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Abstract
The G-expectation framework is a generalization of the classical probability system
based on the sublinear expectation to deal with phenomena that cannot be described by
a single probabilistic model. These phenomena are closely related to the long-existing
concern about model uncertainty in statistics. However, the distributions and independence in the G-framework are quite different from the classical setup. These distinctions
bring difficulty when applying the idea of this framework to general statistical practice.
Therefore, a fundamental and unavoidable problem is how to better understand G-version
concepts from a statistical perspective.
To explore this problem, this thesis establishes a new substructure called the semiG-structure. The semi-G-structure plays a hybrid role connecting the classical and Gframework. The semi-G-independence preserves the symmetry (which can depict both
spatial and temporal situations of model uncertainty) and it is also related to the Gindependence (which only describes temporal situations due to asymmetry). We prove
a semi-G-CLT generalizing the classical CLT under model uncertainty with symmetric
independence. It reveals the central role of semi-G-normal in the semi-G-structure. To
the extent of our knowledge, the semi-G-normal is the unique kind of normal in this
picture allowing both the variance uncertainty and the connection between univariate
and multivariate objects.
Building on the semi-G-structure, we construct a series of data experiments to show
the statistical insights of G-version concepts. This is the first time a statistical experiment
has been constructed to illustrate the asymmetry in the G-independence. We further develop a nonparametric test of model uncertainty. We also discover a tight connection between sublinear expectations and interval-valued data through the semi-G-structure. As
a financial application, we discuss a robust portfolio optimization problem under general
covariance uncertainty with a more delicate view of the variance uncertainty. Furthermore, the semi-G-structure can address statistical questions related to model uncertainty,
which could not be formulated or addressed easily in either classical or G-framework. In
short, the semi-G-structure reveals an intrinsic connection between the classical and Gframework. Such a connection is beneficial to the study of model uncertainty by providing
a new theoretical perspective with statistical flexibility. This is the vision of the thesis.

Keywords: Uncertainty Quantification, Nonlinear Expectation, The G-expectation
framework, Statistical Methodology, Model Uncertainty, Robustness
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Summary for Lay Audience
We usually use probability to quantify our statement on the uncertain events in our
daily life. However, sometimes we should not ignore the uncertainty in our probability
assessment. Let us play a simple game. If we look at the left part of the figure below, at
your first glance, does it look like a rabbit or duck? Then turn to the right part to answer
the same question. You may find that your answer on “whether it is more like a rabbit
or duck” is different for these two parts, but actually, they are the same except for the
difference in rotation angle. Under various viewing angles, our probability assessment of
this image could be different.
We can see that sometimes there indeed exists uncertainty in the probability itself. In
statistics, it is formally called model uncertainty. In this thesis, we have developed a new
framework called the semi-G-structure to better quantify this kind of uncertainty from
both a theoretical and practical side. Our vision is that this structure will bring a new
theoretical perspective to the study of model uncertainty.

Figure 0.1: Rabbit-duck illusion: at your first glance, does it look like a rabbit or duck?
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Chapter 1
Introduction
The G-expectation framework (G-framework) is a new generalization of the classical
probabilistic system, which is aimed at dealing with the random phenomenon in dynamic situations where it is hard to precisely determine a unique probabilistic model.
This phenomenon is also closely related to the long-existing concern on model uncertainty
in statistical practice. For instance, Chatfield (1995) gave an overview of this concern itself. However, how to better connect the idea of this framework with general data practice
is still a developing and challenging area that requires researchers and practitioners from
different backgrounds to collaborate and reflect on different degrees of uncertainty possibly brought by complicated nature of the data, and even the modeling procedure itself.
To give some examples of such collaboration, we list a series of attempts in the literature. Jin and Peng (2021) (which first appeared as Jin and Peng (2016)) formulated the
idea of max-mean estimation related to sublinear expectations and proved its optimality.
Xu and Xuan (2019) considered a loss function in a max-mean form with regularization
which can be put into regression or classification context to achieve a degree of robustness. Peng and Zhou (2020) studied the tail probability of the G-normal and pointed out
a strategy of sampling from different subpopulations which can achieve a p-hacking effect
in a classical t-test. Peng et al. (2020) constructed the Value at Risk induced by G-normal
(G-VaR) to consider a general form of volatility uncertainty and implemented empirical
analysis on log return datasets to show that it can outperform the benchmark methods
in terms of the violation rate. To the best of our knowledge, this is the first attempt in
real-world data analysis by using the G-expectation theory to handle model uncertainty
and the G-normal shows its potentials by providing a compact way to describe an infinite
family of measures. As mentioned in Peng et al. (2020), the development of G-VaR has
benefited from the combination of efforts from the community (from both industrial and
academic side) since its proposal in 2015. Later on more extensions of G-VaR have been
1
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studied. For instance, Peng and Yang (2022) imposed a time series design to improve the
performance of G-VaR. Pei et al. (2021) further introduced the Expected Shortfall under
G-normal (G-ES). Li et al. (2022) discussed the estimation of the variance interval and
extended the G-VaR to mean-uncertainty situations.
For the long-term development of the connection between the G-framework and the
general real-world data practice (under model uncertainty), a fundamental and unavoidable problem is how to better understand the G-version distributions and independence
from a statistical perspective, which also requires long-term efforts of learning, thinking
and exploration. This thesis can be considered as a systematic continuation and extension
of my master’s thesis (Li (2018)) where readers can find more background regarding this
exploration.
This thesis can also be treated as a detailed systematic report of our exploration
on this basic point in the past six years (since my thesis-based master program) to
a broad community. This community includes not only experts in the area of nonlinear
expectations (such as the G-expectation) but also researchers and practitioners from other
related fields who may not be familiar with the theory of the G-expectation framework (Gframework) but are interested in the interplay between their areas and the G-framework,
which requires them to properly understand the meanings and potentials of G-version
distributions and independence. One vision of this thesis is to explore and understand
the role of statistical methods incorporating G-version distributions or processes (with
its own independence) in general data practice as well as the differences and connections
with the existing classical methods. More importantly, we intend to show how we can
broaden our horizon of questions we are able to consider by introducing the notions (such
as the distributions and independence) in the G-framework.
The remaining parts of this chapter is organized as follows. Section 1.1 provides a
simple startup example to introduce the background of the model uncertainty and the
necessity to use a more general version of the expectation. This section is borrowed and
adapted from my previous master’s thesis Li (2018) (Section 1.1.1). Section 1.2 gives an introduction to the background of the G-expectation framework and the related literature.
Section 1.3 explains the main motivation of this thesis (especially the semi-G-structure).
For readers’ convenience in navigating across different parts of the thesis, Section 1.4
gives an overview and outline of the structure of the thesis. Section 1.5 includes a beginning story of the thesis that is beneficial to the understanding of the intuition behind
the theoretical results throughout this thesis. Finally, Section 1.6 provides preliminary
technical knowledge on the G-expectation framework.
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Why do we need a more General expectation?

Let us start from a simple example (which is the so-called Ellsberg Paradox proposed by
Ellsberg (1961)). Here we have an urn (called Urn I) containing 30 red balls and 60 black
balls. Suppose you are invited to play the following game. You randomly draw one ball
from the urn and the colour of the ball determines the money you get. You are provided
with two gambling designs to choose from (Table 1.1).
Table 1.1: The two gambles (Urn I)
Gamble Red (30) Black (60)
A
B

$100
$0

$0
$100

Gamble A or B, which one do you prefer? I bet it should not take you even a second
to choose B or “a bet on black” (as long as you prefer more return). There is also a simple
logic: since the ball is more likely to be black, why not bet on black to get that $100 with
higher chance?
In fact, this is one of the common senses in gambling strategies, which appeared even
far before the notion called probability. The requirements of making better strategies in
gambling practice has actually motivated the early study of probability. To systematically
describe stochastic phenomena in a more rigorous way, Kolmogorov (1933) constructed
the axiomatic system of probability theory (which forms the classical probability framework) based on the additive probability and linear expectation. Furthermore, we can
actually use the language of the classical probability framework (which should not be
hard for any students with elementary probability knowledge) to explain and describe
people’s preference in the scenario of Urn I (which is shown as follows).
In a classical probability space (Ω, F, P), let X : Ω → {0, 100} be a random variable

representing your income after the experiment. Since each ball in the urn has equal chance
to be drawn, in A, the distribution of X can be described by the following probability
law mapping PA

"

X 100 0
PA 1/3 2/3

#

.

(1.1)

Hence, the expected income in A can be expressed by the classical expectation of X
under the law PA , namely, EA [X] = 100 × PA (X = 100) + 0 × PA (X = 0) = 100/3.
Similarly, for B, we have the probability law PB
"
#
X
0 100
.
(1.2)
PB 1/3 2/3
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Then the expected income from B is EB [X] = 200/3. In most people’s mind, in order

to maximize their “expected income”, they prefer B to A because of the underlying
quantified relation EB [X] > EA [X]. This is also a simplified version of the expected utility
theory (established by Von Neumann and Morgenstern (1945)) through defining a utility
function U : {0, 100} → R to show people’s preference on the income (in our case, we
can define a U such that U (100) > U (0)). In general, people choose one strategy if and
only if it can maximize their expected utility. In the setting of Urn I, people prefer B
to A if and only if B has larger expected utility or explicitly, EB [U (X)] > EA [U (X)] (if

they are equal, people should not have any preference over these two gambles), which is
equivalent to PB (X = 100) > PA (X = 100). Considering the probability regarding each
colour and the rules in Table 1.2 (B is “a bet on black” and A is “a bet on red”), people
prefer B to A if and only if P(draw a black ball) > P(draw a red ball) (they believe it is

more likely to draw a black ball than a red one), which is consistent with the common
gambling intuition.
Let us do one step further and turn to another urn (called Urn II) containing 30
red balls and 60 balls that consist of black and yellow ones (in some fixed but unknown
proportion). Suppose we have x black balls and 60 − x yellow balls where x is some

unknown integer in [0, 60]. Again, one ball is to be randomly drawn from the urn, the
colour of which determines the money you get. You are provided with two gambles to
reflect on, illustrated by Table 1.2.
Table 1.2: The first pair of gambles (Urn II)
Gamble Red (30) Black (x) Yellow (60 − x)
A
B

$100
$0

$0
$100

$0
$0

A is “if the ball is red, you get $100, otherwise you get nothing” where we know there
are 30 red balls. B is “if the ball is black, you get $100, otherwise nothing” where we only
know there are [0, 60] black ones. Do you prefer A or B? In other words, do you prefer
“a bet on red” or “a bet on black”?
Now you are offered another pair of gambling games: C and D (Table 1.3). C is a bet
on “not black” and D is a bet on “not red”. Which of them do you prefer? (Please take
your time to think about it.)
According to the results from Ellsberg (1961), we have two common responses:
1. Response i (very frequent): A is preferred to B and D is preferred to C.
2. Response ii (less frequent): B is preferred to A and C is preferred to D.
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Table 1.3: The second pair of gambles (Urn II)
Gamble Red (30) Black (x) Yellow (60 − x)
C
D

$100
$0

$0
$100

$100
$100

Usually you may fall into one of these two types. Before thinking about what was
in your mind several minutes ago, let us try some probabilistic ways to explain these
common responses.
Since the third column in Table 1.2 has equal two entries (so is Table 1.3), “whether
the ball is yellow or not” is irrelevant in both comparisons (“A versus B” and “C versus
D”). Based on the intuition of the classical expected utility which works perfectly well for
Urn I, from Response i, people prefer A to B if and only if they believe drawing a red
ball is more likely than drawing a black one (“Reds are more than Blacks”). However,
they also prefer D to C which is equivalent to their belief that it is more likely to draw
a black ball than a red one (“Blacks are more than Reds”). This leads to a contradiction
because we are talking about the same urn (Urn II).
To better show the contradiction, if we apply the theory of classical expected utility
theory, again, we first need to set a utility function U : {0, 100} → R such that U (100) >
U (0) meaning people prefer $100 to $0. For instance, let
$
1 x = 100
U (x) = 1{x=100} :=
.
0 x=0

We still use X to denote your income after the experiment, based on the unknown
x and letting y := x/90 (falling in [0, 2/3]) which is the proportion of black balls. The
distribution of X and U (X), under different gambles, can be summarized by the following
probability laws:










X
0
100
U (X)
0
1
PA
2/3
1/3
PB
1−y
y
PC
y
1−y
PD
1/3
2/3






.




(1.3)

Associated with the probability law (1.3), we also have, under probability P,
EP [U (X)] = EP [1{X=100} ] = 1 × P(1{X=100} = 1) = P(X = 100).
Then according to the theory of expected utility, people’s preferences are characterized
by maximizing the expected utility. Response i showing A is preferred to B indicates
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EA [U (X)] > EB [U (X)], which, by the probability law (1.3), can be expressed as PA (X =
100) > PB (X = 100) which is equivalent to 1/3 > y. We know y can be treated as the
unknown proportion of black balls so “A is preferred to B” can be explained by
the proportion of black balls < 1/3.
Meanwhile, Response i also says D is preferred to C then ED [U (X)] > EC [U (X)], which
means PD (X = 100) > PC (X = 100) implying 2/3 > 1 − y or

the proportion of black balls > 1/3.
This leads to an obvious contradiction! (Noting that Urn II is not in some quantum world,
although the number of black balls in Urn II is unknown, it should be some fixed one.)
Readers can check Response ii which also leads to a logically equivalent contradiction.
Both of them violate the theory of classical expected utility.
Wait a moment. I know perhaps you were not really doing this kind of computation,
since the proportion of black balls is unknown, how can we “pre-define” the threshold of
y to compare the expected utility in different setup? If not this, what kind of struggling
was happening in your mind just now to make the strategy?
Actually, people (who give Response i and ii) usually tend to treat the proportion of black balls not a certain number y, but an uncertain one varying in a range
([0, 2/3]), which is the uncertainty interval they do care about, especially the two bounds
(corresponding to the worst and best cases). The unknown proportion of black balls is
the uncertainty here since we do not have information about this. In this spirit, the
probability law (1.3) should be changed to a new version with “uncertainty”:







Gamble P(X = 100)
A
1/3
B
[0, 2/3]
C
[1/3, 1]
D
2/3





.



(1.4)

In A versus B, some people prefer A because they worry about the lower bound of the
uncertainty interval given by B. This kind of worry makes them averse to the uncertainty
in B. This type of people have the so-called uncertainty aversion. Similarly, they prefer
D to C to avoid the uncertainty in C (especially the lower bound).
Explicitly speaking, people with uncertainty aversion actually think about the “worst
case” of all possible scenarios. For instance, in B, their “expected utility” in the worst
case is actually the minimum of expected income in all possible settings of y, motivating
us to reflect on a set of distributions or probability laws, namely, QB := {PB : PB (X =
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0) = 1 − y, PB (X = 100) = y, y ∈ [0, 2/3]}, rather than the single distribution of X in
Urn I governed by the law (1.1) or (1.2). Then the “expected utility” can be written as
EB [U (X)] := min EPB [U (X)] = min y = 0.
PB ∈QB

y∈[0,2/3]

(1.5)

For A, since we only have one probability law for X (with no uncertainty), the set of
distributions QA := {PA : PA (X = 0) = 2/3, PB (X = 100) = 1/3} degenerates to a
singleton, so the expected income is
EA [U (X)] := EPA [U (X)] = 1/3.
Therefore, we have
EA [U (X)] > EB [U (X)],

(1.6)

which describes the preference of people with uncertainty aversion in A versus B. Following the same logic, when people considering “the worst case” in the setup of C and
D, since QC := {PC : PC (X = 0) = y, PB (X = 100) = 1 − y, y ∈ [0, 2/3]}, the expected
income is

EC [U (X)] := min EPC [U (X)] = min (1 − y) = 1/3,
PC ∈QC

y∈[0,2/3]

while the expected gain of D is

ED [U (X)] := EPD [U (X)] = 2/3,
so we have
ED [U (X)] > EC [U (X)].

(1.7)

The inequalities (1.6) and (1.7) are consistent with the preference of people with uncertainty aversion by quantifying their worry about the worst case under uncertainty.
Meanwhile, there are another type of people (perhaps less frequent) preferring B to
seek the uncertainty in it especially its upper bound with the idea that “what if there is
60 black balls, then I have 2/3 chance, doubling the rate I get from A.” This inclination
will also drive them to choose C when comparing C and D. These type of people have
the feature called uncertainty seeking, whose expected utility can be expressed by the
maximum of all possible cases since they are looking for the “best income”, so we only
need to change the minimum to maximum in (1.5) to mathematically describe their
preference. (Of course, we expect such type of responses to be much less if the worst
outcomes of these gambles are set as negative, which mean one may lose money in these
gambles.)
Actually, the expectation E in (1.5) can be treated as a generalized version of the linear

expectation (so is the one replacing min with max; to be consistent with the literature, we
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will mainly focus on maxP EP [·] while minP EP [·] can be retrieved by putting a minus sign

before the random variable). From the example above, readers may notice the necessity of
using a more general expectation when there is uncertainty in the probability law itself.
We will give more details regarding this General expectation and Uncertainty in the
remaining parts of this chapter.

1.2

Introduction to the G-expectation framework

The classical probabilistic system is good at describing the randomness under a single
probability rule or model Pθ (which could be sophisticated in its form). However, in
practice, there are phenomena where it is hard to precisely determine a unique Pθ to
describe the randomness (such as the situations in Section 1.1). In this case, we cannot
ignore the uncertainty in the probability rule itself. This kind of uncertainty is often called
Knightian uncertainty in economy (Knight (1921)) or epistemic uncertainty in statistics
(Der Kiureghian and Ditlevsen (2009)). It is also commonly called model uncertainty if
it refers to the uncertainty in the probabilistic model. A standard example of Knightian
uncertainty comes from the Ellsberg paradox proposed by Ellsberg (1961) showing the
violation of the classical expected utility theory based on a linear expectation. In this
case, we essentially need to work with a set P = {Pθ , θ ∈ Θ} of probability measures. In
order to quantify the extreme cases under P, we need to work on a sublinear expectation
E defined as:

E[·] := sup EP [·].
P∈P

(1.8)

This sublinear expectation defined as (1.8) first appeared as the upper prevision in Huber
(2004). We also call (1.8) as a representation of E. Coherent risk measures proposed by
Artzner et al. (1999) can be also represented in this form and more details can be found
in Föllmer and Schied (2011). The notion of Choquet expectation (Choquet (1954)) is

another special type of sublinear expectation which is foundation of a new theory of
expected utility by Schmeidler (1989) to resolve the Ellsberg paradox in static situation.
For dynamic situation, the utility theory can be developed by the sublinear version of
g-expectation proposed by Chen and Epstein (2002). In principle, g-expectation can only
deal with those dynamic situations where we can find a reference measure Q to dominate

P. Nonetheless, this situation is ideal for technical convenience but also quite restrictive
compared with reality: it means all the probabilities in P agree on the same null events.

For instance, in the context of financial modeling, when there is (Knightian) uncertainty
or ambiguity in the volatility process σt , the set P may not necessarily have a reference
measure (Epstein and Ji (2013)). How should we deal with a possibly non-dominated P
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in dynamic situation? It took the community many years to realize that it is necessary
to jump out of the classical probability system and start from scratch to construct a new
generalization of probability framework, which was established by Peng (2004, 2007, 2008)
and further developed by the academic community led by him, called the G-expectation
framework.
Since its establishment in 2000s, the G-expectation framework has been gradually developed into a new generalization of the classical one with its own notion of independence
and distributions, as well as the associated stochastic calculus. The spirit of considering
P to characterize the Knightian uncertainty is embedded into this framework from its
initial setup. A distribution under the G-expectation can be represented by a family of

classical distributions - it provides a convenient way to depict the distributional uncertainty that may require an infinite dimensional family of distributions which usually does
not have an explicit parametric form. More details about this framework can be found
in Denis et al. (2011); Peng (2017, 2019b).
The G-normal distribution N (0, [σ 2 , σ 2 ]) is the analogue of normal N (0, σ 2 ) in this

framework. As indicated by its notation, it is a typical object with variance uncertainty.
In theory, it plays a central role in the context of the central limit theorem (Peng (2019a)):
it is the asymptotic distribution of the normalized sum of a series of independent random
variables with zero mean and uncertain variance. It has a Stein-type characterization
provided by Hu et al. (2017). Fang et al. (2019) provided an insightful discrete approximation and a continuous-time form of representation of the G-normal distribution. In
practice, G-normal has also shown its potentials in the study of risk measure such as the
Value at Risk induced by G-normal (G-VaR) rigorously constructed in Peng et al. (2020)
and further developed in the recent work by Peng and Yang (2022), where the G-VaR can
mostly outperform the benchmark methods in terms of the violation rate and predictive
performance.

1.3

Towards better understanding of the G-version
concepts

For general audience who are not familiar with the theoretical background of this framework, it could be difficult for them to properly understand the distribution and independence in the G-expectation framework, which are quite different from the classical setup.
Several important aspects of this difficulty are as follow:
D1 (The G-expectation of the G-normal) The G-expectation of the G-normal is defined
by the (viscosity) solution a fully nonlinear PDE (the G-heat equation), which
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usually does not have an explicit form unless in some special cases (Hu (2012a)).
In fact, following the spirit of Knightian uncertainty, a better interpretation of
the G-version distribution is a family of classical distributions characterizing the
distributional uncertainty. Nonetheless, for a general reader, if not careful, the
notation of G-normal N (0, [σ 2 , σ 2 ]) could lead to a wrong impression that it is
associated with the family {N (0, σ 2 ), σ ∈ [σ, σ]}. Actually, the uncertainty set

of N (0, [σ 2 , σ 2 ]) is much larger than this and one evidence is that the G-normal
distribution has third-moment uncertainty (all its odd moments have uncertainty),
but all the distributions in the family mentioned above are symmetric. It means
that the uncertainty set of G-normal distribution contains those classical elements
that has non-zero third moment. It seems like a strange property for a “normal”
d
distribution in a probabilistic system (especially when we note that X = −X if
X ∼ N (0, [σ 2 , σ 2 ])). An explicit form of the uncertainty set of G-normal is given
by Denis et al. (2011).

D2 (The gap between univariate and multivariate objects) The joint random vector
formed by n independent G-normal distributed random variables does not follow
a multivariate G-normal (even under any invertible linear transformation of the
original vector.) More study of the counter-intuitive properties of G-normal can be
found in Bayraktar and Munk (2015). Due to this property, the G-Brownian motion
is not a Gaussian process in the sense that its finite dimensional distribution is not
a multivariate G-normal (as mentioned in Peng (2011)).
D3 (The asymmetry of independence) The independence in this framework is asymmetric: X is independent of Y does not necessarily mean Y is independent of X.
This the reason why this independence is also called sequential independence, which
is different from the classical one. One interpretation of this asymmetry in the relation “Y is independent of X” is from the temporal order: if Y is realized at a
time point after X, the roles between X and Y would be asymmetric (in terms
of the possible dependence structure). Another interpretation is from the distributional uncertainty: any realization of X = x has no effect on the uncertainty set of
Y . Both of the interpretations are valid if one understands the detailed theory of
this framework. However, for general audience, both of these are still vague even
become quite confusing if one combines them together in a naive way (such as “if
Y happens after X, any realization of Y should have no effect on X, then we automatically have one way of independence.”). So far we do have a simple example
that the independence is indeed asymmetric (Example 1.3.15 in Peng (2019b)), but
it is not clear why the independence is asymmetric in this example. To be specific,
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how does the distributional uncertainty of the joint (X, Y ) change if we switch the
order of the independence? Such a representation (even in a special case) will be
beneficial for general audience to better understand the sequential independence in
the sense that they can explicitly see how the order of the independence changes
the underlying distributional uncertainty.
D4 (How to understand the G-normal in data practice) Suppose one wants to use the
G-normal distribution to describe the distributional uncertainty from a dataset
(either artificial or realistic one). These thinking gaps towards the independence
and distribution in this framework mentioned above will further bring barriers or
even mistakes to the data analyzing procedure.
A main objective of this thesis it to study the following central problem: from a statistical perspective, how to better understand the G-normal distribution and the G-version
independence. The answer to this question will also lead to a better interpretation and
understanding of G-version concepts for general audience and practitioners who are familiar with classical probability and statistics. We will work towards this central problem
from the following four basic questions where each question “Q[k]” is corresponding to
one of the difficulty D[k] mentioned above,
Q1 How does the third-moment uncertainty of G-normal arise? Is this possible to use
the linear expectations of classical normal to approach the sublinear expectation
of G-normals (without involving the underlying PDEs)?
Q2 How should we appropriately connect the univariate objects and multivariate objects in this framework? Since it is hard to start from univariate G-normals to get
multivariate G-normal, is this possible for us to make a retreat at the starting point,
that is, to connect univariate classical normals with a multivariate G-normal?
Q3 How can we understand the asymmetry of the independence in this framework in
terms of representations? Do we have a statistical interpretation for the asymmetry
of the independence?
Q4 What kinds of data sequence are related to the volatility uncertainty covered by
G-normal and what are not?
The interpretation of G-normal and sequential independence will also be important
to theoretically investigate the reliability and robustness of risk measure derived from
G-version distributions such as the current G-VaR in the literature.

12

1.4

Chapter 1. Introduction

Overview and outline of the thesis

This thesis is developed and organized in a monograph style to systematically study
the questions mentioned above (Q1-Q4 in Section 1.3) by establishing a new substructure called the semi-G-structure. More importantly, the semi-G-structure has nice hybrid
properties from both the classical and G-framework, making it interesting and useful by
itself. Then we further show the roles of the sublinear expectation in different data situations by stepping on the semi-G-structure. The main content is designed as a tetralogy,
because it can be divided into four interrelated stages (associated with the chapters in
this thesis):
S1 Semi-G-structure (foundation and hybrid properties) (Chapters 2 and 3).
This stage will mainly answer Q1 to Q4 in a theoretical way. This stage is divided
into two chapters:
• In Chapter 2, we establish the semi-G-structure consisting of the semi-Gfamily of distributions and semi-G-independence. The semi-G-structure plays
a hybrid role between the classical and G-framework. To be specific, the
semi-G-independence preserves the symmetry of classical independence but
is also closely related to the asymmetric G-independence. Since the semiG-independence is still a symmetric relation, it can depict both spatial and
temporal situations of model uncertainty while the G-independence only describes temporal situations due to its asymmetric nature. We also prove a
semi-G-version of central limit theorem (CLT) which sits between the classical and the G-version CLT. The semi-G-version CLT reveals the central role
of semi-G-normal in the semi-G-structure. Similarly, the semi-G-normal preserves many properties of classical normal but is also closely related to the
G-normal. For example, under the semi-G-independence, two univariate semiG-normals can form a bivariate semi-G-normal (which is a property G-normal
does not satisfy). The sublinear expectation of semi-G-normal (under the semiG-independence) is the same as the G-normal (under the G-independence)
under a large family of transformations. More importantly, to the extent of
our knowledge, the semi-G-normal is the unique kind of normal distribution
in this picture that allows both the design of variance uncertainty and the
connection between univariate and multivariate objects.
• In Chapter 3, we show the hybrid role of the semi-G-structure where the
representation theorem of the semi-G-objects plays an important part. For
instance, by using two semi-G-normals, we can give a statistical interpretation
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of the asymmetry in the G-version independence and the third moment uncertainty of G-normal. Based on the semi-G-structure, we further systematically
propose the G-EM (expectation-maximization) and G-MC (Monte Carlo) procedure to prepare for the second stage. In the previous literature, to compute
the sublinear expectation of G-normal, one needs to solve a fully nonlinear
PDE (called the G-heat equation). Fortunately, the G-EM procedure provides
a probabilistic and iterative method to approximate the sublinear expectation of the G-normal from the linear expectation of classical normal (without
the need of solving the fully nonlinear PDE). Meanwhile, how to perform
the simulation study in a consistent way is a difficult and challenging problem in the G-framework. The G-MC procedure can be treated as a pseudosimulation scheme mostly associated with the semi-G-structure. The simulated sequence has a close connection with the sublinear expectations through
the existing max-mean method. After we simulate the semi-G-normal under
semi-G-independence, it is equivalent to the G-normal under G-independence
under a large family of transformations.
S2 Semi-G-structure (Simulation Study) (Chapter 4). This stage will provide
answers to Q1, Q3 and Q4 at in a statistical way (with simulation study). To
be specific, we implement simulation study to further illustrate the hybrid role of
semi-G-normal and semi-G-independence. We can show that the third moment uncertainty arises when we impose the G-independence between two semi-G-normals
and the third moment remains zero under the semi-G-independence. We also use
the mixed moment of two semi-G-normals to illustrate the symmetry of semi-Gindependence and the asymmetry of G-independence. These experiments provide
an empirical way to view the difference between the semi-G-independence and
G-independence. To the best of our knowledge, this is the first time a statistical experiment has been constructed to illustrate the asymmetry in the G-independence
which has been only a theoretical concept until now. We provide a simple dualvolatility regime-switching data example to show the necessity of considering uncertainty in the model specification and how the expectation of semi-G-normal can
help cover these kinds of uncertainty. Furthermore, throughout this procedure, we
can see that the semi-G-structure has more advantages in the simulation aspect
compared with the G-normal with G-independence. Some of the existing literature
claim that they are simulating G-normal under the G-independence, but actually
they are at most simulating the semi-G-normal in a semi-G-independence manner.
Therefore, our simulation experiments can further provide guiding principles on
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how to properly perform the simulation study related to the G-version objects.

S3 Application in real-valued data (Chapter 5). After we have appropriately understood Q1 to Q4, this stage will provide a statistical test under model uncertainty
that is based on the G-expectation framework enhanced with the semi-G-structure.
It can also further validate the answer to Q1 provided by S2. This stage provides
a role of the G-framework in a common real-valued sequential data setting (such
as time series). We develop a collection of tools to visualize the model uncertainty
across different parts of the data. To quantify the insights from visualization, we further construct a test of such uncertainty by using the G-normal distribution as the
asymptotic distribution (from the G-version CLT). To the best of our knowledge,
this is the first statistical inference that is put under a general model uncertainty
setup. This test can also show provide a profound view to understand the group size
in the max-mean estimation. We use this test to validate the moment uncertainty
mentioned in the second stage. We also apply this test to a real-world financial
log-return data to test its moment uncertainty. The testing result indicates that
the degree of variance uncertainty of log-return data sits between a classical normal
mixture and a semi-G-normal distribution. Furthermore, to better quantify the uncertainty set and formulate this test, we introduce an ambiguity operator formed by
a pair of sublinear expectations and study its properties. It turns out the ambiguity
operator streamlines the operations in the sublinear expectation space.
S4 Application in interval-valued data (Chapter 6). After we have got the insights from the real-valued data, these insights become more straightforward when
we enlarge the data type further to interval-valued data. More importantly, the
G-normal and G-CLT come into the picture in order to deal with the ambiguity
in the interval direction. To be specific, we extend the data type from real-valued
to interval-valued data to provide an innovative perspective on another statistical
role of the G-framework. It provides a more straightforward way to interpret the
distributional uncertainty of G-version objects and also the asymmetry in the Gindependence, because many objects and results in the G-framework actually have
an interval-valued nature (such as the maximal distribution and G-LLN). Meanwhile, in the context of interval-valued time series data, it is necessary to involve
directed intervals (or extended intervals) to properly discuss the noise part in theory. Nonetheless, the direction of intervals can not be observed in practice, so it
leads to the ambiguity in the interval direction. It turns out such kind of ambiguity
can be directly described by either the G-version or semi-G-version independence
depending on the amount of available information on the dynamic of the time series.

1.4. Overview and outline of the thesis
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These four stages are closely related to each other.
1. The first two stages are the foundation of the whole thesis. S1 gives the theoretical
preparation for the data experiments in S2.
2. S1 provides not only a statistical interpretation of G-version concepts, but also the
representation results so that the sublinear expectation is related to a family of
classical distributions characterizing the model uncertainty.
3. S2 performs a series of statistical data experiments to further illustrate the statistical meaning of the sublinear expectations of the G-version distributions under
different kinds of independence. More importantly, S2 provides the basic tools and
also more examples and tools for the data experiments in S3 and S4.
4. The semi-G-structure, due to its hybrid properties, can provide foundation for the
possible application in real-valued (S3) and interval-valued data (S4). Readers will
find that the semi-G-structure becomes a common ground for researchers from
both classical and G-framework to discuss in a more appropriate way with more
overlapping intuition (such as the connection between univariate and multivariate
objects).
Besides the main discussions on the statistical side, we also include the financial applications of the semi-G-structure in Chapter 7. For instance, covariance uncertainty is
one important concern in portfolio optimization. By incorporating our semi-G-structure
in a multivariate setup and ambiguity operator, we are able to discuss a robust meanvariance portfolio optimization problem under a general setup of covariance uncertainty.
Different from the main existing literature on robust portfolio optimization to control the
worst-case scenario, we hold a more delicate view on the aspect of variance uncertainty.
Our objective function is designed to control the width (computed by the ambiguity operator) and center of the variance-uncertainty interval of the portfolio. We develop a
new visualization tool called the ambiguity-center plot to better illustrate the variance
uncertainty of the portfolio under different allocations. One insight here is that by properly designing the allocations, the resulting portfolio may have lower degree of variance
uncertainty (in terms of the width and center of the interval) than each of its component
assets. It provides a new interesting way to perform the robust portfolio optimization
under covariance uncertainty. As a related concept, we also define the VaR under the
semi-G-normal for future development in risk assessment and portfolio optimization. It
is also aimed for providing a better understanding of the existing G-VaR (under the
G-normal).
For the vision of this thesis (Chapter 8), the semi-G-structure can address statistical
questions related to model uncertainty, which could not be formulated or addressed easily
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in either classical or G-expectation framework. In short, the semi-G-structure reveals an
intrinsic connection between the classical and G-expectation framework. Such connection
should be beneficial to the study of model uncertainty by providing a new theoretical
perspective with more flexibility in statistics.
For readers’ convenience, the proofs of the theoretical results are put at the end of
each chapter unless the proofs are beneficial to the flow of current discussion or relatively short to be included in the main content. The main parts of R codes used to
produce the graphs and computational results in the statistical experiments of this thesis
have been organized and made available on this Github webpage (https://github.com/
YifanMath/GframeStats), which is also kept updating whenever there is a new content
available.

1.5

A beginning story of the thesis

Let us first pay attention to a general data situation in statistics: analysis of sequential
data. Sequential data is a broad class of datasets where the order of the data points
matters. Typical examples of sequential data includes time series data, speech data, gene
data and so on.
One common object in classical statistical model for sequential data is the noise
part, which is usually assumed to have mean zero. Many common sequential models
(such as time series models) require the noise to be stationary or at least has consistent
variance. However, in practice, this assumption is often violated, which leads to the socalled heteroskedastic noise. One general form (in time series) of this kind of noise can
be written as σi "i with "i being a standard normal (or any other distribution with mean
zero and variance one). In order to discuss the asymptotic property of an estimator or
test statistic, we often need to deal with the following object:
1 +
E[ϕ( √
σi "i )].
n i=1
n

(1.9)

Different choices of ϕ in (1.9) will fit into various goals of discussions. For instance,
1. set ϕ(x) = xk to discuss the moment property of this normalized summation.
2. set ϕ(x) = (x − K)+ to discuss an option pricing strategy.

3. set ϕ(x) = 1{x<c} to discuss one-sided tail probability and the one-sided quantile
(treated as VaR).
4. set ϕ(x) = 1{|x|>c} to discuss two-sided tail probability and the (two-sided) confidence interval.
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Suppose there is a concern of heteroscedasticity but the variance structure is unknown.
This situation is the so-called volatility uncertainty or variance uncertainty. At this stage,
we only assume σi changes in a bounded range [σ, σ]. The dynamic of σ := (σi )ni=1

could belong to a large set An [σ, σ] (which only indicates some limited non-parametric
information on the dynamic of σ). For instance, if we only know σ is a predicable process

valuing in [σ, σ], An [σ, σ] can be specified as the collection of all predicable processes

valuing in [σ, σ]. This set could be updated after we have more information. To study
the expectation in (1.9) under such lack of information, we need to work on the pair of
envelopes

n
n
1 +
1 +
inf E[ϕ( √
σi "i )], sup E[ϕ( √
σi "i )] .
σ∈An [σ,σ]
n i=1
n i=1
σ∈An [σ,σ]

,

Note that An [σ, σ] could be highly nonparametric and infinite dimensional in this data

situation. It is unfeasible in practice to check the elements in the set in an element-wise
way to compute the infimum and supreme. Is there a quick way to deal with such envelope? The sublinear expectations of semi-G-normal distributions provide such approach:
we can show that it becomes
n
n
,
1 +
1 +
−E[−ϕ( √
Wi )], E[ϕ( √
Wi )] ,
n i=1
n i=1
where E is the sublinear expectation and Wi follows the semi-G-normal distribution (to
be defined in S1) and typical types of An [σ, σ] will be associated to different kinds of

independence structure among Wi . We will also further give related data experiments
similar to such format in S2. Later in S3, we will study how to perform statistical test
to compare these two ends. Finally in S4, we will view this envelope in a broader data
situation called interval-valued data.

1.6

Preliminary on the G-expectation framework

This section gives a detailed description of the basic setup (the sublinear expectation
space) of the G-expectation framework for general audience by starting from a set of
probability measures (more rigorous treatments can be found in Chapter 6 in the book
by Peng (2019b)). Another equivalent way is to start from a space of random variables
and a sublinear operator (more details can be found in Chapters 1 and 2 in Peng (2019b)).
For readers who may not be familiar with this setup, the following reading order is
recommended as a candidate one:
1. Take a glance at the initial setup and the meaning of notations in this section
(especially the notation for independence which is in Definition 1.6.6).
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2. Read through a part of our main results (Section 2.1) which describes the G-version
distributions mostly using the representations in terms of classical objects.
3. Come back to this section to check the detailed definitions (such as the connection between G-expectation with the solutions to a class of fully nonlinear partial
differential equations).

1.6.1

General Setup

Let P = {Pθ , θ ∈ Θ} denote a set of probability measures on a measurable space (Ω, F).
Let Eθ denote the linear expectation under Pθ . Consider the following spaces:
• L0 (Ω): the space of all F-measurable real-valued functions (or the family of random
variables X : Ω → R);

• H∗ := {X ∈ L0 (Ω) : Eθ [X] exists for each θ ∈ Θ};

• Hp := {X ∈ L0 (Ω) : supθ∈Θ Eθ [|X|p ] < ∞} (for p > 0);
• Np := {X ∈ L0 (Ω) : supθ∈Θ Eθ [|X|p ] = 0} (for p > 0);
• N := {X ∈ L0 (Ω) : Pθ (X = 0) = 1 for each θ ∈ Θ}.

Note that for any 1 ≤ p ≤ q < ∞,

Hq ⊂ Hp ⊂ H∗ ⊂ L0 (Ω).
We also have, for any p > 0,
N = Np .
Definition 1.6.1. (The upper expectation associated with P) For any X ∈ H∗ , we define
a functional E : H∗ → [−∞, ∞] associated with the family P as
E[X] = E P [X] := sup Eθ [X],
θ∈Θ

where [−∞, ∞] is the extended real line. We also follow the convention that, if Eθ [X]
exists but is ∞ for some θ, the supreme is taken as ∞.

Definition 1.6.2. (The upper and lower probability) For any A ∈ F, let
V(A) := sup P(A) and v(A) := inf P(A).
P∈P

P∈P

The set function v and V are respectively called the lower and upper probabilities associated with P.
Proposition 1.6.3. The space H∗ satisfies:
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(1) c ∈ H∗ for any constant c ∈ R.
(2) If X ∈ H∗ , then |X| ∈ H∗ .
(3) If A ∈ F, then 1A ∈ H∗ .

(4) If X ∈ L0 (Ω) satisfying Pθ (X ≥ 0) = 1 for any θ ∈ Θ, then X ∈ H∗ .
(5) If X ∈ L0 (Ω) satisfying Pθ (X ≤ 0) = 1 for any θ ∈ Θ, then X ∈ H∗ .
(6) For any X ∈ L0 (Ω), |X|k ∈ H∗ for k > 0.

Proof. It is easy to check the first three properties. The logic of (4) comes from the fact
that, for each P ∈ P, if we have X ≥ 0, P-almost surely, we must have EP [X] exists.
Similar logic can be applied to (5). The property (6) is a direct result of (4).

Remark 1.6.3.1. However, H∗ is not necessarily a linear space. For instance, let P =
{Q} and X is a Cauchy distributed random variable under Q. We have X + and X −
belong to H∗ , but X = X + − X − ∈
/ H∗ .

By Proposition 1.6.3, for any X ∈ L0 (Ω), E[|X|p ] is well-defined for any p > 0. Then

we can write Hp as

Hp = {X ∈ L0 (Ω) : E[|X|p ] < ∞}.

We will mainly focus on the space H1 . It is not hard to check the following results.
Proposition 1.6.4. The space H1 is a linear space satisfying:
(1) c ∈ H1 for any constant c ∈ R.

(2) If X ∈ H1 , then cX ∈ H1 for any constant c ∈ R.
(3) If X, Y ∈ H1 , then X + Y ∈ H1 .
(4) If X ∈ H1 , then |X| ∈ H1 .
(5) If A ∈ F, then 1A ∈ H1 .

(6) If X ∈ H1 , then ϕ(X) ∈ H1 for any bounded Borel measurable function ϕ.
Proof. The properties here are easy to check. For instance, (3) comes from the inequality:
Eθ [|X + Y |] ≤ Eθ [|X|] + Eθ [|Y |] for any θ ∈ Θ.
Then we can easily check that E becomes a sublinear operator on the linear space

H1 . In other words, E : H1 → R satisfies: for any X, Y ∈ H1 ,
1. (Monotonicity) For any X ≥ Y , E[X] ≥ E[Y ].

2. (Constant preserving) For any c ∈ R, E[c] = c.
3. (Sub-additivity) E[X + Y ] ≤ E[X] + E[Y ].

4. (Positive homogeneity) For any λ ≥ 0, E[λX] = λE[X].
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Then we call E a sublinear expectation and (Ω, H1 , E) a sublinear expectation space.

Furthermore, note that N = {X ∈ L0 (Ω) : E[|X|] = 0} is a linear subspace of H1 . We
treat N as the null space and define the quotient space H1 /N . For any {X} ∈ H1 /N
with representative X, we define E[{X}] := E[X], which is still a sublinear expectation.
We can check that E induces a Banach norm -X-1 := E[|X|] on H1 /N . Let Ĥ1 denote

the completion of H1 /N under -·-1 . Since H1 /N is a Banach space, it is equal to its
completion Ĥ1 (Proposition 14 in Denis et al. (2011)). Let H := Ĥ1 . Then (Ω, H, E) still
forms a sublinear expectation space.

Rigorously speaking, we also require additional conditions on P such as the weak
compactness so that we have regularity on E (Theorem 12 in in Denis et al. (2011)).
Meanwhile, there exists such a weakly compact family P so that the typical G-version
distributions (maximal and G-normal distribution) exist in the space (Ω, H, E). More

details can be found in Section 2.3 and Section 6.2 in Peng (2019b). The G-expectation
is defined after we construct the Brownian motion (the G-Brownian motion) in this
context but throughout this paper, we will only touch the G-version distributions and
independence so the expectation E so far is still a special kind of sublinear one, which we
will still call it as the G-expectation to stress its typical properties allowing the existence
of the G-version distributions. Throughout this section, without further notice, we will
stay in (Ω, H, E).

Let Hd := {(X1 , X2 , . . . , Xd ), Xi ∈ H, i = 1, 2, . . . , d}. For any X ∈ Hd , we will

frequently mention a transformation ϕ(X) of X for a function ϕ : Rd → R. Consider the
following spaces of functions:

• Cb.Lip (Rd ): the linear space of all bounded and Lipchistz functions.
• Cl.Lip (Rd ): the linear space of functions satisfying the locally Lipchistz property
which means
|ϕ(x) − ϕ(y)| ≤ Cϕ (1 + |x|k + |y|k )|x − y|,
for x, y ∈ Rd , some positive integer k and Cϕ > 0 depending on ϕ.

We will simply write ϕ ∈ Cb.Lip or ϕ ∈ Cl.Lip if the dimension of the domain of ϕ is clear
in the context by checking the dimension of random objects.

Note that H satisfies: for any ϕ ∈ Cb.Lip , ϕ(X) ∈ H if X ∈ Hd . However, this property

does not necessarily hold for any ϕ ∈ Cl.Lip . Therefore, when we discuss the definition
of distributions and independence in this framework, we will use ϕ ∈ Cb.Lip . Later on,
we will mention that this space can be extended to any ϕ ∈ Cl.Lip for a special family of
distributions and under some additional conditions.
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1.6.2

Distributions and Independence

Definition 1.6.5 (Distributions). There several notions related to the G-version distributions:

d

1. We call X and Y are identically distributed, denoted by X = Y , if for any ϕ ∈ Cb.Lip ,
E[ϕ(X)] = E[ϕ(Y )].

d

2. A sequence {Xn }∞
n=1 converges in distribution to X, denoted as Xn −→ X, if for
any ϕ ∈ Cb.Lip ,
lim E[ϕ(Xn )] = E[ϕ(X)].

n→∞

Definition 1.6.6 (Independence). A random variable Y is (sequentially) independent
from X, denoted by X !!" Y , if for any ϕ ∈ Cb.Lip ,

E[ϕ(X, Y )] = E[E[ϕ(x, Y )]x=X ].

Remark 1.6.6.1. (Intuition of this independence) Since both X and Y are treated as
random object with potential distributional uncertainty, this independence is essentially
talking about the relation between the distributional uncertainty of X and Y . If we put
our discussion into a context of sequential data (where the order of the data matters),
this kind of independence often arises in scenarios where X is realized before Y and any
realization of X has no effect on the distributional uncertainty of Y .
Remark 1.6.6.2. (Asymmetry of this independence) One important fact regarding this
independence is that it is asymmetric: X !!" Y (Y is independent from X) does not

necessarily mean Y !!" X (X is independent from Y ), which will be illustrated by
Example 1.6.7. This is the reason we also call it a sequential independence and we use

the notation !!" to indicate the sequential order of the independence between two random
objects. In the following context, we also refer it as the G-version independence or Gindependence as opposed to the classical independence.
Remark 1.6.6.3. (Connection with the classical independence) Note that this sequential independence becomes classical independence (which is symmetric) once X and Y
have certain classical distribution. In other words, they can be put under a common classical probability space. In this case, E reduces to a linear expectation EP . To give readers

a better understanding, without loss of generality, suppose (X, Y ) follows a classical joint
continuous distribution with density function fX,Y and the marginal densities are fX and
fY , we have, for any applicable ϕ,
=

´

=

EP [ϕ(X, Y )]

EP [EP [ϕ(x, Y )]x=X ] =

´ ´
x

y

ϕ(x, y)fX,Y (x, y) dx dy
ϕ(x, y)fX (x)fY (y) dy dx.
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Therefore, fX,Y = fX fY , which means X and Y are (classically) independent.
Example 1.6.7 (Example 1.3.15 in Peng (2019b)). Consider two identically distributed
X, Y ∈ H with E[−X] = E[X] = 0 and σ 2 = E[X 2 ] > −E[−X 2 ] = σ 2 . Also assume
E[|X|] > 0 such that E[X + ] = 12 E[|X| + X] = 12 E[|X|] > 0. Then we have
$
(σ 2 − σ 2 )E[X + ] if X !!" Y
E[XY 2 ] =
0
if Y !!" X.

Next we give the notion of independence extended to a sequence of random variables.
Definition 1.6.8. (Independence of Sequence) For a sequence {Xi }ni=1 of random variables, they are (sequentially) independent if

(X1 , X2 , . . . , Xi ) !!" Xi+1
for i = 1, 2, . . . , n−1. For notational convenience, the sequential independence of {Xi }ni=1
is denoted as

X1 !!" X2 !!" · · · !!" Xn .

(1.10)

This sequence {Xi }ni=1 is further identically and independently distributed if they are
d

sequentially independent and Xi+1 = Xi for i = 1, 2, . . . , n − 1. This property is called
(nonlinearly) i.i.d. or G-version i.i.d. in short.

Remark 1.6.8.1. Note that the independence (1.10) is stronger than the pairwise relation Xk !!" Xk+1 with k = 1, 2, . . . , n − 1.

1.6.3

Some basic results on sequential independence

We prepare several basic results on sequential independence between random vectors in
the G-framework:
• Lemma 1.6.9 gives a general result showing the sequential independence between
two random vectors implies the independence between their sub-vectors.
• Proposition 1.6.10 shows the sequential independence of a sequence implies the
independence of the sub-sequence.
• Proposition 1.6.13 shows under the sequential independence of a sequence, any two
non-overlapping subvector has the sequential independence (as long as keeping the
original order.)
Lemma 1.6.9. For any subsequences {ip }kp=1 and {jq }lq=1 satisfying 1 ≤ i1 < i2 < . . . <
ik ≤ n and 1 ≤ j1 < j2 < . . . < jl ≤ m, we have

(X1 , X2 , . . . , Xn ) !!" (Y1 , Y2 , . . . , Ym ) =⇒ (Xi1 , Xi2 , . . . , Xik ) !!" (Yj1 , Yj2 , . . . , Yjl ).
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Proof. For any applicable test function ϕ ∈ Cl.Lip (Rk+l ), define another function ψ ∈
Cl.Lip (Rn+m ) on a larger space by

ψ(x1 , x2 , . . . , xn , y1 , y2 , . . . , ym ) := ϕ(xi1 , xi2 , . . . , xik , yj1 , yj2 , . . . , yjl ).
Then
E[ϕ(Xi1 , Xi2 , . . . , Xik , Yj1 , Yj2 , . . . , Yjl )]
= E[ψ(X1 , X2 , . . . , Xn , Y1 , Y2 , . . . , Ym )]
= E[E[ψ(x1 , x2 , . . . , xn , Y1 , Y2 , . . . , Ym )]xi =Xi , i=1,...n ]
= E[E[ϕ(xi1 , xi2 , . . . , xik , Yj1 , Yj2 , . . . , Yjl )]xip =Xip , p=1,...,k ].
Proposition 1.6.10. For any subsequence {ip }kp=1 satisfying 1 ≤ i1 < i2 < . . . < ik ≤ n,
we have

X1 !!" X2 !!" . . . !!" Xn =⇒ Xi1 !!" Xi2 !!" . . . !!" Xik .
Proof. It is equivalent to prove (Xi1 , Xi2 , . . . , Xij−1 ) !!" Xij for any j = 2, . . . , k. For any
j = 2, . . . , k, by the definition of independence of the full sequence {Xi }ni=1 , we have
(X1 , X2 , . . . , Xij−1 , . . . , Xij −1 ) !!" Xij .
From Lemma 1.6.9, we directly obtain the sequential independence
(Xi1 , Xi2 , . . . , Xij−1 ) !!" Xij .
Lemma 1.6.11. If X !!" Y !!" Z, then X !!" (Y, Z).
Proof. Let
Then

H(x, y) := E[ϕ(x, y, Z)].
E[E[ϕ(x, Y, Z)]x=X ] = E[E[E[ϕ(x, y, Z)]y=Y ]x=X ]
= E[E[H(x, Y )]x=X ]
(1)

= E[H(X, Y )]

= E[E[ϕ(x, y, Z)]x=X,y=Y ]
(2)

= E[ϕ(X, Y, Z)],

where (1) comes from X !!" Y and (2) comes from (X, Y ) !!" Z.
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Lemma 1.6.12. If X !!" (Y, Z) and Y !!" Z, we have (X, Y ) !!" Z.
Proof. Let
H(x, y) := E[ϕ(x, y, Z)].

Then

E[E[ϕ(x, y, Z)]x=X,y=Y ] = E[H(X, Y )]
(1)

= E[E[H(x, Y )]x=X ]

= E[E[E[ϕ(x, y, Z)]y=Y ]x=X ]
(2)

= E[E[ϕ(x, Y, Z)]x=X ]

(3)

= E[ϕ(X, Y, Z)],

where (1) comes from X !!" Y , (2) comes from Y !!" Z and (3) comes from X !!"
(Y, Z).
Proposition 1.6.13. If X1 !!" X2 !!" · · · !!" Xn , for any increasing subsequence
{ij }kj=1 ⊂ {1, 2, . . . , n}, we have

(Xi1 , . . . , Xil ) !!" (Xil+1 , . . . , Xik ).
Proof. Let Yj := Xij . Then we have Y1 !!" Y2 !!" · · · !!" Yk . Our goal is to show for
any l = 1, 2, . . . , k − 1,
(Y1 , . . . , Yl ) !!" (Yl+1 , . . . , Yk ).

(1.11)

Then we can proceed by math induction. Let m = k − l. The result (1.11) holds when
m = 1 because we directly have

(Y1 , . . . , Yk−1 ) !!" Yk ,
by the definition of Y1 !!" Y2 !!" · · · !!" Yk . Suppose (1.11) holds for m = j. We need
to show the case with m = j + 1:

(Y1 , . . . , Yk−j−1 ) !!" (Yk−j , Yk−j+1 . . . , Yk ).
Let
A1 := (Y1 , . . . , Yk−j−1 ),
A2 := Yk−j ,
A3 := (Yk−j+1 , . . . , Yk ).

(1.12)
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Then we have A1 !!" A2 by the definition of Y1 !!" Y2 !!" · · · !!" Yk−j . We also
have (A1 , A2 ) !!" A3 by the result for m = j. Then we can follow the same logic of
Lemma 1.6.11 to show

A1 !!" (A2 , A3 ),
which is exactly (1.12). The proof is finished by math induction.
Proposition 1.6.14. The following two statements are equivalent:
(1) X1 !!" X2 !!" X3 !!" X4 .

(2) (X1 , X2 ) !!" (X3 , X4 ), X1 !!" X2 and X3 !!" X4 .
Proof. Since (1) implies (2), so we only need to show the other direction. By the definition
of (1), we simply need to check:
(X1 , X2 , X3 ) !!" X4 .
This is a direct consequence of Lemma 1.6.12 by letting X ∗ := (X1 , X2 ), Y ∗ := X3 and
Z ∗ = X4 .
Proposition 1.6.15. For any X, Y ∈ H, we have E[X + Y ] = E[X] + E[Y ] as long as
either one of the following conditions holds:
1. E[X] = −E[−X].
2. E[Y ] = −E[−Y ].

3. Y is independent from X: X !!" Y .
4. X is independent from Y : Y !!" X.
Proof. We only need to show Condition 1 and 3. Under Condition 1, we have
E[X + Y ] ≤ E[X] + E[Y ] = E[Y ] − E[−X] ≤ E[Y − (−X)] = E[X + Y ].

Under condition 3, we have

E[X + Y ] = E[E[x + Y ]x=X ] = E[X + E[Y ]] = E[X] + E[Y ].

1.6.4

Two fundamental G-version distributions

Now we introduce two fundamental G-version distributions: maximal and G-normal distributions. The former one can be treated as an analogue of “constant” in classical sense.
The latter one is a generalization of classical normal. We call X̄ an independent copy of
d

X if X̄ = X and X !!" X̄.

We first introduce the G-distribution which is the joint vector of these two fundamental distributions.
Let S(d) denote the collection of all d × d symmetric matrices.
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Proposition 1.6.16. Let G : Rd × S(d) → R be a function satisfying: for each p, p̄ ∈ Rd
and A, Ā ∈ S(d),



G(p + p̄, A + Ā) ≤ G(p, A) + G(p̄, Ā)
G(λp, λA) = λG(p, A) for any λ ≥ 0


G(p, A) ≤ G(p, Ā) if A ≤ Ā.

(1.13)

Then there exists a pair (X, η) on some sublinear expectation space (Ω, H, E) such that
1
G(p, A) = E[ /AX, X0 + /pη0],
2

(1.14)

d √
(aX + bX̄, a2 η + b2 η̄) = ( a2 + b2 X, (a2 + b2 )η),

(1.15)

and for any a, b ≥ 0,

where (X̄, η̄) is an independent copy of (X, η).
d √
Remark 1.6.16.1. The relation (1.15) is equivalent to (X + X̄, η + η̄) = ( 2X, 2η).

The proof of Proposition 1.6.16 is available at Section 2.3 in Peng (2019b). Then we
have the notion of G-distribution associated with a function G.
Definition 1.6.17. (G-distribution) A pair (X, η) satisfying (1.15) is called G-distributed
associated with a function G in terms of (1.14).
The sublinear expectation of the random vector (X, η) above can be characterized by
the solution to a parabolic partial differential equation.
Proposition 1.6.18. Consider a G-distributed random vector (X, η) associated with a
function G. For any ϕ ∈ Cb.Lip (Rd × R), let
√
u(t, x, y) := E[ϕ(x + tX, y + tη)], (t, x, y) ∈ [0, ∞) × Rd × Rd .
Then u is the unique (viscosity) solution to the following parabolic partial differential
equation (PDE):
∂t u − G(Dy u, Dx2 u) = 0

with initial condition u|t=0 = ϕ, where Dx2 u := (∂x2i xj u)di,j=1 and Dy u := (∂yi u)di=1 . This
PDE is called a G-equation.

Next we provide a useful established property of the G-distributed random vector
(X, η). Suppose |η|, |X|2 ∈ H and the following uniform integrability conditions are
statisfied (proposed by Zhang (2016)):
lim E[(|η| − λ)+ ] = 0

λ→∞

(1.16)
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and
lim E[(|X|2 − λ)+ ] = 0.

λ→∞

(1.17)

Then for any ϕ ∈ Cl.Lip (which is larger than Cb.Lip ), we still have ϕ(η, X) ∈ H (which
is a Banach space). (This result is provided in Section 2.5 in Peng (2019b).) Therefore,

in the following context, when we talk about ϕ(η, X) for a G-distributed random vector
(η, X), we can take ϕ ∈ Cl.Lip .
If we pay attention to each marginal part in (1.15), we can see that X is similar to a

classical normal distribution while η behaves like a constant (we do not consider Cauchy
distribution here because we assume the existence of expectation). It turns out X follows
a G-normal distribution and η follows a maximal distribution.
Definition 1.6.19 (Maximal distribution). A d-dimensional random vector η follows a
maximal distribution if, for any independent copy η̄, we have
d

η + η̄ = 2η.
Another equivalent and specific definition is that η follows the maximal distribution
M(Γ) if there exists a bounded, closed and convex subset Γ ⊂ Rd such that, for any
ϕ ∈ Cl.Lip ,

E[ϕ(η)] = max ϕ(y).
y∈Γ

Definition 1.6.20 (G-normal distribution). A d-dimensional random vector X follows
a G-normal distribution if, for any independent copy X̄, we have
d

X + X̄ =

√

2X.

When d = 1, we have X ∼ N (0, [σ 2 , σ 2 ]) (0 ≤ σ ≤ σ) with variance-uncertainty:
σ 2 := −E[−X 2 ] and σ 2 := E[X 2 ].
Proposition 1.6.21 (G-normal distribution characterized by the G-heat Equation). A
random vector X follows the d-dimensional G-normal distribution, if and only if v(t, x) :=
√
E[ϕ(x + tX)] is the solution to the G-heat Equation defined on (t, x) ∈ [0, 1] × Rd :
vt − G(Dx2 v) = 0, v|t=0 = ϕ,

(1.18)

where G(A) := 12 E[/AX, X0] : Sd → R, which is a sublinear function characterizing the
distribution of X. For d = 1, we have G(a) = 12 (σ 2 a+ − σ 2 a− ) and when σ 2 > 0, (1.18)
is also called the Black-Scholes-Barenblatt equation with volatility uncertainty.
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Remark 1.6.21.1. For d = 1, when σ = σ = σ, the G-normal distribution X ∼
N (0, [σ 2 , σ 2 ]) can be treated as a classical normal N (0, σ 2 ) because the G-heat equation
is reduced to a classical one.

Remark 1.6.21.2 (Covariance uncertainty). We can use the function G(A) := 12 E[/AX, X0]
to characterize the definition of G-normal distribution. In fact, G(A) can be further expressed as
G(A) =

1
sup tr[AΣ],
2 Σ∈C

where C = {BBT : B ∈ Sd } is a collection of non-negative definite symmetric matrices

which can be treated as the uncertainty set of the covariance matrices. In this sense, we
can write X ∼ N (0, C).
Proposition 1.6.22. Consider X ∼ N (0, [σ 2 , σ 2 ]) and a classical distributed random
variable " ∼ N (0, 1). For any ϕ ∈ Cl.Lip (R), we have
$
E[ϕ(σ")] if ϕ is convex
E[ϕ(X)] =
E[ϕ(σ")] if ϕ is concave.

1.6.5

Law of large numbers and central limit theorems

Theorem 1.6.23 (Law of Large Numbers). Consider a sequence of i.i.d. {Zi }∞
i=1 satisfying
lim E[(|Z1 | − λ)+ ] = 0.

λ→∞

(1.19)

Then for any continuous functions ϕ satisfying the linear growth condition |ϕ(x)| ≤
C(1 + |x|), we have

1+
lim E[ϕ(
Zi )] = max ϕ(v),
n→∞
v∈Γ
n i=1
n

where Γ is the bounded, closed and convex subset decided by

max/p, Z1 0 = E[/p, Z1 0], p ∈ Rd .
η∈Γ

!
d
For d = 1, let µ := −E[−Z1 ] and µ := E[Z1 ]. Then n1 ni=1 Zi −→ M[µ, µ], that is, we
have,
n
1+
lim E[ϕ(
Zi )] = E[ϕ(M[µ, µ])] = max ϕ(v).
n→∞
µ≤v≤µ
n i=1

Theorem 1.6.24 (Central Limit Theorem). Consider a sequence of i.i.d. {Xi }∞
i=1 satisfying mean-certainty E[X1 ] = −E[−X1 ] = 0 and
lim E[(|X1 |2 − λ)+ ] = 0.

λ→∞

(1.20)

1.6. Preliminary on the G-expectation framework

29

Then for any continuous functions ϕ satisfying the linear growth condition |ϕ(x)| ≤
C(1 + |x|),

1 +
lim E[ϕ( √
Xi )] = E[ϕ(X)],
n→∞
n i=1
n

where X is a G-normally distributed random variable characterized by the sublinear function G defined as
1
G(A) := E[ /AX1 , X1 0], A ∈ Sd .
2
!
2 :=
2 :=
2
For d = 1, let σ
−E[−X1 ] and σ
E[X12 ]. Then we have √1n ni=1 Xi converges in
distribution to X ∼ N (0, [σ 2 , σ 2 ]) .

Proposition 1.6.25. Consider a sequence {Yn }∞
n=1 and Yn satisfying
sup E[|Yn |p ] + E[|Y |p ] < ∞,
n

for any p ≥ 1. If the convergence limn→∞ E[ϕ(Yn )] = E[ϕ(Y )] holds for any ϕ ∈ Cb.Lip ,
then it also holds for ϕ ∈ Cl.Lip .

Remark 1.6.25.1. Proposition 1.6.25 is a direct result of Lemma 2.4.12 in Peng (2019b).
It useful when we need to extend the function space for ϕ to discuss the convergence in
distribution.
Next we provide an important result that shows the asymmetry of independence
between two random objects prevails in this framework except when their distributions
are maximal or classical ones.
Theorem 1.6.26 (Hu and Li (2014)). For two non-constant random varibles X, Y ∈ H,
if X and Y are mutually independent (X !!" Y and Y !!" X), then they belong to either
of the following two cases:
1. The distributions of X and Y are classical (no distributional uncertainty).
2. Both X and Y are maximally distributed.
We can also easily obtain the following result.
Proposition 1.6.27. For two non-constant random varibles X, Y ∈ H, if they belong to
either of the two cases in Theorem 1.6.26, then we have X !!" Y implies Y !!" X.

Proof. When X, Y are classically distributed, the results can be derived from Remark 1.6.6.3.
When they are maximally distributed, it is a special case of Proposition 2.1.5 whose proof
is in Section 2.6.1.

Chapter 2
The Foundation of the
Semi-G-structure
In this chapter, we first establish the foundation of the semi-G-structure in detail through
Sections 2.1 and 2.2. The semi-G-structure can be treated as a middle stage connecting
the classical and the G-expectation framework. The semi-G-structure consists of the
semi-G-family of distributions and semi-G-independence and the semi-G-normal plays a
central role through the semi-G-CLT.
Here are some highlights regarding the semi-G-structure:
1. The central notion here is a substructure called the semi-G-normal distribution
(Section 2.1.3), which behaves like a close relative to both classical models (such
as a normal mixture model) and also G-version objects (such as a G-normal).
2. We discover that there exists a middle stage of independence between the classical
(symmetric) independence and the G-version (asymmetric) independence. We call
it the semi-G-independence, which allows the connection between univariate and
multivariate object (Theorem 2.1.27), and it is a symmetric relation between two
semi-G-normal objects (Proposition 2.1.25).
3. Since the semi-G-independence is still a symmetric relation, it can depict both
static and dynamic situations of model uncertainty while the G-independence only
describes dynamic situations due to its asymmetric nature.
4. We prove a semi-G-version of central limit theorem (CLT) which generalizes the
classical CLT under variance uncertainty with symmetric independence (that is, the
semi-G-independence). The semi-G-version CLT reveals the central role of semi-Gnormal in the semi-G-structure.
5. The semi-G-normal preserves many properties of classical normal but is also closely
related to the G-normal. For example, under the semi-G-independence, two univariate semi-G-normals can form a bivariate semi-G-normal (which is a property
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G-normal does not satisfy). The sublinear expectation of semi-G-normal (under the
semi-G-independence) is the same as the G-normal (under the G-independence)
under a large family of transformations (Section 2.1.8). More importantly, to the
extent of our knowledge, the semi-G-normal is the unique kind of normal distribution in this picture that allows both the design of variance uncertainty and the
connection between univariate and multivariate objects.
6. We provide a series of representations in the form similar to (1.8) associated with
the semi-G-normal distributions and also the random vector with semi-G-normal
marginal under various kinds of independence.
7. Interestingly, by changing the order of the independence, we are equivalently modifying the graphical structure in the representation of the sublinear expectation of
the joint vector. This idea is shown in Section 2.1.7 and further studied in Section 3.6.1.
8. These representations provide a more straightforward view on the order of independence in this framework, because we can see how the family of distributions
is changed due to the switching of order. Under this view, we can provide a statistical interpretation of the asymmetry of sequential independence between two
semi-G-normal objects (which is put in Section 3.4).
Throughout this chapter, readers may notice that we frequently mention the representations of the distributions in the G-framework. These representation results are
crucial, because they tell us that we can simply start from a family of classical models (that characterizes the model uncertainty we are faced with), then the envelopes of
this family become the sublinear expectations of some G-version objects. Through an
intuitive representation, a person who is familiar with classical probability and statistics
is able to understand the uncertainty described by the G-version objects through the
representation.
The remaining parts of this chapter is organized as follows. Section 2.3 uses a thought
experiment (a sequence of urns with unknown proportions of balls) to better explain
the uncertainty described by the semi-G-structure and its intuition. To build a hands-on
toolkit, Section 2.4 gives a summary (or recap) of the main components of the semi-Gstructure to help readers better review the picture of this chapter. Finally, Section 2.5
concludes the whole chapter and further uses a table to summarize the semi-G-structure.
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2.1

Semi-G-normal and its representations

This section serves for two objectives. On the one hand, we introduce a new substructure called semi-G-normal distribution and explain its hybrid property and intermediate
role sitting between the classical normal and G-normal distribution. On the other hand,
this section is also designed to give general readers a gentle trip towards the G-normal
distribution by starting from our old friend, the classical normal distribution.
To better understand the concepts in the sublinear world, readers are recommended
to pay special attention to the introductory paragraphs of the following subsections (Sections 2.1.2, 2.1.3 and 2.1.7) which will not only form a consistent story but also give a
proper interpretation of the meaning of these G-version distributions (which are essentially different from the classical distributions). After going through this journey, we will
see the intuition that, although we call these G-version distributions as “distribution”
from a theoretical side (which we will also use in a formal context), to avoid potential
confusion with the classical distributions in communication, a better (informal) name for
them will be G-version uncertainty set (which we will also try to use in any context of
interpretation or clarification).
Although most of the theoretical results presented in this section are in the sublinear
expectation space (Ω, H, E) by default unless indicated in the context, we will introduce

most of the subsections by starting from a discussion on the distributional uncertainty
of a random object in a classical state-space volatility model, whose context will be set
up in Section 2.1.1.
Without further notice, these are the notations used in this chapter:
• N+ : the set of all positive integers.
• x(n) := (x1 , x2 , . . . , xn ) and x(n) ∗ y(n) := (x1 y1 , x2 y2 , . . . , xn yn ). We may simply
write a vector as x if its dimension is clear from the context.

• In (Ω, F, P), let EP denote the linear expectation with respect to P and we may
write it as E if the underlying P is clear from the context.
• Random variables in (Ω, H, E): V ∼ M[σ, σ], " ∼ N (0, [1, 1], W := V ", W G ∼
N (0, [σ 2 , σ 2 ]).

• Random variables in (Ω, F, P): σ : Ω → [σ, σ], " ∼ N (0, 1), Y := σ". Note that

we can treat " as a random object in both sublinear and classical system due to
Remark 1.6.21.1.

