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Generalised Cesaro Summability, Riesz Summability and

T Strong Rie3z Summability have been extensively investigated
by varibus aufhors. In thls thesis a definition of Strong
Generallsed Cesaro Summablllty Method is proposed and the

'! questjon of its equivalence with the Strong Riesz S ability
Metﬁ%@,is*ﬁétébiished. In Chapﬁer 3 some equivalziiz) '

4i$j;;theorems between the Generalised Cesaro Methods and the

ol

Strong Generalised Césaro Methddzére obtained. 1In Chapfer 4

@ 3 . "

inclusjon theorems‘between'the Absolute,Generalised Cesare

L]

Methods ‘and the St ong Generalised Ces3ro Method are obtalned_
' We extend a\result dueffo Kuttner, obtalnlng some
4

strict 1nc1u51on theorems between Cesaro and Discrete Rlesz

1

Methods of Summablllty. And our 1nvgst1gatlon 1n this respect
stems from Borwein and Cass's work dﬁiﬁtrong N6érlund Summabiiity.

P " In Chapter 6 we consider -N6rlund Methodé-of Summability

Agssociated with Polynomials which have been investigated by

Borwein, and consider Strong and Absdlute”Narlunﬁzﬁ%thods

T e LT

-. associated-with-them. We éhow,”?ér'exaﬁple, that twe‘poly;
o - - .

”weﬁﬁSQial Norlund Methods are equivalent if andNonly iﬁ'the

associated Strong Methods are equivalent. e

dii



. . « | \ N
: e on : . , \ ‘ r
4 \
” S ‘
“ ) e, ~ \ -
. | . ‘
ACKNOWLEDGEMENTS = ' . e
e r . o ) \ #

L} ' .
I would like to express my since¥re gratitudé to my |,

‘chiqf advisor, Dr.'F. P. A. Cass for his kindness, N -

Yo \
, encouragement and academic guidance. \ ‘
)
. - |
I wish to thank Ms. Janet Williams for typing the
. . \
: ' , . v \ . .
o . theSlS. . - - , \\ R o
- hand - ‘\ h
. . ‘ . \ ‘ ,
N ¢
¢ - . ,
) ® - ‘- N 3
N . . .
. N -
4 - -
. . , L
{ i - .-
”~ . ey .
- ! . L (
[ | v ) P
9
A L]
Mo —~—
S ' o
L S >
- N\
- - , “ ’ - ! P
- &
»
] Ll
- . @ .
. v g
o‘.- ._‘v'f 4 F
R ]
) J N * - I3 .
g iv
3 ) ) -




) ;’ \ % ‘
\, ’ f [ ]
] - ! )
_ ) - . ’
+ o ‘ " TABLE OF° CONTENTS : 5 .
i : ' * b ' B . .

. . ; f pade
CERTIFICATE OF EXAMINATION . . (. « o . « « «%4 o . . i |
BBSTRACT * v oot v v v v s e e e e e e e e e e et e . did
ACKNOWLEDGEMENTS .:’) - . - [ ] [ ] ’,’u - ] - - * '@ - . '. '0 .. - iV
- . N . . ;.g * . . *

‘ TABLEOF CONTENTS . v v 4 «ei o o o o o o.2 's. o o o "o & v
CONVENTIONS - - - .' [ . (. . ry . ‘- . "o ’ s . . ) . '- . . . . Vil
: CHAPTER 1 - STRONG GENERALISED CESARO SUMMABILITY « o % .1
— 7 .
! ' 1.1. Introductlon Cee e T Tae e e e & e e e e , T
- . ' - . i
, 1.2 Summability Meth6ds . . . vv v v ¢« v 0 v o« 0 o 2=
~ « 1.3 Riesz Summabil_ity,.(R,A,K) ere e e e el e e 4
- 1.4 Strohg Riesz Summability [‘R,A,p+1]'u c e e e . v 4
.‘ ;4,: N . .
. s ‘1.5 Ge,fxerali%ed Cesaro Summability (C,Ax,p) . . . 6
L} 4 - f
1.6 S.ﬁ'ong‘Generalis‘ed ‘Cesaro Summgbility
' [C A p+1] . . . . . . . . . K . » ‘- ° ,o‘ ) ‘-’ 7 !
- —:ﬂ’ ” p ‘.
¢ 1.7 simple Inclus:.on Theo.rgms e i e e e e e e e w9
CHPI'PTER 2. - EQUIVALENCE BETWEEN STRONG GENERALISED
- CESARO SUMMABILITY ANDQSTRONG RIESZ SUMMABILITY - . 14
P . ! @
"4 21 Allema . = ¢ 0 oio -« o e o & #' @ f'. . o e, ;4
- .- - . 4 Y, -
, o 2.2 Inclusion Theorem from Riesz to Cesiro . . .- 16
e w243 Inclus;\.on 'I'heorem from Cesaro to Riesz ".'w; . 23 L
 CHAPTER 3 - SOME EQUIVALENCE THEOREMS e e e e e e e . 20
- Y ’ - *
- 3 l Sotne Lemas . . . - .~.o [ - [ t’q L) [ . » » . ’ 29 \
. . , ‘ 3 2 EqU.lvalenﬁe Theorems o o ‘; . s e LA R 1 . 31. .
T , v N
' Q )




CHAPTER 4. - ABSOLUTE GENERALISED CESARO SUMMABILITY . .

[

CHAPTER 5 - SOME STRICT INCLUSION THEORE&%;BETWEEN

. T
7/

'4 1 Definitions . + o o o o o o o o o 0 e . om,

4.2 Iﬁclusion Theorems. . . « « v o » o o »

GESARO AND DISCRETE RIESZ METHODS OF \SUMMABILIX

5.1 Definitions . . . . . . . e e e e e e e

5.2 Kuttner's Theofem e e e e e e . e e s

‘5.3 Extension of Kuttner s . Theorem and Other
4 ' ] v

. ’

Results . . -. . ' - LI 3 - - . . . .o . . [] . .

CHAPTER 6 - STRBNG AND ABSOLUTE NORLUND METHODS OF

-' REFERENCES " .-; . - . . . . . . . . . . e . I e . . ° e .-' ’

SUMMABILITY ASSQCIAiﬁP WIPH POLYNOMIALS c o r e e

6.1 Definitions ... - , . . . +. . « o . . ...

e__ez__lhe_Equl~alea¢e of [C ,N ) and [N,P l . . .

'

6. 3 Theorems about Norlund Methods of Summabxllty

A55001ated with Polynomials . . . . .-. .. .

f

‘6.4 [Cl,Nbf-Method of*Summability . . . . . . . .

", - N . ) '
6.5 Absolute Polynomial Norlund Methods pf.)s‘-
smab’j.li‘ty .0 L] . l. e @ - L] l. L] , - Ld -. - L d - -

6.6 Some Minor Results . + + o o o o o v u o . R

’ ! e . A .
- LY
¥ T » L3
~d : ‘ °
¢ .
- . v " 4
V . \
: . &
vi

37



/

-

e © CONVENTIONS S

. In this the51s, the\symbols H, Hl'

- ‘ r

9t H3 are used

throughout to denote p051t1ve constants, but not necessarlly

hav1ng the epme value at each octuryence.

-The theorems, lemmata and gorollaries are numbered

by chepter. For eiample,|Theorem 3.1"is the first theorem |
i - ~
in Chapter 3 - - ) .

) At the~end of each proof we use the symbol /// to .

-

show that the proof is complete. : :
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: | ~ CHAPTER 1
STRONG GENERALISED- CESARO -SUMMABILITY

y : .

. .

S : , . -
) -

_— .‘ " . . .
§1.1 INTRODUCTION * .

o

We suppose throughout the thesis that A = {A 1} is

loss of generality. .This remark will be amplified on

page ‘3. = * .

~
3

We suppose algo that p’'is a non-negative integer and

- QO . v

for .the series Z a, we use the notation
v=0 '
- n - o )
5 Sn= z av, ¢ n=0,1,2,...... - 4
v=0 -

o

In this chapter we 1ntroduce a definition of Strong -

'Generalzsea‘Cesaro Summabzlzty and 1nVestigate some of its

S

pr0perties. We also give the definitions of several other .

summability methods whose properties and relations with the

4

Strong Generalise§ Cesaro Summability are investigated in

the later chapters. ' . ; o .

.

- -
a sequence satisfying . - L .
. A , | )
(1.1) 0= Ay <Ay < seerers < xﬁ -~
. BN -
Sror the sake of conveniénce we take Ag = 0 in (1.1) -
. TN | . oo
instead of 50 > 0. By doing so"we find that there is no

g



§1.2 SUMMABILITY METHODS o ;e C
_ ' N L
If a-givén summability method T assigns the sum s .
* o h L ]
¥ {5 the series [ a_ with seéquence of partial sums {s }, we
.v:Q - ’
say that } a, is T-summable or {sn} is T-convergent to s... )
) \)=0 - ) ~ ’ . L} ‘
"\ . .
We denote this by
T - . :
- r '
o0 .
‘Y a, = s (T) . v
Y ‘ v=0 v - v
: or'by ~ Do
. g ™ - Sl'_lv"* s (T) .

-~

A method of summability T is'said'to'befregdlarl if
N j‘ Il - . ! . )
8, » s(T) whenever the ‘sequence {s;l converges to s.
Let Q = {aq, J (@,r=0,1,2,... ) be a(summability)
4 ne ‘ -

< -~
-

matrix and let )
SRR S .
2

-

'(;.2)‘

Thé sé§uen {s J'ié said.to be Q-convergent to the sum s -,
isﬁ% for n = 0,1,2,... and tends to slas”n tends, to. -

“if o
. "n
infinity. S b ’ e ,
°  fThe matrix Q = {q .} is regular if and onlytif ",
' X 8 N - -t ‘

(1.3) - .- sup ] | | < =
. ‘ n20 r<0 anF " .



lim q_ r'# 0, for r £ 01,2, 00 4

n+ey n

L (1.5) lim ) q. . = 1.
o R+ rio n,t
: »

‘ ' - ® » :
. This 'is the Toeplitz Theorem for the regularity of the

matrix Q. .o 5 > . . ‘ .
. s : .

The symbol P will.be reserved for matrices {Pn-r} SRS
_ ‘ > , ; .

with + ‘ o . (,J'
| - | ' | ~

Such matrices w1ll be called. non—negatlve matrices.-’
Let P > 0 The Strong Summabzlzty Mifhods (P, Q]

defineﬁ as folloWs. We write s 2s [p,01,

v

' \ ' e v S D \ .
(]-.6)v . T k.-’= z g - SI]J NN . ] '} b'
- | I , :

Cex:.sts for n =‘"09,1,2,... and tends to zero as n tends ‘to

%

klnflnlty. Thus s is the’ [P,Q] -szmt of {s } and. the

J'

sequence i8- Q] -converyent to 5.

¥

T & ‘
If V and W are summabrizty methods of any of the . \ﬁ\‘

above types.we shall say,that W zncludea v, and*ﬁ?e the nota--
S
tion .V => W, 1f any SequenCe V—convergent to s is necessarlly

W-convergent‘go s. ‘If W includes V but V does not include

7 . T

-

a9

W, the inclusiod V =>»W'is said to.be stnic?. If Both
V'%>.ﬁ and W => V, we say tﬂatAVland@W arerequiuaZent and |

— ) ‘“'.o ’ T ° . ¢ - ! -
< write V <=> W. ~~ . s’ PR, . - e

iet*u*>v0:"We aay that {s } is absolutely

Q) -cpnvergent or |QJ -eonvergent 1f .




- : o "' ® U‘lk - N u ’ ' .
. s (1.7) ) . z n {on 0n-l_| , < o,
» n=l
- . ‘ c
" §%.3 RIESZ SUMMABILITY (R, Xox) C
Let-K 20 and X = {A } satlsfy (1 l) The Riesz . T i
' Summablllty Method (R A,K) is deflned as follows.
‘ Let AACT) = 2~a ,“for « = 0, _
oL A<t VY . .-
- V\' . o -
J AN (1) = E tr - A.)¥a for k.> 0 s ‘
A S viotw! ' ! .
.. T .
- e v - ¢ .
. K K ok
© Ry(1) =AJ(t) = ) a, for k = 0,
" )\ A . A<t v g
\ Lo v . R
~ and R{(1) =- [ (1--2%)*a , for « > 0. °
: CA<T . T v "
z“ A \" . ~ . B 9
The serleS“ Z aQ is.said tb be (R,A,Kf-sﬁmmable to s,‘if
Riit)'+ s as 1'+ w.“ . S -
: . - e PR ~N
(See Hardy and-Riesz [12, pp. 21~22].)° . . \\(
- - . * . ;
§7.4 STRONG RIESZ SUMMABILITY [R,A,pi&l) - . 0
. s g s H '. . .
d ® ' A ] ]
‘The series ) a 1s said © be Strongdy qusz
' _ v—O
. ‘ S 2 Coe -
% Summable to s,'with of!gr p+l and index p>0; if -
L “ AR | p ¥ | "w'*l“ -
.. F (w) = [ ]Ax%r) - 81" dr & o{wP ). - L
. ' e , ) . .
We denote this by ¥
8 ) w0 7.‘ ) ’- X ' ‘,
") a =8 [R,A,p+l]) . e S
v;—.o v oo (R, 3% :!u ) . 't\' poe ]
-, ’ * ' ¢ ¢ ’ AR .




- Boyd and H‘slop [8] have also glven deflnltn.on( of Strong

here. . _ ; ,' , .
-- We give now two examples to illustrate that no loss ] AR
of generality is, involved by taking Ay = 0 in '(1.1). LT
: * \‘ : ‘
Our first example deals w:.th Riesz Summablllty.
Let A = {_ y satisfy L o
'0 = }\0 < )\1 Az g."- < An>+ o0 _ T
. - &
" and let ¢ 8 = {cSn.} satisfy ’
)\1‘> ?0 > 0 and 6n=kn‘forn#'9. N . ,
- . ¢ ) ! B -
Let R';‘('E) be "defined as,ij,n §1.3 _and let °
3 | s, L .
- Relr) = (l--v—)a....f‘ S ‘
- ". .)7 6 <T o " ; " ’
Then CRg(tf- 8 = R{(1) - s +RS(n) - R“(r) ‘ >
‘ . ‘ ‘= . .' . R ‘:;,0" ) 7 . }:. ..
. ‘ ~ ~ L= - (1 = . A .
. : RA(T) -8+ [ T)g a. agl o

. | L] .
[ -~ . - =} - 2

. € . . i, &
The deinitién of, the Strong RiesZ Summability we have

glven here is due to Glatfeld [15] Srivastava. [24] and

Riesz Summability, but we-shall n(ﬂ be cqncerned with them

1 .

LY - . o | ~

P -
R | ~ 5 . -

s ‘ ) . R
(1 » : : R L3 = o . . H A N
Since (1 —'ﬁ%ﬂané s * 0D as 1t + =, R(1) *sif andonly.." -~ = |
< o — V- <, ) R =

RSt B, as Ty e, = T N
A 1 . w , i
" our other example deals w:Lth Strong ‘R:Lesz Summablllty.
- ', : \:')D .
Lo Let Ap('l‘) be defmed as in §1.3 and let H e e T
. .1,, . ’ , "t ) - . ;\':. :
? : Ll X . - » .* |
—— ST S ',"J—'—“ *--Ap‘f*t)’ =3 (1: =8 “’)P a . S -
- R B A 5 < Y iV . . o ‘
L4 : v<T . N R ‘ » L.
- ' L] ’?. ’ = - s ) :
| R N
‘e . e 4 & -
. s , 4 LN - - ° o
. - - _:r_,, ..- ’w . . . 0‘ -
& i .;‘ . P’ ) .ﬂ . - ,
e Tl X . S S
P b R . ’ e " . 7 p
. Cw




f':\* ,» ~ ' ‘
' Then I, [wIAP(T) - srp] dT ] .
. ( ‘ .
@ ' Y - v } . ) 0
5 : ;ff 22(1) = s7® + 2B(0) - AF(1) |¥ ax o
- o S o
o T oM i w
S ; é&u(J IAI;(T) - sP| at + f [a J;?% - aoTpl dr)
S o ‘
e - - ) A" ) " e . o g

29(1 + 157,

] s - ° 5 ’ o
- . Rega‘rd%xg ac.as the serles Z b with by, ¥ a, and

L A , V‘o . ‘p‘ A i . v
. ‘ b, = 0 for v > 0, we haver,(ft - fGO_JPao = 5, ET(T -8, )pb .
o - T o n'. ’ N . » ] ‘ A -

., ~‘Slncé’ Z b ‘ao and {R,)«,p-i-l]_u.‘ is regula_r, (see Glatfeld

. - ' : .‘,‘ & ) . . ] .~ .
. ‘(15] ,4;hus‘13 = o(mP“+1). Hence I, = o(mP“~.) = I, = -

Su+Ls L. 5T
o (WP 1), simiTarly ;l = o (PP a5t

« o’ => o(wpu"'l Lo
- . 8, - - Cut ' - . R s - -
'§1.5 GENERALISED cssARo SUMMABILITY (C,A’p) - T -
. ¢ ‘. ; . '
AT Let A = {A,} satasfy (1. 1) T B
S 0 e 2 Y / - 'l-o"":.
4 o Define Cg ,= Z a\)' for P = ,05-" 4.- .- e ’ o . ' - . Ty :
' - v=0 ’, ey 2L o
. ti ] “a g . °
— ) ~P ,;:, ? R - _7 . =7 7 S ‘:
e - | = ~ T ’,1 } ' - *
. ;" { ’ n .. ‘ ‘~ * "“
TR Poucho § g ° ~ :
- t° =c- =Y a, forp=0, RV :
o B n “v#l \’{0_ Ty ~N . . o %
’ S ; ~ - . . ) D ,. . » L
PO S S
i t ) A are = A 2, C NP &~ al
eI S P £ _ﬁf?)‘ e T .

- S T A LS A SR
"4 . ' ’ ‘}‘ = z (J. -" '—_L—)’" . (l - i—!—)a "’ fot p h 1 2"3’. oo ’“o
- - =0 n¥l ampt VoL ‘

. L] l‘ 5. ,' Re .
‘ i L C T o . '
LA S ~— . : P v .
P .
3
“n e a .
.
° ) N
‘. Y » . -
W [ 3 5
= -
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]

*
A}

If tg + s as n + ®, then z a is.said\to be (C,A,p) §Pmmable.

, - v=0
to.s and we write . ‘ ?4‘
47 o '
pe ] _Z_ a, = s (C,A,p). ’
o

in §1.2, we shall flnd it convenlent to denote both the

summabiilty method and its a55001ated matrlx by (c, A,p).

Since phe ‘entries in the matrix (C,\A,p) are zero above the

~-Since (C, k,p) is a- matrxx«method in the, sensé descrlbed

main'diagonal and non-zero on the ﬁaén diagonal, it hds an '
inverse, e
s . B n.' I
- §1.6 STRONG GENERALISED CESARO SUﬁhABILITY [C A p+1}
‘ Let ) = {x } sat:.sfy (1.1). We define
EP (3) =‘.:;.1g.-=-,l7uf{‘>r p =0, |
£ - gP = ’ : = N
} En(l) = En - An+1noo An+p, for p = 1,2’—3;'0,-0. r )
g::; " B - .
an,d‘,n'=_04,l,2,3,... . -
Since A, = 0, we obtain
TGRS °5.2 — P - -
R Z,,“mpu eV A
:'é . N b d
" We define -
. - [ ,
ol Ty v 140 M %
. T, u n_Z_O(A a4l SRR "s_l : 1
, - .
P+l _ | ’ PieP _ oW
Tm,u z (An+p+1 n)Enltn sl
n=0 S :
! E‘ T . ) y ] e
o 1l -1 - ‘ 0 _ ¥ ~ o .
= My L Oy - g 8D - sl N



.
[

ey P+l ) o . , e
p+i _ _W,H _ y “ygP - g|¥
g = = . LA - AM)ES|EE ~ s|”.
- m,y Ep+1; EIpl:‘+1-n=0 n¥p+1l n""n'"n

We say that the series | a, is Strongly Generalised Cesaro’
: | o : © ¢
Summable to s, with order p+l and ipdex u, if

'69*1 = 0(1) as m + o« ) . -

m,u .
. ¢ S . )
«And we use the notation '{
- , i . M . 1
[+ <] . .
zoay = s [C,A,p+1] .

o : !

. T £ .
‘Generalised Cesaro'Summability Was first introduced

-

.by Jurkat, [16] kﬁurkill [9], gave. a d;fferont deflnltlon.

e e — ey o e - - -

The definition we use here is due to Burk111 The def1n1t1
was extended to accommodate p051t1ve non-lntegral values of??
P byrBorwein; [3]. We have not been able to formulate a-

: sultable deflnltlon of [@®, % -p+l} -w1th P non—lntegral
'l -
Several persons have investigated relatlons between

R;esz and Generallsed Cesaro Summabrllty.- In partloular, 1t

s

is proved in Russell [23] that if A is a sequence satlsfylng

(L.l) andmp”lsqa"non:negatlyem;gteg r then

L

(C.A, ) =2 (RJXJ_‘D) l- P = 0,1,2,3,... . ‘ Lt

4
- It is proved in Meir [ZOJﬁthgt it A.is a sequence- satlsfylng

- (1.1¥ and p is a.non-negatlve 1nteger then

(R,A,p) > .(c,x,p), p=20,1,2,3,... .
. [«] e
If ing§1t5 we'take‘An =n, we recover the-ciaesical

Cesaro Summability Method.(C,p). (See Hardy ({111.)

’



. . . ~
&

. If in 51;5 we-take A = i, ye' bbtain a summability-
method thch although not equal to, is nevertheless eguivalent o
o the classical Sﬁrong'céséro Summability Method [C,'§+l]u.

(See Borwein‘gnd Cass [61].)

:\
_ \ , »
We recall that ¥ a, = s tC,p+l]u if and only if
. - == v=0 '
L] g2 -t - o
S = I |s¥ -'s[" = o(1),
' n+l v=0 "

a

p;1 . P o, (NP
€ s, r:lnde:n (n).

'..l
~13 .

where Sp = —
n eﬁ v=0 - 7Y

. ‘\.“—‘ [
In case where.no confusion can arise, we omit the
T aubserint P+l S oPFL T o ' )
subscript pu from O and Tm,U'
'§1.7 SIMPLE INCLUSION THEOREMS .
< . / _JI' . 4 .\ ]
o In,brg%er to simplify the motation and the proofs of
theorems occurring later we introduce a matrix
- - "“‘“”*;“““ﬁ:l.—]—_‘,—j; et .
Ap+1 {Am,n} {Am,nl i}
- i \ . ;‘ o o
T | R <
wirtch—fs defined as IclIows. /s ‘
(1.8) For p = 0 o e . '
: . . &
L} 1 . T e '
T : 2T Paed T AR) S X ! Ane172p) e
A S JE ) m+l ‘ vogh
. —- m -
» m,n | | :
0' * ° ._ ’
' énd for p > 0 -
' . . . = ’ -
O "= A)EP, for 0 < n ¢ C
27T Pneprr - Mp)Epr for 0 s am g m,
’ ‘ A ="

s S : ]
m,n : ‘

for n > .

'
. ..
e




Iy .
, j>‘\\ -~ Let Cp ‘and tp be defined ag in 51.5. ‘Then

It £dllows easily from the Toeplitz conditions (1.3)),

(1.4{, (1.5) that Ap+l is(regular. Y

We now establish some résults pentaihing to the Strong

Ll

Generalised Cesaro Summability.

o . -

Moreover, gé;erring to (1.6), the definitions of

< (1.12) _ {C,k,p+1]u,= ["‘p+1' (C,.k.p)‘]u- N

R . . . . -
- v T
" L .
.
. '
. ! )
.

[9QA,p+1]u.and Ap;l’ we have

L]

. X e .
p+l _ p+l _ P AL - .
Cn cn 1 (Ah+p+l An)Cn ‘
, so that .
. p+l 2 p . "
(1.9) g Cn —~v£m (Av+p+1 - AuNCy. .
(See {23, p. 419].) !
L} 7 .
Hence ‘ ' . = B <0
) ST .. P P
1.10) ° T A - A )EP ¢P *
(1.10) s n£0 Apipe1-= An)En b,
— m L4
» ’ . P 4
. 1 l I)T:]_ p» 1 ‘
- = - (A 9 ))C . ‘
_ Eg+I neg Db+l 'n n v .. ‘.
_ Ptle \p+l' o i R -
= Ch / En R . _
_ L+l ' R ]
=t . ) \ :
Thié means, in matrix notatioﬁ, -
- (f - - - - - - L - —_—
(1.11) - ., (C,A,p+l) = Aé+l‘(C.1:P)Q



' . B 4°l

T&e follow1ng two theoreqi are given 1n Borwein,

]
[1 Theorems 1 and 5] " We reproduce the proofs for the sake

. of completeness. . ) : ‘-»ig.
*THEOREM- 3.1 ~ | ' -
If Q i8 any matrtx and P = {p n,r },.where Po,r 2 0
ﬁor n,r = 0,1,..., Z p <M forn-=20,1,... and if
. -r=0 - _' T
Wy > u, > 0 then [P,Q] => [P,Q] . In particu.lar, t7€e~

1 2

eonclusion holds if ¥, > u, > 0 and P 18 regular.

PROOF, e 7 5 o . ‘ -

By Holder's ineguality

l ' W,/H
® u ® . M 2771
: 2 s 1l
v g r r < (rz-opn'r ' wrl )‘ M

g/,

oy < . - '
for any.sequenge,{wn}. The required conclusion follows. ///

»

THEOREM 1.2 o .

- w

Y

If P zs a regular (non negattve) matriz and Q 18 any
1 .

I3

\ N ~
matrix, then - .

‘Gi) Q => [P'Q]U't fOI' u >0, >
i) ’[P'Q]u => PQ, foer u > 1,

(1) follows.

8, * 8 [P"Ill and so

(1) Ifgen"+ s, then, since P is regular ’,{j

n . . ' : : ,
I p |s_ - slu-= o(1), i.e., I =>"[P,I]  and inclusion g
oo BT X . u T R

-
-
4 -

e

. ) ‘ e -
(11) Suppose that sn + 8 [P,I]u.‘ Then by Theorem 1.1,

~ “

r \



9{3? '_ ) nA N oo .. n. - .
) * > g0 ’ - <& - . )
. - . - . |r§0pn,r’(sr s) I = rgo s' 6 (1) ) '

- . +
e -

" Since P is regular, it follows that s, * s {P). Hence
>

[P I] —> P and 1nclu51on (11)qfs_Qp 1mmed1ate consequence. ///
_conottARY 1.1 ‘

(3

If wy > Uy > 0, them [C,A,p+ll . => [C,A,p+l] .

. o~ 1 2
. . PROOF ‘ '
By (1.12), we know that [C,)\,p+l]u = [Ap+1' (C,A:P?]u-
, The‘inclusion is a consequence of Theorem 1.1 and the fact
C o - ) L=
that Ap+l is a regular and non-negative matrix. ///
COROLLARY 1.2 B ~N : e
e , . If w> 0, then (C, A,p) => [C,A,g+1] |
PROQF '

) S%QFe.Icfk'p+1]u = [Apflf (C,A,p)]u and A I;ls regular

) . " . S e s )
and non;negatlve. ,Eﬁe corollary is an immediate conse&hence.’

of Theorem 1 2 k;). /// .

- - St
- . [

COROLLARY 1.3 ot ' C S -F

A

. If u 2 1; then [CyA,pl]l, => (C, A.p+1)..

.
v

By (1. 11),'we know that (C, l,p+1) = §p+l (C,A,p).

The corollary is.a oonsequence of Theorem 1.2 (11) e 74

COROLLARY 1. 4 . T

e

Suppaee “1 > 1 and By ? 0. " Then g
' ¥ .
S [c.x.pmu => [C,A,p¥2], .
o ,‘ - ‘ ‘ , l | '2. [P
PROOF - | "

%

—

‘ “ " This is a consequence ;f{ébrollary 1.3 and
ﬁ - ' A *

 Corollary 1.2. . ///  ~° °

-



‘. - S " - "
.. . b. - N

) We -.méntaiéh two other [;ropertie's ?f [C,A,p+l]u~ﬁere._"
- ) m . °u . . - . '. -
(1.13) If ] a, = s(CyA,p+l], and ] a, = s'[C,A,p¥1]}, - - )
e, v=0 ' ! v=0 o . *‘
then s = s', “ ' K z Nt '
RN * . ' N \ .
(IZI?)‘;f u > 0, then . ) , T e . .
. . o : .
. d a,. = a [@GyA,ptl] : . : . *
v=0" \Y -~ . u . 7 .

and ‘ “". - T _\". T ‘ t“
b'[cik'P+1]u ) . o

il 8
o
i

. 1implies - Lt . . -
" co ) » . . N
. ) c, = ) (ea "+ Bb ) = aa + Bb [C,?\',p+1]u.‘ . ..
v Y vee ) . \ e
. . * ! , L .
— v — .-
-}-J .
1 - .
7 : ‘
»
—— —— . ——— e 1 4 -~
b 7. )
. s . i .
. » . . -
/‘ ‘ .
. L ! [ ] -t
. s .
T T T T T - . T T
v s - » M )
t ; . )
1 : N /lo‘.‘li
— - - ) hant
- - . ’
ol . ‘
. -
) ‘
. s . ~»
\ - - . “
. Y - .
. ' ‘ -
L] R l“:J. -
oy e .
. -
. — .
e P e
- " l{i ' .
L . .
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L CHAPTER 2 . :
- EQUIVALENCE BETNEEN‘STRDNG GENERALISED CESARO -

JfUMMABfLITY AND STRONG RIESZ SUMMABILITY

e — <

'In this chapter we shall- establish the equivalence

,betweqp'[c,x,p+1]u‘§nd {R,A,pti]u. We first,prove a lemma.-
(C£. Glatfeld [15].) . ' ) .

1)

v §2.1 A LEMMA

CLEMMA 2.1 o

Toa

If x(1) > 0, continuous and.Rierfav_m integrable in

[h,w], where h is<fny fixed positive real number and if

- b

g a+§ > 0 and § > 0, then - ' .

© s
f‘x(r)dt o{w™)
h .

if and only if

e w’ o ‘Q.+
- ' { %% (1) dt = o(w®?).
Y .
—PROGF "
LW .8 - e
Assume I x{1)dt = ofw” ) and let F(w) = [ x(t)ar.
. ' h ) * ‘ g ' "’h o
Then integrating By parts “
_ . o
”» 4
i« -
-~ ‘14 ”
5‘ . -



w
wF (w) - uf T
h

U -V,

TaX(T)dT = [t%F (1) 1Y - af
. - h h

w
T

a-1

<

FkT)dT ‘ ’

at+s-1 F(1) ar

3
T

.

T 4

“and ot

olw

-

’ . l w
Further — [ T

a+8-1 F (1)
a+6 h

6
T

fw

F

K(w T) G(T) dT,J
h

q+6 1l

TR

K{w;T)

G(t})

Lol

drt

) by hypothe51s.

Now

For every positive y

X

’ K(w, T)dt

r

. H w+w .
o+d 48

lim ¥ - B%

wre  (a+d)w

0. e

ato




Sigce G(t) > 0 as 1 » =, it follows from Hardy-

?

[11, Theorem 6] that -

@ : —
w :
J K(w,1)Glt)dt +~ 0, " as w + o. - |
5 h ‘ : ‘ L
"Thus | v'= o),
Hence . =~ J{ 1% (1)dt = o(wa*é) . )
o .
. “ o & a+s, %
Conversely, if f Tox{r)drt = ofw ), we take
h .
'Ta)( (1) = X(1) which is non-negative, continuous and

\

integrable in [h,w]. The resulg‘. now follows from the first

part‘by- replacing 6§ by a+§ and o by -a. ///

Since )\0 =0, 'Rﬁ’(@) + ag.as 1 + 0+, we conclude that

as a consequence of Lemma 2,1,

. oy * -
(2.1) ' [OJAQ(T),— stP|Mdar = o( PP

- is equivalent to

w . | ,
f [Rf(‘r) - s|¥ ar = {%(w).
o *- '

’

16

e - —

;

.

52.2 "INCLUSION THEOREM FROM RLESZ TO CESARO
THEOREM 2.1 A R
N : )

Let p > 0 and » satiefy (1.1). Then

S J

— o {L) R/ '1]u =>*[C—r)rri}{;7 : 37 .
(ii) I1f p > 0 and xn+1 = p(an), then

[R,A,p+1l] => [C,A,p+l] ..




. - .,‘- ‘vo N ’ -~f‘;§, - -
. PROOF ‘ » Sy .
N B hag . - ‘ - " 4
. . (i) suppose Z’ﬁv“= s [R"A'l]u where we may assume,
: . v=0 ? : ' o
withouf,lossﬂqf"generali%y, that s = 0.
" .. ' {
r - ; n '
1 u
, T = 2 (L. = A )] Y oa |t
N ( m n=0 R+l .n véo v s
u m A
= 1 [\ 1 e :
h n=0‘ n )\\)<T 4
= f m+l|A (t) | Har .
v ; 0
= o(Am+1) as'm + « T
D L .
Thus Z_av = 0[C,x,1]. .
u=0 M .
(ii) For the case p > 0, we assume that
o0 ) . 4 )
'z,av = 0[R,)A,p+1] so\that . ) -
= H .
\)_0 M 5 . - -
o w . ‘
’ ! |R§(T)l“dt~= olw). . -
0 L

We are required to show that

- 3 -~ e .
N oI - -

S *""7?*1—_'}_ﬁl = A EPIeP]

N EPTY p=o TTPTL - W

N - m e e I —
) = o(1), as mo» ws j
. We’divide the proof into foﬁr steps. v
stEp T, . .

