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Abstract

Discrete homotopy theory is a homotopy theory designed for studying
graphs and for detecting combinatorial, rather than topological, “holes.” Cen-
tral to this theory are the discrete homotopy groups, defined using maps out
of grids of suitable dimensions. Of these, the discrete fundamental group in
particular has found applications in various areas of mathematics, including
matroid theory, subspace arrangements, and topological data analysis.

In this thesis, we introduce the discrete fundamental groupoid, a multi-
object generalization of the discrete fundamental group, and use it as a starting
point to develop some robust computational techniques. A new notion of
covering graphs allows us to extend the existing theory of universal covers to
all graphs, and to prove a classification theorem for coverings. We also prove
a discrete version of the Seifert—van Kampen theorem, generalizing a previous
result of H. Barcelo et al. We then use it to solve the realization problem for
the discrete fundamental group through a purely combinatorial construction.

One of the biggest open problems in the subject currently is determining
whether the cubical nerve functor provides an equivalence between the discrete
homotopy theory of graphs and the classical homotopy theory of spaces. We
propose a new line of attack towards this open problem, by breaking it into
more tractable problems comparing the homotopy theories of the respective n-
types, for each integer n > 0. We also solve this problem for the first nontrivial

case, n = 1.

Keywords: discrete homotopy theory, graphs, discrete fundamental
groupoid, covering graphs, discrete Seifert—van Kampen theorem, homotopy

n-types
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Summary for lay audience

An important way to study the functioning of a large-scale network — for
instance, with a view towards fixing glitches in its behaviour — is to study its
“shape”. A specific example of such a large-scale network might be the human
connectome, a network where the nodes are individual neurons in the human
brain and the edges are synapses between these neurons.

Topology is the area of mathematics concerned with the study of global
properties that are invariant under continuous deformations. However, net-
works are not continuous objects; they are discrete. Thus, it becomes impor-
tant to adapt techniques from topology and make them suitable for studying
discrete objects such as networks.

There are many ways to do this. In this thesis, we follow the approach
known as discrete homotopy theory, initiated by Barcelo, Laubenbacher, and
collaborators in [KL98 BBALLO06]. In this approach, associated to each net-
work, there is an algebraic object called the discrete fundamental group that
essentially counts the number of functional “holes” in the network. We study
a generalized version of this object, called the discrete fundamental groupoid.
Working in this generalized setting allows us to develop several robust tech-
niques to calculate these algebraic objects.

For instance, if we know the number of holes in two halves of a network
(e.g. in the left and the right hemispheres of the human brain) as well as the
number of holes that are common to both halves (e.g. in the corpus callosum),
we should ideally be able to count the total number of holes in the network by
adding up the numbers for the two halves and then subtracting the number
common to both halves, since we counted these holes twice. For this counting

principle to work, we might want to impose the condition that the entirety of

il



any hole in the network lies neatly in one or both of the two halves, as opposed
to a situation where a portion of a hole lies in one half and the rest in the other
half. This is the content of the discrete Seifert—van Kampen theorem proved
in [BKLWO1]. However, this condition is found to be too restrictive and is
not met in several examples we care about. We prove a refinement of the
discrete Seifert—van Kampen theorem where we relax the imposed condition
and require instead that every hole in the network can be subdivided into
several smaller holes such that each of these smaller holes lies neatly in one or
both of the two halves. This relaxed condition is found to be met in a larger
class of examples.

We develop several such results that aid in computing these network in-

variants.
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Chapter 1

Introduction

Discrete homotopy theory is an emerging branch of mathematics that extends
concepts and techniques from the classical homotopy theory of topological
spaces to the study of discrete structures such as simplicial complexes and
graphs. If we were to naively treat these discrete structures as topological
spaces and allow continuous deformations, we would end up losing valuable
combinatorial information. Thus, it becomes important to develop a new
notion of homotopy that respects the discrete nature of these structures.

One such discrete notion of homotopy was developed by Barcelo, Lauben-
bacher, and collaborators in [KL98 BBALL06]. Their theory built on, and
made rigorous, several ideas implicit in the work of Ronald Atkin [Atk74,
Atk76] and so, they named it A-homotopy theory in Atkin’s honour. Whereas
Atkin was motivated by the analysis of social and technological networks, the
same notion of homotopy also comes up in very different contexts, e.g., in
the work of Maurer [Mau73] on basis graphs of matroids, and the work of
Lovész [Lov77] on spanning trees of graphs. Thus, discrete homotopy theory

was known to have a wide variety of applications, both within and outside of
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mathematics from the very beginning. We refer the reader to [BLO05] for a sur-
vey of applications, including further connections to subspace arrangements
and time series analysis.

More recently, discrete homotopy theory has seen significant development,
partly driven by new applications in topological data analysis [ BCW14,MZ19]
and partly by the introduction of new techniques from abstract homotopy
theory [CK22].

The work in this thesis represents the natural next step towards building
a robust foundation of computational tools within discrete homotopy theory
and developing the theory necessary to understand to what extent discrete
homotopy theory coincides with the classical homotopy theory of spaces.

Before we review the literature on discrete homotopy theory and discuss
our original contributions to this field, it would be helpful to be more precise

about what we mean by discrete homotopy theory.

1.1 What is discrete homotopy theory?

The objects of interest are graphs. For us, a graph X is a set Xy equipped
with a reflexive and symmetric relation Xz C Xy x Xy. The elements of Xy
are called vertices of the graph, and two vertices z and 2’ in X are connected
by an edge if the ordered pair (x,2’) is in Xg, in which case we write x ~ z’.
In our figures, we will suppress the unique loop present at each vertex, and
represent each pair of oppositely directed edges by a single undirected edge.
There is an abundance of all sorts of graphs, but for now, we will note the

following examples:

1. the finite interval graph I,, of length n which has, as vertices, the integers
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0,1,...,n, and an edge i ~ j whenever |i — j| < 1;
0 0 1 0 1 2 0 1 2 3
Io I I I3

2. the infinite interval graph I, which has, as vertices, all integers i € Z,

and an edge i ~ j whenever |i — j| < 1;

-1 0 1 2 0 1+ 1

00—

I

3. the n-cycle graph C,,, which is obtained from I,, by identifying the vertex

0 with the vertex n.

1
0 0 1
i i 0 2
2 1 3 2
03 Cy 4 3
Cs

A graph map f: X — Y is a function f: Xy, — Yy on the underlying
set of vertices that preserves the relation. In particular, since our graphs are
reflexive, this allows edges in the domain to be collapsed to a single vertex in
the codomain.

For example, we have for each n > 0, the injective graph maps [,r: I, —

I41 given by (i) = ¢ and (i) = i + 1 for 0 < ¢ < n. We also have the
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surjective graph maps s: C,,.1 — C,, given by

i fo<i<n—1
s(i) =

0 ifi=mn.

We write Graph for the category of graphs and graph maps. It is closely re-
lated to the category of metric spaces and 1-Lipschitz functions, which features
heavily in topological data analysis [BCW14, MZ19].

Given two graphs X and Y, we can create a new graph X [ Y called the
box product of X and Y, as follows:

(XDY)V:XVxYV

either x ~ 2’ and y = ¢/
(X O Y)E = (%,y) ~ (Ilvy,)

orz =21 and y ~ 1

The box product is one of many possible ways to define product graphs. We
refer the reader to [IK00] for a survey of other ways of defining product graphs.

With the finite interval graphs and the box product operation in hand, we
can define homotopies between graph maps. Given two graphs maps f,g: X —
Y, an A-homotopy H: f = g of length n € N is a graph map of the form
H: X O1I, — Y such that H(—,0) = f and H(—,n) = g. Note that the finite
interval graphs I,, are playing the role that the unit interval [0, 1] plays in the
classical homotopy theory of spaces, and similarly the box product is playing
the role that the product topology plays.

This leads to a notion of A-homotopy equivalences in the usual way. A
graph map f: X — Y is an A-homotopy equivalence if there exists a graph
map ¢g: Y — X along with A-homotopies go f = idx and f o g = idy.
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One can show that the unique map I, — [ is an A-homotopy equivalence
for any n € N, whereas the unique map I, — Iy is not. Perhaps more
surprisingly, the unique map C,, — I is an A-homotopy equivalence for n = 3
and n = 4. Note that if we were treating graphs as topological spaces, then the
infinite interval graph I, would be homeomorphic to the real line R, which is
contractible, and all the cycle graphs C),, would be homeomorphic to the unit
circle S, which is not. This shows us that discrete homotopy theory diverges
from the usual theory of treating graphs as 1-dimensional CW complexes.

Given a graph X along with a distinguished vertex z(, we can define its

nth discrete homotopy group, denoted A, (X, xq), as follows:
An (X, x0) = {f: IP™ 5 X | f(i) =z for all but finitely many i € 1.7 ”}/

where we are quotienting by A-homotopies that also take the value z( at
all but finitely many vertices in .2 "*!. The group operation is given by
concatenating the finite non-constant regions. We note that this definition
is entirely analogous to the definition of homotopy groups of pointed spaces,
which are defined using continuous maps out of the unit n-cube [0, 1]" that
map the boundary of the n-cube to the basepoint.

We say that a graph map f: X — Y is a weak A-homotopy equivalence if
the induced map f.: A,(X,z) — A, (Y, fx) is an isomorphism for all n > 0
and all vertices x € X. It can be shown that the graph maps s: C,,; — C),
defined earlier are weak A-homotopy equivalences for all n > 5. Note that they
are not A-homotopy equivalences, since any graph map of the form C,, — C),11
fails to be surjective and is A-homotopic to a constant map. The unique map
I, — Iy is another example of a weak A-homotopy equivalence that is not an

A-homotopy equivalence. This suggests that the class of weak A-homotopy
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equivalences, rather than the class of A-homotopy equivalences, is the correct
notion for weak equivalences in Graph.
Discrete homotopy theory, then, is the study of the category Graph,

equipped with the class of weak A-homotopy equivalences.

1.2 Literature review

The systematic study of a discrete homotopy theory for simple, undirected
graphs can be traced back to the work of Malle [Mal83], where we can find
definitions of what are now popularly known as A-homotopies, A-homotopy
equivalences, and the discrete fundamental group of a graph. Malle proves
that if a graph contains no 3- or 4-cycles, then its discrete fundamental group
is isomorphic to the classical fundamental group of the graph treated as a 1-
dimensional CW complex. He also characterizes connected graphs with trivial
discrete fundamental group, using the notion of pseudoplanar nets. In fact, our
definition of a net (see Definition 3.3.1) is inspired from Malle’s pseudoplanar
nets.

In [BKLWO1], Barcelo et al. improve on Malle’s result by proving that
the discrete fundamental group of a graph is isomorphic to the quotient of
the classical fundamental group of the graph (treated as a 1-dimensional CW
complex) by the normal subgroup generated by the 3- and 4-cycles. They also
define the higher discrete homotopy groups, and prove a discrete version of
the Seifert—van Kampen theorem. We note that although most of this paper
deals with simplicial complexes and their A-groups, all the constructions factor
through the category of graphs.

Graphs take center stage in [BBALLO06], where the authors introduce cubi-
cal methods to study discrete homotopy theory. They associate to each graph
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I', a CW complex Xr, constructed from I' (treated as a 1-dimensional CW
complex) by attaching an n-cell for every graph map of the form I,© " — X.
They emphasize that this CW complex should be understood as the geometric
realization of a certain cubical set associated to the graph, and conjecture that,
for each integer n > 0, the nth discrete homotopy group of I' is isomorphic
to the nth classical homotopy group of Xr. Note that this further generalizes
the earlier results comparing the discrete fundamental group of a graph with
the classical fundamental group of the graph treated as a 1-dimensional CW
complex. This conjecture is later settled by Carranza and Kapulkin in [CK22].

In the meantime, a discrete homology theory for graphs is developed in
[BCW14]. Although most of this paper deals with metric spaces, all the con-
structions factor through the category of graphs. The authors formulate a dis-
crete anlalogue of the Eilenberg—Steendrod axioms and show that the discrete
homology theory satisfies these axioms. They also prove a discrete analogue
of the Hurewicz theorem in dimension 1. The higher-dimensional version of
this discrete Hurewicz theorem is proven in [CK22].

A different, but related, homology theory for graphs is developed in
[GLMY14]. In [BGJWI19], the authors offer a comparison of these two
homology theories. In particular, they construct a graph for which these two
homology theories do not coincide.

A theory of covering graphs is partially developed in [Har19] as a technique
to compute the discrete fundamental group of the n-cycle graphs for n > 5
without relying on comparisons with the classical homotopy theory of spaces.
The central notion in this treatment is that of a local isomorphism. The
theory of local isomorphisms as covering graphs is well-behaved only when the
base graph does not contain any 3- or 4-cycles. For instance, in [BGJW21],

the authors give a construction for a simply connected cover over any base
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graph. But this construction has the desired universal property only if the
base graph does not contain any 3- or 4-cycles. In the same paper, the authors
also prove that graphs without 3- or 4-cycles have trivial discrete homology
groups in degrees > 2. An analogue of this result for discrete homotopy groups
is proven by Lutz in [Lut21], i.e. graphs without 3- or 4-cycles have trivial
discrete homotopy groups in degrees > 2. Thus, graphs without any 3- or
4-cycles behave like 1-dimensional CW complexes and are not particularly
interesting.

Another important contribution of [BGJW21] is the construction of graphs
with nontrivial discrete homology groups in any given non-negative degree. In
[Lut21], Lutz provides a similar construction of graphs with nontrivial discrete

homotopy groups in any given non-negative degree.

1.3 Summary of results

1.3.1 A Seifert—van Kampen theorem for graphs

The discrete homotopy groups A, (X, zg) of a pointed graph (X, z¢) are easy to
define, but generally hard to compute. A discrete analogue of the Seifert—van
Kampen theorem is thus a crucial tool to have in our computational tool-
box. Recall that the classical Seifert-van Kampen theorem gives a sufficient
condition for when the fundamental group of the union of two spaces can be
computed in terms of their individual fundamental groups. Using the language

of pushouts, it can be stated as follows:
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Theorem (Seifert—van Kampen). Consider a pushout square

X0*>X1

Lo

X2*>X

of pointed, connected spaces. If the maps Xo — X1 and Xg — X5 are both open
embeddings, then the above pushout square is preserved by the fundamental

group functor m : Top, — Grp.

The requirement that the maps Xo — X; and Xy — X5 must both be open
embeddings may appear straightforward, but is hard to translate to the dis-
crete setting of graphs. Here is the analogous statement in discrete homotopy

theory:

Theorem (Theorem 3.3.5). Consider a pushout square

X0*>X1

Lol

X2*>X

of pointed, connected graphs. If every map h: I, O Iy — X satisfies the

following net resolution condition:
h admits a net (H,s) such that each cell of H factors through Xy or Xs

then the above pushout square is preserved by the discrete fundamental group

functor Ay : Graph, — Grp.

Here, a net of h is a pair (H, s) consisting of a map H: I, O I,, — X for

some m,n € N together with an order-preserving, surjective map s: Iopi0, —
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I, such that H o0 0,,,, = h o 0,1 0s, where Oy, lopmion — I, O I, is the
map that wraps around the interval of length 2m + 2n along the boundary of
the m x n grid graph I, O I,,. A cell of H is any map [ OO I, — I, OJ I,
composed with H.

Theorem 3.3.5 improves upon a similar result of [BKLWO01] which requires
that every map h: Iy O I; — X itself factors through X; or X,. How-
ever, this stricter condition is not met in several examples of interest (see
e.g. Fig. 1.1), where we still expect the pushout square to be preserved by
the functor A;: Graph, — Grp. These examples are found to satisfy our net

resolution condition, which is a weaker requirement.

3 2 1 0 3 2 1 0
13 12 17 16

4 11 4 11
14 15 18 19

5 10 3 10

6 7 8 9 6 7 8 9

Figure 1.1: An example of a graph whose discrete fundamental group can be
computed using Theorem 3.3.5, but not using [BKLWO01, Thm. 2.8]. Vertices
with the same label are identified. For a more detailed discussion, see Exam-

ple 3.3.7.
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1.3.2 Realization problem for the discrete fundamental

group

One might ask whether every group can be realized as the discrete fundamental
group of some graph. We answer this question in the affirmative by providing,
for any group G, together with a choice of presentation G = (S| R), an
explicit construction of a graph Xg g, whose discrete fundamental group we

then compute using Theorem 3.3.5.

Theorem (Theorem 3.4.5). Given any group G with presentation G = (S |

R), we have:
A(Xsr,x0) =G, for any xy € Xg g.

This construction is a key step towards constructing Eilenberg—MacLane
graphs, i.e. graphs that have exactly one non-trivial discrete homotopy group.
Note that, except for a few special cases, constructing Eilenberg—MacLane

graphs remains an open problem.

Figure 1.2: The graph X} .2y with discrete fundamental group Z/2Z. Ver-

tices with the same label are identified.
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1.3.3 Theory of covering graphs

The theory of covering graphs was partially developed in [BGJW21,Har19] as a
technique to compute the discrete fundamental group of the n-cycle graphs for
n > 5. The central notion in these treatments was that of a local isomorphism.

Given a graph X and a vertex x, the (star) neighbourhood N, of x in X is

defined as follows:

(Ny)y ={2' € Xy | 2/ ~ 2z in X}

(Ny)g={2'~2"in X |2’ =z ora” =zx}.

A graph map f: X — Y is a local isomorphism if, for every vertex x € X, the
restriction f|n,: N; = Ny() is an isomorphism.

The main drawback of working with local isomorphisms is that they don’t
enjoy the path-homotopy lifting property unless the base graph is known to
contain no 3- or 4-cycles. This is a serious drawback since such graphs have no
nontrivial higher homotopy groups [Lut21]. Most graphs that we might want
to work with, such as the graphs Xg r constructed above, have many 3- and

4-cycles. To rectify this issue, we introduce a new notion of coverings.

Definition (Definition 3.2.9). A map f: X — Y is a covering if, in addition
to being a local isomorphism, it has the right lifting property against the open
box inclusion C”: I3 — Iy U I;. That is, given any commutative square as

follows:
I3 —— X

EJ ,v-'wif

LOL —sY

there exists a map Iy U Iy — Y that makes both triangles commute.
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Unlike local isomorphisms, coverings enjoy the path-homotopy lifting prop-
erty without any restriction on the base graph. The new definition also allows
us to give a more complete development of the theory of covering graphs. In
particular, we are able to prove the following classification result for covering

graphs:

Theorem (Corollary 3.2.23). For any pointed, connected graph (X, z¢), there
is a Galois correspondence between connected coverings over (X, xq) and the

lattice of subgroups of A1(X,xy) ordered by reverse inclusion.

Finally, defining a wuniversal cover of a pointed graph (Y,yo) to be any
pointed covering p: (X, x9) — (Y, yo) where the covering graph X is simply

connected, we are able to prove the following:

Theorem (Theorem 3.2.29). Every pointed graph (X, xo) admits a universal
cover (Xuy, [¢ao])- Furthermore, the universal cover is unique up to a unique

isomorphism.

Note that these statements have verbatim analogues for topological spaces.

1.3.4 Comparing homotopy theories

One might ask whether, or to what extent, the discrete homotopy theory of
graphs (i.e. the study of the category Graph of graphs equipped with the class of
weak A-homotopy equivalences) coincides with the classical homotopy theory
of spaces (i.e. the study of the category Top of topological spaces equipped
with the class of weak homotopy equivalences). Let us make this question
more precise, using the language of fibration categories.

A fibration category is a category equipped with a class of weak equivalences

and a class of fibrations, subject to certain axioms (see Definition 5.1.1). The
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extra structure provided by the fibrations is useful for many constructions
in homotopy theory, such as for computing homotopy limits. It also gives a
convenient description of the homotopy category, i.e. the category obtained by
formally inverting all the weak equivalences. We compare fibration categories
by means of exact functors (see Definition 5.1.9). An exact functor between two
fibration categories is a weak equivalence if the induced functor on homotopy
categories is an equivalence of categories.

In [CK22|, the authors describe a fibration category structure on Graph,
where the weak equivalences are the weak A-homotopy equivalences. They
also show that the cubical nerve functor N: Graph — Kan is an exact functor
of fibration categories, where Kan denotes the fibration category of cubical
Kan complexes and serves as an alternative model for the classical homotopy
theory of spaces. What is not known is whether the cubical nerve functor
N : Graph — Kan is a weak equivalence of fibration categories. This is currently
one of the biggest open problems in the field. Indeed, if true, it will allow us to
import powerful results and techniques from classical homotopy theory, such
as the Blakers-Massey theorem, over to the discrete setting. In this thesis,
we provide a new line of attack towards this problem. The following theorem

provides the context required to describe our proposed strategy.
Theorem (Theorems 4.3.10 and 5.3.2).

1. For each integer n > 0, we have a model category structure' on the
category cSet of cubical sets, where the weak equivalences are cubical

maps f: X — Y that induce isomorphisms f.: my(X,x) — m (Y, fx)

LA model category is similar to a fibration category, but more convenient to work with
since we have both fibrations and cofibrations. Given any model category M, the full
subcategory M of fibrant objects forms a fibration category with weak equivalences and
fibrations inherited from M.
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for every 0 < k < n and every x € X, and such that the cubical nerve
of every graph is a fibrant object. We denote this model category by

cSet,, types-

2. For each integer n > 0, we have a fibration category structure on the
category Graph, where the weak equivalences are graph maps f: X — Y
that induce isomorphisms f.: Ap(X,z) = Ar(Y, fz) for every0 < k <n

and every x € X. We denote this fibration category by Graph

n-types-*

3. For each integer n > 0, the cubical nerve functor N: Graph —

fib
c S etn -types

n-types

s an exact functor of fibration categories.

We may now ask whether the cubical nerve functor N: Graph —

fib
cSetn_types

n-types

is a weak equivalence of fibration categories for any given integer
n > 0. We expect this problem to more tractable, especially since there are
algebraic models for homotopy n-types of spaces.

For instance, for n = 1, the fibration category cSet?ﬂypes is known to be
weakly equivalent to the classical fibration category structure on the category
Gpd of groupoids (see, e.g., [Hat02, Exercise 4.3.4]). Using the computational
techniques developed for the discrete fundamental groupoid of a graph, we

prove the following.

Theorem (Theorem 5.3.11). The fundamental groupoid functorI1;: Graph —

1-types

Gpd is a weak equivalence of fibration categories.



Chapter 2

Discrete Homotopy Theory

In this chapter, we review the background material on discrete homotopy
theory that will be used throughout the thesis, and also prove some prelimi-
nary (but original) results comparing different formulations of the A-homotopy
groups. In Section 2.1, we recall the definition of a graph and a graph
map, list some important examples, and prove that the category of graphs
is (co)complete.

In Section 2.2, we recall the definition of the box product of graphs (of-
ten also called the Cartesian product), which is distinct from the categorical
product (often also called the strong product). Like the categorical product,
the box product also defines a closed symmetric monoidal structure on the
category of graphs, but the box product generally has fewer edges than the
categorical product. The box product forms the basis of the branch of discrete
homotopy theory often called A-theory, which is the focus of this thesis.

In Section 2.3, we recall the definitions of combinatorial paths in a graph,
defined either as graph maps out of the finite interval graphs, or as graph

maps out of infinite interval graphs that are constant almost everywhere. Both

16
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definitions give rise to the same notion of path-connectedness, which interacts
well with the box product; see Proposition 2.3.10.

In Section 2.4, we recall the definitions of A-homotopies between graph
maps, which naturally leads to the notion of A-homotopy equivalences between
graphs.

