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ABSTRACT

«

The object of this thesis,is to-study the algebraic

e - L.
preperties of some classes of automata and languages.
The -following classes of. automata are investigated:.
(i) . right prime autbdmata, Lk
-(ii)‘ left prime automat®)
(iii) duo automata,

(iv) globally abeliarn automata.

t'-

'“(1) 1523 generallzatxon of permutatlon antomata, while '

.

autométa. ' ) _\ -

.9 . - d
(i) generaﬂlzes the concept of a stronqu connected

‘..automaton. Both- (111) and (iv) are generallzatlons of

Y

abelian automata.’ Chapter 2 is devoted to the study’ of

these classes.~ It is shown' that the.transitlon mon01ds

-

. . . Lo . TN .
. of ridht prime automata are dual to those of left gprime
' ' ' - B )

'-.. B Y

/‘*’“:

R s The structure of the tran51t10n monozds of var1ous

LY

. automata’ 15'stud1ed in Chapter 3. It is shown that a'

fxnzte mpnoid M is. the tran91t10nwmenozd oi a- left prxme

automaton if and.pnly if the automaton AH E (u,.H) is. a

‘!w",

subdlrect produot of strongiy connected M—autﬁmata, and

- -

‘that the trans;tlon monoid of a finite ano automaton 1s a

dam |

snbdu‘.lect product of a fj:mte number zst mnotd‘s, each of

S - -

which 1s either a group or é group union.a n;lpotent ideal.‘;_~:




‘Also proved are-some properties of the transttion monoids

_of finite globally’ abelian aufomata. _ S ' e

LY . B ~ .

8.
Im Chapter 4, the famllles of- languages accepted by

\

rlght prime and left prlme acceptors aré stu-dled tS‘.?o.u'(e

s

algebraic properties'are.obta;ned for’these familieslof

languages.

.
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. .
INTRODUCTION', N
F‘\\ ° - o . .. '. {

/ )
‘The point of view adopted im,this thesis ig that

.automata can be considered as algebraic systems. Im faat,
. L) -

they can be considered as a generalization of monoids.
- : ' . - x .o

Thus we may take an algebraic approach‘to the study of

automata. . S R T g

- - i»:‘ .

. . . . . . . L] .'

- We "adopt .the following definition: Let M be a’

_monoid with identity l. An automaton otér‘M (0¥ an
. . . . »

'iM*automaton) is a triple A = (S,_M, n),wheré's is a

, JERE . Lo - oo
nonempty»set of states and ~ is a homomorphism of M into

S QS'

1dent1ty mapping’ on S ‘ The. lmage of M under h is a
2 -
-Submon01d of TS' called the tran31tlon mon01d of ‘A and

. [
denoted by T{(A). For 51mp11c1ty, ‘we wr;te - t*

the transformatlon monoid T, of S, suek th%t lr =1

-

o (s)an = (s)a = sa for s ¢ s. <:;- é\“

When;there is no—possrbiilty of amblguity, we denote A

by K=+, M). A particular but. important example of .
/

M-automata is the automaton AM (M, M, n) where, for each ”

v . -"; '\

r"a € M, an =0, the _inner rlght translatlon of M ‘._ :

éonresponding';o-a, In this case, we have T(A,) = M.
. An M—automaton-A = (5, W) is (i) a ‘permutation’ -

' automaton-lf every a“e: M is a permutatlon on S, BN N

(xx) strongly connected 1f M, and therefore T(A), acts

-«
. . s .
. * . - 1" . »

l -

the -

LN



transitively on S, -i.e., for any s, t v S, there exists

) . N . [y
a ¢ M such that sa = t and (iil) abelian if sab = sba for

e b

M ——————————

1y

all s ¢ 8 anda, b

. t, - K . ~

. °

. .Generalizations of the above three glasses of
automata are the objects of study in'thiS)thesis.
‘e

Chapter 1 contains a review. of spome basic concepts-

LTS s
.

.

. and properties -of semigroups and automata, which are. to be

used throughout this thesis. . ) / ) .

@

In sections 2.1 and‘i.f, right -prime amd qut prime'

automata are introduced and_gﬁudied. ‘They are shoén'to be -

L4

H

- generalizatian‘Of permutation,automaté and strongly

connected autOmatg respectively. More;vef,:it is éhoﬁﬁ‘

that the traﬁsition monc?ildls'% right pri;ne automata are .v_‘

' duai‘to thosg of left prime éutcmata. Two generalizations :
of ahellan automata, namely duo automata and globally

abellan automata, are studled 1n Section 2.3, wh11e in s
Sectlon 2.4 relatxons aqﬁng the prev10usly defxned

automata are 1nvestlgated

'
* .
sy

R The -structure of the transi tion monoids of left - 1 ;J‘

t '
prlme automata,cggo automata and globally abelian automata

is studied in Chapter 3, It is shown that a finite monozd o

M is the transition mon01d of a flnxte left prlme automaton

.if and enlyilf the automaton AM:; (M,‘M)'Lg a subd;rect ‘ )




<
.

(4 , ‘ L R
« product of’ strangly.connected M-automata, and that the
transition monoid of a finite duc fivtomaton is a subdirecs -

L . . N . .
product of a finit® numper of monoids, .each of which is

~ -
- . e - -

elther a ,group_.or "a group union a.nllpotent 1dea1 Also

.

proved are- some prOpertxes of the transition m6n01ds of . .

flnlte globally abelxan automata. J ' ©oa
. - -

. /‘- -

L’
.

In Chapter 4, we con51der the famllles of languages -

accepted by rmght prlme and Ieft*pmlne acceptors. They q:e

»>

‘cal;ed RP-reguLar languages anﬁ ‘LP~ Iegular languaqes
respectlvely It is shown_that«they are’ pOth boolean "t

alqebras. ' S A ' -

l

Aty
vy o,

(SN
>

s
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. ' ~ CHAPTER 1

BASIC CONCERTS S

. 1
- .
. * . [} . *
" . . ‘
- .

The purpose of this chapter is two-fold: first,

, to 1ntroduce ba51c concepts to be used throuqho‘ut this

‘.

thes:.s ‘Bnd ¢o es abllsh some f-undamental theorems dérlved

. . . ' ~ ' Ay

. f::om them,. seconchy, to mtroduce some specxal classes of

o

L4

Ll - automatxj based upon \ah,lch generallzatlons w1ll be made 1n-< ..
%‘ ] . X . A . . . *
. lj:.er c:-Hapters. St . : , s
" ¥ _.7 * ) | ) . e - ’ . R * ) ,: - )y
o Fol. gemigroups and R'elatedfﬁggpts' ~ T e
q'.' ) > . . ., ‘-‘.’ - . . . '1 - ) . . .
. . . Lo . - >
L ,--) / - . As semigroup is a set 'with an’ assoc1at1ve bmary
. -‘.‘ . -'_ 'Y -l . . .
‘ S Operatibn.- _Byé nﬁrlvz.al semjroup we nfean a semlgroup
'9".\- ~ ',';‘ 5. .

T mt& T{ > 1, where [T denotes he number of elem,ehts .

ofu‘T. A monoxd ‘J.s a Semz.group with:* 1dent1ty. 4
. L. \ '
Let x be any set. A transforma lgn Qn X.is a
¥ ; - hd ‘

T ‘s:.ngle-value& mapplng vof X' 1nto 1tself " We shall denete

.

. v

-;f?g,. P the mage‘.of  an element ¥ of X under a transformatlon o‘
"o"’"' ..: o v *
Vil e by (x)a orv xa. The set Tx of al«l transformatlons 09 3(
- ;'( . | i i .' .. f
7" forms a mcmpxd under comp051t10n of ,g:lapp’{ngs. - e T
- A f ‘N . 1 .
s wle v Let N be 3, mapplng of a se’t X 1nto a set Y.‘ Then ™ .
2..:.?‘:‘ . r' . .. 1 ) e | ." D’;’,
X R 'the.relatlon.&éoe : W X by X = y (mod eoe ) if .
R R ‘jye 15 &n equivalence relatlon on x. _-,;-j ;‘- A .o
iyl _ 5 S _ ‘
- _,.,,";",_. . F}:'@t T be a se!hiq‘réup: n equivalence relation Jc on'




»

i every homomorphlc lmage of T 1s 1somorphuc to a quot:ent‘e

s

’

=z ?/g. Thus every qyotlent semlgroup of a senlgroup T is. a -

:“homomonphlc 1mage of T. ' e

T is'a right congruence if for any a, b, ¢ ¢ '1;. a‘ b s

-] . Y -
(mogd ¢) implies ac :=-bc (mod ~). A left congruence lS

deflned duallv and a cong;uence is a Telatlon wthh is a

rlaht conqruence and a left dbngruence. Thus an eq'xvalence

-
2

relatlon ¢ on, T is a eongruence if and onlv 1f for any a,

a . v .
°

b, c,d T, a “h (mod ..) and c - d, (mod

»

g) 1molv - ®

- - —r
<ac, : kg (mod o). Let ¢ be a congruence on T and les E{L

be the guotlent $et modulo o:.. T/o = {a'a ¢ T! where a is

oA “ . - e

[

the o-class contalnlng a. If we‘aefine E-b = ab, then T/~

r

wh

*‘becomes a kemlgroup called the qutlent or factor semlgroup

.of T modulo?o. The.mapplng.ﬁb of .T onto ‘T/0 defihea by

cap? = T, is the natural or can{h;oal homomorphlsm of T upoh

> [
Y

.

Y : °© S ’ - . . .
... .¢ .Convexrsely, let ¢ be 'ahomomorphism of a:semigroup
T into. a 'éemig'rcup 'N It can bg shown -that the relai:i_on . .
_ & | : - o
do¢ 1 1s a cdngruende on T and T/$o® -1 = T§. Therefore

’ ‘2,

- 0
» ‘- : -

semqubup of, T.~ _ *:_ ER s B

[ . -

-

. » Y f 3 » [N

' ,. Leq’x be a’ nonemgty set a.nd x- be the set of all

r' ‘. nonempty finite sequences of elements of X. If T I

-

. - [y -

and ylyz...yh are two elements of X r We deflne thexr

¢ ! .

proddct by concatenatxon _; L L e
_:, 4. d & . "‘ N .
"t ~ ’ .,-'. (x 'o’cxn) (yl..-ym) = x ...X y._l. c-ym
: Then X .becomesxa'sem1gr0up called the frée s%mlgrogg _ ;’
» ' . .

generated by X. The elementd of - X are called 1etters and




° Y
-

Y ' tae:elements of X' are ealled'wotes aver x.* The length
wi of a word w ¢ X' is the number of elements of X

occurring in wi A word with zero length is called the

emptyrword and denoted by A. Let i* = X*'LJ“‘. Theh
y '.‘ \ .

° . 'wﬁ = ‘w'= w for all w e X* and X* is a- mqn01d called the

. ' free monoid generated by X.

© A ncneﬁbty'finite set-is called an algﬁébet. If

x is an alphabet, then. K* is called the free mon01d‘

N
generated by the alphabet X. 1 . .

-
L4 - - . [ .

P’

1.2. Automata and Their Transition Monoids -

t
»
-, - « T 8 -

e . ~: » N s

+

" over M (or an M-automaton) Is a triple A = (S, M, n) where

.Let M be & monoid with identity 1. An automaton

. S- is a nonempty sét of states‘and R*is a homomorphism of M,

1nto the transfo;matnonqmon01d T of s, such that 1n 1,

ty

 -' the 1dent1ty.mapp1ng on S. If A= (S,,M, n) 1is an

automaton over M then M is. the 1npu£ mon01d of the

. s 7automaton A. For 51mpllc1ty, we shall 1dent1fy the element

>, ¢ ".'. . * . -

«  a e.M with its,lmage‘an and wr;te,(s)a::r (s}a = sa, ‘for

<

t' s £ 5. &hus fér all s ¢ §-amd a, Q.e-

~

s (sa)b. When no dhblquity wzll arise, we denotT A,pﬁ,-

- A= (S, M) leav1ng n to be undersﬂeod.
An automatoh‘A = (S, M) 15 f1n1te 1f S 18 fxnlte,

. tr1v1a1 1f Isi = 1. .-

S . 1h particulat,‘if”a is an automatdﬁ‘déer a.free

monoid. X* genefated by,an‘alphabét_x;_tﬁeg we.wtite

]

'8°1 = s-aq&_s(abl

~y

‘ ".




' <A -;(a!’x) and call A a free lnput automaton (abbreV1ated

as f.l.'automaton) over thé alphabet t. 2he.eloss of
]

f.i. automata 1s‘9n-1mportant slass of autemata, which

. plays a prominent role 1n Automata Theony.
. .

v ) ' One particular and’ 1mportant ;-automaton id the

»

"autometon AM = (M, M) = 1&, M, n) where for each a ¢ M,
ar = batthe'right inner translafion‘of M correspoﬁdiﬂg.to '
a.” By fhe use of thié speoial-c . many propertles of
semlgroups can be reduced to prope ties of M—autowata and

. ~convegse1y,‘the results concernl M~automata can .be

applied to give results.cofcerning semigroups. ..

P : Let A = (9 M, n) be an éﬁtomatoﬂ. The ;mage of

3 M under nrls a’ submon01d of TS' called the tran51t10n - ’:'
'monoid of A and denoted by T(A), the 1dent1ty of T(A). belng
1g- Therefore we have, A ’ '
_ff ;o Cl T(A)?=.Mn'=-n/n°h-lt
R ‘ For every s s‘sé we;define a féiaéion B on M by
a EHB\(mod'Es) if;sa = gh. ‘Clearly, és is a'?éght )
. congruehce~oﬁ—M.,—Let-Est= ;:g E Then ES 1§);.congrueﬁce‘
on M. For any a, b e M, we have a. = b (mod B ). 1f and only -
_:m - if sé = sb.for ‘all’s ¢ S if and only if &, é'b' if and,qnly-""
3 - if a = b fmod nen”1). ‘Hence . ° o R
e \ 'ﬁ/as < M/nent = ra). *
. -

s/

K - L . ’ . ’ - ! L )
If S 18 finite, then Eg is of finite index. Consequently :

the trans1tion monoid of a finite" automaton is f;n;te.‘

Po;,the eutomatpn Ay = (M M).{the co‘&ruence '

"
Al . .
, B <, 3
. . . : d A
N ) i . ) o : . N - '




-~
v

EM is the equality cdngruenqe since M Is a monoid. Thus
TOTRy) =M. . : - ,
.. A finite automaton A = (S, M) is poften described by

means of a table; the transition or next state table:

A

|
|

... sa
.

.9- N . . -

oocu‘l. e o

"where s ¢ S and a ¢ M. L -

. For a finite f.i: automaton A= (s, X) over an

a}phabet X, we merely put the elements of X and the
correspondlng sa.for a ¢ X on the table. For example. Let

A= &8, X, 1) be an f£.i, automaton .over. X = {xl, x5} with

L

S = fs;, Syr S3t and _ TR - ‘ g 'T.-,
N * sy S,.s - B S.,; S., S " .
b x.0.= 1 27 =3 , X.n = 1 2 3 . Then A can
T § ) 2 e
s 2' szl sl - 53[ l' 53 . ® .

. be represented by thé follawing tran51t10n table.

.

L J ' ‘" - - - .. ’ ‘A

: I S A
&7 -
o . 8 - Sy ;183
S : co8 | sy .8y .
R S - - 53 Sy .- S3. . .
K] ‘ S . . R - !

Andther representatién of a finite automatdn

A= "YS M) is the representatlon u31ng a dzrected qraphc

,The Vertxces of the. graph represent the states of Amand fcr

—~

e every's, t € s such that sa = t. a ¢ M, an arrow labelled

b

a Yeads from s to t. For the above example, we . have
o - [ S




‘.:}

.
-t

wh

“1.3. ﬂHomomorbhisﬁs and Congruences ‘ -

Let A’= (S, M, n) and B =‘XS:f M, &) be M—autbmata.
- : 14 .
) ~

a wapplng h(wrltten on the left of the argument)of S “into

-~ 8' is an M—homomq‘phlsm (a’ a. homomo;phlsm} of, A into B if”~

for every aesM and's € .5, we have (h(s))aﬁ h((s)an) ‘If

~ h is qpe-to-one, then h is an M-mﬁgomorphlsm of A ;nto B.

If there is an MehomOmorphish of onto’B, then B is a -
’ R v 0 -

-‘homomorphic image of A; further, A\and B aréﬁiéomorphic.if
. -3 ' ’ :

“there exists-an M-monomorphism of A og

Wi:i-.té A_ = E. ’-. ° o

.
.

Let B = (8', ﬁ §) be'é hOmomorphic.imagé’of an

adtomgton A-=~(S, Mc n) under the homomorphlsm h. Define

a.mé'pping 6 of T(A) into T(B) hy_(aa)¢ ;a@ ‘where a £ M.,

4 If an = bn, then s(an) ‘= s(bn)
o‘ \_ /—
o h((s)aq) h((s)bn) for all s s Sr i. e., (hs)(aé) = /

- (hs) (b§) for all s ‘€ S. §1nce h xs onto, the above<1mp11es

» f

(t)aé'ﬁ (t{bd for all t e S' Hence aé = bé and.¢ is well-i:

) “-(l N

définedl Moreover, $ 15 a homomorphism Por (an)(bn)¢

t{ab¥n)e = (ab)s = (aé)(bs) - (an)¢'(bn)¢.

v . . '
. LA ' .
- .

or-ail s €8 éhd L




. Clearly, ¢ is onto. :ﬁ%erefore $ is a homomofgﬁism Qf T (A)

onto T(B). This 'proves the following®proposition (cf.[11]).

Prooosifion 1.3. l; If the automaton B = (8'; M) is a

homomorphlc image of the automaton A = (8, M), then the .

tran51t10n mon01d T(B) of B is hOnomorphlc to the
p -
transition monoid F(A) of A. # : ‘

Y

.'Let A = (S, M) be an automaton. An equivalence

reiation x on. the state set S of A is an s-dongruence (or
3 T . C . ) . L . Vs { .
* @ congruence) of A if s = t (mod: 7). implies sa-=‘ta (mod 7}
b a

for all a € M. It is obvious=that the equallty relation on
S is an S-congruence of A, which will be anoted by 0‘ and

_that the pnlversal relatlon on S %3-also an,s—congruehce on

‘iLS which w111 be denoted by wWe ? ’{ *

~ Let 7 be a congruence of X = (S, H) and §- S/w

-

. N - . . .
becomes-agaautomaton if we define

‘e

be fﬂe gquotient set of-§ modulo T. The pair A = (8, M)

sa = sa for a ¢ M.~ . o

.

‘where E'denéte?s the ‘z-class cohtaining s, and X is called

.

‘the: ggotlent or . factor autom*EOn of A modulo n,. denoted by v

A/7. The mapplng n’ of ‘S onto s such that n*s = § is bhezf

natural or canonlcal homomorphxsm’of A upon A/n. Thﬁs

Ey -
. o ,-——-» F .

every quotlent automaton of an automaton A is a homomorphxc ) ;

1mage of A. - f o SR . L.ﬂ - T
-« For the converse, we have the following versxon -

1\ . (see {3 1) of the.Main,. Homomorphlsm Theorem valxd for"; - "”: )

semigraups (see»[z ]}. I _ “'.' " ’ *




-~ -
.

- ’

Theorem 1.3.2. ~ (Main Homomorphism Theorem). Let h-be an

. S-homomorphism of an M-automaton A= (S, M) upon an
. M-automdton A' = {S', M).- Let n = hoh-l. Then, 7 is an

. S-congruence on A and there exists an M-isomorphism f of

A/t ypon A' such that fr® = h. #. <5 LS e »

The genera-lized vérsion of the Induced Homomorphism

Theorem for #emfigroups (see [21]) is ‘as“‘follows (s€e [31).

Theorem 1.3.3.. (In’duéed Homomoxrphism Theorem) . Let.h, and
. ' . : : o L
. i h2 be M-homomorphisms of an M-automaton A = (S, M, n) upon \

. * ! M-autohata A, = (S;, M,.n,;) and A, (S,, M, 1,)

1Ae

respectively apd such that h'l.ohl_ . h2>oh2-1; Then there - -
© ~ °, exists a unique M-homomorphism f of A, -upon Aé‘ such that
T fhy'= hye 4 .
S ' : 'Cofgglﬁarz.. if p:L and e, are S-congruences on an automat:r;n .
‘A-= (S, M) such that p, ¢ *%e. then A/p; i's a homomorphic =

e :gageofA/pl i f" _ L . E
e e

- Let A = (S’ 'M. n) be an automaton. A subautomaton .

\

e (of an M—subautomaton) of A 'is an autowaton B (s*, M, n .).

. +

where S?A_'is a nonémptg subse_t'. of S_a.:nd~fo'r e;ach,_a t-; M, v -

! “an.""":anrsv',.. ‘ . - . . "--‘.‘

~

- An S'-ldeal (oxr 1dea1) of ;A;.is.a nfmempty subset 1
I

= of S such that I(Mn) = IM c I.-_ Any subset‘;.gf the form sM’
v where S EM is an_-s-'!,de._ai of A. It can- be shown’ that an.
. . B . ""“ - ) - -~ .
' . .M-automaton B = (8", .M, n') is a subaut;o_mator’; pf an T e

. - . . ., R . 5
- - AN R 1 s L .4.
- L . - . .
. . . .




«

of A.

.,of A is an Seideal of 'A. An automaton A = (S, M)\ls ngil
. N . N ’

" Rees cqngruence\b;I) #0 and I is the only non51ngleton

s = (s Y C., S0 ooy s ), hen s.
“ 1

». - . )

M-automaton A = {S, M, n) if and only if S* is an S-ideal

RS

Let A

(S, M)ube an ad;omatpn. A state s'i S is

cailed zero-or null if sa\=_§ for all a- & M.. Cleariy, the

set 2(a) = {s ¢ Slsa = s for all a ¢ M} of all zero states

b
'

if s = Z(AX. -.Everyu trivial a.utoma‘tcm s a null ;utomatfo

‘Let I be an S- 1deal of A. The relation o(I)

. -

.

defxned ot S by : .
C. -
t (mod o(I)) 1f elther s, t € I or $~—nt,

»

1

hd

L]

. is an Shcongruence called the Rees congruenqg modulo I.

The quotlent automaton A/p(I) is the Rees qpotlent

automaton quulo I,.often denoted by A/I. EVldgntly,'I is-

a zero state;of A/T. R IR f

For an ideal I with fI* > 1, the corresgondlng

-

-

‘class. of p(I). - % “ o '_'.». SR

L Let Al Y= (Sl, M), .. 2-\1‘1 = 18, ﬁ)fb? %faftpmgta.’
, By the dlre¢t product A= Al Cox- B =. T A, of R
: i=1 Y . n
A, - We mean the automaton A= G'_ &) where . §.= 1 ; and
'. i‘sl l t

‘sl’ o.c.' Sﬁ)a =-. (S a'~clvb n@) OI‘ a £ H;' If'

. i

.

e.magp;ng Ty of s onto S ’ defzned hy " (s) = ’1' is

gpe 1th~p:ojectxon homqmorph;sm of A.onto the component Ai.. -

Any automaton lsnmorphic to A 13 -aléo calleg\the direct

. M R -
N K — - . . .
. N . . s .
. . . . , .

‘ .




. product’. of the. eutomaga

e : - An autom'éton C ].S

c N
-

- _ automqte A}, PO A if C is isomorphié to a' subautomaton
_— T e .n . - - T

- = (S', M) of «Ir A whieh has the propérty that ®.S' = S
-. . “ 1__1 ‘\ '? \’ .

- fOX‘ all l= l" “eo ey n‘ ’ s -
: -~ - An aut'bfxfaton A 'i~s irreducible if it has the

3

property- ‘When A’ is expressed a§ a subdlrect product.
v, . ‘ -
. v then at IEast: one of the %ﬁonents is 1somo,rph1c to A.
An S—congruence u of* an automaton A 15 the least

proper congruence of-A if i) v # 0, (11§~f~or every
~
\

‘§-congruence u' of A, u' #.0, we have ¥ : S v
o . ‘e -
o '. - ‘ The followlng theorems are Spec1al versions of two

theorems vahd for dm.versa{ algebra (see Ll 1. For the

-

- proofs of these theorems, the reader 1s referred to [11].

. - . e . The fxrst theorem glves ‘the rel.at:.on hetween
. -. “ : R . '
~subdu:ect: pro&ucts and S-congruences.

-

%

LN

"( ' . © - . <
. . . L - - . P . » '\\ . 4
'Theorbn 1.3.4. An automaton A is x subdiskct pr-oduct’: of
) -
e A :automata Al' ‘...-,“A if and only if A contams 2 fdm:.ly of -

.. S-‘congr-aences Py Ceed pn‘ suoh that . n 05 mo and 5115/;)i J':s -
L . : a i=1 : . .
isomorpRic .to A; for each i. & . N e T
{= ° ‘. - S ' S . N - e ‘ o
In iriew of tl'us theorem, the followmg condltlons on:
»
.a nontrivial fimte automaton A are equivalent (pee (-12]). )

.t . . ‘... o

- i) A is’ 1rreduc1ble. o ,w ' .' .
e {id),  The intersection Of nonequaltity congruences of A& is’
)_. . {..- . nbnequality. W -_ . . SR




{(iii) A has a least proper congruence.

-~

N .

The second is the followiné\ggggipental theorem. ~

) ) } S
Theorem 1.3.5. Every finite automaton is-a subdirect prbduct:

S of irreducible automata.

if sa
“ . N

Al
product of aﬁt_:o;.nata. A,

-

"Proof. Let a, b € M and. a

.~ .. : all t.€ S. Since A is a

it folloQS'that‘for eaph

.
1.=
o~

S.. But sz

. - that wi(s) i :
j8 = mj(sla =

hence a b (mod Eg

h N

h

T S ST
ST o Conversely., if a

cony ?;‘sif'

S'ib'

' n 4

sa (sl;...., sn)a

sb.

.(slf'..., sn;b_

R;%all that for an M-autematon-A '= (S, M), the
congruénce Eg induced by A on M is defined as a

'sbhﬁor.gli s € S%

Lemma 1.3.6. 1If an.automaton A = (S, M) is a subdirect. -
-boal : -

. . . . [] Lt
is the ith projectioun homomorphism. Therefore for each
l' e & 8"p np '1f gi ESi

v, (sa) =

), iéonsequently,

$ V .

(M}

b (mod Es)‘

A

-
. -

- .
=

M, s Ay :

rrl\ . . ‘ - . N . ‘
Eg - . e |

. j=3  Sy4- . I A

= b (mod Eé); Then ta = tb for

(Sn; ﬁ), then ;

(S}

S.\-_Lbdlrect pdeUCt .of: Ql r - e e p An’ . . .

R LI ) . ’ »
i=1, ..., n, . 7.5.= 8. where 7,
’ . . i . i, : i

, then there exists s £ S such
I

sb so that

ﬁiFSb) wi(s)? = Sib?i

: n . ot
ES = 101 Esl. 2 ‘ E
n = . R . .
N_eg)

_ i=1 i
for all s, e S..
) i i

b (mod , then ﬁor‘éaéh'
LéEZQ € S+ Then
_—— | 4 . -

ggla.'-,.. sga)

T '}, ..., N. We have
% (Slb,. o.‘o [ '.'_ Snb)' -

.



’

. n .
z b (mod ES) and ES > g:& Esi. Therefore X

n .,
Eg = N . # .

i=1 /i _ . : o
ﬁ;;éqgem,£<3.7: If an automaton A = (é, M) is a subdirect

AR .
product of automata A

=~(Slr M) ’ :--, A = (Snl M)' then

1 n

‘the transition monoid T(A) of A is_a subdirect product of

the transition monoids T(A.) of Af, i1, ...,.n.

