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Abstract

This paper studies optimal taxation in an overlapping generations economy. We
characterize the optimal path of fiscal policy, both in the long run and in the transition
to the steady state. The implications of this study are in sharp contrast with the pre-
scription offered by infinitely-lived agent models. First, the government’s desire to tax
initial holdings of capital at confiscatory rates is endogenously curtailed by intergener-
ational redistributional considerations. Second, because of life-cycle elements, capital
income taxes are in general different from zero even in the steady state. The tax rate on
capital income should only be zero if it is optimal to tax consumption goods uniformly
over the lifetime of individuals. The conditions for uniform taxation of consumption

depend, in turn, on preferences, the age-profile of labor productivity, and the set of
taxes available to the government. (JEL E62, H21)
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1 Introduction

A classic problem in public finance concerns the optimal manner in which to finance a
given stream of government purchases in the absence of lump-sum taxation. In the context
of a standard neoclassical growth model with infinitely-lived individuals (or dynasties),
Chamley (1986) and Judd (1985) have demonstrated that an optimal income-tax policy
entails taxing capital at confiscatory rates in the short-run and setting capital income taxes
equal to zero in the long-run. The optimality of this initial levy of capital relies heavily on the
infinitely-lived agent abstraction, in which altruistic individuals are more than compensated
by the elimination of distortionary taxation in the future.

The purpose of this paper is to re-examine the question of optimal taxation when there
are overlapping generations of individuals who attach zero weight to the well-being of fu-
ture generations. In this environment, the government faces a trade-off between equity
and efficiency. The individuals on whom the burden of a front-loading policy fall are no
longer the same individuals who in the long-run benefit from the elimination of distortionary
taxation. The government’s desire to resort to confiscatory taxation of initial holdings of
capital is thus endogenously curtailed by intergenerational redistributional considerations.
In contrast to the infinitely-lived agent model, there is no need in this framework to im-
pose exogenous bounds on feasible capital income taxes to circumvent the arguably trivial
solution outlined above (Chamley (1986), Jones et al. (1993, 1997), Chari et al. (1994) and
implicitly Lucas (1990)).

In order to study optimal taxation in this environment, we formulate a Ramsey problem
in which social welfare is defined as the discounted sum of successive generations’ lifetime
utility (as in Samuelson (1968) and Atkinson and Sandmo (1980)). This formulation of
the government’s objective respects the valuations placed by individuals on consumption
at different dates. Consequently, an allocation solving the Ramsey problem is constrained
Pareto efficient, in the sense that it cannot be Pareto dominated by any other allocation
that is a competitive equilibrium for some fiscal policy.

We show that optimal taxation in overlapping generations economies generally features
taxes on capital and labor income that are different from zero during the transition as well
as in the steady state. We study Ramsey taxation for two tax systems: one where tax rates
are allowed to depend on the age of the individual supplying the factors of production, the
other with age-independent taxes. We show that the set of allocations that the government
can implement with age-independent taxes is a subset of the set of implementable allocations
under an age-dependent tax system. Nevertheless, both tax systems share many properties.
First, consumption taxes are redundant and, therefore, can be ruled out without loss of
generality. Second, taxes on both capital and labor income are in general different from
zero. Third, the steady state capital-labor ratio has the modified golden rule property. This
property implies, as was originally shown by Samuelson (1968), that the capital labor-ratio
coincides with that of a first best allocation, that is, one where the government has access
to lump-sum taxes. Fourth, if the Ramsey equilibrium allocation converges to a steady
state, then the steady state is independent of the transition path. We emphasize that this
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property does not hold in infinitely-lived agent models. In particular, the exogenous bounds
constraining taxes during the transition determine the final steady state. :

We find the conditions for zero taxation of capital income in overlapping generations
economies to be closely related to the uniform commodity taxation results in the public
finance literature (see Atkinson and Stiglitz (1980)). For instance, the tax rate on capital
income should only be zero if it is optimal to tax the consumption of goods uniformly over
the lifetime of individuals. The conditions for uniform taxation of consumption depend, in
turn, on preferences, the age-profile of labor productivity, and the set of tax instruments
available to the government. We also find conditions under which the relative tax rates on
labor income at different ages are inversely related to the relative income elasticities of labor
supplied at those ages. When taxes are not allowed to depend on age, the government can
reduce the total deadweight loss of distortionary taxation by taxing capital income. The
government can thus find optimal to tax capital income even if optimal capital income taxes
are zero in an age-dependent tax system. In other words, the conditiens for zero taxation
of capital income are much more stringent under an age-independent tax system.

Atkinson and Sandmo (1980) provide one of the first studies of optimal taxation in
overlapping generations economies. They show that a first-best steady state allocation can
be achieved if the government can use lump-sum taxes. They also show, however, that in
the absence of government debt, consumption taxes, and lump-sum taxes, the government
does not have enough instruments to achieve the modified golden rule capital-labor ratio.
Park (1989) shows that in a model with intra-generational heterogeneity the government
might use distortionary taxation to redistribute income across individuals with different in-
nate abilities. In our paper we abstract from intra-generational redistributional issues. Our
model builds on the framework developed by Auerbach and Kotlikof (1987) to study fiscal
policies. Escolano (1991) computes numerically optimal Ramsey taxes in this framework.
Unlike previous studies of optimal taxation in overlapping generations models, we formulate
the Ramsey problem using the primal approach (Atkinson and Stiglitz (1980), Lucas and
Stokey (1983)). Under this approach, rather than choosing a sequence of tax rates, the
government directly chooses a feasible resource allocation subject to a series of constraints
guaranteeing that the allocation can be decentralized as a competitive equilibrium for some
fiscal policy. This formulation of the Ramsey problem leads to an explicit characterization
of the Ramsey policy. Our study also sheds some light on how life-cycle elements affect the
optimal fiscal policy.

