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ABSTRACT

We study how strategic considerations which pertain to the microeconomic
process of innovation affect the macroeconomic process of growth and its efficiency. Toa
lesser extent, we also study how they may cause fluctuations to occur. We do this by the

means of two models.

The first model pictures a one-good economy where long-run growth and
output fluctuations are endogenous consequences of the decisions taken by entrepreneurs
on the allocation of their resources between production and innovation in a Markovian
sequence of one-period games. We show, first, that the log of output follows a process
with random walk characteristics; second, that a recession is the consequence, not of a
Kydland and Prescott {1982] negative shock on technology, but of the reallocation of
factors in the face of an “increased opportunity” ex apte which the entrepreneurs fail to
exploit ¢x _post; third, and finally, that, althcugh any generation could make itself
unilaterally better off by reducing its level of research, the one-good economy is
intertemporally efficient in that such a move would imply a reduction in the level of

welfare of future generations.

The second model pictures an infinite-horizon multisector economy where
endogenous growth in the aggregate results from the innovation races which go on in each
and every sector. We study the coordination failures that may arise and uncover five
externalities which have strategic implications.We show that, at least for some

parametrisations of our model, there exist multiple stationary equilibria associated with

iii



different rates of growth. One noteworthy source of that multiplicity is the “real income
effect”, which relates the resources spent on research to the real value of nominal incomes
through the lower real prices innovations eventually entail. Finally, we show that, because
agents are infinitely-lived and many externalities occur, the multisector economy is
intertemporally inefficient. Furthermore, we show that, depending upon the particular
values taken by the parameters, the competitive process may lead to either overinvestment
or underinvestment in research; i.e. the rate of growth may either be higher or lower than

efficiency would warrant.
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1. GENERAL INTRODUCTION

That tastes, techniques of production and endowments are the primitives of an
economic system is a core principle of economic analysis. This principle, which can be
traced back to John Stuart Mill's Principles of Political Economy [1871], is the central
message of Debreu's [1959] Theory of Value and most of contemporary economics
consists in the reduction of various phenomena to that fundamental structure of
explanation. Indeed, a major success of the Walrasian Research Programme was provided
by the Kydland and Prescott's [1982] Real Business Cycle theory whose contribution was
to explain in Walrasian language the persistence and recurrence of macroeconomic

fluctuations, a phenomenon which, until then, had remained outside its scope.

While tastes, techniques of production and endowments may, in many cases,
safely be taken as given, economists have for long known them to be variable and
recognized the importance of their variability in the explanation of economic dynamics.
Indeed, Schumpeter proposed, as early as {1911] and as an extension of the Walrasian
construction, a vision of the process of economic development where the role of
technological innovation was crucial. The Schumpeterian vision was never forgotien and it
influenced, in due course, the now standard models of “patent races” in the Industrial
Organization literature. Those models are reviewed in Reinganum [1984], Reinganum

[1989] and Tirole [1988; chap. 10].

Despite the recognition of technological progress as an important source of
economic growth, for a while growth theorists focused on the role of capital accumulation

and assumed the process of technological change to be exogenous. Notable exceptions




innovations.

Third, while Romer [1986] and [1990] assume a deterministic process of
knowledge acquisition, we follow again the industrial organization literature and take it for
granted that a potential innovator can never really know in advance if he will succeed.
What we postulate, instead, is that the more resources he spends the more likely he is to
innovate. A similar assumption was made in the related work of Aghion and Howitt

[1989] and followed in Grossman and Helpman [1991].

Fourth, we depart from the standard patent race models, such as Loury [1979],
Lee and Wilde [1980] or Dasgupta and Stiglitz [1980], in that, whereas they concern
themselves with the partial equilibrium of an industry where the winner of a
once-and-for-all innovation race makes a capital gain whose value is exogenous, we study
the general equilibrium of an economy where the race for innovations never stops and

where the value of an innovation is endogenous.

Fifth, we also depart from the patent race literature in that we assume
discoveries to be stochastically independent events and allow an arbitrary and endogenous

number of them to occur in the same period : potentially none, one or many.

Sixth, we construct a framework where market structures are endogenous.

Seventh, unlike Romer [1986] and [1990] and Lucas [1988], the models we
build are compatible with the creation of rents that provides the search for innovations
with its economic rationale and with the destruction of existing rents that follows as a

consequence.




Eighth, as the one-good model emphasizes, the possibility that simultaneous
discoveries may occur in the same sector gives the innovation race a rent-seeking aspect,

whose strategic implications affect the rate of growth and its efficiency.

Ninth, as the multisector model shows, the possibility that simultaneous
discoveries may occur in different sectors induces various spillovers across sectors and
over time, including those associated with real prices that {all over time. Those spillovers
have an impact on the innovators' rents and their strategic implications affect the rate of

growth and its efficiency.

Tenth, and finally, the link which exists between the innovation race and the
macroeconomic fluctuations in the one-good cconomy yields a necessary and sufficient
condition for a recession to occur. This provides an alternative to the Kydland and

Prescott's [1982] interpretation of the downturns in output.

This monograph is divided in four chapters. The first is the current
introduction. In the second, we expound a Schumpeterian model of a one-good economy
where long-run growth and output fluctuations are endogenous consequences of the
decisions taken by entrepreneurs on the allocation of their resources between production
and innovation in 2 Markovian sequence of one-period games. We show, first, that the log
of output follows a process with random walk characteristics, i.e. that ours is indeed a
model of growth and fluctuations. Second, we show that the technological change process
is variable and that its variability causes the rate of productivity growth to fluctuate, as
Prescott [198G] arer:=s in his Defence of the Real Business Cycle research programme.
However, we prove that those fluctuations do not, by themselves, imply the occurrence of
any recession, a result which both provides a counter-example to Prescott's claim that they

constitute a sufficient explanation of the downturns, and may also explain why he finds



that the Real Business Cycle models have good, but not perfect, fit. Third, and finally, we
give a necessary and sufficient condition for a recession to occur which shows that a
downturn in output is the consequence, not of a Kydland and Prescott {1982] negative
shock on technology, but of the reallocation of factors in the face of an “increased

opportunity” ¢x ante which the entrepreneurs fail to exploit ¢x post

In the third chapter, we expound a model of an infinite-horizon multisector
economy where growth is endogenous and results from the actions of entrepreneurs who
seek, find and exploit the profit opportunities which arise out of process innovations. The
model is specified in such a way that it turns out to be tractable in spite of its large size.
Furthermore, we can describe, in probabilistic terms, the industrial organization of the
whole economy and determine the probability distribution of prices.Though what happens
in any given sector is random, we can show the economy to be deterministic in the
aggregate. The representative entrepreneur's problem can thus be written and solved. We
study the coordination failures that may arise and uncover five externalities which have
strategic implications : the “lagged real income effect”, the “contemporaneous rea} income

effect”, the “Shleifer effect”, the “competition effect” and the “aggregate demand effect”.

The lagged and contemporaneous real income effzcts relate the resources spent
on research to the real value of nominal incomes and, in particular, to the real value of
nominal rents. They occur because the benefits arising from the innovations are eventually
transmitted to the consumers through lower real prices. The Shleifer effect relates the
resources spent on research to the proportion of monopolistic sectors and, thereby, to the
magnitude of the rents. Indeed, the second part of the relationship formed the original
Shleifer [1986] effect. The competition effect relates the resources spent by the
competitors of a potential innovator to the probability he will obtain a rent. The aggregate

demand effect, finally, relates the resources spent on research in the economy as a whole



to the demand for consumption goods and, thereby, to the value of the rents.

In the language of Bulow ¢t a]. [1985], the “lagged real income effect”
generates positive spillovers and strategic complementarities, the “competition effect” and
the “aggregate demand effect” generate negative spillovers and strategic substitutes, and,
finally, the “contemporaneous real income effect” and the “Shleifer effect” generate
spillovers of ambiguous signs and have ambiguous strategic implications. Thanks to the
presence of those externalities, we can show that, at least for some parametrisations of our
model, there exist multiple stationary equilibria associated with different rates of growth.

We also interpret our results and relate them to the previous literature.

In the fourth chapter, finally, we carry out the welfare analysis of the models
introduced in the two preceding chapters. We consider, first, the model of Chapter 2 and
show that, in any generation, the possibility of simultaneous discoveries gives the
innovation race a rent-seeking aspect. However, because the benefits accruing to future
gencrations are not appropriable, the research effort of one generation is a free gift to
subsequent generations. It follows that, while any generation could make itself unilaterally
better off by reducing its level of research, the one-good economy is intertemporally
efficient in that such a move would imply a reduction in the leve! of welfare of future
generations. Next, we consider the model of Chapter 3 and show that, because agents are
infinitely-lived and many externalities occur, the multisector economy is intertemporally
inefficient. Furthermore, we show that, depending upon the particular values taken by the
parameters, the competitive process may lead to either overinvestment or underinvestment
in research; i.e. the rate of growth may either be higher or lower than efficiency would

warrant.



2. ENTREPRENEURS, GROWTH AND CYCLES

2.1 ]ntroductuion

The contribution of Kydland and Prescott {1982] was to show how a series of
exogenous technological shocks could generate, through the intertemporal smoothing
behaviour of a representative agent, some typical features of the business cycle. While
their work was a major success for the Walrasian Research Programme in that it provided
an explanation of the macroeconomic fluctuations in the language of that theory, it gave
rise to two types of criticisms : first, on theoretical grounds, that the shocks may
themselves be in need of an economic explanation; and second, on empirical grounds, that
it is hard to think of many instances of the adverse technological shocks which are needed

to explain the downturns in output.

Kydland and Prescott's model was developed from the neoclassical model of
capital accumulation in which the growth process is exogenous. An endogenisation of
technological change was done in Romer [1986], a framework to which King and Rebelo
[1988] added exogenous shocks to obtain a real business cycle model with endogenous
growth. Romer's idea was that technological change was driven by the advance of
knowledge, that knowledge was a capital capable of being accumulated, and that its
process involved, at the individual level, an external economy of scale which produced
increasing returns at the aggregate level. He developed and illustrated his vision in [1990],
where he assumed knowledge to be embedded in physical capital and an advance in

knowledge to take the form of an increasing list of products.




» The growth theory of Romer can be criticized on two related grounds. First, it
assumes a deterministic process of knowledge acquisition. Because an agent can never
really know in advance what he will discover, nor if he will discover anything at all, it
seems more natural to conceive of learning as an essentially uncertain process. Second, it
assumes a framework which cannot account for the process of Schumpeterian
competition, with its creation and destruction of rents, that provides the search for

innovations with its economic rationale.

Our work attempts to develop Schumpeter's [1911] vision and provide a theory
of economic dynamics which is simpler than the New Classical one, in that both long-run
growth and output fluctuations become consequences which follow from the same cause,
the actions of entrepreneurs who seek, find and exploit the profit opportunities which arise
out of process innovations. In the present chapter, our aim is to construct a prototype
model of our altemative conception. We make no claim as to the realism of the hypotheses
we will investigate; our purpose, which is purely theoretical, is to build the simplest

possible model which can illustrate our theory and show its consistency.(!)

