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Abstract

We consider the permutation group in n+ 1 letters, S, 1, which corresponds to
the finite Weyl group of type A,. S,i1 is generated by the set of simple reflections
which corresponds to the set S of transpositions s; = (12)---,s, = (n n+1). Let
J C S. Using the theory of reductive algebraic monoids and representation theory of
semisimple algebraic groups we associate to J a projective toric variety denoted by
X(J). We are interested in computing the Betti numbers of the projective variety
X (J) when it is a rationally smooth variety i.e., X (J) has sufficiently mild singular-
ities. Betti numbers are an important topological invariant of a space which help us
measure the number of holes or cuts present in that space and classify spaces with
the same topological structure. Moreover we define the Poincaré polynomial of a
topological space as the generating function of its Betti numbers, via the polynomial
whose coefficients are the Betti numbers.

We associate to X (J) a simple polytope Py obtained as the convex hull of the
Snt1-orbit of a weight A fixed by only the simple reflections J = {s,,, Sp—1, ", Sn—k+1}
for some k with respect to the A, root lattice. The Betti numbers of the variety
X (J) can be computed using the h-polynomial associated to the polytope Py. It
is well-known that the Eulerian polynomials, which count permutations in S, ; by
their number of descents, give the h-polynomial of the simple polytopes known as
permutohedra. Therefore the Eulerian polynomials give the Betti numbers for certain
smooth toric varieties associated with the permutohedra.

In this thesis we derive a recurrence formula for the h-polynomials of a family
of polytopes generalizing this. When J = {s, k11, Sn_k12, " »Sa}, 1 < k < n and
(W, S) is Weyl group of type A,, we obtain a formula for the Poincaré polynomial
of X(J), in terms of Eulerian polynomials. Furthermore, we compute explicitly the
Poincaré polynomial of X (J) using the method of descent systems, in the case of a
(W, S) finite Weyl group of type A, and J being a combinatorially smooth of the
following forms: (1) J = {51,584, 55, -+, S, C S and (2) J = {s4, 85, -+, 8,} C S.
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Introduction

Toric varieties and their cohomology have played an increasingly important role in
studying the combinatorics of convex polytopes. They started around 1980 with
Stanley’s spectacular proof of the necessity of McMullen’s conditions (characterizing
the face numbers of a simple polytope) using the cohomology of rationally smooth
projective toric varieties. This connection between the topology of toric varieties and

the combinatorial geometry of convex polytopes is of interest to us.

Let (W,S) be a finite Weyl group of type A,. Let J be any proper subset of
S. Associated with J is a certain projective toric variety X (J). We would like to
calculate the Betti numbers of X (/) when J is combinatorially smooth, i.e., X(J) is a
rationally smooth variety using the h—polynomial of a simple polytope P, associated

to an irreducible representation of a semisimple algebraic group.

The most basic combinatorial data of a d-dimensional convex polytope are the
numbers f; of i-dimensional faces encoded in the face polynomial f(t) := Zfzo fit'.
For simple polytopes, i.e., where each vertex lies on exactly d edges, the possible f-
polynomials are expressed in terms of the h-polynomials h(t) = f(t — 1) = Z?:o h;t?
where h; are strictly positive and satisfy the symmetry relation h; = hgy_;. When a
polytope P is rational, i.e., all its vertices have rational coordinates with respect to
some lattice, we associate to it a toric variety Xp using the normal fan construction.

It turns out that the Poincaré polynomial of Xp coincides h(t?).

Let X be a complex algebraic variety of dimension n. Then X is rationally smooth

at z if there is a neighbourhood U of x in the complex topology such that, for any



yeU, H*(X,X \ {y}) =0, m # 2n and H*(X, X \ {y}) = Q. Here H* denotes
the cohomology of X with rational coefficients.

Danilov [11] proved that Xp is rationally smooth if and only if the polytope P
is simple. We refer to J as combinatorially smooth if X (J) is rationally smooth.

Consider a semisimple algebraic group Gy with maximal torus Ty and an irre-
ducible representation py of Gy with the highest weight A € X (1) ® Q. Consider
the action of W on the vector space spanned by the simple roots of Gy and take
the convex hull of the W-orbit of A\, Py = Conv(WW.\) C X (7)) ® Q. Using the
inner normal fan construction associated to the polytope Py [15], we obtain a pro-
jective toric variety X (J). The terminology is justified since X (J) depends only on
J={seS|s(\)=A}

In [32] Renner finds necessary and sufficient conditions for the polytope P to
be simple using the theory of algebraic monoids that he developed along with Putcha
since 1980. For each Weyl group (W, S), Renner gives a classification of all J C S,
such that X (J) is rationally smooth. See Corollary 3.5 in [32].

When (W, S) is a finite Weyl group of type A, and J = (), the polytope P is a
permutahedron. The Betti numbers of X () are given by the Eulerian numbers. In
[4], Brenti studies the descent polynomials (i.e., the Poincaré polynomials of X (0))) as
analogues of the Eulerian polynomials. When J # (), the weight \ is allowed to lie on
certain reflecting hyperplanes. Of course, the orbit of a point in the complement of the
arrangement is just the ordinary permutahedron. Whether the Poincare polynomial of
X (J) can be expressed in terms of the Eulerian numbers in this case, is an interesting
question. we answer this question by computing the Poincaré polynomial of X (.J)
when (W, S) is a finite Weyl group of type A, and J = {sp_g41, -+, 8.} € S is
combinatorially smooth, where s, = (k, k+1) € S,,, 1 <k <n.

According to Renner’s classification, the subset J C S is combinatorially smooth

of type A, if it has one of the following forms:

1. J =0,



2. J={s1,--+,8} where 1 <i <mn,
3. J={sj,-+,8,} where 1 < j <n,
4. J={s1,-++,8;,8j,-+,S,} where 1 <¢,j <mand j—i>3.

One needs to investigate further to see whether our new technique can provide
answer for all types of combinatorially smooth sets J.

Our first result deals with the case when the highest weight ) is fixed only by
the reflection s, = (n,n + 1) € S,,. We obtain the following characterization of the
h-polynomial of X (J) in terms of the Eulerian polynomials.

[Theorem 17, page 91] Let J = {s,,} C S. Then J is combinatorially smooth
of type A, and the h-polynomial of X (J) is given by

n+1
h(t) = E,iq(t) — , tE, 1(t).
Then we generalize the computations to the case of J = {s,_gy1,--+,8,} C S

for 1 < k < n. Our main result is a recursive relation for the Poincaré polynomial of
X(J) in terms of the (n — k)-Eulerian polynomials.
The following result has been accepted for publication in Communication
in Algebra journal, March 2011.
[Theorem 19, page 100] Let J(k,n) = {Sp—k+1, Sn—kt2,-*",Sn) € S5, 1 <
k <n and let hy(t) denote the h-polynomial of the n—dimensional variety X (J(k,n)).

Then J(k,n) is combinatorially smooth and the following recurrence relation holds:

n+1
hy(t) = hy_q (t) — (tF " DB, (1),
E+1
where J(0,n) = 0 and hg = E,,+1 the (n + 1)-Eulerian polynomial.
Finally, the recurrence relation is illustrated for J(n—1,n) = {so, 53,54, -+, Sn}

and J(n — 2,n) = {s3,84, -+, S,} where the h-polynomial of X (J(n — 2,n)) and



X(J(n —1,n)) are computed in [32] and [33].

An interesting investigation has been done for computing explicitly the Poincaré
polynomial of X (J). Renner describes the Poincare polynomial of X (J) when X (J)
is rationally smooth in terms of the poset (W7, <, {v,}) [33]. He computes explicitly
the coefficients of the Poincare polynomial of X (J) for the following types of J C S:

1. (W,S) is Weyl group of type A, and J = {sq,83,-+,8,} CT S ={s1,82,**,8n}

where s; = (1 i + 1) € Sp41.
2. (W, S) is Weyl group of type A, and J = {s3,84,-+,8,} C S

3. (W,S) is Weyl group of type B; and J = {s1,59,--+,85-1} C S

Inspired by these results we are interested in computing explicitly the Poincaré
polynomial of X (J) in two interesting cases of J C S combinatorially smooth. We
obtained the following results:

[Theorem 13, page 45| Let (W, S) be the Weyl group of type A, and J =
{s1,84, 85,8}, J C S such that X(J) is rationally smooth. Then the Poincaré

polynomial of X (J) is given by the following formula:
P(X(J),t) =Y "™ =1+c(n, )t + -+ ¢(n,n — D= 427,

where ¢(n,1) = ¢(n,n —1) = n+ 2 and for 2 < ¢ < n — 2 we have ¢(n,i) =
n+1

2
[Theorem 14, page 63] Let (W, S) be of type A,, and J = {s4, 85, -, 5} C

n+ 2+

S = {s1, -+, } such that X(J) is rationally smooth. The Poincaré polynomial of
X(J) is:
P(X(J),t) =1+d(n, 1)t* + - +d(n,n — )21 421, (1)

n+1
where d(n,1) =d(n,n—1) =n+2+ and d(n,7) =n+ 2+ n(n+ 1) for

2<i<n-—2.



This thesis is structured as follows. In Chapter 1 we introduce the J-irreducible
monoids of type J and the cross section lattice associated to them. In Chapter 2 we
explain how to construct the projective toric variety X (.J) associated to a reductive
monoid of type J. We discuss about its BB-cell decomposition and introduce the h-
polynomial associated to a simple polytope. In Proposition 6 we give a formula for the
number of i-dimensional faces of the polytope Py corresponding to the variety X (.J).
This gives us a good handle of the h-polynomial of X (.J), which can be expressed in
terms of the subsets of S. An interesting interplay between the geometry of X(.J)
and the combinatorics of finite sets isillustrated in Proposition 7. In Chapter 3 we
discuss about Descent systems, introduced by Renner in [36]. Moreover, using descent
systems, Renner gives in Theorem 12 a formula for the Poincaré polynomial of X (.J).
He then computes explicitly the Poincaré polynomial of X (.J) in two cases of type
A, and one case of type B,. Chapter 3 culminates with our first new results. We
compute explicitly the Poincaré polynomial of X (.J) when (W, S) is Weyl group of
type A, in the following two cases: J = {s1, 4,55, -, S,} and J = {s4, 5, ,Sn}-
Chapter 4 contains the main results of the thesis. We introduce Eulerian polynomials
and prove our main result in Theorem 19.

We conclude this section with an example that illustrates the recurrence for-
mula obtained in Theorem 19. Chapter 5 is a survey based on paper [36], on Betti
numbers of irreducible representations, with the purpose of showing the reader how
the h—polynomial from toric geometry and the length polynomial from the theory of
projective homogeneous spaces fit together in a more general. These results can be

found in details in the work of Renner [31], [36] and [37].



Chapter 1

Algebraic monoids

1.1 Cross section lattice

In this chapter, we introduce the terminology and the basic results (without proofs)
related to the cross section lattice associated to a toric variety using the theory of
algebraic monoids developed by Renner and Putcha. For references, we cite the texts
[24], [30], [32], [33].

A linear algebraic monoid is an affine algebraic variety together with an asso-
ciative morphism and an identity element.

Let M be a reductive algebraic monoid which is an irreducible (as variety)
monoid with a reductive unit group GG. Consider B C G a Borel subgroup of G and
T C B a maximal torus of G. We denote T the Zariski closure of 7" in M. Since
GM C M and MG C G, the group G x G acts on M by (g,h).a = gah™ for g,h € G
and a € M. Let GNM /G denote the set of orbits O = GaG for this action.

Example 1. Let M = M, then G = GL,,. If a,b € M then GaG = GbG if and only
if rank(a) = rank(b). Thus there is a bijection between the set of G x G orbits and
the set {0,1,---,n} given by GaG — rank(a). In particular the number of G x G

orbits is finite.



Example 2. Let M C M, consist of all matrices

r T1 T -+ Tp
0 = 0 0
X=10 0 =z 0
0 0 0 x

where x,zy,---x, € k. For simplicity we write a = (z,zy,---z,). The group G
consists of those a with = # 0. The G x G orbits are G, {0 = (0,0---0)} and orbits
which contain matrices (0, z1,-- -, x,) with x; not all zero.

Observe that {(0,z1,---,z,)} and {(0, 41,92, -+, ys)} are in the same orbit if
and only if there exists ¢ € k* with y; = cx; for all 2. Thus these orbits are in one
to one correspondence with points in the projective space P"~!(k). In this case the

number of G x GG orbits is infinite and M has no idempotents except 0 and 1.

The next results wer first observed by Putcha in [24]. For more details consult

Theorem 4.5 in [30] as well.

Theorem 1. [24] Let M be a reductive monoid with zero. Let G be its unit group.
Then the set of G x G orbits of M is finite and every G x G orbit contains an

idempotent of M.

In the theory of reductive groups, a main guiding principle is to reduce problems,

as far as possible, to a study of the Weyl group and its action on E(T) where T is a
maximal torus.

The Weyl group of G relative to T is by definition

Ne(T)

WG, T) = =

where Ng(T') is the normalizer of T in G.



Theorem 2. [38] Let G' be a reductive group and let 7" be a maximal torus. Let
¢ = ¢(G,T) be the set of roots. If a € ¢ then —a € ¢ and there exists a reflection

Sq € W such that s,a = —a. The finite Weyl group
W = (s, | a € ¢),

is generated by the reflections s, corresponding to the simple roots a € ¢. Further-

more, if a, B € ¢ then there exists ng, € Z such that

5a(8) =B — ngac.

Denote by S the set of reflections that correspond to the simple roots, S = {s,},
a € ¢(G,T) simple roots such that S it generates the Weyl group.

Proposition 1. Let I C S. Define W! = {w € W | l[(ws) > l(w) for all s € I}.
Given w € W there is a unique u € W/ and a unique v € W; such that w = uv.

Moreover, u is the unique element of smallest length in the coset wWWj.

According to the preceding proposition, the set W' contains all the coset rep-

resentatives of minimal length in W/W7,
W! = {t € W | t has minimal length in tW;}

Definition 1. Let (I, 5) be a Coxeter group. Each element w € W can be written
as a product of generators

W= 8182 Sk, S; €S.

If k£ is minimal among all such expressions for w, then k is called the length of w.

Consider the case of (W, S) finite Weyl group of type A,. Then the following

characterization of the set W' with I C S, turn out to be extremely useful in our



computations.

W! = {t € W |t has minimal length in tW;}
= {weW|l(ws)=Il(w)+1for any s € I} (1.1)
= {weS, |wi) <w(@+1)forany (ii+1)el}

Next we introduce the notion of cross section lattice asssociated to a reductive

monoid.

Definition 2. The cross section lattice of M relative to T and B is defined by the
following rule:

A={ecT|e*=e, eB = eBe},

The map A : A — 25 given by: A\ : A — 29 where A(e) = {s € S | se = es} is called
the type map. Moreover A(e) C S is the unique subset such that P(e) = Py where
P(e) = {x € G | xe = exe} and Py is a parabolic subgroup of G.

The type map is the most important combinatorial invariant in the structure
theory of reductive monoids. It is in some sense the monoid analogue of the Coxeter-
Dynkin graph. It shows which G' x G-orbits are involved in the monoid, as well as

how the monoid structure is built up from these orbits [25].

Example 3. The type map of M, (k). Let M = M,,;1(k), B="T,(k), T = D,(k)

and S = {s1,---s,} where s; = (i ¢ + 1). Then the cross section lattice is given by:
A= {07617 o '7en+1}

where ey, is the rank k£ matrix for k=1, --- n:

I, 0O
0 0
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where [ is the k£ x k identity matrix Let ¢ > 2, then the type map A is given by:

Ae;) = {s1,52, - Si—1} U {Sit1, -, Sn}

The G x G-orbits of M turn out to be particularly important for the structure
of the monoid M.

Proposition 2. [24] The following holds:

M = |_|GeG.

ecA
where GeGG C GfG if and only if ef = e.

There is a partial ordering on the G x G-orbits described as follows: GeG < GfG
if and only if GeG C GfG if and only if ef =e.

Definition 3. A reductive monoid M with 0 € M is called J-irreducible if M — {0}
has exactly one minimal G x G-orbit. See section 7.3 of [30] for a systematic discussion

of the important class of reductive monoids and for a proof of the following result.

In order to understand the action of the Weyl group on the set E(T") we consider
the following: let N = Ng(T), if w € N and e € E(T) then wew™' € T. If

1 1

w = wl € W then wew™! depends only on @ so we may define wew ! = wew™".

Thus W acts by conjugation on E(T') and the cross section lattice A turn out to be

the set of W-orbit representatives for this action.
Theorem 3. ([30]) Let M be a reductive monoid. The following are equivalent:
1. M is J-irreducible.

2. There is an irreducible rational representation p : M — End (V') which is finite

as a morphism of algebraic varieties.



11

3. If T C M is the Zariski closure in M of a maximal torus T C G then the Weyl

group W of T acts transitively on the set of minimal nonzero idempotents of T'.

We notice that we can construct, up to finite morphisms, all J-irreducible
monoids from irreducible representations of a semisimple group. For details of the
following construction see [32].

Let Gy be semisimple and p : Gy — GL(V') be an irreducible representation.
Define M; C End(V) as the Zariski closure of C*p(Gy). Finally let M(p) be the
normalization of M;. According to the previous theorem M/(p) is J-irreducible.

By the results of [26] if M is J-irreducible, there is a unique, minimal nonzero

idempotent e; € E(T) such that e; B = e; Bey, where B is the given Borel subgroup

containing 7.

Definition 4. If M is J-irreducible we say that M is J-irreducible of type J if

J={s eS| se =es},

where S is the set of reflections relative to 7" and B and e; minimal idempotent such

that 61B = €1B€1.

The set J can be determined in terms of any irreducible representation satisfying
condition 2 of the previous theorem. Indeed, let A € X (T) be any highest weight such
that {s € S | s(\) = A} = J. Then M (p,) is J-irreducible of type J where p, is
the irreducible representation of GGy with highest weight A\. The representation py
determines a representation of M (py) on V.

Next, we describe the G x G—orbit structure of a J-irreducible monoid of type

J C S. The following result was first recorded in [26].
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Theorem 4. ([26]) Let M be a g irreducible monoid of type J C S.

1. There is a canonical one-to-one order preserving correspondence between the set
of G x G- orbits acting on M and the set of W-orbits of the set of idempotents
of T. This set can be canonically identified with A = {e € E(T) | eB = eBe}.

2. A—{0} = {I C S| no connected component of I is contained entirely in J} in

such a way that e corresponds to I(e) C S'if I(e) ={s € 5 | se = es # e}.

3. If e € A — {0} corresponds to I(e), as in 2 above, then Cy(e) = {w €
W | wew™ = e} = Wy the parabolic subgroup generated by the set I*(e)
where [*(e) =T U{se€ J|st=tsforallt €l(e)}

We observe that the cross section lattice A is related to the Coxeter-Dynkin diagram
as follows: under the type map A, to each e € A\ {0} it corresponds a subset in S,

namely [(e), such that no connected component of I(e) is entirely contained in .J.

Example 4. Consider (W, S) = (S5, {s1, s2, S3, s4}) of type Ag and J = {s1, 59,84} C
S. Describe the cross section lattice A — {0} C 2.