The rest of the paper is organized as follows. The next section presents the economic
environment. In section 3 we formulate the Ramsey problem and characterize optimal fiscal
policies. Section 4 discusses age-independent taxes. In section 5 we present some numerical
examples. Two striking properties emanate from the Ramsey equilibrium allocations gen-
erated in these examples. First, the allocations under age-dependent and age-independent
taxes are very similar. Second, they are extremely sensitive to changes in the intergenera-
tional discount factor.
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2 The Economy

Consider an economy in which there are an infinite number of time periods, ¢, indexed
by positive integers. The economy is populated by overlapping generations of identical
individuals. Individuals live (J + 1) periods, from age 0 to age J. At each time period a
new generation is born. The population is assumed to grow at constant rate n per period.
Consequently, the share of age-j individuals in the population, p;, is time invariant and
satisfies p; = p;_1/(1+n), for j =1,...,J, where EJJ:[, u; = 1. We subsequently use the
shares i; to express aggregate variables in per capita terms. Each generation is indexed
by its date of birth. At date ¢ = 0 the generations alive are —J, —J -+ 1,...,0. Individuals
derive utility from consumption goods and leisure. The objective of an individual born in
period t > —J is given by

J
> BP0 (c4,1-1y), “ (1)

J=jo(t)

where c;; and I ; respectively denote consumption and time devoted to work in period
(t+ ) by an age-j individual born in period ¢. The age of individuals alive at date zero is
denoted jo(t). For generations t > 0, jo(t) = 0, so that in general Jo(t) = max{—t¢,0}. We
assume [ > 0 and that the utility function UY(-, ) is increasing in both arguments, strictly
concave, and satisfies standard Inada conditions.

Individuals are endowed with one unit of time in each period of their life. We assume
that an age-j individual can transform one unit of time into z; efficiency units of labor (for
7=0,...,J). The date-t aggregate labor input, expressed in efficiency units, is given by

J
b= pizjl-j;.
e

At each date there is a unique produced good that can be used for private consumption,
government consumption, or as capital. The technology to produce goods is represented by
a neoclassical production function with constant returns to scale:

ye = fke, ls), (2)

where y;, k; and I; denote the levels of aggregate output, capital, and effective labor, respec-
tively. Feasibility requires that total consumption plus investment be less than or equal to
aggregate output

e+ (1 +n)keyy — (1 — )k + g < we, (3)

where 0 < § < 1 is the depreciation rate of capital, ¢; denotes aggregate private consumption
at date t, g; stands for date-t government consumption, and all aggregate variables are
€xpressed in per capita terms.



To finance its exogenous stream of expenditures, we assume that the government has
access to a set of fiscal policy instruments and a commitment technology to implement
its fiscal policy. The set of instruments consists of proportional taxes on consumption,
labor and capital income, as well as government debt. At each date, the tax rates on
factor services are allowed to depend on the age of the individual supplying the services.
The date-t tax rates on capital and labor services supplied by an age-j individual (born
in period (¢ — j5)) are denoted by 7 ;; and 7% j.j» Tespectively. Similarly, consumption
taxes are allowed to depend on the age of the consumer, and we use Ty to represent
the date-t tax rate on consumption of an age-j individual. Equivalently, the government
chooses the after-tax prices of consumption goods, ¢;j ;, labor services, wy—j 7, and capital
services, ry—; ;, with these prices depending on the age of the consumer or the supplier of the
factor service. In addition, the government can issue debt in order to match any imbalance
between expenditures and revenues in any given period. It is assumed that the government
taxes the return on capital and debt at the same rate, making debt, and capital perfect
substitutes. We denote total asset holdings of an age-j individual at date ¢ by at—j;. The
government budget constraint at date ¢ > 0 is given by

o J
(L4 7)be + g = (14 n)bras + D (gemjj — Dptjcess + > (Fe = rimji)jaej; +
j=0 5=0
J
20 —we ) pszileg,  (4)
j=0

where ¢; ; = (1 +755) wei = (1 — i) Werj, and 1y j = (1 —T4.;)Tt+j. Note that the producer
price of consumption goods has been normalized at one. Before-tax prices for capital and
labor are given by #; = f; (k. le) — & and Wy = fy(kye,1y).

An individual born at period ¢ > —.J solves the following problem:

J
max Y F0Oy (¢ 1-1,,), (5)
JF=jo(t)
Qt,jCts + a1 = Wegzile; + (1 +re5)ay, §=35o(t),...,J, (6)

atjo(¢) 8iven and equal to 0 if ¢ > 0.
Let U* denote the indirect utility function of generation ¢ as a function of the government
tax policy.

The government takes individuals’ optimizing behavior as given and chooses a fiscal
policy to maximize its objective function. Following Samuelson (1968) and Atkinson and
Sandmo (1980), social welfare is defined as the discounted sum of individual lifetime welfares.
In other words, the government’s objective is the maximization of
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where 0 < 7 < 1 is the intergenerational discount factor.

This formulation of the government’s objective respects the valuations placed by indi-
viduals on consumption at different dates. Consequently, an allocation solving the Ramsey
problem is constrained Pareto efficient, in the sense that it cannot be Pareto dominated by
any other allocation that is a competitive equilibrium for some fiscal policy. The standard
trade-off between equity and efficiency becomes transparent with the explicit (relative) val-
uation of all generations affected by fiscal policy. This is in sharp contrast with optimal
taxation problems in infinitely-lived agent models. As emphasized by Escolano (1991), when
interpreted as a guide for fiscal policy, infinitely-lived agent models tend to put as much bur-
den on currently alive individuals as possible. In particular, the government can perfectly
imitate a lump-sum tax by taxing heavily initial holdings of financial assets. Judd (1985),
Chamley (1986), Chari et al. (1994), Jones et al. (1993,1997), and other authors in this
literature introduce upper bounds on feasible capital income taxes to avoid initial confisca-
tory taxes. The bounds assumed determine the magnitude of the welfare gains achieved by
switching to the taxes prescribed by the optimal Ramsey problem. Indeed, with sufficiently
high bounds a Pareto optimal equilibrium can be achieved. In overlapping generations
economies, however, the explicit valuation of different generations’ felicity effectively limits
the government’s desire to resort to a front-loading policy and, consequently, there is no
need to impose exogenous bounds on capital income taxes.

3 Optimal Fiscal Policy

In this section we show that, in general (in a sense that will be specified below), the solution
to the Ramsey problem features non-zero taxes on capital and labor income. In particular,
and contrary to infinitely-lived agent models, if the Ramsey allocation converges to a steady
state solution, optimal capital income taxes will in general be different from zero even in
that steady state. These results are obtained by identifying conditions under which optimal
capital or labor income taxes are zero. We then find parameter restrictions for two classes of
utility functions that satisfy the condition for the optimality of zero capital income taxation.
We begin the analysis by formulating the Ramsey problem.

