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We have introduced        to emphasize that          can be broken into separate 

components involving   and  . In terms of   and  , the integral in equation (2-6) becomes 
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The above equation consists of integrations over bivariate lognormal probability distributions. 

Solving the inner integrals yields 
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The remaining integrals can be integrated using the same technique employed for calculating the 

Purchaser's Position in Appendix C, yielding 
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Substitute the results back into equation (2-6) to obtain 
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(2-8) 
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Figure 2-5: Solution curves for the developer's real option. The curves represent the fair developer's presale 

contract price in different environments. Near the realistic price of around $460,000, variations in the value 

of expected price appreciation(top right) and initial construction cost(mid left) significantly impacts the price 

of presale contracts. Variations in other factors do not appear to impact the prices as significantly. 
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Figure 2-6: Comparison of the total profitability expected from holding presales ( ), to the profitability 

expected from build condos without holding a presales ( ). Top:       - If risk premiums are held to be the 

same, the profitabilities are roughly equal with holding presales having a slight advantage. Bottom:    

    - holding presales are more attractive if the developer requires a bigger risk premium for not holding 

presales. 
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Environment Average Deviation 

Standard values $11,664 

Max penalty $19,449 

R(0)=$300,000 $11,664 

R(0)=$400,000 $11,664 

     $16,624 

     $9,677 

     $10,082 

      $14,041 

      $18,166 

      $4,878 

      $4,327 

      $20,483 

Table 2-6: Average deviation between the total profitability expected from holding presales ( ) and 

profitability expected if without presales ( ). Results shown are            
   , with each    and    

calculated with      ranging over 700 to 700,000. The average deviations are often noticeable but not 

material in the context of the overall sums of money usually involved ($450,000~$500,000). 

2.4 Conclusion 

This chapter computes values of presale contracts and discusses the consequences of entering 

into presale agreements. The purchaser can expect, in the median case, to make a gain on her 

investment above the risk free rate of return, provided the presale contract is priced to include a 

risk premium. In return, the purchaser bears some of the risk that the developer would otherwise 

assume. According to our model, the developer can expect at least as much profit from holding a 

presale, as she would by not holding it. It appears that the reduction in risk comes at no cost to 

the expected profitability for the developer. Given the lower risk to reward ratio expected by 

holding a presale, we are not surprised to find that most development projects are sold through 

presales. 
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Developers are not required to sell all available units through a presale before starting 

construction. The assumption is that developers will be able to sell the rest of the units through a 

presale during construction, or sell them after they have been finished. However, it remains that 

the more units they presell, the less risky the project. With the credit crisis making many lenders 

anxious, the lenders have increased the percentage of units that needs to be presold from 60% to 

70% ( Belford, 2008). 

The profitability and the risk profile for both the purchaser and the developer are sensitive to the 

expected rate of appreciation of the condominium. Both developers and purchasers suffer from 

reduced profitability and increased uncertainty when μ is lower. Consequently, the current trend 

in housing prices in the US significantly impacts the decisions made by both developers and 

purchasers. 

During 2008-9, the US had experienced a severe recession led by the housing market. The 

seasonally adjusted Case-Shiller Home Price Index dropped an average of 1.7% per month from 

October 2007 to September 2008. The decline in property prices leads purchasers to expect an 

even further decline in prices. To compensate, purchasers will demand a lower final condo price 

for the same down payment, than they would have in better times. 

The low   does not guarantee that developers would not be willing to build new units, even if the 

developer is forced to sell condos of higher value at a discount. The construction cost can 

determine whether the developer can expect to make a profit or a loss. Up until the summer of 

2008, the cost for building materials was at an all-time high. Since then however, we have seen a 

dramatic reduction in the cost of materials. Labour is becoming cheaper, and we are able to 

discern from the annual reports of developers that land prices are dropping. Without knowing the 

extent to which costs are dropping, we are uncertain about the profitability of the developers 

going forward. However, it remains a possibility that profitability for developers will improve in 

the near future, even given the low  . 

