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Abstract

This document introduces the work of Hamza and his collaborators during his PhD studies.
Hamza works on profinite Galois Theory: more precisely, his work focuses on realisation of
pro-p Galois groups over some fields with specific properties (filtrations, cohomology ...) for
a fixed prime p. This thesis gives a particular attention to number fields and Pythagorean
fields.

The first chapter studies connections between the work of Brumer on compact modules
and the work of Lazard on filtrations. Using results of Koch and Shafarevich, the previous
connections are applied to the theory of pro-p groups and fields extensions. This chapter
sets the background to study the rest of the work of Hamza and his collaborators.

The second, third and fourth chapters are papers written by Hamza and his collabora-
tors, in which they investigate extensions of number fields with restricted ramification and
non trivial cohomology. The fifth chapter is a work in preparation between Hamza, Maire,
Minac¢ and Téan where they introduce a class of pro-2 groups that they call A-Right Angled
Artin Groups (A-RAAGs) and show that the ones occuring as absolute Galois groups are
exactly the ones which are absolute Galois groups of Formally real Pythagorean fields of
finite type.

The last chapter concludes with a complete answer to a question from Minac¢-Rogelstad-
Téan for which Hamza had already given a partial answer for mild groups.

Keywords: Action on pro-p groups, Zassenhaus and lower central filtrations, graded and
filtered Lie algebras, Cohomology, Hilbert and Poincaré series, Mild groups, Right Angled
Artin Groups and Algebras, Absolute Galois groups, Restricted ramification, Formally real
Pythagorean fields, Koszulity
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Summary for Lay Audience

Galois theory was originally introduced by Evariste Galois, a young French mathematician,
in the 19-th century to characterise polynomial equations which are solvable by radicals, i.e.
the solutions can be expressed by a formula involving only integers, n-th roots, additions
and multiplications. For this purpose, Galois studied the group permutation of the solutions,
which is called Galois group. He was one of the founder of modern Group theory.

Before Galois, it was already known that polynomial equations of degree less than 4 are
all solvable by radicals. Abel, Galois and Ruffini were able to exhibit, for every integer n
larger than 5, polynomials of degree n which are not solvable by radicals. As an application,
some problems from Antiquity were solved: doubling the cube, trisecting the angle and
characterising all polygons which are constructible with compasses and straightedges.

A more modern version of Galois’ ideas focuses on studying all Galois groups of all
possible equations together collecting them into one large infinite group called the "absolute
Galois group". Due to its sheer size, this group is extremely difficult to understand and
challenges many mathematicians even today. My work, together with my collaborators,
aims to find new facts about this group.
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Co-Authorship Statement

Chapters 2,3,4,5 and 6 of this Thesis are original work from Hamza and his collaborators
Jan Mina¢, Christian Maire and Nguyén Duy Téan (both independent and joint), during his
PhD Thesis.

Chapter 2 is based on [45], which was written in collaboration with Christian Maire.
The text was mostly written by Christian Maire with consultation with Hamza.

Chapter 3 is based on [44], where Hamza is the sole author.

Chapter 4 is based on [43], where Hamza is the sole author.

Chapter 5 is based on [46], which was done in collaboration with Jan Mina¢, Christian
Maire and Nguyén Duy Tan. This paper is mostly grounded on Hamza’s master Thesis
and Mina¢” PhD Thesis, and the text was mostly written by Hamza, with consultation with
co-authors.

Chapter 6 is an original work from Hamza where he gave a complete answer to [92,
Question 2.13|. Hamza already partially answered to this question in [44].
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Introduction

History and context

This document mostly deals with Galois theory, which allows us to reduce some problems
from Field theory to Group theory. Galois originally introduced this theory in order to solve
polynomial equations by radicals, but it gained more and more applications. Nowadays,
people are interested in the following problem: given a field k, which groups are realisable
as Galois groups over k7 This question is the primary motivation for this thesis.

Fermat’s Last Theorem

Non trivial integral solutions of the equation
a4yt = 2", (FLTn)

with n a fixed integer larger than two, was one of the most important questions since the
17-th century (and since Antiquity for the case n = 2). The equation (FLT2) admits an
infinite number of solutions, which are called Pythagorean triplets: for instance, if v and v
are two fixed integers, then (z := u® — v,y := 2uv, z := u® + v?) satisfies (FLT2). This leads
to the study of Pythagorean fields: the sum of two squares is a square. These fields were
well investigated by Lam [67, 68], Mina¢ and Spira [87, 94, 95|, Jacob [51], Marshall [82],
Efrat-Haran [22], Griffin [36], Golmankani [32]...In particular, this thesis studies formally
real Pythagorean fields & of finite type (RPF), i.e. (—1) is not a square and £* /k** is a finite
group, where k* (resp. k?*) is the group of invertible elements (resp. invertible squares) in k.
Observe also that these fields have strong connections with quadratic forms and realisation
of torsion-free Witt rings (see |26, 52, 51, 67]).

When n is strictly larger than two, it was conjectured by Fermat in the 17-th century
that (FLTn) does not have non trivial solutions, and this was recently proved by Wiles and
collaborators. The proof was long and difficult, we refer to [118] and [10] for a complete
exposition. This result is well known as the Fermat last Theorem.

The work of Golod and Shafarevich

A first partial proof of Fermat’s Last Theorem was given by Kummer in the 19-th century
when n is a regular prime. Siegel conjectured in 1964 that e~*/2 of prime numbers are regular,
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but it is still unknown yet whether there is an infinite number of them [136]. This leads us
to the imbedding problem: Is a number field £ with class group h; always embedded into
a finite extension K with class group hg trivial? It was conjectured that the imbedding
problem always has a solution, but Golod and Shafarevich [33] gave as a counterexample the
field k== Q(v/—2 x 3 x5 x 7 x 11 x 13).

The idea of Shafarevich was to study (pro)-p extensions, i.e. compositum of some
Galois extensions with degree a power of p. More precisely, he studied presentations of
Galois groups of p-extensions via generators and relations, and inferred a group theoretical
criterion on group presentations, which allowed him to obtain information on the Galois
group, and hence on the extension. Presentation of groups also played an important role in
the development of general group Theory [79] and [78, Chapter 2|. With Golod in [33], they
succeed in making this idea precise using filtrations/gradations and Lie algebra techniques.
we refer the reader to [12] and [15, Chapter IX] for further details, and [59] for an exposition
on p-extensions.

Gocha series and mild groups

The Golod-Shafarevich proof was based on the study of an invariant associated to a pro-
p group: gocha series; which allows us to read the cardinality and the cohomology of the
underlying pro-p group. Furthermore, from a pro-p group presentation, we infer (partial)
information on the gocha series. Lazard |69, Théoréme 3.11, Appendice A.3| was able to
read possible Lie structures over @, on pro-p groups (also called analytic groups) from their
gocha series’s poles: this is "I’Alternative des Gocha". Let us also quote the recent work
of Panov, Veryokin, Davis and collaborators [107, 132, 131, 16| who studied filtrations of
Coxeter groups using Lazard’s results [69] and inferred geometrical applications.

Labute and Mina¢ [62, 66] and [65] introduced a criterion on pro-p group presentations,
that is called mild, to infer pro-p groups with prescribed gocha series. Forré [29] also proposed
another approach to mild groups from ideas of Koch [60]. To proceed, they mostly combined
ideas developped by Anick [3, 4, 5, 1] in Knot theory and Morishita [100, 99] who studied
analogies between knots groups and Galois groups with restricted ramification. Let us also
quote the recent work of Efrat [21] who generalised some parts of Morishita’s work.

As an application, Labute obtained infinite extensions with Tame ramification (indeed of
cohomological dimension 2). These ideas where also expanded by Hajir-Maire-Ramakrishna
[41] with the "cutting tower strategy" which allows them to obtain (tame) towers of number
fields with prescribed ramification and specific cohomological properties. Let us also quote
Hamza-Maire [45], where they apply cutting tower strategy for infinite splitting. Mild groups
are also an active topic of research in pro-p group Theory. For instance they played a key
role in the recent work of Jaikin-Souza [53] on pro-p groups with Sylvester completed group
algebra. Let us also quote the work of Mina¢ and his collaborators [98] who related Koszulity
and mildness and the work of Hamza |44, 43| which is studied in the third and fourth chapters
of this document.

The Fontaine-Mazur conjecture states that every analytic extension with finite tame
ramification is finite. Hajir, Larsen, Maire and Ramakrishna showed in [38] that this con-



jecture does not hold when the set of prescribed tame ramification is infinite. Let us re-
fer the reader to the work of Boston |9, 8] who gave a group theoretical interpretation of
Fontaine-Mazur conjecture using Lazard’s results [69]. Let us also quote Hajir-Larsen-Maire-
Ramakrishna [38] who were interested in tame extensions, and Lim-Maire [74] who worked
on analytic extensions.

Realisation of absolute Galois groups

Maximal p-extensions and their Galois groups allow us to collect all p-extensions. We study
the converse problem: which pro-p groups are realisable as pro-p absolute Galois groups?
Mina¢ and Téan [96, 97| recently introduced two conjectures which give us necessary condi-
tions on these groups: the Massey vanishing and the Kernel Unipotent conjectures. The first
conjecture was investigated by several mathematicians during the last decade, let us quote
Merkurjev-Scavia [84, 85, 83|, Snopce-Zalesski [122], Blumer-Quadrelli-Weigel [7], [110, 109],
Efrat |23, 24].

The situation is of particular interest for formally real Pythagorean fields of finite type
(RPF). Mina¢ [87] obtained a detailled classification of all pro-2 absolute Galois groups
of formally real Pythagorean fields of finite type, as a minimal collection of pro-2 groups
containing 7 /27 and stable by coproduct and some "special" semi-direct products. Quadrelli
proved the Massey vanishing conjecture for RPF, and in Chapter 5, we prove the Kernel
Unipotent conjecture for these fields.

Realisation of specific quotients of the absolute Galois group (more precisely Galois
group with prescribed ramification) is also an active problem, let us quote [105, 42, 25, 11]
and others.

Summary

In this thesis, we pay particular attention to the following groups:

(7) The Galois group of the maximal extension, unramified outside a set of primes S
which does not contain places above p (tame case), with underlying field rational numbers
or quadratic extension with trivial p-class group,

(7i) Quotients of Galois groups over p-rational fields, i.e. quotients of artihmetic situa-
tions with free Galois groups,

(7i1) Absolute Galois groups of formally real Pythagorean fields of finite type.

Results and outline of the Thesis

The absolute Galois group of a field k is mysterious in general but some information is known.
For instance Neukirch and Uchida [129] showed that this group characterises number fields,
but Lubotzky and Neftin [77] showed that p-Sylow subgroups are not sufficient. We study
some specific (p-)quotients.



Chapter 1: Generalities

In the first chapter, we study generalities on profinite (and especially pro-p) groups; the
work of Lazard and Brumer on compact and graded algebras, that we apply to pro-p groups;
then we finish by studying Galois Theory to infer results about field extensions from pro-p
groups.

If k is a number field, let S be a finite set of primes in k& and denote by kg the maximal
extension of k unramified outside S. It is already known, see [58, Theorem 1.48| and [121,
Theorem 2|, that Gal(kg/k) is strongly complete, i.e. for every integer d there exists a finite
number of algebraic extensions of degree d which are unramified outside S. Serre [119],
Nikolov and Segal [104] investigate connections between strong completness and finitely
generated profinite groups. However, it is still unknown whether the group Gal(kg/k) is
finitely generated. We recall these results in Part 1.1.

A natural connection between groups and compact algebras is given by the completed
group algebra. In Part 1.2, we focus on the study of these algebras. Graded algebras
and their Hilbert series are heavily used in the proof of the Golod-Shafarevich Theorem
and "I’Alternative des Gocha". In this part, we recall results from Brumer and Lazard on
compact and graded algebras (especially strong freeness and Koszulity) that allow us to infer
cohomological results. Compact and graded algebras are connected by the Grad functor. The
typical exemple is given by Right Angled Artin Algebras, studied in this part.

Part 1.3 focuses on the completed group algebra of pro-p groups and their associated
gradations. We give a particular attention to mild groups, introduced by Labute and Mina¢
[62] and [66] which illustrated these connections and have cohomological consequences.

We finish with Part 1.4 where we discuss Galois Theory, in order to relate previous
results on group Theory with field extensions. Our main fields studied are local, global and
RPF. We recall Koch’s [59] results on p-extensions on local and number fields; then we finish
by discussing standard results on Pythagorean fields [67] and the Milnor conjecture [86],
which relates Witt rings, Cohomology and absolute Galois groups. Of course, the Milnor
conjecture holds for any fields, but we prefer to discuss it only for RPF, as we infer in
Chapter 5 a complete understanding of their absolute pro-2 groups which is also closely
related to the number of orderings and cohomology.

Chapter 2: A Note on Asymptotically good extensions in which in-
finitely many primes split completely

This chapter covers the paper [45] written in collaboration with Christian Maire.

Let p be a prime and k be a number field. For p = 2, we assume that k is totally
imaginary. In this chapter, we prove the existence of asymptotically good extensions L/K
of cohomological dimension 2 in which infinitely many primes split completely. Our result
is mostly based on mild groups introduced by Labute-Mina¢ |62, 66] and the "cutting tower
strategy" from Hajir, Maire, and Ramakrishna [41].



Chapter 3: Zassenhaus and lower central filtrations of Pro-p groups
considered as modules

This Chapter covers [44].

This paper is deeply inspired by the work of Filip [28] and it aims to study the action
of groups on Zassenhaus and lower central filtrations of finitely generated pro-p groups. We
shall focus on the semisimple case. Particular attention is given to mild groups; and for these
groups, we answer positively to [92, Question 2.13|.

Chapter 4: On extensions of number fields with given quadratic
algebras and cohomology

This Chapter covers [43].

We introduce a criterion on the presentation of finitely presented pro-p groups which
allows us to compute their cohomology groups and their gocha series. Consequently, we infer
"new" quotients of mild groups of cohomological dimension strictly larger than two.

We interpret these groups as Galois groups over p-rational fields with prescribed ramifi-
cation and splitting. These results are essentially grounded on Right Angled Artin Algebras
properties.

Chapter 5: On Maximal extensions of Pythagorean fields and ori-
ented Graph products

This Chapter covers [46] written in collaboration with Christian Maire, Jan Mina¢ and
Nguyén Duy Tan.

We introduce A the group with two elements and a class of pro-2 groups that we call
A-RAAG, which is a subclass of oriented pro-2 groups introduced by Blumer, Quadrelli and
Weigel in [7]. Using results of Mina¢” PhD Thesis [87] and Hamza’s Master thesis, we show
that pro-2 absolute Galois groups of formally real Pythagorean fields of finite type (RPF)
are A-RAAGs.

Conversely, if a A-RAAG is realisable as an absolute pro-2 Galois group, we show that
the underlying field is necessarily RPF. As an application, we exhibit A-RAAGs which are
not pro-2 absolute Galois groups. We also infer that pro-2 absolute Galois groups of RPF
satisfy the kernel Unipotent conjecture introduced by Mina¢-Tan in [96].

Chapter 6: A complete answer to a question from Minac¢-Rogelstad-
Tan

This final chapter gives a complete proof to [92, Question 2.13] asked by Mina¢-Rogelstad-
Tan. A partial positive answer was already given by Hamza in [44], presented in Chapter 3.



General notations

e Let p be a prime number (in general odd), and G be a pro-p group (in general finitely
presented). If G is finitely presented, we denote by {x1;...; 24} (vesp. {l1;...;(,}) a minimal
set of generators (resp. relations) of G. We introduce 1 - R — F — G — 1, a minimal
presentation of G.

e Define [A; B] (resp. AP) the closed subgroup of G generated by [a;b] := a~'b~tab
(resp. a?), where A and B are subgroups of G, and a € A, b € B. Denotes by AB the closed
subgroup of G generated by {ab; a € A, b€ B}.

e We define the i-th cohomology group of the profinite group G over I, by:

H'(G) :=lim H'(G/U,F,), where G:=limG/U,
U U

and U is taken in an open normal basis of G. The cohomological dimension of a pro-p group
G is the least integer n such that H*(G) = 0 for all i > n.

Filtrations and gradations

e Let A be the ring F, or Z,,.

e Denote by Al(A,G) the completed group algebra of G over A and observe that G
embeds naturally into AI(A, G). Define Al,(A, G) the n-th power of the augmentation ideal
of Al(A,G). We always assume that the A-module Al,,(A,G)/Al,+1(A,G) is free. Notice
that this condition is automatically checked when A := I, contrary to the case A := Z,
(see for instance |63, Theorem|). Observe that Al(A, G) endowed with the topology given
by {Al,,(A, G)}hen is a compact module.

o We fix {z;}1<j<q a lift in F' of a basis of Al;(A,G)/Aly(A, G); by [120, Corollaire 3,
Proposition 42, Chapitre 14|, this basis does not depend on the choice of A. The Magnus
isomorphism, from [69, Chapitre II, Partie 3|, gives us the following identification of A-
algebras between Al(A, F') and the noncommuative series over X;’s with coefficients in A:

G AlA,F) =~ A((X;;1 <5 <d)); x50 X+ 1 (1)

e Define F (A) (resp. E(A)), where e := (ey;...;eq4) is a d-tuple of integers, as the alge-
bra A((X;;1 < j < d)) filtered by deg(X;) = e; (resp. deg(X;) = 1) and write {E. ,,(A) }nen
(resp{En(A)}nen, the n-th power of the augmentation ideal) for its filtration. One in-
troduces I(A, R) the ideal of E.(A) generated by {¢s(r — 1);r € R} endowed with the
induced filtration {[,(A, R) := I(A,R) N E.,,(A)}nen, and E (A, G) the quotient filtered
algebra F.(A)/I(A, R), with induced filtration {E, (A, G)},en.

e Introduce the following filtration on G:
Gen(A) = {g € Gigalg) — 1 € Ecu(A,G)}.

When A := F, and e is trivial, this filtration denotes the Zassenhaus filtration of G' (for
references see [92]). Under some conditions on G (see for instance [64]), if A := Z,, the
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filtration G, (Z,) corresponds to lower central series, defined by v,(G) := G and v,(G) =

[n-1(G); G].
e Define
) =D Ln(A,G), where Z,u(A G):=Gen(A)/Genya(A), and
neN
=@ Een(A.G), where &,(A G) = Een(A G)/Eepii(A,G).
neN

e Since G is finitely generated, one denominates for every integer n:
Qe =ranky 7. (A, G), and c., =rank,é, ,(A,G),
gocha.(A,t) Z Cent”.

neN

IfP:=5" cypat"and Q := > qnt™ are two series with real coefficients, we say that: P <
Q <= YneN, p,<q, Wedenote by  the Mobius function.

Algebras

To simplify notations, when the underlying ring (resp. degree e is trivial) is clear from
the context, we omit to write A (resp. e). We define & := Grad(FE); this the graded
algebra A(X7; ..., Xy) of noncommutative polynomials on d variables over A where each X;
is endowed with degree e;.

e An F)-basis on £ and & is given by monomials on the set of variables X := {X7;...; X4}.
An order on X (for instance X; > Xy > --- > X;;) induces a lexicographic order on mono-
mials on X, that we denote by >. We say that a monomial X contains a monomial Y if
there exist monomials M and N such that X = MY N.
Recall that we write commutators of X; and X; (in E or &) as

e If z is an element in F, we denote by deg(z) (or n,) the weight of z, i.e. the integer
such that 2 € Feg(z) \ Fdeg(z)+1- Then we define Z the image of 2 in Feg(z)/ Fdeg(z)+1, this
is a homogeneous polynomial, and we denote its degree by deg(z). We call Z the leading
monomial of z. For instance [X/ME] =X, X; if X; > Xj.

e Consider a presentation of G with generators {z1;...; x4} and relations {l; };c1 with I
a countable set. We denote by w; := ¢r,(I;) —1 € E. We say that G has a mild presentation
if: )

L —dt+ 3,y tdesw)’
The group G has a quadratic presentation if I is finite and for every integer i, deg(w;) = 2.

e We say that the algebra &(G) is Koszul, if the trivial £ (G)-module F,, admits a linear

resolution (Z,4), i.e. &; is a free-&(G)-module generated by elements of degree i (see for
instance [108, Chapter 2]).

gocha(G,t) =



Field Theory

e Let k be a field. We define G, the maximal p-quotient of the absolute Galois group
of k, we also call it the pro-p absolute Galois group of k.

e Furthermore, if £ is a number field, we introduce G} the maximal p-quotient of the
absolute Galois group of k;,, the completion of k at the prime p. We denote by S a finite
set of tame primes of k, i.e for every p € S, Nj/g(p) =1 (mod p), and we introduce G5 the
Galois group of the maximal p-extension unramified outside S.

e We denote by RPF the set of formally real Pythagorean fields k with characteristic
different from two and such that the group k* /k®* is finite, where k* (resp. k?*) is the set
of invertible elements (resp. invertible squares) of k. When k is RPF, we take p = 2.



Chapter 1

(Generalities

The goal of this Chapter is to survey some results in profinite (and particularly pro-p)
groups, filtered and graded Lie algebras, cohomology and Field theory in order to simplify
the understanding of the rest of the document.

1.1 Notions on profinite groups

Galois theory gives a correspondence between profinite groups and some (infinite) extensions

of a fixed field.

1.1.1 Generalities on profinite groups

This subpart is mostly inspired by [19, 138, 112].

Definition 1 (Profinite groups). A profinite group is a compact Haussdorf topological group
whose open subgroups form a basis for the neighbourhoods of the identity.

A pro-p group G is a profinite group, such that for every x in G and every open subgroup
U of G, there exists an integer m such that for all integers n > m, we have 2*" € U.

Let us fix a base field k, and k a separable closure. Consider K a Galois (infinite)
extension of k, and we write K := U;c/K;, where K; are finite Galois extension of £, and
K; C Ki1.

Definition 2 (Krull Topology). The Krull topology on Gal(K/k) is given by the family
{Gal(k/K;)} as a neighbourhood basis of 1.

The study of profinite group is motivated by the Galois correspondence:

Theorem 1. Every Galois group G (endowed with the Krull topology) is a profinite group.
Furthermore, if L is a Galois extension of k with Galois group G, we have a bijection between
fields extensions k C K C L and closed subgroups H of Gal(L/k), given by K — Gal(L/K)
and H — LY, where K is the subfield of K fized by H.



Proof. See [112, Theorems 2.11.1 and 2.11.3]. O
Let us now study some topological properties of profinite groups.

Proposition 1. If X is a subset of G, then the topological closure of X is (| XN, where
N is taken in a normal open basis of G.

Proof. This is [19, Proposition 1.2]. O

We can also characterize profinite groups as "collections of finite groups". Let us be
more precise:

Definition 3 (Filtered poset). Let A be a poset, endowed with relation <.
We say that A is a filtered poset if for every element o and 3 in A, there exists an element
v in A such that v > o and v > (3.

Definition 4 (Inverse limit of finite groups). Let (Ga)aca, be a nonempty family of finite
groups indexed by a filtered poset A.
Let fop : Gg — Gy be a collection of surjective groups morphisms, such that:

1. for every a in A; fa.n =idg,,
2. for all oo < B < y; in A, we have fo,y = faip © fa1y-

We say that (Ga; fop)a<pen 1S an inverse system.
Given an inverse system (Go; fo.3)a<penr, we can define a group:

(G5 f) = {(9a)aen; fa5(98) = 9o Va < B} C H Ga.

a€eN

The group (G; f) (which we denote G by abuse of notations) satisfies the following universal
property:

foralla < B in A, X finite groups, and f,, fs surjections.

We say that G is the inverse limit of the system: (Ga; fai8)(a:p)erza<p, and we denote
it by G = l’maeA Go. The group G s also endowed with the profinite topology defined by
kernels of the maps f,: G — G4 as a neighbourhood basis of 1.

Proposition 2. Consider a nonempty inverse system (Gy; fo.), then l'&laeA G, is nonempty.

Proof. See [19, Proposition 1.4] O

10



Proposition 3. A group is profinite if and only if it is an inverse limit of finite groups.
Moreover a group is a pro-p group if and only if it is an inverse limit of p-groups.

Proof. See |19, Proposition 1.3| ]

Example 1. With Proposition 3, we can easily give examples of profinite groups and pro-p
groups.

o Consider the set of p-adic integers Z, = @neN ZJp"Z. This is a pro-p group. For
more general references on p-adic integers, we refer to the book of Katok [56].

o (Consider the example 7 = @neN Z/nZ. Observe by the Chinease reminder Theorem
that )
Z =]z,
p

where p is taken in the collection of all prime numbers.

If G is a profinite group, then every open subgroup of G is of finite index. However,
what can be said about finite index subgroups of G?

Definition 5 (Strongly complete). A profinite group is strongly complete if and only if every
subgroup of finite index is open.

Proposition 4. A profinite group is strongly complete if and only if it does admit a countable
number of subgroups of finite indez.

Proof. See [121, Theorem 2]. O

We say that a profinite group is finitely generated if it does admit a finite number of
generators as a topological group. During the last decade, Nikolov and Segal showed the
following result:

Theorem 2 (Nikolov-Segal). If G is a finitely generated profinite group, then G is strongly
complete.

Proof. See [104]. O

Example 2. Let us consider
. P

n>5

where <, is the alternating group over n elements. Then <7 is a strongly complete profinite
group, but is not finitely generated (see [103, Part 6]).

11



1.1.2 Notions on pro-p groups

From now, we only study pro-p groups.
Definition 6 (Pro-p completion). If G is a group, we define the pro-p completion of G by:

G = lim G/U,
vew

where % is the collection of all subgroups of index a power of p.

Observe that G is a pro-p group. This construction is very useful to construct coprod-
ucts, free pro-p groups, and free presentations. By universal property, we also have a natural
map G — G with kernel given by (¢, U.

Example 3. Consider G := Z, then G= Ly, the p-adic integers.

Definition 7 (Free products). Let {Gy;...;G,} be a finite family of pro-p groups. The
free products (or coproduct in the category of pro-p groups) of {Gi;...;G,}, denoted by
Gi[]---11Gn, is the unique (up to isomorphisms) pro-p group, endowed with morphisms
¢i: Gy = G ][ [1 Gn, satisfying the following universal property:

(3

where X 1s a pro-p group and ; : G; — X are fived morphsims.
Proposition 5. Free products exist in the category of pro-p groups.

Proof. We just give their explicit constructions. For further details, we refer to [112, Propo-
sition 9.1.2].
Let {G;}i<i<n be a finite family of pro-p groups. Call G%* = G * - - - * G,, the free product
of G1;...;G, in the category of groups, i.e. G%* is given by words with letters in G;. We
define -

G:=]]G =G

]

Let us now study the smallest number of generators of the topological group G, that
we denote by d(G).

Proposition 6. The pro-p group G := @aeA G, is finitely generated if and only if the
set {d(G,);a € A} is bounded. Furtheremore there exits a, € A such that for all o € A
satisfying o > o, we have d(G) = d(G,).

Proof. See [112, Lemma 2.5.3]. O

12



Definition 8 (Frattini subgroups). Let G be a pro-p group.
We define the Frattini subgroup of G' by:

Frat(G) = (| M

where M s taken in the set of maximal open subgroups of G.
For pro-p groups, the Frattini subgroup is closely related to generators of G.
Theorem 3. Let G be a pro-p group, and Frat(G) its Frattini subgroup.
1 IfG=lm G/N,, then

G /Frat(G) = lim (G/N,)/(Frat(G) /Ny).

a€A

2. We also have Frat(G) = GP|G; G].

3. Furthermore, the pro-p group G is finitely generated if and only if Frat(G) is open.
Particularly, the subgroup generated by the product GP and [G; G] is closed if and only

if d(G) < oco.
4. If d(G) < o0, then
G/Frat(G) ~ IFZ(G).

Proof. The first point is given by [112, Corollary 2.8.3|.
The second point is given by [19, Proposition 1.13].
The third point is given by [19, Proposition 1.14] and [19, Corollary 1.20].

The last point is given by [112, Lemmas 2.8.6 and 2.8.7|. ]
Proposition 7. Let G and H be two finitely generated pro-p groups, then d(G[[H) =
d(G)+d(H).

Proof. See [112, Proposition 9.1.15]. O

The commutator subgroup [G; G] is closely related to the Frattini sugroup of G and is
very important in the study of finitely generated pro-p groups. Just to be complete, let us
give general results on group commutators:

Proposition 8 (Commutator identities). Let x,y, z be elements in G, and take n an integer.
We define x¥ = y~tzy. We have the following identities:

1 [yt = [y; 2],
2. [zy; 2] = [x;2Y]y; 2],

3. [x;y2] = [x; 2][z; 9],

13



]xn—l

syl vl

n—1

5. [xy"] = [zyllz; Y. m ]

4. [2"y] = |25y

n(n—1)

6. (zy)" =a"y"[y;2]” 2 mod [[G;G]; G,

7. in particular, (zy)"* = 2™y" mod [G;G].
Proof. These are just standard computations in group theory. O
Let us now define free pro-p-groups and presentations.

Definition 9. Let X be a finite set, F' a pro-p group, and i : X — F a map. Then (F;1i)
(that we will denote by F' by abuse of notations) is a free pro-p group if and only if F' satisfies
the following universal property:

for every pro-p group G, and map ¢ : X — G, there exists a unique map V: F — G such
that the following diagram commutes:

Furthermore, for every finite set X, there exists a unique pro-p group F (up to isomor-
phisms) which is free over X. In particular, if X is a finite set then d(F') = |X].

Explicitely, we construct the free pro-p group F' with d generators by: F(d) = ]_[?:1 Ly.

Definition 10 (Presentation of a pro-p group). Let G be a finitely generated pro-p group.
Then by freeness, we define a (free) presentation of G by the following exact sequence:

1—R— FdG) = G—1,

where d s minimal.

Let I be a (countable) set. We say that {l;}ic1 C F(d) is a minimal subset of relations
of G if the set {l;}icr is a minimal set of generators of the closed normal subgroup R in F.
We define: r(G) := |I|, if {l;}ie1 is a minimal set of relations defining G.

The freeness of a finitely generated pro-p group G can also be seen by the number of
generators of its open subgroups:

Theorem 4 (Generalised Schreier Formula). Let G be a finitely generated pro-p-group, then
G s free if and only if for all open subgroups H of G we have:

d(G) — 1 =[G : H|(d(H) - 1).

Proof. This is the theorem 3.3.16 of [102]. O

14



Remark 1. Labute and Dummit [20, Theorem 1] gave an analoguous result to Theorem /
when G 1s a Demushkin group: the group G is Demushkin if and only if

d(G) — 2 =[G : H|(d(H) - 2).