Consider the graph structure on S:
s and t are joined by an edge if st # ts

The edges of the graph of S are: {si,s2}, {s2,53}, {s3,54}. Then the cross section

lattice is given by:

A — {0} = {{0},{s3}, {53, 84}, {82, 83}, {51, 82, 83}, {52, $3, Sa}, {51, S2, 83, 4} }



Chapter 2

The toric variety X (J)

2.1 Construction of X(J)

Let (W, .S) be a finite Weyl group and let W C GL(V) acting as a reflection group on
the rational vector space V. Associated to A € V, there is a certain projective toric
variety X (/). In this chapter we analyze the T-orbit structure of X (J), the BB-cell
decomposition of X (J) and then give a characterization of the h-polynomial of X (.J)

in terms of the cross section lattice associated to X (.J).

Consider k an algebraically closed field, k = k. An algebraic torus is an algebraic
group 7" isomorphic to (k*)™ = k* X k* x -+ x k*.

Kempf, Mumford(1973) were among the first who studied varieties X containing
T as an affine open dense subset such that the translations on 7" extend to an action

of T on X.

Definition 5. A toric variety of dimension n is a normal variety X which contains
a torus T = (k™)™ as a Zariski open subset in such a way that the natural action of

T on itself given by the group structure extend to an action of 7" on X.

The following examples of toric varieties are among the most natural examples

of toric varieties one can come up with.

13
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1) T = (C*)™ C C™ under the natural inclusion.

2) T = (C*)™ C P" under the map
(L1, - tn) — [t 2ty o 1]
3) X = V(zy — 2w) C C* contains the Zariski open set X N (C*)%. The map
(rys,t) — (r,s,t,rs/t)

induces a bijection (C*)? ~ X N(C*)*. Thus X contains a copy of the torus T' = (C*)?

as a Zariski open subset.

For the next results we consider an algebraically closed field & = k. We define the

character group as follows:
M ={x:T — k™ | x is a morphism and a group homomorphism}
And the group of 1-parameter subgroups

N ={A\: k" — T | Xis a morphism and a group homomorphism}

Note that M ~ Z" where m = (my,---m,) € Z" gives
Xm<t1a . 7tn) = tTl .. .tz%

and N ~ Z" where u = (uy, - - u,) € Z" gives \"(t) = (t*,---,t"").

A rational polyhedral cone 0 C Nr = N X R is a cone generated by finitely

many elements of N:

U:{A1p1+"'+)\5ps€NR|)\17"'7)‘320}
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where py,---,ps € N.

If o € Ng is a rational polyhedral cone its dual cone ¢/ € Mr = M ® R is
defined by

o ={me Mg | (m,u) >0 for all u € o}.

Then consider the finitely generated semigroup algebra k[0’ N M] consisting of

linear combinations of characters ™, with multiplication given by ™" = y™*+™.

Theorem 5. [10] Let 0 € Np >~ R" be a rational polyhedral cone. Then the irre-
ducible affine variety

Spec(k[o’' N M]) = X,
is a normal toric variety of dimension n associated to o.

The next theorem describes all normal affine varieties that are toric.

Theorem 6. [10] Let X be an affine variety that is also toric variety. Then X is

isomorphic to X, for some rational polyhedral cone ¢ if and only if X is normal.

Definition 6. [7] Let X be a complex algebraic variety of dimension n. Then X
is rationally smooth at = € X if there is a neighbourhood U of x in the complex

topology such that, for any y € U,

Hm(XvX - {y}) = (0)7 m # 2n,

HMX, X —{y}) =Q

Here H* denotes the singular cohomology of X with rational coefficients.

Example 5. The curve {(z,y,2) € k3 | xz = y*} is rationally smooth at {(0,0,0}
and k is an algebraically closed field.

2

Y

Consider the ring homomorphism f : klz,y, z] — k[u,v] given by f(z) = u
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f(y) = uv, f(z) = v* whsoe kernel is the ideal (zz — y*). Hence

klx,y, 2]

~ 2 2
m :k[u , UV, v ]

Let G = (g) be the finite group generated by the matrix

The action of g on kf[u,v| is g.u = —u, gv = —v. Thus the invariant ring is

k[u,v]% = k[u?, uv,v?] and we obtain the isomorphism of varieties
{(z,y,2) € ° | 2z =y} = k*/G,
where k?/G is locally rationally smooth at origin.

For more details and proofs of the following results see [28]. Throughout this
section we consider M a J-irreducible monoid of type J and p : M — End(V) an
irreducible representation which is finite as a morphism. M has a reductive unit
group G. Let B C G be a Borel subgroup of G and T" C B a maximal torus of G.
We let T denote the Zariski closure of 7' in M. The T—orbit of the unit element is
open in its closure hence T is open in 7.

By theorem 5.4 of [30], T is a normal variety. Hence T is an affine toric variety.
Let E(T) = {e € T | e = €®}. There is exactly one idempotent in each T-orbit on 7.

For the proof of the following result see [24]

T= T.e
ecE(T)

We call the rank of an idempotent e € T the dimension of the T-orbit corresponding

to e i.e., rank(e) = dimTe.
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Because T is an affine toric variety there is a rational polyhedral cone o C
X(T) ® Q such that X(T) = o N X(T) [20]. o is the rational convex hull of a finite
number of rays R; C o, i = 1,---s, and for each i there is a unique character
xi € R; N X(T) with minimal distance from origin.

Let Ei(T) ={e €T |e?=e, dim(eT) = 1}. We consider the following set of

characters {Xc}eer, C X(7T), where

Xe: T — k ~¢€T, given by # — y.(v) = ex # 0

for any e € E4(T).

On each ray of the cone o there is a unique character x. € X(7T'), e € E(T),

of minimal distance from the origin.

Proposition 3. [28] {X,}.cp, ) satisfy the following properties:

1. For all y € X(T), x™ =[x for some m, m, > 0.
2. Xe € I\ I?, where I = {f € k[T] | f(0) = 0}.

3. Let s be the cardinal of the set {e : m, > 0}. Then s is minimal with properties
(1) and (2). Furthermore, {x. : m. > 0} is unique and is called the set of

fundamental generators.

Thus on each ray of the cone o there is a unique character y. € X(T'), e €
Ey(T), of minimal distance from the origin.

This canonical relationship between E;(7) and the one dimensional faces of o

can be extended to yield a canonical bijection of lattices

F(o) — B(T) (2.1)

where F (o) denotes the set of faces of o and T is the affine toric variety associated
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to the dual cone of o, namely

T = Spec([o’ N Z"]).

For the rest of the section we consider k = C. Next, we construct the projective

toric variety associated to the graded ring C[T]), namely

[T = {0}]/C" = Proj(C[T])

The ring C[T] is a graded ring: we consider the action of C* on C[T']) given by:

C* x C[T]) — C[T))

(A f) = (AN)(@) = f(M)

The d graded component is defined as follows: C([T])y = {f € C[T]) | \.f = M f}
and C[T]), = C.

As a projective toric variety it corresponds to a polytope. We describe its
associated polytope in the following way: let Gy be the semisimple part of G (G is the
commutator subgroup Gy = (G, G)), with maximal torus T, = T'N Go and py\ = pig,
be the representation of Gy that corresponds to the the highest weight A € X (7). Let
the Weyl group W act on the finite dimensional vector space X (1) ® Q by reflctions.
Take the W-orbit of A and consider its convex hull in X (75) ® Q.

We obtain the polytope Py = Conv(W.\) C X (Tp) ® Q. The face lattice
Fy depends only on Wy, = {w € W | w(\) = A\} = W, = (s | s € J) where
J ={s €S| s(A\)=A}. Renner proved [28] that the highest weight A is a rational
multiple of any nonzero point on one of the rays of the cone o = (xe).cp, 7 ® Q.

We obtain the polytope P is in bijection with the convex hull of {xc}.cp, )

From (2.1) we have the following lattice isomorphism between E(7") and the
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face lattice of the polytope Py:

ec BE(T) « F,
such that
rank(e) = dim(F,) + 1, (2.2)

where F, is a face of the polytope Pj.
Next we present several examples of various polytopes Py when W is finite Weyl

group of type As and of type As.

Example 6. Ag, (VV, S) = (Sg,S = {81782}) and J = {82} .

S;S1A
S1A

Example 7. Ag, (VV, S) = (Sg, {Sl = (12)7 So = (23)})7 J = (Z)

SHA A




20

Example 8. Aj, (W,S) = (S4, {s1 = (12), so = (23), s3 = (34)}), J = {s2, 53}

S;A

S,5:A

$35,51A

Example 9. A;, J = {s3} C S = {s1, 59,53}

The next corollary recorded without a proof in [32] is a key result in our com-

putations of the h—polynomial of the polytope Pj.

Corollary 1 (21, Corollary 1.3). Let W be a Weyl group and let r : W — GL(V) be
the usual reflection representation of W. Let C C V' be the rational Weyl chamber
and let A € C. Assume that J = {s € S | s(A) = A}. Then the set of orbits of
W acting on the face lattice F) of P, is in one-to-one correspondence with the set

{I € S | no connected component of [ is contained entirely in .J}.
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We conclude the W-orbit contains a representative face whose W—stabilizer /isotropy

subgroup is the parabolic subgroup W;:, generated by the set

It={I}yU{se J|st=tsforallt €I}.

Next, let S(J) = {I C S| no connected component of I is contained entirely in J},

S(J) € P(S), the power set of S. The following examples turn out to be extremely
helpful for a better understanding of Corollary 1.

Example 10. Let G = SLy and W = S; where S = {sq, $2, 53}

For J = {ss,s3} we have S(J) = {0, 1, I5,S} where I, = {s1}, Iy = {s1,s2}. The
subset I C S corresponds to the unique face F' of the polytope Py with I = {s €
S| s(F) = F and s|p # id} whose relative interior F° has nonempty intersection with
the Weyl chamber C. To I it corresponds an edge labeled I; and to I, it corresponds

a triangle labeled I, both faces drawn in Figure 2.1.

S1A

S,S1A

$35,51A

Figure 2.1: Tetrahedron

For J = {s3} we have S(J) = {0, I, I, I3, I, S}, where I} = {s1}, I, = {s2},
I3 = {s1,s2} and Iy = {s2,s3}. The corresponding faces to I;, 1 < i < 4 are drawn

in Figure 2.2.
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Figure 2.2: Truncated Tetrahedron

Next, we know that T is a Zariski open subset of T. Hence the torus T//C* is
an open subset of [T — {0}]/C*.
Our interest is in the projective toric variety denoted by X(J), terminology

justified since it depends only on J = {s € S | s(\) = A} and not on A or M:

The T-orbit structure of X(J) can be described as follows: for e € T denote
le] € X(J). We have that the T—orbit of [¢] is of dimension rank(e) — 1. Hence from
(2.2) we associate uniquely to every k-dimensional T-orbit of X (J) a k—dimensional
face of the polytope Pj.

The set of T—fixed points of X (J), denoted by X (J)7, corresponds to vertices
of the polytope Py as X(J)T is in one-to-one correspondence with the set of one-
dimensional T-orbits on 7. In order to see this consider [z] € X (.J) for # € T. Then
[z] is a T-fixed point if and only if [tz] = [z] for all ¢ € T". Hence tz = ax for a € C*
and for all ¢ € T. We conclude that Tvr = C*z. We know that v = te where t € T

and e € E(T) such that Tx = Te = k*te and so e € F1(T).

Remark 1. In general in order to obtain the variety X (J) given a set J C S we do
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the following: we choose a weight in the fundamental Weyl chamber corresponding
to (W, S) such that J = {s € S| s(\) = A}. Then consider the representation p of
G of highest weight A, where GG, is a semimsimple algebraic group. Take the Zariski
closure of G = k*p(Gy). A maximal torus inside G is T' = k*p(Ty) where Ty is a
maximal torus of Gy. We considered k any algebraically closed field.

Define X(J) =T\ {0}/k*. It can be shown that X (J) depends only on .J and
not on M or A using the theory of algebraic monoids of type J. See [26] for more
details.

Remark 2. Using the inner normal fan construction associated to the polytope Py
(i.e., the fan is obtained by taking cones over faces of the dual polytope of Py and

they satisfy a natural notion of “gluing” affine varieties) we get the projective toric

variety X (J).
Next, we illustrate the construction of X (.J) in the following examples.

Proposition 4. Let G = SL,(C) with S = {s1,52,s3} and J = {s1,s2}. The
polytope Py is a tetrahedron and X (J) = P3.

Proof. In this case the simple roots are given by a; = €1 — €9, ap = €3 —€3, a3 = €3—¢€4
where €; € X (Ty) and ¢;(A) = t; for A = diag(t1,ts,t3,t4).

We have the relation €; + €5 + €3 + €4 = 0.

Next, consider the three dimensional vector space V', whose basis is given by €1, €3,
e3. Let s,, s, s, be reflections into planes orthogonal to «, 3, v in V' such that the

following holds:
— )\ — o)
1. sa(A) = A 255y
2. s1(A) = A. Hence (A, o) = 0.
3. s3(A) = A. Hence (A, aq) = 0.

4. (61‘, Ej) = 51]
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5. si(a) = aj — Naya,

Using the above properties we can compute ng,,, Which corresponds to the

(1,7) entry of the Cartan matrix of A3 given by

The convex hull of WA in V| when W = (sq,s9,3) is a tetrahedron with
vertices given by: A, s3(\), s283(A), s15253(N).

First note that the following computations hold: s3(\) = A — ag, s2s3(\) =
A —as —ag and $18983(A) = A — a3 — as — as.

Next A, s3(A), s253(A), s15253(A) are affine independent <= s3(A) — A, s253(A) —
A, s15253(A) — A are linearly independent.

Using the inner normal fan construction associated to the tetrahedron P, we

obtain the toric variety X (J) = P3. O

2.) For G = SL,, S = {s1,82, -+, 8.} and J = {sg,--+,s,} we obtain the
polytope Py as a (n — 1)-simplex and X (J) = P" using similar computations as in
the previous example.

3.) For G any reductive algebraic group with p an irreducible representation of
G then its highest weight A\ belongs to the interior of the fundamental Weyl chamber
if J = () and the toric variety obtained is the toric variety associated to the Weyl
chamber decomposition (the fan in this case is a family of cones given by the Weyl

chambers) studied by Processi in [22]

2.2 Cell structure of X (J)

The BB-cell decomposition discovered by Bialynicki-Birula is the most commonly

studied cell decomposition in algebraic geometry. If £* acts on a smooth complete
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variety X, with finite fixed point set F' C X, then X = U,crX,, where each BB—cell
is defined as X, = {z | limy;_otz = a} and it turn out that X, is isomorphic to an
affine space. The BB—cells make sense even if X is not smooth but in that case they
don’t behave so well.

In the case of the projective rationally smooth toric variety X (J) Renner quan-
tifies the BB—cells in terms of idempotents, B x B-orbits and other monoid notions.
In [33] Renner describes the BB-decomposition for an appropriate one-parameter sub-
group of T in terms of the idempotents of T. For proofs of the following results see

33).

Definition 7. Let e, ¢/ € E1(T). We say that e < ¢’ if eBe/ # 0 and e # ¢€'.
By the results of [32] the poset (E;(T), <) is anti-isomorphic to the poset (W7, <).

Theorem 7. [33] Let M be a J-irreducible reductive monoid of type J C S with unit
group G and connected center Z C G. Let B, C B be the subgroup of unipotent
elements of B and E; = Fy(T). Choose a one-parameter subgroup A : k* — T such
that

1. limy_(tut) =1 for all u € B,

2. {x € T\ {0} | \(t)z € Zz for all t € k} = Ueer ) €T
Let

X(J) = Ueerm X(J)(e)
be the BB-decomposition of X (.J) relative to A. Then X (J)(e) = Uye,, T'[f] where

pe={f€EMT) |ef =cand ¢'f =0 for all ¢ > e}

Theorem 8. [33] The following are equivalent:

L [f1e X(J)(e)

2. fe =0forall ¢ >eand fe=e.
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In the same paper Renner studies the case when X(J) is rationally smooth
toric variety and recovers the dimension of the BB-cells {X (J)(e) C X(J) | e € Ey}
from the Bruhat poset (W7, <, {v,}). Here v (w) is the cardinal of the ascent set
associated with s € S\ J and w € W”.

Assume now that Y is a rationally smooth projective toric variety with the
torus action 7' X Y — Y. Let F' C Y be the set of T-fixed points. Choose a 1-psg
A k* — T so that Y has BB-decomposition

Y=|]|Y
aclF
Proposition 5. [33] Let U, = {z € Y | a € Tx}. Then Y, is the closure in U, of a

T-orbit. In particular Y, is irreducible.

Proof. T acts on U, and a € U, is the unique fixed point of this action. U, C Y is
rationally smooth as Y is rationally smooth. Thus there exists a finite dominant flat
T-equivariant morphism

Do Uy — K"

where n = dim(Y") and k™ has the usual structure of an affine toric variety for the n-
torus. Thus we may write p, () = (x1, - z,) and A\(¢)(xy, ... z,) = 2y, - -, t%x,,).

Thus by definition of the BB-cell,
Yo={r €U, |z =0if a; <0} =p, ' ({(x1, - x,) € K" | 7 = 0if a; < 0})
This is the closure of a T-orbit in U, since p, induces a bijection on T-orbits. O

We return to the situation where X (J) comes from a Weyl group (W, S). We
assume also that X (J) is rationally smooth.
Let
X(N)(e) ={y €T | [y) € X(J)(e)}.
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Consider X to be the cone on X (J), and if e € Ey(X) let U, = {x € X | ex # 0} and
Es(U,) = Eo(X) N E(U.), wherfe Ey(X) is the set of two-dimensional T-orbits of X.
Notice that X (J)(e) C U..

Proposition 5 turn out to be extremely useful in obtaining the following result.

Theorem 9. [33] Let e € Ey and let U = Up~ U .
Then
X(J)(e) =UNU = fU,

where f € E(X) is the unique smallest idempotent with fh = h for all h € Ey(U,)—A.
In particular, dim(X (J)(e)) = |E2U.) — A| +1 = |S| — |A| + 1. In this case,
A={g€ Ey(X) | ge =eand g’ = ¢ for some ¢ > e}.

The next formula calculates the dimension of the BB-cells corresponding to the
BB-decomposition of X (.J).
For e € E(X), let

I'(e) = {g € E5(X) | ge = e, and ge’ = ¢’ for some €' < e}

Notice that
L(e) = Ey(U) \ A

where A is defined as in Theorem 9.

Theorem 10. [33] Assume X (J) is rationally smooth. For e € E; recall that
X (J)(e) = {[z] € X(J) such that ex # 0 and e’z = 0 for all ¢’ > ¢}
and as above let X (J)(e) = {y € X | [y] € X(J)(¢)}. Then
X(J)(e) =U\U = [U

as in Theorem 9 and dim(X (J)(e) = |T'(e)|.
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From the previous theorem we can recover the dimensions of the BB-cells

{X(J)(e) C X(J) | e € E1} from (W7, < {vg}). If v(w) =, v(s) then from part 3
of Theorem 2.23 in [32] we obtain that v(w) = |T'(e)]

Remark 3. The following table was taken from [33] and it provides the reader with

a summary-translation between X (J) and the Bruhat poset jargon. Let

A ={I C S| no component of I is contained in J}

and for I € A let I*=TU{te J|ts=stforalls eI }.

For each w € W the BB-cell C,, is defined as:

Co= |] 4
A€ AeO(w)
where O(w) = {A C X(J) | A = Tx for some x € X(J), w(xg) € A and v(xy) ¢
Aif v <w} A T-orbit A C X(J) is in C,, if and only if any one-dimensional T-orbit

of A has w(zg) in its closure.