Throughout this chapter, we have modeled the movement in condo prices using Geometric 

Brownian Motion. In reality, the historical probability distribution of returns on New Housing 

Price Index and Construction Price Index exhibit heavier tails. We leave the analysis involving 

distributions with heavier tails as possible future work. Intuitively, we would expect that the risk 



40 

 

profile increases for both the purchaser and the developer, and the presale contract value to 

increase in order to compensate for the increased volatility. 
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Chapter 3  

3 Value of Urban Land under Regulatory Uncertainty 

Real option price models have been widely used in the academic literature to model the value of 

land.  In this view, land is seen as being similar to a perpetual financial call option where the 

underlying asset is the constructed building and the strike price is the development cost. The 

common practice in the industry is to use the Net Present Value paradigm to calculate the value 

of land. However, there are many complications specific to the real estate market that may lend 

to the adaptation of the real options paradigm. 

These different paradigms can lead to different land valuations, the usage of which can affect the 

developers’ purchasing decisions.  Given the same market price, a developer who places a higher 

valuation on a tract of land may purchase and develop land, while a developer who values it less 

may hold out. Accurate land values are important, as purchasing land based on a misleadingly 

high valuation can lead to suboptimal profitability for the developer, whereas avoiding a 

purchase based on a misleadingly low valuation may deprive the developer of a profitable 

opportunity. In addition to enabling us to more accurately value land, the real options model also 

allows us to analyze the development lags in the time between the purchase of raw land and the 

development of lots. 

In early real options literature, Titman ( 1985) valued underutilized urban land. He modeled 

different payoffs according to the different heights of buildings that could be constructed, and 

reasoned that it is rational to leave land underutilized in the hopes of realizing bigger payoffs in 

the future. Grenadier ( 1996) introduced a game-theoretic approach to model the behaviour of 

multiple land owners. He gave different valuations of land, differentiating between developers 

who are first to develop and those who are last to develop. He used his model to explain why we 

observe bursts of construction activity rather than developments at a steady rate. 

Capozza and Helsley ( 1990) valued the option to turn agricultural land into urban land. In their 

model, an irreversible decision can be made to construct a building on agricultural land. The 

building earns rent which they assumed would follow Arithmetic Brownian Motion (ABM). 

They explain that the irreversibility of their decisions causes developers to postpone 
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development, which in turn reduces city size. Capozza and Li ( 2001) use their theory to explain 

the positive relationship observed between interest rates and rate of land development.  

Bar-Ilan and Strange ( 1996) present a more sophisticated model in a similar vein to Capozza and 

Helsley. Rents are modeled to follow a Geometric Brownian Motion (GBM), and decisions to 

develop agricultural land are made reversible. Their model incorporated fixed development time 

lags to explain the phenomena in which distant land is sometimes developed prior to nearby land. 

Leishman et al. ( (2000)) conducted empirical research on builder behaviour to test the validity 

of the real options based approach, but didn’t provide conclusive evidence either in support or in 

opposition to the real option valuation approach. They stopped short of modeling the relationship 

between house and land prices, instead relying on builders’ projections versus observed prices to 

test the influence of uncertainty on land prices. 

Buttimer et al. ( 2008) sought to model business realities more closely and used real options to 

determine what effects holding presales had on the risk and return characteristics of subdivision 

developers. While we agree with the intuitive concepts presented in their paper, we do not agree 

with their mathematical formulation. For instance, their formula for the payoff to the 

homebuilder is the following. 

                             . 

Here   is the completed lot price,   is the strike and   is the presale option value. As an option, 

the price that builders pay for   should always be positive, and paying a higher price for the 

option should cut into the builders’ profits. But according to the above formulation, a higher   

translates into higher payoffs for the builders. Moreover, since   is a sunk cost, it should reside 

outside the square brackets. 

In general, discussions with developers lead us to believe that models in previous literature 

overlook several significant factors. For one, building on land is not a one step process. For 

residential land, subdivision developers face two decision points. They must decide when to 

apply for a permit and commit to developing land, and after the permit has been granted, decide 

when to fully develop land into lots so that they are ready for builders to start building. Builders 
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purchase these lots and construct houses which they in turn sell to home buyers. Land is 

therefore better modeled as a compound option. 

Previous literature has assumed real estate prices follow either ABM or GBM. However, an 

examination of price series such as the New Housing Price Index ( StatCan, 2009) or the 

Macromarkets LLC repeat-sales index Lincoln Institute of Land Policy reveals that price 

movements are cyclical around a growing mean. The usage of ABM or GBM can overstate the 

uncertainty surrounding future real estate prices, particularly over long periods of time. The 

Martingale property of ABM and GBM fails to explain the behaviour of some developers who 

choose to sit on the sidelines during periods when they believe the market is overheated. 

