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Abstract
Density-functional theory (DFT) is the most widely used method of modern computational chemistry. All practical implementations of DFT rely on approximations
to the unknown exchange-correlation functional. These approximations may be devised in terms of energy functionals or effective potentials. In this thesis, several
approximations of the latter type are presented.
Given a set of canonical Kohn–Sham orbitals, orbital energies, and an external
potential for a many-electron system, one can invert the Kohn–Sham equations in a
single step to obtain the corresponding exchange-correlation potential, vXC (r). We
show that for orbitals and orbital energies that are solutions of the Kohn–Sham equations with a multiplicative vXC (r) this procedure recovers vXC (r) (in the basis set
limit), but for eigenfunctions of an orbital-specific one-electron operator it produces
an orbital-averaged potential. In particular, substitution of Hartree–Fock orbitals and
eigenvalues into the Kohn–Sham inversion formula is a fast way to compute the Slater
potential. In the same way we obtain, for the first time, orbital-averaged exchange
and correlation potentials for hybrid and kinetic-energy-density-dependent functionals. We also show how the Kohn–Sham inversion approach can be used to compute
functional derivatives of explicit density functionals and to approximate functional
derivatives of orbital-dependent functionals.
Motivated by the absence of an efficient practical method for computing the exactexchange optimized effective potential (OEP) we devised the Kohn–Sham exchangecorrelation potential corresponding to a Hartree–Fock electron density. This potential
is almost indistinguishable from the OEP and, when used as an approximation to the
OEP, is vastly better than all existing models. Using our method one can obtain
unambiguous, nearly exact OEPs for any finite one-electron basis set at the same
low cost as the Krieger–Li–Iafrate and Becke–Johnson potentials. For all practical
purposes, this solves the long-standing problem of black-box construction of OEPs in
exact-exchange calculations.

Keywords: quantum chemistry, density-functional theory, model exchangecorrelation potentials, orbital-averaged potentials, optimized effective potential, functional derivatives
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Chapter 1
Introduction
1.1

Kohn–Sham density-functional theory

Density-functional theory (DFT) is a powerful approach to electronic-structure calculations because it offers a high ratio between accuracy and computational cost. This
makes DFT a very attractive tool for computing properties of systems with thousands of electrons. DFT is used by many researchers in areas as diverse as drug
design, metallurgy, nanotechnology, and other fields.
DFT provides a formally exact solution to the nonrelativistic electronic many-body
problem. The static Schrödinger equation for a system of N interacting nonrelativistic
electrons is [1]
ĤΨ(x1 , ..., xN ) = EΨ(x1 , ..., xN ).

(1.1)

Here, the antisymmetric N -electron wave function Ψ(x1 , ..., xN ) is an eigenstate of
the Hamiltonian Ĥ with the energy eigenvalue E, and xi ≡ (ri , σi ) are the position
and spin of the ith electron.
The total Hamiltonian of the N -electron system within the fixed-nucleus approx-
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imation is given by (atomic units are used throughout the thesis)
N

N

N

X
1X 2 X
1
Ĥ = −
vext (ri ) +
,
∇i +
2 i=1
|ri − rk |
i=1
i<k

(1.2)

where vext (r) is the external potential, and 1/(|ri − rk |) represents the electronelectron interaction. Note that, for a system with fixed nuclei, the Hamiltonian need
not include the term describing the nuclear repulsion energy because this term is just
a constant shift of the total energy.
Even today, solving the full many-body Schrödinger Eq. (1.1) remains a formidable
numerical problem except for special cases such as one- and two-electron systems as
well as few-electron systems with high symmetry and reduced dimensionality. The
many-body wave function is a function of 3N variables, and it contains much more
information than one would ever need to know about an N -electron system. Actually,
we are interested in properties of the system such as the total energy, dipole moment,
infrared and Raman frequencies, and polarizability. In fact, these properties are just
real-valued numbers. Sometimes we also need properties that are functions of one
or a few variables, for example, the single-particle probability density or the twoelectron reduced density matrix. Calculating the full many-body wave function to
obtain these properties seems like an unnecessarily complicated approach, especially
when N is large. This is exactly the case where DFT can be best employed.
By using DFT one can in principle obtain all properties of a many-body system
exactly, without having to solve the many-body Schrödinger equation. The origin
of DFT dates back to 1964, when Hohenberg and Kohn published [2] a basic existence proof that later became known as the Hohenberg–Kohn theorem. This theorem
states that the external potential vext (r) is determined (up to a constant) by an electron density ρ(r). This theorem is of special importance in atomic and molecular
systems because in these systems the external potential is completely determined by
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the number of electrons and the types and positions of the nuclei

vext (r) = −

nuclei
X
A

ZA
,
|r − RA |

(1.3)

where ZA is the charge of the nucleus at position RA . Within the Kohn–Sham framework of DFT, the ground-state electron density can be found by minimizing the total
energy expression [2, 3]
Z
Etot =

vext (r)ρ(r)dr + F [ρ],

(1.4)

with respect to the density. The functional F [ρ] is universal in the sense that it is
the same for any N -electron system, regardless of the external potential. Although
the Hohenberg–Kohn theorem guarantees the existence of the functional Eq. (1.4),
the form of this functional is unknown and must be approximated.
It was the key insight of Hohenberg and Kohn to assume that for any real (interacting) system with the ground-state density ρ(r) there always exists a noninteracting
system with the same ground-state density ρ(r). This allows one to transform manybody Schrödinger equation (1.1) into a set of N one-electron Schrödinger equations
of the form



1 2
− ∇ + veff (r) φi (r) = i φi (r),
2

(1.5)

where veff (r) is an effective Kohn–Sham potential, φi (r) are Kohn–Sham orbitals, and
i are Kohn–Sham eigenvalues. The sum of the squared occupied Kohn–Sham orbitals
gives the ground-state density of the real interacting system

ρ(r) =

N
X

|φi (r)|2 .

(1.6)

i=1

In Kohn–Sham DFT the total ground-state energy is given by the following ex-

3

pression [4]
N

Etot

1X
=−
hφi ∇2 φi i +
2 i=1

Z

1
vext (r)ρ(r)dr +
2

Z Z

ρ(r)ρ(r0 )
drdr0 + EXC [ρ], (1.7)
0
|r − r |

where EXC is the exchange-correlation energy functional defined by
N

1X
1
EXC [ρ] ≡ F [ρ] +
hφi ∇2 φi i −
2 i
2

Z Z

ρ(r)ρ(r0 )
drdr0 .
0
|r − r |

(1.8)

Equation (1.8) expresses the total energy of the real interacting system as a sum of
kinetic energy for a noninteracting system (first term, usually denoted by Ts ), the
attraction between the electrons and the nuclei via vext (r) (second term), electronelectron Coulomb repulsion energy (third term), and the exchange-correlation energy
EXC which incorporates all nonclassical contributions: Pauli exchange, electron correlation and the difference between the kinetic energy of real interacting system and the
noninteracting model system. Now, instead of approximating the universal functional
F [ρ] we need to approximate only a small part of it—the exchange-correlation energy.
It is remarkable that the Kohn–Sham method can be applied to both interacting and noninteracting systems. Variation of Eq. (1.4) with respect to ρ gives the
expression for the effective Kohn–Sham potential [4]
ρ(r0 )
dr0 + vXC (r),
0
|r − r |

Z
veff (r) = vext (r) +

(1.9)

where
vXC (r) =

δEXC [ρ]
δρ(r)

(1.10)

is an exchange-correlation potential. Equations (1.9) and (1.10) are known as Kohn–
Sham equations.
The Hohenberg–Kohn theorem allows for exact mapping between interacting and
noninteracting systems. This greatly simplifies the complicated many-body problem
4

into a set of self-consistent one-electron equations with all complexity hidden in vXC .
But the impact of Hohenberg–Kohn theorem on quantum physics is much more fundamental. It represents a new paradigm of the electronic many-body problem: the
wave function Ψ (a function of 3N variables) is replaced by the ground-state density
ρ(r) (a function of three variables) as the basic quantity to be calculated. However, in
order to use the Kohn–Sham method in practical calculations one needs an approximate form either for the exchange-correlation energy or for the exchange-correlation
potential.

