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ABSTRACT

Traditional models of international trade theory typically assume that factors of pro-
duction are in fixed supply. The objective of the thesis is to examine the effects upon
a number of well-known comparative statics results when the levels of supply of some
factors of production are allowed to adjust endogenously. A dual trade model is used
to incorporate endogenous factor supply into a general m-good, n-factor trade model,
to allow for as general an analysis as possible. The traditional assumptions of constant
returns to scale in production and perfect competition in all markets are retained so
as to concentrate on the effects of variable factor s1pply. It is assumed that there
exists a single representative consumer who owns all factors of production and has
preferences over produced goods and some of the factors of production. The effects
of an exogenous world price shock on output supply, output demand, and net exports
in a small open economy where some factors are endogenously supplied are derived
and compared to the comparable effects in an economy where all factor supplies are
fixed. Conditions are found under which the effects of a world price shock on output
supply, output demand, and net exports are magnified when some factors are en-
dogenously supplied. The effect of variable factor supply on the probability of factor
price equalization is described. The effect of an output price shock on input prices,
and of an endowment change on outpnut supplies, is examined when factor supplies
are variable. The model is modified to incorporate tue presence of trade and factor
taxes. Conditions are described under which a giver trade tax change has a larger
welfare effect in a small open economy when factor supplies are variable. When some
factors are taxed, variable factor supply is sufficient to imply the existence of optimal
second-best trade taxes in a small open economy. All theoretical results are repeated

using a simple numerical general equilibrium model, to illustrate quantitatively Low
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the results of the comparative statics experiments change as factor supply elasticities

varies.
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1. INTRODUCTION

The traditional two-country, two-good, two-factor model of international trade theory
has been used to establish a number of results relating to the pattern of trade and the
equalization of factor prices between countries, the effects of changes in endowments
and output prices upon output levels and factor rewards, and changes in the pat-

tern and volume of trade due to endowment and price changes, among many others.

It was typically assumed that production sectors used identical constant returns to
scale technology in both countries, conditions of perfect competition prevailed in both
countries, and no externalities or distortions such as taxes were present. The theory
has been advanced to a large extent by considering the implications for these and
other results of the relaxation of these assumptions. The application in recent years
of duality theory to the study of international trade has facilitated the analysis of how
many of these results relate to or change in higher dimensional general equilibrium
trade models. The relevance and robustness of many of these results has been consid-
ered when the traditional ascumptions of perfect competition and constant returns to
scale technology are relaxed to allow for monopoly and increasing returns to scale in
production. The effects of trade, factor, and output taxes in traditional trade models
are also relatively well known.

Considerably less attention has been paid to the assumption that a nation always
fully employs a fixed and exogenously given supply of factors of production. The
effects of changes in factor supplies are considered only to the extent that these factor
supply changes are ea;:ogenous, as in the Rybczynski theorem. It would be m\'ch more

appropriate to allow factor supplies to adjust endogenously to price changes and other

exogenous shocks, so that the levels of factor supplies are ultimately consistent with

the optimizing behaviour of the economic agent who owns these factors.
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The appropriate place to begin any discussion of the cflects of endogenous factor
supply in a model of international trade is Kemp and Jones (1962). A simple two-
good, two-factor Heckscher-Ohlin model is altered to reflect the fact that the supply
of one factor (labour) is variable, while the supply of the second factor (land) is held
fixed throughout the analysis. Total supply of labour is the difference between the
total fixed stock of leisure in the economy and the demand for leisure in the economy.
Leisure is expressed as a reduced-form function of the relative price of the two goods,
the real wage, and the vaiue of the total fixed stock of leisure. Enough structure
is placed upon consumption technology so that leisure demand is a homogeneous
function, and the price of good 1 is chosen as numeraire. Given this labour supply
function, the model is completely described by a linearly homogeneous production
function for each good, conditions reflecting the fact that each factor is paid the
value of its marginal product in each industry, and a full employment condition for
each factor.

An expression is derived for the effect of a change in the supply of output of goods 1
and 2 in response to a change in relative commodity prices. A necessary and sufficient
condition is obtained such that an increase in the relative price of good 2 results in
an increase in the supply of good 1 and a fall in the supply of good 2. The authors
demonstrate that the condition for Hicksian stability in the labour market is not
sufficient to rule out the possibility of observing these perverse output effects. Even if
the labour supply elasticity with respect to the price of labour is zero, the possibility
of substitution between leisure and the two goods implies that perverse output effects
cannot be ruled out.

An offer curve is described by the difference between output demand functions, which

depend upon the relative price of the two outputs and total income, and the output



supply functions. It is shown that the presence of variable labour supply results in
the possibility of the offer curve bending backward on itself, so that an increase in the
price of the imported commodity leads to an increase in imports. It is shown that a

backward-bending labour supply curve is a necessary condition to observe this resuit.

It is curious that, while the leisure demand function depends upon output prices,
the price of labour, and total income, output demand functions depend only upon
output prices and income. This assumption about preferences results in the fact
that the offer curve will be backward-bending only if the labour supply curve is
also backward-bending. It would be preferable for preferences to reflect the effect
of changes in the price of labour upon the demand for outputs, since output price
changes will necessarily imply changes in input prices. As well, it should be noted
that sufficient conditions to rule out perverse output effects or backward-bending

offers curves are not derived.

In Frenkel and Razin (1975), the effect of variable factor supplies upon the shape
of the production possibility frontier is examined. The same two-good, two-factor
production model as was used in Kemp and Jones (1962) is employed, but now both
factors of production are in variable supply. The variable factor supply functions in
this case are reduced form functions of the own-factor price only. The percentage
change in factor supply is equal to the factor supply elasticity multiplied by the
percentage change in the own-factor price. The Le Chatelier principle is applied to
show that the production possibility frontier will always be concave to the origin, and
that the substitution elasticity between factors as well as the production elasticities
will be larger, the larger are the factor supply elasticities.

The implications of negative factor supply elasticities (ie: backward-bending factor




supply functions) are not considered. As well, the indirect effects of output price
changes on factor supplies are zero, since preferences are such that the supply of a
factor is a function only of its own price. Income effects on factor supplies are also

ignored.

A geometric examination of the effects of endogenous factor supply upon the shape
of the production possibilities set is given in Martin (1976). The production side of
the model is essentially the same as that in the two papers described above. Two
goods are produced using two factors of production. Production technology is linearly
homogeneous, and there is perfect competition and no externalities. The production
possibilities frontier is derived for a small open economy, so world prices are given.
Preferences over factors of production are not described by an explicit factor supply
function, but it is implicitly assumed that factor supplies respond to own-price changes

only.

The production possibility set is derived by considering the change in factor rewards
implied by a given terms-of-trade change through the Stolper-Samuelson relationship
between input and output prices (assuming both goods continue to be produced). The
input price change implies a change in factor supply dependent only upon the own-
price factor supply elasticity. This factor supply change results in an output supply
change according to the Rybcyznski relationship between factor supplies and output
supplies (at constant output prices). As a result, two changes in output supply are
derived. The change in production due to the output price change at constant factor
supplies, and the changein production due to the changein factor supplies at constant
prices. It is shown that perverse output effects are possible if the factor supply
responses are perverse. That is, if an increase in the real return to a factor causes

factor supply to fall, it may be that an increasein the world output price causes output



of that good to fall. It is also noted that actual output supply at any given terms-
of-trade is dependent not upon factor endowments but upon factor supplies, which
are now endogenous. It is also shown that the likelihood of complete specialization
increases, and therefore the likelihood of factor-price equalization decreases, as factor

supply elasticities increase,

It is important to mention again that the implicit assumption about preferences over
the endogenously supplied factors implies that there is no possibility for substitution
in consumption between factors and goods. As well, all income effects upon factor

supplies are aggregated into a simple reduced-form factor supply elasticity.

The issue of perverse output effects resulting from the presence of endogenous factor
supplies is considered from an empirical point of view in Martin and Neary (1980).
The model used is the Kemp and Jones (1962) model where two goods are produced
using two factors, one of which (labour) is endogenously supplied. The aggregate
labour supply function is dependent upon output prices of the two goods, the return to
labour, and total unearned income. Asin Kemp and Jones (1962), it is demonstrated
that perverse output effects are possible if the labour supply curve is backward-
bending. It is also noted that the likelihood of factor-price equalization is reduced
when factor supplies are variable. The objective is to examine whether perverse
output effects can be generated using simulations based upon literature estimates of

labour supply elasticities and <ross-price elasticities.

The simulations are carried out in two stages. Estimates of the overall labour supply
elasticity are generated, based upon literature estimates of the own-price and cross-
price labour supply elasticities. It is established that a backward-bending supply

curve (i.e. a negative overall labour supply elasticity) is consistent with a number of




combinations of parameter estimates. Output responses are then simulated for given
output price changes, using different estimates of the overall labour supply elasticity,
for values of the factor substitution elasticity in output production ranging from 0 to
1. Only one combination of parameters is found to be consistent with the existence

of perverse output effects and stability in the labour market.

A more general treatment of endogenous factor supplies in international trade theory
is given in Woodland (1985). In an m-good, n-factor general equilibrium trade model,
it is assumed that a subset of the factors of production are endogenously supplied.
Preferences over endogenous factors and the m produced goods are represented by
a continuously differentiable utility function. The consumption sector first chooses
expenditure-minimizing levels of consumption of the m goods, for given output prices
and given levels of supply of the endogenous factors, which yield a given level of utility.
In the second stage of the consumers problem, the level of supply of endogenous
factors is chosen. The production sector maximizes total revenue given supplies of
both the endogenous and exogenous factors. In equilibrium, the consumption sectors
reservation wages for the endogenous factor will equal the production sectors shadow

prices for the endogenous factors.

Output supply and net export responses to a given output price shock are derived.
The potential for perverse output effects is illustrated with a simple two-good, two-
factor example when one factor is endogenously supplied. A necessary condition for
an increase in the price of imports to cause an increase in imports is demonstrated

for the same two-good, two-factor model.

The most recent treatment of variable labour supply in international trade theory is

given in a working paper by Mayer (1988). The model is essentially the same as that



described by Kemp and Jones (1962). Two goods are produced using two factors,
capital and labour. Capital is in fixed supply. Labour supply is modelled as being
variable in one of two ways. In the first scenario, a constant number of homogeneous
workers choose number of hours worked per day, which essentially reduces to the
familiar labour/leisure choice made by a representative consumer. Preferences are
represented by a utility function in which leisure demand is weakly separable from
demand for goods, eliminating the possibility that goods and leisure are complements.
It is also assumed throughout that labour is a normal good, so that an increase
in income causes an increase in the demand for leisure, implying a fall in labour
supply. Since all perverse cross-price effects on labour supply are assumed away due
to the special form of the utility function, perverse output effects (due to own-price
changes) are possible only due to very strong income effects on labour supply, which
are dependent wholly upon whether the good whose price is changing is imported or
exported. If the good is imported (exported), income in equilibrium will fall (rise) as
the price of the good rises, so that the income change will cause labour supply to fall

(rise).

The analysis continues by examining the imposition of an import tariff in the neigh-
bourhood of free trade. Income effects are zero since tariff revenue is zero at free
trade. Along with the other assumptions of normality of labour supply and the ab-
sence of complementarity between labour and other goods, this leads to the conclusion
that output supply effects of the imposition of a tariff in a small open economy are

magnified if labour supply is variable.

The second scenario used to examine variable labour supply assumes that hours

worked per employee are constant, but that workers make the discrete choice whether

or not to work. In order to arrive at conclusions similas to those derived in the first




scenario, a number of very strong assumptions are imposed (i.e.: Cobb-Douglas utility

function, so that the income effect disappears).

The assumption made throughout that labour is normal and is never a complement
for goods is very strong, especially when considering the fact that (as was pointed out
in Kemp and Jones (1962, among others)) backward-bending labour supply curves
cannot be ruled out even if income effects on labour supply are zero when consumers

can freely substitute between labour and goods.

Our objective is to examine the effects of the presence of endogenously supplied factors
in a general equilibrium trade model. In Section 2, we describe a small open economy
producing m goods using n factors of production in equilibrium, where a subset of
the factors are endogenously supplied. The model is similar to that described in
Woodland (1982), except that in our case, the consumption sector chooses levels of
cousumption of goods and levels of sup .y of the endogenous factors to maximize
utility, given output prices, returns to the endogenous factors, and total fixed factor
income. Ir the Woodland model, the level of supply of the endogenous factors appears
as a parameter in both the production sector’s problem and in the consumption
sector’s problem due to the specification of the consumer’s problem as a two-stage
maximization problem. The model is analogous to one where factor supplies are fixed,
but there exist non-traded goods. Instead of a factor being endogenously supplied,
there exists an extra production sector whereby one unit of a factor (for example,
labour) is converted into one unit of a consumable factor (for example, leisure), and
this good is non-traded. It is felt that our approach lends itself more easily and
provides for a more transparent analysis of the fundamental difference between a
general equilibrium trade model where factor supplies are endogenous rather than
perfectly inelastic, which is the separation of the production sector’s problem from



the consumption sector’s problem.

To illustrate, consider a small open economy at free trade equilibrium, producing two
goods using two factors of production, and suppose both factors are in fixed supply.
It is well known that, given a change in world output prices, the behaviour of the
production sector will imply a change in input prices, independent of the behaviour
or response of the consumption sector to the change in output prices (the Stolper-
Samuelson theorem), as long as both goods continue to be produced. The change in
production of both goods implied by the output price change can also be determined
independent of the consumption sector. If one of the factors is endogenously supplied,
then as long as both goods continue to be produced, the same output price change
will still imply the same input price change. However, since factor supply will now
adjust to the output price change, the change in output supply can no longer be
determined without explicitly considering the response of the consumption sector to

the price change.

It is also well known that if the small open economy produces fewer goods in equilib-
rium than there are factors of production, then the change in input prices due to a
given output price change when all factors are in fixed supply will generally depend
upon the vector of fixed factor supplies. However, the input price change is still de-
termined independent of the behaviour of the consumption sector. This separation
of the production sector equilibrium from the consumption sector equilibrium breaks

down when some factor supplies are endogenous.

In Section 3, we derive the effect of a given output price change on equilibrium

output supply, output demand, and net exports, in an economy where some factors

are endogenously supplied. Unlike most previous analyses, which focus primarily on




identifying the possibility of observing perverse output supply and net export effects,
we pay particular attention to the consumption sector as well. Attempts are made
wherever possible to derive sufficient conditions which ensure that perverse results
can not occur, and to identify the necessary conditions which must hold for perverse
results to occur. We also derive the corresponding output supply, output demand,
and net export effects due to the same output price change in the traditional model,
when all factor supplies are fixed, and derive sufficient conditions such that output
supply, output demand, and net export responses due to a given world price change
are larger when factor supplies are variable. Results are derived in a general m-good,
n-factor model. We consider separately the cases where the number of factors is
equal to the number of goods and where there are more factors than goods. We also
examine the two-good, two-factor case, and describe results when all production and
consumption technology can be represented by Cobb-Douglas functions. The latter
example is included to provide a more intuitive understanding of the effects of variable

factor supply, since results tend to get complicated in the general model.

The presence of endogenous factor supply essentially implies that the endowment
point in the traditional trade model is endogenous. As a result, the presence of
endogenously supplied factors will affect the results of the factor-price equalization
theorem. While the actual statement of the factor-price equalization theorem is un-
affected by variable factor supplies, the probability of factor-price equalization may
be increased or decreased when some factors are endogenously supplied. In Section 4,
we illustrate this result with a simple two-good, two-factor numerical example, where
production technology is represented by Cobb-Douglas production functions, and one
of the two factors of production is endogenously supplied. Preferences over goods and
the endogenous factor are represented by a Cobb-Douglas utility function. We can

10




then show how changes in preferences over the endogenously supplied factors affect
the shape of the diversification cone, thereby affecting the probability of factor-price

equalization.

The presence of endogenous factor supply upon the effect of output price changes on
input price changes (the Stolper-Samuelson effect) is examined in Section 5. As noted
above, when the number of goods equals the number of factors, thé eftect of output
prices on input prices is the same whether 1he factors are endogenously supplied ot
not as long as the same goods continue to be produced in equilibrium. This is not
the case when there are more factors than goods. We also consider the eftect of
endogenous factor supply on the magnification effect of output prices on input prices
predicted by the specific factors model. In Section 6, the dual Rybczynski effect
is also analyzed when factor supplies are variable, in the case where the number of
factors is equal to the number of goods, when there are more factors than goods,
and in the specific factors model. An example is given to illustrate the results in
the two-good, two-factor case, whete one factor is endogenously supplied, and the

production functions and the utility function are all Cobb-Douglas.

We proceed to consider the effect of endogenous factor supply in a small open economy
where trade is distorted due to the existence of trade taxes. Sufficient conditions are
derived such that a given trade tax change has a larger effect on welfare and trade tax
revenue when factor supplies are allowed to adjust to the trade tax change than when
factor supplies are held fixed. We also consider the optimal tariff problem for a small
open economy, and provide a proof that a trade tax vector equal to the uull vector
is globally optimal for the small open economy, when some factors are endogenousl):
supplied. We also consider the optimal tariff problem for a large economy able to

affect world terms-of-trade, and give conditions under which the nation’s optimal

11




tarnff is smaller when factors are endogenously supplied.

The model is modified to allow for the presence of taxes on the endogenously supplied
factors. Of course, factor taxes in this model will generaliy result in factor supply
changes. We show that in the neighbourhood of zero trade and factor taxes, an in-
crease in the tax on an endogenously supplied factor causes an unambiguous fall in
factor supply and domestic welfare in a small open economy. We then describe con-
ditions under which a trade tax increase will improve domestic welfare, by offsetting

the factor-market distortion caused by the tax on factor supply.

In the final section we construct a numerical general equilibrium model of the Cana-
dian economy to illustrate the results described in the previous sections. The 1982
world benchmark equilibrium data set of Nguyen, Perroni and Wigle (1989) is modi-
fied so as to represent Canada as a small open economy producing two goods using en-
dogenously snpplied labour and inelastically supplied capital. A single representative
consumer owns all factors and consumes the two goods and leisure. Production tech-
nology and preferences over goods and leisure are represented by flexible functional
forms so that the initial equilibrium is calibrated to specified substitution matrices.
The quantitative effects of variable factor supply are illustrated using this model by
comparing the results of a given counterfactual experiment for different specifications
of the leisure demand elasticity. A given world price change will result in different
output supply, output demand, and net export changes as the leisure demand elas-
ticity is changed. We also examine the effect of different specifications of the leisure
demand elasticity upon the output supply response to a given endowment change.
These results are all compared to the corresponding results derived in the earlier the-
oretical sections, and are meant to serve as quantitative examples to complement the

eatlier qualitative results. The same numerical model is revised to compare optimal

12
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tariffs for an economy with some matket power, given different specifications of the

leisure demand elasticity. Concluding comments follow in Section 9.




2. DUAL TRADE MODEL WITH ENDOGENOUS FACTOR SUPPLY

The standard m-good n-factor version of the Heckscher-Ohlin trade model is revised
to accomodate the presence of endogenously supplied factors. The maximum value
functions of the production and consumption sectors are derived. It is shown how the
envelope properties of these functions yield standard output supply, output demand,
and net export functions. Also, factor supply and factor demand functions are derived
for those factors of production which are endogenously supplied.

2.1 Production Sector

Consider an economy with m perfectly competitive industries producing outputs
¥ = (§y1,¥2,---,Ym). Each industry uses inputs o' = (ai,...,a%), i = 1,...,m,
and constant returns to scale technology summarized by the twice continuously dif-
ferentiable, strictly quasi-concave production functions f'(a‘), i = 1,...,m. Suppose
that a subset ¢ < n of the factor: of production are endogenously supplied, while
the remaining n — e factors are exogenously supplied. The endowment vector can be

written as:
(2.1) (v’, 1')’) = (v,, U2y.o.y Ve 17,4.1, 5,4.2, ey 5,,) € R:,

with v € RS,0 € R}™*. We correspondingly decompose the factor price vector into
w € R,,,® € R};¥. There is no joint production and no intermediate inputs in
production.! Welet ¢ = (py,...,pm) € RT be the vector of domestic output prices
corresponding to y. For any given &, the feasible production set is a subset of R™**,
as given in equation (2.2), since industries will choose output levels and demand for

For a demonstration of how joint production and intermediate inputs in production
are modelled in this trade model with duality, see Woodland (1982), ch.5.
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inputs which are endogenously supplied.

Y(3) = {(v,v) € R}* |y < fi(a'); @20 Vi,j; y=>0;
2 m o m
(2:2) Ea}Sﬁ,-,j=e+1,...,m;24}56,-,j=1,...,e}
i=1 i=]l

Total use of the j** endogenously supplied factor must be less than #;, the total

available supply of the j¢* factor in the economy. The problem of maximizing GNP

now consists of choosing a vector (y',v’)’ € R}** to maximize the difference between
total revenue and total payments to the endogenously supplied factors, for given
input and output prices w and p and endowment vector ¥, subject to feasibility of
the production process. This problem is summarized by the modified GNP function
(2.3):

(2.3) G(p,w,?) = max {p'y—w'v|(y,v) € Y(¥)}.

Note that the modified GNP function maps from a parameter space which is a subset
of R+". This is also the case in the traditional version of the Heckscher-Ohlin model
when all factors of production are exogenously supplied. However, in that model the
vector of fixed factor endowments is an argument in the GNP function, while in the
current version of the model with endogenously supplied factors, the price vector of
the endogenously supplied factors, w, is an argument in the GNP function. This
factor price vector will ultimately be determined from the interaction of the factor
markets for endogenously supplied factors, in general as a function of output prices
and fixed factor endowments, as will be explained after consideration of the demand

side of the economy. °

Note also that this modified GNP function does not actually measure GNP, but that,
in equilibrium, it will equal fixed factor income, m,; = 5.2

3 When e = n, all factors are endogenously supplied. In this case, the modified GNP




The modified GNP function will be:

continuous and differentiable

non-decreasing, homogenous of degree one, strictly concave in ©
(2.4) homogenous of degree one in p and w

non-decreasing, strictly convexin p

non-increasing, strictly convex in w.
An increase in the price of any one endogenous factor causes GNP to fall linearly,
cet. par. Substitution in production will result in a smaller fall in GNP as producers
substitute away from the factor whose price has risen, so the GNP function will be

convex in w. See Appendix, p.128, for proof.

Application of Hotelling’s lemma will give:

(2'5) Gp(p! w, 6) = y(P, w, t.;)
(2.6) Gu(p,w,9) = —v(p,w,?)
(2.7) Gis(p,w,?) = w.

The dual problem to maximizing GNP in this model is summarized by equation (2.8):
(238) mip{w's + ' | 6(0,8) 2 i =1,...,m; 0,5 2 0},

where ¢’/(w, @) is the unit cost function for industry i. Since the production functions
are all homogenous of degree one, we get ¢!(w,@)y; = C(w,@,y:), i = 1,...,m,
where Ci(w, 0, y;) is the minimum cost function for firm i, : = 1,...,m, given by

equation (2.9):

(2.9) Ci(10,,4:) = min{(w', )a" | £i(a') 2 yiv g} 2 0,¥,j}.

function becomes a profit function, and given the mumon of constant returns to
scale production tec loE', will equal either zero or infinity in equilibrium. Given
this somewhat undesireable characteristic, we assume e < n unless otherwise noted.
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Define c{w, @)’ = (¢'(w,®),...,c™(w,w)). Then we know that each ¢(w, w) is:3

continuous and differentiable

(2.10)
non-decreasing, homogenous of degree one and strictly concave in w, w.

The Kuhn-Tucker necessary conditions for the industry cost minimization problem

are given by equations (2.10) and (2.11).

(2.10) p - c(w,d) <0 <y
(2.11) ¢(w, @)y - vi(p,w,my) <0 < w; i=1,...,e

(2.11") c(w,B)y; — % <0 < W; ize+1,...,n.

This notation is the same as that used in Woodland, 1982, p.13, so that p— c(w, W) <
0 < yis equivalent to p;~c(w, @) < 0; y; 2 0; and yi(pi~c(w,®)) =0; i =1,...,m.
The cost minimization problen. is dual to the GNP problem in the sense that all
information about the production technology in the economy can be retrieved from
either the GNP function or the cost function. Note that equation (2.11') reflects
the first-order conditions for the endogenously supplied factors, whose supply is now

determined by the consumption sector.
2.2 Consumption Sector

Suppose the ¢conomy is populated by ¢ individuals with identical and homothetic
preferences. The consumption vector for the economy is represented by the vector
2 = (21,...,2m) € R}. In order to incorporate the presence of endogenously sup-
plied factors into the demand side of the economy, we assume that there exists a
twice continuously differentiable strictly quasi-concave utility function which repre-

sents preferences over consumption and factor supply vectors, U(z,v). The utility

3 see Woodland, 1982, pp.25-26, or Varian, 1984, pp. 44-45.




function U is non-decreasing in z and non-increasing in v. The demand side of the

economy can be summarized by the expenditure function:
(2.12) E(p,w,p) = min {p'z - w'v|U(z,v) 2 p; 2z,v 2 0}.

