll,

m=1

Although the simple kinds of partitions used in the above examples shed some light on the
problem, this GPP is too complex to be solved by considering only such partitions. Example 5.7
in [18] establishes that, even when all these partition types give bounded values, the supremum
defining GPP,(a, b) can be infinite.

5.5 Best constants for cases with one entry per row or per
column

Next, consider the case p, < ¢, < q; < p1, where Proposition 5.2.3 guarantees that there is at
most one non-zero entry per row, but Proposition 5.2.4 does not apply, so this need not be the
case for columns.

Theorem 5.5.1. Suppose that p, < g, < g, < py and each X, has purely atomic measures. Let
the atoms of X, be (E;);c; and the atoms of X, be (F 4,)},6!, where I and J are (at most) countable

index sets. For each i € I and each j € J, let

Ci@) = vi(E)'" ()7 and Co(j) = va(F V" pa(F )17,
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Then the least constant C such that

Ifllg < Cllfllopy

forany f e L*(X, X X3) is
e
C= (GPPM (Co()P =, Ci (D)™ :ql))’l-qz ’
P1:41

in terms of a solution to a generalized partition problem.

Proof. Fix finite subsets I, ¢ I and J, C J. By Proposition 5.2.3, the best constant C(/, Jy)
for functions supported on [y X Jy can be achieved with a function f € L*(I X J), supported on
Iy X Jy, with at most one non-zero entry in each row, i.e. for each i € I, there is at most one
j € Jo such that f(i, j) > 0.
This means that there are pairwise disjoint subsets (/(j)) ieo of lp,each I(j) ={ie ly: f(i, j) > 0},
the places in column j where f takes positive values. For each fixed j € Jy, define g;(i) =
f(, j). (Note that then I(j) is the support of g;.) With these,

1/q2

q2 .

Ifllg = [Z el s vsz :
J€Jo

Also, if p; < oo, then since for each i € [ there is at most one j € Jy, where f(i, j) > 0,

P

1 llocpy = Z(Zf(i,j)”uz(j)] i (7) =[ZZf(i,j>mu1(i>u2<j>5i]

iely \jeJo jedy iel(j)

If p; = oo, the same result holds:

”gj”eﬁll Q) ()7

£P1(Jo)

1Yoy = sup [Z fG, j)p2u2<j>] = sup (sup £, jy” uzm)”

iEI() jel() iE[() jEJ()

1\P2 L
= sup sup (100, ()7 | = ] lgill g1 207

1)

jedo iel())
Therefore, || f1l, < C(lo, Jo) || f1l,) can be rewritten as
s
a2
Z ||gj||Z;1(I(j)) n(N| = Co,Jo) ||gj||€p1(1(j)) Mz(])i )
Jedo " “ 1(Jp)

where C(ly, Jy) is the least constant so that this holds for all f € L* (1, J) supported on I, X Jj.
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By Holder’s inequality with the conjugate exponents p;/q, and (p; : ¢2) /g2,

w8l e v20)
A1 = D el 2P
jedo ” 8j 5171 (10 MZ(])
|| ”gj”fif}(l(j» n(e )" )
= ||gj||f;’11(1(j))”2(1)p2 Z

o)\ er ”81'”5{,’11(1(1)) ”2(]')%
q2

le; &1y

T (-
le; 2 "

AHUD) 192y

Therefore, the supremum of ||fl|, / I fllyp) over f € L*(I x J), supported on Iy X Jo and not
almost everywhere zero is

A1 . .
Cy, Jo) = sup 2 —sup NCLTCo2(Dgrr a2 »
I llopy oy

where the rightmost supremum denotes one taken over all disjoint collections {/(j) : j € Jo}

of subsets of /. (The ratio [|g;l| 1 mllg il 2140y can approach C;(I(j)) arbitrarily closely for

various g;.) Appropriate choices of f can select both any desired disjoint subsets /() of I and
the functions g; on them. Because g; < p;, Corollary 2.6.9 gives the formula

= [[C1Dlerr:a1 1y

Ci() = ||y

RN

SO

C(lo, Jo) = sup [IC Dllen o aiiy CoD| 1
()}

1

P1:92 m

P1:4q)

= sup Z [Z c,iy | GGyl . (5.11)
J€Jo \i€l(j)

1)}

By Corollary 5.2.2, the supremum of all C(ly, Jy) over finite subsets I, and Jy is C itself.
Furthermore, since the expression for C(/y, Jy) in (5.11) grows with more terms, as Jj is brought
closer to J and the collection {/(j) : j € J} comes closer to partitioning /, the supremum

JARXY)

P1+:491
CPe = gup C(Iy, Jo) ' = SUPZ Cy(j)r (Z C,(H)P

Iy, Jo (N} jel i€l(j)

= GPPuo (Co(j)P =, Ci ()" ),
P19

where it is worth noting that 0 < (p; : ¢2) / (p1: ¢1) < 1. Finally, the formula for best constants
on singletons is given by Lemma 5.3.1. O
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Theorem 5.5.2. Suppose that g, < p> < pi < q, and each X has purely atomic measures. Let
the atoms of X, be (E;);; and the atoms of X, be (F}) je;, where I and J are (at most) countable
index sets. For eachi € I and each j € J, let

Cy(0) = vi(E)" Iy (E)™/P and Ca2(j) = va(F ) Ppp(F )02,

Then the least constant C such that

Ifllp < Cllflloep)
forany f € L*(X| X X3) is

1

€ = (GPPys (i G0 ™)

in terms of a solution to a generalized partition problem.

Proof. Fix finite subsets I, C [ and J, C J. By Proposition 5.2.4, the best constant C(/y, Jy)
for functions supported on I X Jy can be achieved with a function f € L*(I X J), supported on
Iy X Jy, with at most one non-zero entry in each column, i.e. for each j € J, there is at most
one i € Iy such that f(i, j) > 0.

This means that there are pairwise disjoint subsets (J(i));¢;, of Jo, each {j € Jy : f(i, j) > 0},
the places in row i where f takes positive values. For each fixed i € [, define h;(j) = f(i, j).
(Note that then J(i) is the support of /;.) With these facts,

fillg = [l g vi (00 (5.12)

92(Ip)

This is proven by one of two computations, depending on the value of g;. If g; < oo,

92 i
1fllg = Z(Zf(i,j)} vZ(j)]
jeJo \i€ly
=12, > 1 j)qul(tovz(j)]
i€ly jeJ(i)
= | L m‘)ﬂ .

If g = oo,

||f||Q=[Z (s_upf(i,j)) w)] (ZZf(l J)qzvz(J)] ,

jedo \i€lo iedo ielo

because the supremum and sum over a unique term are the same. Next, because v,(i)%¢q; = 1
when ¢, = oo,

1

||f||Q:[Z[Z £, ])qzvz(J))W(l)q‘) [Z||h||€qzwvl<i>3%] .

iely \jeJ(@) i€ly
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It is easily seen that

L
1A lliry = iz @7 |, -
Equation (5.12) leads to the following application of Holder’s inequality, using the conjugate
exponents py/g; and (p1 : q2) /qa.

)

1
”hi”gﬁg(](i)) V()

1\4
1A = 3 (Wil 07 )

1
icly ”hi”gf;(j(,')) uy (i)

| 2
1 1p)

T
i€l ||hi||5522(j(i)) ur(i)m

. 92
PL-92Nprqy

1
||hi||€3§(](i)) vi(i)n

1
< H”hi||5522(1(,')) ur()n

Therefore

[1h; ”fi%ua»

Ifllp < Ci()

1A llcey -

£P1:92(1p)

Different choices of the function f can provide any disjoint collection {J(i) : i € Iy} of subsets
of Iy and functions 4;, each supported on J(i). These functions /; can be chosen so as to bring
the ratio ||/;]| 20y YAl 22 S Near as desired to the local best constant C(/;). Therefore, the
supremum C(lo, Jo) of [|flo / |lfllp) Over f € L*(I x J) supported on Iy X Jy (and not almost

everywhere zero) can be expressed as follows:

”hi”fgg(j([))

1171 . .
C(lo, Jo) = sup ——2— = sup [|C;)Co(J @Dl 210 »
f ”f”cr(P) (@}

where the latter supremum is over all disjoint collections {J(i) : i € Iy} of subsets of Jy. Because
q> < p2, Corollary 2.6.9 gives the formula

CoI@) = |y E (7 = IC2 (Dl sy -

tP2:92(J(i))
Therefore

Cllo- Jo) = sup IC1 D NCH ez sz sl o 1
J (i)

1
P12

P2:92
= sup Z(Z cz(j)w] c e . (5.13)
VO ety \jed(

By Corollary 5.2.2, the supremum of C(ly, Jy) over finite subsets Iy and J, is C itself. As Jy
comes closer to J and the collection {/(j) : j € J} comes closer to partitioning /, more terms
are introduced and the expression in (5.13) grows. Therefore, the supremum

pP1-az

P24
CPe = sup C(Iy, Jo)" ' = SUPZ C,()P (Z C2(]‘)1’21‘12]

fo.Jo VO et 0]

P1:92

= GPPra (Ci()" %, Co() "),
P2:42

where 0 < (p1:¢92) / (p2:¢2) < 1. Finally, Lemma 5.3.1 gives the best constants for singletons.
O



Chapter 6

Two-variable summary

The following summary clarifies the cases in the two-variable inclusion problem, and how the
results fit together to solve it. Assume that X; and X, are measurable spaces and, for each
k = 1,2, there are non-zero o-finite measures y; and v, on X;. Bounds and, where possible,
values are provided for the best constant C in one of the following inequalities.