01

For every n, choose.q = g{n), a non-negative integer,

satisfying q(n) > g(n=1) and

(22— 5 ?‘q+1 '%‘q "'ﬂ&k{‘f?c‘i_ﬁ"- A )111 L 1= n+pl.



o / . - 18
% _Fixi-n‘g n y?hpar.ti:;t’ion tl;e interval [A q'Aq +1] into
- Ager = A
e 2pj2 subintervals of length 5pF2 'w1th tﬁe pglntf
- = .. \) — ® N =_ . i ’( - a ,
wv - an,\) Aq+ E_pﬁ (A'q"'l A%, .\)J 0"1-,.‘. .y 2.p+2n .
Since p > 0 and Ao = 0, ]Rl}?('rf)ll‘l is a continuous
S ~~-~f—*~—f-unetienfe\£—r—~in~{he—in val {0, @] .- Applying ‘the "Mean
] 'y .
]alue Theorell oW the alternate §ub1ntervals, we have, for
i - os f .
i =0,1,2,..., p, :Pumbers } \ N . : )
. S -
- AEERL .08, =8 L€ [Watitm, Was.nl -
« ' -3 n,Jj 2j+1" “2j+2° .
such that _ “ . : . .
I*2 Py M P o |
o |Rl (t) | dr = (wz';'d_z - w2j+l‘) |R)‘ (9-\])’1
2j+1 ' . . . )
. . ' . ) | - )\\; o |p
.o < (w,. - Whi, ) ? (L - =) a .
< - 23+2 23+l v=0 ej- \Y - .
T . o Ao p ¥u .
Thus z (w - Wa )Lg.'(l - =2y a | B
- . 420 23+2 29+1 ve0 ej v N
. ¥ @ .
. UJ cA L4 “ . - .
23+2 . . . . E
SR ST T
e 2 S |
“ ) t‘
. ’ C
: g+l . : SR e
< ( 1RE (1) |*d1. . , ~
o = \ T j}\ ,A . = s ;0 . N
5 g
. ' [}
Since w2j;g-2 - 23_._1 =, 5;*’—2- (_)\“ 1 - A ), we hav-e‘: .
- . m p.. SRV “‘P
1
L .3 E. B ——— g e
., 2 )4;9 44 75+2. Pamyer q’(n)‘”\; 15 3).‘-1 ) L
. ¢ o
~ E I TURS I L ‘ .
< 3 J |RP (1) |Fae '
n=0. q(n) e a D .
RI ¢ s , e
r_ b 3 ’
’ - » o , 'l ‘7 - ' e 2




: B , < g - '
(2.4) . (x, + b = f y, e ¥R o T C el

(2.6) £

Coe S g oL U . L .
."" : - - /‘,‘ Te, , s - .
* v {*-pﬁl. : )

. . bt o] LOEPE -
;ﬁ‘p’ﬂ‘»f .-lRP<f)l”dr. e T
s, ., 0 . v R . . - . ~ ’
© oa, ', o o h ;!

_since g(n) is constant for at most p+l different values of )
) L .' * ) ' s o ¢ 2 ) .':i ' a —;‘.l. Q‘

“ n. _ _ K] L K i . & '.f',_.,,—A e . S

T AT e —_— ) " e

‘ v S N v
STEP II.‘ y A 8 - . , .

R . .
- &. q -
“ ,..x. .

Uslng technlques similay: to those used by Borwkin [2L< T

l'

3
o 0 -,

' v . L i .
we'shall show that for: every n,.there are numbers~:uv . e

R ) -yj = y ,j f0£ 'j\,_—_"'oflfz"o-.é' p,,1

such that the 1dent1ty 4"ﬂ N oy " e '
...‘.. N - " . o . .
1‘1 . j

.hélds for all »¥eal x, where! e

+1 TN T e s
N T e
. ‘ a s = A . L s N ve » : T - el
and Gj ?“X“J—‘:—%," fOIj— 0 121-.-, Po _". . .
T I T . 3
°. a+d d E " P . v o<
The identity (2.4) is equivalemt to the’ éystem of . %

. < ~F
® [ i - t 3 L K

linear equations « . ’ o T
- e 3 & - - f_ . g
- "o : ., * / PR ‘ N b _.' . . . L
- . - 3 - N R . - i - . . M
(2.5) - § gt Y. = Eii i= 0 l,..., By . ﬁ;y‘_ - (O
- j=o ’ J 3 - "':'l "" - - - '

where ’ ' ‘ ° e 7 .

- p-l . ‘ i ) T-‘ P
(3. 211: R S ‘
R - T T S

. lf-rl < o-o’ 4 riipg’ .l ' }
and where the sum‘in the expression for £; is taken -to be
1 whén i = 0. L. t s

.
: »
. s . . (e
Py . . 5 . A - Z
P4
7
p4
;

- . . ”~*
S : . ‘ ,




P - -

The ‘determinant of the system (2.5) is the Vandermonde

20.-

'determinant - G A )
~enT 5= I (s 6). -
.\ . ) O,S,r<s_<=P ’ S r - .
[»] . ) \ - B
(See [25, p. 214].) e )
, - ® . - . { ‘.'-.._ ) o )
L Noy for' s > re o, e S
. , ' Y \ . - : i . +
a T *S . r -
.o g = 6_ = !
. ) s ‘ r q+1 a . .
BN : L Y2s+1 T Yo+
. ’ - = A “ A
' | . q+l’, “q
- SR ’ Sl A -
. >, ( X .ﬁ+1 = q . 1
» , ’ - ,4 . \ = i 2p+2~ B *q;TA —%q #— -
. Lo o 1 s ] ) : \
° : 2p+2 ° :
: ) I-}Ence A 1 >0 °
Vo ’ —————p—!' .
PN . (2p+2) .
Using“Cramer's rule, we have | / - ‘
. a- ,‘- F‘ c ' ) ‘.. ' Ar
- S ' Yrt =5 o
1 \ ¢ A
“.where A is the determinant of the ‘matrix (d j)'
. . l .
i,j=012,...,p, in Whlch T s
SR fcmt g g =l g
ngP IXI. .
- We ’now show that the' numbers y are uniformly ) .
bounded Since’ ' |
. Co A - ‘
S Il = 1&5—d] . 2
. i . An+p+1 - )g‘n' ) e ‘
( ! an Aq+1 - E . .
® o ’ [1 ‘ G ’ frsd ,'



. ‘ . ) < (p+l) Xﬂ_——xg ’ - '
- . "\ : q+1 . .

<
, .,='(p+1a,q - o
we see from (2.6) that for i = 0, l 2,..., P
. \ A‘ / I } {
o ; ' lgil < (p-i-l)p )
; : . . ) B ‘. ' - . ' ¢

[ i Qn . T A 1 . - " i . ’

AlSO rGjI = (Y_Ll__.—x.g) ;1, fOI' i'j = 0;1'2"510 p-
. gyl q * , Py
Consequently § - ) S e
B .:.3- P - ) . '
(2.7) + Iy ' =1y, | < @p+2)P*|a_| < &
* . Yy y‘n,r_ = r! =

. ¥ - : . -
where H is a .constant independent of r and n, ° '
- . - - . " . - & . .

. 2 . i :
STEP IV.. : \ ¢

(ﬂHereAWé es#ablish an *inequality between’the

& , < ,

[C,A,p&l]u-meanfand‘the [R,A,p+1]u-mean of the gérIes' 2 a
C ' : ’ v=0

which yields our result.
! -

. Letw be any non-hegative intéger and put

Ag = A, . . ' .
= in (2.4) ,'we obtain
“Qq}l i\q 3 ! ' ' , .

. , 8 ' o2
o ip‘ Anﬁ&- Av L E' Bn,' A»‘B
g S %_:—_TX-) = Y3, ( ——) -
’ i=1 +1 g - 3=0 7 g+l q
. - l ~ R oo Ql'

e

% ‘\ e . . _ P .
*_J'-/-\A ) = E Yj (en,j A ) » .

i

21



: v P 9\\) : ,6:5 xv<
(2.8)" I (1- ) = Sv (1 -
. i=l n+i j=0 En n,j
. ! E xv
= C._. (1 - )
, j=o, M3 °n. 3
Y 65 . “
C =1 0. -
wh?re n,3 P
n
Since An¥l = O(An) and Yo r is uniférﬁly bounded,
’
we have - ,
AP
e o) < Dnpdlfarr g ,,
n,J" = P .= "1
: n+1
0 being indepgndent of n-and jf :i ““*\\V
’ ' ‘ .
. Now it fallows from (2.8) .that.
' p ? 'Av - | Av
Lo t = (l - ) 'e e e (l - . )a
T S
Av : ’ Av
= (1 = y—) =+ (1 - )a
v=0 n+l ° ' ln-i-p v
S J A, P
= C N (l - ) a
v=0 j=o0 Nr3 T & 47 TV
A, P
= c. . ? (1 - 72 g2,
3=0 nNrd y=0 n,j‘.‘v

o

22



23
Thus ‘
m- ; | u
Pl L ¥ P |, P
o = — A - 2) EY |7
m . E1;>‘+l n=0" ntp+l - 'n n n i
.
N . I VS SN '
-1 '
ek 1O {Elc D gn’e )
iy m-:fp-i'l n=0 n+p+l‘ n , ’ v=0 » en,j v ) .
. ’ JD- h . ) -
f . p ' q(n) AP .
. +1 . u N oy i
_— ’ S .3
2 T V30 Dt
< Ne) - A 1--—)a -
}\ 1 nzo Q(n)"'l Q(n> =0 V=0 n,j v . .
Hx(2p+2) m © T qm) A,
1 . ‘
- 32_—_ ' E 2p72* Pq(my+1 ~ q(m))I Z a- J—) 2 l
wp+l  n=0 j=0 ‘ . - v=0 ®%.1
Al .
H3 © ¢ mbptl p " ‘ . .
i (For o
mptl 70 N e
The final inequality follow}ng'from Step I.
AP Hence if } a =0 ‘[R, Ap+l] , then 7P
va0.V | u ,
C ’ '
m+p+1
o~ f |RP(T)|u dr = o(1).
m+p+1l 40 . P
+1 ‘o . © ' . N ) :
Thus'of '~ = o(l) so that || a = 0 [CA /P+1] . I/

v=0 -

»
»

§2.3 INCLUSION THEOREM FROM CESARO T0 RIESZ
; ' We now 1qustlgate the 1nclus;on in the opposite

direction. And to facilitate the discussion we introdiice

———
-

the, following notation. e
A v, .o .

[




- AJ

leen a function £ deflned in an 1nterva1 [a, b],-and

dlstlnct .pdints x; in this 1nterval, we define .
fIx] = £(x) .
5 - . L‘: f[ " .
X o e 0 X ] - f[x s e X ]
- g’*°"°*’ “n-1 1’ ' “n’
a-Ildc f[xo ’gl F AL B Xn] ‘-‘ x :- X . — -
0 n ¢
for n.= 1,2,3,...' . . ' : ' ' T

The quantlty f[xo,xl,... X -] is called the dzvtded .

’

difference of £(x) of n arguments. For an exposition of

" the properties of divided differences see Milne-Thomson

@

(21, Chapter 1] ..

Iﬂ'the proof of our next theorem we need the following

results ofRussell[23, pp. 425-428].

- LEMMA 2.2 I . a

I -
-
o -

Let p be a non-négative integer.

) _ o [(t=x) P, fé? 0 < x <T,
Define - C_(x) = .

v . .‘;
. Then, for X, < T i_ln+I .

Ly
L}

Py - (.1 P+l \
(’) AA(T) = (-1) v—g-pc [, ’Av+1"°"'kv+P+l](Av+P+l v

)cp

&
where we underetand Cp = 0 whenever v < 0; and

(ii) ™ for a-px V i n n.

le (A A

v+p+l]|(kv+p+1 Ay) 2 H

v’ v+1'ooo'

where H Z1s wndeg@ﬁdent of n.

L
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THEOREM 2.2 ’ i 7 o
Let A satisfy (i.l) . TherlQ ) _
Y (i) <f u > 0, then IC,A,l]u => ER,A,l]u,

(11)" 2f B » 0,'u 2 1 and X . = O(A ), then

“n+1 )
™~ o _ [C/A,p+l]l, => [R,A,p+l] .
PROOF '
(i) We suppose that ) a_ = 0 [C,\,1] . Thus "
. . . ‘ \):G v u -
o= = Y (A, = A )]s |F = o(1).
m )‘m+l n=0 n-f-l. | n''“n
Hence .
2.9) BB M- oin. .
‘ L o “m+1l - A

.Let w > 0 and sup?ose An < w LA "I"hen

o

w m-1 n+l n w m
. % f {Ag(r)I“dT = % { ) f | I a,|Mdr + f | 3 avludr}
0 ' . n=0 7} v=0 - . A v=0 ‘
- pmel o ! N u
@ = ZE_ 'nzomn"'l* - An) Isn|., + ;(w - )\m) |sm|

\ - ° ) M

Lo : \ ’ °
\ A N

1 | m W

2oy PS8 |7

- el o el ™

‘Now cr:er = o(l) which together with (2.9) yields

- W ' ‘
1 f |Ag(1:) |dt = o(1).
0 , .

w
- ‘

Thus | a, = 0 [R,A,1] ..
v=0 "’ - H

(ii) Let T > 0 and suppose Ap €T £ An+i' .

25,



Then using Lemma 2.2 (i) and (ii) we see that -
o . ¢ ‘ .
P - T A A T (n -
(2.10) -lA)\(T) | . ‘/\quzl_pcr[ v/ Tuslf TS ).‘v+p+1]_( vip+l~
ER (P S R [ 4 LN .
. \)=n_p o " A
El . . ° B . ‘ - ‘A
Suppose & > 0 and A < w < A . 4. Then : ' N
', w u ,
f |22 (1) | Mar 2
0 . -
‘m Mo+l * -
< 1 I ]AP(T)Iud't v
I n=
\ n . ’
< H (A - A) cP.
1 n=0 n+l an v=n-p v
© . m ﬁ pu ‘ K
="H f Z(A -A)IC M, s
- - = n-=y
v 0 n=v B < )
. so that - _ . |
© o (2.11) ff IAP(Txl“d-r <°Hy Z (G, = A )|cn_v|“._ _
. : =y .
Now 2 _ | . \ .-
’ ‘. p+l ¢ ‘1 Iil (A - ; ) Ep IPIIJ
m gP+ 0 n+p+l|” . *n’ ®n 1Ty
. m ‘ \ .
n 4 .l \'
- R . * m ' A -
- c o1 . Py 1=H ) PH
. : : = EP—.,,I' .Z.O(An"'P"_'l. AL) (EQ) leqlh
’ m T o .
- 1 ‘m . p'u
= (EP)¥x_ nzb un+p+1 ‘An) |<cn’| '
m’ “m+p+l . -

. 26°

ycP|¥



since ¥ 2 1l.. RS 4 ", ; .
Thus for r = 0,1,2,51., P
' . m
p+l 1 ST ) _ -
m Xpu+I-_n£0(An+r+l ntr’ ' “n

v

3 . ¥ . -

If we now suppose | a, = 0 [C,A,p¥IT, so that
S e e —_ - = v:ﬁf’v - oo - e

PR

oP*! = o(1), we have, for r = 0,1,2,..., p
. i m . _ )
;EETT—'vz (541 - Av?lpv-rl = 0(;)'
"m+p+1l ' “ ‘

as m -+ o,

Hence in view of (2.11) ,and the copdltlon Am+l =.o(Am)).~

we have
‘ ¢ AF;( y[Har = o(PM*l ) o 0Pt | ¢
ol A er T mep+l’ T O ).
™ - - ’ .
Hence Zoav = Q_{R;qu+1]u for u > 1. 17/
v= , - :

Combining the results of Theorems 2.1~and.252,)we

have the following corollary.

o

-1



® THEOREM 2.3

Let
(1)

(ii)

A= Ar )} satisfy (1.1).

28

> . .

<=> [C,A,1] §
» H ,
O‘An); then

If W > 0, then [RyA,11

Ifp>0, n21and An+1 =

T .-
[R,A,pt+l] <=> [C,A,p+1l] . -
1) H e
3 -,
-
.
\
&
- -
{ ' )
-
. !
et
~ et
- I
_ N
hed
-
-~ ‘ ,
- . * : d
&>
s Lo ¢
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S ¥
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%
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-
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CHAPTER 3 - ' o
"SOME EQUIVALENCE THEOREMS
B , . -
. In this chapter*we shall eétaplish .some 'e_quivalence

theorems betweer® various methods of Summability and Strong

Summability.

]

§3.1 SOME LEMMAS

* LEMMA 3.1 .

., Let Ap+l_'be the matriz defined im §1.7. The inverse
o P -y ' )
matrzx. Ap+l/ = {An,\)} of Ap+l i8 given by | -
. . ° / . A e )
(3.1) N Rt o, ‘ N

+ - - r - n+p+l 11' ) .
. S - ,
’ AL = — 'r - .
. -onnml o ALl An . ‘
A' - = 0 otherwige. : .
: n,v .
PROOF , A S L
m L ' | b
' . = . ' " = E .
LLet Chy = nzvxm,n Ay y+ we show that Cp. . =8 ' .
v . , . .
Referring ,to the definition of A ,,, (1.8), we have for v # m
- ’ *
; .
’ *
&
(™% -
AN 29
. e, g m *’lw.._w; \ "



- — | - : 30

C = A A + A

m,V m,v" v,V m; v+l Ac+l;v "
- 1 (;\ _ ) &P Aotprl | R
;IL::IT v+p+1l v Ty )\\~,+p+1 X, .
) ~ o (A, g - A )E; QUERAS R
EEIT v+p+2 v+17 T+l Av+p+2 =41 .
’ | \
‘o= EE%I Oya1mMyap ™ vapr = *or1 A ps2e s Ayspr1) e
. m - | A
= 0, ’ * \
and c = A » '

A
m,m m,m "“m,m e

1 : ’ P m+p+1l ' ’
= - - (A A ) B — »
Eﬁ?? mtp+l m xm+p+l %m
. -1 N ’ B
' \ o
HEMMA 3.2 S : e s : .
‘ o by *
A, <=> I if and only if #im inf BIP*L .
p+1 # A
. n+e . n s
1
PROOF ‘ - : ~
N I => Ap+1 follows from the,regularlty of AP+1'
kS Tt = i i v i fe i
N 'Ap+l >1 lf'and only if Ap+1.1s réqular. Referring
to' Lemma 3.1, we see that e F
(3.2) lim A! = 0, for every v,
n,v .
n-+ .
h 3 A * Antp+l ﬁ
(3.3)7 M@ ] At = P + 3 P =1, .
dn+e v=0- D n+p+l n n+p+l n
[ ' ’ -

“ + A

. . © \ ) ' kn-{- 1 ¥ n
(3.4) , sup J |A' | % sup xu_Ei___fr‘
v, ) n,v

n v=0 n ' n+p+l n

« : o
’ X Sup )Y .




- Y

This supremum is finite if and only if -°

‘ A o -
. . +p+ . '
»lim inf -5 3; > 1, . -
< n_m - . n‘! . . . ‘ ’ .
: v

Consequently, A, ) %=> I if and.only if _ 4
- . A - ”' L.
lim inf P 50 q, Y.
. n->ce 'n o : oy

- .
P . - + . .t

§3.2 EQUIVALENCE -THEOREMS .

THEOREM 3.1 - ‘ ‘ S ‘

\ (C,A,p) <=> (C,A,p+l).if and only <if 1lim in ﬁﬁ%ﬁii > 1.

-

A

PROOF S o -

-

By (1.11), we know that'(C,k,p%l).=“Ap+l (C,A,p).
Thus the result now.qulows“fro@ Lemma 3.2, - .. . VAL ¥.

REMARK: ' In view of ‘the Ffact jkn} is an increasing seguénce, >

A , . AL, .
so that lim inf —3%21; > 1, we see that lim inf —E%Eil =01 -
' n+o n L n»e .- “n. " .

is necessary and sufficient for (C,A,p+l) to include strictly

(C,A,p)’. ‘ . a ) ’ : ' -

=, ‘ ' .. “

. We now state a result of Borwein and Cass [5,

L 4

e -
*

L

L] ) \

Coiolla;y 2) which yields an equivﬁlence theorem between the

- methods (C,%,p) and [C,A,p+1] . .o - K

-

THEOREM 345 - . : ) ]
et u > G g o L

tdip = {p } be a matrix with

. : *¥n,v -7

- (1) Pn;v 2 0,' for 'n, V:‘= .D';l‘lﬂz 13ece o
{ii) . lim p

n-+>«

n,Q =0, for v = Q,l,;,l,... ¢ i



e

= . - 32

.

> N Y : - ‘
. Let Q =-{qn=v} be-a matrix sueh that for every .
, _ :
sequence Tov} there is & sequéncq‘{sv} for which . ’
‘o. » . o0 ) ’ ! - ‘/""J
; ' o= 14 s :

— " ' \V]

holds for n =+0,1,2,3,... .
" /7 Thesa lim inf max p =.0 :
: . n,v .
- V>0 n>0 ' :
. . ] - ) w
e . .. AV -
18 a neeegsary and sufficient condition for there;}o be  a
I - y -

sequence which is not Q—bdnvéﬁggnt, but which is ; .
[ , . The . P -
HP,Q]u—convekgent,to zero. » S _
. - ) - -
THEOREM 3.3 " | I | . '

:Lé% H > 0. Then‘(C,A,g) <=> [C,?\,p+l]u i1f and only

¢

‘ A . S
if lim inf -E;Bii > 1.
n-=>o n, - o
¥ B - * ~ ,
PROOF .. . ; - " T,
. ‘ T . - .
£ - By Corollary 1.2, we have -
© @, =sNE AL, for uw > 0. ‘
Now Ap+l‘— (én'v),satlgﬁles ’ “
9 C kn,b > 0, for n,v = 0,1,2,...° .
and . ° limA__ =0, for v = 0,1,2,3,... . ) :
. moe By O keSS .
And also since max A = \. ., we have =+ : .
e . n,v v,V ; ; .
7. 'n20 Tt - , -
' lim inf max A_ " = lim inf A ™~ '
‘ -~ v+ n>0, n,: T e "V, . :
s . ) . = lim inf (1-- T_;E‘_q = ' Fx
. ' v . - Vip+l - - '

b s

Moreover (C,),p); has an inverse, 8o ;heﬂfesult follows fro

pt+l

Thedrem 3.2 by taking P = A and Q = *(C,A,p)! V7o
.VD'O ; I, .4 ”' B '




- ' ~ For thé proof of the equlvalence theorem between ‘Y |
. (C,A,p+l) and [C, }"P"'l]u' we state’ another result of Borwein
L and Cass [5, Theorem 12]. L
R R . . ) ) -,
o e THEOREM 3.4 . , ‘ ol
) . : 2 ’
Let tke matrix P = épn,v} "be- regular gnd Pn,yv = 0 ' |
Ifor v>n. If | | P
_ | () B,y 2 Bpergr formzv v =02,
s . - o ’ . 3 c
- ' > . (ll) ph'n +"0,_ . ( . o . ) N . e
i ‘ n+l - o R
"‘ o (lll) . v£ p n,v ; 2 pn+1 \) for‘ n_.=.(‘),L,2,3,-., ' .
- | then there i8 a dtvergent sequence of z‘eros and ones whtch ",
) ) 18 P-convergent to 7, but not [P 1] —convergent for an,y
. + W2 1l. (I denotes the identity matrizs) - ¢y
K) . . L ] . ’
. THEOREM 3.% o e .
3 - . (i) If lim inf A—“§Pi¥ > 1 tizecn” - \
. . n>w n ' B -
VR o A . i 0.

o - (C,A,p+l) <=> [C,A,p*l] o for u > O, (J :
. - / - ‘ : N . ' ’ X e f' . . .,
T (ii) If 1im _IL;P‘f_l = 1, then (C,A,ptl) strictly

; ' n->co n . 9
' ) ’ includes [C,l;p+1]u, for u 3;,1 ' . ,-‘ : j
..~ .7 PROOF . - | .4 I )
o (i) Combining results ‘of Theorem, 3.1',énd' Theorem "3.3°
. S 1 - . ’ T el . T
\ SN . e . n+p+l . S e v S .
e \ . we have lim inf _—XR_ > 1 implies that .
P - A ‘ . , n+e n - ° ’ . 2 . .
- u' }’\ .4 . 2 * - . \ .
T - (Cyr,ptl) <=> [£,A,p+l],, for u > 0.
lu . [ . . - . [ . ) ’ . . . .

. ‘ N ., -’ . . ) o Xh - L4
‘. ’ - (11) Sinog in the .mitr:l.x Ap+1, }‘n,n = (1 - 7\-————). Lt
T o IR S S . S ngptl e
, v N ’ .. ‘

L3 L f s
- - ' ‘ ¢ '
/E"’ i = - - rﬁ""*.



hd
;" and-‘since the matrix iC,A,p) has aniinve;se, Theorem 3. ‘
K - o 3
. . A : A S
shows that if lim,—E%E:l = l, thén thexe is a divergent.
n*m " n

>

sequence {tp} of zeros and ones which is Ap ;nconvergent to

%, but not [A +1, 1) —convergent for any n>o1: ‘Since ’
p+1\{t£} =,{t§+l} the’result follows. S I/ ‘
+ B . . ’ . 0. ' ‘

Q . § 4 .

e -

We now show that 1n>Theorem 3.5 (11) the condltaon

é
.t

A ‘ A .
slim —E;Eil =1 can not be replaced by lim 1nf —E%Eil = 1.

. n->o - n . s ¥ ‘noc 0y __ . L
Let.P0 > 0 and P, 2 0, we say that R .
. ’ ) " . - . ,
A - — ‘o
* . ¢ - . - .
o St e sy v s N, p) : :

~

u

p 'n
ifu =37

n-
P,S, * s, where P_ .=* } p .,

v ‘
n . v n LooV

0. -
. . ) . . R 3 . . . . P+1 .« -

| REMARK:. (i) Ap+l 1s the method (N,gn) with Pn En, <
L] ’ h . ’ e . " T . ros

; (ii) 1I1f (ﬁ,bg)‘is taken as P in Theorem 3.4, it = .
satisfies conditions (i), and (iii) of. Pheorem 3.4. L
) . < ] .‘ .. . . _ ) L) .
We shall now construct en;(N,pn) method with y %
'f p 4 . . - . . 8 ) ’
.. n ) - ‘ '
— = a <=>
lin inf 5% = 0 and with ()11} W)
. . . , - SN
. Py ' \ ' : .
Let * C_ "= =, 0.<C <1, f6rn > 1,
o P “n = i
. } ¥ . | . _ - N . ' & ‘
o, Then U Py = M Iy Py = Pn %nr - o
§ L] ' . ‘ © Ld _ M ) . E ~ ’ -
3 . 'and M~ gn—l(l-; Fn) = °n 8 K T ‘ .
; ’.". “ ) _ L l : " . . : - .
. Now take Czn ; —————7 , for n 3‘%, . - .
o : ' (n*l) ' ’ .
a - . ® .




- -, v
. ‘ . ’ PR pn ¢ >
(3.5) S " . lim inf B = o,
~ \ L Ilﬁl 0 ' n -~
o?f‘ .- v s ~
(3.6) e Yon-1 = (1 —-—1 s
T 2n (n+l)2 (n+l)‘§ 2n ) ’
‘ a
. o 1, _ S2n+1
37 Lo “2m+1 - ”2n‘(l - n+2) T Tn¥z

_Consequen‘tly if u +> %, then (3. 6) and’ (3.7) give Son T &

and sy, 41 = o(n). S
On th.e _othﬂer h:and ifl.'si2rn > § and SZn_.'_]_A o(n) > then -
- . . L TN - )

Lo e NPl o N
. . -n v=0_ . . 3
mdBG)mdQ?)mﬂYWn$ SR T a

Suinmarlza.ng we have ’ . ’ ooy L
b | oo D

s+ s (N,p ) 1f and only if’

¢ CoTe T A

-~

2 n+1
Thus «{ﬁipn) _ 1s regiilar, not equivalent to converglenée and |

_' ,“ . j‘ ’ p . . ) « m‘
8,0 7 S/and 5 = o(n). . : R

(ﬁ',pp) T<=> [,(ﬁ,pn) ,I]’l. Lo - B { -
L Let’ )\.0; =~I-o., "An+l =‘..Pn for'n' 2 0. p)
Them‘(‘)\' < A]. < A2 < tee < LA,;I‘W'-S‘ kr‘+’i’. < ’ ‘\r - h
and A+ =, because (ﬁ',pn) is regular. . . ‘
. . , . o ‘T
’ ' ) ’Al = (ﬁ'Pn) ’ ' '
B T . . _
o, . n+l ° : .
. R lim inf —X— =1 :
. - nw v L3
* >
- and .‘tc.x.l}fT (c,aly. L .
wTTTT s R -
- . |
°© - 3 ' .
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Combin‘ipg the last exaniple with Theorem 2.3 (i), we

find that it is possiblé to have N
. A
. e . n+l
N lim inf - =
>0 i n‘ - '
and [R,A,1] 4 <=> (R,}A,1). B
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i
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.1 'o - N
] | e e
- . o g ' s S
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CHAPTER 4

"« ABSOLUTE GENERALISED CE§RRO SUMMABILITY . ' ' -
. 4& . ’ -

®
[ Y

§4.1 DEFINITIONS

»

In this chapter we study the absolute methods of
——gummability |C;-)\,p|u and JR,A,p] .

Let-tg be defined as in §1.5 and u > 0.*‘We'definé
'a_'to-be summable |C,A,p|. if - .
6.V, - | o ST '

B N
Il =~ 8

@ _ = A . 11_1_
NCHER A e LR L

1l An+p+l - Xﬁ

®

Y
-

. m - '
> - - In §1.2, we gefined Z a. to be summable IQI.,
! . v=0 " ' L

4 ) > 0, if )
) | . . Ny
(4.2) R N L TSR AU LR

n=1 n

) where_{on} = Q{sng. | K ‘

s " . when u‘= 1, conditions (4.1) and (4.2; are equivalent.

When u # 1, tﬁey may or'may:not aifﬁera . ' .

' _'For example, if Ay = n%, o> 0, then

A _ n® '.= n’ '
A

\zg+ptl = n (n+p+1)®* - n®

T o - T T 1 - I

b i o -
I Wﬁ?fé'h <'€£‘2Hﬁ+p+1,




: - A
n
let. p_ = — — .
’ n Xn+p+l n
' Tl;' -‘-)3--* ‘ 1 '-V'°° Soin th ase )
' TheR § T arpEIy A R T is.case,

-

u=1l (. P _ P -
1 pn Itn tn-ll

ne- 38

< ® if and only if"

-~

n

o

I e 8

nu—l |t§ - ‘tﬁ-ll '< o, .
1 . s
. » : .

n
and the two conditions (4.1) and (%.2) are equivalent in
this case. |

.On the other hand, &f A_ = log(n+l), then

<

- .. ___log(n+l) _ %1 10g(n+1)
« .. 'n log (n+p+2) - log(n+l) p+l ’ ..

LY - -

where n+l <. en < n+p+2.

i

)
Pn . 1

o ) ’ - . _ - - . \
In thig vase gygow > pyys a8 A ' peRd .
| o N .
v GM7l.P _ P , , .
nzlon" tep = tp_11.< - if and only if - '

n*"1 10g¥"1n €8 - tP ]| < =. ‘
. n=1l ‘ : :
.J - ' ’ ' . ¢
= +P o +P " o= : '
Let an -.tn tn__l and u 2. .

e~ 8

1

If we téke oy T 5 1og n' then .
v -1 5 H _ by nla 2
. n n n
n= = )
[} ’ - © . , . ..
= z —___3.'___7 < co,‘,' . .
n=2'n (log n) : .
- ' i - - . “| '

e e e e e T— o




‘Then I n

while z n" gt” ln|a o e o .
92 S S
‘;;o : 2 ' :& o 4
= } nlogn I——Tl———l ) !
. n=2, noiognm
S S
n=g 0 logn -~ ' b ’

This shows that the two conditions (4.1) and (4.2) are
different in this case.

It is more natural to ﬁse cqhdition_(4.1)‘rather
thaﬂ condition (4.2) to deéineilc,lqp[' summébiliéy. Thus

* -
4

for the remainder of this chaptgr Z a, is'summable
’l ’ ” ) ' I . V—O

LRWIN means condition (4.1) is satisfied.

>

Wé now give an example which shows that there are

39

sequences X for which |TC, A,pl #> (C, A,p)

Let u =2, A '= log(n+l) and C o

;=p—p = "~1 -
%n tn tn—l n log n log log n

»

1 u
n=2 °g nIn log n log log nl

oo“ l
}' n log n—— 5= .
n=2 n? (log n) “(log log n); o

—
[+ -}

1
n=2 n log n (log log n)zi ST

Ik
A
8




[ e , >

)) av'is summable |C,A,&ll‘mg'ans that

v=0
o . . i ‘ :
Y |tp - Qtﬁ.,ll < » 50 that '{tg} is convergent to s say. This
n=1 T . ST ' S
means that ): a = s{(C,),p). Hence we write and we have.

? ...0 h . ' .
IC.Awp|l=7>/ (C.)\,p)- . : _P \ -{ L "
,‘ . i -y . o N |
. Let RY (1) be defined as in 5§1.3. Then we say ] a,

. . \) =0
.1s .|R,A,p[ summable, if ( - ‘
RE;\(T) + 8 as 1 + .,
ang ) JhldRI;(-[) | = f I— Rp('r) |dt < co,

- Y N
where h > Ap+ (See Obrechkoff: Sur la sommation absolue

_des séries de Dirichlet. C.R. 186, 1928.)  We denote this by

8

e

a = s|R,ap|. - S

(o)
<

§4.2 INCLUSION THEOREMS _
- The next lemmz is a specz.al case of a result due to

_Mears, [19 Theorem 1].

