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Abstract

The purpose of this work is to enhance the understanding regular algebraic semigroups
by considering the structural influence of Green’s relations. There will be three chief topics of
discussion.

o Green’s relations and the Adherence order on reductive monoids
o Renner’s conjecture on regular irreducible semigroups with zero
o a Green’s relation inspired construction of regular algebraic semigroups

Primarily, we will explore the combinatorial and geometric nature of reductive monoids
with zero. Such monoids have a decomposition in terms of a Borel subgroup, called the Bruhat
decomposition, which produces a finite monoid, R, the Renner monoid. We will explore the
structure of R by way of Green’s relations. In particular, we will be exploring the nature of the
Adherence order poset, (R, <) when restricted to 7 -, %Z-, .Z-, and ¢ -classes.

From reductive monoids we broaden the impact of Green’s relations and explore regular
algebraic semigroups. Specifically, we resolve Renner’s conjecture and show that the supports,
Xp = Z|Z and X, = 7/ are projective varieties. Spurred on by the result, we use in-
variant theory to generalise the Rees matrix construction for algebraic semigroups to construct
irreducible regular semigroups with 0. Our construction will start with specified maximal
classes, R,, L., and H, and reconstruct an entire semigroup. In a lengthy example, we will use
some of our previous combinatorial results to apply the construction to a natural generalisation
of determinantal varieties.

Highlights include the unique “vanilla form” decomposition for elements of the Renner
monoid (Definition 5.36), a proof of Renner’s conjecture on the projectiveness of supports for
irreducible regular semigroups with zero (Theorem 8.40), and the construction of irreducible

regular semigroups from prespecified maximal Z- and .Z-classes (Definition 9.6).

Keywords: Algebraic semigroups, reductive monoids, Green’s relations, Adherence order,

Renner monoid, semigroup supports, irreducible regular algebraic semigroups with zero
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1 Introduction

The systematic investigation of linear algebraic semigroups and reductive algebraic monoids
was pioneered around 1980 by Mohan Putcha and my supervisor, Lex Renner. Since then, the
discipline has blossomed into a coherent branch of algebra involving embedding theory, repre-
sentation theory and algebraic combinatorics. One of the most important features of a reductive
monoid is the existence of the Bruhat Decomposition. More precisely, the Bruhat decomposi-

tion, which is much studied for groups, extends to a perfect analogue for reductive monoids.

This monoid Bruhat decomposition allows us to express the monoid as a disjoint union
of double cosets (for a given Borel subgroup) indexed by a finite structure called the Renner
monoid (the monoid analogue of the Weyl group). The importance of this decomposition is
that it allows many questions about the nature and structure of the monoid to become simpler

questions about the Renner monoid.

Unlike groups, semigroups and monoids bring an additional structure in the form of Greens
relations, which characterise the elements of the semigroup in terms of the ideals they generate.
So important are Greens relations that Scottish semigroup theorist, John Mackintosh Howie,
once said, “on encountering a new semigroup, almost the first question one asks is ‘What are
the Green relations like?” ”. In reductive monoids, we denote these relations by ¢, &, Z
and 7. A natural question is how do these relations interact with the Bruhat decomposition?

What additional information can they tell us?

Of particular focus is the 7 relation, which has many interesting and desirable proper-
ties. 7 -classes most closely resemble groups (indeed the .77’-class of an idempotent element
forms a group), and so their structure is the one most likely to form a bridge between the Ren-
ner monoid and the information we know from the better understood Weyl groups. One way
we can investigate this structure is by decomposing our monoid, not in terms of the Bruhat
decomposition, which is indexed by elements of the Renner monoid, but in terms of a disjoint
union of double cosets of the .77°-classes of the Renner monoid. These are the so-called fat

J-classes.

In the following section of this paper, we will recall some the basic results about regular

algebraic semigroups and the Bruhat decomposition, so that readers may proceed with the



2 SecTioN 1. INTRODUCTION

appropriate amount of background information. We will also take a look at the nature of
Green’s relations on regular semigroups and Renner monoids, as these structures are the basis

of the paper and we require readers to be familiar with their properties.

In Section 3, we will recall some of the results presented by Renner in [28], the paper
that first introduced the notion of fat .7#’-class. In [28], Renner presents a decomposition for
elements in the Renner monoid, R, which he has dubbed “the trichotomy”. We will introduce
our own decomposition (Theorem 3.21) that is incredibly similar, but which is more in line
with Green’s relations and affords us easier analysis later on. Our new trichotomy in particular
allows us to better describe the Adherence order on .77-, %- and .£-classes (Theorem 3.30)

which will become an underlying goal in the majority of the paper.

After a number of results with our new trichotomy decomposition, we will move into Sec-
tion 4, wherein we will deal with the fat .77°-classes head on. In addition, we will also con-
sider the analogous fat _#-classes, fat Z’-classes and fat %-classes. These structures have
been studied at one time or another under different names (for example in the works, [20] and
[29]). In this way we will get a more robust picture of the fat .7-classes and truly under-
stand where some of the results come from. Our trichotomy will feature prominently in our
analogous Bruhat decomposition in terms of fat .77’-classes, fat Z-classes, fat .Z’-classes and
fat / -classes. In particular, we will characterize the natural analogue of the Bruhat order,
BT,B C BT,B for 7 = ¥ (Corollaries 4.11 and 4.20), = .2, % (Theorem 4.17), and = 7
(Theorem 4.25).

In the fifth section we will extend the monumental work of Pennell, Putcha and Renner
in [17], where they were able to determine the Adherence order relation between any two
elements of the Renner monoid, provided they are in “standard form” (Definition 5.29 and
Theorem 5.31). Specifically, we will use our trichotomy decomposition to devise a whole new
form (Definition 5.36) for elements of the Renner monoid. This form will allow one to more
easily determine the ¢ -, Z-, £- and JZ-classes of the element (Proposition 5.43). We will
then show how to use this new form to determine the Adherence order relation (Theorem 5.41),
and to glean new information on the structure of the posets given by individual equivalence

classes and the Adherence order (Theorem 5.44).

We then triumphantly progress to Section 6, where we put our new structure information to



use, and determine maximal and minimal elements in every single ¢ -, Z-. .Z- and J¢-class
(Theorems 6.17 and 6.13). In a remarkable twist of fate, these elements will belong to well-
known, well-behaved sets. The decomposition of elements of the Renner monoid allows us to
explore some of the structure of the (R, <) poset (Theorem 6.40).

For Section 7, we will generalise many of our previous combinatorial results in terms of
new equivalence relations which are based on the standard parabolic subgroups of the Weyl
group, W (Definition 7.1). These new equivalence relations will allow us to bridge the gap
between the Bruhat decomposition that we are used to (in terms of double cosets of single
elements) and the Bruhat decompositions of Section 4 (which are in terms of fat classes). Our
newfound relations will also allow us to generalise the Adherence order in the only logical way,
by considering containment relations on double cosets involving parabolic subgroups, not just
a specified Borel subgroup (Corollary 7.19).

Sections 8 and 9 explore the geometric impact of Green’s relations. Section 8 concerns the
supports of regular irreducible algebraic semigroups from [24]. In particular, using geometric
invariant theory along with Putcha’s determinant (Definition 8.20) and the so-named Renner
maps (Proposition 8.28), we will show that if such semigroups have a 0, then their supports are
projective varieties (Conjecture 8.7 and Theorem 8.40), a strengthening of the quasiprojective-
ness shown in [24].

In the final section, Section 9, we will introduce an exciting new way to construct algebraic
semigroups by specifying certain Green’s equivalence classes ahead of time (Definition 9.6).
We will show that certain normal irreducible regular algebraic semigroups with 0 are invariant
under this construction (Theorem 9.23). As an example, we will use some of our fat .7 -class
results to show how this construction can recreate a natural generalisation of determinantal

varieties (Theorem 9.41 and Corollary 9.43).



4 SecTION 2. BACKGROUND
2 Background

Readers interested in the results presented in this paper should be familiar with the funda-
mental results concerning Green’s relations, regular semigroups and reductive monoids. This
introductory section will refresh the memories of the reader and phrase well-known results in
the language presented in this paper.

The results presented here will be assumed background material and will not be explicitly
referenced later. There are a few ancillary results to be found in the Appendix. For the most
part they will be results basic to semigroup theory or algebraic geometry, but not results that
one may typically come across. Proofs of those results are given there.

As they are the primary object of study, we will take the time now to define algebraic

semigroups.

Definition 2.1. We say an affine variety, S, is a linear algebraic semigroup if it has an asso-
ciated morphism u : S X S — S so that (S, u) forms a semigroup (that is, u is associative). A
linear algebraic semigroup is called a linear algebraic monoid if it also contains an element,
1 € S so that 1 acts as a two-sided identity element for p.

We say that an algebraic semigroup (algebraic monoid) is irreducible if it is irreducible as

a variety.

Example 2.2. The natural example of an algebraic monoid is the n X n matrices, M,,(K) with
the morphism u(A, B) := AB, the usual matrix multiplication, and usual identity element, I,.
Any finite semigroup (resp. monoid) is an algebraic semigroups (resp. algebraic monoid).
For any algebraically closed field, K, the set {(a,b,c) € K* | a*c® = b"} is an algebraic
monoid with coordinate-wise multiplication and identity element (1,1, 1).
Being groups (and hence monoids and semigroups), any algebraic group is an algebraic

monoid and an algebraic semigroup.

Both books [20] and [7] have excellent introductory sections concerning the basic proper-
ties of algebraic semigroups.
We must note that some of our sources use the term connected to refer to an irreducible

semigroup (monoid). This is a holdover from algebraic group theory which we will not be
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continuing in this paper. As such, some of the wording of statements may appear to change
between this paper and its references. This is purely cosmetic.

One of the most basic structure theorems about algebraic semigroups is the following result.

Theorem 2.3. Let S be a linear algebraic semigroup (monoid), then S is isomorphic to a
Zariski closed subsemigroup (submonoid) of M,,(K), the set of nXn matrices over algebraically

closed field K, for some n and some K.
Proof. This is the remarkable Theorem 3.15 and Corollary 3.16 contained in [20]. O

Example 2.4. With our monoid, {(a,b,c) € K* | a*c® = b’} from before, we can write it as the
a 00
0b O
00 ¢
the coordinate multiplication we mentioned in Example 2.2 turns into multiplication of 3 X 3

closed subset of the 3 X 3 matrices, { € M5(K) | a*>c® — b’ = 0} and one can observe that

matrices.

This is exactly in line with what one would expect as it is well-known that algebraic groups
are all closed subgroups of some GL,(K). Indeed, many of the basic algebraic semigroup
theory results have algebraic group counterparts.

One of the main things that separates semigroups and monoids from groups is the potential

presence for nonidentity idempotents.

Definition 2.5. For a semigroup S, the set of idempotents is E(S) :={s€ S | ss = s}.
Indeed, algebraic semigroups are known to always have at least one idempotent.

Proposition 2.6. Let S be an algebraic semigroup. Then E(S) # 0.

Proof. This can be found as Proposition 1 in Michel Brion’s On Algebraic Semigroups and

Monoids paper, [6]. m|

2.1 Green’s Relations

The underlying connecting theme of this paper is the equivalence relations known as Green’s
relations. These were relations on semigroups (sets with an associative binary operation) intro-
duced in 1951 by James Alexander Green. Before defining the relations, we start with a simple

semigroup-theoretic definition.
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Definition 2.7. For a semigroup, S, define the semigroup, S', to be S if S has already an
a-b ifa,beS
identity element, and the semigroup S U {1} with multiplication, a-b = a ifb=1 for

b  otherwise
alla,b e S U{l1}.

The advantage of S is that unlike an ideal such as, a$, we can guarantee that a € aS'. This
is nice, because one would expect the ideal generated by an element to contain that element.

Green’s relations on semigroups are defined in terms of ideals using S'!.

Definition 2.8. Let S be an arbitrary given semigroup. We define the Green’s relations on S,
IR, L, D, and I, as follows. For any two elements, a,b € S,

a Zbifand only if S'aS' = S'bS'!

aZb if and only ifaS' = bS'!

alb ifand only if S'a = S'b

a2b if and only if there exists ¢ € S so aZ%c and c.Lb

a7Cb if and only if aZb and a. L b

Each of Green’s relations is an equivalence relation on the elements of S. On a group, the

Green’s relations become trivial, as there is only one equivalence class.

Proposition 2.9. For an algebraic semigroup, S, ¢ = 9. That is, for any a,b € S, a_¢'b if
and only if ab.

Proof. This is a combination of Theorem 1.4 in [20] which states that ¢ = Z is S is an
str-semigroup, and Theorem 3.18 in the same reference which shows that all algebraic semi-

groups are sar-semigroups. ]
This leaves us with just four equivalence relations to investigate.

Example 2.10. For n X n matrices over an algebraically closed field, K, the ¢ -classes have a
definition based off a well-known property. For a given matrix, A € M, (K), if J5 if the ¢ -class
of A then we can write J, = {B € M, (K) | rk(B) = rk(A)}, where rk denotes the familiar rank

function from linear algebra.
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It would follow from our example that M,(K) has exactly n + 1 _# -classes, one for each

possible matrix rank, rk(A) = 0,1,2,--- ,n.

Definition 2.11. Let a,b € S, and let J, and J, be the respective ¢ -classes. We can define a
partial order on the _¢ -classes as follows, J, < J, if and only if S'aS' € S'bS.

Example 2.12. For n X n matrices the partial order on ¥ -classes is identical to the order of

the rank. So for matrices A, B € M,(K), Jo < Jp if and only if rk(A) < rk(B).

In addition to the partial order on _# -classes, we can also define a partial order on the idem-
potents of our semigroups. When we introduce the Adherence order on the Renner monoid we
will have a third partial order to contend with. It is extremely fortunate that the work in papers
like [17] have demonstrated that these are all compatible with one another. It is something we

will touch on again in Section 4.

Definition 2.13. Let e, f € E(S) be idempotents. We can define a partial order on the idempo-
tents of S as follows, e < f if and only if ef = e = fe.

Proposition 2.14. For idempotents, e, f € E(S), f < e implies J; < J,.

Proof. Since ef = f = feand f € S! we can see that f = ef € S'eS!. Thus it follows,
S'ESIC§les!. 0

The ¢ relation generalises the notion of rank from n x n matrices. The classes of the 77’
relation in some sense provides an analogue of algebraic subgroups. In an amazing theorem,
Green showed that for an .77 -class, H, either H N H? = () or H is a group. Indeed, if one takes
a look at an idempotent ¢ € S, then H,, the .77 -class of e is a group with e as the identity
element. As we often wish to relate algebraic semigroups and algebraic monoids back to the
much studied algebraic groups, .7¢’-classes are a source of particular interest.

As our notation has already hinted at, we will use the script letter (_¢, #Z, £, J€) to
denote the relation itself, and the common letter (J, R, L, H) to refer to the classes (.Z-class
for example). For the class of a particular element, say s € § we will use the common letter

and a subscript to denote the element (L, for example).
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Many of our results can be applied to each of the four Green’s relations. If we wish to make
a statement for all of the relations, we will use a stand-in symbol, .7. We will often say ‘let .7
beone of ¢, %, Z, or 7 The .7 -class of an element s € S will be denoted 7;.

Frequently in this paper we will use the symbol .7 to denote a generic Green’s relation. We
will employ this notation to save space when a result covers each of ¢, %, .Z, and JZ, though
the proofs for each case may vary. For instance, we will later talk about how fat .7 -classes (sets
of the form BT,B for some r € R) have their own sort of Bruhat decomposition, but we are
getting ahead of ourselves.

One thing we can say concerning Green’s relations on linear algebraic semigroups is the

following result, showing that they are quasiaffine varieties.

Proposition 2.15. Let S be a linear algebraic semigroup and let e € E(S). Then J,, R., L.,
and H, are relatively open subsets of SeS, eS, Se, and eS e respectively (here, as in the rest of
the paper,  signifies the closure). In particular, J., R,, and L, are quasiaffine varieties and

H, is a linear algebraic group, the group of units of the algebraic monoid, eS e.

Proof. This proposition comes from remarks made in the second section of [24], most notably

Theorem 2.2. O

This next result allows us to relate the structure of a _# -class for an idempotent to that

idempotent’s .7 -, .Z-, and #-classes.

Lemma 2.16. Take an algebraic semigroup, S and pick e € E(S). Fix representatives, I' = {{;}
of Ly/H. and A = {r;} of R/H,. Then, J, = | lcrr,ea CiHer

Proof. The set J, U {0} forms a completely simple semigroup by the multiplication of two

ab ifabelJ ) )
elements a,b € J definedasao b = . As Putcha remarks in [24], J U {0} is a

0 otherwise
Rees matrix semigroup with sandwich map, P : A xI' - H, U {0}. It is from here and Rees’

paper, [26] which gives the result. O

2.2 Normality and Regularity

While some of the algebraic geometry and semigroup theory background we will use in

this paper is contained in the Appendix, there are two notions we will need in Sections 8 and 9
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which enhance the narrative we have laid out in the abstract and introduction. As such they bare
explaining early on, and in a prominent position. These concepts are normality and regularity.

Normality is a geometric property coming from the underlying variety of an algebraic semi-

group.

Definition 2.17. A point x € X in a variety is normal if the local ring Ox. is an integral
domain which is integrally closed in its field of fractions.

A variety, X, is called normal if every point of X is normal.

Example 2.18. Every linear algebraic group is normal. See §$AG.17, §AG.18 and the first
Proposition in Chapter I of [3].
The algebraic semigroup, M,(K), is normal as a variety. Indeed, M,(K) = K™, and affine

space for any dimension is normal (see [35]’s Example 17.1.6).

Not every variety is a normal one, however to any variety we can associate a unique normal

variety.

Definition 2.19. For any irreducible algebraic variety, X, the normalisation of X consists of

the unique irreducible normal variety, X, with finite birational morphismn : X — X.

For affine algebraic varieties, X, at the level of coordinate algebras, if X is the normalisation
of X then O(X) is the integral closure of O(X). When combined with the additional multipli-
cation structure of algebraic semigroups and algebraic monoids, we get an interesting result
with the normalisation. Namely the normalisation of an algebraic semigroup is (usually) also

an algebraic semigroup.

Proposition 2.20. If the multiplication morphism u : S X S — S is dominant, then the nor-

malisation, S, of S has a unique algebraic semigroup law [i such that n is a homomorphism.
Proof. This result can be found in Section 2.5 of Brion’s [6]. O

For algebraic monoids, u is always dominant, so the normalisation of the monoid turns out
to also be a monoid (Proposition 3.15, [30]). However, for algebraic semigroups the result does
not always apply (consider the trivial semigroup operation, a - b = ¢ for some constant ¢, for

all a, b which is not a dominant morphism).
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Theorem 2.21. If X and Y are two irreducible normal varieties then X X Y is also a normal

variety.
Proof. Proposition 17.3.2 from [35]. O

The second property, which will inform our later study is the semigroup theoretic regularity

property.

Definition 2.22. Let S be a semigroup, and let a € S. We say a is regular if there exists x € S
so that axa = a. For 7 = ¢, X, L, or A we say a 7 -class, T C S, is regular if all its

elements are regular. S is called regular if all its elements are regular.

For a given a € S, the element x € S in the definition is referred to as a pseudoinverse.
If additionally, xax = x we say x is an inverse of a. If x is just a pseudoinverse of a then
xax is an inverse of a. We use the indefinite article as there can potentially be more than
one pseudoinverse (inverse). A regular semigroup with unique inverses is known as an inverse
semigroup. The condition of being an inverse semigroup is equivalent to the set of idempotents

E(S) being commutative.

Example 2.23. The monoid of M,(K) matrices is regular. In fact, if A is any matrix in M, (K),
then A*, the Moore-Penrose pseudoinverse, is a well-known matrix which is a semigroup theo-
retic inverse of A.

Every group is also regular. Indeed, they are inverse semigroups!

Every semigroup we study in this paper will be regular, unless explicitly stated otherwise.

The structure of regular semigroups is highly susceptible to analysis with Green’s relations.

Definition 2.24. U(S) is the set of all regular 7 -classes of S. For our choice of S in this
paper, this will just be all ¢ -classes of S. We obtain a partial order on U(S) by defining
J <JifJcStst

It is a result of Putcha (5.10 in [20]) that for irreducible S, U/(S) is a finite lattice.

Proposition 2.25. If S is a regular semigroup then forall x € S, S'xS' = SxS.
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Proof. It is clear that SxS € S'xS'. Suppose that y € S'xS'\SxS. Theny € Sx, xS or {x}.
Since x is regular we can find z € § so xzx = x. If y = sx then y = sxzx € SxS. If y = xs, then

y = xzxs € SxS. If y = x then y = xzx = xzxzx € S xS. By contradiction, S'xS! =SxS. O

As a result of this proposition, our partial order on U(S) simplifies to J* < J if and only if
J" € SJS. As we head into reductive monoids, we shall see some more equivalent definitions
of the partial order on _# -classes.

Although regularity is primarily a semigroup-theoretic concept, our last result in this sec-

tion gives us an important geometric intuition for regular semigroups.

Proposition 2.26. For any regular algebraic semigroup, S, and any x € S, the set SxS is

closedin S.

Proof. By Corollary 2.4 in [22], every ideal of S is closed. Since S'SxSS' C SxS we see that

S xS is an ideal and hence closed. O

2.3 Reductive Monoids

A particular class of algebraic monoids which has received an enormous amount of atten-
tion over the years is the reductive monoid, which is a linear algebraic monoid whose group
of units is reductive. For interested readers, Solomon’s An Introduction to Reductive Monoids

([34]) is a superb resource for reductive monoids.

Proposition 2.27. Let M be an irreducible algebraic monoid.
(1) If M is reductive then M is regular.

(2) If M has a zero and is regular then M is reductive.

Proof. (1) is a consequence of Theorem 4.4 in [30]. (2) comes from Theorem 4.2 in the same

source. O

Through the first several sections of this paper, we shall fix an irreducible reductive alge-
braic monoid and denote it by the usual letter, M.
Let G denote the group of units of M, an irreducible reductive algebraic group. Recall

that M being reductive means exactly that G is reductive (that is, the unipotent radical of G is
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trivial). Within G, fix a Borel subgroup, B (a maximal closed connected solvable group) and,
within B, fix a maximal torus 7. By the work of Renner in [27] we know that we can write
M = ||, cyzayr BrB (recall from algebraic group theory that Ng(T') denotes the normalizer in

G of T). This is the Bruhat decomposition for reductive algebraic monoids.

Theorem 2.28. If M is a reductive algebraic monoid and B is a Borel subgroup of its group of
units. Let T be a maximal torus of B. Then,

(1) R := Ng(T)/T is a finite inverse monoid

(2) ER) = E(T)

(3) the group of units of Ris W := Ng(T)/T

(4) M = | l,er BrB

(5)G = Llew BWwB

Proof. This result is stated in many locations, but a good reference would be Chapter 8 of

[30]. O

The quotient m/ T is known as the Renner monoid which we denote throughout this
paper by R. We will often distinguish elements of R by representatives in M of the cosets of
T. We might write x € M to mean the element associated to the coset xT' = Tx € m/ T.

Fixing our choice of B and T to define R and give the Bruhat decomposition also grants us
other fixed structures. The most immediately relatable to the Bruhat decomposition of algebraic
groups is the Weyl group, W, N(T')/T. The Weyl group is a finite Coxeter group and has been
very well studied (one book we will use for the Weyl group is [2]).

Our distinguished Borel subgroup, B, allows us to give the elements of W a notion of length,
£(w) := dim(BwB)—dim(B). This length definition has been extended to R (see Definition 3.4).
Using this length function, we can define the set of simple reflections S = {s € W | {(s) = 1}.
S generates W and for each w € W. As it turns out, € not only has the geometric dimension
information from its definition but also coincides with a combinatorial property. £(w) is the
length of every minimal word (of simple reflections) for w € W.

It is well-known that (W, S) is a Coxeter group, and so has a partial order on it called the
Bruhat order. We can define this property geometrically with B and thereby extend it to the

whole monoid.
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Definition 2.29. For any two elements, r, s € R we say that r < s if and only if BrB C BsB.

It does not take too long to determine that this relation makes (R, <) a partial order, which
we call the Adherence order.

We have already encountered one partial order, but it was on a semigroup’s _¢ -classes. It
turns out to be related to the idempotents of M and also the Adherence order. Putcha notes the

following definition in [20].

Definition 2.30. A ser, ¥ C E(T) is called a cross sectional lattice if
(i) |JNY|=1forall J € US)
(ii)e, f €Y, J, < Jpimpliese < f

With respect to a fixed Borel subgroup, B, we have two natural cross sectional lattices. The

sets A :={e€ E(R)| Be CeB}and A~ :={f € E(R) | fB C Bf} are cross sectional lattices.
Theorem 2.31. The partial order, (R, <) extends the partial orders (W, <), (A, <) and (A, <).

Proof. Although we will investigate these properties and the Adherence order in depth in Sec-
tion 5, it should be noted early on that this result is a consequence of Theorem 1.4 and Corollary

1.5 of [17] and the symmetrical work presented in Appendix A.2. O

As a consequence, if e, f € A then e < f in the Adherence order if and only if e < f in the
usual idempotent partial ordering if and only if J; < J,.
While on the subject of ¢ -classes, we can note that our definitions of Green’s relations

can be somewhat simplified and written in terms of the group of units of our two monoids M

and R.

Proposition 2.32. For any a,b € M,
(1) ab if and only if we can find e, f € E(M) and g,h € G so thata = eg = gf
and b =eh = hf
(2) a.£b if and only if Ga = Gb
(3) aZb if and only if aG = bG
(4) a_Z b if and only if GaG = GbG
Forany a,b € R,



14 SecTION 2. BACKGROUND

(5) a7€b if and only if we can find e, f € E(R) and g,h € W so thata = eg = gf
and b = eh = hf

(6) a b if and only if Wa = Wb

(7) aZb if and only if aW = bW

(8) a_# b if and only if WaW = WbW

Proof. This is a consequence of both M and R being unit regular monoids (monoids such
that for any m € M there is a unit g € G so that mgm = m). As a consequence of being
unit regular we can write these monoids in terms of their idempotents and group of units:

M = EIM)G = GE(M) and R = E(R)W = WE(R) from which the result follows. O

As it turns out, since A provides a cross sectional lattice for R, we can write R = | |,c.o WeW.

The group of units certainly simplifies Green’s relations, but the Weyl group in R affords us
more structure. In particular, being a finite Coxeter group there is a longest element w, € W.
This element is maximum in the Bruhat order and thus is maximum in the Adherence order.

(W, S) is a Coxeter system, and considering subsets I C S of the generating set allows us to
generate subgroups of W. These subgroups, owing to their special nature, are given a specific
name, standard parabolic subgroups. Being finite, each of them also has a longest element
as well. For a set of generators, /, we denote the generated subgroup by W;. Returning back
to M, P, = BW;B is a standard parabolic subgroup of M in the sense that it is a parabolic
subgroup of M containing B. There is a one to one correspondence between the W; and the
subgroups P € G such that B C P.

At the level of the Borel subgroup, we have a unique opposite Borel subgroup, which we
denote B, such that BN B~ = T. If wy € W is a longest element of our Weyl group, then
B™ = wyBwy.

As Renner notes in [27], there exists an antiinvolution, 7 : M — M with the following
properties,

() t*(x) = xforall xe M

(2) 1(xy) = 7(y)r(x) for all x,y e M
3) 1 lr=1id

(4) 7(B) = B
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(5) 7 induces a map 7 : R — R so that 7(x) = x* for all x € R (where * is the
pseudoinverse on R)

Using 7 we achieve the last of our background results.

Proposition 2.33.
(I) N ={e€ E(R)|eB” C B ¢}
(2)A" ={f €EWR) | B fC [B)
(3) A =woA"wy

Proof. Using 1, eB~ = 1(e)t(B)T(Be) C 1(eB) = 7(B)t(¢) = B e. The A~ result follows
similarly. For (3), observe e € A if and only if Be C eB if and only if woBew, C woeBwy

(because int(wy) is an automorphism) if and only if woBwowyewy € woewowoBwy if and only if

B wpewy € woewoB~ if and only if woewy € A™. O

2.4 Example

The standard example for a reductive algebraic monoid is the matrix monoid, M, (K), where
n is a positive integer and K is an algebraically closed field. The monoid consists of all n X n
matrices over K. The group of units of this monoid is none other than GL,(K), the invertible
n X n matrices over K. Being reductive it is also an excellent example of a regular algebraic
semigroup and one we will use for examples later on.

For an example towards the Bruhat decomposition, one usually takes 7" to be the invertible
diagonal matrices and B to be the invertible upper triangular matrices. It follows that the
opposite Borel subgroup, B~, is the set of invertible lower triangular matrices. The normalizer
Ng(T) can then be worked out to be the set of monomial matrices (those that have exactly one
nonzero entry in each row and column). Then m can be seen to be the set of matrices
having at most one nonzero entry in each row and column.

Our Weyl group is just W = Ng(T')/T which one can consider as the permutation matrices

(and in this way we see W = §,). The simple reflections of W are exactly the n — 1 pairwise
L.y 00 O

transpositions of S,. As matrices they are, (k k + 1) = 2 ? (‘) 2 foreachl < k <n-1.

0 00 L
The Renner monoid, as one would expect, is the set of matrices with only Os and 1s for entries
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(called 0-1 matrices) with the added condition that there is at most one nonzero entry in each
row and column. For example, in M,(K) we get the following Renner monoid,
10 01 10 00 01 00 00
R = , , , , , ,
T 1 Y
Notice also that the first 2 elements form our Weyl group. The cross sectional lattices consist

of the elements,

= =)

. I, 0 _ 0 0
and in general, e € A means e = ( ] and e € A~ means e = [ ]
0 0 0 I,

When it comes to determining Green’s relations on M, (K), there are not any quick ways to
determine the relations, but as was mentioned before, two elements are in the same _# -class if
they have the same rank. This means that in M, (K) there are n + 1 different _# -classes. The
Green’s relations of the Renner monoid of M, (K) are a tad easier to determine, as the matrices
are 0-1 matrices and hence easier to process at a glance.

For two elements r, s € R, we have the following shortcuts. To start, r ¢ s if and only if r
and s have the same rank, which is the same as the number of Is in their expression. So r_¢'s
if and only if r and s have the same number of 1s. .Z’s if and only if their nonzero columns are
in the same position. Below, the pair of matrices on the left are in the same .Z’-class, whereas
the pair on the right are not, since the first column in the first matrix is nonzero, but the first

column in the second matrix is zero.

0001 0000 0000 0100
0100 0001 0000 0000
0000 0100 0010 0010
0000 0000 1 000 0000

Likewise rZ%s if and only if their nonzero rows are in the same position. Below, the left
pair of matrices are Z equivalent, but once again the pair on the right are not. This can be seen

since the third row is zero in the first matrix, but is nonzero in the second matrix.

0000 0000 0001 0000
1 000 0001 0100 0001
0000 0000 0000 0100
0100 0010 0000 0000

Combining these last two results, we see that ».7#’s if and only if the nonzero columns are

in the same positions and the nonzero rows are in the same positions. Another way of phrasing
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this is to say that the unique invertible minors of r and s that have size rank(r) and rank(s) are
formed by considering the same set of entries. For example, the pair of matrices on the left
are in the same .77’-class, whereas the pair on the right are not. The pair on the right are in the

same Z-class, but are not in the same Z-class.

0000 0000 1 000 0010
1 000 0100 0100 0001
0001 1 000 0000 0000
0100 0001 0001 0100

The Adherence order on M,(K) can be calculated using one of two methods.

For a given matrix, r, take the first k columns from the left, arrange them in the staircase
pattern, with O columns on the left. Replace the other columns with all zeros. This defines
matrix r,. Similarly we can construct s;. If the staircase pattern for s; lies consistently lower
than the staircase pattern for r, we say ry < si. If rp < s¢ for all the choices of k = 1,--- ,n

then we say r < s.

000010 001000
000O0O0CO0 000O0T10O0
1 1 —|0 10000 —| 000000
For example, let us consider the matrices r = and s = from Mg (K).
0000O0O0 000100
000100 010000
100000 100000
Following the procedure, we get the following pairs of matrices,
0000O0O0 0000O0O 0000O0O 0000O0O
0000O0O0 0000O0O 0000O0O 00000O0O
—] 000000 —| 000000 —| 100000 —| 000000
r = S1 = Iy = $2 =
000000 000000 000000 0000O0O0
000000 000000 000000 100000
100000 100000 010000 010000
000000 100000 0000O0O 100000
000000 000000 000000 0000O0O0
—| 01 0000 —| 000000 —| 0 1 0000 —|[ 0 00000
rs = §3 = Iy = Sq4 =
- 0000O0O0 0000O0O 0000O0O 010000
0000O0O0 010000 001000 001000
001000 001000 000100 000100
010000 10000O0 001000 010000
0000O0O 010000 00000O0O0 001000
—| 001000 —| 000000 —]| 000100 —| 000000
rs = S5 = Fe = S6 =
0000O0O 001000 00000O0O0 000100
000100 000100 000010 000010
000010 000010 0000O0T1 000O0O0T1

IA

Since r; < 51,7 < 850,13 < 83,14 < 84,75 < 55, and rg < 56, We can see that ¥ < s in the
Adherence order.

The other way to determine < on M,(K) is to use the same procedure but order the first
k rows from the bottom rather than the first k£ columns from the left. Our comparison also
changes. r; < s; if and only if the staircase pattern for s; is consistently further left than the

staircase of r;. Further details of the Adherence order on M, (K) can be found in the following

paper, [8].
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With some concrete examples and base information in hand, we may now proceed to our

first topic, investigating Green’s relations on reductive monoids.
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3 A New Trichotomy

The purpose of this section is to introduce a decomposition for elements of the Renner
monoid, R, into a product of elements that allow us to easily describe Green’s relations for
the original element. A similar decomposition was provided by Renner in [28], and is the

inspiration for our work, and indeed for our investigation of fat .7#’-classes in Section 4.

3.1 Previous Results

We will begin by recalling some important results from [28] and adding in our own results

and notation. To start we note this classic result.

Proposition 3.1. For all e € A, there is a unique element, v € WeW such that Bv = vB. In
particular, v = eoc = o f, where f € A~ and o is the element of minimal length such that

o leo = f.
Proof. See [28], Proposition 1.2. O
Definition 3.2. N ={re R|rB = Br}

Phrasing Proposition 3.1 in the language of _# -classes gives us the following remark.

Corollary 3.3. N =R/ 7. That is to say, if r,s € R, r Zsandr,s € N, then r = s, and for
all r € R, thereis s € N withr_¢ s.

Proof. This comes straight from Proposition 3.1 and the fact that the sets WeW for e € A are

exactly the ¢ -classes of the Renner monoid. O

The fact that for each r € R there is a unique v € N so that r_# v gives rise to the following
definition for the length of an element of the Renner monoid. This definition extends the usual

notion of length on the Weyl group.

Definition 3.4. Define the length function on the Renner monoid, € : R — N to be,
{(r) = dim(BrB) — dim(BvB), for each r € R, where v € N is unique so thatr _¢v.

A weakening of the condition 7B = Br has been investigated by Renner in his papers [27]

and [29] when he explored the analogue of the Gauss-Jordan matrices.
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Definition 3.5. G = {r e R| Br C rB}
Definition 3.6. G ={re R|rB C Br}

The sets can be viewed as an analogue of sorts of A and A~. From the definition, the

following two results are clear.
Proposition 3.7. N = GJ N JG.

Proof. r € N if and only if Br = rB if and only if Br C rB and rB C Br if and only if r € GJ
andre JGifandonlyifre GJ N JG. O

Proposition 3.8. Forr e R,
(1)r € GJ if and only if BrB = rB
(2) r € JG if and only if Br = BrB

Proof. (1) Suppose that s € rB, then we can find b € B so that s = rb. Since 1 € B it follows
that s = 1s = 1rb € BrB. So rB C BrB. So it suffices to show that » € GJ if and only if
BrB C rB. Suppose that BrB C rB. Take an arbitrary s € Br. Then we can find b € B so
that s = br. Since 1 € B it follows that s = s1 = brl € BrB. So Br C BrB C rB, or simply,
Br C rB.

Conversely, suppose that r € G . If s € BrB then we can find by, b, € B so that s = b,rb,.
Notice that r € G.9 means that Br C rB, so we can find b3 € B so that b;r = rb;. Then

s = byrby = rbsb, € rB as B is closed under multiplication. Thus BrB C rB.

(2) is demonstrated similarly. O

These sets of matrices G.7, for the Gauss-Jordan elements, and 7 G, which are the analogue
of the anti-column reduced matrices, will play a great deal of importance in this paper. This
is largely due to the following result, which shows that GJ is a set of representatives of the

Z-classes of R, and J G is a set of representatives of the Z-classes of R.

Theorem 3.9.
(1) GYT =R/ZL. That is to say, ifr,s € R, rLsandr,s € GY, then r = s, and for
allr € R, thereis s € G with rZs.
(2) 9G = R/Z. That is to say, ifr,s € R, rZs and r, s € I G, then r = s, and for
allr € R, thereis s € I G with r % s.
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Proof. The proof of (1) can be given from Corollary 9.4 in [27]. The proof of (2) is done

similarly. O

Now we come to the last set that we will need for our trichotomy. This is the set of order

preserving elements, O, which was first described in [28].
Definition 3.10. O = {r € R | rBr* C Brr*}

One might guess that, as Green’s relations are factoring heavily into our motivation, and
we have sets corresponding to _#, .2 and %, that O will correspond to the 7 relation. This

is indeed correct as the next result tells us.

Theorem 3.11. O = R/ 5. That is to say, ifr,s € R, r7s and r, s € O, then r = s, and for all

r € R, there is s € O with rFs.

Proof. This is a combination of Lemma 2.6 and Theorem 2.8 in [28]. O
Definition 3.10 is not the only way to describe O as we see in the next proposition.

Proposition 3.12. r € O if and only if rBr* C rr*B if and only if rBr* C rr*Brr*.

Proof. The result can be found by applying Corollary 2.3 in [28], by Renner. O

Proposition 3.13. O = wyOw,, O = O*

Proof. The first result is from Proposition 2.4 in [28]. The second result is Proposition 2.5 in

the same paper. m|

Corollary 3.14. r € O if and only if r¥*Br C Br*r if and only if r*Br C r*rB if and only if

r*Br C r'rBrer.