We consider a Markovian world made up of a sequence of one-period
one-good economics. The free transmission of knowledge is the only link between
periods. In each of them, a two-stage game takes place. It involves both an innovation
race, which determines the probabilistic distribution of knowledge among agents, and the
allocation and pricing of the remaining resources as factors of production. In assuming a
stochastic innovation process, our model follows the literature on patent races which is
reviewed in Reinganum [1984], Reinganum [1989] and Tirole [1988]. It differs,
however, from the standard models therein, such as Loury [1979] or Dasgupta and
Stiglitz [1980], in that we assume innovations to be stochastically independent events and

thus allow an arbitrary and endogenous number of them to occur in the same period :



potentially none, one or many. Furtherinore, and much more fundamentally, whereas they
concern themselves with the partial equilibrium of an industry where the winner of a
once-and-for-all innovation race makes a capital gain whose value is exogenous, we study
the general equilibrium of an economy where the race for innovations never stops, where
the value of an innovation is endogenous and where the distribution of the gains is also

endogenous.

Our model has three main positive implications. First, the log of output follows
a process with random walk characteristics, a result which makes our approach at least
crudely compatible with the empirical evidence of Nelson and Plosser [1982] and
Campbell and Mankiw [1987]. Second, the technological change process is variable and
its variability causes the rate of productivity growth to fluctuate, as Prescott [1986] argues
in his Defence of the Real Business Cycle research programme. However, those
fluctuations do not, by themselves, imply the occurrence of any recession, a result which
both provides a counter-example to Prescott's claim that they constitute a sufficient
explanation of the downturns, and may also explain why he finds that the Real Business
Cycle models have good, but not perfect, fit. Third, and finally, a downtumn in output is
caused, not by a negative shock on technology as in Kydland and Prescott {1982], but by
the increased allocation of factors to innovation in the face of an increased opportunity ex
ante, the consequent reduction in the allocation of factors to production, and the failure of
the entrepreneurs to innovate which leaves the technology of production as it was. Note
that we mean by an increased opportunity a state where, prior to the innovation race and
conditional on any given factor allocation, the expected rate of productivity growth is

higher.




2.2 The M odel

Consider a sequence of economies populated by an arbitrary, but fixed, number
n of identical agents who live for one period only. In each single period economy, a
two-stage game takes place. In the first stage, each individual is endowed with a quantity
h of resources. He(® may supply a quantity | as factors of production and use a quantity s

to seek an innovation. His resource constraint is therefore

h=l+s (2.1).

Each player's objective is to maximize his expected end-of -period consumption ¢ of the

one available good.

Were an entrepreneur to make an innovation, he would be able to improve upon
the moust efficient technique of production known in the preceding period, which is now
common knowledge and embodied a production parameter u,. He would have access
to a production parameter us ( 4s > ua ), the production function being linear. To put it
in another way, each individual faces the opportunity of a relative improvement in

technology q, where us = (1 +q ) ua.®

The le«. ing process is uncertain, however, and the probability of a discovery
by a given individual is a function p of the resources allocated to opportunity seeking by
that individual. We assume that individual discoveries are independent events and that the
function p is of class C2 and satisfies p(0) = 0, p(s) 2 0, p(s) < 1, p'(s) > 0 and p"(s) < 0.
We aiso assume that the individuals are identical with respect to their learning abilities, so

that both the relative opportunity and the probability function of its occurrence are the




same for each and every one of them.

Once the distribution of knowledge and, as a result, the structure of the market
is determined, the second stage of the game occurs. It involves the allocation of factors of

production and the determination of factor prices through a simple Bertrand game.

Since the overall game we have defined is symmetric, we can solve it for a
Symmetric Nash Equilibrium, the symmetry assumption being the game theoretic version
of the pervasive representative agent assumption. Solving the game backwards, three
cases are possible whose respective probabilities depend on the vector s = (s!, ..., )
of resources allocated to opportunity seecking by the various individuals in the first stage.
In the first case, individual i can make a discovery and obtain a monopoly over the new
technological knowledge. He can exploit it, besides increasing the productivity of his own
factors of production, by hiring the other people’s and paying them what they would have
received had they worked with the old technolcgy. This class of events provides him with

consumption

ci = ps(h-s)+(Hs-Ha)(n-1)(h-s)

and occurs with probability p(si) ( 1 - p(s-i))»! , where s-i designates the allocation made

by agents other than i.

In the second case, multiple discoveries may occur, either because the
individual makes a discovery without obtaining a monopoly or because, while he does not
make a discovery, at least two of his competitors do. In both cases, Bertrand competition
for the factors of production produces a remuneration of p,, which the individual then

enjoys on his remaining resources. This class of events provides individual i with
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consumption

ci=l‘s(h'si)

and occurs with probability

p(s) (1-(1-p(s)™!)
+(1-p&) (1-(1-psirt-(n- 1) p(s?) (1-psH™) .

Finally, one can make no discovery with either nobody else making one or
somebody else obtaining a monopoly. In each case, the individual receives a remuneration
of u, on his productive resources. This class of events provides individual i with
consumption

d=pa(h-5)

and occurs with probability ( 1 - p(s)™! - (n-1) p(s?) (1-p(s ) )2).

From what precedes, the Representative Entreprencur's Problem can be writien




Eci = (Hg-pe)(n-1)(h-s) p(s) (1-p(si)~!
+(Be-Pe) (h-si) {p(sh) +(1-p(s))
(1-(1-pGs))t-(n-1)p(s) (1-p(si))™2))
+Ha(h-si) (22),

a formulation which allows an interpretation cast in opportunity cost terms.

Indeed, given that the entrepreneur devotes resources si to the exploration of
potential opportunities, the first term of his objective function represents the monopoly
rent which he expects to capture from his competitors if he is alone to have access to the
new technological knowledge. The second term represents the expected technological rent
which arises from the increased productivity of the entrepreneur’s own resources when he
has made a discovery, or when at least two of his competitors have made one and the
competitive process has provided him with the result of their efforts. The third term, then,

represents the output he will produce with centainty.
Multiplying throughout by 144,, one finally obtains the equivalent objective
R(s5i)=ger q(n-1)(h-si) p(sh) (1-p(si)!
+q(h-s') {p(sh+(1-p(s)
(1-(1-p(sD)1-(n- 1) p(s) (1-p(s) )2) )

+(h-si) (23),

which shows the entrepreneur’s decision does not depend on the absolute magnitudes g

and p,, but only on the relative magnitude q.

13
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2.3 The Equilibrium of the Representative Entrepreneur

The assumption of a representative entrepreneur is analytically convenient in
that it allows a simple derivation of the aggregate outcomes from the individual actions.

Indeed, in our context, a market equilibrium s* will solve the following problem

s = ARGMAX n(s,s) (24).

Ossi sh

The problem is so defined that our proof of the existence and uniqueness of the

equilibrium has a direct economic interpretation.

Proposition 1

The entrepreneurial game has exactly one Symmetric Nash Equilibrium s*.
If p'(0) < l/nqgh, then s* = 0. If p'(0) > 1/ngh, then the solution is interior.

Proof

(Part1)

The objective is a continuous function.



Since xi = q(n-1)(h-si)p'(sh (1-p(si) )
+q(h-s)p'sh ((1-p(s) )y
+(n-1)p(si) (1-p(si) P2 )
-q{1-(1-p(sH) (1-p(s) o
-(n-1)(1-pGsH)p(s?) (1-p(s) ™2}

-1 (25),

we have

i = q(n-1)(h-si)p(sh) (1-p(si))m?
-{ 2qp'(s’) - q(h-si)p"(sh }
A Q1-p(s) )+ (n-1)p(si)(1-p(si) )2 )

<0 (26)
and the objective is also strictly concave.
Hence, the reaction correspondence r : [0, h) -> [0, h] exists and is a function, where
1(s1) =4 ARG MAX =x(si, s).

0<sish

The function is continuous by the Maximum Theorem ( see, for instance Debreu [1959,

Prop. 1.8.4] ) and Equation 2.4 has, therefore, at least one solution.

15



(Part2)

If p'(0) < l/ngh, then

Nyilsiz0 S Milsico.siz=0 = qnhp©) - 1 <0 (2.7)

and s* = 0 is the unique solution of Probiem 2.4.

(Part3)

If p'(0) > 1/ngh, then Rilsi—0, siz0 > O (28)

and s = 0does notsolve (2.4).

Furthermore, we have

Rgilsizmsizh = -q(1-(1+(n-2)ph)) (1-ph))nt) - 1

<0 (29)

and s = h does not solve ( 2.4 ) either.

Now, a necessary and sufficient condition for an interior solution is that

Rgilsi=gi = 0

16




Since 3/ds1{ (1+(n-2)p(si))(1-p(si))n2}
=-(n-1)(n-2)p(s) p'(s) (1-p(s))™3 < 0

and

Tgigi = -q(n-1)pYsh(i-p(si))m!

-q(n-1)2(h-si)p'(s) p(si) (1 - p(st) )2

+q{(1-p(s))+(h-si)p(s)}

LOBsT L (14(n-2)p(s))(1-p(s))™2}
<0 (2.10),

it follows from the Implicit Function Theorem that
dsi/dsi < O
and there can be at most one interior solution.

Q.E.D.

The preceding proposition states a condition for entry to be an equilibrium,
which amounts to say, by Inequalities 2.7 and 2.8, that an entrepreneur will allocate some
resources to the innovation race if the marginal benefit is greater than the marginal cost at

the point where no resource is allocated to the opportunity search.

Indeed, in general, the first term of ( 2.5 ) is the marginal monopoly rent. The

second is the marginal gain in the technological rent which comes from the increased

17



probability of the entrepreneur being able to raise the productivity of his own resources by
making a discovery. The third term is the marginal loss in the technological rent due to
reduction in the entrepreneur's resources left for production were the competitive process
to provide him with new technological knowledge. The fourth, and final, term is the
marginal loss in sure output, which is also due to the reduction in the entrepreneur's
resources left for production. In Inequalities 2.7 and 2.8, then, the term q (n - 1 ) h p'(0)
is the marginal monopoly rent; the term q h p'(0), the marginal technological rent; and,

finally, the terr* -1, the marginal loss in sure output.

Furthermore, Proposition I indicates that the representative entrepreneur will
either not enter the innovation race or diversify his activities by allocating some resources
to research and some to production. Since there cannot be any rent in production when no

resource is left for production, ( s' = h, s-1 = h ) cannot be an equilibrium as ( 2.9 )

shows.

Finally, the market equilibrium has natural comparative static properties,
namely
p ition [1

If p'(0) > 1/ngh, then ds*/dq > O and ds*/oh > 0.

Immediate.

18
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Better opportunities, or the availability of more resources, lead to the allocation

of more resources to the search for an innovation.




2.4 The Equilibrium of the Large Competiti~¢ Economy

In the preceding section, we have studied the nature of market equilibrium
when there is a finite number of representative entrepreneurs. For macroeconomic
analysis, it is pertinent to study the behaviour of the economy when the number of
entrepreneurs becomes arbitrarily large. In order that the limiting economy make sense,
however, we must take care, not only to let the number of agents grow, but also to give
each of them the appropriate scale. Since we are concerned with individual innovations
whose consequences are not limited to one particular industry but have an aggregate
impact, we naturally want the capacity of an agent to make a discovery to become smaller

as the number of agents in the economy becomes larger.

