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ABSTI:ACT. .

-

Approximhtions are obtained for MHD channel flow confiqura;.
6
tions where the electrodynamlc (Loren;z) forces are larvge’

“

compared ‘'with viscous forces, and the boundary walls ~are

hlghly conductlng.‘ 1;; systematlc boundary layer method oi '/)”

r, 3

matched asymptotlc expansions has been employgd The major
’ .

2 )\ . RN
“results obtained herein are: ) ot

.

-

“ . i . . . ) . >
(a) A demohstration, by means of adbroximate
layer solutioﬁs, that a 01rcular tube with co
walls requires the. solutlon of three boundary layers d;

»
whereas the tube'w1th,1nsulat;ng walls requires pnly

L]

two boundary layere,‘at'ledsr to firet order.
The mass flow,. tq gecond order in.a circular rube‘
R <o | ETY .o : - v
~with walls of arbitrary conductivity.
. , e .

»

An explicit 'solution for the,parabblic or obscure layer

for a circular tube with arbitrary\wall conductivity and

= Lo ' * ! I =
an estimate of the flow deficit in’ this layeér.
.8 - ' .
An approximation for the rectangular duct corner
- h . r I . s,
region in the_rmportant casé when the walls paralle;_
v, . -
to the applied field are highly conducting, and the
o . ’ . ) .

perpendicular wa115'insu1£ting,"is obtained. An
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Echahnel is a Q:anch of magnetohjdrodynamiqsQwhﬁch

‘of the fluid (smrcliff (1)), A recent £1ow

ug

L3

’mRonu‘c:TION , c e :

~ ) . o, [
2 . v ] _ ) . -
Due to Faraday's.law of ifhduction, .the motion of
N . e '\ R R ) :0
an elé&ctrically conducting fluid dcfoss a magnetic-

field causes eleétric cugrenis'to flow. The mag-

°
LN

netic fields aéﬁf;}ated with these @ufrenis modify
L€ 1 , ) Oy
1

the magnétic field which created them and inter-

action ef the electric currents with the'maénétie
. ‘ ]

field causes-torenté forces which modify Ehe fluid
N [} .

flow. ~Magnetohydrodynam1cs (MHEDY is the study of

*

thf% interaction between hydrodynaqic and electro—

»

dynamic effegts. MHD flow through a tube or

-

o 7 LY

has interesting practicad ;applicaticns. -
An Ling practica .
. . o . ’

v ¢ . . ' . L =

MHD éhannel flow‘éfféctS'h§Ve been appiied.éo £low
' a

d

meters for conductlng fIUldS (bloog for examﬁle)

where the induced potentlal gradlent prov1des a

o

LAl -
direct measure of’ flow rate-w1thout contamlnatlon 7,

- ] *
L] \ ‘
meter application, &n:MHD angular rate sensor

reported by quss (2),.con51§ts of a mercury
VUt ¢ . e - , - .
to;us-angula; accelerometer spun at 12,000 rpm

B . ,
about an axis in‘the plane of the ‘torus. °A

.rate orthogonal tgtthe spln ax15 results .in "a

+

periodic flow. Measaremeng of the amplxtude




« . % .‘ ’ S } o
@ ;“, L . ‘ . i .~ I . ) o @
and phase of the ‘induced potentials proﬁideeia' -

. i + T o ’ 3 o

fu

measure of the angular rate ab@uﬁ‘the two axes .
° W S T h s ’ e
orthogonal to‘ebe spin axis.
- g -

- . i>3 . - B ,‘n ) f
MHD pumps, in which the Loremntz force replaces

. . ' . - s .,
mechanical impellers, have beir employed fote
moVingﬁcorros}ve conducting fliids s8ch as T.T v .

iiquid sodium coolafts in nﬁalear'reaq;ofe.; A,

»

‘spacecraft appllcatlon of the MHD pump wHich js
o 4
perhaps worthy of, con51derat10n, would consist
Lo er - . Y
concep&hal}y=of ‘a torus of mercury about the

- - @ »

perlphery ofothe qpacecraft and performlng

]

trlple duty as a reactlgn wheel for attltude

~ [y & 1 -

stablllzatlon during three axis sgablllzed S R
. . . . R < . v.
phases, as d heat exchangef to- transfer heat -~ -

- L e % © ¢ ) e

H B R I
'

from internal dissipetiﬁgccompenentsbto p .

- § R
o ° . - -

ékternalcradigtors,-and as a paﬁsive lor
@ctlve) nutatlon damper durlng spln stablllzed ‘ T

.phases.. As well as pe:forﬁlng three functhds'

u51ng a 31ngle component ‘with a potentlal ,% . -

‘weight SaVlng.the Lack of a mechahlcal weadet, .

' ¢

JQF?Chépism coq%? cesulgpin a higbhr?i}hhil{:zﬁ, ‘. .';
for long life spaéédfaft. o ST ,

IS

-

N ’
2 °~ . °

¢, T .

., The majOr areﬁ for appdlcatlon of "MHD channed
flows is in the development oflMHD power gene‘a-

tion technology‘thch ‘has promise of a f;fty per- .
n '] ” v
\ g

- - - L}

) 3




" cent 1nc59ase in ‘fuel efflclency 0ver conventlonal

"~

1

T

_'thermal-generatlon methods (3)3- The worklng fluld

in th;s case 1is normally a high temperature gas’

®seeded with conducting material and forced to

.

- s
[ ! ‘

expand through-a duct with' a .strong FFansverse

-

magnetic field applied. The theoretical stugdy of

* these high temperature-gaseous MHD, flows is
S .

J

o -
formidable indeed and even the. simplest steady
_inéompresgible ¥lows*have presented significant

o~ @ -y

mathematlcal dlfflcultles. It is expected,
Co —

however, that some 1nsight 1nto the more complex a

"flow configurations may be gained through an.l

L]

understanding of the éimpler flows.,

. - =
hd [ .
. o R .
. .

. bl -

. In general, englne?ra.ng feaslblllty_ studles ’.

and deta11 design act1v1t1es are greaFly facl-

®

11tated when 51mple expressions are avallable

relating major parameters ‘to one ano{her.,';ﬁ
1

the application of MHD channel flows, readily’

available approx1$atlons are highly de51rable
for quantities such as flow rate,'pbwe; cohég
suméd or generated, or wall potentials. ,Sﬁch’
approximations are‘ooseﬂ!he to obtaih using . ri

bounéary layer'methods in rhe freduent practical‘ .

- . = . . *
situation whete the electfodyhamic (Lorentz) 7
forces are large compa th viscous forces,
which is the situation o

N\

7




-

3

An illustration of: the duct'configuration is shown

in Figureql.l. The object is to obtain the fluid

n

veloc1ty and induced magnetlc fleld profiles

~

throughout the duct The governlng equatlons-are

a set of deceptively simple appearing coupled
linear elliptic equations. The interesting solu-"

tions ogcur with large maqnetic fields and highly

L
-

- conductlnq fluids 1n whlch case Lorentz forces are

L4

large compared with v1scous,fprces. Singular

‘pertutrhation techniques in‘the form of "Matched
- .

Asymptotic Expangions" have been successfully used

.for most of the known approximate solutions.
ThlS approx1mat10n technlque is phy51cally motl-

vated as a result of, thln boundary layerﬁ wh1ch
. | . ‘ )
form along the walls. o . ‘

a

»
- - ’ ,
v v <

~ - ’ Y -
Insulating wall approximations are now reasonahly

. well understood‘and the significant parameters
. o .

ray | be calculated with relatlve ease. ‘These

'flows are characterized by a Large value for the

Hartmann number M defined as B_ L (Vfﬁ)llz ‘Bo;

»

L,G' /0 and'Q belng the applled ‘magnetic, fleld seale " e

‘length, fluid conductivity,’density and’ kinematic

viscosity This non—dlmen51ona1 number is a measure of

- 0

the ratio between Lorentz forces and viscous forces.

-~

In,the simplest case ofaflowubetweén plane parallelﬂ

o

walls, Hartmann (4):obtained solutions which are

l

¥

Y]




‘ [N
g O , | |
¢ characterlzed by two dlstinct flow regions, a core

in which the dependent varlables are relat1Vely
slowly .varying and-thin boundary layers along the

walls where_the iluid velocity and induced fhag-

1 . . .
netic field vary rapidly. A°simijqr divisidn of

the flow also ocqgrs w1th closed ducts and in this
s
case up to three dlfferent types of boundary layerag

N A
occur with°the type of layer dependent on theoangle°

beQeen the applied field a,nd the bou,ndeary wall.

. o P
& /] ¢ .
B o .

4

ghe division of fhe flow referred to above is as

result of the magnetic forces,dominating the viscous
. G 3 - °

forces over most of the duct. - Itr;s only near :
¢

boundarxes or within regrbns of Jdarge shear thaé

the viscous. forces are°comparabl@nto thé magnetdic
0. - - e e ’ . s ‘ ‘

forces. = A variety of such,shear layers may oceur

+

2

Ty -

and may be c1a551f1ed accordlng to the dlrectloﬁ of

‘o

o

® " the applled magnetlc flelf w1th1n the layer and thea

©

electrlcal or geometrzc nature of the walls 1q;ersec_‘

o -
L -]

ted by the magnetlc fleld.c A revzew of several eon-

» ¢

flguratlons is glven by Hunt and Shencllff (5) .

- W [ <
: ; Y .
- P v > - o &

* v 13
o . e . s -
0 P . < - . © . L < L
P

Qne of thé more 1nterest1ng bwowdlmen51ona1 sxtuatlohs'

L
w1th,a unlform transvense fleld occurs whep the fxeld

A G

Jines, 1ntersect hlghly éonductlng walls w1th Lnsu—° "

latlng walls parallel°to tﬁe fleid; Jln leucaseaa=




o

high spéed boundary layer existg along the insulating
wall and reverse flow occurs (Temperley anéﬂTodd [16]).
L) . - - :

Additional configurations ‘are reported by Shercliﬁf (20) ,

°
+

‘with conductind>walls°paralleL to the field but
o N S ) c - -
_shorted externally, and insulatiny walls intetrsecting

.the field lines. The flow characteristics in thisb

case aré‘éebenéent on rhe sha@e;eé the insulatind
%wails,wiﬁh respect to the midline. Velocities ‘change Jl ~
° by a‘faztor M as this geometry changes, In some insfanees,
"hiégh speed beckflow occurs {u the conducting wail' ‘
bounéarj laver aud reéxons ef fast ané slow eore.flow

]
=3

Os °

gxists.

N “, < @ - R u

$ - . o . o A ’

. Non-uniform (transverse) magnetic fields aye considered,

@ @ o

ﬂ‘by’Todd (21) using orthogoual curvfllnear coordinates ¢

baseé on theﬁapplled fleld itself, rather than thes ©° ¢ *°

“geome:rlcbcoord;nates. ?he results’ﬁor a uyniform .

X P © -

field are simply:special cas€s of this mere geﬁeral =T e ‘
[ e ., o’. ' © % ’ [} ., o ° 3 © -
formulation. ‘An aspect of interest is-thé:fadt that
" vy hd - : . \ - vl
free shear layers (or, wa}es) lie along the magnétic v

c7 4 ° . 2 b

fmeld llnes whether thesé are curved or=not In

'

"‘0 ¢ * o b ,,. .
o addltlon, under some fleld:ndh-unlformltles, the core o

o L4 3

o
'Jf = e

veloc1ty may, w1th sufflcfently &arge fleld strength, : o
¢ 5 ¢ . v ’

e§hlblt reverse fiow in, portions ‘of the duct.OKSucg e

r

a 51tuatlon is also con51dered by Rad@er (22)., ﬁu

tapéreﬁ fleid (plane cusp geometry) has beenlstudled




[w2r

.
6 7
]

by Regirer (23). 1In this case the Lorentz force
o~ , ) , .
/' accelerates the fluid stréam, Ad

\‘\e) [

Three dimeﬁsional‘flows with obstacles in the channel -

‘l.'v‘

~wor with diverging phannels have also been treated using
. : .

boundary -layer techniques. in'these cases, the inter- =
s action parameter N relating maénefic'to inertial
forges is-large as wellﬂas the Hartmann number. The

result of greatest 1nterestgfor the two dlmen51onal

o

v nflows con61dered 1n thls‘the51s are’ that the entry
N <

(142

length for dn insulating pjipe is 0 (M ) as opposed

‘. to the entry length-6¥ o (1) for'a-gerfectly conduc-
tlng\plpe (Walker and Ludford [24]). Thus, fully

developﬁf flow may’ be dlfflcult to obtaln 1n practlce ’

with an inBulated pipe. ‘
. ~ . ; . ! ,“ , , , . . .- o

[

Y. e
%

Though wé‘are concerned heréiﬁith'the matched

,asymptotic methods of solution, approx1mations have

¢ ‘,\

been obtalned m51ng var1at10na1 princ1p1és in the ftL-
thz or Galerkln manne;g An example treated by Lu (25)

gave poor results for large Hartmann number. Howéver,

-

Wenger (26) has derlved a general varlatlonal pr1nc1pLe

for ducts w1th arbltrary wall conduct1v1t1es. yB& o

v applylng this pr1nc1ple to a square channel u51ng

o * -

° relatlvely sxmple trial tunctions to approxlmate the :

& 2

(flu;d yelgblty anduelectrlc potentialJ an approximqte

£ - o . ¢

oo



[ R s : . 5 a

. mean fldW“was obtained ‘which was in good agreement . .

w1th prev;ous exact solutlons for 1nsulat;ng wallsh

perfg@tly .conducting walls and for thin walls Qf

r P a - * .
arbltrary cOnduct1v1ty ‘ ' .
. - Y T

2

Q‘Extremuﬂlprinciples in the form of inequali;ies

for tﬁe mass flow were obtalned by Smith, (27) with - .

