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- ABSTRACT N

*
- ’
This thesis is comprised of two distinct segments pertaining

to the optimal policy choices of an econowy interacting with the rest of
J§ the world, It is our gﬁrpoéeﬂto attempt the cﬁnstruction of dynamic-

modzls which introdsgé the complexities of labour mobility and inteéqa-

tional externalities dnto the maze of factors determining government\\ -

policy prescriptions. Consequently, we define an open economy as one
which engages in international transactions be it product movements,
factor movements or éxternalities. »
The EE{SS part of the thesis deal§ with the role of labour
mobility in the determination of a national policy plan., The models
that have traditionally tackled this problem have been specified within
4 a static framework. Manifestly, for a more complete cﬂaractérization of
the reality of the factor movement process one must undertake the inter-
temporal policy analysis relating to the allocation pattern conéerning
- products and factors between nations.e
- We permit }abOur to be perfectly mobile between countries in the ~
gengse that at each time period the nation may or 6ay not import or e#port
labour, Yet although labour services are permitted to ;ova,the owners of
these services are tied to their home country. This means that the opti-
mal policy is determined on}y for a given time interval, at the termina-
tion of ;hﬁfheriod all workers retqrn home. Indjyviduals, as a consequénce,
may never change nationalities even_though they are able ta.work in foreign

-

coungyries,

-

= In our analysis the domestic country pursues its national welfare

114




- ‘ .
over time which is defined by a social welfare functional. Our formaliza--
tion of the functional is novel because we include wmot only consumption

but also consideration of the extermality iSfect that importeéd &r expor-

.

ted labour may exert on welfare. The foreign country acts passively and
is represented by a time invariant Mill-Marshall offer function., We are

then able to derive temporal and intertemporal equilibria and comparative

-
.

equilibria effects under various patterns of consumption, investment, pro-
5 . -
duction relations, product flows and labour flows between nationms.
[

The last part of the thesis éﬁamines the implications of exter-

nalitieé, b&th international and Iﬁ?ranational, in an economy interacting)

with the rest of the world in a game-theoretical environment, ////

‘We posit the existence of private and public sector capital

N

»stocks., The later jointly yields production benefits gnd consumption

A -
benefits to society, There are international extermalities as formalized
@ _ "

by the capital stock of a nation affecting not only welfare but also the

- .

technolagy of the other economy. We are then able to prove the existence,

uniquenéssaﬁbétability of world equilibrium under differén; assumpxlong

concerning the behavioral interactions of the nations and formalize the '

optimal paths each economy should sg}ect. ' ’
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I, Introduction

The role of factor mobility in the determination of a national
)

policyv formulation has-always been recognized as an important theoreti-

cal, ag well as practical matter. The determinants of internatiogal

“factor movements, as in the causes of trade, depend essentiallv om

~

’

national erconomic difif;re;tials. These differentials may be .assified
¢ -
C— ) .
according to.preference, technological or equilibrium condi'tions and

nat{onal endowments. ,

We are able to discern two paradigms in the literatugre on the

theory of factor mobility. Robert Huﬁdell{s work [13) exemplifies the '

first. He proved that in\g\ﬂeckscher-Ohlin framework (endowments differ.

between, countries)‘perfectly mobile .capital is a substitute for product
movements. when a country imposes a prohibitive tariff, Secondly, Ronﬂld

N

Jones [10] and Murray Kemp [11) analysed the role of petfect capital
mobility in models vhere the technology differs between nations and
optimal taxes were derived for the capital movements. Finally, John

Chipman [7] has developed a comprehensive. examination of perfectly

mobile capital and the various tariffs and taxes that may be imposed.

The importance of these models [lies in their ability to determine

capital flows with reference to fundamepial:ig;ernétional economic dif-

ferences. In addition, the§ all stress the:mdteriality of monopoly"

‘power by explicating the government's affect on the international

equilibrihﬁ through tarfffs and taxes., However, there are two signifi-

cant directions that we can extend the previous models. Firstly, the

results of these works have.been.gleéned from static structures. But,

one must undertake a dynamic analysis of the allocation process for a
)

. .
.



-

more complete characterization of the reality of factor movements.

Secondly, the role of the governﬁent in influencing the equilibrium

conditions extends far bevond the impositiomn of various taxes and

tariffs. Govermments of factor S’Drting and exporting countries may

impose quota restrictions, queing procedures or may completely prohibit

7 7factor"fuo-ir;eméh—t—s’ Tﬁ;fﬁ. ‘cerraty m: --For -tastance, Camd&,cnlyimes,,. ’
temporar%’work visas to named workers. An emplover cannot.order a group
of anonymous labourers. The foreign government supplies the names to
the &anadian Government who then anters into the transactions process.
Narrowing the focus to labour mobility alone, L: Hunter and
G. Reid [9] state that govermments mav restrict the amount and composi-
tion of individual weaith internationally transferable. Migrants may
‘ge able to allocate their labour income into any form of savings, Put
before their return home they may be constrained to sgll all theifv'

. ) . N
financial commodities of the foreign country. Political, social and

»

economic institutional differences among courtries are examples of

further hindrances. Some of thése differences will affect the migrant's
behavior. For-example,a policy objective of the Swiss Government was to
encourage economit expansion yet at the same time protect their workers,

Among the means of achieving this target was the restriction of "guest

.

workers" to specific residential areas and types of employment, while

at the same time denying them equal social security provisions, Mani-

, ¢
festly, the implications of the dynmamic nature of factor mobility and

N

the government involvement in the transactions grocess must surely play

. 1 .

a crucial part indetermining a national policy plan,

Receﬁtly there has been theoretical work which has attempted to

capture some of these complexities, James Melvin and James Markusen

’




[13] have dealt with the role of the government in a static Hechscher-

Ohlin framework. They ;palyse the welfare effects of a goggxﬂment
restricted capital movement from a large to a small economy}l On the
dvnamic side, Pranab Bardhan [5] has constructed a ;imple one-product,
two-factor system.in which a country, who influences the world rate of i
interest; mayv or mav not import capital in;a non-trading situation.
Robin Bade (2] has extended the Bardhan model to allow for iuperfe;n
capital mobility. Badé and Bardhan focus on the‘dynamics and.stress the
role of the govermment by couching the problem in a centralized econo-
mic enviromment.__ |

The purpose of this paper is to extend the two-factor, tw;—
product, neoclassical optimal growth model to include trade and
labour mobility. Bardhan [4] and Harl Ryder f15], among others, treat
aspects of optimgl growth and : ade, but they assume, in particular, -

perfect factor immobility. this essay we perpit labour to be mobile

between two countrieg, but

Cea

der govermment control. However, a country

not intertemporally omstraiged to only import or export labour bfings to

L]

the forefront afundamental ddstinction in dischsions of population

migration. The basic distinction rtains o permanent and temporary

individual‘movemeﬁis.

Our objective centres on temporary movements, which we will refer

-

to as labour mobility or in everyday parlance as the 'guest worker" or ;

the "foreign tract labour” phenomenon. Forﬁally, this means that
although fhe gthrnméﬂt determinéd flow of labour services may move
internationally, the owners of thePe services, the houssholds, are tied
to ;heir‘hometgmntsy. The government's optimal labour policy is effec-

tive for a given time interval; at the termination

*

of the period all

L)




-

workers return home., Individuals, as a consequence, never change

nationalities even though they are able to work in fé{gign countries,
In this essay, then,we do not address any of the questions relating to
permanent population migration such ;s the brain drain.

The significance of temporary labour movements cannot be under-
estimated from the viewpoint of recent historical and contemporary
information describing the functioning of the yorld's economies. W. R,

Bohning [6] presents an extensjive institutional and quantitative

description of the guest worker phenomenon on the European scene.2 In

particular, he discusses the B,E.C. countries, Switzerland,Austria, among

others and the various traditional "feeder" countries such as Spain,

. - o

Turkey, Yugoslavia and Portugal.’ Indeed, as is occasionally overlooked,-
» R -

the temporary forgign worker 1is present in the North American economies,

Canada, for instance, impor®s guest workers from various nations. In
particular, British Columbia imporgs labourers from Yugoslavia, the
Prairie Provinces from Mexico and the resource and construction indust-
ries import from Britain, Poland amd Standinavia.

Having described the class of individudl movements we are about
to analyse we now need to specify the determinants of these flows. It.
is assuméd that demand and/or production conditions differ between the

A

countries puch that there is the potential for intermational trade and
labour t;ansactions. In.;ddition, as in Ryder [15], we suppose that

one centralized nation determines the world prices of all the commodi-
ties, The fact that the price-setting nation i; centrally planned implies
tha; the mbnoboly power of tis economy manifeaga itself in the govermment.

These assumptions explicitly formalize the prominence of the government

in the transactions process. In our mod&l the large centralized economy

. maximizes, over time, its social welfare functional subject to technolo-




> . -

gical and equilibrium conditions as well as the time-invarient offér

function of the foreign country. The small foreign country is solely

[

represented by its offer function because it behaves passivély. This

means that any set of pricesdetermined by the large nation will bring >

about a definite quantity of product and iabour movements between the

two economies.3 o

Our formalization of the welfare functiomal 1is novel because we
includeinot only consumption but also consideration of the externality
effect that imported or exported labour may exert on welfare, To thé
receiving country there are the obvious benefits that foreign workers
facilitate and accelerate the path to economic development. There ié
also the social gains from the intermingling of individuals fFom vari;us
cultures ;hich enharices humaﬁ understanding. Yet, '""guest workers" are
usually unskilled and therefore tend to have a relatively lower level
of labour income. Hence by government edict ;r individual ;hoice the
foreign workers may gravitate to squalid ghettoes yﬁ}gh may lead to
crime and reinfor&e'discrimination. The sending countries benefit from

-

exporting surplus labour by maintaining full employment of their natiomals .f
.

even though their domestic production capabilities could not Aggor&‘the -

complete labour force. Finally, there are the social costs of having to

[}

separate families in order for workers to seek employment in foreign

countries, Hence, we construct our model so that we are able to account
‘ for Yeifare external economies 6; diseconomies.
Among. the major qualitétive conq}ﬁsions pertaining to the
momentary or temporal equilibrium of the large nation is that in the region

of production diversification we are able to prove the Generalized Rybclynskd

theorem, that an increase in the capital-labour endowment ratio increases
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(décreases) the capital-intensive (labour-intensive) product. Also ;

. the excess demand for labour is a function of diffeféﬂ% variables
depending on the patterm of ﬁroduction. In production ddversifica-
tion an increase in the demand price of investment will increase :
(decrease) imports (or decrease (increase) exports) of labour when the . (/N’
investment product is labour-intersive (capital—intensive). When the

economy completely specializes ig\tgs proqyction of the investment
product an i;crease in the investment price and the capital-labour
ratio will increase imports (or decrease ;xports) of labour. Further-
more, an increase in the capifal-labour ratio will increase imports (or
decrease exports) of labour wheg the nation only produces the consump-
tion product. Irrespective of the regioﬁ of complete production
- specialization, the optimal value of imports (exports) of labour will
“be less than (greater than)' the labour supply in labour endowment form
divided by the capitai-labour elasticity of labour imports (exports).
In terms of the optimal path one of the significant results is
that the trajectory tracing the movement of the investment price as a
- function of the capital-labour endowment rdtio may be upward sloping
for values of the capital-labour ratio less than the steady state
value, This implies that the country does not have to pay such a high
en price for being underdeveloped relagive to nat}ons with?ut factorlﬁobi-
lity.f The reason for this is due‘to the fgqtfthat-the governmeﬂ? can

increase the welfare of the nation by eiporting more (or 1mp6rcing less)

labour, thus increasing the consumption of their nationéls remaining

at home due to increased domestic consumption expenditure and increased
' o — -
repatriate® labour income by the exported workers.
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The basic model is set forg;iih in section 2, 1In section 3, the
. e
Conditions of temporal equilibrium.jre gerived along with the alterna-
! tive patterns of specialization of expenditure, production, trade and

C _ labour mobility. Section 4 dg‘:‘ls with the intertemporal equilibrium

-

and the nature of the optimal pa* We then extend our analysis to allow
for reversible investment,Harrod neutral technological change, for a

. &
— .- certain class of learning py doing production functions and the competi-

tive model.

\




2. The Model

t

We consider a two sector neoclassical growth model. 1In the
model there are two countries, a domestic or home country and the

foreign country. In each nation there exists three categories of
*»

agents, households, firms and a goyernment, We have a consumption pro-
duct, an investment product and.the factors of production, labour and

capital, In the domestiec country -let

.

- Yi(e) = iR (e), L(0)), KR (), L,()20 £=1,2 (1)

.

where Yi(t) is the output of the ith product ({ = 1 is the consumption

~ . B .
‘ product, i = 2 is the investment product) in perid!-t. Fi is the produc-*
a . .

‘tion function of the 1th product, Ki(t) and Li(t) are the inputs of
capital and labour, tgspectiveiy in the 1th product in period t. We

. .' K
assume that the production functions have the fdllowing properties

F, is homogeneous of"degfée one in Ki(t)’ Li(t)
.
//)”j/ : ' ~ . .

3F JF '
i > O’ i >0 N
al(i(t) aLi(t) . ‘
’ azri azFi ,
—5 < 0, — < 0, for 0 < (Ki(t)’ Li(t))< © {4 =1, 2.
kK", (t) L, “(¢),

Ki(t) and Li(t) are plecewise ¢contdinuous functions of time, 1 = 1, 2.6
1
Next we define consumption and investment as

v Q

X (£) = Y, (6) + 2,(t) X, (r) 20, Z(t)e(==,®), 1 =1,2. (2)

] -
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where Xi(t) is consumption in period t, Xz(t) is investment in period t
and Zi(t) is the excess demand of the ith product in period t with Zi(t)
>0 signifyiné'impgrts and Zi(t) < Q signifying exports. We also assume
that Zi(t) is apiecewise continuous function time. Hence by the assump-
tions on Ki(t), Li(t) and Fi we have Yi(t) is a piecewise continuous
function and thus Xi(t) is piecewise continuous.

The capital services market is delineated by
, K{t) + K (t) = K(t) ‘ (3)

where K(t) is the endowment of capital which is given in period t. K(t)
is continuous and possesses piecewise continuous first deiizgpives{ The
equation for the rate of change of capital over time is gtaé‘ by

K(E) = X, () = uK(t) : (4)

where K(t) 2 0, 0 § u < = and fixed with u being the rate of deprecia-
tion of capital, and K(0) = K_, 0 < K6'< » , is the given endowment. .
_—— .

Finally, the labour services market 1is characterized as

Ly(e) + Ly(t) = 2, (e) = L(t), Z (t) € (=,%) (5)
where L(ti is the endowment of labour in period t. In addition L(t) is

-

continuous, has piecewise continuous first derivatives and is given by

L(t) = Loent , . (6)

where 0 S n < w is the fixed rate of growth of labour and 0 < L, <@

is the given initial eﬁdowment. ZL(t) is thg'excess demand for labour,

with Zﬁ > 0 signifying that the domestic country ¥; an lmporter of

labour in period t, and ZL(t) < 0 means that the coumntry exports labour
-

in period t, ZL(t) is a plecewise continuous function of t{me. We

-
.
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‘must observe that equation (6) in conjunction with (5) means that

11

although a country may or may not import or export labour the owners of
. L3

the labour never change nationalities. At t = 0 once a unit of labour

~

services Jds endowed to a household in the domestic country it may never
become part of the endowment in the foreign counfry for t 2 0. Thus, the

labour endowment in period t does not include foreign labour. We may

»
.

define L(t) + ZL(t) as the resident labour supply. If ZL(t) > 0 then
the resident labour supply is greater than the endowment of labour and
if ZL(t) < 0 then the resident labour supply is less. In the case where

ZL(é) < 0 then we may refer to ZL(t) as the nonresident labour supply.

For a2 more concise statement of the problem }et us define the

variables
Y, () x'i(:) z ()
— =y (t), = xi(t), = zi(t)
L(t) L(t) L(t)
(t) K(t) L, (t)
AL 2 (D), - k(6), —— =2 (1)
L(t) L(t) L(t)
Ki(t)
= ki(t), i=1, 2.
L, (t) '
Thence, our model is tranformed to
y (8) = & (¢) £, (k, (£)) \1=1,2 (7)

where fizki(t» is defined for ki(t) : 0. We also have i -

. flh(ki(t)) >0; f.:(ki(t.n <o, f;(o) =, f;(m) 0. (8)

x, () =y, (t) + zi(t) i=1,2 : 9)
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Kk (c{ £ (8) + k() L,(e) = k(t) o (10) .
1 1 2" .

El(t) + iz(C) - zL(t) =1 (1)

L[] Y [y

k(t) = xz(t) - Ak(t) N (12)

where A = i + n and k(0) = ko, 0 < ko < =,

| Regarding the international commodity flows we assume that the
two products and labour are perfectly mobile while capital is perfectly
immobile. Defining the world market ;quilibrium conditions as the sum
of world demand and-?upply for each product and labour equaling z;ro,\
the domestic demand équals the domestic §upply of capital and the foreign
demand equals the..foreign supply of capital for each time period then

equation (3) may be interpreted as the capital market equilibriym condi- .

+

tion Por the domestic country.

We must now describe the foreign country. This delineation is

‘summarized by a Mill-Mé}shalL offer‘function which relates the foreign

excess demands of consumption, investment and laboaur. As a comnsequence

~ of our definition of equilibrium we may specify the function in terms

of domestic excess demands. Moreover, w8 find it convenient to define
. }

_our variables in labour endowment or labour intensive form and this formula-

tion brings to the fofefrou; an important problem in dynamic international

- ~

analysis, ., It i§~by now well known (Bardhan {3} and Kemp-[ﬂQ) that if the
rates of growth of labour differ between countries in a two country world
then in the "1limit" the nation with the h;gher rate wE}l approximate a
self-sufficient economy while the other country will also tend to a closed
économy. Both these limiting cases are essentially special instances bf the
model where both countries are, indeed, open economies which implies, in

’
particular, that the rates of growth of labour are the same. Therefore to

N\
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treat the most general case we will assume that the rates are indeed -

equal, In the light of this asstmq)tion we may nomalize_, without léss

of generality, the initial endowment in the two countries to be equal. .

.

.
y L]

Consequently, for all time periods, the labour en&owments in 4.
both countries are equal and zl;(t) e [-1,1], with zL(t) = -1 if ar}d on’y
if nc?thing is produced in the{xome .country a:d zL(t) = 1 4f and only if
nothing is p%’bduced in’ the foreign country. We now may write the offer

function and assume it 1s of the form: : -

z,(t) = g, (z,(t)) + g,(z, (£)) - _ ..(13)~

: \

1 ] ”" N
and g, (0) = 0 = g,(0), g, (z,(t)) <O, g, (z; (£)) <O, gl(zz(t)) <0,
"
gz(zL(t:)) E- 0. Then, of course, 0 = 31(0) + 32(0). Notice also that we
are assuming the foreign capital-labour ratio to be fixed, that is why it g

»
does not appear in (13).5 This implies that imvestment behavior in the @
foreign country is such that an increase in imports of the imwestment p.ro-
)

duct must be accompanied by a proportional decrease in the production of
the investment product. In addition for simplicity we assume (13) is R

[

additively separable which impli&eo that demangl_ and production conditions .
interact in the foreigp countries (and any repairiat.ioﬂa ‘1f the for‘eig:i )
coup;ry exports labour) such that the vertical distance between any two
offer curves. in~(zz, zl) space 1is equai irreapectivg of thg values of zz(t)_‘
and zl(t) (se.'e‘figurQ 1), Obviously then imbedded 1n (13) are tl‘ie demand

and/or technological differences betweeh the two natitns., ¢ | . ’

Pinally, since we are concerned with'the optimal path, we must

establish the appropriate objective functional for the éovemqent to maxi-

mize in order that the optimal trajectory may b; selected. We postulate « .

. »

that the government attag an increase in -
. ; ] : A
( N\ L

. \4\ .‘,

> ’ ’ J
- . ) L
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soclial we

of the economy. But we must be Saire that by the definition of demand

any consumption of forbign workers in the domestic country is treated ®
as homg‘cbnsumption. Iﬁ a model purporting to anslvze labour mobdlity,
explicit recognition mst be made of this pﬁenomeﬁ;h. 1f, for example,
the social welfare‘funétion retained that portion af consumption attribu-

table to imported workers then the home governmant posits that increases

b

in consumption by these foreign labourers for a given labour endowment
increases welfare. This may appe€ar to be and indeed may be a plausible

assumption. Nevertheless we shall not adopt this presupposition for it

Q ~ .
turns out that our sp¢cification generalizes the -above mentioned.
\
»~ To begin with, we ®assume that the consumption of imported worlers

L

in the domestic country is subtracted from the total consumption in the
home country. Iﬁis may be justified on the grounds that the country
exhibits extreme natjionalism with respect to its workers in particular .

) -
and its population in general,in the sense that only econsumption of its
IS -~ '
nationals not regidents is enumerated for social welfare. ¢le refer to this

»
structuralization as Bardhan's extreme nationalism assumption as he wasg, I

- L3

believe, the first (Bardhan [5]) to use a variant of it. ‘What remains 1is

the question concerning the treatment of the exported labour's congump-

tion. Keeping in line with the nationalistic tendencies of the home N

‘government we assume that the consumption of the nonrésident labour supp}y .
is added to the consumption of the resideqt population in evaluating ;“

,national welfare. Given the posturé of ‘the problem, in particular

that the nonresident iabou} supply always remain nationals of tﬁe

domestic country, consistencey impels us to treat exported .workers'

congumption in this fashiéﬁﬂ
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~
We may translate the preceding into a social welfare function
defined as, v(xl(t), zL(t)) - q(xl(t)~+ é(zL(t)zt(t))where ¢(zL(t)) is
the negative of the consumg;ion per imported worker if‘zL(t) > 0 or the
negative of the éonsumption'pgr eiponted worker 1if zL(F) < 0. Therefore
. if ¢(zL(t))zL(t)'is negative it is defingd as'the negative of the total
‘ consgmption of imported labour and is subtracted from xl(t). On the other
hand if é(zl(t)) zL(t) is positive,.it is defigfd as the total consumptioﬁ
of exported labour and isiadded to xl(t§: Finally when zL(t) = 0 the
term ¢(1L(t)) zL(t‘) vanishes. In addition we assume - = < ¢3(zL(t)) <0 ~
for z {t) < 0. : S
Hence the domai;cﬁ';he welfare function.ié specified but nothing
'ﬁas been stated concerning the curvature of the function, whick implie;
whgther changes 1; the level‘o?‘impdr;qd or exp;rted workers lead to
marginal social externa£ economies or egtern;i dis;conomies. Moreover
if zL(t) > 0 then it is only ﬁéssible by definition to have xl(t) 2
-¢(zL(t))zL(t) > 0. If xl(t) = -¢(zL(:))zL(t) then only tﬁe foteign'

' workers in the domestic country consume. TFor any. realistic economic
model this is an untenable occurence.. 'Iq addition when the cauﬂ£ry
exports labouf it 1is then possible for xl(t) to be equal Eo.zero, so that
‘any consumption must consist only of;;hé consumption product pro-

duced ;‘! demanded ir® the foreign country. The in;toduction-of
international 1abou£ moBility precipitates the novel circumstance

that xl(t) = 0 daes not imply zefo consumption level for the pppulaticn'
of the ﬂome‘cbunt;y. HoWwever the econcmic Procesé that arises because

of xl(t)dﬁ 0 is rather pathological, as we shall see in‘sppendix 3. Con-

sequently, in the muuxbody'of the paper we believe it wiser to rule out

- (-]

this case.
Pl . o



Previously, from equation 13, we have allowed the foreign qffer
> A
function to adopt %rmyriad of shapes since 32" = 0. To be more specific
: . -<

we how assume that the fumction gz(zl(t)) + ¢)(2.L(t))xL(t) t® be strictly

f
concave and posséss a non-positive first order derivative with. respect to

zL(t)° This formulation isj:ery general in that it allows for such

phenomena as concave'and/or( onvex foreign offer function and margindix

social economies and diseconomies a®socisted with changes in labour im*
ports or exports. The economic meaning of the sign of the first order’
derivative may be easily explained. Supposﬁ'zL(t) > 0 and gz' <0<

-¢'zt - ¢. This states that any decrease in imports of the consumption

product must still permit sufficient domestic production to supply the

increased consumption of the foreign workers due to an increase in impor-

-

. 4
ted labour. Similar meanings are apparent for the other cases that may

cccur., - Summarizing we have .
-~

. .
vix, (8), 2z (£)) = Ulx,(t) + ¢(zL(t))zL(t));

= $ 3z (€)) <0 4f 2, (1) 20, = 5 6(z (£)) £ += 1f 2 (£) = 0

vec?; U' >0, UM < 0, 1f ® 2 x,(£) > max (0, -z, (£))z, (D)),

U ==1f x () £ max (0, =6(z; (©))z/(t)); (14)
8," (2, (83) + 8" (2, (£))z, () + &(z () £ 0,
8," (2, () + " (z (£, (1) + 26" (2 (£ < O,

Obviously the relations contained in (14) satisfy the prestated feasibility
réquirements. We must recognize that there is no reason tao constrain
¢(z, () = 0 1if z,(t) = 0, because when 2z, (t) = 0 the domestic country may

experience an exte;nal diseconomy or econotty depending on the sign'\




of o(zL(t)). However when zL(t) = 0 we do not interpret @(zL(t)) as

the negative of consumption per imported or exported worker but only
as a factor determin%ng the externmality associated with zL(t) = 0.
Conjointly the tetm ¢(zL(t)ZZL(t) has numerous attracthve features.