The reason we use two different sets of random variables in two spaces is mainly for
simplicity of our discussion, which will be further explained in Remark 2.1.2.2.
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2.1.1

Setup of a story in a classical filtered probability space

In (Ω, F, P), consider ("t )t∈N+ as a sequence of classically i.i.d. random variables satisfying

EP [|"1 |k ] < ∞ for k ∈ N+ . Let (σt )t∈N+ be a sequence of bounded random variables
which can be treated as states (or volatility regimes) with state space Sσ ⊂ [σ, σ]. Let

Yt = σt "t , t ∈ N+ denote the observation sequence. (It seems like a zero-delay setup, but
this is not essential in our current scope of discussion). Consider a representative Y = σ",
where (σ, ") := (σ1 , "1 ).
For simiplicty of discussion, at each time point t, we assume that "t follows N (0, 1)
and σt and "t are classically independent, denoted as σt ⊥
⊥ "t . Consider the following
(discrete-time) filtrations:

Gt := σ(σs , s ≤ t) ∨ N ,
Yt := σ(Ys , s ≤ t) ∨ N ,
Ft := σ((σs , Ys ), s ≤ t) ∨ N ,
where N is the collection of P-null sets used to complete each of the generated σ-field
mentioned above. Note that Ft is the same as σ(("s , σs ), s ≤ t)∨N . Let F := {Ft }t∈N+ . In

a classical filtered probability space (Ω, F, F, P), we will start the following subsections by
putting ourseleves, as a group of data analysts, in a context of dealing with uncertainty on
the distributions of one state variable σ, one observation variable Y = σ" and a sequence
of observation variables (Y1 , Y2 , . . . , Yn ) for n ∈ N+ .

2.1.2

Preparation: properties of maximal distribution

Suppose we have uncertainty on the distribution of the state variable σ (and it is realistic
because σ is not directly observable in practice) due to lack of prior knowledge. Another
possible situation is that different members in our group have different believes on the
behavior of σ or different preferences on the choice of the model - the (prior) distribution
of σ could be a degenerate, discrete, absolutely continuous or even arbitrary one with
support on [σ, σ]. In order to quantify this kind of model uncertainty for a given transformation ϕ (that is related to our problem of interest), we usually need to involve the
maximum expected value of σ:
sup E[ϕ(σ)],

(2.1)

σ∈A[σ,σ]

where A[σ, σ] can be chosen depending on the available prior information. Possible choices
of A[σ, σ] include:
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• D[σ, σ]: the space of all classically distributed random variables with support on
[σ, σ].

• Ddisc. [σ, σ] := {σ ∈ D[σ, σ] : discretely distributed}.

• Dcont. [σ, σ] := {σ ∈ D[σ, σ] : absolutely continuously distributed}.

• Ddeg. [σ, σ] := {σ ∈ D[σ, σ] : P(σ = v) = 1, v ∈ [σ, σ]}, which is the family of all
random variables following degenerate (or Dirac) distribution with mass point at
v ∈ [σ, σ].

We are going to show that (2.1) will all be the same as the sublinear expectation of
maximal distribution in the G-framework.
Definition 2.1.1. (Univariate Maximal Distribution) In sublinear expectation space
(Ω, H, E), a random variable V follows maximal distribution M[σ, σ] with σ ≤ σ if, for
any ϕ ∈ Cl.Lip (R),

E[ϕ(V )] = max ϕ(v).
v∈[σ,σ]

Remark 2.1.1.1. We can take maximum because we are working on a continuous ϕ on
a compact set [σ, σ].
The reason that we use the notation [σ, σ] (which is like an interval for standard
deviation) is for the convenience of our later discussion.
Proposition 2.1.2 (Representations of Univariate Maximal Distribution). Consider
V ∼ M[σ, σ], then for any ϕ ∈ Cl.Lip (R), we have E[|ϕ(V )|] < ∞ and
E[ϕ(V )] =
=
=

max

E[ϕ(σ)]

(2.2)

max

E[ϕ(σ)]

(2.3)

sup

E[ϕ(σ)]

(2.4)

σ∈Ddeg. [σ,σ]

σ∈Ddisc. [σ,σ]

σ∈Dcont. [σ,σ]

= max E[ϕ(σ)].
σ∈D[σ,σ]

(2.5)

Remark 2.1.2.1. Note that Ddisc. ∪ Dcont. ⊂ D. The probability laws associated with
Dcont. are equivalent, but Ddisc. and D do not have this property.

Remark 2.1.2.2. In Proposition 2.1.2, we write the representation in the form of
E[ϕ(V )] = max E[ϕ(σ)],
σ∈A

(2.6)

where A denote a family of random variables in (Ω, F, P). Equivalently, if we treat V as

a random variable for both sides (which requires more careful preliminary setup and we
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will not touch at this stage, more details can be found in Chapter 6 of Peng (2019b)),
(2.6) becomes
E[ϕ(V )] =

max

PV ∈P◦A−1

EP [ϕ(V )],

(2.7)

where PV is the distribution of V and P ◦ A−1 := {P ◦ σ −1 , σ ∈ A} becomes a family
of distributions. Throghout this paper, we prefer to use the form (2.6) for simplicity of

notations and minimization of technical setup, but readers can always informally view
(2.6) as a equivalent form of (2.7). In this way, we can better see the distributional
uncertainty of V .
Remark 2.1.2.3. Meanwhile, Proposition 2.1.2 provides four ways to represent the distributional uncertainty of V . In practice, practitioners may choose the representation
they need depending on the available prior knowledge or their belief on the random
phenomenon.
Definition 2.1.3. (Multivariate Maximal Distribution) In sublinear expectation space
(Ω, H, E), a random vector V : Ω → Rd follows a (multivariate) maximal distribution

M(V), if there exists a compact and convex subset V ⊂ Rd satisfying: for any ϕ ∈
Cl.Lip (Rd ),

E[ϕ(V )] = max ϕ(σ).
σ∈V

One can also easily extend the representation in Proposition 2.1.2 to a multivariate
case (Proposition 2.1.4) by considering D(V) which is the space of all classically distributed random variables with support on V and also considering its subspaces Ddeg. (V),
Dcont. (V) and Ddisc. (V) as well.

Proposition 2.1.4 (Representations of multivariate maximal distribution). For V ∼
M(V), we have for any ϕ ∈ Cl.Lip (Rd ),

E[ϕ(V )] = sup E[ϕ(σ)],

(2.8)

σ∈A(V)

where A can be chosen from {D, Ddisc. , Dcont. , Ddeg. } and sup can be changed to max
except when A = Dcont. .

Proof. It can be extended from the proof of Proposition 2.1.2.
Next we provide a property for multivariate maximal distribution under transformations.

36

Chapter 2. The Foundation of the Semi-G-structure

Proposition 2.1.5. Suppose V ∼ M(V). Then for any locally Lipschitz function ψ :
(Rd , -·-) → (Rk , -·-), we have

S := ψ(V) = ψ(V1 , V2 , . . . , Vd ) ∼ M(S),
where S := ψ(V) = {ψ(σ) : σ ∈ V}.
Remark 2.1.5.1. Proposition 2.1.5 is generalized version of Proposition 25 and Remark
26 in Jin and Peng (2016). It shows that the transformation of a maximal is still a
maximal distribution, with support equal to the range of the function.
Next we give a connection between univariate and multivariate maximal distribution.
Proposition 2.1.6. (The relation between multivariate and the univariate maximal distribution) Consider a sequence of maximally distributed random variables Vi ∼ M[σ i , σ i ]
with σ i ≤ σ i , i = 1, 2, . . . , d, then the following three statements are equivalent:
(1) {Vi }di=1 are sequentially independent: V1 !!" V2 !!" · · · !!" Vd .

(2) Vi1 !!" Vi2 !!" · · · !!" Vid for any permutation (i1 , i2 , . . . , id ) of (1, 2, . . . , d).
2
2
(3) V := (V1 , V2 , . . . , Vd ) ∼ M( di=1 [σ i , σ i ]), where the operation di=1 is the Cartesian
product.

Remark 2.1.6.1. Proposition 2.1.6 shows that the sequential independence between
maximal distribution can be arbitrarily switched without changing its joint distribution, which is a maximal distribution supporting on a d-dimensional rectangle. Reversely
speaking, if a random vector follows a maximal distribution concentrating this rectangle
shape, it implies the sequential independence among its components.
As a special case of Proposition 2.1.6, for two maximal distributed random variables
Vi , i = 1, 2, V1 !!" V2 implies that V2 !!" V1 . In fact, Theorem 1.6.26 given by Hu and Li

(2014) shows for two non-constant, non-classical distributed random objects, this kind of
mutual independence only holds for maximal distributions. The asymmetry of sequential
independence prevails among the distributions in the G-expectation framework.

2.1.3

Univariate semi-G-normal distribution

Recall the story setup in Section 2.1.1. Note that Y = σ" can be treated as a normal
mixture with scaling latent variable σ : Ω → [σ, σ]. For simplicity of discussion, we have
assumed σ ⊥
⊥ " and " ∼ N (0, 1). Suppose we are further faced with the uncertainty on
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the distribution of Y = σ" due to uncertain σ part. Then the maximum expected value
under this distributional uncertainty is
sup E[ϕ(σ")],

(2.9)

σ∈A[σ,σ]

where the choice of A[σ, σ] is the same as Section 2.1.2. It turns out, in either of the
choices, (2.9) can be expressed as the sublinear expectation of a semi-G-normal W ∼
N̂ (0, [σ 2 , σ 2 ]).

To begin with, note that N (0, [1, 1]) can be treated as the same as the classical

distribution N (0, 1) due to Remark 1.6.21.1. Therefore, we can also say " ∼ N (0, [1, 1]) in

the sublinear expectation space. In the following context, we will not distinguish between
N (0, 1) and N (0, [1, 1]). Similarly, a standard multivariate normal N (0, Id ) can be treated
as both a classical distribution and also a degenerate version of a multivariate G-normal.

Definition 2.1.7 (Semi-G-normal distribution). In sublinear expectation space (Ω, H, E),
a random variable W follows a semi-G-normal distribution N̂ (0, [σ 2 , σ 2 ]) if, for any
ϕ ∈ Cl.Lip (R),

E[ϕ(W )] = sup E[ϕ(σ")],

(2.10)

σ∈[σ,σ]

where " ∼ N (0, 1) and σ is a scalar.
Remark 2.1.7.1. We only use σ" for the convenience of expressing the expectation of
N (0, σ 2 ) and the consistency of notations later on. One alternative way is
E[ϕ(W )] = sup E[ϕ(N (0, σ 2 ))].
σ∈[σ,σ]

Note that the right hand side of (2.10) is always finite because for any ϕ ∈ Cl.Lip (R), we
have

|ϕ(x)| ≤ |ϕ(x) − ϕ(0)| + |ϕ(0)|
≤ C(1 + |x|m )|x| + C0
≤ C1 (1 + |x|m+1 ).
Then we have supσ∈[σ,σ] E[ϕ(σ")] ≤ C1 (1+σ m+1 E[|"|m+1 ]) < ∞ by noting that " has finite
moments with arbitrary order.

Remark 2.1.7.2 (Why is it called a “semi” one?). The essential reason is that the
uncertainty set of distributions associated with the semi-G-normal is smaller than the
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one of G-normal. Let W G ∼ N (0, [σ 2 , σ 2 ]) and W ∼ N̂ (0, [σ 2 , σ 2 ]). In fact, we have the
following existing result: for any ϕ ∈ Cl.Lip (R)

E[ϕ(W G )] ≥ max E[ϕ(v")] = E[ϕ(W )],
v∈[σ,σ]

(2.11)

which can be proved by applying the comparison theorem of parabolic partial differential
equations (in Crandall et al. (1992)) to the associated G-heat and classical heat equations
with initial condition ϕ (the inequality becomes a strict one when ϕ is neither convex
nor concave such as ϕ(x) = x3 ). For readers’ convenience, the results above are proved
in Hu (2012b) (Lemma 2).
The following Proposition 2.1.8 gives an example to show the existence of semi-Gnormal distribution in the sublinear expectation space.
Proposition 2.1.8. In sublinear expectation space, consider a maximally distributed
random variable V ∼ M[σ, σ] and a (degenerate) G-normal object " ∼ N (0, [1, 1]) such
that V !!" ". Let
W := V ".
(2.12)
Then we have W ∼ N̂ (0, [σ 2 , σ 2 ]).
Remark 2.1.8.1. The existence of sequential independence V !!" " (or " is independent
from V ) is guaranteed by the existence of two sequentially independent G-distributed
random vectors (Section 2.3 in Peng (2019b)):
(V, η) !!" (K, "),
d

d

d

d

where V = K = M[σ, σ] and η = " = N (0, [1, 1]). With ϕ1 (x, y) = y and ϕ2 (x, y) = x,
we directly have the existence of

ϕ1 (V, η) = V !!" ϕ2 (K, ") = ".
We will mainly focus on the semi-G-normal in the form of (2.12) throughout this
thesis. We call such kind of semi-G-normal as decomposable semi-G-normal. Here we give
the formal definition.
Definition 2.1.9 (Decomposable semi-G-normal). Suppose W ∼ N̂ (0, [σ 2 , σ 2 ]), it is

decomposable if there exist a maximally distributed random variable V ∼ M[σ, σ] and a
(degenerate) G-normal object " ∼ N (0, [1, 1]) with V !!" ", such that
W = V ".
Note that the direction of the independence cannot be reversed.
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Remark 2.1.9.1. (Why we cannot reverse the direction of independence) There are two
reasons:
1. If we reverse the direction, the sublinear expectation will essentially change and
the resulting distribution will be different. For instance, if we assume " !!" V and
let W̃ := "V , we have
E[W̃ ] = E[E[xV ]x=' ] = E["+ σ − "− σ]
= E[σ" + (σ − σ)"− ] = (σ − σ)E["− ]
1
= (σ − σ)E[|"|] > 0,
2
and similarly,

1
−E[−W̃ ] = − (σ − σ)E[|"|] < 0,
2

where "+ = max{", 0} and "− = max{−", 0}. We can see that W̃ and W already
exhibit their difference in the first moment: W has certain mean zero but has
mean-uncertainty.
2. Since V is maximally distributed and " follows a non-constant classical distribution,
if they are mutually independent, it will violate the result (Theorem 15) proved by
Hu and Li (2014). Hence, we never have mutual independence between V and ".
Remark 2.1.9.2. It is an interesting question that whether there exists a non-decomposable
semi-G-normal, for which we do not have an answer so far.
As we further proceed, we will see that the property of W is closely related to the
random vector (V, "). The following Proposition 2.1.10 guarantees the uniqueness of such
decomposition.
Proposition 2.1.10 (The uniqueness of decomposition). In Definition 2.1.9, if there
exist two pairs (V1 , "1 ) and (V2 , "2 ) satisfying the required properties and
W = V1 "1 = V2 "2 ,
we must have V1 = V2 and "1 = "2 (in quasi-surely sense).
Theorem 2.1.11 (Representations of univariate semi-G-normal). Consider two classically distributed random variables σ : Ω → [σ, σ] and " ∼ N (0, 1) satisfying σ ⊥
⊥ ". For
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any ϕ ∈ Cl.Lip (R), we have E[|ϕ(W )|] < ∞ and
E[ϕ(W )] =
=
=

max

E[ϕ(σ")] = max E[ϕ(σ")]

(2.13)

max

E[ϕ(σ")]

(2.14)

sup

E[ϕ(σ")]

(2.15)

σ∈Ddeg. [σ,σ]

σ∈Ddisc. [σ,σ]

σ∈Dcont. [σ,σ]

σ∈[σ,σ]

= max E[ϕ(σ")],
σ∈D[σ,σ]

(2.16)

where {D, Ddisc. , Dcont. , Ddeg. } are the same as the ones in Proposition 2.1.2.
Remark 2.1.11.1. Theorem 2.1.11 means that there are several ways to interpret the
distributional uncertainty of semi-G-normal:
• (2.13) shows it can be described as a collection of N (0, σ 2 ) with σ ∈ [σ, σ] (which
gives a direct way to compute this sublinear expectation).

• (2.14) to (2.16) show it can be described as a collection of classical normal mixture distribution with (discretely, absolutely continuously or arbitrarily) distributed
scale parameter ranging in [σ, σ].
A further statistical interpretation of semi-G-normal is that it can be treated as a partial
specification of the population if we allow different parts of the population follow different
σi (more details on this general idea can be found in Remark 2.4.1.1).
Remark 2.1.11.2. Let Fσ denote the cumulative distribution function of σ under P
and FA[σ,σ] represent the family of Fσ with σ ∈ A[σ, σ]. Then we can apply the classical

Fubini theorem in the evaluation of E[ϕ(σ")] in Theorem 2.1.11 to get a more explicit
form of representation:

E[ϕ(W )] =

sup
Fσ ∈FA[σ,σ]

ˆ

σ

σ

E[ϕ(v")]Fσ (dv),

where A can be chosen from {D, Ddisc. , Dcont. , Ddeg. }.
Remark 2.1.11.3 (The distribution of "). In principle, the distribution of " can be
changed to any other types of classical distribution with finite moment generating function and all the related results like representations will also hold. We choose standard
normal because we are working on an intermediate structure between normal and Gnormal. Another reason comes from the following Proposition 2.1.13.
The proof of Theorem 2.1.11 is closely related to the representation of maximal distribution. First we need to prepare the following lemma.

41

2.1. Semi-G-normal and its representations

Lemma 2.1.12. For any fixed v ∈ [σ, σ], let ϕ' (v) := E[ϕ(v")] with " ∼ N (0, [1, 1]).
Then we have ϕ' ∈ Cl.Lip (R).

d

d

Proof of Lemma 2.1.12. Note that " = N (0, [1, 1]) = N (0, 1) as mentioned in Remark 1.6.21.1.
Then ϕ' (v) := E[ϕ(v")] = E[ϕ(v")]. Next we can show ϕ' ∈ Cl.Lip (R) by definition:
|ϕ' (x) − ϕ' (y)| = |EP [ϕ(x") − ϕ(y")]|
≤ EP [Cϕ (1 + |x"|k + |y"|k )|"| · |x − y|]
= Cϕ (EP [|"|] + EP [|"|k+1 ]|x|k + EP [|"|k+1 ]|y|k )|x − y|
≤ C(1 + |x|k + |y|k )|x − y|,
where C = Cϕ max{EP [|"|], EP [|"|k+1 ]}.
Proof of Theorem 2.1.11. Under the sequential independence V !!" ", for any ϕ ∈
Cl.Lip (R), we have

E[ϕ(W )] = E[ϕ(V ")] = E[E[ϕ(v")]v=V ] = E[ϕ' (V )].
First we have ϕ' ∈ Cl.Lip (R) by Lemma 2.1.12. Then we can use Definition 2.1.1 to show

the finiteness of E[|ϕ(W )|] due to the continuity of ϕ' : E[|ϕ(W )|] = maxv∈[σ,σ] |ϕ' (v)| <
∞. Next we check each representation in Theorem 2.1.11 by applying the associated

representation of maximal distribution in Proposition 2.1.2. For instance, we can show
(2.15) based on (2.4):
E[ϕ(W )] = E[ϕ' (V )] =
=

sup

σ∈Dcont. [σ,σ]

sup

σ∈Dcont. [σ,σ]

E[ϕ' (σ)]

E[E[ϕ(v")]v=σ ] =

sup

σ∈Dcont. [σ,σ]

E[ϕ(σ")],

where we use the fact that σ ⊥
⊥ " and Remark 1.6.6.3.
Proposition 2.1.13 (A special connection between semi-G-normal and G-normal distribution). Let W G ∼ N (0, [σ 2 , σ 2 ]) and W ∼ N̂ (0, [σ 2 , σ 2 ]). For ϕ ∈ Cl.Lip (R), when ϕ
is convex or concave, we have
$
EP [ϕ(N (0, σ 2 ))] ϕ is convex
E[ϕ(W G )] = E[ϕ(W )] =
EP [ϕ(N (0, σ 2 ))] ϕ is concave.
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2.1.4

Multivariate semi-G-normal distribution

The definition of semi-G-normal distribution can be naturally extended to multi-dimensional
situation. Intuitively speaking, the multivariate semi-G-normal distribution can be treated
as an analogue of the classical multivariate normal distribution which can be written as:
N (0, Σ) = Σ1/2 N (0, Id ),

(2.17)

where Id is a d × d identity matrix and Σ is the covariance matrix.

Let S+
d denote the family of real-valued symmetric positive semi-definite d×d matrices.
Consider a bounded, closed and convex subset C ⊂ S+
d . For any element Σ ∈ C, it has a
non-negative symmetric square root denoted as Σ1/2 . Let V := C 1/2 which is the set of

Σ1/2 with Σ ∈ C. Then we treat Σ as the covariance matrix of a classical multivariate
normal distribution due to (2.17) and C as a collection of covariance matrices. Note that
V is still a bounded, closed and convex set. Then a matrix-valued maximal distribution
M(V) can be directly extended from Definition 2.1.3.

Definition 2.1.14 (Multivariate semi-G-normal distribution). A d-dimensional random
vector W follows semi-G-normal N̂ (0, C), if for any ϕ ∈ Cl.Lip (Rd ):
E[ϕ(W )] = sup E[ϕ(Σ1/2 ")],
Σ∈C

where " ∼ N (0, Id ).
Definition 2.1.15 (Decomposable multivariate semi-G-normal distribution). Suppose
W ∼ N̂ (0, C), it is decomposable if if there exists a d-dimensional random vector " ∼
N (0, Id ) and a d × d-dimensional maximally distributed random matrix V satisfying
V ∼ M(V) : Ω → Rd×d ,
and the relation that " is independent from V, denoted as V !!" ", such that
W = V",
where the direction of independence here cannot be reversed.
Remark 2.1.15.1. The relation V !!" " is a multivariate version of Definition 1.6.6.
Similar to the discussions in Section 2.1.2, we extend the notion of semi-G-normal
distribution and its representation to the multivariate situation.
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Theorem 2.1.16. (Representation of multivariate semi-G-normal distribution) Consider the random vector W in Definition 2.1.15. For any ϕ ∈ Cl.Lip (Rd ), we have
E[|ϕ(W )|] < ∞ and

E[ϕ(W )] =

sup

Σ1/2 ∈A(V)

E[ϕ(Σ1/2 ")],

(2.18)

where A can be chosen from {D, Ddisc. , Dcont. , Ddeg. } and sup can be changed to max
except when A = Dcont. .

Proof of Theorem 2.1.16. The logic of this proof is similar to Theorem 2.1.11 where we
apply the representation of the maximal distribution M(V). It has the same form as
Proposition 2.1.4.

Remark 2.1.16.1. Theorem 2.1.16 means that there are several ways to interpret the
distributional uncertainty of multivariate semi-G-normal N̂ (0, C):

• It can be described as a collection of N (0, Σ) with constant covariance matrix
Σ ∈ C.

• It can be described as a collection of classical multvariate normal mixture distributions with (discretely, absolutely continuously, arbitrarily) distributed random
covariance matrices (as a latent scaling variable) ranging in C.
By using Theorem 2.1.16, we can conveniently study the covariance uncertainty between the marginals of W . First, we can define the the upper and lower covariance
between each marginal of W = (W1 , W2 , . . . , Wd ) as (note that Wi has certain mean
zero)
γ(i, j) := E[Wi Wj ]
and

γ(i, j) := −E[−Wi Wj ].

Then these two quantities turn out to be closely related to C illustrated as follows.
Proposition 2.1.17 (Upper and lower covariance between semi-G-normal marginals).
For each Σ ∈ C, let Σij denote the (i, j)-th entry of Σ, and
[Σij , Σij ] := [min Σij , max Σij ].
Σ∈C

Σ∈C

Then we have
γ(i, j) = Σij and γ(i, j) = Σij .
Specially speaking, we have
σ 2i := E[Wi2 ] = Σii and σ 2i := −E[−Wi2 ] = Σii .
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Proof. For each (i, j) ∈ {1, 2, . . . , d}2 , let fij (W ) = Wi Wj . Then it is obvious that
fij ∈ Cl.Lip (Rd ). For each Σ, let

(Y1 , Y2 , . . . , Yd ) := Σ1/2 ".
Then by applying Theorem 2.1.16,
γ(i, j) = E[Wi Wj ] = max E[fij (Σ1/2 ")]
Σ1/2 ∈V

= max E[Yi Yj ]
Σ1/2 ∈V

= max Σij = Σij .
Σ1/2 ∈V

Similarly we can show γ(i, j) = Σij .
Corollary 2.1.17.1 (Multivariate semi-G-normal under linear transformation). Let Wd×1 ∼
N̂ (0, C). For any constant matrix A ∈ Rr×d with r ≤ d, we have
AW ∼ N̂ (0, ACAT ),
where

3
4
ACAT := AΣAT : Σ ∈ C ⊂ Rr×r .

Furthermore, if W is decomposable, AW is also decomposable.
Proof. The idea is to directly check Definition 2.1.14 and apply the representation of the
sublinear expectation of multivariate semi-G-normal (Theorem 2.1.16):
E[ϕ(AW)] = sup E[ϕ(AΣ1/2 ")]
Σ1/2 ∈V

= sup E[ϕ(B")].
B∈AV

Note that B" ∼ N (0, BBT ) and
3

4
BBT : B ∈ AV
3
4
= (AΣ1/2 )(AΣ1/2 )T : Σ1/2 ∈ V
3
4
= AΣAT : Σ ∈ C = ACAT .

Then we have AW ∼ N̂ (0, ACAT ) by Definition 2.1.14. Suppose we further have W
is decomposable with W = V" and V ∼ M(V) (recall that V := C 1/2 ). Then we have
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AW = V∗ " where V∗ := AV. The random matrix V∗ satisfies AV !!" " because
V !!" ". Meanwhile, for any H ∈ Cl.Lip (Rr×d ),

E[H(V∗ )] = E[H(AV)] = max EP [H(AΣ1/2 )] = max EP [H(B)],
Σ1/2 ∈V

B∈AV

so AV ∼ M(AV), which can be treated as the scaling property of a d × d-dimensional
maximal distribution. Therefore, from Definition 2.1.15, AW is also decomposable.

2.1.5

Is there a symmetric type of independence under distributional uncertainty?

Consider two decomposable semi-G-normal Wi = Vi "i with Vi !!" "i for i = 1, 2. To
discuss the independence between them, let us reflect on a basic problem as follows.
Question 2.1.17.1. (Is there a symmetric type of independence under distributional uncertainty?) Consider Vi ∼ M[σ, σ] with σ < σ and Wi = Vi "i with i = 1, 2. Suppose we
further have V1 !!" V2 and "1 !!" "2 . By Proposition 1.6.27, we also have V2 !!" V1 and
"2 !!" "1 . However, we do not have W1 and W2 are mutually independent by Theo-

rem 1.6.26, because they are neither classically nor maximally distributed. To further
explain the interesting but strange phenomenon here, recall that we are equivalently saying V1 and V2 are mutually independent and so are "1 and "2 . It seems that the roles
in the pair “V1 versus V2 ” (or in “"1 versus "2 ”) should all be “symmetric” and there is
no “direction” appearing in these pairs yet. Nonetheless, when we consider the product
Wi = Vi "i with i = 1, 2, if they are independent, we must have the direction that is either
W1 !!" W2 or W2 !!" W1 by Theorem 1.6.26. However, there seems no middle stage
where W1 and W2 have some degree of independence where their roles in this relation
are symmetric. One question we may ask is, does there exist such kind of middle stage?
We will give an affirmative answer to Question 2.1.17.1, which will be summarized in
Solution 2.1.21.0.1. It turns out the current conditions of independence are not enough,
the relation between W1 and W2 depends on the structure of independence among the
four objects V1 , V2 , "1 and "2 . To be compatible with the assumed independence V1 !!" V2 ,
"1 !!" "2 and Vi !!" "i with i = 1, 2, suppose we have additional sequential independence
among the four objects. We first consider the following four cases:
1. V1 !!" V2 !!" "1 !!" "2 ,
2. V2 !!" V1 !!" "2 !!" "1 ,
3. V1 !!" "1 !!" V2 !!" "2 ,
4. V2 !!" "2 !!" V1 !!" "1 .
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Note that Case 3 implies V1 "1 !!" V2 "2 or W1 !!" W2 and Case 4 implies W2 !!" W1 .

These two cases are not equivalent. Now we check the first two cases. First of all, we
can notice that Case 1 does provide another kind of independence that is authentic to
semi-G-normal: semi-G-normal becomes a stable distribution under such relation. Here
we borrow the notion of stable distribution in classical probability. For classical normal
X1 ∼ N (0, σ 2 ), it is a stable distribution in the sense that for any independent copy X2
of X1 , we have

d

aX1 + bX2 =

√

a2 + b2 X1 for any a, b ≥ 0.

The result related to Case 1 is presented in the following Proposition 2.1.18.
Proposition 2.1.18. Under V1 !!" V2 !!" "1 !!" "2 and Wi = Vi "i , i = 1, 2, we have,
for any a, b ≥ 0,

d

aW1 + bW2 =

√

a2 + b 2 W 1 .

Proof of Proposition 2.1.18. For any a, b ≥ 0, by the definition of identical distribution
(Definition 1.6.5), our goal is to show, for any ϕ ∈ Cl.Lip (R),
√
E[ϕ(aW1 + bW2 )] = E[ϕ( a2 + b2 W1 )].
(2.19)
With " ∼ N (0, 1), first recall that ϕ' (v) := E[ϕ(v")] is in Cl.Lip (R) by Lemma 2.1.12. On
the one hand,

E[ϕ(aV1 "1 + bV2 "2 )] = E[E[ϕ(av1 "1 + bv2 "2 )]vi =Vi ,i=1,2 ]
5
= E[E[ϕ( a2 v12 + b2 v22 ")]vi =Vi ,i=1,2 ]
5
= E[ϕ' ( a2 V12 + b2 V22 )]
5
= E[E[ϕ' ( a2 v12 + b2 V22 )]v1 =V1 ]
5
= max max ϕ' ( a2 v12 + b2 v22 ),
v1 ∈[σ,σ] v2 ∈[σ,σ]

where we use the stability of classical normal and the fact that V1 !!" V2 . On the other
hand,
√
√
√
E[ϕ( a2 + b2 W1 )] = max E[ϕ( a2 + b2 v")] = max ϕ' ( a2 + b2 v).
v∈[σ,σ]

v∈[σ,σ]

Since
5
√
√
√
{ a2 v12 + b2 v22 : (v1 , v2 ) ∈ [σ, σ]2 } = [ a2 + b2 σ, a2 + b2 σ] = { a2 + b2 v : v ∈ [σ, σ]},
d

we have shown (2.19) and it leads to the result that aW1 + bW2 =

√

a2 + b 2 W 1 .

47

2.1. Semi-G-normal and its representations

Since Proposition 2.1.18 indicates that the relation in Case 1 could be an analogue of
independence for semi-G-normal.
Definition 2.1.19 (Semi-sequential independence). For two decomposable semi-G-normal
Wi = Vi "i , i = 1, 2, we call W2 is semi-sequentially independent from W1 , denoted as
S

W1 !!" W2 if
V1 !!" V2 !!" "1 !!" "2 .
We call the relation V1 !!" V2 !!" "1 !!" "2 as semi-sequential independence or W2 is
S

semi-sequentially independent from W1 , it is denoted as W1 !!" W2 .

More interestingly, the following Proposition 2.1.20 shows that, the semi-sequential
S

S

independence is a symmetric relation: W1 !!" W2 is equivalent to W2 !!" W1 . In other
words, Case 1 and 2 in Question 2.1.17.1 are equivalent.

Proposition 2.1.20. The following two statements are equivalent:
S

(1) V1 !!" V2 !!" "1 !!" "2 or W1 !!" W2 ,
S

(2) V2 !!" V1 !!" "2 !!" "1 or W2 !!" W1 .
S

S

Remark 2.1.20.1. Since it is a symmetric relationship, if W1 !!" W2 (or W2 !!" W1 ),
we also call W1 and W2 are semi-G-independent (as opposed to the existing notion of
G-version independence).
To prove Proposition 2.1.20, we first prepare the following lemma.
Lemma 2.1.21. The following two statements are equivalent:
(1) V1 !!" V2 !!" "1 !!" "2 ,
(2) (V1 , V2 ) !!" ("1 , "2 ), V1 !!" V2 , "1 !!" "2 .
Proof of Lemma 2.1.21. We can directly see (1) =⇒ (2) because the independence of
a sequence implies the independence among the non-overlapping subvectors as long as
keeping the original order (Proposition 1.6.13).
(2) =⇒ (1). The relation (1) is equivalent to,
1. V1 !!" V2 ,
2. (V1 , V2 ) !!" "1 ,
3. (V1 , V2 , "1 ) !!" "2 .
Since the first two are directly implied by (2), we only need to prove the last one. For a
fixed scalar vector (v1 , v2 , e1 ), let H(v1 , v2 , e1 ) := E[ϕ(v1 , v2 , e1 , e2 )]. Then the third one
is equivalent to

E[ϕ(V1 , V2 , "1 , "2 )] = E[H(V1 , V2 , "1 )].
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In fact, since (V1 , V2 ) !!" ("1 , "2 ), we have
E[ϕ(V1 , V2 , "1 , "2 )] = E[E[ϕ(v1 , v2 , "1 , "2 )]vi =Vi ,i=1,2 ]
(a)

= E[E[E[ϕ(v1 , v2 , e1 , "2 )]e1 ='1 ]vi =Vi ,i=1,2 ]

= E[E[H(v1 , v2 , "1 )]vi =Vi ,i=1,2 ]
(b)

= E[H(V1 , V2 , "1 )],

where (a) comes from the independence "1 !!" "2 and (b) is due to (V1 , V2 ) !!" "1 .
Proof of Proposition 2.1.20. We only need to show (1) =⇒ (2) by symmetry of notation.
From Lemma 2.1.21, (1) implies
(V1 , V2 ) !!" ("1 , "2 ), V1 !!" V2 , "1 !!" "2 .

(2.20)

In (2.20), the roles in V part are symmetric and so are " part (due to Proposition 1.6.27).
Then (2.20) is equivalent to
(V2 , V1 ) !!" ("2 , "1 ), V2 !!" V1 , "2 !!" "1 ,

(2.21)

S

which in turn implies W2 !!" W1 by Lemma 2.1.21.
Now we are ready to provide the solution to Question 2.1.17.1.
Solution 2.1.21.0.1. (The middle stage is the semi-G-independence.) It turns out the
current conditions of independence are not enough, the relation between W1 and W2
depends on the structure of independence among the four objects V1 , V2 , "1 and "2 . There
are essentially four cases:

S

1. If V !!" V̄ !!" " !!" "¯, we have W !!" W̄ ,
S

2. If V̄ !!" V !!" "¯ !!" ", we have W̄ !!" W,
3. If V !!" " !!" V̄ !!" "¯, we have W !!" W̄ ,
4. If V̄ !!" "¯ !!" V !!" ", we have W̄ !!" W.
We have shown that Cases 1 and 2 are equivalent (by Proposition 2.1.25). From
Proposition 1.6.27, the first two cases are also equivalent to
V̄ !!" V !!" " !!" "¯,
or
V !!" V̄ !!" "¯ !!" ".
However, Cases 3 and 4 (sequential independence) are not equivalent (by Example 1.6.7).

49

2.1. Semi-G-normal and its representations

2.1.6

New types of independence related to semi-G-normal distribution

We introduce two new types of independence regarding semi-G-normal distributions besides the existing sequential independence. The first one is the semi-sequential independence (or semi-G-independence) which is a symmetric relation. The second one is called
the fully-sequential independence, which is an asymmetric relation slightly stronger than
the existing sequential independence.
Readers may recall the notation !!" for the independence of sequence (Definition 1.6.8).
d

In the following context, without further notice, we assume Wi = Vi "i = N̂ (0, [σ 2 , σ 2 ])
d
d
for i = 1, 2, . . . , n, where Vi = M[σ, σ] and "i = N (0, [1, 1]). Let




2


σ
1




2
2
2
2
2
.
..
[σ , σ ]In := Σ = 
 : σi ∈ [σ , σ ], i = 1, 2, . . . , n .




σn2
Note that the identical variance interval is not essential and the results in this section
can be easily generalized to the case Wi ∼ N̂ (0, [σ 2i , σ 2i ]).

Definition 2.1.22. For a sequence of semi-G-normal distributed random variables {Wi }ni=1 ,
we have three types of independence:

S

S

S

1. {Wi }ni=1 are semi-sequentially independent (denoted as W1 !!" W2 !!" . . . !!" Wn )
if :

V1 !!" V2 !!" . . . !!" Vn !!" "1 !!" "2 !!" . . . !!" "n ;

(2.22)

2. {Wi }ni=1 are sequentially independent (denoted as W1 !!" W2 !!" . . . !!" Wn ) if:
V1 "1 !!" V2 "2 !!" . . . !!" Vn "n ;

(2.23)
F

F

F

3. {Wi }ni=1 are fully-sequentially independent (denoted as W1 !!" W2 !!" . . . !!" Wn )
if:

V1 !!" "1 !!" V2 !!" "2 !!" . . . !!" Vn !!" "n .

(2.24)

Remark 2.1.22.1 (Compatibility with the definition of semi-G-normal). The requirement of independence to form the semi-G-normal distribution is Vi !!" "i , which is
guaranteed by all the three types of independence by Lemma 1.6.9. Furthermore, for two
F

semi-G-normal object W = V " and W̄ = V̄ "¯, we can see that W !!" W̄ implies
(V, ") !!" (V̄ , "¯),
F

which further indicates W !!" W̄ . However, W !!" W̄ (or W !!" W̄ ) does not imply
S
W !!" W̄ since the latter actually reverses the order of independence between " and V̄
in the former.
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Remark 2.1.22.2. (Existence of these types of independence) It comes from a logic
similar to Remark 2.1.8.1: we can construct a product space to allow the existence of 2n
sequentially independent random variables.
Theorem 2.1.23. The fully-seqential independence of {Wi }ni=1 can be equivalently defined
as:

(F1) The pair (Vi , "i ) are sequentially independent: (V1 , "1 ) !!" (V2 , "2 ) !!" · · · !!"
(Vn , "n ).
(F2) The elements within each pair (Vi , "i ) satisfy Vi !!" "i with i = 1, 2, . . . , n.
Remark 2.1.23.1. We add the condition (F2) only to stress the intrinsic requirement
on independence from the definition of semi-G-normal. The main requirement of fullyF

sequential independence is (F1). It is also the reason why !!" is stronger than !!" because
the latter only involves the product V " but the former is about the joint vector (V, ").

The fully-sequential independence is a stronger version of sequential independence
and it does not exhibit much difference with sequential independence in our current
scope of discussion (which will be illustrated by Theorem 2.1.28).
Hence, the key new type of independence here is the semi-sequential independence,
which is different from the sequential independence and also leads to different joint distribution of (W1 , W2 , . . . , Wn ). We will study the properties and behaviours of semi-Gnormal under semi-sequential independence. Under such kind of independence, some of
the intuitive properties we have in classical situation are preserved. First of all, it is actually a symmetric independence among objects with distributional uncertainty. This symS

metry makes it different from the sequential independence although !!" is defined through

!!". Moreover, the joint vector of n semi-sequentially independent semi-G-normal follows
a multivariate semi-G-normal. It actually provides a view on how to connect univariate
and multivariate objects (under distributional uncertainty), which is a non-trivial task
for G-normal distribution. It further provides a path to start from univariate classical
normal to approach a multivariate G-normal (by using the multivariate semi-G-normal
as a middle stage).
We call it as “semi-sequential” independence because the only “sequential” requirement in the independence is (V1 , V2 , . . . , Vn ) !!" ("1 , "2 , . . . , "n ) but the squential order
within each vector is inessential in the sense that it can be arbitrarily switched. Theorem 2.1.24 elaborates this point by giving an equivalent definition.
Theorem 2.1.24. The semi-sequential independence of {Wi }ni=1 can be equivalently defined as:
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(S1) The " part is independent from V part: (V1 , V2 , . . . , Vn ) !!" ("1 , "2 , . . . , "n ).
(S2) The elements in V part are sequentially independent: V1 !!" V2 !!" · · · !!" Vn .
(S3) The elements in " part are classically independent.

Remark 2.1.24.1. The order of independence within V part in (S2) is inessential in the
sense that it can be arbitrarily switched by Proposition 2.1.6. Meanwhile, the order in "
part can also be switched due to the classical independence. Hence, this equivalence definition of semi-sequential independence indicates some intrinsic symmetry of this relation
coming from the only two categories of distributions (maximal and classical) that allow
mutual independence. This point will be elaborated in the discussion of Proposition 2.1.25
and further formalized in Theorem 2.1.27.
S

To show the idea of the symmetry of !!", we start from a simple case with n = 2 and

include a short proof for readers to grasp the intuition. The validation of other results in
this section is given in Section 2.6.3.
Proposition 2.1.25 (Symmetry in semi-sequential independence). The following statements are equivalent:
S

(1) W1 !!" W2 .
S

(2) W2 !!" W1 .
(3) (W1 , W2 ) ∼ N̂ (0, [σ 2 , σ 2 ]I2 ).
Proof of Proposition 2.1.25. The equivalence of the three statements will be proved by
this logic: (1) =⇒ (2) =⇒ (3) =⇒ (1).
(1) =⇒ (2). It is a direct consequence of Proposition 2.1.20.
(2) =⇒ (3) Let W := (W1 , W2 ). Then
W = (V1 "1 , V2 "2 ) = V",
where V = diag(V1 , V2 ) and " = ("1 , "2 ). Under the independence (2), we have (2.21) by
Lemma 2.1.21, which further implies V !!" ". We also have (V1 , V2 ) ∼ M([σ, σ]2 ) from
V2 !!" V1 (Proposition 2.1.6), then V ∼ M([σ, σ]I2 ). Meanwhile, "2 !!" "1 means they
are actually classically independent with the joint distribution " ∼ N (0, I2n ) because the

distribution of "i is classical. Therefore, by Definition 2.1.15, W = V" ∼ N̂ (0, [σ 2 , σ 2 ]I2 ).
(3) =⇒ (1). First, from the definition of W = (W1 , W2 ) ∼ N̂ (0, [σ 2 , σ 2 ]I2 ), there

exist V = diag(V1 , V2 ) ∼ M([σ, σ]I2 ) and " = ("1 , "2 ) ∼ N (0, I2 ), with independence
V !!" ",

(2.25)
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such that W = V". In other words, (W1 , W2 ) = (V1 "1 , V2 "2 ). We directly have "1 and "2
are classically independent from their joint distribution. Next we study the independence
between Vi part. Similarly, we can the joint distribution (V1 , V2 ) ∼ M([σ, σ]2 ) from the
distribution of V:
E[ϕ(V1 , V2 )] = E[ϕ((1, 1)V)]
= max ϕ((1, 1)B)
B∈[σ,σ]I2

=

max

(v1 ,v2 )∈[σ,σ]2

ϕ(v1 , v2 ).

By Proposition 2.1.6, we have V1 !!" V2 (also vice versa). Note that (2.25) implies
S

(V1 , V2 ) !!" ("1 , "2 ). Hence we have W1 !!" W2 by Lemma 2.1.21.

It is not hard to see that semi-sequential independence implies zero covariance:
E[W1 W2 ] = −E[−W1 W2 ] = 0.
However, the reverse direction is not trivial. By considering bivariate semi-G-normal, we
do have the reverse direction hold.
Theorem 2.1.26. Suppose the joint vector (W1 , W2 ) follows a bivariate semi-G-normal
N̂ (0, C), where
C=

9"

σ12
ρσ1 σ2
ρσ1 σ2
σ22

#

:
: σi ∈ [σ, σ], i = 1, 2, ρ ∈ [ρ, ρ] .

The marginals W1 and W2 are semi-G-independent if and only if they have zero covariance:
E[W1 W2 ] = −E[−W1 W2 ] = 0.
Proof. It is a direct result of Proposition 2.1.25 and Proposition 2.1.17.
Theorem 2.1.26 and Proposition 2.1.25 seem like natural results for a “normal” object
in multivariate case, but this is the first time we establish such kind of connections within
the G-expectation framework, because the G-normal distribution does not have such
properties in multivariate case. For instance, for X = (X1 , X2 ) with Xi ∼ N (0, [σ 2 , σ 2 ]).
On the one hand, given the independence X1 !!" X2 , X does not follow a bivariate Gnormal, neither does AX under any invertible transformation A. On the other hand, if X

follows a bivariate G-normal N (0, [σ 2 , σ 2 ]I2 ), we do not have X1 !!" X2 or X2 !!" X1 .
These kinds of strange properties bring barriers to the understanding of G-normal in
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multivariate situations, especially on the connection univariate and multivariate objects.
More details of this concern can be found in Bayraktar and Munk (2015). Fortunately,
the substructure of semi-G-normal provides some insights to reveal this connection.
Proposition 2.1.25 can be extended to n random variables.
Theorem 2.1.27. The following three statements are equivalent:
S

S

S

(1) W1 !!" W2 !!" · · · !!" Wn .
S

S

S

(2) Wk1 !!" Wk2 !!" · · · !!" Wkn for any permutation {kj }nj=1 of {1, 2, . . . , n}.
(3) (W1 , W2 , . . . , Wn ) ∼ N̂ (0, [σ 2 , σ 2 ]In ).

Remark 2.1.27.1. Theorem 2.1.27 shows the semi-G-normal under the the semi-Gindependence has symmetry and compatibility with the multivariate case. It also indicates that if we define the so-called semi-G-Brownian motion from the semi-G-normal,
it will become a Gaussian process behaving as the spatial white noise with covariance
uncertainty. The underlying reason is that it takes advantage the (only) two families
of distributions that allow both properties: classical normal and maximal distribution.
For classical normal, we know that a bivariate normal with diagonal covariance matrix
is equivalent to the (symmetric) independence between components. For maximal, the
results are provided in Proposition 2.1.6.
We will further investigate the connection and distinction between these types of
independence in Section 2.1.7 by studying their representations.

2.1.7

Representations under three types of independence

Let us come back to the story setup in Section 2.1.1 to introduce our results to general
audience. Suppose we intend to study the dynamic of the whole observation process
(which is the observable data sequence)
(Y1 , Y2 , . . . , Yn ) = (σ1 "1 , σ2 "2 , . . . , σn "n ).
Depending on the background information or knowledge (or the lackness of reliable knowledge on the data pattern and underlying dynamic), we may still have uncertainty on the
distribution or dynamic of Y . Especially in the early stage of data analysis, it is usually
required to specify a model structure and search for the optimal one in a family of them.
However, at this stage, how to select or distinguish the family of models is an important
and non-trivial task in statistial modeling. Suppose we assume that the underlying σ
process belong to a family An [σ, σ], but some patterns of the data sequence, which could
be generally quantified by E[ϕ(σ1 "1 , σ2 "2 , . . . , σn "n )] for a test function ϕ, seems to exceed
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even the extreme cases in An [σ, σ]. In this case, we may tend to reject the hypothesis

that σ ∈ An [σ, σ]. In this situation, we usually need to work with the maximum expected
value under the uncertainty σ ∈ An [σ, σ]:
sup

σ∈An [σ,σ]

E[ϕ(σ1 "1 , σ2 "2 , . . . , σn "n )].

(2.26)

However, in principle, An [σ, σ] might be an infinite dimensional family of non-parametric
(or semi-parametric) dynamics (due to lack of information on the undelying dynamic).
In our current context of discussions, the possible choices of An [σ, σ] include:

• Sn [σ, σ] := {σ : σt is Gt -measurable, σ(n) ⊥
⊥ "(n) }. As illustrated by Figure 2.4, it

includes independent mixture models and a typical class of hidden Markov models
without feedback process. (In Figure 2.4 and later related figures, we omit the edge
from σ1 to σ3 only for graphical simplicity.)

• Ln [σ, σ] := {σ : σt is Yt−1 -measurable}. As illustrated by Figure 2.5, it includes

those state space models that the future state variable only depends on the histor-

ical observations.
3
• L∗n [σ, σ] := σ : σt is Ft -measurable, (σt ⊥
⊥ "t )|Ft−1 }. As illustrated by Figure 2.3,

it contains a class of hidden Markov models with feedback process: the future
state variable depends on both the previous states and observations. In Figures 2.3
and 2.5, the dashed arrows mean these are possible feedback effects.

Note that
Sn [σ, σ] ∪ Ln [σ, σ] ⊂ L∗n [σ, σ].
This includes two aspects:
• Sn [σ, σ] ⊂ L∗n [σ, σ] due to the fact that Gt ⊂ Ft and σ(n) ⊥
⊥ "(n) .

• Ln [σ, σ] ⊂ L∗n [σ, σ] because for any σ ∈ Ln [σ, σ], given Ft−1 ⊃ Yt−1 , σt can be
treated as a constant thus we must have σt ⊥
⊥ "t |Ft−1 .

Remark 2.1.27.2. The condition σt ⊥
⊥ "t |Ft−1 in L∗n [σ, σ] is equivalent to
ηt ⊥
⊥ "t |Ft−1 ,
where ηt := σt − E[σt |Ft−1 ] is a sequence of F-martingale increments.
In traditional statistical modeling, how to deal with the quantity (2.26) is essentially a
difficult task when An [σ, σ] is highly unspecified and only contains some vague conditions

on the possible design of edges (such as the additional edges in Figure 2.3 compared with
Figure 2.4).

55

2.1. Semi-G-normal and its representations

In this section, we show that (2.26) can be related to the G-expectation of a random
vector with semi-G-normal marginals and different choice of An [σ, σ] is corresponding
to a type of independence associated with semi-G-normal. Although each of An [σ, σ]
is essentially an infinitely dimensional family, it is appropriately rich enough so that
the envelopes of the family can be expressed in a more compact way in terms of these
sublinear expectations. After transforming (3.1) into a G-expectation, it becomes more
convenient to evaluate the G-expectation and this evaluation procedure also gives us a
guidance on what should be the “skeleton” part to consider the extreme scenario when
dealing with different forms of An [σ, σ].
σ1
·"1
Y1

σ2
·"2
Y2

σ3
·"3
Y3

Figure 2.1: Diagram for S3 [σ, σ]
σ1
·"1
Y1

σ2
·"2
Y2

σ3
·"3
Y3

Figure 2.2: Diagram for L3 [σ, σ]
σ1
·"1
Y1

σ2
·"2
Y2

σ3
·"3
Y3

Figure 2.3: Diagram for L∗3 [σ, σ]
Our main result can be summarized as follows.
Theorem 2.1.28. (Representations of n semi-G-normal random variables under various types of independence)
ϕ ∈ Cl.Lip (Rn ),

Consider Wi ∼ N̂ (0, [σ 2 , σ 2 ]), i = 1, 2, . . . , n and any

56

Chapter 2. The Foundation of the Semi-G-structure

• Under semi-sequential independence:
S

S

S

W1 !!" W2 !!" · · · !!" Wn ,
we have E[|ϕ(W )|] < ∞ and

E[ϕ(W1 , W2 , . . . , Wn )] = max EP [ϕ(σ1 "1 , σ2 "2 , . . . , σn "n )].
σ∈Sn [σ,σ]

(2.27)

(2.28)

• Under sequential independence:
W1 !!" W2 !!" · · · !!" Wn

(2.29)

or fully-sequential independence:

F

F

F

W1 !!" W2 !!" · · · !!" Wn ,

we have E[|ϕ(W )|] < ∞ and

E[ϕ(W1 , W2 , . . . , Wn )] =
=

(2.30)

max EP [ϕ(σ1 "1 , σ2 "2 , . . . , σn "n )]

(2.31)

max EP [ϕ(σ1 "1 , σ2 "2 , . . . , σn "n )].

(2.32)

σ∈Ln [σ,σ]
σ∈L∗n [σ,σ]

Proof of Theorem 2.1.28. Turn to Section 2.6.4.
Remark 2.1.28.1. We can only say E[ϕ(W )] = E[ϕ(Vi "i , i = 1, 2, . . . , n)] stays the same

under sequential or fully-sequential independence. It does not mean these two types of
independence are equivalent. Their difference might arise when we consider a more general
situation E[ϕ((Vi , "i ), i = 1, 2, . . . , n)], which is out of our current scope of discussion.

Remark 2.1.28.2. The vision here is that we can use the G-expectation of semi-Gversion random vector under various types of independence to obtain the envelope associated with different family of model structures. With or without a kind of dependence
(such as with or without the feedback), the family of models is usually infinite dimensional because, in principle, the form of the feedback dependence could be any kind of
nonlinear function. Nonetheless, (2.28), (2.31) and (2.32) tell us that, instead of going
through all possible elements on the right hand side, we can move to the left side of the
equation treat it as a sublinear expectation which has a convenient way to evaluate. For
instance, under semi-sequential independence, by Theorem 3.3.2, W follows a multivariate semi-G-normal, then we only need to run through a finite-dimensional subset (as the
“skeleton” part) to get the extreme scenario,
max EP [ϕ(σ1 "1 , σ2 "2 , . . . , σn "n )] = max n EP [ϕ(σ1 "1 , σ2 "2 , . . . , σn "n )].

σ∈Sn [σ,σ]

σ∈[σ,σ]

Under sequential independence, we only need to run through an iterative algorithm to
evaluate E[ϕ(W1 , W2 , . . . , Wn )], which will be explained in Section 3.1.
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Corollary 2.1.28.1. As special cases, under semi-sequential independence, we have
1 +
1 +
E[ϕ( √
Wt )] = max EP [ϕ( √
σt "t )].
σ∈Sn [σ,σ]
n t=1
n t=1
n

n

(2.33)

Under sequential independence or fully-sequential independence, we have
1 +
1 +
√
E[ϕ( √
Wt )] = max
E
[ϕ(
σt "t )],
P
σ∈L∗n [σ,σ]
n t=1
n t=1
n

n

(2.34)

where L∗n [σ, σ] can be replaced by Ln [σ, σ].

Proof. This a direct result of Theorem 2.1.28.
Remark 2.1.28.3. Under semi-sequential independence, by Proposition 2.1.18, we have
1 +
Wt )] = E[ϕ(W1 )],
E[ϕ( √
n t=1
n

then we have

1 +
max EP [ϕ( √
σt "t )] = max E[ϕ(σ")].
σ∈Sn [σ,σ]
σ∈[σ,σ]
n t=1
n

Remark 2.1.28.4. To show consistency with the existing results in the literature, if
we choose L∗n [σ, σ] in Proposition 2.1.5, we can apply the CLT in the G-expectation

framework to the left handside to retrieve a result similar to the one in Rokhlin (2015)
(we can change the distribution of " in W to any applicable classical distribution)
1 +
1 +
E[ϕ(W )] = lim E[ϕ( √
Wi )] = lim sup E[ϕ( √
σi "i )],
n→∞
n→∞ σ∈L∗ [σ,σ]
n i=1
n i=1
n
n

n

G

where W G ∼ N (0, [σ 2 , σ 2 ]). When choosing Ln [σ, σ], Corollary 2.1.28.1 is related to the
discussion in Section 4 of Fang et al. (2019).

Remark 2.1.28.5 (A more explicit distinction between semi-G-normal and G-normal).
Let us extend our discussion to a continuous-time version of the setup in Section 2.1.1.
By Denis et al. (2011), the distributional uncertainty of N (0, [σ 2 , σ 2 ]) can be explictily
written as
ˆ 1
G
E[ϕ(W )] = sup EP [ϕ(
σs dBsP )],
σ∈L[σ,σ]

0

where BtP is a classical Brownian motion (induced by "t ) under (Ω, F, F, P) and L[σ, σ]
is the collection of all Ft -measurable processes valuing in [σ, σ]. Meanwhile, by consid-

ering the continuous-time version of Remark 2.1.28.3, the distributional uncertainty of
N̂ (0, [σ 2 , σ 2 ]) can be expressed as
ˆ 1
E[ϕ(W )] = sup EP [ϕ(
σs dBsP )],
σ∈S[σ,σ]

0

58

Chapter 2. The Foundation of the Semi-G-structure

where S[σ, σ] is the collection of all Gt -measurable processes valuing in [σ, σ]. Note that

S[σ, σ] ⊂ L[σ, σ] because S[σ, σ] only considers those σt processes that is independent
from Bt . This gives another more explicit distinction between semi-G-normal and Gnormal distribution compared with Remark 2.1.7.2.

Corollary 2.1.28.2. Under the setup of Theorem 2.1.28, when ϕ ∈ Cl.Lip (Rn ) is convex
or concave,

E[ϕ(W1 , W2 , . . . , Wn )]

will be the same under either sequential or semi-sequential independence. Furthermore,
in these cases, we have
$
E[ϕ(σ"1 , σ"2 , . . . , σ"n )] when ϕ is concave
E[ϕ(W1 , W2 , . . . , Wn )] =
(2.35)
E[ϕ(σ"1 , σ"2 , . . . , σ"n )] when ϕ is convex.
The following result can be treated as an extension of Proposition 2.1.13.
Corollary 2.1.28.3. Let {WiG }ni=1 denote a sequence of nonlinearly i.i.d. G-normally
distributed random variables with W1G ∼ N (0, [σ 2 , σ 2 ]). When ϕ ∈ Cl.Lip (Rn ) is convex
or concave, we have

E[ϕ(W1G , W2G , . . . , WnG )] = E[ϕ(W1 , W2 , . . . , Wn )],
where Wi ∼ N̂ (0, [σ 2 , σ 2 ]), i = 1, 2, . . . , n and they can be either sequentially or semisequentially independent.

We can also prove that all the representations mentioned in this paper also hold
for ϕ(x) = 1{x≤y} so that we can apply them to consider the capacity induced by the
sublinear expectation: V(A) = E[1A ].

Definition 2.1.29. (The upper and lower cdf) In sublinear expectation space, the upper
cdf (cumulative distribution function) of a random variable X is
F X (y) := V(X ≤ y) = E[1{X≤y} ]
and the lower cdf is
F X (y) := v(X ≤ y) = −E[−1{X≤y} ].

Theorem 2.1.30. (Representations of the upper and lower cdf) Let X denote a random variable in sublinear expectation space and X α is a random variable in the classical
probability space whose distribution is characterized by a latent variable α. Suppose a
representation of the sublinear expectation
E[ϕ(X)] = sup E[ϕ(X α )],
α∈A

(2.36)
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holds for any ϕ ∈ Cl.Lip (R). Then we also have the representation for the upper cdf,
F X (y) = V(X ≤ y) = sup P(X α ≤ y),

(2.37)

α∈A

which holds for for any continuity point y of F X . In other words, the representation
can be extended to functions in the form ϕ(x) := 1{x≤y} . Meanwhile, we also have the
representation for the lower cdf,

F X (y) = v(X ≤ y) = inf P(X α ≤ y),
α∈A

(2.38)

which holds for any continuity point y of F X .
Proof of Theorem 2.1.30. It is easy to show F X (y) is a monotone function, then the set
of discountinuous points is at most a countable set. Let y be any continuous point of
F X (y). For any " > 0, take δ small enough such that,
F X (y + δ) − F X (y − δ) ≤ ".
Take f and g be two bounded continuous functions such that


x≤y−δ
1
f (x) = ∈ [0, 1] y − δ < x ≤ y


0
x>y
and



x≤y
1
g(x) = ∈ [0, 1] y < x ≤ y + δ


0
x > y + δ.

Then we have

1{x≤y−δ} ≤ f (x) ≤ 1{x≤y} ≤ g(x) ≤ 1{x≤y+δ} .
We can apply this inequality to X α for any given α:
E[f (X α )] ≤ P(X α ≤ y) ≤ E[g(X α )],
then
sup E[f (X α )] ≤ sup P(X α ≤ y) ≤ sup E[g(X α )].

α∈A

α∈A

α∈A

Note that f, g ∈ Cl.Lip (R) we can use the representation (2.36) to get
V(X ≤ y − δ) ≤ E[f (X)] ≤ sup P(X α ≤ y) ≤ E[g(X)] ≤ V(X ≤ y + δ).
α∈A
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Then
F X (y) − " ≤ F X (y − δ) ≤ sup P(X α ≤ y) ≤ F X (y + δ) ≤ F X (y) + ".
α∈A

Since " > 0 can be arbitrarily small, we have proved the required result (2.37) for F X .
To validate the representation (2.38) for F X , we simply need to replace F X with F X and
change sup to inf accordingly.

Remark 2.1.30.1. (Notes on the continuity of V) Note that Theorem 2.1.30 does not
require the continuity of V: V(An ) → V(A) if An → A. Since one can easily check that
V is automatically lower continuous: V(An ) ↑ V(A) if An ↑ A, the upper continuity
(V(An ) ↓ V(A) if An ↓ A) is what we are really discussing here whenever we say the
continuity of V. However, when y is a continuous point of F X , consider any sequence yn
converging to y as n → ∞, we do have V (An ) → V (A) for sets An := {X ≤ yn } and
A := {X ≤ y}; namely, V appears some continuity on this kind of sets.

2.1.8

Connection between semi-G-normal and G-normal for a
more general family of transformations

We can extend the connection between semi-G-normal and G-normal illustrated in Corollary 2.1.28.3 to a more general family of ϕ, that is, ϕ may not be convex or concave but
it has either convexity or concavity for each argument. For instance,
ϕ(x1 , x2 ) = x21 − x22
is neither convex nor concave, but it is convex with respect to x1 and concave with respect
to x2 . Then for Wi ∼ N̂ (0, [σ 2 , σ 2 ]) (either sequentially or semi-sequentially independent),
we have

E[ϕ(W1 , W2 )] = E[W12 − W22 ]
= E[W12 ] + E[−W22 ]
= E[σ 2 "21 ] + E[−σ 2 "22 ]
= E[ϕ(σ"1 , σ"2 )].
It indicates that we may have σi switches between σ and σ if ϕ has convexity (or concavity) for each argument separately.
Theorem 2.1.31. Suppose a function ϕ : Rn → R satisfies the property that, with respect
to each argument xi , it is either convex or concave. Consider the following objects:
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1. Wi ∼ N̂ (0, [σ 2 , σ 2 ]), i = 1, 2, . . . , n and they can be either sequentially or semisequentially independent.

2. WiG ∼ N (0, [σ 2 , σ 2 ]), i = 1, 2, . . . , n and they are sequentially independent.
3. "i ∼ N (0, 1), i = 1, 2, . . . , n and they are classically independent.

Then we have

E[ϕ(W1 , W2 , . . . , Wn )] = E[ϕ(W1G , W2G , . . . , WnG )] = E[ϕ(σi∗ "i , i = 1, 2, . . . , n)],
where

$
σ
σi∗ =
σ

if ϕ is convex with respect to xi
if ϕ is concave with respect to xi .

Proof. The proof is divided into three cases:
1. Consider Wi ∼ N̂ (0, [σ 2 , σ 2 ]) and they are semi-sequentially independent. Let
H(σ1 , σ2 , . . . , σn ) = E[ϕ(σi "i , i = 1, 2, . . . , n)]. Then

E[ϕ(W1 , W2 , . . . , Wn )] = max n E[ϕ(σ1 "1 , σ2 "2 , . . . , σn "n )]
σ∈[σ,σ]

= max n H(σ1 , σ2 , . . . , σn )
σ∈[σ,σ]

= max · · · max H(σ1 , σ2 , . . . , σn ).
σn

σ1

Since "i are classically independent, we have
max H(σ1 , σ2 , . . . , σn )
σ1

= max E[ϕ(σ1 "1 , σ2 "2 , . . . , σn "n )]
σ1

= max E[ϕ(σ1 "1 , σ2 "2 , . . . , σn "n )|"i , i = 2, 3, . . . , n]
σ1

=E[ϕ(σ1∗ "1 , σ2 "2 , . . . , σn "n )|"i , i = 2, 3, . . . , n]
=E[ϕ(σ1∗ "1 , σ2 "2 , . . . , σn "n )] = H(σ1∗ , σ2 , . . . , σn ),
where we have used Proposition 2.1.13 and σ1∗ is chosen depending on the convexity
or concavity of ϕ with respect to x1 . Then we can repeat the above procedure for
σi , i = 2, . . . , n to get
E[ϕ(W1 , W2 , . . . , Wn )] = H(σ1∗ , σ2∗ , . . . , σn∗ ).
2. Consider Wi ∼ N̂ (0, [σ 2 , σ 2 ]) and they are sequentially independent. We need to
go through the iterative procedure : with ϕ0 := ϕ, i = 1, 2, . . . , n,
ϕi (x(n−i) ) :=

max

σn−i+1 ∈[σ,σ]

E[ϕi−1 (x(n−i) , σn−i+1 "n−i+1 )].

(2.39)
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We proceed by induction. For i = 1, we have
ϕ1 (x(n−1) ) = max E[ϕ(x(n−1) , σn "n )] = E[ϕ(x(n−1) , σn∗ "n )].
σn

Suppose for i = k with k = 1, 2, . . . , n, we have
∗
ϕk (x(n−k) ) = E[ϕk−1 (x(n−k) , σn−k+1
"n−k+1 )].

(2.40)

We intend to show the result above for the case i = k + 1. The key step here is that
ϕk−1 is convex (concave) regarding xn−k =⇒ ϕk is convex (concave) regarding xn−k .
Actually, for convex case, we can validate the step above from the definition: with
∗
λ ∈ [0, 1] and e := σn−k+1
"n−k+1 , we have
ϕk (. . . , λxn−k + (1 − λ)yn−k ) = E[ϕk−1 (. . . , λxn−k + (1 − λ)yn−k , e)]
≤ E[λϕk−1 (. . . , xn−k , e) + (1 − λ)ϕ(. . . , yn−k , e)]
= λE[ϕk−1 (. . . , xn−k , e)] + (1 − λ)E[ϕ(. . . , yn−k , e)]
= λϕk (. . . , xn−k ) + (1 − λ)ϕk (. . . , yn−k ).
We can follow the same argument to show the concave case (noting that E is a

linear expectation rather than sublinear one). Due to (prop:convex-conn), we have
ϕk+1 (x(n−k−1) ) = max E[ϕk (x(n−k−1) , σn−k "n−k )]
σn−k

∗
= E[ϕk (x(n−k−1) , σn−k
"n−k )].

Then we have (2.40) holds for all k. Then the optimal σi is selected as (σ1∗ , σ2∗ , . . . , σn∗ )
(based on the idea of showing the representation theorem).
3. Consider WiG ∼ N (0, [σ 2 , σ 2 ]) and they are sequentially independent. The idea is
similar to the second case by replacing (2.39) with

G
ϕi (x(n−i) ) := E[ϕi−1 (x(n−i) , Wn−i+1
)].

(2.41)

If ϕi−1 is convex or concave regarding xn−i+1 , the sublinear expectations of Gnormal and semi-G-normal are the same due to Proposition 2.1.13. The remaining
arguments are the same as the second case.
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The semi-G-family of distributions and central
limit theorem

In this section, we introduce the semi-G-family of distributions. Under parameter uncertainty, many classical distributions have a semi-G-version analogue. Then we present
a semi-G-version of CLT that shows that the semi-G-normal plays a central role in the
semi-G-family with the semi-G-independence. As a technical preparation for a more general discussion, we first need to introduce a product space of two sublinear expectation
spaces.

2.2.1

Preparation: setup of a product space

Consider a set Q of probability measures and a single probability measure P , where P
does not have to be in Q. Let E1 [·] := supQ∈Q EQ [·] and E2 [·] := EP [·]. Then we have

defined the sublinear expectation space (Ωi , Hi , Ei ) with i = 1, 2 where E2 can be treated
as a degenerate sublinear expectation (because it is linear.) We may simply write the
linear expectation EP as E if the probability measure is clear from the context.

Consider a product space (Ω, H, E) := (Ω1 × Ω2 , H1 ⊗ H2 , E1 ⊗ E2 ) (defined in Section 1.6). Recall that it is also a sublinear expectation space and we list other related
details as follows:
1. The space H1 ⊗ H2 is defined as
H1 ⊗ H2 ={X(ω1 , ω2 ) = f (K(ω1 ), η(ω2 )), (ω1 , ω2 ) ∈ Ω1 × Ω2 ,
K ∈ H1m , η ∈ H2n , f ∈ Cl.Lip (Rm+n )},
where η can be treated as a classical random variable because E2 := EP is a linear
expectation.

2. For X(ω1 , ω2 ) = f (K(ω1 ), η(ω2 )) ∈ H, let
E[X] = E1 ⊗ E2 [X] := E1 [E2 [f (k, η)]k=K ]
= sup EQ [EP [f (k, η)]k=K ]
Q∈Q

= sup
Q∈Q

ˆ ˆ

f (k, y)Pη (dy)QK (dk)

= sup EP [X],
P∈P

where P := {Q ⊗ P, Q ∈ Q} where Q ⊗ P is the product measure of P and Q. Note
that E2 ⊗ E1 9= E1 ⊗ E2 due to the sublinearity of E1 .
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Proposition 2.2.1. For a random variable K on (Ω1 , H1 , E1 ) and η on (Ω2 , H2 , E2 ), by
letting K̄(ω1 , ω2 ) := K(ω1 ) and η̄(ω1 , ω2 ) := η(ω2 ), we have the following results:
1. K̄, η̄ ∈ H1 ⊗ H2 ,

2. X(ω) = f (K̄(ω), η̄(ω)), for ω ∈ Ω1 × Ω2 ,

3. For any ϕ ∈ Cb.Lip , E[ϕ(K̄)] = E1 [ϕ(K)],
4. For any ϕ ∈ Cb.Lip , E[ϕ(η̄)] = EP [ϕ(η)],
5. K̄ !!" η̄.

Proof. Item 1 and 2 are obvious to see. For Item 3, we have
E[ϕ(K̄)] = E1 [E2 [ϕ(f1 (k, η))]k=K ]
= E1 [E2 [ϕ(k)]k=K ] = E1 [ϕ(K)].
Similarly, we can show Item 4. For Item 5, our goal is to show
E[ϕ(K̄, η̄)] = E[E[ϕ(k, η̄)]k=K̄ ].
We can see the equation above hold from the following step: with H(k) = EP [ϕ(k, η̄)],
RHS = E[EP [ϕ(k, η̄)]k=K̄ ]
= E[H(K̄)] = E1 [H(K)]
= E1 [EP [ϕ(k, η̄)]k=K ]
= E[ϕ(K, η)] = E[ϕ(K̄, η̄)].
Remark 2.2.1.1. In the following context, without further notice, we will not distinguish
K̄ (or η̄) with K (or η). Moreover, we can see that, by letting η(ω1 , ω2 ) := η(ω2 ) so that
η ∈ H1 ⊗ H2 , from Item 3, we have
E[ϕ(η)] = sup EP [ϕ(η)] = EP [ϕ(η)],
P∈P

where P is any product measure Q ⊗ P where Q ∈ Q. By making ϕ into −ϕ, we can
show that for any P ∈ P,

EP [ϕ(η)] = inf EP [ϕ(η)] ≤ EP [ϕ(η)] ≤ sup EP [ϕ(η)] = EP [ϕ(η)],
P∈P

P∈P

or simply EP [ϕ(η)] = EP [ϕ(η)]. It means that the probability law of the classical η is
always Pη under each product measure P ∈ P.