The expenditure function will be:

continuous and differentiable

homogenous of degree one in p and w
(2.13)

non-decreasing, strictly concave in p

non-increasing, strictly concave in w.
An increase in the price of any one endogenously supplied factor will cause expen-
ditures to decrease linearly, cet. par. Consumers would then be able to substitute
towards supply of the factor whose price has increased (for example, an increase in
the price of labour is an increase in the price of leisure, so consumers would prefer
to demand less leisure or supply more labour), and maintain the same level of utility.
Thus the expenditure function will be strictly concave in w. See Appendix, p.128, for

proof.

Application of Shepherd’s lemma to equation (2.12) implies that (2.14) and (2.15)

will hold in equilibrium.
(2.14) EP(P’ w,p) = z(p’ w, k)

(215) Ew(ps wsﬂ) = “'U(P, w, l‘)

The dual problem of utility maximization is summarized by the indirect utility func:

tion in equation (2.16):

(2.16) V(pyw,my) = max {U(z,v) | f'z — w'v <my; 2,020}
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The indirect utility function will be:*
continuous and differentiable
homogenous of degree zero in p, w, and m;
(2.17) non-increasing, strictly quasi-convex in p
non-decreasing, strictly quasi-convex in w
non-decreasing in m;.

Roy’s identity ensures that (2.18) and (2.19) will hold in equilibrium:

(218) Vr"(p’wsmf)lvm!(pawaml) = -z(p,w,m;)

(2.19) V.,(p,w,mf)/Vm,(p,w,m;) = v(p,w,my).

2.3 General Equilibrium and Trade

The balance of trade function for this economy with endogenous factor supplies is
given by the difference between the modified GNP function and the expenditure

function, in equation (2.20):
(2.20) S(p,w,?) = G(p,w,d) - E(p,w,V(p,w,G(p,w,7))).

Since the GNP function is strictly concave in p and w, and since the expenditure
function is strictly convex in p and w, the balance of trade function must be strictly
concave in p and w. The equilibrium conditions for goods and the endogenously sup-
plied factors can be obtained directly by differentiating the balance of trade function.
If we assume that some of all goods is produced and consumed, the net export func-

tion for this economy will be given by the output price derivative of the balance of

See Appendix, p.129, for the proof that V(p,w,m;) is non-decreasing, quasi-convex
in w.
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Figure 2.1

trade function:
.’l?(p, w, 5) = Sp(p1 w, ﬁ)

= Gp(p,w,0) — Ep(p,w, V(p,w, G(p,w,?))).
The condition that factor demands equal factor supplies is given by the input price

(2.21)

derivative of the balance of trade function:
0 = Su(p,w,d)
(2.22)
= w(?v w, I.’;) - Ew(p7w$ V(p?wf G(P1w7ﬁ)))‘

This equilibrium is illustrated in Fig. 2.1 for the case where m =n =2,e =1, s0

that one of the two factors of production are endogenously supplied.

The total available supply to the economy of the endogenously supplied factor v, is
#;,. When all of this factor is consumed, none is supplied to the production sector,

20



and the relevant production possibility frontier is the point #;, where none of goods
1 or 2 is produced. When all of factor v, is supplied to the production sector, we get
the “maximal” production possibility frontier OAB. Given output prices py, p;, and
some endowment of the exogenously supplied factor §;, equilibrium output is (y;, y2),
equilibrium consumption is z;, z;, and supply of factor v, equals demand for factor

.
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3. OUTPUT SUPPLY, OUTPUT DEMAND, AND NET EXPORTS

The effect of an output price change upon output supply, output demand, and net
export functions in this model when all factors are exogenously supplied is very well
known. For example, given the assumptions made thus far, if ¢ = 0, then output
supply functions will slope upwards, or the supply of output of a good will rise when
the price of that good rises. The objective of this section is to examine how robust
these sorts of results are to the presence of endogenously supplied factors. We also
seek to determine whether, for a given output price change, the output supply, out-
put demand, and net export response is larger (in absolute value) when factors are
endogenously supplied compared to when factor supplies are perfectly inelastic. Note
that we will not be comparing these comparative statics 1esults in the endogenous
factor supply model to the corresponding results in a Heckscher-Ohlin model, since in
the latter model, factors are never consumed. Factor supplies do not enter the utility
function of agents in the Heckscher-Ohlin model, so that the two models are not di-
rectly comparable. Instead, we will proceed by considering some initial equilibrium
where some amount of the endogenously suppli~d factors is consumed by the repre-
sentative agents, and the remaining amount of the endogenous factors is supplied to
the production sector. The effect of a price shock on the equilibrium values of output
supply, output demand, and net exports will then be evaluated and compared when
the supply of the endogenous factors is held fixed (inelastic supply) or when that
supply is allowed to respond to the price shock.

We can find the effect of an output price change dp on output supply, output de-

mand, and net exports by differentiating the output supply, output demand, and net

export functions of Section 2 as follows. First totally differentiate the output demand
22
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function (2.14):
z = E’(p, w, “)

= Ep(?v w, V(p,w, G(p’ w, 5)))
dz = [Epp + E'w(V; + Vay, G;,)]dp + [Epw + Epu(Ve + Vi, G, )|dw
= [Epp + EpuVim,(V;/Vin, + GL)ldp + [Epw + EpuVin, (Vio/ Vim, + G,)}dw.

Now rewrite the output demand functions as follows, in order to identify the income

effect on output demand:
Z(p, w, m!) = EP(p$ w, V(pi w, ml)
Using the envelope properties summarized by equations (2.18) and (2.5), we can write:
V|V, +G, = =2'+y = 7.
Likewise, we can use equations (2.19) and (2.6) to get:
Vi/Vm, + G, = v, =vy = 0.
Substituting into the expression for dz above yields:

dz = [Epp+ 2m,2'|dp + Epudw.

Totally differentiating the output supply functions (2.5) and net export functions

(2.21) gives:
vy = Gﬁ(Pv w, l.’)

dy = Gppdp + Gpudw

z = sﬂ(p’wvﬁ) = y(pow,ﬁ)"'z(va’ﬁ)

dz = Spydp + Spudw = dy - dz.




Using all of this information, the relevant differentials of net export, output supply,
and output demand functions are given by equations (3.1) to (3.3), respectively:

dz = Sppdp + Spedw

(3.1) = [Gpp = Epp — 2m,2'ldp + [Gpw — Epy]dw
(3.2) dy = Gpdp + Gpudw
(3.3) dz = [Epp + 2zm,2'ldp + Epudw,

where zn, is the vector of income effects on consumption. The comparative statics
results now take explicit account of how changes in the prices of the endogenously sup-
plied factors change net exports, output supply and demand. In general, the change
in the prices of the endogenously supplied factors can be found by differentiating the
equilibrium condition for the endogenously supplied factors, equation (2.22), with
respect to output prices and the returns to the endogenous factors, since at the new
output prices, it must still be true that factor supplies equal factor demands:
Gupdp + Guwdw = {Eup + EwulV, + Vim,G,]}dp
+{Eww + Euu[Vy + Vim, G, } }dw.

We know from equations (2.18) and (2.5) that [V) + V,,,G}] = Vo, (-2 + ¢] =
Vm, ', and from equations (2.19) and (2.6) that [V + Vi, ,G,] = Vi, v, = vi] = 0.

Rearranging to solve for dw as a function of dp gives:
(3.4) dw = —[Guw — Euww]'[Gup — Ewp — vm,z'ldp,

where vy, = E,,Vm, is the vector of income effects on the endogenously supplied
factors. At this point we could substitute equation (3.4) into the equations for dz, dy,
and dz above, in order to determine whether the presence of endogenously supplied
factors still leads to the result in the traditional model with exogenous factor supplies

that output supplies, for example, are positively associated with own price changes.




However the presence of income effects and substitution effects between goods and
factor supplies precludes our arriving at any definite answer to this question at this
point. It is possible that the income and substitution effects are such that the supply

of output of a good may fall in response to a rise in its price.

3.1 Number of Goods Equals Number of Factors

Before we continue, it is important to note the difference in how input prices are
determined when there are more goods than factors or when there are more factors
than goods. First, suppose m > n, so that there are more goods than factors at the
initial equilibrium. The equilibrium output supply vector y(p, w, %) will no longer be
unique, since with more goods than factors, there may exist multiple output supply
vectors which could be consistent with equilibrium. The output supply function is
now properly an output supply correspondence, written as y(p,w,?) € G,(p,w, ),
and the comparative statics results below would not apply. As a result, in this
section we will consider the case where the number of goods produced in equilibrium
equals the number of factors of production. In order to avoid further differentiability
problems, we will also assume throughout that the same m goods are still produced
in the equilibrium after the comparative statics change as were produced in the initial
equilibrium. That is, the economy stays within the cone of diversification formed by

the same n first-order conditions given by equation (2.11') and (2.11").

If the number of goods equals the number of factors, then the m price-equals-marginal-
cost conditions in equation (2.10) will uniquely determine the n input prices, given
output prices, as long as the economy is fully diversified in production (assuming

that the m equations in (2.10) are linearly independent). That is, given the initial

equilibrium and the change in output prices dp, we can solve for the change in input
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prices dw independently of the consumption sector. As a result, the consumption
sector treats the returns to the endogenously supplied factors as given, and solves
for the equilibrium supply of the endogenous factors. In equilibrium, the production
sector stands ready to use all of this supply of the endogenous factors. In a sense, the
returns to the endogenously supplied factors are determined by the production sector,
and the levels of supply of the endogenous factors are determined by the consumption
sector. While this does not affect our formulation of the representative consumer’s
problem, we must now re-specify the producer’s problem, since the production sector
now treats the supply of endogenous factors as given. The GNP function needs to be

rewritten as follows:
(2.3) G(p,v,5) = max{py |y € V{v,5)},

where the production possibility set ¥ (v,7) is suitably redefined to incorporate the
supply of the endogenous factors v determined by the consumption sector. Of course,
equations (2.5) and (2.7) continue to apply, so that é, = y and Gy = w. However,

the returns to the endogenously supplied factors are now given by:
(2.6) w = év(P’ v, 9).

The relevant expression for the change in the returns to the endogenously supplied

factors will not be equation (3.4), but rather

dw = G,dp+ G,y dv
(3.4) )
= vadpi

since G, = 0 by assumption. Since we assume that all goods continue to be produced,
a factor supply change will not change input prices, so that C‘v'.,‘.,, = Ow;/0v; =

0, :5,=1,...,e

Let’s now consider how the output supply functions respond to a given terms-of-trade
shock. Since the output sector solves for the change in input prices, given dp, and
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the consumption sector solves for the change in endogenous factor supplies, given the

change in input prices, we need to rewrite equation (3.2) as:
(3.2) dy = Gppdp + Gpydv.

The matrix f;,. gives the change in output supplies (recall that é, = y in equilib-
rium) given the change in the supply of the endogenous factors dv. The changein
endogenous factor supplies is found by differentiating the equilibrium factor supply
function (2.15) with respect to output and input prices:
(2.15) v(p,w,8) = —Eu(p,w,V(p,w,G(p,v,7) - w'v))
dv = =~ [Eup+ Eup(V} + Va,G,))dp
~(Eow + Euu(Vy, = Vi, v')jdw

- E.,,,V_,. ! l‘:' - w’)dv
In equilibrium, E,u (V] — Via,?') = Eubm (Vo /Vem, — V') = U/, since V) /Vy, = v'.
As well, G|, = w/, and as we saw eatlier, Eu(Vy + Vi,G) = —¥m, 7’30 that we can

rewrite this expression as:

(3.5) dv = —[Eyp — Vm,2'|dp — Eyudw.

The change in the returns to the endogenously supplied factors dw is determined by
the production sector, and is given by equation (3.4'). Substituting (3.4') and (3.5)
into (3.2') and premultiplying by dp’ gives:

dp'dy = dp'Gpdp — 4P G oo EuneGopdp

—dp G| Ewp = vm,z"}dp.
The GNP function is convex in output prices and the expenditure function is concave

(3.6)

in input prices, so the first two quadratic forms on the right-hand side of (3.6) are
both positive. Thus we can write:

(3.7) dp'dy > —dpGpy|Ewp = vm,2'}dp.
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If the right-hand side of (3.7) were non-negative, then we could say that output supply
curves slope upwards when some factors of production are endogenously supplied.
Unfortunately, we cannot sign this last term in general.

Consider the special case where the representative consumer’s utility function takes
the additively separable form U(z,v) = Uy(z) + Ua(v), where U;(z) is linearly ho-
mogenous and Uz(v) is strictly concave. Since the utility function v,(z) is linearly
homogenous, we can use a two-stage budgeting procedure to solve the consumer’s
maximization problem. The agent first minimizes expenditures on output demands
as follows:
min {p'z | Ur(z) 2 z°}.

If 2 € R™ solves the representative agents problem, then U(2) = z*. Define E*(p) as
the minimum expenditure needed to buy one unit of z* at prices p. Then the second

stage of the consumers problem is summarized by:
max {z°(p) + Ua(v) | E*(p)"(p) — w'v < my}.
The first-order necessary conditions for this problem are:
1-)E°(p)=0
U= Aw; =0, i=1,...,e

my — E*(p)z"(p) + w'v = 0
We can choose a numeraire such that output prices lie on the unit simplex.® In this
case, E*(p) = 1 = A. Since Us(v) is strictly concave, we can solve the e first-order

conditions over factor supplies, and the appropriate expression for the factor supply

functions will now be: -

(3.8) v, = v,(w).

The choice of numeraire is arbitrary. We choose that output prices lie on the unit
simplex only for simplicity, to illustrate the subsequent results.
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That is, factor supply functions will now be a function only of factor prices, and will
be independent of output prices and fixed factor income. The matrix {Eyp = Vm,2’]
will be a null matrix, since factor supplies are independent of output prices or fixed
factor income. In this case, we can conclude that dp’dy > 0 in equation (3.7), so that
output supply functions will be upward sloping.

Now consider the case where m = n = 2, and e = 1, and we no longer use the
additively separable utility function. That is, consider the simple two good, two
factor trade model where one of the two factors is endogenously supplied. We can

now rewrite equation (3.7) as follows:

(3.9)
—dp'Gpol Evp = vm,z'ldp
(3y1/0w1) dpy
= d ™m avl ™m
(dp ""”((ay,/a.,,))“a”"a""*”"‘ ( /3P2)+v,1'2)(dm),

i (BB B BE B ()
ade + avmm F2RE + B8vm,z;

In order to find conditions under which the supply of output of a good responds
positively to changes in its own price, suppose that the price of only good i increases,
so that dp; > 0,dp; = 0 Vj # i. A sufficient condition to observe upward-sloping
output supply curves (dp;dy; > 0) would be that the diagonal terms of the matrix
Gpo[Eup ~ vm,7'] be negative. Consider the term Gy = Oyi/Ov. If good y; uses the
endogenously supplied factor intensively, then G’m > 0, else C’m <0.

Now consider the term E, — vm,z; = —0v*/Op;. Suppose that good i and the
endogenously supplied factor (leisure, for example) are substitutes in consumption.
Then an increase in the price of good ¢ will cause an increase in the demand for
leisure if leisure (the endogenously supplied factor) and good i are gross substitutes.

Since dv*/dp; is the change in supply of the endogenous factor due to an output price
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change, —0v’/8p; reflects the change in demand for the endogenous factor by the
consumption sector (ie: change in leisure demand). That is, E,p, — vm,zi = —0v*/3p;
will be positive if the endogenous factor (demand for leisure) and good i are gross
substitutes, else E,,, — vm,z; < 0. As a result, we can state sufficient conditions for
dp;dy; > 0 as follows: An increase in the price of good ¢ will cause output of good &
to rise if good i uses the endogenously supplied factor intensivel . 1 good i and the
endogenously supplied factor are gross complements in consumption, or if good i does
not use the endogenously supplied factor intensively and good ¢ and the endogenously
supplied factor are gross substitutes in consumption.

Alternatively, we could evaluate equation (3.9) in the neighbourhood of autarky, so
that z’ is a null vector and (3.9) reduces to -dp’G‘,.,E.,,dp. A small open economy
takes world prices as given. If we evaluate this expression in the neighbourhood
of autarky, we are implying that at given world prices p, the small open economy
does not trade, or that world terms of trade are such that the small open economy
is not trading in equilibrium. In this case, the sufficient conditions above can be
weakened, so that output supply functions slope upwardsif good i uses the endogenous
factor intensively and good ¢ and the endogenous factor are net complements, or if
good i does not use the endogenously supplied factor intensively and good ¢ and the

endogenously supplied factor are net substitutes.

At this point we can also describe necessary conditions to observe perverse output
effects. For the two good, two factor example above, if an increase in the price of good
i is to cause a fall in output of good i, then it is necessary that the diagonal elements
of the matrix in equation (3.9) be negative. That is, if good i uses the endogenously
supplied factor j iutensively, it is necessary that good i and the endogenously supplied
factor be gross complements in consumption. Similarly, if good ¢ does not use factor



j intensively, then it is necessary that good i and the endogenously supplied factor be
gross substitutes in consumption. Of course, these are necessary conditions, so that
even if these necessary conditions hold, output supply functions may very well still
be upward sloping. However, given these necessary conditions, we cannot rule out

the possibility of the existence of perverse output effects.

Now compare the slope of the output supply function when some factors are endoge-
nously supplied to the slope of the output supply function when factor supplies are
inelastic. In the latter case, we can solve for the change in output supply dj for a

given price change dp using equation (3.2) and noting that dv = 0:
(3.2") dy = Gppdp.

If we premultiply equation (3.2”) by dp’ and subtract the resulting expression from
equation (3.6) we get:
.10 dp'(dy — d§) = - dp'C:v',.,E“é.,,dp = dp'Gpo[Ewp — vm,z'ldp

> —dp'Gpu|Ewvp = vm,z']dp.
Note that the right-hand side of equation (3.10) is identical to the right-hand side of
equation (3.7). This illustrates that the conditions which ar~ sufficient to ensure that
equation (3.7) holds (output supply functions are upward sloping when factors are
endogenously supplied) are also sufficient to ensure that output supply responses to
a given output price change are greater when factors are endogenously supplied than
when factors supplies are all perfectly inelastic. Note also that if we use our additivelf
separable utility function, then we can also conclude that the output supply response
to a given output price change would be lazger when factor supplies are endogenous
rather than perfectly inelastic, since [E,, — vm,2'] would be a null matrix.

Now let’s turn our attention to the consumption sector. The representative consumer
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takes the change in input prices due to the output price change as given, so the
relevant expression for output demand changes due to the output price change is
equation (3.3). The inpuc price chanpe is given in equation (3.4'). Substituting this

into equation (3.3) and premultiplying by dp’ gives:

(3.11) dp'dz = dp'(Epp + 2m,2'|dp + dp' EpuG.pdp.

As in equation (3.7) above, the presence of income and substitution effects precludes
our signing the expression dp’dz in general. For the moment, let’s simplify the problem
by evaluating equation (3.11) in the neighbourhood of autarky, so that z = 0. The
term dp’ E,,dp is strictly negative since the expenditure function is strictly concave

in output prices. As a result, we can write:
(3.12) dpdz < dp'EpG,,dp.

Consider the vector E,,,. The Hessian of the expenditure function is symmetric, so
that E,, = E_,. In the special separable utility function which we looked at above,
we found that the matrix E,, was a null matrix. (Recall that E,, is the vector of
endogenously supplied factors. With the additively separable utility function used
above, we found that the factor supply functions were a function of only the prices of
the endogenous factors. Thus E,, was a null matrix.) Thus if we evaluate equation
(3.12) using the same additively separable utility function as above, we conclude that
output demand functions will slope downwards as long as the income effect zn,,z’

does not outweigh the substitution effect E,,.

Now let’s go back to equation (3.11) and consider the case where dp; > 0, dp; =

0 Vj # 1, so that only the price of good : is changing. Equation (3.11) now becomes:

(3.11) dpidz; = dp,|Ep,p; + zim ,2ildpi + dPiEptWGW¢dP5’
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the effect of a change in the price of good i on the demand for good i. The term E,,,j,
is negative since the expenditure function is strictly concave in output prices. As
noted above, with our additively separable utility function, the term E,, is equal to
zero. In this case, a sufficient condition for consumption of good 1 to fall in response
to an increase in its price is for the term (0z;/0my)z; to be negative. Than is, if
good i is inferior and is exported, or if good : is normal and is imported, demand
curves will necessarily be downward sloping. If the income effect term (3z;/dmy)z; is
positive, then the demand curve for good i will still be downward sloping as long as

[Epip;| > |(@zi/Omy)z;|, so that the substitution effect dominates the income effect.

Now consider the two good, two factor example, where one factor is endogenously
supplied. The Hessian of the GNP function is also symmetric, so fr‘.,, = G;,, Suppose
again that the income effect z,,, 2’ does not outweigh the substitution effect. Then we
are again left with equation (3.12). Notice that the right-hand side of this expression
can be rewritten as dp/ [é,,.,E..,,]’dp. This is the negative of the first of the two terms
on the right-hand side of equation (3.7). As a result, the conditions which were
sufficient to ensure that output supply functions were upward-slopingin the two-good,
two-factor model above are sufficient to ensure that output-demand functions are
downward-sloping. That is, if the good whose price is changing uses the endogenously
supplied factor intensively, then the demand function for that good will be downward-
sloping if that good and the endogenously supplied factor are gross complements. If
that good does not use the endogenously supplied factor intensively, then the sufficient

condition is that the good and the endogenously supplied factor be gross substitutes.

Suppose now that all factors of production are inelastically supplied. In this case the

consumers problem must be changed so as to reflect the extra constraint that the total

supply of the endogenously supplied factors is fixed. Consequently, the expenditure
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function is rewritten as iollows:
E(p,w,p) = m,in{P’z -w'd | U(z,9) 2 u},

where the constraint that the total supply of endogenous factors is fixed is reflected
by the fact that v = 0 € R$ has been substituted into the consumers minimization
problem. The matrix E,, will now be a null matrix, since E, = —v, and dv = 0.

Equation (3.11) can be written as:
(3.13) dp'd: = dp'[Epp + 2m,z']dp,

where dz is the change in output demand for the given output price change when the
supply of all factors of production is perfectly inelastic. We can subtract (3.13) from
(3.11) to get:

(3.14) dp'(dz — d3) = dp'EpyG.pdp.

If equation (3.14) is equal to zero, then the output demand effects of a price change
are the same when factors are endogenously supplied as when factor supplies are all
perfectly inelastic. If equation (3.14) is negative, then the output demand response
is greater when factor supplies are allowed to respond to output price changes than

when factors are all inelastically supplied.

Now recall that when we used our additively separable utility function, the matrix
EpG.p was a null matrix. That is, when preferences can be represented by our
separable utility function, the slope of the output demand functions when some factors
are endogenously supplied is the same as the slope of the demand functions when the

supply of all factors is perfectly inelastic.

The sufficient conditions which ensured that output demand functions were downward

sloping in the two-good, two-factor model above imply that the right-hand side of
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equation (3.14) is negative. That is, when the good which uses the endogenously

supplied factor intensively is a complement for the endogenously supplied factor, or
when the good that does not use the endogenously supplied factor intensively is a
substitute for the endogenously supplied factor, the output demand response for a
given output price change is larger when the factor is endogenously supplied than

when the supply of all factors is perfectly inelastic.

To examine the effects of the presence of endogenously supplied factors on net =xports,
we need only subtract equation (3.11) from equation (3.6):
dp'dz = dp'dy — dp'dz
= dp'[Gpp — Epp — zm,z'}dp
(3.15) —dp'Gpy FrwnGopdp
—dp'Gpu[Ewp — vm,z'ldp
—dp'E,mG'.,,dp.
We know that the GNP function is strictly convex in output prices, and that the

expenditure function is strictly concave in input and output prices. Thus we can

rewrite equation (3.15) as:
dpdz > ~dp'(Epp + 2m,2')dp + dp'Gpytm,z'dp

(3.16) . ‘
~dp'Gpu Evwpdp — dp/ Epy G pdp.