@/q Vg p2/pi 1/p2
( f ( f |f|‘ﬂdvl) dV2) sc( f ( f T dul) dﬂz) 6.1)
X \JX X, \JX
@/ /g2 PP 1/pi
( f ( f A1 dvl) dV2) sc( f ( T d,uz) dul) 62)
X \JX X; \JX,

The corresponding mixed-norm inclusion holds if C < oo and fails if the least constant C = oo.
For each k = 1,2, let C; € [0, o] denote the least constant such that, for any f; € L"(Xy),

ka”Lg,’\f(Xk) < Ck ”ﬁ‘”Lﬂf(Xk)'
Inequality (6.1) is the “unpermuted case” solved in Section 3.4, with a simple solution
given by Theorem 3.4.1.
C=0CC,

so that inclusion holds if and only if each Lﬁf(Xk) C Lﬁ:(Xk), or equivalently C; < oo. (Each
C > 0 because no measure uy or v is zero.)

Inequality (6.2) is the “permuted case” introduced in Chapter 3 and treated in various sub-
cases. The following questions step through solving an instance of the problem.

1. Do both one-variable inclusions L\ (X;) € L (X;) hold, for k = 1,27

e By Proposition 3.3.3, C > C,C;.

e Therefore, unless both inclusions hold, inclusion is impossible (C = o).
2. Is this the Minkowski case, where min(p;, g¢;) < max(p;,g2)?

e [f so, by Theorem 3.6.1, C = C,C;.

From this point, we must have both one-variable inclusions, for which absolute continuity
Vi << W 1S necessary. Assume that each % > 0, u-almost everywhere, if necessary by
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reducing to functions supported where this is so. (Proposition 4.2.1) With this assumption,
note that each g has exactly the same atoms and the same null sets as v, so we can speak
of “atoms of X;”. Similarly, we can discuss whether or not X; or any measurable subset is
atomless, as well as whether or not it is purely atomic.

Now decompose X; = EqU(|J,;E;) and X, = FOU(UjGJFj), where E, and F, are atomless
and each E; or F; is an atom.

3. Is either X; or X, purely atomic? (That is, is either E, or F;, a null set?)

e If not, C = oo. Theorem 4.2.16 shows that the Minkowski sufficient condition
(Theorem 3.6.1) is in this case also necessary.

What remains is the non-Minkowski case, max(p,, g,) < min(py, q,), with one or both of
X, and X, purely atomic.

4. Is X, purely atomic, but X, not?

e If so, inclusion holds if and only if the sequence M; := v{(E)Y% u(E)~"P is
(p1 : po)-summable. (Recall p; : p, = (p;' — p;")™".) In this case,

Co(Fo) IMilly, . p, < C < G IMilly, . p, -
5. Is X, purely atomic, but X; not?
e If so, inclusion holds if and only if the sequence N; := vo(F;)"/%uy(F;)~"7 is

(g1 : g2)-summable. In this case,
Cl(EO) ||Nj||‘11 1 =Cx Cl ||Nj||q1 g

Otherwise, both measures are purely atomic. The non-Minkowski max(p,, ¢>) < min(py, ;)
divides into four more specific cases, with different solutions. The following are true in each
of these cases.

e From factorable functions (Proposition 3.3.3): C,C, < C.

e From “diagonal” functions (Theorem 4.2.11 applied to functions of the same form as
Theorem 5.3.4): ||M*N*|| <C.

P1:q2

e From the use of Holder’s inequality and Tonelli’s theorem (Propositions 4.2.19, 4.2.20,
5.1.1, and 5.1.2):

C< Cl ”N”ql tq 0
C < G M]]

C < Cl ”N”pl tq 0
and C < G, ||M||

pi:ip2? priq2
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6. Isp, < g, < p1 < q1? If so,

e Theorem 5.3.4 gives the best constant with “diagonal” functions, C = [[M*N*||,,,.,,-

7. Is p» < g2 < g1 < p1? If so, by Theorem 5.5.1,

1

C= (GPPM (CZ(j)pl 3‘]2,C1(l~)p1 :ql))l’l”iz .

8. Is g2 < p» < p1 < ¢q1? If so, by Theorem 5.5.2,

1

€ = (GPPua €y, oGy )"

(Refer to Section 5.4 for a description of the generalized partition problem (GPP).)

9. Otherwise (g2 < p> < g1 < p1, X and X, purely atomic), the problem is not fully solved.
It is not clear that there is any tractable condition to be found which is both necessary and
sufficient, and it is feared that it may be at least as tricky as the computationally difficult
of the GPP cases.

There are, at least, the separate necessary conditions and sufficient conditions given
above, plus necessary conditions derived by using either particular functions or special
classes of functions, like block-factorable functions.

(Note that not all purely atomic spaces can produce such difficult problems. For one simple
example, when dealing only with unweighted ¢”, a special case of Theorem 7.6.2 shows that
the Minkowski condition is both necessary and sufficient.)



Chapter 7

Multiple-variable case

7.1 Notation

Let (X1,%),...,(X,, Z,) be measurable spaces, each X; a o-algebra on X;. Denote the product
by X = X; X --- x X, with its o-algebra . Let L*(X}) represent the space of nonnegative
measurable functions on (Xj, X;), and let L*(X) represent the space of nonnegative measurable
functions on (X, X).

For any k € {1....,n}, any p; € (0, 0], and any o-finite measure y; on X, let pﬁ,ﬁ be a map
taking L*(X) to itself, defined by

1/ .
(~ka f(xl P xn)pkd,uk) " if Pk < 00
€ss SupxkE(Xk,’uk) f(-xl9 ey -xn) lf Pk = &

PN X1s s ) = {

The idea of this map is that it takes an L”* norm (a norm, at least, for p; > 1) in the variable
Xx, resulting in a function which is constant in x; and depends only on the remaining variables.

By composing such maps, we can express the L mixed norms described by Benedek and
Panzone in [4]. Given an n-tuple of exponents P = (py, ..., p,), €ach p; € (0, 0] and o-finite
measures i, . . ., iy, each y on X;, define for each k € {1,...,n} a map p; := pl: as specified
above. The composition is denoted by

P=pno--0py.

Observe that, for any f € L*(X), p(f) is a constant function. When each p; > 1, its sole value
is that of the mixed norm ||f]|p in the notation used by Benedek and Panzone, computed with
respect to the measures y;, . . ., u,. (The same procedure is used with at least one exponent less
than 1, but the result is not, strictly speaking, a norm.) Making the natural identification of
numbers with constant functions, p is that mixed norm. We then define the mixed norm space

L’ ={f € L'X) | p(f) < oo}, (7.1)
modulo the identification of any pair of functions which agree almost everywhere. Of course,

the full mixed-norm space L* will include all measurable real-valued or complex-valued func-
tions f such that the modulus |f| € L* as defined above, but since all of the work here depends
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only on the modulus, with no addition of functions, only those functions in L*(X) need be
considered.

The composition need not be p, o --- o p; in numeric order, however. By introducing a
permutation to the composition, we can obtain what Fournier [16] called “permuted mixed
norms.” As in the two-variable case, it turns out that the question of embeddings has a trivial
answer unless the mixed norms involved are differently permuted.

Given exponents py, ..., p, € (0, 0] and measures yy,...,u,, and additionally a permuta-
tion o € S, where as before p, = pl¥, form the composition

P = Po(n) © " 0 Po(1)-

Such (permuted) mixed norms are those for which we consider the inclusion problem.

7.2 Mixed-norm Holder and Minkowski inequalities

Benedek and Panzone [4] provide a mixed-norm version of Holder’s inequality, in several for-
mulations. The following is a consequence of their Theorem 2 in Section 2. Unlike Minkowski’s
integral inequality, which involves mixed norms with different permutations, the two mixed
norms which appear in Holder’s inequality, pp and pp: below, have their variables in the same
order.

Theorem 7.2.1. Let (Xy,uy),. .., (X, u,) be o-finite measure spaces with product (X, u), P =
(p1s .- pn) with each py € [1,00], and P’ = (p’l, e ,p;), meaning that each pik + 1% = 1. For
k

cachk € {1,....n), define px = i, pp = Py, 0+ 0 pyyr pl. = plts and pp = pl, 0 - 0 p. Then,
forany f,g € L*(X),

fX F(0g)du(x) < pp(flpp(8)- (7.2)

Furthermore, for any fixed f, pp(f) is the least constant C such that, for any g € L*(X),

f F(0g(du(x) < Cpp (). (7.3)
b'¢
Proof. Theorem 2 in Section 2 of Benedek and Panzone says that, for any measurable function
fonX,

pp(f) = sup

gEUP/

b

f F(x)g(x)du(x)
X

where Up denotes the unit sphere in L’ i.e. the set of functions g for which pp(g) = 1. If
g = 0 p-a.e., then (7.2) holds trivially, as does (7.3) with C = 0. As long as pp/(g) < oo, let
g(x) = (,op/(g))‘1 g(x) and observe that pp/(g) = 1, so g € Up.. Therefore

fx F(0)EX)du(x) < pp(f), so

fx J(0gdu(x) = pp(g) fx J(0&(x)du(x)

< pp(g)pp(f).
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For 1 < k < n, because y is o-finite there is a sequence Ey; C E;, C --- with each
kErm < ocoand |, Ex,n = Xi. For each m > 1, define

gm(X1,...,x,) = min (m, g(xy,...,x,)) l_[)(Ek,m(xk)-
k=1

Since g,, < m and each set Ey ,, has finite measure, pp/(g,,) < co. The preceding argument then
shows that fx F0gn(x)du(x) < pp(fpp(gn). Of course, (g,,) is an increasing sequence of sets
converging pointwise to g, so by monotone convergence

f F(x)g(x) < pp(fpp ().
X

(Although the monotone convergence theoren} is technigally only for integrals, dealing with
Py < 00, it is also valid to conclude that any pﬁt (gm) — pﬁ,f (g) when p; = .)

