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Abstract

A major open problem in current Galois theory is to characterize those profinite
groups which appear as absolute Galois groups of various fields. Obtaining detailed
knowledge of the structure of quotients and subgroup filtrations of Galois groups of
p-extensions is an important step toward a solution. We illustrate several techniques
for counting Galois p-extensions of various fields, including pythagorean fields and local
fields. An expression for the number of extensions of a formally real pythagorean field
having Galois group the dihedral group of order 8 is developed. We derive a formula
for computing the F,-dimension of an n-th graded piece of the Zassenhaus filtration for
various finitely generated pro-p groups, including free pro-p groups, Demushkin groups
and their free pro-p products. Several examples are provided to illustrate the importance
of these dimensions in characterizing pro-p Galois groups. We also show that knowledge
of small quotients of pro-p Galois groups can provide information regarding the form of

relations among the group generators.

Keywords: Galois theory, p-extension, pro-p group, absolute Galois group, local field,

formally real pythagorean field, Zassenhaus filtration, Demushkin group.
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Chapter 1

Introduction

Nearly 200 years after his untimely death in a duel at the age of 20, the legacy of Evariste
Galois lives on in the theory that bears his name. While remarkable progress has certainly
been made, a number of open questions remain. One major problem is, given a field F
with separable closure Fj, to characterize, among other profinite groups, the absolute
Galois group G := Gal(F,/F') of F. One means of approaching this question is to study
the structure of subgroups and quotients of certain profinite groups. Such fundamental
problems in current Galois theory also have important implications in other areas of
mathematics. For example, knowing how much information Galois groups carry about
base fields is closely related to the problem in algebraic geometry of determining how
much information about algebraic varieties is contained in the knowledge of fundamental
groups.

Given a prime p, one can consider the Galois group Gr(p) of the maximal p-extension
of F. This is a pro-p group which is the maximal pro-p quotient of Gr. To shed some
light on the structure of this group, one can then ask whether, for a given pro-p group
G, there exists a normal extension K/F with Galois group isomorphic to G. This is the
inverse Galois problem and the solution is closely related to properties of the base field F'.
The next question which naturally arises is to determine the number of such extensions.

Similarly, the structure of subgroups, particularly certain central subgroup filtrations,
of profinite groups has a close connection with Galois theory. For example, in 1947, 1. R.

Shafarevich [Shad7| showed that Gr(p), for local fields F' not containing a primitive p-th
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root of unity, was a free pro-p group simply by determining the cardinality of some of its
filtration quotients. Zassenhaus filtrations of groups were introduced in [Zas40| and, in
the case of absolute Galois groups, these filtrations and their subquotients have recently
been investigated in [CEM12, Efr14b, Efrl4a, EM11a, MT13, MT15]. Other filtrations of
absolute Galois groups, such as the descending p-central series, are also of interest (see,
for example, [Lab70, EM11b]).

Our focus is on the Galois theory of p-extensions, which are Galois extensions K/F
of a base field F’ whose Galois group is a pro-p group, and our goal here is twofold. First,
we endeavour to illustrate several methods for counting finite p-extensions. We compare
these methods to show that, by employing various algebraic tools, one can develop rel-
atively efficient counting techniques. Our second goal, and main result, is to develop a
method for determining the [F,-dimension of subquotients of the Zassenhaus filtration of
finitely generated pro-p groups. We derive an explicit formula for these dimensions in a
number of specific cases and point out several examples of their importance in the Galois
theory of p-extensions.

These various techniques are dependent upon results from a broad range of subjects,
including Galois cohomology, the theory of quadratic forms and quaternion algebras, and
the general theory of Mobius functions. The necessary background is presented in the
next chapter. We begin that chapter with an overview of the theory of profinite groups
and discuss several results that will be needed in the study of filtration quotients in chap-
ter 4. For example, in section 2.1.3 the descending g-central series and the Zassenhaus
p-filtrations are defined and the connections between filtrations of a finitely generated
pro-p group G and the structure of both the completed group algebra F,[[G]] of G and
the Magnus algebra with coefficients in [F,, are described. These connections are im-
portant in developing the technique for counting IF,-dimensions of Zassenhaus filtration
subquotients in section 4.1.

In chapter 3 we turn to the problem of counting Galois p-extensions of a field F'. Be-
ginning with the case p = 2, we point out the connection between a small quotient of the
group G (2), called the W-group of F', and the number of Galois extensions of F' having

Galois group isomorphic to the dihedral group D, of order 8, which are referred to as
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Dy-extensions. The W-group is the quotient Gfi] =Gp/ G;f’) in the descending 2-central
series (Gg))izl of G, and is considered a Galois-theoretic analog of the cohomology ring
H*(Gp,Fy) [CEM12, MS96]. This further suggests that enumerating p-extensions and
filtration quotient dimensions can play an important role in elucidating the structure of
absolute Galois groups.

We first consider the case of p-extensions of local fields. Section 3.3.1 describes the
method of directly constructing Dy-extensions of the field of p-adic numbers, @Q,, for both
p odd and p = 2, due to H. Naito [Nai95|. In the proof of Proposition 3.3.1, we illustrate
an alternative, group-theoretic approach based on knowledge of the W-group of @, and
in section 3.3.3 we outline an approach based on the theory of quaternion algebras over
Q,

Turning, in section 3.3.4, to the more general case of a local field K which is a finite
extension of QQ,, we describe an interesting method of counting p-extensions of K using
Mébius functions and complex characters, due to M. Yamagishi [Yam95| which relies on
lemma 2.5.6 from the general theory of Mébius functions. In example 3.3.3, we show that
if K does not contain a primitive p-th root of unity, this method can be used to obtain
an earlier result of Shafarevich [Sha47|. The case in which K is a finite extension of Qy
of odd degree not containing a primitive 4-th root of unity is shown in detail in example
3.3.6. This example illustrates that the method produces a simple expression for the
number of Dy-extensions of K which depends only on n, but requires detailed knowledge
of the classification of Demushkin groups as well as the complex character theory of D,
and all of its subgroups.

In section 3.3.5, we assume that K is a finite extension of @, containing a primitive
p-th root of unity and develop a method based on Galois cohomology and the solution of
embedding problems to count the number of Us(IF,)-extensions of K, where Us(F,) is the
group of unipotent three by three matrices over IF,. This is the ‘cup product analogue’
of a technique using Massey products to compute the number of Uy(IF,)-extensions of K
developed by J. Mina¢ and N. D. Tan [MT14]. Since D, = Us(FFy), this provides another
method of enumerating the Dy-extensions of certain local fields.

We introduce the theory of formally real pythagorean fields in section 3.4 and use
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properties of the set of orderings, cup products and quaternion algebras to derive an
expression for the number of Dy-extensions of a formally real pythagorean SAP field F
with finite square class group F*/(F*)%. We also characterize the group G (2) for both
pythagorean SAP fields and superpythagorean fields. The structure of these groups is
then studied further in chapter 4.

The main results appear in chapter 4. We introduce the Hilbert-Poincaré series
and define ¢,(G) to be the F, dimension of the n-th graded piece G(n)/G(n41) of the
Zassenhaus filtration of a finitely generated pro-p group G. Using a beautiful theorem
of Jennings and Lazard, we develop an explicit formula for ¢,(G) for various families
groups G, including finitely generated free pro-p-groups, Demushkin groups, and free
pro-2 products of finitely many copies of the cyclic group Cs of order 2. In Proposition
4.1.14, we point out a relationship between ¢,(G) and the Z,-rank of the n-th graded
piece of the descending central series of G.

Section 4.2 deals with free pro-p groups. The Magnus homomorphism introduced in
Theorem 2.1.25 allows us, in Lemma 4.2.1, to characterize a finitely generated free pro-
p group by its Hilbert-Poincaré series and in Remark 4.2.4, we show that determining
finitely generated free pro-p groups within the family of all Galois groups of the maximal
p-extensions of fields containing a primitive p-th root of unity actually requires only the
two numbers, ¢;(G) and c3(G). We observe also that, for a free pro-p group S, the num-
bers ¢, (S) determine the minimal number of generators of the Zassenhaus subgroups of S
and we give an explicit F,-basis for S(,)/Sp+1), for each n in terms of Hall commutators.
In Lemma 4.2.12 and Corollary 4.2.13, we again meet the group U, (F,) and provide an
interesting, purely group theoretical result based on the formula for ¢, (5).

Following up on the characterization of the Galois groups of maximal p-extensions of
pythagorean fields given in section 3.4.2, we study, in section 4.3, groups GG which are free
products of a finite number of cyclic groups of order 2. We show that each such group
G contains a free pro-2 subgroup H of index 2 and in Corollary 4.3.5 we obtain, for each
n > 2, the interesting relation H,y = H N G, using knowledge of the numbers ¢, (G)
and ¢, (H). In Remarks 4.4.4 we observe that ¢;(Gr(2)) and c2(Gp(2)) are sufficient to
determine the group G (2) if F' is either a pythagorean SAP field or a superpythagorean
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field. These examples illustrate the fact that the numbers ¢,(G) can be very useful in
group theory and Galois theory.

We conclude chapter 4 by looking at Demushkin groups as well as some other groups.
We observe again that, for a Demushkin group G, the numbers ¢,(G) determine the
minimal number of generators of the Zassenhaus subgroups of G.

Finally in chapter 5, we consider relations among the generators of finitely generated
pro-p Galois groups and show that knowledge of small quotients of these groups can be
useful in determining the form of these relations.

The following is a list of the theorems/propositions/lemmas/corollaries which con-
stitute the main results of this thesis: 3.4.10, 3.4.12, 3.4.15, 4.1.13, 4.1.14, 4.2.1, 4.2.9,
4.2.13,4.3.3,4.3.4,4.3.5,4.4.1, 5.1.2, 5.2.1.



Chapter 2

Background

In this chapter we review some of the basic theory of profinite groups and introduce the
tools that will be needed in subsequent chapters. We outline a connection between central
filtrations of profinite groups and filtrations of completed group algebras which will be
important in developing a technique for computing filtration subquotient dimensions
in chapter 4. Galois cohomology as well as the theories of quaternion algebras and
quadratic forms lead to interesting methods for counting Galois p-extensions. We review
the pertinent background and relevant connections as a prelude to illustrating several
combinatorial techniques in chapter 3. Many problems of enumeration, including those
that we study in chapters 3 and 4, are closely related to the theory of Mobius functions.

The final section of this chapter outlines that general theory.

2.1 Profinite Groups

Definition 2.1.1. A profinite group is a compact Hausdorff topological group whose

open subgroups form a neighbourhood basis at the identity.

There are several other equivalent definitions, the most important of which is based
on the concept of an inverse (or projective) limit. We briefly outline this construction.
A directed set is a non-empty partially ordered set (A, <) such that for every A, € A
there exists v € A with v > X and v > u. An inverse system of groups over A is a

family of groups (Gx)ea together with homomorphisms 7y, : Gy — G, whenever A > p,
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satisfying the conditions
mw = Ildg, and 7y, = m,,my, Whenever A > u > v.

The inverse limit
Hm Gy = @(G,\)AEA

is the subgroup of the direct product [],., G consisting of all elements (gx)xea such
that my,(gx) = g, whenever A > . An analogous construction can also be applied to
other structures such as sets, rings or topological spaces.

A profinite group can then be defined as a topological group that can be realized as
an inverse limit of finite groups endowed with the discrete topology. It can be shown

(see, for example [DSMS99, Proposition 1.3]) that these two definitions are equivalent.

Example 2.1.2. 1. Given a group G, let A be the set of all normal subgroups of finite
index in G, directed by reverse inclusion. Then the family of quotients (G/N)nea

forms an inverse system of finite groups. The inverse limit
G = lim(G/N)yea

is a profinite group, called the profinite completion of G.
2. Profinite groups arise in this way as the Galois groups of algebraic field extensions.
If K/F is a Galois extension, its Galois group

Gal(K/F) = lim Gal(M/F) yer,

where T is the set of all finite Galois sub-extensions M/F of K/F. In the case that
K = Fj is the separable closure of F', then G := Gal(F,/F) is the absolute Galois
group of F'.

3. If F is a finite field with algebraic closure F, then Gal(F/F) = 7, the profinite

completion of Z.
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2.1.1 Pro-p groups

Definition 2.1.3. Let p be a prime number. A pro-p group is a profinite group in which

every open normal subgroup has index equal to some power of p.

In an analogous way to the case of profinite groups, it can be shown that a topological
group G is a pro-p group if and only if GG is topologically isomorphic to an inverse limit

of finite p-groups.

Example 2.1.4. 1. Given a group G, let A be the set of all normal subgroups of G

whose index is a power of p, directed by reverse inclusion. Then
G, = lm(G/N) wea

is a pro-p group, called the pro-p completion of G.
2. Historically, the subject began with what is regarded as the prototype of all pro-p
groups, the additive group of p-adic integers,

Z, = @(Z/p”Z)nEN ={(Tn)nen | z; = a:j(modpj) ifi > j}

3. The mazimal p-extension F(p) of a field F' is the compositum of all finite Galois sub-
extensions K/ F of Fy/F with [K : F| a power of p. The group Gr(p) =Gal(F(p)/F)

is the maximal pro-p quotient of the absolute Galois group G of F.

Definition 2.1.5. Let G be a pro-p group. A system of generators of GG is a subset X
of G with the following properties:

1. G is the smallest (closed) subgroup containing X;

2. every neighbourhood of the identity in G contains almost all (i.e. all but finitely

many) elements of X.

Definition 2.1.6. A system X of generators of the pro-p group G is called minimal if no

proper subset of X is a system of generators of G. The cardinality of a minimal system
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of generators of G will be denoted d(G) and is often referred to as the rank of G. G is
said to be finitely generated if d(G) < oc.

Definition 2.1.7. Let G be a profinite group. The Frattini subgroup of G is
®(G) =nN{M | M is a maximal proper open subgroup of G}.
The Frattini subgroup plays an important role in the study of pro-p groups. In

particular, we have

Theorem 2.1.8 (Burnside’s Basis Theorem). Let G be a pro-p group and X = {z; | i €
I} a subset of G such that every neighbourhood of 1 € G contains almost all elements
of X. Then X is a system of generators of G if and only if {x;®(G) | i € I} generates
G/P(G).

Proof. See [Koc02, Theorem 4.10]. O

We will be primarily interested in finitely generated pro-p groups and in this case we

have the following useful results.

Proposition 2.1.9. If G is a pro-p group then G is finitely generated if and only if ®(G)

1s open in G.
Proof. See [DSMS99, Proposition 1.14]. O

Theorem 2.1.10 (Serre). If G is a finitely generated pro-p group then every subgroup of

finite index in G is open.
Proof. See [DSMS99, Theorem 1.17]. O

Corollary 2.1.11. If G is a finitely generated pro-p group then ®(G) = GP|G, G|, where
(G, G| is the subgroup generated by commutators g~ *h~'gh with g,h € G, and GP =<
¢ lgeG>.

Proof. See [DSMS99, Corollary 1.20]. O
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Note that G/G?[G, G] is an F,-vector space, so if G is a finitely generated pro-p group,
then d(G) = dimg, (G/®(G)).

Corollary 2.1.12. The topology of a finitely generated pro-p group is determined by its

group structure.
Proof. See [DSMS99, Corollary 1.21]. O

An important method of describing a pro-p group is via a presentation by generators

and relations.

Definition 2.1.13. Let I be an index set and let S; be the free discrete group on the
generators {s; | ¢ € I'}. Let 91 be the set of normal subgroups N of Sy such that:

1. S;/N is a finite p-group;
2. N contains almost all elements of {s; | i € I}.

Then {S;/N | N € 91} is an inverse system and S(I) = @(SI/N)N@I is a pro-p
group called the free pro-p group with system of generators {s; | i € I'}.
When I = {1,...,n} one often writes S(n) instead of S(I) and refers to S(n) as the

free pro-p group of rank n.

Definition 2.1.14. Let G be a pro-p group. An exact sequence

1 R y S — 5 @ 1,

where S is a free pro-p group with system of generators {s; | i € I} is called a presentation
of G by S.

If {¢(s;) | ¢ € I} is a minimal system of generators of G, then the presentation is
called minimal.

A subset ' C R is called a system of relations of G if
1. R is the smallest closed normal subgroup of S containing F;

2. every open normal subgroup of R contains almost all elements of E.
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We say E is munimal if no subset of E is a system of relations for G.

Example 2.1.15. Demushkin groups (see Definition 3.3.4) are an interesting example
of finitely generated pro-p groups having only a single relation among a minimal system
of generators. These groups play an important role in the Galois theory of local fields

and we will have much more to say about them in subsequent chapters.

2.1.2 Completed group algebras

In order to study the structure of pro-p groups in greater detail, we introduce two related
objects; the completed group algebra of a pro-p group and the Magnus algebra.

Let A be a compact commutative ring with identity, let G be a profinite group and
let N be the set of all open normal subgroups of G. For N, N’ € Mg with N O N’ the
natural map

G/N' — G/N

induces an epimorphism

A[G/N'] — A[G/N]

of group algebras. These maps define an inverse system {A[G/N] | N € g} of compact

rings.

Definition 2.1.16. The completed group algebra A[[G]] of the profinite group G over the
compact ring A is the inverse limit of the system {A[G/N] | N € 9Ms}.

By the map
gr— [] 9N,

NeNa
G embeds into A[[G]] and the subring A[G], which is given the subspace topology, is
dense in A[[G]].

Theorem 2.1.17. (i) Let A be a compact A-algebra. FEvery morphism ¢: G — A*
from G into the group of units A* of A can be extended uniquely to a morphism

A[[G]] — A.
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(ii) Let ¢: G — G’ be a morphism of profinite groups with kernel N. The kernel of the
induced morphism A[|G]] — A[[G"]] is the closed ideal I(N) generated by {h — 1 |
h e N}.

Proof. See [Koc02, Theorem 7.2|. O

Theorem 2.1.18. Let A be a finite ring and G a profinite group. The system {I(N) |
N € Ng} is a neighbourhood basis at 0 € A[[G]].

Proof. See [Koc02, Theorem 7.3]. O

Definition 2.1.19. Let K be a commutative ring with identity, let I be an index set and
let U = {u; | i € I}. The Magnus algebra K((U)) is the associative algebra of formal

power series in the non-commuting indeterminates u;, ¢ € I, with coefficients in K.

Let Z be the ideal of K((U)) consisting of all formal power series having constant

term 0. If u € Z, then 1 4 u is invertible and

I4+w) ' =1—u+uv?—u®+..  +(=D"u"+...

The invertible elements 1+ u; generate a subgroup of the group of units of K ((U)). This
X

group is the image of the free group S; under the homomorphism ¢: S; — K{(U))

given by s; — 1 4+ u; and is referred to as the Magnus group.
Lemma 2.1.20. The map 1 is injective.

Proof. See [Koc02, Lemma 4.4]. O

Identifying S; with its image in K ((U)), we have s; = 1 + u; and if s € S;,s # 1, we
have s = 1 4+ u with v € Z", u ¢ Z""!, for some n > 1. Magnus called n the dimension

of s.

2.1.3 Filtrations

In attempting to elucidate the structure of Galois groups, the study of certain filtrations
can be very useful. We are particularly interested in filtrations of pro-p groups and the

corresponding filtrations on the completed group algebra and the Magnus algebra.
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Let G be a group. A central filtration (or central series or central sequence) of G is a

sequence (G,)n>1 of subgroups of G such that
G =G, Gip1 < Gy, (Gi, Gj] < Giyy,

where [H, K] denotes the subgroup of G generated by the commutators [h, k| = h 'k~ hk
with h € H, k € K. The name arises from the fact that for any such filtration and any
i>1,G; <G and G;/Giyq lies in the centre of G/Gyyq.

Let G be a profinite group and let ¢ be either a p-power or 0. The descending (or

lower) g-central series (G™9),>, of G is defined inductively by
G — G, Glitha) — (G(i,q))q[G(i,q)’ Gl, i=1,2,...,

where, given closed subgroups H and K of G, [H, K] (respectively H?, HK') denotes
the closed subgroup topologically generated by all commutators [h, k| (respectively ¢-th
powers, products hk) with h € H, k € K. Note that G is normal in G. For i > 1, let

Gl = G/GUD . If ¢ is understood, we generally abbreviate
GW = G, Gl = qlia

When ¢ = 0 the series G@? is called the descending (or lower) central series of G. In

this case we will adopt the commonly used notation
Gi = G(i’o).
We can define another central filtration (G ,))n>1 on the profinite group G' by

G =G, Gy = G}g(n/p}) H Gy, Gipl, n=2,3,...,

i+j=n

where p is a fixed prime and [n/p] is the least integer r such that pr > n. Then
Gy, Gyl < Gy and G’(’i) < Gy for all 4,5 > 1 and (Gy))n=1,2,.. is the fastest
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descending sequence of closed subgroups of G having these properties. This sequence is
the Zassenhaus p-filtration of G. For quotients we again adopt the notation Gy = G/G ;).
We will usually be considering the Zassenhaus p-filtration of a pro-p group G and will
often refer to this simply as the Zassenhaus filtration of G.