As was the case when we were evaluating the effect of endogenous factor supply on
output supply and output demand functions, the presence of income and substitu-
tion effects in equation (3.16) does not allow us to sign the expression for dp'dz in
general. However, if the representative consumer’s preferences can be represented by

our additively separable utility function, E,, = E,,, are both null matrices, and the

vector of income effects v,, would be a null vector. Equation (3.16) could then be




rewritten as:
(3.16") dp'dz > —dp/(Epp + 2mm,z)dp.

If we evaluate this expression in the neighbourhood of autarky, z is a null vector.
Equation (3.16') would then be strictly positive, and we could conclude that changes

in net exports are positively associated with output price changes.

Now suppose ‘hat the price of only good i changes. If the income effect for good
i, Zm,%; is negative, then equation (3.16") will be strictly positive, and net exports
will be positively associated with own price changes. That is, imports of good i will
tend to fall as the price of good i rises, and imports of good ¢ will tend to rise as the
price of that good falls. The sufficient conditions for this result are the same as those
which ensure that own-price changes result in a decrease in demand, namely that
good ¢ be normal (inferior) if it is imported (exported). Of course, these conditions
are by no means necessary. In fact, even if the income effect above is positive, this
result will still obtain as long as E,,,, + zim, z; is negative (recall that the expenditure
function is strictly concave in output prices, so the substitution effect for good i,
Ep.p;, 18 strictly negative). As well, these results are not any different from those in a
standard trade model without endogenous factor supplies. A strong enough perverse

income effect z;m,z; can lead to perverse net export effects even in a traditional trade

model, resulting in a backward-bending offer curve.

Now consider the two-good, two-factor model, where one of the two factors is endoge-
nously supplied. We 'saw above that the sufficient conditions to ensure that output
supply functions sloped upwards in this model were also sufficient to ensure that out-
put demand functions were downward sloping (assuming that the income effect vm 2’

did not outweigh the substitution effect E,,). As a result, the same conditions will
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also be sufficient to ensure that net export functions are upward sloping. That is, if
good i is exported, an increase in p; will cause exports of good : to increase if good
i uses the endogenously supplied factor intensively and if good ¢ and the endoge-
nously supplied factor are gross complements in consumption. If good i is imported,
then a decrease in p; will cause imports of good i to increase if good i uses the fixed
factor intensively and if good : and the endogenous factor are gross substitutes in
consumption. On the other hand, the same conditions which were necessary in order
to observe perverse output effects are also necessary to observe petverse net export
effects. For example, in order to observe exports of a good falling as the price of
that good rises, it is necessary that that good be a substitute for the endogenously

supplied factor if it uses the endogenously supplied factor intensively, and so on.

We are now in a position to compare the relative effects of a given output price
change on net exports when factors are endogenously supplied to when factors are
all in perfectly inelastic supply. In the latter case, we can solve for the change in net

exports dZ as a function of the output price change as follows:
(3.17) dz = dp'[Gpp — Epp ~ 2m,=')dp.
If we subtract equation (5.17) from equation (3.15), we get:
dp'(dz ~ di) = —dp'GpyEuuCopdp
(3.18) ~dp'G oy [Eup — Vm, z')dp
—dp' Ep G opdp.

The expenditure function is strictly concave in input prices, so that the first term on
the right-hand side of equation (3.18) is a quadratic form about a positive definite
matrix. Thus we can rewrite (3.18) as:

dp'(dz - di) > —dp'Gpu[Eup = vm,z')dp
~dp/ Epwéwdl’-

(3.19)
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In the case where preferences can be represented by our additively separable utility
function, the right-hand side of equation (3.19) is equal to zero. That is, when
the supply functions for the endogenous factors are independent of output prices
and income, net export responses to a given output price change will be greater (in
absolute value) when factors are endogenously supplied than when factor supplies
are all perfectly inelastic. Since the right-hand side of equation (3.19) is the same
as the right-hand side of equation (3.16) above (except that the term on the income
effect zn,z’ does not appear in equation (3.19)), the same result will also hold in
the two-good, two-factor model when the sufficient conditions to ensure that output

supply curves are upward sloping hold.

To examine the effect of the presence of endogenously supplied factors on a nation’s
pattern of trade, starting from autarky, evaluate equation (3.16) at the point z = 0,

so that we get:

dp'dz > —dp'GpyEupdp — dp' EpGopdp.

If we begin at autarky, and the free trade price of a good is higher than its autarky
price, so that dp; > 0, then if dp’dz > 0, the nation would export that good whose
price is rising. Therefore we can interpret the condition dp’dz > 0 as implying that a
nation tends to export those goods whose prices rise as the nation moves to free trade,
and to import those goods whose prices fall. Since the two terms on the right-hand
side of the term dp'dz above are transposes of each other, a sufficient condition for
dp'dz > 0 is that dp’é’,.,E.,,dp > 0. That is, if the good whose price is increasing uses
the endogenously su;;plied factor intensively, then that good should be a complement
for the endogenously supplied factor, and vice versa if the good whose price is changing
does not use the endogenously supplied factor intensively. However, if the good whose

price is changing uses the endogenously supplied factor intensively and is a substitute
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in consumption for that factor, then as the price of that good rises, demand for that
good would fall, demand for the endogenous factor would rise since it is a substitute,
and thus supply of the endogenous factor would fall. Since the good whose price is
rising uses the endogenously supplied factor intensively, output of that good may fall
in response to an increase in its price, and the nation may actually end up importing
the good when its price rises from autarky if the decrease in output supply outweighs

the decrease in output demand.

3.2 More Factors than Goods

Now consider the case where the total number of factors exceeds the number of goods.
The modified GNP function is convex in input prices. The expenditure function is
concave in input prices. As a result, [Gyw -~ Fyw]™! is a positive definite matrix.
Substituting (3.4) into equation (3.1) and premultiplying by dp’ gives:
dp'dz = dp'[Gpp — Epp —~ 2m,’]dp
(3.20) ~dp'[Gpw ~ Epu){Guw = Eww] ' [Gup — Ewpldp
—dp'[Gpy — Epu)[Guw — ww]_l[”m,z']dl’-

Suppose that we evaluate this expression in the neighbourhood of autarky, so that
z = 0. This assumption is sufficient to ensure that net export functions slope upwards
in the traditional trade model with exogenous factor supplies.® Here we see that
the right-hand side of (3.20) is the difference between two quadratic forms, both
positive. This implies that even when preferences are homothetic and the economy is
not trading, net export functions may be backward bending, when some factors are

endogenously supplied. We cannot rule out the case where (3.20) is a negative scalar

¢ see Woodland (1982), p.209. In the neighbourhood of autarky, this expression should
be interpreted as: “A nation tends to export (import) those goods whose free trade
prices are higher (lower) than their autarky prices.”




when evaluated in the neighbourhood of autarky, and as a result it is possible that a
country could export (import) those goods whose free trade prices are lower (higher)

than their autarky prices.

We can derive similar expressions for output supply and demand changes, by substi-
tuting out for input price changes in equations (3.2) and (3.3) as follows:
dp'dy = dp'G,pdp
(3.21) —dp'Gpu[Guw — Eww] ' Gupdp
~dp'Gpu[Guw - Eve] ™[~ Eup + vm,'ldp

dp'dz = dp[Epp + 2m,2')dp
(3.22) +dp'[— Epe][Guw — Eww] ™' [~ Ewypldp

+dp' [~ Epu)[Guow = Evw] ' [Gup + vm,z'}dp

The first two terms on the right-hand side of (3.21) constitute the difference between
positive scalars, and the last term is indefinite. Clearly we can describe cases where
output supply curves slope downwards, since it is no longer true in general that dp'dy

in equation (3.21) is positive.

The first two terms on the right-hand side of (3.22) are negative and positive scalars,
respectively, and the last term is indefinite. Therefore, even if we assume that the
economy is not trading, we cannot say that output demand curves will generally be

downward sloping.

Another objective of this section is to compare comparative statics results like equa-
tions (3.20) - (3.22) to their analogues in the case when factors of production are
not allowed to respond to input or output price changes. Consider the problem of

determining input price changes as a function of output price changes, while holding

40



the amount of the endogenously supplied factors constant. Demand for endogenously
supplied factors is given by:

(3.23) =V = Gw(pawtﬁ)‘

The extra constraint is found by differentiating equation (3.23) with respect to p and

w, substituting dvy = 0, and solving for dw:
(3.4") dw = —[Gyw] ' Gepdp.

This is the change in input prices required to ensure that the change in aggregate de-
mand for endogenously supplied factors by the production sector is zero. Alternatively
we can think of equation (3.4"”) as giving the change in the prices of the endogenously
supplied factors for a given price change dp when the supply of these factors is per-
fectly inelastic. The assumption here that dvy = 0 is used so that the following results
cn be interpreted in the same sense as those in the standard Heckscher-Ohlin model.
Total usage of factors of production is fixed, so that the matrix E,, is a null matrix.
(Recall that E,, = —v*. If factor supplies are held constant, E,; =0, Vi # w.) Since
E,, = E.p, the matrix E,, will also be a pull matrix. The following results can then
be compared to the corresponding results derived above when factor supplies were

endogenous.

If we substitute (3.4”) into (3.1) - (3.3) and premultiply throughout by dp/, using
Ep, =0, we get:
dp'di = dp/(Gpp — Epp ~ zm,2]dp

~dp'Gpu[Guu] ™' Gupdp,

(3.20)

dp'dy = dp'Gppdp
~dyp’ e/ [Gw]_‘Gde;

(3.21)
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(3.22) dp'di = dp'|Ep, + 2m,2z'ldp

These are the changes in net exports, output supply, and output demand, respectively,
due to a change in output prices, when input prices are allowed to change according

to equation (3.4"), and the supply of the endogenously supplied factors is not allowed

to change.

We can now compare the effect of a price change on net exports, output supply, and
output demand when some factors are endogenously supplied with the corresponding
effects when those factors are inelastically supplied. Subtract (3.20') from (3.20), and
likewise for (3.21) and (3.22) to get:
dp'(dz — di) = dp'(Gpy — Epp — 2m,z]dp
~dp/[Gpe = Ep)[Guw = Ewe] ' [Gup = Eup + Um,Z'|dp
—dp'[Gpp — Epp — 2m,z')dp
+dp' Gpw[Guw) " Gupdp,

dp'(dy — dj) = dp'Gpdp
—dp' Gpu[Guw — Evw)| " Gupdp
~dpCpulGuw = Ewe] ™[~ Eup + tm,zldp
-dp'G,,dp
+d7Gpu[Gur] " Gupdp,

dp(dz — d3) = dp[Epp + zm,z'|dp
+dp/ [~ Epe}[Guw — Eww) ™ [—Eupldp
+d7 [~ Epe)[Cuw — Eun) ™ [Gup + Vm,z']dp
~dP(Epp + 2m,2'|dp
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We can cancel out terms and rewrite these expressions as follows:
dp'(dz — d) = —dp'Gpu[Guw — Ewe| " Gupdp

+dp'Gpu[Gun) ' Gupdp
—dp'[Gpe = Epu)(Guw = Ewe] ™[~ Ewp + vm,z'ldp
~dp'|~Epe][Guw = Eve) ' [Gepldp
dp'(dy — dj) = —dp'Gpe[Guw = Ewe| ' Gupdp
+dP' G pu[Guw) ' Gupdp
—dp'Gpo[Guw — Ewe] |~ Eup + vm,z']dp
dp'(dz — dz) = dp/(~Epe][Gow = Ewel ™' [~ Ewsldp
+dp'[~ Epe)[Guw — Evw) ™ [vm,z]dp
+dp [~ Epe){Guw — Eww] ™' Gupdp

Define the following matrices: [Guw] = B, [~Ews] = C, a0d [Guw — Eww] = B+C =
A. B and C are both positive definite matrices, so A is also a positive definite matrix,
as are B-1 and C-'. Combining the fact that a quadratic form of a positive definite
matrix is a positive scalar with the fact that, if B and C are positive definite matrices
and A = B + C, then 27A-'z < z'B~'z for any vector z (see Graybill, 1983, pp.
409-411, or the Appendix, p.130), we can write:

dp'(dz — d2) > dp[Gpw = Epu}|Guw — Ewnl ™' [—Ewp + vm,ldp

~dp/ [~ Epo[Guw] ' (Gupldp

(3.24)
(3.25) dp'(dy — dj) > —dp'Gou[Guw — Eww) ™[~ Ewp + vm,z’ldp
(326)  dg(dz—dZ) = dp/l~Epe)[Guw — Ewe]"[Gup = Eup + vm,z')dp.

In general, the complexity of the income and substitution effects in the above equa-
tions precludes our signing these terms. We will therefore proceed by considering



the case where the representative consumer’s preferences can be represented by the
additively separable utility function of Section 3.1. As we saw before, the matrix
[Ewp — vm,z’] will be a null matrix, as will the matrix Ep,. Substituting these terms
into equations (3.24) - (3.26) above yields the following results. From equation (3.26),
dp/(dz—dz) = 0, so that the response of output demand to a given changein the vector
of output prices dp is the same whether factor supplies respond to this output price
change or not. From equation (3.25), dp’(dy—djj) > 0, so that output supply responses
are larger when factor supplies are endogenous. Similarly, since dp/(dz — dz) > 0 in
equation (3.24), we can also conclude that the net export response to a given output
price shock is larger when factors are endogenously supplied. Output supply func-
tions and net export functions are more price elastic when factor supplies are allowed
to adjust to ouiput price shocks than when factor supplies are perfectly inelastic.
Note also that we can now conclude that output supply and net export functions
are upward sloping when factor supplies are endogenous, and that output demand

functions are downward sloping when factors are endogenously supplied.

Let us now consider a two good, three factor version of this model, where goods 1 and
2 are produced using capital, K, land, H, and labour, L. The prices of X, H, and
L are r, h, and w, respectively, and assume for example that labour is endogenously
supplied and that capital and land are in fixed supply. In this case [Guw — Eww]™!
will be a positive scalar. We can now write:
—Gpu[Guw — Eww] [~ Ewp + vm, 2]
(3.27) (BT n+ ) L,z 3R
= U (%E(L;.,zx +9) FB(Ln,n2t %ﬁ))
—Epo[Gew = Eve] ™|~ Ewp + vm, 2]
(3.28) - ] (%‘:(L.'..,zn +8) (L, 2+ %f,i))
a(Ls, 2+ §£) B(Lh,22+55)
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- W[G 'Ewl-‘Gw
(3.29) [sl( - "%ﬁf%%)
= I S

where {s] = —[Guww — Eve]™! is a negative scalar.

If we pre-and post-multiply equation (3.27) by dp’ and dp respectively, we would get
the right-hand side of equation (3.25). H the quadratic form on the right-hand side of
equation (3.25) is non-negative, we could conclude that output supply functions are
more elastic when labour is endogenously supplied. Since [s] is a negative scalar, a
sufficient condition for this result would be that the symmetric version of the matrix
[Gow)[~Ewp+vm,z’] in equation (3.27) be negative semi-definite. (The matrix must be
symmetric if we are to use information about its definiteness to sign the quadratic form
in equation (3.25)). Note that the matrixin (3.27) is of the form al/, whete a and b are
both 2x1 vectors. The off-diagonal elements of al/ are replaced with (a;b; + a;5:)/2,
Vi,j,i # j, in order to get a symmetric version of the matrix ab/ without changing
the value of the quadratic form dp/[abjdp. However, we can show (see Appendix,
p.131) that the symmetric version of any matrix of the form al/, a,b€ R™, m > 2, is
indefinite. As a result, we cannot determine the definiteness of the matrix in equation
(3.27) in general, and therefore the right-hand side of equation (3.25) may be either
positive or negative. Note that even if the right-hand side of (3.25) is negative, it may
still be true that output supply functions are more elastic when labour is endogenously

supplied.

Suppose now that the price of only good ¢ is changing,: = 1,2. In this case, cquation
(3.27) reduces to: -

(3:27) [s}(3i/Bw)(La, =i + OL*3pi).

We will say that the endogenously supplied factor (labour) is a normal factor in




production if an increase in the price of labour causes output to fall, ceteris paribus.

That is, labour is normal in production if 8y;/8w < 0, and is inferior if dy;/Bw > 0.

In general, the sign on the term Jy./Ow can be either positive or negative, as can be
demonstrated by applying Euler’s theorem to the equation for y;: 0 = (3y;/dp;)dp +
(Oyi/ 0p2)dp2 + (3yi/ Bw)dw. Output supply functions are homogenous of degree zero
in (p,w), and (3y;/0p;) > 0, but this information is not sufficient to sign (dy;/dw).
Let us assume that labour is normal in production. Recall that {s] is a negative
scalar. Then a sufficient condition for the output supply function for good i to be
more elastic when labour supply is endogenous (dp;(dy; — dj;) > 0) is that the term
(Ltn,zi + 8L*[8p;) = —Eyup; + vm, i be positive. In the previous section (see p. 29,
following equation (3.9)) we established that E,,, ~ vm, z; = —0L*/3p; was positive
if good i and the endogenously supplied factor (labour) were gross substitutes. As a
result, we can state that the term — E,,, + vm,z; will be positive if good i and labour
are gross complements in consumption. If labour is a normal factor in production,
then a sufficient condition for the output supply response of good i to a given own-
price change to be greater when labour supply is endogenous is that labour and good

¢ be gross complements in consumption.

We can apply the same analysis to equations (3.28) and (3.29) to find sufficient
conditions under which output demand functions are more elastic. In this case we
would want the right-hand side of equation (3.26) to be negative, so that the output
demand response to a given output price change would be larger (in absolute value)
when labour is endogenously supplied . However, the matrices in equations (3.28) and
(3.29) are also of the form al/, a,b € R?, so that they are also indefinite. So suppo:e
as we did above that the price of only good i is changing. Sufficient conditions for

output demand functions to be more elastic when labour is endogenously supplied
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are that the diagonal elements of the matrices in (3.28) and (3.29) are positive. That

is, we would want to observe:

az.' BL‘ aL' ? .
e s AL R

We know that 9z;/0w = E,, = E,, = -0L'/0p;, so that the term
(02i/Ow)(OL*/3p;) is always negative. As before, the term ~3L4/dp; = G.p, =
Gpiw = 0yi/Ow can be either positive or negative, so assume that labour is normal
in production of good i. Then an increase in the price of labour will cause output
of good i to fall. As a result, dy;/0w = —3L4/8p; < 0. To simplify this expres-
sion, evaluate it in the neighbourhood of autarky. Then if good i and labour are
net complements, E,,, will be negative, or —0z;/0w = —E,,, = —Ep,, = dL*/0p;
will be positive. Hence we need to impose a further restriction to ensure that output
demand functions are more elastic when labour is endogenously supplied, since the
labour supply effect of a change in the price of good ¢ and the labour demand effect
work in opposite directions. The extra condition that we need is that the labour

demand effect is larger in absolute value than the (uncompensated) labour supply
effect, so that 10L%/3p; | > |0L*/0pi ~ L, zi |.

At this point we could apply the same analysis to the right-hand side of equation
(3.24) to find sufficient conditions under which the net export response to a given
price change is greater when labour is endogenously supplied. However, since the
matrices in the resultant expressions would also be indefininte, and since we know
that dz = dy — dz and di = dg — dZ, we can say directly that when the price of only
good i changes, the change in net exports of good i will be greater when labour is
endogenously supplied as long as the sufficient conditions described above are satis-

fied. So to summarize, the own-price output supply, output demand, and net export

elasticities for good 7 will all be larger (in absolute value) when the endogenously sup-
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plied factor is normal in production of good i if good ¢ and the endogenous factor are
gross complements in consumption, and when the labour demand effect of a change
in the price of labour is larger in absolute value than the (uncompensated) labour
supply effect. This result applies as well to the m-good case, as long as there are more

factors than goods and only one factor is endogenously supplied (n > m, e = 1).
3.3 Cobb-Douglas Examples

In this Section we illustrate the effects of endogenous factor supply in a small open
economy where two goods, z and y, are produced using capital (K') and labour (L).
Labour is endogenously supplied. There is a single representative consumer in the
economy who owns all capital and labour. His preferences over consumption of the
two goods and labour/leisure are represented by the Cobb-Douglas utility function
U =z%L-L), a+b+c=1, where L is the consumer’s total endowment of labour,
and L - L is his consumption of leisure. Production technology is summarized by
Cobb-Douglas production functions z = K2¢L?%, y = K3vL%, a;+8;=1, i = z,y.
In equilibrium, factors are fully employed, so that K, + K, = K, L, + L, = L.
The small open economy takes output prices p. and p, as given. We will assume
throughout that both goods are produced in equilibrium, so that the prices r and w
of capital and labour, respectively, are uniquely determined by the production sector
independent of tb~ consumption sector (as long as factcr intensities differ between

industries in equilibrium, so that a./4; # a,/8,).

The producer’s revenue maximization problem can be posed as follows:
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max  ps2 +pyy s.t.: z =KL
y =KoL

K=K.+K,

L=L,+1,

In the Appendix (see p. 133) we solve this problem and derive the output supply
functions z*(p;,p,, K,L) and y*(p,p,, K, L), where L is the endogenously deter-
mined supply of labour which the production sector takes as given

z* oyl (8n o) - (2a & ) L
(3.30)(.)=(‘—",,*i")(§:) () ( X A ;haL

y (g ) +(,,,,)--
where: q = a,8; — a.f,

= 'g‘:%: (ayB: — azB,)

= BB, (5 -
If good z is relatively labour-intensive, good y is relatively capital-intensive, then

B

%: > %,and ¢>0.
We can state the representative consumer’s utility maximization problem as follows:
max,,; Uz, y,L) = 229%L - L)

st. p:z+p,ry<wl+rK

We solve for the output demand functions z%(p, p,, w, my) and y*(p:, p,, w,m;), and

the labour supply function L*(p,, p,, w,m;) in the Appendix (see p. 138).

z? (Z)(wl +my)
(3.31) vl = ( ;"; J(wl+my) |,
L (=) (wl+my)+L

where my = rK is total fixed factor income.
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Now consider the effects of an increase in the world price of good z, dp, > 0, dp, = 0.
Since we have assumed that the small open economy continues to produce both goods
in equilibrium, we can solve for the equilibrium input prices as a function of the given
output prices (see Appendix, p. 133)
o _:A %
a32) (w) _ (p-_af' (_41 el )
r q

ML P e (§)™"
If we differentiate the expression for the equilibrium wage rate with respect to the

price of good z, we get:

fo = mp N (a0
= o (e)¥ (h) ﬁr‘h

Then an increase in the price of z holding p, constant causes the return to labour to
rise when good z is labour-intensive (g > 0), and causes the return to labour to fall

when z is capital-intensive (¢ < 0).

From the expression for the equilibrium labour supply function from the solution to
the consumer’s problem in equation (3.31), we :an solve for the equilibrium change

in labour supply due to a change in the return to labour:
L' = E(wL+my)+1L my=rK=p;-z+p,-y—wlL

L= = (peztp-y+ul-L)+1I

&L - %(ar;zimzﬂ"_(é-_ﬁl)_ £(L-1L)

% = g (ezmr) >

dw —
Then we can solve for the change in labour supply due to a change in the price of

good z as follows: , , ,
QL = %ﬁ: Idwno + %"; %

9ps
Al KA 15l

Due to the specification of the utility function, leisure is a normal good, so that an

increase in the price of leisure (dw > 0) causes leisure demand to fall, labour supply to

50




rise, and %";} > 0. The sign on the term % % is therefore totally dependent upon
whether good z is labour-intensive or capital-intensive. In the former case, ¢ > 0 and
%.- > 0. If z is capital-intensive, then a rise in the price of good z causes w to fall,
so that labour supply falls.

If we now consider the direct effect of the output-price change on labour supply, we

see that %ﬁf lewmo is always negative.

Due to the specification of the utility function, goods are always substitutes, so that
an increase in the price of good z causes demand for leisure to rise, supply of labour
falls, and %ﬁ l¢wmo < 0. Then if good z is capital-intensive, an increase in the price of
good z causes an unambiguous fall in the supply of labour. However, if z is labour-
intensive, the substitution effect gf-:- lawso < 0 works in opposite direction of the term
% g'-?’: , 5o that it is not possible to rule out the perverse case of an increase in the

price of the labour-intensive good leading to a fall in the supply of labour.