Proof. By Proposition 3.13, we can just replace r by r* (and vice versa) in the original defini-

tion, Definition 3.10, and Proposition 3.12. O
From the definitions of G.J, J G and O we get the following result.

Proposition 3.15. 9G,GJ C O.
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Proof. If r € JG then by definition, rB C Br, multiplying on both sides does not change the
containment relation, so multiply by r*. Then we see rBr* C Brr*, meaning r € O. Forr € GJ,

we know that Br C rB. Thus, r*Br C r*rB, and it follows that r € O. O
Proposition 3.16. E(R) C O

Proof. See [28], Lemma 2.2. The proof given by Renner amounts to using Proposition A.2

and the fact that ¢ = e for all idempotents. O

Proposition 3.17. Let r = ec = of € Rfore,f € E(R) and o € W. The following are
equivalent,

(1)reO

(2) BrnrB = eBr

(3) BrnrB = rBf

(4) eBr = rBf

Proof. See Proposition 2.9 in [28]. O

Proposition 3.18. Suppose that r e Rwithr = ec = o f fore, f € E(R) and o € W. Then,
(I)re G ifandonlyif f € A~ andr € O
(2)re G ifand only ife € A and r € O

Proof. We will prove the JG case, as the other is similar. By Proposition 3.15 it is clear that
re gJGgimplies r € O. If r € JG then rB C Br, which we can rewrite as o fB C Bof. It
follows that fB € o~ 'Bof ¢ Gf. Soif fb € fBthen fb = gf for some g € G. Hence
fb=gf =(@gf)f = fbf. Then fB C fBf. But since f is an idempotent, Proposition A.2 tell
us that fBf C Bf. Thus fBC Bf andso f € A™.

For the other direction, suppose that f € A~, that is, fB C Bf. This is equivalent to
fBf = fB. Then, rB = cfB = o fBf = rBf. Since r € O we know rB = rBf = Br N rB, by
Proposition 3.17, thus rB C rB. m|

Corollary 3.19.
(1) Suppose that r,s € JG, thenr_¢ s if and only if rZ’s
(2) Suppose that r, s € GJ, then r ¢ s if and only if rZ%s
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Proof. (1) Take r, s € JG. If rZs then clearly r_¢ s, so we will focus on the only if condition.
Suppose that r_¢ s. Then there is a unique element f € A~ so that r_¢ f_# s. But by Proposi-
tion 3.18 we see that r, s € JG means that we can find 0,7 € Wsothatr = of and s = 7f.
Thus r.Zs.

(2) is done similarly. ad

The following result tells us something wonderful. The sets we have introduced in this

section have got some structure to them. Namely, they are all monoids.
Proposition 3.20. The sets, O, G, JG and N are all monoids.

Proof. Take r,s € N. Then rB = Br and sB = Bs. We see that rsB = rBs = Brs,sors € N.
Suppose r, s € GJ. Then Br C rB and Bs C sB. We see that rsB C rBs C Brs,sors € GJ.
Letr,s € JG. Then rB C Br and sB C Bs. We see that Brs C rBs C rsB, so rs € JG. Finally,

the case for O comes from Lemma 2.2 in [28]. O

In particular, this last result along with Proposition 3.13 show us that O is an inverse

monoid.

3.2 The Trichotomy

We have now gathered enough information about our sets O, JG, GJ and N to describe
our trichotomy. The following trichotomy is similar to the one presented by Renner in [28] but
with a twist to allow for our later work with fat .7’-classes. Our first theorem will state the
trichotomy, and its proof will be quite similar to the proof of Renner’s trichotomy, as indeed
we can derive our trichotomy from his (and vice versa). The proof is included as it makes some

use of the results we have just displayed.

Theorem 3.21. Let r € R. Then there exist unique elements r_, ro, r. € R such that,
(1) r=r_ror,
(2) roHV*, where v _Zrandv e N
(3) rZr_ and rLr,
(4)r-e JGandr, € GY
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Proof. We begin by showing existence. Take an arbitrary r € R. By Proposition 3.9 we can
find elements s € YG and t € GJ so that r%s and r.Z’t. That means that we can find u,w € W
so that su = r = wt. Now, by Proposition 3.18 we can write s = vf, forv € W and f € A~ and
t=ed,ford € Wand e € A. Consider z := v''rd™' = fud™' = v-'we.

Let v € N be the unique element from that set so that v_#r. Then v = ec- = o f, for some
o € W. It follows that v* = fo~! = o~ le. It is then clear that V' Z f#7.L e.L V", so then z V"
Define ry = z. Let r_ = s and r, = ¢. One can see from our above work that r_, ry, r, satisfy
properties (2), (3) and (4). Now we just note,

r=su=vfu=vffud'd=r_fud'd = r-v'wed = r_-v-'weed = r_ryr,,
and so (1) is also satisfied.

For the uniqueness, suppose that we had two decompositions, r = r_rory = rlryr,. Itis
clear that by property (3), r-ZrZr’" and r. . ZLr.ZLr’,. But since (4) tells us that r_, 7 € JG and
r.,r, € GJ, it follows by Proposition 3.9 that r_ = r" and r, = 7.

So, r = r_rory = r_rjr,. We can write r_ = o_e_, rp = e_0g = e_0¢e, = 0pe, and
r. = e,o, for idempotents, e, € A, e € A~ and elements o_, 0y, € W. Thus, r* = e_o_!
and rt = o} 'e,. It follows that,

10'_e_e_0'06+e+0'+ojle+ =e_ope, = 1.

* * —

rrrl =e_o-

But also, since r,.7Z’v", we can also find a 7 € W so that 7, = e_7 = e_te, = te,. Then we
see that rrr} = e_0':10'_e_e_re+e+0'+oj]e+ = e_te, = ry. We conclude that ry = rirri = r|,

and so the decompositions are identical. O

The first use of our trichotomy is that it allows us to compute the length of r in terms of r_,

ro and 7. This is what we will establish soon, but first we need a few minor results.

Lemma 3.22. For r € R, suppose that we can write r = fu = ve for some u,v € W and some

e, f € E(R). Then, BrNnrB = fBr N rBe.
Proof. A proof is given by Renner, as Proposition 1.6 in [28]. m|

Proposition 3.23. Take r € R. Decompose it according to our trichotomy, r = r_ror,. Then we

can find some o, € W, so that, Br N rB = o(Bry N ryB)T.
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Proof. Write ry = f_w = we, for some w € W and idempotents f_, e,. Then, by Proposition
A.1 wecanwrite,r_. = fo =cf_ and r, = te = e,7 for some 0,7 € W and e, f € E(R). Then
since r-Zr, and r%r_ we can write r = fu = ve for some u,v € W. So by Lemma 3.22,
BrnrB= fBrNrBe = fBr_rory. Nr_ryr.Be

C r_Brory N r_roBr, by Proposition 3.17, since r_,r, € O

= of_Broe,tNofroBe,t

= o(f_Brye, N f_roBe,)t

= o(f_BroNroBe,)T

= o(BroNryB)T by Lemma 3.22, applied to ry. O

We are now in position to demonstrate the length of an element in terms of our new tri-

chotomy.

Proposition 3.24. Let r € R, then {(r) = {(r_) — t(e_) + {(ry) — t(e,) + {(r)), wherer Ze, € A,
rZe_eA.

Proof. Due to this result’s similarity with Theorem 3.4 in [28], the following proof is under-
standably similar.

{(r) = dim(BrB) — dim(BvB) = dim(Br) + dim(rB) — dim(Br N rB) — dim(BvB)
Since r_Zr, we can find o_ € W so that r = r_o_. Likewise, we can find o, € W so that
r = o.ry. Now, because dimension is preserved by automorphism,

= dim(Br_) + dim(r. B) — dim(Bro N ryB) — dim(BvB)

On the other hand,

{(r_) = dim(Br_B) — dim(BvB) = dim(Br_) — dim(BvB)

l(e_) = dim(Be_B) — dim(BvB) = dim(Be_) — dim(BvB)

{(e;) = dim(Be,.B) — dim(BvB) = dim(e,B) — dim(BvB)

{(ry) = dim(Br,B) — dim(BvB) = dim(r, B) — dim(BvB)
by Proposition 3.8. Since ry.7Zv* we can find elements, 7_, 7, € W, suchthate_7_ = ry = 7,¢,.
Thus,

{(e_) = dim(Bry) — dim(BvB)

l(e;) = dim(rgB) — dim(BvB)

‘We then notice,
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C(r_) —te”) + €(rg) — €(ey) + €(ry) = (dim(Br_) — dim(BvB)) — (dim(Bry) — dim(BvB))
+ (dim(Bry) + dim(roB) — dim(Bry N roB) — dim(BvB))
— (dim(roB) — dim(BvB)) + (dim(r, B) — dim(BvB))
= dim(Br_) + dim(r, B) — dim(Bro N ryB) — dim(BvB)

as desired. m|

There is a nice characterisation of the elements of O when we look at the trichotomy of a

given element.
Proposition 3.25. Forr € R, r € O if and only if ry € N*.

Proof. Suppose that ry = v*. Itis clear that v € O, so by Proposition 3.13 then v* € O. Since O
is a monoid, then r = r_v*r, € O. On the reverse side, suppose r € O. Then ry = r’rri € O.

But ry.7Zv*. Thus by Theorem 3.11, ry = v*. O

Now that we have a condition for O in terms of our decomposition, we can get conditions

for our sets G and G9 .

Corollary 3.26.
(1) Forre R re JGifandonlyifroe N* and r, € N. Indeed, forr € JG,
r = rv*'vis our trichotomy.
(2) Forre R, re GJ ifand only if ro € N* and r_ € N. Indeed, forr € G,

r = vv*ris our trichotomy.

Proof. (1) Suppose that r € JG, then since G C O, we see that ry € N*. By checking our
trichotomy, we see that r_ € JG, and rZr_, so it follows that r = r_. We also know that
r. € GJ and r..Zr. Let v € N be the unique element so that r_¢#v. Since ry_# r, it follows
that ry = v*.

Wecanfinde € A, f € A-and 0,7 € Wsothatr = r_ = 7f, v* = fo~' = 0 'e and
v = ec = of. Observe that v = (tf)(fo™)of) = tfff = 7f = r. By uniqueness of
trichotomy, this means that r = rv*v, and thus, r,. € N.

Suppose that r, € N* and r, € N. Since ry_Zr _¢r,, itis clear that ry = v* and r, = v,

for the unique v e NN J,. Since r_ € JG, wecanfinde € A, f € A~ and 0,7 € W so that
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ro=1f,v' = fo ' =07 le. Then, r = r_ror, = tf)(fo Yo f) =1fff =7f =r=r_. Thus,
regga.

(2) is done similarly. ad

Remark 3.27. It is clear to see that for v € N, that we have the trichotomy decomposition,

v=wv. Thatis, r € Nifand only ifro e N*andr_,r, € N.

While we are on the subject of JG and G, we can also obtain the following two corollar-

ies.
Corollary 3.28. Forr € O, wecanfind s € JG andt € GJ " so thatr = r_s = tr,

Proof. By Proposition 3.25 we can write r = r_v*r,, where r. B C Br,. Let s = v'r,. We need
to show that s*"B C Bs*. s* = rjv. Let v = eo and r; = te for idempotent e, and 0,7 € W.
Then rivB = r; By = r;Bev C Br}v by Proposition 3.17. Thus s € 7G".

A similar proof gives the GJ~ result. O

Corollary 3.29.
(1) O is the smallest inverse monoid containing GJ

(2) O is the smallest inverse monoid containing J G

Proof. We will just prove (1), as (2) is done similarly. We know from Proposition 3.15 that
GJ <€ 0. We know that O* = O, from Proposition 3.13, and O is a monoid, by Proposition
3.20. Thus O is an inverse monoid containing G.J. Suppose that M is an inverse monoid
containing GJ. Then GT* € M* = M. Take any r € O. By Corollary 3.28 for r € O we
can find s € GJ so that r = sr,.. But by definition, r, € G, so it follows that r € M. Thus

O C M, and we conclude that O is the smallest inverse monoid containing G.7 . O

The following theorem is the culmination of our trichotomy, as it allows us to describe
the Adherence order of the Renner monoid in terms of our trichotomy, when we restrict to

particular classes.

Theorem 3.30. Take elements, r,s € R.
(1)Ifrs, thenr < siff ro < 59
(2) If rZs, then r < s iff rory < soS,

(3)IfrLs, thenr < siff rorg < s_sg
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Proof. (1) It is clear that r < s is equivalent to r_ryr, € Bs_sos,B. Since r7¢s we see that

r-=s_and r, = s.. Sowe see r < s gives r'r_ror.r; € r* Br_sor,Br;. But by continuity of

multiplication, r* Br_sor.Br; C r:Br_sor,Br; C Brir_sor.r;B = BsyB. Thus r < s implies

ro < So. Suppose that ry < s9, then ry € BsyB, which gives us, r € r_BsyBr, C r_BsoBr, C BsB
since r_ € JGand r, € GJ. Thus, ry < 59 implies r < s.

(2) and (3) are proven similarly. O

It has been seen throughout this section that our sets O, JG, GJ and N are related to
Green’s relations. This last result, as with other before it, and even the definitions of these sets,
also hints that B is also involved in their study. In the next section we will explore these two
topics combined in the so called “fat .7 -classes”. We will end this section with the following
useful remark, that allows us to name a generic 7’ -class. It will be immensely important,

particularly later on in Section 5.

Remark 3.31. Forany e € A, f € A™, with e_¢ f, we know that wope = fw,. So for any
me JGand p € GJ withm_g p, we see that mwop € R,, N L, (an 7C-class). This is useful
for distinguishing an element of an 7 -class that we describe by r_ and r, without knowing

the element r.

3.3 Example

We have introduced a lot of sets in this section which will play a major role in this paper, so
it would be a good idea to get some concrete examples into our minds. Below, we have plainly

listed out our sets R, O, G.J, JG and N coming from the monoid, M;(K).

100 000 100 000 100 000 100 000 100 000
R:{[Ol ][010][000]‘000],‘010]‘0IO]IOOOJ[UOOJ{OOIJ{OOI’
00 001 001 000 000 000 000 010 010
100 000 100 000 010 000 010 010 000 010
00O0(]0O0O0]]00O0°1 ,001,‘100]‘100]‘OOO]IIOOJ[IOOJ{OOOJ,
010 010 000 000 001 001 001 000 000 000
010 000 010 000 010 001 000 001 00 1 001
001 .001.000-000,‘001]‘100]IIOOJIOOOJ[IOOJ[OOOJ,
100 100 100 100 000 010 010 010 000 000
001 000 001 001
010,010,000,010}
100 100 100 000
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1 00 000 100 000 100 000 100 000 100 000
O:{[OlO’,[Ol0],[000],[000},[010],‘01O],‘OOOJ,IOOO],[OOO],[OOO]w
001 001 001 001 000 000 000 000 010 010
100 000 000 010 000 010 000 010 000 001
001[,JOOT1f}JTOO0Of]OOO||]1 0O 000 000 001 ,[IOOJA{OOOJ}
000 000 001 001 000 000 100 000 010 000
100 100 100 000 100 010 010 001
gj:{OI0,0IO 000 000 001 000 001 000}
001 000 000 000 000 000 000 000
1 00 000 000 000 000 010 010 001
jg:{()lo 010 000 000 001 000 001 000}
001 001 001 000 000 001 000 000

100 000 010 001
N:{OI0,000,00I,OOO}
001 000 000 000

GYJ (for Gauss-Jordan) is the analog of the row reduced matrices. For (JG a small matter
needs to be cleared up. They have been stated by Renner in [29] to be the analogue of column
reduced matrices (that is a matrix whose transpose is row reduced), but upon closer inspection
this is false. In fact they represent the anti-column reduced matrices, which is to say, they are
matrices whose anti-transpose is row reduced (anti-transpose being the transpose taken with
respect to the anti-diagonal). In fact it is GJ that gives us the column reduced matrices, and
J G is the set of so-called anti-row reduced matrices.

The following examples come from M4(K),

1000 00 100 0000
0010 10 0100 0000 .
€Gg €eJg SINE €JG
0 1 00 0000 0100
0000 0001 0010 0010

As was mentioned in [17], O consists of all matrices where, for nonzero entries, the column
value is an increasing function of the row value. This is what gives them their name of “order
preserving” matrices.

O provides us an analogue of the monotonic path matrices. The original monotonic path
matrices are found in the M, (K) and have the familiar “staircase” pattern to them, but now
all the possible “staircases” from the upper left to the bottom right are fair game. Below we
illustrate two such matrices, which belong to O for Mg(K). Notice that the one on the right has

nonzero values on either side of the diagonal, in a departure from G and J G.
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When we restrict ourselves to discussing our trichotomy in M,(K), we get a nice way of

deriving the elements r_, r(, and r,.

00000
00100

We will go through the method with the matrix, r =1{ 600

00000
10000

To compute r, we read the matrix’s columns from left to right.

00000
. 00100
Whenever we come across a nonzero column, we put a 1 in the r=loobo
. . . 00 0
column of r,, on the next row from the top. That is, if the jth Lo b o
column of r is the ith nonzero column that we have encountered,
we place a 1 in the i, j position of r,. Logpo
0010
. .. . ryr =loo000 1
In this way, r, can be thought of as indicating the nonzero columns 60000
000O00O0
of r.
Computing r_ is done similarly. To compute r_ we read the matrix’s
, - rows from bottom to top. Whenever we come across a nonzero row,
I I we put a 1 in the row of r_, on the next column from the right. That
000O0O0 00000 . . . . .
00 1 0 oo 100l 1S, 1f the ith row of r is the jth nonzero row that we have found, we
00001 0001 0 . . . ..
60000 00000l placealinthei,(n+1- j) positionof r_.
1=6—0—0—0 00001

In this way, r_ can be thought of as indicating the nonzero rows of

r.

Lastly, there is ry which describes how the rows and columns that we have indicated in r_

and r, act together to produce our element, r. To find r(, write down the unique minor of r that

has rank(r). Then, place this minor in the bottom left corner of ry, filling the rest of the matrix

with Os.
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0 1 0 010

F=loopoq1 [001’

0 0 0 1 00

1 0 0

00O0O0O0 0000
00100 0010
Thus, we have our decomposition: | o o 00 1 |=|00 01
000O0O0 0000
10000 0000

00000
00000
o1o000|=Tp
00100
10000

0 0000)(1 0000

0 0000|l0o0100

oot oo0oo0l]oo0001

olfoo1o00f[{00000O0

1J{1o0o000)looooo
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Let us use this decomposition to demonstrate Proposition 3.24. To compute the length of

an element in the Renner monoid of M,(K) we can use the method described by [8]. For a

0-1 matrix in the Renner monoid of M,(K), A, the length of A can be found by the following

computation,

(A) = 2" (ai)(n+i— j) = |coinv(A)| - HEERDD

where coinv(A) = {(a;j,an) | aij = aw = 1andi < k, j < [} and rk(A) indicates the rank, or

number of nonzero entries. This allows us to compute the lengths of our trichotomy and the

associated idempotents,

0

S I I
- o o o o S o o o = O o <o <o

S
o o o o <o

S
o o o o =

c o o o < o o = o © o o o = © c o o o ©

c o o o ©

0

1
0
0
0

c o = o © © - o © © c o = o ©

c o o = ©

0

0
1
0
0

c - o o o o ©o o o o c o o o o

c o o o o

0

- o o <

- o © <o © S o © o © o o o o o

o o = o O

=(5+42-3)+(5+3-4H+(5+5-5-3-D-444,.5-3_6=4

=06+1-D+0G+2-2)+(5+3-3)-3

XD =5454+5-3-6=6

=5+3-2)+(5+4-N+G+5-D-1-L=6+6+9-1-6=14

=(5+3-3)+G+4-H+(5+5-5-3-ED=545+5-3-6=6

=06+1-1)+G+2-3)+(5+3-5)-3

Now Proposition 3.24 tells us that,

3D =544+3-3-6=3

Er) = E(r) — e-) + €(rg) — E(e,) + £(r,) =4 —6+14—6+3 = 9.

Applying this method to the actual element, r, we can verify that,
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=(5+2-N+G+3-5+G+5-D-1-EL=44+34+9-1-6=9

- o o o <o
o o o o ©

0
1
0
0
0

o ©o © o o
S o = © O

One might ask whether this is a useful method for computing length. We can see that
our elements in GJ and J G are written in a way that makes their length computation more
apparent, all pairs of nonzero entries are skewed towards the top right corner of the matrix.
Additionally, the nonzero entries of ry will always be in the bottom left corner, making them
easy to read as well. One can reasonably expect that for different reductive monoids, M, that

the individual elements of our trichotomy have lengths that are easier to compute in general.



33
4 Fat Green’s Relations

In Section 3 we explored the Renner monoid of our reductive monoid, M, and were able to
describe a decomposition for its elements. This decomposition was heavily influenced by the
Green’s relations on R, and involved elements from G = R/.Z and TG = R/%. What we
would like to do is now explore how the Green’s relations on R relate back to M.

We recall that when we wish to discuss a generic Green’s relation, we will often denote it
by .7. In the following section, as with the rest of our paper, unless specified, .7 = 7, %, #
or .

Definition 4.1. For an equivalence relation, T = ¢, £, X or S, and an element r € R,
define the fat .7 -class of r to be the set BT,B = | | g 7, BsB.

Notationally, depending on our choice of 7, we have fat / -classes, BJ,.B, fat Z-classes,
BL,B, fat Z%-classes, BR,B or fat .77 -classes, BH,.B.

The fat .7 -classes give us a natural generalisation of our Bruhat cells, BrB for r € R.
Considering = as an equivalence relation, our Bruhat cells are just BT,.B where .7 = “=". Ad-
mittedly, =, only has one element, namely r, but this still shows how considering our Green’s
relations in the form of fat .7 -classes can be interesting and is a valid way to seek new infor-
mation about R.

This section is devoted to answering the following questions which will give us results

analogous to the Bruhat decomposition for reductive monoids, established by Renner in [27].

o Do we have a Bruhat-eqsue decomposition, M = | |z, > BT B, and can we
describe the set R/.7 in a nice way?

o Is it true that, BT, B C M is an irreducible subvariety for all r € R?

o Can we describe the partial ordering, r, s € R then BT,B C BT,B in terms of
[r],[s]1 € R/T?

o Can we show the finite union, BT,B = | |-, BT,.B, and describe the r;?

In order to address these questions, we will first demonstrate equivalent formulations for

our fat .7 -classes that are more susceptible to manipulation.
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4.1 Equivalent Definitions

Definition 4.2. For 7 = ¢, L, X or J, and r € R, we define,
T, ={seR|sTr} T/ ={s e M| sTi where iis a preimage of r in M}

This gives us two different notions of what the .7 -class of an element of R looks like. One
may be concerned about the definition of 77, that it might vary based on the choice of preimage.

The following proposition shows that this is not the case.
Proposition 4.3. T is well-defined, regardless of our choice of preimage of r in the definition.

Proof. Unfortunately, there is no general way to prove this, and the result is merely a coinci-
dence based on the definitions of our various Green’s relations.

If 7 = ¢, take two preimages of r € R, say p,q € M. Then we know pT = ¢T, so we
can find ¢ € T such that p = gt. Then, since J, = GpG = GqtG = GqG,ast €T C G.

If 7 = %, take two preimages of r € R, say p,q € M. Then we know T p = Tq, so we can
find r € T such that p = tq. Then, since L, = Gp = Gtq =Gq,ast €T CG.

If 7 = %, take two preimages of r € R, say p,q € M. Then we know pT = ¢T, so we can
find ¢ € T such that p = gt. Then, since R, = pG = gtG = gG,ast € T C G.

If .7 = 22, our previous work tells us that L, and R, are well-defined. Since 7 = £ NZ,

we see that H, = L’ N R is well-defined. m]

With our new notion, we see that our fat .7 -class, BT.B = | |, BsB is not only the given
definition, but also makes sense as a symbol. An interesting question is, what would happen if
we “fattened” the .7 -class of r in M. That is, what does BT,B look like? For 7 = ¢, 2, #
and .77 we will see that BT,B = BTB, and this is very useful for our analysis of fat .7 -classes.
First notice that for any .7, T,, C T by definition, so it is immediately clear that BT, B C BT/B.

To approach the fat ¢ -classes, we will follow along with a suggestion coming from Sec-
tion 6 in [27] by Renner. To show the independence of definition in this case, we will first need
a result coming from that paper. This result presents an analogue to reductive monoids of Tits’

axiom.

Proposition 4.4. Let S be the set of simple reflections of the Weyl group, W. Then if r € R, we

have the following results,
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sBr C BrBU BsrB rBs C BrBU BrsB
Proof. This is Proposition 5.3 and Remark 5.4 in [27]. O
Proposition 4.5. Forr € R, BJ,B=BJ/B=J..

Proof. As has already been mentioned, it is clear that BJ,B € BJ,B, so it suffices to show
the reverse inclusion. Observe that BJ/B = BGrGB = GrG = J] (taking care of the second
equality) and r € BJ,B = | |,c; BtB. So the result will be shown if we can demonstrate that
BJ,B is closed under multiplication on the right by G and closed under multiplication on the
left by G. We will just show that GBJ,B C BJ,B.

The Bruhat decomposition for our reductive group, G, tells us that G = | |,,cy BwB. So it
suffices to show that (BwB)(BJ,B) C BJ,Bforallw € W. Writew = vsfors € S andv e W
such that £(w) = £(v) + 1. Now,

(BwB)(BJ,B) = BwB(| |,c;. BtB) = BvBsB(| |,c; BtB)

= BvB(| l,c;, sBtB) € BvB(| |, (BtB U BstB)B)

= BvB(| |,c; BtB U BstB) C BvB(BJ,B) sincete J, = steJ,.

C BJ,B by induction on the length of w.
Our proof is completed upon the statement of our base case, {(w) =0 — w =1, and we

can clearly see that, B(BJ,B) = BJ,B. O

Already we can see why the equivalence of BJ,B = BJ/B is useful. Just looking at BJ,B
there does not seem to be a nice way to describe it, but BJ;B = GrG, which is an orbit of the
action of G X G on M. Orbits of algebraic group actions are well studied and we will make use
of them as we go on.

Both fat ‘#-classes and fat %Z-classes can be handled in a similar manner.
Proposition 4.6. Forr € R, BL,B = BL;B and BR,B = BR;B.

Proof. We will show this result for fat %Z-classes, as the proof is similar for fat .Z-classes.
It is clear that BR,B C BR,B, so we just need to show the reverse inclusion. Observe that
BR.B = BrGB = BrG and r € BR,B = | |, BtB. So the result will be shown if we can

demonstrate that BR, B is closed under multiplication on the right by G.
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As was remarked in Proposition 4.5, it suffices to show that (BR,B)(BwB) € BR,B for all
we W. Write w = svfor s € § and v € W such that £(w) = {(v) + 1. Now,
(BR,B)(BWB) = (|_l,cg, BtB)BWB = (| _|;cx, BtB)BsBvB
= (|lser, BtBs)BvB C (| |;cg, B(BtB U BtsB))BvB
= (Ll,er, BtB U BtsB)BvB C (BR,B)BvB sincet € R, = st €R,.
C BR,B by induction on the length of w.
Our proof is completed upon the statement of our base case, {(w) =0 — w =1, and we

can clearly see that, (BR,B)B = BR,B. O

The problem with .7#”-classes is that they are not defined by a coset or double coset relation
(ie rZ's if and only if Gr = G's). So our previous work would not apply to dealing with the fat
¢ -classes. Instead we must take into account the definition of .77, namely 77 = Z N Z. It

is from here, and with our previous results, that we can address fat .77-classes.
Proposition 4.7. Forr € R, BL_BN BR,B = BH,B = BH/B.

Proof. We will achieve the result by proving the following containments,

BL'BN BR.B C BH.BC BH/B C BL.BN BR.B
The last two containments are clear, as H, C H,, H. C L, and H, C R,. By Proposition 4.6 we
know that BL'B N BR.B = BL,B N BR,B. Suppose that m € BL,B N BR,B. Then we can find
s,t € R with s.Zr and tZr so that m € BsB and m € BtB. But then BsB N BtB # (). Thus
BsB = BtB and so s = t. It follows that s.77r and m € BsB C BH,B. O

Now that we have a well-defined notion of fat .7 -classes, we can begin to tackle the four

problems listed above.

4.2 Fat ¢ -classes

Fat _# -classes have already been studied in detail, under the more familiar expression,
BJ.B = GrG = J;. Though little in this section is new, we include it for the sake of a complete

look at these fat Green’s relations, and to acknowledge the work that came before us.

Proposition 4.8. M = | |,co BJ,B = | |,cny BJ,B = | l,en- BJ,B = | |,ep- BJ,B
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Proof. The case for A can be found in [21] in Theorem 3.3. Here we will give a general
proof, covering all the cases at once. Let A € {A, N, N*, A~}. We know from our standard
Bruhat decomposition that M = | |,.gx BrB. We also know that A = R/ _Z, that is, for each
¥ -class in R there is one and only one element in A that is also in that ¢ -class. It follows
that, M = | l,e4 Ly » BsB (since # -classes are disjoint). Then we just regroup our result to
conclude, M = | |,c4 BJ,B. O

Proposition 4.9. BJ,B C M is an irreducible subvariety for all r € R.

Proof. As we have made note before, BJ,B = GrG. So our fat _# -class is easily seen to be an
orbit of the action of (GXG)xM — M, given by ((g1, g2),m) — gimg; "on M. By Proposition

A.4, the orbit GrG is an irreducible subvariety of our variety, M, as desired. O

Proposition 4.10. Forr,s € R, if r < s then BJ,B C BJB.

Proof. r < s means that BrB C BsB. Then, GrG = GBrBG C GBsBG C GBsBG = GsG by

continuity of multiplication. Thus, BJ,B C BJB. O

This is the first we have encountered this partial ordering, BJ,B C BJ,B, which is something
we would like to investigate. Rather than a partial order on the elements of R, it can be seen
as a partial order on the _# -classes of R. The following results will show that it is actually the

same partial order on _# -classes we know from semigroup theory.

Corollary 4.11. For r,s € R, we can find idempotents e,e’ € A and f,f € A~ so that
re WeW = WfWand s € We'W = Wf'W. Then BJ,B C BJB if and only if ¢'e = e if and
only if f'f = f.

Proof. As we remarked in our background material, ¢’e = e if and only if e < € in the

Adherence order. So by Proposition 4.10, BJ.B € BJ.B. Conversely, if BJ,B C BJ,B then

GeG C Ge’G. By continuity, MeM € MGe’GM = Me’ M. Now, by Proposition 2.26, since M
is reductive (and hence regular), MeM C Me’M = Me’M. Thus J, < J, and hence e < ¢’ by

definition of cross sectional lattices. O

Theorem 4.12. Fix a set A € {N\N,N*,A™}. For any r € R, we can find a finite list of
ri, 12, -ty € A so that, BJ,B = | |;_, BJ,,B.
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It follows that T; = |, J., so the closure of a ¢ -class in M is a disjoint union of

i=1 ri’
J -classes.

Proof. The following proof will rely purely on the fact that each A satisfies A = R/_# . Since
R is finite we can see, BJ,B = US(/rB_sB = Us s#r Ui<s BtB. Recall BJ,B = |, 5, ByB. So if
BJ.B N BJ.B # 0 we can find vy Zxand s_Zr with y < s. It follows, by Proposition 4.10, that
BJ.B = BJ,B C BJ,B = BJ,B.

Thus the closure of each fat _# -class must be a union of fat _# -classes, and this union is
disjoint since fat _¢# -classes are disjoint (Proposition 4.8). The union itself must be finite, as

each ¢ -class can be indexed by a unique element of A C R, a finite set (Proposition 4.8). O

4.3 Fat _¥-Classes and Fat #-Classes

Fat .Z- and #-classes have been studied before, but as with the fat _# -classes, it was under
a different guise (namely GrB and BrG). Most of the work about them can be found in [29].
As we will find out, fat .Z- and Z-classes are closely related to our sets G and J G, which

were first studied by Renner in [27].
Proposition 4.13. M = | |,.57 BL,B = | |,cy6 BR,B

Proof. We know from our standard Bruhat decomposition that M = | |,.g BrB. From Theorem
3.9 it follows that, M = | |,cg7 | |s.», BsB (since -Z-classes are disjoint). Then we just regroup
our result to conclude, M = | |,cg5 BL.B.

The case for J G is done similarly. O
Theorem 4.14. BL,B, BR,B C M are irreducible subvarieties for all r € R

Proof. Notice that BL,B = GrB. So our fat .Z-class is an orbit of the group action on M, of
(GXB)x M — M, given by ((g,b),m) — gmb~'. By Proposition A.4, the orbit GrB is an
irreducible subvariety of our variety, M, as desired.

Likewise BR,B is the orbit of » with the action of B X G. m|

Proposition 4.15.
(1)Ifr,s € GJ then GrB C GsB if and only if rB C sB
(2)Ifr, s € JG then BrG C BsG if and only if Br C Bs
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Proof. This result can be found as Proposition 2.8 in [29] for the J G case. The G, as usual,

is similar. d

Proposition 4.16. Forr,s € R, if r < s then BL,B C BL;B and BR,B C BRB.

Proof. r < s means that BrB C BsB. Then, BrBG C BsBG C BsBG = BsG by continuity of

multiplication. Thus, BR,B C BR,B. As usual, the proof for fat .#’-classes is similar. O

Theorem 4.17.
(1)Ifr,s € R then BL.B C BLB if and only if r.B C s, B
(2)If r,s € Rthen BR.B C BRB if and only if Br_ C Bs_

Proof. As usual, we will prove the first result, as the second is handled by symmetry. We know
already that L, = L,, and x, € GJ. So we just need to show BL, B C BL, B if and only if
r.B C s, B. Butrecall that BL,B = GxB, and when we substitute this in, we getBL, BC BL, B

if and only if Gr. B € Gs,B. The result is concluded with Proposition 4.15. O

The following result is reminiscent of Proposition 3.11 from [28], but with a broader range.

It will be useful later on, as we explore the Bruhat order on our different .7 -classes.
Corollary 4.18. Forr,s € R, r < simplies thatr_ < s_and r, < s,.

Proof. By Proposition 4.16, r < s means that BR,B C BR,B and BL,B C BL,B. By Theorem
4.17, Br_ C Bs_ and r.B

C s,B. By Proposition 3.8, Br.B = Br_ C Bs_ = Bs_B and

Br,B=r.BCs.B=Bs,B,orratherr_ < s_andr, < s,. O

The following example shows that any attempt at a similar result involving ry and sy is

doomed to fail. It is not true, in general, that r < s implies ry < .

00
01
00
00

0
Example 4.19. Let us take a look at the elements, r = ‘1’ and s = . Using our tech-
0

oS~ o o

Q.o o ~

o o o =

00
00
00
10
on

niques from the last section, we can decompose these two elements base our trichotomy.

0 01 000O0 100
0100 010

and . .
1 000 001
0 0

0
0
1
0 010 00

c - o o
- o o ©

0
0
1
0

=

0
0
1
0

o = o ©°
- o o ©

0 1 0
0 0 0
0 000 0
0 0 0

= -
c o <o -

0
1
0
0

c o o =
= -
o o = ©°
= -
=}
=}

0
0
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0 0100
Knowing that r < s, we can check out Corollary 4.18 and see Z R 2 2 ? g and that
0 0

001
1000 1000
0100<0100
0001 0010
0000 0000

. However, when we go to compare ry and sy, we actually find that they are

000 0000

0
in the opposite relationship with respect to order, | ° (‘) Z Z < 2 o 3 .
1 01
0

010 1000
We can now characterise our partial order on the fat ¢ -classes in terms of our representa-

tives coming from N. Since N = G NG9, it is very similar to Theorem 4.17’s result.

Corollary 4.20. If r, s € R then BJ,B C BJ,B if and only if Bu = uB C vB = By, where i is

the unique element in N N J, and v is the unique element in N N J

Proof. The equals signs in the statement Bu = uB C vB = By are clear from our definition of
N, so we will just prove that BJ,B C BJ,B if and only if Bu C Bv. Observe that if Bu C By,
then by the properties of N’ we see that BuB = Bu C Bv = BvB. Thus, u < v and so by

Proposition 4.10, BJ,B = BJ,B C BJ,B = BJB.

Conversely, suppose that BJ,B C FSB, then we can find some x,y and z € R so that x_Zr,
y <zandz_# s with BxBNByB # (). Thus, x = y, and so we have x < z. Corollary 4.18 tells us
that x, < z,. But then Corollary 4.18 applied again tells us, (x,)_ < (z;)-. But by analysing our
¥ -classes and applying Corollary 3.26 this shows us u < v, or rather Bu = BuB C BvB = Bv,

as desired. m|

Theorem 4.21.
(1) For any r € R, we can find a finite set of r1, 12, -rs € GJ so, BL,.B = | |._, BL,,B
(2) For any r € R, we can find a finite set of ry, 12, -rs € G so, BR,B = | |_, BR,.B

Proof. We will just prove (1). Since R is finite, BL,B = |J, &, BsB = U, 4, U,<, BtB. Recall
that BL.B = |, », ByB. So if BL,B N BL,B # 0 then we can find y.%x and s.%r with y < s.
But then by Proposition 4.16 we see BL,B = BL,B C BL,B = BL,B.

Thus the closure of each fat .#-class must be a union of fat .#-classes, and this union is
disjoint since fat .Z-classes are disjoint (Proposition 4.13). The union itself must be finite,

as each .Z-class can be indexed by a unique element of G7, a finite monoid. In fact, by
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our previous work we can characterize these elements, BL,B = | |;_, BL, B, where r; € G,

r,-BQr+B. O

4.4 Fat 77-Classes

Of particular interest are the fat .7’-classes. One of the reasons is that in monoid theory,
we often wish to imitate the results we see in group theory. So we want to get results on our
Renner monoid, R, that are similar to those on the Weyl group, W. When Green’s relations
get involved, the .77-class provides us with an intriguing analogue to groups. Indeed, it is a
well-known result of Green that for an .7#~class, H, H is a group if and only if H N H? # 0. In
particular, this shows that for any idempotent, e € R, H, is a group (H; = W).