3.1 The Ramsey Problem

The Ramsey problem consists of choosing a set of taxes so that the allocation that arises
when prices and quantities are determined in competitive markets maximizes a given welfare
function. The set of allocations that the government can implement thus consists of the
allocations chosen by individuals for any arbitrary fiscal policy. The allocations belonging
to this set are formally defined below.

Definition 1 (Implementable Allocation) Let {gt}ic, be a given sequence of govern-
ment erpenditures. Given initial aggregate endowments {ko,bo} and initial individual asset




holdings {a’—j:j};:l such that

J
ko 4 by = Zﬂjﬂ—j,j:

j=1
m . . -
an allocation { {et 'j,lg,j};zjo(t) N J_H}t , is implementable if there erist a fiscal policy
= o0
arrangement { {915, 7e.5,we j, }}r:jo(t) s by _;+1}t ; and a sequence of asset holdings

J (»o]
{{at,j }jzjn(t)}t-.;_J such that

Dia. given prices from the fiscal policy arrangement, {ct g, b J-,at,j+1};’=j0(t} solves the con-
sumer problem given by (5)—(6) for t = S S ‘
D1b. factor prices are competitive: 7y = fy (ky,l;) — § and Wy = fy(ke,ly), t=0,1

Dic. the government budget constraint (4) 4s satisfied at t = 0,1,... ;

D1d. aggregate feasibility (3) is satisfied at t =0,1,. .. .

Proposition 1 below establishes that there is a family of fiscal policies that implement
the same allocation, or, equivalently, that one of the fiscal policy instruments is redundant.
For instance, without loss of generality, government debt can be set to zero provided the
following conditions are met. First, the after-tax prices of consumption goods are adjusted
to maintain constant the value of each consumers’ assets in terms of the after-tax prices of
consumption goods. Second, the after-tax prices of labor services are adjusted so that they
remain constant in terms of the after-tax prices of consumption goods. Third, the return on
capital is adjusted in order to keep the relative price of present versus future consumption
unchanged. Alternatively, taxes on consumption goods can be set to zero by picking the
appropriate amount of government debt and after-tax prices of capital and labor services.

Proposition 1 Let {9:};2, be a given sequence of government ezpenditures and let
(ko,bg, {a—j,j};ﬂ) be initial endowments such that

J
ko + by = Z,uja,_j,j.
j=1

cQ
Suppose that the fiscal policy {{q;,j,rt,j, wt,j}j—jo(z) ,bt+J-+1} , and the sequence of asset
= b

o0

oo
holdings {{az‘j}jzjo(t)ﬂ}t:_J tmplements the allocation {{Cc,j,l:,j};:jo(t},kt+J+1}t=_J
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Then any other fiscal policy {{q‘t‘j,?'t,j,'UJt,j,};-Izjo(t) ,bt+_j+]_}

-y and sequence of asset
: Y 0o e T
holdings {{at ¥, i=dolt) +1}t__J satisfying

1+ Tt 5o (t) _ 1+ Ft,jo(t)

= e, S (Pla)
Gt.jo(t) At,50(t)
beci 2V — #1 t= —J’ sasa :-'.-Jo(t), 5 J, (Plb)
Gt,j at,5
bty - 1+ Ty j41) Gej
(47541 ge5 _ jﬂ“) i t=—dyer, F=j0@)+ 1,00, d (Plc)
qt,j+1 Gt,j+1
a . = -
titl _ Gti+l t=—J,..., j=7j0t)+1,...,J, (P1d)
qt,j at,j

also implements the allocation.

Proof. We need to show that any alternative fiscal policy and sequence of asset holdings
which satisfy conditions (Pla) — (P1d) also satisfy conditions (D1la — D1d) in Definition 1.
Notice that conditions (D1b) and (D1d) (factor prices and feasibility) are trivially satisfied
under the alternative fiscal policy.

Using the consumer’s budget constraint under the initial fiscal policy and conditions
P1b and Plc we obtain

- Gt -\ Gtj-1 Gt
@it + Otjr1 = Wi =25l + (L4 Fej) —=———at;.
qt,; qtj dij-—1

Multiplying this expression by g ;/g:; and using condition Pld we get
Gt,jct,j + Gtgr1 = WeZjle + (1 + Tej)ae;.

Thus, any allocation {cj, It }j:jo( 0 satisfying the consumer’s budget constraints under the
initial fiscal policy also satisfies the budget constraints under the alternative fiscal policy
(with asset holdings for generation t > —J given by {a,; }j:jﬂ(t) 41)- Since the converse is
also true the two budget sets are identical. And since consumers face the same decision

o0
problem under both fiscal policies, we conclude that {{Ct‘j,lt,j,&t,j+1};=j0(t)} solves

t=—J
the consumer problem when prices are given by the alternative fiscal policy. Condition Dla

is thus satisfied.

It remains to show that the government budget constraint (4) is satisfied under the
alternative fiscal policy. Using feasibility (3) and the fact that the production function (2)
is homogeneous of degree one, this constraint can be written as

J J

J
D (1 + Feojg)pie—jg = (L +n)arr + > Gi-gC—gi — > Byjjuszili-gi
j=0 j=0 J=0

P o e




Using conditions Pla — P1d this expression is equivalent to

J 4

Gt—jj-1 Gt—j Gt—j,j—1
D (1) Bid=l i e
qthj 1j qt"J :j -1

=0

- J J .

Giois i Goej s
=(l+n)ar—2L + 3G jic; — D Wi ity

Qt—j.j §=0 j=0 Qt—j.5
Multiplying both sides of the previous expression by Gt—j,j/G—j,; We obtain the government
budget constraints under the initial fiscal policy. Since this constraint holds at all dates
by assumption under the initial fiscal policy, we conclude that the government budget
constraints also hold under the alternative fiscal policy, and condition D1c is also satisfied.
@

It is interesting to consider this redundancy Proposition in light of the findings in Sum-
mers (1981). This author shows that since the timing of tax collections over the lifetime of
individuals is very different under labor income or consumption taxation, the two sources of
taxation give rise to very different age-savings patterns. This leads to Summers’ finding that
wage taxation significantly reduces the economy’s capital intensity relative to consumption
taxation. Proposition 1 shows that this result does not hold in our economy. The reason
is that in our economy the government is allowed to borrow and lend. As a result, any
difference in aggregate savings between tax regimes is absorbed by government debt and
the capital stock is unaffected by the choice between consumption and wage taxation.