Now note that we can rewrite the expression for labour supply changes due to output

price changes as follows:

(3.33) L' - affw b _))4 & (Bt)fu

If z is capital-intensive, then the wage elasticity with respect to the price of good
T is negative, so as we saw above, ¢ < 0 = %‘,ﬁf < 0. If z is labour-intensive and
the wage elasticity with respect to the price of good z is greater than one, then
g>0= gff > 0, rﬁling out the perverse effect of an increase in the price of the
labour-intensive good leading to a fall in the supply of labour. Therefore a necessary
condition to observe this perverse effect is that the wage elasticity with respect to the

price of z be between zero and one.
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Now solve for the change in the output of good z due to a change in the price of
z by differentiating the equation for z* in (3.30) with respect to p,. Recall that
since labour supply is endogenous, output of good z will change indirectly due to the
change in labour supply caused by the output-price change.
g = (2l )(2)HE(B) (- (L)) (B) (L) R
(3.34) — (%) (2)V (B) (L) L
- (2% (3]
Of these three terms, the first two will always be positive, since only ¢ has an inde-
terminate sign, and the first two terms are a function of ¢?, which is always positive.
The sign of the last term is given by the sign on %ﬁf . ql . As we saw above, if good z is
capital-intensive, g < 0, and %:' < 0, so that gg—:- > 0. If good z is labour-intensive
and the wage elasticity with respect to the price of z is greater than unity, then ¢ > 0
3

and %’P-:- > 0, and again f > 0.

If good z is labcur-intensive and the wage elasticity with respect to p, is between
zero and one, then it is possible that %f < 0. In this case, if %’%’ is negative, and if
the third term outweighs the first two, we would find that an increase in the price of
good z would lead to a fall in supply of z. That is, if the wage elasticity with respect
to the price of good z is between zero and one, we cannot rule out the possibility of

observing perverse output effects.

In the traditional two good, two factor model without endogenous labour supply, we
would get the same expression for a change in output of good z due to the changein
the price of good r as in equation (3.34), except that the term gf;f would equal zero,
since labour supply is fixed. If we call the change in output of good z in the model
with fixed labour supply £, then we can solve for the expression % - gff, which
is analagous to equation (3.10) where we solved for the expression dp’(dy — djj). In
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equation (3.10), a given output price change dp caused a change in output supply
when some factor supplies were endogenous (dy) and a corresponding output supply

change when all factor supplies were fixed. In our Cobb-Douglas example, we get:

(3.35) ot _ g o e (20)70%(6) (2o )T o

If z is labour-intensive, and if the wage elasticity with respect to the price of good z is
gre - _r than one, then ¢ > 0, %E > 0, and % ~ g';: > 0. If z is capital-intensive,
g<0, 3 <0,and §£ — % > 0. As a result, we can conclude that a given
output price change always causes a larger increase in output supply when one of the
factors is endogenously supplied, in this two good, two factor Cobb-Douglas economy,
as long as the wage elasticity with respect to the price of good z is not between zero

and one.

Now consider the effect of a change in the price of good z on demand for good z when
labour is endogenously supplied in our simple two good, two factor, Cobb-Douglas
economy. We differentiate the output demand function for good z in equation (3.31)
with respect to p, as follows:

I = ;":(wf,+m,)

2 = Z(ps-z+py-y+uw(l-L)

i

Q‘-" g_i-:llvnﬂ"' %i,! g:’L

(3.36) :”‘ o2 )
A L A R ] -
= (R - D )
o= -pb el fea

Given the specification of the utility function, z must be a normal good, so that an

increase in p, at constant input prices must lead to a fall in demand for z. This is

shown by the term:

d . -
%;:'«-o = —f" wf.&—u)<0.
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As well, leisure and good z must be substitutes, as demonstrated by the term
%E =2 (L — L) > 0. An increase in the price of leisure causes demand for good z

to rise.

Hf good z is capital-intensive, then an increase in p, causes the return to labour to
fall. In this case, 22 < 0, so that an increase in p, leads to an unambiguous fall
in demand for good z. If z is labour-intensive, and the wage elasticity with respect
to p, is greater than unity, then the second term in the expression above for % is
positive, and if the second term outweighs the first term, the demand for z may rise
in response to an increase in p,, even though z is a normal good. If the wage elasticity
with respect to the price of good z is less than unity, then the demand curve for good

z will be downward-sloping.

Now consider the effect of a change in p; on demand for good z in the same model
where labour supply is fixed. In this case, the term %’;‘ =Epu = Eyp, = %%‘.‘5 = 0.
Since labour supply is fixed, there can be no substitution between labour and good

z. If we write the change in demand for z in this case as % , we can show that:

(3.37) ot _ o o 2(L-L)g.

Since % is positive when z is labour-intensive and negative when z is capital-
intensive, we can conclude that an increase in the price of good z causes a larger fall
in demand for £ when labour is endogenous if z is capital-intensive. If z is labour-
intensive, the demand response when labour is endogenously supplied will be weakef,
and may even be in the opposite direction, then when labour supply is fixed.

Using the equations derived above, we can determine the effect of endogenous factor
supply on net exports in our two good, two factor, Cobb-Douglas economy. The
change in exports of good z is simply the difference in the change in output of good z
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in equation (3.34) and the change in demand for good z in equation (3.36). We will
consider the difference between net exports of z when labour supply is endogenous
and when labour supply is fixed by looking at the difference between equations (3.35)
and (3.37):

e M) -t (3R () (m )Y
-nL-Dg

(3.38)

where the change in labour supply due to the change in p, is given by equation (3.33)
as:

= = S(fre-yrsare
Suppose z is capital-intensive, so that ¢ < 0. In this case, % < 0 since an increase
in p, causes the return to capital to rise and the return to labour to fall. As well,
the term 2 is also negative. As a result, the change in net exports of good z is
unambiguously larger when labour is endogenously supplied when good z is capital-

intensive.

If z is labour-intensive, then ¢ > 0. Suppose that the elasticity of the wage rate with
respect to p; is greater than unity. Then since 22 > 0 when z is labour-intensive,
%ﬁf > 0. If the first term in e'quation (3.38) outweighs the second, an increase in
the price of good z causes a larger change in net exports of z when labour supply
is endogenous. However, if the wage elasticity with respect to p, is between zero
and one, then it is possible for an increase in p. to have a perverse effect on labour
supply, so that gf; < 0. If perverse result actually does obtain, then the change in
net exports would be smaller when labour supply is endogenous.




4. FACTOR PRICE EQUALIZATION

It seems appropriate at this stage to reconsider the question of factor price equaliza-
tion. This problem has been explored in great detail in Heckscher-Ohlin models even
when the number of goods and factors is allowed to be greater than two.” In such
models without trade distortions, if trade equalizes output prices and both countries
produce the same m goods with identical production technology, input prices for the
n endowed factors will be equalized between countries if each country’s endowment
vector is in the interior of the same cone of diversification formed by n first-order
conditions of the form (2.11”). The issue of the relative number of goods and factors
is important since if, for example, n > m, then the diversification cone is degenerate
and the event that a nation’s endowment vector is in the interior of the cone occurs
with probability zero. If on the other hand m > n, then the equilibrium inpnt price
vector @ will depend upon which m goods are produced in equilibrium. The diversi-
fication cone will not be unique, and which goods are produced will depend upon the

location of the endowment point.

The critical condition for the number of factors versus the number of goods is only
slightly more complicated when some factors are endogenously supplied. To begin
with, consider the case where m = n, so that the number of goods produced in
equilibrium equals the total number of factors of production. Given output prices
and the technology specified by the m production functions f*(a‘), the n first-order
conditions (2.10) wil! uniquely determine the returns to both the exogenously and
endogenously supplied factors of production (assuming that the equations in (2.10)
are all linearly independent). The consumption sector then solves for the levels of

Seehe:foodhnd (1982), pp.70-77, or Dixit and Norman (1980), pp.110-125, among
others.
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supply of the endogenous factors, given output prices and income, which is determined
by the inner product of the input price vector from the production sector and the
endowment vector. In this special case the separation of the determination of input
prices from the activities of the consumption sector still applies. The problem of
maximizing GNP is summarized by equation (2.3'), in Section 3.1. All input prices
are determined by the production sector alone, and the consumption sector solves for
the levels of supply of the endogenous factors. The production sector stands ready
to buy up whatever amounts of the endogenously supplied factors are sold by the
consumption sector at the determined input prices (w,w%). Note that the assumption

of constant returns to scale production technology is crucial here.

Now suppose that there are more factors than goods. This case is analogous to the
situation where n > m in the standard Heckscher-Ohlin model where all factors are
exogenously supplied.® The returns to the factors of production (w, %) will now de-
pend upon endowments & as well as output prices p. To illustrate, suppose that
m = n — e, so that the number of goods is equal to the number of exogenously
supplied factors. If the m price-equals-marginal cost equations in (2.10) are linearly
independent, then we can think of three blocks of equations which are all interdepen-
dant. The equilibrium input price vector (w, 1) must be such that (i) we observe zero
profits in the m industries such that the equations in (2.10) are all satisfied, (ii) factor
supplies equal factor demands for the e endogenously supplied factors such that the
e equations in (2.11') are satisfied, and (iii) the n — e exogenously supplied factors
are all fully employed, such that the n — ¢ equations in (2.11”) are all satisfied.

We are now in a position to determine the effects of the presence of endogenously

supplied factors on the factor price equalization theorem. Suppose that there are

8 See Woodland (1982), p.75, and Dixit and Norman (1980), p.111.
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more goods than exogenously supplied factors. As noted above, factor pricer will
now depend upon which m goods are produced. If we consider the special case where
the number of goods equals the total number of factors in the economy (m = n),
then the usual statement of the factor-price equalization theorem still applies. That
is, even if a subset of the n factors of production in an economy are endogenously
supplied, as long as both countries produce the same m goods in equilibrium with
the same constant returns to scale production technology, and if trade equalizes the
prices of these m goods, then if both country’s equilibrium endowment point is within
the cone of diversification, factor prices will be equalized. However, it is important
to note that even in this special case, things are not completely the same as they
were in the model without endogenously supplied factors, since the location of the
endowment point is not exogenous even if only one factor is endogenously supplied.
Thus the probability of factor price equalization is dependant on the actions of the
consumption sector, even when factor prices are determined solely by the actions of

the production sector.

To show how the probability of Factor Price Equalization is affected by the pres-
ence of endogenous factor supplies, consider the following simple Numerical General
Equilibrium (NGE) example. Two countries, H and F, produce identical outputs z
and y with identical constant returns to scale production technology. Outputs are
produced using inputs of capital (K) and labour (L) according to the Cobb-Douglas
production functions z = KL%, y = K3vL», a; + B = 1, i = z,y. Suppose for
example that y is capital-intensive, so that a,/8, > a;/B;. There is an identical
representative consumer in both H and F who consumes z, y, and L according to
the Cobb-Douglas utility function U = z°y¥(L = L)%, a + b+ c = 1. [ is the total
endowment of labour, corresponding to & in Fig. 2.1, p.20, so that (L — L) represents
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consumption of leisure. Suppose that H is relatively weli-endowed with labour, so
that Ky/Ly < Kr/Lr. The producers’ problem is to minimize factor payments sub-
ject to the technology constraints given by the Cobb-Douglas production functions.
The solution will be un.. factor demand functions for industries z and y in H and F

as follows (see Appendix, p. 132):

B
(4.1) Kiw,r) = (5’,-,-?) i=z,y
(4.2) Liw,r) = (z—-:;)m im 2,y

The representative consumer in H and F maximizes utility subject to the constraint
that net spending p,z +p,y—wlL is less than or equal to fixed factorincome m; = rK.
The equilibrium output demand and labour supply functions are given by:

_ a my+ wl
(4.3) z(pz, Py, L,m[) = (a+b+c "y )
- _ b my+wl
(4.4) ¥(pz,py, L,my) = (a Tore P )
= _ -c my+ wi
(45) L(Pz»pram!) = (a+b+c — )+L

The labour supply function (4.5) is probably more familiar when rewritten as a de-
mand for leisure function, if we subtract L from both sides and multiply through by
-1.

We will describe the initial equilibrium numerically by assigning parameters and

endowments as follows:
az =04 a, =0.6 (Ku,Ly) = (9,21)

B: = 0.6 . .By =04 (I?Fv LF') = (11119)1

and @ = b = ¢ = 1/3. The equilibrium prices in t.ds situation (p;,p,,w,r) aze all

equal to unity. In the analysis that follows, we assume that output prices remain
fixed.




Figure 4.1

The world equilibrium for this example is illustrated graphically in Fig. 4.1. Home
and foreign outputs are (zg,yx) = (15,3) and (zF, yr) = (5, 15), respectively, and the
domestic and foreign representative agents each consume 10 units of z, y, and leisure.
Home consumption of leisure is thus represented by the distance Oy A in Fig. 4.1, and
foreign consumption of leisure by OpC. Because all prices in equilibrium are equal to
unity, the capital/labour ratio in industry i is given by the ratio o,/ ;, as can be seen
by dividing equation (4.1) by (4.2) and substituting w = r = 1. These boundaries
define the cone of diversification ABC D in Fig. 4.1. The endowment point E is in the
interior of the cone, so we observe factor price equalization. In this example, factor
price equalization will always obtain as long as a, /8, < Ky/Ly < K¢/Lr < a,/8,.

Notice that it is total labour supplied to the production sector that appears in this
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expression, and not the total labour endowment of the economy, since now some of

I is consumed as leisure.

Our objective here is to demonstrate how factor price equalization is affected by
the presence of an endogenously supplied factor. We know very well how factor
price equalization works in the usual Heckscher-Ohlin model where all factors are
exogenously supplied. The problem is that there is no leisure consumption in the

usual formulation of the Heckscher-Ohlin model. As was noted in Section 3, we

cannot directly compare results in our model with an endogenously supplied factor to
results of the usual Heckscher-Ohlin model since the utility functions in each model
are inherently different. To get around this problem, we'll again compare results in
our model with an endogenously supplied factor to results in the same model where
the supply of the endogenous factor is not allowed to adjust to any changes in the
system. If the change to our system is an exodus of capital from the home country
to the foreign country, for example, then in the usual Heckscher-Ohlin model, total
labour supplied to the production sector does not change. To replicate this, we'll
suppose that total leisure demand stays constant at Oy A in the home country and at
OFC in the foreign country. Then we know that if we move morz than 5/3 units of
capital from H to F, we move past point E’ in Fig. 4.1, the home country specializes

in z-production, and factor price equalization fails to hold.

Let’s now repeat the same experiment, allowing leisure demand to adjust to the shift
of capital away from the howe country. Leisure is a normal good in our example,
due to the way in which the consumption technology is specified. If we suppose that
ownership of the capital which moves from H to F is transferred along with the factor
being moved, then income in H declines as we move south of point E in Fig. 4.1, and

total leisure demand will fall as a result. The boundary of the diversification cone




shifts, and we find that we need move only 1.36 units of capital to the foreign country
before the home country specializes in production of z and factor price equalization

breaks down at point E”.

A couple of points require further examination here. If ve suppose that the ownership
of the capital being transferred from H to F does not leave the h : : country, then
domestic income does not change, leisure demand does not respond to the movement
of capital (output prices aren't changing in this example) and the results of our
experiment are no different than in the case where leisure demand is not allowed to
respond to the shock. However, what is important to note here is that if we consider
an endowment point between E” and E’ in Fig. 4.1, then if labour is inelastically
supplied (in our example at 11 units in H, 9 units in F ), we will observe factor price
equalization. If on the other hand labour supply is truly endogenous, then factor
prices will not be equalized if the endowment point is between E” and E’ because
the home country will specialize in production of good r. What we need to do now
to complete this example is to find out how the presence of an endogenously supplied
factor affects the dimensions of the diversification cone over the entire area of the
Edgeworth box in Fig. 4.1, not only at the starting point E which we considered in
our example. That is, the diversification cone should be described not by the ratio
of capital to labour supplied to the production sector, since total labour supplied to
the production sector is endogenous. The diversification cone should be described by

the ratio of capital to the total labour endowment.

To see how a nation’s diversification cone is affected by the presence of endogenously
supplied factors, focus on the home nation. To isolate the effect of endogenous factor
supply, suppose that H faces fixed output prices p; = p, = 1. The boundaries of the

diversification cone are defined by the capital/labour ratios in industries z and y when
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the home country specializes in either z-production or y-production. For example, if

H produces only good i, then the capital/labour ratio in industry i is given by:

K a; w

(46) (-z-) = E:, i:x,y.

At any point on the boundary of the diversification cone, all of capital X and the
total amount of labour supplied to the production sector L is used to produce good
t, for i equal to either z or y. However, as was just noted, L is endogenous. Given
output prices p, and p,, we do not waut a diversification cone that it endogenous.

The expression we are looking for is (K /L), not (K/L); in equation (4.6) above.

To proceed, we can solve for the representative consumer’s lahour supply function as
a function of K, L, r, and w, by substituting the equilibrium constraint m y=rK

into the labour supply function:

L

w

(4.7)
= ZR+(1-9L
w
Substituting this into the capital/ labour ratio in equation (4.6) above yields:

K= %%[rfmu_c)z].

Collecting and cancelling terms allows us to rewrite this expression as:

%)k = (1-9%Y]
1+EC]K—(1 c)irL.

We can now solve for the capital/labour ratio:

(4.8) (%) - all-duw

i Bitacr’
Recall that equation (4.8) gives the capital/labour ratio in industry i when the home

couatry just begins to specialize in production of good i, so that all of capital and
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Figure 4.2

labour available to the production sector at the given output prices p, and p, is used
to produce only good i. When evaluated for i = z,y, the two equaticns in equation
(4.8) give a region in K — L -space. When the nation’s endowment vector can be
formed as a strictly convex combination of these two equations, then the nation will
diversify and produce both z and y. This situation is illustrated in Fig. 4.2. If the
nation’s endowment point (K, L) is at point E in Fig. 4.2, then H specializes in
production of good y, but factor-price equalization still obtains as long as F also has

an endowment point within the same diversification cone.

The important point to no 2 is that the diversification cone for a nation is now a
function of the parameter ¢, which in this model demonstrates the representative

consumer’s preferences over leisure demand or labour supply.
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Notice first that if we substitute ¢ = 0 into equation (4.8), then the capital/labour

(3), = &r

In this case, the representative agent does not consume the endogenously supplied

ratios reduce to the familiar:

factor, so that we are left with the standard Heckscher-Ohlin model.

Now suppose ¢ # 0. Once we know what the foreign country looks like, we can find
equations like (4.8) for the foreign country as well, and we would then be able to
construct the diversification cone for the world economy. If the endowment point is

located within this cone, then we would observe factor-price equalization.

How does the diversification cone for a country change as the parameter c changes?
Of course, different values of ¢ will in general imply different equilibrium solutions of
all endogenous variables. To isolate the effect of the parameter from the consumption
side of the economy, focus on the home country, and suppose that H faces some fixed
output prices p, and p,. If tastes in H change so that the parameter ¢ changes,
then as long as both goods are produced in the initial equilibrium before ¢ changes
and in the final equilibrium after ¢ has changed, input prices will not change. If we
differentiate equation (4.8) with respect to c, we get:

KLY -0y w

(49) 3 - Gragir <0

As we increase the parameter c, the slopes of the rays which form the boundaries
of the diversification cone for country H fall. This situation is illustrated in Fig.
4.2, where the endowment point for H is initially E. This endowment point is in the
interior of the initial diversification cone when ¢ = ¢;, and is in the final diversification

cone when ¢ = ¢; > ¢;. The country would be producing both r and y when ¢ = 1

and when ¢ = 2. Then if the foreign country had the same production technology
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and also produced both z and y at a trading equilibrium, and if trade equalized the
prices of z and y between H and F, then we would observe factor price equalization.
However, if the home country’s endowment point were in the shaded area to the left
of the endowment point E in Fig. 4.2, then as tastes in H changed so that the
parameter c rose from ¢; to ¢;, H would specialize in production of y, and even given
the conditions noted above about production in F and trade equalizing output prices,

factor price equalization would no longer obtain.

This simple example serves to illustrate how the probability of factor price equaliza-
tion is affected by the presence of endogenously supplied factors. Recall that we used
very simple production and consumption technology, represented by Cobb-Douglas
production functions. Also, since we had a two-good, two-factor model, the returns to
capital and labour were uniquely determined by output prices and production tech-
nology alone, independent of the consumption sector, as long as both z and y were
produced. However, when we started increasing the parameter ¢, this reflected a rel-
ative increase in demand for leisure by the representative consumer, ceteris paribus.
Supply of labour to the nroduction sector fell, and as a result, H specialized in produc-
tion of the capital-intensive good. Of course, if we had decreased the parameter c, the
home country would ultimately have specialized in production of the labour-intensive

good.

Note also that the technical statement of the factor price equalization theorem re-
mains unchanged. If two countries produce the same goods with the same inputs
and the same production technology, then trade in goods which equalizes output
prices between the two countries will equalize factor prices. What this analysis does

illustrate is the relationship between the goods which a nation produces in equilib-

rium and preferences over an endogenously supplied factor. In a sense, we can think
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of a nation with a relatively strong preference for leisure as producing more of the

labour-intensive non-traded good leisure in equilibrium and thereby specializing in

production of a single more capital-intensive good.




5. REVISED STOLPER-SAMUELSON EFFECTS

The effect of output price changes on input prices in the traditional trade model
with fixed factor supplies is well known. In the two-good, two-factor model, the
Stolper-Samuelson theorem predicts that the return to the factor used intensively in
production of the good whose price is rising will rise, and the return to the other
factor will fall. When there are more factors than goods, the effect of an output price
change on some input prices is indeterminate. When some factors are endogenously
supplied, we need to take account of the fact that an exogenous output price change
may not affect the returns to the endowed factors in the same way as it affects the
returns to the endogenously supplied factors. The former effect can be obtained by

differentiating equation (2.7), holding exogenous factor supplies constant:
(5.1) db = Ggpdp + Goudw.

In general, the relationship between output prices and the returns to the endogenously

supplied factors is given by:
(5.2) dw = —[Guw — Ewe] ' (Gup — Eup — vm,z]dp.

This equation is derived by differentiating the equilibrium condition for the endoge-
nously supplied factors, equation (2.22), since at the new output prices, it must still

be true that factor supplies equal factor demands.
5.1 Number of Goods Equals Number of Factors

The simplest case to consider is when the number of goods is at least as large as the
total number of factors, so that m > n. If m > n at the initial equilibrium, then
the output price change dp would cause production in n — m industries to cease to
be profi‘able, so it is sufficient here to consider the case m = n. As was shown in
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Section 4, all input prices will be determined as a function of output prices according
to the m price-equals-marginal cost equations (2.10), so that the usual version of the
Stolper-Samuelson theorem will continue to hold. That is, for the case m = n = 2,
the return to the factor used intensively in the industry whose price has increased
will rise, and the return to the other factor will fall, independent of whether one of

the factors is endogenously supplied or not.
5.2 More Factors than Goods

If on the other hand we begin with an equilibrium where the number of goods is fewer
than the total number of factors, the behavior of the consumption sector will affect
the determination of the returns to the endogenously supplied factors according to
equation (5.2) above. To illustrate, consider the case wherem =2, n=3,and e = 1.
Then (5.1) can be written as:
(d!l.)z) _ (%f}dp, + §8dp, + %dw,)

% dp, + Padp; + Wdw,

Since we now have more than two factors, our usual notion of factor intensity becomes

(5.3)
d;
ill-defined. To proceed, we use the notion of “generalized factor intensities” (see

Dixit and Woodland, 1982, p.209, among others). Good i is defined as using factor ;
intensively if Jy,/dv; > 0.

If we ignore the effect of the change in the return to the endogenously supplied factor
for the moment, we can see that (5.3) gives the usual Stolper-Samuelson result. Note

first that since the Hessian of tie modified GNP function is symmetric, %g‘
%"é, 71=12,1=2,3. If good 1 uses factor 2 intensively, then % > 0 and % <0.
Equation (5.3) says that if we hold the price of good 2 constant and suppose that

dpy > 0, the return to the factor used intensively in the production of good 1 will

rise, and the return to the other factor will fall.




We must now consider the effect of the change in the return to the erdogenously
supplied factor, dw,. In our example, we can write equation (5.2) as:

(5.4)
/ d,
dwy = ~(Goyon = Euyun) ™" ( "% + % = Vim, %1 _g + % = Vim,%2) ( {pl) :
P2

We know that (Gu,e, — Eu,v, )" is a positive scalar, but in general the sign on dw;
is indeterminate. In fact, it is also impossible in general to sign the term 3i;/dw, in
equation (5.3). However, if we borrow the notion of “cooperativeness” of factors of
production introduced in Svensson (1984), ® we can say that 3;/0w, > 0 (< 0) if the
exogenously supplied factor i is cooperative (non-cooperative) with the endogenously
supplied factor.