Renner showed in [32] that (W7, <) is isomorphic to the poset (E;(T),<).
If we W and 2o € X(J)T is the element corresponding to ey € A; then wxq is
the element of X (J)T corresponding to wrow™!.

identified with the set of fixed points X (J)” of T acting on X (J).

We have that W7 is canonically

The set of one-dimensional T-orbits O (X (J)) of X (J) is identified with {(u, v) €
W x W | u<vandutv e STW;}. If (u,v) € W/ x W7 and u=tv € S/W; then
either v < u or else u < v. The question of whether v < w or w < v, is coded in the

“descent system” (W7, S7).
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X(J) jargon W7 jargon
zo € X(J)T 1ew’
r=w(zy) € X(J)" we W’

The T-orbit A C X with AN X7 =Wzy | I € A*
{(u,v) € W7 x W7 such that

The set of T-orbits (on X (J)) of dim =1 uw < v and utv € STW;}
The set of T-orbits of dim = 1 with 2o € A | S7 = (W;(S\ J)W,;) N W/
The set of T-orbits of dim =1 in C,, Al(w)={re S8’ |w < wr}
The set of T-orbits on X (T) {(w, I)| I € A, w<wsifsel*}

2.3 h-polynomial of X (J)

This section is a brief discussion of the h-polynomial associated to a simple poly-
tope. For details and proofs of the following statements consult [42]. A convex
n-dimensional polytope P is called simple if exactly n — 1- codimension-one faces

meet at each vertex.

Definition 8. Let P be a simple n-polytope. Denote by f; the number of codimension
(1 + 1)—faces of P where ¢ = —1,0,---,n — 1. The integer vector (fo, f1, ", fu_1) 18
called the f—vector of P. We also put f; = 1 as P itself is a face of codimension zero.

The h—vector of P is the integer vector (hg, hq,-- -, hy,) defined from the equation

n n—1
Z hltniz == Z fz(t - 1)”71’71. (23)
1=0

i=—1

The f—vector and h—vector carry the same information about the polytope and

determine each other by means of linear relations, namely

[ n—1
hk:Z(_l)kﬂ ficq, fork=0,---,n,
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and
i
fj:E | hi, for j=0,---,n

i=0 \ ?

Proposition 6. (Dehn-Sommerville Equations). If P is a simple n-polytope then
: [n—j )
Z(_l)] . fj:fi> forz:(]’...’n

=0 n—1

Equivalentely,
h; = h,,_; for 0 <i <n.

Furthermore, the equation hg = h,, is equivalent to the Euler-Poincaré formula,

S (-1ifi=1.

=0

Moreover when P, is a simple integral polytope, the cohomology ring of the

toric variety X (J) over Q has the form:
7] H(X(7);Q) = H'(X(J);Q) ® H*(X(J); Q) @ - & H*71(X(J); Q),

where dimH? (X (J); Q) = h; that is, the 2i-th Betti numbers of X (J) are the same
as h; while the (2i + 1)-th Betti numbers of X (.J) are zero.

Hence the Poincaré polynomial of X (.J) is expressed in terms of the h-polynomial:

P(X(J)vt) = Z(—l)lbztz = Z sz tgl Z h t2l —

% )

The Poincaré duality holds when X (J) is rationally smooth:
dimH9(X (J); Q) = dimH**"9(X (J); Q).

Next, using the theory of algebraic monoids and cross section lattice associ-
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ated to an algebraic monoid we present a formula for calculating the number of
i-dimensional faces of the polytope Py. This formula appeared in [17] and it turns

out to be extremely useful for our computations.

Proposition 7. [17] Let n = dim(P,). The number of i-dimensional faces of P, is:

W]
=2 (Wi (o)

e€EN;

where A; = {e € A | rank(e) = dim(Te) =i+ 1} and 0 < i < n.

Proof. Let F; be the set of all i—dimensional faces of the polytope Py. We know that
W.F; = F; as the Weyl group permutes the i dimensional faces of P;.

We use the lattice isomorphism between E(T) and the face lattice of the poly-
tope Py obtained in (2.2) where the action of Weyl group W is on E(T) is given by
conjugation. Then for any e € E(T), the isotropy group of e is the centralizer of e in

W, namely Wi« according to Theorem 4. Hence we get:

o= Fl = WF| = Y We= Y it

e€EN; e€EN;

]

Let S(J) = {I C S | no connected component of I is contained entirely in J}.
From Theorem 8 we have that A\ {0} = S(J). Define for any I € S(J),

IT=1U{se J|st=tsforalltel}

Proposition 8. The h—polynomial of X (J) can be expressed in terms of the cross

section lattice A as follows:
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Proof. According to Theorem 8, to each element e € A\ {0} corresponds uniquely

to a subset of S, denoted by I(e) such that I(e) = {s € S | se = es # e} and
rank(e) = |I(e)| + 1. We associate to I(e) the following set

Ie)=1I(e)U{se J|st=tsforallt e l(e)}.

Under the correspondence 2.2 we have that rank(e) = dimF, + 1 where F, is the face
of the polytope Py that corresponds uniquely to e € E(T)\ {0}. We know that the h—
polynomial of X (J) is defined in terms of the f-polynomial, i.e., h(t) = > fi(t—1)",
where f; is the number of i-dimensional faces of the polytope P,. Using the preceding

proposition and the fact that

we conclude that the h-polynomial is given by the following formula:

W) = D Alt-1 ZZ'%‘*/I (t—1)

i=0 e€A;
_ ZZ )rank(e)—l
=0 e€A; |
— — 1\H(e)l
Z;; ’WI* t 1)

- ¥ W[’/L‘(t—l)”@l

eeA\{0} r50)|

To simplify the notation in the preceding formula we replace for every e € A\ {0}
the corresponding set I(e) € S(J) by I € S(J). We know from Theorem 8 that
A\ {0} = S(J) hence, this yields the desired formula. O



Chapter 3

Betti numbers of X(J) in terms of

Descent Systems

3.1 Descent systems

The notion of descent systems for algebraic monoids was introduced by Renner. For
a systematic discussion on descent systems see [32].

I would refer to (1.1) for the definition of W7, when J C S.

Definition 9. Let (W, S) be a Weyl group and let J C S be a proper subset. Define

the descent system associated with J C S as:
ST = (Wy(S\ W) nWw’/

We refer to (W7, S7) as the descent system associated with J C S. We say J is

combinatorially smooth if P, is a simple polytope.

An important result was obtained by Danilov in [11], namely Py is a simple
polytope if and only if X (J) is rationally smooth. Renner showed the following
holds:

33
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Figure 3.1: Descent system

Proposition 9. [32] Let (W7, S”) be the descent system associated with J C S. The

following are equivalent:

1. J is combinatorially smooth.
2. |87 =15].
3. X(J) is rationally smooth.

Definition 10. Let w € WY and SY = W;sW,; N W7. Define
D?(w) ={r € S/ | wrc < w in the Bruhat order for some ¢ € W;}.

A(w) = {r € S/ | w < wr in the Bruhat order}.

We refer to D7 (w) = Lses\s D?(w) as the descent set of w relative to J, and
A (w) = | ,cq 5 AJ(w) as the ascent set of w relative to J. We have for w € W/
that S7 = D/(w) U A'(w).

Remark 4. Notice that wre < w for some ¢ € W; if and only if (wr)y < w, where
(wr)y € wrWj is the element of minimal length in wrWW;.

Notice that at every vertex w of the polytope Py there are S7- number of edges.
And some edges are ascent edges, they correspond to the ascent set associated to that
vertex and some other edges correspond to the descent set associated to that vertex

as in Figure 3.1.

Proposition 10. [32] Let u,v € W be such that u='v € SYWj. In particular u # v.

Then either © < v or v > u in the Bruhat order < on W".



35

Theorem 11. [32] Assume J C S is combinatorially smooth. Then:
ICEE

2. Let s € S\ J. In case st = ts for all t € J, S7 = {s}. Otherwise,
S;] = {87 tlS? t2t157 te 7tm A tls}

where Cy = {t1,ty -+, t,} is the connected component of J attached to s,

Stl 7é t18 and titi+1 7& ti+1t1 for 1 = ]_, e, — 1.

The following remark, which summarizes how [J-irreducible monoids are in-

volved here, is taken from [32]. See Remark 2.24 of [32].

Remark 5. Let £ = E(T) be the set of idempotents of T and let E; = {f €
E | dim(fT) = i} C E. We have e; € E; = E;(T) the unique element such that
e1B = e;Be;. For e € E; let v € WY be the unique element such that e = ve;v=!. We
write e = e,. For e, f € E we write e ~ f if there exists w € W such that wew ™! = f.
If s € S\ J, let g5 € E5 be the unique idempotent such that g;s = sgs # gs and
gsB = gsBgs. Let A* = {I C S | no component of I is contained in J} and for
ITeANlet I"=1TU{teJ|ts=stforallsel}.

In the following table Renner provides a summary-translation between the

monoid jargon and the Bruhat poset jargon.

The picture here is this: The subset W7 C W is canonically identified with the
subset of vertices of the rational polytope Py. Evidently (E;, <) and (W7, <) are
anti-isomorphic as posets. Furthermore the set of edges Edj(Py of Py is canonically
identified with Ey = Eo(T). If g(v,w) = g(w,v) € Edj(P is the edge of Py joining
the distinct vertices v, w € W then either v < w or else w < v. Given v € W, with

edges edj(v) = {g € Fy | g = g(v,w) for some w € W7}, the question whether v < w

or w < v is coded in the descent system (W7 S7).



36

’ Reductive Monoid Jargon \ Bruhat Order Jargon
€1€A1:{€1} 1€WJ
e=e, € E v e WY with e = ve;v!
e, < e, in Ey, e e,Be, #0 w<wvin W’

{(u,v) e W/ x W7}

Ey={g€ E|dim(¢gT) = 2} u<wvand utve S/ W;}k
{9 € By | gB = gByg} S\J
{g€E2|961:€1} SJ:(WJ<S\J)WJ)QWJ
{9 € Ba|ger =e1,9 ~ gs} S} = WysWy) nWw’
Es(ew) ={g € B3 | gew = ew} fveWw’ |wtve STW;}
[(ew) = {g € Ex(ew) | ge' =€ for some ¢’ < e,} | AM(w)={re S’ |w<wr}
Fs(ew) =T(ew)N{g€ Ey | g~ygs} Al(w)={re S’ |w<wr}
E(T)\ {0} {(w, )| I € N, w<wsifsel}

3.2 Betti numbers of X(J). Known examples

In the previous chapter we have seen how the structure and the dimensions of the
BB-cells of X(J) ca be described in terms of the descent system (W9 ,S7). The
notion of the descent system turn out to be extremely useful in the study of the
variety X (J) and the main theorem of this chapter is Renner’s description of the
Poincare polynomial of X (J) in terms of the augmented poset (W7, <, {v,}). By
definition, (W, <) is the usual Bruhat poset (which is canonically isomorphic to the
poset (E1,<)) and v (w) = |A7(w)|, where A7(w) is the ascent set associated with
s € S\ J. Renner illustrates his new method with several examples: two are of type
A, where J = {sa,--,8,} and J = {s3,--+,,}. A third example is (W, S) of type
By, where J = {s1, -, 8,1}

Theorem 12. [33] Assume X (.J) is rationally smooth. Then the Poincare polynomial
of X(J)is
P(X(J),t)= Y v

weWwJ
Proof. From Proposition 5 the map p, induces a bijection on T-orbits so that the
T-orbit structure on the BB-cell of dimension d is the same as the Ty-orbit structure

on k% Here Ty is the set of invertible diagonal d x d- matrices and the action of T}
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on k% is given by multiplication. In order to determine the h-polynomial of a BB-cell
of dimension d we need to find the number of codimension (i+1) Ty-orbits of k¢. A
codimension (i 4+ 1) Ty-orbit is of the following form: {ay,ag, - a,—i—1,0,0,---0)}.
The number of all such Ty -orbits is
1 +1
Hence the h-polynomial of a d-dimensional BB-cell is given by:

he) = (t— 1)+ Cll (=D 1=11

By Theorem 10 there is a BB-cell X(J)(e) for each e € E; whose dimension
turn out to be equal to d = dimX (J)(e) = |[['(e)| = |A7(w)| = v(w) where w € W,

We proved that h(e) = t*™), where w € W corresponds uniquely to e € F,.
But X (J) = Ueer, X (J)(e), and so the h-polynomial of X (.J) is given by

h(t) =Y h(e)= Y _ ™.

ecky weWJ

]

Next, we illustrate the previous theorem with several examples studied by Ren-

ner in [33].

Example 11. [33] Assume that J = () and let X = X(0)). We want to compute

P(Xt)=)Y ¢

ecky

In this case W’ = W and S7 = S. In this case W ~ E; via w — e, if
ew = weyw ™! where e; € E1(T) is the unique element such that e; B = e; Be.

By the results of [33] we have:

[ew) ~{s €S| l(w) <l(ws)}
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Thus v(e,) = [{s € S | l(w) < l(ws)}| = |S| — |D(w)| where
D(w)={se S| l(w)>l(ws)}.

We let d(w) = |D(w)|. By Poincaré duality Y, oy /™) = > o 12900
By theorem 7.2.1 of [3] we have (taking into account the doubling of degrees)
that

P(X,t) =) 5V — )]
Ics

where W! = {w € W | D(w) C S\ I}. This sum is called the Eulerian polynomial
of W.

Next, in the case when (W, S) is the Coxeter group of type A, 1, define the
Eulerian numbers to be E(n, k) = |[{w € S,, | D(w) = k+1}|. Thus, for the associated
variety X,

n—2
P(X,t) =Y E(n, k)t**
k=-—1

Similar formulas can be derived for the Coxeter groups of type B and D.

Example 12. [33] In this example we list the Poincaré polynomials associated with
combinatorially smooth polyhedra of type Az. Here S = {s1, s9, s3} with s189 # s251

and s953 # S3S9.

J Associated Polyhedron | Poincaré Polynomial of X (J)

{s1, 82} | tetrahedron 1+¢2 440

{s1} truncated tetrahedron | 1+ 5t + 5t% + 6

{s9, 83} | tetrahedron 1+t2 440

{s3} truncated tetrahedron | 1+ 5t + 5t* + 6

o permutahedron 14+ 1182 4+ 11¢* + 6

Example 13. In this example we list the Poincaré polynomials associated with com-

binatorially smooth polyhedra of type C3. Here S = {s1, s, $3} with s;s9 # s28; and
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S283 # S389. A = {ay, an, a3} and az is the long simple root.

J Associated Polyhedron Poincaré Polynomial of X (.J)
{s1,52} | cube 1+ 362 + 3t* + ¢
{s1} truncated cube 1+ 1182 + 11¢* + ¢
{s3} truncated octahedron 1+ 1182 + 11¢* + ¢
o rhombitruncated cuboctahedron | 1 + 23t2 + 23t* + ¢6

Example 14. [33] In this example we discuss the Poincaré polynomial of X (J) where
(W, S) = (Sna1,{51,82," ", 8n}) is the Weyl group of type A, (n > 2) and J =
{83,584, sp}. Renner illustrates in [33] the computation of P(X(J),t) using the
structure of (W7, S7).

First we need to determine the set W7. We know that |[IW7/| = % =n(n+1).

The following relations are true:

n

Sn+1 = |_| (Si cee Sl)Sn U id Sn

=1

Sn = |_|(Sj cee SQ)Sn_l U id Sn—l
j=2

Hence

Snir = Loy Ljms (si - s1)(s5 -+ 52) St ULLL, (850 -+ 51) 81 U

The above calculation shows that
W7 ={(sp---51)(54--52)} U {sp---51} U {sg--- 52}
where 1 < p <n and 2 < ¢ < n. Furthermore, by Theorem 4.2 of [32] we have

J _aod
Sy = {51, 52, 5352, 545352, * * SpSn—1 - - S3S2} = S;_; U {SnSn_1---S352}
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Notice also that

Wy =W U{(sn - s1)(sp-s2) U {sn--51) U {sg - 51) (50 52)} U {sn - s},
(3.1)

where 2 < p < n.
The following proposition records the computation of the ascent sets of w € W,

Al(w)={re S’ | w<wr}.
Proposition 11. [33] Let (17, 5) and J C S be as above.

1. Ifwe W7 | then s, --s; € A (w). Thus
A (w) = A;_y(w) U {sn - 52}

2. AJ(Sn Ce 51> = {82, 8389, ..oy SpSp—1""" 52}
A;{(Sn e 8132) = {5382, 8483892, ..., SpSp—1""" 32}

Al (sp -+ 518389) = {545352, 5545352, e, SpSn_1 " S2}

Ai((sn o+ 81)(Sn—18n—2 " 52)) = {SuSn_1- " Sa}

AL (3 -+ 1) (SuSnm1 -+ 52)) = 6.

3. Al((sp--s1)(sn--82)) ={s1}if 1 <p<n.
(s 52) = {51},

We omit the proof as it can be found in great details in [33]. Now we have
all the necessary information to determine the Poincaré polynomial of X (J) using

Theorem 16.

Corollary 2. [33] Let (W,,, S,,) =< s1, S2, ..., Sp > (n > 2), where S,, = {51, S2, ..., Sn }-
As above, we also let J = {s3,54,...,5,} C S, and X,(J) the associated torus em-

bedding. Then

P(X,(J),t) =t + (n +2)t*™ D 4 (n + )22 4 4 (n+2)t* + (n+2)t2 + 1.
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Proof. We use induction on n. When S = {s1, $2,- -, s, } we denote the variety X (J)
by X,(J) and X,,_1(J) when S = {s1, 82, , 8,1}

Assume
P(Xp 1 (J),t) =2V 4 (n+ )2 4o (n+ D)1+ 1.

Using the relation 3.2 we can prove the following:

P(X,(J),t)= Y )= N~ gzl N0 gl

wew,] wew,;l_, weW\W,J_,

From Proposition 11 the following relations hold:

Up(w) = Vg (w) + 1.

Al(s,---89)| = 1.

Hence we have

P(Xn(J), t) _ Z t2(un,1(w)+1) + Z t2Vn((5n“'51)(Sp---S2)) + tQ(Vn(Sn--'Sl)_
wEI/I/';l]_1 p=2
n—1
4 2nlsns2) 4 ZtZVn(Sq“'Sl)(Sn"'Sz)_
q=1

= t2P(Xn,1(J), t) 2n=2) oo g2 g p2nm) L p2(nml) g
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20D + (n+ 120D 4+ (n+ 1P +1)
+ (0D 4 24 1) 4t
= 24 (n4 220D foo g (n 42t 4 (n+ 2)2 + 1.

]

Example 15. [33] In this example we consider the root system of type B;. Let E be

a real vector space with orthonormal basis {ej, ..., ¢}. Then
(I)+:{Ei—€j ’Z<]}U{€Z+€] ‘2#]}U{El}, and
A= {61 — €2, ..., €1 — €, El} = {al, ...,al}.

Let S = {s1, S2, - s1-1, 51} be the corresponding set of simple reflections. Here
we consider the case J = {s1,+-, 51}

We first calculate W7 = {w € W | w(;) € ®F for all 1 <i <[—1}. We obtain
the following:

W'~ {1<iy <ipg<---<ip <1},
via
w(e,) =€, for 1 <v <k

and

W(epry = —€j, for 1 <v <l —k

where | > j3 > jo > -+ > ji_p > 1 (sothat {1,...,{} = {i1, 4, ..., i }U{J1, J2s s J1—k })
After a more rigorous computation we obtain the ascent sets for each w € W’/

of the following form:
AT (w) ={sp--s1,-,81 s ={resS’ | w<wr}

Thus we obtain

v(w) = |{j | w(e,) = ¢; for some v}|.
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We can use this information to calculate the Poincaré polynomial of X (.J). We

obtain that:

Example 16. [32] Let (IV, S) be the Weyl group of type A, and let J = {sg,---,$,} C

S combinatorially smooth. One checks that
WY = {1,51,5951,535051, -, SpSn_1- 5251},
and S7 = W7\ {1}. Notice that
1 <51 <8981 <---8,8,-1°""51.

