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Figure 3.6: Mean absolute error of 7 valence and 7 Rydberg excitation energies of the
CO molecule with respect to experimental data as a function of the amount of added
nuclear charge, (. The minimum on the overall curve corresponds to an optimal value of

C.
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Figure 3.7: Mean absolute errors of 28 excitation energies of atoms and 76 excitation
energies of molecules calculated using the BLYP functional without any corrections, with
the correction via the addition of fractional nuclear charge, and with the correction via
the HOMO depopulation. The HOMO depopulation outperforms the addition of nuclear
charge since it works consistently well for both atoms and molecules.
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the fractional HOMO depopulation is consistent for both atoms and molecules, and the
mean absolute errors are reduced to 0.2 eV, the addition of fractional nuclear charge does
not work as well for atoms as it does for molecules. This makes the overall performance
of the nuclear charge addition method worse than that of the fractional HOMO depop-
ulation, with the mean absolute error of about 0.3 eV. A closer look at the improved
excitation energies of atoms (Tables 3.2-3.4) shows that the new correction method over-
estimates, or overcorrects them. Thus, the optimal values of ¢ found by fitting to 14
experimental excitation energies of the CO molecule turn out to be non-optimal for

atoms.

¢ fitted to CO mmm
C fitted to Mg
0.60 _

0.40

MAE [eV]

0.20

0.00
Atoms Molecules Atoms and molecules

Figure 3.8: Mean absolute errors of 28 excitation energies of atoms and 76 excitation
energies of molecules calculated using two different sets of added charges (: one set was
fitted to 14 experimental excitation energies of the CO molecule, and the other set was
fitted to 8 experimental excitation energies of the Mg atom. The latter set gives better
results for atoms but fails for molecules.

To find out whether a different choice of optimal { values can lead to better results,
we determined a new set of (’s by fitting 8 calculated excitation energies of the Mg atom
to experimental data. This gave lower values: ( = 0.11 for LDA and B3LYP, ( = 0.15
for BLYP, and { = 0.13 for TPSS. Although these parameters were indeed optimal for
atoms, and lowered the mean absolute errors of the excitation energies of atoms to 0.30,
0.29, 0.22, and 0.31 eV for LDA, BLYP, B3LYP, and TPSS respectively (Table 3.1), the
errors in excitation energies of molecules increased (Fig. 3.8), leading to a worse overall
performance with the errors for atoms and molecules of 0.45, 0.50, 0.28, and 0.41 eV.

In principle, one could solve the problem by using different optimal ¢ values for
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atoms than for molecules. However, this means that the correction by the addition of
fractional nuclear charge lacks one major advantage of the fractional HOMO depopulation

technique—system independence of parameter (.

3.5 Conclusion

We tested whether fractionally charged systems with partial nuclear charges and integral
numbers of electrons are as efficient for improving excitation energies as systems with
integral nuclear charges and fractionally depopulated HOMOs. In both approaches, the
model potentials are less repulsive, which allows one to obtain corrected (more nega-
tive) HOMO eigenvalues as well as larger orbital energy differences and higher vertical
excitation energies.

Since excitation energies increase linearly with the amount of nuclear charge added,
¢, using high values of ( leads to an overestimation of excitation energies. The optimal
values of ¢ are different (but not significantly) for different density functionals and can
be determined by fitting to experimental excitation energies of an atom or a molecule.

Similarly to the HOMO depopulation, the approach of fractional nuclear charge ad-
dition can be applied to any density functional and does not require additional computa-
tional time. It is also simpler than the fractional HOMO depopulation method in terms
of implementation.

However, the optimal amount of added nuclear charge for atoms appears to be sig-
nificantly different from the optimal amount of added charge for molecules (0.1 versus
0.2). Consequently, the overall reduction of the mean absolute errors of excitation ener-
gies in a test set consisting of both atoms and molecules is not as notable as with the
method of fractional HOMO occupations. Because of system dependence of parameter
¢, the fractional nuclear charge approach is less favourable than the fractional HOMO

depopulation technique.
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Chapter 4
Summary

Density functional approximations enjoy great popularity in applied quantum chemistry
due to their low computational cost in combination with decent accuracy. Despite this
success, there exist obstacles that prevent DFAs from being used as a universal black-
box tool to calculate any properties of any system. The lack of derivative discontinuity
[1], which is also reflected in the incorrect asymptotic shape of the exchange-correlation
potential, causes complications with a number of properties, such as incorrect energies
of the highest occupied and the lowest unoccupied molecular orbital, unphysical charges
on dissociating fragments [2, 3], and inaccurate Rydberg excitation energies [4, 5].