Suppose that #; and v; are cooperative (so that 3@,/dw, > 0), and suppose that good
1 uses factor &, intensively. Then the usual Stolper-Samuelson effect (an increase in
the return to factor 9,) is magnified if dw; > 0. Recall that in Section 3, we defined
a factor as beirg normal in production if 3y, /0w = Gp e, = Guyp, = —0v¥/Op, was
negative, so that an increase in the return to the factor v; caused output of good y;
to fall, ceteris paribus. We also saw that if good i and the endogenous factor v, were
gross substitutes, then E,, , — Vim, %1 = —0v}/0p + v1m,T1 Was positive. Of course,
this implies that —E,,,, + vim,2) = 0v}/Op1 — v1m,z1 will be negative if good 1 and
factor v, are substitutes in consumption. If these conditions hold, then an increase
in the price of good 1 holding the price of good 2 constant will result in an increase
in the return to factor v,. Thus we can state that a sufficient condition for the usual
Stolper-Samuelson eﬁ'ect to be magnified is that the endogenously supplied factor be
normal in production and that good 1 and the endogenously supplied factor be gross

substitutes in consumption.

% see Svensson (1984), pp.273-374
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It is also important to note at this point that it is possible to construct examples
where the usual Stolper-Samuelson results are dampened, and that we cannot rule
out the theoretical possibility of the usual Stolper-Samuelson results being reversed.
That is, cven in the simple model with two goods, two exogenously supplied factors,
and one endogenously supplied factor, we cannot rule out the case where an increase

in the price of one good reduces the return to the exogenously supplied factor used

intensively in production of the good whose price has increased.
5.3 Specific Factors Model

The interesting case to consider when the number of factors exceed the number of
goods is the specific factors model, so that some factors may only be employed to
produce specific goods (see Jones (1971), among others). Suppose that m =n—e =2
and e = 1 as in the model above, but that factor &, is used only in production of good
¥1, and that factor &, is specific to industry y,. This gives us more information ah~ut
the terms in equation (5.3). Specifically, it is true that dw,/dp > 0, 83/8ps < 0,
since factor ¥, is specific to industry 1. Likewise, 3w3/0p, < 0, and 8w5/0p; > 0. Of

course, the return to the mobile factor v, is still given by equation (5.4).

In the Jones version of this model, with factor v; mobile between industries y;, and
y2 but still in fixed supply, the result of a relative increase in the price of good y, is

the so-called magnification effect:!°
dw; < dpy < dwy < dpy < dibs.

But again dw, is geuerally indeterminate. If the price of good 1 rises and the price of
good 2 does not change, then the results of Jones’ model above say that the retarns to
both factors used in industry 1 rise, and the return to the factor specific to industry

10 see Jones (1971), p.9.




2 falls.

Consider the same example in the model where the mobile factor is endogenously
supplied. The return to the mobile factor will rise or fall according to equation (5.4).
Specifically, with dp, > 0, dp; = 0, then the retusn to the mobile factor will rise if
good 1 and the mobile factor are substitutes in consumption (dv*/8p; < 0), and if the
mobile factor is normal ir. pcoduction (8v?/8p; > 0). Of course, similar conditions
could be found such that the return to the mobile factor falls when the price of good

1 rises and the price of good 2 does not change.

Now consider the returns to the specific factors. Ignoring the effect of the change in
dw for the moment, the result of our example will be an increase in the return to the
factor specific to production of good 1 (dw; > 0) and a decrease in the return to the
other specific factor (dify < 0). With dw, > 0, this resuit will be magnified if the
factor specific to good 1 is cooperative with the mobile factor (8w,/dw, > 0) and
if the other specific factor is not cooperative with the mobile factor (Gw;/0uw, < 0).
However, if this relative cooperativer~-~ were reversed so that 3 was cooperative
with the mobile factor and ©; was n. _ .aen the increase in the return to the factor
specific to industry 1 would be dampened and may even be reversed, and the decrease
in the return to the factor specific to industry 2 would be dampened and may even be
reversed. That is, 1u our example, if the increase in the price of good 1 causes such a
large increase in supply of the mobile factor, and if this mobile factor is cooperative
with the good whose relative price has fallen and non-cooperative with the good
whose price has increased, it c..1d be that the return to the factor specific to the
good whose relative price has increased would fall, and that the rciurn to the other
specific factor would increase.
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5.4 Cobb-Douglas Example:

Consider the effect of a given change in world prices dp on input prices in our small
open economy in which two goods are produced using capital and labour, where labour
is endogenously supplied, and production and consumption technology is represented
by Cobb-Douglas production and utility functions, respectively. As was shown in
Section 5.1 above, as long as the number of goods prouuced in equilibiram is equal
to the number of factors of production, input prices are determined solely by the
production sector according to the price-equals-marginal-cost equations, independent
of the consumption sectors. We solve for the percentage change in input prices as a

function of the percentage change in output prices in the Appendix (see p. 133):

a = - a ~ M
r Pt e:'Pv

where ¢ = 3.5, ( %:- — %= ). If good z is relatively labour :ntensive, good y is relatively
capital-intensive, then 7—,‘" > 2= ,and ¢ > 0. Then an increase in the price of z h.olding
p, constant causes the return to labour to rise (1 = 9-;1 P:) and the return to capital

to fall (# = =2 5,).

While the presence of an endogenously supplied factor has no eftect on the determina-
tion of input prices as a function of output prices in this example where the number
of factors equals t’+ aumber of goods, we should still note that knowledge of this

input price change is necessary to determine the effect of the exogenous world price

shock on the supply of labour, as was illusirated in Section 3.3.




6. REVISED RYBCZYNSKI EFFECTS

In the traditional two-good, two-factor trade model with fixed factor supplies, the
Rybczynski theorem predicts that at constant output prices, an increase in the en-
dowment of a factor causes output of the good that uses the factor intensively to
nise, and output of the other good to fall. With endogenous factor supply, the en-
dowment charge also has the effect of changing factor supply, since income changes
as the endowment changes. In order to incorporate the effects of the presence of en-
dogenously supplied factors on the Rybczynski theorem, first differentiate the nutput

supply furction (2.5):
(6.1) dy = Gpydw + Gpydb,
holding output prices fixed.

Suppose that the change d7 is such that the same m goods continue to be produced.
Since the change in endowments will in general resuit in a change in the supply of en-
dogenous factors, there will in general be a change in the returns to the endogenously
supplied factors, even though output prices are assumed not to change. In fact, since
the return to the endogenously supplied factors will change, the n — e-dimensional
cone of diversification will be differeat due to the change in endowments, sv that the

returns to the exogenously supplied factors will aiso change.
6.1 Number of Goodts Equals Number of Factors

Suppose the number of goods produced in equilibrium before the factor endowment
change equals the total number of factors, m = n. In this case, input prices will still
ve determined solely as & function of output prices as long as the economy does not
move out of the original diversification cone. The changein endowments d will cause
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Figure 6.1

a change in fixed factor income dmy = w'd5, which will generally lead to a change in
the supply of the endogenous factors. Suppose that the movement in the endowment
point does not shift the econoiny out of the initial diversification cone, so that there
will be no change in input prices. This situation is illustrated in Fig. 6.1, for the case

m=n=2,e=1.
The change 1n outputs due to the change in the endowments di is now given by:
(6.2) - dy = Gpdd + G, dv.

The second term in equation (6.2) is the change in output supplies due to the change

in the supply of the endogenous factor, where dv is given by:

(6.3) dv = v, dry = vy, [0'd0].




The income effect on the supply of endogenous factors v, is generally indeterminate.
Consider the special case illustrated in Fig. 6.1 above. Equation (6.2) can be written
as:
(6.4 (dyl) _ ((ay,/aa,)dﬁg + (ayllavl)(avllam;)dm,) |
dy, (Oy2/302)dU; + (Bya/Bv1)(Ov1/Omy)dm,

Suppose the supply of factor #; increases. If good 1 uses factor ¥, intensively, then
(0y1/85;) > 0 and (9y1/0v,) < 0. Since an endowment is increasing while prices
are constant, fixed factor income rises, so that dmy > 0. Thus the usual Rybczynski

relationship will hold when the supply of the endogenous factor decreases as income

increases, or when the endogenously supplied factor is normal.

Note also that if the supply elasticity of the endogenous factor were zero, dv, = 0.
Now equation (6.4) is simply the usual statement of the Rybczynski theorem. That
is, an increase in the endowment of factor #; holding output prices fixed will increase
output of the good which uses factor ¥, intensively, and decrease the output of the
other good. If the supply of factor v, adjusts to the change in the endowment of
factor #;, this Ryoczynski relationship is strengthened (weakened) if the endogenously

supplied factor is normal (infericr).

We can illustrate this result using our simple numerical general equilibrium model
of Section 4. First we'll generate the usual Rybczynski result by assuming that
the supply of the endogenous factor (labour) to the production sector is fixed at
11 units in the home country and 9 units in the foreign country. In this example,
equilibrinm priccs are all equal to unity. Recall from Section 4 that in this example,
factor price equalization did obtain, home and foreign outputs was (zy,yg) = (15,5)
and (zr,yr) = (5,15), respectively, and the representative agent in each country

consumed 10 units of z, y, and le.sr2. The home country was relatively well endowed
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with labour, and z was the relatively labour-intensive good.

Suppose we move one unit of capital from the home country to the foreign country.
The Rybczynski theorem tells us that domestic production of z should rise, domestic
production of y should fall, and the reverse should happen in the foreign country. For
brevity, we'll consider only changes in the domestic production of z. In this example,
the transfer of capital from H to F causes domestic production of z to rise by 13.3

percent to 17 units.

Now consider the same experiment, but allow the supply of labour to the production
sector to respond to the shift in capital. If we imagine that the ownership of capital
is transferred away from H as the capital itself is moved from H to F, then in our
simple example, the income effect causes the supply of labour in H to rise (demand
for leisure falls as income falls). The resulting increase in z-production in the home
country is 20 percent, to 18 units. The effect on z-production in the home country of

the movement of capital is 50 percent greater when labour is endogenously supplied.

Obviously these results are completely dependant upon the functional forms chosen
in this simple example. The Cobb-Douglas utility function implies that labour is a
normal good. If we had chosen a utility function such that labour were an inferior
good, then the effect of the movement of capital from H to F on domestic produc-
tion of good z in our experiment would be dampened. In the extreme case, if this
income effect on labour supply were sufficiently large, we could construct examples
where the domestic production of the labour-intensive good z actually falls when
capital is moved out of the domestic country. If we had described the representative
agent’s preferences by a quasi-homothetic utility fuaction where the consumer had

a subsistence consumption of leisure, then the effect of our experiment on domestic
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z-production is almost twice as large when labour is endogenous compared to the

case when labour supply in perfectly inelastic.
6.2 More Factors than Goods

Now suppose that the number of factors exceeds the number of goods. Consider the
simple model with two goods (m = 2), three factors (n = 3), and suppose one of the
three factors is endogenously supplied (e = 1). Since output prices are assumed to

remain fixed, we can reduce the equation system (6.1) to:

F: -
(6.5) (dyl ) _ ( a,,,-’-"dvz + %dvs + g&dwx) .

dy, g’%dﬁz + %dﬁa + gﬁdwx

As was the case for the Stolper-Samuelson experiment above, suppose first that the
price of the endogenously supplied factor does not change. Equation (6.5) then gives
the usual Rybczynski result, that an increase in the supply of a factor of production
(say d, > 0) helding the supply of the other facto. constant (do; = 0) will increase
output of the good that uses intensively the factor whose supply has risen (say dy, >

0), and reduces output of the other good.

Now consider the effect of tue change in the price of the endogenously supplied fac-
tor. As we saw above, this term depends upon output responses, substitutability in
consumption, and the income effect upon the supply of the endogenous factor, which
is indeterminate in general. Suppose that do; > 0, diiz = 0, good 1 uses factor ¥,
intensively, and output of good 1 rises as the return to the endogenously supplied
factor rises (dy;/ 6w,' > 0). Then the usual Rybczynski result will be magnified if
an increase in the supply of factor 7; causes the price of the endogenously supplied
factor to rise. This effect is derived by differentiating the equilibrium condition for

the endogenously supplied factor (2.22) with respect to the vector of exogenous factor
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supplies:
(6.6) dw = —[Guw = Ewe] ' [Gus = Ews — vm,'ld5,

or in this particular example:

(6.7)
“1 ovf , Bup _ out , 8y _ [d%

dwy = ~(Guuy = Evyay )™ ( _?ﬁ: + 8—0: — Uim, W2 "5'9: + aﬁ.‘; - vlmlw3) 6 .
U3

As above fet the Stolper-Samuelson experiment, we can construct sufficient conditions
such that the usual Rybczynski results are magnified. If the endogenously supplied
factor and factor #; are not cooperative in production, then dv¥/d%; < 0. If an
increase in the exogenous supply of factor §; causes a gross decrease in demand for
the endogenously supplied factor, then gross supply of factor v, to the production
sector will rise, so that [0v}/35; — vim, W3] < 0. These conditions 2re sufficient for
an increase in the exogenous supply of factor #; to result in an increase in the return
to the endogenously supplied factor, so that the Rybczynski result will be magnified.
However, we must also note that it is possible to construct cases where the presence of
only one endogenously supplied tactor in this simple model causes the usual Rybczyn-
ski result to be dampened, and that we cannot rule out the possibility that the usual
Rybczynski result may be reversed, so that output of good y;, for example, would
actually fall in response to an increase in the supply of the factor used intensively
in production of good 1. For example, if the endogenously supplied factor is normal
in production ~f good 1, then if the increase in the sapply of factor ¥, results in an
increase in the return to the endogenous factor, then the term (dy,/0dw,)dw, will
work in the opposite direction to the term (3y,/0d5,;)dv;, and the usual Rybczynski
result will be dampened. The return to the endogenous factor will fall in response to

an increase in the exogenous supply of factor &; if #; and the endogenous factor are

cooperative in production and if the increase in the supply of factor #; causes a fall
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in gross demand for the endogenous factor.
6.3 Specific Factors Model

Let us again consider the specific factors model. In particular, suppose as in Section
5 that the exogenously supplied factors ©; and #; are specific to industries y; and y;
respectively. In the traditional version of this model, factor v, is in fixed supply and
mobile between industries y; and y;. The effects of an . ;rease in the supply of one
of the specific factors is given in Jones (1971), p.11. Since the return to the mobile
factor is a function of endowments as well as output prices when there are more
factors than goods, an increase in ¥;, for example, causes the return to the mobile
factor v, to rise, and the resulting changes in factor usage r1tios cause a dampening
of the magnification effect seen in the two-good, two-factor model. For example, an
increase in the endowment of 7, causes output of good y; to rise and f good y; to

fall, but the percentage increase in y,; is smaller than that in the supply of factor ©;.

In our version of the specific factors model, factor vy is mobile and endogenously sup-
plied. Its return will also change as the supply of an exogenous factor changes, given
by equation (6.7). The output supply changes due to the change in the endowment of
the fixed factors is still given by equation (6.5). Since factor #; is specific to industry
1, we know that dy,/3v; > 0, and dy;/0%, < 0. Likewise, since factor 73 is specific
to industry 2, 9y,/00; < 0, and Jy;/3; > 0. If we ignore the effect of the change in
the return to the mobile factor, an exogenous increase in the endowment of factor @,
holding the endowment of the other factor ficed will cause output of good 1 to rise
and of good 2 to fall.

The effect of the change in the endowment of #; on the return to the mobile en-

dogerous facior is given by equation (6.7). If the mobile factor is normal vy, < 0,
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then the income effect of an endowment increase will always be to reduce the return
to the mobile factor. However, since §; and the mobile factor may be cooperative
(8v?/35, > 0) or not, and since the endowment change may increase of decrease the
supply of the mobile factor (Gv{/3%; > or < 0), the return to the mobile factor may
increase of decrease due to the increase in the endowment of the factor specific to

industry 1.

The result in Jones (1971) that the percentage change in output of good y, is smaller
than the percentage change in the supply of the factor specific to good y, was driven
by the fact that as the supply of factor ¥, rose, the return to the mobile factor v
rose, serving to reduce the ratio of mobile to specific factor used to produce y;. In
our model with v, endozenously supplied, we can construct examples whereby the
change in the supply of the exogenous factor ¥; causes changes in the supply of the
endogenous factor vy such that the return to v, actually falls. Suppose dwy < 0. If
industry 1 does not use the riobile factor intensively and industry 2 does, then the
output supply changes noted above would be magnified. Of course, the opposite result
is also possible, and it may even be that the change in supply of the mobile factor
due to the endowment change has such a strong perverse effect upon output supplies
that an increase in the endowment of the factor specific to industry 1 actually causes
a reduction in output supply on that industry and an increase in output supply in

the other industry.
6.4 Cobb-Dougls s Examples

Now examine the effect of endogenous factor supply on the Rybczynski effect in the
two good, two factor Cobb-Douglas economy whese labour is endogenously supplied.

Now an exogenous increase in the endowment of capital dk wil. .ause a change in
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the equilibrium supply of labour in the small open economy. World output prices are
assumed constant, and we assume that both goods continue to be produced, so that
input prices are also constant. We solve for the equilibrium labour supply function

in the Appendix (see p. 140):
L' = =(wl+rK) ' L.

The change in labour supply due to the change in the endowment of capital is given

by:
aL* _ —cr 0
K ~ w ’

An increase in the endowment of capital, holding output prices constant, will cause an
increase in fixed factor income, leading to an unanbiguous increase in leisure demand,

or an unambiguous fall in labour supply.

We solve for the equilibrium output supply functions in the Appendix (see p. 138):
s az Bx .
(z)_(-agﬂg)(__‘) (%‘) (("vl'v) (°uh)' )
v ~(ge) T R+ (mE)YL
where ¢ = a,f; — a.(,. The Rybczynski effect of the change in the endowment of
capital, dK, on output of good z, for example, is found simply by differentiating the
output supply function z*(p;, p,, L, K) with respect to K, noting that the supply of
labour also changes when K changes.
as =2
B = - () (2)TH (4) (G )T
4 () (2 )N (07N (2 ) O
where we saw above that %ﬁ'— = == <0. lf good z is labour-intensive, so that ¢ > 0,
then gﬁ < 0. If good z is capital-intensive, so that ¢ < 0, then %ﬁ > 0. Therefore

we car conclude that an increase in the endowment of zapiial holding output prices

constant will always increase / decrease) output of the capital-(labour-) intensive good.
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Now note that if labour were not endogenously supplied, then the term %Jk'- would
equal zero. Denoting the change in output of good z due to the exogenous increase

in the endowment of capital when labour supply is not endogenous by ﬁ- , we get:
) . o =xfy [T'L]
% - % =—(2)(h)(2) T () (¥

Suppose z is capital-intensive, so that ¢ < 0. Then the increase in the endowment
of capital will cause a larger increase in the output of z when labour is endogenously
supplied than when labour supply is perfectly inelastic. If z is labour-intensive, then
g > 0, so that an increase in the endowment of capital would cause a larger fall in
production of good z when labour is endogenously supplied than when labour supply
is fixed.
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7. INTERNATIONAL TRADE WITH TRADE AND FACTOR TAXES

The results of the previous chapters can now be used to coasider some normative
effects of endogeneous factor supply in international trade models. To begin with, as-

sume that a nation enacts trade policy by imposing taxes (either positive or negative)

on international trade, and for present purposes we assume that no other distortionary
policies (quotas, VER'’s, etc.) are used. The effects of changes in tariff/subsidy poli-
cies in the simple trade model where all factor supplies are exogenous are well known.
The specific objective of this section is to try to determine how the effects of trade

tax policy changes are affected by the presence of endogeneously supplied factors.

We begin by revising the model of Chapter 2 to incorporate the presence of trade
taxes. The only trade policy instrument available to a nation wiil be an ad valorem
tax or subsidy on exports or imports, summarized by the vector t’ = (t;,13,...,tm).
Define the vector T' = (1 + t;,1 + t5,...,1 + t,n), and describe the vector of world
output prices as p* = (p},p},....pn). The vector of domestic prices can then be

expressed as:

(7.1) ¥ = T'D(p’),

where D(:) denotes a diagonal matrix with the elements of (-) on the main diagonal.

Total trade tax revenue in this economy will be given by the e¢xpression:
(7.2) TR = -t'D(p°)z.

Th illustrate, suppose that good i is imported, so that z; < 0. Then a tariff on good
¢ (ti > 0) causes TR to be positive, while an import subsidy (¢; < 0) causes TR < 0.
We require t; € (—1,00) in order to rule out negative prices. If good i is exported,

z; > 0. The tax wedge is now reflected by the relationship (14 s;)p; = p;, where s; is
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the tax rate on exported good i. In the notation of equation (7.1),¢; = —s;/1+s;.}! If
the exports of good i are subsidized (s; < 0), then ¢; > 0 and tax revenue is reduced,
while if the exported good is taxed (s; > 0), ¢, < 0 and we get TR > 0. As above,

we require s; € (—1, 00) to avoid negative prices.

It is now assumed that this tax revenue is costlessly collected and redistributed to the
representative consumer. The consumption sector will now maximize utility subject

to the constraint:
(7.3) my = G(p,w,5) + TR.

Recall that the indirect utility function which summae rized the consumption sector’s
maximization problem was given by equation (2.16) as V(p,w,m;). Substituting
equations (7.1) to (7.3) into this equation allows us to express the economy’s indirect
utility {anction in terms of the vector of world = ices, the vector of domestic trade

taxes, and the vector of fixed factor endowments.
(74) V(t,p" w(t,p%)) = V(T'D(p"), w(t,p’), G(T'D(p*), w(t,p")) — t' D(p°)z),

In the analysis that follows, we suppose that the supply of the endowed factors does
not change (d5 = 0) so that the variable ¥ is suppressed throughout. Note that we
can also use equations (7.1) to (7.3) to write the net export function in equation

(2.21) as z(t,p", w(t,p*), B).

In order to close the model, we need to describe the nation’s trading partner. The
domestic country we have been considering will trade with a single foreign country
(the rest-of-the-world). The foreign country is treated the same as the domestic

country, so that all assumptions which characterize behavior in the domestic country

This is the convention used by Woodland (1982), p.299, to describe export
taxes/subsidies.
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will also be made with respect to the foreign country. For the purposes of this section,
we can describe behavior in the foreign country with the indirect utility function:

(7.4°)
Vit p",w*(t",p°)) = V(T"D(P.)' w*(t",p%), G‘(T.'D(P.)’ w*(t*,p*)) — t"D(p').‘t.),

where z* = z°(t*, p°, w*(¢*,p°)), and the * superscript denotes foreign country van-
ables. Note that the vector of fixed foreign factor endowments i* Las been suppressed.

To find the welfare effects of a change in the nation’s trade taxer, differentiate the
indirect utility function (7.4) with respect to the vector ¢:
dV = V)[D(T)M(3p°/0t)dt + D(p*)dt] + V dw
+ Va,[G,[(D(T)M(3p° [ 3t)dt + D(p*)dt] + G dw)
— Vi, [2'D(p")dt + 2’ D(t)M(3p* /Ot)dt + t' D(p*) M (9z/5t)dt],
where M(-) denotes a matrix comprised of elements (). To simplify this expression,

fist * ‘de through by the marginal utility of income V,,,, and then use equations

(2.5), (2.6), (2.18), and (2.19) to get:
dV[Vm, = [y = 2|[D(T)M(3p"/8t)dt + D(p)dt] + [v* — v*]dw
—z'[D(t)M(8p"/8t)dt + D(p*)dt] — ' D(p")M(dz/dt)dt.
By definition, y' — 2’ = 2/, and v = v*, so that:
dV/V,,, = 2'[D(T) - D(\M(3p"/3t)dt — t'D(p")M(dz/dt)dt
(79 = ' M(3p*[0t)dt — ¢'D(p")M(Dz/dH)dt.
This is the familiar decomposition of the welfare effects of a change in trade
taxes into a terms of trade effect (z’M(Op°/t)dt) and a volume of trade effect
(~='D(p*)M(3z/0t)dt). 1?
12 Equation (7.5) is similar to equation (54) in Woodland (1982), p.314, although the

derivation is slightly different. An analogous expression 1s derived in Markusen and
Wigle (1989) in the presence of scale economies and imperfect competition.
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7.1 Trade Tax Changes and Welfare in a Small Open Economy

For a small open price-taking economy (SOPTE), the model 3 closed by noting that
the economy cannot affect its terms-of-trade, but can buy or sell outputs on the world
market at prices p°. As a result, the matrix M(8p®/3%) in equation (7.5) is a null

matrix, so we get:

{7.6) — = —t'D(p*)M(0z/dt)dt.