In Section 2.5, we recall the definitions of path-homotopies between paths
in a graph, and of the A-homotopy groups of a graph, whose underlying sets
are given by the set of path-components of iterated loop graphs. This leads
us the notion of weak A-homotopy equivalences, i.e. graph maps inducing
isomorphisms on all A-homotopy groups, as well as the weaker notion of n-
equivalences, i.e. graph maps inducing isomorphisms on the first n A-homotopy
groups. The material in Sections 2.1, 2.2, 2.3, 2.4 and 2.5 is adapted from the
papers [BKLWO01] and [BBALLO06] and we do not make any claims of originality.

Finally, in Section 2.6, we compare different formulations of the A-
homotopy groups. Historically, e.g., in [BBALL06, BL05], the A-homotopy
groups of a graph have been defined using maps out of an infinite grid graph
and requiring that these maps are constant outside of a fixed finite region.
Alternatively, one could define the A-homotopy groups using maps out of
finite grids, without stipulating any additional conditions. FEach of these
approaches has its own set of advantages and disadvantages. What is not
immediately clear in this second approach is what identifications need to be
made when defining maps on grids of different sizes. To describe them, we
adapt the notion of reparametrization by a shrinking map, originally used in
[GLMY14], to the setting of undirected graphs; see Definition 2.6.1 below.

The equivalence of the two approaches is then established in Theorem 2.6.14.
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2.1 The category of graphs

We begin by recalling the definition of a graph and a graph map.
Definition 2.1.1.

1. A graph X = (Xy, Xg) is a set Xy equipped with a reflexive and sym-
metric relation Xr C Xy x Xy. Elements of Xy are called vertices of
the graph, and two vertices z and 2’ in X are connected by an edge if
(z,2") € Xg, in which case we write © ~ 2’ and say x and 2’ are ad-
jacent. In our figures, we will suppress the unique loop present at each
vertex, and represent each pair of oppositely directed edges by a single

undirected edge.

2. A graph map f: X — Y is a set-function f: Xy — Yy that preserves
the relation. We write Graph for the the category of graphs and graph

maps.
Notation 2.1.2.

1. The finite interval graph I, of length n € N has, as vertices, the integers

0,1,...,n, and an edge i ~ j whenever |i — j| < 1.
0 0 1 0 1 2 0 1 2 3
Iy I I I3

2. The infinite interval graph I, has, as vertices, all integers ¢ € Z, and an

edge i ~ j whenever |i — j| < 1.

-1 0 1 2 l 1+ 1
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3. The n-cycle graph C), has, as vertices, the integers mod n, and an edge

i ~ j whenever |i — j| < 1.

1
0 0 1
i j 0 2
2 1 3 2
03 Cy 4 3
Cs

Proposition 2.1.3. The forgetful functor (—),: Graph — Set that maps a

graph to its underlying verter set admits both adjoints.

discrete
1L

Graph — (=), — Set
~_ 1

complete

The left adjoint to (—),, maps a set X to the discrete graph on X, given by the
pair (X, {(z,z) | x € X}), while the right adjoint to (—),, maps a set X to
the complete graph on X, given by the pair (X, X x X). In particular, (—),,

preserves limits and colimits. [
Proposition 2.1.4. The category Graph is (co)complete.

Proof. Let J be any small category and let F': J — Graph be any functor. The
graph lim F' is constructed as follows: the underlying vertex set (lim F'),, is
the limit in Set of the composite functor (—),, o F': J — Set. This set comes
equipped with set-functions A;: (lim F');, — (Fj),,. The relation (lim F), is

given by:

(im F), = {(z,2) | 2,2’ € (imF)y, (\(2),\() € (Fi)p V j € 1}
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The graph colim F' is constructed as follows: the underlying vertex set
(colim F),, is the colimit in Set of the composite functor (—),, o F': J — Set.
This set comes equipped with set-functions A;: (£75),, — (colim F'),,. The

relation (colim F'), is given by:

(colim F) ; = {(A;(x), X; (@) | (z,2") € (Fj)p, j €}

It is straightforward to verify that both these graphs satisfy their respective

universal properties. O

2.2 Monoidal structure on the category of
graphs

To define the notion of homotopy, we need to review the definition of the
product of graphs. Although Graph has the categorical product, in the context
of discrete homotopy theory, we work with a different monoidal product, known

as the box product.

Definition 2.2.1. The box product X Y of two graphs X and Y is defined

as follows:

(XDY)V:XVxYV

| either z ~ 2 and y = v/
(X OY)g=1(zy)~(@y)
orz=2x"and y ~ 1y
The box product differs from the categorical product in Graph. For in-

stance, the box product Iy [ I; is depiected below on the left, whereas the
categorical product I; x I is depicted below on the right.
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(0,0) (1,0) (0,0) (1,0)

(0,1) (1,1) (0,1) (1,1)
LO6L I x I

Given two graphs X and Y, we have the maps nx: X YV — X and
my: X Y — Y given by the following composites:

WX_<XDYMXDIOi>X>

WY:<XDY!D—idY>IODYi>Y>
Thus, we have a map from the box product to the categorical product:
(mx,my): XOY 5 X xY
We can check that this map is always bijective on vertices and injective on
edges.
Definition 2.2.2. The internal hom hom™(X,Y) of two graphs X and Y is
defined as follows:

hom™(X,Y),, = Graph (X,Y))

f,g € Graph (X,Y) and }

hom®(X, ¥) , = {f ~y
VeeX, f(x)~g(r)

One can then easily verify the following:
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Proposition 2.2.3. The category (Graph, O ,]O,homm(—,—)) is a closed
symmetric monoidal category. In other words, given graphs X,Y, Z, we have
a bijection

Graph (X O Y, Z) = Graph (X7 hom" (Y, Z))
that is natural in X, Y, and Z. [

In [KK23], the authors prove that, apart from the categorical product, the

box product is the only closed symmetric monoidal structure on Graph.

2.3 Paths in a graph

We now define combinatorial paths and recall some of their basic properties.
Definition 2.3.1. Let X be a graph and z, 2’ € Xy be vertices.

1. A path v: z ~ z' in X of length n € N is a map ~v: I, — X such that
v(0) =z and v (n) = 2'.

2. A path v: x ~ 2’ in X of length oo is a map v: I, — X for which
there exist integers N_, Ny € Z such that v (i) = « for all « < N_ and
v (i) =2 forall i > N,.

Definition 2.3.2. Two vertices x and 2’ in a graph X are path-connected if
there exists a path from = to /. A graph X is path-connected if every pair of

vertices in X is path-connected.

Definition 2.3.3. Given any vertex x in a graph X, the constant path c,: x ~~

x of length n € NU {00} is given by the composite

Cg:—(-[n : IO . X>
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Definition 2.3.4. Let X be a graph and z, 2’ € Xy be vertices.

1. Given a path v: x ~» 2’ in X of finite length n, its inverse path7v: &' ~ x,

defined by a map 7: I, — X, is given by 7 (i) = v (n — 7).

2. Given a path v: x ~ 2/ in X of length oo, its inverse path 7: ' ~ x,

defined by a map 7: I, — X, is given by 7 (i) = v (—1).
Definition 2.3.5. Let X be a graph and z,2’, 2" € Xy be vertices.

1. Given two paths v: x ~ 2’ and o: 2’ ~» 2" in X of finite lengths m
and n respectively, their concatenation v * o: x ~» x”, defined by a map

y*0: Iy, — X, is given by

v (7) ifi <m

o(i—m) ifi>m

2. Given two paths v: x ~ 2’ and o: 2/ ~~ 2” in X, both of length oo,
their concatenation vy * o: x ~ x”, defined by a map y*o: I, — X, is
given by

(yx0) (1) =
where M, is the smallest integer such that v (i) = 2’ for all ¢ > M, and

N_ is the largest integer such that o (i) = 2’ for all i < N_.

Definition 2.3.6. Let n € Nand fort=1,...,n, let e;: I; — I, be the graph
map given by

i—1 ifj=0
e (j) =
i if j=1
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Given a path v: x ~» 2/ in X of finite length n, its i-th edge is given by the
path e (y) =~voe;: v(i —1) ~ v(i) of length 1, where i = 1,... n.

Proposition 2.3.7. Path-connectedness of vertices in a graph X is the equiv-

alence relation on Xy generated by adjacency of vertices. [

Given a graph map f: X — Y and a path v: x ~» 2’ in X, the composite
fo~is apath in Y from f(z) to f(z/). Thus, if two vertices in X are
path-connected, then their respective images under f are path-connected in

Y.

Definition 2.3.8. The set of path-components my X of a graph X is the set of
equivalence classes of vertices of X under path-connectedness. A graph map
f: X — Y induces a set-function f,: mpX — mY. The assignment f +— f, is

clearly functorial, and we have a well-defined functor my: Graph — Set.

Proposition 2.3.9. The functor my: Graph — Set is left adjoint to the functor
Set — Graph that maps a set X to the discrete graph on X.

0

N

Set — discrete — Graph O
N‘_/
(_)v
Given two graphs X and Y, we can apply mp to the maps nx: X Y — X
and my: X Y — Y and then take their product in Set to obtain the following

set-function:

7T0<X DY) —>7TOX ><7TOY

Proposition 2.3.10. The functor my: Graph — Set is strong monoidal. In
particular, the set-function mo (X OY) — mX X mY is a bijection that is

natural in the graphs X andY .
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Proof. Clearly the functor 7y: Graph — Set preserves units, since moly = {x}.
In order to check that the set-function m (X O Y) — 7y X x 1Y is a bijection,
we need to check that given two vertices x,z’ that are path-connected in X
and two vertices y,y’ that are path-connected in Y, the pairs (z,y) and (2, /)
are path-connected in the box-product X 0 Y. Let v: x ~ 2’ be a path in X
and let o: y ~» ¢/ be a path in Y. Then, the concatenation (y O ¢,)*(c,y O 0)
is a path from (z,y) to (2/,7) in X O Y. O

2.4 Homotopy theory of graphs

We are now ready to define homotopies and homotopy equivalences. Before
doing so, we make a small observation that helps motivate these notions.

Observe that two maps f,g: X — Y are adjacent in the graph homD(X YY)
if and only if there exists a graph map H: I; — hom"(X,Y") such that H (0) =
f and H (1) = g, or equivalently, a graph map H: X O I; — Y such that
H(—,0)=fand H(—,1) =g.

Definition 2.4.1. Let X and Y be two graphs and f,g: X — Y be two graph

maps.

1. An A-homotopy H: f = g of lengthn € Nisamap H: X O [, - Y
such that H (—,0) = f and H (—,n) = g.

2. An A-homotopy H: f = ¢ of length coisamap H: X O I, — Y for
which there exist integers N_, N, € Z such that H (—,i) = f for all
i< N_and H(—,i) =g foralli> N,.

When such an A-homotopy exists, we say that f and g are A-homotopic and
write f ~4 g. Equivalently, an A-homotopy H: f = g between two graph
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maps f,g: X — Y is a path H: f ~» g in the graph hom™(X,Y). It follows

that ~, is an equivalence relation on the set Graph (X,Y).

Definition 2.4.2. A graph map f: X — Y is an A-homotopy equivalence if
there exists some graph map g: X — Y such that gof ~,4 idx and fog ~4 idy.

Example 2.4.3. The unique map I, — Iy is an A-homotopy equivalence for
every n € N. In contrast, the unique map I, — Iy is not an A-homotopy

equivalence.

Example 2.4.4. The unique map C,, — [ is an A-homotopy equivalence for

n=3,4.

2.5 Homotopy groups of graphs

Definition 2.5.1. Let X be a graph and z(, 1 € Xy be two vertices. For m €
NU {oo}, the m-path graph P, X (z¢,x1) is the full subgraph of hom”(7,,, X)

with vertices given by paths of length m in X from xg to ;.

Observe that two paths ~,0: xg ~» z; are adjacent in the graph
P, X (xg,21) if and only if there exists a graph map H: I} — P, X (x, 1)
such that H (0) = v and H (1) = o, or equivalently, if and only if there exists
a graph map H: I, O I, — X such that H (—,0) =~y and H (—,1) = 0.

Definition 2.5.2. Let X be a graph, zg,z; € X be two vertices, and

v, 0: xo ~> o1 be two paths in X of length m for some m € NU {oo}.

1. A path-homotopy H: v = o of lengthn € Nisamap H: [, O I, - X
such that H (—,0) = v and H (—,n) = o, and such that each H (—,1) is

a path from x( to x; in X of length m.
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2. A path-homotopy H: v = o of length co isamap H: I, 0 I, — X
for which there exist integers N_, N, € Z such that H (—,i) =~ for all
i < N_and H (—,i) = o for all i > N,, and such that each H (—,1) is

a path from x( to x; in X of length m.

When such a path-homotopy exists, we say that v and ¢ are path-homotopic

and write v ~,, 0.

Equivalently, a path-homotopy H : v = ¢ between two paths v, 0: xg ~» x;
in X, both of length m, is a path H: v ~» ¢ in the graph P, X (x¢,z1). It

follows that ~,, is an equivalence relation on the set P, X (x¢, 1), .

Definition 2.5.3. For a pointed graph (X,z) and m € N U {co}, the m-
loop graph €, (X, z) is given by P, X (x,z). It has a distinguished vertex
given by the constant path at x of length m. This gives an endofunctor

Q,,: Graph, — Graph,.

Iterating the endofunctor €2,,: Graph, — Graph,, we get:
Q% . Graph, — Graph,, ford e N

Proposition 2.5.4. For any pointed graph (X, z), m € NU{oc} and d € N,
the graph Q& (X, z) is isomorphic to the full subgraph of hom=(IJ? X)) with

vertices given by the maps ¢: 124 — X for which each component
i Im%homm(fgd_l,X), fori=1,...,d

given by

tes ((toofiy o ta) > (bt t)

is a path of length m from c, to c,, where ¢, is the constant map at x. O
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Definition 2.5.5. For d > 1, and for each ¢« = 1,...,d, we define a binary
operation -; on the vertex set of the graph Q¢ (X, z) as follows: given ¢, €
QL (X, z), let o0 € Q4 (X, 2) be the element of hom™ (15, X) corresponding
to the concatenation ;*1);, where ¢;, ;- I.o — hom= (129!, X) are the paths

¢z ~ ¢, of length oo given by

tH(@,“ﬁ,“@Owwahuﬁwme

and

tos (b By ta) = W (bt 1)
respectively.

Warning 2.5.6. The binary operation -; does not define a graph map of the
form

QL (X, z) O0L (X, 2) = QL (X,2).

Definition 2.5.7. For d > 1, we define the d-th A-homotopy group Aq (X, z)
of a pointed graph (X, z) to be the set mpQ2 (X, x) of path-components of the
graph Q4 (X,z). For d > 1, and for each i = 1,...,d, the binary operation
-; induces a group operation on homotopy groups +;: Ag (X, z) x Ag(X,z) —
Ay (X, z). A pointed graph map f: (X,z) — (Y, fz) induces a group homo-
morphism f,: Aq(X,z) — Aq(Y, fx). The assignment f — f, is functorial,
and we have a well-defined functor A,: Graph, — Grp, where Graph, denotes
the category of pointed graphs and pointed graph maps. For d > 2 and
1 <1 < j <d, the group operations -; and -; satisfy the interchange law: given
any a,b,c,d € Q% (X, ), we have a path in Q¢ (X, z) from (a - b)-; (¢ d) to
(a-;¢)-(b-;d). It follows by the Eckmann-Hilton argument that these group

operations coincide and are abelian.



CHAPTER 2. DISCRETE HOMOTOPY THEORY 29

The first A-homotopy group A;(X,z) of a pointed graph (X,z) is also
known as its discrete fundamental group, although we will drop the adjective

“discrete” henceforth and simply call it the fundamental group.

Definition 2.5.8. A graph map f: X — Y is a weak A-homotopy equiv-
alence if it induces a bijection f,: moX — mY and a group isomorphism
fer Aa(X, ) — Ag(Y, fx) for every d > 0 and every vertex z € X. Let W

denote the class of weak A-homotopy equivalences in Graph.

Definition 2.5.9. Given any integer n > 0, a graph map f: X — Y is an n-
equivalence if it induces a bijection f,: moX — 7Y and a group isomorphism
fer Aa(X,x) = Ag(Y, fz) for every 0 < d < n and every vertex x € X. Let

'W,, denote the class of n-equivalences in Graph.

2.6 Finite vs. infinite paths

In the preceding section, we defined homotopy groups using infinite paths
(Definition 2.5.7), but we could have used paths of finite length instead. While
this statement is clear on the intuitive level, its proof is quite technical. In
this section, we develop the necessary tools and prove that the two definitions
(via ‘finite’ vs ‘infinite’ grids) of homotopy groups agree.

Note that the length of a path in a graph is a property of the map, and not
its image. To emphasize this point, we introduce the notion of reparametriza-

tion of a path.

Definition 2.6.1. Let m,n € NU {oco}. A shrinking map is a surjective and
order-preserving graph map s: I,,, — I,. Given a path v: xq ~» x of length n

in a graph X and a shrinking map s: I,, — I,,, the composite v o s is a path
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in X of length m from xy to x;, traversing the same sequence of edges as .

We say that the paths v o s and  are reparametrizations of each other.
Lemma 2.6.2.

1. Fvery path of finite length admits a reparametrization of length oo.

2. Every path of length oo admits a reparametrization of finite length.
Proof. Given a path v: x¢ ~» x; in X of finite length n, we can choose the

shrinking map s: I, — [, given by

0 iti<O0

s(i)=<i if0<i<n

n ifn<jg

Then, the path v o s is a reparametrization of v having length oco.

Given a path y: xg ~» x; in X of length oo, there exist integers N_, N, € Z
such that v (i) = xy for all ¢ < N_ and v(7) = x; for all ¢ > N,. Then,
letting n = N, — N_, we can choose a shrinking map s: I, — I, and a map

~: I, — X given by:

0 ifi < N_
s(i)=4qi—N_ if N.<i<N,

and

F(@) =7+ N-).

Note that v =7 o s. Hence, 7 is a reparametrization of v having finite length
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n. O

Given any subset Z C N U {oco}, we have an equivalence relation ~z on
the disjoint union [],c7 P, X (%, 1) that is generated by reparametrizations.
That is, given a path v: xg ~ x7 of length n and a shrinking map s: I,, — I,,,
for m,n € Z, we identify v ~7 v o s and take the smallest equivalence relation

containing these pairs.

Definition 2.6.3. For a graph X and two vertices xy and x1, the Z-indexed
path graph PrX (xq,x1) is the quotient of [[,c7 P X (29, 1) under the equiv-

alence relation defined above.

PIX (370,1‘1) = <H PnX (ZL’U,$1)> / ~T

nel

Suppose we have an inclusion Z C J, where Z,J are both subsets of
N U {oo}. Then, given any two paths v,0: xy ~» 21 that are identified in
PrX (xg,21), they are also identified in P7X (xg, 7). Thus, the inclusion

hez PoX (0, 21) = Hnes PuX (20, 1) induces a map
PrX (zg,x1) —— P7X (20, 21)
Proposition 2.6.4. The following maps are isomorphisms:
Proo} X (20, 1) — Paujoo} X (w0, 21)

and

PuX (29, 71) — Prufoay X (w0, 1)

Proof. We first prove surjectivity and then injectivity of both maps. We have
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the following commutative squares:

P X ($0,9U1) E— HneNU{oo} P, X (on,Il)

Py X (w0, 21) ——— Prufoo} X (2o, x1)

and
nen o X (20, 21) —— [nenugooy FnX (z0, 1)

Py X ($07$1) e PNU{OO}X ($0,I1)

By Lemma 2.6.2, the maps represented by the dotted diagonal arrows in both
commutative squares are surjective. It follows that the maps Py X (29, 1) —
Praufooy X (w0, 21) and PyX (20, 21) = Paugoo} X (%0, 1) are both surjective.

Injectivity of Proy X (20, 21) — Puu{ec}X (70, 71), follows from the fact
that for any shrinking map s: I, — I, where m € NU {cco}, we must have
m = 0.

Given any shrinking map s: I, — I, where n € N, we have a corresponding
shrinking map s: Iy — I, where M € N defined as follows. Let M_ € Z be
such that s (M_)0 and M, € Z be such that s (M,) =n. Let M = M, — M_
and let 5: Ipy — I,, be given by § (i) = s (i + M_). Then, for any path v: zy ~»
x1 of length n, the paths v o s and 7 o 5 are identified in Pyy{ec}X (20, 21).
That is, we can replace any shrinking map of the form s: I, — [, by a
shrinking map of the form s: I, — I, where M € N. Hence, the map

PnX (20, 71) = Pauoo} X (0, 1) is injective. O

Lemma 2.6.5. Given a path v: xq ~ x1 in X of length oo and a shrinking
map s: I — I, there exists a path-homotopy v = v o's, or equivalently a

path v ~~ vy o s in Py X (xg,21).
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Proof. We first consider two special cases before moving on to the general case.

First, suppose the shrinking map s: I, — [, is of the form

i if i <k
s (1) =

1—1 iti>k+1

for some k € Z and let H: I, ® I} — I, be given by H (i,0) = i and
H (i,1) = s(i). Then, o H is a path-homotopy from 7 to v o s.

Next, suppose the shrinking map s: I, — I is of the form s (i) =i+ k
for some k € Z. Let H: I, ® Iy — I, be given by H (i,j) = i + j, so that
H (i,0) =i and H (i,k) = s(i). Then, v o H is a path-homotopy from = to
v oS,

We can now consider the general case where the shrinking map s: I, — I
is arbitrary. Since v is a path of length oo, there exist N_, N, € Z such that
v (i) = xo for all i < N_ and 7 (i) = x; for all i > N,. Let M_, M, € Z be
such that s (M_) = N_ and s (M) = N;.

Define s": I, — I as follows:

1—M_+N_ ifi<M_

s' (1) = { 5 (4) it M_<i< M,

i— M, + N, if M, <i

Then, s is also a shrinking map. Furthermore, s’ can be obtained as the
composite of a finite sequence of shrinking maps of the forms considered in
the previous two special cases. Thus, we have a path-homotopy v = v o s'.

Finally, we observe that yo s =~ o s. 0
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Proposition 2.6.6. The set-function
ToPoo X (20, 1) —— ToPoc} X (@0, 1)

induced by the quotient map Py X (19, 21) — Py X (20, 21) is a bijection.

Proof. We need to check that whenever two vertices in Py X (20, 21) are
path-connected, their preimages in P, X (xo, ;) are also path-connected. It
suffices to consider vertices connected by an edge in Py X (29, 21).

Let [y] ~ [o] be an edge in Py X (w0, 21). Then, there exists an edge
7 ~ & in Py X (xg, x1) such that [y] = [§] and [o] = [7]. By Lemma 2.6.5, we
have paths v ~» 5 and ¢ ~ & in P, X (2o, 7). Thus, there is a path v ~ o
in P X (29, 21). O

This allows us to use the path graph P} X (2o, 21), or indeed the path
graph PyX (zg,x;) which is isomorphic to it, in place of Py X (x¢,21), as
long as we are only concerned with the set of path-connected components of
these graphs. We expect that each of these models will be useful in different
contexts. For instance, the path graph PyX (z¢,x;) will come in handy when

we need to use induction arguments on path-lengths.

Definition 2.6.7. For a pointed graph (X, z) and a non-empty subset Z C
NU {oo}, the Z-indexed loop graph Q7 (X, z) is given by PrX (z,z). It has a
distinguished vertex given by the equivalence class of the constant path at x.

This gives an endofunctor €27: Graph, — Graph,.

