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ABSTRACT

This thesis consists of four essays that study the dynamic
stochastic behavior of a small open economy. In the framework studied
here, rational individuals formulate optimal intertemporal plans in an
environment where domestic capital and foreign financial assets are used
as alternative vehicles of savings, and where random disturbances affect
the production technology or the international terms of trade. As
demonstrated in the papers, the separation of savings and investment
decisions that characterizes the individual’'s optimal plans in open
economies has important implications for the evolution of macroeconomic
aggregates.

The main contribution of this work is that it undertakes a
quantitative exploration of the equilibrium stochastic process that
characterizes the long-run dynamics of the small open economy. Chapters
II, III and IV focus on different applications of this computational
general-equilibrium modelling strategy, whereas the first chapter
concentrates on a purely theoretical analysis. The thesis is ordered as
follows. Chapter I presents a dynamic stochastic model and applies
dynamic programming techniques to analyze impact and dynamic effects of
transitory and persistent disturbances. The potential for this model to
explain the kind of comovement and persistence observed in real-world
macroeconomic data is formally established. The second essay employs
dynamic numerical simulation methods to study the ability of the
artificial economy to mimic the stylized facts that typify Canadian
business cycles, including the correlation between savings and
investment. Since the results of this analysis suggest that the model

iii



allows the domestic capital stock to be adjusted too easily, the third
paper investigates how the quantitative performance of the model is
improved by introducing capital-adjustment costs. The resulting
prototype replicates the majority of the Canadian stylized facts, and
thus it constitutes a useful tool for dynamic policy analysis. The last
paper utilizes this improved version of the model to quantitatively
determine the effects of a policy that stabilizes the balance of trade
by introducing tax-enforced capital controls. The results of this
experiment indicate that, given the moderate magnitude of typical
business cycles in the post-war period, the mentioned policy has minimal

effects on economic activity and economic welfare.
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CHAPTER 1.

REAL BUSINESS CYCLES AND OPTIMAL FOREICN-ASSET ACCUMULATION.



1.- Introduction.

The paper presented in this first cnapter investigates the impact
and dynamic effects that domestic and world-wide technological
disturbances have on the evolution of the main macro-aggregates of a
small open economy. The novelty of the essay is that it provides an
integrated analysis of the dynamic interaction of foreign assets and
domestic capital, as alternative vehicles of savings, in an economy
subject to productivity or real-exchange-rate shocks.

Formally, the model studied in this paper consolidates real
business cycle theory with the recent developments in dynamic open-
economy macroeconomics. The basic real business cycle model constructed
in the seminal works of Kydland and Prescott (1982) and Long and Plosser
(1983) is extended to an er. ~ronment where the existence of a perfectly
competitive, international capital market is allowed. Consequently, the
individuals that inhabit this small open economy have the option to
borrow or save by trading foreign assets in the world capital market at
a fixed real rate of return. Thus, in contrast with closed-economy real
business cycle models, savings in the open-economy model can be
undertaken in the form of domestic capital as well as in the form of
foreign financial assets.

By considering a model where endogenous production and investment
choices are made in a stochastic, infinite-horizon environment, this
paper also attempts to study a more general formulation of the models
typically analyzed in neoclassical dynamic open-economy macroeconomics.
Hence, the results obtained in the deterministic infinite-horizon

economy studied by Obstfeld (198la) and the two-period exchange



economies analyzed by Sachs {(1981) and (1983) and Greenwood (1983) and
(1984) are extended to a more complex frnneworkl.

Following the guidelines of Obstfeld (1981a) and (1981b), the model
presented in this paper uses a formulation of lifetime utility wheve the
rate of time preference is an increasing function of past consumption
levels. This formulation is utilized to determine a well-defined
deterministic stationary equilibrium for the holdings of foreign assets,
so that the dynamics of consumption, the current account and the balance
of trade can be properly characterized?. Furthermore, since the model
studied here incorporates uncertainty, the endogenous time-preference
framework adopts the specific form of the Stationary Cardinal Utility
function formulated by Epstein (1983). This utility function is the
analog of the formulation employed by Obstfeld for the case of an
economy subject to stochastic disturbances and characterized by the
consumption-smoothing effect3.

The analysis of the impact and dynamic effects caused by transitory
and permanent technological shocks illustrates the differences between
closed-economy and open-economy real business cycle models. Essentially,
the open-economy model is characterized Ly a separation of the optimal
savings and investment decisions. The separation of these two choices
allows optimizing agents to adjust the domestic capital stock according
to pure portfolio considerations, without having to take into account
the intertemporal income and substitution effects generated by the
disturbances. The results of the analysis show how consumption-
smoothing and portfolio-reallocation effects govern the dynamics of all

the main macro-aggregates. In the perfect-foresight version of the



model, it is demonstrated that temporary shocks have no persistent
effects on capital accumulation, output and employment, and that it is
through the process of foreign-asset accumulation that the economy
reaches the steady-state equilibrium in savings and consumption. It is
also illustrated that persistent disturbances are capable of generating
business cycles, in the sense that they can reproduce qualitatively the
same kind of comovement and persistence observed in the time paths of
the macro-aggregates. Similarly, in the stochastic environment, it is
illustrated that serially- uncorrelated shocks affect investment only to
the extent that they affect the expected differential in the real rates
of return of the two existing vehicles of savings.

The paper proceeds as follows: Section 2 describes the model and
studies the optimality conditions that prevail in the stochastic
environment. Section 3 analyses the impact and dynamic effects of
transitory and permanent technological disturbances in a perfect-
foresight environment, considering first an economy where the shocks
affect only domestic productivity and then extending the analysis to
incorporate world-wide disturbances. The effects caused by serially-
uncorrelated, stochastic shocks are investigated in section 4. Section
5 presents the main conclusions and three appendices develop the
mathematical analysis needed to support the results presented in the

text.

2.- A Dynamic Stochastic Model of a Small Open Economy.

This section of the chapter extends the endogenous-impatience

stochastic-growth model constructed by Epstein (1983) to a small open-



economy framework. Here, the individuals that inhabit the domestic
economy have access to an international, perfectly competitive capital
market. The model to be presented is a variation of the prototype
originally designed by Brock and Mirman (1972), which in turn served as
the starting point for the pioneering work on real business cycles by
Kydland and Prescott (1982) and Long and Plosser (1983).

Consider an economy populated by identical, infinitely-lived
individuals, with preferences over goods and labor services described by

the Stationary Cardinal Utility function®:

%0 I_ Eo( u(Cc-G(Lt))eXP[Eéiv(Cf-G(L,))] - (1)
Here, G(Lty) measures the period-by-period disutility of labor L; and is
assumed to satisfy the properties that G’'(L¢) and G"(L¢) > 0. With this
specification, intertemporal preferences can be studied in terms of the
composite C¢-G(Ly), where Cy is the individuals’ consumption. v(+) is a
positive function called the impatience function and u(e¢) 1is the
instantaneous utility function. As in Cbstfeld (1981a) and (1981b), the
instantaneous rate of time preference exp[v{(C¢-G(L¢))] is modelled as an
increasing function of consumption of the composite good, thus v’ (»)>0.
The rational expectation formulated in (1) is conditional on knowledge
of the initial state of the economy and the relevant stochastic
processes, all of which are discussed in more detail later.

Since lifetime utility can be studied in terms of consumption of
the composite C¢-G(L¢), the conditions of Theorem 5 of Epstein (1983)
can be directly introduced here. Epstein’s conditions are the

following:




u(+)<0 , u’'(*)>0 , u’'(0) ==,
v(+)>0, v'(+)>0, v"(+)<0,
(2)
Log[-u(*)] convex,

u’ (+)exp{v(+*)] non-increasing.

These conditions were emploved by Epstein, in the context of a closed-
economy model with either a neoclassical or a linear technology, to
prove the existence of a stochastic steady state, to show that
consumption is always a normal good (see Appendix 2) and to ensure time-
consistency, so that dynamic programming methods can be applieds.
Intuitively, these conditions imply that the model is characterized by
an impatience effect, according to which increments in current
. consumption reduce the subjective weight assigned to future consumption
benefits.

The cost of simplifying preferences in this way is that, since the
marginal rate of substitution between C¢ and L. depends on L, only, the
wealth effect on the supply of labor is eliminated. This assumption,
however, has two important advantages. First, as discussed abcve and as
demonstrated later, it simplifies the formal analysis of the dynamics of
the model and helps determine important properties of the value function
involved in the solution of the model’s equilibrium. Second, it also
permits us to focus expressly on the interaction between investment and
foreign-asset accumulation, as alternative mechanisms to reallocate
resources intertemporally, without having to ignore completely the role
of labor services as an input in production.

Domestic production possibilities are characterized by a strictly

concave constant-returns-to-scale production function multiplied by a



positive stochastic disturbance ¢
Yt - EtF(Kt,Lc). (3)

Where Fg(t), Fr(t), FgrL(t) > 0 and Fgg(t)FLp(t) - (Fgp(e))Z = 0.
Thus, agents in this economy combine the domestic capital stock Kg,
which is precdetermined one period in advance, with the services of labor
to produce a single tradable commodity Y¢. The terms of trade at which
this output is exchanged in world markets are taken as given and,
without loss of generality, are set equal to unity. Alternatively, as
discussed in Greenwood (1983), it is possible to assume that the
domestic economy produces an exportable composite good, so that the
technological disturbances may take the form of terms-of-trade shocks.
The domestic capital stock is assumed to evolve according to the

following condition:

Where I, is gross investment and § is a constant depreciation rate.
Individuals also have access to an international, perfectly
competitive capital market where they can trade foreign financial assets
Ay taking as given their real rate of return r*ﬂt- Where n¢ is a
stochastic world-wide technological disturbance. In each period,
individuals posses a certain initial level of foreign assets, or debt,
A¢ which is carried over rrom the previous period. These assets yield a
total return equal to (1+r*nc)A: which is added to, or substracted from,
the total resources available for consumption and savings. Savings are

accumulated not only in the form of domestic capital K¢,1 but also in

Y



the form of foreign assets Ag4], with the difference that the latter can
be negative, expressing the ability that agents have to borrow from the
world capital market against their expected future income. The
accumulation of foreign financial assets obeys the following asset

evolution equation:
Ayl = The + At(1+r*ﬂt), (5)

where TBy is the balance of trade.
The period-by-period resource constraint faced by individuals
restricts the sum of domestic absorption, C¢+I, plus the current

account, Ar,1-Ap, not to exceed GNPS:
Ct + It + At+1 - At =< Yt + ntr*At. (6)

Given the initial conditions Kp, Ap, €¢p and ng, the dynamic
optimization problem of maximizing (1), subject to the restrictions
defined in (3)-(6), the non-negativity constraints on K¢, L and C¢ and
the restriction of intertemporal solvency, determines the optimal
intertemporal cheoices of the individuals’. Accordingly, they formulate
optimal state-contingent decision rules for consumption, labor supply,
capital accumulation and foreign-asset accumulation that characterize
the equilibrium of the =conomy. To solve this problem, individuals must
also know the probabilistic structure th = governs the evolution of the
disturbances, which are assumed to follow Markov processes. Thus, the
knowledge of the initial values of K, A, ¢ and n constitutes all the
information that agents need in order to rationally fnrmulate their

optimal intertemporal plans. The same optimization problem can be



identically investigated, in a more tractable manner, by employing

dynamic programming techniques.

The functional equation that characterizes the solution of this
problem in dynamic programming form can be simplified by merging the
state variables that describe the initial situation of the economy in a
single aggregate variable Q¢. To define Q¢, start by considering the
first-order optimality condition for lahor supply obtained from the

optimization problem described in the previous paragraph,

eeFL(Ke,Lg) = G’ (Ly), for all t=0,...,=, (7)

Equation (7) shows that the optimal labor decision is determined by
selecting Ly such that the marginal disutility of labor equals its
marginal benefit, which is in turn measured by its marginal product.
The specific form that this condition adopts is given by the absence of
wealth effects on labor supply discussed earlier. This optimality
condition requires, therefore, that the optimal labor choice L. be a

function of K. and e only:

Lt - I(Kc,it). (8)

Furthermore, the assumptions about F(+,+) and G(¢) imply that fg and £,
> 0 (see Appendix 2). Thus, from the point of view of an agent for whom
the current values of K. and ¢ are predetermined, the optimal labor
supply choice is uniquely assigned by the same two state variables.

The aggregate state variable Q. is defined next. Q¢ is a function
that describes the maximum units of the composite C -G(L.) that are

feasible to consume given the initial values of foreign assets, capital




and the shocks:
Qe (K A, €, ne) = €eF(Ke,Le) + Ke(1-d) + Ac(l+r¥ne) - G(Ly). (9)

Thus, Q¢ describes completely the current state of the economy for all
practical purposes related to the agents’ dynamic optimization problem.
Considering equations (8) and (9), the resource constraint (6) can

be equally expressed as
Ce-G(Le) = Q¢ - Se+1- (10)

Where S¢4] is the sum of total gross savings allocated to domestic

capital and foreign assets

St+1 = Kesl + Arsal- (11)

With this simplification in mind, the time-recursive structure
imposed with the Stationary Cardinal Utility, the resource constraint
(10) and the properties of u(¢), v(+) and F(+,-) are all combined to

define the following dynamic programming problem:
V(Qr) = max (u[C¢ - G(Lp)] + exp[-v(Ce - G(Le))] JV(Qes1)POres1]A)dAeyr)

w.r.t { Ce, Keels Sesl }:-0:
(12)
s.t, Ce = Qe + G(Ly) - Seq1-
Where Qe41 = €c+1F(Keal Leal) +(148%nes1) (Sea1-Keal) +(1-d)Kes1-G(Les1).
The stochastic shocks ¢, and ny are known at the beginning of period t.
At4] denotes the pair of values that these technological disturbances

may take in the next period (i.e. Agjy1~(e€e41.7e+1)) and, since A is

10



assumed to evolve as a Markov process, P(A 4}1!)Ag) designates the one-
step transition probability of facing a particular pair of shocks
conditional on today’s pairs. All possible values of the two shocks are
drawn from a compact set A. Thus, the initial capital stock, the
initial holdings of foreign assets and the currently-observed values of
both disturbances contain all relevant irnformation needed to formulate a
rational expectation of the value function V(Qg41) -this information is
in turn summarized in the initial observed value of Q.

By substituting the constraint in the functional equation, it
transpires that the first-order conditions characterizing the optimal

savings and capital-accumulation choices are the following9:

u’(t) - v'(t)exp[-v(t)]E¢[V(t+l)] =

exp[-v(t)] Eg[V (t+1) (1+r¥neyp) ], (13)
exp[-v(t)] Egt V'(t+1) {ec41Fg(t+l)-d - r*nt+1] ) =0, (14)

where E¢{V(t+l)] = fV(Qt+1)P(At+1|A)dAt+1. These optimality conditions
illustrate the separation of the optimal savings and investment
decisions typical of the open-economy framework. The total amount of
savings to accumulate is governed by (13) whereas the optimal allocation
of those savings across domestic capital and foreign assets 1is
determined by (14). These two optimality conditions are more easily

interpreted by applying the Benveniste-Scheinkman equation to obtain the

following expressions:

u’(t) - v'(t)exp[-v(t)]EV(t+l) = (15)

exp[-v(t)] E¢i (1+r*qt+1) [u’ (t+1)-v' (t+1)exp[-v(t+l) JEc4+1V(t+2)] ),

11




12

Ecl [eps1Fg(t+1)-d] Uc(t+l) } = E¢l [r¥neyq] Ug(e+l) ). (16)

Where Ug(t+l) = u’(t+l) - v'(t+l)exp[-v(t+1l)]E41{V(t+2)] is the
lifetime marginal utility of consumption at t+l.

Equation (15) represents the equilibrium condition for savings
under uncertainty and illustrates the difference between the constant
and variable discount factor cases. The left-hand side denotes the
expected marginal lifetime benefit of reducing savings. This consists
of two components: (i) the instantaneous margin~l utilicy effect
(u'(t)>0) and (ii) the impatience effect, by which an increase in the
rate of time preference reduces the subjective weight assigned to all
consumption benefits expected in the future (-v’(t)exp[-v(t)]E V(t+l)>0
since u(t)<0 implies E V(t+1)<0). The right-hand side is the discounted
expected marginal cost of reducing savings in utility terms. This is
composed of the anticipated return in assets that is given up, converted
into next period’s lifetime marginal utility, and subjectively
discounted to make it comparable with the current period’s lifetime
marginal utility at the other side of the equation. In equilibrium,
lifetime marginal costs and benefits of savings are equalized.

The optimality condition (16) indicates that investment is
regulated by a criterion that establishes the equality of expected
marginal returns in different vehicles of savings. As can be observed,
this equality does not hold exactly period by period, but it holds as a
weighted average using as weights the lifetime marginal utilities that
can be attained in each state of nature. Again, the form of Ug
indicates that changes in any period’s consumption have an instantaneous

marginal-utility effect and an additional impatience effect. The



13
conditions imposed on u(¢) and v(+) ensure that Uz is positive and
greater than in the fixed time-preference case.

Equations (15) and (16) can also be used to illustrate how the
expected differential in the marginal rates of return E[{DMRy4 ] ]=E[RKg41-
RA¢41] is linked to the stochastic structure of the problem. Using
(16), it transpires that in equilibrium this differential can be

expressed as
E[DMRy41] = {COV[Uc(t+1l) ,RAr41]}-COV{Uc(t+l) ,RKe41])) / E[Ugc(e+1)], (17)

where RKey] = €¢y1Fp(t+l)+l-d  is the random return on capital and
RAgy1= (1+r*nt+1) is the random return on foreign assets. This
expression indicates that E[DMR¢4+]] is determined by the covariance
structure between the two marginal rates of return and the lifetime
marginal utility of consumption in the same period that these returns
are paid. For example, in the case where the disturbances are assumed
to affect domestic productivity only, the first covariance term is
likely to be negative since a shock with a certain degree of persistence
causes Uc(t+l) to fall and RK¢4) to increase, and the second covariance
term is zero because foreign assets are riskless. Therefore, capital is
a risky asset and individuals expect to receive a premium when holding

it (i.e. E[DMRg41]1>0).

3.- Technological Disturbances in a Perfect-Foresight World.

The theoretical setup outlined in the last section is first studied

in the context of a perfect-foresight economy. Here, the impact and

dynamic effects of temporary and permanent disturbances are precisely




14
determined and the driving forces of the model’s dynamic behavior are
clearly isolated. The study of the perfect foresight-economy simplifies
the analysis because the absence of uncertainty implies that the rates
of return on capital and foreign assets are exactly equalized in each
period. Consequently, the optimal capital-accumulation choice is
independent of the dynamics of consumption and foreign-asset holdings.

The intertemporal optimality conditions in the perfect-foresight

case take the following form:

u' () - v’ (t)exp[-v(t) JV(t+l) = exp[-v(t)](1+r¥nes1) V! (£+1), (18)

ecs1FR(E+L) - d = r¥ney. (19)

This is a block-recursive simultaneous equation system where Kg4] is
determined by (19) and S¢;) is defined by (18). Using the definitions
and constraints mentioned in the last section, the solutions of these
two variables determine solutions for the rest of the endogenous
variables in the model.

Condition (19) shows that, once ¢¢4] and n¢,] are both given, the
optimal choice for the allocation of savings in the form of capital Resl
is determined by equating the next period’s net marginal productivity of
domestic capital with the real rate of return on foreign assets. Thus,

the optimal capital stock is given by

Resr = wecal Ne+l), (20)

where x, > 0 and «, < 0 as shown in Appendix 2.
Given (3) and (8), it follows from (20) that the dynamics of labor

services and domestic output also depend only on the dynamic behavior of
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the disturbances. Thus, the time-profiles of investment, capital, labor
and output are independent of the dynamics of savings and foreign
assets, which govern the evolution of consumption toward the steady-
state equilibrium.

The Benveniste-Scheinkman theorem is applied to (18) in order to
obtain the next expression:
u’(t) - v'(t)exp[-v(t)]V(t+l) =

(21)

exp[-v(t)] ((1+r¥nesep) [u’ (e+1) - v’ (t+l)exp[-v(t+l)]V(t+2)]).
This equality describes the principle governing optimal savings in this
dynamic, deterministic framework. Its interpretation is the same as
before, except that both the marginal costs and benefits of postponing
consumption are known with certainty.

From (21) it follows that the economy’'s perfect-foresight

stationary equilibrium is characterized as
exp { V[eF(R,2(R,e)) - Rd + r*nA - G(L(R,€))] } = 1 + r*n. (22)

Boldface 1letters are used here to refer to steady-state values of
variables, Expressions (22) and (19) indicate, therefore, that the
stationary equilibrium of the perfect-foresight economy is characterized
by a simultaneous equality between the net marginal productivity of
capital, the subjective rate of time preference and the world’s real
interest racel0,

Although the steady-state equilibrium of some closed-economy real

business cycle models is also characterized by an equality of the rate

of time preference and the productivity of capital, the manner in which
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this stationary equilibrium is reached in a small open economy is
radically different. Here, whenever the domestic capital stock is below
(above) the deterministic steady-state equilibrium, agents are free to
borrow (lend) in order to take advantage of the relatively higher return
on capital (foreign assets). They do not have to be concerned with
having to sacrifice consumption in order to augment investment, and with
the consumption-smoothing and consumption-substitution effects involved,
since the level of consumption can be sustained by running a deficit in

the balance of trade.
3.1 Impact and Dynamic Effects of Domestic Productivity Disturbances.

The study of an economy characterized by purely domestic shocks is
the simplest case of open-economy real business cycles. The
international real rate of return on assets is assumed to remain
constant, either because technology in the rest of the world is not
affected by any shocks or because national disturbances cancel out in
the global average.

The impact and dynamic effects of temporary and permanent domestic
shocks are uncovered by undertaking a series of comparative-statics
experiments. Equations (3), (5), (7), (9), (18), (19), the resource
constraint in (12) and the definition of savings (11) are differentiated
with respect to the endogenous variables Sg41, Ke+l, Actsi, Le, Y, Ct
and TBy and the domestic shock, assuming that n=-1 at all dates. The
exogenous change is dey > 0 for the case of a transitory shock and
deg=dery] > O for a permanent disturbance. The impact effects of an

unanticipated temporary shock are found to be the iollowing (see



Appendix 1):

d¥¢/der = F(t) + ecFL(t)[dLe/dee] > O, (23)

dCe/der = [(1+r*)b(t)/a(t)+(1+r*)b(t)] F(t)

+ ecFL(t) [dLg/dec] >0, (26)
dLy/dey = Fp(t) / [G"(t) - eFrp(e)}l > 0, (25)
th.’,l/dEt - 0, (26)

dS¢41/der = dAgy)/der = dTBy/der

= {a(t)/a(t)+(1+r¥*)b(t)] F(t) > O. (27)

Where a(t) = exp[v(t)][ u"(t) + u' (t)v'(t)] - V(t+l)v"(t) < 0 and
b(t)= v/ (t) V'(t+l) + (l+r*)V"(t+l) < 0 as shown in Appendix 2.

The expression in (23) shows the positive impact effect that
temporary technological shocks have on current output. The shock has
both a direct effect, since it multiplies the produc:ion function in the
definition of Yy, and an indirect effect, because it improves the
productivity of labor and induces an increase in employment -as shown in
(25).

Equation (24) reveals that a once-and-for-all shock increases C¢ as
the result of two effects. First, a consumption-smoothing effect,
denoted by [(l+r*)b(t)/a(t)+(1+r*)b(t)]F(t), which directs individuals
to use the current-output expansion to increase consumption in all
periods. Hence, consumption does not grow as much as output in the same

period and the balance of trade moves toward a surplus (as confirmed in

(27)). The second effect, represented by the second term in the right-
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hand side of (24), shows how the increase in employment creates a
further enlargement in Y, that is fully added to Cg.

The result reported in (25), indicating that employment increases
unambiguously, follows from the absence of wealth effects on labor
supply which are eliminated by adopting the specific forms of v(+) and
u(*) defined in (1). This means that only the substitution effect,
making current leisure more expensive when a productivity improvement
takes place, is affecting the behavior of employment.

Expression (26) illustrates that temporary shocks cannot affect the
optimal capital-accumulation choice. Since these kind of disturbances
cannot alter the productivity of newly-created capital, the equality of
returns established in (19) is not perturbed and hence the optimal Ky
remains unchanged. Furthermore, it follows from the capital-evolution
equation (4) that investment in the current period is also completely
insensitive to transjitory productivity changes.

In contrast, the result in (27) shows that foreign-asset holdings,
the balance of trade and total savings react positively and exactly in
the same manner to a transitory disturbancell. This must be the case
because individuals wish to increase consumption permanently and the
extra savings needed to achieve this goal are accumulated exclusively in
the fcrm of additional foreign-asset holdings. Thus, individuals desire
to smooth consumption by expanding their savings and the optimal way to
do it, according to the results presented here, is by augmenting their
holdings of foreign financial assets without affecting the accumulation
of domestic capital.