Firstly, it permits an abundant assortment of externality effects on

social welfare associated with labour mobility. Secondly, in previous

literature (e.g., Kemp [12]), dealing only with the simpler static

L]
models, the consumption of the domestic country's imported (or exported)

labour was a constant, Moreover, thig& constant was the same whether

the country imported or exported labour. aﬁanifestly this is an un;egllstic

.

simpiication which our model rectifies in a quite general manner.

Thirdly, the inclusion of the term ¢ (z; (t)) z, (t) as specified in (14)

-

is the mathematical generalization of all cases where the home country

evaluates the consumption of its residents and/or nationals in any

—

combination as a single argument social welfare function; although
the economic meanings are different in each cage, such as the evaluation

of- the consumption of residents, i.e., ¢(zL(t))zL(t) = 0 for all values

of zL(t). . .

* .
Let us proceed to define the social welfare functional &,

Wery (0, 206 = J7 &7 o (8) ¥ 8z ()2 (e))ae (15

v ’
where 0 < § < @, ig the constant social rate of discount. Imbedded
-~ )

§, among other value judgments; is any appropriate weighting of each

7 period's populafion.

.- »

We have now reached the stage where we can adequately define

A}

the problem %onfronting_the domestic country. Define the vectors

(we now drop the argument t/ from the relevant functions to simplify




X = Y y k kK k L i ) = 0
( ]’ } !’ ]’ :Z’ » ] :!

Z = (zz, z.)

L

T >
vV = (kl, AZ’ p, w, r) =0

where ll is the supply price of consumptionm, Az is the supply price of
investment, p is the demand price of investment, w is the price of labour
services and r is the rental on capital serviceg. Notice that 21 and

12 may both be zero. In this case the domestic country does not produce
anything'but'it exports all its labour and thus individuals derive

their consumption and consumption imports from working in the foreign
country. A solution of this gype might be applicable for countries o
similar to Luxembourg or Sambia. - .

The economy has the following mini-max calculus of variations

~

problem to solve,

I (X, 2Z,V) = f: e 5t Li)ae (16)

min{V} max {X,Z}

where

19

L(yly YZ, kl’ kz! 9‘1’ 12’ k’ 229 le Al’ Azs P, W, r) - U(Yl + 81(22)

+ gZ(fL) + ¢(zL) zL) + Al(llfl(kl)—yl) + kz(ngz(kz)—yz) +.w(1 + zLall—lz)

N . .
F r(k - llkl - Ezkz) + p(y2 + z, - Ak - k) a7

subject to, X - o, vV 2 0, 0 < ko < @,

Let,



.20
£, (k)
w i1
T =- wi(ki) - -f—iT-(ii—) - ki i 1,2
and for ' -
k L]
(1+z,) ky (W)
L
then
k
wi = Lx.\i (mzj-) i=1,2.
We also assume that,
[ ]
lim Ki K
Ky >0 L o (EID -k, (wj ( TI;;ET;) ) if anq.on}y if

L
-

¥, = 0, ¥y > 0 or ¥y >0, ¥, = 0 but not both vy " 0= Yoo

-

1,4 =1,2,1943.° \ .

-

The last assumption (Hayek {8]) states that 1f‘>he economy produces

’ only one of the products then the capital labour ratio for the nonproduced

£y

product exists and is a function of the wage-rental ratio forethe produced
product. This assumtion is implicit in all neoclassical growth models

and permits us.to salvage the first orde; conditions and’ the sufficiency
proof of optimality of the solutiod when the economy is completely
specialized. M8 the first or&et and transversality' conditions of ‘

optimality are (all derivatives are evaluated at the optimum),?

L
_ﬂ'. - v o : ‘ ' : . @
ayl U Al 0, Yy (v Al) = 0, Y1 0,
L “y, 2
® ] 'a_'y'; -P - Az .‘- 0, Y_z(P - X2) 0, y2 0)

-




g

21

aL - v T aL - ] * . A\ < -
322 U 8; (zz) +p=0, 5;: =U (g2 (zL) + ¢ (zL) z; + ¢(zL)) +w =0,
SLoL L'k -1 S0, k 2 (A f'(k) —¢) =0, k, 20, 1= 1,2
3, 14151 %y » kylg WAty Ry » Ky =0, 1=,
L N f (k) -w-rtk S0, 2 OLf (k) -w-rk)=0, 2 =20, i=1,2
”ali 1711 i ’ ivVi44 LS ¢ LS § ’ ’ '
JL N . > .
ﬁ;— = Qifi(ki) -y T 0, Ai- 0, 1 =1,2 (18)
JdL >
T-l‘i’zL-ll-QZ'O,w'O,
oL ) ' >
ol k -2k, - Lk, = 0, r =0,
g—; -y, tz, -k -k=0,pZ0,

p = (A+8)p -1,

lim e-dt p(t) a 0, lim e-6t p(t)k(t) = 0, 0O < ko < @

t+ o t+
These conditions on the outputs, 1npﬁts and prices are quite standard
when y 2 0 for then the capital-labour ratios are well-defined in each
of the producéion functions. Consequently we may make the appropri;te
substitutions for r in %%— , 1 = 1,2. However we allow ¥y - Q= Yoo
i.e., a feasible solutioniwhich may be optimal is for the ;ountry to
export all of its labour, then k = 0 = 11 = 22.
indéterminancies arise in this case, they play no part in the analyéf;

Although certain

as'we shall observe ‘later. Equation system (18) points out thﬁi at
.

the optimum the demand price of the investment product in terms of

the instantaneous marginal social welfare is equal to the negative

of the slope of the foreign offer function with respect to z,. 'The



final interesting and important condition is the equation %%— = 0. -
, . L
This equation can be interpreted as saying that the domestic country
. v "
. determines the excess demand for labour according as the differential

between the price of labour in terms of instantaneous marginal social
welfare and the negative of the slope of the foreign offer function
with respect to 2z

[y

. -
labour externality in terms of the instantaneous marginal social welfare.

L is equal to the instantaneous marginal social welfare

From this juncture onward it is best to proceed by analyzing
~
individually each of the different patterms that arise. In doing so,
we shall find it more convenient for purposes of deriving temporal

equilibria, comparative equilibria results and steadv states to reformulate
) -
the model as an optimal control problem. The solution is also facilitated

by initially setting U' = 1. We are then able to convert to the original
and more general case where U' > 0, U"‘# 0 by appropriate modifications.
The disquieting aspect of letting U' = 1 for all values of the arguments

of the social welfare function is that optimal policies of the fbrm

x = ¢¢(zL)zL are feasible for z, > 0. As stated earlier this obviously

L

runs counfer to any economically sententious formulation. In additiom

it is possible in the linear welfare function case to find that x, = 0

is a solution to the domestic country's problem. However because e
we are only interested in the linear case as a means to an end, and
end which fules out x, = 0 solutfdns, we ‘shall relegate~policigs of
this form to.appendix 3; where we {include it for the sake of mathematical

completeness. Finally we assume that the linear social welfare functiomal

Lo> :
is only defined for x, + ¢(zL)zL = 0 which prohibits the completely

L

meaningless salution Xy < -¢(zL)zL if 2, > 0.




-

Temporal Equilibria and Patterns of Specialization

,

In this model we discern eight different specialization patteruns

of production and expenditure as specified in Table 1. In additiom,
.within each of these patterns are the subclasses referring to the

international flows of consumption, investment and labour.

3.1. Pattern v, > 0, v, >0 .
1 2 .

We begin by assuming that factor intensity reversals never take

place in the economy so that kl - k2 is either éreater than zero or less
than zero over the horizom. Factor intensity reversals can be incor-

porated but this would only obfusca:e the jain thrust of the essay.

Therefore we can solve for l and 12 from equation system (18) when

yl>0!Y2>0:’
k - kz(l + zL)
_kz

k)

kl(l + zL) -k

ky -k

),

k - k(1 + 2
) £,(k,)

-kz'

L

+ zL) -k
— kz ) fz(kz) .
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Hence our preblem is redefined as

o k - k., (1 +2z,)
-3t 2 L
w(zL’ZZ’kl’kZ) - fo e (¢ kl =R ) fl(kl)
max {zL,zz,kl;kz}
+ gl(zz) + gz(zL) + @(zL)zL] dt. (23).

kl(l + ZL&‘ k
ki -k

subject to, k = [ ] fZ(kZ) + 2z, -k N

2 \
¢ > ° :
= RY
kysk, = 0, 0 <k <o 3

Our first order, second order necessary and transversality conditions

are deriéégffrom the following Hamiltonian,
. 5

.
- -
- PO

. k -k

. o - ' 2(1 + zL) -
=¥ H(z ,z,,k;,k,;; k,q) = { k- K, 1 £,0k) + g,(2)) + g,y(2))
- ' -
f/w - - - i
’ L > ) - kl(l + ZL) -k
L ]
+ ¢(z; )2, +q [( y— ) £,(k))
. 1 2
+'zz - Ak . (24)
o Then (all derivatives evaluated at the solution) .
dH -
F Y oL . ' - -
9z .,. 31(22) ta 0, . .
- 2 3 .
k,f.(k,) k. f,(k,)
o9H ' 2711 1°2'72
— =g (z) +¢'(2 )z + €z ) ———_—+q——_—- 0,
BzL. 2 L L°“L L kl k2 k1 kz {
k - ko(1 +— )
3H -2 i n
LN - - - -
3k 2 [(kl kz)fi(kl) fl(kl) + qu(kz)] o,
1 ey - ky) .

(25)
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‘ »
k(1 +2) -k \
3H 1 L , ' = 0
2 (kl - kz)
- e -k .
= - 4
k ( S ) fz(kz) t 2z, Ak,
1 2 g
' . 3H -8t > -8t
0 <k <&, q= ¢ - 5 lime q(t) = 0, lim e q(t) k(t) = 0.
- t - t + :
Furthermore the Legendre-Clebsch condition states that the qgmiltonian
must be negative semi-definite with respect to the control variables,
'zg,zL,kl,kz. The Hessian of the Hamiltonian is.comprised of the elements,
B ey <o, 2R Lg.2H H g M
8222 1'°2 . 92,92 32L322 az23k1 dk, 3z,
2 2 ZH
————8 H = = a H ‘ a -= n " '
= 0 = o S ey e+ 20z <0,
2772 2772 &z
’ L
, .
‘ 5 R 5 At kpfy (k) 8 £o(k)) a4 kg, (k)
9z, dk Tk, -k 2" Tk, - k, 2
' - L1 1 2 (kl - kz) 1 2 (kl - kz)
L
) dH JH
The sign of this expression is determined by setting O = 72— = =— .
akl 3k2
Yielding
- ! - = - ' -
(ky kz)fl(kl) fl(kl) + qu(kz) fl(kl) + q[fz(kz)(k1 k,)
[ 4 k ’\
Solving for q,glves, . ;
- M s )
£ (k) = (k) - kp)Eg (ep) flg‘l) N

i fl(kl)fé(kz) - fz(kz)fi(kl) - fi(kl)fé(kz) (kl - kz) =0 (28)
\ .
J - o AN
N [ ]

- . S




vy

‘ ) 27 .
‘ ‘
.
and thus . .
| - S
£.(k,) £ (k,) .- >
L1 .22 ’ (29)
[] [] .
,fl(kl) ——l fz(kz) 2 .
/] »
But from the definition of wi(ki) 1= 1,2 we then get
! L
‘.’I A
wm w‘l(lsl)' = wz(kz) . (30)
)t oH . .
Moreover W = E- 0 for vy > 0, v, > 0 implies ~fh§t
. / | '
£1(k,) = .
q = pﬁ‘- % (31)
. 272 .
3%H " ' . .
Returning to 32 3k Ve have with the appropriate substitutions for q S
32,3k, :
and w,
. N
g I L [-k(k.-k)+k(w+k)+k(w+k)
3z dk 2 21 2 2 1 1 2
L1 (k, - k,)
1 2
. - . ' -
- kz(w + k;) - k]:(u.) + kz)] =0 ., (32) §
Now, .
' 4
o o B /&) B dghk) .
3z, 3k, k- K, Gy - “2)2 N N .
- . .; 2 . )
<@
"2 £ (k,) :
3°H 1'71 : :
- (- k(@ + k) + R (k, -,k,) +
3z, 3k, &, - k2)2 1 1 1 o
‘ kjw+k)l=0 GO
o "i ¢
2 Pk . . )
3°H -2 _ ' _
Sk oz, . 7 {lky -k (kp) - £,0) +
1°°L (kl - k2) .
] - ) »
. qu(kz’)l 0 . (35) .
i s
[ ]



)
- 2 -
°
2 k - k(1 +2) ' '
. 3 Bz -2 2 3L 1 (Gep = k) Cky) = £, (k)
3k (ky - k)
_ k - kZ(I“* 2,) :
+ qu.(‘k;)) + & 3 ] (kl - kz)fi'(kl) (36)
LR (kl - kz)
2 YQ
- k-lé(l-i-z)'\ ¢
3232‘- [ Lk ] kg - k)ENK)) (37)
3k, (k; - k) |
‘ ., 3%
ifkl>k2 thenk-k2(1+zL) > 0 and ak2<01fk2>k1 then
1 =
2
k - kz(l + zL) < 0 and again 9 &2 < 0, Continuing we get,
: }'Bkl
@+ z) K -k (L+2z) - ~
giﬁak == = 42 - 2 3 100 - k)€ (k)
1°%2 (k) - k)" - oGk - k) :
. s
] k - k2(1 +°zL)
(kl - k2) o
(- £10e) +afyGy)) =0
2 k., - - . @
°H 1 ' i
3,92, 7 1= £(k)) + a(f3(K) (e - k) +
(k, - k,)
1 2 '
+£,(k))) ] -0 "(39)
R 2, kKA +z)-k PO
TR AT ) - k) Gy) < O ()
dk k, = k,)° . -
2 '-,A LY ., 1 2 3 <
32H Qe+ zL) k1(1.+ zL) -k
TR 721 37— 110 - £,(ky)
e O . LA CAE 5) :

28



-

kl(l T zL) -k

)
2
(k; - k)

(- £1(k)) + qfj(ky)) = 0 . . 6D

>

.

The Hessian is’ then a diagonal matrix with all the diagonal elements

negative and therefore the Hamiltonian is strictly comncave in the

controls. The complete explication of the Legendre-élebsch necessary
conditions illustrates the importance of the ;fternality term and the
acceptable forms it may take on while stiIITSatisfying_che‘conditions‘
of optimglity. .
We seek the solution of the first order conditions and the effect
that ehanges in the capital-labour eﬁacwqegt ratio and the demand price -
' of investment h;ve on Kl’kZ’22’z£’zl’y1’y2’x1’x2' Before proceeding to

prove the results we shall summarize them in the following theorem.

L4
[ 3

Theorem 3.1.1. If y; > 0; y, > O then k; =k (a), k] <0 iff Ky < Ky

- . - A At . '- A At
i 1{2, z, zz(q), s, > 0; z zL(q), if kl > kz then 2 > 0

L

- ~ A'
zl(q), if kl > k2 then Z < 0, if

»~

i1f k. > k . 0; 2

2 1

8' zl 39

L o 1 2
gl v 3 v1m ¥ (@), = <0 Aff
2 " "2

-, ~

+

o
k,_q),-m(—Z-ZOifszzkl,Eq—z>0;

~
.

. ®
1jk W<O,_if

2’ 1 2
~/

if k., > k, then

d
I’y

- 321 5 . o
k, > kl then 3 < 0 1ff . X, = Rz(k,?),

3L
> 2 ’
iff k2‘< kl’ 3 > 0. )

20

-~
-—

Embafking on éhé proof, observe from the definition of wf(ki)y

—~




-

£, (k) s o B}
wi(ki) -F;__(Ei_)-ki ot i=1,2 ‘
oo .
£ (k,)E"(K,) T
W Geym- A1 1 >0 1=1,2 ° 42)
(fj‘.(ki)) - >

- .
Since wi(ki) is monotonic then,

K, Goy) = w0t () Ci=1,2 y (43)

and
1 ) . *

kj'_(wi) = W >0 | i=1,2 : (44)

From %—1—'- 0= gg—z we see that .
. ~ . \ e‘
fi(kl(w)) .
g'p(w)'m-)—)>0 , (43)
BN =

and . . .

p' (W) X kl(m) - kz(w) ' . (46)

plw)  [ky(w) + wlfk, (W) + ] )

with ° . . ‘

sgn B8« sgn (kg (@) - ke, @) ‘ (47)

[ )

Since p(w) is monﬁtonic then, ‘\ :

woewl@) =p Y@ . (48)

, T
and
. l . ' . * -~ ' ”
w, (5)4' P () * OB @ (q) = sgn (k; (w) - ‘f%(‘q’) . (49)

Hence, the first order condit%:ield ki(q) 4 = 1,2 with egn ki(q) =
Ne:g

sgn (k, (W) - k,(w)), 1 = 1,2, fron:‘gg—we get,

. . 2 -




) 1

>
dq sg(zz)

and thus, -

z, = zz(q) , where zé(q) is given bv (50).
. ]

dz
Substituting ki(q) i = 1,2 into %%— and solving for EEL vields,

L

Crow " \ dz, Ky (Q)f, (k)
[g5(z) + ¢ (z )z + 20" (z/}] & - @

ko (Q)fy (kky(a)  ky(Q)f, (ky)
k(@ -k 0 k() -k, @)°

(- kj(g) +kj@] +

k, ()£, (k) L@ @ k)@
ki(q) - ky(q)  ky(@) - Kk () k;(q) - k,(q)

qk (q{f‘(k Yk (q) qk, ()£, (k,),
1 2V 2% 1 2V2 T K ,

+ - k!l(q) +ki(qQd] =0 .

k(@ + k@ ey (@ - ky(@)? ! 2

-

Simplifying the notation and collecting ki(q) terms we have,

L]
kl

[- k,f1(k

2f1 () ey = lp) + € (ky) + afy (ep) Gey - ky)

2

(53)
roakyE,(ky))

and then usiné (45),

k£l (k,)
17171 :

, 5 lky(ky + @) - ky(w + ky)] =0 .
(kg

- kz)
Collecting ké(q) terms gives,
k. .
——=y (= £, Ge) (k) - k) - k£, (k) + qiqf)(ks) (kg - ky)
(g - k) . ‘

+ qk, (k)] .
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&gain usgling equation (45), (55) becomes,

1) L
szz(kz)

222 Lk (ot k) +qrw+k)] =0 . (56)
(kl _’k2)2 1 1 1l 1
Hence from (52)
dzL i - klfz(kz) (57)
dq T T - K @a(z) * o2z, F 267 (7))
and -
dzL .
sgn a-a— = sgn (kl - kz). (58)

Therefore an increase in the demand price of investment increases the o
capital:labour ratio of the_capital'intensive product- and décreases the
ratio for the labour intensive ong.. An increase in q loveré exports
Yor raises imports) of the investment product and when'the investment

product is labour intensive then increases in q raise” the imports for

lower exports) of labour. On the other hand, when the investment product
\ v

1s capital intensive, the opposite occurs with respect to z; . So we
can define the function J )
- ~ ﬂ' ) N
(ﬂ( zL(q), with z; givem by (57)., (59)
Now by equation (13), the foreign offer functioh, we get,
z, = z,(a) . (60)
where
z,(@) = g,(2,(q)) + g,(£,(q)) and thus,
zi(q} < 0 when k1 > k,4and - (61)
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;i(q) E 0 if and only if
when k2 > kl' ‘ .

An increase in q always lowers imports (or raises exports) of the

consumptién producg when consumption is. capital intensive due not .

only Eo the effect on investment- but also because more foreign workers

are entering the domestic country or more dJomestic workers are

remaining in their home country. Yet when tBe'consumpciou product is

labour intensive, the effect of decreaseé impérts (or increased exports)

of labour may outweigh the effect on Zy, and thus, in thié case, the

-

sign of zi(q) is ambiguous. Continuing we have from equation- (22)

. Fa
k - kz(q)(l + zL(q))

v, = ¥1(k,q) - £ k@ - kz(‘q) ] £,(k G0))
A @A+ 2, (@) -k G
yz - vz(ng) = [ kl(q) — kz(Q) ] fz(kz(Q)) .
Then,
35 ) £, (k) ) (k) + w)f; (k)
3k k- &, k, -k,
%,
sgn 3= = sgn (kl— ky)
. R : (63)
3y, ) £,(k,) - (k, + w)f)(k,) .
3k kl - kz kl - k2
3,
8gn 3— = sgn (k2 - kl) . . )
a;l %y [k!(q) (k.= 1 z
: - - k!(g)(k -k, (L +z )(w+k,) +
] aq ‘ki _ k2)2 1 > 2 L 2
Sz ko, (k)
, . - L 211
. ky (@) (k, (1 + zL) -k + k)] - <0,

dq  (k,- k)




UL, , ’ (64)
e O S LY R SR S '
= 1(q - + 2z w + +
B G k)2 1 k2 "L 2
dz, klfz(kz)

>0 .

k(@) (k (1 + 2)) - W) (w + k)] +

<

These results state that an increaSe in the capital-labour endowment ratio

increases the output perAlabour-endowment of the capital intensive

product and decreases the output per labour endowment of the labour

intensive product. In addition, an increase in the demand price of-
investment always increases:the output of investment and lowers the

output of the comsumption pfodﬁct.

By (63), (64),and equation (9) we get that

L J < . a
x = X, (a,k) - Yi('k.Q) + zi(q) 1=1,2 (65)
1
and ~ ~ ~
or AT with s o sgn (k. - k.)
3k 3K S8R 3k gn 1%y 2’ >
ax 3y 3x (66)

2 2 N
T " o vith semomm = sgn Gy - k)

Also,
Ix 3y dz ax .
171 1 ' 1 .
5 TRl 1f k; > k, then =< 0 ;
. le >
if kz > kl then 5;— - 0 if and only if
> 4% (67)
3q < dq ° -
~ ~ A R
3x2 ) ay2 . dz1 s -
3q 3q dq . e



3.1.1. Pattern (2,2) (yl > 0, vy > 0, % > 0, x, > 0)

In section 3.1 we have only subdivided our model in relation to
production specializations. At this time we are prepared to link the
class ¥y o, Vo > 0 to 3 ? 0, x, > q and x ? q, *2 = 0. It

turns out that when the ecohomy consumes and invests then all the

-

results in part 3.1 do not have to be modified.

Pattern (2,1) (y1 >0, v, >0, X, >0, x, =0)

2

Let us observe from Table 1 that when the ecomomy is in pattern

(2,1) we have
2,(@) = - y,(k,q) .

Hence we have an implicit function in k and q. Solving for q as a

function of k yields,

a;z

sgn %% = ggn (k1 - kz) .

So we get the function 62 - az(k) where &é is defined by (69). Therefore

-

in pattern (2,1),

= k(@) 1= 1,25 zy m 2,(d,));5 2 = 2 (3, (K));

2) @605 y) = 50,0, (D)5 v, = 5, (k,3,(0));

70)
R 0,0, (k)5 x, = X,(k,d,(k)); : -




q,(k) = pw)

3.2, Pattem ¥, * 0, Yy >0

In wifls pattern ll = 0, 22_

k - k,(1 + ) k. (L +2z.) -k
2 2L 1 L - L+2).

=0,
kl - kz . kl - k2 L

Thus the domestic country's problem is redefined as,

from equation (20)

ﬁ(zz,zL) - fo‘e-ét(gl(zz)-+ gz(zL) + ¢(zL)zL) dr

max fzz,zL}

subject to, ‘
: k
k = (1 + zL)fZ( Tif:f;zy }~+»zz - Ak

0 <k <=,
fa)
The Hamiltonian becomes,

H(zz.zL;q,k) - 31(22) + 32(2L) + ¢(zL)zL + q((1 + zL)

k

fz((—l*_—z—l-}-)-!-zz—)\k).