So 7 -classes, and thus fat .77-classes are a keen point of interest.
Proposition 4.22. M =| |,.o BH,B

Proof. We know from our standard Bruhat decomposition that M = | |,.g BrB. From Theorem
3.11 it follows that, M = | |0 | |,», BsB (since 7 -classes are disjoint). Then we just regroup

our result to conclude, M = | |,.o BH,B. O

The latter half of the following result is interesting, as we cannot use our theory of orbits of
algebraic group actions to show irreducibility. In fact, there is no reason why one should expect
BH,B to be irreducible from our previous work, as we have shown BH,B = BL,B N BR,B and

the intersection of two irreducible sets is not alwas irreducible.
Theorem 4.23. BH,B C M is an irreducible subvariety for all r € R

Proof. First, let us recall that BL,B and BR,B are subvarieties, by Theorem 4.14. So we see
that the fat .Z’-class and fat #-class associated to r are locally closed. The intersection of two
locally closed sets is locally closed, and so, by Proposition 4.7, BH,B = BL,B N BR,B must be
locally closed. Thus BH, B is a subvariety.

To show irreducibility, first note that we can find an idempotents e, f € E(R) and o € W

1

so that r = ec = of. Sothen f = 07 'ec. We know that H, is an irreducible variety, as

it is the group of units of eMe, an irreducible variety. We can recover H,, by noting that
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H] = H,oc C eMeo = eMf. So, since H, is the image of H, under an automorphism, we see
that H, is also irreducible.

Recall that B is an irreducible subvariety of M. Consider the map ¢ : BX HI X B — M,
defined by ¢(b;, h,b,) = bihb,. We see that B X H, X B must also be irreducible, and since
BH, B is the image of ¢(B X H, X B), by Proposition 4.7, we conclude that BH, B must also be

irreducible. O
Proposition 4.24. Forr,s € R, r < s implies that BH,B C BHB.

Proof. Proposition 4.16 told us r < s implies BL,B C BL,B and BR,B C BR,B. But then
we see that BL,B N BR,B € BL;B N BR;B. Proposition 4.7 then shows us our desired result,
BH,B = BL,BN BR,B C BL.BN BR,B=BL,BN BR,B = BH,B. O

We can now combine the two results in Theorem 4.17 to get a similar property for fat

J-classes.
Theorem 4.25. Forr,s € R, BH,B C BH,B if and only if Br— C Bs_ and r,B C 5. B

Proof. For the ’if” direction, by Theorem 4.17, we know Br_ C Bs_and r.B C s.B implies

BR,.B C BR;B and BL,B C BL¢B. Thus BL,B N BR,B C BL;BN BR;B = BL;BN BR,B. By
Proposition 4.7 we see, BH,B C BHB.

For the "only if” direction, suppose that BH,B C BHB. Then observe the following con-
tainment, | |, ,», BxB = BH,.B C BHB = | |, 0, ByB = U, s ByB = U5 U<y BzB (as R is

finite). So we can find '.7¢r and t < s’.7¢ s so that Br'B = Bt’B. Thus ' < s’. It follows from
Proposition 4.16 and Theorem 4.17 that B C Bs’_ and r.BC 5" B.

Now, by our trichotomy, r’ Zr' 7 r#r_, so r Zr_. Likewise, r'. Lr,, s’ #s_ and s,.Ls,.
And, by the properties of our trichotomy, and Theorem 3.9, we can see that in fact, v’ = r_,

v, =ry, s =s_and s, = s,. Thus, we have shown that Br_ C Bs_and . B C s, B. O

This is quite a different result from Theorem 4.17 and Corollary 4.20. Those results gave
us a way of determining BT, B C BT B from our familiar sets N, GJ and JG. Each of those
sets is of the form R/.7. So what we would like is for this result to be in terms of O = R/ .77

as a single containment relation. We do not yet have the tools to describe the result, so we will
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have to be content with what we have now, and take comfort in the fact that G5, 9G C O. The

“correct” form of Theorem 4.25 can be uncovered by reading Section 6.

Theorem 4.26. For any r € R, we can find a finite collection of ry,r»,---r; € O so that,
BH,B=||._,BH,.B

Proof. Since R is finite, BH,B = |J, -, BsB = U, U,<, BtB. Recall BH,B = | J, . ByB. So
if BH,B N BH,B # 0 then we can find y.#¢x and s.7/r with y < s. But then by Proposition
4.24 we see BH,B = BH,B C BH,B = BH,B.

Thus the closure of each fat .7#-class must be a union of fat .7#-classes, and this union
is disjoint since fat .s#-classes are disjoint. The union itself must be finite, as each .77-class
can be indexed by a unique element of O, a finite monoid. In fact, by our previous work
we can characterize these elements, BH,B = Ll:, BH, B, where r; € O, ri,B C r.B and

Bri_ C ﬁ O

Again, we would like a condition that involves the elements r; € O, without resorting to our
trichotomy. The way we have it now is more taking advantage of Proposition 4.7, rather than

using the properties of O in any meaningful way. Just as before, we direct curious readers to
Section 6 where this is tackled in an interesting manner.
4.5 Example

Let us compute some of these fat .7 -classes, so that we can get a sense of what we are

talking about, and to inform our examples later on. For starters, let us compute BJ,B, BL,B,

010

BR,B and BH, B for the element, r =| 0 o o | First we compute each of the equivalence classes

100

foreach ¢, %, 2, and J7.
o1o0)(foot1)foo1)foro)foo1)({oo1)(1 00O

Jo={|too|{1toofllotro}|joooflooo|[ooof|o1o0]
ooojJlooo)Jlooo)Jltoo)Jltoo)Jloro)looo
1too)(fotr1o)(r1oo0)(1to00)(o10)(0o00)(0O00O
oot1flloo1floooflooofJooo|lot1o||oo 1]
0ooojJlooo)Jlotro)Jloo1)loo1)ltoo)l 100
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Now, our fat classes are disjoint unions, so we can specify BT,B by writing the general form
a b c g h i

of BsB for each s € T,. Using the general formof B=o 4 . |=| 0 j « |Witha,d, f,g, j,l € K*

00 f 00 !
and b,c,e, h, i,k € K we can write out our classes.

bg bh+aj bi+ak bg bh bi+al 0 bj bk+al cg ch+aj ci+ak

BJ.B={|as an di || dg an di || 0 dji ak || eg en ei |
0 0 0 0 0 0 0 0 0 fg fh fi
cg ch ci+al 0 ¢j ck+al ag ah+bj ai+ bk ag ah ai+bl
eg eh ei 1 0 ej ek 1 O dj dk 1 0 O dl )
fg fh fi 0 fj fk 0 0 0 0 0 0
0 aj ak+bl ag ah+cj ai+ck ag ah ai+cl 0 aj ak+cl
00 dl ] 0 ej ek || 0 O el 510 O el s
00 0 0 fj fk 0 0 fl 00 fl

cg ch+bj ci+bk cg ch ci+bl 0 ¢j ck+bl bg bh+cj bi+ck
eg eh+dj ei+dk || eg eh ei+dl [,| O ej ek+dl || dg dh+ej di+ek |
f&¢ fh fi f& fho fi 0 fj Jfk 0 fi Tk

bg bh bi+ecl) [0 bj bk+ecl
dg dh di+el |,| 0 dj ak+el || a,d,f,g, jl € K*,b,c,e, h,ik € K}
0 0 fl 0 fl

(=]

We know that _# -classes generalise the notion of rank from 7 X n matrices, so another way
we could write BJ,B is BJ,B = GrG = {m € M;(K) | m has rank = 2}, since r has rank 2.
Sadly, for the remaining fat classes there does not seem to be such a simple way of stating

them.
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bg bh+aj bi+ak cg ch+aj ci+ak ag ah+bj ai+ bk ag ah+cj ai+ck
BL.B={|das an di || eg en ei || 0 dj dk || 0 e ek |
0 0 0 fe fh fi 0 0 0 0 fi fk
cg ch+bj ci+bk bg bh+cj bi+ck
eg eh+dj ei+vdk || de dn+ej divek || a,d, f,g,j,l € K*,b,c,e h,i,k € K}

f&  fh fi 0 fj fk
cg ch+aj ci+ak cg ch ci+al 0 ¢j ck+al ag ah+cj ai+ck
BRrB = { eg eh ei 5| eg eh el s 0 ej ek s O ej ek s
f& fh fi fe fh fi 0 fj [k 0 fJ Tk
ag ah ai+cl 0 aj ak+cl
0 0 el |0 0 el |a’d9fag7j’leK*ab9c9e7haiak€K}
0 0 fl 0 0 fl
cg ch+aj ci+ak ag ah+cj ai+ck
BHFB:{ eg eh ei s 0 ej ek |aadaf’g’j7l€K*’bacaeah7i7k€K}
f& fh fi 0 fJ fk
Suppose we wanted to compare BR,B and BR B in terms of the Bruhat order, where

000
s ={ 1 0 0| Inthe Bruhat order, r and s are incomparable, so we have two options. FEi-

001
ther we compute R; and try to find some x € R, and y € R; so that we can compare them (if no

such x and y then BR,B and BRB are incomparable), or we use Theorem 4.17.

010 000
Using Section 3 we canseethatr_ =| 0 0 o |and s_ =| 0 1 o | Aselements of JG, these
001 001

are much easier to compare and we see that r_ < s_. Thus BR,B C BRB.
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5 Vanilla Form

In [17], Pennell, Putcha and Renner introduced standard form for an element of R, which
is r = xey™!, where e € A, x € D,(e),y € D(e) (notation to be reviewed in a bit). This form
allows one to describe the Adherence order in terms of the Bruhat order on W and the order on
the cross sectional lattice. While the advantage of this unique expression is clear, it has a little
to be desired when one wants to talk about Green’s relations.

From standard form, we can easily determine if two elements are in the same _¢# -class,
or even the same Z-class, but that is about it. If we wish to talk about #-classes we are at
a loss, until we introduce the “opposite standard form”, which easily follows from the same
work in [17]. However, neither form is very good at describing the .77’-class of the element, r.
To this end, in this section we will introduce a new unique expression for the elements of R,

and investigate how it may also be used to describe the Adherence order.

5.1 Coset Posets

Recall that when we examine a Bruhat decomposition, we first must fix several subgroups,
in particular, our Borel subgroup, B and maximal torus, 7. From 7', we derive the Weyl group,
W = Ng(T)/T, and ultimately the Renner monoid, R = F(T)/ T. The Borel group allows
us to identify a set of “simple reflections” within W, by (among other methods) defining the
length function, £ : W — N, by {(w) = dim(BwB) — dim(B). The simple reflections are exactly
those elements with £(w) = 1.

Throughout this section, let S denote the set of simple reflections for our Coxeter group,

W, based on our already fixed B and T.

Definition 5.1. A subgroup X C W is called a standard parabolic subgroup if X = (I) for

some I C S. We will often denote the subgroup associated to I C S by W,.

As the name would suggest, these standard parabolic subgroups are exactly the subgroups

of W corresponding to the parabolic subgroups of G which contain our given B.

Proposition 5.2. Recall that wy is the unique maximum element in W. For any element w € W,

L(w) = £(wowwy).
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Proof. This is from Corollary 2.3.3 in [2]. |

Each of our standard parabolic subgroups is a finite Coxeter group. So each has a longest

element, prompting the following notation.

Definition 5.3. Let I C S. We denote the longest element of the Coxeter group, W; by wy(I).

So, wy = wy(S).

Proposition 5.4. For a given, I C S, and any two u,v € Wy, the following are equivalent.
(Hu<v
(2) wo(Du < wo(I)v
(3) uwo(I) < vwo(I)
(4) wo(Duwo(I) < wo(I)vwo(I)

Proof. Proposition 2.3.4 from [2]. |

The following collection of results comes largely from [2] and [4]. For brevity, when
possible we will be writing our results in terms of double cosets W,wW,. Note that our results
will also apply for left and right cosets, by taking I = @ or J = (. Our first result comes to us
from [4] and [14].

Proposition 5.5. For all w € W and any I,J C S, the double coset WywW; has a unique
minimal element with respect to the Bruhat order (and hence has minimal length), and WywW,

has a unique maximal element with respect to the Bruhat order (and hence has maximal length).
Proof. A proof is given in [14], as Proposition 23. O

As they will be of great use to us later, we take the time now to distinguish these sets of

minimal elements.

Definition 5.6. For w € W and 1,J C S we denote the minimal element of WywW; by Tw’.

Further, we will denote this collection of minimal length elements by "W

We may often denote W? by /W and likewise denote ®W’ by W”. This is just notational

convenience.
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Lemma 5.7. w €W’ and x € WywW), then there is a decomposition x = uwv where u € W,
v e W, and €(x) = €(u) + {(w) + €(v). Furthermore, if I = 0 or J = () then this decomposition

is unique.
Proof. This is noted as Proposition 1.3 in [10] and Proposition 2.4.4 of [2] O

Lemma 5.8. Letw € Wand s € S. Then sw < w if and only if some reduced word for w starts

with s. Likewise, ws < w if and only if some reduced word for w ends with s.
Proof. This is a restatement of Corollary 1.4.6 from [2]. |

Proposition 5.9. Suppose that u,v € W withu <vand s € S.
(1) Ifu < suthen u < sv.

(2) If u < us then u < vs.
Proof. This comes from Proposition 11 in [14], which draws upon Proposition 2.2.7 in [2]. O
Much of the proof of this next result is inspired by [14].

Proposition 5.10. For I,J € S, w €W’ if and only if no reduced word for w starts with an

element of I or ends in with an element of J.

Proof. Suppose that w € TW’. Then for all s € I and r € J we see that w < sw and w < wt
(since w is minimal in W;wW;). Thus no reduced word for w starts with an element of I or
ends in with an element of J, by Lemma 5.8.

Now, suppose that w € W is such that no reduced word for w starts with an element of I or
ends in with an element of J. Then by Lemma 5.8 for all s € I and ¢ € J we see that w < sw
and w < wt. We claim that w is the minimal element in W,wW,. We know that there exists
such an element, call it x. By our previous work, we also know that s € I and ¢ € J we see that
x < sx and x < xt.

We know that we can write x = sys5--- 5wt - - - 17, where each s; € I and each ¢; € J,
since x € W;wW,. But by applying Proposition 5.9 exactly (k + £) times, we can then see that

W< 818 Wt - -+ 1, = x. Since x is minimum, it follows that w = x, and sow € 'W/. O

Proposition 5.11. For1,J € S, "W/ ='W? n W/,
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Proof. By using the preceding proposition we see that w €/W? if and only if no reduced word
for w starts with an element of 1. Likewise, w €W if and only if no reduced word for w ends
with an element of J. So we conclude that w € ‘'W? N ®W" if and only no reduced word for
w starts with an element of / or ends in with an element of J. But by Proposition 5.10 this is

equivalent to w € "W/, o

Corollary 5.12. w €'W’ if and only if w ="u for some u € W’ if and only if w = v’/ for some

velw.

Proof. The forward implication is clear by taking u = v = w. Now suppose w ='u for some
u € W’. By the preceding proposition it suffices to show that w € W’. Suppose not, then we
can find s € J and a reduced word expression for w that ends in s. But since w ='u we can
see from Lemma 5.7 that there is a € W; such that aw = u and £(u) = £(a) + {(w). This tells
us that any concatenation of reduced words for @ and w forms a reduced word for u. Thus we
have found a reduced word for u ending in s € J, a contradiction.

The situation with v is shown similarly. O
Proposition 5.13. For1,J C S and any u,v € W, ifu < v then 'u’ <y’
The proof we give here is basically a copy of Proposition 2.5.1 in [2].

Proof. We will prove the result by induction. First observe ‘u’ < u < v. If v =/’ then we are

done. If not, by Proposition 5.10 and Lemma 5.8 we can find a s € I so that sv <vort e J

J I,,J

so that vt < v. Either way, applying Proposition 5.9, we see ‘u/ < sv < vorfu/ < vt <v

respectively. By induction, ‘u’ < (sv)! =lv/ or 'u’ < !(vt)! ="V respectively. |

Corollary 5.14. Recall wy € W, the unique element of maximal length. Then for any I,J C S,

Two is the unique maximal element in "W’ and 1 =17 is the unique minimal element in 'W"’.

Proof. Since 1 is the minimum element of W it is clear that 1 = /17 is the unique minimum
element of W/, Additionally, wy is the unique maximum element of W. So by Proposition

5.13 we see that for any w € W, w < wy implies ‘w’ < fwy’. Thus, 'wy’ is the unique maximal

element in W, O
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We can actually get a stronger result, in that u’ is less than or equal to the whole double

coset WyyW,.

Proposition 5.15. Take I,J C S, and let u,v € W. If u ="u’, then u < v if and only if u < w for
allw e WpW,

Proof. Since v € W, yW; we can see that the “if”” direction is clear. Suppose that u < v. Then
u ='u’ <"/, Tt follows that for any w € W;yW,, by definition v/ < w, and we conclude that

u<w. O

The last result we will showcase before moving on has connections with Putcha’s work in

[18]. As we will see later on, this result tells us that D.(e) = D(e)W*(e) for e € A.

Proposition 5.16. For K C 1 C S, suppose that W; = Wx X Wpgx = Wng X Wk. Then,
(1) *w :WI\KIW
(2) WK :WIW]\K

Proof. Both arguments are similar, so we will just prove (1). Suppose that w €¥W. Choose
simple reflection, s; € I\K so that sw < w, if such an s; exists. Continue choosing s; € I\K
so that s;s;_1 -+ s;w < s;_1 - - - 5;w, as long as such s; exist. This process will terminate after at
most £(w) steps. If it ends after k steps, let v = s;---syw. Then we see that for all s € I\K,

sv > v. So it follows that v €/W. Thus w = (s; - - - s¢)v € W' W. So then W W ' W

_ 1wl

Conversely, consider the sizes of these sets (recall that W is finite). We know |XW| W]

and |'W| = % But since W; = Wi X Wik, we see |W;| = |[Wk||[Wpkl|. From there it follows

that [*W| = % = % = "W||Wpkl. Now, |[Wpx 'W| < |"'W||Wp x| and thus our containment

must be an equality. W =Wy x'W. |

We have now gathered enough results from Coxeter groups in order to say something mean-

ingful about our Renner monoid and its associated Adherence order.

5.2 Standard Forms

In order to make use of the preceding results, we need to have some standard parabolic

subgroups. To that end, we define the following sets of simple reflections and the parabolic
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subgroups associated to them. Notice that these sets are all defined by properties relating to a

given idempotent. This is how we will use Coxeter group theory to understand our monoid.

Definition 5.17. For an idempotent e € A U A~, we define the following sets of simple reflec-

tions:
Ale) :={s € S|se =es} Ad.e):={se€ S|se =es=¢} A'e):={se€ S|se =es £ e}
Using these sets we can also define standard parabolic subgroups associated to our idempotent,

and the corresponding collections of minimal elements of the Weyl group, W, with respect to
these subgroups, both on the left and the right:
W(e) =Wy D(e):= W' V(e):=1OW
W.(e) := Wi D.(e):= W+ V. (e):=+OW
Wi(e) :== Wiy D*(e) := WH©  Vi(e):=1OW
Our first result allows us to relate the simple reflections associated to an element of A~ to
the simple reflections of its counterpart in A. The reason we explore this relationship is that the
elements of A and the simple reflections that interact with them have been studied by Putcha

in his book, but there is no corresponding treatment for A~.

Lemma 5.18. Let e € A. Define the idempotent f := woewy € A~. Then A(f) = wod(e)wy,
A.(f) = wodi(e)wy and ' (f) = wod*(e)wy.

Proof. Suppose that s € A(e). Then se = es. Now consider wysw,. One can observe the
calculation, woswg f = woswowoewy = wosewy = woeswy = WoewoWoswy = fwoswy. Observe
that {(woswg) = €(s) = 1 by Proposition 5.2, so wyswy is a simple reflection, and hence
woswgy € A(f). Thus, wod(e)wy € A(f).

For s € A(f), woswoe = woswowo fwy = woSfwy = Wofswy = wofwowoswy = ewysSwy.
Thus, woswy € A(e), and s = wy(woswg)wy. So, A(f) € wod(e)wy. We conclude from here that
A(f) = wod(e)wo.

Similar proofs can be given for A.(f) = wol.(e)wy and A*(f) = wod*(e)wy. O
Corollary 5.19. Let e € A and f = woewy. Then wo(A(f)) = wowo(A(e))wy

Proof. Take any v € W,s). Then we can find u € W(e) so that v = wouwy. Since the longest
element of a Coxeter group is also maximal in the Bruhat order, u < wy(A(e)). But then by

Proposition 5.4, v = wouwy < wowo(A(e))wy. Since v was arbitrary our result is concluded. O
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Proposition 5.20. Ife € AUA™ then W.(e) = (<, W(f) and W*(e) = o<y W(f), where these

f come from the same cross sectional lattice as e.

Proof. First suppose that e € A. For the statement, readers are directed to Lemma 7.15 in
[30]. The core of the result can be found (with great notation change) in Chapter 10 of [20],
specifically Proposition 10.9.

Now, consider the case when we take idempotent, ¢ € A~. One can check that for any
idempotent, g € A7, W.(g) = Wi = woWurowWo = woW.(wogwo)wy. Similarly, we
can see that W*(g) = woW*(wogwo)wo and W(g) = woW(wogwo)wy. It follows from here
that we have W.(e) = wo((r<woewy WUDWo = N r<wpewy WWofwo) = (<. W(f). Likewise,
W (@) = Neey WP o

Proposition 5.21. Suppose that e, f are idempotents such that either e, f € A ore,f € A™.
Then e < f implies W.(f) € W.(e) and W*(e) € W*(f).

Proof. These results are a quick application of the preceding proposition. For example, if

€,f € A_? then W*(f) = mggf W(g) - ﬂgSe W(g) = W*(e) |

Proposition 5.22. For idempotents, e € A U A~, we have the following equivalent expressions
for our standard parabolic subgroups,

W(e) ={we W |we=ew) W.(e)={we W|we=e¢=ew}

Proof. 1f e € A, applying Lemma 10.15 in [20] we show W(e) = {w € W | we = ew}, and
Lemma 10.16 in the same book, we get W.(e) = {w € W | we = e = ew}.
On the flip side, if e € A~ observe that f := wyew, € A. So then,
W(e) = woW(f)wo = wolw € W | wf = fwiwo ={w € W | wowwof = fwowwo}
={w e W | wowwowpewy = woewgwowwg} = {w € W | wowewy = woewwy}
={weW|we=ew}

A similar proof holds for W.(e) = {w € W | we = e = ew}. ]
Proposition 5.23. Lete € AU A™. Then, W(e) = W.(e) X W*(e) = W*(e) X W.(e)

Proof. As with prior results, the case for e € A is given in Putcha’s book. Specifically this

result is part of Proposition 10.9 in [20]. For the second, e € A", situation, let us notice
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that W(e) = woW(woewg)wy = woW.(woewo)wg X woW*(woewg)wy, as woewy € A. Thus,

W(e) = W.(e) x W*(e), and likewise W(e) = W*(e) x W,(e). O

As a useful side note, these new sets allow us to revisit Proposition 3.1 and talk about the

class, H,- from Theorem 3.21.

Proposition 5.24. For v € N, we know that v* Le, v*Z f for some e € A and f € A~. We can
write, H ={re R|r= fo =oce,0 € W(fiwyW(e)}.

Proof. r € H, if and only if r = fo = oe for some o € W. To prove this result, it suffices
to show fo = oe if and only if o € W(f)woW(e). If oo € W(f)woW(e) then o = awob with
ae W(f)and b € W(e). So, fo = fawob = afwob = awpeb = awpbe = oe.

For the “only if”’ direction, notice that fwy = wge. Thus wofwy = e = 0! fo, and then

owof = fowg, so owy € W(f). So we can find b € W(f) so o = bwy € W(f)woW(e). ]
One major result with these new sets is to describe some familiar sets from Section 3.

Lemma 5.25. Let I C S, and let L; = P; N P} be the associated Levi factor of P = BW,B.
Take w € W

(1)w € W!if and only if w™'(L; N B)w C B

(2)w €W ifand only if w(L; N Byw™' C B

Proof. (1) is stated in [17], and the reference given there is Proposition 2.3.3 in [9] by Carter.

(2) quickly follows from (1) when we realize that x € W/ if and only if x~! € 'W. O

The Levi factor mentioned in the above lemma might appear to be cause for alert, as this
is the first mention in this paper. However, any fear is easily assuage when we consider the
specific parabolic subgroups of G that we are considering. For e € A N A™, the Levi factor of

P/l(e) is jllSt CG(e).

Proposition 5.26. Forr € R,
(1)r € GJ if and only if r = ey™! for some e € A and y € D(e).
(2)r € IG if and only if r = b~ f for some f € A~ and b € V(f).

One can note that Putcha has already demonstrated (1) in his Parabolic Monoids paper

([23]), but as it has such importance to the remainder of the paper, we offer a written proof.
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Proof. (1) First, we show y € D(e) = ey™! € GJ. e € A means Be = Cg(e) = Cg(e) N B.
Thus, Bey™' = eBey™ = ey 'yBey™' = ey 'y(Lyy N B)y™! C ey™'B, by Lemma 5.25. Thus,
eyleGy.

Now, suppose that r € GJ. By Proposition 3.18, if we write r = eo for e € E(R) and
o € W, then we know that e € A. Since o € W, we can find y € D(e) and v € W(e) so
that ovy™'. Then r = evy™! = vey™!. So r.Zey"! € GJ by our previous work. But then, by
Proposition 3.9, r = ey™!, as desired.

(2) is done similarly. O
Lemma 5.27. Suppose thatm € JG and p € GJ. Then forr,s € R, r < simplies mrp < msp.

Proof. Note that, Bm = BmB and pB = BpBsincem e JGand p € GJ.

Then BmrpB = BmBrBpB C BmBsBpB C BmBsBpB = BmspB. m|

Lemma 5.28.
(1)Ife € A, y € D(e) and x € W with x <y, then xey™" € B
(2)Ifee A=, ye V(e)and x € W with x <y, then y"'ex € B

Proof. Tt suffices to prove (1), as (2) is similar by symmetry. Since y € D(e) the last proposition
tells us that p := ey™' € GJ. Then we see, by the preceding lemma, that x < y implies xp < yp

(just take m = 1). But then xey™! = xp € BypB = Byey~'B. Now, yey™! is an idempotent and

thus, yey™! € T C B, and so we may conclude that xey~' € BBB = B. O

This decomposition of elements in G and JG segues nicely into the phenomenal de-
composition result presented in [17], called the standard form. This form was instrumental in

getting the first real handle at the Adherence order for R.

Definition 5.29. Let o € R. We say that o = xey™! is in standard form ife € A, x € D,(e)
andy € D(e). We say that o = b™! fa is in opposite standard form if f € A~, a € V.(f) and
b e V(f).

An immediate consequence to these definitions from Proposition 5.26 is that we can tell the
Z-class of r = xey™! by realising that ey™' € GJ and rZey”!. Likewise, opposite standard

form readily gives us the Z-class of r.
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Example 5.30. For a given element, r € R, there is a simple procedure to find the standard form
and opposite standard form. For example, we will show this procedure for opposite standard
form. First, determine the unique element f € A~ so thatr € WfW.

Then we can find u,v € W so that r = ufv. Let b = *P(u™"). So then b € V(f), and we can
findw € W(f) so that b = wu™", and thus r = W™'b)' fv = b™'wfv. Since w € W(f) we can
rewrite as r = b™! fwv. Consider the element wv. Let a = *Y(wv). Then we can find x € W.(f)

so that xa = wv, and then r = b™' fwv = b™! fxa = b™! fa, which is in opposite standard form.

Similar arguments allow us to see easily that the standard and opposite standard forms are
unique for a given element. A similar proof for our new form will be given explicitly, from
which more details can be gleaned.

The following result comes from [17] and allow us to showcase the importance of our work
with the W7, as we can now describe the Adherence order. This work by Pennell, Putcha and
Renner was the first complete description of the Adherence order in the setting of a general

reductive monoid.

Theorem 5.31. Let o = xey ' and v = sft™! with x,s € W, y € D(e) and t € D(e). Then the
following are equivalent,

(l)oc<Tt

(2) ef = e, and there exists w € W(f)W.(e) and z € W.(e) such that x < swz

andtw <y
Proof. This result comes to us from [17], as Theorem 1.4. O

The following corollary is similar to Corollary 1.5 in [17], but with a minor change to a

condition.

Corollary 5.32. Let o = xey™! and T = sft™! be in standard form. Then the following are
equivalent,
(l)oc<Tt

(2) ef = e, and there exists w € W*(f)W.(e) such that x < swand tw <y

Proof. By Theorem 5.31 (1) is equivalent to ef = e, and the existence of w € W(f)W.(e) and

z € W.(e) such that x < swz and tw < y. Now, z € W.(e) implies by Proposition 5.15 that



56 SecTiON 5. VANILLA ForM

x = x*© < swzz7!, since xey~! is in standard form. Thus, (1) is equivalent to ef = e, and there
exists w € W(f)W.(e) such that x < sw and tw < y. But, by Proposition 5.23 we can rewrite
this with w € W*(f)W.(f)W.(e), and by Proposition 5.21, this is the same as w € W*(f)W.(e),

as desired. O

In the same vein, we can use our standard parabolic groups associated to the opposite cross
sectional lattice, A~, and perform similar work to get a characterisation of the Adherence order

in terms of elements written in opposite standard form.

Theorem 5.33. Let o = b~ faand v = k™ 'gjwitha,j € W, b € V(f) and k € V(g). Then the

following are equivalent,

(l)oc<Tt
(2) fg = f, and there exists w € W.(f)W(g) and z € W.(f) such that a < zwj
andwk < b

Proof. The work behind this result is just a reflection of the work presented by Pennell, Putcha
and Renner in [17] for the two results above. Though it is distinct, there is nothing to gain by

explicitly writing it here, so it is in the Appendix as Theorem A.9. O

Corollary 5.34. Let o = b™! fa and T = k™' g j be in opposite standard form. Then the following
are equivalent,
(l)oc <t

(2) fg = [, and there exists w € W.(f)W*(g) such that a < wj and wk < b

Proof. By Theorem 5.33 (1) is equivalent to fg = f, and the existence of w € W.(f)W(g)
and z € W.(f) such that a < zwj and wk < b. Now, z € W,(f) implies by Proposition 5.15
that x = *Pa < z7'zwj, since b™! fa is in opposite standard form. Thus, (1) is equivalent to
fg = f, and there exists w € W.(f)W(g) such that a < zwj and wk < b. But, by Proposition
5.23 we can rewrite this with w € W.(f)W.(g)W*(g), and by Proposition 5.21, this is the same
asw € W.(f)W*(g), as desired. O

Proposition 5.35. If r = xey™! is in standard form and r = b~ fa is in opposite standard form,

then {(r) = {(x) + €(e) — £(y) = —=€(b) + £(f) + {(a)
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Proof. For standard form, this comes from Section 4 of [17]. Comparing the proofs of Theorem
1.4 in [17] and our work to prove Theorem A.9 in the appendix, one can convince themselves
that the same sort of (mindless) symmetry work will show the same length results for opposite

standard form. O

Our next work deals with creating a similar decomposition that allows us to tackle things

from an .7-class perspective.

5.3 Vanilla Form

Having covered the standard form of Pennell, Putcha, and Renner as well as considered its
“dual” or “opposite” form, we now combine these two forms to create a new unique decom-
position for elements of R. Due to the author’s opinion that the terms ‘standard’, ‘normal’ and
‘canonical’ are over used in mathematics, we will now introduce a decomposition for elements
of R which we shall dub ‘vanilla’.

It will turn out that this vanilla form will allow us to determine, at a glance, the Green’s
relations of the given element and also allows us to compute the Adherence order, just as the

other two forms did above.

Definition 5.36. Let r € R. We say that r = o~'e_oge o' is in vanilla form if e, € A,

e_€N,e_ fr Je,o_€V(ie) o, € D(e,), and oy € V.(e-) N W(e_)woW(e,) N D,(e,).
Proposition 5.37. For any r € R, the vanilla form for r exists and is unique.

Proof. By Theorem 3.21, we can decompose r uniquely as r = r_ryr,. ro7¢v* forv € N,
v_Zr. Now, by Proposition 5.24, ry = fo = cewithe € A, f € A" and ry = fo = oe for
some o € W(f)woW(e). We will let e, = e, e_ = f and oy =+ gt©,

It is clear, e__#r_Ze.. Notice that g eW(e_)woW(e,), as * Vgt € W,(f)oW.(e), and
W.(f) € W(f), W.(e) € W(e). So we can find element, a € W.(f) and ¢ € W.(e) such that
oo = aoc. Thus, rg = e_o = oe, tellsus, e_oy = e_aoc = e_oc = oe,c = oe, = ry. Not
only that, but oy =+ implies that oy €*PW*©_ By Proposition 5.11 and Definition
5.17 this means o € V.(e_) N D,(e,). So, 09 € V.(e_) N W(e_)woW(e,) N D.(e,), as desired.
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We know from Proposition 5.26 that r_ € G means we can find f* € A~ and b € V(f”) so
thatr_ = b™' . Likewise we can find ¢’ € Aand b € D(¢’)sothatr, = ¢’y™'. Sincer__Zr_7r,
and r = r_ryr,, Proposition A.1 tellsus, f* = fand e’ = e. Andsoif welet,o_ = b, 0, =y,

1e_0'06+0';1.

then o_ € V(e_) and o, € D(e,) and r = r_ror, = (0~ 'e_)e_oo)(e,07') = 07
This shows that we can decompose an element into vanilla form. It remains to show this
decomposition is unique. Suppose that » = 7~ f. 7o f,7;! is another vanilla decomposition to
the one we just determined. By definition,e__¢r ¢ f_ande_, f- € A™, so we can conclude that
e- = f_and likewise e, _Zr_# f,,s0 e, = fi. So,r = 12'e_tpe. 73! = (72 e )(e_to)(erTIh).
Since 9 € W(e_)woW(e,) it can be shown that e_ty = 1ge,, and hence e_717.77v*. Observe

b= lee_e_TOTjrl = lee_‘roﬂl

that, r = t7le_1pe,1; and r = 7"'rpe,7;'. This tells us that
r&(t~'e_) and rZ(e,r;"). Finally, by applying Proposition 5.26 we see that 7~'e_ € JG and
e, € GJ. So we may conclude that -~ = t7'e_, ry = e_71p and r, = e, 7! by uniqueness of
our trichotomy.

'=r, = e,77'. So it follows that o;'r, € W.(e,), hence o, € 7,W(e,). But

Thus, e, o
since 0, T, € D(e,) it follows that o, = 7, as the elements of minimal length in a given coset
are unique. Likewise, o~ = 7_. Similarly, e_oy = ry = e_7g, so oy € W.(e_)1o. But since

0, To € V.(e-) we may conclude that oy = 7. O

Just as with standard form and opposite standard form, we can compute the length of an

element from its vanilla form.

1

Proposition 5.38. Forr € R, if r = 0-'e_oe 07! is in vanilla form, then we can compute the

length, €(r) = —l(o_) + {(e_) + l(og) — C(0y) = (o) + €(09g) + L(ey) — (o)

Proof. We will prove the first equality as the second is done similarly. By Proposition 3.24 we
know that £(r) = £(r_) + £(ry) + £(r,) — £(e)) — €(e-). We know that r_ = 0~'e_ and ry = e_o

are in opposite standard form and r, = e o7

is in standard form. So we may use Proposition
5.35 to substitute,
U(r) = lle-) = (o) + lle-) + Loo) + Lles) — Los) = Lley) — L(e-)
= —l(o-) + l(e-) + (o) — L(04)

as desired. m|
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1 1

Proposition 5.39. Forany, r € R, if r = 0~'e_oe,07! is in vanilla form, then c~'o € D.(e,)

and ooo;! € V.(e.)

lope o7t and let

Proof. Once again, we will just prove the first of the two statements. r = o—
r = xe,o,! be the standard form for r. Then x € D.(e,) and by using Propositions 5.35 and
5.38 we see that £(x) = (o) — £(0).

l'= o_xe,07'. We see oye 07! is in standard form, which

Now consider o_r = oge, 0,
tells us that o_x € o(W,, and in particular {(oy) < {(o_x). By subadditivity of length,

o_x) < (o) + £(x) = £(0p). Thus oy = o_x, or rather, 0='oy = x € D.(e,). O

The most immediate result from this proposition is that we can easily read off standard

form and opposite standard form from our vanilla form.

Corollary 5.40. For r € R, if r = o-'e_ope o' is in vanilla form, then r = o~ e 07!

is in standard form and r = o”'e_oo;! is in opposite standard form. As well, r_ = o”'e_,

ro=e_ope, andr, = e+0'jrl.

Proof. There is little to prove here, as e_oy = oe,, since oy € ) W(e_)woW(e,)" ). Thus

= 0N opey)e 07! = (07'op)e,0;!. By Proposition 5.39 this is in

ro= (le(e_cfo)eJroj
standard form, and by uniqueness of standard form we are done.

A proof for opposite standard form is done similarly. The result for our trichotomy elements
comes from the proof of existence and uniqueness of vanilla form (Proposition 5.37), where

we derived the vanilla form from our trichotomy decomposition. O

And now we move on to describe the Adherence order in general. One can easily see the

influence that standard form and opposite standard form have over our vanilla form.

Theorem 5.41. Forr,s € R, ifr = 0 'e_ope,0. and s = 7' f-1of 17! are in vanilla form
then the following are equivalent,

(I)r<s

(2)e_,ey < f, frand Iw_ € W, (e_)W*(f-) and Iw, € W*(f)W.(e,) suchthatw_t_ < o_,

oo < w_Tow, and T,w, < 0,
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Proof. Assume that (2) holds. We see by Lemma 5.28 that T+W+€+O':rl, o le_w_t_ € B, and
hence r_w_sow,r, = o-le_w_t_t- f.rofit; ' Tow e, 0! € Bt forof.t;'B C BsB. We may
conclude then that r-w_sow,r, < s.

We know that w_ = w”w’” and w, = w/,w’, where w” € W.(e_), w_ € W*(f), w, € W*(f)

and w/ € W.(e.). So then,

1 1 1 1

row_sowiry = o_e-w!'w. fLrofiw wileo, =o” e-w  fLrofiwle o]

=ole_fw oW, fre.ol = o le.w tow e o = row_Tow, 1y

By Lemma 5.27, since o0y < w_tow,, we see that r_oor, < r-w_tow,r,. So now we may
conclude that, r < r-w_tow,r. = r.w_sow,r, < s as desired.