We now turn our attention to the special case in which G is a finitely generated pro-p
group and look at the connections between the filtrations of G and the structure of both

the completed group algebra F,[[G]] of G and the Magnus algebra with coefficients in F,,.

Definition 2.1.21. The augmentation ideal I(G) of IF,[[G]] is the closed two-sided ideal
generated by the elements g — 1, g € G and I"(G) is the closure of the n-th power of
I(G) in F,[[G]].

Theorem 2.1.22. Let G be a finitely generated pro-p group. Then {I"(G) |n=1,2,...}
is a neighbourhood basis at 0 € F,[[G]].

Proof. See [Koc02, Theorem 7.8|. O

There is a close relationship between the filtration I"(G) of F,[[G]] and the Zassenhaus
p-filtration G, of G.

Theorem 2.1.23. Let G be a finitely generated pro-p group and I(G) the augmentation
ideal of Fy[[G]]. Then
Gny =1+1"G)) NG, n>1

Proof. Since the topology of a finitely generated pro-p group is determined by its group
structure, the result follows from [DSMS99, Theorem 12.9]. O

So for each n > 1, G, is the kernel of the natural homomorphism of G into the

group of units of F,[[G]]/I"(G); that is,

Gmy={g9lg—1€I"(G)}.

Remark 2.1.24. In view of this theorem, the Zassenhaus filtration has also been referred
to as the dimension series, with the subgroups G, being called the dimension subgroups

in characteristic p.
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Now let U = {uy,...,uq} and consider the Magnus algebra F,((U)). Let Z" denote
the ideal of all power series in F,((U)) whose homogeneous components have degree at
least n. Then Z"/Z™! is the submodule of F,{(U)) generated by the monomials of degree
n. Also, {Z" | n = 1,2,...} is a basis of open neighbourhoods of 0 € F,((U)) and with
this topology, F,((U)) is the direct product of its homogeneous components, Z"/Z" !,
hence compact.

Let S = S(d) be the free pro-p group with system of generators {si, ..., s;}. We have
the Magnus embedding S — F,((U))* given by s; — 1 +u;, i = 1,...,d. Furthermore,

we have

Theorem 2.1.25. The map

S; — 1+ uy, izl,...,d,

can be extended to an isomorphism F,[[S]] = F,((U)).

Proof. See [Koc02, Theorem 7.16]. O

Identifying F,((U)) and F,[[S]], we then have

Theorem 2.1.26. Let G be a finitely generated pro-p group with presentation

1 >y R S G 1.

Let {r; | i € I} be a system of relations with respect to this presentation. Then the kernel

of the induced map F,[[S]] — F,[[G]] is generated as an ideal of F,[[S]] by {r;—1|i € I}.

Proof. See [Koc02, Theorem 7.17|. O

Hence we have the following commutative diagram:

§ ——— Fp(U))

£
|

F[[Gl] —— F,((UN/J
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where J is the ideal of F,((U)) generated by the set {r; | i € I} and all other maps are

defined in the obvious way.

2.2 Galois Cohomology

Given a field F' and a Galois extension K/F with Galois group G = Gal(K/F), the
cohomology groups H" (G, A), where A is a G-module, often contain important arithmetic
information. The study of these groups is referred to as Galois cohomology. Since
Galois groups are profinite groups, we begin by looking at the more general case of the
cohomology of profinite groups. Subsequently, we look in more detail at the groups
H"(G, A) for n = 0,1,2 and consider some specific choices of G and A which will be of

interest in the chapters that follow.

2.2.1 Cohomology of profinite groups

Let G be a profinite group and A a discrete G-module. An (inhomogeneous) n-cochain
of G with coefficients in A is a continuous function y : G — A. The set of all such

functions is an abelian group denoted C™(G, A) and these groups form a complex
CO(G, A) —2— CY(G, A) —£— (G, A) —— -+,
where the coboundary operator d"™! : C"(G, A) — C""(G, A) is given by

(@'Y (91, - - gnr1) = 91992, -+ Gnt1)
+ Z(_l)zy(gh <3 9i-15 9i9i+1, Git+2, - - - 7gn+1)
i=1
+ (=1D)"y(g1,. .., 9n)

for y € C"(G, A) and n > 0. The group of n-cocycles is

ZMG, A) = ker(C™(G, A) ~L55 cnH(@G, A)).
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The group of n-coboundaries is the subgroup of Z"(G, A) defined by
B"(G,A) :==im(C" (G, A) —L— C™(@G, A))

with BY(G, A) := 0. Then, for n > 0, the quotient group H"(G, A) = Z"(G, A)/B"(G, A)
is the n-dimensional cohomology group of G with coefficients in A.

If f: A— BisaG-module homomorphism, then we have the induced homomorphism
fCYG,A) = CNG,B), (g1, 9n) = f(gr, - 9n)
and the commutative diagram

D OM(G, A) L O (G A) ——— -

o

i —— C"(G, B) I 0m UG, B) —— -

So f : A — B induces a homomorphism f : C*(G,A) — C*(G, B) of complexes and
hence we obtain homomorphisms f : H"(G,A) - H"(G, B).

In addition, using the Snake lemma of homological algebra, one can show (see for
example [NSWO08, §1.3]) that every exact sequence 0 -+ A — B — C' — 0 of G-modules

gives rise to a canonical connecting homomorphism
§: H'(G,C) — H" (G, A)
and we obtain the long exact cohomology sequence

0 y AY » B¢ cY d HY (G, A) —— -

oo —— H"(G, A) —— H™(G, B) — H"(G,C) —— H" (G, A) — - --

There are also several important maps between cohomology groups involving a “change

of groups” rather than a “change of modules”. Given two profinite groups G and G’, a
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G-module A, a G'-module A’, we say that two homomorphisms
f:A= A oG =G

are a compatible pair if f(p(g')a) = ¢'f(a) for ¢ € G', a € A. From such a pair of

homomorphisms we obtain a homomorphism
C"(G,A) —» C"(G'A"), aw foaoep.
This commutes with d and hence induces a homomorphism of cohomology groups
H"(G,A) —» H"(G', A").

Example 2.2.1. Let H be a closed normal subgroup of G and A a G-module. Then A#

is a G/H-module. The projection and injection
G—G/H, A" = A
form a compatible pair of homomorphisms, which induce the inflation homomorphism
inf: H"(G/H, A™) = H"(G, A),

given by
(an x)(glv7gn>:‘r<g_17ag_n)7 ngG,

where the image of g € G in G/H is denoted g.

Example 2.2.2. For an arbitrary closed subgroup H of GG, the G-module A is also an

H-module. The compatible homomorphisms

H—G, id:A— A
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induce the restriction homomorphism
res: H'(G,A) — H"(H, A),
given by

(res x)(hy,...,hy) = x(hy,..., hy), h; € H.

If H is an open subgroup of GG, then in addition to the restriction, we have a map in

the opposite direction called the corestriction
cor: H"(H,A) — H"(G, A).
This is a kind of norm map and for n = 0, is the usual norm map

Ng/HiAH%AG, a — Z oa.
ceG/H

One of the main properties of the corestriction map is that cor o res = [G : H].

We also have a bilinear map defined on the cohomology groups of G which plays an
important role in Galois cohomology. It arises as follows. Let A, B, C' be G-modules
and suppose there exists a continuous bilinear map A x B — C, (a,b) — a - b, such that
g(a-b) = (ga) - (gb) for g € G, a € A, b € B. For any pair p, ¢ > 0, we can define a

bilinear map, called the (cochain) cup product
U:C?(G,A) x C1(G,B) — C"(@G,C)

by

(xuy)(gla"'agpahla"'>hq) :x(gla"'agp)'9192-"gpy(h17"'7hq)'

For this map, we have the formula
dlzUy) =drUy+ (—1)Pz Udy.

It follows that if x and y are cocycles then x Uy is a cocycle, and if one of the cochains
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x and y is a coboundary and the other a cocycle, then x Uy is a coboundary. Hence we

obtain a cup product on cohomology
U: HP(G, A) x HY(G, B) — H"(G, O).

The cohomology groups of a profinite group G can be built up from those of the finite
quotient groups of G. Let U, V run through the open normal subgroups of G. If VC U,
the projections

G"—— (G/V)" —— (G/U)"

induce homomorphisms
C"(GJU,AY) —— C"(G)V,AV) —— C"(G, A),
which commute with the operators d”. Hence, we obtain homomorphisms
H"(G/U,AY) —— H"(G)V,AY) —— H™(G, A).
The groups H"(G /U, AY) form a direct system giving a canonical homomorphism
lig H"(G/U, AYY = H™(G, A).
U
Proposition 2.2.3. The above homomorphism is an isomorphism.:
H"(G, A) = lim H"(G/U, AY).
U

Proof. See [INSWO08, Proposition 1.2.5]. ]

Hence, in what follows, we may assume that G is finite. We will be interested primarily

in the cases n =0, 1, 2.
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2.2.2 The lower dimensional cohomology groups

The group H°(G, A): We identify C°(G, A) with A via the natural isomorphism y
y(1). Then, for a € A, (d'a)(g) = ga — a, so H*(G, A) = A%, the set of elements of A
left invariant by G.

The group H'(G, A): A 1-cocycle is a continuous function y : G — A such that

y(gh) = y(g) + gy(h) for all g,h € G.

Such a function is also called a crossed homomorphism. It is a coboundary if there exists
an element a € A such that y(g) = ga — a for all ¢ € G. A crossed homomorphism of
this type is called principal.

Let F be a field and K/F a Galois extension with G = Gal(K/F'). Both the additive
group K and the multiplicative group K* are G-modules. We have

Theorem 2.2.4 (Hilbert’s Satz 90). H'(G,K*) =1

Proof. By Proposition 2.2.3, we may assume that K/F is finite. Let a : G — K* be a
1-cocycle. Since the automorphisms o € G are linearly independent over K, there exists

¢ € K* such that

b= Z a(o)oc # 0.

oceG

Then, for 7 € G, we have
Tb = Z T(a(o))Toc = Z a(t)ra(ro)Toc = a(r)'b.
oeCG oceG

Thus a(7) = br(b)™!, s0 a is a 1-coboundary. O

This in turn leads to the following important result, called Kummer theory. Choose
n € N prime to the characteristic of F'. Denote the group of n-th roots of unity in the

separable closure Fy of F' by pu, and the absolute Galois group Gal(Fy/F) of F' by Gp.
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From the exact sequence of G p-modules

1 [in Fx 22et, px 1.

S

we obtain, by Hilbert’s Satz 90, the exact sequence

HO(Gp, FY) = F* 2% X —2 s HY(Gp, pn) — HY(Gp, FY) = 1,

and hence

H' (G, ) = F* J(F*)".

Note that if p is a prime such that F' contains a primitive p-th root of unity ¢,, then s,

is a trivial G p-module and we have
F*/(F*)Y = H(Gp,F,) = Hom(Gp,F,),

where we consider F,, to be a Gp-module with trivial action. For each a € F'*, we have
an element y, € H'(Gp,F,) defined by o(¥/a) = X o/a, for all o € Gp.

We obtain another important result by considering the case in which G is a pro-p group
and [, is a G-module with trivial G action. H'(G,TF,) is then the F,-vector space of all
continuous homomorphisms of G into the discrete group F,. Since each such homomor-
phism vanishes on G?[G, G|, H'(G,F,) = H'(G/G?|G, G|,F,) = Hom(G/G?|G, G],F,).
This implies that H*(G,F,) and G/GP|G, G] are dual to each other. By Burnside’s Basis
Theorem, if dimg, H'(G,F,) = n < oo, G is a finitely generated pro-p group with n as

the minimal number of generators.

The group H?*(G,A): A 2-cocycle is a continuous function z : G x G — A such that
d3x = 0, that is

x(gh, k) + x(g,h) = x(g, hk) + gx(h, k) for all g,h, k € G.
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Such a function is a 2-coboundary if

z(g,h) = y(g) — y(gh) + gy(h)

for a 1-cochain y : G — A.

The 2-cocycles occur in connection with group extensions. Let

l— A——F—7"> G

~
—_

A

be a group extension with abelian kernel A such that «(ca) = 61(a)6™! for 0 € G and
a € A, where 6 € E is a pre-image of o. We refer to this as an extension of G by the

G-module A. An extension of G by a trivial G-module is called central. Two extensions

1 A E G

~
—_

and

1 s A F G

~
—_

are said to be equivalent if there exists a homomorphism ¢ : £ — F' making the diagram

1 A s B G s 1
|
1 A F G s 1

commute. In this case ¢ is an isomorphism and both extensions induce the same G-

module structure on A.

If s: G — E is a section, we obtain a map ¢ : G x G — A by

SoSr = L(CU,T)SJT

for o, 7 € G, where, for convenience of notation, we write s, for s(o) and similarly for c.
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Then, by associativity in £, we have
Copor + Cpo = Cpor + pcor forall p,o,7€G.

Such a map c is called a factor system. The set of factor systems forms an abelian group
Z?(G, A) under point-wise addition.

Let a : G — A be an arbitrary function. The map (o, 7) — a, + ca, — a,. is a factor
system, referred to as split, and the map a is called a set of splitting factors for the factor

system. The split factor systems form a subgroup B*(G, A) of Z?(G, A) and
H*(G,A) = 2%(G,A)/B*(G, A).

Given another section ¢t : G — E, we must have t, = t(a,)s, for some map a : G — A,

and the factor system given by ¢ is

(0,7) = Cor + (a5 + 0ar — agr).

Hence, the cohomology class of ¢ is well defined and is referred to as the cohomology

class of the extension

We then have

Theorem 2.2.5. Two extensions of G by the G-module A are equivalent if and only if
they have the same cohomology class. Furthermore, for v € H?*(G, A) there exists an

extension with cohomology class 7.
Proof. See [Led05, Theorem 2.3.1]. O
Example 2.2.6. The extension with cohomology class 0 € H?(G, A) is

m—)(a,12

1 il Oy R e R Gl ) 1,
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where A x (G is the semi-direct product, i.e. the set A x G equipped with the composition
(a,0)(b,7) = (a+ ob, 7).

Example 2.2.7. In the case where G = (), is a cyclic group of order n generated by

o, we can choose the section G — E as o' +— s, i =0,1,...,n — 1, where s € E is a

1

pre-image of . Then s = i(a) for some a € A and since ¢(ca) = st(a)s™', we have

a € A% . So every cohomology class in H?(C,, A) is represented by a factor system of

the form
0, 1+5<n
Coigi =
a, 1+73>2n
for i,j € {0,1,...,n — 1}, where a € A°". Conversely, for any such a this is a factor
system. A set of splitting factors for ¢ is given by a; = 0, a, = b, a,2 = b+0b, ... apn-1 =

b+ob+ -+ 0" 2b, where b € A with Trg, (b) = a. Hence
H*(C,, A) =2 A% /Ty, A.

We obtain another important result when we consider the case in which G is a finitely
generated pro-p group. Suppose {zi,...,2z,} is a minimal system of generators of G.

Then G has a minimal presentation

1 R S(n) G— 1,

where S(n) is the free pro-p group of rank n. The rank of the (closed normal) subgroup

R is the number of relations between the z;’s.

Proposition 2.2.8. The following two conditions are equivalent:
(i) The subgroup R is of finite rank (as a closed normal subgroup of S(n)
(ii) H*(G,F,) is of finite dimension

If these conditions are satisfied, one has the equality

r=mn—hy + ha,
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where 1 is the rank of the normal subgroup R and h; = dimg, H (G, F,).
Proof. See [Ser02, Proposition 27| O

Since {x1,...,z,} is a minimal system of generators of G, dimg, H'(G,F,) = n.
Hence r = dimg, H*(G,F,) is the minimal number of relations between the generators of

G.

2.3 Central Simple Algebras and the Brauer Group

Definition 2.3.1. A central simple algebra (CSA) A/F over a field I is a finite di-
mensional F-algebra having center F' and no proper nontrivial two-sided ideals. We say
that an extension field K/F is a splitting field for A/F, or that A/F splits over K,
if A/JF @p K = M,(K) for some n. Two CSA’s A/F and B/F are called similar if
A/F @p M,(F) = B/F ®p M,(F) for some r,s and we write A/F ~ B/F. If F is
understood, we will abbreviate A/F to A.

We have the following characterization and properties of central simple algebras.
Proposition 2.3.2. For a finite dimensional F-algebra A the following are equivalent:
(i) Ais a CSA.
(i1) If Fy is the separable closure of F', then A splits over Fi.
(iii) There exists a finite Galois extension K/F such that A splits over K.
(iv) A= M, (D) for some n, where D is a skew field over F' of finite degree.
Proof. See [INSW08, Proposition 6.3.1]. O

Proposition 2.3.3. Let A/F be a CSA. Then A ®p AP = M,(F), where n = dimp A,
and A°P is the opposite algebra, i.e., A equipped with the multiplication a - b = ba.

Proof. See [Led05, Proposition 3.3.1]. ]
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The F-algebra A = A ®pr A is sometimes known as the enveloping algebra of A.
Also, by |Led05, Corollary 3.3.4], the tensor product A ®p B of two central simple F-
algebras is again central simple and ~ respects tensor products, so we have a well defined

composition on the similarity classes of CSA’s over F' given by

[A][B] = [A ®F B].
This is associative, commutative, has identity 1 = [F] and [A]™' = [A°], so the similarity
classes constitute an abelian group, known as the Brauer group Br(F') of F.

Example 2.3.4. Let K/F be a Galois extension of degree n = [K : F| with Galois
group G = Gal(K/F). Let x : G x G — K* be a normalized (i.e. z(0,1) =x(1,0) = 1)

2-cocycle and consider the n-dimensional K-vector space

K@ = @ Ke,

ceG

with coordinates indexed by G. Define a multiplication on K% by

(Z aaea)(z bre;) = Z o0, x(0, T)eyr.

o o,T

This multiplication has identity 1 = e; and is associative due to the cocycle relation

(o, 7)x(oT, p) = 0x(T, p)(a, 7p),

hence making K@) an n?-dimensional F-algebra, which is called the crossed product of

K and G by z, denoted (K, G, x).
Proposition 2.3.5. Crossed product algebras have the following properties:

(i) (K,G,x) is a central simple F-algebra which splits over K.

I

(i) The normalized cocycles x and y are cohomologous if and only if (K,G,x)

(K,G,y).
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(iii) (K,G,xy) ~ (K,G,z) Qr (K,G,y).

(iv) Every central simple F-algebra which splits over K is similar to a crossed product

algebra.
Proof. See [INSW08, Proposition 6.3.3]. O

If L/F is a field extension, we have the restriction homomorphism
resp p : Br(F) — Br(L), [A] — [A®p L].

The kernel of resy p is the relative Brauer group, Br(L/F'), which is the group of central
simple F-algebras which split over L. If K /F runs through the finite Galois subextensions
of F;/F, then by Proposition 2.3.2(3)

Br(F) = | JBr(K/F).

Given a normalized 2-cocycle x, we can associate to the cohomology class [x] € H?(Gal(K/F), K*)

the class [(K, G, z)| to obtain a map
H*(Gal(K/F), K*) — Br(K/F),

which, by Proposition 2.3.5, is a group isomorphism. If /' C K C L are two finite Galois

extensions, then the diagram

H*(Gal(L/F), L*) — Br(L/F)

¥ |

H?(Gal(K/F), K*) — Br(K/F)

commutes and taking direct limits gives

Theorem 2.3.6. For every Galois extension K/F we have a canonical isomorphism

H*(Gal(K/F), K*) = Br(K/F).
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In particular,

HQ(GFa FSX) = BI’(F),
so Br(F') is a torsion group.
Proof. See [NSWO08, Theorem 6.3.4]. O

We can again consider, for n prime to the characteristic of I, the exact sequence

1 > L y X L2l px 1

s

of Gp-modules. The associated exact cohomology sequence, together with Hilbert’s Satz

90 and the above theorem, then yields the isomorphism
H*(Gp, i) = Brp(F) = {b € Br(F) | 0" = 1}.
If K/F is a cyclic extension of degree n with Galois group C,, = (o), we have
Br(K/F) = H¥(C,,, K*) = F* [Nyg/r(K*),

where the class of a € F* corresponds to the similarity class of the algebra (K, C,,,z) =
K[s] having relations s™ = a and sb = obs for b € K. In this case the crossed product

algebra (K, C,, x) is often written (K, 0, a) and is referred to as a cyclic algebra.

Example 2.3.7. Let F be a field of characteristic # 2 and let K = F(y/a) for some
a € F*\ (F*)2. The cyclic algebra (K,o,b) = FJi,j|, where i = y/a, j2=b€ F*, o
generates Cy = Gal(K/F) and ji = 0ij = —ij. This algebra is 4-dimensional over F’
with basis {1,4, j,7j} and is split if and only if b is a norm in K/F.

2.4 Quadratic Forms and Quaternion Algebras

Definition 2.4.1. An algebra QQ/F in characteristic # 2 is called a quaternion algebra
if () is generated over F' by elements i and j such that i = a, j2 = b and ji = —ij for

some a,b € F*.
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Example 2.4.2. (F(y/a),0,b) is a quaternion algebra whenever a ¢ (F*)2. In fact, for

any a,b € F'* there is a corresponding quaternion algebra (), denoted

which is a 4-dimensional central simple algebra and is either split or a division algebra.

