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Abstract

Profinite groups are topological groups which are known to be Galois groups. Their
free product was extensively studied by Luis Ribes and Pavel Zaleskii using the no-
tion of a profinite graph and having profinite groups act freely on such graphs. This
thesis explores a different approach to study profinite groups using profinite graphs
and that is with the notion of automorphisms and colors. It contains a generaliza-
tion to profinite graphs of the theorem of Frucht (1939) that shows that every finite
group is a group of automorphisms of a finite connected graph, and establishes a
profinite analog of the theorem of Sabidussi (1959) that states that every abstract
group is a group of automorphisms of a connected graph. The profinite version of
these theorems is: Every finitely generated profinite group is a group of continuous
automorphisms of a profinite graph with a closed set of edges and every profinite
group is a group of continuous automorphisms of a connected profinite graph. The
thesis contains an application of these theorems, which is a solution to the conjecture
of Sidney Morris and Karl Hoffmann stating that every profinite group is a group
of autohomeomorphisms of a connected compact Hausdorff space.

Keywords: profinite graphs, profinite groups, profinite topology, graph automor-
phisms
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Summary for Lay Audience

Mathematicians often try to find links between seemingly unrelated topics. This
can help in solving difficult problems. For example a problem in one theory, like
geometry, could be very difficult to solve by itself, but if one looks at it from the
point of view of algebra, it suddenly becomes much easier.

The goal of this thesis is to study relations between an old theory invented
to solve equations: Galois theory and a much more recent theory that is used to
represent connections: graph theory. At first glance the two topics are seemingly
unrelated: on one hand we get equations like 2° — 22 + 122 + 1 = 2% — 2 and on the
other we get a list of points (vertices) and connections between them. The key that
binds them together is the notion of automorphism group, which one can think of
as a list of swaps that preserve certain properties. In the case of equations, we swap
their solutions, in the case of graphs, we swap the vertices in such a way that, after
the swaps are done, the connections remain the same. In this thesis I explore the
different ways in which such swaps on solutions of equations (Galois theory) can be
represented as swaps on vertices (Graph theory).

il



Acknowledgments

I would like to thank my supervisor, Professor Jan Mina¢ for his wonderful and
enthusiastic support. Thanks to his deep knowledge in many areas of algebra, he
guided me systematically to the core topic of my PhD: the relations between graph
theory and Galois theory.

I would also like to thank my second supervisor Professor Lyle Muller for helping
me to learn new areas in applied graph theory. His lectures on computational neu-
roscience were fascinating and the multidisciplinary project on Covid 19 he started
in the summer 2020 made it possible for me to meet people from different disciplines
including physics, applied mathematics and computing and be to able to learn from
them and teach them as well.

I would like to thank as well Professor Luis Ribes. His book was a great inspira-
tion for my work and his comments and suggestions on my thesis were very valuable
to me.

My gratitude goes as well to all the members of my examining committee: Prof
Shantanu Basu, Prof Chris Hall, Prof Tatyana Baron and Prof Luis Ribes, for helping
me to improve my dissertation and my writing.

Finally, I would like to thank my family, especially my mother for their amazing
support throughout these years.

v



Contents

Abstract ii
Summary for Lay Audience iii
Acknowledgments iv
Introduction 1
1 Graph theory 7
1.1 Introduction . . . . . . . . . . ... 7
1.2 Cayley graphs and groups . . . . . . .. .. ... L. 8
1.3 An automorphism preserving transformation. . . . . . . . . .. .. .. 13
1.4 Using graphs to solve a Galois theory question . . . . . . . .. .. .. 20
1.5 Group-action Cayley graphs . . . . . . . ... ... .. ... .. ... 21
2 Fundamental group and graph homology 26
2.1 Introduction . . . . . . . . ... 26
2.2 Fundamental group and covering graphs . . . . . . . ... ... ... 28
2.3 Galois theory of covers . . . . . . .. ... 36
2.4 Graph homology . . . . . . .. ... o 44
3 Profinite structures and Etale algebras 48
3.1 Profinite structures . . . . . . . ... Lo 48
3.2 Profinite groups . . . . . ... 63
3.3 Profinite rings and modules . . . . .. ... ..o L. 70
3.4 Etalealgebras . . . . . . ... oo 7
4 Profinite graphs 90
4.1 Basicnotions . . . . . . ... 90
4.2 Connectedness . . . . . . . . ..o 94
4.3 Chain complex of profinite graphs . . . . . . .. ... ... ... .. 105
4.4 Profinite Trees. . . . . . . . . . .. 110
4.5 Profinite covering graphs . . . . . .. ..o 113
4.6 Colors and color substitutions . . . . . . .. ... ... ... ... .. 127
4.7 Application to the topology of profinite groups . . . . . . . . ... .. 144
4.8 Finitely generated profinite groups are metric . . . . . . .. ... .. 182



Introduction

Galois theory is the study of separable field extensions using groups. Due to the fun-
damental theorem of Galois theory, there is a correspondence between subextensions
of a given finite normal extension and subgroups of its group of automorphisms bet-
ter known as the Galois group. The correspondence works in the following way: to
a subextension, we associate the subgroup of automorphisms that fix that subexten-
sion and to a subgroup of automorphisms we associate its fixed field. When dealing
with the infinite case a problem arises that there is no longer just one subgroup
that corresponds to the fixed field. There exists however a solution that consists of
putting a topology on the Galois group known as the profinite topology and then
consider only closed subgroups. Closed subgroups of the Galois group give us a
natural choice for a group associated to a subextension and reestablishes the bijec-
tivity of the Galois correspondence. The most systematic way to study the infinite
Galois groups is to study the absolute Galois group. That is the Galois group of the
normal closure: the largest normal extension of a given field. The difficulty with
the absolute Galois group is however that it is complicated and outside of a few well
known examples like finite fields and the field of real numbers it is not well known.

A simpler case to study would be the pro-p groups, where we only consider
normal extensions of degree that is a power of some prime number p, or towers of
these extensions. The introduction to this theory is well covered by Helmut Koch
in [29].

Examples of work in this field include the article by Jan Mina¢ and Michel
Spira [35] on relations between Galois groups of extensions that are powers of 2
and quadratic forms on a given field of characteristic distinct from 2 and the article
by Jan Mina¢, Andrew Schultz and John Swallow [34] that studies the structure of
the F,[G] modules, with G being the Galois group of a cyclic extension of degree
p". During my thesis, I have worked on the topic of pro-p groups as well together
with my fellow PhD students Ali Alkhairy and Oussama Hamza. We have worked
on the theorem discovered by Serre that for a given finitely generated pro p group
open subgroups are exactly those of finite index as in: exercise 6 page 32 of [45]. We
used it to establish Galois theory of infinite extensions whose Galois group is finitely
generated without having to resort to topology since for subgroups being open is
simply characterized by being of finite index. For further details, see [3]. It is worth
noting that this result was generalized for finitely generated profinite groups that
are not necessarily pro p by Nikolay Nikolov and Dan Segal in [40].

An important tool for studying Galois groups is the cohomology. To any group



G we can associate a certain projective exact sequence, which we then tensor with
the group ring RG, with R the desired ring, often Z or [F,,. After the tensoring, the
exact sequence is no longer exact and so we can study its cohomology. The first two
cohomologies give us important information about the group: the first cohomology
classifies derivations on a group and the second classifies group extensions with
Abelian kernel. More details on this topic are for example covered by Kenneth
Brown in [8] Chapter 4. The higher order cohomologies are often useful to provide
information on the first two: using tools like dimension shifting. A question that has
been studied in Galois theory is the question of formality: that means how much is
the given chain complex associated to the Galois group determined by its cohomology
and when can it be recovered. A sufficient condition was found using a certain
product coming from topology called the Massey product that is a generalization
of a cup product. A Massey product of order n associates to n elements in the
cohomological algebra a subset of the cohomological algebra of elements that are
solutions to certain equations. It is worth pointing out that it is not always defined
and it is not an internal operation, since rather than associating an element in the
cohomology it associates a set. For more details on how the Massey products can
be used in topology: one can check [30]. An important question when it comes to
Massey products is when they vanish. The definition of vanish in this context is that
they contain zero. If a chain complex is formal that is it’s structure can completely
be recovered from its cohomology, then the Massey products vanish whenever they
are defined. In the case of Galois groups, an extensive research has been done on
the triple Massey products. Examples of such work field include the work of Ido
Efrat and Eliyahu Matzri [12]|, showing that the triple Massey product restricted
to H'(Gr)? in the case of Absolute Galois group of a field containing a pth root of
unity vanish whenever it is defined. In 2015 Jan Mina¢ and Nguyen Tan showed in
[37] that triple Massey products always vanish for the Absolute Galois group of any
field. An important part in this proof was the existence of unipotent extensions:
that is Galois extension whose Galois group is Uy(F,): the group of upper triangular
matrices over the field ), for p a prime. An explicit construction of such extensions is
given in [38]. As showed in [36] Massey products can as well be be used in counting
the Uy(F,)- extensions. The case of Massey products for n > 4 is still an open
problem. In 2019 a significant advancement has been made by Yonatan Harpaz and
Olivier Wittenberg in [22], proved that for any number field k, any prime number
p and any natural number n > 3, the Massey product of classes in H 1(k;,Z/pZ)
vanishes when defined.

The Massey products and cohomology in general open the possibility of using
combinatorial approaches to study Galois group. A very general open question is
how much can one recover from the Galois group using combinatorics. My thesis
focuses on using a very specific combinatorial tool to study Galois groups and that
is graph theory. There is a well known relation between graphs and groups that has
been established by Robert Frucht in 1939 [17]. Any finite group is isomorphic to
the group of automorphisms of a graph. In the case of Galois theory, this theorem
was used by Ervin Fried and Janos Kollar [15] [With corrections done by Michael



Fried in [16]] to prove a weaker version of the inverse Galois problem, where instead
of requiring that any finite group is a Galois group of a normal separable extension,
we require that it is just a Galois group of a separable extension, which proves that
using Graph theory to solve Galois theory question can be a viable approach.

In this thesis, we will look at two ways of studying Galois theory using graph
theory. In the first chapter, we will establish a few generalities on finite graphs
and show a proof of Frucht’s theorem invented by Laszl6 Lovasz in [31] and offer a
generalization of the theorem that I came up with. This generalization consists of
representing a group action on a finite set by a graph that I called the Group action
Cayley graph. We will then reinterpret the classical notion of group actions in terms
of graph properties. The importance of group action on a finite set is that if the
group is a Galois group of a field, then this group action corresponds to a certain
generalization of a notion of a separable extension, which is called Etale Algebra.

In the second chapter we will go over another possible approach to represent-
ing Galois theory using graph theory and that is the notion of covering graphs.
We will also establish a few useful tools in graph homology to detect cycles and
connectedness.

The third chapter is dedicated to the profinite structures that will be used in this
thesis. I used the following profinite structures in my thesis: Profinite groups, rings,
modules, graphs and covering graphs. Since certain notions like projective limits or
compactness were common for all these structures, I decided to group them under a
certain general category-theoretical notion which I called a profinite structure and
proved their common properties at once, rather than establishing them separately.
The last part of the third chapter is about Etale algebras and showing why they
correspond to the action of the absolute Galois group on finite sets.

The fourth Chapter ties all the notions seen previously together and generalizes
them for profinite graphs. We will first give a definition of a profinite graph, then
generalize the notion of connectedness and see how they are different between the
abstract and the profinite case. We will also see a weaker notion of connectedness
that I came up with and call superpath-connectedness and show why this notion
is weaker. We will then generalize the graph homology to profinite graphs and
define with it the notion of a profinite tree. We will then go over the notion of
profinite covering graphs and see why they are a profinite structure in the sense of
the definition given in chapter 3 and then prove the fundamental theorem of Galois
theory of profinite covering graphs. Finally we will generalize the notion of the
group action Cayley graph seen in Chapter 1. We will establish a generalization
of a notion of color to the profinite graph, then use it to construct the profinite
group action Cayley graphs and finally give give two procedures for dropping the
colors. The first one is in the case of finite sets of colors. That procedure is in
fact a generalization for profinite graphs of the procedure given by Lovasz in [31].
The second method drops colors for any graph with closed set of edges, but with
the difference that the resulting graph after getting rid of the colors will no longer
have closed edges. At the end of the fourth chapter we will work on an application
of this color substitution to the study of the topology of profinite groups. We will



prove a generalization of a result established by Karl Hoffmann and Sidney Morris,
proving in [25] that every profinite group with one topological generator is a group of
autohomeomorphisms of a compact Hausdorff connected space. We will generalize
the method exposed in the article and prove that every profinite group is a group
of autohomeomorphisms of a compact Hausdorff connected space. Given that this
proof uses an old theorem proved by de Groot in [20] and that the proof lacked
certain details that is completed in this thesis using convex geometry.



Contributions

Since this thesis contains a substantial amount of background material, I decided to
dedicate a small section summing up the original contributions of this thesis.

In chapter 1 I examine the theorem of Frucht as proven by Laszlo Lovéasz in
[31] and I get an alternative construction to his substitution of colors by graphs,
which works for more general graphs than just Cayley graphs and I also examine
the difference between the groups of automorphisms we obtain between the two
substitutions. I then give in 1.5.1 a theorem that generalizes the construction for
Cayley graphs and captures action of a finite group on a finite set. On pages 16 and
17, I examine the reinterpretation of an group action properties in terms of their
associated group action Cayley graphs.

Throughout the chapter 3, I introduce an original notion that unifies structures
such as profinite groups, profinite rings and profinite modules into a single category
called profinite structure as defined in 3.1.4

Finite and infinite color substitution In chapter 4 I introduce the notion
of color on profinite graphs in 4.6.1 and I use it to construct profinite group action
Cayley graphs, which capture the action of a profinite group on a profinite set. I
then give two distinct theorems for substituting colors in graphs by sugraphs that
preserve the groups of automorphisms. The first one in 4.6.6 works for a profinite
graph with closed and colored set of edges and a finite set of colors. The second
approach in 4.6.8 works for a profinite set of colored edges with this time the set
of colors being profinite possibly infinite. The drawback of the second approach is
that after doing the substitution, the set of edges is no longer closed.

Main result: In the section 4.7 I then give an application of the color sub-
stitution method, where I prove a generalization of a result proven in [25]. One
can observe that if we take a compact Hausdorff space X, the group of autohome-
omorphism of X can be equipped with open compact topology to make it into a
topological group. While X is compact the group of automorphisms isn’t necessarily
compact. In 2012 in [24] Sidney Morris and Karl Hofmann showed that if the group
is compact then it is profinite. Naturally one asks the question whether conversely
a profinite group is isomorphic to a group of autohomeomorphisms of a compact
Hausdorff space X. Morris and Hofmann conjectured it is the case and in [25], they
showed it for groups with single generator using topological Cayley graph.

I generalise their approach for all profinite groups using the profinite color sub-
stution theorems. In order to do such a proof, I use an old theorem shown by de
Groot in [20] constructing the de Groot continua. While in the publication, the pre-



cise way of constructing the continuum is shown, it is missing a substantial amount
of details, which I complete in my thesis using convex geometry. It is important
to mention that originally I proved this result for only finitely generated profinite
groups. Since finitely generated profinite groups are metric as shown in 4.8, there is
actually a more general result by Gartside and Aneirin proven in [18], showing that
every metric profinite group is a group of autohomeomorphisms of a compact con-
nected Hausdorff space. The difference with my approach is that it generalizes the
one done by Hoffmann and Morris and uses the theory of profinite graphs and the
color substitution tools and ultimately led to the valid case for all profinite groups
without any restrictions.



Chapter 1

Graph theory

1.1 Introduction

In this first chapter, we will give a simple definition of a graph that we will generalize
in the chapters that follow.

Definition 1.1.1. A graph G is defined as a pair (V, E), where V is a nonempty
set called the set of vertices and E C V? is called the set of edges.

If G=(V,E),G"= (V' E") are two graphs, then a morphism between G and G’
is a map ¢ from V to V', such that if (x,y) € E is an edge, then (¢p(x),d(y)) € £
15 an edge as well.

An isomorphism between G and G’ is a morphism ¢, such that ¢ is bijective and
¢~ is also a morphism.

A graph is called undirected loopless if and only if the set of edges E has mo
diagonal elements (Ya € V,(a,a) ¢ E) and E is symmetric i.e Ya,b € V,(a,b) €
E=(ba)c L.

Remark. For a bijection of vertices ¢ it is necessary to check that both ¢ and ¢!
are morphisms to prove that ¢ is an isomorphism, as shown in the example below:

Example 1.1.2. Let G be the graph
4 +—

@

and G’ the graph
4 «— 3

L]

1 — 2



Identity on the set {1,2,3,4} is a morphism from G to G’, but not from G’ to
G since G’ has an extra edge (1,3). However we have the following result:

Proposition 1.1.3. Let G = (V, E),G' = (V', E') be two finite graphs with the
same number of edges. Let ¢ be a bijection from V to V' that is a morphism from
G to G'. Then ¢ is an isomorphism.

Proof. All we have to prove is that if (v,v') € E’, then (¢~'(v),¢71(¢')) € E.

E— F
Consider the map & = ) ) . It is injective, since ¢ is injective.
(u, ') = (d(u), o(u'))
By assumption £ and E’ have the same number of elements, hence ® is bijective
F — FE
and its inverse is: O

(v,0) = (7 (v), 671 ("))

Definition 1.1.4 (automorphism of graphs). For a graph G we define an automor-
phism as an isomorphism from G to itself.

Observe that the set of automorphisms is a subgroup of the group of permutations
on the set of vertices of G.

Since we know that every group can be realized as a subgroup of the group of
permutations, an interesting question concerning graphs is whether a certain given
group can be represented as automorphisms of a graph. It is a well known case for
finite groups, which we shall show here using an exercise in Laszlo Lovasz textbook
[31] and afterwards I will expand on this construction. It is worth mentioning that
infinite groups can be represented as an automorphism group of a graph as well as
proved independently by Johannes Groot in [21] and Gert Sabidussi in [44].

Remark. Given a morphism of finite graphs, one can prove in polynomial time that
it is an isomorphism (simply check its injectivity), however finding explicit isomor-
phisms in polynomial time is currently an open problem. Provided there is no
polynomial time algorithm, there are possible applications to cryptography in form
of zero knowledge proofs protocol explained for example in [11]. Major progress
on this problem has been made using group theory by Laszl6 Babai in [4] and [5],
proving this problem can be solved in quasi polynomial time.

1.2 Cayley graphs and groups

Definition 1.2.1 (edge colored graphs). An edge colored graph G is the quadruplet:
(V,E,C,c) with (V,E) a graph, C" a non empty set and ¢ a map from E to C. The
function c is called a coloring and C' is called the set of colors.

If (V,E c,C) and (V',E',d,C") are two colored graphs a morphism is a map
f from V to V', such that f is a morphism from the graph (V,E) to the graph
(VI,E') and ¥Y(u,v) € E,¥Y(w,z) € E,c((u,v)) = c((w,z)) = ((f(u), f(v))) =
d((f(w), f(2))), i.e f sends edges of the same color, to the edges of the same color.



There is a very particular kind of colored graphs that makes it possible to rep-
resent a group as a group of automorphisms. It is called a Cayley graph.

When we talk about the automorphism group here, we have to be careful. We
are talking about automorphisms that fix colors. They are not automorphisms in a
category theoretical sense. Remember: in the category of edge colored graphs, the
automorphisms are in fact potentially permuting colors as well. Take for example
the following graph:

4——3

1——2

The permutation (1 2)(4 3) preserves both edges and their colors. It is what
we call a color-preserving automorphism. On the other hand the cycle (1 2 3 4)
preserves the edges, but permutes the colors: it is what we call a color-permuting
automorphism. It is clear that the color-fixing automorphisms form a subgroup of
the color-permuting automorphisms and the example above shows that it can be a
proper subgroup.

Henceforth for an edge colored graph G, we will denote Aut(G) the set of color-
fixing automorphisms and simply call it ’automorphisms’ unless stated otherwise.
Just keep in mind that only the color-permuting automorphisms are automorphisms
in the category theoretical sense.

Definition 1.2.2 (Cayley graph). Let G be a group generated by a set S not con-
taining 1. We call the Cayley graph of G, the edge colored graph (V, E,C,c), with
V=G, E={(g,9s)[s € S,g € G}, C =S5 and c(g,gs) = s.

Example 1.2.3. Take Qg =< 1,4, j,k > the group of quaternions with generators
1,7. Its Cayley graph is:
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_k —j
With red being the multiplication by 7 and green by j.

The reason why Cayley graphs represent groups well comes from the following
theorem.

Theorem 1.2.4. Let G be a group generated by a set S with 1 ¢ S and € =
(V,E,C,c) an associated Cayley graph. Then there exists an isomorphism ® from
G to Aut(€), such that the composition of ® with the natural action of Aut(€) on
€ is the multiplication on the left by elements of G.

Proof. Take ¥ the map
Aut(€) — G
o o(lg)

Let us show that ¥ is an isomorphism of groups.
Take 0 € Aut(€) and let g = o(1g). For a ¢’ € G, we denote {(g’) the minimal

n such that there exists a sequence sq,---,s, € S, for which ¢’ = s;---s,. Let us
prove by induction on [(¢') that o(¢') = g¢’ for all ¢ € G.
If I(¢') = 0, then ¢ = 1¢ and the statement is vacuously true. Now suppose

the statement true for all ¢/, such that I(¢’) < n. Let us prove that it is also true
for all ¢’, such that I(¢') = n. Write ¢’ = ¢"s with I(¢"”) < n. Then we know that
o(g") = gg”. Now (¢",¢"s) is an edge of color s and o is an automorphism of G,
therefore (0(¢”),0(g"s)) = (99”,0(¢"s)) is also an edge of color s. There is only
one edge of that color coming out of gg”, therefore o(¢"s) = g¢”s = gg’, proving
the statement true for ¢’. We conclude that for all ¢ € G, o(¢') = gg’. Now let
us prove that W is a group morphism. Take 0,0’ € Aut(€) and write g = o(1g)
and ¢ = 0'(1g). Then by what we have shown o(0'(1¢)) = g¢', proving that ¥ is
indeed a morphism.
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Now let us prove that WU is injective. If ¥(o) = 1¢, then
VgeG,o(g)=la-g=g

therefore o = idg :
Now let us prove that W is surjective. Let g € G. Define

G — G
0’:
g — gq’

Let us show that o is an automorphism of Aut(6). Take (¢, ¢'s) an edge. Then we
have (0(¢'),0(g's)) = (94', g¢'s) an edge of the same color: s. We conclude that ¥
is an isomorphism.

Finally we put ® = U~! it is clear that ® composed with the natural action of
automorphisms gives the multiplication on the left by G. n

We have shown here the well known fact that a group can be represented as
the automorphism group of a Cayley graph. However we have to remember that
the automorphism group we are considering is in fact the group of color-preserving
automorphisms and a natural question is whether for Cayley graphs this group is
the same as the color-permuting automorphisms. The answer to this question is
negative and it is explored in depth in the article [2].

Using a construction from an exercise in Lovéasz’s book [31] page 495 exercise 5,
we can prove then that any finite group is a group of automorphisms of a certain
undirected graph. This theorem was for the first time established by Frucht in [17]
and is as follows:

Theorem 1.2.5 (Frucht). Let H be a finite group. Then there exists a graph G,
such that H is isomorphic to the group of automorphisms of G.

Proof sketch:

Take S a set of generators of a group G. Take ¢ an injective map from S to the
set of integers {1,--- ,n}, with n = #S, (G, E,¢,{1.--- ,n}) a colored graph with
E' ={(g,99)|g € G,s € S} and ¢((g,gs)) = i(s). The graph (G, E’,c¢,{1,--- ,n})
is then a Cayley graph and its group of automorphisms is therefore isomorphic to
G. We will now transform it into an undirected loopless graph without colors in a
way that preserves the automorphism group. We start from the original graph and
we transform an edge of the type ¢ = (g, gs) into the following:
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(t,i(t) +2,2)

°
(¢,0,1) (¢,1,1)
° ° ® (t,i(t)+2,1)
(¢,0,0) ® ° ® (t,i(t)+2,0)
(¢,1,0)
g gs

We will go into more details as to why this transformation preserves the auto-
morphism groups later, but the general idea is that a path of a length i(¢) can only
be sent by an automorphism on a path of the same length. The edge that was orig-
inally of color s will become a path of length i(s), which is how the automorphisms
remain the same. The purpose of the 'flag’ (¢,i(t),2) is to preserve the orientation
of the edges: it breaks the overall symmetry of the shape.

The new graph constructed from the Cayley graph has the desired property.
However one small disadvantage of this transformation is that it does not preserve
the automorphism group in the case of all colored graphs. The reason is because in
some instances a vertex could be swapped with its 'flag’.

Take for example this simple graph with two vertices and one edge t:

a—1»%

It has no automorphisms. Now if we apply the Lovasz transformation, we obtain:

(t,2,2)

(¢,0,1) (¢,1,1) (¢,2,1)

a

(¢,0,0) — (¢,1,0) — (¢,2,0) —— b

This artificially adds the transposition between a and the flag (¢,0,1) as an
automorphism.

In the part that follows, we will give a more general construction that preserves
the automorphism group for all flags and that is also functorial provided that we fix
a coloring system in N. Since we mentioned functors, we will start by defining the
category we are going to be working with.
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1.3 An automorphism preserving transformation.

In this section I will give a variation on the transformation given by Lovasz I in-
vented. This new transformation preserves the automorphism group for all colored
graphs provided that the number of colors is finite. I will then show by how much
the automorphism group for the Lovasz transform and my own differ.

Definition 1.3.1 (pointed colored graphs). We define a category of pointed finite
colored graphs as Bot, a category with the objects being colored graphs: (V) E,c,N)
with V' a finite set. A morphism f from (V, E,¢,N) to (V', E',¢,N) is a morphism
of colored graphs, such that ¥t € E, c(t) = (f(t)).

Since the set of colors is always N, we do not need to specify it and we will just
denote a graph in our category as (V, E, ¢).

For this type of graph, all the automorphisms have to be color-preserving rather
than color-permuting.

Definition 1.3.2. e For a pointed finite colored graph G = (V, E,c), we define
I (G) the undirected graph T(G) = (V', E'), with V' being the set:

VU{(t,0,k)t € E,ke€{0,1,2}}U
{(t, kK|t e Bk € {1, -+ ,c(t)+1},k € {0,1}}U
{(t,k,c(t) +2)|t € E,k € {0,1,2,3}}

and E' being symmetrization of the set:

{(i,(0,0,t))|t € E,3j € V,t = (i,5)}U
{((t, kK, (t,k, k' +1)|t € E and (t,k, k' +1) € V'}U
{((0,k,t),(0,k + 1,))[(0,k +1,¢t) € V'}U
{((t,c(t) +2,0),5)|t € E,3i € V,(i,j) =t}
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The corresponding image one can think of for this construction is as follows:
we start with the colored graph and we replace an edge (i, j) of color c¢(t), with
a path of length c(t) + 2 and adding the corresponding flags as in:

(t,c(t) +2,3)

(¢,0,2) (t,c(t) +2,2)
(¢,0,1) (t,1,1) (t,c(t) +1,1) (t,c(t) +2,1)
(¢,0,0) — (¢,1,0) -+ -+ — (t,e(t) +1,0) — (t,¢(t) +2,0)

J

o We shall now call the Lovdsz transform £ the transformation that to a finite
colored graph G = (V, E, ¢) associates £(G) = (V', E'), with V" being the set:

VU{(tkE)te B K €{0,1} and
ke {0, ct) + 1} U{(t c(t) + 2, k)|k € {0,1,2}}

and E' is the symmetrization of:

{((t kK, (t ke, K+ 1) (8 b, K+ 1) € VU
{0 (#,0,0))[t € E,3j €V, (i,j) = t}U
{((t, () +2,0), )R € V. (i,7) = 1}

The illustration for how this transformation works is in 1.2.5. Now we will show
that the transformation I preserves the automorphism group and we will compare

how the transformation & differs from it.

Proposition 1.3.3. The transformation I described above is a functor from the cat-
egory of pointed finite colored graphs into the category of loopless undirected graphs,
such that for any pointed finite colored graph G, Aut(T (G)) is isomorphic to Aut(G).
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Proof. Let us start with the functor part. First we need to define 9 on morphisms.
Take f a morphism from G = (Vp, Eo, ¢o) to Gh = (Vi, E1, ¢1), we take (E{, Vy) =
I (Go) and (E],V]) = T(G1). Now define

Vo — Vi

T =1, J@ifzel;
(F(t), k, k') if 2 = (t, k, &)

With the convention that if t = (a,b) is an edge in Gy, then f(t) = (f(a), f(b)). We
need to show that J(f) is well defined and is a morphism.

If (¢,k, k') is a vertex in Vj that means that k' < ¢o(t)+2. Since ¢1(f(t)) = ¢o(t),
by the virtue of f being a morphism, we get that &’ < ¢;(f(t)) + 2, which makes
(f(t),k, k) of the correct format to be a vertex in V/, proving that T'(f) is well
defined. The fact that T'(f) is a morphism is fairly clear. It is also clear that I is
compatible with composition. Now that we know it is a functor, we will prove that
it preserves the automorphism group.

Let G = (V, E, ¢) be a pointed colored graph. Let I (G) = (V', E’) Let us prove
that ® the functor I restricted to Aut(G) is an isomorphism of groups from Aut(G)
to Aut(T(G)).

Proof that ® is injective:

Suppose that for g € Aut(G), ®(g) = idy, Then since ®(g)y = g, we get that
g = Zdv
Proof that ® is surjective:

Let g € Aut(T(G)). We start by observing that the path

((t,c(t) +2,3), (t, c(t) +2,2), (t,c(t) + 2,1), (¢, c(t) + 2,0))

illustrated locally as:

(t,c(t) +2,3)
\
(t,c(t) +2,2)
b
(t,c(t) +2,1)
b
(t,c(t) +2,0)

\y

is of the form (A, B, C, D) with deg(A) = 1,deg(B) = 2,deg(C) = 2, deg(D) = 3,
so (g(A),g(B),g(C), g(D)) must also be a path of that form. The vertex g(A) cannot
be an element of V', because all neighbors of elements of V' are of degree 3, but g(B)
is a neighbor of g(A) of degree 2. The vertex g(A) is therefore of the form (¢, k, k).
Since it is of degree 1, it can only be one of the following:

(t,c(t) +1,0)

(t',0,2), (t', k, 1) with k < c(t') + 2 or (¢, c(t') + 2, 3)

We then differentiate the three cases:
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e In the first case, g(C) would have to be (,0,0), which is impossible since
g(C) is of degree 2, while (¢,0,0) is of degree 3.

e In the second case g(B) would have to be (', k,0), which is again impossible
for the degree reasons.

e We know therefore that g(A) is of the form (¥, ¢(t') + 2,3) and so g(D) =
(t',c(t') +2,0).

The next step to prove is that ¢ and ¢ are of the same color, i.e that ¢(t) = ¢(t').
By induction on k, we shall prove that:

Vk € {0,1,--- ,c(t)+1},¢(t)+2—k > 0 and g((¢,c(t)+2—k,0)) = (', c(t')+2—k,0)

Since we have already proved the initialization, we can now show the inductive
step. Suppose that the statement is true for all k strictly smaller than some n <
c(t) +1 (and n > 0). Let us show that it is also true for n.

Let (A, B,C') be the path

((t,ce(t) +3—n,0), (t, c(t) +2 —n,0), (¢ c(t) +2 —n,1))

illustrated in red as:
(t,c(t) +2—n,1) (t,c(t) +3—n,1)
T |
(t,c(t) +2—n,0) «— (t,c(t) +3 —n,0) —— b

The degrees of the vertices in the path are respectively 3,3,1. The path (g(A), g(B), g(C))
has therefore the same degree values. The vertex g(B) is of degree 3 and is con-
nected to ¢g(C) that is of degree 1, hence it can only be of the form (¢”,£’,0). Since
however its neighbor g(A) is of the form
(t',c(t') +3 —n,0), therefore t =t and g(B) is either (¢, c(t') +4 — n,0) (Provided
such a vertex exists) or (¥,¢(t') + 2 — n,0), but it can only be the latter by the
injectivity of g. Hence we indeed have that ¢(t') +2 —n > 0 and g((¢,c(t) + 2 —

n,0)) = (t,¢(t') + 2 — n,0) This in particular means that g((¢,1,0)) = ((¢,k,0))
with k = ¢(t') — ¢(t) + 1. Now let us prove that g((¢,0,0)) = (¢,0,0).

Let (A, B,C, D) be the path

a

((¢,1,0),(¢,0,0),(t,0,1),(t,0,2))

[lustrated locally in red as:

(¢,0,2)
T
(¢,0,1) (¢,1,1)
T |
(¢,0,0) «+—— (¢,1,0) (t,2,0)
/

X
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The degrees of the vertices in that path are respectively 3,3,2,1. g(A) = (¢, k,0),
so g(B) is either (¢, k—1,0) or (¢, k+1,0), but it can’t be the latter by the injectivity
of g, s0 g(B) = (t',k —2,0). The vertex g(C) is of degree 2, so it can either be in
V', of the form (¢”,c(t") +2,1) or of the form (¢”,0,1).

e It can’t be the first case, because elements of V' are only connected to vertices
of degree 3, so don’t have a neighbor of degree 1 like g(C') does.

e It can’t be the second case, because the neighbors of (¢, ¢(t”) + 2,1) are of
degree 2 and of degree 3, so it doesn’t have a neighbor of degree 1 either.

e we therefore conclude that ¢(C) = (¢”,0,1).

Since g(B) is a neighbor of g(C') of degree 2, we conclude that k—1 =0 and t" = ¢t'.
This means that c(t) = ¢(t').
So far we therefore know that

V(t, kK eV A e E g((t, k,k)) = (', kKk)
and for such a t'; ¢(t) = ¢(t').

Now we shall prove that if ¢t = (u,v) € E, then t' = (g(u), g(v)). We have that
g(u) is a neighbor of (¢, 0,0), so it can only be (¢,0,1), (¢, 1,0) or «’, such that there
is a w € V for which (¢/,w) € E. (t,0,1) = ¢((¢,0,1)) and (¥,1,0) = ¢((t, 1,0)),
so by injectivity of g, it can only be ', with ¢ = (v/,w). With a similar reasoning
done on g((t', c(t')+2,0)), we get that g(v) = w, which proves that ¢’ = (g(u), g(v)).

We get in the end that g(V) = V and that if (u,v) € E, (g(u),g(v)) € E and
c((u,v)) = c(g9((u,v))), proving that g; is an automorphism of the finite pointed
colored graph G. Furthermore we have that g = 9(G)(gv), proving finally the
surjectivity of J. O

Thanks to the functoriality of the transformation J, if we construct some colored
graphs whose properties of automorphisms we wish to study, we can always make
them into undirected non colored graphs with the same automorphisms. While &
is also a functor, as we have already shown it doesn’t preserve the group structure.
There is however a precise answer as to how much larger the automorphism group
of Z(G) compared to that of G is and we can also give its precise structure.

Proposition 1.3.4. Let G = (V, E,c) be a pointed colored graph. Let X C V be
the set of vertices with in/out degree (0,1). Then Aut(£(Q)) is isomorphic to the

b's b's
semidirect product Aut(G) X Z/QZ Jwith Z/QZ being the free Z/QZ module on the

set X and Aut(G) acting on it in the following way:
If f 1s a function from X to Z/QZ, then g- f= fogt

b's
Proof. We start by proving that Aut(G) indeed acts on Z/QZ . That is a direct
consequence of the fact that Aut(G) has to preserve in/out degrees, hence Vg €
Aut(G), g(X) = X and therefore fo g™ is a well defined function and thus Aut(G)
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acts on the left on Z/QZX. Consider now the functor & as a morphism from Aut(G)
to Aut(Z£(G)). Furthermore let H be the image of that morphism. Let us show
that H is isomorphic to Aut(G). It simply comes from the fact that the restriction
of elements of H on V is an inverse on the right of £. The map & is therefore
injective and a bijection to is image H.

The next step is to prove that Z/QZX injects itself into Aut(£(G)). Take
(V',E') = £(G). Consider H' the subgroup of §(V') (the group of permutations on
V"), generated by the transpositions (z (¢,0,1)) with z € X and ¢t € E. Let us prove
that it is a subgroup of Aut(Z£(G)). It is enough to prove that these transpositions
are automorphisms of £(G). That is however trivial. Indeed since z is of in-out
degree (0,1), the graph will locally around z look like this:

(¢,0,1)

x — (£,0,0) — -

with ¢ being the unique edge in G coming out of . We can see on that image
that swapping x with (¢,0, 1), preserves the structure of the graph. Since all these
transpositions are of disjoint support they commute with each other and any ele-
ment in H’ can be written as a unique product of them. From that we obtain an

X X
isomorphism from H’ to Z/QZ , hence an injection i from Z/2Z to Aut(Z(Q)).
We notice that

Vg € Aut(G)Vf € Loy Lilg- f) = L(G)(g) o f o L(G)(g)""

thus H acts on H' by conjugation.

Then to prove that H x H’ is isomorphic to Aut(Z£(G)), we need to prove that
HH' = Aut(£(G)) and that H N H' = id.
Proof that H N H' = {id}:

Let h € HN H'. By contradiction, assume that h is not the identity. Then since
h € H’, there exists x € X and t € F, such that h(z) = (¢,0,1). However since
h € H, we have that h(X) C X, even though h(x) ¢ X, which is a contradiction.
Proof that HH' = Aut(£(G)):

We write

mX ={((z,9),0,1)|(z,y) € E and x € X}
And
Y = V'\ (X UmX)

Let g € Aut(£(G)). Let us prove that g(Y) =Y. We do it by induction similar to
the method in 1.3.3. First we start with vertices (¢, ¢(¢) +2,2). As a reminder they
look locally like:
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(t,c(t) +2,2)

t,0,1)  (t,1,1) (tet) +1,1)  (te(t) +2.1)

(£,0,0) —— (£,1,0) -+~ — (t,e(t) + 1,0) —— (£, c(t) +2,0)

u (%

Now the vertices of the type (c(t) +2,2,t) are the only vertices of degree 1 that
are connected to a vertex of degree 2. Therefore there exists ¢ € E, such that
g((t,c(t) + 2,2)) The path ((¢,c(t) + 2,2), (¢, c(t) + 2,1),(t,c(t) + 2,0)) gets sent
to ((¢,c(t') + 2,2), (t,c(t') + 2,1), (t,¢(t'),0). Similarly as in 1.3.3,we prove using
induction that c(t) = ¢(t') and that (¢,k,0) gets sent to (¢, k,0) and (¢, k,1) for
k > 0 gets sent to (t',k,1). Now if u € V' \ X, it cannot be sent onto X U mX,
because it’s of degree at least 2 and all elements in X UmX are of degree 1. We have
now covered all elements that are in Y and none of them are sent onto X UmX,
hence g(Y) =Y and g(X UmX) = X UmX.

Now for u € X, we write t, the transposition that swaps u with (¢,0, 1), with ¢
being the only edge coming out of u. Let us denote for u € X

{1 if g(u) € mX

0 else

ag(u) =

and write ¢’ = g [] t2*™. Let us show that ¢’ € H. All we really need to show is
ueX
that ¢'(V) = V and that is true, since we already showed it for z € V'\ X and if we

take © € X, we only have to deal with the two following cases:

e Case 1:

If g(x) € X, then z is not in the support of [] 2™ and hence g (z) = g(x),
ueX
and so ¢'(z) € X.

e Case 2:

If g(x) € mX, then ¢'(z) = g(t.(z)). Since z is sent onto some (¢',0,1), then
there is no other option for t,(z) than to be sent onto the v’ € X such that
t = (u',v") for some v € V.

From this, we can obtain that ¢ = £(G) (9\/\/) and therefore ¢ € H. We can
finally conclude that ¢ € HH’, proving that Aut(Z£(G)) is isomorphic to H x H'.
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]

As a consequence of this proposition, we can see that the Lovasz transformation,
preserves the automorphism groups if and only if the graph has no vertices of in-out
degree (0,1). In particular that is true for the Cayley graphs, since for a Cayley
graph (G, 9), there is always at least one edge exiting each vertex.

1.4 Using graphs to solve a Galois theory question

1.4.1 The context

In [15] Fried and Kollar show a weaker version of the inverse Galois problem. The
inverse Galois problem is the following: Given a finite group G, is it possible to find
K a Galois extension of Q, for which Gal(K/Q) is isomorphic to G? This is a very
difficult question, which is still unanswered, however [15] shows a weaker version of
this problem using graph theory. The weaker theorem is as follows:

Theorem 1.4.1. For every finite group G, there exists K an extension of Q, such
that Aut(K/Q) is isomorphic to G.

We will first explain the main arguments of the proof of this theorem and then
we will show why the field K constructed in this proof can never be Galois.

1.4.2 Construction of the field K

To construct the field K, the authors of the article rely on the following lemma:

Lemma 1.4.2. Let L be an algebraic number field and R be the ring of integers
in L. Let f1, -+, fm € Rlx], be unitary polynomials. Assume that for some prime
number p, none of the f; are a p-th power in R|x], then there exists a t € Z, such
that none of the f;(t) is a p-th power in L.

The proof of this lemma in the original article [15| contained a mistake that was
later on spotted and corrected by Michael Fried in [16].

We will now sketch the proof of the theorem of Fried and Kollar: We start
by taking GG a finite group and represent it as a group of automorphisms of some
undirected loopless graph X = (V| E)). We then denote V = {1,--- ,n} and we may
assume that n > 5, since the result is well known for groups of lesser size. Then we
choose a polynomial F'(x) of degree n, whose roots are algebraic integers and such
that the Galois group of F is isomorphic to the permutation group §,. We denote
ai,--- ,a, these roots. Take L the splitting field of F'. Then using the lemma, Fried
and Kollar chose a prime p > 3 and and integer ¢, such that if (b; ;) is a p-th root
ofa;+a;+t (1 <i<j<n)andw is anon trivial p-th root of unity, then for any
A C {bij<icisn}s Do) & A = Whiio joy & L(A).

Now take

E'= (bujli < j and (i, 5) € E)
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and write K = L(E’). We shall show that its group of automorphisms is isomorphic
to those of graph X.

If we take ® € Aut(X), one can by induction construct an automorphism d on
L, such that (I)(b(w')) = b(q;(i)@(j)).

If on the other hand we take an automorphism ¥ of K, then for (i,j) € E,
F(¥ (b, )?) = 0, therefore there exists (i', j') and w a p th root of unity, such that
wb jy € K. Which by the property of b means that (i',j") € E concluding the
theorem.

1.4.3 Why the field is not a Galois extension

It simply is not a Galois extension, because it contains none of the conjugates of
bi,;), which would be the multiples by p-th roots of unity. Moreover the Galois group
of the Galois closure would have to be surjective on the group 8, so would have to
be at least as large as §,, so it turns out the Galois group of the Galois closure is
much larger than the group G.

While this construction does not make it possible to fully answer the inverse
Galois problem, it still shows that connecting Galois theory and Graph theory can
lead to interesting results. An essential property of field extensions is their action
on groups, so in order to study links between Galois theory and Graph theory, I
came up with a way to represent these actions. In fact the procedure will give a way
to represent the action of any finite group on a set by a graph.

1.5 Group-action Cayley graphs

Consider (G, X) a set X together with an action of G. Furthermore suppose that
G is generated by a set S. We define the group action Cayley graph Cay(G, S, X)
as the colored graph whose vertices are G I1 X, colors S II X and edges {(g, gs)|g €
G,s € S} {(g,z)|x € X,g € G}. Finally we color the edges of the type (g, ¢s)
with s € S, while the edges of the type (g, z) with the color g7 - z. For example if
we take the dihedral group D, acting on the set {0, 1} such that rotations fix {0, 1}
and reflections swap them, the corresponding group action Cayley graph will look
as follows:
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These types of graphs give many edges, so they are in general difficult to draw
in a clear manner. We now have the proposition that follows.

Proposition 1.5.1. Let G be a group generated by a subset S (not containing iden-
tity) acting on a set X. Then Cay(G,S,X) is a graph with the automorphism
group isomorphic to G and the action of Aut(Cay(G, S, X)) on X by restriction is
equivalent to the action of G.

Proof. Take V =G X. Let E',C’, ¢ be such that (G, E’,C", ) is a Cayley graph
associated to G, so that Aut((G, E',C’,’)) is isomorphic to G. Now expand E’ to
E by adding all the edges of type {(g,z)|g € Gz € X}. Now define C = C"' I X
and extend ¢ into a map from E to C as follows:

E—C
c= {c’(t)|ift€E’
t—

g~ t-alift=(g,7)

€ = (V,E,C,c) is a directed edge colored graph. Now let us show that it has the
desired properties:

First let us show that VYo € Aut(€), 0(G) C G and consequently o(X) C X,
since GG and X are disjoint. By contradiction, assume that there exists g € GG, such
that = = o(g) € X. We have (g,z) that is an edge of color g7! - z. Therefore
(0g,0x) has to be of color g7 - x as well. That can only happen if oz € X.We end
up with an edge between two elements in X, which is impossible since there are no
such edges. Therefore Aut(€) can be restricted on G.
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Now let us show that the restriction of Aut(6) on G is injective. Let o € Aut(6)
be such that o = idg. Let us show that o = idy. Take x € X. The edge (id, x)
is of color z, therefore (g(id), g(x)) = (id, g(x)) is of color = as well. The only edge
leaving id of color z is (id, x), therefore g(x) = x. This being true for all x, we can
conclude that g = idy.

Now let us denote H the image of Aut(€) by the restriction. Now let us show
that H is the subgroup of the group of color preserving automorphisms of the Cayley
graph (G, E',C", ). Take h € H,(g,¢') € E'. We have that (h(g),h(¢")) € E, but
also both h(g) and h(g’) are in G, thus (h(g), h(g’)) € E. Now let us find its color

d((h(g),h(g")) = c((M(g),h(g"))) = c((g,9") = ¢((9,9"))

We therefore conclude that H is a subgroup of the automorphisms of the Cayley
graph. Now let us show that it is equal to that group. Take ¢’ an automorphism
of the Cayley graph (G,E’,C", ). Let us show that it can be extended to an
automorphism of € and therefore is in H. Write ¢ = o0'(id). Now define the
function

V —V

o= ow)ifveG
V=
g-vifveX

It is clear that o extends o’. Let us show that it is an automorphism. We start by
proving it is bijective. First it is clear that G C G and ¢ X C X. Since X and GG
are disjoint, it is enough to show that o is bijective on both these sets. On G it is
bijective, since equal to the bijection ¢’. On X it is bijective as an action by g. Now
we need to prove that o preserves edges and their colors. It is clear for edges in F’,
since on (G, o and o’ are equal and ¢’ preserves edges with their coloring on G. Now
take (¢, z) an edge in E. Then (o(¢'),0(x)) = (6'(¢'),9-x) = (9¢',g - =) is an edge
in E as well. Its color is: (g¢/)™' - (g-x) = (¢')' - x, so the color is preserved as
well. O]

We shall call this graph the "Group action Cayley graph”. This graph represents
an action of a group on a finite set. We can therefore reinterpret the usual notions
of groups actions in terms of graph theory.

Proposition 1.5.2 (Translating group actions properties). Let G be a group gener-
ated by a set S not containing id and acting on a set X. Let G be the group action
Cayley graph corresponding to the action. Then we have:

1. For every x € X, the orbit of x is the set of points in X that can be accessed
from any vertex in G by a walk on € only using edges of colors in S U {x}.
Alternatively it is the set of points in X that can be accessed by a walk on G
only using edges of colors in S and exactly one color in the orbit of X. The
color in question can be any arbitrary color in the orbit.

1. For every x € X, the stabilizer subgroup is the set of elements in G, such that
(g,x) is of color x. Ie to obtain the stabilizer, we look for all neighbors of x
connected by an edge of color x.



.

24

The group action s transitive if and only if for every x € X € with only edges
colored by S and {x} is (weakly) connected.

The group action is faithful if and only for every g € G, if for every x € X (g,x)
is of color x, then g is identity or alternatively no two g,q € G are connected
to all x € X by the same color.

The group action is free if and only if id is the only g € G, such that for there
exists v € X (g,x) is of color x, then g is the identity. Or alternatively every x
has only one edge of a given color.

Proof. i. Let x € X. First let us fix a color ¢ € X the orbit of x . Let us take

11.

iii.

1v.

y € X, such that there exists a path (ay,- - ,an) with a; = = and a,, = y such
that (a;,a;11) is of color either in S or equal to c. Let us prove that y is in the
orbit of z. Without loss of generality, we may assume that if ¢ # 1 or m, then
a; € G. indeed any step of the type (g, x) has to be followed by a step (z,¢’).
We can replace that path by a path from g to ¢’ only using colors in S and
vertices in (G, since Cayley graphs are connected.

Now since we have only allowed colors in S or colors equal to ¢, then (ag, x) has
to be of color ¢, hence (as)™! -z = ¢. Also (a,,_1,y) also has to be of color c.
Assuch a, !, -y =c=ay" -z, proving that y is in the orbit of z.

Conversely assume y in the orbit of x and let us show that there exists a path
from x to y with our constraints. First of all, we know that there exists g € G,
such that gr = y. Now since c is in the orbit of z, we take ¢’ € G, such that
(¢)"'-x = c. We have then (gg’')~' - y = ¢ and therefore the edge (g¢’,y) is of
color ¢. Finally we choose a path from ¢’ to g¢’ (g1, - ,gm) such that all the
edges are of colors in S.