Iterating the endofunctor €27: Graph, — Graph,, we get:

Q2. Graph, — Graph,, for d € N.
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Suppose we have an inclusion Z C J, where Z, J are both non-empty

subsets of NU {oco}. Then, we have natural transformations
Q4 =% fordeN.

Proposition 2.6.8. For every pointed graph (X, z), the following maps are

isomorphisms:

Notation 2.6.9. Given a vector n = (ny,...,ng) € (NU {oo})% let I,, denote
the graph I,,, O --- O [,,,, and n \ n; denote the vector (ny,...,n;,...,nq) €
(NU {oo})*". Let Q,: Graph, — Graph, denote the endofunctor obtained as

the composite €2,,, 0---0€Q,,.

Proposition 2.6.10. For any pointed graph (X,z) and vector m =
(n1,...,nq) € (NU{oco})?, the graph Qn (X, z) is isomorphic to the full
subgraph of homD(In,X) with vertices given by maps p: Iy, — X for which

each component
it In, —>homD(In\m.,X), fori=1,...,d

given by
ts ((tl,...,ﬂ,...,td) '—>30(t1,---,t,---7td))

is a path of length n; from c, to c,, where c, is the constant map at x. [

Given any subset Z C NU{oo} and d € N, we have an equivalence relation
~za on the disjoint union [[,c7¢ Qn (X, x) that is generated by (higher-order)

reparametrizations. That is, given an element ¢ € Q, (X, z) and shrinking
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maps 8;: Ip, — L., i = 1,...,d, for m,n € Z% we identify ¢ ~za ¢ o
(s; O --- Osg) and take the smallest equivalence relation containing these
pairs.

Proposition 2.6.11. For any pointed graph (X, z), non-empty subset T C
NU{oo} and d € N, we have:

04 (X, ) = (H Qn (X,@) / ~ga . O

nezd

Lemma 2.6.12. Given ¢ € Q4 (X, z) and shrinking maps si,...,8q4: Ioo —

I, there exists a path @ ~ @ o (s; O -+ O sq) in Q4 (X, 7).

Proof. Note that (s; O -+ O s4) equals the following composite:
(5 0id 0 -+ Oid)o(idOs, Did O -+ Oid)o---0(d O -+ Oid O sy)

Thus, it suffices to prove that there exists a path ¢ ~» po(id O --- O s; O --- O id)
for any ¢ € Q4 (X,z) and any i = 1,...,d.
Let ¢;: I, — hom™ (12?1 X) be given by

tes ((tofiy o ta) >t ot ta))

By Lemma 2.6.5, there is a path-homotopy ¢; = @;0s;, or equivalently a path
o~ po(idd --- Os; O -+ Oid) in Q4 (X, 20). O

Proposition 2.6.13. The set-function
1o (X, z) —— WOQ%OO} (X, )

induced by the quotient map Q2 (X, x) — Qf{loo} (X, z) is a bijection.
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Proof. We need to check that whenever two vertices in Q?OO} (X, z) are path-
connected, their preimages in Q¢ (X, x) are also path-connected. It suffices to
consider vertices connected by an edge in Q‘foo} (X, ).

Let [¢] ~ [¢] be an edge in Qf , (X, 2). Then, there exists an edge @ ~ ¥
in Q4 (X, z) with [@] = [p] and [@Z] = [¢0]. By Lemma 2.6.12, we have paths
@ ~ gand i) ~ ¢ in Q4 (X, x). Thus, thereis a path ¢ ~ 1 in Q4 (X,z). O

As a corollary, we obtain the main theorem of this section:

Theorem 2.6.14. The d-th A-homotopy group Aq(X,x) of a pointed graph
(X, z) can be equivalently defined as the set of path-components of any of the
following graphs:

o Q4 (X, z) of graph maps from the infinite grid to (X, z) stabilizing in all

directions;

. Q‘{ioo} (X, x) which is the quotient of the graph Q% (X, z) above by the

equivalence relation generated by reparametrization; or

o Q4 (X, x) of graph maps from finite grids to (X,x) quotiented by the

equivalence relation generated by reparametrization.

Note that, for d > 2, the group operation on A, (X, ) must necessarily
descend from the binary operations on the vertex set of Q% (X, x), since none
of the other models admit the correct binary operation. The only exception
to this is the case d = 1, where Qy (X, z) admits a product structure in Graph.
In particular, Proposition 2.6.13 cannot be strengthened to a statement about

isomorphic groups for d > 2.



Chapter 3

The Fundamental Groupoid

In this chapter, we introduce the discrete fundamental groupoid of a graph,
a multi-object generalization of the discrete fundamental group defined in
Section 2.5, and use it as a starting point to develop robust computational
techniques, such as the theory of covering graphs and a discrete version of the
Seifert—van Kampen theorem. In Section 3.1, we define the discrete fundamen-
tal groupoid II; X of a graph X and verify that II; is a well-defined functor
from the category of graphs to the category of groupoids. We then show that
it is monoidal with respect to the box product and deduce from this that the
discrete fundamental groupoid is homotopy invariant.

In Section 3.2, we develop the theory of covering graphs, which mirrors
the familiar theory of covering spaces from algebraic topology. We introduce a
new notion of coverings, distinct from the notion of local isomorphisms previ-
ously studied in [Har19,BGJW21]. This new definition allows us to overcome
the restriction to base graphs not containing 3- or 4-cycles which hampers
the applicability of previous iterations of covering graph theories. In partic-

ular, we prove that every graph admits a universal cover (Theorem 3.2.29).

38
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We also prove a classification theorem for covering graphs (Theorem 3.2.21),
from which we can deduce the familiar Galois correspondence between pointed
connected coverings and subgroups of the discrete fundamental group (Corol-
lary 3.2.23).

In Section 3.3, we tackle the question: when does the discrete fundamental
group preserve pushouts? This is the question that would be answered by any
candidate for a Seifert—van Kampen theorem in discrete homotopy theory. The
statement found in literature ([BKLWO01, Thm. 2.8]) requires that every 3- or
4-cycle in the pushout graph must be contained entirely in one of the two
graphs that we are taking a pushout of. However, this condition is not met in
several examples of interest, where we still expect the pushout to be preserved.
We prove that it is sufficient to require instead that every 3- or 4-cycle in the
pushout graph admits a “subdivision” into smaller 3- or 4-cycles, each of which
is itself contained in one of the two graphs that we are taking a pushout of (see
Theorem 3.3.5). In fact, we deduce such a statement from a stronger version
for the fundamental groupoid (Theorem 3.3.4).

Then, in Section 3.4, we use the discrete Seifert—van Kampen theorem to
solve the realization problem for the discrete fundamental group, which asks:
can every group be realized as the discrete fundamental group of some graph?
We answer this in the affirmative by providing, for any group G with a choice
of presentation (S | R), a completely combinatorial construction of a graph
Xs g that has G as its discrete fundamental group. This construction is a key
step towards constructing the Eilenberg-MacLane graphs K (G, 1), i.e. graphs
whose discrete fundamental group is G and whose higher discrete homotopy

groups are all trivial.
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3.1 Definition and basic properties

In this section, we define the fundamental groupoid IT; X of a graph X (see
Definition 3.1.4). Tts objects are the vertices of X, and its hom-sets are given by
the set of path-components of the path-graphs constructed in Definition 2.6.3.
Taking advantage of the ‘finite’ grid approach of Section 2.6, we define the
operations making II; X into a groupoid using maps between the path-graphs
that encode concatentation and inversion of paths, and verify that it gives a
well-defined functor from the category of graphs to the category of groupoids.
We then show that the fundamental groupoid functor is monoidal with respect
to the box product and hence, homotopy invariant.

Recall the definition of concatenation of paths having finite length. For

m,n € N and vertices z,2', 2" € X, we have a well-defined graph map
x: PpX (x,2") x P, X (2, 2") = PpynX (x,2")

given by
(7,0) = y*0o
Given two shrinking maps s: I, — I, and t: I, — I, where
m,m’,n,n" € N, their concatenation is the shrinking map s*t: I — Lnin
given by
s (1) fo<i<m
ti—m)+m iftm <i<m'+n
Given paths v: x ~ 2’ and o: 2’ ~ 2” in X of lengths m, n respectively,

and shrinking maps s: I,,, — I,, and t: I, — I,,, we have

(yos)*(ogot)=(y*xo)o(sx*t).
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Thus, we obtain an induced graph map
x: PyX (x,2') x PyX (2, 2") — PyX (z,2")

given by
(0] [o]) = [y x o]

Note that concatenation of paths of length co does not define a graph map.

Lemma 3.1.1. Let X be any graph. Then, the following diagrams of graph

maps commute:

PyX (z,2") O PyX (2/,2") O PyX (2", 2™) x0id Py X (z,2") O PyX (2", 2")

ao-| |

PyX (z,2") O PyX (2/,2") * Py X (z,2™)

idXCz/

PyX (z,2') x [y —= PyX (x,2) x PyX (2, 2")

l*

Py X (z,2")

1R

cp Xid

PyX (z,7) X PyX (z,2") +—— Iy X PyX (z,2')

l*

Py X (z,2)

1%

for all z, o', 2", 2" € X. ]
For n € N and vertices z, 2" € X, we have a well-defined graph map

(): P.X (z,2') = P, X (¢, )

given by taking the inverse path v — 7 in the sense of Definition 2.3.4.
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Given a shrinking map s: I, — I,, where n,n’ € N, its reverse is the
shrinking map s: I, — I, given by 5(i) = n — s (n’ — i). Putting it together,
given any path v: z ~» 2’ in X of length n and a shrinking map s: I, — I,

we have

Yos=7o0s.
which gives an induced graph map

(): PnX (z,2") = PyX (2, 2)

given by [7] = [7].

Lemma 3.1.2. Let X be any graph. Then, the following diagram of set-

functions commutes:

ToPnX (2, 2) X moPyX (x,2) HOLL) moPnX (z,2) 0 ToPnX (z,2") X moPyX (2, )

| | L

moPnX (2, 2) e/ {*} (2] moPnX (z, x)

forall x,x' € X. O

Definition 3.1.3. Given any path 7: x ~ 2’ in a graph X having finite

length, let its path-homotopy class be its equivalence class in 7o PyX (z, 2').

Definition 3.1.4. The fundamental groupoid 11, X of a graph X is defined as

follows:

objects: vertices x,2’,... of X

I, X' = { morphisms:  path-homotopy classes [y] :  — 2’ of

paths v: x ~» 2’ in X of finite length
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In other words, we have:

ob HlX = XV

and for every x,z’ € obIl; X, we have:
IL X (z,2") = moPyX (x,2) .

Composition is given by [o] o [y] = [y * o], which is well-defined since it is

obtained by applying 7y to the map
x: PyX (z,2) x PyX (2, 2") = PyX (x,2")

(W], lo]) = [y * ol

Inverses are given by [y]~' = [§], which is well-defined since it is obtained

by applying 7y to the map

(): PyX (x,2") = PyX (2, x)

[v] = [7].

Then, IT;G is a well-defined groupoid.

Given any graph map f: X — Y, we have a well-defined functor
I f: I1X — ILY that maps a morphism [y]: z — 2/ in I[;X to the
morphism [fo~q]: f(x) — f(2') in Y. Furthermore, the assignment

f — I f is itself functorial, and we obtain a well-defined functor
I1; : Graph — Gpd.

Proposition 3.1.5. For any pointed graph (X,x), we have a group isomor-
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phism
A (X z) 21ILX (2, 2)

If X is path-connected, we have an equivalence of categories Ay (X, x) ~ 11, X.
O]

3.1.1 Monoidality

Given two graphs X and Y, we have the following groupoids:

L(XOY) and ILX xILY

They have identical objects: pairs (z,y) where z is a vertex in X and y is a
vertex in Y. However, they might a priori differ in their morphisms. Our next
goal is to show that these two groupoids are in fact isomorphic.

We begin by observing that a morphism (z,y) — (2/,¢') in II; (X OY)
is given by the path-homotopy class [vy] of a path v: (x,y) ~ (2/,¢) in the
box product X [0 Y. On the other hand, a morphism (z,y) — (2/,¢') in
II; X xI1, Y is given by a pair ([o], [7]) where [o] is the path-homotopy class of
a path o: z ~» 2/ in X and [7] is the path-homotopy class of a path 7: y ~ 1/
inY.

Definition 3.1.6. Given graphs X and Y, let

\IIX7yi I1; (X O Y) — HlX X HIY

be the functor whose components are given by II; applied tory: X Y — X
and my: X OY — Y respectively. It maps a morphism [v] : (z,y) — (2/,¢/)
to the morphism ([7x7], [7y7]) : (z,y) — (2, ¢).
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These functors, as X and Y vary, satisfy certain coherence conditions
and equip II;: Graph — Gpd with the structure of a colax monoidal func-
tor. We want to show that the Wyy are isomorphisms, which would mean

that I : Graph — Gpd is, in fact, a strong monoidal functor.

Definition 3.1.7. Given any two graphs X and Y, let

dxy: IHX x LY > 1 (X OY)

be the functor that maps a morphism ([o], [7]) : (x,y) — (2/, ) in [LX xI}Y
to the morphism [(c O y) * (¢’ O 7)] : (z,y) — (¢/,¢) in [ (X OY).

It is straightforward to verify that Wxy o ®xy equals the identity functor
on the groupoid II; X x II;Y". It only remains to show that ®xy o ¥xy equals
the identity functor on the groupoid II; (X O Y). In particular, we need to
show that given any path v: (x,y) ~ (2/,%') in the box product X O Y, we

have:
[(mxy Oy)* (2 O ayy)] = [v].

Lemma 3.1.8. Let m,n € N. Given any two paths p,q: (0,0) ~-
(m,n) of length m + n in the graph I, O I,, we have [p] = [q] in
7TOPN (Im ] In) ((070) ) (m7 TL))

Proof. Recall that we have a deformation retract of I,,, (0 I,, onto the vertex
(0,0) that can be obtained by first contracting along the second variable and
then contracting along the first variable. Explicitly, we have a graph map

H:1,01I, 0., — I, 01, given by

(4, min (j,n — k)) if0<k<n
H(i,j, k) =
(min (i,m +n—k),0) ifn<k<m+n
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that satisfies:
H(_7_a0) :idlm O In» H(—,—,m—’—n):(}(o’g),

and
H (0,0,k) = (0,0), forall k=1,...,m+n.

Then, the composite

(pxq) O idy,, .,
Doson O T — 20 2 p O O L 2 1, O 1,

defines a path-homotopy p * ¢ = c(o,0), or equivalently a path p* g ~ ¢ ) in
Qomton (I, O 1,,,(0,0)). Hence, we have:

[p] = [p * C(k,l)}
= [p*q*q]
= [0(0,0) * Q}
=[]
in moPy (I, O I,,) ((0,0), (m,n)). O

Lemma 3.1.9. Given any path~y: (z,y) ~ (2',y') of finite lengthn in X O Y,

we have:

(mxy Oy)* (2" O myy)] = [1]
in moPy (X OY) ((z,y), (2, 9)).

Proof. Replacing the path v with a reparametrization of v if necessary, we can
suppose, without loss of generality, that v (i) #~v (i — 1) forany i = 1,...,n.
Let i1,...,9 € {l,...,n} be all the indices for which the maps
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e (7),...,el (y): I1 - X OY are constant in the second variable (see

i o
Definition 2.3.6 for the notation ef). Let ji,...,5 € {1,...,n} be all the
indices for which the maps €} (v),...,e} (v): 1 — X O Y are constant in
the first variable.

We define a path o: x ~ 2’ in X of length & as follows:

o= (7TX oe; (7)) K ek (ﬂ'X o e;‘k (7))
and a path 7: y ~ ¢/ in Y of length [ as follows:
T = (7Ty oej (7)) K -k (7Ty oe; (’y))
We define a shrinking map s: I,, — I as follows:

0 ifi=0
s(i)=1{s(i—1) if ef (y) is constant in the first variable

s(t—1)+1 if el () is not constant in the first variable

and a shrinking map t: I,, — I; as follows:

0 ifi=0
t@)=qt(i—1) if e () is constant in the second variable

t(i—1)+1 ifef () is not constant in the second variable

Finally, we define a path p: (0,0) ~ (k,1) of length k+1 =nin I} O I, as

follows:
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By construction, we have the following:

Tx Oy =00Ss, Ty 0y =T ot, and vy=(cOT)op.

Then, we have:

((rx o) Oy)* (2" O (ry 07)) = ((mx 07) O (7y ©7)) © PLnn

=(cos) O (trot)opinn

(0' O T)Opj_k,lo(s*t)

where p, ., represents the path (id;, O 0) * (n O idy,) in I, O I,, and p, g,
represents the path (id;, O 0) = (k O idy,) in I, O 1.
By Lemma 3.1.8, we have [p, x,] = [p] in moPy (I O ;) ((0,0), (k,1)).

Consequently, we have:

[(mx 0v) Oy)* (2" 0 (ry07))] = O 1)opirio(sxt)]
=[(c0O7T)opo(sx*t)]
~yo (s 1)

=[]. O

Theorem 3.1.10. The functor 11y: Graph — Gpd is strong monoidal. In

particular, given any two graphs X and Y, the functors

Uyy: I (X OY) =5 ILX x LY

and

(I)X7yi IILX xIIY — II; (X ] Y)
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are inverse to each other. O

We can now deduce the enrichment of the category of graphs over the

category of groupoids.

Theorem 3.1.11. The category Graph admits an enrichment over Gpd with
hom-groupoids given by 11, (homD(X , Y)) Given this enrichment, the funda-
mental groupoid functor I1;: Graph — Gpd is a Gpd-enriched functor.

Proof. This follows from a straightforward application of the change of base
lemma for enriched categories [Riel4, Lem. 3.4.3] to the Graph, which is en-
riched over itself by Proposition 2.2.3 as a closed monoidal category, and to the

functor II; : Graph — Gpd, which is strong monoidal by Theorem 3.1.10.  [J

A category enriched over Gpd is precisely a (2,1)-category, with 2-cells
given by morphisms in the hom-groupoids. In the case of Graph, where the
hom-groupoids are given by IIy (homD (X, Y)), the 2-cells are given by path-
homotopy classes of paths in the graph homD(X ,Y) or, equivalently, path-

homotopy classes of homotopies between graph maps.

Corollary 3.1.12. Graph admits the structure of a (2,1)-category, with
0-cells given by graphs, 1-cells given by graph maps, and 2-cells given by
path-homotopy classes of homotopies between graph maps.  Furthermore,
IT;: Graph — Gpd is a (2,1)-functor and hence, maps homotopies between

graph maps to natural isomorphisms between the induced functors. [

3.2 Covering graphs

In this section, we develop the theory of covering graphs, a discrete analogue

of the theory of covering spaces from algebraic topology.
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We begin by introducing local isomorphisms and covering maps, giving sev-
eral equivalent definitions of each of these notions (Lemmas 3.2.5 and 3.2.8),
and studying their basic properties, e.g., the path and homotopy lifting prop-
erties (Lemmas 3.2.7 and 3.2.13, respectively). Note that the notion that we
refer to as the ‘local isomorphism’ below was previously studied under the
name ‘covering map’ in [BGJW21, Har19], the name which we reserve for a
stronger notion.

We then turn our attention to the category of coverings of a fixed graph
and show that it is equivalent to the category of Set-valued functors on the
fundamental groupoid of the graph (Theorem 3.2.21). From that, we deduce
the familiar Galois correspondence between connected coverings of a pointed
connected graph and the poset of subgroups of its fundamental group (Corol-
lary 3.2.23).

We conclude this section with the construction of the universal cover of a
pointed graph (Theorem 3.2.29), which we take to be the initial object in the
category of pointed coverings.

We note here that the key results of this section, including Theorems 3.2.21
and 3.2.29 and Corollary 3.2.23, require the full strength of our definition of a
covering graph. When working with local isomorphisms instead, one needs to
impose an additional assumption that the base graph has no 3- and 4-cycles,
which by the result of Lutz [Lut21, Thm. 1.1] limits the theory to graphs with

no non-trivial homotopy groups above dimension 1.

3.2.1 Local isomorphisms and covering maps

To define local isomorphisms and covering graphs, we need some preliminary

definitions. The first of these is a well-known categorical notion of lifting
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properties.

Definition 3.2.1. Let C be any category. A morphism p: C' — D in € has
the right lifting property (RLP) against a morphism i: A — B in C if for every
commutative square of the form
‘s C

p

“—~ D

T

~.

|

there exists a morphism h: B — C, called a [ift, such that the following

diagram commutes:

|

A,
[T
B—"-D

Furthermore, if the lift h: B — C'is unique, then we say that p has the unique
RLP against 1.

Next, we define certain graph maps that we will be interested in taking

lifts against.

Definition 3.2.2. For any m,n € N, let Ty, ,,: Iomtn — L, O I, be the graph

map given by:

(m —1,0) fo<i<m
T (1) = 4 (0,0 —m) ifm<i<m+n

(t—m—-n,n) ifm+n<i<2m+n
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3 2 1 0
q
1 0 (0,0)  (1,0) (2,0) (3,0)
¢ r—0
1 0 (0,0) (1,0)
oe————e 1 4 ¢ (0;1) - (1;1) (2,1) (3,1)
(0,1) (1,1)
*r—0
C10 2 3 (0,2) (1,2 (2:2) (3,2)
Cia ) 6 7 8
C32

Definition 3.2.3. The (star) neighbourhood N, of a vertex x in a graph X is

a subgraph of X given as follows:

(Ny)y ={2" e Xy |2 ~2in X}

(N)p={2' ~2" | &' =z or 2" =z}

Lemma 3.2.4. Let p: Y — X be a graph map.

1. The map p has the RLP against Ty o: Iy — Iy if and only if the restric-

tion p|n, : Ny — Ny, is injective for all y € Y.

2. The map p has the RLP against 0: Iy — I if and only if the restriction

pln, : Ny — Ny is surjective for ally €Y.

Proof. 1. (=) Let y € Y and x = p(y) € X. Suppose there exist 3/, y" €
N, such that p(y') = p(y’) = 2’ € N,. We can define a graph map
A: Is — Y where
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giving us the following lifting problem:

IQAY

wl ]

]1L>X

where e: I} — X is given by e (0) = x and e (1) = z/. By the hypothesis,

the above lifting problem has a solution, which implies that

Thus, p|y, is injective.

(<) Consider a lifting problem between Ty : Io — I; and p: Y — X as

follows:
]2 L) Y

E1,0J/ J{p

]1 L> X
Then, we have two vertices u (0),u(2) € Ny,q) such that powu(0) =
pou(2) =v (1) € Npour) = Ny()- By the hypothesis, p|x,,, is injective,
and hence, we must have u (0) = u (2). Thus, the above lifting problem

has a solution.

2. (=) Lety €Y and x =p(y) € X. Given any 2’ € N, let e: [} - X
be the graph map given by e(0) = z and e (1) = 2/, and consider the
following lifting problem:
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By hypothesis, there exists a solution to the lifting problem, say e: [ —
Y. Then, letting ¢’ = €(1) we have ¥ € N, and also

py)=(poe)(1) =e(1) =2

Thus, p|y, is surjective.

(<) Consider a lifting problem between 0: Iy — I; and p: Y — X as

follows:
]0 — Y

o| |

]1 L> X
Then, we have a vertex v (1) € Ny = Npoyo). By the hypothesis,
PlN, ., is surjective. Hence, there exists some vertex y’ € Ny () such that

p(y') = v (1). Thus, the above lifting problem has a solution v: I; — Y
given by v (0) =« (0) and v (1) =¥/ O

Lemma 3.2.5. Let p: Y — X be a graph map. The following are equivalent:
1. p has the unique RLP against 0: Iy — I,, for all n € N.
2. p has the unique RLP against 0: Iy — 1.
3. p has the RLP against 0: Iy — I, and Cio: I — 1.