Now, for the reverse direction, assume that (1) holds. It is clear that e, < f, ande_ < f..
Rewrite, r = (0”'og)e o' and s = (~'7¢)f.7;!. By Corollary 5.40 r and s are in standard
form. Applying Corollary 5.32 to r < s tells us there exists w, € W*(f,)W.(e;) so that
T.w, < o, and o-'oy < 1-'7ow,. By Proposition 5.39 we know that o~'oy € D,(e,), so
ooy < v 'rgw, if and only if o~'oy < t7'row,, where w, = w\.w”, w, € W*(f,) and
w! € W.(e,) (by Proposition 5.15).

Since e, < f, and 0oy < 7-'7gw’,, by Theorem 5.31, o~'oge, < 7-'7ow’, f, (just take
w=2z=1). So, 07 le_oy = 0" loge; < oWl fi = oo fiw, = 2 f oW, So now, by
applying Theorem 5.33 we know there is w_ € W.(e_)W*(f-) and z_ € W.(e-) sow_1_ < 0_
and oy < z_w_Ttow’,. Since o € V.(e_) we see that oy < z_w_7ow’, if and only if o9 < w_Tyw,

(using Proposition 5.15 again). O

We get a slightly stronger condition if 7 and s belong to the same ¢ -class. Indeed, r_¢'s

allows us to strengthen Corollaries 5.32 and 5.34 as well.

Corollary 5.42. Forr,s € R, ifr = 0 le_ope,o7! and s = t'e_tpe, 77!
y + +

are in vanilla form
then the following are equivalent,

(I)r<s

(2) Iw_ € W*(e_) so that w_t_ < o_, 00" < w_to1,!

(3) Iw, € W*(e,) so that o~ oy < v-'tow, and T,w, < o4

(4) Aw_ € W*(e_) and Iw, € W¥(e,) so thatw_t_ < o_, 0y < w_tyw, and t,w, < 0,
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Proof. From Theorem 5.41, (1) is equivalent to e_,e, < e_,e, and dw_ € W,(e_)W*(e_) and
dw, € W*(e,)W.(e,)suchthatw_t_ < o_, 0y < w_tow, and 7, w, < o. The first condition in
our statement, e_, e, < e_, e,, is now a tautology, so we can discard it. Thus, (1) is equivalent
to dw_ € W.(e-)W*(e-) and dw, € W*(e,)W.(e;) such that w_.t_ < 0_, 09 < w_Tow, and
T Wy S04

Let us decompose both w, = w/,w? and w_ = w’w’, with, w, € W*(e,), w; € W.(e,),
w. € W*(e_) and w” € W,(e_). By Proposition 5.15,

o = Mot @) < (W) TIwIw row,w (W) = wirow’,.

Additionally, since 7_ € V(e_) it follows that w 7_ € V.(e_) by applying Proposition
5.16. Likewise, we get 7.w’, € D(e,)W*(e;) = D.(e;). So by Proposition 5.15 we see that
wr <w'wr =w_r_.<o_and W, < T WW! =1,w, <0y

By relabelling, we see that (1) is equivalent to dw_ € W*(e_) and dw, € W*(e,) such that
w_t_ <o_, 09 < w_tow, and 7,w, < o, which is the statement of (4).

Proving (1) is equivalent to (2) and (3) is done similarly. |

Proposition 5.43. Forr,s € R, if r = 0~ 'e_ope,0. and s = = f_. 1o f, 77! are in vanilla form
then,

(1)r Zsifandonlyife_,e. = f_, f.

(2) rZs ifand only ifo_ =1_and e_ = f_

(3) rZsifand only ife, = fy and o, = 1,

(4) rs ifand only ifo_ =1_ande_ = f-and e, = f, and oy, = 7,

Proof. (1) Comes right from the definition, ase__#r _Ze..

(2) We know that rZ s if and only if r_ = s_. But, since we have our vanilla forms on hand,
rZs if and only if o~'e_ = 77" f_. Since r%s implies r_¢ s, we can that rZs if and only if
r ¢ sand r#s, if and only ife_, e, = f_, f, (by (1)) and o='e_ = 72! /. Thus, r%s if and only
ife_=f ando~le. =77'f.

We can rearrange this last equation to get, o-'e_ = 7_' f_ if and only if T_oc-'e_ = e_. So
we can say, 7_0_! € W.(e_). But then 7_ € W,(e_)o_ C W(e_)o_. Since 7_,0_ € V(e_) we
can conclude that o_ = 7_. Thus, rZsif and only ife_ = f_ and o_ = 7_.

(3) is done the same way as (2).
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(4) By definition, r.7Zs if and only rZs and r.Zs. So this follows quickly from (2) and
3). O

Now the following results illustrate the power of vanilla form, as when we restrict to an
-, %- or £ -class we can determine the Adherence order in terms of the Bruhat order. This

is something of an extension to Theorem 3.30 from earlier.

Theorem 5.44. Forr,s € R, if r = O'ZIe_O'OeJ,O';l and s = lee_TOeJrT;l are in vanilla form
then,

(1)If r s, thenr < siff oy < 1

(2) If r&s, then r < s iff ooo,' < 7o77!

(3)IfrLs, thenr < siff ooy < 711

Proof. (1) By Theorem 3.30 we know that .77 s implies that r < s if and only if ry < s¢. Since
00, To € D.(ey) we can see that ry = oge, and sy = 1ge, are in standard form. Then Corollary
5.32, rp < sp if and only if there exists w € W*(e,)W.(e,) so that oy < Tow and w < 1. But
since 1 is the minimum element of W, hence w = 1 if it exists, we can conclude that ry < sq if

and only if oy < 7.

(2) By Theorem 3.30 we know that rZ%s implies that r < s if and only if ror, < sps,.

1

Observe that ror, = e_oyo;' and e_1y7;! are in opposite standard form, by Proposition 5.39.

Then by Corollary 5.34, ror, < sys, if and only if there exists w € W.(e_)W*(e_) so that

000! <wrer;! and w < 1. But since 1 is the minimum element of W, hence w = 1 if it exists,

1

we can conclude that ror,. < sos. if and only if oo < T()T:rl.

(3) is done in the same manner. O

Corollary 5.45. Forr € R, lete_ € A~, e, € Awithe_ _Zr_¢e, and define the collection of
minimum elements, Z(e_, e,) = {*wt€) | w e W(e_)woW(e,)}. Then,

(1) (Z(e_,e,), <) = (H,, <) via the isomorphism, u v r_ur,

(2) (V.(e-), <) = (R, <) via the isomorphism, v — r_v

(3) (D.(e;), <) = (L,, <) via the isomorphism, d — dr,

Proof. Letr = o~'e_oye, o, be the vanilla form decomposition for r.
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(1) First we will show this is an isomorphism of sets. Suppose that u;,u, € Z(e_, e, ), then
rour, = ole_uje, 07! and r_upyr, = o~le_upe, 0! are our images under the given map. By
Proposition 5.11,

Z(e_,e.) =HWEEeD) N W(eywoW(e,) = Vi(e_) N D.(ey) N W(e_)woWi(e.),
so the images are in vanilla form. Uniqueness tells us this map is injective. Suppose s € H,,
with vanilla form, o~'e_te,o;! for T € V.(e_) N D.(e,) N W(e_)woW(e,) = Z(e_,e.). We
observe that 7 maps to s, and so our map is surjective, hence an isomorphism.

Now we will show that this map preserves the ordering. Suppose that u;, u, € Z(e_, e). By
Theorem 5.44 it follows that r_u,r, < r_u,r, if and only if u; < u,. Thus, the map u — r_ur,

is indeed an isomorphism of posets.

(2) First we will show this is an isomorphism of sets. Suppose that v{,v, € V.(e_), then

1 1

r-vy = o0_e_vy and r_v, = 0~ e_v, can be seen to be in opposite standard form. The unique-
ness of opposite standard form then tells us that the map, v +— r_v is injective. Suppose that
s € R,, with opposite standard form, o—'e_t for T € V,(e_). We observe that T maps to s, and
sO our map is surjective, hence an isomorphism.

It remains to show that this map preserves the order. Suppose that v{,v, € D.(e_). By
Proposition 5.39 and Theorem 5.44 it follows that r_v; < r_v, if and only if v; < v,.

(3) is similar to (2). O

Although we did not state it explicitly in the statement of the corollary, the inverses of the
maps above are given by taking the vanilla, standard, or opposite standard form decompositions
(respectively) and only considering the element that is not already given by our J7-, %Z- or

Z-class setting.

5.4 Example

The most important results of this section are those involving the vanilla form decomposi-

tion, so it would be prudent to show an example of its computation. Let us take an element in

00O0O0OO0OO0
00O0O0OT1O0
the Renner monoid of My(K), say r=|°°°°°°
001000
010000
000100
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Procedurally, to compute the vanilla form, it helps to compute the trichotomy first. The
idea behind this step comes from our proof of the existence and uniqueness of vanilla order,
which relied heavily on our trichotomy work. The steps, and simple tricks, for figuring out the
trichotomy decomposition were covered in Section 3, and we will say little more about them.

When we perform the decomposition on r we get,

©c o o © o <
©c o o © o ©
S o = © © <

0o (o
oof o
oof fo
oof o
tolf |1
01) lo

c o - © o ©
- o © © © <
S o o = © <o
©c o o © o <
©c o o © o <
©c o o © o ©
©c o o © o =
S © o ©o = <
© o o = o ©
c o = © o <
©c o o © o ©

0
1
0
0
0
0

. . . 0 O Li» O
The idempotents, e_, e, are easy to determine in M,(K). e_ = and e, =| " 7 |,
0 Lo 0 0

where rk(r) is the rank of r. In this case,

e+:

c o o © o
S o = © o <O

0
0
0
0
1
0

- o © © o ©
S o © o o =
S o © o = O
o o o = o ©
o © = o o ©
o o © o o ©
S o © ©o o ©

0 0
0 0
0 1
0 0
0 0
0 0

0
Now we turn our attention to o_, 0 and o,. For o_ and o, it is much easier to compute
o~! and ¢! first. Consider all the elements w € W so that we_ = r_. That is, w € o~ W.(e_).

Since o=! € V(e_)™! C V.(e_)™!, we just need to minimize the length of any potential w.

No matter which w € W so that we_ = r_ we are looking at, we must inherit the nonzero
entries from r_. The nonzero elements of r_ along with the zeros that are in their columns and
rows, form a minor of r_ of size rk(r). This is the unique minor of rk(r) in r_. Complementary
to this minor, we have a minor of all zeroes of n — rk(r). In order to get a matrix in W, we must
replace this complementary minor with a permutation matrix with rank n — rk(r). Now we just

need to choose the right permutation matrix in order to minimize the overall length.

Recall from Section 3 that we learned we can compute the length of an arbitrary n X n
matrix, A, by €(A) = T 2" (a;)(n + i — j) — lcoinv(A)] — HAZEED from [8]. But we are
considering elements in W, which are permutation matrices. Thus the rank is constant, and so
is the expression involving the summation notation. Thus the length depends on |coinv(A)|. To
minimize the length of the matrix, we must maximize the number of pairs (a;;, ai) with i < k
and j </, a;j=ay = 1.

Since we must inherit the maximal minor of r_, and since the remaining 1’s must be placed
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in the complementary minor, the number of coinvariant pairs (see [8]) is maximized exactly
when we maximize them in the complementary minor. That is, the complementary minor

should be taken to be I, ().

We illustrate this below, the maximal minor of r_ consists of the gray elements. The dark
gray zeroes denote the complementary minor that must be filled in to create an element of W.

The rightmost matrix shows this minor swapped with the matrix 7,

000O0O0O0 0000O00O0 100000
001 000 001000 001000
000O0O0O0 0000O0O0 010000
000100 000100 000100
000010 000O0T1O0 000010
000001 000001 000001

1

This computes o—', and to compute o_, we take the inverse, which for permutation matrices

is just the transpose. It just so happens that in this case, o_ = o\

o o = © o O

0
0
0
0
1
0

o o ©o ~ o ©
o o o o = O
- © © © © ©

1
0
0
0
0
0

Likewise, to compute o;' we want to find the minimal length element among those w € W
so that e,w = r,. The same technique works, replacing the complementary minor of r, by the

matrix I,_. This minor will always be in the bottom n — rk(r) rows. So we get,

0
1
0
0
0
0

hence, o, =

o - © © o <o
S o = © o ©
- o © © © <o
o o = © © ©

0
0
0
0
1
0

o o o o =

c o o o = ©

c o o = o ©

c o o = o ©

c o o o o =
<)

To compute oy, we wish to minimize the length of the possible elements w € W such that
e_w = ry = we,. So we will once again fill the complementary minor with /4. This will be
a little easier to deal with, as we noted in Section 3 the maximal minor of 7, is in the bottom

left corner, so we will simply put /,_) in the top right corner.

g =

c = o o o ©
c o = o o ©
- o o o o ©

0
1
0
0
0
0

S o ©o = © O©
o ©o o o o =~

This gives us the following vanilla form decomposition.
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H

Thanks to Corollary 5.40, from here we can perform two simple matrix multiplications and

S o o © o =
c o o = o <
©c o o o = ©
c o = © o ©
S - © © <o <
- o © © ©o ©
© o o o o <
©c o o o o <
©c o o = o ©
c o = © o ©
S - © © <o <
- o © © o <
© = o © o <
c o = o o ©
- o o o o ©
S ©o ©o = © <
S o o o o =
o o o = ©
c o o o o =
©c o o o = ©
c o o = o ©
S ©o = © © <
© o o o o <
©c o o o o <
©c o o o = ©
©c o o —- o ©
S ©o = © o <
S - © © <o <
o o o o =
- o o o o <

get the standard form of r (on the left) and the opposite standard form (on the right).

000010 100000 00()010_l 100000_1 0000O0O0O0 100000
000100 010000 100000 001000 00000O00O0 00000O0°1
r:()O(JOOI JOO 1T 000 010000 r:()IOOOO 001000 0000O0TO
010000 000100 001000 000100 000100 001000
10000O00O0 000O0O0O0 000100 000O0T1O0 000O0T1O0 010000
001000 000O0O0O0 000O0O0T1 000O0O0T1 000O0O0T1 000100
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6 Maximum and Minimum Elements

Corollary 5.45 in conjunction with Proposition 5.5 and Corollary 5.14 paint an interesting
picture of the Adherence order on our J7-, .Z- and Z-classes. In particular they suggest to
us that each class is “pointy”, in the sense that they have a maximum element and a minimum
element with respect to our order. While we will characterise these elements using the afore-
mentioned results, for the moment, they serve to motivate the following section and its results
concerning these maximum and minimum elements.

Comments made toward the end of [17] motivate our investigation of what we will call
“relative maximum elements”, and a paper by Putcha about shellability, [18], motivates our
investigation of “relative minimum elements” (and his paper even provides the existence of
and expression for the relative minimum element of a _# -class). These are elements that are
not necessarily maximums and minimums with respect to the whole .7 -class they are in, but
are maximum or minimum with respect to an added condition. For example, if r < s, is there
a unique element 7 € R so that t € R, and r < ¢ if and only if 7 < £?

For the following section, as we have done before, we will let T and .7 represent a Green’s

relation. Thatis, T=H,L,RorJ,and 7 = ¢, 2, %Z,0or /.

6.1 Maximum and Minimum Elements

We will begin our discussion by tackling the maximum elements. However, we will find
that when it comes to describing them, a straightforward proof is not exactly evident. This
will lead to our discussion of minimum elements, which are easier to describe, even if their

existence is not immediately apparent.

Proposition 6.1. For all r € R, there exists an element s € T, such that BsB is dense and open

in BT,B.

Proof. We know that BT, B = | |y, BsB. Each BsB is a subvariety, and since T is finite, this
is a finite disjoint union of subvarieties. By an appropriate choice of Proposition 4.9, Theorem
4.14, or Theorem 4.23 from Section 4, we also know that BT, B is an irreducible variety. So,

by Theorem A.3, there exists an unique s € 7, so that BsB is open and dense in BT, B. O
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Definition 6.2. For all r € R, we denote the unique s € T, such that BsB is dense in BT, B by
T
[r]. We say it is the maximum element of the .7 -class.

T
Corollary 6.3. Forall r € R, dim(B[r]B) = dim(BT,B).

T
Proof. By the preceding proposition (6.1), B[r ] B is a dense subvariety of BT,B. But by Propo-
T
sition 14.1.6(iii) of [35] this implies that dim(B[r | B) = dim(BT,B). ]

While we have designated them maximum elements, and shown that they are dense in
their respective fat .7 -classes, it turns out these elements are aptly named with regards to the

Adherence order.

T
Proposition 6.4. Forallr e R, andall s € T,, s <[r]

T
Proof. Since s € T,, then BsB C BT,B. By definition, B[r] B is the dense orbit in BT,B, and

T - - T T

so B[r|B = BT,B. So we see, BsB C BT,B C BT,B = B[r]B. Thus, BsB C B[r] B, or rather
T

s<[r]. O

T T T
Proposition 6.5. Foranyr,s €e R, r <[s] ifandonly if[r] <[s].

Proof. Let r < |'s<:|7. So, BT,B C BT,B and B[rin C B[r?B = BT,B C BT,B = B[s?B. So
we can see that [ﬂy < [s?. Conversely, if [riy < [s'%, then by Proposition 6.4, r < [r?, SO it is
clear that r < [s{|7. O
Proposition 6.6. For any r, s € R, the following are equivalent,

(1) there existsa € T, and b € T; so thata < b

(2) BT,B C BT,B

g g
(3)Tr1 <Ts]

Proof. (1) = (2) If we can find such a and b, then BaB N BbB # 0. But since, BaB C BT,B
and BbB C BT,B # 0, we see BT,B N BT,B. By an appropriate result from Section 4 we can
write BT,B = LI'_, BT, B for some s;’s. Thus we can find index i so that BT,B N BT B # 0.
Since fat .7 -classes are disjoint, we see then that 7, = T';,, and conclude that BT,B C m

T T T
(2) = (3) Since [r] € T,, we see that B[r B C BT,B. By definition, B[s] B is dense in

T T T
BT B. Thus, B[s|B = BT,B, and we see, B[r|B C BT,B C BT,B = B[s]B This tells us,

T T
[r] <T[s].
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T

7 T
1<Ts

(3) = (1) Notice, [r] € T, and [s] € T, by definition. Since [r 7, we have found an

a and b. O

In order to describe the maximum elements, it turns out it is easier to first describe the all
the minimum elements of the .7 -classes, and then desribe the maximum elements in terms of
the minimum elements.

Definition 6.7. Forallr € R, ift € T, is such that for all s € T,, t < s, then we say that t is the
minimum element of the 7 -class. We denote it by writing, t = LrLJy.
T

We can see that any such | r | is unique by definition. It is not hard to see that, geometrically
such elements correspond to closed orbits of B X B in the irreducible variety, BT,B. As such,
the uniqueness of LrEJ7 shows that each BT, B has a unique closed orbit.

To show the existence of these minimum elements, we will proceed as we did and find
certain dense orbits. The problem is, that with respect to our Adherence order, minimum
elements will not generate dense orbits. So we will have to skew our fat .7 -classes, and look
at a different ordering. The aim is to emulate the well-known property of the Bruhat order on
Weyl groups,

r<s & wys <wogr < swyg Jrwyg < worwy < wWoswy
Unfortunately, such a property can easily be seen to not transfer over to the Renner monoids

(Just consider 0 < 1). But we do have the following results, which will turn out to be enough.

Proposition 6.8. Let r, s € R, and suppose that r < s,
(1) if rLs, then wys < wor
(2) if r%s, then swy < rwy

(3) if r7s, then worwy < woswy

Proof. (3) clearly follows from applying (1) and (2). (2) is proven similarly to (1), so we

will just prove (1). Write r and s in standard form, » = xey™' and s = zey™!. By applying
Corollary 5.45, we can see that r < s if and only if x < z. But this last ordering relation is
between elements of W, so we know that x < z if and only if wyz < wox. Then we can see that

wos = (Woz)ey™! < (wox)ey™' = wor by Theorem 5.31. m
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These results are really the best we could ask for, as the following example shows, so it is

fortunate that they are just enough to set us on our way to find the minimal elements.

Example 6.9. One might hope to extend the results of Proposition 6.8 to more of R, perhaps
to a whole 7 -class. The following two examples show this is not the case. Here we have two
elements in the Renner monoid for M5(K). In the first case, the two elements are in the same

Z-class, but we see that r < s does not imply swy < rwy. The second case shows a similar

counterexample for X.

000 010 000

010 000)(0o0 1 01 0)(0o01
(1) ooo]f 010J,Will’l‘ooo <lo1ol but 0|0]'[0|0]£[000]'[010]
00 I 00 1 00 1 00 1 oot1){1o0o0 oot1){1oo
000 000 000 000 001)(0o0o0 001)(00o0
(2)010%[100,With[01oﬁ1oo,bl/ll010"100]£[010'010J
00 1 00 1 00 1 00 1 1oo0) oo 1o0) oo

The following corollary relates our work in Proposition 6.8 to the geometry of the Weyl

group property we wish to emulate.

Corollary 6.10. Letr,s € R,

(1)ifr&Ls then r < s ifand only if B-sB C B-rB

(2) if r%&s then r < s if and only if BsB~ C BrB~

(3) if ro€s then r < s if and only if B'rB~ C B-sB~
Proof. The technique for all three is the same, so we will just show (3). By Proposition 6.8,
r < s if and only if wyrwy < wyswy. But by the definition of the Adherence order, this is

equivalent to BworwoB C BwyswoB. This containment relation is unchanged by multiplying

on either side by wy. So then r < s if and only if

B rB™ = wyBwyrwoBwy C woBwgswoBwy = woBwyswoBwy = B~sB~. O

This tells us that if we restrict to an .7Z’-class, we get the analogue of a property of the Weyl

group Bruhat order,
r<s < BrBCBsB < B sBCBrB < BsB CBrB- < B rB  C B sB-,

for r, s € R such that r77s. If we restrict to an .Z’- or Z-class, we get a restricted version
of the property, but we will see it is still enough.
Proposition 6.11. For any sets C,D € {B,B}, and T = 7, £, or %, then for any r € R,
CT,D = CT!D, and is an irreducible subvariety of M. (Recall T! is the T -class of r as an

element of M rather than R.)
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Proof. Notice that the case C = D = B has been covered before in Section 4. We will just
demonstrate this result for one of the three remaining choices of C and D, say C = B~ and
D = B.

B™R.B = B rGB = B rG = B woworG = B wy(wor)-G = woBwowo(wor)-G

= woBwor)-G = woB(wor)-BN(T)B = woB(wor)-N(T)B = wyBworN(T)B
= B R.B

B"L'B=B GrB=GrB=Gr.B=B NT)Br,B=B N(T)r.B=BL.B
This establishes the results, B"L'B = B"L,B and B'R.B = B"R,B, and as we did in Section 4,
we will now show that B"H,B = B"HB= B"L,BN B™R,B.

Clearly, H, € H,,so B"TH,B C B H/B. Also, H. C L N\R,,so BH,BC B"L.BN B R.B.
Now, suppose that m € B"L,BN B"R,B. Then we can find s.Zr and tZr so that m € B~ sB and
m € B tB. Thus, B-sBN B tB # (, and it follows that s = . Thus s%r, and we see that s.7r.
Som e B sBC B H,B.

Thus,

B LLBNBRRBCB HBCBHBCBLBNBRB
and by our earlier work in this proof, B"L,BN B"R,B = B"L,B N B"R,.B, which squeezes out
the remaining result, B"H,B = B"H/B.

We see that B"R,B = B"rG and B"L,B = GrB, and so are orbits of the appropriate group
actions from B~ X G, G X Bon M. Thus B"R,B and B~ L,B are irreducible subvarieties. Since
B"H.B = B"R,BN B"L,B it follows that B~ H,B is also a subvariety.

Lastly, B~ X H, X B is irreducible, as each of the factors of the Cartesian product is ir-
reducible. Its image under our multiplication map (c, h,d) — chd in M, must therefore be
irreducible. The image is B~ H, B, which concludes the result. O

H R &
This allows us to now establish existence for |7 |, |¥ ]| and | r ] .

Proposition 6.12. For any r € R, the elements Lrjjf, Lrp]z and Lrﬁﬁ exist.

H
Proof. All three results are done similarly, so we will just prove that | r | exists. By Proposition
6.11, B"H,B is an irreducible subvariety of M. We can decompose B"H,B = | |,y B™sB, and
so it follows that there exists a unique s € H, so that B~ sB is open and dense in B~H,B. We

claimthat s = | r ] .
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Take any t € H,. Since B™sB is dense, we see B'tB € B"H,B C B H,B = B sB. By
S
Corollary 6.10 this is equivalent to s < ¢ for all # € H,, which is the definition of | r | . O

S
Now that we have existence for all but | | we are in position to describe the minimum
elements, which will bring us back to the maximum elements we started with. The following
theorem uses our Corollary 5.45 to determine expressions for the minimum elements. As it

turns out, the minimum elements all belong to well behaved sets.

Theorem 6. 13 For r € R we get the following,
(I)r—l_rj iffre 0
(2)F—LI’J ffredg
(3)V—LVJ iffre G
(4)r—|_rJ iffre N

While the phrasing of (4) might seem to require existence, it really shows existence, as

N =R/ _Z, so there will be exactly one such element in each _¢ -class.

Proof. (1)Lete_ € A™,e, € Awithe_ #r_#e, andletu € W be minimal such thate_u = pe,.
Then, by using Corollary 5.45, (Z(e_, e,), <) = (H,, <) by way of the isomorphism, u + r_ur,,
where Z(e_,e,) = V.(e2) N W(e_)woW(e,) N D.(e,). Notice that both ““ )yt € Z(e_, e,)
and 1wyt < w for all w € W(e_)woW(e,). So Z(e_, e,) certainly has a minimum element.
It is then clear that taking u as the minimum in Z(e_, e,) will give us erjf. So u =),

Ale-

%
Thus, r = |r ] if and only if r = r 4wy, = r_e_Yywoee r, . But now recall

that Proposition 3.1 tells us, e_*“)wy" e, € N*. So we conclude, by Proposition 3.25 that
r= Lr‘}f if and only if r € O.

(2) Let e € A, with e__#r. Then, by Corollary 5.45, (V*(ef), <) = (R,, <) via the
isomorphism, v — r_v. So taking v minimal in V,(e_) will give us Lr?). It is clear that 1 is the
minimal element of V,.(e_), as it is the minimum element of W. Thus, r = Lr? if and only if
r=r_1.Thatis, r = Lr? ifandonly if r € JG.

(3) is done similarly to (2).

s 4 Z

(4) Observe that forr € R, L,,R, C J,. Itisclear thatif r = |r | thenr = |r] and r = |r].
But then by (2) and (3) this tellsus r € G NGJ = N. Thus r = |_ryj¢ implies r € N. The fact

that N = R/ _¢ completes the result. O
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With existence established we can now demonstrate the following result, which allows us

to answer a question about the fat .7-classes from Section 4.

Proposition 6.14. For any r, s € R, the following are equivalent,
(1) there existsa€ T, and b € T so thata < b
(2) BT,B € BT B
T T
(3)Lr] <ls]

Proof. (1) < (2) was established in Proposition 6.6.
(2) & @) For T = Z,% or ¢ we observe that the results have already been proven in
Theorem 4.17 and Corollary 4.20 (one needs to consider Theorem 6.13 as well). So it remains

to tackle the .7 = J# case.

For 7 = 7, we will show (1) <= (3) instead. If |r] < |s | then since |r| € H,
and | s | € H; we see that (3) implies (1). Conversely, if a € H, and b € H, then by definition

H H H
Lr | <a <b. By applying Corollary 5.5 from [17] we see that |_rJ <bimplies |r | <|s ], as

desired. O

Corollary 6.15. Forr,s € R, BH,B C BH B if and only if a < b, where a and b are the unique

elements in O N H, and O N H respectively.

Proof. This is just (2) and (3) of the above proposition when applied to .7 = 7. O
% %
Proposition 6.16. Ifr, s € R, then |_rJ < |_sJ and |r] < |s] if and only sz_rJ < |_sJ
Vi k%

Proof. 1t is clear that _ = |r] and ¢, = [¢] by Theorem 6.13. Now, since r_,s_ € JG and
ry, sy € GJ, weseethat r- < s_and r, < s, if and only if Br_ C Bs_ and r,B C s.B.
Theorem 4.25 tells us this is equivalent to BH,B C BH,B. But Corollary 6.15 says this in turn
is equivalent to a < b, where a and b are the unique elements in ON H, and ON H, respectively.
Applymg Theorem 6.13 again allows us to conclude that Lrajg < Lsﬁﬂ and LrO]Z < st]z if and only
if LrJ <l|ls J O

Now that we have described the minimum elements, we can turn the tables again, using our
result, Proposition 6.8, to talk about the maximum elements again. The maximum elements

belong to well behaved sets, like the minimum elements.
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Theorem 6. 17 For r € R we get the following,

(1)r= [r] iff r € woO = Owy

(2)r= W iff r € IGwo

(3)r= fﬂ iffr e woGJ

(4)r= |'r'| iff r € woA = A wy

H

Proof. (1) r =[r1 if and only if for all s € H, we have s < r. But then, by Proposition 6.8 this
is equivalent to wor < wys for all s € H,. By observing that woH, = H,,,, we see that r = [r’;]f
if and only if wor < ¢ for all t € H,,,, or rather wyor = Lwor(}jﬂ. Thus, r = [rj]f if and only if
wor € O if and only if r € wyO.

2)r= |'rpiZ if and only if for all s € R, we have s < r. But then, by Proposition 6.8 this
is equivalent to rwy < swy for all s € R,. By observing that R,wy = R,,,, we see that r = [rpﬁ?
if and only if rwy < t for all t € R,,,,, or rather rwy = Lmof. Thus, r = [rﬁ{ if and only if
rwy € JG if and only if r € T Gwy.

(3) is done similarly to (2).

4 X Z

(4) Observe that forr € R, L,,R, C J,. Itisclear thatif r =[r] thenr =[r] and r = [r].
But by (2) and (3) this tells us r € JGwo N WG . We claim T Gwy N woG T = woA = A" wy.

It is clear, since A € GJ and A~ C J@G, that A“wy C JGwy N woGYJ . Suppose that
a € JGwo N wyGJ. By Proposition 5.26 we can write a = b~ fwy = wpey™! for e € A,
f €A ,ye€ D(e)and b € V(f). Since e ¢ f we can tell that, woe = fwy. So then we see,
woa = wob™! fwy = wob~'woe. Thus, woa.Ze. But notice that a € wyG.J means that woa € G
Theorem 3.9 then tells us that woa = e, or rather a € woA.

Thus r = [r{ implies r € Awy = woA~. The fact that Awy = A = R/_# completes the

result. O

It is interesting to note that this is directly in line with Renner’s description of the “big cell”
in each / -class, in Section 6 of [27]. Indeed, we can now say that each fat .7 -class has a “big
cell” if we define the concept analogously, and that cell is exactly the orbit B[r?B for the fat
7 -class, BT, B.

# J ¥ I 4 rd
Corollary 6.18. Let e € Aand f € A=. Then le] = |le], [e] =Tel, [f1 =1f1, and

4 S
LAl =11
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J z Z 7 Vi
Proof. Observe, eZe'Owy' ™) ¢ N. Sov =|e] <|le] =|v] <v. Thus|e] = |e]. By
7 S
Theorem 6.17, [e ] € woA, so we can see that [e ] = wpe-ZLe. By similar reasoning to the last
& 7
case, we can conclude that [e] = [e ]. The cases for f € A~ are similar. O

This corollary gives us some useful information about the positions of the elements of A
A~ within their / -classes. Namely, A lies in the minimum Z-class and maximum .Z’-class,

and A~ lies in the maximum Z%-class and minimum .%-class.

6.2 Relative Maxima

Having seen the structure of .7 -classes though the lens of absolute maxima and minima
(specifically showing that they exist) we turn to extend these notions to coincide with elements
shown to exist in Section 5 of [17]. These elements are unique maximal elements in a .7 -class,

subject to the additional condition that they are less than a given element of R.

Definition 6.19. For r, s € R and r < s, we define the relative maximum of T, with respect to

s, as

t ifteT,t<sandVt €T, <s = ' <t
maxT, =
undefined otherwise

Remark 6.20. We can recover our previous work with (absolute) maximums by noting that, R
T
has a unique maximal element, w, so it can be seen that [r| = max,,,T,.

Proposition 6.21. Forr, s,t € Rwith r <t < s, then (if they exist), max,T, < maxT,.

Proof. By definition we know, max,T, € T, and max,T, < t. But since, ¢t < s it follows that

max,T, < s, and so by definition of the relative maximum, max,T, < max,T,. O

The next two results will be very helpful in proving the existence of these relative maximum
elements. This first one is a kind of strengthening of the condition for two elements to be in
the same _¢# -class. It is well-known that r_¢ s if and only if we can find # € R so that r.Zt%s.

the following lemma shows us that if » < s then we can choose 7 so that r < < s.

Lemma 6.22. Suppose that r,s € R withr < s and r ¢ s. Then we can find a € H,_,,,, and

beH ., sothatr <a<sandr<b<s.
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Proof. Letr = o”'e_oge, 07! and s = t~'e_1pe, 77! be in vanilla form. By Corollary 5.42

since r < s, then Aw_ € W*(e_) and Aw, € W*(e;) such thatw_7v_ < o_, 090} < w_to7 ;! and
Tw, <oy, 0 oy <t 'row,. Leta = oZle_w_ 1ot and b = 7 rgw, e, 07

By Proposition 5.39 we can see that 7o7-! € V,(e_) and T:rlTQ € D.(e;). So by Propositions
5.16 and 5.23, w_tot;' € V.(e_) and 7;'7ow, € D.(e,), so we can see that a is in opposite
standard form and b is in standard form.

By comparing their forms, one can easily tell that r#Za and r.Zb. Observe that since
w_ € W*(e_), we can see thata = o le_w_to7]' = o'w_e_1o17! = o~ lw_tpe, 77!, s0 5%,
and likewise s#b. So it is clear from here thata € H,_,,,, and b € H;_,,,,. It remains for us to
showthatr <a<sandr < b <.

Observe that 1 € W*(e_)W.(e_), 00— < o_ and 0'00';1 < w_tot,!. So by Corollary 5.34
r < a. In a similar fashion, w_ € W*(e_)W.(e_), w_t_ < o_ and w_to7;' < w_t7;'. So by
Corollary 5.34 we can see that a < s.

r < b < 5 1s shown similarly. ]

Lemma 6.23. Take r € R and let e, f € E(R) be such that eZr and f.Lr. Then,
(1) H; is open and dense in eM f
(2) L. is open and dense in M f

(3) R is open and dense in eM

Proof. (1) We know that H, = eCg(e)e C eMe is open and dense, as it is the group of units
of eMe. Since eZr.L f we see that e_# f. So we can find u € G so that u™' fu = e. Then
observe that H. = H/u™'. One can see this, as s € H/ if and only if s = ew = wf for
some w € G if and only if su = ewu = wfu = wuu'fu = wue if and only if su € H,

if and only if s € Hu™'.

Now, since H, is open and dense in eMe, we can conclude that
H = Hu"' CeMeu = eMueu™" = eMf is open and dense.

(2) Observe that L’ = Gr = Gf € M f. Since it is the orbit of an element, it is a subvariety
of M f by Proposition A.4. Since it is a subvariety, it is locally closed, and so openness of G f
will follow from density. By continuity of multiplication, Gf C Mf = Gf C Gf C Mf = Mf,
since Mf is closed. Thus, Gf = M f, and thus L) isdense in M f.

(3) is done similarly to (2). O
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And now we are in position to show the existence of max;H,, max,R, and max,L,. The

result comes as a generalisation of work from Section 5 of [17], specifically Corollary 5.5.
Theorem 6.24. For any r,s € R, with r < s, then max,H,, max,L, and max,R, exist.

Proof. The results are similar, so we will just prove this for max,R,. First, pick, e € E(R), with
eZr. Observe that r € R/. Also note that r = er € eBrB C eBsB C eBsB. So we see that

r € eBsBNR,, hence eBsSBN R, # (.

Since eBsB N R, # 0, we know that it is open and dense in eBsB (as eBsB C eM and
R is open and dense in eM, by Lemma 6.23). We know, R, C BR,B by Proposition 4.6, so
eBsBN R C eBsB N BR,B C ¢BsB, and hence ¢BsB N BR, B is a dense subvariety of ¢BsB.

BsB is the orbit of s under the group action of B X B, and so is irreducible. Then, eBsB is
also irreducible, as it is the image of BsB under multiplication by e on the left. It follows that
eBsB is also irreducible, as the closure of an irreducible is irreducible. Since eBsB N BR,B is
a dense subvariety of eBsB, it must be an irreducible variety too.

Now, we see that eBsBe N BR,B = | |,;;, eBsB N BtB, a finite disjoint union of subvarieties.

So by Theorem A.3 we can find a unique £%r so that eBsBN BtB is dense in eBsBN BR, B (thus

dense in eBsB). Then, eBsB C ﬁ so for any 7 € R,, if BtB N eBsB # 0, then BtB N BiB # 0,
and we conclude that BtB C ﬁ, or rather r < 7.

Suppose that tZr. If t < s, then t € BsB, sot = et € eBsB C eBsB, by continuity of
multiplication. So, ¢ < s implies eBsB N BtB # 0, hence t < 1.

To conclude that 1 = max,R,, it remains to show that ¢ < s. By our choice of 7 it is clear
that eBsB N BiB # 0. Now, since e¢ € T, and TBsB C BsB, we see that eBsB C BsB. So then
BsB N BiB # 0, and hence BB C BsB. We conclude that 7 < s. O

Applying Lemma 6.22 allows us to describe max R, and max,L, in terms of an element

that is maximum relative to an .77 -class.

Proposition 6.25. For any, r,s € R, with r _# s and r < s, then max,L, = max,H, ,,,, and

maxsR, = max,H, .,

Proof. We will just prove this result for max,R, = max,H,_,,, . Notice that by definition, for

allz € R,,t < sif and only if t < max;,R,. Itis clear that H, ,,;, € R,,sothenforallt € H, .,



78 SEcTION 6. MAXIMUM AND MINIMUM ELEMENTS

t < s implies ¢t < max,R,. We can conclude then that max,H, ,,;, < max,R,. Now, for any

t € R, such that r < s, by Lemma 6.22 we can find a € H, ,,,, so thatt < a < s. Thus,

t <maxgH, ,,;,, and so we can conclude that max,R, < max;H, ,;, . O

This is useful, as we now only need to find an expression for max,H,’s to describe all of
our relative maximum elements. Unlike 7, # and .Z, we cannot guarantee that _¢# -classes

always have a unique maximal relative element, as the following example shows us.