Since a transitory disturbance leaves unaffecte K¢y and I, it
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follows from (3) and (8) that it can neither affect future values of
capital, labor and domestic output. The capital stock remains at the
level implied by the condition of equality of returns on foreign assets
and domestic capital, and output and employment remain at the
corresponding levels implied by the production technology (3) and the
optimal labor-supply choice (8). Consequently, the dynamics of
consumption towards the steady state are pgoverned by the process of
foreign-asset accumulation. These dynamic effects of a temporary shock
are formally uncovered by solving a comparative-statics experiment using
the same equations as before, except that the exogenous change
considered now is dS¢=dAr > 0 and the results must be updated one period

to obtain the following expressions (see Appendix 2):

dYr41/dS¢41 = O, (28)
dLt41/dS¢41 = O, (29)
dK¢49/dSe41 = O, (30)

dAt4+2/dSe41 = dS¢42/dSes1

= [a(t+l) / a(t+1)+(1+r¥)b(t+1l)] (1+r*) > 0, (31)

€Ct41/dSe4)1 = (-dTBr41/dSe41)

= [(I+r)b(t+1) / a(t+1)+(14+x¥)b(t+1) [ (1+r*) > 0.  (32)

Equations (28), (29) and {30) illustrate the implications of the
fact that the equality of returns on capital and foreign assets is not
disturbed by a purely transitory shock -as explained above. The

expression in (31) describes the dynamic effects of the shock on savings
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and foreign-asset holdings, it illustrates how a fraction of the return
on savings from the first period is useti to increase savings for the
future so as to increase consumption permanently. This is in turn
implied by the consumption smoothing effect that characterizes the
model. The rest of the return from savings is used to increase Cgy] as
shown in (32). Since Y41 remains unchanged, this extra consumption is
entirely supported by pvshing the balance of trade in period t+l towards
a deficit, Thus, Cg4] is augmented by increasing imports and the
increase in imports is in turn financed with a fraction of the gross
return on foreign assets accumulated in the first period as a means of
savings.

To summarize, a once-and-for-all, unanticipated shock that hits the
economy at date t has the following impact and dynamic effects: (1) it
increases C¢, Cr41, Le, Y. Se+1l. St+2, Ayl and Ay, (ii) it improves
TBy and worsens TBi,} and (iii) it leaves unaffected K¢4+1, Ip, Kes2,
It+1l, Lt+] and Yp41. In sharp contrast with the results that can be
obtained by practicing a similar analysis in a closed-economy real
business cycle model, these results indicate that transitory
productivity shocks in a small open economy cannot reproduce
qualitatively all of the observed features of the business cycle. The
positive comovement between domestic output, employment and consumption
is reproduced, as is the persistence in the accumulation of foreign
assets and consumption. But there is no comovement nor persistence in
investment and capital, the trade balance exhibits negative
autocorrelation, employment and output are serially uncorrelated, and

foreign-asset holdings and the balance of trade display positive
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comovement with GDP. Thus, for productivity disturbances to generate
the observed properties of actual business cycles in a small open
economy, it must be the case that these disturbances affect the
productivity of newly-created capital (i.e. that they exhibit a certain
degree of positive serial correlation).

The effects of a permanent, fully-anticipated productivity
improvement are studied now. The same set of equations as before is
analyzed assuming that deg=degy)] > 0. The impact effects of such a

disturbance are the following (see Appendix 1):
d¥e/der = F(t) + ecFp(t)[dL/de] > O, (33)

dCe/der = [(L+r*)b(t)/a(t)+(1+r*)b(t)] [F(t) + F(t+l)/(1+4r™)]

(34)
+ EtFL(t) [st/dEt] > 0,
dLy/der = € FL(t) / [G"(t) - e FL(t)] >0, (35)
dLes1/der = ( Fg(t+1)FL(t+l) - Frg(t+l)Fg(t+l) } / (=} > O, (36)
th.'.l/d.ét I | [ G"(t+l) - €t+1FLL(C+1) ]FK(C+1)
+  ees12FRL(EF1IFL(E+L) ) / epq1le} > O, (37)
dSes1/dee = [a(t)/(a(t)+(1+r*)b(e))]) F(r)
>
- [Q+r*)b(t) /(a(t)+(1+r*)b(t))] [F(t+l)/(l+r*)] = 0, (38)
<
>
dAt.;.l/th - dTBt/dét - dst+1/d€t - th+1/d€t = 0. (39)
<

Where () = G"(t+1)Fgg(t+l) - epp1(Frp(t+1)Fyg(e+l) - FKL(t+1)2 ] <O

and a(t) and b(t) are as before.




22

From (33) and (35) it is clear that the impact effects of a
permanent shock on Y. and L. are exactly the same as in the case of a
transitory shock. This 1is another result that follows from the
elimination of the wealth effect on labor supply.

Equation (34) illustrates that the consumption-smoothing effect
pushes up current consumption in an amount proportional to the present
value of the permanent output increase. Thus, having more output in
each period causes a larger increase in wealth to be allocated across
consumption in all periods_

Expression (36) shows that in this case Ly41 is also affected. The
expression contains two effects that affect positively the productivity
of labor and force individuals to substitute leisure for additional
hours of employment. First, the increase in e¢ry] augments directly the
marginal product of 1labor. Second, as explained below, there is a
further increase in this marginal product caused by the enlarged
holdings of domestic capital in combination with the assumptions of
strict concavity of F(-,*) and constant returns to scale.

The expression in (37) shows that the permanent shock increases
Ke4i as well, this is also the result of two complementary effects.
First, there is an investment-expansion or portfolio-realliocation
effect. This effect operates because the increase in the marginal
product of capital in period t+]l motivates agents to increase capital
accumulation in order to restore the equality of returns expressed in
(19). The second effect is due to the fact that the increase in Lg41
enlarges the marginal product of capital even more, as a result of the

strict concavity and constant returns to scale that characterize the
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production technology.

Given the positive impact effects on Kg¢3j and Ley), it follows that
Ye+1l 1s also positively affected. The direct effect of the disturbance
that hits the economy at date t+l is magnified by the increased use of
capital and 1labor, which are the optimal response of individuals
expecting the shock to occur with certainty.

Equation (38) illustrates that the impact effect of a permanent
shock on first period’s savings is ambiguous. A positive effect arises
from that fraction of the extra current output that is not allocated for
current consumption, but a negative effect also operates due to the
increased borrowing induced by the positive impact that the expected
expansion in Y¢4) has on Cg.

Equation (39) establishes that the resulting impact effects of a
permanent shock on TBy and Ag;] are also ambiguous, but always smaller
than the impact effects caused by a once-and-for-all shock (i.e.
equation (27)). In this case there are three operative forces, one
pushing for a trade-balance surplus and two for a deficit. First there
is the positive effect from the increase in Y that causes a permanent
increase in consumption, and therefore makes Y. grow more than C..
Second, a negative effect exists because the increase in Y,; causes C¢
to grow by a fraction (1+r*)b(t)/[a(t)+(1+r*)b(t)] of the present value
of that expected output increase. And third, an additional negative
effect exists because the augmented capital holdings imply that savings
are increased not only by extra holdings of assets, but also by
investing more in the domestic capital stock. Therefore, the pressure

for a trade-balance surplus that arises with a transitory disturbance is
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reduced, and may be dominated, by the negative effects that follow a
persistent disturbance.

In summary, a permanent shock exhibits the following impact
effects: (i) it increases C¢, L¢ and Y¢, (ii) it increases K¢y and I,
thereby causing Lyy; and Y¢;] to increase, (iii) and it has an
ambiguous, but relatively smaller, effect on Ag4i and TBy. Furthermore,
Ce+1 also increases due to the consumption-smoothing effect and TBgyj
may move towards a surplus (due to the increase in Y¢4] combined with a
less than proportional increase in Cg;1), or towards a deficit (due to
the pro-borrowing movement that follows from the consumption-smoothing
effect caused by the permanent output increase).

These results indicate, therefore, that persistent disturbances are
potentially capable of reproducing the features of comovement and
persistence that characterize actual business cycles. Specifically, if
the disturbances are expected to last long enough, the model may
recreate qualitatively all the characteristics of comovement and
persistence that the closed-economy aggregates exhibit, as well as the
observed negative correlation between the balance of trade and domestic
outputlz.

It is also important to observe the relationship between the
initial state of the economy and the size of the impact effects caused
by the disturbances. Equations (38) and (39) show that the larger the
initial capital stock is, the stronger the positive effect of the
current-output expansion on S¢41, Arsil and TBe. Thus, the model
predicts that, as the economy grows, shocks of the same magnitude cause

larger fluctuations in domestic output, consumption, savings and the
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open-economy aggregates. These findings are consistent with the
empirical analysis of Sachs (1983)13.

The immediate dynamic effects caused by a permanent disturbance
(i.e. those that follow changes in Sg4], Kgyl and Agy]) can be
determined by using a similar strategy as before. But the primary
difference between transitory and permanent disturbances is the effect
that the latter have in displacing the economy to a new steady-state
equilibrium. This displacement will be investigated after the study of

the effects caused by international disturbances is completed.
3.2 Impact and Dynamic Effects of World-Wide Shocks.

A more complete model of the world business cycle requires the
consideration of both national and international technological
fluctuations. In principle, it is possible to model world-wide shocks
as affecting all nations at the same time in the same way, or to
consider that in addition to the international shocks each country has
domestic disturbances of its own. Different assumptions about the
persistence and contemporaneous correlation of these disturbances can
also be made. In this part of the paper, the impact and dynamic effects
of deterministic international shocks are uncovered using a very simple
structure that highlights the key factors governing the dynamics of the
system, To avoid unnecessary repetition of the mechanisms already
exposed in the last section, the analysis focuses on the new features
added by fluctuations in the world’s interest rate.

Fir':f.‘r., assume that international disturbances are transmitted to

the domestic economy according to the following continuously-
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differentiable function:
€ = H(ne), H(+) > 0, H'(+) > 0 for all t. (40)

The condition H’(¢) > O is imposed in accordance with the assumption
that world-wide productivity improvements affect positively the real
rate of return paid or charged in the world’s capital marketl4 . H(+) is
general enough to allow for national differences in the size of the
disturbances, which are associated to such factors as differences in
resource endowments, the use of the technology and economies of scale.
Persistence is modelled considering the following dynamic evolution

equation for international shocks:

IA
A
A
=

Where # is the coefficient of persistence of the disturbances.

Once (40), (41), # and the initial value of n are given, agents can
determine precisely the dynamic paths of both shocks and possess all
information necessary to formulate optimal intertemporal plans. The
impact effects of world-wide disturbances on the desired choices of K¢41
and S¢,1 are determined undertaking another comparative-statics
experiment. The two main results of such analysis are the following

(see Appendix 1):

dKe41/dng =
>

8 {r* - H'(t+1) [Fg(t+1)+H(t+1)Frp (t+1) 2, (t+1)]) / (+) = 0,  (42)
<



27

dSpe1/dne = a(t) (H'(E)F(t) + r*Ay) / [a(t) + (1+r¥nee1)b(E)]

- 0 (b(E) [H' (e+1)F(t+1) + r¥Age1]) / (a(t) + (14r¥nes1)b(E)] (43)

- o'V (t+1) / [a(t) + (L+r¥nei1)b(E)] = O,

ALYV

where a(t), b(t) and (*} < 0 are as before.

The expression in (42) illustrates the ambiguous impact effect that
a favnrable international shock has on domestic capital accumulation.
The first term in the numerator represents the effect of the
international component of the disturbance. It indicates that the
increase in the world’s real interest rate motivates agents to
substitute domestic capital for foreign assets as a means of savings.
The second term in the numerator represents the domestic component of
the shock. It is essentially identical to the investment-expansion
effect described in (37) and hence it moves domestic capital
accumulation in the opposite direction to the first effect. Notice
that, since dKi,1/dn¢=0 when #=0, the disturbances must have a certain
minimum degree of persistence in order to have any effect on capital
accumulation. Thus, the result that in a real business cycle model of a
small open economy the disturbances must affect the productivity of
newly created capital is preserved.

Equation (43) shows the ambiguous impact effect that international
shocks have on total savings. The first line illustrates the transitory
wealth effects, the first term reproduces the result found in (27) and
the gecond term adds the consumption-smoothing effect that results from
the rf‘esources gained (lost) when the increase in n raises foreign

interest income (payments). Accordingly, the direction of this effect
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depends on whether the domestic economy is a net borrower or saver in
the world’s financial markets at the beginning of date t (i.e. whether
Ap is positive or negative). The second line represents the persistent
wealth effects, the first component comes from the domestic output
expansion (the same effect observed in (38)) and the second is caused by
the pressure to use the resources gained (lost) by the increase in the
interest rate to increase (reduce) consumption permanently. Thus, the
direction of this effect depends on the sign of the net holdings of
foreign assets initially planned for the following period (i.e. Agyg).
The single term in the last line of (43) is the consumption-substitution
effect caused by the increment in the intertemporal relative price of
consumption r*nt.,_]_. it motivates individuals to reduce current
consumption and therefore increase savings.

The analysis of equations (42) and (43) also suggests that the
additional income and substitution effects introduced by the
fluctuations in r* are likely to be small in practice. According to
(42), the size of the effect of the international disturbance on capital
accumulation, and hence investment, is given by or*. Under normal
conditions, where both # and r* are less than unity and the latter is
less than 10%, this is a very weak effect. Furthermore, (43) indicates
that the size of the income and substitution effects affecting S¢41
depends on r*At when the shocks are transitory, and also on #r* and
dr*At...l vhen the shocks have some persistence. Thus, as long as the
world’s real interest rate is low, the disturbances are stationary and
foreign-interest income or payments are a relatively small component of

GNP, world-wide shocks are not likely to affect significantly the
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results obtained with purely domestic shocks.

The impact effects that transitory and persistent world-wide
disturbances have on the rest of the aggregates are summarized in Table
1. The main differences between domestic and world-wide shocks are
illustrated by the additional effects discussed in the previous
paragraphs. Mainly, the introduction of additional consumption-
smoothing effects that result from changes in foreign interest income,
or payments, and the introduction of consumption-substitution effects
that result from changes in the intertemporal relative price of
consumption. As can be observed in the table, world-wide disturbances
must still have a certain degree of positive persistence in order to
reproduce qualitatively the comovement among macroeconomic time series
that is observed in actual business fluctuations.

Since once-and-for-all world-wide disturbances cannot affect
investment, and alter savings only by affecting the accumulation of
foreign financial assets, the dynamic effects caused by these shocks are
the same as those described in (28)-(32). Thus, transitory shocks can
only generate persistent effects on savings, consumption and the open-
economy aggregates.

In contrast with the transitory shocks, persistent disturbances do
have impact effects on K4} and I and hence they have dynamic effects
on investment, output and employment as well. However, long-run dynamic
effects can only exist if the coefficient § is equal to 1.0. Such

steady-rtate adjustments are analyzed next.

3.3 Long-R%un Effects of Permanent Technology Shocks.

The study of steady-state comparative statics emphasizes the fact
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Table 1.

The Impact Effects of Transitory and Persistent World-Wide Shocks.

Variable Transitory Shocks Persistent Shocks
6=0 0<os<l
Kesd Y +/-
St+l +* R
Acyl +* +)-**
Ly + +
Ye + +
Ce +* +*
Ie 0 +/-
TB¢ +* R
Notes: * This result assumes Ac, Agyl > 0.

The impact effect is smaller than when the shock 1is
transitory.
See Appendix 1 for mathematical derivations.
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that, in the long run, the allocation of savings across capital and
foreign assets is made on the basis of pure portfolio considerationms.
It also shows how the introduction of the endogenous rate of time
preference helps determine the steady-state equilibtrium for the holdings
of foreign financial assets,

The deterministic stationary equilibrium of the model economy
studied here is characterized by equations (19) and (22), considering
the steady-state values of the disturbances that result from (40) and
(41). The perfect-foresight steady-state of the domestic capital stock

K is, therefore, the value that solves
€ F(K,2(K,¢)) - d = r¥*g, - (44)

given € and 5. And the steady-state equilibrium for the holdings of

foreign assets A is the solution to

exp {v[eF(K,2(K,€)) - Kd + r*pA - G(2(K,€))]) = 1 + r¥py. (45)

Practicing a comparative-statics exercise for dn, recalling that
e=H(n), it transpires that permanent world-wide disturbances have an
ambiguous effect on the long-run equilibrium of the economy (see
Appendix 1). The direction of the change in the long-run equilibrium
value of the capital stock depends on which of the two shocks, ¢ or »n,
is stronger. The increase in the world’s real rate of return, that
results from the world-wide shock, motivates agents to permanently
reduce their holdings of domestic capital in order to take advantage of
the higher return that their savings can obtain on foreign assets.

However, the increase in the productivity of domestic capital, that
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follows from the domestic shock, induces individuals to expand the
steady-state capital stock. Since output and employment are uniquely
determined by the capital stock and the shocks, the long-run effects of
the disturbances on Y and L also depend on which of the two shocks is
stronger. Finally, the direction of the changes in the long-run
equilibrium values of consumption, savings, foreign assets and the
balaunce ¢ trade depend not only on the relative strength of the
disturbances, but also on consumption-smoothing and consumption-
substitution effects. The consumption-smcothing effect is ambiguously
signed because a permanent increase in 5 may have positive or negative

income effects depending on the initial sign of A.
4.- Domestic Shocks in the Stochastic Economy.

In this section of the paper, the impact and dynamic effects of
serially uncorrelated, stochastic disturbances are studied. The impact
effects on L. and Y. are given by the same conditions as before (i.e.
equations (23) and (25)) because the wealth effect on labor supply has
been eliminated and Ky is a state variable. To study the effects on the
rest of the variables, a comparative-statics experiment is undertaken
using equations (5) and (9)-(14). The exogenous change considered for
this experiment is de;>0, and the assumption that the disturbances are
e*clusively domestic is adopted for simplicity.

To determine impact and dynamic effects on savings, capital and
foreign-asset accumulation that are consistent with observed business
fluctuations, it is necessary to impose appropriate conditions on the

covariance structure that characterizes the stochastic version of the
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model. In particular, as Appendix 3 shows, it is necessary to specify
adequate correlation properties between the marginal change in valuation
Vr(t+l) and the differential of rates of return DMR(t+l). However,
these properties cannot be arbitrarily imposed, instead they must be
identified as characteristics of the value function that follow from the
conditions imposed on tastes and technology. But, since closed-form
solutions for the kind of functional equation problem defined in (12) do
not exist in general, these required characteristics are very hard to
establish. Furthermore, as Lucas, Prescott and Stokey (1985) point out,
the properties of second and higher order derivatives of the value
function are not generally known and, therefore, the conditions required
to obtain the desired behavior of V"(t+l) are difficult to produce
analytically. For these reasons, the use of numerical simulation
techniques is regarded as the best alternative to investigate the
ability of models of this kind to recreate actual business cycles. This
is the task of the next two chapters.

In spite of the issues mentioned above, it is still worthwhile to
perform the comparative-statics experiment in order to observe how the
behavior of individuals is altered by the introduction of uncertainty.
Assuming that the correct properties are imposed on the covariance
scructure of the model, the impact effects of a serially-uncorrelated

shock can be described as follows (see Appendix 3):

dS¢41/dee = E[a(t)F(t)] Ele(t+l)] / |a] > O, (46)
>

dKey1/der = E[a(t)F(t)] E{(L+r*)[V"(t+1)DMR(t+1)]) / |a] = 0. (47)
<

where:




34
E[c(t+l)] = E[V"(t+1)DHR(t:+1)2+V'(t+1)et+1(FKK(:+1)+FKL(1:+1)2K(:+1))]
and |A| is as in Appendix 3.

Equation (46) shows the positive impact effect that serially-
uncorrelated disturbances have on total savings. This result follows
from the consumption-smoothing effect that characterizes the model,
which is in turn implied by the Stationary Cardinal Utility function.
Thus, the consumption-smoothing effect is still operative and a movement
towards a trade-balance surplus in period t arises.

Expression (47) illustrates the ambiguous impact effect that the
shock has on domestic capital accumulation. This result follows from
the fact that, given the probability distribution of the disturbances,
agents formulate expectations about the future differential of the
returns on domestic capital and foreign assets and create state-
contingent plans that dictate their actions. Consequently, other
things being equal, the size and direction of the impact effect on K¢y)
depends on how large and persistent are the expected movements of
DMR(t+l). As a result, relatively small shocks approximate the perfect-
foresight model since K¢4] tends to remain relatively immobile.
Furthermore, if a risk premium is expected in domestic capital and if
the covariance between V"(t+l) and DMR(t+l) 1is negative, the impact
effects of the serially uncorrelated shock on K¢;,1 and Iy are
unambiguously positive.

The impact effects on foreign assets and the balance of trade are
determined by the difference between (46) and (47). Consequently, they
depend on both the strength of the consumption-smoothing effect and the

expected permanence and magnitude of the disturbances.
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As discussed in Appendix 3, the ambiguity of the impact effect on
capital accumulation translates into ambiguities with respect to the
direction of all the dynamic effects. The same assumption mentioned
above about the sign of COV[V"(t+l),DMR(t+l)], is sufficient to ensure
that the total dynamic effects on both K¢4] and S¢,] are positive. A
favorable, serially uncorrelated shock would then cause persistent
increments in domestic output, employment, capital and savings. Even
then, however, the dynamic effects on investment and the open-economy
accounts remain ambiguously signed, depending on the relative size of
the increments in K¢y, Key], Sg+2 and Sgyg.

In conclusion, the analytical treatment of stochastic disturbances
does not yield precise predictions about the behavior of the model
economy and can only partially depict its ability to recreate the
observed features of the business cycle. The study shows how the
choices made by optimizing agents are affected by the presence of
uncertainty and the expectations they create. In particular, it
clarifies that relatively small shocks produce similar results as those
observed in the perfect-foresight case. However, as stated before, the
best way to investigate how precisely can this model replicate the
qualitative and quantitative features of actual business cycles is to

perform an analysis based on numerical simulation.

5.- Concluding Remarks.

In this first chapter, a stochastic dynamic optimizing model that
incornorates a perfectly competitive, international capital market into

the standard real business cycle model has been constructed and formally
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analyzed. The optimality conditions that characterize the equilibrium
of the artificial economy indicated that small open-economy real
business cycle models are typified by a separation of the savings and
investment decisions. Savings choices are made so as to equalize the
expected lifetime marginal benefits and costs of postponing consumption,
whereas the allocation of these savings across domestic capital and
foreign assets is chosen so as to equalize their expected marginal rates
of return in utility terms.

Impact and dynamic effects of persistent and transitory
technological shocks were investigated considering both domestiec and
world-wide disturbances in a perfect-foresight environment. 1In sharp
contrast with closed-economy real business cycle models, transitory
shocks cannot generate persistent effects on investment, employment and
output. Furthermore, they cause foreign assets and the balance of trade
to follow procyclical time paths. Temporary disturbances still have
permanent effects on total savings and consumption, but these operate
through the balance of trade instead of investment. On the other hand,
recurrent disturbances induce persistence on investment and can recreate
all the closed-economy features of the business cycle. The
countercyclical nature of the open-economy aggregates can also be
reproduced depending on the relative strength of the different
consumption-smoothing and consumption-substitution effects involved.
Hence, only shocks that affect the productivity of newly created capital
are capable of recreating the comovement and persistence features
obgserved in actual business fluctuations. Positive steady-state shocks

have ambiguous effects on the stationary equilibrium depending on which
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of the rates of return of the two existing vehicles of savings is
increased more, and also depending on whether the economy started out as
a long-run borrower or lender in the world’s financial markets.

The formal analysis of the effects caused by stochastic
productivity disturbances required the imposition of appropriate
conditions on the covariance structure of the economy. Under a certain
set of conditions, it is possible to show that serially-uncorrelated
shocks cause total savings to increase and have an ambiguous effect on
capital accumulation. The adjustment in the dynamic stochastic path of
investment depends on how large and persistent are the expected
differences on the rates of return of domestic capital and foreign
assets. Thus, the relative permanence and magnitude of the disturbances
plays a crucial role in explaining the volatility and serial correlation
of the endogenous variables in the model. Shocks that are small in size
and serially uncorrelated tend to reproduce the results of the
deterministic analysis, in the sense that the dynamics of savings tend
to rely more on foreign-asset accumulation than in domestic
investment.

The impossibility to use comparative-statics methods to determine
the potential of the stochastic version of the model to reproduce actual
vusiness cycles, indicates that an investigation employing dynamic
numerical simulation techniques should be undertaken. This is the goal

of the following chapters.




APPENDIX 1.

