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Abstract

The derived category of coherent sheaves on a smooth projective variety is an
important object of study in algebraic geometry. Over the past decades, a lot of
techniques have been invented to study the structure of derived category of coherent
sheaves. One important device relevant for this study is the notion of tilting sheaf,

which was first introduced by Baer [Bal.

This thesis is concerned with the existence of tilting sheaves on some smooth
projective varieties. The main techniques we use in this thesis are Galois descent
theory and Proposition [4.1.8f a bundle on a smooth projective variety is a tilting
bundle if it is a tilting bundle after a finite Galois extension. First we construct
a tilting bundle on a general Brauer-Severi variety. Our major result shows the
existence of tilting bundles on some Brauer-Severi schemes. As an application, we
prove that there are tilting bundles on an arithmetic toric variety whose split toric
variety has a splitting fan. Our findings extend the works of Costa and Miré-Roig
[CM1] and Blunk [BI].

Keywords: Derived category of coherent sheaves, tilting sheaf, Brauer group,

Brauer-Severi schemes, arithmetic toric varieties, descent.
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Introduction

The study of the derived categories of coherent sheaves on homogeneous varieties
dates back to the late 1970s when Beilinson [Be] first described the derived categories
of projective spaces. Since then, it has become an increasingly popular subject in
algebraic geometry, and a lot of mathematicians have been working on this field.
Their efforts have put it in the forefront of modern algebraic geometry. In this
thesis, we always assume that X is a smooth projective variety defined over a field
K and denote by D°(X) the bounded derived category of coherent sheaves on X,
which is naturally a triangulated category. The bounded derived category D°(X)
has come to be understood as a homological replacement for the variety X and
it is one of the most important algebraic invariants of a smooth projective variety
X. For example, Bondal and Orlov showed that smooth projective varieties with
ample canonical or anticanonical bundles are uniquely determined by their derived
categories [BO2]. At the beginning of the 1980s, it was discovered that the derived
category of coherent sheaves has connections with a variety of fields of mathematics,
like the Homological Mirror Symmetry Conjecture of Kontsevich [Ko|, which states
that there is an equivalence of categories between the derived category of coherent
sheaves on a Calabi-Yau variety and the derived Fukai category of its mirror. Thus
it is vital for us to understand the structure of D°(X).

Over the past decades, a lot of techniques have been invented to study the



structure of the derived category of coherent sheaves. One important device relevant
for this study is the notion of an exceptional collection. Exceptional collections
provide a way to break up D’(X) into simple components. Let X be a smooth

projective variety over field K. An object E in D°(X) is said to be exceptional if
Hom(E,E)=K and Hom(E,E[k])=0 Y k#O0.

An exceptional collection in D°(X) is an ordered collection (Ey, Ey,- - , E,) of ex-

ceptional objects, satisfying
Hom(Ej;, E;[k]) =0 for all kwhen0<i<j<n.

Finally, an exceptional collection is full if the smallest triangulated subcategory of
D*(X) containing all the objects of the collection is D°(X) itself.

The first example of a full exceptional collection is the collection
{Gn, Oen(1), - , On(n)} € D'(P")

in the bounded derived category of coherent sheaves on P". It was constructed by
Beilinson in his pioneering work [Bel|. After that, in his series of papers [K1], [K2],
[K3] and [K4], Kapranov constructed a vast number of full exceptional collections on
some projective homogeneous varieties (Grassmannians, flag and quadric varieties).

These results naturally suggested the following conjecture.

Conjecture 1. Let X be a projective homogeneous variety of a split semisimple
linear algebraic group over an algebraically closed field of characteristic zero. Then

there exists a full exceptional collection of vector bundles in D?(X).

Up to now, the conjecture remains largely unsolved. Partial results in this direc-
tion can be found in [K4| [Sall [Kull, [Ku2l [PS| [Ku3, M, M| and [AAGZ]. In [Ku3,
§1.1], Kuznetsov and Polishchuk listed the known results up to that point according
to types of simple algebraic groups classified by Dynkin diagrams.



Recently, Kawamata [Kal] proved the existence of a complete exceptional collec-
tion of sheaves on an arbitrary projective toric variety by means of minimal model
theory.

A generalization of the notion of full exceptional collection is the notion of semi-
orthogonal decomposition, which was introduced by Bondal in [Bon]. Let B be a
full triangulated subcategory of a triangulated category D. The right orthogonal
to B is the full triangulated subcategory B+ C D consisting of the objects C such
that Hom(B,C) = 0 for all B € B. A sequence of triangulated subcategories
(Bo, -+ ,B,) in a triangulated category D is said to be semi-orthogonal if B; C B;-
whenever 0 < j < ¢ < n. If a semi-orthogonal sequence generates D as a trian-
gulated category, then we say it is a semi-orthogonal decomposition of D. Using
the tools developed in [BK], Orlov gave semi-orthogonal decompositions for projec-
tive bundles, Grassmann bundles and flag bundles. Later, Béhning [Boh] gave a
semi-orthogonal decomposition for quadric bundles. All of these results generalize
the full exceptional collections on the corresponding varieties by Beilinson [Be] and
Kapranov [K4]. Further developments in this direction are the generalization to flat
proper morphisms as in [Sa2] and the extensions to the twisted case, like a semi-
orthogonal decomposition for Brauer-Severi Schemes in [Ber] and semi-orthogonal
decompositions for twisted Grassmann bundles and flag bundles in [B].

Another important approach to determine the structure of D?(X) is to construct
tilting sheaves. This notion was first introduced by Baer [Ba]. A coherent sheaf .7
of Ox-modules on a smooth projective variety X is called a tilting sheaf (or, a tilting

bundle if it is locally free) if
(i) it has no higher self-extension, i.e. Ext), (7,.7) =0 for all i > 0,

(ii) the endomorphism algebra of .7, Homg, (7, 7 ), has finite global homological

dimension,



(iii) the direct summands of 7 generate the bounded derived category D°(X).

The importance of tilting sheaves relies on the fact [Bal, Theorem 3.1.2, 3.1.3]
that they can be characterized as those sheaves .7 on X such that the functors
Rhomx (7 ,—) : D"(X) — D°(A) and — ®% .7 : D*(A) — D’(X) define mutually
inverse equivalences of the bounded derived categories of coherent sheaves on X and
of finitely generated right A-modules, where A := Homg, (7,.7). The existence
of a tilting sheaf also plays an important role in the problem of characterizing the
smooth projective varieties X [Cr, Corollary 2.6]: if X has a tilting sheaf, then its
Grothendieck group Ky(X) is a free finitely generated abelian group.

There is a strong connection between tilting sheaves and full exceptional collec-
tions. Recall that we say a full exceptional collection (%, %1, -+ ,%,) is strong if
it satisfies the conditions Hom"*(%;, %;) = 0 for all i and j, with k # 0. In [Bonl,
Bondal first proved that if (%, %, - ,.%,) is a full strong exceptional collection
of the bounded derived category D’(X) of coherent sheaves on a smooth manifold
X, then Db(X) is equivalent to the bounded derived category D°(mod — A) of right
finite-dimensional modules over the algebra A := Hom(.%,.%), with .7 := ®}_,.%,.
By Baer’s theorems, we know that .# is actually a tilting sheaf. And we can con-
struct tilting sheaves from full strong exceptional collections. The first few examples
of varieties that have tilting sheaves are projective spaces and Grassmannian man-
ifolds, as these full exceptional collections given in [Be| and [K4] are actually full
strong exceptional collections.

With full generality, the problem of constructing tilting sheaves seems out of
reach and only some particular cases have been addressed (most of them are decom-
posable as line bundles): projective spaces [Be|, Grassmannians, flag and quadric
varieties [K4, [FM], some fibrations [CRM], some toric varieties [CMI, [CM2| [Cx
CM3, [CM4, [ICRM| BT, DLM, [U, ILM]|, some Fano varieties [BO3, [GK| [Ku4], some



rational surfaces [Ki, [HP], etc. Further development in this direction is the exis-
tence of tilting bundles on some twisted varieties. Recently, Blunk, Sierra and Smith
[BSS] proved that there is a tilting sheaf on a degree 6 del Pezzo surface over an ar-
bitrary field, and Blunk [BI] showed that there exist tilting bundles on some twisted

homogeneous varieties.

The aim of this thesis, in the context of the works mentioned above, is to show the
existence of tilting bundles on some twisted smooth projective varieties. Using Galois
decent theory, we construct tilting bundles on twisted projective spaces (Theorem
4.1.12)), which are different from those constructed by Blunk in [Bl]. We also show
that there is a tilting bundle on the twisted projective bundles under some mild
conditions (Theorem . As an application, we show the existence of tilting
bundle on an arithmetic variety whose split toric variety corresponds to a splitting
fan (Theorem , which generalizes the result obtained by Costa and Miré-Roig
in [CMI].

Thesis Organization

Chapter 1: This chapter is basically a survey of the well-known fact that the
isomorphism classes of Azumaya algebras are in a one-to-one correspondence with
isomorphism classes of Brauer-Severi schemes. It starts with a brief introduction
of non-abelian cohomology, and then lists some facts about descent theory and
twisted forms. Next, we give general information about Brauer groups and Brauer-
Severi schemes. The first important result is the relation between the first Galois

cohomology group and twisted forms (Propositions|1.1.16} [1.1.20)). Using this result,

we give a brief proof of the well-established fact that the isomorphism classes of



Azumaya algebras are in one-to-one correspondence with isomorphism classes of
Brauer-Severi schemes (Theorems [1.2.19} [1.2.31)). Another important fact is that

the Brauer group of a rational smooth projective variety is equal to the Brauer
group of its base field (Theorem [1.2.28)).

Chapter 2: In this chapter, we devote ourself to a quick overview of toric
varieties from the viewpoint of combinatorics. We begin with the construction of a
split toric variety from a fan and establish the important fact that the equivariant
morphisms of two toric varieties are in a one-to-one correspondence with the maps
of their fans (Theorem . Next, with special interest, we study toric fibrations.
After describing how to construct a fan of projective bundles from the fan of the
base toric variety (Corollary , a characterization of toric variety with spliting
fan is given (Corollary . In the final part of this chapter, we briefly introduce

the arithmetic toric varieties, which are twisted forms of split toric varieties.

Chapter 3: This chapter begins with a quick introduction to the construction
of the derived category of an abelian category and derived functors. Then we focus
our discussion on the study of the bounded derived category of coherent sheaves. We
first introduce the important devices for this study, namely, full (strong) exceptional
collections, semi-orthogonal decomposition, tilting sheaf, etc. After this, we give a
sketch of the proof of Belinson’s outstanding result on projective space (Theorem
and recall its generalization—Orlov’s theorem about a semi-orthogonal de-
composition of projective bundles (Theorem [3.1.21)). Then we give Costa and Miré-
Roig’s improvement of this result—a full strong exceptional collection for projective
bundles (Theorem , which is the special case of toric variety with splitting
fan (Theorem [3.1.28). Finally, we introduce Blunk’s construction of a tilting sheaf
on Brauer-Severi variety (Theorem [3.1.38)).

Chapter 4: This is the most important chapter of this thesis. We first prove an



important fact which states that a locally free sheaf is a tilting bundle on a smooth
projective variety if it is a tilting bundle after a finite Galois extension (Proposi-
tion . Based on this result and using Galois descent or pushforward of sheaf
(Remark [4.1.13)), we give a tilting sheaf on Brauer-Severi variety (Theorem [1.1.12),
which is different from the one given by Blunk (Theorem . An advantage of
this method is that we may use it to construct a tilting bundle on twisted projec-
tive bundles under some mild conditions and obtain our main theorem (Theorem
. After this, two special cases are given (Corollary . Then, as
an application, we show the existence of tilting sheaf on an arithmetic toric variety
whose split toric variety has splitting fan (Theorem , which generalize Costa
and Mir6-Roig’s result (Theorem . At the end of this chapter, we give the

conclusion of this thesis and some further interesting questions.



Chapter 1

Brauer Groups and Brauer-Severi

schemes

It is well-known that isomorphism classes of central simple algebras over a field
are in one-to-one correspondence with isomorphism classes of Brauer-Severi varieties
over it. More generally, the isomorphism classes of Azumaya algebras are in a one-
to-one correspondence with isomorphism classes of Brauer-Severi schemes. This
chapter is essentially a brief survey of these facts. We also introduce the Brauer

group in this chapter.

1.1 Non-abelian Cohomology and Twisted Forms

1.1.1 Non-abelian Cohomology

We first recall some basic facts about non-abelian group cohomology (cohomol-
ogy with non-abelian coefficients of discrete groups) in this subsection. The main

reference is [Se2] and all the results presented below can be found in detail there.
Definitions 1.1.1. Let G be a finite group. A G-group is a group A equipped with a

8



CHAPTER 1. BRAUER GROUPS AND BRAUER-SEVERI SCHEMES 9

left G-action. If we write 9a for the image of a € A under g € G, then 9(a-b) = 9a-9b
for every g € G and a,b € A. We call A a G-module if it is abelian. The morphism
of G-groups, a G-morphism for short, is a map f : A — B of G-groups such that
the diagram

GxA——A

) |

GxB——2B

commutes.
Now let us define the non-abelian cohomology H® and H'.

Definitions 1.1.2. Let G be a finite group and A a G-group. We define the zeroth
cohomology group of G with coefficients in A as H°(G,A) := A%, the elements of
A invariant under the action of G. A cocycle c of G'in Ais amap G — A, g+ ¢4
such that ¢y, = ¢4 - ¢, for each g,h € G. Two cocycles ¢ and ¢’ are said to be
cohomologous if there exists b € A such that ¢, = bt-c,-9bfor all g € G. This is an

equivalence relation on cocycles and the set of equivalence class, the first cohomology

set of G with coefficients in A, and is denoted by H'(G, A).

Unlike the abelian case, H'(G, A) is not a group, but a pointed set, with a
distinguished element the class of the unit cocycle 1, where 1, =1, for all g € G.

When G acts trivially on A, then a cocycle is simply a group homomorphism
and H'(G, A) is the set of conjugacy classes of homomorphisms.

The cohomology sets H°(G, A) and H'(G, A) are functorial in both G and A,
i.e. contravariant in G and covariant in A, and they fit into a natural exact sequence
of pointed sets as follows. The kernel of a map of pointed sets f: (X, z) — (Y, ),
where z,y are distinguished elements of X and Y respectively, is f~!(y). Let A and

B be two G-groups and A C B be a normal GG-subgroup, then there is a natural



CHAPTER 1. BRAUER GROUPS AND BRAUER-SEVERI SCHEMES 10

exact sequence of pointed sets
1 — H(G, A) = H°(G, B) = H°(G, B/A) > H'(G, A) —» H'(G, B) = H'(G, B/A).

The connecting homomorphism § is defined as follows: let ¢ € H°(G, B/A) =
(B/A)¢, then we choose b € B such that ¢ = bA. Since ¢ € (B/A)Y, if g € G,
we have ¢, := b~ -9b € A, and this defines a cocycle of G in A.
Further, if G-group A is abelian, we can continue the above exact sequence and
define
HY(G, B/A) % H(G, A),

where the abelian group H?(G, A) is regarded as a pointed set.

Remark 1.1.3. If the G-group A is abelian, then the definitions above coincide with
usual group cohomology. As in [Gir], one could also define H%(G, A), H3(G, A), etc.

in for nonabelian A.

Let G, G’ be two finite groups and h : G’ — G be a group homomorphism. Then
for any G-group A, we have natural pullback maps h* : H(G, A) — H/(G', A),i =
0,1, which are morphisms of pointed sets. If h is the canonical projection on a
quotient group, then in fg' := h* is said to be the inflation map. The composition
of inf§ with some extension of the G’-group is also called inflation.

Using inflation maps, non-abelian group cohomology can easily be extended to
the case where GG is a profinite group and A is a discrete G-group on which G acts
continuously. Indeed, we can define

H(G,A) = @H%G/G’,AG’), i=0,1,
o
where the direct limit is taken over the inflation maps and G’ runs through all
the normal open subgroups G’ of G such that the quotient group G /G’ is finite;
moreover, the maps H'(G/G’, A®") — H'(G, A) are injective.
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Now we will discuss non-abelian Cech cohomology briefly. The main reference is
the first three chapters of J. S. Milne’s book [Mil].

We will first recall some concepts. We say a homomorphism of rings h: A - B
is flat if the functor — ® 4 B from A-modules to B-modules is exact. A morphism
f X — Y of schemes is flat if for all points x € X, the induced ring homomorphism
Oy, ) — Ox 4 is flat. We say f: X — Y is faithfully flat it f is flat and surjective
and f: X — Y is étale if f is flat and unramified.

Let E be a class of morphisms of schemes that satisfies the conditions: all iso-
morphisms are in F, the composition of two morphisms in F is in £ and any base
change of a morphism in £ is in E. Denoted by E/X the full subcategory of Sch/X
of X-schemes whose structure morphisms are in £. Now fix a scheme X, a class
of morphism F and a full subcategory C'/X of Sch/X that is closed under fiber
products and is such that, for any morphism ¥ — X and any morphism U — Y in
E. the composition U — X is in C/X. An E-covering of an object Y of C'/X is
a set {U N Y} of morphisms in £ which are jointly surjective in the sense that Y
equals to the union of set-theoretic images, i.e. Y = [Jp(U). The class of all such
coverings of all objects in C'/ X is the E-topology on C'/X. The E-site over X is the
category C'/X together with the E-topology and we denote it by (C'/X)g, or simply
Xpg. The small E-site on X is (E/X)g and, in the case in which all morphism in F
are locally of finite type, the big E-site on X is (LFT/X)g, where LFT/X is the
full subcategory of Sch/X of X-schemes whose structure morphisms are locally of
finite type.

The three particularly important examples are as follows:

e [Jis (Zar) of all open immersions, we get the Zariski site X 74, and the small

(Zar)-site ((Zar)/X) zar;

e [ is (ét) of all étale morphisms of finite type, we get the étale site X and the
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small (ét)-site ((ét)/X)e;

e FEis (fl) of all flat morphisms that are locally of finite type, we get the flat site
Xg and the big (fl)-site (LFT/X)s.

Once we have the E-topology, then as for ordinary topological space, we can
define presheaves and sheaves on the site and a Cech cohomology theory. Notice
that here the morphisms in E play the role of the open subsets in the E-topology.

A presheaf & of groups (not necessary commutative) on a site (C/X)g is a
contravariant functor (C/X)g — Grp, where Grp denotes the category of groups.
A presheaf & on (C/X)g is a sheaf if it satisfies the following two conditions:

(Sy) if s € Z(U) and there is a covering (U; — U);er of U such that the
restriction morphism resy, y(s) = 0 for all ¢ € I, then s = 0;

(S2) if (U; — U);er is a covering of U and the family (s;)ier, si € P2 (U;) satisfies
TeSUiXUUj7Ui(8i) = TeSy,xyU;,U; (Sj)

for all ¢, 7 € I, then there exists an s € Z(U) such that resy, y(s) = s; for all i € 1.
Let ¢ be a sheaf of groups on Xz and % = (U; % X)ier be a covering of X. A
cocycle for % with values in ¢ is a family (g;;)rx1, i € ¥ (Uij), such that

(9:31Ui ) (911 Usji) = (gik| Uijn.)-

Where U;; = U; xx Uj and Uy, = U; xx U; X x Uy
Two cocycles g and ¢ are said to be cohomologous if there is a family (h;)ier, hi €
¢ (U;), such that
g = (hilUij)gi; (h;|Usj) "
This is an equivalence relation on cocycles and the set of equivalence classes, and we
call it the first cohomology set of % with values in ¢ and denote it by H' (% /X, 9).

It is a pointed set with distinguished element (g;;) where g;; =1 for all 4,5 € I.
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Another covering ¥ = (V; Lt X)jes of X is called a refinement of % = (U; 2
X);eq if there is a map 7 : J — [ such that for each j € J, ¢; factors through
br(j), that is, ¢; = ¢-;n; for some n; : V; — Uyy). Denote by CP(%,9) =
[141 9 (Uig.i,),p > 0. The map 7, together with the family (7;);cs, induces a map
T CP(U,9) — CP(V,9) as follows: if g = (giy...;,) € CP(% ,¥), then

(Tpg)jO'”jp = TESn i, x-xnj, (gT(jo)“'T(jp))'

Clearly, the map 7! maps cohomologous cocycles to cohomologous cocycles, hence
Y g Yy

it induces maps on the first cohomology set,
WV, U, 1) H (% |X,9) — H(V]X,9).

Lemma 1.1.4. The map p(¥,% ,7) does not depend on the choices of T or the
family (n;).
Proof. Suppose that 7' : J — I, together with family (7}), is another map such that

for each j € J, ¢; factor through ¢,/(;. Define x : CH%,9) — C°(¥,¥). For
g€ CH%.,9),(kg); = TeSy xn; (g-/(j)r(j))- Hence if g is a cocycle for %, then

(7" 9)josr (K9);1
= resy s (97 Go)r (i) T€Sn; xny, (9rGn)r (i)
T€Sn5, xnj, xnjy (9 Goyr(in) |Ur'<jo>w'<j1>wu1))
TSy, Xy xmjg x1jy (97 Goyr () |U7-’(j0)><7'/(j1)><7‘(j0)><7’(j1))
TESm xnjoxnj, (9 Goyr )02 gy tiorrion))
= 7”68,7;0 XMj (gT’(jo)T(jo))resﬁjo X1y (gT(jO)T(jl))

= (/ig)jo (Tlg)joh
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Thus we have
(T/lg)jojl = (K’g)jo (Tlg)jojl ('%g)j_ll'
Therefore pu(¥,% ,7) and u(¥,% ,7') are the same map. O

Hence, if ¥ is a refinement of %, we get a map u(¥, %) : H (% /X, 9) —
HY(¥/X,%), which depends only on % and ¥. It follows that if, moreover, #
is a covering of X such that # is a refinement of % and ¥, then w(#, %) =
w(# V) (¥, %). Thus we can define the first Cech cohomology set of 4 over
X to be HY(Xp,9) = lim, HY(% |X,4), where the direct limit is taken over all
coverings % of X.

A sequence 1 = 4" — 4 — 4" — 1 of sheaves of groups is said to be ezact if
for every U € C'/X, 4'(U) is the kernel of the homomorphism 4 (U) — ¢”(U) and
every s € 4"(U) can be locally lifted to a section of 4. As for non-abelian group
cohomology, there is an exact sequence of pointed sets associated to the above exact

sequence:
15 9'(X) > 9(X) > 9"(X) D H(X,9') —» H'(X,9) — H(X,9").

The connecting homomorphism § is defined as follows: let ¢° € ¢”(X), and let
(U; — X) be a covering of X such that for each g; € 4(U;), ¢g; maps to ¢"|U; under
the map ¢ (U;) — 9" (U;). Then we may define (5g")i; = (9:|Us;) " (g;|Usj)-

1.1.2 Descent

In this subsection, we sketch parts of descent theory and list some facts needed in
this dissertation without proof. We first list some facts about faithfully flat descent,
for which the interested reader can refer to [Gr2), VIII] for more details. As a special
case of faithfully flat descent, we also list some facts of Galois descent. In [J| §2],

Jorg Jahnel gives a very good summary of Galois descent theory.
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Definition 1.1.5. Let f : Y — X be faithfully flat and quasi-compact, and let
F be a sheaf of modules (schemes ...) over Y. A descent datum on F for f is an

isomorphism ¢ : pj F' — p3 F' satisfying condition

p§1(¢) = p§2(¢)p§1<¢>7

where p; are the various projections Y X x Y — Y and p;; are the various projection

Y xxY xxY =Y xx Y. We call this condition the cocycle condition.