Let us, therefore, define

fa(S) =der f(s)/n (2.11a),

where {(s) satisfies all the restrictions we imposed in Section 2 on the probability function

P-

Define also E, to be the economy determined by n, g, h and f;, in the model of
Section 2. The large economy E is then defined as the limit of the sequence of finite

economies { E; }.

Now, the objective of a representative agent i in the small economy E,, is
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Ma (s, s1) = q(n-1)(h-s¥)(f(s') /n) (1 - f(s?)/ n)!
+q(h-s){(f(s)/n) + (1-f(s)/n)
(1-(1-f(s))/n))
-(n-1)(fis)/n)(1-f(s)/n))2) }
+(h-si) (2.11b),

so that, by construction, the nbjective of a representative entrepreneur in the large

economy E is

[1( s', s1) =ger lim m, (si,s)

n->

=q(h-si) f(si) exp( - f(s) )
+q(h-si)(1-exp(-f(s7)) - f(s) exp( - f(s7)))
+(h-si) (2.11c).

A Symmetric Nash Equilibrium s* in E will then solve the following problem

s= ARG MAX TI(s,s) (2.12).

O<sish

We will show that the limiting process is well defined so that the equilibrium of

the large economy is the limit of the sequence of equilibria of the finite economies.




P ition 111
The large economy has exactly one equilibrium s* which is such that
s*=lim s,*,

n->o

where s,* is the equilibrium of the small economy E,.

If/(0) < 1/gh, thens*=0. If (0) > 1/qgh, then s* is interior.

Proof

By an argument similar to the one we gave in the proof of Proposition I, we may show
that there exists one and only one s* which solves Problem 2.12. Furthermore, s* =0 if
f'(0) < 1/gh and s* is interior if £(0) > 1/gh. What remains to be proved is thus that
s*=lim s*.

n->®

When f'(0) s 1/gh, the proof is trivial. Assume therefore '(0) > 1/gh. Then s* will

satisfy

G(s) =0 (2.13)

where

G(s)=gr[Isi(s'=s;si=5)



= q(h-s)f(s)ef@+q(1+f(s))el® -1-q

Now, s,* satisfies

Gn(s) =0 (2.14)

where

Gn(S) =def Oy (si=s;si=5) /3s7

= (h-s)f(s)(1-f(s)/n)2
-(h-s) (f(s) f(s) /n2) (1-f(s)/n )2
+(1+f(s)) (1-f(s)/n )
-(2f(s) /m) (1-1(s)in)m}
-1-14q ’

so that, for a fixed s,

lim Gys) = G(s)

n->o

and the sequence { G, } converges pointwise to G on [0,h]. Since it is a sequence of
continuous and, by 2.10, monotonic real-valued functions converging to a continuous

function, the convergence is uniform. See Dieudonné [1979, Section 7.2, exercise 3].

Choose, then, any e > 0. By the uniform convergence of { G, } on [s* + e, h], there

exists a N, such that, for any n 2 N,,



NGh-Gll < IG(s*+e)1/2

which implies

Sp* < s*+e

A similar argument shows there exists a N; such that, for any n = N,

Sp* > s* -¢

It follows that, for any n 2 max {N;, N5},

s*-e <5, <s¥+e ,

ie.lim s, = s*

n->o

Q.ED.

The comparative static properties of the equilibrium of the large economy are

then given by

Proposition [V

ds*/dq > 0 and ds*/6h > 0.
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Proof

Immediate.
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2.5 Long-run Growth and the Cycie

In the preceding sections, we have shown how, within any period, the relative
potential improvement in technology q and the quantity of available resources h jointly
determine the quantity of resources s allocated to opportunity seeking. As the allocation of
resources, in turn, determines the probability a discovery will occur and, ultimately, the
probabiiity distribution of output, the respective laws of motion of resource allocation,
technology and output can be inferred from the initial technology, the law of motion of the
relative potential improvement in technology and the law of motion of the available

resources.

When we specified the model in Section 2, we assumed each generation

inherited the best technological knowledge of the preceding period, that is

Hat = sl when a discovery has occurred in period t - 1 (2.15a)
= Ya 1] otherwise (2.15b).

To simplify matters, we will assume also that the quantity of resources available stays

constant over time, that is

h = h, for all t (2.16).

The quantity of resources s; allocated to the exploration of opportunities in period t is then
dctermined by

s¢= S(qu (2.17),



where the functional relation S is given implicitly by Equation 2.13 .

Also, the probability distribution of the parameter y, of the linear production

function in period t is
M=(1+q) pa with probability 1 - exp( -f(sy ) (2.18a)
= with probability exp( -f(sy ) (2.18b).

Finally, the probability distribution of output is given by

yYi= (h-s) (2.19).

Imposing some structure on the stochastic process governing the relative
potential improvement in technology, it is possible to use the model for statistical
predictions. For instance, if we assume the potential improvements in technology q, to be

ideniically equal to q over time, we have that

log yy = ag+10g yi.1 + & (2.20),

where

ap=der log(1+q)(1-exp(-f(s)) (2.21)

€ =def log(1+q)-ay withprobability (1-exp(-f(s)) (2.22a)
- ag with probability exp( -f(s) ) (2.22b).

In the language of time series analysis, €, is a white noise process and the log

of output follows a random walk with drift. Our model is thus crudely compatible with the




empirical evidence of Nelson and Plosser [1982] and Campbell and Mankiw [1987].

Our model does not only provide an explanation of the fluctuations in output, it
also provides an interpretation of the downturns. Indeed, once we allow the potential
improvements in technology q, to vary over time, we can see a downturn in output will be
the consequence of the increased allocation of factors to innovation in the face of an
“increased opportunity” ¢x ante, the consequent reduction in the allocation of factors to
production, and the failure of the entrepreneurs to innovate ex post which leaves the
technique of production as it was. Note that we mean by an increased opportunity a state
where, prior to the innovation race and conditional on any given factor allocation, the

expected rate of productivity growth is higher.

Indeed, if there is an increase in the opportunity q, from one period to the next,
Proposition [V implies that more resources will be allocated to opportunity seeking and, as
a consequence, less will be available for production. If, furthermore, the entrepreneur. are
not successful in their attempt to innovate, the production technology will remain the same
and, as the quantity of inputs has been reduced, output will fall. Better prospects lead to
worse conditions if the individuals do not succeed at exploiting them. Since, by
Proposition IV again, a lesser or equal relative potential improvement in technology will
result in at least as many resources being allocated to production with a technology that is
at least as productive, the condition that opportunities improve and entrepreneurs fail to

exploit them is both necessary and sufficient for a fall in output.

Some readers may find the preceding result puzzling. Indeed, research can be
seen as a particular form of investment and, were our model to be similar to one-sector
model of capital accumulation with random productivity, we would expect consumption to

fall, but not output, as there would be more investment. However, such an analogy is



misleading because the research output is not valued by anyone when no discovery occurs
and, therefore, no economic investment takes place. To put it another way, a better
analogy would be to compare our model to a model of capital accumulation with three
sectors : one consumption good, one valuable capital good and one valueless capital good,
which capital good is produced being determined only after saving has taker. place. In
such a set-up, it is clear that were more saving to occur, there would be more investment
only in the event of a good draw, the production possibility frontier moving inwards in the
event of a bad draw. Similarly, it is misleading to be concerned with the remuneration
received by the factors allocated to opportunity seeking unless one remembers it is not
independent of the remuneration received by the other factors, an instance of the principle
of accounting according to which the national income is the same whether measured by the
remunerations of the factors or by the total production. Since technical knowledge is an

intermediate product, we use the latter, and simpler, method.

Now, Kydland and Prescott [1982] explain the fluctuations in output with a
series of exogenous technological shocks and interpret the downturns as outcomes of
negative shocks and the “Slutzky Effect”, a mathematical proposition which says that
small random shocks may cause an otherwise stable linear difference equation to produce
a cycle. The Kydland and Prescott's construction has given rise to two types of criticisms
: first, on theoretical grounds, that the shocks may themselves be in need of an economic
explanation; and, second, on empirical grounds, that it is hard to think of many instances
of the adverse technological shocks which are needed to explain the downturns in output.

Such a position is espoused, for instance, in Summers [1986] and Mankiw {1989].

Prescott [1986a} and Plosser [1989] argue, however, that multifactor
productivity growth appears to follow an approximate random walk process. Prescott

[1986b] also refers to Summers and Heston [1984] as independent evidence that



productivity growth varies both across and within individual countries over time. Prescott
[1986b] then claims, first, that “a theory of technological change is not needed to predict
responses to technological change”, and, second, that the Slutzky Effect, once the
variability of technological change is granted, provides a sufficient explanation of the

recessions.

By way of contrast, our model of output fluctuations does rely on a theory of
technological change. It predicts technological shocks will occur as outcomes of an
innovation process which is intrinsically uncertain and, like Kydland and Prescott's, that
the variability of technological change will cause productivity growth to fluctuate.
However, the shocks in our model are such that the technology never regresses and the
example of Equation 2.20, which pictures a world where output never falls, shows that
the fluctuations in productivity growth do not provide, by themselves, a sufficient
explanation of the recessions. The real business cycle models may thus capture part of the
truth and still fail to explain the recessions. Indeed, Prescott [1986a,b] and Plosser [1989]
claim the models have good, but not perfect fit.

Furthermore, our model proposes an explanation of the downturns which is
more plausible empirically than to assert that output falls because the techniques of
production regress, namely that output falls because fewer faciors produce with the
existing techniques Now, the magnitude of the downturns is thence limited by the
proportion of factors seeking opportunities and, even though the variable is more
general than R & D, as, for instance, a baker trying to improve his cakes is actually
seeking opportunities, the proportion is likely to be small. The event that opportunities
improve and entrepreneurs fail to exploit them should thus be regarded as an impulse
mechanism and a complete explanation would also require a propagation mechanism to

amplify the initial reduction in employment and production, just as the real business cycle
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models require a propagation mechanism to amplify their shocks.
Finally, it is interesting to note that under the simplest hypothesis which allows
for output to fall, that is when the potential improvements in technology q, are identically
and independently distributed, the log of output follows a process with two unit roots.

Indeed, once the current realization of q.is known to the entrepreneurs, s; is determined

according to Equation 2.17. It then follows from 2.18 and 2.19 that

Alogy: = a+Xi-Xe1 + € (2.23),

where a is a constant which, fork = 1,...,t,...,% , is given by

a=ger B [log(1+qx)(1-exp(-f(s))] (2.24)
and where

xt=ae} log (h-s¢) (2.25)
€1=def log(1+q;)-a with probability (1 -exp(-f(sy) (2.26a)

-a with probability exp( -f(s) (2.26b).




2.6 Conclusion

In the present chapter, we have expounded a simple model of our
Schumpeterian conception of the long-run growth and business cycle as consequences of
the actions of entrepreneurs who seek, find and exploit the profit opportunities which arise

out of process innovations.