Quaternion algebras have a close connection to quadratic forms. We briefly recall
some of the basic theory and notation.
Let F be a field of characteristic # 2 and let V' be a finite-dimensional F-vector space.

A symmetric bilinear form on V is amap B : V x V — F, such that
1. Blau+ bv,w) = aB(u,w) + bB(v,w), and
2. B(u,v) = B(v,u)

for all u,v,w € V and a,b € F'. The associated quadratic form is the diagonal map

q:V—=F, uw— Bu,u).

Since q(u + v) = q(u) + q(v) + 2B(u,v), one can recover B from ¢. The pair (V,q) is

called a quadratic space.

Example 2.4.3. Let V = F" and let a4,...,a, € F. Then the map

V= F  (2q,...,1,) = @]+ + a2’
is an n-ary quadratic form on ™, called a diagonal form and denoted by (ay,...,a,).
Given two quadratic spaces (V1,¢q;) and (Va, ¢2) over F, where ¢; = (ay,...,a,) and

g2 = (b1,...,bm), one can define the orthogonal sum (Vi & Vo,q1 L q2) == (Vi,q1) L
(‘/27 QQ) and tensor pTOdU’Ct (‘/1 X ‘/27 q1 & Q2) = (‘/17 QI) ® (‘/27 QQ)a where

G L ge:={ar,...,an,b1,... by)
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and

G ® G = (a1by, ..., a1by, ... apby, .o anby).

Two n-ary quadratic forms ¢ and ¢’ are said to be equivalent (~) if there exists an
invertible matrix C' € GL, (F') such that ¢'(Cv) = ¢(v) and two quadratic spaces (V, q)
and (V',q') are said to be isometric (=) if there exists an F-isomorphism ¢ : V' — V'
such that ¢'(¢(v)) = ¢(v). It can be shown that every quadratic form is equivalent to a
diagonal form and that there is a one-one correspondence between the equivalence classes

of n-ary quadratic forms and the isometry classes of n-dimensional quadratic spaces.

Definition 2.4.4. Let ¢ be an n-ary quadratic form over F' and let a € F*. We say
that ¢ represents a if there exist x1,...,x, € F such that q(z1,...,x,) = a. The set of
values in F'* represented by ¢, or the value set of g, is denoted Dr(q). Note that this set

depends only on the equivalence class of q.

Let (V, q) be a quadratic space and let B be the symmetric bilinear form corresponding
to q. Two vectors u,v € V are said to be orthogonal, written u L v, if B(u,v) =0. If U

is a subspace of V', the orthogonal complement of U is the subspace
Ut={veV|VueU:ulv}.

If UNU+ =0, we say that U is a reqular subspace. If V+ = 0, we say that ¢ is regular
or nonsingular. We say that a vector v is isotropic if q(v) = 0 and anisotropic otherwise.
The quadratic form ¢ is called isotropic, or is said to represent zero, if ¢ has a non-zero
isotropic vector, otherwise it is called anisotropic. An isotropic form can be regular, for

example the binary form (1, —1).

Theorem 2.4.5. Let (V,q) be a 2-dimensional quadratic space. The following are equiv-

alent:

(i) V is regular and isotropic.
(i1) V is isometric to (1, —1).

(i1i) V corresponds to the equivalence class of the binary quadratic form xixs.
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Proof. See [Lam05, Theorem 1.3.2] O

The isometry class of a 2-dimensional quadratic space satisfying the conditions of
Theorem 2.4.5 is called the hyperbolic plane, denoted H. An orthogonal sum of hyperbolic
planes is called a hyperbolic space. E. Witt [Wit37a| showed that any regular quadratic
space (V,q) splits into an orthogonal sum (Vj,q,) L (V,,q.) where V}, is hyperbolic, V,

is anisotropic and the isometry types of V}, and V, are uniquely determined.

Definition 2.4.6. The set of equivalence classes of anisotropic nonsingular quadratic
forms over a field F', together with the binary operations | and ®, form a commutative

ring, known as the Witt ring W (F') of F.

Returning now to the quaternion algebra Q = (a,b)r with basis {1,7,5,k = ij},
we can make () into a quadratic space as follows. For an arbitrary quaternion z =
a+ Bi+vj+ 0k € Q, we define amap N : Q — F by N(x) = a® — af? — by* + abd>.
Then N = (1,—a,—b,ab) is a quadratic form, referred to as the norm form of @), and

N(z) is called the norm of the quaternion x.
Theorem 2.4.7. For a,b,c,d € F*, the following are equivalent:
(i) (1,—a,—b,aby ~ (1,—c,—d,cd).
(ii) (—a,—b,ab) ~ (—c,—d,cd).
(11i) (a,b)r = (¢,d)p.
Proof. See [Sch85, Ch. 2, Theorem 11.9]. O

Hence a quaternion algebra is completely determined by its norm form. This also

leads to the following criteria for the splitting of a quaternion algebra.
Corollary 2.4.8. The following are equivalent:

(i) (—a,—b,ab) is isotropic.

(i) (a,b)r is split.

(iii) The binary form (a,b) represents 1.
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(i) b € Ni/p(K), where K = F(y/a) and N/ is the field norm.

We denote the equivalence class of the quaternion algebra (a,b)r in Br(F') by (a,b)

and call it a quaternion class. We have
Theorem 2.4.9. Let a,d’,b,b',z,y € F*. Then
(i) (a,b) = (b,a) and (az? by?) = (a,b).
(i) (a,—a) =1 and (a,1 —a) =1 ifa # 1.
(iii) (a,a) = (a,—1).
(iv) (ad’,b) = (a,b)(a’,b) and (a,bd’) = (a,b)(a,b).
Proof. See [Led05, Theorem 3.5.3|. O

Definition 2.4.10. A pairing f : F* x F’* — A into a multiplicative abelian group A
is said to be a Steinberg symbol if f is bimultiplicative and has the Steinberg property;
f(a,b) =1 whenever a + b = 1.

Every such symbol factors through a group Ks(F), called the second K -group of the
field F', which is defined by

KQ(F):(FX ®ZFX)/<a®b\a+b:1)

The natural pairing ¢ : F* x F* — Ky(F') is then a universal Steinberg symbol; i.e.
for any arbitrary Steinberg symbol f : F* x F* — A there exists a unique group
homomorphism ¢ : Ky(F') — A such that f = gp.

We define the group ko(F') to be the quotient Ky(F')/(K5(F))%. Any Steinberg symbol
into an abelian group A with A% = 1 then factors uniquely through ko (F). Theorem 2.4.9
shows that the quaternion map (—,—) : F* x F* — Br(F) is a symmetric bilinear
form defined on the square classes of F'*, which defines a Steinberg symbol into Bry(F).
This symbol is induced by the unique group homomorphism ky(F) — Bry(F') given by
la] ® [b] — (a,b).
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Theorem 2.4.11 (Merkurjev). The map ko(F) — Bry(F') is an isomorphism.
Proof. See [Mer81|. O

This leads to the notion of a symbol for any field F' as a multi-multiplicative map
F*x - - xF* = A (a1,...,6,) = [a1, ..., a5,

into a (multiplicatively written) abelian group A such that [a,...,a,] = 1 whenever
a; +a; = 1 for some i # j. Every such symbol factors through a group K (F), which is

the universal target of symbols and is defined as follows.

Definition 2.4.12. The n-th Milnor K-group of a field F' is the quotient

KM(F) = (F*®g - @z F*)/1,,

n

where I, is the subgroup generated by the elements a; ® - -- ® a,, such that a; +a; =1

for some i # j.

The Milnor K-groups have a close connection to Galois cohomology, which arises as
follows.
Let k£ € N be prime to the characteristic of F'. Recall that the exact sequence

1 I y frx _amaty px

S S

~
—_

gives a surjective homomorphism
6p 1 F* — H'(Gp, k)
with kernel (F*)*. Also, for each n > 1, we have the cup product

HY(Gp, p) X -+ x HY(Gp, ) —— H™(Gp, p"),



CHAPTER 2. BACKGROUND 35

hence a map
F*x o x F* = H"(Gp,ui™), (ai,...,a,) = (a1,...,0,)F :=dpay U--- U dra,.
Theorem 2.4.13 (Tate). The above map induces a homomorphism
he t KN (F) = H"(Gp, i),

called the Galois symbol (or the norm residue map).

Proof. INSWO08, Theorem 6.4.2] The multiplicativity in each argument follows from the

definition. It remains to show that (ai,...,a,)r = 1 if a¢; +a; = 1 for ¢ # j and
it suffices to consider the case n = 2 since if n > 2 and, say ¢« = 1, 7 = 2, then
(al, . ,CLn)F = (CLl,CLQ)F U (ag, . ,an)F.

Let n =2 and let a« € F*, a # 1. Let X" —a =[], f;(X) with f;(X) monic and
irrreducible in F'[X]|. For each i, let a; be a root of f;(X) and let F; = F(a;). Then

l1—a= Hfi(l) — HNFZ./F(l — a;).

Hence

(1 - ava)F = (H ‘]\[E‘/F(1 - ai)>a)F = H(NFi/F(l - ai)aa)F'

The formula cor(aUresf) = (cora) U 8 together with the fact that cor is the norm on

H° and commutes with ¢ gives

(Npyr(1 = a;),a)p = cor(1 — a;,a)p,
= cor(1 — a;,al)

= cor(1 — a;, a;)"

=1,

hence (1 —a,a) = 1. O

For the Galois symbol we have
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Conjecture 2.4.14 (Bloch-Kato). For every field F' and every k € N prime to the

characteristic of F', the Galois symbol yields an isomorphism
hi s KM (F)INKM(F) = HY(Gp, i").

This famous conjecture has recently been proved by V. Voevodsky with contribu-
tions by M. Rost and C. Weibel. The result is often referred to as the norm residue

1somorphism.

2.5 The Incidence Algebra and Mobius Functions

Often a set of objects to be counted possesses a natural partial ordering. As a result,
many problems of enumeration are closely related to the theory of Mobius functions. In
this section we recall some pertinent aspects of that general theory (see [Rot64, BG75,
Wal61]).

Consider a partially ordered set P = (5, <), where < is an order relation on the set
S. For any z,y € P, the segment [x,y] :={z € P |z < z < y}. A partially ordered set
P is locally finite if every segment in P is finite.

Let P be a locally finite partially ordered set. The incidence algebra of P is defined
as follows. Consider the set of all real-valued functions of two variables f(z,y), defined
for z,y € P, with the property that f(x,y) =0if z i y. The sum of two such functions
as well as multiplication by scalars are defined as usual. The product h = fg is defined

as follows:

hzy) = > fla,2)g(z,y).

r=2zZy
Since P is locally finite, the sum on the right is well defined. This is an associative
algebra over the reals and has an identity element which is the Kronecker delta function,
Sz, y).
The zeta function of P is the element of the incidence algebra of P given by ((z,y) = 1
if x < y and ((z,y) = 0 otherwise. The function n(z,y) = ((z,y) — 0(z,y) is called the

incidence function.
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Proposition 2.5.1. The zeta function of a locally finite partially ordered set P is invert-

wble in the incidence algebra.

Proof. Let p(z,y) be the function defined inductively over the elements in the segment
[x,y] as follows. Set u(x,z) =1 for all x € P. Now suppose that p(z, z) has been defined

for all z such that z £ 2z < y and set

u(w,y) = — EE: pu(z, z).

<2<y

Then
Cm)(,y) = Y (o 2)pu(z,y)

rZz=y

= ) u(zy)

rZ2zZy
=d(z,y),
and similarly (u¢)(z,y) = 6(x,y). The function p, the inverse of (, is called the Mébius
function of the partially ordered set P. O

Proposition 2.5.2 (Mobius inversion formula I). Let f : P — R be defined for all z in
a locally finite partially ordered set P and assume there exists an element m € P such

that f(x) =0 unless x = m. Suppose that g : P — R is given by

g(x) = 3 F(w).

y<x

Then
f@) =gy, x).

ySz

Proof. Since P is locally finite, Zy§x fly) = Zm§y§x f(y) is a finite sum. Hence the
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function ¢ is well-defined. Then

> 9wy, x) =D f(2)uy,»)

y<x y<x 2ly

=> 3 )¢z y)uly, x)

ySr 2

=Y () ¢z yuly x)

y<zx

=Y f(x)d(z )

= f(z).

A similar argument establishes

Proposition 2.5.3 (Mébius inversion formula II). Let f : P — R be defined for all z in
a locally finite partially ordered set P and assume there exists an element M € P such

that f(x) =0 unless x £ M. Suppose that g : P — R is given by

9(0) =3 f(y).

y2x

Then
fa) =z, v)g(y).

y2x
Corollary 2.5.4. The Mébius function u of a locally finite partially ordered set can be

computed recursively by either of the formulae

M(x,Z)IZ - 2{: M(ﬁ’y)a T <z,

rly<z

ﬂ(x’ Z) == Z M(ya Z)v r <z

r<y<z
together with p(z,z) = 1.

Example 2.5.5. |[Rot64, Example 1] The classical Mobius function defined on the set
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of positive integers is given by pu(d) = (—1)" if d is a product of r distinct primes and 0

otherwise. The classical inversion formula, first derived by Mobius in 1832, is:

g(m) =Y f(n);  fm) =2 g(n)u(m/n).
njm n|m
The set of positive integers is a locally finite partially ordered set with divisibility as
the partial order. In this case the incidence algebra has a distinguished subalgebra
consisting of all functions f of the form f(n,m) = F(m/n). The M&bius function of this
partially ordered set is p(n,m) = u(m/n). The product H = FG of two functions in

this subalgebra can be written in the simpler form

H(m) = Y F(k)G(n).
kn=m
If we associate the formal Dirichlet series F(s) = S.°° F(n)/n® with the element F
of this subalgebra, then the above product corresponds to the product of two formal
Dirichlet series considered as functions of s, H(s) = F(s)G(s). Under this representation,
the zeta function of the partially ordered set is the classical Riemann zeta function ((s) =
S>> 1/n®, and the statement that the Mobius function is the inverse of the zeta function

reduces to the classical identity 1/{(s) = > ", u(n)/n®.

The lattice of subgroups of a finite group G is a locally finite partially ordered set.
The theory of Mdébius functions in this case is of particular interest in counting Galois
extensions. A subgroup function from G to Z is a mapping of the lattice of subgroups of

G into Z. The equations

pe(G) =1 and Z pe(K) =0 whenever H < G,

H<K

define the Mdébius function pg of G; g is a subgroup function from G to Z. Note that
if NG, N<H<G, then pg/n(H/N) = pe(H).
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If two subgroup functions g, h satisfy
g(H) =Y h(K)
K<H
for all H < G, then by the Md&bius inversion formula
WG) =Y pa(H)g(H).
H<G

An explicit formula for ug(H) can be obtained as follows. Let My,..., M, be the
maximal subgroups of G. If S = {iy,...,is} isa subset of I = {1,... 7}, let

(—1)% = (=1)",
MS = Mi1/\Mi2/\"'/\Mi

s

so My, = G, and M is the Frattini subgroup ®(G) of (G). Let Sy denote the set of
indices ¢ such that H < M;. Then

H<Mg SCSy
1 if H=G
0 if H <G,

SO

Mg=H
It follows that pug(H) = 0 unless H is an intersection of maximal subgroups of G. In
particular, pug(H) = 0 unless ®(G) < H.
Now consider the case in which G is a p-group. Let V},(¢) be an n-dimensional vector
space over the field of ¢ elements and partially order the subspaces of V,(¢) by inclusion.

Denote the resulting partially ordered set by L(V,,(q)). The Gaussian coefficient (Z)q is
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defined to be the number of k-dimensional subspaces of V;,(¢). Hence

(n) _ # of sequences of k independent vectors in V;,(q)
k
q

4 of sequences of k independent vectors in V(q)
(" =" —q)--- (" —¢")

(" =1)(¢" —q)---(¢" —¢*1)
(" =D(¢" ' =1)--- (""" =1)
(" =Dt =1)---(¢—1)

For any two subspaces S and T of V,(¢q), the structure of the sublattice [S,T] of
L(V,(q)) depends only on dimg, T'—dimg, S, so computing the Mdbius function of the par-
tially ordered set L(V,(q)) reduces to determining the Mébius function uy = (0, Vi(q))
for all £k < n.

Let X be a vector space over F, with |X| = z. For any subspace U € L(V,(q)) let
N_(U) be the number of linear transformations f : V,,(¢) — X whose kernel is U and let

N> (U) be the number of such maps whose kernel contains U. Then

N(U)= Y N,

U<SWeL(Vn(q))

and by Md&bius inversion

UsSWeL(Va(q))

The number of injective maps is then

N_(0)= > u(0,W)Ns(W).
WeL(Va(q)
Since any injective map from V,,(¢) — X is specified by giving the image of an ordered
basis of V,,(¢), the number of such maps is (z — 1)(z — q) -+ - (x — ¢"!). Also, if W has
F,~dimension d(W), then N (W) = z"~¢W). Hence

D@ — ) (2 — 7Y = n—d(W) _ " nk,
(@—=1(x—q) - (x—¢"") > pawyr ) quk:ﬁ

WeL(Vn(q)) k=0
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Since this identity is true for infinitely many values of x, it is a polynomial identity.

Equating the constant terms gives

Thus we have

Lemma 2.5.6. If G is a p-group and H < G with |G : H| = p' then

(—1)ipzi=Y  if GP[G,G] < H
MG(H) =
0 otherwise.

]

This lemma will be important when we consider M. Yamagishi’s method for deter-

mining the number of Galois p-extensions of certain local fields in section 3.3.4.
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Counting Galois p-Extensions

The goal of this chapter is to illustrate several techniques for enumerating Galois p-
extensions of various fields. These numbers are important in the study of quotients and
filtrations of absolute Galois groups. In section 3.2 we point out a connection between
the number of Galois extensions of a field F' having Galois group isomorphic to Dy,
the dihedral group of order 8, and a particular small quotient of G referred to as the
W-group of F'.

We turn to the problem of counting Ds-extensions of local fields, beginning, in section
3.3, with a method of constructing extensions of the p-adic numbers, @Q,, due to H. Naito
[Nai95]. We then provide an alternative, group-theoretic approach based on knowledge
of the W-group as well as a method which utilizes the theory of quaternion algebras.
These are new techniques for determining the number of D,-extensions of QQ, which are
presented as an alternative to the direct construction approach of Naito.

Section 3.3.4 describes a technique, due to M. Yamagishi [Yam95|, using the theory
of complex characters and Mobius functions to count finite Galois p-extensions of a local
field K, where K is a finite extension of QQ,. We illustrate this method in the case of
D-extensions in example 3.3.6. In [MT14] J. Mina¢ and N. D. Tan develop a technique
to compute the number of Uy(F,)-extensions of K using triple Massey products. We
closely follow this approach in section 3.3.5, with the necessary modifications, to show
that cup products can be used to determine a formula for the number of D4-extensions

of K based on the degree n = [K : Q,].

43
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In section 3.4 we consider formally real pythagorean fields. It is interesting to note
that in 1900, David Hilbert posed a famous list of twenty-three problems and it was
the theory of formally real fields that led Emil Artin, in 1927, to a solution of Hilbert’s
seventeenth problem. After reviewing the basic theory, we develop, in section 3.4.1, a
formula for the number of Dj-extensions of a pythagorean SAP field. In section 3.4.2
we characterize the group Gg(2) for F' a pythagorean SAP field or a superpythagorean
field. These groups will be considered further when we study dimensions of Zassenhaus

filtration subquotients in chapter 4.

3.1 The Inverse Galois Problem

A central problem in modern Galois theory is the inverse Galois problem: given a field
F and a group G, is it possible to construct a Galois extension K/F with Galois group
isomorphic to G7 Such an extension K/F' is often referred to as a G-extension. If such
a construction is possible, then the closely related question of counting the number of
G-extensions of F' naturally arises.

The embedding problem in Galois theory generalizes the inverse problem and consists
of finding the conditions under which one can construct a Galois extension K/F, with
group G, such that K extends a given Galois extension L/F whose Galois group is a
quotient of GG. If the group G contains a normal subgroup H, then a natural approach
to solving the inverse problem for the field F' and the group G is to choose an extension
L/F with Galois group G/H which can in turn be embedded in an appropriate extension
K.

Probably the simplest example of an embedding problem is the following well known
result (see, for example [ILF97]), which is also related to the notion of pythagorean fields.

We include a proof in order to illustrate that even this case is nontrivial.

Theorem 3.1.1. Let F be a field with char(F) # 2 and let K = F(y/a) be a quadratic
extension of F'. Then K can be embedded in a cyclic extension L/F of degree 4 if and

only if a is a sum of two squares in F.
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Proof. We assume that —1 ¢ F?; otherwise every element in F' is a sum of two squares
in F' and L = F(y/a) is a solution of the embedding problem.