These groups play a fundamental role in Group theory: they naturally appear in Number
Theory and Geometry. For further references, let us for instance quote the book [123] from
Souza-Zapata.

Let us conclude this subpart with Golod-Shafarevich Theorem:

Theorem 5. Let G be a pro-p group with d generators and r relations. If d*> > 4r, then G
1S infinite.

Proof. This result is very famous, for a proof we can cite [19, Interlude D], [119, Appendix
2], 169, Appendice A.3| and [12, Parties 5 et 6]. We also propose an alternative proof in
Subpart 1.3.2. O

1.1.3 Strong completness for pro-p groups

Strong completness for pro-p is well known:

Theorem 6. Let G be a pro-p group. Then G is finitely generated if and only if G is strongly
complete.

Serre proved the direct way in the 60's (for instance see [19, Theorem 1.17]). In this
part, we investigate the reverse way, which is also well known from specialists, but we did
not find complete and direct references.

Introduce {x;};er a minimal set of generators of G indexed by a set I, and let Frat(G)
be the Frattini subgroup of G, and ¢ : G — G/Frat(G) be the canonical surjection. Using
[19, Proposition 1.9], we observe that :

G/Frat(G) ~ Hx]f”,
el
as pro-p group (the second one with the product topology).

If G is infinitely generated, we construct a subgroup H of G which is dense (so not
closed, hence not open). We explain the strategy of our construction. First, following [112,
Example 4.2.12] we construct a subgroup of G /Frat(G), called Hp which is of finite index in
G/Frat(G) and non open in G/Frat(G). Then, we consider the group H := ¢~'(Hp) which
answers our problem. Ultrafilter theory is essential to construct the group Hp.

Definition 11. Let P be a subset of the set of subsets of 1. We say that P is a ultrafilter if
it satisfies the following propeties:

1. if A,B in P, then ANB € P,

15



2. if A€ P and B is a subset of I that contains A, then B € P,
3. the empty set is not in P,
4. for every A subset of I, either A€ P orI\ A€ P.

For more references on ultrafilter theory, we refer to [49].

Construction of Hy

This construction is done in [112, Example 4.12.2].
We consider P a non-principal ultrafilter, so it contains the Frechet filter of I, i.e all subsets
of I which contains all but finitely many elements in I. The ultrafilter P; exists by Zorn’s
Lemma. If g € G/Frat(G), we write g = (gi)ier € [Liex 27 and we define Triv(g) = {i €
I; g; = 1}. Introduce:

Hp = {h S G,TI'IV(h) S PI}
First, we remark that Hp is dense in G /Frat(G), and if hy and hy are in Hp, then Triv(h,) =
Triv(hy') and Triv(hy)NTriv(hy) C Triv(hyhsy), so by filter and ultrafilter properties Triv(hihy) €
P1. So Hp is a group. Moreover, if g € G, and h € Hp, then Triv(h) C Triv(ghg™!), so Hp
is a normal subgroup of G/Frat(G). Then Hp is a dense proper subgroup of G/Frat(G).

Now, we show that Hp is of finite index in G /Frat(G). Define ¢, = (2F);c1 € G/Frat(G).
For every g := (¢;) € G and k € [F,,, we define

I, :={i € L, giz;* =1},

Then I = Uke]Fp I,. So by ultrafilter property, there exists & € F, such that I, € F;. So

gc,;1 € Hp. This implies that Hp is of index equal or less than p. However Hp is proper in
G /Frat(G) and dense, this implies that Hp is not open in G/Frat(G). Since G is a pro-p
group, then Hp is of index p (see for instance |19, Lemma 1.18]).

Construction of H

Let ¢: G — G/Frat(G). Take H := ¢)~'(Hp), this is a normal subgroup of G. Take ty;...;t,
a system of generators of (G/Frat(G))/Hp. Then ty;...;t, are also generators of G/H. Since
1 is surjective, then H is proper in GG, and by a Frattini argument H is dense in G. This
implies that H is non open in G and proper.

1.2 Compact and Locally finite graded Algebras

Let us give some general algebraic results before applying them to pro-p groups. This Part
is mostly inspired from [69, 14, 71|. Let us also quote |72, Chapter 1].
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1.2.1 Generalities

We begin by defining the categories of Compact Algebras and Graded locally finite Connected
Algebras (GCA).

Definition 12 (Filtered Compact Algebras). The set A is an object in the category of
compact algebra over A if and only if:

1. A is an A-algebra,
2. A is a complete and Haussdorf topological space,

3. there exists a countable family of closed two sided ideals { A, }nen, basis of 0 such that
for every n, A,/A,i1 is a free A-module with finite rank.

The family { A, }nen is called a filtration of A (name given by Lazard, in [69]). Since A
is Haussdorf, we have [, A, = {0}.
An arrow in the category of compact algebras is a morphism of A-algebras agreeing with the
topology. An arrow in the category of filtered compact algebras is a morphism of A-algebras
agreeing with filtrations.

The category of compact Algebras was defined by Brumer, in [14]. These two categories
have the same objects but not the same morphisms. If z is an element in the compact
filtered algebra A, we define the weight of z, that we denote by n., by the integer n such
that z € A, \ Apy1.

Example 4 (Noncommutative series). Consider the algebra A((X1;...; Xa)). We can endow
each X; with a weight e;. This allows us to define a filtration on A{(X;)), that we call (X, e)-
filtration. Take x € A((X;)), then we write v == Y a,X,. We define the weight of x in
E.(A) by: ng := min,, 2o{€a, + -+ + €a,}. Consequently we introduce E.(A), the algebra
A((X3)), endowed with the filtration:

E.,n(A) :={z € A;n, > n}.

For general references on (X, e)-filtrations, let us quote [27, 69, 29].

Assume that for all i, we have e; := 1, then we define E(A) := A{((Xy;...;Xy)), the free
algebra of noncommutative series over A, filtered by E, (A), the n-th power of the augmen-
tation ideal E1(A), which is the closed two-sided ideal of E(A) generated by {Xy;...; Xq}.

For every choice of e, we have an isomorphism of compact algebras E.(A) ~ E(A), but
this is not an isomorphism of filtered compact algebras.

Let us now introduce the category of graded algebras.
Definition 13 (CGA). Let o/ be an A-algebra. We say that <7 is:

1. graded if there ezists a countable family of free A-modules {<t,}nen such that o7 =
@TLEN ’Q{”’
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2. connected if ofy = A,
3. locally finite if for every integer n, the space <, is a free finitely generated A-module.

An arrow in the category of locally finite, connected graded algebras is a morphism of algebra
agreeing with gradation.

The category of connected, locally finite graded algebras is denoted by CGA. It was
studied by Anick (see for instance [3]|) and Lemaire [71].
Every element z in .2/ can be written as a sum 2z := ) _y 2, where for every integer n, z,
is in 7,. We define by deg(z) the least integer n such that z, # 0.

Example 5 (Filtrations on A). We can always define a filtration on the ring A: the trivial
one, i.e. Ag:= A and A; := 0 for i larger than one.
On Z,, we also have another filtration by n-th power of the augmentation ideal pZ,,.

Example 6 (Noncommutative polynomials). Denote by &.(A) the algebra A(Xy;...; Xy),
where each X; is endowed with degree e;, graded by homogenous elements (sum of monomials
with same degree) of degree n. This is an object in CGA.

If we put e; :== 1, we write &(A) rather than &.(A).

Example 7. Let us consider an example of filtrations on A{((X1;...; X4)) in an equivariant
context.

Assume A is a cyclic group of order a prime q dividing p—1. Consider V' a A[A]-module
which is free on A and of dimension d. By Maschke’s Theorem, we can define a A[A]-basis,
of V,, {X}} satisfying 0(X5) := x(0) X, where x is taken in the set of irreducible characters

of A over A, that we denote Irr(A).

Choose xo an nontrivial element in Irr(A), then we have a bijection:
Voo Irr(A) = {15, .50} xb — i

Define Ey,(A) the filtered algebra A((X};x € Irr(A))), where each X} has weight 1y, ().
Denote by &, = Grad(E,,(A). These algebras were studied by Hamza in [44]. In particular,
he was able to give some results on equivariant components of some Lie algebras related to
a finitely generated pro-p group G.

Similarly, we define compact modules and graded modules.

Definition 14. Let A be a A-(filtered) compact algebra with filtration { A, }nen. We say that
a A-module M is (filtered) compact if:

(1) M is a topological, separated and complete space,

(1) M admits a family of submodules { M, }nen closed basis of zero such that M /M, has
finite length.

(17i) we have A, M, C My,
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Morphisms of (filtered) compact-modules respect (filtrations) the topology.
Definition 15. Let & := @, .y @ be a A-CGA. We say that a &/ -module A is graded

(1) if there exists a countable family of free finitely generated <f -modules { My }nen such
that M = D, ey A,

(i) we have the relation <ty My, C M.
Morphisms respect gradations.

Definition 16 (Hilbert Series). If # is a o/ -CGA module, we denote the Hilbert Series of
M by:
ML) = Z ranky Z,t".

n

Proposition 9. Assume that we have an exact sequence of </ -CGA modules:
0= =M — N —0.
Then we have the following equality of Hilbert series:
M(t) = N (t)+ H ().

Proof. From the exact sequence, we infer for every integer n an exact sequence of free A-
modules:

0— &, — M, — N, — 0.
Then we infer ranky.#,, = ranky .4, + ranky 7. O

The product [] (resp. the coproduct @) is well defined in the category of A-(filtered)
compact modules (resp. 7/-CGA) modules.

Let M (resp. #) be a A (filtered)-compact (resp. «/-CGA) module. We say that
M (resp. #) is free if there exists a family {m;};c1 in M (resp. {p;}ier in #) such that
M ~ [[,m;A (resp. A ~ D, ;). The filtration on M (resp. the gradation on .#)
is given by the weights of the m;’s (resp. the degrees of the p;’s). Free-modules satisfy a
universal property and can be read from their Hilbert series.

Proposition 10. Let 4 be a o/-CGA module generated by a family {p;}icr. Then A is
free on {u;}ic1 if and only if
() =) 1) g (1),

Proof. The first implication is clear from .# ~ @, p1;97. Conversely, since {;} generates
A , then by the universal property there exist a &/-CGA module % and an exact sequence
of &/-CGA modules:

0—><%/—>///'1=@m%—>///—>0-
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Consequently by Proposition 9 and the first implication, we have

() =yt o (1) = () + K (1)

%

By hypothesis #(t) = .#'(t), so we infer J¢ (t) = 0 which implies % =0, so A4 ~ A" is
free. O

Example 8. We have the isomorphisms:
Ee’1<A) ~ XlEe X X XdEe, and ge,Zl(A) ~ Xl(g; DD Xd(g;,

where &, >1(A) == @,5, &.i(A) is the kernel of the augmentation map &.(A) — A; which
maps X; to 1. N

Consequently E. 1(A) and &, >1(A) are free E.(A)-compact module and &.(A)-CGA mod-
ule, and the filtration (resp. gradation) is given by the weight (resp. degree) of X; which is
e;. Observe also that we have the following Hilbert series:

1 S, 1
(/gae(t) = 1——21561" and éanl(t) = 1_—2317562

1.2.2 Grad functor and Hilbert Series

Let us now study links between filtered compact algebras and CGA. More precisely, we
define a functor, called Grad, from the category of filtered A-compact modules to &7/-CGA
modules. For more details, we refer to the first parts of [69].

Let A be a filtered compact algebra endowed with a filtration {A,},en. We define
oy, = Grad,(A) := A, /An41, thisis a free A-module. Then, we introduce o/ := Grad(A) :=
D,.cn @ Therefore 7 is a free A-module naturally endowed with an algebra structure: this
is an object in CGA, endowed with gradation {.27, },en.

Furthermore, if we have a map f: A — B of (filtered) compact modules, then we
have f(A,) C B,, and so we can define maps f,: A,/A,+1 — Bn/Bui1. Then we define
Grad(f) := D, fn: Grad(A) — Grad(B).

If z is a non trivial element in A, we define n, the weight of x, i.e. the integer n such that
x is in A, but not in A, 1. Therefore, we write T the image of x in A, /A,,+1 C Grad(A).

Example 9. We have &,(A) = Grad(E.(A)) := D, cy Een(A)/Eeni1(A).

Let s be an element in E.(A), then s is a series and we can write s :== ) . s; where s; is
a homogeneous polynomial of degree i. Observe that ng is the least integer such that s; # 0,
and s := S,

Similarly, if M is a A-filtered compact module, we define .# := Grad(M) := @,, M,,/ M, 11
and M(t) := .#(t). This is a &/-CGA module. If f: M — N is a morphism in the cate-
gory of (filtered) A-compact modules, then we define as previously a morphism of &7/-CGA
modules Grad(f): Grad(M) — Grad(N).
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Proposition 11 (Grad of free compact-modules). We have the isomorphism:
Grad(H m;A) ~ @ i

where ;== my.
Conversely, if A is a free o/ -CGA module, then there exists a unique filtered A-compact
free module M such that # ~ Grad(M).

Proof. See [69, Chapitre I, Formule (2.3.12)]. O

Assume that M is a filtered A-compact module. If K is a A-compact module which
embeds in M then we can endow K with the induced filtration on M by K, := M, N K. It
is also sufficient to assume K closed in M, to obtain a filtered A-compact module structure.
If we have a surjection of A-compact modules f: M — N, then we can endow N with the
quotient filtration: this is the lowest filtration which makes f an epimorphism of filtered
A-modules, i.e. for every x in N, we have:

Ng = sup  ny.
yeM; f(y)==

It is also sufficient to assume N closed for the topology induced by the quotient filtration,
to obtain a filtered A-compact module structure.

Proposition 12. Assume that K is closed in M, and define N := M /K. Then we have the
following exact sequence of A-compact modules:

0—-K—M—N—0.

Consequently, if M is a filtered A-compact module, we infer the following exact sequence of

o/ -CGA modules:

0 — # = Grad(K) — A4 = Grad(M) — A := Grad(N) — 0.
Proof. |69, Chapitre I, Formule (2.3.8.2)]. O
Corollary 1. We have A (t) := HF (t) + A ().

1.2.3 Quotients of noncommutative series and polynomials

The main reference for this subpart is [69, Chapitre I, Partie 2.

Let us define I a closed two-sided ideal of E.(A) generated by a family {w;}ie1. We
define the induced filtration by E.(A) on I by I, := E.,(A) N 1. Consequently, I endowed
with the filtration {I, },en is a compact algebra.

Let us introduce E.(w) := E./I the quotient of E, by I, which is a compact A-algebra
generated by the images of {X7;...; Xy}. We have a natural surjection f: E, — E.(w). We
define the quotient filtration on F.(w) induced by FE. as the lower bound on filtrations on
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E.(w), which makes f an epimorphism of filtred A-compact algebras, i.e. if x is an element
in F.(w), we define:
Ng =  SUp  Ny.
yEEe; f(y)=x

We denote the previous filtration by {E. ,,(w) }nen.
Finally, we introduce .# := Grad([) and &,(w) := Grad(E.(w)).

Theorem 7. We have the following exact sequences:
e In the category of A-filtered compact algebras:

0—=1— E.(A) — E.(w) =0,
e In the category o7 -CGA:
0— 7 = &.(A) = &.(w) = 0.
Proof. This is exactly [69, Formule (2.3.8.2)]. O

Let us define p; := w; the image of w; in é;mw 4 (p) the ideal of &, generated by p and
é.(p) := &./F(p). Observe that #(p) is also a A-CGA algebra. Computing .# (and &,(w))
is in general pretty hard, but we have the following result:

Proposition 13. We have an inclusion 7 (p) C .Z.

Proof. Observe that p; is an element in I N E ,,, /1IN Eeny 1 2= I, / Ee n,,,+1, where J,,, is
the ideal generated by I N Ee’nwi and Ee,nwi-l—l- Consequently, p; is in .#. We conclude since
# is an ideal. O

Let us now call &(p) := &/.7(p). We have the following result on Hilbert series.

Corollary 2. We have:
S.(w,t) < &.(p,t),

with equality if and only if S (p) = .

Proof. From the last proposition, we have a surjection of graded vector spaces &,(p) — &.(w),
which gives us the desired inequality. Furthermore the surjection is an isomorphism if and
only if we have equality of Hilbert series. O]

Let us now study some quotients of &,, and for the rest of the subpart, we consider the
case A :=T,.

A basis of the IF,-graded vector space &, is given by monomials: X := X 10;11 . .Xi:, where
« is an r-uplet and i,, an element in {1;...;d}. Consequently, every element = € &, can be
written x := Y a, X%, with a, € F,.

Let us introduce an order on monomials > (for instance the order induced by X, >
X4-1 > -+ > X3), and denote by deg(X?*) the degree of X, ie. oy +---+ a,. We say that
X < XPif deg(X®) > deg(X?) and if we have equality, we use the lexicographic order.
If p; € & is of the form p; :== > a,X®, we introduce deg(p;) := min, {deg(X*)}. Define
pi = max,{X*}.
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Remark 2. Let us give in this remark few words on Gréobner bases, and how to use them to
compute Hilbert series. For more details, we refer to [130, Chapters 2 and 3].

A subset G of . is a Grobner basis of 7 if the ideal generated by the leading monomials
i G is equal to j\, the ideal generated by the leading monomials of elements in &. We say
that a monomial is normal if it does not contain a submonomial in j\, and we denote by N
the linear hull of all normal words. From [130, Theorem Part 2.3/, we have the decomposition
.= NP S. In particular, we obtain an isomorphism of graded spaces &,(w) ~ N

From [3] we have the following result:

Lemma 1. We have the following inequality of Hilbert series:
E(p,t) > E(p1).
Proof. This is [3, Theorem 1.4]. O

So now, we are interested in the computation of monomial algebras. In [4], Anick
introduced n-chains. Assume that the family p is an antichain of monomials, i.e. not stable
by submonomials. We inductively define n-chains of p by 1-chain p* := 5 and we say that
a monomial u := x;, ...x;, is an n-chain if there exist integers a; and b; with 1 < j <n such

that:
o lzal<a2§b1<a3§b2<---<an§bn_1<bn:t

° Z‘Z‘aj ...l’ibj € p,
e 1, ...x; is not an m-chain for s < b,,,1 < m < n.

We denote by p™ the set of n-chains of p. Observe that p®F, ® &.(p) is a free graded
&.(p)-module where elements in p*) are endowed with degree defined in their embeddings in
&

Theorem 8 (Anick resolution). We have the following exact sequence of &.(p)-CGA modules:
o PR, Q) - 1V, R &)~ XA — &5 F, -0,

where of course deg(X;) = e;.
Proof. This is [4, Theorem 1.4]. O

Corollary 3. We have the equality:

£(5.t) !
elp;t) = P :
1=t + Zk21(_1)k+lﬁ(k) (t)
Proof. We apply Theorem 8 and then we use Corollary 1. O]

Let us now discuss the special case of combinatorially free families. We say that a
monomial X is a submonomial of the monomial X, if there exists two monomials X? and
X5 such that X := XPX*X? . Therefore, we write X* C X«
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Definition 17. Let .7 := {X“D}icq be a family of monomials. We say that .F is combina-
torially free, if:

1. for every i # j, X9 is not a submonomial of X*U),

2. for every i, j, there do not exist nontrivial monomials X°? and X7 such that X? X0 =
XU X7,

Corollary 4. If the family p is combinatorially free, then

1
E(p,t) = .
20 1 —dt+ ", tdeslr)
Proof. We observe that p? = {0}. Then we conclude using Corollary 1. ]

Remark 3. When p is combinatorially free, we can also observe that p is a Grébner basis
of Z(p), and normal words are exactly words which do not contain p as submonomials.

Combinatorially free families also satisfy the following nice property:

Theorem 9. Let w be a family in E. and write p := w. We assume that the family p is
combinatorially free, then we have

I =I(p).
As a consequence, we infer:

1

Proof. This is done in the proof of [29, Theorem 3.7], see also [60] and [43, Theorem B|. [
We conclude this part with an example.

Example 10 (Right Angled Artin Algebras). Let I' := (X;E) be an undirected graph on d
vertices {X1;...; Xa}. We define w;; := [X;; X;| when {X;; X;} is in E. Observe that we
also have p;; := w;; = [X;; Xj].

Then upto the fized order on monomials, either p;; = X;X; or p;; = X;X;. Furthermore,
the family p;; is combinatorially free (up to some order) exactly when I' is a bipartite graph.

We define A (resp. 1(I'), #(I")) the two-sided ideal generated by w;; (resp. pi;). It is
not hard to see that A = I(T") and Grad(A) = Grad(I(T")) = F(I') (see [43, Proposition
1.7]). We also introduce

EM):= E(w):= E/I(T).

When T" is bipartite and has r edges, we infer:

1
=g e

In Example 11, we infer a formula for every graph using Koszulity.
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1.3 Group filtrations and cohomology

In this part, we study some filtrations of pro-p groups (mostly the Zassenhaus and the lower
central series) and relate them to Lie algebras. We infer several consequences on pro-p
groups.

1.3.1 Some Definitions

First, we introduce some definitions.

Definition 18 ((Completed) group algebra). Take G a finitely generated pro-p group. Define
the group algebra of G over A by:

AlG] = {Z aq9; (ag)gec almost zero everywhere in A}.
geG

Take N C N' two open subgroups of G, then we have a surjection G/N' — G /N and so we
obtain the following surjection: A[G/N'| — A[G/N]: this is an inverse system.
Define the completed group algebra of G over A by:

Al(A, G) = @A[G/N], where N is open and normal.
N

The algebra Al(A, G) admits an augmentation map Al(A, G) — A. We denote its kernel
Al (A, G). The topology given by {Al,,(A, G)}, the n-th power of Al;(A, G) makes Al(A, G)
a A-compact algebra. Furthermore, we have a map

G — Al(AG); g+ HgN, where N is taken in an open normal basis of G.
N

Thus A[G] is dense into Al(A, G).
Let us now endow Al(A,G) with filtrations. For this purpose, consider a minimal
presentation of G:
l1-R—>F—G—1,

defined by generators {z1;...; x4} and relations {/;};c1. Magnus isomorphism |69, Chapitre
I, Partie 3] gives us:

on: AlAF) — A((Xy; .. 3 Xy)); x— X+ 1.

Then we infer an isomorphism between Al(A, F') and E.(A). We denote by I(A, R) the
closed two-sided ideal of E.(A) generated by {w; := ¢a(l; — 1)}.

Consequently, we can define an (X, e)-filtration on Al(A, F') and I(A, R) by the Magnus
isomorphism between Al(A, F) and E.(A). The filtration on I(A, R) is given by the in-
duced filtration from E.(A) (given by {I/(R) N E,(A)}nen). Then, we introduce E.(A, G) :=
E.(A)/I(A, R): this is a A-filtered compact algebra endowed with quotient filtration (see
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[69, Chapitre I, Resultat 2.1.7]). Magnus isomorphism gives us the following isomorphism of
compact algebras:

E.(A,G) ~ Al(A,G).
Introduce the following (X, e)-filtration on G-

Ge,n(A) = {g € G; ¢A(g) —1le Ee,n(A7 G)}

When A :=F, and e = 1, this filtration denotes the Zassenhaus filtration of G (for references
see [92]). Under some conditions on G (see for instance [64]), if A := Z, and e = 1, the
filtration G,,(Z,) corresponds to lower central series, defined by v1(G) := G and v,(G) =

[n-1(G); G

We are interested in the following sets:

LA, G) =P ZLn(AG), where Z,(AG):=GCen(A)/Gepi(A), and

neN

E(A,G) =D Eun(A G), where &,(A G) = Ecn(A G)/Eenii(A,G).

neN

We always assume that Z,(A, G) is torsion-free over A. Notice that this condition
is automatically checked when A := F,, contrary to the case A := Z, (see for instance [63,
Theorem]). Since G is finitely generated, one denominates for every integer n:

Qe =ranky 7. (A, G), and c., =rank,é, (A, G),
gocha.(A,t) := Z Cent”.

neN

Finally, we define n. ; the weight of w; in E,(A) and p; the image of w; in E, ., ;(A)/Ee . +1(A).
Let us introduce a criterion on presentations of pro-p groups which allows us to compute
the gocha series.

Definition 19. We say that the presentation of G' is mild, if the family w := {¢r,(l; — 1)},
is combinatorially free in E.(F,), for some (X, e)-filtration.

1.3.2 (Co)homology of pro-p groups and algebras

In this subpart, we mostly follow [112, Chapter 6], [59] and [31, Chapter 3] for cohomological
results.

We observe that A is a compact Al(A, G)-module with trivial action (so also a filtered
compact F.(A,G)-module). Let us consider a free resolution of Al(A, G)-compact modules
of A that we denote by:

o= Pp—= o> P = Fp— A—0.
Let us consider B a discrete Al(A, G)-module, then we have a complex:

0— HOl’IlAl(A7g)(A, B) — HOHlAl(Aﬁ;)(PO, B) — s = HOHlAl(A’G)(Pn, B) — ..
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Similarly, if we consider C' a compact Al(A, G)-module, then we have a complex:
= Py @aag C— - = PL@ane C — P Qunae C — AQquag C—0.

Then we define H*(G, B) the homology of the first complex, and H,(G, B) the homology
of the second complex. To simplify notations, we write for every integer n:

H™(G) == H"(G,A), and H,(G) := H,(G,A).

Observe that H™(G;e) (resp. H,(G;e)) is a functor from the category of Al(A,G)-
compact modules to the category of Al(A,G)-discrete modules (resp. Al(A, G)-compact
modules). Furthermore, for every exact sequence 0 - A — B — C — 0 of Al(A,G)-
compact modules, we have connecting morphisms {0" },en (resp. {6, }nen) and long exact
sequences:

o — H"(G,A) - H"(G,B) — H"(G,C) =" H"™ (G, A) — ...
o= Ho (G, A) — H, (G, B) = H,(G,C) = H, (G, A) — ...

Moreover, these functors do not depend on the resolution of A.
We define the cohomological dimension of G as the minimal integer n (eventually infi-
nite) such that for all m > n, H™(G) = 0.

Remark 4. e In general we work with projective rather than free modules. However, since
here G is a finitely generated pro-p group, then by [102, Corollary 5.20] these notions coincide.

e For other references on (profinite) group cohomology, we also quote [119] and the
Thesis of Rogelstad [114, Chapter 2].

We can use cohomology to compute d(G) and r(G).
Theorem 10. Let G be a finitely generated pro-p group. Then we have
1. d(G) = dimg, G/Frat(G) = G/G?[G; G| = dimg, H*(G).
2. r(G) = dimg, R/RP[R; F| = dimg, H*(G).

Proof. For the first point, see |59, Theorem 6.1].
For the second point, see [59, Theorem 6.13]. O

Consequently, we can define H(G) := €, H"(G): this is a graded A-vector space which
is endowed by a structure of graded algebra, where the product is given by the cup-product.
(see for instance the construction [31, Part 3.4]).

Remark 5. Similarly, we can construct (co)homology theory for compact and CGA algebras.
For instance, we notice that H(G) ~ H(Al(G)). Furthermore, in some cases, we compare
H(G) with H(&(Q)) (which are not always isomorphic, we refer to [73] for more details).

Proposition 14. We have the following assertions:
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(1) If H is a closed subgroup of G, then cd(H) < cd(G).
(1) The group G 1is free if and only if cd(G) = 1.
(23i) If G has torsion then its cohomological dimension is infinite.

Proof. For (i), we refer to [59, Theorem 5.3].

For (ii), we refer to [102, Proposition 3.5.17|.

For (iii), there exists an element x in G of order p*. Then the closed subgroup H
generated by z is finite cyclic (indeed isomorphic to Z/p*FZ). From [31, Exemple 3.2.9],
the group H has infinite cohomological dimension. So by (i), the group G has also infinite
cohomological dimension. O

Consequently, if a group has finite cohomological dimension, then it is torsion-free, so
infinite.

1.3.3 Mild presentation, Koszulity and Right Angled Artin Groups

We finish this part by concrete examples of groups with cohomological dimensions larger
than or equal two. We refer to [108| for results on Koszulity, but also |75, 106]. In this
subpart, we always take A :=[F),.

We remind that .#(p) is the ideal generated by p := W := ¢p,(le —1) in &, and
S (Fp; R) = Grad(I(F,, R) where I(F,, R) is the ideal generated by w in E..

Definition 20. We say that a pro-p group G has a mild presentation, if the family p is
combinatorially free in &.(F,).

We begin by studying the cohomology of mild groups.

Theorem 11. If G has a mild presentation, then we have the following exact sequence of
filtered E.(F,, G)-modules:

O—>Hw] (F,, Q) —>HXE (F,,G) = E.(F,,G) — F, = 0.

Proof. First of all, from the proof of [29, Theorem 3.7|, we have the following equality:
F(p) = 7 (B, R).

Furthermore since p is strongly free, we infer the filtered isomorphism (see [29)])

I (Fp, R)/6e1(G)I (Fy, R) =~ @P] (Fp, G),

where &, >1(F,, G) is the augmentation ideal of &,(F,, G).
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This gives us the resolution of &,(F,, G)-modules:

0= P pié.(F,. G) = P Xié.(F,, G) — &.(F,, G) — F, — 0.
7 [

From Serre’s Lemma [69, Chapitre 5, Lemme (2.1.1)], we can lift the previous resolution to
infer:

0= [[wiBe(F,, G) = [[ XiEe(Fy, G) = E(F,,G) - F, — 0.
i %

Corollary 5. If G has a mild presentation, then :
e the presentation is minimale,
e (G has cohomological dimension 2,

e the gocha series is given by:

1

gocha.(F,,t) = 1= S to + 5, tdeec (o)

Proof. This is a direct Corollary from Theorem 11, we also refer to [29, Corollary 5.3]. O

Let us now introduce Koszulity and for the rest of the subpart, we assume e = 1. Let
us denote by A := & /.7, this is a F,-CGA. We say that .4/ is Koszul if:

(7) the ideal .# admits quadratic generators,

(77) the trivial .4-CGA module admits a linear finite resolution, i.e. there exists an integer
n and free A-CGA modules &; := P, p1; ;4" where deg(p;) := i such that we have
an exact sequence of A4-CGA modules:

0=+, > P — =N =TF,—=0.

Let us denote by p the set of quadratic relations which defines .4 (so in &;). Let us
denote by V* the dual of a vector space V. Observe that &5 ~ &' ® &, and we have
a canonical pairing & x & — F,. We define by p' a set of generators of the orthogonal
complement of pFF,. And we define .#' the two-sided ideal generetad by p' and A" := &/.7".

Proposition 15. If A" is Koszul, then we have the following isomorphism of graded algebras:
N~ H(N).