Our model has three main positive implications. First, the log of output follows
a process with random walk characteristics, a result which makes our approach at least
crudely compatible with the empirical evidence of Nelson and Plosser [1982] and
Campbell and Mankiw [1987]. Second, the technological change process is variable and
its variability causes the rate of productivity growth to fluctuate, as Prescott {1986] argues
in his Defence of the Real Business Cycle research programme. However, those
fluctuations do not, by themselves, imply the occurrence of any recession, a result which
both provides a counter-example to Prescott's claim that they constitute a sufficient
explanation of the downtumns, and may also explain why he finds that the Real Business
Cycle models have good, but not perfect, fit. Third, and finally, a downturn in output is
the consequence of the reallocation of factors in the face of an “increased opportunity” ex
ante and of the failure by the entrepreneurs to exploit the opportunity, a result which
provides an alternative to the Kydland and Prescott's [1982] explanation of downturns by

negative shocks on technology.

We have made no claims as to the realism of the hypotheses we imposed. Our
model should be considered as a prototype, whose purpose is to show the possibility and
illustrate our theory of economic dynamics. Further research is thus required in order to

Improve upon our construction.
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Among the many avenues of improvement which can be taken, we develop, in

the next chapter, the endogenous growth aspect of our theory and present a model of an

infinite-horizon multisector economy without aggregate uncertainty.




Eootnotes

1. Mention should be made of the Segerstrom et al. {1990] model of the product life cycle.
In their work, an endogenous rate of product innovation is determined as the outcome of a
sequence of patent races which occur in one sector at a time. Those races are of the Loury
[1979] or Dasgupta and Stiglitz [1980] type in that there will be a unique winner and that
any firm's probability of winning is a function of the ratio of its own research effort to the
industry's. They do not study the implications of their model for the long-run growth and
the business cycle.

2. For simplicity, we use, throughout the text, the masculine form to designate a generic
agent. The reader may, of course, mentally substitute the feminine form if it makes him or
her more comfortable.

3. The reader will note that it would be equivalent to assume y, to be the expected value of
a random variable whose distribution is independent of the agent's choice variable. Our
framework is thus compatible with fluctuations arising out of “signal extraction
problems” Our formulation is meant to emphasize that, under our approach, their
existence does not depend upon expectation errors.




3. ON THE MULTIPLICITY OF ENDOGENOUS GROWTH RATES

3.1 Introduction

Recent research has produced many models where a coordination failure results
in multiple, Pareto-ranked, equilibria. Diamond [1982], for instance, shows that, in the
presence of transaction costs, a reciprocal externality arises in connection with the
intensity of search, while Hart [1982), Weitzman [1982] and Bryant [1983] show
respectively how imperfect competition, increasing returns and imperfect information can
produce aggregate spillovers. Cooper and John [1988] survey the coordination failure

models and also present an integrative framework.

The coordin ition failure models, so far, have been mostly static in nature and
concerned with the possibility of multiple equilibrium rates of unemployment or
underemployment, rather than being dynamic and concerned with the possibility of
multiple equilibrium rates of growth. Exceptions are Bryant [1987], Kiyotaki [1988] and
Weil [1989] who have respectively used imperfect information, imperfect competition and
increasing returns to investment to show the possibility of coexistence of a pessimistic and
an optimistic equilibrium in two-period one-good models assuming a representative agent.
Also, Murphy, Shleifer and Vishny [1989] have a two-period multisector model where a
similar multiplicity of equilibria appears because of the profit spillovers associated with an
increasing returns production technology. Finally, Azariadis and Drazen [1990] and Fung
and Ishikawa [1989] have built threshold models where whether an economy grows or
not depends upon whether it initially has or not some critical mass of the appropriate

resource, i.e. capital, education, etc.. Until recently, however, no paper had studied the
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possibility of a multiplicity of stationary growth rates in an infinite-horizon endogenous

growth economy.())

In the preceding chapter, we introduced a simple aggregative model where
long-run growth and output fluctuations arose as consequences of Schumpeterian
competition. Our model followed Romer [1986] in having endogenous technological
change as the source of growth. A crucial difference, however, was that, while Romer
assumed the process of knowledge acquisition to be deterministic, we took it to be
intrinsically uncertain and com:atible only with a framework where rents could be created

and destroyed. A relatc {1 model was developed in Aghion and Howitt [1989].

The present paper extends our previous work and expounds a model of a
multisector economy whose dynamics proceed from the actions of entrepreneurs who
seek, find and exploit the profit opportunities which arise out of process innovations. We
assume the process of knowledge acquisition to be intrinsically uncertain, the probability
of a discovery depending positively on the resources used without ever being equal to
one, and we assume the evolution of the market structures to depend on its outcome.
Furthermore, we assume the decisions of the entrepreneurs on the allocation of their
resources between the exploitation of the current production possibilities and the search
for better ones to be revised and implemented at the beginning of every period and we
assume the discoveries during a period to become innovations only in the next period, so
that, within the period, the dynamic stochastic game reduces to a general equilibrium
framework. We take the latter to be of the Walras-Bertrand type, with a specification
inspired by Shleifer's [1986], i.e. logarithmic preferences and constant retumns to scale.
Unlike Shleifer's though, our model allows an arbitrary and endogenous number of
innovations in any sector within a period, as well as variable and endogenous supplies of

factors of production and rates of technological progress over time.(2)
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What comes out is that, for some parametrisations of our model, there exist
muluple stationary equilibria associated with different rates of balanced growth. Two
kinds of positive spillovers across sectors in the economy contribute to that multiplicity :

the Shieifer [1986] effect and a new one which may be called the real income effect.

As Shleifer [1986] noted, in a Walras-Bertrand multisector economy with
logarithmic preferences and constant returns to production, a firm's profitability increases
with the proportion of firms holding a monopoly position. Now, in our model, the latter
proportion in a given period increases with the market allocation of resources to
opportunity seeking during the preceding period, provided that allocation is below some
critical value. It follows that, in the economy we describe, there may be positive profit

spillovers across sectors over the appropriate range of allocations.

Besides the Shleifer effect, our model also reveals the existence of a “real
income effect”. Indeed, it follows from the assumptions of our model that, eventually, the
competitive process will pass on to the consumers, through lower real prices, the benefits
arising from the innovations. Now, the more research there is, the more innovations there
will be and, therefore, the lower the eventual real prices. Since, in particular, an
entrepreneur's potential rent will thereby be made more valuable ceteris paribus ( the “real
income effect” ), the effect will tend to be self-reinforcing and increase the market

allocation of resources to research.
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3.2 The Model

Consider an economy populated by a continuum [0, A] of identical agents
whose objective is to maximize the expected value of a discounted sum of single-period
utilities. At the beginning of every period, each agent is endowed with and has to allocate
a quantity h of resources. He may choose to exploit the current production possibilities
and supply some of his resources as factors of production. He may also decide to engage
in entrepreneurial activity and use some of them to search for the better opportunities an
innovation upon the current technological knowledge would confer him. Formally, an

agent's resource constraint is therefore

h=]|+St (3'1)!

Iy denoting the resources supplied as factors of production ( "labour” ) and s the resources

allocated to entrepreneurial activity.

Were any entrepreneur to be successful and make a discovery, he would, at the
end of the period, be able to embed his technological knowledge in a firm and thereby
modify the production sector of the economy from the next period onwards. His
innovation would then have been transformed into property rights in the ( potential ) profit
of the firm he created, the profit being naturally defined as the residual which appears once
all factors of production have been remunerated. Of course, the profit would not only
depend upon the process innovation per se, but also upon the context of its occurrence,
i.e. upon whether or not and in which sectors other innovations have occurred, as well as

upon what the consumers' preferences and the structures of the markets are.
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We assume that the firms, which embody the techniques of production, and the
market structures during a period are determined as of the end of the preceding period and
that, after one period, imitation always destroys profits. We assume also that no physical
storage is possible so that, within a period, what is produced is consumed. Since the
decisions on the allocation of resources between production and entrepreneurial activity
are assumed to be made at the beginning of every period, the analysis of what happens
afterwards during any period can then be carried out within the categories of a suitable
general equilibrium framework. In order to accommodate the endogenous market

structures, we will take the latter to be of the Walras-Bertrand type.

3.2.1 Consumption

We assume that, within a period, the preferences of each and every agent are
represented by a current period utility functional, taken to be of the logarithmic form, over
the continuum of goods [0, 1]. Such a preference structure admits perfect aggregation and
the consumption side of the economy reduces, therefore, to a representative consumer.
Assuming no physical storage is possible and denoting by y, his income, the

representative consumer's single-period decision problem is

MAX exp ( fo; log x(i) di )

s.t. fio pei) x4i) di =y, :

where py(i) and x (i) are respectively the price and the quantity consumed in period t of
good i.

It follows that the consumer will spread his income as a uniform flow of
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expenditures over the goods; i.e.
pi) x€i) = yi (3.2).

Furthermore, the indirect momentary utility functional can be written explicitly

as a mapping linear in y,, i.c.

vip, v) = yi/ exp (Jio) log pii) di )

=def B(PY ¥t (33),

and the cost-of-living index can be shown to depend upon relative prices only, i.e.
1P, P = exp { fiouylog (prali) /pii) ) di } (34).
The indirect intertemporal utility functional is thus

Zjeo.... B yusj/ exp (fio.11 10g puusti) di ) (35),

where 8=(1/(1+r))andr>0is the constant rate of time preference.

3.2.2 Production

Within a period, the production side of the economy is made of single-product

firms grouped by sectors. Any firm, regardless of its sector, uses only one factor of




production, "labour”. In each and every sector, firms have access to a production
technology in which the marginal product of labour is a parameter that depends upon
technological knowledge and may vary from firm to firm. We assume every firm in sector
i to have access to the knowledge, embodied in a parameter p (i), which corresponds to
the most efficiert production téchnique used in the preceding period, while some firms
may or may not have access to an innovation embodied in a parameter (i)

( (1) > pa(i) ). We assume that, from the perspective of a given firm , its current

parameter value is exogenous.

While we assume the market for labour to be perfectly competitive and, without
loss of generality, normalize the wage to 1 so as to make labour the numéraire, we assume
the markets for goods to be ruled by firms engaging in Bertrand price competition. In any

sector, three cases are then possible.

First, a firm may have a monopoly over the new technological knowledge in its

sector (i), i.e. its production function is :

xdi) = pus(1) 1i(i) (3.6),
while its competitors' is :

X(1) = (i) 1i) (3.7).

Now, the mass of consumers being A times the mass of goods, the market demand

function is given by :

pdi) x(i) = AY, (38),
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Y. being the average income in the economy.

Since the demand function is unit elastic, it follows that the firm will price its output at the

marginal cost of its less efficient competitors, i.e.

Phi) = 1/ i) (3.9)

and serve the whole market.

Its profit, equal to the total profit in the sector, will then be

wi) = pai) xdi) - 1)
=(1- 160/ [ pl) x€D) 1) A Y,
=(1- pali) / i) VA Y,
=(q(i)/(1+q@)))AY, (3.10),

where q(i) is defined to be such that :

His(1) = (1 +.q(1) ) pa(i) (3.11)

and is interpreted as the relative improvement in technology.