We compute the ascent sets corresponding to each w € WY using the following

calculation:

(sj--s1)(s1) = [s5- -~ 52],

(85 s1)(sivw+s1) = (Si—1--s1)[s;- -+ so] if 1 <d < j, and
(Sj"'sl)(si"'81>:(Si"'51>[8j+1..'82] 1fl>]21

We conclude from this that
Al(sj-++81) = {sm-51 | m > j}

and the corresponding Poincaré polynomial of X (.J) is given by the following formula:

P(X(J),t)= ) t'™ ziti.

weWwJ
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3.3 Two new examples

Renner describes the Poincaré polynomial of X (J) when X (J) is rationally smooth
in terms of the poset (W7, <, {vs}). In Examples 9, 10 and 11, he computes the
coefficients of the Poincaré polynomial of X (.J) using the method of descent sys-
tems (S7,W7). Inspired by these results we are interested in computing explicitly
the Poincaré polynomial of X (J) in two interesting cases of J C S combinatorially
smooth. Let (W, S) be Weyl group of type A,, with W = S,.1, S = {s1,S2, " Sn},

s; = (i i+ 1) and consider J C S of the following forms:
1. J:{51;847557--.Sn}CS:{Sl’SQ’...Sn}‘
2"]:{84’85""’Sn}CSZ{817$27"',$n}.

In order to compute the Poincaré polynomial of X(.J), we could follow two
approaches: one using Li’s method of computing the h-polynomial of X (J) from the
f-vector and another one using Renner’s method of descent systems.

In both cases listed above we compute the Poincaré polynomial of X (.J) using
Theorem 12, which relies on determining all elements of W*/ and computing their
corresponding ascent sets. We introduce a new method for finding all elements of
W, different then the method used in the previous examples.

Then using Remark 4 we compute for each w € W its corresponding ascent
set A(w) by considering the products wr where r € S7 and then writing wr = (wr)gc
where (wr)y € WY and ¢ € W;. According to Proposition 10, if (wr);'w € S7W;
then w > (wr)y or w < (wr)y and this amounts to comparing their corresponding
lengths, I(w) and [(wr)o.

Nicole Lemire suggested me a different method in proving our main results of
this section. I have included a second proof for each result, proves given by Nicole
Lemire.

The first main result of this section is given in the following theorem.
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Theorem 13. Let (W, S) be the Weyl group of type A,, and J = {s1, 54,55, , Sn},
J C S such that X (J) is rationally smooth. Then the Poincaré polynomial of X (.J)

is given by the following formula:
Z '@ =14 e(n, D2 + -4 c(n,n — DY 4420,
where ¢(n,1) = ¢(n,n —1) = n+ 2 and for 2 < i < n — 2 we have ¢(n,i) =

n+1
2

n+2+

Proof. Let
a; =881 s1=((+1i---1)e S, for0<i<n
bj=5;8j-1--Sa=(j+1j---2)€Spforl1<j<n
ck=8SkSp-1--S3=(k+1k---3) €S,y for2<k<n
where ag = by = c3 = id € S, 1.
Let S3 = {id, agby, ay, as, by, a1by} C Spi1, X = {id, a1by, by} C S,41 and

Y = {id, az, a1} C Sny1.

Lemma 1. Then
WY ={obi_1 | 0 € S3}acicns1U{ocii1 | 0 € X cicn1U{obiicj1 | 0 € Y acicj<ni

U{obi_icj | 0 € YicjcicniU{obicici—1 | 0 € Y hacicjent1U{0ai—1bj_1 | 0 € Y }acicj<nta
U{a;—1bj_1¢k-1ta<icjcrantt U {ai1bj_1Ckq1 backeicicntt U {@i1bj1¢k ba<ichej<nta

Proof. We know that

Sn+1 Sn+1

I

WJ

w
W (S1,84,85 "+, Sn)  (Sa, S5+, 8n) X (81)
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Hence,

From 3.2 we have
W' ={weW |w4) <w) < - <wn)and w(l) < w(2)}.
Next, we fix w € W7 and define the set F,, as follows:
Ey={i: 4<i<n+1|w@)e{1,23}}

The following are the only possible values for the cardinality of F,,.

1. |Ey| = 0. In this case there is no element in the set {4,5,---,n + 1} whose
image in the permutation w belongs to the set {1,2,3}. We have 4 < w(i) <
w(ii+1)<n+lford<i<n+laswe W’ Hencew(i)=1iford<i<n+1
and w(1),w(2),w(3) € {1,2,3} with w(l) < w(2).

Therefore, w has one of the following forms that correspond to the cases:

2. |Ey,| = 1. In this case there exists a unique element ¢t € {4,---,n + 1} such
that w(t) € {1,2,3}. We know that w(l) < w(l+1) for l € {4,---,n}. Hence
t = 4. Then there exists ¢ such that for 5 < j <4, w(j) = j — 1 and for j > 1,
w(j) = j. We either have w(1l) = i, or w(2) = i or w(3) = i. The following

cases hold:
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(a) w(2) =1 and w is represented by the following matrix:

1 2 3 4 5 ... 1 1+1 ... n+1
w(l) ¢ w3) w4) 4 ... i—1 i+1 ... n+1

The effect of multiplying w € 5,41 on the right by the transposition s; is
that of interchanging the places w(i) and w(i + 1) in the permutation w.

Our goal is to find s; € S such that w]];s; = id.

Consider

0 = Ws283 "+ + Si—1,

with o(i) € {1,2,3} for i € {1,2,3} and o(i) =i fori € {4,---,n+ 1}.
This corresponds to the following six cases:
i. 08981 — id — w = 51582S5;-1S;—2 8382 — &1bgbi,1.
1i. 0S89 = d — w= §98;-18;—92 8359 = bgbi_l.
ili. o=id — w=s;_1-" S3S89 = bi_1.
iv. 08189 =1d = W = $25818;_1 - S2 = Agb;_1.
V. 081 =1d :U)ZslSi_l"'ngalbi_l.
vi. 0598159 = id = w = §981828;-1°° "SS9 = agbgbl;l

(b) w(3) =i and w is represented by the following matrix:

1 2 3 4 5 ... l 1+1 ... n+1
w(l) w?2) i w@4) 4 ... i—=1 i+1 ... n+1

Consider

0O — WS3S84***S;—1-

We have o(1) = w(1), 0(2) = w(2) and 0(3) = w(4) € {1,2,3}, with
w(1) < w(2). Therefore w has one of the following forms that correspond

to the cases:
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i. 08981 — id = w = §18598;-18;—2 " S3 = albgci,l
1. 0S89 = d —= w= §98;-18;—92 """ S83 = bQCZ‘_l.

ili. 0 =1id = w = 8;_1Sj—2" "+ S3 = Cj_1.

3. |Ew| = 2. In this case there exist two elements, t1,t5 € {4,5---, 5+ 1} such
that their images in the permutation w is an element of the set {1,2,3}. We
know w(l) < w(l +1) for [ € {4,5,---,n}. Hence t; =4, t, = 5. Then there
exists 4,7, 6 < 4,5 < n+ 1 such that for 6 <[ < i+ 1 we have w(l) =+ 2, for
i+2 <1< jwehave w(l) =1+1 and for j <! <n+1 we have w(l) = [. This

corresponds to the following cases:

(a) w(2) =i, w(3) = j for some 4 < i < j < n+ 1 and w is represented by

the following matrix:

1 23 4 5 6 ... i+1 i+2
w =
w(l) i j w@) wbB) 4 ... i—1 i+1
Jj J+1 n+1
j—1 7+1 n+1
Consider

0 = WS384*++S5-15283 *** Sj—1-

We have o(1) = w(1), 0(2) = w(4) and 0(3) = w(5) € {1,2,3} with
w(4) < w(5). Hence w has one of the following forms that correspond to
the cases:

i o=1id => W =8;_18;_2"-"525j_15j—2 5453 = bj_1¢;_1.

ii. 051 =id = W = 518;_15j—2 " 525;_15j—2 - - - 5453 = a1b;_1¢j_1.

ili. 05150 =1d = W = 52515;_15j—2 " - 525j_15j_2 * * - S453 = A2b;_1¢;_1.

(b) w(2) =1, w(3) = j for some 4 < j < i < n+1 and w is represented by
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the following matrix:

1 2 3 4 5 6 g+l g+2
w =
w(l) i j wd) wb) 4 j—1 j+1
7 7+ 1 n+1
1—1 1+1 n+1
Consider

0 = WS3 54152583 S;—1-

We have (1) = w(1), o(2) = w(4) and o(3) = w(5) € {1,2,3} with
w(4) < w(5). Hence w has one of the following forms that correspond to
the cases:

i o=1id = w=5;_1-""528j41" "853 = b;i_1Cj}1.

ii. 051 =id => w = 518;—1 - 825j41 "S53 = arb_1¢j41
ili. 08150 =1d == W = 52518;_1" - 52841 53 = Q2b;_1Cj11

(c) w(l) =1, w(2) = j for some 4 < i < j <n+1 and w is represented by

the following matrix:

1 2 3 4 5 6 ... «+1 2142
w =
i j w3 w4) wbB) 4 ... -1 j+1
Jj J+1 n+1
j—1 j+1 n+1
Consider

0 = WSs283 515152 Sj—1-

We have (1) = w(3), o(2) = w(4) and o(3) = w(5) € {1,2,3} with
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w(4) < w(5). Hence w has one of the following forms that correspond to
the cases:

i.o=1id = w=5;_1-"-515j_1"-82 = @;_1bj_1.

ii. 81 = id — w= 518i—1°" 815182 = alai_lbj_l.

1ii. 08189 = id — w = §2818;—-1 "+ S515j—1""" 82 = agai_lbj_l.

4. |E,| = 3. In this case there exist t1,ts,t3 € {4,5,---,n + 1} such that
w(ty),w(t:) € {1,2,3}. We can assume without loss of generality, w(t;) <
w(ty) < w(ts). We know w(l) < w(l+ 1) for I € {4,5,---,n}. Hence t; = 4,
to = 5, t3 = 6. Then there exist i,7,k € {4,5,---,n + 1} such that w(1) = 1,
w(2) = j and w(3) = k. This corresponds to the following cases:

(a) 4<i<j<k<n+1and w is represented by the following matrix:

12 3 45 ... 1 +1 i+2 143
w =
i k12 ... i-3i-2 i—1 i+1
i+l 42 ...k k+1 ... n+l
=2 j—1 j+1 ... k=1 k+1 ... n+1

Direct computation shows that wsssy - - sg_15283 - 5j_15182 - - 5;_1 = id.
Hence w = Si—1°°"818j—1 """ S525k—1"""83 = ai_1bj_1ck_1

(b) 4 <k <i<j<n+1and w is represented by the following matrix:

1 2 3 45 ... k E+1 k+2 kE+3
w =
vt 73 k1 2 .0 k=3 k-2 k-1 k+1
i i+l i+2 ... j+1 ... n+1

i—2 i—1 i4+1 ... j—1 j+1 ... n+1
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Direct computation shows that wss - - - sp4152---5j_15152 -+ 5;_1 = d,
Hence w = Si—1° 81851 S25k+1 """ 83 = ai_lbj_lckﬂ

(c) 4 <i< k< j<n+ 1 where w is represented by the following matrix:

12345 ... 4+ 1+1 t4+2 143
w =
vt g k1 2 ... 1—=3 i-2 i—-1 141
Eok+1 k+2 ... §  j+1 n+1
k—2 k—1 k+1 ... j—1 j+1 ... n+1

Direct computation shows that wssz -« sgsg---s5j_151---5;_1 = 1d.

Hence w = Si—1°818j-1" " S525k """ S3 = ai_lbj_lck

Let F be the set of all products in s;, S5 - - - 5,, obtained above. Hence F C W*. The

cardinal of F can be computed as follows:
{siz1- -89 4<i<n+1}=n—-2.

n—2
|{Si_1“‘328j_1"‘83: 4§Z<]§n+1}|:
‘{Si—l"'315j—1"'323k—1"'335 4§7/<]<k§n+1}‘:

Thus:

n—2 n—2 -1 1
F|=3+9(n—2)+9 +3 _{n=Dnr+l)

9 3 2

We conclude that F = W7,
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Proposition 12. 1. We calculate the ascent sets for each w € W as follows:

(a) A(id) = S7.
(b) A(aibs) = A(aib;—1) = A(agb;_1) = A(as_1bi—1) = {c3, ¢4, -+, cn}, where
4<s<t<n—+1,4<:<n+1.
(c) A(by) = A(bi—1) ={aiba,c3, -, e}, 4<i<n+1.
(d) A(arbeb; 1) = A(beb;_1) = {arby,cqy -+ e}, 4 <i<n+1.
(e) A(agbob; 1) = Alaras_1by1) = {cg,- - cn}, 4 <s<t<n+1,4<i<
n+ 1.
(f) A(ci—1) = A(arbaci—1) = A(boci—1) = {arbe, ba,c, | p > i}, 4 <i<n+ 1
(g) A(bi—icj—1) = A(agbi—1cj—1) = A(arbi—1cj—1) = {a1ba, ba, ¢, | p > j}, where
4<i1<j<n+1.
(h) A(bi—1c;) = A(arb_1c;) = A(agb;i_1c;) = {aibs, ¢, | p > j+ 1}, where
4<j<i<n+1.
(i) A(
() A(ai—1bj_1ck—1) = {a1be,ba,c, | p >k}, 4 <k <n.
) Al
) Al

a2ai—1bj—1) ={cs ), 4<i<j<n+ 1l

(k ai1bj_1ckr1) ={cp | p>k+2},4<k<n-2

(1 ai—1bj_1ck) = {bs,cp | p>k+2} 4<k<n-—1

2. Let v(w) = |A(w)|. Then for each w € W7 we determine the component

polynomial in the Poincaré polynomial as follows:

wex W) =2(n — 2)t" 2,

)

)

(¢) Let X ={aib;_1,a2b; 1 : 4 <i<mn-+1} then >

(d) Let X ={as_1b—1: 4 <s<t<n+ 1}, then
n—2

aex 11 = o,
2
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(e) Let w = by then ) =1,
(f) Let X = {b_1: 4 <i<n+1}, then > _t'® = (n—2)t"
(g) Let X = {aibobi_1,bob;—1 : 4 <i < n+1}, then Y "™ =2(n—2)t" 2
(h) Let X = {asbob;_1 4 <i<mn+1} then Y "™ = (n—2)t" 3

n—2
(i) Let X = {a1as_1bp—1: 4 < s <t <n+1}thend ") = 3.
2

(J) Let X = {Ci—la aleCi_l, bgCi_l}, 4 S 1 S n + 1, then

n—2
> o =33 et
s=1

weX

(k) Let X = {bi_le_l, agbi_lcj_l, alb,;_lcj_l 4 S 1< j S n -+ 1} then

n—3
>t =33 (n—s—2)°t).
weX s=1

(1) Let X = {bi_lcj, agbi_lcj,albi_lcj 4 S] <1 S n + 1} then

n—3
> =303 st).
weX s=1
n—2
(m) Let X = {asa;_1bj—1 : 4<i<j <n+l}then} '@ = =,
2

(n) Let X ={a;_1bj_1cp—1: 4 <i<j<k<n+1}, then

Z tl/(w Z n—s— st

weX s=1
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(O) Let X = {aiflbj,10k+1 c4<k< <j<n+ 1} then

~

L fs+1

Z tl/(w) _ ts_l.

weX s=1 2

(p) Let X ={ai—1bj_1c,: 4 <i <k <j} then

—4

Z ) = Z s(n —s—3)t°.

weX s=1

3

We explain the computation in details for only some representative types of
elements w € W7, For the rest of the elements the computation is similar.

Consider S\ J = {s, s3} hence using Theorem 11 we obtain
SJ = {527 5152,83,5483, - Spn 53}'

1. For w = id, we have A(w) = S7 and the corresponding component polynomial

is tr(W) = ¢,

Proof. For any r € S/ we have wr = r € W”, hence w = id < wr = r in the
Bruhat order on W and in this case A(w) = S7. Then v(w) = |A(w)| = n and
) =¢n, O

2. For w = s189 = ajby we have A(w) = {s3,5483, -+, 8,83} and the corre-

sponding component polynomial is () = =2,

Proof. Let r = s5 € S7 then wr = 515959 = 51 ¢ WY and wrW; = s;W; = W.
Therefore (wr)y = id and (wr)y w = s9 € s W;. We have that I((wr)o) < I(w),
hence r ¢ A(w).

Let 7 = 5159 € S then wr = 51595152 = 951 ¢ WY and wrW; = s951W; =
59W . Therefore (wr)y = so and (wr)y'w = s95189 = 515951 € S'W;. We have

that l(wr)g)) = 1 < l(w) = 2, hence r ¢ A(w).
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Let r =s5;_1---53 €S’ for4 <i<nand wr = s1595;_1---s3 € W’. Therefore

(wr)o = wr. We have that [(w) < [(wr), hence r € A(w).

We obtain that the ascent set corresponding to w is of the following form:

A(w) = {s3,5483,-+, 8-+ 83}, and v(w) = |A(w)| = n — 2. The component
polynomial is given by t*(®) = ¢"=2, O
. For w = by = sy we have A(w) = {s152, 53,5483, "+, 8p -+ S3} and the corre-

sponding component polynomial is t/(*) = ¢~

Proof. Let r = s, € S7 then wr = id € WY and wr < w in the Bruhat order
on WY hence r ¢ A(w).

Let r = 5159 € S7 then wr = s15951 ¢ W7 and wrW; = s,5,W;. Therefore
(wr)o = 5182 and (wr)y'w = sys182 = s15251 € SYW,;. We have that [(w) =
1 < I((wr)g) = 2, hence r € A(w).

Let r = s;_1---53 for 4 < i < n and wr = $95,_1---S3 € W7, Therefore

(wr)o = wr. We have that [(wr)y > l(w), hence r € A(w).

We obtain the ascent set corresponding to w is of the following form:

A(w) = {s152, 83,8483, +, S+ ** S3},
and v(w) = |A(w)| = n — 1. Then the component polynomial is given by
) = gn=t, O
. Forw="0b; 9 =818 :4<1i<n+1wehave A(w) = {5152, 83, 5483, **,Sp - -

and for all w = s;_1---s9 : 4 < ¢ < n + 1 the corresponding component

polynomial is /(") = (n — 2)t"~1.

Proof. Let r = sy € S7 then wr = s;_1---s3 € W7 and (wr)y = wr. We
have that (wr)y 'wr = s, € SW; and l(wr) =i — 3 and I(w) = i — 2, hence

r ¢ Alw).

83}
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Let 7 = s159 € S7 then wr = s;_1---5351525; ¢ WY, In order to deter-
mine (wr)y we do the following computation: wrW; = s;_1---s3518W; =
$18;_1 -+ S385eW, hence (wr)y = s18;_1 - - - 5. Using the braid relations, we ob-
tain that (wr)y'(wr) = sy1s951 € SYW;. We have that [((wr)y) = i — 1 and
l(w) =i — 2, hence r € A(w).