Proposition 1.1.6. (Descent for modules) Let f : Y — X be faithfully flat
and quasi-compact, and let ¥ be a quasi-coherent sheaf over Y. Then every descent
datum on F for [ arises from a quasi-coherent sheaf on X, that is, there exists a
quasi-coherent sheaf F' on X such that F ~ f*%#' and the descent datum on F

for f is induced from the following commutative diagram

Y xxY ——Y

L,

y—1 . x

Proposition 1.1.7. (Descent for schemes) Let f:Y — X be faithfully flat and
quasi-compact, and let Y be a scheme over Y and £’ be a very ample invertible
bundle over Y' relative to Y. Suppose ¢ is a descent datum on Y’ for f. If ¢ also
induces an isomorphism of the two base changes of £’ satisfying the same cocycle
condition, then ¢ arises from a scheme on X, that is, there exists a scheme X' over
X such that Y ~ X' xx Y and the descent datum ¢ on Y’ for f is induced from

the following commutative diagram

Y xxY ——Y

L,

Y X.
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Proposition 1.1.8. (Galois descent for algebras) Let L be a field and K C L
be a subfield such L/K is a finite Galois extension. Suppose A is a (central simple)
algebra over L equipped with a left Gal(L/K)-action, T : Gal(L/K) x A — A, such
that the action of g is a g-linear map T, : A — A for every g € Gal(L/K). Then
there exists a (central simple) algebra A" over K such that there is an isomorphism
f:ARkL > A, where A @ L is naturally equipped with the left twisted Gal(L/K)-
action induced by the canonical one on L, and the isomorphism f is compatible with

the action of Gal(L/K) on them.
Please see Definition for the definition of central simple algebra.

Proposition 1.1.9. (Galois descent for quasi-projective schemes) Let L be
a field and K C L be a subfield such L/K is a finite Galois extension. Suppose X
is a quasi-projective scheme over L equipped with a left Gal(L/K)-action by twisted

morphisms, i.e. the following diagrams

xX—2 - x
Spec L o Spec L

commute, where t, : Spec L — Spec L is the morphism of affine schemes induced by
gt : L — L. Then there exists a quasiprojective scheme Y over K such that there
is an isomorphism of L-schemes f Y X gpec x Spec L = X, where'Y Xgpec i Spec L
is naturally equipped with the left twisted Gal(L/K)-action induced by the one on
Spec L, and the isomorphism f is compatible with the action of Gal(L/K) on them.

In this case, we say the scheme X over L descents to the scheme Y over K.

Proposition 1.1.10. (Galois descent for quasi-coherent sheaves) Let K be a
field and L/ K a finite Galois extension. Let X be a scheme over K, m: X Xgpeck

Spec L — X the canonical morphism and pg : X Xspec k Spec L — X X gpec x Spec L
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the naturally twisted morphism induced by t, : Spec L — Spec L. Suppose .F is a
quasi-coherent sheaf over X Xgpec i Spec L with a system (tg)gecai(r/x) of isomor-
phisms 1g @ p3F — F satisfying the relation 1,0p;(ty) = tgn for all g, h € Gal(L/K).
Then there exists a quasi-coherent sheaf 9 over X such that there is an isomorphism
of sheaves f : Y9 = F over X Xgpeer Spec L and for each g € Gal(L/K), the
following diagram
o f
P4 Lol Py
zgl lbg
* f o
Y ——— F

commutes, where 15 : pr*YG = (1py)*Y = 1Y X g,

In this case, we say the sheaf .7 over X Xgpe.x Spec L descends to the sheaf ¢

over X.

Proposition 1.1.11. (Galois descent for homomorphisms of algebras) Let
L be a field and K C L be a subfield such L/ K is a finite Galois extension. Then to
give a homomorphism of (central simple) algebras f : A — B over K is equivalent
to giving a homomorphism of (central simple) algebras f, : A xx L — B X L over
L that is compatible with the Gal(L/K)-actions, that is, for each g € Gal(L/K),
the following diagram

Aok LI~ BayxL

gl Lg
Box L~ BokL

commautes.

Proposition 1.1.12. (Galois descent for morphisms of schemes) Let L be
a field and K C L be a subfield such L/K s a finite Galois extension. Then to

giwe a morphism of K-schemes f : X — Y is equivalent to giving a morphism of
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L-schemes fr, : X Xgpeex SpeCL — Y Xgpeew Spec L that is compatible with the
Gal(L/K)-actions, that is, for each g € Gal(L/K), the following diagram

X Xk SpecLLY X g Spec L

| |

X X SpecLLY X i Spec L

commutes.

1.1.3 Twisted Forms and the First Cohomology Set

We will first establish a relationship between the L/K-forms of an object (alge-
bra, scheme, ...) over a field K, where L/K is a finite Galois extension, and a Galois
cohomology set, and then sketch its generalization, that is, a relationship between
twisted forms of an object (scheme, sheaf of modules, algebras ...) over a scheme X
and a first Cech cohomology set over X.

For the first part, the main references are Serre’s two books [Sel] and [Se2]. We

begin with a new description of the first cohomology set H*(G, A).

Definition 1.1.13. Let G be a finite group. Let E be a left G-set and A be a
G-group. We say FE is a principal homogeneous space (or torsor) over A if there is

a right A-action on F
ExA—F

(x,a) —r x-a
such that

(i) for each pair z,y € E, there exists a unique a € A such that y = z - q;

(ii) the action is G-equivariant, i.e. 9(x - a) = 9z - 9a for every g € G,z € E and

a€ A.
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Denote by PHS(A) the set of isomorphism classes of principal homogeneous
spaces over A. Let E € PHS(A) and e € E, then for each g € G, there exists
¢y € A such that 9e = e - ¢,. Thus e determines a map ¢ : G — A. Moreover, for

g,h € G, we have
h h
e-cgp="e=9"e)=%e-cp) =% e, =e-c,-cy.

Thus ¢4 = ¢4 - Ycp, so that ¢ is a cocycle. If we choose a different ¢’ € E, then we
have ¢/ = e - 3 for some § € A. Let ¢’ : G — A be the cocycle corresponding to €.

Then for every g € GG, we have
e’-clgzge’:g(e-ﬂ)de'gﬁ=€'cg-gﬁ:e’-ﬁ_l-cg-gﬁ,

thus c; = 7t ¢, - 9B, that is, ¢’ and c are cohomologous cocyles. Hence the

association F — c defines a map
6 : PHS(A) — H'(G, A).

On the other hand, let ¢ : G — A be a cocycle, denote by P, the set of group
A on which G acts by the following formula: 9a := ¢, - 9a. Let A act on the right
on P, by translations, then P, is a principal homogeneous space over A. If ¢’ is a
cocycle cohomologous to ¢ such that ¢, = b=! ¢, -9b for some b € A, then the map
f:Pos — P., a+— b-a,is an isomorphism. Thus the association ¢ — P, defines a
map

n: HY(G,A) — PHS(A).
One checks easily that f o =1 and no 6 = 1, and we get
Proposition 1.1.14. [Se2, Chapter I §5 Proposition 33] The map 6 is a bijection.

Now let K be a field, and L/K be a finite Galois extension with Galois group
Gal(L/K). For a Gal(L/K)-group A, write H'(L/K, A) for the cohomology set
H'(Gal(L/K), A), the Galois cohomology set of L/ K with coefficients in A.
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Definition 1.1.15. Let K be a field, and L/K be a finite Galois extension. Let X
be a scheme (algebra, central algebra...) over K. We say another object Y over K
of the same type is a L/K-form of X if after a field extension L/K they become
isomorphic, i.e. Xy ~ Yy. Denote by E(L/K, X) the set of classes of L/K-forms of

X under the equivalence relation defined by the K-isomorphisms.

Denote by Aut;(X) the group of L-automorphisms of X;. Let us define a
natural action of Gal(L/K) on Auty(Xy) first. If g € Gal(K/L) and o € Autp(X}),
define Yo := g-a-g~ !, where g acts in the usual way on X; and the product is simply
composition of maps. We thus have a Gal(L/K)-group structure on Aut(Xy), and
the cohomology set H'(L/K, Auty (X)) is well defined.

Let Y be a L/ K-form of X and denote by Isor (X, Yr) the set of L-isomorphisms
¢ X; = Yy, Then Gal(L/K) naturally acts on Isor,(Xp,Yz). If g € Gal(L/K) and
¢ € Isor (X, Yr), then define 9¢ := g-p-g~1. Thus I'sor(Xp,Yr) isa Gal(L/K)-set.
For a € Aut;(Xy) and ¢ € Isor(Xy,Yr), the composition ¢ - o gives a transitive
and faithful right action of Aut;(Xy) on Isor(Xp,Yr), that is, Isor(Xp,Yr) is a
principal homogeneous space over Gal(L/K)-group Autr(Xp). Further, two iso-
morphic L/K-forms of X give two L-isomorphic principal homogeneous spaces over

Gal(L/K)-group Autr(X). Hence we have a map
Or/r: BE(L/K,X) — H'(L/K, Aut1(X[)).

Proposition 1.1.16. The map 0k is injective. Moreover, when X is a (central

simple) algebra, or X is a quasiprojective scheme, 0,/ is also surjective.

Proof. For the injection, let Y, Y’ € E(L/K, X), and suppose that ¢ € Isor (X, YY)
and ¢’ € Isor(X,Y]) determine the same cocycle. Then we have ¢ 19p = ¢'~19¢/
for every g € Gal(L/K). Consider the isomorphism @' ™' : Y/ — Y, we have
I(pp' 1) = ¢!, Then by Proposition for morphism of schemes, or by
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Proposition for homomorphism of (central simple) algebras, o' ~! is actually
an isomorphism Y’ — Y.

For the surjection, let ¢ be a cocycle of Gal(L/K) in Autr(X,), and for each
g € Gal(L/K), let g act on X by ¢, - g (here g : Spec L — Spec L is given by
g ': L — L when X is a scheme), then for any g,h € Gal(L/K), we have

(Cg.g).(ch.h):Cg.g.ch.g_l.g.h:cg.gch.ghzcgh.gh,

which shows this defines a left twisted action of Gal(L/K) on X . Then by Propo-
sition for X a (central simple) algebra over K and by Proposition for X
a quasiprojective scheme over K, there exists an object Y over K of the same type
and an isomorphism f : X; — Y7 such that these twisted actions are induced by
f. And the isomorphism f € Isor(Xy,Ys) determines the cocycle c. Hence 0, is
surjective when X is a (central simple) algebra, or X is a quasiprojective scheme.

O

Definition 1.1.17. Let K be a field and X be a scheme (algebra, central algebra...)
over K. We say another object Y over K of the same type is a K-form of X if
after some finite Galois field extension L/K they become isomorphic, i.e. X ~ Y}.
Denote by E(K, X)) the set of classes of K-forms of X under the equivalence relation
defined by the K-isomorphisms.

We have E(K, X) = U,k E(L/K, X) with L/K all finite Galois field extension.
Moreover, if L'/ L is a finite field extension such that L'/ K is also a Galois extension,
then the natural inclusion F(L/K, X) C E(L'/K, X) is compatible with the inflation
map infou ) 1 H(Gal(L/K), Auty(Xp)) — H'(Gal(L'/K), Auty (X)), that
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is, the following diagram

9L K
E(L/K,X)— HYGal(L/K), Aut, (X))
nat.incl.l llnngll((LL;ég)
oL’ K
E(L/X,X)— HYGal(L/K), Aut, (X))

commutes. Thus there is a unique natural map
Ok : BE(K,X) — H' (Gal(K** | K), Aut gser (X gser)).
By Proposition [I.1.16, we can easily get

Corollary 1.1.18. The map 0k is injective. Moreover, when X is a (central simple)

algebra, or X is a quasiprojective scheme, O is also surjective.
For the second part, the main reference is [Mill Chapter III, §4].

Definitions 1.1.19. Let Y be a scheme (sheaf of module, algebra ...) over a scheme
X. We say another object Y’ of the same type over X is a twisted form of Y for the
étale topology on X if there exists a covering % = (U; — X) for the étale topology
such that Y x x U; ~ Y’ xx U; for all 7. In this case, we say the covering % splits
the twisted form Y’ of Y.

Denote by E(% /X,Y) the set of all isomorphism classes of twisted forms of Y’
over X which are split by the étale cover % of X.

Let @7ut(Y") be the sheaf of groups associated with the presheaf U +— Auty (Y X x
U). Now suppose Y' € E(Z /X,Y), then there exists a étale covering (U; — X)
of X such that we have a family of isomorphisms (Y xx U; %y % x U;). Setting
aij = ¢; ' ¢; (omitting the restriction signs), then (ay;) is a cocycle for % with values
in @/ut(Y). Thus Y’ determines an element, say 0 (Y'), in HY(% /X, o ut(Y)). It

is easy to see that if Y is another twisted form of Y which is isomorphic to Y’ over
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X and split by the covering % of X, then 04 (Y") = 64 (Y’). Hence the association
Y’ — 6(Y") defines a map

Oy : B(%|X,Y) = H (% | X, o ut(Y)),

where the isomorphism class of Y maps to the distinguished element.
Denote U = | |U;, then every element, say (¢y;), in H'(% /X, o/ut(Y)) defines
a descent datum on Y x U for the morphism U = | |U; — X. Thus we have the

following;:

Proposition 1.1.20. The map 04 defined above is injective, and it is surjective if

every descent datum on'Y x U arises from a twisted form.

Similarly, we denote by E(X¢,Y') the set of all the isomorphic classes of twisted

forms of Y over X under the étale topology, then we have a map
0:FE(Xe,Y) = HY (X4, dut(Y)).

Corollary 1.1.21. The map 0 defined above is injective. Moreover, it is surjective

if every descent datum on some étale covering of Xg arises from a twisted form.
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1.2 Brauer Groups and Brauer-Severi Schemes

1.2.1 Brauer Groups of a Field

Throughout this dissertation, an algebra over a field K is always assumed to

have an unit together with a copy of K in the center of A.

Definition 1.2.1. Let K be a field and A be a finite dimensional K-algebra. We
call A simple if it it has no nontrivial two sided ideals. Moreover, we call it a central

simple algebra over K if its center equals K.

Example 1.2.2. (1) The matrix algebra M, (K) is obviously a central simple algebra

over K.

(2) A finite dimensional division algebra D over K is a central simple algebra.
Indeed, denote by Z(D) the centre of D. For any z € D,y € Z(D), inverting the
relation ry = yz, we get y o7t = 27y~ Hence Z(D) is a field and D is a central

simple algebra over Z (D).

We will state the main theorem on simple algebras over a field which says that
every finite dimensional central algebra over K is a matrix algebra over a division
algebra over K. But before that, let us recall some facts from module theory.

Let R be a ring. Recall that an R-module M is Artinian if all descending R-
submodule chains in M stabilize. If R is a simple ring, then it has no nontrivial two

sided ideals.

Lemma 1.2.3. [Di] Let R be a simple ring and I be a minimal left ideal of R.
Assume that M is a left Artinian R-module, then we have an isomorphism M =~

@D, I of left R-modules for some integer n.
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Proof. Consider the two sided ideal of R generated by I : I' =3 _.Ir. Since R is
simple, we have I’ = R. Thus we have
M = Z Rm = Z I'm = Z erm: me.
meM meM meM reR meM

Since M is an Artinian left R-module, there exist some minimal integer n and

m; € M,1 <1 <n such that

M = Zlm:zn:]mi.
1

meM i=

So we can use this to construct a surjective left R-module homomorphism
n n
h:@]—)M, (rl,rg,---,rn)Hani.
=1 =1

We claim h is also injective. Assume Z?:l rym; = 0 and r; # 0, then we have Rr; =
I since I is minimal. Therefore we have Imy = Rrymy C > ", Rrym; € >0, Imy,
contradicting the minimal choice of n. Hence h is an isomorphism and M ~ @}, I.

0
By Lemma we can readily get the following two corollaries.
Corollary 1.2.4. [D1l] All minimal left ideals of a simple ring are isomorphic.

Corollary 1.2.5. [D1] Every left ideal of a simple ring is a direct sum of minimal

left ideals.

Example 1.2.6. Let us describe the simple left modules over the full matrix ring
M, (D), where D is a division algebra. Denote by E;;,1 < 4,5 < n, the matrix
with (4, 7)-entry 1 and zero elsewhere. Then each element of M, (D) is a D-linear
combination of the E;;. We claim that M, (D) is simple. Indeed, let I be a two
sided ideal of M, (D). It suffices to show that E;; € I for all 1 <i,j < n. Notice we
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have relation Ey;E;;E;; = Ejy, so it is enough to show that £;; € I for some 7, j. Let
0 # M = [my;] € I, and suppose m;; # 0, then we have my;' E;ME;; = E;;. Thus
M,,(D) is a simple ring. Now for 1 < [ < n, consider the subring I; C M, (D), which
consists all the matrices M = [m;;] with m;; = 0 for j # [. Obviously, these are left
ideals of M,,(D). Using a similar argument as above with matrices E;;, we can show
that they are also minimal left ideals. Note also that all of them are isomorphic to

D" as left M, (D)-ideals.

Let R be a ring and M be a left R-module. An endomorphism of M is an
R-homomorphism M — M. It is easy to show that the set of all the endomor-
phisms of M, Endg(M), forms a ring, with multiplication given by composition
of homomorphisms and addition by the rule (¢ + ¢¥)(m) = ¢(m) + (m), where
¢, € Endg(M) and m € M. With this ring structure, the module M can be
regarded as a left module over Endg(M), with multiplication given by the rule
¢-m = ¢(m) for m € M,p € Endr(M). In particular, when A is an algebra over a
field K, Endgr(M) is a K-algebra, too. Multiplication by an element of K defines
an element in the centre of Endgr(M).

Recall that a non-zero R-module is simple if it has no nontrivial R-submodules.

Lemma 1.2.7. [GY](Schur) Let M be a simple module over a K-algebra A. Then

the set of endomorphisms Enda(M) is a division algebra.

Proof. As mentioned above, Ends(M) is an algebra. To prove it is a division
algebra, it suffices to show that every element of End(M) has an inverse. Let
¢ : M — M be a non-zero endomorphism. Consider the kernel ker(¢), which is an
A-submodule. Since ker(¢) # M, we have ker(¢) = 0. Similarly, its image must
equal to M. Thus ¢ is an isomorphism, which means it has an inverse in End4(M).

]
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Now let M be a left R-module and denote by R’ the endomorphism ring. As men-
tioned above, M is naturally a left R'-module, too. So we can consider a new endo-
morphism ring Endg (M). We define a ring homomorphism: Ay : R — Endg (M)
by sending r € R to the endomorphism in Endg (M) which sends m € M to rm.
We claim this map is a ring homomorphism. Indeed, let ¢ : M — M be a homo-
morphism in R, we have ¢ - Ay (r)(m) = ¢(rm) = rp(m) = Ay (r) - ¢(m) for all
m € M. Thus ¢ - Ap(r) = Ay(r) - ¢ and Apr(r) is indeed a R'-homomorphism.

Lemma 1.2.8. [GS/(Rieffel) Let R be a simple algebra and L be a non-zero left ideal
of R. Denote by R' = Endg(L). Then the ring homomorphism Ar, : R — Endg/ (L)

defined above is an isomorphism.

Proof. Obviously, Ay is injective, since it is a non-zero map and its kernel is a two
sided ideal of R, while R is a simple algebra.

To show that it is surjective, we prove first that Az (L) is a left ideal of Endg (L).
Let ¢ € Endg/(L) and | € L, then the composition ¢ - Ar(l) is the homomorphism
which maps z € L to ¢(lz). On the other hand, for any =z € L, observe the map
Ltz - L — Ll — lx. It is easy to see that ¢, is an R-endomorphism of L, that is,
1y € R'. As ¢ is a R'-endomorphism of L, we have ¢(lz) = ¢(1.(1)) = tp-0(1) = ().
So we have ¢- A (1) = AL(é(1)), which is an element in the image Ay (L). Thus A, (L)
is a left ideal of Endg/(L). Now consider the two sided ideal LR of R. Obviously
LR # 0, thus LR = R. In particular, we have 1 = Y [;r; for some [; € L and
ri € R. So for ¢ € Endgr/(L), we have ¢ = ¢ -1 = ¢ - Ap(1) = ¢ - > Ap(liri) =
220 ALli) - An(ri) = 32 An(o(l;)) - Ap(ri). Hence ¢ € AL(R). O

Now we state our main theorem:

Theorem 1.2.9. [GS/(Wedderburn’s Theorem) Let A be a central simple algebra
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over a field K of finite rank, then
A~ M, (D)

for some integer n > 1 and some central division K-algebra D. Moreover, the

division algebra D is uniquely determined up to isomorphism.

Proof. Since A is of finite dimension over K, every descending chain of left ideals of
A must stabilize eventually. So we can assume L is a minimal left ideal of A, then
it is a simple A-module. Denote D = Enda(L). By Lemma [1.2.7 D is a division
algebra. And by Lemmal[l.2.8] we have an isomorphism A ~ Endp(L). As L is also
a left D-module and D is a division algebra, we can regard L as a left vector space
over D. Let n be the dimension of L over D. After choosing a basis of L, then every
endomorphism of L over D can be represented as a matrix in M, (D); conversely,
every matrix in M, (D) can be realized as a endomorphism of L over D. So we have
an isomorphism Endp(L) ~ M, (D).

Next we show that D is unique up to isomorphism. Assume that D’ is another
division algebra such that A ~ M,,(D’) for some integer m. Since L is a minimal left
ideal of A, as shown in Example , we have isomorphisms L ~ D™ and L ~ D™,
Thus we have isomorphisms D ~ End(D") ~ Enda(L) ~ Endy(D™) ~D'. O

Remark 1.2.10. The converse is also true. If D is a central division algebra over
a field K, then the matrix algebra M,, (D) is a central simple algebra over K. Since

the matrix algebra M, (D) is simple and its centre is same as the centre of D.

Let A and B be two central simple algebras over a field K with A ~ M, (D)
and B ~ M,,(D’), where D and D’ are two division algebras over K. We say A is
equivalent to B if the corresponding division algebras are isomorphic to each other,
i.e. D ~ D'. This is an equivalence relation and we denote by Br(K) the set of

equivalence classes of central simple K-algebras.
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Let A, B be two algebras over a field K, denote by A ® B the algebra over K
with multiplication (e ® b) - (&'’ ® V') = ad’ @ bV’ for all a,a’ € A and b,/ € B. We
know that every element in A ®x B has the form a; ® by + as @ by + -+ - + a,, ® b,

for some integer n with all a; € A,b; € B,1 <i < n.

Lemma 1.2.11. [Td] Let A, B be two finite dimensional algebras over a field K,
then we have Z(A @k B) = Z(A) @k Z(B). Moreover, if both A and B are simple
and Z(A) = K, then A®g B is also simple with centre Z(B).

Proof. Clearly we have Z(A) @ Z(B) C Z(A ®k B). Conversely, since B is finite
dimensional over K, suppose its dimension is n and let wq, ws, - - - , w, be a basis of

B over K. Then we have
ARk B=A®k (@ Kw;) = &, Aw;

as K-vector spaces, and any element ¢ € A ®x B can be uniquely represented as
c=a1 w4+ as @ws + -+ a, @ w,, where a; € A for 1 <i < n. In particular,
let ¢ € Z(A ®k B), we have
(a®1l)-c=c-(a®1) <=

aar @ Wi + aas @ we + -+ -+ aa, W, = a1a Q@ Wy + aa Q wo + - -+ + ana K Wy,
for any a € A, thus by the uniqueness of the above representation, we have aa; = a;a
for 1 < i < n, that is, a; € Z(A) for all i. So we have ¢ € Z(A) ®x B C A®k B.
Similarly, by switching the roles of the first and second entries, we can get ¢ €
Z(A)®k Z(B) C Z(A) @k B. Therefore, we have Z(A @k B) = Z(A) @k Z(B).