To see that pp(f) is the least value of C for the second inequality, note that the second
inequality applies to any g € Up.. For such functions g, it states that fx S(x)g(x)du(x) < C,
which when combined with Benedek and Panzone’s Theorem 2 means that pp(f) < C. i

Holder’s inequality has another formulation involving more than two mixed norms, anal-
ogous to the version of Holder’s inequality which uses more than two L” norms. Previously
stated in [4], this result is presented with the notation used here for convenience.

Theorem 7.2.2. Givenanym > 1, fori € {1,...,m} let P; = (pi(1),..., pi(n)) be an n-tuple of
exponents from [1,00]. Suppose that ¥ (P;)™" = 1 interpreted coordinatewise, i.e. for each
Jell,....n}, X pi(j)~' = 1. Then, for any fi,..., f, € L*(X),

i=1

where each pp, is the mixed norm defined by

pi(2)/ pi(1) 1/pi(n)
pp,-(f)=( f f ( f f”f(l)d,ul) dm...d#n)
Xy X X

for any f € L*(X), replacing by an essential supremum if any exponent is oco.

Proof. Simply apply the traditional m-function version of Holder’s inequality, variable by vari-
able. O

Minkowski’s integral inequality, as stated in Corollary 3.5.2, can be generalized to situa-
tions involving more than two variables. Such a mixed-norm Minkowski’s integral inequality
was described by Fournier in [16]; although the Theorem 2.2 there explicitly describes only
the greatest and least permutations, those tend to be particularly useful cases, and there is no
reason to believe that Fournier would have been unaware of the ideas in this version. This
mixed-norm Minkowski’s integral inequality is presented not as a novel result, but to provide a
statement compatible with the notation used here, and so as to include some examples of how
the mixed-norm versions of Holder’s and Minkowski’s inequalities can be useful.
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Proposition 7.2.3. Let (Xy,u1), ..., ( Xy, 1y) be o-finite measure spaces, with product space X.
Suppose thati,j€{1,...,n}, i # j,and 1 < p; < p; < co. Forany f € L™ (X),

Pl © phi(f) < phi o pl(f)-
Proof. Take any f € L*(X). For fixed values of xi, ..., x,, excluding x; and x;, define g(x;, x;) =
f(xi,...,x,), sothat g € L™(X; X X;). Because 1 < p; < p; < oo, Corollary 3.5.2 provides that

(7.4)

p; - S D
[netiz ., et ;
The above one-variable norms in x; and x; produce functions of the remaining variables; be-
cause (7.4) holds for every value of these variables, one of these functions is greater than the
other. The quantities can also be viewed as functions of (xi,. .., x,) which happen to be con-
stant in x; and x;. Either way, (7.4) means that p’ o pl(f) < plii o pj/(f). o

By repeatedly applying adjacent permutations, we can achieve the following generalization
of Minkowski’s integral inequality to mixed norms. (Since the number s of one-variable L”
computations involved could be less than the number n of spaces, this result also applies to
compositions which are not mixed norms, for their values are functions of n — s variables rather
than constants.)

Theorem 7.2.4 (Mixed-norm Minkowski integral inequality). Let (X1, uy), ..., (X, 1) be o-
finite measure spaces. For each k € {1,...,n}, let py = plr, for some exponent 0 < p; < co.
Let S be a subset of {1, ...,n}, enumerated by ki, ..., k;and l,,...,l;, where s = |S|. Define a
permutation of S by (a) = b if and only if k, = ly. If pr, < pr; whenever i < j and 1(i) > 7(j),
then

Pk, © 0Pk S PO 0Py
Proof. The proof is by induction on s. Both s = 0 (with the identity as a trivial composition)
and s = 1 are trivial, providing base cases. Recall the hypothesis thati < jand 7(i) > 7(j) imply
Pk < Pi;- Whenever i < 771(1), of course 7(i) > 1, so this hypotheses yields Pi; < Pk_1, = Ph-
For such i, Proposition 7.2.3 then shows that p;, o pi, < px © p;,. Repeatedly applying these
gives
ka_|(,) O-- opk1 = pl1 o/)kr_1(])_1 Orw- Op/q

< o o 0-:--0
= pk,fl(,)_l Pi ka—l(l)_z Pl

Ska_](D_l A Opkl °pP1.

Because furthermore every p; is monotone, in the sense that f < g implies pi(f) < pr(g),
precompose Pk, © -+ - 0 Ok to obtain

Pk, © "+ O Py S Pk O O Pr Ot 0Py 0py
where p;_, indicates that this term is omitted, appearing instead at the beginning of the com-
@

position as p;,. The inductive hypothesis, applied to S \ {kfl(l)} =S \ {41}, provides

Pk O O Pk, © O Pryg SPI, O 0Py,
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which completes the inductive step with

Pi, © O Pk S 1,0 0Py

O

Although the hypothesis looks a bit complicated at first glance, the idea is that Minkowski’s
integral inequality applies to any permutation which is formed from adjacent transpositions,
each of which moves norms with larger exponents earlier in the composition; the mixed norm
resulting from such a permutation always gives larger values than the original mixed norm.
On the other hand, if each adjacent transposition moves norms with larger exponents later in
the composition, then the resulting norm always gives smaller values than the original mixed
norm.

For a theorem with a simpler statement, we have the following useful corollary.

Corollary 7.2.5. Let (X1, 1), ..., (X,, 1,) be o-finite measure spaces. For each k € {1,...,n},
let px = py for some 0 < py < co. If o € S, is a permutation such that p; < p; whenever both
1 <i<j<nando (i) > o7'(j), then

Pn O 0PI = Pon) O O Po(l)-
Proof. Simply apply Theorem 7.2.4 with k; = i and [; = o(i). Then t = o', since for each
ie{l,....n} Ly =o' D)) =i=k. O

The last result provides a partial order on those mixed norms produced by permuting some
particular starting norm. (In terms of group actions, this partial order is on an orbit of the action
of the symmetric group S, on mixed norms in » variables.) Among these, there are always a
maximum and a minimum based on the order of the exponents. This is given by the following
special case, which describes the same idea which Fournier proved in [16] as Theorem 2.2.

Corollary 7.2.6. For each k € {1,...,n}, let (Xi, ux) be a o-finite measure space, let 0 < p; <

oo, and let py = p,\. Suppose that o, T € S, are permutations such that

Do) £ Pe@) = *** = Do)
Dr(1) 2 Pr2) 2 *** 2 Pr(n)-

Then
Pon) © "+ 0 Po(1) < Pn O 0 P1 = Prw) © 7+ O Pr(1)-

That is, of all permutations of the mixed norm p, o - - - o p;, one which puts the exponents
in decreasing order gives the greatest values, and thus the smallest mixed-norm space. At the
other extreme, a permutation which puts the exponents in increasing order gives the least values
and the largest space. (When some exponents are equal, such extreme permutations may not
be unique, but by Tonelli’s theorem the resulting mixed-norm spaces will be the same.)
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7.3 Problem statement

Let (X;,%)),...,(X,,X,) be measurable spaces with corresponding non-zero, o-finite measures
Uy tou, and vy tov,,and let X = X; X --- X X,,. Also, let P = (p1,...,p,) and Q = (q1,-..,4»)
be vectors of exponents, each in (0, co], and both o and 7 be permutations of {1,...,n}. As
noted above, foreach k € {1,...,n}letp; = pﬁ’k‘ and form the mixed norm p = Py © - * * © Po(1)-

Similarly, for each k let & = pj;, then define & = &,y 0 -+ 0 &q1).
We aim to find necessary and sufficient conditions for I C L¢ or, equivalently, for there to
exist C < oo (and, ideally, to determine the least C) such that, for every f € L*(X),

E(f) < Cp(f), (7.5)

which would be written in terms of single-variable norms as

Exmy © 0 E () £ Cpony © -+ 0 Py (f)-

When n = 1, the permutations are irrelevant and this is solved by Theorem 2.1.8. The case
n = 2 is the subject of the two-variable chapters, with the unpermuted case covering o = 7 and
the permuted case covering o # 1. For example, when n = 2 and o = 7 is the identity, the
inequality (7.5) expands to & o &(f) < Cp, o pi(f), i.e. py; o pyi(f) < Cpha © pyi (f), which
represents, in the notation used in Chapter 3,

H”f”L‘V’Il(Xl)

< ||t o,

L2(X2) L2 (X2)

The following results address the problem of determining when L C L¢ for more general n,
finding conditions for inclusion to exist between permuted mixed norm spaces. By reordering
the variables according to 77, we can reduce to one permutation. Suppose that we replace each
Xy by Xy, reorder the corresponding exponents p; and g, as well as the measures y; and v,
and replace o by & = o-on~!. With this relabeling of coordinates, inequality (7.5) is equivalent
to

En o &1(f) < Cpawm © -+ pay(f) (7.6)

So, we can always let 1 be the identity when solving this problem, which is exactly what
was done in Chapter 3. Henceforth, 7 is therefore not used.