LEMMA 4.1 T M‘
Let Q= {q } be a regu'lar matriz with q, = 0 for
N, Ve
YT n. - - '.ﬁa"\ v .
v>n If g-= q_ .s, where “J'a o then a necessary

n,v.v v uio

IS



Y v
) 2 ]gn -9, 1| < @
n= °
. o0 ' B - .
whenever , n21|§v f‘gvii4us m{?s
- © n-1 7 -
4.3 nzklvzk(anv . qn-liv) + qn:nl”i H "’
where H is independent of k. ‘
. ’ . ’c_‘. . !
THEOREM 4.1
) For any non-negatéve integer p, _\ﬁ‘ -
[+ . -w \\\, _-...'
} a, = s{c,x,p+l|, whenever J a_ = s|C,A,plq.
V20 v 1l - " v=0 v 1l _ )
PROOF ‘ N
'We know that (C,A,p+l) = Aé+L(C,A,p) where Ap+1 is
7~ defined in §1.7. "By Lemma 4.1 it suffices to prove that.
v ’ ) n-1 ) )\’ .
nihoZk(An"" R
» ‘:.:.
where H is independent of k.
- Now, referring to (1.8)
‘ g n_l h . :
niklvik(ln,v RN B An,nl d
© n—l_ “ PR " . ) | . .
= X + A - A + A - - e
- _ L p
- o ; , 7 (Avtp+1 lv)Ev (Ajkp+1 .Alev]
k,k - p+l _ . %_p+l -
n %fl v=k E En_1 ,
- (A A )li:p
n
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% ‘ ©

oo’ - .- P - ' )
. e n-1 (Av+p+l AJES -0} 1 _ :
k,k L W gP x A ;
Jn=k+liv=k E_ n+p+l n
’ . »
M T |
; : )‘n+p+1 ! : ' . , : .
' ) - p+l _ p+l
oo Ll 0T LR
kik o p=kel Xn+p+1 *n v=k Eg v=ki gP-
o+ kn"'}?"'l - Ani
. An+P+,1 I ) .
o p+l _ _p+l . T
VR (..__l__. i} _i} [En-l Ek—l] . ‘nepel "n',
kok © ket Wpaper An EP ‘ l)\n+p+l :
) .
o ° p+1 p+l |
A + An 1 Ek—l Ek—l 1 An .
k,k L Ix R S -~ S W -
! n=k+1""n+p+1 E . B¢ -"p+p+l
' * - n . ﬁ—l ) :
' ptl ¢ (-1 1 } g
+ - B
Ao,k * Bk-1 £+I(Ep+l * Pl
< n . . n—
. v
ptl .
A,y + k1
k,k -Ep+1
] k ' L]
: . p rp+l . -~ -
Perprr = NPk | Pr-1 - ‘
pt+l pt+1l .
Ex Ex .
pt+ p+l
- k-1, Fr-d ] g
p+l p+l ¢
Ey Ey o
1.
.
o ) CoTTTT o o B -
Thus ) ltﬁ - tg_lj < ® => Z ltg+l tﬁ:il < w.



L } =since (€, Ayp) => (C,A,p+l), tg + s implies t§+l + 5.

. S

o0 o0 [
Consequéntly - ) a, = s|C,A,p+l|1whgneverﬂ ) a, = s[C.,A,ply-///
- v=0 ‘ v=0' ) R
COROLLARY 4.1 ' ' o .
2 ' [+ ] . ) * - o
) a = s|C,Asp|y for p 21, whenever ] |a | < =, .
v=0 : , v=0 .
. - ]
where s = )) a,. . Lo
v=0
PROOF
Take p = 0 in Theorem 4.1 and proceed by induction. /77
_t ‘ - ” ~ .
THEOREM 4.2 . . ,
» - l@
Yy a = s|C,\,p|, whenever } a_, = s|C,A,p+1] .
v=0 " te 1 . v=0 " ‘ 1.
‘ . An+ +1 . ' *
if and only if lim inf BT= > 1.
n+o e ’
PROOF T - !
N (CIAIP) = Aé_‘_l (Clllp+1) . ' i ;:‘
: 1 : ’ = k VQ"“ ’
. ‘Referrlng to Lemma 3.1, we know in Ap+r {An,v}
i : — \ : p
~ * )\l . = n+P+1 ’
" _ . men An4p+l - An -
& a -)\n
At = =1-2A'_,
_— : : v ) “, n,n-1 xn+p+l - An n,n
: v :
. . An,v 0, ot?erw;sg.
By Lemma 3.2, we know A§+1“is regular if and only if * .
o A .
et ddmeing RRREL > g e -
. n-+o n ' /‘1 4
) an




N
-
(').&( )
" N

®© n-1 '
] - ] , ) '
o LI Ok T g * 200

o n-1

= Ar L+ AL + AL R S A e =AY :
et | S M Kok | n=£+2|v£k( n,$ n-;,v’

At
“ "n'n

%i+2+1 - - ® '
2 o - ' : ' L ’ - ] s
= k+p+1—)‘k' +QQ )\k'kl * n=)§+2|lnvn * xn:n'l .Xn-l,n-l'

A + A o
= )\km"'l . }\k + Z |1 - 1] ,
k+ptl T Ak n=k+2

A

L k%211'+ 1 '

Thus it foliowé Lemma 4.1 that

o0 o ~
} a, = s|C,A,p|, whenever ] a_ = s|C,A,p+1]
v=0 v ' 1 v=0 v ' 1
; . ‘ An+ +1 - ’
if and 6nly if lim inf‘f—TE—— > 1. 72

b B -] n

Kérle proved in [17] that |R,A,p| <=> |C,A,p|; for
> .
p > 0.! Using this and the Theorem 4.2 we have the following

corollary.
COROLLARY 4.2

44

oo . og ‘ -~
L .
) a, = 8|R,A,p| whenever } a, = 8|R;A,p+l| if and
v=0 " ‘ - ve0 ]
oy | ¢
‘“5nnyif*Iim'inf‘;ﬁfﬁii'f‘I:‘"‘““; S
- n-+c * - n



We now turn our attent10n=to the relatlonshlp between
lc, A,p+l| and [CiA,p+l]u.' To fadﬁ&ltate tHe dlsou551on'
we use a result of.Borwein; (i, Theorem 7],(wﬁich'wé state

as the next lemma. We includegﬁ?e prbof for the sake of

completeness. - L ;x,
% . A " .
.LEMMA 4. 2 . 3;‘ o . e ] et T
S .
If P 18 a réyular matrdx with npon- negatzve entrtes,
o 4 .

Q is a matri®™and u > 1, then necegsary and suffzczent

conditions for a series to be summable [P,Q] to s are that

it be PQ-summable to s and [p, (I—P)Q] —summcbZe to zerd. .

) . o~

PROOF ' - ' AR

Let {on} = Q{sn} and {Tn} = P{on}; "We have to prove

* - - -

that - . '

«

(a) £ pn,rlbr ) s|u1= (1) - -

é

if and only if . N ) -

¥

{(b) T > 5
LS -
cbalnd ~
. -oo - ’
. (¢ Yp. _Jo. - 1% =0(1). i
¢ - r=0 n,r r rp o ’ s

' ‘-///”? (i) Suppose that (a) holds. Then by Theorem 1.2

(ii) ., Qb) holds and so Z P rFTr - 8[* = o(1) since P is
- =0 T ' A

PR T} ” e ;
regular. Hence by Minkowski's inequality and (a)

I cle - '}

‘o

; o { OZOPR 19 "slﬂ}j/u {

and (c) follows.

/-7\

4

| AT
- gl|¥ -
rzopﬁf . ,sl_} =0,

T



LS

®

(ii) Suppose ‘that (b) and (c) hold. Sipce P is = .

regular, it follows “&rom (b) that \
-~ o [- -] ’ .
I p JT - s|u = o(1).
=0‘ ) o
0 . ] | L]
Hence by Minkowski's]inequality and (c), .
w T yiml : ‘ - ‘
~{.1'=2_-0pn'rlo,r',,. -SI } ‘ l ‘ . Lo vt 7o
L@ 1/u °° 1/u -
_ e H 2 H _ '
;.{rgopn r|°r Trf } +‘{r§ pn,rlTr s| }. = o(l),
so that (a) holds. . L .
The\\\oji/{e thus complete. , . : /// : ’ o
'THEOREM 4.3 .. . U "Lc IR
,Letp>l.n-Then ';. . R R . _
too ° . - " '.—A o ) . .
la, = S[C,Rléfl]u if and only if
v=0 ' . 4 .” .o, <
; . ‘. - . . !,{. ’
. " - * f . - . - 4
(4.4) R 2 a 5 S(C }\pp+l) ’ ' ‘" <, ‘ ,
and .o ) ! \)"’O \ ' - " - .
(;1 5) L If “(A A )Epltg-(— tP"'ll o= o(l) -
. Ep+l n+p+1 /“ . .
Conditton (4.5) m [t - t‘?“’llu -~ 0~(A ‘ ).
Conditton (4. eans |ty n SNCORE .
. . ot - . .
PROGF . 4
) . ' -, .
_ ‘;n Pemma 4.2,A§ake P =’Ap+i,‘0,= (C}A,p).and'pbee;ve
‘that - e - . 5
S - (I - P.) Q = (CIAIP) = (C,A,p"'"l) LI ///
. , _ , . 4 . '
THEOREM 4.4 .’ .~ . = °
e L . '
. ‘. . | .
Z a, = sIC,A,p+1f 1mp11¢av Z av = sLCfA,p&lll e
v=0 ¥ " v=Q . -




b‘:\ ;:j": ,[( X . . J B ' . , . . . ' . /A
. . P:ROOF - D= . " s . IR e ‘
» - ’ uo,’ . ) , . ! ’ 5 1 J !
CR . Since | tPHL *bp+l|' < @ implies that ¢PHL tends-- " . a
S k n=1 ® = - n-1 : n ' : '
,.; "’o‘ ot . ®© : o i{
- to.a limit, & say, we have ) a, = s(C,A,p+l). Hence to . . ”
b ' -7 v \)=0 i :
. o prqvg the Eheorem it sufficés '__to show condition (4.5) is
-satjisfied with u = 1. ’ .o T SR :
. ’ ‘ B T ‘ A ‘ o /
RN o -, "Let n';'l‘ .; , e ¢ ‘ \,\//
2 p‘.— p+l - a q
- [t -t | |
[ 1 n’ - ) )
© Cer - 'gP \)‘Eo()‘n&l - Aﬂv) :" ()‘n"-!»p - Ay)ay S "
/ 'n ‘ ) : * ’ ~
' — ])r:l(a R VS BRLET ¢ -aar| °
R ° ( - - sewy - a‘-"
' S ' E§+ v=g #*l v nrptl ViR £
AL n o ) e
: v o | _Dip¥l A, = A) sed (A, =1A)a : I
. . " l Erpl-k v£ ( n+l V ’ n+p v v ;
n Y= 0 ’ : . ' ‘ 3
.; - i o
< * ‘ fi;- - o - . . . . 1.4 i}
= 1 - .... " ’ - ‘ - ‘ bl
. ° . a Ep+1 vio\urﬁl 7\\)) “‘n-tpﬁ, A\)) (Xn+p+1 'xn+p+l+)‘v-) a
5 ' ) n _ ) ' . . ’
/.‘: * . b ! ) . . \"!' X ..
a S S - - P |
4 |5 vzo(x"” }R) RSN W RN B -
e >‘ n - - 37 ) “ L ' °
e On the other hand ’ ’ : .
p+tl _ .ptl ” - '
B t t 1 ,
- n - . "
i I A.__._“__ ; I l — Y {l . ) P 1\];1‘ ——X }a
' |gPtl 2o ntl v n+p+£ -V -
n
l n a* ro .
: BRI Jho n TR 10 Ongp AT ' ,
n- .




= >\n 3
_pt2
' En-'l
- Antp+l B
o B

» B .-
) = l;s:i'gzo(}n+l - Av) . (AH+P -&Av){l
- n-1 o, :
- Antg+l(xn Av)}av ' X
.. m | |
= |£§;§ vzolxn+l - Av) ses (An+p7- Xv)(X
n—l . < ..’
' D S = A \ n ‘
F= T - - . o: )\
An ;Eg+1 V=0 n+1l v
for n h 1. ’

Hence

?

P

-

Q ln

‘ Y ' . . ) N
, A - A
i p+tl _ . p+l| _ “n+p+l ni,p _ .ptl
(4.6) Fn _tn-ll tn tn

n+p

n+p+l'-fxn)xvav|

- )\\)).A\)ua\)l ’

- E)

&

, for n > 1.
i —-_—

-

~_Coﬁséquentiy mﬁitiplying (4.6) by Eﬁti, we obtain -

'\./\_‘z z

n-1

Ep+l'tp+lc- iﬁfl‘L

n

1]

Com 5P|k - 2tE] T
{nzl(kn+p+l . ‘Ah)En|tn“ -t l - !
M a1l ptl o1 : ‘ .
: : ) EP lltp - tP [ >
“n=1 B~ n n-1 -
o - s P _ WPl = -
. Since. Ay = 0, ]tp tg I,— |ag aQ|. 0.
. ) / . . . /
By taking Egztﬁf 0 and tg%’ = (}, we have ,
. ‘ e t m .‘ ) . - ”’p ?‘:p - p+1 .
R 1 - I & '
.‘ b m"-a “

-



-—
Mall

. . n
. +1 +1 _ :
Let b, = tP = tP and B = Z b_.

rr r-1 re0 T
Then from (4.7), we have . T
‘m ' .
P,
n=0 .
m -
= JEP'YB -B ) -/
- p+i woptl  p¥l
Bmpm f By (B En-l)'
n=0 = L .
Dividing by Eﬁ+l, we obtain . : \ W7
LY \ m g’
. .1 : o) . 3
-8 fo o =
Bn gP+1 nzo(%@n+p+l An) En gn Q(l)(_as m =+ @,
m
e

because of ‘the regularity of Ap+i and the hypothesis

) a, = s|C,A,p+l|; which means that-{Bn} is convergent.
v=0 ° : N 4 o -

<

- Y '
Thus the condition (4.5) is satisfied and the

theorem is proved.

(C.f. Borwein and Cass [6, ?héﬁrem l.)

o

t
- °

A P
THEOREM -4.5

If Z a, =8 (C,A,p+l) then, .for u > 1,
v=0 " v * .

I . ) .:. o0
Z.oa" = slc.,)\,p+1| 'meZ’l-eB that E a,=s8lC, ’\:P“'l]’

=0

PROOF = . ‘ ‘;’ ST %
” n . .

s

Since 2 a = 8(C,A,p+1), it suffices'to show that

v=0 - L Y

. a
2 -

qondifibn (4.5) is.satisfied with u 2’1;

.

i

.



Now referring to (4.6), we -have

I.ptl p+i|¥ _ (An+p+1 " An]ul p p+l|u
t -t = : to -t -
n-1 An n n

[ -

for y > 1 and n > 1. Thus ) '

d ' ‘ u A H | e

. ' P _ ptl _ | . n : p+l - p+l
n+p+l n g .

for y > l.and n X1, ' _
and'tgzl'= 0,
0 0 =17 o

_— Since \tp - tp+l| =0 and EPTL = ¢
+we have, by (4.8),

1
~

m ' U
- Pi+P _ P+l
'n£0(1n+p+l 'Aﬁ)En th tn }
_ m p+l , ‘n u-l p+l =~ p+1|*
= 1 E) Ix————x" |tn - th.1f -
= n+p+l ~ *n .. n

90,‘.’/«

v ' . N u
= H-1ll.p+l _ _ptl
. Now let b = p |tr to1

’

: n
and B = az b '
. . n - r=0 r
' ! o . ‘
." and proceed as the-last part of the proof of Theorem 4.4,

m . R . ' rJ u .. .
o voptl u-1]. p+l _  p+l - p+l
we have nEQ.EnT}pn Itn £t o(E."T).

-

ah T . ,. - Pl.p pt+l u * p+l
A? eQ?? n£0(A9+P+l - AEpitn -ty | = oiEm. ) -




e //f“\\ CHAPTER 5

SOME "STRICT INCLUSION THEOREMS BETWEEN
CESARO AND DISCRETE RIESZ METHODS OF SUMMABILITY

-

§5..1 DEFINITIONS:

Suppoée throughout this chapfer that «. > 0, -

)
b S = a y
n r=0 r’ .
eg =1,
and e;"E (n;K]‘= (K+lr(n+i1:..(K+P for n:> 0.
Let {p,} be a §equénc%rwith P, > O‘forqg > 0 and let
~ %F— ‘
P = P.- . . .
'* n r=0 © '
° . mbgéine
Lok {
’ l n ) l n ' -
» (5.1) t_ =35 ] p._ 8 =3 )P _a,
. n Pn =0 nJr r Pn r=Q PTE X
A_ 1 % 15 . ' -
(5.2) t. == Jp __a ==— "1 (p - p )s (p , = 0).
: B Pnor=o"F T Pnor=0 n-xr Ta-l-r’Tr’ -;

.. Ve saw that the’sequence {sn}'is (N,p,»convergent to' s

® . o . if t + 5; and-we write -
R , - - - e
SQ +> 8 (prn)' ,

~—a

~__This is a NSrlund Summability Method. See for example Hardy -
. i . - ! ., .

[11, page 34].




.and we write

“by (N,bpp).

Let_
(5.3) 1 = 2 P, s
h r=0 -
We say that the seguence {sn} is [N,pn];convétgenF to s if
T, = o(l), and.we write ‘ . .
s, + s IN,p.].
(Ssee Borwein and Cass [6].)

We say that the sequence {s } is IN}pnl—conVergent to

s 1f

E;Itn -t ] < and s = lim' t_;
n= |

3

o :
s, * s lN,pnl, |
Lw
.The Strong Summablllty Method [N,pn] 1s the method .

(p, Q]l (see §1.2) w1th P = (N}pﬂ) (see §3.2) and Q the matrlx

-associated with the transformatlon (5.2)., We shall denote Q

£

In the case o [N,p, ]-summability, the method is
n ' " y

interesting anly if P+ . This condition is satisfied . .

4

by the summability methods we consider below. .'_ o ;;'
o If we take P, = eg‘l, then (N,p ) and lN,p | are the >
- ' v

Cesaro and Absolute. Cesaro Summablllty Methods (C K) and

L4 —
. LT

|C k| respectively.
The method IN;pn] with P, = eﬁfl ié'eqﬁiva;ent Kbutf

3

no v F] - . [ .Il‘-'

-

-
~

and’ ‘Cass [6, pages 98-99]. \ - g o L o

We shall denote this method v,p, ) also by‘[C K] See Borwein

i it




.0

K

3
If
i o Do yk - -

(5.4) PP = 7 (1 ¥ ——)"a ‘
n v=0 . n+l g
n [ 3 ‘
=4 Y (n+l - v)K(SQ = s, 1)
(n+l1l) " v=0
1

n ' ' i K
= Zb[(n+1) -V - (n=~v)"]s
(n+l)" v=

then we say thaE the sequence {sv} is (R*,n,n)-convergeng

’
+

to s, if D; + s as n + ». We denote this by
. s, * s (R*,n, &) .

S £y

Thus if we take p_ ’ (n+1) nK for n > 0, then
(N,pn) and IN,p | are.the Discrete Reisz and-Absolute e
Dlscrete R;esz Summablllty Methods (R* n,x) and IR*,n K[
respectively. We shall define the Strong DRiscrete Rigsz
+ Method of Summability [R*,n,k] to be the method [N,p_]

asséciated with this {pn}. ,-' ) K

\

55.2 KUTTNER'S THEQREM | SN

o In.the definitions of (C,k) and (R*,n,k) and the

f‘;_l associated absolute'méthodsf K is usually allowed to

%étisfy k > -1, The methods [C,k] and”[R*,n,k] make sense’

only when xk > 0 and it is for this reason we have so’
; p ,

3
.
.

'_,i
restricted K.

THEOREM (Kuttner) e

! - ¢

A(i) If 1-< K < 2, then (R*,n,x) 13 equivalent to

#

"{C,n) ang |R* n KI fﬂ equivazent to ]C KL

~ N (i%) There ie a sequence (R*,n,2)-convergent but not

.




-

{C,2)-convergent and a sequence |R*,n,2|-convergent but

‘not_|C,2|-convergent. But |R*,n,2| => (C,2).

r

(ii1) If x > 2, there is a sequenée lR*,n,KI—convergent'

e

but not (C;;l—aonvergent.

(See Kuttner [18].)

§5.3 EXTENSION OF KUTTNER'S THEOREM AND OTHER RESULTS™ ‘\\ ;

For the proof of Theorem 5.1 we state two results of

Borwein and Cass [6, Theorems 6 and’9] as our next two .

[

lemmas. J

" LEMMA 5.1 :

*[N,p ] => (N,p ).

LEMMA 5.2 - o //

If Pn + o gnd {sn} i8 IN,pnl?qonvefgert, then

s, > 8 [N,p,]

where s = lim th and t  is defined'ﬁs‘in (5.1).
; . N - ] — ) ‘l
v
THEOREM 5.1 | B
If»K > 0, then |R¥,n,c| => [R*,ﬁ{K]'=> (R* ,n, k).

-

PROOF - .- I -
That [R*jﬁ,n] => (R*,n;k) is a special case.éf i .

Lemma 5.k. |R*,n,k| => [R*,n,k] follows from Lemma 5.2. ///

‘The next theorem'isiﬁnowﬁ, but if alsoffollo;s froﬁ';
» .ﬂ‘ ' " B .. | " " " : .
- Lemmas 5.1 and 5.2 as the Theorem 5.1. - =~ e
THEQREM 5.2 R T
|C, k] => [C,k] =3 (C,k). . % , ' '_; » —
- ‘ ) ’ . L}
: . “
'y |



THEOREM

~ .

5.3

tLet>p > 0 for n > 0 and suppose P +> o, 7 Then there

L

i8 a sequence whzch i8 [N‘p 1- convergent but not |N,p | -

converg

® PROOF

ent.

-

BorWeln and Cass [6

s - s[N,pn] if and only 1f

Theorem 8] proved that

‘.
.

n . ; )
\ (5,.3) .S g #;8; > S(N.pdf//
Jo and - ; T
/. ) " ) ".:“. - l - _ . ‘ AA,
(5.6) e z p It - ty] = o(l). ‘ S
H - " nv r— , -
where -t and t are given by (5 1) and (5 2)
‘. Thie ig- a spec%ﬁl case Qf Lgmma 4 2.
- a‘ i ’r - : : ' l -
Y . - ¥ n
- A . 1 - . 1 A
to -t =~—-'Z'(p_,—‘p' )8, ~ 5 -1 p__
r r. Py y=0 IV 1-v? "y Pr v=0 I~V Vv
pe ' ‘ ’ .'.T“
Py Te T Tppou%
- =P . ) p. i8S ' P, P
) -v=9 Pr-y v Srs Ly rel-viy ¥ 20tV Y
g ’ -L T . ’}r P-r‘ . . ) .
.0 » . ) [ . , L]
a i: . rgl
) . - ) P : p _ p 1o ‘0‘
- ' r-1 Ve r-y. V- v—O r=1-v v
= - ,
J. . pr}PI‘. )
L) ',.l’-: .
so that
- K R ) . "
$.7) pAtd -t )= (¢ ), £ =0,1,2 :
' ( - Pr-( r r) ‘r=1'"r - tr—l r/_r rdr&geee o
’ ’ o ' " e N
= al - ) .~ ‘ ¢ &
(Pp=t=0.
. / , ’ R T
Choose fs,} so that ¢° - tnfl/7 5;—5; where
P | :



n p, , . % % Py
D= 5~ and § = t1 chosen in such a way that ]
n r=0 Fr n ) ‘ . n=1 "n.n

converges. Then {tn} is convergent enéuring that (5.5) is

satisfged. Also we have

A - o _
Pr Itr _‘trl‘- P_ r£ Pr1 Itr tjr--ll

. 'l; % Pr—l P,
) P r=0 Pr Dr

Pr-1 p;. a < < 4 ’ 0 for F >
h,r 5 for 0 £ r<n and a . = or r n. .

&
o
a}
@
]

r

Now A = {an r} is a matrix with zero column limits and
r ’

n n 1 n g
= o ,‘_ . '= 1
rZolan'rl rzoan'r b B fchr P for all n,

so that it transforms null sequences into null sequences.

2

Since by Abel-Dini Theorem lim D =, l—.+ 0 ds r + o,
- : pow D D,

‘It follows that (5.6) is satisfied, so s+ s [N,p ]. .But

by Abel-Dini Theorem ag in ) .
‘ - S—— e p

Q0
: _ -
nzlItn " el = nzl PaPn -
so {s,} is not |N,p |-convergént. Lo ' .o /17

< a

COROLLARY 5.1 - ‘ N
—Let K > bf There ig a sequence which is [R*Ln;K]-

1

convergent but nat {R*,n,K|-convergent.
- L)

L‘ . Pt

L]




~

" THEOREM 5.4

COROLLARY 5.2

N -~ . * -
Let x > 0. There is a sequence which 18 [C,x]-
convergent but not |C,x|-convergent.

-

4
Let ¢ > 0. 'There 18 a sequence which is (R*,n,k)~

-

convergent but not {R*,n~K] convergent

PROOF ;
, . K _ K
. ‘Let P = {p;’v}, where’pn v = (v+1) " Y for 0 Vv
—_ ! ! _ (n$l) _
- and p =0 for v > n. It follows'from Theorem 3.4 that z/

there is a sequence pP- convergent but not [P, I)~-convergent.

Let Q &—’3 } be the matrix such that

where P, = (n+1)* = a°, Then [R*,n,k]-convergency is the
\

same as [P,Q]-convergency and‘(R*,n,K)—converéency is the
same as PQ-convergency. Siﬂbe the matrix Q has an inverse

our result now follows. o ~Y /17
-

. For the next theorem we state -two results of Borwein

and Cass [6, Theorem 1 end'Corollary 1] as our next two *

lemmas.

LEMMA 5.4 RS 1

If (N,p ) => (N,qé) then [N,pn] => [N,q].

-~
»

n

LEMMA 5.5 . .. .. o e

If (N,p.) <=> (N,q_) then [N,p_]. <=> [N,qﬁ].

/ ,‘ n n . n . ' )



THEOREM 5.6 - | " L
(i) If x > 0, then [C,k] =2 [R¥*,n,k]. .
(ii) If 0 <_K-< 2, then [C,kx] <=> [R*,n,K].

PROOF ~ | - .

Since for ¢ > 0 we have (C,K)‘=>‘(Rf,n,K), (1), follo;s

from Lemma 5.4. Since for 0 < x < 2 we‘have

2 o« -

(C,K)'<=> (R*,n,k) (ii) follows from Lemma 5.5. ) //7

-

THEOREM 5.7
, 14 - . : . .
There is a sequence which ig |R*,n,2|-convergent but

not [C,2]1=-convérgent.

'y

PROOF
For a given seduence {sn} we write -
’ S
n * S —
1 1 - .n
(5.8) °hn T 77 Zoen-vSv T Tz
€,V e
and ' R4
L \ °
) ' n . T
(5.9) Ey = ——5 ] (n+l - v)%a = —B
{n+1) " v=0 . (n+1)

so that {on} and {En} are respectively the (C,2) and (R*,n,2)

o
€

transforms of the sequénce {Sn}'

As in Kuttner [18, page 36i]_wq have

’ . V4 ’ —_—
(5.10) To =8ys T, =5S,1+8., n=1,2,3...
and .
P Y.
- n - ‘>
(5.11) s = ) (-1 -
. 9 n v m=0 m

.

Now take S_~=t=1)"m go that T_ = (-I)™. "Thus .

’

leq = & 1s < wugnd &, > 0, 8o that if {s } is the

o]
He- 8
(-

-
A



¢ _ . _ 'F"""""'f-'-----llllllllllllllllll
o o . . . X
Al

sequence -associated with this choice of S, and, T  we have ,
8, ~ 0|R*,h,2|. To see that {én} is not-[C,Z}Lcoﬁ%ergent

> o|R*,n,2[ impiies‘ ,

we notice firsg that by‘Theorem 5.1, s,
1

Q; -+ 0—[k* n, Now by Theorem-sfé [C 2] => [R*,n 2], thé

only {C,2]- sum that {s } tould ‘have is zero.

_ But- ’ sn - Sn;l'= (-l) (2n - 1) . )

(5.12) o 1- ? N (2n-1) _ A .
'iﬁ mt L L h n+1 : .
: _ 1 ? 2n-1 |

T om+l n+l ° )

n=0 -~

13

N
o]
n

‘s

.Since (C,1) is‘regular and Z%;% +—2, (5.12) tends

A

m + «®; Thus {sn} is not [C,2]-convergent to zex6. y//
D] ~ ) ‘.“'.’ A -
COROLLARY 5.3 BN o
There is a sequemce which is [R*,n,2]-bonveégent but A

not [C, 2]-convergent , ' ) -

PROOF
- N ) !
This follows from the fact that |R*,n,2| => [R*,6n,2]. *~ -
'THEOREM 5.8 _ - ’ R
. : ¢ . . L .
o [R*,n,2] => (c,2). = oo

PROOF * . ~ _ °
' Reférring to (5.9) we find that

- - , a

-

T -~ T L= z {(r+I—v)2 - (r-v)ziav.,

) r ’r"l V=0 . ) ,'. .
s, > 0 [R*,n 2] 1f and only if - , 'o
1 If 1l r . 1 n T . *
= Lp = Ilpr._al"=% I{Ipc i o(1), "
Pn r=0 TIPr yz¢ TV ,Pn,;=0 v=0 T~V v :



R " Yl

o

: ’ AN oA - - '
- DA o : a
; B ) o »
. . _ _ ' - _ 2 R = . .
where p __ = (r+l-v) (r=v)“ and P "= (n+1)“. Hence s, + 0
[R*,n,2] if and only if
#
. o ‘ u -
Tlr. =T __,] =o(l), (T_, =0),.~
X, (n+1)2 r=0 ¥ F 1 . 1 ;g“/ .
From (5.11) it follows that
’ n
}‘Snl .<= rz_olTr - Tr‘..ll . .
.Thus if s, * 0 [R*,n,2], then ISDI = o(n‘?) so that ‘
Sn - O(C'Z)f'a" ; ‘
Noy'if s, * s [R*,n,2], then s, - S O[R*,n,2] so
s, - 8§ ¥ 0(C,2), i.e., s~ s(C,2). N7
 THEQOREM 5.9 ' -

p i
There is a sequence which is (C,2)-cenvergent but not

IR*,n,Z]-conver ent.
gan;

PROOF
Choose {s 1 so that > . \ -
oo Sanqs (-1)§ n>/? ana Son+l = o.
- Then s, > o(C,2). But referring to (5.10) -
T, - T. % |

s - o 2
2r ~ Tor-1 = S3p 7 Sprf- k | '

= (DT 4 -, r=a,2,...

So if 2m < n < £m+l, then

—

c. n . m - '
réo ‘Tr"_Tr-1| = rzl ITor = Toral fi
° . - . & . -
. IR SRS 72 B
) r=1 .
-
| o ,
: A © a2
5/2
. v Hn>’"
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2 ' .

p R . ’ . . . .-, .
. , P © s (Y . - -

-

. ' -.where H, H, are independent of n.
(X4 47.:‘ -)j-: y " . ’ R I ) )
- ‘ Thus {sn} is not [R*,n,ZL—coﬂvefgeptetéfiéxo and our result

%

follows. “ - » @ /1) !

s _ THEOREM 5.10 N - ~
Let x > 2 . v
R ««~ (i) There is"a sequence which 18 [R*}n,f]-ooﬁbergent

2l

but not {C,k)=-convergent’. L ‘ : ) |

., (ii) fThere is a sequence which 18 |R*,n,k|-gonvergent -
q ! g -

LI Ry

but not [C K]-convergent L - 7 ﬁ: ) - L o

A . . '

(111) There zs,q,sequencé which i& [R*,n,c]~convergent
but not [C,k]=-convergent. :

\PROOF . " . ‘ . oL .' ) h

el Part (1) follows from Kuttner s Theorem (111) and the ]
¢ - -. .
fact that |R*,n,k| => LR*,n k]. S 8
‘b, 1
Part (ll} follpws from Kuttner S Theorem (111) and the

n

fact that [C,k] =>(C, K)

P ’ ‘ o

i

' *Part (iii) follows frgm part (11) and the fact that
S :

.

The relathns between the various summablllty methods

_ dlscussed in this chapter are convenlently displayed in three ] o
s . .o .

figures below. 1In thesefflguteS'the eymogl + denotes strict |

3 ®. ' T .t ~ had L . Ll
} ' inclusion, the symbol<«+ denotes equivdlence and- the notatioqn S

‘v L K

K ' . P %+ Q means thatvthere is sequence.which is P—convergent_-' T ..

- ‘but ,not Q-convergent.: e B -




~

- 0 < x < 2™ 0 f ——
. v “~  |R*;n,x| > [R*sn,k]-> (B*,n,c) ¥
L
- : p
v 3 }
. : a
. , lc,x]  +% «C,x] > (C,k)
¢ - . .
y ) Q' %, -, . Figure 1
El - -
(-1
4 - “a .
nl °w . - -
+ ‘Q
a 1]
5
. N
*
L ae .
‘ ) “» .
& . Figure 2 .
3 ¢ - N o i g v o ’ |
14
LN
-‘ “ P o
\ ?..Q - - N - . L]
] K >‘ 2 L) . ‘. G‘ -
s N s < ) ’ I R*"n’K l -> [R* 'n"\K’]\
-
4
t
. e B ,
- .
L'}
L8 T '
4.‘ -.\ N L] s
¢
'- ‘7 -~ - ?
5 . e P
L4 - °
- ) - RNy ' . o
) ye ' o : .
.'. N ’ ¢
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. % CHAPTER 6 ‘
K] ’ . ' ., “ ‘
STRONG AND ABSOLUTE NORLUND METHODS

OF SUMMABILITY ASSOCIATED WITH POLYNOMIALS'

Y
(&)

=~

»

In this chapter our investigafibns stem from the
resylts in D. Borwein [4]. We consider a4 N8rlund Method
of'Suﬁmability Assoq;ateééwi£h Poiynqﬁials and ;nvéstigate
the properties of an assoéiaféd Sﬁrong Suinmability Melhod'

and of the Absolute Ndrlund Method of Summability Associated
/

with Polynomials.