LS

0 applLCatlon to the 1nsulat1ng wall rectangular duct.

-The mag s flow‘so calculated, using the plane parallel -

-
-

Hartmann solutions to construct the ézgal function,

]

_ resulted in a mass flow correct to first .order. Later

2

(Smith‘L281) results correct to second order were
- s “ BO 2 . , A
ebtained.for both the rectangular and circular ducts. g
An extoansion of the prlnclples to include conduc-

u

tlnq wylls (Smith [29]) nesulted in a mass flow for

the elrcular ‘tube which depends on three parameters,Z

L) . »

the Habtmann number, xhe ratlo of fluid to wall con-

o
o

dustivities, and the wall thickness. This differs

'from_the results obtained for £hin conducting walls ¢

using natcheqd aéymptoric expansions in whlch the *
‘wall th;ckness does not appear as a separate- parameter.
Smlth,s,reSUIt, of°or§er ™M 2, is not entlrely in |
agreafnt Qitn the resulre of the present‘thesis.if
rhe walls°are of smalllconductivity. k rqrther -
o .

extenﬁxon and applxcathn of the extremum pr1nc1p1es

to & syuare duct ‘with conducting walls (Sm1th [30])

v
kel




- B

. ' - .
- + ¢ A

results in a mass flow in gareqmgnhgwith those -

of Temperley and Todd (1§Y'where boundary laye¥ ;_ ALY

methods wete used. Sloan (31) hds presented - _ o

-of .-

extremum principles which are related to those
Smith.

4 SR B W
The variational principles\neferred to above can

l‘

apparentlypredict mass flow ratés with some

Lt

accuracy and are therefore of

G .
glnterest. However,

it is unlikely: that the approximatinq functions can

provide the detailed flow characteristicswwhith may

be obtained through the use of matched asymptotic

expansions.
. S

n

The mathematical problem, pgrticularly where. in- l o
sulating walls are concerned: i§~$ ééecial case of

a more general theory of linear elliptic singular
perturbations. —Eckhaus (6) has presentéé a suf&ey f
of results in this area, including some justifi-

cation for the. asymptotic boundary layer methods. »

-
5 i

The more important‘éonfigurations appropriate

’ .
© %

to MHD power generation are much more difficult .
than the insulating wall situation due to'the
complications introduced by portions of the wall
being. highly ;ondUCting. Ihe major obj;ctiﬁe

of this thesis has been to consider the effects

1
3
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3, - & A N
N — s, \1. . § v . ‘ L i'. ..
- : o ! . ' i.v T o v s - ) ':‘:" , s
— . B C of,waal cogduct1v1ty and obtain approx1matlons «F

A fbr Bé ‘flow and maghetic field profales with .

. . hlghly conductlng walls 1nvolved To accompllsh
.. e thlS the systematlc boundary layer method .of -

L 4 4 \
matched asymptotic eXpansions has been ugillzed.

L.

e A number of new results are obtalned, in par-

. -
v, v . .

ticulqr:J. : : -

. ’ (a) It is shown -that three different boundéry
¥ . \
layers are requlred fqr §\c1rcu1arﬂduct with

conductlng walls, whereas only two boundary

- layers are requlreg wlth insulating walls,

. at least to first order. o f‘f’

-
. -
[

* (b) Solutions for the circular tube with arbitrary
. . . * e °

wall conductivity are obtained to second

.
-

- " -

’ . order from which the flow integral to second
order is computed.’ L

C (c) Through the nee of "Optlmal" coordinates, a

solution for the "obsouge or parabollc layerx

-

. in a circular tube with arblg;a:y,wafﬁ con~

o , ductivity is pobtained, Thsﬁfésnltinb flow -
L ' défioiﬁ fos thﬁswlayer ls shown,ﬁo be.d}- |
Vﬂﬁ ' mhigher orderathan second;
_; . . : RPN )
S : o . : . - >

(d) An approximate solution to the so‘oglled

"corner" problem for rectangulér'ducts wlth

°
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:l ;,fuf. perfectly condhctlngzwalls ggrallel to the
i_ K ‘:P applled fleld and 1nsu1at1ng wall’ perpen-
) . ;.2’L ) qicular to the field ;s'obtelned:
;J'-:gl {' In the following sectioqs; the MHD channel flow
KRS : equeﬁions-aﬂd bonductiﬁg wall bounéary-conditions

" a . \

2 A L; arg brlefly developed followed by a. dlscu551on of
) ’ L ) the boundary layer approximations. Section 3.0

™. is devoted to condﬁctiﬁg wall solutions for a
B S . .

, = " circular pipe and section 4.0 deals with the
- rectangular channel. 'A.general discussion of the
. . - - ;
.
results is given in section 5.0. .
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THE CHANNEL FLOW EQUATIONS y
Ty

s v
* P

Derivation of the Differential Equations

<

-

The development of the MHD eqﬁation for a homo-

geneous, incompressible, electrically conducting

_fluid is treatéd in most.MHD texts (for .example
) - . f *
(7)) and will .not be repeated in de;ﬁil here. The

~

- MHD approximatiqné involved are:

. . o , ‘
(a) The fluid locity u is small compared with

the speed of light in which case the electric

‘field E*, magnetic field'B’ and current

U R f e o '
density & in a moving -fluid reference frame

1) AR

are: . T U0 J

J

&
.
.

where the unprimed quantities refer to a

+

fixed laboratory reference. o

.
. .
™~ ’ el ‘

, .
L P - 5

. . -

Displacement curfeqts-are neéligible so that:




(c) The fluid is isotropic so that:
. A e

jm
n

'y

1=

o)
I
o
|t

where # and € are the magnetic permeability

-
and dielectric constants.

- . @
. ’ . -
(d) - The effect of convection O0f charge densitijis

negligible so that ohm's law is:

TE L.

=

where & is the fluiéd conductivity.

(e) The electrostatic force due to volume charge
densities'is negligible so that the elgctro—

no
L

magnetic body force is simply:
s ’ ! ‘ N - ‘
£=JxB -

-

-

Using (a) through (d), the electromagnetyc lnduc-‘

tion equatlgh becomes:

= UxuxH+yVH I (2.1)




where % = l/nr is the magnetic diffusivity. -
Using (e), and incompressibility, Navier Stokes

equation becomes:-

bu o ‘ v
f{sz =/u(Vﬁ<Ebﬁ-‘7p-hoﬂvzg {2.2)°
where p = pressure
7 = fluid density
- - v = kinematic v1sc051ty

o °

Finally, from Maxwell's equations and the incom-

-
-

pressibility of the fluid:

L3

? " s

V. B=0 _ . | ’ (%3
- V u=20" - .' K - (2.4)
ol . . y :
%;‘ These equations (1) through (4) are to be solved .
- . in the interior of the duct under the following
}cqnditions: o ; . i
‘ . "- ’:‘:_ - ) . A\ ] .
" (a), The-motion is steady .
(b) gz x +2By-p,z " o

9
v v
*

where P_ is constant and z is the axial



@

direction of the duct.
. 4 e
vegtors. N

¢ : ' N

(c) u is entirely in-the z direction and -is in-

dependent of z, that is:

>~

gz(x. Y) 2.

/

@ -

gwhe;e HO is the large apblied field and Hz'

<&

the induced field.

o

°
e .

D
<

TWith these conditions, eqﬁations (2.1) to (2.4) -

! ) £

reduce exactly to:

2 au
lv;,y Hz

Q2 u +"‘Ho H, - _ DPo
X’y z ﬂi ax [ ﬂ

’

) A -
P = - EV“HZ f constant
%)

3
3y’

<

The first two of these equatioﬁs may be:yritten in

dimensionless form as: N o




X

-

- PS ¥ - N
° o ® | v .
.“ < ) 2‘ . )
° < < <« ) g ‘I
< ﬁ » . ) Al
< 4 ¢ ¢ - ° [ 4
2 t < o ez’ i N L4 \ .
vH+_Mrax‘f =0 ° . (2.5
_ , ¢
V3u+M§x—ff=—p : ° N (2.(6)

2 . .
.H a P .
. / VGHy o
where H = /5.5 5. P o9 u .
. p . uON J'O /o uo 'y I —‘
[P . - .0 )
3 u=u Vﬁo, x' = x/a, y' = y/a A

M,jﬂﬂoa L;;%- (?artmann nuq?er) fEf' .

u_ = typical velocity \ 4 '
o ./ L \ 2 )

I
. . 3 - .. -
p N "’ ~
L, s

a = typical length (tube radius or

rectagqular éﬁgnne; ha}f width) \\\\>~“~
.o ° }b AN : | T * ‘
T g2 . 3% , 3’7 SN L
3X¢'2 ay,\z ”4 T
’ ’ . ° ' V;.. @ ’\

Primes will not ‘be dispfayed\&n subsequent equa-

tions and ‘the tube radius or rectangular channel
» . s )
half width is taken as unity. . . N
‘ ) .
The only hydrodynamic,boundary condition required
is the "no slip" condition along the walls, that
'is : R . “ X *
¢ “
L) LY .t



ugF 0_,.' ) . ' (2.7)

LS -.

s

The electromagnetic boundary condition for a thin

<

walled duct may be ébtained‘¢rom continuity consi-

derations. ‘Eleetromagnetic quantities within the

&

wall will be‘denoted by the subscript "i" 'and the

non-dimensional wall thickness by & (t << 1). At
. ) o

the fluid-wall‘%nterface the tangential electric

.field must be continuous (assuming no interface
V2 N i

resistance), that is: : . .o

But,
: - - o
=2 (Vxm| i
. o 17T
Since u = 0-at .the interface'and: )
k3 = ) , ‘
- li ‘1 © i ::Q) - ..
_E_:. =’-r‘— = ?— (Vx I_‘I_) N y
llT 1 T 1 .. 1 T . ' 5 o
! g
N ° - .
o

‘\c~

o




- T R

the tamgential céﬁt;buity of g/'mplies:

&

that is:

73

WZere n is the normal direction into the wall:
" B . P <. €
) T A

[* ~ “ ¥
“The tangential magnetic field mqét al;o'be con-
Einu?Bs at the interfacé, that is:

-

>

3 P . \_ T :
Taking H, -"zero at the external wall boundary.

‘results- in: , .

.a}”aHzf_’-
HZJ.‘+..'t?.B a—rTvr- = 0 .

o -
A - -

interface..’
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Impllc;t ln the above apponLmatlon JS én assump-'

tlon thatfthe Gervatlves,pf #ﬁ, in. the-tangentgal

[l

’tang@btlal dlrectlon, the appropriate sqale length

ﬁJiecplon are“negllgible thh,respect to dgrlvafives

oz

T

.[7!

w0

.

C‘in

in the normal airentlon,aslnce FL; must gat%sfy

- n

s

-~

Laplace = eguatlon.~

scale L%rgth tangentlal to the wal) is

regions where H. ahd

Thus,

it xs neéeSsary only that t""
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Howevér,

P

1n

_1n ﬁegyons where the

of oa(l), C:

IL, may change rap;dlyoln a
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small wiﬁﬁ'tz<&DUd ) Tin order for tHe thin wall

¢ 0 u ERY Lo ~

T, approxlmatlon to rema;n valld This superzthig

“ . .

: . o
Wall condltlon 1s nof a’ major 1;m1¢atlon >‘at 1easts"~

2. C

~ 3 0 o

. for the calculatlon“of quantltres ‘such ‘as flow rate, .
1 “0 ‘: 7 o

- s N - <

Sane the reglbns w1th a small tangentlaL scéle 'n

Q

P length general}y provmde a negllglble contr1but10h°"
. _ .3
Qg tQ tﬁe flow 1ntegra1 <In adgltlon, tpé thlm»wall

o

o -

H [53 ' v ¢
. e approxlmatlon reduces .to Ehe correct L;mlts 1n-tﬁe
- ulnsuiatlng and perfectly conductlng caseg."A more: -

« &

: aﬁ!urate representation of the flow chqrgcferlstICSc

¢ c o°

w1tﬁ arb1trary=wa11 conductrv1ty would require- the

3

‘~_‘,a

°1nclu51on of - a fan;te w&ll thlc%ness 1n the ana1y31s

-] o o p o

o a§ Was 1de§£;f1ed for example by Todd~TemperLey (16)_°

3
C e 2

and But;er (32)'0 - P og & : .

« o s . - P
.