&

Proaf. Let T ='T(A) and T T(A ), i ='1 .., n. .For

every a ¢ M and each i = 1, ..., n, Let a and a( ):be‘
réspectively, théuESfclass and fs ~class containing a. Then

L 4

Thg‘{a!a ¢ M} and T, = {a (1)‘a £ M1 i a\1\~...,'n
‘Define a mappiﬁg 6:"T + ﬂ T by
' i=] .ot

Then we have the following:
B NP

@(a) = (a(l) cevs a(n))

l. 4 is well—deflned

‘.‘-4 -
Por if a =~b, then a:b (mod Eg Y., By Lemma .3.6,

"a T b (mod ES ) for all is= 1, .,.; ﬁQ\%This implies
He

3 b(l) for all i =1, .i., n. Hente 3(a) =¢(b).

.

¢ is. a sem;ggoup;homnmorphlsm.

ance~¢(ab) Q(ab)~— (ab(l) eney EE#n)f,and\
‘_¢(a)¢(b) M, aM e, L B
(-(l)b(ll ..:' a(n) (n))
[Y I .\'-
] = (ab( ). veer ab(n))\
Therefore ¢(ab) é(a)¢(b)

$ is one to one.

If 3.# b, thea # b (mod Eg)." But Eg = -




Lemmma 1. 3‘6._ Therefore a % b (mod E. ) for some 1 = 1,

S.
) i_
..., n. "Thus a({) # b(l) and ﬁ(a) # & (b

‘4. For each i =1, ..., n, thencompoe&tlon -.% 19 onto.

. ' o= (1) ’ . - ' -

For if a € Ti' then-a ¢ M. Evidently, a ¢ T and
. _ =(1) N - ) .
'7]'.6 (a) - a &_- . : .

‘Therefore T is a subdirect product of Tyr ween Tn.' 4

¢, ) ) .

1.4. . Permutation Automata and Strongly Connected Automata

An automaton A = (S. n) is a germutation"automaton

v

if ‘every.a e M is a permutéilon on S.

If A = (S, M) is a f:nlte automaton, then it is

-

. ) obvious that the follow1ng condltlons on,A are equlvalent.'

o BRE g" B :
. (1) A is-a permutatlon automaton. - .

;tii)~ For s, t € S, sa = ta where a ¢ M, implies s = t.
. . ) ; . : ) :
(iii) ’Pof'ever’_a € M, we have Sa = S..
- '

In geperal, we have the follow1ng result /

Pro9051tlon l 4,1. Let A = (S, M)_be.an automaton with

transltlon mon01d T = T(A). '  If Alis a permutation °

autOmaton, then T is canceilatlve. Conversely if T-is a.

>L

group, then A 1s a.permutatlon automaton.

o .

Proof. The flrst statement follows from the fact that 1n

. ~

s

s thls-case, T 15 a submon01d of the permutatlon group on S.

Conversely, 1f % is a group. then the 1dent1ty of

T must®be lS" Thus for every. a'e M, an ¢ T and. there

. - existsf{an)_l ¢ T such that.'




‘q

.
.
P
L}
A
—
o+

s, ’ NP
(an) @ 7§ = «a*) T =g

‘Since lé is bijective so is.ah. &eﬁee a“ is &. permutatlom_ _ .

on S and.A is a permutation automatom. >‘# s >»f,_ .

The followiny cordllary is a well-known result in o,
finite mutomata theory. ’ ' B

Corollary. A fiﬁﬁte automaton A is a permutatiop’automaton )
"if and only if its transition monodid T{A) is a group..i#.
S, ~ ’ o . . . - .

bt
v
- < ' . ‘-
. e

, Let A be<@ finité'permutati?p automaton, Then T(A) *
.1is a-group. CIf = ie ah §-congru€ncé of A‘ then the
quotlent %utomaﬁon A/T is a homomorphlc 1mage of A By

Prop051tion 1.-3.1, the transztlon_mon01d T(A/ ) is a U

7homomorph3c image of ‘T{A) which is a group. Hende T{A/T) .

e‘ls also a group. This implies that A/n is ac permutation .

b - " . '
. ‘\. . 2 3
[ . .

automaton. We conclude in the fo}10w1ng

,'Proposition l°4 2. A flnlte automaton A'is a permutatloﬁ.

automaton if and only 1f every quotlent automaton of A 1se. ™
‘a permutation’ automaton.‘ . - : . ) ' .
. ot ' - ~—— .t
A state s of an automaton A = (S, M) .is a .generator .
- g 2 - . 0 SR
of A 1f sM = 5. - .o - S E e ’ : .
. : e e - L
_ An automaton A = (S,-M) is o ' . . - L
[ \ . ?<' . .
(i) czcllc or connected if ‘A contains 'a generator* ) o
5 N - ..> .' . hd

’ .

(11) stronqu connected or transztlve if M, and xherefoqe

h 4

ﬂT(A), acts transltxvelyugn S;  or equlvalently, %Pr '

e}ery s, tes, there exists ¥ e M~ such that sx = t;" Le.U
Y - . . " N . N ) ' ‘ | > 0,' ', .



-

(iii) locally trahsitive if for each s . S %nd a.e M xhé?
exists x c»M shch that sax = g ) . ) T . .

v
-
. - - L3

It can be” easxlv seen hat every stroncly conne»t'

automaton is locally tran51t1ve butwnot conversely. M

Mcreover, ‘the folLSwzng three ccndltlons are equlvaléht.
L -~ . .
L) A= (s, M) 1s stronqif connectéd:
(ii). Ae«is cyclxc and every state is -a aenerator.
. . N . \ -

-(iii) & is the only S‘-M{eal of ‘A.

.

.
-

.

Let + be an S-pongrpénce of strbpg%y gonnectedi""

. .

~

autpraton A = (S, M). Let 5, T ¢ §=5/5. Then's,

and there exists ' ¢ M such that sa = t which jmplies

‘l is.
ga = t. Therefore A = /* is also strongly connqcted and

we have thls DrOVed the follow1nq prOpOSlthn.

- -~

¥y ‘ r o - , e
Pr09051t10n 1.4, 3 *An automaton A.is stronqu‘connected if

. *and only Af every quotlent auﬁomaton of A 1s strongly

- connected. - S C L

v

‘\S-idea& I of an automaton:a = (S, M) is minimal
. : PR S
S J'Cii'where J is an S~ 1deal 1mp11es J I. Two

\

dxstlnct m1n1m§1 S~ 1deals ‘are d15301nt.' s

) ;?Tﬂrﬂgrxn has spown in [13] that a fxnzte automq}gn

A‘= (S,nﬂ) is. locally transxtlve if and only 1f the state

set Sg&ﬁ the union. of ‘the m1n1ma1 §~xdeals.

" n the other hada every flnlte permutatlon

‘ éﬁtqmé£0n is locally transitive ‘Since ;}p transition momoid
. : Lot | - . 1

~

' .




s _-gef: ?roxrxp,~

Qaedﬁseguently,
L - .
N f-ideals of A.

An automator A

and a, b

abeliane

'_Progs;tiOn 1.4:4.

,Prooﬁ» Bet A
avtomaton.

that TQ(A) is. a group.»

strongly connected.

° Thus ax

Propbs1t1on 1 4 5S¢

all s £+5.7.

s . K - a .
permutation au%?maton, then S is the union of minimal
. . ° ~ .

]

£:M we have sab =
R "”‘ . N X P
trgps%tlon monoid of an abelian automaton is abelian angd .

5 . . . . 5
that every f.i. aptomataon A < (S, X) with X

Everysstrongly connected-and abelian “
antomaton is a pefmﬁietioh_automato
(S,'M) be a st:ongl

stng Prop051tidn 1, 4 1,

Let ace T(A) and flx so
‘2here exxst!‘x e T(A) such that soax =
slmllarly if E e s, then there ‘exists
b e T(A) shch that s =s ob-
- “sax. =4(s; blax =

ig the ldentlty in T(A) and T(A) is a quup,~

évery ﬁinite cfclic'permutation
automaton fs stroneg connecteﬁ o

1s, M) be a- flnlte cy¢11c permutatlon .
' automaton w:th generator so
.- A is strongiy-coﬁnected,

‘!‘or then- ‘we have sM 2 su

« M) is a finite

wn

(5, M) is abeliap if for all

It is immediate that .the

Z :ei:tecvnd abelian -

. B . . 2
it suffices to shdw

Thenesoa £ S and
. & - N

51nce A 1is

51nce A 1s abellan, wg obteln

x)b = 8

Then SOM = S. To show that

t suffxces to show s € sg for

S-and sM




?

‘ exists a ¢ M such that's ¢

L
P
1=
~—
[

- (1ii) M is a group.

" .Proof. .The automaton A“ is stronqu connected lf and only

"This proves the equlvalence of. (1) And (iii).

:(111) is establiShed. # : 13 - S T~

;1.5f,.ﬁéogptor§ and Rqéﬁiar Laﬁghages . -

. ‘qene:ated by X.. Then every 8ubset L of x* is called a

"jformal) langgage over the. alpnpbet\x., .

‘all s ¢ S. Let.s ¢ S. <Since Sy is a generator, there

to ﬁgopo%itiop_l.Q.l, T(A)_is a group. Theréfore_(aﬁ)ﬂb
exists and.hence 50}¥ (sdlianf(an)-; =sta)" . Letb s M

LY

3 - . ~ ' .
* suich that bn = {(an) l. Then?we_have Sg = sk. This o

completes the proof. ' # ' g

LI - L . . .

PAroi)_osition 1.4.6. Let M be a ‘&Jid. Then the fo'llow,ing__

.

statement§ are equlvalent. i ' .

»

éM. M) 1s 2 .strongly connected automaton.

v .

(M, M) is a permutation automaton.

3. : ’ . 3

.- °

(i) Ay

if sM = M for all s € M. Thls~1s e?ulvalent-to M bealkg
. : . . . N

ight simple. But every right simple monoid is a group.

-
. -

‘Gn bhe other hand AM is a permutatlon automaton.if
ano oniy if M is right cancellative. and-Ma = M for ail’
a'e Mm This is ggu1valent to M belng rxght cancellatlve
and left sinpbe. By duallty, the equxvalence of (ii) and

o . ’ o '

n .

» - 0 . 0
Let X be ap}alphabet and x* he the.free monpid

' ’ ’» . W

Eda = (so}an. By the Corollary

‘17




& -
.

-

-

An acceptaor or recognizer qver ap alphabet X is a

- quintuple A = (8, X, &,

Sg F) where & = (5, X, §)’7is &
‘finite f.i. automaton over Xi s, ¢ S is the initial state
i - - >
and FC-S is the set of final states. ~ }
o x

A word x ‘c.X* is accepted or recognized by A.if
(s‘)x& ¢« F. The set L{A) = {x'x ® X*, (s')xs ¢ Fi of all

words over -X accepted by A is called the language acctepted

or recognlzed by A. 4 - Q}

+

A languagemU over an alphabet X 1is. segular 1f'there

~

exists an acceptor A = (S, X, 6, 0, F) over X siuch tha E' e

. . _ % "
v T .
An.acceptor A = (S, X, §, 8qs FY is eyclic or : =

» . o B . . . -
connected yf the’initial state S is a generator of thSF

rautomaton A = (S, X, §). - R . o

- .

Two accepters A‘and ﬁ.over'the same alphabet X are

egu1va1ent ‘if” L(A) L(B) . _ " - A .

RN
-
.
o - ) . - . -

Prqusition 1.5. 1* ‘?df‘!very regular languageiu over an
- - :

alphabet X, there exists a connected acceptor accept;ng u.

Y 4 .
Proof. Let U = L(A) whene!Ax= (S..X, ﬁ O"F)T Take
-~ . b . : ~ .

B = (s*, X, &, s Sgr F‘) where S'-= sox*,,d' = 6]8'-and‘

-

.F' =-F ﬂ@" then clearlfB is connected "i‘hd U.= L(ﬁ) #'

- Coroliary.. Every acceptor is equ;valent xb a connected

~ adceptory # IR ST
. . N v . , & e . .?/* ) [

For any language,p'over ‘an alphabet X, we Qefine ar

.redation PU on X* by a

i

b (mod P ). fﬁipav € U if and only "

AL Y N ’ * - . " "
. . . N
.




¢« - ; ’. *
. 1f ubv ¢ U'where u, v ¢ X*.- It is immediate that P, is a
. I * > .

congruence on X*.. The quotient;moﬁoid x*/PU is called the

svhtactic mongid_of U and .denoted by S(U). Syntactic

(¥4

L

A

monoids play an important role in Formal Language Theory, '
as many languages are characterized by tpe‘structuré of .
their éyntactic monoids. For example, we have the

following fundaméntal characterization of reqular languages. .
N . .

Theorem 1.5.2. Let X be an alphabet. A.Iénguage U.over ‘X
" . B . '
is regular if and only if its;syntactic monoid S(U} is

——

finites & ' e .

A N . * . - . »

o .
For the,proof Qof thesabave theorem, the reader is

* referred to (6 1:_ . ~ .

9

)
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. - e s ‘ " CHAPTER 2

1

&

- ‘ . GENERALIZATIONS OF SOME AUTOMATA _

- ) . g ' ¢
-

In this chapter, we consider generalizations of

4.- ' pgéyutati?n‘automata, §trong1y qgnnected automata and T

® - abélian automat
’} ; »

‘Section 1 is devoteh.fo a generalization of

_permgtatioﬂ~éut0mata, which we call right prime automafé:x

in- Section 2 we study left prime autonmata, a.gene;allzatlon

N
’

of.strongly connected éutomata. In Sectlon 3, we COn51der'
two d1fferen;_g£nﬁrélxzat1035‘of abellan‘aﬁkomata, whlch

- we call duo au;omata.and globally abelian automata_“:
‘reépectively. :Finally;'in Section 4; we’inveséiééte:somé
relétions ahond tﬁese'special.clasﬁéé éf éﬁibﬁatar’ Iﬁ“eaéﬁl

case, partlcular results are mentloned for flnrte automata.

tgnd possible applications to semlgrpup theory‘a:e gLso. f?

’ v . . , ,
e

indicated. ) : ’ "“'1 ~

BT n'nhroughoﬁt this chapte,/’we shall adopt the ¥
  £011ow1ng notatlon for any’M—automaton A= (S M n),- .»
l°'_' dencte an = a where a £ M. ‘Thus elements of T(A)-are of.“'
\i 3 the form & where 4 ¢ M. BT o

4 . co . gt L EE.
. .. . .. .

v . . : R
;;igg._Right Prime Automata ', - . . . .
«:-.‘, s, C - e T 4 © e

P . . - r

. An Mrautcﬁaton A-

S, M) iéré,right primé. o




- positive integer k.
» -, ’ . .

M.

o @ X* with length |w| 2 kX is'a reset input._ an - .,

AN
Y —
~ N
¢

automaton if for any-s,.t € S and a € M, sxa =.txa for all

X £ M iMplies s-= t. Thi s eqdiyalent to.sa?ing.that if

s, t s.g.grth-s # t, thén for eﬁery a M, there.exis&s

X, € M eucﬁ that'sxaa #otx a. Every trivial eutomqron‘rs N

trivially right prime. .
‘Recall that if A = (S, M) is e'permutation~

’ N N ! - 3
automaton, then for any s, t ¢ § and a ¢ M, sa ="ta implies

s = t.- Therefore the following is obvious.

A .
. €
-

Lemma 2:.1.1.° Every permutatioh automaton. is right prime. #

P . . N—

~Let A = (S M) be.an automaton. An input a € M-is
. s

-

~a reset input 1f i8al = 1. The set._of all reset 1nputs of

A-is denoted-by R(A) = {a € M | 1Saivf 1}. .For the

automai:on'AM = (M, M),.R(AM) is the set of right -zeros of-

e

Proposiéion 2.1.2. Let Aﬁ= (S, M) be .a nontrivial right
. : N\ ' o
prxme automaton. Theﬁ R(A) = g,

.'Proof ' Suppose R(A) # 2 and ac R(A),,then lSa; = 1-,

Srnce isj;> 1 there exist. s, t € S such that s f t. BQt‘

sXa = txg for-all X €M, contrary to.A bernq rrght.pr}me. K}

- . . . - - -

.4

An'f.i. automaton A = (S x) over an alphabet X-is -

-déflnlﬁe fér some p651t1ve 1nteger k, if* eVery-word

£.i. automaton is definite if it is k-definite for some

3

1 B : B e

Fa.

L Y

% L




As an immediate corollary to the above proposition,

-

we have the follow1ng. _ A _-— -

Corollary. ‘A'definite automaton cannot bé right prime. . #

Let A = (S, M) be an automaton and‘N'a leff ideal
of the monoid M. Define a.relation v(N) on S by

s = t {(mod 7(N)) if sx = tx for all x ¢ N.
Since N 'is a léft ideél'bf M, it can be shown ’Ehat 7 (N} is-L
L]
an S—congruence of A called .the S-congruence induced by N

and the correspondlng A/m(N) is called the guotlent

L N
automaton of Pflnd'uced by N.. . BRI . .

.

.- . . N \ . - .
The following- proposition concerns a characterization .-
of right prime agtomata. )

Propositidn 2.'1",3’. The following ‘conditions on an -

automaton & = {S, M) are e'qu:iva;];‘ent.
(i) & lS r;ght- pr.une. )

(_ii) For 'évery' ]:eft idéal N- of M, the induf:ed c,ongrue'pc;e‘

n{N) is the equality. Bl

Proof. - (i) impliés (1i). Let N be'a left .ideal of M.

. Suppése s Tt (mod 'fr(N)), then SX. = tx for all x-€ N.:, If

- a e N, then Maﬁ N, Kence sya = tya for all y e M so that

= ‘= t slnce'A is r!ght prme, proving w(N) = qQ. s

(i) unp_lles‘ (i), Suppose’ for some sy t € S and
a e M, ‘sita = g:xa"fgr'al_'l x As M. ; Let N = Ma. The. above
_c -

- implie\s é Et (m::d ﬂ’(};’)). Since N is a left 1deal of M, by

hypothesm w(N) . Thﬁs 8=t and A is rigﬁt prme ¥ '_ .
. _ollarx ‘I‘he folIowing bonditions on a_finite automaton
. | J '

x
.




."{\=

(i)
(2)

¥

(iii)

(s, MJ are equivaleﬁt.

we have the follow1ng

Progo51tlon 2 1.4.

L]

¢

A is rlght prime.

- 1Y

7 e

For every 1eft ldeal N of M, the induced congruence

n(N) is the equallty.

For every left ideal N ofe M, the guotient automaton

A/7 (N) ihduced by N is isomorphic to A.- #

If the monoid M conta1ns mlnlmal left ldeals, then

.
.-,

Let'M b a monoid with minimal left

(1)

(ii) Por every m1n1ma1 left 1deal N of ‘M, the Lnduced
’ | congruence m (N) 1s the equallty. |
iggggg. (i) :mplles (11) by Proposltlon 2.1.3.
. . (11) lmplles (1). S;;pose N is a mxnlmal left 1deal
e ' ‘éf M and suppose sxa = txa for,all-x e M. Let b.e N, Thep
V 'siag = txab for all x € M. But N ="{xabjx ¢ M} = Mab'sidce
Toe o N;is'a minimal left 1dea1 of M. Therefore sy = ty for all
- . - Yy e'ﬁ.--ﬂence-s z ot (mod ﬁ(N)) and s =t 51nce.n(ﬁ).; ;‘ L
- :E ollarx Let A, .(S, M) be a. flnzte automaton with

transxtlon moﬁoxd

W
(i)

ideals’ and.A
are equivalent.

‘A is rlght prlme.

A is right prlme._'

Then the f&llowing

(s, M) be an M-automaton.

. f:\

a

T(A) Then the follow1ng are equxvalentw'

-

Po; every minimal left” Ldeal N of T(A), the - 1nduced

éongruence ﬂ(N) is’the equalxty.




‘s N,  pe > . : ~ ~ .
- (1ii) For .every mirimal left ideal N of T(A},.the quotient

- . .. N

automaton A/w (N) induced by N is isomorphic to A. &
N . . \ t: - )
-We pow consider an example of right pﬂgge automaton. .

~

N . = [] .
-- Exalple 2.1.5. Let A = (S, X) b& the f.i. automaton over

X = {a, b} with S = {1, 2,.3} and the following transition

téble:. -

Stra:ghforward calculatlon nges the transs.tlon
morfoid - T(A) = {1, a, b, 32, ba} w@(he follo\nng

mult1p1 1eat10n -table:

.
°

~N

T

ol -

P

SO e gy ';).m

,gf—--ﬂobéo'lh Wi >-; [
o
-?I TR

"

. Y ; e v - B

'rhe only minimal left 1dea1 of T(A),As N =, {a, b,

o/’
or

g‘l NINU'I wi ol
LAY

-2
Prbm the followinq table, :

LN )

a ’.'b-a}.- '.‘-: .




. et
PR

it is easily seen thdt -(N) = 0. Therefore A is right

© . pérmutation automatoq. ,Thqs, right prime automata prqggrly'

N

. prime. %

It 1s clear that the above automq;on is not a

!

T =7, and 1f T has - no identity,. let T" be’ the semigyoup

"in which for any a, b, ¢ ¢ T, axc = bxc for "all x e T
_implies a = b; or equivalently, if a, b ¢ T with a

. . ™
‘thcn for revery ¢ ¢ T there exmsts*x& £ Tl-sqgﬁ’that

-all x £ T°

_ prime.
-

generalize permutation automata.. : I
“ - ’ .

Let T be a semlgrouo. "If. T has an identity, sqt°
1

1
T with an 1dent1ty, usuwally denoted byrI“#;d301ned.

By a r;ght;prime SeMlg§OQQ we' mean a semj

L]

- ax_c #.beC.' It is obvious that‘eve;y right cancellative

: a. T ey " e ~ ‘ : -
semigroup;is yight prime. o . - _
\ . . D |

4 » . R - . .. )
- An. eguivalence relation-m on a semigroup T is

right prime if for any a, b, c e T, axc = bxc (mod w) for~ :
T . - . ‘ . ) ) .
1 b (mod n) ~ Thus a congruence T en.

-

]

11

implieé a

g a semxgroup Tﬁas rlgh;‘grtme if and only if. the- . . f

: correspondlng quotlent semlgroup T/ 1s,a rlght prxme ‘c v

- -

‘ semxgroup. _ . : .

- - - ]
. - - . . ~ ° - ..
- . s . .
. oe -

Pr09951t10n 2.1.6. 'Let A= (S'-M)'be a right prime

autqma;on. Then the transztlon mon01d T(A) of A is. rlght

- ’ N -
- .

Proof. . Recalr that there is a congruence Eg defxnea on M -
by=a. b (mod Eg)- if sa = .sb for all sesS and that.
: S TS T A ] e

8




. ¢
-\\S?By

Thls 1mp1i§§ thab%t*i:\iz ijentity in T, a contradlctlon.',“ '
v % ' ) /

. . A
. Proof. Thismfollo‘

ST 1

]
hd

T(A) = M/E;. Therefore in view of the above remark, it

suffices to show that ES is a right prime congruence on M.

Let é, b, ¢

th

M and axc - bxc (mod E o) for all

.X ¢ M. Then for-all's ¢ S, saxc = sbxc"for all x £ M,
i.e., for all s ¢ S,(éa)xc =" (sbixc for all x ¢ M. Hence .
for all s ¢ §, ;a = sb since A is right prime. Thégefofe '
a:-: b -(mod .ES); and éS is.xight pri‘me. 4 ‘ '
Coroliary %. Let{MAbe.a mono%d. The automaton A, = M, M)

. R ) : ‘
is right prime if ‘and only if the manoid M is right prime.

Proof. 'Bhe suff1c1ency is obv1ous, whlle,the nece551ty

'
t N -

'f;llbws from the*fact-that (A b= M. 4%

- f . . * . - )
" Corollary 2. Any nontrivial right prime monoid contains

« TN
.

-

no right zeros.

-

from the Proposition and Proposition

2.1.2. #-

-
-

’ . _‘ [ - < :
Proposition-2.1.7. If°T is a riRt cancellative semigroup,
A s i ) ".. . -
then.T;'is right prime.
1 T, then it is trivial.

Proof. If:T

If T 1

n

T Lj{l}, we shall sh hat %ﬁ a,‘b €T

o

26

w1th a # b, then. for every c e T1 there exlsts’xc.s Tl such

that ax ¢ # bx c. We con51der the follow1ng eye caées.

-Case 1. If aa# I and b = 1 thén there exists x ¢ T such

.

kY

y2 so that ya'= y since T 'is righf cancellaﬁive.'

# -i, : - N : .
*5f-é't o &uw;~_§_ﬁg;ﬁf“‘*\\%
u '

that §x # X. For otherwise ay =y for all y € T. Moreover.'

‘. ;




.‘ ’
° ) 27
Therefore ax # x for: some x & &”aﬁd‘é§§ # lxc for all _
c et - ) ' g . _ -
- case ii. If a, b ¢ T, then aé # bc for all ¢ ¢ T} since
—-‘j T isﬁrigﬁt canéellétive. LR
Cﬁg;;rk. Any.éemigroup‘obtainéd from a group with an - i
. identity adjoined is not right prime. e.g. |
T = {e,.a} thl} where {e, al is a- group; then lxe = exe
for all x ¢ T but 1 #e. - . ‘.{ ; SRR
Let M be a monoid an&’Aé be the famlly of rlght
prlme M—autgmata.x We gow‘con51der some glosure prOpertles
of this family Aﬁ%- Clearly, every subautomaton of a rlght _

N B prime automaésn is rlght prime. HoweVér,,a homomorphlc

- ,/‘ ,,- o .
. 1mage'of a rlght prime automaton ﬂeed’not’be rlght pr1me:~ °
»

. . -as: the folldwlng example shown i : _ : e

EXample 2.1.8. Let A be the r;ght prlme automaton of

5%

)

Example 2.1. 5 ’Lez = (1,2, 31 Then = ' is an

S—congrUence of A The quotlent automaton A/W (S x)

3 L. - —

. e where-s = {1, 3} and X = {a, b} has the folLoW1ng
,/’ .- . tran31tlon table. . ,‘ L f . »
. . l -
L a/m l a b .
-- N " — l L'- ' = - . .
, : 1 i T S .
-3 |1 I '
' . Thus‘a, b € R(A/w) énd‘R(A/n) # ¢" ay Prop051t10n 2 1.2,

the automaton A/ﬂ is not right ‘prime. _ - i

-




) ) ' « ] .

Howeivex?, Ag, is closed under taking subdirect :
» Q .

' oducts’ To show thls., we need the follow:.ng- d“eflnltlon@

- -

.and lemma. - .
b bS]

An S-congruence 7 'ofean automaton 2 =-(8, M) is

» 2 . L - ~

right’ prime if the quotient automaton A/- is right prime.
+Thus an -.automaton is right prime if and ‘only if the -
2. , - .
equality:, considered’ as an ,S—cuongrdence, is i‘..ight pr_.i.xﬁe

- B .. ‘s - x

N ) : N e S / . .
'_Prgpo51tron 271.9. The intea':seétion:, of right p;:ime .
o 's—congrue;xces of an automaton A = (S, M) is rigtt prime; L.
- Q. . b4 s
Proof. Let m = ﬂ T where ma is.a right ‘prin'fe ‘
_ S-congruence of zggor all a e I. It is cleer ;'h%t Tmois an
e . o ‘ . )
. . _S—coxjngr.ue.x_mce of A, =§uppoe’e for some Sc('-?:.s S and a e M

’ .

we have sxa I txa (mod n) for all x ¢ M. ' Then for all .

a’e I, ska = txa ¢mod T 4) for all X ¢ M. Since f_-is. rlght
. prlme for all o c'I hence s = t (mod i ) for all ae I.,
. "4 )
- Therefore s : € (mod Tr) and . 7. J.S rlght prlme. $

,Corollary. Eve;y subdlre__ct-product of right prime au'toma.'ta

\is right prime. .~ b

o

——

- ’ ' Iy ’ .
Proof. This follows immediately from the Proposition and .