To illustrate, consider the two-good, two-factor version of this model. Suppose that
the domestic country imports good 1, exports good 2, and taxes imports of good 1,
so that ¢ = (¢,,0), ¢, > 0. If an increase in the tariff on good 1 causes a decrease in
imports of good 1, so that 3z,/0¢t;, > 0, then a tariff increase in the domestic country
(dty > 0) would reduce domestic welfare (dV' < 0). (Recall that V;,, is the marginal
utility of fixed factor income, and is positive.) In Section 3, we derived conditions
under which the domestic net export elasticity was larger when some factors were
endogenously supplied. We now proceed to consider the implications of this fact for
welfare changes in a small open economy, for given fixed world prices p°, as relative

prices within the small open economy change due to trade tax changes.

Let us look more closely at equation (7.6). First consider the case where the number
of factors equals the number of goods. In Section (3.1), we showed that if the repre-
sentative agent in the domestic country had preferences which could be represented
by the additively separable utility function:

U(z,v) = Ui(2) + Ua(v),

where U(z) is linearly homogenous and Uz(v) is strictly concave, then net expurs

would be positively associated with own-price changes. If this own-price change is




caused by a trade tax change, then an increase in the tariff on an impost (dt; > 0)
would cause the relative price of the imported good to rise, so that net imports would
fall, and domestic welfare would decrease. As well, an increase in the export tax
on an exported good (dt; < 0) would cause the relative price of that good to the
domestic economy to fall, net exports of that good would fall, and domestic welfare
would fall. That is, any change in trade taxes which increases trade taxes in absolute
value is welfare reducing, while any decrease in trade taxes in absolute valueis welfare

increasing.

We also saw in Section (3.1) that net export responses to a given output price change
are larger (in absolute value) when factors are endogenvusly supplied than when
factor supplies are perfectly inelastic (see p.35), when preferences can be represented
by our separable utility function. As a result, if we consider a SOPTE at some initial
equilibrium where ¢ is not a null vector, and then change trade taxes, the resulting
change in domestic output prices will have a larger effect on net exports (in absolute
value) when factors are endogenously supplied than when factor supplies are perfectly
inelastic. A given trade tax change will therefore cause a greater change in domestic
welfare if factor supplies are allowed to respond to the price changes entailed by the
trade tax change. For example, a decrease in the tariff charged on an imported good

will be more welfare improving if factors are endogenously supplied.

We also found conditions in Section 3.1 under which net exports were positively
related to output price changes in the two-good, two-factor version of this %&id,
when one factor is endogenously supplied. For example, if the imported good uses
the endogenously supplied factor intensively, and if the imported good is a substitute
for the endogenously supplied factor, then an increase in the relative price of the

imported good will cause imports to fall, so that a decrease in the import tariff would




be welfare improving. In general, trade tax decreases (in absolute value) would be
welfare improving when the conditions at the end of Section 3.1 are satisfied.

The cenditions which ensured that net exports were positively related to output price
changes were also sufficient to ensure that a given relative price change had a larger
effect on net exports (in absolute value) when one factor was endogenously supplied
than when both factors were in fixed supply. As a result, these conditions are also
sufficient to ensure that decreases in trade taxes \in absolute value) are more welfare
improving when one factor is endogenously supplied than when the supply of both

factors is perfectly inelastic.

Now consider the model described in Section 3.2 where there are more factors than
goods, and a subset of those factors are endogenously supplied. It was shown that
net export functions were positively sloped when the representative consumer’s pref-
erences could be represented by the additively separable utility function described
above. This implies that an increase in an import tariff would cause the relative
price of that import to rise, so that imports of that good would fall (0z;/3¢; > 0).
Equation (7.6) then implies that in this model, a tariff increase (d¢; > 0) would be
welfare reducing. Of course, we can apply the same argument to all trade taxes, so
that we can conclude that an increase in trade taxes in absolute value will be welfaze

reducing, and a decrease in trade taxes will be we'are improving.

We also saw that when we could use the additively separable utility function noted
above, net export functions were more elastic when some factors were endogenously
supplied than when all factors were perfectly inelastically supplied. A given trade
tax change will therefore have a larger effect on net exports (in absolute value) when
factors are endogenously supplied. This combined with the previous result implies




that a given reduction in trade taxes (in absolute value) will be more welfareimproving

if some factor supplies are endogenous when the representative consumers’ preferences

can be represented by our additively separable utility function.

In the two-good, three-factor version of this model when one factor is éndogenonsly
supplied, we found sufficient conditions at the end of Section 3.2 under which net
export changes were positively associated with own-price changes, and that these
changes were larger (in absolute value) when there was an endogenously supplied
factor rather than when all factors were inelastically supplied. When we apply this
result to equation (7.6), we see that any decrease in the absolute value of any trade tax
in the SOPTE will be welfare improving in this model when one factor is endogenously
supplied. As well, the same trade tax change will be more welfare improving than it
would have been had all factors of production been in perfectly inelastic supply.

7.2 Trade Tax Changes and Trade Tax Revenue

Now consider the effect in the SOPTE of a change in the domestic vector of trade
taxes on trade tax revenue, TR when some factors are endogenously supplied. If we
differentiate equation (7.2), we get:

(71.7) dTR = -p°z(t,p’,w(t,p’)) — ' D(p* ) M(0z/3t)dt.

If we imagine the same small open economy facing the same world prices p*, vith
the same trade tax vector, the same endowment of fixed factors, and a supply of the
endogenous factors fixed at the level v* = v9, then the corresponding change in tariff
tevenue due to the same trade tax change in equation (7.7) would be:

(7.7 dTR = —p*i(t,p",w(t,p)) - ' D(p° ) M(0%/t)dt.

Of course, the initial level of net exports in the SOPTE is the same in both cases, since

fixing factor supplies at the level equal to the equilibrium value of endogenous factor




supplies in the model where some factor supplies are endogenous implies that the

initial equilibrium in each model is identical. Since z = £, we can subtract equation
(7.7') from equation (7.7) to get:

(1.8) dTR—-dTR = —t'D(p")|M(0z/0t) — (9%/d¢)|dt.

If factor supplies are held fixed so that all factor supplies are perfectly inelastic, then
the changein trade tax revenue dT' R due to some given trade tax change dt will not be
the same as the changein trade tax revenue dT' R when some factors are endogenously

supplied.

We can apply the results of Section 3 just as we did in the previous section. We
know that when the preferences of the representative consumer in the SOPTE can
be summarized by the additively separable utility function above, changes in net
exports are always positively associated with own-price changes, and the own net
export response due to a given price change is always larger (in absolute value) when
some factors are endogenous supplied than when all factors are in fixed supply. We
also saw that this result holds independently of whether there are more factors than
goods or the same number of goods and factors. As a result, we can conclude that
an increase in a tariff on good i will cause a larger increase in tariff revenue when
some factors are endogenously supplied than when all factor supplies are perfectly
inelastic, when our separable utility function can be used to represent preferences in
the SOPTE.

This result will hold whenever net export functions are more elastic when factor
supplies are endogenous. Therefore, the sufficient conditions which we found at the

end of Sections 3.1 and 3.2 which ensured that net export functions were more elastic
in the two-good, two-factor model and the two-good, three-factor model will also be




sufficient to ensure that trade tax changes will have a larger effect (in absolute value)
on trade tax revenue when factor supplies are endogenous than when factor supplies

do not respond to trade tax changes.
7.3 Optimal Trade Taxes With Endogenous Factor Supply

In Section 3 we derived conditions under which the presence of endogenous factor
supply resulted in a higher net export elasticity. We now consider the implications of
this result for the optimal tariff problem. The optimal tariff problem dates back at
least to Bickerdike (1906), and the standard “modern” reference is Graaff (1949). The
optimal vector of trade taxes is the set of trade taxes such that welfare is maximized,
for any given choice of trade taxes by the nation’s trading partner( ;. This condi-
tionality upon a fixed vector of foreign trade taxes has led many economists to model
the optimal tariff problem as a non-cooperative game between the trading countries,
the equilibrium being characterized by a set of Nash-equilibrium trade taxes (see
Markusen and Wigle (1989), Mayer (1981), pp.139-140, or McMillan (1985), pp.24-
28, among others). We will derote the vector of optimal or Nash-equilibrium trade

taxes by ty.

The vector of optimal trade taxes for the SOPTE will be the vector ty such that any
differential change in trade taxes causes a decrease in welfare. We can solve for ty
by setting equation (7.6) equal to zero, after noting that the SOPTE cannot affect

wotld terms-of-trade.

(7.9) ' 0 = —¢'D(p")M(9z/dt)dt.

Of course, setting ¢y = 0 solves equation (7.9), so as shown in the proof above, the

null vector will still be the globally optimal trade tax vector. To prove this statement,

let p/ and p* be the world prices at free-trade and when the trade-tax vectot is not a
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null vector, respectively. Let y/ and v/ be the optimal output supply and endogenous
factor demand vectors at free-trade prices p/ and w/, respectively, and let y* and v*
be the optimal output supply and endogenous factor demand vectors at taxed prices

P’ and w', respectively. Then the following inequality must hold:
p!'yl S Y | > pl'yt - w!'vt,

since (y/,v’) was optimal at (p/,w’). By adding and subtracting p*'y* to the right-

hand side, we cau rearrange the inequality to yield:

pl'yf - wl'vl > pl'yl - wl’vt + (pl —p')'y‘.
Now note that in equilibrium, p/'y/ - w/'v/ = G(p/,w!,t) = E(p’/,w/, uf), so that
we can rewrite the last inequality as:

E(p/,w,p) 2 py —w!v' + (¢ - )"

Let (2%, v*) be the vector of optimal output demands and endogenous factor supplies at
prices p*, w'. According to the balance of payments constraint, the value of production
must equal the value of consumption, so that p*'y* = p''z*. If we substitute this
constraint into the right-hand side of the last equation, and add and subtract the

term p/'z*, we get:
E(p vl W) 2 o'~ + (o - Y (' - 2.
It must be true that:
P -wl'v 2 E( W),
since E(p/,w’, ') is the minimum expenditure required to attain the level of utility

pt at prices (p/,w/). As a result, we can write:

E( v, pf) 2 E(p, v u')+ (@ - P)(y - ).
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For a small open economy, (p/ — p') must be a null vector, since the small open

economy cannot affect world prices. Thus we are left with:

E(p',w!,p') > E(@, v, 4'),

which states that at prices (p/, w/), expenditure needed to reach the level of utility u/
is higher than that required to reach u'. Since the expenditure function is increasing
in the level of utility, it must be true that the free trade level of utility is higher than

any other, so that free trade is globally optimal for a small open economy.

For a large economy able to affect world terms-of-trade, the model is closed by noting
that the change in domestic net exports must equal the negative of the change in
rest-of-world net exports, dz = —dz°. Substituting this constraint into equation

(7.5) yields:
(7.10) dV/Vm, = —z* M(8p"/8t)dt + ' D(p*)M(dz" [ Bt)dt.

For a large economy the appropriate decomposition of the volume-of-trade effect is

as follows:
(7.i1) {(0z"/0t) = M{0z"/0p*)M(Op°/Ot) + M(3z"[t")M(Dt°/Bt),

since z* = r*(t*,p*, w*(t*,p")). Note that the matrix capturing the elasticity of the
net export functions M(9z°/0p*) alsu contains terms reflecting how the changes in
the prices of the endogenously supplied factors due to the terms-of-trade change affect
net exports. : .

The vector of optimal tariffs for a large economy is the vector ¢ which maximizes

equation (7.10) for any given vector of foreign tariffs t°. We solve for ty by setting

(7.10) equal to zero, substituting in equation (7.11), and noting that the matrix
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reflecting foreign tariff retaliation in equation (7.11), M(8t*/dt), is a null matrix.

Thus we get:
(7.12) ty = =" M(z"/3p")' D(p")"",

which says that the optimal tanff vector for a large open economy is given by the
inverse of the foreign country’s vector of net export elasticities. Then we can con-
clude that if the representative consumer’s preferences in the large economy can be
represented by the additively separable utility function U(z,v) = U,(z) + U+(v), the
vector of optimal trade taxes will be smaller when factors are endogenously supplied.

7.4 Taxes on ‘ndogenous Factor Supply

Now consider the cffects of taxes on factors. Suppose all trade taxes are zero, and that
the only taxes present are applied to the level of usage of the endogenously supplied
factors. In order to simplify the analysis, suppose that the number of factors equals
the number of goods in equilibrium when there are factor taxes, and that the same
goods would continue to be produced in the undistorted equilibrium with no taxes at
all. In this case, the gross return to factors in the small open economy facing given
world prices p° will be the same, whether or not there are factor taxes. However,
the net wage received by or paid to the representative consumer for supply of the

endogenous factor will vary according to the factor tax.

The tax on the endogenously supplied factors will be paid by the production sector,
and total tax revenue will be redistributed back to the representative consumer. Since
the number of goods equals the total number of factors, the gross wage w paid to the
endogenously supplied factors is determined solely by the production sector according
to equation (2.6’) on p. 26:

(2’6’) w = év(?; v, ﬁ),



where v(p, 1, m;) is the level of supply of the endogenous factors determined by the
consumption sector, th = w — f is the net-of-tax return received by the representative
consumer per unit supplied of the endogenous factor, and f is the vector of per-unit
factor taxes. Recall that in this example, the production sector treats v as given
and solves for the gross equilibrium input price vector w, while the consumption
sector treats the after-tax input price vector 1w as given and solves for the equilibrium
endogenous factor supply vector v. We will consider only an ad valorem tax, so that
total factor tax revenue collected per unit of the i'th endogenously supplied factor is
fiw;, and:

FTR = f'D(w) v(p,w,my),

where FT R now represents total factor tax rev-nue. Otherwise the notation is exactly

the same as in equation (7.2) above.

For given world output prices p*, a given endowment of the factors in fixed supply
¥, and the level of supply of the endogenous factors v(p,w, m;), the gross return to
the endogenous factors is w. For each unit of the i’th endogenous factor employed,
fiw; is paid by the production sector as a tax and (1 - f;)w; = 1u&; is paid to the
owner of the factor. Net factor rewards for the endogenous factors received by the

consumption sector are given by:
w = (1-f) D(w).

For given world prices, the gross wage w is fixed as long as all goods continue to be
produced. As a result, any change in the vector of factor taxes df will result in a
change in factor rewards received by the representative consumer per unit of supply
of the endogenous factors according to:

dio = -D(w)df.




We can solve for the change in endogenous facter supply caused by a given change
in factor taxes df by differentiating the equation for endogenous factor supplies as
follows:
v(p,b,my) = —Ey (p°,(1 = f)D(w), V(p*, (1 - f')D(w), my))
(7.13) dv(p®,b,m;) = Eye D(w)df — Euu[—-ViD(w)df + V,a,dmy]
dv(p*,w,m¢) = Eue D(w)df — ve,[v'D(w)df — dmy] ,
where v, = —E, Vau, is the income effect on endogenous factor supply, and dm;
is the change in fixed factor income due to the factor tax change df. Fixed factor
income in this model is equal to total revenue earned by the fixed factors (¥'7) and
total factor tax revenue. In equilibrium, @5 = G(p*, v, 5) ~ w'v, so thst we can write
total fixed factor income as follows:
m; = G(p",v,5) —w'v + FTR

= G(p",v,5) - w'v + f'D(w)v.

To solve for the change in fixed factor income (dm;) due to a change in the vector of
factor taxes (df), differentiate this equation with respect to f, holding output prices
p° and the endowment of fixed factors & constant. No ‘hat if p* is fixed, then as
long as all goods continue to be produced, gross input prius will not change, so that
dw = 0. However, the change in factor taxes df will cause a change in factor supply

dv:
(.14) dmy; = G.(p°,v,7) — w'dv + f' D(w)dv + v’ D(w)df
dmy = fD(w)dv + v'D(w)df ,
since ¢, = v in equilibrium. Substituting this expression for dm, into equation
(7.13) above yields: '
dv(p*,,ms) = EuwyD(w)df ~ vm,[v'D(w)df — f'D(w)dv — v'D(w)df]

(1.15)
= EyuD(w)df + vm,{f'D(w)dv].
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If we premultiply both sides of this expression by df' D(w), we get:
(7.16) df' D(w)dv = df' D(w)E ouD(w)df + df' D(w)vm,(f' D(w)dv] .

The term df'D(w) = —dw’ is the vector of changes in per unit factor tax revenue
due to the given factor tax change df. The first term on the right-hand side is a
quadratic form about a negative definite matrix (recall that the expenditure function
is strictly concave in w), so that df' D(w)E,, D(w)df < 0. This is the direct effect of
the factor tax change on endogenous factor supply. Essentially, an increase in factor
taxes lowers factor returns and therefore lowers endogenous factor supply.

The second term represents the income effect of a factor tax change on the supply of
the endogenous factors. When evaluated in the neighbourhood of zero factor taxes,
the vector f is a null vector, so that:

df'D(w)dv = df'D(w)E.,D(w)df < 0.

In the neighbourhood of zero factor taxes, an increase in the tax on any endogenously
supplied factor causes endogenous factor supply to fall. As well, an increase in the
subsidy on any er.dogenously supplied factor (df; < 0) causes an unambiguous increase

in the supply of the endogenous factor.

Now consider the effect of a factor tax change on output supply functions. In our
model where the number of factors equals the number of goods produced in equilib-

rium:
y = ép(l’t”ﬂ-’)
(7.17) dy = Gpudv

where: dv = EouD(w)df + vm,[f D{w)dv].
The matrix Gy = [§%] is the generalized Rybcsynski matrix with respect to the
endogenously supplied factors. Of course, it is impossible to determine the effect of

.




a factor tax change on output supplies in general, since any output will be produced
using some of the endogenously supplied factors intensively ( 3'5 > 0) and not using
some other endogenously supplied factors intensively ( 5‘,1‘ < 0). In order to interpret
the eftect of a change in factor taxes on output supply, suppose that of the n factors
of production, only the j’th factor is endogenously supplied, and suppnse that there
ar~ originally no taxes on factors. In this case, df; is a scalar, and E,, is a negative

scalar. Thus we can write:
(7.18) df;D(w)dy = Gpodf;D(w)E . D(w)df;,

where é,. is now an mxl1 vector and df; D(w)E,,, D(w)df; is a negative scalar.

In this case, an increase in the tax on the endogenously supplied factor will result
in a fall in endogenor- factor supply. Equation (7.18) then says that if good i uses
(does not use) the endogenously supplied factor intensively, an increase in the tax on
factor j causes output of good i to fall (rise) as supply of factor ; falls.

The effect of a factor tax change on output demand can be determined by writing
the output demand functions as follows:
2(p",w,my) = Ep(p®,(1 - fYD(w),V(p*,(1 - f) D(w),my))

dz = —EpyD(w)df + Ep,[-V]D(w)df + vm,dmy]

dz = —Ep,D(w)df + zpm,[-v'D(w)df + dm,],
where z,,, = Ep v, is the income effect on output demand, and we used the fact
that in equilibrium, -}Ef = —v’. Substituting for the change in fixed factor income
(dmy) from equation.(7.14) above and cancelling terms yields:

(1.19) dz = —EpyD(w)df + 2m,|f' D(w)dv).

As was the case for output supply functions above, we cannot solve for the effect of
factor tax changes on output demands in general since for any given demand function



z;, some factors may be substitutes (E,,.; = ﬂ“- > 0) and some may be complements
(Epew; = g-:‘; < 0). So consider the case where only the j'th factor is endogenously
supplied, and consider the effect of an increase in f; from an initial equilibrium where

all factor taxes are zero. In this example, we can rewrite (7.19) as:
d: = — Ey, D(w)df;,

where D(w)df; is a positive (negative) scalar if the j’th factor is being taxed (subsi-
dized). If good ¢ is a substitute (complement) for the endogenously supplied factor j,
then an increase in the tax on factor j causes an increase in the consumer’s demand

for factor j, and a decrease (increase) in demand for good .

Since net exports are simply the difference between output supply and output demand
in equilibrium, we can use the results to determine the effect of a factor tax change
on net exports. As in the above examples, we will supgose that all factor taxes are
originally zero, and that only the j'th factor is endogenously supplied. Sincez = y -z,

we can write:
dz = dy -dz

dz = (GpyEwe — Epe)D{w)dfj,
where E,,, is a negative scalar, and D(w)df; is a positive (negative) scalar if factor j is
being taxed (subsidized). If good ¢ uses the endogenously supplied factor intensively
(é,,,..,j > 0) and is a substitute in consumption for the endogenous factor (E,.; > 0),

(7.20)

then an increase in the tax on factor j will cause net exports of good i to fall. On
the other hand, if good i does not use the endogenously supplied factor intensively
and is a complement in consumption for factor j, then an increase in f; will lead to

an increase in net exports of good .

Now consider the effect of factor taxes on domestic welfare. We will consider a small
op. a economy, and assume that world output prices p* are fixed. To simplify the
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analysis, suppose that the number of goods produced in the initial equilibrium is
equal to the total number of factors of production, and that all goods continue to be
produced after the tax change. We will also suppose that there exist trade taxes at
the initial equilibrium, using the model developed in Section 7.1. If the initial vector
of trade taxes is ¢, and the initial vector of taxes on the endogenously supplied factors

is f, then we can write the representative consumer’s indirect utility function as:
V(Pa w, m!) = V(t'D(P‘)v (1 - f)'D(W), m!)l

where m; = G(p,v,?) — w'v — 'D(p*)z + f'D(w)v is total fixed factor income in
equilibrium. The effect of a change in trade taxes d and factor taxes df on welfareis
found by totally differentiating the indirect utility function, noting that a trade tax
change will cause domestic output prices to change, which implies a change in input

prices according to the Stolper-Samuelson relationship:
dV = V,D(p")dt — Vo D(w)df — V_,D(f)dw + Vm,dm,
(7.21)
dV[Vm, = =2'D(p%)dt — v'D(w)df —v'D(f)dw + dmy,
where we used the fact that V)/V, = —z' and =V /Vin, = —v' in equilibrium. The
change in fixed factor income is found by differentiating the expression for m; above:
dm; = G.,D(p")dt + G,dv — w'dv — v'dw — ' D(p")dz — 2’ D(p")dt
+ f'D(w)dv + v'D(w)df + v'D(f)dw.
Using the fact that é;, =y’ and G|, = v’ in equilibrium and substituting into (7.21)
for dmy gives:
dV/V,,, = - 2'D(p")dt — v' D(w)df ~ v'D(f)dw + y' D(p)dt

+ w'dv — w'dv = v'dw — t' D(p*)dz — 2/ D(p*)dt + f' D(w)dv

+ v'D(w)df + v'D(f)dw.
In equilibrium, y’ — 2’ = 2/, sc that:

(7.22) dV/Vp, = ~#'D(p*)dz - v'dw + f' D(w)dv.
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Since we have assumed that the number of goods produced in equilibrium is always
equal to the total number of f.ctors of production, the change in the vector of prices
of the cndogehously supplied factors dw can be written as a function of output price
changes only. World prices are fixed, so domestic output prices change only due to

trade tax changes. )
w = G,(t'D(p°),v,?)

dw = G,,D(p")dt

Using this expression for input price changes, we can rewrite (7.22) as:
(7.23) dV/[ Vi, = ~t'D(p*)dz — v'G,, D(p*)dt + ' D(w)dv.

The first term in equation (7.23) is the familiar volume of trade effect due to the
trade tax change. In the second term, note that G,, = G;,,, which is the generalized
Rybczynski matrix. If good i uses (does not use) the endogenously supplied factor
intensively, then é.,m = ém,- > 0 (< 0). An increase in the tax on a good which
uses the endogenously supplied factor j intensively causes an increase in w;. The
final term is the income effect of the tax change on factor supply, since f'D(w) is the
vector of per unit factor taxes which are redistributed lump-sum to the representative

consumer.

Suppose we evaluate equation (7.23) in the neighbourhood of zero trade and factor
taxes. Consider the special case where there is only one endogenously supplied factor.
Then (7.23) reduces tc:

dV/Vm, = —v'G,,D(p")dt,

where v’ is now a scalar, and G,,, is a vector whose i'th element is positive (negative)

if good i uses (does not use) the endogenously supplied factor intensively. If the trade
tax on good i is increased so that the domestic price of good i rises (dt; > 0), then
the return to the endogenous factor will rise if i uses the endogenously supplied factor
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intensively. The price of consumption of the endogenous factor rises, so that welfare
falls (dV/Via, < 0). If the trade tax is charged on the good which does not use the
endogenously supplied factor intensively, then domestic welfare rises as the cost of

consuming the endogenous factor falls. |

Now consider an initial equilibrium wheze trade taxes are all zero, trade taxes are not
changing, but there exists a tax on the single endogenously supplied factor. The first
two terms in equation (7.23) are zero. The last term gives the effect of a changein the
factor tax on welfare due to the factor supply change dv. Equation (7.16) above gives
the effect of a change in factor taxes on the supply of endogenous factors. As long as
the endogenously supplied factor is normal, an increase in the tax on the endogenous
factor reduces its real return and causes factor supply to fall, thereby lowering welfare.
This reduction in welfare due to an increase in the factor tax is a direct result of the
fact that the tax causes the factor to be under-supplied in equilibrium due to the
factor market distortion.

