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Abstract

The main problem this thesis deals with is the characterization of
profinite groups which are realizable as absolute Galois groups of fields:
this is currently one of the major problems in Galois theory. Usually
one reduces the problem to the pro-p case, i.e., one would like to know
which pro-p groups occur as mazximal pro-p Galois groups, i.e., maximal
pro-p quotients of absolute Galois groups. Indeed, pro-p groups are
easier to deal with than general profinite groups, yet they carry a lot
of information on the whole absolute Galois group.

We define a new class of pro-p groups, called Bloch-Kato pro-p
group, whose Galois cohomology satisfies the consequences of the Bloch-
Kato conjecture. Also we introduce the notion of cyclotomic orienta-
tion for a pro-p group. With this approach, we are able to recover new
substantial information about the structure of maximal pro-p Galois
groups, and in particular on #-abelian pro-p groups, which represent
the “upper bound” of such groups.

Also, we study the restricted Lie algebra and the universal envelope
induced by the Zassenhaus filtration of a maximal pro-p Galois group,
and their relations with Galois cohomology via Koszul duality.

Altogether, this thesis provides a rather new approach to maximal
pro-p Galois groups, besides new substantial results.

Keywords: Galois cohomology, pro-p groups, Bloch-Kato conjec-
ture, Elementary Type Conjecture, powerful groups, cyclotomic orien-
tations, Koszul duality in Galois theory.
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Introduction

“Die Zahlentheorie nimmt unter den mathematischen
Disziplinen eine anlich idealisierte Stellung ein wie die
Mathematik selbst unter den anderen Wissenschaften.”?
(J. Neukirch)

One may very well say that the Theory of Profinite Groups is
“daughter” of Galois Theory. Indeed profinite groups arose first in
the study of the Galois groups of infinite Galois extensions of fields, as
such groups are profinite groups, and they carry with them a natural
topology, the Krull topology, which is induced by the Galois subex-
tensions of finite degree, and under this topology they are Hausdorft
compact and totally disconnected topological groups: these properties
characterize precisely profinite groups. Also, the Krull topology allows
us to state the Fundamental Theorem of Galois Theory also for in-
finite Galois extensions: one has a bijective correspondence between
subextensions and closed subgroups, and in particular between finite
subextensions and open subgroups.

In particular, the tight relation between profinite groups and Galois
groups is stated by the following theorem, proved first by H.Leptin in
1955 (cf. [Le55]).

THEOREM 0.1. Let G be a profinite group. Then there exists a
Galois extension of fields L/ K such that G = Gal(L/K).

The proof of this theorem one commonly refers to nowadays is due
to L. Ribes (1977, see also [RZ10, § 2.11]). Note that the aforemen-
tioned theorem does not say anything about the nature of the field K
nor about the extension L/K. In fact, the essence of the whole Galois
theory is to “lose information”, as one passes from a field, i.e., an alge-
braic structure with two compatible operations, to a (profinite) group,
i.e., an algebraic (and topological) structure with only one operation
(compatible with the topology).

24Number Theory, among the mathematical disciplines, occupies a similar
ideaized position to that held by Mathematics itself among the sciencies”. From
the introduction of Neukirch’s book Algebraic Number Theory, and quoted at the
beginning of the Introduction of [NSW].
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Every field K comes equipped with a distinguished Galois exten-
sion: the separable closure K*P. Tts Galois group Gx = Gal(K*?/K)
is called the absolute Galois group of K. Such extension collects
all (finite and infinite) Galois extensions of K’; in particular, all Galois
groups of K are “encoded” in G: this is why absolute Galois groups
of fields have a prominent place in Galois theory.

Unfortunately (or fortunately, otherwise I would have wasted the
last four years of my life), it is impossible to have a result like Theo-
rem 0.1 for absolute Galois groups: not every profinite group is realiz-
able as absolute Galois group, and in general it is a very hard problem
to understand which profinite group is an absolute Galois group. For
example, the celebrated Artin-Schreier Theorem states that the only
finite group which is realizable as absolute Galois group is the finite
group of order two (for example, as Gal(C/R), see Section 2.3 for the
complete statement of the Artin-Schreier Theorem).