Now assume that both A and B are simple and Z(A) = K. Let I be a non-zero
two sided ideal of A®x Bandlet 0 #c=a;®b; +as @by +---+a, @b, € [ be an
element with smallest n. If n =1, c=a®b,a # 0,b # 0. Since A and B are simple,
the two sided ideals generated by a in A and b in B equal to A and B, respectively.

That is, there exist a;,a; € A for 1 <i < m and b;,b; € B for 1 < j <[ such that
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Yo aaa; =1 and 22:1 bbb = 1. So we have

l m

> (1@b) O (1) (a®b)-(a,®1))- (1) Zazaa (> b)) =1®1.

j=1 i=1
Thus 1 ® 1 € I, and hence I = A®yg B. If n > 1, without loss of generality,
we can assume the a; (and b;) are linearly independent over K. Indeed, if, say,
a, = Z?:_ll ANia;, then ¢ = 3" a; @b, = Y 0 _1 a; ® (b; + A\iby,), contradicting the
minimality of n. With the same argument as above, we can assume a; = 1, then
as ¢ K, otherwise a; and ay would be linearly dependent over K. Since Z(A) = K,

there exist a € A such that aas # asa. Now consider the element
(a®1l)-c—c-(a®1) = (aay — aza) @ by + - - - + (aa, — a,a) b, € I.

Since aas — aga # 0 and the b; are linearly independent over K, we have (a ® 1) -
c—c-(a®1)#0, which contradicts the minimality of n. Therefore we must have

n=1. So A®k B is a simple algebra with centra Z(A) ®x Z(B) = Z(B). O
From the above lemma, we can easily get the following corollary.

Corollary 1.2.12. Let A and B be two central simple algebras over a field K, then

A®g B is also a central simple algebra over K.

The opposite algebra of an algebra A over a field K, which we denote by A, is the
K-algebra which has the same underlying set and addition as A, but multiplication
is defined as a - b = ba for all a,b € A°. It is easy to see that (A°)° = A and A° = A

if and only if A is a commutative algebra.

Lemma 1.2.13. Let A ba a central simple algebra over a field K, let A° be the
opposite algebra of A, then A° is also a central simple algebra over K, and AR A° ~
M, (K) for some n.
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Proof. 1t is obvious that the centre of A° is K. Let I be a nontrivial two-sided ideal
of A°. Assume 0 # a € I, we have A-a- A = AaA as sets, but AaA = A since A is
simple. Thus I = A°, A° is simple.

Now considering a K-linear map AQx A° — Endy _m.qa(A) by sending a®b to the
map ¢ € Endg _moqa(A) with ¢(x) = axb for all z € A. This map is clearly nonzero,
and thus injective, because A is simple by the above argument, and A ®x A° is also
simple by Corollary . But both A @k A° and Endg_m.a(A) have the same
dimension as K-vector spaces, hence this is an isomorphism. On the other hand, we
have Endg mod(A) ~ M, (K), where n is the dimension of A over K. Therefore we
have A ®x A° ~ M, (K). O

Now, we can define an abelian group structure on the set Br(K). Define
[A] - [A] = [A ek AT.

By Corollary |1.2.12| and Lemma [1.2.13] this is well-defined. We call Br(K) the
Brauer group of K.

Corollary 1.2.14. Let K be an algebraically closed field, then Br(K) = 0.

Proof. By Wedderburn’s theorem, it suffices to show that there is no finite dimen-
sional division algebra over K other than K itself.

Indeed, if D is a division algebra other than K, choose d € D\ K and consider
the set S = {1,d,d?---}. Since D is of finite dimension over K, S is linearly
dependent, so there exists a polynomial f(x) in K[x] such that f(d) = 0. As D
is a division algebra, it has no zero divisors and we may assume f is irreducible.
Thus we get a K-algebra homomorphism K[z|/f(x) — D whose image contains d.
But since K is algebraically closed, we have K[z|/(f(x)) = K, which contradicts
de D\ K. O



CHAPTER 1. BRAUER GROUPS AND BRAUER-SEVERI SCHEMES 32

Next, we will discuss central simple algebras under field extension.

Theorem 1.2.15. [GY] Let A be an algebra of finite rank over a field K, then A
1s a central simple algebra if and only if there exists a finite Galois field extension

L/K such that A @k L is isomorphic to the matriz ring M, (L) for some integer n.

Proof. For sufficiency, if I is a nontrivial two-sided ideal of A, then I ®x L is also a
nontrivial two-sided ideal of A®x L ~ M, (L), which is a contradiction, since AQ g L
is simple by Lemma Again, by Lemma [[.2.11] we have L = Z(A @k L) =
Z(A) @k L, thus Z(A) = K. Hence A is a central simple algebra over K.
Conversely, let A be a central simple algebra over K, we show first that there
exists a finite field extension K’/K such that A ® g K’ ~ M, (K’) for some n > 1.
Indeed, denote by K the algebraic closure of K, then by Corollary , we have
A®k (K) ~ M,(K) for some n > 1. Now observe that every finite field extension
K’ of K is contained in K, and the inclusion K’ C K induces an injective map
Ao K' - A®g K and A @k K is the union of the A ®x K’ in this way. Let
e1,€9, - 2 € A®kg K be the elements which correspond to the standard basis
element in M, (K) via the isomorphism A ®x K ~ M,(K). Assume that e;e; =
ZZ; aijrer for 1 < 4,5 < n? Since the set {e;,a;r : 1 < 4,7,k < n?} is finite,
there exists a sufficient large finite field extension K'/K such that A®x K’ contains
{e; : 1 < i <n?} and K’ contains {a;, : 1 < 4,7,k < n?}. Mapping the e; to the
standard basis elements of M, (K’) we have an isomorphism A @y K’ ~ M, (K’).
Next we show that we can choose a finite separable extension K’/K such that
A®g K' ~ M,(K’). Otherwise, by the same argument as above, we have A Q@
K*P # 0 as an element in Br(K*?), where K*? is the separable closure of K.
Thus, by Theorem [1.2.9] A®x K** ~ M, (D), where D is a central division algebra
over K* different from K*® and n is some integer. Then by Corollary
we have D ®gser K ~ My(K) for some d > 1. Now regarding the elements of
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My(K) as K-points of the affine space Af—i, then the elements of D correspond to
the points of Af—j defined over K*®. Considering the map sending an element of
My(K) viewed as an element of A?—? to its determinant, it is given by a polynomial
© in the variables xy,xs,--- , x4 with all its coefficients 1 or —1. So we have p €
K*P[xy, 29, - ,x4]. Since D is a division algebra, its non-zero elements give rise
to invertible matrices in My(K), that is, they have non-zero determinant. Thus the
hypersurface determined by the polynomial g contains no points over K*? except
the origin, which contradicts fact the K*-rational points of the above hypersurface
is dense [Sp, Theorem 11.2.7]. Therefore, there exists a finite separable extension
K'/K such that A @k K' ~ M, (K").

Finally, as every finite separable extension can be embedded into a finite Galois

extension, there exists a finite Galois extension L/K such that K’ C L. Hence we

have A ® L ~ M, (K') ®k L ~ M,(L). O

Thus an algebra over K is a central simple algebra if and only if it is a K-form

of M,,(K) for some integer n.

Definition 1.2.16. Let A be a central simple algebra over a field K. A field
extension L/K such that A ®x L ~ M,(L) for some integer n is called a splitting

field for A. We also say A splits over L or L splits A. We call the integer n = v/dim; A
the degree of A over K.

From the above theorem, we can easily get the following corollary.

Corollary 1.2.17. Let K be a field and denote by K* its separable closure, then

K> splits every central simple algebra over K, and we have Br(K*®*?") = 0.
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1.2.2 Central Simple Algebras and Brauer-Severi Varieties

A variety we always mean an integral, separated scheme of finite type over a field

throughout this thesis.

Definitions 1.2.18. Let X be a scheme over a field K. We call X a Brauer-Severi
variety if there exists a finite Galois extension L/K such that X ®x L ~ P} for
some n € N, that is, X is a L/K-form of P™. In this case, L is said to be a splitting
field for X. We also say X splits over L or L splits X.

From the above definition, we know that a scheme over K is a Brauer-Severi
variety if and only if it is a K-form of P’ for some integer n.
Now we will give the close relation between Brauer-Severi varieties and central

simple algebras through Galois cohomology theory.

Theorem 1.2.19. There is one-to-one correspondence between the set of isomorphic
classes of Brauer-Severi varieties of dimension n — 1 over a field K and the set of

isomorphism classes of central simple algebras of degree n over K.

Sketch of proof. For any field L, the Skolem-Noether Theorem [GS, Theorem 2.7.2]
asserts that Auty, (M, (L)) ~ PGL,(L) = GL,(L)/L*, and Aut (P} ') ~ PGL,(L),
as shown in [H2, Chapter II, Example 7.1.1]. By Corollary [1.1.18] both sets in the
theorem equal to H'(Gal(K*?/K), PGL,(K*?)). O

For a detailed proof of this theorem and more, the readers may refer to [J, §3,
4, 5].

Given a central simple algebra over a field K, we give the construction of the
corresponding Brauer-Severi variety as follows [Arl [Sel]:
Let A be a central simple algebra of rank n? over a field K, then the associated

Brauer-Severi variety is the set of all left ideals L of A of rank n. If we fix a basis
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for A over K, then it is embedded in Grass(n,n?) as a closed subvariety, defined by

the relations stating that each L is a left ideal of A.

Example 1.2.20. [Ax] Let A = M, (K). Denote by E;; the n X n matrix with 1 in
the (4, 7)-th position and 0 elsewhere, and set E£; = E;. Then for every left ideal L
of rank n, we have a decomposition L = F1L & --- & E, L, with dimgFE;L = 1 for
each 1 < ¢ <nand E;E;L = E;L. Choose x # 0 in F;L, then x may be written
as x = Xa,;E; for some (ay,---,a,) € K™\ {0}. For another choice of z, we have
' = Az. It follows that each left ideal L of A of rank n corresponds to a point
(a1, ,a,) in Pt On the other hand, for every point (aj,--- ,a,) € P, let
l = YajFE;, then L = KI ®© KEyl ® --- @ KE,l is the corresponding left ideal
of rank n in A. Thus the Brauer-Severi variety associated to M, (K) is projective

n—1
space Py .

1.2.3 The Brauer Group of a Scheme

We discussed Brauer group over a field in subsection [1.2.1} In this subsection,
we will sketch its generalization to relative case. The main references are Milne’s
book [Mil] and Grothendieck’s series of papers [Grl].

Let us begin with the Azumaya algebras of a local ring first.

Definition 1.2.21. [Mil] Let R be a commutative local ring and A a R-algebra
with the map R — A,r +— rl, identifying R with a subring of the center of A. We
say A is an Azumaya algebra over R if it is free of finite rank as an R-module and

there is an isomorphism A ®g A° — Endgr_meqa(A) that sends a ® a to (x — aza’).

Remark 1.2.22. If R is a field, by Lemma [1.2.11] and Lemma [1.2.13] it is easy
to see that A is an Azumaya algebra if and only if it is a central simple algebra.
Moreover, similar to central simple algebras, using the tensor product, we can also

define the Brauer group of R, Br(R), as in [Mill, Chapter IV, §1].
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Let A be an Azumaya algebra over a commutative local ring R. Denote by A
the sheafification of A as the notation in [H2], the sheaf of algebras &7 = A is called

a sheaf of Azumaya algebra over Spec R.

Definition 1.2.23. [Mil] Let X be a scheme over K, and &/ be a coherent sheaf
on X. We call & an Azumaya algebra over X if &7 is an Ox-algebra and for all

closed points x of X, o7, is an Azumaya algebra over the local ring O .

Remark 1.2.24. It follows that <7 is locally free of finite rank as Ox-module as
shown in [Mill Chapter I, Theorem 2.9], and 7, is an Azumaya algebra over Ox ,
for any point x of X as in [Mill Chapter IV, Proposition 1.2].

Now we can define the Brauer group of a scheme X. Two Azumaya algebras .o/
and # over X are said to be similar if there exist locally free &'x-modules & and

&', of finite rank over Oy, such that
4 ®ﬁX éandﬁx (g) ~ A ®ﬁx é"ndﬁx(é‘”).

As for any two locally free Ox-modules & and ., of finite rank over Oy, we have
Ende, (&) @y Ende, (F) >~ Ende, (€ Rgy F ), the similarity relation is an equiv-
alence relation.

Let o and Z be two Azumaya algebras over a scheme X. Then by definition,
for all closed points x of X, o7, and A, are Azumaya algebras over the local ring
Oxo. Since (7 Qo B)w ~ Yy oy, Be, and by Remark , Ay gy, B is
an Azumaya algebra over Ox ,, thus & ®¢, % is an Azumaya algebra over X by
definition. We can easily see that the tensor product operation is compatible with
the similarity relation defined above.

Finally, let &/ be an Azumaya algebra over a scheme X, by Remark
o/ is locally free as an Ox-module and for any point x of X, &7, is an Azumaya

algebra over Ox,. We have (& ®¢y &°)s = Ay Qpy, D ~ Endg, () and

T



CHAPTER 1. BRAUER GROUPS AND BRAUER-SEVERI SCHEMES 37

Endgy (). = Endgy () for every x of X. Thus the canonical homomorphism
A Ry A° — Endg, (<) is an isomorphism, by [H2, Proposition IT 1.1].

Hence, the set of similarity classes of Azumaya algebra on a scheme X forms
a group under the tensor product operation [|[B] = (& R4, B]: [Ox] is the
identity element and [/]~! = [&/°]. We call it the Brauer group of X and denote it
by Br(X). And obviously Br(—) is a functor from schemes to abelian groups.

Next we will show that for a rational smooth projective variety, its Brauer group
is the Brauer group of its ground field. We know that for a variety X over a field,
Br(X) is torsion [Mill, Chapter IV, proposition 2.7]. Using the Kummer sequence
and Hochschild-Serre spectral sequence, one can prove this if the characteristic of the
ground field is 0. It can also be shown for prime to p components if the characteristic
of the ground field is a prime p, but it is hard to deal with the p-torsion part. To
overcome this difficulty, we need to introduce the unramified Brauer group. The
main reference is Saltman’s notes [S2, Chapter 10] and paper [S1]. Here the author
is very thankful for the kindness of Professor Daniel Krashen to point out the proper
reference.

Recall that a discrete valuation ring is a principal ideal domain with exactly one
non-zero maximal ideal. Auslander-Goldman proved that for a regular domain R
with fraction field K, the natural map Br(R) — Br(K) is injective [S2, Theorem

9.6]. Thus we can give the following definitioin:

Definition 1.2.25. [S2] Let K C L be two fields and denote by Ry /x the set
of all discrete valuation rings containing K with field of fractions L. We define the

unramified Brauer group Br,(L/K) to be the intersection of Br(R) forall R € Ry k.

Proposition 1.2.26. [S2] Let X be a regular projective variety over a field K with
function field L, then Br(X) = Br,(L/K).

Sketch of proof. Note that U — Br(U) defines a sheaf on the Zariski topology of
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X [Mill page 147], we have Br(X) = (Br(Oxp) for all P C X irreducible of
codimension one. Thus we have Br,(L/K) C Br(X). On the other hand, let
R € Ry k. By the Valuative Criterion of Properness [H2, Chapter II, Theorem 4.7],
R is over some curve C' C X and so Ox ¢ C R. Thus Br(X) C Br(COx.c) C Br(R).

[l

As we know that birationally equivalent varieties have isomorphic function fields

[H2, Corollary I 4.5], thus Br(X) is a birational invariant.

Proposition 1.2.27. [S1] Assume L/K be a purely transcendental extension of
field, then Br,(L/K) = Br(K).

Proof. See the proof of Proposition 1.7 in [S1]. O

Notice that the function field of a projective space is a purely transcendental

extension of its base field, thus, combine the above two propositions, we have

Theorem 1.2.28. Let X be a rational smooth projective variety over a field K, then
we have Br(X) = Br(K).

1.2.4 Azumaya Algebras and Brauer-Severi Schemes

In §1.2.2, we discussed Brauer-Severi varieties and established that the one-to-
one correspondence between the isomorphism classes of Brauer-Severi varieties of
dimension n — 1 over K and the isomorphism classes of central simple algebras of
degree n over K. In this subsection, we will see that this definition and result can
be generalized to a ground scheme. The main reference is [Grll, I, §5, 7, 8]. The
reader may also read the end of §4 in [Mill, Chapter III] and the proof of the first
step of Theorem 2.5 in [Mill Chapter IV, §2].

Recall that a morphism of schemes f : X — Y is étale if f is flat and unramified

[Mii]. And an étale cover of a scheme X is a set {U 5 X} of étale morphisms of
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finite type which are jointly surjective in the sense that X equals to the union of
set-theoretic images, i.e. X = Jp(U).
The local structure of an Azumaya algebra over a scheme is given by the following

theorem.

Theorem 1.2.29. Let X be a scheme, o/ be a sheaf of Ox-algebra which is locally
free of finite rank as an Ox-module. Then < is a sheaf of Azumaya algebra over X
if only if there is an étale covering {U — X} such that for each map U — X, we
have o R, Oy ~ M,(Oy) for some n.

Proof. See [Mill, Chapter IV, Propositon 2.1]. O

From the theorem above, we get that &7 is a sheaf of Azumaya algebras over X
if only if it is a twisted form of M, (Ox) for the étale topology for some integer n.

Now we are going to talk about Brauer-Severi schemes, which generalizes the
notion of Brauer-Severi varieties discussed in §1.2.2, and they are closely related to

Azumaya algebras through étale cohomology theory.

Definition 1.2.30. Let f : P — X be a morphism of schemes. We say P is Brauer-
Severi scheme over X if it is locally isomorphic to a projective space P% over X in
the étale topology of X for some integer n, that is, P is a twisted form of P% for

the étale topology.

Theorem 1.2.31. There is a one-to-one correspondence between the set of isomor-
phism classes of Azumaya algebra over X of rank n? and the set of isomorphism

classes of Brauer-Severi schemes over X of relative dimension n — 1.

Sketch of proof. Every Azumaya algebra over X of rank n? is a twisted form of

M, (Ox) for the étale topology, and Auslander-Goldman theorem [Grll §5, Theorem
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5.10] asserts that /ut(M,(Ox)) ~ PGL,. As every étale covering is also a (fl)-
covering, by Corollary and Proposition [I.1.6] the set of isomorphism classes
of Azumaya algebra over X of rank n? is equal to H' (X4, PGL,,).

Similarly, a Brauer-Severi schemes over X of relative dimension n—1 is a twisted
form of P4 !, and «/ut(P% ') ~ PGL, as showed in [Mul, Chapter 0, §5]. Notice that
Opn1
and Proposition[I.1.7] the set of isomorphism classes of Brauer-Severi schemes
over X of relative dimension n — 1 is equal to H'(Xs, PGL,). O

(1) is a very ample invertible bundle over P% ' relative to X, then by Corollary
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Toric Varieties

2.1 Split Toric Varieties

We recall some basic facts about toric varieties (we will define a variety to be an
integral separated scheme of finite type over a field) that are needed in this thesis,
which can be found in many standard texts, such as [D], [F], [O2] and [CLS].

Denote by G,, = Spec K|[t,t7!] the affine algebraic group endowed with co-
multiplication ¢ — ¢ ®t on the coordinate ring. An algebraic torus T is an algebraic
group isomorphic to G]!, where n is an integer > 1. A toric variety is a normal
variety X that contains a torus 7' as a dense Zariski open subset, together with an
action T'x X — X of T on X that extends the natural action of 7" on itself.

In [D], Michel Demazure first constructed toric varieties as schemes over SpecZ
from the data of a unimodular fan. Later documents, such as [O2, [F], start with
fans in lattices and construct varieties over algebraically closed field. These latter
constructions in fact give schemes over SpecZ and can be applied to any field. In
the following, we will follow this treatment.

Let N be a finitely generated free abelian group of rank n, that is, N ~ Z", and

41
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M = Hom(N,Z) denotes the dual of N. We have a canonical Z-linear pairing
(,):MxN—Z.

By scalar extension to the field R of real numbers, we have R-vector spaces Ng =
N ®z R and Mg = M ®z R with a canonical R-linear pairing ( , ) : Mg X Ng — R.
In the following, we limit our discussions to strong convex rational polyhedral

cones. For more general convex polyhedral cones, the reader may refer to [El §1.2].

Definitions 2.1.1. A convex subset ¢ C Ny is called a strong conver rational
polyhedral cone if it has an apex at the origin and there exists a R linear independent

subset {n,---,nqs} C N such that
o={an+---agmq:a; € R a; > 0}.

The dimension of ¢ is the dimension of the smallest subspace of Ny that contains

o, that is, dim(o) := dim(c + (—0)).

We will often refer to a strong convex rational polyhedral cone as a cone, when
there is no possibility for confusion. Here rational means that o is generated by
{nq, -+ ,nq}, a subset of elements in N, and we say they are generators of o.

If 0 C Ny is cone, we define the dual of o:
0 ={ue Mg : (u,v) >0,Vv € o}

By a fundamental fact from the theory of convex sets [F, page 9], we have (¢¥)" = o,
and oV is also rational [El page 12], i.e. its generators can be taken from M.

A face T of o is a subset of ¢ of the form
r=ocnNut={veco: (uv)=0}

for some u € ¢¥. Actually, such u can be chosen in M N ¢V][02, Chapter 1, Propo-

sition 1.3], thus a face 7 is also a cone generated by those n; in a generating set for
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o such that (u,n;) = 0, and it is denoted by 7 < ¢. Note that any intersection of

faces is also a face.

Example 2.1.2. Let N = Z? with a fixed basis {n; = (1,0), no = (0,1)}, and

n = —(ny + ng2). Look at the following figure:

(a) g is a cone generated by {n;, na} with faces {7, 7, {0}}, and {0} is the inter-

section of 7 and 7;

(b) oy is a cone generated by {n, ns} with faces {7, 73,{0}}, and {0} is the inter-

section of 7 and 7;

(c) o9 is a cone generated by {n, n,} with faces {1, 73, {0}}, and {0} is the inter-

section of 7 and 7.

If 0 is a cone in Ng, it determines a commutative semigroup
S,=0"NM={ueM: (uv)>0,Vv€o}

This semigroup is finitely generated [E| §1.2 Gordon’s Lemma]. Let K[S,] be the
commutative K-algebra generated by the set S,. It consists of linear combination
of forms x* for u € S,, with multiplication given by x*-x* = x*“**. Thus K[S,] is

a finitely generated K-algebra and it corresponds to an affine variety:

U, = Spec K[S,].
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Example 2.1.2 (continued). Let M be the dual of N, with basis {n},n3}. Con-
sider oy, a computation shows that the semigroup S,, = oy N M = Zso{nj,n3}. If
we write X = x™ and Y = x"2, then the corresponding group algebra K[S,,] is
K[X,Y).

Similarly, we can get the following table:

cone o generators of S, K[S,]
o ni,n; K[X,Y]
o i, —nf g KX\, XY
P n; —nh, —nj KXY~ Y™
Tl ny, +nj K[X,Y, Y1
T nt, g KX, X LY]
T3 n; —nk, —ni+ni —ni —n} | KXY, X7V, X1y 1]
{0} 0t 4} KX, XY,y

Now let’s see how the torus acts on an affine toric variety. If o is a cone in Ng,

the torus Ty = Ujgy acts on Uy,
Ty X Uo — Uo,

as follows: A point t € Ty(K) can be identified with a map M — K* of groups,
and a point = € U,(K) with a map S, — K of semigroups; the product t - x is the

map of semigroups S, — K given by
u — t(u)x(u).