1

Let = be in X. Then g is in the stabilizer of x if and only if g7 - x = x, which

is equivalent to the color of (g, z) being z.

First suppose the group action being transitive. Then if we fix ¢ = x a color,
then every element in X can be accessed by a walk from x using only colors in
S and c. Proving that the graph is connected, since we can get from x to any
element in G.

Now conversely suppose that there exists a color ¢ such that the graph G is
connected. Take x = c. Now take y € X. Since y can be accessed from x using
only edges of colors in S and ¢, then y is by ¢. in the orbit of . Since X has a
single orbit, the action of GG is transitive.

Suppose that the action of G is faithful. Take ¢, ¢’ € G two distinct elements of
G. Then by definition of faithful there exists x € X, such that g7 -z # ¢~ -2
and therefore the edges (g,x) and (¢',z) are of different colors. Conversely
suppose that no two elements of GG are connected to every element in X by the
same color. Let ¢g,¢' € G. Then there exists x € X, such that (¢7!, ) and
(¢!, x) have different colors, hence g-x # ¢’ - z.
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v. Suppose first that the action is free. Let (g,x) and (¢, z) be of the same color:

let us prove that g = ¢. We have g7 -2 = ¢’~!- 2. Since the action is free then

g ' = ¢! hence g = ¢, proving that (g, z) and (¢, z) are the same edge. Now

on the other hand suppose that no two edges coming from any x have a same

color. Let g, ¢’ € G, such that g-o = ¢'-x. Then the edges (g7, z) and (¢’ ', )

have a same color hence must be the same edge, proving that ¢g=! = ¢'~!, so
g=4g.

]



26

Chapter 2

Fundamental group and graph
homology

2.1 Introduction

In this section, we will show a classical way of linking graph theory and group theory
through topology: using paths and loops in graphs. While classically this subject is
approached from a topological point of view (See for example Hatcher [23] Chapter
1), we will focus more on a purely algebraic approach. One of the reasons for this
is that we will later on see how these notions get generalized for profinite graphs,
where the profinite topology is very different from the one that graphs are typically
equipped with. Our main reference for this chapter is [47].

In this chapter we will give a more general definition of a graph than the previous
one.

Definition 2.1.1 (graph). We define a graph as a quadruplet (I',V, 0,t) with:
e ['asetandV CT.

e o,t maps from I' to V', such that oy = t|y = idy. The letter o stands for
“origin” and t stands for “terminus”: and the two maps are called the incidence
maps.

e The set V is called the set of vertices and the set I'\ 'V is called the set of
edges.

e A morphism of graphs (I',V,o,t) and (I'",V' o', t') is a map [ from T to T,
such that f(V) C V', f(T\V) C I\ V' and such that Vo € T, t'(f(x)) =
f(t(z)) and o' (f(z)) = f(o(x)).

e For a graph I', we denote V(L") the set of vertices and E(I') the set of edges.

e By abuse of notation if there is no possible confusion, we will call a graph
simply the set I' rather than the quadruplet and use the same o,t maps no-
tations for all graphs we encounter. In that case for example a morphism of
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graphs T', TV would be a map from I' to I" that satisfies f(V(I')) C V(IV),
FEM)) € ETY) and Ve € T, o(f(z)) = f(o(z)) and f(i(x)) = t(f(z)).

Now we will show that this definition extends the definition of a graph, we gave
in the first chapter.

If (V,E) is a couple of sets such that £ C V2 we define the map o as the
projection of E onto its first component and ¢ the projection of F onto the second
component. We extend both maps on V, by putting oy = {y = idy. Then
['=(VIIE,V, o,t) is a graph.

Furthermore if (V, E') and (V’, E’) are such that E C V? and E' C V" and f a
map from V to V', then f can be extended to a morphism of graphs (VII E,V,o,t)
and (V' IL E, V' o' t') if and only if V(z,y) € E, (f(z), f(y)) € F', ieif fis a
morphism of graphs in the sense of the definition given in the previous chapter.

The main advantage of extending a definition of a graph in this way is that we
can now have multiple edges between two vertices. Sometimes graphs defined in this
way are called multigraphs.

For the sake of convenience rather than necessity, we will work in this chapter
with what is called an undirected graph. We will give the definition of an undirected
graph that follows:

2.1.1 Definition of an undirected graph

We will take a variation of the definition given in [47]. An undirected graph is a
graph (I', V, o0, t) together with a map from the set of edges E(I") to itself that to an
edge e associates an edge € with the following properties:

e Vec E(I'),e#e

e Vec El'),e=ce

e Ve € E(I'),o0(e) = t(e)

A morphism of undirected graphs I', I” is then a morphism of graphs from I" to
IV, such that Ve € E(I'), f(€) = f(e). The reason we restrict ourselves to undirected
graphs is because the notions of paths become easier: we do not have to worry about
direction of edges, since if we have an edge e between two vertices in one direction,
€ will have the opposite direction.

Finally we define an orientation of an undirected graph I' as a set © C E(I'),

such that Ve € E(I'), e € O ore € © and e € 0 = ¢ ¢ 0. It comes down to choosing
from each pair {e, e} exactly one edge. Here is a simple example of an orientation
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With the edges in 0 in red.

2.1.2 Definition of a path

Let G be a graph: x,y € V. We define a path p from x to y as a following sequence:
(g, -+ + , Upy1) With:

® Uy =T

® Upp1 =Y
o Vk e {l,--- ,n}, o(ugs1) = t(uy) and wuy is an edge.

We then call n the length of a path, x its origin and y its terminus.

Note that for every x with this definition, there exists a path of length 0 from x
to x.

A path is called a circuit if its initial and terminal vertex coincide. Furthermore
if p and p’ are paths such that t(p) = o(p’), they can be concatenated into a path
from o(p) to t(p’), which we denote pp'.

For a path p = (ug, - ,uns1), we denote p the path (w1, Up, -+ , U7, Up)-

We define a round trip as a path of the form (z,e,€,z), which we shall denote
ee.

Finally we define a connectedness equivalence relation on the set of vertices of a
graph: ~ by x ~ y if and only if there exists a path from x to y. It is reflexive due
to the fact that there is the path of length zero from a point to itself, it is transitive,
because we can concatenate two paths and it is symmetric, because if p is a path
from x to y, then p is a path from y to x.

We define the connected components as the equivalence classes for this relation
and we say that a graph is connected if it has only one such a class.

2.2 Fundamental group and covering graphs

This section is based upon the work of J. Stallings in [47].

Definition 2.2.1. Let I be a connected graph and x a vertex of I'. The set O of
circuits starting at x together with the concatenation forms a monoid (a set with an
associative binary operation with an identity element). We can see it as a submonoid
of the free monoid on E(I"), which we shall denote F'. The injective morphism i from
O into F' simply associates to a path (x,ey,--- ,e,, x) the word: ey ---e, and to the
path of length 0 the identity. Now let © be an orientation on E(I') and A the free
group on ©. We then define T to be the unique morphism from F to A, defined by

the formula:
T(e) = {e ifee 0

e ! else
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We then define an equivalence relation on O:~ by p ~ p' if and only if T'(i(p)) =
T(i(p")). It is compatible with the monoid structure, since T o is a morphism. We

then define w1 (I, x) as the quotient monoid O/N.

We will show the following facts:

e The equivalence relation ~ is independent of the choice of orientation 6.
e (', x) is a group.

e If 2/ is another vertex in I', then 7 (", z) and 71 (', ') are isomorphic.

To prove that ~ is independent of the choice of orientation, we will prove that
it is the equivalence relation on O, generated by the subset

{(pp', peep)|p,p’ are paths and e € F(T'), such that:
o(p) = z,t(p) = o(e), o(p)) = ofe), t(p') = z}

We call R such an equivalence relation. We have that 7'(ee) = 1 and therefore
T(i(pp')) = T(i(peep’)), so we conclude that R C~. To prove the other inclusion,
we just observe that T o is injective on reduced paths (paths that don’t contain
any ee), and the process of path reduction preserves both ~ and R.

We know that 7(I',z) is a monoid, so to prove it is a group we just need
to prove that every element in it has an inverse. Let p = (z,e1,-+- ,e,,x) be a
representative of an element in 7 (I', z): one can then show that p = (x,e,,--- e, )
is a representative of an inverse in m (I, z).

Finally for the isomorphism, we consider: x’ another vertex in I'. Since I' is
connected, there exists py a path from z to 2’. The isomorphism between 7 (T, x)
and 7 (I", 2"), then consists of taking a path p in 71 (', x) and associate to it a path

in m (I", 2") given by: poppo.

Example 2.2.2 (bouquet). Take an undirected graph I" with one one vertex a and
€1, ,en, and ey, -+ , €, as edges. A graphical representation of the graph is:

€

€3

€4



30

All paths start from a and end at a, so the injection into the free monoid on

E(T) is in fact an isomorphism. The group (I, a) is then isomorphic to the free
group on ey, - -, e,.

It turns out that m; is a group one can always calculate and is a free group as

we will see. First however we need to define a notion of a maximal subtree.

Definition 2.2.3. o For I' an undirected graph , we call a subgraph of I' a set

IV CT, such that
Veel' o(x) e IV t(x) e IV

and if e e "N E(T"), thene € T".

o A graph T is called a tree if it is connected and if every reduced circuit is of
length 0.

o A subgraph T of a connected graph I is called a mazimal subtree if T is a tree
and if T CT" C T with T" a subtree, then T =T’

Proposition 2.2.4. The following statements are true:

1.

1.

FEvery connected graph has a maximal subtree.

If T is a tree, then for every x,y € V(T), there exists a unique reduced path
between x and y.

Proof. i. Let Q ={T CT|T is a tree} together with the relation of inclusion. Let

ii.

us show that 2 is a non empty inductive set. The set €2 is non empty, because
if we take T reduced to one vertex and no edges, T is in €). Now take A a chain

in 2. Let
T=J T
T'eA

Let us show that T is a tree. If x € T, then there exists T € A, such that
x € T'. Then o(x) and t(z) are both in 77 C T and if x € E(I'), we get
that 7 € TV C T. T is connected: indeed if x,y € T are two edges, we take
reT € Aand y € T" € A. Without loss of generality, we may assume that
T' C T" and in that case both x and y are in 7" and by connectedness of 7",
we get that there is a path in 7", so in T" between x and y. Finally let x be a
vertex and p = (z,e1,- -+, e,,x) a reduced path in 7" from x to z: let us show
that n = 0. By contradiction, if n > 0, consider T; € A, such that e¢; € T;.
Then if we take T" a maximum of the T;, then p is a reduced path in 7", which
is a tree. We therefore get n = 0, which is a contradiction. € is therefore an
inductive set and by Zorn’s lemma it has a maximal element.

Let T be a tree and z,y vertices in T. If = y, then paths from x to y are
circuits and by definition of a tree all circuits are of length 0. There is only
one path from z to y of length 0. If z # y and we take p = (z,e1, - ,€,,¥)
and p' = (z,€},--- €. ,y) two paths, we observe that pp’ is a path from z to
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x. Since both p and p’" are reduced, we have to have that e, = a = ¢! and we
can then conclude by induction on n.
m

Lemma 2.2.5. Let py,--- ,p, be reduced paths in a tree T' that can be concatenated.
Then py - - - py 1s reduced if and only if for every k < n, px - pry1 s reduced.

Theorem 2.2.6. Let ' be a connected graph, T a mazimal subtree, © an orientation
onT'. Let x be a vertex of I', then m(I', z) is isomorphic to the free group on O\ T.

Proof. For two vertices: x,y we denote p(z — y) the unique path in T from z to
y. Now we take ® to be the unique morphism from the free group F on 0 \ T to
m1([.z) that to an edge e € ©\ T, associates the class of p(x — o(e))-e-p(t(e) — x).
We shall prove that ® is an isomorphism in the following steps:

e The path p(x — o(e)) - e - p(t(e) — z) is reduced.

Prove that if e € 6 \ T, then ®(e™!) = p(z — t(e)) - e - plo(e) — x).

Prove that for every e, ¢’ in 6\ T U (6 \ T)7!, if ®(e€’) =1, then e = &/

Prove that ® is injective.

Prove that ® is surjective.

For the first part, we get that p(x — o(e)) is reduced by definition and since e is
not in 7', we cannot have e to be equal to the inverse of the last edge in p(x — o(e)).
Since e is not in 7', we also can’t have e equal to the first edge in p(t(e) — z).
Finally since p(t(e) — x) is reduced, we get that p(z — o(e)) - e - p(t(e) — x) that
is reduced.

Now take e € 6 \ T. Then ®(e') = p(t(e) = x) -€- p(x — o(e)). The path
p(z — o(e)) is a reduced path from o(e) to z, so by uniqueness of reduced paths in
a tree, we get that:

p(z — o(e)) = p(o(e) — z). Similarly p(t(e) — =) = p(x — t(e)), hence

®(e™!) =p(z — t(e)) - & plofe) = 7)

By convention then from here on now, we just denote e~! = €, which is justified by
the previous result and we can consider e € E(I') \ T..
Now let e, ¢’ be in 6\ TU (6 \ T)~!, such that ®(ee’) = 1. We get that the path

plz = ofe)) - e - p(t(e) = z) - p(x — o(€')) - € p(t(e') = x)

can be reduced to the trivial path of length 0. By the previous lemma that means
that one of the concatenations in that path can be reduced, since individual parts
of the path are reduced. The only concatenation that can be reduced is

p(t(e) = x)-p(x — o(€’)). After this reduction, we obtain the homotopy equivalent
path:

p(z = o(e)) - e p(t(e) = o(e)) - €' - p(t(e') — x)
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If p(o(e) — t(e)) is not of length 0, we cannot reduce any further, so we end
up with that part being of length 0 and we get that our initial path is homotopy
equivalent to:

p(x = o(z)) e e - p(t(e') = x)

This can only be reduced further if e = ¢/, hence the conclusion.

Now more generally, let us prove that ® is injective. We then take = € ker(®).
We write x = ey --- e, and we show that if n > 0, x can be further reduced. Since
the paths ®(eq),- -, ®(e,) are all reduced, we get by the previous lemma that there
exists k < n, such that ®(e;)- ®(ex+1) can be reduced, which implies that e, = e ;.
We therefore get that z = e;---ex_1€x12---€,. By induction, we can therefore
conclude that x = 1. The map ® is therefore injective.

Finally let us prove the surjectivity of ®. Let us write p = (z,€1, -+ ,e,,2) a
reduced path in (', z). We shall prove by induction on the number of i such that
e; € T'\ T,that p is in the image of ®. If there are no edges e; in I' \ T, then p is
a reduced path in T, so p is of length zero and therefore equal to ®(1). Now on
the other hand assume that k is the smallest number for which e, € I'\ T. Then
p=p(x — o(ex))-ex-p, with p’ = (t(ex), €xs1, -, €n, z) areduced path from t(ex) to
x. pis then homotopically equivalent to ®(ey) -p(x — t(e)) - (t(er), €xr1, -+, €n, T).
The path p(z — t(ex))-(o(ex), €xt1, - - - €n, ) is then a reduced path from x to x with
one less edge in I'\ T', then p, so by induction it is in the image of ®, so there exists
w in F', such that this path is equal to ®(u) and hence p = ®(ep)P(u) = P(ey - u),
concluding the proof that ® is an isomorphism. O

As an example , let us consider the following graph:

With the edges that are not part of the maximal subtree in green and a distinct
edge e with orientation and distinct point . We will now illustrate the path ®(e)

in red:
e

YN

If we come back to the bouquet: the maximal tree is just a vertex with no edges,
so m; is indeed the free group on edges as we mentioned earlier.
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Every group can be represented as a quotient of some free group and graphs
give us a way of constructing free groups: the question now is, whether we can also
obtain somehow the quotient through graph theory and the answer is yes. The tool
for obtaining the quotients is the notion of a covering graph. In order to define a
covering graph we first need to define a star.

Definition 2.2.7 (star). Let ' be a graph and x a vertex in I'. We define a star at
x, the set

St(T',x) = {e € E(D)|t(e) =z}
We call the degree of x the cardinal of the star at x.

Basically a star at x is the set of edges connected to x. Trivially we get that if

f is a morphism from I' to I and z a vertex in I', then f(St(I",z)) C St(T, f(z)),
which justifies the definitions that follow:

Definition 2.2.8. Let I" be a graph and v a vertex in T and f a morphism from T to
some graph I'". We denote f, the map f restricted to the star at v and corestricted
to the star at f(v). We then have the following definitions:

o [If f, is injective for all v € V(I'), then we call f an immersion.
o If f, is surjective for all v € V(T'), then we call f a locally surjective map.

o If f, is bijective for all v € V(I'), then we call f a covering.

If f is a surjective covering map from I' to I, then we call I' together with [ a
covering graph of T".

The most fundamental properties of covering graphs are the lifting properties,
which are completely analogous to the topological theory of covering graphs.

Proposition 2.2.9 (Lifting properties). Let (I, f) be a covering graph of I", then
we have the following properties:

a) (Path lifting) Let v be a vertex in V(I') and p a path in I with f(v) as origin.
Then there exists a unique path p in T, with initial vertex v, such that f(p) = p.

b) (Homotopy lifting) If the path p in I" is homotopically equivalent to a path p',
then p and p' are homotopically equivalent.

¢) (General lifting) If g is a morphism from a connected graph T” to T' and u a
vertex in 1", v a vertex in T, such that f(u) = g(v), then g can be factored
through f into a map g from T to T if and only if g(m (I, v)) C f(m (T, u)). If
g exists, it 1s unique.

Factored simply means that there exists a g, such that the following diagram
commutes
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["——7T

|

1"//

Proof. a) Existence:

)

We will do it by induction on the length of p. If p is of length 0, the result is
trivial, since by definition f sends v on f(v), so the path of length 0 starting at
f(v) is equal to the image of the path of length 0 starting at v.

Now suppose that any path of length n can be lifted. Let p be a path of length
n + 1. Then p can decomposed into a path of length n, p’ concatenated with
some edge e. Now p’ can be lifted into a path ¢, so we write p’ = f(q). Let
x be the terminus of ¢. The map f is then by definition of a covering map a
bijection from St(x,T") to St(t(€),I”). In particular, there exists ¢’ an edge such
that o(¢/) = x and f(e’) = e. Now define p to be the path ¢ concatenated with
the edge €. Then f(p) = p and we found the lift of p.

Uniqueness

We do the uniqueness proof again by induction of the length of the path. If ¢, ¢’
are two paths of length 0 lifting p with origin v, then ¢ = ¢’. Now assume that for
all paths of length n the lift by f is unique. Let p be a path of length n+1 at the
origin f(v). Then write p = p’-e with p’ being a path of length n. Let ¢, ¢ be lifts
of p. Write ¢ = qo - €9 and ¢’ = ¢(, - e{,. Then f(q0) = f(q() = p’ and therefore by
induction, gy = ¢). Take z( the terminus of the path gy = ¢ and = the terminus
of the path ¢’. We have that f is a bijection from St(xy,T") to St(x,T"), since
f is a covering morphism. Since eg, e € St(zo,I") and f(eo) = f(ep), then by
injectivity of f, eg = ¢, and we therefore conclude that ¢ = ¢'.

To prove that lifts preserve the homotopy equivalence relation, it is enough to
prove that it preserves the relation that generates it. Take p a path with origin
in f(v) ending in f(v) and p’ a path such that there exists an edge e and paths
po and py, such that py-ee-p; = p and p = py - p1: we need to show that
then the lifts of the two paths are homotopically equivalent. Take p the lift of
p. We decompose it into pf, and pj. Write x to be the origin of the path py,
then f(z) = o(e). Now let ¢’ be the unique edge in St(z,I'), such that f(e’) = e.
Then f(e’) = € by virtue of f being a morphism. Then we get that

Fh- € -ph) = fwh) - F€)f(€) f(ph) =po-ee-pr=p

Therefore the lifts of p and p’ are equivalent. Lifts therefore preserve the homo-
topy equivalence.

2 2
=
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Suppose that ¢ factors through f into a map g with fg = g. Let p be a reduced
path in m (I, v). Then g(p) is a path in I" from g(v) to itself. It therefore lifts
into a reduced path starting at u, p (with f(p) = g(p)). We therefore get that
f(®) = f(g(p)). By uniqueness of the lift, we get that p = g(p). As such, we get
that the terminal point of p is u and p is a reduced circuit, therefore an element
of m(I", u), hence we indeed have that g(m (I, v)) C f(m (7, u)).

2 ¢ 7
Suppose that g(m (I, v)) C f(m (I7, u)).
For a vertex = € I, we define g(x) as follows:

Take a path p from v to x, lift g(p) by f into a path p starting at u and define
g(z) as the terminus of the path p.

We need to show that g is well defined, i.e does not depend on the chosen path.
Take p, p’ two paths from u to = and py, p, the lifts of respectively g(p) and g(p’)
in IV by f. We have that g(p) - g(p') is a loop in g(m(I',v)) C f(m (I, u))

therefore there exists a circuit [ € (I, u), such that g(p)-g(p’) = f(I). We then
have that

f() = f(p1) - f(p2)
By uniqueness of path lifting, we then get:

l=Dp1-p2

Since [ is a circuit, we get that o(l) = ¢(I) and therefore t(p;) = t(p2), proving
that g is well defined.

Now we need to define § on edges. For an edge e € I}, take p a path from v
to o(e) and concatenate it with e to get a path p’. Lift g(p’) into a path p’ and
define g(e) as the last edge of the path p’. By the same reasoning as previously,
we get that ¢ is well defined on the edges.

Let us now show that ¢ defined in this way is a morphism of graphs. It sends by
definition edges on edges and vertices on vertices. Furthermore let e be an edge
in E(I"). Take p a path from v to o(e). Then take p the lift of g(p). Its terminal
point is by definition g(o(e)). Now concatenate p with the edge e to get p’. Let
¢’ be the unique edge in St(g(o(e)),I'), such that f(e’) = g(e). Then p - €’ is the
lift of p’, therefore by definition g(e) is the edge ¢’ and we have o(e’) = g(o(e))
as expected.
o gle)
U——DP1—DP2—DP3

YN

u—p1—ofe) Stle) ———  g(u) - g(p1)-o(g(e)) — i(gle))
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Finally we need to show that ¢ preserves inverses of edges. Let e be an edge in
E(T). To calculate g(e™'), we first take a path p from u to t(e). Then define
p' = p-e, which is a path from u to o(e™!). Now take p the lift of g(p) and let x
be the terminus of p. Furthermore, take e’ the unique edge in St(x,T"), such that
f(e') = g(e). Then: p-e'e’ is a lift of g(p-ee). Its last vertex then is by definition
g(e), which is: ¢/ = g(€), proving that § is indeed a morphism of graphs.
g(€)
~ ~ kK
V—P1—DP2 __ D3

()

N}l

Qe

Tol
Ne)

u— P1—o(e) tle) ——— g(u) » g(p1)o(g(e))

2.3 Galois theory of covers

There is a very strong analogy between the classical Galois theory of field extensions
and covers. As we will see, covers are the analogue of field extensions, while the
fundamental group is the analogue of the Galois group.

Definition 2.3.1 (universal cover). Let I' be a graph. We call a universal cover of
[ a cover (T, f), such that T is a tree.

Theorem 2.3.2 (Existence of a universal cover). FEvery connected graph has a uni-
versal cover. A universal cover of a graph is unique up to isomorphism.

Proof. Existence:

We will show here the classical proof that can be found for example in Hatcher
[23] in Proposition 1.36.

We define the set of vertices of a graph T" as a set of reduced paths in the graph
[ starting at a chosen vertex vy. We take the set of edges of T of the form (v, -e),
with e an edge in I starting at the vertex v and v a path starting at vy. The inverse
of this edge is defined as: (- e€),7).

Let us show that a graph 7" defined in this way is a tree.

First observe that there are no multiple edges between two vertices. To prove
it is connected, we take p an unreduced path in I'. We may prove by induction on
length of p that there exists a path in 7" from (vg) to p. For clarity we will denote
paths in T" with upper case letters and the paths in I' with lowercase.

If p is of length 0, p = (vp), so the path ((vg)) is a path from (vg) to p. Now
assume that every path of length n can be attained from (vp). Let us show it is the
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case for a path of length n + 1. If p is of length n + 1, we decompose it into p’ - e
with p" of length n and e an edge. Now apply induction to p’: by assumption there
exists P’ a path from (vg) to p’. Then P = P"- (p/,p) is a path from (v) to p.

Now we need to show that there are no cycles in 1. Take P a reduced path
starting at a p and ending at the same p. If all the vertices visited by P are paths
in I' of the same length that implies that P is of length 0, because the edges are
only between paths whose lengths differ by 1. Now by contradiction assume that
P, is of different length than p. The cases where the length is greater and lesser are
very similar, so we will only consider [(P;) = I(p) + 1. Since the path end back at
p, there needs to be a step where length decreases by 1.

Let k£ be the smallest integer where this happens. Now write

Pk—i-l - (U07€17"' 76n)

We then get that
Py = (vo, (€1, , ent1))

since P, and P, are connected by an edge, so by definition of edges in T', up until
n-th step the paths must remain identical. Now Pj_; is shorter than P, and since it
is connected to Py by an edge, we have that P,_; = (vo, (€1, ,e,)). We therefore
end up with P,_; = Py, and since edges between two vertices in 7" are in unique,
we end up with a possible reduction, contradicting that the path P is reduced. This
concludes the proof that T is a tree.

Now we need to define the projection f to make T into a universal cover of I'.
We send the vertex that is a reduced path p to its terminus: f(p). We send an edge
of the form (p,p - e) to e and an edge of the form (p-e,p) to e. Now we need to
show that (7', f) is a covering graph.

We start by showing that f is a morphism of graphs. It by definition sends edges
on edges and vertices on vertices.

Now let us take an edge of the form ¢ = (p,p-e). We take u = t(p). We
get that o(f(e')) = o(e) = u. We have that u is also the terminus of p, therefore
o(f(e')) = f(o(¢))). Now if we take ¢’ an edge of the form ¢’ = (p- e, p), we get that
o(f(e')) = o(f(e)) = t(e). Now the terminus of (p-e) is t(e), therefore we get again
that: o(f(e')) = f(o(¢')). Finally we observe that

fCpp-e))=fp-ep)=e=f((pp-e))

making f into a morphism.

Now we need to show that this morphism is in fact a cover. Let p be a vertex in
T. We get that

St(p,T) ={(p-e,p)le € E(T') and o(e) = t(p)}

Furthermore
St(f(p),T) = {e € E(I)[t(e) = f(p)}

The map f is a bijection between the two sets, making f into a covering morphism.
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Uniqueness:

Let (77, f') be another universal covering graph. First of all f’ has to be sur-
jective. Indeed take v a vertex in I'. Let us choose x a vertex in T7”. Then since I"
is connected, there exists a path from f’(x) to v: p. The path p can then be lifted
into a unique path starting at x, p by f’. If then u is the terminus of p, we get that
f(u) = v. Since f is surjective, we may pick an antecedent ug of vy by f'. f'is a
morphism from the connected graph 7" to I', such that f'(ug) = f((vo)), therefore
by 2.2.9 ¢), there exists a unique ® from 7" to T, such that f' = f o ®. Applying
2.2.9 ¢) again, we also get a unique morphism ¥ from 7" to 7", such that f = f o U.
By an argument by universal property, ® and ¥ are inverses to each other, making
(T, f) and (T, f') isomorphic. O

Now we shall see the theorem that shows the analogy between Galois theory and
covers. In order to do that, we need to be able to define what the group of Galois
group would be for graphs. In this case, we are interested in deck transformations.

Definition 2.3.3 (deck transformations). Let I' be a graph and (I, f) a cover of .

a) We call a deck transformation an automorphism of I" that preserves the values
of f. We will denote Aut(I') the set of deck transformations.

b) We call a covering graph of ', (I, f) normal, if there exists an x a vertex in T,
such that Aut¢(T') acts transitively on the set f~'(x).

¢) For a covering graph (I, f), we call a triplet (I, u, f') a subcovering graph, if u
is a covering morphism from I to I f a covering morphism from I'" to I' and

f=fou.

d) For two subcovering graphs (U'y,uy, f1) and (s, us, f2) of a covering graph (I, f)
of I', we call a morphism a map h from I'y to I's a morphism of graphs, such that
the following diagram commutes:

I
w/

I’ h
1&

Note that classically the analogy of Galois theory is done for the universal cover-
ing space, see for example [14]. However with the right definition of “subcovering”,
we can extend this approach to any normal covering graph. In that case very loosely,
one can think of separable field extension as a connected covering and of normal field
extension a normal covering and a subextension then corresponds to a subcovering
graph. Finally the group of deck transformations corresponds to the Galois group.

Another interesting remark is that if we omit the maps u; and wuy from the defi-
nition of a morphism, then the Galois correspondence would be between conjugacy
classes of subgroups

f

AL

Iy
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Lemma 2.3.4. If (I, f) is a normal covering graph of a connected graph I', then:
a) Vz € V(T), Aut;(T) acts transitively on f~(z).
b) Ve € E(T), Auts(T) acts transitively on f~*(e).

Proof. a) By definition of normal cover, we take x( a vertex in I', such that Aut;(I")
acts transitively on f~'(x). Let x be a vertex in I'. Let u,u’ € f~(x). Take
p a path from x to zy. Then it lifts into a unique path p starting at v and a
unique path p’ starting at «’. The terminal points y, 1y’ of respectively p and p’
are in f~*(z¢), therefore there exists g € Aut(I'), such that y = g(y’). Then

g(p~t) is a lift of p starting at y’ and so is p/, therefore the two paths are equal.
In particular their terminal point g(u) and " are equal, so g(u) = '

b) Now we take e an edge in I'. Let ¢ and €” be two edges in I, such that

f(e') = f(e") = e. Then we get that f(o(e')) = f(o(e”)) = o(e). We then take g

a deck transformation, such that g(o(e’)) = o(¢”). The map f being a bijection

from St(o(e”),I") to St(o(e),I') and f(ge') = f(ge”), we get that ge’ = €,
proving that the deck transformations act transitively on the edges.

O

Theorem 2.3.5 (Fundamental theorem of Galois theory of graphs). Let ' be a
connected graph and (I, f) a normal covering of I'. Choose a vertex v in I' and
w its antecedent in I by f. Then f(m(IV,u)) is a normal subgroup of m(T',v),

Auts(T') is isomorphic to m (I, U>/7r1(I", w) and there is a 1 to 1 inclusion reversing

correspondence between subgroups of Aut(I') and subcovers (I', f') (up to isomor-
phism) of (I, f). Furthermore normal subextensions of (I, f) correspond exactly to
the normal subgroups of Auty.

Proof. First let us start by proving that f(m(I”,u)) is normal is 71 (T, v). Let p be
a reduced path in IV from v to u and « a reduced path from v to v in I'. Let us show
that there exists a reduced path p’ in T”, such that [f(p')] = a[f(p)]a™!. The path
« is starting at v, so by the lifting property, there exists a unique & path in I/, such
that f(&) = a. Now let u' be the terminus of &. Let then g be a deck transformation
that sends u to u'. The path g(p) can then be concatenated on the left with o and
on the right with a™!, since it starts at «’ and ends at v’. Furthermore a - g(p) - a™*
starts at u and ends at u, therefore has a representative in 7 (I, u), which we shall
call 5. We have that £(8) = £([@- g(p) - &1]) = [f(a)] - [(9(p))] - [F(@)] ", with in
this context for a circuit P, [P] denoting its class in m;. Now f(g(p)) = f(p), since g
is a deck transformation and hence f(3) = [a][f(p)][a]~!. This concludes the proof
that f(m(I",)) is normal in 71 ([, v).

The next step is to prove that Aut(I") is isomorphic to m (T, U)/f(ﬂ_l(r/’ W)
Autf(F) — 7T1(F, U)/f(TFl(F/, u))

g = [f([u, g - ul)]
path from u to g-u and we shall prove that ¢ is an isomorphism of groups. We need

We define ¢ = { , with [u, g - u] denoting a
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to start by proving that ¢ is well defined, meaning it doesn’t depend on the choice
of the path from u to gu. Suppose that p; and p, are two paths from u to ¢ - u, then
f(p1-p3)isin f(m(IV,u)) and therefore the classes of f(p;) and f(py) are the same
in the quotient group.

Now we need to prove that ¢ is a morphism of groups. Take g,¢" € Aut(T).
Let p be a path from u to g(u) and p’ a path from u to ¢’(u). Then

fw) - f@) = fp)- flg@)) = flp-9(p"))

and p-g(p') is a path from u to gg’(u). We therefore have that ¢(gg’) = ¢(g) - ¢(4').

Now we need to prove that ¢ is injective. Let g be a deck transformation and
p a path from u to g - u, such that the class [f(p)] is equal to the class [f(q)], with
lq] € m1(I”,u). By uniqueness of lift, we get that ¢ and p are the same path, therefore
p starts and ends at u, which means that g(u) = u. Since g is a deck transformation
that implies that ¢ is the identity.

Finally let us show that ¢ is surjective. Take [p| a class in 7 (I',v). Then there
exists p a path starting at u, lifting p. Let u’ be the terminus of p. By transitivity of
the deck transformations, we get that there exists g € Aut(I'), such that g(u) = u'.
Then p is a path from u to g(u), hence p = ¢(g), proving the surjectivity of ¢.

Now is the time to prove the second part of the statement. We will prove that
there is a one to one correspondence (up to isomorphism) between subcovers of
(I, f) and subgroups of Aut;(I'). Let H be a subgroup of Auts(I'). We define an
equivalence relation on IV as follows: two vertices x,y are equivalent if there exists
h € H, such that h(x) = y and two edges e, ¢’ are equivalent if there exists h € H,
such that h(e) = €. We shall show that f is compatible with this equivalence

/
relation and therefore can factor into a morphism from the quotient graph r /g to

I'. We will then show that F//H together with the natural morphism is a covering
graph. Let z,y be equivalent edges or vertices. Then there exists h € H, such that
h(z) =y. Then f(h(z)) = f(y), since h is a deck transformation, showing that f is
indeed compatible. Now we define I as the quotient graph of IV by our equivalence
relation. Together with the induced map by f: f' = ?H, I is a cover of I'. To
prove it, let us take ¥ a vertex in I'”. Now let us prove that f’ is a bijection from
St(r”, z") in St(T, f(x)). Let us start with the surjectivity.

If e € E(I') is an edge, such that o(e) = f(z), then by surjectivity of f, there
exists ¢ € St(I',x), such that f(e/) = e. Then we simply get f’(gH) = e and
o ¢ St(I",z"). Now let us prove the injectivity of f. Suppose that e and o
are two edges in St(I', z) mapping to the same edge. Now we have that o(e) =y
and o(e’) = y" and there are h,h' € H, such that h(y) = x and 1'(y') = x. Then by
injectivity of f on the stars we get that h(e) = h'(€/) and therefore e = h='h/(€),
proving that the two classes € and o™ are equal.

Finally we need to show that I together with the natural projection of I'”: 7 is
a covering graph of I'”. I.e we need to show that 7 is a bijection on stars.

Let T be a vertex in I'”. First let us show the injectivity of the projection. Let

y be such that 7 = T. Take e, €’ two edges in St(I",y), such that € = ¢/. Then there
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exists by definition a h € H, such that h(e) = ¢/. We also have that h(z) = = and
we know that if a deck transformation fixes one point, it is the identity. Therefore
e = €’. The surjectivity of 7w on the stars is trivial.

This proves that to a subgroup of Aut(I'), we can associate a subcovering graph,
which we shall call F/(H). This map F' is inclusion reversing.

The next step is to prove that every subcovering graph (I, f’) is isomorphic to
some F(H). Let u be a morphism from I" to I'”, such that (I, u) is a covering
graph of I” and f = f' ou. Let H = Aut,(I""). Let us show that H is a subgroup
of Auts(I'). Suppose that h € H. Then for every z € I, u(h(x)) = u(z) and
therefore f'(u(h(x))) = f'(u(x)) and therefore f(h(x)) = f(x). We therefore get
that h € Auts ().

Now consider the graph F'(H). First since u is by definition constant on the
equivalence classes of H, u is compatible with the H-equivalence relation. It there-
fore factors into a morphism u” from F(H) to I'”: i.e the diagram:

I“/ U N Fl/

F(H)

commutes, with 7 being the natural projection of IV on F(H). Let us show that
u is an isomorphism of covering graphs of I". To prove it is a morphism, we need
to show that f' ow = fy with fy the natural covering morphism from F(H) to g.
That is however obvious, since if we pick 7/ € F(H), we get:

f@@") = f'(u(z)) = f(z) = fu@")

Now we need to prove that u’ is bijective. We start by proving that % is injective.
Let z,y be two vertices in I, such that u(x) = u(y). Then we get that f(z) = f(y),
therefore by the transitivity of the deck transformations, there exists g € Aut(T'),
such that g(x) = y. Now we need to prove that ¢ € H. By contradiction, suppose
that there exists a vertex z in [, such that u(z) is distinct from u(g(z)). Let p be a
path from z to z. The paths u(p) and u(g(p)) are two lifts of the path f(p) starting
at u(x), therefore by uniqueness of the lift the two paths are equal. In particular
their terminal points are equal. Hence we get that u(z) = u(g(z)) and therefore by
definition g € H. Since x = g(y), the two vertices are equal in the quotient graph.

Take now e, e’ € E(I") two edges, such that u(e) = u(e’). By transitivity of
the deck transformations, there exist g € Autf(I'), such that g(e) = €. Then
g(o(e)) = o(¢’) and therefore by the previous part, we can conclude that g € H.
Then e and ¢’ are equivalent in the quotient graph.

The surjectivity of u* is a direct consequence of u being surjective.

Now we need to show that F is injective. Take H and H' subgroups of Aut¢(I"),
such that F(H) and F(H') are isomorphic. Then there exists an isomorphism ¢
from F(H) and F(H'). If then we denote the respective covering morphisms fy and
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fr and g and 7wy the natural projections onto the quotient graphs, we get the
two following commutative diagram:

F(H')

Now let us show that H C H’, which is enough to conclude that H = H’, since
the two groups play a symmetric role. Let h € H. In that case let us pick x a vertex
in I'V. We get that:

7o (h()) = (i (h(x)) = $(ma(2)) = 70 ()

As such we get that there exists b’ € H’, such that h(x) = h/(z). Since the group
Aut¢(I") acts freely on the vertices, we then conclude that h = b’ and so h € H'.

We finally need to show that a subgroup H of Aut;(I') is normal if and only if
F(T”) is a normal covering graph of T.

Suppose first that H is normal. Take v a vertex in I" and T,y € F(I'), such that
f(z) = f(y). Since (I", f) is normal, there exists g € Aut;(I'), such that y = g(z).
Now let us show that ¢g induces a map g from F(I") to F/(I'). We need to show that
if two vertices w, z are equivalent that g(z) and g(w) are as well. We get that there
exists h € H, such that z = h(w). Then: g(z) = g(h(w)) = ghg~'(g(w)). Now since
H is normal, we get that ghg™! € H and therefore z and w are equivalent.

The induced map g is trivially a deck transformation of F(I'), since f'(g(2))

Flg(2) = 1(2). 0

As we can see, we then get an analogue of Galois correspondence for fields. The
larger the subgroup of symmetries: in this case the deck transformations, the smaller
the subcover. The universal cover plays then the role of the algebraic closure. We
are now ready to classify all the covering graphs of a graph.

Theorem 2.3.6 (Classification of covering graphs). Let I' be a connected graph and
a vertex v in I'. There is a bijection between connected covering graphs of I' up to
isomorphism and subgroups of mi(v,I') up to conjugation.

Proof. First take (T, f) to be the universal cover of T'. If we prove that any covering
graph is isomorphic to a subcover of T', we can conclude by the fundamental theorem.

First of all the group of deck transformations of 7" is isomorphic to (v, '), so
we can just consider them to be equal by implicitly fixing an isomorphism. Now
consider F' the Galois correspondence from the previous theorem. To a subgroup of
m1(v,T') we associate the cover (F(H), fy). Let us now show that if H and H’ are
conjugate in 7y (v, '), then F(H) and F(H’) are isomorphic as covers. (But not as
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subcovers according to our definition!) Let g € 7 (v,T") such that H' = gHg™!. In
that case wp o g is invariant by the action of H. Indeed if we pick h € H and z a
vertex in 71"

wr(gh - x) = mai(ghg ™ g - ) = w (g - )
Since ghg™' € H’'. In that case by the universal property of the quotient, there
exists a map ¢, such that the diagram

Ty O
% Py

F(H)

commutes. We observe that ¢ is an isomorphism of coverings by constructing
an inverse map that is obtained by factoring this time ¢z o g~'. The map F then
factors into a map from conjugation classes of subgroups of 7 (v,I") to isomorphism
classes of coverings of I'. We will still call that map I’ and we shall prove that it is
a bijection.

First let us prove that F' is injective. Suppose that F(H) and F'(H') are isomor-
phic as covers of I". Let us show that H and H' are then conjugate. Let ¢ be the
isomorphism of covers from F(H) to F(H').

We then get that the following diagram commutes:

F(H) L r
¢l frr

F(H)

Now let u be a vertex in I', such that fy:(u) = ¢(fr(v)). In that case f(u) = f(v)
and therefore there exists ¢ € m(v,I"), such that u = g(v), since m(v,I') acts
transitively on fibers. Let us show that H' = gHg~!. First observe that we have

the following commutative diagram

T ! I
F(H')

Furthermore fg(u) = fg o g(u), so by the uniqueness of the factorization given
in 2.2.9 part ¢) , we can conclude that ¢ o f = fg 0 g. Using the fact that ¢ is an
isomorphism, we also get that fiyog™' = ¢! o fyr Now let h € H.We get that

frw(ghg™ - v) = ¢(fu(hg™ -v)) = ¢(fulg™" - v)) = fu(v)

In that case there exists h' € H’, such that ghg™!-v = h/ - v and since the action
of w1 (v,T) is free then ghg™ = I’ and so ghg™' € H', concluding that H C gHg ™.
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Using the inverse relation fy o g7! = ¢! o fy, we can similarly conclude that
H' C ¢g'Hg and therefore H' = gHg~'. That concludes the injectivity proof.

To prove that F' is surjective, we take (I, f') a covering of I'. Then let (7”,t) be
the universal cover of I'. In that case (T”, f’ot) is a universal cover of I and (I, ¢, f”)
is a subcover of T'. By the fundamental theorem and the fact that universal covers
are isomorphic, we then conclude that there exists H a subgroup of m(v,I"), such
that F'(H) is isomorphic to (I, f’) as expected. ]

Another consequence of the fundamental theorem is that we can represent any
group as a set of deck transformations of a covering graph as we will see:

Proposition 2.3.7. Let G be a group. Then there exists a graph I' and a normal
covering graph (I', f) of I, such that Aut;(T') is isomorphic to G.

Proof. Take I' a graph with a single vertex v And the set of edges equal to

E={lgllg € Gy U{lg]'lg € G}

with [g] just being a formal letter of an alphabet on G. Let (7, u) be the universal
cover of I'. Its set of deck transformations is then the free group on letters in F.
Now consider ¢ the morphism from Aut,(T) to G that sends [g] to g and [g]™' to
-1
gt
Let H be its kernel. Let F'(H) be the subcover of I' associated to H. Then
F(H) is normal and the group of deck transformations on F'(H) is isomorphic to

Aut s (F>/H, which itself is isomorphic to G as expected. [

We can then imitate what happens in case of Galois theory for any kind of
group. The problem is that infinite Galois groups are only interesting if we take
into account their profinite topology, so we have to modify this approach to get
profinite coverings, which we will cover in Chapter 4.

2.4 Graph homology

Homology is a tool coming from algebraic topology that as we will see is useful for
finding the number of connected components as well as finding loops in graphs. In
chapter 4, we will see how these tools are used in the profinite graphs case, but first
we examine the abstract graphs. This part is loosely based on the work [10]. With
a difference that we will use augmented chain complex, to stay consistent with the
homology version in chapter 4 and definitions of graph that are consistent with this
chapter: i.e we will be taking undirected graphs with the origin and terminus maps.

Definition 2.4.1 (graph chain complex). Let R be a ring and T' an undirected
graph. We choose an orientation © on I.

o We denote Cy(I', R) the free R-module on edges in O

e We denote Cyo(I', R) the free module on vertices of T’
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e We denote O the differential from Cy to Cy that to an edge e associates t(e) —

o(e).

o We denote e the augmentation map on Cy, i.e the R-linear map from Cy to R
that to any vertex v associates 1.

Then the R- complex associated to the graph I is the complex:
amr 2. arr — g

We get that e 0 0 = 0 and therefore we can speak of its homology. We write
H,(T', R) = ker(0)

and

]

Hy(T, R) = ker(e) - )
Both Hy and Hy are seen here is R-modules.

It is worth mentioning that this complex is independent of the choice of orien-
tation: if we choose any other orientation, we can see that the two complexes are
isomorphic.

The three results we will show are that morphisms of graphs induce natural
morphisms between homology rings that a graph is connected if and only if its
zeroth homology with coefficients Z is zero and that a graph is a tree if an only if
both Hy(T',Z) and H,(T',Z) are zero.

Proposition 2.4.2. Let I',T” be two undirected graphs and f a morphism from I to
[". Let ©' be an orientation on T" and 6 = f~1(O'), which is the unique orientation
on T, such that f(©) C ©". Then there exist a unique morphism ®; from Cy(T', R)
to C1(I'", R), such that

Ve € 0,P,(e) = f(e)
and a unique morphism ®q from Cy(T', R) to Co(I", R), such that

Vo e V(T), o(v) = f(v)

We also have that the diagram:

o\, R) —2 5 ¢y(1, R) ‘ R
(I)l @0 ZdR
! 6/ / 6/
C’l(F,R) 4>C’O(F,R) R

commutes and therefore f induces maps Hi(f) and Ho(f) on the homology.
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Proof. The existence of maps ®; and ®4 simply comes from the fact that C; and C
are free modules and f is a map from 6 to O’ as well as a map from V(G) to V(G').
To prove that the diagram commutes, we observe that for e € 0, t(f(e)) —o(f(e)) =
f(t(e)) — f(o(e)), since f is a morphism. Since the diagram commutes on a basis of
C1(G, R), it commutes everywhere by linearity of all maps involved. O

Proposition 2.4.3. Let I' be an undirected graph. The graph I" then is connected
if and only if Hy(I') = Ho(I', Z) is equal to zero.

Proof. Suppose first that I' is connected. Choose © an orientation on I'. For e €

e l‘f e é @

—¢ else

One can show that ker(e) is generated by v — u, with u,v € V(T'). To then prove
that 0 is surjective on ker(e), it is enough to prove that all the v — u have an
antecedent by 0. Now let (u,eq,eq, - ,e,,v) be a path from u to v. Notice that

Jd(a(e)) =t(e) — o(e), hence
0> aler) = v — u, hence 0 is indeed surjective onto ker(e).
k=1
Suppose now that 0 is surjective onto ker(e). First of all, any x € Z[0] can be

n
written as a sum Y «(ex). Now we will prove by induction on n that if there exists
k=1

n
u,v € V(I'), such that >  a(er) = v — u, then there exists a permutation ¢ on
k=1

{1,---,n}, such that (o(es1)), €s(1), """ s €o(n), t(€xm))) is a path from u to v.

If n = 1 the result is trivial. Now suppose that it is true for n € N. Suppose
that

Ialer) + -+ alept1)) =v—u
If we denote m; the projection of d(a(e;)) on v, we get that m; € {1,0,—1} and
also that > m; = 1. We then have to have that there exists g, such that m;, = 1,
i=1

since otherwise the sum would have been negative or null. We have that d(«(e;,)) =

t(e;,) — o(e;,). Then we must have that t(e;,) = v. If we then denote z = o(e;,) and

7 the transposition (ig,n + 1), we get that 9()_ a(e;x))) = v — u. By induction,

k=1
there exists then a permutation ¢’ on {1,--- ,n}, such that
(U, €0r(r(1)),** » €o'((n))> ©) 15 a path from u to x

We extend then ¢’ into a permutation on {1,--- ,n + 1}, by fixing n + 1 and we
write 0 = 0’ o 7. Then since o(e(n11)) = 0(€i,) = = and t(esny1)) = t(es,) = v, we
get that

(U; €0(1), "+ » Co(nt1), V) is @ path from u to v

which is what we wanted to show. Now finally if we pick any u,v € V(T'), then
since we know that Hy(I') = {0}, we get that there exists = € Z[E(I")], such that
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J(xr) = v — u and by what we have shown earlier that implies that there is a path
from u to v. L

Proposition 2.4.4. Let I' be an undirected graph. Then T" is a tree if an only if
Hy(T") = {0} and H,(T") = {0}.

Proof. First suppose I' to be a tree. Since I' is connected, by the previous proposi-
tion, we get that Hyo(I') = {0}. Now let us show that H;(I') is zero as well. Choose
6 an orientation on I'.

By contradiction, assume that there exists x € Z[©], such that d(z) = 0, but x

is not zero. Let us then decompose x into > a(ey), with
k=1

a(e):{eife€®

—¢ else

Since a(e) + a(e) = 0, we may suppose after simplifying that Vk, k', €; # er. We
furthermore have that d(a(e;) + - -+ + a(e,—1)) = o(e,) — t(e,). Since I' is a tree,
it has no loops and therefore o(e,) # t(e,). By what we have seen in the previous
proposition, up to permutation, (t(e,),e1, - ,e,_1,0(e,)) is a path from ¢(e,) to
o(e,). Then we get that (t(e,), €1, ,en,t(ey)) is a path from t(e,,) to itself. Since
Vk, k' e, # ep, the path is reduced. It is then of length 0, since I' is a tree, which
is a contradiction.