Without any loss of generality, we set 7t.; equal to zero for all ¢ and J throughout the
rest of the paper.

Let p;; denote the Lagrange multiplier associated with the budget constraint (6) faced
by an age-j individual born in period ¢. The necessary and sufficient conditions for a solution
to the consumers’ problem are given by (6) and

B3 —o(t) Ue; — 1t =0, (7)

FROU,,  + pejwejz; <0, with equality if I >0, (8)

—Ptj +Pjr1(l + 11 541) =0, (9)

at,j+1 =0, (10)

7=70(2),...,J, where Ue,; and Uy, ; denote the derivative of I/ with respect to ¢, ; and Iy

respectively.!

Using the consumers’ optimality conditions, we can construct a sequence of imple-
mentability constraints which will allow us to define a Ramsey problem in which the
government chooses allocations rather than after-tax prices. The time-t implementabil-
ity constraint is obtained by multiplying the budget constraints (6) by p, ,j» Summing over

'The Inada conditions guarantee that consumption and leisure will be strictly positive in each period.
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jE€ {jo(t),--- ,J}, and using (7) - (9) to substitute out prices.> The implementability
constraint associated with the cohort born in period £ is

J
> FROW,, o+ Ut jleg) = Uey g (14 Teio(e) )0 e)- (11)
J=jo(t)

o0
Proposition 2 An allocation {{Ct,jilt,j};'r:jg(t} ,kt.|._]+1}t_ " is tmplementable if and only
if it satisfies feasibility (3) and the implementability constraint A1)

Proof. By construction, implementable allocations satisfy feasibility and implementabil-
ity. We now show that the converse is also true.
[e.e]
Suppose that {{ct,j, It }j=ju(¢) L }t:
ity constraints (3) and (11). Define before-tax prices as 7y = fr(kt, lt) =6 and w0 = fi(ke, lt).
: J =
Define the sequence of after-tax prices § {w¢j,7¢,j41} j=jo(t)}t=_J as follows:

2 satisfies the feasibility and implementabil-

s = - Y
1] szct‘j ?
= — Uct,j
ti+l =
a ﬁU‘-‘th 1

and let py; = ﬁcht.j > 0 for 7 = jo(t),...,J and t > —J. Then, by construction,
{et,: 1t }JJ= jo(t) Satisfies the consumer’s first order conditions (7) — (9) for all ¢ > —J.

To show that the budget constraints (6) and the transversality condition (10) are satis-
fied, given ay j,(;) define recursively for j = jo(t),... ,J
atj+1 = W,jZjlej + (1 +7e5)an; — e,
and note that given the definition of after-tax prices, the implementability constraint implies
that a; y41 =0 forallt > —J.

Finally, we need to show that the government budget constraint is satisfied. To do so,
multiply the budget constraint of the age-j individual born in period (¢ — j) by i;, and add
the resulting equations for 7 € {0,... ,J} to get

J J

3 slce-gg + Gejgrr) = 3 wi(wigizilijg + (1 + e j)as—sz);
j=0 7=0
or
J
ct+ (L+n)as = ar + Y pj(wi—jjzile-jj + re-jjat—5 ). (12)
=0

*The transversality condition (10) allows us to set a¢,s+1 equal to zero for all ¢.

10




Using the fact that the production function is homogeneous of degree one, we can write the

feasibility constraint as

J
ce+ (1+ n)kiy; — (1- 0) ks + gt = (Fe + 0) k¢ + by Z#J‘Zjlt_j,j- (13) :
7=0 '
Combining equations (12) and (13), we have
J J
gt — (L+ 7o)kt +ar = (1 +n)(agrs — kesy) + > 1t — we )l 5 — D BTt 0.
j=0 7=0

Adding #a; on both sides of the previous expression and defining b; = a, — kt, the previous
expression can be written as

L

J J
(1+ Te)be + g = (1+ n) (b)) + Zujzj(’tfrt - wt—j,j)lt—j,j + Z,Uj(ﬁ = rt_j,j)at_j,j.

Proposition 2 shows that a feasible allocation can be decentralized as a competitive -

equilibrium if and only if it satisfies the implementability constraints (11). It should be
emphasized that an age-dependent tax system is essential for this proposition to hold. In
particular, for any given date, an allocation that satisfies the implementability constraints
does not necessarily have the marginal rate of substitution between present and future

consumption constant across individuals of different ages. Consequently, an allocation can

only be consistent with the consumers’ first order conditions if the after-tax interest rates
are age-dependent. Similarly, the after-tax wage rate should also be age-dependent. It will

be shown in Section 4 that further restrictions need to be imposed on the Ramsey problem

for an allocation to be implementable with age-independent taxes.

Let 4t)\; be the Lagrange multiplier associated with generation t’s implementability
constraint (11) and define W; as

J
Wi = Z ﬁJ—JD(t) {Ut,j + A (UCt.jCl‘-.j + U[t,jlts]')] S /\tUct.jo(t)(l + rtsjo(t})at.jo(t)1 (14)
J=jo(t)
where U, ; = U (ct,j»1 — 1t ;). Then, the Ramsey problem is

(e8]

Z 'YtWt

{{c bt Vo ey ok }°°
L, gt 5 J=jg(t)"t+JI+1 t=—J el
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The objective function W; includes the implementability constraint associated with the
cohort born in period ¢. The shadow value of relaxing this constraint, in terms of period-t
marginal utility of a newborn individual, is given by the costate variable \;. Since govern-
ment debt is unconstrained, the government budget constraint does not effectively constrain
the maximization problem and has therefore been omitted from the Ramsey problem. Once
a solution is found, the government budget constraint can be used to back out the level of
government debt.

3.2 Characterization of Optimal Fiscal Policies

Let v*¢; denote the Lagrange multiplier associated with the time-t feasibility constraint (3).
The necessary conditions for a solution to the Ramsey problem are

_"Ytqst(l + ?’L) + 7t+1¢t+1(1 — i fkg+1) =0 (15)
YWeo; =1 Peajpss =0 (16)
YW, + Y ryimizifi,, <0 with equality if Iy ; > 0 (17)

fort=—J,...,and j = jo(t),... ,J, where W, ; and W}, . denote the derivative of W with
respect to c;; and ¢ ; respectively.