Now the necessary conditions of optimality are, (all derivatives

evaluated at the solution)

3H ' '
32, " 81 (3 a0,

B =gy (2) +9'(zp)z; +0(z) +al £,( ?T4%7?3‘) -
azL L

k £2 (k—v) ] =0
1+ zLS 2 a+ zL) ’

. k
k-(l+zL) fz(-(—l——:?L-y)+22-Ak,

=1 + z, thgrefore, kz(l + ZL) =k




: 3H
q-éq-_aia

lim e %) 2 0, 1im e %q(e)k(e) = 0, O < k, <=,

“ t-)w . t-»m
PB L owy <o LH__H_
3222 142 ’ 3zé32L 32L332
o’ (2.) + 6"(z,)z +2®'(2)+—iLf" (ke
S, 2 &, A3y L’ L 32 YO+ z)
z, (1 + ZL) L

.

So H'is strictly concave in the comntrols z, and z By the

L.
assumption imposed on ki i = 1,2, when the economy is specialized in ,

production we have,

K ;
kl = kl(wz) , k2 T z, (74)
and %ince,
2 2 (1L + zL) .
then
®
K, = k() ' (76)
1 1 ‘(1+ZL) ) R . )
Also,
£ (k, ( i)
f£1(k,) 1 1" (1 +z.) ,
1'% L . k-
plw) = = - =p (W,(—mm ™)) . . (O
B0k e K 2" 1+2z)
2 (1 + zL) L
e 3H C '
If we substitute (74) and (76) into 3z - 0 we are able to find the
L

effects of changes of k and q on 255 Zps Zys Yy» Yps Xps Xy o

-

@
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Theorem 3.2.1. If ¥y = 0, Y, > 0 then z, = zz(q),
dz 3z

L ~ 1
% 0; z zl(k,q), % <0,

.

33

__£.> 0,

oq {
3§2 a;’2

yl‘a 0; Y2 = YZ(R’Q), 5E— > 0, 53— > 0;

3x . 3x, %
1 5 - 2
3K <0, 3q < 03 xz = xz(kaq)s 3k >0,

Advancing to prove the theorem we find initially that z, is defined by

2
%%— = 0, zp will be a
L gz

function not only of q but also k. Solving for Q. yielday

equation (51) in this pattern. Next from

oz
" " \ ] L 1}
[82("1.) + 9 (zL)zL + 2¢ (zL)] T + fz(kz) - szz(kz)

. \ ] ”
i qfé(kz)l_c2 BzL . qszz(kz) BzL N qszz(kz)k2 azL -0
(1+2) 3q (1 + z]:z' 3q 1+ z) 3q

and thus

- [£5(k)) - kyE3 (kDT + 2))

>0
(142)) [8) (2, )+ (2, )2, 426" (2, ) I+ak2t) (kf)
dz .
Next’zomputing §E£ gives,’
. \

BzL 1
[g5%z) + ¢" (2 )z + 20" (2/)] 5=+ qf; (k) [ Tfj:_;zy -

1 "
k, 3z qu(kz) qszz(kz) 9z

L. . L
T +2z)) % T +2z)  THz) *

qszé(kz)
( 1 R ) =0
(1 + zL) {1 + zL) 3k D

-

azL i . qszz(kz) . s 0
dk ‘

(142)) (g} (2, 40" (2 )2, 420" (2 ) ) +ak 3 £ (k)
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dz -
Also, k2 §E£ < 1 as can be seen when both sides of (81) are

multiplied by kz. In the case when the economy specializes in the
production of yz(che investment product) an increaif in q always

increases imports of investment and labour (or decreases exports of both).

Moreover an increase in the capital-labour endowment ratio increases

J

o ~ A
“imports of labour (or decreases exports). Accordingly, we may define

the functions z, = 22 (q) by equation (51) and z, = EL(k,q) by

L

equations (79) and (8l). Next from the offer function we have

’

2, = 3 (k,q) = g, (F,@) + g, k,q) (82)
with .
! 3z - 3z dz 3z
1 - ] _L l - ] 2 ' L
S "8 sk 0 3¢ “Bldg tRrag <O ' (83)

i,e., increases in k and q always decrease imports of the consumption

product (or increase exports.of it). We know that ¥y, = 0 and that

' k

’ 7
with,
3§2 BEL o '
- o (k) -k fi(k)) + £5(ky) > 0
‘ ¥, 0% ' (8

— = W (fz(kz) /szé(kz)) > 0,

Notice that an increase in the capital-labour endowment ratio and the

* demand price of investment always increases output of investment per

labour engowmgnt. In addition,

x; = x,(k,q) = Z;(k,q)




3.2.1. Pattern (3,2) '(yl. =0, y,>0, x

Ik, 9z ’%, 3z ~ (86)

and
X, = xz(k,q) = yz(k,q) + zz(q)

%, o, %, oF, daz (87)

2
ok .ak.>0’3q=3q +dq

> b .

As before we must recognize how the different specializations of

expenditure alter our results.

N

]

>0, x, > 0)

1 2

~

~

Our results do not change from the previous section except to

note that from an, R .

2

K < :

plw) = p (mz( ?I—;fzz))) =q . . . (88)

3.2,2. Pattern (3,1) (y1 = 0, Y, >0, X, = 0)
[ 4
Here we observe from Table 1 that,
. [ ]
‘zz(q) = - yz(k,q)

or (89)

-~

i . k
Z,(q) = - 1+ z (k,q0))f, ( 1+ (k,q)) )

We have an implicit function in q and k. Solving for %% ylelds,

40




2,
_ ' '
dg | TR lky) T Rpfr (e )) + £ Gky)
- dk dz, 3%,

aq + 3q (fz(kz) - szé(kz))

Thus q, = q,(k) , where q;(k) is defined by (90).

A

Furthermore, since we are specialized in Y,

az(k) = q - p(wz( ?T—é—zzy )

Consequently,
]

L

B “

z, = B,(d,0)), 7 = F (kd,K), z =i

41

.
< Q. . (90)
_ (91)
-, {
(92) -
.J
. L S
LG6d, )
%, (k, 3, ()
e .
[
' . .
° -



”~

3.3. Pattem Y1 > 0, ¥, = 0

In this pattern i,= 0, il =1+ z, therefore, Rl(l + ZL)" k

k - kz(l + zL) kl(l + zL) -k
k., - K =@z, TRTY =0
1" %2 - 1" %2

from equation (20) and

Thus, the control problem is,

< g =8t k
W(zz,zL) = fo‘e (1 + ZL)fl ( W )) + 81(22)

max {zz,zL} .

(93)
~*oglz) + ¢(zL)zL) dt
subject to,
E-ZZ-;\k )
0 <k <=,
-0
The Hamiltonian is, ’
- ) .
H(zz,zL,k;q) = (1 + zL)fl( as zL) ) + gl(zz) + gz(zL{
v (94)

+ ¢(zL)zL + q(z2 - Ak) .

This means that the necessary conditions are (all derivatives evaluated -

at the solution),

K ,
32, " BZ) ta=0. -
2 ) -
3H o . ' . .
2, = £ (k) -k EiCky) 4 gy(z) + 0 (z )z +0(z;) =0, .
ez .-k, a=8q-2 @ck <=
2" MK AT 8T e 0 '
-8t > -6t N )
lim e q(c) = 0, lim e @t) k(t) =0, (95)
g+ @ t »

Ve 3
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B iy < a2, ,
9 l [S
Zg 1 BzzazL 8zL822
2 f"(k )
3%m _ 3 " :
. 322 a+z ) + gz(z ) + ¢ (z )z + 20 (zL) <0,
L

Therefore H is sgrictly concave in the
more, by the assumption imposed on ki

specialized in production we have,

.

-

controls, z, and z; .

i = 1,2 when the economy is

¢]

Further-

” k
and since, -
O, = w, () =W (97)
1 15 Q+z) .
then
K o=k, () . (98)
2 2 {1+ zL) )
Also, !
£1( s ) ‘
f (k ) 1" (1 + z i -
(@) = - L e p(w( e D) (99)
P f (kz e ( 5y 1T+ z)
2228 (1+ z)) .
vl .73
if we substitute (96) and (98) into %g— = 0 we are able to find the
N . L '
‘effects of changes of k and q on 25420 zl’yl’YZ’xi’XZ'
Theorem 3.3.1. If y, > 0,'y2 - ? then 52_7 zé(qj}—iéhgwﬁﬁ'zi -z, (&),
LY _ azl 3z
. . - 7 — . - )
} > 05 zl ?k,Q)r k <o, éq < 0; yl Yl(k)s yl > 0;
o N axl T,
y, = 0; xl -:xl(k,q). if we=V¥ > 0, if w < ¥ then
. a—l-iom"(-w)i f-ck)ﬁw- = x,(q), x} >0
k < i A <~ 1Y 3 P Xy = X)X .

. e -
Again z, is defined by equation (51) in this pattern, i.e., z, = zz(q).

9

¢
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Now solving 5;;-- 0 for 33— we find,

L) t 2"
£l (k) 3z 1k, Bz k fY(k)) Bz

- + -
a + zL) 9q 1+ zL) 3q 1+ zL) 3q
azL (100)
+ [g5(z >} + 0" (2 )z, + 20" (z))] 5;—--/9 .
azL BzL
Hence 3q = 0. On the other hand, solving for ® vields,
" 2 ” i t
i) M%) %L e s e
T+z)  TH+z) * 82121 7%
. : , | 22, (101) .
+20'(z))] == O
and Eherefore',
éz ) k. £7(k,) °
akL - 111 > > 0. (102)
- 1"® " L "
a+ ZL)(gZ(zL) + 9 (;L)ZL + 2¢ (ZL)) + klfl(kl)
s -
< BzL
Notice that multiplying (102} by kl we find kl W ¢ 1. Consequently,
z, = EL(k) where z! is défined by (102). Next from the foreign
offer function,
. . ’ ~
z, = ;l(k,q) - gl(EZ(q)) + SZ(EL(k)) (103)
where, )
. 4
3z, = .dz, ¢ - 3z dz;
1. _L Lol 2 )
& "8 & % ag 813 7. (104)
L ‘

These:results state that as q increases imports of the investment
X

product increase (or exports decrease); imports of the consumption

product decrease (or exports increase); and imporcs (or exports) of

labour .are not affected. .If k increases then as in the previous .
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patterns imports (or exports) of the investment product are not affected.

Nevertheless when the capital-labour endowment ratio incregses, imports
of labour increase (or exports decrease), and imports of consumption

decrease (or exports increase). Concerning the production of consumption

and investment we have that v, ™ 0 and Y1 is defined by,
- T k) = (L + 2 (), (et ) (105)
1750 LN T E D)
with,
dy, dz,
- o - 1 \j .
dk— K [fl(kl) klfl(kl)] + fl(kl) >80 , (106)

i.e., an increase in the capital-labour endowment ratio always increases
output of consumption per labour endowment.

Therefore,

- - - €
. x, = xl(k.q) - yl(k) + zl(k,q) (107)
. &
and N
Bxl dy1 . ?zl Bxl i le <o (108)
3k  dk 3k ." aq  3q .

L

Substituting (106) and (104) into (108) and noting that w = fl(kl)— klfi(kl)

and ¥ = - gé(zL) we have,

3, dz . .
g - V) G ’ . " (109) ]
R ax ax, ’
Hence, 1if w = ¥ then e >0, If w< Y then P 0 4f and only
dz
if L (w - ¥) = - £ (k,). Notice that in the absence of any labour
dk < iV 3%
externality in social welfare, i.e., w = 4 chenlsr— is always positive.

Equation (109) states that the sign of the effect of an increase of




O

the capital-labour endowment ratio on coushmption is determined by
whether the marginal labour externality (¥ - w, remembering that U' = 1)
is less than, equal to or greater than the ratio of the marginal product
of the produced commodity to the marginal increase in imports (or

decrease in exports) of labour. Finally for. expenditures on investment

we define,
x, = %,(q) = Ez(q) f
with, s - ,
dx, dz (110)
2.2 59
dq dq

3.3.1._ Pattern (1,2) (Yl > 0, v, = 0, x, > 0, x, > 0)

Our results are the same as in the prior section except that

since v 0, ¥, = 0 we have

< k
q = plw( W )) . | (111)

3.3.2. Patterm (1,1) (yl >0, ¥, = 0, x, >0, x, = 0)

1 2

From Taple 1 we have the following relationship between Y)

and z, S : . -

Yy = Z,(q) =0 . ~ . (112)

Now since 8i(22) = q, define gi(o) = q4- Moreover because Ei >0

. <
if we do not want to enter ipfo any other patterns we must have q = qo.

&

N

Therefore we have .
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< < K
Q=9 = P(wl( TI—;fgzy » .

Pattern ¥y - 0 = Yy is somewhat of a degenerate case and it

is more convenient to dispose of it during our discussiog of the
.
optimum path and the steady states. It is efficacious to take stock

of the various relationships that we have derived and illustrate how.

the different patterns are connected in (k,q) space.

(113)
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Expenditure
(L)

(2)

Expenditure
(1)

(2)

Egggnditure
(1)

“(2)

Table 2. Values of zz(k,q)

48

Production
@9) 2) €3)
0 iz(ﬁz(k)) - —§z(k,§2(k)) iz(iz(k)) = -§z(k,ﬁz(k))
z,(a)  2,(q) ) Z,(q)
Table 3., Values of ii(k,q)
L ” Production
'(1) (2) (3)
2, () . 2 (@, 2, (k,3, ()
EL(k) EL(q) EL(R,Q)
Table 4., Values of zl(k,q)
B Production
Ly S
) (2) ™,
z,(k,q0) £ (3, 0)) z,(k,q,())
~., ’
2, (k@) £,(@) o - | 2k )
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Table 5. Values of yl(k;q)
Production
Expenditure () (2) (3)
WO 6 gy ) 9, 60E, ) 0
L
@ 5= 0 ey ) ) 0
L
Table 6. Values of yz(k,q)
Produc&ion
Expenditure (1) (2) a2  ®
A - >~ ~ ~ ~ : k- B
(1) 0 ¥,(k,q,(k)) " y,(k,q,(k))=(1+Z (k,q.,(k)))E( - ~ )
2 2 2 2 L 2 2 (1+2L(k,q2(k))
A ~ ~ k
(2) 0 yz(k.Q) yo(k,q) = (1+2L(k.Q))f2( TT;;;TE:ETT')
)
Table 7l Values of xl(k,q)
Production
Expenditure (1) 2) (3)
(1) il(k,qo) i\K]_(k.fiz(k)) il(k,az(k))
(2) x, (k,q) &, (k,q) x, (k,q)

o



Table 8. Values of xz(k,q)

Production .

§§Eeﬂditure (1) (2) (3)
) %, (qg) R, (k,q, (k) Xy (ky3, (K)) |

@ x,(q) £, (k,q) x, (k,q)

Table 9. Various Price Rénges
-

Production
‘EEEenditure 1) (2) '4 (3)
1) S pw (=) plo, ( = ))<qSE, (k) a3 (W, ( s ))
Qp T P a+z)) plW, vz ) 979, AL Tz
< - k ~ >
q = q, qz(k) < P(wz( ?Iggz— ) QZ(E) = q
4,k < q, q,0) < q,
(2) 2w (e (0 (i ) < 3‘<mc LI
q “1 (1+=zL5 Py (1+2L5 1 q = Pl Zl+"'zLS
q > q, q < P(NZ( ?T%;_T ))
2L
e .9 E 9, q E qq

- - -
-

Hente from Tables 2, 4, 5, 6, 9 and the relevant slopes of the

functions derived in the text we have the following diagrams.




5}
«t ¢
¥.7 0 y, =075 (k)
3. (k.q) 2 1 . o a
20 yz(.k,qz(k))
| 2 | / + 28,0 =0
q I - A" v
o
/ 2,(k,q) = 0
'\
e
(2,1
B S S 1. ‘ _y K
Figure 2. Patterns (2,2) and (2,1) when kl > k2 '
q? L . \(yl =0 yz(k,q)
L (2,2) \ ‘
\ zz(k,q) = Q
— N o _ } :
K — N\,
—~~
\ ' §z(k,62(l$) + Ez(az(k)) =0
(2)1) ‘ Zz - 0 ’
0 L (k *k
1yLk) _ —y
B Figure 3. Patterns (2,2) and (2,1) when k2’> kl ¢




A .
q .\'2 0 ‘
v (k
yl( )
qo_ . AY
k, =
22( qQ) 0
(1,1) -
0 » k
Figure 4, Patterns (1,2) and (1,1) when kl > k2
QA X
(1,2)
qo "
k, =
22( q) 0
(l,\l)
y2 = 0.
y, (k) \
0 A - k
Figure 5. Patterns. (1,2) and (1,1) when k2 R4 kl

Po
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y =90

‘zz(k.q) =0

§2(k,§2(k)) + zz(ﬁz(k)) =0

0 > k
Figure 6. Patterns (3,2) and (3,1) when kl > k2
. - -»

,1n

Vi, (k) =0

~

> k

Figure 7.

Patterns (3,2) and (3,1) when k, > k1

2

F,(k,d,(K)) + 2,(3,(K)) = 0
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€

(2,1)

v,= 0

¥, ¢

(L,2)

7
ZZ(R’Q) = 0

(1,1)

(1,2

Figure 8.

All ﬁgiterns when k

1

T
&,

AN

(1,1)
= 0
b - -ﬂ>—\\ — -
(2,1) - (3,1)
-3 k
Figure‘&{ All patterns when k2 > kl
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Intertemporal Equilibria and thé Optimal Paths

We hav ssed adequate information to examine the differential
.‘f’g/ama‘l

I L4
equations,

k yz(k’q) + Zz(k:q) ~ Ak

Oy, (i) 95z (k,q) 3[e(z, (k,q))z, (k,q)] (114)
(A+6)q - 1 _ 4 _ L L

3k 3k "k &

3y, (k,q) 3z,(k,q)
- q—-——‘——-——— -— (r——’
9k dk
<
where 2,5 2p5 295 yl, yz, are defined by tTables 2, 3, 4, 5 and 6. We are

interested in the steady state solution to (114), i.e., the solution where

k

q = 0 Equation

Pattern (2,2)° ‘
K _ £, Gk (@)
From equation (63) and since q = ~——————=< , q may be written
TE, Gk, (@) .

- R -]
L}

= (M) q - £,"(ky(@) g .

- .

Therefore

I
S S A

=~

~ s

TG
sgn 539— = sgn ‘kl - k2 .

\




¢

4.1.2. Pattern (2,1) -
In this patter‘n we have p
. . ) R - . . R
- Gady g - 1 ¥y, N Iy, dg dz, iq_z- ) do(z) dz;  dq, :
9 R 7™ 33, k- dq, dk &z, dc?;] ak L
.dz_  dgd
R L 2 4 S

] f . - .
remembering that 27(62(1()) + §2(k,a,(k)) = 0. Now from (61) -

<

dg, dk &' W o S
2 2 ¢ - 43, :
and from (68) :
g'i%iq_Z =_g,[3_yg+_1_3y2 2 (119)
1 dq2 dk 1 ‘3K 3q2 = .
° .
with - gl' = + az(k), and (63) \
~ A . . ) A
. ;3 3:9 = S0 (k:(iw)fzk(l)(z) * ___:fz .‘::‘2 1. (120)
L 3
Therefore since, . o
~ - , ) . + |
A RPN B Wl i U ks TP U b
dk ~ 27773k k, =k, kl = kz
' | .
fl (kl) lv - ' ) 8 . (121)
-
A
q becomes, 0
- ) v 391 . 3?2 a A . ) ) '
AR MR SR SRR
L)
P, R .
da, gk , -
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Let us first deal with == + =x— . From (64),
3q 3q .
2 2
v 3 -
- $ $ 3 . ! 2
3%, o [a>l . dz, k £, (k) : £, (kz) .\ klfz(kz) dz, e
-~ A~ ~ - t - - *
X qu qu dq2 kl kz fl (kl)_ kl kg dq
Hence -
~ o ~ ~ ’ .I\. 1 ]
- 3 . 852‘ . dq2 [dzL klfz(kz) ) dzL 534! fl(kl)f2 (kz) | 24y -
- _f\-. 9 ~ - -~ - ' -
aq2 aq"z 2 dk 'dg, k; -k, 43, k, k2 £, (kl)

| = - 1] ~ - L -
Recalling that f2 (kz)w fZ(kZ) szz (k2) and q!(k)(fz(kz) k2f2r(k2)) w

we get,
. Eil+-zi—2=ﬁ :—Lw. (125)
8q2 qu dk dq2

But from rhe necessary . conditions of optimality (¢’(zL)zL + ¢(z.) +w

le
. - +g,'(2))) = 0,%s0 (122) bdcones, ’
q = (Kfé) q - '£;,"(k,(q,(k)). £ (126)
. &7 Therefore using (49) and (69),
aj - - " tsA L] *
- T £, (kK "(@)8," > 0 /a-//\ /
and . : .
%%-'A+6>0. e, coQn .
. . | )

4.1.3. -Pattern‘(3,2)

In this paf;;::,{ ' o
' 9z, (k, I[e(z, (k;9)) 2 (k,q) ) i 93y, (k,q)

q = 0)q -~ z T 3k

. (126)
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Then from (73), (83) and (85),

3%, (k,q) " 3[0(Z (K,a)Z (k,q)] OILY . .
" + 3% + 3k = lgy" + 0z +0(z))
¢ ’ aEL >
+ q{fz(kz) - szz (kz)l-ﬁi_ + q f2 (sz. (129) -

Therefore, noting k2(1+EL(k,q)) - k,

' k
= - ) .
q (AM+8) q - g £, ((I:;ZTQTET_ ) (130)
Thus,
£."(k,) 3z 'S
3 at, 1% L .
T (147, (k,9) ey, 3 - 11> 0 (131)
aEL ,
since k, —x= = 1< 0 from (81).
Also from (79),
a} e & AL ~
B(q) ) f2 sz)k2 BzL <o w52
oq (1+ZL(k,q)) Bq *

4.1.4. Pattern (3,1)

Next we have

92, (k, 3, (R 3LO(E (ky G, (INE (K, 3y (k)] (133)
T ' Ok !

¢ . " . [ ]

q = OHd)q -

Moreover in this case,

-~ -~ -~ -~ ‘ . ~ - ~

azl(k,qz(k)) i : dz2 EEZ \ ' [8 L qu . azL : 1y -
ak g dg, dk. g 33, Bk 3K

In addition we know that, . "

,



-~ ~

"dz, dq . 8?2 8?2 dq2

and substituting (85) into (135) vields,

diz diz QEL
.14, @ B I3 Bk - kyEalk)) + £50)
rJ

3z, dq

L 2

+ 33; T [fz(kz) - szé(k)] N . (136)

Hence from the first order conditioms (73), (136) and (133), equation

-

(114) becomes

k

a4 = (48) q - §,()f) (

Therefore differentiating (137) with respect to k and q gives,

dq q,(k)£0(k,) 3z
¥l 2 oy 4222 o L
3k dk “2'%2 1 +z) 2 3k ~
o 205G I o, . © o (138)
(1 + ZL) q, dk ’ :
- a~L "
which 1is clearly positive since ky g - L€ 0°from (81) and also
. 9z dq, ¢
from (79) and (90), 5= 7> 0, =2 < 0. s
9, dk
Finally,
: [
%- A+ 6> o0. ’ , (139)

4.1.5. Pattern (1,2)

Equation (114) in this section is defined as,

(#7650 ) (137

59
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AN

dy, (k) 3z,(k,@)  d[e(z (K))z (k)]

q = (M) q - —5— -~ - —— . (140)

By equation (106), (104) and (95), (140) becomes,

| é = (#8)q - £ (-(1—_;}—‘%7) . * (141)
Proceeding a; before, )
. £ (kL) -
S—;’;=(—l—%—{75(kl§}-11>o (1/»2)'
by equation (102).
Also, s . )
éﬁ_, A +68>0. | A43)

3q

4.1.6. Pattern (1,1)

Since there are no differences in the functions between patterns

(1,2) and (1,1) except for'the rahéé of the demand price of investment,

we have, g
> ' , K
& 1% 0+ 09 TRy (146)
— 0 BNk ai, -
9q _ 1 ¥ _L _ A .
ok T Tz, () [k ge ~ 1120 =2+ 8>0. (143)
’ -
_
! L 4
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4.2, k = 0 Equation

. /
4.2.1. Pattern (2,2) !

Now for the k equation in (2,2), (114) becomes,
k = ?2(k,q) + Ez(q) - k. (146)

Therefogg,

3 a§
a3k 2 '
SR =« £ - A
3k 3K (147)
8?2 ¢
and if kl > k2 then e < 0 and (147) is negative. On the other hand
- 3§2
for kz > kl, T > 0 and then (147) is éndeterminate. Nevertheless from

(115) we have for q = 0, fé(kz) - A=¢§ > 0. Hence

) 3 »
3K - s '
3k | q=0 3% S + £,(ky) (148)

and from (63)

. (k. +w)£)(k,)

3k] . . 2 202 e

aqu-o G +6 - £3(k)) (149)

dk). L [(w+k1)xf6(w+k2)] (150)

dk |q=0 —_ (kl-kz) 4

~ [}
Thus, _ ) . I
dk| . )

sgn G q=0 Sgn (kz-kl). (151)
Moreover - 4

‘- 3% az_

ok 2 2

3q 3q T ag > ° ‘ (152)

f
9
. »
4



by (64) and (50).