Now suppose on the other hand that Hy(I") and H;(T") are both zero. Since Hy(T")
is zero, then I' is connected. Now let us show that I' is a tree. By contradiction,
assume that there exists a non trivial reduced path from some w to u. Let us
denote that path (u,eq,--- ,e,,u) We may furthermore suppose that the path has
no repetitions i.e that the map i — o(e;) is injective, simply by shortening the path
if necessary. In that case: Vi, €; # e;. Indeed: suppose by contradiction that there
is an i, such that & = e;. In that case t(€;) = o(e;) = o(es) and so e; = ey by
assumption that there are no repetitions in the path. In that case however e; = ey,
which contradicts the assumption that our path is reduced. From this result we get
that:

Vk, a(ex) # —a(er) and therefore if we project orthogonally a(e;)+- - -+ a(e,) onto
a(ey), we get a non zero number, hence a(e;)+- - -+a(e,) is non zero. However since
(u,e1,- -+, e, u)is apath from u to u, we get that d(a(er)+---+ale,)) =u—u =0,
contradicting the injectivity of 0. O

So far, we have seen two possible approaches to create analogies between Galois
theory and graphs. The first one seen in the first chapter is to imitate an action of
a Galois group on roots using the Cayley action graphs and the second is using the
Galois theory of covers. These two representations however lack topology, which is
necessary when we want to use infinite Galois theory rather than the finite one. The
next step will then be to equip graphs with a profinite structure, but before doing
that, we will see in more detail how infinite Galois theory works in the next chapter.
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Chapter 3

Profinite structures and Etale
algebras

3.1 Profinite structures

In this part we will define several profinite structures that we will be using. While
these notions are typically defined separately, I decided to group them under the
term of "Profinite structure” and prove their common properties together. I origi-
nally wanted to call them “Profinite categories”, but this term is already used for a
different concept in for example the publication: [27] that studies categories from
the point of view of graphs.

Definition 3.1.1 (directed set). We define a directed set as a nonempty ordered set
(1,<), such that
Ve,yel,3ze€l,z>x and z >y

A very simple example of a directed set is a set of finite subsets of a set €2 for
the relation of inclusion. Observe that a union of two finite subsets is a finite subset
and it is greater than both sets.

Definition 3.1.2 (projective limits). For a category €, we define a projective system
as a collection of objects in 6 (X;)ie; indexed by a directed set I, together with
morphisms (¢i j)ijer from X; to X;, such that

i<j

Vi,jok€1,i <j < k= ¢ir=0i;o Pk

If it exists, we define a projective limit of a projective system ((X,)ier, (¢ij)ijer)
1<j

as an object X, together with morphisms (¢;)icr from X to X; such that for j > i
the following diagram commutes:

?; Lﬁi, i

X

J
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Furthermore we require X to be universal: that is if (Y, (;)ier) is another object,
such that:
Y

Y — X;

% %i,j

X

J

commutes for every i,j € I, such thati < j, then there exists a unique morphism

f fromY to X, such that Vi € I,1; = ¢; o f.

Example 3.1.3. An example of such a projective limit would be taking a group
G and [ the set of normal subgroups of G of finite index together with the order
of reverse inclusion. Then take the projective system (G/ N) Ner With morphisms
¢n N being the natural projection of G/ N7 on G/ v if N € N. The limit of
such a projective system exists in the category of groups and is called the profinite
completion of GG. Note that if G is finite, then the profinite completion of G is G.

One important result is that if a limit of a projective system exists, it is unique
up to isomorphism, i.e if Y together with maps (¢});c; is another limit, then there
exists an isomorphism f: X — Y, such that Vi € I, ¢, = ¢; o f.

So far these definitions are standard and are mentioned for example in [29] on
the first page. For the sake of convenience I have decided to treat certain generalities
about structures such as profinite rings, groups and modules and prove their common
properties for a general structure I call a profinite structure.

Definition 3.1.4. Let € be a category together with a functor F' from € into the
category of sets. We make the following assumptions on F':

o The functor F is faithful, i.e for all objects X, Y : F as a map from hom(X,Y)
to hom(F(X), F(Y)) is injective.

o For any projective system in 6 ((X;)icr, (¢i;)j>icr), such that F(X;) is finite
for alli € I, there exists a limit (X, (m;)ier). Furthermore (F(X), (7;)icr) is
1somorphic in the category of sets to the projective limit of the sets

(F'(Xi)ier, (F(¢i))j>i)-

e For all objects A, B,C in € and for all morphisms u from B to A, v from B
to C and f a map from F(A) to F(C), if F(u) is surjective and the diagram:

commutes, then there exists a morphism w from A to C, such that f = F(w).
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We call such category 6 together with F' a preprofinite category.

We then define P a profinite structure induced by 6 as a category whose objects
are limits of projective systems of objects whose images by F are finite. Objects
in this category are called profinite objects. A morphism between (X, (¢;)icr) and
(Y, (¥5)jes) is then defined as a morphism f € hom(X,Y'), such that for every j € J,
there exists an ig € I such that

Va,y € F(X),Vi > 1o, F(¢;)(x) = F(¢:)(y) = F (¢ 0 f)(x) = F(tp; o f)(y)

This definition of a morphism doesn’t seem to be very clear, but once we give
a more topological interpretation of this category it will make more sense: as the
morphisms between two profinite objects will essentially be morphisms that are
continuous for a certain profinite topology. We will now show that & is indeed a
category.

Let (X, (¢;)icr) be an object in . Then observe that idy is a morphism from
X to X.

Now suppose that (X, (¢;))ier, (Y, (¥;));es) and (Z, (wk))ker) are three objects,
f a morphism from X to Y and ¢ a morphism from Y to Z. Let us show that go f
is morphism from X to Z. Let k& € K. Then since g is a morphism, there exists
Jo € J, such that

Vi = jo, Yo,y € F(Y), F(ih;)(x) = F(¢;)(y) = Flwk 0 g)(x) = F(we © g)(y)

Now since f is a morphism, there exists ig € I, such that

Vi 2o, Va,y € F(X), F(¢:)(x) = F(5)(y) = F(jo 0 )(2) = F(j, 0 f)(y)

Now suppose that i > ig and z,y € F(X) are such that F(¢;)(z) = F(1;)(y).
Then F(4,)(f(2)) = F(5,)(f(3)) and therefore

Flwyogo f)(x) = F(wrogo f)(x)

proving that g o f is indeed a morphism.

The sole reason for this functor F' is that strictly speaking most profinite struc-
tures are not a subcategory of sets, but often do inject themselves in it. For example
while groups are strictly speaking not sets: rather sets together with their internal
operation, the morphisms of groups are maps between sets. In practice then by abuse
of notation, we will identify F(X) with X and F(¢) with ¢, unless an ambiguity
could arise.

We will show that profinite objects have interesting topological properties, but
first we will prove a fundamental property of profinite objects that will serve as a
foundation for the topology.

Proposition 3.1.5. Let (6, F') be a preprofinite category and (X, (¢;)icr) an object
in the induced profinite structure P. Then

Vr,y € F(X),x =y & Viel,F(¢i)(x) = F(é:)(y)
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Proof. One implication is clear.
Now consider the set:

X, = {(ZL‘Z)Z€[|VZ € ],JZZ‘ - F(XZ) and Vj Z 7 < ],F(¢ZJ)([E]> = IZ}

X' together with m; the natural projections on F'(X;) is then the limit of

((F(Xy)ier, (F(¢ij))j>i) in the category of sets. Since € is a preprofinite category,
we know that (F(X), (F(¢;))ier) is a limit of (F/(X;);es) in the category of sets. As
such, there exists a bijection u from F(X) to X’ | such that Vi € I, m; 0ou = F(¢;).
As such, if we take x,y € F(X), such that Vi € I, F(¢;)(z) = F(¢:)(y), then we get
that Vi € I,u(x); = u(y); and therefore u(x) = u(y). By injectivity of u, x =y. O

Definition 3.1.6. Let (€, F') be a preprofinite category. Let (X, (¢;)ier) be a profi-
nite object. We call the profinite topology on F(X) the coarsest topology that makes
the maps F(¢;) continuous, with F(X;) being equipped with its discrete topology.

We then have a theorem that describes the topology that profinite objects can
be equipped with. First we will need to prove a helpful lemma.

Lemma 3.1.7. Let (6, F) be a preprofinite category, ((Xi)ier, (¢i;)j>i) a projective
system with Vi € I, F(X;) finite and (X, (¢;)ier) its limit. Let then

X/ = {(ZL’Z)Z€[|\V/2 < ],Ii S F(XZ) cmd \V/] Z 1 € ], F(QZS]?%)(J]]) = ZEZ}

together with its natural projections m; and equipped with the product topology (the
coarsest topology making the projections continuous), then there exists a homeomor-
phism [ from F(X) to X', such that for alli € I, F(¢;) =m0 f.

Proof. Since (6, F) is a preprofinite category, then if X is a projective limit in 6. We
then get that F'(X) is a projective limit in the category of sets. Since F'(X) and X’
are both limits, then by the universal property, there exists a natural isomorphism f
between them. We need to prove that f and f~! are both continuous. For i € I, we
call 7; the natural projection of X’ on F'(X;). By Proposition 1 in Chapter 1 section
3 of Bourbaki General Topology 7], f is continuous if and only if ;0 f is continuous
for all i € I. We have that m; o f = F(¢;), which is continuous by the definition of
the topology on F'(X), so f is a continuous map. Again by the same proposition in
Bourbaki, we get that f~! is continuous if and only if F'(¢;) o f~! is continuous for
all i € I. Since f~! is a morphism of limits we get that F/(¢;)o f~! = m; and we get
the continuity of f~!. O

This lemma implies that if we want to study the topology of the set F(X)
induced by the projection maps F'(¢;), we can simply study the topology of the set
X'. Finally before stating the theorem that describes the topology of X', we will
give here the definition of a uniform space.

Definition 3.1.8 (uniform spaces). Let X be a nonempty set. We call a uniform
structure (or the set of entourages) on X a set of relations € on X with the following
aTioms:
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i. For every R € € and for every R C X x X, RCR = R €€,
i1. For every R,R' € €, RNR € €.
iti. For every R € €, the diagonal A C X x X is contained in R.
iv. For every R€ €, R~! € €.

v. For every R € €, there exists R € €, such that R’ C R.

Axioms 1 and 2 imply that a uniform structure has to be in particular a filtration.
The idea behind uniform structures is that they generalize metric spaces. In metric
spaces we get a certain notion of closeness that is independent of where we are.
(Just pick a small enough distance). Uniform structure with its relations provides
also that independent notion of closeness. We observe that for a uniform structure,
we obtain a topology defined as follows: a set of neighborhoods of x is generated by
Q={{y € X|(z,y) € R}|R € €}.

Theorem 3.1.9 (Properties of a profinite topology). Let X = {(x;)ics} be a profi-
nite set together with the natural projections mw;. Then the profinite topology T on X
has the following properties:

i. (X, 7) is Hausdorff.
ii. (X,7T) is compact.
iti. (X,7) is a uniform space.

Proof. X is Hausdorff, since the product Hausdorff spaces is Hausdorff.
By the theorem of Tychonov, we know that the product is a compact space,

therefore X is compact if and only if X is closed in [ X;. For i, € I, such that
i€l

© < j, denote ¢; ; the transition map from X; to X;. To prove that X is closed, we

define for j €

A; = {(zp)ker|Vi < 4, i (z5) = x;}

U mﬁ ({oi(w)})

ueX; i<j

We have that

By continuity of the projections 7; ' ({¢;;(u)}) is closed for all u € X; and all

i < j. Theset A is then closed as a finite union of closed subsets. Finally X = () A,
jer
is an intersection of closed subsets, therefore X is closed, proving that X is compact.

Finally, let us prove that X is a uniform space. We define a collection of relations

(Ri)ier = ({(2,y) € X x X|mi(x) = mi(y) }ier
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We then take &R to be the set of all the R;. We define the set of entourages as
E={UCXXxX|FReR|RCU}

The relations in R are equivalence relations, therefore the set € of relations on X
generated by R; form a uniform structure on X.

We now need to prove that the topology coming from this uniform structure is
the profinite topology on X.

Let x € X and V' a neighborhood of x for the profinite topology. Then there
exists a finite set Iy C I and a collection (A4;);er, with Vi € Iy, A; C X;, such that
V contains: X N [[ X; x [] Ai. Now let 4y be an upper bound of I;. In that case

il il
V' contains -
H Xl X {71'10(.T>} NnX
i
Indeed suppose that y;, = x;,. If we take i € I, then

Yi = ¢io,i(yio) = ¢io,i(mio) =ux; € A

Therefore we get that y; € A; for all i € Iy and hence y € V. Now the set

XN T Xix{x;} is exactly the set of y, such that (z,y) € R;, so V is a neighborhood
ii
of x for the uniform topology.
Now if we take U a neighborhood of z for the uniform topology, there exists
1 € I, such that

m ({mi(@)}) ={y e X|(z.y) e R} C U

U is therefore a neighborhood of x, by continuity of m;. This concludes the proof
that X is indeed a uniform space.
O

For a profinite object (X, (¢;)icr) in a profinite structure P induced by a pre-
profinite category (6, F'), the uniform relations on F'(X) will then be given by the

maps ¢;.

More often than not we do not have a metric structure on profinite spaces, but
as the theorem shows, we will get a uniform structure given by the projections. If
we replace then Cauchy sequences by Cauchy filters, then one can show that since
profinite spaces are compact uniform, they are complete.

Structures like topological rings , groups are then uniform spaces and they can
be completed into a profinite space. The example we saw in 3.1.3 is a case of such
completion. We simply consider the group as a discrete topological group and we
complete it into a profinite space where the original group is dense. We will see the
details of it later. Before examining different profinite categories in detail, we will
show one last generality on the profinite topology.

Proposition 3.1.10. Let (X, (¢;)ier) be a profinite object. Then F(X) is totally
disconnected. That is, if Y C F(X) has only trivial clopen subsets, then'Y is reduced
to a single element.
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F(X) is therefore a Stone Space: a totally disconnected, Hausdorff compact
space.

Proof. Let Y C F(X) that has at least two distinct elements x,y € Y. In that case,
there exists ¢ € I, such that F'(¢;)(z) # F(¢;)(y). Theset U = F(¢;) ' ({F(¢s)(x)})
is a clopen in X by continuity of F'(¢;). The set U NY is then a non trivial clopen
in Y. It is non trivial since it contains xz, but doesn’t contain y. O

Depending on the categories Stone Spaces might not always be profinite objects
in the same category, but it is true for the categories we will be working with.
We will give a sufficient condition for which Stone Spaces are profinite objects.

Definition 3.1.11 (profinite-compatible objects). Let (@, F) be a preprofinite cat-
egory and X an object in €. We then say that X is a profinite-compatible object, if
there exists a compact Hausdorff topology on F(X), such that for every open equiv-
alence relation R on F(X), there ezists an open equivalence relation R' C R, an
object U in the category € and a morphism f from X to U, such that F(X) together
with F(f) is isomorphic to the natural projection of F(X) on F(X)/R/ as a map
of sets. I.e: we have that Vz,x' € F(X), if tRx', then F(f)(x) = F(f)(x') and if
g is a map from F(X) to a setY, such that Vx,2' € F(X), zRx' < g(z) = g(2),
then there exists a unique map u from F(U) to Y, such that the following diagram
commautes:

x) -2y

F
F(f) /
F(U)

Remark. Note that if g is a morphism, i.e there exists Y’ an object in 6, such that
Y = F(Y’) and ¢’ a morphism from X to Y’ such that ¢ = F(¢'), then by the
properties of a preprofinite category, we get that u is a morphism i.e there exists v’
a morphism from X to Y’, such that F(u') = u.

Proposition 3.1.12. Let (6, F) be a preprofinite category, P the induced profinite
structure and X an object in 6. If X is a profinite-compatible object, then the
following statements are equivalent:

i. X is a profinite object in P, and the profinite topology on F(X) is the same as
the topology making X into a profinite-compatible object.

ii. F(X) together with its profinite-compatible topology is a Stone space: i.e com-
pact, Hausdorff and totally disconnected.

iii. There exists Q0 a directed set (for inverse inclusion) of open relations on F(X),

such that VR € Q, 3Xg € 064(6),3fr € hom(X, Xg), (F(X), F(fr)) is iso-
morphic to the natural projection of F(X) onto F(X)/R and such that (| R =

ReQ)
{A}, where A is the diagonal of F(X) x F(X).
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Proof. i. = di. Assume X to be a profinite limit of ((X;)ier), (¢i;)j>i). Equip F(X)
with its profinite topology. Then by 3.1.10, we get that F'(X) is a Stone-Space.
Let Q' be the set of open relations. We start by proving that (| R = {A}. We

ReqY
take # € F(X). We shall prove that for all y € F(X) such that y # x there exists

R € V) such that (z,y) ¢ R. To prove it we will use a similar method to the one
used in the Lemma 1.1.11 (page 22) of [42].
First we consider T' the family of all clopen neighborhoods of . We will show that

() V is connected. We write A = (] V. Assume that A = FyUF, with FyNFy = ().
Ver ver

By contradiction, assume that Fy # @ and Fy # (. Now let a € Fy. For every b € F,
there exists U, an open neighborhood of a and V{43 an open neighborhood of b,

such that Uggp) N Viap = 0, since F(X) is Hausdorff. We have that F> C J Viap),

beF>
therefore by compactness there exists a finite family b(a)i,--- ,bp@) € F3, such
n(a) n(a) n(a)
that F» C U Viab Now consider U, = () Uapa),) and V(a) = U Viepa)n)
k=1 k=1

We get that U (a ) is an open neighborhood of a_, V(a) is an open containing F» and
U,NUV(a) = 0. We have that F; C |J U, , therefore by compactness, there exists
a€F

a finite family : ay,--- ,a, € Fy, such that F; C |J U(a). Now put U = () U, and
k=1 k=1

V=_)Va Wegetthat F; CU, F, CV, UNV = and U,V are open in F(X).
k=1
We then get that:

FX)O\N(UUV)NA-D

F(X)\ (UUYV) is closed, therefore by compactness, there exists a finite subfamily
T' C T, such that:
FX)\(UuV)n (1 W=90
WeT
We have that B = [ W that is a clopen neighborhood of x as a finite intersection

WeT
of clopen neighborhoods of x. Then we get that:

€ (BNU)U(BNV)=B

Let us assume without loss of generality that x € BN U. The set BN U is open,
as intersection of two opens. Its complement in B: BNV is also open in B and
therefore in F/(X). The set BN U is then a clopen neighborhood of x and therefore
ACBNU and so BNU = A. We then get that A C U, so F, N A = (), proving
that F;, has to be empty which is a contradiction.

Now that we proved that A is connected, we use the fact that F/(X) is totally
disconnected to obtain that A = {z} as announced. Now let y € F(X) distinct

from x. Since (| V = {x}, we get that {y} N (| V = 0. The singleton {y} being
ver ver
closed in F'(X) we get by compactness that there exists Vi,--- | V,, € T, such that
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y ¢ Vin---NV, If then we put V.=V, N---NV,, we get that V is a clopen
neighborhood of z and y ¢ V. Now consider R an equivalence relation, whose
equivalence classes are V' and F(X) \ V. It is then an open relation, since both V'
and F'(X)\ V are open. We therefore get that R € ' and (z,y) ¢ R.

From that we conclude that (| R = A.
ReQ
Finally we will use that X is a profinite-compatible object to reach our conclu-

sion. For every R € (), we take P(R) C R an equivalence relation, such that there
exists an object Xp in € and a morphism fz from X to Xg, such that (F(X), F(fr))

is isomorphic to the natural projection of X onto X/@( R)- We then define ) as

the set {P(R)|R € Q'}. Finally to conclude that (| R = A, we take x € F(X)
ReQ
and y # x. We then know that there exists R € (¥, such that (z,y) ¢ R. In that

case we have that (z,y) ¢ P(R) as well, proving indeed that (| R = A. Finally we
ReQ
need to prove that €2 is a directed set for the relation of inverse inclusion. That is

however easy to see, since P(P(R)NP(R')) C P(R)NP(R') for any two relations
R, R (Y.

11, = 1.

Consider the set €2 of the open equivalence relations compatible with F', such that

() R = A and such that 2 is a directed set for the inverse inclusion.
ReQ
For R € (), we take X an object in 6 and fr a morphism from X to Xg, such

that (F(X), F(fr)) is isomorphic to the natural projection mp onto F(X)/R. We
denote up the isomorphism between the two. Now consider for R' C R, mp s, the

map from F(X )/R’ to I (X )/R that to a class T, associates the class Z%. Now
consider the diagram:

-1
UR TR,RUR!
F(Xp)—— F(Xg)

F(fr) F(fr)

F(X)

The map F(fr) is surjective and therefore there by the third axiom of preprofi-
nite categories, there exists a fg g @ morphism from Xp to Xg, such that F(frr) =
up' TR gup. Now let us show that if R” C R’ C R, then frrr = frp o frrrr. We
simply just have:

F(fR,R”) — UEIWR,R”UR” = UJ_QIWR,R’U}_Q/IUR’WR',R”UR’ =
F(frr)o F(frr)=F(frr o frr)

By injectivity of F', we then get that frps = frr o fr r. Now let us show that
(X, (fr)req) is the projective limit of the projective system ((Xr)req, (frr)rcre)-
First let us show, that (F(X), F(fr)req) is a projective limit of
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(F(X), F(frr)rcr) in the category of sets. First denote P the projective limit of
(F(X).F(frr)rcr) in the category of sets and take p the map from F(X) to P,
that to = € F(X), associates (F'(fr)(z))req- Let us show, that p’ is a bijection.
To prove that it is injective, we take z,y € F(X), such that fr(z) = fr(y) for all

R € Q. That means that (z,y) € R for all R € Q, hence x = y, since [ R=A
ReQ
by assumption on 2. Now let us prove that p’ is surjective. Let (ygr)greq be a

collection in P. For every R € Q, F(fgr) is isomorphic to the natural projection

onto the quotient FX )/R, hence the map F(fr) is surjective and therefore we can
rewrite the collection (yr)req as (F'(f)(xr))req. Now by contradiction assume that

Ve € F(X), AR € Q, F(fr)(x) # F(fr)(xr). That means that the set () xgR
ReQ
is empty. Note that every R € () is an open relation in a compact set, hence it is

closed as well as we can write F'(X) as a finite union of open equivalence classes.

We then get that () xzrR is an empty intersection of closed subsets, hence there
ReQ
exists Ry,---, R, € (1, such that xg, R N---Nxg, R, is empty. Now take Ry € Q2

included in Ry N --- N R,(it exists since by assumption 2 is a directed set). We
then get xr, € xg, R1 N--- Nxg, R,, which is a contradiction. As such there exists
x € F(X), such that VR € Q, F'(f,.)(z) = ygr, proving that p is a surjective map.

Using the fact that (F(X), F'(fr) is a projective limit in the category of sets,
we can now conclude that (X, fg) is a projective limit in our preprofinite category.
Let (X', gr) be the limit of the projective system ((Xgr)req, (frr)rcr (it exists,
since the category € is preprofinite and we have shown earlier, that F'(Xg) has to
be finite). Then we know that there exists a unique morphism A from X to X', such
that VR € Q, fr = gr o h. We also know that F'(X’) together with the (F(gr))rea
is a projective limit in the category of sets, therefore there exists p’ an isomorphism
between F'(X') and projective limit P of the F'(Xg). We have shown that F(X) to-
gether with the F'(fr) is a projective limit of the system (F'(Xg)req, F'(fr.r)ricreq)
and we called p the isomorphism from F(X) to P. Now write i/ = p~'p/, which a
map from F(X') to F(X).

Notice that we have:

/

Fx) 2 p

Which can be checked by composing with the natural projections of P onto Xg.
In that case: h' o F'(h) =p~top o F(h)=p ' op=idp). By similar arguments,
one can also check that F'(h) o h' = Idp(x,y. The map F(h) is therefore bijective.
Now we have that:
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xS px)

F(hﬁ Flidy)

F(X)

commutes. Therefore there exists h” a map from X’ to X, such that b’ = F(h”).
Using the injectivity of F', we conclude that A" is the inverse of h and therefore X
and X’ are isomorphic and X is therefore a projective limit of finite objects in 6
hence an object in the the induced profinite structure 9.

Finally we need to show that the profinite topology on F'(X) is the one we started
with. To prove that, consider U an open neighborhood of = € F(X). Let us show

that U is a neighborhood of x for the profinite topology. Since [ zR = {x}, we
ReQ
have that (F(X)\U)N [ R = (. By compactness of F(X) there exists then a
ReQ
R € Q, such that tRN F(X)\ U = (). In that case zR C U. The set R is equal to

{y € F(X)|F(fr)(z) = F(fr)(y)}, hence xR is a neighborhood of z in the profinite
topology. The set U then is a neighborhood of x as well. On the other hand every
neighborhood of x for the profinite topology contains some xR, which itself is open
in our starting topology, since R is by assumption an open relation. This concludes
the proof that X is a profinite object in & and that its profinite topology is the one
that makes X profinite-compatible. ]

Proposition 3.1.13. Let (6, F') be a preprofinite category. Let P be the profinite
structure associated to 6. Let ((X;)ier(¢ij)j>i) be a projective system in P, such
that for every i € I, X; seen as a limit of finite sets has all of its natural projections
surjective. Then ((Xi)ier, ¢i;) has a limit in P.

Proof. Every X; is by definition of profinite structure a limit of a projective system
((Xij)jess (Whg)j<k), with J; some directed set. We denote then 4} the natural
projection of X; onto X; ;. By assumption, we have F’ (w;) surjective for all 7 and j.

Now let us define Q = [] I x J;, together with the following relation: (i,7) < (i',5)
iel
if and only if ¢ < i’ and there exists a morphism f, such that:

f

Xij —— Xuy

|

Xi — X’i’
ii!
commutes, or i =i and j < j’
We can observe that if such f exists, it is unique. Indeed if g is another such
a morphism, let us take a € F(Xy j). Then there exists x € F(Xj), such that

a= F(wﬁl,)(x) In that case:

F(f)(a) = F(f o g)(x) = F(j ;) (F(¢i0)(x)) = F9)(F(¥)(2)) = F(g)(a)
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Since it is true for every a € F (X, ), we get that F'(f) = F(g) and by injectivity of
F, f=y.

Since such an f is unique, we will denote it f; ;) ;). Now let us prove that
() together with the relation < is a directed set. We start by proving that < is an
order relation. Observe that it is reflexive.

Let us show that it is anti symmetric. Suppose that (i,7) < (¢, j’) and (i,7) >
(7', 4"). We then have that ¢ <4 and ¢ <i and so i = ¢’. Since < is an order on /.
We then are in the case where j < 5/ and j’ < j, so we have j = j’

For transitivity, take (z,7) < (i/,7') and (i, ') < (¢, j"). We will now differen-
tiate several cases:

o Case 1: i< <"
In that case we get the following commutative diagram:

NICONCRD) fe.3,67.37)
Xl,] 7:/’jl X,i//7j//

Which means that if we complete this commutative graph with f = f; ;) @ o
fw.jn.ar.jm), then f is the morphism required and so we have indeed (i, j) <
(", 7") We also proved at the same time the formula:

fagagm = Fapuagn © fan.aam

o Case 2: i =1 < ¢"

We replace the previous diagram with:
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7
Vi NIROXCRTD
Xij Xijr Xz‘“,j”

Which proves both that (4, j) < (i, ;) and that f; ;) i jry = V% 0 frir jo). i g

e Case 3: i </ =1"

Take this time the diagram:
fopan Vi

Xij i Xir g

It proves again that (7, 7) < (i", j") and also that f; j) @7 vy = faj).@ .5 ¢J, Nz

This concludes the proof that < is an order relation. In light of what we have
seen, we also denote for j < j" € Ji, fuj.6) = 1/1”, and we get fi ;) ) =
fag@ . 0 Ja g for (6,5) < (0,57 < (", 5").

Now we shall prove that € together with < is a directed set.Let (4, j), (i, j') € Q.
Since I is a directed set, we choose a " that is an upper bound of the set {i,'}.
The map ¢;;» is a morphism of profinite spaces, therefore there exists jo € J(i"),
such that:

Vk > jo,Var,y € F(Xu), F(43 ) (@) = F(¥) ) (y) = F(guimn)(x) = F¢i)(y) (3.1)

For the same reason, there exists j; € J(i”), such that:

Vk > ji,Va,y € F(Xw), F(Y} )(x) = F(W} )(y) = F(¢w)(x) = F(¢p)(y) (3.2)
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Since J(i") is directed,we take j” € J(i), such that j” > jo and j” > j;. In case
that ¢ = ¢", we also require j” > j. In case that i’ = i”, we require that ;" > j’
as well. Since (7,7) and (¢, j"”) play symmetric roles, it is enough to show that
(i",7") > (i,7) to conclude that 2 is directed. If ¢ = i" the result is trivial since by
construction j” > j. Otherwise we define ¢ a function from F'(X;» ;) to F(X, ;) by
the formula:

9(F () (@) = F(45) (F (i) ()

Due to the continuity equation 3.1 and the surjectivity of \Ifél,,,, the function f is well
defined i.e independent of choice of .
Furthermore w;l,/, is surjective and we have the following commutative diagram:

g
F(Xi”,j”) - F(XZJ)

F(@/);///ﬁ ﬁqﬁ; 0 Py )

F(Xin)

therefore by the lifting property of the preprofinite category €, we can conclude
that there exists f € Hom(X;» j», X;;), such that F(f) = g. Using the injectivity

S

Xij = Xin g

|

X, — Xy

of F', we get that the diagram: e

commutes and therefore (i,7) < (¢”,7”) This leads us to define the follow-
ing projective system P = ((X;)qj)eqs (fah).@.5))G<@ ) Let us prove that
the limit of P, which we shall call X, is a limit of our initial projective system
(Xi)ier, (01))i<jer)-

Let us simply call 7(; jy the natural projection of X onto Xj ;. For a fixed 7, we
have for all j < j' € J(i) the diagram:

X —>7Tm Xij

— oyt
s s\ — ..
ﬂ-i,_] W&f(lvj)xzvj ) ],]’
Xi g

that commutes and therefore by the universal property of projective limit X,
there exists a unique m; from X to Xj, such that 7(; ;) = w; o ;.

Now let us prove that ¢; s om = my for all i < i'. By contradiction, assume
that there exists z € F(X), such that F(¢,)(F(m)(z)) # F(m)(z). In that
case, there exists j € J(i), such that F(¢5)(F(¢sq))(F(my)(x)) # F(W5)(F(m:)(x)).
By continuity of F(¢; ), there exists then a j' € J(i), such that if F(¢%(y)) =
F(i(y)), then F(YL(F(¢ii)(y)) = F(5(F(¢i0)) (/)

1
. Using this implication, we
g
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can prove that (i,7) < (¢,7) We then have that

F(¢;I’ © ¢u/)<F(7Tz)<x)> = F(f(i,j),(i’,j’) © ¢; om;)(r) =
F(fagy g © mig)(@) = F(my ) (x) = F(¥) o my)(x)

which is the contradiction.
We therefore have the following diagram that commutes:

T
X —X;

T [ QSM

Xy

We have now the first part of the definition of a projective limit. Now we need
to prove that X together with the maps (m;);c; has the universal property. Let Y be
an object in P, together with morphisms u; from Y to X;, such that for all i > ¢/,
uy © ¢; v = w; as illustrated in the commutative diagram below:

U;
Yy — X,

Xy

Let us prove that there exists a unique morphism h from Y to X, such that
Vi € I,u; = m; o h. Consider for all i € I and j € J(i), maps v;; = ¥} o u;. Let
(4,7) < (7, 5') € Q2. Let us show that v; j = f( ;). ) © v . We have that

o 7 . i _ i _
feig)Gi3r) © Virjr = gy, (ir.3) © V5 0 Ui = ¥ 0 Py 0wy = Pl 0wy = vy

Then by the universal property of X, seen as a projective limit of the (X, ;), we get
that there exists a morphism h from Y to X, such that V(i,5) € Q,v;; = 7 ; o h.
The map h is currently seen as morphism between objects in 6, we need to also
show that it is continuous for the profinite topologies for it to be a morphism of
profinite objects. This is equivalent to showing that for all (¢, j) € Q, F (7 ) o h)
is continuous, but that is the case, since F(7(;; o h) = F(¢}) o F(u;), which is a
composition of two continuous maps.

Now that we know that h is a morphism between profinite objects, we need
to show that Vi € I,m; o h = wu;. By contradiction, assume that there exists,
x € F(Y), such that F(m; o h)(x) # F(u;)(z). Then there exists j € J(i), such that
F(U5)(F(moh)(x)) # F(W5)(F (u;)(x)). In that case, we get that F(m; ;)0 F (h)(x) #
F(v; ;)(z), which is a contradiction.

Finally we need to prove the uniqueness of h. Suppose that there is another
morphism of profinite objects A’ from Y to X, such that for every i € I, ;0 h' = u;.
Then for every (i,7) € €, w;. om oh' = v, ;. By uniqueness of h given by the fact
that X is a projective limit over 2, we get that h = h’. This concludes the proof
that X and object in & is indeed the projective limit of the (X;);e;. ]
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Now if we take X a profinite space, one can define a topological group Aut(X)
that is going to be of interest in the next chapter.

3.1.1 Automorphisms of a profinite space

Let X be a projective limit of ((X;);er, (¢;:);>i) and let (7;);e; be the natural pro-
jections of X to X;. Now let Aut(X) be the group of continuous bijective morphisms
from X to X. It is a topological group for the following topology: For g € Aut(X),
we say that V is a neighborhood of g, if and only if there exists ¢ € I, such that
Vg € Aut(X), m;og =mog = ¢ € V. One can prove that this topology is the
compact open topology on Aut(X) and is therefore in particular independent of the
choice of limits projections and transition maps.

3.2 Profinite groups

As per definition of a profinite structure, given in 3.1.4, to show that there is a
profinite structure on groups, we take €+ the category of groups, together with the
forgetful functor F'.

Let us show that (6, F) is a preprofinite category.

e The forgetful functor is injective in morphisms.
o If ((G))ier, (¢ij);>i) is a projective system, then the set:
{(g:)ierlVi€ 1,9, € Gand Vj > 1 € I,¢;;(g5) = gi}

together with a multiplication component by component is a limit in the cat-
egory of groups. It is also a limit in the category of sets as well, hence the
second property of preprofinite categories is true as well.

e Let u,v be morphisms of groups and f a map, such that u is surjective and
the diagram:

A—C
u v

B

commutes. Let us show that f then is a morphism of groups. Let z,y € A.
Then by surjectivity of u, there exist 2,3/, such that x = u(z’) and y = u(y’).
Then

flay) = fu(@'y) = v(@'y") = v(@)o(y) = f(u(@)f(uly)) = f(2)f(Y)
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We have proved now that the category of groups is a preprofinite category and
therefore we can associate to it a profinite structure of groups. As mentioned earlier
we can “forget” the forgetful functor. We will just consider profinite groups as a
structure on its own and we won’t mention the forgetful functor,unless ambiguity
between a profinite group seen as a set or as a group could arise.

Proposition 3.2.1 (continuity of multiplication and inversion). Let G be a profinite
group together with its profinite topology. Then the multiplication and inversion are
continuous operations. The group G s therefore a topological group.

Proof. Let us denote (m;);c; the projections characterizing G. To show that the
multiplication as a function f from G x G to G is continuous, we just need to prove
that m; o f is continuous for all i € I. Let g,¢' € G. Then V' = gker(m;) x ¢’ ker(m;)
is an open neighborhood of (g, ¢’), such that wo f(V) = {m(f((g9,9’))}, proving the
continuity of f.

Now consider f as the function from G to G that maps g to g~'. Then

fHgker(m;)) = g~" ker(m;)
proving the continuity of inversion as well. O
Proposition 3.2.2. Let G be a compact Hausdorff group. Then:
1. Fvery open subgroup is of finite index and closed.
it. Fvery open subgroup contains an open normal subgroup.
1i. Fvery clopen neighborhood of 1 contains an open normal subgroup.

Proof. 1. This is a very straightforward result. If H is an open subgroup, then G is
a union of T € G/ 77, which are all open since translates of i and translation is
a homeomorphism. By compactness of G, we can extract a finite subcover of G.
However since all the classes are disjoint that subcover must be the initial cover
itself, so our union | J 7 had to be finite to begin with. The complement of

Gy
H is the union U T, soitis open. Assuch, H is closed.
zeC/p\(1}

ii. Let H be an open subgroup of G. Consider N = () gHg™'. We start by
geG
proving that this intersection is finite. Let gi,--- , g, be representatives of the

cosets of H on the left (by i. there are finitely many of them). Let us show
that N = ﬂ giHg . Let x € ﬂ giHg;'. To prove that * € N, we take

g € G. Let us then show that g:vg h € H. We have that there exists ' € H
and i such that gg;"! € H. Furthermore by definition, g;zg; ' € H, therefore
99; 'gixg; tgig™t € H. We conclude that grg~' € H. The subgroup N then is
a finite intersection of open subsets, hence is itself open. It is also normal by
construction.
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iii. For this part, we shall use the proof in Ribes-Zaleskii Theorem 1.1.12 [42].
Let U be a clopen neighborhood of 1. For a set X, we shall denote X" =
{$1...$n|x1’... 7'1:n EX}

Now write F' = (G \ U) N U?. By compactness of U and continuity of the
product, U? is compact and therefore F is compact. For every x € U, z € G\ F
and so we can by continuity of multiplication choose an open neighborhood of x:
V., and an open neighborhood of 1 S, such that V.S, C G\ F and V,, S, CU.
By compactness of U, we can extract a finite cover V,,,---V, of U. Now write
S =S;and W = SN S~ Since S; are all open neighborhoods of 1, their
i=1

intersection S is an open neighborhood of 1. By continuity, S~ is also an open
neighborhood of 1 and therefore W is a symmetric open neighborhood of 1.

Let us observe that UW C U?. Indeed: UW NF C VSN F. Now suppose that
u € U and s € S. We have that there exists ¢, such that u € V... Since s € 5,,,
we get that us € V,,,S,, € G\ F. As such, UW N F = (). Since we also have
UW C V2, we conclude from that that UW C U.

By induction we then get that UW™ C U for all n € N. Since W is symmetric,

we have that the group generated by W is the set |J W™ C V. Given that (W)
neN
contains an open subset:W, one can prove that (W) is an open subgroup of G.

Then by 7., it contains a normal open subgroup N, which concludes the proof.
m

Theorem 3.2.3 (characterization of profinite groups). Let G be a compact Haus-
dorff topological group. The following statements are equivalent:

1. G 1is profinite.
1. G is totally disconnected.

1i. There exists a set L of open normal subgroups of G' that forms a neighborhood
basis of 1.

Proof. This theorem is a direct consequence of proposition 3.1.12, if we prove that
all compact Hausdorff groups are profinite-compatible. Now if we assume G to be a
compact Hausdorff group and take R an open relation on G, by #i. of the previous
proposition, for each z € @, there exists N, an open subgroup of G, such that
N, C xR. We have that then the following open cover of G

G = U x N,
By compactness of (G, we can then extract a finite subcover:

k=1
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Ny, -+, N, are all open normal, hence N = (] N} is open normal. Let Ry be the
k=1

equivalence relation on G with gRyg < gg'~' € N. Let us show that Ry C R.
Suppose that gRx¢g'. Then there is a k € {1,--- ,n}, such that ¢’ € 24 Ny. In that
case since gRy¢g', we get that ¢ € z,N,. We get that z, N, C xxR and therefore
gRz and ¢'Rxy, so gRg' as expected.

Now if we take fy the natural product of G onto G/N, we obtain that fy is a
morphism in the category of groups and therefore we conclude that G is profinite-
compatible. The rest of the theorem follows from that as we explained. m

3.2.1 Galois theory of infinite extensions

Classical Galois theory studies the Galois group of finite Galois extensions. Let
us denote N/K a finite Galois extension of a field K In that case, we get the
fundamental theorem of Galois theory establishing an inclusion reversing bijection
between subextensions of N and subgroup of the group of automorphisms better
known as the Galois group.

The bijection goes as follows:

{Subextensions of N} <+ {Subgroups of Gal(N/K)}
K' v Autwer(N, K)
{r e NVge G,g(x) =2} <« G

When we however consider N/K infinite, then the same map from the subgroups of
Gal(N/K) is no longer injective. However given that it still remains surjective, we
could restrict it to only some subgroups of Gal(N/K): the problem is we need some
canonical way of choosing which subgroups we will restrict ourselves to. Fortunately
the profinite topology on Gal(N/K) provides us with one natural choice of subgroups
upon which the map becomes injective: that natural choice is: we only consider
closed subgroups for the profinite topology. In order to do this, we first need to
prove that Gal(N/K) is a profinite group.

Theorem 3.2.4 (Galois groups are profinite). Let K be a field and N a Galois
extension of K. Let

N ={F C N|F is a finite extension of K}

denote the set of finite subextensions of N, together with the order relation. Let G
be the group Gal(N/K) = Autx(N). Then

T={UCG|VgeU3IF e N,Vg € GVx € Fg(x)=¢'(x) =g €U}
as a set of opens makes G into a topological group with a profinite topology.

Proof. First step is to prove that 7 defines a topology. Intuitively we can think of
elements g, ¢’ as close if they are equal on many points, which is here the idea behind
this topology.
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We start by taking (U;);e; a family of elements of 7 and we shall prove that

U U; € 7. That is relatively clear, since if ¢ is in some some U;, we just take F' a
i€l
finite subextension of N, such that

Vg €e GVr e Fg(x)=¢(x) = ¢ € U; C UUi

i€l

Now if we take U,V € 7, we need to prove that UNV € 7. Let g € UNV. Let
F, F' be finite subextensions of N, such that if ¢’ is equal to g on F, then ¢’ is in
U and if ¢’ is equal to g in F”’, then ¢’ is in V. If we then consider F” the extension
generated by F” and F', it will still be a finite extension of K of degree bounded by
the product of the two degrees. Now suppose that ¢’ is equal to g on F”. Then ¢
is equal to g on both F' and F’ and therefore ¢’ is both in U and V' as expected. G
and () are contained in 7, which concludes the proof that 7 defines a topology on G.

Now let us show that this topology makes G into a topological group. Consider
the map u from G x G to G, with u(g,¢’) = gg’. Then let U be a neighborhood of
gg’. Then there exists F' a finite subextension of N, such that if Vx € F,¢"(x) € F,
then ¢”(x) € U. Now let F’ be the normal closure of F, V = {¢" € G|Vx €
F' g"(x) = g(x)} and V' = {¢" € G|Vx € F',¢"(x) = ¢'(v)}, then we get that
V' x V' is a neighborhood of (g,¢’). If we then take (h,h') € V x V' and z € F,
then h(x) = g(x). Since g(x) € F’ (F’ is normal), then h'(h(z)) = ¢'(g(x)). This
being true for all z € F, we get that hh’ € U. Using the normal closure we prove
similarly that the inverse function is continuous as well.

Now for a normal finite subextension F' of N, define fr(g9) = gjr € Gal(F/K),
which is a well defined morphism of groups since g(F') = F', due to F' being normal.
For I C F’ two normal subextensions of N, define the transition map fz as the
morphism from Gal(F’, K) to Gal(F, K) that to g associates g;p. For every F' C I,
we get that the diagram:

Gal(N/K) R Gal(F/K)

fF fF’,F

Gal(F'/K)

Commutes and therefore if we denote (G', (7r)pey) the limit of the projective
system

(Gal(F/K))ren, (frr)rcrex)

there exists a unique morphism from G to G’, such that for every F finite normal
subextension of K, mpo f = fr. Let us show that f is an isomorphism of topological
groups, which will conclude the proof that G is profinite. First f is injective: indeed
if for every normal finite subextension F' of N, g = idp, then if we take x € N
and consider F' to be the normal closure of K(x), we get that g(z) = x. To prove
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that f is surjective, we take (gr)rey € G'. We then define

_JN—N
e gp)ifzeF

g is well defined, due to the fact that g/ is compatible with restrictions. It fixes K,
since all the gp fix K and it is an automorphism since all the gr are. Now we need
to prove that f is continuous and open.

To prove that f is continuous, we take g € G and f(g)ker(mr) an open neigh-
borhood of f(g). Then simply take U = {¢' € G|Vz € F,g(x) = ¢'(x)}. The set U
is a neighborhood of g and f(U) C f(g) ker(7r).

Now let us finally show that f is open. Consider U a neighborhood of g. Then
there exists F' a finite subextension of N, such that of ¢’ is equal to g on F', then
g is in U. Let F’ be the normal closure of F: let us show that f(U) contains
f(g) ker(mp) and thus is a neighborhood of f(g). If we take h € f(g)ker(7z), then
by surjectivity of f, there exists ¢’ € G, such that f(¢') = h. Then we get that
g|’F, = gir and therefore we get that ¢’ € U, thus h € f(U). Since as a topological
group, G is isomorphic to a profinite group, G itself is profinite which concludes the
proof of our theorem. O

Now that we have shown that Galois groups are profinite, we can now state the
infinite version of the fundamental theorem of Galois theory.

Theorem 3.2.5 (Fundamental theorem of infinite Galois theory). Let N/K be a
Galois extension. Let Q be the set of subextensions of N and Q' the set of closed
subgroups of G = Gal(N/K). Then the function:

) — o

1s an inclusion reversing bijection, with.:

T - Q —Q
~ |Hw~ Ny ={zeNNheHh) ==z}

as the inverse.
Furthermore ® sends normal subextensions onto normal subgroups of G and if
F/K is a normal subextension of N, then G/<I>(F) is isomorphic to Gal(F/K).

Proof. First we show that ® and U are inverses. Let us start with H a closed
subgroup of G. First we observe that H C ®(¥(H)). Indeed: if h € H and x € Ny,
then by definition, h(x) = x and therefore h € Auty,, (N). Now we need to show
that H is dense in ®(V(H)). Let g € ®(V(H)) and let U be a neighborhood of
g. Then by the definition of the topology on G, there exists F' a finite normal
subextension of N, such that every ¢, if gl’F = gp, then ¢’ € U.

Consider

H ={¢ € Ga(F/K)|3h € Hg = hyp}



69

and
H" ={g € Gal(F/K)|3h € ®(¥(H)),jr = ¢'}

Now let us denote Fy the fixed field of H' and Fy» the fixed field of H”. We
observe that Fpr = F'N Ng: indeed: © € Fyr < (v € F and Vh € H, hjp(x) = x).
Furthermore, if v € Fyr = F N N, then V¢’ € ®(V(H)), ¢ (z) = z, since (V(H))
fixes by definition Ny. We have that Figr C Fg» and using the fundamental theorem
of finite Galois theory, we get that H” C H'. As such, we get that gp € H" C H'
and therefore there exists h € H, such that hjr = gr and therefore h € U, proving
that H is dense in ®(W(H)). Since H is by assumption closed, we can conclude that
H = &(W(H)).

Now let us prove that if F' is a subextension of N, W(®(F)) = F. First of all
trivially, F' C W(®(F)), since by definition, Vg € ®(F) = Gal(N/F), g(z) = x and
therefore © € Ngry = Y(®(F)). Now to prove the other inclusion, let z € N be
fixed by all the elements of ®(F") and N’ a finite normal extension of F' containing
x and contained in N. The restriction of ®(F) = Gal(N/F) onto Gal(N'/F) is
surjective, since every automorphism of N’ fixing F' can be extended. Therefore x
is fixed by every element of Gal(N’/F), which by the fundamental theorem of finite
Galois theory implies that x € F'.

One small detail left to prove is that ®(F') = Gal(N/F) is a closed subgroup of G.
To prove that, we take g that is not in Gal(N/F'). Since it does not fix F', there exists
x € F, such that g(x) # z. Now consider U = {¢’ € G|Vy € K(z),9(y) =4 (y)}. It
is an open neighborhood of ¢ and its intersection with Gal(N/F') is empty, because
none of the elements of U can fix x € F'. Now we indeed have that ® is a bijection
from subextensions of N into the set of closed subgroups of G.

The next step is to prove that & is inclusion reversing. That is however trivial
since if F' C F’, then any automorphism fixing F” will fix F. In the same way, VU is
inclusion reversing as well.

Finally we need to show that the Galois correspondence maps normal subexten-
sions onto normal closed subgroups and vice versa. Suppose that F' is a normal
subextension of N. Let g € G, h € ®(F) = Gal(N/F) and x € F. Since F is
normal g~!(z) € F. In that case h(g~'(z)) = g~!(z) and therefore g(h(g™')(z)) =
g(g7(z)) = z, proving that ®(F) is normal. Now let H be a normal subgroup of G
and x € V(H) = Ng. Let 2/ € N be another root of the minimal polynomial of .
In that case, there exists an automorphism ¢g € G, such that 2/ = g(z). Now let us
show that 2’ € Ny. For that, we take h € H. We have h(z') = h(g(z)) = g(h(z))
(since H is normal) and therefore h(z') = g(z) = 2’. Now to conclude the theorem,
we need to prove that G/ 77 is isomorphic to Gal(Ng/k). The restriction map of G
onto Ny is surjective. It’s kernel is H: indeed gy, = idy, < Vo € Ny, g(z) =
he hed(Ny) = H. O



70

3.3 Profinite rings and modules

Just like in the case of groups, projective limits exist in the category of rings, and
therefore one can define a category of profinite rings. Just like for groups, one can
prove that the operations of addition and multiplication are continuous, making
profinite rings into topological rings.

