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Abstract

Fast radio bursts (FRBs) are short and extremely energetic bursts of radiation de-

tected from galaxies across the universe that occur thousands of times a day. Despite

advances in instrumentation, it is difficult to explain the enormous implied energy reser-

voirs of FRBs, their emission mechanism and the existence of repeating and periodic

sources. This thesis explores the spectro-temporal properties of repeating FRBs and

details the discovery of several new relationships between them, providing valuable in-

formation on the nature of FRBs. By measuring the spectro-temporal properties of a

sample of bursts from the repeating source FRB20121102A I show that the magnitude of

a burst’s time derivative of the frequency (or “sub-burst slope”) is inversely proportional

to its duration. This relationship is a key prediction of the triggered relativistic dynam-

ical model (TRDM), a model that assumes FRBs are inherently narrow-band in nature

and originate from a cloud of material. I then investigate other FRB sources by analysing

bursts from the repeaters FRB20180814A and FRB20180916B, discovering that the same

slope-duration relationship describes the bursts from all three sources. Because FRBs are

subject to dispersion by free ions along the line of sight, and because the measurement

of spectro-temporal properties are dramatically affected by the choice of dispersion mea-

sure (DM), measurements of each burst are performed over a range of DMs to estimate

uncertainties and validate any relationships found. Finally, I developed a software tool

for preparing and measuring properties of FRBs and used it to survey a broad sample

of 167 bursts from FRB20121102A. This sample spans 1 to 7 GHz, the entire range of

burst frequencies observed for this source. I find relationships between a burst’s duration,

slope, and frequency consistent with the TRDM, and discover an unexpected relationship

between the bandwidth of a burst and its duration. These spectro-temporal relationships

can be important tools and suggest a narrow-band emission mechanism for FRBs.

Keywords: Fast radio bursts, relativity, quantum optics, compact objects, transient

astronomy, radio astronomy
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Summary for General Audience

The sky can be observed in colors far beyond what our own eyes can see. At radio fre-

quencies, radio telescopes can detect short bursts that come from extreme environments

such as neutron stars. Fast radio bursts (FRBs) are one such type of burst discovered in

2007. Extremely bright and coming from distant galaxies, these bursts were difficult to

discover because they are shorter than a few milliseconds and arrive at Earth distorted

by the material between galaxies. This distortion is caused by electrons and other ions

and is similar to the dispersion of white light by a prism into a rainbow. After correcting

for this dispersion astronomers can study FRBs but to this day struggle to explain why

there are thousands per day, where they come from, and how they can be bright enough

to be seen from galaxies far beyond our own. Some sources of FRBs are also seen to

repeat, and some of those still are periodic and follow a known schedule.

Telescopes today can split up the frequencies that make up an FRB like a prism

does while measuring its brightness with time. With this information, we can make

two-dimensional images of each burst called a waterfall. I study the shapes FRBs make

in their waterfalls and use this information to understand what might be causing them.

Bursts often appear as lines in their waterfalls, and I find that the steeper that line is,

the shorter the burst. Patterns like this help us to understand what is happening, and

by using physical theories like relativity we find we can explain the shapes FRBs make

in their waterfalls. The patterns I have found are most easily explained if FRBs come

from a cloud of atoms and are emitted at a single narrow frequency. These clouds could

be triggered by a small dense object like a neutron star. The high speeds of these clouds,

close to the speed of light, shift the frequency of that narrow signal and create the many

waterfall shapes we later see on Earth.
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Chapter 1

Introduction

The night sky is filled with diverse phenomena and their study over the last several

decades has led astronomers far outside of the visible range of electromagnetic radiation,

resulting in discoveries not only in the low radio frequencies or the high energy realms of

gamma and X-ray astronomy, but also to the discovery of transient events, both long and

short. These transient phenomena, such as supernovae which can last months or decades,

often originate from highly energetic and cataclysmic events around environments that

challenge and push our understanding of physics in order to explain them.

The discovery of pulsars and their short, periodic, radio emission (Hewish et al. 1968)

began a decades long process of improvements in observational methods and technology

in an effort to understand the emission mechanism of pulsars along with their source,

neutron stars, in increasingly better detail. These improvements enabled the discovery

and study of a variety of short radio transients that seemed distinct from pulsar emission,

either through their lack of periodicity or their variable intensities. Of these short radio

transients, Fast Radio Bursts (FRBs) are a population recently discovered that distin-

guishes itself from other radio transients by being extremely energetic, extremely short,

and by coming from distances that reach out to galaxies far beyond our own. FRBs

are also notable for having no known counterpart in other bands of the electromagnetic

1



2 Chapter 1| Introduction

spectrum, including optical, X-ray, and gamma rays.

The origin of FRBs remains unknown, and in the last few years activity on this topic

has increased dramatically with the development of radio telescopes with large fields

of view, such as the CHIME radio telescope, that allow for FRB searches covering huge

swaths of the sky. This has lead to a several-fold increase in the number of observed FRBs

and sources of FRBs, and a wealth of intriguing clues and new questions arise from this

influx of data. Their common occurrence and extragalactic nature makes them promising

candidates for probing cosmological parameters of the universe and the material between

galaxies.

This thesis will explore the features of FRBs, the relationships we discovered between

them, and the implications these relationships have on the origin of FRBs. It is structured

in the following way. This chapter serves as an introduction to the topic of FRBs, and

will discuss the propagation of radio signals through space, the discovery of FRBs, the

observational characteristics of FRBs, the types of FRB sources and the environments

they have been localized to, and theories of the origin and emission mechanism of FRBs.

Chapter 2 will use the predictions of a simple relativistic model for the properties of FRBs

and present an analysis of bursts from a repeating FRB source. Chapter 3 will describe

a relationship between the duration and frequency vs time evolution of FRBs that is

shared between multiple sources of FRBs located in different galaxies. Chapter 4 will

survey the spectro-temporal features (ie. the features seen in the spectra and time data

of an FRB) of many bursts from a single repeating FRB source named FRB20121102A,

for which a wealth of data exists. These studies reveal previously unknown relationships

in the features of FRBs and open up new avenues for investigation.



1.1| Propagation of Radio Signals through Space 3

1.1 Propagation of Radio Signals through Space

The interstellar and intergalactic medium (ISM and IGM, respectively) leave several

marks on radio signals as they propagate from their source to the observer that affect the

durations of the signals measured as well as their intensities. This means that accounting

for propagation effects is essential for acquiring accurate measurements of a signal and for

even finding the signal in the first place. These effects include dispersion, caused by free

electrons and ions along the line of sight which affects the arrival time of a signal based

on its frequency, scintillation, caused by irregularities in the propagating medium which

results in frequency dependent intensity fluctuations and scattering, which affects rays as

they travel through irregularities in the medium and results in a long exponential tail in

the shape of a pulse. Other effects such as Faraday rotation and conversion can affect the

polarization properties of a signal. Here we describe these propagation effects, possible

strategies used to account for them, and their implications on interpreting observations.

1.1.1 Dispersion

Dispersion is the result of a wavelength-dependent refractive index, and hence differing

propagation speeds, radio frequencies have when passing through an ionized medium.

This phenomenon is analogous to the dispersion of light by a prism. Electromagnetic

waves propagating in a cold plasma with no magnetic field present obey the dispersion

relation

ω2 = ω2
p + c2k2, (1.1)

where ω is the angular frequency of the wave, k the wavenumber, c the speed of light,

and ωp =
√
nee2/ϵ0me is the angular plasma frequency, written in terms of the electron

density ne, electron charge e, electron mass me and permittivity of free space ϵ0. This

dispersion relation can be used to find the group velocity of a propagating signal, ie. the

velocity of its envelope, or that of a pulse of radiation when travelling through a medium.
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Using the dispersion relation the group velocity is given by

dω

dk
= c

√
1−

(ωp

ω

)2
. (1.2)

In a vacuum the group velocity is simply c, so we see the extra factor of
√
1− (ωp/ω)2,

which is the refractive index, introducing a dependence on the frequency. For cold plas-

mas such as the ones that make up the ISM and IGM, waves of frequency ω < ωp

have imaginary wave numbers k, and therefore are attenuated by the plasma and do not

propagate. This means any signal we hope to detect should in principle be greater than

the plasma frequency. For example, in the ISM the electron number density is about

ne ≃ 0.03 cm−3 (Lorimer and Kramer 2012), which corresponds to a plasma frequency

of 1.5 kHz that is much lower than the frequencies transmitted by the atmosphere.

Because of the frequency dependent group velocity, a radio signal that travels a length

d to the earth will be delayed in time by an amount that is also frequency dependent,

given by

t =

(∫ d

0

dℓ

dω/dk

)
− d

c

=
e2

8π2ϵ0me

∫ d

0
nedℓ

ν2
, (1.3)

whenever ωp ≪ ω and ν = ω/2π. The integral in equation (1.3) is used to define the

dispersion measure (DM)

DM =

∫ d

0

nedℓ, (1.4)

and is observationally used as a measure of the amount of dispersion a signal experiences.

Thus, given signals from a single event at two frequencies ν1 and ν2 travelling through

the same medium, the delay time between them due to dispersion is given by

∆t ≈ 4.1488× 106
DM

ν2
1 − ν2

2

ms, (1.5)
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where the constant in front is called the dispersive constant D ≡ e2/8π2ϵ0me, and its

value in equation (1.5) is written in the cgs unit system with units pc/cm3, and ν1 and

ν2 are in MHz (Lorimer and Kramer 2012). With a model of the electron distribution

ne, the distance to a source can be estimated and the observed DM can serve as an

approximate proxy for the distance. Figure 1.1 shows a frequency versus time plot (also

called a waterfall) of the first fast radio burst discovered, and shows a large delay between

the high and low frequency channels of the signal that follow a ν−2 dependence with the

frequency, as expected from dispersion by a cold plasma.

There are two main strategies for compensating for the effects of dispersion, the first

and simplest is called incoherent dedispersion which takes advantage of the time delays

computed from equation (1.5) and the other is coherent dedispersion, which allows for

the complete removal of the effects of dispersion at much greater time resolution. With

the understanding that dispersion results in a time delay to the arrival time of different

frequencies of a signal, the effects of dispersion can be compensated for to obtain the

signal as it was before propagation to the observer. If a signal is split into separate

frequency channels via a spectrometer, then equation (1.5) can be used to compute the

time delay that needs to be applied to each channel such that all signals arrive at the same

time (Lorimer and Kramer 2012). Incoherent dedispersion can be performed immediately

with hardware at the telescope or more commonly through software after the data have

been collected. However, the frequency resolution limits the precision in time that data

can be shifted since any frequency channel will have its own smaller dispersive delay

between the top and bottom of the channel that cannot be corrected for, limiting the

time resolution that can be obtained (Lorimer and Kramer 2012).

Coherent dedispersion avoids this issue and is a more data-intensive process that

is built on the understanding that dispersion of a signal from the propagating medium

affects only the phase of the electromagnetic wave (Hankins and Rickett 1975). Incoming

electromagnetic radiation induces a time varying voltage in the receiver of a telescope
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Figure 1.1: Frequency versus time plot, or waterfall, of the first fast radio burst dis-
covered, found in 2007 from archival data collected on 24 August 2001 (Lorimer et al.
2007). This data is dispersed, meaning the signal at lower frequencies arrived delayed by
a time proportional to ν−2 due to the propagation properties of radio signals in the cold
plasma of the interstellar medium. The dispersion measure (DM) of this burst was found
to be 375 pc/cm3, and is indicated by the white lines bounding the burst showing the
theoretical behaviour for dispersion by a cold plasma (see equations 1.3 and 1.5). The
inset panel shows the total power signal integrated after dedispersion to a DM of 375
pc/cm3. Though the width of the pulse is just a dozen or so milliseconds, the dispersive
delay spreads the signal over hundreds of milliseconds. Figure from Lorimer et al. (2007),
reprinted with permission from AAAS.
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that can be sampled and digitised to not only measure the voltage information but also

the phase of the electromagnetic wave. By using the observed DM of a source, which

can be inferred from the simpler incoherent dedispersion process, for example, the phase

transformation caused by dispersion in the ISM (or IGM) can be calculated and used to

reverse the effects of dispersion when applied to the phase information obtained from the

voltage data of the telescope. This restores the intrinsic signal as it was when emitted

and is not limited by the width of the frequency channels, which allows for a signal to

be dedispersed at the time resolution of the telescope. In practice, the time resolution is

greatly limited by the frequency resolution when incoherently dedispersing and results in

a lower time resolution than that provided by the instrument, and coherent dedispersion

therefore allows for the dedispersion of pulses at much higher time resolution (Lorimer

and Kramer 2012).

1.1.2 Scattering and Scintillation

A signal travelling along the line of sight will encounter clumps and inhomogeneities

with different refractive indices that each distort the wavefront of a signal. Since the

refractive index is dependent on the frequency, an observer will therefore see a spatially

incoherent wavefront and an interference pattern formed by rays of differing frequencies

that have been bent and delayed, resulting in the observation of pulse broadening due to

scattering and intensity variations called scintillation (Lorimer and Kramer 2012; Petroff,

Hessels, and Lorimer 2019). The scattering and diffraction of rays as they pass through

inhomogeneities broadens the image of the source and delays the arrival time of rays.

Figure 1.2 shows a schematic of such a scatter broadened image.

Lorimer and Kramer (2012) shows that the observed intensity of a pulse as a function

of time after scattering can be written as

I(∆t) ∝ e−∆t/τs , (1.6)
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d

Figure 1.2: Schematic of a scatter-broadened image with angular radius θd. Rays at an
angular distance θ have been bent and delayed by inhomogeneities in the medium they
propagate through. The angular intensity distribution is shown by the fuzzy patch and
is Gaussian in nature (Lorimer and Kramer 2012).

where ∆t = θ2d/c is the geometric time delay as a function of the angle θ of the ray

observed (see Figure 1.2) and τs is the scattering timescale, and is proportional to

τs =
θ2dd

c
∝ d2ν−4, (1.7)

where θd is the angular size of the scattered disk, d is the distance to the source, c is the

speed of light and ν is the observing frequency. This means that scattering results in

broadened intensity profile with a long exponential tail and with greater scattering (and

a larger scattered image), a longer tail (Lorimer and Kramer 2012). The ν−4 dependence

in τs indicates that signals at a higher frequency from the same source will have shorter

tails. As an example, Figure 1.3 shows a waterfall of FRB110220 reported by Thornton

et al. (2013) with three slices of time series data at 1494 MHz, 1369 MHz, and 1219 MHz

in the inset panel that show the exponential tail expected from interstellar scattering,

with shorter and shorter tails with increasing frequency. Modelling of this frequency

dependent pulse broadening as well as the dispersive delay allow a determination of the

distance of the source and indicate an extragalactic origin, as well as the presence of an
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Figure 1.3: Waterfall of FRB110220 (Thornton et al. 2013) showing a long dispersive de-
lay, and, inset, slices of time series data at 1494, 1369, and 1219 MHz showing broadened
pulses with exponential tails expected from interstellar scattering due to propagation
through a cold plasma. The tails are shorter with increasing frequency as expected
from equation (1.7). Figure from Thornton et al. (2013), reprinted with permission from
AAAS.

intervening cold plasma (Thornton et al. 2013).

The interference pattern of bright and dark spots formed by the distortion of a signal

as it propagates evolves in time due to relative motions between the source, intervening

material and observer and is the cause of the intensity variations and ‘twinkling’ called

scintillation (Lorimer and Kramer 2012). For waves of differing frequencies to interfere in

an observable way, they must be of similar frequency. Lorimer and Kramer (2012) shows

that for a signal at frequency ν, there is a range of frequencies ∆ν that contributes to
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scintillation called the scintillation bandwidth given by

∆ν ∝ 1/τs ∝ d−2ν4, (1.8)

where τs is the scattering timescale defined in equation (1.7). This implies that scin-

tillation results in intensity variations that can be seen both as functions of time and

frequency, and complicated spectral structures in a signal can either be caused by the

emission mechanism of the signal or simply due to the intervening medium and can com-

plicate analysis (Lorimer and Kramer 2012; Petroff, Hessels, and Lorimer 2019). An

example of such spectral intensity variations can be seen in the waterfall shown in Figure

1.3 (though not necessarily all due to scintillation). The cold plasma of the ISM and

IGM that a signal propagates through before being observed greatly affects the structure

and intensity signal observed, both in frequency and in time.

1.1.3 Faraday Rotation

The motion of charges in a cold plasma generates a magnetic field whose component along

the line of sight B|| affects the polarization properties of a radio signal as it propagates

through it. Any electromagnetic wave can be written as a sum of its left-circularly- and

right-circularly polarized components. The propagation speeds for the left- and right-

handed polarizations differ very slightly in the presence of a magnetic field, resulting in

a small frequency-dependent phase difference between the two components as the wave

travels a distance d through such a medium. While B|| negligibly affects the group

velocity, it does affect the measured linear polarisation angle Ψ (Lorimer and Kramer

2012). Using the refractive indices in a cold magnetized plasma for the left- and right-

circularly polarized components, it can be shown that a signal travelling a distance d

through a cold magnetized plasma experiences a change in position angle ∆Ψ due to the
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line-of-sight magnetic field B|| given by (in cgs units)

∆Ψ = λ2 e3

2πm2
ec

4

∫ d

0

neB||dℓ, (1.9)

where λ is the wavelength of radiation (Jackson 1975; Lorimer and Kramer 2012). The

integral in the above expression is used to define the rotation measure (RM)

RM =
e3

2πm2
ec

4

∫ d

0

neB||dℓ. (1.10)

The RM has units of rad/m2 and can be determined observationally through measure-

ments of the linear polarization angle at different wavelengths and then fitting to the

form ∆Ψ = RM × λ2, although other methods exist that are more practical (see Sec

7.4.3.2 of Lorimer and Kramer 2012). The RM can be used as a probe of the line of sight

component of the magnetic field and also to reverse its effects on the linear polarization

angle, enabling studies of the source signal’s polarization when it was emitted.

Awareness of propagation effects like dispersion, scattering, scintillation, and Faraday

rotation aids in the interpretation of FRB features, and can make it possible to differenti-

ate features due to the emission of the FRB from features due to the intervening plasma

in the ISM and IGM. Both topics are active areas of research with interesting questions,

and decoupling the effects of one from the other allows investigation into these fields.

1.2 Discovery and History of Fast Radio Bursts

Despite their brightness, FRBs required significant advancements in technology and ob-

servational strategy to be discovered. With the discovery of pulsars in 1968 (Hewish et al.

1968), techniques that relied on the fundamental periodicity of the pulsar emission to in-

crease signal-to-noise (S/N) quickly gained popularity and single pulse searches decreased

despite their scientific value since the periodic methods greatly increased the sensitivity
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of pulsar searches (Burns and Clark 1969; Nice 1999; Lorimer and Kramer 2012; Petroff,

Hessels, and Lorimer 2019). These techniques were less effective for very short period

pulsars and pulsars that had pulse-to-pulse variations in their intensity (Nice 1999). In

addition, some pulsars occasionally exhibit bright single pulses called “Giant Pulses”

such as the Crab pulsar, and these potentially could be used to search for extragalactic

pulsars due to their high intensity (Hankins et al. 2003; McLaughlin and Cordes 2003).

To the end of performing single pulse searches Cordes and McLaughlin (2003) de-

scribed issues related to the search for fast radio transients, and pointed out the necessity

for telescopes with wider fields of view in order to capture sources of single pulses that

cannot be tracked. They also described methods such as matched filtering where single

pulses are searched for by convolving de-dispersed data with pulses of a trial width to

increase the signal-to-noise ratio. These methods bore fruit when a single pulse search by

Lorimer et al. (2007) in archival data of the Parkes radio telescope in Australia yielded

a 5 ms burst with enormous brightness and a DM that implied an extragalactic origin.

This section will describe the discovery of the first FRB, the subsequent questioning of

the validity of this detection, how it became clear FRBs were a real distinct population

of extragalactic signals, and the developments that followed including the discovery of

repeating sources of FRBs, a sharp increase in the number of FRB detections in recent

years, and the varying and often confusing observed characteristics of FRBs.

1.2.1 FRBs as a New Population of Astrophysical Signals

The first FRB was discovered in a single pulse search of archival pulsar survey data at 1.4

GHz of the Magellanic Clouds using the Parkes telescope, and was differentiated from

other short radio transients by its large energy output, high dispersion, and singular,

isolated, occurrence (Lorimer et al. 2007). Pulsar surveys lend themselves well to single

pulse searches and had been used in the earlier discovery of a short periodic radio tran-

sient called rotating radio transients (RRATs) by McLaughlin et al. (2006). RRATs are



1.2| Discovery and History of Fast Radio Bursts 13

characterized by short, bright bursts with durations of a few milliseconds and repeating

with periods on the orders of seconds. The highest flux density observed in the sample

discovered by McLaughlin et al. (2006) was 3.6 Jy1 and their burst amplitude distribu-

tions had power-law tails similar to distributions in burst amplitude from Giant Pulses

seen from pulsars, leading to the conclusion that RRATs were emitted from a previously

unseen population of neutron stars in the galaxy that emit through a mechanism differ-

ent from pulsars (McLaughlin et al. 2006). Giant Pulses had been observed at higher

spectral densities, but much lower DM implying a much closer source.

The detection of the first FRB (shown in Figure 1.1) at Parkes was seen with a flux of

30 Jy and a DM of 375 pc/cm3, found by modelling the ν−2 dispersion seen in the burst.

This detection was two orders of magnitude greater than the detection threshold of the

telsecope, and saturated the digitizer of the observing system, indicating that the S/N

was much greater than the max S/N ratio resolvable. Despite this, no bursts at lower

energies were detected in the survey data used or in follow-up observations, suggesting

that the burst amplitude distribution of this new burst type followed a different type of

distribution from RRATs and Giant Pulses (Lorimer et al. 2007).

By modelling the electron distribution along the line of sight the measured DM can be

used to estimate the distance to the source (see equation (1.4)). The contribution to the

DM from our galaxy is about 100 pc/cm3 (Cordes and Lazio 2002; Inoue 2004; Lorimer

et al. 2007), while at greater distances the DM increases with redshift. This burst’s

DM corresponds to a redshift z < 1 (Ioka 2003; Inoue 2004). Assuming the source is

embedded in a host galaxy, the contribution to the DM from that host is assumed to be

similar to the contribution of our own (Lorimer et al. 2007). These consideration and

large uncertainties lead Lorimer et al. (2007) to estimate the distance of the source to be

about 500 Mpc2 or z ∼ 0.12, far beyond the edges of the Local Group of galaxies, which

1The Jansky (Jy) is a non-SI unit of spectral flux density used in radio astronomy and is equivalent
to 1 Jy = 10−26 W/(m2Hz).

2A parsec is a unit of distance in astronomy and 1 parsec (pc) = 3.26 light-years (ly) = 3.086×1016

m
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dL (kpc) Sν (Jy) ∆ν (MHz) W (ms) z Liso (W) Eiso (J) TB (K)

Brightest RRAT
from McLaughlin et al. (2006) 3.6 3.6 250 3 0 ∼ 1024 ∼ 1021 ∼ 1024

Crab Pulsar
Giant Pulse (Cordes et al. 2004) 2 2000 0.024 0.13 0 ∼ 1022 ∼ 1018 ∼ 1030

Lorimer Burst/FRB010724
(Lorimer et al. 2007) 500000 30 250 5 0.12 ∼ 1035 ∼ 1033 ∼ 1035

Table 1.1: Measured properties of an example RRAT from the discovery paper by
McLaughlin et al. (2006), a Giant Pulse from the Crab Pulsar reported by Cordes et
al. (2004), and the first FRB discovered (Lorimer et al. 2007). The observed proper-
ties from left to right are the luminosity distance dL, the flux density Sν , the signal
bandwidth ∆ν, the burst duration W , and the redshift z. These properties are used to
roughly estimate the isotropic equivalent luminosity Liso, the isotropic equivalent energy
Eiso and the brightness temperature TB. The isotropic equivalent luminosity assumes
the energy of a burst radiates outward in all directions uniformly and is calculated as
Liso = 4πd2LSν∆ν/(1 + z) (Petroff, Hessels, and Lorimer 2019). While the assumption
of isotropic emission is rarely true for energetic bursts and pulses which are beamed and
emitted coherently, Liso still serves as a useful estimate of a source’s luminosity. The high
brightness temperatures imply a coherent emission process.

spans around 3 Mpc. By using the area of the sky monitored by the pulsar survey used

as well as the assumption that these bursts are isotropic over the sky, the rate of bursts of

this energy was estimated to be about 90 per day per Gpc3, which differentiated it from

other potential source populations due to its higher implied rate (Lorimer et al. 2007).

Table 1.1 lists the observed properties of a RRAT, Giant Pulse, and this burst, show-

ing differences of several orders of magnitude between the estimated energies released and

brightness temperatures3 measured. This burst therefore was unlike any other burst seen

to date, due to the distance of its source inferred from its DM, its high flux density, the

lack of similar bursts at smaller amplitudes that should have been detectable in survey

data or follow-up observations, and the implied rate of occurence across the entire sky.

No additional FRBs were observed in the years following the discovery of the Lorimer

burst. The discovery of pulses dubbed “perytons” at the Parkes telescope that appeared

3The brightness temperature TB of a source at frequency ν is the temperature a black body in
thermodynamic equilibrium must be held at to emit at the same intensity of the source. Since the
emission of a black body follows the Planck spectrum, the brightness temperature of a radio signal can

be estimated as TB ≃ 1036K
(

Speak

Jy

) (
ν

GHz

)−2 (W
ms

)−2
(

d
Gpc

)2
, where Speak is the peak flux density, ν is

the frequency, W is the width of the signal, and d is the distance to the source (Lorimer and Kramer
2012; Petroff, Hessels, and Lorimer 2019).
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to have dispersive delays similar to but not quite like the Lorimer burst while being

clearly of terrestrial origin due to their extreme brightness and mid-morning arrivals

raised questions about the extragalactic nature of FRBs (Burke-Spolaor et al. 2011). In

a search for bursts with a ν−2 dispersive delay in archival data spanning the years 1998-

2003, 16 different pulses with durations 30-50 ms were found with an apparent dispersive

delay. Each pulse was detected in all thirteen beams of the telescope simultaneously,

indicating that the telescope was not pointing at the source at the time of the pulse’s

arrival (Burke-Spolaor et al. 2011). The pulses exhibited deviations from the cold plasma

dispersion law, including a discontinuity seen in one pulse and a variety of poor statistical

fits to the dispersive law expected (Burke-Spolaor et al. 2011). In addition, all the pulses

were observed during the daytime and based on the intensity observed, had the telescope

been pointing at the source the intrinsic flux of the pulse would have been extremely

bright (Burke-Spolaor et al. 2011).

These terrestrial indications led to the pulses being named ‘perytons’ after a mytho-

logical elk with wings in order to distinguish the pulses from a known natural phenomenon

(Burke-Spolaor et al. 2011). Despite the poor fits and non-astrophysical brightness, the

delay times observed were approximately the same delay time observed for the Lorimer

burst, implying the same DM and suggesting that the source of the Lorimer burst and

these pulses were the same (Burke-Spolaor et al. 2011). It was not until rigorous radio-

frequency interference (RFI) monitoring of Parkes spotted emission around 2.4 GHz at

the same time as a peryton was their origin understood. Under the right conditions, the

opening of a microwave oven while it was still running briefly allows radiation to escape

and be detected by the telescope, resulting in the peryton signal (Petroff et al. 2015).