4. For every vertex y € Y, the restriction p|n,: Ny — Ny, s an isomor-

phism.
Proof.

(1) = (2) is immediate.
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(2) = (3) p has the RLP against 0: [, — [; by assumption. So, it suffices to show
that it has the RLP against Cy: Io — I;. To this end, consider a lifting

problem as follows:

IQ%Y

cl ]

[1 — X
Note that Ty (1) = 0 and Ty (0) =1 = Ty (2). Thus, the above

lifting problem admits a solution h: Iy — Y if and only if we have

u(0) = u (2).

To see that u (0) = u (2), we consider the following diagram:

Iy —— I, —“5 Y

I
OJ( C1,0
+

Il—jléX

hS]

This defines a lifting problem between 0: Iy — [; and p: Y — X. There
exist two distinct solutions to the lifting problem given by the left part
of the diagram, namely ey: Iy — Iy and €1: I} — I5. It follows that uoe,
and u o €7 are both solutions to the lifting problem between 0: Iy — I
and p: Y — X. But, since p was assumed to have the unique RLP

against 0: Iy — I, they must be equal. So, we have:

w(0) = (woer) (1) = (uoey) (1) = u(2)

as required.

(3) = (4) This follows from Lemma 3.2.4.
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(4) = (1) Consider the following lifting problem:

]OLY
| )
InLX

We want to construct the unique lift 5: I, — Y. We construct it in-
ductively. Note that we must have 7 (0) = y, giving us the base case.
Suppose we have constructed 4 (i — 1) € Y for some i € {1,...,n}. Let
Yior =7 (i —1)and z;_y = (i — 1). Then, since p|y,  : Ny,_, = Ng,_,
is an isomorphism, there is a unique vertex y; € N,, , such that p (y;) =
v (1) € Ng,_,. Then, we must define 5 (i) = y;. Thus, the unique lift

~: I, — Y is given by the following recursive formula:

Y ifte=0
-1
(Pl ) (G ifi=1.n

Definition 3.2.6. A map p: Y — X is a local isomorphism if it satisfies any

of the equivalent conditions in Lemma 3.2.5.

We emphasize, again, that our definition of a local isomorphism captures
what other authors, e.g., [BGJW21, Har19] refer to as a covering graph. For

us, a covering graph is a stronger notion, presented in Definition 3.2.9.

Lemma 3.2.7 (Path lifting property, cf. [Har19, Thm. 3.0.9]). Let p: Y — X
be a local isomorphism. Given any path v: x ~» x’' in X and any vertex

y € p~t (x), there exists a unique path 7y in'Y starting at y such that po¥y = .

Proof. This follows from the fact that local isomorphisms have the unique

RLP against 0: Iy — I, for all n € N. O
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Lemma 3.2.8. Let p: Y — X be a graph map. The following are equivalent:

(1) The induced map p,: hom=(I,,Y) — hom”(I,, X) is a local isomor-

phism for alln € N.
(1°) p has the unique RLP against 0 O id: I O I,, = I, O I, for alln € N.

(2) The induced map p,: hom”(I,,Y) — hom (I,, X) is a local isomor-

phism forn =0,1.
(2°) p has the unique RLP against 0 O id: Iy O I,, — I, O I,, forn =0,1.
(3) p has the unique RLP against 0: Iy — Iy and Tyq: Is — [, O 1.
(4) p has the RLP against0: Iy — I, Tio: Io = 1, and Ty 0 I3 — [ O 1.

Proof. By Proposition 2.2.3, we have a bijective correspondence between the

following lifting problems:

L,OI, ——Y Iy —— hom™(I,,Y)
00 idJ{ JP o OJ( Jp*
Lol — X I, —— hom"(1,,, X)

Furthermore, either lifting problem admits a (unique) solution if and only if
its counterpart admits a (unique) solution. Thus, we have the equivalences

(1) < (1) and (2) < (2).
(1') = (2/) is immediate.

(2') = (3) Note that for n = 0, the map 0 O id: Iy O [, — [, O I, equals the map
0: Iy — I;. So, it suffices to show that p has the unique RLP against



CHAPTER 3. THE FUNDAMENTAL GROUPOID o8

Ci1: Is — I O I;. To this end, consider a lifting problem as follows:

]3$>Y

ol ]

Il O [1 L> X
Note that this lifting problem has a unique solution if and only if we
have v (0) ~u (3) in Y.

Consider the following diagram:

LOL~I 2 I u

Y
[

00O idJ{ C1,1 J{p
+

11D]1—11D11L>X

This defines a lifting problem between 0 (Jid: Iy OO I; — I; O I; and p.
By the assumption, this lifting problem has a unique solution. So, there
exists a map h: I; O I; — Y that makes the above diagram commute.
Thus, we have h (1,1) ~ h(1,0) in Y. We will now show that h (1,0) =
u (0) and that h (1,1) = u (3).

We know that i (0,0) = u (1) and that poh = v. Thus, both uoey: I; —
Y and ho(id O 0) : I; O Iy = I; — Y are solutions to the following lifting

problem:

I u(1)

o| |

I vo(id O 0) ¥

Since p has the unique RLP against 0: Iy — I; by the assumption, the
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two solutions must coincide and in particular, we have:
h(1,0) = (ho(id 0 0)) (1) = (uoer) (1) = u(0)

A similar argument shows that h (1,1) = u (3).

Consider the following lifting problem:

Larl ——Y

vou|

LOIL, —/—— X

We want to construct a lift h: I; O I, — Y and show that it is unique.
Note that any solution h: Iy [0 I, — Y must necessarily satisfy the
condition h (0,7) = u (0,7) for i = 0,...,n.

For each i = 0, ..., n, consider the following diagram:

IL,OL, Y2501, —“>Y

\
ODidl 00O id lp
+

LOL Y2 o1, — X

Since p has the unique RLP against 0 UJ id: Iy O Iy, — [ O Iy by
hypothesis, there exists a unique lift h;: 1 = [ O I — Y.

Note that if a solution h: I; O I, — Y to the original lifting problem
exists, then the composite h o (id OJ ) is also a solution to the second
lifting problem. By uniqueness of solutions, we must have ho (id [J i) =
hi. In other words, we must necessarily define h (1,7) = h; (1) for i =

0,...,n.

It only remains to verify that for each i = 1,...,n, we have h (1,7 — 1) ~
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(3) = (4)

h(l,i)inY.

To this end, let ?LZ I3 — Y be the map given by the concatenation Ez =

hi_1 *u;* h;, where u;: Iy — Y is the composite u; = uo (id O ¢;) : I

IyO06L =Y, fori=1,...,n. Observe that:

112

hi(0)=hi_y (1) =h(i—1,1),  hi(3)=h; (1) =h(i,1)

We can consider the following lifting problem for ¢ = 1,... n:

he
I3 ————

o |

I, ] I vo(id O e;) X

By hypothesis, p has the unique RLP against T, ;: I3 — [; O I}, and
hence we have h; (0) ~ h; (3) in Y, as required.

This follows from Lemma 3.2.5 and the observation that any solution to

a lifting problem against T, ;: I3 — [; U I; is necessarily unique. O

Definition 3.2.9. A map p: Y — X is a covering map if it satisfies any of the

equivalent conditions in Lemma 3.2.8. In such a case, the graph X is called

the base graph and the graph Y is called the covering graph.

Remark 3.2.10. Every covering map is a local isomorphism. A local isomor-

phism is a covering map if and only if it also has the RLP against T1,: I3 —

I; O I. In particular, any local isomorphism p: Y — X where the base graph

X contains no 3-cycles or 4-cycles is a covering map.

Example 3.2.11. The graph map p: I, — C,; i — i (mod n) is a local

isomorphism for all n > 3, but a covering map only for n > 5. In particular,
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this shows how our definition of a covering graph differs from the one given in

[BKLWO01, Har19].

Example 3.2.12. The graph maps C3, — Cs; i — i (mod 3) and Cy, —
Cy; i+ i (mod 4) are both local isomorphisms for every n > 1, but covering

maps only for n = 1.

We now prove the homotopy lifting property of covering graphs. This
property is known to fail for local isomorphisms if the base graph contains a
3- or 4-cycle. In fact, our definition of a covering graph was greatly influenced
by closely examining Hardeman’s proof of the analogous property for local
isomorphisms under the additional assumption that the base graph does not

contain any 3- or 4-cycles [Har19, Thm. 3.0.10].

Lemma 3.2.13 (Homotopy lifting property). Let p: Y — X be a covering
map. Given any two paths v,0: x ~ x' in X, a vertexy € p~' (x), and two
paths 7,0 in'Y starting at y such that po~y = v and po o = o, if we have
[v] = [o] in moPnX (x,2'), then the paths ¥ and & have the same endpoint
y' € p~ ' (2') and we have [7] = [7] in 7o PyY (y,v).

Proof. Since we have [y| = [o] in moPyX (z,2), there must exist a path-

homotopy H: I, OO I,, = X such that

H(—,0)=~vos, H(—,n)=o0o0t

and

H(O7 _) = Cyg, H(m7 _) = Cy/

where s and t are some shrinking maps.
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Consider the following lifting problem:

LOI, —5Y

oo |

1,01, 15 X

Since p: Y — X is a covering map, the induced map p,: homD(]n7 Y) —
hom"(I,,, X) is a local isomorphism for all n € N. Hence, the induced map
p.: hom™(I,,Y) — hom”(I,, X) has the unique RLP against 0: Iy — I,
for all m,n € N. Equivalently, p: ¥ — X has the unique RLP against
o0id: I, I, — I,, 0 I, for all m,n € N. Thus, the lifting problem described
earlier has a unique solution. That is, we have a unique map H: 1,01, —Y
such that:

poH = H, and E(O,—):Cy.

Also note that we have:

Observe that the path H (m,—): (Fos)(n) ~ (G ot)(n) satisfies p o
H (m,—) = ¢p. Thus, it must also be a constant path at some ' € p~* (2/).
It follows that both 4 and ¢ must have their endpoints at the same vertex

y' € p~' (¢/) and that the map H defines a path-homotopy yos = Got. [

3.2.2 The category of coverings over a fixed base graph

Our next goal is to define and study properties of the category of coverings of

a fixed graph.

Definition 3.2.14. Let p: Y — X and p': Y/ — X be two covering maps
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over the same base X. A morphism f: p — p' of coverings over X is a graph

map f: Y — Y’ such that the following diagram commutes:

y — L v

N

For any graph X, coverings over X and morphisms between them form a
category, denoted Cov (X). It is the full subcategory of the slice Graph | X on
covering maps.

Given a graph map g: X’ — X, we have a functor g*: Cov (X) — Cov (X').
It maps a covering p: Y — X over X to the pullback ¢*p: ¢*Y — X', which
is a covering over X'. It is straightforward to verify that ¢* is a functor. Fur-
thermore, the assignment (g: X’ — X) — (¢*: Cov(X) — Cov (X)) is also

functorial, and we have a well-defined functor
Cov: Graph®® — Cat

The next lemma is a well-known categorical fact about cancellation of
morphisms with certain lifting property, which we chose to include here for

completeness.

Lemma 3.2.15. Let C be any category. Consider the following commutative

triangle in C:
X —* 4y
N
A
If p and r have the unique RLP against some fixed morphism i: A — B, then

so does q.
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Proof. Consider a lifting problem between ¢ and ¢ as follows:

N

s 7

@':u
}
=

S
~

Since p has the unique RL P against ¢, there exists a unique morphism h: B —
X such that hoi=w and poh =row.
Observe that both go h and v are solutions to the following lifting problem

between ¢ and 7:
qou
—Y

A
B ™ Z
But since r has the unique RLP against ¢, we must have go h = v.

Since we have both hoi = u and ¢ o h = v, it follows that h: B — X
is a solution to the original lifting problem between i and ¢. Furthermore, it
is unique since any solution to the lifting problem between ¢ and ¢ is also a
solution to the corresponding lifting problem between ¢ and p, which admits a

unique solution. O

Recalling that covering maps are defined to be those maps that have the
unique RLP against 0: [y — I; and T11: I3 — I, U I;, we have the following

result:

Proposition 3.2.16. Let f: p — p' be a morphism in Cov (X) between two
coveringsp: Y — X andp': Y' — X. Then the underlying graph map f:Y —

Y’ is itself a covering map. 0

Given a covering graph over X, we will construct a Set-valued functor on
the fundamental groupoid II; X. The next set of definitions elaborate on this

construction.
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Definition 3.2.17.

1. Given a local isomorphism p: ¥ — X and a path v: z ~ 2/ in X, the

unwinding of v is a set-function
unw,: p~t(z) = pt (o)
given by
y — the end-point of the unique lift ¥ of v starting at y

where 7 is the unique path in Y that starts at y and satisfies po 7y = v
(cf. Lemma 3.2.7).

If p is a covering map, by Lemma 3.2.13, the function unw,: p~! (z) —
p~! (2) only depends on the path-homotopy class of v and so, we may
denote it by unwpy: p~t(z) — p~t (2).

2. Given any covering map p: Y — X, let
FIbX (p) ILX — Set

be the functor that maps a vertex x € X to the fiber p~! (z) over z,

and a morphism [4] : © — 2/ in X to the set-function unwp,;: p~* (z) —
P~ (@)

3. Given any graph X, let
Fibx : Cov (X) — Set'™*

be the functor that maps an object p € Cov(X) to the functor
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Fibx (p) : II; X — Set, and a morphism f: p — p’ in Cov(X) to the

/

induced natural transformation Fiby (f) : Fibx (p) = Fibx (p’) whose
(

p) 7 (@)

components are given by the restrictions fl|,-1,): p~! (z) —

for r € X.

4. Given any morphism ¢: X’ — X in Graph, the following naturality

square commutes up to a natural isomorphism of functors:

Cov (X) X, GetMX

g*l J(_)og*

ibys ’
Set!hX

Cov (X) 2%,

Let Fib: Cov = Set™(™) be the pseudo-natural transformation whose

components are given by Fibx: Cov (X) — Set™X.

In the reverse direction, given a Set-valued functor on the fundamental

groupoid II; X of a graph X, we can construct a covering graph over X.

Definition 3.2.18. Given any graph X, the total graph Totx F' of a functor
F: II; X — Set is defined as follows:

TOt)(F H Fzx

zeX
x ~ 2’ in X, where y € Fz and ¢ € F1/, and
(TotxF)p =Sy ~vy | (Fle]) (y) =y, where e: I, — X is given by

e(0)=zand e (1) =2

It comes equipped with a graph map p: Totyx F' — X that maps y € Totx F' to
re Xifye Fux.
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Proposition 3.2.19. Given any graph X and functor F: 11X — Set, the

graph map p: Totx F' — X s a covering map.

Proof. We need to verify that p: Totxy ' — X has the unique RLP against
0: Iy — I, and against Ty ;: I3 — [, O ;.

We first consider the following lifting problem against 0: Iy — I;:

Iy, —2— Toty F

o| &

[1%){

where e (0) = p(y) = z and e (1) = 2’ for some z,z’ € X such that z ~ 2’ in
X.

Note that any solution e: I; — Y to the above lifting problem must satisfy
€¢(0) = y and é(1) = F([e]) (y). Since these two conditions define a well-
defined graph map, we have a unique solution to the above lifting problem.

Next, we consider the lifting problem:

I; — % Totx F

= |»

Illel%X

We can visualize the maps u: I3 — Totx F and v: [; O I} — X as follows:

u (1) u (0) v (0,0) v (1,0)

u(2) u(3) v (0,1) v(1,1)

This lifting problem admits a unique solution if and only if we have u (0) ~

u (3) in Totyx F.
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Note that we have v (1,0) ~ wv(1,1). Thus, it suffices to show that
F(le]) (w(0)) = u(3) where e: Iy — X 1is given by e(0) = v(1,0) and
e(l)=wv(1,1).

Consider the path ~: I3 — X given by the composite

'}/:<]3 *>E171 ]1[][1 4)1} X)

Note that [y] = [e].

Thus, we have:

Definition 3.2.20.

1. Given any graph X, let
Totx : Set™* — Cov (X)

be the functor that maps a functor F': II; X — Set to the covering map
Totxy F' — X, and a natural transformation a: F' = G between two func-
tors F,G: II; X — Set to the induced morphism Toty («) : Totx (F) —

Totx (G) of coverings over X given by the disjoint union [[,¢y a,.

2. Given any morphism ¢g: X’ — X in Graph, the following naturality
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square commutes up to a natural isomorphism:

Set™¥ T, Cov (X)

(_)Og*l J/g*

Set™ X °%, oy (X
Let Tot: Set™ (™) = Cov be the pseudo-natural transformation whose

components are given by Toty : Set™* — Cov (X).

Theorem 3.2.21. For each graph X, the functors
Fibx: Cov (X) — Set™¥

and

Totx : Set™* — Cov (X)
define an equivalence of categories.
Proof. Straightforward after unfolding the definitions. O

If the graph X is path-connected, we may replace the functor category

A1(X,z)

Set'™X by a smaller model Set , 1.e. the category of Ay (X, x)-sets, for

any vertex x € X, by Proposition 3.1.5.

Corollary 3.2.22. For a pointed connected graph (X, x), we have an equiva-

lence of categories

Cov(X) ~ SetM1(X:)

given by postcomposing the functors Fibx and Totx with the equivalence of

Proposition 3.1.5. [
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This allows us to recover the usual Galois correspondence between sub-
groups of the fundamental group of a pointed connected space and the con-

nected coverings thereof.

Corollary 3.2.23. For a pointed connected graph (X, x), the functors Fibx
and Totx restrict to give an equivalence of categories between the opposite
of the poset of subgroups of A1(X,z) and the category of connected covering
graphs of (X, x), i.e.,

op
subgroups of A;(X,z) connected coverings

~

ordered by C of (X, )

A connected cover p: (Y,yo) — (X,zo) corresponds to the subgroup
P(A1(Y,90)) < A1 (X, o).

Proof. By restricting the equivalence of Corollary 3.2.22 to connected objects
in both categories (i.e., objects X such that Hom(X, —) preserves coproducts),
we obtain an equivalence between the categories of transitive A, (X, x)-sets and
of connected covering graphs of (X, z). The former is however equivalent to
that of quotients of A;(X,x) by its subgroups, and hence equivalent to the
opposite of the poset of subgroups of A;(X,x). ]

3.2.3 Universal covers

We next turn our attention to the construction of the universal cover of a
pointed graph (X, zg), which is the initial object in the category of pointed
covering graphs of (X, xg). To define it, we need to upgrade the definition of
coverings and their maps (Definitions 3.2.9 and 3.2.14) to the pointed setting.

Definition 3.2.24.
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1. Let (X, z0) be a pointed graph. A pointed graph map p: (Y,yo) —
(X, zo) where the underlying map p: Y — X is a covering is called a

pointed covering.

2. Given two pointed coverings p: (Y,yo) — (X, zo) and p": (Y',y) —
(X, xo) over the same pointed base (X, xg), a morphism f:p — p' of
pointed coverings over (X,xq) is a pointed map f: (Y,yo) — (Y, ()
such that the underlying map f: Y — Y’ is a morphism of coverings

over X.

3. For any pointed graph (X, x¢), pointed coverings over X and morphisms
between them form a category, denoted Cov (X, zg). It is the full sub-

category of Graph, | (X, x¢) on pointed covering maps.
4. An initial object in the category Cov (X, zg) is called a universal cover.

Recall that a graph X is simply connected if it is path-connected and if the

fundamental group A; (X, xp) is trivial for any vertex z € X.

Proposition 3.2.25. Let p: (Y,y0) — (X, x0) be a pointed covering. If Y is

simply connected, p is a universal cover.

Proof. Let p': (Y',y,) — (X, z0) be some pointed covering. We want to show
that there exists a unique morphism of pointed coverings f: p — p' over
(X, ZIZ'[)) .

» Y’

Yy f
X
Let y; € Y be any vertex. Since Y is path-connected, there exists a path

A1t Yo ~ y1. Let 21 = p(y1) and 41 = poFy. Then, v is a path zg ~» z; in X.
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Since p’ is a covering, there exists a unique path 4} in Y’ that starts at ¢/’
and satisfies the condition p’ 0] = 1. Let ¢} be the end-point of the path 7.

Note that y; € Y’ only depends on y; € Y and the path-homotopy class of
the path 47 in Y. However, since Y is simply-connected, y; € Y’ only depends
on y; € Y and we have a well-defined mapping f: Y — Y’ given by y; — 1.

We need to check that f is a graph map. Suppose we have y; ~ yo in Y.
Let €: I; — Y be given by €(0) = y; and €(1) = yo. Then, given any path
Y1t Yo ~ Y1, we have a path 5o =31 x €: yo ~ yo. Let 21 = p(y1), 22 = p (y2),
Y1 = PO, Y2 = PO, and e = poe. Then, 75 = 1 xe is a path xy ~» z2 in X.
By construction, f (y;) is the end-point of the unique path 41 in Y’ that starts
at y, and satisfies the condition p’ 0] = 71, and f (ys) is the end-point of the
unique path 75 in Y’ that starts at y{, and satisfies the condition p’ o 7} = 7s.
Let € be the unique path in Y’ that starts at y; and satisfies the condition
p' o€ = e. Then, by uniqueness of lifts, we must have 4, = 7] * €. Since € is
a path f (y1) ~ f (y2) of length 1, we have f (y1) ~ f (y2) in Y.

Finally, we note that if we had any morphism g: p — p’ over (X, o), then
for any y; € Y, the vertex g (y;) is the end-point of the path g o 4;, where 7,
is any path yo ~> y;. Since p’ o g = p, the path g o7, is the unique path in Y’
that starts at y;, and satisfies p’ 0 g 04, = p o 4;. Thus, we must have g = f,
thereby proving the uniqueness of f. m

From the Galois correspondence of Corollary 3.2.22, we can deduce the
existence of a universal cover over any pointed graph (X, zg). We now proceed

to give an explicit description of this universal cover.

Definition 3.2.26. Given any pointed graph (X, z), we construct the graph
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5(;0 as follows:

(yxo)v = {path-homotopy class [v] | 7 is a path in X starting at x¢}
v is a path in X starting at zy, and
(5(/360)E = q[v] ~ [y *e€] | eis a path of length 1 in X,

starting at the end-point of ~

It has a distinguished vertex given by the path-homotopy class of the constant

path at xq. It also comes equipped with a pointed graph map p: (XQCO, [CIO]) —
(X, x0) that maps [y] € X,, to the end-point of v in X.

Remark 3.2.27. Observe that the fiber of p: )7350 — X over the base point
xg € X is precisely the fundamental group A; (X, x).

Proposition 3.2.28. Given any pointed graph (X, xo), the map p: ()?xo, [C$0]> —

(X, o) is a universal cover.

Proof. We will first verify that p: yxo — X is a covering map and then check
that j(vxo is simply connected.

Consider the following lifting problem:

[0 L 5(;0

o| |»

]1%){

where e: I} — X is a path of length 1 in X starting at the endpoint of . This
lifting problem admits a unique solution é: I; — X,,, given by & (0) = [y] and

€ (1) = [y *e]. Hence, p has the unique RLP against 0: [y — I;.
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Next, consider the following lifting problem:
Ig % )A(;O
S

[1'][1%)(

We can visualize the maps u: I3 — 5(;0 and v: I; OO I; — X as follows:

u (1) u (0) v (0,0) v (1,0)

u(2) u(3) v (0,1) v(1,1)

This lifting problem admits a unique solution if and only if we have u (0) ~
w(3) in X,,.