Suppose that L/F is a Cy-extension with Gal(L/F') = (g) and that K C L. Let a be a
primitive element of L and let m = (a—g*(a))/(g(a)—g*(a)). Then m is well defined and
m # 0. Also, g(m) = (9(a) — ¢*(a))/(¢*(@) — @) = —m™! and g*(m) = —g(m)™" =m,
som € K = F(ya). If m = z + yy/a, where z,y € F, then 2* — ay* = Ng/p(m) =
mg(m) = —1,s0 y # 0 and a = (x/y)* + (1/y)? is a sum of two squares in F'.

Conversely, suppose a = u® 4+ v* with u,v € F, v # 0 and let m = (u++/a)/v. Then,
if g is the automorphism of K = Fy/a defined by /a — —+/a, we have mg(m) = —1.
Now let A = 14+ m? Then A # 0 and g(\) = 14 1/m? = A/m?. Let § = VX, let
L = K(#) and let g be an automorphism of L extending the automorphism g of K. Then
g(0)* = g(\) = A\/m? = (§/m)?, so, up to sign, g(f) = 6/m. Hence g is an automorphism
of L/F and furthermore,

g*(0) = g(0)/g(m) = 0/(mg(m)) = —0;

g°(0) = —0/m:
g'(0) =0,
so g* = 1. Therefore L = K(f) is normal over F with Gal(L/F) = (g) = C}. O

Embedding problems have close connections to Galois cohomology and quadratic
forms. They are also of considerable importance in the study of absolute Galois groups.
For example, from the Galois correspondence, an affirmative answer to the inverse prob-
lem is equivalent to the existence of a closed normal subgroup H of the absolute Galois
group G of F such that Gp/H = G. However, absolute Galois groups remain largely
mysterious objects and determining which profinite groups are realizable as absolute
Galois groups of various fields remains a significant open problem in Galois theory.

One means of approaching this problem is to study small quotients of absolute Galois
groups. The structure of these groups is, in turn, closely related to the problem of
counting Galois extensions. In the next section, for example, we look at the connection

between the number of D,-extensions of a field F' and the W-group of F.
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3.2 Dihedral Extensions and W-Groups

We follow [MS96]| to define a special Galois extension of a base field ' and then summarize
results which pertain to the determination of dihedral extensions of F'.

We fix the following notation: C, denotes the cyclic group of order n and D, denotes
the dihedral group of order 8. We assume that all fields have characteristic different from
2 and we make no distinction between an element a in a field F' and and its square class
a(F*)? € F*/(F*)?. An extension K of the field F is called a G-extension if K/F is
Galois with Galois group G.

Let F@ = F(\/a | a € F*); the compositum of all quadratic extensions of F,
I'={bec F® | FO(Vb)/F is Galois} and F® = F® (/b | b € I'); the compositum
of all quadratic extensions of F'® which are Galois over F. Due to its close connection
with the Witt ring W (F) of F, the field F® has been referred to as the Witt closure
of F and the group Gal(F® /F) is called the W-group of F. Recall that the quadratic
closure or mazximal 2-extension of F, denoted F'(2), is the smallest extension of F' which
is closed under taking of square roots, or alternatively, is the compositum of all 2-towers
over F' (inside a fixed algebraic closure of F'). The group Gal(F(2)/F) is the maximal
pro-2 quotient, G(2), of the absolute Galois group G of F. By [MS96, Proposition 2.1|
we see that the W-group of I, Gal(F®)/F) = G (2)B.

Let {a; | © € I} be a basis of F*/(F*)?. The automorphisms o; given by o;(,/a;) =
(—1)%/a;, where d;; is the Kronecker delta function, form a minimal set of generators
of Gal(F®/F) and they induce a natural isomorphism Gal(F®/F) = [],., C5. From
Kummer theory, Gal(F®/F) is the Pontrjagin dual of the discrete group F*/(F*)?
under the pairing (0, a) = o(y/a)/+/a with values in Cy = {+1}.

We now look more closely at the structure of F(®. Recall that quaternion algebras
over F' are denoted (a,b)p, or simply (a,b) when the field F' is clear. By Merkurjev’s
Theorem [2.4.11], the subgroup of the Brauer group Br(F’) generated by the isomorphism
classes of quaternion algebras over F'is Bry(F'), the subgroup generated by elements of
order < 2. The operation in Br(F") will be written multiplicatively, so (a,b)r = 1 means

(a,b) splits over F. For a € F*, N, denotes the norm group of a, i.e., the group of
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values of the quadratic form (1,—a) over F. The norm of an element y € F(y/a) for
a € F*\ (F*)? will be written Ny.

If a € F*/(F*)? then by a C{-extension of F we mean a Cy-extension K of F such
that F'(y/a) C K. For these we have the following well known result (see, for example,
[JLY03, Chapter 2, Section 2| or [MS96, Proposition 2.3]).

Proposition 3.2.1. Let a € F*/(F*)?. Then there exists a C{-extension of F if and
only if (a,a)p = 1. Furthermore, K is a C§-extension of ' if and only if K = F(y/a)(\/y)
where y € F(y/a) is such that Ny = a € F*/(F*)%.

Two elements a,b € F* are called independent modulo squares if a and b are linearly
independent in F*/(F*)?. If a,b € F* are independent modulo squares then by a
D%’ -extension of F we mean a Dy-extension K of F such that F(y/a,vb) C K and
Cal(K/F(vab)) = C,. This next proposition is also well known (see, for example,
[JLY03, Chapter 2, Section 2|). For some history and discussion of more general types of
Galois extensions related to these extensions see also [Fr685, 7.7], [Mas87] or [MNQD77].

Proposition 3.2.2. Let a,b € F* be independent modulo squares. Then there exists a
DZ’b-extension of F' if and only if (a,b)r = 1. Furthermore, K is a DZ’b-extension of F
if and only if K = F(y/a,Vb)(\/y) where y € F(/a) is such that Ny =b € F*/(F*)2.

The following diagram shows the lattice of subfields of a DZ’b—extension K of F:

T

J. Mina¢ and M. Spira have shown that F® is the compositum of all quadratic,
Cy- and Dg-extensions of F' [MS96, Corollary 2.18]. Furthermore, they observe that if
y, 2 € F(y/a) both satisfy the statement of Proposition 3.2.1, then F®(,/y) = F®(/z),

and that a similar remark holds for D,-extensions. They also show that F®) can be
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described as the Galois closure over F' of the compositum of all extensions L of F' such
that ' C L C F(2) and [L : F] <4 [MS96, Corollary 2.19].

Counting the number of Dj-extensions of a given field F' is therefore important in
determining the W-group, Gal(F'® /F), and thereby gaining a better understanding of
the absolute Galois group of F. We now consider various examples of fields F' in order

to illustrate several methods of counting these extensions.

3.3 Local Fields

3.3.1 Constructing extensions

We begin by considering, as the base field, the field of p-adic numbers, Q,. One means of
determining the number of Dy-extensions of Q, is, of course, by actually constructing all
such extensions. Following [Nai95|, we outline this technique and then look at alternative
methods of counting these extensions.

1. The case p # 2. Any element z € Q, can be written uniquely in the form
r = up", where u is a unit in Z,. For p odd, z = up™ € Q' is a square if and only if n
is even and the image of u in the residue field Z,/pZ, = F, is a square mod p. Hence,
Qr/(Q)?* = Cy x Cy with representatives {1, p, u, up} where (%) =-1.

The lattice of subfields of a Dy-extension L/Q, is shown in the following diagram.

L

7 Y

M, M M M, M,
I N
Qu(v/P) Qp(vu)  Qp(y/up)

Qy

The three quadratic extensions of Q, are Q,(,/p), Q,(v/u) and Q,(y/up) and L/Q,

has four intermediate fields of degree 4 which are not Galois over @Q,. These are the
extensions labelled M, M7, My, M. in the above lattice diagram. For each n € N, any

given local field has exactly one unramified extension of degree n. Since Q,(/p)/@Q, and
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Qp(y/up)/Q, are ramified, Q,(y/u)/Q, is unramified. Hence, M/Q,(,/p) and M/Q,(,/up)

are also unramified. So M;, M/, i = 1,2 are totally, and since (p,4) = 1, tamely rami-
fied extensions of QQ,. By Serre’s mass formula, Q, has exactly four totally and tamely
ramified extensions of degree 4. One such extension, say M, is Q,(y/p)/Q,. Hence
L =Q(Vu, y/p)/Qp-

If p = 1 mod 4, then Q, contains the 4" roots of unity, so Q,(¥/p)/Q, is a Galois
extension of degree 4. Hence Q, can have no Dj-extension in this case.

If p =3 mod 4, then —1 is not a square in Q,, so Q,(/p)/Q, is not Galois. In this
case we see that Q,(v/—1, /p) is a Dy-extension of Q.

2. The case p = 2. We now consider the field of 2-adic numbers, Qq. Let L/Q, be
a Galois extension of degree 8. The Galois group of L, Gal(L/Qy) = D, if and only if L
contains an intermediate field of degree 4 which is not Galois over Q. Hence, in order to
determine the D,-extensions of QQ,, it is sufficient to construct all quadratic extensions
of K; which are not Galois over Qy, where K; is a quadratic extension of Qs.

The lattice of subfields of a Dy-extension L/Q, is shown below. We denote by K the
quadratic extension of Q@ for which L/K is cyclic of degree 4. The other two quadratic
extensions of Q9 in L are denoted K; and K,. For i = 1,2, M; and M/ are the quadratic

extensions of K; in L which are not Galois over QQs.

/ L\
M, M| / M \ M, Mj
K, \ K / Ky
Q.

Let o be the generator of the Galois group of K;/Q,. Then M; = K;(y/a) for an
a € K such that a/a ¢ (K)? and we have M! = K;(v/a?), L = K;(v/a,va?) and
M = K;(v/aa®). So we consider a system of representatives of the square class group of

K; and take all pairs («, a”) of the system such that « and a“ are independent modulo

squares, thereby obtaining all Ds-extensions L/Qs.



CHAPTER 3. COUNTING GALOIS p-EXTENSIONS 50

An element x = 42" € Q, where u is a unit in Z,, is a square if and only if n
is even and v = 1 mod 8. In the group U of units of Z,, we have U = {£1} x Uy,
Uy = Zy and the set of squares in Uy is U3 = {a € Zy | @ = 1 mod 23}. Then
U/Us = Oy x Cy with representatives {+1,+5} and Qj /(Q)* & Cy x Cy x Cy with
representatives {£1, £5,£2 +10}, so there are exactly seven quadratic extensions of Qs.

Naito considers all cases and thereby constructs 18 Dj-extensions of Q.

3.3.2 A group-theoretic approach

In cases in which the W-group of a field F' is known, this can provide a group-theoretic al-
ternative to the direct construction method for determining the number of D4-extensions

of F. The following proposition provides an illustration.

Proposition 3.3.1. Let p be an odd prime. Then Q, has a D4-extension if and only if

p =3 mod 4, and this extension is unique.

Proof. Let G = Gg,(2). By [MS96, Proposition 2.1|, the W-group of Q,, Gal(@l(,g)/(@p) =
G/GYG?,G] = GB¥ and by [MS96, Corollary 2.18], QY is the compositum of all quadratic,
Cy- and Dy,-extensions of Q,.

@, has no Dy-extension if p = 1 mod 4, since in this case [MS96, Example 4.2| shows
that GP¥l = Cy x C, which has no quotient isomorphic to D.

If p = 3 mod 4, then {1,p, —1, —p} is a set of representatives of Q) /(Q))* and [MS96,
Example 4.3] shows that Gl = (0,,,0_1 | [0,,01] = 02) = Cy x Cy, with the semidirect

product action given by Ujapa_l =0, 1. We have the group extension

1 —— (02,02)) = 0y x Cp —— GB —— Gal(QY /Q,) = (5,,5_1) — 1.

So the existence of a Dj-extension of Q, is equivalent to the existence of a subgroup

H C (07,07,) such that

1l — s H2Cy,—— G — 5 D, 2Oy xCy —— 1
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and

1 ——(02,0%)/H D, » (Op,0-1) —— 1

are group extensions.
Since D, is non-abelian, 02 = [0p,0-1] # 1 in Dy, and since Dy must have one
generator of order 2, 6202, # 1 in D4. Hence, the only possibility is H = (02,), so Q,

has exactly one Dj-extension. O]

3.3.3 Quaternion algebras

Often, of course, one is dealing with a field F' for which the W-group is not known and
the goal of counting Dj-extensions of F' may be to shed light on the structure of that
group. We now describe a technique of enumerating these extensions based on the theory
of quaternion algebras, using the example of the field Q,.

Recall that for p odd, Q)/(Qy)* = Cy x Cy with representatives {1,p, u,up} where
u is not a square mod p. So we consider the quaternion algebras (a,b)g, where a,b €
{1, p, u, up} are independent modulo squares. By Proposition 3.2.2, there exists a DZ’b—
extension of Q, if and only if (a,b)g, = 1 € Bra(Qy).

If p = 1 mod 4, then by [Lam05, Theorem VI.2.2|, (p, u)q, is a division algebra. Since
-1 is a square in Q,, we have (p,u)q, = (p, up)q, = (u, up)qg,, so Q, has no D,-extension.

If p = 3 mod 4, we can take v = —1. In this case (p, —p)g, splits and by the non-
degeneracy of the Hilbert symbol, we see that {p, —p} is the only choice for {a,b}. Now
suppose Ly = F(v/a,vVb)(,/y) and Ly = F(y/a,Vb)(y/z) are two Dj’-extensions of a
field F'. It follows from Proposition 3.2.2 that there exists an f € F' such that z = fy.
When F = Q, with p = 3 mod 4, we have \/f € Q;(,Q) = Q,(y/P;vV/—p)- So

Ly = Qp(\/ﬁa \/—_p)(\/z) = Qp(\/f_’a \/__p)(\/ﬁ) = Qp(\/f_)v \/—_p)(\/g) = L.

Hence there exists only one Dy-extension L/Q, in this case.

The diagram below shows the lattice of subfields of this extension.
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Q. (P, vV=1)

T

@p(\y@ @p( _\/]_7) Qp(\/ﬁ _) @p(\/_\/__p) @p((‘/__p)

\/@ ~_ |

p(V=1) Qp(v=P)

D

Qp

Recall that for p = 2, {£1, 45,42, +10} is a set of representatives of Q5 /(Q5)?. Then
by Proposition 3.2.2, there exists a D" -extension of Q, for each {a, b} C {—1, 45, +2, +£10}
such that a # b and the quaternion algebra (a,b)g, = 1 € Bry(Q2) = {£1}. These are

the following pairs:

{-1,2}, {-1,5}, {—1,10},

{2,-2}, {5,—5}, {10,-10},

{—2, -5}, {~2,-10}, {5,—10}.
Consider, for example, the pair {2, —2}. This pair yields a Di’fz—extension L/Qy such
that Q2(v2,v/~2) C L and Gal(L/Qz(v~1)) = Cy.

However, in this case, L is not uniquely determined. We have y; = 5/—2 €
Quv=D) with Ny = 25 = 2 € Q/(Q)) s0 Ly = Qo(vTIV2)(VEVD)
is a D, **-extension of Q,. Similarly, y, = —v/—2 € Qu(v/—2) has Ny, = 2, so
Ly = Qy(v/-2, ﬂ)(m) = Qu(vV=2,V2)(/=2) is a D} **-extension of Q.

Suppose Ly = Lo. Then v/5 = (v=2)"1(+/=2)(v/5v/=2) € L, = L, implying that
this dihedral extension of degree 8 contains Qy(v/—2,v/2,v/5)/Q2, an elementary abelian
extension of degree 8. Hence L; # L. Now let f € Qo \ Q3. If f € {5(Q5)*U—5(Q5)*U
10(Q5)? U —10(Q3)?}, then

@2(\/5, \/—_2)(\/E> = @2(\/5, \/—_2)( —\/—_2) = Ly;
Q(V2,V=2)(V/f12) = Qo(V2,V=2)(\/5V=2) = Li.



CHAPTER 3. COUNTING GALOIS p-EXTENSIONS 53

Otherwise, f € {2(Q)*U —2(Q)* U —(Q3)?, in which case

QZ(\/Z \/—_2)(v fu) = QZ(\/Ea \/—_2)( \V 5\/__2) = Ly;
Q2(\/§, \/—_2)(v fyo) = Q2(\/§, \/—_2)( —\/—_2) = Ls.
Hence, Q5 has exactly two D;Q’Q—extensions. An analogous argument shows that there

are exactly two Dj"-extensions for each of the nine pairs {a, b} such that (a,b)g, = 1, so

Q9 has 18 D,-extensions.

3.3.4 Complex characters and Mobius functions

In this section we turn to the more general case of finite Galois p-extensions of a local
field K, where K is a finite extension of the p-adic numbers, Q,. Such a field is sometimes
referred to as a local number field. We describe an interesting method of counting these
extensions using Mébius functions and complex characters, due to M. Yamagishi [Yam95].

Let K be a field and G a finite group. Let
v(K,G) := |{G-extensions of K}|.

Let G be a fixed group. Define

ag(G) : = [{homomorphisms G — G}|

Bg(G) : = |{surjective homomorphisms G — G}|.

For any subgroup H of G, assume that ag(H) is finite. Then

ag(G) =Y Bg(H),

H<G

so by the Md&bius inversion formula

Bo(G) = pa(H)ag(H),

H<G
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where p is the Mdbius function on the partially ordered set of all subgroups of G.
There is a 1-1 correspondence between the set of G-extensions of K and the set
of surjective homomorphisms from the absolute Galois group of K, G — G, modulo
automorphisms of GG. Let p be a prime. If G is a p-group, then G can be replaced by
Gk (p), the Galois group of the maximal p-extension of K. Also, if K is a finite extension
of the field Q,, of p-adic numbers, it is well-known that /K has only finitely many algebraic

extensions of given degree (inside a fixed algebraic closure of K'). Hence we have

Theorem 3.3.2. Let p be a prime, K a finite extension of Q,, and G a finite p-group.
Let the notation be as above, with G = Gk (p). Then

1
v(K,G) = [Aut(Q)| Z pe(H)ag(H).

H<G
Proof. See [Yam95, Theorem 1]. O

Example 3.3.3. Let p be a prime. Suppose that G is a p-group and K is a finite
extension of Q, of degree n = [K : Q,] which does not contain a primitive p-th root
of unity. I. R. Shafarevich [Sha47| showed that the Galois group Gk (p) of the maximal
p-extension of K, is a free pro-p-group of rank n + 1 and he gave an explicit formula for

v(K,G) in this case:

.6 = ey T =)

where d is the minimal number of generators of G.

This formula can also be obtained from Theorem 3.3.2 as follows. Let G = Gk(p).
Then ag(H) = |H|"™ for any p-group H. By Lemma 2.5.6, we need consider only those
subgroups H < G such that G?|G,G] < H. The number of such subgroups is (d)p, where

7

H
i = dimg, ———

Gr[G, G|
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Since [G : H] = p®, Lemma 2.5.6 together with the identity () = (/%)) gives
i/p d—i/p

> ne(Hag(H)= > pe(H)ag(H)

H<G GP[G,GI<H<G
d n+1
2 \i), pld=i)(n+1)
d d |G|n+1
_ Z ( > (_1)d7ip%(d7i)(d7ifl)‘—
par d—i ) p(d—z)(n+1)
d n
S () capppnlel
- i ) pi(n+1)
Gt . d i, Li(i— n —i
= |d(L—+1> () (=1)'p= D (pmHh)
p im0 \"/p

Induction on d together with the identity (d“)p = (iiil)p +pt (;l)p shows that

i

“ ¢ rd o |
H<pn+1 _pz) _ Z (Z) (_1)zp§1(271)(pn+1)d717
1=0 1=0 p

and the result follows.

If G is finitely presented as:
G=(x1,T9,...,&p | T1=r9g="-" =1, =1),
where each r; = r;(x1, 22, ..., 2,) is a finite word in the symbols x1, zs, ..., z,, then
ag(G) = {(91,92,---.9n) € G" [1i(91, 92, gn) = 1, i =1,2,... m}].

In particular, ag(G) and fg(G) are finite. By the column orthogonality relations of

irreducible characters

ri(91,92, -, gn) = 1 <= Zx(l)x(ri(gl,gg, o gn)) =G|,
X

ri(g, g2, gn) 1= D> x(Dx(ri(g1, 92, - gn)) =0,
X
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where y runs over all irreducible complex characters of G. Hence
(91,92,--,9n)€G™ 1=1 X

Now consider the case in which K is a finite extension of the p-adic field Q, of degree
n and assume that K contains a primitive p-th root of unity (,. Then the Galois group

Gk (p) of the maximal p-extension of K is a Demushkin group of rank n + 2.

Definition 3.3.4. A Demushkin group is a pro-p group G which satisfies the following

three conditions:
1. dime Hl(G,Fp) < 00,
2. dimg, HQ(G,IFP) =1,

3. the cup product H'(G,F,) x H'(G,F,) — H*(G,F,) is a non-degenerate bilinear

form.