2.2. The semi-G-family of distributions and central limit theorem
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Let H̄s denote a subspace of H:
H̄s :={X ∈ H : X(ω1 , ω2 ) = f (K(ω1 ), η(ω2 )), K ∈ H1m ∼ M(Θ)}.
Then for any X ∈ H̄s , we have
E[X] = sup EP [f (θ, η)].
θ∈Θ

2.2.2

The semi-G-family of distributions

We can extend our current notion of semi-G-normal distribution to a broader class of
semi-G-family of distributions or the class of semi-G-version distributions.
Definition 2.2.2. A random variable W follows a semi-G-version distribution (or a
distribution belonging to semi-G-family), denoted as
W ∼ f (Θ, Pη ) := {Pf (θ,η) , θ ∈ Θ},
if for any bounded Borel measurable function ϕ,
E[ϕ(W )] = sup E[ϕ(f (θ, η))],
θ∈Θ

where Θ ⊂ Rk is compact and convex, η is a classically distributed random variable, and
f is any real-valued Borel measurable function.

Remark 2.2.2.1. As a shorter term, we also call W follows a semi-G-distribution.
Remark 2.2.2.2. The notation W ∼ f (Θ, Pη ) can be improved when we have specific
name for the distribution Pη of η. For any transformation h(W ) of W (as long as h(W )
is still a random variable, namely, h(W ) ∈ H), it is not hard to see that the distribution
of h(W ) also belongs to the semi-G-family. We use the notation αβ to represent the
composition of two functions α ◦ β. In fact,
E[ϕ(h(W ))] = E[ϕh (W )]
= sup E[ϕh (f (θ, η))]
θ∈Θ

= sup E[ϕ(hf (θ, η))].
θ∈Θ

Then we have h(W ) ∼ hf (Θ, Pη ).
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Definition 2.2.3. A semi-G-distributed random variable W ∼ f (Θ, Pη ) is decomposable if there exists a maximally distributed K ∼ M(Θ) and a classically distributed η
satisfying

K !!" η,
such that
W = f (K, η).
Remark 2.2.3.1. The family of (decomposable) semi-G-distributed random variables
forms the product space H̄s defined in Section 2.2.1.
Remark 2.2.3.2. The existence of decomposition comes from the established existence
of sequential independence. There are more interesting questions to be explored in the
future such as: whether there is a non-decomposable semi-G-version distribution and
whether the decomposition is unique (whether we need to further impose more conditions
on f , K and η to ensure the uniqueness).
Remark 2.2.3.3. Most of classical distributions should exist in this framework. To give
a quick validation, since there exists " ∼ N (0, [1, 1]) which follows standard normal distribution N (0, 1) with classical cumulative distribution function (cdf) Φ which is defined
as
Φ(x) := E[1{'≤x} ] = E[1{'≤x} ].

(Such cdf can be defined using the solution of the classical heat equation.) Let
U := Φ(").
Note that Φ is a bounded and continuous function, so U ∈ H. Then we can check that U

follows classical Unif[0, 1] distribution. Next we can use the classical inverse cdf method.
For any classical distribution with cdf F (no matter it is conitnuous or not), let
F −1 (y) := inf{x : F (x) ≥ y},

(2.42)

denote the generalized inverse of F . Let X := F −1 (U ). We only need to add suitable
conditions on F so that E[|X|] < ∞ to have X ∈ H. Then we get a random object X
following distribution with cdf F .

Remark 2.2.3.4. Note that we assume Θ to be a bounded, closed and convex set for
theoretical convenience. In practice, this condition can be weakened. For instance, when
we talk about the semi-G-normal random variable W = V " where V ∼ M[σ, σ], the
interval [σ, σ] can be changed to {σ, σ} or {σ, (σ + σ)/2, σ}.
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Example 2.2.4. Here are several special examples of semi-G-version distributions.

1. Consider Z ∼ M[σ, σ], " ∼ N (0, 1) and f (x, y) = xy, then W follows the semi-Gnormal distribution, whose distributional uncertainty can be characterized by
{N (0, σ 2 ), σ ∈ [σ, σ]}.
2. Consider Z = (U, V ) ∼ M([µ, µ] × [σ, σ]), " ∼ N (0, 1) and
W = U + V ".
Then the distributional uncertainty of W can be described as
{N (µ, σ 2 ), µ ∈ [µ, µ], σ ∈ [σ, σ]}.
We can also show that E[ϕ(W )] can cover a family of normal mixture models
(including unimodal and multimodal ones).
3. (Semi-G-exponential) Let Z ∼ M[λ, λ] and " ∼ exp(1). Consider
W = Z",
then we can check that the distributional uncertainty of W can be written as
{exp(λ), λ ∈ [λ, λ]},
where each exp(λ) has pdf f (x) = λ1 e−x/λ 1{x≥0} .

4. (Semi-G-Bernoulli) With 0 ≤ p ≤ p ≤ 1, let " ∼ Unif[0, 1], and
Z ∼ M[p, p].
Consider
W = 1{'−Z<0} .
Then W has distributional uncertainty
{Bern(p), p ∈ [p, p]}.
As a general and informal comment, we can take advantage of the idea of classical
inverse cdf method to design the transformation f . Then we are able to consider any
distributional uncertainty in the form of
{F (x; θ), θ ∈ Θ},

(2.43)
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where F (x; θ) is the cdf of a classical distribution with parameter θ. Let Fθ−1 (y) denote
the generalized inverse of Fθ (x) := F (x; θ) as shown in (2.42). Then let H(y, z) := Fz−1 (y).
Consider Z ∼ M(Θ) and " ∼ Unif[0, 1], and

W := H(", Z).
Although H may not have an explicit form, as long as it satifies suitable conditions such
that W ∈ H, we have W has distributional uncertainty in the form of (2.43), because
E[ϕ(W )] = sup E[ϕ(H(", z))],
z∈Θ

where H(", z) follows the distribution with cdf F (x; z).
The three types of independence in Definition 2.1.22 can be carried over to members
in semi-G-family of distributions. For instance, with Wi = fi (Zi , "i ), i = 1, 2, . . . , n, we
may say they are semi-sequentially independent (or semi-G-independent) if
Z1 !!" Z2 !!" · · · !!" Zn !!" "1 !!" "2 !!" · · · !!" "n .
Moreover, the representations of E[ϕ(W1 , W2 , . . . , Wn )] in Section 2.1.7 can also be ac-

cordingly obtained in a similar form because the normality of " and the form of function
f are inessential. Following this idea and intuition, next we are going to further study
the properties of semi-G-version distributions and the semi-sequential independence (or
semi-G-independence).
We first provide a definition of semi-G-independence for two semi-G-distributed random objects (without involving the decomposition).
Definition 2.2.5. (Semi-G-independence) For X ∼ f (Θx , Pξ ) and Y ∼ g(Θy , Pη ), they
are semi-G-independent if
E[ϕ(X, Y )] =

sup

(θx ,θy )∈Θx ×Θy

E[ϕ(f (θx , ξ), g(θy , η))],

where ξ, η are (classically) independent.
Remark 2.2.5.1. Note that X ∼ f (Θx , Pξ ) is only a description of its (semi-G-version)
distribution. If X has a decomposition X = f (Vx , ηx ) with Vx ∼ Θx and ηx ∼ Pξ (with
Vx !!" ηx ), it implies X ∼ f (Θx , Pξ ), but X does not have to be in this form.

Proposition 2.2.6. Under the same setup as Definition 2.4.2, if X, Y are semi-Gindependent, h(X) and l(Y ) are also semi-G-independent for any transformation h and
l.
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Proof. Let ϕ(h,l) (x, y) := ϕ(h(x), l(y)). First we have h(X) ∼ hf (Θx , Pξ ) and l(Y ) ∼

lg (Θy , Pη ) by Remark 2.2.2.2. Then we show the semi-G-independence by the following
steps:
E[ϕ(h(X), l(Y ))] = E[ϕ(h,l) (X, Y )]
=
=

sup

E[ϕ(h,l) (f (θx , ξ), g(θy , η))]

sup

E[ϕ(hf (θx , ξ), lg (θy , η))].

(θx ,θy )∈Θx ×Θy
(θx ,θy )∈Θx ×Θy

The notions above are provided for general notion of semi-G-version distributions
(without mentioning the decomposition). However, if we have the decomposition X =
f (Vx , "x ), it will bring much convenience and more fruitful results for in-depth discussions. Hence, in the following context, without further notice, we will mostly focus on
decomposable semi-G-version objects. Recall H̄s as the space of the (decomposable) semiG-distributed random variables:
H̄s := {X ∈ H : X = f (V, "), V ∼ M(Θ), " classical, V !!" "}.
In the following context, consider X, Y ∈ H̄s , Vx ∼ M[σ x , σ x ] and Vy ∼ M[σ y , σ y ].
Definition 2.2.7. (Semi-sequential independence) We call Y is semi-sequential indeS
pendent from X (denoted as X !!" Y ) if there exist decompositions X = f (Vx , "x ) and
Y = g(Vy , "y ) such that:

Vx !!" Vy !!" "x !!" "y .

(2.44)

Remark 2.2.7.1. Note that H̄s satisfies:
1. If X ∈ H̄s , aX ∈ H̄s for any a ∈ R,
2. If X ∈ H̄s , |X| ∈ H̄s ,

S

3. For X, Y ∈ H̄s , if X !!" Y , X + Y ∈ H̄s .

The first two properties are easy to check by the definition of H̄s . The third one comes
from the fact that (Vx , Vy ) !!" ("x , "y ) implied by (2.44).

Remark 2.2.7.2. Following the exact same logic as previous Theorem 2.1.24, we have
S
X !!" Y if and only if:
1. (Vx , Vy ) !!" ("x , "y ).
2. Vx !!" Vy (Vx , Vy are G-independent).
3. "x , "y are classically independent.
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S

S

Then it indicates that X !!" Y if and only if Y !!" X by using the same logic as

Proposition 2.1.25. They both imply X and Y are semi-G-independent from the representation of the expectation of the joint (X, Y ) (as stated in the following Proposition 2.2.8).
S

S

Proposition 2.2.8. If X !!" Y or Y !!" X, for the joint vector (X, Y ), we have for
any ϕ ∈ Cb.Lip ,

E[ϕ(X, Y )] =

sup

(vx ,vy )∈[σ x ,σ x ]×[σ y ,σ y ]

E[ϕ(f (vx , "x ), g(vy , "y ))].

Proof. This is direct consequence of Remark 2.2.7.2 by applying the definition of independence and representation for each item.
Here is an important remark on the concepts. In the following context, without causing any confusion, we will not distinguish semi-sequential independence and semi-Gindependence too much (the former is only a slightly stronger version of the latter and
the former is designed for decomposable semi-G-version objects). In short, when we say
the semi-G-independence for two decomposable semi-G-version objects, we actually mean
they are semi-sequentially independent (with more independence within the components).
Definition 2.2.9. (Semi-G-independence of sequence) For a sequence {Xi }ni=1 ⊂ H̄s
with Xi = fi (Vi , "i ), they are semi-G-independent if
1. (V1 , V2 , . . . , Vn ) !!" ("1 , "2 , . . . , "n ).
2. {Vi }ni=1 are G-version (sequentially) independent (that is V1 !!" V2 !!" · · · !!" Vn ).
3. {"}ni=1 are classically independent.

A sequence {Xi }ni=1 are called semi-G-version i.i.d. (or semi-G-i.i.d.) if they are iden-

tically distributed and semi-G-independent.

For any vx ∈ [σ x , σ x ] and vy ∈ [σ y , σ y ], let
h1 (vx ) := E[f (vx , "x )] and h2 (vy ) = E[g(vy , "y )].
Then
E[X] = E[h1 (Vx )] and E[Y ] = E[h1 (Vy )].
In the following context, for simplicty of discussion, we assume h1 , h2 are continuous
functions. Then we can take maximum on the rectangle [σ x , σ x ] × [σ y , σ y ] in Proposition 2.2.8. (This assumption can be relaxed whenever sup does not affect the derivation.)
Readers may find out that, under the semi-G-independence, our manipulation of sublinear expectation of semi-G-version objects becomes quite intuitive and flexible.
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Proposition 2.2.10. If X and Y are semi-G-independent, we have
E[X + Y ] = E[X] + E[Y ].
Proof. By Proposition 2.2.8, we have
E[X + Y ] =
=

max

E[f (vx , "x ) + g(vy , "y )]

max

[h1 (vx ) + h2 (vy )]

(vx ,vy )∈[σ x ,σ x ]×[σ y ,σ y ]

(vx ,vy )∈[σ x ,σ x ]×[σ y ,σ y ]

= max max[h1 (vx ) + h2 (vy )]
vx

vy

= max[h1 (vx ) + max h2 (vy )]
vx

vy

= max h1 (vx ) + max h2 (vy ) = E[X] + E[Y ].
vx

vy

Remark 2.2.10.1. Compared with Proposition 1.6.15, for X, Y ∈ H̄s , we have one more
situation for E[X + Y ] = E[X] + E[Y ] to hold:
1. either X or Y has mean-certainty.
2. X !!" Y or X !!" Y .
3. X and Y are semi-G-independent.
Proposition 2.2.11. If X and Y are semi-G-independent and either one of them has
certain mean zero, we have
E[XY ] = −E[−XY ] = 0.
Proof. Since X and Y are semi-G-independent, by Proposition 2.2.8,
E[XY ] =
=

max

E[f (vx , "x )g(vy , "y )]

max

h1 (vx )h2 (vy ).

(vx ,vy )∈[σ x ,σ x ]×[σ y ,σ y ]

(vx ,vy )∈[σ x ,σ x ]×[σ y ,σ y ]

If we have either one of them has certain mean zero such as E[X] = −E[−X] = 0, we
have

max E[f (vx , "x )] =

vx ∈[σ x ,σ x ]

min

vx ∈[σ x ,σ x ]

E[f (vx , "x )] = 0,

It means h1 (vx ) = 0 for any vx ∈ [σ x , σ x ]. Then we must have E[XY ] = 0 and similarly
we have −E[−XY ] by changing max to min.
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2.2.3

The semi-G-version of central limit theorem

After settting up the semi-G-family of distributions and semi-sequential independence,
it turns out we can prove a semi-G-version of central limit theorem in this context, which
further brings a substructure connecting the classical central limit theorem with the
G-version central limit theorem. It also shows the central role of semi-G-normal in a
semi-G-version class of distributions.
A classical " is standardized if E["] = 0 and E["2 ] = 1. First we consider a subset of

H̄s :

Hs ={X ∈ H̄s : X = V ", {V, "} ⊂ H̄s ,
V ∼ M[σ, σ], " ∼ Standardized, V !!" "}.
Here Hs can be treated as a class of semi-G-distributions with zero mean and variance
uncertainty.

Our current version of the semi-G-version of central limit theorem can be formulated
as follows.
Theorem 2.2.12 (Semi-G-CLT). For any sequence {Xi }ni=1 ⊂ Hs that are semi-G-i.i.d.
with certain zero mean and uncertain variance:
σ 2 = −E[−X12 ] ≤ E[X12 ] = σ 2 with 0 ≤ σ ≤ σ,
we have

1 +
d
√
Xi −→ W,
n i=1
n

where W ∼ N̂ (0, [σ 2 , σ 2 ]). To be specific, for any bounded and continuous ϕ, we have
1 +
lim E[ϕ( √
Xi )] = E[ϕ(W )].
n→∞
n i=1
n

(2.45)

Remark 2.2.12.1. As a classical perspective of Theorem 2.2.12, by using the representation of semi-G-normal under semi-G-independence, we have
1 +
lim sup E[ϕ( √
σi "i )] = sup E[ϕ(v"∗ )],
n→∞ σ∈[σ,σ]n
n i=1
v∈[σ,σ]
n

(2.46)

where "∗ ∼ N (0, 1) and σ = (σ1 , . . . , σn ) is a scalar vector. This form is also equivalent
to

1 +
E[ϕ( √
σi "i )] = sup E[ϕ(v"∗ )],
n→∞ σ∈S [σ,σ]
n
v∈[σ,σ]
n
i=1
lim

sup

n

2.2. The semi-G-family of distributions and central limit theorem
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where σ could be any hidden processes valuing in [σ, σ]n that is independent from the
random vector ("1 , "2 , . . . , "n ). When the unknown variance form is taken in this way, the
uncertainty on the behavior the normalized summation can be asymptotically characterized by the semi-G-normal.
If σ is chosen from a larger family that may involve dependence between σi with
previous ("j , j < i), then it will be related with the G-version central limit theorem
(under sequential independence, rather than the semi-G-version independence): Xi are
sequentially independent,
1 +
Xi )] = E[ϕ(W G )],
lim E[ϕ( √
n→∞
n i=1
n

which gives us
1 +
lim sup E[ϕ( √
σi "i )] = E[ϕ(W G )].
n→∞ σ∈L∗ [σ,σ]
n
n
i=1
n

To summarize, the semi-G-normal distribution can be treated as the attractor for normalized summations of semi-G-i.i.d. random variables and the G-normal is the attractor
for summations of G-version i.i.d. random variables.
In the proof of Theorem 2.2.12, we adapt the idea of Lindeberg method in a “leave-oneout” manner (Breiman (1992)) to the sublinear context. One of the reason that we are able
to do such adaptation is the symmetry in semi-G-independence: Xi is semi-G-independent
from {Xj , j 9= i} (Note that we cannot do such adaptation under sequential independence
due to its asymmetry). More details of the proof can be found in Section 2.6.5.

For future extensions of the semi-G-CLT, one interesting question to explore in the
future is whether it holds for a larger space (our conjecture is that it should still hold).
In addition, since we only have the finite second moment assumption so far in Theorem 2.2.12, by adding stronger moment conditions on Xn , the function space of ϕ can be
taken to be Cl.Lip to include those unbounded ones. This statement is based on Proposition 1.6.25.
As a basic example, given a stronger condition E[|X1 |3 ] < ∞, we can check that the
convergence (2.45) holds for ϕ(x) = x3 by direct computation (Example 2.2.13).
Example 2.2.13 (Check ϕ(x) = x3 ). In the convergence (2.45), since E[W 3 ] = 0, we
only need to show:

1 +
lim E[( √
Xi )3 ] = 0.
n→∞
n i=1
n
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In fact,
n
n
+
1 +
3
−3/2
E[( √
Xi ) ] = n
E[(
Xi )3 ]
n i=1
i=1

=n

−3/2

E[

n
+
i=1

Xi3 +

+

Xi Xj Xk ].

i+=j or j+=k

(Note that, if i = j and j = k, the second term becomes the first one.) For the summand
Xi Xj Xk of the second term, without loss of generality, we assume that i ≤ j ≤ k. Then
we have three cases:
1. i < j = k,
2. i = j < k,
3. i < j < k.
In Case 1, since Xi and Xj are semi-G-independent, we have:
E[Xi Xj2 ] = max E[vi vj2 ηi ηj2 ]
(vi ,vj )

= max vi vj2 E[ηi ]E[ηj2 ] = 0.
(vi ,vj )

(Note that E[Xi Xj2 ] = 0 does not hold under sequential independence Xi !!" Xj by
Example 1.6.7.) Meanwhile, we can obtain −E[−Xi Xj2 ] = 0 so Xi Xj2 has certain mean
zero.

We can similarly prove the result in Case 2, that is, Xi2 Xk has certain mean zero. For

Case 3, since Xi , Xj , Xk are semi-G-independent, we have

E[Xi Xj Xk ] = max vi vj vk E[ηi ]E[ηj ]E[ηk ] = 0.
(vi ,vj ,vk )

We further have −E[−Xi Xj Xk ] = 0 using the same logic. Therefore,
n
n
+
1 +
3
−3/2
E[( √
Xi ) ] = n
E[
Xi3 ] = n−1/2 E[X13 ] → 0,
n i=1
i=1

where we use the condition that E[|X1 |3 ] < ∞ and Proposition 2.2.10.

Moreover, the semi-G-version of central limit theorem gives a direct way to show the
stability of semi-G-normal. For W ∈ Hs , we call W̄ ∈ Hs , a semi-G-independent copy of
d

S

W , if W = W̄ and W !!" W̄ .

Corollary 2.2.13.1 (Stable distribution). Consider W, W̄ ∈ Hs with E[W 2 ] < ∞. The
following three statements are equivalent:
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d

(1) W + W̄ =

√

2W for any semi-G-independent copy W̄ of W ;
√
(2) aW + bW̄ = a2 + b2 W, ∀a, b ≥ 0, for any semi-G-independent copy W̄ of W ;
d

(3) W follows a semi-G-normal distribution.

Remark 2.2.13.1. From Corollary 2.2.13.1, we can also use (1) as an equivalent definition for the semi-G-normal (which is similar to the definition of the G-normal): we call
W follows a semi-G-normal distribution if
d

W + W̄ =

√

2W,

holds for any semi-G-independent copy W̄ of W .
Proof. The proof is formulated as (1) =⇒ (3) =⇒ (2) =⇒ (1). First it is obvious
that (2) =⇒ (1). For (3) =⇒ (2), we can use the previous result (Proposition 2.1.18).
To verify (1) =⇒ (3), we first claim that for any semi-G-i.i.d. sequence {Wi }2i=1 ⊂ Hs
with m ∈ N+ and W1 := W , we have
m

2
+
m

d

Wi = 2m/2 W1 .

i=1

This claim can be proved by math induction and using (1). Then we have
2
1 +
W1 = √
Wi .
2m i=1
m

d

With n = 2m , we have

1 +
E[ϕ(W )] = E[ϕ( √
Wi )].
n i=1
n

Note that Wi are semi-G-i.i.d. so we can apply the semi-G-version of CLT. By taking
n → ∞ on both sides, we have
E[ϕ(W )] = sup E[ϕ(σ")].
σ∈[σ,σ]

Hence, W follows a semi-G-normal distribution.

2.3

A thought experiment

In this section, we provide a thought experiment (a sequence of urns containing balls),
with a style similar to Ellsberg paradox as illustrated in Section 1.1. It achieves the
following goals:
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1. it gives a concrete example to interpret the hybrid role of the semi-G-normal, semiG-CLT and semi-G-independence. Under different cases (of how the urns are set
up), the uncertainty set is directly related to three kinds of independence (classical,
semi-G-version and G-version independence) and the asymptotic distribution is
associated with three types of “normal distribution” (normal, semi-G-normal and
G-normal).
2. it offers an intuitive explanation on the uncertainty set of semi-G-normal between
normal and G-normal and also the symmetry of semi-G-independence compared
with the asymmetry of G-independence.
3. it can be treated as an extension of the urn example (discrete-time trees) in Epstein and Ji (2013) (Section 1.2) on the aspect of variance uncertainty, by giving a
more detailed discussion on the construction of urns (whose proportions could be
dependent with each other).
Now let us start our thought experiment. Imagine we have a sequence of n urns (each
of which contains 100 balls) and there is a dealer standing behind each urn. In Urn i (with
i = 1, 2, . . . , n), there are ai red balls, (100 − 2ai ) blue balls and ai green balls. Dealer
i sets up ai ∈ [20, 40] for Urn i using some rule. You are invited to play the following
gamble: suppose you are in front of Urn i, you randomly draw a ball from the urn. If it

is red, you will lose one dollar; if blue, you will not lose anything; if it is green, you will
win one dollar. You play this game from Urn 1 to Urn n. Suppose your return at Urn i
is recorded as a random variable Xi . Its distribution can be described as
"
#
−1
0
1
,
(2.47)
pi /2 1 − pi pi /2
where the first row is the possible value of Xi and second row is the associated probability
with pi ∈ [2/5, 4/5]. Then we have E[Xi ] = 0 and Var(Xi ) = pi . Let ϕ denote the utility
function that characterizes your preference on the return. For each proportion setup
p := (pi , i = 1, 2, . . . , n), the expected utility of the (normalized) total return can be
written as

1 +
Ep [ϕ( √
Xi )].
n i=1
n

How the urns are set up is important to our discussion. Let us consider the following
cases: suppose you are told that,
Case A All the dealers fix the proportion as pi = 3/5.
Case A’ Each dealer randomly sets pi ∼ Unif[p, p] independently (in a classical sense), where
[p, p] = [2/5, 4/5].
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Case B Each dealer sets up the proportion before the game. They can set up the proportion
either in an independent way or dependent way by communicating with each other,
but once the game starts, they cannot change the proportion. An equivalent way
to say it is that the proportion is simply decided by nature.
Case C Each dealer sets up the proportion during the game. To be specific, Dealer i can
not only communicate with other dealers to know the previous proportions (pj , j =
1, 2, . . . , i − 1), but also observe all your historical return (Xj , j = 1, 2, . . . , i − 1).
Then the decision on pi may be affected by the historical return. In short, the
proportion could be changed sequentially during the game.
In the last two cases, how the proportion is set up or determined is unknown to you.
Intuitively speaking, we can see that Cases A and A’ are special cases of Case B because
Cases A and A’ follow a rule that can be decided before the game. Furthermore the
uncertainty set of Case B can be treated as a subset of Case C, because in Case C, the
dealers could ignore the observed history but only decide the proportion based on the
agreed law that they decide before the game, which induces an uncertainty set that is
equivalent to the one in Case B.

2.3.1

Normal, semi-G-normal and G-normal

We are going to see that these cases will lead us to three types of “normal distribution”:
classical normal (Cases A and A’), semi-G-normal (Case B) and G-normal (Case C). The
degree of model uncertainty associated with the semi-G-normal sits between the classical
and G-normal.
In Case A, with p0 := 3/5, since each return Xi follows a fixed probability law illustrated by (2.47) (with pi = p0 ), each return Xi has mean zero and variance p0 and they
are (classically) independent. By classical CLT, we have
1 +
d
√
Xi −→ N (0, p0 ).
n i=1
n

In other words, under such proportion setup p = (p0 , p0 , . . . , p0 ), we have
1 +
Ep [ϕ( √
Xi )] → E[ϕ(N (0, p0 ))].
n i=1
n

Then you can use the asymptotic result above to have a good understanding of your
expected return. Even if you do not know the parameter p0 , given such fixed structure
information, you can make inference on it during the game from the historical return to
have some understanding on the future total return.
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The situation essentially stays the same if pi ∼ Unif[p, p] (Case A’). In fact, Xi , i =

1, 2, . . . , n are classically i.i.d. following a fixed mixture distribution, with the moment
properties that
and

E[X1 ] = E[E[X1 |p1 ]] = 0
E[X12 ] = E[E[X12 |p1 ]] = E[p1 ] = 1/2.

By the classical CLT, the asymptotic distribution of the normalized sum is still a classical
normal which is N (0, 1/2). This case can be generalized to a statement that pi follows
any distribution F with support on [p, p]. One can even consider a more complicated
situation such as pi follows a first-order Markov chain, then Xi follows a hidden Markov
model. Under suitable conditions, the normalized summation of Xi still has a classical
asymptotic distribution which is a classical normal distribution (readers with interests
may turn to the results in Section 2 of Han (2012)).
In short, the intuition here is that, as long as a certain probabilistic structure is given,
under suitable conditions, we will have a classical asymptotic result and we can perform
the statistical inference in a traditional way. However, if you are lack of such information,
without making additional assumptions, how should we deal with the model uncertainty
of Xi ? Now we step into Cases B and C.
In Case B, you are only told that each dealer sets up the proportion before the game.
They may set up independently or discuss with each other before they set up. How they
set up is completely unknown to you. However, as we have mentioned, the asymptotic
behaviour of the return depends on the dynamic of pi . Different kinds of dynamics of
pi will result in different asymptotic distributions (even if the asymptotic distribution is
still classical normal, its variance also depends on the dynamic of pi ). In other words,
since there is an infinite dimensional set of possible dynamics, we can expect that the
possible asymptotic distributions may also form an infinite dimensional set (later on we
will see that this set turns out to be simpler than we expect). To be specific, the family
of possible rules for pi (or we call it uncertainty set for p) can be written as the following
set:
Sn [p, p] = {(p1 , p2 , . . . , pn ) : Ω → [p, p]n },

(2.48)

which means that the dealers could draw the vector (p1 , p2 , . . . , pn ) from any kind of
joint distribution with support on [p, p]n . We can also use Figure 2.4 to illustrate the set
S3 [p, p].

How should we deal with this kind of situation? One may suggest that we can assume a

probabilistic structure for the dynamic of pi . (Of course, how to decide the model structure
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p1

p2

p3

X1

X2

X3

Figure 2.4: Diagram for Case B (where dashed edges represent potential dependence)
is another issue that requires a careful testing procedure based on the historical returns).
Then make inference on the unknown parameters to get a fitted model to approximate the
pattern of the historical return and provide an answer to the asymptotic behaviour of the
total return. However, one should not underestimate the complication in the possibility
on how the dealers set up the proportion. They could set the proportion using a certain
rule in the first chunk of the urns (which contain the historical return so far) then change
the generation rule in the next chunk of urns. In this way, the fitted model based on the
current history is not suitable for describing the total return of the future. This is a lack
of tight connection between past and future, which is also a concern in the context of
volatility modeling in financial time series, as stated in Epstein and Ji (2013) (Section
1.1). In the real-world financial market, the lack of connection between past and future
could be caused by unknown changes in market factors brought by events that have
systematic effects on the market (such as a financial crisis or a pandemic).
Let us come back to this urn experiment. Is this possible for us to have a control on
the potential asymptotic behaviours of the return? To be specific, we need to work on
the following interval as n → ∞:

n
n
1 +
1 +
√
√
inf Ep [ϕ(
Xi )], sup Ep [ϕ(
Xi )] .
p∈Sn [p,p]
n i=1
n i=1
p∈Sn [p,p]

,

(2.49)

If we can get such kind of interval, it can cover the possible limiting behaviours of the
total return in a way that robust to the potential model misspecification on the dynamic
of pi and the model inconsistency between past and future. Since the set Sn [p, p] is infinite

dimensional and highly unspecified, it is essentially difficult to find a linear expectation
that can coincide with such supreme (or dominate such family of linear expectations) for
any ϕ. One may run an optimization algorithm to find the optimal p but the domain is
too large and such procedure needs to be performed again when ϕ is changed. Do we
have a better way to deal with such kind of envelope?
It turns out this problem becomes much simpler and more straightforward if we step
out of the land of linear expectations to a more general world of sublinear expectations.
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We can apply the semi-G-CLT (Theorem 2.2.12) and the representation theorem (Theorem 2.1.28) to see that: as n → ∞,

1 +
sup Ep [ϕ( √
Xi )] → E[ϕ(N̂ (0, [p, p]))].
n i=1
p∈Sn [p,p]
n

Hence, the interval (2.49) converges to the lower and upper expectations of the semi-Gnormal N̂ (0, [σ 2 , σ 2 ]):
,
- ,
−E[−ϕ(N̂ (0, [p, p]))], E[ϕ(N̂ (0, [p, p]))] = inf E[ϕ(N (0, p))], sup E[ϕ(N (0, p))] .
p∈[p,p]

p∈[p,p]

Interestingly, although the elements in Sn [p, p] could be more complicated than pi =
q, i = 1, 2, . . . , n with q ∈ [p, p], the asymptotic envelopes of Sn [p, p] turn out to be as
simple as the the latter.

In Case C, the dealers are allowed to change the proportion during the game. Then
they can not only use the rule that has been discussed before the game starts, but also
change the proportion according to the previous returns. In this way, the family of possible
rules for p becomes much larger (and much more complicated). In other words, pi could
depend on the previous pj and Xj with j ≤ i − 1. Then the uncertainty set for p becomes
Ln [p, p] = {p : pi is σ((pj , xj ), j ≤ i − 1)-measurable}.

(2.50)

We can use Figure 2.5 to visualize L3 [p, p] (note that we need to use dashed arrows to
represent the potential temporal dependence). Again, Ln [p, p] is infinite dimensional and
p1

p2

p3

X1

X2

X3

Figure 2.5: Possible structures for Case C (where dashed arrows represent potential dependence)
highly unspecified. This set is much larger than the previous Sn [p, p], since the former

involves additional dependence on the historical return (but the latter does not). Then we
can apply the representation theorem (Theorem 2.1.28) and the G-CLT (Theorem 1.6.24)
to see that: as n → ∞, the interval

n
n
1 +
1 +
Ep [ϕ( √
Xi )], sup Ep [ϕ( √
Xi )]
p∈Ln [p,p]
n i=1
n i=1
p∈Ln [p,p]

,

inf

(2.51)
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converges to the sublinear expectations of G-normal N (0, [p, p]):
[−E[−ϕ(N (0, [p, p]))], E[ϕ(N (0, [p, p]))]].

The discussion above can be treated as an interpretation of Remark 2.2.12.1 from which
readers can find more technical details.
In general, according to Remark 2.1.7.2, we have
,
- ,
−E[−ϕ(N̂ (0, [p, p]))], E[ϕ(N̂ (0, [p, p]))] ⊂ −E[−ϕ(N (0, [p, p]))], E[ϕ(N (0, [p, p]))] .

and these two intervals coincide if and only if ϕ is convex or concave. In other words, if
your utility function ϕ is convex or concave, you should not treat the ambiguity in Cases
B and C differently. If not, a person with ambiguity aversion will prefer Case B to Case
C. Such implication is consistent with our intuition when comparing the degree of the
model uncertainty in Cases B and C.

2.3.2

Classical, semi-G-version and G-version independence

We can further use this thought experiment to see the picture formed by three kinds
of independence: classical independence, semi-G-independence and G-independence. We
can first put Xi into the semi-G-structure to study its uncertainty (we still use the
same notation Xi only for simplicity in discussion). The semi-G-structure will provide a
convenient way to describe the uncertainty set of Xi . To be specific, let Xi = f (Vi , ξi ),
where f (v, e) = 1{2|e|<1−v} , Vi ∼ M[p, p], ξi ∼ Unif[−1, 1] and Vi !!" ξi . Then Xi follows
a semi-G-distribution that has the uncertainty set in the following form:
#
;" −1
<
0
1
, p ∈ [p, p] .
p/2 1 − p p/2

We can see that Vi plays the role as the parameter uncertainty (or the uncertainty in the
proportion pi ). We also have |Xi | follow a semi-G-Bernoulli distribution as established in
Example 2.2.4. Then we have the following observations:

• In Case A, we have p = p = p0 , it is straightforward to see that the independence between Xi is classical independence. (Case A’ can be treated as a mixture
distribution with classical independence.)
• In Case B (proportions are set up before the game), from the representation (Theorem 2.1.28), we have (2.49) is the same as the following interval formed by a pair
of sublinear expectations:
n
n
,
1 +
1 +
−E[−ϕ( √
Xi )], E[ϕ( √
Xi )] ,
n i=1
n i=1

(2.52)
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where Xi = f (Vi , ξi ), i = 1, 2, . . . , n are semi-G-independent:
V1 !!" V2 !!" · · · !!" Vn !!" ξ1 !!" ξ2 !!" · · · !!" ξn .

(2.53)

• In Case C (proportions are set up during the game), we have (2.51) is equal to the
interval in the same form as (2.52) but the independence among Xi = f (Vi , ξi ), i =
1, 2, . . . , n is changed to G-independence (to be more precise, fully sequential independence):
V1 !!" ξ1 !!" V2 !!" ξ2 !!" · · · !!" Vn !!" ξn .

(2.54)

Suppose we consider Vi as the role of the proportion of Urn i and ξi as the role of the
randomness in one draw. When we say proportions are set up before the game (Case B), it
is associated with the semi-G-independence (2.53) where all the Vi components are before
the ξi components. Similarly, when the proportions are set up during the game (Case C),
in the G-independence (2.54), we have the V part and ξ part are intertangled with each
other: Vi is put after ξi−1 (just like the dealer i can first observe the return in Urn (i − 1)
then decide pi .) In short, when we change the order in the construction of the urns, we are
equivalently change the order in the independence structure for (Vi , ξi ), i = 1, 2, . . . , n.
Furthermore, we can obtain an interpretation of the symmetry of semi-G-independence
versus the asymmetry of G-independence. Let us simply look at n = 2 and look at the
following sublinear expectation:
E[f (X1 , X2 )],

where we consider a more general function f of the random vector (X1 , X2 ) (such as
f (x, y) = xy 2 to consider a mixed moment). Let us reflect on the roles of Urn 1 and Urn
2 (in the experiment), compared with the roles of X1 and X2 (in theory).
For readers’ convenience, the technical ideas of the following discussion can be found
in Example 3.4.1 and Proposition 3.4.2 (with a similar setup).
To clarify the terms, the semi-G-independence and G-independence are descriptions
on the relationship between uncertainty sets (or the G-version distributions). They provide a way on how the uncertainty sets should be aggregated together (or how to understand the uncertainty set of a joint random vector with given marginal uncertainty
sets). The aggregated uncertainty set may include not only classical independence but
also dependence structures.
To better compare the semi-G-independence and G-independence, readers are recommended to read the following paragraphs also in a parallel way to compare Cases B and
C item by item.
In Case B, we have the following insights:
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1. We can use Figure 2.6 to illustrate the uncertainty set, where we can also notice
that the role between X1 and X2 are symmetric. This is indeed true in theory
because under semi-G-independence, we have E[f (X1 , X2 )] = E[f (X2 , X1 )].

2. Since the urns are set up before the game, it is equivalent to put Urn 1 and Urn 2
in two different locations, then you can draw the balls from them at the same time.
Hence, the roles of Urn 1 and Urn 2 are also symmetric.
3. This is also consistent with the fact: X1 is semi-G-independent from X2 is equivalent
to the other way, or, in short, the semi-G-independence is symmetric.
p1

p2

X1

X2

Figure 2.6: X1 , X2 are semi-G-independent
In Case C, we have the following insights:
1. We can use Figure 2.7 to illustrate the uncertainty set, where we can also notice
that the role between X1 and X2 are not symmetric, because p2 is affected by the
realization of X1 . This is indeed true in theory because under G-independence, we
do NOT have E[f (X1 , X2 )] = E[f (X2 , X1 )] in general (such as f (x, y) = xy 2 ).

2. Since the urns are set up during the game, the outcome of Urn 1 may have effects on

the choice of p2 (which further affect the outcome of Urn 2). Due to the restriction
in temporal order, the outcome of Urn 2 cannot have influence on p1 . Therefore,
the roles of Urn 1 and Urn 2 are not symmetric.
3. This is also consistent with the fact: X1 is G-independent from X2 is not equivalent
to the other way, or, in short, the G-independence is asymmetric.
In short, the semi-G-independence can characterize uncertainty set with spatial symmetry (or temporal symmetry with hidden dependence), while the G-independence can
only depict uncertainty set with temporal asymmetry (including the asymmetry brought
by feedback dependence). In other words, the semi-G-independence allows the discussion
of model uncertainty of two objects under a static situation (or a dynamic one) but the
G-independence can only be put under a dynamic setup (where a temporal order of these
two objects has to be assumed).
To conclude, this thought experiment provides a more intuitive explanation on the
hybrid role of the semi-G-structure and its uncertainty set by using a specific urn example (one can also implement such experiment in practice for a finite n.) We can see
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p1

p2

X1

X2

Figure 2.7: X2 is G-independent from X1
that how the degree of model uncertainty increases as we change the way of the urn
construction. Furthermore, this basic experiment has revealed a bigger picture that, the
semi-G-structure provides a more detailed way to look at the model uncertainty in both
static and dynamic situations (especially the static situations requiring an independence
with symmetry, which is not satisfied by G-independence). By switching the order of Vi
and "i in the independence structure, we can describe an infinite dimensional family of
models with various graphical structures. For readers’ potential interests, please further
turn to Section 3.6.1 for a more delicate discussion on such operation and connection.
We can obtain a vision for the semi-G-structure after we have seen its flexibility and
connection with a family of model structures through this thought experiment. From a
financial and economic side, we can give a more detailed discussion on the related utility
theory and risk assessment under various kinds of ambiguity in model. From a statistical
perspective, it can provide a way to quantify the approximating ability of a highly unspecified state-space model with a typical graphical structure. Such depth of quantification
further allows us to perform a nonparametric inference on the model structure under
model uncertainty (which is hard to implement within the classical probability system).
For more details on the vision from the statistical aspect, readers can turn to Section 3.6.3
where a specific nonparametric test based on the semi-G-structure is proposed.

2.4

A summary of the semi-G-structure with interpretation

In this section, we provide a brief summary of the main components (which we have
established previously) in the semi-G-structure for readers to quickly recall these concepts and better understand the picture of the semi-G-structure connecting the classical
probabilistic framework and the G-framework. We also provide necessary explanations
and interpretations along the way to clarify potential confusion in the concepts. As a
trade-off, we omit some technical details to simplify the presentation.

2.4. A summary of the semi-G-structure with interpretation

2.4.1
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The semi-G-family and independence

Let E denote a linear expectation associated with a classical probability P. Let P' denote
the (classical) distribution of a (classically distributed) random variable " under P.

Definition 2.4.1. In a sublinear expectation space (Ω, H, E), a random variable W follows a semi-G-version distribution (or a distribution belonging to semi-G-family), denoted
as
W ∼ f (Θ, Pη ) := {Pf (θ,η) , θ ∈ Θ},
if for any bounded Borel measurable function ϕ,

E[ϕ(W )] = sup E[ϕ(f (θ, η))],
θ∈Θ

where Θ ⊂ Rk , η is a classically distributed random variable, and f is any Borel measurable function.
Remark 2.4.1.1 (A statistical interpretation of semi-G-distribution). When we say
X ∼ Pf (θ,η) where θ is a fixed but unknown parameter and η is a known classically
distributed random variable with known distribution (such as N (0, 1)). Then we have
obtained a (full) specification of the probabilistic model of the whole population. In
other words, we assume different parts of the population follow the same distribution.
Such assumption requires us to carefully choose the model f (·, η) such that the model has
homogeneity (the same θ) across the whole population. The semi-G-distribution f (Θ, Pη )
can be treated as a partial specification of the population, where we allow different parts of
the population (or different subpopulations) follow models with different θ. Then we have
a set {Pf (θi ,η) }m
i=1 of probabilistic rules to describe the behavior of the population, where

m can be treated as a hyperparameter that reflects our view on the degree of heterogeneity
on the population (note that the classical view X ∼ Pf (θ,η) means m = 1; a data-driven or

objective way to select or understand m has been studied in Chapter 5). In this way, we
have more flexibility on the choice of f (·, η) because we only use f (θi , η) to approximate
a part of the population rather than the whole. Finally, we can let Θ := {θi }m
i=1 (or make
Θ as the convex hull of {θi }m
i=1 if sometimes we prefer Θ to be a convex one). Then our
specification on the population becomes a partial one, that is
X ∼ f (Θ, Pη ) = {Pf (θ,η) , θ ∈ Θ},
where we do not assume any prior rule on how θ varies in Θ. Then the expectation on
X becomes an interval that is formed by the sublinear expectations of X:
[−E[−X], E[X]] = [inf E[f (θ, η)], sup E[f (θ, η)]].
θ∈Θ

θ∈Θ
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Moreover, such kind of interval can cover all kinds of probabilistic models (such as those
mixture models) with various prior rules on θ. When we take Θ as the convex hull of
{θi }m
i=1 , such kind of interval can cover those probabilistic rules that may not appear
in the current population. In other words, if there arises a new subpopulation in the
future, its probabilistic distribution may still belong to the set f (Θ, Pη ) and it is also
the best we can do given current information on the population. This interpretation
stays in the context of real-valued data and we will give a more in-depth discussion in
Section 4.6 in the same context. Another perspective to interpret the semi-G-distribution
is to extend the nature of data from real-valued to interval-valued type (readers may turn
to Section 6.5 for more details).
Definition 2.4.2. (Semi-G-independence) For X ∼ f (Θx , Pξ ) and Y ∼ g(Θy , Pη ), they
are semi-G-independent if

E[ϕ(X, Y )] =

sup

(θx ,θy )∈Θx ×Θy

E[ϕ(f (θx , ξ), g(θy , η))],

where ξ, η are (classically) independent.
Definition 2.4.3. A random variable W ∼ f (Θ, Pη ) is decomposable if there exists a
maximally distributed K ∼ M(Θ) and a classically distributed η satisfying
K !!" η,
such that
W = f (K, η).
Definition 2.4.4. (Semi-sequential independence) Suppose X ∼ f (Θx , Pξ ), Y ∼ g(Θy , Pη )
and they are also decomposable with decomposition
X = f (Kx , ξ) and Y = g(Ky , η).
S

We call Y is semi-sequential independent from X (denoted as X !!" Y ) if
Kx !!" Ky !!" ξ !!" η.
S

Theorem 2.4.5. Under the same setup as Definition 2.4.4, we have X !!" Y if and
only if:

1. (Kx , Ky ) !!" (ξ, η).
2. Kx !!" Ky .
3. ξ, η are classically independent.
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S

Corollary 2.4.5.1. Under the same setup as Definition 2.4.4, we have X !!" Y if and
S

only if Y !!" X, and they both imply X, Y are semi-G-independent.
S

S

Remark 2.4.5.1. The semi-sequential independence X !!" Y (or Y !!" X) can be

decomposed into the following statements: (here we also call the sequential independence
in the G-framework as G-independence.)
1. (ξ, η) is G-independent from (Kx , Ky ).
2. Kx and Ky are G-independent.
3. ξ and η are classically independent.
From these statements, we can understand the reason why we still use the prefix “semi”
in semi-sequential independence. We can treat the first statement as a separation between
two random vectors: (Kx , Ky ) and (ξ, η). By looking at these two vectors, only the former
“half” of the four components (that is (Kx , Ky )) have the sequential independence, while
the independence among the latter “half” (ξ, η) is still the classical independence. The
independences in both vectors are symmetric (recall that the sequential independence
between two maximal distributions is symmetric). We also use the “semi-”sequential
independence as opposed to the “fully-” sequential independence:
Kx !!" ξ !!" Ky !!" η,
which implies X !!" Y . Due to such “full entanglement” of sequential independence
among the four components (Kx , ξ, Ky , η), Kx and Ky are no longer exchangeable (neither
are ξ and η) .
To clarify some terms for readers:
1. The semi-G-independence is a symmetric relation between semi-G-distributed objects in general (without involving the decomposition).
S

2. The semi-sequential independence (!!") is a (symmetric) relation between decomposable semi-G-distributed objects (which implies semi-G-independence).

3. Since we mostly talk about decomposable objects in this thesis (which are enough
for the purpose of our discussions), we will not distinguish semi-sequential independence and semi-G-independence too much.
4. To simplify our statements, when we say the semi-G-independence for two decomposable semi-G-version objects, we actually mean they are semi-sequentially
independent (with more independence within the components).
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2.4.2

The semi-G-normal and CLT

Definition 2.4.6 (Semi-G-normal). A random variable W follows the semi-G-normal
N̂ (0, [σ 2 , σ 2 ]) (denoted as W ∼ N̂ (0, [σ 2 , σ 2 ])) if, for any ϕ ∈ Cl.Lip (R),
E[ϕ(W )] = sup E[ϕ(N (0, σ 2 ))].
σ∈[σ,σ]

Why do we call it “semi”? The essential reason is that the uncertainty set of distributions associated with the semi-G-normal is smaller than the one of G-normal. Meanwhile,
the expectation of the semi-G-normal matches with the G-normal when ϕ is convex or
concave. Moreover, we can will immediately see that it can be easily constructed by
scaling a classical normal by a G-version “constant” (called maximal distribution).
Definition 2.4.7. (Decomposable semi-G-normal) Suppose W ∼ N̂ (0, [σ 2 , σ 2 ]), it is

decomposable if there exist a maximally distributed random variable V ∼ M[σ, σ] and a
(degenerate) G-normal object " ∼ N (0, [1, 1]) with V !!" ", such that
W = V ".
Note that the direction of the independence cannot be reversed.
Theorem 2.4.8 (Representations of univariate semi-G-normal). Consider two classically
distributed random variables σ : Ω → [σ, σ] and " ∼ N (0, 1) satisfying σ ⊥
⊥ ". If a random
2
2
variable W ∼ N̂ (0, [σ , σ ]), for any ϕ ∈ Cl.Lip (R), we have
E[ϕ(W )] = max E[ϕ(σ")],
σ∈D[σ,σ]

where D[σ, σ] consists of all kinds of priors on [σ, σ].
Remark 2.4.8.1. Readers are reminded that the semi-G-normal is not a single classical
distribution but a subjective view of model-level uncertainty. In some sense, a better
full name for semi-G-normal could be “semi-G-normal uncertainty set”. Why do we need
to care about such view? Suppose we have a data sequence {σi "i , i = 1, 2, . . . , n} with

changing variance σi : Ω → [σ, σ] and invite a group of professional data analysts to study
it. They may choose different prior rules and end up with different results. Suppose we
want to have a control on the possible outcomes. We need to consider such set of prior
rules which leads us to D[σ, σ]. From the representation in Theorem 2.4.8, the uncertainty
set associated with the semi-G-normal can be interpreted as a set of all possible normal
mixtures. Then it provides a basic theoretical structure to help us conveniently describe

the envelopes of such infinite dimensional set of distributions. Another interpretation can
be found in Remark 2.4.1.1.
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Theorem 2.4.9. For two random variables Wi , i = 1, 2 following N̂ (0, [σ 2 , σ 2 ]), they are
semi-G-independent if and only if

(W1 , W2 ) ∼ N̂ (0, [σ 2 , σ 2 ]I2 ),
where I2 is the 2 × 2 identity matrix and [σ 2 , σ 2 ]I2 represents the set:
{diag(σ12 , σ22 ), σi ∈ [σ, σ], i = 1, 2}.
Remark 2.4.9.1. It is the one of the main advantages of the semi-G-normal that the multivariate normal can be constructed from univariate objects under the semi-G-structure.
This is also an important foundation stone in the classical probability and statistics,
such as the discussion of multivariate statistics. It is also essential to the development
of spatial white noise (Brownian motion is a Gaussian process). However, the G-normal
does not have such property and the G-Brownian motion is not a Gaussian process in the
G-framework. One future development (explained in Section 8.2.1) is that we can further
study the semi-G-Brownian motion which is a Gaussian process in the semi-G-structure.
Then use the semi-G-Brownian motion to discuss the spatial white noise with variance
uncertainty while the temporal layer (with a larger degree of uncertainty) can be covered
by the G-Brownian motion.
Theorem 2.4.10 (Semi-G-CLT). For any sequence {Xi }ni=1 that are semi-G-i.i.d. with
certain zero mean and uncertain variance

σ 2 = −E[−X12 ] ≤ E[X12 ] = σ 2 with 0 ≤ σ ≤ σ,
we have

1 +
d
√
Xi −→ W,
n i=1
n

where W ∼ N̂ (0, [σ 2 , σ 2 ]). To be specific, for any bounded and continuous ϕ, we have
1 +
lim E[ϕ( √
Xi )] = E[ϕ(W )].
n→∞
n i=1
n

2.4.3

(2.55)

Connections between the semi-G-normal and G-normal

In the univariate situation, the sublinear expectations of semi-G-normal and G-normal
are the same when ϕ is convex or concave (as shown in Proposition 2.1.13, which is
repeated below).

90

Chapter 2. The Foundation of the Semi-G-structure

Proposition 2.4.11 (A special connection between semi-G-normal and G-normal distribution). Let W G ∼ N (0, [σ 2 , σ 2 ]) and W ∼ N̂ (0, [σ 2 , σ 2 ]). For ϕ ∈ Cl.Lip (R), when ϕ
is convex or concave, we have

$
EP [ϕ(N (0, σ 2 ))] ϕ is convex
E[ϕ(W )] = E[ϕ(W )] =
EP [ϕ(N (0, σ 2 ))] ϕ is concave.
G

In the multivariate situation, even though ϕ itself may not be a convex or concave
function, the sublinear expectations of semi-G-normal and G-normal are still the same
as long as ϕ has convexity (or concavity) with respect to each argument (as shown in
Theorem 2.1.31, which is repeated below).
Theorem 2.4.12. Suppose a function ϕ : Rn → R satisfies the property that, with respect
to each argument xi , it is either convex or concave. Consider the following objects:
1. Wi ∼ N̂ (0, [σ 2 , σ 2 ]), i = 1, 2, . . . , n and they can be either semi-G-independent or
G-independent.

2. WiG ∼ N (0, [σ 2 , σ 2 ]), i = 1, 2, . . . , n and they are G-independent.
3. "i ∼ N (0, 1), i = 1, 2, . . . , n and they are classically independent.

Then we have

E[ϕ(W1 , W2 , . . . , Wn )] = E[ϕ(W1G , W2G , . . . , WnG )] = E[ϕ(σi∗ "i , i = 1, 2, . . . , n)],
where

$
σ
σi∗ =
σ

if ϕ is convex with respect to xi
if ϕ is concave with respect to xi .

As a statistical perspective of the result above, let us briefly think about the simulation
study regarding some variation of normal with variance uncertainty (such as the Gnormal). A common starting point is to consider several blocks of normal samples with
different variances in [σ 2 , σ 2 ] to perform the pseudo simulation. Some of existing literature
use this kind of idea and claim that they are simulating the uncertainty phenomenon of
G-normal. If we carefully think about it, it is actually at most simulating the semi-Gnormal in a semi-G-independent way. However, if the transformation function ϕ of interest
can be proved to be convex or concave in a element-wise way, the pseudo simulation of
semi-G-normal (under the semi-G-independence) is actually equivalent to the G-normal
(under the G-independence) in terms of the resulting sublinear expectations through
the max-mean estimation. We will mention more details in Section 3.2, Section 3.5 and
Chapter 4.
For the comparison among the normal, semi-G-normal and G-normal, including the
similarity between normal and semi-G-normal, one can turn to Table 2.1. Note that the
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semi-G-normal is the unique kind of normal that allows both variance uncertainty and
the connection between univariate and multivariate objects.

2.5

Conclusions

For a researcher or practitioner from various backgrounds who may not be familiar with
the notion of nonlinear expectation, but is comfortable with the classical probability
theory and normal distribution, when they try to understand the G-normal from classical
normal, it will be intuitive and beneficial if there exists an intermediate structure that
can be directly transformed from the classical normal and also create a bridge towards
the G-normal. Another thinking gap is from the classical independence (symmetric) to
the G-version sequential independence (asymmetric). It will be useful if we have an
intermediate stage of independence that is under distributional uncertainty but preserves
the symmetry, so that it is associated with our common first impression on the relation
between two static separate random objects both with distributional uncertainty, but no
sequential order assumed. Once we talk about two objects with sequential order or in a
dynamic way, it becomes possible to involve the sequential independence.
This chapter has rigorously set up and discussed the semi-G-normal distribution with
its own types of independence, especially the semi-sequential independence. The hybrid
roles of these new substructures, the semi-G-normal with its semi-sequential independence, can be summarized as follows:
1. The semi-G-normal N̂ (0, [σ 2 , σ 2 ]) is closely related to the classical normal that it
is simply a classical normal N (0, 1) scaled by a maximal distributed object V ∼
M[σ, σ] (with a typical independence), where V plays as the uncertain version
of the constant σ in the classical case. Then the semi-G-normal only exhibits the

moment uncertainty with even order but its odd-order moments, especially the
third moment (related to skewness) is preserved to be zero. Meanwhile, the semiG-normal is also closely connected with the G-normal: they have the same sublinear
expectation under a convex or concave transformation ϕ. For general ϕ, they are
connected by using the G-version central limit theorem (Theorem 1.6.24).
2. The semi-G-normal N̂ (0, [σ 2 , σ 2 ]) with semi-sequential independence also preserves
the properties of classical normal in multivariate situations (Theorem 2.1.27).

3. We have shown the hybrid and intermediate role of semi-sequential independence
between the classical and sequential independence. The semi-sequential indepenS

dence is related to the classical one in the sense that it is symmetric (W1 !!" W2
S

implies W2 !!" W1 ) and it is also related to the sequential independence under
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convex or concave ϕ as illustrated in Corollary 2.1.28.2.
We can use a comparison table (Table 2.1) to summarize the hybrid roles of this

substructure: semi-G-normal with semi-sequential independence, creating a bridge connecting classical normal and G-normal.
From Table 2.1, we can notice that this substructure may be particularly useful in
the discussion of the distributional uncertainty when moving from lower to higher dimension of random objects, because the semi-G-normal is the only structure (among the
three) that has both distributional uncertainty and a direct construction of a multivariate
distribution from univariate ones with the same type of distributions.
Furthermore, we hope the semi-G-structure opens up new extensions and discussions
on the difference and connection between the G-expectation framework and the classical
one. It allows more details on the operations related to the distributions and independence
under model uncertainty on a ground where the researchers in both areas can have a
proper overlapping intuition.
Table 2.1: Comparison among normal, semi-G-normal and G-normal
Normal

Semi-G-normal

G-normal

N (0, σ 2 )

N̂ (0, [σ 2 , σ 2 ])

N (0, [σ 2 , σ 2 ])

Expectation

Linear

Sublinear

Sublinear

1st-moment

Certain (0)

Certain (0)

Certain (0)

2nd-moment

Certain (σ 2 )

Uncertain ([σ 2 , σ 2 ])

Uncertain ([σ 2 , σ 2 ])

3rd-moment

Certain (0)

Certain (0)

Uncertain

Independence

Classical (⊥
⊥)

Stability
Multivariate
CLT

Semi-sequential (!!")

Symmetric

d

(Setup)

S

d

X = X̄ = N (0, σ 2 )
X⊥
⊥ X̄
d √
X + X̄ = 2X
d

(X, X̄) = N (0, σ 2 I2 )
Classical CLT

Sequential (!!")

Symmetric
d

d

X = X̄ = N̂ (0, [σ 2 , σ 2 ])
S

X !!" X̄
d √
X + X̄ = 2X
d

(X, X̄) = N̂ (0, [σ 2 , σ 2 ]I2 )
Semi-G-version CLT

Asymmetric
d

d

X = X̄ = N (0, [σ 2 , σ 2 ])
X !!" X̄
d √
X + X̄ = 2X
d

(X, X̄) 9= N (0, [σ 2 , σ 2 ]I2 )
G-version CLT
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2.6
2.6.1

Proofs
Proofs in Section 2.1.2

Proof of Proposition 2.1.2. The finiteness of E[|ϕ(V )|] is obvious due to the continuity
of ϕ and the compactness of [σ, σ]. First of all, note that (2.2) is a direct result of
Definition 2.1.1. It is also not hard to see (2.5), since for any σ ∈ D[σ, σ], it satisfies
Pσ ([σ, σ]) = 1, then

E[ϕ(σ)] =

ˆ

σ

σ

ϕ(x)Pσ (dx) ≤

ˆ

σ

σ

max ϕ(x)Pσ (dx)

x∈[σ,σ]

= max ϕ(x)Pσ ([σ, σ]) = max ϕ(x),
x∈[σ,σ]

x∈[σ,σ]

which implies
max E[ϕ(σ)] ≤ max E[ϕ(σ)].

σ∈D[σ,σ]

σ∈[σ,σ]

Since [σ, σ] ⊂ D[σ, σ], we also have the other direction of inequality holds. Similarly, we
can show (2.3).
To validate (2.4), we need to show that for any α > 0, there exist a random variable
σα ∈ Dcont. [σ, σ], such that

E[ϕ(σα )] > E[ϕ(V )] − α.

(2.56)

Let v ∗ = arg maxv∈[σ,σ] ϕ(v). Then we have E[ϕ(V )] = ϕ(v0 ). Since ϕ is a continuous
function on [σ, σ], there exists v0 ∈ (σ, σ) such that ϕ(v0 ) > ϕ(v ∗ ) − α/2. In a classical
√
probability space (Ω, F, P), consider a series of random variables ξn := v0 + e/ n where

e ∼ N (0, 1) and n ∈ N+ . In short, ξn ∼ N (v0 , 1/n) with diminishing variance. Then we
d
must have ξn −→ v0 . Then transform ξn into its truncation on [σ, σ]: ξn∗ := ξn In with
P

In := 1{ξn ∈[σ,σ]} . We can easily show that In −→ 1 since, for any a > 0, P(|In − 1| > a) =
d

P(In = 0) = 1 − P(ξn ∈ [σ, σ]) → 0. By classical Slustky’s theorem, ξn∗ = ξn In −→ v0 .
Therefore, for any ϕ ∈ Cl.Lip (R),
E[ϕ(ξn∗ )] → ϕ(v0 ).
For any α > 0, there exists nα such that E[ϕ(ξn∗α )] > ϕ(v0 ) − α/2. Let σα := ξnα which
belongs to Dcont. [σ, σ]. It the required object satisfying (2.56), because
E[ϕ(σα ))] > ϕ(v0 ) − α/2 > ϕ(v0 ) − α = E[ϕ(V )] − α.
Proof of Proposition 2.1.6. To show the equivalence of the three statements, we follow
this logic:
(2) =⇒ (1) =⇒ (3) =⇒ (2).
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(2) =⇒ (1). It is obvious because (1) is a special case of (2).
(1) =⇒ (3). We can prove it by mathematical induction. For d = 1, it obviously

holds. Suppose the results holds for d = k with k ∈ N+ , namely,
V(k)

k
=
:= (V1 , V2 , . . . , Vk ) ∼ M( [σ i , σ i ]),
i=1

then we only need to show it holds for d = k + 1. In fact, consider any function ϕ :
(Rk+1 , -·-) → (R, |·|), satisfying the locally Lipschitz property: there exists Cϕ > 0,
m ∈ R+ ,

|ϕ(x) − ϕ(y)| ≤ Cϕ (1 + -x-m + -y-m )-x − y-.

Since Vk+1 is independent from V(k) ,

>
?
E[ϕ(V1 , V2 , . . . , Vk )] = E[ϕ(V(k) , Vk+1 )] = E E[ϕ(σ(k) , Vk+1 )]σ(k) =V(k) .

Let ϕk (x) := ϕ(σ(k) , x) and
ψk+1 (σ(k) ) :=

max

σk+1 ∈[σ k+1 ,σ k+1 ]

ϕ(σ(k) , σk+1 ) =

max

σk+1 ∈[σ k+1 ,σ k+1 ]

ϕk (σk+1 ).

For notational convenience, we sometimes omit the domain [σ k+1 , σ k+1 ] of the maximization here in our later discussions if it is clear from the context.
Claim 2.6.1. We have ϕk ∈ Cl.Lip (R) and ψk+1 ∈ Cl.Lip (Rk ).
Then we are able to apply the representation of maximal distribution V(k) (allowed
by Claim 2.6.1) to have
E[ϕ(V1 , V2 , . . . , Vk+1 )] = E[ϕ(V(k) , Vk+1 )]
>
?
= E E[ϕ(σ(k) , Vk+1 )]σ(k) =V(k)
@
AB
C
ϕk (σk+1 )

>

= E [max ϕk (σk+1 )]σ(k) =V(k)
σk+1

= E[ψk+1 (V(k) )]

?

= max ψk+1 (σ(k) )
σ(k)

=
=

max

max ϕ(σ1 , . . . , σk , σk+1 )

(σ1 ,σ2 ,...,σk ) σk+1

max

(σ1 ,σ2 ,...,σk+1 )

ϕ(σ1 , . . . , σk , σk+1 ).
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Therefore,
k+1
=

(V1 , V2 , . . . , Vk+1 ) ∼ M(
The conclusion can be achieved by induction.

[σ i , σ i ]).

i=1

The remaining task is to prove Claim 2.6.1.
To show ϕk ∈ Cl.Lip (R), we write
|ϕk (x) − ϕk (y)| = |ϕ(σ(k) , x) − ϕ(σ(k) , y)|
≤ Cϕ (1 + -(σ(k) , x)-m + -(σ(k) , y)-m )-x − y-,
where we adapt -·- to lower dimension in the sense that -x- := -(0(k) , x)-. Notice
-(σ(k) , x)- = -(σ(k) , 0) + (0(k) , x)- ≤ -σ(k) - + -x-.
Meanwhile, there exists K ≥ 0 (actually K = max{1, 2m−1 }), such that
-(σ(k) , x)-m ≤ (-σ(k) - + -x-)m ≤ K(-σ(k) -m + -x-m ).
Then we have
|ϕk (x) − ϕk (y)| ≤ C1 (1 + -x-m + -y-m )-x − y-,

where C1 = Cϕ max{1 + 2K-σ(k) -m , K}.

Next we check ψk+1 ∈ Cl.Lip (Rk ). For any a(k) , b(k) ∈ Rk ,
|ψk+1 (a(k) ) − ψk+1 (b(k) )|
=| max

ϕ(a(k) , σk+1 ) −

≤ max

|ϕ(a(k) , σk+1 ) − ϕ(b(k) , σk+1 )|

≤ max

Cϕ (1 + -(a(k) , σk+1 )-m + -(b(k) , σk+1 )-m )-a(k) − b(k) -

σk+1 ∈[σ,σ]

σk+1 ∈[σ,σ]
σk+1 ∈[σ,σ]

max

σk+1 ∈[σ,σ]

ϕ(b(k) , σk+1 )|

≤C2 (1 + -a(k) - + -b(k) -)-a(k) − b(k) -,
where C2 = Cϕ max{1 + 2Kσ m , K}.
(3) =⇒ (2). The general idea comes from a basic property of the maximum of
a continuous function on a rectangle: when we maximize ϕ ∈ Cl.Lip (Rd ) on a closed

d-dimensional rectangle, the global maximum is equal to the one obtained by taking
maximum with respect to each argument (or a vector of them) with arbitrary order:
σ∈

ϕ(σ)
2max
d
i=1 [σ i ,σ i ]

= max max · · · max ϕ(σ).
σi1

σi2

σid

(2.57)
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(Readers can quickly check it by considering a maximizer on the rectangle, which can
be achieved by both sides.) Then (2.57) can be transformed into the form of sequential
independence of maximal distribution. For any permutation (i1 , i2 , . . . , id ) of (1, 2, . . . , d),
our objective is to prove for any j = 2, . . . d,
(Vi1 , Vi2 , . . . Vij−1 ) !!" Vij .
From Proposition 2.1.5, (Vi1 , Vi2 , . . . , Vij ), as a function of (V1 , V2 , . . . , Vd ), must also follow
a maximal distribution, characterized by M(Vj ) with
Vj :=

j
=

[σ ik , σ ik ].

k=1

Then we can use the idea of (2.57) to check the independence,
E[ϕ(Vi1 , Vi2 , . . . , Vij )] =
=

max

(σi1 ,σi2 ,...,σij )∈Vj

max

ϕ(σi1 , σi2 , . . . , σij )

max ϕ(σi1 , σi2 , . . . , σij )

(σi1 ,σi2 ,...,σij−1 ) σij

= E[[max ϕ(σi1 , σi2 , . . . , σij−1 , Vij )]σik =Vik ,k=1,2...,j−1 ]
σij

= E[E[ϕ(σi1 , σi2 , . . . , σij−1 , Vij )]σik =Vik ,k=1,2...,j−1 ].
Since it holds for all possible j, it is equivalent to say
Vi1 !!" Vi2 !!" · · · !!" Vid .
Proof of Proposition 2.1.5. The first statement can be proved by studying the range of
ψ(V ). First, we need to show that ϕ ◦ ψ(x) := ϕ(ψ(x)) is also a locally Lipschitz function
for any ϕ ∈ Cl.Lip (Rd ). Suppose ψ satisfies,

-ψ(x) − ψ(y)- ≤ Cψ (1 + -x-p + -y-p )-x − y-.

(2.58)

We first can write
|ϕ ◦ ψ(x) − ϕ ◦ ψ(y)| = |ϕ(ψ(x)) − ϕ(ψ(y))|
≤ Cϕ (1 + -ψ(x)-m + -ψ(y)-m )-ψ(x) − ψ(y)-.