1 0
01

Example 6.26. Consider r :[ 01 ] and s ={ bo ] One can check that[ PO <
00 01

00

] and

00 10 . . . . .
[ ] < [ ], are both maximal in the ¢ -class of rank one matrices, but that neither is
01 01

greater than the other. So we have no maximum element. Thus, maxJ, does not exist.
All is not lost, however, as the following proposition allows us to describe all the elements

that are relatively maximal (if not relatively maximum).

Proposition 6.27. Forr,s,t € R, if r < s, then there does not exist any element t € J, such that

r<t<sifandonly if r = max,L, and r = max,R,.

Proof. If there does not exist any element ¢ € J, such that r < ¢ < s, then since L,,R, C J,
we easily conclude that r = max,L, and r = maxR,. For the reverse direction, suppose that
r = max,L, and r = maxR,. Suppose that t € J, so that r < t < 5. Then, by Lemma 6.22 we
can find an element a € J, so that rZa. %t and r < a < t < 5. But since r = max,R, it follows
that » = a, and hence r.%t. Then, since r = max,L,, we conclude that r = r. Thus, no such ¢

can exist with r < ¢. |
Corollary 6.28. If max,J, exists, then r = max,J, if and only if r = max;L, and r = max,R,.

Proof. 1f maxJ, exists, then it is the unique element in J, such that there does not exist any

element ¢ € J, such that » < ¢t < 5. So just apply the preceding proposition. O

As it turns out, we can write max,J, (when it exists) in terms of a relative maximum of an

J-class.

Theorem 6.29. Suppose that r, s € R, with r < s. Define z = (mastLrj)_wo(master ). Then

H
maxJ, exists if and only if |z | < s, in which case max,J, = max;H,
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Just to make it explicit, note that the element z is always defined by our previous work with

absolute minimums and relative maximums for .#-classes and Z#-classes.

Proof. Suppose that max,J, exists. By definition, [z | < sif and only if |z | < max,J,. We
know that LL t RL s C J,, so then maxSLUj’ < maxJ, and maxSRUf < max,J,. Furthermore, we
can see that (max,L o )_ < (maxgyJ,)_ and (mastM/ )+ < (maxgJ,),. It follows by considering

H H
Proposition 6.16, that |z | < |maxJ, | < max,J,.
H
Conversely, suppose that [z | < s. It suffices to show that max;H, (which we know exists)

fits the definition of mast Suppose that ¢ € J, is such that r < s. By Corollary 3.26 we can

see that .. ZLv = LrJ and 1, %v = LrJ Thus t_ < max,L 7 and t, < max,R, 7, and it follows

Lrl rl?

o

that ~ < (mastL f)_ =z andt, < (mastL f)+ = z,. Then we see that [z ] < s implies
H o

t- <z <sandt, <z, <s.So, from Proposition 6.16, |t | < LzJ

A
Now, Lemma 6.22 tells us thereisa € J, sothat [t | <a < |_zJ <s.anda, =z,,a_=t_.

Then, a € R,, and so a < max,R,. It follows that z, = a, < (max,R;), < (mczstL J')Jr = Z4, Or
A

rather, (max,R;), = z,. So m := max,R;.£z. Consider maxL,, = max,L.. Since |z | < s we

can see that z_ < (max,L,,)_. But once again, we can see that (maxL,,)_ < (master)— =z.

Thus, maxL,, € H,. And so we have found that, such that t < m < maxgL,, < max;H,. Thus,

max,J, exists and is equal to max;H, as desired. O

So why do we not always have a relative maximum for a / -class? This last theorem
gives us a hint. We know that max,J, exists if and only if LzJ < 5. Looking at the level of
vanilla forms (z = o”'e_ope o', s = 7' f 1o fi77'), we see that szjﬂ = o~ 'e_ue,o7!, where
u € W is minimal so that e_u = pe,. Thus, by Theorem 5.41, r < s if and only if we can find
w_ € W (el )W*(f.) and wy € W*(f)W.(ey)sothatw_t_ < o_,t,w, <oy, and u < w_tow,.
But since u is the minimum element in W(e_)woW(e,) it follows that this is true if and only
if we can find elements w_ € W.(e.)W*(f.) and w, € W*(f,)W.(e;) so that w.t_ < o_,
T.w, <o and w_tgw, € W(e_)wogW(e,).

So it seems that with regards to the particular elements o, € D(e.), 7. € D(f,),o0_ € V(e_),
7_ e V(f.)and 79 € V.(f2) N W(fOwoW(f,) N D.(f;), once the set,
dw_ € W.(eo)W*(f2), Iw, € W*(fr)W.(ey)

A = {og € Vile) N W(e_)woW(e,) N Di(e.)
WIT_S0_,00 W_ToW,, T, W, <0
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is nonempty, it has a maximum.
One wonders if there is a purely Coxeter group theoretic reason for these results. Something
along the lines of the following statement, which would provide an analogue of the existence

of max,H,.

Question 6.30. Let K. C I_ C S, K, C I, C S, L_Cc J_C S, L. CJ,. CS§ be sets
of simple reflections of the Weyl group such that W;, = Wg, X Wik, = Wik, X Wk, and
Wi, = W, X Wy, = Wi, X Wy, for all sets x = + or —. Suppose also that L, C K, and
I\K, € J\L, for all + = + or — and that wwWy wy = Wy_forall H = 1,J,K, L,I\K and J\L.
For elements, o_ € "W, r_€ =W, o, € W=, v, € W, and 1y € =W N W, woW; NWE,
define the set,

A {0'0 € KW A (Wy woWy )nWK- Iw_ € W Wy .\, Iw, € Wy .\, Wk, so that

wW_T_<o_,00 < w_tow, and T.w, < 0,
Is it true that if A # 0, then A is a directed set (a preorder where every pair of elements has

an upper bound) with regards to the Bruhat order, <?

We pose it as a directed set (which in finite cases is equivalent to saying there exists a
maximum) so that one may ponder the result for all Coxeter groups, not just finite ones. We
will leave this question for readers to consider, and move on to the relative minimal elements,

which are equally abundant, but require more work to show existence.

6.3 Relative Minima

It would be nice if we could reproduce our relative maximal element results for relative
minimal elements, and for the most part we can, but it requires a more subtle approach. The
ease with which we proved the existence of relative maximal elements max;H,, max,L, and
maxR, relied on the existence of a dense open subvariety that looked like BtB. Unfortunately
for minimal elements there are not a lot of algebraic geometry results that talk about minimum
orbits. This poses a problem.

What we can do is use results like Proposition 6.8 and Lemma 6.22 to slowly build up our
results. First we will show that if ».Zs or r% s then min,H, exists. From there we will see that

if r_7 s then min,L, and min,R; exist. And so on.
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Definition 6.31. For r,s € R and r < s, we define the relative minimum of T'; with respect to

r, as

) t ifteT,r<tandVt e T, r<t = t<t
min, T, =
undefined otherwise
Remark 6.32. We can recover our work with (absolute ) minimums, if it happens that R has a

unique minimal element. For instance, if 0 € R then LrJ = mingT,.
Proposition 6.33. Forr,s,t € Rwithr <t < s, then (if they exist), min, Ty < min,T,.

Proof. By definition we know, min,T; € T, and t < min,T,;. But since, r < ¢ it follows that

r < min, T, and so by definition of the relative minimum, min, T, < min,T. O
We now begin to show that these min, T exist.
Theorem 6.34. Suppose that r, s € R with r < s and either rLs or r%s. Then min, H; exists.

Proof. Our proof depends on which condition, r.Zs or rZ%s, is satisfied. We will prove the
result assuming that r.Zs and, as usual, the case for r%s is proven similarly. First, let us

distinguish idempotents, e, f € E(R), with eZs.Z f. Observe that s € H’. Also note that r.Zs,

so r < sif and only if B-sB C B-rB. Thus, s = esf € eB sBf C eB-rBf C eB-rBf. So we
see that s € eB-rBf N H, hence eB-rBf N H’ # 0.

Since eB-rBf N H; # 0, we know that it is open and dense in eB-rBf (because H; is
open and dense in eM f, by Lemma 6.23). H, C B~ H,B by Proposition 6.11, so it follows that
eB-rBf N H;, C eBrBf "B H,B C eB~rBf, and hence eB-rBf N B"H,B is a dense subvariety
of eB-rBf.

B~rB is the orbit of r under the group action of B~ X B, and so is irreducible. Then, eB~rBf
is also irreducible, as it is the image of B~ rB under multiplication by e on the left and f on the
right. Tt follows that eB-rBf is also irreducible, as the closure of an irreducible is irreducible.
Since eB-rBf N B"H,B is a dense subvariety of eB-rBf, it must be an irreducible variety too.

Now, eB-rBf N B"H,B = | |, %)Sm N B7tB, a finite disjoint union of subvarieties.
So by applying Theorem A.3 we can find a unique 7.7¢s so that eB-rBf N B™1B is dense in

eB-rBf N B HB (thus dense in eBrBf). Then, eB-rBf C BtB, so for any r € Hj, if

B tBNeB rBf # 0, then B tBN B~ tB # (), and we conclude that B"tB C BB, or rather t < ¢
(by Corollary 6.10).
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Suppose that t.7¢ s, then since t.Zr, r < t is equivalent to B"tB C B~rB, by Corollary 6.10.

Ifr <t thente B rB,sot =etf € eBrBf C eB rBf, by continutity of multiplication. So,
r < timplies eB-rBf N B tB #+ 0, hence < t.

To conclude that r = min,H,, it remains to show that r < 7. By our choice of 7 it is clear that

eBrBf N B tB # (). Now, since e, f € T, and TB rBT C B rB, we see that eB rBf C B rB.

So then B-¥rBN B tB # (), and hence B tB C B~rB. But since r.Zt, we conclude that r < 7. 0O

Proposition 6.35. Suppose that r, s € R with r < s and either r 7 s. Then min,L; and min,R;

exists, and we can express them as, min,L; = min, H, _,, s, and min,R; = min H;_,,,..

Proof. We will just demonstrate this for min,R,. Since we know that min,H,_,,,, exists (by
Theorem 6.34), it suffices just to prove that min,R, = min,H; ,,,, . It is clear that H, ,,,,, € R;,
somin.H; ,,, € R,. Now,forany? € R, suchthatr < by Lemma6.22 we canfinda € H;_,,,,

so that r < a < t. Thus, min.H, _,,,, <t. So it follows that min,R; = min,H;_,,,, . O
Proposition 6.36. Suppose that r, s € Rwithr < s and r ¢ s. Then min,H; exists.

Proof. Since r_Z s, by Proposition 6.35, min,L, exists. We claim min,.H, = min,, . H;,. We
need only prove the equality, as the right hand side exists by Theorem 6.34. H; C L;, so by

definition, if r € H,, then r < ¢ if and only if min, L, < t. O

Our next result comes to us from [18] by Mohan Putcha. In his paper he describes an order
preserving projection map from WeW to W fW for each pair e < f € A. This map turns out to

exactly fit the definition of relative minimum for a ¢ -class.
Theorem 6.37. Forany r,s € R, if r < s then min,J exists.

Proof. This phenomenal result can be found in [18] by Putcha. For informational purposes,
we will state here the method to determine min,J,; from r and s. First put » and s into standard
form, r = xey™' and s = ufv~!. Let z represent the maximum element of W, (e) (which exists,
as it is a Coxeter group). Then zy™ € W = [ |,cp ) W(f)b™' so we can find a € W(f) and some
b € D(f) so that zy~! = ab™!. Then min,J, = (xc)fb~' where ¢ € W is chosen such that ¢ < a

and xc is minimal. m|



6.3. RELATIVE MINIMA 83

One can expect that a similar method using opposite standard form exists. Now that we

have min,J;, we can finally show the existence of the other relative minima.

Proposition 6.38. For any r,s € R and any T = 7, L, or X, if r < s then min, T, exists,

and we can express it as, min,Ty = miny;,, ;. T

Proof. First, note that by definition, r < s tells us that min,J;, < s. So then the expression
min,, ;. Ty makes sense. Second, observe that to prove existence, we need only prove the
expression min, Ty = min,,,;, Ts, as our previous work tells us that the right hand side exists.
T; C J,, so by definition, if r € T, then r < t if and only if min,J; < t. This concludes the

result. O

The following corollary will be of more use when one looks at a specific monoid, like we

will in the Rook monoid momentarily.

Corollary 6.39. Foranyr,s € R, if r < s then min,Js = min, Ly, g, = Min.Ryin, 1.

s

Proof. We will just prove the first equality, as the second is done similarly. It is clear that the
elements, min,J; and min, L., g, €xist, so we need only establish that they are equal.

It is clear that r < min,R; < s and so r < min,Ly, g

< min,R; < s. It is also true that

s _

Min,Lyin, g, <L MinReA S, 50 min, Ly, g, # 5. By definition min,J; < min, Ly, ..

By Lemma 6.22 we know that there exists min,J; < z < s with zZs and z.Zmin,J,. Then
min,R; < z < s. Thus, (min,Ry), < z.. Now, z.Zmin,J; so min,L, = min,J; < min,Ly, g, .
Thus, z, = (min,L;); < (min,Ly,r,)+ = (min.R),. It follows, as desired, that z.Zmin,R; and

furthermore, min,J; = min, L, = min, L, g, . a

One can make a similar statement about max,J, = max;Ly,. g, = maxsRy, 1, provided
that it exists. A proof would proceed like the one above for Corollary 6.39.

Before moving on to the examples of this section, we will conclude with a useful theorem
revealing some of the structure of the Adherence order which is achieved with our absolute and

relative maxima and minima.

Theorem 6.40. Let T = ', %, L, 7

(1)Ifro <ri <---<r_y <ryisachain of elements in R, and ry7 ry, then for all indices,
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0<i<kwehaveryIr,.
(2) Suppose ry < ry < --- < 1y < ry is a chain of maximum length between ry, r;, € R.

Forall1 <i<k, if ;X ri_y then r; = min, T, and if 7 # 7, ri.y = max,,T,,_,.

Proof. (1) By Proposition 6.14, we can see that our given chain, ry < r| < -+ < 1y < 1y,
o T T T T T T
implies that |ro| < |r;] < ---lro1] < Lre]. But 197 r, means that [ry ] = |ri] and hence

7 7
forany i, |ro ] = r; ], thus rg.7r,.

(2) We shall just show the minimum condition, as the maximum condition follows similarly.
Suppose not. Then we see that r,_; < min,_, T, < r;, which contradicts the maximality of the

length of the chain. o

6.4 Example

Although we covered the maximum and minimum elements of .7 -classes first, Remarks
6.20 and 6.32 suggests that we should take a look at the relative maximums and minimums

first, as computing them covers the computation of our absolute extremes. Let us take a look
000010

at finding a min,R;. We know from our example in Section 1 that r < s for r =

- o o o ©
© © o o ©

0
0
0
1
0

©c © o o ©
o © o o ©

0
1
0
0
0

and s = . Now let us find min,R;. The elements of R are obtained by permuting the

- o © © © ©
o - o © © ©
o o = o o °
o o o o - o
© © o o o ©

1
0
0
0
0
0
columns of s.

To compute min,R; we begin by looking at each column of r, starting from the left column
and moving right, and analysing them in turn. For a specific column of r, pick the column of s
that most closely resembles it. If there is not an exact match, we choose the column of s whose
nonzero element is as close to the nonzero entry of the column of r from the bottom.

For our specific example, we first look at ||, the leftmost column of r. One of the columns

of s matches this column perfectly, so it becomes the leftmost column of min,R;. Then, we

0
1

move right and look at the |:| column of r. There is no column of s that exactly matches this,

0

so we will have to get as close as we can. Ultimately we chose the |-

column of s as it is the
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closest without having its nonzero entry closer to the top than the given column of r. Next we

0
0

move onto the third column of 7, |-|. The zero column of s matches this perfectly, and becomes

0
0

0

the third column of min,R;. We proceed on in this way until we finish up with the rightmost

column of r. This gives us min,R; written below.

o o o ©
- o ©o <
o o o ©
© - © © o ©
o o o -
o o ~ o

000
100

As a note, when we have a zero column of r, but no zero columns of s left to match, we
choose the column of s that has its nonzero entry as close to the top as possible.

For the relative minimum element of an .#-class, we proceed in a similar manner, but
instead look at each row of r in turn, starting from the bottom and moving up. We try to match
that row of r with a row of s whose nonzero entry is as closefrom the left side without going

over. Following these instructions we would get min, L, as written below.

- o o o o ©
©c o o o 2o o
o - © o o ©
o o o © o ~

0
1
0
0
0
0

o o o = o ©

As one might suspect, we can derive similar rules for finding max,R, and max,L,. For
maxR,, we look at the columns of s, starting with the leftmost, but this time try to match the
column with a column of r as closely as possible, with our nonzero entry being a close from
the top as we can. max,L, is found by looking at the rows of s, starting from the bottom, and

approximating each row’s nonzero entry as close as possible from the right without going over.

To compute min,J;, we perform the operation to find min,R; and then perform min, L,y .

By Corollary 6.39 this works out to min, J;.

We can summarize these methods in the illustrated manner below. This also lends some
insight as to why min,J; exists, but not max,J,. The rules for computing min,R, and min,L;
are “‘compatible” in the sense that they both work together to move the nonzero entries into the
top right corner. The rules for max,R, and max,L, contradict (illustrated as creating a spiral)
resulting in conflicting goals and no overall pattern. It matters in what order the approximations

of the rows and columns occurs.
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min,Rso—> T1 maxsR, o — |1
minLgo T —1 max,L,oT « 1
Here o — means begin at the left and move right while looking at the columns, T 1 means

that in each column try to match the nonzero entry from below.

While this gives us a vague idea of why max,J, might not always exist in M,(K) it does
not give us a general reason that can be applied to all reductive monoids. Let us finish our
discussion of relative minima by computing min,H.

Computing min,H, is the same as computing min,L, and then computing min,,;,, . R (by

Proposition 6.36). Performing either method will give us min,H,

©c © o o ©

0
1
0
0
0

o - © © o ©

00
ow shift to calculating an absolute maxima. We

CDCO'—'OOO
B o o o o o ~

)

0
From relative minima for an .77 -class, v;/
have calculated r_ and r, in Section 3, so we will just calculate |'r,'|/. To do this, isolate the
unique largest invertible submatrix (just as we did for computing ry). In the case of r we get an
element of the Weyl group on My(K). Replace this submatrix with the longest element of that
same Weyl group (the element whose entries lie wholly on the anti-diagonal). The resulting

6 X 6 matrix will be the maximum in H,,

- o © © © ©
o - o o o °
© o o o o o
© o o = o o
© o o © o ~
o o o © o ©

S
Relating back to Section 4, since B[r | B is dense in BH,B we can do things like use our

length function to compute the dimension of BH, B.
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7 Parabolic Green’s Relations

Owing to the use of Coxeter groups and the properties of our simple reflections, S, in
Section 5, we elect to further investigate the impact of the simple reflections on the Renner
monoid. This section is devoted to exploring a new set of equivalence relations on R. These
relations will be based on Green’s relations, but will use W, rather than W, in their definitions.

Using these new equivalence relations we will extend many of our results from the last
four sections, as well as extend a well-known result about the Weyl group (Theorem 7.53). In

particular we will show a generalisation of the trichotomy.

7.1 A Series Of Equivalence Relations

We define the parabolic Green’s relations similar to Green’s relations on the Renner monoid.

Instead of W, we will use the standard parabolic subgroups, W, in the definitions.

Definition 7.1. For I,J C S, we define the following equivalence relations on R, 7", %’,
L and 7" by the following conditions. Forr,s € R,

(1) rZ's if and only if there exists w € W; so that s = wr

(2) r#’s if and only if there exists w € W; so that s = rw

(3) r 7" s if and only if there exists t € R so that r£'t and 1%’ s

(4) rot" s if and only if r£'s and r%#’ s

One should note that we can recover our familiar Green’s relations by taking I = J = .
The reason we wish to investigate these new relations is that they allow us to bridge the gap
between the fat .7 -classes, BT, B, we have encountered before, and the usual Bruhat cells, BrB
for r € R. We can see this by noting that «“ ="= % = % = % = %% We can also note

the familiar implication relationship,

/I,J
/ AN
Z! #’
N /
%I’J
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Our first few results will give us properties that we are familiar to using with Green’s

relations, as well as some immediate and somewhat obvious results.

Proposition 7.2. For r,s € R, r_#"s if and only if there exists u € W; and v € W, so that

S = urv.

Proof. By definition, if r_# '/ there is an element, 7 € R so that r.Z"t and t%’s. Then there
exists u € W; so that ur = t and v € W, so that tv = s. Combining these, we get s = urv. For

the converse, if s = urv then & ur and ur%”’s. O
Corollary 7.3. r_¢"/s if and only if there exists t € R so that rZ’t and t.£"s.

Proof. r_# s if and only if we can find u € W; and v € W; so that s = urv. Then r%’rv and
rv.%’s. For the converse, if there is t € R so that r%’t and t.%¢’s then we can find v € W, so

that t = rv and u € W; so s = ut. Combining them gives us s = urv. O
Proposition 7.4. For ICK C S and J C L C S, thenforanyr,s € R r s = r_g¥ts.

Proof. If r£"s then we can find w € W; so that s = we. But I C J implies W; € W;sow € W,.

Thus we conclude that r.#”s. A similar proof gives the other part of this proposition. O

Remark 7.5. Notice that ' = ¢ and %’ = _#°’. So all our structural questions about
Green’s relations become questions about the _#''s and their intersections. We will leave it to

other mathematicians to investigate the general (., _# ", and just focus on 7.

The preceding remark gives us insight to many of the similarities we have seen between

F -, Z-, and Z-classes. With this remark in hand, we get the following corollary.
Corollary 7.6. If I C K C S, then foranyr,s € R, rL's = rLXsand r#'s = r#~s.

Proof. Taking J = L = (), Proposition 7.4 and Remark 7.5 tell us that,
rL'soer s =r g8s o rLks.

The 4 situation is done similarly. O

Our remark also allows us to quickly prove the following result analogous to our descrip-

tions of fat .-, #-, and _# -classes.
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Proposition 7.7. Forre RandI1,J C S, BJ'B = P;rP,.

Proof. Expanding Proposition 7.2, we see BJ-'B = BW;rW,B C BW;BrBW,B = P,;rP;. So it
remains to show the other inclusion.

The result will be shown if we can demonstrate that BJ’ B is closed under multiplication
on the right by P; and closed under multiplication on the left by P;. We will just show that
P;BJ}'B c BJ!B.

The Bruhat decomposition for our parabolic subgroups of G tells us P; = [ |,cy, BWwB. So
it suffices to show that (BwB)(BJ’B) € BJ''B for all w € W,. Write w = vs for s € I and
v € W; such that £(w) = £(v) + 1. Now,

(BwB)(BJ;” B) = BWB(||,;1s BtB) € BvBsB(|, ;i BtB)

= BvB(| |, I sBtB) C BvB(| |.. 1/(BtB U BstB)B) since sBt C BtB U BstB

tel,
= BvB(|| ;v BtB U BstB) C BvB(BJ,"’ B) since t € J = ste J.
c BJ'B by induction on £(w).
Our proof is completed upon the statement of our base case, {(w) =0 = w =1, and we

can clearly see that, B(BJ"'B) = BJ'B. m|
Corollary 7.8. Forr € Rand 1,J C S, BJ"' B is an irreducible subvariety of M.

Proof. By Proposition 7.7, BJ' B = P;rP,, which is the orbit of r by the action of P; x P, on
M given by ((p,q),m) — pmgq~'. Thus it is an irreducible subvariety of M, since P;, P; are

irreducible algebraic groups. O

Corollary 7.9. Forr € Rand I,J C S, there exists a unique element s € J-' so that BsB is

open and dense in BJ™'B.

Proof. Since BJ!’ Bis an irreducible variety which is closed under the action of Bx B, Theorem

A.3 tells us that exactly one of the disjoint orbits, BsB, s € Jf’] is open and dense in BJf’JB. O

This foreshadows our work with absolute maxima for the parabolic Green’s relations. But
before we can discuss them, we will need to introduce the analogues of our familiar N, G.7,

and JG.

Definition 7.10. Take any I,J C S and define the following sets,
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(1) GT" = e ((W4©) - e - (OW)
(2) TG = Llen- (WY) - e - (*OWY)
)N =65 ngG’

Remark 7.11. Notice that for (1), if I = 0 hen G is just the union of all element in standard
form. Hence GJ° = R. Likewise G = R. It then follows that N'° = GJ" and N = 5G’

as one would desire considering Remark 7.5.

We have begun our definitions with these G and J G’ because they allow us to quickly

conclude the following analogue to Theorem 3.9.

Theorem 7.12. ForanyI C S,
(1) GT" = R/L". That is to say, ifr,s € R, rL'sandr,s € GJ", then r = s, and for
all r € R thereis s € GJ' with rL's.
(2) JG' = R/Z'. Thatis to say, ifr,s € R r#'sandr,s € JG' thenr=s, and for
all r € R, there is s € TG with r%'s.

Proof. Due to similarity, we will just prove (1). Suppose that r = uec™!, s = vfr~! are

elements of G.J I"and are in standard form. If r.'s then r.%s and so e = f, o =1. Itis clear
from the definition of G.J” that u, v €' W. But since r.%"s there exists w € W, so that s = wr, or
rather veo™' = wueo~". Thus, v-'wu € W,(e), and wu € vW.,(e). Thus W,uW.(e) = WpyW.(e).
But since u# and v are both minimal in their double cosets it follows that u = v.

Now, let r € R with standard form xey™'. Let u ='x. Consider s = uey™'. It is clear
that r.#’s. And since u ='x it follows from a reduced word argument that u € D.(e). By

Proposition 5.11 we can conclude that u € W*©. So s € GJ". m

LJ

Definition 7.13. The unique dense element of Corollary 7.9 will be denote by I'rrl;l and refer
to it as the absolute maximum of J*’. In a similar fashion, we denote by Lr J. the unique
minimal element of J=’ if it exists. Such an element is called an absolute minimum.

In the special cases where I = 0 or J = 0, we may also choose to use #’ and &' respec-

tively.

Theorem 7.14. Let I,J C S. Foranyr € R,
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(])r—|_rj zfandonlyzfregj
(2)r—|_rJ lfandonlylfrEJQ

gl
Proof. (1) Since GJ I'~ R/ it suffices to show that r € GJ"’ implies r = |r | . Indeed,

'€ GJ" in standard form. Consider ur = uxey~! with u € W;. Then ur.Z'r and

let r = xey™
(ux)ey! is in standard form. Thus r < wr if and only if x < ux. But by definition of G.J”,
x €'W and so x < ux, and the result follows.

(2) is done similarly to (1). |

Proposition 7.15. Foranyr,s e R, I C S,

jl zl
(1) r < simplies |r | <|s |
! '

(2) r < simplies |r| <|s |

Proof. Per the norm, we will just show (1). Let r = xe,o;' be the standard form of r, and
s = yf,7;! the standard form of 5. We know that r < s if and only if there is w, € W*(f,)W.(e,)

so that x < yw, and 7,w, < o,. But then 'x < yw,. We can write y = u’y for some u € W;. It
! %
follows, since 'x /W, that 'x <'yw, and hence |r | = ((x)e.o;! <(y)fir:l=1ls]. ]

Corollary 7.16. LetI,J C S.

7 1.J

(1) Foranyr € R, r=1|r | ifandonlyifr e N'.
()N =R/ #. That is to say, ifr,s € R r #”sandr,s € N, thenr = s, and
forallr € R, there is s € N™ withr_#'/s.
/I’J f[ %]

Proof. We shall prove both results together. Suppose r = |r | . Thenr = |r ] = [r ], since

s1.J

LR = g1 By Theorem 7.14, r € GT' N JG' = N'. Thus, if [r | exists, it is an

LR
element of N*/. Take any r € R. Let s = [|r ] | € JG’. Consider any ¢ € J-/. Then we
z! Z!
know we can find u € R so that |r | Z£'u%’t. It follows by Theorem 7.14 that | | < u and

R’ 3’ B’ fIJ
thus s <u. Butthen s =|s | <|u] =[t] <t Thuss=[r | andisamemberof 7G'. A

similar argument shows that s € GJ” as well, hence s € N/
So we have shown the minimum elements exist for each _#'~/-class, and they must belong
to N/, Tt suffices to show for r,s € N*/, if r_#'/s then r = s. Suppose the conditions
ol plopl /IJ fIJ plopl ol

are satisfied. Then, r = |r | =1lrl | =1lr] =1s] =1ls] ] =1s] = s, since
NY cgI'ngg’. O
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Knowing that '~/ consists of exactly the minimum elements of _#’/-classes with respect
to the Adherence order, we see that this is exactly the analogue of the more familiar set W,
One might even choose the alternate notation, “R’! As in the preceding section, the nature of

the minimum elements leads us to describing the maximum elements.

Proposition 7.17. Let I,J C S, r, s € R, and suppose that r < s,
(1) if rLs, then wo(I)s < wo(Dr
(2) if r&’ s, then swy(J) < rwo(J)
(3) if r7" s, then wo(Drwo(J) < wo(I)swo(J)

Proof. (3) clearly follows from applying (1) and (2). (2) is proven similarly to (1), so we will
just prove (1). Write r and s in standard form, r = xey™! and s = zey™!. By applying Corollary
5.45, we can see that » < s if and only if x < z. Now, since r.#’s then we can write x = Xy,
z =7y where x',7 € Wyand y € 'W. Then x < zif and only if x' < 7’ (by a simple subword
argument).

Since wy([) is the defined as the longest element of W}, x” < 7’ implies woyz" < wo(Z)x” and
thus wo(Dz = w2’y < wo(D)x'y = wo(D)x and wo(I)s = (wo(D2)ey™ < (wo(Dx)ey™ = wo(Dr
by Theorem 5.31. O

Theorem 7.18. Let I,J C S. Foranyr € R,

(1)r= [rﬁp if and only if r € wo(DGT".
(2)r= [rﬁ ifand only if r € TG wo(J).

7
(3)r=1[r 1 ifandonly if r € wo(DGJ' 0 TG wo(J).

gl
Proof. (1) Suppose r = [r]. Then for all s € L/, s < r. We know from Proposition 7.17

that wo(I)r < wo(I)s. There is a bijection L/ — Lfm(,),

Theorem 7.14 it follows that wo(I)r € GJ". So then r € wo(DGT".

by multiplying by wy(I) on the left. By

Conversely, if r € wo(NDGJ T then for all s € Lfv wo(l)r < s. But then wys < r. By our

o(Dr?

I

7!
wone» WE can conclude that for all 7 € L,t<r.Thusr=[r].
o(D)r r

bijection, L/ — L
(2) is done similarly to (1).

/1,] 21 %]

(3) Suppose that ¥ = [r 7. Thenr = [r] = [r], since ', %2’ = #'/. And thus,

r e wo(DGIT'NT G’ wo(J) by (1) and (2). For the converse, take any r € wo(NGT ' NT G wo(J).
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! @’
Then r = [r] =[r]. Pick any s € J*/. Then we can find 7 € R so that rZ1Zs. It follows
that < r by definition of absolute maximum.

Since t < r we can see that BtB C BrB. Multiplying both sides by P; on the right we can

']J
see that BR/B C BR/B. Thus, BsB C BsB C BR!B = BR!B C BR/B = B[r | B. This shows us
jj f’J
that, s<[r] =r.Sor=1[r 1 . i

Corollary 7.19. Suppose that r, s € R. Then for all I,J C S, the following are equivalent
(1) BJ*'Bc BJM'B

LJ jl,]

(2)fr1 <fs 1

LJ

(3)LFJ <ls |

(4) there exista € J™ and b € J witha < b

Proof. (1) = (2), being dense elements, Bl'rf] B = BJ"'B and Bl's/] B = BJB. Thus,
LJ 7 1.J 1.J 1,J 1,J
B[r'1 BCB[r 1 B=BJ”BCBJ'B=8B[s1 B,so I'r/] <Ts 1.
1J f J fuip, f”gl
(2) = (3), by Proposmon 7.15, |'r 1 <[s ] implies|[[r T | <[[s 1 ]. Applying
f / g’jf fllfl,jj /I,J
againwe seethat|r | =1[|[r ] | ] < |_|_[s 1T 11 =1Ls1].

LJ

g
(3):>(4),leta:|_r J andb=1|s | .

(4) = (1), suppose we can find such a and b. Then, BaB € BbB. Multiplying on the left by

P; and right by P, we see BJ-’B = P,BaBP, C P,BbBP, C P;BbBP, = BJ!’B, giving us the

result. o

Before moving on we see the general answer to the fourth question from Section 4.

Theorem 7.20. For I,J C S and any T = Z", L or #’, and any r € R, we can find
ri,12, 1y € Rsothat, BT, B = | |;_, BT,B

Proof. Since R is finite, BT,.B = J;7, BsB = \U;7, U<, BtB. Recall BT,B = |J,7, ByB.
So if BT B N BT, B then we can find y.7x and s7r with y < 5. But then we quickly see

BT.B = BT,B C BT B = BT,B.
Thus the closure of each fat .7 -class must be a union of fat .7 -classes, and this union is

disjoint since fat .7 -classes are disjoint. The union itself is finite, as each .7 -class can be
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indexed by a unique element, say the absolute minimum. So then, BT,B = | |;_, BT, B, where
T
i=|r],rn<r. i

7.2 Generalized Trichotomy

We have seen much of £/, %7, and _#" but we have not had any meaningful discussion
of the other parabolic Green’s relation, 7"/, Although a more enigmatic relation, we can still
begin an investigation of .77’/ and a generalisation of O. To this end, in this section we shall
introduce a new trichotomy, one that takes into account a choice of I and J.

The following lemma is inspired by our proof of Corollary 7.16. It tells us that all elements

of G n J, for any r € R, lie within the same %#’-class.

Lemma 7.21. Fix I,J C S. Suppose r € Rand v e N n J,

(1)Ifre GT" then r#’v.
(2)Ifre GG then rL"v.
21907
Proof. For (1), we know already from the proof of Corollary 7.16 that v = |[[r | |. But since
jj
re GJ', Theorem 7.14 saysr = |r J Thus v = |7 | and so r%#’v. (2) can be proven likewise.
&L

One needs similar reasoning to Corollary 7.16 to show that v = [|r ] |. O

Lemma 7.22. Foranyr,s € Randany l,J C S,
(1) r&"s if and only if r* #'s*
(2) r%#’s if and only if r* £’ s*
(3) r 7" s if and only if r* 77 s*

Proof. (1) r's if and only if w € W, so that rw = s, if and only if w™'7* = (rw)* = s if and

only if 7*Z#'s. (2) is done similarly, and (3) follows by applying both (1) and (2) together. O

Theorem 7.23. For any I,J C S, and r € R. Then there exist unique r- il r(l)l, rij € R such
that,

(H)r=r"" (I)Jrfr]

(2) rb! My, where v 7' r and v € N

(3) r#’ " and r v’

4)r e 56" and v’ € gJ'
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For simplicity, when I, J are clear from context, we may use to our usual trichotomy symbols,

r_,rpand r,.

J

Proof. Letr = o~'e_oge,o ! be the vanilla decomposition. Let us write ogo;' = u/u; where

1

u' = (ocoo M) and u; = (W) 'ogo;! € W Likewise let o”'oy = v;/v where v; € W, and

J 1

Iy e'W. Now, let r_ = o~te_u’, ro = (w!) 'e_ope . ('v)7!, and r, =lve o7l

Clearly r_ and r, satisfy conditions (3) and (4), and by construction of these elements we

see r_rory = o le_u! () e_ope (') Mve, 0! = r, satisfying (1). It remains to show ry
1.J

satisfies (2). By Lemma 7.22, it suffices to show 've, o 'e_u’ = ri 0"y := |7 | . Notice that

Tuy =lve,oy'ogo! ='ve,o, = r,. Likewise we can show v, = r_. By

rouy ='ve,oyle_u
Lemma 7.21, since rg%’r, € G I and rnl'redJ G’ we see that re "y, This concludes
the existence part of the proof.

To show uniqueness, suppose that r = r_ryr, = s_sys, are both decompositions satisfying
(1) - (4). Just as with our original trichotomy, we can quickly use (3) and (4) along with
Theorem 7.12 that r_ = s_ and r, = s,. Consider r*rr* = r*r_ror,r*. Since ro#’v* it is not
difficult to see that r;%2’vZ%’r, and so ro#’r%. That is, we can find u € W, so that ry = ur?.
Likewise we find v € W; so rg = r*v. Thus, rir_ror vy = rir_uriryr; = rirorg = rir_r'v = ry.

We show the same result for sy, allowing us to conclude ry = rrr; = s. O

For I = J = S we recover our original trichotomy. At the other end of the spectrum, we see
that I = J = 0 gives the decomposition of r = rr'r.

Among other things, the trichotomy shows us that within a _#'/-class, the #'/-classes
“look the same”. Speaking of .7#/-classes, we have given analogues of G.J, JG, and N, but

have not yet given a general form of O. We rectify this with the following definition.
Definition 7.24. For1,J C S, define O" to be the set of all r € R so that (r(l)’J)* e N,

Notice that in Section 3 we defined O (3.10) and Theorem 3.25 was an eventual conse-

quence, whereas we have now taken the analogue of Theorem 3.25 as the definition of O/,

Example 7.25. We can, however, exhibit a different definition for O") when we restrict our-
selves to the n X n matrices, M,(K). For any I C S we can define the equivalence relation ~

on{l,2,--- ,n}as the closure of the relation defined by x ~; x+ 1 if (x x+ 1) € L.
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It is known that R can be viewed as the set of partial injective functions on n elements,
{f - {1,2,---,n} > {1,2,--- ,n} | fis partial and injective} (a natural generalisation of S ,).
With this view of the Renner monoid, Renner remarks in [28] that we can consider O as the
submonoid, O = {f € R| f(x) < f(y) for all x,y € dom(f) with x < y} which illustrates why O
is often called the monoid of order-preserving elements. O generalises this further. Where,
O ={f eR| f(x) < f)forall x,y € dom(f) withx <y, x ~; y, and f(x) ~; f(y)} is
the set of functions who are order-preserving among ~; classes which are in the image of ~,
classes.

At the level of matrices, we can identify the elements of O by looking at each of the
individual submatrices whose rows are a ~j class related and whose columns form a ~; class.
If each of them has the staircase pattern then the given matrix is an element of O'. In the
example below, we use gray to distinguish the equivalence classes of ~;, and for the

equivalence classes of ~.