We now derive necessary conditions under which the Ramsey allocation features zero
taxation of labor and capital income. This is done by comparing the optimality conditions
from the consumers’ problem to those of the Ramsey problem. Combining equations (16)
and (17) for the non-trivial case of positive labor supply implies that

_ Wi, (L+ )0y, ; + AiUl:,J‘Hif,j

- = 2 Wt+s, 18
We.s (1+’\t)UCt,j+AtUce,thc,j Hhs (18)
where
Ui gipesCisi o+ Ui e sbed
HEy = Rt (19)
Cg'j
Us, .1, €5 + Uy, e
ngaj = Ztuiilnj t,‘[?}'lt . le g le,j b7 ) (20)
J

Since any optimal fiscal policy has to satisfy the consumers’ optimality conditions, we
can _C(.)m'pare ..(18) to its analogue from the consumers optimization problem. Combining
equations (7) and (8) assuming a positive labor supply implies that

Ule,j

= ZjWt 5 = Zj'!f}t+1(1 = T:f?) (21)

U,

Ct,j

Fhafn eq[.xa.tions (18) and (21), the tax rate on labor income for an age-j individual born in
period ¢ is given by

Ty = ——>= W'
ST 14 A+ MHE, (22)
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Since A; is in general different from zero when lump-sum taxes are not available, this tax

rate on labor income will be equal to zero only if Hé,j = H{ ;.

Similarly, consider the ratio of equation (16) at age j and j + 1. Using (15), this ratio

is given by

ch‘j _ (l + /\g)Uctd + AtUct.j Htc’-?

Wct,j+1 6 [(1 + /\t)UCgIJ'.}.l - AtUCt.j-f-lHtc,j‘i*l

= =14 fepiq. (23)

Using equation (7) from the consumers’ problem at age j and j + 1 together with (9), the
individual counterpart of (23) is

Ct,j

——— =1 P (24)
ABUCtIJ‘+1 I
Dividing (23) by (24) we have

1+ 741 1 +At+AtH£j+1’

(25)

which implies that the tax rate on capital income is different from zero unless Hi;=H{; .
Although we provide an example in section 3.4 of a utility function under which Hi; =
H{ 1, it is clear that neither this condition nor the equivalent condition for labor income

taxes to be zero hold for general utility functions. This amounts to the following proposition.

Proposition 3 At each date the optimal taz rate on labor income is different from zero
unless Hf,j = H; and the optimal taz rate on capital income is different from zero unless

Proposition 3 shows that the government will in general use non-zero taxes on both
capital and labor income. In contrast to infinitely-lived agent models, capital income taxes
are non-zero even if the solution to the Ramsey problem converges to a steady state. Since
consumption and leisure are, in general, not constant over the lifetime of an individual,
there are no reasons to expect that Hf.j = Hf ;. for any ¢, not even in the steady state.
On the contrary, the function Hi; in infinitely-lived agent models becomes a constant in
the steady state since these models abstract from life-cycle elements.

The steady state solution, if it exists, is characterized by the following equations:

l—(5+fk=l:n, (26)
(1+N)BUe; + AU, HE = I pu;, (27)
(L + MU, + \FULH, < vigujzify with equality if I; > 0, (28)
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for j =0,...,J. Of course, the feasibility and implementability constraints (3) and (11)
should hold as well. Thus, a steady state is characterized by (2(J+ 1) + 3) equations in
(2(J + 1) + 3) unknowns ({o’ I };;0 , ky @, )\). Notice that in steady state the marginal
product of capital (net of depreciation) equals the effective discount rate applied to different
generations (1 +n)/y — 1. This condition implies, as was originally shown by Samuelson
(1968), that the capital-labor ratio coincides with that of the first best allocation, that is, it
coincides with the capital-labor ratio that would be achieved if the government had access
to lump-sum taxation. In other words, the steady state capital-labor ratio has the modified
golden rule property.

The steady state allocation is also independent of the transition path leading to it. In
particular, for each value of v we can solve for the final steady state path independently of
the transition that leads to this steady state. Associated with each value of 7, or final steady
state, there is an optimal amount of public debt which can be backed out of the government
budget constraint. This amount of government debt is accumulated during the transition
path from the initial to the final steady state allocation. The higher v is, the lower are the
accumulated government debt and the welfare of generations alive during the transition.
This property is not shared by infinitely-lived agent models, where the transition path
determines the steady state allocation of the Ramsey problem. In particular, the steady
state allocation depends on the exogenous bounds imposed on capital income taxes during
the transition.

We can characterize further the optimal path of Ramsey taxes for two forms of utility
functions. First we consider CES utility functions in which leisure enters multiplicatively.
This class of preferences includes those that are necessary for an economy to have a balanced
growth path. Second we study optimal taxation for CES utility functions for consumption
with additively separable leisure. Both forms of utility functions have been widely used in
the public finance literature.

3.3 CES Preferences
Consider utility functions of the form
Ule,1 - 1) = u(c)u(l), (29)

where u(-) is homogeneous of degree (1 — oc) and U(-,-) satisfies the Inada conditions. For
this class of utility functions, the following Corollary to Proposition 3 identifies restrictions
on parameters under which capital income taxes are zero in the long run.

Corollary 1 Let the utility function be of the form given by (29) and suppose that the
Ramsey allocations converge to a steady state. In that steady state, the taz rate on capital
income is zero if and only if vy = (1 +n) and zj=2z,5=0,...,J.