Furthermore, we have:

N ()N (=) = 1.
Moreover, if A" is Koszul, then A is also and we have (N ~ A"
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Proof. See [108, Chapter 2, Part 1]. ]

From [43, Proposition|, we have the following result, we also refer to Leoni-Weigel [73]:

Proposition 16. If the algebra &(G) is Koszul, then we have
H(G) ~ &(G).
The difficulty here is to compute &(G). Let us give some examples.

Example 11. e If G admits a mild and Koszul presentation then Minac-Pasini-Quadrelli-
Tan [98] showed that &(G) is Koszul.

e Let I be an undirected graph, and define G(I') with relations l,, = [r,;x,] where
{u;v} is an edge of U'. We define &) := & /5 (I") where (') is the two-sided ideal of &
generated by [X,; X,] where {u;v} is an edge of T. Observe that &(T)' ~ o/ (T'), where </ (T")

1s presented by the following relations:
o X,X, when {i,j} ¢ E,
o X2 foruel[l;d],
o X, X,+ X, X, foru,vin[1;d].

From [30], the algebra <7 (T') is Koszul, thus &(I") is also. Furthermore, we showed in [43]
that &(G(I")) ~ &(T).

Let us denote by I'(t) := > c,(I)t", where c,(T') is the clique number of ', i.e. the
number of complete subgraphs of I' with exactly n vertices. Then we infer

o (T,t) =T(t), and &(I',t) = gocha(G(),t) = ——.

Finally, the cohomological dimension of G(I') is given by the clique number of T', i.e. the
number of vertices of the maximal complete subgraph of I

1.4 Galois Theory

In this part, we are interested by Galois groups over fields of characteristic zero. We will
give some results on local, global and formally real Pythagorean fields k. The goal of this
part, is to study some quotients of the group Gal(l% /k), where k is the maximal p-extension
of k: this is the compositum of all finite p-extensions of k (i.e finite Galois extension of order
a power of p). Let us first show that k is stable by p-extensions.

Proof. Let L be a p-extension of k. If L' is a conjugate of L over k, then L’ is also a
p-extension of k. Take N the normal closure of L/k, this is the compositum of L and its
conjugate over k. Then the Galois group of N over k is a fibered product of p-groups. Which
implies that IV is a p-extension of k, so kcLcNCEk. n
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1.4.1 Local fields
This subpart mostly follow [59, Chapters 8 and 10]. Let k be a local field of characteristic

zero, Oy its ring of valuation, p, its maximal ideal, 7, a uniformizer, x(k) its residual field,
g the characteristic of the residue field, N(p;) the number of elements of x(k). Here we
study the group G := Gal(k/k).

Case where ¢, is a power of p

Assume ¢ is a power of p, then we have the following result (for more details, we refer to

139, §2] and [37]):

Theorem 12. The pro-p group G has [k : Q,] + 1+ 6 generators. If k does not contain the
p-th root of unity, then G 1is free, else G is a Demushkin group.

Case ¢ is not a power of p
Assume that ¢ is not a power of p. We define:
k(n) ={rxek;z=1 (mod m};)}.

Lemma 2. We have:
B =7l x k(k)* x k(1),

with .
k(1) = pgee (k) X Zg, ™™,

where 140 (k) designates the roots of unity in k of order coprime to gj.
Proof. See [101, Proposition (2.5.7)]. O

Let K be a Galois finite extension of k, with degree d, ramification index e, and inertia
degree f. Define Tk = k(tn(px)—1), the maximal unramified extension contained in K. We
say 0,(K) = 0if K does not contain p-th roots of unity, else 0,(K) = 1.

Corollary 6. Assume q, and p are coprime. Then, the following assertions are equivalent:
1. 0,(K) =1
2. up(K) is a subgroup of k(K)*,
3. p divides N(pg) —1:= N(pp)/ — 1

4. N(px) = N(px)' =1 (mod p).
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Let us now study K/k, a tamely ramified extension: which means the ramification index
e is coprime with ¢;. Since K/Tk is totally ramified, then 7 € T}7, and:

Ty 1= T X ¢ X €,

with ( € k(Tk), and € € Tk (1). However x(Tk) X Tk (1) is a Z,, -module, and ged(e, gi,) = 1.
Therefore 1/e € Z,,, and:

dk >

TK \e .
<€1/e> o ch-
So m( is an e-th power in K, which implies:
K = Ti(¢m)e).

Moreover, K/Tk is Galois if and only if K contains e-th roots of unity.

In particular, assume K/k is a p-extension, with p coprime to gz. Then e = 1 or a power
of p, so K/k is tamely ramified. If k£ does not contain roots of unity, then K does not
(equivalence), and so e = 1. We obtain:

Corollary 7. Let p be coprime to qi, then:
N(px) # 1 (mod p) if and only if every p-extension of k is unramified.

Let us denote by A R
Gy == Gal(k/k), and Jj, := Gal(k/T})

these are pro-p-groups, and we have:
Gk / % ~ Zp.

Local class field theory identifies the uniformizer 7, with a generator of G/ 7 (Frobenius),
and a system ¢; of principal units with generators of .7 (Inertia group).

Proposition 17. If §,(k) =0, then k is the mazimal p-unramified extension of k and
Gy >~ Zy.
We can take the Frobenius as a generator of Gy.
Proof. 1f 6,(k) = 0, then every p-extension is unramified. ]

Proposition 18. If 6,(k) = 1, then the group Gy has two generators o and T, and one
relation:
[o;7] = 7N R

We can write:

Gy ~ Ly X Ly ~ Ty, X Gy | T,

here o acts over T by conjugacy given before.
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Proof. Assume 0,(k) = 1, then p divides N(p;) — 1. Consequently

n—1

N(pe) =1 (modp) — N(p)” ' =1 (modp").

Therefore the family {(,»}, generates subgroups of x(7%).
One concludes that
Ty = U k(Cp”)-

neN

Define X
K, = k(Cpn;ﬂ;/p ), then, k := UK”'

Considering Lemma 2, let us introduce:

N 1/p" 1/p"
o (Cpn) = Cpn(p’“), and o, (m/"") =/
1/p" 1/p"
Tn(Gon) == Gpn,s and Tn(ﬂ'k/p ) ::Cpmrk/p :
So, we conclude writing 7 := [[ 7, and ¢ :=[[,, 0. O

1.4.2 Global Field

Here we consider k£ a number field. We give here some tools to compare the global case with
the local one. Several pieces of information on the second case are known, see [59, Chapter
10].  We mostly follow for this subpart [59, Chapters 8 and 11], [139, § 3| and [37]. Let
us consider S := {py,---,pq} a set of d different primes, and we define by kg the maximal
p-extension of £ unramified outside S.

Wild case

Assume that S contains all primes above p.

Theorem 13. Assume either p # 2 or k totally imaginary, then cd(Gg) < 2.

Proof. |37, Proposition 7]. O
Definition 21. We say that k is p-rational if Gg is free.

Example 12. Let us give some examples:

o Take k := Q((p,), when p is an irreqular prime.

e A conjgecture of Gras [34] states that if k is a fivzed number field, then it is p-rational
for p large enough.
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Tame case

Let us here consider S := {py,---,ps} a set of d different tame primes, i.e. p divides
Nijg(pi) — 1. Define kg the p-maximal extension of k unramified outside S, and Gg :=

Gal(kg/k). Observe that the group G, injects into Gy, := Gal(k/k) and G}, surjects onto G.
Consider the map ¢, given by:
¢p: Gp — G — Gg.

Then, we obtain a map:
¢%: H*(Gs:F,) — €D H(Gy:F,).
pes

The goal of this part is to obtain some conditions ensuring that ¢% is injective. For this
purpose, let us introduce:

Vs={r ek zek] VpeS}

Observe that £*P is included in Vg, and the group Vs/k*? is finite. Introduce Bg :=
(Vs/k*P)*, the dual of Vg/k*P.

Theorem 14. We have the following injection:
ker(¢s) — Bs.
Proof. See proof |59, Theorem 11.3]. O

Assume k := Q, or k is a quadratic imaginary extension of Q (if p = 3, assume k # Q(j),
where j is a root of X% + X +1). Then Bg = 0.
Therefore (see for instance [115, Theorem 2.6]), the pro-p group Gg can be described by

x1,- -+ ,xq generators and [y, - - - [y relations verifying:
l; = H[a:i,xj]“f(i) mod F3(F,), (1.1)
J#i

where a;(i) € Z/pZ.

Furthermore, by Class Field theory, the element x; can be chosen as a generator of the
inertia group of p;. The element a;(7) is zero if and only the prime p; splits in kf{’pj} /k, where
k:fp} is the (unique) cyclic degree p-extension of k& unramified outside p. This is equivalent to

pl(vpj*l)/p =1 (mod p;),
where p; is a prime in Q below p;.
Finally, by Class Field theory, the group Gg is also FAB (finite abelianisation property),
i.e. every open subgroup has finite abelianisation. For references on FAB groups, we refer to
[62, 81|. For further references on Class Field Theory, we refer to [59, Part 8|, [116, Chapter
2] and [101, Chapters IV-VI].
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Example 13. We give some examples.

e Take p =3, and Sy = {7,13}, T = 0. Put S = {p1, p2, 3, s, 05} with py = 31, py =
19,p3 = 13,py = 337,p5 = 7. The highest terms of the relations (1.1), viewed in &(A) =
A(Xq; .. X5, are pp = X5X4, po = X5Xo, p3 = Xu X3, py = XuXo, ps = X5X3. Since the
pi’s are combinatorially free, then Gg is of cohomological dimension 2 by Theorem 5.

e Tuke p = 3, and consider k := Q(v/—163). Then we define A := Gal(k/Q) = Z/27Z,
and fix xo the nontrivial irreducible character of A over F,. Consider the following set of
primes in Q: {p1 := 31, py :=19,p3 := 13, p4 := 337, p5 := 7, pg := 43}. The class group of
k is trivial, the primes p1,pa, p3, Pa, ps are inert in k, and the prime pg totally splits in k.
Define S the primes above the previous set in k, and kg the mazimal p-extension unramified
outside S. Then A acts on G := Gal(kg/k), which is FAB by Class Field theory. Following
Koch’s presentation, the group G admits 7 generators and 7 relations which satisfies: p; =
X5 X1, po = X5 Xy, p3 = Xy X3, ps = Xy Xy, p5 = X5X3, p6 := X6 X3, pr = X7.X3.

Therefore the pro-p group G is mild, so we obtain

1

gocha(Fp, t) = m

1.4.3 Formally real Pythagorean fields of finite type

The main reference is [68] and [67, Chapter VIII].

A field k is formally real if —1 is not a sum of squares. Furthermore, it is Pythagorean
if the sum of two squares is a square. Finally k£ is RPF if k is a formally real, Pythagorean
field and |k* /k**| is finite. We denote by G the pro-2 absolute Galois group of k. Observe
that Gy is a finitely presented pro-2 group and we have an isomorphism of Fy-vector spaces
Gr/Gra ~ kX /k**. So Gy is finitely generated and we denote by d := dimg, H*(Gy).

Definition 22. An ordering on k is a set P which satisfies the following properties:
(1) P+P CP,
(i) P.P C P,

(iii) k=P U (—P).

The number of orderings of k, that we call o(k) is bounded by d and 2¢~!. This is a well
studied invariant, and we refer to [13] and [89]. There exist always fields k£ which reach the
previous bounds for every d: we say that k is SAP if o(k) = d and k is superpythagorean if
o(k) = 2771, An ordering P also defines a unique morphism op: kX /k?* — Fy. We denote
by X the set of orderings of k£ endowed with the topology induced by the product topology
on ]FSX/ " Indeed Marshall [82] showed that the tuple (Xj;k*/k**) classifies RPF fields.
Mina¢ and Spira |95, 94] also showed that indeed the quotient G /Gy 3(F2) classifies RPF.

We finish by a discussion on the Milnor conjecture which was proved by Jacob for RPF
fields [52] (it is also true for general fields, for further details, we refer to [111, 86, 133, 17|,
etc). This conjecture gives isomorphisms of commutative Fo-CGA algebras, that we describe
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in more details below, between the graded Witt ring GW,(k), the mod 2 Milnor K-theory
of me(k) and the cohomology algebra H(G):

GW. (k)

m.(k) e > H(Gk)

Let us first begin to describe these graded algebras. Recall that H(Gy) is the cohomology
algebra of the pro-2 absolute Galois group of k, that we denote by Gy, with coefficient in Fo,
where the product is given by the cup-product.

We define by M (k) the group {[a];a € k*} with additive notation, i.e. [ab] := [a] + [b];
and M,(k) by the quotient of the tensor algebra €, M;(k)®" by the ideal generated by the
relations [a] ® [1 — a] with [a] and [1 — a] in M;(k). Finally, we introduce

ma(k) := M. (k) /2M.(K).

This gives us for instance mg(k) := Fy and mq (k) := k*/k**.

We define the Witt group of k as the Grothendieck group of the monoid on equivalence
classes of quadratic forms over k by hyperbolic forms with sum given by direct orthogonal
sum. Then we denote by W (k) the Witt ring of k, which is the Witt group of k£ endowed
with product given by the tensor product. Since isotropic forms have even dimension, then
we have a well defined and nontrivial map dim: W (k) — F, which maps a quadratic form
to its dimension modulo 2. We define Ik := ker(dim) and

GW.a(k) == @ Ik" Tk

Witt rings play a fundamental role in the study of quadratic forms and Formally real
Pythagorean fields are exactly the fields with torsion-free Witt rings (see |67, Theorem
4.1, Chapter VIII|).
Let us now describe the morphism s, and h,. For every integer n, we define s,,: m, (k) —
GW, (k) by
sn([al] (SRR [an]) = Qu<i<n < 1j—a; > .

Furthermore, we already have an isomorphism h;: k*/k* — H'(G), that we extend to a
morphism

he: me(k) — H(G).
Example 14. Let us finish this part with some examples of Pythagorean fields:

e The field R is RPF with absolute Galois group G := Z/27Z. The field of constructible
numbers is also Pythagorean and formally real (but not of finite type). Both of these
fields only have a unique ordering.
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o For every integer d, we define k := R((x2))...((xq)) the iterated Laurent series on
To,...,xq. Then k is a superpythagorean field satisfying |k* = k?*| = 2% and o(k) =
24=1 For further references, we refer to [68], [26] and [32, Example 2.19].

e For every integer d, we construct an algebraic extension k of Q which is SAP and
satisfies o(k) = d and |k* : k**| = 2% Let us consider the polynomial P := 5(X —
1)...(X —d)+1, then P has exactly d real roots and is irreducible (see an extension
of Polya’s criterion [128]). Consider E := Q/P, then from [67, Corollary 2.20/, the
field E has exactly d orderings Py, ..., P;. Take R; the Euclidean closure of (E,F;),
and define k := N R;. Then k is SAP and satisfies the desired conditions. We also
refer to Lam [68, Chapter 17].
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Chapter 2

A Note on Asymptotically good
extensions in which infinitely many
primes split completely

Let K be a number field, and let L/K be an infinite unramified extension. Denote by
1K the set of prime ideals of K that split completely in L/K. In [50] Ihara proved that

logN(p)
N N(p)

question: are there L/K for which /7 k is infinite? This question was answered in the
positive by Hajir, Maire, and Ramakrishna in [41]. Infinite unramified extensions L/K are
special cases of infinite extensions for which the root discriminants rdp := |Discg|"/F*@ are
bounded, where the field F' ranges over the finite-dimensional subextensions of L/K, and
Discp is the discriminant of F'. Such extensions are called asymptotically good, and it is now
well-known that in such extensions the inequality of Thara involving %7k still holds (see for
example [127], [70]).

Pro-p extensions of number fields with restricted ramification allow us to exhibit asymp-
totically good extensions. Let p be a prime number, and let S be a finite set of prime ideals
of K coprime to p (more precisely each p € S is such that N(p) = 1(mod p)); the set S
is called tame. Let Kg be the maximal pro-p extension of K unramified outside S, put
Gs = Gal(Kg/K). In Kg/K the root discriminants are bounded by some constant depend-
ing on the discriminant of K and the norm of the places of S (see for example [40, Lemma 5]).
Moreover thanks to the Golod-Shafarevich criterion, it is well-known that Kg/K is infinite
when |S] is large in comparison to the degree of K over Q (see for example [102, Chapter X,
§10, Theorem 10.10.1]), and therefore asymptotically good. For instance, if p > 2, Q5/Q is
infinite when |S| > 4. In [41] the authors showed that when S is large, there exists infinite
subextension L/K of Kg/K for which the set .}k is infinite, without providing any infor-
mation on Gal(L/K). Here we prove:

< 00, where N(p) := |0k /p|; and this result raised the following interesting

Theorem A. Let p be a prime number, and let K be a number field. For p = 2 assume K
totally imaginary. Let T and Sy be two disjoint finite sets of prime ideals of K, where Sy is
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tame. Then for infinitely many finite sets S of tame prime ideals of K containing Sy, there
exists an infinite pro-p extension L/K in Kg/K such that

(i) the set /1, is infinite and contains T';
(11) the pro-p group G := Gal(L/K) is of cohomological dimension 2;
(iii) the minimal number of relations of G is infinite, i.e. |H*(G,F,)| = oo;
() for each p € S, the local extension L,/ K, is mazimal, i.e. isomorphic to Z, X Z,;

(v) we have the equality gocha(G,t) = (1 — dt + rt* + ¢* Zt“)_l, where d is the mini-
n>0
mal number of generators of Gg, and where r is explicit, depending on K,S,T.

Remark 1. We will see that the pro-p group G of Theorem A is mild in the terminology of
Anick [2]. See also Labute [62] for arithmetic contexts.

Remark 2. Let L/K be an asymptotically good extension.
Set Tk = {p C Ok, f(p) < oo}, where f(p) is the residue extension degree of p in
logN
L/K. Then one actually has Z Oﬁ(p(f) < oo (see [50], [127], etc.). But observe that
pe?L/K
Sk = Tk i the context of Theorem A. To be complete, also note that for X > 2 one
has (assuming the GRH):

{p € Sk, N(p) < X} < eX?([K : QllogX +b),

where ¢ is an absolute constant, and where b is an upper bound for the sequence of the root
discriminants in L/K; in particular one can take b = log|Disck| when L/K is unramified

(see [41]).

The proof follows the strategy developed by Labute [62] (see also [66], [117], [29] etc.) for
studying the cohomological dimension of a pro-p group G, through the notion of strongly free
sets introduced by Anick [3]. By following the approach of Forré [29], we adapt this idea to the
setting where the minimal number of relations of G is infinite. This key idea is associated to a
result of Schmidt [117] that shows that the pro-p group G is of cohomological dimension 2 for
some well-chosen S; the proof of Schmidt involves the cup-product H*(Gs,F,)UH(Ggs,TF,).
Here we use the translation of this cup-product to the polynomial algebras, due to Forré
[29]. In particular, this allows us to choose infinitely many Frobenius elements in Gg such
that the family of the highest terms of these plus the highest terms of the relations of Gg, is
combinatorially free (see §2.1.1 and Definition 23). We conclude by cutting the tower Kg/K
by all these Frobenius elements: this is the strategy of [41].

This note contains two sections. In §1 we recall the results we need regarding pro-p
groups, graded algebras, and arithmetic of pro-p extensions with restricted ramification. In
§2 we start with an example involving K = Q, and prove the main result.
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Notations.
Let p be a prime number.
o If V is a [F -vector space we denote by dim V' its dimension over [F,,.
e For a pro-p group G, we denote by H*(G) the cohomology group H'(G,F,). The p-rank
of G, which is equal to dim H'(G), is noted d(G).

2.1 The results we need

2.1.1 On pro-p groups

For this section we refer to [14], [59, Chapters 5, 6 and 7|, and [29]. Take a prime number p.

Let G be a pro-p group of finite p-rank d, and let 1 - R — F' — G — 1 be a minimal
presentation of G by a free pro-p group F'. We denote by {z1;...;z4} a minimal set of gen-
erators of G, and {/;;7 € I} a minimal set of presentation of G. We observe that R/RP[R, R]
is a Al(FF,, G)-compact module, which is generated by the w; := ¢(l; — 1)’s, where ¢ denotes
the Magnus isomorphism (1) and Al(F,,G) is the completed group algebra of G over F,.
The cohomological dimension cd(G) of G is the smallest integer n (possibly n = oo) such
that H'(G) = 0 for every i > n+ 1.

Theorem. One has cd(G) < 2 if and only if R/RP[R, R| ~ HwiAl(IFp,G). Moreover
1

dim H*(GQ) = |1|.
Proof. See [14, Corollary 5.3] or [59, Chapter 7, §7.3, Theorem 7.7|. O]
We are going to translate conditions of Theorem 2.1.1 into the algebra & := (Xy, -+, Xy).

Filtred and graded algebras

The results of this section can be found in [3].

e Let E be the algebra of series in noncommuting variables X, --- , Xz with coefficients in
IF,. We consider now non-commutative multi-indices o = (o, -+ - , ), with a; € {1,--- ,d},
and we denote by X, the monomial element of the form X, := X,, --- X,,,. We endow each
X; with degree 1; and we denote by deg(X,) the degree of X, which is |«].

For Z = Z aqXq, the quantity deg(Z) := min,, «o{deg(X,)} is the valuation of Z, with

the convention that deg(0) = oo.

For n > 0, put E, :={Z € E,deg(Z) > n}. Observe that F; is the augmentation ideal
of E: this is the two-sided ideal of E topologically generated by the X;’s. The algebra E' is
filtered by the FE,,’s and its graded algebra Grad(F) is then:

Grad(E) := @D En/Eny1 = 6.

TLGZZO
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In other words, Grad(E) is isomorphic to &, the non-commutative polynomial algebra
F,(Xi,...,Xq4), where each X; is endowed with formal degree 1. Let &%, := {z € &,deg(z) >
n} be the filtration of &; observe that & is the augmentation ideal of &.

e Let X, X be two monomials (viewed in F or in &). The element X, is said to be a
submonomial of X, if X = XX, Xpg, with X3, Xz two monomials of &

Definition 23. A family F = {X_ i }ie1 of monomials of & is combinatorially free if for
all v, 7:

(1) X, is not a strict submonomial of X i),

1) 1 iy = K an o = XuXpg, then X, r, wit o , Xaots /
i) if X, XoXp and X, X Xp, then X Xp th X, Xpg, Xo, X3
nontrivial monomials, i.e. different from 1.

The monomials may be endowed with a total order < as follows. First let us consider
the natural ordering <’ defined by: X; <’ Xy, <" --- <" X,

Definition 24. Let X, and Xz be two monomials. We say that X, > Xp, if deg(X,) <
deg(Xp). If X, and Xp have the same valuation, we use the lexicographic order induced by
<.

Now, let Z = ) a,X, be a nonzero element of E, with a, € F,. Then 7 =
max{X,, a, # 0} is the highest term respecting the order <. Observe that Z € &.

o Let .7 = £FE be the two-sided &-ideal generated by ¥ = {Z;}ic1, where Z# is
a locally finite graded subset of &%1; in particular I is countable. Let & := &/. be the
quotient endowed with the quotient filtration; we denote by &(t) :=3_, ., ~dim&, - t" the

Hilbert series of &. Observe that the family .# generates the &-CGA module f/ T E>1.
Theorem (Anick). If the family {2 }ier is combinatorially free, then
(i) fA/féazl is a free &-CGA module over the Z;’s, and

(11) g(t) =(1—dt+ Zt”i)fl, where n; := deg(Z;).

iel
Proof. See |3, Theorems 2.6 and 3.2]. O

If j\/f@@zl is a free &-module over the Z;’s, we say that the family % = {Z;};c1 is
strongly free (see [3]).

Example 15. Take d = 5. Let a, > 1 be an increasing sequence, and consider the family
F = {X5X3,X4X2,X4X3,X5X27X5X1,X5XZnX1,TL > 1} Put & := é@/@@yéa Then % is
combinatorially free, and &(t) = (1 —5t+t* Zt“")_l.

n>1
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Pro-p groups of cohomological dimension < 2 and polynomial algebras

Let F' be a free pro-p group on d generators xy,--- ,z4. Let Al(F,, F)) be the complete
group algebra of F' over F,. Recall that Al(F,, F') is isomorphic to the Magnus algebra
E; this isomorphism ¢ is given by x; — X; + 1 (see for example [59, Chapter 7, §7.6,
Theorem 7.16]). Let us endow E with the filtration and the ordering of §2.1.1. Observe that
E, ~ Iy = Ker(Al(F,; F) — F,); that is, F; is isomorphic to the augmentation ideal of
Al(F,; F).

Take z € F, nontrivial. Then the degree deg(z) of z is defined as deg(x) := deg(p(x—1)).
We denote by 7 € & the highest monomial of ¢(x — 1) € E; we say that T is the highest
term (or monomial) of x.

Example 16. Take d > 3 with the lexicographic ordering X7 < Xy < X3 < --- < Xg.
(i) The highest term of [x1, [x5 , x3]] is XsXP Xy, n > 1.

(i) Given x,y € F, let us write f,(y) = [x,y] € F. Then the highest term of f,, o fo. (x3)
18 X3X2nX17 n > 1.

Let G be a pro-p group of p-rank d, and let 1 - R — F — G — 1 be a minimal
presentation of G' by F; this induces a morphism of compact algebras 6 : Al(F,; F) —
Al(F,; G), which respects the filtration given by n-th power of augmentation ideals. For
i€l put w; :=@(l; — 1) € Ey; n; = deg(w;). Let I(R) C Ey be the closed two-sided ideal
of E; topologically generated by the w;’s, i € I; one has Ker(f) ~ I(R) (see for example
[59, Chapter 7, §7.6, Theorem 7.17|). Then Magnus isomorphism induces an isomorphisms
¢: Al(F,; G) — E(G) :== E/I(R). Observe that E(G) is endowed with the quotient filtration
of E defined as follows for the valuation deg: for z € E(G), let us define

degq(2) := max{deg(p(2")), 2" € Al(Fp; F), p(0(=)) = 2}

Put E,(G) = {z € E(G),degs(z) > n}, the filtration of E(G). Then Grad(E(G)) :=
D, E(G)/En+1(G) is the graded algebra &(G) respecting the quotient filtration with
E(G,t) == gocha(G,t) ZdlmE )/ Eni1(G) - t" as Hilbert series.

n>0
Forn > 1, put F,, := {x € F,¢(x — 1) € E,}, and G,, := F,,R/R. The sequences (F,)
and (G,,) are the Zassenhaus filtrations of ' and G. The filtration (£,(G)) also corresponds
to the filtration coming from the augmentation ideal of Al(F,, G) (see [69, Appendice A.3,
Théoréme 3.5]).

Theorem. Let .7 = {l;}ic1 be a family of elements of R which generates R as closed normal
subgroup of F. If {l;}ie1 is combinatorially free, then

(i) R/R’[R,R] ~ [[LE(G), ) < 2, and dim H%(G) = |1|;

i€l

(it) gocha(G,t) = (1 —dt+ Z "), where d = d,G, and n; := deg(l;).

el
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Proof. When the set of indices I is finite, this version can be found in [29]. We show here

that the result also holds when I is infinite. First, observe that as {l;};c1 is combinatorially
free then I is countable infinite, and .% is a convergent family.

Let us recall now that one has the topological G-isomorphism R/RP[R, R] ~ I(R)/I(R)E\
(see for example [29, Proposition 4.3]). We want some informations on the G-module
R/RP[R, R], and then on I(R)/I(R)E

For i € I, let p; € & be the initial form of w; := ¢(l; — 1) € E; defined as follows:
let us write w; = p;pn;, + Pini+1 + - -+, where n; = deg(w;) and where p; ; are homogeneous
polynomials of degree j (possibly p;; = 0); then put p; := p;,,. Observe that p; = w; = Z;

Let .#(p) be the closed two-sided ideal of & generated by the family {p;};c1. Since the

family {ZAZ-}Z-GI is combinatorially free then by Anick’s Theorem the family {p; }ic1 is strongly
free. Put &(p) := &/ 7 (p).

Proposition 19. One has #(p) = Grad(I(R)) C &. In particular, one gets &(G) ~ &(p),
and the following isomorphisms of &(p)-CGA modules:

Grad(I(R)/I(R)Ey) ~ S (p) /I (p)Es1 ~ @éa p)pi ~ @5(,0)[71]

where &(p)[n;] means &(p) as &-module with an n;-shift filtration.

Proof. This is only a slight generalization of the case I finite; see proof of [29, Theorem 3.7|.
We also refer to the Theorem 11 and its proof. O

Then by Theorem 2.1.1 and Proposition 19 we first get

gocha(G,t) = &(p,t) = (1 —dt + Ztm)_l‘
icl
Consider now the continuous morphism

w: [ E@) ~ I(R)/IR)Ey = R/RR, B,

i€l

which sends (a;) to >, a;w; (mod I(R)&;). Since n; — oo with ¢, the morphism V¥ is well-
defined. Remember that E(G) ~ E/I(R).

Lemma 3. The map V¥ is surjective.
Proof. Put W := {}, ;a;w;,a; € E} C I(R). Then
I(R)=WE=WF,+WE, =W 4+ WE,.

We conclude by noticing that WE; C I(R)E;. []
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Set N := Ker(¥). Therefore one gets a sequence of filtered G-modules:
1= N = [[EG)n] = I(R)/I(R)E; — 1.
iel

This one induces the following sequence of graded &-modules:

0 — Grad(N) — Grad(H E(G)[n]) = Grad(I(R)/I(R)E,) — 0.

1€l

For the surjectivity, use the fact that I is countable. Now since n; — oo with 4, then

Grad( H E(G)[n]) ~ @ E(G)[ny.

i€l i€l

By Proposition 19, we finally get that ¥ induces an isomorphism between Grad ( H E(G)[n))

iel
and Grad(I(R)/I(R)E;), which implies Grad(N) = 0, then N = 0. Hence, as G-modules,
H E(G)~I(R)/I(R)E; ~ R/RP[R, R]. One concludes by applying Theorem 2.1.1. O

icl

Remark 6. The conclusions of Theorem 5 also hold if {E}iel 15 strongly free.

Cup-products and cohomological dimension

Here we assume p > 2.

Let G be a pro-p group of p-rank d which is not free pro-p. Recall that the cup product
maps H'(G) ® H'(G) to H*(G). Labute in [62] gave a criterion involving cup-products so
that ¢cd(G) = 2. This point of view has been developed by Forré in [29].

