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Abstract

In ruin theory, the surplus process of an insurance company is usually modeled by
the classical compound Poisson risk model and the Sparre-Andersen risk model. Under
these models, the claim amounts and inter-claim times are assumed to be independently
distributed, which is not always appropriate in practice. In recent years, risk models
relaxing the independence assumption have drawn intensive research attention. However,
previous research mostly considers the so call dependent Sparre-Andersen risk model under
which the pairwise events containing inter-claim time and the next claim amount remain
independent of each other. In this thesis, we aim to examine the opposite case. Namely,
the distribution of time until next claim depends on the size of previous claim amount.
Explicit solutions for the Gerber-Shiu function are provided for arbitrary claim sizes and
various ruin-related quantities are obtained as special cases. Numerical examples are also
presented. The dependent insurance risk is further generalized to a perturbed version
to incorporate small fluctuations of the underlying surplus process. Explicit solutions
for the Gerber-Shiu function are deduced along with applications and examples. Lastly,
we introduce the perturbed dependence structure into the dual risk model and study the
ruin time problem. Exact solutions for the Laplace transform and the first moment of
the time to ruin with an arbitrary gain-size distribution are obtained. Applications with
numerical examples are provided to illustrate the impact of the dependence structure and
the perturbation.

Keywords: non Sparre-Andersen dependence, diffusion, risk model, dual model, ruin time,

Gerber-Shiu function.
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Chapter 1

Introduction

Consider the continuous-time surplus process for an insurer

N(1)
U(t):u+ct—ZXl-, t>0, (1.1)

i=1
with initial surplus level # > 0 and constant premium rate ¢ > 0, where {X;, i = 1,2,...}
are claim-size random variables and the claim counting process N(t) is a renewal process
with interclaim times {V;,i = 1,2,...}. When both {X;} and {V;} are sequences of
independent and identically distributed (i.i.d.) random variables and their distributions
are independent, process (1.1) is the Sparre-Andersen risk model. In addition, when
{Vi,i = 1,2,...} follows an exponential distribution, then N(#) is a Poisson process
and model (1.1) represents the classical compound Poisson risk model. Also, the linear
component ¢t in model (1.1) may be generalized to a function h(t) as long as h~! is
well defined. Sparre-Andersen risk model and classical compound Poisson risk model
are widely studied in risk theory and ruin theory, however the i.i.d. assumption among
individual claim sizes and inter-claim times, and the independence assumption between
claim size and inter-claim time are usually inappropriate in practice.

Risk models involving various dependence structures have been studied intensively

in the literature. One popular topic is assuming dependency among individual claims,
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for example, Miiller and Pflug (2001) considered asymptotic ruin probabilities for risk
models with dependent claim increments, Denuit et al. (2002) examined the impact of
dependence between claim occurrences, and Cossette et al. (2002) constructed models
allowing dependence among claims using risk classifying and copulas techniques. Risk
processes with Markovian arrivals are also widely studied to model dependence, see for
example, in Badescu et al. (2005), Ahn et al. (2007) and Badescu et al. (2007). A
rising research interest in recent years is to relax the independence assumption between
claim sizes and inter-claim times, among which the most persuasive works are articles by
Albrecher and Teugels (2006), Boudreault et al. (2006), Cossette et al. (2008), Meng et
al. (2008), Ambagaspitiya (2009), Badescu et al. (2009) and so on. However, previous
research mostly concentrated on the dependence structure where the pairs of events
(Vj,X;) remain independent of each other, which allows the risk model preserves the
independent increment assumption of the Sparre-Andersen risk model and is referred to
as the dependent Sparre-Andersen risk model. For instance, Boudreault et al. (2006)
studied a risk model with claim sizes depending on elapse time motivated by a natural
catastrophe context. Cheung et al. (2010) summarized some general properties of the
dependent Sparre-Andersen risk model. In this thesis, we aim to examine the opposite case
when the distribution of the time until the next claim depends on the amount of the previous
claim and generalize the dependence risk model to a perturbed version. More precisely, V;
and X; are independent, but the next event of V;,; depends on the previous pair (V;, X;).
Consequently, the surplus process is no longer a dependent Spaarre-Andersen model. This
kind of causal dependence model was first introduced by Albrecher and Boxma (2004)
where the ultimate-survival probabilities are considered. Under the dependence setting, the
amount of an individual claim may be viewed as a risk classifier for the insured, and we
make different assumptions for the distribution of next inter-event time when the insured is

classified to different group. Take car insurance for example, GschloB1 and Czado (2007)
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show there are empirical evidence that claim frequency and claim severity are negatively
correlated in auto insurance. Then it is reasonable to assume that when a claim size is large,
we expect the waiting time until next claim to be large as well. In addition to the causal
dependence structure, we further assume that the premium rate also varies depending on
claim sizes where claim sizes follow an arbitrary distribution, and analyze the Gerber-Shiu
discounted penalty function that was proposed first in the paper by Gerber and Shiu (1998).

The Gerber-Shiu expected discounted penalty function is defined as
m(w) = B{e " w(U =), U@ jre | UO) =}, 120, (12)

where 6 > 0 is the discount factor, w(x, x3), x; > 0, x, > 0 is a penalty function, 7 is the
infinite time to ruin random variable and I{;. is an indicator function taking value 1 when
T < oo and 0 otherwise, given that the initial surplus level is at u > 0. The Gerber-Shiu
function is widely studied since it recovers a number of quantities of special interest in ruin
theory, such as the probability of ultimate ruin, the Laplace transform of time to ruin, the
joint and marginal distributions and moments of the surplus and the deficitr.v. U(7—), |U(7)|

and so on. We illustrate this by the following examples.

Example 1.1 Probability of ultimate ruin. Let 6 = 0 and w(x;, x,) = 1 for all x; > 0,

xp > 0, then the Gerber-Shiu function (1.2) reduces to
() = B {ljre) | UO) = u} = P {7 < 00| U(0) =},
which is the probability of ultimate ruin. O

Example 1.2 Laplace transform of time to ruin. Let w(x;, x;) = 1 for all x; > 0, x, > 0,
then the Gerber-Shiu function reduces to the Laplace transform of the time to ruin random

variable, denoted by

o) = (L |UO =) = [ f e

From the Laplace transform, we may compute the moments of time to ruin. O
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Example 1.3 Defective joint and marginal moments of the surplus and the deficit. Let
6 = 0 and w(x;, x,) = x} x} for all x; > 0, x, > 0, where k and [ are nonnegative integers,
then the Gerber-Shiu function presents the joint moments of the surplus and the deficit.

With k = 0 or [ = 0, we obtain the marginal moments. O

Example 1.4 Joint defective distribution of the surplus and the deficit. Let 6 = 0 and
w(x1, X2) = Ly <q Ljx,<y, for all x; > 0, x, > 0, then the Gerber-Shiu function presents the
joint defective distribution of the surplus and the deficit. With either x — oo or y — oo, we

obtain the marginal distributions. O

Example 1.5 Defective distribution of the claim causing ruin. Let 6 = 0 and w(xy, x;) =
Ly +x,<, forall x; > 0, x, > 0, then the Gerber-Shiu function produces the distribution of

the size of the claim causing ruin. O

Another direction for generalizing the classical ruin model is adding a diffusion process
to account for the fluctuations of aggregate premiums and aggregate claims. In actuarial
science, risk models perturbed by Brownian motion are widely used when the underlying
process is assumed to be subject to small changes at any point in time. For instance, when
the surplus process incorporates some risky investment. This idea was first introduced by
Gerber (1970) and modeled by

N(1t)
Up(t) = u+ ct — ZX,» +oW(@), t >0,

i=1
where o > 0 is a constant and W(r) is a standard Brownian motion. The perturbed
risk models have been studied extensively, see for example, Dufresne and Gerber (1991),
Gerber and Landry (1998), Tsai and Willmot (2002), Li and Garrido (2005) and Sarkar
and Sen (2005) for the perturbed classical compound Poisson model and Sparre-Andersen
model. Besides, Wan (2007), Li et al. (2009) and Mitric et al. (2010) consider a perturbed

Sparre-Andersen model with threshold dividend strategy. In the above papers, various
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quantities of interest are analyzed under the perturbed risk model where it is assumed that
the claim-size distribution and the inter-claim time distribution are independent.
A generalized Gerber-Shiu function for perturbed risk models was introduced by Tsai

and Willmot (2002) based on the idea of Gerber and Landry (1998), and is defined as

mp(u) = wo ¢a() + dw(w), u =0, (1.3)

where wy is a constant representing the penalty at ruin due to oscillation and

Ba(t) = B (e Tcw vy | UO) = u),

Bu(t) = B w(U =), U@ ireas vy | UO) = u).

The component ¢4(u) represents the Laplace transform of the time of ruin random variable
7 if ruin is due to oscillation, while the summand ¢, () corresponds to the penalty at ruin
if caused by a claim. Here 6 > 0 is the discount factor, w(x, x), x1,x, > 0, is a penalty
function for ruin caused by a claim with w(0,0) = wy. At zero initial surplus u = 0, it
implies ¢, (0) = 0, ¢4(0) = 1.

In recent years, insurance risk models with dependence structure and perturbed by
diffusion have drawn substantial attention. For instance, Lu and Tsai (2007) analyze
a Markov-modulated perturbed risk process where the distributions of interclaim times
and claims sizes depend on an environmental Markov process. Also, Li and Ren (2013)
consider the maximum severity of ruin under a perturbed risk process with Markovian
arrivals. In Chapter 3, we study a perturbed risk model with interclaim-times depending on
claim sizes following the dependence structure proposed by Albrecher and Boxma (2004).
This perturbed risk model was studied previously by Zhou and Cai (2009). However, the
authors considered only the ultimate-survival probabilities and derive a recursive solution
for exponential claim sizes. We substantially extend the analysis to an explicit solution of
the widely studied Gerber-Shiu function along with examples and clarify an open question

formulated in Remark 3.2 of Zhou and Cai (2009). The advantage of our approach is
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that there are no constraints on the claim-size distribution and that our results are in
terms of functions that are explicitly known. Another relevant recent contribution on the
subject is Cheung and Landriault (2009) where the risk model with dependence structure
of Albrecher and Boxma (2004) is considered as a special case of the Markov additive
process and optimal dividend problem under a barrier strategy is studied. Here we focus
on the solution for the generalized Gerber-Shiu function and its applications.

The idea of perturbed dependence structure may also be applied to the dual risk model.
A dual risk model is suitable to analyze a revenue process for a line of business with steady
expenses and occasional gains. An annuity business, an invention or mining company are

examples of such businesses. This type of a setup may be modeled by the dual risk process

R(t):u—ct+§iXi, t>0, (1.4)
i=1

where u > 0 is the initial surplus, ¢ > O represents the expense rate of the company, N(7)
is an event-counting process with inter-event times {V;,i = 1,2,...}, and {X;,i = 1,2,...}
are the amounts of the occasional gains. When N(¢) is a compound Poisson process, model
(1.4) is called the compound Poisson dual model. When {V;,i = 1,2,...} and {X,,i =
1,2,...} are two sets of i.i.d. random variables and independent of each other, model
(1.4) is the Sparre-Andersen dual model. The name of dual risk model is related to a
duality between (1.4) and (1.4). The ruin model (1.1) with an absorbing barrier b > u
where ruin occurs at U(f) = b instead of u(f) = 0 is equivalent to the dual model with
initial capital b — u. To illustrate this, see Figure 1.1 for a sample path of such U(¥).
Research on dual risk models has drawn rising interest in recent years. Avanzi et al. (2007),
Afonso et al. (2013) and Bayraktar et al. (2013) study optimal dividend problems under the
compound Poisson dual model with a barrier strategy. Ng (2009) considers the compound
Poisson dual model with a threshold dividend strategy. Other articles related to dividend
problems include Albrecher et.al (2008) who study a dual model with tax payments, Avanzi

et al. (2013) who consider a dual model with periodic observation times, Bayraktar et al.
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ui
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0 oy
1 1
not ruin : t
not ruin

Figure 1.1: A sample path of U(t) equivalent to the dual model

(2014) who introduce a dual model with transaction cost, etc. Ruin-time problems under
the Sparre-Andersen dual model with Erlang-n inter-gain times are studied in Landriault
and Sendova (2011) and Rodriguez et al. (2013). Yang and Sendova (2014) further extend
the analysis to the Sparre-Andersen dual model with generalized Erlang-» inter-gain times.

More recently, a dependence structure is implemented into a dual risk model in
Albrecher et al. (2014) where the distribution of inter-gain times is assumed to depend on
the size of the previous gain by comparing it to a fix threshold. We consider an extension of
Albrecher et al. (2014) where the fixed threshold is generalized to random thresholds which
is the dependence structure introduced by Albrecher and Boxma (2004) and we examine
the ruin time. The dependence structure may describe a revenue process of a research
company, when a certain research gain is large (or small), resources and talent will be
drawn into (or out of) the company and that will affect the distribution of time until next
gain. In addition, it is assumed that the expense rates also depend on the previous gain

amount and the underlying surplus process is perturbed by a diffusion process.
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Dual risk model with diffusion is given by

N(1)
RD(t):u—ct+ZX,-+0'W(t), t>0,0>0, (1.5)

i=1
where W(¢) is a standard Brownian motion, was first introduced by Avanzi and Gerber
(2008). More recent works on dual risk models perturbed by diffusion include Avanzi et.al.
(2011), Avanzi et al. (2014) and Liu and Chen (2014). As pointed out by Remark 2.2 in
Avanzi and Gerber (2008), although model (1.4) is a limiting case of model (1.5) as o — 0,
no formula under model (1.4) may be obtained as a limiting case of the respective formula
under model (1.5) when dividend problems are concerned. Instead, under the perturbed
dependent dual risk model that we consider, the convergence preserves very neatly for all
ruin-related results (see Remark 4.2).

The rest of this thesis is structured as follows. Chapter 2 studies a ruin model with both
inter-claim time and premium rating depending on claim sizes, where we derive the explicit
solutions for the Gerber-Shiu function and its various applications. Chapter 3 considers a
perturbed version of the ruin model with dependence between inter-claim time and claim
sizes. In Chapter 4, a perturbed dual risk model with inter-gain distribution and expense
rates depending on the size of previous gain is studied. Exact solutions for the Laplace
transform of the ruin time with arbitrary gain-size distribution are obtained and the impacts
of the dependence structure and perturbation are examined. Chapter 5 gives the conclusions

and future research goals.



Chapter 2

An insurance risk model with

dependence structure

In this chapter, we consider a continuous-time insurance risk process where both the
interclaim-time distribution and premium rate both depend on the size of the previous
claim. Explicit solution for the Gerber-Shiu discounted penalty function with arbitrary
claim size distribution is derived utilizing the roots of a generalized Lundberg’s equation.
Lastly, applications with exponential thresholds are presented and a numerical example is

provided.

2.1 Model description and notation

Suppose that the surplus process of an insurance company is modeled by
N(1)

Ut) =u+ C(t) - ZX,-
i=1

N()

! t
:M+C1f H{J(S)zl}dS+C2f I{J(S):z} dS—ZX,', t>0, 2.1)
0 0

i=1
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where the initial surplus is U(0) = u > 0, the premium received up to time ¢ is C(?),
N(t) is the claim-counting process and the claim amounts {X;, i = 1,2,...} are positive
i.i.d random variables with cumulative distribution function B(-), density function b(-) and
mean y. Assume that the distribution of the waiting time until the next claim depends on
the size of the previous claim by comparing it to random thresholds {Q;, i = 1,2,...}.
Suppose the thresholds {Q;, i = 1,2,...} are i.i.d. with c.d.f. H(-) and are independent
of the claim sizes {X;}. If the size of the claim X; is larger than Q;, then the time until
next claim will follow an exponential distribution with mean 1/4; > 0; if X; is smaller
than Q;, then the time until the next claim will follow another exponential distribution
with mean 1/4, > 0 (4; # A;). This causal dependence structure was first introduced
by Albrecher and Boxma (2004). Under model (2.1), the thresholds {Q;} may be viewed
as a risk indicator that governs the distribution of the waiting time until the next claim
and may be deduced through, for example, the general population, a control group or
past experience. In addition, the premium charged also varies depending on the same risk
indicator, in response to the possible change in the distribution of interclaim time. If a claim
X is larger than Q;, we classify the insured as Class 1 and charge continuous premium at
rate ¢; > 0; if X; is smaller than Q;, then we classify the insured as Class 2 and charge
continuous premium at rate ¢, > 0. At any given time ¢, denote the class of the insured
by J(t). The premium collecting process C(¢) is a piecewise linear process. Notice that
when ¢; = ¢;, model (2.1) reduces to the semi-Markov dependent model in Albrecher and
Boxma (2004). Assume that the positive-security-loading condition holds for model (2.1).

Namely,
Spix >0+ % PIX < Q) > 1, 2.2)

which means in a probabilistic view, the insurance company charges a premium that is
higher than the expected loss amount.

Given that the initial class of the insured is i, i = 1,2, and the initial surplus is u, we
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analyze the Gerber-Shiu expected discounted penalty function
) = E{e " wU @), U@ e [UO) =0, w20,i=1,2,  23)

where ¢ > 0 is the discount factor, w(xy, x,), X1, x, > 0, is a penalty function, and 7;, i =
1,2, is the time to ruin random variable for Class i. Lastly, we introduce some notation and

properties that are used throughout the chapter. Denote by

£ = f Wity y — 1) b(y) dy. 2.4

u

Suppose that the Laplace transforms of b(-), H(-) and £(-) exist for all Re(s) > 0. The

Laplace transform of a real-valued function f(-) is denoted by

£(s) = f we““yf(y)dy, s e C.
0

Define the Translation operator 7, s > 0, of a function f(-) as

T,f(x) = f i e f(y)dy, x20, (2.5)

which was first employed by Dickson and Hipp (2001), and has the following properties

T,f(0) = f(s), 520,

TslTszf(x) = TSZTS1f(-X) = TSlf(j) — fSZf(X)7 S1,82 > 0’ $1 * 82,
2 = 91
Ty T fO) = Ty Ty £0) = LEVZIED o0 51 % 5. 2.6)

§2 — 81

See also Li and Garrido (2004) for the properties of the Translation operator 7.

2.2 Generalized Lundberg’s equation

First, we derive a system of integro-differential equations for the Gerber-Shiu function
m;(u), i = 1,2, introduced by identity (2.3). Given the initial class is i, i = 1, 2, conditioning

on the time and the amount of the first claim, we deduce

my(u) = f e_ét/lle_/ht{f [P{y > Qiymi(u+cit—y) +Ply < O1}mo(u + cit —y) | b(y) dy
0 0
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+ f w(u + cit,y —u — cit) b(y) dy} dt, 2.7)
. wror u+tcit
o) = f e_%e_@{ f [Py > Qi+ ear = 3) + By < Qi) matu + ot = )| b3) dy
0 0
+ f w(u + cot,y — u — ct) b(y) dy} dt, (2.8)
u+cot
where

P{y> Qi} = H(),
P{y<Qi}=1-H@y) =H().