1.1.1

Explicit density functionals

Approximations to the exchange-correlation energy that depend on the density and
its derivatives are called explicit density functionals. In 1964, Hohenberg and Kohn
proposed a very simple approximate form of the exchange-correlation energy functional known as the local density approximation (LDA). This approximation can be
derived if one assumes that exchange-correlation energy density eXC is the same as
for a homogeneous electron gas,

LDA
EXC
[ρ]

Z
=

eXC (ρ(r))dr,

(1.11)

where the exchange-correlation energy eXC is a function of ρ(r) only. The LDA approximation is a simple explicit function of electron density that lends itself to immediate
practical implementation. However, it is known that real electron densities are not
uniform. Within atoms and molecules densities can change rapidly. Therefore, one
should not expect LDA to give realistic results for such systems. In spite of that
it has been found that LDA gives qualitatively correct results in comparison with
experiment. Quantitative results computed using LDA turn out to be far from experimental ones. The list of LDA failures includes high errors in atomization energies
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and underestimation of bond lengths in molecules, etc.
By adding a nonlocal contribution one can overcome some of the limitations of
LDA. Such functionals are called generalized gradient approximations (GGA) [5–8],

GGA
EXC
[ρ]

Z
=

eXC (ρ(r), ∇ρ(r))dr.

(1.12)

GGAs take into account deviation from the homogeneity by considering the gradient
of electron density. GGAs give three times smaller errors in atomization energies than
LDA. In spite of this GGAs also have limitations. For example, they do not predict
stability of small anions [9–12].

1.1.2

Orbital-dependent functionals

Density-dependent approximations have served to computational chemists for many
years by providing good qualitative and sometimes good quantitative results. They
allow easy access to the exchange-correlation potential via functional differentiation
Eq. (1.10). However, they are not perfect, so that further development is needed to
improve their accuracy. The next step in designing approximations to the exchangecorrelation energy (or at least to the exchange-only energy) is to consider Kohn–Sham
orbitals and possibly Kohn–Sham eigenvalues as building blocks. It is beneficial for
the following reasons.
First, use of orbitals in DFT is actually as old as Kohn–Sham DFT itself. For
example, the kinetic energy of a noninteracting system is given in terms of orbitals
(see the first term in Eq. (1.4)). Second, adding orbitals to the functional allows more
flexibility. Instead of dealing with only density and its gradient one can make use of the
whole set of Kohn–Sham orbitals, thus increasing the number of independent variables.
Third, orbital-dependent functionals are able to overcome the limitations of LDA
and GGAs [13]. For instance, density-functional calculations with orbital-dependent
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functionals predict the stability of anions. Last, but not least, the exchange energy—a
fundamental quantity of many-body physics is formulated in terms of orbitals,

EXexact
where γ(r, r0 ) =

PN

i=1

1
=−
4

Z

Z
dr

|γ(r, r0 )|2 0
dr ,
|r − r0 |

(1.13)

φi (r)φ∗i (r0 ) is the spinless reduced density matrix.

From this point of view it should be clear that the idea of using orbital-dependent
density functionals is very tempting. However, attempts to use such functionals face
serious difficulties associated with deriving corresponding effective Kohn–Sham potentials.

1.1.3

Kohn–Sham method versus Hartree–Fock method

The Kohn–Sham density functional scheme that treats exchange energy exactly as
an orbital-dependent functional of Eq. (1.13) is called exchange-only DFT. It is conceptually close to the Hartree–Fock method. In fact, both methods employ the same
total energy functional
N

Etot

1X
hφi ∇2 φi i +
=−
2 i=1

Z

1
vext (r)ρ(r)dr +
2

Z Z

ρ(r)ρ(r0 )
drdr0 + EXexact . (1.14)
0
|r − r |

but the density matrix γ(r, r0 ) in EXexact is different. The Kohn–Sham density matrix is
built from the Kohn–Sham orbitals. The Hartree–Fock density matrix is constructed
from Hartree–Fock orbitals, eigenfunctions of the Fock operator [14, 15]
1
F̂ = − ∇2 + vext + vH + K̂,
2

7

(1.15)

where vH is the electrostatic potential and K̂ is the nonlocal Hartree–Fock exchange
potential defined by the following expression

K̂φi (r) =

δEXexact
.
δφ∗i (r)

(1.16)

Since Hartree–Fock and Kohn–Sham orbitals are different the Hartree–Fock exchange
energy is also different from the Kohn–Sham exact-exchange energy. An important difference between the Hartree–Fock and Kohn–Sham schemes is hidden in the exchange
operator. The Hartree–Fock exchange operator K̂ is nonlocal (non-multiplicative) in
the sense that the result of operating with it on an orbital depends on the values
of all occupied orbitals everywhere in the coordinate space. The Kohn–Sham potential should be local (multiplicative). Therefore the Kohn–Sham exchange (exchangecorrelation) potential must also be multiplicative.
In Hartree–Fock theory, the nonlocal exchange potential is known. The exchange
potential in DFT is unknown. It could have been derived from Eq. (1.13) with Kohn–
Sham orbitals if it was a simple functional of an electron density. However, EXexact does
not depend on electron density explicitly. The Hohenberg–Kohn theorem implies that
the Kohn–Sham orbitals φi (r) are functionals of the electron density. Thus we have
an implicit dependence of orbital-dependent functionals on electron density. Because
of this implicit dependence one cannot evaluate the functional derivative of an orbitaldependent functional with respect to electron density. An alternative route is to derive
such potential as the optimized effective potential.

1.2

Optimized effective potential

The problem of finding a functional derivative of orbital-dependent functional with
respect to electron density is even older than Kohn–Sham DFT itself. In 1953, Sharp
and Horton [16] derived an integral equation for a local potential that minimizes the
8

Hartree–Fock total energy expression. They treated this potential as an approximation to the Hartree–Fock exchange operator and named it the optimized effective
potential (OEP).
Due to the mathematical complexity of the equation proposed by Sharp and Horton (OEP equation) the first solution of this equation appeared only twenty-four years
later. In 1976, Talman and Shadwick [17] solved the OEP equation numerically for
spherical atoms. Soon after Perdew and coworkers [18] realized that OEP is the exactexchange potential of Kohn–Sham theory, i.e. the effective potential corresponding to
exact-exchange energy (Eq. (1.13)). Today, the term OEP is generally used to denote
the exchange-correlation potential of any orbital-dependent functional.
There are several different ways to derive the OEP equation and therefore different representations of essentially the same equation [19]. The following OEP equation is obtained by applying the chain rule for functional derivatives to vXC (r) =
δEXC [{φi }]/δρ(r) twice (“c.c.” denotes complex conjugate),
N
X

φ∗i (r0 ) [vXC (r0 ) − ûXC (r0 )] GKS,i (r0 , r)φi (r)dr0 + c.c. = 0,

(1.17)

i=1

where GKS,i (r, r0 ) denotes the Kohn–Sham Green’s function
GKS,i (r0 , r) =

∞
X
φj (r0 )φ∗j (r)
,

i − j
j=1,j6=i

(1.18)

and ûXC is an operator defined by

ûXC φi (r) =

δEXC [{φi }]
.
δφ∗i (r)

(1.19)

Equation (1.17) is an integral equation. It involves the full set of occupied and
unoccupied Kohn–Sham orbitals and orbital energies, and has to be solved selfconsistently along with the Kohn–Sham equations. This results in a set of com-
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plicated integro-differential equations. Solving these equations is a highly nontrivial
task. However, there are several ways to cope with this problem. OEP equations
can be solved directly or different approximations as well as model potentials may be
employed.