Theorem (Forré). Let p > 2 be a prime number. Let G be a finitely presented pro-p group
which is not free pro-p. Suppose that H'(G) = U®V with U and V such that UUU = 0 and
UUV = H?(G). Then cd(G) = 2, and G can be described by d generators and r relations
li, -+, 1. such that the highest term of each l; is of the form X, X for some s(i),t(i) such

that s(i) < dimV < t(i), and (s(i),t(2)) # (s(3),t(j)) for i # j.

Proof. See the proof of [29, Theorem 6.4, Corollary 6.6] with the choice of the ordering
X< Xg <o < Xy ]

Let us make the following observation: given n > 1, according to Example 16 one can
find some z € F for which the highest term is of the form X3 X7'X;, for i < j < k.

Corollary 8. Under the assumptions of Theorem 2.1.1, suppose ¢ := dimV > 2. For
some fized 1 < ig < ¢ < jo < d, and n > 1, let z, € F with highest term X; Xi' X;.

Suppose moreover that r < (d — ¢)(c — 1). Then there exists (i, jo) such that the family
{lh, - 1, Tp,n > 1} is combinatorially free. In particular, for such (ig, jo) one has:
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(i) the cohomological dimension of the quotient Q := F/{(ly, -+ 1, xn,n € Zso) " of G
18 smaller than 2;

(ii) dim H2(I) = oo;

(iii) gocha(Q.t) = (1 —dt +rt* + ¢33 ") .

n>0

Proof. According to Theorem 2.1.1, for ¢ = 1,--- ,r, the highest term of [; is of the form
Xt(i)Xs(i) for some S(Z) S c < t(i), and the family fﬁz {Xt(l)Xs(l),"' 7Xt(r)Xs(r)} is
combinatorially free. Now, since r < (d — ¢)(¢ — 1) and ¢ > 2, we can find (i, jo) such that
X, Xi, is not in ﬁ\, therefore .7 U {X, X7 X1,n € Zs} is combinatorially free. And we can
apply Theorem 5. O

Remark 7. In fact r < (d—c)c—2 is enough. Indeed, with such a condition one has X ;i X;, ¢
S for some (ig, jo) # (1,7), ip < ¢ < jo < r. Hence ifig # 1, the family 9 U{X; X X1,n €

0

Zso} is combinatorially free. Otherwise jo # v, and take S U{X, X7 X;;,n € Z=o}.

2.1.2 Arithmetic background

Let p be a prime number, and let K be a number field. For p = 2, assume K totally imaginary.
Let S and T be two disjoint finite sets of K. We assume moreover S tame. We denote by
Cl% (p) the p-Sylow of the T-class group of K. Let K% /K be the maximal pro-p extension
of K unramified outside S where each p € T splits completely; put G% := Gal(KZ /K). Let
us recall Shafarevich’s formula (see for example [35, Chapter I, §4, Theorem 4.6]):

d,GE =S| = (r1 +12) + 1 = |T| — 6k pp + dim V§ /(K *)P,

where

Vi={ze K*, xe (KU, Vx ¢ SUT, z € (KS)" Vp € S},

and where ¢, = 1 if K contains i, (the p-roots of 1), 0 otherwise. Here as usual, K, is the
completion of K at p, and U, is the group of local units of K,. Observe that if there is no
p-extension of K (y,) unramified outside 7" and p in which each prime of S splits completely,
then VL /(K*)P is trivial: this is a Chebotarev condition type.

Schmidt in [117] showed that G may be mild following the terminology of Labute [62].
More precisely, he proved:

Theorem (Schmidt). Let K be a number field and let p be a prime number. For p = 2
suppose K totally imaginary. Let Sy and T be two disjoint finite sets of prime ideals of
K with Sy tame. Assume T sufficiently large so that Clk(p) is trivial; when Hy C K,
assume moreover that T contains all prime ideals above p. Then there exist infinitely many
finite tame sets S containing Sy such that HY(GL) = U © V, where the subspaces U and
V satisfy: (i) UUU = 0; (ii) UUV = H*GL). Moreover, one has dim H*(GL) =
dlmHI(Gg) +r+re+ |T| — 1.
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Theorem 2.1.2 is not in this form in [117]: the result presented here can be found in the
proof of Theorem 6.1 of [117].

At this level, following [117] let us compute the value of ¢ = dim V.

When p, C K, we expand Sy so that for every p € S, dpG:sCo\{p} =1So| =11 — 19 — |11,
which is equivalent by Shafarevich’s formula to the triviality of Vgo\ /(K.

When p, C K, we expand Sy so that the set of the Frobenius elements at p in G4
when p ranges over Sy, corresponds to the set of the nontrivial elements of G¢; here G =
Gal(K¢/K), where K¢ is the maximal elementary abelian p-extension of K inside K7. One
also has Vgo\{p}/(KX)p ={1}.

The set S of Theorem 2.1.2 contains Sy, and is of size 2|Sy|; the prime ideals p € S — Sy
are choosen with respect to some local conditions, according to Chebotarev density theorem.
Moreover U = H'(G§ ,F,), and the subspace V' is such that dimV = ¢ = [Sp|. See [117,
Theorem 6.1| for more details.

Lemma 4. Under the previous assumptions, each prime p € S is ramified in the maximal
elementary abelian p-extension Kg’el/K inside KL .

Proof. Observe first that if S” C ', then V§,/(K*)P — VL,/(K*)P. Hence afforded by
the choice of Sy, one has: for every p € 5, Vg\{p}/(KX)p is trivial. Then by Shafarevich’s

formula, one gets d,G% =1+ dprg\{p}, showing that p is ramified in K¢*“/K. O

Put axr =3+ 2\/2 + 71 + ro + |T|. By obvious arguments one finds:
Lemma 5. If d,GL > axr, then d,GE+ri+r+|T|—1 < (d—c)(c—1) for every c € [2,d].
Let us finish this part with an obvious observation.

Remark 8. If G% is not trivial and such that cd(G%) < 2, then cd(GL) = 2.

2.2 Example and proof

2.2.1 Example

e Take p > 2, and K = Q. In this case the relations of the pro-p groups Gg are all
local: this is the description due to Koch [59, Chapter 11, §11.4, Example 11.11]. Let ¢ be a
prime number such that p|¢ — 1. Denote by Q, the (unique) cyclic extension of Q of degree
p unramified outside £.

Let S = {¢1, - ,{q} be a set of d different primes such that ¢; = 1 (mod p). The pro-p

group Gg can be described by generators zy, - - - , x4, and relations [y, - -- , 4 such that
L= [ [l 2] (mod Fy), (2.1)
J#i
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where a;(i) € Z/pZ, and where each z; is a generator of the inertia group of ¢;. The element
a;(i) is zero if and only if the prime /; splits in Q, /Q, which is equivalent to ngrl)/p =1
(mod ¢;).

e Take P = 3, So = {7, 13}, and T = (Z) Put S = {61,62763,64,65} with 61 = 31,€2 =
19,03 = 13,0, = 337,{5 = 7. Then the highest terms of the relations (1.1), viewed in
Fp(Xy, -, Xs), are: | = X1 X3, Iy = Xp Xy, Is = XoXs, [y = X1 X4, Is = X, X5. Since the
Z;’s are combinatorially free, G is of cohomological dimension 2 by Theorem 5.

Now for each n > 0, let us choose a prime number ¢,, of Z such that the highest term of
a lift x, in F of its Frobenius element o, € Gg, is of the form X5 X} X; (which is possible
by Example 16, see next section). Next consider the maximal Galois subextension L/Q of
Qs/Q fixed by all the conjuguates of the o,’s (this is the “cutting towers” strategy of [41]).
Put G := Gal(L/Q). Then the pro-3 group G can be described by generators zi,--- , s,
and relations {ly, - ,l5,2n,n € Z=o} (which is not a priori a minimal set). By construction,
the ¢,,’s split totally in L/Q. Observe now that

(I, I5,Tn,m > 0} = {Xs X1, X5 X3, X4 X3, X4 Xo, X5 X3, Xs X7 X1, n > 0}

which is combinatorially free. By Theorem 5 the pro-3-group G is of cohomological dimension
2, H*(Q) is infinite, and

Ps(t) = (1—5t+5t2—|—t3(1+t+t2+...))*1‘

2.2.2 Proof of the main result

e Take p > 2. Let Sy and T be two finite disjoint sets of prime ideals of K, where Sy
is tame. Take T sufficiently large so that ClJ(p) is trivial. When K contains s, assume
moreover that 7' contains all p-adic prime ideals.

First take S containing Sy as in Theorem 2.1.2, and sufficiently large so that d := d,G% >
agr. Put G = GYE. Here dim H*(G) = d + 1 + 1y — 1 +|T; set r := dim H?*(G).
Let us start with a minimal presentation of G:

1—R-—F-*2G—1.

By Theorem 2.1.2 and Theorem 2.1.1, the subgroup R can be generated as normal subgroup
by some relations [, --- [, such that the highest terms [} are of the form X;X; for some
i < ¢ < j, where ¢ = dim V. Observe that since G is FADb then ¢ € [2,d — 2.

Given n > 1, the quotient G/Gp41 is finite. Put K41y = (KL)En+1. For n > 1, take
Ty € Fuio\Fni3. By Chebotarev density theorem there exists some prime ideal p,, C Ok
such that o,, is conjuguate to x, in Gal(K,43)/K); here 0,, € G denotes the Frobenius
element of p,. Now take z, € F such that ¢(z,) = op,. Then z, = 0,, (mod RF,;3). In
other words, there exists y,, € Fj,13, a, € F, and r, € R such that anznagl = TpYnTn-

Set 3 := T'U{p1,pa, - }, and consider K¥ the maximal pro-p extension of K unramified
oustide S and where each primes p of X splits completely. Put G% := Gal(K%/K). Then

G% ~ G/{oy,,n > )N,
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Here (0y,,n > 1)N°" is the normal closure of (o, ,n > 1) in G. Therefore Kz /K satisfies (i)
of Theorem A. But observe now that

G/{op,,n > YN~ F/(ly, - 1, zp,m > 1)NT
= F/<l17 o 7lraxnyn7n > 1>N0r.

For n > 1, the highest term of x,y, is equal to the highest term of x,; therefore it is enough
to choose the z,,’s as in Corollary 8 which is possible: indeed since d > ok r, by Lemma 5,
one has r < (¢ — 1)(d — ¢) for every ¢ € [1,d — 1]. Afforded by Corollary 8, one gets (i),
(i), and (v) of Theorem A.

Let us proof (iv). By Lemma 4 each prime ideal p € S is ramified in Kg’d /K, showing
that 7, € G is not in RFP?[F, F|, where 7, € G is a generator of the inertia group at p.
Therefore d,G% = d,G, and then every prime p € S is ramified in K3 /K. But since G is
torsion-free (because cd(G) = 2), then (7,) ~ Z,, and the local extension (K%),/K, must be
maximal.

e Assume p = 2, and suppose K totally imaginary. Then Theorem 2.1.2 holds, but
Theorem 2.1.1 does not. As explained by Forré in [29, Proof Theorem 6.4], one has to take
two orderings to show that the highest terms of the relations [y, - - - | [, are strongly free. Now
in this context the strategy of the approximation of the x,’s by some Frobenius elements
as in Corollary 8 also applies. Along the same lines as in the proof of Theorem 6.4 in [29|,
and by choosing the z,,’s as for p # 2, we observe that the initial forms of the new relations
{li, -+ 1y, xp,n > 1} are still strongly free. We conclude by invoking Remark 6. O

48



Chapter 3

Zassenhaus and Lower central filtrations
of pro-p groups considered as modules

Context

Let G be a finitely generated pro-p group, and denote by A the ring Z, or F,. From A, we
recover some filtrations on G. Introduce Al(A, G) := ImA[G/U], where U is an open normal
subgroup of G, the completed group algebra of G over A. Since A[G/U] is an augmented
algebra over A, then Al(A,G) is also. Consequently, we denote by Al,(A, G) the n-th power
of the augmentation ideal of Al(A,G). Define:

G.(A) ={geG;g—1€ Al (A,G)},

this is a filtration of G.

Observe that {G,,(F,)},en denotes the Zassenhaus filtration of G (see for instance [92]),
and is an open characteristic basis of G. Similarly, under certain conditions (see [64]), the fil-
tration {G,(Z,) }nen is equal to the lower central series of G, i.e. G1(Z,) = G and G, 41(Z,) =
|Gn(Z,); G]. When the context is clear, we omit to write A for filtrations (and future asso-
ciated invariants). Our goal is to study the following Lie algebras:

Z(A,G) =P L(AG), where Z,(A,G):=Gu(A)/CGrir(A), and

E(AG) =@ (A G), where &,(A,G) = Al (A, G) /ALy (A, G).

neN

We always assume that £ (A, G) is torsion-free over A. Notice that this condition is
automatically satisfied when A := F,, contrary to the case A := Z, (see for instance [63,
Theorem| and [61, Théoréme 2|). Since G is finitely generated, one defines for every integer n:

an(A) :=rank, Z,(A,G), and ¢, (A) :=rank,é&,(A,G),
gocha(A,t) == cht”.

neN
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The series gocha(F,,t) was first introduced by Golod and Shafarevich in [33]. It allowed
them to obtain information on class field towers over some fields (see for instance [15, Chapter
IX]). Later in 1965, Lazard studied analytic pro-p groups in [69], i.e. Lie groups over Q,
(see [69, Définition 3.1.2]). Labute [62], also used the series gocha(Z,,t) in order to study
mild groups and their related properties.

Jennings, Lazard and Labute gave an explicit relation between gocha and (ay,)nen (|69,
Proposition 3.10, Appendice A|, and [92, Lemma 2.10]):

gocha(A,t) HP (A ") an (A

neN

where - P(Fy, 1) := (1 _tp) , and P(Zy,t) = (L) ‘ 3

1-1 1—-1
From Formula (3.1), Lazard deduced an alternative for the growth of (¢, (F,))nen (for
general references, see [19, Part 12.3]), this is |69, Théoréme 3.11, Appendice A.3|:
Theorem (Alternative des Gocha). We have the following alternative:

e FEither G is an analytic pro-p group, so there exists an integer n such that a,(F,) =0
and the sequence (¢, (Fp))nen has polynomial growth with n.

e Or G is not an analytic pro-p group, then for every n € N, a,(F,) # 0, and the
sequence (c,(Fp))nen does admit an exponential growth with n (i.e. grows faster than
any polynomial in n ).

In 2016, Mina¢, Rogelstad and Téan [92] improved Formula (3.1): they gave an explicit

relation between the sequences (an)neny and (¢,)nen. The main idea was to introduce the
coefficients b, € Q, namely defined by:

log(gocha(A,t)) Zb

neN

They obtained the following formula (|92, Theorem 2.9 and Lemma 2.10]): if we write n =
mp®, with m coprime to p, then

an(Fp) = win(Fp) + Winp(Fp) + - + Wi (F),  an(Zp) = wn(Zy);
1
where wy,(A) := - E p(n/m)mby,(A) and p is the Mobius function. (3.2)

mln
Notice that the number w,,(F,) (resp. ¢, (Z,), an(Z,)) is denoted by w,,(G) (resp. d,(G), e,(G))

in |92, Part 2|. Furthermore, Mina¢, Rogelstad and Tan asked the following question, {92,
Question 2.13]:

Do we have ¢,(F,) == c,(Z,)?

Theorem 19 answers this question positively when G is finitely presented and mild with
respect to some specific filtrations (see Definition 27). To proceed, we compute (¢, (A))nen
by the Lyndon resolution (see [14, Corollay 5.3]), and as a consequence, we infer an explicit
formula for a,(A) using Formula (3.2). Weigel ([137, Theorem D]) also gave a different
formula from (3.2), involving a,(Z,) and roots of 1/gocha(Z,,t).
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Statement of main results

The goal of this chapter is to extend equations (3.1), (3.2) and Gocha’s alternative in an
equivariant context. We use here the terminology equivariant to stress the action of groups.

Let ¢ be a prime dividing p — 1, and assume that Aut(G) contains a cyclic subgroup A
of order q. We denote by Irr(A) the group of A-irreducible characters y of A, with trivial
character 1: this is a group of order ¢ which does not depend on the choice of A (for general
references on A-characters, see [120, Chapitre 14]). If M is a A[A]-module, one defines the
eigenspaces of M by:

Mx] ={x e M; Vi€ A, §x)=x(0)z}.
Notice that Z,(A,G) and &,(A, G) are free, finitely generated over A and are A[A]-
modules. We study the following quantities:
aX(A) :=rank, Z,(A,G)[x], and cX(A) :=rank,&,(A, G)[x].

From Maschke’s Theorem and [120, Partie 14.4], we obtain the following equality:

an(A)= Y a¥(A), and c(A)= ) cX(A).

xEIrr(A) xE€Irr(A)

This chapter has three parts.

Part 3.1 is mostly inspired by arguments given in [92]. Denote by R[A] the finite rep-
resentation ring of A over A. Observe that R[A] is a ring isomorphic to Z[Irr(A)], con-
sequently R[A]Q), Q is a Q-algebra isomorphic to Q[Irr(A)]. Instead of considering series
with coefficients in Q, as Filip [28] and Stix [124] did, we study series with coefficients
in R[A]Q, Q. Let us introduce:

gocha™ (A t) ::Z Z cX(A)x | t".

neN \ xelrr(A)
We infer an equivariant version of the equality (3.1):

Theorem B. The following equality holds for series with coefficients in R[A]:

gocha™ (A, t) = H H P (A, ") ®),
neN xelrr(A)
1—x.t? 1
X . and P(Zy,t) =
1—xt 1—xt

where P, (F,,t) =

As done in Part 2 [92], one introduces the logarithm of series with coefficients in R[A],
defined by rationals bX(A) € Q:

log(gocha™(A,t)) ::Z Z bX(A)x | t".

neN \ xelrr(A)
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Then, we obtain an equivariant version of Formula (3.2).
Write n := mpF, with (m,p) = 1, and assume (n,q) = 1. Then:

ag(ﬁ?p) = w%‘w(Fp) + w7>§zp<Fp) Tt w:;pk (Fp>> and a%(ZIJ = wfi(Zp),

where  wX(A) := %Zﬂ(n/m)mb;ﬁzn/" (A) € Q. (3.3)

mln

Some results on the coefficients aX(Z,) were given by Filip 28] and Stix [124] for groups
defined by one quadratic relation.

In Part 3.2, we study cardinalities of eigenspaces of Z(A,G). When Z(A,G) is in-
finite dimensional (as a free module over A), we observe using the pigeonhole principle
that Z (A, G) admits at least one infinite dimensional eigenspace.

Main Question: Which eigenspaces of £ (A, G) are infinite dimensional?

For this purpose, we introduce xo-filtration on Al(A, G), which depends on a fixed non-trivial
irreducible character xo. It is denoted by (E,,.(A,G)),, and described in Subpart 3.2.1.
Furthermore, we assume that E, ,,(A, G)/E\,n+1(A, G) is torsion-free over A. This con-
dition is automatically satisfied when A = IF,;; and for A = Z,, it is true whenever G is free
or in the situation of [61, Théoréme 2|. This allows us to define gocha,,(A,t) by:

gocha,, (A, t) := Z Cyom (A",

neN

where ¢, (A) :=ranky (E\, (A, G)/Eyyni1(A,G)).

Part 3.3 illustrates our theoretical results for finitely presented pro-p groups G, with mild
presentations.

Proposition 23 allows us to compute the gocha series of G, and shows that the inverse
of the gocha series is a polynomial. Then Theorem 19 answers (and generalizes) |92, Ques-
tion 2.13|, showing that gocha(A,t), gocha*(A,t) and gocha,,(A,t) do not depend on the
choice of the ring A. Finally, considering [137, Theorem D] in our context, one recovers aX
from roots of the polynomial 1/gocha* (see Proposition 24).

Let us now introduce our last result. Since (Proposition 23) Xeu .y, (t) := 1/gocha,,(t)
is a polynomial, we write the degree of xcu,y, as deg, (G). Denote the yo-eigenvalues of ¢
by Ay, and let L, (G) be the xo-entropy of G defined by:

deg,, (G)

Xeul,Xo(t) = H (1- >‘X0,it)7 LX()(G) = max @) |)‘X0,i|'

pale} lgigdegxo

Theorem C. Assume for some xq that L,,(G) is reached for a unique eigenvalue A, ; such
that:

(i) Ay, is real,
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(“) LX()(G) = )‘Xo,i > 1.
Then every eigenspace of £ (A, G) is infinite dimensional.

We also prove in Theorem 22, that every finitely generated noncommutative free pro-p

group G satisfies the hypotheses of Theorem C. Let us finish this introduction with explicit
examples:

Example 1 (Cohomological dimension 2). Let us take p = 103, ¢ = 17. Observe that 8 €
Fi03 s a primitive 17-th root of unity.

Consider the pro-103 group G, generated by three generators x,y,z and one relation u =
[z;y]. By [63, Theorem], the Z,-module £(Z,,G) is torsion-free. If we apply [29, Corol-
lary 5.3] and Proposition 23, we remark that cd(G) = 2 and:

gocha(A,t) :=1/(1 — 3t + t2).

Introduce an automorphism § on G, by 6(z) == 2%, 8(y) ==y and §(z) := 2%°; Proposition
25 justifies that this action is well defined. Consequently A := (§) is a subgroup of order 17
of Aut(Q). Fiz the character xo: A — Fyy3;0 — 8.

Applying Formula (3.3), let us compute some coefficients aX and cX.
Observe first that:

1
ocha™ (A, t) := . and
! (4,1 1= (X0 + X0 + x0®)-t + Xo*.1?
* 2 3 6 5 3Xo | Xb 2
log(gocha™(A,t)) = (xo + X0~ + x0°)-t+ (X0 /2 + x0” + > + 7)75 +
9 v 3
(A2 4 x* + 2007 + 0 4 xG+ )

From Formula (3.2), we infer: ay = 2 and a3 = 5. Furthermore Formula (3.3) gives us:

. X4 X9
Xo __ 2b2 — bl

, x4 x$
X0 __ 353 - b1
2 2 ’ - .

and aj 5

Consequently, we obtain:

X0 X0 X .
o a5’ =ay’ =1, else ay® =0 when i # 5.
8

o ay = a§<8 = a?fg =1, and a;fg = 2. FElse if i ¢ {5;6;7;8}, a§6 = 0.

Here, by [64, Theorem 1 and Part 3/, the algebra £, (G, Z,) is torsion-free over Z,. We
have:

1
gOChCLXO (A, t) = m,

and the maximal xo-eigenvalue of G is real and strictly greater than 1.
Therefore by Theorem C, all eigenspaces of £ (A, G) are infinite dimensional.
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Example 2 (FAB example). Following arguments given by [35], we enrich the example given
in [45, Part 2.1/, and obtain an example where G is FAB, i.e. every open subgroup has finite
abelianization (for more details, see Example 21, and for references on FAB groups, see [62]
and [81]).

Take p = 3, and consider K := Q(v/—163). Then we define A := Gal(K/Q) = Z/2Z, and
fix xo the non-trivial irreducible character of A over I,. Consider the following set of places
in Q: {7,19,13,31,337,43}. The class group of K is trivial, the primes 7,19, 13,31, 337 are
wert in K, and the prime 43 totally splits in K.

Define S the primes above the previous set in K, and Kg the mazimal p-extension un-
ramified outside S. Then A acts on G := Gal(Kg/K), which is FAB by Class Field Theory.

We can show that the pro-p group G is mild, and Proposition 26 gives:

. 1
ha*(F,,t) = d hay,(F,, 1) := .
gocha’ (- t) = TGt s G 9o eeFn )= T

Therefore by Theorem C, all eigenspaces of £ (F,, G) are infinite dimensional.

Notations

We follow the notations and definitions of [3] and [69, Appendice A].

Let p be an odd prime, and G a finitely generated pro-p group with minimal presenta-
tion1 - R — F — G — 1, and denote by A one of the rings F,, or Z,. Assume that Aut(G)
contains a cyclic subgroup A of order ¢, a prime factor of p — 1. By [39, Lemma 2.15|, we
observe that A lifts to a subgroup of Aut(F).

When the context is clear, we omit the A when denoting filtrations (and associated
invariants). Additionally, we always suppose that £ (A, G) is torsion-free over A.

Denote by Al(A, G) the completed group algebra of G over A and observe that G embeds
naturally into Al(A, G).

For x € Iir(A), we fix {7}icjcax a lift in ' of a basis of (A, G)[x], where
dx := rank, .71 (A, G)[x]; by [120, Corollaire 3, Proposition 42, Chapitre 14|, this basis does
not depend on the choice of A. The Magnus isomorphism, from [69, Chapitre II, Partie 3|,
gives us the following identification of A-algebras between Al(A, F') and the noncommuative
series over X J)-"s with coefficients in A:

dn: Al(AF) ~ A((XN x € Ir(A),1 < j < d¥)); ol XX+1 (3.4)
Define E(A) as the algebra A((X};x € Irr(A),1 < j < dY)) filtered by deg(X}) =1
and write {E,(A)}nen for its filtration. One introduces I(A, R) the ideal of E(A) gener-
ated by {¢a(r — 1);7 € R} endowed with the induced filtration {I,(A, R) := I(A,R) N
E.(A)}nen, and E(A,G) the quotient filtered algebra E(A)/I(A, R), with induced filtra-
tion {E,(A, G) }nen.
We call M := @, .y M, a graded locally finite (A[A]-)module, if M, is a finite dimen-
sional (A[A])-module for every integer n; and denote its Hilbert series by:

M(t) = Z(rankAMn)t".

neN
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We make the following convention; we say that M is an A-Lie algebra if M is a graded
locally finite Lie algebra over A, and when A := [F, we assume in addition that M is a
restricted p-Lie algebra. Recall the following graded locally finite A[A]-module and A-Lie
algebra, defined at the beginning:

= @ én(A), where &,(A):=E,(A)/E,1(A),

neN
=P 2.(A.G), and EA.G):=EHEAG).
neN neN

If Pi=3" cypnl™ and Q := > qnt™ are two series with real coefficients, we say that
P<@Q <<= VYneN, p,<q, Wedenote by u the Mobius function.

3.1 An equivariant version of Minac¢-Rogelstad-Tan’s re-
sults

Recall:

gocha* (A, t) = Z Z cXx | t" € R[A][[t],

neN \ xelrr(A)

where R[A] denotes the finite representation ring of A (over A).

3.1.1 Equivariant Hilbert series

The aim of this subpart is to prove the following formula:

gocha™ (A t) H HPAL‘”“

neN yelrr(A
L Hetnd) X (3.5)
' and P\ (Z,,t) =

where PX(FP’t> = ]_——X,t7 1_ Xt

This is Theorem B defined in our introduction.

Definition 25. Let M := @, . M, be an A-Lie algebra, graded locally finite A[A]-module,
with basis {Tn1;...; Tnm, tnen, where my, :=rank, M,,. We define:

o the graded locally finite module with basis given by words on {xy ;}nenzjeizma] 0Y:
- @
neN

moreover, when A :=T,, we also assume that the p-restricted operation is compatible
with the multiplicative structure of U(M);
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e the equivariant Hilbert series of M with coefficient in R[A] by:

M*(t) ::Z Z mXx | t"

neN \ xelrr(A)

where mY :=rankyM,[x] for every integer n.

Remark 9. Since the action of A over a graded locally finite module is semi-simple, it always
preserves the grading. Consequently, if M is a graded locally finite A[{A]-module, then the
graded locally finite module U(M) 15 also endowed with a natural structure of graded locally
finite A[A]-module.

We give a well-known result on Lie algebras, telling us that U is a universal enveloping
algebra of M.

Theorem 15 (Poincaré-Birkhoff-Witt). Let M be a graded locally finite A[A]-module and A-
Lie algebra. Then U(M) is a graded locally finite A|A]-module, universal A-Lie algebra of M.

Proof. When A := Z,, see for instance [62, Theorem 2.1].
When A :=F,, see for instance [19, Proposition 12.4]. ]

Corollary 9. The set &(A, Q) is a graded locally finite, A-universal Lie algebra of £ (A, G).
Consequently & (A, G) is torsion-free.

Proof. Let us first prove that &(A,G) is a graded locally finite, A-universal Lie algebra
of Z(A,G). By Theorem 15, we only need to show that U(.Z(A, G)) ~ &(A, G).

For A :=F,, see [69, Appendice A, Théoréme 2.6].

For A := Z,, the proof of [48, Theorem 1.3| carries to the case E(Z,,G) with minor
alterations. We consider Z, and Q, rather than Z and Q. Furthermore, we conclude using the
fact that G is finitely generated, so Grad(E(Z,, G)) = &(Z,, G) is isomorphic to Grad(Z,[G]),
where Z,|G] is filtered by power of the augmentation ideal over Z,. O

Remark 10. Notice that &(A, Q) is also isomorphic to U(ZL(A,G)) as an A[A]-module.
Therefore, we have:

U(Z (A, G)) (t) := gocha™ (A, ).
Before proving Formula 3.5, we need the following result:
Lemma 6. Let M be a graded locally finite A|A]-module and A-Lie algebra, then:
oy )= TI Pua ™,

neN yelrr(A)

1— x.tP 1
X . and P (Zy,t):= )
1—xt 1—xt

where P (Fp,t) :=

o6



Proof. Let us first prove the case A := [F,,.

We are inspired by the proof of [19, Corollary 12.13|. Observe that if M and N are graded
locally finite F,[A]-modules, then M @)y N is also a graded locally finite F,[A]-module;
moreover (M @y N)*(t) := M*(t)N*(t), and UM@N) =U(M) r, U(N). So assume
that :

M*(t) = Z m,Xo-t",  for some fixed and non-trivial xo € Irr(A).

Consider X, :={xn1, ..., Tnm, }, an F,[A]-basis of M, where each z,,; is of degree n. Then
a graded locally finite F,[A]-basis of M is given by the (disjoint) union of all X,,’s. Denote
by

UM)*(t) :== Z Z uXx | t", where u) := dimg, U (M),[x].

reN \ xelrr(A)

We need to compute ufa, where i € Z/qZ: this is the number of products of the form

r Mmn
H H(xwx())m"’j, where 0<m,; <p-—1,
n=1j=1

such that

T Mn T Mnp
Z ann,j =r and Z me =17 (mod gq).
n=1 j=1 n=1 j=1

Notice that the coefficient before ¢" of the polynomial

T+ xot™ 4+ x5 o Dmpme

n=1
is

g (inz Xom"‘j> t", where 0<m,; <p—1, and ZT: %nmw =7

n=1 j=1

Consequently the coefficient before x4t" is exactly uld.