® 56.1 DEFINITIONS . . .

«

Let s, S bg arbitrary complex numbers, and whenever

°

‘n < 0 we take sn = 0. Let

AU

. ) . j
p(z) = pg ¥ Pyz + *°* + p.z° _
‘ s 0 i ‘Bj—
_ and : : q(z)_=‘q0 + qlz + eee +.qkzk -

.

" ke polynomials with cdﬁblex coefficients whidh satisfy the
. . ""‘, * ; (., ,
normalizing conditions AN .
L] . .
o " p(1l) = 1 and g(1) = 1.

2

WeqsupPOSe‘throughoug'that p(0) .# 0, q(Qi #0, p. =0

for n > j and qn’é 0 for n > k. We use the notjtions

v

) n
(6- l) t = P S n= Q 1‘ 2 "o + @ N
) .n vzo v n"'-\)' . J r r ’ ’
[ ‘ ’ - e J’Q
a ". n | ' v
(6.2) . Yy, vioqvfn-v' n=20,1,2,... . .




. L]

Assoc1ated with the polynomlal p(z) is a Norlund .t
Method of Summablllty Np which we call a Polynomzal Norlund

Method and which is deflned as follows. . : -

<

r The sequence {in} is said to be Np-convergent to s,

-3

and we write “ : ' _ o
- . . s ] -
(6.3) . - . s+ s(N_), if 1lim t_ = s.
. - n p ’ n->« n \

This definition is due to D. Borwein. -

we define . . ) ' - o
(6.4) ‘ ~ s, > 8 [Cl,Np]

1. B
if Carr Lt -sl =0, gsnov e
r=0 S .

This is the 1P,0l; defined in §1.2 with P = C, and

Q. = ‘N\g! ]
! \ _ ) .. e . —_'
Let P_ = ) p_ where P i§ non-zero for n = Q,1,2,...
n vep Y ; r ‘
[-] . 3 n L
and T ='%— ] p,S Then' we say that the sequence {s_}
v n-v .
n‘v=0
s (N,pnf-convergent to 4 and we write '
’ if lim 1_ = s.
nso O
A This is the N&rlund Summability Method givep in §5.1, - .
o but hefe we allow p to- be domplex for all v > 0. Moreover,
in this chapter we are only interested 1n the case where ,
. év s are coefficients of a polynom1a1 p(z) with p(l) =1
- and we, only use the (N,p ) method in this sense. . It is

5%
1



evident that in this sense'(N,p ) is equivalent to the .
n

Polynomial Norlund Method Np. : . .

n .
~ Let P! = ] |P | and P! # 0 for n'= 0,1,2,... . Then
r=0
(6.6) . B s, *s [N 1
l n ) . .
if 5; EJIPrllmr - s = o(l), as n » o, )

This ‘definition is analogous.to the definition of*
[N,pn] given in §5.1, but we allow here P, to be"compléx
for, v > 0. Moreover we let pv;s be coefficients of a

polynomial p(i) with p(l) = 1. . (U

-, The Absolute Polynomial N&rlund Summablllty INPI

- is deflned as follows. . ‘ ) Sy
6.7 > s |N_| ’ S
( . ) Sn S .Np ] - . .:?‘
if ts + s and nz |t - tn-ll <2, where t*l =’9.

£y 3 v

-
e
-

.
The. method [Cl’N 1 is.a Strong Summablllty Method
Assoc1ated with the Polynomlal Norlﬁhd Met/?d. It is qot

' . \
the Strong N6rlund Summablllty Method defined in [6} which

I - B

we con51derea-in Chapter 5. Shortly we shall show that
[leNp] is equivalent to [N,Pn]. Thus-[cl,Nb] is the Strong
NOorlund Summability Method defined in [6] for (N,Pn)‘rather‘

" than for (N,p ). -

-

_We ehalliestabllsh at first [Cl;Np] => IleNq]_lf

d ly if N_=> N _. )
2pd.only if Np = Nojd

L




- -«
- .
-

It is shewn, ,in Borwein and Cass [6] that 1f (N,pn)

=> (N,qn) then‘[Napn] '=> [N,qn]. We shall 1nvestlgate ‘the

converse of this theorem in the case of the Polynomla%x

Norlund Methods. ¢ ot . ‘ ' .

"Then we shall establish [N | => |N_| if and oply if °
N =>N_.- , "
p q ‘ . . . : ' . //f
Finally we shall e$tablish some minor results -
e .

analogous fﬁ’SOme of the results obtained in [4].

. . ‘ P
56.2 THE EQUIVALENCE OF [Cl,Np].AND NP1 . ,
THEOREM 6.1 B
. [c;,N;1 <=> [N,P ]. C )
PROOF :’ o - - ]
. . . The result is an.elementary‘cogﬁequenoe of the fact P
‘ _ n C3-=1 : ) . .
that P! = J |p_| = "} |P| + ny= 4 4 1 v n + 1 which
n 'r=0’ r r=0 ¥ f ) e E y e
.implies the equlvalence of (N PI) and (C,1).. . /// )
) §6.3 THEOREM§WABOUT NORLUND METHODS. DF SUMMABILITY L
’ ASSOCIATED WITH POLYNOMIALS
" ] For completeness we shall quote W1thout proof severad
“Tesults ot BOrWeln [T e | T
. , The methods Np and Nq mentloned in the follow1ng | - '
theorems are Norlund Methods associated with polynOmlals B
. p(z) and q{z) as defined in %éal47‘Ev1dently Np and‘Nq; "
regular. < .




THEOREM 6.2 ’

-

The method Ng, associated with the polynomial
£f(z) = p(z)g(z), %nqludes both Np and\Nq. - (Borwein

[4, Theorem 2].)

THEOREM 6.3

-

The methods Np and Nq are consistent, t.e., if

) ' = ' :
s, * s (NP) and s> S qu[, then s = s'. (Borwein

4, Corollary],) ‘\ R
‘ . \

- e -

THEOREM 6.4

If h(z) is the highest cemmon factor of Plz) and
- q(z), normalized so' ag to make h(y) =1, then a ﬁgcessary

and_sufficignt condition for a sequence to be both Np- and

Nq-convergent 18 that it be Nh-convergent.' (Borwein

{4, Theo‘re.m'\3] .)

THEOEEM 6.5 s -

v

In order that Nq should inelud Np‘it is‘neceqsary
and syffieient that qg(z)/p(z) should not have poles on or
within the unit cirele. (Borwein [4, Theorem I].)

THEOREM 6.6 " L L
{f q(z)/p(é) has ‘péles of'Taximum-drdqr m on the
unit eirele and does not havéQPOZes.wiqﬁ‘n the unit.ci}ale,
then (C;m)Nq inclﬁdes'Np% but f;r any € > 0{ tﬁereris an
Np-conbergent sequence whichvis not (C,m-e)quconVergent.

(Borweih {4, Theorem II}.’)




THEOREM 6.7 - | | S
If q(z)/p(2) has a pole within the unit eirele then. -

there 18 an Np—convergent sequence which 18 not ANq-convergent.

- S

(Borwein [4, Theorem III]JX\ .

-

. )
——
° . [

' THEOREM 6.8

. . ' , . »
In order that Np shouldabe‘?quivalent to (C,0) 1t s

ne%eésary and sufficient that p(2) should not -have azeros on

or within.the unit circle. (Borwein [4, Theqrem I*].)

+ .

THEOREM 6.9 w CL . , -

IF q(z)/p(2) has poles Ay A, sy Ay in the finite
J 1772 2 .

“

complex pZané, of orders,ml,mzj..., Py respectively, and if,

for n = 0,1,2,...,

I pys, . |
t_ = P.,S__
n ve0 vin=-v
. u_ = z q ’ i
n AY} n—\l ¢
- . =0 £ » &
then ~ ‘ ‘ R
. n - . 2 S e
. v+p=1 -V
u =_JCt _ '+ Z Z C [ P ] At

- where the-c{s'gr€?¢?ﬂgtqpﬁs, depending only on BgrPyre-- pj,,_
qO’?l""’ 9y f??h tha? c, =.0 for n>%k-j and.Cr,mr # Qi
(Borwein [4, Lemma 1].) ' : ;

P

36. [Cl,N ] MEﬁJPD OF SUMMABILITY o :
The following prop051tlon is‘a spec1al case of

- [}
Theorem 1.2. :



PROPOSITION 6.1

(1) NP =2 [Cqup]l

(i1)  [Cy.N ) => (C, )N .

. 7
THEOREM 6.10 / ' ‘
If gq(z)/p(z) has no poles within or on the upit (
circle,)then [Cl‘,Np] => [Cl,Nq]-. AN

& | !
’ Without loss of generality,®we may assume s, * 0 '
L] L N

{Cl,Np] and ‘prove s, >0 [Cl’Nq]'

p\)s _\), f )
o P ‘ . ~ : .

I} e~13

Let t Lt
v

-~ n '
| ﬁﬁ ;goq\).sn-\f . :

If g(z)/p(z) has na poles within or on the unit circle,
but. has poles Al,kz,..., AZ of order mlfmz,..., my outside

the unit circle, then bytTheorem 6.9

N

n L n e
_ > [v#p=1l} 4 -V
.un B £ \) n-v + :':21 leC r,p \)ZO [ o-1 ] Ar tn-\)

where the C s are isnstants, dependlng only on po,pl,...,
p. ,qo,ql,..., ) s Such that c =0 forn >k =~ j and
# 0. ‘ : g o

Cr,m.
r

v# “1],=v
P

r n-v"

n
so' lul = 1 leylle, |

—




e | ‘ -
Thus —y ZIUnl - - . ... .o "
n=0 : v
AN v
== e e p-
w20 ve0 oll ““’ 1-nzo rzl pzl' I Z '[ P'l] Ht“'vl
. m-v v
__=2|c| 2|t|+zz IZI["“"];III'ZIM,
r=1"p=1 TP e _ ‘n=0 ",
‘9 L 149
where c_ = 0, far v > x - 3. . ‘ S

Since the poies of q(z)/p(z) are all outside the unit

[

pifcle,.lkrl >1, forr =1,2,..., %, and Z [v+p l] r is

. - . : ‘v=ol Pl d
thus absolutely convergent for each r = 1,2,..., & and .
. . N 'v‘ m _'. .
p-= 1,2 m Conse uently if 1 Z |t 1 + 0 as'm:+ ©
U rerescr Tyt d 277 mtl n=o ™ ’
1 T :
then —v ¥ lu | > 0 as m > . 4 ,
n=0 . . ¢
' If q(z)/p(z) has no poles at all, then g
1 @ m . 1 Moy oo -
=7 ! lul < I leyl=%7 1 It |, where ¢, =0 for v > k - j.
v=0 n=0 .7 - ’ T
Hence the desired conclusion follows. /77
[ 4 ¢
THEOREM 6.11 o . S
If (1) glz)/p(2) hag a paZe wzthzn the unit c1rcle,
. VT e o e
Tor . (2) q(z)/p(z) has no pole ww%htn the unmt circle,

but has poles of .maximum order m on the unit czrcle, where

'm > 1, then there is a §lquence which is~[Cl,Np]-00nvergent

hut not [Cl,qufconverbenf. : v e
PROOF

.
N\

(1) g(z)/p(z) has a pole within-the unit circle.



_ By Theorem 6.7 there is an Np-convergent sequencé which is

not ANq-convergent. Since

(C,1) is regular, this sequence -

is [Cl,Np]-ponvergent. B , since it is not’ANq-convergent,.

9

it is not (C,l)Nq-convergent. As a consequence of

, ' L 4
Prqposition 6.1(ii) it is not [Cl,Nq]-convergent.

) - (ﬁ) p(zg has no poles wiéhiﬁ the unit circle,'but
has poles dfmax.imum order m on the unit cifcle, ‘where m > 1.
By‘Thebrem 6.6 since m > 1, there is an N”-convergent
sequence which is not (C,l)Nq-convé%gent. Consequently,

this sequeqée is [Cl,Np]-conQergent, bu%, by Préposition

‘b 6.1(ii) it is nét [Cl,Nq]—convergent.

o ///

For the next theorem we need the following two
‘ ' .

Cf " lemmas. We use the notation [C}l]l t& me n [C
"~ LEMMA 6.1 .° "

1011y

- Let tn = aln, |§| =1, A # 1 and a 18 a non-zero
’ /

¢

«complex number. Then {th} 18 not [C,l]l-convergent.

- & ,_,A
PROOF |

we know.thash}tn} is (C,1)-convergent. For
. . P /
o D m¥1 - ml I-X ’

"I e—3

|
R m+{ n n=0

L m¥l - ‘

1-x _ 1l
5 = 0(1), then —wg

- L)
Sirice a 1s a constant and + 0,

|l 8
H.

n
0o "
r." v U‘

as m » o, - ) »

-
~

. Thus if {tn} is [C,l]l—cdhvergent, its sum has to be

zZero. But



> ) H}T rznoltpl - I_R}'—Ingolall)‘nl - Ial T-p/, .
which.+;~0}~since a#o0. ; /77 ”_,"?’
LEMMA 6.2. vl '

Let Al Az,...,-kr b? r distinet bbmp}gk'%umbers, , :j;f/’
ro>el, with ] = 1,0 #1 for v =1,2,... r, and let
ayr859...4 A, be Nogi=2ero compiex_nqmbers:# If
= alA? + azkz + oo 4 grxggﬁthenn{tn} ig not iC,l]l- .,
convergent. -
PROQI )
If {tn} is {C,l]l-convergént, its sum must be zero:
* m A,yn A_yn
—lj n§0|f = E%T n£0|a1 + az[x%] + ces 4 ar[Xf} l.‘ ~

- ‘ C } Az.n : )

If to> 0[C,l]l, then =t aZ[XI] + e 4+ Yy

{7§] » o(C,1). But T - a{(C,i)/gnd a, # 0. /77

LAy :

Y i - , -
THEOREM 6.12 '
If %%57 has'éo poles within ¥he unit cifcle, but’ has »
szmple poles on the unit czrcle and has no poles of hzgher
"5r6er on the un;t etrele, then there 18 a 8equence whzvh 18
[Cl’Np] convergent but not [Cl'N ]-convergent .
* PROOF ’ -
i Supp6se Eiil has r poleg of 6rderul A‘:X A - '?’

) ll 2""’ rl
on the unit c1rcle and r > 1,.and suppose it has other*poles,

Pl

Ar+l""’ AR’ outside the unit c1rcle of crder

. . 3 . e

mr+1,-._-, m2-



’_i:."\ ..:'1 l::I- 3 .
AN . N ‘ y : |
© Since p(l) =1, z =11 cannot be a pole of %%%%.»fﬁ; '
’n.,: ‘i en , 2\‘ ; l { er \) = 1',I-2 ’ ‘- > . r. . ] | , '. ’ "' :.

-
* .

; ;w'" Sghce p(0) # 0, ptz) is analytic in e'neighbournood N
ks - ' .

U Qf the brlgln. There is ,a sequence {s } such that, for ,

.' 2z ln U' :"“(,. - ' . "_o K \ B . N b
. S T - . v .
N o z n _ '
S Z - L
., n=07" plz) ‘
'... N ’3" «
xf Then, for.z in U . Co u fo
-, ““'; w v, . R R * ‘ -
\ i . ° R ‘\Z t zp = pl(z) Z s z" = L, -t
_ c . A N ; n
- . . n=0 T ) n=0 , s F4 -
. . ’ - N 3 -
/ z unzn = 4q (_Z) Z SnZn = 9—(—2—)' z t Z -
- " n=0 ) - n=0 7 P n=0 ° ’
v s oL . ’ ; R
- = o = > - © ] -
‘ Hence t ‘ul, £ 0 for.n > 0; end 50 {gn} is [C,1],4 .
convergent to zéro.'  That is {éﬁ} is [Ci,Nb}-éqnvergent to.
: ’, “ . 2 ~
zero. ) o ' ' : . ) -
2 ! Y ' ) ‘ . hd ’ . ) ’9 ’ . T
) _ Now, by Theorem 6.9, - o - .
1 . * N ‘ tm I
. L \Y . s
9 hd -] - - 7-_{, - “ -
L e e T L [T LA
2 e . v=r%l p=1 "' w . v=l
) = ul £ u?, »
. n n .
i v R‘ \}/ ’ b L
. a . ' &)= ! [
;- where pl =-c + )) <, p[n-fll}lv PO )
':~ - no " V=r+]' p-l ! p \ I ’J = -
) . A;‘v‘\ 2 - -.E’ . > o . L . t T -
voe , and ur = C %;D ’ v @ . ¢
.. ' ' n v=1 v,l e . > f 2
| Sifce c¢_.= 0 for n > k'~ j, and IAV|,> l'fef v.E r+l, 242,
- t . ) 6‘ - ~ ¥ .
S ) . {n+p=~1l{,-n e
s s ! = + oo . .
5. R, {c }+and {c p{ el ]Av } for v r%f- r 2, v Ry
. P F 1 27..., m,, are each COHVBIgentatO zerq.. Sincé (C 1) ¢
‘ }s regular, uizis [C,l]l—convergent to zero. -But ) .
! a ’ T ‘ T . ' -
. ‘ -. /"' , . ) f -
. . e o B ° '..f e )
. el l ! ’ l“ ’ s ! ]

s s -



.QY)

“ r r A’x.
2 T -n g v
uc = Y c, A, = lc = §C ’
2 vel v.,1 v 2 Vv,1 ASK% v=t Y 1 v

and XAy A 7000 AL are;distinct and distinct fromt. And

IT |- = 1, foi v =1,2,..., r. Thus by Lemmas 6. ¥ and 6.2,

we know that {u } is.not [C lll—convergent for T2 1.

Qonsequently {u } lS not “[C, l]l—convergent, that is

{s } is .ot [Cl,N 1- convergent

‘

“THEOREM 6.13 - - P

;fPROD;? | -

. -
\ .

[

T

»
.poles on or within the unit. eircle.

-

f & ) { N

PRGOF S - : ’ N
. . A - -, /-c'l ‘
The sufficiency part* follows from Theorem 6.10.

P : , 4

.Theynece%sity Qarﬁ'follows frog‘Theorems 6.11 and 6.12.

&

'THEOREM 6.14 S : o .
Ca {Cl,NP1 => jglgﬁq]“?ﬁtand only if Np => Nq'

\' E .A . b

This ;s a consequence of Theorems 6. 13 and 6.5.

4 »
§ . -

COROLLARY 6. T R

. LIf [C ,N ] <=> [C ,N i ithen it is necessary and

i T bn or within.the unit czrc@e.' ] Y + o
4 A 4 ‘ . ) P ; * ' - .
) P - ] vt

COROLLARY 6 2

{Cl,N ] <=> [Cl’N } 4f and only zf N <f>'Fq" .

.
-

/17

[Cle.J => tCl,N ] zf and only zf q(z)/p(2) has pno

717

S/

fsuffzctenb that botH g(z)/p(zb and‘p(%)/q(z) hav/,no poles



Noting that this identical with I when q(z) =1
(i.e.; 9, = 1, q = 0 for n > 0)\aha referring to Corollary
- Ad ’ .".

6.1 we obtain the following corollmry.

L J
COROLLARY 6.3 . e . =
’ ; > . . .
‘ In(order that [Clqu]‘<f?.[C1,I]l-it jsﬂnecessa?y
. Tand sufficient that p(2) should not have Zeros on or within
, . e )
. “the unit circle. - N . . :
COROLLARY 6.4° =~~~ . ] . . .
[Cl,N ] <=> [C l]l-zf and onty .Tf N <=> I.
oo . . . A ® - 2 . : s
% ‘ R . . j" ) ;\. -‘ . ' . ‘ ..

Foxy the follow1ng theorems and corollarles about the

meEhbds (N'Pn)'-(N'an' (van}i (NlQn)l [N P ] and EN Q ]

t . ~we let p,, for v'=_O,lf.iiifi)ﬁ;;:irikg'v =~e,l,.3., k be, .

the coeffiéients of the boly‘omfaliup(z) and g(z) respectively."
s . . " . :‘:.

r T ¢' =
T, We also let P = Zégv # 0_for r,= 0,1,...,,j<1 and ~'.° .
. L v? E . n B o > , .
‘ - * . . » M - ] . Py
. . - % T B ‘ . Iil - ]
Q_ = q, # 0 for’r = 0,1,..., k-1, and .P* = P, # 0.and -
= SR . N ¢ B =0 r; -
.. J n ’ - - \ . ’ . N '
. Q= ) Q. # 0 for. aIl ns o0, so that (N,p ), %N,qnhg (N p ),.
-~ ».r‘-U e - @ !/ s, . -’ 0 (\ ) 3 -“ -

(N,Qn),‘[N P ] and [N, Qn ‘. are methods a53001ated w1;h p(z)

. .and qg(z) respectyvely and arg alr well defkpedﬂ Sl

. THEQREM 6.15 . N Vo .
. p b => '(N,q) implies that (NJP.).=> (N,Q).
. . .o ', i-‘o N . ' )
1 2 | ‘l : hd : . i
. . 4’ . 4 i’ * . s ¥ b , . [ -
" . hnd @ - g - ‘.‘




o
o
'
LD
“ N
oo,
. °
v

o o .' * .\ R
. . T ~ 8% ' - .
& PROOF '~ °~ . ' S R :
> - g o . .
; N o o) r. ‘
o 1 , 1
Let 7= 5— 2p_5~andru == ) g _.S.,
ST WP GEaTEeVTY o r Q. 2 ETVTY
“ oo . . .
and let W = %; 2 Pn_rsrfand Vo= é; § Qn_rsi.ﬂ_' ‘@
. n r=0-". . n. y=0
f_g { k
. . . [ ) H.,,(: 4§ 5 %
° * ’ - '
o = q(z) _ .Qlz) - Thy VY
Let k(z) o(a) = Bz) nd f(z) - vzok\vz .
+ ™ < ’ . c.‘ - . \‘.' ’ 5
Vg know that the necessary and sufficient conditions'-that
- ' ' - . y, e ‘ "y ®
) X '"(szn):F? (qun) - :
e R . . . \
,. in this. case are 7 S Y
N . - ,“ ‘v". .
(6.8) dkgdlp |+ o0+ lanLPOL <8 ol .
s - ‘ 5 \
'~ where H is independent of n, and fen T T
) . ’ { \ L |
s 5.
’ (6.9) - ’.:uknJr/Qn +.0, for each r.-
..+ (c.f. [6, Proposition 1].) . o

. 'Thus,'if (N,p ) => (N[d,), then.(6.8) and (6.9) -are

® . . S .
o o T e B E e
Now ’ k ' 2 polk__ -3 Ip__
r=0 7T v=0. TV Tox=0 Tz PV
» ‘v‘
P ’ \ n- n. _
\ ) o : ; = Q£0Jg£v| n”rIJ:r-Y
) \ EA S
A PR AT
<H Y lo
I . \\\ vgo‘ n-\u
e ' \ ‘ o 4
i?‘——'ﬁ ’nl ) .; -
> . ~ ==H ‘Edeﬁig\ )
. ¢ ) 5‘; Lo §
) i . n . e Y,
v=0 ¥
) ’ t‘ . -
T ‘ =o0(jex), o
since Q = 1 for v > k.. . e
. ; "
) . ' .
. ¢ ‘
’ ’ % ' A .\ . N



l
A

And it is obvxous that k /Q* > 0 as n > © for each r.,

¢
Thus, by [6, Prop051tion 1] agaln we have .
R I RN 7
" COROLLARY 6.5 S . N N
° ) }N,pél <=> (N,anﬂiﬁpliaw that (Nifn) <=> (N,in:_
THEOREM 6.16 o - - o ‘
[Cl,Np] => [Cl,Nq] i} and only if (N7Pn) => (N,Qns. .
'PROOF

By Theorem 6;1 &e‘knOW“that [Cl,Np] <=>,[N'Pn] and
‘ Lgl'Nq] <=> [N,Qh]-" o
. . By (6, Theorem 1], (c.f. Lemma 5.4), we have that if
(N;P_) => (N,0 ) “then.[N,P ] => N, Q. 1-

Thus, if (N,P)) => (N.Q,) then [cl,ﬂ ] => {Cl,N ]. N
Conversely,“by Theorem 6.14, ‘we have that if '
v i_' '\
[ClLy ] => [Cl,N 17 then Np => Nq. .

Hence, “if [Cl,N 1 = JJCI,N ] then (N, p ) => (N,q ).

It follows from Theorem &.l15 that if [Cl,N ]

. [C-l,Nq] then (N,P) =? (N, Q). . T /77
COROLLARY 6.6 o , N ; a4
".; . .W!Cllﬁ§1.<=> ;Cl,Nq] 1f and only if‘(N,PnY <=> (H:QA).
o THEOREM 6.17 : ' , .
v . - . « . M \
‘ [Cl,Np] => Fcl,Ng] if and only 1f (Cf}?N =>, (C l)Nq.
PROOF « s o ° N
/ = (N ‘ ’ MR T | i
. (N ) = (NP ) M,p). = T, . -
. SR T ’ '
C* . o
B ¢ ) [ '



4

- "

3¢

! iih From the proof of Theorem 6.1, we knowﬂthat
(X, P_) <=> (C,1). Thus (N P ) <=> (c,1) (F,p) <=5 (c, l)N
and similarly we have (N Q ) <=> (C\l)(N,q ) <=> wC 1)N .

Tt follows f;om Theorem 6.16 that LCl,Np] => [Cl,Nq]‘

ify and only if (1N, = (¢, DNg.. .. . s
- . %
COROLLARY 6.7 N : . o .
[C N ] <=> [ ,N ] 2f and only if (C l)N “=> (QXI)N .

. . i

56.5 ABSOLUTE POLYNOMIAL‘NﬁRLQND METHODS OF SUMMABILITY
THEOREM 6.18 '

If q(z)/p(z) has no poles on or within the unit

-~

eirele, then |N_| => In_|. v ' -

| q
PROOF ' _ ///
Suppose ‘g (z)/p(z) has no_polestnlfg'within‘the unit
circle, but has poles Al,xé;;.., AQ of orders My Reyeso, My

outside the unit circle. Let . o . .

Jl
< Ggrdyre-- Gy such tgat c, = 0 fqr n >k - j and cr.mr i-o.

» ’ T g
-where c's are constants{/dependlng only on. po,pl,... P-

Hence




\
n b ]
. 1
u-u S = ) e( -t o)t Z Zc ) Pﬁp ]A (t_. -
n n-1 v=0 .\) n-v -1=-v =1 p =1 \)—0 p=1 {’r " n-y n-1l-vy
_by'taking ty - 0, u_; = 0. And

&

Tle -u .l

. n=0
L] \ ‘
zzncnt - L+ 3 E [Wl} £— - ¢
n-O v=0 n=l1=v n=0 rgl p§1 r Ol Z | ll n-v .
-’ m '\
s llel Dre te )+ ] ZIc‘lZ/I("*"lJ"’lllt-t' w
B n=(0 CorEl op=1 T2 =G T p=o " n—ll
Sinceﬁlxr[ >'1, for r = 1,2,..., %,

~

{:I[vzgil]izvl,is convergent for r = 1,2,..., %, 0 = Lywoo m .
=0 : , .

cv‘=‘0, for v > k - j.

A\ ]
.

o
= 0(1) => Z lu, - u

~Thus we have ? lt, - t ol n ne1!

n=0 - L. n=0

0(1).

If g(z)/p(z) has no poles at allz then it is readily .
- ' ’ s .

’ ?I " I§|II§I |
seen that u. - u < c t -t .|. Since
n=o . - 'njl = veg VY n- o0 n-1

- ./ ‘ . e .
c, = 0 for v > - 3, we have ) Ltn -t b= 0}1)~

]
. S ' ‘
=> } |un - u, l}Lﬁ 0(1). By ?hgorem 6.3, N and\;TQire '

" 0 ] , \
Co < - ) . :
. cofsistent. ' This |&_| IN_|. - : . ///
q .

PROPOSITION 6.2 I 4y 7

-

IN,| => [Cy,N ] - / -

PROOF
i - /7 ' ’ )
‘ ‘ IN | =>.t =+ s, as n + » for some s. Since
! ' ¢

.




.HenceAto =v1,_tn

((C,1) is regular, s, > s [C N I. - o /11

THEQREM 6.19 S . .
If q(z)/p(z) has a poZe within the wunit circle, |
the:z ther’e ig8 a sequnece u_;htgh zs |N | ~convergent but ‘mot | t
|Nq|-cgnverg_ent. " e
~PROOF o ) '
Since p(O) # 0, P(Z) 1s.analyt1c 1ﬁ-a nelghbourhood ’
U of origin. There 1s a seqdenbe {s } such that for z in ‘
U' i - w .
. \ IJSk e gqsnzna_ T ) r .
.. - ¢
Let ' t'r} = .vgop:"sf?f\)" s ‘
4 .“ﬁf ﬁlyi% ' ~ o
' “h ?lﬁgéqgsﬁiv; | ' ’
Then, fof“é‘ih u, .,f‘;;;“'” B
) - ‘ o i 3:'. . w n . .'; .
nz t_z ="pfz} n.zos. z =1, o ,JE .
- | nZounzh'é q(z) n=osnzn = g%g%‘. g
. : . ‘ .

0 for n > 0, and so Tsn} is |Npli

L.2)

. N - . \ 1 - :
convergent. On the other hand Z w, z" has a radius of ' Q
n=0 . .

convergence less than unity, because by hypothesis g(z)/p(z)

has ‘a pole within the unit circle. Consequently {u_} is not
. o . ‘ ) g L
A-convergent and'go it is not (C,X)-convergent. -Hence {sn} s
is,ﬁqt‘}c,loué-cdpvergeﬁt. i;/‘roposipion 6.1(ii), {sn}
- . i [l ‘ } {



xo

» ' : ® i . F
.is not [Cl,Nq]-convergent.v Thus by Prbpositionvﬁ.z;fsi}"ﬁ*”

is not [Nq|kconvergent.' | ' ”: . X - ///

o
- ' )

THEOREM 6.20 ‘ ’ )
If pg"—é;) has no poles within the unit circle, but has
poles an the unit circle,-then there is a sequence v ioh i%

' _Luﬁl:convergent but not |Nq|-convergent.

"PROOF .- - o -
o L . qlz) - :
Let the poles of >(2) be Al Az,..., kl of orders

‘ml,mé,..., m,. Let the numbering be -such that of these

poles A;,A,,..., Ay are on the unit éirclei Xgrgprerer Age

. - s
are outside the unit circle. . « '

TT:E%ETET isiénalytic in a neighbour-

"hood U of origin. There/}s a sequence {sn}such that, for -

.Since p(0) # O,

z in U,
4 '\:;W
-4 oo . I
\ zs 21 . 1l .
n=o B ‘(l—z)p(z) 2
. .
. Then, for z in U,
<o oo * l . .
» 7t 2" = pdz) s zh = 2 =1+2z+ 22+ 23+ e00
n l1-2z )
n=0 n= .
o “n é ' n (2) ') n »
Yuz =gqgl(z) ] sz = diz) Yot oz,
n=0 " n=0 0 P{Z) p2om
Hence th = 1 for all n > 07and so {s } is INPI— :
convergent. . B W
E
Now, by Theorem 6.9 since-t =1, for all n 2 0, .
‘ m
- n R‘ r n - . .
‘ . . v+p=1{,-V
. u = Jec .+ ) “Jc ) [ P ]A , .
. v=o VY r=1 p=1 ¥r? y=o! P % o
! . ! ..
o8 - 4 * . »

b



. -
~
-

where the c¢'s é;e constants, dezjgging only on

-

. po'plru LA pj ,‘qopqll'ooo’ qk Suc
’ . ’ N & ",
and cr.er # 0. . o

that'cn = 0 forn > k - j

o

Thus -

Siiée én = 0.for n > k - J, c. is abéolutely

RN L . . - o

...converg®ht, and sincpﬂ[ig] >1, for r = L'+1,..., %,

e N .
. e 3

ot * u ‘ &

oo e ""-_Z'. AT
o |n+g=-1.<n" .
;”E {npgll]xrn is absplutely ,converggnt, for r =
"n=0 A r oo I .

» s - . e
o ) o
Hence ] ﬂwi*xié convergent.
N n=0 R

]

Now, for w2
e 1.0 n

, if there are™ " poles on the unit.circle

i ) n - ‘ .
of. maygmum order m, whegg 1< b < &' and m > 1, then we

let Whe numbering be.such that Alrkz,.{., Agy have maximum

order m. In this case, - T ‘

i




e
W -1 T mho-1), Co ntp-1
Wl =11 Te |07 A ny g I il
r=1 O=l r=£"+l p=l ’p . \*M\
= ntm-1],-n ntm-1 n nte-1) . -n (
- + se e . .-
i Cl’m[ -1 ]Al c?:m{ m-1 ]A2 et Cz',',m[ m-1 ]xi" | ’ g
. _ nm_iN . ‘_ﬁ, -n o ..v
- O[ m-1 chl,m}‘l + Cz,mAZ toere + c2",m)‘2"| ,
R 4 L
= n-*’m-l E\s PR se e ' ) S0 I ® ...
O[ m-l ] Icl’ )\1 + sz + + Cg,"’mk!,"l . g i {v"’-k" -‘?’A \ F_‘\

¢
Ly ,;

Siqggfgjﬂﬁ*g*lj z“— 1 is not a pole of g%%%u and ‘since X;

are distinct and distinct from 1, and |X§| =1, for

’ " '

wo=1,2,.,%, ¥™; and ¢, n? 0, for v =1,2¢7...,70", by

N *

Lemma 6.1 and Lemma 6.2 we know that'

* =
-—n.' ‘s o8 ‘

icl'mklyt¢c2;ng + + Com g"} lS g@t [C l] -convergent

for &" > 1. ‘Thus {|c Xn + c Nt oeee + ¢ Tn | }

2 m2 2“ 9‘“
cannot be conveigent. A fort@agi it does not converge to

~

zero. Hence |w§| does not tend to zero as n » ©. " This

means that [ | §|diverges. Consedd@ntly
L] n:OI - -

e o

-

.\'

m ‘ ’
) |0/~ ll diverges, as n + 0}
n=0 ?y n-= :

';ﬂ othar words, {sn} is not INélaconvergent.