4.2,2. Patterns (2,1), (3,1), (1,1)

Here we have,

k = - Ak

_— = - < —_— =
3 A 0, 3 0.

Moreover k = 0 if and only if k = 0.

4.2.3. Pattern (3,2)

The differential equation is

v
k =y,(k,q) +2,(q) - Ak.
Therefore by (85)

"
L : : Y -
"k (Falky) - kpfr(n)) + £5(k))

cu|o)
F bl

and evaluating (155) at q = O (f;(kz)'ﬂ A+ 8),

[ Y

x|, 07

<

Differentiating (154) with respect to q yields

§ 3z da
dk L ) Y __5
—'—"aq ) —aq (fz(kz) - sz%(kz)) + aq >

.

by (51) ,and (}9).

4.2.4, Pattern (1,2)

. [

‘ Equation (114) is defined as,

ko = Ez(q) - Ak’

e ———y o —— e

A

—_— = — - M
Sklq=0 = 3k (Falkp) — kyfy(ky)) +8 > 0.

0

(153)

(154)

(155)

(156)

(157)

(158)
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with

3k 3k _ %2
T o= -A<o0, =g > 0.

° <
Reconciling our results we can observe that the q = O curve is

a continuous function with piecewise continuous firsf derivatives. The
curve will be horizontal in (2,2), positively sloped in (3,2) and negatively
sloped in (2,1), (3,1), (1,2), (1,1). To the left of the curve é < 0 and

to the right q > 0 in (3,2), (2,1)% (3,1), (1,2),-(1,1). In (2,2) if

kl > kz then é >0 aboGé‘and_; < 0 below the horizontal ; = 0; if

k2 > kl then q < 0 above and q > O below. The k = 0 curve is a continuous -

curve with piecewise continwous first derivatives. The curve is positively

-~
. .

sloped in (1,2), in (2,2) and (3,2) the shape is unknown. Nev;rtheless
when the é = 0 curve intersects the é = (0 in (2,2): the i = (0 curve has
the same slope as the value of kl - kz. In (3,2) when the i = 0 curve
intersects the & = 0 curve the ; = 0 curve is negatively sloped.
Finéily.the curve is the q - axis for q < q in patterns (2,1),
(3,1) and (1,1). Consequently steady gtates may only occur in (1,2),
(2,2) and (3,2) because from the foreign offer function 0'< q < <. Thus

lim q = - =, 1im q = (A + 8)q > 0 and so q = k = 0 will never exist
k=0 k + '

whenever the economy does not have any investment expenditure.

{



4.3. Patterns (4,2), (4,1) and the Steady State

o, ‘these degenerate cases 11 = !5 = k = 0 and therefore the problem

facing the economy is,

’ @ :—5t /
W(zz,zL) = J'o e (gl 22) + gz(zL) + Q)(zL)zL)dt (159)
max{zz, zL} s
. z, > 0 in 42),
subject to, k = {z2 = 0 in (4,Y), 0 <k <™,
¢ S'ﬂence the Hamiltonian is defined as,
H(z,,2;5 q) = 8,(z,) + g,(z) + 0(2))z; + a(z,). ~ . (160)

Consequently .(all derivatives ate e{aluat.ved at the solution),

é.H_ = M = _al_ = t '
~ = 8,(z)) +a =0, vz, 8afz) + 0 (2 )z + ¢(z; )= 0, (161)
2
t . (%2,> 0in (4,2), 5 _ - St >
0 <‘% < m’ k {zg = 0 in (4;1)) 9 Gq’ tljmwe q(t) 0: :j-mcpe

St

q(t)k(t) = 0.

H is also strictly concave in 22 ‘and‘zL. Now In pattern (54,2), zz' >0 so

k = 0 is not defined and q = 0 if and only if ¢ = 0. In (4,1) k is always

. 4
equal to zero and q = 0 if and only if q = 0.. But since -gi(zz) is always

positive and finite therm by (161) = > q > 0 so q = 0 is not defined for
(4,2) and (4,1). Summarizing, we find that k = 0 = q is not defined in
4,2), while in (4,1) k = O but m;t q = 0 is defined. Manife‘stly_no steady

. states may appear in (4,2 and (4,1). Our story.is not yet complete, however,
. \
because we have only dealt with U' = 1. As stated earlier in the essay

»
we must convert our model to the original social welfare functional. To

effectuate tl‘s define from equation (16) the Hamiltonian,
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~
N
p =2 .
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’

0

3z dz
function 1 +q 2. 0, so (163) holds. Now equation (163) implies
Aq dq

that for the Hamiltonian evaluated at the optimum,

BM(x, (k,q) 2, (k,q),x, (k,q); p.K) ax, 32
1 L 2 v o1 ' _L
q
8x2 . .
+ p aq 8,0_ (167)

But (167) holds only when qU'(xl(k,q),zL(k,q)) = p, Hence our necessary

~

conditions in each of our patterns are modified when U' > 0, U" # O

-
and p is the demand price of investment to include, )
4
qU'(xlgn,q), 2 (k,q) = p
k= x,(k,q) - Ak
. axl(k;Q) L
p = (A+8)p - U'[xl(k,Q), ZL(k,Q)] [““fﬁ:—“— + (¢'(2L(R,Q))2L(k,q) (168)
,azL(k,q) axz(k,q) .
+ 00z (6, DN—5— ] -.g —a—
From (167), (168) becomes
’ 3x1(k:<1)
B U’ (x) (k,q)s 2, () [O48)q = —5—— _
BzL(k,q) . . axz(k,q)
- e [¢7(z (k)2  (kyq) + 0(z (kya)) ] - a5 - (169)
Therefofé .
p = U (e (b, 2 (e " 170)

Clearly p = 0 if and only if q = 0 since U' > 0 and because k is not _
amendéd,k = 0 = p 1f and only 1f k = 0 = q. In other words not only

is the k = 0 locus the same but the p = 0 locus is the same as the
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q = 0 locus for all patterns of specialization. Furthermore, we would

find it convenient to represent- the p = 0 = k curves in }k,q) space

-

and for this we need the function %% for every given value of p. So

from (168)

-

oy dz 3z
w 01 1 , L
dq| . I Lty Oz A5 ]
dk dy 3z 3z
dp = 0 . w21 1 , L
U' + qU (——-aq + 39 + (¢ 2z, + ¢>)——aq )

To determine the sign of (171), recall (163),°

dy oz dz
1,1 ' L.
39 +3q + (¢ ZL+¢)8q
¢ .
Evaluating the right side of (172) in all patterns we find that; in

(2,2) from (51) and (64), (172) is negative, in (2,1).since we have
&z(k), (172) is zero, i; (3,2) from (51) and (85), (172) is negative,
inr (3,1) we have ﬁz(k), so (172) is zero, in (1,2) and‘(l,l) from (51),
(172) is negative. Therefore thé denominator in equation (171) is

always positive. For the numerator, we must once more check all possible -
0¥ '

patterns. In (2,2) we only have §§l 2 0 if and only 1if kl z kz, so

dq 20 if and only if k, 2 k.. 1In (2,1) from (117) and (126),
3| gomg 1 <%

the numerator is fi(kl(az(k))) > 0, so In (3,2) from

dk

from (128) and (130) the numerator is - w

~ * '
In (3,1) from (133) and (137) the numerator is aZ(k)fé(ki(aZ(k))) > 0, so

%& > 0. 1In (1,2) and (1,1) from”(141) and (142) the numerator *
dp=0




is fi(kl) > 0, so %% > 0. Therefore we now have the shape of
-

the function in (k,q) space for a constant value of p. Moreover for

dk = 0 - 7
. \ ’ !
~
dq = " - > 0 (173)
dp - Yy, -3z dz’ -
dk=0 . o 401 1 , L . .
U' +q <>§—g + TR + (¢ z, + ¢.)—-—aq

Clearly we have derived diagrams.lo and 11.

Finally, the conclusiins pertaining to the existence of steady
states in patt;rns (2,2), (3,2) or (1,2), are retained whether the
social welfare function is linear or more genera}ly Just ;oncave. It

is also true that whether the intertemporal equilibrium exists in (2,2),

» .
(3,2) br (1,2) it is unique. Hence there-is a unique intersection

R -~ . \ I
of the k = 0 = p curves in (k,b) space. Let Us denote the intersection

by (k*,;*). This steady state ¥s.a saddle point8 so there are two

-

) > «
trajectories that converge to (k*,p*), one from p = p*, k = k* and one

from p < p*, k > k¥, These two trajectories fo}m-a~6¥éferentiable °

function p(t) = p*(k(t)) for te Ifo,»]. In addition since qU' -.p

must be satisfied élong px(k), © > /;‘a‘and ®>U'"> 0 then,® > p > 0

for all values of k. In addition in patterns (2,2), (3,2), (1,2),

LY

since Qf(kl-kz) + (1+zL)ké * k, 1f k = 0 then k, = k, =.0. By the

1 2 .
assumptions on the productien funcglons-this implies that . ‘
limp= (AM6) p-®= - », ' (174)
k*o * 5 o

On the other hand when k = < in these patterns then kl = k2 = o gnd |
'

o« = .

again from the assumptions on the production functions

o
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' 4

lim p = (\+6) p > O. N : (175)
. : . ]

. <
» -
Manifestly = > px > 0, = > k* > 0. Representidg the diife;ant equilibria

geometrically in figures 12-17, it is important to perceive that in
(k,q) space p* is found at the point of intersection of_thé p=0=k =

- —
TTe—

.}oci and a curve depicting a constant value‘'of p (see figures 10 and

11). ‘ * : s

-~ R 1

In concluding ghis section we are able to deduce certﬁ{gicﬁaracteris—

tics of the motionm of the ecomomy through time defined by, S

<
.

. 5 o .
y t e [0, =], 0< k, = k(o) < =, Q\< p (o) =px(k ) <=, ¢ (176) ¢
. \‘ . . B
k(t) = x,(k(t),q(t)) - Ak(t), s e ~ . o
A [ : . . . . ) -
~ p(E) = pr(k(£)), (=) = k*, p(=). = p*. ' .
. — - e ’ . :
1f k1'> k2 and the steady state occurs in (2,2) theg‘for.ko < ig* the .

]

domestic country specializes in the production of the investment product,
/‘ - i .

ysumpt ion and {fivestment wifh imports of_
L~ ]

expenditure consists of ¢

- consumption, i.e., the e dnoﬁx\yoves from+(3,2) to (2,2). The path

that the country follows ‘is positively sloped which {s in contrgast

to the usual one and two sector Wmodels where the optimal trajectory -

. v
N

is negatibely sloped. - The xeason for the difference priginates vgth

. - D
the fact that labour is perfectly mobile between fations. In pattern
. q . ' e “ R .
€3,2) with~koA<~k* the country-sndeavors to raise its .capital-labour

endowment ratio in oideﬂ,to reach steady state. Hewever in (3,2) .

. -

the domestic country is unable. to decrease ®he production of the con-

[ e ¢

sumption produet and allocate faqtors to the investment praduct, because
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it is already specialized in yz. The economy not only raises the value
of k but it does sc optimally, whichrentails maximizing soctal welfare
evaluated in terms of the consumption of natiénalq. Consequently in
our model there is a trade-off availa%le to the nation which is not

R feasible in closed or open economies with perfect factor immobility.

The'trade-off entails producing less of v, but still none of vy dut -

2

exporting more labour or importing less labour by lowering the demand

price of investment. This leads to increased consumption for the

* nationals and therefore higher social welfare. Translating these

conclusions into geometric terms.it implies that the economy selects
L) .

the minimum feasible value of q (and thus p by equation (173)) while

. — <
increasing the capital-labour endowament ratice. In our model this

behaviour i9 consistent with an upward sloping téajectory in (3,2).

»

i) To prove that increases in q always lowers®social welfare in (5,2),

-recall equation (166). We get that for any value of k = i in (3,2)

axl BzL axz
'dU .= U'(-é-—' + (¢'ZL+ ¢)a—— dq .~ = -U'qa—'— dq . < 0.
k=k 9 9 kmk 4 k=k
: . . — LY ‘
Next define the time interval T ¢ [11,12] that the economy is in (3;2). .
Thus in discrete termg ﬁ .
. . ™
S\ .
T2 ., ’ :
W= I U gf5== da, . <0 .
t=1, 9 k(t) = k() ‘ ,
o .
->

) *
is the loss in J!Tgare for not sekectiné the minimum q along a trajectory
in (3,2). 1f ko > k* the country may start. from either (2,1) or (1,1).
If the economy bégins from (2,;), i.e., diversified in production consumes .

and exports investment, then it proceeds directly to '(2,2). If the

e .
. -




75

economy begins in (1,1), ¥y < 0= 2y ™ Xy then it may pass through

(2,1) to (2,2) or (1,2) to (2,2). 1In addition because p > O above

the horizontal line p = 0 and p < 0 helow the line for kl > k2 the

optimal trajectorv must be the p = 0 locus while the home country is

in pattern (2,2). On the other hand if k2 > kl and the steady state

appears in (2,2) then for ko < k* the movement is froo (1,2) to (2,2)  _
where (1,2) is defined by specialization in thé production of the
consumption product, diversification in expenditure and importation

of investment, If k > k* then the economy may start from (2,1) and
proceed to (2\2) or from (3,1) to (2,1) to‘(2,2) or from (3,1) to

(2,2) directly or finally from (3,1) to (3,2) to (2,2?:'
Now when the intertemporal equilibriuml’xists in (3,2), for
4
S

in the production of the investment product, diversifiéd in exbenditure

and ko < k* the domestic country will always remain specialized

and importing consumption. "However when ko > k* the nation may iﬁitially "

be in (2,1), (3,1) or (1,1) and thus a myriad of poééibilities exist.

The Pnly qualification is that the economy never penetrates pattern

(1,2). This is because in (1,2) the k = 0 curve has a positive slope,

.

1 2

. (g '
_the p = 0 curve has a ne ve gslope and with k., > k, the k = 0 locus
intersects the p = 0 locus from below. Hegce for the steady state -

to be in (3,2) and®since it is uniqué®he k = 0 curve must not enter

(1,2). Furthermote the optimal t;ajectory for ko > k* lies below <
k = 0 locus. Therefore the path avoids (1,2) (see figure 14). Next
[ ]
>
when k2 . kl
‘to (3,2). It always remains diversified in expenditure but initially

and ko < k* then the country traverses (1,2) to (2,2)

L4

- specializes in the production of the consumption p;o‘ct and imports



'econoﬁy specializes in expenditﬁre‘and the production of consumption.

/ -

investment. .If ko > k* the economy méves from (3,1), i.e., specialized
\ - ‘.

" in th production of investment, exporting it and }mportin& consumption .

1] ]
~»

which is the onlv expenditure, to (3,2). -‘z
The last pattern that the steady state may appear in is (1,2).

If kl >k, anh ko < k* the nation passes from (3,2) to (2,2) to (1,2).

-

h ]
Moreover while the ecgmomy is in pattern (2,2) the optimal values of

p.,and k must be such that the:trajectorvy is on or below the p = 0 locus;

with ko > k* the economy moves from (1,1) to (1,2). 1Initially the

]

~

Finally when k2 > kl the country remains forever in (1,2) if ko < k*,

‘if ko > k* many cases are feasible since the initial point may be in

t

y 1 3 : 1] . )
(1,1), (2,1) or (3,1} . lv
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S. Reversible Investment - —

Previously we have constrained investment expeqéiture to be

>
non-negative. Suppose that we now permit x = 0, i.e., disinvestment

2

is feasible. This means that ‘even if the rate of growth of _the labour
endowment is zero.and the;e is no depreciation on the capital stock, -
the country could still decumulate capital. The home country

transforms this gégative investment expenditgre into increased exports
of investment. Hence, we have a new exﬁenditure pattern to analyze, .

x, >0, x

1 2

Man%festly, in each of the patterns with X, < 0 the functions

of the apprepriate variables are idefitical to the cases where X, > 0.
R . - 7 : \
In particular 2, = iz(q) in patterns (2,2) and (2,3) because both are

-~

< 0 which is represented by Table 10. .

derived from the control problem defined by equation (23). The reasons

for the differences in expenditure pattern x, > 0, x, = 0 is that

1
we are able to define implicit functions Yo + z, = 0 in the variables

- -

2

k and q which we cannot do in expenditure patterns x, > 0, x, > 0

1

and x; > 0, x, < 0. ‘ . /

Geometripally in (k,q) phaaq space the patterms x

2

1> %

X, < O\feplace x; >0, X, = 0. Furthermore, expenditure pattern (1)
shrinks to the boundary curves between < >0, Xy > 0 and Xy >0,° :

Xy < 0. Therefore, we have the following diagrams.

Proceeding, the shape of the d = 0 locus is the same in

L4

expenditure patterns 2 and 3, since the functions of the variables, are
. ®

alike. 'In';dditiyn, whenrxl > 0, X, < 0 the? k =0 if and only 1f
‘ \ * - .
k = 0; in ({,?},ak =z, - Ak < 0 for k > 0 since z, <'0; 4in (2,3)

- Ak < O for k > 0 since z, + y, < 0; 1in

\o .

and (3,3), k = v, * 2,

77
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.

(4,3), i =25 < 0. Therefore, interteﬁporal equilibria do not exist in

expenditure pattern 3. Consequently, in depicting the steady state and

optimal path for kl > kz figures 12, 14 and 16 are still applicable.

However, when kz > kl’ figures 13, 15 and 17 must be altered to

figures 20, 21 and 22 respectively, ‘ .
Finally in viewing the optimal path we are able to discerm that

for ko = k* the description of the patﬁ is the same as the irreversible

investment model. On the other hand, for ko > k* the economy will

( 10 1

aégays traverse one of the patterns with disinvestment.

- 2
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Figure 22. Optimal path whem steady state occurs
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6.0 Harrod Neutral Technological Change ‘
e ‘
- v

~e

» -

Harrod neutf;l technological change. Adapfing the model .to allow for

this phenomenon, redefine the production functions for the Eonsumpti n

and investment products as, ' L4 o
st J -~
Yi = Fi(Ki, e Li) 1=1,2 (177)
2 o *
where 0 < o < ® 1is the rate of Harrod neutral téchnologica;,zhange and
'Fi, i= l,é,has the properties specified for equation (l). We assume® R

that the rate of teqhnologicai‘change is the same across products

- c - - i .
and -countries.  This implies, in particular, that the domain of the
foreién offer function is growing exponentiall?:;t the ﬁ7té a + n.

L] - '. '
Whereas in sections 2 - 5 it was growing at the rate d.f Hence, we
. . . . e
are still-in rhe medium size country framework and will not approach
. 1 * ’ - ' ) N
the case where %ne nationm becomes small and the other large. '
N 4 . . -

Next define th; variables 1in labour/effic{ency units,

. -
K
) ki = at} » ko= af ’
| . e L, L ‘ '
. ) / A \
y, = tYi x, = Xi ) 3
] b ]
i eucL v i eatL )

’ o
L ot i eaFE i
. ‘ *

S - . oy
Moreover, frdh the rate of change 6f the capitdl endowment equation, (4)
! \l ’ ', ~\;'w.
~and (177) we get, . ' ‘ ’

. ' . ' . - ®
b . - .

Oar model, as most other® optimal growth models, }eadilv handles

[ 4






o

kK =v, +2z,~-(+a)k . - ‘ 7
Yp 2 - v 378

Recall that the evaluation of welfare is in terms of variables in labour

. endowment not effic;ent labour endowment form. Therefore, the welihre

! N
functional befomes. . .

we x), e*2) = ST e‘5‘q5e°‘(x1 + 6(z)z))) dt. (179)

Consequently, the saddle point problem confronting the domestic

N

economy 1is

I(X, Z, V) = f: e St L(") dt . " (180)
-~ wmin {V}, max {X,2} ) : t .
where N
L(ylay2:k kz:kvll)lzr 29 )\ Az‘ip,w’r) s ) (1819

L4

- U™ (y,. + g,(z,) + gy (z) + ¢(zL)z;3) +

)+w(1+eat‘-£ -2 +

\§L~J (lifi(ki) Yy b Al | 2’
- L 4 ’

"k - 111’ - k, 2 ARSI 2, - O+ k- k) e

The first ofﬁer and transversality conditiong are,.

3L at < © er OC , > .
3Y1 U'e - X& 0, .yl(U‘e - Xl) = 0, v, - 0,
’ ., S
< . . >
Tag - - )‘2 +p=20, yZ(‘Az + P) =0, Yz =0,

.Q\
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~3
'aL - U|eat [} (Z ) + - b g_l_l— '- .U'eﬁt( '] (z ) .
522 - 81422 P > 3z LS a8
, . L .
® . - Nt
+ & (zL)zL + é(zL)) +we = (0
AL AL (f'(K) -TS0, KAL(E'(K) -1) =0
aki ii i1 ! > N5 S Sl S § ’
b . AY
> < ‘ {
k, =0, 1=1,2 . ,
L A f (K )-w-rk, S0, LOLEF. (K) -w-rk,) =0
3%, © M i A S ALY 1 J
- N > 4
Ei =0, 1=1,2
aL i )
BN =2 f (k) -y, =0, A =0, i=1,2 ] «(182)
L, o, g _a = 20, L. |
Cml+e™z - - 2,20, w20, £ek-kt \ :
- >
- kzlz =0, r=20,
) v .
JL . S . .
T =y, *z, - A+a)k -k=0,p=0,p=(@+A+a)p-1,
» ’ '
1im e %% 5(e) 2 0, 1im e‘é: p(t)k(t) = 0O, d/< R, <@ .
t + ®© t + ® ° .

*

The crucdial observation is that all prices except the wage rate, w,

are evaluated in labour endowmpnt terms not efficient labour endowment

tetms. Te rectify this; define

P, - pe—at r = re OF | I (183)

(33



Therefore, .

M . =Qt -t .
pl- pe - Qe P -
i (184)

respectively and substituting é = (§+A+Q)p - T
>

Dividing %y Py and 5}
vields

ppm (A +8&p, -1 . . .o (185)

A1l our results derived in sections 3 - 5 are basically applicable to .

section 6, except that we must redefine the variables to be in efficient

.

labour endowment and intensive forms. The onlv difference is that
[ ] .

there is an extra positive parameter in the k equation which does not

alter the qualitative. conclusions..
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Learning by Doing ) -~
~ ' LY

Just as labour-augmenting technological change creates few
analytical difficulties but requires reinterpretation, so appropriate
dodifications of &he manmner labou enters the production functions only -

introduce some interpretative complications. Proceeding to our first

~

example of learning by doing we assume that output is generated by

the following production functions,

Bty .y {=1,2 (186)

Y, = Fi(Ki, L i

i

-

where 0 < 8 < @ and F i = 1,2 has the proper:fésASpecified“in_gquation ‘

i’
"(1). The term LB reflects the economlc fact that as the labour endow- e
— * —

ment increases it produces "knowledge" or "experiéncg" as.a hy-product.
This spock of knowledge increases the efficiency of eadﬁzw;:Lé; ;n
the fashion of a Samuelson coilective commodity.® This implies that
the efficiency of any number of workers caﬂ;ge improved equally, which -
18 reflected by LB not depeﬁdﬁi§:§y§$g numSer of workers and 8
being the same for the consumption and fnvestEFnz,products. In the pre-
sence of labour-augm;nting technological’€§§gge (186) bec;mes )

Y, = F (K, LBteatLi) {f=1,2 | (187)
Recalling that L = Eoent ,‘(187) can be rewritten as,' .

Y, _ F,, Lo+ nB)tLoLi) %'; 1,2 (188)

. ;’_’ _{:-’-:/1:'4

Once more to retain the nature of our model we asaume B is the gamé -
across countries. Tharefore by.substftuting for a in section 6 the
»

expression (a + nB) our first model of learning by doing and Harrod

.«
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N

neutral technological change is complete.

Our second example 1s a generalization of an Arrow-Rurz [13 -

L]

formilation, - !

. Y S {m N ‘
Y, F (K, Li) _ 1'=,1,2 ¢ (189)

wh%re 0 <y <« and F, has the usual ptoperties, ip particular Fi is
v

>
homogeneous of degree one in Ki &nd'LI. -Bence, ‘as Y 21,?&,1 =1, 2
- - *
exhibits increasing, constant or decreasing returns to scale in

Ay and L,. The economic iﬁterpretation of (189) is straightforward

i
if we think of L, 1 = 1,2 as the labour input but LI

as’ .the
1]

"experienced{\ijgfur input. The domestic country does not only

\
import or exo "labour but experienced labour. Again, for the afore-

mentioned reasons Y is assumed to be the same in both nations. Combining
. k] .