Let us now prove the case A := 7Z,.
By the Poincaré-Birkhoff-Witt Theorem, the set U (M) is the symmetric Lie algebra over M.
Similarly to the previous case, we just need to study the case where there exists a unique x
such that M*(t) :== )" myXo.t". We get:

U(M)*@p]?[( ! )m

1-— Xot

One deduces the general case. n



Proof of Formula (3.5). We apply Lemma 6 and Corollary 9 to obtain:

gocha™ (A, t) = H H Py (A, ")
neN yelrr(A)
1—x.t? 1
X ., and P\ (Zp,t) =
1—xt 1—xt

where P, (F,,t) :=

3.1.2 Proof of Formula (3.3)

The aim of this part is to prove the following Proposition:
Proposition 20. Write n = mp* with (m,p) =1 and (n,q) = 1, then:
GX(F,) = Wi (Fy) + why (Fy) + -+ 0¥, (F), and al(Z,) = wi(Z,);

1 m/n
h X = — bX .
where WX " Z,u(n/m)m x e

mln

This is Formula (3.3) given in our introduction.
The strategy of the proof is to transform the product formula given by (3.5), into a sum

in (R[A] @z Q)[[t]].
Definition 26 (log function). If P € 1+ tR[A][[t]], we define:

los(P)1) = - 32 T ¢ (pia) e, ().

Remark 11. Note that the log function enjoys the following properties:
(i) If P and Q are in 1+ tR[A][[t], then:
log(PQ) = log(P) +log(Q), and
log(1/P) = —log(P).

(11) If w is in tR[A][[t]], then




Proposition 21. If (n,q) = 1, we infer:

n 1 m . n 1 m
by (Fp) := " Zmaf% (Fp) — era;( (Fp) ), and by (Zy) = ﬁzma% (Zy)-

mln rpln mln

Proof. Let us just prove the case A :=TF, (the case A :=Z, is similar).
First, Formula (3.5) gives us:

1 —x.tm™
gocha*(F,,t) = H H ( : _X tn)
neN yelrr(A X-

Let us take the logarithm to obtain:

log(gocha™(F, t)) Z Z aX [log(1 — (x.t")P) — log(1 — x.t")],

n  xelrr(A)

so that

ST <x-f“’)w>
b CL% - 9

from which we conclude

in Z bix | t" = i Z (Z maX "™ — eraffx”/r) t".
n=1

X€EIrr(A) n=1 \ xeIrr(A) m|n rp|n

Then we infer:

m|n rp|n
O
Proof of Proposition 20. Again, we just prove the case A :=T,.
We are inspired by the proof of [92, Theorem 2.9|.
First, we assume (n,p) = 1, then by Proposition 21, we obtain:
nbX" = Z maX"
mln
So, using the Mobius inversion Formula, we obtain:
aX" =wX', thus aX=w).
Now, let us assume p divides n. We show by induction on n that:
n n/p n
ay =ay, +wy (*)
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e If n = p, then by Proposition 21, we have: pbX" = paX” + af — paj. So,

X' X pX — X X

pwy = pby — by = pay — pay.
P P

Therefore, aX” = af + wX’.

e Let us fix n, an integer such that p|n, and assume equation (x) is true for all m such
that m # n and p|m|n. Then, following Proposition 21, we have:

n m T
nbX = E may, — E rpaX

mln rpln
o X'm X'm . X””«/P
= E may, + g m(am U /p
m|n;(m,p)=1 plm|n
- ™ ™ xv X"/'P
= g mw,, + E mw,, +n\a, U /p
m|n;(m,p)=1 plm|n;m#n
. ™ X" x"/P
= E mwy), —|—n<an Ay ) -
m|n;m#n

Moreover, by the Mobius inversion formula, we have:
X" x™
nbY = 5 muwy, .
mln

Therefore, we obtain:

]

Remark 12. Formula (3.3) was already given for groups defined by one quadratic relation by
Filip [28, Formula (4.7)] (for C-representations in a geometrical context) and by Stiz [124,
Formula (14.16)] (in a Galois-theoretical context). Additionally, they computed explicitely
the coefficients bX(Z,). We discuss this analogy in Theorem 24.

Remark 13. Let us reformulate [92, Question 2.13], asked by Mindc-Rogelstad-Tan, in our
equivariant context:

Do we have for every integer n and every irreducible character y, the equal-
ity ¢X(Zy) = cX(Fp)?

Later in this chapter, we give a positive answer to this question, when G is finitely
presented and cd(G) < 2 (see Theorem 19).
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3.2 Infinite dimensional eigenspaces of .Z (A, G)
The goal of this part is to study infinite dimensional eigenspaces (as a free A-module) of
=P Z.(A.G), where Z,(A,G):=Gn(A)/Cria(A).
neN

For this purpose, we introduce yo-filtrations.

3.2.1 Definition of y(-filtrations

From now on, we make no distinction between Z/qZ and the set [1;¢]. Observe the follow-
ing isomorphism of groups, which depends on the choice of a fixed non-trivial irreducible
character yq:

Uyo: (Ir(A); ®) = (Z)qZ; +); XG> 1.

Recall that ¢, denotes the Magnus’ isomorphism introduced in (1). We define £, (A) as
the A-algebra A((X7}; x € Irr(A), 1 < j < dY)) filtered by deg(X ) = 1y, (), and { Eyy n(A) fnen
as its filtration: called the yo-filtration of Al(A, F'). We introduce

A) = @ gXOM(A)v where gXO,”(A) = EXOJL(A)/EXOJLJA(A)'

neN

Write I, (A, R) for the two-sided ideal generated by {¢a(r —1);r € R} C E, (A), endowed
with filtration {I,, (A, R) := I, (A, R) N Ey, »(A) }nen; and E, (A, G) the quotient filtered

algebra E, (A)/L, (A, R).
Define the following A-module:

B0 (8.G) = @D Epn(A,C), where  Eyyn(A,C) = By (A, G)/Eygir (A, G).

neN
Introduce:
Gyom(A) :={g € G;oa(g—1) € By, n(A,G)}, and
LA, G) = LA G), where L u(A G) = Gyyn(A)/Gyynii(A).

neN
We always assume that the A-Lie algebra .2, (A, G) is torsion-free over A.

Lemma 7. The set &,(A, G) is a graded locally finite, A-universal Lie algebra of £, (A, G).
Consequently, the graded A-Lie algebra &,,(A, G) is torsion-free.

Proof. This is similar to the proof of Corollary 9. [

Since G is finitely generated, we define:

gocha,, (A, t) ZCXO” )t",  where ¢y, (A) == ranky &, (A, G),
and - ay,p(A) := ranka (Gyon(A)/Gyont1(A)).
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3.2.2 Properties of y-filtrations

This subpart aims to develop various properties of yq-filtations.

Lemma 8. The modules &,,(A,G) and Z,,(A,G) are graded locally finite A[A]-modules.
More precisely, we have:

ranks &y, (A, G)x] =cypn(A)6n 0,
ranks L (A, G)[X] =y (A)500,
where 600N =1 ifn = Uy, (x) (mod q), otherwise o) — g,

Proof. Let us denote by &, n(A, R) := I, n(A, R)/I, n+1(A, R). Remind by [39, Lemma 2.15],
that A C Aut(F) and A(R) = R. So &,(A) is a graded locally finite A[A]-module,
and 4, (A, R) is stable by A. By [69, Chapitre I, Résultat 2.3.8.2], we have the fol-

lowing exact sequence:
0= Fon(AR) = Eyn(A) = Epn(A,G) — 0.

Then &, (A, G) and .Z,, (A, G) are graded locally finite A[A]-modules. Let us now study
more precisely the A[A]-module structure of &,(A, G) and 2, (A, G).

For the structure of &, (A, G): take u € &, ,(A) and write u := ijlé1 . .X;.f’u, with 4; +
-+ 41, = n. Therefore, for every § € A, 6(u) = x§(5)u. Then, we infer for every y:

rank, &y, n(A)[x] = ranks &y, . (A)5 0N, ()
Since ranky &y, »(A)[x] > ranks &, (A, G)[x], we conclude by Equation (xx) that:
rank, &, 0 (A, G)[x] = CXO,n(S:fXO(X).

For the structure of %, (A, G): note by Lemma 7 that &,(A,G) is a graded locally
finite A[A]-module, universal A-Lie algebra of .Z,,(A, G). Hence for every x, and every n:

ranky &, n (A, G)[x] > rank, 2, » (A, G)[x].
This allows us to conclude for every y:

ranky. 2, (A, G)[x] = aXO,n(s:fXO 0.

Now, let us compare (¢ygn)nen, (Aygn)nen, (€X)nen and (aX),en.
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Proposition 22. The following inequalities hold:

gn+i qn+i
Cxo0,qn-+i < Z c;§67 Ay ,qn+i < Z @;(67 (36)
Jj=n j=n
[n—txo (X)/4] [n=vxo (X)/4)
C% < Z Cx0,qk+1xo (X)) CLZ < Z Ax0,qk+¥xg (X) - (37)
k:["*‘”ZO(X)] k:[n*wzo(x)]

Proof. Observe first that the A-Lie algebras .2, (A, G), Z (A, G), &, (A, G) and &(A, G) are
generated by {X}'}. We only check inequalities involving ¢, (proof of inequalities involving a,,
are simlar).

Let us prove inequalities (3.6).
Take u in &, ¢n+i(A, G). Since u is a sum of monomials u; in &, ¢nti(A, G), we can assume

i1 Ty
that w is a monomial. So, let us write u = XjX10 X;fi , where 41 + -+ +14,, = qn + 1.
Consequently for every § € A,

6(u) = ><o“(5)X§‘f1 ) X]XO thus
§(u) = X0i1+-.-+iru <5>ijlo XX R Xlo(é)u

Jru
Therefore u € &,, (A, G)[xh]. To conclude, we need to estimate r,,.
e If 4, =1 for all [, then r, = gn + 1.
o If iy = g for all [, then ¢r, = gn + ¢. Therefore, r, > n.

In any case:
n<r, <gn-+i1.

Let us now prove inequalities (3.7).
Take u € &,(A,G)[x]. Since u is a sum of monomials, we can again assume that u is a
i1 in
monomial. Then by Lemma (8), we write u = XleO . .X;ff s with ig + -+ -+, = kg + 1y, (X)
for some k. Let us see which values can take k:

e if each 4; = 1, one obtains kq + 1,,(x) = n, and so k > [%"O(X)},

e if each i; = ¢, one obtains gn = kq + 1,,(x), and so k < L%’“’(X)J.

In any case:

(%’“(X’w < k< In— b (0/d.

]

Remark 14. Proposition 22 was also given and proved by Anick: Proof of [5, Theorem 3]/.
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3.2.3 Some results on the series log(gocha,,(A,1))

In this subpart, we obtain information on (a,,,(A))nen. For this purpose, we study the
sequence (by, »(A)),eny namely defined by:

log(gochay, (A, t)) Z byont

neN

Theorem 16. The following equality holds in N[[t]]:
gocha,, (A, t) HP (A, t")%xon

1—1tP 1
ﬁ, G/fld P(Zp7t) =

1—1
Proof. By Lemma 7, &, (A, G) is a graded locally finite, A-universal Lie algebra of .2, (A, G).
[113, Corollary 2.2 allows us to conclude the case A :=F,, and [62, Proposition 2.5 allows
us to conclude the case A 1= Z,. O]

where  P(F,,t) :=

Corollary 10. Let us write n = mp®, with (m,p) = 1, then:

Axon (Fp) = Zwm,mp’“ (Fp), and  ayn(Zy) = wyon(Zp);

1
where Wy, 1= - Z,u(n/m)bxo’m.

mln
Proof. This proof is similar to the proof of [92, Theorem 2.9]. O
Corollary 11. The following assertions hold:

(i) If x is a non-trivial irreducible character, and there exists an infinite family of
primes ¢; = ¥y, (x) (mod q) such that

byo.ai = byo1s
then L (A, G)[x]| is infinite dimensional.
(11) If there exists an infinite family of primes (1,;)m such that:
byo.gtm = @byo.q F Lo in s
then Z (A, G)[1] is infinite dimensional.
Proof. This is a consequence of Corollary 10. O

Theorem 17. Assume there exist « > 1 and a constant C # 0 such that by,,, ~ Ca™/n.
n—oo
Then every eigenspace of £ (A, G) is infinite dimensional.
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Proof. By Corollary 11, we have:

Uxouqi = Oxongs — bXO,l/Qia and

Uxorlm = Oxorglm — @Ox0.q — lnxo -

Since, by, ~ Ca™/n, we can find families of primes {¢;}; and {l,,},, where ¢; and [,,
n—oo

are sufficiently big, such that: a,,, > 0, and a,, 4,, > 0. Therefore by inequalities (3.6), we
extract an infinite subsequence of (aX),, which is strictly positive. O

3.3 Examples

Recall that 1 - R — F — G — 1 denotes a minimal presentation of G, and by [39,
Lemma 2.15|, the group A lifts to a subgroup of Aut(F'). Keep in mind that Z(A,G)
and 2, (A, G) are assumed to be torsion-free over A. Additionally here, G is assumed
finitely presented and mild.

Consider the following A[A]-modules:

R(F,) := R/RPIR; F], and R(Z,):= R/[R;F].

Choose xo a non-trivial element of Irr(A). For every x € Irr(A), we fix {I} }1<j<rm,
where rX := rank, R(A), a lifting in F of a basis of R(A)[x]. By [120, Corollaire 3, Propo-
sition 42, Chapitre 14|, these liftings do not depend on A.

Recall that we defined, using the Magnus isomorphism ¢, given by (1), the filtered alge-
bras E(A,G) (in Notations) and E, (A, G) (in Subpart 3.2.1).

Name n} (resp. n) ;) the least integer n such that ¢o(lf — 1) is in E,(A) \ E,i(A)
(resp. Eyyn(A) \ Eyynr1(A)): this is the degree of [ in E(A) (resp. F,,(A)). We show
in Lemma 9 that these degrees do not depend on A. Set the series:

Xeul(Aat) =1—-dt + Z tn;(a

X;1<5<rx

XA 1) i=1=) " dxt+ Y X",
X X;1<g<rx

Xeul,xo (A, t) =1 Z dxthO(X) + Z tn;gou"
X x;1<g<rx

Definition 27 (xo-mild). We say that a group G is xo-mild if:

e the previous presentation introduced above is mild for both the xq-filtration and the
Zassenhaus filtration,

o the module S (Z,, R)/&>1(Z,, F).9(Zy,, R) is a free &(Z,, G)-module, with &1(Z,, G)
the augmentation ideal of &(Z,,G),
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o the module I, (Z,, R)/&\y>1(Zy, F).I\(Zy, R) is a free &, (Z,, G)-module, with &, >1(Z,, G)
the augmentation ideal of &,(Z,,G),

o we have I (Z,, R) = S (Zy, p) and I,,(Zy, R) = I\ ,(Z,, p), where p; is the image of
Oa(ly — 1) in v (A)/ oy or(A).

3.3.1 Generalities

We give some generalities on groups with a yo-mild presentation.

Computation of some gocha series

Let us first recall the Lyndon’s resolution, which allows us to compute gocha series as inverses
of polynomials of the form y.,. A general reference is the article of Brumer [14].

Theorem 18. We have the following exact sequence of filtered E(A, G)-modules:

0— JJ ¢ E(AG) = ][] (da(z}y —1)E(A,G) = E(A,G) = A — 0.

X; 1<J<7"X x;1<j<dx

We have the following exact sequence of filtered E, (A, G)-modules:

0— JJ ¢ Ey(8,G) = @D (dulz)—1))Ey(A,G) = Ey(A,G) — A — 0.

X1<]<r>< x;1<5<dx

Proof. To simplify notations, we write X;* := ¢ (2} —1) and w} := ¢4 (If —1). One denotes
by py (resp. py, ;) the image of ¢ (I} — 1) in &,x(A) (resp. &,x (A)).
’ J X0-+J
We have the resolutions of &(A, G)-modules and &,,(A, G)-modules:

0= Priea G) - PXFEMG) = ERBG) = A0,
Jx (5%

and

0—>®pxw G (A, G) %@Xxé" (A, G) = &, (A, G) = A — 0.

From Serre’s Lemma [69, Chapitre 5, Lemme (2.1.1)], we can lift the previous resolutions to
infer:
0= [[w EF,.G) —» [ [ X}E(F,,G) - E(F,,G) - F, — 0,
X>J X0

and
0= JJw By (A G) = [[ XXEy (A, G) = Ey(A,G) = A — 0.

X:J X5t
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Let us now compute gocha series:

Proposition 23. Assume that G is xo-mild, then:

(i) gocha(A,t) = —1

Xeut (A1)
(i#) gocha* (A1) = s
(4ii) gochay,(A,t) = m

Proof. One denotes by p (resp. py, ;) the image of ¢ (I} — 1) in & (A) (resp. &x  (A)).
X0:J
By Theorem 18, we have the following exact sequences of graded locally finite modules:

0 — @pX@@AG - Pxremc - EHG - A = 0, (%)

X:J
0 = Pr, 5B G — @Xxé" — ELAG) = A = 0. (x%)

From Theorem 18 and sequence (x), we infer:

ocha(At) = ——.
g ( ) Xeul (Av t)

Moreover Theorem 18 and sequence (x*) give us:

1

gocha, (A t) = ———.
XO( ) Xeul,xo (A7 t)

From the choice of the families {z}} and {p}}, we infer that the sequence (x) is exact in
the category of graded locally finite A[A] modules This allows us to conclude:

gocha™(A,t) = —————.
( ) Xeul (A7 t)

Answer to [92, Question 2.13]

Extending and reformulating [92, Question 2.13| in our equivariant context, when G is yo-
mild, we show in this Subsubpart that:

The series gocha(A,t), gocha*(A,t) and gocha,,(A,t) do not depend on the
ring A?
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Lemma 9. Assume that £ (Z,,G) is torsion-free. Then, for every j and every x, the
integers ny(A) do not depend on A. Similarly, if £,,(Z,,G) is torsion-free, then the inte-

gers ny, ;(A) do not depend on A

Proof. Let us prove that n} does not depend on A. Recall that n}(IF,) (resp. n}(Z,)) is the
degree of IS in E(F,) (vesp. E(Z,)), and p}(IF,) (resp. p}(Z,)) denotes the image of ¢, (15 —1)
in &,x (F,) (vesp. ¢z, (If — 1) in Enx (Zy)). Notice that we have a filtered surjection:

(rgd p)

E(Z,) E(F,), with kernel pE(Z,).
Since the choice of the family {I7};, does not depend on A, we infer that ¢z, (If — 1)
¢r, (7 — 1) (mod p). Therefore, ny(Z,) < n(F,).

To show that ny(Z,) = nj(F,), it is sufficient to show that for every integer j, and
character x, we have p}(Z,) not in p&(Z,).

From |29, Proposition 4.3|, we infer the following isomorphism of E(Z,, G)-modules:

K(Z,) := R/[R; R] ~ I(Z,, R)/E\(Z,)1(Z,, R).

Since, G is of cohomological dimension 2, by [59, Theorem 7.7|, we have

H% (X —1)E(Z,, Q).

Introduce

In(Zy, R) = 1,(Zy, R) [ I,41(Z,, R), and  (Z,, R) := P S.(Z,, R).

neN

Since G is xo-mild, we infer

Grad(K @ PN(Z,)E(Zy, G) = I (Ly, R)|E(L,).I (Zy, R).

Assume now, by contradiction, that there exists one integer j, and one character x, such
that p’(Z,) is in p&'(Z,), then there exists u € &(Z,) such that pj’ := pu. Moreover, since
&(Zy, G) is torsion-free, we deduce that u is in .#(Z,, R). Therefore, there exist elements g
in &(Zy, G) such that u =3, gfp; (mod &(Z,)S (Zy, R)). Consequently:

PR = pu = Zpg] py (mod &(Z,).7 (Zy, R)).

Since the family p7 is a basis of the free &(Z,, G)-module . (Z,, R)/&1(Z,)-I (Zy, R), we
infer pg;” = 1. This is impossible since p is not invertible in &(Z,, G).
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Theorem 19. Assume that £ (Z,,G) is torsion-free, then :
gocha(Zy,t) = gocha(F,,t), and gocha®(Z,,t) = gocha®(F,,1).
Furthermore, if £, ,(Z,,G) is torsion-free, then
gochay,(Z,,t) = gochay, (Fp, ).
Proof. We apply Proposition 23 and Lemma 9. [

Remark 15. Let us remove the hypothesis that Aut(G) contains a subgroup A of order q.
If we assume that

e the group G has a mild presentation for the Zassenhaus filtration,

o the module S (Zy,, R)/&>1(Zy, F).I(Zy, R) is a free &(Z,, G)-module, with &1(Z,, G)
the augmentation ideal of &(Z,,G),

o I(Ly,R) = I(Ly, p).
Then we have a postive answer to [92, Question 2.13/, i.e.
gocha(Z,,t) = gocha(F,,t).

Mild groups were originally introduced by [62] when p is odd, and by [66] when p = 2.

Gocha’s series and eigenvalues

Thanks to Proposition 23, we can compute gocha series. Then applying Formulae (3.2)
and (3.3), we obtain an explicit equation relating coefficients a,, and aX. However, the
computation of b, has complexity n (more precisely it depends on {¢, fim<n)-

If we consider roots of Y., we infer a formula for b, which depends on the arithmetic
complexity of n. The following results are mostly adapted in our context from ideas of
Labute (|63, Formula (1)]) and Weigel (|137, Theorem D]).

Let deg(G) be the degree of xeu, and A; the eigenvalues of G, written as:

deg(G)

Xeu(t) = J] (1= Nit).

i=1

One denotes by M,, the necklace polynomial of degree n:

M,(t) :== Zu(n/m)g

mln

Let us state [137, Theorem D]:
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Theorem 20. Assume (n,q) = 1 and write n = mp®, with (m,p) = 1. Then we infer:

an(Zy) = Z Mn(No),  an(Fy) = Z ZMmpj()‘i>~

i=1 j=0

Proof. Weigel showed in the proof of [137, Theorem 3.4], that:
> My (A) = wy.
i=1

Then we conclude using Theorem 19 and Formula (3.2). O

Let us adapt this result in an equivariant context. By a choice of a primitive ¢-th root of
unity, we have F, C F; C [, the algebraic closure of ;. Consider § a non-trivial element
in A, and evaluate x7, in 0 by:

Xeu(@)(t) =1=3 cix(@)t+ D x(O)t" €[] cFff]
X x;1<j<rx
Define {\s;}i<j<des(c)y C Fp the eigenvalues of x*,,(6)(t). We introduce .Z (A, F,) the F,-
algebra of functions from A to F, and:
nit A =Ty 6 Asj

Therefore, we infer:
deg(G)

Xeu(®) == 1] (0 =nit) € Z(AF)lH.

j=1
Consequenlty, if we apply the log function to the previous equality, we obtain:

b = E bXx = g
" mX m
X€Irr(A)

Let us define for every n € .#(A,F,):

* 1 m,(n/m m,(u U\NM
My (n) := Y —p(n/m)y™ @™, where ™) (3) = n(8")".

mln

Proposition 24. Let us assume q divides p—1 and (n,q) = 1. Write n = mp®, with (m,p) =

1, then:
deg(G)
an(Zp)* =Y aX(Zy)x = > M;(n;), and
X Jj=1
deg(G) k
an(Fp)" = Z an(Fp)x = Z Z M;Zpi(m),
X j=1 =0

the equality is in the F,-algebra F (A, F,).
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Proof. Let us remind that b} = Zx bXx. After making the following change of variable:
v = x™™, we observe that for every § in A, we have

X€EIrr(A) ~yelrr(A)

Consequently, by ™™ = =3 bX""" . Since mb*, = g™ + - - + Mite(c)» We Obtain:

*1,(m/n m m (n/m) m,(n/m m,(n/m
mb Y = (i) = g

Using Formula (3.3), the conclusion follows. O

Remark 16. Filip ([28, Formula (4.8)]) and Stiz ([124, Formula (14.16)]) also obtained
Proposition 24 for some groups defined by one quadratic relation. They computed explicitely
the functions n;.

Example 17. Let us illustrate Proposition 24, with Example 1.
When splitting X7, into eigenvalues, we obtain:

Xew(t) = (1 —mt)(1 —nat) =1 — (xo + xg + Xt + xot,

Moreover, mny = xo and m + 1m2 = Xxo + X2 + X5 (as functions). Therefore, if we apply
Proposition 24, we get:

2 2 2 () 2 _ 9 — @)
aZ::Za§:n1+n2 m- =1 (A m2)" = 2mny — (m + 72)

. 2 2
_Xe XXX 2020 X X0~ X0~ X0 _ 4, s
= 5 = Xo t Xo-
Let us now compute aX. For this purpose, we first observe that
7+ 03 = (o + x5+ x0)* = 300 + X5 + x0)xg
= Xo 30 + 6xg +4x0 + 3X5 + X5
Therefore, we have:
3 3 .03, 03 3 3 (3)
x nitn—n U N+ m + 12
aji=) o) =t — = ; A FE R any )

X

Let us conclude this subpart by proving Theorem C given in our introduction.

Theorem 21. Assume that £ (A, G) is infinite dimensional and for some xo that L, (G)
is reached for a unique eigenvalue A\, such that:

(i) Ay, is real,
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(1)) Ly (G) = Ay > 1.
Then every eigenspace of £ (A, G) is infinite dimensional.
Proof. We study the asymptotic behaviour of (by, »)nen. By Proposition 23, we have:

1

gocha,,(t) .= ————.
xe Xeul,xo (t)

Let us denote by {\;...; A, } the real yo-eigenvalues of G and {3,e™*%; .. .; B,e'%} the polar
forms of non real xo-eigenvalues of G. Without loss of generality, assume that A, = A;.

Let us write
u v

Xeutsa(t) = [T = X0 [T (1 = e 1)1 = Be=1),

i=1 j=1

Then, we obtain:

t".

log(Xeul,Xo (t)) =

Z Doici AT+ Z§:1 ﬂ;‘z(emej + e_mej)

n
neN

Thus by,, ~ CA}/n, for some C > 0. We conclude by Theorem 17. O]
n—o0

3.3.2 Group Theoretical examples
Free pro-p groups

In this subpart, assume that G is a free finitely generated pro-p group. Observe that
Z(Z,,G) and Z,,(Z,,G) are torsion-free.

Theorem 22. Assume that G is a noncommutative free pro-p group, then every eigenspace
of Z(A,G) is infinite dimensional.

Proof. Let us fix a non-trivial character xo € Irr(A), such that d* < d* for every non-
trivial y. Then we have Xeu,,(t) :== 1 — > % d*0t". Set s a minimal positive real root
of Xeul,yo- We will show that s is the unique root of minimal absolute value of Xeus,y,-

We have:

q q—2
0=1 —Zd%si <1 —dXOSZsi —dl's? <1 —dXos—d'sd.
i=1 i=0

Then dX°s 4+ d"s? < 1. Thus s < min{1/dx; (1/d")"/7}, s0 0 < s < 1.

If we denote by z a complex root (not in ]0; 1[) of Xeui,y,, then we notice by the triangle
inequality, that Xeuy,(|2]) < Xeuixo(2) = 0. Therefore |z| > s.

Consequently, Xeu, admits a unique root s of minimal absolute value which is in ]0; 1].
Therefore, by Theorem C, we conclude. O
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Let us give some examples.

Example 18. Consider A := Z /27, and fix xo the non-trivial irreducible character of A
over A. Assume that G is a free pro-p group with two generators {x,y}, and A acts on G
by: 6(x) = x, 6(y) = y~'. Then following our notations, we have: x = x', and y = xX°.
Observe that Al(A, Q) is a free algebra on two variables over A.

Let us first compute some coefficients aX, with Formula (3.3). We have:

n’

L (1+x0)"
ocha™(A,t) = ————, and log(gocha™(A,t)) := RS
% 1 X 2n—1 X 1 2
Con = 622 =2 ) 0224_1 = Copt1 = 27",
22n 1 22n—1
bypi1 = b3 i1 = SR and by, = by, = 5

Assume for instance p # 3, then one obtains:

2
CLXO:2 _1:1

3 5 , and az=1.

Observe by Theorem 22, that every eigenspace of £ (A, G) is infinite.

Example 19. Again, take A :=7/27 and xo the unique non-trivial A-irreducible character
of A. Assume G is free generated by {x1°;...;x}°}.
First, we compute some coefficients of (cX), and (aX),. Observe:

. 1 1
gocha™ (A, t) = 1——dX0t7 and  gocha,,(A,t) := T
Then ¢}, =d*", =0, 0 =d*",  and ¢}, ,=0.
Moreover,
dxo)"™ ar
log(gocha™ (A, t)) == ; %t”, log(gochay, (A, t)) == neZN ?t”.

S0, B0y = (20 1), B =0, BS, = /(2n), and b, =0,
For instance, if we apply Formula (3.3), one obtains when p # 3:

d®—d
ay’ = 7 and a3 = 0.

If we apply Proposition 24, we obtain:

d*—d
aX’ =0, and a = 5

Observe that ¢y, = d* and by, , = d"/n. Theorem 22, allows us to check that every
eigenspace of L (A, G) is indeed infinite dimensional.
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Non-free case

Let us now construct some non-free examples that illustrate Theorem C. For this purpose,
consider A a subgroup of Aut(F'). We construct here a finitely presented pro-p quotient G
of F, such that A induces a subgroup of Aut(G).

We remind that F' is the free pro-p group generated by {Ji?}xelrr(A);lgjgdx and define %
the free abstract group generated by the family {xf}x;j. Assume also that the action of A

is diagonal over {2}, i.e. for all § in A, §(z)) = (2))*®).

Definition 28 (Comm-family). The family (1;)jepy) C F is said to be a comm-family if:

)
. Qi
l; = Hujm cF,
=1
. ; . ; _ X . . —
where v, and ., are integers, and uj, is a y-th commutator on {x}},;, i.e. uj, =
. X
(215 52y, where v; € {x]} .

Proposition 25. Let (I;);ena be a comm-family, and denote by R its normal (topological)
closure in F. Then for all § in A, 6(R) = R thus A induces a subgroup of Aut(F/R).

Proof. First of all, if u and v are elements in F', we write ¥ := v~ luw.

Assume [z;y] € R, where z and y are elements in {77 },,;. Observe the following identity:

_ _ -1
L= [z5yy ] = [wy Nzl
Therefore [x;y7'] is in R. Remark also for all integers a:
[y = [y sy
Thus by induction, we see that for all a € Z, the commutator [z;y%] is in R.
Finally, for all integers b, we also have:

(2% y] = [;9)" 2" ).