»  Theorem 1.3.4. ‘#-

Y s~

© ' ' We cdnclude with the follawing:.. e Cos )
‘ Progosition 2.'1.10. Theé family A 'co’m':ains trivial. 'eutomata',
o N

. ., . is closed undef taklng subautomata and, subdirect ,produets.

°

But Ap is not closed ‘under taklng hom&morphic images. e

vy
.
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> -
~ . . -

In-the following let A = (S, M) be.aﬁ'arbiprery

> e - .- L’ - o —

> automaton and @ be the intersection of right prime. - S
T . B - N T -
3. -S-congruences of A. Then by Propdsition 2.1.9, p is right
- prime. *Moreover, ¢ has the ﬁoéiowing universal propérty‘
< - R ~.' li - e - N
C oPrqposition 2.1.11. -Let A = (S, Mnlbe an automaton,
B = ', ) be a rlght prime automaton and h he an

* M- homombrph;sm of A lnto B. »Then there exists a uniqﬁe /'

L4

R ‘M homomorphlsm f of A/Y into B such~tnat fe¥ = h. 4
\~ . - . L 't/'
; Proof.- S;nce h LS .an M-homomorphism of A into B, 'heh 1 is
N ) )
‘an S congruence on A sach that A/heh - l = h(A), whlch lS a

subautomaton of B. By hypothe51s, B is. rlqht prlme so that
h(A) is rlght prime’ and hoh*l is ‘a right prime S-cong;uence
-, Q

. of A. This implies p < h°h 1."_Appi9&ng Theorem 1.3.3, we -

' U 4 8 . - ~ P
-cbtain the desired homomorphism f. % - .

’The above S-congruence o‘is.celled the least—right:
N ~9r1me congruence of A and. A/p is the greatest ‘right Q?1me.
- - . homomorph1c=1mage of A Moreover, A is rlght prlme if and

i

.only if 6 = 0. . . : .o 'L

- . . - .
~ :
- N - N . -

.
. -
- - . hd . he

: - }:2, Left Prime Automata

An_ aubomaton A = (s M) ics.a left prlme ‘automaton

Y

‘;f lfforanya,bsMands es.sxa=sxb§’orallxem-
. 0. o 0

,

fmplles sa = sb for all s 8§, i. e.,'a = b (mod Eg ).

+
.

In general., left grlme automata 4;e—not, in the T

[ "
kX r . ' . .
, strlct sense, dual £o rxght prxme autcmata. They do,‘ .
j: I* . B
J - however, glve.flse to transltlon monoxds dual to the . \
' £y " '

- [P - - - .
» . - R .
. . . . .
LT co- + e - . \ . .’ r" v "
. . I~ N .

>
-~
>

LY
‘/ g *




[ M s
LY

+  transition monoids of right prime automata-. Ogly in -the

case AM<= (M, M), wherd: M is a manoid, the notioﬁs of left

“ﬁnd rlght pxRime- ness are dual to each other.

F;rst we Shall show that left orlme automata
qenéfaliZevstrongly connecged automata. S

Lemma 2.2.1. Every strongly connected automaton is left
s - Ky LI ) [ 3 ‘
prime. P :

-

‘Proof. Let A = (S,.M) be a strongly connected automgton.
S ——— - N . ) ' .

Then sM = S for_all s € S. Suppose for some a, br¢ & and

1
) . . s -

h =3 - - : .
0 €S, ioxa = 5pX Kb~ for all x €,M. ‘Then sa = sb for éLl.

S € S sinc¥ sow = S. Therefore A is right prime. #

°

. Recall that for an automaton,A = (s M),

- .
L3

> B(A) = {g ¢ S;sa ‘= s for all a € M} denptes the set of “Zero
4
states of A. : : Vel Lo, .
g T e Ty . _ \ L
- - B - - =

o

. Proposition 2.2.2. Let A = (5, M) be a nonnull left prime

e _automaten;';zyﬁn'Z(A)-tsﬂ.

‘all m € M.' By hypothesxs, S #8(1&).. Let ’t 3 s_—:z,(A)'.

o (-]

Te e = sqxb for~all X £ M so that sa = sb for all s h dﬁslnce

A-is left prime. = In part1cuIar, ta =, tb. a contrad;ct;dn.
L Y .. . .

. . \ Let:H be a nonedbty set 5f statéé of an'aﬁtomafon

‘Proof. Subpose Z (A) #.Qnéhd Sg e»Z(AB; Then s gm =s§n‘forw‘

Tnen.there exlst a2, beM such that ta £ tb. But so xa = Sg

#

A ﬁ.(siﬁy)}; The ggotxent H “Bﬂo _ by ses ls‘deflned by K

o




,,.. .

< L

.-

and the residué W, of H is defined by : . -
. WH =1s € SH:s =g .
.. - N - . - »
If s ¢ W o then H : s.= @#. Further, R : sx = ¢ for
e;ﬁ X ¢ M. For otherwise, H : sa # @ for'some a £ M" .

implies the existence of b ¢ M such that sab £ H sp

-

ab ¢ H: s andH : s # @, contrary to s ¢ W,.

Consequently, sx £ Wy for all.d € i and w is an S-ideal.

A nonempty subset-ﬂ.of S‘1s dlS]unCtlve if

. -
H: s=H: ¢ 1mp11es s = t; ‘neat 1f'H s #¢Y for all
. - 4 C

s ¢ S. A state s £ S is-disjunctive if {s! is a .
disjunctive set; neatwif {s} is a neat set.
‘ : ’ - . - i ¢

(S, M) . be a ndnnull\left}§rime

~
~~ !

Lemma 2.2.3. Let A

3autometon. If H is a'disjuncbive set, then H is neat and

every S ideal of A meets H.

g
. . -

Proof. Since A is nonnull and ieft prime, hence ZArE @

&
.

by Proposxtlon 2.2.2.0 Y ' I ’
Let W, be the res;dhe of H. Then LWJ! < 1. For
iﬂ s, t ¢ WH' thn\g\: s =@ = % : ¢ so thef's =t eince
H is dlSJunctlve. f )
\-
X Supp&se H 1§ not neat and H:s=¢g@ for some s € S,

then s ¢ wﬂ . Thus W ?F {EQ But WH is an S-1dea1,

therefore X = 8 for a&l x € M. Thls 1mp11es S +€ Z(A). a -

\

'contradzction..zThus H \? neat. j\ .
£ A anL

Flaally, let I bé\an S-ldeal o

-

sMQ.'I. On the other hand ‘H 1s, neat henc.e h

N < .
-, . .D , t & M
- g - . Coe H /
. e . T O . » L 3
B . . - s .
P , 3 . . z
N 3 .
. . .

"
-
Q.
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. k | ' . . * o b
Thus there exists a ¢ Misuch that sa ¢ H: But sa ¢ sMC I.
. ' . . N - » s
_ Therefere ' IMNH #¥ g. #
. ” ' - L4 - 3
Proposition 2.2.4. " Let A = (S, M);Be\a.nonnul& autpmatqn.'

I§ A is left prime and has disjunctive states, then every
- N ) . < R o

‘disjunctive state is neat. Moreovgr, there is a unique

_minimal S—ideal‘andnevery disjunctive state is contaimed

f -

“n the mihimal S-ideal.

géggg.- Let s bé a disjunctite;state; 'B& Lemha ?.2?§, ] ig
‘neat.anq ¢véry S-ideal meets {s}. Thugis is containéd in
evé;y_slidéal{ an@i}he iétersectfbﬁ'of alil S-ideals4of 50:
. is not empty. éiearly, this intersection is the uﬁ%que‘

2

minimal S 1deal’wh1ch é!i&dins~every disjunctive state. &

~ Corollary. If A = (S, M) is a nonnull left prime automaton
such that every state is dlSjunctlve, then A is strongly
l >, . e .
connected. - . o - ) .

Proof. By the Pxop051t10n, every staté is neat . Thu§ for

- . K , -

every s, t_e S,'s'; t # ¢. This rmplles=that for every
s, t € S there'exists x e M suchuthat\tx = s. Therefore °' -
- e ' - A . . ‘

_+A is strongly connected. - ¥ R "

v

"Let A = (S, M) be.ag automaton and B = (T, M)Ja'

subautomatori of 4. . Theh I G S and the £ollowing relation

holds. el Tt DT T
CE. AN E‘SﬂE@E. s |
e s_ €S ° - tel . S d

-Consequently, M/E is homomorph;c to M/ES, hence the e

tran81t16n mqnofd T(B) is hqmomorphic to the- transition

PN




"monoid T(A). - ' Ce o ( (.

'30 €S, syxa = soxb.for all x T M Let ‘I = sM. Then I.
“'is an S~ideal-of A'and_a,i;b_(mddei)‘, But E. = E.. Hence

‘a 2 b (mod‘ES).and A is lefe'pfime. & cTm

1qroof. The equzvalence of (1) and (il) foIlows from the.

: ?fopdéitzony Moreover we ebserVe that B = fI H) is a,

We now eharacterlze left prlme automata.

‘e

Pr0p051t10n 2. 2 5.4 The follow1ng conditions on an .

automaton A = (S M) are equivalent. v _ \
(i). A is left prime. A o o T
(i;). For every S-ideal i of A; EI~=1éS.. t,;' : .

Proof. . (ii,implies (ii). Fn vikw of the above’qemark, it

suffices to shpw_£1~5 SS.'
oL . BN L } [ IO
ta ="tb for a%;'t e I. Let t§ &-T.,- Then ty

oXa = tbxb for'all X £ M $0 that

b (mod. Eg) since A'is le prlme.

Suppose 2 I b (mo’d‘EI)’{ we have

£ S

MCI. Thus - ‘-

the above yields t

<

1

(11) 1mplies (1)~. Suppose for ‘some a, b € M and
.

g 0

I S

Corofiarg. -The following cend;tions on a finite" . ) '

automaton A= (S M) are equivalent. . L .

-

-4

(1) A is left pflMe.é ' L 3 - C s

»

(ii) For évery S—ldeal I of A, E = Eét

(iii) For every subaﬁtomaton B = (I, M) of A, the

~

. transitlon mon01d T(B) of B is isomorphic ta«the

-

transition monoid T(A) of A. ¢
i

LS

1
————

§ubautomaton of A if and only if I 1s an s-ideai of A, and

that T(a) -= u/ss/and T(B) * M/B;. .If A ig finite, then

L o . ‘-




M/Es = M/El*is equivalent - to. saying that Eg =

the equivalence of (ii) and (iii) follows. #

-

- h . . .
The following is an example of a left prime

automaton. . . C -

Example 2.2.6. Let A = (S, X) be the f.i.- automaton over

X ?‘{é' b, c! with S = {1, 2, 3, 4} and the following
" transition table: : . .

c

*

!

4
4
4
4

-

| Then ‘I = {1, 4} r;'the only proper s-ideal of A. It is

-

‘ easy to check that E -=E Therefore A 15 left przme.

S"
Clearly,’the above automaton ls-not strongly \

L8
connected Thus leftAprlme automata;prgperly generallze

I

strongly connected automata.'k'_ o

]

L

.y - .
-~

The ‘dual concept of a right prlme semlgroup is ™

pro'lded below. L o ) e e

F A semlgroup T is 1eft prlme 1f for any a, b ceT,

cxa = cxb for all X € T1 lmplles a = b. Or equ1valent1y,'

1f a,- b e T w1th a # b, then for all :‘E T there exists

1
xc e T

such thatﬂcxca # cxcb.- It xs dbvzous that every
reﬁtﬁcancellatiQe eemigroup iSflefp-prxmer e

:' Remarku. A concept sllghtly drfferept Erom a left prlme

‘.

-

‘

semxgroup, called-a weakly left cancelliqg,semtgroup, js

LN

‘ . "-.--Q




L}

- 8-

deflnéd by Hoehnke [S] as a semlgroup T ;n WhICh for-

1
ell.e, bl' b2 €T, if asby = asb2 for all s T ‘and'lf

-

bl ¥ bé, then a is‘a left zero of T. ;t is evident that

a. weakly left.cancelling semigroup without left ‘zeros:'is
precisely what a left preme sem;groub_is: s ;
- ) .. : ‘ -

An equivalence relation ~.on a éemiéroup T is,left,

+
-

th

prime if for any e, b, ¢ €T, cxa exb (mod 7) for all

. X € gl implies a = b (mod 7). Thqs a conéfuence ﬁ.on;a

-semigroup T is left prime if and only if the correspbﬁdingn

. quotient semigroup T/7 is a left primg¢ semigroup: | -

L3 hd Ty B b
.

_ In the discussion of the duality of ;né notions of
~right prime semiéfoup and left prime semigroup, the i
?oilowing‘concept will be-nseful T

T : f ‘Let (T, =) be a/semlgroup Wlth operatzon o. -Define
a new operation .* on T by a*b boa. }Itw;g clear that
(T, *) is also a semigroup. 'Moreover,'thefdual 33 any

expre551on or concept which holds in (T, °) will Egld in

4T, *). For ‘convenience we shall call (T %) the dudl |

L]
o g

: ,:.,. emigroup of (T,‘o); ) ' e C 2 .

_ Thus a sem;group ls left prlme-xf and only if xts

L dual Semxgroup 1s rlght przme, and v1ce versa. H0wever,
:'thls kind of. dualxty does not extend tO‘the notlons-of

r ‘-

rlght prime and left .prime autOmata, except for the spec;al

"o

e automaton AM as we have mentloned before. f , o
Clearly the dual of PrOpOSItlon 2 1 7 holds and has E

\the followlng forr.




- . *-':‘:?
7

defined by Hoehnké [5).as 4 semigroup T in which for
“all a, by, bé'; T, if asb, ="a§62=for'ell s € T and if
u_bl'#'bz, then a, is a,ieft‘zerg{of T. It is-evident that

" a weakly.left cancelling semigroup without left zeros is

prime if for any a, b, c*¢ T, cxa

'eeﬁigroup T is left prime if and only if the correepondlng

jrlght prlme semlgronp and leff prime semlgroup, the .

A(T,ff). For'connenience we shall call (T, *) the dual

'v_dual semlgroup zs rlght pr;me. and vice versa. However, S

r}ght prme and IeFt pnme automata, except for the’ speCLal

3 .

precisely what a left prime:eemigrgﬁp isy

v @

-

. 'An equivalence relation ~ on & semigroup T i's left
* . - e N

cxb (mod 7} for all

(1

x ¢ Tt impifée a = b.%mda.vl. Thus . a congrgenée ¥ on a

. . J - '- - » ' . -« -
quotient semigroup T/A7 is a left prime semlgroupq
‘ . ¢ ) S

In the dlscu551on of the duallty of the notion# of

following concept will be_useful.

»

Let (T, ¢) be a semigroup with operation-e. Define
a new operatlpa * ‘on T by a*b boa. It is clear- that
KT,.*) is' also a semlgroup ‘Moréover, the dual of anx,

expression or coencept which holds_1n,(T, 5.) will.hold 'in

.

;groug of (T, o),‘_' S ,{~3" o "
Thus a sengroup is left prime 1f and only if 1ts
!

th;s klnd of duallty does not extend to the notlons of

automaton A, as we ‘have mentioned before. .
' Clearly the dual of ?roposxtlon 2.1.7 holds and has

the following form. .- - F

v . ot




. Then the transxtlon mono1d T(A) 15 left przme. ' ',

-

Proposiﬁion 2.2.7. IfE T is a left sancellatxve semlgroup.

.& A . ..
then Tl ‘is left prlme. & . . "

I ‘, . -

Proposztlon 2. 2 8." Let A =<¢(s, M) be a left prlme aptomatonl

Proof. . Suppose for some a, b, © ¢ T = T(A), ©xa = oxb for

-—— - .

all x ¢ T. Then for ény Sy € S,.syCxa = socxb for all”
- - '
X € T. This 1mp11es spcya = socyb,'l e., (s c)ya = (s c)yb

for all y.e M. ance $o€ € S and A is left- prlme, it

follows that sa = sb foér all‘s £ S_and a = b. Therefore

T(A) 1s left pr1me.~ ¥ ) .

-

Corollaryﬁl.’ The congruence ES on a monoxd M induced be a °.

EY

left prlme M—automaton A = (S, M) is left prime. #%.  °

l

' automaton is left prime. # C o ' :. S

'Corolléry-é.f-Let M be a.monoid. Then Ay = (ﬁ, M) is'léfé;
! ‘.

prlme 1f and only if M is left prlme. ¥

Corollary 4 Everx_

0 -

ntrivial left prime nonoid contains

no. left zeros.

- -

Proof. Thls follows from Proposxtlons 2 2.8 and 2.2.2. #.

.Phé folldwing is an example of a lefttprime monoids

Lemma 2. :2:9.  Let U be'a set with {u] > 1'and T the =

transformation monoxd bn U.' Then T is’ a left prxme monpld.

~

Proof. Sﬁppose £or some a,,b, c & T ,ﬁcxa = cxb for all

xge_TU.' Then for eyery u. ey, (chxa ) (u)cxb for all .

'-x G‘T P Por each u .€ U let x be.the constant

transformation .such-that (leu = u. for. all v. et u. Then forl

<
-

RN

*

Corollary,2 ' The tran91tlon'mqnoid of a strongly conhecte&in,.

-
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-

: evefy u €0, ‘(u)a = (uc'iu)_a_ = "(u) ((:x'ua)

{u) (cxub) = (ucxu)b

= (u}b. Therefore'a = b and T

‘ U is left -prime."* #‘ * Y
/ « . .
Corollary. Every semigroup car‘ﬁ'e embedded in a_left prime

_ semigroup. . ' T ' o -

Proof. Let T be any - semlgroup It is well-known lsee" [2])

,that T .can be embedded in T.l. Moreover T 1 is left prime

by the lenuna. # S . :

h Bﬁr this lemma and the Corollary ﬁ’@é Proposition

: 2..2_.18‘, the automaton A; = (T, T) wheré T = T, for some U with"

; y> 1 is l_ef.t prime. Moreover, TU is not a group, thus Ar

is not a strongly connected automaton (Jsee Prap: sitibﬂ 1,.4.6)-:
. Dué’lly, the aty(aton Ar, v._rhere' -T' is the du serni?;‘oup of T
T is rlght prm rd not & pemuﬁatien automatorn. a
-!Let M ‘be a monozd and A be the fam:.ly of left prlme
automata over __M ' Thls famxly AL possesses the same closure
p_'r"operti_e's'aS A_g. Clearly, .every subautomaton of a left
"pfime automaton is left primg. But« homomorphic images of- lef_t'
. prime automata need ot be. left przme as verlfled below. :

ExampIe 2 i.lO. Let A = (8§, X) be the £.i. autpmagton over.

X = {a, b}rth s = {1, AZ 3 "4, 5, ‘6 and the_foliowihg"

transltg.on table- NS . e
. 4 . . ' - . i
' SR ; a:.. b -
. ‘ | ' 1 - 'L- 1 . 3 . ' - .
| N 2 .37 1. - :
; . J 3 2. 2 - . !
t 'A4, 4 , 6 . - © :
.5 6 . i .
6. .5 5 : !




—

-

4 - . ; . . - _—
' /k@be checked that T(A) = (X, &, b, 3B, Ba, B°}.
/////’///T There are two S-ideals, n&mely_Il = {1, 2,3} and T I
o 1, = {4, 5, 6}. From the following table,
. N _ L . . . —2 »"'\A
. l\ a ab ba b . <
IS A | 3 -3 2 2
-2 02 3- 1. 2 1 3
3003 2 2 1 3 1 -
4 i 4 2 6 6 5 5
5 _: 5 .6 4 s -4 6 .
? 6 | 6 5 °°5 4 6 - 4
. ! ’ .
it is easily seen that EI = Ei = ES' By Proposition
e 1 2

S 2.2.4, A is left pr . But the Rees quctient A/I which

is a- homomorphlc lmage of A 1is not left prlme 31nce I1 is a

zZero sta;e of A/Il (see;Pfop051tlon 2.2.2). #

- We now show that.AL isﬁcicéeé‘under taking 7

shbdifect prodccts.“First!~we consider. the foilo;inq.

deflnltxon... ’ ] y - ‘
An S;cong;uence m of an automaton A= (S, M) is

leftgprlme Lf the quotlent ad%omaton A/n is left prlme.

Thus an automaton A 15 left prlme lf and only +f the

equallty congruence of‘A 1s left prlme. '

-

Proposition 2.2.11. The.in;érséét!bﬁ of left prime

S-congruences of an automaton A = (S, M) is. left prxme.

Proof. ‘Let ® =

. T, where 7 -is a left prime congruence

acl oL .

_—
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of A for each a ¢ I. TClearly, - is an S-congruence of . A.
) ; ° " N
We shall show that m is also left prime. =
Sﬁppose for some-a, b ¢ M and Sg € S,'soxa_f_soxb
x.a = '—tox‘b .

{med w) for.all X ¢ M, then for a;l a < f, Sy

- (mod ﬁg) for all x € M. Since Ty is left pfime fo?’ari_

x ¢ I, therefore for all » ¢ I, sa - sb (nod *1) for all -

- -

s € S.V'This implies sa : sb (mod -) for all s S, and =
is:left prime. #. - _

‘Corollary. " Every subdiréct product. of left prime automata
is left‘brime. . ’-. B i ; |

Proo}!f‘Thisqullows immediately from the Propdsition and

o~
*o
-

Theorem 1.3.4. # . : L

We conclude with the following. - - ‘ "l

‘Proposition 2.2.12. The family A, contains trivial
automata;._ is~élosed-undgr taking subautomata and subd;recg

products; bul noét cIoéﬂd under taking hombmorphic images. ' #

L 3 - . N -

Now let A = (S, M) be an arbitrary automaton and ¢

be‘ghe'inﬁerééctiqp of leftAérime‘S—cpngruencgs,éé A. Then - . ¢

by Pfop9sition é.z.ll,'c'is.left §rimg. ‘Moreqver,-o has.
. the fplléwip@ universal p;géefty, which'is analogoué'to.

Proposition 2.1.41.". S - ' . .

-

Proposition 2.2.13. Let A = (S, M) be an-autmaton,

L]

B = (S',-M) be a left prime‘éhtomatoﬁ and h be.an . L e

M-homomorphism of A into B. . Then there exists a unique
. . ~ . ~ . /

4 1
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a
d

M-homomorphism f of A/c into B such that £c% = h.

> Proof. ‘§ince'h is an M-homomorphism of A into-B, hoh™! is

- . am S=congruence on A such that A/hoh-l # h(A), which is a N

-W\\’ subautomaton of B. By hypothesis, B is left brime so that

= - h{A) is left prime and h»h-l is a left prime S-congruence o

of A. This implies o < heh™l. Applying Theorem 1.3.3,
- _ we obtain the desired homomorphism f. 4

i B The aboyé S;congruenée o is called the least leff

s

i . prime.congruenceg of A and A/c the greateést left prime
homomorphic image of A. Moreover, A is left prime if th .

’ - only if o = 0.

2.3. Duo Automata and Globally Abéiian.gutomata
. S e . ) * - T
Recall that- an autematon A= (5, M) is ébelian if -’
sab = sba for all g ¢ S and a, b e M, “ '
. <

A generallzatlon of abelian autqmata is provided

below.
55 autqﬁ§£dn g'; (s, ﬁ) is duo if for §;\6 £ M,
- theré exist x, Y ;:ﬂ épch thaf ééb = gxa =.sby. for all
'8 €S, This is equivélen£ to sayihg that for éver&
-}” ’ . a, b € T(A), thére exzst %, 7€ T(A) such that ab %a = by.
' Thus the transmtlon monoid T - T(A) of a duo automatbn A

T

< " .. has the property. aT = Ta for ald a‘e\T. This suggests the
o N - )

follbying concept,. . A semigroup‘T'is a duo éemigrbub if .
~aT = Ta-for'EVéry aeT. 'Clearly; every. group is duo. = ..\

. -,




The following is obvious. B s
| J . o
-

Proposition 2.3.1. An automaton A = (S, M) is a duo

automaton if and only if its transition monoid T(Ad) is a

# ‘ ) : -y

L] "

duo monaid.

N

\ : N ’ ¢l

\

oo It is clear that every abelian automaton is duo.

-

The  following shows aﬁother ex}mple of duo automata.

Proposition 2.3.2.

-

the Corollary to Proposztlon 1.4.1, its" tran51t10n é%nOLd

?_., T(A) is‘a group whlch 1s duo. ThErefore by Praoposition
T 2.3.1, A is duo.~ ¥ ‘ R S
2. . . _ - ‘. i i ’ . f ©
Propositiqgn 2,3.3. Let T be & duc monoid. _If e'is an
. " idempotent element of T, thenm e is in.the center of T,
Proof. Since T is duo, eT .= Té. Thus for each x ¢ T- there e
— o S
.exists y ¢ T such that eéx = vye. HEnce_exe = yee = y€ = eX.

. . . A N a
By 'symmetry, exe = xe. Therefore xe =
R & . .
e is in the centet of "R, # - . T

.Corollarx.
& . ) . - \ \

cannot be duo. v : o . b

‘Proof. Let A, (S M) be an au;pmaton.

-reset; then |sz| = 1.and- Z is an 1démpotent in T = T(A).

: s o o
Every finite permutation automaton is

If z-k‘M is a }J
}

il' éorolla}x. The automaton AM = (M, M) is duo-if. apd only if
- L . . ) . . i‘ N
% . the monoid M is duo. # = -

dua. o - - . o g
N L] . - . I ~‘. . ’ " \ ~ .
. Proof. Let A be a finite permutation automatbn. Then by e |

4

ék foreall ﬁ e T and

Any autométon whxgh contalps two dlstlnct resets




. R . o~ - " .
: . _ : .
- .
° e
(e} - .. P
Moreover, az = z for all a ¢ T. Thus if zi, Z, ¢ M are two
distinct resets, then ' ' .

S 212y T2y F 2y T 2,52 ' B

are-not in the®center of T. 'Therefore T

so that zl.and z2

- - is not duo by the above Propositioni. Consequently & is not

[
.

duo by Proposition 2.3.1. 2

Proposition 2.3.4." Let A = (S M) be a duo aufcmaton.

Thén the set Sa is an c:-1deal for all a <.M. L

Proof, Let E ¢ Sa and x £ M. Then s ta for some t s S.

W

]
®

:Sincé A is duo, there exists y ¢ M such that sx = tax

Ytya ¢ Sa. Therefore Sa is an S~ideal. #
\ [ 4 . ~ ’ ) -

(G - . T e
. - ) Wéruwacbnsider another generalization of “abelian
aﬁtomatatlf'.§ .- ';_: N ]
S . . -,A?'aulbmaton A = (5, M) is globiilyﬁabelian'if

" Sab = Sba for all a, b € M. It is obvious that ‘every

N

.abelian automaton'is globally abeliarn and that the:

““automaton A, = (M M) is globally abellan if and only if M

o]

satlsfles the property" Mab = Mba for all a,.b € M.

- . .

»

. ) ' _ %f"A = -(S, ™) is a permutatlon antomaton, then

Sa 5 S for.all a ¢ M. "hls 1mpl;es Sab = .Sbha for all

«ué, b e M, so that A is: globally abellan. Thus we.have

. Sooe
v pkoved the. followlng. L

Prggpsxtlon.213.5ib-Every permutatibn_automgton.is giobairy.

. 'abelian. ¢




- -

" ewery a e T(A).

N

Proof. _Let e ¢ T(A) be an idempotent and a € oT (A} Be

au;omaton, then ea‘

: .Prop051t10n 2. 3 6*~

If A

r“‘ - A -
.- ’ . i
= (5, M) is a globally abelian.
eae for every idempotent’ e ¢ T(A) and
* ‘.- o “‘.-'A ‘

.
L m .
2"~

’

arbitrary. By hypotvh.esis,..Sea = Sag. _Therefore for each

s-& S, there. exists t.c

_séae.= tae and sea

-4
Pcop051trbn 2.3.7.