This gives the dual map on algebras: K[S,] — K[S,] ® K[M], x" — x* ® x* for all
u € S,. We can see that this is just the ordinary product of the algebraic group T

when o = {0}. Thus this action extends the action of Ty on itself.
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If 7 is a face of o, then S, is contained in S;, so K[S,] is a subalgebra of K[S;],
which gives a morphism of varieties U, — U,. In fact, U, is a principal open subset
of U,: if we choose u € S, such that 7 = o Nut, then S; = S, +Zs¢ - (—u) [E, §1.2,
Proposition 2] and U, ~ {z € U, : u(z) # 0} = (U,)y«. Thus we have a natural
order-preserving correspondence from cones to affine varieties. And from the above
argument we know that the actions of T on U, and U, are compatible with the

open inclusion U, — U, .
Definition 2.1.3. A fan ¥ in Ny is a finite collection of cones in Nk such that
(a) Any face of a cone in ¥ is also a cone in X.

(b) The intersection of any two cones in 3 is a common face of each (hence also in

).

If ¥ is a fan in Ng, the support of ¥ is |3| = (J,cx 0 C Ng, and we say it is
complete if |X| = Ng. Denote by 3(r) the set of r-dimensional cones of 3.

Given a fan Y in Ng, let us construct the corresponding toric variety Xy. First
we take the disjoint union of the affine toric varieties [, .y, Uy, then glue them as
follows: for cones o and ¢, the intersection o N’ is a face of both of them, so Uyny
is identified as a principal open subvariety of U, and of U,/; glue U, and U, by this
identification on these subvarieties. The compatibility conditions [H2, Ex II 2.12]
comes from the order-preserving nature of the correspondence from cones to affine
varieties. Denote by Xy the gluing variety. The separability of Xy comes from the
fact that S,ny = S, + So[EL §1.2 Proposition 3]. The actions of Ty on each U,
patch together to give an action of Ty on Xyx. Thus we have a toric variety which

corresponds to the fan ¥ in Ng.

Remark 2.1.4. Let ¥ be a fan in Ny and 0,0’ € ¥, and let 7 = o No’. The

Vv

Separation lemma [E] §1.2, (12)] asserts that there exists a u in ¢ N (—0o’)" such
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that 7 = o Nut = o’ Nu*. So we have an isomorphism (Uy)yu =~ (U,/),-« which is

the identity on U,.

Example 2.1.2 (continued). Let 3 be the fan consisting cones oy, 01, 09 and their

faces. Then the toric variety Xy is covered by the affine opens
U,, = Spec (K[X,Y])),
U,, = Spec (K[X ', X7'Y)),
Uy, = Spec (K[XY 1 Y71)).
Moreover, the gluing data on the coordinate rings is given by
KX, Y]x ~K[X ) X 'Y]x1,
K[X,Y]y ~ K[XY 1LY )y,
KX 1L X YWxay KXY LY yy.

If we use the usual homogeneous coordinates (zg, z1,T2) on P2, then X i—é and
Y — f}—f} identify the standard affine open U; C P? with U,, C Xx. Hence Xy is the

projective space P2

We state the following theorem without proof. The reader may refer to [O2] for

its proof.

Theorem 2.1.5. [02, Theorem 1.10] The toric variety X associated to a fan ¥ in

Ng is smooth if and only if for each o € X, o is generated by a subset of a basis of

N.

In this case, we say the fan is smooth.

For each o € X, we have a closed point of U, defined by

1, meS,Not=ctNM
m € S, —

0, otherwise.
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We denote this point by 7, and call it the distinguished point corresponding to o.

The fan ¥ is closely related to the structure of the toric variety Xx. Now let us
consider the one-to-one correspondence between the cones in ¥ and the orbits for
the action of Ty (K) on the toric variety Xs(K). For each o € X, denote by O(0o)
the orbit containing the distinguished point ~,.

Let 0 € X, we define N, to be the sublattice of N generated (as a group) by
oNN,ie N, =(c+(—0))NN,and N(o) = N/N,,M(c) =oc+NM. It is easy to
see that dual pairing (, ) : M x N — Z induces a perfect pairing

(,): M(o)x N(o) = 7.

From which we have Ty (K) = Spec K[M(0)|(K) = Homz(M(0), K*) = N(0)®z
K*. And Ty (K) acts on Ty () (K) transitively via the projection T (K) — T (K),
which induced by N — N(o). On the other hand,

TN(K) v ={7:S, = K |v(m)#0& mco-nNM}~ Homz(M(c), K*),

and it is compatible with the action of T (K). Thus we have O(0) = Ty (K) - v, =~
Homgz(M (o), K*).

Theorem 2.1.6. Let Xy be the toric variety of the fan ¥ in Ng. Then we have

(i) There is a one-to-one correspondence
{cones in X} «— {Tn(K)-orbits in Xx}

o +— O(0) ~ Homg(oF N M, K").

(i1) For each o € 3, the corresponding affine open subset U, is the union of orbits

U,(K) = o).

T=0
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(i1i) For o,7 € X, T is a face of o if and only if O(o) is contained in the closure of

O(7), i.e. O(o) CO(7), and O(7) =, <, O(0).

Proof. For (i), we only need to show that for every T (K)-orbit O, O = O(o) for
some cone o € 3. Indeed, as Xx(K) is covered by the T (K )-invariant affine open
subsets U,(K) C Xx(K) and U,(K) NU(K) = U,n-(K), there exist a unique
minimal cone o € ¥ such that O C U,. We claim O = O(o).

Notice that U,(K) = HoMsemi.group(Ss, K ), let v : S, — K be a point in O.
Then v 1(K*) = oV N7t N M for some face 7 of . Thus v € U,(K) and O =
Tn(K) -y C U,(K). By the minimality of o, we have 7 = ¢. Thus vy ! =0+ N S, =
M(o), and O =Ty (K) -y = O(0).

For (ii), we know that U,(K) is a union of orbits. If 7 is a face of o, then
O(r) CU(K) C U,(K), so we have O(1) C U,(K). On the other hand, from the
proof of part (i), we see that any orbit contained in U,(K) must equal to O(7) for
some face 7 < 0. Hence we have U, (K) = |, <, O(7).

For (iii), if O(c) is contained in the closure of O(7), then the open neighborhood
U,(K) intersects O(7), and hence contains O(7). Thus 7 is a face of ¢ by part (ii).
Hence |, <, O(0) C O(7). We claim that U.<,O(0) is a closed subset. Indeed, as
X5 (K) is covered by the Ty (K )-invariant affine open subsets U, (K) C X5 (K), and
once again, by part (ii), we have (J, o, O(0) = Xs(K) \ (U,ex ;45 Us(K)). O

Definition 2.1.7. Let Xy, Xy, be two toric varieties, with 3 a fan in (N;)g and ¥4
a fan in (Ny)g. We say a morphism ¢ : Xy, — X, is equivariant if the restriction

g0|TN1 is a group homomorphism of the torus Ty, — T, and the following diagram

CTN1 X Xgl —>~X21

elry, ij lso

T'N2 X XEQ —>X22

commutes.
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Definition 2.1.8. A map of fans ¢ : (X1, N1) — (X2, N2) is a Z-linear homomor-
phism ¢ : Ny — N, with scalar extension ¢ : (N;)g — (N2)gr satisfying the following

condition: for each o € ¥, there exists ¢’ € 3, such that ¢(o) C o’.

Theorem 2.1.9. [CLS, Theorem 3.5.4] Let X;,i = 1,2, be toric varieties, cor-
responding to fans (3;, N;),i = 1,2. Then there is a one-to-one correspondence

between the set of equivariant morphisms ¢ : X1 — Xo and the set of maps of fans

¢ : (217N1) — (227N2)‘

Proof. A Z-linear map ¢ : Ny — Ny gives rise to its dual ¢’ : My — M, which
induces a homomorphism of rings K[My] — K[M;]|. Thus we have a homomorphism
of algebraic tori oy : Tv, — Tn,. Now let oy € Xy, there is a cone oy € X5 such
that ¢(01) C 0. Then we have ¢'(0y) C oy and ¢'(Sy,) C S,,. Thus we have an
equivariant morphism ¢,, : U,, = U,,. By gluing affine pieces together, we obtain
an equivariant morphism ¢ : Xy, — Xy, .

Conversely, let ¢ : Xy, — Xy, be an equivariant morphism. Then by com-
position with the homomorphism of algebraic tori ¢|r, : Tn, — Th,, we have a
homomorphism of the character group My — M; and its dual Z-homomorphism
¢: Ny — Ny.

It remains to show that ¢ is a map of fans. Since ¢ is an equivariant morphism,
the image under ¢ of each T, (K)-orbit in Xy, (K) is contained in a Ty, (K)-orbit in
X5, (K). Let 4 < 01 be cones in ;. Consider the Ty, (K)-orbits O(o;) and O(1y).
By part (i) of Theorem [2.1.6] there exist cones 02,72 € 5 such that ¢(O(01)) C
O(o3) and ¢(O(11)) C O(12).

We claim that 7, is a face of 0. Indeed, since ¢ is continuous and by part (iii)

of Theorem [2.1.6 - O(01) € O(ry), we have ¢(O(71)) C O(my). Thus O(a3) C O(1y).

But the only orbits contained in the closure of O(7) are the orbits corresponding

to cones that have 7 as a face. Hence 7, is a face of o».
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Consequently, we have ¢(U,,) C U,,. Look at the corresponding homomorphism
¢ of rings, we have ¢/(S,,) C Sy, and ¢'(0y) C oy, equivalently, ¢(o;) C o9. Hence
we obtain a map of fans ¢ : (X1, N;) — (22, N2), which obviously induces the

equivariant morphism . O

Definition 2.1.10. Let XY, Z be toric varieties and the associated fan of X is
Y. An equivariant fiber bundle with typical fiber Y is an equivariant morphism

¢ : Z — X such that for each o € &, we have o~} (U,) ~ Y x U,.

There are close relations between the associated fans. The simplest case is the

product of toric varieties, as stated below:

Proposition 2.1.11. [CLS, Proposition 3.1.14] Let X1 in (N1)r and Xy in (N2)g
be fans, then

21X22:{0'1><0'2|O’1621,O'2622}

is a fan in (N1)gr X (No)r = (N7 X No)r and
XE1><ZQ ~ X22 X XZQ-
More generally, we have the following description of equivariant fiber bundles.

Proposition 2.1.12. [02, Proposition 1.33] Consider an equivariant morphism
v X — X', corresponding to a map of fans ¢ : (3, N) — (X', N'). Let N” be
the kernel of the Z—linear mapping ¢ : N — N’ and X" be a fan in Ng. Then
v X = X' is an equivariant fiber bundle with Xs» as typical fiber if and only
if the following is satisfied: ¢ : N — N’ is surjective and there ewists a subfan
S/ C Y such that ¢ maps each cone &' € ¥ bijectively to a cone o’ € ' such that
B’ NN) =o' NN’ and it induces a homeomorphism |%'| — |%'|, and furthermore,
Y={o'+0":6" € Yo" € X"}, In this case, the open set Xg, C X is a principal

Tniv-bundle over X'.
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Proof. For each o’ € ¥/, let X(0’) = {0 € ¥ | ¢(0) C o'}, then we have ¢~ (U,) =
Xs (1.

For sufficiency, we only need to show that Xy, ~ X5 x Uy By assumption,
there exist a cone & € %' such that ¢(6') = o’ and ¢(5' N N) = o/ N N’, thus
there exist a Z-linear map ¢’ : N’ — N that splits ¢ : N — N’. It induces an
isomorphism N” x N’ ~ N, and the scalar extension Ny x Ny ~ Ng carries the
product fan (X", N") x (¥, N’) to the fan (X(¢’), N). Thus by Proposition
we have

XE(U’) ~ Xy X Ugr.

For necessity, we note for each ¢’ € X', we have Xy(,) ~ X5 x Uy. Denote
by ¢ the fan in N containing all the faces of ¢’ and let ¢, : X7 x ¢’ — X(¢’) be
its corresponding map of fan, then 3/ = {¢ ({0} x /) | o/ € X'} satisfies all the

conditions we required. O

Now we can give description of a special equivariant fiber bundle: toric P"~1-
bundle P(E) — X, where X is a toric variety and F is a rank r equivariant vector

bundle on X.

Lemma 2.1.13. [DS, Lemma 1.1] Let E be a vector bundle over a normal toric
variety X. Assume that P(E) is toric over X, then E = ®L; with L; equivariant

line bundles on X.

Sketch of Proof. Consider the bundle P(E) — X with fiber F' = P! where r =
rank E. Every fiber has r fixed points which defines an unramified r to one cover of

X, p:Y — X. X is simply connected as X is normal, thus we have Y = UX; and
E = aL;. O

As in [O2, §2.1], in what follows we assume all the fans are smooth and finite.

Let X be a smooth toric variety associated with the fan (3, N). As usual, denote by
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Div(X) the commutative group of Weil divisors on X, i.e., the free abelian group
generated by all closed integral subschemes in X of codimension 1, C'Div(X) the
group of Cartier divisors, i.e., the locally principal Weil divisors, £ (X) the group
of invertible sheaves on X and LB(X) the group of line bundles over X. Since X
is smooth, it is well known that Div(X) = CDiv(X) [H2, Proposition II 6.11], and
by [H2l Proposition II 6.13], there is an isomorphism between .2 (X) and C'Div(X).
Moreover, if we associate each line bundle with the dual sheaf of the sheaf of its
sections, we get an isomorphism LB(X) — Z(X) [H2, Ex IT 5.18]. Thus we have an
isomorphism Div(X) ~ LB(X). Furthermore, if we denote by T'Div(X) the group
of equivariant Weil divisors and FLB(X) the group of equivariant line bundles over
X, then we have an isomorphism T Div(X) ~ ELB(X). For each o € (1), denote
by V(o) = O(0), then by Proposition , we have TDiv(X) = @yexa)ZV (o).

Hence we have an isomorphism
DoexyZV (0) — ELB(X)

given by
D=3 aV(e)={(Us fi)} = {9 = i/ i},

0€X(1)
where % = {U,} is an open cover of X and div(f;) = D

Uy

Definition 2.1.14. [O2 §2.1] Let X be a fan in Ng, a real valued function h :
|X| — R is said to be a X-linear support function if it is linear in each cone of 3 and

integral with respect to the lattice N, h(|X| N N) C Z.

The set of all such support functions is denoted by SF(N, ), and this is an ad-
ditive group. For each h € SF(N,X), by definition, it is easy to see that it is deter-
mined by the set {h(n(0)) | o € (1) and n(co) is the minimal generator of ¢ in oN

N}, and thus we obtain an injective homomorphism

SF(N,%) — 2=V,
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On the other hand, let h € SF(N,X), there exists m, € M for each ¢ € ¥ such
that h(n) = (my,n), for n € o N N and that (m,,n) = (m,,n) holds whenever
n € 7 = 0. Note that m, € M is a solution in M of the system of equations
{{my,n(0)) = h(n(p)) : 0 € £(1), 0 = ¢}. Since ¥ is smooth, {n(e) | 0 € (1), 0 =<
o} is a part of a Z-basis of N. Thus the above system of equations always has a

solution. Hence we have an isomorphism
SF(N,%) = 7*W,

Remark 2.1.15. When h € SF(N,Y) is given, the above {m, : 0 € ¥} C M may
not be uniquely determined, since {m/ : o € X} satisfying m, —m/ € M No* for

each o € ¥ gives rise to the same h.

Therefore, there exists an isomorphism
SF(N,%) — @pexmZV (0)

given by h—= =3~ 54y h(n(0))V (o).

Combining the above two isomorphisms, we obtain an isomorphism
SF(N,%) = ELB(X)

given by
h={ms | o e€X(1)} = {gor = X" "}

Now let D =" ex(1) a,V (p) be a equivariant divisor corresponding to ¥-linear
support function h = {m, | ¢ € ¥}, i.e. (my,n(p)) = —a, for all p € (1)
and o € X. We construct a new fan in Ng x R as follows: for each o € X, let
d = {(x,—h(x)) | * € o}. Define 3’ = {6 + ({0} x Rxg) | ¢ € X}, then by
Proposition the toric variety Xy associated to the fan 3’ is an equivariant
line bundle Xy — Xx.
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Now, we can give a detailed description of the associated fan of an equivariant

projective bundle over a toric variety. We state it below:

Corollary 2.1.16. [O2, page 59] Let X = P(ILy +- - -1;) be a projective bundle over
X', where Ly, - - ,1L; are equivariant line bundles over toric variety Xsy. Suppose X' -
linear support functions hy,--- , h; give rise to the equivariant line bundles Ly, --- |1
on X', respectively. Let N" be a free Z-module with a basis {nf,--- ,n]} and let
N := N+ N" and n := —(n3 +---+nj]). Denote by &' the image of each o’ € ¥’
under the map Ny — N which sends y' € Ny to (y',—> o, hi(y')nf). We then
let ' := {&' : o' € ¥'}. On the other hand, let 0! = Rsgn// + --- + Rson? | +
Roniyy + -+ Rxon for each 1 < i <1 and let X" be the fan in N" consisting
of the faces of of,--- ,0/. Then we have ¥ := {¢'+ " : ¢' € ¥',0" € ¥"} and
X ~ Xx.

Example 2.1.17. Let X' = P! and [ = 2. For a positive integer r, consider the

rational ruled surface X = P(& @ &(r)), which is called a Hirzebruch surface. The

corresponding map of fans looks like this:

02

—N1 + TNy

We always assume in the following that all the fans are complete and smooth.

Definition 2.1.18. [Bat] We call a nonempty subset & = {x1,--- 2} C X(1) a

primitive collection if for each element z; € &, the remaining elements & \ {z;}
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generate a (k — 1)-dimensional cone in ¥, while & itself does not generate any
k-dimensional cone in X..

Let & = {1, -+ ,x} C X(1) be a primitive collection in X(1). The focus o(Z?)
of Z is the smallest cone in ¥ that contains x1 + - - - + % (such cone exists as X is

complete).

Proposition 2.1.19. [Bai] Let & = {x1,--- ,x} C X(1) be a primitive collection
in X(1). Then o(Z)N P = 0.

Proof. Let {y1, -+ ,ym} be the set of generators of o(Z?). It suffices to show that
POy, Ym} =0

If not, assume, without loss of generality, that x; = y;, consider the element
x =Ty + -+ T, then z is in the interior of the cone o generated by {xa, -, 24}
On the other hand, let x1 + --- + x5 = ny1 + -+ + Nn¥Ym, Where nq,--- ,n,, are
positive integers, then z = (n; — 1)y; + nays + -+ - + Ny, and z is in the interior
of the cone o’ generated by {y1, -+ ,ym} if ny > 1, or {y2, -+ ,ym} if ny = 1. In
both cases, we have 0 = ¢’. If ¢’ is generated by {y1, - ,¥ym}, then y; must be an
element of {xo,- -, x4}, this contradicts the assumption that xy, - - -,z are different
generators of 3; If o’ is generated by {ya, -+ , ym }, then & = {y1, -+, ym}, and this

contradicts the fact that & does not generate a cone in X. [

Let ¥ C R” be a complete smooth fan. As we showed above, every generator
x € (1) determines a T-invariant divisor, which is also a toric variety, and its

corresponding fan ¥, consists of images of all cones in ¥ containing = via the natural

projection R" — R™ /R(x).

Proposition 2.1.20. [Baif] (i) The set 3,(1) of all generators for ¥, consists of the
images ' € R" /R(x) of all generators x’ such that {z,x'} generate a 2-dimensional

cone in ..
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(i) If {Z1,- -+ , T} is a primitive collection in Y, (1), then
either {x,x1,--- 2}, or {xy, -+, 21}

is a primitive collection in 3(1).

Proof. (i) is obvious from the construction of ¥,. For (ii), let {Z1, - ,Zx} be a
primitive collection in 3., then {z, 1, -, x;} does not generate a cone in 3. Thus,
there exists a primitive collection in & C {z, z1,- -+ ,x}. Since {z,zq, -+, xx}\{z;}
generates a cone in X for 1 < i < k, we have {z1,--- 2} C &. Thus, & =

{Jjaxl?"' ,l‘k}, or & = {3:17”' axk}'
Using the new terminologies, we can transform Corollary [2.1.16] as follows.

Corollary 2.1.21. [Baf, Proposition 4.1] A smooth complete n-dimensional fan %
corresponds to a toric variety Xx. which is a toric P*-bundle over a smooth (n —k)-
dimensional toric variety if and only if there exists a primitive collection &P =
{z1,29,++ ,xp1} C X(1) such that the corresponding primitive relation is x1 + xo +

-+ x4 = 0 and any other primitive collection in ¥(1) does not intersect with &.

Definition 2.1.22. [Bat] A smooth complete d-dimensional fan ¥ is called a splitting

fan if any two different primitive collections in (1) are disjoint.

Theorem 2.1.23. [Baf, Theorem 4.3] Let X be a toric variety associated with a
splitting fan %, then X is a projectivization of a decomposable bundle over a toric

variety which is associated with a splitting fan of a smaller dimension.

Proof. By Corollary [2.1.21] we need only to show that there exists a primitive col-
lection in (1) with zero focus. We may prove this by induction on the number of

element in 3(1).
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Let £3(1) = m,m > 2. When m = 2, assume (1) = {x, 22}, then we have
x1 = —x9 and (1) itself is a primitive collection with zero focus. Thus the statement
is true for m = 2.

Assume the statement is true for m < n. Now let $3(1) = n. For every generator
xo € X(1), consider the corresponding fan ¥, of T-invariant divisor D,,. X, is also
a splitting fan and #%,,(1) < n, thus there exists at least one primitive collection in
Y., with zero focus. For every primitive collection {Zy,--- , %} in X, having zero
focus, we have xq + - - - + x, = axy for some integer a. By Proposition (i), we
only need to consider two cases.

Case 1. & = {xg, 21, ,x1} is a primitive collection in (1) for some zy € (1)
and some primitive collection {Zy,---, %} in ¥,, with zero focus. Then we have
S(P) =wzg+x1+ -+ a1, = (a4 1)zo. By Proposition 2.1.19] S(£?) cannot be
a positive multiple of xg, thus a +1 < 0. If a +1 < 0, then a < —1 and S(2?) is
in the interior of the cone o € ¥ generated by {1, -- ,x;}. By Proposition
again, this is impossible. Thus a + 1 = 0 and & = {xg,z1,--- , 2} is a primitive
collection in ¥(1) having zero focus.

Case 2. For any g € ¥(1) and any primitive collection {Z, - , %} in X,, with
zero focus, & = {xy,- - ,x} is a primitive collection in 3(1). Since every primitive
collection contains at least two generators, the number of primitive collections in
¥ (1) is at most a half of the number of generators in ¥(1). Thus, there exist two
different generators z,y € ¥(1) and a primitive collection & = {zy,--- ,x} such
that S(&) =z + - - - + x} is an integral multiple of both x and y. This is possible
only if x = —y. Thus {x,y} is a primitive collection in (1) with zero focus.

Hence the statement is also true for (1) = n. The induction is done. ]

Corollary 2.1.24. [Bat, Corollary 4.4] A smooth complete toric variety is produced

from a projective space by a sequence of projectivizations of decomposable bundles if
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and only if its corresponding fan is a splitting fan.

o8
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2.2 Arithmetic Toric Varieties

In this section, we briefly introduce arithmetic toric varieties, the main reference
is [ELST].