The perytons, especially due to their detection at the same telescope as the first FRB

and lack of detection at any other radio telescope, highlighted the need for validation

of pulse detections to rule out terrestrial sources, especially in the initial stages of FRB

study.
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After the discovery of multiple extragalactic FRBs by Thornton et al. (2013), evidence

that FRBs were a distinct population of short radio transients with extragalactic origins

and not due to terrestrial interference grew. This study also coined the term ‘fast radio

burts’ and bursts of this type were referred by that name following the discovery of

these four bursts, shown in Figure 1.4. The four bursts were detected at four different

positions on the sky in data taken by the Parkes telescope as part of the High Time

Resolution Universe (HTRU) survey (Keith et al. 2010), which planned to survey the

entire southern sky at high frequency and temporal resolution in an effort to discover

new pulsars, particularly millisecond pulsars. It had studied 24% of the survey region at

the time of this discovery (Thornton et al. 2013).

As shown in Figure 1.4, the four FRBs lasted approximately a dozen milliseconds.

Three of the FRBs had relatively low S/N, but FRB110220 was bright enough to show

an exponential tail in its profile characteristic of interstellar scattering by cold plasma.

As discussed in Section 1.1.2, Figure 1.3 shows the waterfall of FRB110220 where the

dispersive delay of the burst across almost an entire second can be seen and the frequency-

dependant scattering tail can be seen in the inset. Thornton et al. (2013) modeled the

dispersion and scattering observed and found a frequency dependence of ν−2.003±0.006

for the delay time and a frequency dependence of ν−4.0±0.4 for the width of the pulse,

as expected for dispersion and scattering by a cold plasma (Section 1.1). The DMs of

the four FRBs found ranged from 553 to 1103 pc/cm3 and were found at high galactic

latitudes with diffuse galactic material, implying only a small contribution to these high

DMs by galactic material (Thornton et al. 2013; Cordes and Lazio 2002). By using

assumptions about the electron and ion content of possible host galaxies based on our

own Milky way and the line-of-sight probability of viewing an FRB source through a

dense part of its host galaxy, Thornton et al. (2013) argue that the contribution to the

DM from a host galaxy is much smaller than the contribution due to the IGM. The high

DMs therefore imply enormous distances to the sources of the FRBs ranging from 1.7 to
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3.2 Gpc.

These bursts also helped distinguish FRBs from terrestrial sources such as perytons,

since the DMs of the perytons peaked at much lower values, had longer durations, and

followed the dispersion and scattering laws by plasma much more poorly (Thornton et

al. 2013). The expected event rate implied by these detections is found by dividing the

number of bursts by the fraction of the sky and amount of time surveyed, yielding about

10,000 bursts per day across the sky, and consistent with the rate implied by the Lorimer

burst when assuming an intrinsic luminosity to the source (Thornton et al. 2013). The

discovery of these 4 bursts with their high DMs and precise adherence to the dispersive

and scattering laws in a cold plasma clearly indicated a population of fast radio bursts

with extragalactic origin.

1.2.2 A Repeating FRB Source: FRB20121102A

A pulsar survey at the Arecibo telescope yielded the detection of FRB20121102A4, which

was the first detection of an FRB by a telescope besides Parkes, and, following extensive

follow up observations, was observed emitting ten additional bursts indicating for the

first time that sources of FRBs could repeat (Spitler et al. 2014, 2016).

The Pulsar Arecibo L-band Feed Array (PALFA) survey was a long term survey

searching for pulsars in the galactic plane at 1.4 GHz with a bandwidth of 0.3 GHz

(Cordes et al. 2006). Spitler et al. (2014) performed a single pulse search of PALFA data

from March 2009 to December 2012 by dedispersing raw data to ∼5000 trial DMs ranging

from 0 to 2038 pc/cm3 and applying a matched filtering algorithm to each dedispersed

time series. This search yielded a single dispersed pulse on November 2, 2012 with a DM

of 557.4 pc/cm3, a duration of 3 ms, a flux density of 0.4 Jy, and a dispersive delay that

followed a ν−2.01±0.005 dependence (ie. a dispersive index of −2.01 ± 0.005), consistent

4Previously known as FRB121102. The current Transient Name Server (TNS) FRB naming conven-
tion is FRBYYYYMMDDA using the day of discovery and an appended letter to distinguish multiple
FRB discoveries in a single day. The previous naming convention followed FRBYYMMDD+(sky coor-
dinates) and was recently replaced.
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Figure 1.4: The frequency integrated flux densities of the four FRBs found by Thornton
et al. (2013) in Parkes data takes as part of the High Time Resolution Universe survey
(Keith et al. 2010). FRB110220 shows an exponential tail characteristic of interstellar
scattering by a cold plasma (Section 1.1.2) and its waterfall is shown in Figure 1.3. Figure
from Thornton et al. (2013) reprinted with permission from AAAS.
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with propagation through a plasma (Spitler et al. 2014). Observations of the source two

days after the burst and in 2013 revealed no additional bursts at the DM of the first

burst (Spitler et al. 2014). Because the search occurred on the galactic plane, the DM

contribution from the Milky Way is greater, however the predicted contribution along

the line of sight where FRB20121102A was discovered is only 188 pc/cm3 and cannot

account for the observed value of 557.4 pc/cm3 (Cordes and Lazio 2002; Spitler et al.

2014).

Extensive follow-up observations of the source and the area around it were undertaken

with Arecibo from May to June 2015, and ten additional bursts were found over this

period (Spitler et al. 2016). The bursts observed had a dispersive index of 2 indicating

propagation through a cold plasma, durations ranging from 2.8 to 8.7 ms and had flux

densities ranging from 0.02 to 0.3 Jy (Spitler et al. 2016). The rate of bursts observed

was about 3 per hour and the range of flux densities suggest that lower energy bursts are

produced as well, though the bursts were seen to cluster in time with periods of differing

activity (Spitler et al. 2016).

Of the bursts observed, two had multiple peaks in their profile (Spitler et al. 2016),

and such multi-component bursts had been seen once before in a set of five bursts dis-

covered in HTRU data by Champion et al. (2016). The spectra of the bursts seen from

FRB20121102A were also highly variable, with some intensities peaking at the lower end

of the signal bandwidth and others at the high end (Spitler et al. 2016). Despite extensive

follow up of other FRB sources by Parkes, FRB20121102A was the only one thus far seen

to repeat, and it was unclear whether this source represented all sources, whether other

follow up studies lacked the sensitivity to detect additional bursts, or if this represented

a different class of FRBs that were not cataclysmic in nature and thus able to repeat

(Spitler et al. 2016; Petroff, Hessels, and Lorimer 2019).

By monitoring the repeating bursts of FRB20121102A with the high angular resolu-

tion of radio interferometers, a precise location of FRB20121102A can be determined.
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FRB20121102A was localized in this way to a star-forming dwarf galaxy with a persistent

radio source. In papers published simultaneously by Chatterjee et al. (2017), Tendulkar

et al. (2017), and Marcote et al. (2017), FRB20121102A was observed with the Very

Large Array (VLA), the European Very-Long-Baseline-Inteferometry (VLBI) network,

Arecibo and the Gemini North telescope to obtain information about the source of the

FRBs as well as the host galaxy and environment of FRB20121102A.

Radio interferometry is a technique whereby many individual radio dishes distributed

over a large geographical area simultaneously observe a single source and, by correlat-

ing the signals observed at each of dish, can act as pieces of a single large dish and

achieve vastly superior angular resolution than any single dish that can be reasonably

constructed.

Chatterjee et al. (2017) searched for bursts from FRB20121102A with the VLA in

83 hours of observations over six months and detected 9 bursts between 2.5 and 3.5

GHz from the same position, with coordinates right ascension α = 05 h 31 min 58.70 s

and declination δ = +33◦ 08′ 52.5”, achieving sub-arcsecond precision and three orders of

magnitude better precision than Arecibo. Chatterjee et al. (2017) also found a persistent

radio source emitting in the continuum (at a broad range of frequencies) within 0.1” of

the burst position.

Tendulkar et al. (2017) observed the location of FRB20121102A using Gemini North,

an optical/infrared telescope, and used the Gemini Multi-Object Spectrograph to obtain

a spectrum of the source. They found strong Hydrogen-α, Hydrogen-β and Oxygen

emission lines indicating that the source is hosted by a star-forming galaxy. The redshift

of the host galaxy based on the change in wavelength of lines in the spectrum was found

to be z = 0.19273 ± 0.0008, or a distance of 972 Mpc. In addition, the diameter of the

host galaxy inferred from the continuum images was less than 4 kpc, classifying it as a

dwarf galaxy (Tendulkar et al. 2017).

In observations with VLBI, Marcote et al. (2017) detected four bursts and a persistent
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radio source and resolved their positions to milliarcsecond (mas) precision, finding an

overlap between the source of the bursts and the persistent radio source also observed

by Chatterjee et al. (2017). The extremely high precision of the VLBI allowed Marcote

et al. (2017) to constrain the angular distance between the source of the bursts and the

persistent radio to less than 12 mas, or a projected distance of less than 40 pc, strongly

suggesting that the two are located together. The repeating nature of FRB20121102A

allowed it to be precisely located to a persistent radio source in a star-forming dwarf

galaxy, providing invaluable information for understanding the emission mechanism and

origin of FRBs.

Continued observations of bursts from FRB20121102A revealed polarization prop-

erties and complex time-frequency structures that indicate an extreme and energetic

source environment and add additional observational constraints on the emission pro-

cess. Michilli et al. (2018) observed FRB20121102A with the Arecibo telescope between

4.1 to 4.9 GHz and recorded data with full polarimetric information at a time resolution

of 10.24 µs. Sixteen bursts were detected with durations less than 1 ms including one

burst with a duration of less than 30 µs, and all bursts were 100% linearly polarized with

nearly the same position angle Ψ of the electric field vector (Michilli et al. 2018).

The rotation measure (RM; see equations 1.9-1.10) was measured for each burst and

the average value was about 105 rad/m2, whose large magnitude was confirmed in obser-

vations taken several months later at the Green Bank Telescope (GBT) (Michilli et al.

2018). The RM is proportional to the integral along the line-of-sight of the free electron

and ion density weighted by the line-of-sight component of the magnetic field B|| (eq.

1.10). The expected contribution to the RM from the Milky Way and the IGM are both

no greater than on the order of 102 rad/m2 (Oppermann et al. 2015; Akahori, Ryu, and

Gaensler 2016), and so the high RM observed is most likely due to a large magnetic field

in a compact region around the source of the FRBs (Michilli et al. 2018). The high RM

observed for FRB20121102A was also the largest value observed from any other FRB
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source and all observed pulsars (Michilli et al. 2018). The ratio between the DM and RM

can be used to estimate the density of electrons around the source, leading to a value

of ne ≈ 102cm−3, consistent with environments around compact objects such as neutron

star or black holes (Michilli et al. 2018). These observations indicate that FRB20121102A

is embedded in a highly magnetized and ionized environment.

In observations of FRB20121102A using the GBT, Gajjar et al. (2018) detected 21

bursts above 5.2 GHz for the first time in less than an hour of observations, in the

most active period of bursts observed yet. Several of these bursts consisted of multiple

components (or sub-bursts), that arrived slightly later the lower in frequency they were,

with one burst being composed of at least 4 sub-bursts of widths less than 1 ms long.

The bursts again showed 100% linear polarization and a high RM value, confirming the

magnetized and ionized environment observed by Michilli et al. (2018).

Hessels et al. (2019) analysed 19 bursts from FRB20121102A observed by Arecibo

and GBT in order to study the sub-bursts and time-frequency structures such as those

observed by Gajjar et al. (2018). Hessels et al. (2019) found bursts with up to seven

sub-bursts, with separations between them on the order of a 1 ms. For each burst, the

sub-bursts within a burst had a tendency to drift to lower frequencies at later times

(or equivalently, bursts with lower frequencies arrived later), and Hessels et al. (2019)

measured this effect quantitatively finding that the drift rate dν/dt was always negative

and that the drift rate increased linearly with frequency, however the frequency drift

within individual subbursts was not studied. The high RM and polarization percentages

observed from FRB20121102A indicate a magnetized and extreme environment around

the source while the complex time-frequency structures observed in the bursts show

unexpected relationships and add constraints on the possible emission mechanism.
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1.2.3 The Wide Field Era of FRBs

With the knowledge that FRBs exist as a new population of astrophysical phenomena

and the discovery of a single repeating FRB source, many new questions remained to

be answered, such as whether there were other source of repeating FRBs, what the true

FRB distribution on the sky was, and of course what physical process and environment

is able to produce such intense radio signals. The existing radio telescopes had relatively

narrow fields of view, and large surveys of the sky necessitated hundreds if not thousands

of pointings. This strategy works with pulsars, whose regular periodic and frequency

emission enables their discovery with just a short pointing, however with FRBs which

are sporadic and unpredictable and only seemed to repeat randomly if at all, these surveys

are not well suited for a broad population study of FRBs. Surveys from telescopes with

wide fields of view that do not need to be pointed are better suited to this task.

The Canadian Hydrogen Intensity Mapping Experiment (CHIME) commissioned ar-

ound 2018 along with its dedicated FRB processing backend (named CHIME/FRB)

allows for the monitoring and detection of FRBs in realtime across a large field of view of

about 200 deg2 (CHIME/FRB Collaboration et al. 2018). CHIME is a radio interferome-

ter and consists of four halfpipe reflecting cylinders each with 256 receivers suspended at

the focal point of the cylinder, measuring signals in a frequency range of 400-800 MHz.

CHIME cannot be pointed, instead it statically observes in the same direction while the

rotation of the Earth changes the field in view, thus allowing for a sweep of the sky every

day. In the commissioning phase CHIME/FRB expected to see between 2 to 42 FRBs

per day across its large field of view, and survey the FRB population, measuring the sky

and DM distributions in the process (CHIME/FRB Collaboration et al. 2018).

While still in its commissioning phase, CHIME/FRB detected five bursts from a

second repeating FRB source, FRB20180814A5 with a DM of 189 pc/cm3 and downward

drifting bursts such as those seen in FRB20121102A (Amiri et al. 2019). CHIME requires

5Also known as FRB180814.J0422+73 under the old naming convention
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recording of its baseband data (raw voltages) in order to localize FRB events to an

arcminute precision, but due to the high data rate this recording system was to be

commissioned following the initial science phases, and could only approximately localize

FRB20180814A to a region of the sky about 0.2◦ by 2 minutes of right ascension across.

However, the DM implies a redshift of less than 0.1 (Amiri et al. 2019; CHIME/FRB

Collaboration et al. 2018). This discovery early on in the the life of CHIME was an

indication of its ability to study FRBs.

Another important discovery by CHIME/FRB was the discovery of an FRB source

that not only repeated, but was periodic. FRB20180916B was discovered via the detec-

tion of 38 of its bursts between September 2018 to February 2020, and was also detected

by the European VLBI (CHIME/FRB 2020b). To find the period, bursts arrival times

were folded from the 500 days of observation onto periods ranging from 1.5 to 100 days.

For trial periods that correspond to the true period, if any, bursts will be seen to clus-

ter together whereas an unphysical period will result in bursts uniformly distributed.

The amount of deviation from a uniform distribution can be quantified with a statistical

quantity called the reduced-χ2 and a peak period with a large deviation from a unifrom

distribution is found at 16.35± 0.15 days with no other periods deviating as significantly

(CHIME/FRB 2020b). Though the source is periodic, its bursts do not arrive regularly,

and all of the bursts occur in a 5 day window during the 16.35 day period with half of

the bursts arriving in a 0.6 day window (CHIME/FRB 2020b). This discovery added an

additional aspect to FRBs and excludes models that lead to purely random bursts.

A burst from a galactic magnetar SGR1935+2154, a highly magnetized neutron star,

was detected by CHIME/FRB on 28 April 2020 with an energy release of ∼1034 erg,

similar to the energies of an FRB and detectable out to 12 Mpc, marking for the first

time an FRB-like burst from our own galaxy, and the brightest ever seen radio signal from

any magnetar by three orders of magnitude (CHIME/FRB 2020a). The burst was also

detected by Bochenek et al. (2020) using the STARE2 radio array, which allowed for a
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precise localization and follow up with telescopes in other wavelengths. Though an intense

burst, the luminosity was still less than any other FRB detected as shown in Figure 1.5.

The burst consisted of two sub-bursts of less than 1 ms in duration, with the second sub-

burst arriving higher in frequency. The burst DM was ∼332 pc/cm3, much less than the

expected contribution from the Milky Way along that line of sight, indicating the galactic

origin of the burst (Cordes and Lazio 2002; CHIME/FRB 2020a). SGR1935+2154 was

in an active state and was being monitored by high energy telescopes at the time of the

burst, allowing the detection of a hard X-ray burst with two peaks at the same time as

the radio burst (Mereghetti et al. 2020). While the magnetar was very active in X-rays

and gamma rays, the burst detected by CHIME/FRB and STARE2 was the only radio

signal of this brightness detected. The detection of X-rays temporally coincident with this

candidate FRB marks the first detection of a non-radio counterpart to an FRB. While this

detection suggests magnetars can explain some of the FRB population (CHIME/FRB

2020a) it cannot completely explain the highly active and energetic repeating FRBs

or FRBs localized to galaxies with low star-formation (Bannister et al. 2019), where

magnetars are not expected to be (Kaspi and Beloborodov 2017).

The first CHIME/FRB catalog released included 536 FRBs, which vastly increased

the number of known FRBs in one fell swoop (CHIME/FRB Collaboration et al. 2021).

The first CHIME/FRB catalog included bursts from one-off events and a total of 18

repeating FRB sources. The sky distribution of non-repeating and repeating sources

appear to be uniform across the sky but for the first time showed that the duration

and spectral bandwidth between the two populations differed, potentially answering the

important question, do all FRBs repeat? (No). Pleunis et al. (2021b) further investigated

the morphology of the bursts in the CHIME/FRB catalog showing that non-repeating

FRBs cluster with high bandwidths (at 400 MHz, which is the maximum bandwidth

of CHIME) while repeating FRBs rarely reached such high bandwidths. Non-repeating

FRBs were also shorter in duration, rarely longer than 15 ms, while the duration of
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Figure 1.5: Phase diagram of radio transients showing isotropic equivalent spectral lumi-
nosities versus transient duration. ‘GRPs’ denote giant radio pulses, ‘Rotation-powered
NSs’ refers to RRATs and rotation powered pulsars, ‘accretors’ denotes binary systems
in the Milky way that undergo accretion, and SNe and GRBs refer to supernovae and
gamma ray bursts. The black star denotes the burst detected from the galactic magne-
tar SGR1935+2154 and is seen below the population of FRBs. Lines indicate constant
brightness temperature and the shaded region below 1012 K indicates sources that are
likely incoherent emitters. Figure from (Bochenek et al. 2020) reprinted with permission
from Springer Nature.
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repeaters varied smoothly to durations up to ∼ 30 ms. Pleunis et al. (2021b) also visually

identifies four basic morphologies of FRB, (a) broadband bursts with a single peak, (b)

narrowband bursts with a single peak, (c) complex bursts with multiple peaks, similar

frequency extent, and varying intensity, and (d) complex bursts with multiple sub-bursts

whose frequency drifts downward with later arrival time (see fig. 3 of Pleunis et al. 2021b

for examples). It is not clear what gives rise to these burst morphologies, whether it be

propagation effects or due to the emission mechanism.

The advent of wide field observations of transient phenomena brought with it the

discovery of a plethora of new unexpected FRB characteristics, including many more

repeating sources, periodic sources, different types of burst morphologies, and magnetars

as a potential source of some, but not all, FRBs.

1.3 Theories of Origin

The high energies, short durations, and high brightness temperatures seen from FRBs

imply a coherent emission mechanism from a compact source, ie. a mechanism whereby

the radiation in a burst is emitted in phase resulting in a high amplitude of radiation that

is usually beamed in the direction of the observer. This is as opposed to an incoherent

mechanism, where thermal processes results in randomly phased photons and a radiation

field that is much less intense and much less beamed.

Beyond this basic fact, it is very difficult to model all the observational characteristics

seen from FRBs. As we have seen, FRBs are seen in one-off non-repeating events, or from

sources that repeat. Sometimes these repeating source are periodic, possibly suggesting

some kind of orbital motion between the source and a companion object. Because FRBs

can repeat, the mechanism of emission is not inherently cataclysmic, and the lack of

counterpart at non radio wavelengths either suggests an observational lack of sensitivity to

signals at different wavelengths, or an emission process that efficiently releases energy only
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at radio wavelengths. In addition, the polarization properties of FRBs are deeply coupled

to the magneto-ionic environment of their source, and different combinations of linearly

polarized and circularly polarized signals are seen from FRB sources, complicating our

understanding of the inherent polarization induced by the emission mechanism.

This section will summarize the observational data and the constraints they place on

modelling the origin and emission mechanism of FRBs, and discuss popular theories in the

literature. In particular we focus on a family of theories centered around magnetars, and

the triggered relativistic dynamical model for the spectro-temporal properties introduced

by our group, as they are most relevant to this thesis. Early on it appeared that the

number of models of FRBs would outnumber the actual number of FRBs observed, and

no model currently fully explains all the observational characteristics of FRBs, and their

true nature remains unknown.

1.3.1 Observational Constraints

Spectro-Temporal Properties

Spectro-temporal properties refer to the features of an FRB that can be measured from

the frequency versus time plot of the signal, or waterfall. These include properties such as

the burst bandwidth, the burst duration, the center frequency of the burst, the frequency

drift rate between multiple sub-bursts if they are present, and the sub-burst slope6, which

is the frequency drift within a single burst. We have already seen that FRB sources can

be distinguished into non-repeating and repeating categories based on their bandwidth

and duration, as in the CHIME/FRB catalog (Pleunis et al. 2021b). In addition, of the

burst morphologies observed, complex bursts with downward drifting sub-bursts appear

to come exclusively from repeating sources. Multiple correlations exist between these

spectro temporal properties for bursts from repeaters, such as the inverse relationship

6We introduced this terminology in Chamma et al. (2021), and Jahns et al. (2022) uses ‘intra-burst
drift rate’.



1.3| Theories of Origin 29

between the sub-burst slope and duration first described in Rajabi et al. (2020), and

exists between distinct repeaters as well (Chamma et al. 2021). The drift rate has also

been observed to vary approximately linearly with frequency, as reported in Hessels et al.

(2019) and Josephy et al. (2019). These relationships provide useful guides for validating

models of FRB emission.

Polarization and Rotation Measure

The polarization measurements of FRBs and RMs derived from them provide additional

constraints and challenges to models. Bursts from the repeater FRB20121102A are seen

to have no circular polarization and 100% linear polarization with a constant position

angle even across studies, as seen in Michilli et al. (2018) and Gajjar et al. (2018).

Other repeaters do not follow this trend, for example in observations of the repeater

FRB20180301A by Luo et al. (2020) bursts seen to be were highly linearly polarized with

no circular polarization, however the polarization angle was seen to behave in a variety

of ways, being constant in some bursts, while increasing or decreasing linearly within the

profile of a single burst. This behaviour has not been seen in other repeaters, and can be

explained for example by the sweeping magnetic field lines around a rotating magnetar

(Luo et al. 2020).

Adding additional polarization constraints, Hilmarsson et al. (2021) observed the

repeating source FRB20201124A and detected circular polarization fractions of up to

20% for the first time from a repeater in 18 out of 20 bursts detected, in addition to

a high fractional linear polarization, and an increase in circular polarization percentage

was correlated with greater deviations from the average RM value.

The polarization properties of an FRB source can also drastically change over the

timescale of months as seen in 16 bursts from the repeating source FRB20190520B, which

were detected between ∼1.1 and ∼6.1 GHz by Anna-Thomas et al. (2022) over a span

of fourteen months. Over the course of those observations, the RM varied from 2.1× 103
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rad/m to −24× 103 rad/m, nearly spanning spanning the full range of RMs observed for

every pulsar in the Milky Way and most FRBs observed. While the magnitude of the

RM observed from FRB20121102A was larger, the range of RMs observed here varied

in a way unprecedented for any astrophysical source (see fig. 1 of Anna-Thomas et al.

2022), and the sign change in RM can only be explained by a flipping of the magnetic

field orientation along the line of sight (see equation 1.10). The polarization fraction of

the bursts seen was seen to decrease with observing frequency.

The large RM variability and decrease in polarization fraction with frequency were

interpreted to be the result of propagation through a dense and turbulent plasma around

the source (Anna-Thomas et al. 2022). A decrease in polarization (or depolarization) can

occur through the process of Faraday conversion, which can occur in dense enough media

and causes a transfer between linear polarization and circular polarization. Scattering

that occurs along the line of sight through an ionized screen can result in Faraday con-

version occurring with differing amounts for differing rays, and, when observed together,

can result in a loss of total polarization (Gruzinov and Levin 2019; Vedantham and Ravi

2019).

In Summary, the polarization properties of FRBs are seen to have large polariza-

tion fractions as in the nearly completely linearly polarized bursts from FRB20121102A

and complex and varying behaviour such as in bursts from the repeaters FRB20180301A,

FRB20201124A, and FRB190520B. These observations are potentially understood through

propagation through a dense plasma around a highly magnetized environment, and po-

larimetric observations at different frequencies can be a tool for modelling the details of

such an environment.

Activity and Periodicity

Rates of burst activity from FRBs have been observed to fluctuate in unpredictable ways,

with rains of bursts happening in a short period of time followed by almost silence. The
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existence of periodicity in FRB repeaters implies some kind of binary orbit interaction

that could modulate the FRB signals in a periodic way. These temporal properties of

FRB activity are difficult to explain but can provide information about the timescales of

the objects involved in FRB emission and the emission process itself.

As mentioned earlier, the repeating source FRB20180916B was the first source seen

to behave periodically, with a period of 16.35 days and its bursts arriving in clusters of

activity throughout the duration of the period. In observations with the Apertif (1220

to 1520 MHz) and LOFAR (110 to 190 MHz) radio telescopes covering seven activity

cycles of FRB20180916B, 54 and 9 bursts were detected respectively (Pastor-Marazuela

et al. 2021; Pleunis et al. 2021a). When folded over the period of the activity cycle, the

higher frequency Apertif bursts were seen to occur in an earlier and narrower window

than the low frequency LOFAR bursts, which were also the lowest frequency detections

of any FRB. These observations mean that a successful model must explain not only

the periodicity of FRB20180916B but also the frequency dependent activity cycle of its

bursts.