L]
J

§ such that sea =, tae. But then .

seae.

‘

T

Let A= (

hus ea = eae. #

S, ﬁ)'be a giobaily abeliaﬁ

automaton. Then the set Sa ls an S 1deal for all a ¢ M:

Proof. Lét.s e°Sa.:

" S8a is én S-3deal.

>
-

Then s

.we have sx = tax € Sax

3.

.

Ee

- o

ta for some { ¢ S. If x ¢ M,

Sxa C Sa‘_. Therefore sx ¢ Sa and’

LY h - .-
Ld
\

. .
l * * ¢
. ; .

The notion of globally-abelian automaton is different from

L3

5 example.

Example 2.3.8. iLet

- X = {a,"bl with S

tnansltlon table-

1

_ that of duo autohaton as wewcan see In the following  *

A—n {s, K) be the f. 1. autGMatqn ovar

.2,

{1, 3 -4} and the followlng , .
. j - ,
_— -:c'i ) Ll
oA . em AR
a2 :
S 3 - ,
2 | =3 1 |
3 T | - N
4 1 .4 .
r ,. . t B * '
. .o_" . . > .

"s¥y = Syx for all x,-y ¢ X' and A is globally abelian. .On

. -~

. e

-430‘.

- -1

-\

It can be checkg§;thaf Sx % {1, 3, 4} for all z ¢ X*. - Thugn



, A Y
the othér.hand‘ B2 clT(A)-ﬁg‘an-idempotent‘and 52.3 #£ a-b

This 1mp11es that b2 1s nok.ln the center of T(A) By

'Proposltlon 2.3.3, T(A} 1s_not.duo.‘ Bence A'ﬂ§ not duo by

-

Proposition 2.3.1.%

- ~

-

~ - . -

. N . - v -
-

2.4. -Relations Among ‘Some Classes of Finite Automata

- -

-~ 3

We ~shall nQw investigate some relations among the

‘following ‘classes of finite automata:

1s permutation automata} - Lo o .
- .o . - L
c ;;//f 2. strongly gbqnébgeé-agtqfagé, | f; N -
}r 3. locallygtransikive automata, L :
. . 4.f-fight priméréutoma;a, te

5. left prime automata,

6. abeliamfautomata,' o

-

7. o automata, '
. 8. lobally abelian automatéuv.

Befofé'doing sa, we, neé& the followiné concept.

A semlgroup T is left(rlght) 51mple 1f ‘Ta = T

e

(aT = T) for all a'¢ T. It is known (see {2]) that

-

\ every 1eft(r1ght) 51mple monold is a group.

Lemma=2 4 l.f Let T, he-a finite semlgroup If Te = T°°
~ :

\&t TeT T) fo: every ;dempotent e T, then T is left(rxght) :

'\

.

51mple. .
[ . : . . . . . .
“Prodf.{ Since T is f1n1te. for every aefT there estts a

positive ipteéger n such that a® é js an 1demPotent. Thus
Ta 2 Ta" = e =, T. Therefore Ta =.T and. T is left smple.

L . . .



< . .
A < . ' . . M . ’

- N . . . .

Cofollarx: Let T be a finite monoid.  If Te = T{eT = T)

for every idempotent e" ¢ T, then T is a group. ¢

Proposition 2.4.2. Every finite, duo, right prime monoid

is a greup. . . .
o . Y .
‘"Proof. Let T be a f}nite, duo, right prime monoid. If

o

e £ T is an idempotent, then'e is in the center of T by

Proposition 2.3.3. Hence xeye =-kye for.all X, y € T.. -
But T is night prime sJ that x€’= x for all x ¢ T and

‘. .“ - ' g . -
Te'=T. Since T is a finite mopoid, it follows by the

corollary to Lemma 2.4.1, that T‘ié a group. #

.~ Corollary 1. 'A finité automaton A = (§, M) is a pefmdtation.
/ avtomaton if and only if.it is duo and right prime.
‘ N . - B .

Proof. The necessitf follows from' Propositions 2.1.1 and
» . ’ L t. . * . N . -

2.3.2. Cgpvé§§ely, the trqnsitfbn monoid T(A) of A is a ;. = =~ h
g fi.ﬁité,' duo, right pr'ime monoid. by PrQposifions 2.3.1 a_r.i_d -
/ﬁ:, 2.1.5? Thqs.T.is,g group by the'p?oposiéidn and A is a‘_ -
permutation autggatoq by:Prppbsition'i.;.1.~ #‘,.' . ce
. -"f eofollary 2. E;ery finite} abelian,-right\primg éutbmaton._
is a permutation autpmaton. {,. ' S . o "9. L

Corolla;y 3 Let A = (X M? be a f;plte f. 1. automaton with
’X{-= 1. ?hen A is rxght prime if and. only,}f A is a.

permutatlon automaton - . - .

»

Proof. “The nece551ty is obvxous, while the suf£1ciency .

, v follows from Coroliary 2 51nce A is abel;an when Lxl A5 DURAT TR

€t

) . . . )




The following is an example of globally abelian,
. N e X
right prime automaton which is not a permutation automaton.

"Example 2.4.3. = M) be the globally abelian

f.i. automaton of Example 2. » whose trahsition‘tagle is

as follows:

!
r
|
!

!

- . e
—~—

It can be checked that A is right prime. However, A is

: g ' . <
clearly not a permutation automaton. #
. ¢

7

~ The dual of Proposi‘tion .2. 4 2 is also true and has

- the follow1ng form. ¢

Proposition 2.4.4. : Every finite, duo, left ﬁfime monoid._1s .
" agroup. F -~ L \
[ .

L)

Corollary l. Every finite, duo, left prime automatormn, is a

¥

.permutatlon automaton. ’ .
.fProof. By Proposxtlons 2.3. x and 2 2 8, the transition
.mon01d T(A) of a fxnlte, duo, left prlme automatoﬁ A is a
'fnnzte. duo, left prlme mon01d. Thus T(A) Ls a group by the -
prOposltlon.' It then‘follows from Pr0p051t10n 1.4.1 that .

a 1s a permutatxon automaton .#_-:[" S
' Y N S

Corollary 2. \Every fxn1tey-abe11an, left prime automann

-

zs;a permutatzon automaton. f% . e

-

‘ Corollary 3. Every finzte. left prlme, £.i. automaton

A= (x, M) thh txi =1 is a pqrmutation autamatpn..
— . ® o

<, »




. . 47
g — Proof., This follows from Corollary 1, since A is abelian
- T : o : .
' when ix; =1, #
i
The following example shows that the converse of
the above propo;ition is.not true.
Example 2.4.5. Let A = (S, X) be the f.i. automaton over
- - . .. ¢ .‘4 v
% = fa, b} with s .= {1, 2,"3, 4} and the following’
tran;itibn table: . ..
o
A % a b
R . . 11 3 1 R
- . 2 i 4 4 :
- 31 3
s 2 > :
N . ° ¢ o ‘ . . )
Then A is a permutation aytomaton. But A is not left prime,
[ * [ N . . , -
: since (l)xa =:(l)xab for all x € X* and (2)a # (2Yab. ¥
: ) . . RN & -,
Propositioh '2.4.6. Let A beia‘fiﬁite duo cyclic autoﬁagon;;
" Then the folloﬁinq~are.eqﬁiqalent.
(i) A is a permutation gutomatan. ST
" (1i) A is right -prime. .
? . {(iii) A is strongly connected. !
(iv) -~A is left prlme. . '
: * .
. © Proof.. Tise equxvalence of (i) and (11) follows from
. - ——— .
'PropOSLtlan 2. 4, 2; tz) impl;es (ill} by ?rOQosxt;on 1.4.5;
(ili) impl1es (1v) by Lemma 2 2.1. and (lv) 1mplies 1)
'by PropQSLtzon ‘2. 4 4. # ; o
R Corollasx .Let X&- be a fxnxte, abellan, cyclxc automaton.
= ) | : . |
RS




'“‘\gj " That is T

-

®

abelian automaton is'a permutation automaton.

Propq31t10n 2.3.6. Thus we obtaln, for every X, y €T,

Then the following are equiqéient.

(i) - A is a"permutation automaton.

(ii) is right prime. _ ] B V"

A
(iii) A is strongly connected.
A

(1v) . is left prime. #

Proposition 2.4.7. Every finite, left prime, élobally

Proof. Lét A = (S, M) be a finite, left prime, globally .

‘abélian>autoﬁaton. 'Theg‘by Probosition 2.2.8, the . :

tfansition monoid T = T(A) is left prime. Mofeover, if

e E T 1s an 1&empotent then ex = exe for all x'e T by

' am - - - . —-— - o ——

exy = exey = exeye =_exye.

\;’) .

= ye for all ¥.€ T,«51nce T 1s left prlme.

<!

Therefore

Te'so that Tvzs a grqup by.the Coxgllary to

Lemma 2.4.1. %

—

Corollarx. EVery strongly connectead and globally abelian"

automaton is a permutatlon automaton. #

LA

‘Remark.- .The automaton A of Example 2 4.5 shows that

" the éonverse~9f_Prop051t10n_?.§.7 is not true.

2 : - ‘.¢

Progpsition'zfd;a. Let A be a fxnlte, cycllc, globally

apeliah .automaton. mhen the followlnq are equxvalent.

(1) A.ls a permutatlon automatdn. S e
N NN
.,(11) ‘A is strongly connected.

-C.’ . '




oL E ~ .

(iii) A is left prime. -\ -
a . \ N
Proof. (i) implies (ii) by Proposition .1.4%5: \1ii)

implies (iii) by Lemma 2.2.1. and (iii) implies (i) by

Proposition 2.4.7, §

L ..
Remarks. 1. A finite, cyclic, globally abelian, right

prlme»automaton need not be a permutatlon automaton, for.
example, let A’ = (S, X) be the globally abellan; rlght
prim® f.i. automaton of Example 2.4.3. It is clear that
A ig?cyclic with 2 as a gehe‘eto%. But A is noc a -
permutation automaton.?. : |

2. A left prlme permutatlon automaton need not be strongly
connected For éxample, let A = (S, X) be the left prime
permutatlon f 1.‘automaton of Example 2.2.10, where. .

X =.{a, b}, s = {1, 2,.3, 4, 5, 6} and A has the followxng

-

Jtransition ;abfe:

»

m o N WD

A N bW | B
N e N W e

. it is cleér that A.is not‘stronglyjanneCted since ' '1 ) .
. ) ‘;‘ . - ae
(L)x* = {1, 2, 3} # S. T g
A This example also shows that a‘dno ieft prlme

s

automaton or a globally abeliaa left pr:me automaton need

not be strongly connected \#

-



- Proposition 2.4.9. A finite automaton A = (S, M) is a - _ -

»

perhutatlon automaton if and only if it is globally abelian

»

and locally transatlve..'

Proof. Clea;ly a permutation automaton is globally i?elian

and locally transitives Conversely, suppose A = (S M) is

‘globally abeFian and locally transitive. Then for any ‘a & M

and s € S, there exists b € M such that sab-= s. Thus
. e - . s
' s € Sab 5 Sb® € Sa. Therefore SC Sa so § = Sa. Since.S is
finite and a maps S onto S, a is a pefmutation on S.- #

The'ebove proposition suggests the question: when

does a finite automaton have a permutatxon subautomaton9

~“This 1is not true in general for example, there are strongly.

I"
A 3

connected automata whlch are not permutatlon automata, and

i

q,}':

Y
- "\_;2\"111

these have no proper subautomata. We shall show (Corollary
to’ Lemma 2.4.13) that a flnlte globally abellan automaton
does-always contaln a permutation subautomaton.- e N

Proposition 2.4.10. Let A = (S k)'be a finite autdmeton.j

If B = (8", M) is a permutatlon subautomaton of A, then S'

1s the unlon of the mlnlmal S- 1deals contalned in s°.,

.. Proof Let s € S' Slnce A is flnlte} the S- 1deal sM

contalns a mlnlmalﬁs—ldeal, I say. Then sa € I for some i[
. - LN

a € M. But a is a permutatlon on S', so for some pos;tlve.

. L »

" integer n,'an is the 1dentity map on S'. Thus -

=f(sE)§n'l,e I{ This completés the proof. #

Remark.' Thzs pr0p031tion generadlzes the result that ' e -
. . ’
for every Elnlte permutatzon automatOn A E (s n), the state

AN

set S is the union of min1ma1 8-1deals. o :_[ 'F

S N e vy,



I.lemna 2.4.11. Let A =.(S, M) be a finite jutomaton ‘with

transn:lon mcno;.d T = T_(Ai.._ Let " e M ;‘ let n be a

posa.tlve integer such that at is’an idempotent in T. 'j Then

a is a permutati;n on Se. * : ; . . S
Prbof.~ Since S .is finite, it su.ffi\ces; to show (Se)a = Se.

We may assume n # 1, for otherwise .the assertion is clear.

n+1l ‘

¢ since e = a", we have Seéa = sa = sae C Sé", Conversely ,
if s € S, then 88 = see = sa'a” = (sa® 1)ea ¢ Sea. Hence

S C s33 and sea =lsa. K .

}emma 2.4.12. Let A = (S M) be a finite globally abelian
Tautomaton with trans:rt:on .monoid T = T(A). Let K = A Sa.

: . aeM
) Then ) (1) K is an S—rdeal-of.A; ‘
‘@ (i:i) K contains every minimal S-ideal -ofh-A:

(iii) Ka = X for all a em. - Lo )
Proof. gi'-). Observe that "if ~L- is an S-ideal of A, thenﬂ'»‘.-_
L:ﬁ'Sa # @ for all a" ¢ M. 1In fact, we Heve La ¢ Sa and -

LaC L for all ae M. "“By‘\Pr'o'position 2.3.7, the:set Sa..is -

LN

' an S-ideal for all.a € M.- Conéequen‘;-_ly, K # # and K is an
S-rideal since K= (\ Sa = () sa is a finite 1ntersect10n

. . aeM ] aET T
of S-ideals. - —

o S
(1i) Let I°be a m:.nmaI s-ldeal. Then i ﬁ Sa 7@
_ fer~a11 a e M. Bat I sa is an S—ideal contained in I, A
Therefore the mim.mah.ty of I mplles IMsa= . ‘for’ all
aeM, provxag I (; Sa~ for all a € M. Consequently I g K

(111) Let.a'-e‘ M. Then ac T and there exxsts a

> P



Vg

-Ka = Ka = K. - - ‘

: .
dempotent. By

positive integer n such that a" = e i 5
Lemma 2.4.11, a is a permutation on Se D K. Thus Ka' .= |K. .
Since K is an S-ideal .(by (1))} Ka = Ka C K. This implies

- -

2

Let A = (S, M) be a finiteuautomatbn;‘ Then the
union H of atl minimal S—ideais of A is called the m-kernel

of A (see’[lB]S.

-

Lemma 2.4.13. Let A = (S, M) be a finite globally abellan' -

attomaton. If K = N sa and H is the m- kernel of a, then
‘ . agM J : .

.
- - -

K= H.

. N , . . . E » -
Proof. Since H is the union of minimal S-ideals, it follows
— ' . - :
by Lemma 2.4.12(ii) that H € K. Conversely, for. any x ¢ M, >

X is a permutation prn K by Lemma 2.4.12(iii).  Thus by -

2 -

) Prop051tlon 2. 4 10, KC H and K =H. # RN .
Corollarz If A = (S M). 1s a finite globally abellan -

.automaton; then B-= (K, M) is the maxxmum pergptat;on
subautomaton of'A - A: { o ' ':. e

.

Proof. By Lemma  2.4. 12(111), B is’ a permutatlon r o
subautomaton of A. Iﬁ C = IS', M) 1s any permutatlon

subautomaton of A, then S! C: ‘H = K by PIOPQSItlon 2 4 10

- -

and'the lemma. Thls completes the proof f# . \~

4 . -

Fy
w -

- M ..
- . M . a P . - -

Let.A'= (S M). be ah automaton. A nonempty subset

-

H of S 1s a glgbally abelian subset 1f Hab Hba for ail_ '

a,beM.A.. e - S L

-
o
LY



ﬁemma 2.4.14. LeE.A-= {S, M) be an automaton. Then

(i) if Hi' i ¢ I, are globélly abelian subsets, then so
X Paad j

1SUR . -
ie

ii) .df B is a.globally abelian-subéet, then so is Hx for
- ~all X £ M.

Proof. (i) This follows from .the fact that ' o

(YU H.)x = U (Hx) for all x e M.
icP ©oielX

(ii) Let, a, b, x € M. Since H is globally abelian,
- 4~ - T - - "
it foklows that

(Hx}ab = H{xa)b = Hb(xa) = (Hbx)a 5‘(befa = (Hx)ba.

Therefore Hx is glbbaily abelian. #:'-; 3 : .
-.In view df p&rt(;) éf Lemma 2.4.14, the union

H.of all globaliy'aﬁelian subsets~of an automaton A = (S, :ﬁ)

is agaln globally abellan and is called the'globally abellan

:kernel (abbrevxated as g a. kernel) Of A. Thus an-

automaton‘h (S, ‘M) is globally abellan if and oaly 1f

K
I

.S is the d.a. kernel of A. DU
-Remarku .Gia. kernels do not'alwayg exist. Thé follow1ngz
; . ot
_provides us with gn,example.of an automaton with no g.a.
- . ’ :

subsets. A = (S, X) over X = {a, b} with s = {1, 2; 3, 4}

‘and transition table as folloﬁ%:‘: - : ..ﬂl
N A a b “
1° 3 2 |
p 2 " 2 3 )
3 3 .1 2 .7
) 4 |- 4 X
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Lemma 2:4.15. If H is the g.a. kernel of an automaton :
fA = (S, M), then

(i) H is the maximal globally abelian subset of A;
(it H is an S-ideal of A, ' - § R

_Proof. (i) is obvious.

(ii) Since H is globally abelian; it follows gfbm
Lemma 2.4.14 (ii) that Hx is globally abelian fo: all x € M. ~
o . - ‘ -
_Hencede C H for all x ¢ M. Therefore H is an S-ideal

of A." # - . ' '..w.

*Coroil&rg.l, Let A= (5, M) hevan.autbmaton. If the

3

-
" °
-

qQa. :frnel H exists, then the subadtomatén AH = (H, M)

makimum globally abelian subautomaton of A. #
. e ) ) ‘ .
Corollary 2. If a finite strongly connected automaton

s th

A = (8, M) has a g.a. kernel H, then H = S abd A is a.

permutation automaton. T
.. Proof. This is a consequence of the. Lemma and the
. Corollary to Proposition 2.4.7. % - o

-

Corollary 3.. {;na finite - locally transitive automaton

: . A = (S5, M) has a g.a. kernel H,fthen the subautomaton

LY

L4

_?Aﬁ = (H,,MY is the-maximum permptation shbautomaton of A.
- l-‘ »

| Proof. This is a consequence of the Lemma and Proposition
2 U5 & W S | _ |
(. . C . - Recall -that ap S-congruence 7 of an automaton T

A = (S, M) is right prime if‘fpg’ahy s, t €8S ;ﬁd-a_q'ﬁ,’

« .sxa I'txa (mod 7) for all x ¢ M implies s

1t

t (mod ™). .
o .
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) L . oo - e
Proposition 2.4.16. Let A = (5, M) be an“automaton. TETN
: T . ~ . R : . .

every Rees congruence |f A is right prime, then for every

s € S and a ¢ f, thexe exist™x, vy € M such t&?t,sxay =.S.. .

Proof. Let. s. S arid a ¢ M. Then I =. s(MaM) is dn-S-ideal

"of A. If t eI, then sxa.? txa (mod o(I)) for all x é M. .
oo B i .
By,.hypothésis, o(I) is* right prime. Therefore ' ,
- 3 . L . - . - ', @
. - - ) . [} ’.
s T t (mod p(I)). .Since t e I, it follows that.s ¢ I.

-

Hence there exist x, y ¢ M such that sxay = s. ¥ a
' N -~ . . '. e . /, .

. ] ¢ . L

= Proposition 2.4.17. - Let A =" (S, M)} be a finite automaton. '

[\ ..

" Then the following arerequivalent.'

(i) A «4is a permutatlon automaton.

~(ii) 5A-1s globally abellan‘and every S—congruence of A
. e . : ':_\

is right. prlme. ' S . . K

.fiii) A 1s globally abelian and every Qeegﬂéongrhence\
of a 'is right prlme. o te - ; '

. M : . % .

Proof. (i) implies (ii). .By Prop031tlon 2. 3 54 A is

R globﬁlly abelian. Moreover, by Prop051tlon l 4.2° and

, ‘_Eemma 2.1.1, every S-congruence of A is rhght prlme..

-

2

= (i1) implies (iii). ObV1QSS.
. (iii)'iﬁplies (1) Suppose A -is not a permutation

automaton“ then there ex;sts ae M.such tha& Sa #‘S.

By PrOpo31tlon 2 3. 7 Sa is an S—1dea1. By’ bypothe31s; ;

ihe assoc1ated Rees congruence p(Sa7 zs-rxghq prime, * Let

“seSa and-t €S -'Sa. Then s ¥t (mod, c(Sa)). Bu;-.

IS

. sxa = exa’ (hod. o(Sa)) for a.ll x € M, contrary to p(Sa)

> .
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»,beLnguright prime. % ,,b””:

o

The following is an example of a. right pRime

“automaton with no nontrivial g-congruénoe, ich is not’

a permutation automaton. Thus the condition that every

S-congruence be‘rlgqg prime is, not sufficient to obtain -

-
.@a permutation automaton:

L 4

"

- Example-2.4.18.. Let A = (S, X) be the f.i. automaton over

-

X.=¥‘a:, b} with s = {1,.3, '-3', 4, 5} and the €following

transitiodn table: ~

-

- .
’i
-

Clearly A is not a permutation’ automaton and it camgbe .
_checked that A is right prime with no nontrivial-
- - v - ’ . Te
S~¢congrwence.  # S,

. o, -. .
. Recall that an S—éongruenceAﬂ'of an automatgp‘.‘

L e PR T, .
A = (S. M) is-left prime if for any*sg € S and a, b & M,
soxéjf soxb {(mod v} for%all x € M iﬁpligs sa = Sp‘(mod.
for aii‘s_: s ' et 4 ' "
@ .- ~ o .

. "

Proposition-2.4.1%. Let A= (S, M) be an autbmaton with A

Z(A) # SJ,wﬁere Z(A)pis;the.sé;'qf null states of A;’n;

.
"
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Then th2 following are equivalent. (
.. S ; - _ Lot
. iy A4 s . =
. . (1) A 1§ strong;y,connected. ‘ N |
- '. . * Py el " ) ' . - . 8
, . (ii) y Every S-congruence of A is left prlmei ..
o - [} - . . ‘ .
< : .
o ‘ (iii) A is left prime and every Qees—cengruence of A 18 ..
. : ‘
‘ )'left prfpe. - PR
* t ’ . “ - ..
(iv) Every quotlent automaton of Aqgs left prime.» .ot
P , . ’ . ) *

Proof.. The equlvalence of (%}) and (iv) and the

T, f:-'lmpllcafion “(11) 1mp11es (iziy ™ aré’obvxous.- :'
. P ) . h

~ e (1) 1mplle§ (1v).. Assume AJds strong&v connected
P | LA S

? \2{ By Prop051tlon 1.4.3 .everv auetlent automatOn of A is

- strongly ‘Ennected and hence left prlme by Lemma 2 2.1,

‘ A
. -’ - diny 1mp1¢es (L) Let A be left prime wzth“ o
e . LN -

. 'ZLAJ # S.' Then’ 2(a) ¢ by Pr00051t10n 2,2 2. If A is

', .not’ strongly connected,\there:ex1st§’a prOper S 1deal I

. — I 4 . e > - *
-

- Y e of ‘A, By hypothe51s, the correspondlng Rees quotlent
o . A/I lS left p;xme.‘ But I s ZQA/I) so that Z(A/I) = S/I:. -

1 .

LI o by Prop031txon 2. 2 2. Therefore, if s ¢ 'S$.- 1, :¢heh

. -. : 'sx = s for all X € M, where s q§notes the “(I)-class
l

e - e '. R
L 'contalnlng 5. Buh.s = {s}.. Hence sx = s*for all'x ¢ M. . .
. ’ . . .

- * b e

* This umplies‘s € 72(A},.a Contradictien. & . T
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"TRANSITION MONOIDS QF SOME CLASSES OF AUTOMATA

-« < A . - :; - - 4 . .
In this chapter, the structure pf transition > -

-

monoids of left prime automata,.d®® automata and globally
E K.

" . v .‘ N . b Y - e '
~abel:ian-automata is sfpdled. In particular, a , .
characterization of transition monoids of left prime

automata is obtaiged.

2
-

.. . . . ) Nk,

-
‘- * ’ - N .
. 3.1:; The Structure of Left Prime Semigroups ' .
. - ' ) . C
We shall stant w1th a representatlon of left prime

!
semlgroabs by monomial natrlces. .

Let T'be‘a semigroup. A nonempty set S'togetﬁeg
~N s :

Wlth a mapplng. S X T > 5 defined by {s, a) +> sa.

”satlsfylng s(ab) = (sa)b for.all s €S andy 4, b €. T,is

. 5

B called a rlght T- systemeand denoted by ST ‘A left T-system

~)§ deflned'dually and denot&d by Sr A rlght T-syst!b Sp - )

. ;s unltal 1f T'has an 1denh1ty 1 and sl = s for all

. e 5 € S A un;tal 1eft T- -system is. defin aﬂail§.z ;‘-; .';
t;; Remark. L If A = (S, M) is an automaeoﬁ/ijer a mO;Oid.Mq.' ) :
then the staté’set*s of A 1s 'a tnital rm;ﬁt'm-system. Thuel~;; :
. "% cautomata. are special casés of riéht ;;stems. ‘ ) ) . N

.

*

) S + L -t ’
F : Any rlqht(left) 1dea1 oﬁ T is a right(leftl‘ S ASS——

..' - 'o-._,




.o . - " . -
Ifsy§Lem in the natural way. , . )

For any right P- system S, def;ne a congruence ‘S ©

°

on T by: a : b (med 3I.Y lf sa = sb for all s € S. A rlqht

L

S
" T-system S, is faithful iF “‘ ='0.

Remark.' For the case af M—au;omaton a = (S, M) we have

’ ‘g '= Eg. ‘Further if the transition monoid:of A is T = T({A),
then the set S. is a right T-system in' the natura} way.
. .

Moreover S¢ is a faithful right T-system. ._-‘

[N

" . Recéli‘that a semiqroup T 3$ left prime if for any
- s .

- ' a, b, c &'T, cxa’ cxb for- all x ¢ T\ implies a = b.:

. . R [ v

-

a .semigroup T arg

Lemma_}.l.l,r The following cbnditions o

.
' . equivalent.
. -{i) T is left prime. 3 E S . ..;'
> (ii) ‘For every a é-T, aT1 iq‘é faithful right. T-system.

. )_Lii‘i) For every ‘a- s T, a'I‘l = 0. - . . N

L TS

Proof. The egulvaIence of’ (11) and . (111) is obvlous. ﬂ'.

- { .
. k . (1) 1mp11e§i(111). SUppose b = e (mod 8 Tll ‘then
' 1

[N

(ax)b = (ax)c for ajl X & T .Since T 1s left prlme, hence

b.= f and §6T¥ =0.,, S o, C _

F .
(i) implies (i). Let a, b, ¢ € T.. If axb = axc

: 'f..owr all x ¢ 'I‘1 aqci if s = a’i‘l, we :h'a?.'e t:_":) (modﬂS ).'.' But
s ié'faiﬁhful ;herefofe 65 =0 and b = c.. Thls 1mplies .
that T is left primé. * -,~f. ~ ':7 I - T
Corollé y.~ If T is a left prime semigroup, "ther( every '

mxnlmal rlght‘xdeal of T is a faithful TISRT T=Systen:




“Then Z (R)

For a right T-system S, let’ .