Suppose u (0) = [y] for some path v: g ~» v (1,0) in X. Also consider the
path o: v (1,0) ~ v (1,1) in X given by the composite

a:(lgihDIl%X)

Then, u (3) = [y * o).
Let e: v(1,0) ~» v (1,1) be the path of length 1 in X given by

e:<]1§IOD11M>11D]1L>X>

Then, u (3) = [y 0] = [y*e]. Thus, we have u (0) ~ u(3) in X,,. Hence, p
has the unique RLP against Cy,: [3 — I; U I;. Thus, p is a covering map.

We will now show that X, is path-connected. Given any vertex [y] € Xy,
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where ~v: I, — X is a path in X that starts at x( ,let v;: I, = X be given by

y(@) ifi<t
Ve (i) =
() ifi>t

Then, the map 7: I, — X,, given by 7 (i) = [] defines a path [c,] ~ [7] in
5(;0. Thus, the graph XEO is path-connected.

In order to prove that the fundamental group A; ()?mo, [CIOD is trivial, we
need to make an observation about the above construction that we will use
later. Given any path v: xg ~» x; in X, observe that the path 7 that we
constructed above is the unique path in )A(/mo that starts at the base vertex

[cs,] and also satisfies p o ¥ = 4. In particular, the unwinding of
unw., : p (20) = pt (z1)
maps the base vertex [c,,] to the vertex [y] € p~! (z1). That is,
unw,, ([cz0]) =[], for any path v: g ~» 27 in X

We now proceed to prove that A; ()?xo, [cxo]) is trivial. Observe that since

p: vao — X is a covering map, the induced group homomorphism
Ay (p) + A1 (Xag, [ea]) = Ar (X, 20)

is injective. Thus, it suffices to prove that the image of the group homomor-
phism A; (p) is trivial. That is, given any loop @: [cg] ~ [cag] in Xy, we
want to show that the loop w = po @: xy ~ xg is path-homotopic to the

constant path c;, in X.
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Since p is a covering map, w is the unique path in 5(;,0 that starts at the
base vertex [c,,] and satisfies the condition p o @ = w. Hence, the unwinding

of w

unw,: pt (z0) — pt (o)

maps [c,,] to the end-point of @, viz. [c,,]. But we have already argued that
unw,, ([¢z,]) = [w]. Thus, we must have [w] = [c,,] in A; (X, z0) as required.

[
We are now ready to state (and prove) the main theorem of this section.
Theorem 3.2.29.
1. Every pointed graph (X, zo) admits a universal cover.

2. A pointed covering p: (Y,y0) — (X, zo) is universal if and only if Y is

simply connected.

Proof. In the previous proposition, we proved that every pointed graph (X, zo)
admits the universal cover p: (j(vxo, [CZO]) — (X, z0). (This also follows from
the Galois correspondence of Corollary 3.2.22.) Furthermore, we proved that
the graph Yzo is simply connected. Since initial objects are unique up to a
unique isomorphism, it follows that given any universal cover p: (Y,yo) —

(X, xo), the graph Y must be simply connected. ]

Definition 3.2.30. Given a pointed graph (X, z¢), let Fib,,: Cov (X) — Set
denote the functor that maps a covering map p: Y — X to the fiber p=! ()

of p over zy and a morphism of coverings f: p — p’ over X to the restriction

f‘p‘l(:co) cpt (w0) — (p,)_l ().

Proposition 3.2.31. Let (X, zq) be a pointed graph.
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1. The functor Fib,, is representable, and it is represented by the universal
cover yxo — X. In particular, given any cover Y — X over X, the
hom-set Cov (X) (XmO,Y) is in bijection with the fiber Fib,, (V) of Y

over the base-point x.

2. The fundamental group Ay (X,xo) is isomorphic to the automorphism
group Autecovx) (Fiby,) of the functor Fib,,: Cov (X) — Set in the func-

tor category Set® ™).

Proof. We prove each part in turn.

1. Given any yo € Fib, (Y'), we have a unique morphism of pointed cov-
erings (Yxo, [CJ;O]) — (Y, yo). On the other hand, given any morphism
of coverings f: X,, — Y, we have a unique element y, = f ([cg,]) in

Fib,, (V).
2. By the Yoneda lemma, we have the following bijection:

Set“(™) (Fiby,, Fib,) & Cov (X) (Xyy, Xa, )

Moreover, Cov (X) (XxO,X ) is in bijection with Fib,, (j(vxo), which is
precisely the fundamental group A; (X, x).

Since every morphism of coverings X,, — X,, must be invertible, we

have:

AutCov(X) (yxo> = Cov (X) (XCL’O’ Xxo)

and similarly, we have:

AutsetCov(X) (F|bx0) — SetCOV (Flbl‘o; F|bw0)
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Furthermore, we can check that all the bijections preserve the group

structure and are, in fact, group isomorphisms. O

Example 3.2.32. Recall that the map p: I, — C,; i — i (mod n) is a
covering map for n > 5. Since I, is simply connected, this is a universal
cover. The automorphism group of p: I, — C, is Z, with an automorphism

1 — i + nk for each k € Z. Thus, we have:

0 forn=3,4
A (Cy %) =

Z forn>5

3.3 Seifert—Van Kampen theorem for graphs

This section establishes an analogue of the familiar Seifert—van Kampen the-
orem from algebraic topology, a version of which was previously proven in
discrete homotopy theory in [BKLWO1]. Our statement is a strengthening of
the result found therein, obtained by refining the condition on the pushout
square to be preserved.

Our preliminary statement of the Seifert—van Kampen theorem (Theo-
rem 3.3.2) for the fundamental groupoid contains the technical heart of the
proof. We subsequently give two more statements: Theorem 3.3.4, which is a
refined version more convenient to use in practice, and Theorem 3.3.5, which
specializes the theorem to the fundamental group. We conclude this section
with an example application of our refined Seifert—van Kampen Theorem 3.3.5
to which the statement of [BKLWO01] would not have applied (Example 3.3.7).

We begin with a preliminary definition required to establish our technical

assumption for the statement of the Seifert-—van Kampen theorem.

Definition 3.3.1.
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1. For any m,n € N, let the boundary Oy, ,,: Iom+2n — Iy O I, be the graph

map given by:

(m —1,0) fo<i<m
(0,7 —m) itm<i<m+n

(it —m—n,n) fm+n<i<2m+n

(m,2n+2n—1) if2m+n <i<2m+2n

The following figure provides visual depictions of two such boundary

maps.
1 0 2 1 0

(0,0) 10 [ 4 ©.0 (1,0 (20 8

ey 11 (2,197
0,1 1,1) (0,2)  (1,2) (2,2

2 3 4 ) 6

011 D2

Figure 3.1: Two examples of the the boundary map 0y, Iomion — I O Iy,
depicted by overlaying the interval graph Is,,,2, on top of the grid graph
I, O1,.

2. Let X be a graph and h: I; OO0 I; — X be any map. A net of h is a pair
(H, s) consisting of a map H: I,, O I,, — X for some m,n € N, together

with a shrinking map s: Io,10, — I4, such that the following diagram
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commutes:
Om
]2m+2n ) I D I *> X

| |

L2 L0 - x

3. Let X be a graph and H: I, O I, — X be any map. For any ¢ =
1,...,mand j =1,...,n, the (4, j)-cell of H, denoted by H, ;, is given
by the following composite:

Hyj = (Ilmflm—meﬂw 01, LX)

Theorem 3.3.2. Consider a pushout square in Graph as follows:

X0*>X1

Lo

X2*>X

If every map h: I, O I, — X satisfies the following net resolution condition:

h admits a net (H,s) such that each cell H; ; of H factors through X, or X
(N)
then the pushout square is preserved by the functor I1y: Graph — Gpd. That

is, we have the following pushout square in Gpd:

H1X0 E— H1X1

-

H1X2 E— HlX

In order to prove this theorem, we will need the following lemma charac-

terizing functors out of the fundamental groupoid of a graph:
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Lemma 3.3.3. Let X be a graph and G be a groupoid. Further suppose we

are given the following data:
e a function F': Xyy — ob§

o graph maps Fﬁ, PiX (z,2") = G(Fa, F1') o e, ON€ for each pair of

vertices x,x’ € X
subject to the following conditions:

o FV(c,) =idp, for each v € X

z,T

. F(,l) (E) _ F(l)

!
T T,x

(e)™" for each path e: x ~ 2 of length 1
Given any path v: x ~ 2’ of length n € N, let Ff;), (v) € G (Fx, Fz') be given
by:

() =FY L (en () oo FL, (et ()

where x; =~y (i) fori=0,...,n. Then, we have the following:

1. Given any path ~v: x ~» x' of length m and any path o: x’ ~ " of length
n, we have:

FI (yx o) = F5, (0) 0 FY2) (7)

2. Given any path v: x ~ x’ of length n, we have:

3. Given any path v: x ~» x' of length n and any shrinking map s: I, — I,
we have:

F (yos)=F" (v)
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4. Giwen any map H: I,, O I, — X where each cell H;; satisfies the
condition:
F(4) (Hz,] o} 8171) = idFIi,j

Ti,55Ti, 5

where x; ; = (H; ;0 011) (0), we have:

F(2m+2n) (H o am’n) = idp,

T,T

where x = (H 0 Oy, ) (0).

5. If, for each map h: I, OO I} — X, we have

F(4) (h o) 8171) = lsz

T,r

where x = (h o 0y11) (0), then

FX;)/: P, X (x,2') = §(Fz, Fx')

discrete

is a well-defined graph map for alln € N and all z,2' € X.

6. If, for each map h: I O I — X, we have

F(4) (h o) 8171) = ldFI

T,x

where x = (ho 0y1) (0), then we have a well-defined functor F': I X —
G that maps v € X to Fx € ob G and a morphism [y] : © — x', where

~v:x~ 2’ is a path in X of length n to ™ ().

z,x’



CHAPTER 3. THE FUNDAMENTAL GROUPOID 83

Proof. 1. This follows from the observation that:

el () fori=1,....,m

e (yxo) =
e, (o) fori=m+1,...,m+n

—m

2. This follows from the observation that:
e; (V) =eniii (7)
3. This follows from the observation that:

. Crosy) i 5(1) =s(i—1)
ej (yos)=
iy (1) ifs()=s(i—1)+1

4. Given any map H: I, U I, - X, we have a diagram in G as follows:

FH(0,0) —— FH(1,0) — -+ —— FH (m — 1,0) ——— FH (m,0)

FH(0,1)—— FH(1,1) — -+ —— FH(m —1,1) —— FH(

FH(O,n—1)—FH(l,n—-1)— -+ —FH(m—-1,n—-1)— FH (m

m, 1)

,n—1)

FH(0,n) —— FH(1,n) — -+ —— FH (m — 1,n) —— FH (m,n)

where every arrow is invertible. If any particular cell H;;: [, O I; = X
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satisfies the condition

F(4) (HZ7] o al,l) = idFmiJ'

Ti,j>Ti,j

where z; ; = (H;; 0 011) (0), then it means that the corresponding square
in the above diagram is commutative. But if every square in the above
diagram commutes, then the outer boundary of the diagram also com-

mutes. Hence, the condition

F(2m+2n) (H o amm) = idp,,

T,x

where @ = (H 0 Op,) (0), is satisfied.

5. In order to check that

FQEZ),: P, X (z,2') = §(Fx, F2')

discrete

is a well-defined graph map, we need to verify that

F" (y) = E) (o)

for any two paths v,0: x ~» 2’ of length n that are adjacent in the graph
P, X (z,2).
Let H: I, 0 I; — X be a map given by H (—,0) =~y and H (—,1) = 0.

Since every cell H, ;: I; [0 I; — X satisfies the condition

F(4) (Hi7j (] 8171) - ldFa;”

Li,jsTi,5
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where x; ; = (H; ;0 011) (0), we have:

Fx(%g;&—Z) (H o 8,171) = lde/
Noting that

Ho0,1 =7 %Cy*0%Cy
we are done.

6. We have well-defined graph maps

discrete

FX;),: P, X (z,2") — G (Fx, F1')

that satisfy
E (vos) = B (7)

for every path v: x ~» 2’ of length n and every shrinking map s: I,, — I,.

Thus, we have well-defined graph maps

Fpp: PnX (z,2') = G (Fz, F2')

discrete

for each x, 2’ € X. Equivalently, we have well-defined set-functions:
Fpp: moPyX (x,2") = §(Fa, Fa')

Furthermore, we have F, , [c,] = idp, for each x € X and F, . [y x 0] =

Fyr 4 [0] 0 Fy v [y] for each pair of paths y: z ~» 2’ and o: 2’ ~~ 2”.

Thus, we have a well-defined functor F': II; X — G.



CHAPTER 3. THE FUNDAMENTAL GROUPOID 86

We can now prove Theorem 3.3.2.

Proof of Theorem 3.3.2. Let G be any groupoid, and let F;: II; X; — § and
Fy: 11, X5 — G be functors such that the outer square in the following diagram

commutes:

H1X0 E— H1X1

| | A

HlXQ E— HlX

We want to show that there exists a unique functor F': II;.X — § such that
the above diagram commutes.

By Lemma 3.3.3, it suffices to provide the following data:
e a function F': Xy —> ob§

e graph maps FJSQ, PX (z,2') = G (Fzx, F1') 4o rere» One for each pair of

vertices z, 7’ € X
subject to the following conditions:

e FV)(c,) =idp, for each v € X

T,

L(E) = Fél) (e)~" for each path e: x ~~ 2’ of length 1

!
T

oF(,1

€T,

e for each map h: I; OO Iy — X, we have

F(4) (h o) 8171) = lsz

T,T

where © = (h o 011) (0)
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The function F': Xy, — ob G is uniquely determined by F} and F; since we

have the following pushout square in Set:

(Xo)y — (X1)y

-

(Xo)y —— Xv

Similarly, since every path of length 1 in X factors through either X; or X,
the functions Félx), : PLX (z,2') = G (Fx, Fx') are also uniquely determined by
Fy and F5.

The first two conditions can also be easily verified. It only remains to verify
the third condition.

By the hypothesis, every map h: [} O I; — X admits a net (H,s) such
that each cell H;; of H factors through either X; or X,. It follows that each
cell H; ; satisfies the condition

F(4) (HZ,] (0] 8171) = idei,j

Ti,55Ti,5

where z; ; = (H;; 0011) (0). By part (4) of Lemma 3.3.3, it follows that we
have:

Fag?agn+2n) (H © am,n) = idpy,

where © = (H 0 0p,,.,) (0). But since (H, s) is a net of h, it follows that:
Ho0p,=hod 05

Thus, we have F" " (ho 8y 0s) = idp,. By part (3) of Lemma 3.3.3, it
follows that :g‘;) (ho01,1) = idp,, as required. O
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In practice, one does not need to check the net resolution condition (N) of
Theorem 3.3.2 for all maps I; [J I} — X, since for many of them it is trivially

satisfied. In Theorem 3.3.4, we give a refined version of Theorem 3.3.2 that

only requires checking the possibly problematic situations.

The table below gives all possible shapes that the image of a map
h: I; O I; — X can take.

follows:

For convenience, we will name the vertices as

a=h(0,0)

c=h(0,1)

Then, up to symmetry of Iy 1 [}, a map h: [; 0 I; — X can take the

following distinct shapes:

b=h(1,0)

d=h(1,1)

Image Diagram Conditions on a, b, c,d
single vertex * a=b=c=d
single edge — a=cand b=d
single edge .—. a=dand b=c
single edge — a=b=c
pair of edges — a=d
a 3-cycle A a=>0
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a 4-cycle %]

Note that whenever the map h: I} [J Iy — X itself factors through one of
X or Xo, it trivially satisfies the net resolution condition (N). This applies to
all maps h: I 00 I; — X whose image in X is either a single vertex or a single
edge.

Let us also consider the case when the image of a map h: Iy O I; — X is
a pair of edges. If h does not itself factor through either X; or X5, then we
must have that one of the edges factors through X; while the other factors

through X5. We can visualize such a map as follows:

a b

C a

a pair of edges in X, with a ~ b in X; and a ~ ¢ in X,

Even so, h satisfies the condition (N), with a net H: I, OO I, — X that

can be visualized as follows:

a b b
a

a a

c c a

a net for h
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Thus, it suffices to check the net resolution condition (N) for those maps

h: I, O I; — X whose image is a 3- or 4-cycle in X.

Theorem 3.3.4 (Seifert—van Kampen Theorem for Fundamental Groupoid).

Consider a pushout square in Graph as follows:

XQ*>X1

el

X2*>X

If every map h: I, 10 I — X whose image in X is a 3- or 4-cycle satisfies the

following net resolution condition:

h admits a net (H,s) such that each cell H; ; of H factors through X, or X

(N)

then the pushout square is preserved by the functor I1;: Graph — Gpd. [

Theorem 3.3.5 (Scifert—van Kampen Theorem for Fundamental Group).

Consider a pushout square of pointed connected graphs as follows:

X0*>X1

Lol

X2*>X

If every map h: I, O I; — X whose image in X is a 3- or 4-cycle satisfies the

following net resolution condition:

h admits a net (H,s) such that each cell H; ; of H factors through Xy or X»
(N)
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then we have the following pushout square in Grp:

Ay (Xo,z9) — A1 (Xq,11)

| - .

Al (Xg,l'g) E— A1 (X, lL‘)

Example 3.3.6. For any m € N and n > 5, the fundamental group of the
graph V", C,, is isomorphic to the free group of rank m. We can prove this
by induction on m and by applying Theorem 3.3.5 to the following pushout

diagram, since \/;~, C,, has no 3- or 4-cycles:

Iy —2— vrite,

ol

Example 3.3.7. Note that the boundary map 0y, lomion — I, O I, sat-
isfies O (0) = Omn (2m + 2n) and hence descends to a boundary inclusion
Omm: Comgon = I, O I,,. Let Y,,, denote the graph given by the following

pushout:

am,n
CQm—l—Zn R— Im l In

N

I, 01, —— Yo,

For m,n > 3, the graph Y, ,, has precisely four 4-cycles that are not contained
entirely in either copy of I,,, J I,,. However, each of these 4-cycles satisfies the
net resolution condition (N) via a nontrivial net. The figure below showcases

a nontrivial net for one of these 4-cycles in Y3 3.
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3 2 1 0 3 2 1 0
b a by a’

4 11 4 11
c d c d

5 10 5 10

6 7 8 9 6 7 8 9

The graph Y33 - each pair of identically labelled vertices is identified.

1 1 a
0

1 11

a 11 11

a net for the highlighted 4-cycle in Y33

Thus, we can apply Theorem 3.3.5 to conclude that Y, , is simply con-

nected for m,n > 3.

3.4 Application: graphs with prescribed fun-
damental group

In this section, we present a construction that applies the Seifert—van Kampen
Theorem 3.3.5 to produce an example of a graph with a prescribed funda-

mental group. After preliminary definitions of cones and disks, we give the
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construction in Construction 3.4.4 and prove its correctness in Theorem 3.4.5.

Definition 3.4.1. The cone Cone,, (X) of height n € N on a graph X is given
by the following pushout:

X0OI, 42% xoy,

[

Iy — Cone, (X)

Let * denote the identification class of (x,0) in Cone, (X) for all x € X.

Proposition 3.4.2. Given any graph X and n € N, the cone Cone, (X) is

contractible.

Proof. Consider the graph map H: X O I,, O I, — Cone, (X) given by the
formula H (x,4, j) = [z, min (i,n — j)]. Since H (z,0,) = « for all # € X and
j € I, it descends to a map H: Cone, (X) O I, — Cone, (X). Note that
H(—,—,0) = idcone,(x) and H (=, —,n) = c,. Thus, the graph Cone, (X) is

contractible. O

Definition 3.4.3. For m,n € N, the (m,n)—disk D,, ,, with m spokes and of
radius n, is given by Cone,, (C,). The boundary of the (m,n)-disk is the map
Ommn: Cm = Dy given by Oy, ,, (1) = (i, n).

Cs Ds 5
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Construction 3.4.4. Let Fs be the free group generated by a set S. Given

any word r = 3‘111 e si’“ € Fg, with s; # s;41 for 1 <i < k — 1, we can define

its degree as follows:

We can then define a map

Wy = C(5-deg(r) — \/ C'5

SES

corresponding the word r as follows: first, wrap d; times around the Cy corre-
sponding to s; € S (clockwise if d; > 0 and counter-clockwise if d; < 0), then
ds times around the Cj corresponding to s, € .S, and so on.

Given any group G, with a presentation
G=(S|R)
let the graph Xg r be given by following pushout:

(wr)r
HT‘ER C5-deg(r) —ER> \/SES 05

[, cr 9 degr),3
_

HreR D5~deg(r),3 — XS,R
Theorem 3.4.5. Given any group G, with a presentation

G=(S| R =(S1,--8m | 1, - Tn),

we have:

Al (X&R,w) &= G
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for any v € Xgp.

Proof. The key observation is that every 3-cycle or 4-cycle in Xg r necessarily
factors through one of the disks Ds.geg(r;),3- Thus, we can apply Theorem 3.3.5
to get the required result. O

Example 3.4.6. Taking G = Z /27, with the presentation (a | a?), the graph

X{a}.{a?} 18 given by the following pushout:

w,2
CIO - ? CB

810,3l l
-

Doz —— X1 402}

We can visualize this graph as follows, with each pair of identically labelled

vertices identified:

1 4

The graph X{u) 42y with fundamental group Z/27Z



Chapter 4

Model Categories of Cubical
Sets

The use of cubical methods in discrete homotopy theory goes back to the
paper [BBALLO6] where the authors first defined what is now known as the
cubical nerve of a graph (see [CK22]). In this chapter, we take a step back from
discrete homotopy theory to construct model category structures for homotopy
n-types of cubical sets, i.e. model categories where the weak equivalences are
cubical maps inducing isomorphisms on the first n cubical homotopy groups.
While we expect these results to be of independent interest, they will be useful
to us when we return to discrete homotopy theory in Chapter 5.

In Section 4.1, we review some general theory of model categories. We
recall the definition of a model category originally due to Quillen [Qui67],
as well as some fundamental aspects of model category theory, such as the
construction of the homotopy category and comparing model categories via
Quillen adjunctions. Next, we review techniques for constructing model cat-

egories. These techniques include the small object argument, which gives an

96
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explicit description of functorial factorizations, Cisinski theory, which allows
for the easy construction of model structures on the category of presheaves
over an EZ-Reedy category, and finally, a technique for transferring a model
structure along an adjunction. The material in this section is adapted from
various sources, e.g. [Hov99, Riel4, Cis19, HKRS17].

In Section 4.2, we review the basic theory of cubical sets — structures similar
to simplicial sets, the difference being that these are built up of cubes rather
than simplices. We describe the Grothendieck model structure on the category
of cubical sets, due to Cisinski, which models the theory of oco-groupoids,
and is the cubical analogue of the Quillen model structure on the category
of simplicial sets. Indeed, there is a Quillen equivalence between these two
model categories, given by the triangulation adjunction 7' : cSet = sSet : U.
We then review the definition of cubical homotopy groups and prove that
the weak equivalences in the Grothendieck model structure are cubical maps
inducing isomorphisms on all cubical homotopy groups. The material in this
section is adapted from various sources, e.g. [Cis06, CK23|.

Equipped with this background, in Section 4.3, we construct two distinct,
but Quillen equivalent, model structures on the category of cubical sets where
the weak equivalences are cubical maps inducing isomorphisms on the first
n cubical homotopy groups. The first of these is the more obvious model
— it is the left Bousfield localization of the Grothendieck model structure of
Section 4.2, i.e. the model structure obtained by keeping the same class of
cofibrations and enlarging the class of weak equivalences. This model can also
be constructed using the Cisinski theory of Section 4.1, and we opt for this
presentation instead. The second model is obtained by transferring the first
one along the (n + 1)-coskeleton functor. Ultimately, this is the model that
will be used in Chapter 5. Finally, we observe that both of these models have
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simplicial analogues that have been studied previously. We prove that all four

models are Quillen equivalent via a zig-zag of Quillen equivalences.