100000 0000O0T11
000100 010000
001000 001000
00000 1 100000
000000 000010
010000 000000

The matrix on the left is an element of O because the submatrix given by each small
rectangle contains the staircase pattern. The right matrix is not an element of O" because the

highlighted submatrix does not exhibit the staircase pattern. It is only this submatrix which

fails.

One of the interesting things is that, although GJ I 9G’, and N are monoid gener-
alisations of the minimal elements of the double cosets W;w, wW;, and W;wW; in Coxeter
groups (Chapter 2, [2]), there does not appear to be any literature discussing coset intersections
Wyw N wW,, which are exactly the .7#//-classes. Which means that O™ and »#"/ are entirely
new concepts!

When we created our generalisations of G.J, JG, and N, we did it by constructing them
from standard forms. What we would like is a definition akin to ¥rB € Br. We have already

seen the type of structure we need in Lemma 5.25. It is regrettable that it remains at this point
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a conjecture, though one which can be confidently assumed to fall within the reaches of a

discussion of root subgroups.

Conjecture 7.26. Let I,J C S andr € R.
(1) r € GI" ifand only if (BN L))r C rB if and only if (BN L))rB = rB
(2)re JG ifand only if (BN Ly) C Brif and only if Br(BN L) = Br
(3)re N ifand only if( BN L)r(BNL;) C BrNrB

Unfortunately, if there is a similar intuition to O' it is currently evasive. So rather than a

conjecture, 77/ -classes leave us with the following question.

Question 7.27. For a given 1,J C S, can we find a definition for O that is similar to that

given by Definition 3.10 in Section 3?

Our definition based on the trichotomy still allows us to demonstrate that O’ is a set of

representatives for .7/ -classes.

Proposition 7.28. For, 1,J C S, O = R/, That is to say, if r,s € R, r#"s and
r,s € O thenr = s, and for all r € R, there is s € O with r " s.

Proof. Suppose that r, s € O' and r#"/s. Then r's and r#’s. Thus r_ = s_and r, = s,

LJ 71.J

in our generalised trichotomy. r_#'/s,sov:=[r | =|s | . Thusr=rv'r, = s_v's, = s
as desired. For the second result, let r € R be arbitrary. By Theorem 7.23 we can decompose
S1I
r = r_ror.. Consider s := r_v*r, where v = Lr' | . It suffices to show that this is the trichotomy
decomposition for s.
If we take s_ = r_, so = v" and s, = r, we see that by definition, s = s_ss, satisfies (1)
from Theorem 7.23. Now, by Lemma 7.21, there exists w € W, so that . = vw and u € W, so

that 7_ = uyv. Thus s = r_v'r, = r_v'vyw = r_r*u 'ur_w = r_w and we see s#’r_. Similarly,

s.L"r,. Thus s r and s_¢# /v, meaning that (2)-(4) are also satisfied. m]

Proposition 7.29. Foranyr € Rand any I1,J C S,
(1)re G ifand only ifr_=r; =ve NV
(2)re G ifand only if r, =1, =v e N



98 SecTION 7. PARABOLIC GREEN’S RELATIONS

Proof. By Lemma 7.21 we know that r%’v. Thus we can find w € W, so that r = yw. Observe
that » = yw = vw*yw = vv*r. It is not hard to see that »r = yv*r is the trichotomy decomposition

with respect to 1, J. Thus r_ = vand r;; = (v*)" = v. O
Corollary 7.30. N* c gJ' c O" and N*' ¢ G’ c O'/.

Proof. That N* € GJ" comes from the definition of N*/. Since r € G.J" implies ry = v* (by

the preceding proposition) we can conclude by definition of 0" that GJ* c O'. O

At this time, whether O’ characterizes the absolute minimal elements of .7#’/-classes
proves elusive. As it has been verified by computer calculations for M,(K) from 2 to 6 we

include it as a conjecture, rather than a question.

Conjecture 7.31. Foranyr e Randany 1,J C S,
jfl,l
(1)r=1|r | ifandonlyifr e O".
A
(2)r=1[r 1 ifand only if r € wo(I)O" = O"wy(J).

We can make several remarks however. The first being that (2) will follow from (1) and an
application of Proposition 7.17. Upon completion of the conjecture the following corollaries

would become apparent.

Corollary 7.32. wo(1)O"wy(J) = O™

A
Proof. Since r € 0" if and only if r = [r | , take any r € H>’. It suffices to show that if r < ¢

then wo(D)rwo(J) < wo(I)two(J). This is the content of (3) in Proposition 7.17, so the result

follows. o
Corollary 7.33. (O')* = O™

Proof. We need to recall the involution 7 from Section 2. r € O/ then for all s.7r, r < s, or

rather r € BsB. Then r* = 1(r) € 7(BsB) = 1(BsB) = B~1(s)B- = B~s*B~. Now, since r ¢/ s
we can find u € W, and v € W, so that ur = s = rv. Then r*u~! = s* = v='r*. Thus r* 7" s*.
Since r* ¢’ s* we see that r*#s* and so by Corollary 6.10, r* € B-s*B- if and only if

r* < s*. Since 7 is an automorphism, it follows that 7* is minimal in Hrj,:l and thus, r* € 0!. O

By taking I = J we would get that (O")* = O"!. One might hope that, like O before, O

is an inverse monoid. This is not case as the following example indicates.
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00 1 000
Example 7.34. Consider the scenario in M3(K) with I = (12). Letr =| o 1 o |ands=|[1 0 o |
000 010
010
It is not hard to check that r,s € O™, but rs =| 1 o o | which is not in O".
000

Without a definition similar to Definition 3.10 it is very difficult to say when O+ is monoid.
We can say for certain that 05 = O'is, and O"? = 0% = R as well. Both Corollaries 7.32 and
7.33 give us a little insight into what an answer to what an alternate definition of O might be,
but sadly do not allow us to answer the whole question.

One might worry that, since we were unable to demonstrate Conjecture 7.31, we may not
have absolute minima or maxima with res{ljaect to "/ -classes. Thi,S, will be resolved in the
following section, as we can observe, |_r%_;]’ = min fI,JHf’J and |'rt%f|, = max quf’J which

] ] lr ] [r 1
we will show do exist.

7.3 Relative Maxima and Minima

To wrap up our discussion of parabolic Green’s relations, it makes sense to ask the question
of relative maxima and minima, just as we investigated in Section 6. As it happens, the already
established existence of min,L; and min,R; will make this process very easy. We will only need

a few extra results concerning properties of the Weyl group.
Proposition 7.35. Forany I € S, woW; = W, 1,,Wo-

Proof. Let sys,---s;, € W;. Since wé = 1, then 575, -8 = S;WwoWwpsawp - - - WoSk. So then,
WoS182 -+ Sk = WoSIWoWoSaWwg « - - WoSk = (WoS1wo)(WoSawp) - - - (WoSiwo)wy € WW()IWOWO- So

woW; € W, 1w, Wo, and it is clear from our work that the reverse inclusion also holds. O

Proposition 7.36. Suppose that s\s; - - - s; and s s} - - - s, are two reduced word expressions for
the same element, w € W. Then the set of generators appearing in s, - - - S is the same as the

set of generators appearing in s\s, - - s,.
Proof. Corollary 1.4.8 in [2]. O

Corollary 7.37. For any w € W, there are only finitely many reduced words for w.
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Proof. By the preceding proposition, let X be the set of generators which appear in any reduced
word expression for w. Then every reduced word for w must be among the collection of words,

{x1X2 -+ X | X € X}. But this set is at most [X|"™) < £(w)™ which is finite. o

Proposition 7.38. Let u,v € W. Then the following are equivalent.
(Hu<v
(2) every reduced word expression for v has a subword that is a reduced word
expression for u
(3) some reduced word expression for v has a subword that is a reduced word

expression for u
Proof. [2], Corollary 2.2.3. O

Lemma 7.39. Fix 1 C S. Let sy, 55, - - - Sy be any sequence of generators in S (repeats allowed).
Let W(I; 51, 52, - - - Sy) denote the elements of W; which can be written as a product S, Sp, * - * Sn,
with 1 < n; < ny < ---np < N. Then, with respect to the Bruhat order, W(I; sy, s, -+ Sy) has a

unique maximal element. We shall denote this element as w(l; sy, S2, - - Sy).
Proof. This result comes to us by way of Lemma 2.1 in [1]. O

Theorem 7.40. Let u,ve Wwithu <v, andlet1 C S.
(1) There exists unique maximal w € Wu so that w < v.

(2) There exists unique maximal w € uWj so that w < v.

zl
Proof. (1) Let x = |u ], the minimum element in W;u. Since u < v it follows that x < v.

Since there are only finitely many reduced words for v we can pick one v = 5, - - - 8¢ With
the property that index 1 < i < £(v) so that x < s;,1 - - - 5, is maximal (among all reduced word
expressions for v).

Recall the element, w(I; sy, 52, - - 5;) € Wy, which we will denote as y. We claim that w = yx
is what we are looking for.

Consider any zx < v with z € W;. By minimality of x, £(zx) = £(z) + £(x), so any reduced
word of zx is just two reduced words, one for z and one for x, concatenated together. It follows

that sy, - - - ¢ contains a reduced word expression for zx. And by maximality of i, it is clear

that sy, 55, - - - 5; contains a reduced subword for z. But by Lemma 7.39, z < y and so zx < yx.
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Finally, since £(w) = €(y) + €(x) we can see that 5,5, - - - 5¢) also contains a reduced word
expression for w, so it follows that w < v, and we have shown that w = yx is the desired
element.

(2) is done similarly. O

We are now in position to begin to show the existence of relative maxima and minima with
our new equivalence relations. Although the definition logically extends, we will repeat it for

the sake of completeness.

Definition 7.41. For r,s € R, r < s, and any equivalence relation T, we define the relative

maximum of T, with respect to s, as

t ifteT,t<sandVt €T, <s = ' <t
max,T, =
undefined otherwise

We define the relative minimum of T'; with respect to r, as

) t ifteT,r<tandVt e T, r<t = t<t
min, T, =
undefined otherwise

Corollary 7.42. Foranyr,s € Rand any [ C S,
(1) if rZs then max,L! exists

(2) if r&s then max,R" exists

Proof. (1) Write r = 0~ 'e_ope,0;' and s = 7~'e_1ge,o;! in vanilla form. By Theorem 5.44
r < sif and only if u := o-'oy < 72'7¢. Define v = 7-'7owy(A.(e;)). Then u < v. Let be
w € W;u be the unique maximal element also satisfying w < v, shown to exist in Theorem
7.40.

Let t = we,o,'. We claim ¢ fits the definition of max,L!. Sinceu <w <vand 1 € JG,
e,0;' € GJ, Lemma 5.27 tells us that ue,0 ;' < we, 0! < ve,o', or rather r < t < 5.
Observe also that since u.%'w, then r.Z't.

Suppose . Z'randt < s. Wecanfindz € W;sot' = zr = zo " 'ope o' = zue,o;'. But
since zue,o;' =t < s = 7-'1ge,0;! a quick application of Theorem 5.31 shows us that there
exists y € W,(e,) so that zu < 7-'rgy < 7-'7owo(A.(e,)), since 7-'1¢ € D,(e.) by Proposition
5.39. Thus zu < v. Then zu < w and Lemma 5.27 again shows us that ' < 7.

(2) is demonstrated similarly. |
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Corollary 7.43. Foranyr,s € Randany I C S,
(1) if r£s then min,L! exists

(2) if r%s then min, R exists

. . I I .
Proof. (1) We claim that min, L' = womax,,, L,0"". Let m = max,,,L,°". First observe

that since r < s and r.Zs, then wor-Zwps and wys < wyr, so m exists. Now, m < wyr by
definition, and since they belong to the same .Z-class, it follows that r = wowor < wom.
Further, m.Z"*™"ows, so there exists w € Wiotw, SO that wm = wys. But then wowm = s. By
Proposition 7.35 there exists v € W; so that wowm = vwom. Thus wom.%"s.

Now, let %5 be arbitrary and suppose that » < . Then again by Proposition 7.35
wotL"Moyos and r.Zt implies wot < wor. By definition of m we see that wyt < m. But
then wom < t. So wom satisfies the definition of min,L! as claimed.

(2) is demonstrated similarly. O

Theorem 7.44. Let I C S and take r,s € R with r < s. Then min,L!, min,R., min,L!, min,R!

all exist.

Proof. We claim that min, L. = min,,;, ; L'. Let m = min,y;,, ; L.. First observe that since r < s,
min, L exists. And since min,L;.Zs and min,L; < s Corollary 7.43 tells us minmm,LsLﬁ exists.
Now, let £.% s be arbitrary and suppose that r < ¢. Then t.%’s implies % s and so min,L, < t

and min, L, Zt. So by definition, m < t as desired. The others are shown similarly. O

We can now conclude this discussion with a result about the relative maxima and minima

for our H' relation.
Corollary 7.45. Foranyr,s € R, withr < s, if [,J C S, then minrHi’J and mastf’J exist.

Proof. We will just prove min,.HY’' as max,H!”’ is similar. We claim min, H>' = MR, g1 LL.
By Theorem 7.44, min,R! exists, and r < s implies that min,R! < s. Then Theorem 7.44 again
shows us that min,,,;, gL} exists and min,,,;, g/ L1.Z"s. By definition, min,R] < min,,;, L. < s.

%1 ‘%7] ‘%7] %1
Now |s | = lmin.R] | < |min,;, p/Li | < |s ], so we can conclude that min,,;, /LL%’s as

well, hence min,,;, g/ L!#"s. Let t € HY with r < t. Then t%’s and thus min,R! < t. It the

follows that min,,,;, r/L! < t as desired. o
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Remark 7.46. The preceding proof can be generalised for any equivalence classes, 7 and
U . If both min, T, and min, U, exist for all r < s € R, then the relative minimum min, (T N U),
exists and we can show min,(T N\ U); = mityin,7,Us = minyin,u, 1.

Likewise, if max,T,, max,U, exist for all r < s € R, then max,(T N U), exists for all

r < s e Rand maxy(T NU), = maxya,,r,U, = maxyqx,u, T,

Corollary 7.47. Suppose r ¢ Lis and r < s, then there exist t,u € R so thatr < t,u < s and

r LR s, rR’ uL’s.

Proof. We shall focus on the existence of ¢ and u will follow by a symmetrical argument. Let
t = min,R!, we claim this suffices. It is clear that t%” s so we just need to show 7.£"r.

Since 1%’ s it follows that _#"’r so we can find v € R so that r.£'v#’t. 1t is clear that
r = min,L} and t = min,R]. Then it follows that r = min,,, ;1R;]. But by the proof of our

previous corollary we see ¢ = min,H.”’. So, t.7#"/v and thus t.#'v. We conclude 1.%"r. mi

Proposition 7.48. Supposer < s < t, I,J C S, and T = /“, LR, or . Then,
assuming they exist,
(1) min, T, < min,T,

(2) max,T, < max,T,

Proof. These proofs will be identical to Propositions 6.21 and 6.33. (1) We know min,T, € T,

and r < s < min,T,. By definition, min, T, < min,T,. (2) is shown similarly. ]

We have investigated the relative maxima and minima for ./, %/, and #'’. As in the
previous section, the only thing left to do is consider _#". Unfortunately this is where things

become more vague.

Example 7.49. By computer work on the Rook monoids M»(K), M3(K), M4(K), Ms(K), and
Mg(K), one can see that min,J%' exists if and only if there exists some e € A and f € A~ so that
I = A.(e) and J = A.(f). For those same monoids one can also observe that max,J" exists if
and only if at least one of 1, J is equal to (.

Given the general expression of these relative minima and maxima one might be inclined to
think that this could be a general theorem or at least a conjecture. However, for any reductive

group the Renner monoid is also a Weyl group and we get a slightly different story. We can
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quickly verify that min,J" | min,J3"', max,J"5, and max,J>" exist regardless of the choice of I
which does not line up with our M,(K) work.

If one considers GL,(K), then at least for GL,(K), GL3(K), GL4(K), GLs5(K), and GL¢(K),
the idempotents of M,(K) seem to enter the picture again. min,J~' exists if and only if there
exists some e € A and f € A~ so that either I = A.(e) and J = A.(f), or J = A.(e) and
I=A.(f), oroneof =0, J =0,1=S,J =35 holds. Similarly, max,J"" exists if and only if
either there exists some e, f € A so that I = A.(e) and J = A.(f), or there exists some e, f € A~

sothat J = A.(e) and I = A.(f), oroneof [=0,J =0,1=S,J =S holds.

Although we can not currently approach the general existence problem for maxima and

minima, we can describe these relative minima and maxima even when they exist individually.

Proposition 7.50. Suppose that r < s and let I,J C S be arbitrary.

. IJ . . LJ _ - J — i 1
(1) If min,Jy" exists then min,J;* = mm,Rmiané = mm,merR -

ILJ - 1.J
(2) If max,J,” exists then max,J,” = mastl{l el = mastqu1 .

sLy x.vRi
1
min, R

. L, pJopl A LJ o S NS |
mmerer!.i” min, Ry %’ s, so mm,merR! F"'s. By definition min,J;* < mmerer!.

Proof. Itis clear that r < min,R! < s and so r < min,L < min,R! < s. It is also true that
By Corollary 7.47 we know there exists min,J.' < z < s with z%#’s and z.%"'min,J%’.
Then min,R] < z < s. Thus, (min,R))"" < 7% (Proposition 7.15). Now, z.% min,J’ so,
I - LJ _ oo rINLT - LJ _ o UL
min. L, = min,J;" < mmerer!. Thus, z;° = (min, L))" < (mm,LminrR!) Y= (min,Ry); . It

follows, as desired, that z.#’min,R? and furthermore, min,J,’ = min,L! = min,Li1 R
rits

The other statements are proven similarly. O

With our new absolute and relative extrema, we can find an analogue to Theorem 6.40.

Theorem 7.51. Let 7 = M, %7, ¢!, 717

(1)IfT + " andry < r) <--+ <1 < ryis a chain in R with ro.7 ry, then for all indices
0<i<kwehaveryJr;

2)If T # /” andry < ry < --- < r_1 < ry is a chain of maximum length between ry, r, € R.

Forall 1 <i<k ifriXri, thenr; = min,_ T, and ri.y = max,T,_,.

Although we stated (1) with .7 # 7!+ it is strongly suspected that it remains true.
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Proof. (1) By Corollary 7.19, we can see that our given chain, ro < r; < -+ < 1y < 1y,

o T T T T T T

implies that |ro| < [r;] < ---lr.1] < Llre]. But 197 r, means that [ry ] = |ri] and hence
T T

for any i, I_rO'J = |_r,~'J , thus ro Jr;.
(2) We shall just show the minimum condition, as the maximum condition follows similarly.
Suppose not. Then we see that r,_; < min,, ,T,, < r;, which contradicts the maximality of the

length of the chain. O

Our last result will tie in both the relative maxima and absolute minima we have been study-
ing to generalise the following Coxeter group property to Renner monoids. It will generalise

the following Weyl group property.

Proposition 7.52. Let {I,},ca be a nonempty family of subsets of S. Define I = (s La-
(1) Letr € 'W and s € W. Then, r < s if and only if 'r <los for all « € A.
(2) Letr € Wl and s € W. Then, r < s if and only if r'e <s' for all a € A.

Proof. (2) follows from Theorem 2.6.1 in [2], (1) is done with similar reasoning. O

Theorem 7.53. Let {1,}4ca be a nonempty family of subsets of S. Define I = () e4 La-
(1) Letr € GI" and s € R. Then, r < s if and only if r'** < 5" for all a € A.
(2) Letr € 9G' and s € R. Then, r < s if and only if ' < s™ for all « € A.

Proof. We will just demonstrate the (1) property, as the other follows by mirroring the argu-
ment. For the (=) direction, this follows directly from Proposition 7.19.

The (&) side is done by recalling our work with relative maxima in the preceding section.
Since A is nonempty, pick a € A. il < gle? implies that r® < sand som = maxsL,i.o exists.

.. 1 . . 1 1
By Proposition 7.4 for each a € A, r'® Z%r implies r'° £r, so m = max,L, and r® < m.

10,0

. 1,0 . . _
We can write our r % in standard form, re = x,eo!

, where x, € W4© 1In fact, if we
write 7 in standard form, xec~!, then x,, = x. Writing m = yec ™! in standard form now allows
us to better understand rfr‘“@ < m.

By Corollary 5.40 and Theorem 5.44, r® < m if and only if x, < y, which as we have
noted is “x < y. lex < y implies x < 'y by Proposition 5.13, and so we can see by Proposition

7.52 that x < y, as x € 'W*© C 'W, since r € GJ'. Thus, xeo~! < yec~', or rather r < m.

And by definition, » < m if and only if r < s, which was what we wanted. O
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Corollary 7.54. Fort € S, let I, := S\{t}. Then, forr,s € R,

gl; gl,
(1) r <sifandonlyif|r | <|s ] forallte$§
R R

(2)r < sifandonlyif|r ]| <|s] forallteS§

Proof. First, observe g I, = 0. Then we see r € R = GJ° = GJV= "*. So by Theorem 7.53,
ol ol Rl R
r<sifandonlyif|r | <|s ] forallre S ifandonlyif|r ]| <|s | forallteS. O

Corollary 7.55. Forr,s € R,

o) RO
(I)r <sifandonlyif|\r | <|s | forallee A
%/I(e) %/I(e)

(2)r < sifandonlyif|\r | <l|s | forallec A

Proof. Just like in the previous corollary it suffices to show that N,caA(e) = 0. For any chain
FCAC,T)={geG|ge=egeforalle € I'} = Pcyry = Pn,ae)- Since A is a maximal
chain it follows that C;,(A) = B = Py ([20]). Thus (),cp A(e) = Cs(A) = 0 as desired. |

One can note the similarity of this last application to both the theoretical basis for Young’s

tableaux (Section 2.6 in [2]) and Problem 3.2 articulated by Renner and Putcha in [25].

7.4 Example

When we restrict ourselves to discussing our trichotomy in M, (K), we get a nice way of

deriving the elements r_, ry, and r,. We will go through the computation method with the
10000O0O0
000001

matrix, ¥ ="' **°°land I = {(1 2),(23),(56)}, J ={(23),(34),(45)}.

000010
000100
001000

To begin, first we determine the equivalence classes on {1,2,--- ,n} coming from / and J.
This notion was touched on briefly in Example 7.25, and we compute it as follows. We define
~; to be the smallest equivalence relation on {1,2,3,--- ,n} that has the following character-
istic. For each simple reflection, (i i + 1) € I, i ~; i + 1. The relation ~; roughly represents
belonging to the same connected component of /.

For example, if n = 10 and I = {(2 3),(3 4),(5 6),(8 9),(9 10)} then we would get the
equivalence relation ~; with equivalence classes, {1}, {2,3,4}, {5,6}, {7}, and {8,9,10}. In
our trichotomy construction, the equivalence classes of / and J will be the rows and columns

respectively of the matrix that are allowed to be swapped among themselves.
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To find r_ first split the matrix up based on the classes

of ~;. {(2 3),(3 4),(4 5)} translates to {1},{2,3,4,5},

(1) :1 :: E: : ? and {6}. We group the columns based on these equiv-
r= 2 j) :: E: (I) 2 alence classes. Any equivalence class of size one will
2 j: (" (I. : 2 not be affected (as J has no element which can interact
S with that column, that is, no columns can be swapped in
o that class). For the submatrices associated to equivalence
o classes with more than two elements we distinguish them
Y and perform the following column swaps.
i: f: : .j For each submatrix, we use column swapping to arrange
(l, (I' : :1 the columns so that the nonzero columns are on the right
:: t: (1) ‘]J and are arranged so the leading ones form our usual stair-
Codeoa case pattern. This is exactly what we did for the original
0000t trichotomy, we are just confined to submatrices.
=l
000100 After all the columns in each of the relevant submatrices
o have been arranged we put the submatrices back in their
positions and the resulting matrix is r_ for J.
To compute r, first split the matrix up based on the r=
classes of ~;. {(1 2),(2 3),(5 6)} translates to {1,2,3}, ﬁ 3 E (1) :> 2
001000
{4}, and {5, 6} and means we look at the matrix formed \
by the first three rows, the matrix formed by the fourth [3 Z: ? (I) :)) 3
row, and the matrix formed by the last two rows. The ‘
fourth row, associated to an equivalence class of only one [ Lo
element will not change, so we will ignore it. We distin-
guish the other two submatrices as light gray and dark
gray respectively. "+ o000

00100
00010

For each of the submatrices, we use row swapping operations to arrange the rows

so that the
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nonzero rows are on the top and are arranged so the leading ones create the staircase pattern.
Once the matrices are rearranged, they are then put back in the original r matrix, taking the

place of the submatrices we removed.

Notice that the computation of r, only used /. This shows us that regardless of choice of
J, once we know what I is, the r, element of our trichotomy is given. Likewise for r_ and our
choice of J.

Once r_ and r, have been obtained, a simple computation r* rr; yields ry.

100000 100000 100000 10000O0
001000 0000O0O0T1 010000 010000
rO — ri rrj— — 000100 010000J]J0000O0CT1O0 — 000100
000010 000010 0000O0O0T1 0000O0O0T1
000O0O0T1 000100 000100 00010
010000 001000 001000 001000

There is potentially a way to calculate r, for nxXn matrices by pure observation (without first
calculating r_ and r,.) as we did in Section 3, however at this time such a method proves elusive.
In any case, the ease of computing r_ and r, would likely ensure that our r*rr} calculation is
faster.

01 0) (100

For M5(K), we get the simple reflections S = {(1 2),(2 3)} = { 1ool, oo } Below is a

001 010

table showing the relative decompositions, r = rl_’Jr([)’Jri’l for each of the 16 pairs of subsets of
001
S and for the element, r =| ¢ o o |.
100
I\J 0 {12)} {(23)}
{(12),(23)}
001 001 001 001 000 00 1 001 001 001 010 000 00 1
@ 000 000 000 000 001 000 000 000 000 000 100 000
100 100 100 010 100 100 100 100 100 001 001 100

{(1 2)} 001 001 001 001 000 001 001 001 001 010 000 001

000 000 000 000 001 000 000 000 000 000 100 000
100 100 100 010 100 100 100 100 100 001 001 100
{(2 3)} 001 010 001 001 000 001 001 010 001 010 000 001
000 000 100 000 010 100 000 000 100 000 100 100
100 100 000 010 100 000 100 100 000 001 010 000
001 100 100 001 000 100 001 100 100 010 000 100

{(12)(23)} 0o00|fooo[|loo01 000100001 0o0O0|fooo[lo o1 0001010001
b
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Interested readers can consult the final section in the Appendix for graphs displaying the

7 LJ_classes in relation to the Bruhat order for M3(K) and all 16 pairs of 1,J C S. As well,

readers are encouraged to consider the generalisation of the M, (K) constructions of the relative

minima and maxima from Section 6.
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8 Projective Supports

At this point, we are going to shift gears and change from our predominantly combinato-
rial discussion of reductive monoids and instead investigate some geometric properties of the
more general, regular semigroups. In this section we will tackle Renner’s conjecture on the

projectiveness of supports for irreducible regular algebraic semigroups with zero.

8.1 Rees Theorem And Quotients In Linear Algebraic Semigroups

Rees Theorem And Quotients In Linear Algebraic Semigroups ([24]) is a paper by Mohan
Putcha about Rees’ theorem on linear algebraic semigroups. Published in 2013, it reexamines
the notion of support and studies varieties related to the Rees theorem. To get started, we will
need a few results from Putcha’s paper. The results we will need will concern a particular kind

of semigroup: irreducible regular linear algebraic semigroups with zero.

Proposition 8.1. Let S be an irreducible regular linear algebraic semigroup. Then S has a

unique maximal ¢ -class.

Proof. This comes from Theorem 5.10 in [20] combined with the fact that finite lattices have

a unique maximal element. O

Proposition 8.2. Let S be an irreducible regular linear algebraic semigroup with zero, and

e € E(S). Then eS e is a reductive linear algebraic monoid.

Proof. We can see that eSe is an irreducible monoid with zero (irreducibility coming from
being the image of S under the morphism, s +— ese). It also easily is seen that eS e is regular.

Thus, by Theorem 4.2 in [30], eS e is reductive. O

The following definition of supports for a regular semigroup with zero is the true starting
point of this section. It is the question of whether supports are projective which will be our

overall goal in this section.

Definition 8.3. Let S be an irreducible regular linear algebraic semigroup with zero. Let J be
the unique maximal ¢ -class of S. We define the support of S to be X = J/ . Further, we
define the right (left) support of S as X, = J/ £ (X, = J/Z).
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Theorem 8.4. Let S be an irreducible regular linear algebraic semigroup with zero. Let J be
the unique maximal 7 -class of S. Fix e € E(J), and let R, L, H be the respective %, £ and
FC-classes of e. One can quickly see that H acts on R on the left and L on the right.

(i) X, = R/H (as a left action quotient).

(ii) X, = L/H (as a right action quotient).

(iii) X = X, x X,.

Proof. This result comes from [24] as Theorem 2.4. O

Putcha notes in his paper that our supports, X, X, and X, each have the structure of a
quasi-projective variety (Lemma 2.3 of [24]) by showing that both X, and X, can be considered
as lying inside a suitable Grassmanian space and from there finding an open affine covering.
He remarks that if the supports are projective varieties that they have some nice properties. It
is that work that motivates this paper.

One may think that singling out idempotents of a maximal ¢ -class may be a bit specific,

but as the following proposition demonstrates we can construct this situation at will.

Proposition 8.5. Let S be an irreducible regular algebraic semigroup. For any idempotent,

e € E(S), the set SeS is an irreducible regular algebraic semigroup with J, as its maximal
J -class.

Proof. By Proposition 2.26 we know that SeS = SeS, so we instead think in terms of SeS. It
is clear that S'eS is a subsemigroup and irreducible, since S is irreducible. Forany s € SeS C S
there is an element s € S so that sss = 5. Thus, ss5 € SeS and s(sss)s = 5, S0 SeS is also
regular.

It is clear that for any x,y € SeS, x_Zyin SeS implies x_¢y in S. Suppose instead that
x_Zyin §. Then we can find a,b,c,d € S so that axb = y and cyd = x. Since § is regular
we can find x,y € § so that xxx = x and yyy = y. Thus (yya)x(byy) = yyyyy = y and
(xxc)y(dxx) = x. Since x,y € SeS it is clear that (yya), (byy), (xxc),(dxx) € SeS so x_#y in
SeS. This means we can talk about J, without having to distinguish between the setting of
SeSorS.

For any x € SeS it follows that Sx§ C SeS and so J, < J,. It is also apparent that

J. € SeS. Thus J, is maximal among ¢ -classes of SeS. Indeed, SeS = | |jeqs).s<s, J- O
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Putcha goes on to prove a result about the structure of S with respect to these Z- and

Z-classes. It was stated in [24] as Renner’s conjecture.

Theorem 8.6. Let S be an irreducible regular linear algebraic semigroup with zero. Let J
is the maximal 7 -class of S and pick e € E(J). Let R, L be the #, £-classes of e. Then
eS =eSe-R Se=L-eSeandS =L-eSe-R.

Proof. This is Theorem 3.2 in [24]. O

In fact, as Renner had pointed out in private communication, his conjecture was that pro-
jectivity of the supports would likely follow from Theorem 3.2 of [24]. This will henceforth be

called Renner’s Conjecture and will be the focus of the first part of this paper.

Conjecture 8.7 (Renner’s Conjecture). Let S be an irreducible regular linear algebraic semi-

group with zero. X, X, and X, are projective varieties.

In this section we will pull together all the necessary results to prove Renner’s conjecture
about the projectiveness of supports, X, and X,. Throughout this section, let S be an irreducible
regular linear algebraic semigroup with zero and with maximum _# -class, J. Fix e € E(J) and
let H, R, L denote the respective ¢ -, %-, £ -classes of e. Then eS e is an irreducible reductive

algebraic monoid with unit group H.

8.2 Geometric Invariant Theory

Quotients, like those that define the supports, X, and X, are difficult to deal with in an
algebraic geometry sense. So before we move on to deal with the conjecture proper, we will
need to cover some basic results in geometric invariant theory. This is the language that is best
for handling this problem.

Much of geometric invariant theory concerns itself with actions by reductive algebraic

groups. It is fortunate that H is a reductive group (since eS e is a reductive monoid).

Theorem 8.8. Let A be a finitely generated K-algebra. If G is a reductive group acting on A

then AC is also a finitely generated K-algebra.

Proof. Theorem 3.4 in [16]. O
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From geometric invariant theory we inherit two notions of quotient when a variety is acted
upon by a reductive group. We will need to utilize both in order to tackle the question of

projectivity of the left and right supports of S .

Definition 8.9. Let G be a reductive group acting on variety X. Consider a variety, Y and
an affine morphism ¢ : X — Y. If (Y, ¢) satisfies the following properties it is called a good
quotient of X by G.
(i) ¢ is G-invariant
(ii) ¢ is surjective
(iii) if U C Y is open, then ¢* : O(U) — O(¢~'(U)) is an isomorphism of O(U)
onto O(¢~'(U))°
(iv) if W C X is closed and G-invariant then ¢(W) is closed
(v) if Wi, W, C X are disjoint, closed, and G-invariant, then ¢(W,) and ¢p(W,)
are disjoint

If (Y, ¢) is also an orbit space, it is called a geometric quotient of X by G.

Theorem 8.10. Let G be a reductive algebraic group and X an affine variety. Then there is an

affine variety, Y, and affine morphism, ¢ : X — Y, so that (Y, ¢) is a good quotient of X by G.
Proof. This is the content of the proof of Theorem 3.5 in [16]. O

Proposition 8.11.

(1) Let (Y, @) be a good (geometric) quotient of projective variety, X, by reductive group,
G. If U is open in Y, then (U, ¢) is a good (geometric) quotient of ¢~ (U) by G.

(2)If ¢ : X — Y is a morphism and {U;};c; is an open covering of Y such that (U;, §) is a
good (geometric) quotient of ¢~ (U;) by G for all i € I, then (Y, $) is a good (geometric)
quotient of X by G.

Proof. This is just Proposition 3.10 in [16]. m|

Proposition 8.12. Let (Y, ¢) be a good quotient of X by G. If the action of G on X is closed,

then (Y, @) is a geometric quotient.

Proof. This is just Proposition 3.11(iii) in [16]. m]
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For this section of introductory material, we will limit our geometric invariant theory results
to those that will explicitly apply to our proof of Renner’s conjecture. Although this will
require some technical proofs that are basically reproductions of the work in [16], it saves
us a discussion of linearisations and ample line bundles. To this end, consider the following
scenario:

Let A be an affine variety over K and let K* act on A. Suppose that A contains a cone point
ao. That is, ag € K*y for all y € A. On the level of our coordinate algebra, this turns O(A) into
a nonnegatively graded algebra. A function f € O(A) is called homogeneous of degree n, for
somen € N, if forall k € K*,y € A, f(ky) = kK" f(y). If we denote O(A), to be the homogeneous
functions of degree n, then O(A) = ®,cnO(A),.

We let P be the projective variety, (A\{ao})/K", with projection map, m : A\{ap} — P.
Suppose that we have a reductive group, G, that acts on A by action o which commutes with
the action of K*. Then the action of G on P is compatible with our projection map (it follows
that gay = ag for all g € G). Our scenario can be summed up by the following commutative
diagram.

G x A\{ao} & A\lap)

Our goal is to consider the supports as geometric quotients arising from exactly this situa-
tion involving A and P. So to get there, we now introduce the notions of stable and semi-stable

elements in P.

Definition 8.13. For the situation of varieties A and P which we have defined, we say that a
point x € P is called,

(i) semi-stable if and only if there is a homogeneous function f € O(A)° of degree > 1 such
that f(x) # 0. By P** we shall mean the set of all semi-stable elements in P.

(ii) stable if and only if x there is a homogeneous function f € O(A)° of degree > 1 such
that f(x) # 0 and the action of G on Py is closed (Py = {x € P | f(x) # 0}). By P* we shall

mean the set of all stable elements in P.
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(iii) unstable if and only if it is not semi-stable.

Notice that the conditions of semi-stability and stability rely in part on homogeneous poly-
nomials. So we can choose to show that for some % € A in the fibre associated to x € P satisfies
f(X) # 0 when convenient. These sets of semi-stable and stable elements give us the following

theorem, which establishes the existence of good and geometric quotients.

Theorem 8.14. There exists a good quotient, (Y, $) of P** by G, and Y is projective. Addition-
ally, there exists an open subset, Y* C Y such that ¢~ (Y*) = P and (Y*,¢) is a geometric

quotient.

This proof is essentially a reproduction of Newstead’s proof of Theorem 3.14 (see [16]),

but is specialized to our particular conditions.

Proof. Since we assumed the action of G commutes with the action of K* we can see that the
action of G on O(A), given by g- f(x) = f(g-x) preserves the degree of homogeneous functions.
Indeed, (g f)(k-x) = f(g-k-x) = f(k-g-x) =K'f(g-x) = Kk'(g- [)x). Thus, OA) is a
homogeneous subalgebra of O(A) = &,nO(A),.

For homogeneous f € O(A)° with deg(f) > 1, define Py ={x € P| f(x) # 0}. Notice
that P** := (U reo(a)6 deg( =1 Pr- Each Py is an open affine subset of P (being the compliment of
the zero set of f). Since G is reductive we know that there exists a good quotient of P; by G.
(Theorem 8.10), (Y, ¢¢).

We can glue together all of these good quotients, (Y, ¢¢), to form a projective variety, Y,
and also get a map @ : | reo)6 geg=1 Pr = P — Y. Our gluing maps should look like,
hep : @p(Prp) — ¢p(Psp). As Brion notes in [5], this is achieved in a similar way that P is
obtained from its open subsets I’}. In this way we see that ¢ [p,= ¢.

Observe that each (Y, ¢/) is a good quotient of P, = ¢~'(Y;). We also note by our gluing
that {Y/} rcoa)6 deq(r)>1 18 an open cover of Y (see 12.6 in [35]). Thus, by Proposition 8.11 it
follows that (Y, ¢) is a good quotient of P*°.