Thus, the problem to understand which profinite groups are real-
izable as absolute Galois groups — and also to recover some arithmetic
information from the group — has caught the attention of algebraists
and number theorists in the last decades, and many are working on it
from different points of view, and using various tools.

A very powerful one is Galois Cohomology. Actually, the first com-
prehensive exposition of the theory of profinite groups appeared in
the book Cohomologie Galoisienne by J-P. Serre in 1964, which is a
milestone of Galois theory. The introduction of Galois cohomological
techniques is doubtlessly one of the major landmarks of 20th century
algebraic number theory and Galois theory. For example, class field
theory for a field K is nowadays usually formulated via cohomological
duality properties of the absolute Galois group G.

A recent remarkable developement in Galois cohomology is the com-
plete proof of the Bloch-Kato conjecture by V. Voevodsky, with the
substantial contribution of M. Rost (and the “patch” by C. Weibel).
The first formulation of this conjecture is due to J. Milnor, with a later
refinement by J. Tate (see Section 2.2 for a more detailed history of
the conjecture). The conjecture states that there is a tight relation
between the cohomology of the absolute Galois group Gk of a field K
(a group-theoretic object), and the Milnor K-ring of K (an arithmetic
object). In particular, one has that the Galois symbol

hk

(0.1) K () /m K (K) H™ (G, i)



from the n-th Milnor K-group of K modulo m to the n-th cohomology
group of G with coefficients in p&", with p,, the group of m-th roots
of unity lying in K, is an isomorphism for every n > 1 and for every
m > 2 such that the characteristic of the field K does not divide m.

Therefore, after the proof of what is nowadays called the Rost-
Voevodsky theorem, one has these two hopes:

(1) to recover information about the structure of the absolute Ga-
lois group from the structure of its cohomology;

(2) to recover arithmetic information from the structure of the
cohomology of the absolute Galois group — and thus, possibly,
from the group structure of Gk itself.

Yet, in general it is still rather hard to handle an absolute Galois
group. Thus, for a prime number p, we shall focus our attention to the
pro-p groups “contained” in an absolute Galois group Gg: the pro-p-
Sylow subgroups of G (which are again absolute Galois groups) and,
above all, the maximal pro-p Galois group Gg(p) of K, i.e., the
maximal pro-p quotient of the absolute Galois group Gg.> Indeed,
pro-p groups are much more understood than profinite groups, and
this reduction is not an “abdication”, as such groups bring substantial
information on the whole absolute Galois group, and in some cases they
determine the structure of the field. Also, many arguments form Galois
cohomology and from the study of Galois representations suggest that
one should focus on pro-p quotient (cf. [BT12, Introduction]).

In particular, the Bloch-Kato conjecture has the following corollary:
if the field K contains a primitive p-th root of unity (and usually one
should assume that /=1 lies in K, if p = 2), then the Galois symbol
induces the isomorphisms of (non-negatively) graded F,-algebras

KI(K)

0:2) KM (K)

~ H* (G 1y) = H* (Gic(p).F,)

where the finite field F,, is a trivial G (p)-module, and H*® denotes the
cohomology ring, equipped with the cup product. Since the Milnor K-
ring KM (K) is a quadratic algebra — i.e., a graded algebra generated by
elements of degree one and whose relations are generated in degree two.

3Note that every pro-p-Sylow subgroup of an absolute Galois group, i.e., every
absolute Galois group which is pro-p, is also the maximal pro-p quotient of itself,
thus the class of maximal pro-p Galois groups is more general than the class of
absolute Galois pro-p groups, and every result which holds for maximal pro-p Galois
groups, holds also for absolute Galois groups which are pro-p.

3



also the F,-cohomology ring of the maximal pro-p Galois group G (p)
is a quadratic algebra over the field I, This provides the inspiration for
the definition of a Bloch-Kato pro-p group: a pro-p group such that
the IF,-cohomology ring of every closed subgroup is quadratic. Bloch-
Kato pro-p groups were first introduced in [BCMS], and then defined
and studied in [Qul4].