For simplicity, the following notation is introduced

XO) = H©) b, (2.9)

E) = H(y)b(y) = b(y) —x(). (2.10)

Changing the variable of integration 7 to v = u + ¢t in (2.7) and utilizing identities (2.4),

(2.9) and (2.10), yields

00/1 (e —u 4
() = f AP (42 >{ f [mloz—y)fcy)+mz<v—y>x(y>]dy+§<v>} dv. (2.11)

1 0

Denote by
Y1) = fo 16 = 1020+ mate =)y + 20

then we may rewrite equation (2.11) by the definition of Translation Operator in (2.5) to
4
my(u) = — Tuywy(), u=0, (2.12)
C1 1

which implies

A Ay [ +0
m(0) = = Tawy(0) = 25| 2.
C1 3] (&1 C1

Applying Laplace transforms to (2.12) and utilizing identity (2.6), we obtain

- A
iy (s) = c—l T,T1,:57(0)
1 “
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A 7(22) -Fs)

o A +6
s —
1
S 7 () = &) = X(s) Tas) = (s)
T A +6
S —
C1
Ai— Ai— A~
mi(0) — =&(s) iy (5) = =x(s) ma(s) = —(s)
_ C1 C1 C1
B _ A1 +0
Ci
Further rearrangement of the terms produces
Ai+0 A= |- Ai— A~
s — S+ ZE(s) [ () + =x(s) als) = m(0) = =L(s). (2.13)
C1 (03] (&) C1
Similarly, we deduce from (2.8) that
A
my(u) = = Twy@), — u20.
Cy )
Applying Laplace transforms yields
L+d6 A
[s > —%m+m®+—ﬂ@mu»mmm——a@. (2.14)
2

Together equations (2.13) and (2.14) provides a system of equations which m,(s) and m;(s)

satisfy.
b+6 Ay_
Multiply equation (2.13) by | s — 2 + 2 )((s)] produces
(&%)
/l+6/l L+d A A bh+d Ar_
[s 1 iﬂ)” - +3M@PM@+—1-—2 +in@hwmmw
Cq C (&) C1 (&)
bh+d Ar_ A b+ A
=F - iﬁﬂm@—fk—2 iﬂﬁa@
1
) ) . A +0 /12~
in which replacing | s — — )((s) m,(s) by the expressions in (2.14) yields
(6]

/16/1~ /16/l~
F L+ ;ﬂﬂ[ * JM@PM@+—Mmem——a>——awmu)

C1 (&)
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[s el Q}(s)]mmm—ﬁ[s—ﬂzc” ﬁﬂs)]{(s)

2 (&1

Then grouping all terms with m2,(s) to the left-hand side of the equation leads to

A A A A A
{[s 1 +0 —‘f@)” e —%?(s)] - %f(s)xm} Fir(s)

C1 2 1C2

- [s hto @ias)] mi(0) - —)((S) ma(0) - A—ll( - Az o

)§(S) (2.15)

(&)
/11+5 A1 /ll+5 /11
Similarly, we multiply (2.14) by | s [ §(s)] and then replace [s— E(s)]mi(s)

by the expressions in (2.13), after rearranging it yields

L+s Az Ltd A _
(EEEEN MRS A

2
A1 +0

(6]

- [s - L + —?(s)] my(0) - —?(s)ml(m _h (s _
C1 Cy c

(&1 2

)é( ). (2.16)

The terms in front of m;(s), i = 1,2, in equations (2.15) and (2.16) are identical. Setting

them to zero, produces the generalized Lundberg’s equation for model (2.1),

5o B D oo 20 B 2

C1 2

or equivalently

(S— A +6)(s—/12+5)—ﬁ(/b-'_é—s)f(s)——(/h;—é—S))?(S)=0- 2.17)

C1 (6] 1 (6] 1

We analyze the roots of Lundberg’s equation in Lemma 2.1 and Lemma 2.2.

Lemma 2.1 When 6 = 0, the generalized Lundberg’s equation (2.17) has exactly two roots

with nonnegative real parts. These roots are distinct, real and one of them equals zero.

Proof When ¢ = 0, equation (2.17) reduces to

(s _ ﬂ) (s _ @) 4 (@ - s)as) _L (j— - s)x(s) (2.18)
1

C1 Ca c1\c &)
One may verify easily that s = 0 is a root of (2.18) utilizing the relation E(O) +x(0) =

b(0) = 1 from the Laplace-transformed identity (2.10).
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For s # 0, equation (2.18) may be rearranged to

> A b Ad [1 ~Es) - X(S)] + /l_sg(s) + /l—S)((S) =0

= —5——s5+
C1 C Ci1Co
A A A A l—b
sls——l——z —g(s)+—X()+¥ ® .
Ci &) c10; )

We rewrite equation (2.18)as

s[g1(s) — g2()] =0

where
A A
gi(s) =5 = ===,
C1 C2
Ay — L=

82(s) = ——é’(S)— —)(( §) - ——B(s).

(S]]

The nonzero roots of equation (2.18) coincide with those of g;(s) — g2(s) =

15

We analyze the roots of g;(s) — g2(s) = 0 by applying Rouché’s theorem to a closed

contour C, formed by the semi-circle {s : |s| = d, Re(s) > 0} in the right half plane and

the imaginary axis, where d is a large enough constant. The functions g;(s) and g,(s) are

analytic inside C and g;(s) has exactly one zero inside C. On the semi-circle part of the

boundary of C, since Re(s) > 0, we have

|X(9)| <x(0) <1,

|€s)| <0 <1,

'E(s) <B0) = pu
Thus, comparing
A A A A
) = sl = | =+ 2| =d - _1+_2)
T O T ¢
and
A A A 4
lg2(9)] < —|f(s)|+ —|X( )|+ —1 2 B( <Lz 0,
1 C2 Cci1Cp




CHAPTER 2. AN INSURANCE RISK MODEL WITH DEPENDENCE STRUCTURE 16

we obtain that |g>(s)| < |g1(s)| on the semi-circle part of the boundary of C, for a sufficiently
large d.

On the imaginary axis part of the boundary of C, we have Re(s) = 0, which implies

|x(s)] < x(0),
|&(s)| < €0),

'ﬁ(s) < B(O) = u

On one hand, utilizing the positive-security-loading condition (2.2) with relations P{X >

0} = £0) and P{X < Q} = ¥(0) which is

Cl— Cyr
—&(0) + —x(0),
/J</11§( )+/12)(()

we obtain

414
|mm<—mﬂ+—Wﬂ o

Ay /l/l
s;mn—%@ 4=

mﬂ

C1C
A~ _ A —~ A4 —
< NF0) + P50y + 12 SF )+ A2 25
C1 ) cicr Ay cicr Ay
A A
_AhL e
Cq C)

noting that :;—7(0) + ¥(0) = 1. On the other hand, since Re(s) = 0, we have

A A4
|mm>—+i
C1 Cy

thus |g2(s)| < |g1(s)| holds on the imaginary axis part of the contour C as well. Applying
Rouché’s theorem to the contour C and letting the radius d — oo, we conclude that equation
g1(s) — g2(s) = 0 has exactly one root in the positive half plane, which indicates that
equation (2.18) has exactly one root in the positive half plane. Moreover, the root is real,
since the complex roots of analytic functions that are presented in series form with only real

coeflicients come in conjugate pairs. Recall that zero is also a root of (2.18). Therefore,
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Lundberg’s equation with 6 = 0 has exactly two roots with nonnegative real parts, where

both are real roots and one of them is zero. [

Lemma 2.2 When 6 > 0, the generalized Lundberg’s equation (2.17) has exactly two roots

with nonnegative real parts. Moreover, they are distinct, positive and real.
Proof We rewrite Lundberg’s equation (2.17) as follows:

h(s) = hy(s) = 0

where
Emg:(s—ﬂl+5)b—/b+5), (2.19)
C1 (6
Tn(s) = (ﬂz *o_ S)f(S) A2 (ﬁl to_ s)f(s). (2.20)
C1 &) C1

We analyze the roots of Lundberg’s equation hi(s) — Zz(s) = 0 by applying Rouché’s
theorem to the same contour C as in the proof of Lemma 2.1. The equation E(s) =0
has exactly two roots inside the contour C, and E (s) and Ahiz(s) are analytic inside of C. On

the semi-circle part of the boundary of C, we have

A1 +0 A1 +0 A1 +06 A
F— 1 ‘zm— : ':d— ‘ ‘> L
C1 C1 1 C1
AH+o A+d A+ A
%— 2 ‘zm— 2 ':d— 2 ‘>—A
o) 2 C2 2

for a sufficiently large radius d. Hence, the above inequalities together with |E(s)| < E(O)

and [y(s)| < x(0) yield

"Ez(s)‘ < ﬁ

2+5

Ao
e

/12+5H /11+(5'
s_

= o] + 2
/11+6H 2+5

' 70)

= |5 —
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since E(O) + x(0) = 1. Consider now the part of the contour C on the imaginary axis. Since

Re(s) = 0 and 6 > 0, we have

A +0 A1+ 0
ol
1
A +0 /l 0 /l 0 Ay +6|
P Lt '6(0) | L ‘X(O)
Cy (%) C1
A ol[A o A o A 0| —
S | )6(0) (” )‘s— 2170
) Cy ) Ci
A AH+0 /l+5~
> C—l 2 ‘§<0> 1 ')((O)
1
/11 /12+6‘ 1+5'
> —
2 2o 22 o 22
Z’?lz(s)'.

Thus, sz(s)' < P;l(s)' holds on the boundary of the closed contour C and we may conclude
that Zl(s) —Zz(s) = 0 has two roots inside of C, denoted by r and p. Letting d — oo shows
that r and p are the only two roots in the nonnegative half plane.

It remains to show that when 6 > 0, r and p are distinct and real. We know that as ¢
converges to 0, r and p converge to the roots of the simpler equation (2.18). Then, as ¢
converges to zero, one of r and p converges to zero and the other one converges to a strictly
positive number, hence they are distinct. Moreover, we prove by contradiction that r and p
are real numbers. Suppose r and p are complex roots of the analytic function g;(s) — g2(s),
then they must be a conjugated pair, i.e. r = a + bi and p = a — bi for some real numbers
a,b > 0. When ¢ converges to zero, we know that one of the roots converges to zero, which
indicates that a and b converge to 0 simultaneously. Then, the other root also converges
to 0, which contradicts the fact that the other root converges to a strictly positive number.
Thus, r and p are both real.

In addition, without lose of generality, we let p < r. Then, it follows that p €

(0 mm{l““s ’12“5}) and r € (mln{””‘s, ’12“5} , max{’“‘s, ”2:‘5}) since at s = 0, h,(s) > hy(s);

2 C1

at s = min {422, 222 7, (5) < hp(s); and at s = max {422, L2 (5) > Ip(s). m
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2.3 Gerber-Shiu expected discounted penalty function

In order to invert the Laplace transforms of (2.15) and (2.16) for m;(u), i = 1,2, we need to
solve for the values of m;(0), i = 1,2, first. Lemmas 2.1 and 2.2 indicate that Lundberg’s
equation (2.17) has exactly two nonnegative roots for all 6 > 0. Denote these roots by r and
p, for an arbitrary 6 > 0. When s takes the value of r or p, the right-hand sides of (2.15)
and (2.16) also equal to zero. Moreover, when s = r (or s = p), the right-hand sides of
(2.15) and (2.16) are identical due to Lundberg’s equation (2.17). Thus, only two equations

are obtained

c1 [car = A = 6 + x(r)] m(0) — A1coma(0)y(r) — A1 (cor — Ap — 5)2(1’) =0,
c1 [e2p = Ao = 6+ ()] my (0) — Ay cama(OYx(p) — Ay (c2p — A2 — 6)L(p) = 0.

Solving this system of equations yields

XY (car = Ay = 8)L(r) = Lx(r)(eap — A2 — 6)L(p)

m(0) = — — (2.21)
c1[(ear = A2 = 63¥(p) — (c2p = A2 — O)F(r)
o |c2p = 2 = 6 + ax(p)|(car = A2 = )L(r) = |car = A = 6 + XM (c2p = 12 = ) (p)
m = .
2 &2 (car = 2 = 6)F(p) ~ (c2p — A — O]
(2.22)
We rearrange (2.22) as
oy = 6)(cir — - 0)|L(r) - Z(f>] Lok o
ca|(car = o = (o) — (cop =l = ()| 2l
multiplying by 4, /c; leads to a useful relation for some later results,
Ai(e2p = 1 = 8)(ear — 1 = 8) [£(p) = &
oM g o R )(cfr 2 - 0)|{(o) §£r>] | 023
€2 ‘ c16a[(car = 1o = 8Yx(p) = (c2p = A2 = (1]
Substituting the solutions for m;(0), i = 1,2, into (2.15) and (2.16), and inverting the

Laplace transforms with respect to s results in the following theorem.
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Theorem 2.3 The Gerber-Shiu discounted penalty functions my(u) and m,(u) defined in

(2.3) satisfy the following system of defective-renewal equations,

my(u) = Ks f my(u = yn(y)dy + o (u), (2.24)
0
my(u) = Kaf mo(u — y)n(y) dy + o (u), (2.25)
0
where
A L+6 A r 1
ks == 20T T E0) + 2 - T, T,£0) - 2 - L1,T,£0)
C1 C1 - 1 r=p
L A +6 A A
+ 2 AR T 0 + 2 LTy T 0) - 2 LTy Tx0),  (2.26)
C Cr Ir—p Cr r—p
o BRI T,40) CETTE0) -2 BT TE0)
q1 = » = > 43 = s
Ks Ks Ks
22T Tx(0) 25 TTx(0) =)
Q4 - 5 QS - 5 96 - 5
Ks Ks Ks
T TEY) T.£(y) T,¢(y) T.T,x(y) T.x(y) Tox()
ny = q +q2 +43 +44 +4s +46 ,
ToT, T,60) " ToT,£00) " ToT,E0) ~ ToT, Tox(0) ~ToTx(0) " ToT,x(0)
(2.27)
with r, p denoting the nonnegative roots of Lundberg’s equation (2.17), and
Lw+6 T,{(u) - pT, 1 [a Pl ]
o) =2 |20y 4 AW =P 0y~ )| 7T,
1]l @ r—p | C2 C1 ]
(2.28)
LA +6 rT.{(u) — pT ,l(w)| [A A ]
oa(u) =2 | S T, T, (u) + €W ZpTAWN A 0y~ o) T, T (u),
G|l G r—=p | C2 Cq ]
(2.29)

with [ﬁ—jml(O) — ﬁ—:mz(O)] expressed in (2.23). Also, n(y),y > 0, is a probability density

function and ks is a constant satisfying 0 < ks < 1.

Proof For all s > 0 (except for r and p), we rearrange equations (2.15) and (2.16) as

follows,

my(s) = M, (2.30)
hi(s) — ha(s)
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my(s) = @:(5) + Bals) (2.31)

hy(s) = (s)

with 7, (s), h(s) defined in (2.19), (2.20), and

() = (s _At 5)m1<0>, (2.32)

— A (A o ~ A A —

ﬁl<s>=—l( ¥ —s){<s>+ —2m1(0)——1mz(0)])((S), (2.33)
C1 (&) (&) 1

Fas) = (s - ﬁl: 5)m2(0>,

— (A o ~ A A ~

Ba(s) :—2( L S)é(S)— [—zml(O)— —lmz«))] &(s). (2.34)
(65} Cr (&)

The transforms a@;(s) and E(s) are polynomials in s of degree one and degree two,
respectively. Implementing the Lagrange interpolation theorem, the following results are

reached (a detailed derivation may be found in Boudreault et al., 2006, for example),

a(s) +Bi(s) = (s = (s — p) T,T,T,:(0), (2.35)
hi(s) = ho(s) = (s = (s = p) [ToT, T,h(0) = T,T,T,hy(0)] = (s = )(s — p) [1 = T,T,T,hx(0)],
(2.36)

where r and p are the two positive roots of Lundberg’s equation. Inserting (2.35) and (2.36)

into (2.30) yields
i (S) _ TsTer:BI(O)
BT~ T, T, T,hy(0)
or equivalently,
my(s) = m(s) T,T,T,hy(0) + T,T,.T,5,(0). (2.37)
Similarly for (2.31), we obtain
my(s) = ma(s) T T, Tpha(0) + T5T, T,B2(0). (2.38)

In order to invert the Laplace transforms in (2.37) and (2.38), we need to derive the

Laplace inversion for T,T,T,h,(0), T,T,T,5,(0) and T,T,T,B,(0). Utilizing equation (2.6)
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repeatedly, we deduce from (2.20) that

T, n(0) = —— | 2@ =ha(9) _ ha() = h2<s>]

r—p s—p s—r

ha(p) =ha(s)  ha(r) = ho(s)

(s=p)r=p) G-ner-p

L h+s A [ pélp) = sé(s)  rér) - sf(s)}

-4 T.T,T,£0) — 2
o o LITEO) c1l<s—p)<r—p> -0 —p)

A A +6 A [oX(o) = sx(s)  rx(r) = sx(s)
— . T.T.Tx(0)— — -
Yo o DI O- [(s—m(r—p) (s r)(r—p)]
A 40y AL [pER) = s () - sE()
_Cl Cy e i r—p §—p §—r
NSRRI . S [p}(p) - sx(s) () - s;?(s)}
Cy C1 Cr r—p S—p §—r
A R0 f0)
C1 Cr
A1 [pEp) = pE(s) + pé(s) = sE(s)  ré(r) = ré(s) + ré(s) — s&(s)
c, r—p S—p s—r
A A1 +0
+
Cy C1
L1 [px(p) = px(s) + px(s) = sx(s)  r(r) = ri(s) + rX(s) = sx(s)
c r—p s—p s—r

T,T,T,x(0)

A1 A+0 A
== 2 T T,E0) - —1{
C C1

r—p

—x(8) + pT T x(0) — [—x(s) + rT,T,x(0

Ll A +6TsTerX(O)_@{ x(s) + pT, Tox(0) = [x(s) + rT,Tox( )]}
C C1 C r—p

A A+6 rTsTrf(O)—stTpf(O)]

A
=21, T,T,T,£0) + = [
C1 C C1 r—p

A A1 +6 A | T T.x(0) — pT T, x(0
+_2. 1 TSTer/y(O)+—2[ sTrx(0) —p p)(( )].
r—=p

C1 2

—&(s) + pT.T,£(0) = | =&(s) + mmm]}

(2.39)

(&) C1 2
Therefore, the Laplace transform may be inverted to

Pl
T, T, hy(u) = =
C1

LR PP rTrsf(ui - 2Tp§(u)]

N A|Ai+6 rTox(u) — prX(u)]

65}

T, Tox(u) +
C r—p

(2.40)

|
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Following a similar procedure, from (2.33) and (2.34) we obtain

A T,T..(0) - pT,T,,(0
T, T,T.5:(0) = A | A2+ ) T,T,T,{(0) + r £(0) = pTT,¢( )}
c c r—p
Ao A
+ C—ml(O) - C—Mz(O) TT,T,x(0), (2.41)
2 1
T,T,(00) - pT,T,((0
TsTrTPIBZ(O) = Q /11 * 5 TsTrTPé/(O) + ! {( ) . pg( ):|
Cy C1 r—p
A> A
- [—ml(o) - —mz(O)] TT,T,£(0), (2.42)
C C1
and the inversion of these Laplace transforms yields
A |A+0 rT,.{(u) — pT,{(u)
T, T () = = | =— T,T,{(u) + .
Cq C r—p
A A
+ | —m(0) — —mp(0)| T, T x (u), (2.43)
[6) (&}
A +6 T, - pT
11000 = 2 [ 220 7 g O ZF pg(u)]
C r—p
A A
= [—zml(O) - —1m2(0)] T,T,&(u). (2.44)
(&) C1

Utilizing (2.40), (2.43) and (2.44), we invert the Laplace transforms in (2.37) and (2.38) to
my(u) = f my(u— )T, T,ho(y)dy + T, T,B(u),
0

my(u) = f my(u — )T, Tyha(y) dy + T, T,B>(u).
0

Employing the definitions of «s, n(y), o1(u) and o,(u) provided by equations (2.26) to

(2.29) respectively, we obtain
my(u) = Ks f my(u = y)n(y)dy + o (w),
0

mo(u) = Ks f my(u — y)n(y) dy + o2 (u),
0

which yields the system of renewal equations (2.24) and (2.25).
To demonstrate n(y) is a proper p.d.f., we notice by comparing equalities (2.26) and

(2.39) that

ks = ToT, T,h(0), (2.45)
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hence
T.T,()  T,Toha() T, T,ho(y)
ny) = e = e = (2.46)
Ks 0Lrip 2( ) j(; Terhz(y) dy
Rearranging (2.40) yields
T, - pT, + pT, - pT,
Tﬂmxm=4irz+5nnam+r £@) - pTEw) + pT,£w) ppaw]
C1 Cy r—p
T, -pT, + poT, —pT
LA |Ato T T () + . X)) = pTox(u) + pTox(u) — pTyx(u)
C r—p
A |+ 0 L[4 +0
= C_ll ( 2C _p) Ter'f(u) + Tré:(u) + C_j ( lc _p) Ter)((l/t) + T,)((Lt)] .