Let r = s3 € S’ then wr = s;_1 - 535253 = S95;_1--- 52 € W7. We have that

l(wr) =1i—1>l(w), hence r € A(w).

Let r = s,---s3 € S/ for p < i then wr = s;_1--- 898, -s3 € W/, Therefore

(wr)o = wr. We have that [(wr) =i4+p—4 > I(w) =1 — 2, hence r € A(w).

Let r = s, 53 € S’ for i < p then Wr = 81825, "+ S3 € W, Therefore

(wr)o = wr. We have that [(wr) =i+ p—4 > (w) =1 — 2, hence r € A(w).

We obtain the ascent set of corresponding to w is of the following form
A('LU) = {81827 53,5483, ", Sp """ 83},

and v(w) = |A(w)] = n — 1. Then the component polynomial is given by
n+1

=Yt = (-2t O
i=4
.Forw=vc¢_1=s1--53:4<i<n+1wehave A(w) = {s152,52,5,--- 53 :

p > 1} and the corresponding component polynomial is
tl/(’w) — tn—l + tn—Z _|_ . + t3 _I_ t2
Proof. Let r = s € S7 then wr = s;_;--- 535, € W7. We have that [(wr) =

i—2>I(w)=1—3, hence r € A(w).

Let r = 5159 € S7 then wr = s;_1 - - 535152 = $15;_1 - - - 52 € W7. We have that

l(wr)=1i—1>1i—3=1[(w), hence r € A(w).

Let r = s,---83 € S7 for p > i then using braid relations we have wr =
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Si_1+-538y 83 =8, - 83(s;-84). Therefore (wr)y = s, --s3 € W’ for 4 <
i < n. We have that [(wr)y > [(w), hence r € A(w). Let r = s,---s3 € S/ for
p < i then using braid relations we have wr = s,_; - - s3(s;_1 - - - 54). Therefore

(wr)o = sp_1 -+ s3 € W7. We have that [(wr)g) < l(w), hence r ¢ A(w).

We obtain the ascent set corresponding to w is of the following form:
A(U)) = {51527 S2, Sp e S3 P Z Z},

and v(w) = |A(w)| = n—1i+3. Then the corresponding component polynomial
n+1

is given by Z g =l 2 3 m
i=4

. For w =b;_aocj_1 = si_1-+-528j_1---53 : 4 <i < j<n+1 we have A(w) =

{s2,5182,8,---s3: p>j} and the corresponding component polynomial is
) = gn=2 g3 L 3t L (= 3)tR,

Proof. Letr = 5155 € S/ then wr = s;_; - - - 89851535180 = 81" 515j_1""" 52,
wr € WY, Therefore (wr)y = wr. We have [(wr) =i+j—3 > l(w) =i+ j— 5,
hence r € A(w).

Let r = sy € S/ then wr = s;_1 -+~ 5352(s; - -+ 53) € W,

Therefore (wr)y = wr. We have l[(wr) =i+ j—4 > l(w) =i+ j — 5, hence
re A(w).

Let r = s,---s3 € S’ for p > j then using braid relations we obtain wr =
Si—1+--S28p - S3(sj---s4) and wrWy = s;_1 -+ - S95, - - - s3W;.

Therefore (wr)y = s;_1 -+ $98, - 83 € W7. We have that [(wr)y > I(w), hence

r e A(w).

Let 7 = s,---s3 € S/ for i < p < j then using braid relations we have wr =

Si—1 - S9Sp_1 - S3(Sj—1--s4) and wrW; = s;_1 -~ 528,71 - - - s3Wy.
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Therefore (wr)g = s;_1 -+ 828,_1---s3 € W7. We have that I(wr)y) < l(w),
hence r ¢ A(w).

Let r = s,---s3 € S7 for p < i < j then using braid relations we have wr =

Si—1° " S525p—1""" Sg(Sj_l tee 84) and U)T’WJ = Sj—1°S25p—1""" SgWJ.

Therefore (wr)y = s;—1 - $28,_1 - s3 € W’. We have that l(wr)y = i+p—5 <
l(w) =1i4j — 5, hence r ¢ A(w). We obtain the ascent set corresponding to w

is of the following form:
A(w) = {s2,8182,8p 53 :p > j}

and v(w) = |A(w)| = n+ 3 — j. The component polynomial is given by

i=4 j>i+1

. Forw=a;_1bj_1 =s;_1---515j_1---50:4 <1 <j<n+1, we have
A(w) = {33784537“'73n"'33}

and the corresponding component polynomial is given by

tl/(w) o

2,

Proof. Let r = s5 € S7, then wr = s;_; - - 518j_1 53 = Sj_1-""525;_1"""S351.
We have wrW; = s;_1 -+ - $25j_1 - - - s351W;. Hence (wr)og = s;—1--- 528153 €

W7, We know (wr)y'w = 8185 € S”W; and I(wr)y < I(w), hence r ¢ A(w).
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Let 7 = 5150 € S7, then using braid relations we obtain

wr = Sj—1°""815j-1" 525152
= Sifl"'SQijl"'SZSl

— Sj—l"'SQSi”'8381
and wrWy = s;_1---528;---s3W.

Therefore (wr)y = $j_1 -+ S28;-+-s3 € W/ and (wr)y'w = 518981 € STW;. We

have that l(wr)y =i+ j —4 < l(w) =i+ j — 3, hence r ¢ A(w).

Let r = s, -83 € S/ for i < j < pthen wr = ;1518 1525, 83 €

W, Therefore (wr)y = wr. We have that [(wr) > [(w), hence r € A(w).

Let r = sp---s3 for ¢ < p < j then wr = s;_1---515j_1---528,---83 € w.

Therefore (wr)y = wr. We have that [(wr) > [(w), hence r € A(w).

Let r = sp---s3 for p <@ < j then wr = s;_1---518j_1--525,---53 € w.

Therefore (wr)y = wr. We have that [(wr) > [(w), hence r € A(w).
We obtain the ascent set corresponding to w is of the following form:

A(w) = {s3,8483,++, 8-+ s3} and v(w) = |A(w)| = n — 2. Then the compo-

nent polynomial is of the following form:

tu(w) _ Z 2 — =2

4<i<j<n 2

8. For w = a;_1bj_1cp—1 = Si—1--- 81851828183 : 4 < i < j <k <n+1,
we have

A(w) = {s152,52,5,--s3: p>k}.

When k =n+1, w = s,_1---515j_1- - S28, - - 53, A(w) = {5152, s2} and the
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corresponding component polynomial is given by
v(w) n—3 3 n—4 3 2
t =t""" 4+ A S t° + =,

Proof. Let r = s155 € S” then using braid relations we obtain

wr = Sj—1°°"°"818j-1" " 825k—1" 535152
e Si—l.“‘slsj—l'..slsk—l"'SQ
— ijl"'slsi"‘525k—1"‘52

= Sj-1°""815k-1""" 52841 """ 53-

Hence wr € W7 and (wr)o = wr. We know that [(wr) > I(w), hence r € A(w).

Let r = s, € S/ then using braid relations we have

wr = 574'71"'518]'71"'828]671“'8352

— Si—l"‘Slsk—l"'SQSj"'53~

Hence wr € WY and (wr)y = wr. We know that I[(wr) > [(w), therefore
r € A(w). Let r =s,---s3 € S/ for i < j < k < p then using braid relations

we obtain

wr e Sl’*l..‘Slsjfl."SQSkfl.'.SSSp.'.S3
f— Si_l-..Slsj_l.--SZSP--.S3(8k..-S4)

_ J
and (wr)g = S;_1---S18j_1--S28,---S3 € W,

We know (wr)y'w = sp_1 -+ 83(84+ - Sps1) € STWyand I((wr)o) = p+it+j—5 >
l(w)=Fk+1i+j—6, hence r € A(w).

Let r =s,---s3 € S7 for i < j < p < k then using braid relations we obtain

wr =— Si—l"'slsj—l"'SZSk—l"'S3Sp"'s3

= 87;71...818]'71...S2Sp71...83<8k,'71...84>
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_ J
and (wr)g = S;_1---S18j_1--S2Sp—1---53 € W".

We know (wr)™'w = s;_1--- 83845, € S/Wy and [((wr)g) =i+j+p—T7<
i+j+k—6=1I(w), hencer ¢ A(w). Let r =s,---s3€ S/ fori <p<j<k

then using braid relations we obtain

w?” = Siil-..81$j71...825k71...Sgsp.--sg

f— Si—l”'sls‘j—l"'S2Sp—1”'83<8k—1'"S4>

and (wr)y = Sj_1+--818j_1- 525,183 € W/, We have that (wr) 'w =
Sk—1- 8384+ 8p € STWyand l((wr)g) =i+ j+p—T<i+j+k—06=1(w),
hence r ¢ A(w).

Let r = s,---s3 € S/ for p < i < j < k then using braid relations we have wr =
81_1 ---Slsj_l.--SQSk_l-..S3sp.--S3 = SZ—l .--Slsj_lu.-SQSp_l ---S3(Sk_1.--84)

_ J
and (wr)g = S;_1---S18j_1--S2Sp—1---53 € W".

We know (wr) 'w = s;_1--- 83845, € STWy and [((wr)g) =i+j+p—T7<
i+j+k—6=I[(w). Hence r ¢ A(w).

We obtain the ascent set corresponding to w of the following form: A(w) =
{s152,82,8,---s3 :n >p >k}, and v(w) =n — k + 3. Next, we determine the

component polynomial corresponding to w:

n—2 n—1 n
prw)  — Z tn—k-l—l _ Z Z Z tn—k-l—l
4<i<j<k<n+1 =4 j=i+1 k=j+1
n—2 n n n
=4 k=i+2 k=i+3 k=n—1
n—2
= D (T 2 3T e (n— i+ 1))
i=4

= "B Q4+t + (1 +243)" P4+ (1 +2+---+n—5)E
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) = 2 A

Fork=n+1,w==5_1---Sj_1--- 528, - S3, A(w) = {5152, $2} hence v(w) =2

and the corresponding component polynomial is given by

n—3
2

t2. (3.2)

From 3.2 and 3.3, the corresponding component polynomial of w is:

n—1 l_ 2 l .
e =3 Vmany
=4 2

Using the computations done in the previous proposition we obtain the coeffi-
cients of the Poincaré polynomial denoted by ¢(n, i) as follows:
For i =1 we have ¢(n,1) =1+n—-24+3=n+2.

For 7 = 2 we have

n— 2 n+1
c(n,2)=1+4(n—2)+6+ =n+2+
2 2
For 7 = 3 we have
n—2 n+1
c(n,3) =n+8+3(n—-3)+ =n+2+
2 2
For i = 4 we have
n—2 n+1
c(n,4) =15+4(n—4) + =n+2+

2 2
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For i >5
. , , n—1i+2 1—1 , .
c(n,i)=3+3(—1)+3(n—1i)+ + + (i —3)(n—1))
2 2
n+1
=n+2+ . [
2

Similarly we can compute explicitely the Betti numbers of X (J) in the case of

(W, S) Weyl group of type A, and J = {s4, S5, -, Sp}-

Theorem 14. Let (W, S) be of type A,, and J = {54,585, -, 5.} C S = {s1,-*-Sn}
such that X (J) is rationally smooth. The Poincaré polynomial of X (J) is:

P(X(J),t) =1+d(n, 1)t* + - +d(n,n — 1)t*"=Y 4420, (3.3)

n+1
where d(n,1) =d(n,n—1) =n+2+ and d(n,i) =n+ 2+ n(n+ 1) for

Recall the previous notation: Let
a; =8;8;i—1--s1=00+1i---1) €S for0<i<n

bj=5;8j-1--Sa=(j+1j---2)€Spforl <j<n
ck=SkSp—1--S3=(k+1k---3) €S,y for2<k<n

where ag = by = c3 = id € S, 1.

Let 53 = {ld7 ai, bg, albg, as, agbz} and Y = {ld, as, al} C Sn+1.
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Lemma 2. Then
W = {o € SstU{obi_1 | 0 € Ss}tucicn U{ocio1 | 0 € Sstacicni1U

U{oai—1 |0 € Sstacicnt1U{obiicjo1 | 0 € YacicjcniiU{obj_1ci [ 0 € Y hicicj<niU
U{oai-1bj1 0 € Y hucicjcnnU{oa;1ci [ 0 € Y hucicjannU{oa;1ci [ 0 € SshucicjcniU
U{oa;_1cj—1 | 0 € S3}acicj<nt1U{ai1bj_1ck-1 ba<icich<nt1U{@i—10j-1Ckt1 fa<kcicj<ni1U
U{ai-1bjce—1}asjcichentt U{ai1bickbagjchcicnir U {ai-1bj_1¢k bacichajcnin
U{ai-1bjcr1 back<jcicnt

J ~ ﬂ o Sn+1 . Sn+1
Proof. We have W* = W = Trsees) = Sea Hence

(n+1)!  (n— 1)n(n+1).

J p— pr—
W 2(n — 2)! 2

From 3.2 we obtain:
W' ={weW |w4) <wb)<-<wh)}
Next, we fix w € W and define the set E,, as follows:
E,=w'({1,2,3})N{4,5,---,n+1}={i: 4<i<n+1]|w() e{l,2,3}}

The following are the only possible values for the cardinality of FE,,.

1. |E,| = 0. In this case there is no element in the set {4,5,---,n + 1} whose
image in the permutation w belongs to the set {1,2,3}. We have 4 < w(i) <
w(l+1)<n+lford<i<n+laswe W’ Hencew(i)=iford<i<n-+1

and w(1),w(2),w(3) € {1,2,3}. This corresponds to the following six cases:

(a) w=1id.
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(b) w = s155.
(c) w=s.
(d) w = $51.
() w = s1.

(f) w = s95159.

2. |E,| = 1. In this case there exists a unique element t € {4, -, n + 1} such
that w(t) € {1,2,3}. We know that w(l) < w(l+1) for l € {4,---,n}. Hence
t = 4. Then there exists ¢ such that for 5 <1 <, w(j) = j — 1 and for j > 1,
w(j) = j. For 5 <i <n+1 we have either w(1) =i, or w(2) =i or w(3) = i.

The following cases hold:

(a) w(2) =i and w(1), w(3), w(4) € {1,2,3}, so that w is represented by the

following matrix:

1 2 3 4 5 ... ? 1+1 ... n+1
w(l) i w3) wi@) 4 ... i—=1 i+1 ... n+1

Consider

0O = WS9S83 - S;—1

where (1) = w(l), 0(2) = w(3), and ¢(3) = w(4) € {1,2,3}. This
corresponds to the following six cases:
1. 08981 =1id —> W = $1898;_1 " * Sa.
il. 089 =1d =— W = $98;_1 - Sa.
ili. o =1d = w=25;,_1"""89.
iv. 08189 =1d =— W = S$281S;_1 " * Sa.
v. 081 =id = W = $18;_1 " Sa.

Vi. 0898189 = id — W = $981898;_1 " * S9.
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w(3) =i and w(l),w(2),w(4) € {1,2,3}, so that w is represented by the

following matrix:

1 2 3 4 5 ... l 1+1 ... n+1
w(l) w?2) i w4) 4 ... i—1 i+1 ... n+1

Consider

0 = WS384 " Si—1,

where o(1) = w(1), 0(2) = w(2), and o(3) = w(4) € {1,2,3}. Therefore
w has one of the following forms that correspond to the cases:
1. 08981 =1id — W = S$1898;_1 " S3.
il. 089 =1d —> W = $98;_1 - S3.
iii. 0 =1id = w = 8;_1---S3.
iv. 081 =1d — w = $18;_1 - S3.
V. 08189 = 1d — W = S$2518;_1 " * S3.
Vi. 0898189 = 1d —> W = $281S3S;_1 * - - S3.
w(l) =i for some 4 < i < n+ 1, and w(2),w(3),w(4) € {1,2,3} so that

w is represented by the following matrix:

1 2 3 4 5 ... ? 1+1 ... n+1
i w2) w3) wi4) 4 ... i—-1i+1 ... n+l

Consider

0 = Ws182 -+ Si—1,
where o(1) = w(2), 0(2) = w(3), and o(3) = w(4) € {1,2,3}. Therefore
w has one of the following forms that correspond to the cases:
1. 08981 =1d — w = $189S;_1 " S1.

il. 089 =1d — W = $98;_1 - S1.
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. c=1td —= w=2S8;_1---51
iv. 081 =id = w = $18;_1 - S1.
V. 08189 = 1d = W = $9518;_1 " S1.

Vi. 0898189 = 1d —> W = $281825;_1 - - S1.

3. |Ew| = 2. In this case there exist two elements, ¢1,ts € {4,5---,n+1} such that
their images in the permutation w is any element in the set {1,2,3}. We know
w(l) <w(l+1) for I € {4,5,---,n}. Hence t; = 4, to = 5. Then there exists
i,7,6 <i,j <n+1suchthat for 6 <j<i+ 1, w(l)=1+2 fori+2<1<j,
w(l) =1+ 1and for j <l <n+ 1, w(l) = 1. This corresponds to the following

cases:

(a) w(2) =i, w(3) = j and w(l), w(4), w(5) € {1,2,3}. We have w is

represented by the following matrix:

1 2 3 4 5 6 ... i+1 i+2
w =
w(l) ¢ 7 w4) wbB) 4 ... i—1 i+1
Jj J+1 n+1
j—1 7+1 n+1
Consider

o= w53"'8j7182"'8i717

where o(1) = w(1), 0(2) = w(4), o(3) = w(5) and w(4) < w(5). This
corresponds to the following cases:

i. o =1id = W = §j—1" " 8528j—1"""83.

1. 081 = d —= w= 818;—1 """ 82551 S53.

ili. 08189 = id — W = S$981S;_1" " 82851+ 83.



(b) w(2) = j, w(3) =i, so that w is represented by the following matrix:

1 2 3 4 5 6 ... 1+1 2142
w:
w(l) 7 @« w@) wbhB) 4 ... i—1 i+1
J g+1 n+1
j—1 j+1 n+1
Consider

O-:wsg"'SiSQ"’Sj_l,

where o(1) = w(l), 0(2) = w(4), 0(3) = w(b) and w(4) < w(5b).
corresponds to the following cases:

i. o =1d = w =5j_1---525;" " 83.

ii. 051 =id => w = 515j_1 - 525; " S3.

1]] 08189 = /Ld — W = 32518_7'71"'5231;"‘83.
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This

(¢) w(l) =4, w(2) = j and w(3),w(4),w(5) € {1,2,3}, so that w is repre-

sented by the following matrix:

1 2 3 4 5 6 ... i+1 i+2
w =
i j w3) w4) wb) 4 ... i—-1 i+1
Jj J+1 n+1
j—1 7+1 n+1
Consider

o= ws?"'sjflsl c 81,

where o(1) = w(3), 0(2) = w(4), o(3) = w(5) and w(4) < w(5h).

corresponds to the following cases:

This
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1. o =1d = W = §j—1" 81851 S2.
il. o081 =1d = W = 815;-1""*8515j-1"" " S2.
ili. 08189 = id = W = $981S;_1" " 8$18j-1" " S2.