Why is I C Lf equivalent to the existence of C < co? A first step is to sweep away the
annoying technicality that the presence of an exponent less than 1 means that we do not, strictly
speaking, have norms. This can be achieved through the following lemma, which uses a trick
to adjust all exponents involved in the problem simultaneously.

Lemma 7.3.1. Fix an arbitrary real number t > 0 and, for each k € {1,...,n}, define p; the
same way as py, but replacing pi by tpy, i.e.

PP Xn) = { (ka VACIPRRR xn)tpkdﬂk)l/tpk if pr < o0 .

eSS SUP c(x 0 S (K15 o5 Xn) I pp = 0

and similarly define & which differs from & only in its use of tqy in place of qi. Let C € [0, o]
denote the least constant such that

&) < Cp(f) (1.7)
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holds for all f € L*(X), and D € [0, oo] denote the least constant such that

E(h) < Dp(h) (7.8)

holds for all h € L*(X). Then C = D'. ~
Furthermore, L¥ C L? if and only if L C L&,

Proof. Given any h € L*(X), let f = h'. Observe that

Eh) =&, 00 & (h)
1/tpn

tp2/tp1
=(fx(fx f(xl,-..,xn)”"dul(xl)) ---dun(xn)] = &N

P(f) = Pomy © *++ © Po(f)
Po@)/Po(1) 1/pom)
= (f . e (f f(-xl e ey -xl’l)tpl d#o’(l)(xa'(l))) e d,“o‘(n)(xo-(n))] — p(h)l"
Xo(n) Xo(1)

with appropriate use of the essential supremum if any exponent is co. Therefore, with C the
least constant such that (7.7) holds,

and

&hy = &N < (Cp(MM = Cp(h).

Because D is the least constant for (7.8), D < C'*, so D' < C.
To obtain the reverse inequality, for any f € L*(X), let h = f/*. Of course, this implies that
f = Hh', as above, so the same equalities apply, and

£(f) = &) < (Dp(h))' = D'p(f).

Because C is the least constant for (7.7), C < D'.

Finally, to see equivalence of the inclusion problems, suppose that L# C L¢. For any h €
L*(X), let f = K and note that if 4 € I, then p(f) = p(h)’ < oo, so &) = &V < oo;
consequently, LF C Lf. The converse is proven similarly. O

With this generalization of 2.2.4 to multiple variables, it is possible to convert the original
inclusion problem to one involving Banach function spaces. The following generalization of
Proposition 2.2.6 takes advantage of this to show that the mixed-norm inclusion problem can
be formulated as one of finding a best constant.

Proposition 7.3.2. There is a constant C < oo such that ¢ < Cp if and only if If C L.
Proof. If any exponent py or g, for k € {1, ..., n}, is strictly less than 1, let
t = max(pjl, .. .,p,jl,qfl, .. .,q,jl)

and use this 7 in Lemma 7.3.1 to convert the inclusion problem of proving or refuting I C Lf
to the equivalent problem concerning L7 C Lf; at the same time, go from finding the least
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constant in & < Cp to finding the least constant in & < Dp. (If either C or D exists, the other
does and they are related by C = D', by Lemma 7.3.1. Consequently, if one of them fails to
exist, so does the other.) From now on, use p and ¢ to refer to the values p and &, and observe
that no exponent involved has a value less than 1.

This means that the spaces L and L are normed spaces; furthermore, as observed by
Benedek and Panzone in [4], they are Banach function spaces, defined in such references as
[5]. One direction is clear; the existence of C < co immediately gives a bounded (equivalently,
continuous) inclusion map Lf < L¢.

Conversely, suppose that I¥ C L. Because these are Banach function spaces there is a
constant C < oo such that & < Cp, by Theorem 1.8 in [5]. That is, the inclusion map must be
bounded. m|

Now that the inclusion problem I C Lf is known to amount to determining whether the
best constant C is finite, the following definition summarizes the notation for the multi-variable
inclusion problem.

Definition 7.3.3. Take measurable spaces (X;,%;),...,(X,,%,), where fork = 1, ... ,n each X;
has measures y; and v, on the o-algebra X;. Given exponents pi,..., Pn, q1s---,qn € (0, 00],
define, for any f € L*(X),

2

o(H(x1,. 0y x,) = { (ka S, ’xn)pkdllk)l/pk if pp < o0

eSS SUP, e, ) S (X155 X) A pg = 00
Mﬁmprﬁ{(&ﬂﬂwwW”My% Mg <oo
eSS Sup, crx, v S (X155 X)) 1f g =00
For any permutation o of {1, ..., n}, define mixed norms
P =Pt © 0 P, §=& 008y,

where the constant value of p(f) is understood as the value of the mixed norm, and similarly
for £. The mixed-norm spaces I and L¢ are then defined by

L ={f e L"X) | p(f) < oo}, L= {f e LX) | £(f) < o0} .

Let C denote the least constant in [0, co] such that & < Cp, i.e. for all f € L*(X),

£(f) < Cp(f).

7.4 All subinclusions are necessary

The permuted mixed-norm inclusion I C L¢ has, as necessary conditions, inclusions involving
subsets of the variables xi, ..., x,, corresponding to subsets S C {1,...,n}. Important special
cases include the one-variable inclusions Lﬁt (X C Lg,’j (X) obtained by considering singleton
S and, two-variable subinclusions, for which the results in the two-variable problem will be
helpful. A first step is to establish absolute continuity of measures, again.
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Lemma 7.4.1. If ¥ C L, then every vy < .

Proof. Were any particular v; <« u;, then there would be some measurable §; C X; with
1S =0,yetv;S; > 0. For each k # j, let §; = Xi; because v, is non-zero, v;S, > 0. Let
f=xm, s, = [1iz1 xs, and then compute

&) = [ [ esillige, > 0
k=1

since each factor is positive; if g; < oo, then ”XSk” . = (nSp!% > 0, while the essential

qk
v, (Xk)
k

supremum of y, is 1 since v > 0. On the other hand, since ;S ; = 0, x5, = 0 uj-a.e., so

p(N = [ Tlhesll =0
k=1

Consequently, there can be no constant C such that £(f) < Cp(f). O

Once more, since v < u is a basic necessary condition, it is assumed.
Assumption For the rest of the n-variable problem, assume that v; < y; for k € {1,...,n}.

For this theorem, recall that the permutation o is included in the definition of the composi-
tion p = Py © *+* © Po(1), While & = &, o - - - &) is defined in a standard order.

Theorem 7.4.2. Suppose that If C L%, i.e. there is some C < oo such that & < Cp. For any
S c{l,....,n}, let s = |S|. Write S = lki,....k;} = {li,...,1;} where k; < --- < k, and
o '(l)) < -+ < 07V (y). Define a permutation T on S by t(k;) = l; for each 1 < i < s. Then
there is a constant C' < oo such that

&0 -0, <C'po---opy

Proof. Lett = n —|S| and enumerate {1,...,n} \ S by my,...,m, (in any order). For each
1 < j <1, because v,,; < p; and v,,; # 0, there is some set E; with positive w,,, and v,
measure. Because these measures are o-finite, we can ensure (taking a subset if needed) that
0 < pm;(E;) < ooand 0 < v, (Ej) < .

For any measurable function g(xy,, . .., xx,) depending on the variables x; with i € §, define
he L*X)byh =g I_[;-zl)(E_,.(xm_,.). Also, for i € S, let §; and & denote essentially the same
one-variable Lebesgue norm computations as p; and &;, with the same exponents and measures,
but instead of mapping L*(X) to itself, these take L*(]],cs X;) to itself. Then

[ﬂ |LvE.f||Lzzf:<xm_>]é:‘kx o0&, (g) = £(h)
j=1 i

< Cp(h)

t
=C [1_[ ||?(Ej||L5:ff(xm,)]pls -+ 0py(8),
o

j=1
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S0
. B ! ”XE/“LZ,’:’ (X))
J ~ ~
&k 008k (g) < Cl—[ T |Pr oo p(Q)-
j=1 ”/\/E/ Lo X))
J
Each E; satisfies 0 < g, E; < 00 and 0 < v,,,E; < o0, so that 0 < ||xg,|| m, . < oo and

J
Ly Xn,)

bl zms o,
0 <yl o < 0. So, we can define C’ = C [['_, | ———— | and note that C’ < co.
ilL, 7 (X,.) J=1
Ly, X |LYE;'“L3,’Z;(X,”/.)

It remains to show that this C’ is a suitable value of the constant we seek; remember that

&, 00+ -0&, and p; o- - -op; apply to functions in L*(X), i.e. of all variables xy, ..., x, rather than
merely xy,,...,x,. Forany f € L*(X) and any particular points x,,, € Xy, ..., Xm, € X, let
8(Xky» - X)) = f(x1,...,x,) where each x; is one of the temporarily fixed x,,, (where i = m;)

ifi ¢S oris x, (i = k;)if i € S. From what we’ve already found,

fks 0w ng](f)(xla-"’xn) :gks Q- Oék](g)(-xmp---’xm,)
< C/ﬁlx S oﬁll(g)(xml, D ,xm,)
=C'pyo-0p,(Hx1,...,x).

The quantities & o - -+ 0 &, (g) and j;, o - -+ o 5, (g) are functions of those variables x,,,, ..., X,
included as parameters in the definition of g, so this inequality compares the (constant) func-
tions

Er, 00 & (f) < Cpyo--0p(f)
which holds for any f € L*(X) with the constant C’. i

Definition 7.4.3. The inequalities in the conclusion of Theorem 7.4.2, and the corresponding
embeddings of s-variable mixed norm spaces, are referred to as s-variable subinclusions of
the mixed-norm inclusion problem. It is important to note that every subinclusion with s > 1
inherits a permutation of the variables /i, ..., [; from the permutation in the original problem.