(2.47)

With loss of generality, let the two nonnegative roots of Lundberg’s equation be p < r.

From Lemmas 2.1 and 2.2, we have for arbitrary ¢ > 0 that p < min {””5 ’12+6}. Then, all

c1 ’

terms in (2.47) is positive for all u > 0, which implies T,.7,h,(u) > 0 for all u > 0. Recall

(2.46) where

Tr TphZ(y)
| T, T,hy(y) dy

n(y) =

Thus, n(y) is positive for all y > 0. Moreover, fooo n(y)dy = 1, which confirms that 7(y) is a
proper p.d.f.

To verify that (2.24) and (2.25) are defective renewal equations, it remains to show that
ks < 1. We consider the cases 6 > 0 and 6 = 0 separately. When ¢ > 0, recall (2.45) that
ks = ToT,T,h»(0). Inserting s = 0 into (2.36) leads to

ks = ToT, Tpyhy(0) = 1 - %phz(())
Utilizing (2.19), (2.20) and the Laplace-transformed relationship (2.10) at s = 0, we obtain

Al+6 AL+0 A /12+(5é~:(0)_&./11+(5

Cl C C1 ) ) Cl
rp

Xx(0)

K5:1—
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410 A0 62
“—[1-&0)|+ == [1 - O] + —
—1_ ci1C2 CciCp c162
rp
A0 62
~(0> ig(O) s

=1-

rp
<1,

since Ay, Ay, 0, ¢, c2, 1, p > 0, g(O) =P{X > 0} > 0and x(0) = P{X < Q} > 0. Therefore,
we conclude that O < x5 < 1 when 6 > 0.
When 6 = 0, without loss of generality, let the two nonnegative roots of Lundberg’s

equation be r > 0 and p = 0. Denote «;s as k to suggest that 6 = 0. Then, identity (2.26)

reduces to
A A A1y Ay
Ko = %TOTO T,£(0) + —To T,£00) + —ToTo T,x(0) + —To T,x(0)
1C2
LAy
= "= ToToT, b(0) + —To T,£0) + —To T,x(0), (2.48)
1€2

by equation (2.10). To prove that xy < 1, utilizing Property 4 of Translation Operator 7" in

Li and Garrido (2004) where
ToToT, b(0) = f u-b(u)du = pu,
0

we rewrite (2.48) as follows

0 = BTV, b0) + LT E0) + 2T x(0)
162
_ A ToT0)~ ToTrb«))] . _1[5«» - f(r)] A [0 )
B C1C r C r C r
44 1-b
=2 (r)] 2 [@0) - &) + —[x<0> (0]
1 {44 A~ — 44 44
= - [l—zu + 2L EO) + —x<0>] # ] - 22 D250 - S - o)
r|cic C1 C1 r C1Co C1Co

(2.49)
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Since r is a root of Lundberg’s equation (2.18) when ¢ = 0, we have

(_ ) ) (_ - ) = %250~ A - Ly
C1 (%)

12

Inserting this identity into (2.49) produces

1[4 A~ A 1] 44 (4 Pl
K():—[l—zl,t+—lf(0)+—2)((0)]+—2[— 1 2+(—1—r)(—2—r)]
r|cic C1 C1 r Ci1Co C1 C

1[4 A~ A 1 A4 A
:—[¥y+—1§(0)+—zx(0) +—2[—r(—1+—2)]+1
r|cic; Ci C1 r C1 (&)

1 (4 A= -
:1+—{ ‘ 2u+—1[§(0)—1]+—2[x(0)—1]}

r|\cic C1 C1

I T
=Lb{44ﬂ~imm—ﬁa®}

ri|cicy Cq Cy

Utilizing the positive-security-loading condition (2.2) that

A1y

Ay~ Ay —
1 < Z2€0) + 2 x0),
C1Co C (&}

which indicates [Mz =2 X(0) - f-;E(O)] < 0, hence ky < 1. As a result, the proof that

c1c2

0 < ks < 1 is completed for both 6 > 0 and 6 = 0. [

Remark 2.1 When ¢; = ¢;, model (2.1) reduces to the model considered by Albrecher and
Boxma (2004). Expressions (2.21) and (2.22) for m;(0), i = 1,2, complement the system of
equations (8) and (11) in Albrecher and Boxma (2004) where 6 = 0 and w(xy, x,) = 1 for all
X1, X = 0. Moreover, (2.24) and (2.25) provide the explicit solutions for the Gerber-Shiu

function m;(u), i = 1, 2. O

Remark 2.2 If premium rates ¢; and ¢, are set so that f—l‘ = f—j, then we deduce from
(2.21), (2.22), (2.24) and (2.25) that m;(0) = m,(0) and m;(u) = m,(u), which means that
the effect of the dependence structure between interclaim times and claim sizes is offset

and the model reduces to the classical compound Poisson model. O
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2.4 Applications with exponential thresholds

The thresholds may be viewed as a criterion for classifying claims as large or small. Thus,
it is natural to assume that the distribution of the thresholds is exponential. In this section,
we assume that the random thresholds {Q;, i = 1,2,...} follow an exponential distribution
with c.d.f. H(y) = 1 — e,y > 0, and derive the explicit expressions for the Gerber-Shiu
function under consider some special cases. A numerical example is provided in section

243

2.4.1 Gerber-Shiu function with K, -family claim sizes

Assume that the claim amounts {X;, i = 1,2,...} follow a distribution from the K,, family,

i.e., the Laplace transform of the density function b(-) has the following form

S
, keN*

where pi(s) is a polynomial in s of degree k with only negative zeros, p; ,(s) is a
polynomial in s of degree k—1 or less, both with leading constant 1 and p(0) = p;_,(0). The
K, family is a general family of distributions that contains Erlang, Coxian, some phase-type
distributions and their mixtures, which are common choices for modeling the claim-size
random variables. The K, family is also widely considered in applied probability areas
(see Cohen, 1982, and Tijms, 1994).

By (2.9) with H(y) = 1 — €,y > 0, we may write

*
— s
7o) = Bis +) = B2,
qi(s)
where g(s) = pi(s +v) is a polynomial in s of degree k with only negative zeros, g ,(s) =
py_,(s +v)is a polynomial in s of degree k — 1 or less, both with leading constant 1, since

v > 0 is a constant. We rewrite the left-hand side of Lundberg’s equation (2.17) utilizing
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identity (2.10) to

~ ~ Ai+06 bL+o A L +06\~ A A A10— 0| —
hi(s) — hy(s) = (s - )(s -2 )+ a (s -2 )b(s) + [(—2 - —1) s+ 1—2])((s).
C1 (&) C1 (%)) (&) (&1 c1C2

Then Lundberg’s equation becomes

( A+ 5) ( A+ 5) A ( Ay + 5) Pri(8) [(/12 /11) A6 — /125] qr_(s)
s — s — +—|s—-———]—+[|——— |5+ =0
1 2 c 2 ) pi(s) 0 c1c2 qr(s)

b

which may be rearranged as

A o A o A A o
(s— Lt )(s— 2 ¥ )pk(s)qk<s)+—‘ (s— 2t )p;_1<s>qk(s>
() Cq ()

C1
A A 4160 — 1,0
+ [(—2 - —‘) s+ ‘—62} ar_,(s) pu(s) = 0,

c O C1C2

(2.50)
without changing the roots of the equation. The left-hand side of equation (2.50) is a
polynomial in s of degree 2k + 2 with leading coefficient 1. Hence, it has 2k + 2 roots in
total. Among these roots, exactly two are nonnegative by Lemmas 2.1 and 2.2, denoted
as r and p. Therefore, the other 2k roots are in the left-hand complex plane, denoted as
Ri,...,Ry. From now on, we assume that these roots are distinct. When this is not the
case, the calculations may still be carried through but are more complex. In addition,
the left-hand side of (2.50) equals pi(s) gi(s) [E(s) —Zz(s)] and has leading coefficient 1,

which in turn implies that

2k
P(5) qil() [l (s) = ha(s)| = (s = )(s = p) | (s = Ro. (2.51)
=1

Notice that the polynomials p,(s) and g(s) might share common terms, the negative roots
will be reduced by number of shared terms. Suppose pi(s) and gi(s) have x terms in
common, then the number of negative roots of Lundberg’s equation reduces to 2k — x,
in which case we may simply replace the terms 2k by 2k — x in equation (2.51) and the

following derivations.
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Implementing (2.35) and (2.51) in (2.30), we have for all s > O (except for r and p),

_ @) +Ais)
ml(s) _—=
(s)=ho(s)
) (9 |@i(s) + Bi(s)
Pi(8) @e(s) | (5) = ha()|
_ () gu(8)(s = (s = PIT,T,T,81(0)
(s = (s = p) [T (s = R

Pi(8) gi(s)
=————T,T,T,5(0). 2.52
gy T TBIO) (2.52)
Denote by
2k
2(s) = pus) quls) = | s - Ro. (2.53)

=1
Since both py(s) gx(s) and H,zfl(s — R)) are polynomials in s of degree 2k with leading

coeflicient 1, z(s) is a polynomial of s of degree 2k — 1 or less. Further, denote by

2k
D(s) = H(s —R).
=1

Then (2.52) may be rewritten as

— 2(s)
=1+ —=|T,T,T,6:(0). 2.54
ny(s) [ Z)(s)] pB1(0) (2.54)
Observe that ZZ)((S)) is a rational function in s, which implies that it is the Laplace transform
s
of some function £(-) with respect to s, i.e., £(s) = %S)) Applying the Heaviside expansion
s
theorem, ?(s) may be inverted to
2%
2R)) g
f(u) = e ./M’
‘= D'(R))

where by definition (2.53)

2UR;j) = pr(R)) qi(R;) = pi(R;) pr(R; + ).
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2k
Differentiating D(s) yields D' (R;) = ]_[ (R;—R)) for j=1,...,2k. Thus,

I=1,1#]
0 PeR) PR + )

tay =y = e e (2.55)
j=1 l:l,l;tj( J )

Then, we may invert the Laplace transform in (2.54) to

my(u) = T, TpB1(u) + £(u) * T, TP (),

where * denotes the convolution and 7,7, (u) and £(u) are expressed in (2.43) and (2.55).

Similarly, from (2.31) we deduce that
my(u) = T, T,Bo(u) + L(u) = T, T,Bo(u),

with T,T,B,(u) and €(u) expressed in (2.44) and (2.55).

2.4.2 Laplace transform of the time to ruin under exponential claim

sizes

The Laplace transform of the time to ruin is one of the quantities of particular interest for
insurance risk analysis. As shown in Example 1.2, let the penalty function w(x;, x;) = 1

for all x;, x, > 0, then the Gerber-Shiu function (2.3) reduces to
i) =B e Tire) |l UO) = 1|, u20,i=12,

which is the Laplace transform of the time to ruin with respect to 6, given that the initial
class of the insured is i = 1,2 and the initial surplus is u. The transforms ¢;(u), i = 1,2,
are useful for computing the moments of the time-to-ruin random variables 7;, i = 1, 2.
Moreover, by letting 6 = 0, ¢;(u), i = 1,2, yield the ultimate-ruin probabilities ¥;(u), i =
1,2.
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Assume the claim sizes {X;} are exponentially distributed with p.d.f. b(y) = ee™,y > 0,
€

which has Laplace transform Z(s) = and u = E{X,} = é Employing (2.4) yields
s

+ €
L) = [7 b(y)dy = e~ Then for all 5 > 0,

~ 1
T,£0) = 4(s) = e (2.56)

Utilizing (2.9) and (2.10), we obtain

X($) = ———. (2.57)
~ ~ — €V
&(s) =b(s) — x(s) = I oGivee’ (2.58)
and we may further derive utilizing (2.6) that
€
LT, Tx0) = (s+v+e)(p+v+e)(r+v+e) (2.59)
€ €
LI,T.£0) = (s+e)(o+e)(r+e) B (s+v+e)(p+v+e)(r+v+e)’
(2.60)
1
LA = g ro0+e’ (2.61)
rTsTrX(O) - stTpX(O) . € (V + 6) (2 62)
r—p S s+v+e)p+rv+er+v+e '

Implementing (2.57) and (2.58), Lundberg’s equation (2.17) reduces to

A1 +0 A +0 A A +0 (2% Ay A1 +0 €
s — s — +—|s- + —=s- =0,
C1 CH ci CH (s+e)s+v+e) o ci S+v+e

which may be rearranged to the following equation without change in the roots,

A +0 b +0 A b +0 A A1 +06
(s— L )(s— 2t )(s+e)(S+v+e)+ev—1(s— 2 ¥ )+6—2(s— L )(S+€)=0-
Ci ) i (%] (%] C1

(2.63)

The roots do not change because neither s = —e nor s = —€ — v solves (2.63). Equation
(2.63) is a fourth-order polynomial equation in s, which has four roots in the complex plane,

among which exactly two are nonnegative by Lemmas 2.1 and 2.2, denoted by r and p as
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before. Then (2.63) has exactly two other roots with negative real part, denoted by R, R;.

The leading coefficient of the left-hand side of (2.63) is 1, which implies
(s+ (s +v+€) [h(s) = ha(s)| = (s = r)(s = p)(s = Ri)(s = Ry). (2.64)

Inserting (2.35) and (2.64) into (2.30), we obtain that for all s > 0 (except for r and p),

a(s) +Bi(s)

() = ha(s)

_ [a(s) +Bi()I(s +e)s+v+e)

() = Ta()](s + €)(s + v + €)

s+ es+v+es—p)s—nNT,T,T,5(0)

(s =p)(s = r)(s = Ri)(s = Ry)
_ s+ es+v+eoTlT,T,pi(0)

(s =R))(s = Ry)

971(5) =

Denote the numerator by
G(s):=(s+e)s+v+e)T,T.T,:(0),

then

G(s)
(s—R)(s—Ry)’

O (2.65)
Employing (2.41) with auxiliary results (2.59) to (2.62) , we simplify G(s) to

G(s)=(s+e)s+v+e)T,T.T,5(0)

= (S+€)(S+V+E){%(/l2+5

)nnnm»
1

(&)

(/11 ) rT,T.{(0) - pT,T,{(0)
+[— +

C1 r—p
(r+e)p+e)s+e)
()€ |£01(0) - Ly(0) | € }

+(r+e)(p+e)(s+e) (r+e+v)op+e+Vv)(s+e+v)

A A
[1%@—iw@kHHW@}
(o) (6]

= (S+6)(S+V+E){
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L2+ [2610) - 220 €
=——(s+e+v)+
(o+e)r+e) (po+e+Vv)(r+e+v)

+€), (2.66)

which is a polynomial of degree 1 in 5. Moreover, inserting (2.56) and (2.57) into (2.23)

produces

A A L(r+e+Vv)p+e+V)cp— A —0)car — Ay —9)
—¢1(0) = —a2(0) = .
CH Cy cicr€e(r + €)(p + €)(car + crp + e+ v — Ay — 0)

(2.67)

Since G(s) i1s a polynomial of degree 1 and R;, R, are in the left-half of the complex
plane, applying the Heaviside expansion theorem to (2.65), the inversion of the Laplace

transforms yields

GR) g, OR) g,

, u>=0, (2.68)
R — R, Ry — R,

e1(u) =

where G(-) is expressed in (2.66), and Ry, R, are the only two roots of Lundberg’s equation
(2.63) with negative real parts.

Similarly for ¢,(s), denote by
J(s) = (s+e)s+v+eT,T.T,B0),

it follows from (2.31) that

J(s)
(s—R)(s—Ry)

Pa(s) =

We deduce from (2.42), utilizing results (2.59) to (2.62), that J(s) is also a polynomial of

degree one in s, where

J(s)=(s+e)(s+v+e)T,T,T,B0)

=(S+6)(S+V+E){&

(&)

T,T,.T,Z(0) +
C1 r—p

A +96 rT,T,{(0) — pT,Tp{ (0)]

- [Qnu(()) - ﬁmz(o)] TsTerf(O)}
c C1

2
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L (42 4 ) - |£4)(0) - 2y(0)] €

€2 Cl

) [£01(0) - 245(0) | €
B (o+e)r+e) (S+E+V)+(p+6+v)(r+e+v)

+€),

(2.69)

with [f—;cpl(O) - ﬁ—:cpz(O)] expressed in (2.67). Applying the Heaviside expansion theorem

again yields

J(Rl) eRlu+ J(RZ) eRzu

, u>=0, (2.70)
Ry - R, R, - Ry

o(u) =

where J(-) is defined in (2.69), and R, R, are the two roots of Lundberg’s equation (2.63)
with negative real parts.

Together (2.68) and (2.70) give us the explicit expressions for the Laplace transform
of the time to ruin ¢;(u), i = 1,2, under the exponential setting. Furthermore, if we insert
6 = 0 (which implies p = 0) into the expressions for ¢;(u), i = 1,2, the ultimate ruin
probabilities y;(u),i = 1,2 are obtained.