Only limited effort has been made to understand regulatory risk. There are many ways in which 

regulation can significantly impact the value of real estate properties. Riddiough ( 1997) modeled 

land values taking into account one form of regulatory risk in which governments have the 

ability to confiscate property. Sunding et al. ( 2004) discusses the impact of environmental laws 

which increases cost of construction and limits development scale, negatively impacting housing 

prices. In some instances, the government has been known to grant development permits, only to 

block development later through rezoning (e.g. Pacific National Investments Ltd. V. City of 

Victoria, 2000). 

Extreme forms of regulatory risks, such as confiscation of property and rezoning, occur only 

rarely and most residential developers are not worried about their impacts. A more common 

worry is compliance with environmental laws, but this can be incorporated into overall 

development costs. However, permitting risk arising due to extensive waits to obtain 

development permits, is a regular concern which can’t easily be incorporated into models 

presented in previous literature.  Developers told us that it takes a mean of 3 years and in 

extreme cases, several decades, for development permits to be approved by the city of London, 

Ontario. This introduces great uncertainty surrounding lot market conditions if and when permits 

are approved. 

In this chapter, we seek to value land by modeling the business of subdivision lot developers, 

who are the major purchasers of residentially zoned raw urban land. By taking a real options 

approach, our work is in a similar vein to Bar-Ilan & Strange and Buttimer, Clark, & Ott. We 
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present a more sophisticated model that treats land as a compound option, introduces mean 

reversion in lot price evolution, and incorporates permit application lag. On the other hand, we 

also limit our model by stopping our analysis at the sale of completed lots. Earlier work expected 

builders to value options as though they were retaining the finished properties for rental 

purposes. However, our conversations with developers revealed that this is not the norm in 

Ontario. Since we assume that developers do not retain possession of lots, we can assume that 

the impacts of homebuilder behaviour are all subsumed in the market price of lots. 

Our analysis focuses on the regulatory environment in London, Ontario, Canada. We utilize 

public data available from published papers and government statistics, but our analysis also 

derives from conversations with local urban planners, land appraisers, bankers and subdivision 

developers. 

Variable Description Value 

S0 Current Lot Price $415,000/acre 

µ Appreciation Rate 3%/year 

ρ =ρ1=ρ2 Discount Rate 13%/year 

σ Standard Deviation of Lot Price 25%/year 

η Mean Reversion 0.7 

R Land Rent less Property Taxes -$700/acre/year 

I1 Phase 1 Costs $85,000/acre 

I2 Phase 2 & 3 Costs $25,000/acre 

Table 3-1: Parameter descriptions and base case values, placed at beginning of chapter for easy reference. 

Base case values derived using information obtained from Sifton Properties and other sources. 

This chapter is organized as follows. We provide an overview of business practices and 

modeling assumptions in the next section. We then devote a section to formulating and solving 

our real options model. In the following section, we estimate realistic values for our model 

parameters. The next section contains our results under different market conditions and we 
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compare our results against prevailing land prices. We also examine optimal decision points and 

development time lags, as well as the risks associated with entering into development. We finish 

with a conclusion. 

3.1 Business Practices and Modeling Assumptions  

Subdivision developers buy land with the intention of developing them into serviced subdivision 

lots, and then selling them to builders. Sevelka ( 2004) gives a detailed overview of the business 

process and risks involved in subdivision development. In summary, when developers hold raw 

land, they pay property taxes and may receive rent from farmers or others. 

Provided the land is zoned residential, they may apply to develop land into subdivisions. This 

process may take several years, during which some development occurs. After receiving a 

permit, they have the option to complete development as planned. Land can be viewed as a 

compound option on subdivision lots with two exercise points – the first exercise occurring at the 

time of permit application, and the second exercise occurring at the time of completion of 

development. The permit application stage is referred to in the industry as Phase 1. Post-

approval, there are two more stages of development until lots are completed. However, these 

Phases incorporate no decision points so it is convenient to consider them as a single 

development cycle which we denote by Phase 2&3. Developers state that permits, once granted, 

don’t expire. We therefore assume that both component options are perpetual. 