14




Proof. From Proposition 3, a necessary condition for zero taxes on capital income ig
Hf = Hj ;. Under utility functions of the form given by (29),
e — u"(c5)v(l;)e; + u'(cj)v' (1)1
’ u!(cj)v(ly)
" f
= u,(CJ)Cj + . (J)Ij.
u(c5) vl;

Since u is homogeneous of degree (1 — o), v’ is homogeneous of degree —o, and u”(c)c =
—ocu'(c). It follows that the first term in the above expression is a constant—the negative -

of the coefficient of relative risk aversion (—oc). Consequently, Hj = H., if and only if

g, o),
vljyq T vl; 7’

which for utility functions that satisfy the Inada conditions only holds if { j+1 = lj. But if -

l; =1 and capital is not being taxed, then (7) at J and 7 + 1 implies that

wigll) ()
Bu'(cj + L)v(ljt1)  Bu'(cj +1)

=(l+7r)=(1+7) (30)

which in turn implies that ¢; = ¢, j =0,... ,J. Now for (30) to hold, we need B(1+#) = 1. ¢
From (15), this will only be the case if ¥ = B(1 + n). Finally, (22) implies that labor
income taxes will also be age-independent. But for (21) to hold under age-independent

taxes, z; =z, § =0,... ,J, needs to be imposed.
The converse follows immediately. m

This proposition highlights that with CES preferences, capital income taxes are zero in
the long run only under very restrictive assumptions on parameters. For utility functions g

analyzed in the next subsection, zero taxation on capital income holds much more generally. 3

3.4 Additively Separable Preferences

Consider utility functions of the form

Ule,1 = 1) = u(c) +v(l), (31)

where u(-) is homogeneous of degree (1 — o.) and U(-,-) satisfies the Inada conditions. :
Our second Corollary to Proposition 3 shows that for this class of utility functions, capital

income taxes will not be used during the transition nor in the long run.

Corollary 2 For utility function of the form given above (31), the Ramsey problem pre-
scribes zero tazes on capital income from time period 1 and thereafter.
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ncome j Proof. Again, this follows directly from Proposition 3. Under utility functions of the

form (31),

C ) u” (ct}g)

t.g — 'U"(Ctg)

2,

Ctj,

which corresponds to the negative of the coefficient of relative risk aversion (—o¢). It follows
that Hf; = H® for all ¢ and j, and (25) implies that ;=03 m

u"(c)e = Under this class of utility functions, we show that the long run labor income tax pro-
negative file over an individual’s life depends directly on the income elasticity of labor supplied at
only if different ages.

Proposition 4 Let the utility function be of the form given by (31) and suppose that the
Ramsey allocations converge to a steady state. In that steady state, the relative tar rates
on labor income at different ages are inversely related to the relative income elasticities of
labor supplied at those ages.

% Proof. Combining equations (16) at age 5 and ( 17) at age j+ 1 for the non-trivial case
(30) = w41 . : )
4 of positive labor supply together with their counterparts from the consumers problem (7)
4 at age j, (8) at age j + 1 and (9), the tax rate on labor income at agej+1is
+f) =13 l
iat labor ! e A(Hjy, — H) (32)
spendent LT 1A+ AHS
Using (22), it follows that
e /(=) Hyy — B -
unctions w wy gl ¥
/(1 — 7} H.— H¢
enerally. J / J ) 7 7
Now let m denote non-factor income, and let lij(w,r,m) denote the supply of labor at age
J, where w = {wj}jzo and r = {Tj};{:o- The first order condition for labor (8) assuming a
positive supply at age j can then be written
~F (1j(w, r,m)) = pj(w,r, m)w;z;. (34)
(31)
Differentiating (34) with respect to m and rearranging implies that
aditions.
i, capital v"(1;) _@J_ _opj 1

==J - 35
’U'lj am ampj ( )

*Note that this result only holds from date 1 on. At date 0, the first order condition (16) is different
lem pre- _ .fmm all other dates since We, oty for §(0) # 0 includes extra terms to reflect the right hand side of the
: implementability constraint (11).




Since under separable preferences

0 V)l

7o)
(35) implies that
Hj‘+1 _
H; M4 ,

where 7; is the income elasticity of lj. It follows from (33) that the income from rela-
tively inelastically supplied labor is to be taxed proportionally more than the income from
relatively more elastically supplied labor. =

Proposition 4 can be viewed as an application to a life-cycle framework of the public
finance principle that necessities should be taxed more than luxuries (Atkinson and Stiglitz
(1980) and Kehoe (1991)). In other words, labor income should be taxed relatively more
heavily when it is relatively more income-inelastic. It can also be shown that the income
elasticity of the labor supply depends on the labor productivity profile and the discount rate
of individuals relative to the intergenerational rate of time preferences (which determines
the steady state interest rate). To see this, notice that when v = 8(1 +n) and zj = z for
all j, the steady state consumption and labor supply are constant throughout individuals’
lives. It then follows from (32) that labor taxes are age-independent. In other words, these

restrictions imply that the income elasticity of the labor supply is constant across ages. Any :
deviation from these restrictions will change the relative income elasticity of labor supplied

at different ages and age-dependent taxes will be used.

4 Age-Independent Taxes

In this section we study Ramsey taxation when taxes on labor and capital income are not
allowed to depend on the age of the individual supplying the factor of production. We
begin by characterizing the set of implementable allocations under an age-independent tax
system. Next, we show that if the solution to the Ramsey problem converges to a steady
state allocation, then the steady state allocation satisfies two properties that were shown
to hold under an age-dependent tax system. Finally, we show that the necessary conditions
for zero taxation of capital income in the steady state of an age-independent tax system are
much more stringent than under an age-dependent tax system.

We show that the set of allocations that the government can implement with age-
independent taxes is a proper subset of the set of implementable allocations under an
age-dependent tax system. Intuitively, with age-independent taxes the government has very
few instruments to make a given allocation satisfy the consumer’s first order conditions.
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The consumer’s first order conditions (7) — (9) imply that 7i—;; = 7’ if and only if

le—jj < Ulc.o
2j - UC¢_020

i , with equality if {,_;; >0, j=1,...,J,
C

F
and that 7 ; . = 7 if and only if

Uct—i.:‘+1 _ Uct.l
- b ]
UC: UCt..D

—id
Thus, at each point in time an allocation has to satisfy two extra conditions in order to be
implementable with an age-independent tax system. First, the marginal rate of substitution
between consumption and leisure needs to be constant across individuals of different ages.

Second, the marginal rate of substitution between present and future consumption also
needs to be constant across individuals of different ages.