Suppose we begin at a distorted equilibrium where the tax f; > 0 on the single
endogenously supplied factor v; has led the factor to be under-supplied. Is it possible
to introduce a tax on trade which would offset the factor market distortion and lead
to an increase in welfare? Starting from zero trade taxes, for a given vector of factor

taxes, equation (7.22) can be written as:
(7.24) dV/Vm, = =v'dw + f'D(w)dv.

If the trade tax is increased on the good which uses the endogenously supplied factor
intensively, then the increase in the return to the endogenous factor would cause
factor supply to rise, dv; > 0. This would cause an increase in welfare according to
the second term in (7.24). However, increasing the return to the endogenous factor
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would increase the cost of consuming the endogenous factor, according to the first
term in (7.24), resulting in a decrease in welfare. Note that we can rewrite (7.24) as

follows:
dV/V..I = —v,-dw,- gj' + fjodvj gf

= vjw;(f;b; — ;)

= fividw; (2 - 1),
where 9; and t; denote the percentage change in factor supply and the price of the
endogenously supplied factor, respectively, due to the trade tax change, and -2; is the
factor supply elasticity. A trade tax change which causes an increase in the return
to the endogenous factor (dw; > 0) will improve welfare as long as the elasticity of
supply of tke endogenous factor is larger than the reciprocal of the factor tax. The
initial term f;v;dw; is the change in total factor tax revenue due to the factor price

change dw; caused by the trade tax change.
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8. NUMERICAL GENERAL EQUILIBRIUM MODEL

Thus far we have been concerned with the theoretical implications of the presence
of endogenously supplied factors on a number of well-known results of international
trade theory. In a number of cases, the presence of endogenously supplied factors in
the model precluded our ability to determine the results of some of the comparative
statics experiments in general. The ability on the part of the representative consumer
to substitute factor consumption for consumption of goods made the effect of variable

factor supply ambiguous in many of the examples which we considered.

We now turn our attention to an empirical example of the effect of endogenous factor
supplies upon the above-mentioned results. A numerical general equilibrium model
will be the tool 1sed to carry out this empirical analysis. The motivation for this
analysis is twofold. The preceding analysis has enabled us to determine the qualitative
effect of the presence of endogenously supplied factors on the trade theory results
considered thus far in a number of cases. However, the theoretical analysis gives
no indication about the quantitative significance of endogenous factor supply for the
comparative statics experiments which have been examined to this point. In fact,
the response of factor supplies to some of the comparative statics shocks precluded
the derivation of any definite results in some cases. A numerical general equilibrium
model is used to determine the quantitative effects of the comparative statics results
which were analyzed in the theoretical model, with different assumptions made about
the elasticity of labour supply in order to compare the comparative statics results as
the labour supply elasticity changes from zero.

As well, the use of a numerical general equilibrium model to examine the effect of
the presence of endogenously supplied factors allows us to establish clearly the effect
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of factor supply changes in each individual market in a general equilibrium model,
under different assumptions about substitutability and complementarity in the pro-
duction and consumption secicrs. The importance of these assumptions in affecting
results was clearly established in the preceding theoretical analysis. However, the ef-
fect of substitution, especially between consumption of goods and of the endogenous
factors, tended to complicate the results in the theoretical model, sometimes to the
point where no definite result could be estal;lished. The use of the numerical general
equilibrium model will give us a better intuitive understanding of the effect of substi-
tution in production and consumption. This should lead to a better understanding of
how the presence of endogenous factor supplies affects the various comparative statics
results considered thus far by examining the way in which factor supply responses
affect each individual market in a general equilibrium model.

Numerical general equilibrium models have been used extensively to examine a num-
ber of economic problems since the implementation and computation of these models
became feasible several years ago with the derivation of algorithms which could be im-
plemented on computers and used to solve such general equilibrium models. Studies
have used numerical general equilibrium models to examine the effects of changes in
tax policy, trade tax reform, and customs union formation, among many others, and
the results of such models have influenced government policy. Our objective here is
not nearly so bold. In fact, the motivation for using a numerical general equilibrium
model is subtly but distinctly different in our case. A “typical” general equilibrium
model will begin with an initial equilibrium of some degree of complication and dis-
aggregation. A particular policy change is examined, a new equilibrium generated,
and the two equilibria are compared. Usually the same counterfactual experiment

is repeated many times, starting from the same initial equilibrium, using different
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values for certain key parameters in the model, especially substitution elasticities, so
as to generate a range of new equilibria and to examine how sensitive those equilibria

are to various parameter specifications.

The objective of the current study is not so much to examine what the results of a
particular counterfactual experiment are, but to determine how sensitive the results
of any particular experiment are to various specifications of certain key parameters,
especially the elasticity of labour supply. The emphasis in our model will be on
the sensitivity analysis surrounding various results, not on the results themselves. Of
course, this has been an emphasis throughout the theoretical analysis of the preceding
chapters. For example, we sought to determine not only whether endogenous factor
supplies cause net exports to respond positively to own-price changes, but whether
net export changes to a given terms-of-trade shock were larger or smaller when some

factors were endogenously supplied.

Since all theoretical results were derived in a general equilibrium model, it is impera-
tive that the empirical results be derived in the same setting, in order for those results
to have any relevance to those derived in the theoretical analysis. To derive the em-
pirical results that we are looking for using an econometric model would require a
considerable amount of data. The data requirements needed to implement numerical
general equilibrium models are significantly less. Because of the cost (especially time)
associated with gathering the data necessary to build a consistent econometric model,
it was felt that thz numerical general equilibrium model was the more sppropriate
analytical tool for cur purposes.

The relative advantages of econometric models over numerical general equilibrium

models are well-known and have been pointed out by numerous authors. Economet-
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tic estimation of the underlying parameters of a given model is always a preferable
way of deriving these parameters when econometric estimation is possible, as opposed
to the calibration method of determining these same parameters in a numerical gen-
eral equilibrium model based only upon a single initial equilibrium data set. To
compensate, the results of numerical general equilibrinum models are usually derived
for a number of different specifications of the model’s parameters, to determine how

sensitive the results are tn changes in these parameters.

This particular feature of numerical general equilibrium modelling is seen as an ad-
vantage for the purposes of the present analysis. What we are most interested in
is the sensitivity of certain results (e.g. the change in net exports due to a given
wortld price shock) to different specifications of certain independent parameters of our
model (e.g. the elasticity of labour supply). It is relatively easy to carry out this sen-
sitivity analysis using a numerical general equilibriuin model. This is another reason
why a numerical general equilibrium model seemed more appropriate to examine the

problems we are in‘erested in than an econometric model.
8.1. Benchmark Equilibrium Data Set

In order to be consistent with general equilibrium in a perfectly competitive small
open economy, the initial equilibrium from which our numerical general equilibrium
begins must be micro-consistent. That is, the initial equilibrium must be such that
excess demands and profits in all sectors equal zero. The initial Benchmuk Equilib-
rium Data Set used in this model is a modified version of the data set develcped by
Nguyen, Perroni, and Wigle (1989) for a world trading equilibrium in the year 1982,
A complete description of their data set is given in Nguyen, Perroni and Wigle (1989),
“1982 World Benchmark Data Set: Sources and Methods”. The model consists of ten
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regions, each producing nine goods and an investment good, using labour and capital
as primary inputs. All goods and capital are traded, and there is cross-hauling in all
goods and in capital. There are production taxes on all tea production sectors in each
region. Domestic tax revenue is distributed to the single representative consumer in
each region, who consumes some of all nine goods. There is balanced trade in all
traded goods and in traded capital. Production in each region less demand by the
respective representative consumer equals net exports in each region. There are zero

profits in each sector in each region.

The data set required significant modification in order for it to be consistent with the
assumptions made in our theoretical model. To begin with, all results derived in the
theoretical analysis were for a small open economy. As a result, it is sufficient in the
numerical general equilibrium model to consider a single region. Canada was chosen
as the representative small open economy, so that the data upon which the subsequent
analysis is based are representative of equilibrium in the Canadian economy in 1982.

All data in the benchmark are in billions of U.S. dollars.

The model was reduced from one with ten goods to one with two goods. The main
reason for this aggregation was to keep the model as simple and transparent as pos-
sible, so that in the subsequent counterfactual experiments we can identify the ef-
fect of the presence of endogenous factor supply as clearly as possible. All goods
are both exported and imported in the initial equilibrium. In order to be consis-
tent with the theoretical model, we must modify the data to reflect the assumption
that all goods are ﬁedect substitutes, so that there is no cross-hauling in equilib-
rium. We will consider only net trades in goods. As a result, we will aggregate
together all goods where exports are larger than imports into a single good called
exports (EXP), and all goods where imports are larger than exports into a single
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good called imports (IMP). The existence of a single representative consumer is
retained. The initial equilibrium is displayed in the social accounting matrix in Table
8.1. As is evident from the data, the exported good is relatively capital-intensive,
since ($4E )oxp =061, ($48),p = 0.32.

Table8.1:
Exports Imports _Cons'n _Exports Imports _Total
EXP 97.008 66.773  50.483  12.651 0 226015
IMP 60.335 225.927 228.292 0 12.651 501.903
LAB 41623 144.386 186.009
CAP 25.425  46.312

TXS 2526 _18.505

TTL 226.916  501.903
On the inputs side, the initial benchmark equilibrium was characterized by the exis-
tence of two factors of production, capital (CAP) and labour (LAB). In the initial
equilibrium, Canada was a net importer of capital. This feature of the initial data
set complicates matters since throughout our analysis thus far we have implicitly as-
sumed that there is no trade in factors of production. In order to reflect this implicit
assumption, we modify the data set by increasing Canada’s endowment of capital by
the amount of imported capital at the initial equilibrium. Once this change is made,
the balance of trade and the income-equals-expenditure equilibrium conditions will
no longer be satisfied. It is necessary to decrease exports by an amount equal to total
capital imports, and to increase consumption of the exported good by the represen-
tative consumer by an amount equal to total capital imports. These adjustments
ensure that the modified equilibrium data set is still micro-consistent.

While these modifications obviously imply a depasture from the initial benchmark
equilibrium data set, they are necessary in order to make the results derived from the
numerical general equilibrium model consistent and comparable to those derived in
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the theoretical sections. The adjustments can be thought of as reflecting the existence
of a foreign agent who sells capital to Canada in return for Canadian exported goods,
but who lives in and consumes the goods in Canada. His preferences are ideatical to
those of the representative Canadian consumer, and these agents are then aggregated
together into a single representative Canadian consumer. This interpretation would
imply that 13.1% of the capital in Canada was foreign-owned.

The other factor of production is labour, which we will assume is the endogenously
supplied factor. At the initial benchmark equilibrium, the representative consumer
has a given total endowment of labour. We will assume that half of this total endow-
ment of labour is supplied to the production sector and half is consumed as leisure, at
the initial equilibrium. When we examine some ziven comparative statics experiment,
say an increase in the world price of exports, in the model with fixed factor supplies,
total labour supply is held fixed in the numerical general equilibrium model through
the use of rai.oning constraints. For example, if the effect of the comparative statics
experiment upon labour supply would be to increase the amount of labour that the
consumer would want to supply (due, for example, to an increase in the world price
of the exported good), then a tax is charged on labour supply that would just induce
the consumer to keep labour supply fixed. Likewise, labour supply is subsidized if
the comparative statics shock would induce the consumer to decrease labour supply.
In equilibrium after the comparative statics shock, total labour supply is the same as
it was at the initial equilibrium, and the labour tax/subsidy is zero. When we want
to consider the effect of endogenous factor supply, we repeat the same comparative
statics experiment without the rationing constraint.

There were no trade taxes incorporated in the Nguyen, Perroni, and Wigle data
set. Instead, taxes were reported as a share of total production. In order to discuss
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the theoretical results about trade taxes, we surveyed the literature to determine an
estimate of average import tariffs between Canada and the U.S. (in particular, see
Cameron (1986)). An average tariff of 4.6% on goods imported into Canada was used.

We can anticipate some of the results at this stage, based upon the information in
the initial data set in Table 8.1. Since EXP is capital-intensive, an increase in the
world price of the exported good should cause the return to labour to fall, making it
relatively less expensive to consume leisure. Labour supply should fall in equilibrium,
leading to a magnification of the effect of the output price change on output supplies
through the Rybczynski effect.

8.2. Modelling Issues and Paramster Specification

The procedure for solving the initial benchmark equilibrium and the sv' sequent coun-
terfactual experiments in practice in a general equilibrium model is completely con-
sistent with the description of a general equilibrium in our theoretical general equilib-
rium trade model. A single representative consumer owns all factors of production in
the economy. The consumer’s preferences are represented by a continuously differen-
tiable, linearly homogeneous utility function. The consumer maximizes utility given
his endowment and all prices. Production technologyis summarized by a continuously
differentiable, linearly homogeneous production function in each production sector.
Taking output prices as given, since we are dealing with a small open economy, the
production sector maximizes total revenue, subject to the total availability of factors
of production. In full general equilibrium, the consumer’s total income equals total
expenditure, each production sector earns zero profits, each factor of production is
fully employed, and there is balance of payments in the trade sector.

The numerical general equilibrium model begins with an initial benchmark equilib-




rium data set which is completely micro-consistent, in ' .e sense that all equilibrium
conditions described above are satisfied at the initial equilibrium. The modeller then
works backwards from this initial equilibrium to an explicit description of the con-
sumption and production technology which is consistent with the initial data set. For
example, suppose the modeller describes the representative consumer’s preferences
by the Cobb-Douglas utility function:

v = [z, Yo =1

=1 =]

The modeller works backwards from the initial set of endowments, prices and levels of
demand to find the parameters a;, i = 1,...n in the utility function which are implied
by the inital equilibrium. The same procedure is followed for the production sector,
given some choice of functional form representative of the production technology. This
“benchmarking” process results in a complete description of the production and con-
sumption technology which is consistent with the initial micro-consistent equilibrium

data set.

Once the initial data set has been benchmarked, the modeller can move on to consider
a counterfactual experiment. Suppose, for example, we choose to examine the effect
of an increase in the world price of good :. Taking all of the parameters derived in
the benchmarking process as given, the initial data set will of course no longer be
consistent with full general equilibrium, since t"ie price of good ¢ has increased. Some
sectors will be earning positive profits, and there will be an excess demand for those
goods whose relative price has fallen. The numerical general equilibrium model will
be solved to determine the new set of output supplies and output demands consistent
with full general equilibrium, subject to the specification of technology implied by the
beachmarking process. In a theoretical model, the result of this sort of experiment
might be the conclusion that output supply curves slope upwards. In the numerical
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general equilibrium model, the physical increase in the supply of good i is derived
subject to the modeller’s description of technology summarized in the benchmarking
procedure.

Of course, the numerical general equilibrium model can be made more or less com-
plicated, depending upon the modeller’s choice of functional forms to represent pro-
duction and consumption technology. For example, implicit in the use of the Cobb-
Douglas utility function above was that the substitution elasticity between goods in
consumption was unity. The modeller could, for example, have chosen to use a CES
utility function to represent the consumer’s preferences. In that case the benchmark-
ing process would have included the independent specification of the substitution

elasticitics in consumption.

It is important for our purposes to be able to specify different substitution elasticity
matrices in the numerical general equilibrinum model, so that we can independently
specify parameters like the labour supply elasticity and the substitution elasticity be-
tween goods and the endogenously supplied factor For this reason we use the method
of flexible functional forms described in Perroni and Rutherford (1989) to benchmark
the initial data set to particular substitution matrices. To illustrate, consider the
consumer’s preferences over EXP, IMP, and LAB. We want to benchmark the
initial data set to a particular substitution matrix, represented by equation (8.1):
Oce Oci Od
(8.1) Oon = | 0ie 05 0u},
Ole 01 Ou
where oj; is the substitution elasticity in consumption between goods j and &, for
J,k = e,i,l. The consumer’s preferences are represented by two-level nested CES
functions. Three ajgregate consumption goods are combined in the top-level CES
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function, according to equation (8.2):
3 -
(8.2) U = {3 aAGG) .
=1
Each aggregate consumption good is a function of the three consumption goods EXP,
IMP, and LAB, described by the lower-level CES function in equation (8.3):

(83) AGG: = {LEXP™ +GIMP™ +dLABTS i =1,..3

We define the share of each consumption good entering aggregate k, for k = 1,2, 3, as
8jx, for j = EXP, IMP, LAB, where ¥ ;x4 sjx = 1, k =1,2,3. Then the desired
substitution elasticity between goods j and k in the Slutsky matrix in equation (8.1),
o, for j,k = e,i,1, can be expressed as a function of the share of each consumption
good entering each aggregate good, the three lower-level substitution elasticities, and
the single top-level substitution elasticity, according to equation (8.4):
3
(8.4) ok = 0+ ) (0p—0) (a_,-,.s,,,/ 2 0,3,,,) ,
p=1 g=edd

where o is the elasticity of substitution in equation (8.2), and o, are the substitution
elasticities in equation (8.3), for p = 1,2,3. The term §,, for¢g = EXP,IMP,LAB, is
the share of consumption of each good out of total income. There are generally more
independent variables (the substitution elasticities o, o,, and o, and the shares §)
than there are dependent variables (the shares s;,), so that there is no unique way
of recovering the shares from equation (8.4). We use the lower-triangular mapping
described in Perroni and Rutherford (1989) to derive the shares s, consistent with
the Slutsky matrix ix.n equation (8.1). Using this method, the initial data set is bench-
marked not to a particular functional form of the utility function but to a particular
Slutsky substitution matrix. To illustrate, suppose the goods EXP and IMP are
substitutes in consumption (o, > 0) and labour and imports are to be complements



in consumption (o < 0). Equation (8.4) would imply that one aggregate (say AGG1)
have a large share of IMP and LAB and A relatively low elasticity of substitution
(o) relatively small) compared to the top-level substitution elasticity. Then a fall in
the price of M P, for example, would result in a very small changein the IMP/LAB
ratio in AGG], since o, is small. The share of IMP in AGG1 is relatively large, so
consumption of AGG1 would tend to rise as the price of IM P fell. With low substi-
tution in AGG1, consumption of both JM P and LAB would rise together, reflecting

the complementarity of IMP and LAB in consumption.

Of course the matrix of substitution elasticities in equation (8.1) must satisfy a num-
ber of conditions. The demand functions must be homogeneous of degree zero in the
price of EXP, IMP, and LAB, so that 3°;8,0,; =0, for j = E, I, and L in equation
(8.1), where §; is the share of consumption of good i out of total income, i = E, I,
L. The substitution matrix must also be symmetric. s a result, in the three good

case, there are three elements of the substitution matrix which are independent.

In order for the utility function to be well-behaved, the substitution matrix must
be an element of the set of substitution matrices such that the utility function is
“regularly flexible”, as described in Perroni and Rutherford (1989), pp. 7-8. Three
substitution matrices were chosen as “representative” of the consumers preferences,
given by ¢}, 02, and o3, in equation (8.5) below. The independently specified

elements are underlined.

Notice that oo = 0y in each case. Once the leisure demand elasticity is specified,
the elasticity of substitution between exports and leisure and between imports and
leisure is implied by the expression 8.0, + 8,04 + 6104 = 0, subject to the constraint

o« = 0. This constraint is imposed to reflect the fact that at the initial equilibrium,

116




117

leisure and the two goods are separable in consumption.

(Oee Oui Oul) ( —0.6980645  0.10 0.0667237 \

ol, = | o o5 oal = 0.10 —0.0764788 0.0667237

\ot o on) \ 0.0667237  0.0667237 -0.1 /

(e Oei O ( —1.8483466 0.3 0.1334474 \

85) o, = |low oi oul = 0.3 —0.1750711 0.1334474
\ote ou ou) \ 0.1334474  0.1334474  —02

(O O Ou) (—3.2444773  0.50 0.2668949 \

2, = |oie 0i oal| = 0.50 —0.3280289 0.2668949

\Ole 0 ou) \ 0.2668949  0.2668949 -04 )

The results described in Section 8.3 below for Case 1 through Case 3 correspond o
these three respective substitution matrices. Case 0 corresponds to the case where
the consumer cannot vary his consumption of labour. A survey of the literature on
leisure demand elasticities in Martin and Neary (1980) yielded an average estimate
of between -0.1 and -0.2. The value of oy = —0.4 in case 3 is meant to rerve as an

example of a “high” leisure demand elasticity in consumption.

The same procedure is followed in benchmarking each production sector to a desired
matrix of substitution elasticities. Each production function uses inputs of labour,
capital, and intermediate inputs of the two produced goods. While this involves a
departure from the assumption in the theoretical model that there were no inter-
mediate inputs, it is necessary here due to the structure of the data set used. To
represent substitutability in production, we follow the same process outlined above
for the consumption sector. The production function for each good is summarized by
a Cobb-Douglas function given in equation (8.6):

2
(8.6) X, = o, EXP? AGG® Y pi=1, i=EXPIMP,

=1



where EXP,; is intermediate use of EXP in production of good i. The good AGG;
is a top-level CES aggregate given by equation (8.7):

=L
(8.7) AGG; = v{6!AGGI;* +62AGG2;* +5}AGG3;*}* i = EXP, IMP.

Each of the aggregates AGGl;, AGG2;, and AGG3; are functions of :he remaining
inputs LAB, CAP, and IMP, given by the lower-level ES function in equation
(8.8):

=\
(88) AGGL = v {6},LAB™*" + 84,CAP~" + SIMP~*}* [ = 1, 2, 3.

In the same way as described above for the consumption sector, the substitution
elasticities p;, pyi, p1i, and p3;, and the shares of LAB, CAP, and IMP in each of the
aggregates AGG1;, AGG2;, and AGG3;, are chosen 30 as to represent the substitution
matrix for the production sectori,i = EXP, IMP.

Just as was the case in the consumption sector, the substitution matrices for the
production sector must satisfy certain aggregation and regularity conditions. Repre-
sentative elasticity matrices for each production sector are given in equations (8.9)

and (8.10).

on O Oy -1.3355956 1.0 6.5
(89) oexp = | 0a4 0 06| = 1.0 -2.8237299 0.5
ou G O 0.5 0.5 —0.5556228
on Ol Oy -1.1031227 1.0 0.5
(8.10) ormp = Od O 0| = 1.0 ~5.5568654 0.5
Oi  Oic, Oy 0.5 0.5 ~0.4220346 ) _

These are the substitution matrices of each production sector used in generating the

results in Section 8.3. Note that the substitution elasticity between capital and labour

in each sector is equal to one.
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Once the functional forms and the independent substitution elasticities have been
specified, the remaining parameters (a;, b;, c;, and d; in the consumption sector and
a;, Bi, i, and §; in the production sector) are calibrated, given the initial benchmark
equilibrium data set, so that all the micro-consistency conditions are satisfied. The
modelling system MPS/GE was used to do this initial calibration, and to generate

all subsequent comparative statics results.!3
8.3. Comparative Statics Results

The ultimate objective of this section is to generate comparative statics results analo-
gous to those derived in the theoretical section of the paper. To this end, we consider
the effect of an exogenous change in the world price of one of the produced goods,
and examine the changes in output supplies, output demands, and net exports. We
also examine the effect of an exogenous increase in the total endowment of capital in
the economy upon the supply of ontpats. These results are derived in the standard
model where the total demand for leisure is held constant, and are repeated under
different specifications of labour supply elasticities in the consumption sector. Results
reported under “Case 0” are those for the standard model with fixed leisure demand,
and those reported as “Case 1” through “Case 3" correspond to the three different
matrices of substitution elasticities for the consumption sector given in equation (8.5)

above.

There are certain characteristics of the comparative statics results generated using
the numerical general equilibrium model which need to be pointed out. To begin
with, results are generated for discrete changes of some exogenous variable. For

example, output supply responses reported in Graph 1 in the Appendix, p. 141, are

13 See “General Equilibrium Modelling with MPS/GE” (1989) by Thomas Rutherford
for a complete iption of the MPS/GE modelling system.
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due to output price changes ranging from 0.5% to 5%. The results described in the
theoretical sections were all changes due to differential changes in some independent
variable, and were all derived using local analysis. This difference must be kept
in mind when comparing results of the numerical general equilibrium model to the

analogous results of the theoretical section.