In addition, we derive the first moment of the time to ruin 7; for i = 1,2. In order to
differentiate ¢;(u),i = 1,2 with respect to §, we introduce the following notation. Denote
the four roots r, p, Ry and R, of the Lundberg’s equation (2.63) as A;(6), A(9), A3(6) and
A4(0) respectively, where (A () and A, (0) are interchangeable, as well as Aj3(9) and A4(0).

Let
Q,00) := !
BT A 6) + €][A0) + €]
1
(0= [A1(0) + € + V][A(0) + €+ V]’
V(é) L A [C2ﬂ1(5) -0- /lz][Czﬂz(&) -0 - /12]
o c1C2€[ 2 A (S) + 2 A(E) — 6 — Ay + cre+ V]
_ | A 009
V(o) := o ¢1(0) o ©(0)| = Qz(d)v(é) ,

by equation (2.67). Then (2.66) and (2.69) may be expressed as

G(A;(0)) = %(5 + A + 26)[A;(6) + € +v] 1(6) + €[A;(0) + €]V(O) (), j=3.4,
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J(A;(9)) = %(5 + A1 +c1€) — €V(O) | [A;() + € + v] Q1(6) — €[A;(5) + €]V(6) Q1 (6), j=3,4

Differentiation of Lundberg’s equation (2.63) with respect to ¢ yields

[ALi+ Agi| (A + ) (A + €+ v) + pe (i + €) + Lyev

A6) = ,
' [C2A1’i + C1A2’i] (ﬂ,’ + E) (ﬂ,’ + €+ V) + Al,,'Az,,' (Zﬂi + 2€ + V) + /126 (Al,i + Clﬂ,’ + 616) + 62/1161/

fori=1,2,3,4, where A, stands for A;(d) and
Al,i =i A(0) -4 -0, A2,i = A (0) — A —0.

With A(6) known, we are able to derive the following first-order derivatives, | (6), £2(9),
V' (6), V’'(9), %G(ﬂi(é)) and %J(ﬂi(é)), assuming that these derivatives exist when ¢ is
close to 0. Then, differentiating (2.68) and (2.70) with respect to ¢ produces

9 W) = »713(5)G(ﬂ3(5))u . LG(A9)) _ GIA(O)(A(6) = AYO)) ey
6" Az(0) — A4(0) Az(6) — A4(0) Az(6) — A(0)
AOGAD) 50(A0)  GALONALO) = AL 5)) SAulo
A(0) = A3(0)  As(0) — A3(0) A(0) — A3(0) ’
9 W) = [ﬂ§(5)J(ﬂ3(5))u . 2 J(A;3(6)) S A(O))A () — ﬂﬁ;(@)} ey
Frid A3(0) — A(0) A3(6) — As(0) A3 (0) — A4(0)
AOIA©) 55/ () J(AUONALO) = AL 0)) Ao
Ay(0) = Az(0) Au(0) — Az(0) A (0) — Az(0) '

Hence, the first moment of the time to ruin 7;, i = 1,2, when the initial class is i and the

initial surplus is u, may be obtained as

R E{r; Li7,<cl U(0) = u} _ _%901'(”)|5:0 .
Efri| 7 < 00, U0) = u} = el T =L e

2.4.3 Numerical Example

Assume that thresholds Q; ~ Exp(2), claim sizes X; ~ Exp(1),¢c; =2 =2, 4, =3, 4, =1

and 6 = 0. Then, Lundberg’s equation is

45 + 853 — 1552 — 5 = 0,
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which has four roots, yielding r = 1.22575, p = 0, Ry = —0.06452 and R, = —3.16124.

Since ¢ = 0, the ultimate ruin probabilities may be calculated from (2.68) and (2.70) as

Y1(u) = 0.9384 700644 1 0.0068 ¢ 71012

Yo(u) = 0.8669 ¢4 1 0.0029 ¢—>1012¢,

To compute the first moment of finite ruin time 7;, i = 1,2, we first derive some constants

A;(0) = 0.602416 AN 0) =5
AL0) = —4.614023 AL0) = 0.01141974
Q[(0) = —2.368031 Q)(0) = -0.1427141
V'(0) = 1.494321 V'(0) = 11.39155
2G(A(0))|,_, = —18.06103 ZG(AL)|,_, = —1.383135
ZI(A0))|,_, = —32.22943 2 J(A0))|,_, = —0.586625

Then, plugging the above into (2.71), we obtain

E {71 Lz, <o)/ U(0) = u} = (4.43061 + 4.32993u) e~ — (0.45684 + 0.00008u) e~>-1¢12,

E {72 1)<l U(0) = u} = (9.11269 + 4.00003u) e~ — (0.19376 + 0.00003u) e~>-1012,

and consequently, the expected time of ruin given that ruin occurs in finite time is

_(4.43061 +4.32993u) e~006%51 _ (0.45684 + 0.000081) ¢=316121

0.9384 ¢~0.0645u 1 (,0068 ¢~3-1612¢ :
(911269 + 4.000031) "% — (0.19376 + 0.00003) e~>1612¢

0.8669 ¢-0.0645u 1 ().0029 ¢~3-1612u

E{Tl |T1 <00, U0) = u}

E{T2|T2 < o0, U(0) = u}



Chapter 3

An insurance risk model with

dependence and diffusion

In this chapter, we consider a perturbed version of an insurance risk model with
interclaim-time distribution depends on the size of the previous claim. We assume that
the surplus process of the insurer is perturbed by a Brownian motion to account for small
fluctuations. Explicit solutions for the Gerber-Shiu discounted penalty function are derived
for arbitrary claim sizes. Special cases of the Gerber-Shiu function when claim sizes come
from the K,-family are deduced. A numerical example is provided to illustrative the impact

of the perturbation.

3.1 Model description and preliminary results

Suppose that the surplus process of an insurance company is modeled by

N(t)
Ut = u+ct—ZX,-+0'W(t), t>0, (3.1)

i=1
with initial surplus # > 0 and constant premium rate c¢. Claims occur with a dependence

structure described in Albrecher and Boxma (2004). Namely, claim sizes {X;, X5,...}

37
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are i.i.d random variables with cumulative distribution function B(-), probability density
function b(-) and mean pu. If a claim X; is larger than some threshold Q;, then the process is
classified to class 1 and the time until next claim follows an exponential distribution with
rate A;; if X; is smaller than Q;, then the process is classified to class 2 and the time until
next claim follows an exponential distribution with rate A,. Suppose that thresholds Q;
are i.i.d random variable with distribution function H(-) and are independent from X;. In
addition, oo > 0 is a parameter and W(¢) is a standard Brownian motion with W(0) = 0
and W(r) ~ N(0,7) for any fixed # > 0. The diffusion process may also represent the
insurer’s investment, where the parameter o indicates how the risky investments affect the
underlying surplus process. Assume that the positive-security-loading condition
c c
u < /I_]P{X > 0} + /I_ZP{X < 0} (3.2)
holds for the model.
Given the initial claim occurs at rate of A;, the generalized expected discounted penalty

function introduced by (1.3) is denoted as
mp (1) = wo @ai(u) + Py i(u), u>0,i=1,2, (3.3)
where

Ga.i(u) = E{e_éﬁ Iir,<c0,ur)=0) ‘ U) = u}, i=1,2,
Buia0) = B (e w(U @), 1UOD Lrcwviren | UO) =), i=1,2.
The summand ¢,,(«) corresponds to the penalty at ruin if caused by a claim, while the

component ¢q;(u) represents the Laplace transform of the time of ruin random variable 7;

due to oscillation. At zero initial surplus u = 0, by definition

$ai(0) =1,  ¢y,:(0) =1.
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Recall the notation introduced in Chapter 2. The Laplace transform of a function f(-) is

denoted by

f(s) = f‘x’ eV f(y)dy, seC.
0

The Translation operator T, s > 0, of a real-valued function f(-) is defined by

T f(x) = f e f(y) dy,

and has the following properties

Tsf(0) = f(s), 520,

T, f(x) =Ty, f(x)
TslTSZf(-x) = Tsszlf(x) = 1 s s : ) 81, 52 > 09 §1 * §2.
2 — 91

T, Ty, f(0) = Ty Ty f(0) = w 51,523 0, 51 % 5.
2 = 91

3.2 Integro-differential equations and Lundberg’s
equation

In this section, we will derive a system of integro-differential equations for ¢y, (1), i = 1,2
and ¢q,;(u), i = 1,2 respectively and analyze the generalized Lundberg’s equation under

model (3.1).

Proposition 3.1 Functions ¢, ;(u), i = 1,2 in (3.3) satisfy the following systems of integro-

differential equations

(A1 +6) pwa(u) = gy, (u) + D 1 (u) + A4 fo [Bw.1( = VIED) + Pwa(u — yx(M]dy + 214w,
(3.4)
(Ao + 6) pwa(u) = iy, () + D, (u) + A fo [Bw.1(u = VED) + Pwa(u = yxM]dy + 224 (w) ;

(3.5)
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and ¢q;(u), i = 1,2 satisfy the following systems of integro-differential equations

(A1 +0) a1 () = ey (u) + Doy (u) + A \[o [ED)@a1 (= y) + Va2 — y)]dy, (3.6)

(A2 +6) pao(u) = cdy () + Dp,(u) + A f(; [E0)a1(u = y) + x(da2(u = y)dy, (3.7)

where

x() = Hy)b(), (3.8)
&) = Hy)b(y) = b(y) — x(v), (3.9)
L(u) = f‘x’ w(u,y —uw)b(y)dy, u> 0. (3.10)

and D = %0’2.

Proof For ¢, (1), i = 1,2, considering a small time interval of length df and conditioning

on the amount of the first claim that might have occurred in that interval, we obtain
bur() =(1 - L,d)e ™ E {¢W,1(u fedt + o-W(dt))}
u+cdt+oW(dr)
+ A dte ™ B { f [P{y > Q1}dw1(u + cdt + cW(dr) — y)
0

+ Pl < Quldualu + cdi-+ WD) = )| ) dy
+ foo w(u + cdt + oW(dt),y — u — cdt — o W(dt))b(y) dy} + o(dt),
u+cdt+oW(dt)
(3.11)
Pu2() = (1 = 1,dD)e™ " E {qﬁw,g(u + cdt + O'W(dt))}
u+cdt+oW(dt)
+ Ldte "B { f [P{y > O1}dw1(u+ cdt + cW(dt) — y)
0
+B(y < Qi+ cdi + WD - )| ) dy

+ f w(u + cdt + oW(dt),y — u — cdt — o W(dt))b(y) dy} + o(dt),
u+cdt+oW(dt)

(3.12)
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where P{y > 01} = H(y)andP{y < O} =1 -H(@) = ﬁ(y). Applying Taylor expansion to
bwi(u+cdt+aW(dr)), i = 1,2, and utilizing the facts that E{W(dr)} = 0 and E{W?(dt)} = dt

results in (see Tsai and Willmot, 2002)
1
E {pu1(u + cdt + oW(dn)} = ¢y (u) + e, (wdt + SO0 1t + o(d).
Hence, identity (3.11) is simplified to
1
w1 () =(1 = A dr)e*" [¢w,1(u) + ey, (wydt + 502¢§$,1(u)dt]
u+cdt .
+ Aydte™ { f |HO) 1 (u + cdt = ) + HE)gwo(u + cdt = y)| b(y) dy
0

+ f w(u + cdt,y — u — cdt)b(y) dy} + o(db).
u+cdt

Dividing both sides by dt, denoting D = %0'2 and letting dt — 0 yields

(A1 + 8)p1 () = €, () + D (u) + 4y fo |HO)u1 (1 = y) + HGpua(t = )| bO) dy + 114 (w).

Introducing the notation (3.8), (3.9) and (3.10), we obtain

(A1 + 0w, () = cdy, () + Dy () + A4 fo [Bw1(u = VIED) + Pzt = yx(M] dy + 1 {(w),

which is equation (3.4). Similarly, we deduce from (3.12) that

(Ao + 0)wo(u) = ¢y, ,(u) + Dy, () + A j(; [Bw,1(u = MEQ) + Pwa(u —yX(] dy + L),

which is equation (3.5). Together (3.4) with (3.5) provide a system of integro-differential
equations that ¢, ;(u) and ¢y, »(u) satisfy.

To find a system of integro-differential equations for ¢4 ;(#) and ¢q,(u), we follow
similar arguments as for the derivation of equation (6) in Gerber and Landry (1998).

Namely, we deduce
A1+ 000000 = e, 00+ D )+ 4 [ [HOW1( =)+ HOWuatu =] b
0

(he+ 00832000 = 8 10+ D00+ ds [ [HOWas =)+ FHO)aat = )| b3 dy,

which are equations (3.6) and (3.7). [ |
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Applying Laplace transforms to equations (3.4), (3.5), (3.6) and (3.7), we reach the

following proposition.

Proposition 3.2 The Laplace transforms aw,i(s), i = 1,2 satisfy the following equations

{[Sz Lo Ao ﬂg( )] [s2 NI Bl %7( )] lfzas);(s)} P (5)

D D D D
bL+0 Ar_ Al — b +0
=[5 4 s = 0 )| ) - R0 - B s - 0 E),
(3.13)
Ai+6 A~ b+d A_
{[s2+%s— 2 —1§(s)] [s2+%s— 222 ()]——f( )X(S)}¢w2(s)
_ 2 C /1 +0 ﬁ , _&,.. , __2 2 £ _ /11
- [s t s = S+ T >] 9,2(0) = TEGE,,(0) - [s t 5 ]ﬁ)
(3.14)
and Laplace transforms ad,i(s), i = 1,2 satisfy the following equations
Ai+0 A L+ Ar_ b~ ~
{[sz+ Zs- T —lg(s)] [s e —%(s)] ljas)x(s)} $aa(s)
+0
T | ey
A A A=A~ - _
+| 0400 - Beia©) + 5 - ZE T + Eo v, (3.15)
Ai+0 A AHL+06 Ar_ b~ ~
{[sz+ s~ 15 —lg(s)] [s2 s 2; —Zx(s)] 122§<s>x(s>} $aa(s)
A1 +06
= (s2 + %s - 1; )[s + % + ¢372(0)]
P Pl L-4]= . -4 —
‘[52%,1(0)— S a20) + % : 1]f(s)— T (). (3.16)

Proof Applying Laplace transforms to (3.4) and (3.5), assuming that lime "¢, (1) = 0
and lime‘”‘qﬁ(m(u) = 0 hold for i = 1,2, yields
(A1 + 5)f e by 1Wdu = (41 +6) Py.1(5)
0

= ¢|56w1(8) = Bu1(0)] + D[ u.1(5) = 564,1(0) = ¢}, (0)]
+ LES)Pu1(5) + LX()Pua(s) + LiL(s),
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(A4 + 5)f e Py (u)du = (A5 + 6) Py(s)
0

= c[56u2() = 9u2(O)] + D[Gua(s) = 562(0) - 8,,,0)]

+ E(S) w1 (5) + WX ()b 2(8) + 12L(5).

Implementing ¢, 1(0) = ¢y2(0) = 0 produces

|Ds” + cs = 41 = 6 + LE®)| Pui(9) = D, ,(0) = WX (Pua(s) = 1l(s),  (3.17)

|Ds + e5 = o = 6 + LX(5)| fwals) = D), 5(0) — LE(Spua(s) - Ll(s).  (3.18)

We multiply (3.17) by [Ds2 +es—Ay— 0+ ﬂﬁ(s)] and substitute |Ds*> + ¢s — A, — 6 +

gw’g(s) by the right-hand side of (3.18), and grouping the terms with gw’l(s) leads

Aox(s)

to

{[Ds2 +ces—A1—0+ /11};7(s)] [Ds2 +ces—Ar—0+ /lzjg(s)] - /ll/lzg(s)}{(s)} aw,l(s)

= D[Ds* + cs = Ly = 6 + Lx(9)]¢}, 1 (0) = D)8, ,(0) — 41 [Ds + e5 = 23 = 6] £(s).

Similarly, multiplying (3.18) by [Ds2 +c¢s— A — 6 + ,&(s)| and substituting | Ds® + ¢s —

A —0+ ﬁlg(s)] aw,l(s) by the right-hand side of (3.17) produces

{[Ds* + s = A = 6+ LE(s)| [ D5 + €5 = 22 = 6+ 20(8)| = L AEOF(S)} Puals)

= D|Ds” + cs = Ay = & + LE(s)| ¢, 2(0) = DAE(5), 1(0) — Ao Ds® + s — Ay = 6| L(s).

Dividing the above equations by D? yields equations (3.13) and (3.14) representing the
Laplace transforms of ¢, 1 («) and ¢, »(u) respectively.
For equations (3.6) and (3.7), assume that lime @4 ;(u) = 0 and lime ¢} (u) = 0

hold for i = 1, 2, applying Laplace transforms produces

(A1 +6) Ba.i(s)

= ¢ [5641(5) = 641(0)| + D|5Pa.1(s) = 5¢4.1(0) = ¢, (0)| + 11 E($)pa.1(5) + AF()paa(s),
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(A2 +6) Paa(s)
= ¢ [56a2(5) = $a2(0)| + D[ Baz(s) = 56a2(0) = ¢, (0)| + LE()Pa1(5) + LF()Par(s).

It follows from the definition of ¢, ;(u), i = 1,2 that ¢4 ;(0) = ¢42(0) = 1. Thus, the above

equations may be simplified to

|Ds + e5 = 21 = 6 + LE(S)| fan(s) =Dg,(0) + ¢ + Ds — L x(5)Paa(s). (3.19)

|DS” + ¢5 = Ay = 6+ AX(5)| fua(s) = Dg5(0) + ¢ + Ds — LE()a1 ().
Similarly to the rearranging procedure of (3.17) and (3.18), we obtain

([Ds + c5 = A1 = 6 + LiE(s)| [ Ds® + s = X = 6+ 0()| = LLBEST(S)] fui(s)
= D[Ds> + c5s = Ay = & + 4()|¢}1(0) = DAT()P;5(0) + | Ds> + e5 = Ay = & + (s)|
+ Ds|Ds” + c5 = Ay = 8+ Ax(s)| - cAix(s) = DsA(s),
{[Ds* + e5 = 2 = 6 + LEs)|[Ds® + 5 = A = 6+ 27(9)| = LESF(S)] duals)
= D|Ds” + c5 = Ay = & + LiE(s)| 4,(0) = DLE();,(0) + ¢| Ds” + e5 = Ay = & + LE(s)|

+ Ds[Ds2 +cs—A;—0+ /llg(s)] - c/l{é(s) - Dsﬂzg(s).
Dividing these by D? and further rearranging yields equations (3.15) and (3.16). [

Observe that the terms in front of aw,i(s) and Ed,i(s) in equations (3.13), (3.14), (3.15)

and (3.16) are identical. Setting them to be equal to zero, provides a generalized Lundberg’s

equation
57+ —5— 57+ —5—
'~ D '~ D
p b+d\~ A A 46
+Bl(s2+%s— 2; )g(s)+52(s2+l%s— 15 ))((s):O. (3.20)

The roots of Lundberg’s equation play an important role in deducing the solutions for the
Gerber-Shiu functions. In the following Lemmas, we will show that equation (3.20) has

exactly two nonnegative roots. Moreover, these roots are distinct and real.
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Lemma 3.3 For ¢ = 0, Lundberg’s equation (3.20) has exactly two roots with non-negative

real parts, which are distinct, real and one of them equals zero.