X

The above necessary conditions for age-independent taxes can be expressed in the fol-
lowing compact way

Rtl_J;J S 0’

Rf_j:j == 0’

with equality if ; ; >0 j=1,...,J,
j=1,...,0—1,

(36)
(37)

where for all £ > 0

R}_j,j = log Uy, 420 — log U, , + log Upj; —logUe,_;,25, j=1,...,J,
Rf_j,j =logUc,, —logU,,, +logUc;—j; —logUc;—jji1, j=1,...,J 1.
oo
Proposition 5 An allocation {{Ctaj’lhj}j:jo(t) ,kt.{.J.{.l}t:mJ 15 implementable with age-

independent tazes if and only if it satisfies feasibility (3) and the implementability constraints
(11) and (36) - (37).

The Ramsey problem then becomes
(00]
max Z ’}’tWt,
t=—J
subject to

J J

Z,U.jct_j,j + (1 + n)kt_,_l = (1 - (S)kt + gt — f kt, Z“jzjlt—jd = 0, t= 0, e
7=0 7=0

1 i
By sebernolin, @ js Yiofis) = U;

2
R‘t—j,j(ct,ﬂa Ct,15Ct—j,7, Cg_j'j_,_l) = 0,
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where W; is defined as in (14)
In Appendix A we show that if the solution to the Ramsey problem converges to a

steady state, then the steady state allocation satisfies the following two properties: first,

the steady state capital-labor ratio has the modified golden rule property, that is, the steady
state marginal product of capital (net of depreciation) is equal to the effective discount rate
applied to different generations ((1 + n)/y — 1). Second, the steady state allocation is
independent of the transition path leading to it.

The first order conditions of the Ramsey problem also imply that the conditions for zero
capital income taxation are much more stringent with age-independent taxes. In fact, when
the utility function is of the form (31) (additively separable in consumption and leisure)
capital income taxes are zero in the steady state only if v = B(1+4n) and z; = z for all j.
Furthermore, in contrast to an optimal age-dependent tax system, capital income taxes will
be different from zero throughout the transition path to the final steady state allocation.

This result illustrates how the optimal tax rates crucially depend on the set of fiscal
instruments available to the government. When either v # B(1 +n) or z; # z for some j,
the income elasticity of labor supply is not constant across ages. In this case the government
would like to tax labor income at different rates over the lifetime of an individual. When
labor income taxes are not allowed to depend on age, the government can affect the way
individuals substitute labor intertemporally by resorting to non-zero capital income taxes
and use this margin to tax labor income more heavily at ages where it is relatively income
inelastic.

5 Numerical Examples

In this section we present some numerical examples in order to gain further insights about
the properties of Ramsey taxation. The model economy is parameterized so that its initial
steady state mimics important features of the U.S. economy for some initial tax rates
on capital and labor income. At date zero taxes are set optimally and we compute the
associated steady state Ramsey equilibria under both age-dependent and age-independent
tax systems.*

The utility function used in these examples is additive separable in consumption and
leisure
Cl—crc (1 s l)l—cr,

l—O'c ].—0';

The production function is assumed to be of the Cobb-Douglas form, with the capital share

represented by a. The parameter values assumed for this exercise are shown in Table 1,
and we use Hansen’s profile as the labor productivity profile.

“In our experiments we use the fact that the final steady state is independent of the transition path.
Notice that computing the steady state path involves solving a highly non-linear system of equations.
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Table 1: Parameter Values

B O¢c al @ ) n g
0.985 2.0 5.0 0.36 0.08 0.015 0.22*

*As a percentage of GDP in the initial steady state

Table 2 presents the main results for three values of the intergenerational discount factor.
We selected 7 = .966 as our benchmark discount factor. For this value of v, the steady
state allocations of the initial equilibrium and the age-dependent Ramsey equilibrium share
the same consumption growth rate along individuals’ life. The other two values for v were
chosen slightly below (y = .96) and slightly above (v = .970) the benchmark level.

Surprisingly, Table 2 shows that, given a value of 7, the utility achieved by a new-
born individual and the economy’s aggregate variables do not vary significantly across the
steady states of the age-dependent and the age-independent Ramsey equilibria. Indeed, the
maximum difference in steady state output between the two types of equilibria , across the
three values of v reported in Table 2, does not exceed .6 percent. Similarly, for all values
of ~ reported, the differences in utility for newborn agents do not represent more than
.01 percent of consumption of the initial steady state (Ccomp). Notice, however, that tax
rates do vary across the two tax systems. When taxes are age-dependent, capital income
taxes are zero (see Corollary 2) and labor income taxes vary significantly along the life of
individuals (see Figure 1). These tax rates tend to follow, with a lag, the shape of the
age-profile of labor productivity. Proposition 4 is useful in understanding this finding. This
Proposition shows that it is optimal to tax labor income at relatively high rates at ages
where it is relatively income inelastic. It is easy to show that, ceteris paribus, the income
elasticity of labor supplied at age j is inversely related to the age-j labor efficiency level.
Since the after-tax interest rates in all the equilibria computed are higher than individuals’
rate of time preference, it is also the case that, ceteris paribus, labor is more income inelastic
the lower the age of an individual. Contrary to the age-dependent Ramsey equilibrium, the
tax rates on capital income are positive—albeit small, 2 to 3 percent—when taxes are not
allowed to depend on age (see section 4). In addition, it is interesting to note that the
difference between the average tax rate on labor income with age-dependent taxes and the
tax rate with age-independent taxes does not exceed .5 percent for any of the three values
of v reported.

The sensitivity of the Ramsey equilibrium to the value of the intergenerational discount
factor v is striking. Table 2 shows that with v = .96 a newborn individual living in
the initial steady state can forego about 2 percent of his lifetime consumption and yet
achieve the steady state utility level of the Ramsey equilibrium. When v = .97, newborn
individuals will only be indifferent between the two allocations if their consumption of goods
in the initial steady state is supplemented by about 7 percent. The enormous impact of
7 on steady state utility is easily understood when we observe the negative association
between the steady state government debt and the intergenerational discount factor. When
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7Y = .97 the government owns more than 30 percent of the capital stock. This implies that

generations alive when the economy reaches the steady state face lower tax rates on their

income. This comes at the expense, of course, of the individuals alive during the transition

to the Ramsey steady state. These generations are the ones financing the purchases of __

capital by the government.

6 Conclusion

This paper studies optimal taxation in an overlapping generations economy. It characterizes
the optimal path of fiscal policy, both in the long run and in the transition to the steady
state. The implications of this study in terms of capital income taxation are in sharp

contrast with the Chamley-Judd results, In particular, it is shown that the optimal rate of

capital income taxation will in general be different from zero, even in the long run.