(2.59)

As preparations for next step, we are going to frequently use tha basic fact that the
lower-degree polynomials can be dominated by higher-degree ones in the sense that,
-x-k ≤ max{1, -x-l } ≤ 1 + -x-l with k ≤ l,

(2.60)

97

2.6. Proofs
and for any k, l ∈ N+ ,

1
-x-k -y-l ≤ (-x-2k + -x-2l ).
(2.61)
2
In (2.59), we can directly use (2.58) to dominate -ψ(x) − ψ(y)-. For the parts like
-ψ(x)-m , (2.58) implies,

-ψ(x)- ≤ |ψ(x) − ψ(0)| + |ψ(0)| ≤ Cψ (1 + -x-p )-x- + C0 ≤ Cψ, (1 + -x-p+1 ),
then there exists Cψ,, > 0 such that,
-ψ(x)-m ≤ [Cψ, (1 + -x-p+1 )]m ≤ Cψ,, (1 + -x-(p+1)m ).
Hence, we can get ϕ ◦ ψ ∈ Cl.Lip (Rd ) by the inequality as follows,
|ϕ ◦ ψ(x) − ϕ ◦ ψ(y)| ≤ K1 (1 + -x-(p+1)m + -y-(p+1)m )(1 + -x-p + -y-p )-x − y≤ K2 (1 + -x-2(p+1)pm + -y-2(p+1)pm )-x − y-.
Finally, we have ψ(σ) ∼ M(S) from its representation:
E[ϕ(S)] = E[ϕ(ψ(V ))] = E[ϕ ◦ ψ(V )]
=

max

σi ∈[σ i ,σ i ],i=1,2,...,d

ϕ ◦ ψ(σ1 , σ2 , . . . , σd )

= max ϕ(s).
s∈S

The second statement essentially comes from the basic property of the maximum of
a continuous function on a rectangle: in this ideal setup, the order of taking marginal
maximum does not affect the final value. To show the basic idea, start from a simple case
d = 2: if V1 !!" V2 , for any ϕ ∈ Cl.Lip (R2 ), we can work on (V2 , V1 ) to show the other
direction of independence,

E[ϕ(V2 , V1 )] = E[E[ϕ(σ2 , V1 )]σ1 =V1 ]
=
=
=

max

max ϕ(σ2 , σ1 )

σ1 ∈[σ 1 ,σ 1 ] σ2 ∈[σ 2 ,σ 2 ]

max
22

(σ1 ,σ2 )∈

max

i=1 [σ i ,σ i ]

ϕ(σ2 , σ1 )

max ϕ(σ2 , σ1 )

σ2 ∈[σ 2 ,σ 2 ] σ1 ∈[σ 1 ,σ 1 ]

= E[E[ϕ(σ2 , V1 )]σ2 =V2 ],
where we have used the fact that ϕx (y) := maxx∈[σ,σ] ϕ(x, y) ∈ Cl.Lip (R) if ϕ ∈ Cl.Lip (R2 ),
which can be validated by Claim 2.6.1. Hence, we have V2 !!" V1 .
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In general, for any permutation (i1 , i2 , . . . , id ) of (1, 2, . . . , d), our objective is to prove

for any j = 2, . . . d,
(Vi1 , Vi2 , . . . Vij−1 ) !!" Vij .
From the first statement, (Vi1 , Vi2 , . . . , Vij ), as a function of (V1 , V2 , . . . , Vd ), must also
follow a maximal distribution, characterized by M(Vj ) with
Vj :=

j
=

[σ ik , σ ik ].

k=1

Then we can mimic the derivation for d = 2 to check the independence,
E[ϕ(Vi1 , Vi2 , . . . , Vij )] =
=

max

(σi1 ,σi2 ,...,σij )∈Vj

max

ϕ(σi1 , σi2 , . . . , σij )

max ϕ(σi1 , σi2 , . . . , σij )

(σi1 ,σi2 ,...,σij−1 ) σij

= E[[max ϕ(σi1 , σi2 , . . . , σij−1 , Vij )]σik =Vik ,k=1,2...,j−1 ]
σij

= E[E[ϕ(σi1 , σi2 , . . . , σij−1 , Vij )]σik =Vik ,k=1,2...,j−1 ].
Since it holds for all possible j, it is equivalent to say
Vi1 !!" Vi2 !!" · · · !!" Vid .

2.6.2

Proofs in Section 2.1.3

In order to show the uniqueness of decomposition (Proposition 2.1.10), we first prepare
several lemmas. Readers can first recall the product space H̄s defined in Section 2.2.1.
d

Lemma 2.6.1. For any g(K, η) ∈ H̄s where K ∼ M(Θ) and η is classical, if g(K, η) = "
where " is classical, we must have, for any fixed k ∈ Θ,
d

g(k, η) = ".
Proof. Since for any function ψ,
max E[ψ(g(k, η))] = E[ψ(g(K, η))] = E[ψ(")],
k∈Θ

by replacing ψ with −ψ, we have
min E[−ψ(g(k, η))] = −E[−ψ(g(K, η))]
k∈Θ

= −E[−ψ(")] = E[ψ(")].
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It means for any k ∈ Θ, we have
E[ψ(g(k, η))] ≡ E[ψ(")].
d

Therefore, we have g(k, η) = ".
Lemma 2.6.2. For a maximally distributed V ∼ M[σ, σ], we have v(V ∈ [σ, σ]) = 1.
Proof. Let


1



n(x − σ) + 1
ϕn (x) =
−n(x − σ) + 1



0

x ∈ [σ, σ]
x ∈ [σ − n1 , σ)
x ∈ (σ, σ + n1 ]
otherwise.

Then we have ϕn ∈ Cl.Lip (R) and ϕn (x) ↓ 1[σ,σ] (x) or −ϕn (x) ↑ −1[σ,σ] (x). (Since each
ϕn (V ) ∈ H, we have ϕ(V ) = limn→∞ ϕn (V ) ∈ H by the completeness of H.) Note that
E[−ϕn (V )] = max (−ϕn (x)) = − min ϕn (x) = −1.
x∈[σ,σ]

x∈[σ,σ]

It implies that
E[−1[σ,σ] (V )] = lim E[−ϕn (V )] = −1,
n→∞

then
v(V ∈ [σ, σ]) = −E[−1[σ,σ] (V )] = 1.
Lemma 2.6.3. Consider K ∼ M(Θ) where Θ is a compact and convex set and η follows
a non-degenerate classical distribution Pη with K !!" η. For any h ∈ Cl.Lip , if h(K, η) ∼
M[σ, σ], there exists B ∈ B(R) with Pη (B) = 1 such that h(x, y) does not depend on y
or simply h(x, y) = h(x) when y ∈ B.

Proof. For any ϕ ∈ Cl.Lip with ϕ(x) > 0 on x ∈ [σ, σ], let σ ∗ := arg maxσ∈[σ,σ] ϕ(σ). Then
we have

ϕ(σ ∗ ) = max ϕ(σ) = E[ϕ(h(K, η))]
σ∈[σ,σ]

= max E[ϕ(h(k, η))]
k∈Θ

= max
k∈Θ

≤

ˆ

ˆ

ϕ(h(k, y))Pη (dy)

max ϕ(h(k, y))Pη (dy).
k∈Θ
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Meanwhile, note that h(K, η) is bounded by [σ, σ] and K is bounded by Θ in quasi-surely
sense or
v(h(K, η) ∈ [σ, σ]) = 1, v(K ∈ Θ) = 1.

Then, for any P ∈ P, we have

P({ω : h(K(ω), η(ω)) ∈ [σ, σ]}) = 1, P({ω : K(ω) ∈ [σ, σ]}) = 1,
then the intersection of two events has probability 1,
P({ω : h(K, η) ∈ [σ, σ], K ∈ Θ}) = 1.
Hence, with A := {y : h(k, y) ∈ [σ, σ], k ∈ Θ}, we must have
Pη (A) = P({ω : η(ω) ∈ A}) ≥ P({ω : h(K, η) ∈ [σ, σ], K ∈ Θ}) = 1.
(The measurability of A comes from the continuity of h. Under any P ∈ P, the distribution of η is always Pη due to Remark 2.2.1.1.) Then we have
ˆ
ˆ
∗
ϕ(σ ) ≤ max ϕ(h(k, y))Pη (dy) =
max ϕ(h(k, y))Pη (dy)
k∈Θ

A k∈Θ

≤

ˆ

max ϕ(σ)Pη (dy)

A σ∈[σ,σ]

= max ϕ(σ)
σ∈[σ,σ]

Therefore,

ˆ

ˆ

Pη (dy) = ϕ(σ ∗ ).

A

max ϕ(h(k, y))Pη (dy) = max ϕ(σ).

A k∈Θ

σ∈[σ,σ]

For any y ∈ A, since h(k, y) ∈ [σ, σ],
0 < max ϕ(h(k, y)) ≤ max ϕ(σ).
k∈Θ

σ∈[σ,σ]

Then there must exist B ⊂ A with Pη (B) = 1 such that for y ∈ B,
max ϕ(h(k, y)) = max ϕ(σ),
k∈Θ

σ∈[σ,σ]

or
E[ϕ(h(K, y))] = max ϕ(σ).
σ∈[σ,σ]

For any f ∈ Cl.Lip , let ϕ = f (x) + C with C = − minx∈[σ,σ] f (x) + 1, then ϕ > 0 on
x ∈ [σ, σ]. We have
E[f (h(K, y))] = E[ϕ(h(K, y))] − C = max ϕ(σ) − C = max f (σ).
σ∈[σ,σ]

σ∈[σ,σ]

101

2.6. Proofs
Therefore, for y ∈ B,

h(K, y) ∼ M[σ, σ].

(2.62)

If there exist two distinct y1 , y2 ∈ B,
we must have

δ := h(K, y1 ) − h(K, y2 ) 9= 0,

h(K, y1 ) = h(K, y2 ) + δ ∼ M[σ + δ, σ + δ].

This is a contradiction against (2.62). Then we have, for any y ∈ B,
h(V1 , y) ≡ h(V1 , c) =: h(V1 ),

where c is any constant chosen from B.

Proof of Proposition 2.1.10. Since W ∈ H̄s , we have W = f (K, η) where K ∼ M(Θ)
and η is classical satisfying K !!" η. Suppose there exist Vi ∈ H̄s and "i ∈ H̄s such that
W = V1 "1 = V2 "2 . To be specific, without loss of generality, we can assume
Vi = hi (K, η),
and
"i = gi (K, η),
such that f (K, η) = h1 (K, η)g1 (K, η) = h2 (K, η)g2 (K, η). Then we have
g2 (K, η) =

h1 (K, η)
g1 (K, η).
h2 (K, η)

Note that hi (K, η) ∼ M[σ, σ], then by Lemma 2.6.3, there exist Bi with Pη (Bi ) = 1 such
that hi (x, y) = hi (x) when y ∈ Bi . Let B = B1 ∩ B2 then we still have Pη (B) = 1. Then
we have, for any ϕ,
h1 (K, η)
h1 (k, η)
E[ϕ(
g1 (K, η))] = sup E[ϕ(
g1 (k, η))]
h2 (K, η)
h2 (k, η)
k∈Θ
ˆ
h1 (k, y)
= sup ϕ(
g1 (k, y))Pη (dy)
h2 (k, y)
k∈Θ
ˆ
h1 (k, y)
= sup ϕ(
g1 (k, y))Pη (dy)
h2 (k, y)
k∈Θ B
ˆ
h1 (k)
= sup ϕ(
g1 (k, y))Pη (dy)
h2 (k)
k∈Θ B
ˆ
h1 (k)
= sup ϕ(
g1 (k, y))Pη (dy)
h2 (k)
k∈Θ
= sup E[ϕ(
k∈Θ

h1 (k)
h1 (K)
g1 (k, η))] = E[ϕ(
g1 (K, η))].
h2 (k)
h2 (K)
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Similarly, we can also show

h1 (K, η) d h1 (K)
=
.
h2 (K, η)
h2 (K)

Note that
R(K) := h1 (K)/h2 (K) ∼ M(S),

d

where S = {h1 (k)/h2 (k), k ∈ Θ}. By Lemma 2.6.1, letting Z = N (0, 1), the fact that
d

g1 (K, η) = Z implies, for k ∈ Θ,

d

g1 (k, η) = Z.

Then we have, with ψk (x) := ϕ(R(k)x),
E[ϕ(R(K)g1 (K, η))] = sup E[ϕ(R(k)g1 (k, η))]
k∈Θ

= sup E[ψk (g1 (k, η))] = sup E[ψk (Z)]
k∈Θ

k∈Θ

= sup E[ϕ(R(k)Z)] = sup E[ϕ(sZ)].
k∈Θ

s∈S

Meanwhile,
E[ϕ(R(K)g1 (K, η))] = E[ϕ(g2 (K, η))] = E[ϕ(Z)].
Then we have the set S has to be a singleton {1}. It means that R(K) ∼ M({1}) or
R(K) = 1 (in a quasi-surely sense). Then we also have

h1 (K, η) d h1 (K) d
=
= M({1}).
h2 (K, η)
h2 (K)
It means that h1 (K, η) = h2 (K, η) then g1 (K, η) = g2 (K, η). The uniqueness has been
proved.
Proof of Proposition 2.1.13. This is a direct consequence of Proposition 1.6.22. Let " ∼
N (0, 1). On the one hand, for any ϕ ∈ Cl.Lip , as discussed in Remark 2.1.7.2, we have
E[ϕ(W G )] ≥ sup E[ϕ(σ")] = E[ϕ(W )].
σ∈[σ,σ]

On the other hand, when ϕ is convex or concave, by Proposition 1.6.22, we have
E[ϕ(W )] ≥ max E[ϕ(σ")] ≥ E[ϕ(W G )].
σ∈{σ,σ}

Hence, we have E[ϕ(W G )] = E[ϕ(W )] under convexity (or concavity) of ϕ.
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For readers’ convenience, we include an explicit proof on why we have such results
for semi-G-normal distribution. For techinical convenience, we assume ϕ is second order differentiable. From the representation of the semi-G-normal distribution (Proposition 1.6.22), with G(v) := EP [ϕ(v")](v ∈ [σ, σ]), our goal is to show
$
G(σ) ϕ is convex
E[ϕ(W )] = max G(v) =
.
v∈[σ,σ]
G(σ) ϕ is concave
2

First of all, by Taylor expansion ϕ(x) = ϕ(0) + ϕ(1) (0)x + ϕ(2) (ξx ) x2 with ξx ∈ (0, x), we
have,

G(v) = EP [ϕ(0) + ϕ(1) (0)v" + ϕ(2) (ξv' )

v2 2
1
" ] = ϕ(0) + EP [ϕ(2) (ξv' )(v")2 ],
2
2

where ξv' ∈ (0, v") is a random variable depending on ". Let M := v" ∼ N (0, v 2 ), then
ˆ
m
(2)
2
(2)
2
K(v) := EP [ϕ (ξv' )(v") ] = EP [ϕ (ξM )M ] = φ( )ϕ(2) (ξm )m2 dm,
v
where φ(x) is the density of N (0, 1). When ϕ is convex, we can use the fact ϕ(2) ≥ 0 to
show the monotonicity of K(v):
ˆ
m
m
,
K (v) = φ, ( )(− 2 )ϕ(2) (ξm )m2 dm
v
v
D 2
"
#E
ˆ
1
m
m2
√
=
exp − 2
ϕ(2) (ξm ) m2 dm ≥ 0.
3
v
2v
2π
@
AB
C@
AB
C
≥0 for v∈[σ,σ]

≥0

Its tells us K(v) is increasing with respect to v ∈ [σ, σ], then K(v) reaches its maximum
at v = σ. Hence,

E[ϕ(W )] = max G(v) = max (ϕ(0) +
v∈[σ,σ]

v∈[σ,σ]

K(v)
) = G(σ).
2

When ϕ is concave, −ϕ is convex. Replace ϕ above with −ϕ and repeat the same proce-

dure, we are able to show −G(v) is increasing with respect to v, that is, G(v) is decreasing
and reaches its maximum at σ.

2.6.3

Proofs in Section 2.1.6

The proofs in this section are mainly based on the results in Section 1.6.3 which provides
fruitful tools to deal with the independence of sequence in this framework.
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Lemma 2.6.4. In sublinear expectation space, for a sequence of i.i.d. random variables
{"i }ni=1 ∼ N (0, [1, 1]) (namely, "1 !!" "2 !!" . . . !!" "n ), we have
("1 , "2 , . . . , "n )T ∼ N (0, I2n ),
where In is the n × n identity matrix.
Proof. Since the distribution of "i can be treated as the classical N (0, 1), the sequential
independence can be treated the classical independence (Remark 1.6.6.3). Then we can
get the required results by applying the classical logic.
Remark 2.6.4.1. Since the independence of {"i }ni=1 is classical, the order of indepen-

dence can also be arbitrarily switched so we can easily obtain a result similar to Proposition 2.1.6.
Proposition 2.6.5. For a sequence of i.i.d. random variables {"i }ni=1 ∼ N (0, [1, 1]), the
following three statements are equivalent:
(1) "1 !!" "2 !!" · · · !!" "n ,

(2) "k1 !!" "k2 !!" · · · !!" "kn for any permutation {kj }nj=1 of {1, 2, . . . , n},
(3) ("1 , "2 , . . . , "n ) ∼ N̂ (0, [σ 2 , σ 2 ]In ).

Proof of Theorem 2.1.23. Since the fully-sequential independence implies (F1) and (F2)
by Proposition 1.6.10 and Proposition 1.6.13, we only need to show the other direction.
When n = 2, this result is a consequence of Proposition 1.6.14. For i ≤ j, let
(V, ")ji := (Vi , "i , Vi+1 , "i+1 , . . . , Vj , "j ).
Next we proceed by math induction. Suppose the result holds for n = k with k ≥ 2. For
n = k + 1, we only need to show: given the conditions
1. (V1 , "1 ) !!" (V2 , "2 ) !!" · · · !!" (Vk+1 , "k+1 ),
2. Vi !!" "i for i = 1, 2, . . . , k + 1,

we have the fully-sequential independence:
V1 !!" "1 !!" · · · !!" Vk !!" "k !!" Vk+1 !!" "k+1 .

(2.63)

Since all the independence relation in (2.63) until the term "k can be guaranteed by the
presumed result with n = k, we only need to show the additional independence:
1. (V, ")k1 !!" Vk+1 ,
2. ((V, ")k1 , Vk+1 ) !!" "k+1 .
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The first one comes from (F1) whose definition implies (V, ")k1 !!" (Vk+1 , "k+1 ). The
second one comes from Lemma 1.6.12 given the following statements:
1. (V, ")k1 !!" (Vk+1 , "k+1 ) by (F1);
2. (V, ")k1 !!" Vk+1 by the first one.
Then we have the required result for n = k + 1. Finally, the proof is finished by math
induction.
Proof of Theorem 2.1.24. First the definition (2.22) of semi-sequential independence implies (S1) to (S3) by Proposition 1.6.10 and Proposition 1.6.13. We only need to check the
other direction. For i ≤ j, let Vij := (Vi , Vi+1 , . . . , Vj ) and similarly define the notation
"ji . Our goal can be expanded as by Definition 1.6.8:
1. V1l !!" Vl+1 for any l = 1, 2, . . . , n − 1,

2. (V1n−1 , Vn , "l1 ) !!" "l+1 for any l = 1, 2, . . . , n − 1.

The first one comes from (S2). For the second one, note that we have
1. (V1n−1 , Vn ) !!" ("l1 , "l+1 ) by (S1),
2. "l1 !!" "l+1 by (S3),
3. V1n−1 !!" Vn by (S2),
then by Proposition 1.6.14, we have proved the second relation.
Proof of Theorem 2.1.27. The idea main the equivalent definition of semi-sequential independence given by Theorem 2.1.24, which shows the symmetry within V part and "
part. The equivalence of the three statemenst will be proved in this logic:
(3) ⇐⇒ (1) ⇐⇒ (2).
Let π : (x1 , x2 , . . . , xn ) → (xk1 , xk2 , . . . , xkn ) denote a permutation function.

(1) ⇐⇒ (2). It is a direct translation of Theorem 2.1.24 by considering the equivalence in each part:
1. The equivalence in (S1) can be seen by by treating each vector as a function of
each other under the permutation π (or π −1 .)
2. The equivalence in (S2) comes from Proposition 2.1.6.
3. The equivalence in (S3) comes from Proposition 2.6.5.
(3) ⇐⇒ (1). Let W := (W1 , W2 , . . . , Wn ). Then
W = (V1 "1 , V2 "2 , . . . , Vn "n ) = V".
Then we can decompose (3) into three conditions each of which is equivalent to the
condition in (1) under the context of Theorem 2.1.24:
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1. Since V = (V1 , . . . , Vn ) diag(1, . . . , 1), we have V !!" " if and only if (V1 , . . . , Vn ) !!"
" which is (S1) in Theorem 2.1.24.

2. Note that V ∼ M([σ, σ]In ) is equivalent to V ∼ M([σ, σ]n ) which is further
equivalent to (S2): {Vi }ni=1 are sequentially independent.

3. By Proposition 2.6.5, we have " ∼ N (0, In ) is equivalent to (S3): {"}ni=1 are sequentially independent.

2.6.4

Proofs in Section 2.1.7

Proof of Theorem 2.1.28. (A note on the finiteness of sublinear expectations) For
any ϕ ∈ Cl.Lip (Rk+1 ), it means there exists m ∈ N+ and C0 > 0 such that for x, y ∈ Rk+1 ,
|ϕ(x) − ϕ(y)| ≤ C0 (1 + -x-m + -y-m )-x − y-.
Without loss of generality, we can assume ϕ(0) = 0, then we have |ϕ(x)| ≤ C0 (1 +
-x-m )-x-. It implies
E[|ϕ(W )|] ≤ C0 (E[-W -] + E[-W -m ]).
To validate E[|ϕ(W )|] < ∞ under each case, it will be sufficient to confirm the finiteness
of this sublinear expectation: for any q ∈ N+ ,

E[-W -q ] < ∞.

(2.64)

(Semi-sequential independence case) Under the independence specified by (2.27),
from Theorem 2.1.16, we have
W ∼ N̂ (0, V),
where V = {diag(σ12 , σ22 , . . . , σn2 ) : σi ∈ [σ, σ]}. Therefore,
E[ϕ(W )] = max EP [ϕ(V1/2 ")] = max E[ϕ(σ ∗ ")],
V∈V

σ∈Cn [σ,σ]

where V1/2 is the symmetric square root of V and Cn [σ, σ] := {σ : (σ1 , σ2 , . . . , σn ) ∈
[σ, σ]n }. At the same time, we can validate the finiteness E[|ϕ(W )|] < ∞, because V1/2 "

follows a classical multivariate normal distribution, then for any q ∈ N+ , EP [-V1/2 "-q ] <
∞, which implies (2.64).

Next, since we have Cn [σ, σ] ⊂ Sn [σ, σ], we only need to show for any σ ∈ Sn [σ, σ],
EP [ϕ(σ ∗ ")] ≤ E[ϕ(W )].

(2.65)
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Note that σ ⊥
⊥ " for σ ∈ Sn [σ, σ] and the random vector σ must follow a joint distribution

supporting on a subset of [σ, σ]n , then we can apply the representation of multivariate
semi-G-normal distribution (Theorem 2.1.16) to get the inequality (2.65).
(Sequential independence case) We proceed by mathematical induction. For
n = 1, the result (2.31) and (2.32) as well as the finiteness (2.64) hold by applying
Theorem 2.1.11. Suppose they also hold for n = k with k ∈ N+ . Our objective is to prove
them when n = k + 1 by using the result with n = k. We decompose this goal into three
inequalities:
E[ϕ(W(k+1) )] ≤
sup

σ∈Lk+1 [σ,σ]

sup

σ∈Lk+1 [σ,σ]

EP [ϕ(σ ∗ ")] ≤

EP [ϕ(σ ∗ ")],

sup

σ∈L∗k+1 [σ,σ]

EP [ϕ(σ ∗ ")],

(2.66)
(2.67)

and
sup

σ∈L∗k+1 [σ,σ]

EP [ϕ(σ ∗ ")] ≤ E[ϕ(W(k+1) )].

(2.68)

After we check the three inequalities above, sup can be changed to max since we will
show the sublinear expectation can be reached by some σ ∈ Lk+1 [σ, σ] in the proof of
(2.66).

First of all, (2.67) is straightforward due to the fact that Lk+1 [σ, σ] ⊂ L∗k+1 [σ, σ].

Second, to validate (2.66), it is sufficient show the sublinear expectation E[ϕ(W )]
can be reached by choosing some σ ∈ Lk+1 [σ, σ]. In fact, we can directly select it by the
iterative procedure (similar to the idea of Theorem 3.1.1).
E[ϕ(W1 , W2 , . . . , Wk+1 )] = E[ϕ(W(k) , Wk+1 )]
= E[E[ϕ(w(k) , Wk+1 )]w(k) =W(k) ]
= E[( max

σk+1 ∈[σ,σ]

EP [ϕ(w(k) , σk+1 "k+1 )])w(k) =W(k) ]

= E[(EP [ϕ(w(k) , vk+1 (w(k) )"k+1 )]],
where vk+1 (·) is the maximizer depending on the value of w(k) .
Claim 2.6.2. For any ϕ ∈ Cl.Lip (Rk+1 ), let
ϕk (x) :=
Then we have ϕk ∈ Cl.Lip (Rk ).

max

σk+1 ∈[σ,σ]

EP [ϕ(x, σk+1 "k+1 )].
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To apply the result when n = k, we first confirm that ϕk ∈ Cl.Lip (Rk ) (due to

Claim 2.6.2) Then we have

E[ϕ(W(k) , Wk+1 )] = E[ϕk (W(k) )]
=

max

σ(k) ∈Lk [σ,σ]

EP [ϕk (σ(k) ∗ "(k) )] = EP [ϕk (v(k) ∗ "(k) )],

where v(k) ∈ Lk [σ, σ] is the maximizer. From this procedure, we can choose
v(k+1) := (v(k) , vk+1 (v(k) ∗ "(k) )),
which is corresponding to an element in Lk+1 [σ, σ]. Then it is easy to confirm that

E[ϕ(W(k+1) )] = EP [ϕ(v(k+1) ∗ "(k+1) )] by repeating the procedure above. Meanwhile, the

finiteness (2.64) is also guaranteed since, for any q ∈ N+ , choose ϕ(·) = -·-q ∈ Cl.Lip , we
have
E[-W(k+1) -q ] = E[ϕ(W(k+1) )] = E[ϕk (W(k) )] < ∞,

due to the confirmed fact that ϕk ∈ Cl.Lip and the assumed (2.64) for n = k.

Third, as an equivalent way of viewing (2.68), we need to prove for any σ(k+1) ∈

L∗k+1 [σ, σ],

the corresponding linear expectation is dominated by E[ϕ(W(k+1) )]. Actually,

we can write the classical expectation as

EP [ϕ(σ(k) "(k) , σk+1 "k+1 )] = EP [EP [ϕ(σ(k) "(k) , σk+1 "k+1 )|Fk ]].

(2.69)

Recall the notation we used in the proof of (2.66),
ϕk (w(k) ) :=

max

σk+1 ∈[σ,σ]

EP [ϕ(w(k) , σk+1 "k+1 )] = E[ϕ(w(k) , Wk+1 )].

For the conditional expectation part in (2.69), since the information of (σ(k) , "(k) ) is
given and σk+1 ⊥
⊥ "k+1 |Fk , from the representation of univariate semi-G-normal (Theorem 2.1.11), it must satisfy:

EP [ϕ(σ(k) "(k) , σk+1 "k+1 )|Fk ] ≤

max

σk+1 ∈[σ,σ]

EP [ϕ(σ(k) "(k) , σk+1 "k+1 )|Fk ] = ϕk (σ(k) "(k) ).

Hence, by taking expectations on both sides and applying the presumed result for n = k,
we have
EP [ϕ(σ(k) "(k) , σk+1 "k+1 )] ≤ EP [ϕk (σ(k) "(k) )] ≤

max

σ(k) ∈L∗k [σ,σ]

EP [ϕk (σ(k) "(k) )]

= E[ϕk (W(k) )] = E[E[ϕ(w(k) , Wk+1 )]w(k) =W(k) ]
= E[ϕ(W(k) , Wk+1 )].
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Therefore, we have shown (2.68). The proof is completed by induction.

(Fully-sequential independence case) Note that fully-sequential independence
implies the sequential independence and we have shown an explicit representation of
E[ϕ(W )] for the latter situation. Hence, the representation here is the same as (2.31)
and (2.32).

To prove Claim 2.6.2, first recall the definition of ϕ ∈ Cl.Lip (Rk+1 ), which means there
exists m ∈ N+ and C0 > 0 such that for x, y ∈ Rk+1
|ϕ(x) − ϕ(y)| ≤ C0 (1 + -x-m + -y-m )-x − y-.
Note that
ϕk (x) = max E[ϕ(x, v")].
v∈[σ,σ]

Then we write
F
F
|ϕk (x) − ϕk (y)| ≤ F max (E[ϕ(x, v") − ϕ(y, v")])F
v∈[σ,σ]

≤ max E[|ϕ(x, v") − ϕ(y, y")|]
v∈[σ,σ]

≤ max E[C0 (1 + -(x, v")-m + -(y, v")-m )-x − y-],
v∈[σ,σ]

where we adapt the norm to lower dimension in the sense that -a(k+1) - := -(a(k) , 0)-.
By triangle inequality, for any v ∈ [σ, σ],

-(x, v")- ≤ -x- + |v"| ≤ -x- + σ|"|,
then
-(x, v")-k ≤ (-x- + σ|"|)k ≤ max{1, 2k−1 }(-x-k + σ k |"|k ).

Hence, with C1 = C0 max{1, 2k−1 } and C2 = C1 max{1, 2σ k E[|"|k ]},

|ϕk (x) − ϕk (y)| ≤ C0 max (1 + E[-(x, v")-k ] + E[-(y, v")-k ])-x − yv∈[σ,σ]

≤ C1 (1 + -x-k + -y-k + 2σ k E[|"|k ])-x − y≤ C2 (1 + -x-k + -y-k )-x − y-.
Proof of Corollary 2.1.28.2. Under semi-sequential independence, note that
(W1 , W2 , . . . , Wn ) ∼ N̂ (0, C),
with C = {diag(σ12 , σ22 , . . . , σn2 ) : σi ∈ [σ, σ]}. It has the representation (Proposition 2.1.5)
that,

E[ϕ(W(n) )] = max E[ϕ(diag(σ1 , σ2 , . . . , σn )"(n) )],
σi ∈[σ,σ]
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where "(n) follows a standard multivariate normal. When ϕ is convex, by simply repeating
the idea of Proposition 2.1.13 in multivariate case, we can show
E[ϕ(W(n) )] = E[ϕ(diag(σ, σ, . . . , σ)"(n) )].
Accordingly, when ϕ is concave, we can get similar result with σ replaced by σ.
Under sequential independence, based on the idea of showing
E[ϕ(W )] =

max E[ϕ(σ ∗ ")],

σ∈Ln [σ,σ]

in Theorem 2.1.28. The maximizer can be obtained by implementing the iterative algorithm: with ϕ0 := ϕ, i = 1, 2, . . . , n,
ϕi (x(n−i) ) =

max

σn−i+1 ∈[σ,σ]

E[ϕi−1 (x(n−i) , σn−i+1 "n−i+1 )].

(2.70)

Then we only need to record the optimizer σn−i+1 (·) which is a function of x(n−i) to get
the maximizer σ ∗ ∈ Ln [σ, σ]. First we can show that, for i = 1, 2, . . . , n,
ϕi−1 is convex (concave) =⇒ ϕi is convex (concave),

(2.71)

namely, the convexity (or concavity) of ϕi−1 can be carried over to ϕi . Actually, if ϕi−1
is convex (in Rn−i+1 ), it must be convex with respect to each subvector of arguments.
Then by applying Proposition 2.1.13, we have

ϕi (x(n−i) ) = E[ϕi−1 (x(n−i) , σ"n−i+1 )],

(2.72)

which also gives us the choice of σn−i+1 . Then we can validate the convexity of ϕi by
definition: with λ ∈ [0, 1], e := σ"n−i+1 ,
ϕi (λx(n−i) + (1 − λ)y(n−i) ) = E[ϕi−1 (λx(n−i) + (1 − λ)y(n−i) , e)]
= E[ϕi−1 (λ(x(n−i) , e) + (1 − λ)(y(n−i) , e))]
≤ λE[ϕi−1 (x(n−i) , e)] + (1 − λ)E[ϕi−1 (y(n−i) , e)]
= λϕi (x(n−i) ) + (1 − λ)ϕi (y(n−i) ).
We can follow the same arguments to show the concave case. Finally, we can start from
the convexity (concavity, respectively) of ϕ0 to show the convexity of all ϕi and along
the way, we get each of the optimal σn−i+1 is equal to σ (σ, respectively).
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Proof of Corollary 2.1.28.3. The idea is similar to the proof of Corollary 2.1.28.2 by
replacing (2.70) by
G
ϕi (x(n−i) ) = E[ϕi−1 (x(n−i) , Wn−i+1
)].

In order to check the statement (2.71), due to the convexity of ϕ, we can use Proposition 1.6.22 to show (2.72). The remaining part is the same as the proof of Corollary 2.1.28.2.

2.6.5

Proofs in Section 2.2.3

To prepare for the proof, we consider the following function space:
• C k (R): the space of k-times continuously differentiable functions on R
• Cb (R): the space of bounded and continuous functions on R,

• C ∗ (R) = {ϕ ∈ C 2 (R) : ϕ,, is bounded and uniformly continuous}.

For any ϕ ∈ C ∗ (R), since ϕ,, is bounded, we have

M := sup|ϕ,, (x)| < ∞.
x∈R

The following Lemma 2.6.6 shows that we only need to check those ϕ ∈ C ∗ (R) to

prove Theorem 2.2.12.

Lemma 2.6.6. Assume E[|Zn |] < ∞ and E[|Z|] < ∞. Suppose the convergence
E[ϕ(Zn )] → E[ϕ(Z)],

(2.73)

holds for any ϕ ∈ C ∗ (R). It also holds for ϕ ∈ Cb (R).

Proof of Lemma 2.6.6. We first consider ϕ ∈ Cb (R) with a compact support S. By the

uniform approximation provided by Pursell (1967), for any a > 0, there exists ϕa ∈ C 3 (R)
with support S such that

(k)

For k = 1, 2, 3, since ϕa

a
sup|ϕ(x) − ϕa (x)| < .
2
x∈R
is continuous and it is. on a compact support, it must be

bounded by Mk . By mean-value theorem, for δ > 0 and some β ∈ [0, 1], we have
(2)

(2)
(3)
|ϕ(2)
a (x) − ϕa (x + δ)| ≤ |ϕ (x + βδ)|δ ≤ M3 δ.

Thus ϕa is uniformly continuous and bounded, implying ϕa ∈ C ∗ (R). In this way, we
have

|E[ϕ(Zn )] − E[ϕ(Z)]| ≤ |E[ϕ(Zn )] − E[ϕa (Zn )]| + |E[ϕ(Z)] − E[ϕa (Z)]|
+ |E[ϕa (Zn )] − E[ϕa (Z)]|
≤ a + |E[ϕa (Zn )] − E[ϕa (Z)]|.
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Hence, lim supn→∞ |E[ϕ(Zn )] − E[ϕ(Z)]| ≤ a. It means that
0 ≤ lim inf |E[ϕ(Zn )] − E[ϕ(Z)]| ≤ lim sup|E[ϕ(Zn )] − E[ϕ(Z)]| ≤ a.
n→∞

n→∞

Since a can be arbitrarily small, we have the convergence (2.73) holds.
Next consider any ϕ ∈ Cb (R) which is bounded by B. For any K > 0, it can be
decomposed into ϕ = ϕ1 + ϕ2 where ϕ1 has compact support [−K, K] and ϕ2 satisfies
ϕ2 (x) = 0 if |x| ≤ K and for |x| > K,
|ϕ2 (x)| ≤ B ≤

B|x|
,
K

Then we have
|E[ϕ(Zn )] − E[ϕ(Z)]| ≤ |E[ϕ1 (Zn )] − E[ϕ1 (Z)]| + |E[ϕ2 (Zn )] − E[ϕ2 (Z)]|,
where the first term must converge by our previous argument. Then we only need to work
on the second term that satisfies:
|E[ϕ2 (Zn )] − E[ϕ2 (Z)]| ≤

B
(E[|Zn |] + E[|Z|]).
K

Note that L := E[|Zn |]+E[|Z|] < ∞. Then we have lim supn→∞ |E[ϕ(Zn )]−E[ϕ(Z)]| ≤
Since K can be arbitrarily large, we obtain the convergence (2.73).

BL
.
K

Lemma 2.6.7. For any ϕ ∈ C ∗ (R), the function δ : R+ → R+ , defined as
δ(a) := sup |ϕ,, (x) − ϕ,, (y)|,
|x−y|≤a

must be a bounded and increasing one. It also satisfies lima↓0 δ(a) = 0.
Proofs of Lemma 2.6.7. The boundedness can be directly derive from the boundedness of
ϕ,, . The limiting property comes from the uniform continuity. For the monotone property,
for any 0 < a ≤ b, since {(x, y) : |x − y| ≤ a} ⊂ {(x, y) : |x − y| ≤ b}, we must have
δ(a) ≤ δ(b).

Proof of Theorem 2.2.12. We adapt the the idea of the Linderberg method in a “leaveone-out” manner to the sublinear context. One of the reason that we are able to do such
adaptation is the symmetry in semi-G-independence: Xi is semi-G-independent from
{Xj , j 9= i}.

Since Xi ∈ Hs with i = 1, 2, . . . , n, let Xi := Vi ηi (where Vi is maximal and ηi is

classical). The sequence {Xi }ni=1 has the semi-G-independence which implies
(V1 , . . . , Vn ) !!" (η1 , . . . , ηn ).
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Then we consider a sequence of classically i.i.d. {"i }ni=1 satisfying "1 ∼ N (0, 1) and
(V1 , . . . , Vn ) !!" (η1 , . . . , ηn ) !!" ("1 , . . . , "n ).

For each n, consider a triangle array,
Xi
ei,n = √ ,
n
and
Sn := e1,n + · · · + en,n .

√
For this n, consider another triangle array {Wi,n }ni=1 := {(Vi "i )/ n}ni=1 which are semiG-version i.i.d. following semi-G-normal and satisfy
d
d W
Wi,n = W1,n = √ .
n

Note that here we use the same Vi sequence in Wi . This setup is important for our proof
to overcome the difficulty brought by the sublinear property of E (it also gives some
insight about the role of σ 2 in the classical central limit theorem compared with V 2 in
sublinear context). Let
Wn := W1,n + · · · + Wn,n ,

then we must have Wn ∼ N̂ (0, [σ 2 , σ 2 ]) (by the stability of semi-G-normal as shown in
Proposition 2.1.18);
Our goal is to show for any ϕ ∈ C ∗ (R) (recall Lemma 2.6.6), as n → ∞,
|E[ϕ(Sn )] − E[ϕ(W )]| = |E[ϕ(Sn )] − E[ϕ(Wn )]| → 0.

(2.74)

Consider the following summations:

Mi,n =

i
+

ej,n +

j=1

and
Ui,n =

i−1
+

n
+

Wj,n

(2.75)

Wj,n

(2.76)

j=i+1

ej,n +

j=1

n
+

j=i+1

with the common convention that an empty sum is defined as zero. Note that M0,n = Wn
and Mn,n = Sn , then we can transform the difference in (2.74) to the telescoping sum
E[ϕ(Sn )] − E[ϕ(Wn )] ≤ E[ϕ(Sn ) − ϕ(Wn )]
=E
≤

n
,+
i=1

n
+
i=1

(ϕ(Mi,n ) − ϕ(Mi−1,n ))

E[ϕ(Mi,n ) − ϕ(Mi−1,n )].

(2.77)
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and
E[ϕ(Wn )] − E[ϕ(Sn )] ≤

n
+
j=1

E[ϕ(Mn−j,n ) − ϕ(Mn−j+1,n )].

(2.78)

Then we only need to work on the summand E[ϕ(Mi,n ) − ϕ(Mi−1,n )]. By a Taylor expansion,

ϕ(Mi,n ) − ϕ(Mi−1,n ) = ϕ(Ui,n + ei,n ) − ϕ(Ui,n + Wi,n )
= (ei,n − Wi,n )ϕ, (Ui,n )

1
1 2 ,,
+ [ e2i,n ϕ,, (Ui,n + αei,n ) − Wi,n
ϕ (Ui,n + βWi,n )],
2
2
=: (a) + (b)
for some α, β ∈ [0, 1].

For the first term (a), its sublinear expectation must exist because the growth of ϕ,
is at most linear due to the boundedness of ϕ,, . Note that Ui,n is the inner product of
Vu = (V1 , . . . , Vi−1 , Vi+1 , . . . , Vn ),
and
ξu = (η1 , . . . , ηi−1 , "i+1 , . . . , "n ),
with the independence Vu !!" ξu , so we have ei,n − Wi,n (= n−1/2 Vi (ηi − "i )) and Ui,n are
semi-G-independent. Then we can compute

E[(ei,n − Wi,n )ϕ, (Ui,n )] = max E[n−1/2 vi (ηi − "i )ϕ, (vuT ξu )]
(vi ,vu )

= max n−1/2 vi E[ηi − "i ] E[ϕ, (vuT ξu )] = 0,
(vi ,vu )
@ AB C
=0

where the second equality is due to the classical independence. Similarly, we have the
expression −E[−(ei,n − Wi,n )ϕ, (Ui,n )] = 0. Hence, (a) has certain mean zero. Then we
have
E[ϕ(Mi,n ) − ϕ(Mi−1,n )] = E[(b)].
For the second term (b), note that
2 × (b)
2
2
=e2i,n [ϕ,, (Ui,n + αei,n ) − ϕ,, (Ui,n )] − Wi,n
[ϕ,, (Ui,n + βWi,n ) − ϕ,, (Ui,n )] + (e2i,n − Wi,n
)ϕ,, (Ui,n )

=:(b)1 − (b)2 + (b)3 .
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For (b)1 , since |αei,n | ≤ |ei,n |, by recalling the property of δ(·) (Lemma 2.6.7), we have
E[|(b)1 |] ≤ E[e2i,n δ(|ei,n |)] =
where we use the setup ei,n =

Xi
√
n

1
E[X12 δ(n−1/2 |X1 |)],
n

d

and Xi = X1 . Similarly, we have

2
E[|(b)2 |] ≤ E[Wi,n
δ(|Wi,n |)] =
d

where we use the setup Wi,n =

W
√
.
n

1
E[W 2 δ(n−1/2 |W |)],
n

For (b)3 , since (ei,n , Wi,n ) and Ui,n are semi-G-

independent, (noting that ei,n and Wi,n depend on the same Vi ,) we have
E[(b)3 ] = max E[n−1 vi2 (ηi2 − "2i )ϕ,, (vuT ξu )]
(vi ,vu )

(classical indep.) = max n−1 vi2 E[ηi2 − "2i ] E[ϕ,, (vuT ξu )] = 0,
(vi ,vu )
@ AB C
=0

where we use the fact that E[ηi2 ] = E["2i ] = 1. Similarly we have −E[−(b)3 ] = 0 so (b)3
has certain mean zero. Therefore, we have

1
E[ϕ(Mi,n ) − ϕ(Mi−1,n )] = E[(b)1 − (b)2 ]
2
1
≤ (E[|b|1 ] + E[|b|2 ])
2
1
=
(E[X12 δ(n−1/2 |X1 |)] + E[W 2 δ(n−1/2 |W |)]).
2n
Meanwhile, if we reverse the role of ϕ(Mi,n ) and ϕ(Mi−1,n ) and let i = n − j + 1 with
j = 1, 2, . . . , n, we get

E[ϕ(Mn−j,n ) − ϕ(Mn−j+1,n )] = E[ϕ(Mi−1,n ) − ϕ(Mi,n )]

1
= E[(b)2 − (b)1 ]
2
1
≤ (E[|b|2 ] + E[|b|1 ])
2
1
=
(E[X12 δ(n−1/2 |X1 |)] + E[W 2 δ(n−1/2 |W |)]).
2n
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Hence, by (2.77) and (2.78), we have
|E[ϕ(Sn )] − E[ϕ(W )]| = |E[ϕ(Sn )] − E[ϕ(Wn )]|
= max{E[ϕ(Sn )] − E[ϕ(Wn )], E[ϕ(Wn )] − E[ϕ(Sn )]}
n
n
+
+
≤ max{
E[ϕ(Mi,n ) − ϕ(Mi−1,n )],
E[ϕ(Mn−j,n ) − ϕ(Mn−j+1,n )].}
i=1

j=1

n
+
1
≤
(E[X12 δ(n−1/2 |X1 |)] + E[W 2 δ(n−1/2 |W |)])
2n
i=1

1
= (E[X12 δ(n−1/2 |X1 |)] + E[W 2 δ(n−1/2 |W |)]).
2

Note that for any v1 ∈ [σ, σ], |v1 η1 | ≤ σ|η|1 , we have
E[X12 δ(n−1/2 |X1 |)] = max E[v12 η12 δ(n−1/2 |v1 η1 |)]
v1 ∈[σ,σ]

≤ max v12 E[η12 δ(n−1/2 σ|η1 |)]
v1 ∈[σ,σ]

= σ 2 E[η12 δ(n−1/2 σ|η1 |)],
where the relation “≤” comes from the monotonicity of δ. By Lemma 2.6.7, we have
δ(a) ≤ 2M for all a ∈ R+ so η12 δ(n−1/2 σ|η1 |) ≤ 2M η12 . Meanwhile, we have η12 δ(n−1/2 σ|η1 |)
converges to zero (classically) almost surely as n → ∞, then by classical dominance
convergence theorem, we have E[η12 δ(n−1/2 σ|η1 |)] → 0 implying E[X12 δ(n−1/2 |X1 |)] → 0.
Similarly, we can show E[W 2 δ(n−1/2 |W |)] → 0. Finally, we have
|E[ϕ(Sn )] − E[ϕ(W )]| → 0,
or

1 +
lim E[ϕ( √
Xi )] = E[ϕ(W )].
n→∞
n i=1
n

Chapter 3
The Hybrid Role of the
Semi-G-structure
In this chapter, we first show the hybrid role of the semi-G-structure (from Section 3.1 to
Section 3.5), connecting the theory and intuition between the classical framework and the
G-expectation framework, by answering the four questions mentioned in the introduction
(Section 1.3). In particular, Section 3.2 explains the idea of simulation study associated
with the semi-G-structure which also makes preparation for Chapter 4. At the last stage,
we provide several specific directions of extensions and future development of the semiG-structure (Section 3.6).

3.1

Connecting the expectations of classical normal
with G-normal

In principle, it is feasible to understand the expectation of G-normal distribution through
the structure of G-heat equation. Nonetheless, as a generalization of the normal distribution, it will be better if we can understand the G-normal distribution in a more
distributional sense. Is it possible to understand the G-normal distribution from our old
friend, the classical normal? It is indeed a natural concern or question but this is essentially not straightforward. Even for people who have partially learned the theory of
the G-expectation framework, there usually exist several common thinking gaps between
classical normal and G-normal distribution.
For instance, as mentioned in Remark 2.1.7.2, for ϕ ∈ Cl.Lip (R),
G
E[ϕ(N (0, [σ 2 , σ 2 ]))] ≥ sup E[ϕ N (0, σ 2 ))],

(3.1)

σ∈[σ,σ]

which indicates that the uncertainty set of G-normal distribution is larger than a class
of classical normal distributions with σ ∈ [σ, σ]. Especially, Hu (2012a) shows the strict
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G
H3
inequality that when ϕ(x) = x3 , we have E[ N (0, [σ 2 , σ 2 ]) ] > 0. (It stays positive for
d

any odd moments.) Let W G = N (0, [σ 2 , σ 2 ]). By checking the G-function defined in
Proposition 1.6.21, we have

d

W G = −W G ,

(3.2)

which indicates that the G-normal distribution should have some “symmetry”. However,
exactly due to this identity in distribution shown in (3.2), we should have W G and −W G

share the same (sublinear) third moment: E[−(W G )3 ] = E[(−W G )3 )] = E[(W G )3 ] > 0,
which directly implies,
G
H3
G
H3
G
H3
E[ N (0, [σ 2 , σ 2 ]) ] > 0 = E[ N (0, σ 2 ) ] > −E[− N (0, [σ 2 , σ 2 ]) ].

It tells us that the degree of symmetry or skewness of G-normal distribution is uncertain,
which somehow looks like a “contradiction” with (3.2) and seems quite counter-intuitive
for a “normal” distribution.
Based on the above-mentioned statements showing how different the G-normal and
classical normal are, our motivation comes from the following opposite aspect: is this
G
possible for us to connect the linear expectation E[ϕ N (0, σ 2 ))] of classical normal distribution with the sublinear expectation E[ϕ(N (0, [σ 2 , σ 2 ]))] of G-normal distribution (or
use the former to approach the latter one)?

This section first gives an affirmative answer to this question by providing an iterative
algorithm given by our previous work (Li and Kulperger (2018)) based on the semi-Gnormal distribution. Then we extend this iterative algorithm into a general computational
procedure to deal with weighted summations in statistical practice.
Theorem 3.1.1 (The Iterative Approximation of the G-normal Distribution). For any
ϕ ∈ Cl.Lip (R) and integer n ≥ 1, consider the series of iteration functions {ϕi,n }ni=1 with
initial function ϕ0,n (x) := ϕ(x) and iterative relation:
ϕi+1,n (x) := max EP [ϕi,n (N (x, σ 2 /n))], i = 0, 1, . . . , n − 1.
σ∈[σ,σ]

(3.3)

The final iteration function for a given n is ϕn,n . As n → ∞, we have ϕn,n (0) →
E[ϕ(W G )], where W G ∼ N (0, [σ 2 , σ 2 ]).

Remark 3.1.1.1. As opposed to (3.1), the relation (3.3) shows that, to correctly understand the sublinear expectation of N (0, [σ 2 , σ 2 ]), we need to start from the linear

expectation of classical normal and go through an iterative maximization of the function
ϕ itself to approach the expectation of N (0, [σ 2 , σ 2 ]). For a fixed n, we actually have
E[ϕ(N (0, [σ 2 , σ 2 ]))] ≈ max EP [ϕn−1,n (N (0, σ 2 /n))].
σ∈[σ,σ]
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Remark 3.1.1.2. From a computational aspect, the normal distribution in (3.3) can
be replaced by other classical distributions with finite moment generating functions because this algorithm is based on the G-version central limit theorem (as indicated in
Proposition 3.1.2). The interval [σ, σ] can be further simplified to a two-point set {σ, σ}

or a three-point set {σ, σ+σ
, σ} for computational convenience. More theoretical details
2

and numerical aspects (as well as PDE sides) of this iterative algorithm can be found
in Li and Kulperger (2018). This iterative algorithm is also related to the idea of the
discrete-time formulation in Dolinsky et al. (2012).
Remark 3.1.1.3. Consider a sequence {Wi }ni=1 of G-version i.i.d. (Definition 1.6.8) semi-

G-normal random variables with W1 ∼ N̂ (0, [σ 2 , σ 2 ]). Each iteration function can also

be expressed as the sublinear expectation of the semi-G-normal distribution (letting
W0 := 0):
i
i
+
+
Wn−j
W
√ )] = E[ϕ(x +
√ j )]
ϕi,n (x) = E[ϕ(x +
n
n
j=0
j=0
for i = 0, 1, . . . , n. Moreover, Li and Kulperger (2018) further showed that the series of
iteration functions is an approximation of the whole solution surface of G-heat equation
on a given time grid. To be specific, consider the G-heat equation defined on [0, ∞) × R:
ut + G(uxx ) = 0, u|t=1 = ϕ,
where G(a) := 12 E[aX 2 ] = 12 (σ 2 a+ − σ 2 a− ) and ϕ ∈ Cl.Lip (R). For each p ∈ (0, 1], we have
.np/
+
W
1
√ i )]| = Cϕ (1+|x|k )O(
|u(1−p, x)−ϕ.np/,n (x)| = |E[ϕ(x+ pX)]−E[ϕ(x+
),
(np)α/2
n
i=0

√

where α ∈ (0, 1) depending on (σ, σ).
The basic idea of the iterative algorithm comes from the following result. In the
following context, without further notice, let {Wi }∞
i=1 denote a sequence of G-version
i.i.d. semi-G-normally distributed random variables with W1 ∼ N̂ (0, [σ 2 , σ 2 ]).

Proposition 3.1.2. (A general connection between semi-G-normal and G-normal) For
any ϕ ∈ Cl.Lip (R), we have
1 +
lim E[ϕ( √
Wi )] = E[ϕ(W G )],
n→∞
n i=1
n

where W G ∼ N (0, [σ 2 , σ 2 ]).
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Remark 3.1.2.1. The iterative algorithm can also be extended to d-dimensional cases
G
by extending the dimensions of {Wi }∞
accordingly. The convergence rate can
i=1 and W

be obtained through the results in Huang and Liang (2019).

Proof. This is direct result of the G-version central limit theorem (Theorem 3.3.4). We
can extend the space of function ϕ to Cl.Lip (R) because the condition in Proposition 1.6.25
!
is satisfied. Let Sn := √1n ni=1 Wi . In fact, for any p ≥ 1, since f (x1 , x2 , . . . , xn ) =
!
| pi=1 xi |p is a convex function, by Corollary 2.1.28.2, with "i ∼ N (0, 1), i = 1, 2, . . . , n,
we have

1 +
E[|Sn | ] = E[| √
σ"i |p ] = σ p E[|"1 |p ].
n i=1
n

p

Meanwhile, E[|W G |p ] = σ p E[|"1 |p ] due to Proposition 1.6.22. Hence, we have, for any
p ∈ N+ ,

sup E[|Sn |p ] + E[|W G |p ] < ∞.
n

Then the iterative algorithm (Theorem 3.1.1) can be treated as a direct evaluation of
!
E[ϕ( √1n ni=1 Wi )]. Interestingly, the uncertainty set of each Wi is strictly smaller than
the G-normal distribution by (3.1) but their normalized sum is able to approach the

G-normal. Then it leads us to another closely related question: how does the uncertainty
!
set of E[ϕ( √1n ni=1 Wi )] exactly aggregate (towards the one of G-normal) as n increases?
How does the G-version independence change the uncertainty set associated with the
expectation of the joint random vector
E[ϕ(W1 , W2 , . . . , Wn )]?
This question has been answered by the representations shown in Theorem 2.1.28 and
Corollary 2.1.28.1.

3.2
3.2.1

The G-EM and G-MC procedures
The G-EM (Expectation-Maximization) procedure

We can extend the idea of iterative algorithm mentioned in Section 3.1 into a procedure that can deal with sublinear expectation under sequential independence in a
broader sense. We call it as a G-EM (Expectation-Maximization) procedure because it
happens to involve expectation and maximization step (but it has no direct relation to
the Expectation-Maximization algorithm in statistical modeling.)
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One of the goals of G-EM procedure is to deal with following object for a any fixed
ϕ ∈ Cl.Lip :

n
+
E[ϕ(/a, W 0)] = E[ϕ(
ai Wi )],

(3.4)

i=1

where Wi ∼ N̂ (0, [σ 2 , σ 2 ]), i = 1, 2, . . . , n are G-independent (the distribution of Wi

could also be generalized to any member in a semi-G-family of distributions which will
be defined in Section 2.2.2) and a ∈ Rn is the weight vector. Without loss of generality, we
! 2
assume the Euclidean norm -a- = 1 (or
ai = 1). These kinds of objects are common

in data practice (in the context of financial modeling, statistics or actuarial science). We
are going to give an example of a simple linear regression problem in Section 3.6.2.
√
The iterative algorithm is a special case of this, with ai = 1/ n, i = 1, 2, . . . , n:
1 +
E[ϕ( √
Wi )],
n i=1
n

which converges to E[ϕ(N (0, [σ 2 , σ 2 ]))] as n → ∞.

However, in practice, using an asymptotic result may not be feasible here for the
following reasons:
1. Note that ai could be in arbitrary form (usually depend on the data or problem
itself). Although we do we have results like the weighted central limit theorem
proved by Zhang and Chen (2014), we may not always a general asysmptotic result
for it.
2. More fundamentally, n could be a small number which still has a gap with the
asymptotic result. In this case, we need to have a non-asymptotic approximation
by involving the convergence rates of the central limiting theorem (like the BerryEssen bound in classical case) which has been studied by Fang et al. (2019); Huang
and Liang (2019); Song (2020); Krylov (2020).
3. If n is small compared with the dimension d of the data, it further requires us to
have a non-asymptotic view of (3.4).
Next we explain the details of the G-EM procedure to deal with (3.4). Again, under
the spirit of iterative approximation, (3.4) can be computed by the following procedure:
with ϕ0,n := ϕ, for i = 0, 1, 2, . . . , n − 1,
ϕi+1,n (x) = E[ϕ(x + an−i Wn−i )] =
Finally we have

max E[ϕi,n (x + an−i σn−i "n−i )].

σn−i ∈[σ,σ]

n
+
E[ϕ(
ai Wi )] = ϕn,n (0).
i=1
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Then we store the optimal choice of σi control process for our later simulation study
(then there is no need to run the iterative algorithm again). Note that the algorithm
provides the optimal σ ∗ process in a backward manner
∗
(σn∗ , σn−1
, . . . , σ1∗ ).

To follow the original order, we need to reverse it and the optimal σ ∗ process is in the
form of
σ1∗ ∈ [σ, σ]
σk∗

=

k−1
+

σk∗ (

ai Wi ), k = 2, . . . , n.

i=1

In this way, we have

n
n
+
+
E[ϕ(/a, W 0)] = E[ϕ(
ai Wi )] = E[ϕ(
ai σi∗ Wi )]
i=1

i=1

and the linear expectation can be approximated by a Monte-Carlo simulation based on
the dynamic of σ ∗ .

3.2.2

The G-MC (Monte Carlo) Procedure

The idea of pseudo simulation in our current context is motivated from the existing maxmean estimation method in this context. It is also called nonlinear Monte Carlo method
in the survey by Peng (2017). We formalize a streamlined procedure to summarize our
existing knowledge, and we call the whole procedure as the G-Monte Carlo Procedure.
Suppose we have a sequence of dataset Xk , k = 1, 2, . . . , N as realization of a Gversion object X. Under the spirit of max-mean estimation (or sometimes also called
the nonlinear Monte Carlo method), for a given function ϕ, we expect the aggregation
behaviour of dataset Xk can be connected with the G-expectation E[ϕ(X)] of X by doing
the following procedure. The sublinear expectation of X has the representation
E[ϕ(X)] = sup Eθ [ϕ(X)],
θ∈Θ

where each linear expectation Eθ is associated with a probability measure Pθ . Let PX
θ

denote the distribution of X under Pθ . The set of distributions associated with X can be
expressed as

AX := {PX
θ : θ ∈ Θ},

3.2. The G-EM and G-MC procedures
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which is also called the (distributional) uncertainty set of X.
First we need to choose an appropriate group size n, then group the dataset into m
groups and each group with size m:


X11 X12 · · · X1n
 X21 X22 · · · X2n 


(Xij )n×m =  ..
..
.. .
 .
.
. 
Xm1 Xm2 · · · Xmn

How to choose the group size is definitely related to the real data situations and we

have discussed our understanding of the group size in Chapter 5.
Let φ := E[ϕ(X)] and φ := −E[−ϕ(X)]. Consider
1+
ϕ(Xij ),
1≤i≤m n
j=1

φ̂ = min
and

n

ˆ = max 1 + ϕ(X ).
φ
ij
1≤i≤m n
j=1
n

Let Y := ϕ(X). Define

,
σ 2 := sup Eθ (Y1 − Eθ [Y1 ])2 .
θ∈Θ

Fang et al. (2019) has shown the convergence rate that, if E[Y12 ] < ∞, we have
E

3, ˆ
-2 4 Cm
3,
-2 4 Cm
(φ − φ)+
≤
and E (φ̂ − φ)−
≤
,
n
n

where C is a constant depending on φ, φ and σ 2 . At this stage, the dataset is expected
to have the properties that, as n → ∞ and m = o(n), the estimators are concentrated in
[φ, φ].

To achieve this goal, one situation is that the points in each group i follow (or approximately follow) a classical distribution PX,i that is a mixture of elements in AX . Then we
have

ÂX,m = {PX,i , i = 1, 2, . . . , m}.

From the perspective of classical probability, intuitively speaking, under suitable ergodicity conditions, we have
1+
a.s.
max
ϕ(Xij ) −−−→ max EPi [ϕ(X)] ≈ E[ϕ(X)]
n→∞ 1≤i≤m
1≤i≤m n
j=1
n

(3.5)
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and

1+
a.s.
min
ϕ(Xij ) −−−→ min EPi [ϕ(X)] ≈ −E[−ϕ(X)].
n→∞ 1≤i≤m
1≤i≤m n
j=1
n

(3.6)

In both expressions above, the first convergence (which can be treated as a classical
almost-sure convergence) requires a fairly large value of group size n to apply the classical
law of large numbers and the second approximation requires the number m of group needs
to be large enough to go through as many scenarios in the uncertainty set as possible.
For instance, suppose we consider a metric space of the probability measures, we intend
to make ÂX,m form a countable dense subset in AX .

In practice, to better make such simulation study feasible, there are several require-

ments.
First it essentially requires the uncertainty set to be finite dimensional. Hence, this
procedure is more suitable for the semi-G-structure and the maximal distribution (which
can be represented by the family of classical Dirac distributions with mass points in an
interval). The G-normal distribution is not in this picture because its uncertainty set is
infinite dimensional: we cannot find a fixed design of ÂX,m that can directly approximate
E[ϕ(X)] for arbitrary ϕ. Fortunately, for semi-G-normal distributed random variables,
this kind of connection has a straightforward way to achieve. For instance, in order to

perform a pseudo simulation of X ∼ N̂ (0, [σ 2 , σ 2 ]), we can simulate (Xij ) in the following
sense: Xij ∼ N (0, σi2 ), j = 1, 2, . . . , n and (σi )m
i=1 ⊂ [σ, σ] is simulated by any rules which
can sufficiently go through this interval: for instance, randomizing an evenly spaced grid

or uniform distribution. Note that simulation in a blocking way is required. How to switch
σi is a piece of information that is unknown to data analysts but it has little effect on
the feasibility of max-mean estimation, because the maximization (or minimization) in
(3.5) and (3.6) does not rely much on the order of Pi (or σi ) but only the range of them.
Second, how to understand and choose group size n (which also determines m if
considering non-overlapping groups), as a hyper-parameter in the max-mean method, is
an another important question. We will further explore this point in Chapter 5.
The discussion of the G-EM and G-MC procedure can be summarized as follow:
1. The G-EM procedure works for a fixed transformation ϕ to give an stochastic
approximation of E[ϕ(X)] (because the switching dynamic in the approximation
depends on the choice of ϕ.) Meanwhile, the distributional uncertainty set AX of X
is allowed to be infinite dimensional (such as the one associated with the G-normal).
2. The G-MC procedure works for all applicable transformation ϕ but it requires the
uncertainty set AX of X can be written in a finitely dimensional form, because

the idea of this procedure is to use a countable dense subset to approximate AX .

3.3. How to connect univariate and multivariate objects
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The procedure works for the semi-G-version distributions (such as semi-G-normal)
under semi-G-independence.
3. These two procedures are interrelated and can be combined together. For instance,
we may consider a small family of ϕ such as that the uncertainty set can be expressed in a finitely dimensional form where each element in this set is obtained
via the G-EM procedure. Then we can perform a G-MC procedure to give an illustration and approximation to the sublinear expectation E[ϕ(X)]. This idea is

theoretically illustrated in Proposition 3.4.2 and numerically elaborated in Chapter 4.

3.3

How to connect univariate and multivariate objects

There are two basic properties for classical normal distribution, which brings convenience
in the study of multivariate statistics. First, in (Ω, F, P) for any two independent X1 and
X2 both following N (0, 1), we must have (X1 , X2 ) form a bivariate normal. (This result

still holds even if they are not independent but linearly correlated.) Second, a Rd -valued
random vector X follows multivariate normal if and only if the inner product /a, X0
is normal for any a ∈ Rd . However, these two properties no longer hold for G-normal

distributions. Readers can find the following established result in the book by Peng
(2019b) (Exercise 2.5.1).
d

d

Proposition 3.3.1. Suppose X1 !!" X2 and X1 = X2 = N (0, [σ 2 , σ 2 ]) with σ < σ, for
X := (X1 , X2 ), we have
1. /a, X0 is G-normal distributed for any a ∈ R2 .

2. X does not follow a bivariate G-normal distribution.
Proposition 3.3.1 shows we cannot construct bivariate G-normal distribution directly
from two independent univariate G-normal distributed random variables. It stays unfeasible even considering any invertible linear transformations of the random vector (X1 , X2 )
as shown by Bayraktar and Munk (2015), which study more details about these strange
properties of G-normal in multidimensional case.
To further explain the obstacle here, let us first recall that, in Section 3.1, we have
shown how to start from the linear expectation E[ϕ(N (0, σ 2 ))] of classical normal to
correctly understand (also compute) the sublinear expectation E[ϕ(N (0, [σ 2 , σ 2 ]))] of G-

normal. Suppose our next goal here is to help general audience further understand (or
compute) the sublinear expectation E[ϕ(N (0, C))] of a multivariate G-normal distribution
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with covariance uncertainty characterized by C such as C := {diag(σ12 , σ22 ), σi ∈ [σ, σ], i =
1, 2} from (X1 , X2 ) with Xi ∼ N (0, [σ 2 , σ 2 ]), i = 1, 2 and X1 !!" X2 . However, as

shown in Proposition 3.3.1, it is difficult to achieve this goal from this path because
X = (X1 , X2 ) is not G-normal distributed, and neither is AX T for any invertible 2 × 2
matrix A.

It turns out the connection between univariate and multivariate object is essentially
nontrivial. The contribution of this section is to show that this connection can be revealed
by introducing an intermediate substructure, called the semi-G-normal imposed with
semi-sequential independence. Typically, Theorem 3.3.2 shows that a joint vector of semisequentially independent univariate semi-G-normal follows a multivariate semi-G-normal
(with a diagonal covariance matrix).
Theorem 3.3.2. For a sequence of semi-G-normal distributed random variables {Wi }ni=1 ,
satisfying Wi ∼ N̂ (0, [σ i2 , σ 2i ]) for i = 1, 2, . . . , n, and
S

S

S

W1 !!" W2 !!" . . . !!" Wn ,
we have
(W1 , W2 , . . . , Wn )T ∼ N̂ (0, C),
where C ⊂ S+
d is the uncertainty set of covariance matrices defined as





2


σ
1




2
2
2
.
..
C := Σ = 
:
σ
∈
[σ
,
σ
],
i
=
1,
2,
.
.
.
,
n
.
 i
i
i




2
σn

Proof. It is a direct result of Theorem 2.1.27 (the non-identical variance interval here is
inessential to the proof).
Next Proposition 3.3.3 shows we can do linear transformation on W to get a multivariate semi-G-normal with a non-diagonal covariance matrix.
Proposition 3.3.3 (Multivariate semi-G-normal under linear transformation). Let Wn×1 ∼
N̂ (0, C). For any constant matrix A ∈ Rr×n with r ≤ n, we have
AW ∼ N̂ (0, ACAT ),
where

3
4
ACAT := AΣAT : Σ ∈ C ⊂ Rr×r .

3.3. How to connect univariate and multivariate objects
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Proof. First of all, note that Ar×n Wn×1 = Ar×n Vn×n "n×1 with V ∼ M(V). For any
H ∈ Cl.Lip (Rr×n ), we have

E[H(AV)] = max EP [H(AΣ1/2 )] = max EP [H(B)],
B∈AV

Σ1/2 ∈V

so AV ∼ M(AV), which can be treated as the scaling property for the n × n-dimensional
maximal distribution. It follows from V !!" " that AV !!" ". Therefore,
d

AW = M(AV)N (0, I2n ) ∼ N̂ (0, C , ),
where
3
4
#
C := BBT : B ∈ AV
3
4
= (AΣ1/2 )(AΣ1/2 )T : Σ1/2 ∈ V
3
4
= AΣAT : Σ ∈ C .

In other words, AW ∼ N̂ (0, ACAT ).

Then we can use a sequence of W ∼ N̂ (0, C) to approach the multivariate G-normal
N (0, C) by nonlinear CLT.
Theorem 3.3.4. Consider a sequence of G-version i.i.d. {Wi }∞
i=1 with W1 ∼ N̂ (0, C).
Let W G be a G-normal distributed random vector following N (0, C). Then we have, for
any ϕ ∈ Cl.Lip ,

It means that

1 +
lim E[ϕ( √
Wi )] = E[ϕ(W G )].
n→∞
n i=1
n

1 +
d
√
Wi −→ N (0, C).
n i=1
n

Proof. This is a multivariate version of Proposition 3.1.2. We only need to validate the
conditions. First of all, the sequence {Wi }∞
i=1 definitely has certain zero mean. Then, noG
tice that the distribution of W is characterized by the function G(A) = 12 supΣ∈C tr[AΣ],

where tr[·] means the trace of the matrix. We only need to prove that G(A) = 12 E[/AW1 , W1 0]
for any A ∈ Sd . By the representation of semi-G-normal distribution, letting " ∼ N (0, Σ),
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we have
E[/AW1 , W1 0] = sup EP [/A", "0] = sup EP [(A")T "]
Σ∈C

Σ∈C

= sup EP ["T A"] = sup EP [tr["T A"]]
Σ∈C

Σ∈C

= sup EP [tr[A""T ]] = sup tr[EP [A""T ]]
Σ∈C

Σ∈C

= sup tr[AEP [""T ]] = sup tr[AΣ].
Σ∈C

Σ∈C

The argument on how to extend the choice of ϕ to Cl.Lip is is similar to the proof in
Proposition 3.1.2.
Then it creates a path from univariate classical normal to a multivariate G-normal.
Figure 3.1 shows the relations among linear, semi-G- and G-normal distributions. We
can start from the univariate objects (semi-G-normal distribution), and construct its
multivariate version under semi-sequential independence, then approach the multivariate
G-normal distribution, which gives us a feasible way to start from univariate objects to
approximately approach the multivariate distribution.