[~

L S w2 . B b .
o L L e B AR - .o -2
. - o - - v -
o 5 () ‘ e . . ° ° . < ‘ >

3
s L s e o, o

Symmetry eondltloqs dan be obtalned by 1nspéctlon
z dof equat;ans (205) and (2 6) and th% boundary L o -
L.condltlons (2 ?k>and (2 8) ] # i's odd in % and ;

- ven in Y whereaé.u Lsoeven inobdth xva;dhy. ‘qut ;QL

2} *. e M , .o S

0
’ s:
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Eer, cofivenience,a new set of dependent variables:

. “may be introduced whfch'decoupLg thé'di%ferential R
, ° . ; - . . ] .
.jequatjons (2.5) ard (2.6). Unfortunately, this
, leads to eoupled boundary conditions, though €ome
St ? o :

o B

sihpbif;cagion dfgthevbroblem‘results. " The new ° P
. variables ares T oS /(' : )
v a . u N

a v “~ ‘'
r P Iy © o @
F=u+H+ M X oo . {(2.10)
. ° o - .

o
I
o
!
-
'_
X5
%
o
"R
e
po

o o :. i
’ o o ’ H -l
"’ &
L JQ‘”_ . .c‘,‘ . a >~ ] . )
-.2The. differential equatiomrs then become: i} “

¢ ! o 0 ) . ) o
4 0 - ’ - L 2a2)

g
<

. ) . ) o
* = N .
¢ i ) OUL. * ) ’ -
Wwith reference tfo Figures 2.1.(a) and 2.1 (b)
L . c ‘ "l S ' “o
‘the ,corresponding boundary conditions are:
[4 . " " g a
v @ s - " v T — < o
o - . ° :
. (a) C€ircular Duct, at r = 1
v . : .0 ? .
. /" A ) . @ L - ¢ ' "J
T 3F 3G, “-.p "
) o . I _ 3G, -,Pyi S
; F -G Cl37 - .57 2M(1 + C) cos e
.0 © o ;_ s ' . .-
- . : ‘.r" > .
' F'+ G =0 ] ’ i
1 i
- 14 ¢ ’
L . )
e ¢ . ‘ o o
-. b h ! 4 ¢




<)

(b)

" Rectangular Duct
. ) a ) .
F:6.2Caf 2F_ 236y = 22P(1+¢) @ x=121I
- oax 9x M .
F-6 tc,(?_f;_‘_a_g)‘_-. 2p ® y= tL° .
o N k) 5 a ] zr ‘—M—x R y
F + G = Q @ .o xXx= 2 , y = _‘E L ;
:"- . . -
. It will be noted ‘that a common boundary - .
. ’ between the walls A and B does not'appear g
* in the thin)wall‘apprqximation.° A
' .
2 J\ i §
. &




ey

convergent infinite series. As .a result, most
5 4

3

Discussion of the Boundary

a

Layer Approximation

©

Exact or formal solutions have been obtained
for the abéveuequations in some sbeci;l cases.
These solutions are often ;n the fbrm of slowly.
features of the flow may be difficult to obtain
without calculqhing a large number of terms.
Fo;“thé pfactical cases of large Hartmann numbers,

- .

greater insighf into Fﬁe nature of the flow can be
obtained through aéyﬁbébtic_éolutions. Though |,
asymptqtfé.fq;ms may be obtaipgd from-gn.exaét
convergent series, as, for example, Gold (é)"
obtained fpr a séecial case, asyqptotic %olu:

tions~maY,aléo be obtained by the more direct

applicafion-éf,boundary layer techhiques, that

N is matched &symptotic expansion. ' i

1=
<&

With reference to equation (2.12) for F, a regular

-

AR ]



ra

- asymptotic expansion for. large M such as:’

. . .
® F(x;"y)~?_'_ Ei(M)F.(x, y)
R
) 1=0
*1. ,whereAeach of the Fi(x, y) is:of;g;der unity and,
" E. (M)'
. i+l
Lim ——=———— - = 0
i
N
, < may be substituted d;réctly in (2.12) with the .-re-
' . sult that for the first term:
3FO(X, Y) -0 s ‘ g - - " -J )
3%
4
If is apparent that all highest order derivatives
» .
‘ are lost in such a procedure rendering the solu;{"
o ’ % on incapable of satisfying the boundary condi-
t' tionse This non;uniformity could be considered,
v according. to Van Dyke (9),.a result of the para-
w . . :
‘meter M being the ratio of two disparate lengths.
" That is:
4
, = {
. e M ='a/dh
where a = tube radius for example, which is-

] ' .

. fixed




7 . 3 - .\, -
[; F‘

and " . dp kartmann depth Whlch bepomes small .
v ‘as elther the applled field H .or -

conduct1v1ty 0’1ncreases since?

a l’lﬁa =__l_/:’£
h .H /u ek o

The Hartmann depth is. the MHD analogue of the

viscous depth. The approprlate Hartmann depth is
in fact the depth normal to the tube wall, based

- on the compvnent of.field’strength perpendicuie;
to the.wall’ Whus, in the case of a circular
tubge, the parameter of greatest concern is M cosé@®
rathgr than M itsélf. This would suggest that
when creatlng additional asymptotlc expansions,
from whlch unlformly valid apprqx1mat10ns are to
be obtaihed, there will be .at least three distinct

types of asymptotic equations:

v

. t 3 .
(d) The regular expansion for .M-—e % but appro-
priate only away from the boundary influence,

that is, in the core.

~

(by A bounc'iary layer expansion- for M cos @ —s @

-

to provide the link-between the boundary and’ ‘f °

" the dore.




. (<) One or more expan51on in the boundary region
where cos ® L€ 1. . -
The nature of the various 'boundary layer’equétione

is most readily seen for ‘thé rectangular duct. In

H

< -, .
thls case so called "local” boundary variables

o could be defined as: . o ) .
. i « T
_a - x . L= Y
*=am . YT a;m : -

- ? ; .

.where Al (M)" and A,z (M) ‘are stretching coefficients

to be determined. In these new' variables, equa-

tions. (2.12) and '(2.13). become:. ‘ . ‘
‘, - "'& B )'/—"
; 2 2
_'_21_.9+ _'_.2_3__3_,,._&%&:0 . :
A2 9y a ¢ dy Q) ox
1 . 4
4 ! P ’
o o 2% . a?r__gl_%g'_o _
252t 232 B 8 -
. Aﬁ Ox .45 Yy l~,'

As 1dentified by EckRaus (6), there are fourf

[

"51gn1f1cant" degeﬂcratlons correspondrng—to the

following:-four flow:" regionem«

r

(a) The regular-or core approx1mat10n wlth

< s

- L}l =£§2‘= 1l in which case the regular ex~_ .

o 4 ©

pan51on Ldentlfled abcve 1s obtained.

- 4 .




(b)

The ordinary boundary layers aldng the wall x

= 1 -(also called the Hartmann layer.for the’

rectangular tube and Shércliff layer for the
circuléf tube), where = 1,431 = M1,
In this'degeneration, he eguations for the.

A

first term become:

aG

) <
2°F _2F _ ', ) i _
ox?. ¥

v

LY

These iayers derive their name from the fact
that the.equations reduce to ordinary diffe-
rential equations. It will be noted.that the
exponentially unboqnded'term in F must be
discarded, .the remaining term then being -~
inégpéndent of x: Only G retain§ a rapidly -
varying term. Thus, the core®F solution

extends to.thé boundary x = 1. Near the
opposité wall,x-='-l,.the situation is re-
versed with F retaining a rapidly varying

term and the core G solution extending\fo the

-

wall., = . : ' . _;/f—




(d)

"x = 1, though this is“no Jlonger trug in
]
higher approximations since derivatives of
N B L 4

the first order soltition in general become

- N

. The'parabolic léyer occurs along the wall

e .
y = L, parallel to the applied magnetic 14

(also termed the secondary layer) with:Ai =1

andA2 = M-l/z.

‘In this degeneration the:

equations are parabolic with the first term

being: .
3% + 26 . ¢
BY. rx -

. '\l.‘
d%F ZdF | or :
dy2 X 3 .
o ! ¢

¢ 5]

'Sqlutionis for F are obtained from boundary .

conditions along X = 0-and Y = 0, thak is, -

alorig the wails x =1and y = L?; Thus, as

for the core,zthe:first order F garabolic .

layer wi%lﬁsatisfy the podndary conditions on

)

-

singufar at the origin. The G parabolig

layer solution will, to first order, satisfy

c @

the ‘boundary cond;tidns at x = =1 !
o )
’ - - - .
Y ‘ , >
The elliptié boundary layer, also ggrmedrthe
"corner", is p'btaj:ned with Al =A2 = u1 in
' ' ¢/ which case the egquation becomes: . .
R . -~ ' ’ . ) v .
' ' - L4 . > . . ) ‘[




fv‘ RN

¢} ‘}

9 -

o axi 3Y. oXx
o]
‘F F . F . o c
= 3 &

It will be boted that no terms of.the original

equation

least for the'recbangular duct) with the 6nly . i

simplifigétion being that a quarter;infinite
. .

region i

plane.”
cornerllayér‘will contain sqlut{ons to all orders
which can be matched to paraboiictlayer solﬁtfons

of all orders. As shbwﬁ.by Cook et. al. (10)

.

: .
. K . . .

N

‘have been lost in this degeneration (at

s now ‘involved rather than a‘bounded Ll

In addition, an exact solution for this

~

L 4

for a situation related to the ;nsuléting‘wall

-
[]

-

case, the corner solution contains the parabolic

2 »

layer solution to all orders. With these remarks,

[ o " °

it is not surprising that additional approximations

may be'r
problem,

the wall

‘ The vari

2.2(b) .,

equired for th solution of this corner P

-
¢ -

as 1is the case studied in this thesis where -

. . °

Y = ﬁiis-cpnduct%nél

@

-

ous reglons of applacatlon of the asymp i
to%;c forms-is illustrated in Figures 2 2(a) anf“*"/)hfh



3.0 THE CIRCULAR TUBE &+

- As for the rectangular duct, asymptotic’solutions »
o < * ,
) for a c1rcular tube involve a core. region aﬁé“

- -
[}

three boundary layers, the ordinary, .parabolic and

. elliptic. 'With an insulating'rubeh the core and

ordinargy 1ayer solutiogs were obtained by Shercliff

8
i

: (ll)k (12}~_ Roberts (13) was able to obtaln a,

e

e parabollc layer solution resulting in a uniform
. . - L J
first order approximation throughout the tube. No

elllptlc layer was necessary With conduering
walls, thlS is no- longer the case, as will be ’
shewn below. The asymptotlc method of Matched ‘
Asymptotic Expansions-(Van Dyke, (9)) wil; be

followed in detail t& obtain the solutipﬁs.

. = n )
, a v B -

3.1 The Core /‘ | ,
\' .. ¢ ° . !j :

—

. ) The regular perturbarion éxpansions in thei;n-

terior r £ 1 is obtained by assumin# F and G may

Kl

'be ‘expanded in the following asymptotic sequences:

ESM Fo(x,y) + E5(M) F_(xiy) + ...

|

F_ (x, ¥)




2 . s . ~
. . . .
- k < Vv [}
: . 4
s . o ’ . = - - ! .
. -

a . -

: G Gk y) = STU0G) (x, ¥) + §00G, ) 4 -

rd g - »
° -
whereithe'Fk(x, y) and Gk(x, y) are all of order
. _ ] ! . . ,
.- unity and:
. : c ] C s S ) .
s v ’ . £ (M) L {M) Y :
: Lim | —§—— = Lim ‘—kil—é-——-—bob (3.1)
LM E (M) N & .
- Substitutibn‘}nto eéuatio; (2.12) and (f.lB). AR N
'cy o results in: .
:. , : .- , -
C g2 C 2 . c91— sgCO72 -
+ v ... + T e Pr— .
£] Vu, + &, V7, MOET 35~ *Ex 3w v o)
/. N ) .
. ' . G G . .
C g2, C g2 c9® _¢cd72 . .
e . . L=
, 8. Ve 8 VG M§ g * 8 Tk el
/’ » - “
n : - e
. Dividihq'through by Mig and Msg and taking the
. ¢ T ¢
I r N +
l1imit, using the property (3.1) resul in:’
’ . ]
°F1 _ .21 ,
X 9 x »
, A 0
' Thus, Fl and Gl dépend only on y. The leadipg terms
in the regulargexpansion for’F and G are _therefore:
. [ ]
L Y : . .
. 5(]-) ' C ) . -
. . ) Fc ‘\El(.M)Fl('y) A R
4
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Since 2H = F - G%;s‘odd in X -by eguations KZE@);;’

: B / ¢ [] 2
Ei(M)Fl(y) -_SE(M)Ql(y)ompst also be odd in x, and .
since this‘qdantity is indeéendéﬁt of x itsfollows .
that:. - ' -

< © . ~0 =7 ' " d )
(1) _ (1) _ ¢C A~ eCova (o . A
Fool = 6. =& MOF () = §7M06, ) | (3.2)
N - - ; . « . - ) ,,(‘
. S R /‘\.‘ -
.The leading terms-in the fggular‘expansion for the
velbcity and .magnetic field -are: =, ) . .
. ~ - R . oo ‘ ; ‘ - 0 o
(1) - ¢Cive ror - £C4 g
o, ~ & (MF, (y) —_El(M)rFla(r_s.lnﬁ) .