’ o . ‘- . ) ¢
" . ‘THEOREW 6.21 | o :

.
a

In order that |N_| =>_|N_{, it is neces;gry and

suffdcient that.g%i% should not have potes on or within the

unit eircle \

¥ . . o - . *




" Theorem 6.18. The necessity bart follows from Theorems 6,19

-

and 6.20. o L a
. e ' . , :
COROLLARY 6.8 - I
[N { W= | qI" £F and on’fy, ‘L‘f ;Ip=> Ny - Y 4
“PROOF | T, |
. ‘ This follows®frohm Theorems 6.5 and 6.21.% ' /17 )

PROOF , o - e

The sufficiency part of the theorer follows from
~ag

; L4

COROLLARY 6.9

- . 9 . . . ¥
IN_| => |Nq| iPand only if [Cl'Np] => [Cl'Nq]'

. P P
-, PROOF ’
: This follows' from Theorems 6.13 and 6.21. .l
’ s - ? o ‘, ' ' .
COROLLARY 6.d0 . .
! [NP|*<=> |Nq| i?Jand only if S%;% and E%EL both have
f . no poles‘on or. within tﬁe:unit circle:
* hd . ‘ . 3 ' .
' COE‘LLARY 6.11 o ; T

J\‘\tv

INPI <=> IN | if ;and only 2 f Np <=> Nq.

L]

[

COROLLARY 6. 12 )

|N | <=> {N | if and only if [Cl.Np] <=> [Cl:N 1. ‘ )

’

Notlng that N§ is 1dentlca1 wyth I when q(z) . .

'we have, as a consequence of Corollafy 6. 10 the follow1ng )

corollary. .

CUROLLARY 6.13 .
"In order that {s } zs/le| econvergent.1f and onby iﬁ//Fw




-

oo,
. EN , . : .
- =3 a,,1s absolutely vonvergent it is neceegary and euffietent - -——
r=0 ~ v

&
’ ¢

2
P
b

] .
r

that p(z) shou_id not have zeros on or within the unit cirecle.

56.6 SOME MINOR RESULTS.
THEOREM 6.22 * - i

If £(z) = p(z)q(z), then

(1) [Cy,N ] => [Cy,Nel and [C /Nl => [Cp,Nel,
) Ing] = Ing] Tanding | => N[

]

PROOF S : <kT
” 7 - .
" (i) follows from Theorem 6.]3 and (ii) follows from

Theorem 6.21. ‘ P ///

H * ‘ - . .. ‘
CORQLLARY 6.14 . S .

The'methodé [Cl,Np} and_[Ci,N } are consistent, * o

q
» . . .‘ (] - = L
1.2., z,f S i,s [Cl,Np} and S,”S [Cl,Nq], tkbep s s'.

THEOREM 6.23 ‘ '

If h(z) ©s the highest common facfor of p(g) and g(z)

“normalized so as to make h(l) = 1, then .

-

]

(1) a sequenc‘e’is both [Cl,ljp]— and [C:l,Nq]—converaent
Wf and only if it is [Cl,th]—convergent,

-y

(ii). ‘a sequence is both |N_|- and @lé%convérgant if
. L0t Up

“and only if it is& IN};|—cqnvezjgent. e ) ‘ s,

.

PROOF %

. - -

(i) The sufficiency part follows from Theorem 6,22 (i).

ar

[ 4
. To prove, thé necessity part, we observe that theré are

pt‘alynomlgls N ' ' ‘-

LR



- L
e y . 1 n - . > « &
alz) = } a_z ' g :
R . n=.0 \ -
2'2 ' > ¢ 1‘«! )
] b(z) = [ b_z" ’
. - n=0 . : o
such that h(z) = a(z)p(z) + b(z)q(z) T, .
t - H*K. . -
‘g N . - - ’
. = 7 hnz , Say, . .
* n=0

Y

” ‘ L4 ﬁ

¢ . - K ' ’ &
where %,,%2,,%, are'non-negative 1ntegers:J‘

| n . n ’
Hence '1f\tn = vzopvsn_v:and u, = vzo?fsn°yl then®
n n -nu S o
“n T bzohvsn-v~= vzbavﬁnav‘+ Vzobvun-v(; e . '
whére a, = 0,'for v o> zl‘and bv = 0, for v o> &2. ~ . v
Te : Without loss oﬁ’g?gerality, we ‘may assume s > o[leNp]
- < - .

and,sn‘+:o[Cerq]. Now

w1 L bl sy Lo lafle

s 1 (I layhle ]+

= of(l), as m > «,

That ?; s, * ojCl,Nh].

g

(ii) ' The sufficiency part follows from Theorem 6.22(ii).

f

‘ As in the proof.of (i), - . .

n 8 . n | ' n .
© ¥n T vzo‘)‘?‘n—v - \,:.Z-o"'"’t" +‘\)'__Z_ bn—yuv’ .




o ~3
* 0 \: " - . . 2
- % L )
Sl Héncg; W o- W : '0- °
n n-1 o~ S _
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3 . ) : .
.ABSTR&T T
B - . ) - °
Generalised Cesaro Summability, Riesz Summability and
Strong Riesz Summability have been extensively invéestigated

by various authors. .In this thesis a definition ‘of Strong

Ceneraiised Cesaro Summabiiity Method is proposed and the

&

questjion of its equivalence with the Strong Riesz SQ:f:bl}lty
3

Method is_established. In Chapter 3 some eguivalente

-

.. ftheorems between the Generallsed Cesaro Methods and the

.

Strong éeneralised,cesaro Methodoare obtained. In Chapter 4
a R 4 ‘ b , ‘ r - % . . !
inclusjon theorems between the Absolute Generalised Cesaro

Methods ‘and the Stfong Generalised Cesaro Method are obtained.

" We extend a result dui/to Kuttner, obtaining some

.
Strlct 1nclu51on theorems between Cesaro and Discrete Rlesz

\

Methods of Summablllty. And our 1nvestlgat10n in this respect

h

stems from Borwein and Cass's work oﬁigtrong Nérlund Summability.’
" In Chapter 6 we consider Nérlund Methods of Summability
Associated with Polynomials which have been investigated by

Borwein, and ‘consider Strong and Absolute Norlund,Methods
: -
- assoc1ated.w1th “them. We show,‘fbr example, that two poly~-

,f‘ ,/—"

,pnemlal Nprlund Methods are equlvalent if and’ only if the

v

associated Strong Methods are equlvalent. -

iii
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| |  CONVENTIONS :
« ' » . ‘ /,' . . . . .

In this the51s, thegsymbols H, Hl' 27 H3 are used
throughout to denote positive constants, but not necessarily
* -
having the same value at each occuryence.

-The theorems; lemmata énd“gofollaries are numbered

/

by chépte;.

in Chapter 3.

For example, Theorem 3.1"is the first theorem
2o ey

N

“

A

\

c At the<end of each proof we use the symbol /// to

show that the proof is complete. . '

bt 1
A

L ]
-
AN

-
[ 4

P |
4 P




§1.1 INTRODUCTION : .

. . ‘ CHAPTER 1
STRONG GENERALISED CESARO -SUMMABILITY

L

T -

We suppose throughout the thesis that A = {An} is

»

v

a sequence sfatisfying

(1.1) 0=A < A < essense < A ‘-yoo;

0 1 % n
N ¢ ,
¥ror the sake of conveniénce we take AO =0 in (l.1) -
TN . :

insteadaof }0 2 0. By doing so we find that there is no

loss of generality. .This remark will be amplified on

[

page 'S5, .

- . ~

We suppose also that p'is a non-negative integer and

- - oo . T, ' .-
for othe series Z a,6 we use the notation
v=0

n , -
Sn= z a\),' n=0'l'2,.o-ooo [
. v=0 -

7

In this chapter we 1ntroduce a definition of Strong

gGeneralised Cesaro Summapility and 1nVestlgate some of its

~

properties. We also give the deflnltlons of several other

summablllty methods whose pr0pert1es and relatlons w1th the

Strong GenerallseQ tesaro Summablllty are 1nvest1gated in
the later chapters. . P 7

\

3

g



) d
" If a-given summability method T assigns the sum s

- -
to the series ) a_  with sequence of partial sums {s }, we
v=0 : ' )

[=2]

say that ) a, is T-summableg or {s_} is T-convergent to s..

v=0
We denote this by
T . oo ‘
[ a,=s (7).
v=0 ¥
or' by ’

o .
sn s (T)

A method of summability T is said to be regwlar, if
?n + s(T) whenever the ‘sequence {sn} converges to s:

Let Q = {qn'r} (Q,I =0,1,2,... ) be a, (summability)

matrix and let 1 .

o F

¢

(1.2§

- . . - ’ .
infini Y. ) . -

. The matrix Q = {qn . is regular if and only‘if
‘ ' 9

(1.3) sup § lg | <
o nig rZO “n,r '

4

N

13



’
. (2.5) lim § g _=1.

_ 8 . '
. This is the Toeplitz Theorem for the regularity of the

matrix Q. . ° [a) " v . ] | -
h - The symbol P will be reserved for matrices {p .} '
with | : . <:i
p;,r >-8 (n,r = 9,1,2,...‘)7 " a

Such matrices will be called non-negative matrices. “

Let u > 0. The Strong Summability Methods {P,Q]u are
" -

defin%g as follows. We write s + 8 [P,Q]u if

by 7

ot

lo. - s|* ) { o

pn’r

(1.6) | ; =} ¢

a . 0 ’
. ) N , \‘
P exists-fbr n'='0Jl,2,.}, and tends to zero'as n tends to .

infinity. Thus s is the [p,0] -limit of {s } and the

*

sequence is [P,Q] -convergent to s. .

If V and W are summablllty methods of any of the : \\;
above types we shall say that W ineludes V, .and Q§e the nota-. J
tion .V => W, ,.,if any sequende V-convergent to s 1is necessarlly

W-convergent to s. If W 1ncludes V but V does not 1nc1ude
. z] _ G ¢

W, the in¢lusiod V => W is said to be gtrict. If both

V => W and W => V, we say that ¥ andaW are-equivalent and N

+
? . “

43

. write V <=> W.( )‘ ' ) ‘ ’ -
- », q -
Let u-> 0. We say that {sn},ib absolutely
1 4 .

(Q) -convergent or |Q| -convergent if




A3

- ‘ g * p‘-—]ﬂ - _ox H ©
;(1.7) nzln fo cn-l!, < @,

§%.3 RIESZ SUMMABILITY (R,X,1) .

Let « 2 0 and ) = {r } satisfy'(l.l). The Riesz. -

£

Summability Method (R,A,x) is defined as follows.

; Let A{(1) = ['a ,*for x = 0,
' A<t Y -
- \) ] .‘ o
s AK K A .
‘ AA (tr} = X z (r - )\{’) a,, for k.> 0, :
. T .
\) .
. . .- ~ . . .
. Ri(r) = Ai(r) = ) a_, for xk = 0, -
o o N v .
\ L vito
: and R;(T) = Yy (L-- LX)”a , for x > 0.
' A <T T v ,
- . v 0

- . 9

. o ] S
The series | a is.said to be (R,\,x)-summable to s, if -
ey ? * \):O L o ! .

.. . ‘\
R';(T) + s as 1’ '+ =,

l" ’ Aﬂ

(See Hardy and:Riesz [12, pp. 21-22].) . - \\z
V ) *‘ N ' s
§7.4 STRONG RIESZ SUMMABILITY [R,)\,p+1]u _ S . 9
’ s . "' s K . )
‘The series J a is sald tszéigtrongiy Rigsz :
T v=0 ¥ ¢ : )
L < ’ - » - " , . - -
% Summable to s, with orgler p+1 and index u>0, if ~

Y
&

. . w 5 b w +i

._’Fp (w) = I |A1ﬂ1) - 8T | dr = 'o(wpu Y. -
: ' ? 0 » -t '

We denote this by

8 [Rl)‘rP"'l-]u-. €

1
w
<
i

' ‘ \d
¢ h
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R
{ ° ° .

13 ..‘ - ' - s ;, Q':.
The dé?lnltlon oﬁ the Strong Riesz Summablllty we have

given here is due -to Glatfeld [15] Srivastava [24] and
+ * . Boyd and Hyslop [E] have also glven deflnltlon‘ ‘of Strong
N * ‘
Riesz Summability, but we shall ncﬂbe concerned with them

here. - B
. ~ & 7 -

-- We give now two examples to illgetrate that no loss

of generality is invoLyeQ by taking‘AO =0 in'(i;l).

’ ' : - * ’ ! ’ L F k‘ i -
‘ Our first example deals with Riesz .Summability. -
i Let A\ = {Anf satisfy L
, ) - = < .‘ ’ .:.a ‘ ‘ .
.0 =Xy < Xy < Ay S < An + e
- . ‘ ) : .l:b -
. and let ¢ § = {dn} satisfy
' Al‘> ?0 >, 0 and Gn = Anﬂfor n #'Q.
’ Let Rg(%) be “defjined as,én §l.3 end let ~ e
< . K’ . 6 e ‘
R T
. Then 35(7i~ e _ RA(T) s + Rﬁ(T) Ry(t),
%S ) 4: ' . ’ ° 6 z ;‘ ’
: o ‘ =R(T)-8+[(1-—-)a -a0]° .
v ' o -. . R ] P
Since e§§i~an aé;+‘0“as T > o, R§(f)-+ sif and only ,
ifLﬁffT? ¥ 8§, as 1 +4¢-«' ‘_i;'. ) = : ;,” B ——

Our other example deals with Strong Rlesz Summablllty.

Let- AP(T) be deflned as in §1 3 and let -y,

QL

— - SR VY e B S L IR SR A L -

é <71 v




o
voow
A"p, : 2
Then I, = | |ak(n - s®| ar
0 - - ’
& . w . - ) 0
= P - P P - aR 1M
> IOIAA(T) st + ASJT) ,AA(T?IJ éx | )
p P o JF p ¥
PEL |A(T)-ST|af+f|aorl 6g)% - agt®| dp)
= 2%z, + 113"')‘,
. - _ ,
Reg&ké%ﬁg ag as the serles z b with bO = a; and
“v=0 V "o : ¢
: A

b§ =0 for v > OL we haveﬂxi--.é )pao = s ET(T'- Qv)pbv. |
- ) vV Y. . -®

Slncgz 2 b ,-= a; and [R, A,p+1] is regular, (see Glatfeld

v=0 . 3
\ ' 2 ) B . : . i
[S%?i« thus Ij = o(wpu+l). Hence I, =‘9(mp“t;) => I, =
O(wpu+l). Simirarly il = 0 (mpu+l) ;—->‘I»2 => o(wpu+l).
”‘ . X ) ' . B . .
§1.5 GENERALISED CESARO SUMMABILITY (C,,p) -
) G - e .
Let A = {),} satisfy (1.1).
n . ’ 'O‘.r“«’
Define cP = ) a:, forp =0, ‘ - -
\ n L v .
\).—0 . . iy . 2
- e — - - ;ﬁ" + **-.‘i&;**' - , - ad ',‘ - . *
. D.Ln’E*‘;_.O{;Ln*"l-: A TE* (A +p -7v‘ra\',‘7“'mr“p”—‘t,z,3,...,
T P P _ : “
. t- = C_= a ., for p=20 .
. R, T v£0 Vi ! g N .
. . . Y - . ) D - . -
P’ y-l p S '
_ tn e (An AL Anﬂ'P‘)‘—‘ C - _'__ ‘_h_ ___7 N '4
n X - :
. = Z (1‘ Jr_i-')'"' (l - r—y—)a ’ fQI‘ p = 15 3’040 .
| v =0 " “n+l n+p .
. ’: ;."';‘ R — ' .



1]
A

o« . :
If tg + s as n + <, then z av is said to be (C;A ;P) ?h}lma-ble

to.s and we write , ' .
p) ’tg . ; —-
a, = s (C,A,p). .
0 ’
/

Il tv1.8

- ’ 0 v
‘Since (C,l,pf is a~matrixtmethd‘in the, sense described .

-

in §1.2, we shall find it convenient to denote both the

summabfiity method and its associated matrix by’(d,k,p).

Since the entries in the matrix (C,A,p) are zero above the
L.} \‘ ~ ' ‘, . -
main ‘'diagonal and non-zero on the main diagonal, it has an
inverse. " : ’ e ‘f

§1.6 ,STRONG GENERALISED CESARO SUJMABILITY [c, A p+l}

i Let A = {A } satlsfy (1. 1) We define

[
Eg(k) =lF§"= 1, f?r P = 0,_ )
© ﬁ = p 1 ‘ - J
En(k) - En - An+1.o- An+P’ for p - 1'2’—3-, - e e ’

and n = 0,1,2,3,... .

Since AO = 0 we obtain . .

L) . T o P - . - e T

EAV. m "
L ePFL _ r P -
e E Eﬁ(}‘n&p-ﬁl An)En' L .
We define -

(-]

L]
4

-1 - T 0 u
= A - X -

. Tm, u nzo( i+l o) Itn »fl ' .
[ ] m"" 4 ’

p+l =, . _ PP _ u

Tm m,u Z (AB+P+1 An)Enltn sl

n=0 .

o 1 _,-1.® 0 0 _ _qu .

n=0



)

(l l) apnd p is atnonrnegatlve lnteQer then _

i ( o.‘\‘\ e
+1 ‘
’ TP ; m :
. p+l _ "m,u 1 \ PP L -
a = = {A - AMEZT|ET = s -
- m,H ngI‘ E£+l:n£0( n¢p+l n) n| n | .

We say that the series | a is Strongly Generalised Cesaro
. 7 > é
Summable to s, with order p+l and ipdex ju, if

+

ptl _
o) = o(l as m > «, . -
mlu ( ) .- o T
. ) A . > . .
.And we use the notation l-
k)

I a
v=0 y

sh[C,A,p+i]u.

" Generalised Cesaro Summablllty ?as first lntroduced

by Jurkat, [l16]. Burklll {91, gave a d;ffergnt deflnltlon.
: - B ey
The definition we use here is due to Burkill. The deflnltLYh

e e & e e

was extended to accommodate pésitive-non—ihtegral values of

.P byrBorwein, [3]. We have not been able to formulate a

"sultable deflnrtlon of QX ,p+l] Wlth p ﬁon-lntegral : [

Severdi persons have investigated relat;ons between

RleSZ and Generallsed cesaro Summabxllty. In partlcular, it

‘ e ————

is proved in Russell [23] that if A is a sequence satlsfylng

(c.hl’n) '=> (RIALpl) '- p = 0'1121310‘. L]

I3 s . r

- It is proved in.Meif [20] .that i X.is a sequence- satisfying

- (1.1) and P ie'afnon-negative integer then

(R,A,p) é},:(clxlp)l p=20,1,2,3,... -

4

If in §1.5 we take An = n, we recover thelciassical

Cesaro Summability Method (C,p). (See Hardy ({11].) - ’

; , .
1] s 3 L



: ’ #
‘ L - .
If in 81 6 we* take A n= n, ye' ebtain a summablllty

method whlch alﬂhough not -equal to, is nevertheless equlvalent 0

4

to the cla551ca1 Strpnngesaro Summability Method [c,- p+l]u.

(See Borﬁeinfgnd'gass [§].5 ~
\ , *»
[+ 2] .
* We recall that zoa = s [C,p+l], if and only if
— V=
1 n . . aH .
== 1 |s® -'s] = o(1),
n+l v=0 v
3 r; .
P = 1 p-1 _ . P -, +pP
where S/ | ) el ~v s,, and € ( n ). .

ep ve(’

In case where no confusion can arise, we omit the ™~

~——444'*1ﬂd7”"”“*”
subscrlpt p from O Tp+1 . . -
.,11 11“l ' *

“§1.7 SIMPLE INCLUSIGN THEOREMS

in orger’to simpllfy the notatlon and ‘the proofs of
theorems occurrlng latex we 1ntroduce a matrix

) Pty oy
Ap+l {Am,n} {Am’n} )

- s 3 ; . .

wirich—isderined~as rollows. Vg

(1 8) For P = 0 . ) @

T G- A= (A_,1-A.)s for '0<n<m,.

0’ ¢ -

and for p > 0 ’

‘ [
23T Crypey = A )EP, for 0 <n ¢ m,
’ }\e, = . - - ‘ }

~ 0, : . for n > m.




e a - -
" It fdllows easily from the sToepli_tz'conditionsl ‘(1.3').}'
+ . : - ,
. (1.4)‘, (1.5) that Ap+l is regular. .
( - We now establish some résults pextaining to the Strong
JR ,
) Generalised Cesaro Summability. ) -
R -\fc Let cP and £P be defined ag in §1.5. ‘Then :
'\\ . td n n . N . . s  § ,
. p+l _ p+1 _ w’_““.‘;‘-'}:— . p ) o
) Cn Ch-1 (A n+p+1l ;‘n) Cn Y
so that o
n
y p+l _ - P
(1.9) S et Z Ayspr1 ~ A)Cy- . ;
. v=0 .
(See [23, p. 4191.) :
Hénce - . s A
v N AN
- . l m ] p p
(1.10) . 5T n£0 (Apipt1 -~ Aa)Eq & -
— m ‘ » ‘
1 1 ‘ ? p *
- = (A 42 )C )
E§+I n=0 n+p+1l n x . .
+1 +1. ° «
- L
_ .ptl -
- tm * v b \
‘ Thfs means, in matrix notatior;, ” .
- . if . . - ‘ - . e — e T e
(1.11) L ©ApHL) = A (CA,p).
Moreover, rﬁferring to (1.6), the definitions of *
. [C.,A,p+l]u. and Ap+1' we. have . ‘
' ? (1.12) o [clxlp+1]u ‘? [AP"’]t" (CI‘AIP)‘]L‘- . X
w . | .. , \ . ' ‘ T . | :'
. . ’ ' . ’ s ‘ : - ' '



. ) o 11
il ' ) , . v
‘ "a W

} The following two theorefz are given in Borwein,
o, ) “ : . R ‘
" . {1, Theorems 1 and 5]. We reproduce the proofs for the sake

2 of completeness. ’ v,

. * 3 d
*THEOREM-3.1

If Q is any mgtrzx and P = {pn,r}’ where Po.r >0
/ for n,r = 0, ,...,4 1 P <M forn=20,1,.,. and if
: ] - Lop=p B X ) o S,
W, > u, > 0 then [P,Q] => [P,Q] . In partiediar, the
l 2 ul uz : . ?

conclueionéhblds if ¥ > ¥, > 0 and P is regular.

-

PROOF .
1 By HOlder's inequality ‘ ‘
xa My o My Ha Wy 1-1,/H, Coe =
. [ pyolw l @2 €1 by vl ™) M '
r=0 ' r=0 "' ‘
.« B o ¢ i -
for gny.sequence‘{wn}. The required conclusion follows..///
THEOREM 1.2 o - -

e

0 If P ig a'reguldr (non-negative) matriz and Q is any

-

1N
matrix, then

&) Q =>‘[§.Q]u‘ for u > Q, -

A
(ii) -[P,Qlu => PQ,. for ¢ 2 1.
PROOF ' - »
(i) If‘sn”+ s, then, since P is regular
n , U - : o Ny .
i rzopn’r|sr.- s|" = o(l{, i.e., I =>f[P,J;]u and inclusion ,
(i) follows. B 1
(ii) Suppose that s, > 8 [P,I]u.‘ Then by Thevrem 1.1,
8, * S [B,I]l and so~ -~ I - -
. r \ ’ R ~
i ~



n ' ~ n -2 ‘ .

: | T p, s -8) 2 1 p, -sl Aoty

» '- r=0 n'r r r=0 l .
(" ' ;

Since P is regular, 1t follows that Sh +> s {P) Hence

[P I] ‘=> P and inclusion (11) an .immediate consequence. ///

L 3

‘COROULARY 1.1

If Wy > M, > 0, then [c,,k.p+11'u.l => [CyA,p+1] u;- -
. o~ - ‘ ) :
PROOF ‘ - | - ' ' [

By (1.12), we 3now that [C,A,p+1]u = [Ap+1, (C.A,p)]u; '

The- inclusion is a consequence of Theorem 1.1 and the fact

. : ° . =i
thép mp+1 is a‘regular and non-negative matrix. /77 :
COROLLARY 1.2 g N\ L ‘ - g

. . : . )

. Ifw> 0, then (C,A,pY => [C,A;p+l] .

1!' -
PROOF

Since jc,l,p+1]u = [Ap+1, (C,A,p)p-]u anq Ap+! is’regelar

- el . s

" and non-negative. _rfie corollary is an-immediate consedquence

'COROLLARY 1.3 -

/

of Theprem 1.2 k). - /// . o7 .‘ e

"

. Ifu 21, => (c, A, p+1)‘

PROOF .

' Corollary 1.2. . /// o

o , _ A . . , . N
By (1.1I1), we know that”(C, ,P¥l) = 4p+1 (C,A,p).
The cqrollary is.a Gonsequence of Theorem 1.2 (ii). /7/
COROLLARY .4 . . -
Suppoee ul > ¥ an& uz > 0. Then p
lc,k,p+11u => [c,A,p+2]u .
.. e | | M2,
PROOF o R | o "

k]

"

"+ This.is a consequence ;}. Caorollary 1.3 and

-



SR TN L S -
. We mgntion two other properties of [C,A,p+1]u here.

v
-~

- . 0 'Y ‘ ! ’ -

-] oo :
(1.13) If ] a, = s[0,2,p+1] and ] a, = 8'[C,A,p¥1],, -
. v=0 . V=0

then s = s'. . - S . l CoNt o T
R | ) ) . - . "‘V: .
(I".I?) If u >0, then T . i . y—)@
N . a ! A [S
, a - a [0 ‘A +1] . . l. , .
. \220' \Y qf .'p. » U . e , .

)

and . “ .

.q; < ¢m' .’Ln -~ . - ,
1 b, =D [,C:X,P"'l]u . ' . s
- . v=0 S )
. implies = B . ‘
- CO [--] . ‘ : . -
Y c,= I (oa + Bb )= aa + Bb [C,A;p+1] .- IR
\Y | v v : . u
v=0 v= ‘ . Q
oo \
— v P A . ' - - .
’
b .
- e o - —‘———*—'\; - t - 1
\ &
-y ” ‘
L e -
+ . "
. e , \
/-‘ ’ [ [3 =" ) .
] e 57 . - . '
. Y
- ‘ L. — 7
: . .
€ -
i . l/
) L ~
3 ) - ~
) N ) \
- ' .
o K ‘J. ®
7 < *
- P .
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R CHAPTER 2 ‘ :
- EQUIVALENCE BETWEEN STRONG GENERALISED CESARO

SUMMABKLITY AND STRONG RIESZ SUMMABILITY -

P : S

.In this chapter we shall_ establish the equivalence
between'[c,)\,p+l]u and {R,A,p+l]u. We first prove a lemma.
' e ‘ . :

(C£. Glatfeld [15].) " . . o, "

b

3

v 52.1 A LEMMA SR
 LEMMA 2.1
- , .
If x(1) 2 0, continuoue and RieMann integrable in

2 [h,w], where h isg any fixed positive real number and if

I a+§ > 0 and § > 0, then - '

h P ‘~!
if and only if
w" *
e [C%mar = 0. ]
In _
PROOF e
‘ <
w .8 : - W
Assume f x{t)dt = olw’) and let F(w} = [ x(t)dr.
h . . . . ) . h ) N
Then integrating by pérts . “ . -
. Q
AL



15 «

rF
.. .
= ° © a o w” © a-1_° .
RN f Tx{t)dtr = [T F(t)] - af T F(t)dr
- ) h
. h « h
’ o Y a+8=-1 F (1) '
= w F(w) - af T - ,——%—'dT
h T
i =U-V, -
\‘ *
T T Cand o ) U = o(wu+°) by hypotﬁééis.
‘ - 1 (% a+s~1 F(71)
Further T — dz
a+s . $
w hs. T
Yo - . ,
= ] K(w,t) G(t) dr,
s . h
< La+6=1 |
- S 0ctzes
. ® |
where Klwy,1) = .
] ’ 0 ’ T > W,
F(t) A » h
~and G(T) = _T . ’ —_—
» . T »
Y. M
Now J |K(w,T) |dT
h
. * . .. + +
o s ) —‘wa § _ pots
’ C(a+e)w® ) -
‘ a+s -
. -1 (3 . h 3
at+d T oa+o’ .
- W .
) o
<« L,
Ct+6 L-Q . -
- [ 4
For every positive y )
o lim {"K(w,T)dr -
. y W= 'h
’ ya+6 _ h&+6
= lim T T R

ne
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. . * e

Slnce G(t) -0 as T + », it follows from Hardy-

’

[ll Theorem 6] that - ‘ - ) T | .
Q A
w 4 :
J K(w,t)GA(1)dTr + O, as w - oo,
h - :

. Thus { V'= o(w

Y a a8
Hence j T x(t)dr = o(w ) I

: w & . o
Conversely, if f rax(r)dr = o(w® 5), we take
h

1% (1) = X(1) which is non-negative, continuous and
. N . - ’ \
integrable in [h,w]. The result now follows from the first

partlby-replacing ¢ by o+6 and a by -a. /77

Since Ao = 0,'R§(€H * aj.as 1 0%, we conclude that

v

as a consequence of Lemma 2,1
' “|aP ) < pu+l '
(2.1) jOIAl(T)'- st|"dt = o(w ) /
. is equivalent to

w -
folRf(T) - s|¥ gt = %&(m).

~ ’

§2.2 'INCLUSION THEOREM FROM RLESZ TO CESARO

".. . THEOREM 2.1 M R .

I +
L

Let y > 0 and » aatisfy (1.1). Then-

T

e ) AR 1) = [c,x, EoN8 wﬁw—«a e _
(i1) If p > 0 and A +1 = O(A ), then

[R,),p+l]  => [c,A,p+11“.




: S ‘ o %
~_ PROOF 1 . &
Ao (i) Suppose Zfﬁv = s [R,i,b]u where we may assume,
: v=0 T
without loss .of ‘generality, that s = 0.
e " ’ !
' i “m : - n
[ 4 ' 1 . u
T .= ) (A - A a_ |".
- m 20 n+l 'n véo v
m A
’ n+l H
-y fx 1" 3 a |Mar .
h =0 A ¢ <T 5

Thus vzoav = O{C,k,l]u.

(ii)" For the case p > 0,'§e assume that

17

e 2]
§ a_ = O[R,\,p+1l]. so ‘that ~ : .
v U :
v=0 . : ' -
i B w .=
g f IRE(T)IudT = o(w). . -
0 e
: ;
We are required to show that ) ’
. - ' : o B ,m‘ﬁvﬁ«_A__N,fiiﬁ;,EV ‘
- - 4=t Sl S ) GRS W V- 2 1% 2
R T EPT.L n;O n¥pFl - nh n' n’
— m - S R S
o : \-.‘/
"= o(1), as mo+ =/
. We’divide the proof into four steps. v

STEP 'I. °

»

For every n, choose.q = g(n), a non-negative integer,

satisfying q(n) > g(n-1) and
e R gy g mextOg, - ) In < 4 < mepl

4

(S



e &
;."';:3 n .- .
o . Fixiég n w?“part%F%on tge interval [Aq,xq+1] intg
N 2p+2 subintervals of length ”gi%_Ii—g with the points
' a '— \) a . _. ‘.‘ . '
Since p > 0 and XO = ]RP(T)Iu is a continuous
{unetten~é£—f<in~%he—1nterval {0, w] Applylng the "Mean
- . ¥
[Value Theorem o¥ the aﬁ:ernate gpubintervals, we have,/ for
. o B .
i=20,1,2,..., P, gpmbers ) .
oo ) [ .
| C %7 Oy c g B2y S
such that : ’
Wa ?
2j+2
P H — _. p WU
) |RY (t)|"dr = (©3542 mzjﬂ)lnk(ej)i
2j+1 ' .
° ° ( v R N | *? (l Av p Iu
= (w,- - W, q) - =) a .
. 3 23+2 2j+1 V=0 ej \Y )
' j ST ST A
Thus (w - Wos,q) 1 - —-) a
. 520" 2]+2 25+1 v=0 ]
. v
“25+2 o - .
O I TS
B 3T0 Tuggh T T
R . N 3
‘ A | ) ) P Do
: q+l .. , -5 s
. < ! 1R§(I)l“d¢. _ ~
] \ Aq ‘ ‘ " i - & ]
L M ' : °.
.. a . . ' l s b . .
Since m2jt2 23+1 2p+2 (Aq+l - A_), we have
; PR , S i s s o~ ‘ '\
L. 2.3 _? §;° 1 (;. ‘ Y 1iq§n)(l A, Yp ‘u
(2. 5= - Ay —- a | -
. ) =0_3=0 2p+2 q(n)+'l- q’(y) V=0 0,4 v B .
< - \ ) .
A'- - A “
- .m g(n)+1l | T, ' ‘
< 7 IR () {Hax - . .
n=0‘ Aq(n) . .. ) .’. . .Y . . 5
’ -



- .