A possible periodicity of 161 ± 5 days was also found in the first discovered repeater

FRB20121102A in multi-wavelength observations by Cruces et al. (2020). The hint of a

periodicity first came from the observation that bursts in FRB20121102A were clustered

in time, similar to the clustering of burst activity seen from FRB20180916B, and from an

analysis of bursts detected with the Lovell telescope along with archival bursts spanning

5 years (Rajwade et al. 2020). Extensive observations were needed to establish this

periodicity, with 128 hours of observations over three years combined with observations

from Hardy et al. (2017) and Houben et al. (2019), for a total of 165 hours of objects

for a just under 3σ detection of a 161 day period. The long period 161 day period of

FRB20121102A contrasts with the much shorter 16.35 day period of FRB20180916B,

and challenges some models such as precessing neutron stars which are not expected to

reach such long periods (Rajwade et al. 2020).
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Using the FAST telescope, Xu et al. (2021) detected a whopping 1863 bursts from

FRB20201124A from April 1 to June 11 2021, with an irregular burst rate that varied

from∼5 bursts/hr to a peak of∼45 bursts/hr. Prior to this active period, FRB20201124A

was emitting bursts at a rate of < 3.4 bursts/day (Lanman et al. 2022). Over the duration

of FAST’s observation period, the burst rate fluctuated but increased gradually before

suddenly stopping completely, with no bursts detected 20 days after the sudden end. The

RM of the bursts evolved as well, varying irregularly from -887 rad/m2 to -362 rad/m2

over the course of the observations. Interestingly, the RM variations halted 20 days

before the sudden end in bursts while the burst rate was increasing. The bursts detected

from FRB20201124A had high levels of circular polarization differing from observations

of other FRBs and were thus inconsistent with Faraday conversion as the sole source of

circular polarization. Since Faraday conversion is a propagation effect, this suggests that

the level of circular polarization originates from the emission mechanism.

These observations show that the burst rate and activity of a source can vary in

sudden and dramatic ways, and that these variations in activity can be connected to

the magneto-ionic environment of the source. It is not yet clear if all repeaters have a

periodicity, since FRB20121102A showed that such a period can be quite long and require

years of observation to establish.

Environments

Several FRB sources have been localized to host galaxies and are typically found in

or near star-forming regions, consistent with FRBs originating from a young compact

source such as a magnetar (Petroff, Hessels, and Lorimer 2022). A handful of repeaters

such as FRB20121102A have been co-located with a persistent radio source, supporting

the association with a compact object. Using the Australian Square Kilometer Array

(ASKAP), Bhandari et al. (2020) localized four different FRBs using a single burst to 4

different host galaxies and found that all of them were located in the outskirts of their
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galaxy. Differences in localized environments exist between FRBs, with, for example,

FRB20200120E localized to a globular cluster in the nearby galaxy M81 (Bhardwaj et al.

2021; Kirsten et al. 2021). Globular clusters consist of old stellar populations and do not

host star formation, so explaining this FRB source requires a different way of forming

a compact highly magnetized object such as a magnetar. For example, a merger or a

stellar collapse triggered by accretion could be needed (Kirsten et al. 2021). Following

the localization of the periodic repeater FRB20180916B, Tendulkar et al. (2020) studied

the 60 pc environment around the source and found that FRB20180916B was 250 pc

away from the nearest site of star-formation, a distance incompatible with the typical

velocities of a young magnetar leaving its stellar nursery. They concluded that it would

take 800 kyr - 7 Myr to arrive at its present location while a magnetar is only expected

to be active in its first 10 kyr. Though FRBs seem to consistently come from highly-

magnetized compact regions, these regions have been localized to a diverse array of larger

environments in their host galaxies.

In addition to the constraints listed above, such as the spectro-temporal properties

of bursts, their polarization signatures, the activities and periods of repeating sources,

and the variety of environments that FRBs are found in, any successful model of FRBs

must of course explain the vast energies and high brightness temperatures seen from

FRBs. Furthermore, they should also be able to explain these signals without significant

counterpart at other wavelengths of the electromagnetic spectrum, as despite several

multi-wavelength studies, no significant amount of radiation in the optical, X-ray, or

gamma rays have been detected except the event from SGR1935+2154, and FRBs are

almost exclusively seen in the radio.

1.3.2 Magnetars and other compact progenitors

The short durations and high brightness temperatures of FRBs imply that the source of

FRBs must be compact and that emission is coherent (Lyubarsky 2021). As discussed
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in Section 1.2.1 brightness temperatures of FRBs are observed in excess of 1035 K. Since

the brightness temperature of a group of emitting particles must be less than its actual

temperature (we observe it at a distance), the high brightness temperature can only

be explained if the electromagnetic waves are emitted in phase by a large number of

particles. If we assume an event cannot originate from an extent that is larger than the

time it takes for light to travel across is, then the durations of FRBs imply that the size

of the emitting region a is less than about

a ≲ τc ∼ (1ms) c ∼ 300 km, (1.11)

where 1 ms is the order of magnitude of bursts observed and c is the speed of light. In

astronomy objects of size 300 km with the energy densities capable of producing FRBs

are stellar remnants with extreme environments such as white dwarfs, neutron stars,

magnetars (young neutron stars that are highly magnetized), and black holes. If the

source is relativistic, then the condition in equation (1.11) does not hold and the size of

the region a can scale to astronomical sizes (Rybicki and Lightman 1979).

As an example of how a compact object could generate FRBs, an enormous gamma-

ray burst dubbed a ‘giant flare’ or ‘hyperflare’ from a galactic magnetar released 1046

erg of energy and was, at the time, the brightest event ever observed from within our

galaxy, releasing more energy in 0.2 s than the sun does in a quarter of a million years

(Hurley et al. 2005; Palmer et al. 2005; Popov and Postnov 2007). The powerful magnetic

fields surrounding magnetars are an enormous reservoir of energy that can be released by

magnetic ‘braking’ with material in the surrounding environment or through reconnection

events. Reconnection events, analogous to magnetic field loops and coronal mass ejections

seen in our Sun, involve the sudden and violent release of material as the end points of

the super strong magnetic field snap off and then reconnect back onto the surface of

the magnetar. These events are believed to be responsible for gamma ray and X-ray
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bursts observed from magnetars and can potentially lead to radio emission when charged

particles are trapped by and travel along the magnetic field lines (Lyutikov 2002).

Because of the rates of hyperflares and the proposed reconnection mechanism by Lyu-

tikov (2002), flares from magnetars were quickly believed to be possible sources of FRBs

(Popov and Postnov 2007). As evidenced by hyperflares, magnetars have the necessary

energy budget to generate FRBs even from repeating sources and the observation of a

weak FRB from a galactic magnetar (CHIME/FRB 2020a; Bochenek et al. 2020) strongly

suggests magnetars as a possible progenitor of at least some FRBs (Popov and Postnov

2007; Lyubarsky 2021; Petroff, Hessels, and Lorimer 2022).

Magnetars (first described and coined in Duncan and Thompson 1992) are neutron

stars that form under certain conditions during gravitational collapse, producing a mag-

netic field between B ∼ 1014 − 1015Gauss, or three orders of magnitude greater than

normal radio pulsars. The conditions for a magnetar to form include an initial rotation

period on the order of 1 ms, leading to convection currents and shearing of the magnetic

field that can result in much greater magnetic fields than normal (Duncan and Thomp-

son 1992). Magnetars were first observed through the detection of repeating soft-gamma

ray bursts with 8-second pulsations from the Venera 11 and 12 space probes (Mazets

et al. 1979; Mazets, Golenetskij, and Guryan 1979; Kaspi and Beloborodov 2017), and

observations of similar sources led to the designation of a class of astrophysical source

called Soft-Gamma-ray Repeaters (SGRs) due to a lower spectral energy distribution

than typical Gamma-Ray Bursts (GRBs). Certain phenomena distinguish magnetars

from radio pulsars or other neutron stars, including extreme magnetic braking where

magnetic energy is dissipated into surrounding material and slows the rotation period P

of the magnetar. The measurement of the time derivative of a pulsating object’s period

Ṗ , or the spin-down rate, can be used to estimate the magnetic field strength. The

magnetic field strength can be estimated through B = 3.2 × 1019
√
PṖ G (Kaspi and

Beloborodov 2017) and the measurement of two spin-down rates for SGR 1806-20 and
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SGR 1900+14 implied magnetic field strengths of 1014 G, confirming the existence of

magnetars and that SGRs originate from them (Kouveliotou et al. 1998, 1999).

Magnetars are difficult to detect and are primarily observed through soft-gamma ray

or X-ray bursts (Duncan and Thompson 1992; Kaspi and Beloborodov 2017). The total

number of known magnetars is 30, with 16 of those identified as SGRs and the remaining

through their X-ray emission, named Anomalous X-ray Pulsars (AXPs) (Olausen and

Kaspi 2014)7. The known magnetars, all in our galaxy, are confined to the galactic

plane, with a scale height of 20-30 pc. This, along with the measured proper velocities

(velocities orthogonal to the line of sight) of the magnetars, implies that magnetars travel

about 20 pc every 105 years, and the lack of magnetars beyond the galactic plane implies

that magnetars are exclusively young neutron stars with a lifetime less than 100,000 years

(Kaspi and Beloborodov 2017).

Magnetars are a promising progenitor for some FRBs, satisfying the conditions that

they be compact, with energy reservoirs large enough to power one-off FRBs as well as

repeating sources in non-cataclysmic events, and with a magnetic environment that is

conducive to the emission of coherent radiation.

1.3.3 Coherent Emission Mechanisms

The emission mechanism of FRBs is not known, however most theories center around

generating coherent radiation through the interaction of ionized material with a local,

complex magnetic field, and the propagation of electromagnetic waves in plasmas around

a compact progenitor, such as a magnetar. We briefly summarize here different possible

mechanisms that can produce coherent radiation; broader and deeper summaries can be

found in, for example, Platts et al. (2019) and Lyubarsky (2021).

7http://www.physics.mcgill.ca/~pulsar/magnetar/main.html

http://www.physics.mcgill.ca/~pulsar/magnetar/main.html
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Curvature Emission by Bunches

One family of theories revolves around emission from bunches of electrons travelling

along the curved magnetic field lines of a progenitor, or curvature emission of bunches

(Lyubarsky 2021; Wang et al. 2022). Electrons with Lorentz factors γ = 1/
√
1− v2/c2

near γ ∼ 100 (or 0.9999 the speed of light) traveling along magnetic field lines form

bunches due to plasma waves caused by instabilities in the plasma. The power P radiated

by this mechanism taking into account that the radiation originates from a plasma is given

by (Gil, Lyubarsky, and Melikidze 2004; Lyubarsky 2021)

P ≃ 0.1
q2cγ4

R2
c

[
ω′
c

ω′
p

(
1−

γ2
p

γ2

)]2
, (1.12)

where q is the charge of the particles (usually electrons so q = e), Rc is the curvature

radius of the magnetic field line a bunch travels along, ω′
p is the plasma frequency, ω′

c =

cγ3/Rc is the characteristic frequency emitted by a bunch, and γ and γp is the Lorentz

factor of the emitting bunch and plasma, respectively. This equation shows that for

plasma velocities close to the velocity of the bunch, or γp ≈ γ, the emitted power is

greatly suppressed and even cancels if moving together. Lyubarsky (2021) also argues

that the conditions under which bunches are assumed to arise in this model are not

realistic as they assume that the plasma instabilities giving rise to the bunches have

much lower energy than the plasma, whereas the electric potential energy of the bunch

can be shown to be almost a billion times greater than the plasma energy. Because of

the theoretical uncertainty in the existence of plasma bunches along a magnetic field

line and the suppression of emitted power even if the bunches exist, Lyubarsky (2021)

concludes that this family of models are highly speculative. Nonetheless, some studies

such as Wang et al. (2022) use the model with reasonable success in explaining some of

the polarization and spectro-temporal properties of FRBs.
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Synchotron Masers and Relativistic Shocks

Masers are the generation of coherent radiation through amplification by the stimulated

emission of photons (Einstein 1916). A photon with frequency corresponding to the

transition energy in an atom or molecule can stimulate the emission of a photon when

interacting. A photon emitted in this way is in phase with the stimulating photon and

significant amplification of the radiation field (ie. an increase in the number of photons)

can result if there exists a large population of atoms or molecules in an excited state, a

phenomenon commonly referred to as “population inversion”.

Synchotron radiation results from the rotational motion experienced by charged par-

ticles in a magnetic field. Electrons, which are usually the primary constituents of a

plasma, cannot experience an inversion in the population of their energy levels unless

they are relativistic (Lyubarsky 2021). Relativistic electron in synchotron motion will

emit at, and at harmonics of, their rotational frequency, and if an inversion exists in

the population this radiation can be amplified by stimulated emission, resulting in a

synchotron maser.

A popular way of generating the inversion necessary for a synchotron maser is through

relativstic shock waves, where material emitted by the progenitor moving at extreme

velocities moves into an area with strong magnetization. Charges in the relativstic shock

respond to the magnetization by gyrating, creating an inversion, an ultimately producing

coherent radiation (Gallant et al. 1992; Metzger, Margalit, and Sironi 2019).

Such models can explain the high degrees of linear polarization observed from FRBs

such as FRB20121102A, as well as the consistent polarization angle observed over months

of observations, also in FRB20121102A (Michilli et al. 2018; Gajjar et al. 2018), through a

fixed direction for the magnetic field in the plasma that the shock wave encounters. If the

synchotron maser in relativistic shocks is powered by material ejected from a magnetar or

similar compact object then the direction of the magnetic is fixed in the direction normal

to the rotation axis as needed to explain the aforementioned polarization properties
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(Metzger, Margalit, and Sironi 2019).

Dicke’s Superradiance

Dicke’s Superradiance (Dicke 1954) is a cooperative quantum optical phenomenon where

ensembles of atoms or molecules interact with one another through their common elec-

tromagnetic field resulting in enhanced spontaneous emission rates. The radiation ema-

nating from the ensemble is coherent, and exhibits timescales and intensities that are a

function of the number of molecules in the system, and so spontaneously emit differently

when together. With the understanding that the interaction with a common radiation

field leads to entanglement of the gas’s constituents Dicke (1954) considers a radiating gas

as a single quantum-mechanical system and calculates correlations of the energy states

between different atoms/molecules in the gas, for both small volumes and gas spanning

a large extent with a distribution of velocities.

A simple example motivating such a correlation is given in the case of a neutron

radiating in a uniform magnetic field; when alone, an excited neutron (say, with its spin

up) will eventually decay to its ground state through a magnetic dipole transition and

emit a photon with 100% probability. However, when in proximity to another neutron

with opposite initial spin state, the system can evolve to only a 50% chance of having

transitioned, since the initial state of the system is a superposition of the corresponding

triplet (spin s = 1) and singlet (s = 0) states. In comparison, the probability of emission

is 100% but at twice the transition rate if the system is initially in the triplet state. In

contrast, because the singlet state cannot couple to the state where both neutrons are

de-excited the probability of emission is 0% when in that state. Dicke (1954) also showed

that a pulse of coherent radiation can stimulate gas into a state of coherent emission.

Thus superradiance has the necessary ingredients for enhancing intensities of radiation

from a gas, modifying the timescales of emission for potentially burst-like behaviour, and

producing coherent radiation.
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Applying superradiance to astrophysical masers, Rajabi and Houde (2016a,b, 2017)

showed that for different spectral transitions such as the 21 cm line in Hydrogen, the OH

1612 MHz, the 6.7 GHz methanol, and the 22 GHz water spectral lines superradiance is

characterized by high-intensity and coherent burst like behaviour, with timescales ranging

from seconds to years. By modelling maser flares with superradiance, these studies

imply that large numbers of molecules over astronomical distances can form entangled

quantum mechanical systems and emit coherently as an ensemble. Pulses generated in

superradiance have a characteristic time-scale TR given by

TR = τsp
8π

3nLλ2
, (1.13)

where τsp is the timescale of spontaneous decay for the transition, n is the density of

inverted molecules, L is the length of the superradiating sample, and λ is the wavelength

of the radiation. The total number of molecules participating in the superradiant emission

is given by N = nλ2L for a cylindrical sample. Bursts are emitted after the inversion

density reaches a critical threshold (nL)crit given by

(nL)crit ≃
2π

3λ2

τsp
T ′

∣∣∣ln(π√N
)∣∣∣2 , (1.14)

where T ′ is the timescale of collisions and other non-coherent processes that dampen

superradiance, and after a delay time τD given by

τD ≃ TR

4

∣∣∣ln(π√N
)∣∣∣2 . (1.15)

Equations (1.13) to (1.15) show that the duration of a pulse scales as TR ∝ τsp/N while

the intensity of the pulse I can be shown to be proportional to I ∝ N2I0, where I0 is

the intensity of a single molecule when emitting non-coherently (Houde, Mathews, and

Rajabi 2017; Houde et al. 2019). Superradiant pulses can also exhibit ringing, or multiple
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bursts of decreasing intensity after the initial pulse.

The characteristic timescales and intensities of superradiant pulses and their depen-

dence on the number of molecules N allow for the modelling of FRB pulses (Mathews

2017), as done in Houde, Mathews, and Rajabi (2017) for FRB110220, FRB150418, and a

burst from FRB20121102A. This showed that superradiance could be used to account for

the timescales, profiles, intensities, polarization and repeating behavior of FRBs. Houde

et al. (2019) shows that a pulse of coherent radiation can trigger a superradiant pulse

(the FRB in this model) by polarizing the medium and reducing the critical threshold

(nL)crit needed for superradiance. Houde et al. (2019) used superradiant pulses based

on the OH 1612 MHz and 6030 MHz lines to model FRB110220 (Figure 1.3) and two

bursts from FRB20121102A. For FRB110220 an inversion density of n ∼ 0.01 cm−3, a

sample size of 280 au and a trigger pulse lasting 0.54 ms was sufficient to produce the

profile of the FRB. For FRB20121102A similar values held, with a sample size of 300

au and a range of number densities between 0.12 and 1 cm−3, with a trigger duration

of 0.1 ms. These triggered superradiant models require lots of material and very short

coherent triggers to produce FRBs, and Houde et al. (2019) argued that young pulsars

could produce the necessary triggers out to a distance of 100 pc from the FRB source.

1.3.4 Triggered Relativistic Dynamical Model8

The triggered superradiant model for FRBs implies that the FRB source itself is a pop-

ulation of molecules or atoms in a gaseous or plasma state becoming quantum entangled

through a coherent trigger. Separate from superradiance or any other emission mech-

anism, if the FRB source truly is a diffuse cloud of some sort then it will be subject

to dynamical motions at potentially relativistic velocities that will affect the observed

spectro-temporal properties of FRBs emitted from it, especially when considering the

extragalactic nature of FRBs. To characterize the effect of these motions on the spectro-

8F. Rajabi, M. A. Chamma, C. M. Wyenberg, A. Mathews, & M. Houde. MNRAS, Volume 498,
Issue 4, pp. 4936-4942. See co-authorship statement and Chapter 2 for my contribution to this paper.
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temporal properties of FRBs and inspired by the triggered model in the context of super-

radiance, Rajabi et al. (2020) presented a simple dynamical model and derived several

relationships that could account for observed effects such as the drift rate of bursts with

multiple components, where sub-bursts within a burst arrive at lower frequencies at

later times, or the decrease in burst duration with increasing frequency. In addition it

predicted a novel inverse relationship between the sub-burst slope (drift rate within a

single sub-burst) and burst duration that was verified with a small sample of bursts from

FRB20121102A. This model presents a picture of FRBs that is consistent with them re-

sulting from a narrow-band emission process and the wide-band measurements of FRBs

being due to relativistic motions within the source. This model is consistent with Dicke’s

superradiance but is agnostic to the details of the emission mechanism and trigger, and

only considers the motions of the source.

Figures 1.6 and 1.7 respectively show a schematic and time sequence of the FRB phe-

nomenon as conceptualized within the triggered relativistic dynamical model (TRDM).

The system consists of the FRB source located between the trigger and the observer

with the source moving towards the observer with some relativistic velocity β = v/c.

The time sequence of events consists of a trigger followed by a time delay τ ′D preceding

the emission of the FRB at an assumed rest frame frequency ν0 with duration τ ′w, where

the prime indicates the durations as measured in the rest frame of the source.

By applying the Lorentz transformation on the space-time coordinates of the event

to determine their coordinates in the observer’s frame as well as the relativistic Doppler

shift formula to account for the change in observed frequency, Rajabi et al. (2020) derive

several relationships between the spectro-temporal properties of a burst. The time delay

tD and burst duration tw in the observer frame are given by

tD = τ ′D
ν0
νobs

, (1.16)
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Trigger

FRB Source

Observer

L

D

Figure 1.6: Schematic of the system considered for the FRB model of Rajabi et al. (2020).
It consists of a trigger source, an FRB source and an observer. All are assumed to be
aligned along the line of sight from the observer, with the trigger source located behind
the FRB. The FRB source is moving at a potentially relativistic velocity v = βc = βcex
relative to the observer. Figure taken from Rajabi et al. (2020).
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D

′
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Trigger

FRB

Figure 1.7: Time sequence for the trigger signal, the delay time τ ′D and the burst duration
τ ′w as seen in the reference frame of the FRB source (not to scale). Figure taken from
Rajabi et al. (2020).
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tw = τ ′w
ν0
νobs

, (1.17)

where

νobs = ν0

√
1 + β

1− β
, (1.18)

is the observed frequency of the burst given by the relativistic Doppler shift formula.

This shows an inverse relationship between a burst’s duration and its frequency.

For FRBs with multiple sub-bursts, as is occasionally observed, equation (1.16) can

be used to find the differences in their arrival times ∆tD when assuming they were all

emitted at the same rest frame frequency ν0 with slightly differing velocities β to obtain

∆tD = −tD

(
∆νobs
νobs

− ∆τ ′D
τ ′D

)
. (1.19)

This equation can be used to derive a relationship for the drift rate between multiple

sub-bursts ∆νobs/∆tD by considering the second term describing sub-bursts with varying

proper delay time ∆τ ′D, and yields

∆νobs
∆tD

=
νobs
ν0

dνobs
dτ ′D

, (1.20)

where dνobs/dτ
′
D is a parameter whose sign determines if the sub-bursts decrease in fre-

quency with increasing arrival time (negative) or if their frequency increases (positive).

Equation (1.19) in turn can be used to find a relationship for the sub-burst slope dνobs/dtD

by considering a single sub-burst (∆τ ′D = 0),

dνobs
dtD

= −
(
τ ′w
τ ′D

)
νobs
tw

, (1.21)

which predicts an inverse relationship with the burst duration and a linear relationship

with the observed burst frequency.

In the TRDM, the spectral extent and differences in arrival and time and duration are
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simply due to differences in the velocity β of FRB sources along the line-of-sight relative

to the observer.

1.4 This Thesis

The predictions of the triggered relativistic dynamical model (Rajabi et al. 2020) are all

readily testable through the measurement of spectro-temporal properties and such work

is the central theme of my thesis.

Chapter 2 will detail the first measurements of sub-burst slope for a small sample

of bursts from the first repeater discovered, FRB20121102A. These measurements are

used to validate the predictions of TRDM, finding evidence for the inverse relationship

predicted between the sub-burst slope and duration.

Following this work I explore this relationship for other repeating FRBs, and Chapter

3 details an analysis of bursts from FRB20121102A once more, the second repeater discov-

ered FRB20180814A, and the first repeating periodic source discovered FRB20180916B,

where we see that the inverse relationship predicted in the TRDM holds for all three

sources and that they are nearly indistinguishable from one another.

Finally, I focus on the bursts of a single source to test the limits of the TRDM and to

understand if every burst from a source obeys the same spectro-temporal relationships. I

analyse a broad sample of bursts from the most well observed repeater FRB20121102A.

The bursts from this source span the broadest range of observed frequencies and durations

and has been observed for the longest period of time (owing to it being the first discovered

repeater). Chapter 4 describes this analysis and finds that the broad sample of bursts fit

well with the predictions of the TRDM, and also details the discovery of a relationship

between the bandwidth and sub-burst duration that cannot be explained within the

TRDM, potentially providing a new clue to the emission mechanism of FRBs.
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Chapter 2

A simple relationship for the

spectro-temporal structure of bursts

from FRB 2020121102A1

2.1 Observational evidence for the triggered rela-

tivistic dynamical model

Before discussing the consequences ensuing from the model introduced in Rajabi et al.

(2020) and summarized in Section 1.3.4, it will be beneficial to define the terminology

used to describe the spectro-temporal structure of FRBs. To do so we show in Figure 2.1

the example of Burst 11A detected in FRB 20121102A by Gajjar et al. (2018). As can be

seen, four separate intensity pulses, labelled 11A1a, 11A1b, 11A2, and 11A3 in the figure,

are identified. Following the literature, we will refer to these intensity features as “sub-

bursts.” Likewise, there has been ample discussions of frequency drifts with arrival time

1Material adapted from F. Rajabi, M. A. Chamma, C. M. Wyenberg, A. Mathews, & M. Houde.
MNRAS, Volume 498, Issue 4, pp. 4936-4942. This chapter focuses on my contributions while the re-
maining material contributed by my co-authors is summarized in Section 1.3.4. Please see co-authorship
statement for more details.
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in the signals of repeating FRBs (Gajjar et al. 2018; Hessels et al. 2019; Josephy et al.

2019; CHIME/FRB Collaboration et al. 2019). Here, we differentiate between two kinds

of frequency drifts: i) the relative downward drift in the central frequency of successive

sub-bursts with increasing arrival time, generally referred to as the sad trombone effect,

and ii) the steeper downward frequency drift within a single sub-burst; we define this

behaviour as the “sub-burst drift.”2 Both frequency drifts can be explained using our

simple model.

Within the framework of the TRDM, there can be more than one FRB source located

along the line-of-sight between the observer and the trigger source. It is important to

note that equations the relativistic Lorentz transform equations (1) and (2) in Rajabi

et al. (2020) and equations (1.16) to (1.18) apply equally well to all these sources, even in

cases where they are located at different distances from the observer. That is, if two such

FRB sources emit identical sub-bursts, i.e., at the same frequency ν0 and with the same

time-scales τ ′D and τ ′w in their local rest frames, their signals would be indistinguishable

for the observer (i.e., they would be detected at the same time and would have the same

duration) whenever the frames move at the same velocity relative to the observer. This

is because the more distant FRB sources along the line of sight will burst earlier than

sources that are closer. Within the context of our model, measured differences in time

of arrival and duration between identical sub-bursts in the FRB source are solely due to

differences in their respective velocity β relative to the observer.

2.1.1 Predictions made by the model – FRB 20121102A

Equations (1.16) to (1.19), although very simple, have profound implications. In what

follows we discuss some predictions that can be drawn from them concerning the char-

2This terminology was updated to “sub-burst slope” in the following chapters in an attempt to reduce
confusion in the literature between the two types of frequency drift. For this chapter “sub-burst drift”
is equivalent to “sub-burst slope” in all cases and describes behaviour observed in a single sub-burst.
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Figure 2.1: Burst 11A detected from FRB 20121102A by Gajjar et al. (2018). The
different sub-bursts are identified and their relative drift is clearly seen. Many other such
examples exist in the literature at different frequency bands for FRB 20121102A (e.g.,
Hessels et al. 2019) and other repeaters (CHIME/FRB Collaboration et al. 2019; Fonseca
et al. 2020).
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acteristics of FRB signals, as detected in the observer’s reference frame.