(189) with labour-augmented technological change we get,

- at. vy ! - A
Yi Fi(Ki’ e Li) i 1,% . | (190)

Next define the variabi%p in experienced labour efficiency units,

<

i K

K = ——

K
i at Yy T Yy °
~e Li e L

Y1 i Xi
Y * at_ y ° X T Tat Y
. e L . e L

ZL Zi .
z y 2, ™ » i=1,2
.lf’.eatLY 1 thLY . L ] »

\

Furtgégmore, from equations (4) and (190) we have,

»



89
-
-i'g-y2+zz—(p+‘ip+cx)k . . (191)
[
} 11 .
. Again noting that welfare is evaluated in labour endowment terms and
that LY°! = ef.‘(‘f - l)t, the social‘welfar'e’ function is
+ - + - .
we@ +aly < 1))t X, (e njfs l))t‘n) -
- (192)
- + -
. f: e 8t U(e(a a(y l))t(xl . ®.(ZL)"L)) dc .
Thus, the optimizing program becomes, - /
r s o / ) B
. o« -
1%, 2, V) = [, & tL¢) ae 193) -
; min {V}, max £X,2}
27 where "
L(Ylyyzyklnkz)ll,lzok’zzszL’AI’AZ’p)w,r) * .
: D@+ aly - 1))t '
UCe yy + 8.2 + gy (z)) + ¢(z)z;))
- 7 . (194) -
2
Y, _ (@ +ny -1, _ <
10-151 Ai(iifi(ki) yi) +w(l+e 2, 9.1 1,2)
= Y Y : a
+r(k-k12.l-k22.2) +p(yz+z2 - (u+yn+adk ~ k).
. A Y
- . 4
The conditions of optimality are quite manifest; suffice it to note that
. p=(5+u+yn+a)p-r1. ‘ (195)
Define _ - )
. . i) ; S-—
-(a +a(y - 1))t
b, = pe ( (v - 1) :
- . “ (196)




&
~

- -(a +aly - 1))¢c

p.= pe - p(a-+ n(y - 1)) e (@ *+nly 7‘1))t.

. . (197)

,:.2 - ;e-(a + 0y ; DAL _ r(a + aly - 1)) e-(a +ay - 1))t ,

b}

consequently,

Py= (§+Mp, -, . ©(198)

P
-

Thus, our results of sections 3-- 5 are satisfied except to notice

gohat the iﬁtenpretation of the variables is different and the k
. ) .

) .
equation is trivially modified.

/




8. Competitive Economy

Up to this stage, we have been aﬂhlvzing the allocation mechanism

L SO

of 4 centralized economy which maximizes a social welfare functional.
\ .
However,lit is altogether clear that the model may be applied to & com

petitive economy. If we assume that utility maximizing households all
have the identical intertemparal utility functional of the form

f: e—étU(xl)dt and profit maximizing firms with production functions

. ¢
given by equation (1) behave' competitively, then in equilibrium

q
~ S L
equation system (18) is satisfied except for T— = 0 = . The
dz " Bz,
AN 2 -, L

equations are not fulfilled because in international equilibrium

under competitive markets the world-price ratio of tﬁe'investment product’
z .
in terms of the consumption product is - ;£ . The optimal domestic
' 2
price ratio is equal td)the negative of the marginal social welfare

times’the slope of the foreign offer function with respect to z

2
The two pricés differ due to the circumstance that the home country

has some degree of monopoly power in trade which cannot be e:ploited

. \.—1 -:Q. '
by competitive behavior. We are confrouted with a stailsr i5;~' T

_,,.&1# <;.

when encountering the labour market. In world equilibrium the wé%e s
‘ z
rate in terms of the‘consumption product is --;l . Yet the optimgl
- . L

domestic wage rate is equal to the negative of the marginal social wel-

fare times the slope of the ‘foreigm offer function with respect to z

L
adjusted for the marginal social labour extérnali?y The Jivergence

. P

is effectuated because the domestic country does not utilize its

monopoly power or.perceive the externality effect of imported or |

exported ﬁorkers on social welfare under a competitive labour market °
‘ L ]
structure. In our model, there are essentially two distinct ways to




handle the pricing problem. Firstly, government can control trade
and labour movements directly while the remaining‘procesées of the

economic system function in a decentralized competitiv% manner.

' Secondly, the government may impose a tariff on the prices of the

produats and labour to which competitive firms engaging in trad;
v .
and demanding foreign labour are subject. This interjacence in the
a

markets by the government will align the competitive pfzges to the

optimal prdces found in equation system (18).

< )
*5'?:'
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Appendix 1. Uniqueness of Optimal Path

0

Theorem Al.l. If a solution (XO, z, Vo) of the equation system & 8)

exists then (Xo, Zo, Vo) is a saddle goint %; I(X,'Z,‘V) and (Xo, Zo)

e

————t——

is the unique optimal policy.

Proof. Let (Xo, Zo,‘Vo) be-a solution to equation system (18).
Lgt,(Xl, 21) be a §§t.of feasible wectors (i.e., satisfying equations

&), (9), 80y, (11), (12), (13). Then,
. . <
R ' i 1
, v°)l- I, e ét[U(y; + gl(z§)+ gz(zLo)-gz(zL )
~

. 0. 0 1 1, 171 o, o 1.
+ cb(zL-)zL) - U(y1 + gl(zz) + qb(zL)zL) - Al(yl --yl)

o] o] 1

1x°, 2°, vy - 1xt, 2

2

' 0,,0 o ;7 1 o 0y ,.0. 1

+ 151 OB ACDI ii‘fi(ki)) -y = p(yy - ¥)) -
2 - | .9

) - w0 (9 - 2y - 20T () K - 4K

o, o0 1
+ w (zL -‘z 1 ;&

- oL 1=l =1

' . . N
s (- 00 - k) + % - 2Dy - p%(° - kD lde. (AL

) e
Next adding and subtracting U'(yi - yi), U'gi(z; - Z;). U'(8£'+ ¢'ZL+¢)

(z - #;) ylelds, : ) \
I(x?, 2°, ¥°) -(1(x1, zl, V) - f: e-dt[U(yi + gl(z;)f-gz(zLa;-gz(le)
+0(zzd) - UCy] + 8y (2p) + ¢(;{)z§p “vol - .
+ Ujkg-ki)(Yi -y - (09 -'p°)?y§ S b e - 2h
'+.<n'gi +p0)(2) - zp) - U'kgy + 0'x H OV - 2) N

\

2 ' s
0,40 o
151 21(A1-f1(k1)

»

"(U'(gé +~¢'zL + 0) + wo)(z: - Ei) +



.0 _ o .,0o, o 1.1 Iy _. 02 o 1
Woo-r kl) i xi(\i fi(ki) w r ki)
. {=1
e (% - p® 0 - Kty - P20 - kN ae. (A1.2)
/‘ -

Recallfng (18), in particular that p = (A + 8)p - r, (Al.2) becomes

o) o

1 o o -t o o 1,.
- J’o e {U(y1 + gl(zz) +g2(zL )-gz(zL )

L] vo) - I(le Z ’ v )

14°, z

)

o, 0O 1 1 1,1 v ;.0
+ cb(zL)zL') - U(srl + 31(-32) + ¢(zL)zL) u (yl Y1

- gl - z;) - U (g) + 8z + O)(z) - 22y

L
. (A1l.3)
. o] o 1 o o, ,. 0 1 .
+ (U Xl)(yl vy + (- A0 (v, Yz)
£ 68° - O - kh) - P20 - KDy ae.
- Integrating we find, : : -
fm e-ét po(ko _ kl)dt - po(ko _ kl)e-étl°° _ fw -8t
o o o
: o o 1
(p = Sp7) (k" - k Qdt. : A (A1.4)
. "0, 0 1, -8t = >
By the transversality condition -p (k~ -k )e l -

0. So subisituting

o)

(Al.bf into (Al.3) gives I(Xo, A 1 Z1

, VO - 1(xT, 27, v°) > 0 by the

strict concavity of the social welfare function, the first order and

transversality conditions. Thus (Xo, ZO} is the unique maximum, i.ef,

the unique optimal, pa}licy of I(X, Z, V). -
Furthermore, %éEAhéé”Eii“Xhe indirect constraints are equalities,

for any vl 2 0 we have

I o 0 o

1x°, 2°, v°) = I(X 1

°, 2% v (A1) 5)
Hence (Xo, Zo, Vo) is a saddle point of I(X, Z, V) Q.E.D.

- . Y

» ‘S
\—
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Appendix 2. Local Stabilitv of the Intertemporal Equilibria .

-

Suppose that the steady state occurs in pattern (2,2). We

know that froﬁ equation (170), p = U' q and therefore when we linea£lze
p around the equilibrium point (k*,p*) we get
'

a

) 3x 3z . *
QR = " ___1 ot __L_ . 1 _aj_ . (AZ-l)
3Q'r(k*, p*) v (Bq *etz ¥ ¢{ dq ) a.+ U 3qi (k*,p*)
’ L] *
- Since q = 0 = k at (k*,p*) then
§2 - ' a-g- l * hd
(kx,pm) ~ U 5q |Gk, p0) : . v (a2
and similarly,
- o o )
3p -y '
ak‘ (erp0) T U Fq [Ger,pry _ (A2.3)

~ . \ K
Hence because U' > 0 the signg of %% and %% are determined by

-

the signs of %% and %& respectively, with the derivatives evaluated

; : \\t
at the steady state. Equation (116) shows that sgn sgn

3q -

3q‘(k*.p*)

- 3q - g -
(k1 kz) and 3k | (%, p*) 0. In addition for the linearization o§

the k equation we have from equations (150) and (152) that; sgn

3k
- Sm(k -k ) and — (k* p*) .

dk

T Consequently the

(K*, p*)

characteristic roots of the system are,

1’ ak 9q dk 3q dk roe

(A2.4)

§..5 = 1/2 [-(U" —‘-’*+ ak) + / 2, ak)2' (u'—“- ik—) ].

. ‘
The roots are real and oppofite in sign, so if the steady state occurs

in pattern (2,2) it is a local saddle point,

.
1 -
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Next assume that the intertemporal equilibrium exists in pattern
L |

.

. ' . & -
(2,3). From equations (132), (131), (A2.2) and (A2.3), g

-//, §2 ) ) ' aﬁ w L] L - . -
-3q | (k*,p*) v aq | (k*, p*) < 0 A c(iz 2
.- -
2 - .
3k | Gor,pr) TV R ke T 0 .
. ' - . ‘ & .; v e

Moreover in ‘conjunction with (A2.5), (156) and (157) the characteristic

roots are o o . N .
= 'J -+ — / t _k - _a&a_k [
5,5, = 1/2 [U (u —% &(U <3k 5k 3q ) !
L o * '(A2.6)
Again the roots are real and opposite in sign and thus the steady state ' !
i ’ . ’ - ' e . ’ - ' ‘
in (3,2) is a local saddle point..y »« R
’ :". Finally if the stea state occurs in-(l,Z) we have from equations
YU §_<1 ' 3_<1 )
(142), (143) and (158) thay/v “(k*, p*) >0, U k (k*,p*)'> 0,

_ 3K i
) Tk ‘(kf,p*) <0 andwga (k*,q*) > OaaLTherefore Fhf roots are defined

~q\
F ~
by (A2.6) and once more the steady state is a local saddle point.
o . L
K4
: ]
’ .
N\ ' .

——--" . .. \

‘. -
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Appendix 3.* Patterns with Consumption Expenditure Equated to Zero

At the outset it s convenient to define the consumption of
nationals of the domestic coulBry's co'nsumption product in labour

efdow’gent form by

This definition facilitates the derivation of the number of combinations

. - I
that are feasible when x - 0. This is pecause when x

by (14), = = = 6(2,) & O for 2

= 0 and since
<0 wh 0.
L L = O when x, = 0.

Consequent_ly since the social welfare functional {m the linear case. -

N

1
> 0, then by (A3.i), 2

is defined only when X + ¢(zL) 2 - 0, whenéver xl = 0 the domestic

country now exports labour. The different sase\&:are found in Table 1l.
Proceeding as in the text we will first analyse the tempoxﬁ equilib‘ria

~and then the motion of the_ economy through time. In patterg (2,4) we

have, ‘ '’
° °
PRRACCHEERACIENEE SONE 2N
e , . ‘ . ~ 0
X, = ﬁz(k,q)o,‘ X, = 0, (53. "
z,(@) = - 9]ék.q)- :
Solv'ing q as a “‘function of k from (A3.2) yields B ~ Tt~
ot ; 9, . .. t o
ﬂ - - - ak - —v (A303)
dk A ~ .
d 9 1 '
dq  9q ; :
< 8 - s
[ P
“ ‘
- r )
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. [y .
4 ,
~ V.
b
v - -
}
X ‘'Q = Ty 0 < x ‘O = Ty iz - [ ‘0= Ty
Z ‘0 - 1, 0 <’ ‘0= 1, 0 < iz i . 1, 0 < (2" TS S P ()
. 0 < ix ‘0= Iy
- - 12 0> 'z 0 > 1z > 1z
% . 0 = g - 0 N 9 ‘0 = g 0 < (73 ‘0 < % 0= A‘am
(%) (£) (2) a1n3ypuadxy
uo}10NpoI4- .
R \ ,
" v 0
— suialied () = Iy *11 2198l
£ .

L



99
1f kl > kz then %% > 0 by equations (61), (63) and (64). Investigating
the case k2 > kl' recall that
'
3y .- 42 . ay% dz dz .
1 1 - 772 2 e L
—_— _ - — 4 —= - _— .
] q + dq q (aq aq ) (¢ ZL + ¢) dq » (A3.4)
. &
392. ck?z dEL
- — = —£y < —_— . <
with - q (dq + a9 ) 0 and aq < Q0 if kz > kl Noting that z, 0

J .
and when the elasticity of consumption in the foreign country per unit

»

of exported labour is .

o'z N ) : ,
= = -l O (a3.9

i.e., nét inelastic then %% < 0. However when the elasticity measure
3

‘ig inelastic then from (A3.4)

d2
~ ~ L
9y 42 : -—
1 1z 494 2 _ _d9
5o *3g 20 1f and only if gio- 2 vtk (A3.6)
2
3q
Consequently, , - .
d'iL
dg 2 e 9 _dg ]
K < 0 if and ownly'if T z —
B 9
. 2
q
(A3.7)
99 _ &, 4f and only 1f L= - —99_ |
dk Pp-w
392
."OT
\

We are able to define Ql - Ql(k) by (A3.3).



-
Now in pattern (3,4) we héve,

-~ : - k ,
Fp0e0) = A+ GO (g )

Y, = 0 = 2, "Xy ’fZ = ’k,q), z, = zz(q).

Once more we have that q is a function of k. From the foreign offer

function ,
v
0 = g, (,(a)) + g,(% (3,8 . " (A3.9)
Thus :
g' EEL
%E -- f dk —— < 0 (A3.10)
' d22 , BzL .

by equations (51), (79), and (81). Let us then define ﬁl - ﬁl(kj by

(A3.10). ' ’
g

In case (1,4),

k

(e, () )

¥ 7 0 ¥ ) = (1 4+ 20N E) (

zz - ZZ(Q), xz - xz(k’q)

" -

X xl(k,q) - .

z,(k,q) = -3, (k) .

Therefore,

dq . _ dk 7 3k ' A3.12
dk - . , (A3.12)

(A3.8)

(A3.11)
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Also, N
\
T " (fl(kl) - klfl(k)) + fl(kl)
z (A3.13)
E__l - ot dzy i
* &2
and so
dy dz. ° dz.-
1 ——l - _zL. [y '
dk + a§>¢ - g (@lzp v )+ fl(kl) . (A3.14)
\ ‘
¢'z o3
1f _afk S -1 then (A3.14) is positive and %% > 0. If 3 L. -1

: - <
then (A3.14) is positive, zero or negative depending on (Yy-w) N

£7 (k) ¢'z

. This says that when labour is exported and 3 L. 1

' dzL
~ dk ) -

then the effect of a change. in the capital-labour endowment ratio on

the demand price of investment depends on the éagnitude of the differential
between the price of labour services with and without the externality

and the ratio of the marginal product of Y1 with respect to k to the
L . .

.

. increases in labour exports due to increases in k. Obviously it is

-

the externality effect which is initiating the somewhat indeterminate

signs of %3 in ,4) and (1,4). 1In symbols for (1,4) we get

, < £10Rp ' '
ik < 0 1if and only if (?hw) s dEL . (A3.15)
‘ dk
» -~/

.

Conseqbently we define a' = q,(k) by (A3.12) with the appropriate slopes.
* 1 1 g Y

~




- .

-

We sKall for the moment leave aside the degenerate case (4,4). Moreover
<.

the price ranges are; (2,4), ﬁl E qo’p(“1Y31§;7) )y < al(k) § q
<P Gy ey (W0, 360 T a0, a2 300 2 b Gy ()
L [ L

(1,4), g5 < 3, () = q

0 p(w (1+zL)

Turning to the solution of the differential equations (114)

to determine the optimal path when xl = 0 we observe in (2,4) that

" from (114) and (A3.2), .
APREVPS PR s A S/ I
9 q dq; dk ok aal dk
dz, da, N
. +§§1— Ix ] . (A3.16) -

From the foreign offer funct®on and the necessary condition that

= 8]'.(22) - al(k).

q 223 ;gl --1 :fl :21 + 3 g :fL ::1 .' (43.17)
q, q, dq; q, 49
Also,
. dz_ dg 3% 3§, dg
r 4 q °1 1 %Y .
s - - '~ + ~ . .
%I 43, dk 4, G *3g, o (43.18)
1
Hence
. 4z, dq

- - -A .ﬂ_ S Y
q (A+8)q - (¢'Z. + ¢ + q 82) 561 m
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31 -
oV oy ¥ oy dq »
- 1 2 1 1 1l .
—qlr— = vt t(5m = vt =) ) . (A3.19)
. 3 q, 3k aql q, 3q1 . d
£1(k,(§))) .
From (63) and the fact that al(k) = -f-%&l—)) ve have, . .
2°%2%9 > /
~ \ -
oy 3¢ k, + w :
—2 . -3 1 2
9 3% i 3k % ove) - (A3.20)
1 1
Therefore ' ,
85}2 L q 3§1 - 391 k2 + w
gy YT owm T g ow K v
1 1 1
3 .
+ - b ) = = £ (k. (§,)) K 1a3.21)
3, Kk q, ‘1 o1 \ :
Next we see that from (64)
-q 3%, dq o9 dz k
2 1 1 L a
= T =~ [- == A - =L £ (x (§.) .
3§, dk 33, 4, 43, a; 171U % -k,
i Sk a g, @,) b - (A3.22)
14d 2720727 k, - k dk ) o :
, 1 12 .
.‘
This yields, = . -
.35 q 3%, dg az k
- 1 2 1 1
G- = ==y = - (G £, (K (§)))
9, aql aql dk dq1 2 2771 kl k2
dz k dg
L 2 q A =71

and remembering 6l(k)(f2(k2) - szé(kz)) = w,

-



EEE L SN . .
’ ) b . . '.”o * 104
: < \
r v
3% 39 dq *dZ.  dq
A 1 1 2 1 L 1l g
-q (zx= =+ = - iy (A3.24)
{// %) §, 3g ° ak 49, dk- q; :
N\ This transforms (A3.19) to
- L N =
- . dz. dg§
- ('3 9 o L %
q= (AR) q - (¢ zZ +o+ 31 (8, + W) EEI m
- - ' a
EUECICUR o, (A3.25)

N

Recalling that ¥ --1§ and the ;Zé‘isary condition ¢'2L + ¢ + gé +w=20
[ - .

we get . ' .
. a o d“L dal
= , -~ ' a - e——— —
q = (M8)q 3 fl(klfql)) + (al 1)(w-w) @™, « (A3.26)
= a . = - ! a
1f q q9; then q (A+d) q fl(kl(ql)) and
L] . . . da
éﬂ - - " LY ] __l -
™ fl(kl)kl(ql) I . (A3.27)
Therefore if k, > k, then k!(3,) < 0O fﬁl > 0 and Eé > 0. If
€ 17 %2 1'% ' K "¢ 3k '
¢'2 d§ ;
L o< ' a 4, 2, .
k, > ks s 1 thea k;(§)) < 0, 3= < 0 and 3 > 0; if
-8
¢'z dq, -
L . 1 then sgn % sgn - —1 as defined by (A3.7). On the other
o} dk dk
hand when q > Ql then evaluating (A3.26) at q = 0, -
L} - - —_ _— ——
31 fl(kl(al)) (A6)q (Ql - 1) (y—w) dal x . (A3.28)
At'q = (0and q = Ql, fi(kl(al)) = (A+8)q . Therefore q > Ql the
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left side of (A3.28)' is pbsitive.p'l'hlls means that for k,> k., by (58)

1 2
dal . . ) i ¢'%L ’
¢ ——amt ® € atq = 6 it must-be H%Thi -1, i.e., the

/ »
. Asticity of consumptiox)/ in the forﬂy country per exported worker

(. is elastic (¥~ w >0). Now when k,ff k, and since 0 < k < = at q = 0
3 .., ) - dal
. by the assumptions on the produfﬁon functions then i ¥ ©. Thus
. - . : -
the left side of (A3.28) is positive and finite for kz > kl. In
Co e = dq; - 'z,
addition when k2 > kl and e <0 tl:xen Y - w> 0 or ) < - 1;
aq, 'z, . '
for T ‘> 0 then Y=w<0 or o > - 1. Finally notice that yymay

s

never equal w when q > al and q = 0 implying that the elasticity

of consumption in the foreign country per unit of é&ported labour

< must not be unity.. Continuing we find that when q= ﬁl then °
L ] - .
. ¥ . a0, - (A3.29)
aq . .
and when q > c':]l then *
-
) N dz. " dj
3q _ _L g N ik Ao

the sign of which is indetermigate. Proceeding to the q equation

for (3,4) we get from (114) and (A3.8)

. BEL 3~L dil .
- - 'z — — ——
. 1
. (A3.31)
3y
2

K4 ) -

Next from (85)

14



avz 3y, 43, oz,
syt 3, dk ) o= omalg (k) - kyfyli)) + (k )
. Bz dql

>

Also from the foreign country's offer function (82),

-~

_ 9 (BZL Bng dq1 _ dz2 dq1
8 a, 33, dk 943, dk

r 4

Hegce (A3.31) becomes,

3z 3z, dq

. _ , g _ L L 'l
q = (AM8)q - gqf 5(k,) + (al L w)(ak aql %)
* L ]
-~ i k <
If ¢ = S0 and recalling k2 = (1+EL(k’al(k)))
: o£olky) 32 £(k.) 9z, 43
3q _ar2v2) TtLo. Q22 L 1
ak (1+ a+z) G k- D % z : ky > 0

'(1+zL) Bql dk 2
s ,

K -

-

by equations (79), (81) and (A3.10): Moreover observe 3q

4

If q > q the expressions becSme more intricate. We do know for
1 . .

-

is solely a function of k, fz(k ) = A+6 This prbduces

3z 9z dql.