Figure 3.1: The relations among classical, semi-G-, and G-normal in univariate and multivariate cases

3.4

Statistical interpretation of asymmetry in sequential independence

In this section, we expand Example 1.6.7 (which is used to illustrate the asymmetry of
independence in this framework) by studying its representation result to provide a more
specific, statistical interpretation of this asymmetry. More interestingly, we show that,

3.4. Interpretation of asymmetry in sequential independence
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for two semi-G-normally distributed random objects, each of them has certain zero third
moment (because its distributional uncertainty can be written as a family of classical
normal with different variances). This property is preserved for the summation of them
under semi-sequential independence. However, after we impose sequential independence
onto them, their summation will exhibit third-moment uncertainty. This phenomenon is
closely related to the third moment uncertainty of the G-normal (as shown in Section 3.1)
by applying the G-version central limit theorem (Theorem 1.6.24).
Next we expand Example 1.6.7 by considering X and Y as two semi-G-normal distributed random variables.
Example 3.4.1 (Third moment uncertainty comes from asymmetry of independence).
d
d
Suppose V1 = V2 ∼ M[σ, σ], and "1 = "2 ∼ N (0, [1, 1]) (which is exactly the classical
N (0, 1)) imposed with sequential independence

Vi !!" "i , i = 1, 2.
d

Let Wi = Vi "i , i = 1, 2, which turn out to be two identically distributed semi-G-normal
d
d
random variables W1 = W2 = N̂ (0, [σ 2 , σ 2 ]). Note that (W1 , W2 ) is a special case of
(X, Y ) in Example 1.6.7. We are going to show that, under different types of independence

for Wi ’s or different structures of sequential independence for Vi ’s and "i ’s, we will have
different uncertainty for W1 W22 and (W1 +W2 )3 whose extreme scenarios can be described
by their sublinear expectations.
S

When W1 !!" W2 or
d

since W1 + W2 =

√

(3.7)

V1 !!" V2 !!" "1 !!" "2 ,
2W1 , then we have

√
E[(W1 + W2 )3 ] = max EP [( 2v")3 ] = 0 = −E[−(W1 + W2 )3 ].
v∈[σ,σ]

(3.8)

It shows that under semi-sequential independence, W1 + W2 does not have third-moment
uncertainty. Meanwhile, since (W1 , W2 ) follows bivariate semi-G-normal, we also have
E[W1 W22 ] =

max

(v1 ,v2 )∈[σ,σ]2

EP [(v1 v22 )"1 "22 ] = 0.

Since we have shown that semi-sequential independence is symmetric (Proposition 2.1.25),
S

it means that things do not change when we consider W2 !!" W2 or V2 !!" V1 !!" "2 !!"
"1 .
However, if we only switch the order of independence between V2 and "1 in (3.7) to
get
V1 !!" "1 !!" V2 !!" "2 ,
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F

d

which means W1 !!" W2 , implying W1 !!" W2 . Note that −Wi = Wi , i = 1, 2 and
F

−W1 !!" −W2 , so we still have

d

−(W1 + W2 ) = (−W1 ) + (−W2 ) = W1 + W2 .
It indicates some “symmetry” in its (G-version) distribution. Although its second moment
is uncertain, we still expect it to have some kind of “zero skewness” which indicates at
least “zero third moment”. However, it turns out this is not the case:
σ
E[(W1 + W2 )3 ] = 3E[W1 W22 ] = 3(σ 2 − σ 2 ) √ > 0 > −E[−(W1 + W2 )3 ],
2π

(3.9)

where we apply Proposition 1.6.15 based on the facts that both W1 and W2 have certain
zero third moment as well as the results from Example 1.6.7:
E[W1 W22 ] > 0 while E[W12 W2 ] = 0.
How can we understand the asymmetry of independence in Example 3.4.1 from the
representations of the sublinear expectations? This question is answered by the following
Proposition 3.4.2, which can be treated as a special case of Theorem 2.1.28.
Let Cs.poly denote a basic family of bivariate polynomials:
Cs.poly := {ϕ : ϕ(x1 , x2 ) = (ax1 + bx2 )n , or cxp1 xq2 , with p, q, n ∈ N, a, b, c ∈ R}.
Proposition 3.4.2. (The joint distribution of two semi-G-normal random variables under various independence: for a small family of ϕ’s) Consider Wi ∼ N̂ (0, [σ 2 , σ 2 ]), i =
1, 2 and any ϕ ∈ Cs.poly ,
S

• When W1 !!" W2 , we have

E[ϕ(W1 , W2 )] = max
EP [ϕ(σ1 "1 , σ2 "2 )],
0
σ∈S2 [σ,σ]

where
3
4
S20 [σ, σ] := σ = (σ1 , σ2 ) : (σ1 , σ2 ) ∈ {σ, σ}2 .
F

• When W1 !!" W2 or W1 !!" W2 , we have

E[ϕ(W1 , W2 )] = max
EP [ϕ(σ1 "1 , σ2 "2 )],
0
σ∈L2 [σ,σ]

where
3
L02 [σ, σ] := σ = (σ1 , σ2 (σ1 "1 )) : σ1 ∈ {σ, σ},

σ2 (x) = 1{x>0} (σ22 − σ21 ) + σ21 ,
4
(σ21 , σ22 ) ∈ {σ, σ}2 .

3.4. Interpretation of asymmetry in sequential independence
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Remark 3.4.2.1. Proposition 3.4.2 provides us with the following intuitions:
1. We can directly see the difference between sequential and semi-sequential indepenS
dence: under this basic setup, if W1 !!" W2 , we can use the upper envelope of a
four-element set to represent (or compute) E[ϕ(W1 , W2 )], while an eight-element set
is required when W1 !!" W2 . Meanwhile, note that S20 [σ, σ] ⊂ L02 [σ, σ]: it indicates

that sequential independence can cover a larger family of models compared with
the semi-sequential one. This statement is confirmed in general by Theorem 2.1.28.
2. It reveals another a more intuitive insight on why E[(W1 + W2 )3 ] > 0 under sequential independence: the set difference L02 [σ, σ] \ S20 [σ, σ] contains those elements
where σ2 actually depends on the previous σ1 "1 (or simply the sign of "1 ). Although this kind of dependence does not create a shift in the mean part of W1 + W2
(which is still zero), it will have strong effects on the skewness of the distribution
of W1 + W2 . This phenomenon is related to the so-called leverage effect in the
context of financial time series analysis. In Chapter 4, we will use a dual-volatility
regime-switching data example to give a statistical illustration of this phenomenon
and show the necessity of discussing L02 [σ, σ].

3. We can get one specific interpretation of asymmetry in the sequential independence
from the format of L02 [σ, σ] - the role of σ1 and σ2 are not symmetric: when W1 !!"

W2 , this sequential order means that W1 is realized first and the volatility part
σ2 ∈ [σ, σ] of W2 may or may not depend on the value of W1 so as to make

the distributional uncertainty in W2 unchanged. In short, when we aggregate the
uncertainty set from time 1 to 2, due to the sequential order of the data, we can only
have σ2 is affected by a function of (σ1 , "1 ) but we almost never have σ1 is influenced
by a function of (σ2 , "2 ) (due to the restriction from the order of time). As opposed
to this asymmetry, the semi-sequential independence is symmetric indicated by the
form of S20 [σ, σ]: the role of σ1 and σ2 are symmetric so we must have the same
S

results for E[W1 W22 ] and E[W12 W2 ] under W1 !!" W2 .

4. More importantly, it also offers guidance on the possible simulation study in this
framework. When one intends to generate a data sequence that can go through
the scenarios covered by a sequential independent random variables, a more cautious attitude and in-depth thought are required: different blocks of samples with
separate σi ∈ [σ, σ] may only go through S20 [σ, σ] which can be at most treated

as semi-sequential independence rather than sequential independence. In order to
touch the latter one, one needs to generate those scenarios that allow possible
classical dependence between σi and previous (σk , "k ) with k < i. By borrowing the
language the hidden Markov model, if we treat σi as states and σi "i as observations,
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uncertainty in the dependence between current states with previous observations
(this kind of dependence is also called feedback) needs to be considered in order
to sufficiently discuss the uncertainty set covered by the sequential independence.
Otherwise, it is likely to be at most semi-sequential independence. We will further
discuss this point in Section 3.5 and further in Chapter 4.

Example 3.4.3 (The direction of independence comes from finer structure). This example can also be treated as a summary of Section 2.1.5. In the G-framework, a symmetric
(or mutual) independence between two non-constant random variables only arises if they
belong to either of the following two categories: classical distribution or maximal distribution (Hu and Li (2014)). One interesting question is: how about the independence for
combinations (such as products) of them? Logically speaking, if the combination does
not fall into the two cases, they must have asymmetric independence, but where does
d

d

this “asymmetry” come from? To be specific, suppose we have V = V̄ = M[σ, σ] and
d

d

" = "¯ = N (0, [1, 1]). Meanwhile, assume independence V !!" V̄ and " !!" "¯. By Proposition 1.6.27, we also have V̄ !!" V and "¯ !!" ". However, we do not have W = V " and

W̄ = V̄ "¯ are mutually independent by Theorem 1.6.26, because W and W̄ are neither
classically nor maximally distributed. To further explain the interesting phenomenon
here, we have V and V̄ are mutually independent, so are " and "¯. It seems that the role
of “V versus V̄ ” and “" versus "¯” should all be “symmetric” and they do not appear
any “direction” yet. Nonetheless, when we consider the product W and W̄ , if they are
independent, we must have the direction that either W !!" W̄ or W̄ !!" W , but there

seems no middle stage where W and W̄ have some degree of independence where their
roles in this relation are symmetric. One question we may ask is, does there exist such
kind of middle stage?
In this example, we give an affirmative answer to this question. It turns out the
current conditions of independence are not enough, the relation depends on the structure
of independence among the four objects V, V̄ , " and "¯.
To be compatible with the assumed independence V !!" V̄ and " !!" "¯, suppose we

have additional sequential independence among the four objects. There are essentially
four cases:
S

1. If V !!" V̄ !!" " !!" "¯, we have W !!" W̄ .
S

2. If V̄ !!" V !!" "¯ !!" ", we have W̄ !!" W .

3. If V !!" " !!" V̄ !!" "¯, we have W !!" W̄ .
4. If V̄ !!" "¯ !!" V !!" ", we have W̄ !!" W .

Note that Cases 1 and 2 are equivalent (by Proposition 2.1.25). The semi-sequential

independence between W and W̄ is symmetric. From Proposition 1.6.27, the first two

3.5. What kinds of sequences are not G-normal?
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cases are also equivalent to
V̄ !!" V !!" " !!" "¯
or
V !!" V̄ !!" "¯ !!" ".
However, Cases 3 and 4 (sequential independence) are not equivalent (by Example 1.6.7).
Example 3.4.4 (The sequential independence is not an “order” with transitivity). Although sequential independence has its “order”, it is not really an order relation with
transitivity. In other words, for three random variables X, Y, Z ∈ H, the sequential independence X !!" Y and Y !!" Z do not necessarily imply X !!" Z. A trivial example

is when we consider Zi , i = 1, 2 both follow maximal distribution, if we have Z1 !!" Z2 ,
then we have Z2 !!" Z1 (by Proposition 2.1.6), but we never have Z1 !!" Z1 . A non-

trivial example (with three distinct random variables) comes from the fully-sequential
independence structure (2.24). For two semi-G-normal objects W = V " and W̄ = V̄ "¯,
F

W !!" W̄ means

V !!" " !!" V̄ !!" "¯.

By Lemma 1.6.9, we have V !!" V̄ and " !!" "¯. Then we further have the other direction

of independence also holds V̄ !!" V and "¯ !!" " (by Proposition 1.6.27). Then we have
the following counter-example:

"¯ !!" " and " !!" V̄ but "¯ !!" V̄ does not hold,
because we already have V̄ !!" "¯ but the pair (V̄ , "¯) cannot have mutual independence
by Theorem 1.6.26. Similarly, we have another example

V̄ !!" V and V !!" " but V̄ !!" " does not hold.

3.5

What kinds of sequences are not G-normal?

For examples:
1. Generate Yi ∼ N (0, σi2 ) with σi ∼ Unif[σ, σ], i = 1, 2, . . . , n. This is essentially

a sample from independent normal mixture (with scaling parameter following a
uniform distribution). Note that this essence is not affected by the distribution of
σ (as long as σ follows a fixed distribution). The whole data sequence Yi does not
have any distributional uncertainty (in the sense that we can check both in theory
and numerical sense that the distribution of Y is a convolution of two layers of
distributions under a hierarchical design).
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2. First generate σi ∼ Unif[σ, σ], i = 1, 2 . . . , n, then generate Yij ∼ N (0, σi2 ) with

j = 1, 2, . . . , m. By introducing this blocking design, even though we pretend to
treat the switching rule of σi as unknown here (although it may not be so hard for
data analyst to observe this pattern), if we look at the uncertainty set considered
in this generation scheme: {N (0, σ 2 ): σ ∈ [σ, σ]}, it is actually at most a pseudo
simulation of semi-G-normal distribution. One typical feature of this sample is that
it does not have skewness-uncertainty: it has a certain zero skewness.

3. Consider equal-spaced grid
σ = σ1 < σ2 < . . . < σm = σ.
For each σi with i = 1, 2, . . . , m, generate Yij ∼ N (0, σi2 ), j = 1, 2, . . . , n. Then
treat

1+
max
ϕ(Yij )
1≤i≤m n
j=1
n

(3.10)

as an approximation of E[ϕ(N (0, [σ 2 , σ 2 ])]. This kind of schemes has been used in

some of the literature (such as Deng et al. (2019); Fei and Fei (2019)). We may
cautiously step back and ask ourselves: is this a valid approximation? Not really,
it is actually an approximation of E[ϕ(N̂ (0, [σ 2 , σ 2 ])]:
1+
n→∞
m→∞
ϕ(Yij ) → max E[ϕ(σi ")] → max E[ϕ(σ")],
1≤i≤m n
1≤i≤m
σ∈[σ,σ]
j=1
max

n

where the first convergence can be treated as a classical almost sure convergence
and the second one is a deterministic one due to the design of {σi }m
i=1 . This fact

does not change even using some overlapping groups because each group can be
at most treated as a sample from a normal mixture. Again, the problem of the
above-mentioned scheme is that it could be misleading for general audience. It is
actually going through the uncertainty set of N̂ (0, [σ 2 , σ 2 ]) in a semi-sequential
independence rather than in sequential independence. For general ϕ, only in the

later case, the normalized sum will be closer to the G-normal distribution. However, this issue can be fixed by an extra step: if the function ϕ considered in the
question can be proved to be a convex or concave one, then in this practical sense,
by Corollary 2.1.28.2, the semi-sequential independence and sequential independence can be treated as the same. In fact, the requirement on ϕ can be further
weaken to the condition that it is convex or concave with respect to each argument
separately (Theorem 2.1.31). For general fixed ϕ, we usually need to consider the
G-EM procedure to do the approximation as discussed in Section 3.1, which is also

135

3.6. Future development and extensions

closely related to Section 4 in Fang et al. (2019). Alternatively, we may consider a
small family of ϕ’s so that we have a finite dimensional set of distributions to go
through (such as the one in Proposition 3.4.2). In this way, we can get a feasible
approximation based on the idea of max-mean estimation by Jin and Peng (2016)
similar to the form (3.10).
The idea of this section will be further illustrated in Chapter 4.

3.6

Future development and extensions

In section, we present several specific directions of extensions and future development
of the semi-G-structure that are under ongoing research. They will be further expanded
after my Ph.D. research.

3.6.1

Fine structures of independence and the associated family
of state-space volatility models

In Example 3.4.3, we have mainly discussed the independence between two semi-Gdistributed objects. Here we consider three of them as a starting point to discuss much
finer structure of independence.
d

Consider Wi = Vi "i = N̂ (0, [σ 2 , σ 2 ]), i = 1, 2, 3. The independence structure among

them is essentially related to the G-version independence among Vi and "i , i = 1, 2, 3.
For instance,
(a) V1 !!" V2 !!" V3 !!" "1 !!" "2 !!" "3 ,
(b) V1 !!" "1 !!" V2 !!" "2 !!" V3 !!" "3 .
S

S

F

F

Note that a) is equivalent to W1 !!" W2 !!" W3 and b) means W1 !!" W2 !!" W3 which
implies W1 !!" W2 !!" W3 .

Then we can see that there are several middle stages between (a) and (b). In order
to present these intermediate stages, let us play a simple game: switch two components
each time and change the independence structure from (a) to (b). During this game, the
following rules are required:
R1 we must keep the independence Vi !!" "i due to the definition of semi-G-normal,
R2 we must keep the order as (V1 , V2 , V3 ) and ("1 , "2 , "3 ), because the independence
order of elements within each vector is usually equivalent. Otherwise, if we break
this order, we need an unnecessary extra step to retrieve the index order (1, 2, 3)
to be consistent with (b).
Here we can get two approaches:
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1. Since we do not want to break the order within (V1 , V2 , V3 ) or ("1 , "2 , "3 ), the first
step has to be switching some Vi with "j with i, j = 1, 2, 3. For the " part, we can
only move "1 due to R1, and similarly for V part we can only move V3 . Hence, the
first step is to exchange V3 and "1 in (a) to get
V1 !!" V2 !!" "1 !!" V3 !!" "2 !!" "3 .

(3.11)

Then we have two equivalent ways to move on.
2. One way is to exchange V2 and "1 in (3.11) to get
V1 !!" "1 !!" V2 !!" V3 !!" "2 !!" "3 .

(3.12)

Then we can exchange V3 and "2 to get (b).
3. Another way is to exchange V3 and "2 to get
V1 !!" V2 !!" "1 !!" "2 !!" V3 !!" "3 .

(3.13)

Then we can exchange V2 and "1 to get (b).
Note that (3.12) implies the following relation:
S

W1 !!" (W2 , W3 ) and W2 !!" W3 .
We can show that the family of models associated with the representation of E[ϕ(W1 , W2 , W3 )]
under (3.12) can be illustrated by Figure 3.3. Similarly, (3.13) implies
S

(W1 , W2 ) !!" W3 and W1 !!" W2 .
The family of models associated with (3.13) can be described by Figure 3.4. The family
of models for (3.11) can be shown by Figure 3.2.
The intuition here is: if all Vj is before "i , since "i has distributional certainty, in the
directed graph, σj does not have effects on "i . As long as we have "i is before Vj in the
order of the G-version independence, we must have the additional edge from "i to σj in
the directed graph of the family of models to represent the sublinear expectation of the
joint vector.
We can see that by changing the independence structure, the sublinear expectation
of a joint vector of semi-G-version of distributions can be represented by classes of statespace models with different graphical structures.
One question to be explored is whether there is an independence structure that is
associated with the familiy shown in Figure 3.5. Our conjecture is as follows: at least we
need the following conditions,
1) V1 !!" "1 !!" V2 !!" "2 which means W1 !!" W2 ,
2) V2 !!" "2 !!" V3 !!" "3 which means W2 !!" W3 ,
S

3) V1 !!" V3 !!" "1 !!" "3 which means W1 !!" W3 .
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Figure 3.2: Diagram for (3.11)
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Figure 3.3: Diagram for (3.12)

3.6.2

A robust confidence interval for regression under heteorskedastic noise with unknown variance structure

Let {Wi }∞
i=1 denote a sequence of G-version i.i.d. semi-G-normally distributed random
variables with W1 ∼ N̂ (0, [σ 2 , σ 2 ]). In Section 3.1. we have studied the G-EM procedure
which is aimed at the following expression:

n
+
E[ϕ(
ai Wi )].

(3.14)

i=1

This section provides a basic example in the context of regression to show why we need
to think about (3.14) in statistical practice.
Consider a simple linear regression problem in the context of sequential data (xi , Yi ),
where the order of the data matters:
Yi = β0 + β1 xi + ξi , i = 1, 2, . . . , n,

(3.15)

where xi is treated as known and ξi = σi "i with σi : Ω → [σ, σ] and "i ∼ N (0, 1) for
each i = 1, 2, . . . , n. We can see that the noise ξi part is heteorskedastic (although σi
is not observable). However, if the variance structure of the noise part ξi is complicated
due to measurement errors or the data is collected from different subpopulations with
different variances, we need to have some precaution on the properties of the least square
estimator β̂1 , especially when we are lack of prior knowledge on the dynamic of σi . If
we worry that σi may depend on the preivous "k with k < i, rather than assuming a
single probabilistic model for σi then perform the regression, in an early stage of data
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Figure 3.4: Diagram for (3.13)
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Figure 3.5: Diagram for the common structure of classical first-order hidden Markov
models with feedback
analysis, we can first assume σ = (σi )ni=1 could belong to any elements in Ln [σ, σ] defined
in Section 2.1.7. Note that the distributional uncertainty of each ξi can be described by
Wi ∼ N̂ (0, [σ 2 , σ 2 ]). Then the distributional uncertainty of (3.15) can be translated into
a G-version format:

YiG = β0 + β1 xi + Wi , i = 1, 2, . . . , n.
Let

(3.16)

xi − x̄n
ai := !
.
(xi − x̄n )2

Then the least-square estimator can be written as
!
+
+
+
+
(xi − x̄n )YiG +
G
!
β̂1 =
a
=
Y
=
β
a
+
a
x
β
+
a
W
=
β
+
ai W i .
i
0
i
i
i
1
i
i
1
i
(xi − x̄n )2
(3.17)
!
Then we have β̂1 − β1 = ai Wi . Note that E[β̂1 ] = −E[−β̂1 ] = β1 .
Then we are able to study the properties of β̂1 by assigning different forms of ϕ in

(3.14):

1. With ϕ(x) = xk and k ∈ N+ , we have the centred moments of β̂1
+
E[ϕ(
ai Wi )] = E[(β̂1 − β1 )k ].

2. With ϕ(x) = 1{|x|>c} , we get the object that is useful to derive a confidence interval
in this context:

+
E[ϕ(
ai Wi )] = V(|β̂1 − β1 | > c).

(3.18)
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Interestingly, from Theorem 2.1.28 and Theorem 2.1.30, (3.18) further leads us to a
robust confidence interval by solving the following equation:
V(|β̂1 − β1 | > cα/2 ) =
or
inf

σ∈Ln [σ,σ]

sup

σ∈Ln [σ,σ]

+
P(|
ai σi "i | > cα/2 ) = α,

+
P(|
ai σi "i | ≤ cα/2 ) = 1 − α.

The resulting confidence interval is robust in the sense that its coverage rate will be
at least 1 − α regardless of the unknown variance structure of the noise part σi "i in
the regression. If we have more information indicating that σk does not depend on the
previous "i with i < k, we can consider a smaller family of sets Sn [σ, σ]. Alternatively, it

also provides a way to perform a sensitivity analysis on the performance of a regression
estimator (such as β̂1 here) under heteroskedastic noise with unknown variance structure
that could belong to different family of models.
Then this discussion leads us to another interesting question. In an early stage of data
analysis, should we choose σ ∈ Sn [σ, σ] or σ ∈ Ln [σ, σ]? This question will be explored
in Section 3.6.3.

3.6.3

A nonparametric inference on the general model structure of volatility

Recall the setup in Section 3.6.2. In practice, if lacking knowledge on the underlying
dynamic of the datasets, should we choose σ ∈ Sn [σ, σ] or σ ∈ Ln [σ, σ]? In fact, the two
families Sn and Ln have their own meanings in statistical modeling:
1. Sn : the family of basic version of models where σt only depends on the previous σs
with s < t (e.g. HMM, GARCH, SV without leverage, etc).

2. Ln : the family of extended version of models where σt depends on not only the

previous σs but also observation Ys with s < t (e.g. HMM with feedback, Threshold
GARCH, Exponential GARCH, SV with leverage, etc).

These are the meanings of the abbreviations above:
• HMM: hidden Markov models.
• SV: stochastic volatility models.
• GARCH: generalized autoregressive conditional heteroskedasticity models.
For more background regarding the specific models mentioned above, readers may turn
to Zucchini et al. (2017) (for HMM and SV) and Terasvirta et al. (2010) (for GARCH).
In fact, the distinction between basic versus extended version of models also arises when
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discussing the model structure of a neural network for stochastic volatility (Luo et al.
(2018)).
The problem posed at the beginning can be formulated as a hypothesis test:
H0 : σ ∈ Sn [σ, σ] vs Ha : σ ∈ Ln [σ, σ] \ Sn [σ, σ].

(3.19)

If we reject the null hypothesis, it means the underlying σ process should not be
treated as any basic version of models, but we need to consider an extended type. Note
that we do not require any parametric information on the model of σ.
In the existing statistical methodology, we mostly need to use some criterions (e.g. AIC
and BIC) to perform the model selection but it requires the parametric assumption.
Alternatively, we can check the existing stylized patterns to decide which kind of models
to use, but the stylized patterns may not always be available (depending on the age of
the area and the complexity of the data). More importantly, the previous procedure is
mostly subjective (e.g. which stylized patterns to consider and which parametric family
of models to use). Therefore, the test in (3.19) is important and beneficial to the existing
statistical methodology by providing a data-driven and nonparametric way to help us
decide which big family of models we should select in the preliminary stage of data
analysis. Furthermore, it can deal with the concern in model uncertainty, especially the
uncertainty in the model specification, by directly working on two general families of
model structures and performing the task in a nonparametric way.
However, how to perform the test (3.19) is essentially a difficult problem in classical
probability and statistics because both families involve an infinite dimensional family of
elements. The classical asymptotic theory does not hold for this test, since the asymptotic
distribution depends on the dynamic of σ (which is unknown). Fortunately, it turns out
this problem can be transformed into a G-version question: it has a feasible solution once
we introduce semi-G-structure.
In fact, under H0 , since the uncertainty set S is related to the representation of

semi-G-independence (Theorem 2.1.28), by the semi-G-CLT (Theorem 2.2.12), we have
1 +
d
√
Wi −→ N̂ (0, [σ 2 , σ 2 ]).
n i=1
n

Under H0 ∪ Ha , the uncertainty set is enlarged to L which is related to G-independence.
By the G-CLT (Theorem 1.6.24), we have

1 +
d
√
Wi −→ N (0, [σ 2 , σ 2 ]).
n i=1
n
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Then the question boils down to the choice of a proper test function ϕ to distinguish the
sublinear expectation of semi-G-normal and G-normal. There are plenty of test functions
ϕ (neither convex nor concave ones) to reveal their difference. For instance, we can choose
ϕ(x) = x3 or sin(x), then we have
E[ϕ(N̂ (0, [σ 2 , σ 2 ]))] = 0 < E[ϕ(N (0, [σ 2 , σ 2 ]))].
Next we can construct a test statistic based on the form of ϕ and obtain a rejection
region by studying its tail probability under V which can be transformed back into the
sublinear expectation of (W1 , W2 , . . . , Wn ).
How to choose the test function will have significant effect on the performance of
this hypothesis test. Moreover, the current interpretation of n is the length of the whole
data sequence and σ is the unknown volatility dynamic of the full sequence. We can also
interpret n as the group size after grouping the dataset in a either non-overlapping or
overlapping manner, then we can consider σ for each group to test whether there is a
case falling into the class of Ha , because the sublinear expectation can give a control on
the extremes of the group statistics as indicated by Jin and Peng (2016) and Section 2.2
in Fang et al. (2019). Recently we have obtained a prototype of this test, validated it
through simulation study and implemented it on real-world data. We intend to further
explore it in the future.

3.7

Proofs

The goal of this section is to prove Proposition 3.4.2, which is a simple representation for
E[ϕ(W1 , W2 )] for ϕ ∈ Cs.poly . Throughout this section, without further notice, we consider
d

d

W1 = W2 = N̂ (0, [σ 2 , σ 2 ]) imposed with sequential independce W1 !!" W2 . We also have
the expression Wi := Vi "i with Vi ∼ M[µ, µ], "i ∼ N (0, 1) and Vi !!" "i .
Lemma 3.7.1. For p, q ∈ N+ , if q is odd,
E[W1p W2q ] = −E[−W1p W2q ] = 0,
that is, it has certain zero mean.

Proof. Directly work on the sublinear expectation by imposing the sequential independence. Let K(x) := E[xW2q ], then we have
K(x) = x+ E[W2q ] + x− E[−W2q ] = 0,

142

Chapter 3. The Hybrid Role of the Semi-G-structure

because we are essentially working on the odd-moment of σ" with σ ∈ [σ, σ]. Then we
have

E[W1p W2q ] = E[E[w1p W2q ]w1 =W1 ]
= E[K(W1p )] = 0.
Similarly, we have −E[−W1p W2q ] = 0.
Lemma 3.7.2. For ϕ(x1 , x2 ) = (x1 + x2 )n with even positive integer n,
E[ϕ(W1 , W2 )] = E[ϕ(σ"1 , σ"2 )].
Furthermore, we have the even moments of (W1 + W2 ):
E[(W1 + W2 )n ] = (n − 1)!!σ n 2n/2 .
Proof. This result directly comes from due to the convexity of ϕ, which can be validated
by considering its Hessian matrix. Then we can check that
√
E[(W1 + W2 )n ] = E[σ n ("1 + "2 )n ] = E[σ n ( 2"1 )n ] = (n − 1)!!σ n 2n/2 .
Lemma 3.7.3. For ϕ(x1 , x2 ) = (x1 + x2 )n with odd positive integer n,
E[ϕ(W1 , W2 )] = EP [ϕ(σ1 "1 , σ2 "2 )],

(3.20)

where (σ1 , σ2 ) satisfies:
σ1 = σ,
σ2 = σ2 (σ1 "1 )
= σ1{σ1 '1 >0} − σ1{σ1 '1 ≤0} .
Furthermore, for odd n ≥ 3, we have the moments of (W1 + W2 ):
E[(W1 + W2 ) ] =
n

where Ck =

G

n
2k+1

H

I

(n−3)/2
H
2G +
Ck σ 2k+1 2k−1 k! ,
π k=0

(n − 2k − 1)!!(σ n−2k−1 − σ n−2k−1 ).

Proof. We can directly check the sublinear expectation
n " #
+
n
n
E[(W1 + W2 ) ] = E[
W1i W2n−i ].
i
i=0

(3.21)
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Since the terms in the form of W1n , W2n or W1i W2n−i with even i (then n−i is odd) all have
zero mean (with no ambiguity), they can be omitted in the computation by Lemma 3.7.1.
Hence,
E[(W1 + W2 ) ] = E[
n

+ "n #

W1i W2n−i ]
i
i odd
+ "n #
= E[E[
w1i W2n−i ]w1 =W1 ].
i
i odd
@
AB
C
=:ϕ1 (w1 )

The inner part can be expressed as
+ "n #
ϕ1 (w1 ) = E[
w1i W2n−i ]
i
i odd
+ "n #
= max E[
w1i (σ2 "2 )n−i ]
σ2 ∈[σ,σ]
i
i odd
+ "n #
= max
w1i σ2n−i E["n−i
2 ]
σ2 ∈[σ,σ]
i
i odd
= max

σ2 ∈[σ,σ]

(n−3)/2 "

+
k=0

#
n
w2k+1 σ2n−2k−1 (n − 2k − 1)!! =: max H(σ2 ; w1 ).
σ2 ∈[σ,σ]
2k + 1 1

Notice that the monotonicity of H(σ2 ; w1 ) with respect to σ2 depends on the sign of w1 .
Hence
$
H(σ; w1 )
ϕ1 (w1 ) =
H(σ; w1 )

if w1 ≥ 0
if w1 < 0

= 1{w1 ≥0} (H(σ; w1 ) − H(σ; w1 )) + H(σ; w1 ).
Then we have
E[(W1 + W2 )n ] = E[ϕ1 (W1 )]
= E[1{W1 ≥0} (H(σ; W1 ) − H(σ; W1 )) + H(σ; W1 )].
Here we have
E[H(σ; W1 )] = E[

(n−3)/2 "

+
k=0

#
n
σ n−2k−1 (n − 2k − 1)!!W12k+1 ],
2k + 1 2
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where each W12k+1 has certain zero mean, so E[H(σ; W1 )] = −E[−H(σ; W1 )] = 0. Therefore,

E[(W1 + W2 )n ] = E[1{W1 ≥0} (H(σ; W1 ) − H(σ; W1 ))]
(n−3)/2

= E[1{W1 ≥0}
with Ck =

G

n
2k+1

H

+
k=0

Ck W12k+1 ] =: E[K(W1 )]

(n − 2k − 1)!!(σ n−2k−1 − σ n−2k−1 ) ≥ 0. Since K(x) is a convex function

by noting that it stays at 0 on x < 0 and increases when x ≥ 0, we have
E[(W1 + W2 )n ] = E[K(σ"1 )].

Therefore, we obtain the optimal of (σ1 , σ2 ) in the form (3.21), which can be doubly
checked by plugging it back to the right handside of (3.20) to show the equality. We can
further get the exact value of E[(W1 + W2 )n ] by continuing the procedure above,
(n−3)/2

E[1{W1 ≥0}

+
k=0

Ck W12k+1 ]

(n−3)/2

= max E[1{σ1 '1 ≥0}
σ1 ∈[σ,σ]

(n−3)/2

= E[1{'1 ≥0}
(n−3)/2

=

+
k=0

+

+

Ck (σ1 "1 )2k+1 ]

k=0

Ck (σ"1 )2k+1 ]

k=0

Ck σ 2k+1 E[1{'1 ≥0} "2k+1
].
1

Here we need to use the property of the classical half-normal distribution:
E[|"|2k+1 ] = E[|"2k+1 |]
= E[1{'1 ≥0} "2k+1
] + E[1{'1 <0} (−"1 )2k+1 ].
1
Since " and −" have the same distribution,
E[1{'1 <0} (−"1 )2k+1 ] = E[1{'1 ≤0} (−"1 )2k+1 ]
= E[1{−'1 ≥0} (−"1 )2k+1 ]
= E[1{'1 ≥0} "2k+1
],
1
then E[|"|2k+1 ] = 2E[1{'1 ≥0} "2k+1
]. Hence,
1
1
E[1{'1 ≥0} "2k+1
] = E[|"|2k+1 ].
1
2
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Also notice that " ∼ N (0, 1), then |"| follows a half-normal distribution or |"| = |"|/1
follows a χ1 -distribution with raw moments:
E[|"|n ] = 2n/2

Γ((n + 1)/2)
,
Γ(1/2)

Then for n = 2k + 1, with k ∈ N
2k+1

E[|"|

]=2

k

Therefore,

I

2
k!.
π

E[(W1 + W2 )n ] = E[K(σ"1 )]
(n−3)/2

=

+
k=0

=

I

1
Ck σ 2k+1 E[|"|2k+1 ]
2

(n−3)/2
H
2G +
Ck σ 2k+1 2k−1 k! .
π k=0

Proof of Proposition 3.4.2. The representation under semi-sequential independence can
be directly checked based on Theorem 2.1.28 and Remark 2.1.28.2. In the following
F

context, we only consider the case of sequential independence W1 !!" W2 , because W1 !!"
W2 will induce the same result by a similar logic to the proof of Theorem 2.1.28. The
basic idea is we need to show that E[ϕ(W1 , W2 )] can be reached by the linear expectation
on the right handside for some σ ∈ L02 [σ, σ]. Then we have

E[ϕ(W1 , W2 )] ≤ max
EP [ϕ(σ1 "1 , σ2 "2 )].
0
σ∈L2 [σ,σ]

The reverse direction of inequality comes from the fact that L02 [σ, σ] ⊂ L2 [σ, σ] and

Theorem 2.1.28. The logic here is similar to the proof of Theorem 2.1.28 in sequentialindependence case, that is, we only need to record the optimal choice of (σ1 , σ2 ) when
evaluating the sublinear expectation in an iterative way.
For instance, when ϕ(x1 , x2 ) = (x1 +x2 )n , the sublinear expectation can be reached by
some σ ∈ L02 [σ, σ] as illustrated in Lemma 3.7.2 and Lemma 3.7.3. For ϕ(x1 , x2 ) = xp1 xq2
with p, q ∈ N+ ,

E[W1p W2q ] = E[( max w1p E[(σ2 "2 )q ])].
σ2 ∈[σ,σ]

(3.22)

Meanwhile, for any (σ1 , σ2 ) ∈ L02 [σ, σ], let Yi = σi "i , i = 1, 2 and E = EP denote the
linear expectation. Note that σ1 ∈ {σ, σ},
σ2 = σ2 (Y1 ) = (σ22 − σ21 )1{Y1 >0} + σ21
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with (σ21 , σ22 ) ∈ {σ, σ}2 . We also have Y1 ⊥
⊥ "2 due to the setup which is the same as
Section 2.1.7. Then

,
E[Y1p Y2q ] = E Y1p E[Y2q |Y1 ]
,
= E Y1p E[(σ2 (Y1 ))q "q2 |Y1 ]

= E[(σ1 "1 )p (σ2 (Y1 ))q ]E["q2 ]
= σ1p E[(σ22 − σ21 )1{Y1 >0} + σ21 )q "p1 ]E["q2 ]
q
q
q
= σ1p E[(σ22
− σ21
)1{'1 >0} + σ21
)"p1 ]E["q2 ].

Hence,

G q
H
q
q
E[Y1p Y2q ] = σ1p (σ22
− σ21
)E[1{'1 >0} "p1 ] + σ21
E["p1 ] E["q2 ].

(3.23)

Then we divide our discussions into three cases: a) q is odd, b) q is even and p is
even, c) q is even and p is odd. When q is odd, the expectation in (3.22) is equal to 0 by
Lemma 3.7.1. It can be obviously reached the linear expectation on the right handside
by choosing any σ ∈ L02 [σ, σ] by (3.23). When q is even, we can see that the choice of σ2

depends on the sign of w1p which further depends on the sign of w1 if p is odd (otherwise
it is always non-negative). To be specific, when both q and p are even,
E[W1p W2q ] = E["q2 ]σ q E[W1P ] = σ p σ q E["p1 ]E["q2 ],
which can be reached by choosing σ1 = σ2 = σ, namely, (σ21 , σ22 ) = (σ, σ). When q is
even and p is odd, we have
E[W1p W2q ] = E["q2 ]E[σ q (W1p )+ − σ q (W1p )− ]
= E["q2 ]E[(σ p − σ q )(W1p )+ + σ q W1p ]
= E["q2 ]E[(σ p − σ q )(W1p )+ ].
Hence, by Proposition 2.1.13, we have
$
E["q2 ](σ p − σ q )E[(σ p "p1 ))+ ]
if σ p ≥ σ q
E[W1p W2q ] =
E["q2 ](σ p − σ q )E[−(σ p "p1 ))+ ] if σ p < σ q .
It can be reached by choosing σ1 and (σ21 , σ22 ) accordingly in (3.23). Similar logic can
be applied to ϕ(x1 , x2 ) = cxp1 xq2 and also ϕ(x1 , x2 ) = (ax1 + bx2 )n where the scaling does
not have effects on the form of the optimal choice of σ.

Chapter 4
The Simulation Study of the
Semi-G-structure
The general idea of simulation study has been prepared and explained in Section 3.2
(including how to perform a simulation regarding the uncertainty set of a single semiG-normal then use the max-mean method to approximate the sublinear expectations).
In this chapter, we further involve the semi-G-independence and G-independence in the
picture. We provide some examples of simulation study and explain more details along
the way. Throughout this procedure, we can see that the semi-G-structure has more advantages in the simulation aspect compared with the G-normal with G-independence.
As mentioned in Section 3.5, some of the existing literature claim that they are simulating G-normal under the G-independence, but actually they are at most simulating the
semi-G-normal in a semi-G-independence manner. Therefore, our simulation experiments
can further provide guiding principles on how to properly perform the simulation study
related to the G-version objects.
This chapter is organized as follows. We first give an overview of the ideas of simulation study in this chapter in Section 4.1. Then we provide the specific design of the
simulation study in Section 4.2. Next we step into each simulation study. We mainly focus
on the distinction between the (asymmetric) sequential independence and the (symmetric) semi-sequential independence. Section 4.3 shows that the third moment uncertainty
arises when we impose the G-independence between two semi-G-normals and the third
moment remains zero under the semi-G-independence. Section 4.4 further studies the
difference between the semi-G-independence and G-independence by investigating the
mixed moment of two semi-G-normals. These experiments provide an empirical way to
view the difference between the semi-G-independence and G-independence. To the best
of our knowledge, this is the first time a statistical experiment has been constructed to illustrate the asymmetry in the G-independence which has been only a theoretical concept
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until now. Section 4.5 provides a simple dual-volatility regime-switching data example to
show the necessity of considering uncertainty in the model specification and how the expectation of semi-G-normal can help cover these kinds of uncertainty. Finally, Section 4.6
provides an in-depth and general discussion on how to understand the semi-G-structure
from a statistical perspective.

4.1

Overview of the pseudo simulation and data experiments

The idea of the simulation study in this chapter is based on the distributional uncertainty of (W1 , W2 ) described by the set in the representation of the sublinear expectation
E[ϕ(W1 , W2 )] (Proposition 3.4.2). We illustrate the connection and difference between
S

W1 !!" W2 and W1 !!" W2 by explicitly comparing the set S20 [σ, σ] and L02 [σ, σ]. In Sec-

tions 4.3 and 4.4, we achieve this goal by studying the behaviour of ϕ(W1 , W2 ). Throughout this section, we put our discussions under the classical probability and the sublinear
expectation appears as the extreme of a family of linear expectations.
To begin with, let us introduce our two passionate (imaginary) friends: Alice and
Bob. They represent two important sides in our simulation study (as well as in our data
experiments):
• Alice (data generator): a person who knows all details of the data generating mechanism.
• Bob (data analyst): the person who lacks in the knowledge of the underlying structure of the data. He has no information from Alice by default. (In the following
experiments, for simplicity of discussions, sometimes Alice may provide Bob with
limited information.)
When a reader goes through this section, we recommend the reader to pay more
attention on Bob’s side, rather than on the details of the generation scheme (Alice’s side).
The reason is that, two different mechanisms may generate datasets that statistically nondistinguishable to Bob’s side. It is possible that the concern and challenges on Bob’s side
may stay the same if the generating mechanism is slightly modified. As a side remark,
in real-world data practice, we are mostly playing the role as Bob (a data analyst who
never know the true underlying dynamic of the data) unless we are dealing with the data
that are generated by ourselves.
We mainly present these examples focusing on some basic setup in order to discuss
several fundamental theoretical results in the framework of sublinear expectation (such
as the asymmetry in independence and the result presented in Hu and Li (2014)). The re-
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sulting statistical insights have not yet been thoroughly discussed by the community. Our
goal here is to reveal a minimal feasible plan to show the connection between samplelevel behaviours with sublinear envelopes. We hope this connection will inspire more
exploration and discussion on the limitation of existing statistical methodology in the
context of model uncertainty and the necessity of generalization from the level of probability framework (such as the general sublinear expectation space) to overcome such
limitation. Furthermore, these examples are designed not only to show possible situations where the classical staistical methods may not work well due to model uncertainty,
but also give an appropriate way to understand the existing fundamental properties regarding the sublinear-version distribution and independence. More extensions of these
examples to more complicated setup are saved for future work.
In real-world data practice, if the set of probabilisitic models from different parts of the
data may not really include the extreme ones associated with the sublinear expectation
(although we almost never truly know this), the sublinear expectation can provide a
pair of robust envelopes that are robust to possible uncertainty in systematic change in
model structure or model specification. Although it could lead to overcoverage (which is
a common sacrifice for a robust interval), it will provide a cautious strategy. Furthermore,
we can also show that in typical situations, the pair of envelopes generated by sublinear
expectations will become sharp (such as the one in the dual-volatility data experiment
in Section 4.5).

4.2

The design of the simulation study

Alice’s side In the following simulation study (Sections 4.3 and 4.4), Alice will generate
a sequence under the following general design:
Yt = ϕA (W1,t , W2,t ) = ϕA (σt ∗ "t ), t = 1, 2, . . . , N,

(4.1)

where σt = (σ1,t , σ2,t ) : Ω → [σ, σ]2 , "t = ("1,t , "2,t ) are classically i.i.d. following a
standard bivariate normal distribution and σt ∗ "t = (σ1,t "1,t , σ2,t "2,t ). For instance, when
ϕA (x, y) = x + y (which has been applied in Section 4.3), we have
Yt = W1,t + W2,t .
To give reader a real-world analogue, W1,t and W2,t can be treated as the half-day returns
of a financial index on date t and Yt is the daily return.
One important part here is Alice will make the dynamic of σt change in a blocking
way as t increases: it will stay with one probabilistic rule for a either a fixed or random
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length of block but may switch to a different rule in the next block. In the following
simulation study, the dynamic of σt changes in a blocking way with a fixed block size b.
With a = ?N/b@, for i = 1, 2, . . . , a and j = 1, 2, . . . , b, the dynamic of σt can be written
as
σ(i−1)b+j ∼ Pσ(i) ∈ PA[σ,σ] ,
where PA[σ,σ] is the set of distributions {Pσ : σ ∈ A[σ, σ]} and A[σ, σ] could be S20 [σ, σ]
or L02 [σ, σ] (which have been defined in Proposition 3.4.2). Alice uses a fixed random
(i)

rule to select Pσ from PA[σ,σ] . Then Alice directly generates N classically i.i.d. "t from
standard bivariate normal distribution to produce Yt . Finally, she truncates the generated
sequence by only keeping the first N data points to make the length of data equal to N .
In short, Alice will generate two datasets
(p)

Yt

(p)
(p)
:= ϕA (W1,t
, W2,t ), p = 1, 2.
S

One comes from S20 [σ, σ] (associated with the semi-sequential independence W1 !!" W2 )
and the other comes from L02 [σ, σ] (associated with the sequential independence W1 !!"
W2 ).
(p)

Bob’s side Bob is provided with the two datasets Yt , k = 1, 2. The goal of Bob
is to tell which one comes from sequential independence and which one comes from
semi-sequential independence. By using the theory of sublinear expectations and Example 3.4.1, he can apply a transformation ϕ onto the original dataset:
(p)

Zt

(p)

= ϕ(Yt ),

because the behaviour of E[ϕ(Y )] will be different under different types of independence.
In order to empirically reveal this difference, motivated by the idea of Section 3.2, he first
tries some nonparametric methods to explore the dataset. In the following simulation
study, he uses moving averages to investigate the potential uncertainty in the mean
parameter across different parts the data sequence (Zt )N
t=1 (where we omit the superscript

p since the operation is the same for the two datasets). He sets the components in the
moving-average method as:
• Window size n and moving step size δ.
• The number of windows: m := A N −n
B + 1.
δ

• The left and right end of each window: lk := (k − 1)δ and rk := lk + n, with
k = 1, 2, . . . , m.
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• Each window captures the following length-n sample
Zlk :rk ≡ Z(lk ,rk ] := {Zlk +s , s = 1, 2, . . . , n}.
Then within each window, Bob considers the cumulative average: with h = 1, 2, . . . , n,
Alk :rk (h) :=

lk +h
1 +
Zs .
h s=l +1

(4.2)

k

Under suitable ergodicity conditions, for each fixed k, Alk :rk (h) converges to the as-

sociated expected value as h increases by the classical strong law of large numbers:
a.s.

Alk :rk (h) −→ EPk [Z] = EPk [ϕ(Y )],
where Pk is the underlying probabilistic rule associated with the sample Ylk :rk . Hence,
when n is large enough, Alk :rk (n) will approximate EPk [ϕ(Y )]. If sequences across different k tend to converge to the same level as h increases, it indicates that EPk [ϕ(Y )], k =
1, 2, . . . , m are equal. Otherwise, it implies that different parts of the original data se-

quence may have distinct mean parameters. In fact, Example 3.4.1 tells us that, by
selecting appropriate ϕ, we are able to tell the type of independence associated with the
data by checking whether EPk [ϕ(Y )], k = 1, 2, . . . , m are equal or not. How to rigorously

test whether the expected values are significantly different (under model uncertainty) is
another important topic which will be covered in Chapter 5.
A role of sublinear expectations To give more theoretical details on why the moving
average approach will work (or why it can empirically reveal the insights of the sublinear
expectation), let us consider a related question in this simulation study.
Suppose Bob is also concerned with how to theoretically describe the limiting behaviour of these paths even if he has limited information on the dynamic of data. In
other words, if they seem not converging to the same level, can Bob create a pair of
envelopes that can cover the end points of these paths? At first glance of this question,
from Bob’s side, it is difficult to construct such envelopes without knowing the elements
in A[σ, σ] and the problem becomes harder if the set A[σ, σ] is infinite. However, the
construction of such envelopes become feasible after we introduce the notion of sublinear
expectations.
To be specific, from Alice’s side, the underlying probabilistic rule Pk of Ylk :rk could

be a combination (or mixture) of the elements from PA[σ,σ] . As we mentioned above, as

h increases, we should have Alk :rk (h) approaches the linear expectation EPk [ϕ(Y )]. Then

152

Chapter 4. The Simulation Study of the Semi-G-structure

after we collect them together, we should have a family of these approximated versions
of linear expectations. Similar to our previous discussion in Section 3.2, intuitively, we
have

(1)

(2)

max Alk :rk (n) ≈ max EPk [ϕ(Y )] ≈

1≤k≤m

1≤k≤m

and
(1)

(2)

min Alk :rk (n) ≈ min EPk [ϕ(Y )] ≈

1≤k≤m

1≤k≤m

sup

EP [ϕ(Y )] = E[ϕ(Y )]

(4.3)

EP [ϕ(Y )] = −E[−ϕ(Y )],

(4.4)

P ∈PA[σ,σ]

inf

P ∈PA[σ,σ]

where the approximation (1) happens when the window size n is large enough and (2)
arises when the number m of windows is large enough. The only difference here is that we
use overlapping groups here. This does not change the underlying theoretical reasons but
it will make the end points of the paths between two envelopes denser. To summarize,
we can use the envelopes of the paths of Alk :rk (h) across all moving windows to grasp
the statistical meaning of sublinear expectations. In theory, this logic is associated with
the fact that we can use the envelops of a family of linear expectations to represent the
sublinear expectations. In this way, Bob only needs to estimate [σ, σ] from the data then
plug it into formula of E[ϕ(Y )] and −E[−ϕ(Y )] to produce such envelopes (more details
will be explained in Section 4.3.)
Supplement We have made several additional assumptions for simplicity of discussion.
We assume this basic structure (4.1) is also available for Bob (but the parameter setup and
all the generation details are not available), because the main focus here is the unknown
dynamic of σt . In this way, it makes the computation of the sublinear expectation more
tractable. The function ϕA will be provided to Bob so that he can choose ϕ accordingly.
We also assume that the block size b is known for Bob and he chooses n = b. We will see
that as long as b is fairly large (which is not a problem for Alice in our simulation study),
this choice of window size is good enough for Bob to see the distributional uncertainty
across different windows (or subsamples) and it can be sharply covered by a pair of
envelopes formed by sublinear expectations. How to understand the window size n is also
an interesting question which will be discussed in Chapter 5.
In the following simulation study, without further notice, we mainly put ourselves on
Bob’s side and sometimes jump out of this Alice-Bob picture to explain the underlying
ideas of the experiments or the results (it can be told from the context). We will not
repeat the statistical roles of the sublinear expectations that have been explained in this
section, but focus more on the illustration of (4.3) and (4.4) and show how they can be
connected with the existing theoretical results in sublinear expectation space.
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Illustration of the moment uncertainty

The objective of this simulation study is to illustrate Example 3.4.1.
(1)

Bob’s side We, as a group representing Bob, are provided with two sequences Yt
(2)
Yt

and

from Alice:

(p)

Yt

(p)

(p)

= W1,t + W2,t , p = 1, 2.

We can first draw the time series plots of under these two situations. Figure 4.2 visual(1)

(2)

izes the dynamic of Yt and Figure 4.1 is associated with Yt . They both have slight
heteroskedasticity if we only look at the dynamics of these two sequences.
Next we explain how to produce the paths of cumulative averages. We can see the
two shaded areas in Figures 4.1 and 4.2. They represent two different moving windows.
The window scans through the whole sequence.
We first apply the transformation ϕ(x) = x3 by the results in Example 3.4.1. Then
in each window, we compute the cumulative average Alk :rk (h), h = 1, 2, . . . , n to draw
a path. Finally we get m paths. This procedure is related to what we usually do when
performing a rolling-window estimation onto a time series.

(1)

(1)

(1)

Figure 4.1: Time series plot of Yt and two overlapping windows (Y0:n and Y15δ:(15δ+n) )
visualized by the two shaded areas
Now we can turn to the results in Figures 4.3 and 4.4. We can see that in Figure 4.3,
as h increases, the paths of cumulative averages across different windows tend to stay
concentrated in an interval rather than shrink together, while in Figure 4.4, the paths
tend to concentrate together towards zero. Intuitively speaking, since the largest value of
h has been set as 2000, a quite large number that should reveal the limit of the sample
average, we can notice the essential difference between Figure 4.4 and Figure 4.3: the
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(2)

(2)

(2)

Figure 4.2: Time series plot of Yt and two overlapping windows (Y0:n and Y15δ:(15δ+n) )
visualized by the two shaded areas
paths in the former one seems not converge to a common level as h increases while the
paths in the latter does.

Figure 4.3: Different paths of cumulative average Alk :rk (h) across different windows for
S

σ ∈ S20 [σ, σ] (which is associated with E[(W1 + W2 )3 ] under W1 !!" W2 )

Alice’s side For readers’ information, the parameter setup in this study (from Alice’s
side) is as follows: (N, b, n, δ) = (2×105 , 2×103 , 2×103 , 102 ), (σ, σ) = (1, 2) and ϕA (x, y) =
x + y. Notice that this experiment requires Alice to generate a long sequence because
the window size needs to be large enough so that the cumulative average can reveal
the theoretical insight implied by the law of large numbers (in classical and sublinear
framework).

4.3. Illustration of the moment uncertainty
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Figure 4.4: Different paths of cumulative average Alk :rk (h) across different windows with
σ ∈ L02 [σ, σ] (which is associated with E[(W1 + W2 )3 ] under W1 !!" W2 )
Theoretical details Let us recall Example 3.4.1 where we consider the summation of
Wi ∼ N̂ (0, [σ 2 , σ 2 ]), i = 1, 2 and there are two cases:

C1 Under sequential independence W1 !!" W2 , we have the third moment uncertainty:
E[(W1 + W2 )3 ] > 0 > −E[−(W1 + W2 )3 ].
S

C2 Under semi-sequential independence W1 !!" W2 , we have the third moment certainty:
E[(W1 + W2 )3 ] = 0 = −E[−(W1 + W2 )3 ].

In fact, the paths in Figure 4.4 (associated with W1 !!" W2 ) have significantly differ-

ent underlying mean parameter (which is associated with the third moment of Y ), while
S
the paths in Figure 4.3 (associated with W1 !!" W2 ) have the same mean parameter
which is zero. Moreover, under sequential independence, we have
3
E[(W1 + W2 )3 ] = √ (σ 2 − σ 2 )σ
2π
and

3
−E[−(W1 + W2 )3 ] = − √ (σ 2 − σ 2 )σ.
2π
These two values are plotted as the pair of horizontal lines in Figure 4.4, where we have
used the true parameter (σ, σ). We can also use the intervals produced by the sample
second moments across different groups to estimate the parameter and the details will
be saved in the thesis.
The sequence Yt associated with W1 !!" W2 has the interesting property that it has

certain mean zero but has uncertain third moment (which is similar to the G-normal
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distribution), but each marginal (Wi , i = 1, 2) has mean zero and certain zero third
moment. It means uncertain third moment arises when W1 and W2 are under sequential
independence but not under semi-sequential independence.
As a side note, the certain zero mean of Yt has been visualized in Figure 4.5 where
we can see the paths of cumulative averages tend to move together towards zero. More
interestingly, we can also produce two pairs of concentration bounds (Chebyshev-type
and Bernstein-type) to validate that all the paths are indeed converging towards zero
(or the underlying expectation is indeed zero), because the distance between two bounds
will go to zero as h increases to infinity. The concentration bounds are computed based
on the results provided in Tan (2020). We can see that most of the paths are covered by
the concentration bounds and Bernstein-type bounds are narrower than Chebyshev-type
bounds. This reveals another connection between the sample behaviour and the existing
theoretical results in the G-expectation framework.

Figure 4.5: Different paths of cumulative average Alk :rk (h) across different windows with
σ ∈ L02 [σ, σ] (which is associated with E[W1 + W2 ] under W1 !!" W2 ) and the concentration bounds
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Illustration of the asymmetry of sequential independence

The general design of this simulation study has been elaborated in Section 4.2. The
remaining details (including the generation scheme of (W1,t , W2,t )) stay the same as Section 4.3, so we will not repeat here.
Bob’s side We, as a group representing Bob, are provided with two array datasets:
(p)

Yt

(p)
(p)
:= (W1,t
, W2,t ), p = 1, 2.

Then we can use a pair of transformations (by omitting the superscript)
2
2
ϕ1 (Yt ) = W1,t W2,t
and ϕ2 (Yt ) = W1,t
W2,t

(4.5)

to distinguish not only these two types of independence, but further the direction of the
independence (if it is sequential independence).
For both datasets, we have checked that the statistical properties of the paths of
the two marginal variables W1 and W2 are almost the same (they both have zero mean,
uncertain variance and zero third moment). We cannot distinguish these two datasets by
looking at the dataset marginally.
However, in the context of Y (1) , the roles of W1 and W2 turn out to be asymmetric.
To be specific, we can apply the transformation ϕ1 to produce Figure 4.6 and use ϕ2
(by simply switching the roles of W1 and W2 ) to produce Figure 4.7. We can see the
paths in Figure 4.6 tend to sufficiently concentrated in an interval (visualized as a pair of
horizontal lines), while in Figure 4.7, the paths tend to move towards the horizontal line
at zero. Therefore, we can say that the dataset Y (1) comes from sequential independence
and the direction is W1 !!" W2 .
For the dataset Y (2) , we can use the same transformation ϕ1 to produce Figure 4.8
and use ϕ2 to produce Figure 4.9. We can see that in both figures, all the paths seem
to converge to certain mean zero. It indicates that both W1 W22 and W12 W2 have certain
mean zero. Since it indicates that the roles of W1 and W2 are symmetric, we can say
that the data Y (2) come from the semi-sequential independence (which is a symmetric
relation).
Theoretical details The reason that we can use the transformation (4.5) to distinguish
the type of independence comes from the following results in Example 3.4.1:
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S1 Under sequential independence W1 !!" W2 , the mixed third moment W12 W2 has
certain mean zero but

σ
σ
E[W1 W22 ] = √ (σ 2 − σ 2 ) > 0 > −E[−W1 W22 ] = − √ (σ 2 − σ 2 ),
2π
2π

(4.6)

It shows that the roles of W1 and W2 are asymmetric in sequential independence. If
W2 !!" W1 , the result will be the other way (by switching the roles of Wi ’s). Hence,
Bob can use ϕ1 and ϕ2 in (4.5) to further tell the direction of the independence.
S

S2 Under semi-sequential independence W1 !!" W2 , both W12 W2 and W1 W22 have
certain mean zero. It provides us a hint that the role of W1 and W2 are symmetric
in the semi-sequential independence. Actually, we have theoretically validated that
S

S

W1 !!" W2 is equivalent to W2 !!" W1 (in Theorem 2.1.27).
In fact, the interval in Figure 4.6 is derived and computed based on (4.6). More details
have been explained in Section 4.2.

Figure 4.6: Different paths of cumulative average
(1)

ent parts of the sequence Yt

1
h

!lk +h

s=lk +1

2
W1,s W2,s
coming from differ-

with σ ∈ L02 [σ, σ] (which is associated with W1 !!" W2 )
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Figure 4.7: Different paths of cumulative average of
(1)

different parts of the sequence Yt
W2 )

(2)

!lk +h

s=lk +1

2
W1,s
W2,s coming from

with σ ∈ L02 [σ, σ] (which is associated with W1 !!"

Figure 4.8: Different paths of cumulative average
ent parts of the sequence Yt

1
h

1
h
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for σ ∈ S20 [σ, σ] (which is associated with W1 !!" W2 )
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Figure 4.9: Different paths of cumulative average of
(2)

different parts of the sequence Yt

1
h

!lk +h
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2
W1,s
W2,s coming from
S

for σ ∈ S20 [σ, σ] (which is associated with W1 !!" W2 )
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A dual-volatility regime-switching data sequence:
the uncertainty in the model specification

4.5.1

Motivation and design

The goal of this section is to use a data experiment (with a basic but complete data
analyzing procedure) to show the necessity of having caution on the uncertainty in the
model specification when we are lack of information on the underlying dynamic of the
data sequence. This will be important when there are some hidden features that are
not directly observable. We use a simple volatility regime-switching data experiment to
illustrate our point.
Typically, we will show that the non-zero skewness arises when we impose the Gversion sequential independence on the semi-G-normal. We will use a special data example
to illustrate this phenomenon for general audience. Consider a data sequence (such as
the log return of a financial index data) which may go through two volatility status from
time 0 to time 1, and we are even given the information that the change point is known
to be at time 1/2. We call the data experiment as dual-volatiliy because we are going to
see that the volatility state only takes value in a space of simply two values.
This data experiment involves one kind of model uncertainty, that is, the uncertainty
in the model specification: two different models may both fit the historical data in some
sense but imply different statistical features regarding the underlying model structure of
the data.
The story of the data experiment Let 0 = t0 < t1 < t2 < . . . < tn = T , with
T = 1 and n = 1000, be a time partition: ∆ti = ti+1 − ti = 1/n with i = 0, 1, . . . , n − 1.
Consider B(ti ) is a discretized approximation of the Brownian motion B(t) under the
!
i.i.d.
classical (Ω, F, {Ft }t≥0 , P): B(ti ) = ij=0 ξj , with ξ0 = 0 and ξj ∼ N (0, 1/n) for j ≥ 1.
We also know that, for i = 1, 2, . . . , n,

X(ti ) = Z(ti )ξi ,
where Z(ti ) is a piecewise constant having a potential jump at t = 1/2:
Z(ti ) = σ1[0, 1 ) (ti ) + σ2 1[ 1 ,1] (ti ).
2

2

Here we know the random variable σ2 : Ω → {σ, σ} is F1/2 -measurable, but the genera-

tion scheme of σ2 is unknown to us (which is actually the key of this example). We are
provided with m = 500 realizations of the path of X(t). Consider the summation of the
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whole path (similar to the log price at t = 1),
S(1) = S(tn ) =

n
+

X(ti ).

i=1

Our goal is to make inference on the first three moments EP [(S(1))k ] with k = 1, 2, 3, by
specifying an appropriate parametric model for X(t) (rather than directly looking at the

empirical distribution of S(1)). We can treat the m realizations of X(t) as m sequential
time periods of one log return data and we simply treat them as homogenous ones. Our
inference on the property of S(1) will be crucial to our prediction analysis on the log
return in the next future period. Here we consider the moments only for simplicity. We
can further generalize it to EP [ϕ(S(1))] for any ϕ that we are interested in (which can be
interpreted as loss, utility or value function, depending on the context of the question).
It turns out if we only think about the form like a hidden Markov-regime switching
model here, it will lead to serious undercoverage on the possible future scenarios. This
data experiment will show that even though in this simple two-volatility-regime setup
where we are already provided with much information on the dataset, there still exists
significant amount of uncertainty in the model specification. Instead of doing more initial
dependence-check which requires more unavailable information on the hidden structure
of the data, we can actually use the G-expectation of two semi-G-normal distributed
random variables under sequential independence to create a sharp envelope to cover the
possible future scenarios (as shown in Proposition 3.4.2). This kind of G-version envelope
provides a new vision of robustness to rigorously understand and deal with uncertainty
in model specification.

4.5.2

Model uncertainty in a volatility-regime-switching data

Bob’s Side Now we play the role of Bob who is the data analyst. We can first implement
an initial analysis for one path of the dataset as shown in Figure 4.10. We can see that
for this path, X(t) seems to go through two volatility status from t = 0 to t = 1 and the
change point is around t = 1/2. Meanwhile, after we divide the path into half, in each half
period, X(ti ) is very close to a normal distribution and its volatility is quite persistent.
This initial analysis actually verifies what we already know. (Even if this information is
not known, it is usually not hard to use existing standard statistical methods to detect
the location of the change point t = 1/2 or test the normality in each half period.)
Next we may directly look at the whole collection of 500 paths. From the first half
period to the second half period, the volatility status of some paths may go from σ to σ
and some go from σ to σ. To visualize the volatility-switching pattern, we may draw a
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Figure 4.11: Moving average plot of the squared data on all the paths
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moving average plot of X 2 (t) for all paths and put them together to produce Figure 4.11,
because the moving average of X 2 (t) can roughly estimate the local volatility of a zero
mean time series. Now we focus on the second half time period in Figure 4.11. From time
0.8 to 1, we can notice that there are two clear clusters of paths: one cluster is higher
than the other. From the graph, we can simply use a horizontal line (such as y = 1.5)
to distinguish these two clusters. Alternatively, one can run a basic clustering algorithm
(such as k-means clustering) on the end points of each paths of X 2 (t) to distinguish the
low and high volatility for the second half piece. (We would like to remind readers that in
this experiment, how to distinguish the low and high volatility is not the essential part,
although it does requires some work in practice. Due to the design of this experiment,
there is a clear boundary between the paths with lower volatility and the ones with higher
volatility. There is no need to treat the analysis at this stage as an essential one that
requires advanced techniques.) We can first get the proportion of low-level and high-level
volatility paths (the low and high volatility refer to the status in the second half period):
the count (243, 257) out of 500. Next we can collect the second-half paths in each group
(one comes from classically i.i.d. σξ and the other comes from σξ) to get the estimate
(σ̂, σ̂) = (0.50012, 1.7913).
We can also further implement the test on the independence between X(ti ) (they are
actually independent from the known information). Based on these results, one common
specification of the model would be P(σ2 = σ|σ1 = σ) = p and P(σ2 = σ|σ1 = σ) = 1 − p
where p is estimated as p̂ = 257/500, which is similar to a Markov-switching type design
treating volatility levels as hidden states.
In short, under this hidden Markov-type specification, S(1) can be essentially treated
as a normal mixture:
S(1) = (1 − η) · N (0, σ 2 ) + η · N (0,

σ2 + σ2
),
2

where η ∼ Bernoulli(p). Then we can theoretically compute the moments of S(1):
EP [S(1)] = EP [(S(1))3 ] = 0 and EP [(S(1))2 ] = 12 (σ 2 + (pσ 2 + (1 − p)σ 2 ) then plug in
the estimated proportion p̂.

Results checking Now it is time to check our results. We compare the sampling distributions of the moment estimator for EP [S(1)k ] with k = 1, 2, 3, from our model and

the true generation scheme (which is provided by Alice). It turns out the first and second
moment matches roughly well (see Figure 4.12 and Figure 4.13), but there is a systematic departure when k = 3. As shown in Figure 4.14, “Markov-Switch” is the sampling
distribution generated from our model indicating the zero third moment: S(1) should
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have symmetric distribution. Nonetheless, “True1” is actually the true scheme, whose
sampling distribution moves to the positive side, showing that S(1) has positive third
moment. Furthermore, “True2” is another available scheme which will actually produce
similar initial analysis results as before, but it shows a negative third moment which is
a totally opposite result! Readers may have a feeling on what really happened here: we
may actually have some dependence between σ2 and the previous X(t) for t ∈ [0, 1/2).
Sampling Distn of the 1st−moment Est.

30

from

count

20

Markov−Switch
True1
True2

10

0
−0.10

−0.05

0.00

0.05

0.10
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Figure 4.12: The sampling distribution of the estimator of first moment
Sampling Distn of the 2nd−moment Est.
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Figure 4.13: The sampling distribution of the second moment estimator
Alice’s Side Now we can reveal the mystery from Alice’s side (Alice generates the
dataset) - in this example, we impose a dependence between σ2 and the sign of S(1/2)

166

Chapter 4. The Simulation Study of the Semi-G-structure
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Figure 4.14: The sampling distribution of the third moment estimator
(S(1/2) = σB(1/2)): the summation of X(t) up to t = 1/2. Namely, they are both
generated from σ2 = σ2 (S(1/2)): “True1” comes from a threshold-type switching model
σ2 (x) = 1{x≥0} σ + 1{x<0} σ,

(4.7)

and “True2” is simply switching the roles of σ and σ. We can show in theory that
under “True1”, E[(S(1))3 ] > 0 which is related to the half-normal distribution, but since

P(S(1/2) > 0) = 1/2, we do have the illusion that σ2 goes to low or high level with equal
chances. “True2” has the same switching property but E[(S(1))3 ] < 0.
Discussions In the following context, we will call the dependence between the current
volatility state (a hidden state) and the previous observations as feedback dependence,
which is also called “path dependence” in the context of GARCH models and further
in nonlinear time series. Since “path dependence” has its own special meanings in different disciplines such as economy, physics and financial modeling, we will use feedback
dependence here to avoid possible confusion. If feedback dependence does not exist in a
model, we call such structure as feedback independence. We call the dependence between
the current volatility state and the previous state as hidden dependence (the dependence
between hidden states).
Coming back to our experiment, one may argue that we can add “feedback-dependence
check” such as the correlation check between σ2 and S(1/2) to our initial analysis to avoid
this kind of model misspecification. One who made such argument essentially did not realize the possibility and flexibility of feedback dependence if we are lack of information
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on the internal structure of the dataset (or in short, the unobserved part). If we follow
this “feedback-dependence check”, we will fall into an almost endless initial analysis. We
only give two special cases in this simple example, actually, as long as the switching
region A ⊂ R (which may not be a continuous one) for σ2 (x) = 1{x∈A} σ + 1{x∈Ac } σ
satisfies P(B(1/2) ∈ A) = 1/2, we will have exact the same statistical observation on

the switching pattern in theory. If we enlarge our dependence structure further into the
form σ2 = σ2 (B(t), t ≤ 1/2) or even the form σ2 = σ2 (Z(t), B(t), t ≤ 1/2) involving
both feedback and hidden dependence (by relaxing the previous ideal setup Z(t) ≡ σ
for t ≤ 1/2 to make it also vary), in principle, we can also retrieve similar initial ob-

servations as before but they may provide different EP [(S(1))k ] (especially for k = 3).