Proof When ¢ = 0, Lundberg’s equation (3.20) reduces to

A
(s2 + i —1)(s2 +is- &)
D D D D
4

g2 E_Q)N &(2 i_ﬁ)“‘ — 21
+D(s + o= 2E9+ 2(F+ 5= DR =0 (32D
One may easily verify that s = 0 is a root of equation (3.21) utilizing the relation E(O) +

x0) = E(O) = 1. To analyze the nonzero roots, we rearrange equation (3.21) to

(s2 + %s) [gD,1(s) + gm(s)] =0,

where
5 Cc A1+ A
= + -y - —
gni(s) =s DS D
LD
A~ Ay o B(s)
= — + — + ,
gna(s) Df(S) D)((S) s
since
= 1 — b
B(s) = 2O Lo,

s
Observe that the roots of equation (3.21) in the positive half plane coincide with those of
gp.1(s)+gp2(s) = 0. To analyze the zeros of gp 1(s) + gp2(s), we consider a closed contour
C formed by the imaginary axis and the semi-circle {s : |s| = d, Re(s) > 0}, where d is a
sufficiently large constant. The functions gp(s) and gp»(s) are analytic inside and on C.
It is straightforward that quadratic function gp ;(s) has exactly one zero inside C. We will
show that | gD,z(s)| < | gD,l(s)| on the boundary of C and apply Rouché’s theorem.

On the semi-circle part of the boundary of C, utilizing Re(s) > 0 and triangle inequality

yield that

Is] < |s +

2
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[Eo)| <€) <1,
K| <xo <1,

'?(s) <BO)=u.

Employing these inequalities, we compare

) c A+ A
= + —5 —
|8D,1(S)| S DS D
2s2+£s—/11+/12
D D
/11+/12
> Isllsl - (2522)
_dz_(/ll-l-/lz)
D
to
B(S)
Al = /11/12
28] < — [§(9)]| + (s)| +
st = 5 ol + o]+ G
A A 44
< — +_2+ 2./1
D D D> d
A A A4

+ S,
p D" pH

46

which yields | gD,z(s)| < | gD,l(s)| on the semi-circle part of the contour C, since d is a large

constant.

On the imaginary axis part of the contour C, Re(s) = 0 implies |s +5

&(0), [7(s)] < ¥(0) and [B(s)| < B(0) = s, which leads to
B(s)
2,
MMM<—WH+—MA R
D s+ 5

Ay A1 Ay

< —6(0) + —X(O) De H

Utilizing the relations E(O) = P{X > Q} and y(0) = P{X < Q}, the positive-security-loading

condition (3.2) may be rewritten as

c ~ c —
M < /1—15(0)"' /1—2)((0),

(3.22)
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and thus
/11~ /12,., /11/12 C ~— /llﬂz Cc _
ZE0) + =7(0) + —= - —&(0) + —= - —¥(0
lgna(9)| < 5O + TXO) + 5= -E0) + = 2-(0)
A A
"D D

Meanwhile, since Re(s) = 0, Im(s?) = 0 and —s* > 0, we have

c Ap+ A4
|8D,1(S)|= BS_( ID Z—SZ)
A1+ A4
> Re[is—( LF 2—s2)]
D D
A1+ A o)
= )
D
Z/l]+/12.
D

Comparing |gD,1 (s)| with | gD,z(s)| shows that |gD,1 (s)| > | gD,z(s)| also holds on the imaginary
axis part of the contour C.

Applying Rouché’s theorem on the closed contour C and letting d — oo, we may
conclude that gp1(s) + gp2(s) = 0 has exactly one root in the positive half plane, which
implies that equation (3.21) also has exactly one root in the positive half plane. Moreover,
the root is real, since the complex roots of analytic functions that are presented in series
form with only real coefficients come in conjugate pairs. Recall that zero is also a root of
(3.21). Therefore, Lundberg’s equation with 6 = 0 has exactly two roots with nonnegative

real parts, where both are real roots and one of them is zero. [

Lemma 3.4 For 6 > 0, Lundberg’s equation (3.20) has exactly two roots with nonnegative

real parts, which are distinct, positive and real.
Proof We rewrite equation (3.20) as

fils) + f2(s) =0,
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where

A1 +0 A+0
f1(S)=(S2+£s— Lt )(s2+£s— 2t )
D D D D

fls) = 4 (s2 + s /12; 6)E(s) + %(s2 + %s - /111;' 6))?(s).

Rouché’s theorem states that if functions f(s) and f>(s) are analytic inside and on some
closed contour C and |f>(s)| < |fi(s)| on the boundary of C, then fi(s) and fi(s) + f>(s)
have the same number of zeros inside C. Consider such a closed contour C in the complex
plane, formed by the semi-circle {s : |s| = d,Re(s) > 0} and the imaginary axis, where d is
a sufficiently large constant. The functions f;(s) and f>(s) are analytic inside and on C, and
f1(s) has two zeros inside C. We will show that |f>(s)| < | f1(s)| on the boundary of C.

On the semi-circle part of the boundary of C, it follows from Re(s) > 0 that |E(s)| < E(O)

and If((s)| < x(0). By the triangle inequality, we obtain that

Ar+0 Al +0 Al +0 Ai+0o)_ A
4 —g— 2L '2 s - |2 ‘>|s||s|—(1 ):dz_(l )>—1,
D D D D D D D

A +0 A +0 A +0 A +0\ A
Py 2 2s2+£s— 2 ‘>|s||s|—(2 ):dz—(2 )>—2
D D D D D D D

The above inequalities together with the fact that E(O) + x(0) = 1 yield

A A+ 0|~ A A +0|—
Ifz(s)ISB]s2+%s— 2D |§(s)|+52 s2+l%s— ID ‘Ly(s)|
4 +0 A+ 0|~ 4 +0 Ay + 6| —
<|s?+ L5 2, S22 ‘5(0)+ =g O ‘ 2, L5 22 ')((O)
D D D D D D D
A +0 A +0
) 2y L 27 ‘
D D D D
= |Ai()].

When s is on the imaginary axis part of the boundary of contour C, we have Re(s) = 0,

Im(s?) = 0 and —s? > 0, then

2 c /l]'i‘é‘ c ( 2 /ll+6)‘ 2 A1 +0 A1 +0
s+ —s— =|=s—|-5+ > —s + 2 )
D D D D D D

b+d A+ bL+d A+0
s2+£s— 2 ‘: £s—(—sz+ 2 )‘Z—s2+ 2 > 2 .
D D D D D D
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Hence,
c A1 +96 c A+0
1fi(s)] = s2+5s— ID 5= 2D ‘
, € A1 +0 c /lz+6 c A1 +06 c A+ 0
=[5+ =s5— + —=s5- EO0) + |82+ =5 — + =5 -
D D D D D D D
i+o|, ¢ /12+6‘ /12+6 c /11+6‘~
> + =5 - 0) + 24 —5- 0
2= ¥ *p° &) + D D’ D x(0)
A ) C /12+(5‘ C /11+(5‘~
— 5"+ = 0) + + =5 - 0
>INt ot £0) + —|s DS D x(0)
i, ¢ /12+5‘ c /11+6‘
> — 5"+ —s5— +— + —=5-
> |9+ 5 s )| s+ 58 X(s)l
> | f2(9)].

Applying Rouché’s theorem on the closed contour C, we may conclude that fi(s)+ f>(s) has
two zeros insides the contour C. Denote these roots by o and r. Letting d — oo indicates that
o and r are the only roots of fi(s)+ f2(s) = 0 in the right half plane. It remains to show that
they are real and distinct. As ¢ converges to 0, r and o converge to the roots of the simpler
equation (3.21), which means one of r and o converges to zero and the other one converges
to a strictly positive number, hence they are distinct. Moreover, we prove by contradiction
that r and o are real numbers. Suppose r and o are complex roots of the analytic function
f1(s)— f>(s), then they must be a conjugated pair, i.e. vt = a + bi and o = a — bi for some real
numbers a,b > 0. When ¢ converges to zero, we know that one of the roots converges to
zero, which indicates that a and b converge to 0 simultaneously. Then, the other root also
converges to 0, which contradicts the fact that the other root converges to a strictly positive

number. Thus, r and o are both real. [ |

From Lemmas 3.3 and 3.4, we conclude that for any 6 > 0 Lundberg’s equation has
exactly two distinct nonnegative roots and one of them converges to zero as 6 — 0. For the

rest of the paper, these roots are denoted by o and r.

x(0)
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3.3 Explicit solution for the Gerber-Shiu function

To find an explicit solution for the Gerber-Shiu function, we need to invert the Laplace
transforms in (3.13), (3.14), (3.15) and (3.16). First, we determine the unknowns constants
¢:,1(0), ¢,,(0), ¢3’1(O) and ¢;,(0) in these equations, utilizing the nonnegative roots of
Lundberg’s equation o and r. When s takes the value o or r, the right-hands sides of (3.13)
and (3.14) also equal zero. Moreover, when s = p (or s = 1), the right-hand sides of (3.13)

and (3.14) are identical. Thus, we may solve a system of linear equations for ¢; ,(0) and

¢:,,(0) which 18
LA b ., A A+o
[0 + S0 - 222+ 270 94,10 - 2@ 81,200 = T o7 + 5o - 2 T,
) Cc Ab+0 Ay _ , — , A4 c /12
[ £ = 0 06,0 - TR0 6,00 = T+ Sr- 228 T,

The solution yields
A1 (D@? + co = Ay = 8) L(@X(x) = Ay (D + cx — A, = 8) L))

a0 = D (Do?* + co— A — 6) x(v) = D(Dx? + cx — A, — ) x(0) ’ (3.23)
, (De? + co = 42 - 6) (o) [Dr2 +er—A -6+ Azy(r)]
Pua(0) = D (Do* + co — A — 6) x(x) — D (D12 + ¢t — A, — 6) x(0)
(Dr2 +er— A, — 5) Z(v) [DQ2 +co—A, -6+ /12)?(@)]
_ _ — . (3.24)
D (Do?* + co— A —8) x(x) = D(Dr% + cx — A, — 6) x(0)
Rearrange (3.24) to
Do+ co— A, = 8) (D2 + cr — A — 6) [2(0) - 2(v) 2
50 = ( 2= 3)( 2= 9) | Sy o)

D(Do*> +co— A, —8) x(xt) = D(Dx? + cx — A, — 6)}(@) A

which leads to a useful quantity

—A (DQ2 +co— Ay — 5) (Dr2 +er— Ay - 5) [Z(Q) - Z(r)]

D?(Do? + co— A, — 6) x(x) = D2 (Dr2 + ct — A, — 6) x(0)
(3.25)

| 20010 - 2,0 =

Similarly, from (3.15) and (3.16) we derive a system of linear equations and solve for ‘%,1(0)
and ¢ ,(0) yielding

- (5 +0)[De> + co - 1 = 6 + (& - WF@] 4T

$4,(0) = [Do* + co — A2 — 6 + Aax(0)] Lix(¥) — [Dr? + et — Ay — & + Ax(1)] Aix (o)
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(& +1)[De + cr = Ay = 6+ (A = ()] LX)
[Do? + co — A — 6 + Ax(@)] Ax(x) — [D + cx = 1, — & + Lx()] Ax(0)’
(3.26)

- (é + Q) [D92 +teo— -0+ (- /11)52(9)] [Drz ter—A -0+ /lzy(r)]
[D@? + co = & = 6 + Lx(@)] Aix(x) = [DF + et = Ay = 6 + Aox(®)] Aix(o)
(1% + r) [Dr2 +er— -6+ - /ll);('(r)] [DQ2 teo— A -0+ /1255(9)]
[De? + co = A2 = 6 + Ax(@)] A(x) — [D2? + ev = I = & + ()] Aix(e)’
(3.27)

¢:1,2 0) =

P p (% +0)[De? + co = 2 = 5+ (12 = W)X(@)| (D2? + cx = 4z - 6)
I 5¢d,2(0)] " D[Do® +co— Ao — 6+ g x(¥) - D[D2 +ct — b — 6 + ()] 7o)
(% + r) [Dr2 +er—A -6+ (1 - ﬁl)}(r)] (DQ2 +co— A - 6)
" D[Do* +co— A — 6 + x(@)]x() — D[D? + ct — 1 — & + Ax ()] x(©0)
(3.28)

Denote the two real roots of equation s*+ < 58— “‘5 = 0by A; and —q; such that A;,a; > 0

fori=1,2,1e.,
A1 +0
s2+g ID :(S—A])(S+a])’ (329)
A+ 0
S2 + %S — 2D = (S —Az) (S + 612) . (330)
Notice that
ai:l%+Ai, fori:1,2-

Dividing equations (3.13) and (3.14) by (s + a;) (s + a) produces

[(S—Al)(S—Az) e ]5w,1<s>

- ZlA 510 [%m«» 5O s B el
[<s ~ANG-A)+ D 9+ 2 ] Bua(s)

- i:‘—141¢W2(0) [ W 1(0) ¢W2(O)] (S + Cf}ii + az) B % . A.SS"'_FI:ZIA'
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For all s > 0 except for s = p or s = 1, the above equations may be rewritten as

0) +
¢m@%-%ﬁ)+1“) (3.31)
hp1(s) = hpa(s)
0)+ 9
Bua(s) = = P32l + 92() (3.32)

hp,i(s) — hD 2(5)

where

hpi(s) = (s = A (s — Ay, (3.33)

ioa(s) = 74 228 ) - TE+ F A;: ) - ) (334)
Biis) = —12: 211 0)+ | 100 = Tt s

- ORLY At R (O} (3.35)

- 92( ye 2 At “24“( ) (3.36)

From equations (3.31) and (3.32), we derive the following proposition.

Proposition 3.5 The Laplace transforms aw,i(s), i = 1,2, satisfy

Fur(s) = — Lol (©) (3.37)
w,1(§) = s .
ST 1 =TT, T2 (0)

T,T,T.%,(0)

$ua(s) = 7 ‘TSTQTth,z 0’ (3.38)

where

A4(A> +a “ LA +a “ , A A
ool = I [ty dy ¢ BELEL) (7 peion )y - Pty - Pt
0 0

(3.39)

1 pl U oma1(u=y) _ p=ax(u~y)
0100 = = Az + ) 8, O+ | 26,0 - L0 [ x0)dy
0 a —a

A A (A "
_ Blg(u) + % \fOV e—al(u—y)é‘(y) dy, (3.40)



CHAPTER 3. AN INSURANCE RISK MODEL WITH DEPENDENCE AND DIFFUSION 53

= ’ —aru A , A4 , u e—a|(u—y) _ e—az(u—y)
20 = A1+ @) 07 = [T, 0) = S0 [ e
A A (A u
- 2w + w fo D) d, aan

Proof The two nonnegative roots of Lundberg’s equation are denoted by o and r, which
implies ZD’I(Q) = ﬁm(g) and ZD,I(r) = ZD,g(r). Since ZD’I(S) is a second-order polynomial
of s, an application of the Lagrange’s interpolation theorem with the properties of the
Translation operator yields that (see Boudreault et al., 2006, page 274-275, for more

detailed derivations),

B (5) = hpa(s) = (s = (s = 1) [ ToT Tehp 1 (0) = T,T,Tohp »(0)]

=(s = 0)(s = V) |1 = T,T,Thp(0)] . (3.42)
When s = p or s = 1, the numerator of (3.31) also equals zero, which indicates that

91(0) = () = —¢, ,(0),

and thus

T.T,9,(0) = 0.

Hence, the numerator of (3.31) may be rewritten to

¢, 1(0) + F1(s) = (0 — )T, Ty1(0)
T,T,9,(0) — T,T,9,(0)
(t—s)
=(s—0)(s— r)TSTQTrﬁl(O). (3.43)

=@@=-95)(-y)

Inserting equalities (3.42) and (3.43) into (3.31) produces the desired equation (3.37).
Utilizing a similar procedure, we obtain equation (3.38) from (3.32). In addition, applying
Laplace inversion to identities (3.34), (3.35) and (3.36) yields the functions hp(u), (1)
and ¥, (u) defined in (3.39), (3.40) and (3.41) respectively. [ |
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For the transforms 5d,1(s) and ad,z(s), dividing both equations (3.15) and (3.16) by

(s + a)(s + a) produces that

/11 S—A2~ /12 S—A]~ ~
[(S —AD(s—A)+ D sta &(s) + D 31 azX(S)] $a.1(5)
s—A, c , A , A , A=A (C )] }(S)
= — 0 — 0)- — 0 — ,
s+ a; [S+ D *u )] - [D¢d’1( ) D¢d’2( ) D D g (s+a)(s+ay)
(3.44)
Ay s—A— A s—A_ ~
[<s —A) (s =AY+ aff(s) + o a;)((s)] $aa(s)
_s—A c , A, A, b= (c ;g(s)
s+ a $F D - ¢d’2(0)] [D¢d’l(0) D¢d’2(0) - D (D s)] (s+a)(s+ay)
(3.45)
Substituting the terms
s—As c , s—A c ’
s+ a [s+ D +¢d’1(0)] TSAA+ £ [s+ D A A +¢d’1(0)]
S —A2
=5s—-A § - A
s= A2t (60,00 - A
, A2 + a ,
=5 AL = Ao+ 9,0+ T |41 - ¢,,00)]
and
s — A] C , , A] + ay ,
T 5 D 000 = s = AL - Ak g + T |42 - ¢,00)]

into equations (3.44) and (3.45), we obtain for all s > 0 (except for s = p or s = 1),

5(1’1(” _ ~S‘1(S) + 131(5) ’
hﬂl(s) _ﬁD,Z(S)
Fuals) = ~cz(S) + zfz(S) ,
hp1(s) = hpa(s)

where hp,(s), hpo(s) are defined in (3.33), (3.34) and

Si(8) = s — Ay = Ax + ¢4,(0),

A, + 1 1
2 Cj] [A1 - ¢é,1(0)] + [Bng;u(O) - qusé,z(o) +

@i(s) =

/12—/11(C

D \D

(3.46)

(3.47)

g

(s+a)s+a)’
(3.48)
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$2(8) =5 — Ay — Az + ¢,(0),

Al +ar
s+ ap

@,(s) =

b - (5 N s)] &(s)

, A, A,
[Az - ¢d,2(0)] - [5%,1(0) - B¢d,2(0) * D D (s+a)(s+a) '

(3.49)

Rearranging (3.46) and (3.47) leads to the proposition below.

Proposition 3.6 When ruin is caused by oscillation, the Laplace transforms Ed,,»(s), i =

1,2, satisfy
) = A T Thpa(0) '
— T,T,T\w,(0)
= ) 3.51
$a2(s) [~ T.T,Tona(0) (3.51)
where
, i -4 u aze—az(u—y) — ale—al(u—y)
@) = (A + @) [A) = ¢ (O] + Z p— X dy,
0 _
A, A, c(—Ay) U gma1u=y) _ p=ax(u-y)
+ 52¢d,1(0)—51¢d,2(0)+ 3)2 1 ] f P x(»dy, (3.52)
o _
, ~ p— | " qre~ Uy _ g @1 (u=y)
@20 =1 + )[4 - g e - B [FREE AT gy,
0 _
A, A, c(— ) U gma1u=y) _ p=ax(u-y)
- [52%,1(0) — 520 + = ] [ 6
o _

and hp(u) is defined in (3.39).