Let Xy, be a split toric variety associated with a fan ¥ C Ng with torus Tl.
Definition 2.2.1. A toric automorphism of Xy is a pair of (a, ¢), where « is an
automorphism of the variety Xy and ¢ is a group automorphism of the torus 7T,

such that we have the following commutative diagram

TN X XE—>X2

TN X XE é-)(E.
In particular, if t € Ty(K) and x € X5 (K) then

aftz) = *ta(z),

where ?t is the image of t under ¢. Since N = Hom(G,,, Ty), any automorphism of
T’y is naturally induced by an automorphism ¢ on N, and we use the same notation
for both.

Similar to the proof of Theorem [2.1.9} if («, ¢) is a toric automorphism of Xy,
we have o ~ ¢(o) for every o € ¥, thus ¢ is in the group Aut® of automorphisms
of N that preserve the fan X.

Since O({0}) is the unique dense orbit of T (K) on Xx(K) and Ty(K) acts
freely on O({0}), given a toric automorphism (a, ¢) of Xy, there exist a unique
to € Tn(K) such that

a(Yoy) = taV(0}-
where 7q) is the distinguished point of Xy corresponding to {0} € X. If (5,) is

another toric automorphism , then

Ba(vioy) = B(tavioy) = d)tatﬂf)/{O}y
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and so tg, = tg¥t,. Thus the map (a, @) — (t4, @) is a homomorphism from the

group of toric automorphisms of Xy to the semidirect product Ty (K) x Aut¥.

Lemma 2.2.2. [ELST, Lemma 2.1] The map (o, @) — (ta, @) is a group isomor-
phism from the group of toric automorphisms of Xx, to Ty (K) x Aut¥.

Proof. 1t suffices to show that the map («, @) — (t4, @) is invertible.

Given (t,¢) € Tn(K)x AutY, with ¢ : M — K* a point in Ty(K). For every o €
¥, (t,¢) defines a K-algebra homomorphism ¢, : K[¢(S,)"] — K[S,| by sending
u € K[¢(S5)"] to t(u)¢~!(u). Thus we have a morphism o, : U, — Ug(s). By gluing
these affine pieces together, we have an automorphism « of Xy. Furthermore, the
action Ty x Xy, — Xy induced by the homomorphisms K[S,| — K[S,]® K[M], u —
u ® u satisfies a(tz) = ®ta(r). Thus the assignment (¢, ¢) — (a, ¢) is the desired

mnverse. [

Definition 2.2.3. [ELST] Let K be a field. An arithmetic torus over K of rank n
is an algebraic group 7 over K such that 7, >~ Ty ;, for some finite Galois extension

L/K and lattice N of rank n. That is, 7 is a L/K-form of the split torus Ty r.

As Ty is affine and Aut(Ty) ~ Aut(N), the set of such L/K-forms is in natural
bijection with the Galois cohomology set H'(L/K, Aut(N)), by Proposition [1.1.16
Since the Galois group Gal(L/K) acts on Aut(N) trivially, we have the following

classification.

Proposition 2.2.4. [ELST, Proposition 2.5] The L/K-forms of the torus Ty are
given by conjugacy classes of homomorphisms ¢ : Gal(L/K) — Aut(N).

Let ¢ : Gal(L/K) — Aut(N), the corresponding torus .7, satisfies J(L) =
Tn(L). Now let us describe the twisted action of the Galois group Gal(L/K) ex-
plicitly. For a € Aut(N) we will also write a for its adjoint in Aut(M). Given
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t € Tn(L) = Hom(M, L*), for any g € Gal(L/K),%t : M — L* is defined by the
following composition

gop M 2% ALy LF 9 L

Definition 2.2.5. [ELST] An arithmetic toric variety over a field K is a pair (Y, .7),
where .7 is an arithmetic torus over K and Y is a normal variety over K equipped

with a faithful action of .7 which has a dense orbit.

Let L/K be a finite Galois extension over which the arithmetic torus 7 splits,
so that 77, ~ T, where N is the lattice of one-parameter subgroups of 7. By
Proposition [2.2.4] there is a conjugacy class of group homomorphisms

¢:Gal(L/K) — Aut(N)

such that .7 = .7,. Then Y7, is a normal variety over L and the split torus .77, acts
faithfully on Y7, and it has a dense orbit. As we mentioned at the beginning of the
previous section, every split toric variety can be realized from some fan, thus Y is
isomorphic to a split toric variety Xy, for some fan > C Ng.

Thus we have an isomorphism of pairs
o (Yo, T1) — (Xs1, T .p)-

And we can use this isomorphism to obtain a Gal(L/K)-action on (Xs 1,Tnr)
through the Gal(L/K)-action on (Y7, 77), and thus get a Gal(L/K)-action on the
fan ¥ C Ng, and thus the homomorphism ¢ : Gal(L/K) — Aut(N) for which . =
T, may be chosen so that ¢(Gal(L/K)) C Auty. For g € Gal(L/K), t, € Tn(L) is
defined by

"0y = tgVi0}s

where 7g} is the distinguished point of Xy corresponding to {0} € X.
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Just as we showed in §1.1.3, there is a relationship between the L/K-forms of
the pairs (Xy 1,Tn ) and the first cohomology group, the interested reader may
refer to [ELST) §3] for more information.

To finish this section, we give two examples of arithmetic toric varieties corre-

sponding to the algebra of quaternions over R and cyclic algebra.

Example 2.2.6. Let H be the algebra of quaternions, a 4-dimensional algebra with
basis 1,1, j, k over the real numbers field R, the multiplication being determined by
the rules

it=—1, j*=—1, ij = —ji = k.

This is in fact a division algebra over R, hence a central simple algebra over R. We
have an isomorphism
QZ5 : H@RC — MQ(C)
with
i 0 0 1 0 i

s =| | eGen= Csken = 1,
0 —i -1 0 i 0

where i € C satisfying i? = —1.

a b
Let Gal(C/R) = {e, g}, then for any € M,(C), we have
d

c d —b a
By Example [1.2.20] the projective curve P is the variety associated to My(C),
and for ¢t € P{, we have g(t) = —t~ 1.

By Lemma[2.2.2] the toric automorphism group of P{. is C* x {£1}, where {+TI}

acts on C* by —I sending ¢t € C* to t~1. Thus the arithmetic toric variety associated
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to H is determined by the following homomorphism
c:Gal(C/R) — C* x {1}
gr— (=1,-1).

In the following example, for the description of cyclic algebra, the reader may

refer to [Dr] and [GS].

Example 2.2.7. Let L/K is a cyclic extension, n := |L:K| ((char(K),n) =
1), G :=Gal(L/K) = (0) and a € K*, then we have a cyclic algebra

n—1
(a, L/K, o) := @Lei
i=0

with multiplication e” = a, le = eo(l) for all [ € L.
(a,L/K,0) is a central simple algebra over K with L as its splitting field, i.e.
(a,L/K,0) @x L = M,(L).

Let
0 0 0 a
1 0 00
Fla=101 --- 0 0] €GL,(L).
00 - 10

A computation shows that F(a)” = al,. If we denote by F(a) its image in the group
PGL,(L), we have F(a)” = 1. And the 1-cocycle associated to (a, L/ K, o) is

c(a) : G — PGL,(L)

o+— F(a).

Thus the twisted action of o on M, (L) sends M to F(a) - o(M) - F(a)~" for any
M € M,(L).
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By Example[1.2.20] the projective space P? ! is the variety associated to M,,(L),
and for [Iy,--+,1,] € P! we have o([ly, -, 1)) = [a7ro(ly),0(l1), -+ ,0(l,1)]-
Thus the arithmetic toric variety associated to (a,L/K, o) is determined by the

following homomorphism

cla) : G — (L*)" x Autd

or— ((a, -+ ,a),A),
00 -+ 0 -1
10 0 -1
where (3, N) is the standard fan associated toP* and A= 10 1 --- 0 -1




Chapter 3

Derived Categories of Coherent

sheaves

3.1 Derived Categories of Coherent sheaves

The derived category is a rather complicated object and it was introduced by
Grothendieck at the beginning of the 1960’s. Later its internal structure was ax-
iomatized by Verdier through the notion of triangulated category in his 1967 thesis
[VI] and [V2]. Roughly speaking, given an abelian category \A, its derived category
gives a transparent and compact way to handle the totality of cohomological data
attached to A and equates a given object of A to all of its resolutions. For a quick
skimming of the derived categories of sheaves, the reader may refer to [C]; for more
thorough introduction to derived categories, the reader may refer to [GM] and [Hul.

Let us first briefly introduce how we construct the derived category D(.A) from
an abelian category A. Let A be an abelian category, then the category of complexes
of A, Kom(A), is the category whose objects are complexes of objects of A, and

morphisms between complexes are chain maps. Any morphism f : A® — B induces

65
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natural homomorphisms H*(f) : H'(A") — H'(B"),i € Z. A short exact sequence

0— A" — B" = C" — 0in Kom(A) induces a long exact sequence
o> H(A") - H(B") - H(C") - HT(A") — - ..

We say two morphisms f,g : A° — B" in Kom(A) are homotopy equivalent,
f ~ g, if there exists a collection of homomorphisms A’ : A* — B*~! i € 7Z, such
that
flegi=ht ody +dis o hi.

This is an equivalence relation, and if f ~ g, we have H'(f) = H'(g) for all i € Z.
Modulo the homotopy equivalent relation, then we get a new category, the homotopy
category K (A) of A with objects Ob(Kom(A)) and morphisms Homy4)(A", B*) =
Homgoma)(A*, B%)/ ~.

We say a morphism of complexes f : A° — B' is a quasi-isomorphism if it
induces isomorphisms of cohomological groups H(f) : H/(A®) — H'(B") for all
1 € Z. By a process called localization with respect to the class of quasi-isomorphisms
in K (A) (treat the quasi-isomorphisms in K (A) as isomorphisms), we may obtain a
new category — the derived category, D(A), of the abebian category A. For details,
the reader may refer to [GM]|, we summarize it as follows [Hul Theorem 2.10]:

There exists a category D(A), the derived category of A, and a functor
Q: Kom(A) — D(A)
such that:
i) If f: A" — B is a quasi-isomorphism, then Q(f) ia an isomorphism in D(A).

ii) Any functor F' : Kom(A) — D satisfying property i) factorizes uniquely over

Q : Kom(A) — D(A), i.e. there exists a unique functor (up to isomorphism)
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G:D(A) — D with FF ~ G o Q:

Kom(A)

&

D

Moreover, we have the following facts [Hul, Corollary 2.11]:

i) The objects of the two categories Kom(A) and D(.A) are identical.
ii) The cohomology objects H'(A") of an object A" € D(A) are well-defined.

iii) Viewing any object in A4 as a complex concentrated in degree zero yields an
equivalence between A and the full subcategory of D(A) that consists of all
complexes A* with H'(A") = 0 for i # 0.

The derived category D(A) (and K(A)) has two fundamental operations built
in: shifting: A° — A°[k], k € Z such that (A°[k])® = A*" and cones: for any
morphism of complexes f : A" — B°, its mapping cone is the complex C(f)" with

C(f))=A"o B and gy = di;rl 0
e
Then we may define the maps g : B® — C(f)" and h : C(f)" — A"[1] in the obvious

way and get a distinguished triangle
. f . g . h .
A — B —C(f) — Al

The categories K(A) and D(A) are no longer abelian categories, but are tri-
angulated categories [GM]. Instead of short exact sequences, we deal with ezact
triangles, triangles that are isomorphic to distinguished triangles.

Analogously, given an abelian category A, we can construct Kom*(A), K*(A)
and D*(A), with * = +, —, or b, be the categories with objects of complexes A’
such that A° =0 for ¢ < 0, 7 > 0, respectively [i| > 0.
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Now let us focus on the derived category of coherent sheaves of a scheme X, we
denote by D’(X) the bounded derived category of the abelian category Coh(X),
i.e. D’(X) = D°(Coh(X)).

When dealing with sheaves, we are always interested in functors like f,, f*, Hom,
®, ['(X,—), etc. Now we are going to give a very brief description of the derived
functors between the derived categories (a functor RF in the case of a left exact
functor F'; or LF in the case a right exact functor F).

As an example, we give the brief construction of Rf,, the right derived functor
of f,, which also works for other left exact functors. For simplicity, we assume
f X — Y is a projective (or proper) morphism of noetherian schemes. Then
f+« 1 Qcoh(X) — Qcoh(X) and f, : Coh(X) — Coh(X) are both left exact, where
the latter one follows from [H2, Theorem III 8.8].

Proposition 3.1.1. [Hu Let A be an abelian category with enough injectives, then
the natural functor

L KT (Z4) — DT(A)
is an equivalence, where T4 are the injectives of A.
Proof. See [Hul; Proposition 2.40. O

It is well known that the category Qcoh(X) has enough injectives [HIl II, 7.18].
For f, : Qcoh(X) — Qcoh(Y), by Proposition we may define its right derived
functor

Rf.: D" (Qcoh(X)) — D*(Qcoh(Y))

through the composition
D*(Qeoh(X)) “5 K (Tgeon(x)) — K+ (Qcoh(X))

KUY K+ (Qeoh(Y)) “E24" DF (Qeoh(Y)),
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where (Qqcon(y) is the localization functor.

Note that for any sheaf .7 € Qcoh(X), regarded as a complex in DT (Qcoh(X))
with just .# in position 0 and zero elsewhere, then ~1(.#) is just the classical
injective resolution of .#. What we gained here is that :~! maps every complex to
a complex with injective objects that is quasi-isomorphic to itself.

Now, let us state a relation between D°(X) and D°(Qcoh(X)).

Proposition 3.1.2. [Hu] Let X be a noetherian scheme. Then the natural inclusion
functor

D(X) — D’(Qcoh(X))

defines an equivalence between the bounded derived category D°(X) and the full
triangulated subcategory DY, (Qcoh(X)) of bounded complexes of quasi-coherent

sheaves with coherent cohomology.
Proof. See [Hul; Proposition 3.5. ]

To construct the right derived functor Rf. : D*(X) — D*(Y), we need two more

results of higher direct images of sheaves. We state them below.

Theorem 3.1.3. [Hu, Theorme 3.22, Corollary 2.68] Let f : X — Y be a morphism
of noetherian schemes and % a quasi-coherent sheaf on X. Then the higher direct
images R f,.7 are trivial for i > dim(X), and Rf.(Z") € D*(Qcoh(Y)) for any
Z" € D*(Qcoh(X)).

Theorem 3.1.4. [Hu, Theorem 3.23] Let f : X — Y be a projective (or proper)
morphism of noetherian schemes, then the higher direct images R'f,.# of a coherent

sheaf F on X are again coherent sheaves on'Y .

Finally, we can give the right derived functor Rf, : D*(X) — D*(Y), which is
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summarized in the following diagram:

D*(Qeoh(X)) —F

J

D"(Qcoh (X)) eI pb(Qeoh(Y))

J J

Db(X) Them'enm Db<Y)

D*(Qcoh(Y))

70

In sheaf theory, while we have enough injectives and we may deal with the right

derived functors of left exact functors like above, there are almost never have enough

projectives. To get around this problem, we may replace injective objects by acyclic

objects. When the class of acyclic objects is rich enough to be able to arrange every

complex in D~ (Qcoh(X)) is quasi-isomorphic to a complex of acyclic objects, then

we may use a similar construction for left exact functors as above to define LF', the

left derived functor of a right exact functor F'.

In the following we list some great technical advantages of using the derived

category [Hu]. We will make use of them later.

i) Projection formula: let f : X — Y be a proper morphism of projective schemes.

For any .#° € D°(X), & € D*(Y), there exists a natural isomorphism

Rf.F @& = Rf.(F " Lf*&").
ii) Let .#" € D=(X), we have

RT o RHom(F',—) = RHom(Z", -).

iii) Flat base change: if we are given a cartesian diagram

X x, YV =Y
f

X
!
X

7
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with u : X — Z flat and f : Y — Z proper. Then there exists a functorial
isomorphism:

W Rf.F — Rgv*F"
for any %" € D(Qcoh(Y)).

As u and, therefore, v are flat, both functors u* and v* are exact and need not

be derived.

Definition 3.1.5. Let D be a triangulated category and S be a set of objects in D,
we denote by (S) the minimal full triangulated subcategory of D containing all the
objects in §, i.e. it contains all the objects in S and is closed under shifting and

taking cones. We say S generates D if (S) = D, that is, (S) is equivalent to D.

Actually, (S) is the intersection of all full triangulated subcategories of D con-

taining all the objects in S. (S) exists since D contains S.

Definitions 3.1.6. Let D be a K-linear triangulated category. An object F is said

to be exceptional if
Hom(E,E)=K and Hom(E,FE[l])=0 VI#0.

An exceptional collection in D is an ordered collection (Ey, Ey, -+, E,) of excep-

tional objects, satisfying
Hom(E;, Ei[l]) =0 for all { when 0 <1i<j<n.

If in addition
Hom(E;, Ei[l]) =0 for 0<j<i<n,l#0,

we call (Ey, Ey,---, E,) a strong exceptional collection. The collection is full (or

complete) if it generates D.
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When dealing with D°(X), we will always limit our discussion of exceptional
objects within the set of coherent sheaves on X. For coherent sheaves & and .%, we

have [Hul, Proposition 2.56]
Homps(x)(&, Fk]) = Ext, (&, F).

Definition 3.1.7. [Ba] A coherent sheaf .7 of &x-module on a smooth projective
variety X is called a tilting sheaf if

(i) it has no higher self-extensions, i.e. Extyy, (7,7 ) =0 for all i > 0,

(ii) the endomorphism algebra of .7, Endg, (7), has finite global homological di-

mension,
(iii) the direct summands of 7 generate the bounded derived category D°(X).
If 7 is locally free, then it is called a tilting bundle.
The reason why the notion of tilting sheaf is so important is the following result.

Theorem 3.1.8. [Bd, Theorem 3.1.2] Let X be a smooth projective variety and
T be a tilting sheaf over X, with associated algebra A := Endg,. (7). Then the
functors

F:=Homg, (7,—): Coh(X) — mod-A
(here mod-A is the category of finitely generated right A-modules) and
G:=—®a 7 : mod-A — Coh(X)
induce equivalences of triangulated categories
RF : D"(X) — D’(mod-A)
LG : D’(mod-A) — D*(X)

that are quasi-inverse to each other.
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And the reason why full strong exceptional collections are interesting is the

following lemma.

Lemma 3.1.9. Let (%o, F1,- -, F,) be a full strong exceptional collection of coher-
ent sheaves on X over a field K, then T = @?:09}@“, l; > 1 1s an integer for 0 <

1 < mn, is a tilting sheaf on X.

Proof. As Ext functor commutes with finite direct sum, we only need to show that
the endomorphism algebra of .7, End(.7), has finite global homological dimension.
We can get this by induction on n using Proposition |3.2.6|

Notice that

M, (K) 0 0
Hom(%,, FPh M, (K 0
End(7) = om/( 'o ) zl'( )
Hom(Foy, FE) Hom(FF, F) - M, (K))

When n = 0, End(7) = M;,,(K). By Morita theory, the category of M, (K)-
modules is equivalent to the category of K-vector space. As K has finite global

dimension, so does M, (K).

If we write
A 0
M M, (K)
where
M, (K) 0 0
A Hom(%y, FEM) My, (K) e 0
Hom(Fo, FL57) Hom(FE, F00) - M, (K))

M = <H0m(§o,9§l") Hom(F2h, Fo) ... Hom(ﬁffﬁfl,ﬂfl")> :
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By induction, the algebra A has finite global dimension. And M;, (K) has finite
global dimension. So by Proposition [3.2.6), we conclude that End(.7) has finite

global dimension. O

There is a partial converse for this lemma. If the tilting bundle .7 is a direct sum
of line bundles, then its summands give rise to a full strong exceptional collection

[CM1, Lemma 4.5], also see [Cr, Proposition 2.7].

Theorem 3.1.10. [Bd] The derived category D°(P") is generated by the strong ex-

ceptional collection
{O(—n),0(—n+1),--- ,0(-1),0}.

Sketch of proof. That this is a strong exceptional collection follows from [H2, 1T
Propositon 6.3, 6.7] and [H2, Theorem 5.1].
To prove this collection is full, we need the Beilinson’s resolution of the diagonal,

i.e. the Koszul resolution of the diagonal A on P™ x P™:
00— piQ"(n) @ PO (—n) — - = PiQ (1) @ psO(—1) = Opnypn — Op — 0

where p; : P x P* — P", ¢ = 1,2, are the projections.

Split off this resolution into short exact sequences
0— piQ"(n) @ P30 (—n) = piQ" ' n -1 @ps0(—n+1) = M,_; — 0

0— M, —=piQ" 2(n—2)@ps0(—n+2) = M,_y — 0

0— My — Opnypn — O, — 0.

Each of these short exact sequences can be regarded as a distinguished triangles

in D°(P™ x P*). For an object F' € D°(P") [Hu, Ex 2.27], tensor product with Lp}F
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and direct image under the first projection p; yields distinguished triangles on the

second factors (i.e. ®p7(—) = Rpou (M L Lpi(—)))
(I)Mi+1 (F) — ®pTQi(i)®P§ﬁ(—i)<F) - CI)Ml(F> - (I)Mi“ (F)[l]

By the projection formula, we have ®g, (F) ~ F and ®rqiepse—i(F) =~
RT(P™, F ® Q'(i)) ®k O(—1i), a complex generated by &(—i) (actually, it has all
differentials zero and has dimR*T'(P", F' @ (1)) copies of &'(—i) in position k).

Therefore, for any object F' € D°(P"), F is generated by the set {0 (—n), O(—n+
1),---,0(-1),0}. O

Remark 3.1.11. For a more a detailed proof, the reader may refer to §3 in [C] and
68.3 in [Hul.

Later, in a series of papers [K1], [K2], [K2], [K4], Kapranov gave full strong
exceptional collections for Grassmann, flag and quadric varieties.

Usually, it is hard to find a full strong exceptional collection in a derived cat-
egory. It is occasionally useful to split a derived category into more manageable
building blocks before starting to look for complete exceptional sequences. This is

the motivation for giving the following definitions from [Bon|, BK].

Definitions 3.1.12. Let B be a full triangulated subcategory of triangulated cate-
gory D. The right orthogonal to B is the full triangulated subcategory B+ consisting
of the objects C such that Hom(B,C) = 0 for all B € B. The left orthogonal +B is
defined analogously.

Let B be a strictly full triangulated subcategory of triangulated category D. We
say that B is right admissible (resp. left admissible) if for each D € D, there is a
distinguished triangle B — D — C, where B € B and C € B* (resp. C' — D — B,
where C' € 1B and B € B). A subcategory is said be admissible if it is left and

right admissible.
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Lemma 3.1.13. Let A, B be two full triangulated subcategories of a triangulated
category D. Suppose A C B. Let C be the full subcategory whose objects are those
X that fit into triangles B — X — A with B € B, A € A. Then C is closed under
shifts and taking cones. Hence C = (A, B).

Proof. 1t is clear that C is closed under shifts. Let f : X — X’ be a morphism of
objects in C. Then, there exist unique morphisms ¢ : B — B’ and ¢ : A — A’ up

to isomorphisms such that the following diagram

commutes, where C} denotes the cone of a morphism h; B, B’ € B and A, A’ € A.
Indeed, applying the functor Hom(B,—) to the second column triangle, we have
Hom(B,B') = Hom(B,X’). In that case ¢ is the preimage of f o g under this
isomorphism. And thus there exists a morphism ¢ such that the above diagram
commutes. By the generalized octahedron axiom [BBD| Proposition 1.1.11], the
above diagram can be closed using a distinguished triangle in the last column. This

triangle is the desired triangle. O

Proposition 3.1.14. [Bon, Lemma 3.1] Let B be a strictly full triangulated subcat-

egory of a triangulated category D. Then the following are equivalent:
(i) B is right (resp. left) admissible.
(ii) D is generated by B and B+ (resp. by B and B) as a triangulated category.