The second possibility is that two firms, at least, have access to the new

technological knowledge. In that case, each will price its output at its marginal cost and

earn thereby zero profits; i.e.

Pl = 1/ pusli) (3.12)

42



and the total profit in the sector is :

n(i) = 0 (3.13).
Finally, it is possible that there won't be any firm having access to the

innovation. Each firm will then price its output at its marginal cost and earn zero profits;

i.e.

pi) = 1/ p(i) (3.14)

and the total profit in the sector is :

ni) = 0 (3.15).

Now, the average income in the economy is equal to the sum of the average

labour income L and the average dividend income Dy; i.e.

Y( =L(+Dl

=(H-S8y) + Jio1y o) mdi) di / A

=(H-8) /{1- fion 3¢ [qdi)/ (1+qdi) ) ]di } (3.16),

where H and S; are respectively the average endowment and the average allocation of

resources 1o opportunity seeking, and where 9; is defined to be such that d (i) = 1 if there

is a monopoly in sector i and O otherwise.




Assuming q(i) to be consiant over sectors and equal to q;, we find that

Ye=(1+q)(H-S)/(1+(1-m)q) (3.17)

and the profit in any monopolistic sector is given by

m=Aq(H-8)/(1+(1-m)q) (3.18),
where m, is defined by
me=ger Jio,11 Au(i) di (3.19)

and represents the proportion of sectors in the economy where a firm has a monopoly

position.

3.2.3 Entrepreneurship and Resource Allocation

Having specified in the preceding paragraphs the structure of the economy
within a period, we can now expound its intertemporal structure. We assume that, at the
beginning of every period, each individual has the possibility to seek a process innovation
in one sector, A individuals facing an opportunity in any given sector. The learning
process is, however, uncertain and the probability of a discovery by a given individual isa
function f of the resources s allocated to opportunity seeking by that individual. We also
assume that the individual discoveries are independent events and that the function f is of
class C2 and satisfies f(0) = 0, f(s) 2 0, f(s) < 1, f\(s) > 0 and {"(s) < 0. Furthermore, we

assume that the individuals are identical with respect to their learning abilities, so that both



the relative opportunity and the probability function of its occurrence are the same not only
for each and every one of them in any given sector, but also across sectors as well.

Finally, we assume the probability function to be constant over time.

Since we assumed a continuum of goods, what will matter for any agent is only
the potential effect his resource allocation may have on his income, the potential effect on
the price of one good being negligible. Now, with potential relative improvements in
technology constant across sectors, the potential ¢x post rewards to entrepreneurship are
constant as well, and with identical learning processes across sectors, their ex ante
distributions, conditional on the economy's resource allocation, are the same. It follows
that, under our assumptions, all entrepreneurs will face an equivalent problem, i.e. the

dynamic game is symmetric.

We will assume that, in order to decide upon his resource allocation, an
entrepreneur takes as given the decisions of his competitors and the decisions of all
individuals in the other sectors, i.e. the game is solved for a Nash equilibrium.
Furthermore, we will consider only representative entrepreneu. equilibria, i.e.
symmetrical Nash equilibria. It follows that we will only have to take into account two
types of variables : the entrepreneur's and the market's. We will use lower case letters for

the former and capital letters for the latter.

3.2.4 Industrial Organization and the Dynamics of Prices

Under our many symmetry assumptions, we can easily characterize the
industrial organization and the dynamics of prices in the model. Since, from the

perspective of a representative entrepreneur whom we assume o be active in sector j, we
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have that, fori =},

a(i)=1 with probability A f(Sy.)) (1 - f(S;.) )A-1
=0 with probability 1 - A f(S.;) (1 - f(S.;) )A ,

it follows from Definition 3.19 that

m = A f(Se.1) (1 - f(Sep) )M (3.20).

Also, since it does not depend upon a measure zero change, we can take the

distribution of prices to be independent of the representative entrepreneur's own resource

allocation, i.e.

Pt ~ G(pe! Pr-15 Q1. Qe St.2, St.1) (3.21)
where
pdi)= (1/(1+Qqe1))pa(i)  with probability mey (1 -¢) (3.21a)
=(1/(1+q))pu1(d) with probability ( 1 -my; ) ¢ . (3.21b)
= (1/(1+q))
(M (14 a1))pa(i)  with probability my.; ct (3.21c)
= pui(i) with probability
(1-my)(l-c) (321d),

¢, which represeats the proportion of sectors where multiple discoveries occur during

pertod t, being defined as



Ce=def 1-Af(Sy) (1-£(S1))A1-(1-£(Sey))A (3.22).
Indeed, the probability that, in any given sector i, an innovation with monopoly in period
t-1 will be followed by either an innovation with monopoly or by no innovation at all in
period tis mg;( 1 - ¢, ). Now, we have from Equations 3.9, 3.11 and 3.14 that
Pri(d) = 1 / pry a(i)
Pdi) = 17 paea(i)
and
Bra(l) = peas(l) = (1+Ger ) perald
so that, in such a case,
P(i) = (1/(1+qe1)) pa() (3.21a).
The three other cases follow by analogous reasoning.

Finally, we have that the distribution of the entrepreneur's dividend d, is

d' ~ F( d( | qt; 5t-1, S(-l’ st) ( 323 )

where

d; = m, with probability f(sy.1) ( 1 - f(Si.q) )A1

0 otherwise
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3.3 The Representative Entrepreneur’s Problem

From what precedes, we can write the representative entrepreneur’s problem as

MAX E;3Zj=0...o 8 V(Puj Yuj)

s.t.

h =l + Suj

Yisj = haj + duyj

Prej ~ G( Pray | Preje1s Quaje1s Quejo Siaji2s Sajer )
disj ~ F( dusj ! Guaji Staje1s Stajets Suaj) -

At time t, the past and current values of all the variables, as well as the value of q;.1,
belong to the information set of the entrepreneur. So does the {S; }i-0....  sequence,

since, under the Nash Assumption, the entrepreneur takes it as given.

Now, by Definitions 3.3 and 3.4,

b(Pa1) =er exp ( - Ji0.13 108 pres(i) di )

=exp (- fo111og pei) di ) . exp (- fioa1 1og ( praa(i) / piiy ) di )

=b(p) / 1( pe1, Pr) (3.24)

and, by Equations 3.21at0 3.21d

Ji0.11108 (Prasi) / i) Y dli = Tog (1/(1+q1)).my + log (1/(1+qes1)) - Cous



so that

(Pt p) = (1/(1+q) )™ (1/(1+qur))w (3.25)

and it follows that the cost-of-living indexes, and thereby the marginal utilities of income

are deterministic aggregates.

Assuming a solution exists and is interior, the current resource allocation s, is

determined by the first order condition

b(p) = B 8/9s( E { b(Pr+1) ¥Yis1 }

= Bb(pi1) 0 Edy,1 / 05 (3.26),
where
0 Ediy1/ 98t = 7 F(s) (1 -1(Sp )A-] (3.27).

Naturally, the interpretation of the condition is that an optimal current resource
allocation will equalize the marginal utihty of current income to the present value of the
expected marginal utility of next period dividend income.

Now, we have that the equation may be written equivalently as

1=B(0Edu1/0s )/I( pre1. ) ,

an equation whose interpretation is that the representative agent's resource allocation will

equalize, in real terms, his current wage with the present value of his expected marginal
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dividend.

Yet another interpretation may be given, as the entrepreneur's problem is both a
problem of intertemporal resource allocation and a problem of intertemporal consumption
decision. Indeed, the allocation of resource to research may be thought of as an investment
in a stochastic asset whose rate of return will vary with the state of the world, the
probability of occurrence of any particular event depending both upon the entrepreneur's

action and the market's.

Equation 3.26 may then be rewritten as

(1/(1+q))y™(1/(1+qu1))1 /B
=S{AqQu(H-Su)/(1+(1-mu1)gu1) } (s (1-f(S) M1 (3.28).

The left-hand-side of the equation is the marginal rate of substitution between
consumption at time t and at time t+1, while the right-hand side is the marginal rate of
return of investing in research. The equation may thus be interpreted as saying that
investment will equalize the marginal rate of substitution of present and future

consumption to the marginal return of investment.

The preceding equation also embodies the many different channels th-rough
which the market resource allocations S;.1, S; and S, influence the representative agent's
s;. By Equations 3.20 and 3.22, m, is a function of S.; only while ¢, is a function of S,

only. Equation 3.28 may thus be rewritten as

F( St S|-lo Sl- s|+l )= 0 (3'29 ) )



F=def B{Aq,+1(H-S.,1)/(I+(l-mm)qm)}f'(s,)(l-f(So)A"

(T +q )™ (1+qy ) (3.30).
Since f"(s; ) < 0, we have then

oF/ds, <0

and it follows that, for k = t-1, t, t+1, the effect of an Si on s has the same sign as

F/aSy, .

Now, the S\'s have five different effects on s;. The left-hand side equation in
(3.28 ) embodies two of those : the effect which the allocation made last peniod has on the
price index next period, and the effect which the current allocation has on the same index.
The former, which we may call the Jagged real income effect, is associated with
the ( 1/ ( 1+ q) )™ term. It is due to the transmission, through prices, of the benefits
arising from the innovations made in monopolistic sectors with a one period lag, as
imitation destroys the rents and diffuses the gains to the consumers. The latter, which we
may call the contemporancous real income effect, is associated with
the (1/( 1+ g1))%e1 term. It is due to the immediate transmission to the consumers,
through Bertrand price competition, of the benefits arising from simultaneous innovations

in competitive sectors. The net result of the lagged and contemporaneous real income

effects may be called the pet real income effect.

Now, we have




3cte1/3Sy = A(A-1)f(S) F(SY (1-1(SY)A2 > 0

Since more resources spent on research now means an increase in the rate at
which real prices will fall next period, and since lower real prices make the dividend
income, measured in units of labour, more valuable , ceteris paribus the spillovers arising
from the contemporaneous real income effect are unambiguously positive and there is, in
the terminology of Bulow, Geanakoplos and Klemperer [1985], a strategic
complementarity between the market resource allocation S, and the representative agent's

as an increase in the former induces the agent to raise his own allocation.

On the other hand, we have

0my/aS.; = A f(Sy1) (1-f(Se1) 1(1-Af(Sw)) ,

and the lagged real income effect is ambiguous as it will be positive for the allocations S, ;
below the critical value SC and negative for the allocations above, SC being defined as the

root of ( 1 - A f(S) ) if it exits and SC =4¢r = otherwise.

What happens is that when past research activity Sy.; gets beyond the critical
value SC, the proportion of monopolistic sectors starts to decrease and the benefits of the
innovations are transmitted to the consumers in the current period to a greater extent rather
than being “accumulated”. Ceteris paribus, the real prices will then fall at a slower pace
next period, so that the market allocation S;.;, which is a relative complement for the

representative agent's s; when Sy.; < SC, becomes a strategic substitute when S,.; > SC.