1.2.1

Direct solution of the OEP equation

A straightforward approach to finding the OEP is to solve the OEP equation directly.
The Kohn–Sham potential is expanded in a basis set and then the total energy is
minimized with respect to the expansion coefficients. One such approach was developed by Wu and Yang [20]. In their method, veff (r) is obtained from the following
equation:
veff (r) = vext (r) + v0 (r) +

M
X

bn gn (r),

(1.20)

n=1

where v0 is a fixed (Fermi–Amaldi) potential [21–23] constructed from the converged
Hartree–Fock electron density,

v0 (r) = −

1
vH (r),
N

(1.21)

{gn (r)} is a set of auxiliary primitive Gaussian-like functions, and bn are expansion
coefficients.
At convergence, the exchange part of the OEP is given by

vX (r) =

M
X

bn gn (r) + v0 (r) − vH (r).

(1.22)

n=1

Due to the ill-posed nature of the OEP problem in finite basis sets [24] the Wu–Yang
method cannot be reliably implemented in actual calculations of many systems. For
practical reasons, several approximations to OEP as well as model exchange potentials
were derived.
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1.2.2

Approximations to the OEP

The first successful approximation to the OEP was proposed in the early 1990s by
Krieger, Li, and Iafrate [25]. They introduced an approximate solution to the OEP
equation for the exchange-correlation potential which is today referred to as the KLI
approximation

vXKLI (r) = vXS (r) +

1 X
|φi (r)|2 hφi vX − K̂ φi i,
ρ(r) i

(1.23)

|γ(r, r0 )|2 0
dr
|r − r0 |

(1.24)

where
vXS (r)

1
=−
2ρ(r)

Z

is the Slater potential. The Krieger–Li–Iafrate (KLI) potential is considerably simpler
than the full OEP and it yields total energies and Kohn–Sham eigenvalues that are
in close agreement with the full OEP values in many cases.
The Slater potential is a common ingredient of several others approximations
to the OEP. If one assumes that the Hartree–Fock and exchange-only Kohn–Sham
determinants are identical one obtains the so-called localized Hartree–Fock (LHF)
approximation to the exchange potential [26]

vXLHF (r) = vXS (r) +

1 X
φi (r)φj (r)hφi vX − K̂ φj i.
ρ(r) i,j

(1.25)

Note that the LHF potential is more general than KLI potential because later can be
obtained from LHF potential by neglecting off-diagonal elements of the Kohn–Sham
Hamiltonian matrix.
The same approximation has been proposed independently by Gritsenko and
Baerends in a different way under the name of “common energy denominator approximation” (CEDA) [27, 28].
The effective local potential method (ELP) [29, 30] is another equivalent of
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the LHF approximation. The ELP potential minimizes the variance of operator

Pocc 
v
−
K̂
evaluated with the Hartree–Fock determinant converged in a given
X
i=1
one-electron basis set, where K̂ is the Hartree–Fock exchange operator [31].

1.2.3

Model potentials as approximations to OEP
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Figure 1.1: BJ, KLI and OEP potentials for Kr atom.
Along with direct approximations to the OEP equations there exist several model
potentials for exchange. Among those perhaps the most popular was proposed by
Becke and Johnson [32]:
vXBJ (r) = vXS (r) +

kBJ
,
2π

(1.26)

where

kBJ =

10 τ
3 ρ

1/2
,

(1.27)

1 PN
|∇φi |2 — kinetic energy density. This potential gives accurate exact2 i=1
exchange energies via Eq. (1.13). Inclusion of τ -dependent term makes Becke–Johnson

and τ =

potential closer to the OEP but due to the correction term, kBJ /2π, this potential has
a wrong asymptotic behavior.
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1.3

Objectives of the research

Despite numerous attempts to solve the OEP problem, there still exists no routine procedure for generating orbital-dependent exchange and exchange-correlation potentials.
The main goal of this study is to develop new approximations to the OEP and compare
them with existing models. In Chapter 2 we plan to study the Kohn–Sham potentials that follow from a simple idea of inverting the Kohn–Sham equations Eq. (1.9).
We consider two cases. First, we use orbitals and orbital energies that are solutions
of Kohn–Sham equations with a local Kohn–Sham potential. Second, we employ
orbitals and orbital energies that do not correspond to any local potential. This procedure opens a route to efficient and simple calculation of orbital-averaged exchange
and correlation potentials. In Chapter 2 we also propose a method for computing
the functional derivatives of orbital-dependent functionals. In Chapter 3 we propose
the solution of a long-standing problem of generating OEP in a black-box manner.
We focuse our attention on kinetic-energy-density dependence of the exchange potential. We devise a self-consistent procedure with a local exchange potential that gives
Hartree–Fock electron density and investigate how close this approximation is to the
OEP.
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[28] M. Grüning, O. V. Gritsenko, and E. J. Baerends, “Exchange potential from the
common energy denominator approximation for the Kohn–Sham Green’s func16

tion: Application to (hyper)polarizabilities of molecular chains”, J. Chem. Phys.
116, 6435 (2002).
[29] A. F. Izmaylov, V. N. Staroverov, G. E. Scuseria, E. R. Davidson, G. Stoltz, and
E. Cancès, “The effective local potential method: Implementation for molecules
and relation to approximate optimized effective potential techniques”, J. Chem.
Phys. 126, 084107 (2007).
[30] V. N. Staroverov, G. E. Scuseria, and E. R. Davidson, “Effective local potentials
for orbital-dependent density functionals”, J. Chem. Phys. 125, 081104 (2006).
[31] A. P. Gaiduk and V. N. Staroverov, “Virial exchange energies from model exactexchange potentials”, J. Chem. Phys. 128, 204101 (2008).
[32] A. D. Becke and E. R. Johnson, “A simple effective potential for exchange”, J.
Chem. Phys. 124, 221101 (2006).

17

Chapter 2
Efficient construction of
orbital-averaged exchange and
correlation potentials by inverting
the Kohn–Sham equations
2.1

Introduction

The success of Kohn–Sham density-functional theory [1–3] is rooted in a highly efficient approximate treatment of electron correlation. Instead of solving the manyelectron Schrödinger equation, the Kohn–Sham scheme requires solving a one-electron
equation,



1 2
− ∇ + veff (r) φi (r) = i φi (r),
2

(2.1)

where veff (r) is an effective potential, such that the electron density of an N -electron
system is given by
ρ(r) =

N
X
i=1
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|φi (r)|2 .

(2.2)

(By φi we mean the spatial part of the ith spin-orbital.) The potential veff (r) is
normally constructed as the sum

veff (r) = v(r) + vH (r) + vXC (r),

(2.3)

where v(r) is the external potential (e.g., the potential of the nuclei), vH (r) is the
Hartree (electrostatic) potential of ρ(r), and vXC (r) is the exchange-correlation potential. The terms v(r) and vH (r) are known exactly, but vXC (r) must be approximated.
Direct approximations to vXC (r) in terms of ρ or φi and possibly i (i = 1, 2, . . . , N )
are known as model Kohn–Sham potentials [4–6].
Suppose we have a set of occupied canonical Kohn–Sham orbitals and their eigenvalues. Can we recover from this information the corresponding veff (r) and hence
vXC (r)? From Eq. (2.1) we have the expression

veff (r) =

1 ∇2 φi (r)
+ i ,
2 φi (r)

(2.4)

which is formally valid for each real φi , but in practice can be used only for the
nodeless lowest-eigenvalue orbital. Equation (2.4) has been employed for studying
the exact Kohn–Sham potentials in spin-compensated two-electron systems such as
the He atom and the H2 molecule [7–11]. In finite-basis-set calculations, however,
Eq. (2.4) leads to severe numerical difficulties [11–13].
Another way to extract veff (r) from {φi } and {i } is to multiply Eq. (2.1) by φ∗i ,
sum over i from 1 to N , and divide through by ρ. The result may be written as

N 
1 X 1 ∗
2
2
veff (r) =
φ (r)∇ φi (r) + i |φi (r)| .
ρ(r) i=1 2 i
1

1

(2.5)