In an attempt to design corrections that address the consequences of the lack of
derivative discontinuity, one has to take certain desirable features into account. First of
all, the correction scheme should preserve the already satisfactory accuracy of DFAs for
the majority of properties. Second, the correction should not increase the running time
of a density functional calculation significantly, otherwise, one of the main advantages
of DFT, its low computational cost, will be lost. Finally, it would be preferable if the
correction scheme had as little system dependence as possible. The method of fractional
population of frontier molecular orbitals aims to satisfy these criteria. In this method, the
shape-corrected exchange-correlation potential is generated on the fly from the exchange-
correlation potential of the fractionally depopulated or fractionally populated system.

In Chapter 1 of the present work, we showed that, in addition to the improved orbital
eigenvalues and vertical excitation energies [6, 7], the method of fractional occupations
solves the problem of fractional charges on atoms in dissociating molecules. We designed
an algorithm to decide which orbital is to be fractionally occupied and what its occupation
number should be. By means of this algorithm, it is possible to model the step structure of
the exact exchange-correlation potential in polar diatomic molecules. We demonstrated

that our scheme provides qualitatively correct behavior of charges as the distance between
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the dissociating atoms increases.

A fractionally charged system can be also created by modifying the nuclear charges
of the atoms in a molecule. In Chapter 2, we employed this approach to obtain cor-
rected exchange-correlation potentials to be used in time-dependent DF'T calculations.
Although addition of nuclear charge did lead to some improvements in Rydberg excita-
tion energies, the amount of charge to be added appeared to be system-dependent. This
showed that it is not only the sheer presence of fractional charge, but also its distribution
that plays a role in correcting the shape of the exchange-correlation potential and related

properties.
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Appendix A

On the shape of the PBE exchange

potential in interatomic regions

In order to exclude any possible numerical artefacts and simplify the problem, an ana-
lytical function was chosen to model the one-dimensional density in the region between
two nuclei. We make use of the fact that atomic densities are approximately piecewise
exponential [1]. Thus, two identical atoms that are well separated from each other can

be modeled by the sum of two exponents:

o= ef(x+r/2) + e(mfr/2) (Al)

?

where by tuning the parameter r one can simulate an increasing interatomic separation.

To reconstruct the PBE exchange potential, one needs four ingredients: the density

p, the dimensionless density gradient s, Laplacian ¢, and Hessian u [2]:

Vp

s = ’p4/3‘7 (A.2)
Vp

(Vp)*V|Vp|

It is clear from Fig. A.1, that in the region between two sufficiently separated nuclei,

where the density is nearly flat, all the three dimensionless ingredients are ill behaved.

The PBE exchange energy functional has the general form
Elol = [ f(p.5)dr, (A.5)
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where f is the energy-density function for the PBE functional [3],

f(p,s) = Cp*'3 (1 + ps” ) : (A.6)

S2
[y

Here C', u, and k are non-empirical parameters.
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Figure A.1: The four ingredient of the PBE exchange potential for the model one-
dimensional exponential density of Eq. A.1.
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Figure A.2: The sum of the last five components of Eq. A.7 for the PBE exchange
potential evaluated using model one-dimensional exponential density. These components

are the source of the spikes in vy >F.
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The exchange potential was constructed according to Ref. [2] as the sum of the fol-

lowing six terms:

A Yo v )
XT0p 30s2p  9pds Js ps
of u 0*f wu

s ps3 D2 ps?’

(A7)

Substituting the one-dimensional model density and the three corresponding dimension-
less components into Eq. A.7 results in five of the six terms having minima at x = 0, and
two of them (the second and the third) also having inflection points near x = 0. When
these five terms are summed up, the irregularities do not cancel out (Fig. A.2). In cal-
culations on real systems, the problem may be further enhanced by numerical artefacts,

but it does not affect neither energies, nor molecular properties.
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