From what precedes, whether the net real income effect is positive or not
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depends upon Sy.;, S, q; and q;,;. When the entrepreneur's environment is stationary,

however, that is when q; = g, and S,.; = S;, we have

/aS(mi+ ) = 9/dS(1-(1-(SY)A)
= Af(SY(1-f(Sp)A1 > 0

Since, in th-* case, the benefits arising form the innovations are transmitted to
the consumers at a uniform rate over time, and since, in the long run, more research can
only increase the rate at which real prices are falling, the market resource allocations S;_;

and S, are then net strategic complements to the representative agent's s,

The right-hand side of ( 3.28 ) embodies three different effects which, besides
the real income effects, influence the entrepreneur’s decision. The first, which we may call
the Shleifer effect, is associated with the denominator of the equation, through the
dependence of my,; on S, The second, which we may call the competition effect, is
associated with the ( 1 - f(S,) )A-1 term. Finally, the third, which we may call the

aggregate demand effect, is associated with the ( H - Sy, ) term.

As we showed earlier, for every market allocation S, below the critical value
S¢, a bigger allocation means a greater proportion of monopolistic sectors in the economy.
Beyond, it means a lesser proportion. Since the potential profit depends positively on the
proportion of monopolistic sectors through the original Shleifer [1986] effect, our version
of the effect will be ambiguous and the current market allocation S, will provide a
positive ( negative ) spillover and be a strategic complement ( substitute ) to the

representative agent's if it is smaller ( larger ) than the aforementioned critical value.

Now, we have that an increase in the level of research activity carried on by his




competitors reduces both the probability and the marginal probability of a monopolistic
innovation by an entrepreneur. The competition effect, therefore is unambiguous, as the
competitors' effort provides a negative spillover and is a strategic substitute for the

representative agent's.

Finally, as more resources spent on research next period means a lower
aggregate demand by then and, thereby, lesser profits, th> aggregat= demand effect is

unambiguously negative.

Assuming a market equilibrium exists, it will then satisfy both the first order

condition and the equality

st =S¢ (331).

Finally, a stationary equilibrium is defined as one where the solution is

stationary.
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3.4 The Muluplicity of Staticnary Equilibria

Consider now a stationary environment, i.e. one where q, = q for all t. From

the first order and equilibrium conditions, a stationary equilibrium s will satisfy the

equation

(1/14q )m*c = BDf(s)(1-f(s))A1 (332)
where

D=Aq(H-s)/(1+(1-m)q) (333),
m=A f(s) ( 1-f(s) )A] (3.34)
and

c=1-Af(s)(1-f(s))A1-(1-f(s))A (3.35).

Given the presence of at least one and, under some conditions, two channels
through which the market allocation is a strategic complement to the entrepreneur's, the
question which naturally arises is whether or not there are conditions, i.e. parametrisations
of the model, under which those effects are strong enough to dominate and lead to

multiple stationary equilibria. The answer is provided in the following proposition.



Proposition V

There exist at least one parametrisation of the model such that there are multiple stationary

equilibria.

Proof

Let f(s) be given by f(s) =1 - e (3.36)
where a=ger (1+q)/BAqQH (3.37).

Then, by construction, we have

LHS [s=0 = 1 = RHS }s=0 (3.38),

so that s = O is an equilibrium

Now, we have also

d/osLHS |0 = log(1/(1+q)).Aa

=-[(l1+q)log(1+q)]/BqH

<0 (3.39)

and



9/3sRHS= {AqB/(1+(1-m)q)}
A (H-8)(s) (1-f(s))A1 - f(s) (1 -1M(s))A!
-(A-1)(H-s)Ms)(1-1(s))A2
+RHS.F(s)(1-f(s)»2(1-Af(s))}

so that

d/9sRHS [s-0 = {AqB/ (1+q)}{-Ha2-a - (A-1)Ha%+(a/B)}
{AqBa/ (1+q)}{-1-AHa+ (1/B)}
= -[L/H])[1+(1/Bq)]

<0 (3.40)

and

3/3s RHS |so = > 9/3s LHS |s=0

if and only if

B< {(1+q)log(l1+q)-1}/q (341).
Since

LHS jpg = (1/(14q))1-Q1-THA >0 (342) ,

and




RHS |sc = 0 (3.43),

it follows, by a continuity argument, that, provided ( 3.41 ) holds, there exists at least one

st # O such that

LHS |s=st = RHS |5t ,
i.e. there exist at least one st 2 0 which is an equilibrium.

Q.E.D.

Though, for simplicity, we have picked a case where one equilibrium isats =0
and at least another one is interior, our construction could easily be modified so as to lead
to a corner equilibrium at s = 0 and multiple interior equilibria. Indeed, we can see from
Figure 1 that, provided

LHS |s=0 > RHS |s=0 :

the two curves will intersect an even number of times generically. Such will be the case if

and only if

AqQH(0)/(1+q) < 1/B (3.44).

An example where Inequality 3.44 is satisfied is then provided by lowering
slightly the value of 8 in the proof of Proposition V.



Now, if we define the gross rate of return as

R(st; St, Ste1 ) =der Edi1 / s (345),

we have, by L'Hospital Rule,

R(0;0) = AqHf(0)/(1+q) (3.46).

Also, if we define the Marginal Rate of Intertemporal Substitution as

MRIS (Si1,S:) =ger [(1/(1+q))™*%e1] / B (347),
we have
MRIS(0)=1/8 (3.48).

It follows that ( 3.41 ) can be written equivalently as

MRIS|s-0 > R(0;0) (349),

a condition formally similar to the one given by Weil {1989; Prop. 2] in the context of a
two-perind one-good consumption model which assumed the existence of a representative

agent as well as external increasing returns to investment.

Indeed, Weil's model may be interpreted as an approximation to the two-period
version of the reduced model obtained by the exact aggregation of the consumption side of




ours, provided that the aggregate consumption good therein is measured in utility terms
rather than with respect to a numérairz, that the capital stock and the endowments are
respectively defined in terms of foregone and potential utility, and that, finally, the rate of

returns refers to the intertemporal utility trade-off.

Under the preceding interpretation, the translation of our analysis of the
representative agent's decision problem is that, as long as the Shleifer and the real income
effects dominate the competition and the aggregate demand effects, the potential
intertemporal utility trade-oft of the representative entrepreneur will improve with the
market allocation of resources to research. What Weil's model fails to take into account,
however, is that the “endowments” are affected by the aggregate level of “investment”, the
current one being unambiguously reduced by the aggregate demand effect and the future

ones being eventually increased by the real income effect.

Note that our construction shows that, when it is measured in terms of the
numéraire, which, in the present context, is “labour”, the rate of return does not '.ave to be
increasing for there to be multiple equil:bria, because a strong enough real income effect
is, by itselt, sufficient. Note also that both the Shleifer and the real income effects are

features of a multisector economy which cannot be analyzed in a one-good modei.

Besides its mathematical simplicity, the case we presented also allows a simple
link with the result of Murphy, Shleifer and Vishny [1989] who mode! a switch from
pre-industrialization to industnalization as a move from a bad to a good equilibrium. They
obtain a multiplicity of equilibria by allowing any firm to choose between a constant and
an increasing retumns technology of production, the latter not being profitable for a firm to
adopt by itself, but being profitable if various sectors of the economy adopt increasing

returns technologies simultaneously.




While their model is basically a one-shot game where the coordination failure

arises because of externalities in exogenously given technologies, we are able, by
endogenising the technology, to dispense with the static increasing returns assumption
and obtain, in a framework otherwise quite similar to theirs, a dynzmic generalization of
their result by showing the possibility of muluple growth rates in general and, in
particular, the possibility of coexistence, as stationary equilibria of the same economy, of
a zero and a positive growth rate. This has some importance because, while the Shleifer
effect, which is at the root of their result, relies on a peculiar assumption of non-convexity
and can thus be criticized as a figment of the specification, the real income effect occurs
because an innovator can never fully appropriate the benefits which his innovation

generates, a feature which casual empiricism show's to pertain to any actuz! economy.




3.5 Kobustness

Having constructed an example of multiple equilibria, we may wonder how
general a phenomena it represents. One possible way to answer the question is to study its
robustness, that is to study whether or not the multiplicity will remain when we perturb

slightly the structure of the model.

Since the whole construction relied, for its tractability, on the specific
preference structure we assumed, it is not possible to study within our framework the
robustness of our example with respect to the preference structure. It is, however, easy to

show its robustness with respect to a change in the production or innovation structure.

Indeed, the multiplicity of equilibna is equivalent to the multiplicity of roots on

[0, h] of 2(s; A, q.h,f), where

208,A,q.h, 1) =ger (1/14q )™*+c - BD(s) (1 -1(s))A! (3.50),

D, m and c being respectively defined in 3.33, 3.34 and 3.35.

Now, provided the values of the parameters A, q, h and f are such that 3.44 is
met, we will have z(0) > 0 and z( h) > O and it is obvious that the curve which is the
graph of z will still have multiple roots when a small change in the parameters perturbs it

slightly ( Sec Figure 2).

An example where 3.44 is satisfied, finally, is obtained by lowering slightly the
valuc of B in our proof of Proposition V.
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3.6 Conclusion

In the second chapter, we expounded a model of a one-good economy where
long-run growth and output fluctuations are endogenous consequences of the decisions
taken by entrepreneurs on the allocation of their resources between production and
innovation in a Markovian sequence of one-period games. We showed, first, that the log
of output follows a process with random walk characteristics; second, that the variability
of the technological change process causes the rate of productivity growth to fluctuate, bu:
that those fluctuations do not imply, by themselves, the occurrence of any recession; third,
and finally, that a downturn in output is the consequence, not of a Kydland and Prescott's
[1982] negative shock on technology, but of the reallocation of factors in the face of an

“increased opportunity” ¢x ante which the entrepreneurs fail to exploit ex post

In the current chapter, we developed a model of an infinite-horizon multisector
economy where growth is endogenous and results from the actions of entrepreneurs who
seek, find and exploit the profit opportunities which arise out of process innovations. We
studied the potential coordination failures and showed that, at least for some
parametrisations of the model, there exist multiple stationary equilibria associated with
different rates of growth. We also identified the effects which are at the root of the
multiplicity, namely the Shleifer effect and the real income effect. Finally, we provided an

interpretation of our results.

Having now constructed two models of the Schumpeterian growth process and
explored their positive properties, we may wonder about their normative implications.
Indeed, we may wonder if their respective equilibria are efficient and, when not, if the
competitive process involves an overinvestment or an underinvestment in innovation, i.e.

if the rate of growth is higher or lower than efficiency would warrant.



Those are topics we treat in the next, and final, chapter.
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Footnotes

1. There exists a multiplicity of equilibria in the Shleifer [1986] model, but only one of
them is stationary.

Also, the possibility of multiple steady state equilibria is noted, but not explored, in
Segerstrom, Anant and Dinopoulos {1987] who construct a Schumpeterian model of the

product life cycle. The note is not reproduced in the published version of their work
[1990].

Finally, Greenwald and Stiglitz [1989] have a model where the equity level of a firm
constraints its level of output. Assuming productivity growth is driven by
learning-by-doing and learning-by-doing is proportional to output, they show that there
may be a multiciplicity in the level of output and the rate of growth when there are ( static )
increasing returns to scale in production. As the reader will see in due course, there is no
binding equity constraint in our model, production is made under ( static ) constant returns
to scale and the multiplicity is caused by a dynamic phenomena : real prices which fali
over ime.