4 \ < ' e /'// °
’ “{ /—/3/ o
: +p+l - u ‘ Y - T ° o
2 (pD), f LRP(r)I dt, - : -
. 0 e A | .
since g(n) is constant for at most p+l different values of = '
“n. . ¢ - ° g . S ..
: STEP .Z'I. N ' ' 3 - )
R - . 2 .
Efsxng technlques similary- to those used by Borweln [2]< .
v o o
we shall show that for every n, there are numbers e ’ °
’ .Yj = yn,j‘ fOl’:‘ .:L‘-' 0571'2""-3' P-t
‘ " PR s . . ‘ <
such that th'e-identci'ty L : v, :
i ' 4 ’ < ¢
p | N o .
(2.4) "II(x+b)E y(x+6) o e
: : i=1 : ; - > ’
holds for all real x, where. e o )
. L . J to ' ,. )
. Aari T A . | T
bi = r'_—-—'#cp for i = l 12 P e g p . r )
gtl ' q : I s
' \ " . ’ : : —
) 9. - A . - . - .
a.nd 6j = "X‘:‘_l_ﬁ'_,’j er J 0 l 2 l LR RN po B
gtl ~'q ; :
o ¢ 4 \? -F
The identity (2.4) is equivalept -to the system of ?"
linear equations - ” .
. 3 * - K
(2.5) f 8t 'y.-=‘Ei, i 0,2, .., P, ¢ Do
j=0 »3 3 -
L] 'ﬂ\ L4 -~
where . . ° ,
= p —1 ! ' ° # ; -
(2.6) E-i- (i) 2 br br -co.b - . ” ’
C . - 1 2 Ty e
1 i rl < s e ( r 1< p . s :.:,
. . , : - o
and where the sum in the expression for ¢ i 1s taken .to be
1 when i = 0. * - L v . . | '
L » i o g ,":: -’,
L # . H \
L . ' ‘(:
4 ) z ~;t -')’,‘a:;‘
N n B ’ ) . ' "9




a

The.determinant of the system {2.5) is the V'ande&onde

de‘terminan£ . ) i
. ~ - .
. A= II (§_"- 6_).
Co 0<r<s<p , s r
tn ‘ . ST =
(See [25_, p. 214].) -
Ng:v for s > .r_ ' . .
.’ P
6 - 6 :
§. ~ 6 = 2 L .
) s r. )‘q+l = g L
- 3
“2s+1 T “ar+2
T Aq"'.l‘/':‘ Aq
Q ¢ /
; A - A
K q;l 7 Xy = *
. i TN W= - s -
- | - P g+l q ”
‘o Q. Ny * ' . “
. 2p+2 \ -
Hence , ' A > ___l__'_ > 0.
‘ - (2p+2) P
' ‘Using-Cramer's rule, we have " ‘ VA o
¢ . » | ‘.~ Ar .
. ' Yr T8 1 )
. . o ‘
vhere A is the determinant of the matrix (di j)'
., . vl
i,j = 0,1,2,..., p, in which : Lo
4, _=E. and 4, . = 6%, § # r.
i,r °1i i,3 73 )
SgEP IFI.’
We mow show that the numbers y n.p are uniformly .
. bounded. Since’
A - A
b )= e
' . qtl* “q ¢
|
: ' 3 R An;"p*'l - An ) il ' 3 .
=, ETXTT=x S
) . g+l q .
p g o L i S
L B o . ' M




A

o A - A - '
o ‘ +1. :
. 2 (ptl) xg—l—::Tq ‘
N N q+1 ~.\. e f . L '
= (P"'l) v

we see from (2. 6) that for i = 0, l 2,..., P

f
g5l < 1P |

L)
-

{ o1 e.n L = A i c . q a '
Also [6j| = (X_;J_:_xg) <1, .for i,j = 0,1,2,... p.
g+l q ® :

Conéequently,

-2 .

. - ) b
= " < -
(2.7) ygh =y ol 5 @er2Pia, ] <
where H is a constant independent of r and n. ° , °
‘ . ‘ .. -ra ’ R ’ .
STEP IV. ’

.- Here we establish an *inequality between. the
- C :

.
=

(c, A,p+1] -mearn, and the (R, x,p+11 ~mean of the serles

which yields our .result. .

2
Let sV be any non-negatlve integer and put

-——jL————— in (2 4) ,. .we obtaln '
q+l

L

Za‘
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4 oP
N P ‘ P
Y (2.8)) 1o1-p2y = ) A= (1 = 5=
. - i=1 n+i 3=0 Eﬁ n,j
w . . N
- .4
. X, P
- f Cpi (L= 57,
y j=0 rJ n,j B
. ; Y. oP | “© ’
where C_ . = —:_Bed - ‘
. n,j Ep
n o
since A ., = O(A\)) and'y _ is uniformly bounded,
we have h |
: , P
' - 1 ¥n, 3] g+
|Cvnlj|' ;. AP ; Hl' o
- » ‘ - . n+l .
Hy being indépendent of n-and j. Tl ,
Now it fallows from (2.8) that -
. p rzl ‘Av " . )\v -
. tP = (1 - ) et (1 - ya, -
) n v=0 - )‘ﬁ-_i-l _ - An-l-p \)
eme % (l - .rA._\’—._). L) .7 (l - A\’ )a
. v=0 n+l " raep VY
R f c (1 y )
= . - a_, . R
veo j=o 3 . G 40 TV
’ A, P
="'y c_ . ? (1 - 7= _a,.
j=0 Bl y=0 n,j *"V



o

- P P
A) E kn|

1 Z“(
= —— A
+1 =0, ntp+l

eP

¥ Ic. -
+p+1 n{ I ! ’ \Fo ( ,

-

n=0 " P
4
v

. YOI f“|q§n -
n,j"
j=0 =0

Aq(n)

= I
O -
(n)+1 4=0 v=0

‘rtptl n=0

p 4(n) < X,
Ay LI Q-

8

n,J

P
)

q(n)
a

a l

-

T8

X
__l_p

A
—_—

9

) a_|
v

LR

H x(2p+2) m

' Amﬂﬂi
Hy

Arbptl

*-ia .
" -

R o)
,Thqg cm

The final inequality foliowing.from Step I

Hence if z a
) L v

+1 _

=oﬁo 2p+z.‘*q<n)+1 q(n>f|VZO

»
Aabp+l
[ TR @ N

0 IR,A,p+1]u, then T

v=0
. ¥ _ |
m+p+l
x 1 f IRP(T)PJGT = o(l).
m+p+1l /0 . .
=0 [C,x,p+l] .
(CA,p lu

o(1l) so that Z_av
=0

INCLUSION THEOREM FROM CE?A&O TO RIESZ

n,j-

P
) a |

§2.3
We now i vestlgate the 1nclu51on in the opp051te
direction. And to facilitate the discu551on we 1ntroduce

the_ following notatibon.
. _ . ...
' vl 17,




Given a function f defined in an interval [a,b]!.and

distinct"points X in this intefvéi, we define R
CElx] = £(x)
§ ‘.

and f[xo,xlt..., xn] = - x0f_ =

Elxgreees xn—l] = flxgeeee, %]

n ¢ -~
¢ .

forn=1,2,3,..." « . . SR

o ——

The quantity f[xo,xl,... X, ] is called the divided

L

difference of f£(x) of n arguments. For an exp051t10n of
the properties of divided differences see Milne-Thomson
[21, Chapter 1]1

In the proof of our next theorem we need the followihg

results ofRussell[23, pp. 425-428].

')

+ LEMMA 2.2 : ‘ ) S ‘ 4
. ) . ‘ . '
Let p'be a non-négative integer. Y
N - ) r
0 [P, for 0 < x <1, S
Define \ CT(x) = .
A U A -
. , Then, for A, < T < A ¢
- ~ . i
A - = (-1)P*1 p’
3 Ax(m = (-1) I c T S LTSS R

_v=n-p
$-

where we understand CP = (0 whenever v < 0; and

(1i) - fbr n-p<ven

[C_[A.,, A A) < H

v+1f"" v+p+1l|(lv+p+l R

where H ig indepéiident of n.

- . )




THEOREM 2.2 i - I . -
Let )\ satisfy (i.l). Thenq . .
, T W) i u > 0, them TC,A,LL, = IR,

+1
™ " [C:AIP*']-]U => [Rl)\‘lp'i'l]u-

’(ii)- if P >0, u21 andﬂ An i = O(An), then_

(i) We suppose that Z a =0 [C,x,1] . Thus
. ‘ veg Y M :

»

) m .
or 2= 1 O, - )]s (M = o).

n )‘m+l n=0 n+1.
.Henée i . - o ' 3
A ~ , .
(2.9) ’ Bl B ¥ = ofn).
¢ “m+l :
_Let w > 0 and suppose Ap < w X )‘m:+-i° Then _ h
‘ Alq o
- w m-1 n+l n w m
SREOICES R A RN WY
. n= n v= . - Am V,"o »
_imt o J'Z AT TR ’
q = w_ngo(xn+l‘-’xn)}sn! * Sl = Ap) 8]

PR ‘m yle |®
= m-1 P\ Sl -

c ' ] : : mdl
‘Now oI = o(l) which together with (2.9) yields .
coL Jw ‘ 3 ) ) .
L I |2%¢1) [Par = o(1). - ’ :
W jo' A '

- 4

Thus | a 0 [R,A,1] .
v=0 Vv o iy

.

(ii) - Let 1 > 0 and suppose A, T L )‘n+i"‘ -

»
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.26,

e

Then usiné Lemma 2.2 (i) and (iif we see that

. N ¢ n
P TR . ‘ ) _ _ p|H
) (210 |23 (T | /\'V___E_pcr”v' SSTAEERIR WS LU LW I
B ) . - : ) ’ .n ‘ . 4
< (e+nFu ] |cBh
: v=n-p *“. P
- Suppose & ¥ 0 and Ag < ® ;;Am41. Then :-4 ;
B »w ’ v
f |28 (1) |Yar T
0 .
- m n+l . N . . =
< 3 [/,jAﬁ’(r)l“dT v
L n=0 /) - . '
. . . n . .
- ‘ P — —— —
I DL O,
< H (A - A) Cy
1 n=0 n+l n v=n-p v!
m § o Y .
= ...i.'r p H & ‘
L R
. . “
so that s _ . ' . ;
' R R L - ‘m . : p p
(2.11) I A d .H -
' - OI’A(TZI T2 Ve nzvun+l An.)‘lcn—v' Lo
Now L _ .\, ) B
: y p+l,E_ “1 m “_ P | PH ;
¢ op ;gmnz.o(knﬂ""l\ ‘:)\n) 4En |Tn]
m e :
- 'l m y ~ P-1_u p ﬁ
P ) ‘ ='E—§:T nzo(lnﬂ'p‘l‘l " Ai’l’ (En) ¢ ICnl ]
m - . .
> — 2 T o - ) |cP[¥
= (P)¥A . op=o PFPYLT "n"lTnl Y
m° “m+p+l

]

» , [] . L "




' T
since U 2 1.. . \‘?‘ / j . v .
Thus for r = o,1,2,fl., p

- GPt1 1 ?‘(x SRR S N T-4 L )

m = ,pu+ 0 n+r+1 n+x n - '
m+p+1 ) '
¢ 3 ’ -
m+r
= 1 _ p M .
s R Rt M L
, m+p+1 ’
’ . ”
m . - ’
ST i Y
Y (X ap el _ 7. -

> -
= pr+il var v+l

m+p+

If we now suppose ) a_ = 0 [C,\,p¥IT., so Ehat
- - - S e e v=0 v o »---—u - - - ;

i=

oﬁ+l = o(l), we have, for r = 0,1,2,..., p

-o. 1 mv o p u — )
\putI vzr(xv+l - Av?lpv—rl - °(§)' -
‘mt+p+1 ) :

“

as m » o,
Hence in view of (2.11) and the condition A_, . = 0(A ),

we have -

w . . . b
+1 +1
f [P (o [Far = ol = oW ). ¢

Hence } a = 0 {R,A,p+l]u for p > 1. 17/
v=0 3 ‘

Combining the results of Theorems 2.1 and 2.2,)we

have the foilowing corollary.

"
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® THEOREM 2.3 |
Let X =,{An} satiefy (1l.1). ‘
(i) If u > 0, then [R,\,1] <=> [C,X,1] "
ad - i H [ H
’ (ii) ‘If P>0, w21land X ;=0(X), then
[R,A,pt+1] u <=2 {C_l}\l‘p-‘-l] u‘- -
{ - i .
& - I ;‘ .
¥
" - 4
£y
‘ .‘ku 1 "
4 ) \ ~ . ‘
b v
. P
t - o
» .
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CHAPTER 3
"SOME EQUIVALENCE THEOREMS

L]

In this chaptgr‘wé shall establish Some-eguivalence

theorems betweer® various methods of Summability and Strong

4
Summébility.
§3.1 SOME LEMMAS
"LEMMA 3.1 -
. Let A

ptl

\

e et Y
matrix Ap+l'— {An’v}of Ap+l

/

is given by

‘be the matrix defined iy §1.7. The inverse

A
. N . n+p+l
(3.1 R SRR W - o
" - n+p+1 n . 4
. B ) :
" ] \1 = X - ‘n 1 " :
nen= +p+l » ‘
T . ek -
' At = 0 otherwise.
'V : .
. 4
PROOF . e .
m - : b
= A v = § - ,
Let Cp nzv m,n *n,y’ We show that C. ., = 8. .

v R
Referring ,to the definition of A

P

1

p+l’

41.8),’we have for v # m

'



N . - ' L. ' ] )
. Cm,v >‘m,\:)‘ Vv,V + Am;v+l Av+1,v )
_ 1 n;)\ - i) EP Av+p+1‘.
E§+'I v+p+l v v )‘i)+p+l ~ Xv
i ) _ 1 (A I A )E;\ : - 'A\)+l -.
’ . EI}_;+I v+p+2 v+l v+l >‘\H~p+2 - A\)+l
1 ' , s )
. ET;';-T-T (A\)+l"°>\v.+p A\)+p+l - A\)+l'}‘v+2"'>‘\)+p+l)
m T . - .
= 0' ‘4 b .
-— 1 .
and cm,m T Tm,m -m,m
>
1 , P m+p+1 /
,_ = (A A ) E — -
%{ ‘m+p+l m’ Tm Am+p+l )\m
o = 1' . , 4
4 \ '
__IsEMMA 3.2 | Wg , .
A, <=> I if and only if dim ing -BIRFL o
pfl & nar« An
L}
, PROOF . :
> . - I => Ap+l foll‘ows from the regularity of Ap+1'
- B T 'Afi-@'l =>I if and only if A;'>+l‘is regular. Referring
to. Lemma 3.1, we see that .
(3.2) - lim A = 0, for every v,
n-—+o° n,v : R
- e Y A A ‘
(3.3)° Lim [t =D 4 DR _ g,
T .ghre v=0 "' n+p+l n n+p+l n
A : :
e. e . A + A
(3.4) sup § |a: | = sup An+E+1 - An
. — . n v=0 ! n " n+p+l n
&
: < Sup 2 - .
n n
- - 1-5

30



- \‘y - L .

J

This supremum is finite if and only if " .

' A+p+l - &
_ . lim inf 5GBTS > 1,
” n+>® n” ' ' .
| PR
Consequently, Ap+l <=> I if andnoﬁly_if. . &

- )\ - - " . -
lim inf —E%Ei¥.> 1. ) /77
' noo n

) -
s

§3.2 EQUIVALENCE THEOREMS -
“THEOREM 3.1 ) ,

- X by .
(C,A,p) <=> (C,X,p+l).if andonly if lim inf —E%Eil > 1.
' ’ 4 ©onoeo n

PROOF . BT S : R

By (l1.1l1l), we know that-(C,A,p+i) =4Ap+l (C,A,p).

Thus thé result now follows' from Lemma 3.2. © _. /.,

REMARK: ' In view of ‘the fact jln} is an increasing sequéﬁce,

-

-

A ’ ) . A
so that lim inf —E%Bil > 1, we see that lim inf —E%Eii =51"
n->o ~"n . . n*>*® « - n ’

.

-

is necessary and sufficient for (C,2,ptl) to include strictly
. L3

(C,A,p)~ ) : “' ' ., .
N . ‘ * -~

We now state a result of:Borwéin and Cass [5, .
Corollary 2] which yields an equiv%lence theorem between the -

* methods (C,A,p) and [C/A,p*1] . . . K

THEOREM 3dt; ’ . 2 -
4 h . . B

¢ N

Lot > ; - .
e vy :

et P = {p } be: a matriz with
. ’ K n'\) . )
(i) ph); > 0, for.n,v'="0:1,2,3... ,

s

fii) . limp_' =10, for v = 0,1,2,3,... .

n>« n,\)
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. Let Q =‘{qn‘v} be-a matrix sueh.that for every . ¢
v . :
sequence Tov} there is & sequence {s } for which
© | s
s ! g = Zq S . .‘J
‘ § : v=0 "V - v a ’

——

holds for n =-0,1,2,3,... .

" Them lim inf max p. =0
'J\ ‘ V> n>0 n’Y )
S - ¥
2 \ L. Y o
18 a necessary and sufficient condition for there,fo be a
sequence which is not Q—bonvbfggnt, but which is ; .
HP,Q]u—conve?gent,to zero. o 4
N . . v . “
THEOREM 3.3 - ‘ ' T ' N o "
“Leéet p > 0. Then (C,A,p) <=> [C,x,p+1) | if and only
. )\ ¢ .
if lim inf 2R 5 g, ' T
n->e n, - '
¥ - . e,
PROOF .. . X . - ’
. - »
. f - .
¢ -, By Corollary 1.2, we have g
i '3 . .
: (C,A,p) =SNC,Amp+l] , for u > 0. :
. 2 .
Now Ap+li= (An'v)‘satlgfles
, R kn';) ; 0, for n,v = 0,1,2,-000 - -
) and : . 5 3;_1;2 Anb‘\) = 0’ fO;l’.‘ v = 0,1'2’3".10 c* }; . ) .
And also since max ) = A _, we have =« g >
;7 n>0 »nl\.) N As 3 T
* lim inf'max A_ ' = lim inf A ™
s o -v_*“: n>0. ’ ' vw vlv . ‘.
X e, - ‘ Q. a N
< v l./ inf (1 Av' ¢ )
. = lim in - x——d——o . T 7
- vae o Myapel o
Moreover (C,A,é)ihas an inverse, so the gresult follows fro

Theorem 3.2 by &aking P = A, and Q =.(C,A,p)s V77
L0 e > : i . 4

i




-0

hl b

- ) For thé proof of the equlvalence theorem between o
(C,A,ptl) and [c, A,p+l]u, we state/another result of Borwein
~ and Cass [5, Theorem 12]. v
- 0. . | ~
e THEOREM 3.4 , 3 #
£ D ' . B 3
o Let. the matriz P = ‘{pn,v} be- regular and Pn,v = 0 | o
for v >.n. If ' s ) @
- : (1) Pn,v 2 Pps1,v’ for m 2 \),'v - 0'1'2"," !
.’ : - . . : > .
. . . . T (ll) pn,n +/0'. . ‘ s ., - . o LN
“ n+l ) . .
h % (lll) v z pn v ==<= 2 pn+1 \)' for n = 0 147,2 3,-.. ’ )
. then there is a diyergent- sequence of"z‘eroaand ones which
. v ® S : :
18 P=-convergent to %—, but not [P;I]u—convqrgent for any
. -+ W 2 1. (I denotes the tdentity matrixs) - °
“ {’ a
., THEOREM 3.5 ‘ , e ‘
* M+p+l L "
% - (i) If lim inf "IP—‘ > 1, then’
" n+oo n . o -
. - « . . o ks a o~
. (C,A,p+l) <=> [C,A,p+l] o for u >'Q, (/ e
- A / . : A g " . ‘?(‘(: A - - - . .
. (ii) If 1lim —’%*Rﬂ 1, then (£,),p+l) strictly
: ' n-+e n . L ’
t- includes [C,A,p+1] , for i i _
- PROOF . o 4 o .
. (i) Combining results of Theorem 3.1 .and Theorem. 3.3’
. A A ." . 2. » v
- . n+p+l .
- we have lim inf > 1 impl:.es that . L
o n-)CD ’ n . e : 5
(C,A,p+l) <=> [c',x,p+11u,'for p > 0.
: . : . ) Y . s
(ii) Since in the lm'aqtrlx Ap+1, An,n = (1 - 'A'_—_)-
> “ )
.. L] ‘ ’ el




o 4

v
e

lim ——%Eil = 1 can not be replaced by lim 1nf —E;Eil = 1.

’ .
- ..
kl
. . ! ‘ I

[N . . ‘1

; ;
3
s

“ and- since the matrix kc,k,p) has an inverse, Theorem 3.4

1’ . ot v\
shows that if lim —E%Eil = l, then there is a dlvergent -
no+re N n ) Iy

o

sequence {tﬁ} of zeros and ones which is Ap+l-convergent to

%; but not [A ;1, ilu-convergent for ahy ¥ 2 1l. Since ‘
p+l {tp} = {tp+l} the result follows. C .17/
. o

M .
° ' v

& - ' ’ : .
We now show that in :Theorem 3.5 (ii) the conditdion

L4 2
¢

A ‘ | A
n+o - n . ' Do S +
‘Let Py > 0 and p > 0, we say that

[

N
-

A s S . - s, * s.‘(l-\f, pn)
if . = = p + s, where P, .= ) p. . ’ :
n P v 0. v v n veo v )
' - - :
. i + y N . ' = P"‘l .« -
REMARK:. (i) Ap+l is theﬁmgthod (N,pa) with Pn En e

C(ii) If (ﬁ,ifn)’i’s taken as P in M™eorem 3.4, it
satisfies conditions (i). and (iii) of Theorem 3.4.

R | . . s - .
We shall now construct gn;(N,pn) method with

K . p ‘ - '_‘. ‘ - e -
lim inf -’ﬁ = 0 and with [(N,p),I}l<=> F,p)).
" pn 'S . = . - . - \‘
Let * C_ = —, 0.< C_"< 1, f6r n > 1. .
B Ph B - .

] - 2 - = N ’
and B (1_ C.) <, B - )
1
Now take C = 1 - ——— for n > 1,
N 2n (n+1) ’ ' ’ .
3 v

“u

-1



- 4
: o . Pn .
(3.5) . . lim inf = 0,
. c.mve . Tn
-~ 'q“ A .
(3.6) | W - _u.?..r_l‘:_l.— (1 - 1 ) s :
. e 14
O PR (a+1)% 20"

(1 - L, - S2nu1

BT ety ez -

~2n

3

al,'ld ,SZ £1 = o(n) .

On thf ﬁothfer hand if Syn 2 and 52 +1 = ofn) ,s."c'hen,.

14 ) 3 i — e ’r . T, }b
¢ - = s I3 .
. ' < = S — <
; . In+1I =7 P, SiT < H
. ’ ‘ -n v=0, .
. . L : s3 ! ’ o A

and (3.6) and (3.7) imply that.n '+ L. ST

* .

-

|s,}

|~ 3

®

. o . Summarizing we have g . <’

} C

. - .sn+ s (N,p) lf and only 1f .

Son " 8 and s -A o(n).

s+ 2n z 1+ & e SR

(N,p,) <=> [(N,p ) 1]1 P ).~

Let AO ‘0,"A
Then//lb<A < < oo <;'Al° <‘k g < 200 -

and A+ =, because (l\_l,pn) is regular. . C

. — . ’ i
. ’Al = (N:Pn) ’ - T
- oAz
“lim inf —Qil =1

n-»co

. . - . 4

) o U and,tc,x,1414§i‘1c,x,i). . |

Consequen‘tly if Hp ™ £, then (3o.6') and® (3.7) give s + L.

)/ ' Thus {N,p ) 1s reg“dlar, not equ;.valent to convergence and




5 -

Combining the last éxample with Theorem 2.3 (i), we

find that it is possiblé to have . .

. N . A .
: L lim inf ‘§+l = 1
n--ee . "™n. !

«—

and [R,\,11 <=> (R,A,1). -

*
»
-
¢ -
-
-
* . < “
- =
. A
¢
- . .
- @ - ,
Y
K .
=
o
K Pl :
= -~ , “
n - -
, 3 ? L JUR
LS
. s ¢
v o
— ]
]
- r
- A - .
R . -
! = . -
'i] ’.‘ "
: -
» .
v
. i
o
) v ;A L]
T -
4
S ° '
- . '
. .
S -
.
’
*
. -
- 4
. /
L) =
> L]
< - .
rd
’ -
f f
o
s
” 1
' J . B
. ° "
Kl a
() e * . '
a
S I _ - - - - ——————— e T —_ -
[
¢
- L)
L2 - \
‘ v
v
¢ ' \ ..
. - * ’
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' CHAPTER 4 .

_ABSOLUTE GENERALISED CESARO SUMMABILITY .. .
& ' . . .
§4.1 DEFINITIONS °

>

In this chapter we study the absolute methods of

“—summability IC;A,p]u and |R,A,p] .

Let tP be defined as in §1.5 and u > 0._ We define

e
00

} a 'to-be summable |C,A,p| if
v=a ¥, - W
. C o ; ’
@ . ¥ A u-1
(4.1) o G5 . ltp- e IY <=
) n=1 n+pt+l n <
- e © N -
. In §1.2, we gefined | a  to be summable IQIﬁ,
y ) v=0 ‘
a0, if
(4.2) ' °§ nu—l lo - o_. "U < w
* , n=1 n n-1 !
where {o } = Q{sn}; ' Lo
‘\ '.—, 4 . °
. . When p = 1, conditions (4.1) and (4.2) are equivalent.

- a ]

When u ' # 1, they may or may.not aiﬁﬁera

~'For example, if A = n%, o > 0, then
’ A ) a 3 n“
‘Xg+bﬁ1 -nxn " (np+1)® - 2% aeg‘l(p+1)
m?mﬁ<w£?a@u; o e
t |37




\” R ) ) . r
A : C
n+p+l )n
P " 1 *

Letppn=)\

§

L} 'n . . ) . .l
. Then a T aYpFIyr @s + o, SO0 in thls.?ase,

\

[
-

) pﬁ-l Itg - tﬁ_il < » if and only if"
=1 . .

-

@

o e
and the two conditions (4.1) and (¢.2) are equivalent in

this case.

On the other hand, if A = log (n+l) , ‘then

¢ ! -

b = log(n+1) _ %n 1og(n+1)
e .. 1 log(ntp+2) - Iog(n+l) ptl !

where n+l < 8 < n+p+2. o .

»

o 3

P
.. n. . 1 L elanmin
In Fhl% case n 1og_n > ptl’ as n + ﬁ@;ﬁﬁgw,
2] u l - ’ - .
ol P _ P o 3 :
e ey -t _;l.< = if and only if
n=1 .
T ou=l ., u-1 . .p _ .p -
I n log" "n |tf = tF_ .| < =, ‘
n=l - . n n-=1 :
2 .
= +P . +P =
. - 1 o
If we téke a, = E—TEE_H' then , .
o ) w©
. u=-1 H o 2
! n" e |F = ] nle|
.n=2 n . n=2 n
4 1 - »ow i 1

< o, .

n=2 n (log n)2
/ -



9

while ) nu-l-logu-lnla L S ST

§=2 n ) B . 7>

) 4 ) 1 2
R o

i

ks -
nep 0 Iog n -

“w 1] . -

This shows that the two bonditions (4.1) and (4.2) are
different in this case.:
| It is more natural to use cendition (4.1) rather o
than.condition (4.2) to define;lc,A,plﬁAsummébiliéy. Thus
| :‘ Lo | --.,
for thg remainder of this chaptér' Xdav is” summable E
4 V=

IC,A;pIu means condition (4.1) is satisfied.

Wé now give an example which shows that there are .

sequences A for which LC,A,plu #> (C,A,p);

Let u = 2, A = log(n+l) and " Lo

tp - — l .
n n n-1 n log n log log n

v u-1 u-1 1 u
Then n£2n log nln To5 7 Tog Tog nI
n=2 n“ (log n)“(log log n)"~ '
o -~ -.4.
n=2 n logn (log log n}*. . . . | .
“ But lim tP = P + E a = tP + ﬁ? S S = w i
. n 1 tn 1 : n log n log log n *

n+o n=2



|
|

2 av ‘is sum.mable |C A'ill me%.ns that . ‘ - N . v
- . \i M

)

2'|tp - ¢P l, < » so that {tp} is canvergent to s 'say. This
n=1 ‘ )

. . = . \
2 i

means that 7§ a ;= s(C,x,p) . Hence we write and we have.
' 3 \)=0 - " i
IC,X,Pll=> (C;.)\;P) . . - \‘ .. "\‘J

: X - .
Let Rﬁ(T) be defined as in §1.3. Then we say ] a,
. _ - v =0

is.]R,A,pi summable, if

‘ARa(T) + s as 1 + o,
L ¥ m-
~and . JhldRﬁ(T)l = f |—— Rp (1) |dT <o,

where h ‘> A;. (See Obrechkoff: Sur la sommation absolue

-des seéries ‘de Dirichlet. C.R. 186, 19218.) . We denote this by

8

PE et

a = s|R,A,p|.

I
Q
<

§4.2 INCLUSION THEOREMS °

- The next lemma is a special case of a result due to
~Mears, [19, Tfléérém 1]. »

LEMMA 4.1 e e |
Let Q = {q \“} be a regular matriz with 9,y = 0 for

L]
-

. VvV
vo>n JIf g-= where s, = then a neecessar
- If o Z qn wSy? 1a, _ Y

| =0 LKO
and suff¢ctent candttzon for
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—
) _ -
- Lo -0 4| <=
n=1 D n-1
) _
whenever I ls, ~sy_ph= = ie
i n=1 """ -
: . © n-1 o~ .
. 4.3 - )+ < H
T (’ ) . nzk vzk(q . qn—l.v) qnunL“ : ‘.
where H is independent of k. ‘
/ - ' R B v
p THEOREM 4.1 .
9 ) For any non—negat%ve integer‘p, _\\‘ ’ -
y a, = JC )\,p+l|l whenever z a, = le,A,pll. ‘ -
v=0 - v=0 . o 3
PROOF -
: 'We know tPét (C,A,p+l) = Ap+L(C,A,p) where Ap+l is
-~ defined in §1.7. By Lemma 4.1 it suffices to prove that
o ’ - '
o X
CEklvzkun,v : An—l.v) * n,nl < H
| A
where H is independent of k. )
- Now, referring to (1.8)
. ® n-1 .
nzkl.\)ik“n,.\) ~ Mn-1,0) * A0l B Lo
@ . np=1 ] ‘ _
= X + A = A + A £
) k,k n=£+llv£k1 n,v - 'n-1, v) n,nl '7 '*
v ’ o - _ - p
- -l 2 b (Dvtprl ABL (Al‘l’* ' ’.E ]
k'-k F=ke1ly Pt - NP T g
. . - n-1
- + (}‘n+p+1 - )‘n)E‘: )
S . EP+I PR USRS R
n - - O l!. s i




” - L ) p ‘, .
A <S4 nzl (A\H-pi-l )‘\))E\) 1 _ __1;
n=k+1l/v=k En n+p+l n
’ ¥
An+p+1 An| :
An+p+l I .
o0 ‘ - p+l p+l
\ I( 1 _ l][n{l Ev _ n-1 Ev—l}
Kok " p=ke1! Vnaper And W=k BP vERd EP
Xn+p+l - >‘nI
An+p+l !
© p+l p+l y
\ ) [ 1 ___1_] [En—l Ek—l] + Antptl An‘
ko, k n=k+1 An+p+l _An Eg ,An+p+1
. ) p+l  _p+l
\ ) An -1 - Ex-1 + Bx-1 + 1 - ‘n |
Kok p=k+l xn+p+l gP*l = gP+l 'XH+P+1
LY _ n n-1
' +1 -1 1
A EP ( + ]
k,k k-1 n=k+T Ep+l Ep+1
., n-1 \
Ep+l
A L
k,k -Ep+l
k : .
c s - 'p+l
“‘k+p+1 M B + Bk-1 . =
i Lpt+l p+l ‘e
By By
p+l p+l
1 - k=1, Pk-1 ,
Ep+1 Ep+l -
k o
l.
o . - - . A
P _ P o = p+l ptl ‘
nzlltn tn...ll < .> Elltn tn_ll < =,




Since (¢,\p) => (C,A,p+1), tg + s implies t§+1 > s.

?

(o] M . foe)
Consequéntly ] a, = s|C,\,p+l|;whenever [ a = s|C,A,ply:///
. v=0 v=0,
CORQLLARY 2.1 - ' ' i
Y a, = s|C,A,p|l; for p 21, whenever )) [av| < o, .

- v=0 . v=0 ) .