This appendix describes how impact and dynamic effects of
deterministic, transitory and permanent shocks were derived. The case
of domestic shocks is treated in detail and the extension to world-wide
disturbances 1is briefly explored. Some important properties of the
value function and the optimal labor and capital decision rules are
used, these are formally established in Appendix 2.

The impact effects of domestic disturbances are uncovered studying
equations (3), (5), (7), (9)-(11), (18) and (19). Start by
differentiating equations (7), (18) and (19) with respect to ¢ and the
endogenous variables Lg, Sg41 and Keyg. The resulting system of

equations can be described as follows:

(A.1)
r W r h
[a(t)+b(T) (1+r™)] 0 0 dS¢41/dee
0 (G"(t)-eFpLL(t)] 0 dL./dey
0 0 €41 [Frp(e+1)fp(t+1)+Fyg(t+l)] dKe41/dee
. a(t) F(t)
- Fr(e)
0
where: a(t) = exp(v(t))[u"(t) + u' (e)v'(t)] - v"(t)V(t+l) and

b(t) = v/ (t)V'(t+l) + (L+r*)vVr(e+l).

The propositions and lemmas in Appendix 2 show chat the first and last
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elements on the main diagonal of the coefficient matrix are negative
and that the middle one is positive. Results (25)-(27) are obtained by
solving the system of equations in (A.l1). The result reported in
equation (23) is then deduced by differentiation of (3), and (24)
follows from differentiating (9), (10) and (11).

The dynamic effects reported in equations (28)-(30) are direct
implications of the independence arguments to be presented in
Propositions 2 and 3. The dynamic effects on savings, foreign assets,
consumption and the balance of trade require to differentiate (18) with

respect to Sy} and S¢:
dSp41/dS¢ = a(t) (1+r*)/[a(t)+(1+x*)b(t)] > O (A.2)

The positive sign of this expression follows form property (3) of
Proposition 1. Then, (31) is found by updating (A.2), using (30) and
differentiating (11) wupdated. Finally, (32) is determined by
differentiation of updated versions of (9)-(10) and using the results
obtained in (28)-(31).

The impact effects of a permanent domestic shock are uncovered by
analyzing equations (3), (5), (7), (9)-(11), (18), (19) and (7) updated
one period. These equations are differentiated with respect to the
endogenous variables Yy, TB¢, L¢, Lgt4+]l, Se+1l, Ke+l, Ar4+1l and Cp and with
respect to the exogenous disturbances ¢, and ery] (assuming dec=decyy).

The total differentials of (7), (18), (19) and (7) updated are condensed

in the matrix system (A.3) that appears in the following page.




(A.3)
r - r Y
[a(T)+b(t) (1+r*)] © 0 0 dS¢41/dee
0 [G*(t)-eeFLr(t)] 0 0 dLy/dee
0 0 [G"(t+l)-ep41Frp(t+1l)] -epp1Frr(t+l) | ldLe,1/de,
0 0 € t"‘lFKL( t+l) € t+1FKK( t+l) dxt+1/d€ t

. 4 - 4

r )

a(t)F(t) -(1+r*)b(t)[F(t+1)/(1+r*)]
- FpL(t)
Fy(t+l)

-Fg(t+l)

Solving dSy,1/der and dL./de. from (A.3) is straightforward.
Propositions 1 and 2 in Appendix 2 determine the signs of the
coefficients involved in both solutions, so that expressions (35) and
(38) are obtained. The impact effect on Y follows from differentiating
(3) with respect to e using (35). The results for (dLy41/dey) and
(dK¢41/dey) are derived solving the simultaneous system defined by the
submatrix located at the lower right corner of (A.3). Propositions 2
and 3 in Appendix 2 show that the determinant of such a system is
positive, and the results in (36) and (37) follow from Cramer’s rule.
Finally, expressions (34) and (39), containing the impact effects
(dA¢41/dee) and (dCe¢/dey), are obtained differentiating (10) and (11)
using results (33) and (35)-(38).

The impact effects of world-wide transitory and persistent

disturbances are deduced by adding (40) and (41) to the system of
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equations (3), (5), (7), (9)-(11), (18), (19) and (7) updated, and by
practicing similar comparative-statics experiments as those described
in the last paragraphs. The equations are differentiated now with
respect to the endogenous variables and the exogenous change dn>0. As
observed in (42) and (43), the properties of the value function and the
Ke+1 and Lg choices that are discussed in the next appendix are still
necessary to determine the results.

Finally, to compute the steady-state effects of a permanent
disturbance, differentiate (44) using (8) and (25) to replace the dL

terms and obtain the following two results:

>
dR/dp = (r* - H' (n) [F(K,L)-H(mFg (K, L) 2, (K,€)])/ x(K,e) = 0, (A.4)
<
>
dL/dn = 2gx(K,€)dK/dn + £,(K,e)H'(g) = O. (A.5)
<

where x(K,e)=Fgg(K,L)G"(L) - ¢[Fgg(K,L)FLL(K,L)-Fgr(K,£)2] < 0. The
conditions that H(n)>0, H’'(9)>0, Fx(K,L) and Fyxp (K,L) > 0, Fgg(K,L) <0
and Proposition 2 determine the signs of both expressions. Finally,
differentiation of (45) considering (7), (44), (A.4) and (A.5)
determines the effect in the long-run holdings of foreign assets:
>
dA/dn = -[H' (mMF(K,L) + r*A)/r™n + */v' (+) (L+x*n)r™n - dk/dn = 0. (A.6)
<
Thus, a positive permanent shock causes steady-state holdings of foreign
assets to be adjusted according to consumption-smoothing, consumption-
substicution and portfolio-reallocation effects. These effects are
respectively represented by the first, second and third terms in the

right-hand side of (A.6).




APPENDIX 2.

Some important properties of the value function, the optimal labor-

supply choice and the optimal capital-accumulation decision are

established in the next propositions and lemmas. These results assume

that the dynamics of the disturbances are known with certainty. An

extension of Proposition 1 for an stochastic environment can be found in

Epstein (1983).

Proposition 1: If u(+) and v(+) satisfy the set of properties defined in

Proof:

(2), then the following three properties hold:
(i) u”(t) + u’(t)v’(t) =0,
(ii) Log[-V(Q)] is convex,

(iii) a(cr), b(t) < 0.

(1) Since u’(t)[exp(v(t))] 1is non increasing, it follows that

u(t)+u’ ()v’'(t) = 0,

(ii) The second property follows from two lemmas proved in Epstein

(1983)15,

Lemnmsa E.1:

Lemma E.2:

(ii1)

Define a function H of sequences of the composite good as
ym-exp[-H], where ¥ is the Stationary Cardinal Utility
function (1), and assume that u(-) and v(-) satisfy the
conditions described in (2), then H is concave.

Assume the same properties for u(e) and v(¢) as in lemma
E.1, then the function Log[-V(Q)], where V is the value

function and ? the aggregate state variable defined in
(9), is convex 6.

The fact that a(t) and b(t) are both negative is demonstrated

using the two previous results. From (i) it follows

straightforwardly that a(t) < 0. Next, to show that b(t) < 0,
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v'(t) is displaced from the expression using optimality
condition (18) and (ii) is used to determine the sign of the

result.

Propogition 2: If G(L) is a convex function and F(K,L) satisfies strict
concavity, with constant returns to scale and pnsitive
diminishing marginal returns, the optimal labor-supply
function defined in (8) is increasing in both ¢ and K and
does not depend on the intertemporal pattern of
consumption, foreign-asset accumulation or savings.

Proof:

The independence of the optimal labor choice from the intertemporal
choices of C, A and S in each period follows trivially from observing
optimality condition (7), considering that both ey and Ky are
predetermined state variables.

Differentiating (7) with respect to Lg, ¢ and K allows us to

determine the following results:

dLy/dey = ecFL(t) / [G"(t)-ecFLL(t)] > O, (A.7)

dLe/dKe = eeFix(t) / [G"(t)-ecFri(e)] > O, (A.8)

The signs of these derivatives is confirmed using the assumptions that
G"(t), Fr(t), Frg(t) > 0, and Frj(t) < 0. The result in (A.8), updated
one period, corresponds to fg(t+l) in the last term of the main diagonal
«f (A.1), the resulting expression for this term is negative as shown in

the next proposition.

)

Bropogition 3: If G(L) and F(K,L) are as in Proposition 2, then the
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optimal capital-accumulation choice defined by optimality
condition (19) is increasing in eg4) and decreasing in
Ne¢+]-  Furthermore, it does not depend on the dynamic
processes of consumption, foreign assets and savings.
Proof:

The dynamic-independence argument follows trivially from observing
(19), and recalling that the optimal labor choice at date "t+l" depends
only on Kgyl and epyg. To prove the increasingness. result,
differentiate (19) with respect to Ky;)] and e€g4] to obtain the

following:

dRe41/decs) =
- [eg+1Frp(t+1) L, (e+1)+Fg(t+l)] [G"(t+l)-€pyqFrLp(e+l)] ) (A.9)

X { 1/[eg41G" (e+1)Fgg(t+l) - £t+12(FLL(t+1)FKK(t+l)-FKL(t+1)2)I } > 0.

K¢+l is shown to be decreasing in n¢y)] by differentiating (19) with

respect to each of these two variables:

dKe41/dnes1 = (A.10)

r*(l/[€t+1G"(t+1)FKK(t+1)-€t+12(FLL(t+1)FKK(t+1)-FKL(t+1)2)]} < 0.

Expressions (A.9) and (A.10) have the corresponding signs because the
assumptions made imply the following: Fg, Fp, Fxpr, G" > 0, Fgg, FL. < 0

and [FLLFKK'FKLZI = 0.




APPENDIX 3.

This appendix analyzes the comparative statics of the stochastic
version of the model. The impact and dynamic effects of serially
uncorrelated disturbances are investigated.

The impact effects on labor supply and output are exactly the same
as thosc obtained in the deterministic economy, due to the independence
resuit of the optimal labor-supply choice (still governed by condition
(7)). Tte impact effects on savings and capital accumulation are
deduced by differentiating (13) and (14) with respect to ¢, Sty and
Kt4+1 in order to obtain the following two equation system:

(A.11)

Tla(t) + (1+r*)b(t)] (L+r*)E[V" (t+1) (DMR(t+1)] | |dSes1/dee

(L+r*)E[V" (t+1) (DMR(t+1)]  E[V"(t-1) (DMR(t+1)24c(t+1)] | |dKeqp/des

E[a(t) ]F(t)

0

where17

:  E[a(t)] = exp[v(T)] (u’(t)v’(t)+u"(t))-v"(t)E[V(t+1)] « O,
E[b(t)] = v’/ ()E[V' (t+1)] + (L+r*)E[V"(t+l)] < O,
DMR(t+1) = er41Fg(t+l) - 4 - r* and

E[fc(t+l)] = E[V'(t+]l) ey (Frr(t+1)+Fgp(e+1) 2g(t+l)) ] < O,
The determinant of the coefficient matrix is given by:

|a| = E[a(t)+(1+r*)b(t)]*E[V”(t+1)(DMR(:+1))2 + c(t+l)]
- (+r*)2(E[V" (t+1) (DMR(t+1)) ]} 2.

The stochastic version of Proposition 1, which was proved by
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Epstein (1983), the strict concavity with constant returns to scale of
the production function and the result in (A.8), show that the first
term of the determinaut is unambiguously positive. However, it is clear
that the second term is negative, so that the sign of |A| cannot be
determined unless the appropriate conditions about the stochastic
structure of the problem are imposed.

The results reported in (46) and (47) are correct as long as the
determinant is positive, as can be seen by solving the system using

Cramer’s rule. A sufficiency condition for |A| > 0 is the following:

E[b(t)]E[DMR(t+1)2V"(t+1)] + (1+r*}var[V"(t+1)DMR(t+1)] (A.12)

> (L+r*)E[V" (c+1)2DMR(t+1)2].

The dynamic offects are found by updating the results of another
comparative-statics exercise. Tha exogenous changes are now assumed to
be dSy and dK; instead of der. The Chain Rule is then applied in order
to compute the total dynamic effects as the results of the following two

equations:
dSg4+p/der = [dS42/dSe41][dSe41/dee] + [dSey2/dKey)] [dKpy1/dee],  (A.13)

dKeyp/der = [dKe+)/dKey) ] [dKpyq/dec] + [dKey2/dSeq1) [dSey1/dec].  (A.16)
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FOOTNOTES

1. More recently, Kimbrough (1987) presented a general review of the
existing work in dynamic optimizing models of the open economy and
Frenkel and Razin (1987) carried out a thorough analysis of an
overlapping generations model with endogenous production in the
presence of uncertainty.

2. As discussed in Helpman and Razin (1982) and Frenkel and Razin
(1987), foreign-asset accumulation reaches the stationary
equilibrium when the rate of time preference and the world's real
interest rate are equalized. As long as the interest rate is
greater (smaller) than the rate of time preference, individuals
will accumulate (deplete) foreign assets in order to finance an
increasing (decreasing) consumption stream. Clearly, the constant-
time-preference formulation of preferences cannot explain the
process by which this long-run equilibrium is reached.

3. Epstein (1983) and Epstein and Hynes (1983) showed that this type
of utility function constitutes a less restrictive representation
of the individuals’ preferences, which allows to address a series
of issues that cannot be studied within the constant time-
preference framework. Epstein (1983) also showed that the
assumptions required by the Stationary Cardinal Utility function
imply that the discount factor cannot vary too much, in a way that
is made clear later in the paper. Thus, the use of the Stationary
Cardinal Utility function should not be seen as a radical departure
from the standard framework.

4. Epstein (1983) derived the axioms necessary to obtain Stationary
Cardinal Utility (SCU) as a representation of the individual’s
preference order. These axioms are related to the risk independence
of the consumption bundles over time. SCU requires that preferences
over uncertain future consumption be independent of the consumption
levels from the current and previous (i.e. certain) periods. This
is a weaker condition than the one required by the traditional
time-separable utility function with a fixed discount factor,
because it requires that preferences over all period’s consumption
bundles must be independent from each other. Thus it requires not
only that the future must be risk independent of the past, but also
that the past must be risk independent of the futu- ..

5. These conditions restrict the degree of variability of the rate of
time preference, defined as exp[v(+)]. Specifically, the condition
that u’(+)exp{v(¢)] be non-increasing implies that

0 < Sexp[v(+)]/6(e) = -u"()exp[v(e)]/u’'(e)

6. The role of international trade in complete contingent claims is
ignored for simplicity. Individuals are still allowed to seek
insurance against th¢ risk of domestic shocks by purchasing foreign
assets. The degree of protection that these assets can give is
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determined by the covariance structure of ¢ and n. Furthermore,
recent developments by Cole and Obstfeld (1988) suggest that, for
some configurations of tastes and technology, the competitive
allocations are independent of the completeness of international
financial markets.

If the intertemporal solvency requirement is satisfied, the
condition that Limg,» At.,,]_/not(l-o-r 7¢)=0 must hold for every A that
has non-zero probability of being reached in the stochastic steady

state of the economy. Chamberlain and Wilson (1984) have shown
that, in the constant-discount case, the restrictions that enforce
such solvency requirement may take complicated forms. In the

endogenous time-preference framework, however, Theorem 3 of Epstein
(1983) proved that, if the conditions defined in (2) hold and a
linear technology like (1+r*n) is considered, the restrictions that
exp[v(0) ]<l+r*n and Limg_g(L)-wexp[v(C- -G(L)) ]>14r*n are sufficient
to guarantee the existence of a stationary limiting distribution of
the state variables. Here, n and 7 are the lowest and highest
possible realizations of the world-wide shock. In this case, there
exists a well-defined boundary for asset holdings below which they
are not depleted in the long run, and the solvency condition holds
for every A in the stochastic stationary equilibrium.

These probability transitions are defined as follows:
POpse1=AT [Ag=2S) = dG(Ag41=AF[A=2%) / daF

where G(Ap41=AY|AL=A%) = Prob { Agyp s AF | Ar=A% ) and G(+) is a
continuous tramnsition-distribution function.

The index t denotes the time period at which the corresponding
function must be evaluated.

Epstein (1983) used the properties of v(¢), u(e) and F(s,¢) to
demonstrate the existence, uniqueness and stability that
characterize the stochastic steady state of a closed economy
version of the model discussed here.

Notice that these results, predicting positive comovement between
output and the balance or trade in response to a transitory
current-income expansion, are infinite-horizon extensions of
conclusions obtained in the two-period exchange economies studied
by Sachs (198l) and Greenwood (19£3) and the overlapping
generations model analyzed by Frenkel aid Razin (1987).

The model can be equivalently used to study the current account
instead of the trade balance. Since initial assets are a
predetermined state variable, once the behavior of next period’'s
assets is determined it is possible to explain either the total
accumulation of these assets (i.e. the current account) or the
international flow of commodities (i.e. the balance of trade).
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Sachs (1983) identified that larger current-a:count improvements,
among small open economies, tend to occur in the countries with the
lowest rate of domestic investment.

The response of t* to international disturbances can be studied by
constructing a world-wide real business cycle model. This model
would look the same as any standard closed-economy model, so that
the manner in which the shocks affect the interest rate depends on
their degree of persistence. For example, using a simplified
version of Long and Plosser (1983) it is possible to obtain the
following closed-form solution for r*:

t¥e = (eps1/ec)a®(L/BY)L® - 1

Where Y. is output defined by a Cobb-Douglas technology, a is the
capital’s share on output, B is the constant subjective discount
factor and L is the fixed supply of labor that characterizes the
Long-Plosser model. If the disturbances were deterministic and
stationary, evolving according to a serially autocorrelated process
€r+1=Per with 0<p<l, the above expression could be rewritten as

r¥ = (pe®)a®(L/BY)l @ - 1

Hence, under these conditions, world-wide productivity improvements
will always induce an increase in the world’'s real rate of return
on assets.

The proofs constructed by Epstein (1983) apply specifically to a
stochastic, closed-economy version of the model. They are easily
extended to the deterministic, open-economy framework studied in
Section 3 of this paper.

Since Log[-V(Q)] is convex, it follows that V’'(Q)/V(Q) 1{is
increasing and hence V"(Q)V(Q)-(V'(Q))2 > 0. Notice that since
V(Q)<0, the latter implies that the value function is concave.

The negative signs of E[a(t)] and E[b(t)] follow from stochastic
versions of lemmas E.1 and E.2 demonstrated by Epstein (1983).
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1.- Introduction.

Real models of economic fluctuations, such as Kydland and Prescott
(1982), Prescott (1986) and Hansen (1985), have been very successful in
reproducing some of the observed features of postwar U.S. business
cycles. In these models, random productivity disturbances generate
intertemporal income and substitution effects that induce optimizing
agents to adjust investment and smooth consumption. These effects, in
conjunction with the stochastic properties of the disturbances, cause
the models to exhibit a pattern of dynamic behavior similar to that
observed in actual business cycles. In all these models, however, the
domestic capital stock is the only vehicle that can be used to
reallocate consumption intertemporally when a technological disturbance
occurs. Therefore, it seems interesting to wonder whether an extension
of this theory to an open-economy environment, where international trade
also serves as a means to support intertemporal consumption planning,
can be as successful.

The empirical evidence suggests that foreign-asset accumulation may
be just as important as investment for the understanding of the dynamics
of savings. Trade-balance and current-account fluctuations are large in
size and negatively correlated with domestic economic activity. 1In the
case of Canada, for example, the volatility of net foreign interest
payments reaches 15.25% whereas the variability of domestic private
investment 1is 9.82%. Hence, the integration of the foreign sector
appears to be an interesting additional way of evaluating the empirical
perforrance of real business cycle theory.

Anorher motivation for the study of real business cycles in a small
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open economy is the desire to empirically analyze a stochastic version
of a dynamic model widely used in theoretical open-economy
macroeconomics. Although the pure analysis of issues in international
finance from the perspective of dynamic optimizing models has been the
subject of numerous studies, as reviewed in Frenkel and Razin (1987) and
Kimbrough (1987), the empirical analysis of these models is rarely
pursuedl. In fact, as Hercowitz (1986b) noted, some of the observed
features of a small open economy do not seem to fit well with the
predictions of a simple dynamic optimizing framework?.

Quantictative studies of dynamic stochastic models of the open
economy are also important in the context of the ongoing debate on the
meaning of the high degree of correlation between savings and investment
observed in industrialized economies. The controversial work of
Feldstein and Horioka (1980) documented high cross-sectional
correlations between savings and investment and attributed them to a low
degree of international capital mobility, Since then, the high
correlation of savings and investment has been established in various
time-series and cross-sectional samples of data. There is, however,
disagreement as to what this empirical evidence indicates. 1In contrast
with the Feldstein-Horioka argument, the findings of Obstfeld (1985) and
Finn (1988) have determined that the correlation between savings and
investment does not provide information about the degree of capital
mobility. These authors performed numerical simulations in stochastic
overlapping-generations models and found that, by varying the degree of
persistence of the disturbances considered, almost any intensity of

correlation between savings and investment can be produced. An
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interesting experiment that could help settle this matter is omne in
which the productivity disturbancss are set so as to replicate the main
features of the business cycle. Then one could observe whether the
disturbances that allow the model to replicate actual economic
fluctuations can also explain the comovement between savings and
investment.

In the light of the previous arguments, this paper endeavors to
study real businr .s cycles in the context of a small open economy. The
dynamic stochastic model constructed in the last chapter is numerically
solved and calibrated in order to evaluate its ability to mimic the
stylized facts, and the correlation between savings and investment, that
characterize Canadian post-war business cycles. As explained before, in
this model agents are allowed to transfer resources for future
consumption either in the form of foreign financial assets or in the
form of domestic physical capital. Thus, in contrast with real business
cycle models developed to date, the role played by international asset
trading in the intertemporal allocation of consumption is stressed in
this essay.

In the spirit of the work by Obstfeld (198la) and (1981b), the
model studied here features an endogenous rate of time preference. This
is utilized to determine a well-behaved deterministic stationary
equilibrium for the holdings of international assets. Such a
deterministic stationary state is obtained when the world’'s real
interest rate and the rate of time preference are equalized. As Helpman
and Razin (1982) and Frenkel and Razin (1987) note, when the interest

rate is greater (smaller) than the rate of time preference, individuals

A 1w
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will rationally choose to accumulate (deplete) foreign assets in order
to finance an increasing (decreasing) consumption stream. When the
market and the subjective discount factors are equal, individuals attain
the steady state in consumption and the accumulation of foreign assets
stops3. Clearly, the constant-time-preference representation of
preferences cannot be employed to describe the process by which this
long-run equilibrium is reached; in this framework, either (a) there is
no stationary equilibrium, because the interest rate and the rate of
time preference are not set to be equal, or (b), when the two are equal,
the economy begins at a steady-state equilibrium, which depends on the
initial level of foreign-asset holdings, and never deviates from it. 1In
the uncertain environment studied in this paper, the endogenous rate of
time preference is utilized to determine a stable stochastic steady
state. In order to consistently introduce stochastic disturbances in
the endogenous time-preference framework, the Stationary Cardinal
Utility function (SCU) formulated by Epstein (1983) is adopted as the
time-recursive expression of preferences. A set of restrictions Iis
imposed on this utility function to allow the use of dynamic programming
techniques, to guarantee the normality of consumption in all periods,
and to ensure the existence of a stationary distribution of the state
variables in the stochastic steady-state equilibrium. These
restrictions also imply that the use of SCU does not constitute a major
deviation from the standard time-separable setup’".

The equilibrium stochastic process of the artificial economy is

numerically computed following a procedure suggested in Bertsekas

(1976). This methodology was utilized by Sargent (1980) and was




55
introduced to the real business cycle literature by Greenwood, Hercowitz
and Huffman (1988). The procedure is based on value-function iteration
defined on a discretized version of the state space. Using the optimal
state-contingent decision rules obtained from the solution of the value
function, the exact joint limiting distribution of the state variables
is computed and used to calculate moments of variability, comovement and
persi tence of all variables in the model. The model mimics fairly well
the cyclical behavior of GNP, consumption, foreign interest payments,
savings and the trade-balance-output ratio. In contrast, the
volatility, persistence, output-correlation and savings-correlation of
private investment are poorly approximated. As will be explained later,
the model's lack of accuracy in duplicating the behavior of investment
is connected to the frictionless manner in which it can be undertaken.
Thus, it appears that the neoclassical view of capital accumulation, as
a process free of adjustment costs or other frictions, may be
unsatisfactory for the study of real business cycles in a small open
economy .

The rest of the chapter proceeds as follows: The next section
describes the structure of the model, the functional forms employed and
the manner in which the stochastic disturbances are treated. Section 3
discusses the solution procedure and the specification of the set of
parameters used to calibrate the model. Section 4 presents the results
of various simulation exercises, comparing the performance of the open-
economy model with the results obtained in some closed-economy

prototypes. Some concluding remarks are presented in section 5.
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2.- Structure of the Artificial Economy.