The reason why o~! appears in the definition of i, ..., [, is that o maps the position i on
the right-hand side of inequality (7.6) to the index o (i) of the variable in the i place. That
is, o, maps the place to the variable, dictating which variable goes in a particular spot in the
mixed norm. However, when determining whether particular variables are inverted between
the left and right sides, we instead want to use 0!, which maps each index to the place where
it appears. Specifically, c~!(j) is the place where the computation of L,’Zf (X;) ends up in the
composition on the right-hand side.

Corollary 7.4.4. If L C L%, then for each k € {1,...,n}, L} (X)) C LI(Xy).

Proof. Simply consider S = {k} in Theorem 7.4.2. O

Corollary 7.4.5. If L¥ C L, then for each 1 < i < j < n, there is a constant C’ < oo such that
&0 & < C'prjy © prii

where the permutation T on {i, j} is the identity if o~'(i) < o~ '(j) or T is the transposition
swapping i and j if o~ '(i) > o~ '(j). (That is, it places i and j in the relative order imposed on
them by o.)
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Proof. LetS = {i, j} in Theorem 7.4.2. m|

Although they are simple consequences of the theorem, these corollaries turn out to be im-
portant. As following sections will show, these corollaries have converses in certain special
cases. In the case of unpermuted mixed norms, all one-variable inclusions are not only nec-
essary but also sufficient for the mixed norm inclusion. When no measure is purely atomic,
having all two-variable subinclusions suffices for the complete mixed norm inclusion, so the
problem reduces to the two-variable case.

7.5 Unpermuted case

When there is no permutation, i.e. o is the identity, then the necessary condition of Corollary
7.4.4 is also sufficient.

Proposition 7.5.1. The unpermuted mixed norm inclusion L¥ C L¢ holds if and only if every
Lﬁf (Xy) € L¥(Xy). Furthermore, in this case the norm of the inclusion operator L — L? is the
product of the norms of the inclusions L}y (Xy) < L (Xj).

In other words, if for each k € {1,...,n}, C;y € [0,00] is the least constant such that
& < Crpy, then the least constantin é < Cpis C =Cy---C,.

Proof. Corollary 7.4.4 has already established that every single-variable inclusion is neces-
sary. For the converse, take any g € L*(X) and note that, for k € {1,...,n}, for every fixed
(X1y.+y Xk - . -, Xp) (Where X denotes that x; is omitted), g(xy, ..., x,) is a measurable function
of x;, with its LZ,’;(X,() norm given by the value of pi(g)(x, ..., x,), which does not depend on
x. The same is true of the LY (X;) norm, so that the inclusion L} (X;) C L (X;) implies that
&(g) < Cror(g)-

For any f € L*(X), successively applying this result to each variable in turn provides

E(f)=&o--0&1(f)
<Cié o0& 0pi(f)

SCI...Cnpno...opl(f)
=Cy - Cop(f).

In the particular case that f € L, this shows that f € L¢ as well. To see that C;---C, is
actually the norm of the inclusion, we need only consider a factorable function f = f;--- f,,
where each f; € L)\ (X,) C L} (X,). In this case,

n

P = | [z, = | [ o)
k=1 k=1

& = | Whdlge, = | [ &
k=1

k=1
By choosing fi,..., f, such that the ratio &(f)/p«(f) is arbitrarily close to Cj, which is

possible since that is the norm of inclusion, the ratio £(f)/p(f) can be brought as close as
desired to C; - - - C,,. O
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7.6 Minkowski criterion with no purely atomic measure

Now, suppose that none of the measures gy or v, is purely atomic. As noted in Section 4.2.1, we
can restrict our attention to functions supported where every % > (), since non-zero values off

that set only increase p(f), not £(f), and thus take us further from C = sup ;. x, %ﬁ;. This can

be effected by restricting our measures, after which we have % > 0 yi-a.e. and, consequently,
either both g and  are purely atomic or neither of them is.

In this case, it is not only necessary that every two-variable subinclusion hold to have
L C L, but also sufficient. Furthermore, as we learned from studying the two-variable case,
with no purely atomic measure, this occurs when the exponents satisfy a condition based on
Minkowski’s inequality.

Theorem 7.6.1. Suppose that, for each k € {1,...,n}, neither u; nor vy is purely atomic and
that there is a constant Cy < oo such that & < Cypy. Then the following are equivalent.

1. Forany 1 <i < j < n there exists some constant C' < oo such that
&j 0 &i < C'pxj © priy
where T is the identity if o~ (i) < 0~'(j) or T swaps i and j if (i) > o' (j).
2. Forany 1 <i< j<n ifo™'(i) > o7 '(j) then q; < p;.

3. There is a finite C < oo such that
& < Cp.

Furthermore, if these are true, then the least possible values of C and Cy,...,C, satisfy
C =C¢C;---C,

Proof. Suppose the first condition holds and we have every two-variable inclusion. In every
case where o~!(i) > o~!(j) while i < j, the two-variable inclusion is permuted, so Theorem
4.2.16 provides that min(p;, ¢;) < max(pj, g;). Furthermore, Theorem 2.1.8 provides that ¢; <
piand g; < p;, so that the Minkowski criterion on exponents is g; < p;. This proves the second
condition.

Assuming the second condition, we have the Minkowski sufficient condition described in
Section 3.6, so every permuted (non-identity 7) inclusion in the first condition holds. Of course,
when 7 is the identity, unpermuted inclusion follows from single-variable inclusions, by Theo-
rem 3.4.1. Therefore we have every two-variable inclusion required for the first condition.

Corollary 7.4.5 says that the third condition implies the first, so all that remains is to es-
tablish, with the assumed single-variable inclusions and atomless measures, that the second
condition implies the third. The aim is to prove that all subinclusions (each corresponding to
some S C {1,...,n}) hold, by induction on the size of the subset. While this is a superficially
stronger result, Theorem 7.4.2 tells us that it is actually equivalent to the overall inclusion.

Claim: For any S c {1,...,n}, let s = |S| and write S = {ki,...k;} = {l1,...,[}, where
ki <---<ksand o~'(l;) < --- < o7 '(l,). Then the least constant C € [0, co] such that

Ek, 008y <Cpo---opy (7.9)
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isC = Ck] e 'Ck_c-

The proof is by induction on s. The base case s = 1 is in the hypothesis. Assume that all
subinclusions for subsets S with |S| < s hold, each with the specified constant, the product of
all single-variable constants. (The case of factorable functions f;, --- fi,, each f;, € L*(X},),

gives C > Cy, - - - Cy,, so it remains only to establish (7.9) with C = Cy, ... Cy, .)

Define a permutation 7 on {1,..., s} by, for each i, j € {1,..., s}, 7(i) = j if and only if
ki =1;. Letip = 7!(1), so ki, = ;. The single-variable inclusion &, < Cj,p;, implies that
é:k,'o ©--+0 gk} < C11p11 o é‘:k[o_| ©---0 gkr (710)

For any i < iy, 7(i) > 1 = 7(iy), so [; occurs after /;, in the [ ordering of S, i.e. o~'(i) > o !(iy).
By the second condition, g;, < py, = p;,. Repeatedly apply Minkowski’s integral inequality
(Proposition 7.2.3) to all i < iy.

Pn ° é:kio—l 0--r0f < é‘:kio—l °py° ‘fkio—z 0---0&,

< é:kfo_] O o§k| ° P

Composition with &, o --- 0 &, ., gives

iy © 70 & OPL O &k OOk S & O 0 OO0 Oy,

where f/k\o indicates that this term is missing from the composition. With (7.10), this means that

fks o ---Ofk1 < Cllfks o O.JE]; O--- Ofkl Opll. (711)
Apply the inductive hypothesis to S \ {/;} = S \ {k;,} to find that

gkxo...ogkjoo...ogkl Scllv...clzplxo...oplz
which, together with (7.11), gives

kg, 0 0 &y SCpéy 008 008 0py,

(7.12)
S Cll ...C[Spls o) ...opll’
as desired. m|

The case of nonatomic measures is not the only time when the multivariable problem re-
duces to two-variable subproblems. There is a similar result involving counting measure.

Theorem 7.6.2. Suppose that, for each k € {1,...,n}, both of w, and v, are (unweighted)
counting measure and that there is a constant C;y < oo such that & < Ciyor. (When this
happens, the least constant is Cy = 1.) Then the following are equivalent.

1. Forany 1 <i < j < nthere exists some constant C' < co such that
&j 0 & < C'pj) © Pris

where T is the identity if o~ (i) < o~ '(j) or T swaps i and j if (i) > o' (j).
(When this is true, the least such constant is C' = 1.)
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2. Forany 1 <i< j<n, ifo'(i) > o~ '(j) then p; < q;.

3. There is a finite C < oo such that
&< Cp.

(When this is true, the least constant is C = 1.)

Proof. The proof proceeds much as in Theorem 7.6.1. One difference to note is that each
single-variable inclusion £7%(X;) C €% (X}) holds if and only if p; < gy, and in this case C;, = 1,
by Corollary 2.6.10.

Assume the first condition. Whenever i < jand o~ !(i) > o~ !(}), the permuted two-variable
inclusion requires p; < g; by Proposition 5.3.5. This proves the second condition.