(d) w(l) =14, w(3) = j and w(2),w(4),w(5) € {1,2,3}, so that w is repre-

sented by the following matrix:

1 2 3 4 5 6 ... i+1 2+2
w =
i w2) j w@) wb) 4 ... i—-1 i+1
Jj J+1 n+1
j—1 7+1 n+1
Consider

O =wsg- 5 151 Si_1,
where o(1) = w(2), 0(2) = w(4), o(3) = w(5) and w(4) < w(5). This
corresponds to the following cases:

i. 0o =1id = w=5;_1-"-515j_1 """ 53.

ii. 081 =1id = w = 518;_1---515j_1 """ S3.
ill. 05150 =id == w = 525181 - 518j_1 " S3.

(e) w(l) = j, w(2) =i and w(3),w(4),w(5) € {1,2,3}, so that w is repre-

sented by the following matrix:

1 2 3 4 5 6 ... i+4+1 142
w =
j i w3 w@) wbhB) 4 ... i—1 i+1
Jj J+1 n+1
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Consider

U:wSQ"'SiSI"'Sj—la

where o(1) = w(3), 0(2) = w(4), o(3) = w(5) and w(4) < w(5). This
corresponds to the following cases:
i. o=1id = w=5j_1-"-515;" " S9.
ii. 051 =1id = w = 515j_1---515; " 52.
ill. 05180 = id = w = 525181 515;" " S2.
(f) w(l) = 7, w(3) =i and w(2),w(4),w(5) € {1,2,3}, so that w is repre-

sented by the following matrix:

1 2 3 4 5 6 ... 1+1 2+4+2
w =
j w2) i w@) wbhB) 4 ... i—1 i+1
j J+1 ... n+1
j—1 j+1 ... n+1
Consider

U:ws3...3i31...sj_1’

where o(1) = w(3), 0(2) = w(4), 0(3) = w(b) and w(4) < w(5). This
corresponds to the following cases:

i. o =1d = W = 8§j_1"*"818; " 83.

ii. 051 =id => w = 515j_1-"-518;" " S3.

iii. 08189 = id = w = S9818j-1 """ S18; " S3.

4. |E,| = 3. In this case there exist t1,ts,t3 € {4,5,---,n + 1} such that
w(ty),w(t:) € {1,2,3}. We can assume without loss of generality, w(t;) <
w(tz) < w(ts). We know w(l) < w(l+ 1) for [ € {4,5,---,n}. Hence t; = 4,
to = 5, t3 = 6. Then there exist i, 7,k € {4,5,---,n + 1} such that w(1) = 1,
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w(2) = 7 and w(3) = k. This corresponds to the following cases:

(a) 4<i<j<k<n+1and w is represented by the following matrix:

12 3 45 ... ? t+1 1+2 1+3
w =
7 k1 2 ... 1—3 i—-2 i—1 141
j 3+1 534+2 ... 'k k+1 ... n+1
j—2 7—1 53+1 ... k=1 k+1 ... n+1

Direct computation shows that wsssy - - sy_15253 - 5j_15182 - - 5;_1 = id.

Hence w = $;_1 -+ 818j_1 " SaSk—1" " - S3.

(b) 4 <k <i<j<n+1andw is represented by:

12345 ... k k+1 E+2 k+3
w =
v 73 k1 2 .0 k=3 k=2 k-1 k+1
i i+l i+2 ... § 41 ... on+1
i—2 i—1 i+1 ... j—1 j+1 ... n+1

Direct computation shows wss - - - sp4152 - 5j_15152 - - 5;—1 = ud.
Hence w = Si—1°+8185—-1" " S525k4+1 " 53-

(¢) 4<j<i<k<n+ 1 where w is represented by:

12345 ... 4§ j+1 j+2 j+3
w =
i j k12 ... =3 j-2j-1 j+1
1 1+1 i+2 ... k k+1 ... n+1
1—2 1—1 ++1 ... k=1 k+1 ... n+1

Direct computation shows wssz -« s_152 - 84151+ 8i—1 = id.
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Hence w = s;_1--- 51552551 - S3.

(d) 4 <j <k <i<n+ 1 where w is represented by the following matrix:

12345 ... 4§ j+1 j+2 j+3
w =
i jok 12 ... j—3 -2 j—1 j+1
k- k+1 kE+2 ... ¢+ 14+1 ... n+1
k—2 k-1 k+1 ... i—1 441 ... n+1

Direct computation shows wssz -« - sySg---5551 -+ 8,1 = id.

Hence w = s;_1---515j41 " S255 " - - S3.

(e) 4 <i< k< j<n+ 1 where w is represented by the following matrix:

12 3 45 ... 1+ 1 i+2 143
w =
t g k12 .0 1—3 i—2 1—1 i+1
ko k+1 k+2 ... j  j+1 ... n+1
k=2 k—1 k+1 ... j—1 j+1 ... n+1

Direct computation shows wss -« - s,Sg---5;_151 - - 5;_1 = id.

Hence w = s;_1---$15j_1 - SaSk - - - S3.

(f) 4 <k < j<i<n+1 where w is represented by:

12345 ... k k+1 k+2 k+3
w =
i j k12 ... k=3 k-2 k—1 k+1
Jj g+1 542 ... 1+ 1 ... n+1
j—2 j5—-1 54+41 ... =1 241 ... n+1

Direct computation shows wss -« - sp152- -+ 8;51 - 5;—1 = id.
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Hence w = s;_1--- 515 52541 " - S3.
O

Next, we compute for each element w € W its corresponding ascent set A(w)
in a similar fashion as in Theorem 13. We summarize the computation in the following
proposition and we omit its proof because it does not carry anything new other then

repeating the previous sort of computations.
Proposition 13. 1. We calculate the ascent sets for each w € W as follows:

(a) A(id) = 57,

(b) A(id) = S7, A(ar) = A(az) = {bs cs,c1, -, s}

(c) A(by) = A(arhs) = A(bi_1) = A(arbi_s) = Alashi_1) = {a, s, cs, -+, s}
(d) Afagby) = {es,ca, -, cal.

() A(arbabi—y) = Alashobi—1) = A(bobi_1) = {ar, e+, cn}-

(f) Alcii1) = A(bycis) = Alarbacir) = {ay, b, cp = p > i}

(8) Alarcio1) = A(azci1) = Aagbaciy) = {bs,¢cp 1 p > i}

(h) A(ai1) = {bs,cs, ,cn}

(i) Alarbi1) = Alasa;_1) = {cscar -+l

() Aarbsai_r) = A(byai_1) = {by,car -+, cn}.

(k) A(asbaai_1) = {ca,c5,-,cn}

(1) A(bi—rej1) = Alasai_1cj—1) = Alarai_sc;j—) = {a1,bs,cp 0 p > 5}
(m) A(bj_1c:) = Alasbj_1¢;) = Alarb;_ye;) = {ar, cp : p > i+ 1}.

(n) A(ai1b;_1) = {a1,cs,car-+ -

(0) Alasa;_1b;_1) = {ay, s, cn}

(P) A(alaiflbjfl) = {ah C4,C5," " ,Cn}-
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Ao ;— 10; ) {C5> Cyq, - Cn}, A(@lajflbi) = {047 Cs,y ,Cn}-
(I] 1b) - {037047 acn}-
) = A(agaj_1¢;) = Alaaj_q¢;) = {ba,cp - p>i+1}.

_1) = A(asa;_1¢j—1) = A(ara;—1¢j—1) = {ba,cp, 1 p > j}.

s
u
,_.

o
S

S
L
Q(‘b
L

ai—1bj_1c—1) = {a1,ba,cp 1 p >k}, 4 <i<j <k}

<
s
,_.
=
("3
R‘
,_.

1) ={by,cp: p>k}4<j<i<k<n+l
ai—1bjicr) ={ar,cp: p>k+1}4<i<k<j<n+L1l

(

(

(a;-

(ai-

(

(ai—1bj—1crt1) ={a,cpip>k+2} 4k <i<j<n+1l
(@i

(

(ai—1bjepyr) ={cp: p>k+2},4<k<j<i<n+Ll
(

N~ O N

ai—1bjer) ={bs,cp: p>k+1},4<j<k<i<n+1}.

2. Let v(w) = |A(w)]. then for each w € WY we determine the component poly-

nomial in the Poincaré polynomial as follows:

a) Let w = id then W) = ¢

(
(b) Let X = {ay,bs,aras,as} then > (w) — ggn—1,

wEX

)
)
(c) Let w = agby then t¥() = "2,
(d) Let X = {b;j_1,a1b;_1, asb;_1,a;_1} then ") = 4(n — 2)t"L.
) X

(e

= {a1b2bi—17 agbabi 1, b2a;_1,a10;_1,b20a;_1, aza;_1,a1bpa;_1, 4 <i <n+

1} then /™) = 7(n — 2)t" 2.
(f) Let X = {ci_1,baci_1, a1byci_1, 4 < i < n+ 1} then /™) = 32?;12 ot
(g) Let X = {aici_1,asci_1asboci_y, 4 <i<n+1} then ") = 32;:12 t5.
(h) Let w = {asboa; 1, 4 <i < mn+1} then t"®) = (n — 2)t" 3.
)

i) Let X = bi,IC‘,l, agbi,lc~,1, albi,1C',1 4 S 1 <] S n+1 then
J J J
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Let X = {bj_1¢i, a2bj_1¢;, arbj_1¢i, 05164, G20 1¢5,anaj1¢ 0 4 < i < j <

n+ 1} then
n—3
» o =6 st
weWw s=1
o n—2
Let w = a;—1bj—1,4 <1 <j <n+1 then tr(w) — A
2
- n—2
Let X = {Clg&iflbjfl, Cll&jflbi, 4 <1< 7 < n+1 then tu(w) = =3
2
o n—2
Let w = a1a;—1bj_1,aj-1¢;, 4 <i < j <n+1 then trw) — 2,
2
o n—2
Let w = agaj 1b;, 4 <i < j <n+1 then "™ = 4,
2

Let X = {a;_1¢j_1,a20,-1¢j_1,a1a;-1¢j_1}, 4 < i < j <n+1 then

n

-3
Z @ =33 "(n— s — 2)t°.

weX s=1
Let w = a;_1bj_1cp—1, 4 <1< j <k <n+1then

—4
1 n—s—2

tu(w) _ Z ey

s=1 2

Let w = a;—1bj_1cp41, 4 < k <i<j<n+1then

n—4

#w) — Z st £,
2

s=1
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(r) Let w = a;—1bjcr—1, 4 < j <i <k <n+1 then

n—4
n—s—2
) =) te.
s=1 2

(s) Let w = a;—1bj_q1cp, 4 <i <k <j<n+1then

W~

@ =N "(n — 5 — 3)st’.

s=1

(t) Let w = ai_lbj_lck_l, 4 < k< ] <1<n-+1 then

n—4

t”(w):Z s+ 2

s=0 2

(u) let w = a;_1bjc, 4 < j <k <i<n+1 then

n—4

tl/(w) _ Z n—s-—2 t8+1.
s=1 2

We can easily identify the coefficients of the Poincaré polynomial denoted by
d(n,), in the expression ), s /() using the computations done in the previous

proposition. The following holds:

) n—2 n+1
For i =1 we have d(n,1) =7+ 4(n —2) + =n+2+
2 2

For i = 2 we have d(n,2) =7(n—2)+ 10+ (n—2)(n—3) =n+2+n(n+1)

For i = 3 we have d(n,3) =16+n—2+6(n—3)+(n—2)(n—3) =n+2+n(n+1).
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For 7 = 4 we have

n— 2 n—3
d(n,4) = 22+48(n—4)+ +
2 2
= n+2+n(n+1).
For i = 5 we have
4 n—4 3 n—3
d(n,5) = 24+10(n—5)+ + + +
2 2 2 2

= n+2+n(n+1).

For 6 <17 <n — 2 we have

d(n,i) = 2(—3)(n—i)+6(i—2)+6(n—1i)+3(i—1)+6

n—i+2 i —2 n—i+1 i—1
+ + - +
2 2 2 2

= n+2n+2=n+2+n(n+1).

For i = n — 1 we have

n—2 n—+1
dn,n—1)=7+4(n—-2)+ =n+2+
2 2

Therefore the Poincaré polynomial is obtained as follows:

Zt”w =1 +d(n, )t* 4+ +d(n,n — )2 427
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n+1 _
where d(n,1) = d(n,n—1) =n+2+ and d(n,i) =n+2+n(n+ 1) for

Another approach was suggested to me by Nicole Lemire and with her permis-

sion I would like to include it in this document.

second proof of Theorem 14 given by NicoleLemire

We have
WJ ~ K _ STH-l _ <817827"'78n> _ <817827'"787’L>/<327S37"'78n>
WJ Sn—2 <S4785”'7Sn> <32753,'"73n>/<33734""75n>
A set of coset representatives for S,, in S, is given by {id, s1, 951, *, $pSp_1- - S1}.

Let a;=(12--+ii+1) € S,y for 0 <i < n, then

n

Sn+1 = |_| CLZ‘Sn. (34)
i=0
A set of coset representatives for S,,_; in S, is given by {id, s2, 8382, *, $pSpn_1- - S2}.

Let bj =(23---77+1)€ Sp4q for 1 <j<n-—1, then

S = | |51 (3.5)
j=1

A set of coset representatives for S,,_5 in S,,_1 is given by {id, s3, $483, "+, SnSn_1 - S3}.

Let cg =(34---7 74 1) € Sy for 2 < j <n, then

Sn,1 = I_l CkSn,Q. (36)
j=2
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From (3.5), (3.6), (3.7) we obtain a list of coset representatives for S, _o in S, 1
giVGIl by {aibjck}l-za j=1, k=2 where

Sn+1 = |_| aibjckSn_g (37)

i=0, j=1 k=2

Recall the definition of W7 = {w € S,y | w(r) <w(r+1), 4<r <n}

Next we want to show that {a;b;ck }izo, j=1, k=2 is a set of coset representatives

of S,_5 in S, 41 of minimal length hence W7 = {a;b;cy }i k-

We consider the case of i > j > k (the other cases are treated similarly) and
obtain that a;bjci(r) =r —3if4 <r <k+1, a;bjep(r)=r—-2itk+1<r <j+1,

abjep(r) =r—1if j+1<r <i+1and gbjce(r) =rifi+1<r<n-+1.

Hence a;bjcy(r) < a;bjer(r + 1) for 4 < r < n. We obtain {a;bjcr}ijin C w

and |{aibjck}i,j,k] = (n — l)n(n + 1) therefore WJ = {aibjck}i:(], j=1, k=2-
Next, notice that S7 = {s1, 59,83, -+, 8,83} = {a1,ba, 3,y }.

Let dy=(l+11---4),3 <[ <n. Then using braid relations we obtain that
cic;=cj1d;, 3<j<i<n

CiCj = dei—l-l; 3<1 <] <n, CoCj = Cj

and similarly

bibj = bj_lci, 2 S] S 1 S n
bibj = bjcit1, 2<1<j<n, bib; =10,
a;a; = a;_1b;, 1< j7<1<n

a;a; = ajbipr, 1 <4 <j<n, ab; = a;

Next we prove that ¢, € A (a;bjcx) if and only if k < I.
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Here we use Proposition 10 to compare two elements in the Bruhat ordering
on W7. Notice that for w = a;bjep, € W7 and r = ¢ € S7, if (wr)'w € S7W,
then w < wr in the Bruhat ordering on W if and only if I[(w) < I(wr) according to

Proposition 10.

Let w = a;bjci, then wr = a;bjere; = a;ibje1dy for [ < k and wr = a;b¢dg41

for k < [. Let wy be the minimal coset representative corresponding to wrW;.

Hence wrW; = a;bje,1W; = woWy for | < k and wrW; = a;bjcW; = woW;

for k < [. Using braid relations we obtain:
wtwy = 51 - 83(s54+ - 5) € STW for [ < k

wtwy = sy s53(s4- -+ 8) € STW for k < 1.

Next we compare in Bruhat ordering w and wg according to Proposition 10
knowing that [(w) = l(a;bjci) > l(wo) = I(a;bjci—1) for | < k and l(w) = I(a;bjcx) <
l(wo) = l(a;bjc;) for k <.

Since a;bjcrsy = a;bjcr, and a;bjersy = a;bjsic, = a;ajc, similarly it can be
proved that s; € AJ(a;bjci) if and only if ¢ < j and sy € AJ(a;bjcx) if and only if

j <k. So

Case : 0<i<j<k<n

Ai(aibjck) = {81, 52, Cl41, " 7Cn}

then v/ (a;bjcr) =n — k + 2 and for fixed 2 < k < n we have

’{(ZibjCkl 0§Z<] <k}‘ =
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CaseIl: 2<k<j<i:<n
AZ(@ibjCk) = {Ckt1," ", en}

Then v (a;bjc) = n — k and for fixed 2 < k < n we have

(m—k+1)(n—k+2)
2

\{aibjck k< i< < n}‘ =
Caselll: 0<i<j<nand2<k<j<n
A;{L(aibjck) = {517 Ck41," " 7Cn}

Then v/ (a;bjcr) =n —k+1 and for a fixed 2 < k <n

“ n(n+1 k(k—1
S~ _nnb D) k=

Habjcp, : 0<i<yj, k<j<n} = 5 5

r=k

CaselV:1<j<i<nand1<j<k<n
Al(aibjer) = {s2, i1, Cn}

then v/ (a;bjcr) =n —k+ 1 and for fixed 2 < k <n

Habjer: 1<j<i<n, j<ki= L_nn+l) (n—k+1)(n—k+?2)

2 2
r=n—k+2

To find 3", cyps 27 we only need to find ¢, = [{w € W’ : v,(w) = r}| for
each 0 <r <n.

Let r = 0. Then v,(a;bjck) = 0 is only possible in Case II. In this case, k =n
and k£ < j <1 < n implies that a,b,c, is the only such element and ¢y = 1.

Let » = n. Then v,(a;bjc;) = n is only possible in Case I. In this case, k = 2

and 0 <1 < j < 2 implies that agb;co = is the only such element and ¢, = 1.
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Let r = 1. Then v,(a;bjc;) = 1 is only possible in Cases II, III and IV. For

Case II, Kk =n — 1 and for Cases II and III, £k = n. So
23) nn+1) 1(2) nn+1) nn-1) nn+1)
_ _ _ _ 2.
1 9 + 5 5 + 5 5 5 +n+

Let r =n — 1. Then v,(a;bjck) = 1 is only possible in Cases I, III and IV. For

Case I, k = 3 and for Case II and III, £ = 2. So
23) nn+1) 1(2) nn+1) nn-1) r@r—-1) n(n+1) N

Cn,1 = - - — =

2 2 2 2 2 2 2

n+ 2.
Let 2 < r < n —2. Then v,(a;bjcy) = r is possible in all cases. For Case I,
n—k+2=rimplies k =n —r + 2, for Case I, n — k = r implies k = n — r and for

Case IIl and IV, n — k+ 1 =r implies k =n —r + 1. So

" 2 2 2 2 2
=nn+1)+@r+)+n—r+1)=nn+1)+n+2.

B (n—r+2)(n—r+1)+(7‘+1)(r+2)+n(n+1) (n—r+1)(n—r)+n(n+1)

We have obtained that

P(X(J),t)=t"+1+ (w +n4+2)#" Y 1) + (n(n+1) +n + 2)(n2t2k).

Lemire’s method turn out to be efficient for proving Theorem 13 as well. Next, I

would like to present a second proof of Theorem 13, suggested to me by Nicole Lemire.

second proof of Theorem 13 given by Nicole Lemire

Let J = {s1, 84,85, "+, Sn}. Then

Sn+1 o Sn-‘rl
<Sl> X <S47S57"'78n> SQ X Sn—l'

124

WJ

Consider the set Y = {y;; +y;i : 1 <i < j <n+1}is an S,41-set with the
Sn+1-action given by: o (yij + ¥ji) = Yo(i)olj) + Yol)o@): & € Sn1. The action of

Spa1 on the set Y is a tranzitive action and the stabiliser subgroup of 1o + yo1 is
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Sp—1 X S = (81,83, +,Sp). The cardinal of Y is given by n(n + 1)/2 and note that

Yij + Yji = aibj(ya2 + y21).