. o
where s = ] a . L .
. v=0
PROOF

Take p = 0 in Theorem 4.1 and proceed by induc;ion. //7

-t
o

THEOREM 4.2
L

. . : ‘ P
a, = SIC,A,p|l whenever

= s|C,)\,p+l|l
0 ]

;2 .
v v=0 v

e~ 8

- . An+‘+l '
if and only if lim inf ‘“TE‘" > 1.
n-+ n°*
PROOF Ce o \,
(CIAIP.) = A£~3+l(crxlp+l)- ‘ i -
: 3 : ’ = (30 o
-Referrlng to Pem?a 3.1, we know jn Ap+r {Aﬁfv}

' -

A

X - n+p+l —
n,n 'An+p+1 I
4] 'An
At = =1 —--A" ’
. .. n,n-1 Xn+p+l - An n,n
: (] = + B
- kn,v 0, otherW}se. ,
By Lemma 3.2, we know Aé+1,is regular if and only if >
- , ‘ _
x-JimdﬁfigPﬁiﬁwh"*4mm;Wf~ s
. o . n-—ow n ) . . /’ .

s




>

© n-=1
A=l + A
Now niklvzk( n,v n_g’v) ‘ n,pl
i © n-1
= Al + Al + A e SN Al g —7AL .
Kokt el ke * Aken, ke Ak n=£+2|v£k( n,$ -1,
, o
\ + An,nl
4o :
;‘;_iEiEé%_ + |1 - Ai]JT+ : E | AL nt Al -1 " '-l‘ -1
o Axapr1 " n=k+2 B nop-i n-lnsl
- _ . l
n-1,n-2 .
k+p+l ¥ %k T
= +£+ 3 + Z Il - ll »
k+p+1 k n=k+2
Aiprrc, L
- k ’
Merprl _
A Al
k ﬁ.'
Thus it follows Lemma 4.1 that
oo - [« -] N
)} a = s|C,\,p|, whenever | a_ = s|C,A,p+L|
v=0 " ' 1 v=0 "’ 1
. : ‘ . An+p+l ’
if and enly if lim inf.——TE—— > 1. /77

N+ n

Kdrle proved in [17] that |R,A,p| <=> lCrA:Pll for
p > 0. ﬁsing this and the Théorem 4.2 We haye the.following
corollary.
COROLLARY 4.2

o ) . . ™ . - .
ibav = s|R,A,p| whenever ZOaV = 8|R;A,p+l| if and
V= v=

.

A ' _ ] )
"Onzy‘ff"lim“inf‘_ﬂ;zil > 1. L L T
- n '

o n



. - +
. . P
L] - . - ¥
» o -
~8 "

|C A,p+1| and [CiA,p+1] . To factitate the dlscu5519n'

we use a result of Borwein, [1, Theorem 7},(wﬁich'wé state
1

as the next lemma. We include,ﬁ?e proof for the sake of

compléteneés. ) x .
ro- {5 “‘b ; N st
) LEMMA 4.2 s e
\ ' - If P 18 a reguiar matrox with non- negaizve entrzes, )
, Q Ze a matrz;land u > 1, then necegsary and auffzczent
- n conditions for a series to be summable [P,Q] to s are that
it be PQ=summable to s und [P, (I-P)Q] —summcble to zerod. .
PROOF - A R
1 | Let {Gn} = Q{sn} and {Tn} = P{cn}; "We have to prove -
. that e )
- _ u _ . , . ¢
P (a) ¥ pn'rlor s{¥. = o(1) .
N r=0 . . :
. % ’6 .
y if and only if . ;
[ (b) Tn > g - -‘ R , . . | . ) .’. -
\ . : R .
qgnd - -
[~
@ Ip. o -1 ¥ =0(1).
i - r=0 n'r r r! o . - 4]
‘ ‘~///"? (i)- Suppose that (a) holds. Then by Theorem 1.2
(ii), Rb) holds and so Z Pp, flTr - s[¥ = 0(1) since P is
. r=0 ’
. . 6’ N
regular. Hence by Minkowski's inequality and (a)
1/u
H
. e, o, | }
{ I el
:v [} 1/'“ * . l/u »
- . . U U
s{lrnelo, <o e {Toy lry - o}y o,
T T \ ] )f':p'nrr L I r=0 &% d '

and (c) Eollows.

R ;



regular, it follows lfrom (b) that

tid)

rgopn I/;;J ' r

Suppose ‘that (b) and (c) hold Since P is

- s|¥ = o(1).

®

-

S~

L

[ ¢ o . ’
Hence by Minkowski's.inequality and (c), _
oy ' REY : - ~
{-2 eloy - sl } | - .
Ar=0 ; . s
L @ 1/u % 1/u )
- M o H =
R e B N A e T
so that (a) helds. .. ~ - ¢ |
2 The{ﬂfﬁ(s thus c-on_lplie'te'. . s S
THEOREM 4.3 . . = R LT
Let-w > I¥,... Then ' '; *
. m.“ . V -. ; . ) 4 v._. , .
E‘.é‘a\) = s[C,Jk',lEﬂ.}u tf and only if -
= Lo . . - ‘
’ ‘- - , Y ' 4' -t
- o * B . . N ) - 3 a4
(4.4) Oav = S(Ci}\lp+l)‘l ‘ e .
V= 7 o ° N ®
and ‘. \ .
' -1 P 34: p+1 ¥ _ -
(4.5) 5+1 Z (An+p+l o ER It t | = o(l) .
. E /“ , .
P m )
(P - 1Y Y
Conditton (4.5) means ltg -t | =~ 0((&P+i)... .
.- . . : . N .
PROOF
. e _ - ,
' In Lemma 4.2, take P = A , Q.= (C,2,p). and 'obs'erve
A .’ Cptl’t A
“that L - . : L
‘ (I - B)Q'= (C,A,p) = (C,A,p+l). _ - //{
’ . .2 i . B » -.
THEOREM 4.4 . - ) :
(=] ? ) ’ 3 :
¥ a, = s|C, A,p+111 z,mplma Z a; = B[C,l,pé-l] .. L
vgo g . i U’Q i . -
- e . ' “- M K3 ‘



N . « 7
]  prooF ' . : . e
‘ ‘ | > 1 +1/ ' +i ‘
Since 2 Itp+ - ¢P l| < » implies that tP tends- -~
. o ' n=1 n n- . ) n .
B ’ to.a limit, & say, we have ) a, = s(C,x,p+l). Hence to o
! - ’ v=0 s
prove the theorem it suffices to show condition (4.5) is
. .satisfied with u = 1. ’ e
. tet n > 1. o T ‘ ;\//
. *
p _ .ptl ‘
. ey -t | . o
.t 1 n. )
“ r Igﬁ vio'()‘xﬂl - )‘(\)) o J(An'ﬂb' - )\v)av >
,/ " | S '
. - ' o
<. B I v-z.o(" n+l — Ay e n+p+l - Av)a | '“
| o c
-_n—+Pi-— 2 s e - . e -C
v | ()\ A) (A A )a i
- 1 n+l \Y n+
EP+ v—O ' } 2 )
n \. . o .
- ,._}JA 2 (A - A ) *v (AL - % )a N\
E§+l v0 nn:l »’ . Dtptl VTV |
. , ﬁ i L . o
7 = 1 o e 14X ’ -
. . - l;;p‘i-l v_z_o\()‘n+1 )‘v) (}‘h-i;pg. 3 )(xn+p+l ’ n+p+l+)\ )a
) . n
Sy T : > .
/‘v.'" _P— 1 n U- o e ’ .
[5" - gP*l \,Zo(-xn"'l“ AV ‘ ,()‘n+p )‘v)')‘vav : 0
) n : - 33 [
T On the other hand ’ o . .
p+l _ . p+l " . ) :
B ltn th-1 ‘e
v S » l n ' ::, : ) '
F— - - i’ e \ a8 e ,‘f’l‘ A Y a
o }EE“‘QT VZY‘__E%TT v | ) n+p+1 v/ v -
ns - ‘ N
oy ow : - A
| EP"’I V.E.ou“ TRt Bpyp TR
n-1 . ?
. )
'l\ \’\":/’—* ” ' .



$o

)\n n
= Ep+2iv_2_0()‘n+1 —Alv) * (An+p+} A)a
-1-V77 » .
i - ' ¢
0 .
n+p+l . _ s -
R L Og -ty um WM
o En’-l AV
1 n
= ") Z (An+l - Av) sos (An+p -2 ){A (An+p+1 Av)
.:) _1 \)- o - »
n-1 ’ o
’ )‘n+g+1 (Ax} Av) }av i .
. . n
- IEP"‘E \;Eo“m = A Onep 7 A Qg ~ A3,
n- . . ‘ .
t -
b A n . v
o~ Q+P+l ‘n'. cl - oo - > i l
N e e

%

'|'

e S

Hence Lo )
; o
A - X - ’ ¢«
Pl _ p+I _ ‘n+p+l n|,p _ .p+l
(4.6) tn n l : }\n t tn ' for n =>_ 1. .
. Consequently multlplylng (4.6) by Ep i, we obtain >
D P|.P p+l T 4
mzl(}‘n+p+1 B Xn)En th -t I T e '
- m ‘
= 7 .Ep+l|tp+¥ tp+1l . .
“n=1 n~-1l{™n 1
. o P _ .ptl| _
Since )‘0 = O,.lt0 t0 = ]ao - a0|’= 0.
By taking Epi{]\é= 0 and t@ = 0, we ‘have
A :f: ;a b _ bt
" (4.7) i) E -t
(a9 L +p+]\/ ¥ lt |
3 . . |
£ m‘ '3
= Z EP+1 p+l p+l
n-1|%x n-1 ¢



. . n )
‘Let b_ = [t8*1 - ¢P*1) anaB_= T b_.

. - T r: .. r=1 ” ror‘“
. i ‘ 3 ~ . - \ L
Then from (4.7), we have .
> p+1
n=0. n—l bn 4
L4 m -

P n
| . - P+l p+l
= B E" ? B (E E 1)
- n=0 * L
X Dividing by E§+l, we ob‘t;.ain . . v W
’ . .y . m ‘ by 3 .
B =-* Y (A 1* = A )E = 0(l), as m + «,
m Erl:1+l n=0 H+ptl n' ' n n. : g
because of .the regularity of A +.l and Ithe hypothesis/
Z a, = s|c, x,ptl]l which means that {B } is convergent.
v=0 : . .
! Thus the c;ondition (4.5) is satisfied and the
theorem is proved. ' S .. /7
., (C.£. Borwein and Cass [6, Theorem 9].) T
~ S, L ) |
‘ THEOREM 4.5 7 7 ' '
N . o
. v 1f Y a_ =s (C,A,p+l) then, for u > 1,
v o ‘
v=0 . (] .
anv = le,A,p+l|‘u implies that,i av=‘s[°‘.'-:,)‘,,'p+l]'.
- ‘ ' ‘ R - ' I
' PROOF ' %
7 since | a, = 8(C,\,ptl), it suffices.to show that
ov=0 ' : .

- - B )

i - ’ : '
condition (4.5) is satisfied with u > 1,

LI
1



Now referring to (4.6), we -have

Pl _ oLt ‘naprl T Mn)* NI S5 T
n n-1 ‘ Xﬁ n n .

. , —
EEN - e i

for u > 1 and n 2 1. Thus '

. (4.8 - |tﬁ - t£+l| = {AL e ]ﬂ|t§+l - tﬁfi
n+p+1l n Ve

lu.

for y > 1, and n % 1. v

: S TPl _
since [tP - ¢P*1| - o ang EPYLl = o @d t5;" =0,
0 "0 -1 =n

,we have, by (4.8),
‘™ . [
r m
I o
0

——
—

U
P

_ 5 ygP|4P - Pl
n+p+l Aﬁ)Enltn t
. T _ptl A Wl oe1 o pelf¥
= 1 En-1 X — A} th 7 -1l -
n=0 - n+p+l D '

-
-

. ‘ 0
= H-1li.p*l _ . ptl
. Now let b_ Py ltr L

4

: n
and B = ‘Y b_ .
‘ n r=0 r

. \ L
A ]

* " and proceed as the -last part of the proof of Theorem 4,4,

m 1 - 1 H v
c “ePtl u-1 ptl _ " pt+l = a(pPtl
we have néofEnT;pn Itn th-1 o(Ep 7).

m
And hence [ (A

u
~ _ aoyvgPleP o oPF1 . p+l
. p=op n+p¥l kn)?n th tn I B O(Em- ) .

ot

»

/77
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§5.1
Suppose throughout this chapter that « > 0, »
. " n
Sp T loar’ _ '~
eg = 1,
nd £ = (ngx]‘= (K+l)(K+ii;"(K+?) for n-> 0.
Lét {ph} be a sequence with P, > OEfor.h > 0 and let
n
P = rzopr. . . ‘ |
. pakine
- n 1 ™ | / -
_ R 5; rzopn;r r” Pn rszn_ra;’.
, n . :
(sz) tﬁ = %; rzopﬁ—rar = %;~‘£0(pn-r - pn-l—r)sx" (p—l =0).
L — - " :
.~ We say that the sequence {sn}.is (N,én%convergeﬂk to s ’
‘ éf t + 5; énd‘ge write _:

CHAPTER 5

SOME "STRICT INCLUSION THEOREMS BETWEEN
CESARO AND DISCRETE RIESZ METHODS OF SUMMABILITY

»

DEFINITIONS:

r e ' ' -
* 1
8, s (N,pn).

’

[11, page ‘94]. =~

!
-

___This is a N6£}gg§m5uﬁmaﬁirity Method. Sggmggivexa@ple ﬁifdyf



n ‘e
1 A
(5.3) 1. =35 ) p.lt. - s|.
n r=0 rr ©
We say that. the sequence {sn} is [N,pn]-convétgenF to s if

Ty = o(l), and we write .

S, T 8 [N’pn]'
(See Borwein and Cass [6].)

- We say that the sequence {sn} is IN;pnl—conVergent to

*’\\‘ | . o ® ™ . ' i

16y~ tpal <= ands = bt
n= .

.and we write
- <

. Sp T 8 IN’ph,"

&

«The Strong Summability Méthod [N,pn] is the method
[p,Q], (see §1.2) with P = (N,p ) (see §3.2) and Q the matrix

assocdiated with the transformation (5.2). We shailldenotg Q

"by (N,Ap,).

"In the case [N,pn]-summability, the method is

<‘ interesting aonly if P » <. This condition js satisfied

; A °
by the summability methods we consider below.
K=1
- - n

Cesaro and Absolute Cesiro Summability Methods (C,k) and

P a

|c,k| respectively. -

, If we take p_ = 71, then (N,p.) ahd.IN,pnI are the »

The method [ngﬁ] with P, = egfl is“equivaleng {but.

no 1 Zad . .

We shall denoéé:this method [N,pn] also by‘[C,kx]." See Borwein

- - o’ s

arfd ‘Cass [6, pages 98-99]. " . : »




. - n . 7 - ‘: .
(5-4) . N pK = z (l _ __U_)Ka o .

1 n, - K . K
= ——— [ [(+]) - v)" - (- v)"]s
(n+1) " v=0
then we say -that the sequence {s,} is (R*,n,k)-convergent
to s, if o; > s as n + ~, We denote this by '
| s, > s (R*,th]._ |
Thus if we take p_ = (’n-l-l)'< - n*¥ for n > 0, then

El . ' n ) i "
.(N,p,) and IN,pnl are the Discrete Reisz ané~Absoiutgh CooT T
Discrete Riesz Summability Methods (R*,n,K) and_lRa,n,K[
‘respectively: We shall define the Strong Discrete Rigsz

, Method of Summability [R*,n,x] to be the method [N,p_]

associated with this {pn}. ' \

-
’

§5.2 KUTTNER'S THEOREM S

\

In the definitions of (C,«) and (R¥*,n,k) and the
'assqciated absolute methods, k is usually allowed to

satisfy «k > -1. The methods [C,k] and”[R*,n,k] make sense

v

only when k > 0 and it is for this reason we have so
o .

ﬁv

< ~ restricted K. ‘
THEOREM (Kuttner) - L

(i) If =1 <k < 2, then‘(R*,n,K) 8 equivalent'to

»” b
. i .- L - R | 1
~E5e)y—and—R* x|t equivalent to |C,K]|.

(i1) There i8 a sequence (R*,n,2)-convergent but not

-




(C,})—convergent and a sequence |R*,n,2|-convergent but

‘notb|C,2|-convergent. But |R*,n,2| => (C,2).

’

(iii) If « > 2, there is a sequence |R*,n,c|-convergent

o

but not (C;éi—convergent,
(See Kuttner ([18].) -
§5.3 EXTENSION OF KUTTNER'S THEOREM AND OTHER RESULTS™ ‘\\
For the proof_of Theorem 5.1 we state two results of

Borwein and Cass [6, Theorems 6 and 9] as our next two

.}

lemmas.

y

LEMMA 5.1

.[N:Pn] => (Nrpn)-

'LEMMA 5.2 S _ //‘

If pn + ® gnd {sn} i8 IN,pn|-q5nvergent, then

s, > 8 [N,p]
where s = lim t and t, is defined as in (5.1).
n—+w - ' — . \

1

THEOREM 5.1

o

If « > d, then |R*,n,k| => [R*,n,k]  => (R*,n,k).
& v - ,
PROOF - .-~

That [R*,n,K],=> (R*,n,k) is a special case of

Lemma 5.1. |R*,n,k| => [R*,n,c] follows from Lemma 5.2. ///

sy

-The next theorem‘iS'known, but it also_follo;s from -

P

2}
- Lemmas ‘5.1 and 5.2 as the Theorem 5.1. y -

THEOREM 5.2 L

e

|Cre|, => [C,x] => (C,k).,



convergent. S NS

THEOREM 5.3

Let p >0 for n >.0 and suppose P * .’ Then there

L]

;ph]—convergent but not |N,pn|-

18 a sequence which is [N
. -

PROOF °
Borwein and Cass [6, Theorem 8] proved that

S, ~ s[N;pn] if and-only if
s s » s(N,p¢4<f

.

and

— -

(5.6) %— )

plty -t | =o(l)
AY n r

where t_ and tg are given by (5.1) and. (5.2).°

This is-a spec%;l case of Lemma®™4.2.

Now , T . °
r n -
ti -t = %; v£ (Pr_y = Proi-y)sy :.%; vzopr—v v |
r r-1 . r "
_ P vzopr—v v r ;Eopr-i-ﬁ v - Pr Vzopr—v v
) . Pr Pr
r r-1
. _ Pr1 vZ Pr-v®y-~ “r vzopr-l-v v
o Pp-P_ ‘.
so that | T ’ - 4 *

A :
(5.7) p At - t) =FE (t_ - tr_l)tfr =0,1,2,... ,

r-1'"r

(P_l = t_l o= 0) .' . N -

/ o) D o —

- . . _h-n _~
Choosé {s, } so that t - tn-l/7 5;—5; where

7 ’

L4




- b Y

n p, ' e © 6n Rn
D = Z =— and § = %1 chosen in such a way that '2
n n , «&, P_ D
r=0 "r - . n=1 "n n

converges, Then {tn} is convergent ensuring that (5.5) is

satisfged. Also we have

\

}_.If H:A-‘t|==i—-nP It - ¢__.]

. Pn r=0pr r r'. Pn £=O r-1 r ’r-l
. =ll_ % Pro1 Py
. Pn r=0 Pr Dr

-

Pr-l Py .
for 0 £ r < n and a , = 0 for r > n. .

n,r ;hrP ’

5
m
H
©
=)
T
|

r -

Now A = fan r} is a matrix with zero column limits and
’ .

n n 3 B g
rzolan:rj = rzoan’r §f§; fzopr =1, for all n,

so that it transforms null sequences into null sequences.

Since by Abel-Dini Theorem lim D = o, l—.+ 0 das r » =,
. ‘ ! n+o n Dr

‘It follows that (5.6) is satisfied, so s, ~ s IN,p 1. But

by Abel-Dihi Theorem agein_v ‘
o . P

e, -t gl = 1 575 ==
n=1 n n-1 n=1 Pn Dn

so {s_} is not |N,pn|-con?ergent. L ’ L /777

- -

COROLLARY 5.1 ' )

°

‘Let k > 0. There i8 a sequence which is |

\

cgonvergent but not {K*,n,K|-convergent. .

- ,.,
[ - .
/\-



COROLLARY 5.2

L3

5

Let ¢« > 0. There i8 a sequence which i8 [C,x]-

convergent but not |C,c|-convergent.

" . THEOREM 5.4 R '
. Let ¢ > 0: 'There 18 a sequence whiéhﬂiﬁ (R*,n,k) -

> convergent but not [R*,n K]-convergent.

PROOF

K K
Let P = {p;’v}, where p_ (vt1) Y

v = = for O £Vv<n
~~ ! . ! (n';l) '

and p, ‘=0 for v > n.- It follows «from Theorem 3.4 that (
there is a sequence P-convergent but not [P,I]-gonvergent.

Let Q = {q v} be the matrix such that

14
. _ n,v v P, y=0 B~V v
‘where p_ = (n+1) < - p‘. Then [R*,n,k]-convergency is the
\ _ ' .
same as [P,Q]-convergency and (R*,n,k)-convergency is the

same as PQ-convergency. Since the matrix Q has an inverse

~

our result now follows. o , Y ///
. .
‘For the next theorem we~§tate~two results of Borwein

and Cass [6, Theorem 1 and-Corol;ary 1] as our next two .

+

lemmas.

~ ‘

LEMMA™ 5.4 . . ,
If (N,py) => (N,q)) then [N,p ] => [N,q ).

-~

LEMMA 5.5. S -

L4
'

If ,p,) <=> (N,q_) then IN,p 1. <=> [N,qg]

.//. n n- s )



" THEOREM 5.6 | .

-

(1) If k > 0, then [C,x] => [R*,n,k]. ‘ :
i (ii) If 0 < x < 2, then [C,k] <=> [R*,n,k].

PROOF :

o .
Since for «k > 0 we have (C,k) => (R*,n,k), (i) follows

from Lemma 5.4. Since for 0 < k < 2 we‘have

-
v - ¢ -

(C,K)_<=> (R*,n,k) (ii) foll§%s from. Lemma 5.5. ) ///

THEOREM 5.7

There 18 a sequence which ie ]R*,h,zl—converyen¢ but
not [C,2])-convergent.

PROOF . | ' £ .

> . ]

For a given sequence {s } we write

' ‘ -
. S Y
, 1 %o _n :
(5.8) °n T 77 Z a-vsy T 7
e~ v=0 £
n n
and ' e .
@ \ )
1 ?‘. 2 Tn

(5.9) &, = —3 (ntl - v)Ta_ = -7 . i

n {n+1) "~ v=0 ~ v (n+1) S ‘

so that {on} and {En} are respectively the (C,2) and (R*,n,2)

transforms of the sequence {sn}.

As in Kuttner [18, page 362] we have

»

/ ’ ' —_—
(5.10) TO = So; :.rn = Sn-l ""Snl n = l,2:3.oo
! ) and I
¢ - - - . . . ) ,
’ ' ' n *-m I
(5.11) s = ) (-1)7 T,
- . N n m=0 m
. . T n. ]
e T “‘“"*Now—take—55“=‘f=tTnﬁ*$6‘fﬁ§f~Th = {~1) . Thus . ' ,
) . . l \
. nzllgﬁ - Eé-lt < w'and £, * 0, so that if {sn} is the
LI . . ’
<




. .
[ ]
*

seqﬁence-associatéa with this choice of S, and,Tn we have‘

4 . )
8, ~ 0|R*,h,2|. To see that {sn} is not-[C,Z];coékergent
. ) . ' .
we notice first that by‘Theorem 5.1, s~ O|R*,n,2| implies .
‘ _ - : . .
§; >0 [R*}n, ]. Now by Theorem 5.6 [C,2] => [R*,n,2], the
only [C,2]-sum that {sn}'tould.h;ve is zero. '
- ; ) . . s,
. n
. But sn - Sn;l'— (-1)7"(2n - 1) . :
~(5.12) t . (=D (2n-1) :
bﬁ‘ ™1 n=o n+l .
L 7 a1 ‘
. m+1l n=0 n+l .
) . ‘ .
_Since (C,1) is regular and 222 » 2, (5.12) tends td 2 as .
m + o, Thus {sn} is not [C,2]-convergent to zerd. . 7// g
2 . b 5
COROLLARY, 5.3 - L
There is a sequence which is [R*,n,2]?convergént but .

”

not [C,2]-convergent.

] PROOF
This follews from the' fact that |R*,n,2| => [R*,n,2]. . -
"THEOREM 5.8 . - L
o [R*,n,2] =5 (C,2). )
PRAOF . .
- Referring to -(5.9) we f£ind that
r 2 ) 2:
T - T, = Z {(r+E-v)*© = (xr-v) }auh
v=0
o | ! .
S, +‘p [R*,n,2] if and only if Ty
1 ? 1 T ) I
—— p_|=— 'Z P._ = = z pe_.a L o(l) .
Pn r=0 TlPpr y2o T~V Pn r=0 vz I=v v, 4

-




I _ _‘2- _’2 ) 2 . 2 -
where p __ = (r+l-v) (r=v)© and P "= (n+l)“. Hence s 1 0
[R*,n,2] if and only if
#

ﬂl n |
§ ;T -T_I_o(l)l (T__ =0)-/
. (n+1)2 r=0 * -1 - . /ﬁ/ ’
From (5.11) it follows that
’ n
}snl < 2 ]Tr - Tr_ll .
r=0
) AN
4Thus if s, 0 [R*,n,2], then |Sn| = o(nzp) so that ’
s, O(C,Z):

. IS ) ‘ .
Now if s, * s[R*,n,2], then s, - s> O[R*,Q,Z] so

o

s, -5 ?fO(C,Z),.i.e., s, s(é,z). , ///

THEOREM 5.9 B
There is a.sequence which 18 (C,2)-ceonvergent but not

IR*,n,Z]—convergént.

PROOF |

Chéose {s_} so that ' “ ‘ ..
n s . - .

(-1)“’n3/2 and

= S =
S?n i - 2n+1l
Then sﬁ"+ 0(C,2). But referring to (5.10)

T =5 - S

2r T2r;—1 2r L‘;;7®. ’ ) o 1 4
: e (-EET? 4 (e-1)3%), £ =1,2,...

So if 2m < n < Bm+l, then

. n - m
T - : ok
DENLSEE rzl kI i
P . m ' -‘{
U s S AT -
. r"“.l. N ‘
’ ~d -
. o 5 572 .
) 5/2
v Hln‘ )

hdhd

r

»




‘: . ¢ g o . ° - X * "
..t :.where H, H, are independent of n.
.’ ‘."\ { » . - ) . -
) ‘Thus {sn} is not [R*,n,ZL—coﬁvergeptetéﬁiexo and our result
- ‘ w 3
follows. 4 /7 /-
., . o ? ‘ ..
- . THEOREM 5.10 . . - AN
4 o - * 3 . . ) &
’ Let x > 2 i \ ' ‘
- v v - o . 3 -
. . (1) There ig ,a sequence which isg [R*,n,f]-convergent
) but not (C"K)—convergent{ '.J | i
(ii) There is a sequence which is |R* ,n, k| -convergent
but not [C,K]-convergent.' . o - LT
_ (1ii)" There ie a.séquence which is [R*,n,K]iconPergent._
* ; but not [C,k]=convergent. ,
iy PROOF - T T :
. ',:f‘ii A\ - . -, .
”“ﬁf,\ T~ . ‘part (i) follows from ﬁuttnerﬂs Theorem (iii) and the
Ry ' . RS ¢ ‘ o
- fact that |R*,n,k| => [R*,n,c]. e 4
A ’ : oyl :
A . s y . - : v e ey
) iy . Part (ii) follows from Kuttner's Theorem '(iii) and the
% fact that [C,k) => (C,k). B
" - * - . ' i
Lo ‘ . Part (iii) follows from part (ii) and the fact that .,
* K * - - N ° . ’
S e |R*,n,c| => [R*,n,x]. . .
N R ’ . - - )
J - . -« *
‘ ’ ' - e * - R r e
The relations between the various summability, methods
digéusgednin thiskbhaptef ageWgoqve%iently‘disPlayed in three
/‘ . ¢ . . - .. . f’ :'
: figures below. 1In ghese(flgdres;the symbol - denotes strict |
: o ' - . -, ebee Toe ,
} ) ‘inclusion, the'symbol<++ denotes equivalence and- the notatiqn
. ‘ . P %+ Q means that,gperé is sequence which is P-convergentff’ -
> .but not Q-convergent. e B - L
- '.\// L. e : .
; [ 4 ‘ < { i
( - g » X ° ’
4 c’ .-‘i - d ' v ! h “
" ] a -
‘. ' 0
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e
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. ekl % Jc,kl > (C,x)
> N .~
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, ~ CHAPTER 6 -

-

STRONG AND ABSOLUTE NORLUND METHODS '

. OF SUMMABILITY ASSOCtAfED WITH éOLYNOMIALS‘ /
: > Q
. In this chapter o%i investigatfons stem from the
resylts in D. Borwein [4]. We consider a Norlund Method
of Suﬁmability Assoq;atedxwith Polynomials and ;nvéstigate
thg prope;ties 6f an associaﬁéd'S;rong Suihmability Method
and of the Absolute Ngrlund Method of,Summabi;ify Associated

4+

with Polynomials.

o«

o 56.1 DEFINITIONS S . I

Let s, Sn Bg arbitrary pomplek numbers, and whenever .

«©
(Y

‘'n < 0 we take s, = 0. Let

¢ s

T p@)=pgpyz b occitpizd
- / ~- k

and : ) qu)_=,q0 + qlz + o +-qkz

' /’f;:\polynomials with cdmﬁlex coefficients whidh satisfy the

‘.

norﬁaliziﬁgAconditiohs BTN ' . ot
. R p(l) = 1 and g(1) = 1. i o
WQ'suppose'throughout that p(0) # 0, q(0) # O, P = 0
h L]
for n >°j -and qn’= 0 for n > k. - We use the'no;}tions 'y
, T n | ’ . °
(6-1) tn = 2 pvsn-\)' n = 0,1‘,2'“--.,
. v=0 . E
‘ K
. ‘
(6.2) . un' Y as _yr n=0,1,2,0.. . , =
, v=0 - ! ¥



4 =
.

' Associated with the polynomial p(z) is a Norlund

Method of Summability N, which we call a Polynomial Narlynd?

Method and which is defined as follows.

W

, K ?he §equence {sn} ié said to be Np—convergent to s,j
and we write ’ L - ) o
4 LI
“6.3) . - s, - s(N,), if lim t; = s. -
. n+oo
This definitjion is due to D._Borwein. .

We define_” .

(6.4) . s > 5 [CI’N§T
10 B . | :
if H;e*rzoltr - s| = o(1), ?s n > e,

This is the ir,Ql, defined in 51.2 with P = c, and

%

I

pv-where'Pn’is noh-zero for n £.0Q,1,2,...

-

n .
and Tn =,%— 2 pvs . Then we say that_the sequence {sﬁ}

-n v=0 n=v
&s (N,pn)~convergent to g and we write ‘ . -
N * ~M_”NE(G-{S) T s, * s(N,p) T
if lim 1_ = s.

o N

N This is the N6rlund Summability Method given in §5.1, -

but here'wé allow Py, to be complex for all v > 0. Moreover,
- . ' . ’ = B
in this chapter we are only interested in the case where

év's'are coefficients of a polynomial p(z) with p(1) = 1

and we only use the (N,pn) method in this sense. . It is

2 -
&
4



evident that in this sepse'(N,pn) is equivalent to the .

Polynomial Norlund Method Np. . : .
n e
Let P! = ) |P_| and P! # 0 for n.= 0,1,2,... . Then
- n r=0 r n

(6.6) . 3 s, ~ s [N,Pp]

19 - :
if 5+ Z‘ P I!T - 5] = o(l), as n > ®. ‘

n 0 >

This ‘'definition is anglogous to the definition ofs
'[N,pn] given in §5.1, but we allow here P, to be'compléx
for'v > 0. Moreover we let pv s be coefficients of a

polynomlal p(z) with p(l) = 1. . k'

The Absolute Polynomial NOrlund Summability']Npl

LA

, 1s defined as follows. . ( y
) ' ’ o 4
(6.7) s, > s |Np| ) P
e - 3 = )
if t; ¥ s and thlt t _ql <= W§ere t_, = 0.

The. method [Cl,N ] 15 a Strong Summablllty Methﬁd

Assoc1ated with the Polynom1a1 Nd}Iﬁnd Method It is net

\"

the Strong Norlund Summability Method deflﬂéd in [6] wﬁlch

J. L

we con51dered in Chapter 5, Shortly we shall show that
[leNp] is equivalent to [N,Pn]. Thus‘[Cl,Nb] is the Strong

Norlund Summability Method defined in [6] for (N,Pn)arather

- »

than for (N,pn). 4

, We ghalljestabllsh at first [Cl;Np] => [Cl,qunlf

and only if N => N ) -
2 AY - q"'f

L



Y
1

- ) -
.

-

It is shown,in Borwein and Cass [6]} that if (N,p )

C = (N,qn) then [N)pn]‘=> [N,qﬁ]. 2 shal1 investigate the

converse of this theorem.in the caSe of the Polynomiél,

Norlund Methods.

. . ¢ .7
.Then we shall establish |Np| => Iﬁql if and only if
‘ P q o . i
s - _ Finall®x we shall establish some minor results
)

analogous T3 some of the results obtained in [4].

§6.2 THE EQUIVALENCE OF [Cy, N1 AND [N,P ]
, ,
THEOREM 6.1
. [Clle] <=2 [N,Pn]q
. . PROOF ‘
| . The result is an elementary consequence of the fact
. o -~

. n 3 '

that P' = J |[p.| = Y|Pl +n -3+ 1% n+ 1 vhich

n r Y
¥=0, r=0 ‘ oo

.implies the equivalence of‘(ﬁ,Pn) and (C,l). , ///

’

56.3  THEOREMS ABOUT NORLUND METHODS OF SUMMABILITY
) ASSOCIATED WITH POLYNOMIALS '

For cdmpleteness we shall quote without proof several

Y - R

e e e &
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_ The methods Np

theorems are Nérlund Methdds associated with polynomials

and Nq ﬁentioned in the following *

. p(z) and q(z) as defined in §6.1. Evidently Np and Nq are

regular. e - ‘ o 4

<




THEQREM 6.2

The me?hod.Nf,‘associated‘with the polynom%al
f(z) = p(z)g(z), ineludes both Np and Nq" (Borwein

(4, Théorem 2].

THEOREM 6.3
The methods Np and Nq are consisfent, t.e., 1f
s > s'(Np) and s > s' (N.J, then s £ s'. (Borwein

(4, Corollary},) \\ . ;
. ] \
THEOREM 6.4

£l

If h(z) 18 the highest common factor af ptz) and

. qu), normalzzed 8o, as to make h(l) =-1, then a ngcessary

~

and‘sufficient condition for a esequence to be both Np— and

4

ﬁq-convergent 18 that it be N, —convergent. (Borwein

[4, Theorem 3].)