Assume the second condition. The hypothesis provides one-variable inclusions and, con-
sequently, p; < g; and p; < g;. Theorem 3.4.1 shows that the one-variable inclusions suffice
in the first condition’s unpermuted case, with C’ = C;C; = 1. The permuted case, with non-
identity 7, has o~'(i) > o~!(j) and therefore p; < ¢ ;. Proposition 5.3.5 then gives permuted
two-variable inclusion with C’ = 1, finishing the proof of the first condition.

Subinclusions are necessary by Corollary 7.4.5, so the third condition implies the first. It
remains only to prove that the second condition implies the third. As in Theorem 7.6.1, the
following claim is established by induction on s, assuming the second condition.

Claim: For any S c {1,...,n}, let s = |S| and write S = {ky,...ks} = {l1,...,[}, where
ki <---<ksand o~'(l;) < --- < o~'(l,). Then the least constant C € [0, co] such that

0 0& <Cpo---opy, (7.13)

isC=1.

The hypothesis includes the base case s = 1. Assume that all subinclusions for subsets S
with |[§| < s hold with constant 1. (Factorable functions give C > Cy, --- Cy, = 1.)

Define a permutation 7 on {1,..., s} by, for each i, j € {1,...,s}, 7(i) = j if and only if
ki =1;. Letip = 771(s), s0 k;, = I,. The single-variable inclusion & < p; implies that

&k, 0008k S &k O -k © LU (7.14)

For any j > iy, 7(j) < n = 7(ip), so [; occurs before /;, in the [ ordering of S, i.e. o '(j) <
o !(ip). By the second condition, p; = P, < qi;- Repeatedly apply Minkowski’s integral
inequality (Proposition 7.2.3) to all j > iy.

kg © v ki © LI Sk, © ki © PL O ki

<SP0, 008k,
Composition with &, , o -+ o & gives
i, © 7 0 & O PI O &y O O &k S P Ok OO &y OO0y,

where ‘f/k\o indicates that this term is missing from the composition. With (7.14), this means that

&, 00 & gplsofksou-o.f/ki\oo---ofkl. (7.15)
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Apply the inductive hypothesis to S \ {/;} = S \ {k;,} to find that

Sy O 0 &k O 0 & S P O opy

which, together with (7.15), gives

Eg, 0 0 & S P 0&y 00y 000y

<p,o---op.

(7.16)

O

In each of these cases, the multivariable problem has been reduced to two-variable subprob-
lems. Where these two-variable subproblems are permuted, inclusion in either case requires
the Minkowski criterion. Additionally, each one-variable subproblem requires a particular or-
der of exponents. For measures which are not purely atomic, one-variable inclusions demand
qr < px so that the Holder criterion for inclusion can apply; with this, the Minkowski case of
min(p;, g;) < max(pj,q;) is reduced to ¢; < p;.. For unweighted £”, p; < g is both necessary
and sufficient, and it reduces the Minkowski case to p; < g;. Without these special conditions,
it is not clear that just having the Minkowski condition for each permuted two-variable subin-
clusion suffices to establish the full inclusion. However, this has been proven to suffice in all
cases with three or four variables, and computation has furthermore ruled out a counterexample
in five or six variables. Therefore, the following conjecture is suggested.

Conjecture 7.6.3. Foreachk € {1,...,n}, let Cy € [0, co] denote the least constant so that &, <
Cipr. Assume that every permuted two-variable subinclusion satisfies the Minkowski criterion.
That is, assume that for any 1 < i < j < n, if 07'(i) > o~'(j), then min(p;, q;) < max(p;,q;).
Then the least constant C such that

&<Cp

isC=Cy---C,

7.7 Multiple-variable summary

Let X1, ..., X, be measurable spaces such that each X; has non-zero o-finite measures y; and
vi. For each k € {1,...,n}, let p, denote the one-variable Lﬁf (Xy) norm, while &, denotes the
one-variable Lﬁ’f (Xx) norm. Let o be a permutation of {1,...,n} and let C denote the least
constant such that

fno"'ofl SCpo_(n)O---Opo-(l). (717)

There is an inclusion between the corresponding mixed-norm spaces if and only if C < co.
Factorable functions yield the lower bound C > C - - - C,,.

1. (Theorem 7.4.2) Does any subinclusion fail? If so, then C = oo.

Given a subset S C {l,...,n} with cardinality s = |S|, the corresponding s-variable
subinclusion is obtained by removing from the compositions in

008 S CPyn) ©°* O Py
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any one-variable norms in variables x; with k ¢ S. The order in which one-variable
norms are computed in the subinclusion is inherited from their order in the original inclu-
sion problem. Although the best constant may differ among the subinclusions, if ¢ < Cp
with C < oo, there must be a finite best constant for the subinclusion corresponding to
any S. There are two special cases worth noting.

e (Corollary 7.4.4) Every one-variable subinclusion & < C;po, must hold (and let
Cy denote the best constant there) if mixed-norm inclusion is to be possible, by
considering singleton S .

e (Corollary 7.4.5) Every two-variable subinclusion must hold if mixed-norm inclu-
sion is to be possible, by considering § with two elements.

The standard results on embeddings among Lebesgue spaces solve the one-variable sub-
problems, while the two-variable methods developed here solve many two-variable cases
fully, and provide insight even into the more difficult cases. If any necessary condition
can show that a subinclusion in one or two variables fails, then the full mixed-norm
problem certainly fails, as well.

One unfortunate side to this is that proving a mixed-norm inclusion establishes every
subinclusion, so it must be at least as difficult a problem as each of its subproblems.
Since certain difficult two-variable cases have been found, the most difficult problems in
three or more variables must be at least as troublesome. Therefore, a neat solution to all
cases is not expected. Certain cases, however, are solved.

(Proposition 7.5.1) Is o the identity? If so, then if all one-variable inclusions hold (each
C; < ), so does the mixed-norm inclusion, with C = C; --- C,,.

. (Theorem 7.6.1) Is no measure y; or v, purely atomic? In this case, the mixed-norm

inclusion holds if and only if every two-variable subinclusion does.

(Unpermuted two-variable subproblems, of course, reduce to their one-variable pieces,
while in this case permuted two-variable subinclusions hold if and only if both the one-
variable inclusions and the MinkowsKi criterion hold.)

(Theorem 7.6.2) Is every measure space a countably infinite set with counting measure?
In this case as well, the problem reduces to its two-variable subproblems. Permuted
two-variable inclusion holds if and only if one-variable inclusions and the Minkowski
criterion hold.

. (Conjecture 7.6.3) It is conjectured that, if every two-variable subinclusion holds, and

every permuted two-variable subinclusion satisfies the Minkowski criterion, then the full
mixed-norm inclusion holds.



Bibliography

[1] Robert Algervik and Viktor 1. Kolyada, On Fournier-Gagliardo mixed norm spaces, Ann.
Acad. Sci. Fenn. Math. 36 (2011), no. 2, 493-508. MR 2865509 (2012i:46034)

[2] S. Barza, L.-E. Persson, and J. Soria, Multidimensional rearrangement and Lorentz
spaces, Acta Math. Hungar. 104 (2004), no. 3, 203-224. MR 2075921 (2005e:46043)

[3] Sorina Barza, Anna Kaminska, Lars-Erik Persson, and Javier Soria, Mixed norm and
multidimensional Lorentz spaces, Positivity 10 (2006), no. 3, 539-554. MR 2258957
(20071:46024)

[4] A. Benedek and R. Panzone, The spaces LY with mixed norm, Duke Math. J. 26 (1961),
301-324.

[5] Colin Bennett and Robert Sharpley, Interpolation of operators, Pure and Applied Mathe-
matics, vol. 129, Academic Press, Inc., Boston, MA, 1988. MR 928802 (89¢:46001)

[6] Ron Blei, Analysis in integer and fractional dimensions, Cambridge University Press,
Cambridge, United Kingdom, 2001.

[7] Ron C. Blei, Fractional Cartesian products of sets, Ann. Inst. Fourier (Grenoble) 29
(1979), no. 2, v, 79-105. MR 539694 (81h:43008)

[8] Ron C. Blei and John J. F. Fournier, Mixed-norm conditions and Lorentz norms, Com-
mutative harmonic analysis (Canton, NY, 1987), Contemp. Math., vol. 91, Amer. Math.
Soc., Providence, RI, 1989, pp. 57-78. MR 1002588 (90h:46048)

[9]1 A. P. Blozinski, Multivariate rearrangements and Banach function spaces with mixed
norms, Trans. Amer. Math. Soc. 263 (1981), no. 1, 149-167. MR 590417 (81k:46023)

[10] A. Boccuto, A. V. Bukhalov, and A. R. Sambucini, Some inequalities in classical spaces
with mixed norms, Positivity 6 (2002), 393.

[11] V. I. Bogachev, Measure theory, Springer-Verlag, Berlin, Heidelberg, 2007.