Example 3.3.1 (profinite completion of Z). Consider N \ {0} equipped with the
relation of divisibility |. We say that n < n’if n|n/. For n|n/, consider the transition
map ¢y, that is the natural projection of Z/n’Z onto Z/nZ and then we call Z the
profinite completion of Z the limit of the projective system in the category of rings.

3.3.1 Profinite modules

There are two kinds of modules we can make a profinite ring act on topologically.
Either we just pick modules with discrete topology, or we pick profinite Abelian
groups with a continuous action of a profinite ring, in which case we get the profinite
modules. We will focus on the latter here and give the following definition:

Definition 3.3.2. Let R be a profinite ring. We call a profinite R-module a profinite
Abelian group M together with a continuous map p from R x M (equipped with the
product topology) into M, such that:

o Vr.r' € R,Ym € M, p(r+1',m) = p(r,m)+ p(r',m)
o Vr € RVYm,m' € M, p(r,m+m') = p(r,m) + p(r,m’)
e Vme M, p(1,m) =m

A morphism of profinite modules would then be a continuous morphism of R-
modules, which gives us a category. A natural question to ask is whether this
category is a profinite structure. The answer is yes and more precisely we will see
that every profinite R-module is a projective limit of finite R-modules equipped with
discrete topology.

3.3.2 The category of R-modules is a profinite structure

Let us denote 6 the category of profinite R-modules. We will show that this category
is preprofinite and that every object in this category is a limit of finite objects,
making it into a profinite structure.

We take F' the forgetful functor from € to the category of sets. Observe that the
functor F' is faithful. Now we will show that the limits in the category 6 exist and
that F' preserves them. Let ((M;)icr, (¢i;);>i) be a projective system of profinite
R-modules. Let M be their limit in the category of Abelian groups. We will show
that M is also a profinite module. Define

B {R x M — M
P70 @ien) & (- 3)ien
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Let us show that p is a continuous map. Since M is equipped with the product

topology of [[ M;, to prove continuity of p, it is enough to prove the continuity of
iel

¢; o p for eveery 1 € I with ¢; being the natural projection on M;. Now let r € R
and m € M and U an open neighborhood of r - m; in M;. Since the action of R is
continuous, there exists V' an open neighborhood of » and V’ an open neighborhood
of m;, such that if m’ € V' and v’ € V, then rm € U. By continuity of ¢;, ¢; (V")
is an open set in M and therefore V x ¢;'(V’) is a neighborhood of (r,v) and
¢i o p(V x p~ (V")) C U, proving the continuity of p. Since limits in the category
of profinite R modules are limits in the category of Abelian groups, then they are
also limits in the category of sets, hence the second axiom of preprofinite category
is verified by F'.

Now we need to show the last axiom of preprofinite categories. Let us pick
M, N, O three profinite modules, u a surjective morphism from M to N , v a mor-

phism from M to O and f a map from N to O, such that the diagram:

N—0

M

commutes. Let us show that f is a continuous linear map from N to O. For
that, we take F a closed subset of O. The set v~ !(F) is then a closed subset of M by
continuity of v. The set u(v~(F)) then is a closed subset of N, by continuity of u
and compactness of M. Now let us show that u(v=*(F)) = f~Y(F). Let x € f~1(F).
In that case by surjectivity of u, there exists y € M, such that x = u(y). We get
that v(y) = f(u(y)) = f(z) € F, therefore y € v (F) and = € u(v~*(F)). Now in
the other hand suppose that € u(v™'(F)). In that case, there exists y € v=!(F),
such that z = u(y). In that case: f(z) = f(u(y)) = v(y) € F and therefore
r € f7Y(F). Since the inverse image by f of every closed subset of O is closed, then
f is continuous.

Now let us prove that f is a morphism of modules. Let r € R, x,y € N. Then
by surjectivity of w, there exists x’,y’ € M, such that u(z’) = x and u(y’) = y. We
then get that

frz+y) = flu(rs' +y)) =v@ra’ +¢) =rv(a’) + o) =rf(z) + f(y)

6 is therefore preprofinite category. To prove that it is actually profinite we need
to prove that every profinite module M is a profinite limit of finite modules with
continuous action of R. For this part, we shall use the Lemma 5.1.1 b) in Ribes’s
and Zalesskii’s book [42].

Consider M a profinite module. Since it is equipped with a structure of a profinite
Abelian group, it is of course compact Hausdorff and totally disconnected topological
space. If we then manage to show that it is profinite-compatible, then it is a profinite
limit by 3.1.12. Let ~ be an open relation on M. Since M is profinite-compatible
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as an Abelian group, there exists U an open subgroup of M, such that
Ve,ye Mix—yelU=x~y

Now we will show that U contains an open submodule. By continuity of the action
of R, for every r € R, there exists W, a neighborhood of R and U, an open subgroup
of U, such that W,.U, C U. By compactness of R, there exist then ry,--- ,r,, such
that W,.,,--- , W, cover R. In that case we put:

In that case, we get: RV C U. Now let N be the module generated by V. Since U
is a subgroup, containing RV, we get that N C U. The set N is a subgroup of M
containing an open subset V', therefore one can prove that N is an open subgroup
of M. The set N is also a submodule of M, therefore let us take f to be the natural
projection of M onto the R-module M/N. Let us show that M/N is a finite module
that the action of R on M/ v With the discrete topology is continuous and that f is
a continuous map.

° M/ v is finite, since NV is an open subgroup of M and therefore of finite index.

e Let us prove that the action of R is continuous. Let m € M/ w and r € R.
Since rm + N is open, there exists by continuity of the action of R on M, W
a neighborhood of r , such that V' € W, r'm € rm + N. When we have that

W{m} C {rm}, proving the continuity of the action of R on M, N-

e Observe that the map f is continuous, since f~}({Z}) = x + N, which is open
since N is open.

From here on now, we can represent any profinite module as a projective limit
of finite R- modules with a continuous action.

3.3.3 Free modules

If we take X a profinite set and R a profinite ring, then there exists up to isomor-
phism a unique R module M with a continuous map p from X to M, such that for
any continuous map u from X to some R module /V, there exists a unique morphism
of R modules from M to N, such that the diagram:

M——N
p u

X

commutes. We denote such a module R[[X]] and call it a free module on X.
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Proof. The uniqueness just comes from the universal property of R[[X]]. To prove
the existence, we will construct R[[X]] as follows: Let (m;);c; be the natural pro-
jections of X onto a finite set X;, with (X, (m;);c;) seen as a projective limit of
the system ((X;)ier, (mi;)j>i). We assume furthermore that all the projections are
surjective. (By restricting them to their image if necessary). We define R[X;] to be
the free R-module on X; equipped with the product topology (for z € X;, we take
the topology on Rz to be the profinite topology on R). The set R[X;] is then an R
module, since multiplication by R is continuous on every component of R[X;|. For
J > 1 € I, we take the transition map from R[X|] to R[X;] to be the R-linear map
¢ j induced by 7, ;. Let us show that ¢; ; is continuous. We write X; = {uy, -+, u, }.

Now let x = > rpu, € R[X;] and let U be an open neighborhood of ¢; ;(z). If we
k=1

write
Xi — {/Uh'.' 7Um}

and
m

() = rhu

k=1

then U contains some (7] + ker(p))vy + (rh + ker(p))ve + - -+ + (7, + ker(p))vm,
with p a continuous ring morphism from R to some finite ring R’ (by definition of
the product topology). Now consider V' the neighborhood of x defined by:

V = (r; + ker(p))uys + - - - + (r, + ker(p))u,

let us show that ¢, ;(V) C U.

We write
Y= (Tl + QI)Ul + -+ (rn + qn)un
Then
m n
Gii(y) = Z(T;c + Z Qe Ak ) U
k=1 k=1
with Ay being the matrix of ¢; ; in the bases uy,--- ,u, and vy, -+, vp,. Since for

every k', qi is in the kernel of p, we get that ) qw A, will be in the kernel of p
k=1
and therefore we conclude that ¢; ;(y) € U as expected.

The morphisms ¢; ; are therefore continuous linear maps between profinite R-
modules. R[[X]]: the limit of our projective system given by the transition maps ¢;
is then a profinite module. Now we define the map p that to (x;);e; € X associates
(x;)ier seen as elements of R[X;]. We need to show that p is continuous. To prove
that, it is enough to prove that for every i € I, ¢; o p is continuous, with ¢; being
the natural projection of the projective system of R[[X]] onto R[X;]. Now let z € X
and U an open neighborhood of ¢; o p(z). If we consider

V={ye Xm(y) = m(z)}
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a neighborhood of X, we get that ¢;(p(V)) = {¢i(p(z))} C U, showing the continu-
ity of ¢; o p. Since the topology on R[[X]] is given by the product topology of the
R[X;], this is enough to prove that the map p is continuous.

Now we need to prove that (R[[X]], p) has the universal property. For that, we
consider NV a profinite R-module and u a continuous map from X to N. We know
by 3.3.2 that N is a projective limit of finite R-modules. We take J a directed set
and (IV;);es finite R modules and (¢; ;) j>ies transition morphisms, such that N is
the projective limit of the N;. We then denote v; the natural projection of N onto
N;. Consider the map v; o v from X to NN;. It is then continuous, so there exists a
d(j) € I, such that

Vi 2 5(j), e,y € X, m(x) = mly) = ¥ o ulz) = ¥ o uly)

Then we define a map w; from Xs;) to N;, by the formula: u;(7s;)(x)) = ¥;(u(x)).
Furthermore for i« € I, write p; the natural injection from X; to R[X;]. For every
J € J, R[Xs(;)] is a free module on X; in sense of abstract modules, therefore there
exists a unique R-linear map (not necessarily continuous) f;, such that the following
diagram commutes:

I
R[X5(5] — N;

Pa(jﬂ %

Xs(5)

Now for z € R[[X]], let f(z) be the collection in [[ N;, defined by
jeJ

f(@) = ( fs6)(505) (7)) )jes

To show that this collection is in the limit N, we need to show that it is compatible
with the transition maps. Let 7/ > j. Now let ¢ € I be greater than both §(j')
and 6(j). We have that f(z); = f;(¢s)i(x:)) and that f(z); = fir(ds).i(2s))-
Therefore to show that

;5 (f(x);) = f(x);, it is enough to show that f; o ¢5(;); and ;o fjr o ds;n),; are
equal. Since X; forms a basis of R[X}], it is enough to show by linearity that they
are equal on that set. Now if we take 2’ € X, then there exists x € X, such that
T =2

In that case:

Vi 0 fir 0 Gs(ryi(wi) =
Vi (fi(@s5))) = V50 (uw(@) ) = (u(@)); = fi(@si)) = fi(Psiy(wi)

This proves that f is indeed a well defined map from R[[X]] to N.
The next step is to prove linearity. If we take: =,y € R[[X]],r € Rand j € J,
we obtain:

f(x+ry); = filds;(x +1Ys5))) = fi(bs;(x)) +7fi(bs;(y))
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by linearity of f; and ¢s,. Since this is true for all j € J, f is indeed linear. Now
we need to prove the continuity of f. To do that, we prove the continuity of the
function v; o f for all j € J. To prove that v; o f is continuous, it is enough to
prove that ker(i; o f) is a neighborhood of 0, since ; o f is linear. Since R acts
continuously on V;, there exists a continuous ring morphism p from R to some finite
ring R', such that ker(p) - N; = {0}. Now let us show that qbg(;)(ker(p) - R[[X5(]])
(which is an open neighborhood of 0 in R[[X]| by continuity of ¢5;)) is contained
in ker(¢; o f). Let « € R[[X]], such that there exists r € ker(p) and y € R[[Xs;]],
such that ¢s;)(x) = ry. We have that

Vi(f(z) = f(z); = filzsy)) = fi(ry) =rf;(y) =0

ker(¢jof) contains then an open neighborhood of 0, therefore is itself a neighborhood
of 0, proving the continuity of f.

Now we need to show that f factors through p into v, but the is straightforward
to check. Finally we need to show uniqueness of f. Suppose that g is another
continuous linear map from R[[X]] to N, such that g o p = v. Let us show that
f = g. We will prove it, by showing that for every j € J, ¥j o f = 9, 0g. By
continuity of ¢; 0 g, there exists ¢y, such that for all i > 4; and for all z,y € R[[X]], if
di(x) = ¢i(y), then ¥;(f(x)) = ¢¥;(f(y)). Now take i that is greater than ¢, and 6(j).

Now let us take an x € X. Let us write ¢;(x) = > rrex, with X; = {e1,--- ,e,}.
k=1

We have f(z); = > rru(ey). Now for kin {1,---,n}, let y* be an element in X,
k=1

n

such that (y*); = e. We have that ¢;( Y. rxy*) = ¢;(x) and therefore by continuity,
k=1

?i(g(z)) = d)j(g(é ry"*)). We then have that ¢;(g(x)) = érku(ek) = ¢; o f(x),

which shows the uniqueness of f.
That concludes the proof that R[[X]] is a free R-module on X. O

We will now prove the properties of profinite modules that we will make use of
in the next chapter.

Lemma 3.3.3. Let M be a profinite module over a profinite ring R. Let A be
subset of M, such that the module generated by A is dense in M (i.e A generates M
topologically). Let f be a continuous R linear form on M, such that f(A) = {1}.
Then: ker(f) N (A) is dense in ker(f) ,with

(A) :{Zrkak]neN andVk € {1,--- ;n},r, € R and a;, € A}

k=1

Proof. Let (¢;)i;cr be the natural projections of M onto M; with M seen as the
limit of the finite R-modules (M;);cr. Let (7;);es be the natural projections of R
onto R; with R seen as the projective limit of the finite rings (R;)jc;. We take

u € ker(f). To prove that u € (A) Nker(f), we take ¢ € I and show that there



76

exists v € A Nker(f), such that ¢;(u) = ¢;(v). By continuity of the action of R on
M, there exists jp € J, such that

Vo e M,Vj > jo,Vr € R,ymj(r) =0= ¢i(r-x) =0 (3.3)

The map ¢;, o f is continuous and ¢;, o f(u) = 0, therefore there exists iy € I, such
that:
\V/i, Z io,vx S M, gbzl(fﬁ) == qbZ/(’LL) = T jo (f(l’)) =0 (34)

Now take ¢’ that is greater than both i and iy. Since (A) is dense in M, there exists
ag, -+ ,an, € A and ro, -+, 7, € R, such that ¢y (u) = ¢y (roag + - -+ + rpa,). Now
just take a € A and write v = roag + -+ rpa, and v = V' — (19 + 1ry)a. We
get that v € ker(f) N (A). Now let us show that ¢;(u) = ¢;(v). We have that
¢ir(u) = ¢p(v) and therefore by (3.4), 0 = ¢;,(f(uw)) = ¢j,(f(v)). From that we
obtain that ¢;,(ro + --- + r,) = 0 and therefore by (3.3), ¢:i((ro +--- +1,)a) = 0.
We then get that ¢;(v') = ¢;(v). However since i’ > i we also get ¢;(u) = ¢;(v") and
therefore ¢;(u) = ¢;(v), which concludes the proof of the lemma. ]

Proposition 3.3.4. Let u be a continuous injective map from a profinite set X
to a profinite set Y. Let R be a profinite ring and let f be the induced R-linear
continuous map from R[[X]] to R[[Y]], then f is injective.

Proof. We consider R|[[Y]] to be the closed subset of [] R[Y;] with Y being the
el

projective limit of Y;. By continuity of u, A = u(X) is a closed subset of Y and

is therefore a profinite set. Furthermore v is a homeomorphism between X and A.

Consider now the set
M = {(z:)ier € R[[Y]]|Vi € I, 2; € R[m;(A)]}

With 7; the natural projection of Y on Y;. It is a closed submodule of R[[Y]]. Let
us show that it is the free module on A. For 4, j € I with j > ¢, we denote ¢; ; the
transition map from Y; to Y;. Notice that ¢; ; then is a transition map from 7;(A)
to m;(A). One can then prove that A is a projective limit of the m;(A), which give
us that M is indeed the free module over A, since it is the projective limit of the
R[m;(A)].

Now consider the continuous map u™! from A to R[[X]] that to u(z) associates
x. It can then be extended to a unique continuous linear map from M to R[[X]],
which we shall call g. Note that f(R[[X]]) C M and therefore go f is a well defined
linear map on R[[X]] that sends every element of X to itself and it is therefore the
identity on R[[X]]. The map f is invertible on the left and is therefore injective. [

3.3.4 Pointed free modules

In some cases we may want to collapse one point of the set X on which the module
is free to 0. In the case we get the following slight modification of the theorem of
free modules:
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Theorem 3.3.5. Let R be a ring and (X, a) a pointed profinite space ( a profinite set
X together with an element a € X ). Then up to isomorphism, there exists a unique
R-module called R[[X,a]] with a continuous injective map p from X to R[[X,al],
such that p(a) = 0 and for any continuous map u from X to an R module N, such
that u(a) = 0, we have that there exists a unique linear map [ from R[[X, a]] to N,
such that the diagram:

)
R[X,a]] — N
p U
X
commautes.

The proof of this theorem is very similar to the non pointed version, so will be
omitted.
Another result that stays the same for pointed version is the following:

Proposition 3.3.6. Let (X,a) and (Y,b) be two pointed profinite spaces and u a
continuous injective map from X toY, such that u(a) = b. Let | be the induced R
linear map from R[[X,a]] to R[[Y,b]], then I is injective.

3.4 Etale algebras

Etale algebras are a generalization of finite separable extensions. In this section, we
will see that they can be represented by an action of a group on a finite set and
therefore by a group action Cayley graph as in 1.5.1. Etale algebras are algebras
that can be written as a product of finite separable extensions. In order to study
them, we will first prove the theorem that classifies finitely generated algebras over
a field. This theory is very old one and none of the material in this section is
new. The proofs found here are based on 6] Chapter V §6 and [28] Chapter V §18.

Theorem 3.4.1. Let A be a finite dimensional commutative algebra over a field K.

Then A has only finitely many maximal ideals: My, --- , M and there exist integers

ai,- -+ ,ag, such that A is isomorphic to the algebra: ] A/Ml?k.

k=1
Proof. We start by proving that A has only finitely many maximal ideals. Con-
sider a sequence M, --- , M, of distinct maximal ideals. Then by using the Chi-

nese remainder theorem, we know that the algebra A/ M, - M, is isomorphic to
A/M1 X e X A/Mn' Now the dimension of A/M1 .M, I8 bounded by dim(A).

The dimension of 4/ My XX Ay M, 1s at least n, therefore dim(A) > n and A has
at most dim(A) maximal ideals. Now let M, .-, M, be all the distinct maximal
ideals of A. We shall prove that second part of the statement. Consider the sequence
of K-vector spaces ((M; -+ M,)");en. It is decreasing sequence of subspaces of A,
therefore it is stationary.
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Now we shall prove that if for an m € N, (M - -- M,,)"™ ™ = (M, - - - M,,)™, then
(My---M,)™ = {0}. We have M; N ---N M, = M---M, by the Chinese re-
mainder theorem and (M, --- M,)™" = (M., )™, so by Nakayama’s lemma,
(M --- M,)™ = {0}. Finally by the Chinese remainder theorem, A/(Ml o M) is

isomorphic to A/ M X X A/ 2ym proving the rest of the proposition. O]

Notice that if the m from the proof is equal to 1, then A is isomorphic to a
product of fields. We call these kinds of algebras “diagonalizable”.

Definition 3.4.2 (Etale algebras). We call an algebra 1L over a field K etale if L is
1somorphic to a finite product of separable extensions of K.

If K is a perfect field, then we can make the following simple observation.

Proposition 3.4.3. Let K be a perfect field and L a finite dimensional commutative
algebra over K, then L 1s etale if and only if it has no non trivial nilpotent elements.

Proof. 1f L is a product of separable extensions of K, we have L = K; x --- x K,
and if we take (ay,---,a,) € L and m € N, such that (af*,---,a’) = 0, then
a' =---=a)=0andsoa; =---=a, =0.

Now on the other hand, suppose that L has no nontrivial nilpotent elements.
By the classifying theorem 3.4.1, we know that L is a product L/ M x - x Man
with M, ---, M, maximal ideals. Now let us prove that all the a;’s are equal to 1.
Suppose that a; > 1 for some i. We may then simply assume that M; # M and take
u € M that is not in M. Now consider the t = (0, - -- ,O,E(M?i),o, -+-,0) € L.
Then u* € M, and thus t* = 0. Since L has no non-trivial nilpotent elements,
t = 0, but that means that v € M;", which is a contradiction. We therefore get that
L is a product of finite extensions of K. Given the fact that K is perfect, we get
that these extensions are separable, hence L is an etale algebra. O

Etale algebras are a generalization of separable field extensions and there is a
notion of Galois theory on them. We will in fact see that they are entirely charac-
terized by their morphisms into the separable closure of the base-field. In the rest
of this section, we will examine the properties that etale algebras have in common
with field extensions. We will start by showing that all elements of etale algebras
have separable minimal polynomials.

Proposition 3.4.4. Let L be an etale algebra over F'. Let 6 € L and x the minimal
polynomial of 8 over L, then x is separable.

Proof. We know that L is isomorphic to a product Fy x --- x F,,, with F; finite
separable extensions of . We denote 7; the natural projection of L onto F; and y;
the minimal polynomial of 7;(6). The polynomials y; are all irreducible with simple
roots in F(the algebraic closure of F), since Fj are all separable. If then we denote
P the least common multiple of all the x;, then P is with simple roots in F. Now
let us prove that y divides P. We have for every i, m;(P(0)) = P(m;(0)) = 0, since
x: divides P. As such, we have that P(f) = 0, since 7; are projections and therefore
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x divides P as the minimal polynomial of #. The polynomial y divides a separable
polynomial and is therefore itself a separable polynomial. O

We will show a criterion that determines whether a given finite-dimensional
algebra is etale. Before that we will first show that just like in the case of separable
field extensions, morphisms from etale algebras into the separable closure can be
extended. We will need to make a use of two lemmas.

Lemma 3.4.5. Let L be an etale K-algebra and f a morphism from L to K.
Then Im(f) is a field and thus ker(f) is a maximal ideal.

Proof. 1t is a ring as an image of a morphism of rings. Now we need to prove
that each element is invertible. Let f(a) € KJ,. Then f(a) is algebraic over K

and therefore K(f(a)) = K|[f(a)]. In particular % is a polynomial in f(a) and

therefore in the image of f. Since every non zero element is invertible in I'm(f),
Im(f) is a field and thus ker(f) is maximal. O

Lemma 3.4.6. Let K be a field, let L be an etale algebra, L' a subalgebra such
that L = L'[0]. Let f be a morphism from L' to K., then f can be extended to a
morphism from L to K.

Proof. Suppose that L = H F;, with F;/K being a finite separable extension of K.

Take 7; the natural prOJectlon on F;. For every i, m; restricted to L’ is a morphism
into Fip,, hence its kernel is a maximal ideal. We therefore have that for every ¢,
ker(m;) N L' is a maximal ideal in L’. Let us now prove that there exists ig, such
that ker(m;,) C ker(f).

By contradiction assume that
Vi, Jx; € ker(m;), f(x;) #0

In that case we have that f(xy---x,) = f(x1)--- f(z,) # 0. However z; ---x,, = 0:
indeed for all 7, we get that m;(zq---x,) = 0. This contradicts that f(zq---x,) is
not zero.

Now consider [ the ideal in the polynomial ring L'[X] defined by:

[ ={P e L'[X]|P(6) =0}

By abuse of notation, we denote f the extension of f into a morphism from L'[X] to
f(L)[X]. Then it is a surjective morphism and therefore f(7) is an ideal in f(L")[X].
IX].

Let us prove that f(I) # f(L’)[X]. By contradiction assume that f(I) = f(L
In that case, there exists ag, aq,--- ,a, € L', such that
flao) + fla)) X + - + fla,) X" =1 (3.5)

ag+ a0+ ---+a,0" =0.

By (3.5), f(ap) = 1 and for all i > 0, f(a;) = 0. Since m;, has the same kernel as
f, we deduce from it that Vi > 0, m;,(a;) = 0. Applying m;, to both sides of (3.6),
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we get that m;,(ag) = 0 From this we get that f(ag) = 0, which contradicts that
f(ao) =1.

From this we deduce that f(I) is not the whole f(L')[X] and is therefore gen-
erated by a non constant polynomial f(Q). Furthermore if x denotes the minimal
polynomial of 6 over F, we get that x € f([) and therefore f(Q) divides x. The
polynomial y being separable (by 3.4.4), it implies that f(Q) is separable as well.
Since f(Q) is non constant and separable, we can take u € Fj,, a root of f(Q).
Now we extend f with a formula f(P(6)) = f(P)(u). Let us prove that f is well
defined. If we have that P(f) = O(#), then P — O(0) = 0. In that case P — O € I,
therefore there exists f(U) € f(L')[X] such that f(P — O) = f(U)f(Q). Then
f(P)(u) — f(O)(u) = 0. Given the formula it is also clear that f is a morphism. [

Theorem 3.4.7 (extending morphisms of etale algebras). Let L be an etale algebra
and L' a subalgebra of L and f: L' — K, a morphism of K algebras from L' into
the separable closure of K. Then there exists g a morphism from L to K., that
extends f.

Proof. We shall do it by induction on the dimension of L'. If dim(L') = dim(L),
the statement is trivially true, since we may pick ¢ = f. Now suppose that the
statement is true for every L’ such that dim(L’) > n. Let us prove that it is true
for dim(L') = n as well. Since L' C L, we have that there exists a § € L, such
that 6 ¢ L'.Therefore we have that dim(L'[f]) > dim(L') = n and therefore f can
be extended to a map h defined on L'[f] using the previous lemma. By applying
induction to L'[f], we extend h into a g defined on L. Then g = f and the theorem
is proven. O

Finally we are going to prove that there is a correspondence between sets together
with a continuous action of the absolute Galois group and etale algebras. As such,
since we have seen that action of a group can be represented using the group action
Cayley graph, we can represent these etale algebras using graphs.

For the proof, we are going to use the section 18 in Chapter 5 of [28|.

Theorem 3.4.8 (Dedekind’s Lemma). Let F'/K be a field extension and g1, - -+ , gn €
Aut(F/K) distinct automorphisms. Then ¢y,--- , g, are F-linearly independent as
maps from F to F.

Lemma 3.4.9 (Galois descent). Let F' be a field, Fs., its separable closure and
I' = Gal(Fsp/F) its absolute Galois group. Suppose that I' acts continuously (for
the discrete topology) on a Fiep-vector space V' by semi linear automorphisms: i.e

Vgel,Vo,yecV,g-(z4+y)=g-2+g-y
Vg e I'\VA € Fyp,Vz € V,g- Az = g(\) - g(2)

then
Vi={veV|vgeTl, g -v=ru}
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1s a F'- vector space and the map

FSBP®FVF—>V
TRV 2v

is an isomorphism of Fe, vector spaces.

Proof. One can think of the vector space V' in some sense as a field extension, while
VT can be thought of as fixed field under I', which would correspond to the base
field F. We are dealing here with vector spaces rather than fields, which slightly
complicates matters.

The set V1 is a I vector space as a subspace of V seen as a F-vector space. By
continuity of the action of I', there exists a finite normal subextension of Fi.,, N ,
such that

Yo e V,Vg,g €T, gn =gy =9-v=g v

Since N/ F is finite, Gal(N/F') is finite and therefore we write Gal(N/F) = {71, - , 7},
with ~; the identity map. We extend all these automorphisms into automorphisms

of Fy.,. Now take {my,---,m,} a basis of N seen as a F-vector space. ([N : F] =
|Gal(N/F)|, since N is separable). Now for j € {1,---n} write

= Z%(m]’)v

All these v; are in V': indeed, if we take g € I', we have that there exists 7o, such
that gy = Yio|n- For that reason, we get that

9gIN "V = Tip " V5 = Z%o - (vi(my)v) = Z%‘o(%(mj))v
=1 =1

Now in the sum, we can do a bijective change of variable v = ~;, o v; and therefore
we can conclude that g-v; = v forallg € ['and all j € {1,--- ,n}. Now consider M
the n x n matrix with coefficient in N, given by: M, ; = v;(m;). We will prove that
M is invertible, by proving its columns are linearly independent. Let Ay, --- , A\, be
such that

i AM;_ =0 (3.7)
=1

Now if we consider f the map from N to N that to x associates Z Aivi(z), it is
F-linear. By 3.7, f is zero on the F basis of N, mq,--- ,my, therefore f is a zero
map. From that we conclude that Z A% = 0. By Dedekind’s lemma, we then get

that Ay = --- = A, = 0. Since the matrlx M is invertible, we shall denote M’ its
inverse. Now we get that:
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zn: M/-JU]‘ =
Z Z 1% m;)yi v =

]111

2271 m] j,l’yz'/U:

i=1 j=1
n
E [di,l%"U:
=1

MU=

v is therefore indeed in the image of the map from F,., ®p V7 to V.

Now to prove the injectivity of our map, we take (e;);c; an F-basis of V7.
Now let € Fy., @ V' that gets mapped to V. Then there exists iy, ,i, € [
and Ay - -\, € Fjp, such that

x:)\1®e“++>\n®ezn

We then for the sake of simplicity denote the involved vectors in the basis as
ey, ,e,. The point x then gets mapped to

y:)\161+"'+/\n6n

Assume that y = 0: let us show that all the \; are zero. To prove that, we take N
a normal extension of F' containing all the \; and we consider the non degenerate
bilinear form coming from the trace. We will show that

Vue N,Vie{l,--- ,n}, Tr(ur) =0

For v € Gal(N/F), v - py = v(u)y -y = 0. Therefore we get that > v(u\;)e; = 0,
i=1
since all the e; are fixed by . Summing these relations on v € Gal(N/TF), we get
that > Tr(uA;)e; = 0. Since all the e; are linearly independent over F', we get that:
i=1

Vie{l,---,n},Tr(ur) =0
This relation being true for all 4 € N, we get that the \; are indeed all zero. [

Note that the proof of injectivity worked regardless of assumption of the conti-
nuity of the action, therefore that map will be injective whether or not the action
is continuous.

Now before stating the equivalence between etale algebras and finite I'-sets, we
will show that the number of morphisms from the algebra into the separable closure
is its dimension.
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Proposition 3.4.10. Let L be a finite-dimensional algebra over a field F. Let us
denote X (L) the set of morphisms of algebras from L to Fi.,, then: | X (L)| < dim(L)
and we have equality if and only if L is etale.

Proof. First if L is a finite dimensional algebra, then by 3.4.1, L has only finitely
many maximal ideals: M, -+, M, and dimF(L/Mk) < dimg(L). Now a mor-
k=1

phism from L to F§., can be considered as a morphism from L to F. where F is
an algebraic closure of F' extending Fi.,. If we then denote X'(L) as the set of
morphisms from L to F, we have that X (L) C X’(L), therefore it is enough to
prove the upper bound for X'(L). For i € {1,--- ,n}, consider ®; an isomorphism
between a subextension K; of F' and L/ Mi(which is an algebraic extension of F,
because finite-dimensional over F). If f is a morphism from L to F, then ker(f) is
a maximal ideal of L, therefore ker(f) corresponds to one of the M;. In that case
f factors to an isomorphism between L/ M, and K, which by abuse of notation we

shall still call f. In that case fo®; ' is an automorphism of K;. We can then define
a map ¥V from X'(L) to [[ Autr(K;), by the formula:
i=1

U(f)=fod;
The next step is to show that ¥ is an injective map. To prove that, suppose that
U(f) = ¥(g). In that case ker(f) = ker(g) = M; for some i. Now if we take

z € L, we denote T its class in L/ 2/ In that case, we have that f(Z) = g(Z) and
so f(z) = g(x). The morphism f and g being equal for all z € L, we conclude

that f = g. Since ¥ is an injective map from X'(L) to [] AutF(F/M,) we have the
i=1 !

following inequalities:
IX(L)] < [X()] <Y [Aute (B4l <Y (L F] < dim(L) (3.8)
i=1 i=1

Now we need to prove the equivalence between L being etale and dim(L) =
X(L) ]

First assume that L is etale. In that case L is isomorphic to a product [] Fj,
where F; are separable finite extensions of F'. Now let 7; be the natural projécilzion
of L on F;. Then notice that for any 4, the set {f o m;|f € Autp(F;)} has cardinal
[F; : F] (since Fj is separable) and it is contained in X (L). Finally all these sets
are disjoint, so the cardinal of X (L) has to be at least dim(L), but by (3.8) it is at
most dim(L), therefore it is equal to dim(L).

Now on the other hand assume that | X (L)| = dim(L). Then all the inequalities

in (3.8) are in fact equalities. From that we deduce that |AutF(F )| = [L/Mi]
for all ¢, which proves that L/ M, is separable for all 7. Furthermore we have that

dim(L/ﬁ e ;[L/Mi . F] = dim(L), which proves that -Ol M; = {0}. Now
=1
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denote 7; the natural projection of L onto L/ M- Let then consider the morphism
of algebras:
L— I M,
= i=1

0= (m:(0))ieq1, )

n
Since (| M; = {0}, we get that ® is injective. Since the dimensions of the two
i=1

algebras are equal, then ® is an isomorphism. O

3.4.1 Equivalence between etale algebras and I' sets

To an etale algebra L, we associate the finite set X (L), together with the action of
I' = Aut(F,/F) given by g- f = go f. To a morphism of etale algebras | L1 — Lo,
we associate the I'-equivariant map

X(0) = {X<L2> — X(L)
fr fol

X is then a contravariant functor from the category of etale algebras to the category
of finite sets together with a I'-action. We will now show that this functor has an
inverse. For a finite set X together with a continuous action of I', we take the
algebra Map(X, Fs.p). We equip it with the following action: to a map f from X
to Fs.p, we associate the map

fe X — Fyp
T e e glf (gt )

We then take the algebra Map(X, Fs,)". To a I'-equivariant map [ from X; to Xo,
we associate the morphism of algebras Map(Xa, Fiep)' and Map(X,, F1)"

Map(X, Fsezv)F — Map(Xi, Fsep)F
M(l) =
f fol

Let us now show that L = Map(X, Fy,)" is an etale algebra. By the Galois
descent lemma, we get that L ®p F., is isomorphic to Map(X, Fy.,), which itself
is isomorphic to FJ, with n = |X|. Then we know that L injects itself to the

product Fg, . Now let 71, -+, m, be the natural projections of L on Fj,. For all 4,

ker(m;) is a maximal ideal in L and we also have [ ker(m;) = {0}. By the Chinese
i=1

n
remainder theorem, we then get L/ n = [ that is isomorphic to [] im(m;),
M ker(m;) i=1
i=1
which is a product of subextensions of Fi,, therefore separable extension of F'. We
can therefore conclude that L is etale.
We have therefore two contravariant functors X and M: we shall show that they

are an anti-equivalence of categories.
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Theorem 3.4.11. The functors X and M define an anti equivalence of categories
between F' etale algebras and finite I'-sets with a continuous action and we have the
following table of correspondences:

Etale algebras Finite I'-sets
Dimension Cardinal

Tensor product (over F') | Direct product

Direct product Disjoint union

Before we prove the theorem, note that in category theory terms the anti equiva-
lence functors transforms products into coproducts and vice versa. Now let us begin
the proof.

Proof. Before proving that the functors define an anti equivalence of categories,
we first prove the second entry in the table: i.e that dimension gets transformed
into cardinal and vice versa. If L is an etale algebra, then by 3.4.10 X (L) has the
cardinal equal to the dimension of L. If A is a finite I'-set, then since Map(A, Fi.,)

is isomorphic to FS‘QJ, then the dimension of Map(A, F,) as a Fye,-vector space is
|A|. Since Map(A, Fyp)' @ Fy, is isomorphic to Map(A, Fy.,), then the dimension
of Map(A, Fy.,)' as a F-vector space is dim(Map(A, Fip)) = |A|. This concludes
the first part of the proof. Now let us use it to prove that the two functors define
an anti equivalence of categories.

Let L be an etale algebra over F'. Let us show that L is naturally isomorphic to
M(X(L)). To an element z, we associate the unique map in M(X (L)) e, that to
f € Hom(L, Fy,) associates f(z). Let us show that e, is fixed by the action of I
forall z. Let v € L,g € " and f € X(L). We have that

g e(f) = 9(lg™" - N)2)) = g(g7" f(2)) = [ (=)

This relation being true for all ¢ € I and f € X(L), we get that e, is indeed fixed
by the action of I". Now consider

{L —s M(X(L))
@L —
T e,

a morphism from L to M(X(L)). Let us prove that is is an isomorphism. First to
prove the injectivity, we consider € L, such that Vf € X (L), f(z) = 0. Let us
show that x = 0. By contradiction, assume that it is non zero. Then let x be the
minimal polynomial of x over F'. By 3.4.4, x is separable. Now take o € Fj,, a
root of x. Consider the unique morphism f from F(x) to Fj., that to z associates
a. By 3.4.7 f then can be extended to a morphism from L to Fj,, which is a
contradiction, since f(z) = 0 by assumption. Since ®; is an injective morphism
and L and M (X (L)) have a same dimension, then ® is an isomorphism of algebras.
Now let us show that the map ®;, is natural. We have to be careful what that term
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means here. Since we are working with an anti-equivalence of categories, rather
than an equivalence, we need to consider op: the functor from the category of etale
algebras to its opposite. Then we shall show that if [ is a morphism from L to L/,
then the diagram:

on() — 0

op(®r) op(®r)

M(X(L)) +——— M(X (L'
KD oy M)
commutes. The composition of morphisms is then done in the opposite way
compared to the category of Etale algebras.
To check the commutativity of the diagram, we then can simply check it for each
x € L. We have that @0l is the unique map in Map(X (L), F.,) that to p € X(L')
associates p(l(z)). Now on the other hand if we consider M (X (1))(®L(x)), it is by
definition the map from X (L') to F., that to pu associates @ (x)(pol) = p(l(z)).
This concludes the proof that the diagram above commutes.

Now let A be a finite set together with a continuous action of I'. Let us show
that X (M (A)) is isomorphic to A as a I" set. Consider ¢ a map from A to X (M (A))

M(A) — Fy,
[ fla)
morphism from M(A) to Fy.,. Let us show that it is injective. We take z,y € A,
such that = # y. In order to show that d, # d,, we differentiate two cases:

that to an a € A, associates the map J, = { . The map ¢, is a

e Case 1:

x,y are in distinct orbits of I'. In that case let

A— Fy,
U = {1 if @ is in the orbit of z
a +—

0 else

In that case, u is in Map(A, Fy,)", since constant on orbits of G and with
values fixed by G. Furthermore we have that ¢,(u) # 0, (u), hence d, # 9.

e Case 2: z and y are in the same orbit of I'. Let then gy € I' be such that
x = gy *+y. Since x and y are distinct, the stabilizer of #, which we shall denote
H cannot be the whole I'. Let F¥ be the fixed field of H included in Fyep.

Since the action of I' is continuous, H is a closed subgroup of I'. Therefore by
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the fundamental theorem of infinite Galois theory, Gal(F,, F) = H. Since
go ¢ H, we get that there exists € F such that go(0) # 0. Now define

A — Fp

u = s g@)ifa=g-rand gl
0 else

Let us show that u is well defined and fixed by the action of I'. To show that «
is well defined, we prove that if g-z = ¢’ -y, then ¢g(0) = ¢’'(0). If g-x = ¢ - x,
then g~'¢g’ € H. Since x € F¥ | then g71¢'(z) = x and therefore g(z) = ¢'(x),
proving that v is well defined. Now we need to prove that u is fixed by the
action of I'. Let a € A and g € I". If a is not in the orbit of x, we get that
g(u(g~ta)) = ¢g(0) = 0. If on the other hand there exists ¢’ € T, such that a =
g' -z, then (g-u)(a) = g(u((97'9') - ) = g(g7'¢'(#)) = ¢'(0) = u(a). We then
get that u is indeed in Map(A, Fiep)'. Also 6,(u) = u(z) = 0 # go(0) = u(y).

This concludes the proof of injectivity of 4. Since ¢ is an injective map between
the two sets A and Map(A, Fi.,)" with the same cardinal, then ¢ is a bijection.
Finally we need to prove that ¢ is equivariant. For that, let ¢ € I', a € A and
u € Map(A, Fy.,)". We get that

9 0a(u) = g(u(a)) = g(ulg 'g-a)) = g-ulg-a)

Since u is fixed by the action of I, we conclude that g-d,(u) = d4.,(u) and hence § is
an equivariant bijection between the two I'-sets and it is therefore an isomorphism
of I'-sets. Just like in the previous case, one can prove that op(d) is a natural
transformation from op(A) to X (M (A)).

This concludes the proof that X and M define an anti equivalence of categories.
The next step in the proof is to show that products get sent on coproducts and vice
versa. One can already conclude that from the fact that X and L are anti equiva-
lences of categories, but it is worth seeing explicitly the isomorphisms constructed.

Let L and L’ be two etale algebras. Let us show that X (L ® L') is isomorphic to
X(L) x X(L"). To a morphism f from L ® L' to F., we associate (fr, fr/), where
fu(r) = f(z®1) and
fr(y) = f(1 ®y). Such a map is a bijection from X (L ® L') to X(L) x X (L),
with the inverse the map that to (f,g) associates the unique morphism of algebras
u defined by the formula
u(z ®y) = f(z)g(y).

Now let us show that X (L x L) is isomorphic to X (L) IT X(L’). Consider the
map from X (L) IT X (L) that to f associates the morphism

Fx F —s F,,
o= fa) if f € X(L)
) {f(y) it f € X(L)
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¢ is injective and X (L) I X(L') and X (L x L) have the same amount of elements,
therefore ¢ is a bijection.

Now suppose instead that A, B are two finite I'-sets. Consider the map from

M(A) ® M(B) to M(A x B), given by:

AX B — Fg,

A {(a, B F(@)g)

Let us show that this map is surjective. One can show that M (A x B) is generated
by maps that are null outside of one orbit in A x B. If we can then find an antecedent
of every such a map by ®, we’'d prove that ® is surjective. Let O be an orbit by the
action of T'. Let us pick (ag, by) a representative in O. We write H* the stabilizer of
a by the action of I" on A,H? the stabilizer of b by the action of I' on B and finally
H the stabilizer of (a,b). We have HAN HP = H. Let f be a function in M (A x B)
that is 0 outside of O. Let us show that f(ao, by) € F.Z. In order to do that, we take

FJ, Since f € M(A x B), we get that v(f(ao,bo)) = f(7 - (a0, b)) = f(ao, bo).
Thls being true for every v € H, we get that f(ag,by) € ng. Now let uq, -+, u,

be an F-basis of FX" and vy, -+ , v, an F-basis of FZ”. Tt is clear that the family

(uw;jv;) then generates the field Fsep )Fse; =F ngp Now let x; for ¢ between 1 and
n be the map :

A — F,p

Xi = N v(w;) if a = yag with v € T’
0 else

and for j between 1 and m,

B — Fy,
Sl PN {y(vj) if b = vby with

One can prove that y; are well defined maps in M(A) and §; well defined maps in

M(B). Now we write
f(ao, bo) = ZZO&”U Yj

i=1 j=1
Then we have that

n

=) > aixi®E)
i=1 j=1

Since the map ¢ is surjective and the dimensions are the same (both equal to
|A| x| B]), then ® is an isomorphism of algebras, which is what we wanted to show.
Finally we want to prove that M (A Il B) is isomorphic to M(A) x M(B). For
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that we consider the morphism

M(A) x M(B) — M(ATI B)
ALB —» F,,

*= ifreA
(f9)=9, {f(x>1 re

g(x)ifx € B
and the morphism

- {M(AH B) — M(A) x M(B)
[ (fia; fiB)

Observe that these morphisms are inverse to each other, which concludes the proof.
m

An interesting question is when does a I' set correspond to a field extension
rather than a product of field extensions. The following proposition answers that
question:

Proposition 3.4.12 (Field extensions are I'-sets with transitive action). Let F' be
a field with the absolute Galois group I'. Let A be a I" set. Then A corresponds to a
field extension of F if and only if the action of I is transitive.

Proof. Suppose first that I' acts transitively on A. Let us show that M (A) then is
a field. Let f € M(A) a non zero map. Then there exists a € A, such that f(a) is
non zero. Then for every v € I', vf(a) # 0. Since f € M(A), this implies that for

A — F,p

every v € I', f(ya) # 0. If then we define g = , gisin M(A) and ¢

a — 2
is the inverse of f, proving that M (A) is a field and thél(regore a separable extension
of F.

Now on the other hand assume the action of I' is not transitive. Let us show
that M (A) is not a field. Let O be an orbit in A. Then the function f that is equal

to 1 on O and zero outside of O is in M(A) and is clearly non invertible. O

We have seen that etale algebras can be represented as I'-sets. Now if I is finite
then we know how to represent an action on a set by the Cayley action graph. If
I is infinite, since we assumed the action continuous, we can still represent it using
a finite quotient of I', rather than I' itself. Another possible approach would be to
somehow represent the profinite structure of the infinite group on a graph, which is
going to be the goal of the next chapter.
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Chapter 4

Profinite graphs

As we have seen, if a category € has limits of finite objects, we can define from it
a profinite structure. Now for abstract graphs, the morphisms we typically consider
are the ones that send edges on edges. While this would give us a profinite structure
on graphs: it is a limited one and lots of interesting cases couldn’t be explored. The
more appropriate notion for our morphisms are the so called qmorphisms. The dif-
ference is that while morphisms send edges on edges, qmorphisms can contract edges
to vertices. A trivial example of a qmorphism would be the map that contracts all
the connected components of a graph onto a single vertex. Using these qmorphisms,
we will construct the category of profinite graphs and generalize notions we have
seen for finite graphs on this structure.

4.1 Basic notions

Definition 4.1.1. o We call an abstract graph a quadruplet: (X,V,o,t), such
that X is a set and V s a subset of X called the set of vertices and o,t
are maps from X to V, whose restriction on V 1is identity. They are called
ortgin and terminus and are also known as incidence maps. Finally for a
graph G = (X, V,0,t), we denote V(G) =V and call it the set of vertices and
E(G) = X \'V and call it the set of edges.

e We call a gmorphism of graphs (X, V,0,t) and (X', V', o', t') a map from X to
X', such that

vz € X, f(o(z)) = o'(f(2)) and f(t(x)) =t (f(x))

o We call a morphism of graphs (X,V,o,t), (X', V', 0',t") a gmorphism, such
that

FIX\V)C X'\ V', i.eit sends edges on edges.
Note that a qmorphism always sends vertices to vertices.

Now to prove that graphs have a profinite structure we need to check the three
axioms of preprofinite categories. We will start by proving that the projective limits
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in the category of graphs together with their qmorphisms exist. By abuse of nota-
tion, we shall often identify a graph I'" with the set representing it and we just use
the maps o and t universally for all graphs.

Proposition 4.1.2 (Existence of projective limits). The category 6 of abstract
graphs is a preprofinite category.

Proof. First we prove that the projective limits exist. Let ((Gi)ier, (fi;);>i) be a
directed system. Write G; = (X;,V;, 0;,t;) Let

X ={(wi)icr € [ [ XilVi,j € 1,j =i = fij(x;) = w:}

i€l
Define
V = {(zi)ier € HVJWJ €l.j>i= fij(z;) = x}
iel
Now consider the maps
X — IV X — 1V,
0= i€l and t = icl
(zi)ier > (0i(%:))ier (i)ier = (ti(T))ier

Observe that o and ¢ map X to V, since they are compatible with ¢ morphisms.
They act as identity on V, since they act as identity component by component. The
quadruplet G = (X, V, 0,t) is therefore a graph. It is a projective limit in the sense
of the category of sets and so one can show that it is also a projective limit in sense
of gqmorphisms.

Now to define € as a preprofinite category, we take F' to be the forgetful functor
on it. It is faithful and transforms projective limits of graphs into projective limits
of sets.

Finally let A, B,C' be graphs, u,v gmorphisms with u surjective and f a map
from A to C, such that:

A———C

B

commutes. Let us show that f is a qmorphism. Let = € A and d € {o,t}. Then
there exists y € B, such that u(y) = . Then

d(f(x)) = d(f(u(y))) = d(v(y)) = v(d(y)) = f(u(d(y))) = f(d(u(y))) = f(d(z))
We conclude that f is indeed a qmorphism. O]

As such we can define profinite graphs as follow:

Definition 4.1.3 (Profinite graph). A profinite graph is a profinite object (I', (¢4))ic1
in the preprofinite category of abstract graphs.



92

While seeing profinite graphs as limits of graphs is a valid definition, one can
also see them as simply profinite spaces with a graph structure that is continuous
for the graph topology. We have the characterization that follows:

Theorem 4.1.4 (characterization of profinite graphs). Let ' be a compact Hausdorff
topological space, together with continuous maps o,t from 1" to a closed subspace V,
such that (I',V,o0,t) is a graph. Then T is a profinite graph if and only if T is totally
disconnected as a topological space.

Proof. One implication is simply consequence of 3.1.10.

To prove the other implication, by 3.1.12 it is enough to prove that if I" is compact
Hausdorff, then (I', V, 0, ) is a profinite-compatible object. Let {2 be the set of open
equivalence relations on I'. First let us show that any R € Q, contains an open R’
compatible with the graph structure.