From the first two conditions, we see that a Demushkin group is a finitely generated
pro-p group having a single relation among a minimal set of generators. These groups have
been completely classified by S.P. Demushkin, J.-P. Serre, and J. Labute (see [Lab66]).
Let ¢ be the maximal power of p such that ¢, € K. By the classification theorem of
Demushkin groups [Lab66], there exist generators 1, s, ..., Z,42 such that the unique

relation 7 takes one of the following forms:

(i) if ¢ # 2 (n is even in this case), then
r = af[z, Tol[z3, 2] - [Tnt1, Total; (3.2)
(ii) if ¢ = 2 and n is odd, then

r = 2iwy[0, T3] [Ta, T5] - [Ti1, Trral; (3.3)
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(iii) if ¢ = 2 and n is even, then either

f
r= x%ﬂ [mla mQHx& ZL'4] T [mn-I—lv Tn+2], (34)

where f is an integer > 2 or oo, or
s
r=aflon, wolay (w3, 2] - [Togn, Tosel, (3.5)

where f is an integer > 2.

Substituting the explicit forms of r into equation 3.1 and using the identity

= ﬂ2 a or all a
b%x(a[acb = () x(@), foralla € G,

Yamagishi proves

Lemma 3.3.5. Let p be a prime, K be a finite extension of Q, containing a primitive

p-th root of unity ¢,, and G a finite p-group. Let G = Gk (p). Then

Gl zx ﬁ deG x(97")x(9) (Case 3.2)
(D IN ><(1)1nf1 > gnea X(g2h*)x(h) (Case 3.3)
ag(G) = f
GI" 32 sy 2gea X(97 THx(9) (Case 3.4)
\ G X(1—)1n71 D gheG x(9)x(gh* ~Y)x(h)  (Case 3.5),

where n = [K : Q,], q is the mazimal power of p such that {, € K, and x runs over all

wrreducible complex characters of G.

Proof. See [Yam95, Lemma 1.8]. O

Using this result, Yamagishi then derives a formula for v(K,G) in the special cases
in which G is a non-abelian group of order p* or is a dihedral or generalized quaternion

group of order 2™, m > 3.
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Example 3.3.6. Let K be a finite extension of Qo which does not contain a primitive
4-th root of unity and assume n = [K : Q] is odd. Then G := Gk (2) is a Demushkin
group with ¢ = 2 in which the unique relation among a minimal set of generators takes

the form given in (3.3). Let G = Dy be the dihedral group of order 8.

2

Dy:={(rs|rt=5s"=1, srs =r"1),

with lattice of subgroups

/D4\
<s, r’s> <r> <7 rs>
<7r?s > <rs> <735 >

\ \

The Frattini subgroup ®(D,) =< r? >, so for H < G = Dy, Lemma 2.5.6 gives

1 it H=D,

—1 ifH=<s1?s> <r>or<r’rs>
pe(H) =
2 if H=<1r?>

0 otherwise

The conjugacy classes of Dy are {1}, {r?}, {s,r?s}, {r,r*} and {rs,r3s}. The

character table is shown below.

Dy|1 s rs r r

i |11 1 1 1
Xpo |1 -1 -1 1 1
Xps |1 1 -1 -1 1
Xpo |1 -1 1 -1 1
X |2 0 0 0 -2
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From Lemma 3.3.5 and the above character table, we obtain

1

ag(Dy) = 8" (4 + on

If H < G is abelian, then in order to calculate ag(H), one need consider only maps
G/1G,G) =Ly x Ly /qZy — H,
which gives

ag(H) = [H|""" - [{h € H | h? = 1}].

Hence )

gt 4 if H =< s,r%s > or <r?rs>
ag(H) = q4m1.2 if H=<r>

2.2 if H=<1%>.

\

So for G = D,, Theorem 3.3.2 gives

H<G

1
n+14
23<8 <+2>

— 2n<2n+1 - 1)2

4n+1 . 4 . 4n+1 . 4 - 4n+1 . 2 4 2(2n+1 . 2))

In the case K = Qy, we once again obtain v(Qy, D) = 18.

3.3.5 Cup products in cohomology

In this section, we again consider the case in which K is a finite extension of the field Q,
of p-adic numbers and for a finite group G, we use the notation v(K,G) to denote the
number of G-extensions of K. We describe a technique based on Galois cohomology to
count the number of D, -extensions of K.

In [MT14] J. Mina¢ and N. D. Tén use triple Massey products to compute v(K, G) for
G = Uy4(F,), the group of unipotent four by four matrices over F,. Closely following their
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approach, but using cup products instead of triple Massey products, a similar method
can be employed to calculate v (K, Us(F))).

Let G be a profinite group and p a prime. We consider the finite field F, as a
trivial discrete G-module. Let C* = (C*(G,F,),d,U) be the differential graded alge-
bra of inhomogeneous continuous cochains of G with coefficients in F, [NSWO08, §I.2].
The cohomology groups are written H'(G,F,). We denote by Z'(G,F,) the subgroup
of C*(G,F,) consisting of all 1-cocycles. Since G acts trivially on the coefficients F,,
ZYG,F,) = H'(G,F,) = Hom(G,F,).

Definition 3.3.7. A weak embedding problem £ = E(G,f: U — U,p: G — U) for a
profinite group G is a diagram
& = G
|+
UL
consisting of profinite groups U and U and homomorphisms ¢: G — U, f: U — U with
f being surjective. If ¢ is also surjective, we call £ an embedding problem.
A weak solution of £ is a homomorphism ¢: G — U such that fo = . If ¥ is
surjective, the solution is said to be proper. We call £ a finite weak embedding problem
if U is finite. The kernel of £ is defined to be M := ker(f). We denote by Sol(£) the set

of weak solutions of £.

Example 3.3.8. A proper solution of the embedding problem

Gy

)

Cy——=Ch
corresponds to a Cy-extension of F.

Suppose E(G, f: U — U,p: G — U) is a weak embedding problem with abelian
kernel M. The conjugation action of U on M is trivial while restricting to M C U.
Hence this induces a U-module structure on M. We consider M to be a G-module via ¢

and the conjugation action of U on M. We denote this G-module by M,.
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Lemma 3.3.9. Let (G, f, ) be a weak embedding problem with finite abelian kernel M
which has a weak solution. Then Sol(£) is a principal homogeneous space over the group
of 1-cocycles Z*(G, M,,).

In particular, any weak solution 6 of € induces a bijection
Sol(€) ~ Z1(G, M,).

Proof. See [INSW08, Proposition 3.5.11]. O

The group U, (F,) of unipotent, n x n matrices over F, is the multiplicative group of
all upper-triangular n x n matrices over [F, which agree with the identity matrix along
the diagonal. Let Z,(F,) be the subgroup of U, (FF,) consisting of matrices with all off-
diagonal entries being zero except at position (1,n), together with the identity matrix.
Then Z,(F,) lies in the center of U, (F,) and is isomorphic to the additive group of F,,.
The quotient group U,(F,) = U,(F,)/Z,(F,) can be identified with the group of all
upper-triangular unipotent n x n matrices over [F,, with the (1,n) entry omitted.

A representation p: G — U,(F,) is given by a component array p;;, 1 <i <n, i <
Jj <mn, of set maps G — F, which satisfy the identities

j—1
pii(9192) = pis(91) + pis(92) + D pir(91)pri(92), 91,92 € G.
k=i+1
The maps of the form p;;1, called the near-diagonal components of p, are then group
homomorphisms G — F,, and hence cohomology classes in H*(G,F,). Similarly, a
representation p: G — U, (F,) has near-diagonal components in H!(G,F,,).

Dwyer [Dwy75] demonstrated a close connection between n-fold Massey products of
elements in H'(G,F,) and representations p: G — U, 1(F,). In particular, for the case
n =2, if p: G — U3(F,) is a group homomorphism given by the components —p;, —py,
it follows from [Dwy75, Theorem 2.4] that p can be lifted to a group homomorphism
G — Us(F,) if and only if the cup product p; U p, = 0 in H*(G,F,).

Lemma 3.3.10. Let G be a pro-p-group. Let x1,. .., xn be elements in H'(G,F,). Then
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the homomorphism

©:=X1y--,Xn): G—=Fyx---xF,
is surjective if and only if X1, ..., Xn are F,-linearly independent in H'(G,F)).

Proof. We set H := F, x --- x F,. Then ¢: G — H is surjective if and only if the
induced homomorphism ¢*: H'(H,F,) — H'(G,F,) is injective ([NSWO08, Proposition

1.6.14 (ii)]). We have an (non-canonical) isomorphism
H — H'(H,F,),a = (ai,...,a,) ~ Xa,

where X, is defined by x4 (hi1,...,h,) = > a;h;. Then for each a = (a4, ...,a,) € H,

(¢"(xa))(g) = ZaiXi(g), Vg € G.

Therefore ¢* is injective if and only if x1,. .., x, are F,-lincarly independent. ]

Now consider the following exact sequence of finite groups
1 —F, — Us(F,) 222 p xR, — 1, (3.6)

where a;;: Us(F,) — F, is the map sending a matrix to its (4, j)-coefficient.
Let CP(G,F,) be the set of (z,y) € H'(G,F,) x H(G,F,) such that z Uy = 0 and
z, y are F,-linearly independent in H*(G,F,). For two profinite groups G and H, let

Epi(G, H) be the set of all continuous surjective homomorphisms from G to H.

Proposition 3.3.11. Let the notation be as above. Assume that both CP(G,F,) and
ZYG,F,) are finite. Then

[Epi(G,Us(F,)| = > [Z'(G.F,)l.

pECP(G.F)

Proof. Let p = (z,y) € CP(G,F,). Then ¢ induces a homomorphism G — U(F,) =
F, xF,, g+~ (2(g9),y(g)) which, by Lemma 3.3.10 is surjective, since x,y are F,-linearly
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independent in H'(G,F,). This gives an embedding problem

with kernel F,, which, by [Dwy75, Theorem 2.4|, has a solution since z Uy = 0. Hence
by Lemma 3.3.9, the embedding problem has |Z*(G,F,)| solutions. Since the kernel has

order p, each solution is a proper solution, so the result follows. ]
Lemma 3.3.12. Let G be a profinite group, and let G(p) be its maximal pro-p-quotient.
Then Epi(G,Us(F,)) = Epi(G(p), Us(F,)).

Proof. This follows from the fact that Us(F,) is a finite p-group. O]

Assume that K is a finite extension of QQ,. Recall that if K contains a primitive pth
root of unity, then the group G := Gk(p) is a Demushkin group, which is a pro-p group

having the following properties:

1. dimp, H'(G,F,) < oo,
2. dimg, H*(G,F,) = 1,

3. the cup product H'(G,F,) x H'(G,F,) — H*(G,F,) is a non-degenerate bilinear

form.

Note that since aUb = —bUa for a,b € H' (G, F,), the bilinear form (-,-): H'(G,F,) x
HY(G,F,) — H*(G,F,) = F, induced by the cup product is skew-symmetric. Let d(G) =
dimp, H'(G,F,). Then G has a minimal presentation G = S/R where S is a free pro-p-
group of rank d = d(G) on generators 1, xs,...,Tq, and R = (r) is the closed normal
subgroup of S generated by an element r € SP[S, S]. Let ¢ = ¢(G) be the maximal power
of p such that ¢, € K (and by convention, p™ = 0). Recall from section 3.3.4 that the

relation r takes one of the following forms:

(i) if ¢ # 2 (d is even in this case), then

r = a{[x1, Ta)[T3, T4] - - - [Ta—1, Tal; (3.7)
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(ii) if ¢ = 2 and d is odd, then
_ 2.2
r=xiry [xe,x3)[Ta, T5) - [Ta—1, xa), (3.8)

where f is an integer > 2 or oo;
(iii) if ¢ = 2 and d is even, then either

r= $%+2f (21, zo][3, T4] - - - [Ta—1, 24l (3.9)

where f is an integer > 2 or oo, or
r = 22[ay, wo)a? [ws, 4] - - [Bao1, 24), (3.10)

where f is an integer > 2.

Proposition 3.3.13. Let G be a Demushkin group and let

('7 ) Hl(G7 IFP) X Hl(Ga]Fp) i} HQ(Ga]FP) = IFP
be the non-degenerate skew-symmetric bilinear form induced by the cup product. Let
d=d(G) and q = q(G).

1. If ¢ # 2, there exists an F,-basis v1,va, ..., vq of H'(G,F,) such that (v;,v;) =0
for every 1 <i <d.

2. If ¢ = 2, there exists an F,-basis vy, vy, ..., vg of H'(G,F,) such that (vi,v1) = 1,
and that (v;,v;) = 0 for every 2 < i <d.

Proof. Let
1 R > S > GG 1,

be a minimal presentation of GG, with minimal system of generators xi,xs, ..., 4.
By [NSWO08, Proposition 3.9.12], there exists an F,-basis vy, va, ..., vy of H'(S,F,) =
H'(G,F,) such that v;(z;) = d;;, where § is the Kronecker delta function.
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Suppose ¢ = p* # 2. If p > 2 then (v;,v;) = 0 for every i = 1,2,...,d since a skew-
symmetric bilinear form on a vector space over a field of characteristic # 2 is alternating.
From [NSWO08, Proposition 3.9.13] applied to the descending 2-central series (S®) of S,
if the defining relation r of GG is such that

d

r=122% . 21, )% mod S®. a. ay, € Fy
H 7 ’ ) K )

j=1 1<l<m<d

then (vj,v;) = a;. If ¢ = 2% with k > 2, then r takes the form shown in equation (3.7)
above, so (v;,v;) = a; =0 for all i = 1,2...,d. This establishes part 1.

Now suppose ¢ = 2. Then r takes the form shown in equation (3.8), (3.9) or (3.10)
above. In each of these cases, (v1,v1) = a3 = 1 and (v;,v;) =a; =0foralli =2,3,...,d,

which establishes part 2. [

When G is a Demushkin group, the following result, based on linear algebra, provides

a means of calculating |CP(G,F,)| from d(G) and ¢(G).

Lemma 3.3.14. Let V be an F,-vector space of dimension d > 3 with with basis
U1, V2, ...,Uq. Let (-,-): V xV — F, be a non-degenerate skew-symmetric bilinear form
on V. Let N be the number of pairs (x,y) € V XV such that (z,y) = 0 and that x,y are

F,-linearly independent.

1. If (v, v;) = 0 for every 1 < i < d, then
N=('-)e"" —p).
2. If (vi,v1) =1 and (v;,v;) = 0 for every 2 < i < d, then
N = (2971 — )29 —2) 2771297 —1).
Proof. For each y € V'\ {0}, let

y-={zeV](xy) =0}
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Then y* is an Fy-vector space, and dimy* = dimV — 1 = d — 1 since the bilinear form

(+,-) is non-degenerate. Let
Cly) :={z €V | (x,y) =0 and z,y are F,-linearly independent}
= {z € y* | x,y are F,-linearly independent}.

Case 1. Let y =) ._;a;v;, a; € F,, I C{1,2,...,d}. Then

i€l

(ya y) = (Z a;v;, Z ajvj> = Z a;aj (Uz‘, 'Uj)
i€l jeI ijel
= Z az (vi,v;) + Z a;a;((vi,v;) + (vj,0;))
iel i<j,
ijel
—0,

since (-, ) is skew-symmetric and, by assumption, (v;,v;) =0 for 1 <i < d. So y € y*.

Hence

This gives

N= > [CWl=0"-D0"" —p.

yeV\{0}

Case 2. In this case p = 2. Let y = > ._,v;, I C {1,2,...,d}. There are two pos-

iel
sibilities to consider:

(i) 1 ¢ I. Then (v;,v;) = 0 for all @ € I, so by the same argument as Case 1 above,
y € y*. Hence

Cy)l= (2" ~-2).
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(i) 1 € I. Let I':= I\ {1}. Then (v;,v;) =0 for all i € I, so

(y,y) = (o1 + Z%Ul + ZU@)

iel’ iel’
= (v1,01) + (v1, sz) + (Z v, V1) + (Z Ui, sz)
iel’ il iel’ el
= (U17 Ul)

=1,

since (-, ) is skew-symmetric, and (3, vi, ;5 vi) = 0 by part (i). So y ¢ y*. Hence,

[Cly)l = Iy~ \ {0} = 27" — 1)

Combining the two possibilities gives

N= Y Jcwl+ Y Icw)

y in case (i) y in case (ii)

= (247t — )27t — 2) 277 (247 1),

]

Let K be a finite extension of degree n of @, and assume that K contains a primitive
p-th root of unity. Then the Galois group G := Gg(p) of the maximal p-extension of K
is a Demushkin group of rank n + 2. Recall that the number of Us(F,)-extensions of K

is given by |[Epi(Gic, Us(F))|
PGk, Usl(lty
v(K,Us(F,)) = |Aut(Us(F,))|

where G is the absolute Galois group of K. Since |Z'(G,F,)| = |H'(G,F,)| = p"*?,
Proposition 3.3.11 together with Lemma 3.3.12 gives

[Epi(Gr, Us(F,))| = [Epi(G,Us(F,)) = > |ZY(G,F,)| = [CP(G,F,)| - p"**.
p€eCP(G,Fp)

Since G is a Demushkin group, the cup product H'(G,F,)x H*(G,F,) = H%(G, F,) =2 F,

is a non-degenerate skew-symmetric bilinear form. If ¢ = ¢(G) is the g-invariant of G,
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then by Lemma 3.3.14

)
(p"*t? = 1)(p"™ —p) if p>2,

ICP(G,Fp)| = { (2712 — 1)(27+ — 2) if p=2andq> 2,

(2n+1 _ 1)(2n+1 _ 2) + 2”*1(27”1 — 1) if p=2andq=2.
\

Note also that
pPp*=1p-1) ifp>2,

|Aut(Us(Fp))| =
8 if p=2.
Therefore
(P (" =" — 1) ifp> 2
2 1)(p—1 ’
cP@E) e | U7

v(K,Us(F,)) = Ant(Uy(F,)] 12/~ D@ 1) ifp=2andg>2,
K2”(2”“ —1)? if p=2and q=2.

3.4 Formally Real Pythagorean Fields

Definition 3.4.1. A field F is called pythagorean if every sum of two squares (hence
any number of squares) in F' is a square. For any field F', the set of elements of F' that

can be expressed as a sum of squares will be denoted Y F2. If F is pythagorean then

STF?=F?

Definition 3.4.2. A field F' is formally real if F satisfies the following (equivalent)

conditions:

1. -1 is not a sum of squares in F.

2. For any n € N, the quadratic form n(1) = (1,...,1) is anisotropic over F.
Otherwise, F' is said to be nonreal.

If I is a nonreal pythagorean field then for any a € F', there exist x, y, z € F such
that

a=2%—y? =22+ 227 € F?,
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so F' is quadratically closed. Hence, our interest will be in formally real pythagorean

fields.

Definition 3.4.3. Let F' be a field. A subset P of F is called a preordering of I if
P+PCP, P-PCP, -1¢P Y F’CP
A preordering of a field F' is an ordering if in addition
PU-P=F PN-P=N0.

An ordered field is a pair consisting of a field F' and an ordering P of F. If P is an
ordering of F', the elements of P* = P\ {0} are called positive, the elements of —P*
are called negative (with respect to P). An element b € F* is said to be totally positive
if it is positive with respect to all orderings on F. The set of all orderings of F' will be

denoted Xp.

Artin and Schreier, in the 1920’s, developed much of the algebraic theory of for-
mally real fields and studied the relationship between formally real fields and fields with

orderings. We have the following important results.

Theorem 3.4.4 (Artin-Schreier Criterion, [AS27]). A field F' is formally real if and only

if I possesses at least one ordering.

Theorem 3.4.5 ( [Sch85, Chapter 3, Theorem 1.6]). Let F' be a formally real field and
P a preordering of F'. Then P = NR, where the intersection is taken over all orderings

R containing P.

Theorem 3.4.6 (Artin’s Theorem, [Art27]). For a field F' of characteristic # 2, an
element b € F* is totally positive if and only if b € > F?.

We now wish to consider formally real pythagorean fields with a view toward counting

their dihedral extensions. We begin with



CHAPTER 3. COUNTING GALOIS p-EXTENSIONS 70

Lemma 3.4.7. Let F be a formally real pythagorean field with set of orderings Xr and
let a € F*\ (F*)% Then

Dp(l,—a)y= (] P~

PeXp,—acP
Proof. Consider the set F? — aF? = {2? — ay? | #,y € F}. Since F is pythagorean,
ST F? = F? so this set is closed under addition and multiplication. If —1 = 22 — ay?,
then y # 0so a = (z/y)?+ (1/y)* € F?, a contradiction. Hence F?> —aF? is a preordering
of F. Also, if P € X, then since F? C P, we have F? —aF? C P if and only if —a € P.
So by Theorem 3.4.5,

Dp(l,—a)U{0} =F*—aF*= (] P

PeXp,—acP

]

Lemma 3.4.8. Let n € N and let F' be a formally real pythagorean field with set of
orderings Xp. If |[F*/(F*)% = 2", then n < |Xp| < 2" L

Proof. For any P € X, P* is a subgroup of index 2 in F'*. The map

F* — H F*/P*, aw (a mod P)pex,
PeXp
has kernel (pcy, P*, which is 37 (F*)* = (F*)? by Artin’s Theorem and the fact that

F' is pythagorean. So we have an injective map

F/(F*)? = ] {£1}.
PeXp
Hence 2" = |F*/(F*)?| < 2%Fl so n < | Xp|.
Since F is formally real, we can choose a basis {—1, a1, ...,a,_1} of F*/(F*)?. For
any P € Xp, —1 ¢ P and for each 1 = 1,...,n — 1, we have exactly one of a; € P or
—a; € P. Each ordering P could be labelled accordingly, so F can have at most 21

orderings. O]
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3.4.1 Extensions of SAP fields

In this section, we develop a method for counting D,-extensions of a formally real

pythagorean field having the minimal number of orderings.