The right-hand sides of Eqs. (2.5) and (2.7) are real despite the presence of generally complexvalued individual terms. This is because the eigenfunctions φi of a static Kohn–Sham Hamiltonian
are either real or occur in degenerate pairs which are complex conjugates of one another, so the
products φ∗i ∇2 φi are also either real or occur in pairs of complex conjugates.
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Observe that the potential of Eq. (2.5) may be regarded as a weighted average of N
orbital-specific potentials of Eq. (2.4) with the normalized weights |φi (r)|2 /ρ(r). This
observation will play a key role in situations where the potential defined by Eq. (2.4)
is orbital-specific (i.e., different for different orbitals).
Equation (2.5), called here the Kohn–Sham inversion formula, is the basis of a
popular numerical algorithm [14, 15] for determining the exchange-correlation potential from a given electron density. It has been also used for computing the functional derivative of the kinetic energy functional [16, 17]. In this work, we show that
the Kohn–Sham inversion formula may be also used to construct orbital-averaged
exchange-correlation potentials for orbital-dependent functionals. In particular, we
point out an efficient method for constructing the Slater exchange potential. Finally,
we show how Kohn–Sham inversion can be used to obtain functional derivatives of explicit density functionals without tedious calculations and to develop approximations
to functional derivatives of orbital-dependent functionals.

2.2

Kohn–Sham inversion

Let us rewrite Eq. (2.5) more compactly as

veff (r) =

−τL (r) +

PN

2
i=1 i |φi (r)|

ρ(r)

,

(2.6)

where
N

τL (r) = −

1X ∗
φ (r)∇2 φi (r)
2 i=1 i

(2.7)

is the Laplacian form of the kinetic energy density. From Eqs. (2.3) and (2.6),

vXC (r) =

−τL +

PN

2
i=1 i |φi (r)|

ρ(r)
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− v(r) − vH (r).

(2.8)

For a given set of occupied canonical orbitals {φi }, orbital energies {i }, and an external potential v(r), Eq. (2.8) specifies an exchange-correlation potential. The meaning
of this potential depends on whether {φi } and {i } are solutions of a one-electron
Schrödinger equation with an effective multiplicative vXC (r) or with an orbital-specific
potential. Let us consider these two possibilities in detail.

2.2.1

Inversion for multiplicative effective potentials

Local density functionals such as the local density approximation (LDA) and generalized gradient approximations (GGAs) such as the Perdew–Burke–Ernzerhof [18]
(PBE) functional give rise to multiplicative exchange-correlation potentials defined
by
vXC (r) =

δEXC [ρ]
.
δρ(r)

(2.9)

For orbitals and orbital energies that are solutions of the Kohn–Sham equations with
potentials of this type, Eq. (2.8) is clearly an identity, but only in the basis set
limit [10, 11, 19]. If the Kohn–Sham equations are solved in a finite basis set and
the basis-set expansions for the orbitals are substituted into Eq. (2.8), the resulting
potential may strongly deviate from the original vXC (r). In particular, when the
Kohn–Sham orbitals are expanded in a Gaussian basis set, the recovered potential
exhibits large spurious oscillations (especially near the nucleus) and diverges at large
r [10, 11, 19].
To illustrate this point, we have solved the Kohn–Sham equations for the krypton atom within the exchange-only LDA (LDA-X) scheme using the universal Gaussian basis set [20] (UGBS) of the composition (30s, 20p, 14d). Then we used the
self-consistent orbital and orbital energies to construct the LDA-X potential in two
different ways: directly by definition,

vXLDA (r) = −
21

kF (r)
,
π

(2.10)
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Figure 2.1: Exchange potentials constructed from the self-consistent LDA-X/UGBS
orbitals and orbital energies in two different ways: by definition (original) and by the
Kohn–Sham inversion formula (reconstructed).
where kF = (3π 2 ρ)1/3 , and by Eq. (2.8). Figure 2.1 shows that the two potentials
coincide almost everywhere except at very small and very large r. Such artifacts
are inevitable, and are even more dramatic in calculations with small and mediumsize Gaussian basis sets, where the reconstructed potential may be distorted beyond
recognition [10, 11, 19].
Fortunately, spurious oscillations and divergences of Kohn–Sham potentials obtained in finite basis sets by Eq. (2.8) can be almost completely eliminated using the
method proposed by us recently in Ref. [21]. This method is based on the observation
that the difference
∆vosc (r) = vreconstructed (r) − voriginal (r),

(2.11)

called the “oscillation profile”, is determined almost exclusively by the basis set in
which vreconstructed is obtained, not the nature of the potential. For example, the
oscillation profile of an LDA-X potential is almost exactly the same as that of any other
exchange or exchange-correlation potential for the same system, provided that both
potentials are reconstructed using the same basis set. This means that the oscillation
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profile obtained for one potential (A) may be subtracted from a raw reconstructed
potential of another approximation (B) to obtain a smoothened potential B as

A
B
B
(r).
(r) − ∆vosc
(r) = vreconstructed
vsmooth

(2.12)

The easiest way to generate ∆vosc (r) for a given basis set is by using a self-consistent
LDA-X potential, which is the choice we adopt here. We will make use of this
smoothening method in all subsequent examples.
Other than oscillations and divergences observed in finite-basis-set calculations,
there is nothing remarkable about inverting Kohn–Sham equations with multiplicative
potentials. Therefore, we will now move on to the more interesting case of orbitalspecific potentials.

2.2.2

Inversion for orbital-specific potentials

Many modern density-functional approximations for the exchange-correlation energy
depend on ρ(r) implicitly through the Kohn–Sham orbitals [22–24]. Examples of
such orbital-dependent functionals include the exact-exchange functional, functionals
with a fraction of exact exchange such as the PBE hybrid [25, 26] (PBE0), and metaGGAs that depend on the kinetic energy density such as the Tao–Perdew–Staroverov–
Scuseria [27] (TPSS) approximation. When implicit functionals are employed, it is
customary to adopt the orbital-dependent Kohn–Sham formalism [28–32] in which
Eq. (2.1) is replaced with a one-electron Schrödinger equation



1 2
− ∇ + v(r) + vH (r) + ûXC φi (r) = i φi (r),
2

(2.13)

where ûXC is a one-electron operator defined by

ûXC φi (r) =

δEXC [{φi }]
.
δφ∗i (r)
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(2.14)

This operator may be either integral (as in the case of exact-exchange) or differential
(e.g., for kinetic-energy-density-dependent functionals) [30, 33], but in either case it
is such that (ûXC φi )/φi 6= (ûXC φj )/φj for all orbital pairs except φi = φj . Thus, if
we substitute the solutions of Eq. (2.13) into the Kohn–Sham inversion formula, we
generally do not expect to obtain the functional derivative δEXC /δρ even in the basis
set limit.
To find out the meaning of the Kohn–Sham inversion formula for solutions of
Eq. (2.13), we again multiply Eq. (2.13) by φ∗i , sum over i from 1 to N , divide both
sides by ρ, and write the result as

v̄XC (r) =

−τL +

PN

2
i=1 i |φi (r)|

ρ(r)

− v(r) − vH (r).