1
2

<

(y -~ _Pp__ _ P -
Ho ~ ) X T - Mracoss

. These solutions cannot satisfy all the bbﬁnda;y
conditiens at r = 1. Théy must match apprier;e;;f )
“inper'" expansicns valf?i::ér1r = %;L’The unknowns

Eg(M), Si(M), Fi(y{ are ained from the matching

con@itioné. =7 . ’ i , o .

q.- - - "1 % 5 . ) -, v } . \/
The Ordinary (Shercliff) Boundary Layer . - P
y : _ _ R

K N f o - . ~ M
In jpplar coordinates, the e€quatién for F (equdtion

" N A © e

-
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ptotic expansion, ‘a

¢ T “ .
coordinate:near the

': 7S é(M) 'l . ,: " \ 5 . s

‘mined. The resulting equation for F.is: ~ B
-t ) . . s - . ‘
iar .1 2F 1. ¥r T -
a2 353 T AT -BXT 3, (1 _ax 2382
S - . . r o s “ . .
. . : By ) ’ . S,
A cos® ° AF si'r;Q !
- .M a X . * 1o TO) = 0 (3.3{4}—
&£ L} ‘7 ‘_S . . - o . B v
' ' " ° ’ - \\ - A N M - . -] ’
An asympto%ip expapéioh_is hbw aésumed.@i&h;_
v P Y A, . n" v ‘." v -

I»s (XS',O/ )?Els (M) Fis QXS,

N ° o 5 ©
° - & . ba
o P ~ . . “. - 'l O, . 3 A}
« - " - P fe ol
r.2 ‘u: " . 2 e \‘ ) ) .
9°F. "1 9F . 1 ¥°F . . s3F  sine® 3Fe - .
—_—+ = = e - =) =
3r2 r or 2 392_* @(cosqzar r s) \;0

d 5 . N * o . “, = : R s .
Following the usdal procedure for matched asym-'
stretched variable X or local

-

. . 4
wall is introduced;
.1l =-r s “

) T . . -

. . . . i » a o
where A(M) 1is a stretching factor to be" deter-

&

c

+ £ (M)F SE o)+

’,1 ) * f 5 M t " :
whe;:e, again,/ the F .(X ' O) ai:e of drde'r“unitiﬁ
and a llmlt condition lrke (3. l) exists for the :
\ new order factcrs E )-.. Substltutfon 1nto equa—-
tioh (3.3). followed w1th multlplicatlon by
a2 /&5 M) results in: P e
C‘" o ¢ % ™




¢ / : A ¢ ° :v: " s 2
.. n € [
i ¢ ¢ 2 ) . . o
: oF ls E2s ¥ g .
\ - d¥x2 &1 ¥y
- B - “aFls Ezs dF 2 T
o s s
+ Az : a 1:‘ls E?s o E:Zéﬂ .
Y N v . ( 2, + a 2 + a o 0 -)
o -ax)? 96F g 39 :
. Tt C B dF1s &2 ~aFZs ,
I ) . - MIAcoSO(aX +&l 3%, + ..:,)
t S n, - .
4 c ° . : - 4_ Azsin o >(aFlS + OEZS aFZS o4 \ ),]
Lo s 5% -Bx v aa £, .38 oL
Y ' 'c %’:"f' & *‘a I . . ’ - ' - ’ :7l
[ ° o * \1:"' : ', € ‘B . - ) ’ ¢ R .
; . N k= = ?0 H ) - o " ] o
. Ly
. 2
- T'a‘king the -limit as M-, usiang .the: ordering
p,ropert'yc of the orxder faci:grs Eks(M) ' ‘rssults in:
, T BZFIS ' I~ dF o
] . 4._...___. - le MA cos & — “ e
- S ' 3xs_ M~ SX | ]
"t By the pr1nc1ple of M:mlmum Degeneracy (Van Dyke,
(9)) ‘the. stretchl’“hg factorA must be A = M
: e Imp’lic1t in these steps is the assumptlon that:
- ¢ \
, -, ]
0 6 . A4 . . n
“? “ : ’ ¢ : Q




° * y " .
) - !~
. y T 2 | sing ' ' ' . :
e Limd&—-=x=— . - T
L pCcsen T L S ,
a ' R . " . .
- . 3 - R - v . . [ . .
. .~ .~ which is"valid only if @ %s sufficiently removed - '
; X from w2, o e . ‘ L.
) e ‘ .Using"theu same procedure for Gl the two 'boundary
... °. " .layer equations become:
v {u‘ » ' ’ ' N
- * [y
> 317'ls-ﬂcoeb}?‘ls--o ’
s ’ 3y 2 X . .
. ~ X .
r. ~ N ) S - .
” , 2 c ’ i >
9 C1q + cos® 2°1s o S -
. a'x 2 9 X B *
.S .
. s, : .
*,I”he general solutions which may be writj:en by .
< P T N
: . inspegtion are: v , . e :
] ° ° X ' Y . . )
: ) Fis = A (6) + A (G)ex c‘oso ) . .
- ) " (3.4) .
Gf'=B (0)+B (a) "XgCOS®
- 1s
. 1f attention is restricted . to 'the region cos@ > 0
, Co then A2 (@ = 0 in :order that Fl—s remMain bourided.
" 7. The boundary gondition (equation 2.14 and 2.15), |
when'writter with’ the present inner variable, -
' . becomes: ' ‘ o
" ’ ‘ 3 . ' ¢ - .
& 7
'HI
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2

L ] . ¥
- °-

oy .
El's'Pls + EZSF25'+ et T SlsG.ls‘_ SZSGZS

aF 4 2F1g
. ‘ e MC[ElS axs + EZS‘S xs + ... ) -
' L. s %1s g ¥%s ;e
i oo ; 1s TX_ 25 BX_ " »

=,2§(1 + C) cos.®

’”

¢

LY . . , 3 ) .
€1571s *Ex5F2s * e *815%15 * 8,555, e =0

«

It is convenient to introduce 1;}‘13 parameter

~

I

“ _Xz_ MC, C/o and assume for the li‘mitin_g'process,n

-

v ) that ¥ is of order wunity. It is also convenient

Y - v hd * ! e
to introduce the "effective" pressure gradient -
- R . . 1 3
P' = P(l-+ C). Dividing. each of the boundary-

equations by & and taking the limit as M —» %@ ’
q 1ls .

. : ‘results in:
‘ o ' $1s : o .- 815, 3C1g
Flg = Lim (=2)G, - ¥l53 - Lim (==2) —37]
© 18 M~ £1s: 1S COX M £y Xs"

‘= Lim (———J‘—M')ZP' cos @ o
M-»=e els .
!/

. Sls
Fls + Lim (=—=)G = 0

M-»> €1 1S
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The principle: of minimum degeneracy requireé that
o 1 - . A
€ = S., = M, Thus, at KXg =0 the boundary
.conditions are: |

l
? . N

,: Fls"'GUS'—w(aF"" -~ 9615\ = 2P coso.
oXs , 3Xs
| e (3.5)

F’S + Gy = 0O .
Retention of the.paréineters ¥=Mc and P‘f-'P(|+€)
in éhé anﬁifsis appeérglto be in’conﬁradiqticﬁ with
thegasymétotic method ofus%éing reiatiVe terms.
Thus it might appear tha;.at least éhree different
ordersishould be considered fof-thewpaxgmeﬁén é,
that is: |

-

o€ c £ O(m")
OM)E <& 0()

o(n 4 c £

o

L

since the parameter C occufs -in the'magnetié

" boundary condition in the form

. -h - Mch . P(+c) cose ,
IX, M ;




+

limited to the case C~O(M'_\l) or smaller. However,

this is not the case which may be shown as follows. I

P ‘ With C~0(Q) or grea&er we may anticipate the

seguence , -

h o~ '.h,“ . h: .- -

L A
m? m3

in which case the boundary conditions are:

* .
dh, - _ P(1+'Y) coseo
/ 3)(5
dah, . Lh .
. 3 Xs c .
5’,‘. :

v

This formulation includes the case ¢+ *° but is

singular in the limit ¢+ © and is appropriate -

- only for ‘C~O(a)' or greater.

o ow

G
The alternate -formulation is obtained by setting
¥aMc and P’'a-P(14¢) with the sequence

. . - a

h»\‘ h + h‘ [P

L L
m - m*




-

In this second case the boundary conditions

- -

are:

-e oo

This second formulation includes the case ¢ ='o,

.

It also includes the limit €=, that is:

) _a_hl = - _E_ cos ®
2 Xs M :
) ?—E‘. = o a
X5

-

The order of the result is raised with a net
effect identical to.that’for the first formu-
lation.

-

To show that the two formulations are equivalent

for the case C~O0(1) we consider the one term, two

. term, etc., solutions. Thus, to first order,




- - ' - ‘
1" ’ t B
so that . ) o,
¢ " R . s "' » . v .
h - Mc2h . L h -~ & 2h e
QX5_ M? "M ax,
I . -~ ‘ ‘
, | = PG+tc)cose + 1 h o
. M i M‘L © ,
.~ P lG+c) caso + O(M™)
M :
alternatively, with
h ~ 1L h
. M
h- Mc3h o Lk, = ch
dxg M X3 )
- 'l'(h -~ MC Ll
. M ax’ -
L - = P(i+c) Cos s
’ &

4

-

. To first order, the one term solutions obtained “
by either formulation satisfy the same boundaty’
condition. _’ - 7 ) ‘& ’




To second order, *
{ *A &
h ~ h; + 4 ha
m* M3
h- Mc2h _ 2. b+ 1 h - ch_ < oh
dXs M2 m3 M Ix;  M* Dox;’
’ P}
= PU+c) cos e + O (m3)
M . ‘ .
Alternatively . ) "
h~ Lh +21 h,
M m*
. L
and
h-Mc‘ah,\‘.Lh,-l-J_h,-c?h._E_git
ox; M m* oxy M’ dx,
=1llh, - Mc2hh , 1 h,~ Mcha
M ’ xs M ' 9)(,

o

¢

P (iac)) -Co; é

]

3

eaa

. o



[¢]

F$ ~ __1_‘(? 413,_)C¢>se
~M \. a,

and to second order, thé boundary condition
satisfied by the two formulations is the samé.'
It is now apparent that the second formulation
is valid for any value of the conductivity
parémeter C. |

Applying the boundary conditions (3.5) to the:

’ [ 4
solution (3.4) results in:

Fs u=.(p r X B)cosa

(Pn’s)coso 3(»— 'K’f‘f’)

The leading terms in the ordinary ldyer solutions .

are then:

(4D}

©

(3.6)

<

L 48
(FD)

Gs [(p+ B)CGSG + B( | x’w“)]

The unknownzfunction.Bé(G) will be:obpained by

Y

-

matching with the core solutions. Writing equa-

tion -(3.6) in the outer core coordinates (r,®)

and expanding for;large M gives: .



. L

The core solutions, equation 3.2, expressed in

‘

. . el N N .
“inner" coordinates (X_, @) are: Y

-

(L) () c %s. .
Fot) = ot~ ETmE, {(1 - ) 51n0}
[ 3

D]

'\'E(l:(M)Fl (sin®) as M—p o°

In order that these limiting solutions match, it

is necessary to set Ei(M) = M ! anda: -

. - .+ ¥ : -
F,(sin®) = (P'-+ 5 B,) cos® ' )
= - [(P' + ¥ B ) cos® + B ]
2 °2 , 27
__— ’ _ _ 2P' cos@
Th‘erefore, 52(‘9) - 1l + ¥ cose®

Replacing ¥ and P' by MC and P(l + C) respec-

tively, the outer and inner_solutions are:A -

) ' -
(1) _ (1) Pl + )V 1 - y2 .

FC = GC ~ A <
M1 + MC Y1 - y2 )

1.-.(1) P{(1 + C) cose®

s 7 M{1 f MC cos@ ] *

: G(1)~ P{(l + C) cose® (1 - 2 e—’Xs-cpso)

s M[1l + MC cos® ]

i

4




) '."‘._. i ) . ‘ s .
For cosf®>» 0, the velocity and mdgnetic field are

easily-derived; : <

!

(1) P(L+C)¥ 1 -y : | ‘ '
u ~ i (3.7)
S M[1 + MCV1 - y9] - - :

°

.
7 .

{1) P(1.+ C) cos'® (1 - e-M(l - r)hcosoj'

Ug ~M[1 + MC-cose | (3'8)
(L__ P . ' (3.9
Hq ~- u¥ cos® ] (3.9)
’ -M(1 - r) cose o
(1) _ P, _ (1 +C) e 4
H "~ - 3 cos® [{ T + MC cose / ] (3.10)

L4 ) )
. Solutions for c6s€ <& 0 may be obtained directly -
o ‘ 3
from the symmetry conditions (equation 2.9). The
0 .
method used here can be readily extended to obtain

higher order approxiﬁations {see for-examgle Van

Dyke, (9).

\ -~
a

DPiscussion ofs the Results

1

The results given above are valid for any value of
: ) "

thevwall conductivity parameter C. Figures, 3.1

and 3#2 show the effepts of wall conductiwity on , .

the velocity and Figures 3.3 and .3.4 show/f’e

r

—

effects .on the maynetic field.

[}




Y

< .. . L)
As indicated previously, the treatment above

cannot be uniformly valid for all wvalues of @.

hd <

This id clearly evident frph‘equation (3.8), the
“boundary layer velocity. At & =7/2, this velocity
is zero, independent of r, a result which cannot

be correct. Thus, one or more additional '‘boundary
. * . L . N ) . . - : . \
layers are required in -the vicinity of & = %/2,

Kl
- ' ~

. “The ;3}?£ion-HS(l) (equatioﬂ 3210)‘cént§ins H;(l);—~—*”J.
:anquprovides aigectliéa ﬁompaéite soiution. 'A. .
compoéitefsoiutiqn'fof u ﬁay be easily constriucted
in the form: o e

-

. : . - o _M{-r)cosey
U P(nc)“.”-—f’*si:ﬂg__(,T e - . _)
. M[_’l +,ch.-Ja-‘ r"sin_'o-]‘ '

Vo
1
». .t

whichfred&caslfq‘uc(l)*or ué(l)‘when the appro-

priate variables are substituted and limitg taken.

l . ! *
.