Under a limited given information on the data structure or observed patterns, due to the
flexibility of the dependence structure, sometimes two types of dependence models are
essentially statistically non-distinguishable but they may produce significantly different
future scenarios. Furthermore, even in this simple two-volatility regime switching example, we have already seen the degree of uncertainty in the model specification, not to
mention the uncertainty in a real data analysis with more complicated setup.
In current statistical methodology, we commonly use the following procedure:
1. Observe the empirical pattern of the dataset.
2. Design a statistical model to capture or mimic this pattern.
3. Do diagnostic check on the model assumption and evaluate the model performance.
4. Come back to refine the model and iterate Steps 2 and 3.
It is indeed a useful and powerful iterative procedure, but its usefulness and reliability
highly depend on the uniqueness and tightness of the connection between the stylized
fact and the statistical model structure.
When we observe a pattern of the dataset, if we miss some possibilities of the model
specification, we may have a systematic deviation on the stochastic behaviour of the
future occurrences. This kind of thinking, which will lead to a discussion on how to select
the type of dependence-structure and how to design the dependence check, again requires
more knowledge on the internal structure of the data.
Rather than trying to refine our guess of the “true” dependence structure, can we
first set up an envelope to cover the possible expected values regardless of the underlying
dependence structure? If so, this will lead us to a robustified procedure which can produce
an S(1) envelope which is robust to the possible underlying model and allows us to
have a control on the danger in the extreme cases under the uncertainty in the model
specification.
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Theoretical insights

In our previous example, if σ1 also varies an unknown scheme by itself and σ2 depends on
σ1 B1 , to model the volatility part Zt , suppose we are essentially sitting in the uncertainty
of model specification characterized by the set (by stretching the time interval into [0, 2]):
3
L̃02 [σ, σ] = θ : {Ft }t∈[0,2] -adapted processes, θs , σ (1) 1[0,1] (s) + σ (2) 1(1,2] (s),

4
σ (i) : Ω → [σ, σ], σ (1) is F0 -measurable, σ (2) is F1 -measurable .

(4.8)

To show the key result, we need to prepare some preliminary knowledge for readers.
In principle, to create an envelope of linear expectation under this set of processes, if
this set of processes are associated with a set of measures P which are dominated by a
reference measure P0 , we can do the change of measure to directly consider the set of

Radon-Nikodym derivatives so that we can still work on the linear expectation under that
reference measure. However, intuitively speaking, this kind of uncertainty usually only
works in the situation called mean uncertainty, where the mean parameter is uncertain.
If we are working on the volatility uncertainty (which is exactly the case here), it can be
proved that typically there is no dominating measure for the associated set of measures
P (Epstein and Ji (2013)). Then we need to step into the world of sublinear expectation
by directly working on E[X] := supP∈P EP [X].
In the following context, we always consider B as the classical standard Brownian

motion under (Ω, F, P) with filtration F = {Ft }t≥0 .
Theorem 4.5.1 (The joint distribution of two semi-G-normal distributions under sequential independence). Consider Wi ∼ N̂ (0, [σ 2 , σ 2 ]) with W1 !!" W2 . For any ϕ ∈
Cl.Lip (the space of locally Lipschitz functions),

ˆ
E[ϕ(W1 , W2 )] = max EP [ϕ(
[σ,σ]

θ∈L̄0,2

0

1

θs dBs ,

ˆ

1

2

θs dBs )].

Proof. First consider whether LHS ≤ RHS, namely, whether the G-expectation can be
[σ,σ]

reached by some θ ∈ L̄0,2 . We may directly check it by computing it by the iterative
scheme,

E[ϕ(W1 , W2 )] = E[( max EP [ϕ(w1 , σ2 (W2P − W1P ))])w1 =W1 ]
σ2 ∈[σ,σ]

= E[(EP [ϕ(w1 , σ (2) (w1 )(W2P − W1P ))])w1 =W1 ],
@
AB
C
=:ϕ1 (w1 )
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where σ (2) (w1 ) is the maximizer depending on w1 . (Here we may need to check whether
we have ϕ1 ∈ Cl.Lip , we may need to add more conditions to ϕ.) Then
E[ϕ(W1 , W2 )] = E[ϕ1 (W1 )]
= max E[ϕ1 (σ1 W1P )]
σ1 ∈[σ,σ]

= E[ϕ1 (σ (1) W1P )],
where σ (1) ∈ [σ, σ] is the maximizer. From this iterative procedure, we get the optimizer
[σ,σ]

(σ (1) , σ (2) (·)), then we choose the associated θ ∈ L̄0,2 in the form: (the idea here is similar
to the procedure in stochastic control but here we are focusing on the volatility part.)
θs = σ (1) 1[0,1] (s) + σ (2) (σ (1) W1P )1(1,2] (s).
Then it must reach the G-expectation of the bivariate vector (W1 , W2 ) because:
ˆ
EP [ϕ(

1

0

θs dWsP ,

ˆ

2

1

θs dWsP )] = EP [ϕ(σ (1) W1P , σ (2) (σ (1) W1P ) · (W2P − W1P ))]

(classical independence) = EP [EP [ϕ(w1 , σ (2) (w1 ) · (W2P − W1P )]w1 =σ(1) W1P ]
@
AB
C
ϕ1 (w1 )

= EP [ϕ1 (σ (1) W1P )]

(= max E[ϕ1 (σ1 W1P )])
σ1 ∈[σ,σ]

= E[ϕ(W1 , W2 )].
[σ,σ]

Next check whether LHS ≥ RHS. For any process θ ∈ L̄0,2 , we want to see whether its

linear expectation is dominated or controlled by E[ϕ(W1 , W2 )]. It should hold because we
can follow a similar procedure:
ˆ
EP [ϕ(

0

1

θs dWsP ,

ˆ

1

2

θs dWsP )] = EP [ϕ(σ (1) W1P , σ (2) (σ (1) W1P ) · (W2P − W1P ))]
= EP [EP [ϕ(w1 , σ (2) (w1 ) · (W2P − W1P )]w1 =σ(1) W1P ].

For the inner part, for any fixed w1 , by the setup of θ, we have σ (2) (w1 ) ∈ [σ, σ]. Hence,
EP [ϕ(w1 , σ (2) (w1 ) · (W2P − W1P )] ≤ max EP [ϕ(w1 , σ2 (W2P − W1P )]
σ2 ∈[σ,σ]

(= E[ϕ(w1 , W2 )]) = ϕ1 (w1 ).
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Then
ˆ
EP [ϕ(

0

1

θs dWsP ,

ˆ

1

2

θs dWsP )] ≤ EP [ϕ1 (σ (1) W1P )]
≤ max EP [σ1 W1P ]
σ1 ∈[σ,σ]

= E[ϕ1 (W1 )]
(= E[E[ϕ(w1 , W2 )]w1 =W1 ]
(from W1 !!" W2 ) = E[ϕ(W1 , W2 )].
To summarize, for any ϕ ∈ Cl.Lip we have proved that for any possible volatility process
[σ,σ]

θ ∈ L̄0,2 , the linear expectation of its stochastic integral is dominated by E[ϕ(W1 , W2 )].
Meanwhile, there always exists one θ so as to reach this upper bound. Therefore,
ˆ 1
ˆ 2
P
E[ϕ(W1 , W2 )] = max EP [ϕ(
θs dWs ,
θs dWsP )].
[σ,σ]

0

θ∈L̄0,2

1

[σ,σ]

Corollary 4.5.1.1. For any given ϕ ∈ Cl.Lip , as we vary θ ∈ L̄0,2 , we have the
inequalities

ˆ
−E[−ϕ(W1 , W2 )] ≤ EP [ϕ(

1

0

θs dBs ,

ˆ

2

1

θs dBs )] ≤ E[ϕ(W1 , W2 )]

and the two bounds are reachable.
Proof. This is a direct consequence of Theorem 4.5.1 by noticing that −E[−ϕ(W1 , W2 )]
is associated with the minimum of the family of linear expectations.
[σ,σ]

Remark 4.5.1.1. For a fixed ϕ, we can usually find one θ ∈ L̄0,2 by doing an iterative

algorithm as illustrated in Li and Kulperger (2018), which will compute the sublinear
expectation at the same time. Interestingly, as shown in Theorem 4.5.2, when ϕ belongs
to a special family of functions, we only need to go through a much smaller (eight[σ,σ]
element) subset of L̄0,2 to get the sublinear expectation by directly doing a Monte Carlo
approximation without doing the iterative algorithm.
Let Cs.poly denote a basic family of polynomials:
{ϕ : ϕ(x1 , x2 ) = (ax1 + bx2 )k , or cxp1 xq2 , with p, q, k ∈ N, a, b, c ∈ R}.
d

d

Theorem 4.5.2. For W1 = W2 = N̂ (0, [σ 2 , σ 2 ]) with W1 !!" W2 , for ϕ ∈ Cs.poly (R2 ),
ˆ 1
ˆ 2
E[ϕ(W1 , W2 )] = max EP [ϕ(
θs dBs ,
θs dBs )].
[σ,σ]

θ∈L0,2

0

1
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[σ,σ]

Under this sequential independence, the uncertainty set L0,2 is the following set,
3
θ : F-adapted processes, θs = σ1 1[0,1] (s) + σ2 (W1P )1(1,2] )(s),
σ1 ∈ {σ, σ},

σ2 (x) = 1{x>0} (vb − va ) + va ,
4
(va , vb ) ∈ {σ, σ} × {σ, σ} .

By using Theorem 4.5.2 (or also directly expand the expressions under the sublinear
expectations), we can directly compute the pair of sublinear expectation
(−E[−(W1 + W2 )3 ], E[(W1 + W2 )3 ]).
The results for the expression above have been provided in Section 4.3. Then we can
combine this pair with Corollary 4.5.1.1 to see that it actually produces a robust envelope
that can cover the linear expectation regardless of the dynamic of θ (which could belong
[σ,σ]

to a general set L̄0,2 ). Furthermore, as stated in Theorem 4.5.2, although the envelope
seems quite general, it can be reached in some special situations that could be candidate
models. For instance, the threshold-type elements such as (4.7) are also related to the
leverage effect in financial time series. In fact, these envelopes have already been revealed
if we look at the sample mean of the histograms of the model “True1” and “True2” in
Figure 4.14. It tells us these two candidate underlying dynamics are not only potentially
“misleading” to data analysts (in the sense that it produces similar patterns if we only
look at the first two moments) but also could be the extreme scenario when we are
interested in a small but basic family of transformations ϕ (such as all the moments of
S(1)).
d

Theorem 4.5.3. (Joint distribution under semi-sequential independence) For W1 =
S
d
W2 = N̂ (0, [σ 2 , σ 2 ]) with W1 !!" W2 , for ϕ ∈ Cl.Lip (R2 ),
ˆ 1
ˆ 2
E[ϕ(W1 , W2 )] = max EP [ϕ(
θs dBs ,
θs dBs )],
[σ,σ]

θ∈S0,2

0

1

where W P is the classical Brownian motion under (Ω, F, P). Under this semi-sequential
[σ,σ]

independence, the uncertainty set S0,2 is the following set,
3
θ : F-adapted processes, θs = σ1 1[0,1] (s) + σ2 1(1,2] )(s),

(σ1 , σ2 ) : random vector with support ⊂ [σ, σ]2
4
(σ1 , σ2 ) is independent from (Bt )t∈[0,2] .
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Theorem 4.5.4. For convex or concave ϕ ∈ Cl.Lip , E[ϕ(W1 , W2 )] is the same under
sequential independence or semi-sequential independence.
Proof. It is a special case of Corollary 2.1.28.2.
Now we are ready to give a higher-level explanation on the phenomenon in the previ[σ,σ]

ous data example. The hidden Markov-switching model essentially belongs to S0,2 which
is sufficiently covered by the semi-G-normal distributions under semi-sequential indepen[σ,σ]

dence. The true generation schemes mentioned before both belong to L̄0,2 which is only
covered by sequential-independence. Under transformation ϕ(x1 , x2 ) = (x1 + x2 )n , when

n = 1, 2, it is convex so the “Markov-Switch” has the same expectation as the true
ones. When n = 3, ϕ is neither convex nor concave, so there is distinction between the
hidden Markov-switching model (feedback-independence) with the true ones (feedbackdependence).
The insights of our current results can be summarized into four sentences:
1. The semi-sequential independence regarding semi-G-normal distributions can cover
uncertainty among all feedback-independence structure (which may only contain
hidden-dependence) in discrete-time volatility modeling (such as the structure in
[σ,σ]

S0,2 ).

2. The sequential independence regarding semi-G-normal distributions can cover uncertainty among all feedback-independent and feedback-dependent structure in discrete[σ,σ]

time volatility modeling (such as the structure in L̄0,2 ).

3. Under convex and concave transformation, these two types of nonlinear independence should have the same sublinear expectation.
4. Under non-convex or non-concave transformation, the sequential-independence could
produce a larger envelope because the distinction between feedback-independent
and feedback-dependent structures may arise.
Our current attention is mainly on the bounded volatility modeling where [σ, σ] is
a fixed bound. For continuous time volatility modeling, we will need to the associated
Brownian motion setup (which will involve the G-Brownian motion), which will be in
our future development. We believe these insights should also carry over to more general
volatility modeling or even other type of model uncertainty.
By combining the sublinear expectation associated with a general P with current
statistical methodology, we provide a top-down perspective on the existing statistical
modeling structure by providing a sharp envelope that is equipped with a very general
robustness to the sophistication of the underlying model specification, which is actually
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reachable in some simple situations. It can also be updated and narrowed once we have
more certainty on part of the structure.

4.6

A statistical perspective of the semi-G-structure

In this section, we provide a sample-level view of the semi-G-structure. We focus on the
common real-valued data situation. In Section 6.5, we will mention another new perspective of such connection by extending the nature of data from real-valued to interval-valued
type.
Given a sample Xi , i = 1, 2, . . . , N , how should we view the semi-G-structure from a
statistical perspective?
Note that we have not assumed any order for the index i. In other words, the sample
Xi may not belong to the so-called sequential data. (For instance, i is simply the spatial
location on a map. Then we do not treat them as one with order and their order can be
permutated.)
• (C1) Let us first recall one classical situation (without any distributional uncertainty or model-level uncertainty). Suppose Xi = σ"i , where "i are classically i.i.d.
from N (0, 1) and σ is an unknown but fixed constant. Then we can treat Xi as
a sample coming from N (0, σ 2 ), where sample points are classically independent.
This argument will not change if we permute the order of Xi .
• (C2) We still stay in the classical setup but extend our previous case. Suppose we
allow σ to change with i. Then we have Xi = σi "i . The assumption on "i part
stays the same and we assume σi follows Unif[σ, σ] independently from ("i , i =
1, 2, . . . , N ). Note that the interval [σ, σ] does not change with i. Then we can treat
Xi as an sample from a (classically) independent normal mixture f (·|σ) ∼ N (0, σ 2 )

with σ ∼ Unif[σ, σ]. Again, this argument will not change if we permute the order
of Xi .
Then let us consider a more general situation. Suppose we do not make any assumption
on the probabilistic rule of σi (or we are simply lack of reliable information or knowledge
on the behavior of σi .) We only know that σi is a random quantity in [σ, σ] or formally
speaking, the support of σi is [σ, σ]. The assumption on "i stays the same: they are
classically independent. Note that the interval [σ, σ] does not change with i and the
distribution of σi could be any distribution with support on [σ, σ]. In other words, the
distributional uncertainty of σi can be characterized by a set of probability measures
P[σ,σ] = {Pσ , σ ∼ F[σ,σ] } where F[σ,σ] represents a (classical) distribution with support on
[σ, σ].
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The set P[σ,σ] is exactly the uncertainty set associated with the maximal distribution

M[σ, σ]. However, the “distribution” in the phrase “maximal distribution” is different
from the one in “uniform distribution” because the latter is a concept in the classical
probability system, but the former is a notion in sublinear expectation world. A better
way to interpret the maximal distribution is to treat it as a description of a set of classical
distributions (or we can call it as maximal uncertainty set). We can treat V ∼ M[σ, σ]
as a sublinear analogue of constant in sublinear expectation space in the following sense:

• Its uncertainty set can be described as a family of Dirac measures with mass point
in [σ, σ].
• In the sublinear world, V + V̄ is identically distributed as 2V for an independent
copy V̄ of V .
• Maximal distribution is the limiting distribution of LLN in sublinear world.
Here we consider V as the scaling parameter of " by assuming " is independent from V .
Then V " produces the so-called semi-G-normal distribution N̂ (0, [σ 2 , σ 2 ]). Finally, in a
vague sense, we have the following statement

(S1) We can treat Xi as a sample from V " or semi-G-normal N̂ (0, [σ 2 , σ 2 ]) that are
semi-G-independent.
Again, this argument will not change if we permute the order of Xi . This is still a
vague statement (but it can be smoothly carried over with no significant confusion in
practice) because we have not explained the meaning of sample of a sublinear object and
the semi-G-independence. We will clarify them in the next paragraph.
To be more precise, since there is no assumption on the rule of σi , the distribution
of Xi will not boil down to a single classical distribution as we did in (C2). We still
have uncertainty on the distribution of Xi . This kind of distributional uncertainty can be
described by an object XiG = Vi "i in sublinear expectation space where Vi ∼ M[σ, σ] and

"i ∼ N (0, 1) which can still be treated as a degenerate object in sublinear world. Here we
add the superscript simply to stress that XiG is no longer in classical world. When we said
" is independent from V , it is a strict statement in sublinear world in the sense that the

role of " and V can not be switched, because the independence in sublinear framework (we
also refer it as G-independence or sequential independence) is an asymmetric relation.
This statement “" is independent from V ” is denoted as V !!" ", where the notation

!!" represents the order of independence and the dashed arrow (rather than solid arrow)
means it is a description of “independence” rather than “dependence”.

• To explain the term sample in Statement (S1), since we have such distributional
uncertainty, we treat Xi as an object XiG in sublinear world and XiG is a semi-Gindependent sample from V " which follows N̂ (0, [σ 2 , σ 2 ]).

4.6. A statistical perspective of the semi-G-structure
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• The interpretation of semi-G-independence can be divided into following parts:
1. We have Vi , i = 1, 2, . . . , N are G-independent: the joint distribution of Vi is a
maximal distribution with rectangle support [σ, σ]n . It can interpreted as the
setup that, the support for each σi does not change over i or the support of
joint vector (σi , i = 1, 2, . . . , N ) is [σ, σ]n (although we do not know its joint
distribution.) This assumption will be violated if the support of σi changes
with i such as [σ i+1 , σ i+1 ] = α[σ i , σ i ] with α > 0 (but such case can be modified
by properly scaling Vi and it still belongs to the semi-G-independence under
the transformed Vi .)
2. We have "i , i = 1, 2, . . . , N are G-independent, which is equivalent to classical
independence because "i follows degenerate classical distribution.
3. The joint vector ("i , i = 1, 2, . . . , N ) is G-independent from (Vi , i = 1, 2, . . . , N ).
As we mention in the setup of XiG , we treat Vi as the sublinear version of scaling parameter onto "i . Similar to the discussion of normal mixture in (C2), we
assume the distribution of "i is (classically) independent from σi part. Here
this assumption is simply saying that any realization of Vi part will not affect
the distribution of "i part.
4. Semi-G-independence is a symmetric relation, because the independence among
maximal distribution or degenerate (classical) distribution is symmetric. (These
are actually the only two families that allow symmetric independence shown
by Hu and Li (2014).)
If we restrict our attention to sequential data Xi (where the order of i matters), the
current discussion can also be carried over to the situation that XiG are G-independent
(using the original version of independence in the sublinear world). The only difference is

that we need to remove the third statement in the interpretation of semi-G-independence.
G
We keep the G-independence Vi !!" "i and replace it with the assumption that Xi+1
is
independent from (XjG , j ≤ i). It means that the distributional uncertainty associated

with Xi+1 is not affected by the realization of previous (Xj , j ≤ i). Why does such
situation differ from semi-G-independence? Readers can turn to Section 2.3 where we
use a simple urn example to explain their distinction.
Moreover, after readers understand the meaning of the situation with G-independence,
the distribution of XiG can also be replaced by G-normal but the distributional uncer-

tainty set can no longer be described by Vi "i , which can be shown as {N (0, σ 2 ), σ ∈ [σ, σ]}.
To understand the uncertainty set of G-normal, it requires additional preparation such
as a classical filtered probability space with a Brownian motion Bt . The distributional
uncertainty of G-normal should be written as the family PL[σ,σ] of probability measures
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associated with elements in L[σ, σ] where
ˆ 1
L[σ, σ] := {
σs dBs , σt : Ω → [σ, σ] adapted process}.
0

In other words, it is associated with the family of martingales with bounded quadratic
variation. More details regarding the representation of the G-Brownian motion can be
found in Denis et al. (2011).
To conclude, the semi-G-structure provides a flexible framework where it can modify
the sublinear version of structure to work with various kinds of moderately-size uncertainty set (and it can approach the family of G-normal by aggregation under Gindependence and shrinkage of the time intervals.) More importantly, it provides a consistent view of semi-G-independence and exchangeability. It also has computational convenience when considering its sublinear expectations. The semi-G-normal has another
desired property that it allows the connection between the univariate and multivariate
objects (Section 3.3) through the semi-G-independence which the G-normal does not
satisfy.

Chapter 5
A Role of the G-framework in
Real-valued Data
5.1

Introduction

The classical probabilistic system is good at describing the randomness under a single
probability rule or model Pθ (which could be sophisticated in its form). However, in prac-

tice, there are phenomena where it is hard to precisely determine a unique Pθ to describe
the randomness. In this case, we cannot ignore the uncertainty in the probability rule
itself. This kind of uncertainty is often called Knightian uncertainty in economics (Knight
(1921)) or epistemic uncertainty in statistics (Der Kiureghian and Ditlevsen (2009)). It
is also commonly called model uncertainty or ambiguity in model if it refers to the uncertainty in the probabilistic model. A standard example of Knightian uncertainty comes
from the Ellsberg paradox proposed by Ellsberg (1961) showing the violation of the classical expected utility theory based on a linear expectation. During this development, many
models incorporating ambiguity have been proposed. For instance, Epstein and Ji (2013)
studied the utility theory and the pricing problems under the ambiguity in the dynamic
model of volatility processes. This ambiguity can only be described by a non-dominated
family of measures for which we cannot find a reference measure, so they used the Gexpectation of the G-Brownian motion. This discussion has been further extended by
Vorbrink (2014) who presented a top-down view on the financial market under volatility
uncertainty. However, most of the existing work focus on the probabilistic and stochastic
structure incorporating Knightian uncertainty to consider model uncertainty, which are
crucial to the theoretical foundation of the development and discussions on the problems
under ambiguity, but it is essentially an unavoidable question for us to deal with such
model-level uncertainty in practical data situations. In fact, Peng et al. (2020) expressed
a similar concern regarding the meaning of the tuning window size in their estimation of
177
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the volatility band when considering the volatility uncertainty in the design of improved
value at risk in the context of log return dataset.
In this chapter, we explore the notion of Knightian uncertainty directly from the data
itself. To illustrate our motivation, let us start with a quick example coming from the
rabbit-duck illusion (Figure 5.1), an image with ambiguity where both a rabbit and a duck
can be seen. Wiseman et al. (2011) studied the ambiguity brought by this image from a
cognitive level. When applying an image recognition model to it, as the angle θ of the
image changes, the model may give different probability assessment on each category. In
order to assess the performance of the model or the ambiguity of the image, we need to use
a set of probabilities P := {Pθ : Pθ (Rabbit) = pθ , Pθ (Duck) = 1 − pθ , θ ∈ [0, 2π]}. One way
of the assessment is to consider the two extreme probability output: V(·) := supθ Pθ (·)
and v(·) := inf θ Pθ (·).

Figure 5.1: Rabbit-duck Illusion (from the 23 October 1892 issue of Fliegende Blätter)
What we are aiming at is the idea that, since there exist both a family of images
appearing significant ambiguity (even to a machine governed by a fixed trained algorithm)
and a class of images which do not appear any ambiguity to the machine, we cannot
say the ambiguity only appears in subjective attitudes or believes, but it should also
exist in some objective nature in the concerned object (such as a dataset) which should
be recognizable under given conditions. To be specific, given a degree of incomplete
information, can we find an objective evidence that a dataset exhibits a significant level
of ambiguity?
In fact, the general debate and discussion on model uncertainty in data science has
undergone a long history. For instance, Chatfield (1995) initiated a heated discussion on
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the this fundamental issue before the meeting of the Royal Statistical Society in 1995,
where three main sources of uncertainty were listed and discussed:
1. Uncertainty in the structure of the model.
2. Uncertainty about the estimations of the model parameters for a fixed structure of
the model.
3. Unexplained randomness in observed variables even for a known structure of the
model and fixed values of the model parameters.
As mentioned by Chatfield (1995), the existing statistical methodology can say a lot
on these sources 2 and 3 but relatively little in 1, whereas the danger brought by source
1 is usually much larger than the other two.
Let us come back to this question: what do we mean by Knightian uncertainty in
general data analysis? Suppose in a data sequence, Xi follows Pθi ∈ P as the index i
increases. We consider three cases:

• In the simplest case, θi does not change with i.
• θi could change in a predicable way and the whole data generation mechanism can
be treated as a hierarchical model. For instance, the data can be generated from a
mixture model or hidden Markov model.
• θi is generated in a complete uncertain and non-degenerate way (that does not
belong to the previous two cases).
The third is the case we are interested in. This type of uncertainty belongs to source
1, which cannot be quantified by a classical probabilistic model. In Section 5.5, we will
introduce an ambiguity operator to further quantify this uncertainty.
In the initial stage of general data practice, how should we choose the set of probabilities to describe the randomness? Do we want to treat it as a certain distribution
(a singleton {P0 }) or one with uncertainty (a non-degenerate P)? So far this decision

is mostly based on our subjective belief, experience or knowledge, which is not always
available or reliable when faced with an unfamiliar situation, but in principle, we still
want to have some precaution on the potential uncertainty in the dataset. Do we have
any objective evidence or data-driven methods to show whether uncertainty or ambiguity
is a significant feature of the dataset? If so, can we make statistical inference on the
structure of the set P? To make a simple example, can we check whether we have µ < µ
in the set {N (µ, σ 2 ): µ ∈ [µ, µ], σ ∈ [σ, σ]} or whether we have σ < σ in the uncertainty
set {N (µ, σ 2 ): σ ∈ [σ, σ]}? We will give a partial answer to these questions in this paper.
The main challenge of developing rigorous statistical test here is that, under the

null setting, we may be still under model uncertainty and the probabilistic description
does not have an explicit parametric form, where most of the classical statistical tests
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may not be available (whose null setting often require a certain parametric setup or a
certain structure like stationarity.) From the best of knowledge of authors, under the
setting and spirit of statistical methodology based on classical probability system, as a
common routine, if the underlying model of Xi is Pθi which may change or switch in P
as i increases, we usually presume a rule on the switching behaviour of θi or assume a

dependent structure on the sequence of θi . This kind of assumption may come from our
attitude, belief or experimental experience as well as theoretical consistency. However,
in the early stage of analysis, under lack of information on the random scheme of the
dataset (or simply the structure of P), if we artificially impose a switching rule on the θi ,

without having any control on the uncertainty brought by P, as the dataset increase, any
unexpected switching behaviour of θ may cause serious danger of model misspecification.
Can we think out of the map of our old friend, the classical probability system (Ω, F, P)?
We will put ourselves into a general probabilistic framework called the G-expectation
framework.
In the existing literature, Peng and Zhou (2020) mainly studied the tail probability
of G-normal and the associated optimal control, then use the latter object to achieve the
p-hacking in a classical t-test. It gives an interesting perspective of hypothesis test to
view the tail of G-normal by using a classical test as one application scenario, but its
focus is not to really design a new hypothesis test based on G-normal. To the best of
our knowledge, the inference method presented in this chapter is the first statistical test
that is directly based on the G-expectation of G-normal, to test a parameter persistency
(such as a moment persistency) under a general situation of model uncertainty. It also
provides a way to understand the group size in the max-mean estimation proposed by
Jin and Peng (2016) (under different group size, the significance of the degree of moment
uncertainty will vary.)
The remaining parts of this chapter are organized as follows. Section 5.2 first provides a series of visualization tools of to understand P from a sample level through a

max-mean procedure by varying the group size (we call these tools as VKU: Visualization of Knightian Uncertainty). Section 5.3 gives a construction of test to quantify
the insights from visualization tool (we call such test as TKU: Test of Knightian Uncertainty). In the discussions of VKU and TKU, we use a comparison among a normal
mixture sample, a real-world log return dataset and a semi-G-normal sample to illustrate
their differences in term of the variance uncertainty. Section 5.4 uses TKU to test the
moment uncertainty of two semi-G-normal objects under the semi-G-independence and
G-independence. This can further quantify the difference between them by investigating
the local sample behaviour (that we have seen in Section 4.3). Section 5.5 introduces
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a new ambiguity operator to quantify Knightian uncertainty and discusses its property.
This operator can further help us choose the test function ϕ (which is the transformation
function in the hypothesis test). Furthermore, this operator leads us to a special space of
the test functions called the ambiguity null space (Section 5.6): adding elements in this
space does not change the degree of ambiguity. It also further defines an interesting collection of equivalence classes in the space of test functions. Finally, Section 5.7 discusses
possible future development of this chapter.

5.2

Visualization of Knightian Uncertainty

To give readers a feeling on the potential uncertainty in data analysis, we will use a
comparison example to illustrate it.
How can we rigorously distinguish the underlying P of the three samples in Figure 5.2?

Is there any second moment uncertainty? In fact, the middle one is a scaled version of
the log return of the S&P 500 Index. The other two come from simulation.
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Figure 5.2: The comparison of line graphs
We propose four diagnostic tools to visualize the potential uncertainty. One of them is
shown in Figure 5.3 , those curves are called max-mean and min-mean curves or extrememean curves in short.
The idea is to take x2 transformation to all data points and group the dataset by
group size n, then get the min and max of all group means. By varying n, we will get the
max-mean and min-mean curves. From the G-LLN, if there exist significant uncertainty,
as n increase, the two curves will keep a large gap in between ([σ 2 , σ 2 ]), but how large it
should be? The key idea is to introduce a reference sample which has the second moment
certainty. Here we use the standard nonparametric bootstrap to get reference samples.
From the plots above we can see that in the left figure, the gap between two curves seems
similar to the reference one; in the middle, only the max-mean curve seems above the
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Figure 5.3: The comparsion of max-mean and min-mean curves
reference but the min-mean curve is close to reference; the right plot show the group
averages of data has much more dispersion than the reference. These visual results give
us hints on the variance uncertainty in the three sample, motivating us to construct a
test to quantify the gap of the curves (see Section 5.3 for more details) .

5.2.1

Extreme-mean Point Plots

How can we better visualize the information of the extreme-mean curves? If we want to
stress the gap differences at the end of the extreme-mean curves, we can aggregate the
curves by directly project them to the y-axis so as to get the Extreme-mean Point Plots
as illustrated by Figure 5.4. We can see that in the leftmost one of Figure 5.4, the gap
of the reference dataset is close to the gap of original dataset.

5.2.2

Extreme-mean Histograms

In order to further show the frequency of the values in the extreme-mean-points plot, we
can draw the histogram of each set of extreme means to get Figure 5.5. From this graph,
we can even get some ideas about the estimation by looking at the highest bar.

5.2.3

Extreme-mean Cluster Graphs

In the extreme-mean curve, we may notice that as the group size increases, the gap
between min and max of group mean tends to stay at some level in a range of group
sizes. To better visualize this pattern, for each group size, we can plot the point with
coordinate: min and max of group mean to produce Figure 5.6.
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Figure 5.4: The comparsion of the max-mean and min-mean point plots
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Figure 5.5: The comparsion of max-mean and min-mean histograms
In Figure 5.6, we can notice that the log return and the rightmost one have similar
pattern that: the cluster from the dataset tends to stay around some region by comparing
it to the reference dataset (which often goes towards the 45 degree line). One direction
to further explore is to directly develop a clustering algorithm or measurement function
to quantify the difference between the two clusters.

5.3

Construction of the test

Let M denote the set of all possible probability measures on a measurable space (Ω, F).

Consider the dataset X1 , X2 , . . . , XN which can be treated as (nonlinearly) independent
and identically distributed governed by the set of distributions or measures Q ⊂ M.
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Figure 5.6: The comparsion of max-mean and min-mean cluster plots
Let E be the sublinear expectation induced by Q. For a test function ϕ ∈ Cl.Lip , we are

concerned about whether there exists significant ϕ-uncertainty: −E[−ϕ(X)] < E[ϕ(X)].
Let φ := −E[−ϕ(X1 )] and φ := E[ϕ(X1 )]. In general, we can formulate this problem into
a hypothesis test:

H0 : φ = φ(= φ) vs HA : φ < φ.
Since E[ϕ(X)] = supP∈Q EP [ϕ(X)] and −E[−ϕ(X)] = inf P∈Q EP [ϕ(X)], H0 actually tells
us:

inf EP [ϕ(X)] = sup EP [ϕ(X)],

P∈Q

P∈Q

which indicates the uncertainty set of distributions Q appears certainty under the trans-

formation ϕ, but it does not necessarily mean distributional certainty or Q is a singleton.

By carefully choosing different ϕ’s, we can infer more about the shape or structure of Q.

The general idea of the test comes from the asymptotic behaviours of the group
average under uncertainty. Under H0 saying X has ϕ-certainty, when φ is known, after
grouping the dataset into (Xij )m×n with group size n, let Zij := ϕ(Xij ) − φ so each Zij
are (nonlinearly) i.i.d. with certain mean zero. Note that the value of Zij here depends
on the choice of ϕ.
Consider the group means: Z̄i :=
two extremes of group means as:

1
n

!n

j=1

Zij , i = 1, 2, . . . , m, and further express the

Z̄(m) := max Z̄i and Z̄(1) := min Z̄i .
1≤i≤m

1≤i≤m

√

approx

The G-CLT shows, when n is large enough, we have nZ̄i ∼ N (0, [σ 2 , σ 2 ]) with σ and
σ defined as: σ 2 := −E[−Z12 ] = inf P∈Q EP [Z12 ], and σ 2 := E[Z12 ] = supP∈Q EP [Z12 ]. Express
the upper cdf of G-normal as F N (x) := V(M ≤ x) = E[1{M ≤x} ].
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In the principle of the established max-mean method by Jin and Peng (2016), they
can be estimated by
1+ 2
1+ 2
2
σ̂ := min
Zij and σ̂ := max
Zij .
1≤i≤m n
1≤i≤m n
j=1
j=1
n

2

The asymptotic distribution of

n

√

nZ̄i allows us to have a further rough control of the
√
√
deviation of the pair of two extreme statistics ( nZ̄(1) , nZ̄(m) ). Suppose we have an
√
√
observation (a, b) (a ≤ b) of ( nZ̄(1) , nZ̄(m) ), under H0 , what kind of (a, b) should
be treated as a significantly extreme pair showing strong evidence for us to reject H0 ?
Depending on how conservative the user is, one feasible direction is that H0 is rejected

if a is too small or b is too large. Our main result is summarized in Theorem 5.3.1. More
theoretical details and proofs are included in Section 5.8.1.
Theorem 5.3.1. Under H0 , if φ is known, let F N (x) denote the upper cdf of N (0, [σ 2 , σ 2 ]).
√
√
When n is large enough, for any pair (a, b) with a ≤ b as an observation of ( nZ̄(1) , nZ̄(m) ),
we have the pair of p-values (Va , Vb ) in a nonlinear sense:

and

√
Va := V( nZ̄(1) ≤ a) ≈ 1 − (1 − F N (a))m

(5.1)

√
Vb := V( nZ̄(m) > b) ≈ 1 − (1 − F N (−b))m .

(5.2)

Corollary 5.3.1.1. Given a significance level α, if min {Va , Vb } ≤ α, (a, b) will be a
significant observation uniformly across all possible P ∈ Q:
√
√
P( nZ̄(1) ≤ a) ≤ α or P( nZ̄(m) > b) ≤ α.

In this case, we will reject H0 and infer that there exists significant ϕ-uncertainty.
Remark 5.3.1.1. F N has a closed form (Peng et al. (2020))
F N (x) =

,
2σ
x
2σ
x Φ( )1{x≤0} + 1 −
Φ(− ) 1{x>0} , with Φ being CDF of N (0, 1).
σ+σ σ
σ+σ
σ

Remark 5.3.1.2. We can also derive a closed form for the quantile function:
−1

F N (p) = σΦ−1 (
= σΦ−1 (
where

p(σ + σ)
(1 − p)(σ + σ)
)1{p≤K} − σΦ−1 (
)1{p>K}
2σ
2σ
p
1−p
)1{p≤K} − σΦ−1 (
)1{p>K} ,
2K
2(1 − K)
K=

σ
.
σ+σ
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Then for a given significance level α and number m of groups we can also compute the
critical value (aα,m , bα,m ), in the form of
aα,m = F N (1 − (1 − α)1/m )
−1

and
bα,m = −F N (1 − (1 − α)1/m ).
−1

Remark 5.3.1.3. If φ is unknown, by letting Yi := Xi , the idea is to use the overall
average ȲN to estimate φ so as to have the grouped data Zij := Yij − ȲN and Z̄i :=
!n
√
1
nZ̄i is still N (0, [σ 2 , σ 2 ]) as long
j=1 Zij . Under H0 , the asymptotic distribution of
n
as the number of groups m := AN/nB is also large enough. In this sense, we can see the
trade-off that we need both n and m to be large but we have the restriction N = nm.

However, this trade-off becomes less kind of a problem, if the available dataset has a
large N .
We can apply the test to the three samples in Section 5.2 to get V -values (upper
p-values) under each group size n to produce Figure 5.7. We can see the following the
left one have large V -values for both max-mean and min-mean (> 0.25), showing little
variance uncertainty. In fact, the left one comes from a Gaussian mixture model. Despite
the mixture design, it is essentially a single distribution). The middle one has significant
uncertainty in the max-mean (extreme small V -values) but not in the min-mean. The
indicating the behaviours of high volatility is much more uncertain than the low volatility
in stock market). The right one shows strong variance uncertainty after group size n
becomes larger than 200 which comes from our previous work semi-G-normal distribution
proposed in Li and Kulperger (2018). The concept of semi-G-normal has been established
in Chapter 2 and how to perform simulation study associated with the semi-G-normal
has been discussed in Section 3.2.
The mixture model tells us if the switching rule of the θ in Q can be eventually de-

scribed by a single distribution, the whole randomness will be degenerated to a singleton
(single distribution), which does not really have (Knightian) uncertainty. In other words,
the distribution of the dataset simulated from this kind of mixture model essentially has
no difference from the one generated from its empirical distribution. To summarize the intuition from Figure 5.7, in terms of the variance uncertainty, we can see that the degree of
uncertainty for log return data sits between the normal mixture and the semi-G-normal.
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Figure 5.7: Comparison of V -values under different group sizes

5.4

Simulation study: sequential versus semi-sequential

Next we make another series of comparisons between two time series object XA and XB
that may also have distributional uncertainty by performing the test on the realization
paths of them. This time we are going to test the first three moments of the sequence to
distinguish their set of distributions: QA versus QB .
First, Figure 5.8 shows the line graphs of XA,t and XB,t with t = 1, 2, . . . , N . We can

see that the dynamics of XA and XB looks quite similar to each other. They both have
some volatility clustering.
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Figure 5.8: Line graphs of XA and XB
By comparing the first three moments of XA and XB (Figures 5.9 to 5.11), we notice
that they both have mean certainty and variance uncertainty, so we cannot distinguish
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Figure 5.9: Comparison of XA and XB in the test of first moment uncertainty
their uncertainty set based on their first two moments. However, we can notice that in
terms of third moment, XA seems to have larger uncertainty than XB . The simulation
ideas of XA and XB (that is, how to perform a pseudo simulation from an uncertainty
set) have been explained in Section 4.2.
Now we can reveal the underlying story here. Consider two semi-G-distributed objects
d

d

W1 = W2 = N̂ (0, [σ 2 , σ 2 ]). In fact, the distributional uncertainty QA of XA is designed
to be the same as W1 + W2 with W1 !!" W2 under a small family of ϕ, while XB is
S

designed to be closer to W1 + W2 with W1 !!" W2 . The uncertainty sets of distributions
in each case can be found in Proposition 3.4.2. Recall that we have
−E[−(W1 + W2 )] = E[W1 + W2 ] = 0,
2σ 2 = −E[−(W1 + W2 )2 ] < E[(W1 + W2 )2 ] = 2σ 2 ,
S

when W1 !!" W2 or W1 !!" W2 .
The key difference is in the third moment (or any odd moment):
• When W1 !!" W2 , we have third-moment uncertainty,
−E[−(W1 + W2 )3 ] < E[(W1 + W2 )3 ].
S

• When W1 !!" W2 , we have third-moment certainty,
−E[−(W1 + W2 )3 ] = E[(W1 + W2 )3 ] = 0.
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Figure 5.10: Comparison of XA and XB in the test of second moment uncertainty
This phenomenon is also closely related to our discussion in Section 4.5 that when
ϕ is convex or concave (such as x and x2 ), E[ϕ(W1 + W2 )] will be the same under these

two types of independence. However, it will not necessarily be the case when ϕ is neither
convex nor concave (such as x3 ).
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X_B.seq: 3rd−moment test results
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Figure 5.11: Comparison of XA and XB in the test of third moment uncertainty

800

191

5.5. The degree of ambiguity

5.5

The degree of ambiguity

We next introduce a new operator called the degree of ambiguity. Our initial motivation
is to quantify the uncertainty set P by studying the difference between the two extreme

scenarios. As an outcome, it streamlines the operations in the sublinear expectation space.
Furthermore, we can show how the classical random variables are nested in the sublinear
world by studying the objects with no ambiguity.
In a measurable space (Ω, F), let M denote the collection of all probability measures

on the measurable space. Consider P ⊂ M characterized by
P := {Pθ : θ ∈ Θ}.

Let H represent the space of random variables in the scope of our current discussion:
H := {X : Ω → R s.t. Eθ [X] exists for all θ ∈ Θ},
where Eθ [X] denotes the linear expectation of X under Pθ ∈ P. To consider the extreme
cases under this set P of measures, we can define E as
E[X] := sup Eθ [X].
θ∈Θ

Since we have
Eθ [X] :=
consider

ˆ

Ω

X(ω)Pθ (dω) =

ˆ

R

x (Pθ ◦ X −1 )(dx),

PX := {Pθ ◦ X −1 : Pθ ∈ P}.

Then PX may not be isomorphic to P (and usually it is not), depending on the distri-

bution of X. To characterize the degree of (distributional) ambiguity PX of X, we may
consider the difference between the expectations under two extreme scenarios:
Amb[X] := E[X] + E[−X],
which is equivalent to
Amb[X] = E[X] − (−E[−X])
= sup Eθ [X] − inf Eθ [X].
θ∈Θ

θ∈Θ

Remark 5.5.0.1. Note that the ambiguity can be treated as the length or width of
the interval [−E[−X], E[X]]. As a related concept, we can also define the center of such
interval:

1
Ctr[X] := (−E[−X] + E[X]).
2
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We will not study this concept in this section but this notion will be useful for later
chapters.
We can similarly define the ambiguity of the probability of an event A by considering
X as the indicator 1A . One important note here is that we are focusing on the degree of
ambiguity rather than the extreme value of X under this ambiguity. In other words, two
random variables may have different (sublinear) expected utility or different ambiguity
set of measures, but they have the same degree of ambiguity. Then our previous test of
Knightian uncertainty can be equivalently written as
H0 : Amb[ϕ(X)] = 0 vs Ha : Amb[ϕ(X)] > 0.
We have already proved the following properties regarding the operator Amb:
1. Non-negativity: Amb[X] ≥ 0, because E[X] ≥ −E[−X].
2. Subadditivity:Amb[X + Y ] ≤ Amb[X] + Amb[Y ], since

Amb[X + Y ] = E[X + Y ] + E[−X − Y ]
≤ E[X] + E[Y ] + E[−X] + E[−Y ]
= Amb[X] + Amb[Y ].
3. Positive Homogeneity: for λ ≥ 0, Amb[λX] = λAmb[X], since
Amb[λX] = E[λX] + E[λ(−X)]
= λE[X] + λE[−X]
= λAmb[X].
4. Constant diminishing: constant does not have ambiguity. For a constant c,
Amb[c] = E[c] + E[−c]
= c − c = 0.
Subadditivity and Positive Homogeneity imply convexity: for any λ ∈ [0, 1],
Amb[λX + (1 − λ)Y ] ≤ Amb[λX] + Amb[(1 − λ)Y ]
= λAmb[X] + (1 − λ)Amb[Y ].
Note that the operator Amb is not a sublinear functional because it does not have the
monotonicity: X ≤ Y does not imply Amb[X] ≤ Amb[Y ] (one simple counter example is
d

X = M[0, 1] and Y = 1).
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We also show the following collection of results regarding the degree of ambiguity
under different operations. We will notice that this notion of degree of ambiguity is
an interesting and insightful operator because it aggregates the two extreme scenarios
together only to stress their distinction.
Proposition 5.5.1 (Scaling). Any scaling factor λ ∈ R provides an absolute scaling
effect on the original ambiguity:

Amb[λX] = |λ|Amb[X].
Remark 5.5.1.1. When Amb(Y ) = 0, i.e. E[Y ] = −E[−Y ], it does not necessarily mean
Y follows a single distribution, but we have for any λ ∈ R,

E[λY ] = λ+ E[Y ] − λ− (−E[−Y ])
= (λ+ − λ− )E[Y ]
= λE[Y ].
Proof of Proposition 5.5.1. Note that
E[λX] = λ+ E[X] + λ− E[−X],
and
E[−λX] = λ+ E[−X] + λ− E[X].

By adding them together, we have

Amb[λX] = λ+ Amb[X] + λ− Amb[X] = (λ+ + λ− )Amb[X] = |λ|Amb[X].
Proposition 5.5.2 (Summation under independence). If X !!" Y , the degree of ambiguity can be added together: Amb(X + Y ) = Amb(X) + Amb(Y ).
Proof of Proposition 5.5.2. First of all, if X !!" Y , we have
E[X + Y ] = E[(E[x + Y ])x=X ]
= E[(x + E[Y ])x=X ]
= E[X + E[Y ]]
= E[X] + E[Y ].
Since we also have −X !!" −Y , it indicates
E[−(X + Y )] = E[(−X) + (−Y )] = E[−X] + E[−Y ].
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Hence,
Amb(X + Y ) = Amb(X) + Amb(Y ).
Proposition 5.5.3 (Summation with one zero-ambiguity object). If Amb[Y ] = 0, we
have Amb(X + Y ) = Amb(X).
Proof. If Amb[Y ] = 0, i.e. E[Y ] = −E[−Y ], we have
E[X] − E[−Y ] ≤ E[X − (−Y )] = E[X + Y ] ≤ E[X] + E[Y ].
Hence
E[X + Y ] = E[X] + E[Y ].

Similarly, since E[−Y ] = −E[−(−Y )](= −E[Y ]),

E[−(X + Y )] = E[(−X) + (−Y )] = E[−X] + E[−Y ].
Therefore,
Amb[X + Y ] = Amb[X] + Amb[Y ] = Amb[X].
Lemma 5.5.4. If Amb[X] = 0, we have
E[X + ] + E[X − ] = E[|X|].
Proof of Lemma 5.5.4. Since
1
1
x+ = (x+ − x− + x+ + x− ) = (x + |x|),
2
2
and

1
1
x− = (x+ + x− − (x+ − x− )) = (|x| − x),
2
2
with Amb[X] = 0 and µX := E[X] = −E[−X], we can rewrite E[X + ] and E[X − ] as
1
1
E[X + ] = E[X + |X|] = E[|X|] + µX ,
2
2

and
Hence,

1
1
1
E[X − ] = E[|X| − X] = E[|X|] + E[−X] = E[|X|] − µX .
2
2
2
E[X + ] + E[X − ] = E[|X|].

Theorem 5.5.5 (Product). We have:
1. If X !!" Y and Amb[Y ] = 0,
,
Amb[XY ] = Amb E[Y ] · X = |E[Y ]|Amb[X].
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2. If X !!" Y and Amb[X] = 0,
Amb[XY ] = Amb[E[|X|]Y ] = E[|X|]Amb[Y ].
3. If X !!" Y , we have a closed form for Amb[XY ]: with µY := −E[−Y ],
Amb[XY ] = E[X + Amb[Y ] + XµY ] + E[X − Amb[Y ] + (−X)µY ].
One bound of Amb[XY ] is
F
F
FAmb[XY ] − Amb[Y ](E[X + ] + E[X − ])F ≤ |µ |Amb[X].
Y

(5.3)

(5.4)

One inequality for Amb[XY ] is

Amb[XY ] ≥ E[|X|]Amb[Y ],

(5.5)

which means the ambiguity of XY will be at least the ambiguity of Y scaled by
E[|X|].
Remark 5.5.5.1. Cases 1 and 2 in Theorem 5.5.5 reveal the asymmetry of the sequential
independence from the ambiguity perspective (the role of X and Y are different in the
relation X !!" Y ). In Case 1, the sublinear expectation of Y behaves like a scaling factor
in Proposition 5.5.1.

Remark 5.5.5.2. In (5.4) of Case 3, when Amb[X] = 0, by Lemma 5.5.4, we have
Amb[XY ] = Amb[Y ](E[X + ] + E[X − ]) = E[|X|]Amb[Y ].
It is consistent with Case 2. Meanwhile, in (5.5), the inequality becomes equality if
Amb[X] = 0. One interesting question is whether it is the only case (i.e. whether it is a
sufficient condition).
Example 5.5.6 (Asymmetry of independence). We use Theorem 5.5.5 to give a simple
illustration of asymmetry of independence in terms of the ambiguity. This example can
d

be treated as another way to view Example 1.6.7. Suppose Z = W . They both have
zero mean and variance uncertainty [σ 2 , σ 2 ] (that is, E[Z] = −E[−Z] = 0 and σ 2 =
−E[−Z 2 ] < E[Z 2 ] = σ 2 ). We also assume E[|Z|] > 0.

When Z !!" W , since Amb[Z] = 0, we can apply Case 2 (X := Z and Y := W 2 ) to have,
Amb[ZW 2 ] = E[|Z|]Amb[W 2 ] = E[|Z|](σ 2 − σ 2 ) > 0.
When W !!" Z, since Amb[Z] = 0, we apply Case 1 (X := W 2 and Y := Z) to have
Amb[ZW 2 ] = |E[Z]|Amb[W 2 ] = 0.
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Therefore, we have

$
E[|Z|](σ 2 − σ 2 ) > 0 if Z !!" W
Amb[ZW 2 ] =
.
0
if W !!" Z

Remark 5.5.6.1. In Example 5.5.6, from the closed forms in Cases 1 and 2 of Theorem 5.5.5, the conditions on Z and W (further back to the conditions in Example 1.6.7)
can be weakened. Instead of identical distribution with zero mean and variance uncertainty, we only require E[Z] = −E[−Z] = 0, E[|Z|] > 0 and Amb[W 2 ] > 0.

We can further study the concepts stemming from this ambiguity operator. In the
following context, for simplicity, when we say “for all ϕ ∈ Cl.Lip ”, we mean “for all
applicable ϕ ∈ Cl.Lip (such that E[|ϕ(X)|] < ∞)”.

Definition 5.5.7. (Distributional certainty) We call X has no distributional uncertainty
or distributional certainty if, for any ϕ ∈ Cl.Lip ,
Amb[ϕ(X)] = 0.
If X has distributional uncertainty, it means that there exist ϕ0 ∈ Cl.Lip , such that
Amb[ϕ0 (X)] > 0.
Definition 5.5.8. We call X follows a classical distribution if there exists P0 ∈ P such
that

E[ϕ(X)] = EP0 [ϕ(X)]

for all ϕ ∈ Cl.Lip .

Remark 5.5.8.1. The choice of P0 may not be unique. However, under each P ∈ P, the
distribution of X, denoted as PX := P ◦ X −1 should stay the same. The logic is
inf EP [ϕ(X)] = −E[−ϕ(X)] = −EP0 [−ϕ(X)]

P∈P

= EP0 [ϕ(X)] = E[ϕ(X)]
= sup EP [ϕ(X)].
P∈P

Then for any P ∈ P,

EP [ϕ(X)] = EP0 [ϕ(X)]

holds for all ϕ ∈ Cl.Lip . In other words,
PX = {PX , P ∈ P} = {PX
0 }.
This argument also holds vice versa. Hence, when X follows a classical distribution, it is
equivalent to say that PX is a singleton.
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Proposition 5.5.9. A random variable X follows a classical distribution if and only if
it has distributional certainty.
Remark 5.5.9.1. Proposition 5.5.9 shows the classical distribution is nested in the
sublinear expectation space through objects always with zero ambiguity.
Proof of Proposition 5.5.9. On the one hand, if X follows a classical distribution, for any
ϕ ∈ Cl.Lip ,
Amb[ϕ(X)] = E[ϕ(X)] + E[−ϕ(X)]
= EP0 [ϕ(X)] + EP0 [−ϕ(X)] = 0.
On the other hand, if X has distributional certainty, for any ϕ ∈ Cl.Lip ,
inf EP [ϕ(X)] = sup EP [ϕ(X)].

P∈P

P∈P

It means that, if we pick an element P0 from P, for any P ∈ P,
EP [ϕ(X)] ≡ EP0 [ϕ(X)].
Hence,
E[ϕ(X)] = sup EP [ϕ(X)] = EP0 [ϕ(X)].
P∈P

We first introduce a new notion called identical ambiguity.
Definition 5.5.10. We call X and Y have identical (distributional) ambiguity, denoted
amb

as X = Y if
Amb[ϕ(X)] = Amb[ϕ(Y )]
for any ϕ ∈ Cl.Lip .

d

amb

Proposition 5.5.11. If X = Y , we have X = Y .
d

Proof. It is straightforward to see. If X = Y , for any ϕ ∈ Cl.Lip , we have
E[ϕ(X)] = E[ϕ(Y )].
Since −ϕ ∈ Cl.Lip , we also have
E[−ϕ(X)] = E[−ϕ(Y )].
Hence, by summing the two equations above together, we have
Amb[ϕ(X)] = Amb[ϕ(Y )].
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Remark 5.5.11.1. The reverse is not necessarily true. One simple (and trivial) counter
example is: if X and Y are both classically distributed (their uncertainty sets are singletons), but follow different classical distributions, they are not identically distributed.
Then Amb[ϕ(X)] = Amb[ϕ(Y )] = 0 for any ϕ. Therefore, the identical ambiguity is a
weaker than the identical distribution. The next question is, if we only consider X and
Y have distributional uncertainty, whether the reverse is true.
We next provide another new notion called convergence in (distributional) ambiguity.
amb

Definition 5.5.12. We call Xn converges in (distributional) ambiguity to X or Xn −→
X, if for all ϕ ∈ Cl.Lip ,
lim Amb[ϕ(Xn )] = Amb[ϕ(X)].

n→∞
d

amb

Proposition 5.5.13. If Xn −→ X, we have Xn −→ X.
d

Proof of Proposition 5.5.13. If Xn −→ X, by definition, we have
lim E[ϕ(Xn )] = E[ϕ(X)],

n→∞

for any ϕ ∈ Cl.Lip . Then
lim Amb[ϕ(Xn )] = lim (E[ϕ(Xn )] + E[−ϕ(Xn )])

n→∞

n→∞

(each part has limit and − ϕ ∈ Cl.Lip ) = lim E[ϕ(Xn )] + lim E[−ϕ(Xn )]
n→∞

n→∞

= E[ϕ(X)] + E[−ϕ(X)]
= Amb[ϕ(X)].
Then the G-version LLN (law of large numbers) and CLT (central limit theorem) can
also be written in terms of ambiguity.

5.6

Ambiguity null space: a special space of transformations

As a related concept, we have also studied the following space called ambiguity null
space. This space consists of those transformation functions under which the random
object does not appear any ambiguity in its expected value. The discussion on this space
will be beneficial to the choice of the transformation function ϕ in the test of Knightian
uncertainty discussed in this chapter.

5.6. Ambiguity null space: a special space of transformations
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Definition 5.6.1. For any random variable X in the G-expectation framework, we call
the space of transformations (or test functions) under which X does not appear ambiguity
A0 (X) := {ϕ ∈ Cl.Lip : Amb[ϕ(X)] = 0}
as the ambiguity null space of X.
Remark 5.6.1.1. The function space Cl.Lip can be replaced by other spaces depending
on the need of the discussion. More details can be found in Peng (2019b) (Section 1.1).
Remark 5.6.1.2. If X follows a semi-G-normal distribution N̂ (0, [σ 2 , σ 2 ]), we have
x2n+1 , sin(x) are in this space. Actually, all odd functions are in this space. For Gnormal distribution, cx is in this space A0 (X). If X has no distributional uncertainty
(Definition 5.5.7), A0 (X) = Cl.Lip .

Remark 5.6.1.3. From Definition 5.6.1, Proposition 5.5.9 and Remark 5.5.8.1, the following statements are equivalent:
1. X follows a classical distribution.
2. X has distributional certainty.
3. P X is a singleton.
4. A0 (X) = Cl.Lip .

Interestingly, we can check that A0 (X) is actually a linear space although X is in a
sublinear world.
Theorem 5.6.2. The ambiguity null space A0 (X) of X is a linear space over R.
Proof. We mainly need to check the following closure properties:
1. If c ∈ R and f ∈ A0 (X), cf ∈ A0 (X);
2. If f, g ∈ A0 (X), f + g ∈ A0 (X).

The remaining conditions of the linear space can be routinely checked by using the usual
summation, scaling and product related to a linear function space. For the first one of
the closure properties, if f ∈ A0 (X), from Proposition 5.5.1,
Amb[cf (X)] = |c|Amb[f (X)] = 0.
Hence, cf ∈ A0 (X). The second one is a direct result of Proposition 5.5.3.
Remark 5.6.2.1. The following properties are either obvious or direct consequences of
Theorem 5.6.2:
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1. For any constant c (as a constant transformation), we have c ∈ A0 (X). Hence, this
space A0 (X) is never empty.

2. If f, g ∈ A0 (X), af + bg ∈ A0 (X), for any a, b ∈ R.

3. If f ∈ A0 (X), f + c ∈ A0 (X) for c ∈ R.
!
4. If {fi }ni=1 ⊂ A0 (X), ni=1 ci fi ∈ A0 (X) for {ci }ni=1 ⊂ R.

We may find a basis for the ambiguity null space which has been shown as a linear space.
The next question is whether we can make n become ∞: if {fi }∞
i=1 ⊂ A0 (X), do we have
!∞
∞
i=1 ci fi ∈ A0 (X) for {ci }i=1 ⊂ R? Another further step is to define a norm on this
space to check whether it can form a Banach space.

The ambiguity null space can be treated as another way to describe the distributional
uncertainty of G-version objects. One insight is that an object X with larger degree of
distributional uncertainty tends to have smaller A0 (X).
Proposition 5.6.3. If Amb[ϕ(X)] ≤ Amb[ϕ(Y )] for any ϕ ∈ Cl.Lip , we have
A0 (Y ) ⊂ A0 (X).
Proof. For any ϕ ∈ A0 (Y ), we have
0 ≤ Amb[ϕ(X)] ≤ Amb[ϕ(Y )] = 0.
Hence ϕ ∈ A0 (X).
A direct consequence of Proposition 5.6.3 is the following Corollary 5.6.3.1.
amb

Corollary 5.6.3.1. If X = Y , we have A0 (X) = A0 (Y ).
Next we give an example.
Example 5.6.4. Recall that the G-normal has a larger uncertainty set than the semiG-normal (by Remark 2.1.7.2). Now we discuss their ambiguity null spaces. For W ∼
N̂ (0, [σ 2 , σ 2 ]) and X ∼ N (0, [σ 2 , σ 2 ]), we have

{x2n+1 , n ∈ N} ⊂ A0 (W ).
We also have sin(x) ∈ A0 (W ). In fact, all odd functions are in A0 (W ) by Theorem 2.1.11.
!
2n+1
Note that sin(x) which can be treated as ∞
by its Taylor expansion. For Gn=1 ci x

normal distribution, x2n+1 ∈ A0 (X) only for n = 0 and sin(x) ∈
/ A0 (X). Actually, by
Remark 2.1.7.2, we have
−E[−ϕ(X)] ≤ −E[−ϕ(W )] ≤ E[ϕ(W )] ≤ E[ϕ(X)],
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then
Amb[ϕ(W )] ≤ Amb[ϕ(X)].

Therefore, by Proposition 5.6.3,

A0 (X) ⊂ A0 (W ).
Example 5.6.5. (The hybrid role of the semi-G-normal in terms of ambiguity) We
can use ambiguity to provide another perspective to view the hybrid role of the semiG-normal. By slightly abusing the notation, we use A0 (N ), A0 (N̂ ), A0 (N ) to denote

the ambiguity null spaces of classical normal N (0, σ 2 ), semi-G-normal N̂ (0, [σ 2 , σ 2 ]) and
G-normal N (0, [σ 2 , σ 2 ]). Then we have

A0 (N ) ⊂ A0 (N̂ ) ⊂ A0 (N ).
For instance, from the moment properties, we have following results:
1. {xn , n = 1} ⊂ A0 (N ).

2. {xn , n = 2k − 1, k ∈ N+ } ⊂ A0 (N̂ ).
3. {xn , n ∈ N+ } ⊂ A0 (N ).

The interpretation here is that:
1. The G-normal only has zero ambiguity only in its first moment.
2. The semi-G-normal has zero ambiguity in its odd moments.
3. The classical normal has zero ambiguity in all moments.
We may further extend this concept A0 (X) to the following spaces: for any α ≥ 0, let
Aα (X) := {ϕ ∈ Cl.Lip : Amb[ϕ(X)] = α}.
Since for any ϕ, Amb[ϕ(X)] ≥ 0, these spaces provide a division of the function space:
Cl.Lip =

J

α≥0

Aα (X).

Proposition 5.6.6. (The role of the ambiguity null space) We have the following results:
1. If f ∈ Aα (X), f + g ∈ Aα (X) for any g ∈ A0 (X).
2. For any α ≥ 0,

Aα (X) + A0 (X) = Aα (X).

Remark 5.6.6.1. In the second result, the summation of two spaces is defined as
Aα (X) + A0 (X) := {f + g, f ∈ Aα , g ∈ A0 }.
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Proof. The second result is a direct consequence of the first one. For the first one, from
Proposition 5.5.3,
Amb[(f + g)(X)] = Amb[f (X)] = α.
Hence f + g ∈ Aα (X).
We can further use the ambiguity null space A0 (X) to define an equivalence relation

on the function space.

For any f, g ∈ Cl.Lip , we define a binary relation ∼ that
f ∼ g,
if
f − g ∈ A0 (X).
We can check that the relation ∼ is an equivalence relation:
1. (Reflexivity) f ∼ f because f − f = 0 ∈ A0 (X).

2. (Symmetry) f ∼ g if and only if g ∼ f . If f − g ∈ A0 (X), since
g − f = −(f − g),
we have
Amb[(g − f )(X)] = |1|Amb[(f − g)(X)] = 0.
Hence g − f ∈ A0 . The other direction can be shown using the same logic.

3. (Transitivity) If f ∼ g and g ∼ z, we have f ∼ z. The logic is as follows. Note that
f − z = (f − g) + (g − z),
and g − z ∈ A0 (X). By Proposition 5.5.3,
Amb[(f − z)(X)] = Amb[(f − g)(X)] = 0.
Hence, f − z ∈ A0 (X).

Then we have (Cl.Lip , ∼) becomes a setoid. We have the equivalence class of a function f
under ∼ defined as
[f ] := {g ∈ Cl.Lip , g ∼ f }.

Furthermore, for any g ∈ [f ], we have
Amb[g(X)] = Amb[f (X) + (g − f )(X)] = Amb[f (X)].

5.6. Ambiguity null space: a special space of transformations
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In other words, g(X) appears the same degree of ambiguity as f (X). For instance, if
X ∼ N̂ (0, [σ 2 , σ 2 ]), we have
and

x2 ∼ x2 + x3 ,
x2 ∼ x2 + sin(x).

Furthermore, for any f ∈ [x2 ], we have

Amb[f (X)] = Amb[X 2 ] = σ 2 − σ 2 .
The ambiguity null space and the related equivalence classes form a kind of structure
that only arises when we introduce the sublinear expectation space and the ambiguity
operator.
We can also show the following results that will further improve the discussions of
test function in the test of Knightian uncertainty.
Theorem 5.6.7. Suppose E[eT |X| ] < ∞ with T = (1 + δ)2t0 for some t0 > 0 and δ > 0.
If Amb[X k ] = 0 for all k ∈ N+ , we have

Amb[etX ] = 0
for all t ∈ (0, t0 ).
Remark 5.6.7.1. One equivalent way to state this theorem is that if xk ∈ A0 (X) for all
k ∈ N+ , then etx ∈ A0 (X) for t ∈ (0, t0 ).

The following result is a direct consequence of Theorem 5.6.7.
Corollary 5.6.7.1. Suppose E[et|X| ] < ∞ for all t > 0 and Amb[X k ] = 0 for all k ∈ N+ ,
then
Amb[etX ] = 0
for all t > 0.
We can also prove the reverse direction that if we can check ϕ(x) = etx ∈ A0 (X) for
all t in some range, then we have xk ∈ A0 (X) for all positive integer k.
Theorem 5.6.8. Suppose E[eT |X| ] < ∞ with T = (1 + δ)2t0 for some t0 > 0 and δ > 0.
If Amb[etX ] = 0 for all t ∈ (0, t0 ), we have

Amb[X k ] = 0
for all k ∈ N+ .

204

Chapter 5. A Role of the G-framework in Real-valued Data

Remark 5.6.8.1. Suppose X has zero ambiguity in all moments. One conjecture is that it
has no ambiguity under any applicable transformation ϕ. Then X has distributional certainty (Definition 5.5.7) and it further follows a classical distribution (Proposition 5.5.9).
One future development of this parallel project is to combine it with the existing test
of Knightian uncertainty to further complete its picture. For instance, Theorem 5.6.8
shows that, to validate a random object does not have any moment uncertainty at any
order, we only need to check the exponential function as the transformation function
(which is also related to the intuition of the moment generating function in classical
case). Suppose the exponential function shows some uncertainty. Then we can come back
to check which moment shows such uncertainty.

5.7

Future development

From a theoretical perspective, there are several questions and improvements to think
about in the future:
1. The choice of ϕ can be more flexible to consider parameter uncertainty.
2. The meaning of E[ϕ(X)] can be put into a broader picture such as it could be a
parameter in a distribution or a probabilistic model.
!
3. So far our operation on each group is average n1 ni=1 ϕ(Xij ), is this possible to
extend our operation other than sample averages (such as classical method of moments)?

4. What kind of other classical analogue of estimators or situations can be fitted into
our current scope of discussions?
For the numerical side, we plan to reflect on the following directions of future improvements: (VKU: visualization of Knightian uncertainty, TKU: test of Knightian uncertainty)
1. We note that the V -values may have large fluctuations as n increases: this may come
from the non-overlapping grouping, which can be partially solved by considering
overlapping groups. This may also come from the large standard error of estimation
for higher moments. For instance, to discuss the variability of test statistic for third
moment uncertainty, we need to estimate the sixth moment, which causes higher
estimation error.
2. To consider real-data practice (such as log return data), we may need to think
about the possible overlapping of existing concerns and our scope of discussions.
For example, if we consider the uncertainty in the model parameter, the VKU part
can be performed, but TKU part requires more theoretical discussions.
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5.8
5.8.1

Proofs
Proofs in Section 5.3

The following Lemma 5.8.1 will be a useful tool for us to prove Theorem 5.3.1. It reminds
us that the sequential independence cannot necessarily guarantee the interchange of expectation and product (or the uncorrelated relation in classical sense). It also tells us
how a (sequential) independent pair of random variables are (sublinearly) uncorrelated.
In this section, we rewrite Theorem 5.3.1 into a detailed version (Theorem 5.8.3). We
will prove the latter and the former is a direct consequence of the latter.
Lemma 5.8.1. In the sublinear expectation space (Ω, H, E), suppose X !!" Y . We have
1. if X ≥ 0 and Y ≥ 0,

E[XY ] = E[X]E[Y ];

2. if X ≤ 0 and Y ≥ 0,

E[XY ] = E[X](−E[−Y ]).