4.1 Background on model categories

4.1.1 Definitions and basic results

We begin by reviewing some preliminary definitions which are fundamental to

the theory of model categories.

Definition 4.1.1. Given two morphisms : A — B and f: X — Y in a
category €, a lifting problem between ¢ and f is a commutative square as

follows:
v X

A

ol

B ——Y
A lift or a solution h: B — X to this lifting problem is a morphism h: B — X
that makes both triangles commute. If every lifting problem between ¢ and f
admits a solution, we say that i has the left lifting property (LLP) with respect
to f, or equivalently, that f has the right lifting property (RLP) with respect

to i, and we write ¢ 4 f.

Definition 4.1.2. Given a class S of morphisms in a category €, a morphism
7 in € has the LLP with respect to S if it has the LLP with respect to every
morphism in S. The class of all morphisms with the LLP with respect to S is
denoted ¥S. Similarly, a morphism f in € has the RLP with respect to S if it
has the RLP with respect to every morphism in S. The class of all morphisms
with the RLP with respect to S is denoted S¥.
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Definition 4.1.3. A class S of morphisms in a category C is saturated if it
is closed under retracts, closed under pushouts, and closed under transfinite
compositions. Given a set I of morphisms in €, the saturation of I is the

smallest saturated class of morphisms in € containing /.

Lemma 4.1.4 ([Riel4, Lem. 11.1.4]). Given any class S of morphisms in a
category C, the class ©S is saturated. [

Definition 4.1.5. A weak factorization system on a category € is a pair (£, R)

of classes of morphisms in € subject to the following axioms:
1. Both £ and R are closed under retracts;
2. The class £ is contained in PR; and

3. Every morphism in € can be factored as a morphism in £ followed by a

morphism in R.
We are now ready to define model categories.

Definition 4.1.6. A model category is a locally small category M equipped
with three wide subcategories: a subcategory W of weak equivalences (denoted
by =), a subcategory C of cofibrations (denoted by »—), and a subcategory F

of fibrations (denoted by —), subject to the following axioms.
1. The category M has finite limits and finite colimits;

2. Weak equivalences satisfy the 2-out-of-3 property. That is, given two

composable morphisms in M as follows:

X -1,y 92,7
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if any two among the morphisms f, g and g f are weak equivalences, then

so is the third; and

3. The pairs (CN'W, F) and (€, WNF) are both weak factorization systems
on M.

An acyclic cofibration is a morphism that is both a weak equivalence and
a cofibration, and an acyclic fibration is a morphism that is both a weak
equivalence and a fibration. An object X € M is cofibrant if the unique map
@ — X is a cofibration, and fibrant if the unique map X — 1 is a fibration.

(Here, @ and 1 denote the initial and the terminal objects in M respectively.)

The model categories that will be of interest to us will often come equipped

with the following additional structure.

Definition 4.1.7. A functorial fibrant replacement in a model category M is
an endofunctor (/—\): M — M together with a natural transformation idy; —
(/—\) such that for every object X € M, the object X is fibrant and the mor-

phism X — X is an acyclic cofibration.

In a sense, the essential part of a model structure is the class of weak
equivalences. Given any category € along with a wide subcategory W of weak
equivalences, it is possible to construct a category C[W '] by freely inverting
the weak equivalences. However, the category C[W '] thus constructed may
not be locally small, even if € is. A model category structure has, in addition
to weak equivalences, a class of fibrations and a class of cofibrations, and this
provides a way out of the above problem, by allowing us to study the homotopy

theory of objects that are both fibrant and cofibrant.

Definition 4.1.8. Let M be a model category.
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1. A cylinder object of an object X € M is a factorization X UX — CX =
X of the codiagonal map V: X U X — X as a cofibration followed by a

weak equivalence.

2. A path object of an object Y € M is a factorization Y = PY — Y x Y
of the diagonal map A: Y — Y x Y as a weak equivalence followed by

a fibration.

3. A left homotopy between two morphisms f,g: X — Y in M via a cylin-

der object X U X — CX = X is a commutative triangle of the form:

XUX

/ wg}
CX a Y

If such a left homotopy exists, we say that f and g are left homotopic

and we write f ~; g.

4. A right homotopy between two morphisms f,g: X — Y in M via a path

object Y = PY — Y x Y is a commutative triangle of the form

X — "2 . py

N

Y xY

If such a right homotopy exists, we say that f and g are right homotopic

and we write f ~, g.

The axioms of a model category ensure that every object admits a cylinder

object and a path object.
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Proposition 4.1.9 ([Hov99, Cor. 1.2.6]). Given a model category M, and
objects X, Y € M, where X is cofibrant and Y is fibrant, the relations ~;
and ~, coincide and define an equivalence relation on the set M(X,Y) that is
compatible with composition. Furthermore, they are independent of the choice

of cylinder or path objects. O

In the situation of the above proposition, we drop the subscripts and denote

the relation by ~.

Definition 4.1.10. The homotopy category HoM of a model category M is

defined as follows:

o the objects of HoM are the objects of M that are both fibrant and

cofibrant
e HoM(X,Y) :=M(X,Y)/ ~ for every X,Y € HoM.
By the previous proposition, this is a well-defined category.

Theorem 4.1.11 (Quillen, see [Hov99, Thm. 1.2.10]). Given a model category
M, there exists an equivalence of categories HoM ~ MW~ where M[W1].
L]

The appropriate notion of a morphism between two model categories is a
pair of adjoint functors that is compatible with the defining weak factorization

systems.
Definition 4.1.12.

1. An adjunction L : M &= N : R between two model categories is a Quillen

adjunction if any of the following equivalent conditions hold:

(a) L preserves cofibrations and acyclic cofibrations;
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(b) R preserves fibrations and acyclic fibrations;
(c) L preserves cofibrations and R preserves fibrations;

(d) L preserves acyclic cofibrations and R preserves acyclic fibrations.

When this happens, we say L is a left Quillen functor and R is a right

Quillen functor.

2. A Quillen adjunction L : M = N : R between two model categories is a
Quillen equivalence if for every cofibrant object X € M and every fibrant
object Y € N, a morphism X — RY is a weak equivalence in M if and

only if its adjunct LX — Y is a weak equivalence in N.

3. Two model categories are Quillen equivalent if there is a zig-zag of Quillen

equivalences between them.

We will need the following result on recognizing Quillen equivalences.

Proposition 4.1.13 ([DKLS20, Cor. 1.14]). Let L : M = N : R be a Quillen
adjunction between two model categories. If R preserves and reflects weak
equivalences, then the adjunction is a Quillen equivalence if and only if, for

every cofibrant object X € M, the unit X — RLX is a weak equivalence. [

4.1.2 Constructing model categories

In this section, we review some standard techniques for constructing model cat-
egories, which will be used throughout this chapter. We begin with the small
object argument, which provides a technique to construct weak factorization

systems.

Definition 4.1.14. Let I be a set of morphisms in a locally small, cocomplete

category C. A relative I-cell complex is a transfinite composition of pushouts
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of coproducts of elements of I. We write cell() for the class of all relative

I-cell complexes. We write cof(1) for the class of retracts of elements of cell(7).

Definition 4.1.15. A set of morphisms I in a locally small, cocomplete cat-
egory € permits the small object argument if there exists a cardinal x such
that for any element i: A — B of I, the functor €(A,—): € — Set preserves

k-filtered colimits.

Theorem 4.1.16 (Small object argument, [Hov99, Thm. 2.1.14]). Let C be a
locally small, cocomplete category, and let I be a set of morphisms in C that
permits the small object argument. Then, every morphism in C can be factored

unctorially as an element of ce ollowe an element o .
fi jally { f ll([)fll d by [ f 1Y O]

Corollary 4.1.17 ([Hov99, Cor. 2.1.15]). Let C be a locally small, cocomplete
category, and let I be a set of morphisms in C that permits the small object
argument. Then, we have A1?) = cof (I). Furthermore, %(I¥) is the saturation

of the set I. O

We will be interested in model categories where both the defining weak

factorization systems are constructed via the small object argument.

Definition 4.1.18. A model category M is cofibrantly generated if there exist
sets I and J of morphisms in M such that:

e both I and J permit the small object argument;

« the cofibrations of M are the elements of cof(/), or equivalently, the

acyclic fibrations of M are the elements of I9;

o the acyclic cofibrations of M are the elements of cof(J), or equivalently,

the fibrations of M are the elements of JZ.
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The elements of I are called the generating cofibrations and the elements of J

are called the generating acyclic cofibrations.

An advantage of working with cofibrantly generated model categories is

that they admit functorial fibrant replacement.

Remark 4.1.19. Let M be a cofibrantly generated model category and J be
a set of generating acyclic cofibrations. Given any object X € M, the unique
morphism from X to the terminal object of M can be factored functorially as

an element of cell(.J) followed by an element of J¥.
X —1
cell(J \ /
The mapping X — X is a functorial fibrant replacement in M.

Next, we review the machinery of Cisinski theory, which allows for the easy
construction of model structures on presheaf categories. We will be interested
in working with presheaves over particularly well-behaved categories, called

EZ-Reedy categories.

Definition 4.1.20. A Reedy category is a small category A equipped with a
degree function deg: ob A — N on objects and two wide subcategories A _

and A, such that the following conditions are satisfied:
1. for every non-identity morphism f: a — b in A_, we have dega > degb;

2. for every non-identity morphism f: a — bin A, we have dega < degb;

and
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3. every morphism in A can be factored uniquely as a morphism in A_

followed by a morphism in A, .

Definition 4.1.21. A Reedy category A is Eilenberg-Zilber (or EZ-Reedy for
short) if every morphism f: a — b in A_ admits a section (that is, a map
s: b — a such that fs = id,) and if given any two morphisms f, f': a — b

having the same set of sections, we have f = f.

We will now review some basic properties of EZ-Reedy categories. Let us

fix an EZ-Reedy category A.

Notation 4.1.22. Given any integer n > —1, let A<,, denote the full subcate-
gory of A on the objects with degree < n. The inclusion ¢, : A<, — A induces
a forgetful functor

. o op
it Set™™ — Set’<n.

This functor admits both adjoints:

We write sk,, and cosk,, for the composite functors

AP

sk, = ip, 00 Set’™” — Set*™” and cosk,, =iy 0ir: Set” — Set™”

respectively. These are called the n-skeleton and the n-coskeleton functors

respectively. These in turn form an adjoint pair:

skpn,
(o} % (e}
Set”™ L Set?™

coskn,
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Given any object a € A, we write Xk, for the representable presheaf
A(—,a): A°® — Set and we write 0%, for the boundary of the representable
presheaf X, given by

0%, = skdega—1 &4

Definition 4.1.23. Let X : A°® — Set be a presheaf over A. For any a € A,
an element = € X (a) is degenerate if there exists a non-identity map f: a — b
in A_ and an element y € X (b) such that yf = x. The element x is non-

degenerate if it is not degenerate.

The following result tells us that any arbitrary presheaf over an EZ-
category is built up inductively, by attaching representable presheaves along
their boundary, similar to how CW complexes are built up inductively, by

attaching n-disks along their boundary (n — 1)-spheres, for all n € N.

Theorem 4.1.24 (Skeletal induction, [Cis19, Thm. 1.3.8]). Let X — Y be
a monomorphism of presheaves over A. For each n > 0, we have a pushout

square as follows:
10k, — XuUsk,1Y

N

H X, — X Usk,Y

yeED

where . denotes the set of all non-degenerate elements y € Y (a), which do

not belong to X, and such that dega = n. [

Corollary 4.1.25. The class of monomorphisms in the presheaf category

AP

Set”™ " is the saturation of the set

{0k, &, | a€ A}
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of all boundary inclusions. ]

There are two key ingredients that need to be fed into Cisinski’s machinery
for constructing a model structure on the category Set*™: a functorial cylinder,

and a set of generating anodyne maps.

Definition 4.1.26. A functorial cylinder on A consists of an endofunctor
(=) ®1 on the presheaf category Set"”, together with natural transformations

20" id - (—)®TI and o: (=) ® I — id such that:
« 0° and 0! are sections of o;

o for every presheaf X : A% — Set, the map (0%,0%): X UX — X ® 1 is

a monomorphism;
e (—)® I preserves small colimits and monomorphisms;

o for every monomorphism X < Y in Set’” and for ¢ € {0,1}, the

following square is a pullback:

X -5, xer
[

8Y
Y — Y®I

Let us fix a functorial cylinder (—) ® I on A.

Definition 4.1.27. Given two maps f,g: X — Y in Set™™, an elementary
homotopy from f to gisamap H: X ®I — Y such that the following diagram

commutes:
XUX

(39(,%)/ \f;g}
X®I A Y
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Given two presheaves X,Y € Set'™, let [X,Y] denote the quotient of the
hom-set Set™*”” (X,Y) by the equivalence relation generated by elementary ho-
motopies. Two maps f,g: X — Y in Set*” are homotopic if they have the
same equivalence class in [X,Y]. A map f: X — Y in Set"” is a homotopy
equivalence if there exists a map g: Y — X such that ¢gf is homotopic to idx

and fg is homotopic to idy.

Notation 4.1.28. Given a monomorphism X < Y in Set™” and ¢ € {0, 1},

let X @I UY ®@{e} and X ® I UY ® OI be defined the following pushout

squares:
% (0%-9%)
X —F Xl XUX Xol
| - | -
Y —— X®IUY @ {c} YUY — X®IUY ®0l

We now turn our attention to the second ingredient: a set of generating

anodyne maps.

Construction 4.1.29. Let S be a set of monomorphisms in Set*”. We will
construct a set A;(S) of monomorphisms in Set™™ by the following inductive

process. We begin by defining:
AYS) =S U{0k,@TU Xk, ®@{c}— X, xI | a€ A, e=0,1}.
Given a set A7(S) for any n € N, we define

APPHS) = {X®IUYRI =Y eI | X—=Y elA}(S9)}.
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Finally, we define
A(S) == U AF(S).

n>0

Definition 4.1.30. Let S be a set of monomorphisms in Set™*”.

1. Amap f: X =Y in Set? is (S, I)-anodyne if it belongs to the satura-
tion of the set A;(S). We write An;(S) for the class of all (S, I)-anodyne

maps

2. Amap f: X — Y in Set™ is a naive fibration if it has the RLP with
respect to every (S, I)-anodyne map. A presheaf X € Set*™ is fibrant if

the unique map from X to the terminal presheaf is a naive fibration.

3. Amap f: X — Y in Set"™™ is a weak equivalence if, for every fibrant

preshead Z, the induced map
Yzl — X, 7]

is a bijection.

4. A map f: X =Y in Set® is a fibration if it has the RLP with respect

to every map that is both a monomorphism and a weak equivalence.
We are now ready to state the main theorem of Cisinski theory.

Theorem 4.1.31 ([Cis19, Thm. 2.4.19]). The category of Set*” admits a
cofibrantly generated model structure where the cofibrations are the monomor-
phisms, and the fibrations and the weak equivalences are defined as above.
Moreover, a map f: X =Y in Set™ between fibrant presheaves is a fibration

if and only if it is a naive fibration. ]
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We will also need to use the following preliminary results that go into

proving the above theorem.

Proposition 4.1.32 ([Cis19, Prop. 2.4.25]). Every (S, I)-anodyne map is a

weak equivalence. [

Proposition 4.1.33 ([Cis19, Prop. 2.4.26]). A map f: X — Y in Set™”
between two fibrant presheaves X and Y is a weak equivalence if and only if it

is a homotopy equivalence. [

Next, we review a theorem which allows us to induce one model structure

from another using an adjunction between their respective categories.

Definition 4.1.34. Let (M, W, €, F) be a model category, let N be a complete
and cocomplete category, and let L : M &= N : R be an adjunction. A
morphism f: X — Y in N is a fibration (resp. a weak equivalence if its image
under R in M is a fibration (resp. a weak equivalence). A morphism f: X — Y
in N is a cofibration if it has the LLP with respect to every morphism in N
that is both a fibration and a weak equivalence. If these classes of maps define
a model structure on N, then it is called the right-transferred model structure

from M along R.

Theorem 4.1.35 (Transfer theorem, [HKRS17, Cor. 3.3.4]). Let (M, W, C, )
be a cofibrantly generated model category, let N be a locally presentable cate-
gory, and let L : M = N : R be an adjunction. The right-transferred model

structure on N exists if and only if the following acyclicity condition holds:

“RF C RT'W. (A)
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4.2 Background on cubical sets

4.2.1 The box category and cubical sets

We begin by defining the box category [J and reviewing some of its basic
properties. For instance, [J is an EZ-Reedy category. The presheaves over [

are called cubical sets.

Notation 4.2.1. Let [1] denote the poset {0 < 1}. For each n > 0, we have a
poset [1]™, whose elements are binary strings of length n, and where the partial
order is given component-wise. Let [J be the subcategory of Cat defined as

follows. The set of objects is given by:
ob(d) :={[1]" = {0 < 1}" for all n > 0}.

The maps in [J are generated under composition by the following three kinds

of maps:
o faces 97.: [1]" ' = [1]" for i=1,...,n and € = 0, 1, given by
(1, ooy Tpe1) = (T1y ooy i1, €, Ty ooy 1)
o degeneracies o: [1]"! — [1]" for i =1,...,n + 1, given by

(X1, oy Tpy1) = (T4, i1, Tis 1y - -+ Tpg1); and



CHAPTER 4. MODEL CATEGORIES OF CUBICAL SETS 113

e connections 7}, : [1]**! — [1]* for i = 1,...,n and € = 0, 1, given by
(iL‘l, .o, Ti—1, Max (.Z'i, l‘i+1),$i+2, c. ,xn+1) if e = O,
(.1'1, c ,l’n+1> —
(Il, . ,xi_l,min ((I,’i, l’i+1>,$2‘+2, c. ,ZL’n+1) if e =1.

These maps satisfy the following cubical identities:

YieVi+1,m for ] >
VinmYie =
0;0ie = Oi41.0;, for j <i Yitire forj=in=¢
8i_1767j7,7 for j <1—1
0i0j = 0041 for j <41 id forj=1—1,i,e=n
VinOie =
0i.c0; forj=i1—-1,7,e=1—n
81_1750]' fOI'j <1 ai,a/Yj—l,n fOI‘j > 1
Uja'ivs = 1d fOI' ] =1 %‘—1,5@7‘ fOI' ] <1
Oieoj_1 for j>i 0%, = \ 0;0; for j =1
VieOjy1 for j > 1.

Theorem 4.2.2 (|[GMO03, Thm. 5.1]). Every morphism in O can be expressed

uniquely as a composite of the form

(861,711 o 'acr,nr)(fybl,gl o '%qfq)(o-al U Uap)
where 1 < a; < -+ < ap, 1 <by < - < by, with b; < biyq if € = i1, and
cp>-->c > 1. U]

Proposition 4.2.3 ([CKM20, Prop. 1.8]). The category O admits the struc-
ture of an EZ-Reedy category (see Definition 4.1.21), where:
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o deg[l]" =n,
o [, s generated under composition by the face maps, and

o [1_ is generated under composition by the degeneracy and the connection

maps. L]

Definition 4.2.4. A cubical set is a presheaf X : [1°? — Set. We write X, :=
X([1]™), and we write cubical operators on the right — for instance, given an
n-cube z € X,, of X, we write x0, o for the (1,0)-face of z. We write cSet for

the category of cubical sets and cubical maps.
Notation 4.2.5.

e For n > 0, the combinatorial n-cube, denoted 1", is the representable

functor O(—, [1]*): O — Set.

o For n > 0, the boundary of the n-cube, denoted 01", is the subobject of
(" defined by:
oa" .= Skn_lmn = U im (91-,5.

The canonical inclusion 90" — " is called the boundary inclusion of

the n-cube.

e Forn>0,i=1,...,n,and ¢ = 0,1, the (i,¢)-open box, denoted I}, is

the suboject of [J" defined by:

|—|ZE = U im 8]-’77 .
(Gm#(ie)

The canonical inclusion M}, < 0" is called the (i, ¢)-open box inclusion

of the n-cube.
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4.2.2 Homotopy theory of cubical sets

We will now describe the Grothendieck model structure on the category of
cubical sets, due to Cisinski, which models the theory of co-groupoids, and
is the cubical analogue of the Quillen model structure on the category of
simplicial sets. We also describe the triangulation adjunction 7" : cSet = sSet :
U, which gives a Quillen equivalence between these two model categories.

We begin by reviewing the geometric product of cubical sets.

Let ®: O x O — [ denote the functor given by the assignment
([1™,[1]*) +~ [1]™*"™.  Post-composing it with the Yoneda embedding
[0 < cSet and taking its left Kan extension along [J x [J < cSet x cSet, we

obtain the geometric product of cubical sets.

Ox0O—2 50O cSet
j /
cSet x cSet

This defines a monoidal structure on cSet. For any fixed cubical set X, the
functor X ® (—): cSet — cSet admits a right adjoint which we denote by
hom R(X s —).

Remark 4.2.6. The functor (—)®': cSet — cSet defines a functorial cylin-
der on [J (see Definition 4.1.26).

This naturally leads to the following definitions of elementary homotopies

and homotopy equivalences.

Definition 4.2.7. Given two cubical maps f,g: X — Y, an elementary ho-

motopy from f to g is a map H: X @ (' — Y such that the following diagram
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commutes:
X O

X! 25y

o 7

X O

Given two cubical sets X and Y, let [X, Y] denote the quotient of the hom-set
cSet(X,Y) by the equivalence relation generated by elementary homotopies.
Two cubical maps f,g: X — Y are homotopic if they have the same equiva-
lence class in [X,Y]. A cubical map f: X — Y is a homotopy equivalence if
there exists a cubical map ¢g: Y — X such that gf is homotopic to idx and

fg is homotopic to idy.

The following result is a consequence of the fact that [ is an EZ-Reedy

category.

Lemma 4.2.8. The class of monomorphisms in cSet is the saturation of the
set

I={00" 0" | n>0}
of all boundary inclusions.
Proof. This follows from Corollary 4.1.25 and Proposition 4.2.3. O]

We are now ready to describe the various classes of maps in the

Grothendieck model structure on cSet.
Definition 4.2.9.

1. A cubical map f: X — Y is anodyne if it belongs to the saturation of
the set
Jz{ﬁ;ﬁD"|n>Qi:L”wm5:0J}
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of all open box inclusions. Note that the class of all anodyne maps is

precisely Ang: (@) (see Definition 4.1.30).

2. A cubical map f: X — Y is a Kan fibration if it has the right lifting
property with respect to every anodyne map. A cubical set X is a Kan
complez if the unique map X — [1° is a Kan fibration. We write Kan

for the full subcategory of cSet on Kan complexes.

3. A cubical map f: X — Y is a weak homotopy equivalence if, for every

Kan complex Z, the induced map

Yzl — X, 7]

is a bijection.
We have the following preliminary result:

Proposition 4.2.10. A cubical map f: X — Y between two Kan complexes
X and Y is a weak homotopy equivalence if and only if it is a homotopy

equivalence. [
Proof. This follows from Proposition 4.1.33. ]
And finally, the main theorem of this section:

Theorem 4.2.11 (Cisinski, see [DKLS20, Thm. 1.34]). The category cSet

admits a cofibrantly generated model structure where
o the cofibrations are the monomorphisms,
o the fibrations are the Kan fibrations, and

o the weak equivalences are the weak homotopy equivalences.