We assume that lot development and lot sales are made instantaneously. We think that these 

simplifying assumptions are reasonable for the following reasons. Permit application typically 

takes long enough that Phase 1 development is usually completed before permit approval, and 

Phase 2 development occurs at the same time that lots are being marketed. 

Developers may sell lots all at once or in piecemeal at an agreed price depending on the project. 

In the case that they are sold piecemeal, we may regard our model’s lot prices as the Net Present 

Value of the sold lots contained within an acre. We do not attempt to model cash flow structures 

for the sale of lots because each development project is handled differently in this regard. The 

following graph illustrates typical developer cash flows. 
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3.1.1 Price Process of Developable Lots 

Most previous literature that utilized real options didn’t distinguish between land and 

developable lots.  Lots have access to services such as sewers, electricity and storm water 

management, unlike raw land. Lots are the end product produced by subdivision developers, and 

we seek to model their price process.  In previous literature, real estate assets were assumed to 

follow GBM. However, discussions with developers revealed their belief that housing prices 

follow a cyclical, or mean reverting process. Papers by Hwang and Quigley ( 2004) as well as 

Capozza et al. ( 2002) confirm this view. To capture this behaviour, we assume the following 

pricing process for lots 
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(3-1) 

 

Under this price process, lot prices are drawn towards    in the long run. The strength of the mean 

reversion is determined by  . Unfortunately, analytic expressions for the probability distribution 

of this process are unavailable. However if the condition 
      

     is met, the distribution of   

is stationary and asymptotically converges to a gamma distribution (see Karlin & Taylor, 1981). 

 

  
                     

      

       
  

  
. 

The 95% confidence interval for the process is shown in Figure 3-1. The confidence interval to 

the left of the dotted vertical line is estimated using Monte Carlo simulations. The confidence 

interval to the right of the line is estimated using the gamma distribution. 

Raw Land 

•Pay purchase 
amount 

•Earns rent, pays 
property taxes 

Phase 1 
Costs 

Permit Application 

•Random 
Approval time 

•Earns rent, pays 
property taxes 

Phase 2 & 
3 Costs 

Sell Lots 

•All lots sold 
instantaneously 
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Figure 3-1: 95% confidence interval for mean-reverting price process described in equation (3-1) for differing 

values of  . Other values used are        ,          and     . The intervals to the left of the 

dotted line were calculated using Monte Carlo simulations, and the intervals to the right are calculated using 

the gamma distribution. The gamma distribution does not accurately describe the intervals for small time 

periods. 

3.1.2 Permit Approval Time 

Obtaining a development permit is often a lengthy political process of uncertain duration. We 

model the permit approval time using the inverted gamma distribution to satisfy these 

characteristics. In London, Ontario, the mean length of time is around 3 years according to 

developers. We don’t possess a similarly clear estimate for the standard deviation of permit 

approval times. Upon examining the probability distributions using several numbers, we found 

that using a standard deviation of 1 year produced a satisfactory distribution that included rare 

instances of several decades long permit approval times. Unless otherwise stated, we use the 

inverted gamma distribution with mean of 3 years and a standard deviation of 1 year. 
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Figure 3-2: Probability distribution for the time taken for a developer to get a subdivision plan approved by 

the local government. The distribution follows an inverted gamma distribution. Parameters for this 

particular distribution were calibrated to yield a mean of 3 years and a standard deviation of 1 year. 

Figure 3-2 displays the probability distribution histogram. The figure points to the small 

possibility of a very lengthy permit approval waiting time. Our conversations with land 

appraisers and bankers revealed that such lengthy wait times do occasionally occur, the evidence 

of which supports our choice of distribution. 

3.1.3 Land Rent 

Before land is serviced into lots, we assume it earns rent from farming. It is possible to have 

other uses for land before development – for instance, as a parking lot. However, examples of 

such instances are relatively rare and we have decided such scenarios are out of scope for this 

thesis. Subdivision developers purchase large tracts of land on the outskirts of developed areas. 