Productjon Technology and Financial Structure: The representative-agent

economy studied here produces an internationally tradable composite
commodity. The production technology is described in standard Cobb-

Douglas form
CtF(Kt,Lt) - exp(et) Kta Ltl-a, 0<acx< 1, (1)

where Ly are labor services, K¢ is the capital stock, a is the capital’'s
share in outpu. and ¢ is a technology disturbance that follows a
stochastic process to be described later. Following Greenwood (1983),
it is also possible to assume that GDP is only an exportable commodity
and that the disturbances represent terms-of-trade shocks.

Agents in this model economy also have access to a perfectly
competitive, international capital market. In this market, foreign
financial assets Ap paying the non-random real rate of return r* are
traded with the rest of the world®. There are no restrictions on the
international flow of goods and services, and the domestic economy is
assumed to be small relative to the size of the world’'s capital market.
Thus, r* is taken as given by the agents when formulating their optimal
intertemporal plans.

The laws of motion for international assets and domestic capital

are given by the following two equations:

Kepp = (1-6)Ke + I, 0<§s1, (2)

Agsl = TBp + Ap(ler™). (3)

Where I is gross investment, § is a constant rate of depreciation and
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TBy is the balance of trade.

In accordance with the aggregate resource constraint, the sum of
consumption C¢, investment, and the balance of trade, cannot exceed

gross domestic products:
Co + I¢ + TBy = expley) Ke@ L l-2, (4)

Preferences: The identical and infinitely-lived agents allocate Cy and
Ly intertemporally so as to maximize the expected value of their

lifetime utility as given by the Stationary Cardinal Utility function:
© t-1 -l
Eg l tzol u(Ct-G(Lc))exp[;zov(c,-G(L,))] } J (5)

Instantaneous utility is given the isoelastic form
ulCe - G(Le)] = (1-M7L [(Ce - L/l - 1], w>1, v>1, (6)

where 7 is the coefficient of relative risk aversion and w is equal to 1
plus the inverse of the intertemporal elasticity in labor supply. The

impatience function is specified in the logarithmic form
v[C¢ - G(Lg)] = B Ln [1 + C¢ - L], B >0, (7)

where B is related to the consumption elasticity of the rate of time
preference.

In order to focus the analysis expressly on the dynamic interaction
of foreign assets and domestic capital as alternative vehicles of
savings, lifetime utility has been formulated in such a way that it can

be studied in terms of the composite defined by consumption minus the




disutility of labor. The functions u(-) and v(-) were constructed so as
to make the marginal rate of substitution between C and L dependent on
the latter only, and hence the wealth effect on labor supply has been
eliminated. This simplification has the additional advantage that it
allows the conditions established in Theorem 5 of Epstein (1983) to be
easily introduced. As explained in the previous chapter, Epstein
determined in this theorem a set of sufficiency conditions for the
instantaneous-utility and impatience functions to guarantee the
existence of a stationary limiting distribution of the state variables
and to ensure that consumption is always a normal good. These

conditions are the following:

u(+)<0 , u'(*)>0 , u’' (0) ==, (8.1)
v(+)>0, v'(=)>0, v"(+)<0, (8.2)
u’(+)exp[v(+)] non-increa-ing, (8.3)

Log[-u(+)] convex. (8.4)

The isoelastic form of (6) and the logarithmic form of (7) ensure that

(8.1)-(8.4) are all satisfied as long as f# < 7.

Stochagtic Equilibrium: The stochastic structure of the model is

simplified following the same strategy utilized by Greenwood, Hercowitz
and Huffman (1988). Accordingly, the disturbances are assumed to follow
a two-point Markov process, so that in any given period the productivity

or terms-of-trade shocks take one of two values
ec€ E = (el , e, (9)

The transition probabilities of the disturbance starting in state s and
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moving to state r in one period are denoted as ngy, for s,r=1,2. The
usual properties that O0swmg,<1l and xg1+xg2=1l for s,r=1,2 must be
satisfied. Then the assumptions that =xj)=x29=x and el=-e2=e are
adopted. These symmetry conditions imply that the asymptotic standard
deviation, o, and the first-order autocorrelation coefficient, po, that
characterize the stochastic shocks are given by og=e and pe=2x-1
respectively.

Given the initial values of K, A and e, and the knowledge of the
stochastic process that governs the disturbances, rational agents
formulate optimal state-contingent decision rules for consumption, labor

supply, capital accumulation and foreign-asset accumulation. These

4

decision rules are obtained by maximizing (5) subject to (1l)-(4), the
usual non-negativity restrictions on C, K and L, and the requirecment of
intertemporal solvency7. The same problem can be more easily analyzed
and solved by applying dynamic programming techniquess.

The state of the economy at any given date is described by the
observed value of the disturbance, the initial capital stock and the
initial holdings of international assets (i.e. the triple (eS:,K¢,A¢)).
Given these, agents decide how much to consume, how much labor services
to supply and how much to save in the form of both domestic capital and
foreign assets (i.e. they must choose C¢, L¢, Keyl, and Agyy). The
time-recursive nature of the structure of preferences employed lLere
implies that such decisions can be characterized by the following

functional equation problem:
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A
V(Ki, Ag,e5¢) = max { (1-9)°1 [(Cp - L%/w)l-7 - 1] +
[CeiKes1,Ae41]

A 2
exp[-8 Ln(1+C¢ - L:“/w)]ngng(Kt+1,At+1,ert+1)] ),

(10)
s.t. A
Ct - exp(et)Kta Ltl-a - Kt+1 + Kt(l'S) + (1+r*)At - At‘i"l'
A 1
with: Ly - argmax ( exp(et)K¢® L ™% - L%0w }.

Le
As shown in the first chapter, the concavity of the value function in
this case 1is guaranteed by the properties of u(+), v(¢) and F(e,*)

specified before?.

3.- Numerical Solution of the Model.

Since this is a case where the value function cannot be solved for
analytically, a numerical procedure based on a discretization of the
state space is utilized. As mentioned before, this methodology follows
the works of Bertsekas (1976), Sargent (1980) and Greenwood, Hercowitz
and Huffman (1988). This technique makes use of the contraction
property that mappings of the kind defined by functional equations like
(10) exhibit. The functional equation problem is solved by the method
of successive approximations starting from an initial guess VO(-). A
computer algorithm performs the iterations oa (10), starting with Vo(-)
on the right-hand side to obtain a new guess Vl(-) as the result of a
maximization routine. The process continues until the state-contingent
decision rules for capital and assets convergelo.

Sargent (1980) and Greenwood, Hercowitz and Huffman (1988) discuss

how this procedure obtains the exact joint p.d.f. of the state variables
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in the stochastic stationary equilibriuu of closed-economy models. What
follows here is a brief review of how the procedure is adapted to the
open-economy case.

The first step is to define the discrete state space used to
analyze the problem. Capital and assets can take any value contained in
the corresponding finite, time-invariant grid: K={K;, ..., Ky} and
A=(Ay, ..., Ay). Hence, the state space for the model is the discrete
set defined by the product IXAXE of dimensions NxMx2. The definition of
these grids is an important part of the solution, since they contain the
specific set of numbers used to evaluate (10) in search for the maximum.
The aim is to define K and A so as to capture the ergodic set for the
joint stationary distribution of K, A and e, refining the grids until
the covariances among the state variables convergell. The two grids are
initially centered around the deterministic stationary equilibrium
values of domestic capital and foreign assets. In this model, steady-
state holdings of A and K are determined by a simultaneous equality
between the rate of time preference, the net marginal productivity of
capital and the world’'s real interest ratel?,

The algorithm solves for the value function and determines unique,
state-contingent decision rules for both capital and foreign assets.

These decision rules have the following form:

Kt+1 - k( AC' Kt, est ) € K, (11)

At+1 = af At' Kt' est ) € A. (12)

These policy rules are used to construct one-step transition

probabilities of moving from any initial triple (K@, AR, ef) to any
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other triple (KP, A9, e¥) in one period. Each of these transitions is

determined using the following property of the decision rules:

Pr [ Kt+1-Kp ’ At+1’Aq I Kt-Km, At-An, c;—_-es ] =1.0 ) (13)
only if a) KP = k( AT, KR S ),
and b) A9 = a( AR, KM S ),

and zero otherwise. The corresponding transition probability Ppqr,mns
1s found by multiplying (13) by its corvesponding =ng,. Following this
procedure, the (2MNx2MN) transition-probability matrix denoted as P is
created. This matrix has most of its components set to zero, and the
rest are the =ng.’'s located at the coordinates defined by the decision
rules on both grids.

Next, the unique joint stationary distribution function for the
state variables is obtained using the fact that the sequence defined by
pl-poP is also a contraction. Making an initial guess for po is
possible to iterate repeatedly until the sequence converges to a
limiting fixed point p*. This 1x2MN vector contains the set of
stationary probabilities for each triple of foreign assets, domestic
capital and the stochastic disturbances. Such limiting distribution is
then used to compute population moments of all variables in the system,
since they are all functions of the decision rules (11) and (12).

Consequently, expected values, variances, autocorrelations and

correlations of C, I, GDP, GNP, L, K, -r*a (foreign interest payments),

S (savings) and TB/Y (the trade- balance-output ratio) can be computed.

In order to evaluate the empirical performance of the artificial

economy, the probabilistic structure of the model is calibrated so as to
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mimic a particular subset of the actual moments that characterize
Canadian business cycles, and then the rest of the moments from the
artificial economy are compared with those actually observed. Once the
structural parameters are fixed, the calibration exercise is performed
by setting the magnitude of the shocks e (i.e. the standard deviation
ode) and their transition probability = (i.e. the first-order
autocorrelation coefficient pg) so as to mimic the percentage standard
deviation and first-order autocorrelation of annual, postwar, detrended
Canadian GDP. The particular values of all the other parameters are
selected using long-run actual averages and the restrictions imposed by
the deterministic stationary equilibrium of the model, and also by
considering the estimates obtained in some of the relevant empirical
literature. The structural parameters for the Canadian economy have

been assigned the following values:
a=0.32, B=0.11, +=1.001 or 2.0, & = 0.1, w=1.455, r*=0.04. (14)

The parameter a was determined from the long-run average of the
ratio of labor income to net national income at factor prices. The rate
of depreciation §=0.1 corresponds to the one commonly used in the real
business cycle literature. With this value, the average investment-
output ratio is 23.0%, which is very close to the 21.5% observed in the
datal3, The value of w is in the range of the est 'mates of the
intertemporal elasticity of substitution in labor supply (1/(w-1))
obtained by the studies of MaCurdy (1981) and Heckman and MaCurdy (1980,
1982). MaCurdy (1981) estimated that, for adult males not younger than

25 years, the intertemporal elasticity of substitution in labor supply
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at the intensive margin is around 0.3. Heckman and MaCurdy (1980,1982)
obtained corresponding estimates for females at both the intensive and
extensive margins of about 2.2. The value of this parameter in the
present model is 2.19, which although very close to the upper bound of
the range (0.3,2.2) it allows the model to mimic the percentage
variability of hours worked very closelyu‘. A sensitivity analysis of
the model's statistical moments to changes in the value of this
parameter showed that the behavior of all the statistics, except the
volatility of labor supply, is generally independent of the particular
number assigned to it. The value of r* corresponds to what Prescott
(1986) and Kydland and Prescott (1982) consider to be the long-run
annual real interest rate in the U.S. economy. The parameter 8 is then
determined combining the deterministic steady-state equation for assets,
the specified values for the other parameters and the actual long-run
ratio of GNP to GDP over the sample period. Hence, this parameter is
set so as to equalize the rate of time preference with the world’'s
interest rate in the non-random, stationary equilibrium. Following
Greenwood, Hercowitz and Huffman (1988) -from here on GHH-, two
alternative sizes of the risk aversion parameter were used. The value
of 1.001 is consistent with the findings of Hansen and Singleton (1983)
and the value of 2.0 is taken from the results obtained by Friend and
Blume (1975), although the models analyzed by these authors are
structurally different from the one studied here. A sensitivity
analysis of the model’'s behavior to changes in this parameter is

performed later.
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4.- Results of the Simulations and Ansalysis.

A saries of numerical simulations were performed in order to
calibrate the model and evaluate its sensitivity to changes in the
various parameters specified before. The results of these experiments
are reported in 4.1 and an economic interpretation of the model’s

behavior is provided in 4.2.
4.1 Results of the Numerical Simulations.

The first exercise was designed to achieve a close comparison with
the existing work on closed-economy real business cycles. The risk
aversion parameter was set to the value y=2.0, which corresponds to what
GHH consider best to fit a closed economy with variable utilization and
investment shocks. Two evenly-spaced grids containing 22 points each
were chosen to contain the admissible values of capital and foreign
assets, the K grid spans the interval [3.25,3.56] and the A grid the
interval [-1.42,0.08]. Hence, there are a total of 484 different
options for the allocation of savings. The actual statistics used as
references to evaluate and calibrate the model are obtained from per-
capita, postwar, annual data in terms of the 15+ population, logged and
detrended with a quadratic time trend (see notes in Table 1).

Given the parameter and grid specifications mentioned before, the
model mimics the percentage standard deviation and first-order serial
autocorrelation of GDP with a technological disturbance that exhibits
1.18% standard deviation and 0.35 first-order autocorrelation. The
complete r.sults obtained from the artificial economy and the statistics

from the actual data are reported in Table 1. The corresponding
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marginal probability density of capital and foreign assets is depicted
in Figure 1.

The inspection of Table 1 illustrates that the model performs well
in reproducing the volatility and persistence of some of the aggregates.
The model is consistent with the facts in generating a consumption
process which is less volatile than either domestic or national output,
gross savings, investment and foreign interest payments. It is also
compatible with actual observations in that S, I and -r*A are the most
volatile variables. As column A of the model’s results shows, the
percentage standard deviation of the majority of the aggregates is quite
well approximated, except those of savings, investment and foreign
interest payments. The volatility of savings in the artificial economy
is only 5.8%, which is below the 7.3% observed in the data. In
contrast, the model exaggerates the variability of both investment and
foreign interest payments (21.0% instead of 9.8% for the former and
19.6% instead of 15.3% for the latter). The first-order serial
correlatiors reported in column B also mimic the majority of the actual
statistics, except in the cases of investment, capital and the trade-
balance-output ratio. The results reproduce the fact that C and -r*a
possess the highest serial autocorrelation coefficients, whereas §, I
and K have the lowest. The artificial economy also matches the facts in
generating foreign interest payments as the most serially correlated
variable, and is very close in duplicating the persistence of savings

and consumption.



Table 1

Statistical Moments: Canadian Data and Artificial Economy®.

Canadian Data Artificial Economy
Variables 1946-1985 v=2.0, o,=1.18%, p.=0.356
(a)® (B)© ()4 a)® (B)© ()¢
1) GDP 2.810 0.615 1.000 2.810 0.615 1.000
2) GNP 2.950 0.643 0.995 2.821 0.619 0.990
3) ¢ 2.460 0.701 0.586 2.086 0.693 0.944
4) S 7.306 0.542 0.662 5.772 0.599 0.932
5) I 9.820 0.314 0.639 21.056 -0.319 0.235
6) K 1.380 0.649 -0.384 1.980 0.377 0.669
7) L 2.020 0.541 0.799 1.936 0.615 1.000
g8) -r*a 15.250 0.727 -0.175 19.566 0.886 -0.198
9) TB/Y 0.019 0.623 -0.129 0.046 -0.312 0.032
CORR(S,I) = 0.434 CORR(S,I) = 0.251

¢

2The data are measured in per-capita terms of the 15+ population,
logged and detrended with a linear quadratic time trend. 1)-3), 5) and
8) are the totals from the national income accounts in 1981 dollars. 6)
was obtained from the end-of-period net stocks of fixed non-residential
capital in manufacturing and non-manufacturing industries, in 1981
prices. The labor data is an index of man hours worked by paid workers
with 1981=100.0. Savings in 4) 1is generated as investment plus the
trade-balance surplus. The source of all is the CANSIM data retrieval.

PpPercentage standard deviation, except 9 which is not in percent.
®First-order autocorrelation coefficient.

dcoefficient of correlation with GDP.
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In contrast, this model does not prove to be as accurate in
recreating the comovement features of Canadian business cycles. The
results listed in column C of the two panels of Table 1 show that only
the GDP correlations of GNP, -r*A and TB/Y are well approximated. This
by itself is an important achievement, since to date the existing work
in dynamic international finance has not been very successful in
reproducing the countercyclical behavior of the balance of trade and
foreign assets1d. Surprisingly, consumption in the artificial economy
is almost perfectly correlated with GDP. This fact is consistent with
the predictions of a deterministic model that assumes the existence of
exogenous output endowments; in this framework, output and consumption
are perfectly correlated because homothetic preferences, as embodied in
the isoelastic utility function, imply that agents desire to consume a
constant fraction of their wealth each period. In a stochastic
framework where the output endowments follow a Markovian process,
expected wealth is a fixed proportion of the current-period’s endowment,
and hence consumption and output would also tend to be highly
correlatedl®. A more intuitive interpretation of this result in the
context of the present model is discussed later. The fact that labor
has perfect positive correlation with domestic output is an implication
of the Cobb-Douglas production technology and the utility and time-
preference functions that were adopted. The common serial
autocorrelation coefficient of both GDP and L also follows from this
fact.

From Table 1 it also transpires that the model generates a

correlation cnefficient between savings and investment of 0.25, which is
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lower than the 0.43 actually observed. This is implied by the low
variability and persistence of the productivity disturbances required to
calibrate the model, and is not an indication of the degree of
international capital mobility. An analysis of the changes caused by
alterations in the degree of persistence of the disturbances indicated
that the correlation between savings and investment is positively
related to the first-order serial autocorrelation of the shocks. Thus,
although the model cannot replicate simultaneously the stylized facts of
GDP and the correlation between savings and investment, it does support
the argument of Obstfeld (1985) and Finn (1988) claiming that the
intensity of the comovement between S and I does not relate to the
degree of capital mobility.

Although comparisons with the existing real business cycle
literature are complicated by differences in solution methods, filtering
procedures and, in the case of the GHH model, the location of the
disturbances, this numerical analysis shows that the required exogenous
persistence and variability of the productivity shocks appears to be
lower than comparable values found in closed-economy models. The shocks
in the works of Prescott (1986) and Hansen (1985) follow a stochastic
process close to a random walk, the second author estimates their
quarterly correlation to be 0.95, or 0.81 annually. In the investment
s‘r_lock-endogenous utilization model of GHH, the required annual
persistence of the disturbances is 0.51 (when the coefficient of
relative risk aversion is given a value of 2). In contrast, the present
model necessitates only a yearly autocorrelation of 0.35. Furthermore,

following the criterion of GHH for comparing the size of the
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disturbances using the ratios of their required percentage volatility to
that of output, the model of Hansen (1985) produces the values 1.3 and
1.7 and the GHH prototype gives 1.47. The open-economy model generates
a ratio equal to only 0.42.

Table 2 reproduces the actual statistics and the results obtained
with the artificial economy using a value of y close to 1.0, A 1.18%
shock with 0.34 serial autocorrelation was required to calibrate the
model in this case. The results reported in Table 2 are very similar to
those cbtained with y=2.0, with the exception of the volatility,
comovement and persistence of foreign-asset holdings, which are all
reduced!’. The percentage variability of foreign interest payments is
reduced to 11.1%, which is now lower than the 15.3% actually observed.
The serial correlation coefficient of -r*a drops to 0.63 and its GDP
correlation falls to -0.35. These changes are explained by the increase
in the intertemporal elasticity of substitution in consumption (i.e. the
reduction in the risk-aversion coefficient). This enables individuals
to attain optimal consumption behavior without having to resort as much
to the insurance that foreign assets provide against dome tic
productivity disturbances. These results also indicate that the
appropriate value for y is between 1.001 and 2. Finally, it is also

worth noting that, unlike in closed-economy real business cycle models,

the procsclical behavior of consumption does not seem to depend on the

value of the risk aversion parameter.




Table 2

Statistical Moments: Canadian Data and Artificial Economy®.
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Canadian Data

Artificial Economy

Variables 1946-1985 v=1.001, o0,=1.18%, p.=0.34
(A)® (B)® ()¢ (a)° (B)¢ (c)¢

1) GDP 2.810 0.615 1.000 2.810 0.615 1.000
2) GNP 2.950 0.643 0.995 2.795 0.611 0.997
3) ¢ 2.460 0.701 0.586 2.105 0.669 0.961
4) S 7.306 0.542 0.662 5.483 0.590 0.947
5) I 9.820 0.314 0.639 21.050 -0.343 0.266
6) K 1.380 0.649 -0.384 1.913 0.322 0.669
7) L 2.020 0.541 0.799 1.931 0.615 1.000
8) -r*a 15.250 0.727 -0.175 11.064 0.632 -0.354
9) TB/Y 0.019 0.623 -0.129 0.046 -0.338 -0.013

CORR(S,I) = 0.434

CORR(S,I) = 0.268

4See note "a" in Table i1 for sources and calculations.

bPercentage standard deviation, except 9 which is not in percent.

¢first-order autocorrelation coefficient.

4GDP correlation coefficient.
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4.2 An Economic Interpretation of the Model’s Behavior.

A discussion of the economic forces that cause the volatile
behavior of investment, the high positive correlation between
consumption and GDP and the low persistence of the trade-balance-output
ratio in the artificial economy is carried out now. It was formally
established in Chapter I that a small open economy differs from a
closed economy essentially in that, in the former, there is a separation
of savings and investment decisions that follows from the ability that
agents have to accumulate savings in the form of foreign financial
assets. In this framewo.rk., savings are chosen so as to equate the
stochastic intertemporal marginal rate of substitution with the
intertemporal relative price of consumption (1+r*), whereas investment
is planned so as to equalize the expected marginal returns of K41 and
Arsl in utility terms. Therefore, it ‘. no longer necessary for
individuals to gradually adjust the domestic capital stock in response
to the wealth and substitution effects caused by technological
disturbances. Specifically, the numerical analysis shows that the
wealth effect pushing for the smoothing of consumption is concentrated
’n the process of foreign-asset accumulation, and that domestic capital
is rapidly adjusted in order to ensure the equality of ex;:cted marginal
returns in utility terms18,

The manner in which the separation of savings and investment
decisions operates can be more precisely illustrated by noting that the
volatility of domestic capital is directly relatec to the serial
correlation of the disturbances. A transitory productivity improvement

motivates optimizing agents to obtain the desired adjustment in the



consumption path by adjusting only their holdings of foreign assets.
Investment in the domestic capital stock remains almost unaltered
because a once-and-for-all productivity change cannot affect its
expected real rate of return relative to the world’s interest rate.
But, when the productivity improvement has some persistence, capital
accumulation fluctuates according to the expected difference in the
marginal returns of K and Al For instance, using a 1.18% serially-
uncorrelated shock, the percentage standard deviation of K in the
artificial economy is only 0.83%, whereas it increases to 4.6% when a
shock of the same size exhibits 0.99 first-order autocorrelation.

The separation of savings and investment choices justifies the
volatile behavior of investment in the artificial economy. Individuals
wish to equalize the expected marginal returns paid on domestic capital
and foreign assets and, since there are no restrictions on the
international flow of commodities nor there are any frictions or cocts
involved in the process of expanding or contracting the domestic capital
stock, they can always borrow or lend from abroad the resources they
need to obtain the desired equality of returns. Both the himodal nature
of the marginal limiting distribution of K and A, depicted in Figure 1,
and the high percentage variability of investment reflect the fast rate
at which K is intertemporally readjusted in response to random
productivity changes. Similarly, the negative autocorrelation of I and
its weak positive correlation with GDP also follow from the separation
feature, in conjunction with the relatively small and short-lived
technological shocks required to calibrate the model.

The previous arguments can be illrstrated more clearly by
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considering the perfect-foresight version of the model. Here the
evolution of the disturbances is known with certainty and the equality

of marginal returns holds in strict sense:

A

exp(er+1)F’ (Keel Les) - 6 = ™. (14)

Figures 2 and 3 display the perfect-foresight equilibrium time-profiles
of investment and GDP as generated by the following experiment.
Consider a 1.18% productivity shock with a serial correlation parameter
of 0.35 that hits the economy at date 2. Since egy]} = 0.35e, this
shock affects the productivity of inveztment (i.e. the marginal product
of capital in the following period) by only 0.42%. At date 3 this
investment shock declines to 0.15%. Thus, in period 2 investment is
enlarged as K3 is adjusted upward to ensure that the equality in (14) is
maintained. In the following period, as the shork starts to vanish,
optimizing agents reduce investment so as to accommodate the capital
stock to its declining productivity (see Figure 2). In the stochastic
version of the model, where positive or negative technological shocks
occur randomly, investment will tend to exhibit a pattern of negative
first-order serial autocorrelation.