Proof. 1t is obvious that (i) implies (ii), and the converse follows from Lemma|3.1.13
[



CHAPTER 3. DERIVED CATEGORIES OF COHERENT SHEAVES 77

Corollary 3.1.15. Let A, B be two full triangulated subcategories of a triangulated
category D such that D is generated by A and B. Suppose that A C B+, then B is
right admissible and A = B*.

Proof. That B is right admissible follows from Lemma|3.1.13|and Proposition|3.1.14
since A and B, and hence B and B* generate D. Let B+ be an object in B+. Then
by Lemma [3.1.13, we have a distinguished triangle B % gt &4 A, where B € B

and A € A. Thus we have the following commutative diagram

0—— Bt =—pB*

|

B-%.pl ¥ 4

Now consider the morphism from the first triangle to the third triangle, by 2-out-
of-3 property, the morphism ¢ o ¢ is an isomorphism. Thus ¢ is an isomorphism,
and A = B*.

O

We list some more results in the following. The interested reader may refer the

corresponding paper for details.

Proposition 3.1.16. [BK, Proposition 1.12] Let B be a strictly full triangulated
subcategory of a triangulated category D. Let By be a right admissible subcategory of
B, and By = (Bi)s. If By and By are both left (resp. right) admissible in D, then B
is also left (resp. right) admissible in D.

Definition 3.1.17. [BK]| Let D be a triangulated category of finite type (i.e., for
any A, B € D, each Ext'(A, B) is finite-dimensional and almost all Ezt' = 0). We
say that D is right (resp. left) saturated if every contravariant (resp. covariant)

cohomology functor D — Vect is representable.
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Proposition 3.1.18. [BK, Proposition 2.6] Let B be right (resp. left) saturated.
Suppose B is imbedded in a triangulated category D as a full triangulated subcategory.

Then B is right (resp. left) admissible.

Theorem 3.1.19. [BK|, Theorem 2.14] Let X be a smooth projective variety. Then
D*(X) is right and left saturated.

The concept of an exceptional collection is a very important special case of the

concept of a semiorthogonal set of subcategories:

Definition 3.1.20. A set of admissible subcategories (By,--- ,B,) of a derived
category D is said to be semiorthogonal if the condition B; C B;" holds when
0<j<i<nandB; C1B; for j >i. In addition, a semiorthogonal set is said to
be complete if it generates the category D, and in this case, we say (By,- - ,B,) is

a semiorthogonal decomposition of D.

Let & be a vector bundle of rank r over a smooth projective variety X. Then
there exists a projective bundle P(&’) with projection p : P(&) — X. Using a reso-
lution similar to Beilinson’s resolution, Orlov gave a semiorthogonal decomposition

for projective bundles.

Theorem 3.1.21. [O1, Theorem 2.6] Let D(X ), be the full and faithful subcategory
of D*(P(&)) whose objects are all objects of the form p*A @ Ox (k) for an object A
in DY(X). Then the set of admissible subcategories

(D"(X) g1, D"(X)o)
is a semiorthogonal decomposition of the bounded derived category D°(P(&)).

Corollary 3.1.22. [O1] If there exists a complete exceptional set in the derived
category D°(X), then the derived category DP(P(&)) also possesses a complete ex-
ceptional set. More explicitly, if (Fy, F1,--+ , Fy) is a full exceptional collection of
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coherent sheaves on X, then

(P FyR@OCe(—r+1),p"FiQCs(—r+1),-- ' F,@0g(—r+1),--- ,p"Fy,--- ,p"F,)
is a full exceptional collection of coherent sheaves on P(&).

Proof. See [O1]; Corollary 2.7. O

In §3 of the same paper[Or], Orlov gives a semiorthogonal decomposition for the
bounded derived category of Grassmann bundles and flag bundles, which generalizes
Kapranov’s results.

Later, Bernardara extended Theorem [3.1.21] to twisted projective bundles.

Theorem 3.1.23. [Berl/ Let f : X — S be a Brauer-Severi scheme of relative
dimension r over a locally Notherian scheme S. Let o be the corresponding class
in H*(S,G,,). Let D(S,a) be the bounded derived category of the abelian category
of a-tunsted coherent sheaves on S. Then there exist admissible full subcategories
D(S, X);, of D°(X), such that D(S, X)y is equivalent to the category D(S,a™") for

all k € Z. Moreover, the set of admissible subcategories
(D(S, X)o, -+, D(S, X),)
is a semiorthogonal decomposition for the category D°(X) of bounded derived cate-
gory of X.
Proof. See [Ber]; Theorem 4.1. O

In a similar way, Baek generalizes the semiorthogonal decomposition of Grass-

mann bundles to twisted Grassmann bundles in [B], as stated below.

Theorem 3.1.24. [B] Letp : Gr(k, o/) — X be a twisted Grassmann bundle, where
o/ is a sheaf of Azumaya algebra has rank n? over X and 1 < k < n. Then there

exists a semi-orthogonal decomposition of D*(Gr(k,<)).
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For toric varieties, by means of minimal model theory, Kawamata in [Kal gives

a description of their full exceptional collections. We state it below:

Theorem 3.1.25. [Ka/ Any smooth projective toric variety has a full exceptional

collection.

Now let us return to the topic of how to find a tilting sheaf. We know in general it
is hard to find a tilting sheaf on a smooth projective variety, not even to mention to
give a full strong exceptional collection. But in some special cases, we may do this,
just as L. Costa and R. M. Mir6-Roig did in their paper[CMI1], which generalizes
Corollary in Orlov’s paper [O1], where the collection does not satisfy the

strong condition.

Lemma 3.1.26. [CM]1] Let (Fo, F1,--- ,Fn) be a full strong exceptional collection
of locally free sheaves on a smooth projective variety X and let & be a rank r vector
bundle on X. Denote by S*& the a-th symmetric power of & and assume that for

any integer a, 0 < a <r—1, and anyl, m, 0 <[ <m <n,
H'(X,5¢€ @ Fpp @ F) =0, i>0.
Then,
(" FoROs(—r+1),p" FAQO(—r+1), -+ P Fu®COs(—r+1),- - ,p"Fo, -+ ,p"Fy)
is a full strong exceptional collection of locally free sheaves on P(&).

Sketch of proof. By Corollary [3.1.22] it is sufficient to show that for any k, 7,1, m

with0<k<j<r—land!<mor0<k=75<r—1and!l<m, we have
Ext'(p"F @ Ok —r +1),p"Fp @ Os(j —r+1)) =0, i>0,

or equivalently
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By the projection formula [H2, Ex IIT 8.3], for any locally free sheaf .% on X,

we have
R'p.(Os(a) @ p*F) ~ R'p.Ogla) ® F.
On the other hand, by [H2] IIT Ex 8.4], we have R'p,O¢(a) = 0 for 0 < i < r—1 and
all a € Z, and R"'p,0¢(a) = 0 for all @ > —r. Therefore, for i > 0 and a > —r,
we have
H'(P(&), Os(a) @ p*F) ~ H(X,p.Os(a) @ F).

Substitute the assumption, we obtain what we want. O

Proposition 3.1.27. [CM2] Let & be a rank r vector bundle on a smooth projective
variety X. Assume that X has a full strong exceptional collection of locally free

sheaves. Then, P(&) has a full strong exceptional collection of locally free sheaves.

Proof. Assume that (%, %1, -+, %,) is a full strong exceptional collection of locally
free sheaves on X, then by Serre’s theorem [H2| IIT Theorem 5.2], there exists a line
bundle ¥ = Ox(k),k >> 0, on X such that for any integer a,0 < a <r — 1, and

any pair of integers [,m,0 <[ < m < n, we have
H'(X, 86 ®L)® Fm @ F)=0, i>0.

Hence, it follows from Lemma that
(0" Fo® Osgp(—1r+1),p"F1 @ Ospo(—1+1), - ,p"Fp @ Ogge(—1 + 1),

P T D T
is a full strong exceptional collection of locally free sheaves on P(& ® .£). Since
P(&®.Z)~P(&) [H2, Lemma II 7.9], we conclude that P(&) also has a full strong

exceptional collection of locally free sheaves. m

Combine Theorem |3.1.10| and Corollary [2.1.24] we obtain
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Theorem 3.1.28. [CM1] Any smooth, complete toric variety V' with a splitting fan

has a tilting bundle whose summands are line bundles.

Definitions 3.1.29. Let D be a triangulated category, a subcategory of D is thick
(épaisse) if it is closed under isomorphisms, shifts, taking cones of morphisms, and
taking direct summands of objects. If S is a set of objects in D, we denote by
(S)” the smallest thick full triangulated subcategory of D containing S. We say S
classically generates D if (S)”* = D, that is, (S)* is equivalent to D

Let S be a set of objects in a triangulated category D, by the right orthogonal
S+ in D we denote the full subcategory of D whose objects A have the property that
Homp(FE, Ali]) =0 for all E € S and i € Z. We may define the left orthogonal +8
analogously. We say S is a right spanning class of D (or right spans D) if St = 0.
The left spanning class of D is defined analogously. And we say S is a spanning

class of D if it is both right and left spanning class of D.
The following proposition gives one of the most common spanning class in D°(X).

Proposition 3.1.30. [Hu/ Let X be a smooth projective variety, then the set {0, :
x € X closed point} is a spanning class of the bounded derived category D*(X).

Proof. See [Hul; Proposition 3.17. ]

Definition 3.1.31. Let D be a triangulated category, we say an object C' € D
is compact if the functor Homp(C, —) commutes with direct sums. We denote by
D¢ the full subcategory of D consisting of the compact objects. This is a thick
subcategory. If D¢ right spans D, we say D is compactly spanned.

Remark 3.1.32. In papers such as [BV], [BSS, [BI], they say S generates D if S+ = 0.
To avoid confusions with Definition [3.1.5] we say S right spans D if S* = 0. For
the same reason, we say D is compactly spanned instead of compactly generated if

D¢ right spans D.
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Clearly, if D is compactly spanned and £ C D¢, if (£)* = D¢, then & right spans

D. The following theorem tells us that the converse is also true.

Theorem 3.1.33. [N1, Ravenel and Neeman] Let D be a compactly spanned tri-
angulated category. Then a set of objects £ C D¢ right spans D if and only if
(E)" = De.

Proof. See [BV]; Theorem 2.1.2. O
Denote by D(Qcoh(X)) the derived category of quasi-coherent sheaves over X.

Proposition 3.1.34. [N2] Let X be a quasi-compact, separated scheme. Then the
category D(Qcoh(X)) is compactly spanned.

Proof. See [N2]; proposition 2.5. ]

An object of D(Qcoh(X)) is perfect if it is locally quasi-isomorphic to a bounded
complex of free sheaves of finite rank. We denote by X-perf the full subcategory of
D(Qcoh(X)) of perfect complexes. This is a thick subcategory of D?(X). If X is
quasi-projective, then a complex is perfect if and only if it is quasi-isomorphic to a
bounded complex of vector bundles. The variety X is regular if and only if D?(X) =
X-perf. [R] §3.2.3]

Lemma 3.1.35. [R] Let C' € D(Qcoh(X)). Then C' is perfect if and only if it is

compact.
Proof. See |R]; Lemma 3.5. O

Let X be a smooth projective variety, by the above argument and Lemma|3.1.35

we have D(Qcoh(X))¢ = X-perf = D°(X).

Corollary 3.1.36. Let X be a smooth projective variety. Then D' (Qcoh(X)) is
compactly spanned and (DT (Qcoh(X)))¢ = D°(X).
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Proof. Since D(Qcoh(X))¢ = D*(X) C D™ (Qcoh(X)) and D(Qcoh(X)) is com-
pactly spanned (Proposition , we have DT (Qcoh(X)) is compactly spanned.

Now let S C D¥(X) such that S right spans D*(Qcoh(X)). By Theorem [3.1.33)
we have (S)* = (D*(Qcoh(X)))¢ D D(Qcoh(X))¢ = D*(X). But (S)* C Db(X)
as S C D*(X), so we have (S)* = (D*(Qcoh(X)))¢ = D*(X). O

Thus, by Theorem [3.1.33, we have

Corollary 3.1.37. Let X be a smooth projective variety and S C D(X). Then
(8)” = D*(X) if and only if S right spans D*(Qcoh(X)).

Recently, Blunk generalized Beilinson and Kapranov’s results to the twisted case.

Theorem 3.1.38. [Bl/ Let X := SB(A) be the Severi-Brauer variety of the algebra
A of rank n? over field K. Let & be the tautological’ sheaf on X and T :=
Ox DI I?>D---@ I L. Then T is a tilting sheaf on X.

Sketch of proof. Notice that for some Galois extension L/K, we have canonical mor-
phism p: X, ~P?! — X and p*.# ~ @"Opn-1(—1). Then the results follows from
Proposition 4.1.8, Theorem [3.1.10[ and Lemma |3.1.9] O

In the same paper, using a similar method, Blunk also constructs a tilting sheaf

for twisted Grassmanns and flag varieties.
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3.2 Global Dimension

Definitions 3.2.1. [W| Let R be a ring and A be a left R-module. The projec-
tive dimension pdr(A) is the minimum integer n (if it exists) such that there is a

resolution of A by left projective R-modules
0O—=PFP,—-—>P—>PF—-A—0

The global (homological) dimension of R, gldim(R), is the supremum of pdr(A) over
all left R-modules A.

Remark 3.2.2. The above definition of global dimension is actually left global
dimension. We can also define the right global dimension similarly. But they are

same when R is left and right Noetherian [W], and in our case this is always true.
We give a useful lemma below:

Lemma 3.2.3. [W, Lemma 4.16] Let A be a left R-module, then pdr(A) < d if and
only if Exty™ (A, B) =0 for any left R-module B.

Proof. =) Since Ext*(A, B) can be computed using a projective resolution of A, it
is clear that Exth™ (A, B) = 0 for any left R-module B.

<) Suppose we have an exact sequence 0 - M — Py 4 — -+ — P, - By —
A — 0 with the P’s projective, then we have Ext?™'(A, B) ~ Ext'(M,B) by
dimension shifting, thus Ext!(M, B) = 0 for all B and M is projective. Thus we
have pdr(A) < d. O

Lemma 3.2.4. Let 0 - A — B — C — 0 be a short exact sequence of R-modules.
If any two of pdr(A), pdr(B), pdr(C) are finite, then the third one is finite. More
specifically, pdr(A) < max{pdr(B), pdr(C) =1}, pdr(B) < maz{pdr(A), pdr(C)}
and pdr(C) < mazx{pdr(A)+ 1, pdr(B)}.
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Sketch of proof. We can get this easily from Lemma|3.2.3|and the induced long exact
sequence of the functor Ext*(—, M) of the above short exact sequence for any left

R-module M. O

In the following, all the rings we consider will have unit 1 # 0 and all the
modules will be unital modules. Let T"and U be two rings and M be a nonzero U-T-
bimodule, that is, M is a left U-module and right T-module such that (um)t = u(mt)

for all w € U, t € T and m € M. Consider the formal triangular matrix ring

T 0
A= . Let Q be the category whose objects are the triples (A, B, f) with
M U

A a left T-module, B a left U-module and f : M ®7 A — B a U-morphism. The
morphisms between two objects (A, B, f) and (A’, B, f') are pairs of morphisms
(a, B) where v : A — A’ is a T-morphism and 5 : B — B’ is a U-morphism, such

that the diagram

M @p AMEL M @p A
I
B—" B

commutes. It is well-known [FGR) IG] that the category Q is equivalent to the
category of left A-modules. The A-module corresponding to the object (A, B, f) € Q
is the additive group (A @ B); with the left A-action given by

! (a,b) = (ta, f(m ® a) + ub).

If (o, B) : (A, B, f) = (A", B, ') is a map in Q the associated map ¢ : (A @ B); —
(A" @ B')p is given by ¢(a,b) = (a(a), 5(b)) for any a € A,b € B. It is clear ¢ is
injective (resp. surjective) if and only «, 5 are injective (resp. surjective).

Now we can give a characterization of projective modules over A.

Theorem 3.2.5. [HV, Theorem 3.1] (A& B)y is projective if and only if A is a
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projective T-module, f : M @7 A — B is monic and B = f(M ®&r A) & P with P

projective U-module.

0
Proposition 3.2.6. Let A = be a formal triangular matriz ring. If

M B
gldim(T) = m and gldim(U) = n, then

T 0
gldim <m+n+1

M U

Proof. Tt is suffices to show that for any object (A, B, f) € €, we have pdj((A &
B);) <m-+n+1.

First consider the short exact sequence
0= (0. ker(f), 0) = (A, M @1 A, Tgga) 4 (A, T(f), f) 0.

By Theorem [3.2.5, we have pda((0 @ ker(f))o) = pdy(ker(f)) < n and pda((A @
M @7 A)1ye,4) < pdr(A) + gldim(U) +1 < m +n + 1, thus by Lemma we
have pda((A® Im(f))f) <m+n+ 1

Now consider the short exact sequence
0 — (A, Im(f), f) = (A, B, f) = (0, B/Im(f),0) — 0.

Again, we have pda ((0® B/Im(f))o) = pdy(B/Im(f)) < n. Thus by Lemma [3.2.4]
we have pda((A® B)f) <m+n—+1. O



Chapter 4

Main results

4.1 Main Results

Throughout this chapter K will be a field and R will be a (not necessarily
commutative) K-algebra with a unit. We remind the reader what this means. To
be a K-algebra means that R is a K-vector space and a ring such that the vector

space structure and multiplication on R are compatible in the following sense
z(ab) = (xa)b = a(xb) forallz € K a,b € R.

Notice that this implies that K is contained in the center of R. For any field
extension L/K we write Ry for the L-algebra L ®x R, once again L will be in the
center of Ry. This fact will be used repeatedly below. Finally for a left A-module,
we write Ay for the R; module L ®x A.

Lemma 4.1.1. Let A, B be left R-modules. If L/K is a field extension, then there

1 an isomorphism of L-vector spaces

D . HomR(A,BL) — HomRL(AL,BL).

38
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Proof. Observe that if f € Hompg(A, Br) then the map
LxA— BL

(z,a) — xf(a)

is K-bilinear so there is an associated map ®(f) : A, — By which sends r ® a to
rf(a) for r € Ry and a € A. It is easy to see that ®(f)(z(ry ® a1) + 12 ® ag) =
xrif(ar) + rof(az) = z®(f)(r ® a1) + ®(f)(re ® ag) for all xz,r;,ry € Ry and
ai,as € A. Thus ®(f) is a homomorphism of left R;-modules, and ® is well-defined.

As L is central in Ry, Homg(A, Br) is naturally regarded as a L-vector space in
the following way: for I € L and f € Homg(A, Br), [ f is the homomorphism of left
R-modules which sends a € A to [f(a). It is easy to see that ® is a homomorphism
of L-vector spaces.

Observe that ® is injective as A — Ap and ®(f)|1ga = f. Given g : A, — By,
then g|ig4 is a homomorphism of left R-modules and ®(g|i194) = ¢g. Hence ® is an

isomorphism of L-vector spaces. ]

Lemma 4.1.2. Suppose that L/K is a field extension. If A and B are left R-

modules, then there is a canonical homomorphism of L-vector spaces
A L®g Homg(A, B) — Hompg(A, Br).
Moreover, if L/ K is a finite extension then the above map is in fact an isomorphism.
Proof. Consider the pairing
L x Homg(A, B) — Homg(A, By)

sending (x, f) to the map a — zf(a). This map is K-bilinear and hence the map A
exists. As in the proof of previous lemma, we can check that A is well-defined and

it is a homomorphism of L-vector spaces.
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When L/K is a finite extension of degree d, with basis ey, ey, ..., e we have
Br & @%; @ B. As the Hom functor commutes with finite direct sums, every
homomorphism ¢ : A — By, decomposes uniquely as g = (e1-¢1, -+ , €4 gq) for some
homomorphisms ¢; : A — B, 1 < i < d. It follows that A(Zf:1 e; ® gi) = g and
thus A is surjective. On the other hand, every f € L @ x Hompg(A, B) decomposes
uniquely as Zle e; ® g; we see that A is also injective. Hence A is an isomorphism

of L-vector spaces. O

Corollary 4.1.3. Let R be a K-algebra and A, B be left R-modules. Then for any

finite field extension L/K, we have a canonical isomorphism of L-vector spaces
Hompg, (AL, Br) — L ®x Hompg(A, B).
Proof. Combine the isomorphisms in Lemma and Lemma [£.1.2] O
Consider the two contravariant families of d-functors on R-modules
Exty (=), Br) and L@k Exth(—,B).

The above argument shows that they agree for + = 0. Further, they are both

coeffaceable as they vanish on free modules for ¢+ > 0. Hence

Proposition 4.1.4. Let R be a K-algebra and A, B be two left R-modules, then for

any finite field extension L/K, we have natural isomorphisms
El’t%L (AL> BL) =L (1297 E.%tz%(A, B)
Proof. See [H2]; Theorem III 1.3A. O

Lemma 4.1.5. Let R be a K-algebra and L/ K be a finite field extension. If Ry, has

finite global dimension, then R has finite global dimension.
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Proof. Assume that gldim(Ry) < d, then by Lemma , we have E:pt‘]j%tl(M, N) =
0 for any left Ry-modules M and N. Let A, B be left R-modules, by Proposition

4.1.4] we have an isomorphism
EIt%L (AL, BL> ~ [ XK E(L’th(A, B)

for any + > 0. But by assumption, Extcggl(AL,BL) = 0, hence Ext% (A, B) = 0,
and by Lemma again, we have gldim(R) < d. O

Lemma 4.1.6. Let X be a smooth projective variety and 7 be a locally free co-
herent sheaf on Xy. If L/K is a separable field extension and v : Xp — Xy is the
canonical morphism, then 7 has no higher self-extensions if and only if v*.7 has

no higher self-extensions.

Proof. Consider the following cartesian square:

XL ? Xk

|

Spec(L) —— Spec(K)
By flat base change, the natural map
W R'p,F — Rqu*F

is an isomorphism of functors of quasi-coherent sheaves .# on Xk [H2, Proposition
11T 9.3].

Thus we have
wWR'p, (7Y ® T)=Rq(wT" @uT).

Since

Eaty (7,7)=H'(Xk, 7' ® 7)=Rp(T"' & T)



CHAPTER 4. MAIN RESULTS 92

and
Eaty, (VT v*T) = H(X,,v*'T" @0v"T) = Rlq.(v*" T" @ v*.7),

we have
Eaxty (v*'7,0v*7)=0 ifandonlyif w*Eat (7,7)=0.
As w is faithfully flat, we get
wEaty (7,7)=0 ifandonlyif Eaty (7,7)=0.

Thus 7 has no higher self-extensions if and only if v*.7 has no higher self-

extensions. ]

Lemma 4.1.7. Let Xg be a smooth projective variety and L/K be a finite Galois
extension. Let v : X; — Xg be the canonical morphism. Let 7 be a locally free

coherent sheaf on Xy. Then (v*T)* = D*(Xy) if and only if (7)* = D"(Xk).

Proof. Assume (v*7)* = D*(X;). By Corollary [3.1.37, we have that {v*7} right
spans DT (Qcoh(Xy)), that is, for any M € D*(Qcoh(X})), Hom(v*7, M|i]) =
0, i € Z, implies M = 0. For the same reason, to show that (7)* = D(X[), it is
equivalent to showing that {7} is a right spanning class of D*(Qcoh(Xg)), i.e. for
any M € D' (Qcoh(X)) such that Hom(Z, M[i]) =0, i € Z, we have M = 0.