L - e L \%L -
1 1
<
. . , 32L aiL dq
. - A 4
The\quy way (A3.36) holds with q > 9y and K + 351 TS

[ 4

'

LN

{A3.32)

(A3.33)

(A3.34)

(A3.35)

- a Ed . = M - - : - a '
q = 4y at q = 0, fz(kz) A+5 . Hence at q 0, q9 > qy and since kz

(A3.36)
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(A3.9), (A}.IO) is when ¥ = w or

In pattern (1,4) the q equafion\is

. - dz)  dz, dq,
= - ' -
q = (AM+8)q - (¥ z, + $) Ix “dﬁl Ix (A3.37)
From the foreign offer function, (A3.11) and (106)
- J
-q dz, dg o odz,
’ 2 1 _ _ X 9 _ _L
33 3 "3 fl (kl) + 3 W w) K - ‘ (A3.38) )
1 1 1
- \
Therefore (A3.37) becomes ,é ) R ///
. q q. dEL >
= /‘ - N _’ - - T . ' .
@ T e - E )+ G DO - W g (43.39)
\ 1 /
1f = q. and recallin ‘L = ————ji————
179 &< e )
) 2(k.) dz _—_—
aq ) 4 3 .
™ (1+5L) (kl I« 1) >0, 39 A+48 >0, (A3.40)

by equation (102). At q = 0 and q = 51' fi(kl) = A + §. Thus with

- : . 9 e .
q > q, at q = 0, 3 fl(kl) > (A # 8)q and

1 -
dEL
& -1 @W-w 5 >o. (A3.41)
ql dk ~ T,
o'z ‘
This implies that y > w of ? < = 1. So far we have gleaned

some rather interesting implicationd. pertaiming to the pattern of
international labour movements. Although we do not in general know

the slope of the q = 0 curve or 1ffsteady states may exist when x, = 0.
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To complete the answer to the existence question we must investigate
the role of the k equation.
In pattern (2,4) . \

: _ I _—
yg = 5,0k, (R) + 2,3 (0) - Ak. (43.42)

- /
\
Differentiating with respect to k yields, Ve

k. 2 ¥ 5
vl ~ AY A
dk ok Bql dk\ dq, dk

- A (A3.43)

and with equq‘épns~(51),.(63), and (64), (A3.43) becomes

I J

. . f ] dA dn
ak _ %) 4B o -w (83.44)
ok al dal dk q; ) :

Next from (A3.25)

~

4

- k . 5.4 Y - w dzL dq1
dk T q 4q,

q dql iK (43.45)

-
Also %E =0, k = 0 when k = O by the assumptions on the production '
) . . -7 i~

" functions and for k = 0 wé must hé@é*%% = Q. Consequently %% = 0 at’

at q = 0 if and only if

az, 4\ . ~
C8g = (Y- W) = ’ i (A3.46)
dq, dk - . -
\ 1 ,
' ) %4, a4, ‘
(A3.46) is satisfied when for x } > w we have e <0, ¢ -wc< 0.
~ In pattern (3,4), -
k= §, (,4;(K) + Z,(G k) - Ak , (A3.47)

L Y




-

4

Obviously %% = 0 and differentiating ¥A3.47) with respect to k using

(A3.32) and (A3.33) yields

: 3z 3z, dgq
& o R I WP ? L %
From {A3.34)
3z 37, dJ >
ks _W-w "L L _ 11
K 8 q p (Bk + 35; aK ) " \(A3.49)

Since k = 0 when 2k O then k = q = O.if and only if

3k
3z GZL d&l ,
$q = (Y - w) + 5;; i« ), (A?.SO)
which is satisfied when ut 1f q > El then from (A3.36) v
. . N e
Y - w so a gsteady state may .only exist)in (3,4) when ¥ - w > 0 and
- v ‘
q ql' .
’, Finally in pattern (1,4), \
i , Y
k = z, (q, (k)) - Ak. : (A3.51)
By (A3.38) and (A3.39) ] .
[P . dz
R 9%k _ _qa_ (Y -w L
ok 6 q q dk . - (A3.52)
?
Again k = 0 when k = 0, QE =0and k = 0 = q 1f and only if
L J
dz

§q = (Y - w) ;k—l‘ , _ (A3.53)
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which is true when ¥ - w > 0. Llastly in pattern (4;6) from (161) q = &q,

k=2

» therefore no steady state exists here.

These coﬁblex calculations illustrate the fundamental point that
)
L .
- ’ .
steady states may exist in cases when xy = 0. This conclusion is contrarw

to models exhibiting factor immobility between nations and ostePéibly,

i} a

couniter to "econbmic intuition". However careful examination resolveb
- .. Q%

the apparent deleteridus result. If consumﬂ!ion is nil in the domestic

. . 3
country them the country must export labour. The exported labour is

able to consume in the foreign country by the amount ¢(zL)fL\ In addition A\
to the‘emainder of the income ‘earned the exported lgpour may repatriate

part of ¢(zL)zL'thus making it feasible for the ress\?f the population

of the home country to consume. This mechanism appears to be rather

pathological and therefore we piiieve that economic palpability dictates

the extrication of this case. Nevéitheless, as can be observed by
3

L
appendix 3, our model easily deals with x; - 0 z)lutions. ’
< > ‘
/\
. s *
)
~ ;
-~ o’
Sonenir .‘\
. « . ' .

Gy
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- Footnotes

lA small countrv is defined as one which takes world prices as

given, A large countrv influefices, not only international quantities,
but prices as well, : ) : '
’2 “ % . - b ' § e
Bohning [6], provides an extensiyq‘bibliography of the empiri-
cal literature on labaogr mobilitv. Chipman ‘[7], provides an excéllent
bibliography of the theoretical literature on factor movements.

3This assumption was utilized by Bardhan.[él and Ryder [15]..

é'In addition, we assume that

T 3p 3 * 3F : 3F .

i i i .
lim w -c" lim and lim == =0 lim -, 1=1,2,
K, >0 N4 1L ;[ K~ oK L, + =Ly
i i i I ! : ~
These derivative cond are in fact excessive in the semse that they
are only required to be largem(for Ki =0 = Li’ i=1,2) than or smaller S
(for Ki - © -/Li, i=1,2) than certain parameters. In actuality t%}s is

the way these conditions should be interpreted.

SAs in Chipman [7], we can define a foreign transformatfon o
function in implicit form as - '

£ £ - f-
Y Y i 4 5
1 2 K

-~

5]

. - ]
(when f denotes the foreign country and L is identical in the foreign and
domestfc countries).  Notice that the excess demand for labour appears in
the transformation function because it affects production conditions.
Utilizing this transformation function with the fore{gn demand conditions
and the definitions of the excess demands, yields an offer function

£ f £ a
L 2 L * L ' L > '
ZLf appears in the offer function because it affected production. 1In '

addition, if the country exports labour then any repatriated income-will
influence the manner in which Z.Lf enters the later function, In our

context we specialise the form and domain of the offer function. We

-assume that %— is constant l.e. the foreign country is always in steady

state and the ?unctioﬁ is additively separable 1.e, degpand conditiomns,

<




producti&n conditions and any reQSE;riations interact such that
f f £

Z z, ' .
-1—'s( )+g2(-z£-) '
L L L

Y ‘

6y = y,¥,) > 0 means v, 20, v, 2 0 but not both zero.

»~

7If a solution exists these conditione, equation svstem (18),
are suffilient Yor a unique optimum. For a proof see Appendix 1.

BFo; the stability analvsis see Appendix 2., Moreover, because
the optimal path is unique and all the steady states are saddle points
then only one of the intertemporal equilibria may exist.

< b ]

9The deacr&ption of the optimal path was predicated on the basis
~ that ko was "sufficiently" less than k* and ko was "sufficiently" large#

than k*, /

~ H

~

The discussion concerning the optimal path for k > k* in the

irreversible investment case 1is applicable here if we replace (1,1), (2,1),
~(3,1) by (1,}), (2,3), (3,3) respectively and note that the ingression from

expenditure pattern 3 to’°2 must. always entail a penetration of pattern
x, >0, X, =0, = C -~ -
.- v

llWithout loss of generality normalize initial labour endowment |,
to unity. ‘

12The case when z, = 0= X is found in Ryder [15]. He proves.
that the steady state cannot exist in this pattern., Therefore we shall

deal with the z; < 0 case,
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I. Introduction

The concept of collective commodities or more generally exterpa-
'liti;s has, in recent yearé, been incorporated into dynamic optimizigg ana-
lyses of clo;ed economies. These models have frequently dealt with problems-
pertaining to the environment or natural resources, as exemplified in
Forster [7], Keeler, Spence and Zeckhauser 9] and Plourde [14], [15].

The perplexing éuestions relating to the dynamic study of
external effects between nations have yet to be fully explored. In a
static framework Michael Connally [5] and [6] has developed a theory of
international public commodities. Recehtly James Ma;kusen [10] and [11]
pas derived optimal taxes and cooperative equilibria solutions for

international externmalities affecting national welfare. In additionm his

analyses have been carried out in an atemporal structure.

The first objective 'of this paper is to examine the implicationé
for formulatipg ag i;tegté;poral national policy ﬁrogram when there
exists international and intranational extermalities.
; In a dynagic ;etting, all optimal policy prescriptions fo;‘an
open economy have assumed the hsmall" country hypothesis or the 'passivity"
of the rest of the world.1 These suppositions are quite understandable,
as a starting point, for.tﬂey enable one to focus solely on..the pélicies 4
of a single nation.

This brings us to the second objective of this essay. We
develop a model in which eco;omies engage in international transactions
in a more sophisticated fashion than the small country or p;saivity
assumptions permit. We postulate various international dependences
and derive the optimal allocatidns of outputs, factor; and expenditure

for each nation and for the world as a whole under different behavioral

- -
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environnwﬁ:s. In 80 doing, we find that the theory of non-cooperative
differential games as deveio;;d by Berkovitz 121, [3] and Starr and HJ
[16] 1is particularly revealing as it enables us to frame the analysis.
as an application, extemsion and modification of the static Stackleberg
theory of duopoly.2

The externalities that we w%ll discuss affgg; not only social
welfare but also national te¢hnologies. Thesge exfe;nalities are assumed
to be stocks, sothat-accumulation and decumulation implies temporal
behavioral dependenée within and between countries, Henc;, past trans-
actions are affecting presgnt and will affect future behavior. We '
envision non—human'real capital as the vintage or characteristic of
stocks which give rise to the externalities. ‘
Examples illustrating the‘se;erity and lmportance of the phenomena

-

are the followiﬁg. Suppose at least ome nation eggages in the production ™~

.

of armaments. In the process of reseérqh and development of arms we can
.distinguish three basic stages;’construction, testing and stockpiling.
Any or all of these phases of armament accumuiation could affect
foreigner'’s national welfare. In additiom, these stages could conceiv-
ably influence the foreign country's production. For instance, the fall-
out from atmospheric testing of wvarious 'v;eé‘ponry may hdve deleterious
consequences on thre datry and non-dairy products of the agricultural and .
relat;d industries in the foreign nations. Presumably, then, productian

as well as welfare considerations led to the protfétations by different

-

factions in Japan, Australia, New Zealand, Canada and the U.S.A. pertain-

ing to nuclear-.testingin the Pacific.
Secondly,suppose a country is comprised of two distinct regioms

‘ .
which are separatad by a foreign country; for example the forty-eight

© -
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adjacent states of the U.S.A. and Alaska., Needed natural resources, such

$

as petroleum and minerals, may be fgund in one region and must be trans-
ported to the other part of the nation, through or near the foreign
country. Any unforeseen shipping accident or other form of transporta-
tion, such a8 apipeline through a sensitive northern environment, may
cause Mrrevocable damage to the foreign countrv. Clearly the type of
internatiocnal externa;ities that influence welfare and technology are,
in general, transactions affecting the enviromment and, in particular,
pollution. ‘

The structure of this undertaking builds on the classic work of
Kenneth Arrow a;d Mordecai Kurz [1] and D. L. Brito [é}. We posit the
existence of public and private capital stocks,wlith public capital
jointly vielding production and consumption benefits. The international
é;ternalities are formalized by assuming the capital stock of a nation -
affects the welfare and technology of the other '"player". Finally, gerT
¢ountry is viewed as maximizing a social welfare functional subject to
the various expenditure, production and equilibrium relations which in
turn depend on the intertemporal behavior of the foreign economy.

The anaiysis is divided into two parts. In the first segmené
the countries gehave as Stackleberg followers; that is, they presume
each other's capital stbck 1s exogeneous to their program. Among the
various qualitativé results is that autonomous increases in the level
of foreign capital affects domestic consumption and private domestic

capital to thedsgree that public capital is influenced by the change

in foreign capital. This illustrates tHe interdependencies that may

exist between international and intranational externalities within a

£
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nation. For example, the spillover effects on domestic consumption of

v

*a foreign cag§ed 0il leak will depend, in part, on the degree to which
the government must divert its resources from generating consumption

and production benefifs, such as schools and highways, to rectifying.a

disaster which was originally not part of the environment. We derive
a steady state Stackleberg reaction‘zynction which traces the effect
that changes in foreign capital exert on domestic capital while the

domestic country remains in steady state. Finally, we prove that given
~ .

a fundamental sufficient condition onm the limits to the value of the

production eiternalify, a unique world euilibrium exists and is globally

stable. ) .

In the second part of the paper we assume that the nationS™are
Stackleberg leaders; that is, they each presume the other economy obeys P
its reaction function. Now, the accumulation of domestic qapital and

the rate -of change of the investment price depend explicitly on the form

of the foreign country's reaction function and indicates the inter-
'

national dynamic interdependence. The steady state values of capital

and the price of investment under different leader-follower situations

are compared and turn out to be highly sensitive to the various shapes

of these reaction functions.




2.° The Model

»

iet us consider a model with two countries denoted by the sub-
scripts 1 and 2., Each country has three categoriés of agents, housgholds,

' ' ~
firms and a govermment. There is one output which is both a consumption

o ’
and an investment product. The three factors of production are labour,
-

private capital and public capital. In ‘additieop the foreign capital

exerts an externality on the output, Hence, define the techneclog 1

conditions'by the expression

V(0 = By (R (0K (6, L (0)) + By (R (8),Ky(6),Ly(0)) 4,3=1,2 143 (1)

14
-~

- : L
where Yi(t)xis the output in the ith country in period t, Fi_aq. Hi are

h|

the production functions for the ith_country, Kpi(t) is the endowment

of private capital in period t for the 1th country, Kgi(t) is the

endowment of'public caplital for the ?jﬁ couﬁﬁry in period t, Li(:) is the
' .

labour endovment of the 1th cotntry in period t and X, (t) is the capital

3
encowment of the j}h country, i#j, in period.t.

We assume fhe production functions have the following properties:

.
L

- i i
» . ) >
is defined for (Kgi(t), Kj(t), Li(t)) 2 0, F1 and

F, is defined for (xpi(:), Kgi(t\)‘, Li(t)) 20, H

Hi are strictly concave, homogeneous of dégree 1

and twice continuously differentiable.

\ | .

v -
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oF oF 3H ' 9F JH oH

t .o, 1, L 5o, SN L 5o, i E 0.
axpi(;) axgi(t) BKgi(t) aLi(:) BLi(t) arcj(:) '

Equation (5) illustrates the fact that in determining the technology of
the nation only the public capital stock is affected by alterations g}
the quantity of foreign capital. T@is means when public capital is com-
plemented with or substituted for foreign capital, the role of- the govern;
uLnt in production is changed. However, due to the nature of the separa-
bility in equation (1),‘the private sector's role is never affected by
changes in Kj(t).

Given that we define product and factor market equilibria where

demand does not exceed supply and that we assume capital is perfectly

. mobile between the private and public sectors we have,

<9
C, (&) + Ipi(t) + Igi(t) S Y, (8)
- (2)
Kpi(c) + Kgi(t) S'Ki(t) 1=1,2 /\)

’

re Ci(t)’ Ipi(t)’ Igi(t) are the 1th country's consumpfion, privnée

inves nt and public investment respectively, in period t.3 The rate of

(3
) /

a '/’
where 0 S My < is the fixed rate of depreciation on public and'privaté(/

capital, The labour endowment in each period is

nt .
L,(t) = Lee . 1=1,2 (4?
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We assume that each country's endowment of labour is a comstant propor-
tion of the world's endowment in each period. This implies that the rate
of growth of lgbour'is the same for each country, i.e. by (4) 0 £ n < @ {5
the fixed rate for iand j, Moreover we can then, without loss of genera-
lity, normalize the initial endowment in both countries to be equal, 50

that Li(t) = L _(t) and therefore it is feasible to define the following

]
variables, s
d (t) (t)

Y, () K_,(t K ,(t
v (0 = 0y k(0 = B ke () = R

L, () L, (1) L, (o) .

c, () I_ (t) . I ,(t) A
c (t) = I 1 (=2t _ -y RO £ a2

L, (t) pi L, (¢) g L, (t)

-

We have yvet to specify the social welfare function and the inter-.
£,

teﬁboral objective functional of the gbvernment. Let spc&aifaélfare by

»

given by the function ' -

-

Vg ey (£ ko (63410, (6)) = Ty (eg (£ ey (£) + V(g ()0, (£))  1=1,2. (5)

.

Assume equation (5) possesses the followimg prbperties:

‘ v >
U1 and Vi are each defined for (ci(t),kgi(t),k (t)) = 0,

3

strict1§ concave and twice continuously differentiable,

au U )\ v

e W UL WP YA U |
dc, (t) akgi(g) akgi(t) nakj(t) ) ‘

The form which has been adopted for the welfare function is to

.some degree one of separability. Domestic consumption and foreign capi-~

(

tal do not interact in the sense that the respective cross partials are

zero, Just as in the'speéifieg technology, only the role of the govern—

ment in determining national welfare is influenced By the level of foreign
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capital, - . .

Thus the welfare functional 4s

[}
[~

My (0q (83 kg () (6)) = [ By - Uy (o (8) K, (8, (6)) = W, (ky (6 1k, (€)1t (6)

3 3

A\
vhere’p < B1 < = is the fixed bliss poist for the ith economy. It is impor—-
tant to appreciate that we havelpurposely not constrained the foreign
capital to provide either positive or negative marginal benefits; in orQer
that we do not censtrict the solution and unnecessarily limit.the appli-

cability of the model.

We may now delineate the prograﬁ confronting the 1t? nation, The

government selects the optimal values of the comtrols, consumption, pub-

-

“lic and ﬁtivate investment that minimizes the difference between bliss
and socfal welfare subject to the market and technology conditions which
in-turn depend on the poligy choices of the foreign country. Formally

the problem is to

-]

min, I [B = U (e (B),k (F)) =V (k_ (t),k; ())]de
171 gi't 1 el i
leg (), (), g (00} ¢, | %

. K
' gubject to,
e
<
kpi(t) + kgi(c) - ki(t)

k,(t) = fi(kpi(t)'kgi(t)) + hi(kgi(t)’k (). @)

3

- ci(t) - kiki(t), .
e, () 20, 0c< kg <=, 1=1,2
' !

where )1 = u1‘+ n, koi is the initial capital-labour endowment ratio in

country 1, f1 and hi are derived from Fi and ﬂi utilizing the homogeneity

assumption and ki(t) is calculated from equations (1), (2), (3).

(6]
\w
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’ .
3. The Stackleherg Follower Case ‘ . ) .
7 .
The Stackleberg follower case defines behavior according to the
supposition that when each of the countries executes its policiqs nome
of the choices have any effect on the other player in theigame. In the
. ' ,;;;&:’ .
context of our analysis this means that both natioms peréZive the foreign
capital in their welfare and production functions as given. Hence let
kj(t) -Ei(t) in the 10 economy's program. Following Starr and Ho [6] *
°F -~
we may apffly the Lagrangian concept to find tEE‘necessary con!!tions for
a noncooperati@b Nash equilibrium., Thus, define the Lagrangian of equa-
tion system (7) by N L
€ // .
Li(ci(t);kgi(t),kgi(t),kj (t),pi(t),’qi(t)) - Ui(ci(c),kgigt)) +
- NN -
Vi(kgi(t),kj(t)) - B + pi(t)'(fi(kpi(t) ,kgi(c)) +
(8) .
— - _ + .
hi(kgi(:),kj(c)) e (t) = Ak, (1)) + q,(v) .
. (kii(t) - kpi(t) - kg.i(t)) ’ 1,§=1,2" 144,
The first order, canonical and transversality conditions are (we drop
the argument (t) from the relevant functions for notaticnal convenience) N
aL, v aL of
i 1 i i
'_-—-pi-oi "Pia _qi-oi
3c1 3c1 akpi- kpi
-O : - ~ -
9L Yy v of oh
R e e T e SRR
L 4
akgi 3k 1 akgi akgi ok 1 '
‘ (9)
aLi 4 [ J PN .
-;—— - ki - kpi - in o, '
q ‘
i £
- + k - -
ky = £y Gk akgy) + Bylkggn k) —ep - Ak,




L7

P= APy =9 0 < k<,

lim pi(t) 20, lim pi(t)ki(t) =0, i,j=1,

Lraud0 DD
b

Simplifying equation system (9) .yieldse,

an d : s
— .-p,=0,k-k, -k, =0
i . ~

P )b v of oh of

e SIS SN ¢ - S SR TR

Bkg { Bkg 1 Bks i 3k8 1 ka 1

Ry = £ 0k akoy) by (ko kD) = oep - ARy,
. . »

. Bfi

pi - (Ai - . ) pj: ioj-ltzs

3k .
pi

¢

Notice that from the assumptions on the form #f the production and wel-

fare conditions, given i:y (1) and (5) respettively, that in equilibrium

2,

143,

144,

the marginal product of priv)ate tapital is gre;ter than fhe margindl pro-

duct’ of plﬂ:li;: capital, Conseguently from ksi(O) and kpi(O) an initial

jump may be necessary tgQ correct the initial. allocation of capital between

the private and bubkc ae'ctors in ord.e! to satiagfy (10) at t=0, This ie

the reason why kpi(;) and kgi(t) need not be continuous at t=0. Further-

125.

Ta

N . o .
more once capital is allocated to the private sector it is never optimal e

_.to_._tkrgp’sfer some or all of the stock to the public sector due to the

relationship between their respective marginal products, ‘\

3.1 Temporal Equilibria

It 1s well known [1, chapter 4] that by the restrictions imposed

\ . ~
on the social welfare and ‘production functions that the temporal equilib-

".rium — the solutican to the first three equations of (10) for eath country

. .
» .

”,

L 4



given ki' kj; Py — exists and is unique., Thus we have the Sollowing

functions cy = ci(ki,kj,pi), kpi

It is interesting to solve for the relevant comparative equilibrium

- kpiﬁi.kj »P;) and kg T kgi(ki’kj sPy).

effects, not only for their self importance, for thesclarification they

bring to bear on the dynamic analysis. 'Hence totally differentiating the

equations coupri;ing the temporal equilibrium yields

2%y

i
Bciak

gl

2 ' 2
2%, Bzhi- 2%,
2

akpiakgi

—

2
gt g

The determinant of the matrix is (henceforth -all relationship will apply

)
%, A% %, o
A, = [ + +p,0 + =
1 2 P2 2
. aksi akgi
[ ]

to both nations)

To determine the sign of (12) .we assume that

4 - »
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azfi 3%n, . 3%
i : i
7™ 2 ®
3k 3k..“. 3k ok
- 1 i ki >\—Mk.1
af 3h g o g
i + i . s P
akgi ekgi 3k _, '
- >
and (13)
2 2
3¢, . 3°f,
2 ®
3%, /j ok 3k, )
- ki > - k gi*
3f P of 3h P
1 1,7
. . A
akpi Bkgi oy

- AL

-In economic terms these assumptions state that the own elasticity of the

marginal prodr:xct of mivate capital is greater than .the cro%&pticiq

of the marginal product of publ.'f..c capital with rgépect to private capi-

tal and similarly if we interchange the two types of capital. Intuitively, .
we are permitting small increases in pub]t'ic or privat;. capital to have a

"s‘troﬁgez" effect on their own wmarginal product thart on the other factor's

af af :
marginal product. In addition, from the necessary conditioms L , L
' L . ) 3k 5 dk i
dh e ‘ P g
+ and this fmplies that ~ . . .
k . ‘
8l . '
Fe, o, 2%,
+ 5 + 5 - <0
dk dk dk ok . o .
gl gl .oplgd ,
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and
o, a2g, )
7" < 0.
kai Bkgiakpi ) '
If private and public capital weakly complement each other, i.e,
2%, . .
_— 0, then from the strict concavity qf l'-‘1 and-ﬁi the assump-
9k ok . .
gl pi 32f
tions are satisfied. On the other hand, if L <0 we should still
' 3k_, 3k
gi pd
expect the marginal product of pgivate capital to fall more when a unit
of.prizate rather than public capital is added and of course the rela-
tion is anticipateq'so be retained when we interchange the types of capi-
tal. The deterq}nant given by (12) is therefore positive.
Proceedinh we find from equation set (11) that .
3, 1 a4, % 3%, a%m, 8% 3%y
i i i i i i
—_ . — %4- —5 +p, ( 5+ .2’4‘»_1*—7-2————)
C VRN S . Mgy ® L akpiak81
CH T A S 9
- ‘( - - ‘ )]- (14)
Bcia#gi kai akgi Bkgi
In ogder to be able to determine the sign of (14) let
0 i . ° Q
2u, o 3%y
i + i i
2 2
k dk dc, 3k .
- g, > -2 g
’ . 81 -
301 . avi BUi
ok 1 ?kgi Bci

and ; . (15)

(8




S
3°v, ; 3°v,
2 v
:. aci ok iaci
4 - ci > - ‘ Cio
an' QUi . avi
Bci i akgi ok "

Equation set (15) states that the own elasticity or marginal welfare of
public capital is greater than the cross elagticity of marginal welfare
of consumption with respect to public capital. In addition the own
elasticity of marginal welfare of consumption is greater than the cross. )
e ticity of marginal welfare of public capital with respect to consump-

tign. Substituting from (10) for the last bracketed term in (14) and

rearranging ylelds . o
[ )
2, 1 %, o', 9% 3¢
4 1 1
ey Sy —5 -2 )
b, A, Fegy gyt - Ay B gy
. " (16)
. C1 o, A, o, awm, w,  an,
+ — [ 2 + 2 - — ( + ) / ]o
Ai akgi 3“31 aciakgi\ akgi akgi Bci ,-

.