2. A similar framework has been developed independently by Grossman and Helpman
[1991] in a continuous-iime framework. Their work does not bear on coordination
failures, however. Furthermore,they treat an innovation as the intrc-uction of a new good
of higher quality rather than as a reduction in the cost of productios. of an already existing
good and they are not, therefore, able to identify the “real income effect” which, as we
shall see, turns out to play an important role.




4. ENDOGENOUS GROWTH AND WELFARE

4.1 |ntroduction

An Arrow-Debreu economy has the property that any of its Walrasian equilibria
is a Paretian outcome, so that the equilibrium can be found as a solution to an appropriate
optimisation exercise. When a representative agent is assumed, the procedure is not only
possible, but also mathematically convenient, and it is, therefore, often used in the New

Classical Macroeconomics literature.

Onc may wonder at the meaning of a welfare maximisation exercise, generally
and cquivocally designated as the “Central Planner's Problem™, which involves an
omniscient, omnipotent and benevolent deity. Though we will in the sequel pursue our
analysis in the traditional fashion, it is worthwhile pointing out, lest the reader
misinterprets us and derives inappropriate implications for policy, that, interpreted as a
positive model of government behaviour, the Central Planner's Problem assumes away
the issues raised by the actual objectives of the government officials(1), as well as the
information and incentive requirements of effective intervention in the economy. Indeed, a
lot of ambiguity would be removed if, instead of the “Central Planner's Problem”, one

was (o speak of the “Paretian Problem™.

Properly understood, the point of the welfare maximization exercise is twofold.
First, it may be considered to be a useful technical artifice. Indeed, as it is generally much
easicr to solve the Central Planner's Problem than the Walrasian system of equations, the

equivalency of the two problems in a Robinson Crusoe economy where the conditions of




the first and second theorems of welfare economics are met makes the Central Planner's
Problem a mathematically simple procedure to find the set of equilibria. Second, and most
importantly, it provides a benchmark against which various possibilities may be assessed.
In particular, and for purposes of positive analysis, one can compare the set of competitive
ouicomes to the set of Paretian solutions and thereby obtain indirect insights about how
the market process solves its information and coordination problems and about how gains

from trade are perceived and realized.

Since the two models we have built are not Walrasian, their competitive
equilibria do not have to be Paretian outcomes, and their welfare properties have to be
studied from scratch. As the two models differ in their salient features, their respective
studies will allow us to focus on the capacity of the market process to handle different
types of externalities. The model of Chapter 2, indeed, refers to a one-good economy with
a succession of generations which do not overlap, while the model of Chapter 3 pictures a
multisector economy with infinitely lived agents. Though in both models the intertemporal
diffusion of knowledge eventually leads to higher real incomes, the knowledge spillover
creates an externality across generations in the former model, while it creates several
externalities across contemporaneous agents in the latter model. Finally, though
simultaneous discoveries may occur in both models, the potential replication of
discoveries in the one existing sector tend to make the innovations net substitutes in the
former model, while the occurrence of simultaneous discoveries in different sectors tend
to make the innovations net complements in the latter model. We will proceed first with

the welfare analysis of the model introduced in Chapter 2.
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42 Th -Good Economy

Let us consider the large one-good economy of Chapter 2. As it is not
Walrasian, we cannot assume its equilibrium to be efficient and its welfare properties have
to be studied from scratch. Now, our model involves a succession of generations and
spillovers arise both within and across generations. Across generations, because the
knowledge produced by the research effort of one generation is a free good to all future
generations. Within any generation, because the action of an individual entrepreneur
affects the welfare of the other agents through three different channels : First, ceteris
paribus, any increase in his allocation of resources to innovation will reduce the
probability someone else will have a monopoly on the new technological knowledge;
Second, it will reduce the amount of resources at the disposal of an eventual rentier and,
therefore, the magnitude of the potential rent; Third, and finally, it will increase the
probability that, through multiple discovenies and Bertrand price competition, the
technological knowledge and its associated rent will diffuse to those agents who will not
have made a discovery by themselves. Clearly, the latter spillover is positive; the former

two, negative.

In that context, two noticns of efficiency can be relevant. First, in a restricted
way, we may study whether or not the one-period economy is contemporaneously
efficient. That is, we may study whether or not any generation could unilaterally make
itself better off by deviating from the market equilibrium. Second, in a broader sense, we
can study whether or not the dynamic economy is intertemporally efficient. That is, we
can study whether or not any generation could be made better off without reducing the

welfare of any other generation.

Let us begin with the study of the contemporaneous efficiency of the
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one-period economy. To proceed, we will use a standard procedure in the analysis of
symmetric games and take as our benchmark the Symmetric Cooperative Solution of the
innovation race, the Symmetric Cooperative Solution being defined as the symmetric

allocation which maximizes the welfare of the representative player.

Now, in Chapter 2, Section 2, we assumed an agent's utility was given by his
expected consumption. Furthermore, we know from ( 2.11 ) that if all agents allocate
resources s to innovation, a discovery will occur with probability 1 - exp( -f(s) ), where f
is a function of class C2 which satisfies f(0) = 0, f(s) 2 0, f(s) < 1, f'(s) > 0 and {"(s) < 0.
The reader will also remember from Chapter 2, Sections 2 and 4, that h represents the
resource endowment of any individual; p,, the parameter of the linear production
fechnology as of the beginning of the period; and q, the potential productivity

improvement. The Symmetric Cooperative Solution will therefore solve the Problem

MAX Eu(h-s) (4.1)
Osss<sh
where y = (1+q) pa with probability 1 - exp( -f(s) )

= U, with probability exp( -f(s) ) ,

a problem which may alsc be written as

MAX v=_1+q(1-exp(-f(s)))(h-s) (42)

O<ssh .

Our first task will be to show the Symmetric Cooperative Solution is

well-defined by proving ( 4.2 ) has a solution which is unique. We will also give a



necessary and sufficient condition for the solution to be interior.

sitiop V

The Central Planner's Probiem has a unique solution sC. If |(0) < 1/ gh, then sC=0. If

f'(0) > 1/ qh, then the solution is interior.

Proof

By Weierstrass Theorem, ( 4.2 ) has at least one solution.

Since

ovids = qexp( f(s))f'(s)(h-s) - (1+g(1-exp(-f(s))) (43),

we have

92v/ds? = qexp( -f(s) ) (f"(s) -f2(s)) (h-s)
-(1+q)exp(-f(s) ) I'(s) (44)

and the objective function is strictly concave.

The solution is therefore unique.

Asv/0s|s-p = - (1 +q(1-exp(-f(h))) <O (458).



s = h cannot solve the Problem.

As ov/ds|s=0 = hq(0) (46),

s = 0 will solve the Problem if and only if f/(0) < 1/ hq. Otherwise, the solution is

interior and satisfies

avios = qexp(-f(s))f(s)(h-s)
- (1+q(1-exp(-f(s)))
=0 (4.7).

Q.ED.

Thanks to their respective characterizations provided by Equations 2.13 and
4.7, we can compare the Symmetric Nash Equilibrium and the Symmetric Cooperative
Solution of the one-period economy. What comes out is that there are more resources
allocated to innovation in the competitive equilibrium than in the cooperative solution, i.c.

sC < s* .

Proposition VII

Any generation could make itself unilaterally better off by reducing its level of research.

E!()OI

By Equation 4.7, sC satisiies
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F(s) =0

where

F(S)=def Q(h-s)f(s)ef®-(1+q(1-ef®))

By Equation 2.13, the market equilibrium s* satisfies

G(s*) =0

where

G(s) =ger  f'(s) (h-s ) ef® + qef® + qf(s)ef™® - 1 - g

Now, we have

G(s) = F(s) + qf(s) e-f(s)

so that, for any s > 0,

F(s) < G(s)

and, in particular,

F(s*) < G(s*) = 0 = F(s)

(4.8),

(49).

(4.10),

(4.11).

(4.12),

(4.13)

(4.14).




Since, by 4.4, F'(s) < 0, it follows

sC < s*

Q.E.D.

Because an individual entrepreneur values only the rents he creates for himself
and does not care about the rents he destroys, there is, within any generation, a negative
externality associated with the potential replication of innovations. The process of
Schumpeterian competition, therefore, involves a waste of current resources with respect
to the welfare of the current generation, and any generation could make itself unilaterally
better off by reducing its level of research. A similar result is standard in the “patent race”
literature. See, for instance, Loury [1979, Prop. V]. There, however, it applies to an

industry in partial equilibnum, rather than to a generation in temporary equilibrium.

On the other hand, across generations, the free transmission of knowledge
means that a generation's research effort provides the generations which follow with a
positive externality. Since a higher level of research involves an increased probability of
discovery and since, ceteris parjbus, the intertemporal diffusion of knowledge provides
any generation with a higher re.’ income when a discovery has occurred in a previous
period, there is a positive intertemporal spillover associated with a generation's research.
Were a generation to deviate from the intertemporal equilibrium and make itself unilaterally
better off with a reduction in its allocation of resources to research, each subsequent
generation would then have to reduce its level of research as well or see its own welfare
fall below its equilibrium level. In the former case, however, the compounded rate of
growth would fall and it follows that, in either case, some generation would eventually be

made worse off. We thus have
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Proposition VIII

The decentralized outcome is intertemporally efficient.

Proof

Suppose, by way of contradiction, that the economy is inefficient. Then there exists a
sequence of allocations s° = { sy }1=1. . Where s, is generation t's allocation and which is
such that at least one generation is better off and no generation is worse off than in
equilibrium. That is, defining V{° to be the expected utility, as of the initial period, of
generation t in the sequence s° and V* to be the expected utility of the same generation in

cquilibrium, we have, forall t,

V2 V¥ (415),

with stnct inequality for at least one t.

Now, from ( 2.18 ) and ( 2.28 ), we have

Ve = iz, a(1+q(1-exp(-(s)})(h-s) (4.16)
and
Vi* = (i+q(1-exp(-f(s*)))(h-s*) (4.17).

Wiiout loss of generclity, we can take the first generation to be better off than in
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equilibrium. By Proposition VII, we have then s; < s* . For generation 2 not be made
worse off, however, we must have sa < s* as well, whence, by recurrence, s, < s* for

all t. It follows that, for all t,

(1+q(1-exp(-f(s))) < (1+q(1-exp(-f(s*))) (4.18),

which implies

Vi = (1+q(1-exp(-f(s))) (1+q(1-exp(-f(s*)))(h-s) (4.19).

Now, from (4.15). (4.17 ) and (4.19), we have

(1+q(1-exp(-f(s))))(h-s) 2 (1+q(1-exp(-f(s*))) (h-s*)

and therec exists an A such that sy < A < s* forallt. From ( 4.16), it then follows

Ve < (14+q(1-exp(-f(A)))th (4.20)

and, from ( 4.15), (4.17 ) and ( 4.20), we have, forall t,

(1+q(1-exp(-f(A)))h = (1+q(1-exp(-f(s*,))(h-s*) (4.21)

or, taking logs and rearrenging,

t s [logh-log(h-s*)]
/{log (1+q(1-exp(-f(s*))) - log(1+q(1-exp(-f(A)))] (422),




a contradiction since the right hand side 1s a finite number and t takes any natural value.