For the second part of our result, let Y* := ¢(P*) and let Y° be the union of those Y for
which the action of G on Py is closed. It is clear that P° C ¢~'(Y°) and thus, Y* C Y°. By

Proposition 8.11, (Y°, ¢) is a good quotient of P° := ¢~!(Y°). Applying Proposition 8.12 then
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tells us that (Y°, ¢) is a geometric quotient of P° := ¢~!(Y?). It follows that P* = ¢~!(Y*) and
YO\YAY — ¢(P0\PY)
Thus, Y°\Y* is closed in Y° by (iv) in our definition of a good quotient. So Y* is open in Y°.

Applying Proposition 8.11 again, we conclude that (Y*, ¢) is a geometric quotient of P°. O

Now that semistable and stable points give us quotients (as we will see, the quotients we
will need to prove the conjecture) we devote the rest of this section to converting our definitions
of semistable and stable into more useful forms. These forms are the ones used by C. S.

Seshadri in [33] and are equivalent to Newstead’s and Mumford’s. First we need a lemma.

Lemma 8.15. Let G be a reductive group acting on affine variety, X. Let X,, X, be two disjoint,
closed, G-invariant subsets of X. Then there is a function f € O(X)° so that f(X;) = 0 and

f(X) =1
Proof. This is Lemma 3.3 in [16]. ]
Here is our new definition for semistability.

Proposition 8.16. Let x € P be an arbitrary element. Then x € P** if and only if ay ¢ GX (here

X represents a preimage of x under r).

Proof. Let f € O(A) be a G-invariant homogeneous function of degree > 1 such that f(x) # 0.
Observe that since deg(f) > 1, then f(ky) = k98" f(y) for all y € A and k € K*, and by taking
the closure, we can conclude that O = f(ap). Then it is clear that f(X) # 0, and by G-invariance
f() is equal to a non-zero constant for all y € GX. Hence ay ¢ GX.

Conversely, if ay ¢ @, then there exists by Lemma 8.15 a G-invariant function, f, such that
f(ap) =0, f (@) = 1. Then f has a constant term of 0, and it follows that some homogeneous

part of f of degree > 1 must be nonzero at X, so x is semi-stable. O
In the same vein, we can find an equivalent condition for stability.

Lemma 8.17. An element x € P is stable if and only if there exists a homogeneous function

f € O(A)° that has degree > 1 such that f(x) # 0 and the morphism t; : G — P; given by

7¢(g) = gx is proper.
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Proof. This is Remark 3.16 (and Lemma 3.15) of [16]. |

Lemma 8.18. Let G be a linear group acting on variety, X. Then for x € X, the morphism

7:G — X, given by 1(g) = gx, is proper if and only if Gx is closed in X and G, is finite.
Proof. This is Lemma 3.17 in [16]. O

Proposition 8.19. Let x € P be an arbitrary element. Then x € P° if and only if |G;| < co and

Gzx is closed in A.

Proof. By Lemma 8.17 x € P is stable if and only if there exists a homogeneous function
f € O(A)° of degree > 1 such that f(x) # 0 and the morphism 7, : G — P, given by
T¢(g) = gx is proper.

Fix an element, X € A over x. Let c = f(X) # 0, and define C = {y € A | f(y) = c}, clearly
a closed subvariety of A. Consider the morphism 7, : G — C given by 7(g) = gx. It can be
seen that 74 = o 74. Letting i be the inclusion map of C into A we get,

Ty 18 proper & m o 7 is proper (by equality)

& 7 is proper (& follows from 7 being proper)
& io7;:G — Ais proper (since C is closed in A)
&= 7 is proper (by equality)

So it follows that x € P is stable if and only if there is a homogeneous function f € O(A)°
that has degree > 1 such that f(x) # O and the morphism 7 : G — A given by 7(g) = gx is
proper. By Proposition 8.16 this is equivalent to ay ¢ G and 7 being proper. Then, thanks to
Lemma 8.18, we can see that this is equivalent to the conditions that ay ¢ G3,|Gs| < o and G#
is closed in A.

Now, if GX is closed in A, it follows that a, ¢ G = G#, since Glap} = {ap}. So then 7 being

proper implies ay ¢ G%. Thus, x € P is stable if and only if |G;| < co and G is closedin A. O

Geometric invariant theory will come in to play in our proof as our goal is to show that our
right are left supports can be represented as P°/G, and thus is the orbit space we want, but is

also projective.
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8.3 Putcha’s Determinant

By Corollary 3.15 in Putcha’s book [20], we can consider S to be a closed subsemigroup of
M, (K) for some n. The following definition from Putcha’s book relies on this predetermined

embedding of S.

Definition 8.20. We define the determinant with respect to e as the map, det, : S — K given

by det.(s) := det(ese + 1 — e).

We have defined our determinant by using the ambient M, (K). It is entirely conceivable
that the map would change based on our embedding of S, but that will not affect our proof of
Renner’s conjecture. Although we defined the determinant on all of §, it only gains the familiar

multiplicative property when we restrict to eS'e.

Proposition 8.21. When restricted to eS e, det, is a multiplicative morphism.

Proof. 1t is clear that the map is already a morphism in the algebraic geometry sense, just
from its definition. It remains to show that it is multiplicative, hence a true algebraic monoid
morphism. Let a, b € eSe. Then,

det,(a)det,(b) = det(a+ 1 — e)det(b+ 1 — e)

=det(ab+a—ae+b+1—-—e—eb—e+e)=det(ab+1—e) = det,(ab) O

In light of the previous result and its desired property, we will only consider det, as re-

stricted to eS e.

Proposition 8.22. H = {m € eSe | det,(m) # 0}

Proof. This comes from Remark 3.23 in [20]. ]

The relative determinant is how Putcha shows in his book that H is an algebraic group. The
group, H provides the GL,(K) to eSe’s M,(K). In the same vein we take the opportunity now

to define a useful analogue of the special linear group.

Definition 8.23. H, := {m € eSe | det.(m) = 1}
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While Putcha shows in his paper ([19]) that H = det,'(K*) is independent of the particular
embedding in M, (K), our definition of H; is quite dependent on it. However, regardless of
which of the possible H; we have, the following results show that any such H; = det;'(1) has

the properties we will need to prove Renner’s conjecture.
Theorem 8.24. H, is a closed, reductive algebraic group in eS e.

Proof. That H, is a closed algebraic variety comes from its definition as the preimage, det;'(1).
It is a normal connected subgroup of H, by Proposition 8.22 and the multiplicativity of det, in
Proposition 8.21 and the fact that it is the kernel of det,. Since H; is a connected closed normal

subgroup of the reductive group H it follows that H, is reductive by 14.2 of [3]. O
Proposition 8.25. Let u € H be a unipotent element. Then u € H,. That is, det,(u) = 1.

Proof. det, : H — K* is a morphism of algebraic groups. So then for any element, & € H,
det,(h,hy) = det,(h,)det.(h,) preserves the Jordan decomposition. Hence, det, takes unipotent
elements to unipotent elements. But 1 € K™ is the unique unipotent element of K*. So for any

unipotent u € H, det,(u) = 1 as desired. |

We will use H; a great deal to reach our end result. First, however, we will move on and
introduce Renner’s maps and the action of K* that they provide. We fix a maximal torus of

eSe, call it T. The majority of what follows comes from Exercise 5 in Section 4.6 of [30].

Definition 8.26. Define the set of idempotents of corank 1, to be the set of all idempotents

which lies just below e in the Adherence order. ENT) = {f e E(T) | e covers f}
For the above definition, remember that e is the identity element of eS e.
Lemma 8.27. For any fy € E(T), Wy i oo f = Jo
This is a useful way of creating a product of 0 out of our idempotents in E'(T).

Proof. This comes from Proposition 3.22 b) in [30], although we wish to acknowledge the typo

in the book, as the definition of the set “E!(f)” should contain a “f < e”. O

Proposition 8.28. For each f € E'(T) there is a unique injective morphism ar: K — T such

that a;(0) = f, apf(K*) ={t € T | tf = ft = f}".
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Proof. Exercise 5 b), since T is a D-monoid with zero. m|

These maps are what we meant when we referred to Renner’s maps. Taken together
they provide the action of K* that we will be using to prove Renner’s conjecture. This action

interacts nicely with Putcha’s relative determinant.
Definition 8.29. For k € K and m € S we define the product k - m = (H fe El(f)a/f(k)) m.

The following proposition shows that our product exhibits the properties of a group action

when restricted to K*. It also behaves like scalar multiplication in the sense that O - m = 0.

Proposition 8.30. Form,m’ € S, and k,k’ € K the following are true,
(1) k- (k' -m)=(kk')-m
(2) k- (mm') = (k- mm’
(3)1-m=m
(4)0-m=0

Proof: (1) k(K -m) = k- ((TLep 7y (K)) m) = (Mg iy (R)) (T eyt K)) m)
But by associativity of our monoid multiplication, we get,
= (e (R0, (k) m
And since each of our a is a morphism, and the images of our field elements are in T, which
is commutative
= (Iepr oy (kK ) m = (KK) - m
(2) This is just an application of the associative law.
(3) Foreach f € E NT), a +(1) = 1, the identity of our monoid. So then,
Lm = (M gmar(D)m = (g m=m
(4) By definition, for each f € E T, a #(0) = f. By Lemma 8.27, we can conclude,

We would like to show that det, is a homogenous morphism. That is, there exists some g so

that det,(ka) = kidet.(a). This is a well-known property of the original determinant function.

Proposition 8.31. For each f € E'(T), there exists some positive integer, qy, so that for every

k € K, det.(ay(k)) = ki’.
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Proof. As it is a composition of a series of morphisms, we can see that p : x — det.(as(x)) is
a polynomial, p(x). See that p(x) is nonzero and multiplicative,

p(xy) = det.(as(xy)) = det.(ay(x)ay(y) = det.(ap(x))det.(ar(y)) = p(x)p(y).
It follows that, p(x) = x? for some g € N (by Lemma A.5). And since f ¢ H, we know
det,(f) = det.(ar(0)) = 0. Butif g, = O then det.(f) = 1 a contradiction. Thus, 1 < g;. O

Corollary 8.32. There exists some positive integer, q, so that for m € eSe and k € K,

det,(km) = kidet,(m). In fact, q = ZfeE](T)Qf-

Proof. Since det, is multiplicative, we see that,
det,(km) = det, ((H feEl(ﬂaf(k))m) = (H feEl(ﬂdete(af(k))) det,(m)
= Hf€E|(7)k"f'dete(m) = kidet,(m),

where ¢ is defined as in the statement above. O

Thus, det, 1s homogeneous of degree > 1. Our final result before attempting the conjecture

shows us that our reductive group and our action of K* commute.
Proposition 8.33. Foranyke K, he H|,and s € S, h(k - s) = k - hs.
Proof. This comes from the fact that I1 feE](T)af(k) €T CZ(eSe) and H; C eSe. O

Now we have everything we need to discuss Renner’s conjecture properly. The group
H, provides exactly the reductive group we need to show the closed conditions associated
to semi-stability and stability. Renner’s maps will allow us to make a Bruhat decomposition

argument to show the nature of the semi-stable elements.

8.4 The Conjecture

To start things off, let us define our scenario so that we may apply geometric invariant
theory to create a good quotient. Let A = eS and let K* act upon it by our action from the
last section. We see that O is the cone point of A. Then P is the projective variety defined by
P={K's

s € eS\{O}}. By taking G = H, we get a reductive group acting on A and P as we

desired from our Geometric Invariant Theory work.
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Proposition 8.34. Let X, Y be affine varieties over K. Suppose that K* acts on X and Y as
a group action. Suppose also that we have a morphism, ¢ : X — Y such that for all x € X,
k € K* then ¢(kx) = ko(y). Let xo € X and yo € Y be such that for all x € X, xy € K*x and all

yeY, y € K*y.
If o' (yo) = {x0}, then ¢ is a finite morphism.

Proof. This comes from Remark 2.25(d) in [30]. O

The following lemma will be used for both our discussion of the semi-stable elements of

eS and the stable elements of eS .
Lemma 8.35. Forall r € R, H,r is closed.

Proof. Since r € R, we can find x,y € S! so that e = rx and r = ey. Define the new element
z =ye € S. Consider the map, ¢ : eSe — eS given by ¢(s) = sr. This map ¢ is one-to-one by
observing that if ¢(s;) = ¢(sy) then s; = s1€ = 51r7 = 577 = s = 5. Thus 0 = »~1(0).
Observe that for any k € K, ¢(k - s) = (k- s)r = k- (sr) = k- ¢(s). Thus, by Proposition
8.34, ¢ 1s a finite morphism and hence closed. So then the image of H; is closed in eS, and we

may conclude that H,r is closed. O

We are now in a position to describe the semi-stable elements of P = eS\{0}/K". Putcha’s
prior work to show that eS = eSe - R comes into play here, along with the familiar Bruhat

decomposition.
Proposition 8.36. (P)*’ = {K*r | r € R}

Proof. Suppose that s € R. By the preceding lemma, H;s = H;s C R C eS \{0}. By our criteria
for semi-stability, we can conclude that {K*r | r € R} C (P)".

Now, suppose that s ¢ R. By Theorem 8.6, we can write s = m-r where m € eSeand r € R.
First observe the refinement that m € eSe\H, as otherwise, m € H-R = R.

Since eS e is reductive, we can pick a Borel subgroup, B, containing our 7', and perform the
Bruhat decomposition. That is, we can find b,b’ € Band o € R = F(T)/ T so that, m = bob’.
Additionally, B = UT, where U is the unipotent subgroup of H. Sowecanfindu € U,t €T

so b = ut and write m = utob’ = uotb’. However, as pointed out in 8.1 of [30], regularity



8.4. THE CONJECTURE 123

of R means that we can write o = eqw, where ¢y € E(T) and w € W = Ng(T)/T. Partition
E'T)=F||E,where F={f € ENT) | ey < f}and E = EN(T)\F. Asm ¢ H, ey # 1, s0 F is
nonempty.

If E is empty, then F = E'(T) and Lemma 8.27 tells us ¢, = 0 and hence m = 0. Thus,
0 € H,s = {0}. Suppose that E is nonempty, and distinguish an element, f; € F.

For each k € K*, consider the tuple, (af) ,defined by, ay = 1 forall f € F\{fp},ar =k

FEENT)
for f € E, and ay, is a solution to the polynomial x40 —k /<4 = ( (recall our constants ¢, from
Proposition 8.31). Observe that I 7ay = 1, so then define Ay := (erEq(f)a’f(af)) u' € Hy.

We have a map ¢ : K* — eSe given by ¢(k) = hum = hueyoth’ = (pepap(k))egoth’.

We see ¢(K*)ym € Hym, and s0, 0 = (Hyexf)eo = (HMpera(0))e) oth’ € (K Im € $(K*)m

means that 0 € ¢(K*)m C Hym. Thus, 0 € H, s, and we conclude that s is not semi-stable. Thus
(P)* C{K*r|r € R}

So we may conclude that R lies above P** as desired. O
With semistability dealt with, we move on to tackle stability.
Lemma 8.37. For se R, |{h € H, | hs = s}| < .

Proof. Since s € R, then there exists x,y € S' sothate = sxand s = ey. Let h € H, be
such that is = s. Then, ™! = h7'e = h™lsx = h™'hsx = sx = e, and we see that & = e. So,

fhe H |hs=h}|=1 < oo. O
Proposition 8.38. (P)° = {K*r|r € R}

Proof. s € eS is stable if and only if it is semi-stable, |[{h € He1 | hs = h}| < oo and H;s
is closed. By Proposition 8.36, we know that s is semistable if and only if s € R. Thus,
(P)’ C{K*r|re€R}.

If s € R, Lemmas 8.35, 8.37 tell us, in addition to being semistable, s is stable. Thus,

{K*r | r € R} C (P)°. So we conclude that R lies above P as desired. O

The preceding proofs allow us to equate the good quotient P**/H;, which is projective, with
the geometric quotient P°/H;. The next lemma will allow us to conclude that it is indeed the

support X, = R/H we are describing.
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Lemma 8.39. Define the map, & : Hy X K* — H, by y(h, k) = hk. Then  is finite-to-one and

surjective.

Proof. We know that det,(hk) = kidet,(h) = k? # 0 by commutativity of erEl(T)a’f(k) and
Corollary 8.32. Now, take an arbitrary element g € H, having det.(g) # 0. We observe that
vl (g) ={(b,b7'g) | b e K*, b7 = det,(g)} is finite. m]

That was the final piece that we needed, and we conclude with the answer to Renner’s

conjecture on the projectiveness of the supports.

Theorem 8.40. Any irreducible regular linear algebraic semigroup with zero has projective

SUpPOTTIS.

Proof. P° = R/K* = P* by Propositions 8.36 and 8.38. By Theorem 8.14 there exists a good
quotient of P** by H; which is projective and a geometric quotient of P* by H;. By uniqueness
of categorical quotients these two must coincide. By applying Lemma 8.39 to our geometric

quotient, (R/K*) /H, = {H\{kr | k € K*} | r € R} = {{hkr | h € H\.k € K*} | r € R} = R/H.

This allows us to conclude that R/H is indeed projective.
A similar proof involving results analogous to the ones created in this section allows us to

prove the projectiveness of X,. Lastly we conclude that X = X, X X, is projective. O
The following is a direct corollary coming from work by Putcha.

Corollary 8.41. Let S be an irreducible regular linear algebraic semigroup with zero. If e is

an idempotent in the maximal 7 -class of S then SeS = SeS =S

Proof. [24]’s Theorem 2.10 tells us that if X is projective, then SeS = SeS = L-eSe - R. As
we have just proven in Theorem 8.40, X is projective. The result follows by combining this

with Proposition 8.6 which told us that S = L-eSe - R as well. O

Corollary 8.42. Let S be an irreducible regular linear algebraic semigroup with zero. If e is

an idempotent in the maximal ¢ -class of S. Then J, is open in S.

Proof. By Proposition 2.15, we know that J, is open in SeS. The preceding corollary tells us

that SeS = S,so J,isopenin §. m|
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8.5 Examples

Consider S = {a € M4(K) | rk(a) < 2} Since rk(ab) < rk(a), rk(b) it follows that this is
indeed a semigroup with zero. In fact, as we will prove later in the following section, S is an

irreducible regular algebraic semigroup with zero, exactly the kind we are interested in. As an
1000

idempotent with rank 2, e = Z 2 ? ‘0) is an idempotent in the maximal _¢Z -class of S. Having

0000
chosen e we can identify the following sets,

an ap aiz dis

eS={""°"° "llaje€K}= MysK)

dasz; dzx dz A

0O 0 0 ©

ax 2 | al] e K} = M4><2(K)

&
o o o o
5

€S€:{ 000 Zla,,EK}EMz(K)
0O 0 0 O

ayp dpp diz dig
R={"°"°° " rk([ ]) = 2} = the 2 X 4 matrices with rank 2

o 0 0 O

ay ay

O k(| ’) =2} = the 4 X 2 matrices with rank 2

asn dsy

h
Il
—
o o o o
N

ay 0 a3 0

H={ """ Ol rk(« ] =2} = GLy(K)

ay 0 axn

0 0 0 0

One can even take time to notice these also nicely illustrate Proposition 2.15.

It is not difficult to figure out the morphism, det,, as we have the natural embedding of

ay 0 a3 0
S C Mu(K). So we see that det,( 10 E N E ) = ayjas3 — ajzaz;. This allows us to write out the
0O 0 0 O
ap; 0 a3 0
set Hy = { 0 2 0 g anas —apaz; = 1} = S L (K).
0O 0 0 0
0 0 0
If we choose the torus 7' = { 3 3 ° 3 | a;j € K*} C eSe then we can see that our corank 1
0 0 0 O
1000 0000
idempotents are E'(T) = 2 E g Zl g 2 . 2 }. This leads us to the following two Renner maps:
0000 0000
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k00O 1000
a/ww(k):oooo anda““”(k)zoooo
0010 00 k0
’ 0000 | 0000

R ﬁinally we can see that our supports are both isomorphic to the Grassmanian variety G(2, 4),
the set of 2-dimensional subspaces of a 4-dimensional vector space which is a well-known
projective variety. With both X, = X, = G(2,4) we see that the support, X = G(2,4) x G(2,4)

which is also projective.
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9 A New Way To Construct Regular Semigroups

The interaction between Green'’s relations and regular algebraic semigroups showcased in
the previous section leads us to thinking, “are there ways to construct semigroups which imitate
the behaviour of regular semigroups when it comes to Green’s relations?” A more specific
question is, “can we create a general construction of regular semigroups, S that allow us to

specify the quasiaffine varieties L, and R, beforehand?”

9.1 Affinized Quotients

Rather than start with .Z’-classes and Z-classes we choose to start with irreducible quasi-
affine varieties, L and R, and respective algebraic group actions, LX P — Land QXR — R. L
and R will stand in for L, and R, (recall Proposition 2.15) and P and Q will replace the usual
action of H,. We also suppose the existence of M, an irreducible reductive monoid with zero,
which will stand in for eS e. Together we have the ingredients for a result like Theorem 8.6.

If we are trying to construct algebraic semigroups it might be prudent to consider another
well-known construction. The Rees construction for algebraic semigroups gives us a nice

subclass of the Rees matrix semigroups.

Definition 9.1. Let X and Y be varieties, and S an algebraic semigroup. Suppose there exists
a morphism ¢ : Y X X — S. Then we can define the Rees construction where X X S X Y is a
semigroup under the morphism (x, s,y)(x', 8", y") = (x, s¢(y, X)s", y).

In the case where X and Y are affine, then X XS XY becomes a linear algebraic semigroup.

The morphism, ¢ acts as a matrix with rows indexed by X and columns indexed by Y.
From now on, we will suppose there is a morphism from ¢ : R x L — M. Using the Rees
construction, we can create a semigroup L X M X R, but unless R and L are affine, we do not

have a linear semigroup yet. This leads us to the following definition.

Definition 9.2. Let X be a variety with an algebraic group G acting on it in such a way that
O(X) is finitely generated. We define the affinised quotient of X by G to be the affine variety,
X/apsG = S pec (O(X)G).
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Proposition 9.3. The affinised quotient we just introduced has the following universal property.
If Z is an affine variety and [ : X — Z is a morphism which is constant on the G-orbits, then

there exists a unique morphism, ]7: X/arfG — Z so that the following diagram commutes

f

X Z

<
’

T

.7 / f
X/afiG

Proof. The morphism f induces a map, f* : O(Z) — O(X). Since f is G-invariant, it follows
that f*(O(Z)) € O(X)“. So we have a map, f* : O(Z) = O(X)® = O(X/,;¢G). By Proposition
3.5 of [11], there exists a morphism f : X/affG — Z so that f(x) = f(n(x)) for all x € X. O

Proposition 9.4. Suppose that algebraic groups G and H act respectively on varieties X and
Y so that O(X)® and O(Y)? are finitely generated. Then (X X Y)/.;¢(G X H) exists and is
isomorphic to (X/.5G) X (Y/aprH).

Proof. Observe that, O(X x Y)®# = (O(X) ® O(Y))“" = O(X)® ® O(Y)! the latter of which
is finitely generated. Thus (X X Y)/.s+(G X H) exists.
Then, O(X X Y)/4r7(G X H)) = O(X x Y)? = O(X)° ® O(Y)"
= O(X/as1G) ® O(Y/aprH) = OX/afsG) X (Y]aprH)).

Being both affine varieties, it follows that they must be isomorphic. O

Remark 9.5. Our map n is not necessarily surjective. As is noted in [32], if we take X to be a
semisimple algebraic group and G to be its maximal unipotent subgroup then n(X) is a proper

open subset of X/ .sG.

Definition 9.6. Let L be an irreducible quasiaffine variety with algebraic group P acting on
the right. Let R be an irreducible quasiaffine variety with algebraic group Q acting on the lefft.
Let M be an irreducible reductive monoid with group of units H.

Suppose there exist algebraic group morphisms, y : P — H, and 6 : Q — H and that the
action P x Q on L x M X R given by (p,q) - (£,m,r) = (Ep~', y(p)md(qg~"), gr) makes it so that
O(L x M x R)**€ is finitely generated. Then we define
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S(L.P,M,Q.R) = S pec(O(Lx M X R)™) = (L X M X R)/ory(P X Q)

When it is understood what L, M, R, P, Q are we may reduce our notation to just S.

How does our Rees sandwich map enter into the picture? Like before, ¢ will let us create a

semigroup.

Proposition 9.7. Suppose there is a map ¢ : R X L — M so that ¢(qr, €p) = 6(q)p(r, £)y(p) for
allt e L, r € R, p € P, and q € Q, and that the natural map 7 : L X M X R — § is surjective.

Then S is an irreducible algebraic semigroup.

Proof. That S is irreducible comes from it being the image of the irreducible variety, LX M XR.
Now, since PXx Q acts on LX M X R so that S exists, Proposition 9.4 tells us SX S is the affinised
quotient of variety, (L X M X R) X (L X M X R) by algebraic group, (P X Q) X (P X Q). We
already have a notion of semigroup on L X M X R, thanks to the sandwich map, given by the
morphism p((£1, my, r), (€2, ma, r2)) = (&1, mid(ry, £2)ma, 12).
Observe that for any ¢y,¢, € L, m;,my € M, ri,r; € R, p1,p> € P,and q1,¢; € O,
mou((Lipy!, y(pmis(grh), qir), (Gps', y(p2)mad(gs "), qar))
= (i7", y(pOmi8(g; (g, Gaps Yy (p)mas(qy'), qara)
=ty y(pmid(qHS(g)d(r, L)y (py )y (p2)mad(gy ), gar)
= 1l pyt, y(pOmi(ry, )mad(q;"), gara)
= n(l1, mip(r1, €)ma, r2)
= 1o u((ty, my, r1), (€2, ma, 12)).
So it follows that 7 o p is (P X Q) X (P X Q) invariant, and (by Proposition 9.3) there exists

a unique morphism 7 o u making the following diagram commute.

(LxMxR)x(LxMxR)L»LxMxR

TXT s

By surjectivity of x this is indeed a map on all of § X S. It remains to show our morphism

18 associative.
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Take elements, a, b, c € S. Since 7 is surjective we find ¢,, €, {, € L, m,,m,,m. € M, and
T4, Ty, Ve € R so that n(€,, m,, r,) = a, n(€y, my, 1) = b, and n(£., m., r.) = c. Then,
a(be) = n((Ca, Ma, 1a) (Cp, mp, rp)(Le, me, 1¢)))
= (Lo, ma, 1)Ly, mp, 1)) (Le, me, 1)) = (ab)e

since u is associative. O

As our goal is to discuss S as a semigroup, we will from now on assume that 7 is surjective

and that a morphism ¢ as in the statement of the proposition exists.

9.2 Constructing Semigroups With Green’s Relations

Our other goal is to see how closely we need R and L to imitate R, and L, in order to get a
result like Theorem 8.6 where L, - eSe - R, = S. In essence, our construction is an attempt at
fusion between the Rees construction and Putcha’s fantastic result, L, - eSe - R, = S.

In a further effort to emulate Theorem 8.6 we will also assume that there exists a pair
(B,A) € R x L so that ¢(B,A) = 1. Our ¢ map acts as a stand in for, (r,€) — rf € eSe, the
multiplication coming from L = L,, M = eSe, and R = R,. In the case we are generalising,

L=L, M=eSe,and R = R,, such a pair is already seen to exist, by letting A = B = e.

Remark 9.8. If we know y(P)6(Q) = H then this is equivalent to the existence of a pair
(B,A) € R X L so that $(B,A) € H.

With our pair (B, A) € R X L observe that (A, 1, B) is an idempotent in L X M X R and by

extension, e := m(A, 1, B) is an idempotent in S.

Lemma 9.9. 0 : M — S given by 0(m) = n(A, m, B) is a morphism of algebraic monoids and
0(M) = eSe with (H) = H,.

Proof. Let mym’ € M. As we have defined 6(m) = m(A,m, B) we can quickly calculate,
0(m)d(m’) = n(A,m, Byn(A,m’, B) = n(A,m¢p(B,A)m’, B) = n(A,mm’, B) = 6(mm’). So this is
a monoid morphism. Now observe if, a € eSe then there exists a tuple, (£,m,r) € LX M X R
soa =n(A, 1, B)n(t,m,r)n(A, 1, B) = n(A, (B, O)mp(r, A), B). We see O(¢(B, {)me(r, B)) = a.
Thus, O(M) = eSe.
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As the group of units, we know H = M. So, by continuity and the fact that 6(H) < H,, we
see O(H) C H, C 8(H) = (M) = eSe C 6(H). But then it is clear that (H) is a dense subgroup
of H,. This implies 6(H) = H, as the image of an algebraic group is a closed subgroup of the

algebraic group codomain. O
Theorem 9.10. eSe = M

Proof. Consider the morphism, ¢ : LX M XR — M given by Y/({, m, r) = ¢(B, O)m¢(r, A). This
morphism is P X Q invariant. Indeed, for p € P, g € Q,
w(tp™ y(pImd(g™), qr) = (B, tp™ )yy(p)md(q " )e(qr, A)
= ¢(B, O)y(p)~'y(p)md(q)~' 5(q)¢(r, A) = ¢(B, O)me(r, A).

Then there is a unique morphism ¢ : S — M.

v
LXMXR—M
A
// w
S

Since ¥ is surjective (Y (A, m, B) = m) it follows that J is also surjective. Consider the map
0 : M — S given by 6(m) = n(A, m, B). We claim 6 and J are inverses.

Consider an element, m € M. Then y(6(m)) = Y(n(A,m, B)) = y(A,m,B) = m. Addi-
tionally, for any element s € eSe we know that there exists m € M so that m(A, m, B). Then
0(s)) = 0(U(n(A, m, B))) = 0(W(A, m, B)) = 6(m) = (A, m, B) = s.

It remains to check that these are monoid morphisms. 6 is by our previous lemma, so

consider s, s” € eSe. Then there exist m, m’ so that 8(m) = s and 0(m’) = s’. And so we see

that,
Y(W(s') = Y(A,m, BYW(A,m', B) = ¢(B, Ayme(B, A)p(B, Aym’ $(B, A) = ¢(B, Aymm’ ¢(B, A)
since ¢(B, A) = 1. So, ¢(B, Aymm’ $(B, A) = y(A, mm’, B) = y(n(A, mm’, B)) = y(ss"). O

Corollary 9.11. H, = H.
Proof. This is just a combination of Lemma 9.9 and Theorem 9.10. O

With our ability to identify M and eSe along with H and H,, the natural question to ask is

what other identifications can we make?
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Proposition 9.12. Define the morphisms, 6, : LX M — S by 6,(a,m) = n(a,m,B) and
Or : M XR — S by 6r(m, b) = n(A, m, b). Then,

(1) 6.(Lx M) = Se

(2) 0r(M X R) = eS

Proof. (1) Take any n(€,m,r) € S. n(€,m,r)n(A,1,B) = n(€,m¢(r,A), B). So 6, is onto Se.
If¢ e L, me M, then 8,((,m) = n(€,m, B) = n(€,m, B)n(A, 1, B) € Se. Thus 6,’s image is

contained in Se, hence 6, (L X M) = Se. (2) is done similarly. O

So this settles what Se and eS8 look like, but what about L, and R,? Sadly, L and R are
beginning to stray away from our original goal. That is, L and R are acting more like Se and

eS than like L, and R,.

Proposition 9.13. The following are equivalent for any € € L
(1) n(€,h,B) € L, forallh € H
(2) n(€, h, B) € L, for some h € H
(3) (v, €) € H for some y € R.
The following are equivalent for any r € R
(4) n(A,h,r) € R, forallh € H
(5) n(A, h,r) € R, for some h € H
(6) ¢(r, x) € H for some x € L.

Proof. (1) = (2) is clear. Suppose that 7(¢, h, B) € L,. Then there exists an element, 7(a, m, b),
so m(a,m,b)n(€,h,B) = e. e = ee = n(A, 1, B)yn(a,m,b)n({, h, B) = n(A, ¢(B, a)ym¢p(b, {)h, B).
By Corollary 9.11 it is clear that ¢(B, a)m¢(b, €)h = 1 and it follows that ¢(b, {) € H.

Now let y € R be such that ¢(y, £) € H. Consider n(¢, h, B) for arbitrary fixed # € H. Then
we can see the following multiplication is correct, (A, h'¢(y, O)~',y)n(€, h, B) = e It is clear
that this suffices to show n(¢, h, B) € L,.

(4) = (5) = (6) = (4) is proven similarly. O

Definition 9.14. We define the quasiclasses with respect to ¢ to be the sets,

L' ={¢eL|dreRsothat ¢(r,{) € Htand R" = {r € R| A € L so that ¢(r,{) € H}
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The following proposition gives a number of facts about these quasiclasses, showing how

closely they approximate the .Z’-classes and Z#-classes we are trying to imitate.

Proposition 9.15.
(1) € € L' if and only if there exists r € R’ with ¢(r,{) € H.
(2) r € R’ if and only if there exists € € L’ with ¢(r,{) € H.
(3) L' xXH = HZl(Le) where 0, is defined as in Proposition 9.12.
(4) HX R = HEI(RE) where Oy is defined as in Proposition 9.12.
(5) L’ is open in L, hence a quasiaffine variety.
(6) R’ is open in R, hence a quasiaffine variety.
(7) The action of P restricts to L'.
(8) The action of Q restricts to R’'.
(9) If v is surjective, n(L’, 1, B) = L.
(10) If 6 is surjective, m(A, 1,R") = R,.

Proof. We will only prove the odd numbered results.

(1) This comes from considering the definition of both L’ and R’.

(3) Suppose that 7({,m,B) € L, for { € L and m € M. Then there exists n(a,n,b) so
n(a,n,b)yr(,m,B) = e. e = ee = n(A, 1, Byn(a,n, b)n(€,m, B) = n(A, ¢(B, a)n¢(b, {)m, B). By
Corollary 9.11 it is clear that ¢(B, a)n¢(b, {)m = 1 and it follows that ¢(b,{) € H and m € H.
Thus £ € L’ and m € H as desired.

Conversely, suppose that £ € L” and h € H. So there exists y € R such that ¢(y,{) € H.
Then 7(A, ™ ¢(y, €)', y)a(£, h, B) = e shows that 6, (L’ X H) = L,.

(5) L. is open in Se by Proposition 2.15. So then by (3) and Proposition 9.12 we see that
L’ x H is open in L X M. Since projection is an open map we can then conclude that L’ is open
in L. Quasiaffineness of L’ follows, as an open set of a quasiaffine variety is also quasiaffine.

(7) Suppose ¢ € L’ and fix p € P. Then there exists r € R’ so that ¢(r, {) € H. Observe that
¢(r,tp) = ¢(r,O)y(p) € H.

(9) Consider n(¢,m,r) € L,. As we showed in (3) we may assume r = B, m € H, and
¢ € L’. Since vy is a surjective morphism we know that there exists p € P so y(p) = m. Then

n(t,m,B) = n(€p,y(p)"'m, B) = n({p, 1, B). By (7), £p € L', concluding the resul. O
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Our quasiclasses are now closer to L, and R, than L and R are, but they still are not quite
there. We would like something closer to Theorem 9.10, with a single isomorphism. However,

this is still a noteworthy result and leads us to a discussion of when S is regular.
Proposition 9.16. L' x H X R’ = n~'(J,) and J, is the unique maximal ¥ -class of S.

Proof. Suppose n(£,m,r) = j € J,. Then it follows that there exist elements s, s’ € S' sat-
isfying, sjs’ = e. Now, since e = eee = esjs'e we may assume that s = 7m(A,n,y) and
s = n(x,n’, B). Then e = n(A, 1, B) = n(A, ng¢(y, O)mp(r, x)n’, B) = sjs’. By Corollary 9.11 it
follows that ¢(y, £),m, ¢(r, x) € H and hence £ € L', r € R’. Thus, n7'(J,) C L’ x H X R'.

For the reverse, take any ¢ € L', h € H, and r € R'. Thereis x € L', y € R so
¢, 0),p(r,x) € H. e = n(A,h'¢(y, O)~,y)n(€, h, r)n(x, ¢(r,x)"", B) € S'n(¢,h,r)S' and
n(t,h,r) = n(t,h, B)n(A, 1, B)n(A, 1,r) € S'eS'. So it follows that L' x H x R’ = 77 (J,).

It remains to show that J, is the unique maximal ¢ -class of S. Let J € S be any other
7 ~class. It suffices to show that for any s € J, s € S'eS'. Let s = (£, m, r). Then by now it
is quick to check that, n(¢, m, B)n(A, 1, B)yn(A, 1,r) = n(€,m, ). m]

This gives us a remarkable similarity to regular semigroups, as we know they have a unique
maximal _#Z -class. In fact, as the next theorem indicates, if we were to perform our construc-

tion with L" and R’ in place of L and R, we would get a regular semigroup for S.
Theorem 9.17. If S(L', P, M, Q, R’) exists, then it is regular.

Proof. Consider (a,m,b) € L’ X M X R’. Let x € L’ and y € R’ be so that ¢(b, x), ¢(y,a) € H.
Let n € M be such that mnm = m (which exists as M is regular). Then,

(a,m, b)(x, (b, )" nd(y, a)™", y)(a, m, b) = (a, mp(b, x)p(b, x)"' n(y, &)~ $(y, a)m, b),
which reduces to (a,m, b). So then L' X M X R’ is regular. And since we are assuming that r is

surjective then S, as the image of a regular semigroup, is also regular. O

With this theorem we now see that our idempotent, e = (A, 1, B) is shown to be an idem-
potent of the maximal _¢#-class of our regular semigroup, which is further imitation of the
setup in [24]. This is what we have been shooting for since the start of our section. So when

does S(L/, P, M, Q, R’) exist?
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The trivial answer is: when O(L’ X M X R")" € is finitely generated. Obviously we would
like a more substantial answer and one that perhaps relates to our original choice of varieties L
and R. So when does S(L, P, M, Q, R) exist?

Another naive answer would be when L and R are affine and P X Q is reductive (recall
Theorem 8.10). Suppose that L and R are affine and P X Q is reductive. When can we show that
S(L', P, M, Q,R’) exists? And let us not forget, we will also need 7 to be surjective, as many of
our previous results have employed this assumption. The following section gives us a possible

direction to pursue.

9.3 Normality

Lemma 9.18. Suppose that X and Y are affine varieties, with X normal. Suppose also that X
has an open subset U, so that the subvariety X\U has codimension at least 2 in X. Then any

morphism U — Y can be uniquely extended to a morphism X — Y
Proof. Lemma 2.2 in [31]. ]

Corollary 9.19. Let X be a normal affine variety with an open subset U C X, such that
codimy(X\U) > 2. Then O(U) = O(X).