Proof Fori = 1,2, ¢;(s) is a linear function of s with ¢;(0) = —w@;(0) and §;(v) = —;(x).
Utilizing the properties of the Translation operator that are listed in Li and Garrido (2004)
and applying Lagrange’s interpolation theorem (see Boudreault et al., 2006, page 274) leads

to
Si(s) + wi(s) =(s—o)(s—1) TSTQTrwi(O), i=1,2. (3.54)

Together with identity (3.42), we obtain from (3.46) and (3.47)

Ts Tg Trwl (O)
I - TsTgTthl(O),

baa(s) =
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Ts Tg Trw2 (O)

$ap(s) = 1-— TSTQTr/’lD,z(O).

Moreover, inverting the Laplace transforms in (3.48) and (3.49) yields @ («) and @,(u). m

Utilizing Propositions 3.5 and 3.6, we reach the following theorem, which is the main

result of this chapter.

Theorem 3.7 The Gerber-Shiu function mp;(u), i = 1,2, defined in (3.3) satisfies the

following defective renewal equations

mp(u) = KD,(Sf mp(u = ynp(y)dy + op(u), (3.55)
0
mpo(u) = KD,(Sf mpo(u = y)np(y)dy + opy(u), (3.56)
0
where
ks = f T, Tehpa()dy. (3.57)
0
TQTth Z(y)
_ _Tele1020) 3.58
) T T (0) 329
O-D,l(u) = TgTrﬂl(u) + WOTQTrwl (), (3.59)
opa(u) = ToT 0 (u) + woT,Tewo(u), (3.60)

with o, ¥ denoting the nonnegative roots of Lundberg’s equation (3.20), and hp»(u), (),
D (u), @ (u) and @, (u) defined in (3.39), (3.40), (3.41), (3.52) and (3.53). Moreover, np(y),

y > 0 is a probability density function and kps is a constant satisfying 0 < kps < 1.

Proof Combining (3.37), (3.38), (3.50), (3.51) and (3.3), we obtain

—~ TsTthﬁi(O) + WOTSTQTl‘wi(O) .
mp Z(S) = , 1= 1, 2.
’ 1 =T,T,T:hp>(0)

Applying Laplace inversion yields

TQ Tth,Z(y)

—2 = dy + T, 7.9 () + woT,T, ,
ToToTohpa(0) y + T, T:0 (1) + woT T (u)

mp(u) = ToT,T:hp(0) f mp1(u—y)
0
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Tg Tth,Z(y)

= ToT,Tihp(0 ~ YT T Tohp 2(0)
mp(u) = ToT,Tchp(0) j(; M2 (u y)ToTQTth,z(O)

dy + T, T (u) + woT, T (u).

Introducing notation (3.57), (3.58), (3.59) and (3.60), we reach the desired equations (3.55)
and (3.56). To verify equations (3.55) and (3.56) are of defective-renewal type, we still need

to show that 17p(y) is a proper probability density function and 0 < kps < 1.

Let
i) = 2L (3.61)
S+ a;
() = X9 (3.62)
s+ a
then

L) = f e g(y)dy = e f e E(y)dy,
0 0
L(u) = f ey (y)dy = e f e x(y)dy.
0 0
Recall (3.33) and rewrite (3.34) as
hpa(s) = (s —A) (s — Ay,
Tioa(s) = LAy = 9T(5) + 24, - 9T(s)
D,2S—D25L18 D 1 — 8)(s).

The nonnegative roots of %D,l(s) - ED,Q(S) = 0 coincide with the nonnegative roots of
Lundberg’s equation which are o and r in Lemma 3.3 and Lemma 3.4. Notice that %D,l(s)

and ZD,Z(S) have similar forms with equations (2.19) and (2.20) in Chapter 2 which are

']:lvl(s):(s_/l]-l-&)(s_/lg-l-(s)’

Cq ()
~ A (A 1) ~ (A o) —
hz(S)Z—l( 2t —s)§<s>+—2( Lt —s))((s).
C1 Cy (&) Ci

By a similar argument to the one leading to equation (2.47), taking into account the

admissible rages of ¢ and r, we may conclude that T, 7 hp,(u) > O for all u > 0. Hence,

ToThp(y)

np(y) = ToT. T 1s a proper probability density function, and it follows that xp s > 0.
- vitD,
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It remains to show that ks < 1, which we prove separately in the cases 6 > 0 and ¢ = 0.
When ¢ > 0, it follows from Lemma 3.4 that o > 0 and r > 0. By definition of xp s in (3.57)
and letting s = 0 in (3.42) gives

hp1(0) = hipo(0)

kps = ToT,Tthp2(0) = 1 -
or

then inserting identities (3.33) and (3.34) with s = 0 yields

Ay~ /12A1 —
Da, £0) - x(0)

or

AlA; -

KD,(; = 1—

Utilizing the relations Aa; = 222, Aya, = 2 from (3.29), (3.30), and £(0) + ¥(0) = 1,

we obtain

AlAyaa; — %Azazg(o) — 2A,a,x(0)

KD75 = 1 -
a;aor
_ A2 L2 | 2(0) + 3(0)| - 4t - Z2£(0) — £ - 225(0)
B a)aor
/12+5 A1+0
) 0)+ 0
1.9, Z2E0) + 252X (0) (3.63)
D aaor
<1,

since D, 8, A1, Ay, ay, az, 0,1 > 0, £0) = P{X > Q} > 0 and 3(0) = P{X < 0} > 0
When 6 = 0, we let the unique positive root of Lundberg’s equation be r > 0 and let
o = 0. Observe that r and 0 are also zeros of ZD, 1(8) —%D,g(s). Denote «p s as kp to suggest

that 6 = 0. Then,

ToTohp,(0) — ToT hp,(0
kpo = ToToTuhpa(0) = 0Tohpa( )r 0T hpa( ). (3.64)

From Property 4 of Li and Garrido (2004), we have for any s € C,

d
T,Thp>(0) = _d_STshD,Z(O)

d |4 A- ® A A - «
= ——[—1- 2=~ f eVERdy + 2 L2 f e‘”’)((y)dy]
0 0

ds|D s+a D s+a




CHAPTER 3. AN INSURANCE RISK MODEL WITH DEPENDENCE AND DIFFUSION

59

A |a +4, - Ay —s [ _
== | —S &+ = f e yyf(y)dy]
(s +ap) s+a; Jo
A +A _ A — ®
+ 2| R+ f e‘syyx(y)dy}-
(s+a») s+a Jo

Inserting s = 0 and utilizing %‘

= Aya1, £ = Ara; and £() + x ()

= b(y) produces

a +A bla +A, _ A (7
ToTohpa(0) = 2| 522 ) 4 f yf(y)dy] 2 R o+ 2 f y)((y)dy]
0 2 0
A AA A AAy _
:—1‘“; 2E0) + 2R H0) + A
1

Substituting the above into (3.64) yields

1[A AA A AAs _ hpa(0) — A,
kpo = 1a; + 25(0) 20 + 2)((0)"'14 Ayt hp»(0) D,2(Y)l

T ai ar r
1[4 +AA Asar + AyAy _ iZ 0) - h,

_ 1 1a1 2§(O) 203 2)((O)+A A p1(0) Dl(r)}
T a ar r
1 A AA A AAy 2+ (A +A

_ 1! 1a; + 2.§(O) 20y + 2)((0)+AA2/1— v+ (A + 2)Y]
T a ar r

1 Aja; + AA Arar + AjA;
=1 ——{(Al +Ay) - [—‘“‘a 2EHO) + TR0 + A Azu]} (3.65)
1 2

From the positive-security-loading condition (3.2), we have

c~ c _
< —&0) + —x(0),
H 1 £©0) /12)(( )
/11 /12 C /12~ C /11~
— = — - —=&00) + = - —x(0),
D D*<D D§() D DX()
c ~ c —
Aja1Arar pu < D - Araré(0) + BAlalX(O)
LA, LA
ArAy < B——&(0) + =—X(0).
aq a)
Then, utilizing the relations a; = A, + 5 and @, = A, + 5, we deduce that
Aja; + AjA Ara, + AjA; _
DT EH0) + 22D 70) + AA p
aq a
Ajar +AlA Arar + A1A, = Ar~ C
<SSR EO) + TR SRR O0) + P E0) + P0)
1

A+ 4 (Ar+5) -

£(0) +

a

A2a2 + A1 (A2 + 1._))

x(0)
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A1a1 + Azal ~ A2a2 + A]Clz —

&0)+ ——x(0)
a a
=A +A,.
Therefore, from (3.65) we may conclude that kpy < 1. [ ]

3.4 Applications

34.1 K, family claim sizes

In this section, we derive the explicit expressions for the Gerber-Shiu function under model
(3.1) when the Laplace transforms E(s) and y(s) belong to the K, family. One typical
example is when the thresholds are exponentially distributed and the claim amounts follow
a distribution from the K, family. Assume that the random thresholds {Q;, i = 1,2,...}
follow an exponential distribution with c.d.f. H(y) = 1 —e™”,y > 0, and the claim amounts
{X;, i=1,2,...} follow a distribution from the K, family, i.e., the Laplace transform of the

density function b(-) has the following form

Pr_i(9)
pi(s)

b(s) = k € N*,

where pi(s) is a polynomial in s of degree k with only negative zeros, p; ,(s) is a
polynomial in s of degree k — 1 or less, both with leading coefficient 1 and pi(0) = p; ,(0).
Then, by (2.9) with H(y) = 1 — ¢,y > 0, we may write

2, (5)

X(s) =b(s+v) = )

(3.66)

where g;(s) is another polynomial in s of degree k with only negative zeros, g; ,(s) is
another polynomial in s of degree k — 1 or less, and both with leading coefficient 1 since
v > 0 is a constant.

Implementing identities (3.29), (3.30), (3.9) and (3.66), the Lundberg’s equation (3.20)
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becomes

(s—AD(s—A)(s+ay)(s+a)

P () q,t_l(S)] A A1 (5)

) g |TD AT

A
+51(S—A2)(S+(12) =0,

which may be rearranged by multiplying by pi(s)gi(s) to

(s —A) (s —A) (s +ar) (s + az) p(s)qi(s)
A A
+ 51 (s = Ay) (s + a2) [qi($)pr_1 (8) — pi()gi_, ()] + 52 (s—A)(s+a)qgr,(s)=0
(3.67)

without changing the positive roots of the equation. The left-hand side of equation (3.67)
is a polynomial in s of degree 2k + 4 with leading coefficient 1, which indicates that it
has 2k + 4 zeros in total. Among these roots, exactly two are nonnegative by Lemmas
3.3 and 3.4, denoted as o and r. Therefore, the other 2k + 2 roots have negative real
parts, denoted as Ry,...,Ry4,. From now on, we assume that these roots are distinct.
By comparing to (3.33) and (3.34), we see that the left-hand side of (3.67) equals
(s + a1) (s + @) pu(8)qu(s) [hp.1(s) = hpa(s)|, which implies

2k+2

(s + 1) (s +a2) pu() 4us) [ipa () = Tipa(9)| = =) =0 [ [s=R).  (3.68)

=1

Inserting (3.33) and (3.34) into (3.13) yields

(5 = Aa)(s + @), (0) + 20, (0) = L (O)]F(s) — L (s — A2)(s + an)(s)

Pui(s) =
(s+a))(s+a) [hD,l(S) — hpa(s))
(3.69)
and denote the latter part of the numerator by
~ A 2 | -
Bra(s) = | 204 0) - —1¢§V,2(0)])((S) - s = A)(s + @)
2 2 L+6
= | 20,0 - ¢w,2(0)]X(S) 1 G TRy O (3.70)
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Since (s — Ay)(s + a») ¢(V,1(0) is a quadratic function in s and o, r are simple zeros of the

numerator of aw, 1(s), we deduce that the numerator of (3.69) satisfies
(5 = A2)(s + @) 8,1 (0) + T (s) = (s = ©)(s = 1) [ ¢}, (0) + T T, T8 (0)] . (371)

Employing relations (3.68) and (3.71) in (3.69) yields that

T o 96D |4,,.,(0) + T,T,T9.1(0)
" (s +a) (s + @) [hp.(s) = pa(s)]
P qu(s)(s = )5 = ) [9),,(0) + T, T, Tk, (0)]
P @ls) (s +an) (s + ) [foa(s) ~ hpa(s)
PO @u(s)(s = )5 = ) [9),,(0) + T, T, Tk, (0)]
B (s—0)(s =) [1%7(s = R)

() qi(s) 1,
= m [¢w,1(0) + TSTQTrﬁK,l(O)] . (372)

To obtain an explicit expression for 7,7, 7,9k, (0) from (3.70), we deduce some general

results first. Let

31(s) = s(s),
3a(s) = 52 (s),

then utilizing relation (2.6), we obtain

TT,T,3:(0) = - _1 ; %](Qz :El(s) _31(2 :%;I(S)]
_ 1 [l = sils) () - sLs)
C1-o | s—0 §s—1
1 [0fl0) - 0lls) + 0d(s) = sLs) ) - ¥s) + xZUs) = 5LLs)
ool §-0 s—1

1 -~ —_—
= E QTsng(O) — g(s) — rTsTr{(()) + é(S)

_ 0T\ Tp{(0) —1T,T:£(0)
= — ,
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TIT 50 = — w0 :gz(s) -0 :gf(s)]
_ 1 [0% -5 (s) L) - 5*L(s)
Cr— ol s—0 s—r
_ 1 [0%(0) — 0%(s) + () = $*L(s) () = *L(s) + *L(s) = $*L(s)
Cr— ol s—0 s—r

1 ~ —
Tg[QZT‘vTQC(O) — @+ $){(s) =T, TLO0) + (x + 9) K(S)]

0’TTp{(0) = *T,T:{(0) + )

r—o

Utilizing the above results, we obtain from (3.70) that

T, TL0) - 0°T,T{(0) ~ ]

A A
TT, 01 0) = | 201,(0) = B0 T T (@) + [ — ~2(s)

A4 c [rTsTr{(O) - QTSTg{(O)] LA Atd

D D r—0 D

T,T.T,{(0). (3.73)

Denote by
Pi(8) qi(s)
H2k+2( _ R)

applying the Heaviside expansion theorem, tp p(s) may be inverted to

p(s) =

242
Pr(R)) qi(R)) R
tp(u) = et
b ; 2 [H2k+2 Rz)]

R;
2k+2

R; R; +
Z Pk(2k+2) Pi( €) SR (3.74)
= =i (R = Ro)
Inverting the Laplace transform in (3.72), we obtain
Pw,1 () = @y, 1(0) €p(u) + Ep(u) * T, Tk 1 (w), (3.75)
where * denotes the convolution of functions and inverting (3.73) yields
A, A, /11 T () — 0T ol ()
T, T0x1(u) = [5%(0) - 5%(0)] T+ [ e W
A 17T, -oT, A1 A4
A o [Tl -QTLW) o dotdpy o,
D D r—o D D
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Similarly for Ew,z(s), rewrite (3.14) to

(s = AD(s + ar) ¢, ,(0) + Dga(s)

Puals) = = —, (3.76)
(s +a) (s + @) [hp(s) = pa(s)]
where
— i — Pl —
Tka(s) = [ 260,,(0) - ¢> ,2(0)] &(s) — Bz(s —AD(s + a1)(s)
_ A 7 & ) i B A1 +06
= - [E640) = P&~ F (7 + 5 = P2 Ew),
Rearranging (3.76) and applying Laplace inversion leads to
Pwa ) = ¢y, 5(0) Cp(u) + Ep(u) * T, T 2 (w), (3.77)
where
A A A, [*T,
T T9a) = = | E1(0) = a0 T + |- “”1_2 £ _
i & £ |:rTr§(u) - Qng(u)] + 22 /12 /11 + 5T T é,(u)
D D r—o D D

and ¢p(u) is defined in (3.74).
For ruin caused by oscillation, substituting (3.33) and (3.34) into (3.15) yields

$a1(s) =
(s = A2)(s + a2y, (0) + (s — Ag)(s + ap) (s + §) + [ £, (0) — 27,(0) + L5 (5 + 5) | (o)
(s +a1) (s +a2) [p.1(s) = hpa(s)] '

(3.78)
Comparing (3.19) with (3.17), we introduce the following notation
L =(s+5) (3.79)
La(s) :=1|s D) .