Hence Y is a set of coset representatives of Sy x S, _1 in Sp,11.

SnJrl = |_| Clibj (Sn,1 X SQ) (38)
0<i<j<n
We have
Sn,1 X SQ = |_| Ck(Sn,Q X SQ (39)
k=2

Then from (3.9) and (3.10) we obtain that {abjcy : 0<i<j<n,2<k <n}

is a set of coset representatives of S,,_o X Sy in Sp11.

Sn+1 = |_| CLibjCk(Sn,Q X SQ)

0<i<j<n,2<k<n
We need to check that {a;b;ci }o<i<j<n2<k<n is a set of coset representatives of minimal
length, therefore we need to check that a;b;ci(r) < abjep(r + 1) for 4 <r < n. We
already checked above that a;bjci(r) < a;bjci(r + 1) for 4 < r < n and for all
0<i<n,1<j5<n,2<k<nsoitis certainly true for our subset. We only need

a;bjcr(1) < a;bjei(2) which is true since for @ < j, a;bjci(1) = and a;b;c,(2) = j. So
WJ:{aibjck: 0<i<j<n, 2<k<n}

Now S/ = {s153,52,83,"+, 8083} = {aiba,by,c3,--+,5,}. As above, ¢; €
AZ(a;bjcy) if and only if k < I (using Proposition 10) and sy € AZ(a;b;c;) if and only
if j <k.

We only have to figure out when s1s5 € AZ(abjc) if 0 < i < j < n and
2<k<n.

aibjck5132 = aibjck52 = aiajbk = CijZ'Jrlbk
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So if ¢ +1< k, aibjckslsg = ajbkciﬁ and if ¢ +1 S k‘, aibjckslsg = ajbk,16i+1. This
means that the length goes up if i + 1 < k and stays constant if i +1 > k. So
5182 € A (a;bjcy) if and only if i + 1 < k.

Note that ¢ < j implies that j < k and ¢ + 1 < k. So it is not possible to have

S, in an ascent set but not to have s;s5.

Case . 0<i1<j<k<n

Ai(aibjck) = {5182, 89, Cka1," " ", Sn}-

Then v} (a;bjcr) =n —k+2 and for fixed 2 < k <n

|{aibjck: 0§Z<] <k}‘ =

CaseII: 2 <k <i+1<j5<n
Ai(aibjck) = {Chi1, " Sn}

Then v/ (a;bjcr) =n — k and for a fixed 2 < k <n

(mn—k+2)(n—k+1)
2

Haibjer, : k<i+1<n}| =
CaseIlI: 1 <i+1<k<j<n
Al(abjer) = {8152, Ch1, 5 Cn}
then v/ (a;bjcr) =n—k+1 and for a fixed 2 < k <n

Habje,: 1<i+1<k<j<n}=(k-1)(n—k+1)
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To find Y oy t22) we need only to find ¢, = [{w € WY : v,(w) = r}| for each
0<r<n.

Let » = 0. then v,(a;bjc;) = 0 is only possible in Case II. In this case, k = n
and k£ <i+ 1< j <n implies that a,,_1b,c, is the only such element and ¢y = 1.

Let r = n. Then v,(a;bjc;) = n is only possible in Case I. In this case, k = 2
and 0 <1 < j < 2 implies that agb;cs is the only such element and ¢, = 1.

Let r = 1. then v,,(a;b;ck) = 1 is only possible in Case II and III. For Case II,
k =mn — 1 and for Case III, k = n. Soclz@—l—n—l:n—kz

Let r =n — 1. Then v,(a;bjc;) = 1 is only possible in Case I and III. For Case
I, k = 3 and for Case III, k = 2. So cn_1:@+(2—1)(n—2+1):n+2.

Let 2 < r < n —2. Then v,(a;bjcy) = r is possible in all cases. For Case I,
n—k+ 2 =r implies k =n —r + 2, for Case I, n — k = r implies k = n — r and for

Case III, n —k+ 1 =r implies k =n —r + 1.

Therefore
— 2)(n — 1 1 2 1
.o — (n—r+2)(n—r+1) N (r+1)(r+2) br(n—1) = (n(n+1) nt2
2 2 2
and the Poincaré polynomial is given by
n—2

P(X(J),t) =2 + 1+ (n+2)(* "D + %) + (@ +n+2)(O ).

k=2



Chapter 4

Betti numbers of X(J) in terms of

Eulerian polynomials

4.1 FEulerian polynomials

In this section we introduce Eulerian polynomials and discuss the unifying ideas

between the cross section lattice, Eulerian polynomials and h-polynomials.

The Eulerian polynomial of a finite Weyl group (W, S) of type A,, records, for
each k € {1,---,n}, the number of elements w € S,; with an ascent set of size k.

More results on this topic can be found in [16] and [3].
Let 0 € S,11, 0(i) =p;, i = 1,---,n+ 1. Define the ascent set of o
Alg)={i|1<i<n: p; <pu}.

It turns out that
i€ Alo) <= l(os;) =l(o) + 1,

for s;, = (i i + 1) € S,41. We define Eulerian polynomials when (W, .S) is finite Weyl

86
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group of type A, as follows: Let
E(n,i) = {o € Snia | |A(o) = i}

be the Eulerian numbers. Define the (n + 1)-Eulerian polynomials to be:

Bt E:l?n—%lz > ) with a(o) = |A(0)].

oESh+1

An important property of the Eulerian polynomials is that these polynomials

are palindromic polynomials, namely:
E(n,i)=FEn,n—1—1), forany i =0,---,n— 1.
It follows that the Eulerian numbers can be generated by the well-known recurrence:

Em+1,n)=Mn+1)Emn)+(m-n+1)E(mn—1), mn>1

Remark 6. An alternative definition of the Eulerian polynomials is using the geo-

metric series:

>t =g

k>1

Differentiating repeatedly and multiplying by x, we obtain:

> kat = 1_$Pa)

k>1

P k:@_x—m)g(lﬂ%)

k>1

ZkS k —)(1+4x+x)

k>1
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m—1

3 ket = O—QCW(Z E(m,n)z")

k>1 n=o

It turn out that

—_

m—

E,(t) =Y E(m,n)t"

n—
is the m—FEulerian polynomial. One can see why the two definitions are the same by

checking both polynomials satisfy the same recurrence relation.

We list the first few Eulerian polynomials:

m E,(t)

1 1

1+1

1+ 4t + 2

1411t 4+ 1112 + 3

1 + 26t + 66t% + 26t3 + t*

1+ 57t + 302t + 302t3 + 57t + t°

14 120t 4+ 1191¢% + 24163 + 1191¢* + 120¢° + 6

1 4 247t + 42932 4+ 15619t% + 15619t* + 4293t5 + 247t6 + ¢7

© [0 [ | O | O | = | W | N

1+ 502t + 14608t* + 882343 + 156190t* + 88234¢° + 14608t° + 502¢7 + ¢°

Definition 11. A permutahedron P, _; € R" is the convex hull in R" of the set

{(p1.p2, - p) €R™ | 0(i) = piso € Sy}

It is a known fact that the Betti numbers of the toric variety X (()) associated
to a permutahedron are the Eulerian numbers. See Example 11.

For the next result we present a proof due to Renner.

Theorem 15. Let E,(t) be the n—th Eulerian polynomial, let h,_1(¢) be the h-
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polynomial of the permutahedron P,,_;. Then
E,(t) = h,—1().

Proof. We first study the structure of the (n — 1)-permutahedron:
1. The vertices of P, _; correspond uniquely to the permutation group S,,.

2. The edges of P,_; correspond uniquely to pairs (w,ws) with w € S,, and s € §
such that l(ws) = l(w) + 1.

3. For any face F' C P,,_; of the permutahedron there is a unique vertex o € F

such that all edges of F' are ascent of o. (We say F likes o).

4. From 3, the set of faces F of P,_; is identified with

{(a, 1) | I C A(o),0 € S,.}.

5. Given o € S, there is a largest face F' that likes 0. Furthermore,

dim(F) = |A(0)].

6. The number of faces of dimension i that like o is [ | where k = [A(0)|.
i
Indeed, each one correspond to a subset of A(c) with ¢ elements.

By definition,

h(t) = Y1)
- (Y -

oceSy, F likes o

= Z(1+k(t—1)+ : =172+ +(t—1)").
o€Sn
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= ) (14 (t—1)7.

O’GSn

= ) )

O’GSn

= En+1-

]

As a consequence of Proposition 8 and Theorem 19 we obtain a characterization
of the (n+ 1)-Eulerian polynomial in terms of the subsets I C S. Recall that S is the
minimal set of reflections that generate the permutation group S,.1, S = {s1,- -+ s, }

with s; = (i i+ 1) € Spi1.

Theorem 16. Let £, be the (n + 1)-Eulerian polynomial. The following identity
holds:

Ena(t) = Z %(t -,
Ics

Proof. Consider (W, S) = (S,41,S) finite Weyl group of type A, and let J = . In
this case, the highest weight A is in the interior of the fundamental Weyl chamber.
By applying reflections s; = (i, i + 1) € S,41 about the hyperplanes orthogonal to
the simple roots we permute ¢ and ¢ + 1 coordinates of A. The polytope Py given by
the convex hull of the W-orbit of A turns out to be an n permutahedron (see [21]).

From Theorem 19 and Proposition 7 we have that

W
resy

where I3 = I, S(J) = P(S) the power set of S, when J = 0. O
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4.2 New results

Our aim in this section is to obtain a recursive formula for the Betti numbers of the
rationally smooth toric variety X (J) in terms of the Eulerian numbers when (W, .S)
is finite Weyl group of type A, and J = {s,_gs1, - -,s,} C 5, for 1 <k <n-—1.
In section 2.4 we computed the Poincaré polynomial of X (.J) using the method of
descent system (W7, S7) in the case of J = {54,585, -, 5,}, and (W, S) of type A,.

In this section we consider the general case of J(k,n) = {Sp_ki1, ", Sn},
1 <k <n and instead of calculating the Poincaré polynomial of X (J(k,n)) using
descent systems we use the combinatorics of simple polytopes together with the the-
ory of algebraic monoids to obtain a recurrence in terms of the (n — k)-Eulerian
polynomials.

Finally, the recurrence is illustrated for kK = n — 2. For the remainder of this
section we specialize the discussion to the case only of type A,, where W = S,.1,
S = {s1,--,sn}, and s; = (i i+ 1) € S,41. We choose J C S such that J is

combinatorially smooth.

Theorem 17. Let J = {s,}. Then J is combinatorially smooth of type A, and the
h-polynomial of X (.J) is given by
h(t) = Buni(t) — | Z "o,
Proof. From Corollary 3.5 [32] we obtain that J = {s,} is combinatorially smooth.
Let M be a J-irreducible monoid of type J = {s,}. We associate to M the cross sec-
tion lattice denoted by A(1). From Theorem 4 we have that A(1)\ {0} = S(J(1,n)),
where S(J(1,n)) = {I C S | no connected component of [ is contained entirely in J}.
Notice that
S(J(1,n)) € P(S)

where P(S) denotes the power set of S.
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One of the main ideas in proving this result is to partition S(J(1,n)) into

disjoint sets according to the following rule:

S(J1,n) ={ACS | sn1 € AAU{ACS | s ¢ A s, AL,

We observe for A € S(J(1,n)) such that s,.1 ¢ A we must have s, ¢ A, since
{sn} is a connected component of A contained entirely in J, and this contradicts the

definition of S(J(1,n)). We are now in a position to introduce notation for the two

disjoint subsets of S(J(1,n)). Let

My={ACS|s,1€A}CP(S),

and let
M1 = {A Q S | Sn—1 ¢ A, Sn ¢ A} = P(S\ {Sn—lusn}>.

Then the h-polynomial of X (J) is computed using Proposition 7:

hit)= > (n+1)!(t—1)‘A'+ > M(z—wl.

AeMy |WA*

Next, we determine A* = AU {s € J | st =ts for any t € A} for any A € S(J(1,n).

For A € My we have A* = Aand Wy« = W,. For A € M; we have A* = AU{s,,}
and Wy« is the subgroup generated by A U {s,} namely, W4 = W4 x Sy. It follows
that the h-polynomial of X (J) is given by:

h(t) = Z W(t_ 1)l 4 Z M(t_ 1)Kl

AeMy | A‘

Using Theorem 16 we are able to express the (n — 1)-Eulerian polynomial in
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terms of the elements of M;. We obtain the following:

Foa(y = 30 gy

AeM; ‘WA’

By 4.1, this implies that the h-polynomial of X (.J) equals:

hit)= Y M(t — 1) 4 @Enl(t). (4.2)

Next, we let Ng ={A C S| s,-1 ¢ A} and apply Theorem 16 to the (n+ 1)-Eulerian

polynomial. The following identity is obtained:

En(t) = Z (nmt 1)!(75 — A

ACS

(4.3)
> S0t 3 S o
AeMy ‘ Al A€eNy

Next we expand the set Ny in the following way:
NOZ{AQS ’ Sn,1¢A,Sn¢A}|—|{ACS | Sn71¢A,Sn€A}gP(S)

Let Ny ={ACS|sp1 ¢ Asp€ A} ={A U{sn} | A C{s1,5,--,8n-2}}, such
that Ny = M, U Ny. Direct computation shows that the subgroup generated by any
A € N; can be expressed as follows: for A € N; then there exists A’ € M, such that
A=A U{s,} and Wy = Wy x Sy. Therefore we evaluate the following summand of

E,1(t) as follows:

ot e -y —(nmt Dy 3o Lt Dy

A€eNy ’ A‘ AeMy ‘ A’

Z(Jl (BN ;;“S t— 1A
dean WAl drcrn, (WallSel
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i |
1 -1 /
U D =
wan, Wl (4.4)
n(n+1)
= nn+1)E,—1(t) + 5 (t—1)E,—1(t).
1
— —n(n; )(t+1)En_1(t).
From 4.3 and 4.4 we obtain the first summand of the h-polynomial:
n+1)! n(n+1
s D o g - " e e @s)
e, [Wal 2
0
This by 4.2 and 4.5 implies the following relation holds:
n(n+1 n(n+1
we) = Bt - "m0+ "0 g
n+1
== En+1(t) - tEnfl(t)
2
[
Corollary 3. The Poincaré polynomial of X (.J) with J = {s,} is given by:
2 ntl) , 2
P(t) = Epa (1) — ) B, 1 (17). (4.6)

Proof. We use the relation between the h-polynomial and the Poincaré polynomial

recorded in [41], namely h(t?) = P(t). O
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Theorem 18. Let J(2,n) = {s,-1,s,} and J(1,n) = {s,}. Denote the h-polynomial
of X(J(2,n)) by ha(t) and of X(J(1,n)) by hi(t). Then the following recurrence

relation holds:

ho(t) = hy(t) — " _:: ! (2 + ) Ep_s(t).

Proof. Let M be a J-irreducible monoid of type J(2,n). We associate to M the cross
section lattice denoted by A(2). From Theorem 4 we have A(2) \ {0} = S(J(2,n)),
where S(J(2,n)) = {I C S| no connected component of [ is contained entirely in J}.
We obtain a good handle on the set S(J(2,n)) by partitioning it into disjoint sets

according to the following rule:

S(J(2,n) = {ACS|sp2€A s,m1€A s, €A
{A () | Sp—9 € A, Sn—1 € A,Sn ¢ A}U
{ACS |sp0€A s, 1¢ A s, ¢ AN

{ACS |sp o As,1¢As, ¢ A}

We are now in a position to introduce notation for the disjoint subsets of S(J(2,n)).
Let
My={ACS|s,2€As,1€As,cA} CP(S).

My ={ACS|sns€Asy,€As,¢ At CPS).
My={ACS |$ps€Asy1¢&As,eA}CPS).
M3 = {A Q S | Spn—2 ¢ A,Sn_l ¢ A,Sn ¢ A} Q P(S)

Then we have
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Using Corollary 8 the h-polynomial of X (J(2,n)) is given by:

t— kAl

ZZ

1=0 AeM;

Next, we compute for each A € S(J(2,n)), the corresponding A* defined by
A*=AU{s e J(2,n) | st =ts for any t € A}.

Let A € My U M; then we have A* = A and Wy = Wy4.
Let A € M, then we have A* = AU {s,} and Wy« = Wy x Ss.
Let A € M3 then we have A* = AU {s,,_1, $,} and Wy« = W4 X Ss.

Thus the h-polynomial of X (J(2,n)) is given by:

S PP PR T n

i=0 AeM;
Consider J(1,n) = {s,} then A(1)\ {0} = S(J(1,n)). We partition S(J(1,n)) into
disjoint sets whose elements may contain s,_; or not contain s,,_1, and obtain:
S(J(1,n)) = {ACS|sy,1€A s, € AAU{ACS |s,1€ A, s,¢ AU
{AC S |sy1¢ A s, ¢ A}
An important step towards proving our result is finding a relation between S(J(1,n))

and S(J(2,n)). In order to achieve this we use a rather elementary idea which turns

out to be extremely efficient for our computations. We expand S(J(1,n)) in the



97
following way:

S(J(L,n) = {ACS|s,2€A s, 1€ A, s,€ A
{ACS | s, 2¢As,1€As, €A
{ACS|s,2€A s, 1€As,¢ A
{ACS |sp o As,1€A s, ¢ A
{ACS | sy o As,1¢As, ¢ AN

{ACS |spo€A s1¢ A s, ¢ A}

We introduce the following notations:
No={ACS|s,2¢ A s,_1€ A, s, €A} CTP(S9).

Ny ={ACS |5p2¢ A sn1€As,eA}CPS).

Hence the desired relation is:
S(J(1,n)) = S(J(2,n)) LU No LU Ny. (4.8)

Next, we compute A* = AU {s € J(1,n) | st =ts for any t € A} for A € M;, where
1=0,1,2,3and Ae N;:i=0,1.

For A€ MogUM, : A*=A and Wy = Wy. For A€ My UM;s: A* = AU{s,} and
Wae =Wy x Sy. For Ae N; : A* = A where i = 0,1, and Wy = Wy

Furthermore the h-polynomial of X (J(1,n)) is given by:

A (n 1 A
ZZ@'X|WA| ||+ZZ + — 1)l

1=0 AeM; 1=0 AeN;

+ 2 et

AEMs3

(4.9)
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By 4.7 and 4.9, this implies:

!

e = hat) = >3 St -y 3 Bty

i=0 AEN;
(4.10)

In order to compute the subgroups generated by A € Ny U Ny, we observe that the

following relations hold:

N() = {AQ S | Sn—2 ¢ A,Sn—l S A,Sn S A}
= {AU (a0} | A'C {51,500 50} }

Thus for A € Ny there exists A’ C {s1, S2, - Sp_3} such that A = A"U{s,,_1, s, } and
WA = WA’ X Sg. (411)

Similarly, we have:

N, = {A cSs | Sp—2 g_ﬁ A,Sn_l S A,Sn ¢ A}
— AU {5} | A C {15 s}

Thus for A € N; there exists A" C {sy, s9,- - s,} such that A = A’ U {s,} and
WA = WA/ X SQ. (412)

From 4.10, 4.11, 4.12 we obtain the following relation:

hi(t) — ho(t) = Z (n+ 1)!(15 _ 1)|A’|+2 + Z (n + 1)!(15 _ 1>\A’|+1

Yyt 3NWy| eyt 21 Wy |
I 1 (n+1) A
I SIE Tt LR
Py R [Wal

_ (n— 1);(n + 1)(25 1y Z (n — 2)!(75 Y
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+(n—1);(n—|—1)(t_1) Z (n_Q)!(t—l)‘A/|

(n—1)n(n+1) (n+1)! Al
t—1)“

P tnt ) 52 Gy
AeMs
By definition M3 = P(S \ {Sn, Sn—1, Sn—2}) and using Theorem 16 we are able to
express the (n — 2)-Eulerian polynomial in terms of the elements of M;. We obtain

the following identity:

E,o(t)= > M(t—l)“". (4.13)

AeMs ‘WA’

By 4.13, this implies the following recurrence relation:

ha(t) — ha(t) = n; o TR R 1);(” D41, 0
N (n— 1);1(71 + 1)En_2(t).
. ;r ! (t* +t)E,_o(t).