CHAPTER 4. MODEL CATEGORIES OF CUBICAL SETS 118

We refer to this model structure as the Grothendieck model structure. ]

Let T': O — sSet denote the functor given by the assignment [1]" — (A)™.
Taking its left Kan extension along the Yoneda embedding [J < cSet, we ob-
tain the triangulation functor T': cSet — sSet and its right adjoint U: sSet —
cSet given by (UX),, = sSet((A")", X).

n 1\n
DMsSet

|

cSet

Theorem 4.2.12 ([DKLS20, Thm. 6.26]). The adjunction T 4 U is a Quillen
equivalence between the Grothendieck model structure on cSet and the Quillen

model structure on sSet. OJ

4.2.3 Homotopy groups of cubical sets

We now review the definitions of homotopy groups of cubical sets, following

[CK23].

Definition 4.2.13. Given a Kan complex X, its set of path components, de-
noted X, is the set [(1°, X].

Definition 4.2.14. Given a Kan complex X and a 0-cube z € X, the loop
space (X, x) is defined by the following pullback:

Q(X,z) —— hompz(O', X)

J * *
l y%mn

0@y xx
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Note that Q(X,z) is also a Kan complex, and it has a distinguished 0-cube
given by zo; € Q(X, x)o. For n > 0, let Q"(X, z) be defined as follows:

(X, x) ifn=20
O"(X,z) =

QO (X, x)) ifn>0.

The nth homotopy group m,(X,x) of a pointed Kan complex (X, z) is given
by:
(X, ) 1= 1" (X, z).

Definition 4.2.15. Let n > 0. Given a cubical set X and a 0-cube z € X,
its nth homotopy group m,(X,z) is the nth homotopy group of its fibrant

replacement in the Grothendieck model structure on cSet.

Our next goal is to show that the homotopy groups of a cubical set X agree
with the simplicial homotopy groups of its triangulation 7T'X.

Let |—|o: O — Top denote the functor given by the assignment [1]" —
[0, 1]™. Taking its left Kan extension along the Yoneda embedding OJ < cSet,
we obtain the geometric realization functor |—|g: cSet — Top and its right

adjoint Singp: Top — cSet given by Singy(X), = Top([0, 1]™, X).

J™—[0,1]™
_

O L Top

{ I-lo
cSet

Proposition 4.2.16. Given any cubical set X, we have a bijection myX =
mo T X and a group isomorphism m,(X,x) = m,(Tx,x) for every n > 0 and

every 0-cube x € Xj.
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Proof. Let X be a fibrant replacement of X in the Grothendieck model struc-
ture on cSet, and let X be a fibrant replacement of T' X in the Quillen model

structure on sSet. Then, we have:

(X, x) = m,
~ 7.(|X|o,z) by [CK23, Thm. 3.25]

@)

~ 1.(|TX|a,z) by [CK23, Lem. 2.23]

112

12

,x) by [Hov99, Prop. 3.6.3]

T

)
m(TX,z) by [DKLS20, Thm. 6.26].

:’]rn

(X
(
( )
ﬂn(\TX|A, ) by [Qui67, Prop. 2.3.5]
(TX
(TX
(

I

where |—|a: sSet — Top denotes the geometric realization of simplicial sets.

]

Finally, we state Whitehead’s theorem for cubical sets, which gives a char-
acterization of the weak equivalences in the Grothendieck model structure on

cSet in terms of homotopy groups.

Theorem 4.2.17 ([CK23, Thm. 4.7]). A cubical map f: X — Y between two
Kan complezes is a homotopy equivalence if and only if it induces a bijection
fe: X — mY and an isomorphism f.: m,(X, x) — 7, (Y, fx) for everyn > 0

and every 0-cube x € Xj. [

Corollary 4.2.18. A cubical map f: X — Y is a weak homotopy equivalence
if and only if it induces a bijection f,: moX — moY and an isomorphism

fo: T (X, 2) = (Y, fx) for every n > 0 and every 0-cube x € Xj.

Proof. Let f: X — Y be a functorial fibrant replacement of f: X — Y in the
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Grothendieck model structure on cSet. Then, f is a weak homotopy equiv-
alence if and only if f~' is. The required result then follows from Proposi-

tion 4.2.10 and Theorem 4.2.17. Il

4.3 Homotopy n-types of cubical sets

We are finally ready to construct model structures on the category cSet where
the weak equivalences are cubical maps that induce isomorphisms on the first
n homotopy groups, for some integer n > 0.

Let us fix an integer n > 0.

4.3.1 The Cisinski model structure

First, we construct a model structure on cSet using Cisinski theory. We begin

by defining the various classes of maps involved.
Definition 4.3.1.

1. A cubical map f: X — Y is n-anodyne if it belongs to the saturation of

the set

Jo={. 0" | k>0, i=1,.. k =01}

u{o0F - 0% | k>n+2}.

Note that the class of all n-anodyne maps is precisely Anq ({902 — O +2})
(see Definition 4.1.30).

2. A cubical map f: X — Y is a naive n-fibration if it has the right lifting
property with respect to every n-anodyne map. A cubical set X is n-

fibrant if the unique map X — [° is a naive n-fibration.
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3. A cubical map f: X — Y is an n-equivalence if, for every n-fibrant

cubical set Z, the induced map

Y, 2] > (X, 2]

is a bijection.

4. A cubical map f: X — Y is an n-fibration if it has the right lifting
property with respect to every map that is both a monomorphism and

an n-equivalence.

Note that every naive n-fibration is, in particular, a Kan fibration. Thus,
every n-fibrant cubical set is a Kan complex. It follows that every weak ho-

motopy equivalence is, in particular, an n-equivalence.

Lemma 4.3.2. Every n-anodyne map is both a monomorphism and an n-

equivalence. Equivalently, every n-fibration is a naive n-fibration.

Proof. Since the class of monomorphisms is saturated and since every map in
J, is a monomorphism, it follows that every n-anodyne map is a monomor-
phism. The fact that every n-anodyne map is an n-equivalence follows from

Proposition 4.1.32. O

The following result gives an alternative characterization of n-fibrant cu-

bical sets.

Proposition 4.3.3. A cubical set X is n-fibrant if and only if it is a Kan
complex with (X, z) =20 for all k > n+1 and all 0-cubes x € X.

Proof. Given a Kan complex X, [CK23, Thm. 3.22] implies that the map
X — [1° has the right lifting property with respect to the boundary inclusion
OOk — [OFL if and only if 7 (X, 2) = 0 for every 0-cube z € X. O
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Proposition 4.3.4. A cubical map f: X — Y between two n-fibrant objects

X andY is an n-equivalence if and only if it is a homotopy equivalence.
Proof. This follows from Proposition 4.1.33. O]

Theorem 4.3.5. The category cSet admits a cofibrantly generated model struc-

ture where:
o the cofibrations are the monomorphisms,
o the fibrant objects are the n-fibrant cubical sets, and
o the weak equivalences are the n-equivalences.

Moreover, a cubical map f: X — Y between n-fibrant cubical sets X and
Y is an n-fibration if and only if it is a naive n-fibration. We refer to this
model structure as the Cisinski model structure for n-types of cubical sets, and
denote it by L,cSet. It is the left Bousfield localization of the Grothendieck

model structure on cSet at the class of n-equivalences.
Proof. This follows from Theorem 4.1.31. O]

Next, we want to give a characterization of n-equivalences in terms of
homotopy groups, analogous to Corollary 4.2.18. We begin with a technical

lemma.

Lemma 4.3.6. Let f: X — Y be a cubical map that is a bijection on the
k-cubes for each 0 < k < n+ 1. Then, the induced map f.: moX — mY is a
bijection, and the induced group homomorphism f.: mp(X,x) — mp(Y, fx) is

an isomorphism for each 0 < k <n and each 0-cube x € Xj.
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Proof. We begin by fixing some notation. Consider the following commuting

diagram:
Xo X X5
fol fll f2l
Yo Y Y,

where Xy = X, Yy =Y, fo = f, and the maps X; — X, and Y; — Yj;, are
defined by the following pushouts:

ks k
H |_|i8755 XJ H I_I’itt75t YJ
SESj tGTj
j and j
r r
[0 —— X [[0% —— Y
SESj tETj

where

SJ:{ﬂia—)X] | k’>0, i:17...,kf, {—::0’1}

and

Ty={nf. =Y | k>0 i=1...k =01}

Thus, X := colim X ; and Y := colim Y; are the functorial fibrant replacements
of X and Y respectively, in the Grothendieck model structure on cSet.

We will show that each of the maps f;: X; — Y/ is a bijection on cubes of
dimensions < n+ 1. From this, it will follow that the induced map f X Y
is also a bijection on the cubes of dimensions < n+ 1. Since X and Y are Kan
complexes, it follows that f induces an isomorphism on the homotopy groups
in degrees < n (see [CK23, Cor. 3.16]).

We proceed by induction on j. The base case (j = 0) is true by assumption.

For the induction step, we suppose that f;: X, — Y, is a bijection on cubes
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of dimensions < n + 1.

Consider the sets
Sjcnmt ={. = X; | 0<k<n+1, i=1,...k =01},

Sj72n+2:{|—]§,8_>y} | k2n+27i:1>"'7k7€:0>1}7
T ={M. = X; | 0<k<n+1, i=1,....k e=0,1}, and
Tispiz={. =Y, | k>n+2 i=1,...k =01}

Then, we have
Sj = Sj<nt1USjznpe and T =T UTj>nio.

Furthermore, since f;: X; — Y} is a bijection on cubes of dimensions < n +1,
we also have a bijection

Sjén-i-l = Tjén-i-l-

Thus, any k-cubes that are glued to X; to obtain Xj;,; are also glued to
Y; to obtain Yjy; (and vice-versa), for all k& < n + 1. Thus, the induced
map fj+1: Xj41 — Y41 is also a bijection on cubes of dimensions < n + 1,

completing the induction step. O

Theorem 4.3.7. A cubical map f: X — Y is an n-equivalence if and only
if it induces a bijection f.: moX — mY and an isomorphism f.: mp(X, z) —

(Y, fz) for every 0 < k < n and every 0-cube x € Xj.

Proof. We begin by fixing some notation. Consider the following sequence:
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where Xy = X and the maps g;: X; — Xj;; are defined by the following

pushouts:
H ﬂf:ssys.e X]
SES]'
J gj
-
[T o™ - Xjn
SESj
where

sz{ﬂia_)XJ | k>0, i:l,...,k’ {—::0’1}

if j is even, and

100" —— X;

tETJ‘
j gj
-

[0 —— X

teT;

where

T;={00" = X; | k>n+2}

if 7 is odd.

Let X := colim Xj and let g: X — X be the induced map. Then, X is
n-fibrant and the map ¢: X — X is n-anodyne. Furthermore, each g;: X; —
X 41 induces an isomorphism on the homotopy groups in degrees < n. Indeed,
if j is even, then g; is anodyne and in particular, a weak homotopy equivalence.
Thus, in this case, it induces an isomorphism on all homotopy groups by
Corollary 4.2.18. If j is odd, then g, is a bijection on cubes of dimensions
< n + 1. Thus, in this case, it induces an isomorphisms on the homotopy
groups in degrees < n by Lemma 4.3.6. It follows that g: X — X also induces

isomorphisms on the homotopy groups in degrees < n.
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Applying the same construction to Y instead of X, we obtain an n-fibrant
cubical set Y along with a map h: Y — Y that is n-anodyne and that induces
isomorphisms on the homotopy groups in degrees < n. We also obtain an

induced map f : X — Y that makes the following square commute:

_9 . X

lf

>

~
—

N

>~<
b.<

Since g and h are both n-anodyne maps and, in particular, n-equivalences
(see Lemma 4.3.2), and since the class of n-equivalences satisfies the 2-out-of-3
property, f is an n-equivalence if and only if f is an n-equivalence. Since X and
Y are both n-fibrant, by Proposition 4.3.4, f is an n-equivalence if and only if it
is a homotopy equivalence. By Theorem 4.2.17, f is a homotopy equivalence if
and only if it induces isomorphisms on all homotopy groups. Since g: X — X
and h: Y — Y both induce isomorphisms on all homotopy groups in degrees
< n, and since X and Y have trivial homotopy groups in degrees above n (see

Proposition 4.3.3), f induces isomorphisms on all homotopy groups if and only

if f induces isomorphisms on all homotopy groups in degrees < n. O]

4.3.2 The transferred model structure

We now construct a second model structure on cSet where the weak equiva-
lences are n-equivalences, using the transfer theorem. Let us begin with some
identities regarding the (n+ 1)-skeleton functor sk, : cSet — cSet applied to

boundary and open box inclusions.
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Lemma 4.3.8. We have the following identities:

o0k - 0OF ifk<n+1
sk, 11(00% — OF) =

idsknJrle Zf k Z n -+ 2

and
my, — O ifk<n+1
skoy1 (M, = O0F) = St <3 g0 i k= + 2
idg,,, o if k>n+3.
Proof. This follows from Theorem 4.1.24 and Proposition 4.2.3. O

We want to transfer the model structure constructed in Theorem 4.3.5 via
the (n + 1)-coskeleton functor cosk,,,: cSet — cSet. Thus, we will be dealing

with the following classes of maps:
Definition 4.3.9 (cf. Definition 4.1.34).

1. A cubical map f: X — Y is a transferred naive n-fibration if
cosk,, 11 f: cosk, 1 X — cosk, 1Y is a naive n-fibration. A cubical set
X is transferred n-fibrant if the unique map X — [0° is a transferred

naive n-fibration, or equivalently if cosk, X is n-fibrant.

2. A cubical map f: X — Y is a transferred n-fibration if cosk,, .1 f : cosk, ;1 X —

cosk, 1Y is an n-fibration.

3. A cubical map f: X — Y is a transferred n-cofibration if it has the
left lifting property with respect to every map that is both a transferred

n-fibration and an n-equivalence.

Our next goal is to prove the following theorem:
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Theorem 4.3.10. The category cSet admits a cofibrantly generated model

structure where:

o the cofibrations are the transferred n-cofibrations,
o the fibrations are the transferred n-fibrations, and

o the weak equivalences are the n-equivalences.

We refer to this model structure as the transferred model structure for n-types
of cubical sets, and denote it by cSet, types- It is right-transferred from the
Cisinski model structure for n-types of cubical sets along the (n+ 1)-coskeleton

functor cosk,,;1: cSet — cSet.

At first glance, it seems as though we did not transfer the class of n-
equivalences. The following couple of results tell us that the class of n-
equivalences remains unchanged upon transferring along the (n+1)-coskeleton

functor.

Lemma 4.3.11. For every cubical set X, the canonical map nx: X —

cosk, 11X is an n-equivalence.

Proof. The map nx: X — cosk,1X is a bijection on the k-cubes for each
0 < k < n+1. The required result then follows from Lemma 4.3.6 and
Theorem 4.3.7. [

Proposition 4.3.12. A cubical map f: X — Y is an n-equivalence if and

only if cosk,1f: cosk, 1 X — cosk,1Y is an n-equivalence.

Proof. Consider the naturality square:

nx
X —— cosk,11 X

f J lcoskwﬂ f

Yy
Y —— cosk, 1Y
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By Lemma 4.3.11, both the horizontal maps in the above diagram are n-
equivalences. Since the class of n-equivalences satisfies the 2-out-of-3 property,

we have the required result. O

Next, we characterize the transferred naive n-fibrations in terms of their

lifting properties.

Proposition 4.3.13. A cubical map f: X — Y is a transferred naive n-

fibration if and only if it has the right lifting property with respect to the set

%:{Wﬁﬁmk’0<k§n+Li:anh€:0J}

U{m2 o0 | =1,k e=0,1}.

Proof. Observe that given two cubical mapsi: A — B and f: X — Y, f has
the right lifting property with respect to sk, 1% if and only if cosk, 1 f has the
right lifting property with respect to ¢. The required result then follows from
Lemma 4.3.8. 0

Corollary 4.3.14. Fvery Kan fibration is, in particular, a transferred naive

n-fibration. Every Kan complex is a transferred n-fibrant cubical set. O

In general, we do not have a characterization of transferred n-fibrations
in terms of their lifting properties. The exception is when the domain and

codomain are transferred n-fibrant cubical sets.

Proposition 4.3.15. A cubical map f: X — Y between two transferred n-
fibrant cubical sets X and Y is a transferred n-fibration if and only if it is a

transferred naive n-fibration.

Proof. Since cosk,, 11X and cosk,, 1Y are n-fibrant, the map cosk,, ;1 f: cosk, 1 X —
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cosk, 1Y is an n-fibration if and only if it is a naive n-fibration (see Theo-

rem 4.3.5). O

We also have the following characterization of maps that are both a trans-

ferred n-fibration and an n-equivalence.

Proposition 4.3.16. A cubical map f: X — Y s both a transferred n-
fibration and an n-equivalence if and only if it has right lifting property with

respect to the set
n={o0t 0" | 0<k<n+1},

Equivalently, a cubical map i: A — B is a transferred n-cofibration if and only

if it belongs to the saturation of I,.

Proof. By Proposition 4.3.12, a map f: X — Y is both a transferred n-
fibration and an n-equivalence if and only if cosk, 1 f: cosk, 11 X — cosk, 1Y
is both an n-fibration and an n-equivalence. =~ By Theorem 4.3.5 and
Lemma 4.2.8, we know that cosk,, f: cosk, 1 X — cosk,.1Y is both an
n-fibration and an n-equivalence if and only if it has right lifting property

with respect to the set
I={00" 0" | n>0}

of all boundary inclusions. Since cosk,, 1 f has the right lifting property with
respect to a cubical map i: A — B if and only if f has the right lifting property

with respect to sk, 17, the required result then follows from Lemma 4.3.8. [

We will need the following lemma in order to verify the acyclicity condition

4.1.35(A).
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Lemma 4.3.17. For every cubical set X, the canonical map €x: sk,11 X — X

s n-anodyne.

Proof. The map ex: sk,.1 X — X is a transfinite composite of the following

sequence:
sk X —— skypoX —— skpa X —— -

and each map in this sequence is n-anodyne (see Theorem 4.1.24). O

Proposition 4.3.18. Leti: A — B be a cubical map with left lifting property

with respect to all transferred n-fibrations. Then, i is an n-equivalence.

Proof. From the definitions, it follows that a cubical map f: X — Y is a
transferred n-fibration if and only it has right lifting property against sk, ;17
for every map j: C' — D that is both a monomorphism and an n-equivalence.

Consider the naturality square:

Skn+1c L C

Skn+1jJ/ lj

sk, 1D —2= D

By Lemma 4.3.17, both the horizontal maps in the above diagram are n-
anodyne, and hence, both monomorphisms and n-equivalences. Thus, if j is a
monomorphism and an n-equivalence, so is sk, 1j. Since the class of maps that
are both monomorphisms and n-equivalences is saturated (see Theorem 4.3.5),
it follows that any map i: A — B that has the left lifting property with
respect to all transferred n-fibrations is both a monomorphism and an n-

equivalence. O
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Proof of Theorem 4.3.10. Proposition 4.3.18 allows us to apply Theo-
rem 4.1.35 to right-transfer the Cisinski model structure for n-types of cubical

sets (see Theorem 4.3.5) along the adjunction sk, 1 = cosky41. O

Finally, we prove that this model structure is Quillen equivalent to the
model structure constructed in Theorem 4.3.5 via the skeleton-coskeleton ad-

junction.

Theorem 4.3.19. The adjunction

sknt1
_
L,,cSet 1 cSety, types
<7
coskp 41

is a Quillen equivalence between the Cisinski and the transferred model struc-

tures for n-types of cubical sets.

Proof. From Theorem 4.3.10, we know that the adjunction is a Quillen ad-
junction between these model structures. Furthermore, by Proposition 4.3.12,
we also know that cosk, 1 preserves and reflects n-equivalences. Thus, it suf-
fices to prove that for every cubical set X, the unit X — cosk,1+1sk,+1X of
the adjunction sk, ; - cosk,; is an n-equivalence. Observe that the functor
iy 41 O lpy1,: CSetey — cSet<y,iy equals the identity functor on cSet<, ;. It

follows that
coSKp 41 08Kpy1 = g1 00y g O lpy1, Oy = ng1y Oy = COSKy,p1.

The required result then follows from Lemma 4.3.11. O
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4.3.3 Equivalence with simplicial models

In the previous two sections, we constructed two distinct model structures on
the category of cubical sets where the weak equivalences were n-equivalences.
Both of these models have simplicial analogues that have been studied previ-
ously. We begin by describing the simplicial analogue to the model structure

of Theorem 4.3.5.
Definition 4.3.20.
1. A simplicial map f: X — Y is a naive n-fibration if it has the right
lifting property with respect to the set
(A7 A" | n>0,0<i<n}U{0A" < A" | k>n+2}.
A simplicial set X is n-fibrant if the unique map X — A is a naive
n-fibration.

2. A simplicial map f: X — Y is an n-equivalence if it induces a bijection
fe: moX — mY and an isomorphism f,: (X, z) — mp (Y, fz) for every

0 < k < n and every O-simplex x € Xj.

3. A simplicial map f: X — Y is an n-fibration if it has the right lifting
property with respect to every map that is both a monomorphism and

an n-equivalence.

Theorem 4.3.21 ([Cis06, § 9.2]). The category sSet admits a cofibrantly gen-

erated model structure where:
o the cofibrations are the monomorphisms,

o the fibrant objects are the n-fibrant simplicial sets, and
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o the weak equivalences are the n-equivalences.

Moreover a simplicial map f: X — Y between n-fibrant simplicial sets X and
Y is an n-fibration if and only if it is a naive n-fibration. We refer to this
model structure as the Cisinski model structure for n-types of simplicial sets,
and denote it by L,sSet. [t is the left Bousfield localization of the Quillen

model structure on sSet at the class of n-equivalences. [

Next, we describe the simplicial analogue to the model structure of Theo-

rem 4.3.10.

Theorem 4.3.22 ([EDHP95, Thm. 2.3]). The category sSet admits a cofi-

brantly generated model structure where:

o the cofibrations are the maps belonging to the saturation of the set

{c‘m’“%Ak | 0§k§n+1},

o the fibrations are the maps with right lifting property with respect to the

set

{Abar [ 0<k<nt1, 0<i<k}
U{AIT? 5 0A™2 | 0<i<n+2},
and
o the weak equivalences are n-equivalences.

We refer to this model structure as the Elvira-Hernandez model structure for n-

types of simplicial sets and denote it by sSet, types. It is right-transferred from
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the Cisinski model structure for n-types of simplicial sets along the (n + 1)-
coskeleton functor cosk,,1: sSet — sSet.

Proof. This model is constructed directly in [EDHP95]. We observe that
the cofibrations and the weak equivalences in their model structure coincide
with those of the model structure obtained by right-transferring L, sSet along
cosk,,11: sSet — sSet (cf. Proposition 4.3.12 and Proposition 4.3.16). O

We also have a simplicial analogue of Theorem 4.3.19.

Theorem 4.3.23. The adjunction

skn41
4>.
L,,sSet 1 sSet, types
<7

coskp 41

is a Quillen equivalence between the Cisinski and the Elvira-Hernandez model

structures for n-types of simplicial sets.
Proof. Analogous to the proof of Theorem 4.3.19. O
Finally, we compare the cubical models with their simplicial analogues.