"2 (S)e= {; : Sisa = s for all a « T3;

If T i¥self is considered as a right T—system,then ch) is

the set of all left zerops of T.

T . . Y A J
*

4

Lemma, 3.1.2. Let T be a npontrivial left prime semigroup.-

Proof.

a.¢

2 -

("

a,

Remark.
autbmeta (CE. Proposition 2.2"2) -

CordIIaEX‘

b,

Z{R), then zxa = 2

b

= @ for every riqght ideal R of T, : .
Since T > l there exist a,_b ¢ T such that o
Let R be'a rlqht 1d‘£1 of T. If Z(R) # P and
.zxb for all X e Tl.;;But;tben
since T is left prime, which is a contradiction. &
A similar but ¥lightly different result holds for

-

If T is a nontr1v1a1 left prlme semlgroup, then'

. T contains no left/zeros. # ’ . ' o -

-

A T-subsystem of‘a right T-system S is a~nonempty Lo

- ol e ° -

_subset L of S. sggh“that LT.C L. By a nontr;vxal T=subsystem

of S we mean a subsystem L such that L # S and (Lt l"

é Any subset of S of the' form sT for some s e S 1s ;Q'
T~ subsyStem of 3. ;q'}i;: . el .;~ '
) A rlght T- system § is 1rreduc1b1e ife .-_ «/
(i) 5T £ 2(S) . ‘f"."'r - .
g}i)"s has;?o'nontfivial T;subsystanﬁg |

- —

-

e

Thus if s is’i:;edﬁeiple and-LC S is a subsystem,

then elther L=Sor LG Z(é). ‘ - - i ‘ : o

. -
. -

‘A right T—systéh S is strongly ¢onnected if for any

«

-




(4

then Z(S) = @. . Conversely, if § is irreducible and

. subsystem of R and s_s L, then sTéZ’Lfi'R. But sT is a

- (i1) T is pight primitive and 2(T).

s, t € S, there exists a = T such that sa = t, or ~ hg

.
N -

eq&ﬁvalently, for all s ¢ &, sT = S.
Any strongly connected T-system S is jrreducible.

For if L is a subsysteﬁ of SAthen S = st < LT C LC'’s

4

‘where s r I” and hence 8 = L. Further, if S is nontrivial,

-

-

Z2(S) = @, then for all-s ¢ S, sT 1is a'suBsysten of s énd

sT £ -2(s). Therefore sT =% and S is stronglv connected

: s . ~ L S
Consequently, a nontr1v1al T- system S is Stronqlv connected
if and only 1f-s "is “irreducible and Z(S) = ¢

[ \_\:'.w
.

- Lemma 3.1.3. Let T be.a nonffivial“lef; prime semigrodbp.

" Then every mlnlmal r1ght»1dea1~of T, if ‘it exists, is an

- .

: _lrreduCLbLe-T system. . ﬂA '

Proof. E:t R be a mlnxmal right 1deal of T.. By lemma
. A
3.1.2, Z(R) = ¢ therefore Rng,Z(R).- Moreoyer. if L is a

..

- P

right ideal of T. The mlnlmality of R 1mbllés sT =-L = R.

- L

. Therefore R is irreducible. # - s R

o . -- .- . "
‘ . PO - - L2 } N
. Following Hoehnke { 51, a, Semiqroup T is called

‘ rlght pr;mltlve if it has a faithful’ ereduc1b1e rxght

T-system. ° . IR __" S

J

/Proposxt:.on 3.1.4. ~Let T be a nont'rivi.a-l ‘Semigroup with,

.
i Y

;mlnlhal rlght ldeals. :&hénfihevfollowiqg are eguivalent.

(i) T 15 left prlme. ' _} - Y
8.

A




A . ) i
Proof. (i) implies (ii). ULet R be a minimal right ideal
of T. Then R = aT! for some a ¢ T. Since T is 1éft prime,

by Lemmas 3 1 1 and 3. l 3, R is"a faithful irreducible

«

T-system. Horeover, hy the Corollary to Lemma 3.1.2,

Z(T) =.-9. .

-

{ii) implies (i). Let T be right primitive. Then
-

T has a faithful ?rreduc1ble ?-systen S.. Suppose a, b, ¢
. : r‘ » _'
£ T and axb = axc foNnall x ¢ Tl, thén saxb = saxc for all

s ¢ S and X ¢ Tl; We claim that there exists at least one
- - R ' 3 - i —
Sg ¢ S such that sOaTi = §, . For otherwise-SaTlii Z(s) for:

-t e
all s ¢ § since é is isreducible. Thus for ai{.s < S,
sax = sa }or‘a;L‘x‘e T:l But S is fsltﬁful'hence,gk = a
for'3i1 X. € T}ni;his iméiiqs.a € Z}T),‘a céntradiééi@g.
Hence S‘='soaT}—f6r soméigo € S. Alsé soagb’é soaxc*fqr'

all x ;‘Tl so that sb._ = sc fof all s € S. Consequently
b'=_c-siﬁce S-is faithful Therefore T 1$‘I§ft prlme. $

I
The proof oﬁ the above "(11) 1mp11es (1)" is ahe

to Hoehnke {cf. [ 51, 4.10. p455). L ' .

) »
" Let T be a semlgrouo amd S- S be two right

 J

T-systems k mapping h(wrltten-on the 1eft of thd argumenﬁ)

- 3

'of S. mto s°*: 1s a T- homomorphism if (hs)a.#h(sa) for all

a-e T and s ¢ S. The. set of all-1- homomorphlsm of S _into

'Sé will be’ denpted by Hme[S ', STJ TS and TS' are left -

T- systems, then a-T—homomorphzsm of. TS 1nto TS' lS wf?tten .

on the rlght qf the.aqgument_of S and is deflnaq.dually.




63
The set of all “T-hdmomorphisms of oS into $S! will be - _
'Henoted by Hme(Ts; St]. ' '

A T-homomorph;sm of a right T-systen S into itself

T,

is a T-endo @rphism. It is clear that if h1 and hz.are_two

T-endomorphisms ‘of ST{ then the cafmposition hlhz is again
a T-endomorphlsm of §,. Thus ' the set~HomT[ST, ST]'of all

T- endomorphlsms of S

T

a T=endomorphism 1s one to one and onto, then 1t is a

forms a semiaroup. *If, 'in addition,

T-automorphlsm. The set of all T- automorphlsms of S is a

‘- . AN
subgrbdup of HomT[ST, ST?' denotee by AutT(ST)..

If ST is a right T—sYstem and H = HomT[ST, S'],‘

- then 5 can'be made lnto a left H system by deflnlng the
mapping: H *rs.* S by th, ) - hs. Clearly this mapping

lis well-defined Byd satisfies hf(s) = h(fs) for all

-

h, f cHand s € S. If G = Aut] (ST),.then ® can also be
made inds a left G-system.in-the same yeys‘ It is obvious

that both S and .S are unital

=" GT TR TSR e :
. - T £ .
Progositioh 3.1. 5.' Let T be a 1eft prlme Semlgroup. ‘let R Y
O
be a mlnlmal r1ght ideal of T and let G = Aut (RT). Then T
can-be embedded in g = s[GR, GR]' ** .

[

.,
. '.

‘Proof.g Deflne a.mapplng ¢ I‘T - H.= Hom [GR, GR] by

$(a), :::a‘ here Pa is a mapplng. R *,R deflned by
-t (s) Da = sa.. . " t | . | . ~~ . ‘. < . . -
. ] We cTaim. that $ 1s the desxred embeddlng.. ?o; this

purpose, we have to show the ﬁollow1ng~




(‘

[

for some x €,X implies g = l,,

. Lemma 3.1.6.

right ideal of T.

- 64
- A . - -
1. ¢ is well-defined. . .-:"' )
. . 2
2, € H. For.if g ¢ G.and s ¢ R, then
- -(gs)oa = (gs)a = g{(sa) _= g(sca)‘. _ ’
2. ¢ s a homomorphism. s *

For every s

€ R, SOy = (s)a'b = (S8)b = '(sta)cb } ,"_

L . .
= (s)ca;.b. Hence- S.b = “a%p and.t(ab)_= >{a)s(b).
3. @ is one to ope. B )

Suppose ©, = o then s, = so for all®s % R, i.e.,

B

b (mod 3.).

sa = sb for all s € R. ThlS implies a - R
:1nce3 is a mlnxmal right 1deal of-T, R = .rTl for .
.’ every.r € R.- By Lemma 3.1.1, fr = 0. Hence a = b. # °
’I . s N . - * ’ - *
A permutation g (written' on the lefe of the. = -
argument) of a 'Set X is 'a regular permutation if gx = x e

.
.

the identity mapping on X.

Let T be a semigroup and R be a minimal

Then every T-automorphism of R, is a

. . -. . .
¢ regular permutation.on R. . LEoe
fad - ?roof. : -Sin'ce"R‘_is a minimal ideal of. T, we have R = s — -
- . : &
- .- - » -
for -every s € R. Let g ¢ Aut (RT) an& gr = r for some
R . N L
* r € R. “rhe m1nm511ty ‘of R 1mplies that fo:: eyery. u e R ‘
. N
S, ‘ 'there exists a ¢ T such, that u =‘ra. _Thus
‘gu .=-‘g(ta) = (gr,')a‘== ra =u. L
N ' _;%;;‘. - )
. , . ¢ }
. 0 ‘ : ’ ¢
-’ ’ ' . -
* il d ] "' L4 ‘. ’




v
.

' Therefore g = 1, and g‘ié a regular permutation on R. %

..t et H bea semigioup and HS be 'a left H-system. I

there exists a nonempty subset U of § such that for ewery

s £ §, s can be uniguely expressed as s = hu fog some
ncu and u ¢ U, then'S is free or freely generated by U
L ] i ' .

{see [14]) and U is called a base of §. It is_clear thdt
invghis case S is a disjoint union of ﬁlu, w< U,
) R A

ice., S =71 Hu,
3 ‘ UEU .

If 8 is a free H- systen w1th base U, then every
4 H—endomorph1sm of S is unlaualy determlned by its actzon

_on U. For if « and g are two H~- endomorphlsms of § and
" +

ui = ug for all u L U, thén for every s'e S there ex1st
u ¢ Urand h ¢ Hl such that 5= Thus s (hu)n =
e :
‘h{ux) = h{ug) = (hu)2 = st
: Moreqverﬁ;Tully has showﬂ'(see {L415 the ‘folloving

. .
- .

result.. ;>' - s L

Lemma, 3.1. 7 “A unltal left system S. over a group G 1s free

'] R

o if gnd only 1f G is a group of Tegular permutatzons on S. At '

- ollarz‘ Let T bé'a semlgroup ,aThen every mxnimal rlght

-

-

ideal §of T is a free 1eft G-system whii G = Aut (RT)

Proof. It is clear'that R is & 1e£t G- stem. By Lemma

3.1. 5 G is a qrcup of regular permutatlons on.R. Thus,

LGR is free by the Lemma. .

3




3 - - 4 e . S
. 'hres
“ \.{a.
- - - } . . i H
Therefore g = l§ and g is a regular permutation on R. & e
. Let H be a semigrcup and HS be & left H-system. If

~ -

there exists a .nonempty subset U of S such that for .every

.

’
1

h <« H and u - U, thén S is

in
L 4

. e
i.e.,. S = | H u.

h—

uel

ff S is a free H-system with base U, then every

s = §, s can be uniguely expressed as s = hu for scme

free or freely generated by U™~

(sii'{l4]) and U is called a base of S. 1t ’is elear that

. C . .. 1
his case § 1s a disjoeoint union of Hu, u 5 U, | ) 3

[
R

-

'.- [} -

’

H-endomorphism of S is_uniﬁuely deter@ined by its action

on U. For 4if a and 8 are two H-endemorphisms of S and

ur = ud for all u's U, then for every s € S there'exist

u - U-and h a'Hlssuéh that 's

(o)

-

" heuy) = H(u€) = (hu)¢ = s
v . "

Moreover, Tully has

result. -

- oY

Lemma -3.1.7. A unital left

= hu. Thus sy = (hg)q =

.

.

ity hd

shown (see [14]) the following

systeﬁ S over a group G is free

if‘ana~only if G is a group of regular permutations ¢on S. #

Corollary. Let T 'be a semigroup. Then eyé:y“minimal'right

»

ideal R of T is a free“\sﬁE;G—systeh where G = Aut,, (Rq) .

- *

Proof. It is clear that R is a left Gféyqteﬁ. By Lemma - -

3.1.5, G is a qroh? oﬁ.régular,permntatio&s on R. Thus

) ¢ . L
GR is free by the Lemma. - #

- ’.. . , -

]
3
L

.




L

od

-
. -

Let G be a group and GO be the gfbup G with' zero
ad301ned 1.€., G0 =G _ ‘0. An m&n‘métrix'(aiﬁ) over GO

is strlctlerow monomial 1if for each 1 there exists’ exactlv

" one j such that aij # 0. It can be verlfled that the

.product of two strigtly row monomlal n'n matrices is also

-

Stricily row monomial. Thus the set of all n-n strictly

. : . - 0 - : .
row monomial mgtrices over G  1is a senmnicrowp denoted by

N 0 . : v - . )
U (cha . e

" . The following result M due to Tully (see F14],

. The&rem 8, p.iﬂi). !

Proposition 3.1.8. . Téet G be a groun and S be a free left -

*

G:system with base U and U. = n. Thenh
= : ' ' c ¢ 0
LS . I~ ~ Yy G .
. o _ HomG[GSJ ey ; ( ) .
. ) ) e -
. o= . - v 3
Proof. Let U FUyr eeey u e Then S éyl Cuk,ls_a
disjoint union since S is a free left-Spsystem;
: ' . ‘ D
. . . - 0
. S - '\_{ e .
Defl.'ne a mapplngV’ HomG[GS., G -] n_(G ) by

v g - if hih'= gu: and g ¢ G,
thld.= (a..), wheré a_._ =i{ - I
3 13 0 Qtherwise..
, We claim that ¢ is a semigroup isomorphism.
.{ﬂ_ . . (Y . .

- Sihce S is a disjoig},union of Guk;'k =1, ..., N,

hence ¢ 1s:wg11-def1?ed. Let'h f e H = HomG[G ES}
apd-h¢ = (a\.)s £ = (blj) For each i, let 'k be the

,-integer'such ihatAa # 0-and j be the 1nteger such that
bki # 0. Then for each ul £ U we have ' .

1

(u h)f (aikuk)f =

k(uk ) = éik(bkj J)

Iu - N

! (uj:).hf

= (a k k1

r - PrS—.

»66



Thus (hf)s = (c;j) gﬁere cij‘; aik§kjtuf;f follows:that
;(cij)‘f (aij)(bii} and %hf{{

semigroup homomorphism..z”

LY 3

(he) (£f2)Y. Therefore ¢ 1is a.

0 On_the other hénd,Asince.GS is free, every

@

G—homomorphisﬁﬁis uniquel{ deﬁegmined by<¥ts action on U.

) R
This "implies that ¢ is one to_oﬁe. It remains'pp'show that
). Then for
every'i\='i, cees ﬁ: there exists j 1 ¢ 3é< h—such that

+ is onto. To this end, let (aii) < Hn(G

aij # 0. "Let h be the‘mapping defined for every ui U by.

uh = 3;444- ?}tend‘h to a mapping of S, also denoted b)

h,'by~defin1ng for every s = gu, ¢ s where }

L3

1
m

G and-u, ¢« U,
Vi

(gu Jh = g(ﬁ'hﬁ : Then h is.a mapping o

and is a G endom rphism of S, For if g’ ¢ G%and s = gu,

,.

S' into itgelf

-

S, then

.-qx(sh) i g'(gu )h = g "g{u;h) = (g;gu Yh =-(g's)h.

Therefore h ¢ Hom S Ss}]. It is obvious.that ,{h)s =

[G ’ :G
~'(aij); Thls completes the proof. 4,
As a conseauence-of the above Prop051n;on, we have

-+, - the following. \) . o Coe .
. , . ;. : o
Corollary:. Let S;, ..« Sh be arbltrary in S. Then the

mapplng h of U into S deflned by .. . » .
. ’ ) . 4".1. v ..
g{h = §i, 1.? ;, ceay-N Coee -

. * : .

can be extended uniquely to a G-endomorphism of GS.
. - ' ’ ) - ‘ - '’

Probf, For each S40 i=1, ..., n, there exist unmiquely ,

‘g £ G. and ug € U such that S;0 = 9uy- Let . ° o )

- - -




, g if s;\='.gu..,
S { 4. 3
;?- \’? otherwise.

Then (aif) £ Hn(GO). By‘tﬁe ?rbpositioﬁ, h car be extended
R & ] " B | A i

to a G—endomorphism of S{"Thé uniquénes§ follows from the

G
Ly
-

freeness of gS as a G-system. £
- ° ~ -

3 ' - .
Another consequenceiof the above.Proposition is the

® <

foilohiﬁg*embédaing'of a finite left./prime semigroup into a ﬁ;

©. monomial matrixfsemigroup. . I s : LT
. P : o

P;QEOSLtlon 3.1. 9. Every finiﬁetlefE'prime éemigroup is a

’ 12 .

o

' subsemlgroup of a monomlal matrlx semlgroup \

Proof Let T be a fknite left'prlme semdgroup, R be a
L]

mlnlnal rlght 1deal of T and e 3 Aut (RT)" By Proposxtion

T

. : N .
3.1.5, T is a subsemlgroup of Hom_ [ R, GR R]. - By Lemma 3.1.6,

L'
’

kY -

G 1s a qroup of regular permutatlgns of R “Phus R is a
-free left G- system with base, .U say, by Lemma 3.1.7. wSinceh R

T is flnlte“'R and U are flnlte. if (U} = ;>\\pén_ ";

) Ty
HomC[G R] is 1somorph1c to. U (G ) by Proq051t10n 3.1. 8

¥
~Consequent1y, T is. 1somorph1c ‘to a subsemlgroup of

- . -~

Lt I o A * 4

2

-

—wﬁow we turh to con51der some-propertles of the

‘seméﬁrﬁuP HomG[GR, dR] F .

lemmg. * . '_ ° “%»

ir st, we haVe the follow1ng
£ .

'Lemma 3.1.10. " Let T be a lq§t~pr1me semxgroup with m1n1ma1
.

rlght 1deal R and G = Aut (R ). Then the semlgroup

-

.
‘n.,,

gRl acts tran§1p§9e1y,on‘ R.

H-—~HOI‘5 G

G[G




Remark?_‘The qbove Lemma also holds )f R 15 a stronglv

V- B . \ - i -
hd . -
o -
N e
‘ - \ -
.
S <
- - <69
- .
.J - - a2 L

" Proaf. It suffices to show sh = R for.all s + R. Since R
-—-——. ol .. . .

is'.a minimal right 1deal of T, sT.= R for all s ¢ R. . Thus
for all 't 5.R“tﬁere eissts a e\T"éﬁéh that sa = r. But
soy, =8 = r»-and oa:e TNS SH =-R_. .

y -\ .

. -
=~ -

\cennected ;Igﬂg syste& ovef T. 'ﬂ' ) . _'_‘ . o )
’ o Pr09051tlon 3.1.01. Let T be a left orlme seglqroup w1th o
<
< a m1n1mal rlghteldeal R and G L Aut (R . -~ Then tpe .:3- "
) "semlgnoup H‘= HomG[ R;‘ is - 1eft prlme B S \' J}
P:&bfL Suppose‘for some fsr hl h22£<ﬁ, fxﬁ;'= th2 fof'ailfi
7T x £ we shall shqw_hli_*h? dEr ¢ R; then’ (rflxh, ’
] .='(r€)Xh for "all x E‘H.: Furtheg,'rf é R so that - a :
(rf)H = R by Lemma 3. l 10.[ ﬁeﬁce the‘abqveiimplies~ : }..
"shlig:shz for allk s e 3 . Therefore hl ='h5. ;# . ’ e -
- Reméfk: ?he above Prop651tlon s;so hoids 1l R_isa - .t‘i, ,1
. ;.;Efongiy connegﬁed\fgght:system ?ver %.r. ‘f_ ‘ ;;
. L : v R
® Pr;posifidn 3fi 13. Let. T ﬁé.a f;ﬁ;te leﬂt*pr;me semlérougql
.o R a mlnlmal rlqht Ldealwof T and G = Aut (RT)‘ Iff,Gf.* r ;' . °
;; . ) then the semlgroup H = Homc[ R, RJ LS rzéht prxme. L.y :‘,'
7 ggggﬁ Suppose for some f, hl,*hé.r‘ﬂ, hle *‘B x £ for. é. }f .
L'~ a11 x ¢ H. We shall‘SSOW hl ;'hzn'ﬁ;é'  . JT~H‘ 'Z "j} ;i
L4 éy Lemmas 3 26 and 3.7, ‘R is'a freé left *: i¥'b'£'_
&g . G%é&stemﬁylth base_U, sayt SlnCe T is. flnmfe and.“ '_1"2:;""
- a .U C RC 'I‘, U is finite. Let U, {9, , u }. Then -" S
:??'v" f;ﬂﬁ _R;f 1§- guk.. It sufffcee to”show//z.h1 A u hz.fdr‘all'?::.:;L,;' .
T e L o S oY -
.—';'M. .-‘ t 3 . e g [ ‘ .
ﬁ N S 3 ) o w07
. « 7 b ’ > y ey LT S



- - *
. * * T . [ -
-
" ’ LI . * - 1 2\
R e - L4 . * - . ¢ “
' . . g
’ - . - - < >‘ , < pp— ..
- . ’ - >
N f . . . 2 .

» - . ‘ ‘ »

R - R 4 » .
. 4 -. .
) . Since-u.h u.h, » R,"there exi1s* o__; 1 G such
. v T r io2 . 13 1%
- Q9 - v ° - .
. - - N -~ - N
. A < 2 A Do e
! ! ° - * +
. o X ufﬁl EREE e ) .
’ - Coa ‘ )

. ! * ' '
s e - _Ne sﬁald-show cf} = G an? T Let 'y, be they

* > 2 . ] K &
}' of U 1ngo R aeflneu by u hL ="u, for all 1= 1, ..., n.
e . L) ' . ). -4
.o Then by‘the Corpglaryatg Priovositron”3.1.8, x,.can be -

»

. . . . - " . ~ . 1_ . s
" “extended to a G-endomorphism of R, Talsc denoted by x| .
6 o W . . N 3 B .. 1 - DI —— )
. Thus . ¢« B and we Wbtain s s s .0 .
' ° ‘ 1 - .. : [ S . .
L) g R . e P . - -
+  Shm .ne =" {u. N :", At ) .
, = N\ DX EE fughy i B e .
- N - LU X, = (@ u )%, Ey ) ..
. . e - (gljuj)xl k@lk }i) 1:. »
AR ~ g (u.x,)f = (u, ¥ ) f ’ ’
A T C gyt q‘ik\k.l)" ..
LY - S : (@ ) = .o (u f); o 8
Y & - . ., 3 g..\u,t) = g, u ; -
Sion e IR & }1 o - ikTTLTT T .
’ . ] - . " A r = * fh . - -__'_' -
2R . ' ACEIN gj_'j (ugf) = s Lot ;

S A . éince"u £« R.and tq qi.;‘i K (i, whlch 1s aagrouo of N
. ' \ ' —
e o régular permutatlons of R Lt foll‘ows.that (a{.k)' g.. = 1

: N s __.,.‘ l,_ 5!.' . o '_',~' i
. . nand‘;hus g. 'gij" e \\ o L

e It rema:.ns to, show 4= k.. quppose J # k. ~Sinc_e.r

Lot * -« N\

. - iG“->°’1 there exis.ts g ‘€. G such that l ;4 q 's"‘ 2 be-the
-* - . . *

mapplng of R defir;ed by - . S d o .
- v e L : ’ N S ‘ - S .
:‘ ‘-n .'p; . -t ) . . ' u.X' —‘. u ° . . ' : * -0, . ,”
o ‘ ~, ‘.\_\___'..3.2 by LA L
e e T oge e T, Mgxpe=lug o forTallly # J-,L——i“ :

., X R L3 .
. s 9 N - .

."-.-\-,.r; A, ‘ Then by the-‘:o\x’%llary. to Propositlon 3 1 8 x2 'H‘.‘ 'Thus,"- -
A JERRE IR L - . . ' . '.. ‘

e e T e Hypothes:,s yields T GO

.
* .. * . -

- &.
- . " . ™

L Y —cun.)xf-s(uhz)xzf

~> y e, e “w ¥ L . . e PR : . . -
.- - . . : ~ o '

.
»
.
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I 2

. L - (¢ l.]u})w £ = (cikuk'"“t'_

- : _qij(uszjt

1}
o]

H
¥e]

a..agf{u.f) = o (a,f). e et

et = ey & .

M - © N

\

3
- ?
Therefore 3 = k'and H is right prime. -z

Remark. "If" G .= }} thenn = 7 »« the transformation moneid

W’

~~

-

constant trans;ornatlon i T is a flCht zgro of . T SFe

But gij = q Hence o = 1, a contradictior.

‘on R. Unless R. = 1, H is ndbt right prime since every -

N

- e R * ”
. NQCOrollary 2fto Prcposition-Zul,Gé. : . '

& ) P
s A senlqrouo T is recular lf for all a . T there
B ‘ e e e y e -:_..'" ..
exists x -.T such-that aXa = a. -
’ ™~ L ' . ’ . - @ ;” . ’ . .
«Proposition 3.1.13. Let T be ‘a flnlte left p;lme semlaroup

-

-with a mihiﬁal right'xdeaL R'and G = Aut (R ).; Then the
semlgroup »-= HomG[GR, c,R] ls reqular”. " . S Y
N\ Te . )
Proo{ By the hypothe51s, R 1s.a free left G syﬁtem with

a fxnlte basé U = ‘u Uy A @nd R = L} Gu -
) - te i=1 ’
-Moreover, every G—endomorpﬁlsm of R is- unlqdely determaﬁed

by its actxon on u! o vTT Y

. )

'_’ Let h € .H. " Let'f be the mapPrng of U 1nto R

-3
1 P -

deflned as follows For each i =.1, .5;: n,if - .
Uht’\Gu # Q and ig Ls‘the1firét inteégr suéﬁ;éhat;'f .
L h = é Gh., then deflne u.f = gflu:
10 : i © T ;0
define uif =-ui. 42hen by the Corollary.ta Propqsitlon

‘-btherwise

».3;148,>f'can be extended to a’ G-endomorphlsm of R, alsorb



s

) L4 * . :
denoted by £. We shall show hfh = h.* Tc this ®nd, .it

suffices to show_(uk)hfh = {4, 'h for ail k = 1, ..., n\S

Suppose (u,h = au,, a ¢ G Then Uh Gu, #¢. -Hence

-
L4 - - - -

=1 d AR . < S o :
u.f = g "u.,. where 1, \is the first integer such thdt .
17, Yy 8 i e : Y : -
Lol u P N . R - s
a. h = gu.. 'T'.as we have- - ’
i A | : - ,
0 .- . . -1 -
u fh = (u, h)fh = tau.)fh = ffYh = o 1. )Y . T
(uk)h ( kb h (auy h A_Ef'(Ll a(c -L.l¢)"x . .

= ag " {u. R = ag {gu.} = au, = (u,_)h.
- .

Thereforé H issreqular. # ' - .
Q-
In what followé, we shall establish a

)
A -

~a

Characterization o“*lnlte lett D"l* monoids. i
- R . . - . v .