This concludes our proof and obtain the following recurrence formula:

ha(t) = I (t) — nzl (* + 1) Eqa(t).

]

Corollary 4. Let P5(t) be the Poincaré polynomial of X (J(2,n)). Then the following

formula holds:

n—+1 n+1
Py(t) = By (1?) — 2B, 1 (t?) — (t* +tHE, o(t?).  (4.14)
2 3
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Proof. From Theorem 18 we have the relation

n+1
P2<t> == Pl(t) - (t4 + t2)En_2(t2),
3
where Py (t) denotes the Poincaré polynomial of X (J(1,n)). Using Corollary 3 we

obtained the desired relation. O

Next, we generalize the computation to the case of J(k,n) = {Sn_kt1, ", 5n},
for 1 < k < n. The main result of this section is a recurrence relation for the Poincaré

polynomial of X (J(k,n)) in terms of the (n — k)— Eulerian polynomials.

Theorem 19. [14] Let J(k,n) = {Sn—k+1,Sn—k+2," > Sn} €5, 1 < k < n and let
hi(t) denote the h-polynomial of the n—dimensional variety X (J(k,n)). Then J(k,n)

is combinatorially smooth and the following recurrence relation holds:

n+1
hi(t) = hy_1(t) — (tF " R OB k(t).
k+1

where J(0,n) = 0 and hg = E,,+1 the (n + 1)~Eulerian polynomial.

Proof. From Corollary 3.5 [32] we obtain that J(k,n) is combinatorially smooth.
Let M be a J-irreducible monoid of type J(k,n) and let A(k) be the cross section
lattice associated to M. From Theorem 4 we have that A(k)\{0} = S(J(k,n)), where
S(J(k,n)) ={I C S |no connected component of I is contained entirely in J(k,n)}.

Next, consider for 0 <i < k+1,
M;={ACS|Jk+1,n)\J(,n) CACS\J(,n)} CP(S).

So, in particular, My ={A C S| J(k+1,n) C A} CP(S), and
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My ={ACS|ACS\J(k+1,n)} CP(S). Hence, we obtain
k+1
S(I(kn))=| | M;, 0<i<k+1.

=0

We associate to each A € S(J(k,n)), A; = AU{s € J(k,n) | st =ts for any t € A}.

We compute the h-polynomial of X (J(k,n) using Proposition 7 and obtain:

k+1

> >

i=0 AeM;

— 1)l (4.15)

Then for A € My U M; we have A7 = A and War = Wa. ForAe M;,;2<i<k+1
we have A} = AUJ(i—1) and Wa: = W x S;. Thus, the h-polynomial of X (J(k,n))

is given by:
k+1 (n+1)!
=y > 4 = — 1)K (4.16)
i=0 Acat; ¢ i W A|

Consider J(k — 1,n) = {Sp—k+2, -, n} C J(k,n). From Theorem 4 we obtain that

Ak — 1)\ {0} = S(J(k —1,n)). Let
S;={ACS|J(kn)\Ji,n) CACS\J@Gn)}CP(S)

for 0 < i < k. So, in particular, Sy = {A C S | J(k,n) C A} C P(S) and
Sp={ACS|ACS\J(k,n)} CP(S). Note that for each 0 < i < k, we have

SiN{ACS | s, € A} = M; and

SiN{ACS | susd A ={ACS| J(k,n)\ J(i,n) CAC(S\ (J(i,n)) U {sp_}).

Let
N; = {ACS|J(k,n)\J(i,n) CACS\(J(i,n)U{sn-r})}

(AU (J(k,n)\ J(i,n)) |A' C S\ J(k+1,n)}.
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Notice also that Ny = M. Then the following relation holds:
k—1
S(J(k—1,n)) = S(J(k,n)) U | | N

=0

Next we compute Aj_; = A%, , , for all A € S(J(k—1,n). For A € M, and
A € My, we have
Al:—l = A and WAZ—l == WA.

For Ae M; :i=2,---,k, we have
A 1 =AUJ(k—1,n) and Wy = Wy x S;.

We know that My, = P(S\ J(k+1,n)). Hence for A € My, we have
A 1 =AUJ(k—1,n) and Wy« = W4 x Sj.

For A € Ny and A € Ny, we have A7 | = A and WA;Ll = Wy4. For A € N; where
i=1,---,k—1 wehave Ay | = AUJ(i—1,n) and Wys: = W4 x S;. Furthermore,
the h-polynomial of X (J(k — 1,n)) is given by:

hia ( Z Z il % |WA| |A| +Z Z |WA| % z' 1)|A|

i=0 AeM; =0 AEN;

W Al
— 1)kl
+ ) o |WA| )

AeMkJrl

(4.17)

By 4.17 and 4.18, this implies that

heea)=ha) = 32 3 3T 0 G e S T 019



The following relations hold: for A € N; there exists A’ € My, such that

A=A UJ(k,n)\ J(i,n)) and Wa = Wa X S_i11.

We use these relations in 4.19 and obtain the following:

hi—1 (1) Z Z i1 )"‘WA/’ (t — 1)lATHE=

=0 A,GMk+1 .

n+1)! 1 1 n—k)! A
En—gﬁﬁ_%k+n0 > U=

k—1
n+1) i (n —k)! A
t—1)""" t—1
— —/L—f‘ ].)‘Z'( ) A/G%C-FI |WA’| ( )
(n+D. (=R
oG 2 T O
AGMk+1
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Theorem 16 allows us to express the (n — k)-Eulerian polynomial in terms of the

elements of M q:

B, k(t)= > Ut )

aar,, Wal

1 [k+1
CESA

In the next formula we replace (k — i+ 1)! x i! by

hi(t) — hi—1(t) =

T
L

(n+1)!

(n—k)!(k—i+1)!xil (t =1 " Eai(t)

I\
o

(n+1)!
TRk 1)

kE,_1(t)

and obtain:

(4.19)
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Pl )! k+1 -
[10 k—|—1) ( i )<t1) *

n+ 1)!
(n —( k)!(k)+ 1)!4 En-4(t) (4.20)

n+1\ =2 (k+1 -
= (t—1)""+k
k+1 1=0

We need now to show that

((k * 1) — 1) 4 k) =t (4.21)

By the binomial theorem we have

i=0 ?

i <k+ 1) (t — 1)k+1—z’ TS N ((t . 1) + 1)k+1‘

So

F(t) + k= +k=

(kD) —-1)—1 z’“:
t—1 t—1 =

The theorem now follows from 4.20 and 4.21. O
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Corollary 5. Let J(k,n) = {Sp—k+1, -, 5.} C 5, for 1 <k < n. Then the Poincaré

polynomial of X (J(k,n)) is given by the formula:

P(X(J(k,n),t):En+1(t2)—Z nill (2 4+ ) E,i(t)

Proof. We obtain from Theorem 17 that

hi(t) = ho + Z(hi(t) — hi_1(2)).

Hence
n+1 :
hi(t) = B (t) = ) (t7 4 - ) E,i(t).
=1 \t+1
Using the fact that P(X(J),t) = h(t*) we obtain the desired formula. O

We can exemplify the previous corollary with the following example.

Example 17. Let (W, S) Weyl group of type Az and let J = {s3, s3}. We have shown
in Chapter 2 that X (J) = CP.
According to previous corollary we have the following formula for the Poincaré

polynomial of CP?:

P(CP?,t) = E,(t*) — ! 2By (t?) — ! (t* + ) E (1%
2 3

=14+ 12+ 11+ —62 —6t* —4t* — 42 =t +t* + 2 + 1.

Next, we verify the recurrence formula obtained in Theorem 19 in some partic-

ular cases of k.

Example 18. Let k =n — 1. Then J(n — 1,n) = {s9, s3,- -, S, } is combinatorially
smooth and the h-polynomial of X (J(n — 1,n)) is computed in Example 4.3 [32]. It
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is given by the formula:
hna(t) =14+t 4+ + - +t™
The recurrence formula obtained in Theorem 19 is equivalent to

n+1 L
hn—l = hn—2<t) - (tni + -+ t)El (t)
n
The h-polynomial of X (J(n —2,n)) is computed in Example 4.6 [33] and is given by

the following formula:
hoa(t) = 14+ (n+2)t+ (n+2)2 + ..+ (n+ 2)t" " + "

Hence

hn,Q(t) — hnfl(t) = N(tn_l + -+ t)

yields the desired relation.

Example 19. Let £k = n — 3. then J(n — 3,n) = {s4,---,s,} is combinatorially
smooth and the h polynomial of X (J(n — 3,n) is computed in Theorem 14. It is
given by the following formula:

n(n+ 1)

5 4+ (n+2+nn+ 1))+

hn—3 = 1+(7’L+2—|—

n(n+1)

AL
5 )

+ (n+24+nn+ )"+ (n+2+

The h-polynomial of X (J(n — 2,n) is computed in Example 4.6 [33]. It is given by

the formula:

hn72(t) =1+ (n + Q)t + (n + 2)t2 + ..+ (n T Q)tnfl L
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The recurrence formula obtained in Theorem 19 is equivalent to:

n+ 1 n—2 n—3
hoa(t) = h,_3(t) — ) ("2 " ) B (1)
n p—
n(n + 1) n—2
= hn_g(t)—T(t + )+ 1)
1
= h,_s(t) — ”(”Tﬁ(t“ + 2" 2T 4 247 4 t)

= 1+(n+2)t+n+2)2+-+ (n+2)t" "+ 1"

Next let (W,S) be the Weyl group of type A,,_1. Recall the definition of the

Eulerian polynomials in terms of a power series given in Remark 5. Let

m—1
mk _ T
Zk 1_xm+1 ;)E (1_x)m+1E m(2)-

k>1

where E,,(z) is the h-polynomial of the case J = ) and |S| =m — 1.

Corollary 6. Then

k

i=1 1+ 1

where hy(z) is the h-polynomial of X (J(k,n)).

Proof. Let
m(m — 1)

5 xE,,_o(x)

be the h-polynomial for the case J = {s,,—1} and |S| = m — 1. Consider
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Then, we obtain
m(m — 1)

9 Sl(l')Sm_g(l‘)

Next, when J = {s;,—2, Sm—1,5m} and |S| =m — 1 we get

hafa) = Bw) - P, D ey
and
B(r) = —sorhalr) =
= (1—x)m+1 2(T) =
m(m — 1 m—2)(m—1)m
= Sm(l') — %Sm_g(l')sl(l’) - ( >;' ) Sm_3<l')52(l‘).
In general when J = {s;,—k, - Sm-1} and |S| = m — 1 using the recurrence relation

between the hy(z) and hi_;(x) polynomials we obtain the following formula:

B@F%Wﬂm>&m—z(fJ%immw

7



Chapter 5

Betti Numbers of an Irreducible

Representation: an overview

The goal of this chapter is to explain to the reader how the h—polynomial of X (.J) is
needed to calculate the H—polynomial of certain embeddings of a semisimple group
arising from irreducible representations. It is meant to be a survey based on several
papers by Renner. We don’t include proofs for the results we discuss here but rather
try to unify ideas used in previous chapters in order to create a more general context
where lots of interesting questions can be asked. For technical results I refer to [31],
[36], [37].
Renner introduces the H-polynomial (Definition 12 bellow) of a reductive monoid

M in terms of the set B x B-orbits of M. Let M be a reductive monoid. We consider
the B x B-action on M as follows: B x B x M — M, (g,h,z) — gzh™'. Tt turns

out that there are a finite number of B x B-orbits.

Any reductive group G has a Bruhat decomposition

G= || BuwB,

weWw

where W = Ng(T')/T is the Weyl group. By the results of [27] there is a perfect

109
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analogue for reductive monoids. Instead of W we use the Renner monoid

R = Na(T)/T,

where Ng(T) C M is the Zariski closure of Ng(T') in M. Since 2T = Tz for each

x € Ng(T), R is a monoid and for reductive monoids the corresponding Bruhat

decomposition into B x B—orbits is controlled by the Renner monoid:

M=||BrB.
reR
The Renner monoid can be written as a disjoint union of W x W—orbits, parametrized

by the cross section lattice:

R:|_|WeW.

e€A
A reductive monoid M is called semisimple if it has a zero element and its unit

group G has a one-dimensional center.

Definition 12. Let M be a semisimple monoid with monoid R of B x B-orbits.
Define H(R), the H-polynomial of R, as follows:

H(R) = Z(t — 1)r@¢l@=r@)
ze€R
where r(z) = dim(7T'z) is the rank of z and I(z) = dim(BxB) is its length. We then
let
H(M) = (t—1)"(H(R) - 1).

H(M) is called the H—polynomial of M.
The H-polynomial is a synthesis of the h—polynomial of a toric variety [39] and

the Poincaré polynomial of a Schubert variety [1]. In the former case one collects

summands of the form (¢ — 1)* while in the later case one collects summands of the
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form t°.

When M is semisimple we consider the induced action of G x G on the projective

variety

P(M) = [M\ {0}]/K"

Remark 7. This H-polynomial is not the correct tool for investigating varieties with
singularities that are not rationally smooth. In the case of Schubert varieties, and
Kazhdan-Lusztig theory, the correct formulation incorporates a correction factor (via
the KL-polynomial) that takes into account local intersection cohomology groups. In
case the singularities of P(M) are rationally smooth, the polynomial IPx(t) of [5]
agrees with the polynomial H(M). However, in the absence of rationally smooth
singularities, these local intersection cohomology groups may not be so well adapted

to cellular decompositions.

5.1 Betti numbers and cellular decomposition

Clearly one can define a Poincaré polynomial for any reasonable cohomology theory.
In [5] the authors compute the intersection cohomology polynomial Poincaré polyno-
mial for a large class of G x G—embeddings X of G. However it is known [13] that

IPx(t) = Px(t) in case X has rationally smooth singularities.

Theorem 20. [36] Let M be a semisimple algebraic monoid such that M \ {0} is
rationally smooth. Then

H(M)(t*) = Px(t)

where X = [M \ {0}]/&".

Next we describe how R decomposes naturally into a disjoint union of cells C,,

r € R1, where R, is the set of rank-one elements of R.
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Definition 13. Define for r € Ry,

C, = |_| BxB.

zeCr

We refer to C, as the monoid cell associated with r € R.

It turns out that the following holds:

M\{0}= | ] C.

reR1

5.2 The H-polynomial of a semisimple monoid

Next, suppose that M is a J-irreducible of type J C S, and such that M \ {0} is
rationally smooth. There is a combinatorial object associated with this situation
called the augmented poset (Ey,<,{vs}). It turns out that this augmented poset
encodes all the relevant information about the H—polynomial of M. The main result
answers the following question posed in [34]. Let r = (u,v) € Ry 2 W’ x W7, and
let C. C P(M) be the corresponding cell. To calculate the H—polynomial of M one

first need to answer the following technical question.
What is dim(C,) in terms of (u,v), J, and (W,S)?

Renner quantifies the dimension of C, in terms of 7 and the descent system (W7, S7).
This allows him to write the H-polynomial of M entirely in terms of (W7 S7).

The set up is the following. Let J C S be combinatorially smooth and let
s€S\J,we W’ Then let
a) 6(s) = |Cs| + 1, where Cj is the connected component of J attached to s.
b) va(w) = [{r € S | w <wr}| =4 (w)|.

¢) w, € W7 be the longest element.
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Theorem 21. [36] The H-polynomial H(M) of M is given by

H(M) _ ( Z tl(wo) l(w)+m(w) Z Ifl

weWwJ veWJ

where m(w) = > o, 0(s)vs(w) and H(J) = 3 (o ™) is the H-polynomial of
G/P;y.

The descent system is necessary to obtain a precise description of the quantity

m(v) in the above formula for H(M).

Next, we illustrate the previous theorem with the following examples taken from

[36].

Example 20. Let M = M, 1(k). Then M is J-irreducible of type J C S, where
J ={s2,83,-++,s,} and (W, 9) is of type A,. In this examples
SJ:{31,5231,~~ s 81} WJ SJU{l}

Write a; = s;- -+ s1if i > 1, and ap = 1. An elementary calculation yields S\ J = {s1},

l(CLl) :i,
Wo = Sp*** S1,
d(s1) =mn,

Vs, (a;) =n — 1,
P(J) =31 t%, and Xy = PO+ =1 (k).

We obtain the following formula for the H—polynomial:

(n+1)2—

H n+1 Ztn i) n+1) th Z i

=0

Example 21. In this example we consider M a J-irreducible of type J C S, where
(W, S) is of type A, and J = {s3, 84, ", Sn}-

If w € W,J we write w = a,b, where a, = s,---s1 (1 <p<n)and b, = s, 59
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(2 < g <n). Thus
W ={ab, | 0<p<mnand1<q<n}.

Now S\ J = {s1, s2} so that C, =0 and Cy, = {s3,- -, s, }. Thus,
1) §(s1) =1, and
2)6(sg) =n—2+1=n-—1.
3)vs, (apby) = 1if p < q and vy, (ayb,) = 0if p < gq.
v, (apby) = n —q.
Thus, by definition,
1) m(apb,) = (n—1)(n —q)+1if p < ¢ and
2) m(aphy) = (n— 1)(n — q) it p < g.
Finally, [(ayb,) =p+q — 1, and a,b, € W is the longest element.

Thus, for w = a,b, € W7, we obtain
l(wo) — l(w) + m(w) =n —p+n(n—q)+e

wheree=1i1f0<p<qg<n,ande=0ifn>p>g>1. Thus

Z Hwo)=l(w)+m(w) _ Z gn—ptn(n—g)+1 | Z fn—p+n(n—q)

wewJ 0<p<q<n n>p>q>1

The other factor is

n

H(J) = Z pw) — Zi(tFl + thﬂ')

wewJ i=1

Finally we obtain

n

H(M) = Z gn—ptn(n—g)+1 | Z (n—pn(n—q) 4 Zi(ti_l + 20,

0<p<g<n n>p>q>1 =1
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In the last example we consider the root system of type B;.

Example 22. Here we consider the case of g-irreducible monoid of type J = {s1, -+, 5,1}
For related computations and a description of W+ see [35, Example 6.10]
We omit the relevant details of the computations made in this case. For a

complete proof see [36]. The H—polynomial is given by the following formula:

l l

HM) = [T+ Ja+¢)

k=1 k=1

where the factor []._, (1+t**) is H(G/P;) = > e 1) and the factor [T, (1+%)

is 30y 10 lw)mw)
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