For R € (), take

R = {(z,y) € Rlo(x)Ro(y) and t(z)Rt(y)} C R

which is clearly an equivalence relation. Let us show it is open. First by compactness
of GG, there are only finitely many equivalence classes for R. Let us call ¢ the natural
projection on G/ R 1f then the finite set F/ R gets equipped with its discrete topology,
¢ is then continuous, since the preimage of a singleton by ¢ is an equivalence class
and since R is open, then this class is open. Now consider

_ {F — F/RS
z = (6(z), ¢(o(z)), o(t(2)) )

This is a continuous map, since each component is continuous (since o, ¢ are contin-
uous). For an z € I', we get that

aR =7 (¢(x))
Indeed: if zR'y, then xRy, so ¢(x) = ¢(y), o(x)Ro(y),s0 ¢(o(x)) = ¢(o(y)) and

similarly
o(t(x)) = ¢(t(y)). As such we get that ¥(z) = ¥ (y). On the other hand if ¢ (y) =
(), we get that 6(z) = 6(y), B(o(x)) = Blo(y)) and G(t(x)) = G(t(y)), therelore
xR'y. We have shown that xR’ is a preimage of a singleton by a continuous function,
therefore xR’ is an open subset, proving that R’ is a open relation. Finally let us
prove that R’ is compatible with the graph structure. Take d € {o,t} and xR'y.
In this case d(x)Rd(y), o(d(x)) = d(z) and o(d(y)) = d(y), so o(d(z))Ro(d(y)) and
by the same reasoning ¢(d(x))Rt(d(y)). As such, d(x)R'd(y), proving that R’ is
compatible with the graph structure.

This means that for every open equivalence relation R in €2, there exists an open
equivalence relation R' C R, such that F/ R is a graph and the natural projection

of I on F/ ' 1s a morphism and therefore by 3.1.12 I' is a profinite graph. O]

Now we will define the group of automorphisms and an action of a profinite
group.
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4.1.1 Group of automorphisms

Let T" be a profinite graph. We denote Aut(G) the group of continuous graph
automorphisms of . Le g € Aut(T') if and only if: g is bijective and g and ¢! send
vertices to vertices and preserve the incidence maps o and t. According to 3.1.1, we
can equip the automorphisms of I" as a profinite space (without considering its graph
structure) with a structure of a topological group with the compact open topology.
Now the automorphisms of I' as automorphisms of graph are a closed subgroup of all
the automorphisms of the profinite set I', so it is a topological group for the induced
topology. Naturally we want Aut(I') to be a profinite group, but unfortunately, we
will see that it is not always the case. We have however the criterion that follows.

Proposition 4.1.5 (profiniteness criterion). Let I' be a profinite graph and G a
closed subgroup of Aut(I'). Suppose that T" is written as the projective limit of graphs
(I'y)ier, together with transition maps (¢;;)j>i and with natural projections p;. In
that case, we get that G is profinite if and only if for every i € I, the set A; =

{pi o glg € G} is finite.

Proof. Before we begin, notice that GG as a topological space is homeomorphic to

pjofr—piof

equipped with product topology (each A; having the discrete topology). Indeed for
every ¢ € I, we have a continuous map v; from G to A; that to f associates A;. It
is continuous with A; being equipped with discrete topology, since for any f € G,
Vv ({piof}) = {g € G|p;og = p;o f}, which is open by the definition of the topology
on Aut(I'). The maps 1); are clearly compatible with the transition maps 1 ;,
therefore there exists a unique map ¥ from G to 1&1 A;, such that Vi € I, m;oW = 1),
with 7; being the natural projection of the limliilon A;. The map V¥ is injective.
Indeed if f,g € G are such that Vi € I, p; o f = p; o g, then clearly f = g. Now let
us show that U is surjective. Let (p; o g;)icr be a collection in 11161111 A,.

the projective limit of A; with transition maps (¢ ;);> = and

' —T
Define g = { . The relation g is a well defined function

x = (pi©gi(x) ier
from I' to I'. Let us prove that it is in G. First we start by proving that it is in
Aut(T"). For that we take z € I" and d € {o,t} one of the incidence maps. To prove
that d(g(z)) = g(d(x)), it is enough to prove that for every i € I, p;(d(g(z))) =
pi(g(d(z))). Now if we take i € I, we get that

pi(g(d(x))) = pigi(d(x)) = d(pigi(z)) = d(pi(g(z))) = pi(d(g(x)))

since ¢g; and p; are morphisms of graphs. Finally p;(g(d(x))) = pi(d(g(z))) as ex-
pected. The next step is to prove that ¢ is continuous. For that we take x,y € T’
and ¢ € I. Now let iy be such that for every j > iy, if p;(z) = p;(y), then
pi(g:(z)) = pi(g:(y))(by continuity of the maps p; and g;). Now if j > 4y, and
pj(x) = p;(y), we have that

pi(9(x)) = pigi(x) = pigi(y) = pi(9(y))
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Now we need to prove that the inverse of g is continuous as well. The map ¢’
associated to (g; ')ier is clearly a continuous inverse morphism of g, therefore g is
indeed in Aut(T").

Now we need to show that g is specifically in G. We will show that g € G and
therefore g € G, since G is closed. Let V' be a neighborhood of g. Then there exists
i € I, such that the set {¢’ € Aut(T')|piog = p;o g’} C V. In that case we get
that g; € V and since g; € G, we get that V NG # (). Since this is true for all
neighborhoods V of g, it proves that ¢ € G. The topological space G is therefore
homeomorphic to 1&1/41

icl

Now we can ﬁnaelly finish the proof: assume first that A; is finite for every . The
group G is a projective limit of finite sets and so it is a profinite set, therefore a
totally disconnected compact Hausdorff topological group and as such it is a profinite
group by: 3.2.3.

On the other hand if we suppose that G is profinite, then we have the following:
Take i € I. The set V;(G) = A; then is compact by the continuity of W;. Since it is
equipped with the discrete topology, it has to be finite. O

Remark. This result is very similar to the Theorem 5.3 in the DDMS book [26],
which establishes a sufficient condition for automorphisms of a profinite group to be
profinite. For a description of the automorphism group of finitely generated profinite
groups, one may also see [46]: in Theorem 1.3 John Smith shows that automorphism
group of a finitely generated profinite group is compact and consequently profinite.
Note that if we assume a profinite group G to be finitely generated then an auto-
morphism of G is determined by its image on the generators and if we compose by a
natural projection onto the quotient by an open normal subgroup, we end up with
only finitely many options, hence from the point of view we adopted in the previ-
ous proposition applied to groups rather than graphs, we get indeed that Aut(G) is
profinite as stated in the theorem.

4.2 Connectedness

Since the correct arrows in the category of profinite graphs aren’t morphisms, but
qmorphisms, we will need to adapt our definition of a path slightly when compared
to the one given in Chapter 2, so that paths are preserved by gmorphisms rather
than just morphisms. We will give the following definition of a path:

Definition 4.2.1. Let (I', V(I'), 0,t) be an abstract graph. For an incidence map d €

- tifd=o
{o,t},denote d = ;d . We define a path as a finite sequence (xy,--- , )
oifd=
of elements of I', such that there exist incidence maps dy,--- ,d, € {o,t}, such that

for all k < n, di(ax) = diyr(Tri1)-

Notice that since for every vertex z € V(I'), o(z) = t(x), this new definition
of path allows paths to remain stationary at vertices between steps. That is the
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only difference with our previous definition of path in Chapter 2, so the notion of
path-connected components will remain unaffected.

We define an equivalence relation on I'; simply as: x ~ y if and only if there
exists a path (zq,---,x,), such that 1 = x and x,, = y. Note that this definition
applies to vertices and edges alike. This relation is compatible with graph structure,
so we can quotient a graph by it. Unfortunately it will not be compatible with the
profinite structure, i.e the relation is not always open, or even closed for the profinite
topology, which will lead us to define a more general notion of connectedness for
profinite graphs.

Proposition 4.2.2 (qmorphisms preserve paths). Let I', T be two abstract graphs,
f a gmorphism from T to T and (x1,--- ,x,) a path in T. Then (f(x1), -, f(z,))
is a path in I".

Proof. Since (z1,--- ,,) is a path take dy,- -+ ,d, € {o,t} such that for all k <n,
di(g) = dgs1(xy1). Then using the fact that f is a qmorphism we get that:

di(f(7r)) = f(d_k(xk)) = fdps1(zr11)) = diyr (f (T141))
O

Now that we know that qmorphisms preserve paths, we will give a definition of
connectedness that works for profinite graphs.

Definition 4.2.3. A profinite graph I is said to be connected if for every continuous
gmorphism f from I into a finite graph, the image of f is path-connected.

While path-connected profinite graphs are connected (qmorphisms preserve paths),
it is only a small part of connected profinite graphs. Ribes in Example 2.1.8 in [41]
gives an example of a connected profinite graph that is connected, but has a vertex
with no edges. We shall give a similar example that has two such vertices: one on
each side.

Example 4.2.4 (A graph that is connected, but not path-connected). We define a
graph I with the set of vertices Z U {—o0,+00} and edges {e;|i € Z}. The origin
map o is then defined as: o(e;) = i and a terminus map defined as: t(e;) = i + 1.
We then get a graph that looks like:

—00 —2 —1 0 1 2 S +00
€_o e_q () €1

We equip it with projections p,, onto path from —n to n, with:
(zifxreZand —n<i<n

nifx €Z andi>n

—nifzeZandi<-—n

(t,i+1)ifi € Z,—n <i<nand x =e¢

—nifi € Z,i < —n and x = ¢;

pn(l’) =

\nifi€Z,i>nand x =e¢;



96

Similarly to Ribes’s example, one can show that these projections induce on the
graph a profinite structure. As a side note, this graph is an example of a profinite
graph whose group of automorphisms is not profinite. One can prove that it is
isomorphic to Z with discrete topology. The automorphisms in this case are simply
translations, with infinities being fixed.

The interesting property of this graph is that even though it is not connected,
if we admit in some sense limits of paths, the graph would still be path-connected.
To formally describe this situation, I came up with the definition that follows.

Definition 4.2.5. Let I' be a profinite graph. We call a superpath a finite sequence
(Cy,---,Cy) of path-connected components of G, such that Vi < n, C; N Cipy # 0,
with for A C T, A being the topological closure of A in T for the profinite topology.

We then call a profinite graph I' superpath-connected, if for every x,y € ', there
exists a superpath (Cq,---,Cy), such that x € Cy and y € C,.

The path-connected components of a graph are disjoint, but not necessarily their
closures. Requiring that C; N C;; # () means that any element in C; can approach
any element in C;;; by paths, so even though it is not possible to get from one
component to another in finitely many steps, it is possible to do it by taking limits.

An interesting question one can ask is whether this superpath connectivity is
simply equivalent to connectivity or if it is still not enough. We will prove that
if a profinite graph is superpath-connected, then it is connected, we will give one
case where these notions are equivalent and finally we will show that they are not
equivalent in general.

Proposition 4.2.6. Let I' be a profinite graph. If I is superpath-connected, then I'
s connected.

Proof. Assume that I' is superpath-connected. Let f be a continuous gmorphism
from I to a finite graph. Let z,y € I". To prove that I is connected, we need to show
that there exists a path from f(z) to f(y) in the graph im(f), to prove that I' is
connected. Since I' is superpath-connected, we take (Cy,--- ,C,) a superpath from
z to y. Take z; € C; N m Now for ¢ between 0 and n — 1, we take y; € C;, such
that f(x;) = f(y:) using the continuity of f and the fact that x; € C;. Furthermore
for all ¢ between 0 and n — 1, we take z; € Ciyq, such that f(z;) = f(2;), which
is possible for the same reasons. The set f(C;) is connected for all 4, since C; is
connected and f is a gqmorphism. We then take py a path from x to vy, p, a path
from y, to y and for ¢ between 1 and n — 1, we take p; a path from f(z;_1) to f(v:),
since they both belong to the connected subgraph f(C;). Notice that the terminal
vertex of the path f(p;) is f(y;) = f(x;) = f(z;), which is the initial vertex of the
path f(pi+1). We can therefore concatenate the paths f(pg),- -+, f(p,) to obtain a
path p from f(z) to f(y). The image that follows illustrates the proof:
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close
x

Yy & e Zn Y
DPn

f: glues together y; and z; through z;

()

o) f(xo) —— f(x1) a f(n) o f(y) .

Now we will see one case, where being connected and superpath-connected is
equivalent, but first we will prove a very useful lemma.

Lemma 4.2.7. Let I" be a profinite graph. If it is a proper disjoint union of two
open subgraphs, then it is not connected.

Proof. Suppose that I' = IV II T, with I'” and I'” open subgraphs. Let f be a map
from T" to {0, 1} defined by

3 /

f(z) = {0 ?fx € F//

lifxel
If we consider {0,1} to be a graph with no edges and two vertices, we get that
f is a continuous gmorphism. It is indeed continuous, since constant on the two
open disjoint sets. Now let d be either the terminus or the origin map. Let x € I'.
Without loss of generality, we assume that x € I, and we show that f(d(z)) =
d(f(x)). We have that d(z) € I, since G’ is a subgraph. Therefore we get that
fld(z)) =0 = d(f(z)). We have found a continuous surjective gmorphism into a
finite disconnected graph, therefore GG is not connected. n

Proposition 4.2.8. Let I" be a profinite graph, with finitely many path-connected
components. Then T" is connected if and only if it is superpath-connected.

Proof. We already know that one implication is true in general case, so it is enough
to prove that if a graph I' has finitely many path-connected components and is
connected, then it is superpath-connected.

Since the relation “There exists a superpath between x and y” is an equivalence
relation, we can partition I' into superpath-connected components. We start by
proving that there are only finitely many of these superpath-connected components.

Let X denote the set of path-connected components. Consider the function ®
from the set of superpath-connected components, to the power set of X: P(X) that
to a superpath-connected component C associates the set

O(C)={ceX|cCC}
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i.e that set of all path-connected components included in C'. Let us show that & is
injective. Suppose that ®(C) = ®(C"). It is enough by symmetry of this relation
to prove that C' C €’ to conclude that C' = C’. Let x € C. Consider ¢ the path-
connected component of x. Then ¢ C ', by definition of a superpath-connected
component. In that case, we also get that ¢ C C”, since ®(C') = ®(C"), proving that
x € C'. Since ® is an injection from the set of superpath-connected components
into the finite set (X ), we get that the graph has indeed finitely many superpath-
connected components.

The next step is to prove that superpath-connected components are all closed.

Let C' be a superpath-connected component, then let us prove that C = |J &,
ced(C
with ® the injection from above. If x € C, then if we take c its path—conne(ct)ed
component, then ¢ C C| therefore z € |J €. On the other hand let us now take x
ce®(C)
in some ¢, with ¢ C C. Let ¢’ be the connected component of . Then by definition
r € eNndc. Then (¢,c) is a superpath from z to any element of ¢ C C, hence z is
in the superpath-connected component C. We then get that C' is therefore a finite
union of closed sets and is therefore closed.

Now by contraposition, we will prove that if I has finitely many path-connected
components and is connected, then it is superpath-connected. Assume that I' is
not superpath-connected. Take C a superpath-connected component. The set C' is
clopen, because it is closed and its complement is a union of finitely many closed
sets (the other superpath-connected components). We will furthermore prove that
C is a subgraph. If x € C, we take ¢ a path-connected component of x. Then
t(z) € c and o(x) € c. therefore t(z),0(z) € C, confirming that C' is indeed an open
subgraph of I'. Its complement is a disjoint union of open subgraphs, therefore is
itself an open subgraph.

The graph I' is then a proper union of two open subgraphs, therefore by the
lemma 4.2.7, we get that I' is not connected. O]

If we want to come up with an example of a profinite graph that is connected,
but not superpath-connected, we will need to find a graph with infinitely many
path-connected components. To construct such a graph, we will make use of limits
of profinite graphs. We will first however need the proposition that follows:

Proposition 4.2.9 (Limits of connected graphs are connected). Let ((I';)ier, (fij)j>ier)
be a projective system of profinite connected graphs, then if the limit I of this pro-
jective system has all of its natural projections surjective, then it is connected.

Proof. Let g be a surjective continuous gmorphism from I' to some finite graph A.
We need to show that A is path-connected. Write for a € A, U, = g~ '({a}), which
is a clopen set in I'. We will proceed as follows:

e Prove that there exists ¢ € I, such that for every a,a’ € A, if a # d/, then
¢i(U,) and ¢;(Uy,) are disjoint.
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rB—A :
e Prove then that the map g = . is well defined and
z = g(y) if ¢i(y) ==

continuous.
e Prove that the map g is a qmorphism.

e Conclude using g that A is path-connected.

Let us fix a € A, and write U = U,. Take z € U. First notice that

N/ @) nue=0

el

Indeed if there was a y € U, such that Vi € I, f;(x) = fi(y), then x = y, which is
impossible since U N U = (. The map f; is continuous, so f; '({fi(z)}) is closed.
By compactness of U¢, there exists then an 4,, such that f;'({z}) N U< = 0. Since
[';, is a profinite graph, if we denote 2, the set of clopen neighborhoods of f;_(x) in
[';,, we get that ﬂ V ={fi.(x)}. As such, we end up with:

Ve

.z

) f'V)nue=0

VeQ,

Since all the V' € (), are closed, by compactness there exists a V, € (), such that
' (V) N U® = 0. The sets f; ( »)(z € U) form an open cover of the compact set

U, therefore there exist xq,--- ,z, € U, such that U i ( .) = U. Now we take

i, an upper bound of the ;. Let us show that for ) > ia, f;(U)N f;(U°) = 0. By
contradiction, assume that there exists x € U and y € U€, such that f;(z) = fi(y).
Since z € U, then there exists k, such that € f; '(fi,(Vz,)). Using the transition
map fi;,, we deduce then that f;, (v) = fi, (y), which proves that y € f,'(V,)
which is a contradiction. Finally just take ¢ an upper bound of all the 7, and it is
clear that

Va,a' € A;a # d = fi(U,) N fi(Uy) =0
Now define

- Fl—>A
g:

z i g(y) if v = fi(y)

Let us show that g is well defined and is continuous.
First it is well defined, because if fi(y) = fi(y'), then Uy = Uy and therefore
g(y) = g(y'). Now to prove that g is continuous, it is enough to show that the
inverse image of singletons is closed, since A is finite. We have §~'({a}) = fi(U,).
We know that U, is closed, I' is compact and f; is continuous, therefore g7 ({a}) is
closed and ¢ is continuous.

The next step is to prove that g is a qmorphism. If we take y € I';, we take xz € T,
such that f;(x) = y. In that case if d is an incidence map, we get that f;(d(x)) = d(y),
since f; is a qmorphism. In this case, we get that g(d(y)) = g(d(x)) = d(g(x)), since
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g is a qmorphism. We therefore conclude that §(d(y)) = d(g(y)) and that g is a
qmorphism.

Now to conclude: we know that I'; is connected and g is trivially a surjective
map, therefore A is path-connected, proving that I' is connected. O

A corollary of this statement is that a profinite graph is connected if and only if it
is a limit of a projective system of path-connected graphs with surjective transition
maps.

Example 4.2.10 (A connected graph that is not super-path-connected). The rough
idea behind this proof is taking the case that makes path-connectedness fail: i.e a
limit of paths and adapt it to superpaths instead. Basically instead of taking limits
of paths, we will take limits of superpaths and given that our category is stable by
limits, it will give us a valid counterexample.

Let P, for n € N, be the path from —n to n, i.e the graph with

V(P,) ={k € Z||k| <n}

and
EP,) ={(k,k+1)|ke€Z,—n<k<n}

Take pmn, for n > m qmorphisms from P, to P, defined by the formula:

P,— P,
m if o(x) > m
r— ¢ —mift(x) < —m

Pman =

x else

Take Z to be the limit of the projective system ((P,)nen, (Pmn)n>m). As a reminder,
Z looks like:
€2 €1 ¢

e
—0 s 2510152 +o0

Now construct Z, as follows: Define A, = J[ Z. A finite disjoint union of
k=0
profinite graphs is a profinite graph. Now take R,, the relation on A, with

R, = {((4+00,k), (=00, k+1))|0 < k < n}U{((—o0, k+1), (+00,k))|0 < k < n}UA,

where A, is simply the diagonal of A,,. The relation R,, basically glues the endpoints
of paths together creating one big superpath. The relation R, is an equivalence
relation on Z,. Tt is closed, as a union of three closed subsets of A2. It is compatible
with the graph structure, because it only identifies the infinities, which are isolated
vertices. We therefore have that Z,, = A?V R, is a profinite graph.

Z, has finitely many path-connected components: the

Coi = {(a,)la # Toc}
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with 7 < n,
Coipr = {(+00,1) "}
again with ¢ < n and
Cy ={(-00,0)}
and
Cont1 = {(+00,n)}

The graph Z, is super-path-connected, since the closure of Cs; and Cs; 1 have a non

empty intersection ( they both contain (4+00,7) = (—o0,i+ 1) ). Therefore we get
that Z,, is connected.
We can represent schematically the graph as:

With the circles being in the closure of the path-connected Z,i (i-th copy of Z in the
disjoint union).
Now define for n > m the maps:

Iy — Zom

Frn = k) {(—l—oo,k) if k>m
(z, k) else

The maps are well defined, since the —oo and +o0o that get identified get sent by the maps
to the same point. Let us prove that these maps are continuous gqmorphisms. Consider
9gm,n @ map from A, to A,, defined with the same formula as f, ,, i.e:

A, — A,

Im, (2, k) > (x, k) if k >m
(x, k) else

9gm,n is continuous for every m > m, because A, is a disjoint union of open subsets Z,
upon which g, ,, either behaves like identity or is constant. The map ¢, , then composed
with the natural projection m, on Z, is continuous as well. Finally ¢, is constant on
the equivalence classes of the relation R,, on A,, so factors into a unique continuous map
from Z, to Z,, and that map is fy,,. The map fp, , is therefore a morphism of profinite
graphs.

Now consider Z = @1 Zn. It is a profinite connected graph as a limit of profi-

neN
nite connected graphs with surjective transition maps. Now define co as the vertex

((400,m))nen. It has no edges coming into it or from it. Indeed take for a d € {o,t},
a sequence € = ((un,n))nen, such that d(e) = ((+00,n)nen). In that case we get
Vn € N, (d(up),n) = (+o00,n). However the vertices (+oo,n) are all isolated, so that
proves that u,, = (+00,n), so e = 0o, proving that oo is isolated.

Now we will prove that there exists no superpath between u = ((0,0)),en and oco.

We will prove it in the following steps:
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e Prove that for every vertex z € Z, there exists m € NU {o0}, such that

VYn > m, x, = z,;, and that Yn < m, z, = (co,m) and z,, € Z,,
e Prove that the path-connected components of the vertices

(+o0,n) if n <m

(um,n)neN = {(0’ m) clse

are the vertices
(+o0,n) if n <m
u(k =
(R)nm {(l{:,m) else

together with edges between these vertices.

e Prove that if we take Cs,, a path-connected component of (u, »,)nen, then the closure
of Cop, is the set Copy U {(Vmn)neNs (Vm41,n)nent, with

(+o0,n) if n <m

(Um,n)neN = {

(—o0,m) else

e Prove that (vpn)nen isn’t in the closure of any other path-connected component
besides its own, C, and Copyya.

e Conclude.

Suppose ((Zn, Yn))nenN is a vertex in Z. We shall prove that if y is not a bounded sequence,
then x, will be equal to infinity and ¥, to n for all n € N. Let n € N. Since y is
not bounded, there exists n’ > n, such that y,, > n > y,. In that case, we get that
Jorm(@nr s Ynr) = (+00,n) = (Tn, ypn). If that happens, we simply put m = oco.

Therefore we may now assume that y is bounded. In this case, it has a maximal value
m. If we take now an n € N| such that y, = m.

Observe that f m((2n,yn)) = (oo, m) ifn>m
’ (Ym,m) if n=m

This proves that 3, = m. Let us observe that for all n > m, y, = m and x,, = m. Indeed
if n > m, then m > y,, and so we have that fy, ,,(zn,yn) = (Tn,yn). As such we obtain
that y, = m. m is also the least integer for which y attains the value m.

Now we need to prove that for a vertex of the form wu,,, the path-connected component
of u,, is exactly the set {u(k)m|k € Z} together with the edges connected to it. We simply
denote
u(k)m = (u(k)m,n)nEN and v, = (Um,n)neN-A

First we start by proving that if e € Z and o(e) = u(k), then either e = u(k)pm,
or t(e) = u(k + 1),,,. Assume that e # wu(k)n. Then for all ng € N, there exists a
n > ngp, such that e, # w(k)mn. By contradiction now assume that there exists ng €
N, such that t(e,) # w(k + 1)mn. Take n > max{ng,m}, such that e, # w(k)mn.
Since o(en) = u(k)mn = (k,m), we know that e, is an edge in Z. There is however
only one edge in Z coming out of k£ and that is the edge with terminus at k 4 1, hence
t(en) = (k+1,m) = w(k + 1)m . Now if we apply the transition map f, n,, we get that
t(eny) = w(k + 1)p n, which is our contradiction. Using the same method, one can prove
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that if e is such that t(e) = u(k),, then either e = u(k),, or o(e) = u(k — 1),,. From this
it follows that Cy,, = {z € Z|3k € Z,0(z) = u(k)m}, i.e the set of all the u(k),, together
with edges connected to u(k)m.

Now we need to prove that Cy,, = ComU{vm, Um+1}. Let m, be the natural projection of
Z onto Z,. Let us show first that ComU{vpm, vm41} is closed. Consider F,, = {(z,m) € Z,}.

n
It is basically the set of elements of the m th component in Z,, seen as the union [[ Z.
k=0

Let us show that F;, is closed in Z,,. For that we write again Z,, as the quotient AT/ R,
One can see that the preimage of F, by the natural projection on the quotient is the
closed component m-th Z in A,, together with the closed set {(+o00,m —1), (—oco,m+1)}.
As such, since the preimage of F), is closed, F;, itself is closed. Now let us show that

Com U{vm, vn} = Wﬁl(Fn)‘

n>m

Let z € () 7,'(F,). Then z, = (an,m). The sequence a, however has to be

n>m
constant, so x, = (a,m) for all n > m. In that case we can observe that z is either an
edge connecting to some u(k),, or some u(k),, or one of the infinities. That concludes the
proof that Cap U {Us, Uymy1} is closed.

To prove now that Cs,, is equal to that set, all we need to prove is that both v,
and vp,4+1 are in its closure. Notice that m, is a bijection between Coy, U {vpm, m+1} and
F,,.We already know that m, is surjective. The reason it is injective is simply, because if
m th components are equal, all components above will be simply by what we have proved
earlier and the components below are always equal by applying the transition maps fy, .

The map 7, is therefore a homeomorphism between Co,, U {vp, Um41} and F,. Since
(—o0,m) and (400, m) are in the closure of 7,,(Cay,), then v, and vp4q will be in the
closure of Cy,, in the closed subset Cay, U {Us, Upmy1}. Since the subset is closed, we get
indeed that Co,,, = Copy U {vym, U1}

Now we will need to prove that the only path-connected components such that v, is
in their closure are Coy,, {Um }, Comyo. To prove this, we now define Copq1 as {vy,} and

we shall prove that Z \ oo = |J C,. We start by proving that every vertex is in such a
neN
component. As we have proved earlier, there exists m € N, such that Vn > m, m,(z) =

Tm(z) and Vn < m, m,(x) = (co,n). If we then write z,, = (a,m), we get that either
Ty = W(Q)m, if a € Z or xy, € {Um, Um41}. This proves that x,, € Cop—1 U Copy U Coppgr.
Now we know that every vertex is in one of the components and since they are path-
connected, every edge must be in one of them as well.

Now we can finally write the conclusion. By contradiction, assume that there exists a
sequence of path-connected components Xg, X1,---, X;, with ug € Xy and co € X; and
X1 N Xpy1 # 0. Without loss of generality, we may assume that this sequence is without
repetition. In that case X;_1 # {oco} We then have to have that there exists m € N, such
that X;_; = C,,. However we know that co € C,,, so we have a contradiction.

Now we have proven superpath-connectedness is not always enough to prove
connectedness. There is however still a topological notion that explains what con-
nectedness is. As seen in the 4.2.7, if there exists a non constant gqmorphism into the
discrete space {0, 1}: that seems close to one possible definition of connectedness in
general topological spaces, where a space X is connected if and only if every contin-
uous map from X to {0, 1} is constant. This indicates there could be some topology
for which a profinite graph is connected in the sense of profinite graphs if an only
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if it is connected in the sense of this topology. It cannot be the profinite topology
since we know that profinite topologies are totally disconnected, which is the exact
opposite of what we want. We will however show that there is a coarser topology
on a profinite graph for which the connected graphs are exactly those connected for
that topology.

Proposition 4.2.11. Let I' be a profinite graph. We have that T" is connected if
and only if every continuous gmorphism from I' into the discrete graph with vertices
{0,1} and no edges is constant.

Proof. First suppose that I" is connected. Then if f is a qmorphism into {0, 1} then
its image has to be path-connected. As such, f has to be constant, because if it
were not its image would have been the whole {0, 1}, which is not path-connected.

Now suppose on the other hand that I' is not connected. Let us construct a
non constant continuous gmorphism from I' to {0,1}. Since I' is not connected,
there exists a qmorphism f from I' to some finite graph X, such that im(f) is not
path-connected. Let C' then be one of the path-connected component of im(f). Let
u be a map from im(f) to {0,1} defined by

() = {OifxeC

1 else

u is qmorphism: indeed if we take « € C, then (o(z), z,t(z)) is a path, so o(x), t(z)
and z are all in C, therefore get sent to 0 by w. If z isn’t in C, then none of
the t(x),o(z) and = can be in C, therefore u(z) = u(o(z)) = u(t(z)) = 1. It
is automatically continuous, since for discrete graphs, all maps automatically are.
Then u o f is a non constant continuous qmorphism from I" to {0, 1}. O

Again let us reiterate that this result is strongly analogous to a possible definition
of connectedness. Now we will finally define the topology that is compatible with
our notion of connectedness.

Definition 4.2.12 (Subgraph). Let (I',V,t,0) be an abstract graph. A subset A of
' is called a subgraph, if Vd € {t,o}, d(A) C A.

We observe that for a subgraph A, (A, ANV, t4,0.4) is a graph.

Proposition 4.2.13. Let I' be a profinite graph. The following statements are true:

1. The set T of all open subgraphs of I' forms a topology on T'.

1. The functions o,t and all continuous gmorphisms for the profinite topology are
continuous for the topology given by T.

1. I' 1s connected in the sense of profinite graphs if and only if it is connected for
the topology given by T.
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Proof. 1. Let I'y and I's be two open subgraphs. The set I'y NI’y is an open set for
the profinite topology. Now let us prove it is a subgraph. If d € {o,t} is one of
the incidence maps and = € I'; N Ty, then since I'; and 'y are subgraphs, d(z)
has to be by definition in both of them.

Let I'; be a collection of subgraphs. Let us define IV to be their union. The
set I is open in the profinite topology as a union of opens. To prove that I is
a subgraph, we again take d € {o,t}, Then if x € I", there exists ¢ such that
x € T, therefore d(x) € T; C T7.

The empty set is an open subgraph, since Vx € (), d(z) € 0 is vacuously true and
[ is trivially an open of I'. This concludes the proof that 7 is a set of opens.

ii. Let I be an open subgraph of I and d € {o,t}. Let us prove that d~'(I") is
a subgraph as well. If x € T', such that d(z) € I, then we have d(o(z)) =
d(t(z)) = d(z), therefore both o(x) and ¢(z) are in I, proving the continuity of
the map d.

Now let f be a continuous gmorphism from a profinite graph I' to a profinite
graph I'". Let U be an open subgraph of I"". Let us show that f~1(U) is an open
subgraph of T'. Let d be again one of the two incidence maps. Let z € f~1(U).
Since U is a subgraph of I'; we have that d(f(z)) € U. Since f is a qmorphism,
we get that d(f(z)) = f(d(z)), so d(x) € f~'(U), concluding our proof that
gmorphisms which are continuous for the profinite topology are continuous for
the open-subgraph topology.

iii. Suppose first that I" is not connected for the open subgraph topology. Then I
is a disjoint union of open subgraphs, so by lemma 4.2.7, I" is not connected as
a profinite graph. Now by contraposition suppose that I' is not connected in
the profinite sense. In that case by the proposition 4.2.9 ;| there exists a non
constant gmorphism from I' to {0,1}. By continuity of f in sense of the open
subgraph topology, we conclude that I' is not connected for that topology, since

we found a non constant continuous map from I" to the discrete space {0, 1}.
]

Let us now briefly revisit the example in Ribes [41](2.1.8). Now that we know in
this light that the profinite connectedness is in fact a topological notion of connect-
edness, we can see that the compactification of the path P in N is a close analogue
to the famous example in R?: with the curve (z,sin(2)),z € (0,1] in R, The curve
is path-connected, just like the path P is, but its closure in a bigger space is not
connected. The details for this counter example can for example be seen in the

following topology textbook: [32] page 141.

4.3 Chain complex of profinite graphs

As we have seen in the section 2.4, a graph chain complex is useful for finding
properties of a graph: mainly whether the graph is connected and whether is is
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a tree. We will see that it is the case for profinite graphs as well, but we need
to change the notion of a complex to adapt it to the profinite structure. Instead
of working with complexes over rings, we will work with complexes over profinite
rings. Another difference to resolve is that in the case of abstract graphs, we take a
sequence R[E(I")] — R[V(I')] — R. The problem with the case of profinite graphs
is that E(I") is not necessarily a profinite space. It is when E(I") is closed in which
case we can do the same theory, but with profinite topology added on top. If not
what we do is by factoring by the set of vertices V(I') (which is always closed for
a profinite graph), we collapse all vertices onto a single point. That point has to
be zero for the complex to make sense, which is why we have the definition that
follows:

Definition 4.3.1. Let T" be a profinite graph. Consider the pointed profinite space
(F/V(F) %)’ with x being the class V(T') in the quotient. Take R to be a profinite

ring. We take O the continuous map from <F/V(F)7 %) to R[[V(T')]] the free profinite

module over V(') that to T € F/V(F) associates t(x) — o(x). It sends * onto
0 and therefore can be extended to a linear continuous map from the free pointed

module RHF/V(F)? || to R[[V(I")]], which we shall call O as well. Now consider e

the continuous map from V(I') to R constant and equal to 1. It can be extended to
a continuous R-linear map from the free module R[[V (I")]] into R, which we shall
call the augmentation map and denote it € as well. We observe that e o 0 = 0 and
therefore we can consider the complex:

RV ()] — 2 RV - R — 0

We call it the chain complex of I with coefficients in R.
We call the zeroth homology the profinite R module Hy(T', R) = ker(e)/i (0) and
the first homology the profinite R-module: H,(I', R) = ker(0).

We can do a more classical homology without pointed spaces if we consider
E(T) closed we shall now prove that if that is the case the two give isomorphic
chain complexes.

Proposition 4.3.2. Let I' be a profinite graph. Let
0
R4 (0,4l —— RIV(D)] =~ R —0

be its complex. Suppose that E(T') is closed in I'. Now consider the continuous
map 0" from E(T') to V(') that to e associates t(e) — o(e). We extend it into a
continuous R-linear map from R[[E(T)]] to R[[V(T')]], which we shall still call J'.

Then there exists an isomorphism u from RHF/V(F)’ || to R[[E(I)]], such that the

diagram:
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RITAr(ry ) —— BRIV -5 R — 0

RIED) — 2 RVE)) % R —0

commutes. In particular the chain complexes are isomorphic.

Proof. Consider the map u from I' into R[[E(T")]] that sends any element of V(I)
onto 0 and an element of F(I') onto itself. The map u is continuous on both V(I
and F(I'), which are disjoint opens in I', therefore it is continuous. Furthermore it is
constant on V/(I'), therefore it can be factored into a continuous map which we still

shall call u from P/V(F) to R[[E(T)]]. We have that u(x) = 0 and therefore u can

be extended to a unique R-linear continuous map from R[[F/V(F), x| to R[[E(T)]].
To prove that u is an isomorphism of profinite R-modules, we shall find an explicit
inverse. Simply consider v the continuous map from E(I") to F/V(F) that sends
an edge into its class in the quotient. It can be extended to a R-linear map from
R[[E(I]] to RHF/V(F)’ *]]. The maps v and v restricted to the bases are inverse
to each other, therefore they are inverses to each other as maps of modules. Finally
let us prove that & ou = 0. Let x € F/V(I‘)' Then

' (u(x)) = (0) =0 = 9(u(x)), if x is the class V(I

If z € E('), then &' (u(z)) = t(z) —o(x) = d(x). Since ' ou and 0 are equal on the
basis of RHF/V(I‘)? ]|, then they are equal everywhere which concludes the proof.
Since the chain complexes are isomorphic, so are the homologies. O

Now we will prove that the notion of connectedness is characterized by the ho-
mology.

Lemma 4.3.3. Let o be a q morphism of profinite graphs I',T" and R a profinite
ring.

a) If o is surjective, then Ho(a, R), the induced morphism on the zeroth homology
1S surjective.

b) If « is injective, then Hy(«, R) is injective.

c) If T' is a projective limit of a projective system of profinite graphs T';, then
Ho(T', R) is a projective limit of the Ho(I';, R) and Hy(I', R) is the projective
limit of the Hy(T';, R).



108

Proof. a) Suppose that a from I" to IV is surjective. By the lemma 3.3.3, if €’ is the

augmentation map of R[[V(I")]], then R[V (I")] Nker(¢') is dense in R[[V(I")]].
The module R[V (I')] Nker(€') is generated by the x — y, with z,y € V(I'"). The
linear map h from ker(e) to ker(¢') then is surjective, since im(h) is closed in
ker(¢') and contains all the x —y , with x,y € V(I) by surjectivity of a. We
then get that Hy(«) is surjective.

Now suppose that « is injective. By 3.3.4, the linear map induced by a from
!/

RHF/V(F)’ || to RHF/V(F’)? ]| is injective and therefore H;(«a) is injective as

well.

Let (p;)ier be the natural projections of I' onto I'; with I' seen as a projective
limit of the I';. Let 0; be the boundary map from RHFVV(R)’ ]| to R[[V(L;)]]
and ¢; the augmentation map on R[[V (I';)]]. Furthermore let 0 be the boundary
map of I" and e the augmentation map from R[[V(I")]]. One can check that:

Vi€ I,p;0 = 0ip;

and that:
Vi € [, €;P; = €

With p; denoting the appropriate induced linear map. Now consider the unique
isomorphism f from R[[F/V(F), *]] to the limit L = @RHF/V(F-) *]], such that
i€l
m; o [ = p;, with m; being the natural projection of L onto R[[FVv(p)a ]]. Let
us show that f is an isomorphism from ker(9) to {(x;)ic; € L|Vi € I,0;(x;) =
0} = ljr? ker(9;). The map f is injective as a restriction of an injective map. To
1€

prove that f is surjective, consider (y;);cs a collection in Lin? ker(0;). Since it is a
1€

collection in L, then there exists x € RHF/V(D)? *]], such that f(x) = (y;)ier. Let

us show that d(z) = 0. For that, it is enough to prove that Vi € I, p;(9(y)) = 0.
If we take i € I, we obtain that p;(0(y)) = Oipi(y) = 0;(x;) = 0. Since f
is an isomorphism and ker(d;) is by definition H;([';, R), then H([', R) and
liier? H,(T';, R) are isomorphic.

Let us prove the same result for Hy. Consider g the unique isomorphism of
projective limits from R[[V(I')]] to L' = Jm RV (T;)]. Now restrict g onto ker(e)
iel
and compose it with natural projections into quotients to get a map ¢ from
ker(e) to Jim Ho(I';; R). The map g is surjective for the same reason the map
i€l
f was. Let us show that its kernel is exactly im(0). To do that suppose that
9(y) = (9i(pi(x:))).
Now by contradiction assume that there is no x € R[[F/V(F)]], such that y =
O(z). In that case:

(piod) ' ({pi(y)}) = 0

el
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Indeed if there was an x in that set, then for all i € I, p;(0(x)) = pi(y) and
therefore 0(x) = y. Using the continuity of the map p; o 0 and compactness, we
then get that there exist 71, ,1, € I, such that:

ﬂ D, © {plk( )}) =0

Now consider j an upper bound of {3, -- ,4,} and ¢;, ; the transition map from
I'; to I';,. In that case:

Pi0(25) = i3 (p5(9(x5))) = 01,5003 (7)) = Dir5(Ps () = pir (y)

Since this is true for an arbitrary k, we get that z; € () (pi, © §) " ({pi.(¥)}),
k=1

which is a contradiction. This proves that y € im(9), hence we conclude that g
is an isomorphism of R modules and that

Hy(T, R) = lim Hy(T;, R)

el
0

Proposition 4.3.4 (Connectivity criterion). A profinite graph T is connected if and
only if for every profinite ring R, Ho(I', R) = {0}.

Proof. 1f we write I' as a projective limit of I'; of finite graphs with the natural
projections p; all surjective, then I' is connected if and only if all the I'; are path-
connected. Furthermore by the lemma if all the p; are surjective, then all the
Ho(ps, R) are surjective. Hence Hy(I', R) is equal to zero if and only if Hy(I';, R) is
zero for all 7. It is therefore enough to prove the theorem for the case I' finite.

Assume first then that I' is connected. We can complete I' into an undirected
graph f(as defined in chapter 2), by formally adding inverses of the edges. The
edges in T’ will then form an orientation on I and the homology computed in the
sense of this chapter will be the same homology as defined in: 2.4. Furthermore
since we assumed that I" is connected, then Hy(I',Z) = {0}. Then by the universal
coefficient theorem: if R is a ring, we get an exact sequence of the form:

0— Ho(I',Z) ® R —— Hy(I', R) — Tor{(H_(I", Z), R) —— 0

We have that Hy(I',Z) = {0} and H_;(I',Z) = {0}, therefore Hy(I', R) = {0}.
This being true independently of the ring R, it is true for any profinite ring as well.

Now suppose on the other hand that Hy(I', R) = {0} is true for any profinite ring
R. Let us show that I" is connected. We simply take R = F5, the finite field with two
elements. Let z,y € V(I'). Let us show that there exists a path from z to y. Since
y—x € im(0), there exist ey, -+ ,e, € E(I'), such that x —y = J(e1) + - - - + I(en).
Just like in the proof of 2.4.3, we can prove by induction on n that we can rearrange
the edges into a path from z to y. It is in fact even a little easier, since thanks to
the coefficients in Iy, we do not need to worry about signs. The graph I is therefore
connected and that concludes the proof. O
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4.4 Profinite Trees

So far the approach we took for generalizing a notion from graph theory to profinite
graphs, we proceeded by taking limits of finite graphs that verified the notion we
wanted to generalize. Following this approach, we could define a profinite tree as a
limit of finite trees. Such a definition however defies an intuition one usually has of
trees: that is connected graphs with no cycles.

Take for example the following profinite graph:

For n € N\ {0}, we define C,, to be the cycle of length n: ie a tree whose

vertices are: elements of Z/nZ and whose edges are {eg, - ,e,_1} such that for all

ke Z/nZv o(ex) = k and t(ex) = k + 1. For m dividing n, the transition map from
C, to C,, is the

c, — C,,

Pmpn = N " if:UGZ/nZ
ezm if v =ep, k € Z/nZ

The image below illustrates the transition map for the case n = 6 and m = 3. The
edges and vertices of a certain color are sent to the edges or vertices of the same
color.

€1
2 —(1 1 .
/\60 \
3 P36
0 — € 0
63\
4
e 5 2

The limit graph has no cycles, because any loop for smaller n will eventually get
lifted into a path without a loop for a high enough multiple of m. When looking
for trees then, the right notion seems then to be cycles, rather than just plain limits
of trees. The tool for detecting cycles in graphs is Hy, but we cannot simply pick
it with coefficients in Z, because that would disregard the profinite structure, so
we take the coefficients in the profinite completion of Z: Z and end up with the
definition that follows:

Definition 4.4.1. Let I be a profinite graph. We say that T' is a tree, if I' is
connected and H'(T',Z) = {0}.

We will show that the example that we gave above is a tree in the sense of this
definition. What we can observe is that profinite trees are connected and without
cycles, but we will also show that not all connected profinite graphs without cycles
are profinite trees.

Remark. There is a more precise notion of a tree. Sometimes instead of studying
actions of all profinite groups, we want to restrict ourselves to only pro-p groups
or more generally groups with only certain primes involved. In that case we would
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consider H; with coefficients of certain products of p- completions of Z: Z,. If we
would denote the set primes in the product m, then the definition of a m-tree would
be a connected profinite graph with H'(T, [ Z,). However we won’t study this

peET
case in here. It is covered in more details in Ribes’s book [41] section 2.4.

Proposition 4.4.2 (properties of profinite trees).
a) A finite tree is a profinite tree.
b) Limits of profinite trees with surjective natural projections are profinite trees.

c) A profinite tree has no cycles: i.e for any path (x,eq,- -+ ,en, x), with ey, -+ e, €
E(G), there exist distinct i, j, such that e; = e;.

Proof. a) Let T be a finite tree. The graph T is then by definition path-connected,
so it is connected. Now consider d to be the boundary map from Z[[E(T)]] to
Z[[V(T)]]. Since E(T) is finite, we have that Z[[E(T)]] is equal to the free Z-
module Z[E (T')] Therefore the homology H; is just a regular homology, without
the profinite structure and we can compute it using the universal coefficient
theorem. 7' is a tree, therefore we get that H(7,Z) = {0}. Using the universal
coefficient theorem, we get the following exact sequence:

0— Hy(T,Z) ® Z — H\(T,Z) — Tor*(Hy(T,Z),Z) — 0

Since T is a tree, we get H,(7,Z) and Hy(T,Z) that are zero which leads to the
conclusion that Hy (T, Z) is zero and therefore T is a profinite tree.

b) Suppose that T is a limit of trees (T;);c; with surjective natural projections, then
T is connected as a limit of connected profinite graphs. Furthermore we have by
the lemma 4.3.3 that Hy(7,Z) is isomorphic to hrrIl Hy(T;,7Z), which are all zero

1€
since T;s are assumed to be trees.

In particular a limit of finite trees is a profinite tree.

c¢) Letp = (z,e1, -+, en, ) be apath. There exist then incidence maps di, - - - , d,, €
{o,t}, such that dy(e;) = x, d,(e,) = x and such that for all k& < n, dg(ex) =
di+ (ex+1) We write for k between 1 and n

1ifdk:0
€ —
—1ifdy =t

n
Since p is a path from z to itself, we get that 9(>_ ere) = 0. Since 9 is injective
k=1

map (by assumption 7" is a profinite tree), we get that » exe,, = 0, which implies
k=1

that there exists some 7, j distinct such that €;e; = ¢je; and e; = e;. The graph

T is therefore without cycles.

]
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A natural question is whether a connected profinite graph without cycles is a
profinite tree: we will now show that it is not the case.

Example 4.4.3 (A connected profinite graph with no cycles that is not a tree). Take
p some prime number. For n € N, consider C), the cycle of length p", i.e a graph
whose vertices are Z/an and edges ef, -+, ey, With o(ef) = k and t(ep) = k+ 1.
We consider for n > m, the transition map from C,, to C,,:

C, — C,
_om . 7
T =4 xpm itz € /an
7P . 7
kW ifx=ep k€ /an

and take G the limit of the C),. The graph G is then connected as a limit of connected
graphs. Let us prove that G has no cycles. By contradiction, assume that there
is a cycle (z,eq,--+ ,e,,x) with e, e, distinct edges in G. Since ey, --- , e, are
distinct, there exists a number m € N, such that m,,(e1),- -, mn(e,) are all distinct
(with m,, the natural projection of G on C,,). Now let n be a natural number, such
that p” > a and n > m. In that case (m,(z), m,(e1), -, Tn(€q), Tn(x)) is a cycle in
C,, of length a < p”, which is impossible, since the length of all cycles in C), has to
be a multiple of p".

Now that we know that G is without cycles, let us prove that is nevertheless not
a profinite tree. In order to do that, we need to find a € Z[[G/V(G)’ *]], such that
d(a) =0, but a # 0.

We know that Z can be represented as the infinite product [][ Z,. Take ¢q a

q prime
prime that is coprime with p. Then ¢" for all n is coprime with p and therefore

p is invertible modulo ¢". Using the axiom of choice, we can construct a sequence
(tn)nen, such that pu, = 1[¢"] and v, = u,_1[¢""']. This sequence gives us a
number v in Z, and therefore in 7. The number v has the property that pv is equal
to 19, which we define as the number in 7 associated to the number 1 in Zq. Now
define a sequence v, by vy = 1 and v,, = v™ for n # 0. Then take

p"—1
(an)nen = (Un Z 62)
k=0

Due to the property pv, = v,_1, we get that this sequence is compatible with
transition maps from Z[E(G,)] to Z[E(Gy,)] for n > m and it therefore defines a

non zero element in Z[[G/V(G), *|], which we shall call a. Observe that d(a) is zero,

because component by component, a is a multiple of a cycle. However a is not zero,
proving that G is indeed not a profinite tree.

Example 4.4.4 (A profinite tree that is not a limit of finite trees). This time
consider the graph G from 4.4 that is the limit of cycles C),, with transition maps
DPm.n for m dividing n. Let us show that such a graph is a profinite tree. Consider
u € ker(0) an element on the augmentation map. By contradiction, assume it
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is non zero, then there exists n € N, such that m,(a) # 0, with 7, being the
natural projection of Z HG/V(G)H to Z[E(C,)]. The element ,(u) is then a cycle

in Z[E(C,)]. Using the universal coefficient theorem, we can observe that cycles in
C), are generated by e +- - -+e)'_; and therefore there exists u € Z, u # 0, such that
m(u) = aley +---+ el ;). Since a is not zero, there exists an integer ny, such that

Pn, (@) is a non zero element in Z/nZ’ with p,,, the natural projection of 7 on Z/n1 7

Now let m = nyn. We have m,(u) = b . e/, with b € Z. Then by applying the
k=1

transition map from Z[E(G,,)] to Z[E(G,,)], we get that n1b >. €7, = a 3. e?_, and
k=1 =1
therefore n1b = a. This is however impossible, since p,, (n1b) = 0 and p,, (a) # 0,

which concludes the proof that G is indeed a profinite tree.