The weak comovement between GDP and investment is also impocsed by
(14). This condition implies that domestic output increases when the
shock hits the economy and then falls monotonically towards its
starting value as the effect of the disturbance disappears. Investment,
on the contrary, falls below its stationary equilibrium when the economy
reaches date 3 (after the expansion in I3), and from then on increases

gradually until it has returned back to it (see figures 2 and 3). If
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this kind of behavior prevails in the stochastic environment, it is
reasonable to expect that the correlation between investment and output
will be quite weak.

It is important to mention that domestic capital irreversibility
constraints, of the type considered by Sargeunt (1980), are not relevant
to generate the type of behavior observed in the investment process of
the artificial economy. In all the numerical experiments performed
here, total gross investment in every possible state of nature is always
positive.

The almost perfect corrvelation between C and GDP, and hence the
high correlation of S and GDP, has the following theoretical
justification. In this artificial economy, only the wealth effect
caused by the disturbances affects the behavior of consumption. The
intertemporal consumption-substitution effect, that operates in a closed
economy when a favorable persistent shock causes the interest rate to
increase, is no longer at work because the relative price ot consumption
at different dates is exogenously determined in the world’s capital
market. This argument also accounts for the observation that private
consumption and domestic output remain highly correlated regardless of
the degree of risk aversion.

The negative serial autocorrelation of the trade-balance-output
ratio is due to the strength of the consumption-smoothing effect present
in the model. As formally established in Chapter I, favorable
transitory shocks in a small open economy, where savings and investment
decisions are separa“ed, motivate optimizing agents to ircrease foreign-

asset accumulation in order to smooth consumption. The balance of trade
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improves in the same period that the shock occurs, but is negatively
affected in all subsequent periods -as agents deplete foreign assets to
finance the extra imports required to increase consumption permanently.

Since this model incorporates an endogenous rate of time
preference, it is also important to establish whether this factor plays
an important role in explaining why the behavior of the aggregates
deviates from that observed in closed-economy real business cycle
models. Simulating the GHH model using Stationary Cardinal Utility does
not dramatically affect the behavior of their results?0.  Furthermore,
in the present model the expected value of the discount factor is 0.96
and its variability is less than 0.06X. However, to investigate the
issue in more detail, variations of tha model for the cases of a closed
economy with SCU preferences and an open economy with censtant
discounting have been simulated. This analysis showed unambiguously
that the introduction of the world's capital market is responsible for
the volatile behavior of investment. In the case of an open economy
with constant discounting, the percentage variability of I is 16.0%, its
serial autocorrelation is -0.42 and its comovement with GDP is only
0.2221, The correlation of GDP and :onsumption is still very high,
0.96, and the serial correlation of TB/Y is still negative at -0.47. 1In
contrast, the closed-economy model with variable time preference
delivered an investment process with 5.1% volatility, 0.43

autocorrelation and 0.94 output correlation.
5.- Concluding Remarks.

This chapter investigated quantitatively real business cycles in a
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framework where the existence of an international, perfectly competitive
capital market is allowed. The artificial economy studied was
characierized by a highly flexible savings mechanism. Both domestic
capital and foreign financial assets are used to allocate resources
intertemporally in an environment where there are no restrictions on
international borrowing and lending, nor there are any frictions or
adjustment costs in the process of investment.

The results of various numerical simulations iudicated that the
process of foreign-asset accumulation may play an important role in real
business cycle theory. In comparison with closed-economy prototypes, a
relatively less volatile and less persistent technological shock was
required to mimic the observed variability and persistence of output.
The equilibrium stochastic processes of some of the macro-aggregates
were fairly well replicated, as the close match between the observed
sample moments and the population moments obtained with the artificial
economy suggested. In contrast, the model performed poorly in
reproducing the stylized facts of investment, the comovement of
consumption and the persistence of the trade-balance-output ratio.

These inaccurate results were related to the excessive flexibility of

the savings mechanism embodied in the model, particularcly the costless
manner in which capital accumulation and depletion can be undertaken.
Hence, the numerical explocration performed in this chapter indicated
that the introduction of frictions in the investment process may be

important for the subsequent development of real business cycle models

of the open economy.
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FOOTNOTES

With the exception of works like Ahmed (1986) or Hercowitz (1986b).

Hercowitz (1986b) concluded that an exchange-economy, dynamic
optimizing model cannot explain the weak countercyclical behavior
of the Israeli foreign debt. This is attributed to a strong
procyclical behavior of consumption, which is in turn related to
either the assumption of exogenous endowments or the existence of
capital controls.

Alternatively, Frenkel and Razin (1987) explore how a stable
steady-state equilibrium can be obtained by assuming that
individuals face a positive probability of dying each period.

Epstein {1983) showed theoretically that the stochastic growth
model with SCU preferences generates similar comovement and
persistence features as those obtained with the constant-discount

framework. A numerical experiment performed on a variation of
Greenwood, Hercowitz and Huffman (1988) illustrated that the
variability of the discount factor is negligible. The model’s

results are almost identical to the ones they obtained with the
standard time-separable utility function. The only changes were a
0.2 reduction in the consumption-GNP correlation and a 2.4 point
increase in the percentage variability of investment.

The assumption that r* is non-random is not innocuous.
Fluctuations in the rate of interest cause consumption-substitution
and consumption-smoothing effects, the direction of the latter
depending on whether the economy started out as an international
net borrower or lender. However, as shown in Chapter I, these
effects are likely to be weak as long as the shocks are small and
stationary, r* is small and foreign interest payments are a small
fraction of GDP. In the present paper, r*=4% and -r*A/GDP is about
2% in the Canadian post-war average. Consequently, numerical
simulations with interest-rate shocks of less than 5% standard
deviation did not have large effects on the results to be reported
later.

The role of international risk sharing arising from the exchange of
contingent claims is not explicitly modelled. This is partially
replaced with trade in risk-less foreign assets. These assets can
be interpreted as a perfectly diversified portfolio consisting of
shares »f the capital stock in various countries. Furthermore, the
numerical analysis of Cole and Obstfeld (1988) suggests that, for
some spezifications of tastes and techrnology, the competitive
allocations are independent of the completeness of financial markets.

Chamberlain and Wilson (1984) showed that solvency restrictions can
take complicated forms in stochastic models. However, in the
numerical simulations performed here, long-run solvency is obtained
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by adopting the conditions from Theorem 4 of Epstein (1983). These
are two boundary restrictions on the rate of time preference that
ensure the existence of a stable stochastic steady-state in an
economy with a linear technology. Intertemporal solvency is then
numerically verified by noting that the long-run probability of
setting foreign debt below -1.4 in the A grid of the artificial
economy is infinitesimal.

A detailed analysis of the theoretical properties of the model was
presented in Chapter I. Various comparative statics exercises were
undertaken to investigate impact and dynamic effects of stocha ‘¢
and deterministic technological disturbances.

Following the analysis of Epstein (1983), a formal proof of the
concavity of the value function is presented in Appendix 2 of
Chapter 1I. In fact, not only is V(e¢) concave but Log{-V(¢)] is
convex.

The use of the SCU function implies that the algorithm suggested by
Bertsekas (1976) to speed up the convergence of the decision rules
can no longer be used. This, combined with the large memory
requirements, increases considerably the time and cost of running
the program in a regular mainframe, and seriously restricts the
size of the state space than can be analyzed. These technical
difficulties were eliminated using an ETA-10P supercomputer with a
vector-Fortran compiler.

The gradual redefinition of the grids is a complicated process.
Since agents are allowed to substitute assets for capital and vice
versa, the discretization of the state space restricts not only the
divisibility of each savings instrument, but also the degree to
which one can be substituted for the other.

This steadv-state system of equations is studied in more detail in
Chapter 1I.

An alternative depreciation rate of 5.2% is determined using the
capital evolution equation and the data on net capital stocks and
gross investment, computing the long-run average as in Hercowitz
(1986a). However, with such a depreciation rate the model
generates 43.0% standard deviation in investment and an average I/Y
ratio of only 18.0%.

Values of w=4.3 and 4.9 (intertemporal elasticity of labor
supply=0.3 and 0.26) were estimated by Hercowitz (1986a) for the

Canadian economy. The author points out, however, that these
estimates are not very reliable because one of the reduced form
coefficients involved is imprecisely estimated. In the present

model, a value of 4.3 generates a :-andard deviation of hours
work- . of just 0.76%.

See note 2.
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Levharli and Srinivasan (1969) showed that a similar result holds
for a stochastic exchange economy where the return on assets is an
i.i.d. process that satisfies ER<1/B (with B as the constant
discount factor).

The sensitivity analysis for changes in the risk-aversion parameter
showed that y and the volatility, serial correlation and GDP
correlation of assets are directly related. Increasing y to 3.0
rises the volatility of assets to 23.7%, their serial correlation
to 0.93 and their GDP correlation to -0.15. The behavior of the
rest of the aggregates is not significantly affected by the changes
in the value of this parameter.

This conclusion is supported by the results of the sensitivity
analysis for changes in the coefficient of relative risk aversion,
the depreciation rate and the intertemporal elasticity of labor.

A more detailed analysis of how the model’s optimality conditions
deliver these results is presented in Chapter I.

See note 5.

In this case, the steady-stzre value of A is not determined and
hence there is no well-behaved limiting distribution of foreign
assets. The limiting distribution of domestic capital is still
stationary and nicely-behaved.



CHAPTER III.

BUSINESS CYCLES, ADJUSTMENT COSTS AND THE THEORY OF INVESTMENT

IN A SMALL OPEN ECONOMY.
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1.- Introduction.

This chapter investigates the role that capital-adjustment costs
play in the theory of investment of a small open economy. The main
reason for undertaking this research is to produce a model that can
successfully extend the existing work on closed-economy real business
cycles to the international arena. The pion:ering work of Kydland and
Prescott (1982) and Long and Plosser (1983) preceded the development of
a wide variety of closed-economy models capable of replicating some of
the observed stylized facts of the U.S. economyl. Therefore. an
extension of this theory to a small open-economy environment, where
foreign financial assets are allowed to play a role in the dynamics of
savings and investment, appears to be interesting.

As illustrated in the last two chapters, the development of open-
economy real business cycle models is complicated by the fact that they
postulate a significantly different theory of investment behavior. With
the exception of models like that of Kydland and Prescott (1982), where
time-to-build restrictions in the process of investment are considered,
most real business cycle protctypes developed to date assume that
capital accumulation is not affected by explicit costs or frictions.
The only cost associated to additional investment is the marginal
utility of the current consumption sacrificed in order to augment the
future capital stock. Thus, as King, Plosser and Rebelo (1988) point
out, most of the existing real business cycle models are stochastic
extensions of the free-adjustment neoclassical model of investment for a
closed economy.

In the closed-economy neoclassical model of investment, optimal
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capital-accumulation decisions are equivalent to optimal savings choices
because the capital stock is the only existing vehicle of savings.
Optimal investment is determined by equating the intertemporal marginal
rate of substitution with the marginal productivity of future capital,
which occurs at a tangency point like A in Figure 1. Consequently, the
adjustments in investment, and in the intertemporal allocation of
consumption, that follow a productivity disturbance are governed by
intertemporal consumption-smoothing and consumption-substitution
effects. These effects play an important role in determining the
ability that real business cycle models possess to reproduce the
observed stylized facts. When a favorable, serially correlated
productivity disturbance occurs, the desire to smocth consumption causes
consumption, investment and output to exhibit positive comovement and
persistence. Because investment is equivalent to savings and savings
are planned so as to smooth consumption, investment is likely to be more
volatile than output and output is likely to be more volatile than
consumption. Furthermore, persistent disturbances can slso cause the
equilibrium interest rate to rise, generating an intertexporal
consumption-substitution effect away of current consumptionz. This
consumption-substitution effect dominates the consumption-smoothing
e fect in certain states of nature where the latter is particularly
weak, and hence it generates positive but less-than-perfect correlation
between consumption and outpu= -as observed in the actual data.

It has been known for some time that the theory of investment
described in the previous paragraph is significantly modified when the

neoclassical model is applied to a small open economy. Following the
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writings of Fisher (1907) and (1930), Hirshleifer (1958) illustrated how
a different theory of investment is obtained when economic agents have
access to financial markets from which they can borrow or lend in order
to support consumption planning. The essential difference between the
neoclassical investment models for the closed economy and the small open
economy is that in the latter savings and investment decisions are
separated. Individuals have access to a perfectly competitive world
capital market where they can borrow or save by trading foreign assets
that pay or charge the real interest rate r*. Optimal savings are
chosen so as to equalize the intertemporal marginal rate of substitution
with the world’s intertemporal relative price of consumption 1+r*, as in
point B of Figure 1. Whereas optimal investment is solely decided on
the basis of portfolio considerations that equate the marginal rates of
return on domestic capital and foreign assets, as in point C of Figure
13. 1In this environment, productivity shocks affect investment only to
the extent that they alter the marginal productivity of domestic capital
relative to the world’s real interest rate. Th's, investment is not
regulated by either consumption-smoothing or consumption-substitution
effects. The former are still present, but operating through the
accumulation of foreign financial asszts, and the latter are eliminated,
because the world rate of interest is exogenously determined in the
international financial market. ‘

Quantitative research in open-economy real business cycles has
revealed that the neoclassical model of investment in its original form
is not capable of replicating the observed stylized facts. Using a cwo-

country model, Backus, Kehoe and Kydland (1989) noted that, unless time-
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to-build restrictions and international spill-overs of technological
disturbances are considered, the variability of investment is largely
exaggerated by the model. Furthermore, in Chapter 1I it was observed
that a model of a small open economy exaggerates the variability of
private investment and underestimates its first-order serial
autocorrelation, its correlation with domestic output and its
correlation with aggregate savings. Consequently, in order to postulate
a solution for this problem, this chapter proposes to modify the
neoclassical model of investment for a small open economy by adopting a
different view of the technology. An explicit capital-adjustment cost
is introduced here to force optimizing agents to undertake changes in
capital accumulation in a gradual manner, so that random productivity
disturbances may generate a relatively less volatile pattern of
investment behavior.

As in the previous chapter, the present work has also two empirical
motivations. First, since the intertemporal reallocation of consumption
in a real-world economy is achieved not only by changes in investment,
but also by accumulating or depleting foreign financial assets to
finance a trade deficit or surplus, it is important for real business
cycle theory to explain the behavior of both investment and the balance
of trade. In fact, the empirical evidence indicates that trade-balance
movements are large and countercyclical, suggesting that they may play
as much as an important rol- as changes in private investment do. The
second empirical motivation follows from the debate on the meaning of
the high degree of correlation betwe:n savings and investment observed

in industrialized economies. This debate started with the empirical
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work of Feldstein and Horioka (1980), whom considered these high
correlations as evidence indicating that the degree of international
capital mobility is very low. In contrast, numerical experiments
performed with overlapping-generations models by Obstfeld (1985) and
Finn (1988) indicate that, considering productivity disturbances with
the right intensity of persistence, a high degree of correlation between
savings and investment can be theoretically consistent with the
assumption of perfect capital mobility. 1In this context, the numerical
investigation undertaken in this paper studies the ability of a dynamic
stochastic model to match the correlation between savings and
investment when restricted to employ the kind of disturbances required
to replicate actual business cycles.

Technically, the artificial economy studied here is an extension of
theoretical developments made by Obstfeld (1981a) and (1981b) and

Epstein (1983) to an environment where investment is costly to adjust.

The work of Obstfeld utilizes an endogencus rate of time preference to
obtain a well-behaved deterministic stationary equilibrium for the
holdings of international assets. As discussed in the 1last two
chapters, such a deterministic stationary equilibrium is produced when
the world’'s real interest rate and the rate of time preference are
equalized, It is a well-established fact, documented among others by
Helpman and Razin (1982) and Frenkel and Razin (1987), that as long as
the world’s interest rate is greater (smaller) trhan the rate of time
preference, individuals will rationally choose to accumulate (deplete)
foreign assets so as to finance an increasing (decreasing) consumption

stream’. Thus, the usual constant-discount formulation of preferences
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cannot explain the process by which this long-run equilibrium is
reached; in this framework either (a) there is no steady state, because
the rate of time preference is not preset at the level of the world
interest rate, or (b), when the two are equal, the economy starts out in
a stationary equilibrium, which is contingent on the agents’ initial
level of asset holdings, and will never be displaced from it. In an
economy with uncertainty, the endogenous rate of time preference 1is
utilized in a s’milar manner to determine a stable stochastic stationary
state. Epstein (1983) extended the endogenous time-preference framework
to an uncertain environment and determined sufficient conditions to
obtain a stationary joint limiting distribution of the state variables
in the stochastic steady-state. His analysis also showed that this
formulation of preferences does not imply a radical departure from the
standard time-separable setup. The costs of adjusting investment are
introduced in accordance with the principles summarized in Brechling
(1975), adopting the convex, quadratic specification employed by Gould
(1968), Craine (1975) and Eichenbaum (1984).

The model is numerically analyzed using the same solution method
employed in the last chapter. This procedure computes the exact joint
limiting distribution of the state variables in the stochastic
stationary equilibrium of the economy, making use of an aigorithm that
sglves numerically the functional equation problem for a discretized
version of the state space. The statictical moments that characterize
the random processes of the model’s endogenous variables are calculated
using this limiting distribution, and are then compared with the actual

sample moments from detrended, C:nadian data.
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The rest of the chapter is ordered as follows: Section 2 describes
the structure of the artificial economy to be studied here and comments
on the strategy used to implement the model empirically. Section 3
presents the results of the numerical experiments, stressing the
differenc’e; between the model with adjustment costs and the free-
adjustment neoclassical model and comparing the results with those

obtained for some closed-economy prototypes. Some concluding remarks

are presented in the last section.
2.- The Structure of the Model and the Solution Technique.

The analysis starts with the description of the artificial economy
and an explanation of the numerical solution method employed to analyze
it. This section presents first a dynamic stochastic model of a small
open economy that incorporates explicit costs of adjustment in the
capital stock and an endogenous rate of time preference. The analysis
of the model is then simplified by applying dynamic programming
techniques that are used later to calculate numerically the equilibrium

stochastic process of the economy.
2.1 Structure of the Model.

Preferences: All agents are identical and infinitely-lived, with
preferences described by the Stationary Cardinal Utility function

formulated by Epstein (1983):

@ t-1
Eg Z { u(Ce-G(Lg))exp[-Z v(C,-G(L,))] } |. (1)
t=0 r=0




Here, C; is private consumption and L. are labor services. The

Stationary Cardinal Utility is assumed to embody the following

instantaneous utility and time-preference functions:
u[Cy - G(Lp)] = (-1 [(Ce - Le¥/w)1-7 - 1], w>1, ¥>1, (2)
v[C¢ - G(Lg)] =8 Ln [1 + C¢ - L], B > 0. (3)

Which satisfy the following conditions:

u(+)<0 , u’'(+)>0 , u’(0) =, (4.1)
v(=)>0, v'(*)>0, v"(+)<0, (4.2)
u’(+*)exp[v(-)] non-increasing, (4.3)

Log[-u(-)] convex. (4.4)

The formulation of preferences presented in (1) is che same as in
the previous chapters. It ensures the existence of a well-behaved
stationary equilibrium for the holdings of internaticnal assets by
assuming that the rate of time preference is an increasing function of
past consumption levels. As in the work by Obstfeld (198la) and
(1981b), the deterministic long-run equilibrium of foreign-asset
holdings is determined by equating the rate of time preference with the
world’s real interest rate. According to the specific functional forms
adopted in (2) and (3), lifetime utility is studied in terms of the
composite commodity defined by consumption minus the disutility of
labor. This allows the model to focus expressly on the dynamic
interaction of domestic capital and foreign financial assets as
alternative vehicles of savings, The cost of this simplification,

however, is that the intratemporal marginal rate of substitution between
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consumption and labor is forced to depend on the latter only, and hence
the wealth effect affecting the supply of labor is eliminated. Finally,
conditions (4.1)-(4.4) are sufficiency conditions identified by Epstein
(1983) to satisfy the requirements of dynamic programming, to ensure
that consumption in any given period is a normal good and to prove the
existence of a stationary probability distribution that characterizes

the stochastic steady-state of the economy6.

Technology and Financial Structure: The mechanism by which resources

for consumption or investment are made available has two components.

First, the domestic production technology is described as follows:

G(K¢,Lg ,Key1) = exp(ee) KcaLtl'“ - (¢/2)(Kt+1-Kt)2, (5)

0<acx<l, ® > 0,

where e is a random technological shock to be discussed in more detail
later, KcaLtl'a is a neoclassical constant-returns-to-scale production
function, Ky is the domestic capital stock currently productive and
(¢/2)(Kt+1-Kt)2 is the cost of adjusting the capital stock as a function

of net investment Ing=Ky41-K;. The capital evolution equation is given

by
Kt+1 - (1'6)Kt + Igt, 0ss§s1, (6)

where § is a constant rate of depreciation and Ig, is gross investment.
Individuals also have access to a perfectly competitive,
international capital market where foreign financial assets A; paying,

*

or charging, the real rate of return r~ are exchanged with the rest nf

the world. The holdings of foreign financial assets evolve according to
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Acpl = TBg + Ag(l+r™), N

where 1B, is the balance of trade.
By coambining domestic production with foreign borrowing or savings,
the aggregate resource constraint dictates that domestic absorption plus

the balance of trade canmot exceed GDP net of adjustment costs’:
Ce + Ige + TBy = exp(ey) Ke@ Ll - (8/2) (Keyp-Ke)2. (8)

Domestic absorption is defined here as the sum of private consumption
and gross investment8.

The convex quadratic formulation of the adjustment cost included in
(5) ensures that the total cost of changing the capital stock by a fixed
amount is larger the faster the adjustment. Hence, optimizing agents
are motivated to adjust investment in a gradual manner in order to avoid
large adjustment costs?. Also, the domestic economy is assumed to be
small relative to the size of the international capital market, so that
individuals take r* as given when formulating their optimal
intertemporal plans. For simplicity, world-wide productivity
disturbances are assumed to cancel each other on the average and thus r*

is considered to be non-randoml®.
2.2 The Dynamic Programming Problem and the Solution Technique.

The intertemporal equilibrium of the artificial economy described
above is characterized by a set of state-contingent decision rules for
consumption, domestic capital, labor supply and foreign financial assets
that maximize (1), given Ko, Ap, ep and the stochastic process governing

the disturbances, subject to (5)-(8), the non-negativity restrictions

ey
e gV




Ke20, Lg20 and Ce20, and the condition of intertemporal solvencyu. The
same problem can be studied and numerically solved in a more tractable
manner by applying Bellman's optimality principle.

At any given date, the optimal intertemporal choices of rational
agents involve selecting Ki4), Agy]. Cr and Ly given the state of the
economy as described by K¢, A and er. By taking advantage of the time-
recursive structure of the Stationary Cardinal Utility, and by
simplifying the stochastic process of the disturbances in the manner to
be discussed below, the optimal decision rules that characterize the
equilibrium stochastic process of the economy can be obtained as the
solutions of the following dynamic programming p~oblem:

s -1 Low/yl-
V(Kt,Ac,e t) = max { (1-'7) [(Cc - Lt /w) 7 - 1] +
[Kes+1,Ae41,C¢)
A 2
exp{-8 Ln(l+Cy - Lt“’/w)]][__E’Ifer(Kt+1'At+1-ert+1)} ),

(%)

Ce = exp(eS )KL Ll @ - Kesd#Ke(1-6) - (8/2) (Kee1-Ke)2 + (L4r*)Ac-Aceq,
f.t - argmax { exp(eS¢)Ke®Lel-@ - L9/ ).
Le

Here, =g, for s,r=1,2 denotes the transition probability of the next-
period’s technological disturbance conditional on its observed value in
the current period. Accordingly, the usual properties that Osxg,<1 and
ng1+xgo=1 for s,r=1,2 must be satisfied. Note that the stochastic
structure of the problem has been simplified by assuming that the
disturbances follow a two-point Markov process, so that in any given

period the productivity shock takes one of two values

95
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etet-{el,ez). (10)

Then the assumptions that wx}j)=rg9=x sud ela.e2-¢ are adopted. These
symmetry conditions imply that the asymptotic standard deviation, o,
and the first-order autocorrelation coefficient, pg, that characterize
the stochastic shocks are given by oz=e and pg=2x-1 respectively.

As in the previous chapter, the particular values of the parameters
v (coefficient of relative risk aversion), v (1 plus the inverse of the
intertemporal elasticity of substitution in labor supply), a (capital’'s
share in output), §é (depreciation rate) and 8 (the consumption
elasticity of the rate of‘time preference), are selected using long-run
averages of actual data and the restrictions imposed by the theoretical
structure of the model, and also by considering some estimates obtained
in the relevant empirical literature. Accordingly, these structural

parameters are assigned the following valuesl?:
a=0.32, p=0.11, ¥=1.001 or 2.0, &=0.1, w=1.455 and r*=0.04. (11)

The model is calibrated by adjusting the parameters & (the rate of
change of the marginal adjustment cost), e and n. The first parameter
is selected so as to mimic the observed volatility of private
investment, and the seconc and third are set so as to replicate the
variability and first-order serial autocorrelation of Canadian post-war,
detrended GDP13.