THEOREM 6.5 L

In order that Nq should include Np-it is necessary

and sy fficient that ql{z)/p{z) should #bt have poles on or

.

within the unit eircle. (Borwein [4, Theorem I].)

THEOREM 6:6 . - .

If q(z)/p(2) hae poles of maxmmum arder m on the
unit cz:cle and does’ not have poles wzth n the unzt eirele,
" then (C(m)N‘q znc}udes Np; but for any ¢ > 0, there is an
N —conbergent sequence whtch 18 not (C,m-e)quconvergent.

(Borwein [4, Theorem II1].)




THEOREM 6.7 .

. , X . .
If a(z)/p(2) has a pole within'tbe unit cirecle then - -

there is an Np—convergent sequence which 18 not ANq-convergent.

(Borwein [4, Theorem III];X\ " |

_THEOREM 6.8

& »

In order that Np should'be equivalent to (C,0) it is

necesgary and sufficient that p(z) should not -have zeros on

or within. the unit circle. (Borwein [4, TheqQrem I*].)

¢
¢

THEOREM 6.9 . _
If ‘q(z)/p(2) Has poles Ay, Ays.oos Mg in the finite
complex plane, of orders My rMyyeee, My respectively, and i1f, *

¢ -

for n = Ohl,2:...,

? ‘
t = p S -/’
n V=0 vV n-v
n .
. unz\)goq\)sn—\l' . o
- a4 V4 . [ 8
then - ! .
rad - ' m f e N ‘
n . L r © . n
. v+p=-1 -V
u = Jct._ .+ 7 Yc Z[_]A t__
p _O_v n-v_ r=1 p=1 P = p=-1. r n-v_

‘ where the-;‘§ aretbgﬂstqnts, depending only on PgrPyress pjt'

q0'91,'--, 9y Fy?h that = =0 forn>%k -3 and.CIer ¥ 9.
(Rorwein [4, Lémma 1].) Y
: \ ¥

~ - . ' ’
§6m4‘_EC],Np] METHOD OF SUMMABILITY

The following proposition is-a special case of

-, L]

Theorem 1.2.



PROPOSITION 6.1

¥
1 =2
(1) NP [Cl[Np]I ‘
(1) [Cy/N.]1 = (C, N . . .
' a d
THEOREM 6.10 .
¢ If qlz)/p(z) has no poles within or on the unit
. ’ »
cirele, then [Cp,N.1 => [Cp,N ). | A\
gg?OF )
‘ Without loss of generality,iwe may assume s_ > 0 '
- . . - e A
[Cl'Np] and .prove s_ > 0 [Cl,Nq]. ]
. r
Let tn = vszvsn_v,
. § ' . ,.
s P /uﬁ\\ e v Sh-v* .
If q(z)/p(z) has no poles within or on the unit circle,
but has poles A;,A,,..., A, of order mlfmZ""' m, outside
the unit circle, then by. Theorem 6.9 *
- m '-\ . )
n 2 r . n ' :
un = z v n-v Z z Cr P X‘ [Y;Ell] Arvtn—v
. v=0 r=1 p=1 7' v=0
‘ where the C's are coﬂstants, depeﬁding only on'po,pl,...,
. ) o ) . i
pj,qb,ql,..., gy, such that cn\= 0 for §’> k - jgand
Crm. # 0. " .
o v¥p -1
so. Jul < 1 leylleg I+ I 1) zr[ ey -
- n' = L'V n-v = p=l ,p r '''n=v :
° r ' 2l ’




1 ¢ . - | o
Thus -y E [u | , " ‘ . LT
. .
sor d el [V*O l]
m+l n=0 v=0 m+l nZO rzl pgll t pl Z | r ”'tn-vl
-V
t | + vto=li,=v
zm zu N rgl ;,Zl ,pl I 1[ ]xr = Itnl‘, .
B R 4l
where ¢ = 0, for v > « - j. ‘v

Since the poles of g(z)/p(z) are all butside the unit:

T : ‘ v [v+p-1},-v .~
circle, |kr| >1, forr = 1,2,..., %, and Z [vpfl.]xr“ is /
.." . - '. . . = . )
thus absolutely convergent for each r = 1,2,..., & and .
¢ . ' : m
o= 1,2 m_. Consequently if —— J |t.] + 0 assmi+ @
pr= 1e2,00ey M. nsequently m1 L)t : ,
1 T, -
then Z |un| + 0 as m > o, '
n=0 . . .
- 1f q(z)/p(z) has no poles at all, then .
, m . 1 m=v ’ g
=1 L dul 2 1 leylz LIt t, where ¢ =0 for v > k - 3.
n=0 v=0 . n=0 . . —
Hence the desired ‘conclusion follows. ///
[ v :
THEOREM 6.11 . o : S
If (1) gflz)/p(z) has a poZe wzthzn the unit czrcle, N
| o e
Lor’. (2) q(z)/p(z) has no pole wz%hzn the unzt circle,

but has poles of .maximum order m on the unit cirele, where
‘m > 1, then there ie a ﬁ‘quence which is [Cl,N ] -convergent

1

but not [Cl’N ]-convergent. N

PROOF

(1) g(z)/p(z) has a pole within-the unit circlé.



By Theorem 6.7 there is an Np-convergent sequence which is

not ANq—COnvergent. Since (C, l) is regular, this sequence

is [Cl,Np]-ponvergent. But, since it is not ANq-convergent,

it is not (C,l)Nq—con gent. Ae a consequence of
v ’ ]
Proposition 6.1(ii) it is not [Cl,Nq]-convergent.

(2) 42 k ithir i irc

i o(2) has no poles within the unit circle, ‘but

has poles o maximum order m on the unit circle, where m > 1.

AN

-~

By Theorem 6.6 since m > 1, there is an Né—convergent
sequence which is not (C,l)Nq-convé%gent. Consequently,

this sequence is [Cl,Np]—conQergent, but, by Proposition
i » 6.1(ii) it is not [C},N ]-convergent. 1/
.r __;- R .

- »

For the next theorem we need the followzng two

®

Cf - lemmas. We use the notatlon [c, 1]l takmegn [Cl,I]l.

LEMMA 6.1 S
g Let t =a\®, |A| =1, » #1 and a is a non-zero

: (
wcomplex number. °*Then {th} is not [C,1]1,-convergent.

- [
_ R S — . ' _ PR

PROOF S\( ,
. - W€ know, that tn} is (C,l)-convergent. For
. . - . t ; i - /
, 1 ‘i‘ ' 1 v

. ) - m+l

[}
N .

AP o,

Slnce a is a constant and la——x— = 0(1), then ——

[ o -

as m +» @, - .

. Thus if {t_} is [C,1];-convergent, its sum has to be

> zero. But



¥ b

1 Ifl 1 T n
—= t | = =% I lalA?] = ]a|
t> ’ m+1 n=0 B0 m+1 n=0 ~

o
which 4+ 0, since a # 0. | /77 L
LEMMA 6.2 '
. - LIP3
Let A Az"“’~Ar he r distinct complex mumbers, ,
r >,1, ‘wv,th ]’)\vl =1, # 1 for v = 1, 2,... r, and let s
al,az,..., ar be ngﬁ 2ero comp?ex_numbers:_ If
= n P n. 1 ] - ’
ty = alxl + azxz + + arAr, then‘{tn} i§ not [C,l]l -
convergent. o
PRO?E
If {tn} is [C,l]l-convergént, its sum must be zero:
* m m A,yn A_yn
-1 Zl 1 2 r
O t|=_Z|a+a[]+---+a{ |. -~
m+l Lo in m+1 n=o 1 2 TI r TI ‘
- ‘ ) Ayyn .
If tn > O[C,l]l, then Tn = al + az[r]—-'] + oo 4+ s . >
~ Ar n 2 : o ‘
arlxg} ﬁjﬂo(c,l). But T, al(C,l) and a, # 0. ///
y ) .
THEOREM 6.12
f p(z) has ‘no poles within:the unit cirele, but’ has
siﬁple poles on the unit circle and has no poles ofihigher
brder on the unit cicme, then theré 18 a 8equenbe whidh 7is
[Cl,N ]-convergent but not [Cl,N 1- oonvergent
PROOF " .
- Supp6se 9—(--E-)—-has. r poleé of order'l, Al'AZ""’ Ar’ -~ -*

on the unit c1rcle and r > 1,.and suppose it has other poles,

Ar+l""’ Ai, outside the unit circle of order

. ¥
v
m ml.

r+l1%°




-
) c .

Since p(l) =1, 2z =1 cannot be a pole“ef %%%%. °

< #
. . . o

ice., Ay #£1, for v =1,2,... r.. , -

Sﬁhce p(0) # 0, _T_T is analytic in a neighbourhood
4 U of the origin. There is a sequence {s } such that, for
z in U, o “ s~
. ) 1 ‘
n _

Then, for z in U

PO SR N ° ‘
. - 1 th z = p{z) ) snzn = 1, et
n=0 -~ n=0 ;
1. ’ b . . .
[+ 3] o0 ’ . < o0 ’
) unzn = q(z) } snzn = 3%%% ) tnzn ..
" n=0 7 n=0 ) P n=0 : ‘
. ° . . o @
N - _ ; -
Hence t, = 1, t, 0 for‘n >4, and so {En} is [C,l]l.
convergent to zero. That is {s.} is [C +N_l=-convergent to. -
» Iﬁ l p h— 8 ~
- ' - v : \.
- zero. _ ’ . . .
e ! . . ’ ! rg o [
Now, by Theorem 6.9, a > - . .
’ : . .8 v ro. ) )
. . 2 ~ ‘bp-1)=n . & 7 -n -
_ _ ' u =c_+ 17 lc [n 177 + ) e, A
P DR yary p=p VP PTL TV oy Vel
= ul £ 42, .
. n n ‘
Ll m -
2 2 V. ‘ v
) where u. = c_ + ) c, {n+fll} o
v =r+]} p =1 PL P ‘
~ bl
. 5
B 2 _ ,"- . ¢ - ; . ' ’ 3
and oy = Z v, 1-::7 T o .
) V= b .t { i
' Since c, = 0 for n > k- 3, and |Av| > 1 f;!lv =7r+1,4ﬁ+2, '
t ) J ] ~ - - - . » - -
' . . |[n+p=1{,-n _ . -3
o _ e R, {cn} and {cv,p(tp-l ]Av } for v = r#{, r+2,.5., %, ’
, p =1,2,..., m are each convergent.to zero. Since (C,1)
- N ; i "
is regular, u& is [C,l]l—convergent to zerq. . But

’ . 4




~¢ . " ﬁ —)
. . <
- é‘ Cy. 1 v oo f Cv,1 ;Xn = § <y 1Av ’
” - . v=1 v=1l "7 ATA 1

v-a-
v , .

™
<

and ., X; are;distinct and distinct from-t. And

1,’ 2,--.,
] IT |-=1, for v = 1, 2,..., r. Thus by Lemmas 6.%'and 6.2,
i . -3
—we know that {u2} is not [C l] conyérgent for r 2 1

Consequently {u } ls not “[C, l]l-convergept, that is

;"'{s } ls-?ot [Cl,N 1~ convergegt o ///
. , A .
“THEOREM 6.13 . a0 e :
\: -0 [C ] => tCi,Fq] if‘and only if qlz)/p(2) has no
. ‘%oleg on or wzthin.the untt eirele. | ‘ , ‘ ©
PROOF S . A

The sufficiency part follows f?om Theorem 6.10.
+ - J -

Theonec;%sity part follows from Theorems 6.11 and 6.x2. ///

b ' o L

THEOREM 6.14
3 'A =:7 [€y/Np] =>'Q?1:N;t_if'and only if W => No. -
. PROOF ‘

* v . . : ' . »

. .. , ) -
This is a consequence of Theorems 6.13 and 6.5. ///

' COROLLARY 6.7 =~ =~ =~ = %
. 0 :

. If [Cl,Npl-<§> [Clthi, thén it is necessary and

‘sgfficiené %hatibotﬁ?q(z)/p(zk and‘b(;)/q(z) havg,no pole:

. on or within the unit cirecle. y . N .
. o . ’ ‘ g RN . . ) ”
' COROLLARY 6.2 ; , o o
B ,b -[cl,Np] <=> [Cl'Nﬁl tf anéaqnly‘if §p §f>'Nq.
. . X : v
' » //// g
' ) N » ' . ) -



©

. i ' 4
: Noting that Nq is 1dent1cal with I wh%n g(z) =:l
(i e., d, =1, q, = 0 for n > 0) and referrlhg to Corollary
6 1 we obtain the fbllow1ng corolbary. -. o ' . -
COROLLARY 6.3 T R . =
d In orderathat [Cl,N 1-< “> [Cl'Ill ’L,t is necessary
. . " and éufftczent that p(2z) should ﬁot mos on or within "~
cthe unit circl.e. , ' . .. ’ - ;
| ‘ ‘ ' o %*
COROLLARY 6.4 - . - e . ..' L  _1

[c, AR ] <=> [c 11, < and onty .2f N, <=> I.
-,

»

M .
' B . P - . *
o ! ° f v
. N,

For the followxng theorems and corollarles about the
9 3

me€hods (N, Pn) . (Neq ), (N, P_ 3, (N, Q ). [N,P ] and [N Q I

. ~we'let p, for v = 0,1,.£;L’i/9ﬁ§:§;\{gf v ={Q,1,..., k be .°

the coefficients of the polynemials P(z) and q(z) respectivelyX

N T - ‘ - :
- - - . . X , . T t . = - ;

. . We also let P_ = ) p, # 0 for r = 0,1,...,,3~1 and .. |
St e . - v=0" o, " W ae ' T “
N BV " . - -

" Q.= Y q #0for.r =0,1,..., k-1, and .P* = Z P, # O and
Tovzo v D T B r=0 Y
/ B - : .
t Qn Z Q # 0- for all np2 > 0, so that (N,p ),‘(N,q %' (N P ),A
. ‘r—O . s - & ./ 3 . ‘.l !

-I
(N Q ), 'IN, P ] and (N, Qﬁ] are methods assoc1ated w1th p z)

Y. o

and g(z) respectyvely and are alr well def;neda i;ﬁ;A‘

%

. THEOREM 6.15 ~ . : 5°v : R .

..... -
- -.

. (N,p 1 =>~(N a, ) ﬁmpltes that (N P Y. &> (N, o). “




e

. " 3 ',/‘{y ,m— -I : o l\ ‘ . -
& PROOF \ ..
N ' z o
» © § -
v L oLl |
Let T = P,._,S, and 4_ = =— g, ..,S, 7 ~
~ ‘n?;\v___or\)\) Fr O, y2p TvY
’ ;B - 1"
and let bW = Sw Z p S and V_ .= == lf Q - . a
. n Pn r=pg-R"I ¥ Qﬁxﬂ=0”n rr
i {
v ‘ ! 2 e : . <] s ’
ot | _ g9(z) _.Q(z) ' T LV i .
o Let k(z) p(2) 5(2) and k(z) - vgogvz .
Ve know that thé necessary and‘éﬁfficieﬂt cqqditionszthat‘
(N.p,). => (N,qy) Lot 9
in this ease are ot \ ‘»
’ . j . /<'| 2 "". B “\
(6.8)5 lkOJIPnl 4+ oo Iknl'\PO‘; H.‘ lQnI 3 A v . .
1 A : \.. - \»
\where H is 1ndependent of n, .and P N
N . ',} R Car
(6.9) /Q for each r.- e
v (c.f. [6 Propos;tlon l] ) o ol
S Thus, 1f (N,p y => (N/é ), then (6 8) and (6. 9y - are satlsfled. ”
o - . o s
. P b dle, s T l "Z .
Now °© k K £ . '
=, n-=r v=0. r-v ={ n .
J\ 4 4 ‘ z z I - - l \i‘
' . o , ~\ V=0&—\) n ‘r r)\). R
- Cem 3ol d
~ ' o ) \‘, \)==0 n-v
, 7" = Z | : ,
R ’9 ) : 4 ‘_'.‘l L] . ‘ v,_=0 w T,' ¢
v :' h& ‘Q
» ‘Tv - 0(| Z Q )
. R ° \’-0 e '
.. . . ) R = 0(‘?* | ) I "
since Q_ .= 1 for v > k. .
’ ] ' 4 _\ ‘\" \




o~

Y

)

And it is obvlous that k /Q* + 0 as n * « for each r.

Thus, by I[6, Prop051tion 1] agaln, we have :
¢ ; *(N,P ) => (N,0 ). ‘ ///
COROLLARY 6.5 - o s

}N,pnl <=> (N,q_ 7 implicg thaf‘(Nifn) <=> (N,Q ). -

THEOREM 6.16 - o

1y

[Cl,Np] => [Cl,Nq] gf and only. f{ (N,P) => (N,Q).

‘PROOF

By Theorem 6;1 we knowthat [Cl,Np] <=>n[N’Pn} and

[£1/Ng] <=> N.Q,]. o
- By [6, Theorem 1}, (c.f. Lemma 5.4), we have that if

(NJP,) => (N,Q) sthen.[N,P ] => IN,Q].

Thus, if (N, P) => (N Q) then [cl,ﬁ ] => [Cl,N 1.

Conversely,“by Theorem 6:14, ‘we have that if
[CLigp] => ECl,N 1l —+hen Np => Nq' o

. Hence, *if [C ] =i/} 1,N ] then (N,p Yy => (N,q ).

It follows from ‘Thedrem .15 that if [Cl,N ]

| N

a

[cl,Nq] then (N,P,) => (N,Qh)- ' T /77
COROLLARY 6.6 « ” z
: [c N ] <=> [Cl’N 1 1f and Only 1f (N,P_), <=> (N Q. ).

THEOREM 6.17 ” : -
,-[cl;NP] => [Cl'Ng] if and only if (C;})N —>v(C l)Nq.
PROOF . ‘ L ‘. R
’ '%;' = (N ) : L - T ' :
e (N’Pn) = (Nan) (N,Pn)- . P . -
e , ' . &
4 , _ . ’ ~ .



- [

a

il From the proof of Theorem 6.1, we knowﬂfhat
(N, ) <=> (C,1). “Thus (N,P) <=> (C,1) (N,p;) <=> (C, 1IN,
and similarly we have (N,Q ) <=> (C,1)(N,q) x=>:}c,1)Nq.

I£ follows™ £rom Theorem 6.16 that [Cl;NP] => [Cl,Nq]

if and only if (C,1)N, =>.(C,1)Ng.. . . 7
} ' ‘ v, - A *
COROLLARY 6.7 '

i

. L -
[Cl,Np] <=> [Cl,Nq] if and’only if 1C,l)Np‘K:> (QXI)Nq.

' \ ) . 4

56.5 ABSOLUTE POLYMOMIAL-NORLUND METHODS OF SUMMABILITY

TﬁEogEM 6.18 | - :

If q(z)/p(z) has no poles on or within the unit

-

; hen |IN => |N_|. ' -
eivele, then | pl l.ql v .
PROOF . xd
Ay

Suppose ‘q(z)/p(z) has no poleé on or within the unit
. - '} .
circle, but ha$% poles Al,Aé;..., A, of orders My Mo..., M,

outside the unit circle. Let

- »

o o ’ -
? : .
t P,,Sa.
j n o ooV A=y
. n _ .
. u = ¥ 98,y ~for'n 0,1,... . .
v=0 .
Then by Theorem 6.9 *
A PR
u =} c tf + c t oyt
¢ n y=0 ¥ 07V r=1 psl T i ‘n_v

idepending only on.po,él;;,:“p

where c¢c™ are constants

4

Qgrdyre-= Gy such that c =0 forn>%k-jand Cr'm # 0.

Hence




-
L 4

n \ £ ﬁ n ‘
_ _ vip-1
u c + -
R | VEO \)( n-v, n-l-v ) rzl p_z_lc ) “__Z_O[ p~-1 ]Ar (tnwv - n-1 \))’
by taking,t__1 =0, u,; =0. And
m
nzolun g un—ll .
m ™ £ ’
e L Dlelle, <o te T 1 Tl I D IPE s - «
n=0 v=0 .n—l-\) n=0 r=1 p-z.l ’pl Z I ll n-v . n-.l—vl
m m o1 \
ALNPALAELS |+221c.lw+‘°] Tl <l
v=0 "’ n=0 =1 p=1 TP n=0 ’
since'|A_| > 1, for r =1,2,..., &,

Z |[V+p_l]i;\’], is convergent for r = 1,2,..., L, p = l,...,m_.
=0 . » , .

v p=-1 ‘ r
cv ='§, for v o> k - 3. K <
m * . m o v

Thus we have ? |t -t ;| =0(1) =2} fu, -u ;| =0(1).

' ) 'n=0 . ) n=Q

If g(z)/p(z) has no poles at all/ tﬁen 0it is readily .

.
Py b

m , m . 'm | .
seen that Z |un - un—ll < _Z— |cv| 2 ltn'- tn-ll' Since
n=0 - . = n=0 '
. , ‘m )
c, = 'o_ for v > k - j, we have, nzol.tn - tn-'lll = 0(1).

-

n ’ , ¢ - i? ’
= ) |un - _uh_l},‘-: 0(1). By Theorem 6.3, N, and Ny\are

0 i \
' éoyZ:stent.‘Thds ﬁ\]pl => INq]. ‘ . N7
PROPOSITION 6.2 c | Ay 7/
) |\Np| => [Clle] ‘-‘ . Sy '/‘" | . <’
PROOF . :
P s, 6/71.NPJ ‘;h>,‘ ‘tn + s, as n » » for lsome‘ s. S_J'Tnce‘

.

4




Hence t0 =-1";n

L}

© (C,1) is regular} s, * s [Cl,N 1. : . 7

THEOREM 6.19 S . ‘,
If q(i)/p(z) has a pole within the wunit circlé,
thei there is a sequence mhig% 18 |Np|-convergent but{not
INqI-conv;rg?nt. ' T ‘ e
PROOF : . ” -
Since p(0) # 0, 5%?7 ig analytic in a neighbourhood"
U of origin. There~is a sequence {gn} such thgt for z in |
.U' : |
N JSK ngés 2= P%z) - ‘
‘ n
Let t = \)Z-Opv' e 4 =
- n
. \ ) %
Then, for z 'in U, Lo~
. nZotnzn f p(z) nzos 2% =71, ,\ —

. L Z ’Z = q.(z) z Snz‘n(‘= %(z_) . f

n=0 p(z)

0 for n > 9, and so {sn} is INP|7 *
. : - N A
convergent.  On the other hand Z g zn has a radius of
n_ . *

convergence less than unity, because by hypothesis g(z)/p(z)
has:a pole within the uhit‘circle:‘ Conséquently,{un} is not
A-cénvergeﬂt and.sa it is not (C,lﬂtconye;gent.-“ﬂence {sh}
is not'(C,l)Nq-cdpvgrgent. By ‘roposiqion 6.1(ii), {sn}

‘A .



¥ »

is not |Nq|hconvergent..

ml,mz,..., mg .

*

-

R

L X : /77

- n
“ . ' . I . u

THEOREM 6.20

-

If g%%T has no poZes‘within the unit cirele, but has

poles on the unit circle, then there is a sequence wkéch 18
. L} . -
o .

_L§éljconvergent but not qu!—convergent.

»

-PROOF « ° e .

Let thé'poles of 9%5% be AI'AZ""' kz of orders

Let the numbering be such that of these

poles Al,AZ,.;., Alu are om the unit circlei Al'+l""' }26

are outside the unit circle. *

I
(I-z)p(2)

. t

\

Since p(0) # 0,

"hood U of origin. There is a sequence {sn}such that, for .

z in U,

| TR [> 2]

Then, for z in U,

z t zn = p(z) ,z S zq = Ao 1 +z + 22 + z3 + -,
no -~ 5074 n 1 :
n=0 < h=0
«® ¢ ‘oo (z) ' o n ' -
i «— N n
Y uz = qz)® § s z™= L2 7 t e",
n=0 " n=0 p(z) n=0 "
Hence t = 1 for all n > Osnd so {s_} is |N_|- -
n LT - n |
convergent. o T W

. L]

. .
Now, by Theorem 6.9 since-_tn =1, for all n > 0, . -

-

m
X n : .
tv+p=11,=-Vv .
Lo [ p-1 ]Ar" ‘

* ®
is.analytic in a neighbour-
-

.is not [Cl,Nq]-convergent.' Thus by'PrbpositicnfﬁTﬂ“fsB}“"“‘“"“'

.\‘



‘

. [ : "

where the c's are constants, depending only -on . - ' ':::)L_

————

PPy e pj,go,qi,..., e sucq/fzat c, = 0 formn >k - j

) &
4 - .
and Cer 7.0 : . N
8 Y .
Thus . . ’ .
1 - ) ‘m . --' -
2 r . N
n+p-1|,-n
u -u_ .=c_+ )} .} ¢ A
n n-1% "n P r,p[ p-1 ] r *
. r.—l 8] 1 . ‘ - o
m o m .
T % % ' r
B I O e [T A e
. r=g"+1 =] TrPL P ’ r=1 p=1 *' P
. , .
“~ . -
= w. + W, n* - .
.. ‘ m
b . 2 R
1 * : n+p—l] -n
where w_ = c_ + f c AT,
SRR ey g TepUeml)E ’ ~
vo® . b ) .
v .., . o s
\ 2 g‘ r n+p—l -n w .‘,;"‘-"f\*‘"' e
wn = Z z Cr -1 )\r . ¢ . e
r=1 p=1 rPL.P . _L,,_,—_q,__\;’,: -';;,,- =

. ®’ ,
Since ¢ =0 for n > k - 3, ! ¢, is absolutely
' " n=0

- L]
. .
-

convergapt, and since Ikrl >1, for r = 2'+1,..., %,
N .. ) \‘ . o

® (nto=1).-n" . ,. > LY

) (n El ]Xr is absolutely .convergent, for r = 2'+1,..., %,
n=0% P . . .
\ *oo . ) ‘ .1

| SR
p=1,2,..., m_. Hence ) Iwn$;zs convergent. -
' n=0 ' :

Now, for wi; if there are, " poles on the unit .circle

of_méﬁ}mum order m, where 1 < " < &' and m.> 1, then we

let $@he numbering beishch that Alhkz,.f., Azl_have ma%}mum

. , l*‘ 5 '
order m, In this case, - ’ v, ’
B ’ . ' ' % - ‘6
e «
f - \ L




S

TR are dlstlnct and distinct from 1, and |X | =4, for

*

-—— A_g;f,——v——-~- B l’_ - m-. e e - — e

lwil A . n:f).-l-lj{:n g E‘rcr' [n:pll]l ,
r=1 p= =1 D2PL - r=f"+1 p=1 ~°*P J. . ~f?““““-
= 0 cl,m[n:f‘]-.ll }\Iﬁ +' cz,m(n:fil] )\;n Tt Cl",;n[n::l;l] XQ-,R _ ..
Y N
e e e
o[n:f],cv Tm 2\%2 e -;-cl ;,ﬂ" (‘. - ¢’

av B 0 WY e T
IR Wt e Tremy ~
- e ,- -
P :.':v v ot cv

Slnce p(lJ ERs {s not a pole of %%57' and -since T;

Eyesesr

& 1

v = 1,2,,.“, 2%; and cv m.# 0, for v = l,zr;{.,'l", by
" Fl s

Lemma 6.1 and Lemma’ 6.2 we know that - i ' ,
e A . » o - .

{cl,mkl,+ czlmfg + + czn X?ui 1§ 2?% [C,l]—convergent

f n §F'P ‘ . . - T//'-‘o .

for £" 2 1. Thu§ {Icl'mxg +.c2,mT2 et g l“l}

cannot be convergent. A fortiori“ it does not converge to

zero. Hence |w§| does not fénd to zero as n + «, - This

o P . y

méans that ) | ildiverges. Conseqguintly
n=0, :

"
¢ 2
§ ‘.

\

m ‘ ' . a}
ol ) ]u?y_”dn—ll diverges, as n » .
n=0 i

In othgr words, {s } lS not ]N |-convergent : L)/

THone 21 ) 2.

In oqder that |Np| => LNqI’ it is necesry and
' (z) - '

suffdcient thatg%TET should not have poles on or within the

unit circle. : \ I |

¢ -




* . PROOF

The sufficiency part of the theorer follows from

" Theorem 6.18. The necessity bart follows from Theorems 6,19

and 6.20. : : /77
) ' : v ) ‘\& ;
- - - r »
COROLLARY 6.8 '
L ;ﬁggi”=;j|NqJ;£fBaMdV0ﬁzyjif“Np'=> Nq' ) . ’,
L - T PROOF . .
’ ‘ ‘ p . . \
& This followss from Theorems 6.5 and 6.21.« ///
COROLLARY 6.9 - ) ’ .
* _ b . . . - ' _ ‘\_—1 .
| - |Np! —iﬂIqu zﬁugnd only 1if [Cl,Np] —i [Cl,Nq].
PROOF
This follows: from Theorems 6.13 and 6.21. ‘///
s . 3 - ' ! - .,

[

“COROLLARY 6.10

.le]~<=> |Nq| i?;énd only if g%%%-and g%%%iboth have

‘no poles' on or within tﬁeiunit eirele.
. Ty . . * .
COROLLARY 6.11 . . tw-“! ..

&

alel\<=>'|r'Nq[ if ;and only if Np <=> Nq'

COROLLARY 6.12, - | - e

|NPL <=> ]Nq| if‘land only fzf'f [Cy/Npl <=> Fcl'qu'

»

Noting that Nq is identical with I when qfz) = 1,

a

.we have, as a\conseqqen§g of Cofo}iary 6.10, the foliowing

~
L,Eorollary. : - ;: .

‘ " COROLTARY 6.13 o S I
- " 3‘In order that {snj is/|Np| convergent.if-and ondy ii//P.
- I | B . -

- , . T .

14




'S

Ld

*

e

‘normalized so as to make h(l) = 1, then o

‘
’ ?

x® .,
-Wz'av-is absalﬁﬁe%yﬁeﬁﬁvefgeﬂt"éé-ée ﬁeeesg&ﬁy—aﬂd-é&fﬁée%eﬂ%—«~7§

r=0 o b o
. : ) .

that p(z) should not have zeros on or within the unit ceirecle.

56.6 SOME MINOR RESULTS. -
THEOREM 6.22 . . .
If £(z) = p(Z)q(Z),‘th;n e

(i) [Cl'Np] => [Cl'Nf] aﬁd [Cl'Nq] => [Cl'Nf]'

+

(11) ANl => [Ngl-and N | => {Ngi.

PROOF s _
: (1) follows from Theorem 6.13 an§\4ii) follows from
Theorem 6.21. - 7

/ o o
CO‘ROLLAﬁY 6.14 W, o .

The methods [Cl,N 1 and [CI'N ] are conststent o

i.e., 1f s_ + s [Cy,N_] and s_—+s' [C
N n“' 1'"p n .
THEOREM 6.23 S :

]

l,N 1, then 8 = s'.

If h(z) is the highest commoﬁ factor of p(z) and q(z)

f! (i) a sequenee is both |C ,yp]— and [C;,Nq]-convergent
zf and only i1f 1t ie [Cl,N l-convergent,

-y

(ii). ‘a seque&ce is both IN l- and gkﬂ-coﬂvergent if

“and only 1f it is lN ]—convergent ;' ) .

PROOF . '\' = : ,

(1) The sufficiency part follows from Theorem 6.22 (i).

-

. To prove the necessity part, we observe that there are
p?lynomials '

\ 4




&

£
ot o i n o &
dtz) = 1 a_z ’
n

n=0 3

%, \ s
. b(z) = } bnzn !
n=0 N

L)

such that h(z) = al(z)p(z) + b(z)q(z) .°

I -
) = h z", say, -
. n=0 ,
¥
» “‘1
where 9«1,22,13 dre .non- negatlve integers. '
n n .
Hence lf\tn = E vSn-y - and u, = vzoqun v' then.
z lil < I}':l / .
w_ = h s = at .+ ' , . '
n V=0 v n-vr v=0 VvV ' n=Vv, v=0 " P
'where a, = 0, 'for v > ll‘and bv = 0, for v > &2. R - v
" 's  Without loss of generality, we -may. assume s, o[Clin]
> < »

and,sn_+'o[C1}Nq]. Now

A
Hl

; W
m+1 Z t |
n=0

A
g
¥

=

That ¥§ s, oicl,Nh].

. As in the préof‘of.(i),

w ' N <
w, = \)E }*n- W "—\)tv + Z bn—yuv'

t
: ‘ ~

(ii)+ The sufficienéy'bart follows from Theorem 6.22(ii}.

r



lf o . . ’f ‘ .
S a.  t -t )+ b (u u )
. o L v=0 =Y Y V-1 v=p BV VY V-‘l '
' *
{::yt;xere t2] = O,uu_l)f 0, w_l_l-;'-—- 0 ax.'xd an’_v;=r 0 (‘if M- v >.“21, -
by = 0, if n = vi> g .- - 4
EEET m - T l
- nzo_,wn B w?*l' ST o
PN N TN TT RN S NN |
< -0 la _ t, -t _ + - {b u - u I
n=0 w=g BH-V v -\) 1\ © n=0eu=0 n—\‘\g’* Y V-1 'V
Ch BE e Plogh T lu o
<7 la ] £ -t o+ 0T by u - u_ .
ki v=0 Y p=p D n-1 v=0 Y npg B -n-l
- N ’ . . . :
! 87 I, |
Hence if t -t .= 0(1l).dn U - u° = 01 3}
N N s n£o|= o un-l:L‘ 0(1),
< - A v A
. then -} lwn =Wyl o= o(1), - - /77

< n=0 et -
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