Sub-burst duration vs. frequency of observation

A readily measurable parameter of FRB pulses is their time duration. To be precise,

in cases where multiple sub-bursts are detected during one event, as in Figure 2.1, we

focus on the sub-burst width tw as opposed to the duration of the whole event. Equation

(1.17) clearly shows that for a given proper time-scale τ ′w and emission frequency ν0 in

the FRB rest frame one should expect shorter sub-bursts with increasing frequency of

observation νobs. A similar behaviour is predicted for the observed time delay tD (see

equation 1.16). However, since the time delay cannot be unambiguously determined for

a given event (i.e., the time of the trigger is unknown), it is advantageous to focus on tw

instead of tD.

Although this behaviour is visually apparent in individual sub-bursts (see Figure 2.1),

the effect should be more pronounced between observations made in different frequency

bands. However, as will be seen in Sec. 2.1.1 when using the FRB 20121102A data

of Michilli et al. (2018), observations at a given frequency reveal a significant spread in

sub-burst durations (i.e., tw covers a wide range of values). It follows that experimental

verification of the prediction of a decrease in sub-burst duration with increasing frequency

requires a significant amount of data over several frequency bandwidths. Although this

complicates such a test, a decrease in sub-burst duration with increasing frequency has

already been noted using comparisons of observations obtained in different frequency

bands for FRB 20121102A (Gajjar et al. 2018; Hessels et al. 2019). In particular, Gajjar

et al. 2018 summarize some of the past observational data on FRB 20121102A and clearly

show the narrowing of signal at higher frequencies in their Figure 7b3.

3Although the decrease in burst duration with increasing νobs is clearly visible in Figure 7b of Gajjar
et al. (2018), the effect is likely more pronounced than seen there as the authors do not measure the
sub-burst duration tw but rather the duration of the whole event. This provides an upper limit for tw,
especially at higher frequencies where multiple sub-bursts are more likely to be detected (as in Figure
2.1).
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Sub-burst drift vs. sub-burst duration

We now discuss a striking feature that can be extracted from the dynamic spectra of FRB

signals from repeaters, either from lone bursts or individual sub-bursts. More precisely,

we focus on the variation in frequency with time within a given sub-burst, which, as

mentioned earlier, we refer to as sub-burst drift. This feature is not to be confused with

the sad trombone effect to be discussed later, which, as previously mentioned, concerns

the relative drift of the central frequency in a sequence of sub-bursts. The slope of the

sub-burst drift is more pronounced than that observed for the sad trombone (see Figure

2.1).

We define the sub-burst drift as the corresponding slope dνobs/dtD observed in the

dynamic spectrum of a signal. As mentioned in Section 1.3.4, we can find an expression

for this quantity by setting ∆τ ′D = 0 in equation (1.19) (i.e., focusing on a single sub-

burst) and thus obtain

dνobs
dtD

= −νobs
tD

= −
(
τ ′w
τ ′D

)
νobs
tw

, (2.1)

for the slope at the beginning of the sub-burst. The ratio of equations (1.16) and (1.17)

was used for the last relation. This was done because tw is readily measurable from the

data while, as mentioned earlier, the delay time tD is not known in the absence of the

trigger signal.

Equation (2.1) predicts that for a given frequency νobs, the sub-burst drift scales

inversely with its time duration tw. To verify this behaviour, we have extracted dνobs/dtD

and tw from some data available for FRB 20121102A. More precisely, both quantities were

quantified using the autocorrelation function technique introduced by Hessels et al. (2019)
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Figure 2.2: (Top) Dynamic spectra of Bursts #2 and #3 from Michilli et al. (2018)
with (bottom) their two-dimensional autocorrelation functions (Hessels et al. 2019). The
contours plotted on each autocorrelation function are for the one- and two-standard
deviation levels of a two-dimensional Gaussian fit. The corresponding sub-burst drifts
for #2 and #3 are −741 MHz/ms and −2824 MHz/ms, respectively. Note how the
steeper slope for Burst #3 corresponds to a shorter sub-burst duration.
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on the dynamic spectra presented in Michilli et al. (2018), Gajjar et al. (2018) (only Bursts

11A (and its sub-bursts) and 11D) and Josephy et al. (2019) (one CHIME/FRB detection

centred at ∼ 630 MHz). We show two examples taken from the Michilli et al. 2018 data

in Figure 2.2. In all cases the autocorrelation (bottom panels) of the dynamic spectrum

(top panels) was fitted to a two-dimensional Gaussian function, where the orientation

of the minor and major axes relative to the vertical and horizontal axes reveal the sub-

burst drift dνobs/dtD while the intersection of the one-standard deviation contour with the

horizontal axis provides us with an estimate of the duration tw. The behaviour predicted

by equation (2.1) can be clearly seen in these examples, i.e., the shorter pulse having a

steeper slope dνobs/dtD.

Our results are summarized in Figure 2.3, where we plot |dνobs/dtD| vs. tw on loga-

rithmic scales for all the data published in Michilli et al. (2018) (red circles), as well as

that from Gajjar et al. (2018) (teal diamonds) and Josephy et al. (2019) (blue square,

one datum). Whenever possible we identified and separated sub-bursts within a dynamic

spectrum (as shown in Figure 2.1 for Burst 11A of Gajjar et al. 2018) and ran the two-

dimensional autocorrelation analysis separately on each feature. Although it was at times

difficult to determine when and where should such a procedure be applied, the system-

atic temporal narrowing of sub-bursts with steeper drifts is clearly seen in the data. The

solid red curve in the figure is the result of a fit of the type |dνobs/dtD| = Aνobs/tw to

the Michilli et al. (2018) data alone (i.e., νobs = 4.47 GHz, see below), where we find

A = τ ′w/τ
′
D ≃ 0.1.

It should be noted that since the relation between dνobs/dtD and tw also depends on

νobs (see equations 1.17 and 2.1), one needs to scale data points obtained at different

frequencies in order to meaningfully compare them. More precisely, insertion of equation

(1.17) in equation (2.1) shows that dνobs/dtD ∝ ν2
obs/ν0, while tw ∝ ν0/νobs. If we assume

that data obtained in different frequency bands (e.g., ∼ 4.5 GHz for Michilli et al. 2018,
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Figure 2.3: A plot of |dνobs/dtD| vs. tw on logarithmic scales for the data of Michilli
et al. (2018) (red circles), Gajjar et al. (2018) (teal diamonds; only Bursts 11A (and
its sub-bursts) and 11D) and Josephy et al. (2019) (blue square; one datum). These
parameters were extracted using the two-dimensional autocorrelation technique of Hessels
et al. (2019).The solid red curve is for the fit |dνobs/dtD| = Aνobs/tw on the Michilli et al.
(2018) data (i.e., νobs = 4.47 GHz); A ≃ 0.1. The Gajjar et al. (2018) and Josephy
et al. (2019) data were scaled according to their frequency of observations relative to the
Michilli et al. (2018) data (see text). Error bars shown only account for uncertainties
derived from the underlying Gaussian fit and do not reflect uncertainties caused by, for
example, de-dispersion of the data.
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∼ 6–8 GHz for Gajjar et al. 2018 and ∼ 600–700 MHz for Josephy et al. 2019) were

emitted at the same frequency ν0 in their respective rest frames, then we must choose

one data set as a reference (we selected the Michilli et al. 2018 data set for this) and

calibrate the others against it for direct comparison. For example, the sub-burst drifts

for the Gajjar et al. (2018) data were scaled down through a multiplication by (νM/νG)
2

and their duration scaled up by νG/νM, with νM and νG the centre frequencies for the

Michilli et al. (2018) and Gajjar et al. (2018) sub-bursts, respectively. We adopted a single

frequency νM = 4.47 GHz for all the Michilli et al. (2018) sub-bursts, while we adjusted

νG for those from Gajjar et al. (2018) to match the observed frequencies. The same

process was applied for the CHIME/FRB datum centred at ∼ 630 MHz (Josephy et al.

2019). The fact that three sets of data, spanning more than a decade in frequency, appear

to follow the same law for their respective sub-burst drifts in Figure 2.3 is significant.

As we will discuss in Sec. 2.2, it is strong evidence in favour of having a single rest

frame frequency of emission ν0 for all sub-bursts detected regardless of the frequency of

observation.

Relative drift between sub-bursts – the sad trombone

In cases when multiple sub-bursts are present in signals from repeating FRBs, it is often

observed that the characteristic frequency tends to drift downward with increasing arrival

time. This relative frequency drift between sub-bursts, i.e., the sad trombone effect, is

contained in equation (1.19) of our model. More precisely, it is accounted for through

the second term on the right-hand side of this equation, which describes the expected

difference in arrival time for sub-bursts of varying proper time delay τ ′D. Focusing on

this term only, and allowing for a dependency in the proper delay time with the local

velocity within the FRB source (and thus with the observed frequency νobs) we write
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∆τ ′D = ∆νobs dτ
′
D/dνobs and find

∆νobs
∆tD

=
νobs
ν0

dνobs
dτ ′D

, (2.2)

where we also used equation (1.16). The “∆” notation is used here to distinguish this

effect from the sub-burst drift discussed in Sec. 2.1.1.

Equation (2.2) shows that the sign of the relative frequency drift depends on the

parameter dνobs/dτ
′
D. Whenever dνobs/dτ

′
D < 0 the relative drift will be descending (i.e.,

of negative slope) with the arrival of sub-bursts, leading to the appearance of the sad

trombone effect in the corresponding dynamic spectrum. As sub-bursts arrive over time,

their central frequency drifts to lower values. This behaviour has already been observed

for FRB 20121102A and other repeating FRBs (CHIME/FRB Collaboration et al. 2019;

Fonseca et al. 2020). Salient examples of this feature can be clearly seen for Burst 11A

of Gajjar et al. (2018) shown in Figure 2.1, as well as in other observations of FRB

20121102A (Hessels et al. 2019).

On the other hand, whenever dνobs/dτ
′
D > 0 the opposite behaviour is expected (i.e.,

a “happy trombone” feature). It is interesting to note that such a behaviour has recently

been observed in the FRB-like emission detected in the direction of the Galactic magnetar

SGR 1935+2154 (Scholz and CHIME/FRB Collaboration 2020; CHIME/FRB 2020) and

also for FRB 190611 (Day et al. 2020).

Most importantly, equation (2.2) also predicts that the relative frequency drift should

be more pronounced with increasing frequency of observation νobs, for a fixed rest frame

frequency of emission ν0. This has already been verified for FRB 20121102A by Hessels et

al. (2019) through comparison of the relative sub-burst drift for measurements obtained

from approximately 1–8 GHz; see their Figure 3 (top left and right panels). For example,

their analysis (Fig. 3, right panel) indicates a frequency drift that is approximately

four times stronger at ∼ 6.5 GHz than at ∼ 2 GHz (i.e., ∼ −800 MHz/ms vs. ∼
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−200 MHz/ms). This is consistent with the behaviour predicted by equation (2.2) under

the assumption of a common rest frame frequency of emission ν0 and parameter dνobs/dτ
′
D

for all observations.

2.2 Discussion and summary

As we have seen in the previous section, our dynamical model, despite its simplicity,

makes predictions that are verified using data available for FRB 20121102A. Perhaps

most strikingly, it reveals a close relationship between the sub-burst drift and duration.

For FRB 20121102A this last prediction is corroborated with the results presented in

Figure 2.3. Significantly, we once again emphasize the fact that the fit to the data based

on equation (2.1) was performed on those from Michilli et al. (2018) alone while the other

data from Gajjar et al. (2018) and Josephy et al. (2019) were found to agree remarkably

well with it. As we mentioned earlier, the fact that data sets covering more than a

decade in frequency behave in a consistent manner is an important clue to the nature

of the physical process underlying FRB signals in this source. Indeed, this agreement

makes it difficult to imagine how these data could have resulted from emission taking

place at different frequencies in their corresponding rest frames. This statement rests

on the relationship between the sub-burst drift dνobs/dtD and duration tw through the

frequency of emission ν0 in the FRB rest frame, as implied by equations (1.17) and (2.1).

In other words, it would not be possible for the three data sets to share the same law

(i.e., the fit in Figure 2.3) linking these two parameters if they did not also share the

same frequency ν0.

As far as we can tell from available data, practically all sub-bursts from repeating

FRBs can have an associated frequency drift. For the FRB 20121102A data used for

our analysis the extent of the frequency drift can range from 0.3 GHz to 2 GHz, but it

is difficult to be specific because sometimes the (sub-)burst extends beyond the obser-
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vational frequency bandwidth. Once a dispersion measure (DM) is chosen and as long

as all the sub-bursts are de-dispersed to the same DM, the existence of a relationship

between the sub-burst drift and duration is independent of the DM. Although applying

a de-dispersion with a greater or lesser DM will certainly change the drift accordingly

within a set of sub-bursts, the relative importance of the drift from one sub-burst to the

other is preserved. For bursts from non-repeaters the prevalence of sub-burst drifts is

difficult to assess because the de-dispersion is purposefully done so that the frequency

drift (proportional to ν−2
obs) is removed (there are no sub-burst trains from non-repeaters,

so it is not possible to implement a de-dispersion that optimizes the structure of the

burst as is often done for repeaters).

The earlier comment concerning a unique frequency ν0 also applies for the sad trom-

bone effect common to several FRBs, including FRB 20121102A (see Figure 2.1). As

mentioned earlier, the measured frequency drift between sub-bursts scales approximately

linearly with the observed frequency νobs (see top panels in Figure 3 of Hessels et al.

(2019)). Based on equation (2.2), our model predicts the slope of the relative drift

∆νobs/∆tD with observed frequency νobs to vary linearly with the parameter dνobs/dτ
′
D

and inversely with the rest frame frequency of emission ν0. It follows that, similarly to the

case of sub-burst frequency drift discussed above, the observed behaviour is most easily

explained if we are in the presence of a narrow-band emission process at frequency ν0 in

all FRB rest frames. The functionality of the two effects, i.e., the sub-burst drift and

the sad trombone, with the observed frequency νobs provides strong evidence in favour

of such a scenario.

Superradiance is characterized by a single time-scale TR, which sets the duration

τ ′w of the superradiance pulse and τ ′D the time delay before its emergence, which is

needed for coherence to be established in the radiating gas. This characteristic time-

scale is proportional to the spontaneous emission time-scale of the underlying molecular

or atomic transition, and varies inversely with the (square of the) wavelength of the
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radiation and the column density of the inverted population. In general, τ ′D is expected

to be approximately one and two orders of magnitude larger than the pulse duration and

TR, respectively, in superradiant astronomical systems (Rajabi et al. 2019; Rajabi et al.

2020). This is consistent with the results of the fit shown in Figure 2.3, which implies

τ ′w ≃ 0.1τ ′D.

We also note that we did not consider the potential effects of scintillation and scat-

tering on the relationships derived in our analysis (see Section 1.1.2). Although these

phenomena can affect the temporal and spectral structures of FRB signals as they prop-

agate from the sources to the observer, it is not clear, however, how they could alter the

relationship between the sub-burst drift and duration, for example. The results obtained

(e.g., see Figure 2.3) seem to imply that they do not for FRB 20121102A. Accordingly,

we also note that it has been previously observed that some detected pulses for FRB

20121102A did not display obvious signs of scintillation and scattering (Scholz et al.

2016).

Finally, while our model’s primary objective was to explain the spectro-temporal

structure common to FRB 20121102A and other repeating FRBs, it is likely to have

a broader reach in its applicability. That is, it will be instructive to verify if the law

linking the sub-burst drift and duration given in equation (2.1) is widely observed in other

FRBs. Such a potentially universal behaviour among FRBs would be extremely helpful

to improve our understanding of the physical processes underlying this phenomenon, as

well as being highly constraining for existing and future models.

Acknowledgements

M.H.’s research is funded through the Natural Sciences and Engineering Research Council

of Canada Discovery Grant RGPIN-2016-04460. M.H. is grateful for the hospitality of

Perimeter Institute where part of this work was carried out. F.R.’s research at Perimeter



70 Chapter 2| Simple relationship

Institute is supported in part by the Government of Canada through the Department of

Innovation, Science and Economic Development Canada and by the Province of Ontario

through the Ministry of Economic Development, Job Creation and Trade. F.R. is in

part financially supported by the Institute for Quantum Computing. M.A.C. is grateful

to Victor Tranchant whose data loading and noise removal code was the starting point

for the analysis pipeline. A.M. and C.M.W. are supported by the Natural Sciences and

Engineering Research Council of Canada (NSERC) through the doctoral postgraduate

scholarship (PGS D).

Data Availability Statement

The data pipeline is made available and maintained by M.A.C. at https://github.com/

mef51/sadtrombone. Aggregate data of the bursts and the code for the figures are also

available. Data of the FRB spectra are available either publicly or via the authors of their

respective publications. The figures in this paper were prepared using the matplotlib

package (Hunter 2007).

https://github.com/mef51/sadtrombone
https://github.com/mef51/sadtrombone


Bibliography

CHIME/FRB (2020). “Periodic activity from a fast radio burst source”. In: Nature

582.7812, pp. 351–355. doi: 10.1038/s41586-020-2398-2.

CHIME/FRB Collaboration Andersen, BC et al. (2019). “CHIME/FRB Discovery of

Eight New Repeating Fast Radio Burst Sources”. In: ApJ 885.1, p. L24.

Day, Cherie K. et al. (May 27, 2020). “High time resolution and polarisation properties

of ASKAP-localised fast radio bursts”. In: arXiv: http://arxiv.org/abs/2005.

13162v1 [astro-ph.HE]. url: https://arxiv.org/abs/2005.13162.

Fonseca, E. et al. (Mar. 2020). “Nine New Repeating Fast Radio Burst Sources from

CHIME/FRB”. In: ApJ 891.1, L6, p. L6. doi: 10.3847/2041-8213/ab7208.

Gajjar, V. et al. (2018). “Highest Frequency Detection of FRB 121102 at 4–8 GHz Using

the Breakthrough Listen Digital Backend at the Green Bank Telescope”. In: The

Astrophysical Journal 863.1, p. 2. doi: 10.3847/1538-4357/aad005.

Hessels, J. W. T. et al. (2019). “FRB 121102 Bursts Show Complex Time–Frequency

Structure”. In: The Astrophysical Journal 876.2, p. L23. doi: 10.3847/2041-8213/

ab13ae.

Hunter, John D. (May 2007). “Matplotlib: A 2D Graphics Environment”. In: Computing

in Science and Engineering 9.3, pp. 90–95. doi: 10.1109/MCSE.2007.55. url:

https://ui.adsabs.harvard.edu/abs/2007CSE.....9...90H.

71

https://doi.org/10.1038/s41586-020-2398-2
https://arxiv.org/abs/http://arxiv.org/abs/2005.13162v1
https://arxiv.org/abs/http://arxiv.org/abs/2005.13162v1
https://arxiv.org/abs/2005.13162
https://doi.org/10.3847/2041-8213/ab7208
https://doi.org/10.3847/1538-4357/aad005
https://doi.org/10.3847/2041-8213/ab13ae
https://doi.org/10.3847/2041-8213/ab13ae
https://doi.org/10.1109/MCSE.2007.55
https://ui.adsabs.harvard.edu/abs/2007CSE.....9...90H


72 BIBLIOGRAPHY

Josephy, A. et al. (Sept. 2019). “CHIME/FRB Detection of the Original Repeating Fast

Radio Burst Source FRB 121102”. In: ApJ 882.2, L18, p. L18. doi: 10.3847/2041-

8213/ab2c00. arXiv: 1906.11305 [astro-ph.HE].

Michilli, D. et al. (2018). “An extreme magneto-ionic environment associated with the

fast radio burst source FRB 121102”. In: Nature 553.7687, pp. 182–185. doi: 10.

1038/nature25149.

Rajabi, F. et al. (2019). “New evidence for Dicke’s superradiance in the 6.7 GHz methanol

spectral line in the interstellar medium”. In: MNRAS 484.2, pp. 1590–1597. doi:

10.1093/mnras/stz074. arXiv: 1810.04365 [astro-ph.GA].

Rajabi, Fereshteh et al. (2020). “A simple relationship for the spectro-temporal structure

of bursts from FRB 121102”. In: Monthly Notices of the Royal Astronomical Society

498.4, pp. 4936–4942. doi: 10.1093/mnras/staa2723.

Scholz, P. et al. (Dec. 2016). “The Repeating Fast Radio Burst FRB 121102: Multi-

wavelength Observations and Additional Bursts”. In: ApJ 833, 177, p. 177. doi: 10.

3847/1538-4357/833/2/177. arXiv: 1603.08880 [astro-ph.HE].

Scholz, Paul and CHIME/FRB Collaboration (Apr. 2020). “A bright millisecond-timescale

radio burst from the direction of the Galactic magnetar SGR 1935+2154”. In: Astron.

Telegram 13681, p. 1.

https://doi.org/10.3847/2041-8213/ab2c00
https://doi.org/10.3847/2041-8213/ab2c00
https://arxiv.org/abs/1906.11305
https://doi.org/10.1038/nature25149
https://doi.org/10.1038/nature25149
https://doi.org/10.1093/mnras/stz074
https://arxiv.org/abs/1810.04365
https://doi.org/10.1093/mnras/staa2723
https://doi.org/10.3847/1538-4357/833/2/177
https://doi.org/10.3847/1538-4357/833/2/177
https://arxiv.org/abs/1603.08880


Chapter 3

Evidence of a shared

spectro-temporal law between

sources of repeating fast radio

bursts1

3.1 Introduction

Fast radio bursts (FRBs) are short duration (∼ millisecond) bursts of energy at ra-

dio wavelengths exhibiting large brightness temperatures (TB > 1032 K; Lorimer et al.

2007; Petroff, Hessels, and Lorimer 2019), suggesting that these signals originate from

non-thermal objects through some coherent emission mechanism. Still, the origin and

underlying physical mechanism of FRBs remain unknown in spite of the large number of

proposed models (Platts et al. 2019). FRB signals also undergo a high level of dispersion

as they propagate from the source to the observer, a phenomenon quantified through the

dispersion measure (DM). This dispersion results from the wavelength dependence of the

1M. A. Chamma, F. Rajabi, C. M. Wyenberg, A. Mathews, & M. Houde. MNRAS, Volume 507,
Issue 1, October 2021, Pages 246–260.
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refractive index of ionized matter in astronomical media through which radiation travels

at varying speeds as a function of frequency. While a first Galactic FRB was recently

reported by the CHIME/FRB Collaboration and the STARE2 team toward the Galactic

magnetar SGR 1935+2154 (The CHIME/FRB Collaboration et al. 2020; Bochenek et al.

2020), the DM values measured for most FRBs suggest that these signals must emanate

from extragalactic sources.

Reported FRBs fall into two groups: one-off events and repeaters. While one-off

events form the majority of detections, most of our knowledge about FRBs is based

on the study of repeaters. At the time of writing, two repeaters (FRB 20121102A and

FRB 20180916B, previously known as FRB 121102 and FRB 180916.J0158+65) show

periodic behaviours, prompting continued follow-up observations (CHIME/FRB et al.

2020; Rajwade et al. 2020). Importantly, the study of dynamic spectra of repeaters

reveals interesting patterns. Among these are a downward drift in the central frequency

of consecutive sub-bursts with increasing arrival time within an event (the so-called “sad

trombone” effect), and an average reduction in the temporal duration of individual sub-

bursts with increasing frequency (Gajjar et al. 2018; Hessels et al. 2019; CHIME/FRB

et al. 2019; Josephy et al. 2019).

Several models have been proposed to explain these spectro-temporal characteristics.

Some models link these characteristics to the intrinsic radiation mechanism of FRBs

(Wang et al. 2019; Beloborodov 2020; Metzger, Margalit, and Sironi 2019) or propagation

effects (e.g., plasma lensing in Cordes et al. 2017 or scintillation in Simard and Ravi 2020),

while others argue that a combination of both factors can play a part (Hessels et al. 2019).

Recently, the detection of the first Galactic FRB (The CHIME/FRB Collaboration et al.

2020; Bochenek et al. 2020) has posed new challenges for existing theoretical models.

For example, one sequence of sub-bursts detected toward this source reveals an upward

central frequency drift with increasing arrival time (a “happy trombone” effect; see Burst

6 of Hilmarsson et al. 2021, bursts 24 and 25 in CHIME/FRB et al. 2020 and FRB 190611
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in Day et al. 2020 for other examples). A few models have anticipated such a possibility

for the spectra of FRBs (Simard and Ravi 2020; Rajabi et al. 2020; Beniamini and Kumar

2020). In particular, Rajabi et al. (2020) proposed a simple dynamical relativistic model

where a descending or an ascending central frequency drift for a sequence of sub-bursts

can be explained based on the intrinsic properties of the corresponding FRB source (as

discussed in Section 3.1.1 and Appendix 2.B). But more importantly, their model also

predicts that a steeper frequency drift should be present within individual sub-bursts

(henceforth the “sub-burst slope”2) where the slope of the FRB signal as displayed in a

waterfall (i.e., the signal intensity as a function of frequency and time) obeys a simple law

scaling inversely with the temporal duration of the sub-burst. Rajabi et al. (2020) further

provided evidence for this sub-burst slope behaviour for FRB 20121102A and showed that

data taken over a wide range of frequencies for this repeater follow the same law, i.e., the

aforementioned inverse scaling of the sub-bursts slope with their corresponding temporal

duration. They then argued that this finding implies that the underlying physical process

responsible for the signals detected in FRB 20121102A is intrinsically narrow-band in

nature, while relativistic motions within the source are required to explain the wide

observed bandwidths.

In this paper, we examine data from two additional repeaters, FRB 20180814A (ini-

tially named FRB 180814.J0422+73; CHIME/FRB et al. 2019) and FRB 20180916B

(CHIME/FRB Collaboration et al. 2019; CHIME/FRB et al. 2020), and show that this

form of law is closely shared between these three FRBs originating from host galaxies at

different redshifts. We also consider the effect of the chosen DM on the measurements of

the sub-burst slope and the temporal duration in order to understand the robustness of

2We denote an FRB event or burst as containing one lone or many pulses of radiation, as is observed
for the so-called sad trombone effect, for example. A single pulse in an event containing several pulses
will be defined as a sub-burst. Rajabi et al. 2020 used the term “sub-burst drift” to describe the
observed signal delay tD as a function of the measured frequency νobs within an individual sub-burst (as
in equation (3.1)). However, since this term is also sometimes found in the literature to denote delays
between separate sub-bursts (as in the sad trombone effect), we will instead opt for “sub-burst slope”
to describe the internal drift within an individual sub-burst to avoid any possible confusion.
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this relationship between the sources. Section 3.1.1 summarizes the triggered dynamical

model that motivates this analysis. Section 3.2 describes the details of the analysis and

the handling of the DM for each burst from each source. In Section 3.3 we highlight

the results and discuss the implications of unresolved bursts in our sample, the effect

of variations in DM on a measurement of sub-burst slope or drift, and finally explore

physical interpretations of our result in the context of the triggered dynamical model.

This finding reveals new insights on the underlying physical mechanism at the source of

FRB signals and helps refine modelling and characterization efforts.