The second bracketed term is then negative by equation (15). Moreover
3c

from (13)/the first bracketed term is negative and thus —L«< 0. Next

. i

from (11) we find




2
32'01 23.( 3fi

2
3c13k81 Ai akgi'kpi

3e, 32U

By (13) we have sgn —= = sgn 1

. TFinally for the consumption
3k 3¢,dk
i gl

i

function we get,

3%y 3%h
L 1,
Py

_L.]
3k 3k~
gl J

3

The interpretation of the bracketed term in (18) is relatively straight-

forward. The total benefits from a small increase in public capital is

L4

U v ‘of

dh )
_1_..4. i +p1(__i-+_L)_

(19)
a‘gi akgi akgi akgi

+

Now 1if we pose the question what are the total benefits from a small
increase in foreign capital on the marginal benefits of public capital

the answer is simply the bracketed term in equation (18)., We assume

that this term may never be zero, f.e,

2y

i

akgiakj

+p

Consequently sgn —i. sgn ————o
akj 3(:1 akgi

3%y a2y

Sy S
de 0k, dkgdk,

sgn -




illustrates that although foreign capital does not interact with domestic
/’ >
consumption in the welfare functionm, kj does exert a modiflcation on cy.
L]

The effect surfaces through the responsiveness of public to foreign capi-
tal in consumption and production; tl?en proceeding to the conne‘ction
between public capital and domestic consu‘mption.

Next solving for the effects on public_capital we get,

]

3k, 1 3%, af, f 3h 3%y
—s .., (21)
3pi Ly 3ci ' kai 3“31 akgi akgiaci .

by (15).

‘ .2, o~ 2

& . 3%, p, 3%, 3%t ~
- R 1o, (22)
ey Begt oAy Akt Ak .

by the strict concavity of Ui and equation (13).

Ik, 1 azui 32v1 32h1
b A il Sl @
: K
kj Ai aci akgi j kgi 1
ax_, azv1 . 32111
with sgn—L- sgn (——-—+pi-—-)—).
3k 3k .3k %k Ik .
] gi j gl -

For the private ¢apital stéck function,

Ik 3K 1 'azujL %, 3, an, a2y
o “oE G2 (& ) " a 3
%y 3y 1 9d¢y pt  Kgs Okgy ke
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i = ] = _Li
3%, ¥,
1 %, A P a%n 3¢ 3%y, 2
e sy S+ —25 - L yy-—> )
5 el 2 el Tha 2 m T om ok 3c,3k
1 9ey kg 1 g gl ko1%¥g1 cg9kgy
> 0 - (25)
L J
2
. aki__ak!_l_azu;(azvi ‘o 3%n, .
3k 3 A, 3% x_k 3k_, 3k
3 Ry By % K’y O g1k,
o, 2%V, o,
with sgn —E&= = sgn - (——+p1———).
3k % 9k 3%k 3k
3 gl ] gl '}
Summarizing our results yields,
Theorem 3,1, - : ’ "

1f the functions c, = ci(kvi‘kj’pi)’ kgi - k_gi(ki’kj’pi)’

kpi - kpi(ki,kj,pi) are defined by the first order equatioms ;.2 (10) and

the assumptions as defined by (13), (15) ‘and (20) hold then §-p-j* < 03
i

cae, .o 9%, .y ah, 3e,
sgn —— = sgn--T; if ——— + pi——>0 thgn ggn —— =
N aci gl 3kgiakj Bkgiakj Bkj

azui azvi : azhjl : . ac azui
sgn ——— , If—-—+p1-——<0thensgn——-sgn-—-——— -
‘ 3k
ac 3k8 akgiakj akgiakj . j aciakgi




el

-~

ok ok %k azv sz ok
_—-&i-< 0’—51_'> 0’ Bgn—si- sgn (a——:k—fpi —.—i.—): —Li>o’
3p, 3k, akj ks 2k, Bksiakj 3p, v
% , o , azvi azhi .
T TG P '
Kk

i kj ksi h siB h|
3.2. Inte:’tegp‘al Equilibria . ' .

Let us return to the equations in (10) which define the rate of
change of the state and costate variables. Since we are interested in
the steady state solution substitute in the functions defined by theorem

3.1 and set lci Py " 0. Define the equations by

hd N

+hy (e Gy okopy) k) = oy ek B)) = Ak, (27)

1tgitd
Bfi
¢21(ki’kj ’pi) - (Ai - ;) Pi' . . -
pi |
It is obvious from equation system (27) that we may solve for Py and ki as
p - . )

functions of kj. In so doing we need e and

@, | o |

—_— with k, = k.. First differentiate ¢, (k, ,k, ,p,)

ok $.. k., ,k,,p,)=0 h| h S E R Riar RS |

1| 2210 2 {

"' with respect to Py

3¢11 } 3fi 3kp1 N Bfi dk 1, ahi dk 1 __aii;

opy Wy ¥y Ok, By g, Bpy 3Py

(28)
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)
af 3h 3, 3k Jc
i
- + i _ i ) 21 _ i ,
' oy Okgy oy By dpy . .
L ]
Mli -
from theorem 3.1 > 0. Continuing we have that
. o 3p
i
\ a¢n ) Bfi BkPi . afi acgi -‘_ahi 8E&i ) aci N
- i
3k Ky Ky 31:8; Bky Ok By _ak_i
(29)
. af 3. 3h, - 3f, ok 3¢
o 'Ai*’(-i A S 1) gl _ 1
3k * 3k EN 3k x y

T pi gi gi pi i i . -

To determine the sign of (29) recall that if 0 < p S = in steady state,

of Ak g dc
then - '\i' Next from (17) and (22) substitute for —E= , —™— , note
& - - dk k
pi i 1
, g 31,1
equatiodn - = 0 and then (29) becomes,
gi .
36y, 1 3 3h Y: U, . 3% ¢
i i i . 1 i i
—_— -— (—+ - ) € 2 Pi( 7 ))
Bki ¢21(k1’k .p.)=0 Ai Bkgi .3k81 akpi aci akpi acgiakpi
q0Py )
2y, p, 3% X
i i 1 1
+ i ( 2 - )
&:iakgi Ai kai .&giakpi . J
S
L J
p P2 e, v, v
i i i .1
- —= ( - 2)( + )
Ai“ Bkgiakpi akp‘1 akgi 3k 1
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a%i azni
2
3c 3¢, dk
o - ——E )< o0, (30)
. i Ju N
o 1 i
3¢ 3
| ) : kgi kgi .
99 3p ¢ 3¢
Hence 11 ’ < 0 and -1 - —-—g
Ik - dk Sk 3p

We have the result that the shape of the ¢li(ki’E5’p1) = 0 locus is in
general indeterminate, Nevertheless at any intersection adth the

¢21(ki,kj,pi)-0 curve ¢11(k1’k3'p1)'° must be positively sloped.
/

Proceeding to 054 Uy k,,p,) and differentiating with respect to

h|
Pi:
—’ .
2 . 2
8¢21 . - 3 fi akpi ) 3 f1 ak ] ,
2 i
Bpi kai api dk iak { Ip Py -
\ , (31)
2 2 ’
37 f If ak
-~ - — - L) &Ly >,
. . kai kaiakgi api \ R
from theorem 3.1. Continuing we get, . . .
2 2
3¢21 - 3 f1 3kpi ) e fi Bk ] .
2 i : .-

ai//// akpi Bki kaiak Bk ) i

aZe Pt Pe, ok, ,
- i i i i

- [- 2+ [ 2- ] ] pi
akpi &pi dk iakgi aki



»

»
32 £, 8, 32fi 3251 32U, p, 3% 32¢
1 Pq i i
A
akpi by Skpi 3k Bkgi e, " Ay akpi akpiakgi
) 32fi aZU1 32fi Bzhi azfi azfi
Ai dk 1 aci qui acgi akpi akpiak {
‘ 2y v, v X 2y 2
i i i
, 3kpi %, 3k, akgi 3k 3¢
3¢ ?e. 2 3%
i i i
. 3kpi kaiak Bci
p, du 3%, . e 3% Pe, 2
i i i i 1.
Ai 3c1 akp1 3“31 3k 1 ka 3k
'azfi BZUi azui azvi azui 2
ak 1 3¢ dk T 3k ak Bc
i gl gl

3p
*by the strict concavity of Ui,V F and H Therefore -1

3k |0, (ky,¥y,p,)=0

99,y 39y

-2y

Bk Bp1

< 0, i,e,, the ¢2i(ki,'l_c'j,pi)-0 locus 1s negatively sloped.

To guarantee that the stationary solution exists for positive, finite

values of ci' axid'ki we assume that
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3 A v

ii:o ;:i (ci’kgi) / ;;i: (ci,kgi) + ;;i: (kgifkj) Z;ﬁ,

1im ' (k_,,k_,) = lim X (k_,,k_ ) + it (k. k) == (33)
k0 By pi’ gl koo Ry pl’ el Ok gl d

1im 3‘f—i(k k) = lim af—i(k Jk )+-ah—i(k k)-*o.é'
ko> 3kp pi” gl K o> X pi’ gl K gi’"y

b gl gl gi \

We also make the assumptions that

- \
ey > fi(kpi’kgi) + hi(kgi,k )y - Xiki’ where

h|
— [}
lim sup c, (k,6,k,,p.) = c,. : (34)
b 50 14%4°%4°Py 1 -

<

Equation set (34) states that at the level of eaxinmm consumption 1i.e.

u P
where — = 0, net investment is less than consu'mption. In additionm,

aci

for any )\1 > 0 there exists ann > 0 such that

fi(kpi,kg) + hi(kgi’kj)

kg * ﬁgi > n, implies : <X (35)

k , +k
pi gi -

The assumption given by (35) states that for a sufficiently large capital

stock the output capital ratio can be made arbitrarily small irrespective

of how the capital is allocated between the pvﬂalic and private sectors.:
Q -

We may now prove,
he

Lemma 3.1. If (33), (34) and (35) are satisfied then there is a unique

* * —_
stationary solution, O <pi <o 0 < ki <= for k, = kj, to equation sys-

]
tem (27). This solution is a saddle point.



Proof, Pirstly from the &, (k,,k,,p,) = 0 equation we are able to solve
21

Py

{.e. as Py —> then ki - ‘—C-:L‘ We want to

(k

3’ Pi) and by (31) and (32) <0. Define

i

for 'k, = ‘*’21

i inf U (k. ,p,) = k.,
p > 21°°3°P17 T

show that 0 <E'i <o , By the definition of ¢ (ki kj,pi @21( j’ )

= 0 must satisfy, in particular, the first order conditions in (9). Thus
: d, 3, amy
as p, —> = ¢y 0 and from (33) and (10), - + . In addition
3k Ik :
- . pi gl
¢ S 7
; _ afi afi
because ¢,,(k,, k,,®) = 0 then by (27) —— = )
21~ 3 : 1
3k E 3
pi gt

(33) this is only true when 0 < &ll)i <o and 0 < kgi < =, Consequently we

have 0 < kpi(gi,ij, ) <w, 0c< kgi(l_(i,fj,m) <® and from (10) 0 < k <e.

We now want to show that ¢v 3.1:13 >0 at k ki’ k, = Tc_j and -

]
Py = . From (27) and (33)

)

Opg Gpakys®) = £ Uiy Gkl (g =)+ by (g Gy Ty,

gl 3
d

- Ak - ooy (kyuky,e)

*

,))+h(k (k °°)k)-

)-fi(k (;» kj.).k(kk —ij j LI

hj

Now ¢:u(k ,kj »®) 1s a strictly concave function, due to the assumptioms

imposed on the production functions, and is nonegative at ki = 0, More-

over . at ki = 0

34, €0, kj. ) of (k 40, kj,
3ki akpi .

), k (0 Rys ))

andatki-lji

¢ (k K, yoo) of (kp ,k o),

i ___.1_
8«~k1 3

pi

»
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~
Therefore at 51, ¢11(31’kj’ ®) > 0 and so Py = ki --Ei is not a

steady state, ~ R

Next we want to show that at Py = o, ki -d’ ¢1i(k ,kj,O) < 0.

and trivially ¢11( kj,O) < 0, Therefore

When p, = 0 by (34) ci-E
there exists a positive finite p; for which ¢11(51’E3’P1) =0 ané‘the Py

i

is unique by (28). Since (k,,k,,®) = 0, -1t follows that ¢, (k_,k ,pif

P TRLIELIT 11474

lies below the locus ¢ (ki kj’pi) = 0 for ki‘in a right hand neighbour-

hood of Ei' ’ $

Finally, for existemce it 2s now sufficient to show that for large
-

values of ki’ ¢ (k 'ES’Pi) = 0 lies above ¢21(ki’iﬁ’pi) = 0, We know

by (34) chat ¢, (k 0)< 0 for all k, and now we want ‘cbn(ki,i'j,pi) < 0

i’ j’
for all p, and ki’suffﬁiiently large. By (35) we have

6y (e K ,py) = fi(kpifki,kj,pi), g (e, 0pg0) + By (e Gy K L) KD -

- Aiki - ci(ki kj,Pi) ) .

614Gk kj,pi) = Ry LI Gy Gy kg ypy) sk (g akypy)) + hy Gy (e SKgup,) K

hd kpi(kL'kj’pi) + k i(k kj’pi)] Ai] <0,

for ki i(ki kj,pi) + 1(ki kj’pi) sufficiently large. Thus Py

approaches infinity along ¢1i(ki,k ’pi) = 0 for sufficiently large ki‘

J .

Hence with the fact that along ¢21(k1 kj,pi) =0 Py approaches zero for

q ve have proved that at least one stationary solu-
*

. . . .
tion, 0 < Py <™, 0 < ki < o , exists. - . .

* * -
Furthermore because of (30) at (ki’ pi), ¢11(k1,kj,pi) = 0 is

sufficiently large k

] -

upward sloping and sipnce ¢21(ki,k ,n!) is always negatively sloped there
cannot be any stationary solutions for k ki On the other hand at _1,
¢y 4 Gy ,k y»Py) = O lies below o), (k,k,,9,)=0 and along "11(“1"‘};'91) =0

N\
?

2
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there is, by (28), a unique pi for any value of ki' Consequently

L&
Py —

increases from l_ti once ¢11(k1’kj ’P.i) (= ¢21(ki,kj,pi) lthe' loci

never intersect again,

Lastly, from (28) and (31) the steady state is a saddle point.

’ .

x ' y
Stnce (ki’ pf) is a saddle point there is a function Py = pi(kg’

~

- ) x &
k,) satisfying equatton set (9) passing through (k,, p,). This function
3 N § i

is the optimal trajectory and satisfies the differential equation -

api afi ) — )
—_ - O‘i - —) Py / fi(kpi’kgi) + hi(kgi’kj) - )‘:Lki - cy-
3k k, = % k1 ST

i h| y - pi

In figure 1 we have depicted the intertemporal equilibrium for kj - E{
Clearly we are closer to our goal of finding the world steady

state. The following step is to differentiate (27) with respeci: to kj
: dp dk )
i i
and solve for — and —= where ¢li(ki,k1,pi) ¢21(ki’kj’Pi) = 0,
dkj c’lkj

These calculations yield,

f, - dh
(i+i

akpiakgi dk

dh; f dk 3c

k., 3 dk Ik 3
»2 ksi gl akpi b kJ
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/
- > Py)
”~
kj,pi)
%
ﬁ)ki
Figure 1. Steady state for kj = ij in country i
r
-
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-
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The determinant of the matrix in (36) is positive by (28),(30),

(31) and (32). In order to umambiguously determine the sign of the vector

on the right side nf the equality sign of (36) we posit that

A

a’*vi azhi 3% 12 azv1 :azh1
1f—2 4wp —L >0 them -—BL (—E1_ ., —1 ¢
x 9k ¥ k 3k K
3k, 3K, 3k 43K, %, ok 3k, 3k 3k,
kg Oy ( azvi ‘o azbi )
3k 3%k 3k 3%k .9k
oy \ 3k g1, g1°%3 .
&Y
2 2 N
. 3 3 3k 3 3
if—-j-'-—+pi——-i——<0then-—£i_'( i +Pi 1 ):
3k 3k 3k 3k % ok 3k
g1%*5 g%y %y g1%%,4 gy %y
s
3k > 3h ' 3%
e Bki ” (a ;k Py 3 :k )
3"1 3 kgi 3 ksi h|

L]

Conditton (37) places bounds
lity., The agssumption states

exceed the absolute v&lue.of

on the magnitude of the pr@uction externa-
that the production externality must not

the effect of an increase of foreign capi-

tal on the marginal bghefits of public capital weighted by the hegative

of the effect of achange in the price of investment on public capital.
3k
In addition the production externality weighted by —&i

p
i
the absoluge value of the effect of changes in foreign capital on the

must not exceed

- 3k
marginal benefits of public capital. Recalling that —& . 0 implies that

. %P1 3n,
the production externality may still be an economy (—— > 0) or a dis-
' ok
dh, . . 1)
. economy (;;— < 0) and clearly if there is no production externality then
]

(37) 1is satisfied.

Furthermore as we shall observe later, restrictiomns
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N

N
on the magnitude of\the production externality playv a crucial part in
finding sufficient conditions for the existence and uniqueness of a
world steady state.

Upon investigating the sign of the first element of the vector
on the right side of the equality sign in (36), we find after substitu-

ting in (18), (23) and utilizing (21) that

3h of sh of 3k dc
el PR Sl S St S
3k dk ok ok 3k 9k
h) 1 gi pi h 3 .
' (38
3h, 8k 3%y 3%h,
i gi i i
= — - (———+pi_).
9k ] 3k * 3k 3k ok ’
3 P 17%5 g1y
3%v,
The sign of which by (37) depends directly on the sign of ———— +
3k 3k
. gl
coatny ;,
Py - . For the second element in the vector by (13) and (23) if
3k _,3k '
ol gl ]
a%v, a’n,
—_— 4 Py T < 0 then the term is positive or negative. Mani-
9k ,dk 3k L9k .
gli ) gl ]
festly from (36)
hvi azvi F.-)zhi . )
. sgn —— = ggn [— + Py —_—]. (39).
dk dk 3k 3k _,dk
h| gi ] -2
dki
The aign of —= {3 not quite so obvious because the elements of
~ « dk
3

the matrix whose determinant comprises the numerator are all positive,
Solving from (36) for this determinant and substituting in (14), (28),

;. (21) and (23) we find

- . ,
N 2 2 A 2 2
.p (a g ¥y ) Ay dey . 3hi_}, Bk_, (a f12 o3 flﬁ)
1 2 - i ”
By By Ay dpy Ak, T A Bk ok,




3% 3% 3k . B¢ as 3’¢
. (—t S+t LS S T (40)
P S il Bk
3h, Bk, azvi azhi
i y . p, —L1.
3, o, 3k 3K, 4 3k,

-

Equation (40) represents the nMerator and given (37) the sign is posi-

2 2
] Vi 3 hi S
tive or negative according to whether % 3k + Py 3% ok < 0. Hence
gi ] 13
we mav state
ak, 2%, 3%n, -
sgn — = sgn (———+ p, ——). (41)
dk 3k 3k 3k 3k
3 gi J gi 3

With the informatien co&ected in (39) and (41) we can define

the functions,

ki - Si(kj)’

2 95 g
kj 20, S1 e C°, — given by (41) and"k1 e (0,=); \

dky (42)
pi .- Pi(kj)’ '
2 9%y

kj 20, Pi € C°, — given by (39) and Py € (0,=).

.k :

At this ymcture let us define an international steady state

when Si(kj) - Sj_l(kj) ¥Hth Si called the Stackleberg steady state réac-

tion for country i. Yet there is no indication that one exists, for

ds ds
example if =— and —1 are greater than one., This fact portends that a

dkj dki

sufficient condition for a unique equilibrium is that the previous deriva-

tives are less than one in absolute value. l
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o

3 fi 3 fi -3 hi
Theorem 3,2, If equation set (37) is satisfied and ( + )
IR T W
pi gi gl
2P, 2 2%, i VR & A i :
- (—mm) > | (——+ 1 )] ( - 2) then there
BRgiakpi Bkgiakj ak 1akj kaiakgi kai
exists a unique intermational steady state. ] )

Proof: Firstly this new condition states in economic terms that the deter-

minant of the hessian of the functions fi and hi.must not only be positive

(which it is by the strict concavity of F, and Hi) but must be sufficiently

i

positive so that it is greagsf than the differemce between the cross par-
tial of public and private capital and th€ second partigl of private capi-
tal in produc‘lpn, weighted by the absolute value of the effect of
increases of foreign capital on the marginal benefits of public capital.

Now we want ;o prove that l-—~4\< 1, It is sufficient to show

v, e E
that when —i + Py — 1 0 the last term in the matrix in (36)

3k Bk Bk
gy oKy 3

is greater than the second element of the vector on the right side of

the equality sign of (36). Hence using (12), (22) and (23) we find

) 9 fi El = 31 (3 fi ) 2 f1 .
a 2oa, s a P Ak k] .
P | b A (43)
BZUi 32fi 32fi a2y a%v, 32hi
3, ok g ] 3k, 3k 3c, ok 3k, 1 3k 13k3‘.
Collecting terms yields
p. 3%, 2%u, 3% a%y 2%y, 2
198 1 1 1 1
= 3 7 * ) = ¢ ) ]
Ai kai Bci k N akgi 9k ,3dc
p, 3%, azf1 2%, ‘Bzhi %¢, 2 3%, d%s '
S o o e K )+ (—L- )
. 2, kai gyt By ok B oy’ Bk ok

' 32V1 Zh .
ST akjj Py W” 0 .




<

~"By the strict concavity of Ui and V, and the condition in the statement

i

of the theorem. Consequently
ds, las,
—_ <1 for0<ki < « and ‘—l< 1 for 0 < k, < = , .Next define the
dk L ak 3

3 i
set

A= {ki’kj: k; € (0,=), kj e (0,=)}.

The function

K S. (k)
13 (45)

kj Sj(ki)

is a contraction mapping for the Euclidian norm in A. Let

B = {ki,k

. _g ! > >gq "L
g Sy(k) =8, ") 20, ky 28, (kj)} v

Clearly, since the absolute value of the 81°§§8 of the Stackleberg reac-

tion functions for country 1 and j is less than one over the entire domain

.which 18 the positive real numbers, then AN B ¥ ¢, Let (ki’k ) be an
hY

]
element in f Nn B such thét Ei - sj’l(kj). ASf(kj) and Si(kl) are monofonic
80 Sj(ki)> kj for all k1 > k1 and S(kj) > ki for all kj > kj' Hence define

)

>A ~
C = {ki,kj: ky = ki,kj 2 kj}.

Therefore S: C —> C implies that S 18 a contraction mapping in C which is
a metric space for the Euclidean norm. Consequently by the Borel-Cantelldi

Fixed Point Theorem, there exists a unique point in C, Q.E.D. 2v
. 3
To illustrate the theorem somewhat more intuitiwvely suppose that ————1;—-+
- 3k _, 3k
a%n, : 81 ]
<0, 1i,3=1, 2 1 ¢ 3, In country j from (41), as k1 increases
Bksiakj

L]
k, decreases. However, for ki 20 kj € (0,2), by (42) therefore we have

3 .

Py

Ej where 0 < kj <‘° and 51-1(55) = ©, For country i

.

lim inf S (ki)-
ki—bcn 3.
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we have lim sup S (k,) = k where 0 < k < = and consequently at k

-1.. ' -
Si(kj) < Sj (Ej). Similarly for k1 0 we have i?z)o sup Sj(ki) - kj

i
—-— -l— : —
iim - inf Si(kj) = 3—1’ 0 < kj <w, 0 < 51 <©go 0= sj (kj) < si(kj).
3

Hence S (k ) and Sj (kj) must intersect and since in this example =1 <
ds -1
—= < 0 and ——l——-< -1, the intersection occurs only once. Geometrical
dkj dkj

illustrations of theorem 3.2 are depicted in figures 2-5.

Proceeding to the stability analysis we are able to demonstrate

Proposition 3.1. The steady state givel by theorem 3.2 1is globally

stable, -
‘ dk

Firstly for the case 0 < Efi <1 for 1, j - 1, 2, i ¥ j, observe
L) ~ a j

figure 2. At point A ki < ki and from (27), (30), (32) and noting that

¢ (k kj,pi).-°0 we-have p, as a function of ki and kj then
3¢ of 3h of dk _, 3dp 3 Be,
_11 - ( i+ i_ i)(__ﬂ_i.*..&i_ _._i<o
Bki ¢21(k1’k3'P1)'° . akgi akgi akpi Bpi Bki aki 3ki
Hence at A ii > 0., In country j at A kj > kj and with ———1 < 0
Bkj (k ki,pi) =0

then k, <. 0, The analysis is identical for the three other cases and we

B
see in figures 3-5 that the steady state is globally stable. Finally,

figures 6-9 depict the various optimal paths for the four patterns that

may arise.
»

4, Stackleberg Leader Case

The behavior in this section is characterized by the hypothesis

that country i assumes country J reacts according to equation (42)., In

other words coudtry 1 expects country j to be a follower. The Lagrangian

for country i becomes -




Y

148



149

/{ jﬂs st

~ Figure 5. -1 < — <0, —3— < 1

dk ’ dk

Q
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k¥
F'igu/r:e/6. International steady state with

4 4 ds as 1
/ ) i —1
P 0 < dk <1, Ik > 1

3 3
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[

Figuge 7. International Steady State with

ds, ds -1
0 < ==« 1]
dk » dk
b I h |

< -1




“w

.
j <
. Figure 8. International Steady State with
. ~*.‘. - -1 [
. ds ds -~
) . “1c—2<o, 451 ~ T
- T dk dk -
s

o

152
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g,

Figure 9.