(2.15)

where
N

1 X ∗
v̄XC (r) ≡
φ (r)ûXC φi (r).
ρ(r) i=1 i

(2.16)

By analogy with Eq. (2.8) we interpret v̄XC (r) as an effective exchange-correlation
potential. For explicit density functionals, v̄XC reduces to the functional derivative
δEXC /δρ, but for orbital-dependent functionals Eq. (2.16) defines a model potential
that is distinct from δEXC /δρ. Orbital-averaged potentials of this type were discussed
by Arbuznikov and coworkers [29–32].
The practical significance of Eq. (2.15) is that it can be used to construct orbitalaveraged potentials v̄XC simply by combining the standard ingredients τL , i , φi , and
vH rather than by computing the quantities ûXC φi . As far as we are aware, this
application of the Kohn–Sham inversion formula is proposed here for the first time.
Consider an important example: the exact-exchange functional. The orbitaldependent extension of the Kohn–Sham scheme for the exact-exchange functional
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is equivalent to the Hartree–Fock method. The Hartree–Fock equations are



1 2
− ∇ + v(r) + vH (r) + K̂ φi (r) = i φi (r),
2

(2.17)

in which K̂ is an integral operator defined by
δE HF
1
K̂φi (r) = ∗X = −
δφi (r)
2

Z

γ(r, r0 )
φi (r0 ) dr0 ,
|r − r0 |

(2.18)

where
EXHF

1
=−
4

Z

Z
dr

|γ(r, r0 )|2 0
dr
|r − r0 |

(2.19)

is the Hartree–Fock exchange energy functional and

0

γ(r, r ) =

N
X

φj (r)φ∗j (r0 )

(2.20)

j=1

is the one-electron reduced density matrix.
The orbital-averaged exchange potential corresponding to EXHF is known as the
Slater potential [34],
N

vXS (r)

1
1 X ∗
φi K̂φi = −
=
ρ(r) i=1
2ρ(r)

Z

|γ(r, r0 )|2 0
dr ,
|r − r0 |

(2.21)

which is the statistical average of orbital-specific potentials [K̂φi (r)]/φi (r) weighted
by |φi (r)|2 /ρ(r).
Direct construction of the Slater potential by Eq. (3.5) is computationally expensive because it involves integration over r0 for each r. Given a set of Hartree–Fock
orbitals and eigenvalues, a much faster way to obtain vXS is by using the Kohn–Sham
inversion formula,

vXS (r)

=

−τL +

PN

2
i=1 i |φi (r)|

ρ(r)
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− v(r) − vH (r).

(2.22)
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Figure 2.2: Slater potentials constructed from self-consistent Hartree–Fock UGBS
orbitals by Eqs. (3.5) and (2.22). The ‘smoothened’ potential was obtained from the
dashed curve by subtracting the LDA-X oscillation profile of Fig. 2.1. The dotted
curve is almost exactly on top of the solid curve.
Calculation of the Slater potential by Eq. (2.22) is comparable in efficiency to insertion
of the resolution of the identity into Eq. (3.5) [35], Equation (2.22) has been also
discussed (in a different context) by Bulat et al.[36].
Numerical verification of Eq. (2.22) is made in Fig. 2.2, where we show Slater
potentials constructed by definition (3.5) and by the Kohn–Sham inversion formula (2.22), before and after smoothening. The agreement between the two methods
(after smoothening) is almost perfect.
Obviously, the Kohn–Sham inversion formula can be used to construct orbitalaveraged potentials for any orbital-dependent functional.

Examples of orbital-

averaged Hartree–Fock (Slater), TPSS and PBE0 exchange potentials are shown
in Fig. 2.3. Here each v̄X (r) was obtained by substituting into Eq. (2.15) the selfconsistent Kohn–Sham orbitals and orbital eigenvalues obtained by diagonalizing the
corresponding exchange-only Kohn–Sham Hamiltonian. Also shown is the PBE exchange potential constructed by Eq. (2.8). These potentials are compared to the
exact-exchange optimized effective potential (OEP) taken from the work of Engel
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Figure 2.3: Various orbital-averaged exchange potentials computed in the UGBS in
comparison with the numerical exchange-only OEP. Most basis-set artifacts in the
reconstructed potentials were removed by subtracting the LDA-X oscillation profile
of Figure 2.1 according to Eq. (2.12).
and coworkers [37, 38], It is interesting to note that the PBE-X and orbital-averaged
TPSS-X potentials are better approximations to the OEP than the PBE0-X potential. Note also that the orbital-averaged PBE0-X potential in Fig. 2.3 appears to
tend to −∞ as r → 0. This is correct because Kohn–Sham potentials derived from
GGAs are in fact singular at the nucleus [7, 8], A similar behavior is observed for the
orbital-averaged TPSS-X potential, although to a lesser extent.
Kohn–Sham inversion can be also used to construct correlation potentials. Examples of such potentials for several explicit and orbital-dependent functionals are
shown in Fig. 2.4. Here each vC (r) was obtained as the difference vXC (r) − vX (r),
where vXC (r) and vX (r) were constructed using the same density. Specifically, each
vXC (r) was obtained by the Kohn–Sham inversion procedure of Eq. (2.8) from the
corresponding self-consistent orbitals and orbital eigenvalues. Each vX (r) was obtained by substituting into Eq. (2.8) the Kohn–Sham orbitals and orbital eigenvalues
obtained by diagonalizing the corresponding exchange-only Kohn–Sham Hamiltonian
constructed with the self-consistent exchange-correlation orbitals. The advantage of
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Figure 2.4: Various correlation potentials constructed as the difference vXC (r)−vX (r),
where vXC (r) and vX (r) were obtained by Kohn–Sham inversion using the UGBS.
computing LDA-C, PBE-C, TPSS-C, and LYP-C potentials in this way is that it
requires much less work than direct evaluation of the functional derivatives of the
corresponding functionals. Observe that the correlation potentials in Fig. 2.4 have no
spurious oscillations because the basis-set artifacts present in vXC (r) and vX (r) cancel
each other automatically when taking the difference.
To summarize the content of this section, we showed that orbital-averaged potentials defined by Eq. (2.16) can be always constructed simply by inverting the
Kohn–Sham equations using Eq. (2.15). This observation should be useful for practical calculations involving the Slater potential and other orbital-dependent potentials
derived from hybrid functionals and meta-GGAs.
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2.3
2.3.1

Discussion
The role of orbital eigenvalues in the Kohn–Sham inversion formula

The Kohn–Sham inversion formula (3.10) is related to another exact expression involving the potential veff (r) and occupied Kohn–Sham orbitals—the differential virial
theorem for noninteracting electrons [39–41], also known as the force balance equation [42, 43], In Refs. [44] and [45] we showed that this theorem can be written as

∇veff (r) = −

∇τL (r) +

PN

∇2 φi (r)∇φ∗i (r)
,
ρ(r)

i=1

(2.23)

where φi are canonical Kohn–Sham orbitals. Unlike Eq. (3.10), Eq. (2.23) does not
contain orbital eigenvalues. The absence of eigenvalues in Eq. (2.23) means that the
occupied Kohn–Sham orbitals alone determine, up to a vertical shift, the potential
veff (r) and, if the external potential is known, the potential vXC (r). In practice, the
presence of orbital eigenvalues in Eq. (3.10) is beneficial because it affords direct access
to veff (r), whereas Eq. (2.23) yields only the gradient of veff (r).
It is known [46, 47] that canonical exchange-only OEP orbitals are similar to the
canonical Hartree–Fock orbitals. By Eq. (2.23), the similarity of OEP and Hartree–
Fock orbitals implies that the Kohn–Sham potentials corresponding to OEP and
Hartree–Fock densities also should be similar. However, if we substitute Hartree–
Fock orbitals and orbital energies into Eq. (2.15), we obtain the Slater potential of
Eq. (2.22), which is much more negative than the OEP (see Fig. 2.3). This suggests
that, from the point of view of Eq. (2.15), the difference between the OEP and the
Slater potential lies mostly in the orbital energies. Therefore, we should be able to
turn the Slater potential built with Hartree–Fock orbitals into a good OEP approximation simply by varying the values of i in Eq. (2.15) while keeping the orbitals
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Figure 2.5: Model exchange potentials for the Kr atom constructed by the Kohn–
Sham inversion formula using the same set of orbitals (Hartree–Fock) and various
sets of self-consistent orbital eigenvalues. Basis set: UGBS. The reference OEP-X
potential (black line) is from Refs. [37, 38].
fixed.
Figure 2.5 demonstrates that one can indeed obtain good approximations to the
OEP by substituting into Eq. (2.15) a set of Hartree–Fock orbitals and OEP-like
orbital energies obtained from LDA-X or TPSS-X calculations. This approach works
because the LDA-X and TPSS-X orbital energies are closer to the corresponding OEP
eigenvalues than the Hartree–Fock energies. Conversely, one can start with a good
approximation to the OEP (e.g., the orbital-averaged TPSS-X potential) and turn it
into a Slater-like potential simply by using Hartree–Fock orbital energies instead of
TPSS-X eigenvalues (see Fig. 2.6).