. _We now fix’the notation forfthe- rest of the

.sectjon. Let T be a |finite. left prifé semigroup with a -
v L ' . . . . : . .
min?al right ideal R and-G = AutT(RT) . Then by Lemmas

-
-

S.1.1, 3.1.2 and 3.1..3, R,I: is a faithful st_,rc;nqu %.:onn_eciied’
4 . .

right T'System. Méreover, we have shown tHat _R'is a.free

-

K \/ G B ) .
_léi Q-syst'em w1th .a flmtelbase U= tul, ey L;n‘, say, . .
. n . e ) - * -‘. - -
.and R = U Gu:, : ' ' .
1‘=ll - A \ * .

" . Let H = Hé)'m [oR Gm - Then H can. be made infd. a '
e o - S
right T-system by def:uunq the mappxng H :ﬁﬂw&\ﬁ by SR

-{h, :ai-) hea = !;x,ca. ~.C1early hea € #H. Mox:eover, Eor <any

thanda,blw'I”wehave e o -
. SR .,

- ‘. (hea}ob £ (hoa?Ob =he ob’= ho_ =:he4a&¥:

:I‘herefore‘ H 1s a rlght ’i!-system under thlS amapplcnq :

Oon the other hand, 1t is cl.e,ar that for each - Y e

- - - L g
. . H - ~ T -

‘ i=1,. . , n; the. set Gu,; is ~§ left 'G-sut_:syst;tem of -Gf_z_-.




-“§imilarly, H can_be made ingo a'fight.Trsystem
. . .“ N .t ‘o
by definfil* the mapping: H, v T.~ H, by
N . o , aj) = h.xa = hl“a’ -, .

s ' B . .. : ..
Propositiom\3.1.15. Let T, R, G, H'and Hl' .+ss H_ . be as
above. @&hen Yor each i_= 1, ..o n, fhe followinq ..
conditiornts hoigd. o s

N S Ve ; .

(1) -Z2(H,) A& 'D. _ ] .

iz(Hif = {h; i h *a h for ali a € T}.' Supgoéetz(ﬂi)‘# g

rhi = (r}h ra = (rh Yo, ¥:rh)a  for all a.c T,

,
v ,
chsidér‘HomG{ (Gu, Vs oR] and we
s . T
-~ ) L)
om [ ) R} Then )
hOG_C(Cul l, GJ 1H€‘
5. = <h, h_ =.h £0r some h ¢ Hi. _. -
CHy hy R Gur, for some h H -
Proof. Let F = ‘hi h, = h ., for gome h . H .  Then
. . . - D S .
clearly F € H..- §hppose h, - #. and let h be the mapping
. . N . L "1 i )
of U inmtc R @efined by
J ® - ‘cﬁ R ‘ N
w. h = u,h., -
2 11
‘ su.h=u-‘fora11'j=ei.‘
. J 3= ] c. )
. By the Corollary to PrOpOSLtlon 3.1.8, h can be extended
5 .
to a Gfendomorphlsn of R, also denoted,by h. ‘Ev1dently

3 ’ ¢ - - .- . -l
h."= h -. This proves‘gig F. Therefore H, = F. &% .

.

' . ° ) ’ y \ : .- » L K M ) ' .
Z(ii-} -H‘i' is’a faithfui right T—s'ystem. .-

, . *
Cf;ii) -Hi is am 1rreduc1ble rlght T- system..’

'\

~Rr06f. (1) Recali that A ' o < T

- . -
. . - .
3

,aﬁdlﬁ ; Z(H J If r F,R‘X%Hgn ;h € R 'We obtain

- . . . .%‘
. 4 T i 3 . N oS - N .
- e s . :.; . . P Tl e . .
% — . T . . _ R
[4 N o > .9
[ 9 - ., .
“n . 3 o - - -
' St e A . L
- - - 4 - ' - .




-

> ,if ST Q Z(%’End 'S contamé no’ nontx}wxal T- subsyStems.
. ..

. » - .

.

This yields rh, : 2(R), a contradittion since Z(R) = @ by

-~

Lemma 3.1.2. Therefore Z(H,). = @. = * ’
™ {ii) - By definitron, a right T-svstem i
faithful 1f the congryence 55 = 0 on T, w,here is defined
' . A .. ' 2 .,_.» ‘ ! .
by a ~ b ({:&od “g) 1f sa = 'sb for all, s% Since R, is
-ﬁaithful, *Q = 0 ar\d it saff.me:, to show . \Q.’
' - . ) i — i ®
. 'Sugsp'-pse a b (mod (R'H Y. - Ther h;*a = h.*b for all
e s . i i : .
h. < H.. Let®u., ¢ U. We have ~
i <1 i - - ‘
| . - A = br- ‘ PRRRTE <
(ui)hi*:a -(ui)ﬁi*g for a.l@ hi- : \Hi' ~
o N ‘(uih‘i)rg = (u ). for ell .t.‘i- He
" ' o . - : : s
(uihi).a = (uib‘xi)b for all. hi :\Hi'

-» . -‘ - r . ‘ . " . . N " = ~: -t
slngg Hi’? xhi . hi = h‘Gu . fqr .sc-m\(_-: h :_H;_b} Lemma 3‘.1.14,
the abdve  implies 7 g .

. (a.h)a = (u,h)b 'ffof<aLL,h < OH. ,
On ‘the ot’her hand, Lemma 3. 1- 10 ylelds Uy H = R. Thus
ra. '= rb for .all r ¢ R. Thereforé a ~ b, (mod :R) and
LA - - . - -t ~ ”
H, = R7 .o '/ ,

(111% Recall ‘that a r:.@t T-system S' is lrreduc1ble

‘In VJ.ew 25"(1), it suffxces to show that M. contalns no

nontnu!fél T- suBsy‘stems .

Letﬁfl-!landksK.-ThenuheRanduk,R SlnceR

.

Let,.i(--;l Q! be a. T—subsysten; of H

(X4

. T
& - - ?y:’":—-""" v T, '
J.s sirongly connected there eXI.StS a-e T- such that oot
R g .
u, h ~(u k)a = {u, k)o = ui(x*a) . Hence .h = k*a and
. ' -J R . ' T, L
c. > : : " - .
. - [ ] L] ) ’ i ’
P - . .

.m‘
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S

-

h_i

Corallary.

Y v
.

K. Theregfore K =-H..

1

For each i = 1,
stringly connected =ight

Proposition 3.1.186. Let T,

{ = b4
H HOWG[GR; ?] and H

e’ =

G-

right T-system H is

ll

the ire

T-systems Hl' Hn,Ai

~Proof. Define a.mapping
h:Gu
n

,‘,:'(h) =_ (h,Gulv . R

1. a.ié-welg-defined.'

‘This follows from h’

"% is one to one.

. g’h. g -
&1h # uiﬁ“ana hence h'
v 18 6nE<L\ .
(hi, :

of U int0<q deflned by

’

_ Suppdse ..

: u. h = ulh

Since h, dl €. R for all i

-~

Gu.
1,

H-and h # g; then for some u, =

# flsu

i, i . o ..

' . "
.0 -
> . - *

Let b be the mapping.

Gu
:H ) o

ﬂﬁor 1 =3, .0 n. L

T-system.

.

u
n

.Then

R, G, U

“ s o p

14

Ul,

,'Hn be as above. the ',

ct .product of the right

for every i

o~

Uyl

proving afh) # x(f).

a=1

Lo,
-.

. “ .
. ..

L

ﬂ,....,'n, by ﬁbe CorQllary

to Proposxtlon 3. 1 &. h can be extended to a

G-endmorphlsm~of R. Thu

L a(h) (h ..:,
. 5/// el ¥
' aig/a T

h‘e H and g.e Ta

h 7

L,

(hfa) = a!ho )

P

8 h H. Ev:.den;ly'

—hamemg}phlsmyi-”

-




-

. ' ; | = - = . )
¢ .
. ” K 7
—_ - -
= . . - ) o .
. (h Gul ta’ o gy a)
LY - . * et
Ve ) - > ~ ® ’ T &
: - * e, -}
(8 guy*ar Ry wh
- - -' n' ' '
= (h h Yxa .,

2 s v s g L
, - Gul L Qun

' . = (zh)xa.
Therefore H -'}.s the direct product- of Hye o- ; Hn. g .
. ‘ * "; - . ’ ' .‘ “':
’ Corisi‘derijng' H -as. the difé'cg product of H;, w.., H_
let ~; be the ith projectién map'foy gach i = 1, <.., .
- Then -.(h) = h'% . for every'ﬁ < H. -
. A 1 Gui : - ) . .
[§ . [N - . . oot - .
f On the other hand, Proposition 3.1.5 says t}lat T,
can- be embedded in'H = E!omGIGR, GR} gnder the mapévjnq,«:
~.defined: by ={a}) = SF DO ' ,.‘v’ _ » .
We shall need these facts to prove the following
‘ AN . ' T - N

. proposition. : L ' : ]

-

R . .
. prOdu.Ct Of 81P‘ '-'l_urih‘_'

- - ) ‘ - - . - . ‘.-'b ~
" Proposition.3.1.17.  Let:T, R, G, U £ "uy} ..o, u- % -7

G‘[GR' .
‘be a‘sgé‘boye.. Then, the right T-systeh TT _i'é a ‘gubdirect

. - o
- - [ ] 1

H = Hom GR] aﬁd 'Hi c‘{omctc'(Gui") . ‘CR] , i =:.'1, i, TE,

L

!

- R

‘Proof. . l’-;or,'&aah i-=1, -.., n we have'tue fgllowipq-

[

g e

.
d .. . - ) ¢ a8 - s - { :
iagram.: . L . . . . : g
’ : . . - -
. ‘/' . - " . . s . e L
. -y . . . - . -
' - L] - g .
Y - . -
¢ & P A T
. W - e
* -’ . B
- * »
' .’ - %"‘.
". * . . - ‘ .
< ] S N
- N ) - L L4
< . Lt .~ "
:\\ ] . . . . .
L4 . ‘-' ., ’
- -



- .. Py .
< To show that T is a.subdiréct product it suffices to show.
. ‘ Lo . "‘ . . . ) . - .
. . that the mappina LEEEEL ontc for everv-1 = 1, ..., n.
el & .
* ‘ .\' .

Sinte R

. . r R. 1s strongly connected, rT = R for every

st * M [ ] . S
. -

: - e Let h + H.. +«Then u.h. ¢« R = u.T. Hence there
. i . 171 i .

.

r3
. Thus we have

f
g
o
n
@
L]

ehla;s a 5 T such” that u‘hi

. . . . - , — . y - . . - Y = . 3 ~ £ ‘ _. Y . T .
‘ (guiﬁhi - g(aiqi) g(ai;a, (gdi)“a for all ¢ L.Q%a Py

. . - -, — L )

. . . . 2 e : =" - i 2> ". } = pa“: 3
_This implies hy “a‘ou; T 1( )+ But '§§{“;g#5 s Rat

. .- L. 1 . - ‘\5:_— R . . .

s A O = -

h, = =.(:{a)). Therefore’ewﬁ‘ls onto.'"# e

1 1' A:F“‘\.&-":& ' \ . ’ . '
5 Corollary. The r system T is a subdirect product

h 4

of-faithful. stronqu connected rlght T-systems.

- Pr00f. This is“a{cpnseﬁggncepgf,ﬁhe Proposition.snd‘the'

] Corolla£¥ tthréposition 3.1.15. . # - L

A R U 4 o | S | . .

P \We.concgyde.wlth the followlng- .

"Theorem 3 1. 18 " Let M be a finite monozd.“ Then M is léft

S prlme 1f and only lf ‘the r;qht?M system MVl is 5 subdirect. -

L ..produc; of strongly cpnnected rlght M—systems.';

'Procf The necessaty follows from the above Corolrarf to (

- b Yt . -

Prop051t10n 3«1 17 . . oot

. . . s Cal

SufflcxenCy. We rémark-first that éinCe Mid a 1“:

. .. . A e .

l mon01d tKe r1qht ‘M- systam MM is the.same as: the~ Y -

"-. .e&-automaton AM = (M "!&) Hence'r-es_gl\ts concar i . B

L o . M.automata (1n partzcular Aﬁ'= M,

Mo

- . : L D L.
ﬂ} R . Supposz{M- is 4 subdlrect.product of,strongly 5 Lo




- ~ . .. -
- .xco"i;mec*ed right M- svsiers. Since e‘Veg fS’t"r'o‘;'mql-y .conne.c;_ted
- ﬁ ,/j\d syst;.n is left prime, by.the Corollary'to
. - Proposition .2.2.3.1,“4M is left prime. Finally by YL s
. : i

-~ - -

CorolIar» ,,8 to ‘Proposmlon 2. 2 Q*w.a l ?t ﬁm"“\" i .

JURNE™
Y ‘M'.\
i monoid. P - P e D T
~ AR b
’ .::.94-— \ _Q;:" g T . e ‘ .
e ‘%E:&m:gle 3.1.19. Let T(A) =7, &, b, 32, Ba’ be the :
- . . .

grans1tlon monoid of the ,rmht prime automaten * (§, .\'}‘ . .'.

. ‘é‘ ~

\e

..4. . QL Example 2.1.5. Thé'n is r.1aht prlme. Denote ., a, PN

. . ~' )~ . .

’ . 5 32, and ba, bv 1,.a," b, c and d respectlveiy a et ’
. , .. £ *

. I a; b? "C;¢ 4 be tlre. dual semlquUp of T(A) . Then |

P PP . .

M.is a left pr'

Ny - // S
- -

‘table. PO A R - Xl

4

N,
<
&
o
0
o

[}
N
\
Ny Nt <
\l-
[y - \.
n
T
S
by 0
‘l
1

hY
\
\
N
\
o [
a m, e a0
oTRNN' MR o SR + PR o
i
(9]
o 2R » e RN & S & 8
1

A O

»
-
s’

(]

y /' o a3 I ‘ . . .
L It 1s ‘.lear that the mmlmal rlqht ldeal of % is

U R = ,{ag, b,~&, dl. R It cdn be checked that.

t . " Iy

e T I L P A /a:bf%d\ -

e .x;ammwm0=={e=" A p g = }"
c e . .. \a, B, cyd o ;\q, d, a, b

T T . T ’ .'*-u, ¢ .

» © " The. free left G system GR can’ be represe-nted by the,,
J

-t tailowgns table.h. TN .' .-

F -"
.




. . a e R .
] . . : G .
' ' c - a ’ { -
: e e et T T T ‘
- TS T . T - ) ’
S S a c c
. . b a g .
» ) . EA @ .
® et ' = a,.b be a pase f:r CR‘~ Then Ga = -a, c! and
. * A : L * > ?
Gk .= b, d e (\b\f_aln' : '
] . \, . . S I
. : cra, ey Za,c\ -a,c : "a,c)?
b - 3] = = = | ! h = = : . >
I ("hll \a, c, ' _h12 \c,a,») ‘ “13~ \b,d/ "hl4 ‘ *\d{b, v
. ‘ - . .
' { ey b ,dy, byd\ Cb,dY ! |
t = b- = | r =+ 7! = ’ » - -
< 12 = } 'h21 N \b d r ! h22 i d ")/ 'hza \a ,C/} ’. h24 \C ’a’)/’ ) LN )
- ~ Both Hl and H; are strongly .gonneg'ted_,righ't M~sy-stemsf The
. - embedding of M into H; * H, is gjveh by
- . N . . . L] - ' . l » _(hll' R I_). ’
. ’ & . R . . ‘
o & (hppe hygdy ’
. - h ° . I}
. . ' ) e‘ .b - (%4' hzl), . N . ‘\'
. - ) c v (hll, h24) r ‘.
N - . ® A . - .
. o o g hyy) oy e e i .
" ] ) °- R .. . ) L " »
- - - s ' , ' . ’ ‘. - i . - *
y v 3.2. The -Structure of Duo Automats ... e . v S
> . " . : T . - ' . . .. .. ) ° . : N\.. .
i . . - ; ‘_ ~ . .
N . e Recall that an automatoh A = (8/M) is duo if for 4 ,
. : » . . o -
. %W a1i a, b" '™, there exist x, y € M such thatg sab = gx3 = £
. ) . d R B . .
B sby Fpr all s ¢ S, and. tha;: a semxgroupfl—s duo if aT.= Ta.
. K * e 1] . ! .
S . R .. Let = be «an S—congxu,énce of a duo a,ut.omaton S
- o SRR - . - ' ’
. A= (S M). 'I‘hen clearlyﬁ 'for all a, b ¢ M there 'exists - s -
j } . - - - : ‘ ’ - ‘ 5',‘ ' ‘
x,y¢~xsuchthat . S



'Y ., A 4
. N . - . )
. . . ; .
. S .
- N _ - - . - -
8G s
» ’ - ©
. ~ - , ‘— ---':.
sab’ . sya :ﬁ¥'{moq_“\° for-al}l s - S,

. . . Therefore every guotiént automaton of A 1s duo. Thus we ‘

- . - © -

have the following. " )
; Proposition 3.2.1.° Every duc automatopn is a subdirect
- n - -~ - -
- { S
Y product of duo irreducible automata.
Proof. Let-A be a duip automaton. By Theorem ,1.3.3, & is a
subdirect productjof Ai, 1 - I. By Theorem 1.3.4, each A;
. 2 - .
. is a quotientﬁqt maton of A. Therefore each A 15 duo by
. the above observation. The assertion ther follows.d #
) _( * _' . i " .\‘- . e ) L
. - “In view=ot the . 'e Proposition wi theh be
In viebet the .above Proposition, it 11 theh be

ent to study the structurg of duo irreducible

automata. If A is a finite duo irreducible automaton with
' transition monoid T = ?(ﬁd; we will-show that T is either

. a group or a union of a group and a nilpotent ideal. *°
. - . . " - oo N s N )
* Recall that an aytomaton A = (S, M. 18 irreducible
. if and only if  the intersecﬁion_of.nonéQUality S—-congruences
vt . is nonehuality. T 2 v
s . i ) ‘ . . -
4 R .. . . P} ! : . .
L First, we have the following. e :
v . ‘ S ’ . . .- ' .
" - .  emma 3.2.2.  ‘Let A =:{S, M):be a duo irreducible automaton ..
s o, . ‘:. . ’ - - - . * . - ' . -' - . .
E with T =,F(A). If e <~ T is an %gempqyent, then e is either
. Y . . ) N R _. . ; . . » - . . . ) -
e, . an identity or a reset. T .
T . N M _ R . ' ] ) . & . C o A R
\ . Proof. Let e ¢-.T be am idempotent. Then I = S¢ is an,. .
- ] N $ Y . . . T I . . )
‘£ °. 7. S-ideal by Propositian 2.3.4. Suppose e ps neither an, - -
. . . - . . N ‘e ce . \
~ . : . . . T “ . ’ L)
L identity nor a reset, then I # S:and- ,I- > 1. Thus the
oL e ), . . . . N . ' . ) . A
Loat N . . 4 . . - - ~ ’ - . N . e
'{ A o . ? - . . -7 . Y . * . “
P .- , . .r
s . ’ - . . v .
R J; hd . " . " -
- ]




Y ' '

associated Rees congruence . {I) is rd“pﬂuallyv

; -
. . .
de 1ned by 8 t eod ) if se = te. ‘We shall show that, -.
2 o o . '
As an S-congruence. To this emj,ﬁi%fs t (mod -). “.Then
2 _ "“'_ ) . . . * ) ) ,' v.
,se?. Since T is duo by Fropodition 2.3.4,.and hy

Proposition 2.3.3, every Mdemonotent.of T 1s 1n the cen:ii

.
3
of Tw Thus ii(a - M, then we have

- - - - -
sae = 'sae = sea = te§ = tif
. . B . . . .

~This implies sa ta {mod -) ahd - is an S-conaruencé.

. .

*Moreover, since e is not an identity, there ox:st s, t . &
& - - S,
dsuch'tbat s ¥ t and se = te. -Hence - 1s a noncuguality .
' R ) . s N ., & ‘ N
S-congruence of A. S - ‘
. It i's clear that cvery.class ©f - contains cxactly

T -
one element of I = Se.- Hence -~ /M -(Ll) = 0. This
contradicts the irreducibility-of A. #

- R ' : ' 7

.

vP}oposiéion 3.2i§; Let A =.(S, M) e a anité,duo

Lo . o ) . B
i¥reducible automaton with trangigyon ﬂbnOLd T = T). If
o ; . ‘--—-\ -
T is not & group, then T contalns a Zero eleWont and T is as
L h Y - . .
UnN{Pn of a qroum and a nilpotent 1dea1
I . ' > a ]

Proof. It is clear that the subset G of all.permutatldns P

of S in T forms a subgroup of T;. If T #'G, then there are

‘@elements. of T, which. do not act as ﬁérmutacian on S.
Sincé T 'is. ﬁihite}.if a e T - G,,.then tRhere gxisﬁs a
posxtlve 1nteger ﬁisuch that 2" = % is an idémpotent and

z # lS‘ 50" that P 1s a reset by the above Lemma. Moreover,

’
I
4




-

-

, rTlearly it is unique. *#.

. . R o= & e R S ' . N
Coroliary 2.° Any finite irFeducible automaton which

o - e
.(g, . -+ ~ - -

-

by Proposition 2.3.1, T is duc and by Proposition 2.3.3,
. . . - N N [N v > *

-w .. ‘. - ) ('Y NN

.2 I's 1n the center .af T. Therefore for every x - T,ewe

" obtain ' . ' . . :

This implies thq& z'is a zerc in T. ]

-
-

Let N = ‘a.a - T and a = z for some integer-n ~ 0 .
. . . e
e . . o . ( :
Then clearly T = GAJ N. It remains to show that N is a
7 : I : ' :

nilpotént’ ideal. Sinee.every element of N ig nilpotent and

T i finite, it sufficesg-to show that N is an ideal. Let*

a : N amd X < T. Sinc¢ a is not a permu;aﬁion con §,
Sa..< Sa. soreover, Sax' ¢ 'Si. < S . This iﬁplfes
. .o . . - N .
that 3% is not a permutation on 5. Thus ax - N.

Similé£l§, %3 - N. Hence N is an ideal. * )

, \ws ~ . . _ ‘ ) .
Corxpllary 1. If the monoid T is not a group, thénlA has
a unique null states ‘

-

" Proof.. By the Proposition, T contains a zerd element 7

- * < R

*which is a reset. "Then SE =~s! and s is a null state.

1

T !

contains, two distimct null statés cannot be duo.

. .

Proof. This is a consequence. of the above Corollary 1. 4

-

Corollary 3.° Any finite duo itreducible automaton-without’

null states &é°g“pprmutation“automaton; i

Proof. Let A.be a finite dup irredutible automaton without
e — g o . - . . . .

null states. By ,the above Coré&léfyllg T = T(H) is a

’

L)

-

.




-

-~

-

~

\

(Y,.+) is a latthce

Anv Semicroup

|

. hl

chain.

-

>
-

o . . - - . . )
Therefore, A is a permutatioh "automaton by

-

1), Define 1.1 = 1

isomorphic to ¥

“ @

-

» \ L R

called the two-el

. RN
gmenrt chalne

-

\

Corollary 4. Tet A be a

.
3 -, * 3 b - v ..

- 3 -

Then the

‘e
»

Proof. .By the PrOpositioﬁ,'T is érther a
‘f“F‘ - e

If T is a group,
'

of a qroup‘énﬁﬂa‘pilpoteﬁ% pie€l. .Lhen”

Ly

3 where z is the zero in'T. 'Clearly,
. T * - ° s =~
* - N - . - .

chain. #%#. .- .

L)

’ L
—element

Rl
.

. Y .
Examphe 3.2.4. ’LetAA.L (Se X) be the f.i. automatonr over

-
]

‘a, b, ¢t with 8
. , C -y

ransition table:

NS , P -
Lt can be checked that' T

. ——— »
- TS T,

finite dua irreduc:ible automaton

“i1% is a singleton. If T is not.a group, then .t
. . . . T - . .

. o - “rf

‘set F-of all. idempotents of T = T{A) is either a ..

group Or a unicn

s

1s also called the two-glefent

L

.

- . ot . L 13 - k
singléton or the.-two-élément chain. il - R -": .

in this case,

4, 5, 6! and the following







- ’a \ '? -
T S S g4’
. . h ‘ ) ’. o . :
SR PR ot e LT - ]
S ci with following muftiplication le:s - -
." .;\‘\ g» g_‘ p b ] ’/tab N - . .-
t“'T 3 B 32 3 Ba & o’
- 4'; - - . 3
. - 2 —m -
A \a‘ﬁ a- b _32 ab ba c . z?- .
ol o 2 — B
a ) a a’ +ab & ba. *b c z?-
. b .‘, —_— —_ ’ -2 @ = —_ _2
b b - ba. X ab ' a a c R
R ‘,az E az. X ba a b ab ¢ 2 o
: i b 3 B8 T & F @ .
.’ — va— -2 -— " - ..' — . * ~
T ba | ba ab az‘ b* a hY c &2
& 1 { - ' T - — . — = — — _2 _.2\
. Y= c .=¢ . cC c c .. C c c
’ ’ — —_ . * _ P -2 — . '
R I
Il'. T . .
_Since XT = Tx for all’x € T,.T i$ duo. Thus by Proposition
- 2.3.1, A is duo. The subgroup of T is _
G = {T a, S, %2, ap, ba '}, the zero element of T‘iz.s 22, Cod T
‘ the nxlpotent ideal is N-=. {c, c } and 'I' G w N. # - .
: . ‘ R
- - . * '
o \‘zgshfollowxng theorem eoncerfs the structure of

o finite duo automata.

~

i -

" - 'Then byuProposition_3.2:3, each T.

\
Theorem ‘3.2. S‘ Let A = (S HJ be a

- Proof. ‘By PrOpositlon 3.2. 1, A is a subdiréct product of -
' duo irreducible automata*_sgg>ai, 1 =1, ..., n._ slnce H’

is. finite so is every.Ai, .Let Ti‘“

s i - N . v

fxnxte duo.automaton._

e 'Tﬂ\\\Qpe transition monoid T(A) of k is a subdxrect product~'
of\a f1n1te~number of moﬂo;ds, each of whlch is e1ther ‘a

group-o .a union of a group and a‘ nilpotent- xdeal.

-rmi), i=1,;...,‘ n. .

is either a group or a,’



" Y~ .
‘ Y P N ~ 1 R
~ ® . * ¢
- »
‘union'q qroup ang aﬁﬁiipptent 1aea1. By Theorem .1.3.7,
-2 T(A) is. a subdire oroduct of Ti’ i=1, ..., n. This

completes the proof. " # ‘ R

Recall tget if an.aueematon A‘=.(§; M) is
eubdireét prgdﬁct of eueomata gi‘= (Si.'M), i = 1,;.‘.ﬁhmﬂ
‘then the embedaing of.j/r*TkA)’intthhe direct product

31 T, of T, m(ii) i¥= 15 .1!, n is defined by i

j= - _

:¢(51 = (5‘1), A a(n)) where aeM, ac T ls"the Eg- qlass '

=(1)

.'coﬁtainiﬁﬁ-a;and for each i-= 1) g - n;. £ T lS the

E_. -class contalnlné a (see the proof of Theorem 1.3, 7)

.S ’//

Let A = (5, M) be a duo automaaon with tran31t10n -

-

LY

v‘v mbnoi& T = T(A). Then by Proposxtion 2.3.1, - is duo, end
o by Prop051t10n 2.3, 3 eVery 1dempotent of\T 1s in. the
Ea. center of T. Thus if e and f are 1dempotents of T then

| (ef)(ef) = eeff =léf _ THis implkies th;; the set F of - all

- 1dempotents of T forms a subseﬁigroug, 1ndeed is a S,

Ve ’

commutative band.. Moreover,aas a consequence of Theorem

-
-

- 3.2.5, we h§§e~the f0119w1n9-regLIt,,

v+

cOroiIanx. ‘Let.A = (S MY’Be a. f1n1te ‘duo automatdn w1th
transition- mono id ? —,T(A)._ Then the set F of all
“ideﬁpetents of-xmas a subsehigroup which is‘elther ‘a
' s1ng1eton or e %§i1rect product of two-elenent chains.
Proof. As in the pr?of -of- the Theekem, T is ‘a subdlrect

product of Ti' i= 1, cera ﬁ. Sor each i = 1, .1.,.n. 1et
. ! - -




" Proposition '3.3. l; Let A = (S, M) be a globally abelian

,(F)Q%“§ifﬁi since & s a semlgroup homomorphlsm. . T R
MorooVe;: for oach i.= 1,'..., n, “i"F 1; ontq. Fog it . ";
S(i) € ?ig; Ti' then there exists x a‘T such :hét ¢ p

hji;QE) = -(i). If % ; F, 'Ehen we are done. If § ¢ F, ;heﬁ-

-PtOpOSltlon 3 2 3 whlch yzelds that each F is either a

‘slngleton or the.jtwo-element chain. ‘ﬁ Co L\’_F ’ "= 'v.k

.323. Some:Pfoperties of GloballgﬁAbelian Autométa ] ;' (i' .
~abe11an if- Sabr Sha for all a, b € M.