We conclude as before that [2%;y] € R, for all integers b.
Then §(R) = R, for every 6 € A. O

Example 20. Here assume q is an odd prime that divides p — 1. Take F' a free pro-p group
2 3
with three generators: {xY°, x{° x\°}. Assume also that A acts diagonally on the previous
set.
2
Consider R the closed normal subgroup of F generated by commutators Iy := [2)%; 2)°]
3
and ly := [27°; 27°]. By Proposition 25, the group A induces a subgroup of Aut(G). Observe
that G is xo-mild (see for instance [29]), so we have:
1 1

gochay, (Fp, t) XeuioFprt) 1 —t— 12+ 4

Thus by Theorem C, we conclude that every eigenspace of £ (F,, G) is infinite dimensional.
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3.3.3 FAB quadratic mild examples

Let K be a quadratic imaginary extension over QQ, with class number coprime to p. Denote
by S := {p1;...;pq} a finite set of tame places of K, i.e. for p € S, Ng/g(p) =1 (mod p),
and assume that S is stable by A. We define Kg the p-maximal unramified extension of K
outside S. Set G := Gal(Kg/K) and A := Gal(K/Q). Again, fix y, the non-trivial character
of A over F,,. The group A acts on G, and thanks to Class Field Theory, the group G has
the FAB property: every open subgroup has finite abelianization.

Write U, for the unit group of the completion of K at the place p € S. We define the
element X, € & (F,, G) as the image, given by Class Field Theory, of a generator of U, /U,
Then (see for instance [115, Theorem 2.6]), the set {X,},es is a basis of & (F,, G).

Denote by z, an element in G that lifts X,. We introduce F', the free pro-p group
generated by z,. Koch [59, Chapter 11] gave a presentation of G, with generators {z,}ycs
and relations {l, },es verifying:

ly, = H[:ppi,xpj]“j(i) (mod F3(F,)), where a;(i) € Z/pZ.

i
The element a;(4) is zero if and only if the prime p; splits in szpj} /k, where k:fp} is the (unique)
cyclic extension of degree p of k unramified outside p. This is equivalent to

pgpj_l)/p =1 (mod p;),

where p; is a prime in QQ below p;.
From now, we assume that this presentation is mild and quadratic (the relations are
all of weight 2), which means that we have the following isomorphisms of F,[A]-modules:

d d
éal(F’p) = @XPiFP7 and R<]Fp) = @ (Z aj(i)[XPj;Xpi]) IFP'

i=1 \ j#i

Denote by i (resp. s), the number of inert or totally ramified (resp. totally split) primes
below S in Q, then d = r = | S| := i + 2s. Recall that for every x:

d* = dimg, &1(Fp)[x], and r*:=dimg, R(F,)[x].
By [35, Theorem 1] and Class Field Theory, we obtain:
d"=i+s (resp. r' =i+s) and d¥° =s (resp. rX° =s).

Proposition 26. We have the following equalities of series:

1

1= (i+ s+ sxo)t + (i + 5+ sx0)t>
1
1 — st —it2 4 (s +i)td

gocha™(F,,t) ==

gochay, (F,, 1) :

Consequently, the action of A on G is not trivial if and only if at least one place above S
in Q totally splits in K.
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Proof. Here, the relations have all weight 2, so:

Xou() =1 — (d" + dxo)t + (1 +17%x o)t =1 — (i + s+ sx0)t + (i + 5+ sx0)t>.
Since the presentation is mild, we conclude using Proposition 23. O
Remark 17. Before giving examples, let us add some complements.

o The F,[A]-module structure of & (F,) (or R(IF,)) gives us the integers i and s.

o [f every place p above S is inert or totally ramified in K, then Gal(Qs/Q) and G :=
Gal(Ks/K) admit the same number of generators. Then Gras [35, Theorem 1], showed
that Gal(Qs/Q) and G are isomorphic, so the action of A over G is trivial.

o Assume now that all places in Q below a set of primes S are totally split in K.
If Gal(Qgs/Q) is mild, Rougnant in [115, Théoréme 0.3] gave a criterion to also ob-
tain Gal(Kg/K) mild.

Example 21. We give explicit arithmetic ezamples where G is mild and defined by quadratic
relations:

1. We study the following example given by [134, Ezample 3.2]: let p = 3, K := Q(i),
and consider the set of primes: S := {q1 := 229, q3 := 241}. These primes totally split
in K. and the places above S (in K ) are given by:

S = {p1 := (2 + 15), p1 := (2 — 150),p2 := (4 + 150), 3 := (4 — 15)}.
The group G := Gal(Kg/K) is mild quadratic. Then by Proposition 26:

1 1
ha*(F,, t) = d  gochay,(Fpt) = ———
gocha”(Fy. 1) 1= 2+ 20)t+ 2+2pe I 0B t) = 5 o

However, the polynomial 1 — 2t + 2t* admits only non real roots, so we can not apply
Theorem C.

Observe by [59, Example 11.15]/, that the group Gal(Qgs/Q) is finite.

2. [115, Part 6/: Take p = 3, K := Q(v/—5), and S := {61;223;229;481}. The Class
group of K is Z/2Z, the primes in S are totally split in K, and the groups Gal(Qg/Q)
and G = Gal(Kg/K) are both mild quadratic. Therefore, by Proposition 26, we obtain:

1 1

gocha™(F,, t) = T (05 )i+ uf? and gocha,,(F,,t) = [T

By Theorem C, the graded spaces £ (F,, G)[xo] and Z(F,, G)[1] are both infinite di-

menstonal.

76



3. We enrich the example given in [45, Part 2.1): Consider p = 3, K := Q(v/—163),
and T :={31,19,13,337,7}. The class group of K is trivial, Gal(Qr/Q) is mild, and
the primes in T are inert in K. Therefore by [35, Theorem 1/, the group Gal(Kr/K)
is mild (in fact, it has the same linking coefficients as Gal(Q7/Q) ).

Observe that 43 is totally split in K, so we take {pg,pg} to be the primes in K above 43.
Consider now S := T U {pes;ps}. By [134, Corollary 4.3/, the group G := Gal(Kg/K)

1s mald quadratic. Proposition 26 gives us

1 1
ha*(F,,t) == d  gochay,(F,,t) = .
gocha™ (B t) = T o s G ™ 90chaEn ) = T e g

Therefore, by Theorem C, the graded spaces L (Fy, G)[1] and Z(F,, G)[xo] are infinite
dimensional.

Remark on lower p-central series and mild groups

Assume here that G is a finitely presented pro-p group, and ¢ divides p — 1. We define the
lower p-central series of G by:

G{l} = G, and G{n+1} = Gz{jn}[G{n}; G]

Remark that @, . (Gn}/Gns1y) is an Fy[t][A]-module, where I, [t] is the ring of polynomials
over [F,.

Furthermore, if we assume G mild (see |62, Definition 1.1]), Labute showed in |62, Part 4],
that the lower p-central series come from the filtered algebra defined by Al(Z,, G) endowed
with the filtration induced by {Aly,)(G) = ker(Al(Z,,G) — Fp)"}nen. Additionally, the
set B,,en(Gny/Gnt1y) is a free Fp[t]-module. Since G is finitely generated, we introduce:

af,y = rankp, (G} /Gray)[x], and  cf, = ranks, (Al (G) /Al (G))[X].

If we replace an(Z,) (resp. cn(Zp)) by agny (resp. cn)), then the results of this chapter
can be adapted for lower p-central series. Moreover, extending [62, Corollary 2.7] in an
equivariant context, we can deduce a relation between the coefficients ¢ and af{‘n}.
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Chapter 4

On extensions of number fields with
given quadratic algebras and cohomology

Presentations of (pro-p) groups via generators and relations have played an important role
in the development of group theory (see |78, Chapter 2| and [79]), and more generally in the
current theory of profinite groups and especially pro-p groups. These methods, combined
with cohomological results, are also used to detect Galois groups of p-extensions, see for
instance Koch [59], Mina¢-Rogelstad-Téan [97] and [93|, and Efrat-Quadrelli [24].

Shafarevich’s great idea and insight was to present important Galois pro-p groups via
generators and relations, and to search for a numerical criterium, depending on the presen-
tation, for proving that some of these groups are infinite. In the work with Golod [33], he
succeeded to make this idea precise, using associated filtrations and graded algebras tech-
niques. Their numerical criterium was later refined to a famous Golod-Shafarevich criterium:
if a pro-p group admits d generators and r relations satisfying d> > 4r, then it is infinite (see
[15, Chapter IX]).

Around the same time, Lazard also inferred "I’ Alternative des Gocha" (from the names
of Golod and Shafarevich, see [69, Appendice A.3, Théoréme 3.11]|) which characterizes
the topological structure of a pro-p group from the gradation of its group algebra. In the
early 21% century, Labute-Mina¢ [62] and [66], and Forré [29] used Anick’s techniques [3] to
define mild groups and infer FAB groups, i.e. groups such that every open subgroup has
finite abelianization, of cohomological dimension 2.

In this chapter, we construct quotients of mild groups of larger cohomological dimension
by using and enriching previous techniques: presentations of pro-p groups, projective resolu-
tions, graded algebras, graph theory and Grobner basis. From the "cutting tower" strategy
introduced by Hajir-Maire-Ramakrishna [41], we conclude this chapter with arithmetical ex-
amples (see Theorem D below).

Arithmetic context

Let p be a prime number and K be a p-rational number field. The latter means that the
Galois group G, of the maximal pro-p extension of K unramified outside p, is isomorphic
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to a finitely generated free pro-p group. By a conjecture of Gras [34, Conjecture 8.11], if K
is a fixed number field, then it is p-rational for every prime p large enough.

Introduce T a finite set of finite primes of K. Denote by G% the Galois group of the
maximal pro-p extension of K unramified outside p and totally splitting in 7. We infer
a free presentation GL = Gg/R, with R a normal closed subgroup of Gy presented by
relations {/;}icr). From the "cutting tower" strategy (see [45, Part 2] or [41]) based on the
Chebotarev density Theorem, one can choose a set of primes 7' in K such that G% has a
mild presentation (see |29, Part 1]), so cohomological dimension 2. Mild groups play an
important role in the understanding of Galois extensions with prescribed ramification and
splitting (see [62], [66] and [117]).

Using the theory of Right Angled Artin Groups (RAAGs, see for instance [6], [135]
and [76, Part 2|), we can construct quotients of G with prescribed cohomology. Let us
fix {x1,...,24} a minimal set of generators of Gx and an undirected graph I' with set of
vertices [1;d]. We define G(I') as a quotient of Gx by commutators [z;; z;] whenever {7, j}
is an edge of I'. The dimension of the n-th cohomology group of G(I') is given by ¢, (I"), the
number of n-cliques of I': i.e. complete subgraphs of I' with n vertices.

In this work, we investigate quotients of mild groups with large finite cohomological
dimension, using ideas introduced by RAAGs. Let G be a quotient of Gk and set h"(G) to
be the dimension of H"(G;F,). We prove the following result:

Theorem D. LetT' :=T's UI'g be a graph where T" 5 is bipartite. Then, there exist a totally
imaginary field K and a set T of primes in K such that G% is presented by relations l5 :=
{lij; (i,7) € A} which, modulo the third Zassenhaus filtration of Gk, satisfy the equality l;; =
[z 2] In particular G is mild.

Furthermore, there exists a quotient G of G, such that for n > 2, h"(G) = c,(I).
Consequently the cohomological dimension of G is equal to max(2;nry), with npy the clique
number of I'g.

The construction of G% is currently well-known, we use the "cutting tower strategy"
introduced by Hajir-Maire-Ramakrishna (see references [41] and [45, Part 2|). The crucial
part of Theorem D is the existence (and the construction) of the quotient G.

Cohomological results

We first introduce our main objects of study.

Let us denote by G a finitely presented pro-p group with presentation G = F//R, where F’
is a free pro-p group with generators {xy,..., 24}, and R is a normal closed subgroup of F’
generated by a finite family {ly,...,l.}. We define E(G) as the completed group algebra
of G over F,. This is an augmented algebra, and we denote by E,(G) the n-th power of the
augmentation ideal of E(G). Introduce

6(G) = En(G)/Ena(G),  and  &(G) =P &.(G).

neN
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The graded algebra &(G) plays a fundamental role in this chapter, and more generally in
the understanding of filtrations (see |69, Chapitre II and Appendice A.3|, [62], [92] and [43]),
topology (see |69, Alternative des Gocha, Théoréme 3.11, Appendice A.3]) and cohomology
(see [62], [66], [91], [98]) of G. Note that H"(G;F,) is a discrete F,-vector space, and
denote by H*(G) the graded algebra @, H"(G;F,) with product given by cup-product. We
emphazise links between E(G), &(G) and H*(G).

In [14], Brumer defined the functor Ext for compact modules, and showed that (|14,
Lemma 4.2] and [59, Part 3.9]) we have an isomorphism of graded algebra H*(G) ~ Exty ) (Fp; Fp),
where the product is given by the cup-product. Furthermore, using May spectral sequence
(see [73, Theorem 5.1.12]), we obtain an identification of H*(G) and Ext} ¢, (Fp; F),) when £(G)
is Koszul, i.e. the trivial &(G)-module F, admits a free-&'(G) resolution (Z,;d. ), where &;
is generated by elements of degree i (we refer to [108, Chapter 2| for further references on
Koszul algebra):

Proposition 27. If &(G) is a Koszul algebra, then we have the following isomorphism of
graded algebras:
H*(G) ~ EXt;@(G) (Fp; Fp),

where the product is given by the cup-product. The algebra H*(G) is the quadratic dual
of &(G).

Minéc-Pasini-Quadrelli-Tan already observed, in |98, Proof of Theorem 4.6, that if G
admits a mild presentation with quadratic relation, i.e. | C F5\ F3, then &(G) is Koszul. They
also observed that if G is mild and H*(G) is quadratic, then H*(G) is the quadratic dual
of &(G). As a direct consequence of Proposition 27, we complete [98, Theorem 1.3]: if the
group GG admits a mild presentation with quadratic relations, then H*(G) is the quadratic
dual of the Koszul algebra &(G). For more details on quadratic duals, we refer to [108,
Part 1.2].

Computation of graded algebras

Currently, the algebra &(G) is only known when G is free, or mild, or in a few other specific
cases (see [62], [66] and [92]). We give a criterion on the presentation of G which allows us
to compute &(G). As a consequence, we obtain the cohomology groups of a pro-p group G
(which will be here a quotient of a mild group) directly from its presentation. We are mostly
inspired by the theory of RAAGs (see for instance [6] and [135]) and the work of Koch [60]
and Forré |29, Theorem 3.7]. Let us now explain the strategy we adopt in this chapter to
construct situations where &(G) is Koszul.

The Magnus isomorphism from [69, Chapitre II, Partie 3| gives us a surjection, that we
denote by ¢, between E(G) (resp. &(G)) and the [F,-algebra of noncommutative series (resp.
polynomials) over a set of variables X := {X7,..., X}, that we denote by F (resp. &). In
particular &(G) is a quotient of &, and we denote by .# its kernel. It is in general difficult
to explicitly compute the ideal .#.
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From the Magnus isomorphism, we write w; := ¢(l; — 1) as a sum of homogeneous poly-
nomials in E. A priori, every homogeneous polynomial in w; plays a role in the computation
of the ideal .#. Labute [62] and Forré [29], following ideas of Anick [3|, gave a criterion
(mild presentation) on the presentation of G such that the ideal .# is generated only by the
dominant term of w;. However, this criterion restricts the cohomological dimension of G to
less than or equal to two. In this chapter, we give another criterion, ensuring that .# is
also generated by dominant terms of w; and in addition to the mild case, we infer situations
where the cohomological dimension is strictly larger than two.

Let I' := (N,E) be a graph with set of vertices N := [1;d] and set of edges E. We
introduce a set Ig := {l;;}{i jjer of relations in F', and we state the following condition on
the graph I' and the family lg:

(e The graph I' can be written as a disjoint union of two components
that we call I'y and I'g, with sets of edges A and B.

 oThe graph I' is bipartite, and (4.1)
wij = ¢(lij — 1) = [Xi; X;]  (mod E3), for {i,j} € A.

| #We have 1, := [z,;2,], for {u,v} € B.

Let us call #(I') the ideal in & generated by the family {[X;;X||}{ jjer, the dominant
terms of [g when it satisfies the Condition (4.1), and call &(I") the graded algebra &(I') :=
&/ F(I"). We use ideas from Forré [29], Wade [135], Labute-Mina¢ [62] and [66], Minac-
Pasini-Quadrelli-Tan [91] and [98], Anick [4] and Ufnarovskij [130] to show that if G admits
a presentation satisfying the Condition (4.1), we have .# = #(I"). Then we infer:

Theorem E. Assume that G is a finitely generated pro-p group presented by relations lg
satisfying the Condition (4.1), then &(G) = &(I).

When &(G) ~ &(I'), we say that &(G) is a Right Angled Artin Algebra (RAAAs).
RAAAs play a fundamental role in geometric group theory (see for instance [6]). In partic-
ular, since &(I") is Koszul (see [6, Part 4])

Exty ) (Fp; Fp) =~ o (1),
where /(') := &/7'(T"), with .#"(T") the two sided ideal of & generated by the family
o X.X; when {i,j} ¢ E,
e X2 foru e [1;d],
o X, X,+ X, X, for u,vin [1;d].

Observe that dimg, 27,(I") = ¢,(I"), where ¢, (I") is the number of n-cliques of I', i.e. complete
subgraphs of I" with n vertices. Since &(I") is a Koszul algebra, we can apply Proposition 27
and we infer that

H*(G) ~a/(I'), and A"(G) :=dimg, H"(G) = ¢, (I").
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Outline

We begin with Part 4.1, where we give some backgrounds on Right Angled Artin Algebras
(that we denote RAAA). Then we prove Theorem E in Part 4.2. We finish by Part 4.3,
where we first prove Proposition 27, then we compute the algebras & (G) and H*(G) when G
is free, mild quadratic and pro-p RAAG. We conclude Part 4.3 with the proof of Theorem D,
which follows from Theorem E and Proposition 27.

Notation

We introduce here some general notations:

e We recall that G is a finitely presented pro-p groups with generators {z;...; x4} and
relations {ly;...;1.}.

o If 7,y are elements in G (or in F), we denote by [z,y] := 27y tay.

e We define H"(G;F,) the n-th (continuous) cohomology group of the trivial (continu-
ous) G-module F,. The cohomological dimension of G is the integer n (which can be infinite)
such that for every m > n we have H™(G;F,) = 0.

e The Magnus isomorphism from |69, Chapitre II, Partie 3| gives us the following identifi-
cation of F,-algebras between E(F') and the noncommutative series over F, on {X;...; X}
that we call E:

¢: E(F)~E; x;— X;+1. (4.2)
The algebra F is filtered by {E, },en, the n-th power of the augmentation ideal, and we
denote by F,, :={f € F;¢(f — 1) € E,} the Zassenhaus filtration of F.

° Denote by I the closed two-sided ideal in E generated by w; := ¢(I; — 1), this is an
algebra with a filtration given by {I,, := I N E,, } ,en. From the Magnus isomorphism (1), we
identify the filtered algebra E(G) with the quotient algebra E/I: this is a filtered algebra
and we denote its filtration by {E,(G)}nen. Let us define:

6n(G) 1= En(G)/Ena(G), and &(G) := P &.(G

e We introduce the functor Grad (see for instance [69, Chapitre I|) from the category
of compact F,-vector spaces (or compact E(G)-modules) to graded F,-vector spaces (or
graded &(G)-modules). This is an exact functor. For instance, if we denote by & the
noncommutative polynomials over F,, on {X 1;-.-; Xaq}, and &, := E,,/E, 1, we have

Grad(E @ &, =&.

neN

e Let us define .5 := Grad(/) = @,, I,/ I+1. Observe by [69, (2.3.8.2), Chapitre I] that
the functor Grad is exact, so from the Magnus isomorphism, we can identify &(G) with the
graded algebra Grad(E(G)) ~ & /., and we denote its gradation by {&,(G)},en. We define
the gocha series of G by:

gocha(G,t) ch ,  where cn = dimg, &,(G)
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e An F,-basis on £ and & is given by monomials on the set of variables X := {X3;...; X4}
The order X; > X5 > --- > X, induces a lexicographic order on monomials on X, that we
denote by >. We say that a monomial X contains a monomial Y if there exist monomials M
and N such that X = MY N.

Recall that we write commutators of X; and X; (in E or &) as:

o If 2 is an element in £, we denote by deg(z) the integer such that z € Eaeg(z) \ Eacg(z)+1-

Then we define Z the image of z in Eyey(z) / FEgeg(z)+1, this is a homogeneous polynomial, and

we denote its degree by deg(z). We call Z the leading monomial of z. For instance [X;; X;] =
X Xj.
e We say that GG has a mild presentation if:

1
gOCha(G,t) = 1—dt + 2;1 tdeg(w;)

The group G has a quadratic presentation if for every integer ¢, deg(w;) = 2.

e We say that the algebra &(G) is Koszul, if the trivial &(G)-module F, admits a linear
resolution (Z,6), i.e. &; is a free-&(G)-module generated by elements of degree ¢ (see for
instance [108, Chapter 2|).

4.1 Preliminaries on Right Angled Artin Algebras (RAAA)

Recall that we denote by I' := (N, E) an undirected graph, where N := [1;...d]. For every
integer n, we denote by ¢,(I') the number of n-cliques of I'. Let .#(T") (resp. I(I")) be the
closed two sided ideal of & (resp. ) generated by the family {[X;; X;|}¢ j1er and &(I) :=
&) F(T) (resp. E(I') := E/I(I)).

We take the following orientation on I', that we call standard: if (i,7) € E then i < j.
For more references on RAAAs, let us quote [6].

4.1.1 Introductory results on graphs

Let us begin with few results on graphs. I am thankful to Chris Hall for the following Lemma.
We refer to [18, Chapters 1 and 5| for a general introduction on graph theory.

Lemma 10. The undirected graph 1" is bipartite if and only if there exists an orientation
on I' such that the tail of an edge of I" is not the head of another one.

Proof. The undirected graph I is bipartite if and only if it is 2-colored (let us call these colors
black and white). For instance, we can direct edges from white vertices to black vertices.

Conversely, we can give a 2-coloring on a graph I where the tail of an edge is not the head
of another one. We endow heads of edges with white color and tails of edges with black
color. O]
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Remark 18 (Bipartite graphs, orientation and combinatorially free families). Up to rela-
belling vertices, we assume that bipartite graphs satisfy the property given in Lemma 10 for
the standard orientation. Equivalently, if T' is bipartite, then the family {X;X;}u er is
combinatorially free in E (recall that we took the order on monomials induced by X; > Xy >
- > Xy), i.e. for every different cuples (i1, 1) and (i9,jo) in E, we have j; # is.

From now, we denote by {i, 7} edges from the undirected graph I' and (i, j) edges of the
graph I" endowed with its standard orientation. Of course, we only discuss cliques of the
undirected graph I'. Let us give an example:

Example 22. Consider T the graph with three vertices {1;2; 3} and two edges {{1,2}; {1,3}}.
The graph T is bipartite and we have the following representation:
3 3
, or with standard orientation: /

1 —2 1 —— 2

4.1.2 Gradation and RAAAs

Let us begin with some introductory results on the functor Grad (for more references, see (69,
Chapitre I]). We first show that the functor Grad sends homogeneous ideals (i.e. ideals
generated by homogeneous polynomials) in E to homogenous ideals in &

Observe that E(I") is an augmented algebra, so filtered by powers of the augmentation
ideal.

Lemma 11 (Gradation of E(I')). We have Grad(E(I")) = &(T').
Proof. We just need to show that Grad(I(I")) = #(I"). We always have .#(I") < Grad(I(T")).

Let us show the reverse inclusion.
Take z € I(T"), and write z := Zijul @ijut| Xi; X;]biju, where a,b € E. Let us express z as
a (possibly infinite) sum of homogeneous polynomials:

Ajjul ::E gijuls and bz’ju ;:5 hbz’jua
geN heN

where ,a;;,; and ,b;;, are homogeneous polynomials of degree g and h. Therefore, we have
the following (possibly infinite) sum of homogeneous polynomials:

2= 3 Y (i) [Xs X5 (nbigu)-

neN ijul g+h+2=n

So, if deg(z) = n, we infer:

z=)_ (9@iju) [Xi; Xj](nbiju) € S ().
ijul g+h+2=n
Therefore Grad(I(I')) = #(I') is a homogeneous ideal. O
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Remark 19. Lemma 11 is still true if we take I a two-sided ideal in E generated by homo-
geneous elements w,, (which can be seen both in E and & ). More precisely, Grad(I) will also
be generated by w, as a two-sided ideal in & .

Recall, from the Condition (4.1), that we defined wy,, := ¢([zy; x,]—1) in E. We compute
here the homogeneous polynomials occurring in the expression of wy,,.

Lemma 12. We have the following equality:

Wyy = - n.k uy <Y uy Y wnere n,k uy Ny) = .
(Z( 1)”ZP,<X,X>> [Xu; XoJ,  where (X X,) = XEX)
neN k=0

Proof. For every integer n, we introduce the homogeneous polynomial of degree n: P,(X,; X,) :=
(=)™ > %o Puk(Xu; Xy) € E,. Let us observe that P, satisfies the following equalities:

= X"+ X7+ Py o( X Xo) Xu Xo. (+)

Now, let us compute wy,. For this purpose, we introduce the series Z := > 7 (—1)"P,(X,; X,),

and we infer:
Wy = (14+ X)) 1+ X)) 1+ X))+ X)) — 1

=1+2)(1+X,+X,+X,X,) — L (x%)
=X, + X, + XX, + 72+ Z(X, + X)) + ZX, X,

Let us denote by wy,, the term (homogeneous polynomial) of degree n in w,,, i.e.
oo
Wy 7= D" Wyy,n- Observe that:

Wyp1 =0, and  wyyo = [Xu; Xy
For n > 3, we obtain from (xx):
Wavn = (—1)" [Po(Xu Xo) — Pom1 (X Xo) (Xu + Xo) + Pra (Xt Xo) Xu X
We conclude by applying relations given in (k). H

Proposition 28. Denote by A the ideal in E generated by {w., := ¢([xy; x,]—1); (u,v) € E}.
Then A = I(I') and Grad(A) = #(I).

Proof. From Lemma 12, we notice that A C I(I"). Furthermore, .#(I") C Grad(A) and from
Lemma 11 we infer that Grad(A) = .#(I'). Consequently, Grad(A) = Grad(I(I')) = #(T").
By [69, Corollaire (2.3.15), Chapitre I| we conclude that A = I(T"). O
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4.2 Proof of Theorem E

The goal of this part is to compute &(G), when G is presented by a family of relations g
coming from a graph I', endowed with standard orientation (see Remark 10), satisfying the
Condition (4.1).

Theorem 23. Assume that G admits a presentation with relation la g satisfying (4.1).
Then &(G) = &(T).

We show that & = #(T"). We split the proof into several steps. Using the proof of |29,
Theorem 3.7| we give Equalities (B1) and (B2) in subpart 4.2.1. This allows us to express
elements in I modulo E,,;; for every integer n. The rest of the proof is done by contradiction.

In subpart 4.2.2, we infer Equalities (B3) and (B4) from monomial analysis (Grébner ba-
sis, see [130]) and the fact that wa := {X; X} j)ea is combinatorially free. In subpart 4.2.3,
we show Equality (B5) from l,, := [z4;%,], Lemma 12 and Grébner basis arguments. We
finish the proof with subpart 4.2.4, where we conclude that the contributions given by the
homogeneous polynomials in the expressions of w;; and w,,, for the computation of .#, only
come from the dominant terms. So we conclude . = . (I).

Recall that wa = {X; X} jjea and wg = {X, X, }(wven. We introduce £, and Ig
the ideals in & generated by wa := {[X;; Xj]} (i j)ea and W := {[Xu; Xo]} e We denote

by /(?) (resp. N :ﬁ;) the leading terms of a fixed Grébner basis of #(I') (resp. Za, IB),

—

i.e. Z(I') is a set of generators of the ideal generated by the leading monomials of elements
of #(I'). By Remark 18, we can take .#o := wa, furthermore since Fo + /g = Z(I'), we

L~

choose #(I), Ia and S such that:

wa Uwg C ZU @ C ?(?), and Z = {X;X;}ujea, wWmC @. (BO)

4.2.1 Decomposition

If A is a subset of E, we recall that we have

Grad(A) :== PIANE, + Ens)/ o).

n

Furthermore, Grad(A) is a subset of &
Observe that Z (') C .#. By [130, Theorems, Parts 2.3 and 2.4], the ideal .#(I") admits a

complementary subspace 61 with a monomial basis given by monomials not containing .# (I").
By Equation (B0), these monomials do not contain wa U wg.

Furthermore, we denote the gradation on ér by ér := @, ér,,. Let us define by 4, a
complementary subspace of .Z, N 61, in 6r,, i.e. G, = €, D(SF N Ern).
Introduce € := @,, €,, this is a complementary subspace of . in &, and every element ¢ €
%, can be uniquely written as ¢ = ), ¢;, where ¢; is a monomial of degree n in ér,. Denote
by C =[], ¢, and Cr := [[, 6r,, these are filtered subsets of £. By [69, Chapitre I,
(2.3.7)], we have Grad(C) = ¢
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In the beginning of the proof (first two pages) of [29, Theorem 3.7|, Forré showed that C
is a complementary subspace of I in F, and for every integer n, we have the following

decomposition:
I=CWE+ 1", (B1)

where W is the F)-vector space generated by w;; := ¢(l;; — 1), for (i,7) in AU B. B
Our goal is to show that .# = #(I"). Take f € I of degree n, we need to prove that f
(which describes a general element in .#) is in #(I"). Using Equality (B1), we can write:

Nij MNijk Nuv Nuvo

Z Z Z Sijkl + Z Z Z Suvog + Tnt1, Where

(i,7)€A k=1 I=1 (u,v)€eB 0=1 g=1

— — n+1,
Sijkl = Cijklwinijk7 Suvoq = Cuvoqwquuvm and Tn+1 €l )

for ¢, in C and X, a monomial in £.

Therefore,
f = Z Sijkl + Z Suvoq (mOd En+1)- (BQ)

deg<n deg<n

Then, without loss of generalities, we can write as a sum of monomials of degree less or

equal than n in Cr: ¢jp = Z;ﬁ’{l Cijklg, and  Cypoq = ZZ““I‘"] Cuvogh-
From now, we simplify the notations on indices by denoting c;ji; and ¢y @s monomials
in Cr. Recall by Lemma 12 that we have the following sum of homogeneous polynomials:
o T
Wy = Z Z Wywrz, with Wyprz = T—Q,z(Xu; XU)[Xua Xv]a
r=2 z=0
where wy,,. is of degree r. _

A natural candidate for f would be Zdeggn i [ Xy X5 Xign + Zdeggn Cuvog| Xu; Xo] Xuvo-
However, the terms in the previous sums can be of degree strictly less than n. We then
work on degree arguments. Especially, we shall study particular leading monomials and so
we shall choose special indices, that we will denote by bold letters.