Q.ED.

The intertemporal economy we have descnibed is thus one more case where two
externalities with effects working in opposite directions “compensate” one another and
make the decentralized outcome efficient. A policy directed at altering the on-going level of
rescarch has to be based, therefore, on a willingness to modify the utility trade-off across

gencerations.

Now, there is a popular perception, which one finds expressed in newspapers
or scientific magazines, for instance, according to which fundamental research has
important, albeit hard to forecast, future benefits. What our construction points out is that,
though the mathematics of the Greeks were of use to Kepler, it could hardly have been an
incentive for them to produce more unless they were happy to make sacrifices for the sake
of posterity. Indeed, they were aready producing more of it than their own welfare woulc

have warranted.

Since the rent-seeking aspect of the innovation race leads, per se, to an
overinvestment in rescarch, one would have to identify contemporaneous positive
spillovers, strong enough to dominate, so as to justify an increase in the research effort on
efficiency grounds. Now, the argument that a discovery made in one particular sector has
often general features applicable in other sectors as well would not do it by itself, as a
multisector economy where all innovations are perfect substitutes(® would be a particular
case of our one-sector economy and one would expect the so-callied spillover to be

capturcd in the rent.
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As we shall see in the next section, an argument can be r.xade though for the

presenc< in a multisector economy of positive contemporancous spillovers which are
dominant. It relies, however, not on informational spillovers, but on the existence of

several market imperfecions which the process of inncvation creates in its wake.




4.3 The Multisector Economy

Let us finally consider the multisector, infinite-horizon and infinitely-lived
agerts economy of Chapter 3. Like the one-good economy of Chapter 2, it is not
Walrasian. Its equilibrium ( equilibria ), therefore, cannot be assumed to be efficient and
we have to study its ( their ) welfare properties from scratch. Indeed, and more
specifically, we will [irst study whether or not the equilibrium allocation of resources is
efficient and, then, whether efficiency wouid be improved by an increase or a decrease in
tac allocation of resources to innovation; that is, we will study whether the competitive

rate of growth is higher or lower than the efficient rate.

In Chapter 3, we uncovered and studied the strategic implications of five
externalities, namely : the lagged and contemporancous real income effects, as well as the
competition, aggregate demand and Shleifer effects. Given the presence of those many
distortions, it would be rather surprising if anything general could be asserted regarding
the welfare properties of the market outcome. Indeed, the results which follow can be

summarized by saying they make more precise that impossibility.
Since all agents are alike and infinitely-lived and since the dynamic game is
symmetric, we will take, in order to proceed with our welfare analysis, the set of

Symmectric Cooperative Solutions as our natural benchmark.

The reader will remember from Chapter 3 that the intertemporal utility

functional of any agent is

0. .= B exp( fioulog xgi) di ) (4.23),



where B is the constant rate of time preference and x(i) is the quantity consumed of good i

attimelt.

Furthermore, any agent has at his disposal resources h to allocate between
production ( h - s ) and innovation ( s ) . The technologies of production are linear, the
parameters relevant in sector i at time t being p5(i) for an innovator and (i) otherwise.
The individual innovations, occur with probability f(s), where f is function of class C2
such that {(0) = O, f(s) < 1, f'(s) > 0 and f"(s) < 0. Finally, in any period, there are A
potential innovators in any given sector. To make the notation less cumbersome, we will

assume A = 1 in what follows.

Now, the welfare optimisation exercise may be decomposed in two
sub-problems : the intertemporal allocation of resources between production and research
and the instantaneous allocation of productive resources. Clearly, the latter will be solved

if we assume efficient prices, i.e. if each good is priced at marginal social cost.

From what precedes, together with Equations 3.1 to 3.5 and the fact there is

no profit income, a Symmetric Cooperative Solution { sCy,; }j=0, . will solve

MAX W, = E ZJZO, .., ® Bj (h- St )/ ](pH-jv Px) (424),
where I(psj, p) = exp { Jio.1108 ( pujli) / pi) ) di } (425).

Furthermore, the price dynamics will obey



Puy(i) = (1/(1+q))puji(i) with probability [(se;.1)
= Puji(i) with probability 1 - f(s;.1)
so that
(put, P = (1/(1+q))f
and

1Py PO = TMk=0.. g1 (1/(1+q) )50k

We thus obtain

Wi=3.0 ,=B(1+q )Ek=0, . j-1 f61ek) Ch-54)

Let us define now the state variable x; by

xj =dof 2k=0_ J-1 f(S“k)

and notice its law of motion is given by

X0 = Xy 4+ f(suj)

(4.26a)
(4.26b) ,

(4.27a)

(4.27b) .

(428).

(4.29)

(4.30).

The Bellman equation for our dynamic optimisation problem can then be written as



V(x)= MAX { (1+q)*(h-s) +BV(X)}

S

The first order condition is

-(l+gq ) +BV(x+f(s))f(s) =0

and the Benveniste-Scheinkman formula i1s

Vi(X) = (1+q) log(1+q (h-s) +BV(x+1(s))

Now, using the particular structure of the objective, we can see that

VX) = (1+qQ)*Z-0, . =B (1+q)3k=0, i1%% (h-s,)

and

Vi(x) =V(x)log(1+q)

Similarly,

V(x +1(s))

and

V(x+1(s))

(1+qY+fOF 45 =B (14+q)k=0, .i-1760 (h-s,)

V(x+1(s))log(1+q)

(431)

(4.32)

(433).

(4.34a)

(4.34b).

(4.34¢c)

(4.34d),




so that

V(Xx+1(s)) = (1+q)®V(x) (4.34e)
and

VI(X+1(s)) = (1+q)®V(x) (434f).

From the Benveniste-Scheinkman formula 4.33 and Equation 4.34f, we have then

V(X+1(s)) = (1+q)E(1+q)log(1+q)(h-s)(1-B(1+q)®)!

and the first order condition 4.32 may be rewritten as

-(1+4g)* + B(1+q)®(1+q)*log(1+q)(h-s)(1-B(1+q)®)If(s) =0

or, cquivalently,

B{(1+q)®log(1+q)(h-s)(1-B(1+q)® yIf(s)} -1 =0 (435),

an equation whose solution is independent of the state variable x.

We have thus proven



Proposition IX

The Symmetric Cooperative Solution is a stationary sequence, i.e. sC,, = sCforall j 20,

where sC is a constant.

The Paretian Problem is to maximize the present value of the stream of real per
capita income. Investing in research, therefore, involves a trade-off between the base of
the stream and its rate of growth as the potential production of the resources allocated to

research 1s foregone so as to obtain a faster rate of productivity growth on the remaining

resources.

The Problem is best understood, however, when interpreted in capital-theoretic
terms3). Thus stated, it can be seen as the choice of a time-path of research which will
produce the knowledge of the highest capital value. Since any factor allocated to
opportunity seeking is foregone for production purposes, the Problem involves a trade-off
between the accumulation of new capital through the innovation process and the
depreciation of the old capital through the reallocation of resources from production to
research. For a given allocation, thence, the objective function W may be interpreied as
the capital at time t. Likewise, the capital-theoretic interpretation of the optimality condition
4.32 is that the optimal allocation of resources will be such that, in each and every period,
the marginal accumulation of new capital will be equal to the marginal depreciation of the
existing capital. What Proposition IX tells us, finally, is that, on the optimal path, capital

will be accumulated at a constant rate over time.

Knowing implicitly the set of Symmetric Cooperative Solutions from Equation
4.35, we can finally use it as our benchmark in order to assess the welfare properties of

the set of market equilibria. As we mentioned earlier, it would be surprising if, in the




presence of severzl externalities, anything general could be asserted. Indeed, it turns out
that, depending upon the particular values taken by the parameters, the allocation of
resources to innovation may be either too high or too low; that is, efficiency gains may be
achieved either through a reduction or an increase in the rate of growth.

OpOoSitio]

Depending upon the particular values taken by the parameters, the competitive process

may lead to overinvestment or underinvestment in research.

Proof

From the first order condition of the Central Planner's Problem, we can see that s = 0 will

be optimal if

B<1/[log(1+q)fO)h+1] (436).

Now, any market equilibrium will be interior provided

B>(1+q)/qhf(0) (437).

The level of research in equilibrium will therefore be too high for the parameter values

which satis{y tuth inequalities simultaneously.

Likewise, if

B>1/[log(1+q)fO)h+1] (438),



it will be optimal to allocate a strictly positive quantity of resources to research. However,

if

B<(1+q)/qhf(0) (439),

there will be a market equilibrium at s = 0.

Under the parameters values which satisfy both inequalities, there will thus be a market

equilibnum such that the aflocation of resources to research is too low.

Q.E.D.

As it is well known, while one externality causes an inefficiency, many which
work in opposite directions can compensate one another In the present context, the
contemporaneous real income effect is positive, the Shleifer and the lagged real income
effect both ambiguous and the competition and aggregate demand effects both negative. It
is therefore not surprising to see the order relation between the competitive and the

benchmark allocation shift as the parameter values change.

Given the economy is inefficient, one may wonder if some government
intervention could not improve matters. For this to be the case in a world of imperfect
markets and imperfect governments, the intervention would have to bring less inefficiency
than it is supposed 1o eliminate. Now, in the Schumpeterian world we described, a
Planner would face terrible informational problems. Indeed, the criteria which allow one
to determine whether there is an inefficiency or not ( Inequalities 4.36 to 4.39 ) involve

threc unobservable magnitudes : the rate of time preference B, the marginal probability of a




discovery f'(0) and the potential productivity improvement q. One must remember,
furthermore, that, although it is an acceptable simplification for theoretical purposes to
assume those parameters to be identical across agents and over time, they would vary ina

more realistic interpretation.

In order to design an efficient intervention, therefore, a Planner would have,
first, to learn somehow the primitives of the system, and, then, to trace out the complex
web of distortions and strategic interactions to figure out the net result of his potential
actions. In this task, he would face two difficulties. First, an agent will not reveal the
private information he has unless he thereby makes himself better off. Second, and most
importantly, an agent will not use scarce resources to acquire such information in the
absence of adequate incentives. The Planner's process of knowledge acquisition wil! thus,
in all likel:%o0d, not only provide the Planner with an information more noisy than the
private agents', but will also destroy some of their information. Finally, as there is no
simple rule to follow, each case would have to be dealt with on a “ad hoc™ basis, which
means that the knowledge would have to be gathered through large-scale social

experimentation. This, of course, would have unknown and unforeseeable consequences.

We suggest, therefore, that the design of an efficiency improving intervention
is likely to be an unmanageable task and that a decentralized solution, albeit imperfect,
may be as much as one can realistically hope for. On that conjecture, which is also an

invitation to further research, it is fit that we now leave our reader.

. -
G



Footnotes

1. A principal-agent problem, in contemporary jargon.

2. Consider the case, say, where all final goods are perfect substitutes and where all
innovations improve the productivity of labour in the same proportion.

3. The reader will note that the competitive problem could also have been interpreted in
capital-theoretic terms. Such a study would, however, be outside the bounds of the
current monograph and is left for a future paper.
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