‘automaton and 7 .be an s-congruence of A Theh the quotient

'For any a, b E M, if FR3 Sab, then there exxsts ‘t g s such

‘Therefore S ¢ Sba and. SahC Sba. By symmetry, Sab = Sba
.-and A/w xs globally abellan. #‘\\\
] orollarz. Every globally abelian aﬁboma;pn is a\subdlrect .~}jjf

. -v\.- .o ) .
product of globally apelxan 1rreducxb1e automata. '
- ' ".'"-'. . 4 y . . . " ' \‘~ s * ) o".:‘
. . . . - \\ . . .
L\ .

. - .~ . - 1
S
. .
. h -
~ Lo
- T~ - -
. . .
. . .
' R - . - -
N . . e K .
il - v ‘

F be the set of all 1dempotents of T, .; Then clearly

there exists a positite ln;eggr 1 such that (x)™ ¢ F. Thus *
(1))n'; fr+~-~n_nu

Pre T =g T = (e

Therefoxeﬁﬁﬁan is onto.apd‘F,is a subdirect product of .

Il

Fio :..Fn. Thg~assertlon then follows by Corollary 4 to .‘

-

’ .
. Recall that an automaton A = (S, M) is globally

- -

.
. e - ~

automaton.A/w_a (s/w, M) is also globally abellan.' ~

Proof. Llet § = _§/n ‘and s be sﬁe w-ciaés ‘of S contalnxng s. .

that t ¢ Sab = Sba. "rhis implies’ t © Sba.” But € = 5.

. "‘"-—‘
k]

/




1 - -
t : ¢ L b PES -87
" S ° [ o R
. L _ P .
: ) : _Let x_ be a nonempt‘ set ' The le&t zero .sem:.gr&gp
- - ‘.: on X is the set X together w;th the Operatlon * defxned by

asb = a for all a, b g X, It is tlear that » is assgc1at1ve )
-—n -

-

and_that every element of,x is left zero.

_ For the rest of this sec‘t_':ion," let A = (8, M) be a
« - 7 finmite ”globa-lly abelian autoﬁaton with transition monoid -'-
'=.T4A).f; o . L o I
‘P;:gposi'fzio;‘l.‘B.g.Z. The ‘'set ¥ of ay idem’.pot_:ents_ of T is
: o a subéem_!;;roup wrf_zch is a hnior; «cff left Bero séniérgu'ge.
‘ Proaf, 1f é.!f.;lr, then by Proposition 2.3.6, eX = exe
T for. atl X s T, so:‘that w S L
. - _ T ;"' (ef)(ef) = tefe)f = (ef)E = 'f i e
: - |

Hence ef ¢ P ’Vhere‘fore P is a subsem1grqup.

.. Def,xne.an-eqnvvglence relatlon“ﬂﬁ,on F by e : £

i (mod-m) 'if Se .= s? C-learly, 7 is a r‘icjht congruence,

a7

_Morebver, ‘s#nce A 1s gloBally abehan, T is commutatxvef -

R 1e.,ef fe (mod w) foralI e,fét-‘ Thusnxs.a
_'-congruence. Let [e} denote the Jv-cla‘ss contammg e.

Then F-= " [el. We shall sho\v that every w-class is a
eﬁ' o
lef.t zero semigroup Let e, B € [e] and s e ‘S, Then -

&

'..se e: Se Sf. Thus se tf for some t €, S.' We obi:a’n

e f3‘ sef = (tf)f - tf N 2

o =

15.

'rhenefore ef = e and {e] ig 2 1e£t zero sngroup “This |

™
v
.

’ L

e canpletes the proof. t C “._' o ’:-,-_ i




‘./\.?
s

e

.'nL

: '
_Remark. In fact §‘ is a semxlatt,xce 1see JBJ) of left zero

.Proof. i) . Let R’ be 4 minimal. @.l@ht 1dea1 of T. Since T

" since ese = es by PrOposition‘ 2.3. 6. &

.

? : - ) [ . » 3 - N -

4 ’ ., . ' s
.- . .o v : .

sgmigroups. f ’ o . “o.

-

-

Proposition 3.3.3. -In the monoid T, the 'f(il'lowing are

true. ' )
. . >

(1) Ever;?ﬁinimal right ideal of T is a grouyp.
(1i) Bvery' principal rjight _ideal generatféd by amr . . s

-

1dempotent is a homomorphlc :.mage of T. . . f‘.

1dempotent e £.T, We cla:.m that 1

(1]
(2l
n
5'-
m
a
'
=]
”
i,
‘4'
0
"h

R. o) thls end, we 1et°a e: R. Tﬁen

eb for ‘some 5 € clear that 23 =-3. ' Moreover,

ae = (eb)e = eb = a since ebe =. &b by:Fi'oposition 2.3.6.

Therefore ae -rea -;- a for all a:e€ R and e is.the 1dent1tx

N _ :
‘1

L d

-

ofR—'Phts—eeg-ee-he-E

' N S - .
_;1ght ideal proves that R- is a group. - - / -

&

(.11) Let R = of be the prlncirpal ra.ght 1dea]: *

l‘ -

generated by an 1dempotent e e’T. Def:me a mapp*ng ¢ of 'I'

v

into R = 8T by tqb = "et. Clearly ¢ is onto. Moreovér ¢ J‘S.b

' a homomorphi-sfn for 1f_/€nr, /bzn e - -,

. ,‘;;!ce—‘;:; (st:)rb e(st) (EB)A: - (a’se).t - (as) (et‘)' - .(';§)'.-(E¢) :~ ’ :

e et i
o, . . R = . 2

‘Leimha 3"3 4. Every left ideel gvenerated by an, idempotent

of T is two—sided. COnaequently,e the minimal ideal I of . 'I”

is of%lthe form’ I - Te for evety iéembotent e £ I. ‘ A
. © proof. Let e e T be’ an 1dempqtent ‘and L = Te. If a"e-L,- r
. e Tt . - '.“"-r. - ﬁ T
4 . . . . - ._’_. i ) . ,



then ae = a. Thus for any X ¢ T, we have. Ei = (38)x = a(ex)’

W= a(exe) € Te = L since ex = exe by PrOposxt;on 2.3.6.

Therefore 1L is a two-51ded 1dea1. 7

- -
« -

slnce T is flnlte, the last statement follows

<
.

1mmed1ately from the above.3 ¢ - )

A semlgroup T is a left group if T is 1eft simple.

and rlght cancellatxve. ‘For azflnlte semlgroup T, T is

left sxmple 1f and only if T is- r;ght cancellatave. “Thus ~

Aif T is flnlte, then either condltlon 1mp11es ‘that T is a .

. . i . €
left’ group. ’: - g - P .-
V- LY PR - ' ) :

- L 4 . -
L L4 . N

Proposxtzon 3 3 5. The mlnlmal 1deal of T is a left group

¥ . R S

oProof. MLet I °be the m1n1mal ldeal of T. Slnce T is ' - .

_flnlte, so. 1s I. By. the above-remark,-gy sufflces to éhéh i

A
that I- is left szmple. ' ‘ R .

Let a € I. Then ev1dent1y Ia CZI. ConQersely{‘

\

since T is finite, there exists a 9051t1ve 1nteqer n such o

R
that a’= ‘e is, an 1dempotent. Clearly e e 1 and Ia Q Ia
S )
= Je. But Ie = Te s;nce 1 is an 1dea1 and e & 1 15 an .

idemootent. Moreover, Te is a two*sided ideal by .
: Lemma 3. 3 3. 'rhus Ia5're.21 by the minimal:.ty of I.

Lt

',Therefore Iaus I and X is left simpleh ¥

[T

o*
PR



. 4.1, Sode Propertles of Regglar Languages ,"

: e : .
of zj;plar languages, namely RP—regular languaggg and o
. LP-reg

the subsequent discussion.

. CHAPTER 4 -

RP-REGULAR LANGUAGES AND LP-REGULAR LANGUAGES
! "‘ . ' v o« .
In this chapter we shall define two -subfamilies

ular languages. and st'&y their. algebralc
e

characterlzatlons. Begpre d01ng so, we recall some bell-

knbwn propertles of regular languages, whzch are needed for
- . -

A

o ot ) I}

- o . T »

L B N B .
s v -

?Let U and V be langdages over aﬁ alphabei
,M
ﬁnlon or sum of U and V is d!hoted by U + V, th

1ntersectlon by U r\v and complemont of o by g. .,'

e 4 . PR

L4
.

.];a 3Ju £ ul where R é KX,

"&hé i g X ﬁqr L = 1,:.ﬂ' :

The Q;oduct or concatenatlon of U and v 1S the
V . ’

language oV {uvlu € U, v £V} The star Operatlon or

1terat10n of-U ms the language ur = zo'U where U {A}

and U = U éf for n > 0 If U = {w} where w € x*;,then;

\

. A PO

{ - L SRR

we' wrxte U¥ = w*. --. ‘-s. . . : E A .
. ' - .

...

13

Y The trangpose or mirrer ﬁ qﬁ U is the language

-
-

.....
v

. by

-
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%

, :; Recall that an acceptor over ap alphabet X is a

qulntuple A

fiﬂlté.f.l.

and FC S is the: set of final statesl‘

hY

(S.- X,
’

\\

S

. Sp
‘automaton over X,

.

, FY where.A =" (s, X, 8) ;s_a ‘
Sg € s-}s the initial state

Theclangpage

.“Q are in 1‘., o I - . . L L . ‘ .

accepted by A-is denoted by LJA) =‘{§{£ e X*, (So)xgye Fl.

L. " For anyjacceptor A, its automatbn is alwayé'denotef by A.

» <
i@ﬂily of -

I Let xube an algpabet and A-be a
R % ¥ automab’over X.

ey

accepted by acceptors whose automataeare in. A then we say

that T 1S‘def1ned»gy~A. Thus T 15 déflned by A if for any

A

U C X*, U € T if and only if there exists an- acceptor

o such that 'L (A) U and A e A ' 5' .- '.'.; .
. ~ Recall that a tr1via1 aufBMaton is an autcéhton
- '§i§§ cnly‘oqe,stete.;i 3“" T ‘ .f . LT
‘ . '. ) e s ‘. . ‘,_ B

Lémma'q 1'1.

-

Let A ﬁe a Tamily of f i. automata over an

. alphabet x and F he the famlly of lénguages éefxned by Al

3If A conta1ns tr1v1a1 automata, then the languages x* and

- B
. D

PR . c _. . . i e -

" I Proof; Let .C é (s = {s }. x,»ﬁ) "be a tr1v1a1 automaton in

A End A- =" (S = {Sbrp x' s, _39' F =. {so}-)

L3

aMA=CeA.ﬁ, .‘f~@ Lo

N On the other hand,plet L, g*,; ‘. ~;_en‘1 7.
{so}, X, 8,78 0r 'r'= . :'he;';.r'..o‘@)’;s 6 and
Therefore x* and Q are in r.;z#-\’

= .
e . . ‘-
+
. . . . 'Y Lo .‘ B LR B - .
oy e - Ll . . . - .' . ‘ e - T
Y B . . .

.'
- ' .

If T is the famlly of languages v

-

. ., *

~ Then L&A) = x*




‘%‘MA‘X B,. w1th SO= (so; so) and F° (F xS)U(S xF)

. " .
- U+V-L(C) _'rhereforeU+VeI‘.

4 '
. I‘
D -~
N .

E Lemma 4. l 2. Let A‘be-a family of‘automa‘ta over an
. ¢
-alphabet X. “Then the family T of languages defmed by A
. .
J.s closed under takmg complements. Moreover,' if A is \

closed under taklng direct. products,' then T is closed under

-

un jon and ih_tersec'tion.
é_r_o_cl_f_. ‘ If:0 ¢ I‘,' then there exists an acceptor

A = (S‘,'S(, 6; Sg F) such that ‘U = L.(A) and A e:_JA. Let

B, = (S';, X, §, S ?‘) where F =s - F. " Then it is immediate

g fthat t"J'-Z- L (B) and B=A¢cA. This 'proves U s-'l.“.'

ol o (A Now suppose A'is. closed under ‘taking dxrec:t

‘, ..‘products and U, V/e I'.. Let A= (S r Xr. éA, FA)'a'n'd—“

(S r X, GB, sg, P } ‘be the acceptors such that U = L(A)

C
i€, sgs FO)

’

and V = L(fa'), and A, Be "A. Define c = (s . X;

to be the acceptor whoses automaton is the direct product :

. . . N\
oannda,xe.,c-‘csc.x.a)=(sf‘.xs,x, sﬁxs)

C

Thmw bypothesxs, .Ce A.- It can be shown (see [11}) that

- ' On-the other hana, if - D = (s ’ x, GD g, E\) is

v
\

. the acceptor where D = A’ x B, 89 = (so, so) and . Lo
o : L
Pé’x E' v then it can be showrg 1see (11]) that .
UﬂV=L(D) WJ.thD=A«B{eA weobtainU(\Ver‘ 3
’ ' : -t T . .' ) ' ‘ .

T .' : Gcmbimng these two lemmas, we hage the followzng.
' ‘Proposition 4 1. 3 Let A be a: family of f -i. automata over

- . '
.. i

-l alphabet X and T. be ‘the fasnly of 1anguages defined by

B




A.®1f W contains trivial automata and is closed under

taking direct products, then T is a boelean algebra. #.¢

L)

Corollary. " The family of regular languages over an

alphabet+*X is a boolean algebra. $#_0. -

L 4

. L 4 o g
Let T be a semigroup. For any subset H of T and

dny a ¢ T, we define

(i) H.-a = {x}ax € ﬁ; X € Tha - “:u‘
. (ii) B .a = {x!xa e'H{-x € TH. - ’ -
(415 H..a= (0, y)ixay € Boox, yoe TH ¢,
) ‘(iv.) a = b-(mg&d sz) if H.*a = H.'b. .
L (v) a = b (mod ‘yR) if Heea ="H'.b. ‘ _
"(wi) ‘a 3-b (mod R,..) if H..a = H..b. \

e .. [H] .
" . It cen bé shown (see .[ 2]) | at R, is"a right

congruence on*T, HR is’a left congruente on T and [H] is a

congruence on T. They are called, respectlveiy, the
-principal rzght cong;uence, the pr1nc1pal left coggrueqce

A

-

- - and the pr1nc19al congruence determ1ned by H. lMoreoveE. if

T 'is a monoxd then H 15 a union of some classes of R HR-

/

R T I IR | e
) . o Now let X 'be an arbhabet and U be a langua 'ng;t :
T,
. X Then 'U is’a subset’ of x* stqg the relatlons U’ uR -

" and R[U]’ an algebralc characterlzation of regular

: ‘ 'lanQuaqes can be obta.med as follo;ws~ : -

.  Theorem 4.1. 5. Let U. be a language ower an alphabet x, ,éll

. . ’ The beIQW1ng are equlvalent-

. . .
- . e~ B




) N . - 4( ' .
- (i} U is-a regular language. e

- '. ’ ) ) i - ‘. s -

(ii) + U is a union of some classes of a congruence of

P T ., .
finite i1ndex of X*. . - e

. s oa - . . . 2 ./ . ) .
{iii) U is e« union of some classes of a right congruence

of finite Yndex of X*. e , )

- *

 (iv) U,is a union of some classes of a leftAcongruence

-

of finite index of X*. °

(v) The principal congruence RIU] is of finite index.

(vi} The principal rlght congruence Rﬁ is )f flnlte

. index, ' : . ..
(vii) The pg\ncipal left cpngcuencé_UR is of finIte
index. & : . ?

(viii) 'U'is accepted by an acceptdor over X. &
. - ’ - . ° s ™ ' .
For the proof of the above theorem, the reader. 1is

referred to [ 9] and (111, %
®
¢« : ;
Let R be an equ1valencaurelat10n on the ‘free monoid .
/

Qe* generated by an alphabet X.‘ The transggse ¥ of R 15
'defined by . ' . '
”. i ~
. - o '\J . .
XY (mod ﬁ) .1f ¥ = ‘(mod_.R)

It can be eaS11y sh0wn (see [11]) that X ig- an equlvalence
N

relatlpn of - same 1ndex as R er x* and R = R. Moreover,"'

- -

R lS ‘a gsghxiﬁ?ngruence if and only 1f ﬁ is.a left

congruence, and-V1ce versa. . o - '’
. . . . . . \ R .. ‘
.I.;émg-‘ £.1.5% Let U‘be_'a language over an alphabet X and R

" be aﬁ\equivalence-relation on X%, Then U is a union of '



L

8 ae L -.: Y .
, Y. —— - o . - . o
a " ~ v » < ’ 3 N
. . . . 'A':
‘. A .. . . % . x.‘ . »
. : o . * * : L
S N v, ) . . 95
".‘. N .:‘ " ’ 5 Lo e y
: SR - ,
some R-classes if and bnlv if ﬁ is a° unigh oA,sdme B
* . ,: - ft“ " . ‘.f~ . 1' v, - R *
» ﬁiclasses. ) s ~ " - . oo oy ..
- P - - - - . . . : ‘: . ® .t "

A" . .
.U U Co ) , ‘ .

~
‘Proof. Sirce X = R, Yt s¥fficed to prove the imaulication .
—_— S . : £ : R SO

. ; "_ e R = f“
and a = U. The;@forg‘b SRR and @ is a:nnlonsof scme;rxu
: B P : ” )
N . X ...‘ . .n ._‘; .._n . .“ R “"_ R -
-R-classes. # Ty P Py 3 SR .
: : . T s o " = R
& P '-." - ) ,', ; @ _: .o S -

. 2V AN, N
X e a .a. We have xa ¢ U hence ax = xa ¢

. : ~ 4 — s
u.:b. Tﬁégefore_gﬁ = gk e U and xb ¢ v hence: x ¢ &t:p,

‘ Al ow S . . . " o .
. v o7, J . . S els
. N . . o -
one way. <~ ) - . . -, . D
~. . e > .t N y .« : W -
" >
S

) i v . ‘. LT
Suppose U is a union of rsome R-classes. .Let

. . -". : _\4‘_ .. N . .\‘ HJ, - 4 ~_‘,'-’
a - b (mod R) and-a s.ﬁ. =Then Q:s U SJnce a. . &ﬂod wt

G

Proposition 4.1.6. Let U bexa language over ahﬁaiphéhet X. s,
— - v ; - f-‘ N -

Then the, transpose:R

determlned by U i's the pr1nc1pal leftvconqrqgnce ak 73;.

of the pn&nCqul rlaﬁt congruence RU

A
determined by the trahnspose U of U,.l.e,, R

b4 [

§=R.‘ . . < . ) . i w.-\~ o

U“i«GR‘ Dpally, ~

Proof. 'We.ghall prove QU = BR only, sinée a dual afgpment <.

wlll‘show Uﬁ = RYy. - - - ; -:3 -
o : . Y A oA L 4 .
Suppose a = b (mqd RU) then a = b (mod RU). Let .

v
e U,.%a =

nG
o
3
fo 1

w

Corisequently U-.a-C U b- By’ symmetry, U .a = J-.b a;ndf'
a = b (mod aR)ﬁ S S - . i . R

R . - ~.~'," : s ’ ’ L
, Conversely, let - a = b (mod aR) and X € U.'g. Then" .-
[ ° Lo ,"‘ N , :
kx-e'U ‘hence *a ='3x € 8 ThlS 1mp11es X € 8 - ﬁ b s
A /.

therefore xb e & and bx € U. Thus x e U 'b and u. ‘aCZ U;'g.

By symmetﬁy, u.- .f U.'g-a de 2 é % (mod RU) iﬂﬁch 1mp11es'fn .

b (mod ku). s

~ - AN

1
bt




" v v -
r o - - I PO tay i d
2 N o - T e R LU 3 .
- _‘é* . ‘3‘: A "} .. .t b0y - - o AR N iﬂ{[ *" . -y
i i . A - . 4
= R 2 B RN L L3 . R '
a ~ * - ‘\r . LRI o e P e
. q.:x . ~ .’ f - .t - R -
LT . Let ‘U ‘b a regu}ax‘ lénguage Jover ‘an alpbabet LA
» L] . - v
. . 'rheore:g 4. 1.,4 thé gr:unc" ; ‘ht congruence R .13 ofn.,

SO AR L i LY R
oo L q(_ & ) - .
ey .-~-wf—r$f!e- 1ndex an? g is a unlon of Ru~classe.s. Let :.{ Sl

AT 40 R .
h i B 3 \- ~ £ At S e sV -of

P ) '

L I .
oo .S ‘xxa a £ -‘{*T whe*;s-e a denotes the RU-CJ.ass ccmtalnlng a. -

:--;-.:.\ ) A JThenf S 1§ flnlte. Defz;me A(RU) = (S X. 5. Sq “) ‘ithe
" T (a)an = ax Qar everfr a £ s-'-a.nili,:zﬁe x‘, SD -»-!L a d L. ! e
- .. . . — ".'_ g
- .. - E = {u| e UY. x'rh'en A(ﬁ '*3 is-an acc,ep:tqir ouer x. It c:an
\‘5_~' -‘. M ) _‘T" .“'".-.t.-- n
Tt e 'be shown (seé- 9} am& [11}) t’hat U = L(A(RU)) and that J.f
.:; ) - - '. : -..;.. ,J. -
- P § &, 6#,_ sb.%ﬁ‘B) ief. a.:iy acceptor equlvadeht "to
N i ; 2 o b ‘
I A'(-'R ). then}isl < Is® 'l-'.-,.qu\ v1ew o?. Eh:.s property, the: L
"'":\i'.:__' ot ' o
: o . adzceptor A(R ) 15 called the reéuced accgtor accept,}ng U..
SR ) R ' - ‘
- T S S .3 @ R : , A
. . A . The follgwlng ‘is a well-known theorem (see .7 ]) s
¢ "2 2
T Ct - whiich’ 1 ks th truct r 1‘ r 'l “a.nd-
‘ . C__o in e s m!i'f a egfu a anguaz}e the .|
¢ " structu,:e of .an automaton. ' .
° / ‘ Theorem 4. l 7. Let U be a. regular language over an ) |
' ,, . e alphabet x, and A(RU) be the r_educed"acceptOr acceptlng Ul
. . o The'n S(U) = THA) where A 1§ the automaton of R(RUY- .- LA
.t ; - = ST ,
. . . “-e : .. . .t . - , “ . .
- . - . N » <
. r' - Tre - . ‘ 7 T . T, T ”. . ‘-‘e
4.2, RP-Regmlar Languages. S " .
L e R ‘T v ‘ S Tt .

R Let x be an hlphabet.. An acceptot A over x 1?

R . ' rxg_hthrme if 1ts autcmat:on ‘A &s r:l.,ght prme; Le.t A be
oV . BN <7 ‘. &
. . . ." ‘ i:he fqnillyf of right ptime f..i'.; autdmata er: x and I’

fthe fam;ly cf 1anguages defined by IA A ].angnage U e\x»e‘
1s RP-r_e_gngE if U € I‘R. ’I'hus a J.anguage U is RP-regular

| if ang. only if it is accepted by & right p;me aCceptor,,‘ g

.
L .
4 ‘. - ‘e . . PN - P N .
. . - . . . s ‘- - - - -
BN . s L. .. L. - . - . .t

>
.




APropésition 4.2 ‘1. The fam:.ly f‘R of RP-regular languages

bver an ,a}phabet x is a boolean algebra. .

':'Proof. ‘This follows from Propositions 2.1.10 and 4.1.3. %

. ‘ s R - < R L. [ ’
Prjosit’ion 4.2.2. Po'i: 6every RP-regular language U over an

alphabet X, there ex1sts a connected right pr:n,me acceptor
. _" [

accepting o L . . ' .

e . -5
Loy

" Proof. Let U= L(A) where A is a right prime. acceptor over *
R + . ' c . - L g .

, 'X. Then its aptomatop A is right prime. By -Proposition .
a N . ' o . .

. T - ' ® ~ Fl
L 1.5.—-1' there.'existi a connected acceptor B over X, whose

A

autona.ton B 1s a Subautomaton of A such that U = L(ﬁ) . By

a

. Propos1t3.oh 2: 1 10, B is right prme. Hence B is a

connected r:.ght prme ,acceptc&‘ acceptlng u. !

. . .
- - - N . -

'o\-,_' i - ° <

tlge N-auto;gaton 1nduced by R and denoted by A(M}R) . If ‘R

. 1s df fmite uxa-ex, then n/‘R is fxnrte and A(M/R) is: a )
f:u?.te aut:omaton./ A T o S

.

. PO -’
- . . . N N .
[} . . . .

Recan that an équxvalence nelatien R on" a monon}
/

M is nght prdime if for aay a, b, ¢ € m', axc ='bxc. (mod R)

for all X ecM impheé a.zh, (mdd R).
s \! .3




. . W1

. ' :
Y Theorem 4.2.3. LetU be a languaqe qQver an alphabet X.

-
. . . . X

’Then- the follow.mg are equ:.valem:.

N ki) U is RP-regular. . Lo .. | )

_ (ii) U is a union of some classes of a congruence on X*,

t
L ]

which is right prime and of finlte lndex.

\ ©o(1id) U 'is a union of some classes of 2 right congruence

*

LTS

- « 2
on X*, which J.s r:.ght pr:.me and of finite ,index.

Proof. (17 xmplles fii). Let U be RP-regula'r. Then there .

ekists a right’ pr:ﬁé _acceth;\A;-zS, x. $, 0. F) such .

o o " that U L(A). . It 1s known (see [9] and f11]) that U is a

Union of some classes of the congruence ES on X*, Since S§ --.- .