2.3.2

Approximation of functional derivatives of orbitaldependent functionals

The above analysis suggests that the shape of a Kohn–Sham potential as defined by
Eq. (2.8) or (2.15) can be effectively controlled by varying orbital eigenvalues. Let
us seize this idea and develop it into a practical approximation to the exact-exchange
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Figure 2.6: Model exchange potentials for the Kr atom constructed by the Kohn–
Sham inversion formula using the same set of orbitals (TPSS-X) and various sets of
self-consistent orbital eigenvalues. Basis set: UGBS. The reference OEP-X potential
(black line) is from Refs. [37, 38].
OEP.
Following Della Sala and Görling, [35] we assume that the occupied eigenfunctions of the Kohn–Sham OEP Hamiltonian are the same as the eigenfunctions of the
Hartree–Fock Hamiltonian, i.e., φi = φHF
i . Under this assumption, we can use the
Kohn–Sham inversion formula to approximate the OEP with the model potential

vXmodel

=

−τLHF +

PN

HF 2
i=1 i |φi |
ρHF

− v − vHHF ,

(2.24)

where vHHF is the Hartree potential built from the Hartree–Fock orbitals and i are
approximate eigenvalues of the OEP orbitals which at this point are unknown.
Next consider a different potential constructed in the same manner as vXmodel but
using Hartree–Fock orbitals and orbital energies. As explained in Sec. 2.2.2, this is
the Slater potential built from the Hartree–Fock orbitals,

vXS,HF

=

−τLHF +

PN

HF HF 2
i=1 i |φi |
ρHF
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− v − vHHF .

(2.25)

According to Eqs. (2.24) and (2.25), the only difference between vXmodel and vXS,HF is
in the orbital energies. We already know that vXS,HF is not a good approximation to
the OEP, but expect vXmodel to be much better with a proper choice of i values.
Now let us subtract Eq. (2.25) from Eq. (2.24) and write the result as
N

vXmodel (r) = vXS,HF (r) +

1 X
HF
2
(i − HF
i )|φi (r)| .
HF
ρ (r) i=1

(2.26)

A model exchange potential of this form (with φi in place of φHF
i ) was discussed
by Nagy [48] as an equivalent of the Krieger–Li–Iafrate [49] (KLI) potential. Equation (2.26) suggests that we define i as the eigenvalues of vXmodel . In that case, one
can determine them by iterative solution of the Kohn–Sham equations with vXmodel ,
continuing until the potential is self-consistent.
The idea that led us to Eq. (2.26) can be readily extended to any orbital-dependent
functional. In general, we obtain a model potential of the form
N

model
vXC
(r)

=

0
v̄XC
(r)

1 X
(i − 0i )|φ0i (r)|2 ,
+ 0
ρ (r) i=1

(2.27)

0
where φ0i and 0i are solutions of the orbital-specific Kohn–Sham Eq. (2.13), v̄XC
model
is the orbital-averaged potential built from φ0i , and i are the eigenvalues of vXC

which are initially unknown but can be determined iteratively. By analogy with
Eq. (2.26), which defines a KLI-like approximation to the exact-exchange OEP, we
expect Eq. (2.27) to yield good approximations to the functional derivatives of hybrid
and meta-GGA exchange-correlation energy functionals such as PBE0 and TPSS.
Our approach is more practical than the suggestion to set up and solve an OEP-like
integral equation for the functional derivative of an orbital-dependent functional [50].
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2.4

Conclusion

We have shown that inversion of Kohn–Sham equations provides a convenient practical method for computing functional derivatives of explicit density functionals and
for constructing orbital-averaged potentials for orbital-dependent functionals. The
orbital-averaged exchange potential v̄X corresponding to the exact-exchange functional (the Slater potential) is a crude approximation to the exchange-only OEP (the
true functional derivative of the exact-exchange energy functional), but for hybrid and
kinetic-energy-density-dependent functionals such as PBE0 and TPSS, the agreement
between v̄X and δEX /δρ is significantly better (see Fig. 2.3). We believe that the
orbital-averaged potentials for the PBE0 and TPSS functionals are shown in this
work for the first time.
Orbital-averaged potentials constructed by Kohn–Sham inversion from a fixed set
of orbitals can vary considerably depending on the choice of eigenvalues. This observation gave us a valuable insight into the structure of the OEP which we used for
constructing explicit approximations to functional derivatives of orbital-dependent
functionals. In the case of the exact-exchange functional, this idea leads to the model
exchange potential of Eq. (2.26) whose analytic structure is similar to that of the
KLI approximation. In our future work, we plan to investigate eigenvalue-dependent
model potentials of Eq. (2.27) as approximations to the functional derivatives of hybrid functionals and meta-GGAs.
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Chapter 3
Accurate and efficient
approximation to the optimized
effective potential for exchange
3.1

Introduction

In this chapter we suggest an essentially exact, robust, practical method for constructing the optimized effective potential (OEP) [1] of the exact-exchange Kohn–Sham
scheme. OEPs naturally arise in the theory of orbital-dependent functionals [2]—one
of the most promising modern density-functional techniques—and are of significant
practical interest because they afford qualitatively better description of molecular
properties than local and semilocal approximations [1, 2].
The exchange-only OEP is defined [3] as the multiplicative potential vXOEP (r)
that minimizes the Hartree–Fock (HF) total energy expression within the Kohn–
Sham scheme. Equivalently [4], the OEP is the functional derivative vXOEP (r) ≡
δEXexact /δρ(r), where EXexact is the HF exchange energy expression written in terms
of Kohn–Sham orbitals (an implicit density functional) and ρ(r) is the electron den-
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sity. To obtain vXOEP (r) in a formally correct manner, one has to solve the OEP
integral equation [1]. Unfortunately, every attempt to do this runs into severe numerical difficulties because the problem is ill-posed [5] and has infinitely many solutions
in finite basis sets [5, 6]. Recent advances in OEP methods [7–14] have alleviated
some of these difficulties but, even today, flawless OEPs can be obtained only case by
case, with painstaking effort.
In the absence of an efficient OEP solver, various approximations to the OEP
have long been used as pragmatic alternatives. These include the Krieger–Li–Iafrate
(KLI) [15], localized Hartree–Fock (LHF) [16], and related approximations [17–20], as
well as model potentials for exact exchange [21–25], of which the Becke–Johnson (BJ)
approximation [23] is the most popular. The LHF method is equivalent [20] to the
common energy denominator approximation (CEDA) [17] and to the effective local
potential (ELP) scheme [19].
In a parallel development, several workers studied [26–29] the HF method as
a density-functional problem and occasionally observed [30, 31] that Kohn–Sham
exchange-correlation potentials corresponding to HF electron densities (HFXC potentials for short) were very close to OEPs. However, this observation had little impact
on the OEP impasse because existing methods for determining exchange-correlation
potentials from densities (see, for instance, Refs. [32–36]) face the same basis-set artifacts [37] and numerical challenges [38] as attempts to solve the OEP equation.
In this work, we devise a practical, artifact-free procedure which allows one to
compute the HFXC potential efficiently for any atom or molecule. Then we use our
method to show, on a variety of systems, that HFXC potentials are not just close but
practically indistinguishable from OEPs. The significance of our approach is that it
has the same reliability and computational cost as the KLI, LHF, and BJ schemes,
but its accuracy is vastly superior.
The proposed method originated with our observation that the quantity (τ HF −
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τ )/ρ, where τ and τ HF are the Kohn–Sham and HF kinetic energy densities, reproduces that part of atomic shell structure of exact-exchange potentials which is missing
in the KLI and LHF approximations. While searching for a rigorous explanation, we
realized that we were dealing with the HFXC potential and arrived at the following
argument.