[12] Nadia Clavero and Javier Soria, Mixed norm spaces and rearrangement invariant esti-
mates, J. Math. Anal. Appl. 419 (2014), no. 2, 878-903. MR 3225412

[13] Andreas Defant, Leonhard Frerick, Joaquim Ortega-Cerda, Myriam Ounaies, and Kris-
tian Seip, The Bohnenblust-Hille inequality for homogeneous polynomials is hypercon-
tractive, Ann. of Math. (2) 174 (2011), no. 1, 485-497. MR 2811605 (2012e:32005)

103



104 BIBLIOGRAPHY

[14] Andreas Defant, Dumitru Popa, and Ursula Schwarting, Coordinatewise multiple sum-
ming operators in Banach spaces, J. Funct. Anal. 259 (2010), no. 1, 220-242. MR
2610385 (2011d:47046)

[15] Gerald B. Folland, Real analysis, second ed., Pure and Applied Mathematics (New York),
John Wiley & Sons, Inc., New York, 1999, Modern techniques and their applications, A
Wiley-Interscience Publication. MR 1681462 (2000c:00001)

[16] John J. F. Fournier, Mixed norms and rearrangements: Sobolev’s inequality and Little-
wood’s inequality, Ann. Mat. Pura Appl. (4) 148 (1987), 51-76. MR 932758 (89e:46037)

[17] Emilio Gagliardo, Proprieta di alcune classi di funzioni in pii variabili, Ricerche Mat. 7
(1958), 102-137. MR 0102740 (21 #1526)

[18] W. Grey and G. Sinnamon, The inclusion problem for mixed-norm spaces, Trans. Amer.
Math. Soc. (to appear).

[19] G. Hardy, J. E. Littlewood, and G. Pélya, Inequalities, 2nd ed., Cambridge University
Press, Cambridge, United Kingdom, 1953.

[20] V.I. Kolyada, Iterated rearrangements and Gagliardo-Sobolev type inequalities, J. Math.
Anal. Appl. 387 (2012), no. 1, 335-348. MR 2845754

[21] Matthieu Kowalski, Sparse regression using mixed norms, Applied and Computational
Harmonic Analysis 27 (2009), no. 3, 303-324.

[22] J.E. Littlewood, On bounded bilinear forms in an infinite number of variables, Quarterly
J. Math. 1 (1930), 164—-174.

[23] W. A.J. Luxemburg, On the measurability of a function which occurs in a paper by A.C.
Zaanen, Proc. Netherl. Acad. Sci. (A) 61 (1958), 259-265.

[24] A. G. Miamee, The inclusion LP(u) C Li(v), Amer. Math. Monthly 98 (1991), no. 4,
342-345. MR 1103190 (92d:46078)

[25] Mario Milman, Notes on interpolation of mixed norm spaces and applications, Quart. J.
Math. Oxford Ser. (2) 42 (1991), no. 167, 325-334. MR 1120993 (921:46042)

[26] L. Nirenberg, On elliptic partial differential equations, Ann. Scuola Norm. Sup. Pisa (3)
13 (1959), 115-162. MR 0109940 (22 #823)

[27] Lubos Pick, Alois Kufner, Oldfich John, and Svatopluk Fucik, Function spaces. Vol. 1,
second ed., De Gruyter Series in Nonlinear Analysis and Applications, vol. 14, Walter de
Gruyter & Co., Berlin, 2013. MR 3024912

[28] Dumitru Popa and Gord Sinnamon, Blei’s inequality and coordinatewise multiple sum-
ming operators, Publ. Mat. 57 (2013), no. 2, 455-475. MR 3114778

[29] B. Subramanian, On the inclusion LP(u) C L(i), Amer. Math. Monthly 85 (1978), no. 6,
479-481. MR 0482134 (58 #2221)



BIBLIOGRAPHY 105

[30] Yubao Sun, Qingshan Liu, Jinhui Tang, and Dacheng Tao, Learning discriminative dictio-

nary for group sparse representation, Image Processing, IEEE Transactions on 23 (2014),
no. 9, 3816-3828.

[31] Alfonso Villani, Another note on the inclusion LP(u) C LY(u), Amer. Math. Monthly 92
(1985), no. 7, 485-487. MR 801221 (86k:46044)

[32] Shengzheng Wang, Jing Peng, and Wei Liu, An ¢?/¢' regularization framework for di-
verse learning tasks, Signal Processing 109 (2015), no. 0, 206 — 211.

[33] P. Zhao, G. Rocha, and B. Yu, The composite absolute penalties family for grouped and
hierarchical variable selection, Annals of Statistics 37 (2009), no. 6 A, 3468-3497.



Appendix A

Applications of mixed-norm Holder and
Minkowski inequalities

Although they are not necessary to address the central inclusion problem, the mixed-norm
versions of the Holder and Minkowski integral inequalities were included in Chapter 7. In
part, this is because Minkowski’s integral inequality does describe a special class of inclusions,
specifically those among permuted copies of some particular mixed norm. For example, if

P =pP30°pP20pP

is a mixed norm for functions on X; X X, X X3, where each p; is a one-variable norm over
X, then Minkowski’s integral inequality describes inclusions among the various mixed norms
Po3) © Po2) © Poly, Where o 1s any permutation of {1, 2, 3}.

However, another reason is because the mixed-norm Holder and Minkowski can be used
together effectively for certain proofs, as mentioned in the introduction. Several examples are
included here as simple demonstrations, hopefully to encourage readers to take advantage of
these tools when appropriate.

The first example involves Littlewood’s 4/3 inequality (from [22], described and general-
ized in numerous ways since) which directly concerns bilinearity, but has a proof which relies
on a certain inequality involving mixed norms. That inequality is stated and proven below.

Proposition A.0.1. For any doubly-indexed collection (a,-, j)i e of nonnegative numbers,

3/4 1/2 1/2 1/2 1/2
[Z aii}) < [Z (Z al-z’j) ) [Z [Z al-z’j] ] )
L] J 1 1 J
Proof. For P = (py, p»), define a mixed norm
pa/pi\1/ P2
PP(Ci,j) = [Z [Z Cf);) ) s
AN

with appropriate replacements by the essential supremum if either or both of p, and p; is co.
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As described in Theorem 7.2.1, (3, %)/ = (%, 3). Leta;; =B, = aff and, by that very theorem,

23 _
§ a;; = § ai,j,Bi,j39(3,%)(ai,j)P(%,3)(ﬁi,j)
i Y

(S(z) ] (Slze]]

J i J

Notice that the (2,3) mixed norm has its smaller exponent % on the inside of the nested sums
and its larger exponent 3 on the outside. Even the everyday two-variable Minkowski establishes
that swapping the order of those one-variable norms would give greater values. Therefore

2/3 1/2,2/3

172
Sars|n(a) | |Z(ze

iJ J i i J

IA

2/3 1/2\2/3

Sz | [2[za) |-

J i i J

after which taking the 3/4 power on each side gives the desired result. O

Notice that this demonstration used no property specific to sums, and in fact would work
perfectly well for integrals over any o-finite measure spaces instead of series. The next demon-
stration takes advantage of this by deriving the result for integrals first, with the series version
as a corollary.

Proposition A.0.2. Let (X1, uy), ..., (X3, u3) be o-finite measure spaces. Let X = X| X X5 X X3
and let u denote the product measure on X. Then, for any f € L*(X),

5/6 1/2
(f f6/5d,u) < (f (f f(Xl,Xz,X3)2dﬂ1(X1)) dﬂz(XZ)dﬂS(x3))
X XoxX3 \JX,

12
(f ( f(xl»x27x3)2d/12(x2)) dﬂl(xl)dﬂa(x3))
X1><X3 X»

12
( f ( f f(xl,Xz,X3)2dﬂ3(X3)) dm(xl)dﬂz(xz))
XxX \Jx;

Proof. Define three ordered triples by

55 5 _5 55
Pl _(57575) P2_(§75’§) P3_(§7§75)-

Denoting the j”* coordinate of P; by p;(j), notice that 3, P;! = 1, in the sense that for each
particular j, Y, pi(j)~! = 1. This permits the use of a three-function mixed-norm Holder’s
inequality, as given in Theorem 7.2.2. Letting g, = g, = g3 = f*°,

1/3
1/3

1/3

f 218283du < pp,(g1)pp,(82)Pps(83), (A.0)
X
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where each mixed norm pp, is defined by, for f € L*(X),

i(3)

j i(2
pPi:p/IJ)3 ()

i i(1
o pii® o otV

° Pl

e.g. pp, = pff o pff o Pm Two of these mixed norms have their largest exponent, 5, somewhere
other than the inside, coming in the middle or last in the composition of one-variable norms.
Let &, denote the version of pp, thus permuted and &; denote the version of pp, thus permuted,

so that

5/2 5/2 5/2 5/2
fz—Pﬂé opﬂ{ op/tz and & _pﬂé opﬂ{ opm

The mixed-norm Minkowski inequality in Theorem 7.2.4 (or, perhaps more conveniently here,
Corollary 7.2.6) shows that pp, < &, and pp, < &;. Therefore, continuing from (A.0),

fgngg?Sd/l < pp,(81)62(82)63(g3).
X

When each side is expanded, this turns out to be the desired inequality. O

As an immediate corollary, here is Lemma 2 on page 430 of [6], a mixed-norm lemma
leading up to a trilinear result.

Corollary A.0.3. Let a; ;i > 0 be triply indexed over N. Then
5/6 1/241/3 1/2y1/3 1/2\1/3
6/5 2 2 2
{Z ai,j,k] < (Z (Z ai,j,k] ] [Z (Z ai,j,k] ] [Z (Z ai,j,k) ) :
i,j.k Gk \i ik \j ij \ Kk

A more substantial application is the following theorem, which is Theorem 2.1 in [28].
Just over three pages of argument can be replaced by the following application of mixed-norm
techniques. First, relevant definitions from the paper.

Definition A.0.4. Let (M, ;) be o-finite measure spaces for j = 1,2, ..., n, and introduce the
product measure spaces (M", u") and (M7, u’}) by

= ]—[ My, u= H,uk, M} = HMk, M= l_[,uk-
k=1 k=1 k=1 k=1
k#j k#j
Note that M? = M".