Proof. The idea of this proof directly comes from a careful usage of the definition of
sequential independence and the positive homogeneity of E.
If X ≥ 0 and Y ≥ 0, we have

E[XY ] = E[E[xY ]x=X ] = E[(xE[Y ])x=X ]
= E[X E[Y ]] = E[X]E[Y ].
@ABC
≥0

If X ≤ 0 and Y ≥ 0, we have

E[XY ] = E[E[xY ]x=X ] = E[E[(−x)(−Y )]x=X ] = E[(−xE[−Y ])x=X ]
= E[−E[−Y ] X] = E[X](−E[−Y ]).
@ AB C
≥0

d

Lemma 5.8.2. Let M = N (0, [σ 2 , σ 2 ]) with its upper and lower cdf respectively denoted
as F N and F N . Then we have, for any x ∈ R,

F N (−x) + F N (x) = 1.

(5.6)

206

Chapter 5. A Role of the G-framework in Real-valued Data
d

Proof. Since M = −M , by applying the definition of identical distribution to the test
function ϕ(a) = 1{a>x} , we must have

E[1{M >x} ] = E[1{−M >x} ].

(5.7)

The right hand side of (5.7) is equal to
E[1{M <−x} ] = F N (−x).
The left hand side of (5.7) is equal to
E[1 − 1{M ≤x} ] = 1 + E[−1{M ≤x} ] = 1 − (−E[−1{M ≤x} ) = 1 − F N (x).
Hence, F N (−x) = 1 − F N (x), which is equivalent to (5.6).
Theorem 5.8.3. Under H0 , if φ is known, let
σ 2 := −E[−Z12 ] = −E[−(ϕ(X) − φ)2 ] = inf Eθ [(ϕ(X) − φ)2 ],
θ∈Θ

and
σ 2 := E[Z12 ] = E[(ϕ(X) − φ)2 ] = sup Eθ [(ϕ(X) − φ)2 ].
θ∈Θ

d

Let M = N (0, [σ 2 , σ 2 ]). Express its upper cdf as F N (x) := V(M ≤ x) = E[1{M ≤x} ].
When n is large enough, for any b ∈ R, we have

and

√
√
V( nZ̄(m) ≤ b) = V( nZ̄(m) ≤ b) ≈ (F N (b))m ,

(5.8)

√
√
V( nZ̄(m) > b) = V( nZ̄(m) > b) ≈ 1 − (1 − F N (−b))m .

(5.9)

Proof of Theorem 5.8.3. Let Li := 1{√nZ̄i ≤b} , i = 1, 2, . . . , m, which are nonlinearly iid
because of the iid property of the sequence of Zi ’s. Meanwhile, we have Li ≥ 0, i =
1, 2, . . . , m. For (5.8) describing the upper probability of the left tail part, we have
√
√
V( nZ̄(m) ≤ b) = E[1{max1≤i≤m √nZ̄i ≤b} ] = E[1Km
]
i=1 { nZ̄i ≤b}
= E[

m
=

Li ]

Lemma 5.8.1

=

i=1

m
=
i=1

E[Li ].

Since when n is large enough, by the central limit theorem under the G-framework,
we have

√

nZ̄i =

!n

j=1

√

Zij

n

approx

∼ N (0, [σ 2 , σ 2 ]).
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Then we have,
√
E[Li ] = E[L1 ] = E[1{√nZ̄1 ≤b} ] = V( nZ̄1 ≤ b) ≈ F N (b).
Therefore,
√
√
V( nZ̄(m) ≤ b) = (E[L1 ])m = (V( nZ̄1 ≤ b))m ≈ (F N (b))m .

As for (5.9) which can be treated as the upper probability of the right tail, we have
√
V( nZ̄(m) > b) = E[1{√nZ̄(m) >b} ] = E[1 − 1{√nZ̄(m) ≤b} ]

= 1 + E[−1{√nZ̄(m) ≤b} ] = 1 − (−E[−1{√nZ̄(m) ≤b} ]).

We only need to reflect on −E[−1{√nZ̄(m) ≤b} ]. Recall the random variables Li :=
1{√nZ̄i ≤b} , with sequential independence and non-negative values. Then we can iteratively
apply Lemma 5.8.1 to have
−E[−1{

√

nZ̄(m) ≤b} ]

= −E[−1{max1≤i≤m Z̄i ≤b} ] = −E[−
= −E[(−L1 )

m
=
i=2

= (−1)

k−1
=
i=1

= (−1)

m

Li ] = (−1) E[−L1 ]E[−

i=1

Since when n is large enough, we have

E[−Li ]E[−

m
=

√

Li ]

i=1

2

= (−1)3 E[−L1 ]E[−L2 ]E[−
k

m
=

m
=
i=k

m
=
i=3

m
=

Li ]

i=2

Li ] = · · ·

Li ] = · · ·

m
=
E[−Li ] =
(−E[−Li ]).
i=1

approx

d

nZ̄i ∼ M = N (0, [σ 2 , σ 2 ]). Hence, borrowing

the notion and results from Lemma 5.8.2,

(−E[−Li ]) = −E[−1{√nZ̄i ≤b} ] ≈ −E[−1{M ≤b} ] = F N (b) = 1 − F N (−b).
√
√
d
Here we use the definition of convergence in distribution: nZ̄i −→ M . Then E[ϕ( nZ̄i )] −→
E[ϕ(M )] for all ϕ ∈ Cl.Lip . Take the ϕ(x) = −1{x≤b} . Therefore,
√
V( nZ̄(m) > b) = 1 − (−E[−1{√nZ̄(m) ≤b} ]) ≈ 1 − (1 − F N (−b))m .
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Similarly, we can study the asymptotic distribution of the min-mean Z̄(1) := min1≤i≤m Z̄i
which is equivalent to the study of max-mean, because by letting Zij∗ = −Zij , (readers

can check that Zij∗ have the same first and second moment property as Zij so as to have
the same asymptotic distribution,) we have
∗
Z̄(1) = min −Z̄i∗ = − max Z̄i∗ = −Z̄(m)
.
1≤i≤m

1≤i≤m

∗
We can apply Theorem 5.8.3 to Z̄(m)
to get the property of Z̄(1) :

√
√ ∗
V( nZ̄(1) ≤ a) = V(−Z̄(1) ≥ −a) = V( nZ̄(m)
≥ −a) ≈ 1 − (1 − F N (a))m ,
and

√
√ ∗
V( nZ̄(1) > a) = V(−Z̄(1) < −a) = V( nZ̄(m)
< −a) ≈ (F N (−a))m .

Therefore, we have the following asymptotic results on the normalized min-mean statistics.
Theorem 5.8.4. Under H0 , if φ is known, when n is large enough, for any a ∈ R, we
have

√
√ ∗
V( nZ̄(1) ≤ a) = V(−Z̄(1) ≥ −a) = V( nZ̄(m)
≥ −a) ≈ 1 − (1 − F N (a))m x

(5.10)

and
√
√ ∗
V( nZ̄(1) > a) = V(−Z̄(1) < −a) = V( nZ̄(m)
< −a) ≈ (F N (−a))m .

(5.11)

In the test procedure, for a given observation (a, b) of the normalized min-min and
max-mean statistics, we only care about how small a is and how big b is to describe the
extremeness of the observation. Hence, we can pack up Theorem 5.8.3 and Theorem 5.8.4
to state our main result Theorem 5.3.1 to quantify our test of uncertainty.

5.8.2

Proofs in Section 5.5

Proof of Theorem 5.5.5. (Case 1) If X !!" Y , Amb[Y ] = 0 and E[Y ] = −E[−Y ] =: µY ∈
R, reflect on the product:
E[XY ] = E[E[xY ]x=X ]
= E[(xE[Y ])x=X ]
= E[XE[Y ]]
−
= µ+
Y E[X] + µY E[−X].
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Meanwhile, since Amb[Y ] = 0 tells us Amb[−Y ] = 0, we also have
E[−XY ] = E[X(−Y )] = E[XE[−Y ]]
= E[(−X)µY ]
−
= µ+
Y E[−X] + µY E[X].

Therefore, by adding them together
−
Amb[XY ] = µ+
Y Amb[X] + µY Amb[X]
−
= (µ+
Y + µY )Amb[X]

= |E[Y ]|Amb[X].
(Case 2) If X !!" Y , Amb[X] = 0 with E[X] = −E[−X] =: µX ∈ R, and Amb[Y ] ≥ 0

with

reflect on the product:

µY := −E[−Y ] ≤ E[Y ] =: µY ,

E[XY ] = E[E[xY ]x=X ]
= E[(x+ E[Y ] + x− E[−Y ])x=X ]
,
= E X + E[Y ] + X − E[−Y ]
,
= E (X + E[Y ] + X + E[−Y ]) + (X − E[−Y ] − X + E[−Y ])
,
= E X + Amb[Y ] + (−X + E[−Y ] + X − E[−Y ])
,
= E X + Amb[Y ] + (X + µY − X − µY )
,
= E X + Amb[Y ] + XµY

(since Amb[X] = 0) = Amb[Y ]E[X + ] + E[XµY ]

= Amb[Y ]E[X + ] + µY E[X].
Meanwhile, with Amb[−X] = 0, and (−x)+ = max{−x, 0} = x− ,
E[−XY ] = E[(−X)Y ]
= Amb[Y ]E[(−X)+ ] + µY E[−X]
= Amb[Y ]E[X − ] + µY E[−X].
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Therefore, add two parts together:
Amb[XY ] = Amb[Y ](E[X + ] + E[X − ]) + µY Amb[X]
= Amb[Y ](E[X + ] + E[X − ]).
From Lemma 5.5.4, we have
E[X + ] + E[X − ] = E[|X|].
To summarize,
Amb[XY ] = Amb[Y ](E[X + ] + E[X − ])
= E[|X|]Amb[Y ].
In other words, by treating one of the object as a scaling factor, if X !!" Y and Amb[X] =
0,

,
Amb[XY ] = Amb E[|X|] · Y .

(Case 3) If we simply have X !!" Y , how will Amb[XY ] behave? Consider a general

situation: X !!" Y where

µY := −E[−Y ] ≤ E[Y ] =: µY ,
and
µX := −E[−X] ≤ E[X] =: µX .

Let us first reflect on an equivalent way to write E[XY ]:
,
E[XY ] = E X + E[Y ] + X − E[−Y ]
,
= E (X + E[Y ] + X + E[−Y ]) + (X − E[−Y ] − X + E[−Y ])
,
= E X + Amb[Y ] + (−X + E[−Y ] + X − E[−Y ])
,
= E X + Amb[Y ] + (X + µY − X − µY )
= E[X + Amb[Y ] + XµY ].

Hence, we have
E[XY ] = E[X + Amb[Y ] + XµY ].

(5.12)

On the one hand, we have the following inequalities to have a control on the right
hand side of (5.12):
E[X + Amb[Y ] + XµY ] ≤ Amb[Y ]E[X + ] + E[XµY ]
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and
E[X + Amb[Y ] + XµY ] = E[X + Amb[Y ] − (−X)µY ]
≥ Amb[Y ]E[X + ] − E[(−X)µY ].

On the other hand, with (−x)+ = max{−x, 0} = x− , by replace X by −X in (5.12), we
have

E[−XY ] = E[X − Amb[Y ] + (−X)µY ].

(5.13)

Similarly, we have the inequalities:

E[−XY ] = E[X − Amb[Y ] + (−X)µY ]
≤ Amb[Y ]E[X − ] + E[(−X)µY ],
and
E[−XY ] = E[X − Amb[Y ] − XµY ]
≥ Amb[Y ]E[X − ] − E[XµY ].
In summary,
Amb[Y ]E[X + ] − E[(−X)µY ] ≤ E[XY ] ≤ Amb[Y ]E[X + ] + E[XµY ],
and
Amb[Y ]E[X − ] − E[XµY ] ≤ E[−XY ] ≤ Amb[Y ]E[X − ] + E[(−X)µY ].

To conclude, by adding up the two inequalities, by noting that

E[XµY ] + E[(−X)µY ] = E[µY X] + E[−µY X]
= Amb[µY X] = |µY |Amb[X],
we have
Amb[Y ](E[X + ]+E[X − ])−|µY |Amb[X] ≤ Amb[XY ] ≤ Amb[Y ](E[X + ]+E[X − ])+|µY |Amb[X].
In other words, this gives an approximation,
F
F
FAmb[XY ] − Amb[Y ](E[X + ] + E[X − ])F ≤ |µ |Amb[X].
Y

Furthermore, from (5.12) and (5.13), we have a closed form for Amb[XY ]:
Amb[XY ] = E[X + Amb[Y ] + XµY ] + E[X − Amb[Y ] + (−X)µY ].

(5.14)
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Then we have an inequality for Amb[XY ]:
Amb[XY ] = E[X + Amb[Y ] + XµY ] + E[X − Amb[Y ] + (−X)µY ]
,
≥ E X + Amb[Y ] + X − Amb[Y ]
= E[|X|]Amb[Y ].

In order to prove Theorem 5.6.7, we first need to prepare several lemmas.
Lemma 5.8.5. If E[eT |X| ] < ∞, with t1 = T /2, we have the inequality
E[eT |X| ] ≥ E[

tn1 |X|n t1 |X|
e
]
n!

holds for any n ∈ N+ .
Proof of Lemma 5.8.5. This result can be directly derived from a deterministic version
of this inequality. First of all, with t1 = T /2,
eT |x| = et1 |x| et1 |x|
=

∞ k
+
t |x|k
1

k=0

≥
Hence, for any ω ∈ Ω,

eT |X(ω)| ≥

k!

et1 |x|

tn1 |x|n t1 |x|
e .
n!

tn1 |X(ω)|n t1 |X(ω)|
e
.
n!

By the monotonicity of E, we have
E[eT |X| ] ≥ E[

tn1 |X|n t1 |X|
e
].
n!

Lemma 5.8.6. Given E[eT |X| ] < ∞, with T = (1 + δ)2t0 , for some t0 > 0 and any δ > 0,
tn0
E[|X|n et0 |X| ] → 0,
n!
as n → ∞.
Proof of Lemma 5.8.6. First we claim that, for all n ∈ N+ ,
tn0
E[|X|n et0 |X| ] < ∞.
n!

(5.15)

213

5.8. Proofs
It is a direct result from Lemma 5.8.5: with t1 = T /2 = (1 + δ)t0 ,
tn0
tn
E[|X|n et0 |X| ] = E[ 0 |X|n et0 |X| ]
n!
n!
tn
≤ E[ 1 |X|n et1 |X| ]
n!
≤ E[eT |X| ] < ∞.
Then we can divide the LHS of (5.15) into two parts:
E[

tn0
tn
tn
|X|n et0 |X| ] ≤ E[ 0 |X|n et0 |X| 1{|t0 X|≤n/e} ] + E[ 0 |X|n et0 |X| 1{|t0 X|>n/e} ]
n!
n!
n!
=: (1) + (2).

For part (1), by Stirling approximation n! ∼
E[

√

2πn(n/e)n ,

tn0
(n/e)n t0 |X|
|X|n et0 |X| 1{|t0 X|≤n/e} ] ≤
E[e
]→0
n!
n!

as n → ∞.

For part (2), following the same argument as Lemma 5.8.5, we have
(2) = E[

tn0
|X|n et0 |X| 1{|t0 X|>n/e} ] ≤ E[e2t0 |X| 1{t0 |X|≥n/e} ],
n!

then we only need to show
E[e2t0 |X| 1{t0 |X|≥n/e} ] → 0
as n → ∞. It is obvious in classical setting, but in sublinear world, it seems that we need

the regularity of the E to directly achieve this, but it turns out that the regularity is not
necessary in this case. In fact, we need to notice the special connection with capacity V

built by the indicator function 1{t1 |X|≥n/e} . By Hölder’s inequality, with p = 1 + δ and
q = (1 + δ)/δ,
1

1

E[e2t0 |X| 1{t0 |X|≥n/e} ] ≤ (E[e2pt0 |X| ]) p (E[(1{t0 |X|≥n/e} )q ]) q
1

1

= (E[e2(1+δ)t0 |X| ]) 1+δ (E[1{t0 |X|≥n/e} ]) q
1

1

= (E[eT |X| ]) 1+δ [V(|X| ≥ n/(et1 ))] q .
Then we can apply the Markov’s inequality,
V(|X| ≥ n/(et1 )) ≤

2
E[|X|2 ]
2 E[|X| ]
=
(et
)
→ 0,
1
(n/(et1 ))2
n2
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because E[|X|2 ] < CE[eT |X| ] < ∞, for some constant C. Hence, given E[eT |X| ] < ∞,
1

1

(2) ≤ E[e2t0 |X| 1{t0 |X|≥n/e} ] ≤ (E[eT |X| ]) 1+δ [V(|X| ≥ n/(et1 ))] q → 0
as n → ∞. To conclude,
tn0
E[ |X|n et0 |X| ] ≤ (1) + (2) → 0.
n!
Proof of Theorem 5.6.7. From Lemma 5.8.5 and (5.15), we have
0 ≤ Amb[e ] = Amb[
tX

n−1 k k
+
t X

k!

k=0

+ Rn ]

= Amb[Rn ] ≤ 2E[|Rn |]
≤ 2E[

|t|n
|t0 |n
|X|n et|X| ] ≤ 2E[
|X|n et0 |X| ] → 0,
n!
n!

as n → 0.
In order to prove Theorem 5.6.8, we first recall the following basic result on the
remainder term of Taylor expansion.
Remark 5.8.6.1. Recall the Taylor expansion of f (x):
f (x) =

n
+
f (k) (x0 )
k=1

k!

(x − x0 )k + Rn (x0 ; x),

where the Lagrange form of the remainder term is
Rn (x0 ; x) =

f (n+1) (ξ)
(x − x0 )n+1 ,
(n + 1)!

in which ξ = ξx is some number between x0 and x. Therefore, for the Taylor expansion
of f (x) = ex at x = 0, since |ξ| < |x|, we have
F
|Rn (0; x)| = F

a special case of which is

F
eξ
|x|n+1 |x|
xn+1 F ≤
e ,
(n + 1)!
(n + 1)!

|ex − 1 − x| = |
Proof. Since Amb[etX ] = 0 for t ∈ (0, t0 ),
0 = Amb[

eξ 2
x2
x | ≤ e|x| .
2
2

etX − 1
etX − 1
1 − etX
] = E[
] + E[
].
t
t
t
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Meanwhile, from the Remark 5.8.6.1, with the remainder term R1 := etx − 1 − tx, we
have

|R1 | = |etx − 1 − tx| ≤

t2 x2 |tx|
e ,
2

2 2

or in a less precise form R1 = O( t 2x e|tx| ). Then
0 = E[

etX − 1
1 − etX
] + E[
]
t
t

= E[X + O(

|t|X 2 |tx|
|t|X 2 |tx|
e )] + E[−X + O(
e )].
2
2

We then move to the study of E[X] by letting t → 0,
tX
2
2
2
F
F F
F
FE[X]−E[ e − 1 ]F = FE[X]−E[X+O( |t|X e|tx| )]F ≤ E[O( |t|X e|tx| )] = |t|E[O( X e|tx| )] → 0,
t
2
2
2

where we use the property that

|E[X] − E[Y ]| ≤ E[|X − Y |].
We can show the same thing for E[−X]. Therefore, for all t ∈ (0, t0 ),
0 ≤ |Amb[X]| = |E[X] + E[−X]|

etX − 1
1 − etX
etX − 1
= |E[X] − E[
] + E[−X] − E[
] + Amb[
]|
t
t
@
AB t C
=0

≤ |E[X] − E[

etX − 1
1 − etX
]| + |E[−X] − E[
]|
t
t

X 2 |tx|
≤ 2|t|E[O( e )] → 0,
2
as t → 0. Hence, Amb[X] = 0. Our next step is to show the ambiguity of higher moments
is also zero by repeating the above procedure, by math induction, suppose we already
show
Amb[X m ] = 0,
for all m ≤ n. Then we only need to further show
Amb[X n+1 ] = 0.
First of all,
tx

e −

n
+
tk xk
k=0

k!

=

tn+1 n+1
x
+ Rn+1 ,
(n + 1)!
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where
|Rn+1 | ≤

or

tn+2 xn+2 |tx|
e ,
(n + 2)!

tn+2 xn+2 |tx|
|Rn+1 | = O(
e ).
(n + 2)!

Then from the fact that adding objects with zero ambiguity will not change the original
ambiguity (Proposition 5.5.3), we have
0 = Amb[e ] = Amb[e
tX

tX

= Amb[X n+1 +

−

+ tk X k
(n + 1)!
] = Amb[ n+1 (etX −
)]
k!
t
k!
k=0

n
+
tk X k
k=0

n

(n + 1)!
|t|
Rn+1 ] = Amb[X n+1 + O(
X n+2 e|tX| )].
n+1
t
n+2

Then the result
0 = Amb[X n+1 + O(

|t|
|t|
X n+2 e|tX| )] ≤ Amb[X n+1 ] + Amb[O(
X n+2 e|tX| )]
n+2
n+2

= Amb[X n+1 ] + |t|Amb[O(

1
X n+2 e|tX| )]
n+2

holds for any t ∈ (0, t0 ). Letting t → 0, we have

1
1
0 ≤ Amb[X n+1 ] = Amb[X n+1 ] + |t|Amb[O(
X n+2 e|tX| )] −|t|Amb[O(
X n+2 e|tX| )] → 0.
n+2
@
AB n + 2
C
=0

In order to show

E[et0 |X| 1{t1 |X|≥n/e} ] → 0

as n → ∞. By the Cauchy-Schwartz inequality,

1

1

E[et0 |X| 1{t1 |X|≥n/e} ] ≤ (E[e2t0 |X| ]) 2 (E[(1{t1 |X|≥n/e} )2 ]) 2
1

1

= (E[e2t0 |X| ]) 2 (E[1{t1 |X|≥n/e} ]) 2
1

1

= (E[e2t0 |X| ]) 2 [V(|X| ≥ n/(et1 ))] 2 .
Then we can apply the Markov’s inequality,
V(|X| ≥ n/(et1 )) ≤
as n → ∞.

2
E[|X|2 ]
2 E[|X| ]
=
(et
)
→0
1
(n/(et1 ))2
n2

Chapter 6
A Role of the G-framework in
Interval-valued Data
6.1

Introduction

Our discussions so far have focused on the real-valued data situation. To be specific, in
Chapter 5, we have studied the model uncertainty PX of a real-valued time series, which
can be expressed as Xt ∼ Pθt ∈ PX . Intuitively speaking, at a fixed time, each data

point must have a generation mechanism. Then the model uncertainty PX is interpreted
as different parts of the point-valued data sequence following different models (or the

model structure may switch in an unknown way across different periods). The sublinear
expectation arises when we talk about the envelopes related to the uncertainty set. If we
expand our view of the dataset from real-valued type to set-valued type, at each time
point, we may have a set of realizations. Then one intuitive perspective here is that we
can treat the mechanism of each realization in this set as one element PX . Under suitable
conditions and formalization, this set can be directly treated as one observation of PX .
(The common real-valued data are often referred as point-valued data in the study of
interval-valued data.)
Why are we interested in the potential connection between the G-expectation and the
interval-valued data? A short answer here is they look similar to each other. To the best
of our knowledge, this is the first time that a direct connection between the concepts in
G-expectation framework and the interval-valued data is established, through the semiG-structure as a stepping stone. Readers can find more details in Section 6.5.
To be specific, when we look at the object in the G-framework, especially the Gnormal and G-Brownian motion, we can see that the volatility here is bounded. If we
only focus on the point-valued data (generated by a single stochastic volatility model),
there is no reason that the volatility itself has to be a bounded one. However, if we look at
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the interval-valued data, it is quite natural that, if the interval comes from the volatility
uncertainty (which could be an interval) of the model, it can be characterized as [σ"i , σ"i ]
with a finite standard deviation interval [σ, σ].
We also see the similarity under the context of LLN in the G-expectation framework.
Suppose we have a sequence of G-version i.i.d. random variables Xi , i = 1, 2, . . . , n with
mean uncertainty
[−E[−Xi ], E[Xi ]] = [µ, µ].

Then from the G-version LLN (Theorem 1.6.23), we have
1+
d
Xi −→ M[µ, µ].
n i=1
n

If we step back and look at the statement above from an interval-valued perspective, can
we treat Xi as an interval-valued random variable with mean uncertainty characterized
by the interval [µ, µ]? Then after we perform an average of these random intervals, from
the LLN in the interval-valued data, the average indeed converges to the mean interval
[µ, µ] (one can find a basic version of such LLN from the theory of random sets, such as
Theorem 3.1.6 in Molchanov (2005)). In short, if we treat the interval-valued nature as a
consequence of the distributional uncertainty, the theory of the G-expectation (based on
distributional uncertainty) and the interval-valued data (based on the theory of random
sets) lead to the same intuition. We will further rigorously discuss such similarity and
connection in Section 6.4.2.
To better formalize our intuition and connect it with our existing discussions on
volatility uncertainty, we put our attention on interval-valued sequential data (such as
time series data). The “noise” part in an interval-valued time series, if it does exist,
should play an important role. The noise part is required to have the property that it
has certain zero mean. Otherwise, it will create a shift in the mean part. The addition of
noise intervals should still have certain zero mean. If we still think about proper interval:
under a common interval addition [a, b] + [c, d] = [a + c, b + d] with a ≤ b and c ≤ d,
in this way, we will never have [a, b] + [c, d] = [0, 0] unless a = b = 0 and c = b = 0.
If the “noise” part in the interval-valued time series can only be [0, 0], the noise part
does not really exist and we can not really discuss the probabilistic properties of such
deterministic interval. One candidate (and elegant) solution is to allow the interval to
have its own direction. This kind of intervals are called directed intervals (or extended
intervals).
For readers’ interest, the space of directed or extended intervals has been systematically studied by Kaucher (1980). This necessity of using directed intervals has also been
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discussed in the study of interval-valued autoregressive time series by Han et al. (2012)
and Sun et al. (2018). They in argue that the directed intervals are needed to make sure
we have the addition inverse for intervals such that the interval subtraction can be conveniently performed. Meanwhile, they also point out that the support function of convex
sets becomes a linear operator after introducing the directed interval. However, although
we also introduce such notion, our discussion here is essentially different. We treat the
interval nature of the data as a kind of distributional uncertainty. In other words, an
interval can be treated as a realization of a set of probability distributions, in contrast
with what happens in point-valued situation where a data point is a realization of a single
distribution. In this way, more possible extensions and analogues can be carried over from
the point-valued scenario. For instance, we are able to discuss parameter uncertainty or
an interval-type parameter in the time series context, but in the existing literature (such
as Han et al. (2012)), the parameter in the time series model is point-valued.
After we introduce the directed intervals (Section 6.2), we notice that the direction
of an interval is usually not observable in practice (although it does exist in theory).
However, the direction of interval may result in different answers. In this way, it becomes
natural for us to consider the ambiguity in the interval direction (the ambiguity here
is a general notion similar to uncertainty and is different from the ambiguity operator
defined in Chapter 5). Furthermore, it turns out when we consider “noise” intervals which
has zero mean but variance uncertainty, the expected values under the ambiguity in the
interval direction are directly related to the sublinear expectation of G-normal or semiG-normal depending on the degree of complication in the interval direction. More details
on the ambiguity in the interval direction and related connections with the sublinear
expectation can be found in Section 6.7.
The remaining parts of this chapter are organized as follows. Section 6.3 prepares the
interval operations. Next in Section 6.4, we establish the interval-valued data framework
through the sublinear expectation. Section 6.5 provides a specific example of such connection with the semi-G-structure (especially the semi-G-normal) by telling a detailed
story as well as includes a simulation study related to the semi-G-normal and G-LLN.
For intuition sake, readers may start from Section 6.5 to get the basic idea then come
to the rest of this chapter for more details. Section 6.6 introduces the notion of intervalvalued time series to further prepare the discussion in Section 6.7. Notice that after we
introduce the ambiguity in interval direction in Section 6.7, we are able to further put
the G-normal distribution and G-CLT into the context of interval-valued data.
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The notion of directed intervals

In our context, without further notice, an interval means a closed interval by default.
(We may study other types of intervals in future development. At this stage, we will not
stress on whether the intervals are closed or not.)
We first need to introduce the notion of directed intervals in the established interval analysis theory (which has important applications in numerical computations and
optimizations). Readers may refer to Kaucher (1980) and Moore et al. (2009) for more
information.
Definition 6.2.1 (Directed Intervals). A directed (closed) interval is essentially an ordered pair of finite real numbers written as
[a, b]
with a, b ∈ R. The set of all directed intervals can be written as
I(R) := {[a, b] : a, b ∈ R}.

(6.1)

Remark 6.2.1.1. Note that I(R) ∼
= R2 (They are isomorphic.) Informally, we can treat
a directed interval [a, b] as a path from point a to b.

Remark 6.2.1.2. The space I(R) can be enlarged later (e.g. include the complement of
[a, b]). We will stay with this one so far for simplicity of illustration.
Definition 6.2.2 (Concepts related to Directed Intervals). Here are some terms related
to directed intervals:
1. A directed interval [a, b] is either proper (a ≤ b) or improper (a > b).

2. A directed interval [a, b] is degenerate or thin if a = b. A single-valued constant
c ∈ R can be treated as a degenerate interval c = [c, c] ∈ I(R).
For statistical convenience, we define a family of intervals which are called observable
intervals (which are observable in usual statistical practice)
Definition 6.2.3 (Observable Intervals). An observable interval [a, b] is a proper directed
interval. It can be written as a set of real numbers:
{x ∈ R : a ≤ x ≤ b}.
Let I(R) denote the set of all observable intervals:
I(R) := {[a, b] : a, b ∈ R, a ≤ b}.

6.2. The notion of directed intervals
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Remark 6.2.3.1. Definition 6.2.3 gives a one-dimensional version of the observable intervals. Since we may also observe intervals in multi-dimensional cases (e.g. Rd ). This

concept could be generalized into vector or matrix form of intervals, which is available
in the existing literature.
The improper intervals are usually not observable but they play an important role in
the completeness of our theory.
Definition 6.2.4 (Unobservable Intervals). An unobservable interval [a, b] is an improper
directed interval. Let I(R) denote the set of all unobservable intervals:
I(R) := {[a, b] : a, b ∈ R, a > b}.
Remark 6.2.4.1. We will not treat unobservable intervals as usual sets (in which sense,
they are all empty), but theoretical objects to stress the “direction” of the interval.
To summarize, a directed interval is either observable (a < b) or unobservable (a > b),
that is,
I(R) = I(R) ∪ I(R).

Example 6.2.5 (Direction of an interval is informative). We want to stress that the
direction of an interval is important and unobservable intervals are also meaningful in
practice. Here are some examples,
1. Suppose a stock price (in dollars) at day a or b has intraday prices from 10 to 20.
At day a, the stock price has a rough increasing trend which means its lowest price
occurs before its highest at that day. (Note that the lowest price and highest price
here are not necessarily the opening and closing price.) In contrast, at day b the
stock price has a rough decreasing trend which means its lowest price occurs after
its highest price. If we look at the lowest and highest price, both of them will be
recorded as interval [10, 20], but it fails to indicate that the price movements on
these days are different. This distinction sometimes may not be significant if the
stock price does not appear a rough monotone trend in one day. When we know
the direction information, a better way to record this information for days a and b
are [10, 20] and [20, 10], respectively.
2. Suppose we have measured a quantity several times and record it lowest and highest
values as x = [0.5, 1.5]. Suppose we want to compute y = 2 − x and plan to put y

and x into the same equation. If we record y by its range as [0.5, 1.5] which is an
observable interval, we will end up with x = y, but actually y is not equal to x and
we hope we can retrieve their relation x + y = 2 by directly summing up the two
end points. In this sense, a better way to record y is [1.5, 0.5].
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One theoretical and in-depth reason of using directed intervals is to allow the existence of interval-type object (such as white noise) with zero mean certainty and variance
uncertainty. This requires us to have inverse for the addition of intervals. To be specific,
we need to have an interval A such that
[a, b] + A = [0, 0] where a < b.
This can only happen if A is allowed to be a directed (or improper) interval [−a, −b]
(where −a > −b).

For an ordered and closed interval x := [xl , xr ], it has several characteristics:

1. Bounds: left bound xl and right bound xr . Note that we do not require xl ≤ xr in
our context.

2. Center:
C(x) :=
It shows the central level of the interval.

xl + xr
.
2

3. Range:
R(x) := xl − xr .

It will be negative if xl > xr which is allowed.
4. Radius:

xr − xl
1
= R(x).
2
2
Another equivalent representation of x would be (C(x), R(x)) or (C(x), xr ).
xr :=

6.3

Interval operations

In this section, we use the notation from existing references such as Kaucher (1980)
and Molchanov (2005) to define a series of operations that are suitable for our goal and
consistent with the main literature. Here are several basic principles we have applied
when defining the interval operations:
1. Consistency in logical sense.
2. Precise (non-ambiguous) and simplicity in notations.We definitely need to do some
trade-off in latter one to achieve the previous one.
3. Direct Summation should hold because we need to compute the sample mean by
summing the two ends to approach the true mean. In this sense, we need z +
z(−1) = [1, 2] + [−1, −2] = 0. This is needed in data practice.

4. We use the order of two objects to illustrate the order of both the sequential
independence and also the order of optimization.
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Let J = {a ∈ I(R) : al ar ≥ 0} = J + ∪ J − with J + = {a ∈ J : al ≥ 0 and ar ≥ 0}

and J − = J /J + . Let f denote a continuous real-valued function. We can define the
following basic operations on intervals: for any constant c ∈ R, and two intervals in I(R):
x := [xl , xr ], y := [yl , yr ]:
1. (Identity) x = y if xl = yl and xr = yr .
2. (Summation) x + y := [xl + yl , xr + yr ].
3. (Conjugate) x = [xr , xl ].
4. (Direction) The direction of an interval is a binary variable defined as
$
+1 if xl ≤ xr
dir(x) =
−1 if xl > xr .
5. (Sign) For x ∈ J , its sign is defined as


+1 if xl > 0, xr > 0
sign(x) = 0
.
if xl = xr = 0


−1 if xl ≤ 0, xr ≤ 0 but x 9= [0, 0]

Without causing any confusion, we also use the same notation for a single-valued
constant c ∈ R by treating it as c = [c, c], that is,
sign(c) = sign([c, c]).

6. x C y := [xl ∧ yl , xr ∨ yr ](=: sup{x, y}).
7. x D y := [xl ∨ yl , xr ∧ yr ](=: inf{x, y}).

8. (Hyperbolic Product) x ∗ y = [xl yl , xr yr ].
9. (Right Scaling) [xl , xr ]c := [xl c, xr c].

10. (Identity Mapping) [xl , xr ]1 = [xl , xr ].
11. (Inverse under Summation) x− := [xl , xr ]·(−1) = [−xl , −xr ], we have x+(x−) = 0.
12. (Left Scaling) cy = c[yl , yr ] := [yl c ∧ yr c, yl c ∨ yr c] = yc C yc.

13. (Ensured Proper Interval) 1x = [xl ∧xr , xl ∨xr ] = {x : x ∈ [xl ∧xr , xl ∨xr ]} = xCx.

14. (Continuous Left-Mapping) For any real-valued continuous f , f x ≡ f (x) ≡ f (1x) :=
[minx∈1x f (x), maxx∈1x f (x)]. We may also directly treat it like a mapping on to a
set:
f (A) := {f (x) : x ∈ A}.

15. (Continuous Right-Mapping) For any real-valued continuous f , xf := [f (xl ), f (xr )].
Note that when f is monotone increasing, we have f x = xf if x is proper and
f x = xf if x is improper.
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16. (Asymmetric Products of two intervals) For x ∈ J + ∩ I(R) (which means x is a
proper interval with non-negative sign), and y ∈ J ,

x · y := [xl yl , xr yr ] = x ∗ y,
while
y · x := [yl xl ∧ yr xr , yl xl ∨ yr xr ] = 1(x · y).

The reason we define the product in this way is to make sure the following relations
hold:
and

sign(x · y) = sign(y)
dir(y · x) = dir(x).

Remark 6.3.0.1. Here are some remarks on the asymmetric product above:
1. When x, y ∈ J + ∩ I(R), since 0 ≤ yl ≤ yr and 0 ≤ xl ≤ xr , we have
xl yl ≤ xr yr ,
which implies,
x · y = [xl yl , xr yr ] = x ∗ y
= 1(x ∗ y) = y · x.
In other words, the product is a commutative one, which is also consistent with the
existing definitions of product for two positive proper intervals (by treating them
as two sets).
2. This definition is also consistent with the notion that
[σ, σ]" = [σ", σ"]
and
"[σ, σ] = 1[σ", σ"] = [σ" ∧ σ", σ" ∨ σ"]

by treating x := [σ, σ] and y := ".

Remark 6.3.0.2 (The logics behind the asymmetric product). The product between
two scalars is symmetric. If we talk about two proper intervals [a, b] and [c, d], we can
simply define their products as
[a, b] × [c, d] := {pq : p ∈ [a, b], q ∈ [c, d]}.
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What if we involve the directed intervals? Why do we define the products between two
directed intervals in such an asymmetric way? It starts from the following question: how
should we define the following product:
“a positive proper interval” · “a general directed interval”?
The general directed interval can also be replaced by “a random variable” (that is possibly
negative). Let us start from a simple case. How should we define the product between
[σ, σ] and "? Here 0 ≤ σ ≤ σ and " is a classical random variable with zero mean and

unit variance. If we simply perform the point-wise product (of the two ends of [σ, σ]),
one result is
[σ", σ"],
which is a directed interval and has sample average converging to [0, 0]. The direction
and sign of the interval is determined by the sign of ". Hence, this kind of interval is
closer to our understanding of “noise” in the interval-valued time series (by adding such
interval, it will not create a shift in the interval mean). It seems that " plays as the “main
role” in this picture. If we force the resulting interval to be a proper one, we have
[σ" ∧ σ", σ" ∨ σ"],
which is always a proper interval and its sample average does not converge to [0, 0] but a
non-degenerate interval. The nature of such interval (a proper one) is the same as [σ, σ].
In many cases, such proper version is also useful. For instance, this is the observed version
of noise interval [σ", σ"]. Here are the logics behind such version of product:
1. We hope we have both of these products in the resulting definition because both
types of the intervals are useful for our next stage of discussion (especially the one
that preserves the interval direction).
2. From the theoretical side, we can use a non-commutative product to achieve two
different kinds of results.
3. Intuitively, as we have mentioned before, we can notice that " plays as the “main
role” in the result [σ", σ"] because the interval direction is directly attached with
the sign of ", while [σ" ∧ σ", σ" ∨ σ"] is closely related to [σ, σ] because both are
proper intervals and the product with " does not change the “nature” of proper
interval of [σ, σ].
Therefore, by using the idea of “main role” (and putting the “main role” on the right
side of the product ·), we have the following definition of product:
[σ, σ]" := [σ", σ"]
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and
"[σ, σ] := [σ" ∧ σ", σ" ∨ σ"].

Note that the direction product above is also consistent with the counterpart in the
sublinear world: by treating [σ, σ] as V ∼ M[σ, σ], we have [σ, σ]" is related to
V ", with V !!" "

and "[σ, σ] is related to
"V, with " !!" V,
where we write "V only to be consistent with the independence order " !!" V and the

product between " and V is commutative for a fixed order of independence. Also note
the relation that
"[σ, σ] = 1([σ, σ]"),
where 1[a, b] := [a ∧ b, a ∨ b].

Then we can further extend the notion of product to two intervals: a positive proper

interval times a general interval whose two ends have the same sign (we replace " with a
general interval). We consider the product between two intervals:
and

x = [xl , xr ] ∈ J + ∩ I(R),
y = [yl , yr ] ∈ J .

Here x can be treated as the role of [σ, σ] and y as the role of ". Note that the two ends
of y have the same sign, then we can treat y as either a positive or negative interval (but
it could be an improper one). We can define
Then we have

x · y := [xl yl , xr yr ] = x ∗ y.
sign(x · y) = sign(y).

The intuition is we treat y as the “main role” and we would like its sign to be preserved.
For the other direction of product, we define
Then we have

y · x := [yl xl ∧ yr xr , yl xl ∨ yr xr ] = 1(x · y).
dir(y · x) = dir(x).

In this way, we have the direction of x is preserved (y · x is a proper interval) because

we want to treat x as the main part. We have not touched how to define the general
product between two directed intervals (which is still worth exploring). This product is
enough for the current scope of our discussions.

6.4. Construction of G-version interval-data framework

6.4
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This section is designed to give a streamlined construction of the foundation of the
interval-valued random variables with its associated operation through the sublinear expectation. In general, we need to be really cautious in this basic construction of foundation because it is fundamental to the development of this area in the long run. Since
such level of construction requires long-term development and careful treatment, we only
report what we have achieved at this stage.

6.4.1

Interval-valued random variables

Let Θ denote a subset of Rd where d is a fixed positive integer. Consider the space of
point-valued random variables we have studied in Section 1.6:

H := {X : Ω → R, Eθ [X] exists, θ ∈ Θ}.

(6.2)

For each X ∈ H, we automatically have the fact that X must be a random variable in
each (Ω, F, Pθ ). (Otherwise, Eθ [X] is not a legal concept.)

To rigorously discuss the candidate version X θ of X, we introduce a bivariate function

X̃:
X̃ : Ω × Θ → R.

For each θ ∈ Θ, X̃(·, θ) is a random variable in a probability space (Ω, F, P), (which
means X̃(·, θ) is measurable F/B(R)), with distribution law PX
θ . In other words, with
θ :=
X
X̃(·, θ), it satisfies
θ
PX = PX
θ .
Then we must have
E[ϕ(X θ )] = Eθ [ϕ(X)]
for any ϕ ∈ Cl.Lip , where for the left hand side, the expectation E is with respect to P.
They are equal in the sense that both expectations exist or not together.
For each ω ∈ Ω, we have a set of realizations:
X (ω) := {X θ (ω) : θ ∈ Θ} = {X̃(ω, θ), θ ∈ Θ}.
In this way, we have defined a mapping which can be treated as a random set.
Under P, let the space of all random sets X be
I(H) = {X : X ∈ H}.

(6.3)
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Note that here we have not imposed any topology on Θ yet. For instance, if later
on we want E to become a regular one, we need P to be weakly compact (Denis et al.
(2011)).

If X (ω) = {X(ω)} for each ω ∈ Ω, which means X (ω) is always a singleton regardless

of ω, it retrieves the standard setup of the G-expectation framework where we work on
the single-valued random variable X. Otherwise, X (ω) is a set-valued observation.
For any A ⊂ R, we can define its closed convex hull as
Ah := [inf A, sup A].
In the usual practice of interval data, we are only able to observe (or mostly focus
on) the two extreme ends of this set, which forms an observable interval hull for X (ω):
X h (ω) := (X (ω))h := [inf X , sup X ](ω) := [inf X (ω), sup X (ω)] = [inf X θ (ω), sup X θ (ω)].
θ

θ

(6.4)

For theoretical purpose, we also introduce the unobservable interval hull for X (ω):
X h (ω) := [sup X , inf X ](ω) := [sup X (ω), inf X (ω)].

(6.5)

In summary, for any X ∈ H, under the probability uncertainty P, we have the bivariate
function X̃ which gives us the random set X . Then we have a random interval X which
could be X h or X h . Following the notion in (6.4), the space of interval-valued random
variables can be written as:

I(H) = {X : ∃ X ∈ I(H), such that ∀ ω ∈ Ω, X(ω) = X h (ω) or X h (ω)}.

(6.6)

For any X ∈ I(H), it is associated with one X , borrowing the notation before, let
1X := X h and 1X := X h .
In the following context, for simplicity, we will study under this assumption.

Assumption 6.4.1. For any ω ∈ Ω,
X (ω) = X h (ω).
It means that at least X (ω) is always a convex and closed set. One sufficient condition

for this assumption is X̃ is continuous with respect to θ.

One concern here is the existence of the underlying probability space (Ω, F, P) and
X̃. We will first resolve this concern by providing several examples of this setup to be
connected with the existing distributions in the G-expectation framework.
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We are also able to give an interval-type interpretation (using interval-valued time
series) for the distribution and independence in the G-expectation framework, where the
independence part is interesting in the sense that the asymmetry can be interpreted here
as a consequence of the time direction.
Example 6.4.1 (Maximal Distribution). In a measurable space (Ω, F) with Ω = R and
F = B(R) (or the power set 2Ω in this case), let P = {Pθ := δθ : θ ∈ [θ, θ] ⊂ R} with
θ ≤ θ, where δθ denotes the Dirac measure with point mass at θ. For simplicity, consider
the identity X(ω) = ω as a random variable which satisfies X ∈ H. Then under each Pθ
it has distribution law

−1
PX
= δθ .
θ = Pθ ◦ X

Under this ambiguity of probability (P), we can see that X has distribution uncertainty
characterized by P X := {PX
θ = δθ : θ ∈ [θ, θ]}. This is a typical example of the so-called
Maximal Distribution in the G-framework denoted as M[θ, θ]. Under the same (Ω, F)
and any P ∈ M, for each θ ∈ Θ, let X̃(θ, ω) := θ regardless of ω ∈ Ω. Then we have
X θ := X̃(θ, ·) ≡ θ which is a constant, sitting in the probability space (Ω, F, P). The
distribution law of X θ is, for any A ∈ B(R),
P

Xθ

$
P(Ω) = 1 if θ ∈ A
(A) = P(X θ ∈ A) = P({ω : θ(ω) = θ ∈ A}) =
= δθ (A).
P(∅) = 0 if θ ∈ Ac

In other words,
PX = PX
θ .
θ

One important fact here is any two elements Pµ , Pν ∈ P (with µ 9= ν) are mutually

singular because they have disjoint supports. Although Pµ = P ◦ µ−1 and Pν = P ◦ ν −1 ,

we cannot do change of measure using P as the reference measure because the constants
µ, ν do not have a density.

Then for each ω ∈ Ω, we have a set of realizations:
X (ω) = {X θ (ω) = θ : θ ∈ [θ, θ]} ≡ [θ, θ].
This random set X is associated with the G-distributed object X ∼ M[θ, θ].
Example 6.4.2 (Semi-G-normal Distribution). In a measurable space (Ω, F) with Ω = R
and F = B(R),
2
P := {Pθ = P N (0,σ ) , σ := σ(θ) ∈ [σ, σ]},
where P N (0,σ

2)

is the measure on (R, B(R) with density (2πσ 2 )−1/2 e−(x

2 /2σ 2 )

which is

the density function of the classical normal N (0, σ ). Consider X(ω) = ω. Then under
2
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each Pθ , X has distribution law P N (0,σ(θ) ) . Then X ∼ N̂ (0, [σ 2 , σ 2 ]). Under the same

(Ω, F) and any P ∈ M allowing the existence of classical normal random variables, let
Y ∼ N (0, 1), and consider

X̃(θ, ω) := σ(θ) · Y (ω).

Then X θ = σ(θ) · Y with distribution law

2

PX = P N (0,σ(θ) ) = PX
θ .
θ

Thus, for each ω ∈ Ω, we have a set of realizations (which forms an interval):
X (ω) = {X θ (ω) = σ(θ) · Y (ω), θ ∈ Θ} = {σY (ω), σ ∈ [σ, σ]} = [σ, σ]Y (ω),
where the operation in [σ, σ]Y (ω) the right scaling or we can interpret it as [σ, σ] is an
“interval” scale of Y . Then we have the interval-valued object
X = [σ, σ]Y.

6.4.2

Expectations of interval-valued random variables

To study the expectation in this context, we need a more formal notion of the intervalvalued random variable X defined in (6.4). It requires detailed theoretical construction
to build up an analogue of the measure theory in R. Here we give a main structure as
one candidate of this construction.
Let X be a mapping:

X: Ω → I(R)
.
ω G→ X(ω)

(6.7)

To define the measurability of X, we need to construct the σ-algebra (or the collection of measurable set) onto the interval space I(R). Kaucher (1980) defines open sets
equipped with a normed metric defined on I(R). It allows the Borel-σ-algebra B(I(R)) to
be constructed. Then we can have definition X being measurable mapping from (Ω, F)
to (I(R), B(I(R))).
The construction below follows the same logic as Section 1.6. For each Pθ ∈ P, let

Eθ denote the expectation under probability measure Pθ . Consider the space H of real-

valued random variables defined in (6.2). Then we define a new functional E : H → R
for P, as

E[X] := sup Eθ [X].

(6.8)

θ∈Θ

The functional E can be shown to be a typical sublinear expectation. Next the pair of
capacities (v, V) associated with P are defined as: for any A ∈ F,
v(A) := −E[−1A ] = inf Eθ [1A ] = inf Pθ (A)
θ∈Θ

θ∈Θ

(6.9)
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and
V(A) := E[1A ] = sup Eθ [1A ] = sup Pθ (A).
θ∈Θ

(6.10)

θ∈Θ

For any interval-valued random variable X ∈ I(H) under P, it is associated with a

single-valued random variable under P. We also define the G-version distribution of X
as a set of measures:

X
PX := P X = {PX
θ : B(R) → [0, 1], Pθ (A) := Pθ (X ∈ A), θ ∈ Θ}.

To define the interval-valued expectation for X ∈ I(H), we first need to introduce

the set-valued expectation. Then its convex hull becomes the interval version.

For any measurable set A ⊂ R, let f (A) := {f (x), x ∈ A} denote the range of f (x)

with domain A. For any X ∈ I(H) (observable), for any continuous f ,
f (X(ω)) = f (X (ω)) = f ({X̃(ω, θ), θ ∈ Θ})
= {f (X̃(ω, θ)), θ ∈ Θ}
=: {f (X̃(·, θ), θ ∈ Θ}(ω)
= {f (X θ ), θ ∈ Θ}(ω)
=: f (X )(ω).

Since f is continuous, f (X )(ω) is equal to its closed convex hull which is a closed interval
denoted as f (X)(ω). Hence,
f (X(ω)) = f (X)(ω),
where
f (X)(ω) := [ min f (x), max f (x)].
x∈X(ω)

If X ∈ I(H), let

x∈X(ω)

f (X) := f (X) = f (1X).

In short, for X ∈ I(H),
f (X) = f (X ) = {f (X θ ), θ ∈ Θ}.
We first define the set-valued expectation E : I(H) → 2R as
EX = E{X θ , θ ∈ Θ}
:= {E[X θ ], θ ∈ Θ},

232

Chapter 6. A Role of the G-framework in Interval-valued Data

which is the set of expectations of each element in the random set. Then we define the
interval-valued expectation of a random set X ∈ I(H):
EX ≡ E h X
:= (EX )h
= {E[X θ ], θ ∈ Θ}h
= [−E[−X], E[X]].
If X ∈ I(H), since X = X (by Assumption 6.4.1), we have a well-defined EX:
EX := EX = [−E[−X], E[X]].
If X ∈ I(H), then X ∈ I(H), its interval expectation will be:
E[X] := E[X].
For a continuous transformation f , we have the set-valued expectation
Ef (X) = E{f (X θ ), θ ∈ Θ}
= {E[f (X θ )], θ ∈ Θ},
where we use the fact that f (X θ ) is still a random variable in (Ω, F, Pθ ). Then we have
the interval expectation:

Ef (X) = (Ef (X))h
= {E[f (X θ )], θ ∈ Θ}h
= [inf E[f (X θ )], sup E[f (X θ )]]
θ

θ

= [−E[−f (X)], E[f (X)]].
To summarize, we have the interval-valued expectation for X ∈ I(H):
E[X] = [inf E[X θ ], sup E[X θ ]] = [−E[−X], E[X]]
θ

θ

and under transformation ϕ,
E[ϕ(X)] = [inf E[ϕ(X θ )], sup E[ϕ(X θ )]] = [−E[−ϕ(X)], E[ϕ(X)]].
θ

θ
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We also retrieve the ambiguity operator in this case:
R(E[X]) = E[X] + E[−X] = Amb[X]
and
R(E[ϕ(X)]) = E[ϕ(X)] + E[−ϕ(X)] = Amb[ϕ(X)].

Using this system of notations, we have a simple form of the G-LLN, for any ϕ ∈ Cl.Lip ,
for nonlinearly i.i.d. Xi with E[X1 ] = µ(= [µl , µr ]),
1+
1+
1+
Xi )] = [−E[−ϕ(
Xi )], E[ϕ(
Xi )]]
n i=1
n i=1
n i=1
n

E[ϕ(

n

n

→ [min ϕ(µ), max ϕ(µ)] = ϕ(µ).
µ∈µ

µ∈µ

Similar to the context of real-valued random variables, we define the convergence in
d
distribution Yn −→ Y as E[ϕ(Yn )] → E[ϕ(Y )] for any applicable ϕ. The result above
means that

1+
d
Xi −→ µ.
n i=1
n

To avoid unnecessary complication in the notation, we would like to reminder readers to
treat 1/n in the expressions above as left-scaling (which is applied to both ends of the
interval) rather than right-scaling (which will always give us a proper interval).
After the in-depth discussions above, we end this section by formally presenting this
notion of interval-valued expectation for directed random intervals.
Definition 6.4.3. For a random directed interval X = [Xl , Xr ], its interval-valued expectation is
E[X] := [E[Xl ], E[Xr ]].
Remark 6.4.3.1. When the random directed interval X is proper (i.e. Xl ≤ Xr almost
surely), this definition is consistent with the existing selection expectation (also called
Aumann expectation) in the random set theory (Molchanov (2005)). When X is improper,
the resulting interval-valued expectation is also an improper interval.
Remark 6.4.3.2. Note that E is an additive operator:
E[X + Y ] = E[Xl + Yl , Xr + Yr ]
= [E[Xl + Yl ], E[Xr + Yr ]]
= [E[Xl ] + E[Yl ], E[Xr ] + E[Yr ]]
= E[X] + E[Y ].
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Remark 6.4.3.3. We can treat X = [Xl , Xr ] as a random vector (Xl , Xr ): Ω → R2 . If
strong LLN holds for the two end points,

1+
a.s.
Xl,i −→ E[Xl ]
n i=1
n

and

1+
a.s.
Xr,i −→ E[Xr ].
n i=1
n

We can define a distance for two directed intervals using a norm on R2 (such as a L2 norm):

d([xl , xr ], [yl , yr ]) := -(xl , xr ) − (yl , yr )-.

We can use this notion to define the strong convergence. Without loss of generality, we
use the convention that -(x, 0)- = -x- (where we use the same notation for the norm in
a space with lower dimension). By the triangle inequality
-(xl , xr ) − (yl , yr )- = -(xl − yl , xr − yr )≤ -(xl − yl , 0)- + -(0, xr − yr )= -xl − yl - + -xr − yr -,
the strong convergence on two ends implies the convergence of the interval:
1+
1+
1+
Xi = [
Xl,i ,
Xr,i ]
n i=1
n i=1
n i=1
n

n

n

a.s.

−→ [E[Xl ], E[Xr ]] = E[X].

We will involve a subadditive version of this expectation after we introduce the notion
of ambiguity in the interval direction which will be presented in Section 6.7.

6.5

An intrinsic connection with the semi-G-structure

In this section, we use a detailed story to show an intrinsic connection between the
interval-valued data and the semi-G-structure. To the best of our knowledge, this is the
first time that we establish a tight connection between a data object and the sublinear
expectation, without the need to dig into the philosophical discussion of model uncertainty, because the interval nature of the data has already involved uncertainty that
can be treated as a set of measures. In other words, an interval-valued data object can

6.5. An intrinsic connection with the semi-G-structure
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be treated as a realization of a semi-G-distribution (as mentioned in Section 6.4). The
semi-G-distributed object is closely related to its interval-valued counterpart from both
intuition and theoretical properties. We also use a series of simulation study to illustrate
such connection.

6.5.1

The interval-valued counterpart of semi-G-normal

Let us start from the following basic example. In a sublinear expectation space, consider
d

V = M[σ, σ] with 0 ≤ σ ≤ σ and " ∼ N (0, 1) (or a degenerate G-normal N (0, [1, 1]).
Let W := V ". Suppose V !!" " (which means " is independent from V ). Then W follows
the so-called semi-G-normal distribution N̂ (0, [σ 2 , σ 2 ]). As mentioned in Example 6.4.2,

such kind of W can be treated as the following directed interval-valued random variable:
W = [σ, σ] · " := [σ", σ"],

(6.11)

where the product · here is the non-commutative product defined in Section 6.3. In the

following context, we may omit “·” and simply write (6.11) as W = [σ, σ]". Now we give
a formal definition the interval-valued counterpart of semi-G-normal.
Definition 6.5.1. (Interval-valued counterpart of semi-G-normal) The interval-valued
counterpart of the semi-G-normally distributed W = V " with V !!" " is
W = [σ, σ]".
Remark 6.5.1.1. To intuitively understand the connection between the semi-G-normal
W and the interval-valued object W , we can decompose their structural similarity into
the following aspects:
1. (V versus [σ, σ]) The maximal distribution is treated as the constant interval [σ, σ]
in this context, which is similar to the interpretation of maximal in the sublinear
world: it can be treated as “the G-version constant”, which appears as the asymptotic object in the G-LLN. Another way to interpret such connection is that, the
uncertainty set of maximal consists of those Dirac measures with mass point in
[σ, σ]. (Note that a Dirac measure can be treated as the distribution of a constant.)
Then the constant interval [σ, σ] can be treated a realization from this set of measures, in the sense that the former consists of those realizations from each member
of the latter.
2. (" is the same) We use the same " ∼ N (0, 1) in both classical world and sublinear
world (as a degenerate G-normal N (0, [1, 1])).
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3. (“Order of independence” versus “Order of product”) The direction of independence is closely related to the order of product. One simple way to remember this
connection is that V is before " in V !!" ". Similarly, we put [σ, σ] before " in the
product [σ, σ]". We further illustrate this point when we reverse the direction of
the independence and order to obtain W̃ (Section 6.5.2).
Remark 6.5.1.2. As we have mentioned, the maximal distribution can be treated as
a constant interval in the context interval-valued data. This statement can be further
quantified as follows: for any continuous ϕ, we have
E[ϕ([σ, σ])] = [−E[−ϕ(V )], E[ϕ(V )]],
because
E[ϕ([σ, σ])] = E[[ min ϕ(σ), max ϕ(σ)]]
σ∈[σ,σ]

σ∈[σ,σ]

,
= [E[ min ϕ(σ)], E[ max ϕ(σ)]]
σ∈[σ,σ]

σ∈[σ,σ]

= [ min ϕ(σ), max ϕ(σ)]
σ∈[σ,σ]

σ∈[σ,σ]

= [−E[−ϕ(V )], E[ϕ(V )]].
In other words, the interval-valued expectation of a constant interval is the same as the
interval formed by the sublinear expectations of maximal under any continuous transformations.
To better illustrate the meaning of the random interval W , we can generate a sample
from it. Here are the detailed steps of our simulation study: (here N = 5000 and [σ, σ] =
[1, 2])
1. generate a (classically) independent sample "i , i = 1, 2, . . . , N from N (0, 1);
2. let Wi = [σ"i , σ"i ], i = 1, 2, . . . , N .
Now we have obtained a sample (Wi )N
i=1 from W = [σ, σ]". Note that Wi is a directed
interval and it becomes a proper one (with left end smaller than the right end) if and
only if "i ≥ 0. Figure 6.1 visualizes the first 500 points of the sample (Wi )N
i=1 , where the

red line represents the right end of the directed interval and the blue line represents the
left end. We can see that the right end of (Wi )N
i=1 may be smaller than the left end and it
shows a greater variation than the left end, which is consistent with the theory because
σ"i has larger variance than σ"i .
Now we discuss another important reason why the interval-valued W can be treated
as the counterpart of semi-G-normal in the context of interval-valued data, that is, they
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Figure 6.1: The line graph of interval-valued data Wi = [σ, σ]"i
are closely related in terms of their expectations. For instance, we can check that W has
certain mean zero:
E[W ] = E[E[v"]v=V ]
= E[E[v"]v=V ] = 0
and similarly −E[−W ] = 0. Then we can see that the interval-valued expectation of the

interval-valued random variable W matches with the interval formed by the lower and
upper expectation of W :
E[W ] := [E[σ"], E[σ"] = [0, 0] = [−E[−W ], E[W ]].
We can further validate our results from the perspective of LLN. We first recall the
G-LLN regarding the first moment of Wi = Vi "i with Vi !!" "i :
1+
d
Wi −→ M[0, 0],
n i=1
n

where M[0, 0] can be simply treated as 0 (they have identical distribution in the sublinear
world). As an analogue of the G-LLN in the context of interval-valued data, consider
Wi := [σ, σ]"i = [σ"i , σ"i ],
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then we have

1+
1+
1+
d
Wi = [
σ"i ,
σ"i ] −→ [0, 0].
n i=1
n i=1
n i=1
n

n

n

(6.12)

Note that the weak convergence in (6.12) can be replaced by the strong one (by simply
applying the classical strong law of large number to the two end points). There exist
some established convergence definitions in the random set theory (Molchanov (2005))
which we will not expand here for simplicity in discussion. At this stage, one can simply
think about this convergence as a statement among bivariate random vectors in classical
probability (please turn to Remark 6.4.3.3 for more details). We can further visualize
the LLN phenomenon in (6.12) through the simulation study as illustrated in Figure 6.2,
where we simply compute the cumulative average of the previous simulated (intervalvalued) sample (Wi )N
i=1 from n = 1 to N . We can see that the two ends of the cumulative
average (as an interval) tend to meet with each other towards zero. In fact, it gives a
numerical validation of (6.12) that the average of Wi converges to the interval [0, 0] (in a
strong sense). As an important remark for readers, although the pattern in Figure 6.2 is
a direct consequence of applying the strong LLN to the two ends of Wi from a theoretical
side, one should view such phenomenon as a property for all possible paths that sits within
!
the interval n1 ni=1 Wi , because the summation between Wi and Wi+1 is an summation
operation between all possible points within the two segments.

In short, we have checked that: for W = V " ∼ N̂ (0, [σ 2 , σ 2 ]) with V !!" " and its
interval-valued counterpart W = [σ, σ]" = [σ", σ"], we have

and

6.5.2

E[W ] = [−E[−W ], E[W ]]
1+
d
Wi −→ [−E[−W ], E[W ]].
n i=1
n

(6.13)
(6.14)

What if we reverse the direction of independence?

What will happen if we reverse the direction of independence in V !!" "? Do we still

have the previous connections as (6.13) and (6.14)? Next we provide the interval-valued
analogue for the reversed direction of independence " !!" V and give a positive answer
to the second question. Assume that " !!" V and let W̃ := "V , then we have
E[W̃ ] = E[E[xV ]x=' ] = E["+ σ − "− σ]
= E[σ" + (σ − σ)"− ] = (σ − σ)E["− ]
1
= (σ − σ)E[|"|] > 0.
2
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Figure 6.2: Illustration of the LLN for the first moment of Wi
Similarly,
Note that " ∼ N (0, 1), then
In short,

1
−E[−W̃ ] = − (σ − σ)E[|"|] < 0.
2
E[|"|] =

I

2
.
π

,
−E[−W̃ ], E[W̃ ] = [−µ, µ],

(6.15)

where µ = 12 (σ−σ)E[|"|]. By simply switching the direction of independence, the resulting
object W̃ becomes quite different from W even from the first moment (W̃ has mean
uncertainty while W has certain mean zero). Thus,
$
0
if V !!" "
E[V "] = 1
(σ − σ)E[|"|] > 0 if " !!" V.
2

This again illustrates the asymmetry of independence in the sublinear world. To obtain
the interval-valued counterpart of W̃ , we need to recall the structural similarity mentioned
in Remark 6.5.1.1. We only need to reverse the direction of product between [σ, σ] and
". Hence, the interval-valued counterpart of W̃ is
W̃ := " · [σ, σ] := [σ" ∧ σ", σ" ∨ σ"].

(6.16)
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Recall that
and

σ" ∨ σ" := max{σ", σ"} = σ"+ − σ"− := σ" + (σ − σ)"−
σ" ∧ σ" := min{σ", σ"} = σ" − σ"− = σ" + (σ − σ)"− .

Hence, W̃ is always a proper interval regardless of the sign of ".

Again, to better illustrate the meaning of the random interval W , we generate a
sample from it. Here are the detailed steps of our simulation study: (N = 5000)
1. generate a (classically) independent sample "i , i = 1, 2, . . . , N from N (0, 1) (where
we use the same sample when generating Wi );
2. let W̃i = "i [σ, σ] = [σ"i ∧ σ"i , σ"i ∨ σ"i ], i = 1, 2, . . . , N .

Now we have obtained a sample (W̃i )N
i=1 from W̃ = "[σ, σ]. Note that W̃i can also be

treated as the proper version of Wi . Figure 6.3 visualizes the first 500 points of the sample
(W̃i )N
i=1 , where the right end (red line) is always no smaller than the left end (blue line)
due to the nature of a proper interval. Readers may find that Figure 6.3 looks almost
identical to Figure 6.1 except for the switch in color for each interval (which means the
direction of interval is different).

Figure 6.3: The line graph of interval-valued data W̃i = [σ"i ∧ σ"i , σ"i ∨ σ"i ]
We also need to mention that, although it seems that both red and blue line are
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fluctuating around zero, since the red line is always above the blue one, we do not expect
them to have zero mean. In other words, although W̃i is generated from "i with zero
mean (at least for Wi , it has zero mean), after we force the interval to be a proper one,
we do not expect W̃i to behave as a noise with zero mean. Indeed, we can show that
,
E[W̃ ] := E[σ" ∧ σ"], E[σ" ∨ σ"]
,
= E[σ" − σ"− ], E[σ"+ − σ"− ]
= [−µ, µ],

where µ = 12 (σ − σ)E[|"|] which is same as the one in (6.15). Then we have
E[W̃ ] = [−E[−W̃ ], E[W̃ ]].
We can also view the connection above from LLN. From the side of G-LLN, we have
1+
d
W̃i −→ M[−µ, µ].
n i=1
n

As an analogue of the result above, with W̃i = "i [σ, σ], since we have
,
E[W̃i ] = E[σ"i ∧ σ"i ], E[σ"i ∨ σ"i ] ,
then

- ,
1+
d ,
W̃i −→ E[σ"1 ∧ σ"1 ], E[σ"1 ∨ σ"1 ] = −E[−W̃ ], E[W̃ ] .
n i=1
n

Again the notion of convergence can be replaced by the strong version as mentioned in
!
Section 6.5.1. Figure 6.4 further visualizes the LLN phenomenon regarding n1 ni=1 W̃i

with n = 1 to N . Compared with Figure 6.2, as n increases, Figure 6.4 shows that
the two ends of the cumulative average do not meet with each other but rather stay a
distance apart. It indicates that the cumulative average of W̃i converges to [−µ, µ], which
is computed from the sublinear expectations of W̃ .

6.5.3

Connections in higher moments

Our focus so far is the connection in the first moment. Do we still have such connections
in higher moments? We give a positive answer in this section.
We first recall some operations defined in Section 6.3 such as the ensured proper
mapping 1[a, b] := [a ∧ b, a ∨ b] (which transform any directed interval into a proper one).
Also recall the notion of right mapping

[a, b]ϕ := [ϕ(a), ϕ(b)]
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Figure 6.4: Illustration of the LLN for the first moment of W̃i
and left mapping
ϕ[a, b] := [ min ϕ(x), max ϕ(x)] = {ϕ(x), x ∈ 1[a, b]}.
x∈1[a,b]

x∈1[a,b]

For [a, b] ∈ J (that is, ab # 0), for k ∈ N+ , let

$
ϕ[a, b] k is even
[a, b] :=
,
[a, b]ϕ k is odd
k

where ϕ(x) := xk . When k is odd, we have [a, b]k = [ak , bk ], then we have the direction
of the interval is preserved:
dir([a, b]) = dir([a, b]k ).
Also the sign of the interval is also preserved. If [a, b] is a proper interval, when k is odd,
we have
[a, b]k = [ak , bk ] = ϕ[a, b].
Then we have [a, b]k ≡ ϕ[a, b] if [a, b] is a proper interval. Of course, when a = b := c, it
retrieves the notion ck for a scalar.
We can obtain the following results regarding the connection for higher moments.
Theorem 6.5.2. For any k ∈ N+ , we have the following results:
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Case 1 For W = V " with V !!" ", its interval-valued counterpart is W = [σ, σ]" = [σ", σ"].
We have

E[W k ] = [−E[−W k ], E[W k ]].

(6.17)

Case 2 For W̃ = V " with " !!" V , its interval-valued counterpart is W̃ = "[σ, σ] =
[σ" ∧ σ", σ" ∨ σ"]. We have

E[W̃ k ] = [−E[−W̃ k ], E[W̃ k ]].