To make use of the land as parking space, for instance, is not feasible since the space is usually 

too large compared to the demand. 
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The owner of land pays property taxes and in this chapter, we define rent as being the net post-

tax rent per acre. Property taxes are levied as a proportion of the value of land each year. The 

property tax rate in the City of London in 2010 is 1.5% (City of London, 2010). For farm land, 

the tax rate is a quarter of this at 0.375%. In our model, we assume that the land qualifies for 

farm tax rate in the base case. In other words, if a developer purchases raw land for 

$200,000/acre, the property tax is $750 in the first year. The estimation of taxes is problematic as 

it is an input variable which depends on the output variable. To solve this dilemma, we choose to 

use the Discounted Cash Flow estimate of the value of land to derive the amount paid in property 

taxes. Although the DCF method gives a different estimate to that obtained by the Real Options 

approach, the resulting small errors in the estimate of property taxes are immaterial, as we will 

see.  

We make the simplifying assumption that rent and lot prices both grow at rate µ. The assumption 

is necessary to simplify the solutions of our model, as we shall see later. However, the 

assumption is not without merit. Rent can be expected to rise with inflation. But also, rent can be 

expected to rise as cities expand, making land closer and closer to the built-up urban areas. The 

decreased distance between the land and the built-up urban areas opens up the land to more 

competing uses of land (e.g. parking). Thus, rent goes up faster than the rate of inflation. 

Similarly, we assume that property taxes also appreciate at rate µ. This is justifiable given that 

land appreciates in value, and taxes, as a proportion of land values, increase at the same rate. 

To estimate the annual rate of increase in farm rent, we analyzed data on US cropland rent. 

Cropland rent has increased at a rate of 2.54%/year during the years from 2000 to 2010, 

according to the United States Agricultural Department ( 2009). We do not have time series data 

for lot prices, but we know that housing prices have increased by 3.91%/year during the same 

period according to the Case-Shiller Index Standard and Poor's, which doesn’t adjust for the 

increase in the quality of homes. Adjusting for the quality of homes is expected to yield a lower 

rate of appreciation. Even if we don’t account for the quality of homes, the differences in rates 

are statistically insignificant according to the two-sample t-statistic. 
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In order to solve the equations (3-4)-(3-9), it is convenient to make the following 

transformations. 
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. (3-10) 

Further details of the solution process are given in Appendix E. The solutions are stated as 

follows. 

             
 

  
  

 

    
 . (3-11) 

     

 

 
 

       
  

  
                                                                                                  

                      
  
  

 
 

  
 

 

    
 

 

    
                      

  (3-12) 

      

 
 

       
  

  
                

  
  
  

 
 

        
           

  (3-13) 

   
 

 
 

    

  
   

    

  
 

 

 
 

 

 
       

  
 (3-14) 

         
    

   . (3-15) 

Here   is the confluent hypergeometric function (see Hassani, 1999). The function’s analytical 

form is known, but it must be computed to within a finite tolerance as it is an infinite series. The 

expectation procedure present in the bottom of (3-12) can’t be resolved analytically because we 

don’t have the probability distribution of            for small  . To evaluate the expectation, 

we opted to use the Monte Carlo simulation method. 

3.3 Base Case Parameter Estimation 

In this section, we assign realistic numerical values to our parameters and compare the results of 

our calculations to some commonly observed market values. If the observed market values are 
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price of a single condominium. By the same logic, we also model the construction cost of 

condominiums to follow a geometric Brownian motion. The Q-Q plot and the histogram of the 

returns of CPI are very similar in shape to that of the returns of NHPI. 

Rosenthal ( 1999) finds that construction cost and housing prices are cointegrated. To capture the 

connection between the two without sacrificing analytic tractability, we instead assume the two 

time series are correlated, and we denote the correlation as  . Any long-term divergence between 

construction cost and condo price would lead to increasingly greater or smaller profitability for 

the developer. This leads to our assumption that condo prices and construction costs appreciate at 

the same rate  . Our view is validated by comparing the average returns of the NHPI and CPI. 

However, this does not preclude a divergence of condo and construction prices on a given 

realization, particularly in the short term. 

C. Analytic Solution to Purchaser’s Position 

The Bellman equation we are trying to solve is identical to the well-known Black Scholes 

equation, but with the rate of return on an asset allowed not to equal the risk free rate. The 

fundamental solution of this equation is 
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Given our final condition 
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and defining      to be the following 
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Our solution can be obtained by computing the following 
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Carlo simulations to take expectations on        . We generate many values of         

given       and compute the average. Equation (0-6) is solved using the same process used to 

solve equation (0-7). The solution of    is given by equation (3-12). 
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