4.2.2 Monomial analysis

Similarly to the proof of [29, Theorem 3.7|, we introduce ma := inf;jp (i j)ea (deg(sijr)). The
goal of the rest of the proof is to show that ma = n, then we conclude that this equality
allows us to show that f is in .# (I'). We argue by contradiction to show that ma = n.
Assume that ma < n, then from Equality (B2), we infer:

E : Cijkl [Xu XJ]XZ]k + E Cuvoqwuveruvo = 0.
deg=ma deg=ma

Furthermore, by definition of m4, we can assume for every (¢, 7) in A and k that >, ¢;;i # 0.
Define pua and pg by

HA = Z Cijkl[Xi;Xj]Xijka and UB ‘= Z Cuuoqwuveruvo

deg=mAa deg=mAa

87



Before studying the polynomials pa and pg, we bring back some results on strongly
and combinatorially free families from [29]|. Recall that .#a is the ideal of & generated
by wWa = {[Xi; Xj]} ¢, )ca, and denote by _#Za the ideal of & generated by wa. Since wy is
combinatorially free, we infer that wa is a Grobner basis of #4, and by [29, Theorem 2.6] the
family wa is strongly free, i.e. if we denote by &%; the augmentation ideal of &, the &/.Za-
module Sy / Fa 851 is free over Wa. Moreover, by [29, Theorem 2.3|, the family wa is a basis
of the free &/ _Za-module Za/ Zaé>1.

Let us define €a the subspace of & generated by all monomials not containing wa, .
By [130, Theorems Parts 2.3 and 2.4|, we notice that the [F,-vector space €a is both a
complementary subspace of #5 and _#. From that fact, we can apply the strategy used
in [29, Theorem 3.7, beginning of the page 181].

If up = 0, then pua = 0. The proof of [29, Theorem 3.7, beginning page 181] shows
that this case is impossible, since {[X;; X;]} ¢ jjea is strongly free and ¢, does not contain
monomials in wa so is in €. Consequently, up and pa are both different from zero. This
implies that

fia = i # 0 (B3)

We study now the structure of the monomials fia and ip.

From Remark 10, the family .5 is combinatorially free, then it is strongly free (see |29,
Theorem 2.3|). Using a similar argument as [29, Beginning of page 181|, we infer that 1 =
GiraXiX;Xij for some fixed coefficients (i,j) € A and k,1. Indeed if the previous equality
does not hold, there exists a relation of the form:

Z CijiXiX; X5, = 0.

ijkl

Since {X7;...; X4} is a &-linearly independant family, we can assume that at least one
monomial Xjz has valuation zero (so is in [F,), then we obtain a relation:

Z CijleinXijk =0 (mod /Agzl)'

Since Wy is strongly free, we infer that ), ¢jji is in €a N _#Za = {0}. This is a contradiction.
Consequently, we can write:
IL/LX = MAXinXA <B4)

where Mp = ¢ and Xa = Xjjk. Observe that My is a monomial in %, so from (B0),
the monomial M does not contain monomials in wa U wg.
Recall, from hypothesis, that ma < n := deg(f). Let us show that g has the following

form:
g = MpX X, Xp (B5)

for some fixed (u,v) in B, some monomial Xg and some monomial Mg not containing
submonomials in wa U wg. From Lemma 12, g has one of the following forms, for some
fixed index (u,v) € B:

(a> /jE = Cuvquer,z(XU7 Xv>XuXvXuv0q7 or (b> /jE = Cuvqurf2,z(XU7 Xv>XvXuXuvo-
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The monomial Py_s,(Xy, Xy) contains a monomial of the form X, X, with (u,v) € B if
and only if 0 < z < r — 2. Observe that g has one of the following from:

(1) the case (a),

(77) the case (b) with 0 <z <r — 2,
(i73) the case (b) with 0 = z, but cyyvoq := XX, where X is a monomial and (u,v) € B,
(tv) the case (b) with 0 = z, and cyyoq does not finish by X, such that (u,v) € B.

For the case (i) — (iii), we always infer a monomial Mg not containg a submonomial in wa U
wp such that ig = MpX,X,Xg, so a positive solution to Equation (B5). In the next
subpart, we show that the case (iv) is impossible, which allows us to infer (B5).

4.2.3 Structure of /5.

To conclude, under the hypothesis ma < n, we show that the case (iv) is impossible. By
contradiction, we assume that

B = Cavoq X Xy XuXuve, for some integer r, and

€ 1= Cuvoq X~ 2 does not contain a monomial in W U Wg.
By Equalities (B4) and (B3), we infer:
B = Xy XuXuvo = CijlaXiX; Xijk-

Since ¢X, X, does not contain a monomial in w,, we infer that there exists a monomial X/,
include in ¢ such that
!/
Xuvo = XvoXiXjXijk-

uvo

Consider the following restricted sum pj of up where every polynomial of degree ma finishes
by XiX;Xijk, and i, j, k is fixed from (B4) (here X;X;Xj is the end of fia):

,u;3 = Z Z Z Z Cuvoqwuveruvoa

deg=ma (U,U)EB 0,4,7,2 Xuvo=X], XinXijk

uvo

This sum is not empty, every term in that sum finishes by X;X;Xjk, and that sum is in /g:

the two-sided ideal of & generated by wg. Observe that ug = uf.
Define ug by pp = ps(XiXjXin). Notice that pg is in #g. Therefore uf; contains a
monomial in #g. Furthermore, by definition

e = g = EXiX;Xik = GijraXiX;Xijk,

consequently /1573 = Gijua 18 in 61 and therefore by (B0) does not contain monomials in 3;3.
This is impossible. We studied all cases, so we conclude that up satisfies Equality (B5).
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4.2.4 Conclusion

Let us first show that ma = n. If ma < n, then from Equalities (B3), (B4) and (B5), we
have:
MaXiX;Xa = M Xy X XB.

Therefore, Mo = Mgy. This is impossible since )£1 # Xu. We conclude that ma = n.
Let us now finish our proof, by showing that f is in #(I"). Using Equality (B2), we have

modulo E,, :
f = § Sijkl + § Suvoq-
deg=n,ijkl,(i,j)EA deg<n,uvoq,(u,v)EB

Since f and Zdeg:n Siji are both of degree n, then > deg<n Suvog is at least of degree n, and

by Lemma 11 we have Zdeggn Suwwog € F(I'). Consequently modulo E,, 1, we infer:

fE Z Sijkl+ Z Suvoq = Z Sijkl+ Z Suvoq

deg=n deg<n deg=n deg<n

= Z Cijkl[Xi;Xj]Xijkl + Z Suvog-

deg=n deg<n

Thus f € #,(T'), so Z () = 7.

Remark 20. In the proof of Theorem E, we constructed a filtered IF,-vector space Cr, and
we showed that if & = J(I'), then E(G) is isomorphic to Cr as a filtered IF,-vector space.
In fact, we can define an algebra structure on Cr using the natural surjection ¢: E — E(Q)

induced by the Magnus isomorphism and show that Cr is indeed isomorphic (as a filtered
algebra) to E(G).

Remark 21 (Gocha series and filtrations for groups satisfying the Condition (4.1)). We
assume that G admits a presentation which satisfies the Condition (4.1). The gocha series
of G s given by:

1
ZZ:0<_1)16016(1”75]{”7

Let us denote by a, = dimg, G,,/Gri1. Then using [92, Theorem 2.9/, we can explicitly
compute coefficients a,, for every integer n. See also [45] for an equivariant study.

gocha(G,t) = and h"(G) = c,(I"), for every integer n.

4.2.5 Example

Let us give an example:
We define I" a graph with 6 vertices and five edges given by E := A U B, where A :=
{(1,2);(1,3)} and B := {(4,5);(4,6); (5,6)}. A representation of I is given by:
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3 6
1l —— 2 4 ——— 5
Take G a pro-p group defined by six generators and five relations of the form [5 g given

by:
l12 =1+ [Xl, XQ] (I'IlOd E3)7 and 113 =1+ [Xl, Xg] (mod Eg),

lis == [r4; 5], lag := [v4;76], and lse == [25; 7).
Observe that I and the relations Ig satisfy the Condition (4.1). Therefore, by Theorem E,
the algebra &(G) is given by &(I') := &/.# ("), where
S (D) = ([X1; Xo], [X1; Xa], [Xa; X5], [Xa; X], [X5; Xe)-
Furthermore, thanks to Proposition 27, that we prove in Part 4.3, we have:

RYG) =c1(T) =6, h*(G)=c()=5 h¥G)=c(I)=1, else h"(G)=c,(T)=0.

Consequently G has cohomological dimension 3.

4.3 Applications to pro-p groups with quadratic presen-
tation

In this part, we begin to prove Proposition 27, then we illustrate it with some examples.
We say that G has a quadratic presentation if it is presented by a family of quadratic
relations [ := {[;} (i.e. [; is in Fy \ F3).

4.3.1 Proof of Proposition 27

[ am thankful to Thomas Weigel for the following argument. We also refer to [73] for further
details.

Let us denote by A.(G) the graded algebra indexed by negative integers: A (G) :=
D, Ai(G) where A;(G) := &_;(G). Following notations from Theorem [125, Theorem 5.1.12.(2)]
and its proof, if the algebra &(G) is Koszul then Extz:(c) is the quadratic dual of &(G)
generated by Xj,..., X, where every X; is endowed with bidegree (—1,2). In particu-
lar, Ext*zt.(G) # 0 only if ¢t = —2s.

From Theorem [125, Theorem 5.1.12.(2)], we infer a spectral sequence (E2*;d,) and a
filtration F'* on H*(G) such that:

o Ep* = Exty® o (F,. Fy),

° Eigf — FsHs+t(G)/Fs+1Hs+t(G)_
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In particular, we have d; = 0, so we infer an isomorphism of graded algebras E}"* ~ E%°.
The filtration F'* on H*(G) is decreasing and from the convergence of the spectral sequence,
we obtain:

D P~ gY@y = HY(G) D F"H™(G) = HY(G) > F-"VH"(G)=0...
Consequently, we infer the following isomorphism of graded algebras:
H* (G Fp) ~ Extlyg) (Fp; Fp).

Remark 22. We propose an alternative proof, using Serre’s Lemma [69, Partie 5, Lemme 2.1],

of the fact that we have an isomorphism of graded vetor spaces between H*(G;Fy) and Exty ) (Fp; Fp).
Let & = (£,0;) be a Koszul resolution of F,, then there exists a E(G)-free reso-

lution P := (P;,d;) of F, such that Grad(P) := (Grad(F;),Grad(d;)) = £, i.e. for ev-

ery i, Grad(P;) = &; and Grad(d;) = 6;. Moreover, there exits a family p; ; in P; such that

IDZ' = szﬂE(G) and @z = leJg(G)
J J

Since P; (resp. &;) is a free compact E(G)-module (resp. graded &(G)-module), we infer
two isomorphisms of discrete IF,,-vector spaces:

Hompgq)(P;;Fp) ~ @pfj]Fp, and  Homg ) (P Fp) ~ Dij Fp,

J J

where p;; (resp. Dij*) is the function which maps ), pae; € P; with e; € E(G) (resp. Y, Difi €
P, with fi € &(Q)) to e(e;) (resp. €(f;)), for € the augmentation map of E(G) (or &(G)).

Define by gr: Hompg)(P;;Fp) = Homeq)(Z;F,) the morphism of Fp-vector spaces
which maps p;; to pi;*. We infer the following diagram of discrete F,-vector spaces:

Hompa)(Pit1; Fp) T Hompgq)(Pi;Fy) D E— Hompg(Pi-1;Fp)

J» 2 I+
HOmg(G) (1@1’—&-1; ]Fp) (T Homg(g) (1@“ Fp) <6—* Homg(g) (@i_l; Fp)

Observe that the previous diagram is in general not commutative. Since the resolution &
15 Koszul, we show that the previous diagram is indeed commutative. More precisely, we
show that for every i, the map d is zero.

Since d; is a filtered morphism, we can write d;(pi;) == >, Pi—1,m 22:1 Qm Xk + Cig
with ¢;; an element of degree strictly larger than i in P_y, and ¢;; = >, Di—1mUm. In
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particular, €(u,,) = 0. Consequently, we have:

d:<p:—1,j>(pi,l) = p;'kq,j o di(pis)

d
= p;‘_m (Z Pi—1m Z Qe Xk + Ci,l)
m k=1
d
=DPi_1, (Z pi—l,m(z O X + um))
m k=1

= E(OékJXk + u]’)
= 07

therefore we have d; = 0.

4.3.2 Free pro-p groups

Assume that G is a free pro-p group, then by the Magnus isomorphism, we infer &(G) ~ &.
Using Proposition 27, we obtain the well known result:

H*(G) = Exty ) (B, F,) = H'(G).

4.3.3 Mild quadratic pro-p group

In this subsubsection, we slightly improve [98, Theorem 1.3].

From [29, Theorem 3.7|, if G has a mild quadratic presentation, then &(G) is a quadratic
algebra. In fact, in the proof of [98, Theorem 1.3], Mina¢-Pasini-Quadrelli-Tan showed that
the algebra &(G) is Koszul. Denote its quadratic dual by <7 (G) (see for instance [108,
Chapter 1, Part 2] for more details).

Corollary 12. Assume that G has a mild quadratic presentation. Then H*(G) and &(G)
are both quadratic algebras. Furthermore, we have:

Proof. Since &(G) is Koszul, we can apply Proposition 27. We infer
H*(G) ~ Extg ) (Fp; Fp).
Furthermore Extg ) (Fy; F,) ~ &/ (G). Consequently:

H*(G) ~ Exty g (Fp; Fp) ~ (G).
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4.3.4 Pro-p Right Angled Artin Groups

We say that Gr is a Right Angled Artin Group (RAAG) if Gr admits a presentation .% /Sr
where % is the abstract free group on {zi;...;z4} and Sr is a normal subgroup of .#
generated by [z;; x;] for (i,7) € E.

We say that G(T') is pro-p RAAG if G(TI") is the pro-p completion of Gr. The pro-p
group G(I') admits a presentation F'/Rr where F' is a free pro-p group over {xi;...;x4}
and Rr is a closed normal subgroup of F' generated by [z;;z;] for (4, ) € E.

The algebra H*(G(I")) is already known. Lorensen [76, Theorem 2.7] showed that

H*(G(T")) ~ H*(Gr).
It is also well-known, see [6], that H*(Gr) ~ 7 (I"). Consequently

Theorem 24. Let G(I') be pro-p RAAG, then we have the following isomorphism:

We propose another proof of Theorem 24.

Proposition 29. Let G be a pro-p RAAG with underlying graph T, then we have E(G) =
E(T"). Therefore, we infer:

E(G)~ &), and H*(G(T)) =~ (D).

Proof. Here, we just need to observe, following notations of Proposition 28, that I = A. Then

we infer, using Proposition 28, that F(G) = E(I'). From Lemma 11 and Proposition 28, we
conclude that &(G) = &(I).

Consequently, &(G) is quadratic and Koszul. We finish the proof using Proposition 27.

]

Remark 23. Observe that the Fy-vector space Cr constructed in Subpart 20 does depend
only on I'. In particular, using Remark 20 and Proposition 29, we conclude that the filtered
vector space Cr is isomorphic to the filtered vector space E(T).

4.3.5 Prescribed and restricted ramification

We finish this chapter by showing a more precise version (and a proof) of Theorem D:

Theorem 25 (Galois extensions with prescribed ramification and cohomology). FizT" and Ig
satisfying the Condition (4.1). Then, there exist a totally imaginary field K and a set T of
primes in K such that G%, the Galois group of the mazximal pro-p extension of K unramified
outside p and which totally splits in T, is presented by set of generators {xy;...; x4} and set
of relations o satisfying the Condition (4.1).

Furthermore, there exist a quotient G of G% satisfying &(G) ~ &(T). In particu-
lar, H*(G) ~ </ (I).
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Proof. Take k := Q(y/—p) and define k, the maximal p-extension of k unramified outside
places above p in k. From [80, Proof of Corollary 4.6] we observe that p is coprime to the class
number of k. Consequently, from [59, Theorems 11.5 and 11.8] we infer that Gy, := Gal(k,/k)
is a free pro-p group with 2 generators.

Let F' be an open subgroup of Gy with index |Gy : F| larger than d. Then using
the Schreier formula (see [102, Theorem 3.3.16]), we infer that the group F is pro-p free
with d' := 1+ |Gy, : F| generators. Let K be the fixed subfield of k, by F. Observe that K,
the maximal p-extension of K unramified outside places in K above p, is equal to k,, and
so F:= Gal(k,/K) = Gg. We define V' := [d + 1;d'].

By the Chebotarev Density Theorem (see for instance [45, Part 2|), there exists a set of
primes 7" := {pi;, v} (i,j)cawev’ in K with Frobenius elements o;; (resp. 0,) in F' conjugated
to an element [;; (resp. [,) in F satisfying l;; = [z;; x;] (mod Fj) (resp. I, = z, (mod F3).
Define R the normal closed subgroup of Gx generated by la and [y, then we infer G% =
Gk /Ra, which is mild presented by generators {z1;...; x4} and set of relations /5 satisfying
the Condition (4.1). Introduce K] the maximal Galois subextension of K, which totally
splits in T'.

Define Rp the closed normal subgroup of Gk generated by images of lg = {l,, =
[Zu; 2]; (u,v) € B}, and K(T) the fixed subfield of K| by Rp. Then a presentation of G :=
Gal(K(I')/K) is given by F'/R, where F' is the free pro-p group generated by {z1;...;x4}
and R is the closed normal subgroup of F' generated by the family lg.

Since Ig satisfies the Condition (4.1), using Theorem E, we infer that

]

Corollary 13. For every integer n, there exists an integer d > n, a totally imaginary field K
and a set T of primes in K such that the Galois group G%:

(1) is mild on d generators,
(7i) admits a quotient G presented by d generators and of cohomological dimension n.

Proof. The case n = 1 and n = 2 are already well-known. The case n > 3 is a consequence
of Theorem 25. We give more details below.

If n =1, we can take K := Q(y/—p) (or the field K given in the proof of Theorem 25),
and T empty. Then, as showed in the proof of Theorem 25, the group G := G?( is a free
pro-p group with d = 2 generators, so of cohomological dimension 1.

From now, we fix I'a a graph with 3 vertices {1;2;3} and two edges: {1;2} and {1;3}.
The graph I'a is bipartite.
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If n = 2, we take for instance I' := 'y, and we apply Theorem 25. Consequently we infer
a field K and a set T of primes such that the group G := G% is mild presented by d = 3
generators, so of cohomological dimension 2.

Ifn > 3, take I' := 'y UI'g, where I'g is the complete graph on n vertices. The graph '
satisfies the Condition (4.1), has clique number n, and admits d = n+3 vertices. Then <7 (I")
has cohomological dimension n and admits d generators. We conclude with Theorem 25. [J
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Chapter 5

On maximal extensions of Pythagorean
fields and oriented Graph products

Context

Absolute Galois groups and their quotients play a fundamental role in field theory. For
instance, Neukirch and Uchida [129] showed that number fields are determined by their
absolute Galois groups. However, notice that p-Sylows of absolute Galois groups are not
sufficient for determining underlying fields (see [77]).

In this chapter, we are interested in the class &2 of maximal pro-2 extensions of formally
real Pythagorean fields of finite type (that we denote by RPF). These fields, and their pro-2
absolute Galois groups, were investigated by Mina¢-Spira [87], [94], [88] and [95], Marshall
[82], Jacob [51] and Lam [67]. As a consequence of Milnor’s conjecture [86] (see also [55]),
Witt rings, pro-2 absolute Galois groups and their cohomology are strongly connected to the
set of orderings of RPF fields, which are sufficient to characterize them (see [82]). Let us
quote Voedvodsky [133] and De Clercg-Florence [17, Part 14.1| (partial proof) for resolution
of this conjecture.

Minac in [87] describes the class &2 as the minimal class of pro-2 groups containing A :=
Z/27 stable by coproducts and some semi-direct products, and Mina¢-Spira [94] and [95]
showed that RPF fields are characterised by the third Zassenhaus quotient of their pro-2
absolute Galois groups. The goal of this work is to study explicit presentations on Z.

For this purpose, we relate the class & to the well known class of pro-p Right Angled
Artin Groups (RAAGs): we refer to [6] for a general introduction. Snopce and Zalesski
[122, Theorem 1.2] gave a criterion, on the underlying graphs, for RAAGs occuring as pro-p
absolute Galois groups. Blumer, Quadrelli and Weigel |7, Theorem 1.1.(7)] also introduced
pro-p oriented RAAGs and characterise, from the underlying graph, the ones who are pro-p
absolute Galois groups.

Let us now precisely introduce the main results of this chapter.
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The class of A-RAAGs

Let A := 7Z/27 be the multiplicative group of two elements generated by x, and let us
introduce a class of pro-2 groups that we call A-RAAGs; these groups are semi-direct prod-
ucts of (pro-2)-Right Angled Artin Groups by A, where the action inverts a "natural" set
of generators. More concretely, consider T' := (X;E) an undirected graph with d vertices
{1;...;d}, and denote by ¢,(I") the number of n-cliques of I, i.e. maximal subgraphs with
n vertices. We say that G is a pro-2 right Angled Artin Group (RAAG), if we have a
presentation:
1-R—F — Gr —1,

where F' := F(d) is the free pro-2 group on d generators {xy;...;z4} and R is the normal
closed subgroup of Gr generated by {[z;; 2;]} ijyek and [z;; 5] := a7 2 'w;.

From [44, Proposition 3.16], we can define an action:

§: A — Aut(Gr), such that §(z)(z;) = ;"

We set Gp a = Gr x5 A, and we define by A-RAAGs the class with all objects given by Gr a
where I' varies along all graphs. Similarly to the class &2, the class of A-RAAGs is stable
by coproducts (see Theorem 30) and by some specific semi-direct products (see Remark
25). The study of A-RAAGs is motivated by Proposition 30, which allows us to recover the
Zassenhaus filtration of a A-RAAG from its underlying graph.

Our results

Let K be a field of characteristic different from 2 and denote by G its pro-2 absolute Galois
group. Define L := K(y/—1) and G, its pro-2 absolute Galois group. We assume that K is
a formally real Pythagorean field of finite type (that we denote by RPF), i.e. (i) —1 is not
a square, (77) the sum of two squares is a square, (ii7) the group K*/K?* is finite.

Observe that A ~ Gal(L/K) and we have an exact sequence of pro-2 groups:

1-G, =G —-A—1 (5.1)

We infer the following result, related to [122, Theorem 1.2] and [7, Theorem 1.1].

Theorem F. If K is RPF, then the exact sequence (5.1) splits, G is RAAG and Gk is
A-RAAG. Conversely, if a A-RAAG occurs as a pro-2 absolute Galois group over a field K,
then K is RPF.

As a corollary, we infer:

Corollary. The pro-2 group
G =< 21,79, 73, 74| [T1,29) = 1, [w3,24] = 1,27 = 1, mozj7007; = 1,Vj € [1;4] >

does not occur as a pro-2 absolute Galois group.
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Minac¢ and Tan introduced two conjectures characterising pro-p absolute Galois groups
among all pro-p groups: the Massey vanishing and the Kernel unipotent conjectures [96].
Contrary to the Kernel unipotent conjecture, the Massey vanishing conjecture was well
investigated, see for instance [97] and [47]. Snopce-Zalesski [122], Blumer, Quadrelli and
Weigel |7, Corollary 1.2] showed that all pro-p oriented RAAGs occuring as pro-p absolute
Galois groups satisfy the Massey vanishing conjecture. Quadrelli [110] also showed that &2
satisfies the Massey vanishing conjecture.

Theorem G. Assume that G is either a pro-p RAAG or a A-RAAG occuring as an absolute
Galois group, then G satisfies the Kernel unipotent conjecture.

Structure of the chapter

We begin by studying the Zassenhaus filtration of A-RAAGs. Then we show that the
class & is a subclass of A-RAAGs. We also prove in this chapter that &7 satisfies the
Kernel unipotent conjecture. Finally, using our filtrations’ results, we observe that A-RAAGs
which occur as pro-2 absolute Galois groups have necessarily underlying RPF fields. As an

application, we give an example of A-RAAG which is not an absolute Galois group for any
field.

Notations

We introduce useful notations for the chapter.

Algebraic Notation

e We denote by F(d) the free pro-2 group on d generators (or F' when the number of
generators is clear from the context).

e We recall that G is a finitely presented pro-2 groups with generators {xo;z1;...; x4}
and relations {l;...;l,.}. We have the presentation 1 - R — F — G — 1, where F is the
free pro-2 group with generators {zo;x1;...;24} and R is the normal closed subgroup of F’
generated by {ly;...;1.}.

e We define H™(G) the n-th (continuous) cohomology group of the trivial (continuous) G-
module Fy. The cohomological dimension of G is the smallest integer n (which can be infinite)
such that for every m > n we have H™(G) = 0.

e Let us denote by E(G) the completed group algebra of G over Fy, and E, (G) the n-th
power of the augmentation ideal of F(G).

e The Zassenhaus filtration of G is defined by G,, = {g € G;¢(9 — 1) € E,(G)}, and we

introduce
ZL(G) =P Gn/CGri1, and E(G) = @ En(G)/Ena(G).

neN neN

We call £ (resp. &) the free graded Lie algebra (resp. graded algebra) on {Xi;...; X4}
over [Fy.
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e Finally, we define the gocha series of G by:

gocha(G,t) := Z cpt", where ¢, = dimg, £,(G)/En1(G)
n=0

Graphs notations

We introduce a few notations related to graphs.

e Let I' := (X,E) be a graph with d vertices. We denote by ][ the disjoint union of
graphs and V the join. We introduce ¢,(I') the number of n-cliques of T', i.e. maximal
complete subgraphs with n vertices and the polynomial

T(t) == ()"

e We denote RAAGs by Gr, with {x1;...;24} as a (canonical) set of generators of Gr.
We define ¢ an action of A on Gr by 0(zg).x; = [Ej_l. We say that a group is A-RAAG, if
we can write it as:

G["A = GF A A.

Finally, we denote by &t the quotient of the algebra of noncommutative polynomials on
{X1;...; X4} over Fy by the two-sided ideal generated by {[X;; X;]}jijjen. We call @ its
quadratic dual.

5.1 The class of A-RAAGs

In this part, we study the Zassenhaus filtration on A-RAAGs.

5.1.1 Filtrations on A-RAAGs
We begin by a result on the Frattini subgroup of A-RAAGs.

Lemma 13. We have [Gra;Gral = Gras = Gra.

Proof. For this proof, we use the following equalities:
() [o,y] =272 (xy~")%y%,

(1) [xo;x] = xoxixole = :1:;2

From (i), we observe that [Gr.a;Gr.a] C Gras.
Let us show that Gr a2 C Gra. Take z € Gra. Up to an open subgroup, we can write

xo= (i, ... 73,7,
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with @, in {zo;... ;24,27 ... 2"}
? (mod [Gra;Gral) is an element in Gr a».

Consequently, = = a7 ...z}
Now, we conclude by showing that Grs C [Gra;Gral. Again, we take = in Gry. Then
2

up to an open subgroup, we infer that x = z7 ...27? (mod [Gr, Gr]), which is from (i) an
element in [Gr a; Gral.
[

Let us now infer general results on the Zassenhaus filtrations of A-RAAGs.

Proposition 30 (Zassenhaus filtration of A-RAAGs). For every n > 2, we have:
Grn = Gran.
Proof. The proof is done by induction. First we have
[GF,A; GF,A] = G%,A = G%-

Assume n > 2, then from [19, Theorem 12.9], we have:

GF,n = G%,(n/g] H [Gr,z‘; Gr,j]

i+j=n

= G%,A,mm H [Grai Groa ]

i+j=n
- GI‘,A,n-

5.1.2 Third Zassenhaus quotient of A-RAAGs

In this part, we study the group % a := Gra/Gr a3, where G3 := G*[G?%; G]. Let us recall
that this third Zassenhaus quotient plays a fundamental role in the study of absolute Galois
group of RPF, which is called Witt group in that context. We refer to [94] and [95] for
further details.

Lemma 14. We have:
gF,A ~ GF/GF,S XA,

where the action is given by inversion of generators, i.e. xox;x9 = T; .

Proof. From Proposition 30, we infer:
GrNGras=GrNGrs=Grgs.
Consequently, we obtain an exact sequence:
1 —= Gr/Grs — %.n — A — 1,

which splits and the action of A on Gr/Grgs is given by xoz;xo = x; L O
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Corollary 14. We have
gl“z,A = [gF,A§gF,A]-

Proof. Since ¥ is a 2-group, we have the inclusion [%ra; % a] C 42
Let us show the reverse inclusion. We have:

[%0.A;% Al = [Gr.a/Gras; Gra/Gras)
= [GF,A; GF,A]GF,A,s/GF,A,s
= GiAGras/Grags

O

Remark 24. Some results of the previous parts were already proved by Mindc-Rogelstad-
Tan. We refer to [92, Corollary 4.8 and Lemma 4.12].

5.1.3 Gocha series and associated graded algebras
Let us define _Zr A (resp. Z(_Zra)) by the two-sided ideal of & (resp. .£) generated by:

{[Xi, X;), and [Xo; Xi) + X7 }ij)eR and 0<k<d-

We introduce

Cc(‘gnA = g//nA, and gpyA = g/g(/F,A)
Lemma 15. We have an isomorphism of graded-Fy Lie algebras:
$<GF,A) ~ ZF,A~

Proof. Observe first that £t a is a semi-direct product of the Lie-algebra £t by Fy :=< zg >,
where the action of xy on .t is given by: zoz;x0 1= x; L
As graded vector spaces, we have from Proposition 30:

Z(Gra) ~Fa @ A(Gr), andforn>2, Z,(Gra)~ L. (Gr).
Consequently, from Proposition 30, we have an isomorphism of graded vector spaces:
D%(GRA) ~ XF,A-

To conclude, we just need to define an epimorphism between 2 A and Z(Gra). This
is easy, we have an epimorphism:

u: L — ZL(Gra), x— ;.

Furthermore, u([z;,z;]) = 0 and u([zo; z] + 27) = 0. Therefore u factors through an
epimorphism from Z A to Z(Gr.a). O
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Theorem 26. We have

&(Gra) ~ éra, and gocha(Gra,t) = ——.