The dynamic programming problem is solved following a procedure
suggested in Bertsekas (1976) and employed by Sargent (1980) and
Greenwood, Hercowitz and Huffman (1988). This methodology was dicussed

in detail in Chapter II. 1In short, the technique starts by specifying s
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discrete grid of points to approximate the state space. In this case,
two evenly-spaced grids containing the admissible values of domestic
capital K=(Kj;,...,Ky) and foreign assets A=(A},...,AN)} need to be
defined. Thus, the state space of this artificial economy is given by
the set KXAXE that contains 2MN elements. The next step is to construct
an algorithm that performs successive iterations in the functional
equation (9). The algorithm iterates on (9) using the set of numbers
included in KxAxXE until the sequences of optimal, state-contingent
decision rules for domestic capital and foreign assets converge. The
decision rules obtained in this way are combined with the conditional
probabilities =xg,, for s,r=1,2, to define the one-step transition
probabilities of moving from any initial triple of domestic capital,
foreign assets and the technological disturbances to any other such
triple in one period. These transition probabilities are condensed in a
matrix P of dimensions (2MNx2MN), which is used to calculate the
stationary probabilities of each triple of K, A and e. The long-run
probabilities are calculated by iterating on the sequence pl-poP, where
po is an initial-guess vector of dimensions (1x2MN) and p1 is a vector
of identical dimensions that is used as the new guess in the following
iteration. These iterations eventually converge to a unique fixed point
p*, which is the joint limiting probability distribution of K, A and e
tbat characterizes the stochastic steady-state of the economy. This
probability distribution is used to compute population moments of
variability, comovement and persistence of all endogenous variables in

the model.
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3.- Calibration and Analysis of the Results.

In this section, the quantitative performance of the model with
adjustment costs is evaluated by comparing its own statistical moments
with those obtained from the original neoclassical model, which were
studied in the previous chapter, and with the actual moments from the
Canadian economy. This is done for two sets of calibration exercises,
one for each value of the risk aversion parameter. The sample moments

calculated from the Canadian data are listed in panel A of tables 1 and

214,
3.1 The Neoclassical Model without Adjustment Costs.

The statistical moments calculated for the neoclassical model are
listed in panel B of tables 1 and 2. Panel B of Table 1 presents the
results for the case where y=2.0 and the same panel in Table 2 lists the
moments for +y=1.001, the marginal probability distribution of domestic
capital and foreign assets that corresponds to the first case is plotted
in Figure 2. These two artificial economies were calibrated to
replicate the observed percentage variability and first-order serial
autocorrelation of GDP.

In the case where y=2.0, the technological disturbances are set to
exhibit 1.18% volatility and 0.36 first-order autocorrelation. As
panels A and B of Table 1 indicate, the neoclassical model exaggerates
the volatility of private investment (21.02 instead of 9.8X) and
underestimates its first-order autocorrelation (-0.32 v. 0.31), its
correlation with GDP (0.24 v. 0.64) and its correlation with aggregate

savings (0.25 v. 0.&3)15. Furthermore, it also exhibits too much
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Table 1
Stacistical Moments: Canadian Data and Artificial Economies®.
(r=2.0)
A B C
Canadian Data Free-Adjustment Costly Adjustment
Variables 1946-1985 Economy Economy
0e=1.18% po=0.36 0e=1.29% pe=0.42
=0.0 &-0.028

(I)* anc (1n? (O anc ((In4 (H* ane Jind

1) GpP 2.810 0.615 1.000 2.810 0.615 1.000 2.810 0.615 1.000

2) GNP 2.950 .643 0.995 2.821 0.619 0.990 2.891 0.622 0.987

o O

3) C 2.460 .701 0.586 2.086 0.693 0.944 2.250 0.689 0.932

4) S 7.306

o

.542 0.662 5.772 0.599 0.932 5.582 C€.629 0.896

5) I 9.820 0.314 0.639 21.056 -0.319 0.235 9.888 -0.017 0.505
6) K 1.380 0.649 -0.384 1.980 0.377 0.669 1.464 0.752 0.575
7) L 2.020 0.541 0.799 1.936 0.615 1.000 1.937 0.615 1.000
8) -r*A 15.250 0.727 -0.175 19.566 0.886 -0.198 23.131 0.986 -0.045
9) TB/Y 0.019 0.623 -0.129 0.046 -0.312 0.032 0.019 0.032 0.023
CORR(S,I) = 0.434 CORR(S,I) = 0.251 CORR(S,I) = 0.501

*The data are measured in per-capita terms of the 15+ population,
logged and detrended with a linear quadratic time trend. 1)-3), 5) and
8) are the totals from the national income accounts in 1981 dollars. 6)
was obtained from the end-of-period net stocks of fixed non-residentiel
capital in manufacturing and non-manufacturing industries, in 1981
prices. The labor data is an index of man hours worked by paid workers
with 1981=100.0. Savings in 4) is generated as investment plus the
trade balance surplus. The source of all is the CANSIM data retrieval.

PPercentage standard deviation, except 9 which is not in percent.
“First-order autocorrelation coefficient.

dCoefficient of correlation with GDP.
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Table 2
Statistical Moments: Canadian Data and Artificial Economies®.
(vy=1.001)
A B C
Canadian Data Free-Adjustment Costly Adjustment
Varisables 1946-1985 Economy Economy
Oe=1.18% pg=0.34 Ce=1.29% po=0.41
2=0.0 &=0.023

(D)®* (I1)° (11D)¢ (I (II)¢ (IID)¢ (I)®  (I1)° (II1)¢

1) GDP 2.810 0.615 1.000 2.810 0.615 1.000 2.810 0.615 1.000
2) GNP 2.950 0.643 0.995 2.795 0.611 0.997 2.849 0.613 0.998
3) ¢C 2.460 0.701 0.586 2.105 0.669 0.961 2.234 0.689 0.957
4) S 7.306 0.542 0.662 5.483 0.590 0.947 5.209 0.568 0.926

5) 1 9.820 0.314 0.639 21.050 -0.343 0.266 9.837 -0.052 0.571
0.669 1.347 0.792 0.595

7) L 2.020

0

6) K 1.380 0.649 -0.384 1.913 0.322
0.541 0.799 1.931 0.615 1.000 1.927 0.615 1.000
0

8)-r*A 15.250 .727 -0.175 11.064 0.632 -0.354 9.551 0.929 0.085
9) TB/Y 0.019 0.623 -0.129 0.046 -0.338 -0.013 0.017 -0.045 -0.080

CORR(S,I) = 0.434 CORR(S,I) = 0.268 CORR(S,1) = 0.616

2See note "a" in Table 1 for sources and calculatioens.
bpercentage standard deviation, except 9 which is not in percent.
¢first-order autocorrelation coefficient.

4GDP correlation coefficient.
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positive comovement between consumption and GDP (0.94 instead of 0.59)

and results in negative persistence in the trade-balance-output ratio (-
0.31 instead of 0.62). The neoclassical model with =1.001 is
calibrated using a 1.18% shock with 0.34 first-order serial
autocorrelation. Comparing the results in panel B of tables 1 and 2, it
transpires that changes in the degree of risk aversion only have
sizeable effects on the stochastic process of foreign-asset holdings.
The model still misrepresents the moments that characterize investment
in the actual data in approximately the same manner as before.

As discussed in Chapter II, the process of capital accumulation is
badly reproduced by the free-adjustment neoclassical model of investment
because of the frictionless manner in which it can be undertaken. Since
this is a small open economy, individuals choose separately the optimal
amount of savings and the optimal portfolio allocation of those savings
across domestic capital and foreign assets. The portfolio decision is
made so as to equalize the expected marginal returns, in utility terms,
of both vehicles of savings. Optimal savings, on the other hand, are
determined by equating the stochastic intertemporal marginal rate of
substitution with the real rate of return on foreign assets. When a
productivity shock hits this economy, the domestic capital stock is
rapidly and freely adjusted to maintain the equality of expected
returns (see Figure 2), and the optimal alterations in the dynamic path
of savings are mainly achieved through changes in foreign-asset
accumulation.

As discussed in the introduction, investment is not as volatile in

closed-economy real business cycle models, which are also based on the
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neoclassical framework, because there the optimal savings and investment
decisions are the same. Hence, in closed-economy models the
accumulation of the capital stock responds to both consumption-smoothing
and consumption-substitution effects and faces an increasing supply
price. In contrast, in the small oren-economy framework the
consumption-smoothing effect operates mainly through the current
account, the intertemporal consumption-substitution effect is
eliminated, and investment faces a constant supply price of the capital
stock given by r*.

Given that a real business cycle prototype based on the
neoclassical model of investment for a small open economy is not capable
of mimicking the stylized facts of Canadian private investment, it is
reasonable to deduce that the actual savings mechanism operating in the
economy is not as fiexible as this framework indicates. The ability
that agents in this model have to equalize returns across alternative
vehicles of savings can be limited in various ways. It is possible to
introduce capital market imperfections or to impose controls on
international capital flows. However, the Canadian economy has been
historically characterized by the absence of capital controls and a high
degree of integration with the U.S. financial markets. Thus, it is more
likely that the frictions affecting optimal portfolio allocation are
located in the process of domestic investment instead of the current
account,

One possible friction affecting the accumulation of domestic
capital is the irreversibility of investment studied in Sargent (1980).

Howaver, gross and net investment in the simulations of the free-
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adjustment model resulted always positive in every state of nature.
Hence, investment irreversibility is not a binding constraint for this
particular model. Another friction that complicates investment, which
has been largely studied in the closed-economy context, are adjustment
costs in the process of accumulating capital. The role of such

adjustment costs is thoroughly analyzed next.
3.2 The Model with Adjustment Costs.

When the costs of adjusting the capital stock take the form
introduced in (5), the marginal cost of altering investment is
increasing with the absolute size of the adjustment. Firms will then
have to consider both current and future marginal adjustment costs when
formulating their optimal intertemporal plans. As a result, the
reaction of the capital stock to a given change in domestic productivity
will be more gradual and the overall behavior of the investment process
will be less volatile.

The statistical moments that characterize the equilibrium
stochastic process of the artificial economy with investment-adjustment
costs are listed in panel C of tables 1 and 2. Panel C of Table 1
presents the results for the case where y=2.0, and the corresponding
marginal probability density of K and A is depicted in Figure 3. Panel
C‘of Table 2 lists the results for y=1.001.

In the case where the ri.sk-ave'rsi.on parameter is given a value of
2.0, the artificial economy with adjustment costs is calibrated setting
$=0.028, 0e=1.29% and pe-0.4216. The value of ¢ was not predetermined

as the other parameter values because of the partial-equilibrium, non-
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structural nature of most of the existing empirical work on adjustment-
cost models of investment. However, the value @=0.028 is consistent
with the findings of Craine (1975) for the U.S. economy. Using a ratio
of price indices to approximate the relative price of capital goods in
terms of output, Craine (1975) estimated that the coefficient of the
quadratic adjustment cost function is 0.025. Furthermore, the fact that
the average adjustment cost in the artificial economy is only about 0.1%
of GDP is also consistent with the findings of Brechling (1975) and
Eichenbaum (1984), in the sense that investment-adjustment costs are
statistically significant but relatively small in size. Thus, the
numerical investigation performed here indicates that modest adjustment
costs are sufficient to induce a less volatile pattern of investment
behavior.

The analysis of panels A and C of Table 1 indicates that the model
with capital-adjustment costs is capable of replicating the majority of
the stylized facts that characterize Canadian business cyecles. First,
it generates procyclical behavior in consumption, investment, employment
and savings, and produces stochastic processes for the ratio of the
balance of trade to output and foreign interest payments that are almost
serially wuncorrelated. Second, it replicates the same ranking of
percentage variability in which the actual aggregates are ordered. In
fact, with the exception of -r*A, it mimics the actual percentage
standard deviations very closely. Third, the model replicates some of
the Sirst-order autocorrelation coefficients calculated with the actual

data.

Table 1 also illustrates that the adjustment-cost model is capable
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of replicating the correlation between savings and investment. In fact,
the coefficient of comovement between S and I is already higher than
what is actually observed in the Canadian data (0.50 v. 0.43). This
result shows that the model can replicate the observed correlation
between savings and investment and at the same time explain actual
business cycles, all without affecting the assumption of perfect
international mobility of financial capital. Thus, the findings of the
theoretical analysis, based on numerical simulations of overlapping-
generations models, by Obstfeld (1985) and Finn (1988) are successfully
extended to a calibration exercise in the context of an infinite-horizon
economy, and the argument of Feldstein and Horioka (1980) appears to be
invalidated.

The introduction of explicit adjustment costs improves the match
between the actual sample moments and the artificial economy’s moments.
The model with adjustment costs generates statistical moments of
volatility, persistence, savings correlation and GDP correlation of
private investment that are closer approximations to the actual moments
than those obtained with the neoclassical modell7. In fact, Figure 3
illustrates the less volatile manner in which the accumulation of
domestic capital is undertaken in the presence of adjustment costs.
Furthermore, the moments of the trade-balance-output ratio and the
domestic capital stock are also closer to the observed moments, although
the variability, persistence and comovement of foreign assets (and

* {s non-random here) are all

foreign interest payments since r
exaggerated.

It is worth noting that the costly-adjustment model can mimic the




variability of both investment and the trade-balance-output ratio very

closely. This observation reaffirms the suggestion that the
introduction of adjustment costs may play an important role in open-
economy real business cycles. Furthermore, following Greenwood (1983),
the productivity disturbances can be reinterpreted as terms-of-trade
disturbances, and hence these results also indicate that relatively
small and transitory shocks to the terms of trade are capable of causing
the observed fluctuations in the balance of trade and foreign assets,

Panel C of Table 2 lists the moments calculated for the artificial
economy with capital-adjustment costs calibrated under the assumption
that y=1.001. In this case, the model requires a 1.29% shock with 0.41
persistence and an adjustment-cost coefficient $=0.023. As in the case
of the neoclassical model, it is observed that changes in the degree of
risk aversion only affect the stochastic process of foreign-asset
holdings. The costly-adjustment model generates a better approximation
to the actual moments than the free-adjustment neoclassical model in the
same way as before, with the variability of foreign interest payments
falling to 9.5%, their first-order autocorrelation increasing to 0.93
and their comovement with GDP changing to -0.085.

An important disadvantage of cost-of-adjustment models in general
is that they tend to produce testable vector autoregressions where the
effects of highly-persistent shocks cannot be distinguished from the
effects of significant adjustment costsl8, In the context of the
present model, a similar problem may arise because the variability of
investment in the neoclassical framework can be reduced by increasing

the first-order serial autocorrelation of the disturbances (i.e. their
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one-step transition probability x), instead of introducing the
adjustment costs. By increasing the probability of not moving to the
opp;asite state of productivity, the probability of having to accumulate
or deplete the capital stock very rapidly is reduced, and hence the
variability of investment is also reduced. However, by following this
route, the persistence of the shocks is driven to such a high degree
that the variability and persistence .f all the other aggregates is also
increased, and hence the model cannot replicate actual business cycles.
For instance, if in the case that y=2 pp is set to 0.99, the variability
of investment is reduced to 5.4%, but the variability of GDP becomes

5.02 and it behaves almost as a random walk. Thus, here it is possible

to establish the importance of adjustment costs relative to highly
persistence shocks by noting that the latter cannot be employed to mimic

real-world economic fluctuations.
3.3 Comparison with Closed-Economy Models and Sensitivity Analysis.

In comparison with the existing work on closed-economy real
business cycle models, the two small open-economy prototypes were
calibrated using productivity disturbances that exhibit less exogenous
volatility and persistence. With respect to the persistence of the
disturbances, in the works of Hansen (1985), Prescott (1986) and King,
Plosser and Rebelo (1988) the shocks follow a stochastic process close
to a random walk, Hansen (1985) estimates their quarterly correlation at
0.95 (0.81 annually). The model with endogenous utilization and
investment shocks of Greenwood, Hercowitz and Huffman (1988) requires

technological disturbances with 0.51 annual persiscencelg. In contrast,
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when v=2.0, the open-economy prototypes require shocks with 0.35 and
0.42 first-order serial autocorrelation for the cases of the
neoclassical model and the cost-of-adjustment model respectively.

Considering now the volatility of the disturbances, the ratios of
the required volatility of the shocks relative to the observed
variability of output are 1.3 and 1.7 in Hansen (1985) and 1.47 in
Greenwood, Hercowitz and Huffman (1988). In the open-economy models
these ratios are 0.42 for the neoclassical prototype and 0.71 for the
model with adjustment costs, when the risk-aversion parameter is
assigned a value of 2.0. Thus, although open-economy real business
cycle models appear to require smallgr and less persistent shocks
compared with closed-economy prototypes, the open-economy model with
adjustment costs does require relatively larger and more serially
correlated disturbances than the neoclassical model.

The introduction of the cost of adjustment in the small open-
economy framework has very different consequences than what has been
observed in closed-econvmy real business cycle models. Kydland and
Prescott (1982) evaluated the importance of their time-to-build
formulation by introducing capital-adjustment costs and studying how
this affected the behavior of their closed-economy model. They observed
that, setting ¥=1, the statistical moments resulting from the artificial
economy were largely inconsistent with U.S. quarterly detrended data.
In particular, compared with the model that considers the time-to-build
technology instead of adjustment costs, the standard deviation of
consumption almost doubled and that o: investment expenditures fell by a

factor of two. In contrast, in the model studied here adjustment costs




o111

are much smaller, since & is 0.028 when y=2 and 0.023 when y=1,001, and
they have the effect of reducing the percentage variadility of
investment without significantly affecting the behavior of consumption.

It is also worth noting that, relative to the observed sample
moments and the results obtained with closed-economy prototypes, both
open-economy models exaggerate the comovement between consumption (or
savings) and GDP. The introduction of adjustment costs cannot alleviate
this problem because such costs do not alter the fact that the
intertemporal relative price of consumption is fixed in the world’'s
capital market, and hence the consumption-substitution effects that
operate in the closed-economy models are no longer at work.

The comparison of the results listed in Table 2 with the closed-
economy models mentioned before shows that the conclusions obtained are
robust to changes in the risk-aversion parameter. Small open-economy
models require relatively smaller and less persistent shocks than
closed-economy models in order to replicate the observed volatility and
persistence of domestic output, although the open-economy model with
costly adjustment needs disturbances that are relatively larger and more
serially correlated than the free-adjustment open economy. Furthermore,
the correlation between consumption or savings and output remains very
high and seems insengsitive to changes in 7. This is due to the
mentioned fact that the intertemporal relacive price of consumption is
not affected by domestic productivity disturbances.

The comparison of panels B and C of tables 1 and 2 has shown that
changes in the degree of risk aversion affect only the stochastic

process of foreign-asset holdings, independently of whether the domestic




capital stock is costly to adjust or not. The study of the overall
effects that the reduction in v from 2.0 to 1.001 causes, indicates that
using some intermediate value of this parameter is likely to make the
costly-adjustment model replicate the observed sample moments better
than any of the two sets of results presented. Specifically, by
choosing the appropriate size for the risk-aversion parameter, it may be
possible to match the observed moments of foreign interest payments -x*a
without significantly affecting the close match of the other moments.
The required value for the coefficient vy would still fall inside the

range of the estimates that are commonly regarded as credible.
4. - Concluding Remarks.

This chapter explored the relevance of capital-adjustment costs in
the theory of investment of a small open economy, and investigated the
ability of a real business cycle model to replicate the stylized facts
of Canadian business cycles. The model is capable of replicating the
majority of the statistical moments ob‘ :ined from the actual data,
including the correlation between savings and investment, using very
small capital-adjustment costs and minimal variability and persistence
in the technological disturbances. Specifically, the artificial economy
generates similar procyclical and countercyclical patterns as those
observed in the macro-aggregates, it replicates the observed ranking and
values of the percentage standard deviations, and approximates the
ranking and values of some of the first-order autocorrelation
coefficients.

In contrast with the costly-adjustment model, the free-adjustment
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neoclassical model of investment exaggerates the flexibility of the
existing savings mechanism, and results in an equilibrium stochastic
process where the investment series is extremely volatile. This model
exaggerates the percentage variability of investment and underestimates
its first-order serial autocorrelation and its correlation with output
and savings.

In comparison with some of the closed-economy real business cycle
prototypes, the small open-economy model with adjustment costs is
capable of replicating the observed variability and persistence of

domestic output using smaller and less persistent productivity

disturbances. However, this model seems to require relatively larger
and more serially correlated shocks than the free-adjustment
neoclassical prototype.

Finally, the sensitivity analysis of the model’s performance to
changes in the degree of risk aversion suggests that setting this
parameter to a value inside the rank of credible estimates may result in
a very close fit to the actual moments. Such a configuration of the
model can be used to evaluate positive and normative effects of a
variety of economic policies. This is the task of the following

chapter.
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See for example Long and Plosser (1983), Hansen (1985), Prescott
(1986), Greenwood, Hercowitz and Huffman (1988) and King, Plosser
and Rebelo (1988).

Consider, for exauple, a simplificd version of the model of Long
and Plosser (1983) where closed-form solutions can be obtained. The
closed-form solution for the equilibrium interest rate is

re = (ex41/ep)a®™(L/BY) 12 - 1,

where Yy is output defined by a Cobb-Douglas technology, a is the
capital’s share on output, B is the constant subjective discount
factor and L is a constant supply of labor. If the disturbances
were deterministic and stationary, evolving according to a serially
autocorrelated process ep;1=p¢r with 0<p<l, the above expression
could be rewritten as

re = (pe%p)a®(L/BYp) 1 - 1.

Hence, under these conditions, productivity improvements always
cause the equilibrium real interest rate to rise and motivate
agents to substitute current consumption for future consumption.

In a stochastic model the equality of returns does not hold exactly
period by period. Instead, it holds as an expected value where the
different realizations of the rates of return are weighted by the
corresponding lifetime marginal utility of consumption.

Alternatively, as in Backus, Kehoe and Kydland (1989), the time-to-
build technology of Kydland and Presceott (1982) could be used to
moderate the variability of investment in the open-economy model.
The adjustment-cost formulation has the advantage of allowing
procyclical fluctuations in the relative price of investment goods,
but it forces lagged values of this relative price to be irrelevant
for current investment decisions and assumes that investment
projects are completed in one period. The time-to-build
technology can incorporate different gestation periods, but it
assumes that the relative price of investment goods is fixed and
independeut of the amount of capital being accumulated.

A stable steady-state equilibrium for the holdings of foreign
assets can also be obtained by assuming that individuals face a
positive probability of dying each period. This methodology is
explored in detail in Frenkel and Razin (1987).

Theorems (3)-(5) of Epstein (1983) show that these conditions,
added to a neoclassical production technology satisfying the Inada
conditions or a linear technology, are sufficient to guarantee the
existence of a stationary joint limiting distribution of the
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capital stock and the productivity disturbances in the stochastic
steady-state of a closed economy. Given that the instantaneous-
utility and time-preference functions (2) and (3) have been defined
in terms of the composite C-G(L), it is straightforward to show
that Theorem (5) still holds. This was demonstrated in the second
appendix of the first chapter.

Notice that (8) allows the relative price of investment and
consumption goods to vary. The expression can be rewritten as

Ce + Ige + (8/2)[1Ige - 6Kel2 + TBy s exp(ep) K& Lel-2,

Where the marginal rate of technical substitution between Cy and Iy
is given by q=1+P(Ig¢-6Ke). In equilibrium, q is the relative
price of investment goods in terms of consumption goods.

For simplicity, (8) ignores the possiuvility of international trade
in contingent claims and to this extent limits the option of
international risk sharing. Note, however, that individuals can
still insure themselves against the risk of domestic productivity
changes by trading risk-less foreign assets. Furthermore, recent
work by Cole and Obstfeld (1988) suggests that, under certain
configurations of preferences and technology, the incompleteness of
world financial markets does not affect competitive allocations.

The formal analysis of the dynamic optimization problem implied by
the model illustrates that the evolution of the capital stock
around the steady-state can be characterized as in any adjustment-
cost model. The steady-state deviations of the capital stock
evolve as a stable, first-order difference equation.

This simplifying assumption is not innocuous. Interest-rate shocks
induce additional consumption-substitution and consumption-
smoothing effects, the direction of the latter depending on whether
the economy starts out as a net borrower or lender in the world’s
capital market, Numerical experiments with moderate r* shocks did
not show major changes in the set of results to be discussed in the
paper, illustrating that, in the present model, the randomness of
the interest rate is probably not as important as the fact that r*
does not depend on the amount of A accumulated. In fact, as shown
in Chapter I, interest-rate fluctuations are likely tc cause minor
changes as long as the shocks are small and stationary, the
interest rate is small and foreign interest payments are a small
component of GDP.