Since we have Hom(7 , M[i]) = Ext'(7, M) = H(RHom(7 , M)) for all i €
Z [Hul Remark 2.57], the condition Hom(Z, M[i]) = 0,7 € Z is equivalent to
RHom(7, M) = 0. Notice that 7 (resp. v*.7) is locally free, Homx, (7, —)
and 7Y ®x, — (resp. Homy, (v*7,—) and v* 7" ®x, —) are exact functors on
Qcoh(X) (resp. Qcoh(X)). Thus, for example, RHom(7, M) can be computed
on DT (Qcoh (X)) by applying Homx, (7, —) to each individual term in M.



CHAPTER 4. MAIN RESULTS 93

Now consider the following cartesian square:

X, ? Xk

|

Spec(L) — Spec(K)

By flat base change (see page 68, iii)), the natural map
u* Rp, — Rq.v*

is an isomorphism of functors [Hul (3.18)].
Let RHomx,. (7, M) =0, we have
0 = w*RHom(Z, M)
= u'Rp.RHom (7, M) (see page 68,1ii))
= Rq.v*RHom(T, M)
= Rqgv* (7Y @ M)
= Rq.(v*' 7Y @" Lv*M)
= Rqg.RHom(v*7, Lv* M)
= RHom(v*'7,Lv*M).
Thus we have v* M = 0. As v is faithfully flat, we get M = 0.
Conversely, assume (.7)* = D?(Xg). To complete the proof, it suffices to show
any coherent sheaf on X is a summand of some coherent sheaf on X contained in

(v* 7). Let .F be a coherent sheaf on X and G be the Galois group of the finite
Galois extension L/K. For g € G, let

Pg: X1 = Xk Qspeck Spec L — X,

be the morphism of schemes induced by p, : Spec L — Spec L, i.e. by g7' : L — L.
Denote

F' = @QEG/};y'
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For each g € GG there are canonical identifications
Lg : pgy/ - @g'GGpgpg’y - @g’erglgg Z_> @Q’GGpg"? = ‘g,

and it is easy to see that they satisfy the relations 1,0 p%(1y) = 14, for any g, g’ € G.
By Galois descent theory, there is a coherent sheaf & on X such that %' = v*&. So
we have F' € v (F7)* C (v*.7)”, further .Z is a summand of .F', F € (v*T)* .

So we have (v*.7)* = D*(X}). O
Combining Lemmas [4.1.5] and we can show

Proposition 4.1.8. Let X be a smooth projective variety and 7 a locally free
coherent sheaf on Xy. Let L/K be a finite Galois extension and v : X — Xy the
canonical morphism. If v*.7 is a tilting sheaf on Xy, then T 1is a tilting sheaf on

Xk.
Proof. We need only to show that
Endgy, (v°T) = Endg, (7) @k L.

Notice that Endg, (v*7) 2 (A omey (v*T,v*T)) and Endg, (7) @k L =
L(v*Homey (7, 7)), thus it suffices to show that

Homey (V'T 0T)=Z0" Homey (T, T).
By [H2, Ex II 5.1], we have
,%”om/jXL W T T) =T Qox, v T

and

v Hoompy (T, T) Z0(TY oy T) 20T Ry, v°T.

This completes the proof. O
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In general, the converse may be not true.

Definition 4.1.9. Recall that R was a K-algebra with a unit. Suppose R has finite
global dimension, say R is stable of finite global dimension if Ry has finite global

dimension for every finite separable extension L/K.

As it is well known that every finite separable extension can be embedded into

a finite Galois extension. Then by Lemma [4.1.5] we can get

Lemma 4.1.10. Suppose R has finite global dimension over K, then R is stable of
finite global dimension if and only if Ry has finite global dimension for any finite

Galois extension L/ K.

The above lemma, together with Lemma [4.1.6[ and |4.1.7] induce

Corollary 4.1.11. Let Xg be a smooth projective variety and 7 be a tilting bundle
on Xg whose endomorphism algebra, End(.7), is stable of finite global dimension.
Then for any finite Galois extension L/K, v*7 is a tilting sheaf on X, where

v: Xy — Xk is the canonical morphism.

Theorem 4.1.12. Let X be a Brauer-Severi variety over field K, then there exists

a tilting bundle on X.

Proof. Let L/K be a finite Galois extension such that X ®x L ~ P} and let 7 :
P? — X be the canonical morphism. By Proposition m, it suffices to prove there
exists a tilting bundle on P} which descends to a bundle on X.

Let G = Gal(L/K). For g € G, let p, : P} — P} be the morphism of schemes
induced by p, : Spec L — Spec L, i.e. by g7* : L — L.

Denote

I = ByeapOr (—1).
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For each g € GG there are canonical identifications
* * % * id *
lg : pgj = @glergpg/ﬁPz(—l) = @glngg/gﬁ[Pz(—l) — @Q’GGpg’ﬁP’i<_1) =9

and it is easy to see that there is the relation ¢y o pj (1) = 1y, By Galois descent
for locally free sheaves, .# descends to a locally free sheaf on X.

Let

T =i “,

then .7 descends to a locally free sheaf on X. We claim .7 is a tilting bundle on
P7.

Indeed, since for each g € G, p, is an isomorphism of P} over K, it maps
hyperplane sections to hyperplane sections. Thus G acts on Pic(P}) trivially and

we have & ~ @geGﬁpg(—l). Hence we have
T = @;L:Of(@i ~ ﬁﬂ”ﬁ @?:1 ﬁHMLL(—Z)@GlZ
Beilinson’s Theorem [B.1.10] states that the collection
{Opy (—n), Opp (- + 1), -+, Opp(—1), Opr }

is a full strong exceptional collection, thus by Lemma [3.1.9] .7 is a tilting bundle
on [P7. ]

Remark 4.1.13. The bundle .# constructed above actually descends to the push-
forward of Opn(—1), that is, 7.0pn (—1). Thus the pushforward of tilting bundle

i—oOpr (—1) on P} is a tilting bundle on Xk.

Remark 4.1.14. (1) The endomorphism algebra of the tilting bundle on a Brauer-
Severi variety constructed above is stable of finite global dimension, as any finite
separable extension of K can be embedded into a finite Galois extension that con-

tains the field L in the above proof.
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(2) In [Bl], Blunk constructs a tilting bundle on Brauer-Severi variety (Theo-
rem , which is different from the one we construct above, as the rank of ¢
in Blunk’s construction depends on the dimension of the variety, while ours also
depends on the order of the Galois group. His method is to use the 'tautological’
sheaf, but this method may not generalize to Brauer-Severi schemes, as Example
4.1.21] shows. However, it may give a semi-orthogonal decomposition for twisted

Grassmann bundles, similar to the semi-orthogonal decompositions given in [Ber]

and [B].

Before discussing the relative case, we prove a lemma first. This lemma and the

idea its proof are provided by Professor Patrick Brosnan.

Lemma 4.1.15. Suppose X is a rational smooth projective variety over a field K.

Then the Picard group of X, Pic(X) is torsion free.

Proof. Let n be a positive integer. Set

K(X)*

C(X) = {Oé € W

:diva =0 (mod n)} :
Define a group homorphism
7 : C(X) — Pic(X)[n]

NN ﬁ(dwa

).

It is easy to see that 7 is well-defined. We claim that 7 is isomorphism. Indeed,

n

if £ is an n-torsion line bundle in Pic(X) and D is a Cartier divisor associated
to it, then nD is rationally equivalent to 0. So there is an o € K(X)* such that
diva = nD. Hence w(a) = D and 7 is surjective. On the other hand, notice that
m(a) = 0 if and only if diva = div " for some f € K(X)*. This implies that
div (/™) = 0. Since X is projective, we have /" € K>, which implies that « is

0 in C(X), and 7 is injective.
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Let (f,U) : X --+ P be a birational map, where U is a non-empty Zariski
open subset of X with complement of codimension at least 2, then there is a group
homomorphism f : C(P™) — C(X) sending a to ao f. Since P™ = Z, to show
Pic(X) is torsion free, it is sufficient to show that f is an isomorphism.

Since X and P™ are birational, we have K(X) = K(P™). Note that, if V is a
non-empty Zariski open subset of X with complement of codimension at least 2, then
C(X) — C(V) induced by inclusion V < X is clearly equal. It we write C(K (X))
for K(X)*/(K(X)*"K>), then C(K(X)) is just the union of C'(W) taken over all
non-empty Zariski opens in X. Thus, C'(X) and C(P™) both inject into C'(K (X)),
and to show f is an isomorphism, it suffices to show that they have the same images
there. Suppose o € C(P™). Then, via the morphism f : U — P™, we see that it
is also in C'(U) which equals to C'(X). So C(P™) is contained in C'(X). Similarly,
C(X) is contained in C'(P™). O

In certain situations tilting bundles can be obtained via descent theory. Let
Xk be a smooth projective variety that becomes a rational variety after some finite
separable extension. Considering p : Yx — Xk, a Brauer-Severi scheme of relative
dimension r, corresponding to a Azumaya algebra .o/ (see Theorem . By
theorems and Corollary , there exists a finite Galois extension L/K

such that we have the following cartesian square:

P(&) —= Yy
|
X, ——= Xk

where & is a vector bundle on X, such that u*«7 = &nd(&). Denote G = Gal(L/K).
For g € G, let p, : X;, — X, and p, : P(&) — P(&) be the morphisms of schemes
induced by p, : Spec L — Spec L, i.e. by g7* : L — L.
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Theorem 4.1.16. Let p : Yx — Xk be a morphism as above, and suppose the
Galois group G acts on Pic(Xyp) trivially. If there exists a tilting bundle on Xk
whose endomorphism algebra is stable of finite global dimension, then there exists a

tilting bundle on Y.

Proof. To show there is a tilting bundle on Yk, it suffices to prove that there exists
a tilting bundle on P(&’) which descends to a bundle on Yy by Proposition m
Let
Iy = Bgeapy(Os(i) @ ¢ L), i #0,

where £ is some line bundle on X specified below. For each g € G there are

canonical identifications
Ly : pyIi = Dgeapypy(Os(i) ® ¢ L) = Bgcapy,(Os(i) @ ¢ L)

and it is easy to see that the relation ¢y 0 p}(14) = t474. By Galois descent for locally
free sheaves, .%; descends to a locally free sheaf on Y.

Let .7 be the tilting bundle on X whose endomorphism algebra is stable of
finite global dimension. Write %) = Og, let

S =B U T ® I,

then . descends to a locally free sheaf on Yx. We claim .¥ is a tilting bundle on
P(&) for some line bundle .Z on X7.

We have Pic(P(&)) = ¢*Pic(X1) X Z&, £ = Og(1) [H2, Ex II 7.9]. We will show
G acts on Pic(P(&)) trivially. Since G acts on Pic(Xy) trivially, it suffices to show
P;Os(1) ~ Og(1) for each g € G. Suppose p;Os(1) ~ Og(k) @ ¢*Z" for some line
bundle £’ on Xj. Since on the fiber, p, is an isomorphism of P", we have k = 1.

Let the order of g is I, the we have Og(1) = p1O0s(1) ~ Og(1) ® ¢*£"*". But by
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Lemma [4.1.15] Pic(Xy) is torsion free, so we must have .2’ ~ Ox,. Thus we have
P;0s(1) = Og(1), and I = ByecOs(i) ® ¢ L% for i # 0.

To complete the proof, we will show that .# satisfies the conditions in Definition
B.I17

For no higher self-extension:

We need to show that
Extgg(,.7) =0, for all k > 0.
Notice that

S = B uT ®

12

Di_g Dyec (' T ® Os(i) ® ¢* L,
We have

Eatys) ()

= Do<ij<r Dgea Emtll;(éa)(q*u*y ® Os(j) @ ¢ L%, ¢ u* T @ Os(i) ® ¢ L")

12

Bo<ij<r Dge Brths)(Ops), ¢ (0" T @ u*T) ® Og(i — ) © ¢ £%0)
Do<ij<r Bgea H (P(E),¢" (W' T @ u*TV) © Op(i — j) @ ¢ L2)

12

12

Bo<ij<r Bgec H (Xp, 0" T @ u T @ L9077 © .04 (i — j)).
Thus, to show Extﬁ?,(@@) («7,7) =0, k >0, is equivalent to show that
HYXp 0T @u'T" @ L2077 @ q.06(i — j)) =0

for k>0and 0<4,7 <r.
Since ¢.O¢ (1) = SY(&) for | > 0 and ¢.Og(l) = 0 for | < 0 [H2, Ex III 8.4], it is

sufficient to show that

HYXp, w7 ou' T oL ®8(&) =0
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for0 < <r.

For the case [ = 0, this is true because u*.7 is a tilting bundle on X, by Corollary
4.1.11] For the case 0 < [ < r, we can choose an ample line bundle .Z such that the
above equations are satisfied [H2l, Proposition III 5.3].

For finite global dimension:

Denote

Si=q¢u TR 0<i<r,

Write A = End(u*7), then A has finite global dimension since u*.7 is a tilting

sheaf on X by Corollary 4.1.11}
For 0 <i < j <r, we have

Homg, , (75, 71)
= @Homyg,, (¢"(u"T @ L) @ Os(j),q" (' T @ L) @ Oy(i))
= (P&, ¢*(w' T Qu' T @ L)@ Oui — 5))
= (X, u'T @u'T" @ L% @ q,00(i — 7))

= 0.

Similarly,
Homg, , (5, 77) = Mig(A) for all 1 <4 <.

Thus, we have

H S0, S Mg (A cee 0
Endmm((s)(y) = Omﬁp(&.( ") ‘G.I( ) .
Homﬁp(g)<y0> ) Homﬁp(g) (S, ) - M|G\(A>

We show that Endg, . (-7) has finite global dimension by induction in 7.
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When r = 0, this is true as Endg, . () = A.

If we write

R 0

Endﬁmp)(Y) ==
M- Mig(A),

where
A 0 .. 0
R— HOmﬁP(g)(yo,yl) M|G|(A) 0
Homg, o, (S0, S -1) Homg, o (1, S-1) -+ Mg (A)
M = (Homp,, (S0, %) Hom, (1. %) - Homo,, (S0, %))

By induction, the algebra R has finite global dimension. By Morita theory, the
category of Mq|(A)-modules is equivalent to the category of A-modules. As A has
finite global dimension, so does M|g|(A). Thus we conclude that Endg, . () has
finite global dimension by Proposition [3.2.6]

Finally, to prove completeness, we need to show that ()% = DP(P(&)). We
know that .77 = ®_,q¢*u* T ® ., Iy = Og and .I; ~ B,ec0s(i) @ ¢* L for i # 0,
we have ()% DD = (¢*D*(X1) @ Og(—r), -+, ¢*D*(X1) @ Og(—1),q*D*(X1)).
Thus it suffices to show that D = D°(IP(&)).

First we claim that D is admissible in D°(P(&)). Indeed, since all ¢*D*(X}) ®
Og(—i) are equivalent to ¢*D’(X) and are full faithful subcategory of D(P(&)),
and X is a smooth projective variety, by Theorem [3.1.19] and Proposition |3.1.18
q*D°(X1)®0g(—i) is admissible in D°(P(&)) for all 0 < ¢ < r. And the set of the ad-
missible subcategories (¢*D°(X1)®@0g(—r), - -+, ¢*D*(X1)®@0¢(—1), ¢*D*(X1)) is
semiorthogonal by Theorem [3.1.21] Let D(—1) = (¢*D*(X;) ® Og(—1), ¢*D*(X1)).
Then by Corollary [3.1.15] we have ¢*D*(X1) ® Os(—1) = (¢"D*(X.)"*)p(-1). Thus
by Proposition , we obtain that (¢*D°(X1) ® Og(—1), ¢*D°(X1)) is admissi-
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ble in D*(P(&)). Iteratively, we can show that (¢*D?(X1) @ Og(—2), ¢*D*(X1) ®
Og(—1), ¢*D*(XL)), -, D are all admissible in D*(P(&)).

Thus, by Proposition [3.1.14} that to show that D = DY(P(&)) is equivalent
to show that the right (or left) orthogonal of D in D’(P(&)) is zero. Hence it is
sufficient to show that D contains all the objects &, x € P(&) a closed point, as the
set {0, : x € P(&) closed point} is a spanning class for D*(P(&)) by Proposition
3.1.30f Every closed point z € P(&) lies in the fibre Fy, = v~!(s) ~ P" for some
£, =~ Opr (1), by Theorem , we have D°(F,) =
(Oe(i)|p, : —r <1 < 0). And hence O, € (Og(i)|r, : —r < i < 0). Notice that
Oe(i)|r, ~ Og(i) ® Op, and OF, = q*0, € ¢*D*(X), so we have O, € D.

This completes the proof. O

closed point s € X . Since Og(7)

Remark 4.1.17. In [Or, Theorem 2.6], using the Koszul resolution of the diagonal,
Orlov showed that the semiorthogonal set (¢*D°(X.) ® Og(—r), -+, ¢*D*(X1) ®
Og(—1), ¢*D°(X})) is complete in D°(P(&)). Here we give a different proof.

A special case of the above theorem is that the base scheme is a Brauer-Severi
variety, on which, as we already showed (Theorem 4.1.12{and Remark 4.1.14]), there

is a tilting bundle whose endomorphism algebra is stable of finite global dimension.

Corollary 4.1.18. Let p : Yk — Xk be a Brauer-Severi scheme of relative di-
mension r on a Brauer-Severi variety Xg, corresponding to a Azumaya algebra of .

Then there exists a tilting bundle on Y.

Proof. There exists a finite Galois extension L/K such that the following is a carte-

sian square:
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where & is a vector bundle on P} such that u*e/ = &nd(&).
Denote G = Gal(L/K). Let

I = Bgeapy(Os(—1) ® ¢" L),

where .Z is some line bundle on P}. Since the Galois group G acts on Pic(P}) = Z
trivially, it acts on Pic(P(&)) = ¢* Pic(P}) x Z&, £ = Og(1), trivially, too. Thus we
have . >~ @00 (—1) ® ¢*Z.
Let
S =0p' T @ (B, I,

where 7 is a tilting bundle on Xy as constructed in Theorem [4.1.12] then we can
show that .7 is a tilting bundle on P(&) which descends to a locally free sheaf on

Yy for some proper line bundle . on P} as in the proof in the above theorem. [

Moreover, when the base scheme is also an arithmetic toric variety, we may give

a concrete description of the line bundle .Z"

Corollary 4.1.19. Let p : Yx — Xk be a Brauer-Severi scheme, which is also
a toric morphism, of relative dimension r on a arithmetic toric variety (Xg,T),
whose split toric variety is a projective space, corresponding to a Azumaya algebra
o . If there exists a tilting bundle J on Xk, then there exists a tilting bundle on
Yik.

Proof. There exists a finite Galois extension L/K such that we have the following
cartesian square:
P(&) —— Yg
|
P —— X
where & = Opn (ko) @ Opy (k1) @ -+ @ Opn (k) with kg < &y < --- <k, such that
utef = End(E).
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Then a line bundle . ~ Opr (k) with & > —ko works for the constructions as

given in the above theorem. O

Remark 4.1.20. It is easy to see that if we choose & = Opn (ko) © Opn (k1) © -+ @
Opz(kﬁ,«) with 0 < kg < ky < -+ <k, then I = Dyeap;Og(—1) works.

For projective space P", we always choose {Opn(1)} as a basis of Pic(P") = Z;
for projective bundle 7 : P(&) — P, we always choose {7*Opn (1), Og(1)} as a basis
of Pic(P(&)) = Z @ Z; and so on.

In the above corollary, if we assume the line bundle summands of & are in Zxg

and let O(1, j) := 7 Opn (i) ® Og(7), then the collection
{O(—n,—r),0(—n —1,—-r),--- ,O(0,—1),--- O(—n,0),--- ,0(0,0)}
is a full strong exceptional collection on P(&’). Let
T = Ox, & (®p,0(1, 7)),

where the second summand is the sum over the set {(i,j) : —n <1 < 0,—r < j <
0,i4 j < —1} then J is a tilting sheaf on P(&) by Lemma and .7 descends
to YK

Example 4.1.21. Let p : P(&) — P™ be a projective bundle with & = Opn @
Opn (k1) @ -+ @B Opn(k,), 0 < ky < -+ <k, and at least one k; > 0. Then

I = Og(~1) ® (Os(—1) @ p Opn(—k1)) B -+ @ (Os(—1) @ p*Opn (k)

is the ’tautological’ sheaf on P(&). Let .7 = Opn(—n) @ --- & Opr be the tilting
bundle on P". We will show that

is not a tilting bundle on P(&).
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Though .7 satisfies conditions (ii) and (iii) in Definition [3.1.7] it fails condition
(i) and .¥ has higher self-extensions. Indeed, with a similar argument as in the proof
of Theorem 4.1.16| for all £ > 0, the equation Ea:tﬁ‘;’,( o (7) = 0 is equivalent to

the following equations

HY P, T @ T @ LD @ O (Y (si—ti)ki) @ 577(£)) =0,

I=1
where s;,t; > 0forall 0 <l <rand >, s <i, >, H<jlorall0<j<i<r.
Notice that &g (—n) is a summand of .7 ®.7". Consider the caset, =i =3 >0
and all the other ¢, s, are zero. Then by Theorem III 5.1 [H2], we know that
HO(B™, (=1 — i) # 0.
Hence .# is not a tilting bundle on P(&).

4.2 An Application

As an application, we generalize Corollary to a special class of arithmetic
toric varieties. Consider an arithmetic toric variety (X, T'), whose split toric variety
X, corresponds to a splitting fan ¥ in a lattice N, where L/K is a Galois extension
with Galois group G. Then by Theorem [2.1.23] we have a projectivization X =
P(&) — X, which corresponds to a primitive collection & = {x1, 29, -+ ,xp41} C
3(1) with primitive relation q + x5 + -+ + 2341 = 0 by Corollary 2.1.21] Let
¢ : G — Aut(N) be a conjugacy class of group homomorphisms such that 7 = 7,
and ¢(G) C Auts. As (1) generates 3, the action of G on 3 is determined by the
action of G on 3(1). For any g € G, the action of g on ¥(1) preserves the primitive
relationship. Since & has no intersection with any other primitive collection in
¥(1), we must have either g(&?) = £ or g(#) N P = . Let the distinguished

primitive collections Z,--- , &, be the images of & under the action of G.
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Again, by Corollary [2.1.21] each of these primitive collections &y, - -, &, in-
duces a projective bundle, so we have a series of projective bundles P(&) —
P(&Y) — - — P(&9) — Yy, where Y}, is a toric variety with splitting fan by
Theorem [2.1.23] By Corollary 2.1.16] we may assume that the fan 3 is built up
from the fan Xy, . The Galois G-action on X induces an Galois G-action on Y.