- . ‘ : W .-

- is finite, E'S is of f:m:.te index. Moreove_r, fro_m the proof

- B hJ

of Prcpoeit-ion. 2.1.6, we see Ehat Es is right prime. ‘4

. Therefore (ii) holds. ' . - - . . )
: (ii) implies (iii).‘ - Obvious. R
’ “ &
o (111) Jmplies (1) . Let'U be a union of some
\ &" R-classes of a right prime r1ght congruence R on. x* of. .
‘ ."‘, . "fnut!e index.. Then the automaton A(X*/R) induced b’y R is a
f.tm.te automaton. Let A,- (x*/R, %, n, 0,' F) be the
: : ) acceptor with A.= A{X$/KR), 8g. F [A] and P ({u}iu 3 U}
'I'hen it can?’be.shown (see [9] and [11]) that U= L(A).x_
. ‘Moa:eover,_ A(Xf_,/R) is rig_ht prime. or suppg,ge
-falxe - [,b}.:'cc for. all :lz'.:e‘ X* 5 then' [afc] /= Akbxéil;‘fog‘an"

X € x#.'.'- That ‘is, axc _-'.‘_'bx‘c (mod R) fog all x g Xf. 'i'hi‘s:_

"

b (mod 'R) since R is right prime. Thus

- - * - Al
Y H b . . e R

implies &

4
-,




a€

- . .
-~ N - -

fa] = [b]l and A(X*/R) is right prime. Therefore U is:
. ' RP-reqular. & ; T Tl : iy

. .
[

We shall give an example® in the next section td

. rad .
L o - show. that the principal right congruence RU of an RP-regular
. . la.nguage U need not be‘.right‘prime‘. . & ' v -
.- t . ) . h : d ' o [
4.3, LP-Regular Lénguages ) _ .1 . ’

-
. + . -

. An acceptor A over’ an alpha 't x is left'prlme if

its automaton is left pr1me.~ Eet be tne“famxly of ‘left

-

prlme £.1. antomataa0ver X and I, be the faﬁily of

-

b - languages deflned by A ‘A langpage U over X xs LP—regplar

. - iU T Thué a language U.is- LPdregular if and only 1f

o ARV € T
" - U is accepted by gelgft.prlme_acceptor. e

-

Proposition'4'3 1. The famlly e “of LP-regular languages

over an alphabet x is a boolean algebra.f' j- . 2

A AT
-Proof. Thxs follows from Propos1tlons 2. 2 12 and 4 1 3. ¢

\

’ Propos;tzon 4. 3 2 For every LP-regular language U‘over an
: -~
. . alphabet X, there exlsts Qa. connected left prime aceeptor ’

o

o acceptlng U.. - i" .

. ~  Proof. Thls proof is analogous ‘to’ that of Pr09031tzon
‘4.2.2, Let U = L(A) where A is a left prime acceptor over
-~ o X, Ten.its automaton A is’ left przme BY'Pr°P°3131°n

-

1.5.1, there exlsts a connected acceptor B over x, whose

»‘R 1'147 automaton B. is a subautomaton of A* such that U= L(B)

-

N . i “ ) L X - .- .
-~ - . P N t
N -~ . B » . ..
N - - .
v




. By Prop051t10n 2.2.12, B is left prime. Hence B is a

. A b

connected left. prlme acceptor accepting U. # .

fRecgll that an equivalencg,relation R on a monoid M
--ié left prime if for amy a, b, c £ M, cxa T cxb (modiR).fot

< all x ¢ M«implies’a .2 b (mod R). .
L : : - " ‘. . "f'.
First, we prove the foliowingz

Lemma 4.3.3. Let‘U be a language over an alphabet X. 'Tﬁen
U is LP-regular if and only if U is a union of some classes -’

of a_oongruence on X* which is left prime and. of finite

index. S o -

L 4

Pioof. Necessxty Let U be' LPrregular.» Then there exists.

-

g a 1%t przme acceptor Ar= (5, X, §, so,-E) such that

="L(a). It is known (see. { 9] and lll]) that U is a union
of some classes -of the congruence Es on x* Slnce S is

flnite, Eg is of flnlte 1ndex.“ Moreover, by Corollary 1 to A

Propos;tzon 2. 2 8, Es is left prlme. T

Suffic1ency. Let U be a union of sdhe R-claSSes of
' .

a left prlme congroi\oe R on X* of finlte 1ndex. . Then the
"automaton A(x*/R) induced by R is a flnxte automaton. Let -
A = (X*/R, X, &, Sg P) bé the acceptor w1th A= A(X*/R),

.= &1 and P = (Lu]}u € n}. Then 1t can be shown (see

- . .. '

%o
[91 and !111) that U = L(A).

i‘jj Moreoyer, A(x*/R) is left przme;‘ FOr suppose

[clxa = [c!xb for all x, c X*, then fcxal = (cxbl for all.

x € X*.. That is,.cxa-‘ cxb (mod R) for all X e x* so that

-

N




i £n~\_ . &
w0 T o * 101

- ) ) °. N
. e

= b (mod R) sihée'R is left prime. But R 1s a congruence,

- 4 .

- ’ thereforeuxa 2 xb (mod R} for 311 x € X*. Hence (xla =~
. [xa)] = [xb] = Ix]b for-all [x] € X*/R This impliés that

. the .automaton A(X*/R) is léix prime and.ﬁ is LE-fegular. K

-
. »

[ 4

. . Before we set out to establish a& analogue of .-

Theorem 4. 2 3 for LP—regular languages\w we shall flrst

con51der a relatlon between RP—regular languages and

'.0
-

..'.. P~regular languages.;

.7
-
-

Lemma 4.3, 4 Let R be an equivalence relation on the free

Mbnold X* genen&te& -by an alphabet X.- Tpen R is rlght ; !

prxme 1f and offly if its transpose R is left prime and vice

'~ versa. . < <

[
XS

Proof Slncé = R,.it.suffices,to prove the'implication

' one way. . _ . ’
: ’ .o e . '
Let R "be rlght prlme. Suppose”fo scme a b, c e X*

“cxa I cxb (mod. ) for all x € X*, then axc \ fress (mod .3

for &11°x € x*, i. e.;~§y3 byc (modsR) for all y

& /Thhé'a b (mod R) since R 1s rlght prlme Therefore - .-
: b (mod R) and & iy left prime. E -

- . s

N > A

. '.Prqposztlon 4 3 5. LetAU'be a l, guage over- an alphabet X. -

"Then U ih RP-reqular if and }'i£~i§3'trapqusé'8 is

N 'LP—reguiar. - J‘_ L o <. ‘
| ‘Ptoof. Ne¢e331ty. Let.U be RPbregnlar. Then by Theorem
DR B 2. 3. (111), U is a uniOn‘of some clasees of a right prime

o - "C°ngruence R on. x* oﬁ flnite index Applying Lemmas 4 1. 5 a ';

. . . . . -
e - . . . B . R
. . L . . . L. N . . e




L "(i) U is LPbregqlar. T i'[:; S :

-+ proof. The equivalence of (i) and (it) has heen prOVed in

. . ot es T S {1V
. and 4.3. 4, we obtain that the tragspose U is a union of

some classes of R on x*, which is left prime and gf fln;te

‘ » 1ndex. Therefore by Lemma 4. 3 3, U is LP-reqular

The suff1c1ency folLows by a sxmllar argument. ¥
ot ¢ T
Following Thlerr1n {10], a language over an alphabet

X is called p—rggular if+it is accepted by an acceptor
whose au;omaton_ls a permuta%zon autorlaton. 2s a~corollary
to the above PrOposltlop, we have the followlng.. |
Corollarx. Let U-be’a 1anguage over one 1etteru ‘The.;
f0110ﬁ1ng are eculvalent. - . .
(i) v 15'RPjregular. E
(ii) U is LP-regglar. N ’ - S S
(1ii) U is p-vegular. . f/"— e
‘ggggff fhe'equivalence of (i} and (ii) is d%?’tg’rhe,fact |
thar ﬁ_é U in fhzs;case; whilé the eqqlvarenceicf (%t:;gi
(iii) follows from Corcllafj 24to Prbpcsiriohfz.d.z. .i R
We are‘how able to prove the de51red result.

Theorem 4. 3 6. Let d be a language over an alphabet X.

Then the followxng are equ;valent. . "e

- '(ii) U is a union of scme classes ‘of- apcongruence on x*,
, . which is lett: pr‘i‘ﬁe and. of fimite i.ndex. |
"(iii) ‘U is a union of some classes of a- left congruence

X*, which is 1eft prime and of fj.nite index.




Lemma 4.3. 3.
{11) 1mp11es (111) ; Thls ls 1mmedlate.

{i44) lmplles (1) Let U be a anion of some

.

R-classes of a left pr;me left congrue R of . fxnlte index.
" Then the transpose ﬁ of R is a rlght ngruence on. x*

of finite index. Moreover, by Lemma 4. 3 4, R is rxght

prime. But .thé transpose &lof u is a union of some .
’ R-classes by Lemma 4 i. 5. Therefore by ‘Theorem, 4. z~3*

3 is RP-regular. Applylng’Proposltlon 4.3.5, we obtaln

Ly

| that U is LP—reéuler. ¢ T

PN . .
o* \ N~

f- Let U'be a‘languaqe over an alphabet x. . Thierrxn
has shown llD] that the followxng are equivalent._Ae'~ '

(1) U ts p-regular." .

Tat

o i) . Y igthe o}pon of . some qlasses of a rlght -

cancellgtive nlght congruence on xt of flnlte
) . !

. 'a
. .

) 1ndex.v 3 ‘
) The*principal right congruence Rd on X* xs Eight

cancellat;ve and of finite 1ndéx.. ' -

.,. . ; L e N ‘.

;"‘",g' 's'A.’ -

. NS ,,3.”;

_ S1nce every right cancellative equivaxence relation
;g right'prime, every p-segﬁl&r langﬁaqe is RP-regﬂ&aé

- ""‘

te would then be interesting i the érincipal right _
) : congxuence RU of*an R2~regular language u is tight ptinec_j
This 1: not* cﬂb case as’ we shall see in the folloning

T G s
S example. , LT L
. " RFEY e -< 4',. P ’ ‘. s

ST T s SO L A
2 4.3.7.. Let A’'s: (8, .X) be the £.i. automaton over
. - e e W . ,-*""...'.',’_‘-": N




- xte {a, b}, with s = {1, 2, 3, 4) and’ the following , '

trans:.t).on table. -

i.,v

< .4 . . -

it can ' he eas:Lly seen ‘that j\ is strongly cohn ted -
and therefore left prmé. T'hv._zs the ccngrg_ence Eg mdu.c‘e;i
by # on x* 1s left prme. h. ‘.k/-f
.--" It is easy to checkthat - ‘
K*/E {IAI, [a:J, [b}. Ibal, Ib }, {b aqu~ ib lr (b a}}
. where Iu] denotes ,the Es

4 3 6, 'every cl&ss of ES is L?-regular. -
: 2n +1

-class conta;.m.ng u. By Theorem -

> "

-

- . v°

Let U = fa) = {a BL 2 O} Then U is LP—regular.

'. N ' . . .ot H .
We have - v

. ® : . * , ': 1.U:.¢Ap= U[,
.

9'-3 : Ua'

.‘. .,9 .."U .x=¢, for’ alixg mlula]._ ‘
_ Therefox;e bxb bxr, (mod R} fo; all x t X* “But '
b ;3 J\ (moa UR). mg mpnes tlm-. UR m not left pnme,
B - Moxeover (Y = O. .By Propositibn 4;3 5, n :Ls alscl

-, -

' lRP—-regular. By Proposition 4.1 6; RU Ra ﬂﬁ ‘l‘herefore"‘f
" Ry- zs/ﬁbt right prime hy Leﬁna 4 R SN R

.

- -
,..!. . " K] * ) c'

PR L 'rhus W have a hngnage U vzhich is both quregzﬂar

' .and LP-reg‘lar, and yet neither the pﬁmipal right

-
. ~
:




'-hn.-

coqgruende Rgﬂls rlght prlme nor the prlnc1paL left

cong;uence R xs left,grlme. Consequently, ‘we are led to

U
‘-con51der more restrlcted classes of regular 1anguages,

whxch we shell‘deﬁlne and dlscuss-ln the follow1ng?section.
- . g ‘.' . ‘T i ' .

. » . M
. -« . L " » . . .. .
- L3 . ) .

-

4.4. Strictlirﬁf-ﬁegular €;anguages ahd Strictly LP~Regular.

- . . e T 'S )

.Lahggag§v o : N - * *
.« . . T . - B . e
‘. : ‘\ * : ' * ’ - . - ) . ® .

Let U be a language over an alphabet x._‘Theﬁ U is

© (1) strlctly RP-rggula: if - the pr;nc1pa1 rlgﬁt cong?ﬁence e B}

'R, on x* is right. prime and of finite 1nde£5 . .

i) 'strict;y LP-regular if the prmnczpal left congruence

.UR on x* is left prime and of flnlte 1ndex. o o

' ' \ ‘oi . " ~ .
We. shall denote the fakhilies of strlctly RP—regular_ -,

{languages "and strictly LP-reqular languages by r& and Tf:-v
"respectxvely. Cleandy, Tg and Ty d&e prqper subfamllles
‘.'of r and Iy, .respectively. )

-
-

-

have the fo&iowxng immedlate reault. o :_, .

' »

[

anreggsitxon 4. 4 1 ¢ Let u be a.language over an alphabet X.

:’il-rhen the following hold. co 7~ . o ’ N

' '(1k 5y is strintlz RP-regular 1f and only {f fo: any 3 o
' a, b, c € x* u. axc = U ’hxc for an X & x* implies l

.

. aau. b. n " '
.‘?~(ii) U is strictly LP-regular if and only if for ahy ‘ S
1}- a, h,’c € x*/'d .cxa h’.cxb for all xex* implies \" ‘
L ea e e sl e e T

. Cores
} AP AT

e . . o~
s

. . - - . -
. ERE .
" . - . . et e - . .
- . et .. o . . - . . .
. » Te . )t B K KN L
.y ¢ - R P \ . “ s . B
R . s oY - . . . .
= - - ~ . . » . ¢ - LA
P . . . .. - . . ave
o . . . .
N . . ot ¢ oo R [N - .
U - b .t s N _."
P 8t
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Progosifion 4.4.2. Let U-be a language over eh.albhabet X.

-

. L]

Then U is strictly RP-regular 1£ and only if its transpose

¥ is strlctly LP—regular. . ~

Proof. Necessity. Let U -be strfEtly RP—regular. Then the

" principal right congruence-RU on X* ‘is right prime and of °

1‘? R
]

e s s : . Lo cma s
finite index. Therefore its transpose RU?lS of flqlte'

inder. Further;~§U is left prime by Lemma 4.3.4. But

RU 8R by Prgposltlon 4:1. 6.’ Therefore*a is strictly .
iLP-regular; ; . : - - . '.," . -
The suﬁflclency follcvs by a sxmllar argument L #

. .

’Pr09051t10n 4.4.3. The 1anguages X* and @ are both
strlctly RP-regular and.strlctly LP-regular. h
Proof Slnce the relations RX*' ¢, X*R and ¢R are, all o

equal to the unlversal congruence, they are trrylally L - ‘ ’

right prlme and 1eft prlme. L

) Proéosition 4.4.4. Let U be a-ianguage over X. ', Then the e

follow1ng statements hold ' ' ;f_ el -
: . _ . SAL

(1) If U is str1ct1y RPhregular, then so ‘is ﬁ d

L

~(ii) 1If U is strxctly LP-regular, then so’is U. - . .
-Proof. These follow 1mmediate1y from the fact that RU RU T
amdgregr b L T
. m, e T T <o L e T
Since right cancellative aquivalence relations are "+ - . %
right prime, every p—regular langdage is strictly RP-regular.'_ .

.Eor the converse, if le = 1 then a stronger result holds,



namely, every RP—regulaf language is p-regulaf (see the
. < ) T
3orof{;;;_%o Proposition 4;335); but 4f !X| > 1, this is

noi londer true. The fallowing is an example, in which °
|x]. = 2 and the language~Ufis-striétly RP~regular but

v

goﬁ p-regular.
- ;

— ’

'S . [ ' ) .
: Exém;T§\5.4.5 Let X = {a, b} and U 2 aX*b. Then we have
A — |

U."ax = X*b for al;-x €.X*,
lU.'bx =@ for'ali_; £ X*,
Thﬁs RU ‘has three classes, namely {A]. [a], [b] The'

re%uced automaton A(RU) is as fo}lows.
1

A(RUT" a b

(Al | (a) b
[a] (a] - [al,

(b) | .Ib] - [b]

Qas three élements, namely A, a, b, and the follow;pg

taple.

=)
oy
o

ol 01 o1

L4

o >
ol S R

' . .o, ) '— _ ' ' . - _,. - ) . . .' .
tlearly T(A). = H U (A} _ ﬁhere H= {(a, b} is a right '

el tasdua & _n o . . e
cancellative semigroup. Thus by Proposition 2.1.7, T(A)‘
. is.right prime and ﬁéncéTRU'ié rightip#imqg..fhis impiigsﬂ 3

» o

. - »




Ay

» b {

that U is striftly RP—qggalar, ‘But g;jﬁg‘not right

cancellati for Ra = aa'(mod.RU) and A % a {(mod RU).
- L4

Therefofe U is not p—regular. $ . ' . S

We havd shown that both T, and T, are boolean

R . L )
algebras. However , Fﬁ and Fi‘are not booleap.algebras,‘
. since they are nqtoélosed under .intersection. To show

- ) ) . .- ) y . /—~—

this, we consider the' following example.

Example 4.4.6. Let X = {a, b}: Let U = aX*b be the

strictly RP-regular lahgpaée aMrTet’
y’= {w'e X*’N (w)r==2n+1, N (w)=éﬁ} n, m > 0}
where N (w) denotes,the number of a s’ appearlng in 'w.’
We shall show that V is also strlctly RP- regular.
'It 1s easily seen that x = y (mod sz if and only if -
.4 (x) = N_(y). (mod 2) and Ny (x) =Ny (y) (mod 2). Thus Ry

... has fgur classes, namely’ [A], fal, [b] ahd [ab]: The

> - b
-

;educed'autgmatbnAA{ﬁb) is as/foilbws.-' .
L . L
E . A 'Eal‘ R4 ) R ‘
.- o Al [n] u: {ab}. .. .
BTt S R S R ¥ B
) , . lab] ,; i) - . ,m o
* R : .. ’\_ .,

It is clear that A(RV) 1s a pezﬁutatlon automaton.\ Thus.V

~is- p-regular and hence strictly Rpﬁregular_ﬂt}:“. e ‘;}.

*

4 . . 2

'{awblw € x* N (W)=23, Nb{w) 2m+1, n, m-s 0}

- . . : ‘108

- s Now let - L = U NV, Then i L ::'*'~




It gen bée checked thag
axa 2 ab?xé (mod,Rt) for all x

But a f abz {mod R ) 51nce : ' s

-

L.'a =" {wb: 'w € X*ﬁ N (w) 2n..N (wy=2m+l, n, m > 0} and

i,,.’ab2 = {1} U {wbiw € X*, Naﬁw);Zn, NS(w)=2m+1, n, m > 0.3v

Therefore Ry is qpt’righf prime and L is no;fstfictly
R is not closed under .

I
i

RP-fegulaf. Thi% 1implies that

intersection. ¢

e C s e Y
" By virtue of Proposition 4.4¢2, U and V-are
strictly LP-regular; and'ﬁ is not .strictly LP-regular, But

> . ) ' . b
BFW‘V Thus F— is not.closed under intersection - )

exther. Therefore nelther of Tﬁ-and F is boolean

aléebra. yo - i S

P

hd » .8

S
. e’ . o ]

: ; \
~In the following, we shall study some properties

‘of strictly RP-regular laﬁqdeges end_strdctiy;LP-geguler

A
Y]

languages. - - : _ S .
\ ; LA . A . - ‘. \
P . / ~v

.

. Recall that the syntactlc mono;d S(U) of ‘a language

;U over an alphabet X 13 a quotlent monold of X¥* modulo PU

-

where PU 1s deflned:by.x Y (mod P ) bf for every e: :

i-u, v € ;*, uxv t U if and 0n1y°1f uyv e U. Observe that

x 't y (mod P )} if and only 1f § T y (mod PB) The{efqre )

t

A ,pa iﬁ and s@f) is dual ta S(u). -

’.Theorem 4 4 7 ”Let X be'ab'alphabet'end.u be\e'lquuage:r

- over X, Then




<

DS . - 1)
. - }
. . Ri) ,if-ﬁ is strict1y~RP;regular. then its‘synpacticf -
T e . monoxd S(U) is rlght prme. - .
Iiil'_ 1f ‘U is .strictly LP-regular, then its s.yntactlc ) N
: - e
o mono:Ld S(U) 1‘s {eft prime. X ) )
A Y Prc;o'f.. (i) If U is. strlct'ly RP—regular, then 1ts o

'«prlnClpal rlght congruence R‘U s rlght pr:.me. Hence t_hé -

reduced automaton® A(RU) as right prlme and by Pi‘o;:osition
F

2.1.6, the transn:lon m&mo;d T{A) of K(RU) is rlght prime’

"But S(U) is 1somorph1c to T(A) by ‘rheorem 4 1.7. :l‘h-ereforeé

- @ ; - S(U)~is right prime. - o “ . e

: .‘L - (ii) If u© 1$ strlctly LP-regular, then. its - !

transpose O . 1s strlctly RP-reqular by Propos:.f;;on 4.4. 2 ',

‘

.- o Thus S(a') J.S right prme by . part (1) But S(Y) *is dual co

S S(&’ Thexefore S(U) is left pr1me.~ # ' .-
“a . «” . tr ‘ ‘e . .

’b_ Proposition 4.4.8. Let U be a nonempty subset of X* ' Then,l.

(i) 1f~U is strlctly RP-regular, then U, % # ¢ for all .

;ex*'e _— . R } . .

F - . . - e

Al

LI 2

S (‘:jfi), if U is strlctly LP-—regula.r, then U..x ;é fb forpall

x e XFo L .- o SN ey
.- Lt . ~ . o Y o, y Rt
* Proof.. .li) If WU =¥x*, then-it ds ’imhtediate.. I U is a
( - -

Pt _' préper' subset of X*, then the pr1nc1pa]. rlght cengruence RU

»of U .'I.S not M n1versa1 congruence.‘ 'i‘hus there exist
. - A “ :

a- ‘b_e x*' & t(\at aZb “(mod RU). §uppdse U is st.rictly

" ) - R‘P-regul%gnd U..c = @ for some’'c € x*‘ ‘Then U.'axc = ¢ =

» '..'

. °bxc for all x € x*z By PrOposition 4 4, 1 (1),

b (mod RU), contrary to’ the :

! ll,l

U.va = t_ﬁ. b.. Tfn.s inrpl:.es,a

""- .-.,. _». -
LY s A . *

- . . ! . .
- ) ., - L. ) M A
. . . . . - .. . . B
. . . . . . . -, .
a [ ] . . . . - . . - Co /‘ . + N ‘s . >
. . . - * . B . N "
- R P ) . o . . = . 3 L . LA



‘choice of a and b.

Part (161) follows by a similar arqument. #

' - Corollarz E.\tery strlctly RP-—regular language is 1nf.m1te
and so is every strictly LP—regular language. -

c | Proaf. We:only prove the assertlon for stifctiy-RP-regular

lanuéges, the proof for sa:rictly LP-regular languages 1s .

S ° )

L - smllar. - A .
ALet U be’ a strxctly RP-regula,r ianguage. . If Uo.s

s - finite, then n:= max {[u] | u e U} exists. Let a & X* be

’ , . LY ) N [+ . .

. ‘such that ‘'|aj >"n. Then.U..a =.#. This 1s a cortradiction
- ‘.' ‘.~ 9 AN ) . '3 . . - .
.. N . byat_:he' proposition.  # g ) -
14 > i t s

- " 4 . -

Lemma 4.4.9« Let U be'a ieiiguege .over, an

: ] . . / R . RS

. '..aex* Then,...w . e . '

. § b '

(i) x =z.y (mod R, - al 1€ and'only if ax
» . -

"

‘ay (mod Ry

...‘(ii) llf RU is of flm.te index n, then RU is of finite
: * - . R .

ST L 1ndexmandm<n.' , : o ., .
< ‘

v - e 4

s Proof..’ (i’) x ¥ (mod “u o) if and onmly if (U.7a).’x
_ = .(U.‘a) y 1t' and,only 1f U. ' ‘,li'.:'ay-: {F and ‘only if . - °
' ..°, a&t:‘ ay. (mod RU) ‘9 Y o . e e e e - o

.;. . ., ca"‘ . - -Q." )
et S i) Since Ry is of finite mdex n, the set:A of '~ . -

¢

.

. ’ representatives. (one’ from each class) of an—classes 1s
RO . [ s . . . £ 0 L T '
flm.te ané has. n elements, say A {a1 ...,\an} Let

Sy s - _., N
- . L2 . T . - L4 R
?. . .. .

o B o= {b E, A]ay b (mod RU) for some 'y € x*}. Then L

-~ N . ‘ '

. B-{hl,....,b}CAandksn. F&reachbien, .

el L choose.one r, ¢ X* guch that ar _'=‘ (mod RU) and ‘let
- * s s , i . - » ok i

. A . T .
. . . . . Y

a .




T = {ri, .,.,irk}. ' For every x € X*, there exist;ai e A
" such that® ax = a, (mod R) gince'A is a sét of
representatives of RU-ciasses. ‘l‘hus-ai € ‘B and éi =~bj'fér
some’ 1. 1 <’J £ k. BHence ar_.': b, (mod R,.) where r. e T.
e =3 Y 3
Consequently, ax = arj $mod 5y) and x = rj (mod RU.'a)
~-pare (i). This proves that T centains a set of

repiesentatives of.RU . -classes. Thus‘RU ‘3 is of filnite
. . &

index-m and 9ﬂ;;§_i»n~ -+ IQ\ : .
) . Thé proof of (&1) is due to Thierrin (cf 110],

Theorem 2. 3(11)) .

- - . * »
\ t

Pgoépsition 4.4.10. Let AJ-be a language over an alphabet

X. Then--. -/ T . o | SR 2
(1) vu is strlctly hP-reqular if and only 1f U, a is

-

strlctly RP-regulax for every A € xt- e\;
Y

'jii) U is strlctly LP—regular §f and only 1f U‘.a is

strlctly LP—regular for every a e X*, °
n -
Proof. /(1) Necessaty Assume ¥ 1§ strlctly RP-reqular¢L

then tﬁe rlnc1pa1 right congruence RU is rxght prlme and

of flnlte ihdex. Suppose uxe = " vxc (mod. Ry - ) for-all ..>
x€ Xf; ‘then 'y Lemma 4 4. 9(1), suxe avxc (mod Ry) ‘for
'*”;il i € Xt. -But RU is right prxme so that’ au = av (mpd RU)*
" ‘and u v (mod RU ). Thus RU a}xs right prime. '

uoreover,tRU fﬂ~§f finxte ﬂhdex aha ﬁfnce, by . Lemna 4. 4 9(11).

&

‘RU .. is alsg’ of finit? indem. Therefore u." a is strictlyo N ,
ok . D : o

RPéregula:.
N “
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The. sufficiency follows from the fact that‘ . - : s

u=0."A0 %8 \ ' .
N .

A language U over an alphabet x 1.1 bounded (see {4]) '

1

if there exist a fmlte number of words Wiy viz, ...pwn~ € X* ! .
* N \ : . - \‘ -

eueh tbat v, C wiyi...,wm. : . : A 1

- . .

\ L]

Pr0p051t10n 4 4 1. Let X be an alphabet with x| 2 2.

Then no bounded language over X can be strlctly RP-requIar

.or strictly LP-regular, L . ot E ’

Pro‘of. Let U be a bou ed 1amjua¢je ‘over X. ' 'i’t‘m there.s
L :

e:ust a. f.uute number of werds Wy wz, .o wn € X* such

3

thatOU C wiw ...w* By Propos:.t:.on 4.4, 8, it sufflces to

show U..v = ¢ for some v £, x* Suppose there exists a e x\

such that a’u/es not appear 1n any -of wl, cena Woo Then A "

T~ T,

clearly U..a =@ 31nce U Cc w*wz... e SuppoSe for all

\

.

-~

raegxX, a appears 1n s&&e k' 1l €k € n. Then.fe:iveny i, a""".

‘

3, 1 < 1 ss j ¢ n, let ::t,.j be a letter such that the m!mber-

of consecutive occu;més Q a; fn w.w, is maximal. Let\-f

ij TiT% ,
Ty 1 o
Hs{aij ‘.l 1<1<j°<n} a=max‘{n..-l1 <€ i¢3j-<nl’ *
" and a'be a letter such ‘that a% e Ho S1nce [x] 2 4and
oW °+1y¢Ufor |

wh LW, by the cho:.he of a and or, xa
~°

172
i all X, .¥ z X*, Thus U..am;l --; @ Th(s completes the . -

T

. . M -

- proof .t
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