We rewrite the numerator of (3.78) into

(s = A2)(s + a2) ¢, (0) + Tk (),
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where

_ A A -2 _
Fri(s) = (5= Ax)s + ) s+ =)+ | 260, 0) = a0 + 22254 s) 7o)

—(s +Ds ){d(s)
A - A _ - _
+[52¢;,1<0> a0+ 2 SR+ Z ). (380)

Since (s — Ay)(s + ay) d)(’M(O) is a polynomial in s of degree 2 and o, v are zeros of the

numerator of (3.78), we obtain

(s = A2)(s + a2) ¢,(0) + Txi(s) = (s — 0)(s = ) [¢},(0) + T, Tiwg, (0)] . (3.81)

Inserting relations (3.68) and (3.81) into the denominator and the numerator of identity

(3.78) respectively yields

(s = A2)(s + @) ¢, (0) + Tk ()

(s +a) (s +a) [ﬁm(s‘) —Za,z(S)]

P Gu() (5 = Ao)(s + a2) 8, (0) + T (5))

) u(9) (s +an) (s +a2) [ipa(s) — pa(s)]
Pi(8) qe(s)(s — 0)(s = 1) ¢}, (0) + T\ T, T, (0)

) (s —0)(s — O [I212(s — R)

_ PO a4, + TLT,T, wK1<0)]
(3.82)
1—[2k+2(s -R )

Bai(s) =

To obtain an explicit expression for T\T,T,wg ;(0), we first derive some auxiliary

results. Utilizing relation (2.6), we deduce from identity (3.79) that

C c

7 ra T4 — —§— —
TsTréVd(O) = é/d(s) _ gd(r) — D D -1 ’

r—s r—s

c c

z _7 O+ —=—85——=
=400 DD,

T, Tt y(0) = 1@ = TTaO)

r—o
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Let

then

1
TsTthpl (O) = r

Pi(s) = 54(5)
Pa(s) = 82 L4(s),
Q(s) = sx(s)

(P1(0) - Pi(s)  Pi(r) - Py <s>]

s—0 s—r

'@<e+%s>:;<s+g>_r<r+g>—s<s+g>]

(oms5)-(-s-5)

| Pa(0) = Pa(s)  Pa(x) = Pals)

§—1

s—Q s—T

>Q2(Q-+ %)-— sz(s-+ %) rz(r-+ %) —-sz(s-+ %)

r-ol

C
=s+o+r+ —,

s—0 s—7T

»—(Q2+QS+S2)—(Q+S)%+(I‘2+I‘S+52)+(I‘+S)%]

D

1
TJ}ﬂQ«D=r

1

Q) -Qs) Q) - é‘(@]

s—0 s—r

r—o|

1

(o7(0) — sT(s) () - 5T(s)
s—0 s—1
[07(0) — OT(s) + o¥(s) = ST(s) _ ¥(x) = T(s) + T7(s) = 57

r—o|
1 — —
5 [T To0(0) =X(5) = o T (0) + ()|

s—0 s—

_ 0T Tox(0) =T, Tex(0)

r—o

66
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Employing the above results, we derive T,T,T,wg,(0) from identity (3.80) that

z~UK,l(Q) - 1~UK,1(S) _ 5[(,1@) - 51{,1(5)
(s—0)(r-0) (s=0)(C-p0)

Ts Tg Ter,l (O) =

A —A c
2~ 5| T (0)

C C /12 , /l] ,
:S+Q+r+5+B+[5¢d,1(0)_5¢d,2(0)+

+ /12 - /11 QTSTQX(O) - rTsTr)((O)
D r—o '

Plugging the above into (3.82) gives

— Pi(S) gr(s) [s totr+ 45+ 5+ ¢(’1,1(O)]

d.108) = 242
1 (s—R)

1 1
Pi(8) u(s) { [52%(0) - 51%,2(0) +

[T (s - R)
N Ay = A | 0T Tox(0) — 2T T x(0)
D r—o '

A —A c
= 1-5] T,T,Tox(0)

Applying Heavside expansion theorem to invert the Laplace transform yields

%2 pu(R) Ry + )[R+ 0+ 1+ 5+ 5 + ¢, ,(0)]

= Rju
¢a,1(u) = ; lefizlij(Rj s ¢
A A A=A A = A, [0T () — 1T,
+fD<u>*{[52¢a,1(0)—51¢a,2(0>+%-g] T, T + 2 1[9 9"(”3_; "(”)]},

(3.83)

with €p(u) defined in (3.74).
Similarly for Ed,z(s), inserting (3.33), (3.34) and (3.79) into (3.16) yields

(s = AD(s + ang,(0) + Tga(s)

Paa(s) = — —
(s +a1) (s + @) [hp, () = hpa(s)]
() i) 9,0 + T, T, Tk (0)|
B 2P (s = R) ’
in which
— A +0\~
Frals) = (7 + 55 = L22) 2o
A A A=A —~ b= ~
- |20 - 20 + 2 Sy + D),
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c c /12 , /11 , /12 — /11 C
T,T,Tywkg,(0) =s+o+1+ 5 D" [B(pd’l(()) - B¢d,2(0) + D TT,T:£(0)
N Ay = Ay [0TTé(0) — 2T T:£(0)
D r—o ’

and inverting the Laplace transform ¢q,(s) yields

Bar(it) = Zkzﬂ Pe(R)) pi(R; + €) [zf +,-2+ o+T+ 5+ 5+ ¢3’2(0)]
[ (Rj—Ry)

j:l l:1,1¢]

eRju

/12 — /11 C /12 -
. 5] T,T:&(u) + D

Ay | 0T () — T é(u)
r—o ’
(3.84)

A A
+Lpu) * {— | 2010 - D) +

where {p(u) is defined in (3.74). The solutions for Gerber-Shiu functions ¢y, ;(u) and ¢4, (u)
fori = 1,2 are complete by (3.75), (3.77), (3.83) and (3.84).

3.4.2 Exponential claim sizes and ruin time

The Laplace transform of the time to ruin is one of the quantities of particular interest for
insurance risk analysis. This is why we examine it separately. Let the penalty function
w(x, xp) = 1 for all x;, x, > 0, which implies wy = 1, then the Gerber-Shiu function (1.3)

reduces to
o) = ga(u) + ow), u>0, u>0,
where
Pu() = B{e™ Liawueor | U(0) = u)
Given an initial state i, i = 1,2,, we denote the Laplace transform of the time to ruin by
wi(u) = dai(u) + @y (), u>0,i=1,2.

Assume that the random thresholds {Q;, i = 1,2,...} follow an exponential distribution

with c.d.f. H(y) = 1 — e,y > 0, and the claim sizes {X;, i = 1,2,...} are exponentially
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distributed with p.d.f. b(y) = ee™,y > 0, which has Laplace transform

Bls) = ——,
(S) S+ €

and u = E{X,} = é Employing (3.10) and (3.8) yields

1
()= —, 520, (3.85)
s+ €

— €

- s>, 3.86
X(S) Ss+Vv+e€ S ( )
~ -~ —_ € €

=B(s) - ¥(s) = - , s>0
é:(S) (S) X(S) s+ € st+Vv+e€ S

We derive the following auxiliary relations

€
LT,T:b0) = (s+e)o+e)x+e)
€
LT Tx(0) = (s+v+e)o+v+e)x+v+e)
€ €
LTT50) = (s+e)o+e)(r+e€) B (s+v+e)lo+v+e)t+v+e)
1
LT,T¢(0) = (s+e)o+e)(x+e)
T, Tox(0) — 0T Tox(0) e(v+e)
r—0 _(s+v+e)(9+v+e)(r+v+e)’
T, T,4(0) — 0T, T,¢(0) € e(v+e)
r—o _(s+e)(g+e)(r+e)_(s+v+e)(g+v+e)(r+v+e)’
tT,T:4(0) — 0T T,4(0) €
r—o S (s+e(o+e)(r+e)
T, T.L(0) — 0*T,T,(0) ~ Z(S) 3 —€?
r—o (s+e)lo+e)x+e)’

utilizing the property of 7" in (2.6) repeatedly.
The exponential distribution is a member of the K, family of distributions with k£ = 1

where

p(s) =s+e€,

qi(s) =s+v+e.
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Inserting identities (3.85), (3.86) and (3.73) into (3.72) with the above quantities yields

F‘;EW,](S)
34,0 - 54,,0]e 2 -+ ger B
+ +v+ ' (0) + i : AL
(s+e)(s+v+eiey,(0) (s+v+e)(o+v+e)t+v+e) D (s+e)(o+e)(x+e)
i H?:l(s - R)
24! 4 gy , Ao+
ErMOBET O L ceq
D 7w,1 D 7w,2 1 5 Z
+ +v+e) g, (0)+(s+ +(s+v+e) —-
_(S e)(s+v E)wa,l() (s+¢€) s (s+v E)D eI
[T = R) ’
where R, ..., R4 are the negative roots of the Lundberg’s equation. Observe that the

numerator of @y, 1(s) is a quadratic function in s and we denote it by Py, ;(s). Therefore,

FQZ (S) _ Pw,l(s)
w,i1(§) = ————.
[Tii(s = R)
Similarly, we deduce
—_ PW 2(S)
QDW,Z(S) = - s
[T (s = Ry)

where

|£¢,,,0) - 3¢,,,0)| e
e+e)(x+e)

Pys(s)=(s+e)(s+v+e) ¢, ,(0)—(s+v+e)

A2 41 Al 41 A1 +0
| £¢,,,(0) - 24/,,0)] € By —€+ Se+dnd
D 7w, D7w2 2' D D
tls+e (0+v+e)(x+v+e) +(S-HH_G)D (0+e)(r+e)

Applying the Heaviside expansion theorem to invert the Laplace transforms yields

Pu 1(1/1) — PW,I(RI) eR‘” Pw,l(RZ) Rou
’ (R — Ry)(Ry — R3)(R; — Ry) (Ry = R1)(Ry — R3)(Ry — Ry)
+ PW,](R3) 6R3” + PW,I(R4) €R4u
(R3 = R1)(R3 — Ry)(R3 — Ry) (R —R)(Rs —R)(Ry —R3)
(,0w2(l/t) — PW,Z(RI) eR‘” PW,Z(RZ) Rou
’ (Ri = Ry)(Ry — R3)(R| — Ry) (Ry = R))(R2 — R3)(R> — Ry)
PW,Z(R3) R3u 4 PW,Z(R4) Rau

T R —R)(Rs —R)(Rs —R). (Re—R)Re—R)(Ra—R3)"
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Similar computation may be carried out for the case when is ruin due to oscillation,

which leads to

Pur(e) =
’ ML (s—R)
Fials) = — 229
’ ML (s—R)

where P, (s) and P,(s) are polynomials with the following forms

Pd’l(s):(s+e)(s+v+e)[s+g+r+%+%+¢3’1(O)]

[5601(0) = 56,0 + 251 - fle~ 250 e(v + )

tste @+v+e)(t+v+e)

b

Pd,z(s):(s+e)(s+v+e)[s+g+r+%+%+¢§L2(O)]

| £6;,(0) = 26,,(0) + 254 - £ e
0+e)(x+e)
| £2¢;,(0) = 2,0) + 254 - £ e

©+v+e)(r+v+e)

-4 2 -4

T.e T'E(V'f‘e)
+(S+v+€)(g+e)(r+e)_(S+€)(Q+v+e)(r+v+e)'

—(s+v+e

+(s+e€

Inverting the Laplace transforms ¢4 1(s) and ¢4, (s) produces

01 (l) = Py 1(Ry) SR, Py 1(R>) SR
’ (Ri — R2)(Ry — R3)(Ry — Ry) (R — R1)(R2 — R3)(R2 — Ry)
N Py 1(R3) SR Py 1(Ry) SR
(R3 — R)(R3 — Ry)(R3 — Ry) (R —R)(Rs —R)(Ry —R3)
@ (I/l) — Pd,Z(Rl) eRlu 4 Pd,Z(RZ) Rou
T (R = R)(Ry — R3)(Ry — Ry) (Ry — R)(Ry — R3)(Ry — Ry)
Py>(R3) Ryu | Py>(R4) Ruu

* (R3 — R)(R3 — Ro)(Rs — R4)e (Ry — R)(Ry — Ro)(Ry — R3)e
The moments of the time to ruin random variable may be computed from its Laplace
transform. Furthermore, if we let 6 = O which implies o = 0, the Laplace transform of
the time to ruin @y, ;(1), ¢q;(u), i = 1,2, reduce to the ultimate ruin probabilities, which we

illustrate by the following numerical example.
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3.4.3 Numerical Example

Assume that the thresholds Q; ~ Exp(2), claim sizes X; ~ Exp(1),c =2, 4; =3, 4, =1,

60 = 0and o = 1. Then, we find the Lundberg’s equation as
s(s°+125* + 4357 + 265> - 705 — 4) = 0.

Lundberg’s equation has six roots in total that are o = 0, v = 0.947295, R, = —-0.056081,
R, = =3.198969, R; = —4.846122 — 0.22772i and R, = —4.846122 + 0.22772i. Utilizing

the results from the previous section, we obtain

Y1 () = 0.77420 e*P0% — 0,09450 1757
— [0.67971 cos(0.22772u) — 2.56055 sin(0.22772u)] e~ *54'2,
Ywo(u) = 0.72281 0% — 0,05911 7>

— [0.66369 cos(0.22772u) + 0.53646 sin(0.22772u)] 846121
and

Ya1(u) = 0.18431 ¢ 008 1 0.13906 &>
+[0.67663 cos(0.22772u) — 2.82182sin(0.22772u)] e *+*41,
Yan(u) = 0.17208 e~ + 0.08699 e~>*7

+[0.74093 c0s(0.22772u) + 0.56990 sin(0.22772u)] e~ *34"1".
Combining the above gives us the ultimate-ruin probabilities

i (u) = 0.95851 ¢ 00008 4 (0,04456 ¢ 719870
— [0.00308 cos(0.22772u) + 0.26127 sin(0.22772u)] e~ *34612,
Wo(u) = 0.89488 ¢™00%08 1 (. 02788 19897

+[0.07724 cos(0.22772u) + 0.03344 sin(0.22772u)] e +34612¢
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We may change the value of o to examine the impact of perturbation under the dependent
insurance risk model. Notice that when o~ = 0, this example reduces to the one in Section
2.4.3. Figure 3.1 shows the ultimate-ruin probabilities comparing to the non-perturbed case
as o — 0. The different initial conditions under o = 0 and o > 0 is the reason we treat the

perturbed and unperturbed version of the dependence model separately.
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Chapter 4

A perturbed dual risk model with

dependence

Dual risk models may be used to model the revenue process of a company with constant
expense rate and occasional gains. In this chapter, we consider a dual risk model with
both inter-gain distribution and expense rate depending on the size of the previous gain.
In addition, we assume that the surplus process is perturbed by a Brownian motion. Exact
solutions for the Laplace transform and the first moment of the time to ruin with an arbitrary
gain-size distribution are obtained. Applications with numerical illustrations are provided

to examine the impact of the dependence structure and the perturbation.

4.1 Model description and notation

Consider the dual risk model

M(1)

f t
R(t)=u—-c f H{/(s)zl} ds — sz ]I{J(S):z} ds + Z Xi+oW(@®), t>0,0>0, “4.1)
B 0 i=1

where u > 0 is the initial surplus, W(¢) is a standard Brownian motion, and the gain-size

random variables {X;, i = 1,2,...} are i.i.d. with density function p(y), y > 0, and c.d.f.

75
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P(y), y > 0. The gain counting process M(¢) is a renewal process with intergain times
{Z;, i = 1,2,...}. Assume that the distribution of the time until the next gain depends on
the previous gain amount by comparing it to a random threshold, similar to Albrecher and
Boxma (2004). Suppose the thresholds {Q;, i = 1,2,...} are 1.i.d. with c.d.f. H(y), y > 0,
and are independent of the gain sizes. The thresholds {Q;}°, play the role of a classifier. If
the size of a gain X is smaller than Q;, then the revenue process is in Class 1 where the
time until next gain follows an exponential distribution with mean 1/4; > 0 and expense
rate is ¢; until the arrival of the next gain. If X; is larger than Q;, then the revenue process
is in Class 2 where the time until next gain follows another exponential distribution with
mean 1/4, > 0 (4; # A») and the expense rate is ¢;. At any given time ¢, J(f) represents
which class the process falls in. The model may describe the revenue process of a research
company, where the thresholds represent the competition or the industrial average. When
a certain research gain is larger (or smaller) than the average for the industry, resources
and talent will be drawn into (or out of) the company. This action will influence the
waiting-time distribution of the next gain and the company should adjust the expense rate
accordingly.

For comparison, a non-perturbed version of the dual model (4.1) is given by

M(r)

! !
R(l) =U-—C f I[{J(s):l} ds — (o)) f ]I{J(S):Z} ds + Z Xl‘, t> O, (42)
0 0

i=1
which is a limiting case of model (4.1) as o — 0.
Next, we introduce some notation that will be used in the rest of this chapter. Given
that the initial class of the revenue process is i, i = 1,2, denote the Laplace transform of the

random time of ruin 7; = inf {¢ : R(t) = 0} as
O;(u) = B[ I(r; < 0)|RO) =u|.  u>0,620,i=12, (4.3)

which implies

lir%(D,-(u) =1, i=1,2.
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Assume further that the net-profit condition

o f pOHHy + 2 f POYH(y)dy < E(X;} 4.4)
A1 Jo A Jo

holds. For simplicity, we denote by

XO) == pMHO), (4.5)

&) == pOMH(y), (4.6)
1,

D := 50 4.7)

and by

f(s) = f ) e f(y)dy, seC,
0

the Laplace transform of a real-valued function f.

4.2 Laplace transform of the time to ruin

This section is dedicated to the explicit solutions to second order integro-differential
equations satisfied by the Laplace transform of the time to ruin. First, we derive these

equations in Proposition 4.1. Second, we provide their solutions in Theorem 4.2.

Proposition 4.1 The Laplace transforms of the time to ruin ®(u) and ®,(u) defined in

(4.3) satisfy the system of integro-differential equations

D A o A ©

-0 + D) + 1: O, (u) = C—ll 0w X 0) + O+ )EW]dy, (48)
D A ) A 0

— =D (u) + D(u) + = * Or(u) = = (@) (u+Y)x(y) + P (u+ y) E()] dy, (4.9)
(&) (&) 2 Jo

with boundary condition lirré D (u) = lir% D,(u) = 1.

Proof First we consider when the revenue process is initially in class 1, that is the fist gain

arrives at rate of A;.
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Consider a sufficiently small time interval [0, df) and condition on whether a gain occurs
in this time interval, we then obtain
@ (u) = (1 — A,dt) @ (ulthere is no gain in [0,dt)) + A;dt @ (ulthere is one gain in [0,dt)) + o(dt)

= (1 - LdDE e D, (u - c1dt + o W(dn)|
+ A dte E [ f‘” Oy (u—cidt +ocW(dt) +y) p()P{Q > y}dy
0

+ f DO, (u — cidt + cW(dt) +y) p()P{Q < y}dy| + o(dr).
0
(4.10)
Applying Taylor expansion yields
1
E[®(u — c1dt + oW (d1))] = O1(u) — D} (u)dt + EG'QCD'I'(u)dt + o(dt),

since E[W(dn)] = E[W3(dr)] = 0 and E[W?(dr)] = 10, Implementing the above result in

equation (4.10) and dividing it by dt produces

_ pmodi

dt

1
e + )CI)l(u) = (1 = Aydt) e [—cl(D’l(u) + §azcb'{(u)

+ et B f Oy (4= erdit + W) +y) pO)HG)dy
0

o(dt)
dt

N f O, (1 — crdt + oW(dD) + ) p(y)H(y)dy} N
0
Letting dt converge to zero gives

1 124 ’
(A +6) D (u) = 50-2<1>1 () — e, @, (u) + A,

f Oy (u+y) p()H(y)dy + f Oy (u+y) p)H (y)dy] :
0 0

Rearranging the above yields

A +6 (T
Lt d>1(u)=—1f (D1 (u+ y) x () + ©a (u+y) E(y)] dy,

(&] c1 Jo

where y(y), £(y) and D are defined in (4.5), (4.6) and (4.7) respectively. Similarly, given

D
——(D’l’(u) + d)’l (u) +
C1

the revenue process is initially in Class 2, we may deduce the equation

A o A 0
2 ¥ 0 oy = 2 f [y (u+ ) () + Ds (1 + ) 0] dy,
0

(6] (&)

D
——@ () + Oy(u) +
C

which completes the proof. [



CHAPTER 4. A PERTURBED DUAL RISK MODEL WITH DEPENDENCE 79

As seen in the following theorem, the solutions to equations (4.8) and (4.9) have a fairly

simple form. Moreover, it is straightforward to determine all relevant constants.