It should also be ncted that as the leisure demand elasticity is changed, for example,
from -0.1 to -0.2, the preferences of the representative consumer are changing. The
total endowment of the consumer and all world prices in the benchmark case are held
constant as this leisure demand elasticity changes, and the model is benchmarked to
the same initial data set for every different value of the leisure demand elasticity. Of
course, we cannot change only the leisure demand elasticity, since then the substi-
tution matrix would no longer satisfy the aggregation condition implied by the fact
that consumption demand functions are homogeneous of degree zero in prices. As a
result, all elements of the substitution matrices o ., need to be adjusted as the leisure

demand elasticity is changed.

We can now proceed to an examination of the various comparative statics results.
The results are reported graphically in the Appendix, pp. 141-151. Consider first
the change in output supply, output demand, and net exports, due io an increase
in the relative price of the composite good EXP (see Graph 1 to Graph 6 in the
Appendix, pp. 141-146). A subset of the graphical results are given in Table 8.2
for a 2.5% increase and in Table 8.3 for a 5% increase in the world price of EXP.
As noted previously, Case 0 corresponds to the situation where leisure demand (and
therefore total labour supply) is held constant, while Cases 1 through 3 correopo;\d
to the substitution matrices for a leisure demand elasticity equal to -0.1, -0.2, and

-0.4, respectively (see equation (8.5) above).
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_Table 8.2: Effect of a 2.5% increase in World Price of EXP

Production = Demand  Exports Production Demand Imports

Oof EXP forEXP  ofEXP  ofIMP forIMP _of IMP

Case 0 2.09867 1.0165091  14.3983 0.601188 1.0247891  14.7579

Casel 2.17059 1.0147700  15.3439 0.561931 1.0147700  15.7292

© Case2 220176 1.0081343  15.7801 0.544916 1.0118353 16.1742

Case3 2.24843 0.9992464  16.4259 0.519444 1.0071775  16.8362
_Table 8.3; Effect of a 5% increase in World Price of EXP

Production @ Demand  Exports Production = Demand Imports

Oof EXP forEXP  of EXP  ofIMP forIMP _of IMP

Case 0 3.21316 1.0480312  27.9269 0.1761840 1.0652933  14.7579

Casel 3.41166 1.0414400  30.5325 0.0685703 1.0414400  15.7292

Case 2 3.47900 1.0285478  31.4589 0.0320660 1.0359448  16.1742

Case3 3.52483 1.0114604  32.1590 0.0000013 1.0271699  16.8362

In all cases, the initial values before the world price change are equal to unity, so
that, for example, in case 0, demand for the exported good rises by 1.65% due to a
2.5% increase in the world price of EXP. The production possibility frontier is very
flat in the neighbourhood of the initial equilibrium, so that small price changes cause
correspondingly large output supply changes.

Of the two produced goods, EXP is relatively capital-intensive. In all cases, an
increase in the world price of exports causes the return to labour to fall. This results
in a decrease in the price of leisure. Whenever the leisure demand elasticity is non-zero
(i.e. in Cases 1-3), the increase in the world price of exports causes leisure demand
to rise (see Graph 7 in the Appendix, p. 147). Output supply and net exports of
EXP respond positively to the increase in the relative price of EXP, and output
supply and net exports of IM P fall due to the decrease in the relative price of IMP.
Total labour supplied to the production sector falls by more as the leisure demand

elasticity rises, for any given change in the world price of exports. As a result, output
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of exports rises by more and output of imports falls by more as the leisure demand
elasticity rises, for any given increase in the world price of exports. Higher leisure
demand elasticities have the samc effect on net exports. Net exports of the exported
good rise by more and net exports of the imported good fall by more the higher is the
leisure demand elasticity. These results are all consistent with the theoretical resuits
derived in Section 3 above, where we showed that when the consumer’s preferences
could be represented by our additively separable utility function, output supply and
net export responses to a given terms-of-trade shock are larger when some factors are

endogenously supplied.

The effect of variable labour supply on output demand is also consistent with the
results derived in Section 3 above. As the leisure demand elasticity gets larger, the
substitution elasticity between goods and leisure gets larger, so that demand increases
by smaller amounts as the leisure demand elasticity rises. In fact, in one case the
qualitative change in output demand is changed due to an increase in the leisure
demand elasticity. In Cases 0-2, an increase in the price of exports always leads to an
increase in export demand. However, in Case 3, when the leisure demand elasticity
is highest, export demand falls for increases in the price of exports between 0.5% and
2.5%.

In all cases, both goods continue to be produced as the world price of exports rises.
As a result, there is a unique change in input prices implied by the Stolper-Samuelson
relationship between input and output prices, since the small open economy always
remains in the initial cone of diversification. The exported good is relatively capital-

intensive, so that a given increase in the world price of EXP always implies the

same increase in the return to capital and the same decrease in the return to labour,

independent of the leisure demand elasticity.
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Now consider the effect of endogenous factor supply on the Rybczynski effect. We
examine the effect of an increase in the endowment of capital of .5% to 5%, and
report the changes in output of exports and imports in Graph 8 and Graph 9 in the
Appendix, pp. 148-149. Results are given in Table 8.4, for a 2.5% and a 5% increase

in the endowment of capital.

_Table 8.4
Effect of a 2.5% increase Effect of a 5% increase
_in Endowment of CAP 4in_Endowment of CAP
Production Production Production Production
of EXP of IMP of EXP of IMP
Case 0 1.14849 0.957193 1.29709 0.914358
Case 1 1.17484 0.942733 1.34977 0.885435
Case 2 1.17434 0.942733 1.34977 0.885435
Case 3 1.17484 0.942733 1.34977 0.885435

In all cases, both goods continue to be produced, so since output prices are held
constant, the returns to labour and capital do not change. The only exogenous
change is to total fixed factor income, due to the change in endowment. We find that
results are also consistent with those found in Section 6 above. That is, the increase
in output of the capital-intensive good (EX P) is larger and the decrease in output of
the labous-intensive good (I M P) is larger when leisure demand is allowed to adjust to
the endowment change. There is no change as the leisure demand elasticity is changed
from -0.1 to -0.2 to -0.4 since output prices and input prices are held constant. The
only effect on leisure demand is an income effect, which is independent of the leisure

demand elasticity.

-

We now modify the numerical general equilibrium model to illustrate the effects of

the presence of variable factor supply on optimal tariffs. We include a trading partner
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called the rest-of-the-world (ROW) in the model, and assume that ROW is ten times
the size of Canada. This assumption is intended to reflect the fact that Canada is
roughly one tenth the size of its dominant trading partner, the U.S. We derive optimal
tarifts in this simple two-good, two-factor model by finding the import tariff which
yields the highest level of utility in Canada, given zero trade taxes in ROW. Results
are given in Graph 10 in the Appendix, p.150. The experiment is conducted for case
0 and case 3, so that the curve labelled case 0 in Graph 10 corresponds to the level of
utility in Canada for different levels of the domestic import tasiff when labour supply
is held constant, while the curve labelled case 3 gives those results when the domestic
leisure demand elasticity is -0.4, using the Slutsky matrix o2, in equation (8.4) above.
The graph indic- - that the optimal tariff is lower (approximately 3.8%) when the
leisure demand eiasucity is -0.4 in case 3, compared to the case when leisure demand
is held constant in case 0 (approximately 6.2%). This result is due entirely to the fact
that leisure demand is variable in C AN, since the specification of ROW is identical
in case 0 and casz 3. The fact that leisure demand is variable results in higher net
export elasticities in Canada, which in turn implies that the optimal tariff for Canada
is lower. This is consistent with the theoretical result derived in Chapter 7.

The final example illustrates the effect of variable labour supply on optimal trade
taxes in a small open economy when there exists a tax on the endogenously supplied
factor. The model is re-calibrated so that there exists a tax on labour supply of 15.1%
at the initial benchmark equilibrium. This figure was chosen based upon income
tax payments reported in the income tax tables published by Statistics Canada for

1982. Optimal tariffs in the small open economy are derived in the case where leisure
demand is held fixed, and in the case where leisure demand is variable and the leisure
demand elasticity is -0.4. Results are reported in Graph 11 in the Appendix, p.151.
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We find that the optimal tariff in case 0 when labour supply is held fixed is equal to
zero, as it should since with fixed labour supply, a factor tax in this model should have
no effect, so that the optimal tariff for the small open economy should still be zero.
In case 3 when the leisure demand elasticity is -0.4, the optimal tariff is marginally
higher at 0.3%. The tariff in each case is lower that the 4.6% tariff in the initial
data set, which implies that the price of the labour-intensive good IM P is relatively
lower when the optimal tariff is charged. Therefore, the return to labour falls as
the import tariff falls, so that in case 3, more leisure is consumed and less labour is
supplied at the optimal tariff. The effect of variable labour supply on the level of
the optimal tanff is relatively small since the tax on labour supply is relatively small.
The distortionary effect of the tax on the endogenously supplied factor is relatively
small.
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9. CONCLUSION

By using duality theory to incorporate the presence of endogenous factor supply in
a general equilibrium model of international trade, we have demonstrated conditions
under which output supply, output demand, and net export responses to a given
terms-of-trade shock in a small open economy are magnified when some factors are
endogenously supplied. It was alsc shown that the ability of consumers to change
the level of supply of a factor of production affects the probability that the equaliza-
tion of output prices between different economies leads to the equalization of factor
prices. A given change in endowments in an economy will cause a change in domestic
income, which will cause a change in demand for an endogenously supplied factor
by the consumer. Ultimately a nation’s endowment vector must be viewed as being
endogenously determined. Even in a model where the number of factors equals the
number of goods, output supply changes due to an exogenous shock can no longer be

determined independently of the consumption sector.

The model was modified to incorporate the presence of trade taxes and factor taxes.
We find conditions under which a given trade tax change leads to larger changes
in domestic welfare in a small open economy when some factors are endogenously
supplied. We also find conditions under which optimal tariffs in a large economy with
some market power are Jower. The model also enables us to consider the effects of
taxes on factors. Without variable factors, factor taxes can have no effect on output
supply. We find that in the neighbourhood of zero taxes, taxes on factors cause an
unambiguous fall in factor supply and welfare. We also provide an argument for-a

second-best trade tax when there exists taxes on factors.

A simple two-good, +<o-factor numerical general equilibrium model is constructed and
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used to evaluate the effects of variable factor supply as the representative consumer’s
elasticity of demand for the variable factor changes. We consider the effects of a
change in the world price of outputs and the endowment of a factor in fixed supply.
The resulting changes in factor supply have effects on output supply, output demand,
and net exports which are consistent with 1. )se derived in the theoretical model. A
given world price shock has larger effects on output supply and net exports as the
factor supply elasticity is increased. Output demand -hanges are dampened when
the factor supply elasticity is increased since the representative consumer substitutes
consumption of the factor for output consumption. The Rybczynski effect of a change
in the endowment of the factor in fixed supply is magnified when the supply of the
other factor is variable. We also conduct a simple optimal tariff experiment for a large
economy with some market power and show that the optimal tariff is lower when one

factor is endogenously supplied.
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10. APPENDIX

The modiSed GNP function G(p,w, #) is non-increasing and convex in w:

Proof: If w > 1w, then
Glp,5,5) = plj— 0%

=>p'y-11:’v > p’y—w'v = G(P$w!'.’)

so that: w > w = G(p,w,%) = G(p,w, ), so G(p,w, ) is non-increasing in w.

G(p,w, )

il
.us
=

|

g

[

G(p’i% i3) = p'ﬁ ~-wv
G(p,6w + (1 — 0),7) = p'y—'d where v =0w+(1- o)
Then for all 6 € (0,1):
0G(p,w,5) = Op'y —Ouw'v > Op'y — Ouw'd

(1 - 8)G(p,5,5) = (1—-0)p§ -(1—-8)d's = (1—0)p'§— (1 —0)d'

8G(p,w,5) + (1 - 0)G(p,,7) 2 i — (Buw'd + (1 — 8)'D)

= G(p,0w + (1 — 0)w,v)

which implies that G(p, w, 7) is convex in w. .

The expenditure function E(p,w, ps) is non-increasing and concave in w:

Proof: If w > 1w, then
E(pyw,p) = pz—u'v
< pi-u'd
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(]

w2 W => w2 d
= pi-wv < pPi-d'd = E(p,w,p)
so that: w > ¥ = E(p,w,pu) < E(p,w, ), so E(p,w, u) is non-increasing in w.

E(p,w,p) = p'z-w'v
E(pawal‘) = pli - w'd

E(p,0w + (1 -0, p) = p2—1w'd wherew =0w+ (1 -0)w

Then for all § € (0,1):
6E(p,w,u) = 8p'z —bw'v < 6p'2 — Buw'd

(1-0)E(p, i, p) = (L~8)p's — (1-0)i's < (1-0)p's (1~ 0)i's

8E(p,w,p) + (1 - 8)E(p,w,p) < p'2 - (6w'd + (1 - 0)i'D)

= E(p’aw + (1 - 0)w, p)

which implies that E(p,w, ) is concave in w. .

The indirect utility function V(p, w, m;) is non-decreasing, quasi-convex in w:

Proof: (This proof follows that of Varian, 1984, p.121)
Define thesets B = {(z,v) | p'z — w'v < my}

B = {(z,v) | p'z —@'v < my}

for b > w. Then B is contained in B. Then the maximum of U (z,v) over the set Bis

as least as large as that over B, and thus @ > w implies V(p,w,m;) > V(p, w, m,z.

Now let V(p,w,my) < k

V(p’ w, ml) < k




for some scalar k. We want to show that, for any 8 € (0,1), V(p,w,m;) < k, where
w = 6w + (1 - 0)w.
Define the sets B = {(z,v) | p'z — w'v < my}

B = {(z,v) | p'z — @'v < my}
B = {(z,v) | p'z — t'v < my}
We want to show that any (z,v) € B must be an element of either B or B. Suppose

not: Then 3 (z,v) € B such that:

pz—(fuw'v+ (1 -8)i'v) < my; and
Pz—w'v >my or 8p'z-0u'v > 6my

pPz—w'v > my or (1-6)p'z~(1-6)id'v > (1-0)my,
Summing the last two expressions yields p/z — (fuw'v + (1 — 8)i'v) > my, which

contradicts. Thus we can state the following:
V(p,@,my) = max U(z.v) subject to (z,v) € B
< max U(z,v) subject to (z,v) € B or (2,v) € B since Be BUB
<k

Thus V(p,w, my) is quasi-convex in w. .

Let B and C be positive definite matrices. Then A = B + C is also positive definite,
and:

Z[B+C|'z = z’A™'z < 2/B7'z  for all vectors z.

Proof: (This proof follows that of Graybill, 1983, pp.409-411)

A — B = C is a positive definite matrix. Let @ be a non-singular matrix such that :

QA-BIQ = QAQ-Q'BQ = I
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Let P be an orthogonal matrix which diagonalizes Q’AQ:

P|QAQP = D,; P = P
D, = PIQ'BQ|P = P|Q'AQ-1I|P

= D,-1I
Then D, is also a diagonal matrix.

Di-D, =1=d,>d i=1,...,n

=>—1->—1— 1=1 n
R =1,...,n.

Hence Di' — D;' = Ds is a positive definite matrix.
Dy = [P'Q'BQP|™ - [P'Q'AQP™!
= PQ7'B(Q™'YP-P'Q'A(Q'YP
Define M = P'Q’. Then since D;! — D! is positive definite, M'[D;' — DM is
also positive definite.
M'[D;' - DM = QPP'QT'B™Y(Q7'YPP'Q' —~QPP'Q™'A™ Q™) PP'Q
= B™1 - A",

As a result, 2’/[B~! — A~z > 0 for all vectors z, so:

z’B'z > A"z = Z[B+C]"'z. a

The symmetric version of the matrix a¥/, a,b € R™, is indefinite for m > 2.

Proof:

The second principal minor of the matrix a¥/ is:
a1by a1b;
azhy  azb;

q r
s t
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The second principal minor of the symmetrix version of the matrix a¥/ is:

mb,  whjub

nmz;m. azb;

q u
=0

u t
A necessary condition for the symmetric version of a¥/’ to be either positive or negative

definite or semi-definite is that gt — u? > 0.

r+s
gt —u® = gt —( > )2
r? rs g
=qt — ('4—' + 7 + ':‘-)

r? rs s?
=qt—r8—(r—-§-+7‘..
== (% - %)2 <0 ]

COST MINIMIZATION
o min w(le+ L) +r(Ke + Ky)
s.t.: 1= K:ILEQ a. + ﬂz =1

1=K3v Lo ay+ 8, =1
fo.c. r—ha K2 [ =0
w— \B, K[! =0
r = Ao, Ko L =0
w = AB K LAt =0
1- KoL, =0
1- Ko L5 =0

We can rearrange the first two first-order conditions to get:

E=gk > L=iEK

W op
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Substituting into the production function for good z:
Kr(z &K =1
Kos+0s ( ﬁ)n.(gr)n. =1
Therefore: K, = (3% )Pe

Likewise we can solve for the remaining input demand functions:

K. =(g2) Lo=(8g)
K= (5> Ly=(25)"

STOLPER-SAMUELSON

Ke=(g2)" Le=(25)™
Since:  prrz=wl + rK, and z=1,
pe = w(BZ)™ 4 r(pe)>

= whrree ()% 4 roeyfe(ga )
= wferoe (G ) 4 ()]
= wa.,.a.(g:_)a. [1 +( g:)—a.-a.]
= whroe (f)™ (Gges)

Therefore: p; = w’r*a;% g%

Similarly: p, = whr*va;v g
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Take logs and rearrange to get:

B:lnw + azinr = Inp; + a;lna,; + B:inp;

Bylnw + ayinr = Inp, + ayinay + Byinp,

( B, a,) (lnw) (lnp, + a,lna, + B,lnﬂ,)
B, a, Inr

Inp, + aylnay + B,ing,
Let a,8; — a8, = ¢. Therefore:
nw 1 [ ay -—a: Inp; + azina; + B:inf:
()= 405 ) (o )
nw 1 [ ainp: — azlnpy + a;ay(ina; - Inay) + ayB.Inf; — a.B,inp,
( ) T (—ﬁylnps + ﬂ:lnpy — Byazlnas + Beaylnay, + B:8,(~Inp; - 'nﬂu))

w\ [pipyt (22) B
()- (8D
r P pfas ' oyt (9‘)

(w) _ ( ‘-Z,‘ﬁzmg;ﬁu)
’: :%ﬁz'f'g:i’ll

Note that we can rewrite ¢ as follows:

q = a&ﬂ, - azﬂy
= g:—g':' (ayB: — azfBy)

= ,Bz,Bv( %‘:‘ -
If good z is relatively labour-intensive, good y is relatively capital-intensive, then

Bs

%: > %2, and ¢ > 0. Then an increase in the price of z holding p, constant causes

the return to labour to rise (& = 2* p.) and the return to capital to fall (7 = 251 Pz)-




OUTPUT SUPPLY

The producers’ revenue maximization problem is posed as follows:
max PsT+py-y s.t.: z = K:"Lf' a;+P:.=1
y= KoL ay+ By =1
K=K.+K,
L=L.+1L,
where K is the fixed endowment of capital, and L is the supply of labour from the

consumption sector which the production sector takes as given.

From the solution to the producer’s cost minimization problem:

K. =(g2) K, ,=(32)

L.=(&z)y L,=(bz)y

As long as both goods are produced, input prices are given as a unique function of

output prices, according to the Siolper-Samuelson results:

w Ppyt (22)7 B:* By *

= :h. -3 -—’.'2‘ -‘-’-’-.- —5,&
r P plas* ay’ (§e)7¢
w aytfy —az-fy 2saytSyop —azay—Ssay oySatfaBy —asly—Bzfy
7=P1'Pv'az' ay ! B * B, °
w L =l a2 =2 g =P
P pipS asf ay* Bs* By*
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Substituting for the wage/rent ratio in the output demand functions:

3 8 2afa z=Sxfy fafs —Paly
K,=(%:)'(§:)'a:' ay ' B:' By

L L e

Kv"“(ﬁ,")'(ﬁ:)' a:' ay ' B:* B *
—ga ~9sS2 222y c—ogfs 2sfy

L:=(§f)°'(£:) Car' ay' B ﬂu'

—ay =9sop oyoy cayfy ayfy
Lu=(§f)°'($:)_'10z' ay' B: ' By

Collecting terms, we get:

pa Dattesfa oufs =Dseifafs P2y
K.=(&)sa: * ay' B * fy*
By oufy Aoy afy  Oyq-fyfy
sz(f,:')'arq ay ' B By
, z9z <—%at-0zax 229y 9ag-oxfly 238
Lz=\.e,:')' a: ' oyt P T Byt
=ay =929y Caysbayay —ayfs  aygtaydy
L,=(2)7% a; * ' '

Bz By

We can simplify the exponents to show that:

a
Py v

Ko = ()% (20)™0 ()"
Ky = (2)7 (22)%9 (4)"
L= (2) (2)™9 (4)™"
L= ()7 (20)™9 ()™

Using full employment conditions:

(2 ) ()= )
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Inverting full employment conditions:
y) "M\-L, k. J\L

_rL[(L,K KL)

-L.K+K,L

Pa q ag - (B oz ngel L
=ﬂr|(( )75 (2 )™ (s:) ()% (a,)ﬁﬁ:)&h )

() (278 (872 K 4 (2% (20)™ ()%

where:

|A| = K,L, - K,L.

= (&) (22) .

°I’!:°I°l (g: )"h-°lg! g'__!_

aglSy=-aga 8gBy—~a
T (B0) T (20) WA ()

p:—c. _ﬂ_.-c!
=aa(8) —aza (B2)" e

= (& )2 [a,a, — ayay (e )""'—'Ie‘ﬁ"]
= (& )E‘T‘ [@1a2 — a3a4]
Solving for a,a; — a3aq gives:
may — asay = (20 ) 2RI () M _ (aa ) WA (g BEGE
=(§;)“‘"‘~—“[(@* G _ (an )T ()BT
= () () [1- ()7 ()™
—(e*)"—“(&)‘h—“u—J&)
‘(2‘) ( ) (a.a.

Therefore: |A|=(ﬂ;)(§:)a’ (5‘) (,,)J;a
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Substituting for Tkl in the output supply functions gives:

(:)—(i"-’l)(n) (5:)
((h)« (20)™4 ()™ K - (u)we‘)“""(g:)g‘f‘-z)
(20)7 (22)™ (g:)—""‘ B+(2)¥(2)™ (§)% L

(-
y

.((&)v (g:)—'ﬁ‘(ﬁ:)—"" K- (u)-(n) (ﬁ:) )
(o) (on )3 () 2Oy (2)% (20) "9 (50
()
y
.((g:)“‘( (ﬁ=) R - ()% (22)™ (ﬁ:) )
(e () ()T R4 ()Y (2) T ()™

T h). .'_(exgn)’.‘.[,
(y)-('—"-—‘)(-‘) (& ) ((ﬁ: ’ o )

OUTPUT DEMAND
max Uz, y L) = z%%L - LY a+b+c=1
2y,

s.t. ps-z+p,-y<wl+rK

Z =zWIL-LY+M\(wL+rK—-p:.-2—py-Y)
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fo.c. az* WYL - L)y -Ap, = 0

0 b-l(L L)C—Ap, =0
-z (L-L) ' +lw =0

wl+rK—-ps-z—p,-y =0

Therefore:
ﬁﬂf'—[‘t = Aps = az®y® (L - L) = Ap, -z
AL = yp, o bzy*(L — L) = Apy-y

v
'_“‘E%‘_Ll‘. = —\w = —cr*y™(L - L) = =Aw(Ll - L)
wL+rK-p;oz2-p,y=0

Substituting out for A gives:

p:-z = ($)u(l - L)

Py = (Hwl-1L)

= wl+rK —(2)w(l-L)-(¥)wl-I)=

= cwl + crK - awLl + awl — bwl + bwLl =0

= wl{a+b+c) = (a+bwl —crkK

Add and subtract cwL to the right-hand side to get:
wl(a+b+c)=(a+b+c)wl - c(wl + rK)

= L=L-(gk) (kL)

= wl =wl - (55 )(wL+rK)
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From the budget constraint, we can write:

wl - (5)(wl+rK)+rK-p.rz2—p,-y=0

= (HL)wl+rK)-p.-z-p,-y=0

We have already solved for the leisure demand function as:
(L- L) = (5 (2iE)

We al<o showed above that:
pr-z = 2w(l-L)

= (m)(wi+rl?)

z = (i) (=)
py-y = dw(l-L)

= (z4=)(wl +rK)

y = (i) (elzk)
Therefore:
z (;@;)(wl.}+m;)

yv]=] () (wl+my)
L (ff)(wi+m,)+1'l

Sincea+b+c=1, rK=my=p,-z+p,-y—wl.
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