Let Y7, descends to (Yx,7T"), then we have a compatible commutative diagram:

XL_> (XK7T)

_

YL e (YK, T/)

Actually, for every 7 € S,,, the permutation group of the set {1,2,--- ,m},

we have a series of projective bundles P(&7) — P(&7) — --- — P(&7 ) — Y.
Thus each of these primitive collections &, -, &, induces a projective bundle
P(&;) — Yr,i=1,--- ,m. The G-action on X induces commutative diagrams
Pg;,j
P(&;) —=P(&))
|
Yy — Y,

for 1 <i,j < m. So we may assume that {p;(&1) : g € G} = {&1,--- , 6}
We claim that X ~ P(&)) Xy, - -+ Xy, P(&,).
Indeed, if we denote by X = P(&1) Xy, -+ Xy,

L

P(&,,), by Theorem [2.1.9] it
suffices to prove Xx, ~ ¥ X7 -

First, assume Yy, -linear support functions h;1,--- ,h;x+1 give rise to the e-
quivariant sheaves &; for 1 < i < m. Let N; be a free Z-module with a basis
{nia, - ,nig}y and nyy = —(nyo + -+ + nigy1) for 1 < i < m. By Corollary
, the fan Yp(s,) is determined by R-linear map Ny, g — Np(s)r := Ny, r + Nir
which sends y € Ny;r to (Y, — D1 jcpn Pij(y)niy)-
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Notice that we have
X}, =P((pm-10---0p1)"6n) TR P(pié2) - P(&1) - Y1,
thus the fan Xy, is determined by the R-linear map
Ny,r = Nx;g := Ny,r + Nig + - - + Npr

which sends y € Ny, g to (y, — Z1gjgk+1 hyj(y)ni g, -, — Zl§j§k+1 P (U)o ).
On the other hand, as we showed above, there is a series of projective bundles

P& — P(&,_) = - = P(&) = Y. Let N/ be a free Z-module with a basis

{nigs sy and niy = —(njo+---+mng,,,) for 1 <i <m. By Corollary

we may construct a fan ¥ x, of X through the following maps
NYLR%NYLR_’_N{R% %NYLR—FN{R—F"'—FN;TLR.

Without causing confusion, we use the same symbol n}; to denote its image in
Ny,g + Njg +---+ N/ g forall 1 <i<mand 1< j <k+1. Choose {n;J|1 <
i <m,2 <j < k+1} as a part a basis of Ny,g + Nip + -+ + N/ , then the
composition of above maps Ny,g = Ny,r + Njg + -+ + N/ sends y € Ny,r to
(v, — Z1§j§k+1 Wy (ynd - — Z1§j§k+1 B ()10, ), where B ; is a Sy, -support
function for all 1 < ¢ < mand 1 < j < k+ 1. As we showed above, for
each i € {1,---,m}, the induced map Ny,g — Ny,g + N/ sends y € Ny,g to
(Y, = D 1<jenis Mij(y)n; ;) determines a fan in Ny, g+ Njp whose corresponding toric
variety is isomorphic to P(&) for some [ € {1,--- ,m}. Thus we may replace h;
by h;; for all 1 < j < k + 1. Rearranging the order, we obtain that the ¥y, is
isomorphic to a fan determined by map Ny,g — Ny,g + Nig + -+ + N/ p which
sends y € Ny,r t0 (Y, — D21 <jcpnr PiWn s s = Do 1cjchrn Pmg (V)0 5)-
Therefore, we have ¥y, ~ Y, and hence Xp = P(&1) Xy, -+ Xy, P(&).
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Thus we get the following compatible commutative diagram

Xp =P(61) Xy, -+ Xy, P(&n) — (Xk, T)

| |

YL (YKa TI)

Iteratively, we get the following diagram:

Xl,L = ]P)(gl,l) XX " XX P(éal,ml) - (Xl,Kv 77) = (XK> T)

X2,L - ]P)((g()Q,I) XXl,L Ut XXl,L ]P)(g2,m2) (X2,K7 75)
Xip = x7'P(é1) (X1, T1)
Xo, = SpecL Spec K

109

where &) is a decomposable vector bundle of rank r; 4+ 1 over Xy and &, is a

decomposable vector bundle of rank r; + 1 over X;_; ; and {p;(<§i71) g € G} =

{&ia,-+ Eim,} for 2<i<land 1< j; <m,.

As we know that Pic(X; ) o~ Z®(m++m) we may assume all the line bundle

summands of & are in (Zsq)®mM*+mi-1) for all 2 < i <.

Without causing confusion, we use the same notation Opg, (k) (1 <i <[, 1<

J < m;) to denote the corresponding component in Pic(X, ) for all i < h < [

Denote by

O(jl,l?'“ 7j1,m17"' 7].[,17“' 7jl7ml)

= (OP(gl)(jl,l)a T O[P’(éal)(jl,nn)) T OP(&Yl)(jl,l)a T OP(&,ml)(jl,ml))a

where —r; < i, <O0and 1 < k; <m,; for 1 <7 <[,
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Then the set
{O(j1,17' o 7j17m17 Tt 7jl,17 e >jl,ml) . _Ti S ]’L,kz S 071 S k’t S ml}

is a full strong exceptional collection of D?(X}) by the lexicographical order on

(J11y s tmys " s Jids- -+ »Jum,). For any g € G, we have

p;o(.jl,l"" 7j1,m17"‘ a.jl,l?"' 7jl,mz>

= O(jl,”rlyg(lﬁ e ajl,n,g(ml)a e 7jl,leg(1)7 e 7jl,Tl’g(ml))a

where 7; 5,1 <1 <[, are permutations of the corresponding sets {1,---,m;}. So it
is also in the same set.

Let
T = @pzo(jl,la'“ 7jl,m17"' 7jl,17"' >jl,ml)>

where the summand is the sum over the set {(j11,  * , Jime, " 01> Jimy)
—1;i < jir;, <0}, then .7 is a tilting sheaf on X; ; by Lemma and .7 descends
to Xg. Thus by Proposition 4.1.8, we have proved:

Theorem 4.2.1. Let (X, T) be an arithmetic toric variety, whose split toric variety

corresponding to a splitting fan, then there exists a tilting bundle on X.

4.3 Conclusion and Further Questions

Overall, using Galois descent theory, we give constructions of tilting bundles on
Brauer-Severi varieties (Theorem [£.1.12)), which are different from the one construct-
ed by Blunk [Bl]. We also show that for certain families Y — X of Brauer-Severi
Schemes over special rational smooth projective varieties X, the existence of a tilt-
ing bundle on Y depends on the existence of one on X (Theorem . This

result can be viewed as a relative version of the result on Brauer-Severi varieties.
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Finally, as an application, we show the existence of tilting bundle on arithmetic toric
varieties whose associated split toric varieties are obtained as successive projective
bundles (Theorem . This result generalizes the result obtained by Costa and
Miré-Roig in [CMI].

In a series of papers [K1, [K2, K2, [K4], Kapranov gave full strong exceptional
collections, and hence tilting bundles, on Grassmann and flag varieties with base
field has characteristic zero. And Kaneda [Ka| showed that Kapranov’s construction
works on the Grassmannian in sufficiently large positive characteristic. In addition,
we also know the automorphisms of Grassmann varieties [Ch| and flag varieties [IJ.
Our first natural interesting question is that whether we can use these results and
Galois descent theory to show the existence of tilting bundles on the generalized
Brauer-Severi varieties. Indeed, this is true for the family of generalized Grassmann
varieties whose associated split varieties are of form Gr(k,n) such that n # 2k.

Let m : X;, — Xg be the canonical morphism of the finite Galois extension
L/K. In cases of Brauer-Severi varieties (Theorem and certain arithmetic
varieties (Theorem , we can construct the tilting bundle on Xk as the as the
pushforward of the known tilting bundle on X, as indicated in Remark [£.1.13] But
in general, the statement that the pushforward bundle 7,7 is a tilting bundle on
X provided .7 is a tilting bundle on X may not be true. A counterexample is
the Grassmannian variety Gr(k,n) with n = 2k. So another interesting question is

to find or characterize the family of varieties such that the statement above is true.



Bibliography

[AAGZ] A. Ananyevskiy, A. Auel, S. Garibaldi, K. Zainoulline, Exceptional collec-

tions of line bundles on projective homogeneous varieties, Advances in

Math. 236 (2013), 111-130.

M. Artin (Notes by A. Verschoren), Brauer-Severi varieties, in: Brauer
groups and ring theory and algebraic geometry, Lecture Notes Math. vol.

917, Springer 1982, 194-210.

S. Baek, Semiorthogonal Decompositions for Twisted Grassmannians,

arXiv: 1205.1175v1 [math.AG] 6 May 2012.

D. Baer, Tilting sheaves in representation theory of algebras, Manusc.

Math. 60 (1988), no. 3, 323-347.

V. V. Batyrev, On the classification of smooth projective toric varieties,

Tohoku Math. J. 43 (1991), 569-585.

A. A. Beilinson, Coherent sheaves on P™ and problems of linear algebra,

Funkt. Anal. Appl. 12 (1978), 214-216.

A. A. Beilinson, J. Bernstein, P. Deligne, Faisceaux pervers, Analyse
et Topologie sur les Espaces Singulier. I (Proc. Colloq., Liuminy, 1981),
Astérisque, vol. 100, Soc. Math. France, Paris, 1982.

112



BIBLIOGRAPHY 113

[Ber]

[BT]

[Boh]

[Bon]

[BK]

[BO1]

[BO2]

M. Bernardara, A semiorthogonal decomposition for Brauer-Severi

schemes, Math. Nachr. 282, No. 10 (2009), 1406-1413.

A. Bernardi, S. Tirabassi, Derived categories of toric Fano 3-folds via the

Frobenius morphism, Le Matematiche, Volume: LXIV, Issue: IT (2010).

M. Blunk, S. J. Sierra, S. P. Smith, A derived equivalence for a degree 6
del Pezzo surface over an arbitrary field, J. K-theory 8 (2011), 481-492.

M. Blunk, A Derived Equivalence For Some Twisted Projective Homoge-
neous Varieties, arXiv: Math/1204.0537v1 [math.AG] 2 Apr 2012.

C. Bohnig, Derived categories of coherent sheaves on rational homogeneous

manifolds, Doc. Math. 11 (2006), 261-331.

A. Bondal, Representations of associative algebras and coherent sheaves,
Izv. Akad. Nauk SSSR Ser. Mat. 53 (1989), 25-44 (Russian); English
transl. in Math. USSR Izv. 34 (1990), 23-42.

A. Bondal and M. M. Kapranov, Representable functors, Serre functors,
and mutations, Izv. Akad. Nauk SSSR Ser. Mat. 53 (1989), 1183-1205
(Russian); English transl. in Math. USSR Izv. 35 (1990).

A. Bondal and D. Orlov, Semiorthogonal decomposition for algebraic vari-

eties, preprint:math.AG/9506012.

A. Bondal and D. Orlov, Reconstruction of a variety from the derived
category and groups of autoequivalences, Compositio Mthematica, v. 125

(2001) N. 3, 327-344.



BIBLIOGRAPHY 114

[BO3]

[BV]

[CM1]

[CM2]

[CM3]

[CM4]

[CRM]

(CLS]

A. Bondal and D. Orlov, Derived categories of coherent sheaves, In: Pro-
ceedings of the International Congress of Mathematicians, 2, Beijing Au-

gust 20-28, 2002, Higher Education Press, Beijing, 2002, 47-56.

A. Bondal and M. Van den Bergh, Generators and representability of func-
tors in commutative and noncommutative geometry, Moscow Mathemat-

ical Journal, 3 (2003), no. 1, 1-36.

A. Caldararu, Derived categories of sheaves: a skimming, Snowbird lec-
tures in algebraic geometry, 43-75, Contemp. Math., 388, Amer. Math.
Soc., Providence, RI, 2005.

W. L. Chow, On the geometry of algebraic homogeneous spaces, Ann. of

Math. 50 (1949), 32-67.

L. Costa, R.M. Mir6-Roig, Tilting Sheaves On Toric Varieties, Math. Z.,
248(4) (2004), 849-865.

L. Costa, R.M. Miré-Roig, Derived category of projective bundles, Proc.
Amer. Math. Soc. 133 (2005), 2533-2537.

L. Costa, R.M. Miré-Roig, Derived category of toric varieties with small
Picard number, Cent. Eur. J. Math.

L. Costa, R.M. Mir6-Roig , Frobenius splitting and derived category of toric
varieites, llinois J. Math. Vol. 54, No. 2 (2010), 649-669.

L. Costa, D. Rocco and R.M. Mir6-Roig , Derived category of fibrations,
Math. Res. Lett, 18 (2011), 10001-10008.

D. A. Cox, J. B. Little, H. K. Schenck, Toric Vorieties, Graduate Studies
in Mathematics volume 124, American Mathematics Society (2011).



BIBLIOGRAPHY 115

[Cr] A.  Craw, FEzplicit methods for derived categories of sheaves,

http://www.math.utah.edu/dc/tilting.pdf.

D] M. Demazure, Sous-groupes algébriques de rang maximum du groupe de

Cremona, Ann. Sci. Ecole Norm. Sup. (4) 3 (1970), 507-588.

[DLM]  A. Dey, M. Lasoni, M. Michalek, Derived category of toric varieties with
Picard number three, Le Mathematiche 64(2) (2009), 99-116.

[DS] S. Di Rocco, A. J. Sommese, Chern Numbers of Ample Vector Bundles on
Toric Surfaces, arXiv: Math/9911192v1 [math.AG] 24 Nov 1999.

[Dr] P. K. Draxl, Skew Fields, London Mathemmatics Society Lecture Note
Series Vol. 81, Cambridge Univeristy Press (1983).

[ELST] E. J. Elizondo, P. Lima-Filho, F. Sottile, Z. Teitler, Arithmetic Toric Va-
rieties, arXiv: 1003.5141, 26 March 2010.

[FM] D. Faenzi, L. Manivel, On the derived category of the Cayley plane II,
arXiv: 1201.6327v1 [Math.AG] 30 Jan 2012.

[FGR] R. M. Fossum, P. A. Griffith and 1. Reiten, Trivial Extensions of Abelian
Categories, Lecture Notes in Math., No. 456, Springer-Verlag, 1975.

[F] W. Fulton, Introduction to Toric Varieties, Princeton Press, Princeton,

NJ, 1993.

[GM] S. L. Gelfand, Yu. I. Manin, Methods of Homological Algebra, (second
edition), Springer Monographs in Mathematics, Springer-Verlag (2010).

[GS] P. Gille, T. Szamuely, Central Simple Algebras and Galois Cohomology,
Cambridge Studies in Advanced Mathematics 101, Cambridge University
Press (2006).



BIBLIOGRAPHY 116

[Gir]

[GK]

[GW]

[Gr1]

(Gr2]

[HV]

[H1]

[H2]

J. Giraud, Cohomologie Non Abélienne, Springer-Verlag, 1971.

A. L. Gorodentsev, S. A. Kuleshov, Heliz theory, Mosc. Math. J. 2004,
4(2), 377-440.

U. Gortz, T. Wedhorn, Algebraic Geometry I, Vieweg+Teubner Verlag
2010.

E. L. Green, On the representation theory of rings in matriz form, Pacific

J. Math. 100 (1982), 123-138.

A. Grothendieck, Le Groupe de Brauer I, II, III, in: Dix Exposés sur la
Cohomologie des Schémas, (North-Holland, Amsterdm, 1968), 46-188.

A. Grothendieck, Revétements Etale et Groupe Fondamental (SGA 1),

Documents Mathématiques 3, Société mathématique de France 2003.

A. Haghany, K. Varadarajan, Study of modules over formal triangular

matriz rings, Journal of Pure and Applied Algebra 147 (2000), 41-58.

R. Hartshorne, Residues and Duality, Lecture Notes Math. Vol. 20,
Spring-Verlag (1966).

R. Hartshorne, Algebraic Geometry, Graduate Texts in Mathematics Vol.
52, Spring-Verlag (1977).

L. Hille, M. Perling, Ezceptional sequences of invertible sheaves on rational

surfaces, Compositio Mathematica Vol. 147 , Issue 04 (2011), 1230-1280.

D. Huybrechts, Fourier-mukai Transformations in Algebraic Geometry,

Oxford Mathematical Monographs,Clarendon Press (2006).



BIBLIOGRAPHY 117

[J] J. Jahnel, The Brauer-Severi wvariety associated with a cen-
tral  simple algebra: a survery, http://www.mathematik.uni-

bielefeld.de/lag/man/052.pdf.

[Kal M. Kaneda, Kapranov’s tilting sheaf on the Grassmannian in positive char-

acteristic, Algebras and Representation Theory 11 (2008), 347-354.

[K1] M. M. Kapranov, The derived category of coherent sheaves on Grassmann

varieties, Funktsional. Anal. i prilozhen. 17 (1983), no. 2, 78-79.

[K2] M. M. Kapranov, On the derived category of coherent sheaves on Grass-
mann manifolds, Izv. Akad. Nauk SSSR Ser. Mat. 48 (1984), 192-202;
English transl. in Math. USSR Izv. 24 (1985).

[K3] M. M. Kapranov, Derived category of coherent bundles on a quadric, Funk-
tsional. Anal. i prilozhen. 20 (1986), no. 2, 67.

[K4] M. M. Kapranov, On the derived categories of coherent sheaves on some

homogeneous spaces, Invent. math. 92 (1988), 479-508.

[Ka Y. Kawamata, Derived Categories of Toric Varieties, Michigan Math. J.
54 (2006), 517-535.

[Ki] A. King, Tilting bundles on some rational surfaces, 1997,
www.maths.bath.ac.uk/ masadk/papers/tilt.pdf.

[Ko] M. Kontsenvich, Homological algebra of mirror symmetry, Proceedings
of the International Congress of Mathematics, Vol. I, 1T (1994), 120-139,
Birkhduser, Basel, 1995.



BIBLIOGRAPHY 118

[Kul]

[Ku2]

[Ku3|

[Kud|

[Mil]

Mi2]

[Mul]

[N1]

A. Kuznetsov, Hyperplane sections and derived categories, lzvestiya RAN:
Ser. Mat. 70:3 (2006), 23-128; translation in Izvestiya: Mathematics 70:3
(2006), 447-547.

A. Kuznetsov, Fzceptional collections for Grassmannians of isotropic lines,
Proceddings of the London Mathematical Society, V. 97 (2008), N. 1, 155-
182.

A. Kuznetsov, A. Polishchuk, Ezceptional collections on isotropic Grass-

mannians, arXiv:1110.5607v1 [Math.AG] 25 Oct 2011.

A. Kuznetsov, Derived category of Fano threefolds, Proc. Steklov Inst.
Math. 2009, 264(1), 110-122.

M. Lason, M. Michalek, On the full, strongly exceptional collections on
toric varieties with Picard number three, Collect. Math. 62 (2011), 275-
296.

L. Manivel, On the derived category of Cayley plane, J. Algebra, 330:177-
187, 2011.

J. S. Milne, Etale Cohomology, Princeton Press, Princeton 1980.

J. S. Milne, Lectures on Etale C'ohomology,
http://www.jmilne.org/math/CourseNotes/LEC.pdf.

D. Mumford, Geometric Ivariant Theory, Springer, Heidelberg, 1965.

A. Neeman, The connection between the K-theory localization theorem of
Thomason, Trobaugh and Yao and the smashing subcategories of Bousfield
and Ravenel, Ann. Sci. de I’ Ec. Norm. Sup., textbf25 (1992), no. 5, 547-
566.



BIBLIOGRAPHY 119

[N2]

01]

[02]

A. Neeman, The Grothendieck duality theorem via Bousfield’s techniques
and Brown representability, J. Amer. Math. Soc. 9 (1996), 205-236.

T. Oda, Lectures on Torus Embeddings and Application (Based on Joint
Work with Katsuya Miyake), Tata Inst. Fund. Research 58, Springer-
Verlag (1978).

T. Oda, Conver Bodies and Algebraic Geometry—An Introduction to the
Theory of Toric Varieties, Ergebnisse der Math. (3) 15, Spring-Verlag
(1988).

D. O. Orlov, Projective bundles, monoidal transformations, and derived

categories of coherent sheaves, Math. USSR Izv. 38 (1993), 133-141.

A. Polishchuk, A. Samokhin, Full exceptional collections on the Lagrangian
Grassmannians LG(4,8) and LG(5,10), J. Geom. Phys. 61 (2011), 1996-
2014.

R. Rouquier, Derived categories and algebraic geometry, In Triangulated
categories, volume 375 of London Math. Soc. Lecture Note Ser., pages

351-370. Cambridge Univ. Press, Cambridge, 2010.

D.J. Saltman, The Brauer group and the center of generic matrices, J.

Algebra 97 (1985), no. 1, 53-67.

D.J. Saltman, Lectures on Division Algebras, Conference Board of the

Mathematical Sciences no. 94, American Mathematical Society (1999).

A. Samokhin, The derived category of coherent sheaves on LGS, Uspekhi
Mat. Nauk 56 (2001), no.3(339), 177-178; translation in Russian Math.
Surveys 56 (2001), no. 3, 592-594.



BIBLIOGRAPHY 120

[Sa2]

[Sel]
[Se2]

[Sp]

A. Samokhin, Some remarks on the derived categories of coherent sheaves

on homogeneous spaces, J. London Math. Soc. 76(2) (2007), 122-134.
J. P. Serre, Local Fields, Springer-Verlag (1979).
J. P. Serre, Golois Cohomology, Springer-Verlag (1997).

T. A. Springer, Linear algebraic groups, 2nd edition, Progress in Mathe-
matics, vol.9, Birkhauser, Boston, MA 1998.

H. Tango, On the automorphisms of flag manifolds, Bull. Kyoto Univ. of
Ed., B, 49 (1976), 1-9.

E. Tengan, Central Simple Algebras and the Brauer Group, XVII-
I Latin American Algebra Colloguium, http://www2.icme.usp.br/ eten-
gan/algebra/arquivos/cft.pdf.

R. P. Thomas, Derived categories for working mathematician, Winter
School on Mirror Symmetry, Vector Bundles and Lagrangian Submanifolds
(Cambridge, MA, 1999), 349-361, AMS/IP Stud. Adv. Math., 23, Amer.
Math. Soc., Providence, RI, 2001 (also preprint, math.AG/0001045).

H. Uehara, Fxceptional collections on toric Fano threefolds and birational

geometry, arXiv:1012.4086v1 [math.AG] 18 Dec 2010.

J. L. Verdier, Catégories dérivées: Etat 0, (rédigé en 1963, publié en 1976),
Séminaire de Géométrie Algébrique 4 1/2, Cohomologie Etale, L.N.M. 469,
262-311, Springer (1977).

J. L. Verdier, Des catégories dérivées des catégories abéliennes, Astérisque

239, 1996.



BIBLIOGRAPHY 121

(W] C. A. Weibel, An Introduction to homological Algebra, Cambridge Studies
in Advanced Mathematics vol. 38, Cambridge University Press (1994).



Curriculum Vitae

Youlong Yan

EDUCATION:

e The University of Western Ontario: 2010-2014.

Ph.D. Candidate in Mathematics.

e East China Normal University: 2007-2010.

M.Sc. in Mathematics, August 2010.

e Wuhan University: 2003-2007.

B.Sc. in Mathematics, August 2007.
TEACHING EXPERIENCE:

e The University of Western Ontario: 2010 - 2014.

Teaching Assistant.

122



	Tilting Sheaves on Brauer-Severi Schemes and Arithmetic Toric Varieties
	Recommended Citation

	Abstract
	Dedication
	Acknowledgements
	Introduction
	Brauer Groups and Brauer-Severi schemes
	Non-abelian Cohomology and Twisted Forms
	Non-abelian Cohomology
	Descent
	Twisted Forms and the First Cohomology Set

	Brauer Groups and Brauer-Severi Schemes
	Brauer Groups of a Field
	Central Simple Algebras and Brauer-Severi Varieties
	The Brauer Group of a Scheme
	Azumaya Algebras and Brauer-Severi Schemes


	Toric Varieties
	Split Toric Varieties
	Arithmetic Toric Varieties

	Derived Categories of Coherent sheaves
	Derived Categories of Coherent sheaves
	Global Dimension

	Main results
	Main Results
	An Application
	Conclusion and Further Questions

	Bibliography
	Curriculum Vitae