Theorem A.0.5. If n > 2 and positive indices q\, . . ., q, satisfy 3i_, qi < 1 then for any non-
J
negative |"-measurable functions fi, fa, ..., fu

Lnfle"'fnd/lnSljl

fils fudu < | ]
Mn j=1

1/p;j

pild;
[f qfdul) d,uj] and
M/
5;l4; 1/s;
LiLre)" o]

I T < SN K S B I
Herep(—qj+1 Zkzlqkandsj (1 Zquk)

I q_ n—-1

— ——
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Proof. To prove the first inequality, define, for each j, k € {1,...,n},

. Upj ...
(ka fp"dﬂk)l/ if j =k,
, aj .
(ka f‘/-/d,uk) if j # k.
Foreach j€{l,...,n}, letp; = p;, o ---p;1, which can also be specified as pp, where each k™

entry of the n-tuple P; is P, = q;, except for the j", P;; = p;.
For each k € {1,...,n}, let P;(k) denote the k™ entry in P ; and observe that

pix(f) =

n

iP,-(k)‘l =g+ g =g 1= ) g+ g =,
j=1

J#k j=1 J#k

so that Z;le Pj‘.1 = 1, in the coordinatewise sense used in Theorem 7.2.2, a mixed-norm
Holder’s inequality. This theorem then implies that

fifs " < | | o).
M =1

By hypothesis, each p; < g;, so p; j has the least exponent, p;, compared to the g; exponents on
the other p;;. Therefore Minkowski’s integral inequality, in its Corollary 7.2.6 form, implies
that, if we sort the composition p; into

Pj=Pjn0® Pjj+1°Pjj-1°"""9Pj1°Pjjs
then p; < p;. Therefore
fifse b < | | £,
M)l J:]

which expands into the desired first inequality in the conclusion. For the second inequality, let,
for j,ke{l,...,n},
(o)™ it j= &
M, ik 1 =5
( I fodw) i # k.
Foreach j e {l,...,n},let&; = &, 0--- 0 &;;, amixed norm defined by an n-tuple § ;, where

each entry S ;(k) = s;, except for §;(j) = g;. Observe that 37, S J‘.l = 1, since for each
kell,...,n},

Eix(f) =

Zn: Si" =g+ > s
j=1

j#k

=q;1+jz#; [1—261;3”

. 1 Lo
:;qfl+zn—1_zn—1;qml

Jj*k Jj*k

:Zn:q;l+1—ilq;l1 =1,
=1

m=1

g, !
9 n—1
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so by Holder’s inequality (Theorem 7.2.2) and Minkowski’s integral inequality (Corollary
7.2.6),

f Jifa - fudy" < ﬁfj(fj) < ﬁgj(fj),
M j=1 =1

where, for each j € {1,...,n},

£j=E&j0&n0-0&j410&j 10 0.

Minkowski’s integral inequality implies that each &, < &; because each s; < g, so &;; has a
greater exponent, g, than the other &;; with their s; exponents. O

For another example, take Lemma 1 from [13], itself a rather restricted special case of
Lemma 5.3 in Blei’s [7]. Again, there are preliminary definitions.

Definition A.0.6. For two positive integers m and n, both assumed to be larger than 1, define
Mm,n) ={i=(1,...,0n)  01,...,0u €{1,...,0}}.

Definition A.0.7. Given an index i in M(m, n), we set i = (i1, ..., i1, iks1, - . -»in), Which is
then an index in M(m — 1,n).

Lemma A.0.8. For all families (¢;);cpym.ny 0f complex numbers, we have

[Z |ci|f+”1]%s [1 Z[ > |c,-|2]é :n.

ieM(m,n) 1<k<m | ix=1 \ikeM(m—1,n)

Note that each such family (c;) is naturally identified with a complex-valued function
fGy,...,ip)on{l,...,n}" defined by f(iy,...,i,) = ¢;. The above result can be substantially
generalized, and is a special case of the following proposition.

Proposition A.0.9. Let (X1, u1),...,(Xm, Un) be o-finite measure spaces with product space
(X, ). Forany k € {1,...,n}, let

X=X X XXX X X,

with its product measure u*, where the notation X, indicates that this factor is omitted. For any

u-measurable function f : X — C,
1
2k
f(f Ifldu) m
X \Jx*

m+1
om 2m
([ < ]
X
Proof. Fork € {1,...,m}, let gy = |fl#1. Let Py = (pii, ..., Pr.), Where each

1
m

1<k<m
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Foreachi € {1, m}, Y, p =(m-1)- m + m = 1, so by Holder’s inequality (Theorem
7.2.2)

om
[ = [T ]"[gk< [n a0
X X k=1

Let o, denote the mixed norm which results from permuting pp, so that its exponents are in
decreasing order; the least exponent “5— ’"” comes last in p;. By Minkowski’s integral inequality
(Corollary 7.2.6), each pp, < p. Therefore

NG sﬁ (1) =[] [ J. ( I |f|2du")£duk

1<k<m

2
m+1

Finally, take the '"“ — power of each side. O

Furthermore, Lemma 5.3 from [7] can be readily obtained with these methods, even though
it is a somewhat more complicated result. Once more, the preliminary notation. The wording
does not match Blei’s original, but should be similar, and correctly reflect the meaning.

Definition A.0.10. Consider integers / > K > 0. Let N = (J ) andlet S4,...,S y enumerate the
size-K subsets of {1,...,J},and for 1 < @ < N, let ~ §, denote the complement {1,...,J}1\ S,
of §,.

Lemma A.0.11. For any J-fold indexed sequence (a i

a=

j,), i.e. function on the product (Z*)’,

.....

1|2k )]

Sa ~Sq

1/N

.....

As always with these methods, the result does not depend on exactly which o-finite mea-
sure spaces are considered, much less the fact that the integration here is summation, so a
generalization will be proven.

Proposition A.0.12. For any o-finite measure spaces (Xi,u1),...,(X;,1y) and any measur-
able function f(xy,...,x;) on X1 X -+ X X},

N 1/N

() <O T

a=1

where the notation fs forS c{l1,...,J}, denotes integration over the product space [ |;cs Xi-

Proof. For1 <a <N, let go(x1,...,x,) = |f] " and define a J-tuple P, by

N(K+J) e
—— ifie s,

fori € {1,...,J}. For each i, the number of sets S, which include a particular i is (IJ(:II) since
any set of size K known to include i is determined by the other K — 1 elements chosen out of
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the J — 1in{l,...,J}\ {i}. The number of sets S, which exclude that i is (JI_(I), because all K
elements of each such set are chosen from the J — 1 other values than i. Therefore

. 1\ 2J J-1\ J
ZPMO ( )MK+D (K)Nm+h
7 () ()
= +
K06 ()
_ I [, U=Dl K=K (=D K=K
K+J\C&K-DIU-K)! T KiJ-K-D!__ J!
J (2K .]—K)

_+—
+J\ J J
_ J K+J
T K+J

= 1.

Since Y, P;! = 1 coordinatewise, by Hélder’s inequaliity (Theorem 7.2.2),

Let pp, denote the mixed norm obtained by permuting pp, so that its greatest exponents N&+D

7
. . . N(K . .
occur first, in coordinates from §,, and its least exponents (2J+J) occur last, in coordinates

from ~ §,. By Minkowski’s integral inequality (Corollary 7.2.6), each pp, < pp

a’

N

f 117 < ]ﬁ (ga):]_[{ fs( fSQIfIZ)UZ]N(%D-

""" a=1

Take K” powers on each side to obtain the desired inequality. O



Appendix B

Index of Notation

Notation

(K
LX)
I,

-lleznys -llercays (1Ml ee

L*(X)
<

dv
du

[f1,

’

P

L7, | lp

L7 | llopy
Ci,

a’ﬁ

Ci(A), Cx(B))
pPiq

Csr(A, B)

Eo, Fo

(Ei)iel’ (F.i)jel
U, vy, Uz, V2
C(lo, Jo)
C1(), C2())
C@, j)

K*

Pin

P, ¢

Ir, L5, C
Cc,...,C,

OOOO\]\]\]\]O\;:U
aq
(¢}

O O VOO I I WnUnhn b B WRNNDDND == O
NP, PAEAEQ9UNPE PP OO0 WP WooN

Description

L? norm over (X, )

L? space over (X, u)

L?” norm on an inferred measure space

L? norms w.r.t (possibly weighted) counting measure
Nonnegative measurable functions on X

Absolute continuity of measures

Radon-Nikodym derivative

Equivalence class of f for u-a.e. agreement

Conjugate exponent to p for Holder’s inequality
Equivalence of atoms by null symmetric difference
(Unpermuted) mixed-norm space L and its norm
Permuted mixed-norm space L7 and its norm

Norms of inclusions L\ (X;) < L' (X)), LI2(X») < L2(X,)
Exponents dependent on py, g1, p2, and g,

Best one-variable constants on subsets A; C X;, B; C X,
Relative conjugate of p with respect to ¢

Best constant for block factorable functions on (A; X B;)
Atomless parts of X; and X,

Atoms in X; and X,

Weights from measures of atoms on X; and X,

Best constant for functions supported on Iy X Jj

Best one-variable constants for functions on atoms

Best constant for functions supported on {i} X {;}
Decreasing rearrangement of a sequence

One-variable ijk (Xy) norm for functions on X; X - - - X X,
Mixed norms on multiple variables

Mixed norm spaces on multiple variables, best constant

Norms of Lﬁ,’j(Xk) — L¥(Xy), best constants in & < Cyoy
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