Proof. The algebra &t a is the universal envelope of £ A. Consequently, using the previous
Lemma and Jennings-Lazard formula, we deduce that ér A ~ &(Gr.a).
Recall that

L(Gra) P @ %, andforn>2, Z,(Gra) ~ Lo

Then, from Jennings-Lazard formula [69, Proposition 3.10, Appendice A|, we infer:

1+t

gocha(Gra,t) = (1 +t) x gocha(Gr,t) = NEDE

5.2 Pythagorean fields

Let us recall that we denote by G (resp. G) the pro-2 quotient of the absolute Galois group
of a RPF K (resp. of L := K(y/—1)). In Corollary 15, we show that G /G% ~ G /G% x A,
where A is a subgroup of order 2 of Gx. Consequently, we define a system of generators of
Gk, by {xg,z1,...,24} where x¢ is the generator of A and {x1,..., x4} is a set of generators

of GL-

5.2.1 Semi-direct product and PYT groups
The main goal of this part is to show the following result:

Theorem 27. Assume that K is RPF. Then there exists a graph I' such that Gx = Gra
and G, = Gr. Consequently:
Gk =G X5 A,

where §(xo).w; = ;"

We introduce several results before proving Theorem 27. First, we show that we can write
Gk as a semi-direct product of G, by A. For this purpose, let us recall [87, Proposition|:

Proposition 31 (Mina¢). There exists a unique morphism ¢: G — A such that ¢(o) = xg
for every involution o in Gg. Furthermore, ker(¢) = Gy.

To conclude that G is a semi-direct product, this is sufficient to show that the morphism
¢ defined in Proposition 31 admits a section. For this purpose, we will use [92, Proposition
4.9]. Before, let us recall the following definition:

Definition 29 (SAP and superpythagorean fields). We say that K is
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o SAP if Gk = Gry.a = F(d) x5 A, where I'y is the free graph on d vertices (i.e. no
edges),

e superpythagorean if Gx = Groa = Z4 x5 A, where T'¢ is the complete graph on d
vertices.

Example 23. We give here few examples of RPF fields. We refer to [67, Chapter 8, Part
4/ for more examples and further details.

e As a first example, we can take K := R. Then R is RPF and both SAP and super-
pythagorean. Indeed, we have Ggr ~ A =Ty o, where () is the empty graph.

o As a second example, let us take K = R((x1))...((xq)), the field of iterated Laurent
series over IC. Then, the field K is RPF, and superpythagorean, i.e. we have Gk = G, a,
where I'c is the complete graph on d vertices.

Let us recall [92, Theorem 4.2 and Proposition 4.9] with full details:

Proposition 32 (Mina¢, Rogelstad, Tan). For every integer d, there exists two RPF fields N
and C satisfying |C* /C*%| = |N*/N*2| = 2%+ such that N is SAP, C is superpythagorean.
Furthermore, if we fix K a RPF with |K*/K*?| = 291 there exists C and D as before,
such that the following commutative diagram, with exact rows, holds:

1 — F(d) > Gy A > 1
| I |
dK
1 > G, >y G > A > 1
! e |
1 y 74 » Ge s A > 1

Furthermore the columns are all epimorphisms, and the first and last rows split.
We are now able to prove the following result
Theorem 28. There exists a unique morphism ¢ : G — A such that:
(1) for every involution o € Gk, we have ¢(o) = x
(i7) the kernel of ¢ is Gy,
(1i1) the morphism ¢ admits a section V.

Proof. By Proposition 31, the morphism ¢y satisfies (i) and (ii). Let us show that ¢y
satisfies (i7).

The maps ¢n and ¢ introduced in Proposition 32 admit sections ¢y and Y. Let us
define i := my 0o Y. It is indeed a section of ¢: from Proposition 32 we have

Kk © Vi (z9) = ¢pc o me o TN 0 YN (T0) = .
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Consequently, if K is RPF, we can write:
GK = GL Xy A.
Corollary 15. We have Gk /G% ~ G1/G3 x A.

Proof. Let us use the notations from Proposition 32. Since G and G¢ are A-RAAGs and
G2 C G, we deduce from Proposition 32 that G2 = G%. Consequently,

Gr/G% ~ (Gg/GL) x (Gp/G%) ~ A x G /G2,

Alternatively, we can also show this result directly using Kummer Theory. O]

5.2.2 Minac¢’ structural results

Let V be an abelian pro-2 groups and G' := H x, A be a semi-direct product, where H is
also a pro-2 group.

Definition 30 (Semi-trivial action). We define an action, that we call semi-trivial and
denote by i1y, of G on V by:

o for everyh € H andv €V, iy(h).v =,
o for everyv €V, iy(xg).v = —v.
Remark 25. Observe that:
VX, G (VX H) X, xp A
The action iy X ¢ of A on'V x H is defined by:
o (iy x ¥)(xg).h :=1(h) for every h € H,
o (iy x ¥)(xg).v :=1iy(xg).v = —v for everyv € V.
Consequently, if we take V = Z3 and T'c the complete graph on d vertices, then we have:
V %, Gra =~ Grovn),as

where V denotes the join operation of graphs.

Thus if G is A-RAAG, then V x;, G is also A-RAAG.
Let us recall |87, Theorem]:

Theorem 29. The class & is exactly the minimal class of pro-2 groups satisfying the fol-
lowing conditions:

(i) the group A is in 2,
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(i7) if G1,...,Gp arein P, then G1[[Go ][+ 11 Gm is also in 2,
(i13) if n is an integer and G is in P, then Z3 Mgy Gk isin 2.

Ezplanation of the minimality. Observe that A = Gal(C/R) = Gy is in &. In [87, Theo-
rem|, Mina¢ showed that the class & satisfies conditions (i7) and (7i7). Mina¢ also showed
the following alternative, if Gk is in &, then either:

L GK = A?
e or there exists an integer s > 1 and a family G, ..., G, in & such that Gx = [[;_, G,
e or, there exists an integer m > 0 and a group G in & such that G = Zj x; Gk.

Then we can conclude by strong induction on the number of generators of G. O]

5.2.3 Structure of Gy,

Let us recall from Theorem 28 that we can write Gx ~ G, Xy, A. From Theorem 29, we
study the structure of G.

Semi direct products

Assume there exists a group Gk, in &, and an integer n such that G ~ Z x; Gk, . Let us
compare GG, and Gp,:

Corollary 16. We have G ~ Zy x Gy, .

Proof. From Remark 25, we have:
GK ~ Zg X (GL1 Nle A) ~ (Zg X GLl) N¢'K1><i A.

From Theorem 28, GG, does not have involution, then G',, XZ3 also does not. So by Theorem
28, we conclude that G ~ G, x Z5. O

Coproducts

Here we assume that there exists two fields K; and K5 such that Gx = Gg, [[Gk,. We
study G, from G, and Gyp,.
First, we need to introduce a technical result, which will also be useful later.

Theorem 30. Let [ (resp. g) be an action of A on a finitely generated pro-2 group A (resp.
B). Then

(A AT (B, 8) = (AT]BI[2) 55 A,
where f * g is an action of A on A B][Zs which
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e acts on A by f,
e acts on B by g,
e and acts on Zsy by inversion.

Theorem 30 is a consequence of [102, Theorem (4.2.1)], which is a profinite version of the
Kurosh subgroup Theorem:

Theorem 31. Let G1,...,G, be a collection of finitely generated pro-p groups. Assume that
G =11, Gi and H is an open subgroup of G. Define S; := U;;l{s”} where 1 <i <n and
n; = |S;| a system of cosets representatives satisfying:

G = LnJ <LTLJ GiSi’jH> .
=1 \j=1

Then . .
H= (HG?J ﬂH) HZZ>
i=1 \j=1

where

3

d=> ([G:h]—mn;) = [G:H|+1, and G;“ =s;;G;s;,.

i=1
Let us now prove Theorem 30

Proof Theorem 30. Let {a;} (resp. {b;}) be a minimal system of generators of A (resp. B).
Take x4 (resp. xp) an element of order 2 in A s A (resp. B x, A).
Now, let us define a map ¢: G — A by:

e ¢(a) =0 for every a € A,
e ¢(b) =0 for every b € B,

o ¢(xrq) =9 and ¢(zp) = xo.

We introduce H := ker(¢), which is closed and of finite index, so open in G. We apply
Theorem [102, Theorem (4.2.1)] by taking G4 := A x; A, Gp := B x; A, S4 := {1} and
SB = {1}

Let us observe that G = G 1H = GglH. Indeed, if we take ¢ in G, then up to a
topological argument, there exists A in H such that:

n
L iy, Big 1 Vig, O
g .—H (aik z, b, "xg ) X h,
k=1

where «;, ,7;, are integers and f3;,,;, are in {0;1}. We conclude using that [z;; G;] C H for
i,j € {A, B}, and x 42 and xpr are in H.
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Then G := GAo][Gp, Sa and Sp satisfy the hypothesis of Theorem [102, Theorem
(4.2.1)]. Moreover, G4y N H = A and Gg N H = B. Therefore from Theorem [102, Theorem

(4.2.1)], we conclude that:
H~A[]B]] 2

Furthermore Z, is generated by x 42 as a subgroup of G. The map ¢ : A — G, which maps
xo to x4 defines a section of ¢, and induces an action of A on H which is precisely defined

by f *g.
O]

We now infer results on the structure of Gy,..

Corollary 17. We have:
G =G, [[Gr. [] Z-

Proof. From Theorem 28, we have Gx ~ Gp Xy, A, and from Theorem 30 we have
Gr =~ (Gr, [1Gr, [1Za) Xy spr, A. Using Theorem 28, it is sufficient to show that
Gr, 1 Gr, ][ Z> does not contain involution, to conclude that G ~ G, [[ G, [[ Z2. This
is true since G1,, G, and Zs do not contain involution. O

Conclusion

We finish by the central result of this chapter:

Theorem 32. If K is a RPF field, then G is A-RAAG. Furthermore, if Gg, ~ Gk, then
['y ~ Ty, where Ky and Ky are RPF fields, and Ty (resp. T's) is the underlying graph of G,
(resp. Gk, ).

Proof. First of all, from Theorem 28 if G is A-RAAG, then the actions ¥k and d coincide.
Indeed Gr does not have involution, so G = Gr.

Remark 25 and Theorem 30 show that A-RAAG is a class satisfying the conditions of
Theorem 29. We conclude by the minimality of the class & given in Theorem 29.

To show the last part of our result, we first observe, by Theorem 28, that Gk, ~ Gk,
implies that Gr, ~ Gr,. From [43, Proposition 3.4|, we conclude that &(I';) ~ & (') and
H*(Gr,) ~ H*(Gr,). Then from [57] or [126, Corollary 2.14|, we conclude that I'y ~ T'y. O

Example 24. Let us give few examples.

o For every integer d, G = Z3 x5 A (superpythagorean) and Gy := F(d) x5 A (SAP)
are in 2.

o From Theorem 29, the group G a is in &2, for every graph I' with at most 3 vertices.
But the group Gra is not in & for I' the following graph described by four vertices
and two disjoint edges:
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T €3

T2 Xy

However, from [122, Theorem 2], the group Gr is realisable as a group G, for some
field L containing a square root of —1.

Corollary 18. Let n,m be a cuple of integers, and define Uc,, (resp. T'nm) the complete
graph on n vertices (resp. the free graph on m vertices) then the following groups are realisable
as groups in P :

(1) Grealirnm.As
(i1) Gre,vrym).a, where V denotes the join of two graphs.

Proof. The groups Gr,, a and Gr,, a are realisable as absolute Galois groups of super-
pythagorean and SAP fields. Observe that:

G(FCnHFNm)»A = GFCn:A H GFN(mfl)vA’ and G(FCnVFN'm)vA - (GFCn X GFNm) Né A

We conclude using Theorem 32. O

5.3 Kernel unipotent conjecture

In this part, we show that & satisfies the Kernel unipotent conjecture. Let us first recall
this conjecture. We fix an integer n, we define U,, the group of unipotent upper triangular
matrices over [Fy, and we introduce:

Geps = mker (p: G — Upia),
p

where p describes every n-unipotent representation of G. Observe that we have the following
result:

Lemma 16. For every integer n, G,, C Gy,~.
Proof. See for instance |96, Lemma 2.5|. O

We say that G satisfies the Kernel n-unipotent conjecture if G,, = G_,~, and G satisfies
the Kernel unipotent conjecture if GG satisfies the Kernel n-unipotent conjecture for every n.
Here we show that the Kernel unipotent conjecture is satisfied for the class 2. Precisely,
we study stability of the Kernel unipotent conjecture up to products and coproducts. For
this purpose, for every g € G \ G,, we construct maps p,: G — U,4; such that p,(g) # 1.
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5.3.1 Stability by products

Let us show that the Kernel unipotent conjecture is stable by products.

Proposition 33. Assume that G1 and G are two pro-2 groups satisfying the Kernel unipo-
tent conjecture, then the group G := G1 X Gy also satisfies the Kernel unipotent conjecture.

Proof. By Lemma 16, to show that a group G satisfies the n-kernel unipotent conjecture, it is
necessary and sufficient to exhibit, for every non trivial u in G/G,,, a morphism p,: G/G,, —
U,,+1 such that p,(u) # 1.
We can write u as a product:
u = ab

with a € G; and b € (5. Observe that at least a is not in (G4), or b is not in (Gs),. Let us
distinguish all possible cases:

e If a is not in (Gi),, then there exists a morphism p,: G1/(G1), — U,41 such that
pa(a) # 1. Then we can define p, := p, x 1: G/G,, ~ G1/(G1)n X G2/(G2)n — Ui,
where 1 is the trivial map from Gy/(G)n to Upyy.

e If a isin (Gy), then b is not in (G2),. This case is symmetric to the previous one.

5.3.2 Stability by coproducts

We continue this part by showing that the Kernel unipotent conjecture is stable by coprod-
ucts:

Proposition 34. The Kernel unipotent conjecture is stable by coproduct.

Proof. Assume that GG; and Go satisfy the kernel unipotent conjecture. Let us show that
G := G1]] G2 does alo satisfy the kernel unipotent conjecture. For this purpose, we fix n
an integer and we take g € G\ G,,. Then we construct a morphism p,: G — U, 11, which

maps g to p(g) # 1.
Modulo G,,, there exists an integer £ such that:

g:=0g<k = 4g1--.9k,

where g; is not trivial and either in G; or Go, but g; and g;;; are not simultaneously in the
same group. By induction, we show the following property:

Py: "For every integer k, there exists a morphism p,_,: G — U,;; which maps g<; to a
nontrivial element in U, 1." )

o If kL =1, then either g := ¢y is in G or G5. Say for instance g € GG;. Since (G satisfies
the kernel unipotent conjecture, then there exist a morphism p,, : G; — U,4; which maps
g1 to a nontrivial element. Then define p, := p,, [[1: G — U4y where 1: Gy — U, 4 is
the trivial map. Then p,(g) = p,, (61) # 1.
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e Assume Py true, let us show that Py, is also true. We write:

9 =091 9kGk+1 = 9<kYk+1,
with say g1 in Gy and g in GG;. Recall that g is not in G,,. Let us distinguish two cases:
(a) g<k is in Gy,
(b) g<k is not in G,.

If we are in (a), then necessarily, gi+1 is not in G, N G2 = (G2),. Since G, satisfies the
kernel unipotent conjecture, we can take p, := 1]] pg, ,,, where 1: Gy — U4y is the trivial
map. So, since g<y, is in G,,, then p,(g<x) = 1, thus we have:

Pg(g) = pg(g§k9k+1) = Pg(ng) = p9k+1(gk+1) # 1.

Assume now that we are in case (b). Then since P is true, we have a map p, i G — U,
which sends g<; to a nontrivial element. Consequently, we have p,_, (9) = pg_, (9<r)Pg<r(gr+1)-
Again, we distinguish two cases:

(1) pgck(gr+1) is trivial,
(41) pgey(gre1) is not trivial.
If we are in case (i), then we can take p, := p,_,. If we are in case (ii), then we take

Pg(®) := py_, (@) X pg_, (gr) " 0

5.3.3 Proof of Theorem G
We finish this part by showing Theorem G.

Remark 26. Indeed, if we consider p a prime not necessarily even, we can easily generalise
Propositions 33 and 34. We show the following result:

Assume that G is RAAG and a pro-p absolute Galois group, then G satisfies the Kernel
unipotent conjecture. Equivalently, if G is RAAG and neither contains the square graph Cj
nor the line Ly then G satisfies the Kernel unipotent conjecture.

Proof. The group Z, satisfies kernel unipotent conjecture. Then we conclude by [122, The-
orem 1.2] and Propositions 33 and 34. O]

Let us now show the Kernel unipotent conjecture for &2.

Theorem 33. Assume that G is in &2, then G satisfies the Kernel unipotent conjecture.
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Proof. We already know that the Kernel unipotent conjecture is satisfied for A and is stable
by coproduct. To conclude, we only need to show that if H is A-RAAG and satisfy the
Kernel unipotent conjecture, then G := U x H satisfies the Kernel unipotent conjecture,
where the action of H on U is semi-trivial and U := ZJ for some integer .

We mostly follow the proof from [96, Proposition 5.1|. First, we observe that we have

G/G, ~U/U, x H/H, ~ || 2/2°"'Z x H/H,,= [[ C: » H/H,

el

where s := log,[n] (see [19, Exercise 4, p.289]), and I := [1;I]. Now, consider x := uh not
trivial in G/G,,, where u € U/U,, and h € H/H,,. We construct p,: G/G,, — U, such that
pz(x) # 1. For this purpose, we distinguish two cases.

(i) First assume that h # 1. Since H satisfies the Kernel unipotent conjecture, there exists
nn: H/H, — U, such that n,(h) # 1. Let us define p, by p;|m/m, = and pgly/w, =1
the trivial morphism. This morphism is well defined and p,(x) = p.(u)p.(h) = nu(h) # 1.

(17) Now, we assume that h = 1. From Remark 25, we have the decomposition

G/G, = UJU, xV/V,) x A, where H~V xA.

Then, u # 1 and we can write u == (u;)}_, € [['_; Ci, where there exists at least one iy such
that u;, # 1. Define 7; a generator of C; and B the matrix with zero’s everywhere except
on the diagonal and the first upper one. We also write u;, := 7 # 1. Then we define a
morphism p,: G/G, — U,41 by p.(7,) := B, pz(7:) = 1 when i # iy, and p,(z¢) = A, where
A is a matrix satisfying ABA := B~ and A% = 1 (see |54, p.154]). This morphism is well
defined, and we have:

pa(a) 1= palr) = B #1,

since 2°*! does not divide a, and B is of order 251, O

5.4 Detection of absolute Galois groups and cohomology

We conclude this chapter by discussing methods to detect the class 2. Let us call £ the
class of RAAG groups of the form G, where L := K(y/—1) for K a RPF.

5.4.1 Cohomology and filtrations

We begin this part by discussing the cohomology of groups in &. [122, Theorem 2| showed
that if G is in &7 then the graph I' is chordal and does not contain as subgraph the graph:

31 2 3 2!

It is also shown that if Gr satisfy the previous condition then H®(Gr) is universally
Koszul, and Gt is absolutely torsion-free. However, this condition is not sufficient to classify
groups in Z* as we noticed in example 24. We now focus on that class.

For this purpose, we recall [91, Theorems E and F'|, and [90, Theorem F' (3)]:
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Proposition 35. If Gra is in &, then H*(Gr,a) is universally Koszul and the quadratic
dual of &t A.

Proof. From [90, Theorem F), (3)] we infer that H*(Gr a) is universally Koszul. Furthermore
Gr a has a quadratic presentation. Then from |91, Theorem F'|, we conclude that H*(Gr a)

is the quadratic dual of ér . In particular, &t a is also Koszul.
]

Let us now use results from [88] to characterise groups in & from their Hilbert series.

Theorem 34. Let us fix a graph I'. If the group Gr a is in & then
Ft) =1+t '+t (1+8) as + - +ao),

where a; and s are integers, as_1 and s are nontrivial, and we have the equality ag + - -+ +
as_1+8=n.
Conversely, if

L(t) =L+t "+t (1 +1)  aes + - +ag),

where a; and s are integers defined as before, then there exists a graph I such that I'(t) =

I'(t), and Gp a is in P,

Proof. First assume that Gp s is in &, then we can write Gp o = Gk, for some K a RPF
field. Then from Theorem 27, we have G ~ Gr, and so by [43, Proposition|, the Poincaré

series of L is:
L(t) =Y en(D)t",

where ¢, (I") is the number of n-cliques (complete subgraphs with n vertices) of I'. From [88,
Theorem 11|, we conclude that T'(t) = (1 +#)*' + ¢ ((1 +¢)*tas_y + -+ + a) for some a;
satisfying the condition of the theorem.

The converse is a consequence of [88, Theorem 11].

Let us relate our results with the Milnor conjecture:

Proposition 36. Assume that Gr a is in &2, and let K be a RPF field such that Gp.a == Gk.
Then, we have the following isomorphisms of graded algebras:

GW(K) ~meK ~ H*(K) ~ 9 A,
where GW (K) is the mod 2 graded Witt ring of K and meK is the Milnor K-theory of K.

Proof. This is a consequence of Proposition 35 and the Milnor conjecture (we refer to [86]
for further details). O
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5.4.2 Detection of pro-2 absolute Galois group

Let us conclude this chapter with our final result:
Theorem 35. Let K be a field, we have the following equivalence:
o There exists a graph I' such that Gra ~ Gk,
e K is RPF.
Furthermore, if K is RPF, then it is uniquely determined by an underlying graph T.

Proof. We showed in Theorem 27 that K is RPF implies Gx ~ Gr.a for some graph I'.
Conversely, assume that there exists a graph I' such that Gx ~ Gr.a, then from [95,
Proposition 2.1], we infer that G is the pro-2 absolute Galois group of K, the compositum
of all galois extensions of degree dividing 4 of K. From [94, Theorems 2.7 and 2.11| and
Corollary 14, we infer that K is RPF.
We conclude with Theorem 32. O

Example 25. From Theorems 29 and 35, we observe that the group G := Gr a := (Z2]] Z3) x5
A, where § inverts the system of generators of the RAAG Z31] 73, is not in 2. We can

tllustrate this group with the graph I', described by 4 vertices and two disjoint edges:
L1 T3

) Ty
Consequently by Theorem 35, the group Gr.a is not a pro-2 mazimal absolute Galois
group for some field K.
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Chapter 6

A complete answer to a question from
Minac-Rogelstad-Tan

Let G be a finitely presented pro-p group with set of generators {zi;...;z4} and relations
{li;...;1,}. We answer positively to the following question from Mina¢-Rogelstad-Tan [92,
Question (2.13)]:

If Z(Z,; G) is torsion-free, do we have for every integer n, c,(Zy; G) = ¢,(F,; G)?

Theorem 19 gives a positive answer when G is mild using cohomological techniques [59,
Proposition 4.3] and graded/filtered algebra results originally introduced by Lazard [69].
This chapter answers to the previous question, without cohomological restriction, using
techniques developed in Chapter 4.

First we show the following general result (without torsion-freeness hypothesis):

Lemma 17. For every integer n, we have:
dimg, .7, (IF,) < rankg,.%,(Z,).

Proof. Write k := dimg, .#,(F,). Consider vy;...;v; a basis of .#,(F,). Then we can find
a family wy;...;u, in #,(Z,) such that u; = v; (mod pZ,). Let us show that the family u
is free in .#,(Z,). For this purpose, assume that there exists a family a;...;a; in Z, such
that ). oyu; = 0. Reducing modulo p, we infer that for every i, o is in pZ,. Consequently,

we can write
1 /
E QU; = p E U,
i i

with at least one o not in pZ,. Since .%,(Z,) C &,(Z,), then .#,(Z,) is torsion-free. Conse-
quently Y. ofu; = 0, then ). ofv; = 0 (mod p), so every a; is in pZ,: this is a contradiction.
Therefore, the family u is free. Then k := dimg, #,(F,) < ranky, %,(Z,). O

Corollary 19. If dimg, #,(F,) = ranky, #,(Z,), then &,(Z,,G) is torsion-free.

Proof. Assume that k := dimg, #,(F,) = k' := ranky,.%,(Z,). We show here that &,(Z,, G)
is torsion-free. For this purpose, let us take u in &,(Z,) such that pu is in .#,(Z,). We need
to show that u is in .7,(Z,).
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Since k = k', we can take the family {u,...,u;} as a basis of .#,(Z,) defined in Lemma
17. So we infer a family {«;} in Z, such that:

pu = E a;U;.
i

Reducing modulo p, we infer that for all i, «; is in pZ,. Consequently, v is in .Z,(Z,). O

Assume that .Z(Z,, G) is torsion-free. This implies in particular that &(Z,, G) is torsion-
free. Let us state our main result:

Theorem 36. If £ (Z,,G) is torsion-free, then we have gocha(F,,t) = gocha(Z,,t).

Proof. Consider the following diagram:
0O — 1(2)) —— E(Z,) ——— E(Z,,G) ——— 0

(mod p) (mod p) (mod p)

0O —— [(F) —— E(F,) —— E(F,,G) ——— 0
Where the vertical maps are all surjective. Then, we infer the following diagram for every
integer n:
0 — A,.(2,)) —— é,.(2,) ———— &,(Z,,G) ——— 0

(mod p) (mod p) (mod p)

0 — £,(F,) —— &,(F) — &,(F,,G) ——— 0

Observe that &(Z,) is torsion-free, and from [44, Theorem 3.5] or [92, Remark 3.3|, we
have ranky, &,(Z,) = dimg, &,(F,). We need to show that ranky .#,(Z,) = dimg, .7, (IF,).

Let us take the notations from the proof of Lemma 17, and write & := dimg, .#,(F,). In
Lemma 17, we showed that k < ranky, #,(Z,). Let us now show that k > ranky, .%,(Z,), so
u is a generating family of .#,(Z,). Take p in .%,(Z,). Since &(Z,,G) is torsion-free, then
up to a multiplication by a power of p, we can assume that p is not in p&(Z,). Thus we can
lift p to an element P € I(Z,) of degree n satisfying P = p (mod E,;1(Z,)). In particular,
we can write P := p+ (P — p), with (P — p) € E,11(Z,).

Consider P’ the image of P modulo p. We define by p’ the polynomial of degree n in P’,
i.e. we have the equality P’ = p’ (mod &,41(F,)), so we can write P’ := p' + (P’ — p') with
P —p € E,1(F,). Since we assumed that p is not in p&(Z,) and is homogeneous of degree
n, we infer that p = p’ # 0 (mod p). Consequently, p’ is the leading polynomial of P’ which
is in I, (F,). Therefore, p' is in 7, (F,).

Let us write p := Y . Biv; € S,(F,). Then we define py := > . a;u; with «o; in Z, a
lift of 3;; which is in .#,(Z,), by the definition of the family u. We also have py = p' = p
(mod pZ,). Consequently, we can write:

P = po + pPp>1,

116



for some p>1 € &,(Z,). Moreover since pp>1 = p — po € ,(Z,), we deduce that p>; is in
In(Zy). Assuming that ps>q is not in pé,(Z,), we can write from the previous argument
p>1 1= p1 + pp>2, where p>, is in the Z,-span of u. Inductively, we can write p as a sum:

p=> 1,

>0

where every p; is in wZ, ® - - - @ uZ, and either not in p&(Z,) or equals 0.
By a topological argument, we conclude that u is a generating family of .#,(Z,) so u is
a basis of .#,(Zy,). Then ranky,#,(Z,) = dimg, .7, (F,). O
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Chapter 7

Conclusion

This thesis employs techniques from graded Lie algebras associated with pro-p groups filtra-
tions, originally developed by Lazard, to achieve significant advancements in pro-p Galois
theory. Our research primarily focuses on applications in number fields and Pythagorean
fields. Firstly, we investigate the realization of number field extensions with specified rami-
fication and high cohomological dimension (two or higher). Secondly, we explore 2-maximal
extensions of Formally real Pythagorean fields of finite type.

On one hand, building upon foundational work by Anick, Labute, and the "cutting tower
strategy" introduced by Hajir, Maire, and Ramakrishna, we analyze tame quotients of ab-
solute Galois groups over number fields. These extensions have infinite splitting and despite
having finite abelianization property (a consequence of Class Field Theory), have cohomo-
logical dimension two. On the other, drawing insights from graph theory, we construct
nontrivial extensions of number fields with ramification above p and large cohomological
dimensions, employing principles rooted in Right Angled Artin Algebras.

Lazard’s application of graded algebra techniques to pro-p groups led to the formulation
of Gocha’s alternative, shedding light on potential analytic structures within these groups.
Extending Lazard’s findings, we present an equivariant version of Gocha’s alternative, named
from Golod and Shafarevich (which is spelled Chafarevich in french), supported by concrete
arithmetic examples using software systems such as PARI/GP, Macaulay2, Sagemath and
GAP. Additionally, we address a query posed by Mina¢-Rogelstad-Téan concerning the re-
lationship between the Zassenhaus filtration and the lower central series, providing first a
solution for mild groups, then a complete positive answer.

This thesis also delves into the presentations of pro-2 absolute Galois groups of Formally
real Pythagorean fields of finite type (RPF). Expanding upon Mina¢ characterization of
pro-2 absolute Galois groups as a minimal class stable under coproducts, some semi-direct
products, and containing A := Z/2Z, we utilize graph products theory to define the class
of A-RAAGs and infer presentations for these Galois groups. As a consequence, we identify
which A-RAAGs serve as pro-2-absolute Galois groups over certain fields and verify the
Kernel unipotent conjecture for them.

Identifying realizable Galois groups over specific fields remains a challenging, age-old
problem. This thesis contributes partial solutions by exploring the structural properties
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of pro-p groups, expanding the horizons of pro-p Galois theory, and offering new insights
into the nature and structure of Galois groups over diverse fields. Looking forward, future
research avenues include:

(1) Exploring pro-p groups that satisfy significant conjectures such as the Massey Vanish-
ing or Kernel unipotent conjectures, which are not pro-p absolute Galois groups over fields
containing primitive p-roots of unity.

(77) Paving the way for the study of unramified extensions with cohomological dimensions
exceeding two by investigating their associated graded algebras; such extensions, according
to the Fontaine-Mazur conjecture, would not be analytic.

(i7i) Extending the study of formality properties (in the sense of Suciu-Wang) on pro-p
groups to uncover new relations between underlying groups and their filtrations, akin to the
insights gained from Gocha’s alternative.

(1v) Understanding which fields satisfy the Strong Massey Vanishing conjecture, and
more generally the formality property (in the sense of Merkurjev, Posiltseski and Scavia).

In conclusion, this thesis marks a significant advancement in pro-p Galois theory, pushing
the boundaries of our understanding and paving the way for future investigations into the
intricate structures of Galois groups over various fields.
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