4.5 Profinite covering graphs

In this section, we will generalize the notions we have seen in chapter 2. We will focus
mainly on normal covering graphs, which in case of profinite graphs will be called
Galois coverings. We will give a definition using a free action of a profinite group,
we will show that in the finite case it’s equivalent to the classical definition given in
chapter 2 and then we will prove that every Galois covering can be seen as a profinite
limit of finite covering graphs. This section is based on the work of Amrita Acharyya
, Jon M Corson and Bikash Das in [1|. Note that it uses undirected profinite graphs,
while up until now we have been working with directed ones. Furthermore just like
in [1], we will assume that our profinite graphs have a closed set of edges i.e that
they are limits in the category of graphs with morphisms.

4.5.1 Undirected profinite graphs

First note that the category of undirected graphs together with morphisms form a
pre-profinite category as defined in 3.1.4. We can then define undirected profinite
graphs as follows:

Definition 4.5.1 (Undirected profinite graphs). We define an undirected profinite
graph as a profinite object (I, (picr)icr) in the category of undirected abstract graphs.

Just like in 4.1.4, we have the following characterization of undirected profinite
graphs:

Theorem 4.5.2 (characterization of undirected profinite graphs). Let I' be a com-
pact Hausdorff topological space, together with continuous maps o,t from I' to a
clopen subspace V', such that (I',V,o0,t) is an undirected graph with a continuous
inversion map. Then I' is a profinite undirected graph if and only if I is totally
disconnected as a topological space.

Proof. We will take a similar approach as in 4.1.4. We know that one implication
is a simple consequence of 3.1.10. To prove the other implication, we take €2 the set
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of clopen equivalence relations on I'. Now let R € Q. Since E(I') and V(I") form an
open partition of I', we have that RN (E(T)?IT1V (T")?) is an open equivalence relation
that has the property that edges can only be equivalent to edges. Now define

R = {(z,y) € RN(ET)*IV(I')?), o(x)Ro(y), t(x)Rt(y) and if x € E(I'), then TRy}

Similarly to 4.1.4, we can show that this equivalence relation is compatible with
the graph structure and is open. Thus we conclude that I' is indeed an undirected
profinite graph.

O

4.5.2 Covering graphs form a preprofinite category

As a reminder in section 2.2.7, for an abstract undirected graph I' and x a vertex in
V(I"), we define a star at a vertex x: St(I',z) := {e € Glo(e) = x or t(e) = x}. Now
we define the following category: The objects are triplets (I', A, ), with I" and A
abstract undirected graphs and £ a morphism of graphs, such that for every x € T,
¢ is a bijection from St(T', x) to St(A,£(z)). The objects are then called coverings.
A morphism of coverings (I', A, &) and (I, A’,£’) is a pair of morphisms of graphs
(u,v), such that the diagram:

§

r——A

F/ N A/
6/

commutes. One has to be a little careful here as we do not assume £ to be
surjective, which is typically the case in the theory of covering graphs. Let us show
that this category is preprofinite in the sense of the definition in 3.1.4. First, we
define the forgetful functor F in the following way: To an object O = (T', A, &), we
associate F'(O) = 'l A and to a morphism (u, v) of objects (I', A, &) and (I, A’,¢),
we associate the map

FTA —TIVITA

N (8

The functor F' is faithful.

Now we will prove that projective limits exist in this category and that F' com-
mutes with them.

Let ((Os)ier, (¢ij,¥ij)j>i) be a projective system in the category of covering
graphs, such that for all ¢ € I, F(O;) is a finite set. We write for i € I, O; =
(I';, A, &). We then define (I', (p;)ier) as the limit of the system ((I';)ier, (¢5,)j>i) in
the category of graphs with morphisms and (A, p}) to be the limit of ((A;)ier, (¥ij)>:)
in the same category. The morphisms (§; o p;);c; are compatible with the transition
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maps (1 ;);>; and therefore by definition of a projective limit, there exists a unique
morphism £ from I' to A , such that the diagram:

4>A

r
Pih hpé
T

— A

&

commutes for every ¢ € I. Let us show that (I, A, ) is a projective limit. We
need to prove that ¢ is locally bijective. For that, take x € V(T").

For every i € I, we denote 7); the inverse map of &; from St(A, &;(x;)) to St(T'y, ;).
Now take (€;)ic; € St(A,&(z)). We have Vi € I,e; € St(A,z;). Indeed we have
that d((e;)ier) = =, with d being either o or ¢ and so d(e;) = z; for all i € I, so
e; € St(A;,x;) for all i € I. The collection (n;(e;))ier is well defined. Now let us
prove that it is compatible with the transition maps ¢; ;. For that take ¢ € I and
7 € I, such that 7 > 7. We have that:

§i(ii(ni(e5))) = i (5 () ej)) = ij(e;) = e

(2

Since
&i(dii(ni(e;))) = e
Then by applying n;, we get:

¢ij(mi(e;)) = ni(e:)

proving the compatibility of the collection with the transition maps. We conclude
that:

(ni(€i))ier € T. More precisely we have that (n;(e;))ie; € St(T',z). We can then
define the map:

(€i)ier = (milei))ier

This map is the local inverse of £, since their both compositions equal identity
component by component.

We have proven therefore that (I'; A, ) is a cover, now we need to prove that it
is a projective limit, but that comes directly from the fact that both I' and A are
projective limits.

Now we need to prove that I' IT A is also a projective limit of the sets I'; IT A;.
Write for j > i

{St(A,g(x)) — SHT, z)

Us5 = N Qﬁi’j(‘r) if v € Fj
wi,j(x) if v € Aj

And denote A the limit of the projective system ((I'; II A;)er, (u;;)j>i). Note that
if (a;)ie; € A, then either for all i, a; is in T';, or for all 4, a; is in A;. Thanks to
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that we obtain a straightforward isomorphism between I' I A and A, proving that
F((T', A, €)) is isomorphic to the projective limit of the F((I';, A, &)).

There is one last property of F' to prove.
Let 01 = (Fl,Al,fl),OQ = (FQ,AQ,&’Q) and 03 = (Fg,Ag,&g) be three ObjGCtS n
the category of covering graphs. Let (u,v) be a morphism from O; to O3 and (g, h)
a morphism from O, to Oq, such that F((g,h)) is surjective and finally let f be a
map from F(O;) to F(Oj3), such that the diagram:

F(Oy) L F(O3)

F((g, h))[ ﬁ(u,v))

F(O,)

commutes. Let us show that there exists a morphism (w,z) from F(O;) to
F(O3), such that F((w,z)) = f.

First let us prove that f(I'y) C I's and f(A;) € Az. We take = € I';. Since
F((u,v)) is surjective, and x € T'1, there exists y € I'y, such that u(y) = x. Then

f(x)=F((g,h)(y) = g(y) € '3

The proof that f(A;) C As follows exactly the same logic. In that case denote fi,
f restricted to I'; and fo, f restricted to Ay. The fact that f; and f; are morphisms
follows simply from that fact that graphs are a preprofinite category. We therefore
conclude that f = F((f1, f2)).

As such, we can therefore define a category of profinite graph coverings as profi-
nite limits of finite coverings of finite graphs.

Now we want to establish a Galois theory of profinite covering graphs to gener-
alize what we have seen in chapter 2. In order to do that, we will need to define the
notion of a subcovering graph and a notion of a normal cover. For normal coverings,
we will use the definition coming from Ribes [41] in Chapter 2: on Galois coverings.

Definition 4.5.3. Let C = (I', A, &) be a covering graph, we call a subcovering graph
of C a triplet (I, &', u) with & and uw morphisms of graphs, such that (I, A,£') is
a covering graph of A and (I',T",u) is a covering graph of I" and such that the
following diagram commutes:

A morphism of subcovering graphs of (I, A,€): (I, &', u) and (I, £",u'), Is a
continuous morphism of graphs f from I to I such that the following diagram
commutes:
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5/

u/ 5//

F/I

Definition 4.5.4 (Group action on a graph). Let G be an abstract group and I'
an abstract graph. An action of G on T', is a morphism ¢ from G to Aut(T).
We often denote ¢(g)(x) as g -x. We say that G acts without edge inversions if
Vee E(I'),g-e#e.

Not that of a group acts we can without edge inversions, the quotient graph of
an undirected graph is also undirected.

Definition 4.5.5 (Galois coverings). Let G be a profinite group acting freely (and
continuously) without edge inversions on an undirected profinite graph T'. Let A be
the profinite graph 11/G, 1.e I', quotiented by the closed relation: x ~ y < dg €
G,x = g-y. Finally let £ be the natural projection of I' on A. We call the triple
(I, A€) a Galois covering.

We can now prove that if (I', A, €) is a Galois covering, then is a covering,.

Let x € V(I'). First let us show that & is injective on St(I',z). Let e, e’ € St(I', x)
be two edges, such that {(e) = £(¢’). In that case there exists g € G, such that
e/ = ¢g-e. We now distinguish two cases:

e Case 1: o(e) =x and t(¢’) = x.
In that case t(g-e) = x = o(¢), thus ¢ - * = x and since G acts freely, that
implies that ¢ = 15 and e = ¢’.

e Case 2: o(e) =x and o(¢/) = x. Then g-x =z and so e = €.

Now let us prove that £ is surjective. Let [e] € St(A, [z]), with [z] denoting the
class of = in the quotient. In that case, there exists g € G, such that o(e) = g - .
Thus we have that g7'-e € St(I',x) and £(g7" - ) = [e]. We can therefore conclude
that (I', A, ) is indeed a covering. We will now show more specifically that it is a
profinite covering.

Proposition 4.5.6. Let (I', A, &) be a Galois covering, with G acting without edge
inversions, then (I', A €) is a profinite covering.

Proof. We will adapt the proof in Ribes [41], Proposition 3.1.3.

Let W denote the set of all open subgroups of G. For N € N, we denote 7wy the
natural projection of I', onto the quotient graph I'y = F/ v+ The group G/ v is then
a finite group and acts freely on 'y, therefore there exists a directed set I}, such
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that I'y is decomposed into lgn 'y, with I'y; finite undirected graph and G/ N
iclly

acting freely on I'y;. Denote ¢n; the natural projection of I'y onto I'y ;. Now for

g€ G/ v consider

F,i={e€ E(I'n),¢ni(g-€) = oni(e)}

Since G/ v acts without inversions of edges, we get that () Fy; = 0. Indeed if it
i€y

were nonempty and contained an e € E(I"), then g - e = €, which is a contradiction.

By compactness, we can therefore find an i, € I}, such that Fy; = (. Then denote

in an element of I}, that is greater than all the i,. (Possible since G/ v is finite).

Then denote Iy = {i € Iy|i > iy}. One can then prove that I'y is a projective

limit 1&11 I'n; and for all ¢ € Iy G/ v acts without edge inversions. The collection
i€IN

(i, Eniy Ani), with {y; the natural projection of I'n; on Ay,; = FvaG/N is

therefore a finite covering. One can prove that I' is a limit of the I'y; and therefore
it is a profinite covering. O

This result justifies the definition that follows:

Definition 4.5.7. A profinite covering (I, A, ) is called normal, if it is isomorphic
to a Galois covering.

Alternalitevely if we take I' and A be two graphs. Let £ be a surjective morphism
from T to A, we can say that (T',¢) is a Galois covering of A if there exists G a
profinite group acting freely on I', such that

Vo,yel'{(z) =§(y) < dgeG,g-z=y

As shown in [41],section 3.2 of Chapter 3, a Galois covering can be seen as a
subgroup of automorphisms of the graph. We will show more precisely that in case
of a connected profinite graph it corresponds to the automorphisms fixing &, which
in terms of chapter 2 would correspond to deck transformations.

Proposition 4.5.8. Let (I',£) be a Galois covering of A with the profinite group
G. Suppose that T is connected: then G is isomorphic to the automorphisms of ',
fixing &, i.e the subgroup

Aute(T) = {g € Aut(T)|£ 0 g = £}

Proof. By adapting the Proposition 3.1.3 in [41] to undirected graphs, (I",£) can be
decomposed into finite Galois coverings with surjective natural projections: (I';,&;)ier-
We then denote for an i € I p; the natural projection of I" onto I'; and p/ the natural
projection of A onto A; with:



119

L

r A
Pih hpé
T

A
&i
Furthermore take for j > 7, ¢;; the transition map from I'; to I';. Now let
f € Aute(G). Since { o f =&, we pick a € I' and then there exists by definition a
g € G, such that:

fla)=g-a

Now for every i € I take NV; the open normal subgroup of GG, such that G/ v together
with (I';,&;) is a Galois covering of A;. We then get

Vg€ G Yx e T, pi(g-x) =g" - pi(x)

Take i € I. By continuity of f, there exists j > ¢, such that if p;(z) = p;(y), then
Since I' is connected, then I'; is connected as well. We can then do an induction:
Consider

A={uel|Vz € T, pj(x) = u=pi(f(2)) =7" - di;(u)}

We will now prove that A is non empty and has the two following inductive
properties:
Vue AVeeT,0e)=uortle)=u=ecA

Vu € A,o(u) € A and t(u) € A

Basically we require that if w is in A, then all of its neighbors are in A as well, which
coupled with the connectedness of I' will let us conclude that A is equal to T';.
First of all A is non empty, since p;j(a) € A. Now suppose that u € A and
take ¢/ € T';, such that d(e’) = u, with d an incidence map (origin or terminus).
Let e € I', such that p;(e) = €’. Since £(f(e)) = e, there exists ¢’ € G, such that
fle) = ¢ -e. In that case p;(f(e)) = EM - pi(e). Since p; and f are morphisms,
we get that d(p;(f(e))) = pi(f(d(e))). Since p;(d(e)) = u, then by definition of the
set A, we get: d(p;(f(e))) =g~ - ¢ij(u). Now on the other hand we also have that

fle) = ¢ -eand so p;(f(e)) = ENi - ¢ j(u). Since the action of G/Ni on I'; is free

we get that g/ = g™ and as such, pi(f(e)) = g"i-e. This being true for all e, such
that p;(e) = €’ we get that ¢’ € A. The proof that if u € A, then o(u) and t(u) are
in A is very similar, so we skip it.

We conclude therefore that A = I';. Now let us show that this implies that
for every x € I', f(z) = g - . Let x € I, then: p;(z) € A. Therefore p;,(f(z)) =
gV - pi(z) = pi(g - x). That being true for every i € I and every x € I', we conclude
that f =g. O]
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Now we prove more generally that for connected profinite coverings, the group
of deck transformations is a profinite group.

Proposition 4.5.9. Let (I'; A, £) be a connected profinite covering graph (I' and A
are connected ), then together with its open compact topology: Aute(I') is a profinite

group.

Proof. Since (', A, £) is profinite, it is a limit of (I';, A, &;)es finite covering graphs.
Furthermore by corestricting the natural projections (p;, p;) to their image we can
assume that p;, p} are surjective for all ¢ € I. In that case, since I' and A are
connected, we get that for every ¢ € I, I'; and A; are connected.

Now to prove that Aut¢(I') is profinite, we make first the simple observation
that Aute(I') is closed in Aut(I"), so it inherits its topological group structure. Now
using, the result from the proposition 4.1.1, all we need to prove is that for all i €
, the set A; = {p; o glg € Aut¢(T")} is finite. Take a € V(I'). Let us show that the

map
piog— pi(g(a))

is injective. Let g,h € Aute(I'), such that p;(g(a)) = p;(h(a)). By continuity of g
and h, there exists j € I, such that

Vr,y € I',pj(z) = p;i(y) = pi(g(z)) = pi(9(y)) and p;(h(z)) = pi(h(y))

Now consider
X ={uely|Ve e I',pj(z) = u = pi(g(x)) = pi(h(x))}

Since I'; is connected, we can do the same induction as in the previous proposition.
We need to prove the statements:

Vue X,VecTj,ole)=uortle)=u=eecX

Vu e X,o(u) € Aand t(u) € X

Assume that u € X and let e € I';, such that d(e) = w, with d being an in-
cidence map (terminus or origin) and let ¢ € I', such that p;(¢/) = e. In that
case p;(d(¢’)) = w and by definition of X: p;(d(g(e))) = pi(d(h(e))). Then we
get that p;(g(e)) and p;(h(e)) are both edges in Str,(g(e)). Furthermore, since
&i(pi(g(e))) = pi(§(g(e))) = pi&(e)) = &(pi(h(e))), we get by injectivity of & at
the star of p;(d(e)) that p;(g(e)) = p;(h(e)) and therefore €’ € X as expected. Just
like in the previous proposition, the proof of the second statement needed for the
induction is very similar and will be skipped.

We now can conclude, using that I'; is connected that X =TI';. Now if we take
x € I', then p;(x) € T'; and therefore p;(g(x)) = p;(h(x)). Since this is true for all
x € I', then p; o g = p; o h, proving that the map ® we started with is injective.
Since A, is a finite set and @ is an injection, we get that A; is a finite set as well.

We can therefore conclude that Aute(I") is indeed profinite. O
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Remark. A similar proof would work even under the assumption that I' has a finite
number of connected components, but I suspect that the statement can be false if
we get infinitely many connected components.

Proposition 4.5.10 (Uniqueness of liftings). Let (I', A, &) be a profinite covering
graph. Let G be a profinite connected graph and f a continuous morphism from G

to A. Letu € I' and v € A, such that f(u) = &(v). Let h,h' be two continuous
morphisms, such that the diagram

G ! A
\h\z\ S
r

commutes and such that h(u) = h'(u) = v, then h = h'.

Proof. We start by writing (I', A, f) as a limit of ((I';, A;, f;))ier finite covers. We
denote p; the natural projection of I' on I'; and ¢; the natural projection of A on
A;. We also write G as a limit of (G;);es and denote 7; the natural projection of G
onto G;. We assume that all the 7; are surjective and G; are therefore connected.

To prove that A" = h, we show that m; 0 h = m; 0o b’ for all i € I. Let j € J such
that

Vi' > j,Va,y € Gy (x) =m0 (y) =
(pi(h(x)) = pi(h(y)), pi(h' (x)) = pi(h'(y)) and q;(f(2)) = a:(f(y)) )

Let hj, b} be the induced morphisms from G; to I'; and f; the induced g-
morphism from G; to A;. In that case we get that:

i

Now assuming that we have proved the proposition in the case of finite graphs,
we can conclude that h; = h;. By contradiction now assume that p; o h # p; o h'.
In that case there exists © € G, such that p;(h(z)) # pi(h'(z)). In that case
hj(mj(x)) # hj(m;(x)), which is a contradiction.

Now we shall prove that the result is true in the finite case. From now on we
assume that (I, €) is a finite cover of the finite graph A and G is a finite connected
graph with a morphism f. Furthermore assume that u € G and v € I', such that
f(u) = &(v). Assume that h,h’ are two morphisms from G to I', such that the
following diagram commutes:
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Finally assume that h(u) = h'(u) = v. Let us prove that under these conditions,
h = h'. To prove it, we will use the connectedness of I" and use induction. Let

A={x € Glh(z) =h(x)}
To prove that A = (G, we us induction and we shall prove that
Vee Go(zr)e Aort(z) e A= e A

and

Vr € A,o(x) € A and t(x) € A

Let d € {o,t} be an incidence map. Assume that d(z) € A. Then h(d(x)) = h'(d(x))
and h(x),h'(z) are therefore in the star of d(h(x)). Furthermore £(h(z)) = f(z) =
¢(R(x)) and by injectivity of £ on stars we get that h(x) = h'(z) and therefore z € A.
Now suppose that z € A. We get that h(x) = h/(z) and therefore d(h(x)) = d(h'(z)).
Since h,h’ are morphisms, we get that h(d(z)) = h/(d(x)) and therefore d(z) € A.
We conclude that A = G, hence the lifting is indeed unique. O

Now we are ready to state the fundamental theorem of Galois theory of profinite
covering graphs.

Theorem 4.5.11 (Fundamental theorem of Galois theory of profinite covering
graphs). Let (I'; A, §) be a profinite normal connected covering graph. Then there
is an inclusion reversing bijection ® between the closed subgroups of Aut¢(I') and
subcovering connected graphs (I, A, &) (up to isomorphism) of (I'; A €).

Proof. Let H be a closed subgroup of Aut;. The group H then acts continuously
and freely on I'. Now let f be the natural projection of I' onto I'' = F/ 77 the graph
of orbits under the action of H. We have that for every h € H and every z € T,
&(h-x) = &(x) and therefore by the universal property of the quotient, there exists
a unique continuous morphism of graphs £ from I"” to A, such that the following
diagram commutes

——A

|4

1“/
(I, &', f) is a subcovering, but we need to show that it is profinite and connected.
We denote G = Aut¢(I") and we decompose I into (I';, A;, & )ier Galois coverings
with (N;);e; being a basis of open normal subgroups of G and G/ N, acting freely and
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without edge inversions on (I';; A;, ;). For every i € I, N; N H is an open normal

subgroup of H. The group H/ H NN, injects itself naturally into G/ N, Consider
then

r_ T
b= /(H/HQNZ-)

If we denote f; the natural projection of I'; onto I", there exists £ morphism such
that following diagram commutes:

&i

14

I

All the (I, A;, &') are covering graphs. Now if we denote (¢; ;, ¥ ;);>; the tran-
sition maps for (I';, Ay, & )ier, we have using the universal property of quotients that
there exist transition maps ¢, ., such that for every j > i, the diagram:

2,5
¢ml l¢@
L, ——— I
fi

commutes. Now let us show that (I, A, &’) is a projective limit of (I';, A;, &) for
the transition maps ¢}, If p; is the natural projection of I' onto I';, we denote pf,
the natural map from I to I', such that the diagram

i ODi
L IO

| A

F/

commutes. To prove that (IV, A, ¢£’) together with the maps (pl, ¢;)ier (¢; being
the natural projection of A onto 4;) is a projective limit of the (I';, A;, &);er together
with the transition maps (¢} ;, ¥ ;) >, We need to prove that if (r;)cs is a collection
in [] T} compatible with ¢; ;, then there exists a unique z in I, such that for all

il

Uniqueness Suppose that for all i € I, pi(z) = pi(y). Let us write z = f(a')
and y = f(y'). Then for every ¢ € I, there exists h_iNmH € H/ N, H> such that
pi(z) = n -pi(y'). If we take j > i, we have that ¢; j(p;(z’)) = h_iNipi(y), but also
that ¢; ;(p;(2)) = Eijj(y’). Since G/Ni acts freely on I';, we get that h_jNi =n
The collection (h;);c; is compatible with the transition maps in the profinite group
G and (NV;);e; form a neighborhood basis of 15 and H is a closed subgroup of G,
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therefore there exists h € H, such that Vi € ,ENi = h_ZN In that case we get that
for every i € I, p;(z') = pi(h - y') and therefore ' = h - y'. As such since f is fixed
by the action of G, we get that f(z') = f(¥/'), so = = y.

Existence

Let (x;)ier € []T% be a collection compatible with the transition maps. By

icl

contradiction, assume that there is no x € T, such that Vi € I, fi(p;(z)) = z;. In
that case by compactness and compatibility of the collection with the transition
maps, there exists an i € I, such that for all x € T, f;(pi(z)) # ;. That is however
a contradiction, since both p; and f; are surjective maps. In that case let x € T,
such that Vi € I, f;(p;(xz)) = ;. In that case for all i in I, pi(f(x)) = x;, which
concludes the proof of existence.

Note that I'; are all path-connected, since I'; are and the projection f; is surjec-
tive.

We now know that (I, A, £’) is a limit of finite path-connected covers, therefore is
a connected profinite cover. We conclude that (IV,&’, f) is then a profinite subcover
of I'. We shall denote it ®(H). Furthermore, we denote (g = ¢ and fy = f'.

Let us now show that H and H' are equal if and only if ®(H) is isomorphic to
O(H').

Suppose that ®(H) and ®(H’) are isomorphic and let us show that H and H’
are equal.

Let u be the isomorphism between ®(H) and ®(H’). Then simply take h € H
and let us show that h € H'. Let us take a a vertex in I'. We have that

fur(h-a) = u(fa(h-a)) = u(fu(a)) = fu(a)

Therefore there exists by definition of fr an b’ € H, such that A'-a = h-a. Since G
acts freely, we get that h = A/, from which we conclude that h € H’'. Since H C H'
and H, H' play symmetric roles, we get that the two subgroups are equal.

This proves that ® is an injective map. Now we need to prove that & is surjec-
tive on subcovering graphs that is: if (IV, &', u) is a profinite subcovering graph of
(I, A €), then there exists a closed subgroup H of G, such that ®(H) and (I, A, &)
are isomorphic. Let H = Aut, ("), then H is a closed subgroup of G. Let us prove
that ®(H) and (I',I”,¢’) are isomorphic. The map wu is by definition invariant by
the action of H, therefore there exists a natural map f from 'y to I/, such that the
diagram:

r——

[ 7

%

commutes. Now let us prove that f is bijective. The map f is surjective because
u is (due to the fact that IV and I' are connected and w is a continuous covering
morphism). Now let Z/ 51 € T'y, such that f(z) = f(y). In that case: u(z) =
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u(y) and therefore &'(u(x)) = &' (u(y)), thus £(z) = £(y). Therefore there exists
g € G, such that g(x) = y and as such, u(g(z)) = u(z). Using the fact that I'
is connected and the previous proposition about uniqueness of lifts, we get that
u o g =u. Indeed: we have that the following diagram commutes:

r : A
Ng /
I
commutes that u o g(z) = u(x) and that (I, A,¢’) is a profinite covering, so by
the uniqueness of the lift given in the previous proposition, we get that u o g = wu.

Therefore g € Aut,(I') = H and as such fy(z) = fy(y) and so f is injective.
Now let us prove that the following diagram commutes:

€

FH4>A

|

VA

Let 77 € T'y. In that case:

§(f(@) =& (u)) = {(x) = Eu(T)

proving that the diagram indeed commutes. We therefore get that I'y and IV are
isomorphic, showing that ® is indeed a bijection between closed subgroups of G and
isomorphism classes of connected profinite subcovering graphs of (I', A, ).

The next step is to show that ® is inclusion reversing: i.e if H is a subgroup of
H', then ®(H’) is a subcovering graph of ®(H). That is however straightforward:
since there exists a natural surjection from 'z to I'y which to a class 77 " associates

the class 7.

The last step is to show that ®(H) is normal if and only if H is a normal subgroup
of G. Suppose first that ®(H) is normal. In that case there exists a profinite group
/
G’ and a graph I, such that ®(H) is isomorphic to the covering (I”, F/G/, ), with 7
being the natural projection of I'” onto P,/G/. We then denote (u,v) an isomorphism
between them. We then have the following commutative diagram:

u

FH—>A

F/ RN F//
T G’
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Now take g € G and h € H. Let us prove that ghg™' € H. Let a € I'y. Then
there exists ¢’ € G, such that u(g~z) = ¢’ -u(a). Using the fact that I" is connected
and that G’ acts freely on I, we can then show that for every z € ', u(g-7) =
g - u(T™). Using the same result for g=!, we get that there exists ¢” € G’ such
that u(g—1 - xH) =g" - u(z?) for every z € I'. We then get that u(a”) = ¢'¢"u(a)
and using the fact that G’ acts freely on I", we get that ¢’ = ¢”~!. Furthermore we
get that u(ghg T a ) =g -u(hg T-a ) =g ulg T -a ) =gg" - u@) = u@).
Since u is a bijection, we get that ghg=! - @' = @ and therefore ghg™! € H as
announced. The group H is therefore normal, which ends the first part of the proof.

If on the other hand H is normal, we get that the profinite group G/ T acts
continuously and freely on I'y. Now we need to prove that A is isomorphic to

I‘H/G S The map &g is constant on the equivalence classes of G/ Iy, since if g € G:

Eg(@? 7)) = (g 7) = E(g - o) = E(v) = Eu(T). &y is surjective, since & is.
Finally, suppose that {5 (T) = €5 (y). Then &(x) = £(y) and so 39 € G,y = g - x,
therefore 7/ = g" - T and so we can conclude that I'y is indeed normal. ]

To conclude this section we will generalize the notion of the universal covering
graph to profinite coverings.

Definition 4.5.12 (Universal coveringgraph). Let A be a connected profinite graph.
A connected profinite covering graph (A, A, p) is called universal if every connected
covering graph (I'; A, f) is isomorphic to a subcovering (A, A, p).

Remark. We could have also worked by choosing a distinguished point for a cover-
ing, in which case we would have had uniqueness of the isomorphism map h such
that (T, f, ) is a subcovering of (A, A, f) with the assumption that it sends a dis-
tinguished point ¢ of A onto a distinguished point @ € T, such that f(a) = p(c) as
in the definition 32 of [1].

Finally we state the theorem of existence of universal coverings.

Theorem 4.5.13. Let A be a connected profinite graph. Then the universal profinite
covering graph of A exists, is normal and is unique up to isomorphism of coverings
of graphs.

Proof. We will prove the uniqueness here. The proof of existence can be found in
[1] section 3.5. Let (I', A, p) and (I, A, p’) be two universal coverings of A. Choose
a distinguished point ¢ € I'. Then there exists a covering morphism u from I' to
I, such that p’ o u = p. Also there exists a morphism v, such that pov = p'. Let
us observe that for any g € Aut,(I'), g o v is also a covering morphism, such that
pogowv =p. We will use this to correct v in order so that it becomes an inverse
of u. We have powvou =p ou=p. Therefore there exists g € Aut,(I'), such that
vou(c) = g(c). In that case g 'ovou(c) = c and using the connectedness, we can then
conclude that g~' ovou = idp. We also have u(g~'(v(u(c)))) = u(g~(g(c))) = u(c)
and again using the connectedness, we get that uo ¢~! o v = id and hence (T, A, p)
and (I, A, p’) are isomorphic. O
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4.6 Colors and color substitutions

In this section, we want to generalize the results in Chapter 1 to profinite graphs.
We will construct a group action Cayley graph for finite sets. In order to do that, we
will need to define a notion of color (or label) on a profinite graph. In the end, we
will show that the Lovasz construction that is used for dropping colors in abstract
graphs works for profinite graphs as well for finitely many colors. A reader interested
in exploring labeling on finite graphs may read for example [9].

Now to define a notion of color, we need some definition that is compatible with
the profinite structure of a graph. Hence the set of colors has to have a topology to
ensure such compatibility. I came therefore with the definition that follows:

Definition 4.6.1 (Edge colored profinite graphs). An edge-colored profinite graph
is a triplet (G, c,C), where G is a profinite graph, C' a topological set, called the set
of colors and ¢ a continuous map from E(G) to C.

A morphism of edge-colored graphs (G, c,C) to (G',,C") is a morphism f from
G to G', such that Vx,y € E(G), c(x) = c(y) = ¢ (f(x)) = I (f(y)).

For an edge-colored profinite graph (G, c,C), we define Aut.(G) as the group of
automorphisms preserving colors, i.e: Aut.(G) = {g € Aut(G)|co g = c}.

Since the only colorings we will be interested in are those on edges, we will simply
call edge-colored graphs as 'colored graphs’ from now on. Naturally we want to give
the set Aut.(G) a structure of a topological group, coming from Aut(G). For that,
we would like to have Aut.(G) closed inside of Aut(G). Luckily there is a very loose
sufficient condition on C' for that to happen.

Proposition 4.6.2. Let (G,c,C) be a colored profinite graph. Then if C' is a T}
separated space (all singletons are closed) then Aut.(G) is closed in Aut(G) for the
compact open topology.

Proof. Suppose that g € Aut.(G). Let us show that g preserves colors. Let x €
E(G). To show that ¢(g(z)) = c(x), we will show that c(z) € {c(g(x))}. Let
p; be the natural projections onto G; with G seen as a projective limit of finite
graphs Gj: 1&1@, Let V' be a neighborhood of ¢(g(z)). By continuity of ¢, there
el
exists ig € I, such that Vi > io,Vy € E(G),pi(y) = pi(g9(z)) = c(y) € V. Since
g € Aut.(G), there exists ¢’ € Aut.(G) such that p;, 0 g = p;, o ¢’. In that case:
Dio(g(x)) = piy(¢'(x)) and therefore by continuity: ¢(z) = ¢(¢'(z)) € V. Since this is

true for every neighborhood V' of ¢(g(z)), we get that c¢(z) € {c(g(z))} = {c(g9(z))}
and so we conclude that g € Aut.(G). O

Now we will define a profinite group action Cayley graph. The basic idea behind
this construction is to take the Cayley graph as defined in [41], Chapter 1 and extend
it with the group action structure that I constructed in the discrete case.

Definition 4.6.3 (Colors and color substitutions). Let G be a profinite group gen-
erated topologically by a closed subset S and X a profinite set. Suppose that G acts
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continuously on X. We take S = S U {1¢} and define F = G x X, which we equip
with its product topology (it is then a profinite space). Then we put

Fr=GxSHUFIIX

We equip it with the disjoint topology. Now we define V(I') = G x {1} I X, which
15 a closed subset of I'. Let us define the origin and terminus maps, to make I' into
a graph. We write:

I — V(I
rifreX
0= -
v 9 (9.1) ifz=(g9,5) €GxS
(9,1) if v = (g,u) € G x X
We also define:
I — V()
. rifreX

< (gs,1) ifx = (g,8) € Gx S
wifr=(g,u) € Gx X

These two maps are continuous on each of the disjoint components and therefore are

continuous for the disjoint topology. Their restriction to V(') is equal to identity

and therefore they define a profinite graph. Now we need to put colors on that graph.

We define C = SII XII. We equip C with disjoint topology, (S* and X having
their respective profinite topologies). We define

ET)—C
c= f v = G xS
UL if x .(g,s) € G x
gl uifr=(g,u) e Gx X
The map c is continuous, because the action of G on X is continuous. As such this

defines a colored graph that we shall call the Profinite group action Cayley graph and
denote it Cay(G, S, X)

We have the following theorem:

Theorem 4.6.4. Let G be a profinite group topologically generated by a closed subset
S and acting on a profinite set X. Let Cay(G,S,X) = (I',¢,C) be the associated
group action Cayley graph. Then there exists ® an isomorphism of topological groups
from G to Aut.(T"), such that Aut.(T') Ve € X, g-x = ®(g)(z).

Proof. Let
(G — Aut.(T)
r—7r
*=9, (99 5)if v =(¢',5) € G xS
=14 (99,9-u)ifz=(¢,u) e GxX
(g-z)ifxeX
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®(g) is a continuous morphism on I', since G is a topological group and the action
of G on X is continuous. The map ®(g) preserves colors. To prove it, take z € I’
and we distinguish two cases.

e Case I: 2 =(¢/,s) e G x S

c(x) = s =clgg’, s) = c(P(g)(x))

e Case 2: v = (¢',u) € G x X.

c@)=g"u=(g"g ") g u="(99)""(g-u)=c(®(9)(x))

The map ® is injective, since ®(g)(1,1) = (g,1). Now let us prove that ® is sur-
jective. Let u € Aut.(I'). Then u has to send the vertex (1,1) onto some (g,1)
with ¢ € G. Now let us prove that V¢’ € G, u(g’) = ®(g)(¢'). Using the standard
proof for Cayley graphs as done in 1.5.1, we can prove that for every ¢’ €< S >
and for every s € S, u((¢,s)) = ®(g)(¢, s). Since < S > is dense in G and u, d(g)
are continuous, then they are equal on G x S. Now we need to prove that they are
equal on G x X. Let (¢,z) € G x X. Since u preserves the colors, we get that
u((g', 7)) = (¢",y), with ' -2 = g" 1 - y.

We get (¢”,1) = o(u(¢’,x)) = u((¢’,1)) and therefore ¢” = g¢’, proving that

®(9)((g' x)) = ul(g', 7))

Finally if x € X, we get that

u(x) = u(t((1,2))) = t(u(l,z)) = 1(L(g)(u(l, 2))) = (g)(z)

We therefore conclude that u = ®(g), proving that ® is surjective.

Now we need to show that ® and ®~! are continuous.

For that we write G as a limit of (G};);e; with natural projections 7; and X a
limit of (X;);es, with natural projection ;. Then for i € I and j € J take

Y e {(6ile) ¥y(@) if 2 = (g,7) € Gx X
(Yj(x)ifr e X

The profinite set I' together with the transition maps w;; is a projective limit of
(G; x S, 11 Gy % X; LX) (i,j)erxs, with the partial order on I x J defined component
by component. We will use these maps u;; to prove continuity of ® and the fact
that @ is open. Let g € G , i € [ and j € J. The action of G on X is continuous,
so there exists ig € I, such that

Vi' > ip,Vg' € G,V € X,my(q') = my(9) = ¥j(g- ) =¢;(¢ - x)
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Now take i; greater than both i and iy and let ' > 4y. If 7y (g) = 7y (g’), then
mi(g) = mi(¢') and Vo € X,4¢;(g - x) = 9;(¢' - x), which proves that w;; o ®(g) =
u; j o (g'), therefore ® is continuous. Since G is compact and @ is injective, ® is a
homeomorphism to its image, so ®~! is continuous as well.

This concludes the proof that G and Aut.(I') are isomorphic as topological
groups. L]

Just like in the case of finite graphs, an interesting question is whether is possible
to drop the colors, while preserving the automorphism group. I have shown that
it is possible in case that both X and S are finite sets by generalizing the Lovasz
construction given in 1.3.3. 1 have also shown that it is possible even without the
assumption that X and S are finite, but in that case the set of edges will no longer
be closed. We will show that such constructions also preserve connectedness, but
for that we need the proposition that follows.

Proposition 4.6.5. Let G be a connected profinite graph, G' a profinite graph and
h an injective continuous map from V(G) to V(G'), such that

Ve € E(G),h(o(e)) and h(t(e)) are in the same path-connected component in G’

Finally suppose that every ¢ € V(G') is in a path-connected component of some
h(g) with g € V(G). Then we have that G' is connected.

Proof. To show that G’ is connected, we will show that if R is a profinite ring, then
Hy(G', R) = {0}. The map h is a continuous map from V(G) to V(G'). It therefore
induces a unique continuous linear map of modules h: from R[[V (G)]] to R[[V (G")]].
Let € be the augmentation map from R[[V(G)]] to R, let € be the augmentation
map from R[[V(G")]] to R.

Let 0; be the boundary map from R[[G/V(G), ]| to R[[V(G)]] and let 0] be the
boundary map from R[[G//V(G/), ]| to R[[V(G")]].
We observe that € o h = e, since it is true for R[V(G)], which is dense in

R[[V(G)]]. Then we get that ﬁ(ker(f)) C ker(¢'), and hence h sends cycles to cy-

cles. Now we need to prove that h(im(dy)) C im(9}), i.e that it sends bound-
aries to boundaries. The set im(d]) is closed in ker(¢’) by compactness. We
also get that 61(R[[G/V(G),*]])) = 81(R[G/V(G)]), since R[G/V(G),*] is dense
in R[[G/V(G), x|]. Therefore if we prove that ﬁ(@l(R[G/V(G), %])) C im(0)), then
h(im(01)) C im(0;) Now if we take u € G, then h(o(u)) and h(t(u)) are in the

same path component, therefore there exists p = (uy,--- ,u,) a path in G’ from
!

h(o(u)) to h(t(u)). Now take p the corresponding element in G/V(G’)' We then
get that h(dy(@)) = h(t(u)) — hlo(u)) = 9(p). hence h(R[S/ (). #]) S im(d))

and so h sends boundary to boundary.The induced map h therefore factors into a
unique continuous map Hy(h) from Hy(G) into Hyo(G’). Now let us show that Hy(h)
is surjective.

Using the lemma 3.3.3, we know that ker(¢’) is topologically generated by u — v,
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with u,v € V(G"). If we therefore prove that all these generators are in the image
of Hy(h), then we will know that Hy(h) is surjective. Now let u,v € V(G'). By
assumption on h, we know that there exist x,y € V(G) and paths p from u to h(x)
and p’ from v to h(y). Let p and p’ be the corresponding elements in RHG//V(G’)”‘

We then get that w—v = h(z) —0{(p) + 9, (p') — h(y) and therefore in the homology
Ho(h)(x —y) = u —v. The map Hy(h) is therefore surjective. Since G is connected,
we know that Hy(G, R) = {0} and by surjectivity of Hy(h), we get that

Ho(G', R) = {0}. This being true for every profinite ring R, the graph G’ is con-
nected as well. ]

Now we are ready to state the theorem for Lovasz construction.

Theorem 4.6.6 (Finite color substitution). Let (G, f, X) be an edge colored profi-
nite graph such that E(G) is closed in G and X is a finite set together with its
discrete topology. Then there exists a profinite graph G' with a closed set of edges, a
continuous injective map h from V(G) to V(G') and an isomorphism of topological
groups ® from Aut;(G) to Autp(G') such that Vg € Aut;(G),®(g)oh=hog.

Furthermore if we assume G to be connected, we may assume G’ to be connected
as well.

Also if we assume G to be superpath-connected, we may assume G’ to be superpath-
connected as well.

Proof. Up to relabeling, we can assume without loss of generality that X is the set
{1,--- ,n} with some n € N. Let us write

A(G) = {(e,k, f(e))|e € E(G), k < f(x) + 2}

and

V(G = V(G) ILAG)

We equip A(G) with the following topology: For e € F(G) and V' a neighborhood
of e in F(G) contained in f~'({f(e)}) and k < f(e) + 2, define:

Newv ={(e' .k, f(e))le € V'}

Then we say that U is open in A(G) if and only if for all (e, k, f(e)) € U, there
exists N neighborhood of e contained in f~'({f(e)}), such that N,y C U. Let us
prove that we define in such a way a topology. We observe that the empty set is
open.

The set A(G) is open: indeed if we take e € F(G) and k < f(e) +2, V
f7*({f(e)}) is a neighborhood of e by continuity of f and we have Ny s—1((rv))
A(G). We observe that a union of open sets is open. Finally let U, U’ be two open
sets. Let us show that U N U’ is open. Let (e, k, f(e)) € UNU’. Then there exist
V,V' C f7Y({f(x)}), such that N.py C U and N,y C V’'. We then have that
VNV C T {f(x)}) and Njy N Neg v = Negvave, therefore U N U’ is open.
We have finished the proof that A(G) is indeed a topological space.

Let us now show that A(G) defined in this way is compact.

Nl
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Consider the compact set
E(G) x{0,--- ,n+2}
and the map F from this set to A(G), defined by:

(
(e.k, f(e)) if k < fe) +2
(

k
F(le,k)) = { e, fe)+2, f(e)) else

This map is surjective. Let us show that it is continuous. Let e € E(G) and let
N, v be a neighborhood of F((e, k)). Then F(V x {k}) C Neyv, if £ < f(e) + 2,
so F' is continuous at (e, k,V’). If on the other hand k > f(e) + 2, we get that
F(V x {k}) € Ne f(e)+2,v, so F is continuous at (e, k) as well. The map F' being
continuous at every point, we conclude that A(G) is compact. We define V(G') =
V(G) I A(G) together with its disjoint topology. It is compact as a disjoint union of
two compacts. For e € F(G) and k < f(e) + 2, we now write u(e, k) = (e, k, f(e)).
Now define

E(G") = {(o(e), u(e,0))| e € E(G)}U
{u(e,1),u(e,0)| e € E(G)}U

{(ule, f(e)), t(e))| e € E(G)}U
{(u(e, k),u(e,k+1))| e € E(G),1 <k< f(e)+1}

We equip it with the topology induced by the product topology on the compact set
V(G2

Let us now show that E(G’) is compact. As it is a union of four components,
we can simply show individually that each of these components is compact.

e For the first component, consider the map F from E(G) to {(t(e),u(0,¢e))|e €
E(G)} that to e associates F(e) = (o(e),u(0,¢e)). Let us show that F is
continuous. Let e € E(G). Consider V' a neighborhood of t(e) in V(G) and
V" a neighborhood of e in E(G) contained in f~*({f(e)}). Let us show that
there exists a neighborhood of e that gets sent by F' to V' x N, ,y+. Since o is
continuous, there exists U C E(G) neighborhood of e, such that o(U) C V. If
we write W = UNV’, we get that F'(W) C V x Ny, proving the continuity
of F'. Given that F' is continuous and surjective and E(G) is compact, we get
that {(t(e),u(0,e))|e € E(G)} is compact.

e The proof that {(u(e, f(e)),t(e))} is compact is very similar to the previous
proof, except it uses the continuity of the terminus map, rather than the origin
map.

e Consider F' the map from A(G) to {(u(e, k), u(e, k+1))|e € E(G),k < f(e)+2}
that to u(e, k) associates (u(e, k), u(e,k +1)),if 0 < k < f(e) + 2.

The map F is surjective. Let us prove it is continuous. Let e € E(G) and
k < f(e) +2 Let V,V’ be two neighborhoods of e contained in f~'({f(e)}),
then we get that F(Nervav') € Negv X Negs1,v7, proving that f is contin-
uous at (e, k, f(e)). From the surjectivity of F', the continuity of F' and the
compactness of A(G), we get that the set {(u(e, k), u(e, k4 1))} is compact.
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e Similarly we can prove that {(u(e,1),u(e,0))le € E(G)} is compact.

We conclude that E(G’) is compact. Now let us define incidence and origin maps
on G' = V(G') I E(G") equipped with its disjoint topology. On V(G’) we define
them as identities. On E(G’) we define them as projection on the first and the
second component, which makes them continuous, since the topology of E(G’) is
induced by that of V(G’)>.

Then if we consider (G, V(G’),0,t) it is a graph with a compact topology. We
observe that this topology is Hausdorff. To obtain G’ = V(G")ILE(G"), we essentially
substitute in G' an edge of color k£ with the following graph:

(e,k+2)

(,0)

Now we need to prove that G’ is profinite.

For that it is sufficient to prove that there exists a set 2 of open equivalence
relations on GG', whose intersection is the diagonal. First take 2’ a set of open rela-
tions on GG compatible with the incidence maps, whose intersection is the diagonal.
We also require that only vertices can be equivalent to vertices, which is possible,
since F(G) is closed in G. Now for R € ), we define an equivalence relation R on
each disjoint component of GG separately.

e For two elements in z,y € V(G), we say that 2Ry if and only if zRy.

e For two elements u(e, k) and u(e/, k') in A(G), we say that u(e, k)Ru(e’, k') if
and only if f(e) = f(¢/), k = k" and eRe'.

e Two elements (o(e),u(e,0)) and (o(€’),u(e’,0)) are equivalent if and only if
eRe and f(e) = f(€).

e Two elements (u(e, f(e)),t(e)) and (u(e, f(€')),t(e’)) are equivalent if and only
if eRe’ and f(e) = f

e Two elements (u(e, k),u(e, k + 1)) and (u(e, k), u(e’, k + 1)) are equivalent if
and only if eRe’ and f(e) = f(€).
)

e Two elements (u(e, 1),u(e,0)) and (u(e’,1),u(e’,0)) are equivalent if and only

if eRe’ and f(e) = f(€).

And no two other elements are equivalent. The relation R is an equivalence
relation on each of these disjoint components. No two elements from two distinct
components are equivalent and hence R’ is an equivalence relation on G’.
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Then we define Q = {R|R € Q'}. Let us show first that all the relations in
are open. Let x € G': we distinguish several cases:

e z c V(G):

In that case: R = xRN V(G), which is an open subset of V(G), therefore of
G

o z=u(e k).
Let us show that R is open. Let /Rx. In that case 2’ = u(€, k) with ¢'Re
and f(e') = f(e). Let then V' be an open neighborhood of 2’ contained both

in eR and f~!({e}). We get that N(e’,k,V) C zR.The set xR is therefore by
definition open in A(G), hence in G'.

o x = (o(e),u(e,0)).

We write F' = {(o(¢),u(e’,0))|e’ € E(G)}, which is open in E(G’), since its
complement {u(€’, f(¢')),t(e')|e € E(G)}U{(u(e, k), u(e,k+1))|k < f(e)+2}
is closed. To prove that zR = zR N F is open, we will prove that it is a
neighborhood of each of its points. Let 2’ Rz. We write 2’ = (o(¢’), u(€’,0)).
We then get that eRe’ and f(e) = f(e’). Now consider V' a neighborhood of e
contained in eR and in f~'({f(e)}). We then have that FNV x N(¢/,0) C zR.
Indeed if " € FFNV, then 2" = (o(€e”), u(e”,0)) and

e"Re, f(e") = f(e), so 2" Rx. The set xR is therefore open in F' and such it is
open in E(G').

e The last three cases are proven similarly.

The intersection of all open relations R on G is by assumption reduced to the
diagonal. We therefore have that the intersection of all R is reduced to the diagonal
as well. We therefore conclude that G’ is indeed a profinite graph. Furthermore the
set of E(G') is closed in G.

Now let us prove that the group of automorphisms fixing colors of G is isomorphic
to the automorphism group of G'.