Theorem 4.2 A solution to the system of equations (4.8) and (4.9) is

() = Lo + 9, 4.11)

Di(u) = Lre™" + e, (4.12)

where €y, >, 0,9, p1 and p, are nonzero constants. Here p; and p, are the only two roots

with positive real parts to Lundberg’s fundamental equation

4~ L Z
L () BEy s

+ ;
atd oD Mt o Do

C1 C1 2 2

The constants €y, €, and ¥, are determined by the following system of linear equations

6 +9 =1 (4.14)
6H+9 =1 (4.15)
A1+06 D
A - Lyt A
2.8 Alg:J@ (4.16)
c, 20 - p1 - —pl C1
2 Lz
A1+
A o P2~ C—P A
_2'/1;3 1 2191:—1192 (4.17)
€2 2 —py = 2p; 1

Proof We first show that ®}(u) and @3 («) solve equation (4.8). Inserting ®7(«) as defined

in identity (4.11) into the left-hand side of equation (4.8) yields

D & 0 A +6
- = 0w + ®@+‘ D’ ()
Cq 62
D Al +0
=—— (plf e+ plth e p2“) + (=p1ly e — prd ) + ! (€1 e + 9 e
1
Ai+6 D A1 +06 D
:(‘ —pl——perwm+(l —pg——paﬂwww. (4.18)
Cq Cq Cq (&

Then inserting @} (u) and ®;(u) into the right-hand side of equation (4.8) which is

/l o0
ch L@ x0)+ B ) EWTdy



CHAPTER 4. A PERTURBED DUAL RISK MODEL WITH DEPENDENCE 80

_A

|60 e G) + B e IN) + 6 e VER) + By e P VER) | dy,
C1 Jo

by the definition of Laplace transform we have

/l ® * *
TP )x0) + @5+ ) EO)] dy
1 0
R4 09 A€ A0
= A0 o) + ML ey + A2 o F ) 4 A2 e )
C1 C1 C1
L6 — P [ — 4,0 o
= [—U«(pl) ﬂf(pl)] 2 : U«(pz) 2§<p2>] P2
/11+(5
A /l —pP1 - ;Pl .
=[S0+ = o f(po]fle g
[ —pP1- _pl
A1+0
Al — A o P27 sz "
—IX(Pz) + 2 A 2 Epo) | e
€2 c - apZ
2x(o1) Qf(pl) A +6 D i
= /161 Y —p1 — —pi | e
A —p=-2p7 2 —p=2pi |\ a Ci
LX) L&(p,) bL+6 D
+ +—= 2 - P3| 9e P, (4.19)
/12+<5 L+6 2
—p-gpy EE-p- o\ @ €2

utilizing equahtles (4.16) and (4.17). The left-hand side expression (4.18) matches the
right-hand side expression (4.19), since both p; and p, satisfy Lundberg’s equation (4.13),
that is,

[ Ax(p1) 2&p1) 43 (p2) L&(pa)
/12+5 + /12+6
— P2~ csz e —pP2— apz

+
A1+0 _ _ D 2 /12+5 _ D
(4] pl Clp] c) p Czp]

Thus, @7 («) and @ (u) solve equation (4.8).

Similarly, ®}(u) and ®3(u) also solve equation (4.9), which indicates together @} (u)
with ®3(u) is a solution for the system of equations (4.8) and (4.9). Moreover, equations
(4.14) and (4.15) are obtained from the initial conditions ®7(0) = ®3(0) = 1. The four
linearly independent equations (4.14) to (4.17) uniquely determine constants ¢y, £,, ¢ and

 in O}(u) and O3 (u). [ |

We now need to demonstrate that the statement in Theorem 4.2 that there are only two

roots with positive real roots to the Lundberg’s equation.
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Lemma 4.3 For all 6 > 0, the generalized Lundberg’s equation (4.13) under model (4.1)

has exactly two roots with positive real parts.

Proof We separate the proof into two cases: 6 > 0 and 6 = 0. For ¢ > 0, the proof is same
as for Lemma 3.4 in Chapter 3.

For ¢ = 0, we rewrite the Lundberg’s equation (4.13) in the form
Li(s)—hL(s)=0,

where

i /11' .
Fori = 1,2, denote the real roots to s> + ;—)s o) = 0 by «; and —g; with «;, 8; > 0. Hence,

(6] A

s2+5s—5 =(s—ay) (s+B1),
)
s2+%s—52 = (s—a) (s + ),
p =1
a 1B = —
1”1 D’
A
02,32252-

K— S . . .
Let z = ——, where « > 0 is a sufficiently large number, and define C as the circle
K

{s : |zl = 1}. On the boundary of C except for the point s = 0, we have

1L(s)l = s = aills + Bills — aal s + Bal
= s —a||s + Bills — @alIs + Bol X(O0) + |s — | |s + Bil|s — sl |s + Ba] £(0)
> (—a1B8) |s — ol s + Bl fe(s)| + (o) Is — ailIs + Bil [E(s)|

2 |L(s)]

since |s| > 0 and Re(s) > 0. Also, |[;(s)| = |L(s)| at s = 0.
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To apply Corollary 2 in Klimenok (2001), we still need to consider the first derivatives

of [, and [, with respect to z, where

o oh\l _(oh ds db
0z 07 )l,=1 “\ds 0z Os Oz
:[all 0+ 22 m]

(311 ds dl, 6s)

8S (9S s=0
Aic e Aicr — e 44 0 _
=<—K>{— 5T et T X0) + R E0) - 2~[ 0]}
A —~ Ay

= (- m{ 22RO - 1] + ZC; [5(0)‘1]+FE{X1}}

[m £0) + Az‘” 2L 30) - )‘Dﬂz E{Xl}]

/1 /12 Cy — Cl —

=k 5 [ &0+ X(0) - E{Xl}] (4.20)

Since k, 4y, A3, D > 0 and the net-profit condition (4.4) states
a (7 = o (7
—1[ me@My+—xf p(OWH(y)dy < E{X;}
A1 Jo A2 Jo
Cl — Cr—~—
—x(0) + —=&(0) < E{X;},
/11)(( ) + /lzf( ) < E{X1}
we have in (4.20) that
(011 N (912)
8Z aZ z=1

In addition, /;(0) > 0. Applying Corollary 2 in Klimenok (2001) yields that /;(s) — l,(s)

has the same number of zeros as /;(s) does in the interior of the circle C. Inside C, function
[1(s) has exactly two zeros, and so does /(s) — L(s). Letting k — oo, we conclude that

[1(s) — l(s) has exactly two zeros in the positive half plane. [ |

Utilizing the Laplace transform of the time to ruin, we may deduce the first moment of

the ruin time, given that ruin occurs in finite time, to be

9 O*(u)|
Ehm<m]—iﬁﬁlﬂ, i=1,2. 4.21)
i 0=0
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Denote by
Ai+0 D
Ai(x) = al —x—-=x i=1,2,
A
T = 2O
Aa(x)

Taking derivatives of A;(p;), Ax(p;) and Y(p;) for j = 1,2 with respect to ¢ yields

—A0)=——11 — | — 1 =1.2 i=1,2

% i) - ( + Cip,,) 55 i=12, j=12,
ZA(P)) — | ZM0)| T(p))

ﬁT(pj): a6 M [66 2 J] J, j=1,2. (4.22)

a6 Aa(p))

90 ;
The unknown functions %, Jj = 1,2, may be derived from Lundberg’s equation (4.13),

where

TED | Asloy) - Xpy) - A D Aalp) ~ E(ps) - S Malp)
/11 [ dp; . %] l(pj)_/\/(pj)' 3% 1(,0j) N /12 dp; 86 200 i) a5 2\P; o
“ Ailp))? &) Ax(pj)? ’

or equivalently,

[zl 1 a}(p,-)] dp; A X)) [ 1 (1 2D )0/%]
— . —_— e — — _pj —
C1 00

ci Ai(py)  Op; | 96 1 Ai(p))*
Cgpj 06

C1

=0,

which may also be restated as

2 Mapj) dp; 2 Ap))?

L1 He) A X)) (1 z_Dp_) o1 %p) b Ep) ( +2_Dpv)
cr Mipj)  Ip; c1 Ai(p))? e’ !
A Xe) o Ep)
2 M) & M)

2

A X)) + A £p))
dp; TV ERE I P

F Y LX) A X)) ( 2D .)+12 1 ) | a ﬂ( 2D )

Er(p]) dpj 1 Ai(pj)? o My Czp]

) Az(pj) (')pj 2 ) AZ(pj)2

(4.23)

o,
06
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To derive = @7 (u)|s=0 for i = 1,2 in identity (4.21), we still need to express = and %’;

Solving the system of linear equations (4.14) to (4.17) yields

T(p2) - Zj; c1dy
-7 ab b =—2Y(0)) - ¢ (4.24)
T (o) - Yor) 2o w0l
19]:1—51 192:1—52.

Also, summing (4.16) and (4.17) leads to

A
T(o1) - &1+ T(p2) (1 = £1) = 62;
(&%)

After differentiation with respect to 6, we obtain

ot (1= ZX(py) + b1 - 2 (o)

7 ) 4.25
) T(p2) — T(p1) (3:2)
Similarly, differentiating £, in (4.24), we deduce
8[2 Cl/lz 651
— = l —T , 4.26
36 ol [66 Y(o) + {1 - % (Pl)] (4.26)

where aéT(p ;) for j = 1,2, are given in (4.22). Differentiating @7 («) and ®;(u) with respect
to 0 yields

a ot o\ _.. [a6 apz i .
_ P P 1) 2 pau =1,2
®iw = (aa 86 ”)e [65 (=03 ]e TS

where for j=1,2,and 3[‘ fori = 1,2, may be found in (4.23), (4.25) and (4.26). Finally,

the mean of the time of ruin, given that ruin occurs in finite time, is

o _ p 9p1 —p1u [0{)1 _ opy ] —pou
(55 3 u)e +(1=0) 75 e

0=0

E[rit; < o] = , i=1,2.

&-e‘m“ + (1 — fl) e P

0=0

Remark 4.1 When A, = 4, and ¢ = ¢;, the model (4.1) reduces to the compound Poisson

dual model with diffusion in Avanzi and Gerber (2008). |

Remark 4.2 As o — 0, model (4.1) converges to model (4.2). Under the non-perturbed

model (4.2), all results in Proposition 4.1, Theorem 4.2, Lemma 4.3 and the first moment
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of time to ruin still hold by letting D = 0. The reason is that in both cases of dual models —
the perturbed one and the unperturbed one — the initial conditions coincide: lirréCD,-(u) =1

and lim®;(u) =0,i=1,2. O

U—00

To demonstrate the results in Remark 4.2, we consider a non-perturbed version of the
dependent dual risk model as defined in (4.2). Denote by ¢;(u), i = 1,2 for the Laplace
transform of time to ruin under the non-perturbed model. Given that the first gain arrives at

the rate of A;, conditioning on the time and amount of first gain that might occur, we have

u

¢1(u) = fol /116_1”6_6’[0 ¢1(u—c1t+ Y)pP{Q > y} + ¢o(u — c11 + y)p(n)P{Q < y}dydr + e_( L )u

Changing the variable of integration 7 to v = u — ¢t yields

/l " — u—v Mu
AOEE fo oo f 10 + POIF) + 620 +Y)pOIHG) dydy + ¢ ()

/l (¥ u A1+o )
41 (‘1 ) f f O1(v+y)x(y) + do(v + ¥)éE(y)dydv + e ( o ) .

C1

Similarly, given that the first gain arrives at the rate of A,, we obtain

42+5)

A Rt " U 12+6 bro),
ha(u) = e %) f f 10 + YO + oy + Y)EO) dydv + e B

Differentiating the above equations with respect to u, after some rearranging produces

A o A © A ©
&+ 22y = 2 f ¢1(u + yy(dy + = f do(u + Y)E)dy,
1 C1 Jo 1 Jo

L+6 H [ H [
@5 (u) + dr(u) = C—2 f ¢1(u + y(dy + 2 f $2(u + y)é(y)dy,
2 Jo ¢ Jo

which are equations (4.8) and (4.9) with D = 0. All the rest of the results follows

straightforwardly by letting D = 0.

Remark 4.3 When D = 0, rewriting the system of integro-differential equations (4.8) and

(4.9) by changing the variable of integration to z = u + y produces

A 0 A e
2 i) = C—: f k1<u—z>¢1<z)dz+c—‘ f kot — 2)¢(2) dz,

0 1 Jo

¢@+MT
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A +0
&)

A °° A ©
&, (1) + d(u) = 2= f ky(u — 2)¢1(z) dz + = f kot — 2)¢ha(2) dz.
2 Jo 2 Jo

where the kernels k;(x) = y(—x)I(x < 0) and k(x) = &(—x)I(x < 0) are introduced.
This kind of convolution-type system of integro-differential equations is also of interest in
other areas such as applied physics, see for example equation (1.1) in Khachatryan and

Khachatryan (2009). Theorem 4.2 provides a possible solution to some of its special cases.

O

4.3 Numerical illustrations

In this section, numerical examples are provided to apply the results in the previous section.
Meanwhile, we examine the impact of the dependence structure and the perturbation to the
underlying risk respectively.

In Example 4.1, we compare the dependent dual model to one with an independent
setting, where the revenue process follows a perturbed compound Poisson dual model with
parameter A; with probability P{X < Q} and it follows another perturbed compound Poisson
dual model with parameter A, with probability P{X > Q}. All other parameters remain the

same. Let P{X < Q} = w, the Laplace transform of the time to ruin is

o) =wei(u) + (1 —w) @a(u),

where ¢;(u) and ¢,(u) correspond to the two perturbed compound Poisson dual models

with net-profit conditions satisfied. For i = 1,2, we have

—riut
b

pi(u) =e

where r; is the unique positive solution to

D, A +6
s+

i
= —p(s).
C; C; Ci



CHAPTER 4. A PERTURBED DUAL RISK MODEL WITH DEPENDENCE 87

The impact of the dependence structure is considered under different gain-size assumptions.
Example 4.2 is constructed to demonstrate how the change in the volatility of the
diffusion process affects the dependent dual risk model and shows the ruin-related results

converge to the unperturbed version of the model as D — 0.

00
i=1

Example 4.1 Suppose that the gain sizes {X;}:°, are Coxian(3) distributed with Laplace

transform

5(s) 3s+2
§) = —————
P (s+1°(s+2)

and B{X;} = 1. Let 4y =25, 1, =15,¢1 = ¢, =1, D = 0.5, 6 = 0 and the random
thresholds follow an exponential distribution with H(y) = 1 — e~'/3¥, y > 0. By definition,

we have y(s) = ﬁ(s + %) = — 33 and &) = p(s) — x(s). Inserting these into

(s+4)°(s+1)
Lundberg’s equation (4.13), we obtain the only two positive roots to be p; = 0.726401

and p, = 1.199512. Given the initial class of the process, the ultimate-ruin probabilities are

Wi () = @ (u)|,_, = 0.702211 ¢ 070401 1.0.2977893 ¢~ #%12,

Pau) = Oy(u)|_, = 1.247830 ¢ 0724401 — 0.247830 719512,

We may compare the ruin probabilities under the stationary state of the perturbed dependent

dual model
Wo(u) = wW(u) + (1 —w) Pa(u) = 0.853230 707264014 1 0.146770 11995124
to the independent case, where
W) = u)|,_, = wei(u) + (1 — w) @a(u) = 0.723214 ¢~ 9304 4 0.276786 ¢ 3717,

The ruin probability results are shown in the left panel of Figure 4.1. These results indicate
the presence of the dependence structure reduces the underlying risk and failing to realize

the dependence will overestimate the risk.
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Similar computations and comparisons may be carried out for other distributions, such
as a heavy-tailed Pareto or an exponential distribution. Figure 4.1 shows the impact of the
dependence structure under different gain-size distributions with the same means where all
the other parameters in Example 4.1 remain unchanged. For comparison, a graph for the
case o = 0 is provided in Figure 4.2. The impact of dependence structure is greater for

distributions with heavier tail. O

Example 4.2 Let 4, = 2.5, 1, = 05,¢; = ¢; = 1 and D = 0. Assume that the gain
sizes {X;, };2, are exponentially distributed with mean 1 and the random thresholds follow
another exponential distribution with H(y) = 1 — ¢7'/3¥, y > 0. The net profit condition

%(%) + é }L) < 1 1s satisfied. For ruin probabilities, let 6 = 0 and Lundberg’s equation is

5 1 1 1

2 (%—s)(s+§) 6 (%—s)(s+1)(s+§‘)
The only two positive roots are p; = 0.166675, p, = 1.686141. Ultimate-ruin probabilities

are

¢1(u) = 0.739776 & 1997 1+ 0.260224 ¢~ 050141,

$o(u) = 1.035710 €7*10%67 — 0.035710 ¢~ 050141,

First moments of ruin time are

(6.200285 + 3418592 ) & 19667 4 (—6.200285 + 0.350133 1) ¢~ 650141

0.739776 ¢ 01666754 1 (). 260224 ¢~ 1686141 ’
(—0.837642 + 4.786135 1) =165 4 (0.837642 — 0.048048 1) ¢~!-056141u

1.035710 ¢~0-1666751 — (0.035710 ¢~1-686141u

E[rir) < oo] =

E[rlty < o0] =

Similar computations may be carried out for D taking various values. Figure 4.3 illustrates
how the perturbation increases the underlying risk by showing how the change in D affects

the ruin probabilities and the expected time to ruin under this example. O

Remark 4.4 According to arguments in Albrecher et al. (2014), by interchanging the

jumps and inter-event times, the event of ruin under dual model (4.2) when ¢; = ¢; = 1



CHAPTER 4. A PERTURBED DUAL RISK MODEL WITH DEPENDENCE 89

coincides with the ruin under the dependent Sparre-Andersen risk model in Boudreault et
al. (2006) with exponential claim sizes. More precisely, the Sparre-Andersen risk model
may be described by
NG
UD =u+nt—) 7, 120,
=1

o0
i=1

with i.i.d. inter-claim times {X;}:°, and claim sizes {Z;,Z,, ...} depending on the claim
elapse time.

In Example 4.2, the parameters are set to be equivalent to model A in Boudreault et al.
(2006), Section 7. To obtain the ruin probabilities under model A utilizing the results from

the proposed dual dependence model, we have

Ya(u) = E[p(u + nXy)]
B f 1+t ee P+ pyu+ e [1 - e‘”St] dr
0
= 0.690457 ¢~0-1666751 | () 084714 10801411

which provides an alternative and simpler way to obtain the numerical results in Boudreault

et al. (2006), page 282, which coincide to the extent of a small rounding error. m]
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Chapter 5

Concluding remark and further research

Under the classical compound Poisson risk model and the Sparre-Andersen risk model,
one crucial assumption is that the interclaim times and the claim sizes are independent.
However, this assumption might be inappropriate in practice. In this thesis, we consider
a dependent risk model where the assumption about independent increments, which is
fundamental for the Sparre-Andersen risk model, no longer holds. In addition, we assume
the underlying risk process is perturbed by a Brownian motion to account for small
fluctuations, which is also a more realistic assumption. Lastly, the idea of dependence
and diffusion combined is implemented to the dual risk model.

For the two insurance risk models, explicit solutions for the Gerber-Shiu function are
obtained for arbitrary claim sizes along with applications. Various applications under
special cases of the Gerber-Shiu function along with examples are provided. Exact solution
for the Laplace transform and first moment of time to ruin are deduced under the dual
risk model. Further research may include extending these risk models with dependence
and diffusion to more generalized settings. For instance, increasing the risk classifier to
higher dimensions or generalizing the underlying risk process to a more complex stochastic

process, such as Markovian arrival process.
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