Proposition 4.3.24. A cubical map f: X — Y is an n-equivalence if and

only if the simplicial map Tf: TX — TY is an n-equivalence.
Proof. This follows from Proposition 4.2.16 and Theorem 4.3.7. O

Theorem 4.3.25. The adjunction
__r
L, cSet 1 L, sSet
U

is a Quillen equivalence between the Cisinski model structures for n-types of

cubical sets and of simplicial sets.
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Proof. We know that the adjunction 7" 4 U is a Quillen equivalence between
the Grothendieck model structure on cSet and the Quillen model structure on
sSet (Theorem 4.2.12). The Cisinski model structure for n-types of cubical
sets is obtained by taking the left Bousfield localization of the Grothendieck
model structure on cSet at the class of n-equivalences, whereas the Cisinski
model structure for n-types of simplicial sets is obtained by taking the left
Bousfield localization of the Quillen model structure on sSet. The required

result then follows from Proposition 4.3.24 and [Hir03, Thm. 3.3.20]. O

Corollary 4.3.26. We have the following zigzag of Quillen equivalences:

sknt1 T skn1
— _ —_
cSety, types 1 L,,cSet 1 L,,sSet 1 sSet,, types-
—_ — —
cosky+1 U coskn 11

Proof. This follows from collecting the Quillen equivalences of Theo-

rems 4.3.19, 4.3.25 and 4.3.23. [l



Chapter 5

Fibration Categories of Graphs

In this chapter, we return to discrete homotopy theory and lay the foundation
for the study of graphs up to n-equivalences (see Definition 2.5.9). Specifically,
we construct fibration category structures on Graph where the weak equiva-
lences are the n-equivalences. Our approach follows that of [CK22], where
the authors construct a fibration category structure on Graph where the weak
equivalences are the weak A-homotopy equivalences (see Definition 2.5.8) and
the fibrations are graph maps that get sent to Kan fibrations in cSet via the
cubical nerve functor.

First, in Section 5.1, we review some general theory of fibration categories.
We recall the definition of a fibration category, originally due to Brown [Bro73],
which generalizes the notion of a model category. The standard example of a
fibration category is given by the full subcategory of fibrant objects in a model
category, and we list some examples arising from the model structures on cSet
constructed in Chapter 4. We then review the construction of the homotopy
category and the notion of a morphism between fibration categories. The

exposition in this section closely follows that of Szumito [Szul6,Szul7].

138
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In Section 5.2, we review the definition of the cubical nerve of a graph as
well as some important results from [CK22], including the fibration category
structure on Graph where the weak equivalences are the weak A-homotopy
equivalences.

Finally, in Section 5.3, we construct the fibration category of Graph where
the weak equivalences are the n-equivalences. We conclude the chapter by
proving that, for n = 1, this fibration category of graphs is weakly equivalent
to the classical fibration category of groupoids via the fundamental groupoid

functor.

5.1 Background on fibration categories

In a model category, the class of cofibrations is completely determined by the
fibrations and the weak equivalences. This should lead us to think that it is
possible to replicate much of model category theory with just “half a model

structure”. This idea is formalized in the notion of a fibration category.

Definition 5.1.1 (Brown, [Szul6, Def. 1.1)). A fibration category is a cate-
gory € equipped with two subcategories: a subcategory of weak equivalences
(denoted by =) and a subcategory of fibrations (denoted by —»), subject to
the following axioms. (Here, an acyclic fibration is a morphism that is both a

weak equivalence and a fibration.)

(F1) Weak equivalences satisfy the 2-out-of-6 property. That is, given three

composable morphisms in € as follows:

f

X 1.y 4.7 how

if the composites gf and hg are weak equivalences, then so are f, g, and
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h (and hence, also hgf);
(F2) Every isomorphism in € is an acyclic fibration;

(F3) The category € has a terminal object 1, and every object X € € is

fibrant. That is, the unique morphism X — 1 is a fibration;

(F4) Fibrations and acyclic fibrations are stable under pullbacks along arbi-

trary morphisms in € (in particular, these pullbacks exist in C);

(F5) Every morphism in € can be factored as a weak equivalence followed by

a fibration.

Example 5.1.2. Given any model category M, the full subcategory M of
fibrant objects in M forms a fibration category with weak equivalences and

fibrations inherited from M.

Example 5.1.3 (cf. Theorem 4.2.11). The category Kan of Kan complexes ad-
mits a fibration category structure where the fibrations are the Kan fibrations

and the weak equivalences are the weak homotopy equivalences.

Example 5.1.4 (cf. Theorem 4.3.5). The category (L, cSet(c,0))" of n-fibrant
cubical sets admits a fibration category structure where the fibrations are the

(naive) n-fibrations and the weak equivalences are the n-equivalences.

Example 5.1.5 (cf. Theorem 4.3.10). The category cSetfftypes of transferred
n-fibrant cubical sets admits a fibration category structure where the fibrations
are the transferred (naive) n-fibrations and the weak equivalences are the n-

equivalences.
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Remark 5.1.6. By Proposition 4.3.3 and Corollary 4.3.14, we have the fol-
lowing chain of inclusions of categories:

(LncSet (o)™ C Kan C cSetg]f’types C cSet.

As with model categories, we would like to study the homotopy theory of
objects that are well-behaved. In a model category, the well-behaved objects
are those that are both fibrant and cofibrant. In a fibration category, every
object is fibrant. But since we do not have access to cofibrations, we do not
have cofibrant objects. We remedy this by considering all possible “replace-
ments” of the object that we would have liked to be cofibrant. For instance,
in the following definition, a right homotopy is not given by a map X — PY,
but by a zig-zag X < W — PY.

Definition 5.1.7 ([Szul7, Def. 1.2]). Let € be a fibration category.

1. A path object of an object Y € C is a factorization Y = PY — Y x Y
of the diagonal map A: Y — Y x Y as a weak equivalence followed by

a fibration.

2. A right homotopy between two morphisms f,¢g: X — Y in C via a path

object Y = PY — Y x Y is a commutative square of the form

— . py

W
! |
X 9y sy

If such a right homotopy exists, we say that f and g are right homotopic

and we write f ~, g.

The following result gives a convenient description of the category Ho €
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obtained by formally inverting the weak equivalences in a fibration category

C.
Theorem 5.1.8 ([Szul7, Thm. 1.4]). Let C be a fibration category.

1. Every morphism ¢ € HoC(X,Y) can be expressed as a right fraction
fst = (X &X Y), where s: X = X is a weak equivalence in C

and f: X —>Yisa morphism in C.

2. Two right fractions fs~' and gt=' are equal in Ho C(X,Y) if and only if

there exist weak equivalences u and v such that su ~, tv and fu ~, gv.

3. If o € HoC(X,Y) and p € HoC(Y,Z) can be expressed as fs™' =
(X &EX o Y) and gt—' = (Y " Z) respectively, and if there
exists a right fraction hu™! = (Y EWo— 17) such that fu ~, th, then
the composite 1o € HoC(X, Z) can be expressed as (gh)(su)™. O

The appropriate notion of a morphism between two fibration categories is

that of an exact functor.
Definition 5.1.9 ([Szul6, Def. 1.2, Def. 2.1]).

1. A functor F': € — D between fibration categories is ezact if it preserves
fibrations, acyclic fibrations, pullbacks along fibrations, and the terminal

object.

2. An exact functor F': € — D between fibration categories is a weak equiv-

alence if it induces an equivalence of categories Ho C — Ho D.

Example 5.1.10. Given a Quillen adjunction L : € &= D : R between two
model categories, the right Quillen functor R: D — C restricts to an exact
functor R: Db — @fP of fibration categories. Moreover, if L 4 R is a Quillen

equivalence, then R: D" — @i is a weak equivalence of fibration categories.
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Example 5.1.11 (cf. Corollary 4.3.26). We have the following zig-zag of weak

equivalences of fibration categories:

coskp41 ( fib coskyp41 SSetﬁb

fib
cSet n-types*

n-types )ﬁb

L,.cSet(oo,0) v (LnsSet(co,0))

We will need the following result on recognizing weak equivalences of fi-

bration categories.

Proposition 5.1.12 ([Cis10, Thm. 3.19]). An ezact functor F': € — D be-
tween fibration categories is a weak equivalence if and only if it satisfies the

following approzimation properties:

(A1) F reflects weak equivalences. That is, a morphism f: X — Y in C is a

weak equivalence in C if Ff: FX — FY is a weak equivalence in D;

(A2) Given any morphism f: B — FY in D, there exists a morphism f: X —

Y in C such that there is a commutative square of the form:
A—— FX

1l

B_—1 ., Fy

where A = B and A = FX are weak equivalences in D. N

5.2 The cubical nerve of a graph

In this section, we review the definition of the cubical nerve of a graph, as well

as some of its important properties.
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Definition 5.2.1.

1. Given a graph X and an integer n > 0, a graph map f: [0 " — X is
stable in all directions if there exists an integer M > 0 such that for each

1=1,...,nand € = 0,1 we have:
f(tl, ey b, (28—1)ti,t2‘+1, ce ,tn) = f(tl, ey b, (25—1)M, ti+1, ce ,tn)

whenever t; > M.

2. The nerve NX of a graph X is a cubical set whose n-cubes are given by:
(NX), = {f: I2™ — X | fisstable in all directions}

and whose cubical operators are given as follows:

o the map 0;.: (NX), = (NX),_; fori =1,...,nand ¢ = 0,1 is

given by
f@i,a(tl, Ce ,tn_l) = f(tl, ce 7ti—1a (26 — 1)M, ti, P ,tn_l);

where M > 0 is some integer such that for each ¢ = 1,...,n and

e = 0,1 we have:

f(tl, ce ,tifl, (28—1)ti7ti+1, c. ,tn) = f(th c ,tifl, (28—1)M, ti+1, c.

whenever t; > M.

e the map o;: (NX), = (NX),4 fori=1,...,n+ 1is given by

fO'i(tl, PN ,tn+1) = f(tl, N 7ti—17ti+1a Ce ,tn+1);



CHAPTER 5. FIBRATION CATEGORIES OF GRAPHS 145

o the map 7v;.: (NX),41 — (NX), fori=1,...,nand ¢ = 0,1 is

given by

f(tl, c. ,tifl, max (tz, ti+1), ti+2, Ce 7tn+1) if e = 0,
f%’,s(tl; R >tn+1> -

f(tl, . ,ti_l, min (tu ti+1)7 tz‘+2, ce >tn+1) ife=1.

This defines the nerve functor N: Graph — cSet.
Theorem 5.2.2.

1. The nerve functor N: Graph — cSet preserves all finite limits.
2. The nerve NX of any graph X is a Kan complex.

3. We have a bijection m¢X = moNX for every X € Graph and an iso-
morphism A, (X, z) = m,(NX,z) for every (X,z) € Graph, and every

n > 0.
Proof. (1) is [CK22, Prop. 3.8]. (2) is [CK22, Thm. 4.5]. (3) is [CK22,

Thm. 4.6] O

The nerve functor allows us to induce a fibration category structure on

Graph from the Grothendieck model structure on cSet.

Theorem 5.2.3 ([CK22, Thm. 5.9, Prop. 5.12]). The category Graph admits

a fibration category structure where

e the fibrations are maps which are sent to Kan fibrations under the nerve

functor N : Graph — Kan, and

o the weak equivalences are the weak A-homotopy equivalences.

Given this structure on Graph, the nerve functor N: Graph — Kan is an exact

functor of fibration categories. O
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5.3 Homotopy n-types of graphs

Let us fix an integer n > 0. Recall that W,, denotes the class of n-equivalences
in Graph. We would like to construct a fibration category structure on Graph
where the class of weak equivalences is precisely W,,.

Note that the nerve functor N: Graph — cSet does not take values in the
category (L, cSet(oo0)) of n-fibrant cubical sets. One possible way of dealing
with this could be to restrict the domain to the full subcategory of Graph on
graphs X whose nerve NX is an n-fibrant cubical set. In other words, we
could consider the full subcategory of Graph on graphs X for which we have
Ap(X,z) =2 0 for every k > n + 1 and every vertex © € X. Unfortunately,
this category is currently not well understood, and even the existence of such
graphs is not clear except in some very special cases.

On the other hand, the nerve of every graph is a transferred n-fibrant

cubical set, and we may view the nerve functor as taking values in the catgeory

cSetfiP

n-types transferred n-fibrant cubical sets.

Definition 5.3.1. A graph map f: X — Y is an n-fibration if its image

Nf: NX — NY under the nerve functor N: Graph — cSetfiftypes is a trans-

ferred (naive) n-fibration. Or equivalently, if N f has the right lifting property
with respect to the set

Jy={mf. 0" | 0<k<n+1 i=1...k e=01}

{2 o0m? | i=1,... .k =01}

Theorem 5.3.2. The category Graph admits a fibration category structure

where

o the fibrations are the n-fibrations, and
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o the weak equivalences are the n-equivalences.

We denote this fibration category structure by Graph Given this structure

n-types-*

— cSetfP

n-types naypes 1S an exact functor

on Graph, the nerve functor N: Graph

of fibration categories.

Proof. (F1) and (F2) follow from definitions of n-equivalences and n-fibrations.
(F3) follows from Theorem 5.2.2 and Corollary 4.3.14. Since Graph is complete
(Proposition 2.1.4), all pullbacks exist, and are preserved by the nerve functor

(Theorem 5.2.2). Thus, (F4) follows from the fact that the fibrations and the

fib

ntypes o€ stable under pullbacks. Finally, since every

acyclic fibrations in cSet
graph map can be factored as a weak A-homotopy equivalence (which is, in
particular, an n-equivalence) followed by a map that is sent to a Kan fibration
under the nerve functor (which is, in particular, an n-fibration), we have (F5).

— cSetfb

n-types ntypes Clearly preserves fibrations and

The nerve functor N : Graph
acyclic fibrations. By Theorem 5.2.2, it also preserves all pullbacks, as well as

the terminal object. O

5.3.1 The case n = 1.

We now turn our attention to the case n = 1. What can we say about the

fibration category Graph We begin by reviewing the classical fibration

1-types?

category structure on the category Gpd of groupoids.

Definition 5.3.3. A functor F': € — D of groupoids is an isofibration if for
any object ¢ € € and any isomorphism ¢: Fc¢ — d in D, there exists an

isomorphism ¢: ¢ — ¢ in € such that Fyp = 9.

Theorem 5.3.4 ([JT91, Thm. 2]). The category Gpd of groupoids admits a

fibration category structure where:
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o the fibrations are the isofibrations, and
o the weak equivalences are the equivalences of categories. [

Theorem 5.3.5. The fundamental groupoid functor Ily: Graphy ... — Gpd

is an exact functor of fibration categories.

We will prove this theorem in stages. First, we prove that the fundamental

groupoid functor II; : Graph — Gpd preserves fibrations.

Proposition 5.3.6. If a graph map f: X — Y is a 1-fibration, then the
functor 111 f: 1L X — I11Y s an isofibration.

Proof. Consider an object z € II; X and an isomorphism [y]: f(z) — y in
I1, Y. We can pick a representative path v: f(x) ~» y in Y and consider the

following lifting problem:
Mig — NX

[
Of —— NY
Since f is a 1-fibration of graphs, this lifting problem has a solution, say
7: O — NX. That is, there exists a path 7: 2 ~ 2’ in X such that fo7y = 7.
Thus, there exists an isomorphism [y]: z — 2’ in II; X such that II, f[7] =
- O

Next, we want to prove that the fundamental groupoid functor
IT; : Graph — Gpd preserves pullbacks along 1-fibrations.

Consider an arbitrary pullback square in Graph

X%,V — X
[ 2]
Z

y — 4
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We have the following two groupoids:

H1 (X Xz Y) and HlX X1,z H1Y

They have identical objects: pairs (x,y) where x is a vertex in X and y is
a vertex in Y subject to the condition f(x) = g (y). However, they might a
priori differ in their morphisms.

A morphism (z,y) — (2/,4) in II; (X xzY) is given by the path-
homotopy class [y] of a path ~: (x,y) ~ (2/,¥') in the pullback graph
X Xz Y, which in turn is determined by a pair (n,7) where n: x ~> 2’ is a
path in X and n: y ~ ¢ is a path in Y subject to the condition fon=gor
as paths in Z.

On the other hand, a morphism (z,y) — (2/,7') in II; X xy, 7 I1,Y is given
by a pair ([n],[r]) where [n] is the path-homotopy class of a path n: x ~~ 2’
in X and [7] is the path-homtopy class of a path 7: y ~» ¢/ in Y, subject to
the condition [f o n] = [g o 7] as morphisms in II; Z.

By the universal property of pullbacks, we have a canonical functor

U T (X xzY) = IhX xq, 2 1LY

that maps a morphism [(n,7)] in II; (X xzY) to a morphism ([n],[7]) in
I X X,z IIY. We want to show that this functor is an isomorphism of
groupoids under the additional hypothesis that f: X — Z is a 1-fibration of
graphs.

We will need the following couple of lemmas.
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Lemma 5.3.7. Consider a pullback square in Graph

X Xz Yy — X
|
| I
y —4 7
where f: X — Z 4is a 1-fibration of graphs.  Given any morphism
(I, [7]) : (x,y) — (2/,y) in ILX xnz 1LY, it is always possible to
choose representative paths ' and 7' from the path-homotopy classes [n] and

(7] respectively, such that fon' = go7' as paths in Z.

Proof. We start by choosing arbitrary representative paths n and 7 from the
path-homotopy classes [n] and [7] respectively. Since the pair ([n],[7]) is a
morphism in I} X X,z II1Y, we have [f on| = [g o 7] as morphisms in I1, Z.
Thus, we can also choose a path-homotopy H: fon= gorin Z.

Consider the following lifting problem:

I_Iio —r s NX

[ ]

goT

0! ——— NZ

Since f: X — Z is a l-fibration of graphs, this lifting problem admits a
solution 7: ' — NX. That is, we have a path 7 in X that starts at = and
satisfies f o7 = go 7. Let ” € X be the end-point of 7.

Next, we consider the following lifting problem:

m2, 2T, N

[ |

2 —f" . Nz
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Once again, since f: X — Z is a 1-fibration of graphs, this lifting problem
admits a solution H: (0% — NX. That is, we have a map H: I.o O I, — X

that stabilizes in all directions, and satisfies the following conditions:

ﬁagy():?], ﬁaLO:l’O'%, ﬁ@zlz?, fOH:H

Let @ = Hdy 1. Then, o is a path from 2/ to 2 in X, satisfying foo = CHar) =
Ca(y')-
Letting ' = 7« @ and 7/ = 7, we observe that we have a path-homotopy

n=-n"in X, a path-homotopy 7 = 7/ in Y and furthermore, we have:
fon =fo(Txa)=foTxfoa=goTxcyy=goT=gor. [

Lemma 5.3.8. Consider a pullback square in Graph

XXzY — X
[ » ]
Y —— 7
where f: X — Z is a 1-fibration of graphs. Suppose we have two paths
n,n:x ~ a2’ in X and two paths 7,7y ~~ 3y inY, subject to the follow-
ing conditions: fomn = goT as paths in Z, fon = gor71' as paths in Z,
n] = [n'] as morphisms in 111X and [t] = [7'] as morphisms in I1,Y . Then,
we have [(n,7)] = [(n,7")] as morphisms in 11} (X xzY).

Proof. We start by choosing arbitrary path-homotopies H: n = n’ in X and
G:tr=7inY. Letz=f(z)=¢g(y)and 2’ = f(2') =g (/). Let a = fon=
goTand o = fon = go7'. Then, we can define a map ©: 9L — NZ as

follows:
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_ 12 12
© |im8§{0 = 2010, © |im8¢1’”1 = 20109
_ 2 _ 2
© |im8§70 = Q0y © |im8§’1 = Q0
ima2 , — imas , —
O o3, =foH © | g3, =90G
We can also define a map 6: M3, — NX as follows:
_ 1.2 12
0 |imai0 = 1010, 0 ‘imafJ = 1010y
2 _ 12
0 |im8§”0 = N0y 0 |im3§71 =109

0 |im8§’0 =H
Consider the following lifting problem:

M, —4— NX

[

o’ —° 4 NZ

Since f: X — Z is a l-fibration of graphs, this lifting problem admits a
solution ©: 9® — NX. Let H = © |im8§71' Then, H' is a path-homotopy
n = n' that satisfies f o H' = g o G. Thus, the pair (H',G): I, O I, —
X Xz Y defines a path-homotopy (n,7) = (', 7') in X xz Y. It follows that
[(n,7)] = [(n',7")] as morphisms in IT; (X Xz Y). O

We are now ready to prove that the fundamental groupoid functor

IT; : Graph — Gpd preserves pullbacks along fibrations.

Proposition 5.3.9. Consider a pullback square in Graph

XxzYV — X
| =
A

y — 94



CHAPTER 5. FIBRATION CATEGORIES OF GRAPHS 153

where f: X — Z is a 1-fibration of graphs. Then, the canonical functor
U II (X Xz Y) — I X X1,z II,Y

is an isomorphism of groupoids.

Proof. We will construct a functor
O: 1L X X,z LY = 11 (X xzY)

that is inverse to W. Given a morphism ([n], [7]) : (x,y) = (2/,¢') in I} X X1, 2
II;Y, by Lemma 5.3.7, we can choose representative paths ' and 7/ from the
path-homotopy classes [n] and [r] respectively, such that fon' = go 7. The
pair (1, 7') then defines a path in the pullback graph X xz Y. Let ® map
the morphism ([n],[7]) : (z,y) = (/,¢/) in I, X X,z [IY to the morphism
(', 7)) = (2,y) = (¢,y) in I (X x5 Y).

By Lemma 5.3.8, this assignment is well-defined in the sense that it is
independent of the specific choice of the representative paths 7" and 7. Fur-
thermore, this assignment is functorial.

Since [n] =[] and [7] = [7'], we have ¥ o ® = idm, xxp;, ,m,v-

On the other hand, given a morphism [(n,7)]: (z,y) — (2/,y') in
I, (X xzY), any choice of representative path (n,7) in X Xz Y gives us a
choice of representative paths 7 in X and 7 in Y that satisfy the condition

fon=gor. Thus, we have ® o U = idy, xxyy, ;11 U

Proof of Theorem 5.3.5. The functor II; : Graph — Gpd clearly preserves

1-types
weak equivalences and the terminal object. By Proposition 5.3.6, it preserves
fibrations. Thus, it also preserves acyclic fibrations. By Proposition 5.3.9, it

preserves pullbacks along fibrations. O
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Finally, we will prove that the fundamental groupoid functor II; : Graph —
Gpd is a weak equivalence of fibration categories by verifying the approximation

properties of Proposition 5.1.12.

Proposition 5.3.10. Given any functor of groupoids F: G — I1,Y, there
exists a graph map f: X — 'Y such that there is a commutative square of the

form:
g —— ILX

1w

g 1y

where §' = G and §' = 11, X are equivalences of categories.

Proof. Suppose G = [[;cz G; where each G; is a connected component of G. For
each ¢ € Z, let (G; be the automorphism group of some object g; € G;. By
Theorem 3.4.5, there exists a connected graph X; such that A, (X, z;) = G;
for any vertex z; € X;. Let X = [[;cz X;, and let §' = [];cz G;. Then, we
have an inclusion §’ — G and a functor § — II;.X that maps the object
g; to some x; € X;. Both these functors are equivalences of categories. For
each ¢ € Z, we define a graph map f;: X; — Y to be the constant map at the
vertex F'(g;) € Y. And finally, we define f: X — Y to be f; on each connected

component Xj. ]

Theorem 5.3.11. The fundamental groupoid functor 11y : Graphy ¢ .. — Gpd

is a weak equivalence of fibration categories.

Proof. Observe that II;: Graph — Gpd reflects weak equivalences. The re-
quired result then follows from Proposition 5.3.10 and Proposition 5.1.12. [J
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