3.2

The HFXC potential

Consider the HF description of a closed-shell N -electron system. The exchange energy
of this system is
EXHF
where γ HF (r, r0 ) =

PN

i=1

1
=−
4

Z

Z
dr

|γ HF (r, r0 )|2 0
dr ,
|r − r0 |

(3.1)

HF∗ 0
(r ) is the spinless reduced density matrix and
φHF
i (r)φi

φHF
is the spatial part of the ith canonical HF spin-orbital. The HF electron density
i
PN
HF
2
HF
are the lowest-eigenvalue
is given by ρHF (r) =
i=1 |φi (r)| . The orbitals φi
solutions of the HF equations



1 2
HF HF
− ∇ + v(r) + vH (r) + K̂ φHF
i (r) = i φi (r),
2

(3.2)

where v(r) is the external potential (e.g., the potential of the nuclei), vH (r) =
R HF 0
ρ (r )|r − r0 |−1 dr0 is the Hartree (electrostatic) potential of ρHF (r), and K̂ is the
Fock exchange operator defined by

K̂φHF
i (r)

δEXHF
1
= HF∗
=−
2
δφi (r)

Z

γ HF (r, r0 ) HF 0
φ (r ) dr0 .
|r − r0 | i

(3.3)

Let us multiply Eq. (3.2) by φHF∗
, sum over i from 1 to N , and divide through by
i
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ρHF . The result is
N
τLHF
1 X HF HF 2
HF
=
+
v
+
v
+
v
 |φi | ,
H
S
ρHF
ρHF i=1 i

where τLHF (r) = − 12

PN

i=1

(3.4)

φHF*
(r)∇2 φHF
i
i (r) is the Laplacian form of the HF kinetic

energy density and

vSHF (r)

=−

Z

1
2ρHF (r)

|γ HF (r, r0 )|2 0
dr .
|r − r0 |

(3.5)

is the Slater potential (the orbital-averaged K̂ operator) [39] built from the HF orbitals. The quantity on the right-hand side of Eq. (3.4) is known as the HF average
local ionization energy [40],
N

I¯HF (r) =

1 X HF HF
 |φi (r)|2 .
ρHF (r) i=1 i

(3.6)

Note that τLHF = τ HF − 41 ∇2 ρHF , where
N

τ HF (r) =

1X
2
|∇φHF
i (r)|
2 i=1

(3.7)

is the positive-definite form of the HF kinetic energy density. In practical calculations,
it is much better to deal with τ HF than with τLHF because the former is always finite,
whereas the latter becomes infinite at the nuclei. With these definitions we rewrite
Eq. (3.4) as
τ HF 1 ∇2 ρHF
−
+ v + vH + vSHF = I¯HF .
ρHF 4 ρHF

(3.8)

Now, let us pose the following problem: Find the multiplicative exchangecorrelation potential of the Kohn–Sham scheme which generates the same electron
HF
density as the HF method. This HFXC potential, vXC
(r), is defined by the Kohn–
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Sham equations


1 2
HF
− ∇ + v(r) + vH (r) + vXC (r) φi (r) = i φi (r),
2

(3.9)

where v and vH are the same as in Eq. (3.2) and the eigenfunctions φi are such that
P
2
HF
ρ(r) ≡ N
(r). An important point here is that the equality ρ = ρHF
i=1 |φi (r)| = ρ
HF
does not imply that φi = φHF
are known
i . In fact, the canonical orbitals φi and φi

to be slightly different [28].
HF
To find vXC
(r), we perform the same manipulations on Eq. (3.9) that led from

Eq. (3.2) to Eq. (3.8) and arrive at
τ
1 ∇2 ρ
HF
¯
−
+ v + vH + vXC
= I,
ρ 4 ρ
where τ (r) =

1
2

PN

i=1

(3.10)

|∇φi (r)|2 is the positive-definite Kohn–Sham kinetic energy den-

sity, and
N

X
¯ = 1
I(r)
i |φi (r)|2
ρ(r) i=1

(3.11)

is the Kohn–Sham average local ionization energy. Finally, we subtract Eq. (3.8) from
(3.10) and write
HF
HF
¯ − I¯HF (r) + τ (r) − τ (r) ,
vXC
(r) = vSHF (r) + I(r)
ρHF (r) ρ(r)

(3.12)

where ρ = ρHF , but τ 6= τ HF and I¯ =
6 I¯HF .
Equation (3.12) is the key result of this work. It gives the HFXC potential exactly
HF
(in a complete basis). Analogous but less practical expressions for vXC
were presented

earlier in Refs. [41–43].
We propose to treat Eq. (3.12) as the definition of a model Kohn–Sham potential
for exact exchange. To turn this definition into a practical method we observe that I¯
HF
and τ are determined by vXC
and hence are initially unknown. Therefore, Eq. (3.12)

44

has to be solved iteratively. The algorithm we suggest is as follows.
1. Perform an HF calculation on the system of interest and construct ρHF , vSHF ,
τ HF , and I¯HF .
2. Choose an initial guess for the occupied Kohn–Sham orbitals {φi } and their
eigenvalues {i } (e.g., HF orbitals and orbital energies).
3. Shift all i simultaneously to satisfy the condition N = HF
N . This is needed to
HF
ensure that vXC
retains the correct −1/r asymptotic behavior of vSHF .
HF
4. Construct vXC
by substituting the current {φi } and {i } into Eq. (3.12). To

facilitate convergence, we found it essential to compute the terms I¯ and τ /ρ
P
2
HF
.
using the density ρ = N
i=1 |φi | rather than ρ
HF
5. Solve the Kohn–Sham equations (3.9) using the current vXC
. This gives a new

set of {φi } and {i }.
HF
is self-consistent, i.e., until {φi } and {i } on
6. Return to Step 3. Iterate until vXC

input and output agree within a desired threshold.
For spin-polarized systems, there will be two HFXC potentials (spin-up and spindown) and hence two sets of all quantities except v and vH . The entire scheme
described above was implemented in gaussian 09 [44].
The most computationally intensive step in the HFXC approach, as in the KLI,
LHF, BJ, and related approximations, is the construction of the Slater potential. It
helps that in our method the Slater potential has to be computed only once (at the
start of iterations). To eliminate every possible source of errors unrelated to the HFXC
approximation, here we constructed vSHF (r) by using Eq. (3.5). For routine applications, we recommend resolution-of-the-identity techniques or the method proposed in
Chapter 2.
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3.3

HFXC potential for atoms and molecules

To assess the quality of HFXC potentials produced by our method we compared
them to the exact (numerical) OEPs, some of the best existing OEP approximations
(KLI, ELP=LHF=CEDA, and BJ), and finite-basis-set OEPs obtained by the Wu–
Yang OEP (WY-OEP) method [45]. The OEP and KLI results were taken from
the work of Engel and coworkers [46, 47] (for spherical atoms) and from Makmal et
al. [48] (for molecules); these are exact fully numerical solutions of the OEP and KLI
equations. The BJ, ELP, and WY-OEP results were obtained earlier by one of the
authors [49]. To simulate the basis-set limit in the HFXC, BJ, ELP, and WY-OEP
calculations we employed the large universal Gaussian basis set (UGBS) of Ref. [50]
for atoms and UGBS1P (UGBS augmented with one set of polarization functions for
each exponent) for molecules. The accuracy of the UGBS is such that total atomic
HF energies computed in this basis are converged to 7 significant figures with respect
to the basis-set limit [50].
In all cases where the UGBS (UGBS1P) was used, we found that HFXC potentials
are virtually indistinguishable from exact OEPs (Figs. 3.1 and 3.2) and are dramatically better as approximations to OEPs than the KLI and BJ models (Fig. 3.2).
Note that the performance of the LHF approximation is very similar to that of the
KLI [16] scheme, so the LHF or ELP or CEDA curves (not shown in Fig. 3.2) would
be almost superimposed with the KLI potentials. The excellent agreement between
HFXC potentials and exact OEPs suggests that the ‘correlation’ part of an HFXC
potential is negligibly small.
For quantitative comparison, we took the self-consistent Kohn–Sham orbitals generated by HFXC and other potentials and calculated the conventional total exchangeonly energy, Econv , which defined as the HF total energy expression in terms of Kohn–
Sham orbitals. Table 3.1 shows that the KLI, ELP, and BJ potentials produce Econv
values noticeably above the exact OEP energies. By contrast, conventional energies
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obtained from HFXC potentials are within 0.1 mEh of the OEP benchmarks for most
atoms—closer than Econv values from WY-OEPs.
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Figure 3.1: OEPs and HFXC potentials are visually indistinguishable. The same
excellent agreement was observed for all atoms where comparison with OEPs was
made.
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Figure 3.2: HFXC potentials are perfect representations of OEPs, unlike KLI and BJ
potentials.
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Table 3.1: Total ground-state energies of 12 representative atoms obtained with various exchange potentials. The numerical
OEP and KLI results are from Refs. [46, 47]. All other values were computed using a large Gaussian basis set (UGBS).
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Atom