As Chamberlain and Wilson (1984) have shown, solvency restrictions
in stochastic models may take complicated forms. Here, however,
the boundary restrictions on the rate of time preference for the
case of a linear technology, established in Theorem 4 of Epstein
(1983), were sufficient to ensure long-run solvency. The solvency
requirement was numerically verified by noting that the limiting
probability of setting foreign-asset holdings below -1.142 or above
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-0.23 i{s infinitesimal. Thus, the solvency condition that Lim
At/(1+r*)t = 0 holds for every A, that has non-zero probabil.ityt;f
being reached in the long run, starting from any triple (Kg,Aq,eq)
in the state space. Additional numerical experiments were
performed to confirm that the limiting distribution of the state
variables is unique, stationary and stable.

The parameter a is determined with the long-run average of the
ratio of labor income to net national income at factor prices. The
depreciation rate § has the value commonly used in the real
business cycle literature and with it the model generates the same
investment-to-output ratio observed in the data. The value of w is
in the range of the estimates of the intertemporal elasticity of
substitution in labor supply (l/(w-1)) obtained by MaCurdy (1981)
and Heckman and MaCurdy (1980,1982), it enables the model to mimic
closely the percentage variability of hours worked. The world's
interest rate r* is set to the value suggested by Kydland and
Prescott (1982) and Prescott (1986) for the real interest rate in
the U.S. economy. The parameter -y adopts two different values
consistent with the findings of Hansen and Singleton (1983) and
Friend and Blume (1973). The value of 8 is determined using the
long-run average of the GNP/GDP ratio and the other parameter
values so as to ensure that in the deterministic steady state the
rate of time preference equals r*.

An alternative approach to this calibration strategy is to restrict
the parameters of variability and persistence of the disturbances
according to the results obtained by calculating Solow residuals
with actual data. However, the existent data on the Canadian
capital stock is not very useful for this purposes, as indicated by
the poor results obtained estimating a Cobb-Douglas production
function with it and by the countercyclical behavior it exhibits.
In any event, a sensitivity analysis of the effects caused by
increasing the first-order serial autocorrelation of the shocks is
undertaken later in the paper.

The actual data from Canada corresponds to annual time series from
1946 to 1985. The data were divided by the 15+ population, logged
and detrended with a linear quadratic time trend.

The low correlation between savings and investment in the
neoclassical model is not related to the degree of international
capital mobility, instead it follows from the size and
autocorrelation of the shocks used to calibrate the model.

As explained in note 7 above, the introduction of adjustment costs
allows the relative price of investment and consumption goods q to
vary. When the risk-aversion parameter is set to 2, the expected
value of q is almost 1 with 1.0% standard deviation, the
correlation between q and GDP is about 0.4 and its first-order
autocorrelation is -0.001. Thus, as Kydland and Prescott (1982)
point out, adjustment-costs formulations generate a fluctuating and
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procyciical q, but deliver the counter-factual prediction that
lagged q’s should not matter.

Both artificial economies generate stochastic processes for the
supply of labor that exhibit the same first-order serial
autocorrelation and output correlation as GDP, this is an
implication of the specific functional forms of preferences and
technology that have been adopted.

The interested reader is directed to the works of Sargent (1978)
and Eichenbaum (1984) for a clear illustration of this problem.

The results of Greenwood, Hercowitz and Huffman (1988) are easier
to compare because the same detrending procedure and solution
technique are used here.
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1. Introduction.

In the past few years, a series of intertemporal optimizing models
that study the macroeconomic effects of economic policy in the context
of the open economy have been developed. With the exception of
empirical investigations like those undertaken by Ahmed (1986) and
Hercowitz (1986b), the majority of these studies have focused on the
theoretical analysis of simplified dynamic prototypes. Capital
controls, dual exchange rates and other issues of financial policy have
been analyzed, wusing two-period models of perfect-foresight exchange
economies, by Adams and Greenwood {1985) and Greenwood and Kimbrough
(1987). The analysis of fiscal policy, in a two-period framework that
incorporates endogenous production decisions, has been undertaken by
Aschauer and Greenwood (1985), Greenwood and Kimbrough (1985) and
Kimbrough (1986). 1In addition to this family of two-period models, a
variety of overlapping-generations and infinite-horizon extensions have
also been developed. Obstfeld (198la) and (1981b) investigated
exchange-rate dynamics and Obstfeld (1986) and Frenkel and Razin (1986b)
analyzed dual exchange rates in deterministic, infinite horizon models.
Frenkel and Razin (1986a), (1986b) and (1987) studied fiscal policy and
the dual exchange-rate regime using overlapping-generations prototypes.

In spite of the fact that the conclusions reached by the dynamic
equilibrium literature mentioned above challenge the traditional wisdom
of open-economy policy analysis based on the Mundell-Fleming model, the
shortage of empirical work remains an obstacle in the process of
translating the theory into specific policy recommendations. More

recently, however, a series of developments in dynamic macroeconomic




theory have made it possible to undertake quantitative studies of

complex extensions of these dynamic models. For instance, it is now
possible to numerically calculate the equilibrium stochastic process
that characterizes artificial economies where infinitely-lived
individuals formulate optimal intertemporal plamns. In Chapters II and
III of this thesis, following the innovative work on real business
cycles by Kydland and Prescott (1982) and Long and Plosser (1983), a
model of a small open economy that is capable of mimicking many of the
observed stylized facts of the Canadian economy has been constructed.
It would be an interesting development to make use of these new
techniques to analyze guantitatively the macroeconomic effects of
economic policy, which have been so thoroughly studied from a
theoretical perspective.

The quantitativ.. analysis of economic policy based on dynamic
stochastic models is a very recent advancement even in closed-economy
macroeconomics. The novel work by Cooley and Hansen (1987), Greenwood
and Huffman (1988) and McGrattan (1988) constitutes the first attempt to
undertake such a task. This literature studies the effects of monetary
and fiscal policies from the perspective of models where individuals are
allowed to adjust their optimal state-contingent plans as the economic
eavironment is altered. By proceeding in this manner, the analysis of
economic policy complies with the standards set by Lucas (1976) and
(1987). Thus, the agents’ rules of behavior are not assumed to be
invarfant to policy changes and arguments about economic welfare are
explici-ly linked to lifetime utility-maximizing choices.

In an attempt to extend the research work discussed in the previous
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paragraphs, the present chapter undertakes a quantitative investigation
of the macroeconomic effects of economic policy in the context of a
small open economy. This essay studies a policy that stabilizes the
balance of trade, at a certain target level, by imposing capital
controls. These controls are enforced by introducing a tax or subsidy
on foreign-interest income that is rebated to individuals in the form of
a lump-sum transfer. The analysis utilizes a dynamic stochastic model,
in combination with numerical simulation techniques, to determine the
effects of the policy on economic welfare and economic activity, and to
calculate the state-contingent schedule of taxes that would allow the
government to successfully implement the policy.

The chapter is organized as follows: Section 2 summarizes the
dynamic stochastic model of a small open economy studied in the previous
chapters. This model considers optimal intertemporal planning in an
environment where domestic capital and foreign financial assets can both
be utilized as vehicles of savings, and where the rate of time
preference is an increasing function of past consumption levels. In
Section 3, the potential for the model to be a useful tool for policy
analysis is numerically investigated by studying its ability to
replicate the observed stylized facts of an actual economy. Section 4
studies the effects of introducing a policy that uses capital controls
to stabilize the balance of trade at some desired level. The effect on
economic welfare is determined with different measures of compensating
variations in terms of constant-consumption paths, and the effect on
economic activity is studied by comparing the statistical moments that

characterize the equilibrium stochastic process of the policy-restricted
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version of the model with those of the unrestricted prototype. The same
section also analyzes a fiscal strategy that the government could follow
to implement the policy. A series of concluding remarks are included in

the last section.

2. A Dynamic Stochastic Model of a Small Open Economy: Free Trade and

Restricted Trade.

This section presents the artificial economy to be studied in the
rest of this chapter. 1In the first part of the section, the structure
of preferences, technology and financial markets that characterizes the
economy is described. Since this paper deals with two situations, one
where no capital controls or trade-balance targets are in place and one
where such a policy is introduced, the financial structure of the
artificial economy adopts two forms. In the unrestricted, or free-
trade, version of the model, individuals have unlimited access to the
world’'s capital market, whereas in the policy-restricted version cf the
model they are forced to accumulate a certain predetermined amount of
foreign assets. This additional restriction is enforced by a government
that levies the appropriate tax, or pays the appropriate subsidy, on
foreign interest income. This schedule of taxes and subsidies is
studied later in the paper. The second part of the section
c}}aracterizes the equilibrium of the two versions of the model as the

solution of discrete-time dynamic programming problems.

2.1 Pi:eferences, Technology and the Financial Structure.

Preferences: All agents are infinitely-lived and identical, and
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preferences are described by the Stationary Cardinal Utility function

formulated by Epstein (1983)1:

@ t-1 ]
Eo lti:o{ u(Cc-G(Lc))exp[;EOV(Cf-G(Lf))] }J. (L)
where
ulCe - G(Lp)] = (1-v)"1 [(Cp - Le¥/w)l-7 - 1], w>1l, y>1, (2)
and
v[Ce - G(Lg)] = B Ln [1 + Cp - L%%w], B8 >o0. (3)

Here, C¢ denotes private consumption and L, are the productive services
provided by labor.

As explained in chapters I-III, the 1lifetime wutility function
formulated in (1) is adopted from Epstein (1983). It constitutes the
stochastic analog of the utility function employed by Obstfeld (1981la)
and (1981b). In Obstfeld’'s work, the existence of a well-behaved
deterministic stationary equilibrium for the holdings of international
assets is ensured by assuming that the rate of time preference is an
increasing function of past consumption levels. Such a deterministic
steady state is obtained when the world’s interest rate and the rate of
time preference are equalized. Otherwise, as discussed in Helpman and
Razin (1982) and Frenkel and Razin (1987), whenever the rate of interest
is greater (smaller) than the rate of time preference, individuals will
accumulate (deplete) foreign assets in order to finance an increasing
(decreasing) consumption stream. It follows, therefore, that the

constant-time-preference representation of preferences cannot explain

the process by which this long-run equilibrium is reached and that an
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alternative utility function, such as the one presented in (1), must be
used?.

The instantaneous-utility and time-preference functions defined in
(2) and (3) simplify the analysis by specifying preferences in terms of
the composite good Cy-L;¥/w, thus making the intratemporal marginal rate
of substitution between consumption and labor depend on the latter
on1y3. This formulation of preferences allows the model to focus
expressly on the interaction of domestic capital and foreign assets as
alternative vehicles of savings. The cost, however, is that the wealth

effect on labor supply is eliminated.

Technology: Domestic production is generated as follows:
G(K¢,Le,Ke)) = explep) Ke®Lel™@ = (8/2) (Key -Ke) 2, (%)
0<ac<l, d> 0.

Here, ey is a random shock to productivity or the terms of trade to be
discussed in more detail later, Kt"Ltl"' is a neoclassical constant-
returns-to-scale production function, Ky is the domestic capital stock
currently productive and (¢/2)(Kt+1-Kt)2 is the cost of adjusting the
capital stock as a function of net investment®. Next, the capital

evolution equation is given by
Kt+1 -~ (1'6)Kt + Igt' 0sé§s1, (5)
wvhere § is a constant rate of depreciation and Igy is gross investment.

Financial Structure: The financial structure of the economy adopts one

of two forms. In the first case, free trad~ in foreign financial assets
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is allowed by the government. Here, agents have unrestricted access to
a perfectly competitive, international capital market where foreign
assets A., paying or charging the non-random real rate of return r*, are
exchanged with the rest of the worldd. Thus, in the economy without

capital controls, the holdings of foreign assets evolve according to
Ars1 = TBe + Ag(l+r™), (6)

where TBy is the balance of trade. In the second case the government

permanently restricts foreign-asset accumulation to a predetermined

target A. Here the evolution of foreign assets is described by
At+1 - A. (7)

In this case, the balance of trade after the date in which the policy is
implemented is given by TBe=-r*A.

In both versions of the model, the combination of domestic
production with foreign borrowing, or savings, results in an aggregate
resource constraint according to which domestic absorption plus the

balance of trade cannot exceed GDP net of adjustment costs®:

Cp + Ige + TBy < expler) K& Lel @ = (8/2) (Keyp-Ke)2. (8)

The cost of adjustment included in (4) and (8) indicates that the
total cost of altering the capital stock increases with the size of the
desired adjustment, and hence it implies that investment changes are to
be undertaken in a gradual manner. This formulation of the technology
also assumes that the domestic economy is a small participant in the

*

world capital market, so that the interest rate r  is regarded as an
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exogenous variable.
2.2 stochastic Equilibrium and the Dynamic Programming Problem.

The Free-Trade Economy: The dynamic equilibrium of the unrestricted
model is represented by a set of state-contingent decision rules for
consumption, labor supply, capital accumulation and foreign-asset
accumulation that maximize (1), given Kg, Ag and ep, subject to (4)-(6),
(8), the intertemporal solvency restriction and the usual non-negativity
restrictions on K, L and c’. The time-recursive structure of the
Stationary Cardinal Utility function simplifies the analysis and
solution of the intertemporal optimization problem because it implies
that dynamic programming techniques can be applied.

In each period, the state of the economy can be fully described
once K¢, Ar and ey are observed. Given this information, along with the
knowledge of the stochastic process that governs the evolution of the
disturbances, individuals choose K¢41, At4]., Cr and L so as to solve

the following dynamic programming problem:
A
V(Ke,Ap,e5.) = max { (L-7)°1 [(Cp - Le/wa)l-T - 1) +

exp[-8 Ln(l+C¢ - i\-(:“’/W)]l[é’i’er(Kt:-c-lsAt:+1-er(:+1)] ),
(9)

subject to
Ceg = exp(est)Ktaatl'“ - Kes1#tKe(1-6) - (¢/2)(Kt+1-xt)2 + (14r*)Ag-Agyl,

where

A .
Ly = argmax ( exp(est)KtaLtl'“ - L% ).
Le
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The symbol xg,, for s,r=1,2, denotes the one-step conditional transition
probability of the next-period’'s technological or real-exchange--ate
disturbance. These transition probabilities must satisfy the conditions
that Osxgp<l and xg)+rgo=l for s,r-1,2.

In order to preserve tractability, the stochastic structure of the
shocks is simplified by introducing a two-point Markov process. Thus, at

any date in time, the shocks can only take one of two values
eteE-{el,ez}. (10)

Furthermore, it is also assumed that the transition probabilities and
the shocks themselves are symmetric: x]]=m32=r and ele-e?-e. Therefore,
the asymptotic standard deviation, o,, and the first-order
autocorrelation coefficient, pe, that charac.erize the stochastic
process of the disturbances are determined by og=e and pe=27-1
respectively.

As in chapters II and I1I, the values of the parameters vy
(coefficient of relative risk aversion), w (1 plus the inverse of the
intertemporal elasticity of substitution in labor supply), a (capital’'s
share in output), § (depreciation rate) and g (the consumption
elasticity of the rate of time preference), are selected using long-run
averages of actual data, the restrictions imposed by the deterministic
steady-state equilibrium of the model and also by attempting to

approximate some of the estimates obtained in the relevant empirical

literature. These structural parameters are assigned the following
values8:
a=0.32, p=0.11, +¥=1.6, &é=0.1, w=1.455 and r*=0.04, (11)




The model is calibrated by adjusting the value of the free

parameters &, e and x to replicate a subset of the observed sample
moments calculated with detrended post-war Canadian data. The first
parameter 1is selected so as to mimic the volatility of private
investment, and the second and third are determined so as to replicate

the variability and first-order serial autocorrelation of GDP.

The Restricted-Trade Economy: The equilibrium of the restricted-trade

model is characterized in a similar manner as in the free-trade model,
except that foreign assets are not a choice variable and (7) replaces
(6) because of the capital controls being implemented. The dynamic
programming problem defined in (9) is modified to incorporate the
restriction that Ag,] must equal A in every period. All other elements
of the problem remain the same. In fact, this problem is equivalent to
the one that characterizes a closed-economy real business cycle model,
except that a constant equal to the trade-balance target is added into
the iesource constraint. Also, since the restricted model is used to
evaluate the effects of imposing different trade-balance targets -r*a,

it adopts the same parameter values used to calibrate the unrestricted

model.
3. The Unrestricted Economy: Free Trade.

In order to utilize the unrestricted model as a benchmark for the
evaluation of the effects of capital controls and trade-balance
stabilization policies, it is important to establish first how useful is
it as an accurate description of a real-world small open economy.

According to Lucas (1976) and (1987), a useful model for policy-analysis
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purposes is one that fits historical data while it also separates those
elements of economic decision-making that are altered by the policy from
those that remain unchanged. Thus, a useful model must replicate the
properties of ob.erved time series and must also capture the ability
that agents have to modify their behavior as the environment changes.
The latter property is obviously satisfied by the mcdel studied here,
since it allows individuals to reformulate their optimal intertemporal
plans as policy changes are introduced. The task of this section is to

enquire whether the first property is also satisfied by undertaking the

calibration exercise mentioned earlier and by briefly discussing its
results.

The numerical solution of the model follows the methodology
suggested in Bertsekas (1976). This techique has been employed by
Sargent (1980) and Greenwood, Hercowitz and Huffman (1988), and is also
the same procedure employed in Chapters II and III of this thesis. The
procedure, which is briefly summarized in the appendix, is based on
performing iterations on the value function (9) using a discrete grid of

admissible values for domestic capital and foreign assets, along with

the two-point Markov structure of the shocks. Since in this case
welfare measures are to be considered, the iterative procedure is
performed until convergence of the value function is achieved. The
state-contingent decision rules for capital and foreign-asset
accumulation, associated with the solution of the functional equation
(9), are used to calculate the exact stationary joint probability
digtribution of the state variables of the artificial economy. This

probability distribution is in turn utilized to calculate first and




second order statistical moments that can be compared with those

observed in the actual data, establishing in this manner the ability of
the model to mimic observed time series.

The unrestricted model of the small open economy is calibrated
setting the parameters og=1.285%, pe=0.41 and $=0.023. The statistical
moments for both this free-trade artificial economy and the actual
Canadian data are listed in Table 1. A graph of the stationary marginal
probability distribution of domestic capital and foreign assets is
produced in Figure 1, and another graph depicting the marginal limiting
distribution of the capital stock is presented in Figure 2.

By comparing the moments of variability, persistence and comovement
listed in Table 1, it transpires that the free-trade economy delivers an
accurate characterization of the observed stylized facts?. First, the
model mimics the observed ranking of variability of all the aggregates
listed, approximating closely the percentage standard deviation of each
one. Second, although the model exaggerates the GDP correlations of
consumption, savings and labor, it reproduces a similar pattern of
procyclical and countercyclical movements as that observed in the data,
as well as the correlation between savings and investment19, Third, the
model is alsc capable of partially approximating the ranking of the
first-order serial autocorrelation coefficients, except that it
underestimates the persistence of investment and the trade-balance-
output ratio.

It is particularly important to notice that this benchmark model
possesses the ability to replicate some of the moments that characterize

foreign interest payments and the ratio of the trade balance to output.
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Table 1

Statistical Moments: Canadian Data and Benchmark Economy®.

Canadi:n Data Benchmagk Economy

Variables 1946-1985 Free Trade

(P (Ine  (IIn¢ (I)* (I1)°  (II1)¢
1) GDP 2.810 0.615 1.000 2.807 0.614 1.000
2) GNP 2.950 0.643 0.995 2.864 0.616 0.994
3) ¢C 2.460 0.701 0.586 2.140 0.688 0.943
4) S 7.306 0.542 0.662 5.635 0.602 0.923
5) I 9.820 0.314 0.639 10.028 -0.045 0.554
6) K 1.380 0.649 -0.384 1.364 0.705 0.59%
7) L 2.020 0.541 0.799 1.929 0.614 1.000
8) -r*a 15.250 0.727 -0.175 15.672 0.971 -0.046
9) TB/Y 0.019 0.623 -0.129 0.019 0©.018 -0.019

CORR(S,I) = 0.434 CORR(S,I) = 0.585

*The data are measured in per-capita terms of the 15+ population,
logged and detrended with a linear quadratic time tremd. 1)-3), 5) and
8) are the totals from the national income accounts in 1981 dollars. 6)
was obtained from the end-of-period net stocks of fixed non-residential
capital in manufacturing and non-manufacturing industries, in 1981
prices. The labor data is an index of man hours worked by paid workers
with 1981-100.0. Savings in 4) is generated as investment plus the
trade balance surplus. The source of all is the CANSIM data retrieval.

PpPercentage standard deviation, except 9 which is not in percent.
“First-order autocorrelation coefficient.

dCoefficient of correlation with GDP.
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These results indicate that individuals in the artificial economy
rationally choose to participate in the world’s capital market in a
manner such that their holdings of foreign financial assets exhibit
15.7%4 standard deviation, 0.97 first-order autocorrelation and -0.05
correlation with domestic output. These moments are consistent with,
and indeed the result of, lifetime utility-maximizing decisions, and
therefore they represent an economic environment in which welfare is
maximized.

The rest of the paper studies what happens when the free-trade

environment is modified by a government that dislikes the fluctuations

in asset holdings and the balance of trade, and imposes capital controls
in order to eliminate them or to achieve larger trade surpluses. Since
the free-trade benchmark economy is not affected by distortions such as
those introduced by labour-income taxes, the theoretical results of
Aschauer and Greenwood (1985) follow, and hence capital controls and

trade-balance targets will necessarily reduce welfare.
4, Restricted Artificial Economies: Controlled Trade.

The previous section provided evidence illustrating that the
unrestricted model is a useful benchmark for the purposes of long-run
policy analysis. The goal now is to investigate the effects of
introducing a policy that restricts foreign-asset trading in order to
stabilize the balance of trade at some target level. This policy is
enforced by imposing a tax, or subsidy, on foreign interest income. The

revenue from this tax is rebated to agents through lump-sum transfers.

This section begins by studying the effects of the policy on economic
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activity, as expressed by the resulting changes in some of the
statistical moments of the main macro-aggregates. The welfare effect of
the policy is then analyzed by looking at alternative welfare measures,
based on compensating variations of stationary consumption paths that
correspond to lifetime utility-maximizing values. This section
concludes by considering the feasibility of the policy, which is studied
by computing the tax-strategy that the government must follow to

successfully achieve its trade-balance target.

4.1 Capital Controls, Trade-Balance Targeting and Economic Activity.

The effects that a policy of imposing capital controls to stabilize
the balance of trade can cause on economic activity are uncovered by
numerically solving the policy-restricted version of the model. As
discussed in section 2, the policy takes the form of a restriction on
foreign-asset accumulation according to which Agy1=A for all t. The
solution method to be applied is the same, except that the domestic

capital stock is the only choice variable and the model does not have to

be calibrated. Note that, although the grid of possible initial values
for the holdings of foreign assets includes the same elements as before,
it collapses to the single point A exactly one period after the policy
is implemented. Alternatively, the target value of foreign assets could
be allowed to depend upon the state-of-the-world, so that the same
methodology could be used to study a somewhat less realistic situation
in which the capital controls were state contingent.

In order to obtain a more complete evaluation of the effects of the

policy on economic activity, four different strategies have been
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considered. In the first case the government simply picks A so as to
stabilize the balance of trade at its mean value observed in the
benchmark economy. In the other three cases, A is adjusted so as to
deliver trade-balance surpluses approximately 12%, 30X and 60X higher
than the average obtained in the free-trade economy. Recall that, once
capital controls are introduced, balance-of-payments equilibrium implies
that the value of A is linked to the trade balance by the equality TB=-
r*A. Thus, a large long-run trade surplus is associated with a high
level of foreign debt because sufficient net exports must be generated
to meet the debt commitment.

Panels A-E of Table 2 l‘ist the means, standard deviations and GDP
correlations of the variables in the benchmark economy and in each of
the four restricted economies. The long-run effects of the policy on
economic activity are analyzed by comparing the moments of the
unrestricted economy with the moments of the restricted economies. The
general result obtained from this analysis is that capital controls, as
a means of stabilizing the balance of trade at some target level, do not
have substantial effects on various indicators of economic activity.

Consider first the average values listed in column I of each panel.
As can be observed, the policy in question has minimal effects on the
mean values of all non-controlled variables. Although the results
indicate that the average of each aggregate, except consumption,
increases slightly as the trade-balance target is raised, these
increments are relatively small. Furthermore, the largest drop in

average consumption that the policy can cause is only 0.5%, and that

occurs when the trade-balance target is set 60% higher than the mean
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trade-balance of the benchmark economy. In fact, as column I in panels
A and B shows, if the government concentrates only on stabilizing the
balance of trade at the level it has in the free-trade economy, the
average values of all aggregates are practically the same as in the
benchmark economy.