3.1.1 The triggered dynamical model of Rajabi et al. (2020)

Rajabi et al. (2020) introduced a simple dynamical model where a triggering source (e.g.,

a pulsar or magnetar; see Houde et al. 2019) is located directly behind an FRB source

as seen by an observer. An FRB source may contain one or many sub-regions moving

towards (or away from) the observer, potentially at relativistic speeds, and from which

individual sub-burst signals are emanating. Such a scenario is appropriate for situations

where the emitted signal is highly collimated, such as is the case for a radiation process

based on Dicke’s superradiance which the FRB model proposed by Rajabi et al. 2020

is ultimately inspired by (Rajabi and Houde 2016a,b, 2017; Mathews 2017; Houde and

Rajabi 2018; Houde et al. 2019; Rajabi et al. 2019; Rajabi et al. 2020). Under such

conditions it can be shown that the slope of a single sub-burst signal (for repeaters an

event can contain several sub-bursts) obeys the following relation

1

νobs

dνobs
dtD

= −A

tw
, (3.1)

where νobs, tw and tD are the frequency, the temporal duration of the sub-burst and the

delay before its appearance (in relation to the arrival of the trigger) as measured by the

observer. The systemic parameter A ≡ τ ′w/τ
′
D with τ ′w and τ ′D the corresponding sub-
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burst proper temporal duration and delay in the reference frame of the corresponding

FRB sub-region, respectively.

Following the model of Rajabi et al. (2020), the temporal duration of an FRB sub-

burst in the observer rest frame is given by

tw = τ ′w
ν0
νobs

, (3.2)

where ν0 is frequency of emission in the FRB rest frame. Equation (3.2) clearly predicts

an inverse relationship between the observed FRB temporal width and frequency, which

had previously been noticed and studied. For example, a verification of this effect can be

found in Figure 7(b) of Gajjar et al. (2018) for the case of FRB 20121102A3. Although

the measurements of burst temporal duration exhibit a fair amount of scatter at a given

frequency (which could also be inherent to τ ′w in equation (3.2)), the predicted behaviour

is consistent with the observations.

Rajabi et al. (2020) also derived the following equation for the relative drift in the

observed central frequency of a sequence of sub-bursts with increasing arrival time

∆νobs
∆tD

=
νobs
ν0

dνobs
dτ ′D

, (3.3)

where the term on the left-hand side is for the relative central frequency drift and τ ′D

is the proper temporal delay between the arrival of the trigger and the emission of the

ensuing sub-burst in the FRB rest frame. The derivative dνobs/dτ
′
D is a physical param-

eter characterizing the environment of the FRB source, which determines whether the

sequence of sub-bursts has the appearance of a “sad” (dνobs/dτ
′
D < 0) or “happy trom-

bone” (dνobs/dτ
′
D > 0; see Rajabi et al. 2020 for more details). Equation (3.3) predicts

3As noted in Rajabi et al. (2020), the temporal narrowing effect with observed frequency is likely
more pronounced than seen in Figure 7(b) of Gajjar et al. (2018) as the authors do not measure the
duration of individual sub-bursts tw but rather that of the whole event. The true values for tw are
therefore likely to be lower and the sub-burst slope more pronounced in several instances.
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that the central frequency drift should scale linearly with νobs, which has previously been

verified for FRB 20121102A over a wide range of frequencies. This can be asserted, for

example, from Figure 3 (top panels) of Hessels et al. (2019), Figure 6 of Josephy et al.

(2019) and Figure 4 of Caleb et al. (2020). Extended Figure 9 of Pastor-Marazuela et al.

(2021) shows the trend for FRB 20180916B. This observed dependency could not be

realized if ν0 changed significantly in equation (3.3). For example, a change of 50% in ν0

would markedly affect the appearance of the figures.

We also note that within the context of our triggered model, individual sub-bursts

belonging to a single FRB event all results from the same background trigger signal.

Their sequence of appearance in time, as seen by the observer, will vary depending on

the physical properties of the medium where individual sub-bursts emanate from (which

will affect the delay time in the corresponding rest frame τ ′D) and its velocity β (and

therefore the frequency νobs relative to the observer). Although we expect sub-bursts

belonging to a single FRB event to be clustered in time, it is also possible that sub-

bursts belonging to different events be observed relatively closely in time.

3.2 Burst Analysis

Although equation (3.1) was tested and verified for FRB 20121102A in Rajabi et al.

(2020) using previously published data covering more than a decade in frequency (Michilli

et al. 2018; Gajjar et al. 2018; Josephy et al. 2019), it was not known at the time whether

it applies equally well to other repeating FRBs. We therefore retrieved and analyzed

previously published data for two other sources discovered by the CHIME/FRB Col-

laboration (Fonseca et al. 2020), namely FRB 20180916B (CHIME/FRB et al. 2020)

and FRB 20180814A (CHIME/FRB et al. 2019). These data are all contained within

the CHIME/FRB spectral band (approximately 400–800 MHz) and the corresponding

dynamic spectra were analyzed using the two-dimensional autocorrelation technique in-
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troduced in Hessels et al. (2019), resulting in estimates for the sub-burst slope (dνobs/dtD)

and temporal duration (tw). See Appendix 2.A for more details. These data sources were

chosen purely due to their ease of accessibility and the support available. Ultimately we

aim to extend this analysis to as many sources and bursts as possible.

3.2.1 The effect of the Dispersion Measure (DM)

Since the measurement of any drift rate (or almost any other spectro-temporal feature)

is strongly dependant on the DM that is used to dedisperse a waterfall, and since the

DM of a source can potentially vary from burst to burst as well as with time, we studied

the variation of our slope and temporal duration measurements for each sub-burst at

different choices of DM. Dedispersion can be performed by optimizing either the signal-

to-noise (S/N) or a structure parameter and can result in different values found for the

DM depending on the burst (e.g. Fig 1 of Gajjar et al. 2018). In particular, an algorithm

seeking to choose a DM by maximizing S/N might superimpose the individual sub-bursts

of a complex FRB event and yield a DM value that is higher than a structure optimizing

algorithm. For bursts with components that are not clearly resolved it becomes ambigu-

ous which algorithm is most accurate and the precision in the DMs determined burst to

burst can be much narrower than the variations in the DM observed overall for a source

(CHIME/FRB et al. 2020). It therefore becomes difficult to uncouple FRB characteristics

from the nature of the medium in order to study relationships between spectro-temporal

features as we hope to do. One option is to use the DM found on a burst by burst basis.

However, doing this can become a complicated process of verifying that the DM algo-

rithm choice is appropriate, which will often be ambiguous for smeared bursts where it is

not clear if it consists of multiple components or not. Without a detailed understanding

of the emission mechanism, the medium, the source, and the resulting DM distribution

as a function of time, it is in fact much simpler and more conservative to choose a DM

range as wide as possible based on the history of DMs found for the source. We shall see
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Source Data source DM Range (pc/cm3)
FRB 20121102A Michilli et al. 2018 554.1–565.3
FRB 20121102A Gajjar et al. 2018 555–570 (555–583)
FRB 20180916B CHIME/FRB et al. 2020 346.82–349.82
FRB 20180814A CHIME/FRB et al. 2019 188.7–190.0

Table 3.1: The range of DMs used to determine the range of possible values of each
sub-burst slope and duration. These are chosen to be as wide as possible while still
obtaining reasonable sub-burst slope measurements. In general, the published history
of DMs found for a source (all bursts considered) determines the range used, with some
DMs on the higher end excluded due to resulting positive sub-burst slopes or distortion.
The DM range in parentheses is used specially for Burst 11D from FRB 20121102A in
Gajjar et al. 2018 due to its high S/N optimized DM. See the text for more details.

that despite the significant uncertainties this choice entails, the data still point to the

existence of an inverse trend between the sub-burst slope and temporal duration for the

three sources considered here.

Table 3.1 shows the DM ranges chosen for each source and dataset. We aim to

consider as broad a range of DMs as possible while still obtaining reasonable sub-burst

slope measurements. For the data used from Michilli et al. 2018 DM variations are

estimated by those authors to be ≲ 1% of 559.7 pc/cm3, and we therefore consider a

range of 554.1–565.3 pc/cm3. For the data from Gajjar et al. 2018, due to availability,

we use the sub-bursts in Burst 11A and Burst 11D. A structure optimized DM for 11A

is found at 565 pc/cm3, and their Figure 1 indicates that DMs between 555-570 are also

close to optimal, so we adopt this range. For Burst 11D, due to a lack of structure we

consider a range of 555-583 to be closer to its S/N optimized DM, however higher DMs

are excluded as the sub-burst slopes start to become positive (which are not physical

according to our model and in general usually indicate overdedispersion, as described in

Section 3.2.2). For data from CHIME/FRB et al. 2020 on FRB 20180916B a precise

DM of 348.82 ± 0.05 pc/cm3 is found for one of the bursts, but burst-to-burst the DM

can range from 348.7-350.2. We therefore choose a mid-point of about 348.82 pc/cm3

and adopt a range of 346.82-349.82 pc/cm3. The lower value for the start of the range

is chosen to push the limit of acceptable DMs while still obtaining reasonable sub-burst



81

slope measurements. We stay away from the higher end of the observed range due to the

sub-burst distortion and positive slopes observed for most cases at that high of a DM.

Finally, for data from CHIME/FRB et al. 2019 on FRB 20180814A, due to the structure

present in the bursts, we extend the full range of structure optimized DMs found (188.9-

190 pc/cm3) to 188.7-190 pc/cm3. We ignore the higher S/N optimized DMs due to the

component overlap and distortion observed when dedispersing to those DMs.

For each source, we generate a grid of DMs over the range chosen and dedisperse

all bursts to each DM before performing an autocorrelation analysis. The grid spacing

varies from ∆DM ≃ 0.1–2 pc/cm3 depending on the source, yielding approximately 10–

20 trial DMs in each case. For FRB events with multiple components like Burst 11A

from Gajjar et al. 2018 for FRB 20121102A, the components are separated manually

by finding valleys in the corresponding time series of the data. When necessary these

components are padded with a background sample of the waterfall so that there is a wide

enough temporal extent to properly dedisperse the burst. Some bursts are not clearly

resolved, but wherever there is indication that the slope suddenly changes mid-burst a

manual attempt is made to separate the components.

The autocorrelation analysis (see Appendix 2.A) is then performed for all dedispersed

waterfalls to obtain sub-burst slope and temporal duration measurements for every burst

at each DM (Hessels et al. 2019). We use these data to determine the range of possible

values for each measurement. Examples of a waterfall for every sub-burst used in this

analysis with their corresponding autocorrelation are shown in Figures 3.6 – 3.10 at the

end of the paper, displayed for one of the trial DMs. The range found for each of these

measurements is much larger than the parameter uncertainty resulting from the underly-

ing two-dimensional Gaussian fit of the autocorrelation function used to evaluate them.

Since the true underlying DM distribution for each source appears to be narrower than

the DM range we have used (considering the distribution so far implied by published

DMs and knowing that the distribution can change with time), the range of values found
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this way must be larger than the range implied by the true uncertainties for each mea-

surement. We therefore treat the range of values found by this analysis as upper-limit

estimates of the real measurement uncertainties.

3.2.2 Measurement exclusions and fitting

With the measurements for each sub-burst at all trial DMs found, there remain mea-

surements that are unconstrained and/or non-physical that need to be discarded before

fitting. As previously mentioned we discard any positive sub-burst slope measurements

which are non-physical under our model, as well as measurements where the value and/or

uncertainties approaches infinity, as is the case for sub-bursts that become near vertical

or circular in their autocorrelation.

The result of this exclusion process is that out of a total of 41 sub-bursts analysed, we

retain all the measurements made for 28 sub-bursts over the entirety of the DM ranges

specified in Table 3.1. For the remaining 13 sub-bursts the measurements excluded were

taken at the higher end of the DM range, since they yielded positive sub-burst slopes. For

all but one of the sub-bursts treated this way the DM range is slightly further restricted.

The exception being one burst from FRB 20180814A, where the DM range is limited

from 188.7 – 190.0 pc/cm3 to 188.8 – 188.9 pc/cm3. We specifically identify (i.e., circle)

these sub-bursts when displayed in Figures 3.1 and 3.5 below to indicate the smaller

range of DMs used.

Using this set of sub-burst slope and temporal duration measurements we find a fit

to equation (3.1) at each DM and compute the reduced-χ2 to select a representative

DM for each source (i.e., the DM with the reduced-χ2 closest to unity). We do not

perform a fit at the highest DM of 583 pc/cm3 for FRB20121102A as Burst 11D is the

only point with a valid measurement at that DM. The representative DMs found are

558.8 and 568.3 pc/cm3 for FRB 20121102A for the data from Michilli et al. 2018 and

Gajjar et al. 2018, respectively, 348.82 pc/cm3 for FRB 20180916B and 188.8 pc/cm3 for
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FRB 20180814A.

3.3 Results and Discussion

We show in Figure 3.1 the results of our analysis, where the sub-burst slope (normalized

to the frequency of observation νobs) is plotted against the temporal width tw for the three

FRBs. Normalizing the sub-burst slope has the advantage of allowing us to combine the

different sources on the same graph irrespective of the frequency of observation, shifts

due to the dynamical Doppler effect or cosmological redshift. Furthermore, we note

that equation (3.1) is also insensitive to temporal scaling transformations. For example,

interstellar scintillation, which brings a temporal broadening scaling inversely with the

fourth power of the frequency, will have no effect on our analysis. The only consequence

being a shift of data points along the specific law characterized by the parameter A in

equation (3.1). The points displayed in Figure 3.1 are the measurements of each sub-

burst obtained at the representative DM described at the end of Section 3.2.2, and the

capped lines represent the range of possible measurements over the DM range considered.

Examination of Figure 3.1 reveals that the inverse relationship between the two pa-

rameters is clearly seen for all sources on the graph for values ranging over two or-

ders of magnitude for both the normalized sub-burst slope and the temporal dura-

tion. Also shown in the figure are fits for the predicted function A/tw (see equation

(3.1)) for the three sources at their representative DMs (see end of Section 3.2.2), with

A = 0.078± 0.006, 0.082± 0.006 and 0.076± 0.013 for FRB 20121102A, FRB 20180916B

and FRB 20180814A, respectively. The shaded regions for each source represent the range

of fits found when considering all DMs in the adopted range. The corresponding range of

fit parameters are found to be A = 0.042− 0.138 for FRB 20121102A, A = 0.032− 0.153

for FRB 20180916B and A = 0.071 − 0.152 for FRB 20180814A. These regions overlap

significantly, but leave open the possibility of unique and distinct fits between the three
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sources.

A few important consequences are to be noted from the results presented in Figure

3.1. First, and most importantly, the inverse relationship between the sub-burst slope

and temporal duration is observed to be independent of the selection of the DM. That

is, there is an unmistakeable tendency for narrower sub-bursts at higher slopes, and vice-

versa, irrespective of the DM chosen. Even with the ranges of measurements seen, Figure

3.1 strongly suggests each source obeys a form of equation (3.1), where we see a clear

decrease in the magnitude of slopes with increasing sub-burst durations.

Second, we note the possibility that not only is the inverse relationship between the

sub-burst slope and temporal duration verified for the three sources, but they do so with

similar values for A in equation (3.1) at their representative DMs. The different fits to

this systemic parameter are similar given their uncertainties, and it is difficult to visually

distinguish between the corresponding curves. This closeness between the values obtained

for A is rather remarkable and suggests the existence of a single and common underlying

physical phenomenon responsible for the emission of FRB signals in the three sources.

This is significant because these FRBs are associated with different types of host galaxies

at various redshifts. More precisely, FRB 20121102A is localized to a low-metallicity

irregular dwarf galaxy at a redshift z = 0.193 (Tendulkar et al. 2017), while the redshift of

FRB 20180814A is estimated to be z ≤ 0.1 (CHIME/FRB et al. 2019). Furthermore, the

candidates for the host galaxy of FRB 20180814A are not consistent with those harboring

long gamma-ray bursts (LGRBs) or superluminous supernovae (SLSNe), unlike the host

galaxy of FRB 20121102A (Li et al. 2019). As for FRB 20180916B, it is precisely localized

to a star-forming region in a massive spiral galaxy at a redshift z = 0.0337 (Marcote et

al. 2020). This source is the closest known extragalactic FRB, whose host galaxy does

not show signatures of a strong magnetic field nor a radio counterpart as reported for

FRB 20121102A. The similarities in the values for A between the three sources also
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Figure 3.1: A plot of |dνobs/dtD| (1/νobs) vs. tw for bursts from FRB 20121102A (red
circles, diamonds and square; Gajjar et al. 2018; Michilli et al. 2018; Josephy et al. 2019),
FRB 20180916B (blue pentagons; CHIME/FRB et al. 2020) and FRB 20180814A (green
crosses; CHIME/FRB et al. 2019). The sub-burst slope dνobs/dtD and duration tw were
obtained using the two-dimensional autocorrelation technique of Hessels et al. (2019),
while the center frequency νobs was estimated from the corresponding dynamic spectra.
Each burst was dedispersed to a grid of trial DMs over the range specified by Table 3.1
and the measurements were repeated. The one point from Josephy et al. 2019 was not
part of the same analysis and is shown for reference. The red, blue and green lines are for
fits of the function A/tw on the FRB 20121102A, FRB 20180916B and FRB 20180814A
data, respectively, at the DM within the range of trial DMs for which the reduced-χ2 of
the fit was closest to unity, and are difficult to distinguish from one another. All points
for a given source (except for the Josephy et al. 2019 datum) are of measurements made
at the same DM used for the corresponding fit. The capped lines at each point represent
the range of possible measurements obtained via the autocorrelation analysis for different
DMs over the DM ranges chosen. As discussed in Section 3.2.1, these are used in lieu
of, and are larger than, the difficult to determine true measurement uncertainties. The
circled points indicate sub-bursts that required a limited DM range to constrain their
measurements (see Section 3.2.2). The shaded regions represent the range of fits found
when using measurements obtained at other DMs in the range. These regions overlap
significantly, but indicate the possibility of unique and distinct fits between the three
sources within the range of possible DMs chosen.
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Figure 3.2: Changes to waterfalls and autocorrelations due to variations in the DM.
Sub-bursts 23 (first column) and 36 (third column) for FRB 20180916B are shown with
their autocorrelation functions (second and fourth columns, respectively) for two offsets
∆DM = 0.5 pc cm−3 (top row) and −2 pc cm−3 (bottom row) from the representative
value chosen for our analysis (i.e., DM = 348.82 pc cm−3). The rotations brought about
by the small changes in DM are clearly seen in both the waterfall and autocorrelation
functions. See Figure 3.8 for these bursts dedispersed to their representative DM.
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suggests that the sub-burst slope law can become a suitable method for making small

simplifying adjustments to the DM of waterfalls of repeating FRBs, once the dominant

dispersion effects due to the interstellar and intergalactic media are accounted for. The

resulting choice of DM would have the advantage of being rooted on a simple physical

model resting on the relativistic nature of FRBs, and can be used to simplify analyses

with large sample sizes by avoiding the complexity that can arise when choosing a DM

based on the S/N or other structure criteria.

As was discussed in Rajabi et al. (2020), the three predictions made by their simple

dynamical model (i.e., the narrowing of sub-bursts width tw with increasing frequency

νobs, the sad or happy trombone effect and the sub-burst slope law discussed here) provide

strong evidence that the underlying physical phenomenon is narrow-band in nature. This

is because the dependencies on νobs and the frequency of emission in the FRB rest frames

ν0 for the three predicted relationships are such that it would be difficult to envision how

they could be realized through the data if ν0 was allowed to vary substantially (see Section

3.3.4 for more details). Although data over a significant range of observed frequency is

currently only available for FRB 20121102A (and constitutes the basis of the analysis

presented in Rajabi et al. 2020), the fact that FRB 20180916B and FRB 20180814A

follow the same law renders it reasonable to expect that the conclusions reached for

FRB 20121102A also apply to them.

We can use this information with our model to further characterise the environment of

the sources responsible for the detected bursts. Indeed using the extensive data available

for FRB 20121102A one can estimate, although with limited precision at this point, the

maximum Lorentz factor and the rest frame frequency of emission ν0. To do so we will

assume highly simplified conditions, i.e., that the different FRB reference frames from

which the individual sub-bursts emanate either move towards or away from the observers

with the same range of speeds. We will denote by β+ > 0 and β− = −β+ the maximum

velocities (divided by the speed of light) towards and away from the observer, respectively,
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with corresponding observed frequencies ν±
obs. It is then straightforward to show that,

under this assumption,

β+ =
ν+
obs − ν−

obs

ν+
obs + ν−

obs

(3.4)

ν2
0 = ν+

obsν
−
obs. (3.5)

Using ν+
obs ≃ 7.5 GHz and ν−

obs ≃ 630 MHz we find β+ ≈ 0.9 and ν0 ≈ 2.6 GHz for

FRB 20121102A (taking into account its known redshift z = 0.193 from Tendulkar et al.

2017; see Section 3.3.4 for more details). Evidently, the accuracy for these estimates is

set and limited by the frequency coverage of the existing data and is likely to change

as more detections are acquired. For example, confirming the purported detection of

signals at 111 MHz from Fedorova and Rodin (2019) would further increase β+ and bring

down ν0 on the order of 1 GHz. At any rate, these results imply that FRB 20121102A is

potentially very strongly relativistic.

We also know that the spectral width ∆νobs associated to individual sub-bursts for

FRB 20121102A scales as ∆νobs ∼ 0.16 νobs on average (see Figure 6 in Rajabi et al. 2020

or Figure 5 in Houde et al. 2019). This spectral extent is the result of motions (through

the Doppler effect) within a given FRB rest frame from where a sub-burst centred at

νobs originates. As discussed in Appendix 2.B, the observed spectral width is constrained

through

2∆β′ ≤ ∆νobs
νobs

≤ 2∆β′

1−∆β′2
, (3.6)

where the motions in the FRB rest frame are contained within ±∆β′. We thus find

∆β′ ∼ 0.08 with equation (3.6) for this source.

We thus have a picture where FRB 20121102A and similar sources would consist of

systems within which a number of spatially distinct FRB rest frames, whose motions
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cover a wide range of velocities (some highly relativistic relative to the observer; |β| ≲

0.9 for FRB 20121102A), are responsible for the emission of individual sub-bursts. In

turn, each such rest frame is also host to mildly relativistic motions (|∆β′| ≲ 0.08 for

FRB 20121102A), which are responsible for the observed wide spectral widths of sub-

bursts.

In the following sections we discuss the the ambiguity between slope and drift rate

measurements that arises when sub-bursts are unresolved, the effect of DM variations on

the autocorrelation of waterfalls, as well as the effects of noise and missing data on the

measurement of the sub-burst slope and temporal duration. We also further discuss the

determination of physical parameters of the source.

3.3.1 Unresolved bursts and slope vs. drift rate ambiguity

In practice it is difficult to be certain whether an FRB is resolved in time or not, and

in several cases the difference between sub-burst slope and sub-burst drift measurements

is ambiguous. For example, the waterfall of an unresolved pulse train will go through

our analysis and produce a sub-burst slope measurement, while it is, in fact, a sub-burst

drift rate measurement. While, as mentioned earlier, we make every effort to separate

FRBs into distinct sub-bursts, it will be impossible to do this with bursts that may have

originally been composed of multiple components but appear completely unresolved in

the data. Here, we discuss ways through which an FRB becomes unresolved and the

connection between the sub-burst slope and sub-burst drift rate measurements within

the context of our model.

An FRB that was emitted as distinct components in time can appear unresolved in

data either through a limited time resolution (e.g., Fig. 1 of both Michilli et al. 2021

and Bhardwaj et al. 2021), intrachannel smearing from incoherent dedispersion, limited

S/N (e.g., Fig. 7 of Gourdji et al. 2019), and the blending of components through
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Figure 3.3: The fit angle θ vs. temporal duration tw from sub-bursts dedispersed to
small variations in the DM for the source FRB 20180916B. Red circles are sub-bursts at
∆DM = 0, which corresponds to a DM = 348.82 pc cm−3. Blue crosses, cyan pentagons,
and green squares are sub-bursts dedispersed to ∆DM = 0.5, −1, and −2 pc cm−3,
respectively. Error bars indicate the parameter fitting uncertainty. The red curve is the
fit to the red circles and is of the form given in equation (3.8), derived from the dynamical
model described in the main text. Blue, cyan, and green curves are obtained by adding
a rotation (i.e., adding an angle) to the ∆DM = 0 model. As discussed in Section 3.3.2
this plot demonstrates the rotational effect small variations in the DM can have on the
autocorrelation of FRB waterfalls.



3.3| Results and Discussion 91

scatter broadening (e.g., Sec. 4.3 of Day et al. 2020). In the sample of bursts used

for this analysis, bursts numbered 13 and 15 in Figure 3.6, and bursts 14, 18, and 23

in Figure 3.8 are suggestive of being composed of multiple sub-bursts, and others are

likely indistinguishable from multi-bursts due to their time resolution, just as in the

aforementioned example from Gourdji et al. 2019.

This raises the question of how a majority of the sub-burst slopes shown in Figure

3.1 agree with the expected relation when more outliers might be expected. Firstly, it

is possible that the presence of bursts exhibiting large variations in their measurements

is an indication of outlying FRBs that were incorrectly measured. Another possibility

is that as the sub-bursts are smeared together, the measured duration will necessarily

increase, and, since sub-bursts are mostly observed to drift downwards in frequency,

the slope of the resulting autocorrelation will also be shallower. While these scenarios

qualitatively describe what we should expect when measuring pulse trains as a single

sub-burst, we note that our dynamical model predicts that groups of sub-bursts emitted

close to each other in time will follow the same relationship as individual sub-bursts

when the difference in delay time is small. This follows from equation (6) of Rajabi et al.

2020 that relates different time and frequency intervals between the FRB and observer

reference frames

∆tD = −tD

(∆νobs
νobs

− ∆τ ′D
τ ′D

)
, (3.7)

where as before tD and τ ′D are the delay time between the trigger signal and the appearance

of a sub-burst as measured in the observer’s and FRB frames, respectively, and νobs is

the observed frequency of the burst. The quantities ∆νobs, ∆tD, and ∆τ ′D account for

variations in these parameters. The relation central to this paper shown in equation 3.1

is obtained when ∆τ ′D ≃ 0, a condition that applies to groups of sub-bursts that occur

closely in time as well as individual sub-bursts.

Given the possible agreement between the trends of the sub-burst slope and sub-burst

drift measurements for the FRBs we have considered, we can use the following physical
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interpretation in the context of our model. When observing a resolved sub-burst signal,

the frequency bandwidth of the signal is determined by the dynamical velocity of the

emitting material. When multiple sub-bursts are observed to occur close to each other

in time (such as within a single FRB event), the drift rate of the pulse train depends

on the delay time between the FRB trigger and the FRB event. When variations in

the delay time are small the sub-burst drift rate will follow the same trend as the slope

measurements of the individual sub-bursts. In this case, if the sub-bursts are unresolved

then it will be difficult to distinguish a slope measurement from a drift rate measurement.

The lack of a significant number of outliers in Figure 3.1 suggests that the situation with

small variations in delay time is common.