Definition 3.4.9. A formally real pythagorean field F' with finite square class group
F>*/(F*)? is said to have the Strong Approzimation Property (or to be SAP) if for any
subset { Py, ... P;} of orderings of F', there exists a € F'* such that

aEﬂP,-, a¢ Pforall P# P, i=1,...,s.
i=1
Recall from sections 2.2, 2.3 and 2.4 that for a field ' with char(F') # 2, we have the
maps

F*/(F*)* = H'(Gp,F2) = H(Gr(2),F2), ar (a),

and
FX)(F*)? x F*/(F*)? = H*(Gp,F3y) 2 Bry(F), (a,b) — (a)U (b) — (a,b)p.

Lemma 3.4.10. Let F be a formally real pythagorean SAP field with finite square class
group of cardinality 2. There exists a basis B = {a1,...,a,} for F*/(F*)? such that
for all a,b € F*/(F*)?, (a) U (b) = 0 if and only if there is no common basis element

a; € B entering the expressions for both a and b.

Proof. Let F be a formally real pythagorean SAP field with |F*/(F*)? = 2" and let
Xr be the set of orderings of F. Since F'is SAP, for each P, € X we can choose

s e (] P\P.

pPeXp, P#P;

Suppose a;, - -+ a;, = 1in F*/(F*)? where i; # iy if j # k. Then since aj,,...,a; € P,

we have a;, = a;,---a; € P, a contradiction. Hence the a;’s are independent mod

(F*)? which implies |Xr| < n. Then, by Lemma 3.4.8, |Xr| = n, so B={ai,...,a,} is
a basis of F*/(F*)%
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Now for all 7 # j, we have

Dp <1,—a; > ={2*—ay*|z,y e F}\{0}
= nPEXF, —aiEPPX

= mPGXF, a;¢P P
= pXx.

Hence a; € Dp < 1,—a; >, which implies (a;) U (a;) = 0 in H*(Gp(2),Fs).

Working modulo squares, any given a,b € F'* can be expressed in the basis {a4, ..., a,}.
Let ¢ = [] a;, where the product is taken over all elements a; which occur in the expression
for both a and b. From the bilinearity of the cup product and the fact that (a;)U(a;) =0
if i # j, we have (a) U (b) = (¢) U (¢). The quaternion algebra (c,c)r = (¢,—1)r and
(¢, —1)p splits if and only if ¢ is a sum of squares in F'. Since F' is pythagorean, the result

follows. O]

Now let K = F(y/a,Vb), a,b € F* be a Vj-extension and recall that K/F embeds
into a Dy-extension L/F if and only if (a) U (b) = 0, and in that case, the possible

extensions are

L=K(\/fv), where f € F*, v € F(y/a) with Np(yayr(7) = 0.

Lemma 3.4.11. Let S = {(a,b) € F*/(F*)?> x F*/(F*)* | (a) U (b) = 0, a,b # 1}.
Then
S| = 3" — 2" 1.

Proof. Suppose a is expressed as a product of elements of the basis B of Lemma 3.4.10,
and similarly for b. That is, a = a;, ---a;,, b = aj, ---a;,. Since (a) U (b) = 0, there is
no element of B common to the expression of both @ and b. So 2 <k =r+ s <n. Now
choose a subset A of B of size k and consider all subsets C of A such that C # @ and
C # A. There are 2¥ — 2 such subsets C. We take a to be the product of the elements of
C and b the product of the elements of A\ C. This gives >_,_, (})(2" — 2) ordered pairs
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(a,b). Using the binomial identity (1 +z)" = > 7_; ()" gives
" /n
si=3 (1)@ -2
(1) 22 (0)
k=2 k=2

> (Z)zk—zki; (k> +1

=37 —ontl 4 1,

bl
N}

3 |l
S =N

Putting everything together we have

Theorem 3.4.12. Let F be a formally real pythagorean SAP field with |F* /(F*)?*| =
2" n > 2 and let N be the number of Dy-extensions of F. Then

N =2"73(3" — 27t 1),

Proof. Using the notation of the previous lemma and preceding discussion, the number
of biquadratic extensions K = F(y/a,v/b) which embed into a D,-extension L/F is given
by the number of unordered pairs {a,b} such that (a) U (b) = 0. For each such pair,
there is a 1 — 1 correspondence between {L/F | K/F C L/F, Gal(L/F) = D,} and
{f1feF*/(F*)?Ua(F*)*Ub(F*)*Uab(F*)?)}. Hence

N = (I8

— 271—3(371 . 2n+1 + 1)
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Examples 3.4.13. We have the following results for the first few values of n.

n =2 N =1
n=3 N =12
n= N =100

n=>=9 N =T720
n=6 N =4816
n = N = 30912
n=8 N =193600

Now consider the extension field K = F(y/—1) and its quadratic closure K(2). We
will show that Lemma 3.4.10 is useful not only in allowing us to count extensions of F,
but also in elucidating the structure of the subgroup G (2) of Gp(2). First, we recall

the following lemma due to Bass and Tate.

Lemma 3.4.14. Let p be a prime. If E s a field which has no nontrivial finite extensions
of degree less than p and L/E is an extension of degree p, then Ko(L) is generated by the
symbols (e,l) with e € E*, | € L*.

Proof. See [Sri95, Lemma 8.6] O

Proposition 3.4.15. Let F be a formally real pythagorean SAP field with |F* /(F*)?*| =
2" and let K = F(v/—1). Then Gk (2) is a free pro-2 group of rank 2"~

Proof. Let a € F* and b € K*. The corestriction map
cor : H*(Gg(2),Fy) — H*(Gp(2),Fy)

is given by cor((a) U (b)) = (a) U (Nk/p(b)). Since F' is pythagorean, Ng,p(b) = (1)
and cor((a) U (b)) = 0. By Lemma 3.4.14 and Merkurjev’s Theorem, H?(Gg(2),Fy) is
generated by the cup products ((f) U (k)) with f € F*, k € K*. Hence cor is the zero

map.
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From Arason’s long exact sequence [Ara75] we obtain
0 —— F*/(F*)? 2228 HX(Gp(2), Fy) < H*(Gc(2), Fz) —— 0.

Once again working modulo squares, any given e, f € F'* can be expressed in the
basis B = {ay,...,a,} of Lemma 3.4.10. Let ¢ = [] a;, where a; enters the expression for

both e and f. Then by the bilinearity of the cup product and Lemma 3.4.10 we have

res((e) U (f)) = res((c) U (c)
=res((=1) U (c))
=0.

So by Merkurjev’s Theorem, res : H*(Gp(2),Fy) — H?*(Gk(2),F,) is the zero map.
Hence Gk (2) is a free pro-2 group.

From the short exact sequence
0 —— {(F*)PU—-(F)} —— I/ (F*)? —— K*/(K*)?

— 2 S N(K)/(F*)? ———— 0

we see that |[K*/(K*)?| = 2""!. So the rank of Gx(2) is n — 1. O

In the next section we go on to consider the group G(2) for the case in which F'is a
formally real pythagorean SAP field and also the case in which F' is a superpythagorean
field.

3.4.2 The group Gr(2)

Theorem 3.4.16. Let F be a field with |F* /(F*)? = 2%, d > 0. Then F is a formally
real pythagorean SAP field if and only if Gp(2) =2 Cy % - - - % Cy, the free product of d + 1
copies of Cs.

Proof. Suppose F' is a formally real pythagorean SAP field with space of orderings Xp.
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Then |Xp| = d + 1 and by |Lam83, Theorem 17.4|, a decomposition of Xp into its
connected components is given by Xp = @fill X, where | X;| = 1foreachi=1,... d+1.
It then follows from [Min86| that G r(2) is isomorphic to the free product of d 4+ 1 copies
of Cs.

Conversely, suppose that Gg(2) = Cyx---xCy (d+1 copies). Then Gg(2) is generated
by d+1 involutions, so F'is pythagorean and formally real. Hence (1, 1) ¢ is not universal.
In this case, R. Ware [War79| showed that Gr(2) determines the Witt ring W (F') of F.
By [MS96, Theorem 3.8] and [MS90, Corolllary 2.10|, the Witt ring W (F') determines
the space of orderings X of F. It then follows from the “only if” part that | Xg| = d+1,
so F'is an SAP field. O

Corollary 3.4.17. Let F' be any pythagorean field, and let K be a pythagorean SAP field.
Assume that |F*/(F>*)? = |K*/(K*)?| = 2% . Then there exists an epimorphism

Proof. By Lemma 3.4.8, F' has at least d+1 orderings, and we can choose d+1 involutions
01y...,04+1 In Gp(2) which minimally generate Gp(2). The statement then follows from

the previous theorem. O

We now wish to look at the case in which F' is a superpythagorean field. Recall
that a formally real pythagorean field F with |F>*/(F*)?| = 2%+ < oo is called super-
pythagorean if F' admits exactly 2¢ orderings. We consider the group G := Z3 x Cy =
H x (z), where the semidirect product action of Cy on H := Z¢ is given by zyz =y},

for all y € H.

Proposition 3.4.18. Let F be a pythagorean field with |F* /(F*)?| = 241 d > 0. Then

there exists an epimorphism Gp(2) - G = 74 x C,.

Proof. Choose any ordering P in F' and an Fy-basis [a1], . . ., [a4] of P*/(F*)?. By |Bec74]
there exists a field F, called the FEuclidean closure of F' with respect to P, such that
F(2) = E(y/—1), E is a formally real field and E* N F' = P. For each a;, i = 1,...,d,

there exists a sequence

@,ya_i’.--a 2%7"'7
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such that %/a; € E* for all n € N. Indeed, by induction on n, we may assume that
2/a; € E*. Then since E* = (E*)*U —(E*)?, we can choose 2"/a; € (E*)*. Now let

Moo= | F(2ar,..., %/a).

(G

n=1

Then M is formally real since M is a subfield of E. For each n € N, F(y/—1) contains a
primitive 2"-th root of unity (on» (see [Bec78, Chapter II, Theorem 8|) and we may also
assume that (2,,; = (on. Let M := M(y/=1). Then M/F is a Galois extension.

We now show that Gal(M/F+/—1) is isomorphic to ZJ. This follows from Kummer
theory. Let 71, ..., 74 be elements in Gal(M/F(y/—1) such that for each i = 1,...,d,

7 W/ai) = G W/a; and i /a;) = 2/a5, Vi #i.

Then Gal(M/F(v=1)) = [[L,(r;) = 74.
The restriction of a nontrivial element of Gal(E(y/—1)/E) to M gives a nontrivial
element o € Gal(M/M). Thus we have a splitting

Gal(M/F) = Gal(M/Fv/—1) x (o),

where (o) = C5, and the action of Cy on Gal(M/F+/—1) is by involution.

The natural projection
Gr(2) = Gal(F(2)/F) — Gal(M/F) =2 74 x C,

gives the desired epimorphism. ]

Corollary 3.4.19. Let F be a a field with |F*/(F*)?| = 2471 Then F is a super-
pythagorean field if and only if Gp(2) is isomorphic to the group G = Z3 x Cs.

Proof. Assume that F' is a superpythagorean field with |F*/(F*)?| = 241 Let the
notation be as in the previous proposition. Then Gal(M/F) = G = Z4 x Cy. On the
other hand, from [War78, Example 3.8, (ii)] (see also [Bec78, Chapter III, Theorem 1]),
we know that Gal(M/F) is equal to Gr(2). Hence Gr(2) = Z4 x C,.
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The converse direction is proved in a similar fashion to the proof of the "if" part in

Theorem 3.4.16. O

Corollary 3.4.20. Let F' be any Pythagorean field, and let K be a superpythagorean field.
Assume that |F*/(F*)? = |K*/(K*)?| = 2% . Then there exists an epimorphism
GF(2) - GK<2> = Zg X Cg.

Proof. This follows from the previous proposition and corollary. n

We will consider these groups further in sections 4.3 and 4.4 when we look at dimen-

sions of Zassenhaus filtration subquotients.



Chapter 4

Dimensions of Zassenhaus Filtration

Subquotients

Central filtrations of profinite groups have a close connection with Galois theory. In 1947,
Shafarevich [Shad7] observed that for certain fields not containing primitive p-th roots
of unity, one could show the Galois groups of their maximal p-extensions were free pro-p
groups by looking at the cardinality of filtration quotients.

Early work by Witt [Wit37b| established a correspondence between free Lie rings
and the higher commutator groups of free groups. This idea has subsequently been very
fruitful in the study and classification of pro-p groups, one example being the important
work of Labute on Demushkin groups [Lab66] and mild pro-p groups [Lab06|.

Recall that for a group G and a prime number p, the descending central series (G,,)

of GG is defined inductively by
Gl = G7 Gn+1 - [G’I’HG]
and the Zassenhaus (p-)filtration (G(,)) of G is defined inductively by

Gay=G, Guw=06". 11 [Ga. Gy,

i+j=n

OA version of this chapter is to appear in the Israel Journal of Mathematics [MRT15].

79
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where [n/p] is the least integer which is greater than or equal to n/p.

Given a free Lie ring L on d generators and a free group S on d generators, Witt
showed that there is an isomorphism between the additive group of the homogeneous
elements of degree n in L and the multiplicative group S,,/S,+1.

Our focus in this chapter will be primarily on the Zassenhaus filtration. We will
develop a method for determining the IF,-dimension of subquotients of this filtration in the
case of finitely generated pro-p groups and derive an explicit formula for these subquotient
dimensions for various families of groups, including free pro-p groups, Demushkin groups
and free pro-2 products of finitely many copies of the cyclic group of order 2. Galois
theory provides much of the underlying motivation as many of these groups are realizable
as Galois groups of maximal p-extensions of certain fields, including local fields and
formally real pythagorean fields.

In section 4.1 we define, for a finitely generated pro-p group G,

Cn(G) = dimﬁrp (G(n)/G(n+1))

and note that ¢, (G) is finite for every n > 1. We show in Lemma 4.2.1 that the numbers
¢, (@) are sufficient to characterize finitely generated free pro-p groups in the family of
all finitely generated pro-p groups. In Remarks 4.2.4 and 4.4.4, we observe that in some
interesting cases, the two numbers ¢;(G) and c3(G) alone are sufficient to determine
G. We also observe that if G is a free pro-p group or a Demushkin group, the minimal
number of topological generators of G, can be calculated from the dimensions ¢, (G). In
section 4.2 an interesting connection between these dimensions and the Kernel Unipotent

Conjecture is also explored.

4.1 The Hilbert-Poincaré Series

The Hilbert-Poincaré series is an important tool which allows us to study filtrations of

profinite groups from the group algebra standpoint.

Definition 4.1.1. Let R be a unital commutative ring and V = ;°, V, a graded free
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R-module. V is called locally finite if rankg(V,) < oo for all n > 0. For such a graded
free R-module V', the Hilbert-Poincaré series Py (t) € Z[[t]] of V is the formal power

series
o0

Pv(t) = Z rankR(Vn)t”.

n=0
We recall also the following definitions from the theory of Lie algebras.
Definition 4.1.2. A Lie algebra L over a commutative ring R is an R-module equipped

with a bilinear composition (x,y) — [zy] that satisfies the two conditions
[z2] =0 and [[zy]z] + [[yz]a] + [[z2]y] = 0.

By an R-algebra we mean an associative ring with identity, containing R as a subring.
Any R-algebra A defines a Lie algebra Ay having the same R-module structure as that
of A with the Lie product given by [xy] := xy — yx. A ‘Lie subalgebra of A’ means a Lie
subalgebra of Aj.

Given any Lie algebra L over R, we can construct the universal enveloping algebra
U(L) of L as follows. Form the tensor algebra T'(L) for the R-module L, T(L) = R &®
LOLR®L@--- and let U(L) = T(L)/I, where I is the ideal in T'(L) generated by all
elements of the form

If w is the restriction to L of the canonical homomorphism of T'(L) onto U(L), then wu is
a homomorphism of the Lie algebra L into U(L)y.

The pair (U(L),u) has the following universal property. If A is any R-algebra and g
is a homomorphism of L into Ay, then there exists a unique R-algebra homomorphism

g :U(L) — A, such that the following diagram of Lie algebra homomorphisms commutes

L—"5U(L),

N

AL

Definition 4.1.3. Let £k be a field of characteristic p. Let A be a k-algebra and let L be
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a Lie subalgebra of A. Then L is said to be restricted if for each element a € L, a? € L.

More generally, a Lie algebra L over k, with an additional unary operation [p], is called
a restricted Lie algebra if there exist a k-algebra A and a Lie algebra monomorphism
0 : L — A such that 6(alP!) = 0(a)? for all a € L. In this case A is called a restricted
enveloping algebra of L. A Lie algebra homomorphism between two restricted Lie algebras
is called restricted if it preserves the operation [p.

A restricted enveloping algebra U of L is universal if it has the following universal
property: for any restricted Lie algebra homomorphism ¢ : L — Bp, where B is a
k-algebra, there exists a unique k-algebra homomorphism ¢ : U — B such that the

following diagram of restricted Lie algebra homomorphisms commutes

L%y,

N

By,

Now let G be a finitely generated pro-p group. Recall that (I"(G))n>o is the filtration
of the completed group algebra IF,[[G]] of G over F,, by powers of the augmentation ideal,
where I°(G) = F,[[G]]. There are two graded F,-algebras associated to G and F,[[G]]
respectively which are defined by

= @G(n)/G(n—i—l) and gr @]n /In+1 )

n>1 n>0

Since G is finitely generated, it follows from [Koc02, Lemma 7.10 and Theorem 7.11]
that the graded algebras gr(F,[[G]]) and gr(G) are locally finite. We define a,(G) =
dimg, I"(G) /1" (G) and ¢,(G) := dimg, G(n)/Gn+1)-

The following theorem is a consequence of a beautiful theory of Jennings and Lazard
[DSMS99, Chapters 11 and 12|, viewing the Zassenhaus filtration subgroups G, as

dimension subgroups. (See also [Qui68§].)
Theorem 4.1.4 (Jennings-Lazard). Let the notation be as above.

(i) The graded algebra gr(G) is a restricted Lie algebra.
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(11) The graded algebra gr(F,[[G]]) is a universal restricted enveloping algebra of gr(G).

(i1i) We have

1 — ¢ cn(G)
P, i) Z a,(G)t" = H ( — ) . (4.1)

n=1

Proof. (i) See [DSMS99, Theorem 12.8(i)].
(ii) See [DSMS99, Theorem 12.8(iii)].
(iii) See [DSMS99, Theorem 12.16] (see also |Ersll, Proposition 2.3|). O

We have a similar result relating the descending central series of GG to the filtration
(J™(G))n>0 of the completed group algebra Z,[[G]] by powers of the augmentation ideal.
There are two graded Z,-algebras associated to G and Z,[[G]] respectively which are
defined by

:@Gn/GnH and gr(Z @Jn )/JHHG).

n>1 n>0

Lemma 4.1.5. Let G be a finitely generated pro-p-group. Assume that the graded algebra
gr.(G) = @@1 G /Gry is torsion free. Let e,(G) = rankg G /G-

(i) The graded algebra gr(Z,[[G]]) is a universal enveloping algebra of gr. (G).

(ii) J(G)/J""H(G) is a free module over Z, of finite rank d,(G), and

i 1
Bazyfian)( Z do(G)t" =] A=) @
1

Proof. (i) This follows from [Har90, Theorem 1.3] and Corollary 2.1.12.
(i) This follows from (a) and [Lab06, Proposition 2.5]. O

Example 4.1.6. If G = C, is the cyclic group of order p then since gr(C,) = C, and
gr(Fp[[Cyl]) = gr(Fy[Cy]) = Fyla]/(a?), we have

Pagio(t) = 1+t 4+ 1771,
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The following lemma is an important technical tool which relies on a fundamental
result of Lichtman and also on a simple but remarkable formula which can be traced

back to the work of Lemaire in [Lem74, Chapter 5.