The Parabolic Boundary Layer,’ ' ..
. - " T "ol - .. »

Moderate Wall Canductivity
- . ] A B N 4

) &
Following,thé éréceding‘dischssioh,~an additional

solution valid near r = 1 and ® =7 /2 is necessaty.

This boundary layer should match both the core
. -~ . . . "* . ' “ . o .

ghd the of@inary'layer solutioné.

-
4

. -




. e

s -;:-'3— + 'c[(g-'s)..gh(?-GD}\(_S_‘ﬁ) 3.(""6)] :
T PR TR s

-

. An appropriate set of\cobrdfnates‘R,¢ centeréd\

R

about x = 0, = 1 is illustrated.in Figuré‘j.s.'

» ° 2

These coordinaéf/gré-defined by: .- 4 r
) ‘ . . 3
' . o , - |

t

s

b
W

R cos g . - T e
'y =1-R sin g R S LT

- . \ Y
. - -

© - : .
f" %!!'bdundary defined by‘x2.+ y2 = 1 is given by
| - . \, . . L I

<
»

R = 2 sin g in the' R, § coordinates. Introducing

the variable,s = sin 2, the'equations-2.12,and

2.13 are: _ ‘ , \

*e

The boundary'conditions‘éa R/= 2s beéome: "

' -»

I ' ] = 2P (1rc) RVISES .
- : ' . i ‘M ’ )
Epe= o : K
5 )
4.‘- . K




- 'As before, asymptotic sequences are- assumed:
o - . =

F o~ E;p.”f”Flp +,EZ'E>(M)_F2p *oewe

te

Gy~ 8, (MG, A+182p~(m>czp + o

-~ BN -

o

and now. both independent variables are stretched:

X -'R » - . ':- ;';

P-4 ; .
. s

.Yp .AZ (I"%) ’ \

A . a - A Iy ) - -
ylth Ekpﬂ Skp’zzl’and. 5 to‘be determined by t?e

e ey ——e
co — v

limit process. 5 . -

Ed
-~

"The equagtions fbr‘the_}eédihg terms are, after

. some manipulatioﬁ: \ oL : v s
S BRE) . .
TN e
¥F " : SF Y  aF o
d- _..__12 - i p 2 ' ——.]:R - _E 1 =:
3~ 3oz, T Lim Me ek X vyl T 0
X Y M p )22 P N
, p ’ p ‘ ; N ‘ - .
- P e
i 987Gy Gy - Y _aG
1 lp 2 lp . 'p 1 -
F 3oz o S Lim MA e R g ey )l <0
. X2 Oy M p P P ’
P P ) : <

and the principle-af minimum degeﬁe:acy.diétates

" Y

thatf ’ . ) -t P ’




.. C 1 ¥ :
F, =G, = Lim (——) o= F.. -.G,_)
1~ M_,u-A_lAZ) X, 5Yp( 1p ~ C1p
- 3 1 ] © )
= Lim ) 2P'X
M®** M - P
: 1p

A modified conductivity parameterxp may' be in-
tr’oducea with l'p = C/AlA2 andv Yp assumefi f‘inite‘iLn
the limit process, é pfocedure similar 'to that
emp loyed withlthe o;:dinary lay;r. The factor .
Aixp .appearing on :the right hand side of thé
) l;oundary condition can equalc_iy well be replaced by
'2A2Y§ from the equation for the boundary, 'in’

»

which case the.boundalyhcondition would be:

-¥p 2 ' o, B2 '

F. - G, _ - ~ G, ) = Li —Z)4pt ¥

1p p - X, 3_. Fap }p) ll\’dl.r,“s(Mg PaR: X
_ , 1P

- .

. Minimum degeneracy now dictates that:

'.Al'= A2 = l . & . ’ . B 7" -~
Cor A A M—1/3 4/3

1 - 2
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il
The final set of parabolic eqﬁations for the
leadiné‘terms is:
P »
. .
9fie _ xJ3Fpr . X, %, 2R L o ‘
@Y ¥xXp Y, : (3:11)
»
* G, a
2w ¢ Xp 36 | X, Y, 36 . o
@Y, 9 Xg 2Y,
N L3
Fo ~ M Fip (Xp,Yp) # ~--
P TR R (3.12)
* ._;% °
GP ~ M G'P CKPJ Y )’. P
and at. Xp =2 Y, LT ~
Xp (Fip = Gip) = % 5_2 .é_".'.r)-.- 2P xp .
Y Ye (3.13),

)‘ ’

The assumption that ¥, remains finite (rather than7¥)
is equivalent to examining the case with moderate or

large wall conduct1v1ty

~

To assume ¥ remains finite

<
.

durlng the 11m1t process would be in keeplng with the

. -

or&inary 1ayer analy51s but thig results in solutlons
valld only for* small conduct1v1ty, a case to he

treated in sectlon 3.5 below.

-

-
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The equations considered by Roberts (13) ﬁay ?e
obtained by expressing egquation (3.11) in:the®
‘coordinates §= Xp(2Yp- x,)/q, -~ "and 7N =Xp . For
insulatiﬂé walls, Roberts was able to find ah
exact solhtion.involving infinite integrals of

Airy functions. ZAh attempt to apply Roberts'

—
proceﬁures\to the more general boundary conditions

considered here, failed. No other methods for’

obtaining solutions in closed form could be found. *
It is possible however, to. obtain approximate
solutions for'small-xp by introduging'the coordi-
- , \
_nhates: T
~ 4 @= X (2%~ X)/4 ‘
) ' #
The équatiqns (3.il) become : . - ,
’ T
YFe . 2(a+T?)3Fp _ 2T 3. Y
°Q* - 9@ 9T .
¢ ) (3.14).
Gip . 2(Q+T3) 6 L 2T 26 _ o
° @®? °® T
»

-

'Y




‘(3.15)

o

Approximate solutions valid for T small may be

obtained. by assuming an expansion of the form:

-~

L, i .
Vo (@), + TV (Q) + TV, (@) + ... -

-
2 :
wO(Q)_+ Twl(Q) + T WZ(Q) + ...

F1p (@ T)

Glp(Q’ T)

- Substituting these expan#ions in equation (3.14)
and equating coefficients of like powers oftT

results in:

v 4+ 2QV!' - 2nv_ =0
n n n . <~

, ' n=0,1,.2, 3
W' - 20W' + 2nW_ = 0
n n n
" v - '
Vn + ZQVn 2nVn ZVn_3 .

n‘= 4, 5' 6, c;:_

" o [ =' 1
Wn 2QWn + 2nW; 2Wn.__3

Solutions for the homogeneous parts are the Hermite

polynomials and integrated error functibns:




V(@ = H Y@ i"erfc(Q)
W o(Q) = H_(Q); i"erfc (iQ)

where  H_*(Q) = (-1)"H, (i0)
The integrated error functions of imaginary argu-
'ment'are unbounded for large Q and must be re-
jected. Construction of the solutions consists of
determining the arbitrary constants from the .
boundary condirions and matching with the‘ordinary;
laver. Tﬁis procedure is straightforward but
‘tedious‘and will not be reproduced here, other
than to note rhat only the linear“terms in cos &
(cubic terms in. T) will match Correétly for the G
solution. ' This is not'su}prising since“duriﬁg'the
matching it Has-been assumed that cos® = (2 -

)

2 'sine)l/z,' a relation which is valid only-jto

linear terms. 'Writing‘fp aS'CM2/3, the solutions
are: ) . ?f
- ° N . . -—
r L p(1 4+ 1/0)
p M2 N .
.' A ,‘
. L .




/

S,

[

1.3

(1) 1 3. L1
Gp ~-M2 P(1 + 1/C) [-1 3T H3(Q) o ‘
6, 1 ! o

"
T 1
+527-3'(17H4(Q) _‘Ho(Q)) + ...]

The vélocity and magnetic field are:

/

3 ' y

@ -

( 1P,.° . 1
S v A 1/C) [ - 3T H,4(Q) : .
"”Z'ﬁ[—ln Q) - H (@] - —= ‘m (Q)
"2 '60 6 o2 cm2/3 1
. }‘ -
f It @ - B@) + .
T om2/3°'12 T4 o .
H;ll. - -gr .cosé + ;21 %(1 +.1/C) [1 + % T3H3(Q)
2

T \ ‘ 2
‘\'2—-.(— H6 (uQ) - EZ(Q)) + E-F? THl(Q)

4

T 1 ;
- ( H,(Q) - H_(Q)) + ...]
: CM273 124 Wo "

' ¥

*+

From the. symmetry conditions, equatigns 2.9, the
magnetic field mﬁst be zero along tfle line

&= MN/2, and in particular,.at the point r = 1,
@ ='i/2. D,This point corresponds to Q =T = 0

and it is~a'pparent that the above solution results

L}



in a non-zero field at this po;nt.v This dilemma
indicatés that, at least for moderately and highly
conducting wails,‘the pérabolic layer approxima- .
'tion cannot be applied in the immediate vicinity
of r = l,‘9 =T/2. This result is perhapspsurJ
prisiﬁg since Roberts was abie to construct é .
dhifér&ly valid approximatioh for the pipe with .,
insulating walls using only a éarabolic layer
solution. To confirm this,. the foliqwing solu-

tions for small wall conductivity will be obtained

by the same approximate methods used in phe pre-

ceding analysis. . .

L 44 .
) -

The PafabolicaBbﬁndagx Layer,.Small Wall

Conductivity - . )
1 \

With wallé of small conductivity, the equation !

3.11 remains valid. However, the b&undary congd-.
tions'ahg Elp’ Slp' mpst be redetefmined.'llnt;o-
du%ing c = ¥/m in the boundary condition and

_ maki;g th‘egaséumption tlj?t ¥ ~ 0(1) as M—~» = , ‘we’
obtain, a; befo?e,‘flp-— Elp = M %3 put the o
boundary condiﬁioné at Xp = 2Yp afe: -



~

" into equation 3,11 results in:

-and at @ = 0, the boundary caonditions are: -

It will be noted that ¥ is eliminated from the

boundary_cpndition;\fof the le;ding termé. In-
.

tragacing the §ariables Q, T and making thqhsub4

stitﬁtions:::. |

-2/3

v=T “7F (0, T) ;

_ n=2/3.

—
BZV dv 3y - X -
a——Q—2'+ 2(Q + T) é_- - 6T§‘,I" - 4Y = O
')——52"-?.(Q+'r)°w+e;'r”w ‘4 =0
B"Q 86 T w— ‘

. -

Expanding w and v in po&ers of T, results in

equations with repeated error integrals and Hermite

polydomiafs,'as before.

Diécqrding the unbounded

solutions, "introducing the
matching to first order in

Tayer solution results’in:

b / ’
: .o

‘boundary condition and

T with the ordinary .




S _ 2/3 S O S .

¢

K a N R 1

+ T°(3 H,*(Q) - 55 H,*(Q) + T3775 Hg* (@)

N "+ o1
‘ _ 2/3 1
Gypla,™ = PT 2Hz(Q), + T(fql(g)*f 40 5(0))
. 201 s . g
_ PTG (@ * gty (@ - Taggety (@) -
. :
{ [ .
c+ 0(T3)y) - :

»
4 -
It is apparent that these solutions will satisfy
the necessary condition at the point Q = T = 0,

- that'is, the magnetic field derived from these

" solutions will be zero. Tﬁus, wvalid solutions for
small wgll.conductivity have,béeh oﬁtaiﬁedfusingﬁé»_ﬂ‘WAﬂ
method virtually identical to that éméloyeé for
- highly conducting walls where ‘the solutlon was
., not unlformly valld at‘{he p01nt Q ; 0.

The only conclu51on that can be reached from thls

. ‘ . is that w1th hlghly conductlng walls,han addl— :
§ + tional boundary layer.ls necessary near the *
v A point Q = T = 0. A ) _—

»®
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The Edliptic Boundary Layer Egquations

N

As:shown in the preceding sectiens, an asym-

ptotic expansion i% the panaboli& boundary

layer leads to uniformly valld solutions only

»

with 1nsulat1ng walls, or walls 0f small con-

ductivity. For moderate or,large wall con-

ductivities, yet another boundary layer must
be obtained near r = 1 and € =M/2, Tq,develép
the equafions for this layer, it is necessary

”

to consider only the equatign fq; F dince the

! - ’ o
development for G is-identical. Y
. - -
Introducing new independent variables R« 1 - r,

e

S = cos®, equation (2.12) becomes:

’ dF 1 3
32 . (1-R)‘a—R"-(-l-—_—'--)-jl(l-s)a - S_]
. \

g (1 - s%) oF, _ . S
cCMISER - (TT R 8s! T ° / -

With the stretched local variables.X and Y

_ défined‘by: n )
@ ‘R S
X = ) Y =
Al(M) a, (M)

and .an asymptotic sequence introduced:

-

L

PRI S PR

o3



a
P r

Fo~& MFP_(x,y) + EzefM)er(x,y) + ..