An important drawback in our study, which permeates most of the literature on op-
timal taxation, is that the fiscal policies we consider are not time consistent (Kydland
and Prescott (1977)). Although this problem is not as acute in overlapping generations
economies as is it in infinitely-lived agent models, a more satisfactory characterization of
optimal taxation would focus on time consistent policies.

An interesting avenue for future research is to introduce human capital accumulation
In our environment. We conjecture that the main properties of optimal taxation derived in
this paper would remain unaltered by the presence of human capital accumulation.
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A Age-Independent Taxes

Under age-independent taxes, the Ramsey problem is given by:

o0
max Z W,

t=—J

where W; is defined in (14), subject to feasibility (3), and the implementability constraints
(36) and (37), to which we associate the Lagrange multipliers 7*¢¢, v'e}_; ;, and ~'ef ; ;,
respectively.

Since we only study this problem in steady state, we only provide the first order condi-
tions of this problem for ¢ > J. These first order conditions are as follows:

Ye(l+n) — Vo (1 -6+ fr,,,) =0. kg1’
J J-1

VWepo = V' bto = D_7'etjidecoRizj; = D100 RE 5 =0 e’
j=1 ij=1

t—1 t t 1 1 t 2 2
T Werern — 7 $etr — ft—1.16cf-1,1Rt—1‘1 - 5t—1,13c¢-1,1Rt—1,1

2 ‘eg-1,1"
t—1_2 2 _ ~1,
- Z Y 614,01 R 155 =0
j=1
t—g i . t 1 1 £.2 2 ¢ o
VI We iy =V Ot — V€50 ;; Rijj — ¥ €5 iOce; s R Ct—j.j

~Y e je10e B =0 §=2...,0 -1

t—J t t_1 1
b Wct—J.J — Y Qtps — €t—J,JaCt—J.JRt—J,J

¢ 3
Ct—J,J
t—1 2 2 _ :
=Y ft-J,J—lact—J.JRt—J,J—l =0

J

tW _ tqb ~_ t 1 o Rl =0 Cn?

T Wi — 7 PthoZoWe T €t—j,jOleo tt—j5,5 = t.0
=1

t 1

ke YVidepjzjbe — 'yte%_j’jc')‘ge_j‘j 5 =0. Ui’y d = Lpwnn od

The steady state Ramsey path is thus characterized by a system of (4J +4) equations—
the above (2J+3) first order conditions, R} forg = lyves 5dy RJQ- forj =1,...,J—1, feasibil-

. J J-1
ity and implementability—in (4.J + 4) unknowns ({o’, 7 };zl} ; {e} }j=1 g {e?}jzl k9, )\) ;

Some properties of the steady state are immediate. First, the steady state is independent
of the transition path. In particular, government debt is not part of the above system of
equations and it can be obtained from the government budget constraint once the steady
state solution is found. Second, the steady state capital-labor ratio has the modified golden
rule property.
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We conclude the Appendix by showing that the conditions for zero taxation of capita]
income under age-independent taxes are very stringent. We establish that with separable
preferences the steady state capital income tax is zero only if y = f(1 4+ n) and z; = z for
all j. Assuming separable preferences, the steady state first order conditions become

1
(1 +7) =120 &
~
u(co) . 1 « 2
Weo = dpo + o) PICEDIN o’
j=1 i=1
u"(ey) 1 9 = 2 (s
I’V(:1 = you, + u’(cl) —7€; + 2(1 + ’Y)El + Z €5 C1
Jj=2
W. =~d j—lu”(cj) 1 2 2 Yoz 1 Ty J
o =P duj+ m(_’fﬁj+7€j“fj—1) Ghr3=2-. 01
i u” CJ’) Ees 4
We, = 'YJQS.U'J - ’YJ lu’((CJ) (76-11 +€3_1) s
“ ‘U”(lo) 1
Wio = -—qup.OZOw —_— 'u"(lo) . ¥ ‘lm
J=l1
. ) u'(15) —
Wi = =y dpjzjib + 7 ;(ﬁ - bl 3= s 5
v (J‘)
. . 3 Wc-
With v = 8(14n) and z; = z for all , the steady state path satisfies e} = ¢2 = 0, g— =
7 J 7 BWe, |

Ue.

W,
,BTJ:' =1+7=1/8, and W‘-?— = for all j. It follows that steady state consumption and
J 5

leisure are constant over indi{'iduals’ lifetime. Essentially, under the specified conditions,
consumption and leisure are not affected by life-cycle elements. Consequently, it is optimal
to tax consumption goods uniformly over the lifetime of individuals and capital income taxes
should be zero. For the same reason, labor income tax rates would be age-independent even
if they were allowed to vary with age. The values of the multipliers associated with the
implementability constraints (36) and (37) are thus zero in the steady state.
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Labor income Tax Profiles with ¥ =(1+n) /(1+r) = 0.966
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Figure 1: Labor income tax over the life-time of individuals

26

GG T RSP




Table 2: Results for some values of

Initial SS Ramsey (A-D) Ramsey (A-I)

v=0960 y 1.000 1.022 1.017
c 0.542 0.548 0.544
l 0.353 0.352 0.350
k 2.508 2.679 2.665
b 0.123 0.032 0.189
(%) 20.000 0.000 " 2.719
(%) 30.000 33.770* 34.279
Utility —179.824  —182.513 —182.383
CComp (%) 0.000 —2.090 —1.991
7=0.966 y 1.000 1.052 1.049
c 0.542 0.558 0.555
! 0.353 0.353 0.351
k 2.508 2.896 2.886
b 0.123 —-0.361 —0.238
*(%) 20.000 0.000 2.149
(%) 30.000 30.674* 31.010
Utility —179.824 —175.669 —175.624
CComp (%) 0.000 3.410 3.448
7=0.970 y 1.000 1.075 1.072
c 0.542 0.565 0.562
! 0.353 0.353 0.352
k 2.508 3.062 3.053
b 0.123 —0.716 —0.593
(%) 20.000 0.000 2.290
(%) 30.000 28.633* 28.897
Utility —179.824  —171.498 —171.437
CComp (%) 0.000 7.076 7.132

"Total labor taxes collected divided by total before-tax labor income
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