EOEP
(units of Eh )

Li
Be
N
Ne
Na
Mg
P
Ar
Ca
Zn
Kr
Cd

−7.43250
−14.57243
−54.40340
−128.54541
−161.85664
−199.61158
−340.71500
−526.81222
−676.75193
−1777.83436
−2752.04295
−5465.11441

mean average value

Econv − EOEP (units of mEh )
KLI
ELP
BJ
WY-OEP HFXC
0.06
0.15
0.36
0.58
0.73
0.87
1.28
1.74
2.23
3.65
3.18
6.04

0.08
0.15
0.34
0.57
0.73
0.87
1.28
1.83
1.98
3.05
3.44
5.58

1.20
0.75
4.14
9.59
7.71
5.86
3.99
3.36
3.58
10.40
6.52
6.46

0.00
0.01
0.01
0.02
0.02
0.02
0.02
0.09
−0.03
−0.07
0.26
0.92

0.00
−0.01
0.00
0.01
0.00
0.00
−0.03
−0.07
−0.13
−0.07
−0.07
−0.26

1.74

1.66

5.30

0.12

0.05

KLI

Evir − Econv (units of mEh )
ELP
BJ
WY-OEP

−5.28
−21.20
24.74
155.62
183.10
182.26
144.86
124.68
14.94
1047.87
1468.11
1883.92

4.61
13.85
78.47
197.51
231.84
267.70
376.08
512.68
597.73
1238.61
1657.32
2374.14

50.45
31.68
250.56
781.68
805.90
799.35
904.12
1182.26
1126.91
2130.22
3128.48
3617.48

438.0

629.2

1234.1

HFXC

−0.01
0.07
−0.04
−0.05
0.22
−0.64
1.21
2.54
−2.49
−1.21
7.85
−4.25

−0.04
−0.10
−0.21
−0.14
−0.28
−0.26
−1.84
−4.08
−5.86
−5.93
−7.43
−6.99

1.76

2.76

A more stringent quality test [49] for OEP approximations is the virial energy
discrepancy, ∆vir = Evir − Econv , where Evir is the total energy with the exchange
contribution obtained by the Levy–Perdew virial relation [51],

EXvir

Z
=

vX (r) [3ρ(r) + r · ∇ρ(r)] dr.

(3.13)

For exact OEPs, ∆vir = 0 [52]. Table 3.1 shows that virial energy discrepancies for
HFXC potentials do not exceed a few mEh , that is, are three orders of magnitude
smaller than for the LHF, ELP, and BJ approximations—as small as for WY-OEPs.
These discrepancies are expected to be even smaller in the basis-set limit. (The
numerical OEPs have ∆vir values of the order of a few µEh .)
Recall that to solve the OEP integral equation by the WY method one needs
two sets of basis functions: a one-electron basis for the orbitals and an auxiliary
basis for the OEP. The two sets must be “balanced” with respect to each other;
otherwise, the resulting potential will be either suboptimal or highly oscillatory [6, 8–
10]. By employing the same large basis set in both roles one can usually obtain OEPs
that are smooth and correct everywhere except near the nucleus (panel in Fig. 3.3).
However, the single-basis trick does not work for small and medium-sized one-electron
basis sets such as 6-31G and cc-pVQZ, for which a suitable auxiliary basis can be
found only in an ad hoc manner with considerable effort and some arbitrariness [8–
10]. Such problems do not exist in our method, where we automatically obtain a
smooth HFXC potential for any one-electron basis (the right panel in Fig. 3.3). Since
OEPs and HFXC potentials are nearly identical in the basis-set limit, one can even
operationally define a finite-basis-set OEP (a fundamentally ambiguous quantity [6])
as the corresponding HFXC potential.
HF
The reason the HFXC scheme is very robust is because the potential vXC
is built up

directly as a sum of commensurate, well-behaved terms. Apart from being a tool for
generating approximate OEPs, the HFXC method can be used to determine Kohn–
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Figure 3.3: HFXC potentials obtained with small (6-31G), intermediate (cc-pVQZ),
and large (UGBS) basis sets as approximations to the exact (numerical) OEP. The
HFXC/UGBS curve is right on top of the OEP.
Sham potentials from HF densities, provided that the HF and Kohn–Sham orbitals
are expanded in a complete (in practice, very large) basis or represented on a dense
grid. In Kohn–Sham calculations using a finite basis set, however, the potential given
by Eq. (3.12) reproduces the target ρHF (r) only approximately because Eq. (3.9) and
its finite-dimensional matrix representation are not equivalent 1 .
We can also identify the reason why HFXC potentials are much closer to OEPs
than KLI, LHF, and related approximations. This happens because in our derivation
we did not assume that φi = φHF
for all i ≤ N . If, for the sake of argument, we make
i
this assumption in Eq. (3.12), we immediately obtain a different potential,
N

ṽXC (r) =

vSHF (r)

1 X
HF
2
+ HF
(i − HF
i )|φi (r)| ,
ρ (r) i=1

(3.14)

which was introduced and discussed by Nagy [42] (with φi in place of φHF
i ) as an
approximate equivalent of the KLI potential. The difference between HF and OEP
1

Problems such as “find the multiplicative potential which reproduces the HF/6-31G density when
the Kohn-Sham equations are solved in the 6-31G basis” are ill-posed. Using the method of Ref. [7]
it is easy to construct any number of different potentials that satisfy the above requirement, but to
decide which of these potentials is “the true one” is fundamentally impossible [53]
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orbitals may be small, but it gives rise to the crucial (τ HF − τ )/ρ term responsible for
the atomic shell structure of the OEP. It follows that the KLI and LHF approximations
would be greatly improved simply by including this term.

3.4

Conclusion

In conclusion, we have shown (a) how to construct HFXC potentials (i.e., model
exchange-correlation potentials yielding HF densities in the basis-set limit) at the
computational cost of the KLI, LHF, and BJ approximations; (b) that HFXC potentials are nearly exact approximations to exchange-only OEPs, much better than
the KLI, LHF, BJ, and related models. The advantage of approximating OEPs with
HFXC potentials is that it the HFXC method completely avoids the OEP equation,
and so is free from numerical difficulties and basis-set artifacts that beset OEP techniques.
HFXC potentials obtained in finite basis sets exhibit no spurious oscillations and,
for all intents and purposes, may be treated as solutions of the OEP equation. In this
sense, the HFXC scheme solves the long-standing problem of unambiguous “blackbox” construction of elusive finite-basis-set OEPs. We anticipate that our approach
will be widely embraced as a practical substitute for OEP methods and as a superior
alternative to existing model potentials for exact exchange.
Finally, we wish to remark that our approach can be generalized to any orbitaldependent exchange-correlation functional. One simply needs to start with the corresponding energy expression EXC [{φi }] instead of EXHF and modify appropriately all
the steps in the derivation. For τ -dependent functionals and hybrids (mixtures of
exact exchange and semilocal approximations), this scheme is expected to produce
even more accurate approximations to δEXC [{φi }]/δρ than for the exact-exchange
functional itself.
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