The standard deviations listed in column II of each panel
illustrate two findingsu. First, when capital controls are introduced
to stabilize the balance of trade at its mean value in the benchmark
economy, the only noticeable changes in the variability of the
aggregates affect savings, investment and the domestic capital stock.
Since in the restricted economy changes in savings are equivalent to
changes in investment, the standard deviation of these two variables is
identical. Restricting foreign-asset trading reduces the standard
deviation of investment from 0.034 to 0.017. In contrast, the
variability of the domestic capital stock increases from 0.046 to 0.064.
These changes are consistent with the fact that, by controlling the
option of using international trade as a means for the optimal
intertemporal allocation of consumption through the cycle, the
government forces the dynamics of investment and the capital stock to
behave as in a closed economy. Changes in K must now respond to
consumption-smoothing and consumption-substitution effects, instead of
depending on fluctuations in the relative returns of capital and foreign
assets. Therefore, movements in capital accumulation face an increasing
supply price of the capital stock, and hence the variability of
investment is smaller than what it is in a small open economy -where the

supply price of capital is a constant at the level of the world’s




interest rate r*.

The second finding that transpires from comparing the standard
deviations is that increasing the trade-balance target, or rsducing the
value of A, does not affect the variability of the aggregates, relative
to the situation where trade is stabilized at its average value in the
benchmark economy. Thus, the standard deviation of the variables
appears to be independent of the size of the desired adjustment in the
balance of trade.

The correlations with domestic output listed in column III of
panels A-E illustrate similar observations as the standard deviations.
First, when controls are introduced to stabilize the balance of trade,
the only noticeable change is that the correlation between investment
and output increases substantially from 0.554 to 0.939. This is
justified because, as discussed above, changes in savings have to be
undertaken by changing investment, and also because the disturbances
considered are not large and persistent enough to cause strong
consumption-substitution effects. Thus, investment is essentially used
as a means to smooth consumption, and hence it exhibits high positive
correlation with domestic output. The second observation is that the
GDP correlations also appear to be independent of the size of the trade-
balance surplus target.

_ Since the only moments that seem to be affected by the size of the
trade-balance target are the means, it is possible to conclude that the
policy under consideration has the effect of shifting the stationary
distribution of K and e without affecting its variance. This conclusion

is reaffirmed by the graphs of the marginal limiting distribution of the
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capital stock produced in Figures 3-6. Increasing the trade-balance
surplus target displaces the distribution of the domestic capital stock
rightwards, without noticeably affecting it in any other way. The
direction of this displacement results from the fact that a higher
trade-balance surplus reduces consumption in the deterministic
stationary equilibrium, and hence it reduces the lung-run rate of time
preference. This in turn implies that the steady-state capital stock,
consistent with an equality between the marginal productivity of capital
and the rate of time preference, is rising.

To conclude, the analysis of Table 2 suggests that capital
controls, used to stabilize the balance of trade at some target level,
do not have substantial effects in the equilibrium stochastic process of
the economy. Although is true that the dynamics of the system in the
restricted-trade economy work in an entirely different manner, with
investment instead of foreign assets being used to smooth consumption,
the final result is that ouuput, consumption and the supply of labor
behave in almost the same manner. The disturbances that enable the
benchmark model to replicate Canadian business cycles are not large and
persistent enough to allow capital controls to seriously harm the
ability of individuals to smooth consumption through the cycle. The
important question, however, is how much welfare is lost by imposing

this apparently neutral policy. This issue is analyzed next.
4.2 Capital Controls, Trade-Balance Targeting and Economic Welfare.

A set of alternative measures have been formulated in an attempt to

determine the welfare effect of the policy under study. Following Lucas
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(1987), these welfare measures are based on compensating variations of
constant-consumption paths. These compensating variations are
calculated as follows. The solution of the dynamic programming problem
for both the benchmark and the restricted economies includes a solution
for the value function, VY“(K,A,e) and Vr'A(K,A,e) respectively.
Solutions for these two value functions are calculated for each triple
(K,A,e) in the state space KxAXE (see appendix). Using the Stationary
Cardinal Utility function presented in equation (1), it is possible to
write a non-linear equation that spells out a constant-consumption path
that yields the same lifetime utility expressed by each VY(K,A,e) and
Vr'A(K,A,e). Since each restricted economy must imply a reduced level
of welfare, given that they constitute more constrained representations
of a distortion-free envirorment, the level of constant consumption
associated with each Vr'A(K,A,e) is lower than the one that represents
each VUY(K,A,e). The percentage difference between these two consumption
levels, for each triple in the state space and for each of the four
values of A considered, is defined here as a compensating variation.
Table 3 presents four alternative measures of the percentage
welfare loss, based on the compensating variations, for each one of the
restricted economies. First, since given a A there is a V!4 and a yr=A
for each (K,A,e), one can study the compensating variations for each
state of nature. From these point-wise comparisons, the maximum and
minimum percentage welfare losses are listed in columns I and II of the
table. It is difficult, however, to establish an overall judgement of
the long-run welfare effect of the policy by looking at these point-wise

compensating variations, since they vary so much. In fact, maximum
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Table 3.
Long-Run Welfare Effects of Stabilizing the Balance of Trade
Percentage Welfare Loss

% Change in I II III 1V
the Balance MaximumP® Minimum® Ex Ante® Ex Postd
of Trade*®

0 35.00 0.006 0.019 0.008

12 7.00 0.006 0.022 0.009

30 2.15 0.009 0.072 0.015

60 3.29 0.016 0.1386 0.038

8®As a percentage of the mean of the balance of trade in the

benchmark economy.

PBased on point-wise comparisons of the value function for each

triple in the state space.

©Expected percentage welfare loss calculated with the stationary

probability distribution of the benchmark economy.

dExpected percentage welfare loss calculated with the stationary
probability distribution of the corresponding restricted economy.
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welfare losses are always associated with states of nature that have
zero long-run probability of occurrence. For example, in the case where
the trade balance is stabilized at its average value in the benchmark
economy, a 35X welfare loss occurs if the economy happens to be at the
lowest K, the lowest A and the low value of e when the policy is
implemented. But, according to the joint limiting distribution of the
state variables in the free-trade economy, the long-run probability of
starting out from such a situation is infinitesimal (see Figure 1). 1In
general, the largest welfare losses occur when the initial A, at the
date the capital controls are introduced, is driven the longest way to
reach A. But this implies that the initial A must have been located at
one of the extremes of the foreign-asset grid, and thus the odds of
having to implement the policy when the economy is in that particular
situation are null.

More illustrative than maximum and minimum welfare losses are the
welfare measures that condense the information provided by the list of
all the compensating variations and their associated long-run
probability. Two measures of this kind are provided in columns III and
IV of Table 3. Column III presents an expected percentage welfare loss
calculated using the long-run probability of occurrence of each triple
(K,A,e) in the free-trade benchmark economy. This measure is termed the
ex ante welfare lcss because it considers the odds of introducing the
policy when the economy is situated at some triple (K,A,e) in the
benchmark economy. In contrast, column IV lists an expected welfare
loss calculated with the joint stationary probability distribution of

the state variables in each restricted economy. This ex post welfare




o~ R

146
loss considers the long-run probability of the restricted economy being
at some state (K,A,e) and compares the welfare level obtained in this
environment with what similar triples would have provided if trade had
not been controlled.

The ex ante welfare loss appears to be the most accurate to
evaluate the policy because it captures the negative welfare effect
that, on the average, is caused by moving the economy from a free-trade
environment to a restricted-trade regime. In fact, the ex post welfare
loss consistently underestimates the ex ante loss for each value of A
studied. Considering the ex ante measure, Table 3 suggests that the
welfare losses associated to the policy under study are fairly small.
If the government sets A so as to stabilize the trade balance at its
mean value in the benchmark economy, the percentage welfare loss is only
0.019%. Even when the policy is designed so as to achieve a 60X trade-
balance improvement, the loss in welfare measured in terms of constant
consumption is only 0.386%.

The small welfare costs associated with the imposition of capital

controls and the stabilization of the balance of trade identified here

are consistent with the findings of Lucas (1987) for the welfare cost of
business cycles. He encountered that, when the risk-aversion parameter
is set to 1 or 5 and the standard deviation of the log of consumption is
set to 0.013 or 0.039, the largest cost of consumption instability is
about 0.38%12.

The logic that explains why the welfare effects of the policy are

so smzll is also consistent with the arguments of Lucas (1987). The

disturbances that appear to be responsible for post-war Canadian
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business cycles are not large and persistent enough to allow capital
controls to seriously reduce welfare. Risk-averse individuals wish to
insure themselves against the risk of domestic shocks by participating
in the world’s financial market, but since this risk is very small, not
having unrestricted access to the world market does not hurt them very
much. 1In fact, if the productivity or terms-of-trade disturbances are
increased from 1.285X to 2.3% so that business cycles of the order of
5.0% standard deviation in GDP are generated, the ex ante welfare loss
for the case of a 30X trade-balance improvement only rises from 0.072%
to 0.166%. Thus, it appears that fairly large shocks and business
cycles would be required to make a policy like the one studied here
reduce welfare by a large amount. A similar result was also obtained by
Cole and Obstfeld (1988). These authors encountered that, under certain
specifications of tastes and technology, individuals can attain welfare-
maximizing equilibria even when trade in international assets is
forbidden.

It is important to mention, however, that this analysis focuses
only on the role of international trade as a vehicle to optimally
allocate consumption through the business cycle in a representative-
agent small open economy. It does not consider other instances of
international economic relations, such as the role of the transfer and
development of technology in long-run growth and the gains from trade
for heterogenous agents or multi-sector economies with traded and non-
traded goods, in which depriving individuals or sectors from

unrestricted access to world markets could have very harmful effects.

Still, the investigation is a useful starting point because it
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illustrates that, without such considerations, the welfare costs
associated to capital controls and the stabilization of the balance of

trade are quite modest.
4.3 Capital Controls and the Government’s Fiscal Strategy.

The numerical methods applied in this paper can also be utilized to
study the fiscal strategy that the government could follow to
successfully implement the policy under consideration. By charging the
appropriate tax on foreign interest income, and at the same time
rebating it in the form of a lump-sum transfer, the government can force
individuals to always hold the target level of foreign assets A. Under
this fiscal regime, the dynamic programming problem that characterizes
the free-trade economy would include a period-by-period constraint of

the following form:

N
Ce = exp(eSe)Ke®Lel™® - Kegq + Ke(1-8) - (8/2) (Keq1-Ke)2

+ [1+r*(1'17)]At - At+l + Tt' (12)

Where r¢ is the percentage tax on foreign interest income and Ty is a
lump-sum transfer. The government sets Tt-r*rtAt, but individuals take
both the tax and the transfer as exogenously given.

The procedure utilized to calculate the schedule of taxes and
transfers that enables the government to set Ag,)=A, starting from any
initial triple (K.,At,e¢), is the following. The solution of the
dynam’c programming problem of the policy-restricted version of the
model celivers an optimal, state-contingent decision rule for domestic

capital accumulation that is used to calculate the consumption-based




rate of return of a risk-free asset rg:

UT=A(t) /{exp(-v(£))E[UE"Ac(t+1)]) = 1 + r¢. (13)

Here, Ur'Ac(t) is the lifetime marginal utility of consumption at date t
in the restricted economy. This marginal utility includes not only the
instantaneous marginal utility but also the marginal change in the rate
of time preference and its effect on the valuation of expected future
consumption benefits. Next, when interest-income taxes are introduced
into the free-trade economy, optimizing individuals will allocate
consumption so as to equate the marginal rate of substitution between Cg
and Ci4) with its effective intertemporal relative price 1+r*(1-rt).
Therefore, considering that (13) determines the intertemporal relative
price of consumption that must prevail in the free-trade environment if
Ary1 Is to be set at A, it follows that when the government sets r¢ so
as to make 1+r*(1-rt)-1+rtv it will succeed in implementing the desired
policy. This implies that the government’s fiscal strategy is to set
rt-l-rt/r* and Tt"tr*At- By rebating the proceeds of the tax in the
form of a lump-sum transfer, this fiscal strategy ensures that no
alterations in the value of initial wealth are caused, and hence that no
other changes in the behavior of the aggregates than the ones discussed
in 4.1 will take place.

Clearly, since ry depends on the initial state (K¢,A¢,e¢), the tax
or subsidy that needs to be charged or paid is also state contingent.
Thus, although the individuals take the tax rate as given, this is in
fact a random variable. Table 4 presents some of the statistical

moments that characterize the stochastic process of the schedule of
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taxes on foreign interest income for each A target. Graphs illustrating
the complete tax schedule for the cases of 30X and 60X trade-balance
improvements under favorable and unfavorable disturbances are produced
in Figures 7-10.

The mean values listed in the first row of Table 4 suggest that the
average tax rate increases with the size of the desired improvement in
the trade-balance surplus. If the goal is to stabilize the balance of
trade at its average value in the benchmark economy, so that in fact A
is at the center of the marginal limiting distribution of foreign assets
in the free-trade economy, the average tax rate is close to 0X. As the
capital controls are tightened, the mean tax rises gradually to reach
about 3% in the case that a 60X trade-balance improvement is desired.
Thus, on the average, the taxes or subsidies required to enforce capital
controls and stabilize the balance of trade appear to be small,
regardless of the desired trade-balance goal.

The analysis of the average tax rates contrasts with the tax rates
that Figures 7-10 illustrate. The reason is that these graphs depict
the required tax, or subsidy, that needs to be imposed to implement the
policy starting from every possible initial state of nature contained in
the state space. For example, if in the case that a 60X trade-balance
improvement is desired the economy starts at K=3,65, A=-0.23 and
experiences a favorable productivity shock, Figure 7 shows that
approximately a 63% tax rate must be imposed. However, these large
taxrates need only be imposed for one period, because the next date the
economy :tarts at A=A=-1.14 and will never deviate from this coordinate

in the foreign-asset-holding grid. 1In the long run, only points where
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Table 4.
Statistical Moments that Characterize the Stochastic Process of

the Foreign Interest Income Tax.

Percentage Change in the Balance of Trade*

Statistical I I1 111 1V
Moments 0 12 30 60
Mean -0.0002 0.0054 0.0145 0.0292
Standard Deviation 0.1672 0.1681 0.1690 0.1704
First-Order

Autocorrelation -0.0691 -0.0712 -0.0729 -0.0758
Correlation

with GDP -0.1403 -0.1294 -0.1173 -0.0932

8As a percentage of the mean of the balance of trade in the
benchmark economy.
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A=A have non-zero probabilit)y u.i occurrence, so that the one-time large
taxes or subsidies have no effect on the statistical moments reported in
Table 4. In fact, as the four graphs illustrate, around the area where
A=A, the schedule of taxes is always relatively flat and close to zero.
The standard deviations and first-order autocorrelation

coefficients reported in Table 4 indicate that the limiting distribution
of the foreign interest-income tax approximately preserves its
variability and persistence as the trade-balance target is raised.
There is, however, a tendency for the standard deviation to increase by
a very small amount and for the first-order autocorrelation coefficient
to fall slightly. In general, the standard deviation appears somewhat
large, compared with that of the macro-aggregates listed in Table 2, but
the serial autocorrelation is very close to zero in all four cases
reported.

The output-correlation coefficients listed in the last row of Table
4 indicate that the tax exhibits weakly countercyclical behavior. This
result appears to follow from the weak countercyclical time-path of the
trade balance in the benchmark economy (see Table 1). The negative
correlation between r and GDP increases from -0.14, in the case where no
trade-balance improvement is planned, to -0.09 in the case where a 60%
improvement is the goal.

This analysis of the government’s fiscal strategy suggests that, in
the long run, the authorities can achieve their goal of restricting

foreign-asset trading to stabilize the balance of trade in a relatively

easy manner. Although some high taxes or subsidies may be needed

initially, in the stochastic steady-state the tax on foreign interest
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income has a low mean, a constant variance, is almost serially

uncorrelated and exhibits weakly countercyclical behavior.

5. Concluding Remarks.

This chapter analyzed, within the context of a dynamic stcchastic

model of a small open economy, the macroeconomic effects of a policy

that utilizes capital controls to stabilize the balance of trade. The
effects of this policy on economic activity and economic welfare were
determined by employing numerical techniques recently applied in closed-
economy dynamic macroeconomic models. The same numerical methods were
also used to study a fiscal strategy that would allow the government to
successfully implement its policy.

The quantitative results indicated that the policy considered has
almost no effect on the equilibrium stochastic processes that describe
output, consumption and the supply of labor. The dynamic processes of
savings, investment and the capital stock are significantly altered,
however, because once foreign-asset trading is restricted, the domestic
capital stock is the only vehicle that can be used to reallocate
consumption intertemporally. The analysis also determined that the

policy has minimal welfare effects, measured in terms of percentage

changes in constant-consumption paths. These results suggest that the
kind of productivity or terms-of-trade disturbances that explain
observed business cycles in post-war Canada, according to the model, are
too small and transitory to allow the policy to cause large changes in
both the evolution of some of the macro-aggregates and the level of

welfare. The analysis of a feasible fiscal strategy that forces
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individuals to hold the targec level of foreign assets suggested that
the policy under consideration can be implemented in a relatively easy
manner.

These results proved to be robust to changes in the desired target
levels of foreign-asset holdings and the surplus in the balance of
trade, and they also appeared to remain relatively unchanged for
business cycles in which output is almost twice as variable as in the
actual data. Thus, it is concluded that much larger disturbances and
business cycles would be required for capital controls and trade-balance
targeting to cause large effects on economric activity and very harmful

effects on economic welfare.




APPENDIX

This appendix describes the method used to solve the dynamic
programming problem and calculate the stationary probability
distribution of the restricted and unrestricted artificial economies.
The dynamic programming problem is solved following a procedure
suggested in Bertsekas (1976) and employed by Sargent (1980) and
Greenwood, Hercowitz and Huffman (1988). This methodology takes
advantage of the contraction property of value-function iteration and
uses a discrete grid of points to approximate the state space. In this
case, two evenly-spaced grids containing the admissible values of
domestic capital K=(Kj,...,Ky} and foreign assets A={A1,...,AN} need to
be defined. Thus, the initial state space of both artificial economies
is given by the set KxAXE that contains 2MN elements13,

The next step in the solution process is to construct an algorithm
that performs successive iterations in the functional equation (9). The
algorithm iterates on (9) starting from the initial guess V(K ,A¢,e¢) =
0, using the set of numbers included in KxAxE. Since the mentioned
functional equation will typically behave as a contraction mapping, the
sequence of iterations converges to a function that solves the equation
(i.e. the -alue function). In cases where welfare measures are not
needed, che iteiration process can be stopped when the sequences of
optimal state-contingent decision rules for domestic capital and foreign
assets converge.

The decision rules that result from the solution of the functional
equation are combined with the conditional probabilities =g, for
s,r=1,2, to define the one-step transition probabilities of moving from

157
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any initial triple of domestic capital, foreign assets and the
technological disturbances to any other such triple in one period.
These transition probabilities are condensed in a matrix P of dimensions
(2MNx2MN), which is used to calculate the stationary probabilities of
each triple of K, A and e. The long-run probabilities are calculated by
iterating on the sequence pl-poP, where po is an initial-guess vector of
dimensions (1x2MN) and pl is a vector of identical dimensions that is
used as the new guess in the following iteration. These iterations
eventually converge to a unique fixed point p*, which is the joint
limiting probability distribution of K, A and e that characterizes the
stochastic steady-state of the economy. This probability distribution
is used to compute population moments of wvariability, comovement and
persistence of all endogenous variables in both versions of the model.
The solution of the model in the case of the artificial economy
where capital controls are in place is simplified because the capital
stock is the only choice variable. In the first period, when the
controls have just been introduced, the economy may start from any point
in KxAXE, but after that date the state space collapses to KXAXE, Thus,
the decision rule with respect to foreign-asset holdings is
predetermined to be A at any date. As a result, the long-run
probability distribution of capital, foreign assets and the shocks is
concentrated in the coordinate where A is found (see Figure Al for the
case of a 0% trade-balance improvement, where A is the llth point in the

A grid).
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The information set needed to formulate the rational expectation
defined in (1) is discussed later in the text.

Frenkel and Razin (1987) explore in detail how a well-defined
steady-state equilibrium can also be obtained by assuming that
agents face a positive probability of dying each period, instead of
using the endogenous rate of time preference.

The functions (2) and (3) were formulated so as to satisfy the
conditions from Theorem 5 in Epstein (1983). This theorem proves
that the Stationary Cardinel Utility satisfies the requirements of
dynamic programming and makes consumption in any period behave as a
normal good. Since consumption in the present model can be
redefined in terms of the composite C-G(L), it is easy to show that
Theorem 5 continues to hold. Also, Theorems 3 and 4 by the same
author established that the same conditions, added to either a
neoclassical production function or a linear technology, are
sufficient to guarantee the existence of a stationary limiting
distribution of the state variables.

The relevance of capital-adjustment-costs in small open-economy
real business cycle models was explored in Chapter III. If capital
accumulation does not bear explicit adjustment costs, the desire of
individuals to equalize the expected marginal-utility-weighted
rates of return paid on domestic capital and foreign assets causes
investment in the artificial economy to exhibit too much
variability and too little comovement and persistence, relative to
actual moments.

The assumption that r* is non-random is introduced for simplicity,
but is not a trivial one. A fluctuating interest rate introduces
additional consumption-substitution and consumption-smoothing
effects, However, interest-rate shocks with less than 5% standard
deviation did not have a significant impact in the moments that
characterize the equilibrium process of the unrestricted economy.
This is because, as formallv’ shown in Chapter I, the income and
substitution effects caused by shocks to r* are very weak as long
as these disturbances are small and stationary, the interest rate
is low and foreign-interest income is a small component of total
output. In the present case, the interest rate is set to 4% and
Canadian foreign-interest payments are only 2% of GDP.

This specification of the financial structure ignores the role of
international trade in contingent claims as a form of risk sharing.
However, the introduction of a risk-less international asset still
allows individuals to ensure themselves against the risk of
fluctuations in domestic productivity. Furthermore, recent
findings by Cole and Obstfeld (1988) suggest that, for certain
specifications of preferences and technology, the competitive
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allocations are independent of the completeness of international
financial markets.

7. Although Chamberlain and Wilson (1984) showed that solvency
restrictions may take complicated forms in stochastic models, in
the numerical investigation performed here the conditions from
Theorem 4 in Epstein (1983) were successfully utilized to enforce
long-run solvency. In this case, these conditions are:

exp(v(0)] < 14r* and Lim(c-g(L))~w®XP[V(C-G(L))] > 1+r*.

Long-run solvency has been verified by noting that the stationary
probability of setting foreign-asset hcldings below -1.14 is
infinitesimal. Thus, the usual solvency requirement that
Limt_..,[At/(1+r*)t]-0 holds for every A, that has non-zero long-run
probability of being reached from any initial triple (Kg,Aqp,eq).

8. The parameter a is determined with the long-run average of the
ratio of labor income to net national income at factor prices, §
has the value commonly used in the real business cycle literature,
w is in the range of the estimates of the intertemporal elasticity
of substitution in labor supply (1/(w-1)) obtained by MaCurdy
(1981) and Heckman and MaCurdy (1980,1982), r* is set to the value
suggested by Kydland and Prescott (1982) and v is in the rank of
the estimates obtained by Hansen and Singleton (1983) and Friend
and Blume (1975). The value of B is determined using the long-run
average of the GNP/GDP ratio and the other parameter values, so as
to ensure that in the deterministic steady-state the rate of time
preference equals r*.

9. A detailed analysis of the ability of the free-trade model to mimic
and explain Canadian business cycles was carried out in Chapters II
and III.

10. The model predicts almost perfect positive correlation between C, §
and GDP because the small open-economy assumption, along with the
non-random interest rate, eliminates the intertemporal consumption-
substitution effect. Also, L exhibits the same persistence and
output correlation as GDP because of the Cobb-Douglas structure of
the production function and the instantaneous-utility and time-
preference functions defined in (2) and (3).

11. Standard deviations, instead of percentage standard deviations,
have been considered in order to cancel the effects of changes in
the mean of each variable that do not affect their variance.

12. The analysis by Lucas (1987) was performed by imposing a stochastic
consumption stream, with trend and cycle components, to an
isoelastic, time-separable utility function.

13. The numerical simulations were carried out using an ETA-10P
supercomputer with a Vector-Fortran compiler. K contained 45
elements and A 22, so that the state space KxAXE included 1980
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combinations and the state-transition probability matrix contained
19802 elements.
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