3.3.2 DM variations as a rotation of the autocorrelation func-

tion

Following the study of the variation of measurements over ranges of plausible DMs dis-

cussed in Sec. 3.2.1, different DM choices can be modeled as rotations of the autocorrela-

tion function of the burst. As an example, we show in Figure 3.2 two bursts each at two

choices of DM. In a given waterfall we see that the shape of the burst can ‘distort’ due to

the ν−2
obs dependence on the dispersion, while that of the autocorrelation remains practi-

cally the same except for experiencing a rotation. To characterize this further we consider

the sub-burst angle parameter (as opposed to the corresponding sub-burst slope derived

from said angle) defining the orientation of the fitted ellipsoid’s semi-major axis mea-

sured counterclockwise from the positive frequency axis of the autocorrelation function

(see Appendix 2.A). The sub-burst angles from FRB 20180916B are plotted against the

corresponding temporal durations derived from the underlying two-dimensional Gaussian

fits in Figure 3.3. This shows that across different DMs the measured duration varies

little while the angle is offset by a constant level from values at other DMs. We can

demonstrate this using equations (3.1) and (3.11) to find that the slope angle θ is related



3.3| Results and Discussion 93

to the sub-burst duration through

θ = arctan

(
1

A

νres
νobs

tw
tres

)
, (3.8)

where as before A ≡ τ ′w/τ
′
D, and νres and tres are the frequency and time resolutions of the

waterfall. We also approximated νobs to be constant, which is adequate for this purpose.

We find that the chosen fit obtained with equation (3.8) for the sub-bursts at ∆DM = 0

(i.e., the solid curve in Figure 3.3) is also satisfactory for angles corresponding to the

different ∆DM values when a simple offset angle (i.e. a rotation) is applied. Similar

trends appear to hold for the other two sources considered, however it is most clear in

the example of FRB 20180916B.

Measuring the sub-burst angle instead of the slope during analysis avoids the dis-

continuity of slope measurements around θ = 0 or π, where its magnitude approaches

infinity, however the uncertainty of the physically relevant quantity will still be large.

The behaviour of slope measurements derived from the parameter angle in the context of

autocorrelation noise is discussed in more detail in Pleunis (2020) as well as in the dfdt4

package.

3.3.3 Uncertainty due to frequency band masking

In addition to signal noise, the waterfall analyses were complicated by missing frequency

bands of data, which would sometimes overlap with the frequency extent of the sub-burst

under consideration. In this section we assess the extent of the uncertainty introduced by

the missing frequency band data by (1) artificially masking (zero-padding) various trial

Gaussian signals of known orientations and characteristic widths, (2) processing them

through our pipeline, and (3) comparing the extracted sub-burst slope and duration

parameters to the generating parameters.

4https://github.com/zpleunis/dfdt

https://github.com/zpleunis/dfdt
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Figure 3.4: Synthetic Gaussian signal with a masked (zeroed) band (left), and 2D au-
tocorrelation of masked signal (right). The signal shown approximately matches the
characteristics of Burst 23 depicted in Figure 3.8 in each of their temporal widths, their
frequency extents, their inclinations, and their total missing frequency bandwidths.

Consider for example Burst 23 of FRB 20180916B (CHIME/FRB et al. 2020) pictured,

along with its two-dimensional autocorrelation, in Figure 3.8. Three frequency bands of

data are absent from the original data in this burst, and the total missing bandwidth (as a

fraction of the frequency extent of the sub-burst) is higher than the fractional bandwidth

typically absent from sub-bursts analyzed in the paper.

To estimate the effect of missing frequency channels on our analysis we construct an

artificial burst similar to Burst 23 from a Gaussian with a standard deviation along the

semi-major axis of a = 67 MHz (90 pixels), standard deviation along the semi-minor

axis b = 2.2 ms (15 pixels), θ = 10◦ (inclination from vertical), and with stochastic noise

of amplitude 25% that of the Gaussian amplitude. We perform our analysis on a 2D

array with dimensions 540×540 pixels, having horizontal and vertical resolutions of 6.75

px/ms and 1.35 px/MHz, respectively. As a first test, we mask a band of width 18.5 MHz

(25 pixels) through the center of the burst and pass this zero-padded signal through our

pipeline.
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The fitting procedure on the 2D autocorrelation returns afit = 102.7 pixels, bfit = 14.8

pixels, and θfit = 9.83◦. The process is visualized in Figure 3.4. For such a small

inclination angle, the percentage error in tw is very close to that of b, and is (in this case)

approximately 1%. The corresponding percentage error in the sub-burst slope dνobs/dtD

is 1.7%.

We can generalize this test by shifting the frequency masking band of Figure 3.4 verti-

cally. Upon doing so, we find that the error is independent of the frequency band’s vertical

position. The percentage error for the burst duration is found to be ≃ (−1.4± 0.4)%,

where the ±0.4% uncertainty applies to all band vertical positions tested, while the

corresponding error in the angle is ≃ (−1.1± 0.7)%.

If we rotate the burst of Figure 3.4, while retaining the central band mask of 18.5 MHz

(25 pixels) on burst centre, we observe a linear enhancement of error with increasing

orientation. The effect is, however, a negligible one: for every burst rotation by 10◦, the

duration error increases by only 0.45%, while the orientation angle error decreases (or

increases in magnitude) by only 0.12◦. At a 30.0◦ burst angle, the sub-burst slope error

is only 4%.

3.3.4 The narrow-band nature of the emission process

As discussed in Section 3.1.1, results from Gajjar et al. (2018) and Hessels et al. (2019)

for FRB 20121102A point to a rest frame frequency of emission ν0 that does not change

significantly from burst to burst. The results presented here can be shown to also be

consistent with a narrow-band emission process by inserting equation (3.2) into equation

(3.1) to obtain

1

ν2
obs

dνobs
dtD

= − 1

ν0τ ′D
, (3.9)
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for the sub-burst slope (normalized to ν2
obs), which is then predicted to be independent of

νobs and scale inversely with ν0. Figure 3.5 shows the corresponding plot using the same

data as in Figure 3.1. The broken black line is for a fit to a constant B on the combined

data for the three sources, with B ≡ (τ ′Dν0)
−1 = (6.6± 0.8)× 10−8. While there is some

scatter in the data, the result is consistent with the expected lack of dependency on

νobs. Any deviation could easily be accounted for with the uncertainty on the DMs and

inherent variations in τ ′D. The combination of this result with the temporal narrowing

and sad trombone effects discussed in Section 3.1.1 for FRB 20121102A provides evidence

for the narrow-band nature of the emission process.

3.4 Conclusion

We demonstrate a method of studying the sub-burst slope in the context of DM varia-

tions from burst to burst and over time by adopting large ranges of possible DMs when

measuring spectro-temporal properties of FRBs. This method reveals that even given

a wide range of possible DMs for each burst from an FRB source, the slope of an in-

dividual sub-burst is inversely proportional to its temporal duration. Furthermore, for

the three sources considered in this work, namely FRB 20121102A, FRB 20180916B and

FRB 20180814A, significant overlap between the inverse trends found is consistent with

the three relationships having a nearly identical scaling. That is, the same law can be

used to describe sub-bursts from all three sources, though careful analyses over larger

data sets at different frequencies would be needed to verify this. Additionally, this result

suggests that the sub-burst slope law may be a useful tool for simplifying studies that

require large samples of FRBs, by providing a single small adjustment DM to dedisperse

waterfalls to without the complexity of verifying each burst’s DM.

We believe that the simplest explanation for the existence of this trend is that the
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al. 2019, respectively), FRB 20180916B (blue pentagons; CHIME/FRB et al. 2020)
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of possible values due to the range of sub-burst slopes measured at different DMs, as
discussed in Section 3.2.1.
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emission mechanism of these FRB sources is narrow-band in nature, which would be

consistent with earlier models based on Dicke’s superradiance (Houde et al. 2019; Rajabi

et al. 2019; Rajabi et al. 2020). Such a mechanism requires a trigger, which leaves room

for magnetar-centric models of FRBs. To further study the relationship between the

sub-burst slope and temporal duration future analyses of FRBs from all known repeater

sources can be performed in the manner presented here. A large sample of sources helps

to constrain the uncertainties due to variations in DM, and necessitates convenient and

public access to FRB data.

Finally, we note that our discovery of a shared sub-burst slope law among these three

sources suggests that this could be a universal property among repeating FRBs or at least

a significant subclass of them. If deviations from this relationship exist, then it is likely

the sub-burst slope law can serve as a classification tool for FRBs by discriminating

sources that follow this law from those that do not. This not only motivates further

searches but also provides a new tool to study and categorize FRBs based on their

underlying physical mechanism.
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Figure 3.6: Dynamic spectra (first and third columns) and corresponding autocorrelation
functions (second and fourth columns) for FRB 20121102A bursts at a frequency of
approximately 4–5 GHz fromMichilli et al. (2018). The dynamic spectra were dedispersed
with a DM = 559.7 pc cm−3 and the dashed horizontal line in the waterfall denotes the
center frequency νobs used for the analysis. The autocorrelation functions are modelled
with a 2D Gaussian ellipsoid whose one- and two-standard deviation levels are shown
using the white contours.
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Figure 3.7: Same as Figure 3.6 but for the FRB 20121102A data at approximately 5–
8 GHz published in Gajjar et al. (2018) and dedispersed with a DM = 565 pc cm−3. The
top four sub-bursts are taken from one event, i.e., Burst 11A. Note that the time axes
for the autocorrelation functions do not all share the same range, which distorts their
relative appearance.
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Figure 3.8: Same as Figure 3.6 but for FRB 20180916B taken from CHIME/FRB et al.
(2020). These data were dedispersed with a DM = 348.82 pc cm−3. Note that the time
axes for the autocorrelation functions do not all share the same range, which distorts
their relative appearance.
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Figure 3.9: Same as Figure 3.6 but for FRB 20180814A taken from CHIME/FRB et al.
(2019). These data were dedispersed with a DM = 188.9 pc cm−3.



3.4| Conclusion 103

0 25 50 75 100 125 150
Time (ms)

400

500

600

700

800

Fr
e
q

u
e
n
cy

 (
M

H
z)

Burst #180917

150 100 50 0 50 100 150
Time Shift (ms)

375

250

125

0

125

250

375

Fr
e
q
u
e
n
cy

 S
h
if
t 

(M
H

z)

Correlation #180917

0 10 20 30 40
Time (ms)

400

500

600

700

800

Fr
e
q

u
e
n
cy

 (
M

H
z)

Burst #180917.1

40 20 0 20 40
Time Shift (ms)

375

250

125

0

125

250

375

Fr
e
q
u
e
n
cy

 S
h
if
t 

(M
H

z)

Correlation #180917.1

0 10 20 30 40
Time (ms)

400

500

600

700

800

Fr
e
q

u
e
n
cy

 (
M

H
z)

Burst #180917.2

40 20 0 20 40
Time Shift (ms)

375

250

125

0

125

250

375

Fr
e
q
u
e
n
cy

 S
h
if
t 

(M
H

z)

Correlation #180917.2

0 10 20 30 40 50 60
Time (ms)

400

500

600

700

800

Fr
e
q

u
e
n
cy

 (
M

H
z)

Burst #180917.3

60 40 20 0 20 40 60
Time Shift (ms)

375

250

125

0

125

250

375

Fr
e
q
u
e
n
cy

 S
h
if
t 

(M
H

z)

Correlation #180917.3

Figure 3.10: Same as Figure 3.9 but for Burst #180917 of FRB 20180814A taken from
CHIME/FRB et al. (2019). The whole event is shown on the top row (not used for Figure
1 of main text), while its three separate sub-bursts are detailed in the bottom three (all
used for Figure 1 of main text). Note that the time axes for the autocorrelation functions
do not all share the same range, which distorts their relative appearance.
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Data Availability

The data pipeline is made available at https://github.com/mef51/subdriftlaw and

maintained by M.A.C. Aggregate data of the bursts and the code for the figures are also

available. Data of the FRB spectra are available either publicly or via the authors of their

respective publications. The figures in this paper were prepared using the matplotlib

package (Hunter 2007).

Appendices

2.A Autocorrelation Analysis

We discuss here the process of preparing and obtaining measurements from the dynamic

spectra of bursts, based on the autocorrelation technique described in Hessels et al.

(2019).

As mentioned in Section 3.2.1 when a waterfall consists of a train of multiple sub-

bursts we separate the components and measure the slope and temporal duration of each

sub-burst separately. The dynamic spectra of every sub-burst used in this analysis with

its autocorrelation is shown in Figures 3.6 – 3.10.

The pipeline that every sub-burst undergoes is written in Python and consists of

computing the autocorrelation of the signal, fitting a two-dimensional (2D) Gaussian

to the resulting autocorrelation function, and a calculation of the physical quantities of

interest from the fit parameters: namely the sub-burst slope and temporal duration. The

https://github.com/mef51/subdriftlaw


2.A| Autocorrelation Analysis 105

autocorrelation of the waterfall measures the self-similarity of the sub-burst in frequency-

time space and for FRBs can be approximated by an ellipsoid with an intensity that

follows a 2D Gaussian (Hessels et al. 2019). Before computing the autocorrelation and

depending on the source and/or burst, some noise removal is performed. For the bursts

from FRB 20121102A and FRB 20180916B this is done by subtracting from the entire

spectrum a background signal obtained from a time-average of twenty or so samples taken

prior to the burst. For FRB 20180814A, due to the raw format the bursts are provided in,

a noise mask was acquired through correspondence with members of the CHIME/FRB

Collaboration and the channels are normalized by the standard deviation of the intensity.

Missing or blocked out frequency channels in dynamic spectra (e.g., because of radio

frequency interference (RFI)) are zeroed out before performing the autocorrelation.

The computation of the autocorrelation function is facilitated and sped up by using

a Fast Fourier Transform (FFT) of the waterfall, which is then squared and inverted

(through an FFT) back to the frequency-time domain (Press et al. 2007). The autocor-

relation function is then modelled with the following functional form for a rotated 2D

Gaussian

G (x, y) = C exp

{
−1

2

[
x2

(
cos2 θ

b2
+

sin2 θ

a2

)
+2xy sin θ cos θ

(
1

b2
− 1

a2

)
+ y2

(
sin2 θ

b2
+

cos2 θ

a2

)]}
, (3.10)

with the free parameters C, a, b, and θ for, respectively, the amplitude, the semi-major

and semi-minor axes (i.e., the standard deviations) of the ellipsoid, and the sub-burst an-

gle for the orientation of the semi-major axis measured counterclockwise from the positive

y-axis. More precisely, the x- (i.e., for the time lag) and y-axes (i.e., for the frequency lag)

are respectively oriented horizontally and vertically on the autocorrelation plots shown

in Figures 3.6–3.10. To find these parameters we use the scipy.optimize.curve fit

package, which performs a non-linear least squares fit. The package also returns a covari-
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ance matrix, which is used to calculate the uncertainty of the fitted parameters. These

uncertainties are then scaled by the square-root of the reduced-χ2 computed from the

residual between the autocorrelation function and its Gaussian fit. We note again that

the uncertainty calculated this way does not capture nearly the entire error budget which

depends more significantly on the error in the DM (discussed in Section 3.2.1) as well the

parts of the burst spectra that have been masked out and the shape of its autocorrelation.

Using the angle θ, the sub-burst slope is calculated via

dνobs
dtD

= −νres
tres

cot θ, (3.11)

where νres and tres are the frequency and time resolutions of the waterfall. We obtain the

sub-burst duration from the fit parameters through

tw = tres
ab√

b2 sin2 θ + a2 cos2 θ
. (3.12)

These expressions are also used to propagate the fit parameter uncertainties to the values

of dνobs/dtD and tw. These uncertainties are used to confirm the assertion that DM

variations are the largest source of error, as stated in Section 3.2.1.

The observation frequency νobs of each sub-burst is estimated via an intensity-weighted

average of the spectrum over the whole time range. While this decreases the accuracy of

the estimate as opposed to using just the on-pulse region, we find it has little bearing on

the result. To fit equation (3.1) we used the scipy.odr.RealData package, which uses

orthogonal distance regression and the uncertainties on the data to find a fit.

2.B Determination of β+, ν0 and ∆β′

The equations presented in this section apply to cases where the source of radiation

travels directly toward or away from the observer.
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For the determination of the maximum speed of an FRB rest frame toward the ob-

server β+ > 0 and ν0, the frequency of emission within it, we can generally set β− = −aβ+

with a ≥ 0 for the greatest (i.e., most negative) speed away from the observer. Using

the relativistic Doppler shift formula (Rybicki and Lightman 1979) for the corresponding

frequencies in the observer’s rest frame

ν±
obs = ν0

√
1 + β±

1− β± , (3.13)

we find that

β+ =

(
1 + a

2a

)(
ν+
obs

2
+ ν−

obs
2

ν+
obs

2 − ν−
obs

2

)

×

1−
√√√√1− 4a

(1 + a)2

(
ν+
obs

2 − ν−
obs

2

ν+
obs

2
+ ν−

obs
2

)2
 (3.14)

ν2
0 = ν+

obsν
−
obs

√
1− (1− a) β+ − aβ+2

1 + (1− a) β+ − aβ+2 . (3.15)

The discussion in Section 3.3 where the FRB rest frames span the range ±β+ corresponds

to the case a = 1, which reduces equations (3.14)-(3.15) to equations (3.4)-(3.5) of the

main text.

For the determination of ∆β′, we start by considering that for a signal initially ob-

served at frequency νobs a velocity change ∆β in the observer’s rest frame will be accom-

panied by a change δνobs in frequency given by

δνobs
νobs

=
∆β

1− β2
, (3.16)

where β is the initial velocity relative to the observer. Using the special relativistic

velocity addition law (Rybicki and Lightman 1979) we can relate the velocity changes in
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the observer and FRB rest frames through

∆β = ∆β′
(

1− β2

1 + β∆β′

)
, (3.17)

with ∆β′ the corresponding velocity change in the FRB frame.

Allowing for the motions within the FRB rest frame to span the range ±∆β′ (with

∆β′ ≥ 0; for simplicity, we assume a symmetric velocity range about zero), while using

equations (3.13) (to express β as a function of νobs and ν0) and (3.16)-(3.17), we find the

following relation for the total observed bandwidth covered by the corresponding signals

∆νobs
νobs

= 2∆β′

[
1−∆β′2

(
ν2
obs − ν2

0

ν2
obs + ν2

0

)2
]−1

. (3.18)

Equation (3.6) follows from this relation, which reaches a maximum value when νobs = 0

or νobs ≫ ν0. While equation (3.18) shows little variations whenever ∆β′ ≪ 1, it could, in

principle, be used to evaluate the FRB rest frame frequency ν0 independently of equation

(3.15) since it reaches a minimum of 2∆β′ at νobs = ν0. However, the effect is probably

too small (on the order of 1% for FRB 20121102A) to be measurable given the scatter

inherent to FRB data.
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Chapter 4

A broad survey of spectro-temporal

properties from FRB 20121102A1

4.1 Introduction

Fast radio bursts (FRBs) are short and intense pulses of radiation whose emission mech-

anism eludes understanding despite a multitude of theoretical models and many recent

observational efforts. Observationally, the originating environments, energy distribu-

tions, polarization properties, and activity cycles of FRB sources have been investigated,

with each new study often adding a new unexpected characteristic (Petroff, Hessels, and

Lorimer 2022). Theoretical explanations for FRBs center around extreme environments

such as magnetars where large numbers of particles in a plasma state emit coherently

(Lyubarsky 2021). This flurry of activity around FRBs has revealed significant challenges

in understanding this phenomena and in constraining the possible explanations.

Many of the observational characteristics of FRBs vary dramatically from source to

source, making it unclear which features are arising due to the emission mechanism, the

environment, or propagation effects. The spectral luminosities of FRB sources span sev-

1M. A. Chamma, F. Rajabi, A. Kumar & M. Houde. Submitted to MNRAS.
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eral orders of magnitude and the durations of bursts can range from tens of nanoseconds

to tens of milliseconds (Nimmo et al. 2022). The polarization properties of FRBs vary

as well; for example in FRB 20121102A (Spitler et al. 2014, 2016) bursts have a constant

polarization across their duration (Michilli et al. 2018), whereas in FRB 20180301A

the polarization angle of some bursts show diverse behaviours (Luo et al. 2020). In

FRB 20190520B, the range of rotation measures (RMs) observed are the broadest ob-

served for any type of astrophysical source studied (Anna-Thomas et al. 2022), while

FRB 20121102A has the largest absolute RM observed (Hilmarsson et al. 2021). These

characteristics of FRB sources complicate our understanding of the processes involved

and are likely due to an overlap of multiple different phenomena.

One avenue for understanding the emission mechanism of FRBs is to study the

spectro-temporal properties of bursts, which has revealed several relationships that are

common from burst to burst and even from source to source. Among these quantities,

which include the bandwidth, duration, and central frequency, are the drift rate and

the similar but distinct sub-burst slope or intra-burst drift2. The drift rate refers to the

change in frequency of multiple resolved sub-bursts within a single waterfall, and the ten-

dency for later sub-bursts to arrive at lower frequencies is called the ‘sad trombone’ effect.

The sub-burst slope on the other hand refers to the change in frequency with time within

a single sub-burst or pulse. Hessels et al. (2019) studied bursts from FRB 20121102A

and the relationship between their frequency and the drift rate of multiple resolved sub-

bursts, finding that the drift rate increased with frequency. This relationship appeared

to be linear (Josephy et al. 2019).

In the triggered relativistic dynamical model (TRDM) proposed by Rajabi et al.

(2020), an inverse relationship was predicted between a sub-burst’s slope and its duration

from the assumptions of a narrow-band emission process and relativistic motions in the

2The ‘sub-burst slope’ terminology was used in Chamma et al. (2021) while ‘intra-burst drift’ was
used in Jahns et al. (2022). Both terms describe the same measurement and we will use ‘sub-burst slope’
hereafter.
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source. This prediction agreed with measurements made for a sample of bursts from

FRB 20121102A. This relationship was further explored in Chamma et al. (2021) where

bursts analysed from three repeater sources (FRB 20180916B (CHIME/FRB 2020) and

FRB 20180814A (Amiri et al. 2019) in addition to FRB 20121102A) also had sub-burst

slopes that varied inversely with duration, indicating that the same relationship could

describe the features of bursts from different sources. The model in Rajabi et al. (2020)

also predicted a quadratic relationship between the sub-burst slope and the frequency,

and some evidence of this can be seen in various datasets as plotted in Fig. 5 of Chamma

et al. (2021) and Fig. 8 of Wang et al. (2022). Jahns et al. (2022) studied over 800 bursts

from FRB 20121102A in the 1.1-1.7 GHz band and also found the sub-burst slope to be

inversely proportional to duration. In addition they compared the sub-burst slope to a

dozen drift rates and found that the drift rates were larger but seemed to extend the same

trend with the duration as the sub-burst slopes do (Jahns et al. 2022). This behaviour

for drift rates and sub-burst slopes obeying similar or identical relationships is expected

within the TRDM when groups of sub-bursts are emitted at roughly the same time (Sec.

3.1 of Chamma et al. 2021; Rajabi et al. 2020). Given these recent discoveries it is

fruitful to study the spectro-temporal features of bursts in order to better characterize

these relationships, to find their limitations, and to find possible commonalities between

sources that will contribute to our understanding of the FRB emission mechanism.

In this work we investigate if the same spectro-temporal relationships, such as the

relationship between the sub-burst slope and the duration, are followed for a large and

diverse sample of bursts from a single source as this will indicate if bursts from a single

source can be differentiated based on the spectro-temporal relationships they obey as

well as the robustness of these relationships. To this end we collect bursts from multiple

observational studies of the repeating source FRB 20121102A, one of the best observed

repeaters with bursts that cover a wide range of frequencies and durations, and measure

their spectro-temporal properties. Our measurements include the central frequency, the
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bandwidth, the sub-burst slope, the sad-trombone drift rate (when applicable), and the

duration of every burst and sub-burst. We investigate the relationships between these

quantities, and if a single relationship is sufficient to describe the data or if deviations

exist.

In the following, Section 4.2 will describe the observations used and the bursts sampled

for this study. Section 4.3 will describe how data are prepared, how measurements

are obtained using 2D autocorrelations, and how the dispersion measure (DM) for each

burst is handled and optimized within the context of the burst sample. Section 4.4

will describe the measurements obtained and explore different correlations between the

spectro-temporal properties of the bursts while Section 4.5 will discuss the relationships

observed, the predictions of the TRDM in more detail, and possible implications. The

paper is summarized with our conclusions in Section 4.6.

4.2 Burst Sampling

We list here the observations used and the properties of the bursts sampled for our study.

Michilli et al. (2018) observed 16 bursts from FRB 20121102A using the Arecibo

Observatory in a band that spanned 4.1-4.9 GHz. We use all the bursts they observed

and separated the components of three of their bursts (M9, M10, and M13) for a total

of 19 single pulses. The durations of these bursts range from, as measured by their

full-width-half-maximum (FWHM) and excluding the bursts whose components we have

separated, 0.03 ms to 1.36 ms (Michilli et al. 2018).

Gajjar et al. (2018) observed 21 bursts from FRB 20121102A using the Green Bank

Telescope in a band of 4-8 GHz all of which were 100% linearly polarized. Of these

observations we exclude 5 due to their low SNR and split three of their bursts (11A, 12A,

and 12B) for a total of 21 single pulses, with durations that range from 0.18 ms to 1.74

ms (Gajjar et al. 2018).
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Oostrum et al. (2020) observed 30 bursts from FRB 20121102A using theWSRT/Apertif

telescope in a band spanning 1250-1450 MHz (and 1220 to 1520 MHz for one burst) with

much lower levels of linear polarization than observed at higher frequencies. We use 23

of these bursts with the remaining seven excluded due to low SNR. All bursts from this

dataset were single pulses. The durations of these bursts, as measured by a top hat pulse

with an equivalent integrated flux density, spans 1.6 ms to 8.2 ms (Oostrum et al. 2020).

Aggarwal et al. (2021) searched data observed by Gourdji et al. (2019) using the

Arecibo telescope in a band spanning 580 MHz (with a backend spanning 800 MHz) and

centered around 1375 MHz. Including the 41 bursts found by Gourdji et al. (2019), the

search yielded a total of 133 bursts in three hours of data. Notably, almost all of these

bursts occur above 1300 MHz. Of these bursts we exclude almost half due to a low SNR

and separate 6 into single pulses for a total of 63 bursts. The durations of the bursts used

span 1.16 ms to 17.16 ms based on the FWHM obtained from the burst autocorrelation

(see Section 4.3).

Li et al. (2021) used the FAST telescope to detect 1652 bursts in about 60 hours

of data over 47 days in a band spanning 1000 to 1500 MHz. These bursts followed a

bimodal energy distribution3 with peaks around 1037.8 and 1038.6 erg as well as a bimodal

wait-time distribution with peaks at around 3.4 ms and 70 s. Jahns et al. (2022) found a

weak bimodality in the burst energy distribution in their sample of 849 bursts and could

not conclusively confirm the result of Li et al. (2021).

In order to investigate if these differing properties of wait-time and energy might

correspond to different spectro-temporal features or relationships we sampled bursts from

both peaks of the bimodal energy and wait-time distributions reported by Li et al. (2021).