Lemma 4.1.7. Let G1 and Gy be two finitely generated pro-p-groups. Let G = G * G4
be the free product of Gy and Gy in the category of pro-p-groups. Then

Par(w, 161D (8) = (P 16 () + Prngr iy () = D7

Proof. By [Lic80, Theorem 1], the graded F,-algebra gr(F,[[G]]) is a free product (i.e., a
categorical coproduct) of gr(F,[[G1]]) and gr(F,[[G2]]). The statement then follows from
[PP05, Equation (1.2), page 56]. O

Example 4.1.8. If G = Cy%- - -x (Y is a free product of d+1 copies of Cs the cyclic group
of order 2, then by the previous example, Lemma 4.1.7 and induction on d it follows that
1+t
P, t) = ——.
sl () = T
Our aim is to use these results to develop a formula for ¢, (G) for various families of

pro-p groups GG. We proceed as follows. Given a power series P(t) = 1 + 2@1 apt" €
Z[[t]], we define ¢,,, n=1,2,... by

P(t)=1+) apt"= ﬁ (llittzp)cn .

n>1 n=1

Now write log P(t) = > o, b,t". We will derive a formula for ¢, using the values
bi,..., by
. . . 1 S
Taking logarithms and using log(l—t) = > —t” gives
- v=1V

Z bntn _ i o i %(tml/ . tmpy)'
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Equating the coefficients of ¢, we have

Hence
nb,, = g MCyy, — g MPCyp.
mln mp|n
We now define a new sequence w,, n =1,2,... by

wa = 3 plnfm)mby.

mln

where p is the Mobius function: for a positive integer d,

(@ (—=1)" if d is a product of r distinct prime numbers,
M =

0 otherwise.

Then by the Mobius inversion formula,

nb,, = mem.

mln

Remark 4.1.9. From the definition of w,, we see that

n>1 n=1

Lemma 4.1.10. If (n,p) =1 then ¢, = w,.

Proof. Assume that (n,p) = 1. Then we have

nb,, = chm.

mln

85
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Hence by the Mobius inversion formula,

1
Cn = g w(n/m)mb,, = w,

mln

Lemma 4.1.11. If p divides n, then

Cn = Cp/p “+ w,.

b, — b
Proof. The proof is by induction on n. Clearly ¢, — ¢; = Pp =1 _ wp, hence the
p

statement is true for n = p. Assume now that n > p and p | n. Assume also that the

statement is true for every m such that p | m | n, m # n.

Then
nb, = Z MeCy, — Z PMC,

mln pm|n

= chm - Z MCp/p
mln plm|n

- Z mcy, + Z m(cm — Cm/p)
mn,(m,p)=1 plm|n

= Z MWy, + Z MWy, + 1(Cr — Cryp)
m|n,(m,p)=1 plm|n,m#n

= Z MWy, + N — Cryp)-
mln,m#n

Combining this with

nb,, = E MWy,

mln

gives ¢, — ¢,/p = w,. Hence the statement is true for all n. O

Proposition 4.1.12. If n = p*m with (m,p) = 1, then
Cn = Wi + Wpm + +++  Wpkiy,-

Proof. This follows from the previous two lemmas. O]
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Theorem 4.1.13. Let G be a finitely generated pro-p-group. Write

log [G’]) Zb t" e Q

n>1

and define w,(G) by

= % Z p(n/m)mb

m|n

Let n = p*m with (m,p) = 1. Then
cn(G) = Win(G) + Wy (G) + -+ + Wy (G).

Proof. This follows from Theorem 4.1.4 and Proposition 4.1.12.

87

]

The following proposition points out that in certain cases there is a close relationship

between the quantities ¢,(G) := dimg, G )/ G n11) and e, (G) = ranky G, /Gpi1.

Proposition 4.1.14. Let G be a finitely generated pro-p-group and keep the same nota-

tion as in Lemma 4.1.5 and Theorem 4.1.153. Assume that the graded algebra gr. (G)

@nZI GGy is torsion free. The following are equivalent.
(i) rankz J*(G)/J"(G) = dimg, I"(G)/I"(G) for alln > 1.

(ii) wn(G) = ranky, G, /Gpy1 for alln > 1.

Proof. (i) = (ii): Assume that rankz, J"(G)/J""(G) = dimg, I"(G)/1"T(G) for all n.

Then by Theorem 4.1.4, Remark 4.1.9 and Lemma 4.1.5, we have

(e 9] o0

1
Per(w,[161) ( H (1— {nywn(@ = Paz, o) (t) = H (1 — tn)en(@)

n=1 n=1

Therefore w, (G) = e,(G) for all n > 1.

(ii) = (i): Assume that w,(G) = e,(G) for all n > 1. Then by Theorem 4.1.4,

Remark 4.1.9 and Lemma 4.1.5, we have

ParE,116)) (1) = Paxz, e ()-
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Therefore ranky J"(G)/J" T (G) = dimg, I"(G)/I"(G) for all n > 1. O

Remark 4.1.15. We shall see in the next sections that both a free finitely generated
pro-p-group and a Demushkin group with a relation of the form r = [y, 25| - - - [x4_1, 4]

satisfy the equivalent statements in Proposition 4.1.14.

4.2 Free Pro-p Groups

Throughout this section we assume that S is a free pro-p-group on a finite set of generators

Z1,...,%q. Recall that the Magnus homomorphism from the completed group algebra
F,[[S]] to the F,-algebra F,((X,..., X)) of formal power series in d non-commuting
variables X1, ..., X, over [, is given by

U Fp[[SH — ]Fp<<X1, e ,Xd>>, ri— 14+ X,
The F,-algebra F,((X7, ..., Xq4)) is equipped with a natural valuation v given by

V() a5 Xy - X)) = inf{k | ai, i, # 0} € Zg U {00},

making it a compact topological Fj-algebra and by Theorem 2.1.25 the Magnus homo-

morphism is a (topological) isomorphism.

Lemma 4.2.1. A finitely generated pro-p group S is free of rank d if and only if the

Hilbert-Poincaré series

1
Paw,0sn(t) = 17—

Proof. (=) Via the Magnus homomorphism, the augmentation ideal /(.S) is mapped to
the ideal I = (Xy,..., X,) of F,((X1,..., X4)). Hence

a,(S) := dimg, (1"(S)/I"(S)) = dimg, (I" /I,

which is equal to the number of non-commutative monomials of degree n in d variables

Xi,..., X4 Hence a,(S) = d". The result then follows.
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39

(«<=) Let S be a finitely generated free pro-p group of rank d and suppose G is a

finitely generated pro-p group with

1
Pywien(t) = 1—-

Then

log( =) = >~ (d)".

so by Theorem 4.1.13,

Wa(G) = wa(8) := = 3 )"/

mln

and ¢, (G) = ¢, (S) for all n > 1. Since ¢;1(G) = w1 (G) = d, which is equal to the minimal

number of topological generators of G, there exists a minimal presentation of G:

l1-—R—-5—G—1.

Then for all n > 1, ¢,(G) = ¢,(S) implies |S/Su)| = |G/G | and hence the natural

epimorphism

S/Smy = G/Gw)

is an isomorphism. This implies that R C Sp,) for all n > 1, so by [Koc02, Theorem

7.11], R=1. Hence G = S.

Defining w, (S) by
1
_ n/m
() = 237 (e,

mln

Theorem 4.1.13 immediately implies the following result.

Proposition 4.2.2. If n = p*m with (m,p) = 1, then

cn(S) = Wi (S) + Wpm (S) + -+ + Wy (S).

]

]
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Remark 4.2.3. Let (.5,,) be the lower central series of S. Then by Witt’s result, S,,/ S 11

is a free Z,-module of finite rank w,(5).

Remarks 4.2.4. (1) If a finitely generated pro-p-group G is known to be realizable as
the Galois group of a maximal p-extension of a field F' containing a primitive p-th root
of unity, then we need only ¢;(G) = ¢1(S) and c3(G) = c2(.5), for some finitely generated
free pro-p-group S, to establish that G is isomorphic to S.

Indeed, as ¢1(S) = ¢;(G) we have a short exact sequence

15>R—>S5G—1.

Since ¢1(S) = ¢1(G) and c3(S) = c2(G), we have |S/Se)| = |G/G3)|. Thus the natural
epimorphism

S/S@) = GG

is in fact an isomorphism. Hence by [EM11la, Theorem C| (see also [CEM12, Theorem
D| for the case p = 2) we see that 7: S — G is an isomorphism.

(2) Observe that the numbers ¢,(S), n = 1,2,..., also detect the minimal number
of generators of S,). Indeed by the pro-p version of Schreier’s formula, for each open
subgroup T of S we have the following expression for the minimal number of generators
d(T) of T

d(T)=1[S:T)(d(S)—1)+ 1.

Therefore
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Example 4.2.5.

Let S be a free pro-p-group of finite rank d. We have

CI(S):d7
(
d?—d -
_lfp#Qa
() =4 *
\%ifpzZ,
( 3
4 if p # 3,
es($) =1 °
\—d §2d if p=3,
)
T it p # 2,
64(5): 44 2
d*+d“+2d -
\% if p=2,
( 5
E=dif p #5,
c5(S) = < i

dd+4d : _
|5 if p=>5.

We can look at this example in more detail. For any minimal presentation

1-R—>5S—>G—1,

. S , G
d= Cl(S) = dlme m = dlm[g'p m = Cl(G),

91

so ¢1(G) is an important invariant which gives the minimal number of generators of G.

If p # 2 then
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Recall that

gr(F[[S)) =F, ® [[2((?) ® 5322;

is the universal restricted enveloping algebra of the restricted Lie algebra

SP0)
1) =Fp® @ =2 @
g() p 5(2) 5(3)

This leads to the equation

(I4t+t2 447l
. (1 —+ t2 + t2'2 4+ .4 tQ(Pfl))cz(S)

. (1 + t3 + t3.2 NS t3(p—1))53(s)

=1+ CLI(S)t + GQ(S)tQ + ag(S)t3 + -

=1+dt+dt+d3+ -

Equating coefficients of ¢ gives ¢;(S) = d, which reflects the fact that X, =z1 — 1,..., X4 =
24 — 1 is a basis of 1(S)/I?(S). Equating coefficients of t? gives d*> = d + (3) + c2(), so

co(8) = 4.

Y

If p=2then p—1 < 2, so the above equation gives d? = (g) +c2(S) or cp(S) = @

which reflects the fact that, in this case, a basis of S()/S(3) also contains the squares of
generators.

Similarly, considering the case p > 5 and looking at coefficients of 3, we find

(1+dt+((§) +d)t2+((;l> +dd—1)+d)t* +...)
d? —d

(1+ 2+ O(tY)

(14 c3(9)t* + O(t%))

=14+dt+d*+d>+---
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d®—d
3 -

which gives ¢3(5) =

We can give an explicit F,-basis for S(,)/S(n11), for each n in terms of Hall commu-

tators, which we now describe. We note that an IF,-basis for S(,)/S(n11) is also given in

[Gérl1].

Definition 4.2.6. Let S be the free group generated by {xi,...,24}. The set C,, of Hall

commutators of weight n together with a total order < is inductively defined as follows:

1. Cy ={xy,..., x4} with the ordering x; > -+ > x,.

2. Assume n > 1 and that the Hall commutators have been defined and simply or-
dered for all weights < m so that commutators of weight k are greater than all
commutators of weight < k. Then C,, is the set of all commutators [c1, co] where
c1 € Cyy, ey € Cp, such that ny +ng = n, ¢; > ¢ and if ¢; = [c3, ¢4] then we also
require that c¢o > ¢4. The set C,, is ordered lexicographically, i.e., [c1, co] < [¢], d)]

if and only if ¢; < ¢}, or ¢; = ¢} and ¢y < ¢,

The following theorem was proved by M. Hall in the discrete case. The extension of

his theorem to the pro-p case follows from Corollary 2.1.12.

Theorem 4.2.7 ([Hal50, Theorem 4.1|). The Hall commutators of weight n represent a
basis of Sp/Sn+1 as a free Zy,-module. In particular, w,(S) = |Cy|.

The following theorem relating the Zassenhaus filtration to the descending central

series is due to Lazard.

Theorem 4.2.8 (Lazard). For each n, one has
Gw =[] 67
ipi>n
Proof. See [DSMS99, Theorem 11.2]. O

Corollary 4.2.9. Let us write n = p*m with (m,p) = 1. Then a basis of the F,-vector
space Sy /Sm+41) can be represented by the following set

o7 I (/s 1 F i (e [ (e
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Proof. By Lazard’s theorem, the above set defines a set of generators for the IF,-vector
space S(n)/Smi1).- Now by Theorem 4.1.13 and a counting argument, we see that this set

defines a basis for the [F)-vector space S(,)/S(m+1)- O

With this basis in mind, we revisit the calculation of ¢3(S) for p # 3. As pointed out
in [Gérll], C5 = {[[xi, z;], 2] | 1 < i< j <d,k <j} and

d+1
|C3|=2( 5 >

B —d
e

We now consider an interesting, purely group theoretical corollary of our formula for
¢, (S) which is closely related to the Kernel n-Unipotent Conjecture formulated by J.
Mina¢ and N. D. Tan in [MT13|. Recall that U, (F,) is the group of all upper-triangular

unipotent n X n matrices with entries in [F,,.

Definition 4.2.10. Let GG be a pro-p group and let n > 1 be an integer. We say that G

has the kernel n-unipotent property if

G = ﬂker(p : G — U, (F))),
where p runs through the set of all representations (continuous homomorphisms) G —
U, (F,).

Conjecture 4.2.11 (Kernel n-Unipotent Conjecture). Let F be a field containing a
primitive p-th root of unity and let G = Gp(p). Let n > 3 be an integer. Then G has the

kernel n-unipotent property.

Lemma 4.2.12. Let n be a positive integer. If Uy 1(Fp)m) = 1, then c,(S) = 0 for every
free pro-p-group S.

Proof. Let S be a free pro-p-group. Assume that U,;(F,)n) = 1. Then for any (contin-
uous) representation p : S — U,41(F,), we have p(S@y) € Upy1(Fp)m) = 1. Hence

Sty € Sy S [ker(p: S = Upia (),
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where p runs over the set of all representations (continuous homomorphisms) G —
U,+1(F,). On the other hand, we know that S has the kernel n-unipotent property
for all n (see [Efr14b], and also [Efrl4al, [MT13]). This means that we have

Stmt1) = mker(p: S = Upia(Fp)).

Therefore, Si11) = Sy, 50 ¢,(S) = 0. O

Corollary 4.2.13. Let n be a positive integer. Then UnH(IFp)(n) ~ [, and
n =max{h | Ups1(Fp)n # 1}.

Proof. We first observe that if S is a free pro-p-group of rank d > 1, then all numbers
wy(S), n=1,2,..., are positive. Therefore from Proposition 4.2.2 we see that ¢, (S) # 0
for all n € N. Hence by Lemma 4.2.12, U, 41)(Fp) ) # 1.

On the other hand, it is well-known that U,1(Fp)mi1) = 1. Hence Uy i (Fp)my C
Z(Up41(F,)) ~ F,, where Z(U,+1(F,)) is the center of U,,41(F,). Therefore

UnJrl(Fp)(n) = Z(Upy1(Fp)) ~ Ty,

and the second assertion is also clear. OJ

4.3 Free Products of Cyclic Groups

Let d be a non-negative integer. Let G = C),*- - -x (), be a free product in the category of
pro-p-groups of d + 1 copies of C),, where C), is the cyclic group of order p. By Example
4.1.6, Lemma 4.1.7 and induction on d, the Hilbert-Poincaré series of gr(FF,[[G]]) is

R
Pa,ien(t) = =1

Due to the close connection with formally real pythagorean fields, we will focus on the

case in which p = 2.
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4.3.1 Free products of cyclic groups of order 2

Let d be a non-negative integer. Let G = Cy * - - - % (5 be a free product in the category
of pro-2-groups of d + 1 copies of C5, where (5 is the group of order 2.

Recall from Theorem 3.4.16 that GG plays an important role as the maximal pro-2
quotient of the absolute Galois group of a formally real pythagorean SAP field. Also it is
interesting to observe that if G is such a Galois group, then G is already determined by its
quotient G//G3). More precisely, assume that H is another pro-2-group which is realizable
as the Galois group of the maximal 2-extension of a field F', and that H/H ) ~ G/G3),
then H ~ G. (See [MS90, MS96, Min86|.)

The Hilbert-Poincaré series of gr(F»[[G]]) is

14t
1—dt

Paaien (t) =

We have

1 1 1 nan
log Pyr(raficny () = log(y——) = 10%(1—+t) => —(d" = (=1)")"

Now we define the sequence w,(G),n =1,2,... by

(@) = 3 ulnfm)(d" — (~1)").

mln

Proposition 4.3.1. If n = 2*m with (m,2) = 1, then

cn(G) = Wi (GQ) + wa (G) + - - - + wor,,, (G). O

4.3.2 Free products of cyclic groups of order 2 as semidirect prod-

ucts

We again let G = Cy % - - - % C5 be the free product in the category of pro-2 groups of d+1

copies of Cy. Our goal in this subsection is to show that G is isomorphic to a semidirect



CHAPTER 4. DIMENSIONS OF ZASSENHAUS FILTRATION SUBQUOTIENTS 97

product H x Cy of a free pro-2 group H and C3. We also provide a relation between G,
and H, (n)-
Define the numbers ¢,, n =1,2,... by

1 m
en == 3 uln/m)(=1)".
mln
Then by the Mobius inversion formula,

1 =S e e

mln
Lemma 4.3.2. We have e, = —1, e =1 and ¢, =0 for n > 3.
Proof. The equation (*) determines €,, n € N, uniquely. But ¢, = —1, e, =1 and ¢, =0

for n > 3 work as for these numbers

-1 if n is odd,

E me, =

min —14+2=1 ifniseven. O

Now write
G:C’Q*CQ*---*CQ:(:EO|x(2)>*<x1|x%>*---*<xd|x3>.

For ease of notation, we consider xg, x1, ..., x4 as elements of G. We consider a continuous
homomorphism ¢ : G — Cy = (z | z*) defined by x; — z for all i = 0,1,...,d. For each
1=1,...,d, we set y; = xor; € G and let H be the closed subgroup of G' generated by

Yi,---5Yd-

Lemma 4.3.3. Let the notation be as above.
(i) kerp = H.
(ii) G ~ H x Cy, where the action of Cy on H is given by xyx = y; '

(11i) H is a free pro-2 group of rank d.
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Proof. (i) For each i =1,...,d, y; € ker ¢, hence H C ker ¢. Now consider any element
v € kery. For each open neighborhood U of v in G, there exists an element g =
Xy oy, € U, dy, ... 0, € {1,...,d} such that 1 = ¢(g) = 2". Hence r = 2s is even.

Since zoy;To = ¥; *, We obtain
g - xoy'll o onzr - yll y'LQ e yiT_lyzr‘

Thus g € H. Therefore v € H and H = ker .

(ii) This follows by observing that 1: Cy = (z | #?) — G which maps z to g, is a
section of ¢.

(iii) By Theorem 3.4.16, we can view G as the Galois group Gp(2) of the maximal
2-extension of a formally real pythagorean SAP field F' having square class group of
cardinality 29+1. There is a bijective correspondence between the set {xg, 21, ..., 24} and

the set of orderings Xp = {Fo, P, ..., P;} of F given by

P ={feF~ |$z(\/?):\/?}

Let K be the fixed field of H. Foralli =0,...,d, we have —1 ¢ P;, so z;(v/—1) = —v/—1.
Hence for all i = 1,...,d, y; = xox; acts trivially on = 1. So F(yv/—1) C K. Since
|G : H| =2, we have K = F(v/—1) and H = Gk(2). Then by Proposition 3.4.15, H is a

free pro-2 group of rank d. O]
The following proposition and corollary are remarkable properties of the pair {H, G}.
Proposition 4.3.4. We have c;(H) =d = ¢1(G) — 1 and ¢,,(H) = ¢,(G) for alln > 2.

Proof. Tt is clear that ¢;(H) = wy(H) = d and ¢;(G) = w1(G) = d+ 1. Hence ¢;(H) =
d = ¢1(G) — 1. We shall show that ¢,(H) = ¢,(G) for any n > 2.
We note that

wa(H) = wal@) = = 37 pln/m)(~1)" = e,

mln

By Lemma 4.3.2, one has wy(H) = wy(G) + 1 and w,(H) = w,(G) for every n > 3.
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If n > 11is odd, then

If n is even, then by writing n = 2¥m with m odd, we have
cn(H) = wp(H) + wom (H) 4+ wam (H) 4 - - - + warp, (H)
= W (G) + Worn(G) + Wi (G) + -+ - + Wor,, (G) = ¢ (G).

(Note that we always have wy,(H) + wom(H) = wn(G) + way,(G) for every m > 1
odd.) O

Corollary 4.3.5. Let n > 2 be an integer.

(i) Hey = H N Gy

(ii) GGy ~ H/Hpy x Ca, where the action of Cy on H is given by Ty;% = T
Proof. (i) Clearly H(,y € HNG,). We proceed by induction on n that H,,y = HNG).
First consider the case n = 2. We have an exact sequence

1—>H/HQG(2) —>G/G(2) — Cy — 1.

This implies that [H : HﬁG(g)] = [G : G(g)]/2 =24 = [H : H(Q)]. Hence H(g) = HﬂG(g).