- -

-

’ e .
This eguation becomes: .
. ’J"{/. va
- R S Lo ek

- OF F, " \
1 le 2e J
-=& ——T«f\f —= )
/ 4§ te ay h 2 3,2 . _ ) _

P . » a . .
: . aF ~ JdF
- le 2e
g . 1-Ax$A (Eleix t &y o)
- . ‘ _ O
' 2..2 2 2
, _a
- - 2Y’53F1e dF .
+ 5l ) e * &
, (1 - 8% . A e dy € dy
- B .
. N . » A
F F LA '
' » le 2e . v
Y(el 3% Ezb“—sy— + .. )] .
Y -
o . '. . . \@—.
.' By A5 9% 2e ) . hd
—M[A—IY'(Ele'—s-}-{— 3 /EZ X + ....)
. l N 20
A ‘
: (i Y )(E 9 le E _5_7£_
- ) (1 - AlX)A 1le DY *° : -
' - 0 .
» . » 3

~ -

Multiplying ,through by Ai/sle and taking thé limit

- ‘ : ‘ . ' - ’
‘as M=% results in: N N
I .
8% - AT ' oF
. 1o ) Lim (2)=—=8 - Lim (ML )YB‘;TI‘E
3)(.2 M~>o® A2 ¥yl M-—»e 2
. TN i
» ® L7 ﬁ2. - s
% . le v
+ Lim (M,—-)a—‘—— = 0 :
¢  M—be By 0¥, o -,
. - o ! -
L) - . '




~J . . ’ -1
We now note that ifs, =1 andAl =M ~, only
. . . | R ° -
0 the first and third terms remain as _the ordinary
- ~x
. ° -
, . ‘ houn&ar%'layer equatlon : Iflif =M 2/3 and
. . . ' ‘Az = M 1/3, the parabollg layer equation ils ob=
. . . . ., !
¢ e on N talned in Fhewfgrm. 4
* ’ . he .
- : ’ d°F F aF . ‘
. . le Yb le le —.O &
«* ' * o ax 5 ¥ I - " - ;
[ M . : , B t ‘
° ®, ) o . - ‘i\ ’ ) - ) . ' \ !
. , [ J R R & o - '
ﬁﬁgv A This is the equation uéed\py Roberts, and as .
. e ] ‘ J . P ‘
P 4 ‘ 1nd1qated in Sectlon 3.4 avae, the parabolic
. E-4
‘a

‘layer e&ﬁatlons used in that section, c?uld

-

this Torm

. : - . ) 3
o - a 3 . - /'- ' .
- * An additional 11m1t may be obtalned by settlng
”’ . : ‘ e -1 «
2 e By —13 = M ~_in which case phe elllptlc boun-
- . N ‘L'?V . -
. L ) dary layer equation -results:
Y A ‘ 2 N - ..
oo ° Fi. X 513 R le.: 0 (3,16)
PR YO BYV o -~

.. ) ~ Q~‘ - -

. |- |

hd - - s 0 T

v An Qdenticalidevelopment for G results ins’

L [N -~ ) | - i . . B
. \ . '{ Rk - N : . o S ’ /
- 8 . . 2 2 5 . &l_ ) 4( 4

) . : 36Gpe ¥ C1e e -

= 0 \ ) (3.17) °.

» +
, SN 9x2. ey2 8 Y . T. .
i [ . k4 ) e '.h‘.‘ T
y ‘::”7 . . b . ! ° _ ,




These equations are very,similar to the original
)

«

equatlons, though they are now defined over a

semi - 1nf1n1te plane rather than a flnlte c1rcu1ar

© - M

f .
region. To complete the set, the ordering factors

@

for .F and G are Ele(M),= Sie(M)k= M3 as obtained

from_perfectlg conducting wallebounda;}:conditions,

»

-

which- are, at X = 0:

:eaFle _ BGl‘e

= -2PY

c

An integrai equation formulation for this problem’.
may be.obtalned by notlng that 1f f = exp(-¥/2)Fl§

and g = exp(Y/Z)G e’ the equatlons reduce - to:

o for whlch a Green s functlon may re&dily be ob-

- 7

taLned and the 1ntégra1 equatlon found £rom the

-

"boundary condltlons. Intr1nsxc dlfflcultles

arisg from the;unbbunged nature of condltlon

3.18 and since the resulting solutions will be

of order M‘3J'contributions from this elliptic

v




_for'thewcdge and ordinary layers.are of mare

practical interest.

région*to the major parameters of interest will

be'iery sméll,_of order'MTSQ _Second order terms

o P N

.
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Fd 4
o
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¢
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- e
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Second Order Solutions.

The results of sections 3.1 and_ 3.2 (the corei .

and or¢inary layer) may be extended to include

second order terms. Thué, the second order corg

is writtén as:

,F¢ ~ M‘f Fag()’) + Ezc F:c. *—

G~ M F‘GO") + 8, Gac *

’

N
. .

P_‘ ‘._ z\!‘l’. ’ -
- y3)Ya '
1+ %0 »Y) ‘
1]

]

;&i‘th . F,c(y) a

2
3 . L4 > 4 L3
in-which case the gaverning equations are: > :

. ‘. N 1 N

LIFf, | E VR +ME I, o
- ™M Iyt : - xR

L 3Fe L, 5, V6ac M §,, 56".-. - O

The principle of minimum degeneracy dictates

that - &,¢ = 8§, = M _ and
- . )
OF‘ — ?‘Fu . -
3 ? v
a“‘ a 3‘F.‘
o x oy




Solutions are easily obtained in the form

et

Fac = "E:['S'u&) r _x(-yy” Al 2XY (- y9”™
2 R e TS b c
. . ’ '. ¥ >

P ac(y) - —'!—-L——-Z%—‘v‘ AT V"(' }
M [ [ vo- 94T i' i v(:- ~)’=

-

@
»
n

H]

-
“

The unknown function 5‘,.(;/) must be obtained

through matchlng with the second order ordlnary

-

. R
i v

layer. , Thus, def1n1<m_:r
F~ MRy + & Ry de-- /
Gy ~ M-.Gu + 8 Gag +--- i

. .
-, s

With . B = . .
. | , )
-F'S 3 P €Cos &
| + ¥ cog @ -
- . _“ ] -K' ‘0“
G;‘* » P‘ €05 © (l -2 ) * ] i
N 1 +¥<cos@ :
A - ) a
- 4
.‘ -a .
one obtains: €., ™ 8.5 = M .

. . ‘Y

o

-

2q €



o
(:
e

~

)\.F’. v'-. c o‘s ° aF’ ; - E sin‘l 2

[}
SO
ax; . o Xg (1 + Y cos ) ‘
y -Xg Cos @ -
9 Gas _ cosg 3635 - AP_cos'e & o
axg Xy | +7(cose) ’
~ . - . . - »
) ) ] . _ Xgcos®
: + P sin*e '(g-.zc )
. : v )

(1 + vcose)

*

x, cos ©
r - +2szcasssmee A
I+ ¥cos® . )
- ' with boundary cb%:ions at Xg = o0
. Fas “, - Y(aﬁ., - 96a3) a2 ©
x . 1S ' QXg 3x’ N - : "
. . L] N
‘ - Fag + Gay = ©
5 , )
. o
‘Rounded solutions for the differential equations o
’ are - y
3 " ‘ / .
Fas = A, () + P'X sin otane
. - . 2
¢ ‘ ‘L o - (Iffcoss)' -
, ‘ . : . X coso ) L "o
Gas = B/o) 4 B;(o) e” PR e ) '
.
. . . . x,<030)
® e v r
. ¥ Psufﬂtano;(‘(lf-ze /
T R (r + ¥cos o) . .
; - ‘ K, GO"
- 2Pcose x, - |
)} ¥ ¥ cos® . .
- - E : x ~ Xsco05 @ -.
. - 2P u'uo~ta»‘0()(s+ 4 Xg cos 9)'2; :

I + Ycose@




. Application of the boundary,coﬁaitioné is

-

M.

occurrence of higher order contributionss when

‘coordinates in section 3.9 below. Roberts (13)
,encountered a similat§mixing'bf-oraers in his

‘insulating wall parabolic layer solutiens.

"w ot

;"l

straight forward as is matching with the core.

An interesting feature of the matching is the

the flrst term core is expanded in ordlnary

layer variables, that is:

!

"F,~ P'| coso =, L X5 3in8® tano; . --
Ml 1+Tcdse: m (1+ ¥cos o)
+ P S.c(sine) + ! ‘ J v 2Y s cosel| s’ _
. t R cos*o(i+¥ces o)" I+ ¥ coseo Lt

ThlS "mixing" of orders is slightly unde%}rable ’

~

and will be rectified through the -use of "optlmal"

‘

The core and 6rdinary layer solutions may now be

written as:

£~ £

M eT(1-¥Y?

w

-ﬁﬁg-y‘-)'% {l-r')"' vo" x}{. z‘l'*r(gy)‘)v'} 11\’4-(‘ vy ] ]
” 1+ Y= yy, ' .

2] aor(n-yl)"x]: ST [ P y‘)y‘]




N %

M 1+7(0- Y)l"

, . . Po 1= yN . H )"‘)
e

-~
-

.
P _coseo

M i1+¥cose

J'_E_.[
. M

s ~

)(i sineotane .
(lf Y cos,o)"

| * ¥ - ). 2Ysin*ecess) |, L
o Co30(1¥Vcos8 (- - 1+ Ycoso v

]

+

s i) ’
Gs~. P _coso (i1-2c
M 147<os50

+ P'l- Xs sine tauo

o r M1+ Veos o)

. - ¥

- xscos.) -

" r('ffcosq% (l 2e
(l-f‘ftoso) *

'

x}{s ..‘ 7‘."( z‘(n-z‘zv‘} R (s (“7')""]
T v (e-yY4 LDr v(@-yy .

-

13

f!*(d- cqls o)
(I +¥<os a)’ . . N

o

- -

,‘ﬂ ’
‘43

- Xg COS3 0)

-

. . A

e ccase(u'l‘cmo)3

t+Tcos o,

®

% 1+ 2T sin‘q ca;o}

<os'® (l * ‘rcosa)a

. \ .Xg <os @\
1+ XY Sin'Q cos® (1-e )
I +¥coso

Xg <03 @ . *

-~ 2(7+ cos®) X,

~ sinte

(1 + ¥ cose)
\

(+ Tcoso) . .

a =Xgco03@’
Xs € ]




. [l
' . .

-

The above solutions are valid for any ¥ including
L]

. the limit ¥** in which case the solutions are:’
Y -
Fc ~ -—P- + P2 _! — < ‘ ) ‘ ) b’ ©
m? t M3 ("-Y") 72 . L
A3 . . “r
- Gc T _P- + | V E ‘ ’
m? M3 (- YR ,
Fs — 2 P 1 - ' .
s .M " M? cosle . - ] . .

. -Ks Cos @
Gs ~ __P__. ("‘ 2 c. ) / - .
. Mﬂ 4 : \ . .
) ‘ ‘ )
- X5 €050 _ Xgcose
Pl (A ) e
- M>?| ces” ' : <osle
| e ‘ ~. ’ \ Ia
o L . ~Xscose
. - Simetane X, © ]
“ s . ’,
. r ‘ . :
- . - . . . * ‘ v

Id

VerifiCation‘of this limiting case is easily

. Al
L]

obtained by-direct substitution in the appropriate Y
core and ordinary .layer equations and perfectly - o ’
conducting boundary conditions. - ' . b '

~ ) o A . .
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she Flow Integral .

From the definition of F and ‘G, the fluid

»

veloctity is simply: . . -

%(F * 6)~

2
so ‘that in the core :

£

, k4 .I -
U, f.“-(';.’:)_: Py g-r) 2T - y‘€ rfrs (- ‘)"
| f"M lfrla-ya)va Ma[[ur(: ‘)"]3§ L lff(l- ‘) [,"_.‘(, y,)xls
e )

and in ‘the ordina;y layer
- Kg Cos 0)

Us ~ P _cose (a-

M 1+Fcos50 -

_ Kgcos o)

X5 3ino tame | ¥(¥tcoso) (i-e

A(l + Ycoso)' (l +¥¢ oso)’

- KgCos o)

g, + AT sin*e cose (:
t+ Ycoso

s€os@ , . oX.,c08 @
.LT_*_E_‘_’_S_Q).X, - in'o 'X ex" ]

(H- ‘(coso) (1+¥cos o) 2

' ?s"o(t * rcoso?

VS
. :
A composite solution-u .is easily fprmed from tl’\ese, ,
1

. in which case, in the boundary layer,

4




4

. B ) . - KS (¥ E¥-] . —
u‘ - U = _E_ - e e . &
‘M (+¥cose
+ _g: _‘L(ff- cosa) R ,— . aY ?1..“9 Cos e
- m? (H'Ycasp);' ‘Cos’e (1+Ycoso) I+ Ycos @
*lrcoe) o aite yxi]e” e
(H-)’cosa)" I+ 7cos0 >
hd . b
Thetflow integral may now be defined as:
@ = @ '-QJ‘
-9
where . G- Y') .
Q = 4 g Su (Vy) dxdy v .
) . . -] o ‘ -
is the flow integral due to the core and
Y o - . C P
Qv 2 ((u-my (i x5\ dnde |
m, . M )
. . - '
is the flow deficit due to the boundary layer.
. y -
Defining i “(1-yY *, 0c and Qd to second order ’
'y . . - .
are:
Q. = S S 72 dxdy - g
1+ ) (1~ 72 Y4
J (v =7 )A
4( o
‘ﬂ g S a . ¢ AT 0=\ *(f*’() ldxd
H-‘n()‘?x 14¥7 ('1.1-1)3 (,'_.1‘)1




3!-‘*

' ' } 5#}%)0 ‘)’*.
4

-1¢ S[ - v J dy

‘ . M* K (un[)i (u-rﬂ (H:rq)’ (1~ 7%
Qi ap S _de

« m* J d+¥ceso

y. |

Evaluation of the above integrals is straightforward

though algebraically tedious, Qifh.the following
results:

-

(a) Insulating Walls (¥=0Q)

TIRGEW

The Case 0«<¥<]

(b)

o

- zr-:-l.._. % 4 (avy
hl[ 1+ ) (r*-:) )

6'(n.o)(r~)
+ 2 X

-

-r* r'-n z(,\,))(*'r ;i(ta (13 —tan'_L
s _ —_— d V=TT

(¢)  The Limit¥ =1 (C=M"1)

- ® - th(
’ M

+jw
2
»
}
-
—~
w[¥
Ply
S’

ol
- *

. 2 4p ‘3 .1':" T.x_ o Y ' e -
o @ 1,;{:‘[(“1”)4 a Ic-r‘(tan/g ta"fr—t'f(,'-_)] ‘

, ' ~ = L. tan ,l r : \ g
. , ' v ]} =
., ) ' .