For the energy distribution we sampled 20 bursts from both peaks (10 each) of the energy

distribution by filtering their list of bursts to those with estimated energies between 1037.7

and 1037.8 erg for the first peak and 1038.6 and 1038.7 erg for the second peak. To select

3For a discussion on differences in methodology when using the observing bandwidth versus burst
bandwidth to compute burst energies see Aggarwal (2021) and Section 3 of Jahns et al. (2022).
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bursts with high enough SNR for a good measurement we additionally filter bursts from

the first peak that have a peak flux density greater than 10 mJy and greater than 100

mJy from the second peak. Different flux limits are chosen for each peak to ensure a large

enough sample and are somewhat arbitrary. For the wait-time distribution, we filtered

for bursts with wait-times between ∼4 ms to ∼6 ms and with a peak flux density above

40 mJy, and wait-times between ∼63 s to ∼100 s above 100 mJy. This yielded 11 and 13

bursts from each peak, respectively, for an additional 24 bursts. Of this sample, several

more were excluded due to an SNR that was still too low to obtain measurements and

many of the short wait-time bursts were split into multiple components, which finally

resulted in a total of 41 single pulses. Of this total, 6 and 12 bursts were from the short

and long wait-time peaks, respectively. Only 2 bursts remained from the low energy

peak and 7 from the high energy peak, 1 burst was included for having a long duration,

and 13 were new pulses that we had separated. Due to challenges in acquiring the data

we decided to proceed with this sample. The bursts used span a frequency range of

1080-1430 MHz and their FWHM durations span 0.56-15.43 ms.

The sample of bursts analysed in this study total 167 and broadly represent all the

types of bursts that have been observed from FRB 20121102A, spanning frequencies

ranging from 1080 MHz to 7.4 GHz and durations from less than 1 ms to about and

greater than 10 ms. Figure 4.1 shows a distribution of the frequencies and durations of

the bursts used in our sample.

4.3 Methods and Analysis

This section will describe how the burst waterfalls are loaded and their spectro-temporal

properties measured via 2D autocorrelations of the waterfall (Hessels et al. 2019; Chamma

et al. 2021), as well as the dispersion measure (DM) ranges used for the measurements,

and how measurements are reviewed and validated. We also describe a graphical user
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Figure 4.1: Histograms of the sub-bursts sampled for this study showing the frequency
(top), sub-burst duration (middle), and sub-burst bandwidth (bottom).
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interface (GUI) we developed to aid in the measurement of burst properties that is easily

extensible and publicly available.

The FRB observations described in Section 4.2 were obtained from the authors of

their respective publications and we describe in the following how they are pre-processed

in order to reduce computation time, remove radio frequency interference (RFI), and/or

crop burst files before performing measurements. FRB waterfall data are available in

various formats and include filterbank and PSRFITS files, which were loaded using the

PyPulse4 andYour5 software packages before being stored as 2D Python numpy arrays.

The waterfalls of bursts from Michilli et al. (2018) were provided via an ASCII dump,

dedispersed, and at frequency and time resolutions of 1.5625 MHz and 0.01024 ms, re-

spectively, with 512 frequency channels and 512 time samples (i.e. with dimensions 512

x 512).

Burst waterfalls from Gajjar et al. (2018) were available dedispersed in PSRFITS

format at a resolution of 183 kHz and 0.01024 ms with 19456 frequency channels and

2048 time samples, which we subsampled in frequency by a factor of 8 to obtain 2432

frequency channels at a resolution of 1.464 MHz. These were then stored in arrays of

size 1690 x 2048 to exclude masked channels present at the bottom of the band.

Waterfalls from Oostrum et al. (2020) were obtained un-dedispersed in the PSRFITS

format with resolutions of about 0.195 MHz and 0.04096 ms with size 1024 x 25000

channels, which we dedispersed to each burst’s reported DM and downsampled by a

factor of 8 to resolutions of 1.5625 MHz and 0.32768 ms. These waterfalls were then

centered and cropped to be stored at a size of 128 x 200 channels. In addition, before

downsampling we applied both a spectral kurtosis and Savitzky-Golay filter (SK-SG

filter; Agarwal et al. 2020; Nita, Gary, and Hellbourg 2016) that is available via the

Your package to mask channels with high RFI.

The waterfall data from Aggarwal et al. (2021) are provided in long duration filterbank

4https://github.com/mtlam/PyPulse
5https://github.com/thepetabyteproject/your

https://github.com/mtlam/PyPulse
https://github.com/thepetabyteproject/your
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files with a list of candidate timestamps, and theBurstfit6 package is used to dedisperse

the data to each burst’s DM and select a 0.1 s long waterfall around the burst. These

waterfalls are then saved as arrays of size 64 x 1220 at resolutions of 12.5 MHz and

0.08192 ms, respectively.

Data from Li et al. (2021) were obtained via correspondence and consisted of PSR-

FITS files for each burst. We load these with Your at a size of 4096 x 131072 channels

and resolutions of 122 kHz and 0.098304 ms, and then filter them with the SK-SG fil-

ter. We then dedisperse each waterfwall to the reported burst DM, subsample to 256

frequency channels, center about the time channel with the peak frequency-averaged in-

tensity and crop to an array of size of 256 x 1000 with resolutions of 1.952 MHz and

0.098304 ms. All the bursts in this study are preprocessed in the way described in order

to facilitate the measurements of their spectro-temporal features.

Despite the pre-processing of the waterfalls there are still several tasks that are needed

on a burst-by-burst basis, that, with a large number of bursts and measurements to man-

age, can quickly become overwhelming and difficult to review. These tasks include addi-

tional noise removal (such as masking channels or applying an SK-SG filter), additional

subsampling to increase the S/N, and separating the components of bursts with multiple

pulses. While these tasks can be automated to an extent, being able to manage and

customize a measurement allows for more accurate results and the inclusion of strange

bursts that might not fit in an automation pipeline of limited complexity. To this end we

developed an extensible graphical user interface (GUI) called Frbgui that allows a user

to input additional masks, change the subsampling of the data, and isolate components of

a burst, and used it to prepare bursts and obtain measurements of the spectro-temporal

features.

The spectro-temporal features of each burst are obtained via a 2D Gaussian fit to

the 2D autocorrelation of the burst waterfall. An autocorrelation of the waterfall helps

6https://thepetabyteproject.github.io/burstfit/

https://thepetabyteproject.github.io/burstfit/
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increase the S/N for measurement and limits the effect of spectral structures, noise, and

banding in the burst. The Gaussian model of the autocorrelation therefore provides

an analytical and robust way of measuring the spectro-temporal features from a small

number of parameters. This technique is detailed in Appendix A of Chamma et al.

(2021) (for example), and for this study, the Gaussian fit is obtained using the normalized

physical coordinates of the autocorrelation. Thus, the dimensions of the Gaussian model’s

parameters are unitless, and we write with x = t/(1ms) and y = ν/(1MHz)

G (x, y) = C exp

{
−1

2

[
(x− x0)

2

(
cos2 θ

b2
+

sin2 θ

a2

)
+ 2(x− x0)(y − y0) sin θ cos θ

(
1

b2
− 1

a2

)
+(y − y0)

2

(
sin2 θ

b2
+

cos2 θ

a2

)]}
, (4.1)

where C, x0, y0, a, b, and θ are the model parameters corresponding to the amplitude,

central x− and y− positions, the standard deviations of the Gaussian, and the orientation

of the semi-major axis (a) measured counterclockwise from the positive y−axis. The fit

is found using the scipy.optimize.curve fit package and we found that the use of

normalized physical coordinates, as defined above, when obtaining this fit improves the

accuracy of the sub-burst slope measurements by almost 40% when the burst is nearly

vertical. The sub-burst slope and duration are obtained via equations A2-A3 of Chamma

et al. (2021), with the modification that the unit conversion becomes unity due to the

choice of coordinates when obtaining the Gaussian fit, so that

dνobs
dtD

= −
(
1
MHz

ms

)
cot θ, (4.2)

tw = (1ms)
ab√

b2 sin2 θ + a2 cos2 θ
, (4.3)

where dνobs/dtD and tw are the sub-burst slope and sub-burst duration7, respectively,

7The duration defined in eq. (4.3) is the correlation length of the burst, and can be converted to other
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and νobs and tD are the observed frequency and delay time (or arrival time) of the burst,

written in the formalism of Rajabi et al. (2020). We also compute the total bandwidth

Btot according to

Btot = (1MHz)
√
8 ln 2 a cos θ, (4.4)

which is the semi-major axis of the Gaussian ellipsoid scaled to its FWHM value and

projected on to the frequency axis. Figure 4.2 shows an example measurement of the

spectro-temporal properties of burst B006 from Aggarwal et al. (2021). Numerically,

equation (4.2) is equivalent to finding the line that connects the peaks of each row of the

autocorrelation and finding the corresponding slope, while equation (4.3) is equivalent

(up to a factor of 2
√
ln 2) to finding the FWHM of the 1D autocorrelation at a frequency

lag of zero. For bursts with multiple components in a single waterfall, the autocorrelation

changes in size to include the multiple components and equations (4.2) to (4.4) are still

valid. We can therefore perform the same analysis to obtain the drift rate if a fit can be

found to the larger autocorrelation. The drift rates we obtain are treated distinctly from

the sub-burst slopes as these potentially arise from different phenomena.

Because the choice of DM affects the value of the sub-burst slope and, to a lesser

extent, the sub-burst duration, each burst is measured over a range of trial DMs. The

DM can vary from burst to burst and for a single burst, especially unresolved pulses, the

DM might be ambiguous if it is unclear whether to maximize the S/N of the burst or

its structure (Gajjar et al. 2018; Chamma et al. 2021, Sec 2.1). We therefore measure

each burst over a grid of DMs spanning 555 to 575 pc/cm3 in steps of 0.5 pc/cm3, chosen

to account for the historical range of DMs observed from FRB 20121102A. Each burst

is incoherently dedispersed from its reported DM to the trial DM and measured via

autocorrelation, resulting in 42 sets of measurements per burst including the reported

definitions of burst duration with a simple scaling. If the burst is Gaussian with a standard deviation
of σp and FWHM tFWHM = 2

√
2 ln 2σp, then the correlation length tw is related to those durations by

tw =
√
2σp, and tw = 1/

√
4 ln 2 tFWHM ≃ 0.6 tFWHM.
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Figure 4.2: Example measurement of burst B006 from Aggarwal et al. (2021). The left
panel shows the burst waterfall dedispersed to 559.5 pc/cm3 with the dashed line, hori-
zontal bar, and vertical bar indicating the sub-burst slope, duration, and total bandwidth
obtained via the 2D Gaussian model of the autocorrelation, shown on the right. On the
right, the image shows the computed autocorrelation, and the blue outlines are contours
of the Gaussian model at a quarter and 90% of the peak. The dashed green line shows
the corresponding slope.

burst DM.

The total set of measurements obtained over the DM grid are then filtered to exclude

sub-burst slopes that are positive or with measurement errors larger than 40%. We ex-

clude all positive sub-burst slopes under the assumption that they are unphysical and

due to over dedispersion (Chamma et al. 2021; Jahns et al. 2022). Most of the measure-

ment errors larger than 40% are due to the maximal DM in the range being greater than

the published DM of a burst. Each burst therefore has a sub-burst slope that is nearly

vertical at some point over the DM range where errors can be very large (see eq. 4.2).

The remaining measurements are then grouped by DM and a fit is found between

the sub-burst slope and duration with the form (dνobs/dtD)/νobs = A/tw, which is the

relationship predicted for these two properties by the TRDM. Of this set of fits, we

compute a reduced-χ2 to assess the goodness of the fit and tabulate the remaining number

of bursts that passed the filtering process for each DM. For each of the datasets listed
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in Section 4.2, the range of DMs is limited to only include those DMs that include all

the bursts in the sample, and, within this limited range, the DM with optimal (minimal)

reduced-χ2 is chosen as the representative DM for that sample.

The range of values in the remaining measurements in the limited DM range are

then used as an estimate of the uncertainties. For example, the bursts from Michilli

et al. (2018) are measured over the DM range 555-575 pc/cm3, and, after filtering invalid

measurements, the remaining DMs that include all of the bursts range from 555-560

pc/cm3. Within this limited DM range, the DM with optimal reduced-χ2 is found to

be 558 pc/cm3, and the range of measurements over the limited DM range are used as

the uncertainties of the measurement at 558 pc/cm3. Treating the measurements of each

burst in this manner helps account for the effect of the DM on the measurement and

allows for an estimate of the uncertainties beyond those from the Gaussian model.

The measurements are reviewed visually with the help of the bars and slope indicators

such as those shown on both panels of Figure 4.2. Plots and tables of all measurements

can be found online at github.com/mef51/SurveyFRB20121102A.

4.4 Results

We describe the results of the autocorrelation analysis, the measurement filtering process,

and the relationships between the spectro-temporal properties in this section. The sub-

burst slope (normalized by the observing frequency) vs. sub-burst duration is shown in

Figure 4.3. Figures 4.4 to 4.6 show different (potential) correlations between the measured

spectro-temporal properties, including the sub-burst duration and sub-burst slope with

frequency, and in particular the correlations between the bandwidth with frequency,

duration and sub-burst slope. Figure 4.5 examines the small sample of bursts with

multiple components and shows the drift rate vs. duration and drift rate vs. frequency.

In Figure 4.6 we find an unexpected correlation between the bandwidth and duration (and

https://github.com/mef51/SurveyFRB20121102A
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Dataset Max valid DM Optimal DM # of bursts
(pc/cm3) (pc/cm3)

Michilli et al. (2018) 560.0 558.0 19
Gajjar et al. (2018) 563.5 557.5 21

Oostrum et al. (2020) 563.0 563.0 23
Aggarwal et al. (2021) 560.5 559.5 63

Li et al. (2021) 562.0 562.0 41
Weighted Average: 561.5(4) 560.1(8) 167

Table 4.1: Results from the measurement exclusion and DM optimization process de-
scribed in Section 3. The maximum valid DM is the DM beyond which bursts start being
excluded for having invalid sub-burst slope measurements (ie. being over-dedispersed).
The optimal DM is the DM for which the reduced-χ2 of the fit between the sub-burst
slope and duration measurements at that DM is closest to unity. The DM step size used
was 0.5 pc/cm3.

thus sub-burst slope). Finally we look in particular at the spectro-temporal features of

bursts from Li et al. (2021) in Figure 4.7 and the absence of correlations between bursts

from different energy and wait-time peaks.

As mentioned in the previous section, the measurements are filtered to exclude invalid

values and this process results in some bursts not having a valid measurement at a

particular DM, which results in a limited DM range after requiring that all bursts are

included. After this filtering, the ranges of DMs for which bursts have valid measurement

varied from dataset to dataset; while all five datasets had valid measurements down to

555 pc/cm3, the highest DMs at which all bursts in a dataset still had valid measurements

differed. These maximal DMs along with the DM in that range that had the optimal fit

between the sub-burst slope and duration are listed in Table 4.1. The average maximal

DM (weighted by the number of bursts in each dataset) was 561.5(4) pc/cm3 and the

average optimal DM was 560.1(8) pc/cm3. In the figures to follow, burst measurements

are always displayed at the optimal DM of the dataset they come from, with uncertainties

estimated from the range of measurements found within the limited DM range.
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Figure 4.3: The relationship between the sub-burst slope and sub-burst duration. The
sub-burst slope is normalized by the observed sub-burst frequency in order for the differ-
ent datasets to be plotted together with the same relationship. The black line is a fit of
the form A t−1

w which is the relationship predicted in the triggered relativistic dynamical
model of Rajabi et al. (2020), while the other are more general fits of the form A tnw and
A tnw+B. The shaded region shows the intersection of the range of fits found over the DM
ranges of each of the five datasets. Each measurement is displayed at the optimal DM for
its source dataset, listed in Table 4.1. Uncertainty bars show the range of measurements
found over the limited DM range (see Section 4.3). We see decent agreement between
the three fits with the exponent of the expected relation lying between those found for
the general fits.

4.4.1 Spectro-temporal Properties

The correlations between the spectro-temporal properties shown in Figures 4.3 to 4.6

confirm known relationships across a broad parameter range and reveal a potentially

new relationship between the bandwidth and sub-burst duration (or normalized sub-

burst slope). A summary of the fits found is shown in Table 4.2. A discussion of these

results will be found in Section 4.5.

In Figure 4.3 we plot the sub-burst slope normalized by the observing frequency versus

the sub-burst duration. We find three fits to the data using the scipy.odr package,
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# Form A n C Figure

1 1
νobs

∣∣∣dνobsdtD

∣∣∣ = A1t
−1
w 0.113± 0.003 4.3

2 1
νobs

∣∣∣dνobsdtD

∣∣∣ = A2t
n2
w 0.110± 0.003 −0.81± 0.04 4.3

3 1
νobs

∣∣∣dνobsdtD

∣∣∣ = A3t
n3
w + C3 0.046± 0.003 −1.25± 0.07 0.015ms−1 4.3

4 tw = A4ν
−1
obs 1474± 48ms·MHz 4.4

5 tw = A5ν
n5
obs 283± 331 −0.80± 0.14 4.4

5b tw = A5bν
−2
obs (5.9± 0.3)× 106ms·MHz2 4.4

6
∣∣∣dνobsdtD

∣∣∣ = A6ν
2
obs (6.3± 0.3)× 10−5ms−1·MHz−1 4.4

7
∣∣∣dνobsdtD

∣∣∣ = A7ν
n7
obs (1± 2)× 10−4 1.93± 0.23 4.4

8 1
νobs

∣∣∣∆νobs
∆tD

∣∣∣ = A8t
−1
w 0.145± 0.012 4.5

9 1
νobs

∣∣∣∆νobs
∆tD

∣∣∣ = A9t
n9
w 0.119± 0.012 −0.71± 0.1 4.5

10
∣∣∣∆νobs

∆tD

∣∣∣ = A10ν
2
obs (2.1± 0.2)× 10−5ms−1·MHz−1 4.5

11
∣∣∣∆νobs

∆tD

∣∣∣ = A11ν
n11
obs (1.3± 0.8)× 10−4 1.77± 0.08 4.5

12 Bν = A12νobs 0.14± 0.004 4.6
13 Bν = A13ν

n13
obs 0.48± 0.16 0.85± 0.04 4.6

14 Bν = A14t
n14
w 272± 12 −0.53± 0.04 4.6

15 Bν = A15

(
1

νobs

∣∣∣dνobsdtD

∣∣∣)n15

1225± 93 0.52± 0.05 4.6

16 Bν = A16t
−1
w 162± 6ms·MHz 4.6

17 Bν = A17

(
1

νobs

∣∣∣dνobsdtD

∣∣∣) 2570± 108ms 4.6

Table 4.2: A summary of fits attempted with the measurement results. A typically
denotes the amplitude of some kind of power-law, n denotes the index of that power
law, and C is used to denote any additive constants when applicable. νobs denotes the
sub-burst frequency, tw denotes the sub-burst duration, and (dνobs/dtD) and (∆νobs/∆tD)
denote the sub-burst slope and drift rate between multiple sub-bursts, respectively.
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which performs an orthogonal distance regression, a method that takes into account

the uncertainties on both variables. We use the range of measurements over the DM

range as the variable uncertainties when performing the fits. The first fit is of the

form (dνobs/dtD)/νobs = A1 t
−1
w which is the prediction of the TRDM and we find A1 =

0.113 ± 0.003. We fit two general power-laws, which are free of assumptions, of the

form A2 t
n2
w and A3 t

n3
w + C3 to see if they agree with the predicted fit. These yield

A2 = 0.110± 0.003, n2 = −0.81± 0.04 and A3 = 0.046± 0.003, n3 = −1.25± 0.07, C3 =

0.015ms−1. For each dataset, a range of fits of the form A t−1
w is found over the DM range

and the shaded region shows the intersection of those ranges across the five datasets.

That is, the shaded region shows the range of fits possible within the limited DM ranges

of all the datasets and is an estimate of the uncertainty on the parameter A1 found above

as a function of the DM. We see that a majority of points fall within this region and are

well described by the fits, with a small population of outliers located above the rest of the

points in the sub-bursts with durations greater than 1 ms. We also see the measurement

ranges systematically tending to smaller sub-burst slopes with increasing duration.

In Figure 4.4, we plot the sub-burst duration and sub-burst slope against the fre-

quency. In those two panels, the black line represents a fit of the form with the exponent

fixed to the prediction of the TRDM and the tan line represents a fit where the expo-

nent is free to vary. In the sub-burst duration vs. frequency plot, the black fit is of

the form A4 ν
−1
obs, while the tan fit leaves the index free and is of the form A5 ν

n5
obs. The

free fit finds an exponent of n5 = −0.80 ± 0.14, smaller than the predicted n = −1,

with A4 = 1474 ± 48ms · MHz and A5 = 283 ± 331. The yellow fit is of the form

A5b ν
−2
obs, and will be discussed in Section 4.5.2. In the sub-burst slope vs. frequency plot

we fit to the TRDM form of A6 ν
2
obs and again to a free index form of A7 ν

n7
obs, finding

A6 = (6.3±0.3)×10−5 ms−1· MHz−1, A7 = (1±2)×10−4 and an index of n7 = 1.93±0.23,

consistent with the predicted n = 2 relationship. Both fits visually describe the data well,

and we see a large spread in the bursts in both plots.
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Figure 4.4: Relationships between the sub-burst duration (top) and the sub-burst slope
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The drift rate of a burst with multiple components may be due to a different phe-

nomenon than that which results in the sub-burst slope, and so we separate the drift

rate measurements from the sub-burst slope measurements and show their correlations

in Figure 4.5. We find that their relationships are similar to those found for the sub-burst

slopes.

Of our sampled bursts only a handful showed multiple components. Most of these

were measurable via the autocorrelation method but a few were not, such as in the

cases where one of the bursts dominated the autocorrelation or when the drift rate was

very small. The drift rates are put through the same filtering process as the sub-burst

slopes and the top panel of Figure 4.5 shows the normalized drift rate vs. the duration

of the event, while the bottom shows the drift rate vs. the frequency. As before, for

the relationship with the duration we find one fit with the predicted form A8 t
−1
w which

yielded A8 = 0.145 ± 0.012 and a fit with a free exponent of the form A9 t
n9
w which

yielded A9 = 0.119 ± 0.012 and n9 = −0.71 ± 0.1. This first fit has an A value higher

than that found for the sub-burst slopes (A8 > A1) and outside the range of fits shown

in Figure 4.3. The second fit found an exponent n9 with a smaller magnitude than n2,

the corresponding index for the sub-burst slopes. This suggests a relationship for the

drift rates and duration similar to that found for the sub-burst slopes but with possibly

a slightly different scaling.

For the relationship between the drift rates and the frequency (bottom panel of Figure

4.5) we perform two fits, with the first fit of the TRDM form A10 ν
2
obs yielding A10 =

(2.1 ± 0.2) × 10−5 ms−1· MHz−1, which is about a third the value found between the

sub-burst slope and frequency (A6, and shown in the bottom panel of Figure 4.4). A fit

of the form A11 ν
n11
obs found A11 = (1.3 ± 0.8) × 10−4 and n11 = 1.77 ± 0.08, with quite

a large uncertainty on A11. For the limited drift rates available, the fits to the drift

rates’ relationships are similar enough to those found for the sub-burst slopes that it is

tempting to conclude that the same phenomena is responsible for both.
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Figure 4.6 shows plots of the sub-burst bandwidth against the frequency, sub-burst du-

ration, and normalized sub-burst slope, respectively. For the bandwidth versus frequency

plot we find a linear fit of the form A12 νobs consistent with Doppler broadening of nar-

rowband emission and a free index fit of the form A13 ν
n13
obs . This yields A12 = 0.14±0.004

and a fit with A13 = 0.48 ± 0.16 and exponent n13 = 0.85 ± 0.04. For the fits to band-

width versus the sub-burst duration and normalized slope (middle and right panels),

we leave the exponent free and use the forms A14 t
n14
w and A15 (ν

−1
obsdνobs/dtD)

n15 . We

find A14 = 272 ± 12 and n14 = −0.53 ± 0.04 for the duration and A15 = 1225 ± 93 and

n15 = 0.52±0.05 for the normalized sub-burst slope. Plotting against the sub-burst slope

instead of the normalized sub-burst slope has little effect on the exponent n15. That the

exponents n14 and n15 are inverses of each other within the uncertainties is expected from

the inverse trend between the slope and duration shown in Figure 4.3, in agreement with

the prediction of the TRDM.

That there is a relationship between the bandwidth and duration or slope of a burst

can be expected from the other correlations shown but, as will be discussed in Section

4.5.2, the exact form of relationship seen here is not, and is visible in these data because of

the large range in frequency of the bursts sampled. However, as shown by the bandwidth

limits plotted as regions in the figures, the maximum observable bandwidths for the

Oostrum et al. (2020), Aggarwal et al. (2021), and Li et al. (2021) datasets are 200

MHz, 680 MHz, and 500 MHz, respectively, due to their instrumentation (with a few

exceptions for bursts that had slightly different backends), implying that sub-bursts with

high bandwidths and long durations could be missed.

The nearest and simplest fractional value consistent with the uncertainties of the

exponent n14 = −0.53 ± 0.04 is −1/2 and so the two rightmost panels of Figure 4.6, if

observationally complete, suggest a proportionality of Bν ∝ t
−1/2
w ∝ (ν−1

obsdνobs/dtD)
1/2,

where Bν is the bandwidth. The colored lines in the two rightmost panels show fits of

the form A16 t
−1
w and A17 (ν

−1
obsdνobs/dtD), respectively, with A16 = 162 ± 6 ms·MHz and
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A17 = 2570±108 ms. These are the expected relationships inferred from our earlier results

to be discussed in Section 4.5.2 where we also further explore this unusual dependence.

The set of correlations described above provide evidence that the relationships pre-

dicted by the TRDM between the sub-burst duration, slope and frequency apply for a

majority of bursts from this source and possibly indicate an additional unknown rela-

tionship between the bandwidth and sub-burst slope/duration.

For the sampled bursts from the bimodal peaks in energy and wait-time distributions

reported by Li et al. (2021), we searched for correlations between our measured spectro-

temporal properties and the burst energy and wait-time, finding that they were unrelated

to each other. Figure 4.7 shows plots of the slope, sub-burst duration, bandwidth, and

frequency as functions of the wait-time (top row) and burst energy (bottom row). In the

top row we can see that the bursts cluster around wait-times of 10−2 and 102 seconds,

corresponding to the two sampled peaks, and that the spectro-temporal measurements in

all panels vary randomly and with similar ranges. In the bottom row a large number of

bursts cluster around 1039 erg while the low energy peak at < 1038 erg only has two points,

due to difficulties we encountered in measuring these lower S/N bursts. Nonetheless,

across the four panels we again see that the measurements vary widely at the high energy

peak and cover similar values as the measurements from the low energy peak. For this

limited sample of data we therefore conclude that no clear relationship exists between

the wait-time and energy of a burst with any of its spectro-temporal properties.