To a continuous automorphism ¢, such that f o g = f, we associate the auto-
morphism

(¢ — @
(g(x
u(g
(o(g(e)), u(g(e),0))if z = (o(e), u(e, 0))

(u(g(e), k), u(gle),k+1))if z = (e, k) and k < f(e) + 2
(u(g(e),

(

)if x € V(G)
(e), k) if x = u(e, k)

T +—

u(g(e), 1), u(g(e), 0)) if = = (u(e, 1), u(e,0))
\ (u(g(e), f(e)), g(t(e))) if z = (ule, f(e)), t(e))

This function is well defined, because g preserves colors and is continuous, simply
because g is. It is an automorphism with the inverse ®(¢g~!) and we have ®(gg') =
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O(g)P(¢'). Given its formulas ®(g) is a morphism as it sends edges on vertices and
preserves the origin and terminus maps. The map & is therefore a morphism of
groups. We define then the map A to be the natural injection of V(G) into V(G’)
and we have that

Vg € Auty(G)®(g)oh=hoyg

We define a continuous qmorphism a from G’ to G as follows:

G —d
(2 if v € V(G)
o(e) if = u(e, k)
a= e if x = (o(e), u(e,0))
T et n = (ule f(0) He))
o(e) if x = (u(e, k),u(e,k+1)) and k < f(e) + 2
(u(e, 1), ule, )

\ Lo(e) if z = (u(e, 1), u
Note that a o ®(g) = g o a and that a is surjective.

® is injective, because of the formula a o ®(g) = g o a.

Now to prove the surjectivity of ®, we take g a continuous automorphism of G’.
The map g then has to send a vertex of the type u(e, f(e)+2) on a vertex of in-degree
1 connected to a vertex of in-degree 1 and out-degree 2. The only such vertices are
the vertices of the type u(e’, f(€’) + 2). The path (u(e, f(0)),---u(e, f(e))) then
has to become (u(€’,0),--- ,u(€’, f(¢’))) by similar arguments as used in 1.3.2. The
vertices in V(G) can then only be sent on vertices in V(G) by bijectivity. Then
write

G—G(G
g = s {g(cc) if x € V(G)
aog( ((u(z, f(x)),t(x))))if z € E(G)

The map ¢’ is continuous given that the maps a, e — (u(e, f(e)),t(e)) and g are
continuous and V(FE) and E(G) are two open disjoint subsets of G. The map ¢
preserves the colors of the edges, since as we have shown, g(u(e, f(e))) = u(e, f(¢')),
with f(e) = f(e’). We therefore conclude that ¢ € Aut; and we have ®(¢') = g.
The map ® is therefore an isomorphism of groups. Now we need to show that both
® and ¢! are continuous.

Let g € Auty(G) and R' an open relation on G’ We know that there exists R
an open relation on G, such that R C R'. Now if ¢ € Auts(G), such that Vz € G,
g(z)Rg (x), then Yz € G', ®(g)(x)R®(¢')(z), so Yz € G', ®(g)(z) R'®(g)(x), proving
the continuity of ®.

Now on the other hand take g € Aut(G’) and R a relation on G. If we
then take a ¢’ € Aut(G'), such that Vo € G’, g(z)Rg(x'), then for every z € G,
O~ (g)(x)RDP(¢')(x), proving that &' is continuous as well.

This concludes the proof that @ is an isomorphism of topological groups Aut ;(G)
and Aut(G') and as we have shown earlier Vg € Aut;(G),®(g) o h = ho g with h
the natural injection of V(@) into V(G’).
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Now assume that G is connected. We will prove that G’ is connected. We will
do it using the proposition 4.6.5.

Consider the natural injection A from V(G) into V(G'). If we take e € E(G), we
have a path from o(e) to t(e) given by the sequence of vertices

( 0(6),u0, T >uf(6)>t(e) )

with u; being the vertex u(e, ) It is also clear that there is a path from any element
of G’ into the image of h and therefore by the proposition 4.6.5 G’ is connected.
Assume now instead that G is superpath-connected. Let us show that G’ is
connected. Since every element in G’ \ V(G) is in the path-connected component of
some vertex in V(G), it is enough to prove that all the vertices in V(G) are in the
same superpath-connected component. Let x,y € V(G). Since by assumption G is
superpath-connected, there exist C',--- , (), path-connected components in G and
a sequence z; € C; N Cy4q, such that z € C; and y € C,,. Now consider Cl=a'C;.
Note that all the vertices in C; C C] are in the same path-connected component of
G’ and since every element of C! \ C; is in the path-connected component of some
element in C;, we get that C! is path-connected. Now let us prove that a’ﬂm £
for every i < n. Let y; be such that a(y;) = ;. Let us prove that y; € C/ N Ci It
y; € V(G), then y; = z; € C; C Cj, since V(G) is closed in (. Otherwise we may
assume that y; = (u(e, f(e), t(e)) with z; = e € E(G). Now let V' be a neighborhood
of y;. In that case there exists ¥’ a neighborhood of e contained in f~1(f(e)) and
U a neighborhood of t(e), such that Ny, e x U C V. By continuity of the
terminus map take U’ C V', such that ¢+(U’) C U. Since e € C;, we get that there
exists ¢ € U' N C;. In that case we get that (u(e’, f(€'),t(¢'))) € Nvie e C V.
Furthermore a( (u(e’, f(€')),t(e')) ) = € € C;, thus (u(€¢, f(€')),t(e')) € VN,
proving that y; € Cy; 1. We then get that € €, y € C! and for all 4, U{ﬂC’{H #0
with C! connected for all ¢, which means that  and y are in the same superpath-
connected component. O

We can also prove a profinite version of a generalization of the theorem of Frucht,
which was proved by Sadibussi in 1960. The approach here remains essentially the
same: we replace colors by non isomorphic graphs, which have no automorphisms.
However we have to be careful, because these graphs will not be profinite, which is
where I had the idea to do a certain profinite completion that still makes the graphs
non isomorphic and have no additional automorphisms.

Lemma 4.6.7 (Sabidussi (1960)). For every ordinal «, there exists an abstract
undirected loopless graph T, such that T, has no automorphisms and its cardinal is
greater than that of . Furthermore if 8 is an ordinal distinct from «, then Tz and
T, are non isomorphic as abstract graphs.

Theorem 4.6.8 (Infinite color substitution). Let (I',c) be a profinite edge colored
loopless graph, with C a Hausdorff set of colors, such that E(T') is closed in . There
exists a profinite graph T without colors and maps v, ® such that:

L is a continuous injection from V(I') to V(I") and ® is an isomorphism of
topological groups Aut.(I") and Aut.(I") with Vg € Aut.(I'),P(g)ot=1r0g.
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If furthermore T' is connected, then we can choose I'" to be connected as well. If
I' is superpath-connected, then we can choose I to be superpath-connected as well.

Proof. First up to taking a bijection between the set of colors C' and a subset of
the proper class of infinite ordinals, we can using the Sabidussi’s lemma associate
to each color x € C' an abstract graph 7, with no automorphisms and such that T}
and T}, are isomorphic as abstract graphs if and only if # = y. Furthermore without
loss of generality, we may assume that the graphs are pairwise disjoint.

Now denote

T = {(o(x),t(x),e)le € E(I'),x € Ty} U{(x,00,¢e)le € E(I'),x € V(Tye)) }U
{(c0,y,e)le € E(I'),y € V(Tue))} U{(00,00,¢)le € E(I')}

with oo a point that is in none of the 7},’s nor in I'.
For e € E(I'), denote T, the corresponding copy of Ty in T', i.e the set

T. = {(o(z),t(x), e)|x € Te)}

Now we write I" as a projective limit of some finite graphs (I';);cs, with surjective

natural projections p;. Furthermore let J be the directed set of finite subsets of | J Ty,
acC
for the order of inclusion. We equip the set I x J x J with the product order. For

each ¢ € I and X,Y € J, we define

A xy ={(z,y,pi(e))le € EI'),z € X,y € Y and Ju € Ty),0(u) = z and t(u) =y} U
{(z,00,pi(e))le € E(I'),z € V(Tey) N X} U
{(c0,y,pi(e))|e € E(I'),y € V(Tye)) NY} U
{(00, 00, pi(e))]e € E(I')}.

These sets are finite, since X, Y is finite and so is {p;(e)|le € E(I")} for all i € I.
Now define for X € Jand z € |J V(Tye)) U {oo}:

ecE(T)

zifreX
hx () = {oo else

Now we will define the transition map from A; xy to A; x/y- for (¢, X,Y) < (5, X', Y").
Write:
Aj,X/,Y’ — Ai,X,Y

(.T, y7pj(e)> = (hX<x>7 hY<y)7pi<€))

This map is well defined, because the projections p; are compatible with the tran-
sition maps of the graph I'. It is a transition map on each component, hence it is a
transition map for the product order. Now we will define the natural projections of
the set T" onto A; xy. Write:

| B {T — Ai,X,Y
P = (000 (), 0,

DGXY),GX YY) = {
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We shall now prove that T" together with these projections is the limit of the
projective system:

((Ai,X,Y)iEI,X,YGJa (¢(i,X,Y),(j,X’,Y’))(i,X,Y)S(j,X’,Y’))

Observe that the projections are compatible with transition maps. Let us to
prove that if (u;, X7y)(i7 X,v)eIxJx.J 18 a collection compatible with the transition maps,
then there exists u € T', such that V(i, X,Y) € I x J x J, pu x,v)(u) = ug x,y)-

For that purpose we distinguish four cases.

e Case 1: Forall (4, X,Y) €I x J x Ju;xy = (00,00, pi(e;xy))-

Write e; 99 = e;. The collection p;(e;) is compatible with the transition maps
of I and E(I') is closed in I', hence there exists an e € E(I') such that Vi €
I,pi(e) = pi(e;). By compatibility with the transition maps, we get that for
all (1, X,Y)elxJxJ:

Uy Xy = (OO, OO,pz’(e))

e Case 2: There exists (1o, Xo, Yo) € I x J x J, such that u;, x, v, = (x,y,pi,(€'))
with z € T,,y € T, and a = c(¢).

For i > ig, we take e; € E(I'), such that u; x,v, = (z,y,pi(e;)). The elements
pi(e;) are compatible with transition maps of the graph I' and are all in E(I')N
¢ '({a}), which is closed in F(T'), therefore there exists e € E(T'), such that
c(e) = a and Vi > ig,p;(e) = pi(e;). Using then the compatibility with the
transition maps, we can prove that

V(i,X,Y)elxJxJuxy=npixy(zye))

The two remaining are proven very similarly to the case two, so we will just
mention them for the sake of completeness.

e Case 3: There exists (ig, Xo, Yp) € I x J x J, such that u;, x, v, = (z,00,p;(€'))
with z € Ty and such that for all 7 x J x J the second component of u; xy
is oo.

e Case 4: There exists (1o, Xo, Yp) € I xJxJ, such that u;, x, v, = (00, ¥, pi,(€'))
with y € T,y and such that for all (i, X,Y’) € I x J x J the first component
of Ui Xy is 00.

Let us take a step back and examine this construction. We start with a disjoint
union of the graphs T,y and we have to complete it in order to make it a profinite
graph. The most naive completion would be a single point compactification. The
problem with this approach is that the origin and terminus maps will not necessarily
be continuous, unless the graph is locally finite. Instead we identify the graphs T,
with the product of vertices V(T,) x V(T.) with the diagonal corresponding to
vertices and its complement to the edges. This identification works, because none
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of the T, has neither loops nor multiple edges between two vertices. We compactify
these graphs with point at infinity and edges connecting all points to infinity and
vice versa. We illustrate the resulting graph below. Choose i € I and two edges e, €,
such that p;(e) = p;(¢’) and such that c(e) = c(e’). Then pick a x € T and write
X =Y = {z}. We illustrate the elements u,v € T, such that p; xy(u) = p; xy(v)
with the same colors.

T

(x,2,€)

(w,w,e)

(y.y.e) (w.ze)

(z,2,¢)

(y:9,¢) |
w, w, €
(w,w,e)

(00, 00, €)

(00, 00,¢€)

(z,z,e")

Now that we have constructed the graph 7', we will use it to create the graph I
with the desired properties. The construction of IV proceeds as follows:

Take e € E(I") an edge from u to v. Replace it with the edges e and e~, with e~
going from u to (00,00, ¢e) and e™ from (0o, 00, €) to v, as in the following picture:
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The resulting graph will have the desired properties, because by construction,
the graphs T, and T, can’t be isomorphic if e and €’ have distinct colors.
Define ET = {ef|le € E(I')} and E- = {e"|e € E(I')} two disjoint copies of
E(T'). We write:
"=V UE UETUOT

and equip it with the disjoint topology. Since all the individual topologies on the
disjoint components are profinite, the overall topology will be profinite as well. To
make it into a graph, we need to define a closed subset of vertices and the continuous
maps origin and terminus.

We write:

VI) =V()U{(z,z,e)lec ET),z € V(Tye)}

as the set of vertices. To prove that is closed, we will show that its complement
is a neighborhood of each of its points. Take ¢ in the complement of V(I'"). We
differentiate several cases.

e Case l: g€ ETUE"™

By the definition of disjoint topology ET U E~ then is a neighborhood of ¢
and it does not intersect V(I").

o Case 2: ¢ = (00,y,€e), with y € V(Tc(e))'

Let i be any element of I, X = {y} and Y = {y}. Now take ¢’ = (2/,¢/,¢’) € T,
such that p; x v (¢') = pixy(q) = (00,9, pi(e)). That means that hx(z') = oo
and therefore ' ¢ {y}, so 2’ # y. Furthermore hy(y') = y and therefore
y' = y. As a conclusion ¢ = (2/,y,¢'), with 2’ # y, therefore ¢’ cannot be in
V(I"). We conclude that the complement of V' (I") is indeed a neighborhood
of q.
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e Case 3: ¢ = (x,00,¢e) with x € V(Tyq)).

This case is essentially the same as the previous one and will therefore be
omitted.

o Case 4: ¢ = (x,y,e) wtih (x,y) being an edge in Ty).
Take again ¢ any element of I, X = {z} and Y = {y}. Now assume that

/

¢ = («',y,€¢') € T is such that p; xy(¢') = pixy(q) = (x,y,pi(e)). Then we
get that x = 2/ and y = y'. We conclude that ¢’ is not a vertex. We have
again that the complement of the set of vertices is a neighborhood of g.

From this we can indeed conclude that V(I") is closed in I. Now is the time to
define the origin and terminus maps and prove that they are continuous.

Write

(T — V()
qif g € V(I)
0= R o(e) 1fq:'e_ S
(00,00,¢€) if g =e€T
(z,2,e) if ¢ = (v,y,e) €T

\
and )
I — V()

g—qifqge V()
t =1 (00,00,€) if g =¢"

tle)ifg=-e"
(v, y,€) if ¢ = (z,y,e) €T
Since both cases are very similar, we will only prove that o is continuous. To do that,

we will prove that o is continuous at every point. Take ¢ € V(I'"). We differentiate
the following cases:

e Case 1: g € V(I).

This part is straightforward, because of the structure of I' and continuity of
its own origin map.

e Case 2: g€ E:

Same reasoning as before.

e Case 3: g =e" € ET.
Letie [, X eJandY € J. If &t € E7 is such that p;(¢/) = p;(e), then

pixy(0(e) = pixy(00,00,¢) = (00,00, pi(€')) = ps x,y (0o(e7))

This proves that o is continuous at q.
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o Case 4: ¢ = (x,y,e) € T, with x and y vertices in T¢).

Letiel, X € Jand Y € J. We write X’ = {z} and Y’ = (). Now suppose
that ¢ = (2/,y/,¢') € T, such that

pi,X’,Y’(q,) = pixy (2, y,e) = (z,00,pi(e))
Then x = 2’ and therefore o(¢') = (z,z,€’). We get that
pixy(0(d)) = (hx(x), hy (x),pi(e")) = (hx (), hy (x), pi(e)) = pix.y (0(q))
This proves the continuity of o at ¢.

e Case 5: ¢ = (r,00,¢e) € T, with x a vertex in T,.

Let againi € I, X € Jand Y € J. Write X’ = {2} and Y’ = ). Suppose
that ¢ = (2/,y/, €') is such that

pi,X’,Y’(q,) = pi,X’,Y’(Q) = (z,00,pi(e))
We then get that 2 = x and as such

pixy(0(q)) = (hx(x), hy (), pi(e")) = (hx(x), he(Y), pi(€)) = pix.y (0(q))

e Case 6: ¢ = (co0,y,e) €T. Letieland X,Y € J.
Let X’ =X UY and Y’ = (). Suppose that ¢ = (2,4, ¢’) € T, such that:

Pixy(¢) = (hx(2'),00,pi(e')) = hix,y (q) = (00, 00, pi(e))
Since hy/(z") = 0o, we deduce that 2’ is neither in X nor Y. As such we get:
pixy(0(q) = (hx(2'), hy (2'), pi(€')) = (00,00, pile)) = hix,y(q)

e Case 7: ¢ = (00,00,¢e). Let i € [ and X,Y € J. Write X’ = X UY and
Y’ = (). Suppose that ¢ = (z/,9/,¢’ € E) € T, such that

pix v/ (q) = (hx(x'), hy (y), pi(€')) = pixry (00,00, €) = (00, 00, pi(€))

Then since hx/(z') = 0o, we can conclude that ' ¢ X’ and so 2’ is neither in
X nor in Y. From this we get that

pixy(o(@',y' €)= (hx(z'), hy (z'), pi(€')) = (00,00, pi(e))

Note that while the projections p; x y define a profinite topology, they are not g-
morphisms. Now that we proved that I is a profinite graph, we will prove that it
has the properties of the proposition. The injection ¢ from V(I') to V(I") is simply
the natural inclusion, which is continuous.
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Now define:
( Aut(T') — Aut(I")
(1" — T
. olq) it g € V(D)
g R gle)~ifg=e"
gleytif g=e*
( \ (z,y,9(e)) if ¢ = (z,y,¢) €T

This map is well defined, because g preserves colors, so if x or y or both valid vertices
are in T,, then they are the same vertices in T}, which is the copy of the same set
Teey = Tog(e))- We can check at each point that (ID( ) is continuous.

Now let us show that @ is continuous.
Let (i, X,Y) € I x J x J. If we take g,¢g' € Aut.(G), such that p;og = p; o ¢,
then for every ¢ in the complement of T', p; o ¢(g)(q) = p; © ®(¢')(q) and for every
q= (z,y,e) in T, we get that

Tixyo®(9)(q) = (hx(z), hy (y),pi(g(e))) = (hx (), hy (y),pi(g'(€))) = mixyoP(g')(q)

which concludes the proof of the continuity of ®. All that remains to do if to find
the inverse and prove that it is continuous as well.

Now let us take g € Aut(I"”). The only one sided edges in this graph are those in
Etand E~,so g(E~) C ETUE~. Now let us show that g(F~) = E~ and therefore
that g(ET) = g(E™). If we take e” € E~, then o(e™) € V(T'). If by contradiction
g(e™) € ET, then o(e™) gets sent by g to some (0o, 00, €’). However (0o, 00, ¢’) has
some two sided edges connected to it and o(e”) = o(e) does not, which contradicts
the fact that ¢ is an automorphism of a graph. As such, we get that g(E~) = E~.

Since g is an automorphism sending infinity on infinity, we get that for every e €
E(T), there exists a unique u,4(e) € E(I"), such that g(oo, 00, €) = (00, 00, u,4(e)). Let
us show that u, preserves colors and is continuous. The fact that u, preserves colors
is simply because if we restrict g to 7., we get that g(7.) C Ty and g(Tye)) € Te,
so g is an isomorphism between T, and T;). By construction such an 1somorphlsm
is only possible if c(u4(e)) = c(e).

Now for the continuity of u,. Let ¢ € I. By continuity of g, there exists
(7,X,Y) eI x JxJ,such that if p; x y(z,y,€') = pj x,y(c0, 00, €), then

pi,@,@(g(xu Y, 6,)) = pi,@,@(g<oov o0, 6)) = (007 OO7pZ(U<€>>>
Now if we take €', such that p;(e’) = p;(e), then
pi,@ﬂ)(g(ooa 0, 6,)) = pi,@,@(g<oov o0, 6))
and so p;(u(e’)) = pi(u(e)), proving the continuity of w.

From what precedes we can see that g sends V(I') onto V(I') and thus we can

define:
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Aut(T") — Aut(T)
I —T

U —
g 9(q) if ¢ € V(')
" {ug@ if g € B(I)

U is then an inverse to ®.

To prove the continuity of ¥, we take an i € I. Then we take g,¢" € Aut(I”),
such that for every x € T', p;pg(9(x)) = pipo(d'(x)) and for every x ¢ T', p;(g(x)) =
pi(¢'(x)). In that case if we take a € V(I'):

pi o ¥(g)(a) = piogla) =p;og'(a) = pio¥(g)(a)
If on the other hand a € E(I'):

pi o W(g)(e) = pi(ug(e)) = pi(ug (€)) = pi o ¥(g')(e)

We can therefore conclude that W is indeed continuous, which concludes that
Aut.(T") and Aut(I"”) are isomorphic.

Finally assume that I" is connected and let us prove that I is connected. Take
¢ the natural injection of V(I') to V(I'"). We have for every e € E(I") that ¢(o(e))
and (t(e)) are in the same component in I since (o(e),e”,e™,t(e)) forms a path
from o(e) to t(e). Every element of I” is in the path component of some ¢(u) with
u € V(I'), so by 4.6.5, " is connected.

Similarly to 4.6.6 we can prove that if we I' is superpath-connected, then I is
superpath-connected as well. O

4.7 Application to the topology of profinite groups

In this section we will prove that every profinite group is a group of autohomeo-
morphisms of a compact connected Hausdorff space together with its open compact
topology.

It is a generalization of a result published by Karl Hofmann and Sidney Morris
in [25] and [24] proving that every profinite group with one generator is a group of
automorphisms of a Hausdorff compact space. The approach is the following: we
start with a profinite graph and we replace each edge with a specially constructed
curve called de Groot space, which is compact connected and has no local autohome-
omorphisms. These curves were constructed by de Groot in [20] and [19]. Once the
edges are replaced in such a way, we will show that the autohomeomorphism group
is isomorphic to the automorphism group of the graph. Then using the profinite
analogue of the theorem of Sabidussi, we will construct a graph with a given profinite
group as a group of automorphisms and closed set of edges.

Due to certain difficulties related to whether the set of edges of a profinite graph
is closed or not, I originally proved this theorem only for finitely generated profinite
groups as opposed to all profinite groups. It is important to mention that such a
result has already been established in a more general context by Paul Gartside and
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Anerin Glyn in [18], who showed that every metric profinite group is a group of
autohomeomorphisms of a connected compact Hausdorff space. Their methodology
was however different from the one that I and Morris with Hofmann used.

Before proving the Morris and Hofmann conjecture, we will shed more light on
the de Groot construction as given in [20] as in its original form it is not very
detailed. While the original proof uses undefined curves called propellers, in our
version we will use thombi which have the same topological properties needed in
the proof and will enable us to do the proof in greater detail, while making use of
convex geometry. We start by properly defining a rhombus.

Definition 4.7.1 (Rhombus). Let R? be the two dimensional affine space equipped
with its standard dot product - giving a Fuclidean metric d and the standard ori-
entation. A rhombus is a set of four points A, B,C, D in R?, such that d(A, B) =

d(B,C) =d(C,D) = d(D,A) > 0 and such that the oriented angles DAB, @,

BCD and CDA all have a measure between 0 and w. We call the segments [AB],[BC],
[CD] and [DA] the faces of the rhombus.

Now take ni,n5 the unique unit vectors, such that the angles (A_)B,n_i) and

—

(B@,n}) have a measure 5. We say that a point X is below a face f, if AX i <0
and f = [AB],or BX -ny < 0 and f = [BC] or CX -ny > 0 and f = [CD] or
DA-15y > 0 and f =[AD]. We say that the point is above the face f, if the inequal-

ities above are in the other way. We call the interior of the rhombus ABCD the set
of points which are below all its faces.

Here is an illustration of a rhombus together with the vectors n] and n3 and its
interior in blue.

A

Now we will prove a property of rhombus that we will use.

Lemma 4.7.2. Let R be a rhombus and O a point that is neither in the interior
of R nor on the faces of R. Let P be the closest point of the faces to O, then O is
above at least one of the faces containing P.

Proof. We have two distinct possibilities: either P is in the interior of one of the
faces or P is on the intersection of two faces. Let us begin by examining the case
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where P is in the interior of a face f = [AB]. We denote the measure of the angle

OAB in [—m, 7] and [ the measure of the angle ABO in [—m,7]. Up to a choice of
orientation we may assume that o and [ are positive. The situation is illustrated
below.

s

o

Q

B

Now let D and C' be the points such that R is the rhombus ABCD. We denote
x the measure of the angle BAD. To prove that O is above the face [AB], we shall
prove that x is negative and therefore the orientation we chose does not conflict with
the definitions above and below for the rhombus ABCD.

By contradiction, assume that x > 0. We will deal with the case where x < 2a.
We take H the orthogonal projection of O onto the line (AD). We illustrate this
configuration below:

Now assume that d(A,0) < d(A,B). We will prove that H belongs to the
segment [AD] and that the distance d(H O) is smaller than d(P,O), which will
give a contradiction. We have AH - AD = AO - AD = d(A, D)d(A, O)cos(z —
a). Since 0 < z < 2a, we get that —a < 2 — o < a. Now a has to be less

ﬂ'

than 7, otherwise P wouldn’t be on the segment [AB] From this we deduce that
cos(a — ) is positive and hence the angle between AH and AD is 0. Furthermore
d(A, H) = cos(x — a)d(A,O) < d(A, D) and thus H belongs to [AD]. In this case
d(O,H) = |sin(z — a)|d(A, O) < sin(a)d(A,O) = d(O, P), since 0 < z < 2a. Now
assume instead that d(A, O) > d(A, B). If H belongs to [AD], the same reasoning
still works and we find a point on one of the faces of R that is closer to O than P.
If on the other hand H does not belong to [AD], then we get that

d(O, D)? = d(A,0)* + d(A, D)* — 2d(A, D)d(A, O)cos(x — a)

by the law of cosines.
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Furthermore we have that cos(x — a)d(A, O) = d(A, H) and hence
cos(x — a)AO > AD
From this we obtain that
d(O, D)* < d(A,0)* —d(A, D)?
By the theorem of Pythagoras, we also get that
d(O, P)* = d(A,0)* — d(A, P)* > d(A,0)* — d(A, B)?

From this we conclude that d(O, D)? < d(O, P)?, which is again a contradiction.

Now that we have dealt with the case 0 < x < 2a, we will work on the case
m™ > x > 7 — 20 and this time we take H to be the projection of O onto the line
(BC).

Let us illustrate it below:

The angles ABC and DAB are complementary, since ABC'D is a rthombus and
thus if DAB is between 7 — 2/ and 7, then ABC will be between 0 and 2/ and thus
we can do the same reasoning to prove that either H is on a face of the rhombus
and is closer to O than P or C'is closer to O than P and get a contradiction.

We have so far examined two cases: « in the open interval (0,2«) and z in the
open interval (m — 23, 7). If these two intervals overlap each other that is to say
2a > 7 — 23, which is equivalent to o + 8 > 7, then we are done. Suppose then
instead that o + 8 < 7. We will then show that for « <2 < 7 — 3, O is on the
rhombus R (either inside or on a face).

Let us illustrate it below:
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Since the angle OAB is a and is non negative, O is below or on the face [AB].
The point O is below or on the line (AD), since the angle OAD is x — a > 0.

The point O is below or on the line (BC'), since the angle OBCism—x — B> 0.
Finally we need to prove that O is below or on the line (CD). Now let 7 be the
normalization of the vector PO and m it’s complement into a direct orthonormal
basis. Since the line (C'D) is orthogonal to 7, to prove that O is below the face
[C'D] or on the line (C'D), it is enough to prove that that the height of D in the
coordinate system defined by A, n,m is at least that of O. The height of O is
d(P,0) = d(A,O)sin(a) = d(B,0)sin(). The height of D is d(A, B)sin(x). It
is therefore increasing on the interval [« g] and since we get that for x = «a it is
d(A, B)sin(a) > d(A, O)sin(a) (the angle AOB is obtuse), we get that for every x
between a and 7, the point O is below the face [C'D]. Now if we take z in [5, 7 — 3],
we recenter our coordinate system in B. Since we shift by a vector orthogonal to 7,
the height won’t change and we can do the same reasoning. The height of C' will
then be sin(m — x)d(A, B) = sin(x)d(A, B). In that case the height is decreasing
on the interval [5,m — f]. At the value 3 it is greater than that of O, so we have
our conclusion.

Since we have shown that it is impossible for the angle x to be positive, we now
know that it is negative and hence O is above the face [AB] as expected.

Now we need to deal with the special case where the projected point P is equal to
one of the vertices of the rhombus. Suppose without loss of generality that P = A.

The situation together with the labels of important angles is illustrated below:

D A

—_—

Note that we have both the angles (AD, AO) and (AB, AO) are obtuse, since
the orthogonal projection of O on respectively (AD) and (AB) is on respectively
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the semi lines [DA) and [BA).
Now let a be the measure between —7 and 7 of the angle (A_D, A_O) and S the

measure between —7 and 7 of the angle (AB, AO). Now we shall prove that O is
above the face [AD] or the face [BA]. To do that it is enough to prove that « is less

than 0 or [ is greater than 0. Suppose that 5 < 0. Then since the angle (Ai?, Ab) is
obtuse, we get that —m < 8 < —7. Now let v be the measure between —m and 7 of

the angle (A_D, A@) We have that a = 8 + [27]. Furthermore —7 < 8+~ < —7.
From that we conclude that —m < a < 7. However we know that the angle a is
obtuse, hence —m < a, < —% and therefore O is above the face [AD].

We therefore conclude that in all cases there exists a face containing the closest
point to O, such that O is above that face. O

Lemma 4.7.3. Let C C R? be a set that is broken line connected. Let Ay, --- , A,
be open and pairwise disjoint subsets of C, such that for all k the boundary 0Ay is
path-connected and if a line intersects Ay, then it intersects 0Ak at finitely many
points. We then have that C'\ (A; U ---UA,) is path-connected.

Proof. Take z,y € C'\ (A;U---UA,). Now take a: [0,1] — C a broken line in C,
such that a(0) = z and «(1) = y as illustrated below

This broken line can of course intersect some of the Ay, however whenever it
enters an open A, at a point P, it has to exit it at a point P’. By assumption, the
boundary is path-connected, hence we replace the portion of the broken line inside
Ay between P and P’ by a path on the boundary from P to P’ as illustrated in red
below:
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By assumption each segment in the broken line can intersect Ay only finitely
many of times, hence the total number of replacements will be finite and the resulting
path will connect x and y in C'\ (A, U---UA,). O

Lemma 4.7.4. Let X be a compact Hausdorff topological space and €2 a non empty

totally ordered set for inclusion of closed connected subspaces. Then () A is a
AeQ
connected topological space.

Proof. Write Y = (] A. Let F; and F, be two closed subsets of X, such that YV
A€Q
is a disjoint union of F; and F,. Since X is compact Hausdorff, it is normal, i.e.

there exist two U; and U, two disjoint opens in X, such that F; C U; and F5 C Us.
Now (N A\ (U1 UU,;) C Y\ (FyUF,) =0 is a decreasing intersection of closed
AcQ

sets, therefore by compactness for some A € Q, A\ (U; UU,) = (. We then have
A C U UU, with ANU; and ANUs; being disjoint since Uy and Us are disjoint. The
set A is by assumption connected, so without loss of generality, we may assume that
UyNA=0. In that case F, CY NUy C Uy N A= and hence Y is connected. [

Lemma 4.7.5. Let D be a closed disc of positive radius and let Ay,--- , A, be a
sequence of distinct points on D, such that Ay and A, are on the boundary of D.
Suppose furthermore that for every k between 1 and n — 1 and every k', k" distinct
from k and k + 1, the points Ay and Ay are on the same open half space delimited
by the line (ArAgy1). Let € be the broken line (Ay--- A,). Then there exists an open
conver subset U C D, whose boundary is € and such that D \ U is path-connected.
We call U the inside of ¢ and D\ (U U€) the outside

Furthermore suppose that By, --- , By, is another such sequence with broken line
t’ associated to it. Suppose that €' C UU€ and the the outside of € and the outside of
¢’ have a non empty intersection. Furthermore assume that € and €' have at most
one point of intersection P and that P € {Ay,--- A} N{By, -, Bn}. Finally
assume one of the following holds true for P:

e P=A  orP=2A,
e P+ By and P # B,,
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e P=DB;, P=A; and Ay_1 and Ai11 are on the same side of the face [ByBs).

e P =208, P= A, and Ax_1 and Apy1 are on the same side of the face
[Bm—le]

Then the inside of €' is included in the inside of €.

Proof. Here is an illustration for the situation with n = 7.

In case n = 2, the result is trivial. If n > 2, for each & < n, define P, as the
intersection of D and the open half plane delimited by (AxAx.1) and containing all

n—1

the other As. Define then U = [ P,. The set U has an empty intersection with
k=1
the broken line ¢.The set U is convex as an intersection of convex spaces. Let us

show that the boundary of U is . First note that if z € U, then z has to be on
the intersection of closed half planes delimited by (A, Agi1). If z is not on either
of these lines, then z is inside of U. If on the other hand x is on a line (A, Agy1):
we deal with the following cases:

e Case 1: x is on the line (A4;, As).

Since A; is on the boundary of D and A, is in D, then the semi line A; +tA1j42
with ¢t < 0 is outside of D, hence x cannot be on that semi line. The point
x is therefore on the semi line [A;Ay). Since A; is on the open half space Py,
then the semi line Ay + tAsA,; (t < 0) is on the opposite open half plane and
x cannot belong to it. The point z is therefore on the semi line [A3A4;) and
hence x in on the segment [A; Ay] and therefore on the broken line €.

e Case 2: x is on a line (AxAx41) with k£ between 2 and n — 2.
x is simultaneously on the closed half planes P,_; and Py, hence = has to be
on the segment [A;Ay1] using a similar reasoning to the previous case.

e Case 3: z is on a line (4,1 A4,).

This case is symmetric to the case 1, hence we can prove that x is on the
segment [A,,_1A4,]
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We have now proved that U C U U €. Now let us prove that ¢ C U. Take z
on ¢ and an € > 0. Since x € [, there exists k, such that x belongs to the segment
[Ag, Agy1]. Now suppose that z is not an extreme point, then since x is strictly
below all the other faces, then there exists 0 < ¢, such that the circle centered at x
and of radius ¢ is below all these faces as illustrated below:

radius €

Inside

We then simply take a point in the smaller disc that is below the face [AgAyi1]
and prove that € U. If = is one of the vertices A, the proof is essentially the
same, except we take a radius 0, such that « is below all the faces [Ap Ap11] with £/
distinct from £ — 1 and k + 1 and pay attention to the angles when picking a point
inside U.

Since U is open and U = U Ul and ¢ NU = (), then OU = ¢ as expected.

Now we need to prove that D\ (U Ul) is path-connected. First we show that all
the points in D\ (UU!) are path-connected to the boundary of D. Let x € D\ (UUI).
Then z is strictly above some face [AyAgy1]. Now just draw a semi line starting at
x, orthogonal to the face [AyAg 1] and moving away from it. Since the semi line is
unbounded and x is in D, it has to intersect the boundary of D on a point y. The
point y is strictly above [Ay, Ax11] and hence is on the exterior of .

Now we need to prove that the boundary of D intersected with the complement
of U is connected. To prove that it is connected it is enough to prove that its
complement in the circle is. The set 6 cannot be the whole circle and therefore
is included inside the circle without a point, which is homeomorphic to the open
interval |0, 1[. We have therefore the property that path-connected subspaces are
intervals. Furthermore 6 is the intersection of the circle and all the subsets that are
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above the faces [Ag, A1, which itself are connected. That intersection contains the
point Ay in common hence is a non empty interval and therefore path-connected.
We can therefore conclude indeed that D \ U is connected.

Now we need to prove the second part of our statement: we take By, --- , B,
another sequence of points, ¢’ the broken line (By,--- ,B,,). Assume that ¢’ is
included in U and that ¢ and ¢’ have only one point of intersection and such that
there exists a point A outside of € and €¢’. A picture of the situation is shown below:

Now pick [ByBy+1] a face, such that A is strictly above it. Furthermore, we pick
a point x strictly between By and By, 1: then x is strictly inside the curve ¢. Then
there exists an ¢ > 0, such that the open ball around z is inside €. Now pick y a
point on the semi line [Ax) that is inside the ball of radius € and inside of ¢’. The
semi line [yx) can only intersect ¢’ in one point, since the interior of ¢’ is convex.
Furthermore y is inside ¢, while A is outside therefore it intersects ¢ at a unique
point z. This point z is on the semi line [zA), since the segment [yz] is included
in the ball of center x and radius € and therefore y is outside of ¢’. Here is the
illustration of the reasoning above:

Now if € and ¢’ have no common points of intersection, all points on ¢ then
have to be on the outside of ¢’. Now assume that they have one common point of
intersection: say Ay. If k is zero or n, then the point is extremal and one can prove
that € is on the outside of £’. Suppose now that Ay is not an extremal point. Take
to be the connected component of z (the point on ¢ exterior to ¢/) on ¢ \ {Ax}. The
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whole € is then on the exterior of €. Now if 4’ is the other connected component
of €\ {Ax}, then 1’ is either completely on the outside of ¢’ or completely on the
inside. By contradiction, assume it is on the inside. First assume that A, = By,
with By an internal point. Let us draw that situation:

- S

Aps1 ¢ Apio

Now choose an orientation, such that the angle Bk/H/B?Bkl_l is between 0 and
7. Then since Ay 1 and By _; are on the same side of the face [By By41], then the
angle Bk/+mk,1 is between 0 and 7. The angle Ak,l/Ak\Bk/H is then between —7
and 0. The angle Bk/_l/B_k/\Bk/H is between —m and 0. Since Aj_; is on the same
side of the face [By_1By] as By, then the angle Bk/_l/Bzélk_l is between —7
and 0 as well. That means that the angle Bk/mk,l is between 0 and 7, while
Bku:Ak\Ak_l is between —7 and 0, contradicting the fact that By _; and By, are
on the same side of the face [Aj_1Ag].

Now assume instead that By is an extremal point, say &’ = 0 then by assumption
Ag_1 and Ay, are on the same side of the face [ByB;] and hence the curve € stays
on the outside of ¢’. Now let us prove that U’ the inside of ¢’ is included in U: the
inside of € Let x € U’. Let us pick y € ¢’, such that y € U. Since U’ is convex the
segment [zy] is included in U’ and y is the only of its points ¢’. Furthermore, [zy]
does not intersect €', since ¢’ is on the outside of £ and y isn’t a point that € and
¢’ have in common. The points x and y are therefore in the same path-connected
component of D \ €. Since y € U, this implies that x € U as expected.

m

Lemma 4.7.6. Let B be an open disc in R? of a positive radius and P = (A --- A,)
a convex polygon. Let U be the interior of P. Then U\ B can be written as a finite
disjoint union of path-connected opens, whose boundary in R?\ B is path-connected.

Proof. A drawing of a generic situation for n = 5 goes as follows:
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Now let € be the boundary of B. First let us treat the case when 0P does not
intersect €. If all points of 0P are in B, then by convexity the whole interior of
the polygon is included in B and so U \ B = (). Now let us assume that there is
a point on OP outside of B. If U N B = (), then the result is trivial. If not take
xo € UN B. Let us show that U \ B is connected. By the lemma 4.7.3, it is enough
to show that B is included in U. Let y be another point in B. By contradiction,
assume that y ¢ U, then the segment [zy] crosses the boundary of U: 0P at some
point z. We however assumed that 0P N B = (), hence we obtain a contradiction.
A picture illustrating this proof is below:

Ay A,

so cannot \inters¢ct
; the boundary

Now let us assume that QP intersects 6 at exactly one point. If all other points
of OP are inside the open disc B, then by convexity U C B. Now assume that
there is at least on point outside of B: y. Let us show that then 0P does not
intersect B. By contradiction, assume there exists a point of intersection y € U.
Then there exists a path on 0P from x to y that doesn’t go trough the unique point
of intersection between € and 0P as illustrated below:

Ay

That path would have to then intersect ‘€ at some point, which is a contradiction.
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Then we use again the lemma 4.7.3 to conclude.

Now assume that there are two or more points of intersection. We parameterize
OP by a continuous function 7 from S! to dP. Now for each x on OP outside of
U, we associate L(z) the first point on 0P N 6 on the left of z and R(x) the first
point on P NG on the right of 2. Now if = belongs to the line (L(z)R(z)), we can
find a point on OP that is outside of U and not on (L(z)R(z)). In that case define
H, as the half open plane delimited by (L(x)R(z)) containing that point. If on the
other hand x does not belong to (L(z)R(z)), then we define H, as the open plane
delimited by (L(z)R(z)) containing x. The two cases are illustrated below:

Case 1: « € (L(z)R(x)) Case 2: T & (L(z)R(z))

Now we define C,, = H, N [U \ B]. We will prove that C, is path-connected. We
will do it in the following steps:

e Prove that H, intersected with 0P is the curve between L(x) and R(x) going
from left to right with our chosen parameterization v if ¢ (L(x)R(x)).

e Prove that 6 N H, doesn’t intersect OP.
e Prove that € N H, C C,.
e Prove that every y € C, is connected by a path to € N H,.

We start by proving that H, N dP is the curve between L(z) and R(z) if z is
not on (L(xz)R(x)). Now take ty,t1,t2 € Sy. such that L(z) = v(ty), x = v(t1) and
R(x) = 7(t2). Let us take t € S* between t; and t3. By contradiction, assume that
v(t) ¢ H,. In that case by continuity, there exists ¢’ between to and ¢; or between
ty and ty, such that v(¢') € (L(z)R(z)), which is impossible, since P is a convex
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polygon, so a line that is not a face can intersect its boundary at at most two points.
By a similar reasoning we can prove that points whose parameter is not between %,
and t, is on the opposite half plane to H,.

Now we need to prove that 6 N H, doesn’t intersect JP. First assume that
x is not on (L(x)R(z)). If then 6 N H, intersected 0P, it would intersect OP on
a point between L(z) and P(x), which is a contradiction. If on the other hand
x € (L(z)R(z)), then it cannot intersect another face besides the one z is on,
because we otherwise would find a t between ty and to, such that v(¢) is on 6. It
also cannot intersect the face of x more than at two points and both R(z) and L(z)
are outside of H,.

Next step is to prove that € N H, C C,. The arc € N H, doesn’t intersect 0P,
therefore it is either entirely in U or entirely outside. Let us prove that there exists
at least one point inside. Now let us assume that = ¢ (L(x)R(x)) Take O the middle
of the segment [L(X)R(z)]. Then O is inside U as well as inside B. The segment
[Oz] with the point = excluded is then therefore inside U. It has to intersect 6 at
some point y, since z is outside B and hence y € U. Furthermore the segment [Ox]
with O excluded is inside H,, hence y € H,N6. We illustrate this part of the proof
below:

Now instead assume that = € (L(x)R(x)). Take again O in the middle of the
segment [L(z)R(z)]. Furthermore take y € H, N OP. The point y is outside of B
and in H,, so we take an open ball small enough centered around y such that the
ball is inside H, \ B. Then take ¢/ € U that is inside that ball. The segment [//O]
without O is in H,NU and it has to intersect 6 at a point z € H,NU. We illustrate
this part of the proof as well:
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Finally we shall prove that every y € C, is connected by a path to € N H,. We
write again O to be the center of [L(x)R(x)]. The segment [yO] has to intersect 6
at a point z by the same reasoning as above. Furthermore [yz] is included in H, NU
and is outside B, proving that y is connected by a path to H, N 6.

The arc H, N 6 is path-connected proving therefore that the whole C, is path-
connected.

C, is furthermore open in R?\ B as an intersection of two open sets: U \ B and
H,\ B. Now we shall prove that every y € U\ B is in some C,. Let y € U\ B. Then
the semi-line coming from y and going in the opposite direction from the center of
B has to intersect at some point x with the boundary 0P, since P is bounded. Let
us prove that y € C,. By contradiction, assume that y is on the lower plane of H.,.
It cannot be on the segment [R(x)H (z)], since either y would be on a face which is
impossible or y would be inside of the disc B. The segment [yz] would then have
to intersect [R(x)L(z)], which is impossible, since we chose it in such a way that it
cannot enter in the disc B, hence y € H, and therefore y € C, as expected.

Finally using a similar reasoning to the one above, we can prove that the open
sets in the set {C,|z € P\ B} are disjoint, which concludes the proof. O

Theorem 4.7.7 (de Groot). There exists a connected Hausdorff compact and locally
connected space H and a,b € H, two distinct points in H such that: H \ {a,b} is

connected and if U is an open in H and f a continuous injective and open map from
UtoH, thenVx e U, f(x) = x.

Proof. We will detail the proof done by de Groot in [20]. While de Groot originally
used unspecified curves that are bouquets of propellers, which looked as follows:
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We will replace these propellers by rhombi, so that the proof can be reduced to
convex geometry. The bouquets will then look as follows:

We can construct a flower of rhombi centered at a point X of radius r and of n
petals R(X,r,n) as follows. Take D(X,r) the closed disc of radius r centered at X
and D(X, ﬁ(%)) a closed disc of radius ﬁ(%) Split the smaller disc into 2n equal
parts by takingnthe points that correspond to 2n-th roots of unity. On the exterior
disc take the nth roots of unity shifted by the angle 7. Then connect appropriately
to get n rhombi whose only common point is X as shown in the illustration above.

Now we start the construction of H by picking D a disc of radius 1 in R? and
choose (Z,,)nem 0} @ sequence in the interior of D and dense in D. Now we construct
a sequence D, by induction. We start with Dy = D. We construct D, by taking
x) = x; and constructing around it a flower R(z,r1,2) with two petals, such that
its radius doesn’t touch the edges of D as illustrated below.

@

Then we obtain D;, simply by removing the interior of the two rhombi. We
construct Dy in the following way: choose zf, as the first of the x,, that is not on
a thombus in D; (neither in the interior nor on the edges). It exists because the
complement of a rhombus is open and the sequence is dense in the disc D. Now
choose a disc centered at zf, of a radius 75 that is less than %, such that the disc is
disjoint with the flower centered at x| as well as with the edges of D. Finally we
take a flower with three petals centered at xf, and of radius of the given disc. We
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illustrate one such case below:

We then obtain Dy by removing the interior of all rhombi of the flower centered
at x4, from D;.

Now suppose by induction that we have constructed a D,, and z/,--- , 2/ with
the following properties:

e For every k, x), is a center of a flower with &£+ 1 rhombi and of a radius 7, < 5.
e For every k > 1 xj the first z,, that is in none of the flowers centered at
Ty, Th—1-

e For every k > 1 the disc of radius rj centered on 2} has an empty intersection
with the flowers centered respectively at 2/, - - -z}, _; and an empty intersection
with the boundary of D.

e D, is the complement of the interiors of all the flowers centered at z/, -+ ,x
inD.

/
n

We construct D,,4; as follows: Take z;,,; to be the first z,,, such that z,, is in none
of the flowers so far constructed. Then take r,,; a radius smaller than 271%7 such
that the disc centered at z],,, has an empty intersection with all the flowers so far
constructed as well as the boundary of D. Construct a flower of radius 7, centered
at 7, and remove its interior to obtain D, ;.

Now define
H = ﬂ D,

neN

We shall prove that H has the following properties:

e H is compact and connected.

e For every n € N\ {0}, if there is no k € N\ {0}, such that x,, = z}, then z,
belongs to one of the flowers.

o The sequence (x],)nen {0} is dense in H.

e For every x € H distinct from all the z) and every U a neighborhood of
x, there exists C' C U a neighborhood of x, such that: C' and C'\ {z} are
connected.
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e For every n > 1 and every U a neighborhood of /, there exists C C U a
neighborhood of z,,, such that C' is connected and C'\ {z],} has n+1 connected
components dense in C'.

From these properties, we will then be able to prove that H is a de Groot space.

To prove that H is compact and connected, we first prove that all the D,, are.
They are compact, because closed in D, which is compact. To prove they are
connected, we notice that all the interiors of the rhombi in D,, are disjoint convex sets
with a path-connected boundary. By the lemma 4.7.3, D,, is then path-connected,
hence connected. H is a decreasing intersection of compact connected subsets and
is therefore itself compact connected.

Now we need to prove that all the z,, that are not of the form z are on the
flowers (including their interiors). By contradiction take n the smallest positive
integer such that Vk € N\ {0} x,, # =}, and z,, is on none of the flowers. Then for
every n' < n, x,, is either equal to some z}, or is on some flower. Now take kg the
largest k, such that

In' <n,xy, =T

The number kg + 1 is the smallest n’, such that x,, is on none of the flowers centered
at x}, for k' < ky. For all n’ <n, z,, is on one of the flowers with indexes up to ky
because of how the sequence ' is constructed and therefore z} ,, = x,,, which is a
contradiction.

The next step is to establish that the sequence (z],),em fo} is dense in H. By
contradiction, assume that it is not. Then there exists x € H and a radius r > 0,
such that for all integers n, 2/, does not belong to the disc (closed ball) centered at
x of radius r: D(z,r). Now let ny be such that the radius of the flower centered
at Tp,: Ty, is less than 5. Denote C' the open ball centered at z of radius § with
all the flowers up to rank ny removed. The ball C' cannot be empty, since then we
could write B(z, ;) as a finite disjoint union of open sets, which is impossible since
B(x, %) is connected. We then get that C' with interiors of all flowers removed is
equal to C', since all the flowers from the rank ng are centered outside of the open
ball B(z,r) and of radius %, so don’t intersect C' at all. Furthermore C' is open in
D, therefore there exists n € N, such that x, is in C by density of the sequence.
The point z,, is distinct from all the x} and therefore has to be on of one of the
flowers, but that is impossible, since all the flowers are by construction disjoint with

C, hence the contradiction. The illustration for the proof is shown below:
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SomeZr with k < ng

Some other
with k' < un

Some
with " > ng

The next step in the proof is to show that for every x € H distinct from the z)
and for every U a neighborhood of x, there exists C' a neighborhood of z, such that
C\ {z} and C are connected. We take x € H distinct from the x}s. We will show
that there exists A, an increasing sequence of connected subsets of U, such that x
is in none of the A,, and such that (J A, U{z} is a neighborhood of z. To do that

neN
we will distinguish three cases:

Case 1: x is neither an element of the boundary of D nor on any of the rhombi.
Since U is a neighborhood of x, there exists a r > 0, such that the closed disc
of radius r intersected with H: D(x,r) N H is a subset of U. Furthermore we can
choose r > 0 small enough such that D(x,r) doesn’t intersect the boundary of D.