(d) The Case 'l« ¥< **

o laler ’——E]

plURE s e

-—l- i~ 27‘*_2-__ 'Q’l) 2(- r) .L(;r'")
M @ (T E(TFR)(ren)

+3f L _I_
(r‘ ™~ ta (rqu) T+ ,ﬁ'ﬁl" —ﬁ_"::"fj)
4 log 147 +Fr=T ] .
T 147~

.

(e) Perfectly Conducting Walls (¥=°°)

@~ aP(w_z.
@ . Ml 4, 3 M “ .

~

It will be shown in the following sections
that contributions from the parabo]‘: layer
N L e

are of a high order and therefore may be. R

neglected in this second order approximation.
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bptimal Coordinates--

.
v : T

T

The circulai:.tube problem may be cast i‘ a,

slightly different light by means of a set of

s . -

optimal coordinates as discussed by Van Dyke (9).

™

L}
The f,orm/ of the core solution suggests the following

-

set for the first g rant:
Y] ,/z . v §
N = (-r2 N x¥ 2- 3
y 7 . Y, ' 'r/
§, =~ (-»)-x y = (-7)7

In these new coordinates the equations to be

solve’d are: . . e . ﬂ" e
LF L (- + 2 LE .!.(_?_f a_F)-M *2F 2 o
a5 (:')(3&* 93971) a\sx "o5 ) M55 7 0
. 'y
RS 26 (96, 86 S, .
*l L + 2 s 2 & a =
ag: ¢ am) AE A AR S

Id

and the bdundary conditions at ;.=1) are

F+ 6 =o

%{(t‘- "')(%S - }’&l):(?: )} 2 P'

A similar set of coerdi"nates méy be, defined for
. . .
the second gwadrant with

- * L)

F-6

L
-

“y

£




and .3 " 25( -15.

form -

l

F(§ 71)

N

‘ Wlll be obtained brleflfy )in these

The solutions obtainéd previdusly

G(i,ﬂ)

-

'

Thus deﬁ;nlng

¢ ’ -
Fo~ €, F ¢ 6, F, #--°.
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matchlng w:L_th a.boundary Jdayer.

readily apparent s. Thls s:.ngularlty w1ll propagate
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‘second order obtained. -

' with increasing severity in.highén order terms and

it is only with an expansion for small d that the
- » N f‘
singularity can be:resolved.
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With the stretched boundary layer vari8ble Xg = §”A°‘
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introduced into the tquations, minimum degeneracy
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dictates thata&=M T
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During. the matching pro-
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What is more, the first order tore now eoccurs
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When written in terms of x and y, the.above core .,
B » “ >

solutions reproduce exactly the results obtainged N
previously. The boundary layer solutions differ : -
slightiy from those obtained previously, particu-

., larly in the exponent_q‘Ks. L
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Perhaps the most interesting aspect of these
optimal coordinates is that the garabolic layer A
is considerably éimplified. Tﬁus, with V;"lﬁo
substituted in the eguations one finds that A must
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be M to satisfy Ehe minimum degeneracy principle %
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By ;ntroduﬁing an a99 totic.sequence:
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the boundary con?itions cannot® Be imposed. This . oo

laYer must be considered as intérmediqpe between
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the core and smalli7, with an additional bouhdafy
layer near the wall 3,0 required. If a new

variable va ﬁ;& is defined, the simple diffusion ™.
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equation-results, that-is:
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To obtain the unknown function ‘Ap(t)  and the
factor 3,.. it is §ufficient to match with the
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ere 7}= M 7Ya cM’ has been introduced so as
not toylose the arbitrary nature of the wall con-
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ductivify. Thus,
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When considering the match with the ordinary layer,
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3.10¢, Parabolic Layer Flow Deficit |
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* The parabolic iayer velocity is
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The coeff1c1ent 1. 83 is very close to .the value

'

rl 732 obtalned by Roberts (13) using & nhmerlcal
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v 1ntegrat10n. -'I‘hls Verlfles that for insulatlng
walls, the parabpllc-fIOW deficit is of higher-
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- order than second. oo
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“This is again of higher order;thaﬁ seoond and
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'F\.i vanishes for perfectly conducting walls.:
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\ It is apparent therefore, that to second order,
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the. flow dé?lClt due to *the parabollc layer
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may be neglected.: v
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Insulating wall Solutiops-foﬂ\39§’56;;>and ali
tﬁreé bpundary layers are known for tﬁe rectan-
guiar duct. The[core, ordinary and parabollc
layers were found by'Shercllff (14) with the
core and ordlnary layer obtalned from a large

M expen51on of'an\éxact Fourier series expan-
sion. Generalization of the exact soluﬁion to
arbitrafily oriente&;ducts have also beéé'coq—
sidered’(for,exémple by Frislah, (15)). Cook,
Ludford and Walker (10) have further shown that
an.elliptitc 1ayér’solutioﬂ may actually contaiﬁ »
the whole structure of the péfabolic layer.

T ) ) - .‘-

. Varioug permutations of*wall conductivities habe .

also been Q\nSLGEred and a general metﬁod of treat—

ment has been. explpred by Tempgrley and Todd (16)

In the most 1mportant case, w1th 1nsu1ating walls

perpendlcular to the applied field -and perfectly

conducting walls parallel to the field, solutions

! 3

. for the core; ordinary layer- and paraﬁoliq.layer,
%ave been oBtéined)by Hunt and Stewartson (17).
The parabollc layer ‘yas also obtalned by Chiang
and Lundgren (18). In‘both of these publications,
the paraboliC/ 1ayer was’ obtained through solutions

. - . 4
- of an integral equafion.
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. Due to thq diffioulties involved and the small -~

contribution to #he iritegrated flow, the elliptic
. ) ¢
, or cerner layer is often ignored, pHrticulg?Iy\\\ -
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- with a-conducting wall parallel to the field. An
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"approximation of “the solution for this layer will .
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be obtained in Section 4.2 below.
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4.1 The Core,.Ordinany{énd Parabolic Boundary Layers.
L Salutions for the core and ordinary layers are
4 . R
) ‘easily obtained, either direttly from the asymp- . .

totic equations or by expansion of the Hartmann
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o g
° solutions for.large M. These are: ul
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the walls' AA (see Figure 2.1 (b)) perpendi-
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. ° 2 p - (1 - M x) -~
B - : o . ’ !

(1 - p?y 34

Iy

p .- 24 Tx -3/4
AR vy -
Vel 2tV

° o)

v M

‘ . .
N T . xerfc A A du)
. C . 2JX - u

v
E g

. v L
, ” where ue= M(1 -8) :

VA . IR N

6 ﬁExpthing the’ integrand

gives:
e

4 ' x
24w )’ o
w4 ),

‘e,

7
L.

3/4erfc‘ —

- P,
Fp~ﬁ[l—

o

- + o(m™3/4

L]

Y17,
_ g -

/ o - -
~.o0 ' -

£l

)
A )

which, after integration by parts is:

-




L

This may be expressed as; a confiuent hyper- -
aeometr%c.function.U(ah b, z), (19) that is:
. h . ,. .‘2' ‘_,
* f Y .
4 -7
P 2 277~ Y X
F_~ =[1 - :
P M Mlﬁrf(l/‘l) XI7ZE’

: 2
X T (5/4)U(5/4,3/2, 3]

Aiong the w;ll Y =’0;‘th15‘réducés to: :(
3 ‘ 4 - - .
s - zi;: 2 M4
S 'SAE R V2 :
\ . < ("

"

< . “. E
0 f g9
’ ) ‘x ! ..._Y._z_.__
T A3/4 - . 4 (X=-u)
P~ gil s~ S A
SRR e S,
. ~ o] |
oy - ) Lot t . ’
| SR - du] ' ’ ¢
4x - w3 . .
which becomes, on’lezling t = (1 - %)-l
T s : ’ v
r a0 . Y2
F o~ 21 - —%73 —%iii—i —%71 "g 'e-ZEt .
p M M AT/ X a -t
1l
,
x (¢ - pM4 ey
. N -




For nfatching purposes,Athe~asymp;p€1c solg—

tion is rewritten in terms of 2 and

as: -

. } RS V7R )
0 or g rEn o 2 2 e /

.
5: 1l - x
: {
N
N
2 a
1, 3/2,?€>] .

(4.2)

Following a somewhat similar expansion pro-

) Eedure..hhe-éxpansion for Gp is:
. f :

¥ L} - /‘

’ i ‘1/4\ -
P 2 K
L6 (6 )~ - —— u(l/4,
RN p2 0 g0
- - '
- P S é
) whé%é G_ = ﬁgpl
‘ _‘7 Elllgﬁlc Bounda_y Laxer 3

/4/ ' , - . /
? ! )

In a preceding sectipn (Séction 2.2)- the

layer equations were obtained and it was.

o

that Qllzterms‘of the original ‘equations

retained in the process Simiiéfly; thé
term Hbundary condltlon contalqs all the
o, ,:{,

-

boundar# data.' Thus, if an a;ymptotlc sequence
/’ o
were deflned for the elllptlc layer, alfftirmélh .o

_other than the leading térm w111 be obtalned +as

/

solutions to fhomogeneous equataon w1th Lhomo-, = -

geneous boundary conditions.

. Bl v

Since the solution

.
.

2
o) ]
T4E

(4.3),

4 r"t

1/2

°

gllipfic ) -
noted

were

leading

original
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\ . ‘
must be at leést‘bdun’Ld at infinity, and the’ *

. » 'u

’ ]
H

\\V{/ ' | " equations are,elliptic,'it is reasonable to sug-
. gést that the solufion'muét be‘constaﬁt-w;th‘valug .
5 ' .  Zero. Th;s.of course }mpiies that éhe ieading :
,termfcontains soluti'ons,.::o.l‘ll orders, ‘which is

‘\\%fuch more than was'originélly sought, that is,

.

first order appraximate solutions only.

N — : o L
~ In the following,jan integral equation will be
¢ ) . B oot ‘

. derived for perfgctly conducting walls parallel’

X to the field ané>;nsulating walls perpendicular .

~ to the field.. d ‘
. A ) \"&(? 3. A i

The éqﬁation for F and G, written 'in the elliptic

corner variables .are:




) ’ 2 . ) . 9-1
2 32 a
. ' D G, ? G, 36
—_— +t —— + =0 .
? L2y X -~
» * ’ L4 ) ¢
‘9
: ' b i Wil v = et L
: - with X =WM(1 - x), Y = M(L r y),  and the boundary
. . , ) L - N . ° . -*
conditions are: ) .
. ) . ¢
" [ 4
Fl = P, G1 = =P at X =0 * (4.4)
4
)Fl 361 - . : )
‘W"- W— 0 / ’(4.5.)
’ ?t Y =0 .
. 4 3 ' . R .
’ N »F. + G, =0 . (4.6)
. Y ‘
""_, . - > A :' s '
By. making the substitutions: .
‘ | I % |
- . _oxj2. _ XX/?;
Fl = e £ Gl ii g
. ‘ o : . .
r ‘ ‘
the, équation:mgy be/written as: .
2 +?£_f.. - .l”f = 0 :
2 2 A e - '
*” (
% N 32 . _1_g =0 ) .
dx Ayl 4 ;
. .o A Green's function which is zeid on both boun- ‘
” daries .is¥ ‘. | o '
. . )
'-
‘ ) ' ’ o, 0
~




" —~ 1 1 oy 2 L L2
PE Ko}fjfxo - X)T 4 (Y - YT
) ¢ Voo s .
" N S o _ i
- Y - 2 2, _ _l_ ° 2 Vo - 2
K (%f(xo X)¢ + (Y +Y)7) KO(2 E(O + X)° + (Y,O' YY)
|’ : i
TN + K (-1—[()( r+ X)2 + (Y + Y)Z‘) 1
. o 2 o 9
. o , - Y 5
i L J
2

where Xo’ Yé is the source point and Ko the modi-

fied Bessel function of the second kind. The

-

solution, expressed in terms of Fl and G1 may mow

be formally written as:

s ) g’.z 2
px x/2 ¥ %15V Ldu .,

F, (X, Y) = )
1 S 5 2% o172

o . .

. o0
’ l1 X

] - ﬁ e y Fl(xol
N T . O v
,_ = S0

x (K (r)) =K (r,)] ax_

. __l _ 2 2‘_
- with r, = 5 JT%O QX) + Y ]
! . 8
r
‘ . = '_l . 2 ?
rz—i'mo*'.)() + Y .
-
\
- ’ .