Assume that H(,,) = H N G, for some n > 2. Then from the exact sequence
1— H/HﬂG(n) — G/G(n) — (Cy — 1,

we obtain [H : Hi,)| = [H : HNGy,y| =[G : Gyy)/2. From a similar exact sequence we

obtain ) .
[H cHN G(n+1)] = §[G . G(n+1)] = §[G . Gn] [G(n) . G(n+1)]

= [H : Hw[Hp) - Hmsp)] = [H - Hpap)-

Here the equality [G(n) : Giny] = [Hn) 1 Hin1)) follows from Proposition 4.3.4. There-
fore H(n+1) =HnN G(n+1).
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(i) This follows from (i). O

4.4 Another Semidirect Product

In this section we consider an example in which G is the semidirect product G : Z$x Cy =
H x {x), where the action of Cy on H = Z4 is given by zyx =y}, for all y € H. Recall
from Corollary 3.4.19 that this group is realizable as the maximal pro-2 quotient of the

absolute Galois group of a superpythagorean field.

Lemma 4.4.1. Let G = H x (x) = Z3 x Cy be as above. Let n > 2 be an integer, and
let s = [logyn]. Then G,y = H*.

Proof. We proceed by induction on n. We first observe that [y, z] = y a7 lyz = (y=1)?
and (yx)? = 1, for every y € H. Hence

G = G*G,G) = G* = H?,

so the lemma is true for n = 2. Now assume that the lemma is true for j with 2 < j < n.
Then
2
Gy = Gy 11 G, Gl

i+j=n
= GG, G-y
— (H¥ ') =HY.
Here we use the fact that G(,—1) C H?" and hence [G, Gu-1)) C H*. O

An immediate consequence of the above lemma is the following result.

Corollary 4.4.2. Let n > 1 be an integer. We have

(

d+1 ifn=1,

a(G)=14d if n=2° for some 1 < s €,

1 if n is not a power of 2.
\
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Corollary 4.4.3. We have

1 +t -
Paesion (t) — t)d L1 1 — t21+1
Proof. We write log Py(r,((c1)) = Y_p>1 0n(G)E", and let
1
== Z p(n/m)mb,,(G).
mln

By Lemma 4.1.10, if n is odd then w,(G) = ¢,(G). In particular, w,(G) = ¢;(G) = d+1,
and we;1(G) = c241(G) = 1 for i > 1.
By Lemma 4.1.11, we(G) = 2(G) —1(G) =d — (d+ 1) = —1.
We claim that w,(G) = 0 if n is even and n > 4. Indeed, if n = 2° with s > 2, then
by Lemma 4.1.11,
was (G) = 25 (G) — co5-1(G) =d — d = 0.

Now if n = 2m, where m is not a power of 2, then also by Lemma 4.1.11,
Wom (G) = com(G) — cm(G) =1 —-1=0.

The corollary then follows from Remark 4.1.9. O]

Remarks 4.4.4. It is interesting that ¢;(G) and ¢2(G) can be sufficient to determine G
itself within some large families of pro-p-groups. The example of free pro-p groups was
mentioned in Remarks 4.2.4 (1). Here are two other instances.

(1) Suppose that K is a formally real pythagorean SAP field with |K* /(K *)?| = 2471
Then Gk (2) = Cy % - - - % Oy, the free product of d+ 1 copies of Cy. By Proposition 4.3.1,

one has
d(d+1)

1(Gg(2)) =d+ 1 and (G (2)) = 5

Now let F be a formally real pythagorean field F with |F*/(F*)?| < co. We assume
that ¢;(Gr(2)) = d+ 1 and that c2(Gp(2)) = d(d + 1)/2 for some integer d > 0.

Claim. F'is an SAP field with exactly d 4+ 1 orderings.
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Proof. Since ¢1(Gr(2)) = d + 1, we see that Gp(2) has d + 1 minimal generators, and
therefore |F*/(F*)?| = 2%*1. Now choose any formally real pythagorean SAP field K
with K> /(K*)?| = 2%t1. By Corollary 3.4.17, there exists an epimorphism ¢: G (2) —
Gr(2). We have

Gk (2)/Gr(2)3)] = a(Gk(2)) + 2(Gk(2))

d(d+1)
2

=c1(Gp(2)) + c2(Gr(2))

= [Gr(2)/Gr(2) )l
This implies that the induced epimorphism Gk (2)/Gk(2)3 — Gr(2)/Gr(2)) is an
isomorphism. By [CEM12, Theorem DJ|, ¢: Gk(2) — Gp(2) is an isomorphism. This
implies that F'is a SAP field by Theorem 3.4.16. O

—d+

So, quite remarkably, within the family of formally real pythagorean fields with finitely
many square classes, the numbers ¢1(Gg(2)) and ¢2(Gg(2)) above suffice to characterize

SAP fields F'.
(2) Suppose that K is a superpythagorean field with |K*/(K*)?| = 2¢7! < co. By
Corollary 4.4.2; one has

c1(Gk(2)) =d+1 and c(Gk(2)) = d.

Now let F be a formally real pythagorean field F with |F*/(F*)?| < co. We assume
that ¢;(Gr(2)) = d+ 1, co(Gp(2)) = d for some integer d > 0.

Claim. F' is a superpythagorean field.

Proof. Choose any superpythagorean field K with |K*/(K*)?| = 2¢1. By Corol-

lary 4.4.3, we have an epimorphism ¢: Gr(2) - Gk (2). Then

|Gr(2)/Gr(2) )| = a(Gr(2) + c2(Gr(2))
—d+1+d
= c1(Gk(2)) + c2(Gk(2))
= |Gk (2)/GK(2)]-
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This implies that the induced epimorphism Gr(2)/Gr(2)s — Gr(2)/GK(2) is an
isomorphism. By [CEM12, Theorem DJ|, ¢: Gp(2) — Gk(2) is an isomorphism. This

implies that F' is a superpythagorean field by Corollary 3.4.19. O

So within the family of formally real pythagorean fields with finitely many square
classes, the numbers ¢;(Gr(2)) and co(Gr(2)) above, also suffice to characterize super-

pythagorean fields F.

4.5 Demushkin Groups

Recall that a pro-p-group G is said to be a Demushkin group if
1. dime Hl(G,IFp) < 00,
2. dimg, H*(G,F,) =1,

3. the cup product H'(G,F,) x H'(G,F,) — H?*(G,F,) is a non-degenerate bilinear

form.

By the work of [Dem61, Dem63|, [Ser63| and [Lab66|, we now have a complete classifi-
cation of Demushkin groups.

Let G be a Demushkin group of rank d = dimg, H'(G,F,). Let ¢, = ¢,(G). Then by
[Lab06, Theorem 5.1 (g)| (see also [Forll, Garll, LM11]), the Hilbert-Poincaré series

1
Pee,ien) = 1o p-

We write 1 — dt +t? = (1 — at)(1 — bt) so that a + b = d and ab = 1. Then

)+ log(——) = Z%(a” + ).

1—0bt
n>1

log Pyu(r,fic) (£) = log(7——

We define the sequence w,(G),n =1,2,... by

wn(G) = = S )@/ 4 ) = 3 ) (@ + 57,
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Remark 4.5.1. The numbers w,(G) are given by the formula
1 ;omofme—a\
(@) = Sulfm) | Y -0 (M
min 0<i<[m/?]
(See |Lab70, Proof of Proposition 4|.)
Proposition 4.5.2. If n = p*m with (m,p) = 1, then
cn(G) = Wi (GQ) + wWpn(G) + - - + Wy (G).
Example 4.5.3. Let G be a Demushkin pro-p-group of finite rank d. We have
C1 (G) = d,
.
d?—d—2
S ifp#2,
@) =4 ?
| ifp =2,
( 3
d—4d f 4 +£ 3,
es(G) = 33
\ % if p=3,
d*—5d>+4 ¢
p#2
C4(G) - 4 42
\d —321 +2d ifp=2,
.
d®—5d3+4d :
== i p #£ 5,
C5(G) - 5 53
d—5d349d ¢, _
\ TJ’ if p=>5.
Observe that our numbers ¢,(G), n = 1,2,..., also detect the minimal numbers of

generators of G(,y. Indeed by the remarkable result of I. V. AndoZzskii and independently

by J. Dummit and J. Labute for each open subgroup 7' of the Demushkin group G, we

have the following expression for the minimal number of generators d(T") of T

d(T) =[G : T)(d(G) — 2) + 2.
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(See INSWO08, Theorem 3.9.15|.) Therefore
00(G) = d(Gn) = p= D (d —2) + 2

From now on we assume that G = F/(r), where F is a free pro-p-group on generators
T1,%2,...,Tq, and
r = [x1, zo][x3, 4] - [Ta-1, 7.
Then we extract from [Lab70] the following fact.
Lemma 4.5.4. For every n, w,(G) = ranky, G, /Gp1.

Proof. This follows from [Lab70, Theorem and proof of Proposition 4| and Corollary
2.1.12. O

Corollary 4.5.5. Assume that for each n, B,, represents a Z,-basis of G, /Gp+1. Let us
write n = p*m with (m,p) = 1. Then a basis of the F,-vector space G ,)/G i1y can be
represented by the following set

By | B L] L) Boein || Bae
4.6 Some Other Groups

4.6.1 Free products of a finite number of Demushkin groups and
free pro-p-groups

Let G be a free pro-p product of » Demushkin groups of ranks dy,...,d, and of a free
pro-p-group of rank e. The Hilbert-Poincaré series of gr(F,[[G]]) is

1 1

Py t) = = :
s @D = T G T et (1= a1 —b0)

We define the sequence w, (G),n =1,2,... by

wn(G) =~ S ) (@™ 4 ) = 157 ) (0 + 7).
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Proposition 4.6.1. If n = p*m with (m,p) = 1, then

cn(G) = Wi (Q) + Wy (G) + - - - + Wy (G).

4.6.2 A free product of a cyclic group of order 2 and a free pro-
2-group

We first consider the case of p = 2 because this is the case of interest in Galois theory (of
2-extensions), and because this case is a bit simpler than the general case of any prime
p. This latter case will be covered in the next subsection.

Let G = (5 xS be a free pro-2 product of the cyclic group Cs of order 2 and a free
pro-2-group of rank d. The Hilbert-Poincaré series of gr(Fs[[G]]) is

1 1+t L+t
Pr t — -, _dt ! = = .
weaep(t) = (75 — 40" = 75 —gp (1 —at)(1 — bt)

We define the sequence w,(G),n =1,2,... by
1
wa(G) = > u(n/m)(@™ + 0" = (=1)™).
mln
Proposition 4.6.2. If n = 2*m with (m,2) =1, then
cn(GQ) = Wi (GQ) + wpn (G) + - - - + Wary, (G).
4.6.3 A free product of a cyclic group of order p and a free pro-

p-group

Let G = C, * S be a free pro-p product of the cyclic group C, of order p and a free
pro-p-group of rank d. We shall find a formula for ¢, (G). The Hilbert-Poincaré series of

gr(F,[[G]]) is

- 0 Lttt (1=&t) (1= &at)
eI T T g —de — A (T—agt) - (1 — apt)
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We define the sequence w, (G),n =1,2,... by

wa@) = S plnfm) e+ — (G E))

mln

Proposition 4.6.3. If n = p*m with (m,p) =1, then
cn(G) = W (GQ) + Wy (G) + - -+ + Wy (G).
Remark 4.6.4. Note that

—1if (n,p) =1,
6+ e =

p—1ifp|n.
We shall compute ay + -+ - + a;. From

1 1
(1—ait) - (1—ayt) 1—(dt+dt2+ - +dtr)’

taking logarithms of both sides, we obtain

1 1
Z—(a?+---+a;)t”zzﬁ(dt+dt2+---+dﬂ?)”

n>1 n>1

o P VR (S (LA

n>1 ki+4--+kp=n,
ki>0

=2 2

M ki+2ko+-+pkp=M,
k; >0

[ 1 (M —ky—- = (p— 1)kp> dM—k2—~-~—(p—1)kp:| M
M—k?Q——(p—]_)kZp kl,...,k}p

Finally comparing the coefficients of ¢" gives us the required formula for af +--- + ay,

_ Z n n—ky—-— (p - 1)kp dn—kz—v--—(p—l)kp
’I'L—kg__(p_l)kp k?l,...k’ '

k1+2ko+--+pkp=n,
k>0



Chapter 5

Relations in Pro-p Galois Groups

As we have seen, Demushkin groups are pro-p groups which play an important role
in Galois theory. These groups have a single defining relation among a finite set of
generators and appear as Galois groups of maximal p-extensions of local fields containing
a primitive p-th root of unity. The study of relations in Demushkin groups has a long and
interesting history and we saw in section 3.3.4 that the unique relation among generators
of a Demushkin group can take one of only four rather special forms. One example of a

specific Demushkin relation is
r = y[ry, To)[w3, T4 - -+ [Ta1, T4l

The question arises as to whether other pro-p Galois groups have similar restrictions on
the shape of relations. That is, if G' is a pro-p group which is realizable as the Galois
group Gg(p) of the maximal p-extension of a field F', must the relations in G take on
only certain forms?

In this chapter we begin to explore that question and will see that even considering
only small abelian extensions of F' can provide insight into necessary restrictions on
relations in pro-p Galois groups. Further work to extend these results and thereby provide

a better understanding of the structure of absolute Galois groups is in progress.

108
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5.1 The Case (2 € F

In this section we assume that p is a prime and F is a field containing a primitive p?-th

root of unity (2.

Theorem 5.1.1. Let p be a prime and F a field containing a primitive p*>-th root of

unity Cy2. There is no relation r = 2habs € R, where S =< z1,x5,... > is a free pro-p

group, s € [S,S] and

is a minimal presentation of Gg(p).

Proof. Suppose such an r exists and consider the field L = F( %/a | a € F*). By Kummer
theory, Gal(L/F) is the Pontrjagin dual (F* /(F*)P*)* of F*/(F*)"" = (@, C,) D(D, C,2)
[Kap69, p. 17, Theorem 6|. Since (2 € F, every cyclic extension F({/a)/F of degree p
embeds into a cyclic extension K = F(%/a)/F of degree p?, so J = ¢ and

Gal(L/F) = (D;Cp)
= [1; G-

Let o; be the image of 7(z;), i = 1,2 under the restriction map
S —— Gr(p) — Gal(L/F).
Then
1 =res(n(r))

= res(m(z1)Pm(22)P7(s))

= (res m(x1))P(res m(xs))P

However, since
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is a minimal presentation of Gr(p), it follows that 7(z;1) and m(x2) are independent
modulo the Frattini subgroup ®(Gr(p)). So o109 has order p? in Gal(L/F), which is a

contradiction. ]

Theorem 5.1.2. Let p be a prime and F a field containing a primitive p>-th root of unity
G2. There is no relation r = afs € R, where S =< x1,%a,... > is a free pro-p group,
s € [S,5] and

1 > R S —"— Gr(p) —— 1

is a minimal presentation of Gg(p).

Proof. As in the proof of Theorem 5.1.1, consider the field L = F(®%/a | a € F*) with
Galois group Gal(L/F') = [[; Cp2. If 0 is the image of 7(z;) under the restriction map

S —— Gr(p) — Gal(L/F),

then
1 =res(m(r))
= res(m(x1)Pm(s))
= (res m(xq1))?

= 0.

But since 7(z;) ¢ ®(Gr(p)), o generates a cyclic subgroup of Gal(L/F') of order p?, so

this is a contradiction. O

5.2 The Case (, € F, (p & F

In this section we assume that p is an odd prime and F' is a field which contains a prim-

itive p-th root but not a primitive p-th root of unity.

In addition to the dihedral group D,, other small nonabelian p-groups also play a
fundamental role in the theory of Galois p-extensions. The modular group M,s is the

unique nonabelian group of order p* and exponent p? given, in terms of generators and
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relations, by
My = (z,y| 2" =y =1, yoy™' =2"77) = (z) x (y).

Theorem 5.2.1. Let p be an odd prime and let F be a field containing a primitive p-th
root of unity ,, but no primitive p*-th root of unity. Let S =< xy,x3,... > be a free

pro-p group such that

1 > R S —— Gp(p) —— 1

is a minimal presentation of Gr(p). Then there is no relation of the form r = s €
R, where s € [S,S] is such that any commutator of the form [x;,x;| appearing in the

expression for s hasi # 1 and j # 1.

Proof. Suppose there is such a relation 7. For k = 2,3, choose a primitive p*-th root of
unity such that (7, = (1. Consider the field K = F(¢y:). Then m(21)(Gp2) = Gp2; oth-
erwise p(m(z1)) would generate the entire Galois group Gal(K/F) = C,z, contradicting

p(m(21))" = p(r(w1)Pr(s)) = p(r) =1,

where p : Gp(p) — Gal(K/F) is the restriction map.

Since the presentation

1 > R »y S —— Gr(p) —— 1

is minimal, 7(z1) ¢ ®(Gp(p)). Hence there exists an element a € F'\ FP such that

7(21)(¢/a) # V/a.
The polynomial 27° — a is irreducible over F (¢y2) so the extension L := F((,, ¥/a)
is Galois over F'. Define automorphisms o, 7 € Gal(L/F') by

T 8am (e Va and TG e G
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o: Aars ¥a and o: Gz > Cplp2 = C;’ngQ _ C}z;‘rl‘
So
010 " ((2) = (2 and
oro( P\Q/a) =o71( P\Q/E) = 0((pe p%) _ C;;—p ”\2/5 p—— ”\2/5)_

1

Thus, 7 has order p?, o has order p and o700~ = 71*?, s0

Gal(L/F) = (o,7 | =0 =1, o710 ' = 711P) = M.

Now let res : Gp(p) - Gal(L/F) be the restriction map. Since m(x1)((,2) = (2 and
m(z1)(¥a) # a, it follows that res(m(z1)) generates Gal(L/F((y2)). Then, since no

commutator [z;,z;] in the expression for s involves z1, we have

1 =res(m(r))
= res(m(z1)Pm(s))
= res(m(x1))?

= ’7’p7
which is a contradiction, since 7 has order p* in Gal(L/F). O

We see that for a field F' containing a p-th root of unity, the presence or absence of
a p3-th root of unity in F is already enough to place certain restrictions on the relations
among a set of generators of the Galois group of the maximal p-extension of F'. We look

forward to the results of further research in this direction.



Chapter 6

Conclusion

In our quest for a deeper understanding of absolute Galois groups we are led to the study
of small quotients and central filtrations of these large and largely mysterious objects. By
developing techniques to count Galois p-extensions and calculate filtration subquotient
dimensions we can, in turn, shed more light on these underlying structures. Answers
to these Galois theoretic problems also have important ramifications in other areas of
mathematics.

We have described several known techniques for counting finite Galois p-extensions of
local fields. While actually constructing small 2-extensions of the p-adic integers is feasi-
ble, this would rapidly become unwieldy for local fields with larger square class groups.
A technique involving complex characters and Mobius functions used by Yamagishi to
enumerate the Galois extensions of a local field having a given Galois group G requires
knowledge of the character table of G as well as its subgroups. This also becomes a
significant obstacle as the order of G increases.

With these limitations in mind, we have explored other approaches and shown that
by using some deeper results from Galois cohomology and the theory of quadratic forms
and quaternion algebras one can develop more efficient combinatorial techniques. For
example, we find that the number A of Galois extensions of a formally real pythagorean

SAP field with square class group of cardinality 2" having Galois group the dihedral
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group of order 8 is given by the simple formula

n

N =223 (2! —1).

k=2

Our main results pertain to the Zassenhaus filtration of finitely generated pro-p
groups. Building on a remarkable theory of Jennings and Lazard, we have developed
a method for determining the IF,-dimension of subquotients of this filtration and derived
explicit formulas applicable to various families of groups, including free pro-p groups,
Demushkin groups and free pro-2 products of finitely many copies of the cyclic group of
order 2.

These subquotient dimensions, ¢, (G), provide an important contribution to our knowl-
edge of group theory and Galois theory. For example, in several significant cases they
determine the minimal number of generators of the Zassenhaus subgroups of G, and
if F'is a pythagorean SAP field or a superpythagorean field, only two of these dimen-
sions, ¢1(Gp(2)) and co(Gr(2)) are needed in order to determine the Galois group of the
maximal p-extension of F.

They are also of considerable interest in current Galois theory research, such as that
involving the Kernel Unipotent Conjecture. If G is isomorphic to the maximal pro-p
quotient G (p) of the absolute Galois group G of a field F' and if F{,) denotes the fixed
field of Gp(p)m), then |Gal(F,)/F)| = pZisi ¢ If the Kernel Unipotent Conjecture
is true, we would obtain a characterization of Gp(p)(m), n > 3, as the intersection of the
kernels of all Galois representations p : Gp(p) — U,(F,). In the case when Gp(p) is
finitely generated, knowledge of |Gal(F,)/F)| would be useful in order to check whether
the intersection of the kernels of given representations is in fact Gr(p))-

Another interesting area of research is the investigation of the shape of relations in
pro-p Galois groups, which is closely related to detailed knowledge of small quotients of
these groups. Further work is planned in this direction.

Certainly, much progress has been made since the time of Evariste Galois and much
remains to be done. The journey so far has been fascinating and we look forward to the

many miles not yet travelled.
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