Proof. This is another application of Proposition 3.5 from [11]. O

Proposition 9.20. Suppose that X is a normal affine variety. Let U be an open subset with
codimyx(X\U) > 2 and an algebraic group G acting on it. Then,
(1) the action of G on U extends uniquely to an action on X

(2) if X/ afsG exists then so does U] ,;rG and U/ ,s¢G = X/ 45 ¢G.

Proof. (1) Algebraic groups are known to be normal and by applying Theorem 2.21, G X X
is also seen to be normal. Now, since we have assumed that codimx(X\U) > 2 it follows
that codimgyx(G X X\G X U) = codimgxx(G X (X\U)) = codimx(X\U) > 2. Our action of
0 :G XU — U — X can then be extended uniquely to a morphismo : G X X — X.

It remains to show that G X X — X is a group action. Consider the morphism x +— o(1, x).

Restricted to U we see that this map must be the inclusion map U — X. By normality of X and
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codimension of X\U this extends uniquely to a map X — X, namely idx. But by uniqueness,
since x — (1, x) also extends the inclusion map we see that (1, x) = x.

Take any two elements g,h € G. Then g : X — X and h : X — X are given by x — o(g, x)
and x — o(h, x) respectively. Consider as well, the map gh : X — X given by x — o(gh, x)
Another uniqueness of the extension argument shows us that indeed o (g, o(h, x)) = o(gh, x).

(2) By Corollary 9.19, U/.s/G = S pec (O(U)°) = S pec (O(X)°) = X/ 4G O

Proposition 9.21. Suppose we assume that L and R are affine and also that L X M X R is a
normal variety. As well, suppose codim;(L\L"), codimgr(R\R") > 2. Then if S(L,P,M, Q,R)
exists, S(L', P, M, Q, R") will also exist and S(L', P, M, Q,R’) = S(L, P, M, Q,R).

Proof. We already know, from Proposition 9.15, that L’ X M X R" is open in L X M X R. It is not
difficult to conclude from our conditions that codimyypyxr(L X M X R\L’ X M X R") > 2. Then
X=LXMXR,U=L XMXR,and G = P X Q satisfies the conditions of Proposition 9.20.
SoS(L,P,M,Q,R) = X/ 4G = Ul 4sG = S(L', P, M, Q, R’) as desired. O

Our hope is that if we start with a regular semigroup S and choose the .Z- and #-classes of
e, an idempotent in the maximal _¢ -class, then S(L., H,,eSe, H,,R,) = S. Let us investigate

this now.

Lemma 9.22. Let s : X — Y be a surjective birational morphism of irreducible affine varieties

and suppose that Y is normal. Then  is in fact an isomorphism.
Proof. This result is exactly Lemma 2.1 in [15]. O

The following theorem shows us that when we begin with the case described in [24] (a
normal irreducible semigroup with zero) and apply this process we get the same semigroup as

our output.

Theorem 9.23. Suppose that S is an irreducible, regular, normal, affine semigroup with zero.
Let e € E(S) be an idempotent in the unique maximal ¢ -class of S.

Then S = S(Se,H,,eSe, H,,eS).

Proof. Since S is affine it follows that Se, eSe, and eS are, and thus so is Se X eSe X eS.

Since S is regular and has a zero, eSe is regular and has a zero. Thus, eSe is a reductive
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monoid, and it follows that H, is a reductive group, as is H, X H,. So we may conclude
that Se X eSe X eS/.;sH, X H, is a good quotient, and so it follows that the natural map,
m:SexeSexeS — SexeSexeS/.,;sH, X H, is surjective.

Consider the morphism f : SexeSexeS — § given by f({, h,r) = (hr. A consequence of
Theorem 8.6 is that f is surjective. By the universal property of affinised quotients there exists

a unique morphism f making the following diagram commute.

SexeSexeS — S

b

S/

The morphism £ is surjective since f is. Now, by applying Theorem 2.16 we can see that
J. = f(L.,H,,R,) = f on(L,, H,,R,). Consider x € f‘l(Je). Then since 7 is surjective there
exists (£, h,r) € Se X eSe x eS so that 7(€, h,r) = x. But then ¢hr = f(x) € J, and since J, is
maximum this implies & € H,, € € L., and r € R,. Thus, f‘](Je) =n(L, X H, XR,).

Now, suppose that f(n(f, h,r)) = f(ﬂ([’, W,r")). Then thr = W'y € J,. So by using
Theorem 2.16 we conclude they are in the same H, X H, orbit, and hence n(¢, h,r) = n(’, W', 1r').
Thus f restricted to (L, X H, X R,) is injective.

So we see that f is an isomorphism from n(L, X H, X R,) to J,.. Since J, is openin S (recall
Corollary 8.42) we see that f‘l(Je) = n(L, X H, X R,) must also be open. So f is a surjective
morphism which is an isomorphism between two open sets. In other words it is a birational

morphism. By Lemma 9.22, since S is normal, it follows that £ is an isomorphism. O

Corollary 9.24. Let S be a normal irreducible regular algebraic semigroup with zero. Let
e € E(S) be an idempotent in the unique maximal ¢ -class of S. If Se, eSe, and eS are
normal varieties, codims.(Se\L,) > 2 and codim,s(eS\R,) > 2, then S(L,,H,,eSe,H,,R,)

exists and is isomorphic to S .

Proof. By Theorem 9.23 above we know that S(Se, H,, eSe, H,, eS) exists and also satisfies,
S(Se,H,,eSe,H,,eS) = S. So it suffices to show that the conditions of Proposition 9.21 are
satisfied. By our assumptions in the statement of this corollary it remains only to show that for

¢:eS xSe—eSegivenby ¢(r,0) =rl, L, = (Se) and R, = (eS)’.
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Suppose ¢ € L,. Then there exists y € S so that y{ = e. But then e = ee = eyl = (ey)t, so
we may assume that y € eS. Thus € € (Se)’. Suppose that £ € (Se)’. Since £ € Se we can see
that there exists x € S so that xe = € (namely, x = £). By definition of (Se)’ there exists y € eS

so that y¢ = e. So it follows that £ € L,. Thus L, = (Se)’.

R, = (eS)’ is shown similarly, completing the proof. O

So we have almost shown S = S(L,, H,,eS e, H,, R,). Unfortunately, we had to make some
normality and dimension assumptions, which leads us to the following question, which we will

not pursue in the remainder of this paper.

Question 9.25. Is S = S(L,,H,,eSe, H,,R,) for all irreducible regular algebraic semigroups

with zero, S ?

One can also wonder whether the normality conditions can be simplified. It seems that, as
retracts of S, the normality of eS, S e, and eS e should follow. However, such a result (if true) is
currently elusive. As such, we are left to ponder the necessity of all the normality assumptions

of Corollary 9.24.

We will showcase two examples here, with the first one leading into our next discussion.

Example 9.26. Our first example is very similar to the example which came at the very end of
Section 8. Consider the determinantal variety, S = {the matrices of rank < 2 in M5(K)}, and

let e =

100 ap 0
> 0

o1 o]. Let us observe that Se = {|.. « ol | a; i € K}, so

0 0 0

| a;; € K} and eS = {.

000 1 an 0

noap 0
o1 an 0
0 00

S is also normal (since determinantal rings are Cohen-Macaulay, [12], and hence normal)

Se = eS = K°. Likewise eSe = {|. | aij € K} = K* so Se, eSe, and eS are all normal.

so by Corollary 9.24 it remains to show R,, L. satisfy the codimension 2 condition. We can
see that, R, = {A € eS | rk(A) = 2}. So it follows that eS \R, is the set of all matrices in eS

| a,b,c,k € K} which

which rank O or 1. We see eS\R, = {[A: “w

0 0 0

a b ¢
ka kb ke
0 0 0

| a,b,c,k € K} U {

has dimension 4. Hence, codim.s(eS\R,) = 2, likewise for the codimension of L, in Se. Thus

S(L.,H,,eSe, H,, R,) exists and is isomorphic to the matrices of rank 2 or less.

Example 9.27. The second example shows that we need not take P = Q = H. Consider the

same S and e as the last example. Let P = Cfm( (@), @ = Cg,. x(e). We can quickly see that
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mapsy : P — H, given by x — exand 6 : Q — H, given by x — xe are surjective. Along with
¢ :eS XSe — eSe given by (r,€) — rl they satisfy all the conditions for Definition 9.6.

Now, for f € O(Se x eSe x eS)™2 we see that for any (€,m,r) € Sex eSexeS and p € P,
q € Q, flum,r) = f(tp~',epmq e, qr) = f(tep™,epmq'e,qer) = f(g™", gmh™", hr) for
g=ep,h=qgecH, SofecOSexeSexeS)H sincey, s are surjective. Likewise we can
show the reverse containment, O(S e X eSe x eS)l*He C O(Se x eSe x eS)™C. It follows that
O(Se x eSexeS)* = O(Se x eSe x eS)1*He the latter of which is finitely generated since

H, is reductive. So it follows that S(S e, Cé(e), eSe,Cg(e),eS) exists.

In fact, we can generalise the former example. Let us take a look at a broader example of

Corollary 9.24 in action, as we apply it to normal determinantal varieties.

9.4 Determinantal Varieties

In algebraic geometry, determinantal varieties are spaces of matrices which have an upper
bound on their ranks. Their significance comes from the fact that many examples in algebraic
geometry are of this form, such as the Segre embedding of a product of two projective spaces.
For our purposes, the usual notion of determinantal variety takes the form,

D,, ={A € M(K) | rank(A) < r}

However, they can also be written in a different manner,

Dn,r = GL,(K)

’ "}GLn(K)
00

I, 0
00

I. 0
00

Of course, can be replaced by any rank r matrix, but it is the fact that is an

idempotent which draws our attention and allows us to make a generalisation.

Definition 9.28. A (generalised) determinantal variety is an algebraic variety of the form
Due = GeG for some e € E(M), where M is an irreducible reductive algebraic monoid with

zero and G is its group of units.
Proposition 9.29. Fix a cross sectional lattice, A, containing e then, Dy = | |r<, ren GfG
Proof. This is an immediate consequence of Corollary 4.11. O

Proposition 9.30. D, is an irreducible regular algebraic semigroups with zero.
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Proof. Since M has azeroand 0 < e, 0 € GOG C GeG. Since G is irreducible it follows that
GeG is irreducible and so GeG is irreducible.

For any elements, x,y € Dy, Jyy < Jyi, Jy (_Z -classes in M). By Proposition 9.29, Dy, is
a union of all ¢ -classes in M below J, = GeG. x € Dy, implies J, C Dy,. Since J,, < J;
we then see J,, € Dy,.. Hence xy € Dy, making it a semigroup.

For any x € Dy, € M we can find y € M so that xyx = x. Then x(yxy)x = x and

yxy € Jyyy < Jyy < J < Jo, since x € Dy, This shows us that Dy, is also regular. a

One of the advantages of determinantal varieties is that no matter our choice of idempotent,
e, the 7 -class of e in Dy, is the same as the .7 -class of e in M. This is the content of the

following proposition.

Proposition 9.31. For any irreducible reductive monoid with zero, M, a given idempotent,
e € E(M) and any idempotent, f < e,

(1) The Z-class of f in Dy, is GG

(2) The L-class of f in Dy, is Gf

(3) The Z-class of f in Dy, is fG

(4) The 7 -class of fin Dy is Gf N fG

Proof. (1) As a consequence of Proposition 9.29 GfG C Dy,. For any gfh € GfG we can
see that gf1,1fh,1fg"',h"'f1 € GfG C Dy,. So then, gfh = gfffh = gf1f1fh and
f=rff=1fg"gfhh "' f1. So f_Zgfh. Thus, GfG C J;. Since Dy, is a submonoid of M
we can see that J; C GfG, which completes the result.

(2) The proof is similar for Ry, so we will just show L;. Since Gf is the .Z-class of f in
M, and Gf C GfG C GeG = Dy, it follows that Ly € Gf. Suppose that x € Gf. Then we
can find g € G so x = gf. Observe that fg™! € fG C Dy, s0 f = (fg~")x and x = xf. Thus,
x € Ly and our result is concluded.

(4) follows from the . and % cases. O
Corollary 9.32. GeG is the maximal 7 -class of D

Proof. By Proposition 9.31 (1) we see GeG is a _# -class of Dy,. Since Dy, = Uy, GG is
is clear that every other _# -class of Dy, is of the form G fG for some idempotent f < e. But

then G fG C GeG, hence GeG is maximal. m|
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This next proposition gives an alternate definition for determinantal varieties and also de-

scribes some of the subsemigroups of D,,.

Proposition 9.33. For any irreducible reductive monoid with zero, M, a given idempotent,

e € E(M) and any idempotent, f < e,

(1) Dy = MeM
(2) Duef = Mf
(3) [Pme =M

Proof. (1) Since M is a monoid, MeM consists of exactly the ¢ -classes, J” with J* < J,. But,
by the definition of the cross-sectional lattice, there exists f € A so that J' = J¢, and J; < J,
implies f < e. Thus MeM C | |;., rep J¢ But for any idempotent f < e, we know ef = f, and
soJy=GfG C MfM = Me(fM) C MeM and so by Proposition 9.29, MeM 2 | |, rer J;-
Thus MeM = GeG = Dy,

(2) Since f < eif and only if fe = f = ef the general statement will follow from showing
Dy = Me. By (1) we know that Dy .e = MeMe. But Me is a subsemigroup of M, so it
follows that Dy, .e = MeMe = Me.

(3) can be shown similarly to (2). O

To showcase determinantal varieties as an example of our semigroup construction, we will
need to show that codim.y(eM\eG), codimy,.(Me\Ge) > 2. To do this we will need some
combinatorial facts coming from the Bruhat decomposition for reductive monoids.

We would like to know if S(L,, H,, eDy.e, H,, R,) exists, so we will rely on Corollary 9.24.
The codimension 2 condition is unlike anything we have seen before in this paper, so can be
difficult to get a handle on. Fortunately, Putcha’s paper, [24], already contains a structure that

will let us tackle this condition.

Definition 9.34. Let S be a regular irreducible algebraic semigroup. For any e’,e” € E(S)
and 7 -class J' € U(S) define e’ x J' tobee’'S NJ', J xe" tobeSe’" NJ', and e x J % e”

tobee’'Se’NJ.

Lemma 9.35. Let S be a regular irreducible algebraic semigroup. Let e be an idempotent in
its maximal / -classes, J. Let R, L, and H be the respective classes associated to e. For an

idempotent ¢’ € E(S) and ¢ -class J' € U(S), with e’ € E(J') and ¢’ < e,
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(1)exJ = He'R
(2)J  xe=Le’H

Proof. We will just prove (1) as (2) is achieved similarly. This whole result is an application
of Lemma 3.1 from [24]. By (i) of Lemma 3.1, e x J* = (He')(e’ x J'). (iv) tells us that
e’ x J' = ¢’R. By combining these two results, we conclude,

exJ =(He')e xJ)=(He)e'R) = He'R. O

In fact, Lemma 3.1 of [24] gives us a couple of formulas to compute the dimension of
e’ x J”, which we will not need in this paper, but which can be of great use to anyone who

wants to show the codimension 2 condition for situations other than determinantal varieties.
Proposition 9.36. Suppose that e’ < e € A. Then e x J, = Pye'G.

Proof. By Lemma 9.35, e x J, = He’R, where H = H, and R = R,. By recalling Section 4.2
of [30], we note that P,,) = {x € G | xe = exe} and it quickly follows that, H = P,,e and
Proposition 9.31 tells us, R = eG. Combining these results we see, He'R = P, ee’eG. Since

e’ < e we can see that ee’e = ¢’. Thus e x J,, = Py€'G. O

A similar statement can be made about J, x e, but it will involve the standard parabolic
subgroups relative to B™, rather than B. In what follows, similar statements can be made about
Jo * e, but one will need to make them involving the Bruhat order, the parabolic subgroups,
and cross sectional lattices, with respect to B~ rather than B. Notice that this will end up being

acceptable as B~, T produce the same Renner monoid, only the Bruhat order really changes.
Corollary 9.37. e x J,. is an irreducible variety.

Proof. This comes to us by way of Corollary 7.8, since Proposition 9.36 now tells us that e x J,,

isafat _¢#4Sclass O
Corollary 9.38. dim(eS\R,) = max{dim(e x J') | J' € U(S),] < J.}

PFOOf. NO'[]CC that eS = S N eS = (l_l]/eru(s) J,) N eS = |_|J’€(M(S)(J, N eS) = |_|]/€.u(5)(e * J,).
We can see eS\R, = Se\e x J, (by Lemma 9.35), so it follows, eS\R, = | |ycqsy € * J'-

Since J, is the maximum element of the lattice, T(S ), we see eS\R, = | |, ; (e x J').
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Thus we see eS \R, is a finite disjoint union of irreducible subvarieties, so from the defini-
tion of dimension (as the maximum dimension of the irreducible components of the variety),

dim(eS\R,) = max{dim(e x J') | J € U(S),J’ < J,} as desired. O

Corollary 9.39. Bwy(A(e))e’B =e x J,

j Ae),S

Proof. By Proposition 9.36, e x J,, = P, e’G. So it follows that B[e’( 1 BisdenseinexJ,.

j/l(e).s
To finish the proof, it remains to show that [¢’ T = wy(A(e))e’.

It is clear that wo(A(e))e’ L @e¢’, and hence wy(A(e))e’ € Jj,(e)’s. We can see that wy(A(e))e’ €
wo(A(eNA € wo(A(e)GT S wo(A(e)GT ™. Multiplying by wo, wo(d(e))e'wo = wo(A(e))wof’
where ' = wpe’'wy € A~. By Corollary 5.19 we have wy(A(e))wof = wowo(A(f))f’. And so
from there it follows that wowo(A(f))f" = we ' woA( WA f = wel 7 = wi D g7,
Now, we can see, A(f') = A*(f") U A.(f’) which is a subset of 1*(f) U A.(f"), since f" < f.
Thus, A(f") € A(f) U A.(f") and it follows that wy(A(e))e’'wy € JG. Thus, wo(A(e))e’ € T Gwy.

j/l(e),S

By Theorem 7.18 it follows that [e" T =we(A(e))e’. |

With the dense B X B orbit of e x J,» identified we are in position to tackle the codimension

2 condition. We just need the following lemma which follows from work in [2].

Lemma 9.40. Suppose that 1 C J C S. Then,
( 1 ) JW() < IW()

(2) w) <w]

Proof. By Proposition 5.10, wy, €/W c!W . Since wj is the maximum of /W it suffices to
show “wy # 'wy. By Proposition 2.4.4 in [2], £('wg) + E(wo(D)) = E(wy) = £ wp) + E(wo(J)).
By Corollary 1.4.8(i1) in [2], I # J implies wo(J) # wo(I). But since I C J, wo(I) < wo(J).
From here we conclude that £(wo(I)) < £(wy(J)). Hence, £('wy) > €('wy) and from there we

conclude (1). (2) is done similarly. O

Theorem 9.41. Let M be an irreducible reductive algebraic monoid with zero, with group of
units, G, and let e € A (a cross sectional lattice). Suppose that for all ¢’ € A covered by e, we

have A.(e) C A.(¢"). Then codim,y,, ,(eDy\R.) = 2.
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Proof. By Corollary 9.38, codim,x,,,(e®Dy.\R,) = max{dim(e x J..) | ¢’ < e,e’ € A}. For any
variety, X, dimX = dimX. So it follows by applying Proposition 9.36 and Corollary 9.39,
codim,y,, (eDy\R,) = max{dim(P,,e’'G) | ¢’ <e,e’ € A}
= max{dim(m) | e’ <e, e €A}

= max{dim(Bwy(A(e))e’B) | ¢’ < e,e’ € A}

Observe that Bwy(A(e))eB = P)eG = eG = eM = e®D .. Suppose there exists, r € R, so
that wy(d(e))e’ < r < wy(A(e))e. Then, Bwy(A(e))e’B C BrB C Bwy(A(e))eB = eDy,. Thus, at

the level of dimensions, dimBwy(A(e))e’B < dimBrB < dimBwy(A(e))eB = dime®y,. Then it
follows that, dim(e x J/) < dim(e®y,.) — 2. So to show codim,s,,, (€D \R,) > 2 it suffices to
show for each ¢’ € A, ¢’ < e, there exists r € R so that wo(A(e))e’ < r < wy(A(e))e.

First notice that if e does not cover e’ then we can find e’ € A so that ¢’ < e¢” < e and hence

/zl(e),S fll(e),s ) fﬁ(e),s
[¢¢ 1 <Je’ 1 <[e 1 .Weneedonlyshow that such an r exists for ¢’ covered by e.

Written in standard form, [e//l](e)ys = wo(A(e))*@e and [¢" ’A](g)s = wo(A(e))*e’. Consider
I = M, ey e S Recalling Theorem 6.37, we know can write r in standard form,
r = xey~! with y € D(e) such that there exists element, z € W(e), with zy~! = wy(1.(¢)) and
x = min{wo(A(e))*“c | c € W,c < z).

Now, regardless of z, 1 < z, and so0 x < wo(A(e))*“'1 = wy(A(e))*"). By assumption,
A.(e) C A.(e'), so by Lemma 9.40, x < wy(A(e))*©” < wy(A(e))*©. Since bOthI)S: xey~' and

wo(A(e))*@e are in standard form, yet different we can conclude that r # [e¢ 1 and hence

wo(A(e))e’ < r < wy(A(e))e as desired. O

Recall that although our last few results have been strictly stated in terms of the the right
side (i.e. involving R,, P, rG, eM) there are analogues to each statement on the left side, but
involving dense orbits of B~ X B~ and the corresponding ‘opposite’ Bruhat order on R. So
by analogy, we have also proven the statement, Let M be an irreducible reductive algebraic
monoid with zero, with group of units, G, and let e € A (a cross sectional lattice). Suppose that
forall ¢’ € A covered by e, we have A.(e) C A.(¢’). Then codimsy,, ,.(Dye\L.) > 2.

Before we see the fruits of the theorem, let us note this condition does not always hold.

Example 9.42. Consider the n X n matrices, M,(K). If we let e = 1 then Dy, k)1 = My(K).

Take the idempotent, e’ :[ O\ Then with respect to the simple reflections, S, obtained with
0 0
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the usual Borel subgroup of invertible upper triangular matrices, A.(1) = A.(e’) = 0. As a

result, our theorem cannot be directly applied to this situation.

Corollary 9.43. If Dy, Dyee, Dyee, and eDy e are normal and for all e’ € A covered by e,

we have A.(e) C A.(€'), then GeG = S(Ge, H,,eMe, H,, eG).

Proof. By Proposition 9.30 we know that D, is an irreducible regular algebraic semigroup
with zero. We have also shown that e is belongs to the maximal _¢# -class of D, (Corollary
9.32). Furthermore, we have by assumption that D, D€, Dy e, and eDy e are normal.
By Corollary 9.24 it suffices to show that the conditions codim,sy,,,(eDy.\R.) > 2 and
codimy,, ,.(Dye\L.) > 2 are satisfied. But these are satisfied by Theorem 9.41 and its analo-

gous statement for L, which we have already remarked on. From here the result follows. O

Example 9.44. Let n > 2 and consider M = M,(K) with the usual Borel subgroup of invertible
upper triangular matrices. If we fix a nontrivial idempotent of the cross sectional lattice given

"1 for some 0 < r < n. Since n > 2 and
0

tousby B, 0 <e <1, e € A, we can say that e =
0

0 < r < nwe compute A.(

;'2]):{(rr+l),(r+lr+2),"' L(n—1n)}

Suppose €' € A is covered by e. Then ¢’ =| " ° | and just as above it is not hard to compute
0 0

).

I, 0
00

that /l*([ ”;‘ 2

Y={(r—=1r),(rr+1),---,(n—1n)}. Itisclear(r—1r) € /l*([ "‘(;‘ 2])\/1*(

Now observe that,

Dyee = M,,(K)[ 1'0’1 2]: all n X n matrices with the right n — r rows all zero = K"

eDyre :[ ”(;‘ Z]Mn(K): all n X n matrices with the bottom n — r rows all zero = K"

eDye =

(o M) = K7
0 0 0 0

are all normal varieties as they are each isomorphic to affine space. Lastly, recall from our
motivation that, Dy, = {all matrices of rank < r} which is known to be a normal variety [12].
Since the requirements of Corollary 9.43 are satisfied we may conclude that,

Bue = S(GLy(K)e, GLAK), M (K), GL,(K), eGL,(K)).

It 1s entirely possible that all determinantal varieties (as defined in Definition 9.28) are
normal (perhaps even Cohen-Macaulay) in which case this result would hold in a much broader

sense.
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10 Concluding Remarks

It was quite unexpected that the absolute maxima elements of our parabolic Green’s rela-
tions (which was constructed as a purely combinatorial generalisation of Green’s relations in
R) was able to answer a deep geometric problem (the codimension 2 condition of Theorem
9.41).

There is the sense that the surface has not even been scratched on the possible use of
maximal and minimal elements. Indeed, the entire theory presented here still has some gaps.
We take the time to reiterate these unanswered questions and conjectures of this paper.

The first open question was born from the general nonexistence of relative maxima of
¥ -classes. This problem was also encountered with our parabolic relations, with the added

wrinkle that now min,J"' and max,J"’ were both nonexistent.

Question. Let K- C 1. C S, K, CI, €S, L. CJ CS§,L. CJ, CS be sets of simple
reflections such that Wi, = W, X Wik, = Wik, X Wk, and Wy, = Wy X Wy, = Wi, X Wi,
for all sets x = + or —. Suppose also that L. C K, and I.\K. C J.\L. for all + = + or — and
that woWy,wo = Wy_forall H = I, J,K, L,I\K and J\L. For elements, c_ € “W,1_€ W,
o, € W t, € W, and 19 € =W N W woW,; NW, define the set,
A = {O’o ewn (WI_WOWA)HWIQ dw_ € Wy Wy, dw, € Wy, Wi, so that }
wW_T_<o_,00 <w_tow, and T.w, < 0,

Is it true that if A # 0, then A is a directed set (a preorder where every pair of elements has

an upper bound) with regards to the Bruhat order, <?

The following conjecture and question concern geometric (Borel subgroup-centric) defini-

tions for our generalised sets, 0™/, GJ', 7G’, and N/,

Conjecture. LetI,J C S andr e R.
(1) r e GJ" if and only if (B N L))r C rB if and only if (BN L,)rB = rB
2)regg’ if and only if r(B N Ly) C Br if and only if Br(BN Ly) = Br
(3) r e N* ifand only if (BN L)r(BNL;) C BrNrB

Question. For a given 1,J C S, can we find a definition for O that is similar to that given by

Definition 3.10 in Section 3?
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Although our later theory of relative maxima and minima allowed us to answer the ex-
istence of the absolute maxima and minima for any .7#’~-class, it remains to describe these
elements in a meaningful way. As we noted, the set '~ is the most likely candidate, however
a proof proves elusive for now.

Conjecture. Foranyr e Randany Il,J C S,
A
(I)r=1|r | ifandonlyifr e O".
jiol,j

(2)r=1[r 1 ifand only if r € wo(I)O" = O wy(J).

Our final open question’s positive answer would add a lot of meaning to our exciting new
construction of irreducible regular algebraic semigroups with zero. At the moment our stum-

bling block is that the only affirmative answers rely on conditions of normality which are not

presently bypassable.

Question. Is S = S(L,.,H,,eSe, H,,R,) for all irreducible regular algebraic semigroups with

zero, S?

As we can see, the bulk of the outstanding results and questions come from our new
parabolic Green’s relations. As a new concept this is understandable, and hopefully sufficient
use of these concepts has been demonstrated in this paper to warrant their further study. In-
deed, for both the combinatorial investigations of the Renner monoid and the Green’s building

constructions there appear to be many possibilities for subsequent investigation.
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Appendix

A.1 Results From Other Sources

Proposition A.1. Let S be a regular semigroup. Suppose that a € S and a = aya, - - - ar. Then
a_f a; for all i if and only if we can find e, e, --ex_; € E(S) so that a;.Le;%a;., for all
1<i<k-1

Proof. The case for k = 2 follows from [20] Theorem 1.4(vi). Now suppose k > 3. Suppose
that a_¢ a;. For any i, SaS C Sa,a;1S € Sa;S = Sa;.1S = Sa$ so ajaiy 7 a;_f ai.. By the
k = 2 case we than see that there must also exist ¢; so that a; % e;Za;.,.

For the reverse direction, suppose that such ey, e, --e,—; € E(S) exist. Then we can see
that Saja, = Seja, = Say = Sey, s0 aja,.Le,Z#as and so by induction, a_¢ a,a,, a_g a; for

all i > 3. We conclude by noting that a,a, ¢ a, _# a, (by the existance of e;), which shows that
a faay fa 7 a. O

Proposition A.2. For any idempotent e € E(R), we get the following, eBe C eB and eBe C Be.

Proof. Putcha notes in Corollary 7.2(ii) of his book ([20]), for any e € E(B), eBe = eCjyle),
where Cp(e) is the centralizer, {g € B | eg = ge}. From there we see eBe = eCpg(e) C eB. Since

this subgroup commutes with e we also have, eBe = Cg(e)e and may conclude eBe C Be. O

Theorem A.3. Suppose that X is an irreducible variety. Then, if we can decompose X into a
finite disjoint union of subvarieties X = X; U X, U --- U X, then there exists a unique i with

1 <i < mso that X; is open and dense in X.

Proof. We can see that X = X = m = |J", X; since it is a finite union. Suppose that none
of the Z = X, then X = )71 U m both closed sets, which gives us a contradiction to the
irreducibility of X. Thus there exists an i so that X; = X. It follows that dim(X;) = dim(X). By
Proposition 14.1.6(iv) of [35], since X is irreducible X; must be open.

To see that i is unique, suppose there is another, X;. It must also be open, so being dense

sets, X; N X; # 0, contradicting our assumption of disjointness. O

Proposition A.4. Suppose that an irreducible algebraic group, G, acts on a variety, X. Then

for any element x € X, the orbit Gx is an irreducible subvariety of X.



152 APPENDIX

Proof. Since G is irreducible and {x} is a singleton set (hence irreducible) we can see that
G x {x} is an irreducible variety. So its image under the morphism of our group action must be

irreducible. But this image is exactly Gx C X. Thus Gx is an irreducible subvariety of X. O
Lemma A.5. The nonzero multiplicative single-variable polynomials are monic monomials.

Proof. Let p(x) = a, X" +a,_; X" +- - -+a,x+ag with coeflicients in K, and particularly, a, # 0.
Suppose that p is multiplicative. Then p(x)p(y) = p(xy). Expanding we see that,

aﬁx”y” + Apy XY+ @y 1a, XY+ ai_

lx”‘ly”‘1 + -+ ajapx + apary + aé
=a, X"+ +a1xy+a
Comparing coefficients we can derive the following conditions on the coefficients, a,a,_; = 0,
anan— =0, a,a,.3 =0, ---, a,ay = 0. By assumption, a, # 0,80 a,-1 = a,» = --- =ap = 0.
This simplifies the equation to,
ax"y" = a,x"y"

Thus, aﬁ = a, and we can conclude that a, = 1, yielding p(x) = x", a monic monomial. m]

A.2 Opposite Standard Form

In this part of the appendix, we will lay out a number of results that are similar to those
given at the start of [17]. Ultimately, these will culminate in our proof of Theorem 5.33, as

Theorem A.9.

Lemma A.6.
(1)Ife,f € Aand e < f then W(e) = W.(e) (W(e) N W(f)).
(2)Ife,f € A" and e < f then W(e) = (W(e) N W(f)) W.(e).

Proof. (1) is noted in [17] and is included for a sense of completeness. Now, to prove (2)
recall that, by Proposition 5.21, W*(e) € W*(f), since e < f. Proposition 5.23 tells us that
W(e) W*(e)W.(e). Since W*(e) € W(e) and W*(e) € W*(f) € W(f), we can see that
W(e) € (W(e) n W(f)) W.(e). Conversely, W(e) N W(f) € W(e) and W.(e) € W(e), so then
(W(e) N W(f)) W.(e) € W(e). O

Lemma A.7. Let x,y € W. The following are equivalent.

(I)x<y



A.2. OPPOSITE STANDARD FORM 153

(2) xBy 'NB B #0
(3) yBx ' N BB~ # 0

Proof. The equivalent of (1) and (2) is established in [17] by Lemma 1.2. Recall that in W,
x < yif and only if woy < wpx. Then our equivalence between (1) and (2) tells us that
woyBwox)™' N B"B # 0. Recall that wy '= wy and woBw, = B~. So, by multiplying both sides
by wy does not change the emptiness of a set, and we can see,

yBx™' N BB~ = wy(woy)B(wox)™'wo N woB~Bwy # 0
if and only if (woy)B(wox)~' N B~B # 0 if and only if (1). O

Lemma A.8. Forallwe W
(1) BxBC B BxNxB™ B
(2) BxB- C BB xN xBB~

Proof. The proof of (1) is given in [17] as Lemma 1.3. To prove (2), consider the element
woxwy. Then by (1), B-woxwoB C B~ Bwyxwy N woxwoB~B. The containment is unchanged if
we multiply on the left and right by wy. So we have,
woB woxwoBwy C wo(B~Bwoxwy N woxwoB™B)wy.
Recall that B~ = wyBwy, so then, wyB~woxwyBwy, = BxB~ and,
wo(B~Bwoxwy N woxwyB~B)wg = BB~x N xBB~,

yielding the result. O

Theorem A.9. Lete,f € A, x,s € W,y € V(e) and t € V(f). Then the following are
equivalent,
(1)y'lex<t'fs

(2) ef = e and there exist w € W.(e)W(f), z € W,.(e) so that wt <y and x < zwsin W

Proof. Assume that (2) holds. By Lemma 5.28 we can see that y'ewt € B. It follows that
ylewfs = yewtr' fs € Br' fs C Br! fsB. By assumption, w = wyw, with w; € W.(e) and
wy € W(f). Thus, ylewfs = ylew,wofs = ylew, fs = ylew,s = ylews. But, by Lemma
527 ylex < ylezws =y lews = ylewfs < t7! fs.

Conversely, suppose y~'ex < ! fs. Then clearly, e < f, and y'ex € m Hence,

e € yBr-' fsBx~'. Now, for w € W let,
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A, = sBx"' N BwB"~

It is clear that sBx™! = | |,,c Ay, since sBx™' € G = | |, BwB~. Since this is a finite
disjoint union of subvarieties, Theorem A.3 tells us we can find a unique element, w € W, so

that A,, is open and dense in sBx™!.

It follows that , e € eyBt~' fA,e C eyBt"'fA,e C eyBt"' fBwB~e = eyBt~' fBfweB-e,
since fB = fBf and B¢ = eB e, as e, f € A~. Hence, fwe_Ze. Soe < w™'fw. Bute < f,
and thus there exists v € Cy(e) such that v=! fv = w™! fw. But then, v € W(f) N W(e) # 0,
so we quickly see that we can write w = cv, with ¢ € W(f). It then follows, by Lemma A.6,
w=cve W)W € W(f)(W(f) nW(e)) W.(e) € W(f)W.(e). We conclude w = wyw, for
some wy € W(f) and w, € W.(e).

Since A,, # 0 we see by Lemma A.8 that 0 # sBx™' N BwB~ C sBx™' N wBB~. Thus, we

see w 'sBx™' N BB~ # (0. So by Lemma A.7, x < w™'s = w;'wils.

Then we see, e € yBt~' fA,, C yBt~' fBwiw,B~ = yBt~' fwyw,B~ = yBt~'w; fw,B~, since
wi € W(f)and 7' f € JG. Foru € W let,

C, = yBt''w, N BuB~

As before, we see that yBt 'w, = | |,w Cu» and there exists a unique u so C, C yBt 'w,

is open and dense. Thus, e € C,fw,B~. It follows from there that we get a short chain of

inclusions, e € eC,fw,B e C eC,fw,B e C eBuB™ fw,eB~e. And from there we see that

e € eBuB feB e = eBuB eB e = eBuB ¢ = eBeueBe, since e € A™.

Thus, eue 7 e, and hence u € W(e). So in eCg(e), we see e € eBeueB-e. But eCg(e) is a
reductive algebraic group, with a Borel subgroup, eBe that has opposite, (eBe)~ = eB~e. Thus
e € (eBe)eu(eBe)~ means that eu < e in W(eCg(e)). But e is the identity of eCg(e), so it is the
minimum element of the Weyl group, and we can see eu = e. So u € W.(e).

Since C,, # 0, we see 0 # yBt™'w, N BuB~ C yBt~'w; N BB u. So yBt 'wyu™' N BB~ # 0.
Thus, uw;'t < y by Lemma A.7. Let w = uw;' € W.(e)W(f), z = wy'u"' € W.(e). We may

then conclude that,
x<wi'wils = wilutuw?ls = zws wt = uw; !t <
S Wy wy 2 1 1 =y

as desired. m]
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A.3 Pointed Parabolic ¢ -classes on M3(K)

Recall the simple reflections for the Weyl group M5(K) with B, the group of upper triangular
0o10) (100

matrices. S = {(1 2),(2 3)} = {[ 100 J, 00 1
oot1)lot1o

classes defined in Section 7 in relation to the Bruhat order. Specifically, for each of the pairs

}. The next 16 pages show the equivalence

(I,J) € P(S) x P(S), we look at the graph of the covering relation of the Bruhat order and
1
highlight the _# IJ_classes. This allows us to illustrate concepts like min,J"’ and [r{ 1.

Each graph contains the 34 matrices of the Renner monoid of M;(K) two matrices are
connected by a line if the matrix lower down the page is covered by the higher matrix with
respect to the Bruhat order. That is, r and s are connected if there exists no matrix ¢ so that
r <t < s. A matrix lower on the page is smaller with respect to < than a matrix higher up if
there is an upward path in the graph connecting the two matrices.

Matrices connected by a gray, dashed line are in different _#'/-classes. Each pair of matri-
ces connected by a solid, coloured line are members of the same _#"/-class. Each _#'/-class is
granted its own colour, although in the case of size one equivalence classes this colour does not
appear. The colours are for visual convenience only, and do not have any particular meaning.

The first of these charts corresponds to _# %9, or rather the equality relation. As such
every equivalence class has only one element, so there are no solid coloured lines. The fourth,

thirteenth, and sixteenth graphs represent the Z-, .-, and _¢# -classes. So confused readers are

encouraged to view those charts first to get a better sense of reading the others.
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I'={}and J = {(12),(23)}

Classes depicted correspond to [
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