~

N ’ o

x[Kb(rl) - Ko(rz)]'dxo o,

<

‘whergs the boundary conditions (4.4) and (4.6)

have been used. The boundary condition (4.5) will’

now produce an integral equation)when it is noted ,

that: .
32 1) 22 .
3g2 071,20 T 7% (1,2) ~ 3% (o) .

except at r, = 0 so that if we differentiate

1
Fl(x, Y) for example, that is: . Iz P
L K l, 2 2 R ) !
Y m (X.Z + Y2)1/2 .
2 oo ¢ ' “
1 x/2 9 -X /2
e e Q__yz J’ Fl(xo, 0) e "o
- \ " QO .




e

v . - v ¢ .
We obtaln. after lnierchaﬁglng dlfferentlatlon i .
w1th respect to gzlth dlfferentlatlon- with?¢ res-
-~
pect to X_ and integrating b§ parts: '
T ey v . 2 : M ¢
o S ) -
N 2 -
3y rixe y AF 0 ary g, 0y
=—=(X,Y) = —e - : °
Y T d %2 X
. o) “ o -
O, « . 2
v i <;, .
e X/ FK b)) (r))] ax_ -«
- 0 — e
{ o ’
Similarly: o ) . .
i - o J
o . N . [v] - -
" - l & . a0 2 . ‘: ‘ ‘
3G, 25, " —x/z"{ ¥ (X0 T (X O)
X,Y) = - - e > [— , ]
Y R w ~ ) x2 : '3xb N
© ' ) o LN
- . f ' o !
‘ X /2 : -
.. e’ Tk (ry) ’Ko(rz)‘] dxq,
— A ’ ) ) - .:a °
R

>

If we now takKe the difference, set Y = 0 and use

°

4
boundary conditi'on (4,5), the result is: °

“. ’ ) 3 “ “
2. e . . . .
. ¥F (X, 0) (X_ - X “aF, (X ,.0) ~ (X_ =X
5 ( alxzo - cosh °,.2 — - =3 5 g ——sinh—>—
o” - e .9

O - . ’
- )X - X} {X_ + X).
, O o 5 —_ . 3 .
Ky = - ] dxy =0 (4.7)4

O
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“3 -, o
A mefhod for.solv1Pg thls equation ln closed form
is not readlly apgarent éﬁnsequehtly 1terat1ve

- "methods have been sOught. One sugﬁ proced6£a>-

- , 5

‘émplqys the parabBlic solutions to obtain a first

‘approximation. As notedfﬁreviously,cthe baraboliq

¥ splgtibn, unlike d, actually extends -to the

insuldtidg wall. Thus,‘lt would be ant1c1pate!

s -

» that & reasonably accurate first approx1matlo may,
be obtalned dlrectly by using €he parabollc E
gsoiutloﬁ to decoup&e tHe boundary condltlohs‘on'
the §0nduct1ng wall. ‘mhlslpr;cedure has proved-

4 Yo

‘fruitful as wilf be, ‘shown in the following section.
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4.3 " Approximate solutidl for the Elliptic Layer
‘. - ¥

, An'approximation for the elliptic layer or corner

-

region may be oqgained through use of the para-

oz 1. K R s a T
, pbolic layer solution for F‘which we have seen¢

-

« . ", satisfies the boundary conditions, eveh within the. " !
> - - '5 . - . . . N
/ . .
/  cornert region. Thus, we’set: . .
-~ i R + . *
: ' : D J

s 2 -~

N , 1/4 : )
, ~ _ 2 2, /4.
1.‘F1(Xo' 0) = PiL Ml/4 2 ° 4X _} ’) -
- . \ (1/4) ‘ : ~

.. : . . .

which is obtained from the expansion (equation '\
«w

.4.1) of the F_ solution on the wall Y = 0. We may y

now write: ) - ’

2 .2
% X/2 -x/Z{ H'X) +Y)l
J‘ [(x - R)z + Y ]1/2 o4

/& £ X) +Y)1é
[(on+X) +y11/2)

0 . - ' ’ -
1/4
.2 4Y_X/ ) 1/4," /2 *
wi/4 e j )‘(°
7"(1/4) S S
™ e Y

/ Jl
(%ﬂxo -0+ 2 (fla + 02+ v "

, .- dx
" [(xo—x)2+Y-2?7 [{Xg + X) 2, y%)1/72)"0




du .
(X + u )l/2
° ~N 1 A,
. o .
) BY -X/2 f X /2 '
~ O

1 _2<3\_”1~'z4‘2
. Kl(imo. X) +Y)_K%(7jxo+X)= +Y)dx‘

[(x, - %)% 4 ¥4/ _,[(x-+_x)2+yll72 ©

t v * L]

+ TE¥e-x/2 xL/4%q /z _

1/4
M 1‘ (1/4) K

v

1 o2 2 1 2 3)
7 Kl‘(fnxo.“ X)© o+ ¥ Kl‘('fju(o" X)© + YT) «
[, - X) 2 Yzllp_ T, - X2 + Y2]1/2} o
- ) ¢ ‘ "' . “ \

- "

»
-

By -construction, tha§¢ solutions satisfy the

differential"éhuatidns,-the boundary conditions at

1] " v

% b Y- ) PSP
X = 0 and’"the no slip. (equation 4.6) condition at

L

.Y = 0., I£~remains ﬁ@gﬁérﬁfy that a match occurs
with the parabolic layer and thétvthe‘derivative
boundary condition (&quation 4.5) is_ satisfied

Fa

M . -
with sufficient aecuracy. AN 5
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Verlflcatlon of thf matchlng is lengthy and is
4‘# . ( L e

presenteddﬁn the appendlx. T

Sinoe the solutions are“approi&mate,'the deriva-

]

tive bounhary condition will.not .be satisfied

exactly. However, the match w1th the parabollc b

[} )

a layer ensure$ that, at least Wit%ln the overlap

region, the condition will bébsatisfied:to suf- ©
. 0 .

o ficient;%rder. It should-be.noted that.the mag- o~ @
netic field is an electrlc curren; stream functlon
and the’ normal‘gerlvatlve condltlon 51mply states

. . that tangentlal currents Should be zZero along ag:

¢ <

@ .
wall of infinite conduct1v1ty Of greater impor-.

) ‘ tance physically is the requirgment that the tetal'
~ i} ::) . ) ( '& ' . =‘J.~ ) .

current into the waLl,beozere,'whlch is satisfied

Q K] <

* k3
S ' °

exactly with ‘the present solu;aon 51hge, by con- .
[ .~

]

(." . o \ 2
strucéion, the field on the walls x = +°1 is zero.
L < ‘ o - © - w 4

- " ©
B . P -] . :
) o - D « P . ¥ ¢ B e
7 5 " K

S °The fluidlveﬂocityﬂand magnetic‘field mayaacwobe
\ . ¢ - s * - ., Y

-1 v u
S o : o,
I <

- K I " = ©
LY. / : o 5 > - ¢ .

written directly as: - L e o 1o
A Y (Qa © L. .

lv ’ hd ; * A ’ o
” ™ * +. v . - a
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A LV o | 2
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)

o 1(21/(X-x +Y2) lfx +x,.+3{7

. - dX
’ [(Xg - X)° + y4) /2 [(x + x) + Y2]l7— 0
H m-3(1-5°> I S x,¥) 6, (x,1)] ¢
M M M 1 f 17 .

Q

(1 O_‘. _) ‘ . ' o

o N

C xyx(/x§+2)‘
osh(-—)f du * I .
2 (X2 + 2 1/? -

(o=}

) ‘ . .w . '-' " ) 7
~ ‘ . PY [ . X Xo 1(2/(X ‘ + Y
1]

g - 0l 1211”7 <

.o, Kl(%’- (x0+X)20+ v T
".' :— , - .l N - o‘ P - - dx
» k- 0 o .. o ..‘ ... t‘(xo + x)2°+ Yzllﬁ ) ‘9 .
- - e : L_ 2P 2 4. 1/4 0 ' LR
- & - = 5/4 x0 cosh (_—2——) S
RV T3 (’1/4)/2‘ L
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. 1(2 7'17" ax
. . =\ 14Xy - x"u + Yill/é [(x o+ X) Y] '2 0

T 0'4\? = ' > B ’ - o : . ’ * Jv’b v [ o f‘"
¢ " w - s o .
@ u i " T g The corr’espbndlng u and H solut,lons in the parabollc ‘ .
\ - ‘ - B la.yer are . ‘ - :CI ' R K . ;,Jf) :ﬁ‘ v e s o
“‘ © : % ‘:‘ 0‘ . u-. :‘_')H 0 2
° a P /Im 3/4 3
p oo, up v ﬁl'l = (1 -.8 ) erfc —A—m agl N,
: S o r(1/4) : is-—«x1 :
c. © ac o o ;0
o 0 . " M ¢ t A ol
. P B Lo 3 . P‘J . . .:. . 1 " Q 4 , .
SO D Hg v =g x4 S 21 [ q1 B )~ signumf(g-x)ei'fc—-—ﬂ—m?s]
.- s o S (1/4)_ ' s e 2|8‘?C|
.}‘, g ¢ ¢ U I oo" . ');a . v . Y oW o &
~, '0 ) "' o (40 :’ 0o ) . e . . < 7 °u
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layer, provide a unifermly valid first app
.\,_.

‘These solutions, along with the core and ordin
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5.0 CONCLUSIONS - ¢ <o £- "

. . .
For the circular tubk, .conducting wall solutions
“ -~/ . )
T for the core and ordinary boundary lezzys may be

ea51ly %Ptalned q/;ng the systematic mé&thod of ¢ 2/

matched asymptotlc expan51ons. ?yen though the /
- v
resulting solutlons are not . uniformly valid, in /
: i /-
o . that additional singular regions exist near the.

point where the wall is parallel to the applied
o ' field, it has been possible to obtain:the flow

integral to second order.

. B
. °
° < s v 2

In order tp improve the accuracy of the boundary

layer épproximations in the singuyer regiqp noted,

[ . . o . ~
o a second boundary layer, chayacterized by a

v
- 2 4

parabollc dlfferentlal equatlon, was solved approx1—
mately with the result that a 51ngular region

! " still existeéd when the walls were condUCtlng An

° o,

approxlmate solutlon w1th the’ walls‘of smqll or
zero wall conductivity does not dlsplay thlsv

singular behavioqr. Thus, a fundamental diffefence'

»

. apparently exlsts betWeen“mall and large wall

conduct1v1t1es and an . addltlonal boundary regL2P

v characterlzed by an e111pt1c ‘differential egunation
“ )
" was 1dent1f1ed . The error incurred by,s}qply

°

';gﬂorhng this. additional pouﬁdary layer is of a -

Ce

?




W+ " a R * r " )
[ ’, . , { . A ¢ 8, , .,,: . . o 1 (} ff‘
Y 't \ Y " » e .
t . . v L o« N -
” v ~" * ;‘ ‘9! '
= . o ) )
:‘_ ) very small order and the labour required to obtain .
RTY Y ' . o X ' i * ’
. _ explicit solutions is probably difficult to justify.

Through the use of a set of "éptimal” coordinates

it was found possible to obtain an explicit solution
for the parabolic region, wvalid fér'arbitrary

valuef of the wall conductivityx To second order,

it was shown that the‘flow defic{t due to this

region may be ignored.

With the rectangulafﬂaqet, three boundary layer -

»\l_ regions also exist, ﬁut in this case the contri-
- X »

butions from eliiptié layers, in the corners of

@ = thiuduct, are of larger ordef than for the circular’
tube elliptic region. Congequeptly, there is more
just&fication for obtaining solutions. The différen—
\ tial equatiogé in this case'are'the same as those
. for the complete problem itself witﬁ the ésymptotic
-'_ method providing very little in the way of simpli-
fication. These'equations have been solved approxi-’
“mately for the case of pfacﬁiéal importance where
the’ walls_éarallel to the appliéd field -are perfectly
«conducting and “those perpendicular to the field

]

are insulating. With the sum and difference of

(5]
(o4

- the fluid velocity and magnetic field as deperident
- o

vdriables, boundary layers occur only near one of
” , -

the insulating walls, with the sum and differenge

.
.

M )
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.varlables haVLng-bopnd%fy fayers on opposite

walls. Thls bbaervéﬂgon is used to decouple

boundéry condxﬁlcns\in the corner reglon and,

therefore{ to obtaln the approx1mate solut@gh
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. ' Verlficatlon of-the Matchlng 3 "
. — - — _ Y o
o R T .;’. ' )
- - o Pl R P.J’v . B . . L

To verlfy the matchlng between l(X Y) and G (X Y)

of sectlon 4.3 w1th the parabollc solutlons shown

O 4phsec§ipn 4.1, F (X, Y) will. be cons;dered first.

- . * e
Making the subsitutigns® L.
«
. [ ot : ’_1 ] .
_ Do u=M /?v
\ ._:,;\u\ . \'. r., ’ - ’ . ;
in, the first term- and v -
2

3o . G
- wlix - R '
_v =M A(XO X)

or ’ “f_' o
- . o~ * L4 .
. . _1 "» . -
! . v i M, (XO + x} " »
’ . . [

as apéropriate"in the remaining- terms, and sub-
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Each term is identified by I I etc. Asymp-
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