(6.18)

Proof. (Case 1) For the side of W , we have
E[W k ] = E[E[v k "k ]v=V ]
= E[(v k E["k ])v=V ]
= max v k E["k ] = σ k E["k ].
v∈[σ,σ]

Similarly, we have −E[−W k ] = σ k E["k ]. Therefore, we have
[−E[−W k ], E[W k ]] = [E[σ k "k ], E[σ k "k ].
For the side of W , we only need to show
W k = [σ k "k , σ k "k ].
Then we can take the interval-valued expectation E to get (6.17). In fact, when k is odd,
we have
W k = [σ", σ"]k = [σ k "k , σ k "k ].
When k is even, we have
W k := ϕ(W )
= [ min ϕ(x), max ϕ(x)]
x∈1W

x∈1W

$
{xk , x ∈ [σ", σ"]} if " ≥ 0
=
{xk , x ∈ [σ", σ"]} if " < 0
= [σ k "k , σ k "k ].
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(Case 2) For the side of W̃ , we have
E[W̃ k ] = E[E[V k ek ]e=' ]
= E[( max v k ek )e=' ]
v∈[σ,σ]

= E[ max v k "k ]
v∈[σ,σ]

= E[(σ k "k ) ∨ (σ k "k )].
Similarly, we have −E[−W̃ k ] = E[(σ k "k ) ∧ (σ k "k )]. For the side of W̃ , we only need to
show

W k = [(σ k "k ) ∧ (σ k "k ), (σ k "k ) ∨ (σ k "k )].

Then we can take the interval-valued expectation E to get (6.18). In fact, since W̃ is
always a proper interval, we have

W̃ k = ϕ(W̃ )
= [min ϕ(x), max ϕ(x)]
x∈W̃

x∈W̃

$
{xk , x ∈ [σ", σ"]} if " ≥ 0
=
{xk , x ∈ [σ", σ"]} if " < 0
= [(σ k "k ) ∧ (σ k "k ), (σ k "k ) ∨ (σ k "k )].
Notice that the result above holds for all k (when k is even, it becomes [σ k "k , σ k "k ] as we
have shown in Case 1).
Furthermore, by using the same notations from Section 2.1.6, we have the following
results.
Corollary 6.5.2.1. We have
1 + k a.s.
W −→ [−E[−W k ], E[W k ]]
n i=1 i
n

and

1+
k a.s.
W̃i −→ [−E[−W̃ k ], E[W̃ k ]].
n i=1

Proof. Notice that we have

n

1
n

!n

i=1

Wik converges to the interval-valued expectation

E[W k ] (in a strong sense) from Remark 6.4.3.3. Then we can apply Theorem 6.5.2 to get
the required result. The same logic can be applied to W̃i .
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As a special case of Theorem 6.5.2, we can have the connection for the second moment.
Although the first moments of W and W̃ are different, they have the same second moment
uncertainty. For W̃ , we have
E[W̃ 2 ] = E[(σ 2 "2 ) ∨ (σ 2 "2 )] = E[σ 2 "2 ] = σ 2 ,
and similarly, −E[−W̃ 2 ] = σ 2 . Hence we have:
E[W 2 ] = E[W̃ 2 ] = [σ 2 , σ 2 ].
For the LLN side, we have the connection that
1 + 2 a.s. 2 2
W −→ [σ , σ ]
n i=1 i
n

and

1+
2 a.s.
W̃i −→ [σ 2 , σ 2 ].
n i=1
n

From the simulation side, Figures 6.5 and 6.6 provide the illustration of the LLN in
the context of the second moment, where the pair of vertical brown lines represents the
interval [σ 2 , σ 2 ] = [1, 4]. Note that these two plots are identical because they are generated
using the same set of ("i )N
i=1 except the interval direction is different. Under the square

transformation, they both become proper intervals. (This is similar to the simple intuition
in real-valued data situation where we cannot distinguish X and Y := −X in terms of
the square.)
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Figure 6.5: Illustration of the LLN for the second moment of Wi

Figure 6.6: Illustration of the LLN for the second moment of W̃i
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To summarize this section, we use a table to show the intrinsic connection between
the interval-valued data and the semi-G-structure. (Note that W̃ does not really belong
to the current scope of semi-G-family of distribution, but we still put it here because it
is direct variant of the semi-G-normal by changing the direction of independence.)
Table 6.1: The connection between the interval-valued data and the semi-G-structure
Sublinear world
Interval data
Moments

LLN

W = V ", V ∼ M[σ, σ], V !!" "

W̃ = V ", V ∼ M[σ, σ], " !!" V

E[W ] = [−E[−W ], E[W ]] = [0, 0]

E[W̃ ] = [−E[−W̃ ], E[W̃ ]] = [−µ, µ]

E[W k ] = [−E[−W k ], E[W k ]]
!n
d
1
i=1 Wi −→ [0, 0]
n
!n
1
2
2 d
2
i=1 Wi −→ [σ , σ ]
n
!n
1
k d
k
k
i=1 Wi −→ [−E[−W ], E[W ]]
n

E[W̃ k ] = [−E[−W̃ k ], E[W̃ k ]]
!n
d
1
i=1 W̃i −→ [−µ, µ]
n
!n
1
2
2 d
2
i=1 W̃i −→ [σ , σ ]
n
!n
1
k d
k
k
i=1 W̃i −→ [−E[−W̃ ], E[W̃ ]]
n

W = [σ, σ] · " (directed)

W̃ = " · [σ, σ] (proper)

E[W 2 ] = [−E[−W 2 ], E[W 2 ]] = [σ 2 , σ 2 ] E[W̃ 2 ] = [−E[−W̃ 2 ], E[W̃ 2 ]] = [σ 2 , σ 2 ]

The key points of the intrinsic connection are:

• The maximal distribution can be treated as a constant interval in the context of
interval-valued data.
• The direction of independence is associated with the non-commutative product in
the interval context.
• The interval-valued data can be treated as a realization of a semi-G-distribution.
• A semi-G-distributed object is closely related to its interval-valued counterpart
through their moment properties and LLN.
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The interval-valued time series

In practice, we may observe the interval-valued time series X̃t , t = 0, 1, 2, . . . , which are
proper ones. It can be generally treated as
X̃t = 1Xt
for a specified model Xt which may or may not involve improper intervals. As a reminder,
1Xt is a left scaling of the interval: 1[a, b] := [a ∧ b, a ∨ b] and it is also the ensured proper
transformation.

One straightforward candidate model is Xt := X̃t , that only considers proper intervals. To be specific,
X̃t = 1Xt = 1[Xtl , Xtr ]
= [Xtl ∧ Xtr , Xtl ∨ Xtr ].
In terms of the center and range of the intervals:
1
C(X̃t ) = C(Xt ) = (Xtl + Xtr )
2

(6.19)

R(X̃t ) = |R(Xt )| = |Xtr − Xtl |.

(6.20)

and
The relation in (6.19) shows that the center of the observed interval is the same as the one
of the underlying model no matter how the underlying model is specified. For simplicity,
in our context, for a specified model
Xt = [Xtl , Xtr ],
where each end can be treated as a stochastic process in the classical (Ω, F, (Ft )t≥0 , P).
For each time t, we have the interval-valued expectation:
EXt = [E[Xtl ], E[Xtr ]].
If Xt is degenerate (i.e. Xtl ≡ Xtr ), the interval-valued expectation E is degenerated
into the linear expectation E.

6.7

Ambiguity in the interval direction

We are going to present a phenomenon called the ambiguity in the interval direction in
this section. In order to better explain this concept to readers, we can start from a basic
data experiment.
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The design of the data experiment Imagine a data situation as follows: we want to
study the property of a time series Xt which is known to be a strong stationary one with
E[|Xt |3 ] < ∞ (for simplicity of this problem). Let µ := E[Xt ] and σ 2 := E[(Xt − µ)2 ].

Suppose we ask a lab to help us do the measurement. The lab tells us they have
two (secret) equipments, labeled A and B, as measurers and they have measured the
Xt for t = 1, 2, · · · , n using both of them. At each time t, Equipment A produces a

measurement Xtl and Equipment B gives Xtr . These two equipments can produce an
interval to capture the true value Xt .
We are also informed from the lab that:
1. Based on the design of these two equipments and measurement errors, at each time
t, the true Xt must be between Xtl and Xtr .
2. Nonetheless, we are told that both of them are valid equipments, in the sense that
Xtl and Xtr are precise in the mean part of Xt but may not be precise in the
variance part of Xt .
However, due to some reasons (e.g. privacy problem), the lab refuses to give us the
measurements Xt = (Xtl , Xtr ) labelled with A and B (it may contain privacy information of the two equipments), the lab only provides us with the minimum and maximum
measurements at each time (which is X̃t = 1Xt ).
In short, we only observe X̃t = 1Xt . Based on the information we may assume the
two unobserved objects Xt and Xt as follows:
1. For each t, Xt ∈ 1Xt = X̃t ,
2. EXt = [µ, µ] = µ := E[Xt ],

3. E[(Xt − µ)2 ] =: σ 2 ∈ 1E(Xt − µ)2 =: [σ 2 , σ 2 ] with 0 < σ ≤ σ. For simplicity, we
assume the variance of the either ends of Xt only switch between σ 2 and σ 2 .

Now we are interested in two specific problems:
1. (P1) Estimation of parameters of Xt ? Based on data X̃t , we want to estimate the
parameter (µ, σ, σ) of Xt and also construct a confidence interval for µ.
2. (P2) Study of the normalized sum of Xt ? Consider
1 +
Yn = √
(Xt − µ)
n t=1
n

and

1 +
Yn = √
(Xt − µ).
n t=1
n

Let ϕ(x) := x3 . Since Yn must be between the two ends of Yn , E[ϕ(Yn )] is in
[E[ϕ(Ynl )], E[ϕ(Ynr )]].
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In (P2), we treat (µ, σ, σ) as known or we can plug in the estimated parameter
vector from (P1).

Figure 6.7 is a line plot of the observed interval-valued data X̃t . In the following
parts, we only present the key ideas and results on each problem.
Interval Plot of x.obs[sub.ind, ]
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Figure 6.7: A line plot of the first 100 elements of the observed interval data X̃t where
the blue line is the left end and the right end is coloured as red.

A solution to the first problem Let us focus on (P1) first. One thing we can think
about: does the lack of information in interval direction cause a problem in the estimation of (µ, σ, σ)? Intuitively, does the loss of interval direction mask information on the
parameters of Xt ? The answer is no and we will explain below.
One candidate model for the underlying true interval Xt of X̃t is
(1)

Xt

= µ + [σ, σ]"t

(6.21)

(1)

and then X̃t = 1Xt . In the following context of this section, since we mainly focus on
(1)

Xt , without causing any confusions, we will omit the superscript and write it as Xt
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but we want to remind readers that it is only a candidate model for the true underlying
interval process.
If we have the data directly for Xt , it is straightforward to use traditional statistical
estimation methods (such as maximum likelihood estimation and method of moments)
to make inference on (µ, σ, σ). However, since we can only observe
X̃t = 1Xt = [Xtl ∧ Xtr , Xtl ∨ Xtr ],

(6.22)

the problem is whether there exists a tractable method to get a reasonable estimate of
(µ, σ, σ). We give a positive answer.
In order to estimate (µ, σ, σ) based on the first candidate model, we first derive the
distributions for the center and range of X̃t :
σ+σ
(σ + σ)2
C(X̃t ) = C(X̃t ) = µ +
"t ∼ N (µ,
)
2
4
and
R(X̃t ) = |R(Xt )| = |(σ − σ)"t |,

where R(X̃t ) follows the half normal distribution with scale parameter (σ − σ). Notice
that the first moment of the center C(X̃t ) is equal to µ and its second moment is a
function of (σ + σ)2 . Meanwhile, from the first moment of the half normal distribution,
we have

I

2
(σ − σ),
π
which is a function of (σ − σ). From the method of moments, we can obtain the following
E[R(X̃t )] =

estimators:

1+
µ̂cr :=
C(X̃t ),
n t=1
n

σ̂ cr = (â + b̂)/2,

σ̂ cr = (â − b̂)/2,
where
L
M
M
â = 2N
b̂ =

I

1 +
(C(X̃t ) − µ̂cr )2 ,
n − 1 t=1
n

π1+
R(X̃t ).
2 n t=1
n
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We use the t-statistics method to obtain the 1 − α confidence interval formulated as
â
µ̂cr ± tα/2,n−1 √ .
2 n

More importantly, the resulting estimation method does not really rely on the direction
of the interval. We implement the estimation method above under the parameter setup
(µ, σ, σ) = (1, 1, 2). With sample size n = 1000, we can obtain the estimation results
(µ̂cr , σ̂ cr , σ̂ cr ) = (1.024, 0.995, 1.980) with bootstrap standard error (0.044, 0.023, 0.044).

The 95% confidence interval for µ is [0.932, 1.117]. Alternatively, we can also compute the
standard error for µ̂cr from its confidence interval. Our method here is a candidate. Our
main point is that the first problem can be solved using the classical statistical methods
although the direction of interval is not observed. However, we will see that in the second
problem, the ambiguity in the interval direction does play a role and we need to involve
the sublinear expectations.
Discussions on the second problem The previous candidate model for (P1) is a
simple solution. As we mentioned before, the key concern is we do not know the true
Xt , therefore any fixed model is actually imposing a possible setup on the dynamic of
[Xtl , Xtr ], that is, the probabilistic structure of each end. For (P1), we use the method
of moments to do estimation which does not depend on the direction of Xt .
However, for (P2), the interval direction does matter because we need to consider the
asymptotic behaviour of

1 +
Yn = √
(Xt − µ)
n t=1
n

and put the two ends under ϕ. Note that Yn cannot be directly computed from the
observed data X̃t .
The ambiguity in the interval direction When it comes to (P2), the story has just
begun because the dynamic of {[Xtl , Xtr ]}t≥1 does matter. Previously, we have specified
the first candidate model:

(1)

Xt

= µ + [σ, σ]"t ,
(1)

X̃t = 1Xt

to solve (P1) by use the method of moments to estimate (µ, σ, σ). However, it turns out
(1)

the underlying process Xt

is only one possibility of the true Xt such that
X̃t = 1Xt .

(6.23)
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(2)

If we consider Xt

(1)

= Xt , it also satisfies (6.23) but has different dynamic from Xt . In

other words, if we specify the model as
(2)

Xt

= µ + [σ, σ]"t ,

and if we do the similar estimation procedure (as shown before) based on the same
dataset, we will end up with the same estimator (µ̂, σ̂, σ̂), because their center and range
are unchanged.
(1)

Although Xt

(2)

and Xt

are equivalent in (P1), they are not in (P2) where the interval

direction does matter. Furthermore, we need to consider more candidate models besides
(1)

(2)

(i)

Xt and Xt . On the one hand, note that so far Xt , i = 1, 2, both assume homoscedasticity for the two ends of Xt (they have constant variance across time). However, this
assumption cannot be validated based on the information provided by the lab. Actually, in
practice, it is highly likely that the equipments have unstable measurement performance
in accuracy across time (due to system deterioration or other changing environmental
(i)
factors). On the other hand, in our context, since Xt , i = 1, 2, are both candidate mod(1)

els satisfying (6.23), if we consider an interval time series switching between Xt
(2)
Xt ,

and

its proper version will still be X̃t .

Therefore, we need to consider a larger family of candidate models. In general, if we
introduce a discrete-time binary-valued process st : Ω → {0, 1} in (Ω, F, (Ft )t≥0 , P),
(1)
(2)
Xts := Xt st + Xt (1 − st ),
(1)

then at each time t, Xts would be either Xt

(6.24)

(2)

or Xt , so we must have

X̃t = 1Xts
holds at each time. Meanwhile, we note that under this formulation,
(1)

(2)

Xts = Xt st + Xt (1 − st )
= µ + [(σst + σ(1 − st ), (σst + σ(1 − st ))]"t
=: µ + [σtl , σtr ]"t .
It also indicates that the two ends of Xts could be heteroscedastic. To be specific, at each
t, σtl or σtr only switches between σ and σ, which comes from the simplified setup of
the problem by assuming the constant interval [σ, σ] (which can be extended to [σ t , σ t ]
in the future development.)

Nonetheless, since we only have the observed data X̃t , it actually does not contain
any information on the dynamic of {st }t≥1 . For any two processes s and s, in a set of
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processes, Xts and Xts may give different results in (P2) but they will result in the same
#

observed interval data X̃t :

X̃t = 1Xts = 1Xts .
#

Since s actually decides the interval direction of Xt (either the same as [σ, σ]"t or [σ, σ]"t ),
this is called the ambiguity in the interval direction. This situation does not exist
in the context of real-valued data. This leads to one of the essential differences from the
statistical methods in real-valued data. When it comes to the study of the ambiguity, as
characterized by s in (6.24), we need to consider a set S of models. Each member s of S
leads to an interval expectation

E[Yns ] = [E[Yns l ], E[Yns r ]].

In order to construct an interval that is robust to the choice of s, as a cautious strategy,
we consider
Ê S [Yn ] := sup[E[Yns l ], E[Yns r ]],
s∈S

where we recall the notation for a collection of directed intervals
sup[ai , bi ] ≡ Ci∈I [ai , bi ] := [inf ai , sup bi ].
i∈I

i∈I

i∈I

Use the G-expectation to deal with this ambiguity In (P2), suppose µ = 0,
and consider the normalized sum of the true interval process Xt (with unknown interval
direction),
1 +
1 +
Yn = √
Xt = √
[(σst + σ(1 − st ), (σst + σ(1 − st ))]"t
n t=1
n t=1
n

n

1 +
1 +
= [√
σtl "t , √
σtr "t ].
n t=1
n t=1
n

n

We are interested in

1 +
1 +
E[Yn ϕ] = E[ϕ( √
σtl "t ), ϕ( √
σtr "t )]
n t=1
n t=1
n

n

1 +
1 +
= [E[ϕ( √
σtl "t )], E[ϕ( √
σtr "t )]].
n t=1
n t=1
n

In many cases, these two quantities are related,

E[ϕ(Yn )] = E[ϕYn ]
= E[1(Yn ϕ)]
= E[(Yn ϕ) C (Yn ϕ)].

n
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6.8. Conclusions and future development

The key problem is, the interval expectation depends on the dynamic of {st }t≥1 , but

the observed data X̃t (proper intervals) contain no information about {st }t≥1 . However,
we are able to estimate (µ, σ, σ) from the data X̃t (as we did in (P1)). Before we have
more information on the true underlying interval process Xt , we consider all possible

dynamics for {st }t≥1 . For a given ϕ, a convex hull is created as the envelope to have a
control on the best and worst case scenarios.

We adapt some notations used in Section 2.1.7. Let L represent the set of all possible

dynamic for {st }t≥1

L = {st : Ω → {0, 1}, Ft−1 -measurable, t = 1, 2, . . . , n},
where st plays the role as the varying σt in Section 2.1.7. By applying our representation
theorem (Theorem 2.1.28) and the existing G-CLT (Theorem 1.6.24),
Ê L [Yn ϕ] := sup E[Yns ϕ] = Cs∈L E[Yns ϕ]
s∈L

1 + s
1 + s
= [inf E[ϕ( √
σt l "t )], sup E[ϕ( √
σt "t )]]
s∈L
n t=1
n t=1 l
s∈L
n

n

→ [−E[−ϕ(W )], E[ϕ(W )]] = [−NG [−ϕ], NG [ϕ]],

where W ∼ N (0, [σ 2 , σ 2 ]). If we assume the interval direction {st }t≥1 is a hidden state
process (that does not involve feedback dependence), the set of all possible dynamics
becomes S. By applying the semi-G-CLT (Theorem 2.2.12), the limiting interval is related
to the sublinear expectations of semi-G-normal N̂ (0, [σ 2 , σ 2 ]).

The asymptotic result above will be especially useful in the study of interval-valued
stock dataset, such as the [min, max] intraday price or the [bid, ask] price. For instance,
similar to the spirit in G-VaR, if we consider ϕ(x) = 1{X≤a} , the result above yields
1 + s
1 + s
[inf P( √
σt l "t ≤ a), sup P( √
σt "t ≤ a)]
s∈L
n t=1
n t=1 l
s∈L
n

n

→[v(W ≤ a), V(W ≤ a)]
=[F N (a), F N (a)].

6.8

Conclusions and future development

The main points of this chapter can be summarized as follows:

256

Chapter 6. A Role of the G-framework in Interval-valued Data

1. By putting the G-expectation framework into the context of the (directed) intervalvalued data, we see the interval nature of the G-framework (such as the maximal
distribution and the form of G-LLN).
2. The interval-valued data can be naturally described by the semi-G-structure, as
explained in Section 6.5.
3. Since the direction of the interval cannot be observed in practice, we have the
ambiguity in interval direction. Under such ambiguity, it is natural to consider the
G-normal and G-CLT.
As a vision of this chapter, the interval-valued data perspective provides a more
compact way to view the G-expectation framework. To be specific, the semi-G-structure
provides a way to do this. The dynamic of the interval direction could be quite flexible,
as we consider the set L in Section 6.7.

As a future development, one possible future line is to consider the noise in a directed

interval-valued context, imposed with some martingale properties.

Chapter 7
Financial Applications of the
Semi-G-structure
7.1

Introduction

In the practice of portfolio optimization, especially for robust portfolio optimization,
there is an important concern of model-level uncertainty (as mentioned in the review by
Xidonas et al. (2020)). It may come from the parameter uncertainty due to estimation
error. Even if we put aside the estimation error, we are still faced with the uncertainty
coming from the changing parameter over time (such as the volatility clustering). Even
though a model for the changing parameter is assumed, there is still a large degree of
uncertainty on the structure of model (in terms of the dependence structure, the choice
of prior rules and so on.)
Another important aspect is that higher moments (such as the covariance matrix)
are generally harder to estimate precisely compared with the lower moments (such as
the mean vector) because the estimators for higher moments have larger variability. The
problem becomes worse when it comes to the prediction part. For instance, for a cautious
investor, it is not a wise strategy to rely on a fixed prediction model of covariance matrix
to allocate the portfolio. If the market has undergone some unknown events, it may
have strong effects on the underlying dynamic. In such a case, the reliability of a fixed
prediction model (even though its parameters are updated) is still questionable.
A robustified procedure is an appropriate cautious strategy that could provide an
optimal portfolio in the case of the model uncertainty. In this way, the robust portfolio
may not always be optimal, but it will be optimal in the sense that the variance of the
portfolio will have lowest center and width as described in Section 7.2.
In this chapter, we start from a basic two asset mean-variance portfolio optimization
problem but we put ourselves in a general situation of model uncertainty: all the aspects
257

258

Chapter 7. Financial Applications of the Semi-G-structure

of the covariance matrix are uncertain (that is, all the components in the covariance
matrix are put in a rectangular domain.) In Section 7.3, we derive the value at risk under
the semi-G-normal and compare it with the value at risk associated with the G-normal
(proposed in Peng et al. (2020)). More thoughts on future development will be discussed
in Section 7.4.

7.2

Mean-variance portfolio optimization under semiG-structure

Here are some notations used throughout this chapter:
• We use x to represent a vector (x1 , x2 , . . . , xn ).
• The symbol !!" means sequential independence (or G-independence).
• For a scalar a and a set B, aB := {ab : b ∈ B}.

• For two sets A and B, AB := {ab : a ∈ A, b ∈ B}.
• Ip represents a p × p identity matrix.

7.2.1

A simple example with positive correlation interval

Let us start from a simple example. Consider two assets with one-period return denoted
as R1 and R2 respectively. Suppose
R = (R1 , R2 )T = µ + W ,
where µ = (µ1 , µ2 )T and W = (W1 , W2 )T ∼ N̂ (0, C), with
9"
#
:
σ12
ρσ1 σ2
C :=
: ρ ∈ [ρ, ρ], σi ∈ [σ i , σ i ], i = 1, 2 ,
ρσ1 σ2
σ22

where [ρ, ρ] ⊂ [0, 1]. (Here we focus on positive correlation interval which will lead to a
convex optimization problem.)
Remark 7.2.0.1. (One question on the diagonalization of semi-G-normal) Can we find
an equivalent condition on the form of C such that it can be diagonalized? One may study
the properties of the set
9

T

A

"

σ12

σ22

#

:
A : σi ∈ [σ i , σ i ], i = 1, 2 .

Let xi denote the proportion of investment in asset i with i = 1, 2. Let
x := (x1 , x2 )T .
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Clearly we need x1 + x2 = 1. We also add the constraint that xi ≥ 0. Consider the return
of such portfolio, with n = 2,

Rx :=

n
+

x i R i = xT R = xT µ + xT W .

i=1

Recall our previous result:

xT W ∼ N̂ (0, xT Cx),

where, since xi ≥ 0 and 0 ≤ ρ ≤ ρ ≤ 1, we have
3
xT Cx = x21 σ12 + 2x1 x2 σ1 σ2 ρ + x22 σ22 :

4
ρ ∈ [ρ, ρ], σi ∈ [σ i , σ i ], i = 1, 2.

=[x21 σ 21 + x22 σ 22 + 2x1 x2 σ 1 σ 2 ρ,
x21 σ 21 + x22 σ 22 + 2x1 x2 σ 1 σ 2 ρ],

which follows by a fact that the condition that ρ falls in an interval with positive ends.
The general form of [ρ, ρ] is studied in the next section.
It turns out we can write the variance uncertainty of the portfolio in a simpler form
and formulate this example as convex optimization problems. To be specific, let
"
#
σ 21
σ1σ2ρ
C :=
σ1σ2ρ
σ 22
and

C :=
We have
Then

"

σ 21
σ1σ2ρ
σ1σ2ρ
σ 22

#

.

xT Cx = [xT Cx, xT Cx].
E[Rx ] = −E[−Rx ] = xT µ =: µR ,
E[(Rx − µR )2 ] = x21 σ 21 + x22 σ 22 + 2x1 x2 σ 1 σ 2 ρ2
= xT Cx,

and
−E[−(Rx − µR )2 ] = x21 σ 21 + x22 σ 22 + 2x1 x2 σ 1 σ 2 ρ2
= xT Cx.
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By recalling the ambiguity operator and center defined in Section 5.5, we further have
Amb[(Rx − µR )2 ] = xT (C − C)x
and
Ctr[(Rx − µR )2 ] = x21

σ 21 + σ 21
σ 2 + σ 22
+ x22 2
+ x1 x2 (σ 1 σ 2 ρ2 + σ 1 σ 2 ρ2 )
2
2

1
= xT (C + C)x.
2
By focusing on different aspects of the variance interval, we define the following measures of the variance uncertainty: with λ, κ ∈ [0, 1], let
D1 (Rx , µR ; λ) = λ(−E[−(T − θ)2 ]) + (1 − λ)E[(T − θ)2 ]
= xT [λC + (1 − λ)C]x
:= H1 (x)
and

D2 (Rx , µR ; κ) := κCtr[(Rx − µR )2 ] + (1 − κ)Amb[(Rx − µR )2 ]
κ
= xT [ (C + C) + (1 − κ)(C − C)]x
2

(7.1)

=: H2 (x).
Here D1 represents a linear combination of lower and upper variance and D2 is a combination of the center and ambiguity of variance.
Since C and C can be treated as covariance matrices, it is not hard to check that
they are both positive semi-definite, denoted as C, C ≥ 0. Note that: with i = 1, 2,
Hi (x) = xT Ai x,
where
and

A1 := λC + (1 − λ)C

κ
3
A2 := (1 − )C + ( κ − 1)C.
2
2
Since λ ∈ [0, 1], we have A1 ≥ 0. In order to make A2 also semi-definite, we restrict the
tuning parameter κ in the range [2/3, 1].
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Let l := (1, 1)T . Similar to the standard mean-variance portfolio optimization setup,
we formulate this example as the following optimization problems: with i = 1, 2 (choosing
different measures D1 and D2 , leading to different matrices A1 and A2 ), the problem P1,i
is
1
min E(x) := xT Ai x
x
2
and P2,i is
1
min K(x; t) := xT Ai x − txT µ
x
2
with the constraints that
lT x = 1
and
xj ≥ 0, j = 1, 2.

In P1,i with i = 1, 2, we mainly focus on the minimization of variance uncertainty (quantified by A1 or A2 ). Since it is a convex optimization problem (which is actually a quadratic
optimization problem), it is not hard to derive a closed form for the optimal portfolio.
One logic is as follows: for P1,i , let us write Ai as a generic A. If we ignore the non-negative
condition, let L denote the Lagrange multiplier:
L(x; u) := E(x) + u(lT x − 1).
By solving the following system of equations:
$
∂
L = Ax + ul = 0
∂x
∂
L = lT x − 1 = 0,
∂u
we have

A−1 l
.
lT A−1 l
Since x2 = 1 − x1 , E(x) can be treated as a quadratic function of x1 . If the first entry of
xopt =

xopt falls in [0, 1], it should be the optimal one. Otherwise, the minimal point should be
reached at the boundary: x1 = 0 or 1. This logic can also be applied to P2,i .
In P2,i , we involve the mean part in the objective function. By choosing different t, we
can produce a curve similar to the classical efficient frontier, but the difference is that the
variance part (or the horizontal axis) is replaced by the measure of variance uncertainty.
We can call such curve as uncertain-variance efficient frontiers. For instance, we can
choose the parameter setup: (µ1 , µ2 ) = (1, 2), [σ 1 , σ 1 ] = [1, 3], [σ 2 , σ 2 ] = [2, 4] and [ρ, ρ] =
[0.2, 0.4]. In the objective function, λ = 0.5 in A1 and κ = 0.75 in A2 . By using either the

logic mentioned above or simply numerical methods to solve the optimization problems,
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we can produce the uncertain-variance efficient frontiers as shown in Figures 7.1 and 7.2.
The interpretations of these curves are mostly similar to the classical efficient frontiers.
The y-axis is still the mean of return. The main difference sits in the x-axis (or the variance
part) because in our context, we consider the variance uncertainty characterized by the
variance interval. The resulting portfolio still has variance uncertainty, so we use another
metric to quantify such variance uncertainty (i.e. D1 and D2 ). Recall that the metric D1
combines the lower and upper end of the variance interval and D2 focuses on the center
and width of the variance interval. The nose part of the curve represents the optimal
portfolio with the minimum variance uncertainty (measured by Di , i = 1, 2). Another
insight is that by appropriately combining different assets, the resulting portfolio may
have smaller variance uncertainty than each of its components.

Figure 7.1: Uncertain-variance efficient frontiers based on the measure D1 (associated
with the matrix A1 )

7.2.2

A more general setup in the correlation interval

In this section, we will consider a more general setup in the correlation interval that
allows ρ to be negative (while in previous section we only consider positive ρ’s). We will
see in later discussions that this general setup will make the problem more complicated
(which cannot be necessarily treated as a convex one).
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Figure 7.2: Uncertain-variance efficient frontiers based on the measure D2 (associated
with the matrix A2 )
Recall that the variance uncertainty of the portfolio can be characterized by the
following set:
3
xT Cx = x21 σ12 + 2x1 x2 σ1 σ2 ρ + x22 σ22 :

4
ρ ∈ [ρ, ρ], σi ∈ [σ i , σ i ], i = 1, 2 .

Suppose we consider −1 ≤ ρ ≤ ρ ≤ 1. Let

H(σ1 , σ2 ; ρ, x1 , x2 ) := x21 σ12 + 2x1 x2 σ1 σ2 ρ + x22 σ22 .
We consider xi ≥ 0 and x1 + x2 = 1. We define
H(x) := min H(σ, ρ; x),
σ,ρ

H(x) := max H(σ, ρ; x).
σ,ρ

When x1 = 0, we have

xT Cx = [x22 σ 2 , x22 σ 2 ].

For x1 ∈ (0, 1), let r := x2 /x1 . Then we have r > 0 and x1 = 1/(r + 1).

We need to use the following basic lemma to consider the minimizer and maximizer

of H in a dynamic programming manner.
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Lemma 7.2.1. For a continuous function f : [a, b] × [c, d] → R, we have
max f = max max f = max max f.

(x1 ,x2 )

x1

x2

x2

x1

Proof. Since f is defined on a closed rectangle and it is continuous, there exist (x∗1 , x∗2 ) ∈
[a, b] × [c, d] (if not unique, choose any of them), such that
f (x∗1 , x∗2 ) = max f.
(x1 ,x2 )

We only need to show
max f = max max f.

(x1 ,x2 )

x1

x2

From the stagewise maximization, we can choose one point at which the value is no
larger than the global maximum. To be specific, let f2 (x1 ) := maxx2 f (x1 , x2 ), which is a
bounded function since f is bounded. Note that f2 is defined on a closed interval, then
we can find a maximizer a1 for f2 , then we have maxx1 f2 (x1 ) = f2 (a1 ). Further we can
find a1 such that

f (a1 , a2 ) = max f (a1 , a2 ) = f2 (a1 ) = max f2 (x1 ) = max max f (x1 , x2 ).
x2

x1

x1

x2

Next we check
max f ≤ max max f.

(x1 ,x2 )

x1

x2

Note that
max f = f (x∗1 , x∗2 ) ≤ max f (x1 , x∗2 ) ≤ max max f (x1 , x2 ).

(x1 ,x2 )

x1

x1

x2

The other equality can be checked similar.
First, since H is increasing with respect to ρ, we have
min H(σ, ρ; x) = min H(σ, ρ; x).
σ,ρ

σ

Let l(σ1 , σ2 ) := H(σ, ρ; x). Then
min H(σ, ρ; x) = min l(σ1 , σ2 ).
σ,ρ

σ

When ρ ≥ 0, we have minσ l = l(σ 1 , σ 2 ). We focus on the case ρ < 0. Recall that
r = x2 /x1 ,

l = x21 σ12 + 2x1 x2 σ1 σ2 ρ + x22 σ22 .

Note that
min l(σ1 , σ2 ) = min min l(σ1 , σ2 ).
σ

σ2

σ1
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We also note that
$

∂l
∂σ1
∂l
∂σ2

=0
=0

2x1 x2 σ2 ρ
2x21
2x1 x2 σ1 ρ
− 2x2
2

=⇒ σ1 = −
=⇒ σ2 =

= rσ2 (−ρ)
= σ1 (−ρ)/r.

Next we will discuss the minimizer (σ1 , σ2 ) of l case by case, depending on the location
of x1 . Here are some notations:
• q := 1/(−ρ) (q > 1x).
• a[c, d] := [ac, ad].
Since l is a quadratic function of σ1 , to minimize it on [σ 1 , σ 1 ], we need to discuss the

relative location of critical point rσ2 (−ρ) compared with [σ 1 , σ 1 ]. Consider the following
cases:

1. If rσ2 (−ρ) ≤ σ 1 or r ≤ q(σ 1 /σ2 ) or σ2 ≤ q(σ 1 /r),
min l(σ1 , σ2 ) = l(σ 1 , σ2 ).
σ1

Before we minimize it over σ2 , we need to discuss the range of σ2 since we have
σ2 ≤ q(σ 1 /r) and σ2 ∈ [σ 2 , σ 2 ]:

(a) If q(σ 1 /r) ∈ [σ 2 , σ 2 ], or r ∈ [q(σ 1 /σ 2 ), q(σ 1 /σ 2 )], we have σ2 ∈ [σ 2 , q(σ 1 /r)].
Note that the critical point of l(σ 1 , σ2 ) with respect to σ2 is σ 1 (−ρ)/r. Since
ρ2 ≤ 1, we have

−

σ1ρ
σ
≥ − 1 = q(σ 1 /r).
r
rρ

Then
min l(σ 1 , σ2 ) = l(σ 1 , q(σ 1 /r)).
σ2

(b) If q(σ 1 /r) > σ 2 or r < q(σ 1 /σ 2 ), we have σ2 ∈ [σ 2 , σ 2 ]. Discuss the location of
σ 1 (−ρ)/r:

i. If σ 1 (−ρ)/r < σ 2 or r > (−ρ)σ 1 /σ 2 , the minimum should be l(σ 1 , σ 2 ).
ii. If σ 1 (−ρ)/r ∈ [σ 2 , σ 2 ] or r ∈ [(−ρ)σ 1 /σ 2 , (−ρ)σ 1 /σ 2 ], it should be l(σ 1 , σ 1 (−ρ)/r).

iii. If σ 1 (−ρ)/r > σ 2 or r < (−ρ)σ 1 /σ 2 , it should be l(σ 1 , σ 2 ).

2. If rσ2 (−ρ) ∈ [σ 1 , σ 1 ] or r ∈ [q(σ 1 /σ2 ), q(σ 1 /σ2 )] or σ2 ∈ [q(σ 1 /r), q(σ 1 /r)], we have
min l(σ1 , σ2 ) = l(rσ2 (−ρ), σ2 ) = x22 σ22 (1 − ρ2 ) := l1 (σ2 ),
σ1

which further takes minimum at the smallest σ2 . Note that the range of σ2 is
[σ 2 , σ 2 ] ∩ [q(σ 1 /r), q(σ 1 /r)].
We need to discuss these cases:
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(a) If q(σ 1 /r) ≤ σ 2 or r ≥ q(σ 1 /σ 2 ), we have
min l1 (σ2 ) = l1 (q(σ 1 /r)) = x22 q 2 (σ 1 /r)2 (1 − ρ2 ).
σ2

(b) If q(σ 1 /r) > σ 2 or r < q(σ 1 /σ 2 ), we have
min l1 (σ2 ) = l1 (σ 2 ) = l(rσ 2 /q, σ 2 ) = x22 σ 22 (1 − ρ2 ).
σ2

3. If rσ2 (−ρ) > σ 1 or r > q(σ 1 /σ2 ) or σ2 > q(σ 1 /r),
min l(σ1 , σ2 ) = l(σ 1 , σ2 ).
σ1

Before we minimize it over σ2 , we need to discuss the range of σ2 since we have
σ2 > q(σ 1 /r)and σ2 ∈ [σ 2 , σ 2 ]:
(a) If q(σ 1 /r) < σ 2 or r > q(σ 1 /σ 2 ), we have σ2 ∈ [σ 2 , σ 2 ]. Recall that the critical
point of l(σ 1 , σ2 ) with respect to σ2 is σ 1 (−ρ)/r. Since q 2 > 1, we have
r>q
Then

σ 1 (−ρ)
σ1
σ1
>
=
.
σ2
σ2q
σ2
σ 1 (−ρ)
< σ2.
r

Hence, we have
min l(σ 1 , σ2 ) = l(σ 1 , σ 2 ).
σ2

(b) If q(σ 1 /r) ∈ [σ 2 , σ 2 ] or r ∈ [q(σ 1 /σ 2 ), q(σ 1 /σ 2 )], then σ2 ∈ [q(σ 1 /r), σ 2 ]. Recall

that the critical point of l(σ 1 , σ2 ) with respect to σ2 is σ 1 (−ρ)/r = σ 1 /(rq).
Since q 2 > 1, we have
σ1
qσ 1
<
.
rq
r
Hence, the minimum is taken at the lower end of [q(σ 1 /r), σ 2 ]
min l(σ 1 , σ2 ) = l(σ 1 ,
σ2

qσ 1
).
r

To summarize, we can write H(x) in a piecewise function. We first need to prepare the
thresholds that divide the domain into several regions. Note that
{
has the order:

σ1
, σi ∈ {σ i , σ i }}
σ2
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• If σ 1 σ 2 < σ 1 σ 2 , we have
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σ1
σ
σ1
σ2
< 1 <
< .
σ2
σ2
σ2
σ2

Then we have
1. If r < q(σ 1 /σ 2 )

2. If r ∈ [q(σ 1 /σ 2 ), q(σ 1 /σ 2 )],
3. If r > q(σ 1 /σ 2 ),

• If σ 1 σ 2 > σ 1 σ 2 , we have

σ1
σ1
σ
σ2
<
< 1 < .
σ2
σ2
σ2
σ2

Consider the break points for r = x2 /x1 (in a decreasing order): with q = 1/(−ρ), if
q 2 > σ 1 /σ 1 or ρ2 < σ 1 /σ 1 , we have
(r1 , r2 , r3 , r4 ) := (

σ1q σ1q σ1 σ1
,
,
,
).
σ2 σ2 σ2q σ2q

(r1 , r2 , r3 , r4 ) := (

σ1q σ1 σ1q σ1
,
,
,
).
σ2 σ2q σ2 σ2q

Otherwise, it should be

For i = 0, 1, . . . , 4, let ti := 1/(1 + ri ). For i = 1, 2, 3, Bi := (ti , ti+1 ]. Let B0 := (0, t1 ] and
B4 := (t4, 1). Let Ii denote the indicator function for Bi . Now we are ready to present the
form of H, we have
H(x) =

4
+

gi (x)Ii (x2 /x1 ),

i=0

With x := (x1 , 1 − x1 ), we have

H(x) =

4
+

gi (x)Ii (x1 ),

i=0

where



H(σ 1 , σ 2 , ρ, x)





H(rσ 2 /q, σ 2 , ρ, x)
gi (x) = H(σ 1 , σ 2 , ρ, x)


H(σ 1 , σ 1 /(rq), ρ, x)



H(σ , σ , ρ, x)
2
1

i=0
i=1
i=2
i=3
i = 4.

Note that we already consider x2 = 1 − x1 in previous discussion. Then the problem
itself becomes a univariate minimization problem. Since H is a piecewise-convex function,
one may further investigate the minimizer of the H function which may give us a semiclosed form.
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To better validate our results, we numerically compute the minimizer of H then
check the threshold for different cases. From Figure 7.3, we note five different cases for
the minimizer and the thresholds match with our theoretical results.

Figure 7.3: A plot of minimizer (σ1 , σ2 ) of H across different x1 with ρ = −0.8, [σ 1 , σ 1 ] =
[0.5, 2] and [σ 2 , σ 2 ] = [2.5, 3]. The black line shows the value of the minimizer σ1 and the
red line shows the location of σ2 . The dashed vertical line show the threshold of different
cases.
Similarly, we consider the maximization of H. The maximization of H will be much
simpler because the maximizer should only be at the boundary. The logic is similar to
the minimization case so we will only present the final result here. We first arrange the
following points: with σ1∗ := (σ 1 + σ 1 )/2 and q̄ := −1/ρ,
3 σ1∗ σ1∗ 4
q̄, q̄ ,
σ2 σ2
into a decreasing order as (ri )2i=1 . Then we can similarly define the regions {Bi }2i=0 and
the associated indicator functions {Ii }2i=0 . With x = (x1 , 1 − x1 ), then we have
H(x) =

5
+

ui (x)Ii (x1 ),

i=0

where



H(σ 1 , σ 2 , ρ, x) i = 0
ui (x) = H(σ 1 , σ 2 , ρ, x) i = 1


H(σ 1 , σ 2 , ρ, x) i = 2.
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Recall that the objective functions are linear combinations of H and H. In this way,
we can simplify our optimization problem into a univariate optimization problem (with
respect to x1 ) with objective function written in a closed piecewise form. However, due
to this piecewise nature of the objective function, so far we do not have a closed form
for the optimal choice of x (it actually depends on the parameter setup affecting which
region in the domain of the objective function contains the global minimum.)

7.2.3

Alternative ways to view the objective function

For readers’ interest, we provide alternative ways to investigate the objective function.
On the one hand, readers may further realize the main difficulty and distinction of this
problem compared with the standard mean-variance problem (without variance uncertainty). On the other hand, it may also provides another perspective to understand the
thresholds and regions in the form of H and H. Without loss of generality, we will mainly
focus on the minimization aspect or H in this section.
The critical point
Recall that when x1 9= 0, for any fixed σ1 , σ2 , since H is an increasing function with
respect to ρ, the minimum should be at ρ = ρ, which is, with s := σ1 /σ2 and r := x2 /x1 ,
H(σ1 , σ2 , ρ, x1 , x2 ) = x21 σ12 + 2x1 x2 σ1 σ2 ρ + x22 σ22
= x21 σ22 (s2 + 2rρs + r2 )
= x21 σ22 [(s + ρr)2 + (1 − ρ2 )r2 ].
We can also write H as
H = σ T Aσ,
where σ = (σ1 , σ2 )T and
A=

"

x21
x1 x2 ρ
x1 x2 ρ
x22

#

.

Obviously, H is convex with respect to σ because its Hessian matrix A is positive semidefinite:
x21 ≥ 0
and
|A| = (1 − ρ2 )x21 x22 ≥ 0.
Thus its critical point is (0, 0) which is also its unique global minimizer.
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Remark 7.2.1.1. It is an optimization problem on a rectangle region and (0, 0) is outside
this region. We still need to discuss different cases to check whether the minimizer is on
the boundary. However, it gives us a good intuition on the possible cases.
The spectral and geometric views
From Section 7.5, the eigenvalues of A are
1
1
λ1 = (x21 + x22 + D), λ2 = (x21 + x22 − D),
2
2
where
D=

5

(x21 − x22 )2 + 4x21 x22 ρ2 .

Note that x1 + x2 = 1 and xi ≥ 0. Then (we can find the range of D).
5
D ≤ (x21 − x22 )2 + 4x21 x22 ≤ x21 + x22 .
Let

Q = (e1 , e2 ),
where ei is the normalized eigenvector associated with λi and e1 , e2 are orthogonal since
A is symmetric. Then Q is an orthogonal matrix with determinant 1. Now we have
eigenvalue decomposition of A written as
A = QΛQT
so
H = σ T Aσ
= σ T QΛQT σ
= y T Λy = λ1 y12 + λ2 y22 ,
where
y = QT σ.
Note that λi ≥ 0. If we further let
z = Λ1/2 y
" √
λ1 √
=

λ2

#

y,
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we have
H = z T z.
By recalling some standard results from linear algebra, since Q is an orthogonal matrix
with determinant 1, it can be written in the following form
"
#
cos θ − sin θ
Q=
.
sin θ cos θ
Furthermore, we have

x21 − x22
cos(2θ) =
D

and
sin(2θ) =
Then we have
tan θ =
Let

2x1 x2 ρ
.
D

2x1 x2 ρ
sin 2θ
= 2
.
1 + cos 2θ
x1 − x22 + D

a = arctan(

x21

2x1 x2 ρ
π π
) ∈ (− , ).
2
− x2 + D
2 2

In our case, since sin(2θ) ≤ 0, the sign of x21 − x22 determines the range of θ.
1. If ρ < 0, we have θ ∈ (π/2, π), then θ = a + π,
(a) If x1 ≥ x2 , we have θ ∈ (π/2, 3π/4],

(b) Otherwise, θ ∈ (3π/4, π).

2. If ρ = 0,

(a) If x1 > x2 , θ = 0,
(b) If x1 < x2 ,θ = π/2,
(c) If x1 = x2 , we have A = x21 I, then Q can be any invertible matrix. (θ is
undefined in this case.)
then
θ = arctan(

x21

2x1 x2 ρ
).
− x22 + D

We also need to consider boundary cases. If x1 + x2 = 1 and xi ≥ 0, we can further
discuss the range of θ. Here is a brief check. When ρ < 0, θ is monotone increasing with
respect to x1 ∈ [0, 1). Then

θmin = θ(0) = π/2

and
θmax = θ(1−) = π.
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Finally, we view this procedure as
rotate

scale

σ → y → z.
Note that σ falls in a rectangle (which is a convex set). Then the support of z forms a
parallelogram (which is also a convex set). We try to find a point z on this parallelogram
that is closest to the origin (with the smallest L2 distance). This perspective provides us
with insights on the form of the minimizer (which could be on the vertex or edge) and
also the form of the maximizer (by considering the largest distance, which should only
be on the vertex.)

7.2.4

Visualization of the variance uncertainty of the portfolio

The main difference of our problem versus the existing literature on the classical portfolio
optimization is the variance uncertainty aspect. To further investigate this problem, we
draw the center versus ambiguity of variance uncertainty of the portfolio under different
proportion x1 (and x2 = 1 − x1 ). To be specific, for each x1 , we produce
1
Center of variance = (H(x) + H(x))
2

and
Ambiguity of variance = H(x) − H(x).

We call such visualization as a ambiguity-center plot (or ambiguity-center curve).
Figure 7.4 gives an example of such visualization. Under different x1 (as indicated by
the color depth of the curve), the points of the center versus ambiguity of the variance
interval form a curve similar to an efficient frontier.
For a given weight κ in the objective function D2 in (7.1), it produces an optimal choice
of x1 . It is interesting to consider how sensitive is the optimal portfolio with respect to
the weight κ in D2 . The sensitivity actually depends on the shape of the ambiguity-center
curve (especially the nose part). For instance, Figures 7.4 and 7.5 are produced under
two sets of parameters. We note that
1. The nose part of the curve in Figure 7.4 is narrower than the one in Figure 7.5.
2. Figure 7.6 and Figure 7.7 show how the optimal x1 changes with respect to κ in
Figure 7.4 and Figure 7.5, respectively.
3. The optimal x1 in Figure 7.6 changes much less than the one in Figure 7.7 as κ
increases.
4. The narrower the nose part is, the less sensitive will the optimal x1 depend on κ.
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Figure 7.4: Plot of center versus ambiguity of variance uncertainty of the portfolio under
different proportion x1 (a curve with narrow nose part).

Figure 7.5: Plot of center versus ambiguity of variance uncertainty of the portfolio under
different proportion x1 (a curve with wide nose part).
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Figure 7.6: Plot of the optimal proportion x1 versus κ under the same parameter as
Figure 7.4 (with a narrow nose)

0.2

0.4

0.6

0.8

kappa

Figure 7.7: Plot of the optimal proportion x1 versus κ under the same parameter as
Figure 7.5 (with a wide nose)
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Figure 7.8: Surface plot of the optimal proportion x1 versus (σ 1 − σ 1 , σ 1 ) where other
parameters are fixed as: [ρ, ρ] = [−0.5, 0.5] and [σ 2 , σ 2 ] = [2, 2].
We can further consider how the optimal portfolio depends on (σ 1 , σ 1 , σ 2 , σ 2 , ρ, ρ). For

instance, we can study how the optimal proportion x1 changes with respect to different
variance interval associated with the first portfolio. As shown in Figure 7.8, the optimal
x1 decreases as either σ 1 or (σ 1 − σ 1 ) increases. It indicates that the optimal strategy is
to invest less on the asset with larger degree of variance uncertainty.
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Value-at-risk under variance uncertainty

We also derive the Value at Risk under the semi-G-normal. For W ∼ N̂ (0, [σ 2 , σ 2 ]), by
the representation of semi-G-normal, we have

E[ϕ(W )] = sup E[ϕ(σ")],
σ∈[σ,σ]

where " ∼ N (0, 1). The upper cdf (cumulative distribution function) of semi-G-normal
is defined as F N̂ (x) := E[1{W ≤x} ]. This representation also holds for indicator function
ϕ(w) = 1{w≤x} as long as x ∈ C(F N̂ ). Note that we can check that C(F N̂ ) = R. The
upper cdf of semi-G-normal is:
F N̂ (x) = E[1{W ≤x} ]
= sup E[1{σ'≤x} ]
σ∈[σ,σ]

= sup P(σ" ≤ x)
σ∈[σ,σ]

x
x
= 1{x≤0} Φ( ) + 1{x>0} Φ( ).
σ
σ
The upper pdf (probability density function) associated with F N̂ is
f N̂ (x) =

1 x
1 x
φ( )1{x≤0} + φ( )1{x>0} .
σ σ
σ σ

Similarly, the lower cdf is:
x
x
F N̂ (x) = 1{x≥0} Φ( ) + 1{x<0} Φ( )
σ
σ
and the lower pdf is
f N̂ (x) =

1 x
1 x
φ( )1{x≤0} + φ( )1{x>0} .
σ σ
σ σ

We can further derive the ratio between the upper pdf of semi-G-normal and G-normal
(its upper pdf can be found in Peng et al. (2020)),
$
2σ
if x ≤ 0
f N (x)
2
σ+σ
= 2σ
=
(σ1{x≤0} + σ1{x>0} ).
σ+σ
if x > 0
f N̂ (x)
σ+σ

Proposition 7.3.1. The quantile functions of semi-G-normal can be written as
−1

F N̂ (p) = σΦ−1 (p)1{p< 1 } + σΦ−1 (p)1{p≥1/2}
2

and

F −1
(p) = σΦ−1 (p)1{p< 1 } + σΦ−1 (p)1{p≥1/2} .
N̂
2
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Proof. We only show the quantile function associated with F N̂ and the other one can be

derived using the same logic. Since F N̂ (0) = 1/2, when p ≤ 1/2, we have p = Φ(x/σ),
then x/σ = Φ−1 (p) or

x = σΦ−1 (p).
Similarly, when p > 1/2, σ is replaced by σ. Then
−1

F N̂ (p) = σΦ−1 (p)1{p≤ 1 } + σΦ−1 (p)1{p>1/2} .
2

As mentioned in Peng et al. (2020), under model uncertainty (characterized by a
family of measures or distributions), to derive a robust VaR that protects itself against
risk, one needs to consider the worst-case scenario for VaR by taking supreme over the
family of VaR’s associated with all possible distributions. When we assume the family of
distributions is the same as the one associated with the G-normal, the worst-case VaR is
−1

associated with the quantile function of F N . In our context, if the family of distributions
is assumed to be the uncertainty set of semi-G-normal, we can consider the worst-case
VaR under semi-G-normal:
SG-VaRα = −σΦ−1 (α),
−1

which is the quantile function F N̂ (α) with α < 0.5, because we usually assume α < 0.5
in the context of risk assessment using VaR. Note that SG-VaRα can be treated as a less
conservative version of G-VaRα without the adjustment on α.
One related question is how to decide the family of measures. A good approach is to
investigate the moment uncertainty, which has been studied in Chapter 5.

7.4

Conclusions and future development

The current discussion can be treated as a kind of robust optimization problem under a
general covariance uncertainty setup, where we do not put additional constraints on the
parameter in the uncertainty set. We need to balance the generality versus tractability
of this kind of optimization problem.
Under covariance uncertainty, our results indicate that:
1. We should put more weight on the asset with lower variance ambiguity and lower
variance center.
2. The diversification principle still holds under the variance uncertainty.
Here are directions of future development:
1. Extend to n assets with covariance uncertainty by considering the multivariate
semi-G-normal.
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2. Include risk-free assets into our problem setup and develop associated visualization
tools (e.g. draw tangent lines on the efficient frontiers).
3. Study the semi-G-VaR based on multivariate semi-G-normal, which could be useful
in the discussion of portfolio optimization under covariance uncertainty.

7.5

More theoretical details

As a theoretical supplement to Section 7.2.3, we list some standard results in linear
algebra on the eigenvalues and eigenvectors of a symmetric matrix. These results can be
found in a standard linear algebra textbook. For a symmetric matrix
"
#
a c
A=
,
c b
where we assume a 9= b and c 9= 0, its eigenvalues can be written as
1
1
λ1 = [a + b + D], λ2 = [a + b − D],
2
2

where
D=

O
(a − b)2 + 4c2 .

Note that D ≥ |a−b|. Let sign(x) denote the sign of x ∈ R, which is defined as sign(x) :=
x/|x|.

The associated eigenvector can be written as (where x is simply a constant)
"
#
"
#
x
x
2c
2c
ξ1 =
, ξ2 =
.
2c b − a + D
2c b − a − D
Here we let x = 1. We can check that ξ1 and ξ2 are orthogonal. Note that
|ξ1 |2 =

x2
(4c2 + (a − b)2 + 2(b − a)D + D2 )
4c2

=

x2
(8c2 + 2(a − b)2 + 2(b − a)D)
4c2

=

x2
(4c2 + (a − b)2 + (b − a)D)
2
2c

=

x2
(D2 + (b − a)D)
2
2c

and
|ξ2 |2 =

x2
(D2 − (b − a)D).
2c2

7.5. More theoretical details
Their normalized form (with unit length) is
√
"
#
2|c|
1
2c
e1 = O
D(D + b − a) 2c b − a + D
"
#
sign(c)
2c
=O
2D(D + b − a) b − a + D
" √ O
#
2c/
D(b
−
a
+
D)
√
√
= sign(c)
b − a + D/ 2D
and (noting that b − a − D ≤ 0)

√

"
#
1
2c
e2 = O
D(D − b + a) 2c b − a − D
"
#
sign(c)
2c
=O
2D(D − b + a) −(D − b + a)
" √ O
#
2c/
D(D
−
b
+
a)
√
√
= sign(c)
.
− D − b + a/ 2D
2|c|

In other words, we have
ei = ξi /|ξi |, i = 1, 2.
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Chapter 8
Conclusions and Future
Development
8.1

Conclusions and vision of this thesis

The framework of sublinear expectation has provided a profound view to robustify our
strategy and methods under model uncertainty. However, in order to build up the connection between this framework with statistical practice, it is important for us to appropriately understand the connections and distinctions between the G-version object and
the classical counterpart.
Why is it fundamental for us to develop a theoretical structure to connect the classical
and the sublinear world? On the one hand, although it is important to have the theoretical
development of the framework itself, without touching the philosophical and statistical
interpretation of the objects, the connection is difficult to view under the general trend
of development, due to the nonlinear probabilistic structure. On the other hand, treating
the objects such as distributions and independence as classical objects may initially seem
a good approach. However, without appropriate care and caution in the interpretation
of these concepts, it could lead to misunderstandings in the interpretation of results.
The main contribution of this thesis is to establish a structure that can play a role
connecting the classical language with the G-framework language in a probabilistic way.
To be specific,
1. This thesis introduces the semi-G-structure.
2. The semi-G-structure has hybrid properties from both sides, making it interesting
and useful by itself. For instance, the semi-G-independence preserves the symmetry of classical independence, so it can be applied to the study of cross sectional
data under model uncertainty. The semi-G-independence also allows the connection
between the univariate and multivariate normal, which the G-framework does not.
280

8.2. Directions of future development

281

3. The semi-G-structure achieves a good balance between generality and tractability. For example, the semi-G-normal, with its own CLT, generalizes the classical
normal under variance uncertainty while preserving some symmetries in independence. It allows computational and statistical advantages. Under a large family of
transformations, it has similar properties to the G-normal.
4. We provide several applications of the semi-G-structure for real-valued and intervalvalued data, illustrating some connections between model uncertainty and the sublinear expectation. Such connections will be beneficial to the study of model uncertainty by introducing a new theoretical perspective with more flexibility in statistics.
Moreover, the semi-G-structure allows much of the classical intuition to be carried over,
while preserving the spirit of model uncertainty. Meanwhile, the semi-G-structure allows
certain limiting operations to approximate the G-normal. One of the original contributions of the thesis is to establish some common ground between the classical and
G-framework. This is the vision of the thesis and the big picture of a part of my future
work.

8.2

Directions of future development

We mentioned some future directions and extensions at the end of some previous chapters.
In this section, we discuss possible future directions of the whole thesis.

8.2.1

Semi-G-version Gaussian process

In the G-expectation framework, a random vector (X1 , X2 ) formed by two sequentially
independent G-normal random variables does not follow a bivariate G-normal (Bayraktar and Munk (2015)). As mentioned in Peng (2011), the G-Brownian motion is not a
Gaussian process in G-version sense. To be specific, for a G-Brownian motion (Bt )t≥0 ,
the joint vector of its increments
(Bt1 , Bt2 − Bt1 , . . . , Btn − Btn−1 )

(8.1)

does not follow a multivariate G-normal although the increments are independent following G-normal N (0, [σ 2 , σ 2 ]∆ti ). The absence of the connection from univariate to

multivariate G-normal leads to the disconnection between G-Brownian motion and the
Gaussian process. However, the latter connection is a basic and fundamental property
of Brownian motion in classical case. It also plays an essential role in the application of
Brownian motion.
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One question we may ask is
How can we appropriately build up the connection between Brownian motion and
Gaussian process under volatility uncertainty?
The uncertainty set in (8.1) is quite general but also too large to allow the connection
between the univariate and multivariate normal. If we properly reduce the uncertainty
set in (8.1), we can use the semi-G-normal and semi-G-independence to define the semiG-Brownian motion. The semi-G-Brownian automatically becomes the Gaussian process
due to the nice property of semi-G-normal under semi-G-independence in multivariate
situations. This is another example of the balance between generality and tractability
achieved by the semi-G-structure. Then the semi-G-Brownian motion can be treated as
a noise allowing spatial symmetry. After we unify the Brownian motion and Gaussian
process under volatility uncertainty, we believe this could lead to more future development
in this direction.

8.2.2

Conditional expectation under the semi-G-structure

Another important concern is how to define the conditional expectation in sublinear
world. It is crucial to the stochastic modeling, strategy design as well as the statistical
discussions such as regression. However, it is quite difficult from a theoretical perspective
due to the complexity of the uncertainty set P (for instance, it may not have a reference
measure.) Epstein and Ji (2013) explain such difficulty and provide a notion of conditional

expectation in a dynamic way that depends on the history ω. Under a similar spirit, Nutz
(2013) constructs a random conditional G-expectation by making the uncertainty set
also depend on the path ω (represented by P(t, ω)). Nonetheless, the previous notions of

conditional expectation in the sublinear world is still not easy to be connected to general
statistical practice under model uncertainty. Besides its strong technicality, the existing
literature is put under a dynamic situation and the conditional expectation is defined
given Ft where a temporal setup is imposed. From a statistical perspective, some basic

questions remain. For example, given two real-valued random objects X and Y in a static
situation with model uncertainty, it is still not clear how to define E[X|Y ] and E[Y |X].
Furthermore, how can we connect the conditional expectation with the independence
relation? To the best of the author’s knowledge, this question has not been properly
answered in the previous literature. It is not a trivial question in the sublinear world
because the G-independence between X and Y is asymmetric and most of the existing
conditional expectations are defined under one temporal direction following the filtration.
Once one direction between X and Y is assumed to define the conditional expectation
(e.g. E[Y |X]), how to define it in the other direction (E[X|Y ]) is not clear.
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Fortunately, the idea of conditional expectation becomes more tractable and straightforward under the semi-G-structure. We intend to explore it in the future. For the statistical side, we can further consider the regression problem under variance uncertainty
by starting from the conditional structure between the marginals of a bivariate semi-Gnormal.
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Appendix A
My research story
I always treat this research journey as a really special one, because my research is exploring the connection between two probabilistic frameworks (the classical and the Gexpectation framework). It will take pages to explain the story in my mind, but I will try
to summarize it. I always have a feeling that the current research in modern statistics
have the tendency to relax the assumptions we have imposed in data analysis procedure,
or have a model or inference method that can be as universal as possible (of course, with
necessary trade-off along the way). Meanwhile, the discussion on the model uncertainty
itself (uncertainty in the structural changes, model specification, etc.) is always sitting
there as a long-existing concern. One can almost never bypass it once the discussion is
touching a fundamental level. However, our discussion is mostly put under a fixed probability space and the uncertainty is considered by complicating the discussion within this
fixed probability space. I am glad to see that there are already a series of discussion on
the foundation of statistics, from probabilistic and even philosophical aspects. More importantly, the discussion on the preference on “expectation” over “probability” has been
raised up in recent years in the literature of risk measure (especially in dynamic situations). The discussion on nonlinear expectation has also been summarized into different
branches. One fundamental development is the so-called G-expectation mainly develop
by Prof. Shige Peng. (G can be interpreted as “General” although it is also related to a
generating function in the PDE part.)
I got to know this notion of G-expectation from a lecture in SDU (Shandong University) given by Prof. Shige Peng. I have learned this theory of G-expectation since
I was a senior undergraduate students, supervised by Prof. Xinpeng Li and Prof. Reg
Kulperger, during the joint “3+1+1” program between SDU and UWO (University of
Western Ontario). I have a feeling about the development of this framework. On the
one hand, for any probabilistic system, in order to connect it to the real-world world of
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practice, a statistical discussion is always unavoidable. We need to admit that the theory
of G-framework itself is still under development and many issues related to the statistical
side are waiting to be resolved. Of course, there could be other alternative ways (possibly
equivalent) to formulate some of the foundation parts in mathematics, but the nonlinearity will almost always come into play and the connection with the real-world practice
further becomes nontrivial. Hence, the basic ideas and spirit on how to understand such
nonlinearity should stay the same. There are some thoughts, intuition and spirit that are
more than mathematics. As some related tips, I would like to share two aphorisms1 I
learned from Prof. Peng: “The spirit to have some precaution before data analysis is even
more important than mathematics itself.” and “We should not only dig into the details,
but also look up to see the direction.”
On the other hand, as the current development of modern statistics starting to further answer more fundamental questions that come from both theoretical part and the
practical sides (as the data become more high-dimensional and more complicated in the
pattern, also as the concerns on the model itself become more and more unavoidable, I
think we should arrive at a stage to extend the fundamental theory of statistics, or at
least, we need to introduce a new class of theory (that comes from some existing origin or
branches in mathematics). This trend has already arisen in the past decades of statistics,
such as the marriage between graph theory and statistics due to the rapid development
in neural-based and forest-based model, further the connection with the manifold theory and topology. The fundamental goal of statistics is to quantify the uncertainty from
dataset to further extract information from it. The discussion on different kinds of uncertainty have been included in the conclusion part in the thesis (which, of course, can only
cover part of the picture due to the limitation of author’s knowledge and the necessity
that I only select those aspects of uncertainty that is directly related to our discussions).
The theory of nonlinear expectation has shown significant advantages in dynamic situations and it can include more nonlinear situations compared with the previous capacity
theory. One important intuition from the study of g-expectation is that, in sublinear
world, expectation can describe more delicate aspects compared with the probability. (In
other words, two different sublinear expectations may result in the same sub-additive
probability.) Nevertheless, it is essentially a challenging and non-trivial task to develop
statistical theory and methods based on the nonlinear expectation. One may think that
the challenges mainly come from the theory itself (such as the dominance convergence
theory and the notion of conditional expectation.) However, I do not treat them as the
1

The original sentences are in Chinese and I translate them into English. Possible confusion caused
by mistranslation of meaning is, of course, of my responsibility.
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main concerns. On the one hand, the statistical methods and theory in sublinear world
do not have to be an analogue of the classical one with parallel structure and extensions.
On the other hand, as I mentioned before, the improvement on the theory itself, including
some essential notions (such as conditional expectation), have been improved in recent
years. (As a retreat, another way to think about is that, we can at least step back to
the g-expectation to think about the statistical connection.) Under the current scope of
the nonlinear expectation, we do not expect to develop a full theory based on it (which
requires a really long-term development). However, we are aiming at a minimal feasible
plan to achieve the connection between the nonlinear expectation and statistics, because
we can already see the potential of the existing probabilistic notions in the context of
model uncertainty, especially for volatility modeling. This plan can be formulated as an
estimator or a statistical test. (In this thesis, readers may feel that the latter is the one I
think is more promising to achieve such connection with sublinear expectation, because I
have used a full chapter to discuss a test and also mention one in the future development.)
Our recent milestone is the general test of model structure (mentioned in Section 3.6.3,
which will be further developed after my Ph.D. research). We treat it as a really exciting
landmark that open up this picture of discussion. It answers a question that is hard to be
addressed in classical probability and statistics. Meanwhile, it deeply involves the theory
of nonlinear expectation, especially imposed with the framework proposed by ourselves,
called the semi-G-structure. We discover it as a middle structure that reveals an intrinsic
connection between the classical and the G-expectation framework. It is often the case
in mathematics. This middle structure turns out to be not true (in the middle sense) but
ends up playing a more important role.
By looking back this journey, I can feel that it requires a long term of immersive,
independent reflection that requires almost zero distraction from other aspects. I also
hold an independent view and stay with the first principle to further extend. I keep some
special habits when reading references. I usually refer to them when I need some detailed
answers of some questions or trying to learn the background and some terms. I learn
some related ideas when reading the references, but I always remind myself that I need
to hold my own view that comes from a long-term filtering procedure starting from the
basic principles (i.e. filter out the reasonable part and main ideas, then iteratively merge
them into the existing knowledge framework). The current discussion on this subject is
limited and the in-depth discussion is quite rare (I can only find two references that
directly address this issue when I did my master thesis), but there exist attempts from
different perspectives to build up the connection, indicating that we need to further step
back to answer some basic questions first (from various kinds of directions). Fortunately,
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we start from some basic principles and we are able to sit in the middle stage between
the theory and intuition in an early stage of learning and research. We can answer some
questions regarding this connection that can also help us further build up a theoretical
structure. Such level of development encourages and inspires us to further explore the
underlying story.
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Research Papers:
Semi-G-normal: a hybrid between normal and G-normal (full version)
Yifan Li, Reg Kulperger, Hao Yu
Preprinted at arXiv:2104.04910 (2021)
(This is a systematic and detailed research document proposing and establishing this
new framework called the semi-G-structure. It is written in a monograph style with 109
pages summarizing our long-term research at this foundational level.) It has been divided
into three papers to be tentatively submitted to the key journal in this area: Probability,
Uncertainty and Quantitative Risk (PUQR). The three papers are organized and listed
by order as follows.
Semi-G-normal: a hybrid between normal and G-normal
Yifan Li, Reg Kulperger, Hao Yu
The semi-G-family and the semi-G-version central limit theorem
Yifan Li, Reg Kulperger, Hao Yu
The hybrid role and applications of the semi-G-structure
Yifan Li, Reg Kulperger, Hao Yu
(The third one proposes the so-called G-EM procedure, which is also based on the following separate research paper, focusing more on the computational aspects.)
An iterative approximation for the sublinear expectation of G-normal distribution and the solution of the corresponding G-heat Equation
Yifan Li, Reg Kulperger, Hao Yu
Preprinted at arXiv:1804.10737
Working Papers:
A series of data experiments based on the semi-G-structure
Yifan Li, Reg Kulperger, Hao Yu
(This is the companion paper of the monograph-style document mentioned above.)
Visualization and test of Knightian uncertainty
Yifan Li, Reg Kulperger, Hao Yu
An intrinsic connection between the directed interval-valued data and the
sublinear expectation
Yifan Li, Reg Kulperger, Hao Yu
A general inference on model structure of noise based on the semi-G-structure
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Yifan Li, Nathan Gold, Huaxiong Huang
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An Iterative Approximation of the G-expectation of an Arbitrary Function of
G-normal Distribution and the Solution to the Corresponding G-heat Equation
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