Let ng be in N, such that the flower centered on a7, is of radius less than 7. Let
7" > 0 be a radius strictly smaller than Z, such that none of the flowers centered
at xf,--- ,:1:;10 intersect the open ball centered at x. Here is an illustration of the

configuration:

2 for K > ng

Now let’s take 1/, a sequence of radii converging monotonely to zero with ro = 7.
Consider R, = D(z,r)\B(z,r]) aring centered at x. (B(z,7/,) being the open ball of
radius r], centered at x). Note that none of the flowers intersect both the outer edge
of the ring and the inner edge. To prove it: first take !, with n < ny. Then the flower
centered at x] does not intersect the inner edge by definition. If on the other hand
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n > ng,then suppose that the flower centered at z/, intersects the inner edge. Take
7' to be the point of intersection. We get that d(z,z),) < d(z,2") +d(2',7) < 5+ %.
The circle centered at z;, and of radius 7" < % is therefore included in the interior
of D(z,r) and hence does not intersect the outer edge. The flower centered at z/,
cannot therefore intersect the edge either.

Now let m be an integer greater than 1 and R a rhombus that is part of a flower

centered at some x}, k < m. We will define an open T(R) as follows:

o If R intersects the outer edge, we take P the closest point on R to x. Now
take &P the path-connected component on R N D(z,r) of P as illustrated
below.

Tk

4

In the case of the illustration that would be two faces.

Define then T(R) as follows: if R is entirely included in D(x,r), then T(R)
is simply the interior of . If it is not entirely included, then % is a convex
broken line starting and ending on the boundary of D(z,r), hence by the
lemma 4.7.5 it splits B(z,r) into two path-connected sets and we take T(R)
to be the region not containing x.

First note that T(R) is included in the ring R,,. It is by definition included
in D(z,r).

Now let us show that it doesn’t intersect with D(z,7’). Note that by the lemma
4.7.2 z is above some face containing P and therefore is outside of T(R).
Furthermore if there was a point y € D(z,7") N T(R), then the segment [zy],
would have to intersect the boundary of the set T(%R), which is impossible,
since then D(z,r") and the rhombus & would have a non empty intersection.

Furthermore since rhombus is a convex polygon, we have that the interior of
R is a subset of T(R). Now let us show that if R’ is another rhombus that
intersects the outer edge such that T(R') N T(R) # (), then either T(R') C
YT (R) or vice versa.
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Take u € T(R')NYT(R). Now let us take v a point on IT(R) By convexity of
T(R) the segment [uv] is included in T(R) with v being the only point of the
segment on the boundary. Suppose first that this segment doesn’t intersect
the boundary of Y(R’) as shown below:

In the case the segment is wholly included into T(R') and so v is in T(R’).

Now suppose that it does intersect at some point:

we simply exchange the roles of R and R’ and we obtain a point v’ on the
boundary of T(R') that is inside of T(R). Hence we can suppose after po-
tentially relabeling that T (') contains a point on the boundary of T(R)

Now if R is entirely included into B(z,r), then its interior is in T(R') by
convexity. Indeed the boundary of T(R’) and the polygon convex polygon R’
have at most one point in common, T(%R') contains a point of the boundary
of R and T(R’') is a convex region. In case that both R and R’ are included
inside of B(z,r), then T(R) and T(R') are disjoint by construction, which
cannot happen, since we assume that there is at least a point in common. In
case that R’ is entirely included B(z,r), then R would have a point on the
boundary of R’ in its interior, which would contradict the construction of the
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flowers. Finally in case that neither &R nor R’ are fully included inside B(x,r),
we apply the lemma 4.7.5 to prove that T(R) C T(R')

o If R does not intersect inner or outer edge and is fully included in the ring, then
we simply take T(R) to be equal to R. By the same reasoning as previously,
we can prove that it doesn’t intersect any other T(%R) as previously defined
or is entirely included in it.

e If R intersects the inner edge and therefore not the outer edge, we take T(R) =
R\ B(z,r!) Note that T(R) cannot intersect with any other opens T (R’').

Now we will show that T(R) can be written as a disjoint union of finite opens
with path-connected boundaries.

By the lemma 4.7.6 the interior of %R splits into opens whose boundary is
path-connected. Since R is entirely included in D(z,r) its intersection with
D(z,r) stays path-connected as well.

Now that for every rhombus R, we defined T(R), we define A,, ,, as the ring R,
without all the T(R) with & being a rhombus centered at z}, &’ < m. Note that
using the lemma 4.7.3 A,,,, is path-connected. It is also closed in R?, so compact.
Then A, = (| Amn is compact and path-connected by 4.7.4. Furthermore A4, is a

m>1
subset of R, N H, since for every rhombus R, the interior of & N R, is included in
T(R).
Now write
c=]JA,
n>1

C' is an increasing union of connected spaces, so is itself connected. It is a subset
of H\ {z} as it doesn’t contain x and each A, is contained in H. Now let us show
that C'U {z} is a neighborhood of z in H.
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We will show that
B(z,»")NH C CU{x}

Take y € B(z,r’) N H. Take n € N sufficiently large so that y ¢ B(z,r,). Let
us show that y € A,. To do that, we need to show that y is not in any YT(R)
for every rhombus. By contradiction assume that there exists a rhombus %R, such
that y € T(R). In that case the open T(R) intersects the inner disc D(z,r’) and
therefore R does not intersect the outer disc D(z,7), in which case we know that
T(R) is equal to the interior of R intersected with the ring R,. This implies that
y is in the interior of R, which is a contradiction, since y € H. We have shown that
C'U{x} contains a non empty open ball centered at x, therefore it is a neighborhood
of z. Finally let us show that C'U {z} is connected. The set C contains all the 2/,
belonging to the open ball B(z, ') N H. Furthermore z/, is a dense sequence in H
so it is dense in an open of H, therefore z is in the topological closure of C' into H
and therefore C'U {z} is connected.

Case 2: x is on one the boundary of D.

The approach is the same as in the previous case. First we take r > 0 small
enough so that D(x,r)N H is included in the neighborhood U. The next step is just
like previously to take ng, such that for every n > ng, the radius r, of the flower
centered at x,, is less than z. Then take 7" a radius small enough such that none
of the flowers up to rank ng intersects B(xz,r’). The illustration for the situation is

below.

x), for k < ng

Now we take 7/, a sequence of radii converging to 0 and for a rhombus R, we
define T(R) either the interior of R if the rhombus does not intersect the edges for
D(x,r) or we take the connected component of R closes to x and then take the
interior of that curve just like in the lemma 4.7.5. We can then proceed just like in
case 1: the only difference is: we have to show that T(R) is a subset of D, which
is not completely obvious if R intersects the edges of B(x,r). We take y a point in
B(z,r) that is not in D. Then the segment [zy] doesn’t intersect the boundary of
T(R), which is included in D. Since z is not in T(R) and hence the whole segment
is outside of T(R) and y ¢ T(R).

We can therefore just like in the previous case construct a sequence of connected
closed subsets A,, of U, such that (J A, U{z} is a connected neighborhood of z.

n>1
Case 3: x is on one of the rhombi say R, without being any of the centers.
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Take r a radius small enough such that D(z,r) N H is contained in U such that
this disc intersects the boundary of the corresponding flower at two points as shown
below:

Case 1: z is not a vertex. Case 2: x is a vertex.

We then define V' as D(x,r) without the interior of Ry. Now just like in the two
previous cases, take ng large enough, so that for all n > ng, the radius 7, is less that
. Now none of the flowers with ranks between 1 and ng except potentially some n;
contain z, hence we take r’ < ¢ small enough so that for all k € {1,--- ,no} \ {n1},
none of the rhombi with center at z, intersects B(x,r’). We define for a rhombus R
distinct from Rg, T(R) just as previously. If it intersects the outer circle 6(x,r),
we take P a point on R closest to z, € its connected component in D(z,r) and we
take T(R) the region delimited by the broken line ¢ not containing x. Otherwise
define T(R) as D(x,r) \ B(z, ') intersected with the interior of R. To show that
we are again in the same case, we just need to prove that Y(R) is included in V
for every R distinct from Ry. First if R doesn’t intersect the outer circle, then the
interior of R and R, have an empty intersection, hence T(R) C V. If it intersects
the outer circle,just take y inside Ry N D(x,r). The segment [zy] doesn’t intersect
the boundary of T(%) and x is on the outside of T(R), hence y is on the outside
of T(R) as well.

We then construct again a sequence A,, C H of closed connected subsets of H,

such that |J A, U{z} is a connected neighborhood of x.
neN
Now take # = 2/, and U a neighborhood of z. Pick r > 0 small enough so that

B(z,r) C U and such that D(z,r) doesn’t contain any of the upper faces of the
rhombi as shown below:
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We also denote V; for ¢ between 1 and m as the m distinct connected components
of D(z,r)\ {} without the interior of the flower centered at x. The next steps are
similar to what we did in the previous part of the proof: we take ng, such that for all
n > ng,the radius r,, is less than g Then we take 7’ a radius small enough such that
none of the flowers centered at xj with k € {1,--- ,no} \ {m} intersects B(x,r’).
The configuration is illustrated below:

Note that again none of the flowers except those centered at x can intersect both
the circle centered at x and of radius r and that of radius 7’. Just like previously, if
a rthombus R centered at some z;, with k£ # m intersects the outer circle 6(z,r), we
take ¢ are the connected component in the boundary of & \ D(z,r) of the closest
point to z and then we take T(R) the region in D(z,r) delimited by ¢ not containing
x. If R doesn’t intersect the outer circle, or intersects it only at one point, we take
T(R) to simply be the interior of R. We shall show that T(%R) intersects at most
one V.

First we deal with the case when Y (%) is simply the interior of ®. Then if
T(R) intersected V; and V;, with i # j. take y in VN T(R) and ¢ € V; N R. The
segment [yy'] is included in T(R) by convexity and therefore has to intersect one of
the rhombi R’ centered at x, since V; and V; are two different path components of
D(x,r) \ {z} without the interior of the flower centered at x. That implies that R
and R’ have a non trivial intersection, which is a contradiction.

If on the other hand we suppose that T (%) intersects 6 (z,r) at more than one
point, let us show again that T(R) intersects at most one V;. First assume that
there exists y € T(R) NV; for some i. Let us show that then T(R) C V;. Let ¢’ be
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the boundary of V; it is then a broken line passing by x with extremities intersecting
@(z,r) and V; is a convex region delimited by ¢’. We have the situation illustrated
below:

\J

We know that z is on the exterior of T(R), therefore the segment [xy] must
intersect the boundary of T(%R) at some point z. By convexity, z belongs to V;.
Since the boundary of T(R): ¢ and ¢’ don’t intersect each other, the whole ¢ is
inside V;. The point x is on the exterior of both € and ¢’, hence by the lemma 4.7.5
T(R’) is included in V;.

Now take 77, a sequence of radii monotonely converging to 0 with r{ = r’. Define
A, as D(x,r)\ B(z,r,) without all the T(R) with R all rhombi not containing x
and without the interior of the flower centered at x. Just like previously one can
show that A, C H\ {z} and that |J A, U{z} is a neighborhood of x. Let us show

neN
that V; N |J A, are the connected components of | J A,,. Write for every i between
neN nN

1 and m, B,; = A, NV,,. Using the fact that T(%R) is included inside V,, if it has a
non empty intersection, we can prove using the lemma 4.7.3 that B, ; is connected

for every n. We therefore get that B; = |J B, is connected as an increasing union
neN
of connected spaces. Now to prove that it is a connected component, let us show

that it is a clopen. It is closed as an intersection of the closed subset V; with |J A,.
neN
Now V;\ {z} is open in H \ {z}, which contains |J A, therefore V;N |J A, is open
neN neN

in |J A4,. Now simply define C = |J A, U{z}. C is a neighborhood of z. It is

neN neN
also a union of connected spaces that have the point x in common therefore is itself

connected. Finally C'\ {2} has m connected components which all have the point
x in their closure in C.

We have finally proven all the properties of H we need to show that it is a de
Groot space. Take now a,b € H two opposite points on D. As a reminder we need
to prove that

e H is compact Hausdorff and locally connected.
e H\ {a,b} is connected.

e If U C Hisan open and f: U — H is a continuous injective open map, then
Ve e U, f(z) = .
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We already know that H is compact Hausdorff and locally connected. Now let
us prove that H \ {a,b} is connected. Since H is compact Hausdorff, there exists
U’ C H and open neighborhood of a and V' an open neighborhood of b, such that
UNV =10. Now take C' C U’ connected neighborhood of a, such that C'\ {a} is
connected and ¢’ C V' a connected neighborhood of b. Now take U C C' an open
neighborhood of a and V' C C” an open neighborhood of b. For every z € H \ {a, b}
take C, C H\{a, b} a connected neighborhood of x containing an open neighborhood
of U, of x. The set {U,|x € H\{a,b}}UUUV is an open covering of H, therefore by
compactness it has to have a finite subcovering U,,,--- ,U,,,U, V. We then write

Uy=U, Uypp1 =V and U; = Uy, forie{l’... ’n}
Co=C, Coy1 =C"and C; = C,, fori e {1,--- ,n}

Now let W be the connected component of H \ {a,b} containing C. Let us show
that W = H \ {a,b}. Let m < n + 1 be maximal, such that up to permutation
UuUJ U U, €W. By contradiction, assume that m < n+ 1. Then Uy U ---UU,, is

k=1
an open in H and not all U; with ¢ > m can be disjoint with it, otherwise H could

be written as a disjoint union of two opens. Up to permutation we may therefore
assume that U, N (U3 U---UU,) # 0. We therefore have that there exists an
i < m, such that U; N U,,.1 # (. The set W contains therefore an element of C,, 1,
which is connected. Furthermore W is connected hence W contains C,,,; and in
particular it contains U,,.;. Finally by the same reasoning we can prove that W

contains Uy \ {a} and U, \ {b}.

Now the final step is to prove that if f : U — H is an injective continuous
and open map for some U open in H, then Vz € U, f(x) = x. To prove it we shall
first prove that if a/, € U, then f(z! ) = x], and then conclude by density of the
sequence (2 ),>1. Consider y = f(x! ). We have that f(U) is an open neighborhood
of y since f is an open map, therefore there exists C’ a neighborhood of y contained
in f(U), such that C"\ {y} has n connected components with the property that for
every A C O\ {y} connected component of C'\ {y}, y € A. Now f~1(C") is an
open neighborhood of x,,, therefore there exists C' C C" a connected neighborhood
of z,,, such that C' \ {x,,} has m + 1 connected components. Let us prove that
m + 1 < n. To prove it we shall show that there exists a continuous map from
C'\{z],} to Z that has at least n values. Take u : C"\ {y} — Z having a different
value on each connected component. This map is continuous. Now consider the
map vo f: C' — Z. It is continuous as a composition of two continuous maps.
Furthermore it has at least n values. Indeed if we pick A a connected component of
C"\ {y}, we know that f(C) is a neighborhood of y, hence f(C)N A # (. We then
pick a € C, such that f(a) € A. In that case u(f(a)) will have the same value as
u does on A. This implies in particular that n > 2, since m + 1 > 2. We therefore
get that f(x!,) has to get sent on a 2/ ,, with m’ > m. But by the same reasoning
/7! has to send 2/, onto z,,, with m” > m’ and therefore m = m’. We therefore
conclude that f fixes all the z], that are in U. Now the sequence (z})) is dense in
H |, therefore it is dense in U as well. We can therefore conclude by continuity that
f fixes all the elements of U. [
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Now we are almost ready to prove the Morris and Hofmann conjecture, but
before we will need the following lemma:

Lemma 4.7.8. Let T be a profinite graph and d € {o,t} an incidence map. Let
x € V() and let U be a neighborhood of x in T' containing the set d=*({x}). There
exists then N a clopen neighborhood of x in V(T'), such that d~*(N) C U.

Proof. Since V(I') is a profinite set, we can find N be a system of clopen neighbor-
hoods of z in V(T'), such that (| N = {z}. In that case we get that (| d"'(N) =

Nex NeN

“1({z}). Since d~'({z}) C U, we then get that (| d~'(N)\ U is an empty inter-
Nen

section of closed sets in I'. By compactness of ', there exists then an N € N, such

that d~*(N) \ U = ) and therefore d~'(N) C U. O

Theorem 4.7.9. Let I be a profinite graph. There exists a compact Hausdorff
space T, such that the group of automorphisms of I' is isomorphic to the group of
autohomeomorphisms of . Furthermore if we assume T’ to be connected, then T is
connected as a topological space.

Originally, I proved this theorem with the assumption that the set of edges in I'
is closed. That was incompatible with the theorem 4.6.8, since the resulting profinite
graph with no colors doesn’t have a closed set of edges since the compactifying points
at infinity are in the topological closure of the set of edges. The main difficulty in
proving the general version

Proof. Take (H,a,b) a doubly pointed de Groot space. Take ~ an equivalence
relation on I' x H, such that the equivalence classes are as follows:
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o(u)} U{(o(u),a")|2" € H} if x = a
t(u)} U{(t(u),2")]a" € H} if = b
u} U{(u, o)z’ € H} if u € V(T)

~—

( )
( U) (u) =
(v, a) UQZK)}UﬂwﬁW(’
(v, a)o(u') = u} U{(', )[t(u)
Now define T = I X H/N. We need to show that T has the desired properties. We

will now define here all the important notations that we will use throughout the
proof:

e 7 the natural projection of I' x H onto I.
o V(I') =7(T x {a,b}) and E(I') =T\ V().
e H,, H, two disjoint connected opens of H, such that « € H; and b € H,.

The idea of the proof is that we replace the edges by "intervals”, which is called
the topological realization of the graph. However what we require out of these
intervals is that they have no local homeomorphisms besides identity, in that way
we do not create additional homeomorphisms that would simply act on the intervals
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themselves. That means instead of taking intervals in R like it is traditionally done
with topological graphs, we will take the de Groot space H. Furthermore we require
that a homeomorphism of the new space I, does not jump between intervals and
stays on the same one. That will be guaranteed by the fact that our graphs are
profinite, hence totally disconnected, thus it is impossible to jump continuously
from edge to edge, since our interval H is connected.

The proof proceeds in the following steps:

e Step 1: Show that V(I') and V(I") are homeomorphic by a homeomorphism
a. That way the extremities of the edges correspond to vertices of V(I').

e Step 2: Show that every homeomorphism ¢ sends V(I') onto V()

e Step 3: Show that every homeomorphism ¢ sends an open interval m({e} x H)
onto an open interval w({e, x H}) for all e € E(I)

e Step 4: Using the fact that H has no non trivial local homeomorphisms,
show that for every homeomorphism g of I', every edge e € FE(I') and every

v e H\{a,b} g((e, 7)) = (¢, 7).

e Step 5: Using the continuity of g, conclude that for every x this time in H, al-
lowing the extremities, we get g((e, x)) = (e4, z). That sufficiently determines
the structure of the automorphisms to proceed with the rest of the proof.

e Step 6: Define the isomorphism from Aut(I') to Aut(I") and its inverse.

e Step 7: Prove that if T is connected, then T is connected.

We have 7= (V(I')) =T x {a,b} UV(T') x H, therefore V(') is closed in T' and
therefore compact. Now define

V() — V()
o(e) if u = (e,a) and e € E(T")
ur < t(e) if u=(e,b) and e € E(I)
vifu=(v,z) e n(V([') x H)

Let us show that « is a well defined continuous and bijective function. The fact that
it is well defined is because of how the equivalence relation works. Now let us prove
the continuity of a. Let u € V(I') and U and open neighborhood of a(u) in V/(T).
Now let U; = 0o7'(U) and U, = t~!(U), which are two opens in I by continuity of
the origin and terminus maps. Now let U" = w(U; x HiUUy X HoU(UyNUy) x H). To
show that U’ is open, we will show that 771 (U’) = U; x H{UU, x HyU(H; N Hy) x H.
Let (u,z) be such that there exists (v',2') € Uy x HH UUs x Hy U (Uy NUs) x H
such that (u,z) = (v, 2’). Let us differentiate all the possible cases:

e Case 1 u € V(I'): We have that: o(u) = t(u) = u € U ,therefore u €
(U1NUs) x H. For the rest of the cases, we are going to assume that v € E(T).
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e Case 2: 2’ # a,b.

In that case we simply get u = v’ and z = 2’ and (v, 2') is in Uy x H; U Us X
Hy U (UyNUsy) x H, then so is (u, z).

e Case 3: z=a,2' =0

Then we get that t(u') = o(u). Now t(u') € U and therefore o(u) € U
and so u € Uy = o '(U) and therefore (u,z) € U; x H;. To prove that
(u,z) € Uy x H; U Uy x Hy for the remaining cases, the approach is very
similar, so we will simply list them here for the sake of completeness.

e Case 4: ' =b and z = a.
e Case 5: ' =a and = = a.

e Case 6: ' =band z = 0.

Now that we know that U’ is open, we get that U'NV (I") is an open neighborhood
of u. Now let us prove that o(U'NV(T)) CU. Let v € U'NV(D). If v = (e, a) with
e € E(T), then e € 07*(U) and so a(v) = o(e) € U. If v = (e,b) with e € E(T),
then a(v) = t(e) € U. Finally if v = (¢v/,z) with ' € V(T), then v/ = o(¢v') = t(v')
and v € U. That concludes the proof of continuity of «.

Now let us prove that « is injective. Suppose that a(v) = «a(v'). Write for
example u = (e,a) and v’ = (¢/,b) with e, ¢’ € E(I") (all the other cases are similar).
In that case o(e) = t(e) and by definition of the equivalence relation v = u’. The
surjectivity of a simply comes from the fact that o((u,a)) = u for every u € V(I').
Note that since « is a bijective continuous map between two compact spaces, it is a

homeomorphism.

Now that we have properly defined the map «, we shall investigate the structure
of the autohomeomorphisms of I'. We shall prove that for every g € Aut(I") and for
every e € E(I'), there exists e; € E(I'), such that Vo € H, g((e,z)) = (ey, ).

First let us start by proving that g(V(I')) € V/(T'). By contradiction assume that

there exists a (u,x) € V(I') with w € V(I'), ¢’ € E(I") and 2’ € H \ {a, b} such that
g((u,a)) = (¢/,2'). Then by the continuity of g, there exists U a neighborhood of

(u,a), such that g(U) C w(E(T") x H \ {a,b}), since 7(E(T") x H\ {a,b}) is an open
neighborhood of (¢/,2"). We will distinguish three cases:

e Case 1: The vertex u is isolated. Then for every h € H, 7~ !(U) is a neigh-
borhood of (u, h), therefore there exists U, an open neighborhood of u and I},
an open neighborhood of h, such that 7(Uy, x I,) C U. The set H is compact,

therefore we can find hy,--- ,h, € H, such that H = I}, U---UI},, . Now write
U =()Un
k=1

Which is an open neighborhood of u. Since u is isolated, we have d~!({u}) =
{u} with d being the origin or the terminus map and thus o' ({u})Ut ! ({u}) C
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U’. By the lemma 4.7.8, there exists V' an open neighborhood of u, such that
o Y(Vyut (V) CU.

If (oY (V)ut=Y(V)) N E(T) = 0, then the set m((o~ (V) Ut 1 (V)) x H) is
an open neighborhood of (u,a). By continuity of g~! o 7, there exists H' an
neighborhood of 2/, such that

Vo e H' g7 ((¢,x)) € m((o™ (V) Ut (V) x H) C V(T)

By local connectedness of H, there exists a C' C H' a connected neighborhood
of 2'. Now define
)0 — V(D)
z = a(g((¢,2)))

It is a continuous map from a connected set C' into a totally disconnected set
V(I"), therefore it is constant. However ¢ has to also be injective, which is a
contradiction.

Now if we assume instead that (o=*(V)Ut~1(V)) N E(T) is non empty, then
take e € E(I), such d(e) € U with d either the origin or the terminus map.
The vertex d(e) is not isolated and we have g(d(e),a) € n(E(T") x H \ {a, b}),
therefore g(d(e),a) ¢ V(') and we may defer to the cases that follow to obtain
a contradiction.

Case 2: There exists e € E(I'), such that o(e) = u. Remember that the set U
is open in I" and that g(U) C n(E(I") x H \ {a,b}).

There exists then N an open neighborhood of e and I a connected neighbor-
hood of a not containing b, such that =(N x I) C U.

Now define a map ¢ as:

. {IHE(F)

T e | (e”,x”) — g((e,I))

The map ¢ is well defined since the projection 7 is injective on E(I") x H\{a, b}.
It is a continuous map from a connected set I to the totally disconnected set
', hence it is constant, thus equal to ¢’ at all points.

Now let I’ C I be an open neighborhood of a. Let us define a map v by

¢:{I’—>H

x> a” | g((e ) = (¢;a")

It is an injective continuous and open map since g is a homeomorphism. By
the property of rigidity of H, we have that Vx € I,v¢(z) = x: in particular
t(a) = a, which is the desired contradiction, since 1) can only take values in

H\ {a,b}.
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e Case 3: There exists e € E(I), such that t(e) = u. This case is essentially the
same as the case 2, therefore will be omitted.

We conclude therefore that g(V(I')) € V(T and thus g sends “vertices” on
“vertices”. By bijectivity of g, we then get that g(F(T")) C ( ).
The next step is to show that

Ve € E(I'),3¢' € E(T'),Vx € H\ {a,b},3y € H\ {a,b},9((e,z)) = (¢/,y)

Consider

~ JH\{a,b} — E(I')
e ¢ By e H\ {a,b},9((e,2)) = (¢,y)
Let us show that ¢ is well defined and continuous. The map ¢ is well defined simply

because
g(m({e} x H\ {a,b})) C w(E() x H \ {a,b})

Now to show that ¢ is continuous, suppose that g((e,z)) = (¢/,y) and let V be an
open neighborhood of ¢’. Then 7(V x H \ {a,b}) is an open neighborhood of (¢, y)
in T'. By continuity of g, there exists U an open neighborhood of (e, z), such that
g(U) C n(VxH\{a,b}). By continuity of 7 at (e, x), there exists W a neighborhood
of z not containing a, b, such that 7({e} x W) C U. Let us show that ¢(IW) C V.
Let 2/ € W. Then g((e,2’)) € n(V x H \ {a,b}) and so there exists ¢’ € V and
y' € H\ {a,b}, such that g((e,2’)) = (¢”,y'). We therefore get that ¢p(z') =" € V
as expected. The map ¢ is a continuous map from the connected set H \ {a,b}
to E(I'), which is totally disconnected and therefore is constant. We denote e, its
value.

Now we will show that Vo € H \ {a, b}, g((e,x)) = (eg4, x). Define

:{H\{a,b}—>H\{a,b}

Ty |g((e,:r;)) = (egvy)

The relation ¢ is a well defined function. It is injective, because ¢ is injective
and it is open and continuous due to g being a homeomorphism. Then we get
Vo € H\{a,b},(z) = x. As such we indeed have Vx € H\{qa,b}, g((e,x)) = (e,4, x).

Now we shall prove that g((e,a)) = (e,,a) and that g((e, b)) = (e,4,b). Since the
proofs of these two statements are similar, we will only do one of them.

Write v = a(g((e,a))). By contradiction assume that u # o(ey). Then there
exists U a neighborhood of u, such that o(e,) ¢ U. By continuity of g, there exists
V' a neighborhood of (e, a), such that

VgeV,glq) em( o (U) x HHUt N (U) x HoU (o *(U)Nt Y (U) x H )
By continuity of m, there exists W a neighborhood of a contained in Hy, such that

Ve e W, (e,x) eV
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Now pick an = € W distinct from a. We then have
g((e,z)) = (eg,7) € (0 (U) x HHUt (U) x HyU (o " (U) Nt 1 (U)) x H)

Since x ¢ Ha, we get that (e,,2) € 071 (U) x H; U (o~ (U) Nt (U)) x H. Hence
o(ey) € U, which is a contradiction. As such, we conclude that

Ve € E(I'),3e, € E(I'),Vz € H, g((e, x)) = (eg, x)

Now that we have a description of the autohomeomorphisms of I', we can prove

that Aut(I") is isomorphic to Aut(I") as a topological group.
Define

Aut(I") — Aut(I)
D = . {f —T

(u, ) = (g(u), z)

First we need to prove that ® is well defined. Take g € Aut(I'). Now consider g the
map from I' x H to ', given by §(u,z) = (g(u),z). The map § is continuous as a
composition of a continuous map on I' x H with the natural projection 7. Because
g is an automorphism of a graph, ¢ is compatible with the equivalence relation ~
and therefore factors into a continuous map from I’ to I, ®(g). The map P is
a morphism of groups. Now we need to prove that ® is continuous for the open
compact topology.

For that we take K a compact and U an open in I, such that ®(g)(K) C U. Now
we write ' as a projective limit of some I'; indexed by a directed set I and p; the
natural projections. For i € I and u € I', we denote P;(u) = {u' € I'|p;(v) = pi(u)}
Now if (u,z) € 7 1(®(g)(K)), then (u,z) € U and therefore by the continuity of 7,
there exists i., € I and H., C H, such that n(P;,  (e) x H.,) C U. The P, , x

H, . cover m1(®(g)(K)), so by compactness there exists a finite family Pielv9;1 X
Heiwys ooy Py 2y, X He, 2, covering 7! (g(K)) as well. For simplicity we will denote
Py =P, , and Hy = H,, ;. Now let i be an upper bound of {i1, -+ ,i,} and
let ¢ € Aut(T"), such that p; o g = p; o ¢’. Let us prove that ¢(¢')(K) C U. Let
(u,z) € K. Then (g(u),z) € ¥(g)(K), therefore there exists an m, such that
(9(u),z) € P,, x Hy,. Now p; 0 g = p; o ¢" and therefore p,,(¢'(uv)) = pm(g(u)), from
which we get that (¢'(u),z) € P, x Hy,, and thus ®(¢')((u,x)) = (¢'(u),z) € U. We
therefore conclude that ® is a continuous map. To finish the proof that Aut(I") and
Aut(T") are isomorphic, we will define a continuous inverse of ®.

To define the inverse, we take a xy € H \ {a,b}. We define a map
5 {w(E(F) x {zo}) — E(I)

(e,x0) > e
This map is a homeomorphism. Now write
Aut(T') — Aut(I)
U - I —7T
T2 9 s {aogoal(u) if ue V(I
Bogopf(u)ifue E(T)
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This is where the main difference between assuming that the set of edges E(T") is
closed in I' or not lies. The difficulty here is that while neighborhoods of edges are
essentially the same between I and T, it is not the case for the neighborhoods of
vertices. In case of vertices, every edge that is incident to the vertex has to be in its
neighborhood. If we assume the set of edges to be closed, we can circumvent this
problem by dealing with vertices and edges separately and using the fact that o and
[ are isomorphisms. If on the other hand, we do not make this assumption, we will
have to add the edges incident to a vertex and their neighborhoods and use them
when proving continuity.

Let us now prove ¥(g) is continuous for all g. Let uw € I'. To prove that ¥(g) is
continuous at u, we distinguish two cases.

e Casel: ue E(I'). Let V C E(I') be a neighborhood of ¥(g)(u). By continuity
of Bogo B~ there exists U a neighborhood of u, such that ¥(g)(U) C V.
e Case 2: u e V(I'). Let U be a clopen neighborhood of ¥(g)(u).

For every edge e € (o7 '({u}) Ut '({u})), take V., C E(T) a clopen neigh-
borhood of e. The family (V.).ep with D = (o7 '({u}) Ut~ *({u})) N E(T)
together with U covers o' ({u}) U t~1({u}), therefore by compactness there
exist e, -+ , e, € D, such that o' ({u}) Ut ' ({u}) CUUV,, U---UV, . By
the lemma 4.7.8, let then U’ be a neighborhood of ¥(g)(u), such that

whcvuuv,u---uVv,,

and

' UYCUUV,U---UV,,
Now define U; = o~ 1(U’) and U, = t~1(U’). Let V be the set

V:’iT(leH1UU2XH2U(U1QU2)XH)

The set V' is then open in [ and therefore by continuity of ¢, there exists
N a neighborhood of (u,z), such that g(N) € V. Furthermore the set

7((U Vi) x {mo}) is closed in T, thus by continuity of g, the set ¢~*(T"\
k=1

7(UJ Ve, x {z0})) is an open neighborhood of (u,xy). Write then
k=1

N'=N\g(r U . X {zo}))

By continuity of the natural projection, there exists then A a neighborhood of
w and I a neighborhood of zy, such that m(A x I) C N’. Observe that

P(g)(A) CULUU, CUUV, U---UV,,
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Furthermore if (e, ) € N’ with e € E(I"), then by definition
(e, 20)) U x {xo})

and therefore U(g)(e) ¢ |J Ve,. This proves that
k=1

n

Vu' € A, W(g) () & | Ve

k=1

We then get that
U(g)(A) C U\ (V,U---UV,,)CU
We conclude therefore that ¥(g) is continuous at u.

We now need to prove that for all g, ¥(g) is compatible with the origin and
terminus map. We will only prove it for origin as the proof for terminus is essentially
the same. Take e € E(I"). We have

U(g)(o(e) = a(ga"(o(e))) = alg((e,a)) = a((¥(g)(e), a)) = o(¥(g)(e))

Finally to conclude that Aut(I') and Aut(T) are isomorphic, we need to prove that
U is a continuous map. For that let K be a compact in I" and U an open in I', such
that U(g)(K) C U. For each u € K, we construct a clopen set N, C I" as follows:

First if u € E(T"), we take N,, C E(I") a clopen subset of I', such that U(g)(V,) C
UnNET).

If w € V(I') denote v = W(g)(u), by what we have seen when proving the
continuity of ¥(g), we can construct a clopen 4, C E(I') and an open neighborhood
of v' in V(I') B,, such that

o (B, Ut (B, CUUA,

Observe that U\ A, is a neighborhood of «" and take N, to be a clopen neighborhood
of u, such that ¥(g)(N,) C U\ A,. Since N, form an open cover of K, therefore by
compactness of K, there exist uy,--- ,u, € I', such that

KCN,U---UN,,
Now let 7 be an integer between 1 and n: we will distinguish two cases:

e Case 1: u; is an edge.

Then we have

9(m(Nu; x {z0})) € (UNET)) x H \ {a, b}
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e Case 2: u; is a vertex.

Then we have
g(m(Nu, x {zo})) € S(By,) \ m(Au, x {zo}) Un((UNET)) x H\ {a,b})
With

S(B,,) =m0 (By,) x HHUt ' (B,,) x HyU (0™ Y(By,,) Nt *(By,,) x H))

These inclusions define an open neighborhood of ¢ in the open compact topology
which we shall call ¥. Let us now show that V¢’ € U, ¥(¢')(K) CU. Take ¢’ € V
and let u € K. Then there exists 7, such that u € V,,,.

If u; is an edge, then by definition: ¢'((u,xq)) € (UNE(T")) x H\ {a, b} and thus
V(g')(u) € U.

If on the other hand u; is a vertex, then we have two possibilities.

We can have ¢'((u, zg)) € S(By,) \ 7(Au, X {xo}), in which case we conclude that
either t(W(g¢')(u)) or o(V(¢')(u)) is in B,. If that is the case we get that ¢(g)(u) is
in U\ A,,. The other possibility is that ¢'((u,x¢)) € (UN E(I") x H \ {a,b}), in
which case ¥(¢')(u) € U.

We therefore conclude that U is a continuous map and we have that Aut(I") and
the autohomeomorphisms of I are isomorphic as topological groups.

Finally let us prove that I is connected if ' is connected. To prove it, we take f
a continuous map from I" to {0,1}. Since H is a connected set and f a continuous
map, we have that

Vu e I',Vx, 2’ € HJ(W) = f((u,2"))

Define
o {F —{0,1}
a u = f((u> '7:0))

Let us show that ¢ is a continuous qmorphism from I' to the discrete graph {0, 1}.
To prove that it is a qmorphism, we just observe that

Ve € E(T), f((e,a)) = f((e,20)) = f((e, 1))

To prove the continuity of ¢, we take a u € I' and show that ¢ is constant on a
neighborhood of . By the continuity of f, there exists U a neighborhood of (u, ),
such that f is constant on U. Now by continuity of the natural projection 7, there
exists U’ a neighborhood of u in I', such that #(U’) C U. We then have that ¢ is
constant on U’.

Since ¢ is a continuous qmorphism from I" to {0, 1}, we have that ¢ is constant.
Given that for every u € I', f is constant on 7({u} x H), we can conclude that f is

a constant function and thus I' is connected. O

As a corollary of this result, we have the theorem:
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Theorem 4.7.10. Let G be a profinite group. Then there exists a compact connected
Hausdorff set X, such that G is isomorphic to the group of autohomeomorphisms of
X with the open compact topology.

Proof. In case G is the singleton {1g}, just pick X to be the de Groot space H
constructed earlier.

In case G is a finite group that is not a singleton, take S to be the set G \ {15}
and I" to be the Cayley graph Cay(G,S) together with its standard colors. Next
take I to be the colorless graph whose group of automorphisms is that of I' i.e.
G. Finally by 4.7.9 let X be a compact Hausdorff connected space whose group of
autohomeomorphisms is Aut(I') = G.

Finally in case G is an infinite group, pick N an open proper normal subgroup
of GG. Such a group exists, since otherwise G would have to be finite. Furthermore
let x1,--- ,x, be representatives of the classes in G/N,With r1 € N and z; # 1g.
Consider then S = x9N U {zy, -+ ,2,}. The set S is closed in G as a union of a
closed and a finite set. Furthermore it generates G as an abstract group, so the
graph I' = Cay(G, S) is not only connected as a profinite graph, but in fact path-
connected. Now by the theorem 4.6.8 take I to be a colorless connected graph,
such that G = Aut.(I') = Aut(I"). We then take by the theorem 4.7.9 X to be
the connected compact Hausdorff space, whose group of autohomeomorphisms is
isomorphic to Aut(I”) = G.

O

As mentioned earlier, I proved originally this result for only finitely generated
profinite groups. It is worth mentioning that in case of finitely generated groups the
theorem does not extend an already proven result due to Gartside and Glyn in [18].
They proved it for the case of metric profinite groups and as we will show in the next
section finitely generated profinite groups are in fact metric. Our approach followed
rather the ideas of Hoffmann and Morris in [25] and by adopting the language
of profinite graphs and introducing the notion of colors and color substitution, I
expanded on those ideas and proven the general case. Finally we give an example of
the construction of the space X for the group Zs x Zs, with Z3 being the three-adic
numbers.
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Example 4.7.11. The illustration of the Cayley graph of Z3 x Z3 is below with
blue corresponding to translation by (0, 1) and red by (1,0):

11
i W £

(0,2)

(0,1)

(-1,0) (0,0) (1,0)

(2,0)

It is composed of all the disjoint components corresponding to the cosets. While
this graph is not path-connected, with the topology of a profinite graph, we can
approach any element of it by a sequence in the component corresponding to Z2.

For example, (3, 0), can be approached by the sequence ((1+ > 3*,0)),en. We then
k=0

substitute the colors by the paths as follows:
11,
(5 ) 5) +Z

Note that the color substitution here is slightly simplified compared to the general
one in 4.6.6, but in this context it still works and is slightly clearer.
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After the color substitution is done, we will get that the group of continuous
automorphisms of the new profinite graph is isomorphic to Zz x Zs3. The final step
is to replace each oriented edge by a doubly pointed deGroot curve and the group of
autohomeomorphisms of the resulting space will be isomorphic to the group Zs x Z3
as a topological group.

4.8 Finitely generated profinite groups are metric

To establish this result, we will prove that the open subgroups of a finitely generated
profinite group are countable and then we will use it to construct a valuation on
such profinite groups.

Proposition 4.8.1. For every finitely generated profinite group G and every index
n € N, the set of open subgroups of G of index n s finite.

Proof. This proof can be found in [26] Proposition 1.6. Let m be the number of
generators. Then we can inject the continuous functions from G to 8, (the symmetric
group with discrete topology) into 8)*. Now by axiom of choice, for each H open
subgroup of G of index n, choose fy a bijection between G/H and {1,---,m}, such

Furthermore for an open subgroup H and each g € G, we can define a per-
mutation on G/ T7, given by the formula: ¢ - g ' = ¢'¢g~. Such a permutation is
well defined: indeed if ¢ = ¢”, we get that (¢'¢g 1)(¢"g" ') = ¢'¢"~' € H and so
¢'g~' = g¢"-1. Now for every H, we define

G—3S,
O(H) = . {1,---n} —{1,--- ,n}
7k it (k) - g7

Let us show that ®(H) is a continuous morphism. We have for £ € {1,--- ,n} and
9.9' € Gthat ®(H)(99') = fu(fr' (k)(99") ") = fu(fr' (k)g " g™") = (H)(9)(P(H)(g')(k))
and so ®(H) is indeed a morphism. Now let us show that it is continuous by proving
its kernel is the open H. We get that ®(H)(g) = id if and only if for every k between
1 and n, fu(fz (k) -g~') =k, which since fy is a bijection is equivalent to saying
that for every ¢’ € G, ¢’g~! = ¢/, which is equivalent to ¢ being in H.

Finally let us prove that ® is an injective function. Suppose that ®(H) = &(H’).
Let us prove that H C H'. Let h € H. Since ®(H)(h) = ®(H')(h), we get that
®(H')(h)(1) = 1. And therefore fy(H'-h™') =1, thus H' - h~! = H’, which proves
that h € H'. Since H, H' have symmetric roles we conclude that H = H’ and that
® is an injective function.

Since Hom.(G,S,,) is finite and ® is an injection from X,, to Hom.(G,S,), we
conclude that X, is finite. O

From this follows immediately the:
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Corollary 4.8.1.1. Let G be a finitely generated profinite group. Then the set of
opens in G is countable.

Now we can conclude that a finitely generated profinite group is metrizable by
the Urysohn metrization theorem stating that every regular Hausdorff space such
that every point has a countable basis of neighborhoods is metrizable. We can
however provide a more straightforward proof written below.

Proposition 4.8.2. Let G be a finitely generated profinite group, then G is metriz-
able.

Proof. We take (N, ),en a sequence of all open normal subgroups, which is possible
since open subgroups of G are countable. Now we will define a valuation on the
group G, which will induce our metric.

We define U,, = ﬂ Ny, which is an open normal subgroup of G. Now for g € G,
k=
we define v(g) = mm{n € NU{oco}|g ¢ U,}. Let us prove that v is a valuation, i.e:

* Vg,9' € G,u(gg™") = min(v(g),v(g))
e Vge G, u(g) =0 g=1g

For more details about valuations on groups see [43].

Let n = v(g) and m = wv(g’). Assume by contradiction that v(gg’) < n and
v(gg’) < m. Without loss of generality, we may assume that n < m. In that case
99" ¢ Uygg—1) and g, ¢’ inU,_1. Since U,_; is a subgroup of U,e-1), we get that
99'~" € Uy(gg-1), which is a contradiction. Furthermore we have that v(1g) = oo,
since as subgroups, all U, have to contain 1s. Finally we know that since G is

profinite (| N,, = {1g}, hence if v(g) = oo, then g = 1.
neN
Now let us show that v defines a metric. Write

20099 if v(gg' 1) # oo
dg. ) — { (99™")

0 else
Let us check that d verifies the three axioms of an ultrametric.
e Let g,¢ € G. We have that d(g,¢') =0 < v(gg ™) =0 & g9 ' = 1g &
9=49.
e We have v(gg ') =v(g’'g™") for all g,¢' € G, so d(g,q') = d(q, g).

e Letg, g’ g" € G. Wehavev(gg"™") = v((99"~")(9"g"")™") = min(v(gg™™"), v(g
We therefore get that d(g,¢") < maz(d(g,¢'),d(q’,g")), since x — 277 is a de-
creasing function.

The valuation v defines therefore a metric and more precisely an ultrametric on
G. Now we just need to prove that the topology induced by v is the profinite
topology on GG. To prove that the topologies are the same, we will now show that

", 1—1

9

))-
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the neighborhoods for both topologies coincide. Let then V' be a neighborhood of
go € G for the profinite topology. Then there exists n € N, such that g5 - N, CV
and so go - U, C V. Now

Un ={g € Glv(g) > n}

so goU, is an open neighborhood of gy for the topology induced by the valuation
and thus V' is an open neighborhood of gy for the valuation topology. Now on the
other hand let us suppose that V is a neighborhood of gy for the valuation topology.
Then there exists € > 0, such that {g € G|v(gog™") > loga(—€)} C V. Now take
n € N, such that n > loga(—€). Now let us show that U, - g9 C V. Take g € U,.
Now v(go(gg0) ™) = v(g™ ') = n > loga(—e€). Therefore d(go, gg0) < € and U,,go C V
and since U, gy is open for the profinite topology, we get that V' is a neighborhood
of gy for the profinite topology. We therefore conclude that G is metrizable. m
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Conclusion

The original motivation of this thesis for studying graphs was Galois theory. The
main motivation was to find connections between Galois groups: permutations on
roots of polynomials fixing algebraic equations and automorphisms of graphs: per-
mutations on vertices preserving edges. In the first chapter we saw an example of
how graphs can be used to solve a Galois theory question: by the theorem of Janos
Kollar and Ervin Fried, proving that every finite group is a group of automorphisms
of some finite extension of Q. This theorem uses an old theorem known as the the-
orem of Frucht that establishes that every finite group is a group of automorphisms
of a finite graph. It is proved by starting with a Cayley graph and by substituting
edges of certain colors by graphs. In Galois theory not only Galois groups but their
actions on roots as well are of interest, hence we extended Cayley graphs to not only
represent the group itself, but as well the action of a group on a set: we called such
an extension the group action Cayley graphs.

In the second chapter we saw another way of creating links between graph the-
ory and Galois theory using a tool coming from algebraic topology called covering
graphs. We have shown how covering graphs are analogous to field extensions,
normal covering graphs to normal field extensions and deck transformations to au-
tomorphisms of field extensions.

Since this thesis uses many different kind of profinite structures such as: profinite
sets, profinite groups, profinite rings and profinite modules, in the third chapter
we grouped their common properties into one categorical notion called a profinite
structure.

Their profinite topology is an important property in the study of infinite Galois
groups. Hence in order to generalize the links between Galois theory and Graph
theory that we explored in the first two chapters, we needed to equip the graphs
with a profinite topology as well in order to obtain the profinite graphs studied
in the fourth chapter. We explored the notions of Galois coverings for profinite
graphs as well as generalizations of notions such as homology and connectedness to
profinite graphs. We constructed the profinite group action Cayley graphs, which
can represent the action of a profinite group on a profinite set. We then defined
a notion of a color on a the edges of a profinite graph and we have seen two color
substitution theorems on profinite graphs with a closed set of edges. The first
theorem deals with graphs with a closed set of edges and finitely many colors. After
substituting the edges in such a graph with finite graphs, we obtain a graph without
colors whose set of edges is still closed. The second theorem deals with graphs with
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a closed set of edges and infinitely many colors. After substituting the edges in such
a graph with infinite and compactified graphs, we obtain a graph without colors, but
whose set of edges is no longer closed. Those two theorems make it possible to for
instance drop the colors in the profinite group action Cayley graphs and represent
an action of a profinite group on a profinite set by a profinite graph without colors.
As seen in the Chapter 3, since etale algebras can be represented as actions of the
absolute Galois group on a profinite set, we can then represent any etale algebra
by a profinite graph. Last application of the first color substitution theorem we
gave is to prove the Morris-Hofmann conjecture stating that every profinite group
is a group of autohomeomorphisms of a Hausdorff connected compact space. We it
using the profinite Cayley graphs and the color substitutions theorems.

Let us finally mention some possible areas of research.

The first observation to be made is that the infinite substitution theorem does
not preserve the property of having closed set of edges: it would be interesting to find
a substitution that can preserve such a property. Furthermore the construction we
gave is non canonical, increases in size very quickly and doesn’t use the fact that the
set of colors is profinite. One could possibly find a more suitable family of profinite
graphs to substitute the colored edges with than just compactified Sabidussi graphs.

Another possible research suggested to me by Professor Ribes would be to in-
vestigate which graphs have an automorphism group with the property to be pro-p
and I believe a possible way to start investigating this question would be to start
with finite graphs and work out if there is a relation between sizes of orbits of the
natural action of the autmorphism group and the relation of being a p-group.

Trough the substitution of colors we have seen one example where we start with
classical theorems on graphs and we generalize them to the case of profinite graphs.
It would be very interesting to see what other notions from graph theory could be
generalized to profinite graphs. One such potential example of study would be the
graph spectrum. We know that profinite groups are limit of finite graphs. Could
there be for instance in the case of profinite metric graphs be a way to study how
the spectrum of these finite graphs evolve as the precision increases? Another line
of research that could be explored would be to study the Galois theory of etale
algebras using profinite graphs. The starting point for such an approach would be
the representation of an etale algebra by a profinite graph we saw in the Chapter
4. In this way a number of ideas from both graph theory, Galois theory, algebraic
geometry, topology and combinatorics of covering spaces can be promoted for their
mutual benefit.
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