We have presented in this section new measurements of the spectro-temporal prop-

erties of bursts sampled from five studies of FRB 20121102A and characterized the re-

lationships, and lack of relationships, between them. Across this broad sample we saw

that the sub-burst slope and sub-burst duration are inversely related, shown in Figure

4.3. We see that the sub-burst duration and frequency are also inversely (or potentially

inverse squarely) related, that the sub-burst slope goes to the square of the frequency,

and that the bandwidth varies linearly with the frequency. We also looked at a handful
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Figure 4.7: Search for correlations between measured spectro-temporal properties of
28 bursts from Li et al. (2021) and their wait-times (top) and energies (bottom), as
reported by those authors. This figure does not include the 13 sub-bursts that were
separated ourselves. The two peaks of the wait-time distributions can be seen in the
top row around 10−2 and 102 seconds. The two peaks of the energy distribution are less
obvious due to difficulties measuring bursts from the low energy (< 1038 erg) peak and
the small sample limits the possible conclusions. No obvious dependence of a burst’s
spectro-temporal properties on either its wait-time or energy is seen in these data.
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of drift rates in our sample separately from measurements of the sub-burst slope and

found similar but not identical relationships as those found for the sub-burst slope. Due

to the low statistics it is unclear whether different relationships describe the sub-burst

slope and drift rate or if they are identical, but nonetheless the relationships between the

two are certainly difficult to distinguish. We tentatively found a relationship between

the bandwidth and sub-burst duration with a proportionality consistent with t
−1/2
w . Be-

cause of the inverse relationship between the duration and normalized sub-burst slope,

we therefore expect a relationship between the bandwidth and sub-burst slope that goes

nearly as [(dνobs/dtD)/νobs]
1/2, and this is exactly what is seen in the right panel of Figure

4.6. Finally, by looking at bursts sampled from the bimodal energy and wait-time distri-

butions reported by Li et al. (2021), we see no connection between those two parameters

and the subsequent spectro-temporal properties of a burst, though the sample size is

small especially for the low energy peak.

4.5 Discussion

We discuss here our results in the context of other studies and the TRDM, including the

expected relationships for the drift rates and their connection to those for the sub-burst

slopes. We will also discuss the unexpected relationship observed between the bandwidth,

duration, and normalized sub-burst slope, the implications of the relationships observed

(and not observed, in the case of the spectro-temporal properties with the burst energy

and wait-time), as well as the large spread in values seen in the measurements of the

spectro-temporal properties and what these results mean for understanding FRBs overall.

Several studies have now closely examined the relationships between spectro-temporal

properties of FRBs and found strong correlations between them, especially between the

normalized sub-burst slope and sub-burst duration. The first report of the inverse rela-

tionship between the slope and duration was in Rajabi et al. (2020), seen with 25 bursts
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from FRB 20121102A. Chamma et al. (2021) reported the same relationship for multi-

ple sources seen with bursts from, in addition to FRB 20121102A, FRB20180916B and

FRB20180814A, while also reporting that the same fit parameter A characterized the

relationship for the three sources. In earlier work the data for FRB 20121102A were lim-

ited to bursts with short durations and frequencies greater than 4 GHz, and since then

large numbers of bursts were made available at longer durations and lower frequencies,

presenting the opportunity to understand the relationships seen earlier with improved

statistics.

In this study the frequency and duration ranges are broad and the number of bursts

studied from FRB 20121102A is large enough to conclude that a majority of bursts

from this source follow a tight relationship between the normalized sub-burst slope and

duration. The optimum fit parameter found here was A1 = 0.113±0.003, which is higher

than the A = 0.078± 0.006 found by Chamma et al. (2021), along with a narrower range

of fits centered around A = 0.09. Though the range of fits includes this earlier value, the

low frequency bursts added in this study exhibit a small population of outliers that are

found higher than the fit region, which may be responsible for the larger A value found

here. Based on the uncertainty ranges, this population can be seen to be near the edge

of its limited DM range, meaning the bursts are near vertical where errors on the slope

measurement are large and close to being over-dedispersed. For most of the outliers,

their ranges extend into the main population of bursts.

In Jahns et al. (2022), 849 bursts from FRB 20121102A were analysed on the lower end

of our frequency range (around 1400 MHz) and a strong inverse correlation between the

sub-burst duration and slope can be seen in their Figure 5. Their formalism finds the in-

verse of the sub-burst slope relation used here and their fit parameter of |b| = 0.00862(37)

MHz−1 can be converted to the results here for comparison via A = 1/(νobsb), which yields

AJahns = 0.0839 when using νobs = 1400 MHz, the most common burst frequency in that

sample. This value is comparable to the results found here, and differences can be due
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to the burst definition used and details of the analysis (such as normalizing each point

by the burst frequency).

Studies focused on a narrow range of frequencies and durations can have limited power

in revealing statistical relations between properties, such as the near inverse relationship

between sub-burst duration and frequency, and near quadratic relationship between sub-

burst slope and frequency, shown in the two panels of Figure 4.4. The TRDM predicts

the relationship between the sub-burst duration and frequency to be

tw = τ ′w
ν0
νobs

, (4.5)

where tw is the sub-burst duration, τ ′w is the sub-burst duration in the rest frame of

emission, ν0 is the rest frame frequency, and νobs is the frequency in the observer frame.

The values of τ ′w and ν0 can be absorbed into a constant and so an inverse relationship

is expected. Other evidence of this relationship can be found in Figure 7 of Gajjar et

al. (2018) and Figure 3 of Hessels et al. (2019). Each ‘clump’ of bursts seen in Figure

4.4 viewed independently appears uncorrelated with the observing frequency, but placed

together a downward trend becomes clear.

The relationship between sub-burst slope and frequency is similar in this regard as

well, since over a narrow spectral range the two observables can appear uncorrelated.

Wang et al. (2022) in their Figure 8 using data from multiple studies and multiple FRB

sources and spanning a large frequency range found that trends proportional to ν2 and

ν2.29 fit the data well. A quadratic relationship between sub-burst slope and frequency

was previously implied by the results of Chamma et al. (2021) in their Figure 5. Our

results here show similar relationships fit well, with the free exponent fit finding a value

of ν1.93±0.23 that is quadratic within the uncertainty.

The relationship between the sub-burst slope and frequency was derived in Chamma

et al. (2021) from the TRDM using equation (4.5) and the relationship between the
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sub-burst slope and duration, and is given by

1

νobs

dνobs
dtD

= −
(
τ ′w
τ ′D

)
1

tw
= −A

tw
, (4.6)

where as before dνobs/dtD is the sub-burst slope, tD is the delay time (or arrival time),

and τ ′D is the delay time in the rest frame of the FRB. The fit parameter A is seen here as

the ratio between the rest frame sub-burst duration and delay time, and this relationship

is the one predicted for the sub-burst slope and duration, shown with the black fit in

Figure 4.3. Combining equations (4.5) and (4.6) we obtain

dνobs
dtD

= −Aν2
obs

τ ′wν0
≡ −A6 ν

2
obs, (4.7)

where the new constant A6 = A/(τ ′wν0) = 1/(τ ′Dν0). This is a quadratic relationship

between the sub-burst slope and frequency and is shown by our results as well as the

results of Chamma et al. (2021) and Wang et al. (2022).

The TRDM assumes a fundamentally narrow-band emission process at a rest frame

frequency ν0 and if the rest frame sub-burst duration τ ′w can be estimated with a more

detailed model of the emission process, then the ratio of A and A6 would provide a

measure of ν0, through

A

A6

= ν0τ
′
w. (4.8)

For example using our results ofA1 = 0.113±0.003 andA6 = (6.3±0.3)×10−5 ms−1· MHz−1

and with an order of magnitude estimate of τ ′w ≈ 1ms, we can very roughly estimate ν0

to be on the order 1 GHz. The relationships between the sub-burst slope, duration and

frequency are difficult to characterize without a broad sample of observations, but if those

data are available such as with FRB 20121102A, they serve as useful tools especially in

the context of the TRDM.
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The TRDM offers a simple explanation for the relationships observed by assuming a

narrow-band emission process for FRBs at a common rest frame frequency ν0.

4.5.1 Drift rate vs duration and frequency

As discussed in Section 4.4, the drift rate relationships with duration and frequency

are plotted in Figure 4.5 and these relationships appear to be analogous to those for

the sub-burst slope. For the limited data available, the drift rate relationship with

frequency seems to be adequately described by the fit proportional to ν2
obs, as the free fit

is proportional to ν1.77
obs , which is closer to quadratic than not. We can derive a relationship

between the drift rate and the frequency using equation 8 of Rajabi et al. (2020), which

describes the change in frequency with arrival time of distinct sub-bursts. Expanding

the dνobs/dτ
′
D term in that equation we get

∆νobs
∆tD

=
νobs
ν0

dνobs
dτ ′D

=
νobs
ν0

dνobs
dβ

dβ

dτ ′D
, (4.9)

where β is the fraction of the speed of light the FRB source is moving with along the

line of sight. By using the relativistic Doppler shift formula νobs = ν0
√

(1 + β)/(1− β),

we can evaluate dνobs/dβ in the above expression to obtain

∆νobs
∆tD

=
ν2
obs

ν0
γ2 dβ

dτ ′D
, (4.10)

where γ = 1/
√

1− β2. Equation (4.10) shows a ν2
obs dependence with the frequency with

γ2dβ/dτ ′D a parameter characterizing the region under study. More data are required to

what relationship exists between the drift rate and frequency, and the result of such an

analysis can be interpreted within the model based on the relations described above. The

data also seem to suggest an inverse relationship analogous to the relationship between

the sub-burst slope and sub-burst duration. As mentioned earlier, this can be expected

in the TRDM when groups of sub-bursts are emitted at roughly the same time (Sec. 3.1
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of Chamma et al. 2021; Rajabi et al. 2020).

4.5.2 Bandwidth vs. Sub-burst Duration relationship

The correlations of spectro-temporal properties with the bandwidth shown in Figure 4.6

reveal known as well as unknown relationships. One known spectro-temporal correlation

seen in FRBs is the scaling of bandwidth with frequency. For example, in Houde et al.

(2019), the linear relationship shown in the top panel of Figure 4.6 between bandwidth

and frequency is seen in their Figure 5, and includes points between 2 and 4 GHz. Their

slope, once converted for comparison is 0.156, close to the value A12 = 0.14 ± 0.004

obtained here. This linear relationship between the bandwidth and frequency follows

from the non- or weakly-relativistic Doppler effect (Houde et al. 2019).

The relationships found in the bottom panels of Figure 4.6 where Bν ∝ t
−1/2
w and

Bν ∝ (dνobs/dtD)
1/2 are unexpected, difficult to verify, and statistically significant enough

to be considered real. Based on our results, the expected dependence is Bν ∝ t−1
w because

of the dependences tw ∝ ν−1
obs (top panel of Figure 4.4) and Bν ∝ νobs (top panel of

Figure 4.6). Accordingly, the expected dependence between Bν and dνobs/dtD is linear.

However, fits of the form Bν ∝ t−1
w and Bν ∝ dνobs/dtD, shown by the colored lines in

the bottom panels of Figure 4.6, fail to simultaneously cross both the low frequency and

high frequency bursts as well as the Bν ∝ t
−1/2
w and Bν ∝ (dνobs/dtD)

1/2 fits do.

Because the bandwidth appears to be linear with frequency, we can perform a test

fit on the sub-burst duration and frequency that assumes the form tw ∝ ν−2
obs since this

would imply a bandwidth-duration relationship of the form Bν ∝ t
−1/2
w consistent with

our results. Indeed, the ν−2
obs fit (shown in the first panel of Figure 4.4) is adequate enough

of a fit that we cannot be entirely certain whether tw ∝ ν−1
obs or tw ∝ ν−2

obs. However, we

note that the relationship tw ∝ ν−1
obs is at the basis for the sub-burst slope law, i.e.,

(dνobs/dtD)/νobs ∝ t−1
w , through a simple derivative, and that this relation appears to be

securely confirmed here and elsewhere (Rajabi et al. 2020; Chamma et al. 2021; Jahns
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et al. 2022). Furthermore a combination of the sub-burst slope law with tw ∝ ν−2
obs leads

to a relationship dνobs/dtD ∝ ν3
obs, which is not compatible with our results. That is,

the relationship dνobs/dtD ∝ ν2
obs is clearly verified with the data. For these reasons we

are inclined to favour a tw ∝ ν−1
w relation and therefore conclude that the Bν ∝ t

−1/2
w

functionality is real.

There is no known relationship within the TRDM that explains the Bν ∝ t
−1/2
w rela-

tionship between the bandwidth and the sub-burst duration, or theBν ∝ [(dνobs/dtD)/νobs]
1/2

relationship between the bandwidth and sub-burst slope. If the velocity distribution of

the FRB source, which determines the bandwidth in the TRDM, is an independent vari-

able that helps in determining the sub-burst duration and sub-burst slope, then it is

not clear what physical mechanism enables the velocity of one sample of material to

determine the duration of the pulse emitted by material moving at a different velocity.

Conversely, it is difficult to understand how the duration of a pulse tw, which would

imply a correlation bandwidth on the order ∼ 1/tw, could be physically related to an

overall FRB bandwidth spanning a frequency range several orders of magnitude broader.

The lack of a physical picture that explains this bandwidth-duration/slope relationship

within the TRDM suggests that the explanation may be related to the physics of the

emission process.

4.5.3 Spectro-temporal properties and their relationship to the

emission process

Across the different relationships explored and the broad sample of bursts considered from

FRB 20121102A, there does not seem to be a large population of outliers that breaks

sharply from the relationships described. This fact, in light of the absence of correlations

between the spectro-temporal properties and the energies and wait-times, suggests a

separation between some of the spectro-temporal properties of an FRB and its emission

mechanism. A simple interpretation for the lack of outliers or bursts classified by the
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trend their spectro-temporal properties follow is that the correlations between properties

like the sub-burst slope, duration and frequency of FRBs (at least from this source)

originate from the relativistic dynamics of the source as explained by the TRDM. The

correlation between the bandwidth and duration, unexplained in the TRDM as discussed

above, falls into a different category.

The results presented here suggest that the FRB emission from this source comes

from material that is moving relativistically, since several spectro-temporal correlations

of FRB 20121102A are explainable through the dynamics of that material and the TRDM,

and not due to the actual emission process.

This view is supported by the results shown in Figure 4.7, where several spectro-

temporal properties appear uncorrelated with both the wait-time and energy of a burst.

Further supporting examples are the plots with energy displayed in Figure 5 of Jahns

et al. (2022) for bursts around 1400 MHz, the relationship between the frequency and flux

density shown in Figure 4 of Gajjar et al. (2018) for bursts around 7 GHz, and plots of

different properties with the fluence shown in Figure 5 of Aggarwal et al. (2021) for bursts

around 1400 MHz, all of which imply no clear relationship between the spectro-temporal

properties and burst energies.

These aforementioned studies are done independently over a narrow range of frequen-

cies and durations. An analysis with a broad sample such as the one used for this study

that focuses on the energy and/or fluxes of bursts would be needed to confirm the lack of

correlation between burst energies and spectro-temporal properties such as the sub-burst

slope or duration, as the present results and literature suggest.

There is considerable statistical spread in the values of sub-burst slope, duration and

bandwidth seen in Figures 4.3 to 4.6 from each dataset that could be related to the

emission process. For example, the data for Michilli et al. (2018) cluster around 4.5 GHz,

but values for the sub-burst slope range from 5× 102 MHz/ms to 4× 103 MHz/ms, and

the sub-burst duration spans nearly an order of magnitude. Similar statements are true
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for all the other datasets considered. In the TRDM the sub-burst duration and sub-burst

slope (see equations 4.5 and 4.6) are related to the rest frame frequency ν0, and the rest

frame duration and delay times τ ′w and τ ′D. The dependence of the sub-burst duration

and slope on these properties, which in the TRDM are determined exclusively by the

emission process and FRB environment, is possibly the cause of the scatter seen in the

spectro-temporal properties. Characterizing the scatter of spectro-temporal properties

for large samples of bursts may therefore be an avenue for studying the emission process.

4.6 Conclusions

We studied the spectro-temporal properties and the relationships between them of a

broad sample of 167 bursts from FRB 20121102A with frequencies ranging from 1 to

7.5 GHz and sub-burst durations ranging from less than 1 ms to about 10 ms from the

observational studies of Michilli et al. (2018), Gajjar et al. (2018), Oostrum et al. (2020),

Aggarwal et al. (2021), and Li et al. (2021). Bursts from the latter study were sampled

from the two peaks of the bimodal energy and bimodal wait-time distributions reported

therein in order to search for relationships between those parameters and the spectro-

temporal properties of the bursts. Our measurements of the spectro-temporal properties

include measurements of the sub-burst slope, sub-burst duration, burst bandwidth, center

frequency, and sad trombone drift rate (when applicable) at each DM between 555 to 575

pc/cm3 in steps of 0.5 pc/cm3. The complete set of measurements are available online

along with an extensible graphical user interface called Frbgui that was developed and

used to prepare and perform measurements on the burst waterfalls.

We characterized multiple relationships between the measured spectro-temporal prop-

erties of bursts from FRB 20121102A finding general agreement with multiple predictions

from the TRDM described in Rajabi et al. (2020), which fundamentally assumes a narrow-

band emission process and up-to relativistic motion. We found, as in Rajabi et al. (2020),
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Chamma et al. (2021) and Jahns et al. (2022), an inverse relationship between the sub-

burst slope and sub-burst duration. In addition, we find an inverse relation between the

sub-burst duration and frequency, a quadratic relation between the sub-burst slope and

frequency, and a linear relationship between the sub-burst bandwidth and frequency.

The 12 drift rates measured were seen to follow relationships with the duration and

frequency that are analogous to the ones obeyed by the sub-burst slope. However, more

drift rates are needed to properly characterize these trends.

We also found an unexpected correlation with power-law index consistent with −1/2

between the sub-burst bandwidth and sub-burst duration (Bν ∝ t
−1/2
w ), and because of

the inverse relationship between the sub-burst slope and duration, a relationship between

the bandwidth and sub-burst slope with power-law index consistent with 1/2 (Bν ∝

[(dνobs/dtD)/νobs]
1/2). This relationship is unexplained and is potentially uncertain due

to the limited observing bands at lower frequencies, however this would not explain the

lack of small bandwidth, short duration sub-bursts observed at high frequencies.

We found no correlations between the spectro-temporal properties of a burst and its

energy or wait-time.

Except for the bandwidth relationship with the normalized sub-burst slope and du-

ration, the multiple relationships observed between the spectro-temporal properties gen-

erally agree with the predictions made in Rajabi et al. (2020). Therefore, more data are

needed from FRB 20121102A between 2 and 4 GHz and high bandwidth bursts should

be searched for at low frequencies (below 2 GHz), as well as low bandwidth bursts at

high frequencies, in order to test the limits of the bandwidth-duration/slope relationship

found.

The general agreement of the spectro-temporal properties with the predictions of the

TRDM from this broad sample of bursts from FRB 20121102A suggests that several of

the spectro-temporal relationships of all bursts from FRB 20121102A can be explained

by dynamical motions of the FRB source. Meanwhile, the dispersion of values observed
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in the spectro-temporal properties seems to arise from parameters in the model that

are determined exclusively by the emission mechanism such as the rest frame frequency

of emission and the rest frame timescales. Therefore, characterizing the dispersion of

spectro-temporal properties from large samples of bursts may also inform on the emission

mechanism of FRBs.
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Chapter 5

Summary and Conclusions

In this thesis I have explored the spectro-temporal properties of repeating fast radio bursts

(FRBs) and the relationships between them guided by the predictions of the triggered

relativistic dynamical model (TRDM; Rajabi et al. 2020). This chapter will summarize

the thesis and its key conclusions, and discuss potential future work.

FRBs originate from (except for one) extragalactic sources and therefore are subject

to significant propagation effects as they travel through the intergalactic medium. These

propagation effects include dispersion, scintillation, and scattering. Dispersion affects an

FRB by delaying the arrival time of lower frequency parts of the signal, by up to several

seconds. The amount of dedispersion required to correct for the effect of dispersion is

quantified with the dispersion measure (DM). In general, the greater the DM required,

the greater the density of free ions along of sight.

After dedispersion, an FRB is on the order of milliseconds long, and there can remain

a small delay in the arrival times of the lower frequency parts of a burst. When seen in

a single pulse, this is called the sub-burst slope, or the frequency drift with time within

a single pulse. When FRBs arrive with multiple distinct time resolved pulses, we see

that the pulses with lower central frequencies tend to arrive later. This is called the

sad-trombone drift rate.

The TRDM models FRBs as a narrow-band emission process originating from a cloud

of material such a gas or a plasma that experiences motions potentially nearing relativistic
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velocities. Using a relativistic transform, the TRDM makes predictions about spectro-

temporal properties of FRBs such as their duration, sub-burst slopes, and drift rates that

can be tested using measurements of observed FRBs. One such prediction that is key is

that the sub-burst slope should be inversely proportional to the sub-burst duration.

In Chapter 2, we used several bursts from FRB20121102A spanning an order of mag-

nitude in frequency and found that the slope of a sub-burst was in fact inversely pro-

portional to its duration. Within the context of the TRDM, the good agreement found

is consistent with the fact that all these bursts were emitted at the same frequency ν0

when observed in each burst’s rest frame.

Based on our analysis, all FRBs from repeating sources appear to have a well-defined

sub-burst slope, which is not the case for FRBs from one-off sources. This is because

bursts with multiple components have not been observed from one-off sources (Pleunis

et al. 2021). Without a history of bursts with multiple components to constrain DMs for

the source, the only reasonable way to dedisperse a one-off burst is to choose the DM

that makes it as vertical as possible, and thus, no delay in arrival times in parts of the

signal can be seen. This does not preclude the existence of sub-burst slopes in one-off

FRBs, however it does make it much more challenging to investigate them.

In Dicke’s Superradiance, the rest frame delay time τ ′D is expected to be about one

order of magnitude larger than the rest frame burst duration τ ′w. This expectation is

consistent with our fit to the sub-burst slope and duration relationship, where we found

A ≡ τ ′w/τ
′
D ≃ 0.1.

Scintillation and scattering can the affect the measured values of spectro-temporal

properties such as the sub-burst slope. However, since they affect all properties systemat-

ically, they cannot affect the relative values between them, and thus not the relationships

observed between them. Instead, scintillation and scattering slide values along the trend

of the relationship .

This analysis validates the TRDM for a small sample of bursts from FRB20121102A
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and naturally leads to the question of can it be used for other sources? Is the TRDM

common to repeating sources of FRBs? In Chapter 3 we examine this question and

analyse the properties of bursts from additional repeating sources FRB20180814A and

FRB20180916B.

Because the DM can greatly affect the value of the sub-burst slope measured we

introduce a method of studying them by performing measurements over large ranges of

DMs to estimate the uncertainty caused by the choice of DM. It is difficult to know

what the true DM of a burst is given varying structures in bursts and the potentially

time-varying nature of the DM for a source due to changes in its environment.

We found that even for a large range of DMs, the bursts from FRB20121102A,

FRB20180814A, and FRB20180916B still exhibited an inverse relationship between their

sub-burst slopes and durations. We found separate fits for each source and found that

they were statistically consistent with being identical to one another, i.e. the same scal-

ing of the relationship described all three sources. This result suggests a common law

between different sources of repeating fast radio bursts.

If such a law holds and is common to different sources then it can be used to optimize

the DM of a burst by choosing the DM such that it coincides with the expected law.

To confirm this however, more sources need to be investigated with a larger number of

bursts.

Before investigating the potential of a law common to multiple sources, I decided

to investigate if all the bursts from a single source in fact strictly adhered to the same

relationships. In Chapter 4, we examined a broad sample of 167 bursts across five ob-

servational studies of FRB20121102A with durations ranging from <1 ms to about 10

ms and frequencies ranging from ∼1 to 7.5 GHz. Within this sample was a sub-sample

of bursts selected based on their wait-times (the time between bursts) and burst ener-

gies. The sub-burst slope, duration, bandwidth, burst frequency and drift rate (when

applicable) were measured for each burst over a large range of DMs. I performed these
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measurements with a graphical user interface called Frbgui that I developed to aid in

preparing, reviewing and measuring the burst waterfalls.

Across this broad sample we confirmed our earlier results and again found that the

sub-burst slope was inverse to the duration, as expected. We also found that the duration

was inversely proportional to the frequency (tw ∝ ν−1
obs), the sub-burst slope was quadratic

with the frequency (dνobs/dtD ∝ ν2
obs), and the bandwidth was linear with frequency

(Bν ∝ νobs), as expected from the TRDM and consistent with Doppler broadening.

However, we found an unexpected relationship between the bandwidth, duration and

sub-burst slope. This relationship is of the form Bν ∝ t
−1/2
w , and because of the inverse

relationship with the sub-burst slope, Bν ∝ (dνobs/dtD)
1/2. This relationship may be

observational since the instruments used for the lower frequency bursts had low observ-

ing bandwidth, but this would not explain the lack of small bandwidth bursts at high

frequency or the lack of short duration bursts with small bandwidth. This relationship is

difficult to explain within the TRDM, as it implies that the duration of a pulse somehow

determines the velocity extent of material in the source cloud, or vice-versa.

The drift rates we analysed followed similar relationships found for the sub-burst

slopes, but only 12 were present in this sample and more are needed to confirm the

relationships found. Wait-times and burst energies did not seem to have any correlations

with any of the spectro-temporal properties. These results suggests that most spectro-

temporal properties are largely determined by the TRDM, while other properties like

wait-time, energy, and bandwidth are determined by the so far unknown details of the

emission mechanism.

There are multiple possible avenues for further study implied by the results presented

here. Given the general agreement of the TRDM with the spectro-temporal properties in

the broad survey of FRB20121102A, it is important to add the bursts of more repeating

sources to the plots of the relationships found. There are currently 24 repeaters known

with thousands of bursts observed. A shared law would be a strong common element
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between sources and an important tool for understanding repeating FRBs. Deviations

from this law could be even more illuminating, and may indicate a hitherto unknown

sub-classification of repeating FRBs. A shared law would also be important in precisely

de-dispersing bursts from repeating FRBs and enable more careful analyses.

There is no guarantee that the drift rates of FRBs should follow similar relationships

as those found for sub-burst slopes, but if they do (or do not), then this provides an

additional constraint on physical models. Across the literature, few drift rates have been

analysed compared to the total number of bursts. A focus on obtaining more of these

for comparison with the relationships found for sub-burst slopes can provide additional

clues on the emission of FRBs.

In the sample used for the survey of bursts from FRB20121102A, we saw a large

dispersion in the measured values of spectro-temporal properties. Studying this statistical

dispersion may provide information on the emission mechanism, as it is not clear why

bursts are so varied in their properties.

More data is needed in the 2 GHz to 4 GHz bands especially for FRB20121102A, due

to the large gaps in burst frequencies seen in our survey. Data in this band will help

constrain the relationships we have found and provide more precise fits.

Additional observations and precise fits will be essential for understanding the unex-

pected bandwidth-duration-slope relationship found in FRB20121102A. Searches for high

bandwidth, long duration bursts as well as for low bandwidth short duration bursts can

help confirm the existence of this relationship. This relationship is only apparent across

a broad frequency range, as significant dispersion in the observed bandwidths and dura-

tions of bursts makes these properties seem uncorrelated. If such a frequency range of

bursts can be observed in other repeaters, observing the same relationship may provide

another connection between them. The unique form of the bandwidth-duration-slope

relationship may provide a strong constraint on models of the FRB emission mechanism.
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