‘International steady state with

®

1

-1
ds
4 <
dk

<0’

ds
dk
3

21 <




(k,))

Li(ci‘k k .,k 3 (ky

1 75p1 ) = U Ceynk ) + (kS

i ’pi !qi

- Bi + pi(fi(kpi’kgi) + hi(kgi’sj(ki)) - ci‘; \iki)

S .

(46) »

+ qi(ki - kpi - kgi) .

The first order and transversality conditions are iientical to (9)., How-

ever the canonical equations are now

k, = f

i 1 - » k '

(ki)) - oy N

(kpi’kgi) + hi(kgi’sj

87

p

v

3f
- (A, -

1 i
. kai

&y

Ly, -t

3V1

3

dh

ds

BSj

where [—i + Py —

ds _
] ——1-15 the interaction

dkg

as,

L4

term indicating the inter-

.BSj dk& ;

change of the strategy of country j on the Lagrangian of country i, This

.- term is comprised of the slope of j's reaétion functionisgighted by the
toial benefits (positive or negative) to country i-of a small increase in
foreign\capitai.

Once again we may solve for ci’kgi and kpi ae.fuﬁitiong,ofngly

>
k, and p,. Fquation system (11) 4s applicable except that

"oty

i

- [~———

Ak , 3k
gl 3
ds
1

dk, ¢

dky

ah

+py g———é;-ﬂ
k .k
! gl ]
°

Clearly thep.——l-,

dkj

Jc

"1s now replaced by - [

¥

B T,

U§E*_W«§Ei__~TVV,§E§_N_-

32v1
X . B TPy %k .3 :

S
gl 3 gl ]

are idegtical to the respective

results in theérem 3.1., The effec; of a change in the state variable isg ¢

more ambiguous bec it ia the composition of the relative magnitudes of

of changes in k; and k

3 given by theorem 3.1, We get , -
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e, 1 3%, Pn,as, o 2%t
3ki Ai acigkgk Bkgiasj aksiasj dki &giakpi 3kpi
»
=~ . .
15, ¥n, as, -
1f (—————— + Py ————=—) and . are of the same sfgn then by (13),
3k , 38 3k _3S dk, . N
gl ] gl 4 i
de, azui
sgn —— = ggn ———— , Otherwise the sign of (48) is indeterminate.
3k 3% 3k -
1 1°%ed
2, - 2 2
3k 1 U, 3N 3%h 3¢ 3¢
=& ;[ 1 +p, ’)_.14- i i - i;]. (49) -~
Bki Ai aci Bkgiaéj 3k 8 1 i akgiakp1 kai
Once again if-——i and the first bracketed term of (49) have the same
dk
i
3k
sign then —&t N, These conclusions state that if the direct effect
Bk

and the indirect effect through the interaction with the j country of
the changes in the ith country's capital-labour endowment ratio pull in
the same direction then the changes in ¢onsumption and public capital are

relativ% ly unambiguous., Proceeding,

——

*y 1 2u, azu v, L& ¥h,  as
2 5+ — + (- + 4 )

*, A 3e, ‘ak oy 98, Bk (35, dk, .
Pe, o, Ve, 1y, 2 .
3“31 Bkgi a\‘,iakgi Ai Bciakgi

the sign of which 1is ambiguéus. Let us summarize by

Theorem 4.1, If c, = ci(ki’pi . . gi(ki’pi) and kpi k? (ki’Pi

are defined from the first \order‘ conditions of (46) and givem (13), (15)

)




y

e, E_, ey ' de, 3k,
and (20) thén —, —g—, —P2 are defined by theorem 3.1 and —, —&=

®; Iy ¥py Iy 3Ky

P, ")
and —pi are given by equatiouns (68)7 (49) and (50) respectively.

aki

Turning to the international steady state solution, as before,

=

define

¢>1i(ki,pi) - fi(kpi(ki’pi) ’kgi(ki'pi) )%i(kgi(ki,pi) ,Sj (ki))-ci(ki,pi)

o= Mky) (51)
: o 9f v sh ds
654 (kg op) = Oy = =) py - = +ey %—i —L.
k S dk
pt U B

Differentiating ¢,, with respect to k, ylelds
. 21 1
v [

36 s 3¢ 3¢ 3k v 3%h
i i i -2 8 i i
—= = -p; 7+ [—3 - 1 - ( +p, — ]
3k, g B dk g, t kg kg dSe * 435,
2 2
ds, 3k 3%y 3%h, 35 v 3, d°s
—18&1- [(aséwi a—§-><g—1)2+ 2 +p, =D —.
dk k S k 3S as
1 %% [ 3 i [ 1

>

3k ’
Substituting for —&t from (49) and”from the definition of Ai found in
dk,

(12) we have, 1 ¢
3% Y. 3%y, a2y ¢ 3%h
24 1 1 1 1 1 1
—=-p 7 5 ¢ 2+k7+"1( vz *
Bki a‘pi aci dk N 3 g1 akgi &81
'0
22, 2’s, o, 2 2%, :
5 = 2 ) =« ) 1+ —5
. 3k 3k .3k X ,dc dc

Rl
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[ ‘/
¥, 32111 ds 32fi Bzfi 2
(¢ + 3, —L + p, ¢ ~-—3 -
* 38, By 38, dk SN ot
azvi 32hi as, 2 v, I, dzs1
[(—F+p, —PED + —+p, — —3F
.38 .2 a S 3s
3 3 %y 3 3 %
Y, % a2y 3% 2 3%¢
i i i i i i
[ S+t 5 7 7 -2 7))
L A eyt Bkt Bk Bk g3k g
Yu, 2
- —io.
Bkgiaci [\ ™
Collecting terms yields,
N [ ]
%,, P Y, Pu, n 2%y, 2
{ { £ 1 L
. - = - P 2 .[ 2 ( 2 + 2) = ( ) ] -
X, . VR R UL T Ay <
.
, Yu -a%, e a%n a%s, 2
. 1.2 f 1 1 1
: PRl Tzt o ¢ ) ]
> a I S L ok 2k
~ azui- 2y, 92vi 3%n, azv1 32111 -
-[a 2[(a 2+3k2+P1-&—_2)[_a—5+p132) (52)
K - 38 S
‘1 gl gl GRS 3
: 2
s, 20wy . m dts, 2, %p, 2 45,
D+ Ly~ —1+ ¢ + p, 2
~— die, S ok 25, ok 35, die,
) . 2
.a’.‘ui 2 2y, a2hy 45, , 3y on, 3%,
e s it ) T S, TPtas, w20
gy % 3 3 1
f )
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\
et ale 3%g 2g, X 3’h, as, 2
i o 1 i i i i i
3c1 Skpi&gi agpi ok 4 asj asj dki
2 2 2
3v ah, 3%s, 3% a2¢ 12¢
L4, —H —h+—Fp, 0 ——-2—2y AN
Sj asj lci aci akmakg1 akpi
Py, ¥n, as .
(————+ Py ) 1.
~ 3 3s 3k ,3S dk
*g1%8; g1y g
/ 5
Before determining the sign of "1t is necessary, at this point,
+ 3k
i

to somewhat strengthen the assumptions found in (13). By equatiom (13)

and in conjunction with (9) (the first order conditions) it was shown

]
Pe, I, 3%, .
that 2+ 7 = < 0, Now we assume

’
akgi gl

- <o0. (53)
IR .

sl kgiakpi
Equatio;r (53) states, an increase in private capital has less of an effect
than an 1ncrease in public capital on the marginal product of public capi'-
ta]‘. given by the 'fi segment of the production funcsion. Notice with (SV3)
and by the strict concavity of “1 that (13) is" satisfiéd. Returming to
(52) observe that the first bracketed term is positive from the strict '
concavity of U1 and Vi. The second i:rack:eted term is positive from the
strict concavit_y of Fi and H

1aud the tidrd bracketed term is negative because

it is the determinant of thg“}lgrsaian of the strictly concave function

. A )




\

+ + .
Uy + ¥y vy

S

The fourth term is positive due to (13), (53) and

%y, a%h,
the strict concavity of Vi + piﬁi. Hence 1f ¢ + Py _—)
*k .38 dk _,9S
gi 3 gi ]
ds 3¢ 5
and —d are of opposi: e signs then + > 0, otherwise 1f they have the
. dk dk
i i
994 >
same signs then = 0. Next
9k
i
. 2
30 3V, ds, U * 3y 3h, ds ale
a
api asj dki Bci Bpi i?Sj .kgiasj dki akgiakpi
32fi
akpi .
l 4
the sign of which is ambiguous for the moment, For the ¢li(k1,pi§
¢
equation, is given by (28) and
Py ,
3¢ av, 35 3u 2f Sh, » af dk 3¢
jet1 YA Y gyt PGS s TR N s S
aki ¢2 (k, ,p,)=0 asj Bki Bci akgi Bkgi a.kpi aki aki
. 1174 v
Bci ak 1
Substitute equations (48) and (49) for — and -8 respectively.
o aki aki
3 v, ds, x, -3u, av, %, w, %, , av
i ’ i ,
- -~ 2 bty —22 )=+
aki ¢21(k1’p1)i0 Z?Sj clkj Bci 3“31 Bkgi 3ci 3ci akgiaci akgi akgi
-®
-~
‘ P, o, s e, ey
. [¢ + Py ) +py ¢ - 2)]. (55)
dk _,3S 3k ,3s, dk 3k 3k Ak
gl 3 gl J 1 gl pi pi
< Ve
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~

The sign of (55) is ambiguous. Although there are certain
indeterminancies at present we are able to discern six important cases
which are found in Table 1. These patterns are deemed consequential
because they convey decisive results and are demarcated in terms of

<
the basic equations of the model as set forth in section 2.

4.1 Special Cases

-

4.1.1 The first pattern is denoted by the following relationships;

2 2

3%V, 3, e, , 3, A, by, s,

% 55, TPk o5, 3 % 0ty T {0 .
gl "§ - gl 3 h) ] h| | b

In this case the foreign reaction is positively sloped, the consumption
s
extremality is not a diseconomy, the production externality is not an

economy and so the total benefits from small increases in foreign capital
' %25 > 321
may be any sign. Therefore from (52) i 0, from (54) 3 > 0,
i . i
14 - 3y '
> 0 and from (55) s~ <0 . Consequently,
M, 3k

from (28)

3,4

when
Bki

> 0 there exists a unique steady state which is a saddle point,

3y

Qki

optimal trajectory is the ¢21(ki'pi) = 0 locus. Finally, for
acp21
~3k1- . :
. unstable. Tkese conclusions innnéiately 1llustrate the fact that when

when = 0 again there is a unique saddle point steady state and the

[}

< 0 there may be multiple steady states, all of them totally

we discard assumptions allowing us ta focus on the policies of one nation,
, either because it is a price taker or a price setter, optimal behavior

of the country ‘may be radically altered. In the extreme we could find

T EﬁégE‘ts_tndeed~on&y—a»dogenexa:e_npilﬁal ath in the sense that the
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Table l: Special Cases

‘ -
Relations i . ) 2 3 4 S 6 .
P s - /
32vi a 3
+p, i >\0 >0 <0 <0 <0 <0
3k 23S ok ,as
gi } gl }
3V
1 Z0 s0 =0 =0 <o 20
3s
j -
’ .
sh N |
i < E < > > > >
55; - §.0 = 0 = 0 = 0 p 0 P 0
-
ds .
1 >0 (<0 |>0 |>0 |<o0 ] <o
dk
i ']
2 2 .
v 3°h, dsI
s TPy X3S )dk
% i gi 3 4
12¢ 2¢ >0 >0 >0 <0 >0 <0
1 1
+ p,( - )
1 % x_ 2
gi pi pi .
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country will only. reach intertemporal equilibrium if its initial
capital labour ratio is the steady state vaiue.
In comparing this case with the Stacd&eberg follower case

defined by the characteristics of 4.1.1, i.e., positively sloped

* *

1L Pip)

*
reaction functions for both ceuntries let (k

*

respectively denote the.follower and leader steady state values of
* ’ <9

*
ki and P - Clearly, kiF~and kiL satisfy ¢11(ki,pi) = 0 but

of . v . 3h, ds
£ "9 ) Py~ gt orgp asi e : 5
pi 3 o dky \
F
. ) o 4 y (56)
v, * ahE ds L

v .
* - [ ] >
deF

%* L B4
pq (kypopyp) = QA

. T PiF 3

3 3

of -~

* *

=—— at (k,., P,n). Thus, if the bracketedé;%rm in (56)
ak_, iF* PyF .

P dsj * * —
is positive and since T 0 then ¢21(kiF’ piF) < 0, For the cases .
3¢2i i :

S -
giz— = 0 this means that we must increase k, and p, to get ¢,,(k ) =0,
rather than less tham zero and still maintain ¢21(ki,pi) = (., These

conclysions are illustrated in figure 10 for the case ékzl > 0. If

di i *
F 899 Pyp < Pyp?

because Ai =

1°Py

. * *
the bracketed term in (56) is negative then kiL X ki

if the term is zero then the gteady states coilncide. In figure 10

¥ 4
we assumed that country i was the leader and j the follower. Figure 1l
L > 0 apd the bracketed term in (56)

3¢2
Ay Y
is positive. Other diagrams for different values of §§—-+ P, 35
3% 3 3
3k21 so may be similarly derived making allow-
i

depicts 1 and j as leaders when

and the subclasseé when

ances for the preceeding discussion.

’ ’
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kj \' %

9,y

! * *
Figure 10. Case 1, T >0, ¢21(kiF’ P
i

iF) < 0, 1 leader and ]

follower
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>0, 1 and j leaders

Figure 11.
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%4.1.2 - For case 2 given in Table 1, from equatioms (52), (54), (28)

sy .o 9y . o 3934 39,4
W, % %, T O 0 R <0 -
i i 1 i 19, (kg,p) = 0

and (55) we have

: o} ~
Hence this pattern is identical to 4.1.1 when akZi >0 and
‘ i

aS izs
3 3

marginal benefits of foreign capital are of opposite sign is because

0. The reason why the cases are identical when the

ARV

the foreiga country's reaction fumetion is negatively sloped while
previously it was positively sloped. This yields the same sign for

equation (56).

4.1.3 In case 3, the relations given by (52), (5%&), (28) and (55)
aresidentical to case 2. In additton, .the.results coﬁcerning the

L]

3 \
relative magnitudes of ghe steady state valués of (ki’ pi) for

-

the leader and follower classes are the same as in case 1 when

3, v, 3y - :
=— >0 and =— + p, s=— = 0. It is important to notice that the
aki asj i 3Sj < .
. .slopes of the reaction function and the function defined by (39),
. th .
9 - 7
Pi(kj) , are always the same sign, _Sggsfquently, although the 1

country's reaction function, in casé 3, is negatively sloped when we

trace out the solutions we follow the Pi(k ) function, as well,,

3

which is also decreasing. So if k, increases then ki and Py glways o

3

move in the same direction along Si(k ) and Pi(kj).' Hence, 'the

3
slope of fherith cou&try's reaction function is immaterial-to the
‘out nd therefore i 3k'. =k ., p¥ =2p*_ according to -
outcome and therefore in case A RN AT " %,
BVi ‘o Bhi >0 ' . ]
as 198, < °° '




: 3¢ 3¢ 3¢ . )
4.1.% This pattern yields §E~i-> 0, §;££ <0, 5513 > 0, \.
36 i i i
EELL >0 . There is a unique steady state which is a

£ 1021k 4p,) = O

saddle point. However, the ®2i(ki,pi) = 0 locus is upward sloping an .

¢li(ki,pi) = 0 locus is downward sloping at the steady state. In

A\ ]

-

- ' addition, due to the partiai derivatives previously written that wggn
§21-+ EEL > 0 so that ¢ (k* * Y <0 theré will b de
3%, Py 3, 24 “1F* PyF € 8 decrease

in Py and increase ;ﬁ ki in the leader steady state., . Converselv,

‘)

% * .
if ¢21(kiF’ piF) > 0 then pi.increases and ki decreases. Finallv,
v ahi K i
«~* Wwhen ==— + p, s=— = 0 then the follower and leader steady state coincide.
~ 3Sj i BSj . . ) :

* *
Figure 12 {llustrates the case when ¢21(kiF’ piF) > 0 and country i is

o the leader while country j is the follower. In figure 13 the same °

o .
pattern is depicted with both nations behaving as leaders.

: . —— 0
4.1.5 Pattern 5 is identical to pattern f\except for one deraii.

LY

Becauge thé reaction functions of both countries avewaggatively'

. b1oped th ki, pr) 20 wh Ny + oy 0. wh 1
. {/s oped then 9, (kyps Pyp) 2O when 35, " P 55, < ereas in
amee 1 G pf ) 20w .Efi-+ 2 0. H ke =k

case 1 0y Wypr Pyp) 2 en 5, T ence naw Ky 2 4 .

. * > *
and py; 2 Pyy

as the marginal benefits of foreign capital are negative, : . "

2 ‘ 4 . N
zero or positive. ‘ .

~

: : W 3¢ - 30
: 4,1.6 Now we find that for case 6, iz 0, 2L <’0, i >0
. —_ aki < op ap, .
‘ . . {1 i,
od 3,4 ' 9,4

11
'and — 3 0 and T >0 . Clearly, with T 0

\Pi . A by, (kP )=0 e




L}

. . ‘ ’ - ‘ * * |
. / . ‘ Figure 12. .Caie 4, ¢Zi(,k1F'ﬂiF) >0, )
— N k! o

o " .1 leadersand 'j follower

.
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2D .

4y

o - . ° N y




e

[N

-y

the ¢li(ki,pi) and QZi(ki,pi) curves are the same shape as found in

pattern 4 vielding a unique saddle point steady state. Although here

ha v sh

O (keny P > i,
21 iF iF) 3 0 because t Py

ds
i 2 j * -<- *x
33, 38, 0 and & ¢ 0 so kyp 3 kip s

k > % .
Pi1Z Pyp according tec whether the marginal benefits of foreign N
N - %7

capital are nonzero or zero., When 3;53 = (0 there is a unique steady
Sy :
state which is totally unstable and so nothing more will be discussed

concerning this case.

3

‘N

.
Finally, we come to ™ < 0. There will be generally a
i

multiplicity of steady states with the ones defined by the ¢21(ki,pi)
locus cutting the ¢li(ki,pi) = 0 locus from above as the sagdle points
3¢
Bki

* x> S
{F° pif) = 0 it is still feasible when the marginal

and the other steady sté!és as totally unstable. Moreover, since

then although ¢21(k

¢ * k3 *x
nonzero < >
benefits of foreign countries are to have kiL kiF’ Py > Pyp

* . *

. * N .
or k; > Kyp, Pyp < Pyp ‘Intuitively this argument can be explained

_1n the following manner. Suppose the follower steady state coincided

with an unstable equilibrtum in the leader model by initfally letting

avi ahi avi ahi
35;.+ Py §§; = 0. Now lFt §§; + Py 5§; 1ncr€ase. Consequently,

-

this unstable steady state no longer consitutes an equilibrium of the

system because ¢1i(ki’pi) - ¢21(ki'pi)'- 0 loci have shifted.

-« L] N
- Accompanying these shifts the economy abandens the'previous equilibrium.

and traverses to a saddle point which can 1lie on either side of the

unstagie steady state. Due to the curvature of the loci® one saddle

point is represented by a higher pi‘and'lower k, while the other

i
saddle point has the aonverse configuration. These points are

«

.
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Figure l14. ¢€ase 6, . <0 .

- i

1 leader and ¢ follower
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Figure 15. Case 6, <0, 1 and j leaders
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illustrated in figure 14 when country 1 is the leader and j the follower
and in figure 15 when both are leaders.5

It appears then that to introduce complex interaction behavior
between nations both multiplies the number and alters the qualitative
nature of the feasible solutions. Yet, givén the intricacies of the
model, in partiCula} the general formulation of the‘intertempéral exter-
nalities, the results, as developed and expounded within the text, rémain
“relatively unambiguous. These significant circumstances tend to limit
the purview/of policy prescriptions for natioms in the world which do not

behave as elther complete price takers or price setters,
il . -

_ /
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Footnotes P « ! -

A small country takes world prices as given and the passivity
assumptio* means that the non-passive country is the price setter.

- - ”
Fot a compf%te account of Cournot and Stackleberg duopolv models °
one can consult Intrilligator [6] or Mavberry, Nash and Shubik [9]. -

All variables except the stocks of capital and labour are piecewise
continuous functions of time. The stocks are continuous and have
pilecewise continuous first derivatives with respect to time -
for t > 0. ~

~

~

The conditions on the production.functions are excessive, for
example all we need is that
afi - of
> A, for k .= 0 and

akpf i, pl kai

< Ai for kpi'- ®

as the conditions on the marginal‘product of private capital. But

since in the following sections the condition changes we decided .

simply to make one set of assumptions covering all cases in this

paper. Obviously, then we just interpret these conditions as stating

that the derivatives of the- production functions at zero and in-

finite values are respectively largd®r than and smaller than

certain pargmeters. , ‘ - -~
L]

. In dealing with the cases when both nations are leaders we have

always illustrated figures with the two countries in case 1 or &

etc. However, we can just as easily assume country 1 is a leader

with the relations given by say case 1 and country j 1is a leader

with the relations found in case 6 for example. All this entails

is the combining of the relevant leader follower diagrams to show

the optimal paths that arise in these cases. Except for the

obviouq.that in general the optimal paths will change no new im-

portant® results occur. .

. v



174

References

1. Arrow, K. J., agd Kurz, M, Public Investment, the Rate of
Return and Optimal Fiscal Policv. BalMmore and London:
—\\~N\\\\ ‘The Johns .Hopkins Press, 1970.
2. Berkovitz, L. D. MA Variational Approach to Differential Games,"
i in Advancés in Game Theory, Annals of Mathematics Study

No. 52 (ed. M. Dresher, L. 5. Shapley and A. W. Tucker).
Princeton, N, J.: Princeton University Press, 1964,

R \ Berkovitz, L. D. '"Necessary Conditions for Optimal Strategies
in a Class of Differential Games and Control Problems,”
J. SIAM Control, 5 (1967), pp. 1-24.

4, Brito, D. L. "A Dynamic Model of an Armaments Race,“ ‘fnterna-
tiongl Economic Review Hol. 13 No. 2 (June 1972), pp. s
359-375.

5. Connally, oy “Public Gogds, Fxternalities and International
Relations,'" Journal of Political Economy, Vol, 78, No. 2.
(March-April 1970), pp. 279-290. \

ot

6. . Connally, M., "Trade in Public Goods: A Diagrammatic Analysts," -
Quarterly Journal of Economics, Vol. 86 No. 1 (February -
1972), pp. 61-78,

7. Forster, B.A, "Pollution and Optimal Growth," mimeographéd (Aug~
ust 1974), .
. > - .
8. Intrilligator, M. ), Mathematical Optimization and Economic
Theory. Englewood Cliffs, M. J.: Pten}ice-ﬂill, 1971,

9. Keeler, E., Spence, M. and §2n§d1auser B. "The Optimal Control of
~" . Pollution," Journal of Economic Theory, Vol. 4, No. 1 (1972},
pp. 19-34.

* 10.\ Markusen, J. R., ,"Cooperative Control of International Pollutio g
. and Common Property Resources," Forthcdming in the gﬁrterlﬁ

Journal of Economics. x,
—p— - '] <

S 11, Markusen, J. R., "International Externalities and Optimal Tax
Structures", Forthcoming in the Journal of International

Economics.

’

12, ., ° Mayberry, J. P., Nash, J. F. and Shutf¥k, M. "A Comparison of

- ‘Treatments of a Duopoly Sityation," Econometrica, Vol. ’
\ XXI, No. 1 (Jan.'1953), pp. 141-154,
13. Nash,J. F. "Noncooperative Games," Annals of Mathematics, '

<{ > : Vol. 54, No. 2 (Sept. 1951}, pp. 286-295,




14,

15.

16,

Plourde, C. G. '"Exploitation of Common Property¥ Replenishable
Natural Resources,'" Western Econ Journal, Vol, IX, No,

3 (September 1971), pp. 256-266,

Plourde, C. G, midel of Waste Accumulation and Disposal,”

Canadian J of Economics,-Vol. 5, No, 1 (1972), pp. i
119-125. : BN

Starr, A.W., ad Ho, Y. C. ty%fzero-Sum Differential Games,”
Journal of Optimization \Theorv and Applications, Vol. 3
(1969).

L




	Western University
	Scholarship@Western
	1975

	Essays On The Dynamic Theory Of Optimal Policy For An Open Economy
	Jeffrey Ian Bernstein
	Recommended Citation


	tmp.1410227392.pdf.Gl0Tn