Another tool to study maximal pro-p Galois group is provided by
the cyclotomic character, induced by the action of the absolute Galois
group Gx on the roots of unity lying in K®: in the case K contains
I4p, then the cyclotomic character induces a continuous homomorphism
from the maximal pro-p Galois group G (p) to the units of the ring of
p-adic integers Z, called the arithmetic orientation of G (p).

Thus, a continuous homomorphism of pro-p groups 0: G — Z)
is called an orientation for G, and if G is a Bloch-Kato pro-p group
and certain conditions on the induced Tate-twist module Z,(1) are
satisfied, the orientation is said to be cyclotomic (in particular, the
group H*(G,Z,(1)) has to be torsion-free, see Subsection 2.4.2), and
the group G is said to be cyclo-oriented. Cyclo-oriented pro-p groups
are a generalization of maximal pro-p Galois groups; we may say that
they are “good candidates” for being realized as maximal pro-p Galois
groups, as they have the right cohomological properties.

For a pro-p group GG with cyclotomic orientation 6 such that either
im(#) is trivial or im(#) ~ Z, — which is always the case if p # 2 — one
has an epimorphism of graded IF,-algebras

(0.3) Ne (H'(G.F,)) ——= H*(G,F,) |

i.e., the [F,-cohomology ring of G is an epimorphic image of the exterior
algebra over I, generated by the grup H'(G,TF,).

If G is finitely generated, then we are given two bound-cases: when
the morphism (0.3) is trivial and when it is an isomorphism. The
former case is precisely the case of a free pro-p group, in the latter case
the group is said to be #-abelian. One may represent this situation
with the picture below.*

41 displayed this picture the first time in a talk during a workshop organized
at the Technion, Haifa, in honor of Prof. J. Sonn.
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In fact, from the “mountain” side it is possible to recover the full
structure of the group G, and also the arithmetic of the base field, in
the case G is a maximal pro-p Galois group, as stated by the following
theorem (see Theorem 3.12 and Theorem 3.18).

THEOREM 0.2. Let G be a finitely generated cyclo-oriented pro-p
group. Then the following are equivalent:

(1) the epimorphism (0.3) is an isomorphism;

(2) the cohomological dimension of G is equal to the minimal num-
ber of generators of G;

(3) G has a presentation

— -1 _ _14p* o .o
G—<O‘,7’1,...,Td‘0'7'i0' =7, T =T, Vi,j=1,...,d

with d > 1 and k € NU {oo} such that im(0) = 1 + p*Z,.

Moreover, if G is the maximal pro-p Galois group of a field K contain-
g a primitive p-th root of unity, the above conditions hold if, and only
if, K is a p-rigid field, i.e., K has a p-Henselian valuation of rank d.

This last point has particular relevance, since there is much interest
in construction of non-trivial valuations of fields. Such constructions
became particularly important in recent years in connection with the
so-called birational anabelian geometry, (cf. [BT12], [Po94]). This line
of research originated from ideas of A. Grothendieck and of J. Neukirch:
as stated, the goal is to recover the arithmtic structure of a field from its
various canonical Galois groups. The point is that usually the first step
is to recover enough valuations from their cohomological “footprints”.

The “mountain-case” is discriminant for Bloch-Kato pro-p groups
also in the sense specified by the following Tits alternative-type result
(see Theorem 3.3).



THEOREM 0.3. Let G be a Bloch-Kato pro-p group. Then either the
epimorphism (0.3) is an isomorphism, or G contains a free non-abelian
closed subgroup.

Thus, every Bloch-Kato pro-p group which is floating in the “un-
charted sea” contains a trace from the West shore. On the other hand,
it is possible to generalize the situation of #-abelian groups in the fol-
lowing way. Set the #-centre of a cyclo-oriented pro-p group G to be
the (normal) subgroup

(0.4) Zo(G) = {1 € ker(d) | or0™" = @) for all o € G'}

Then Zy(G) is the maximal abelian normal subgroup of G (cf. Propo-
sition 4.18), and the short exact sequence

(0.5) 1 —— Z4(G) —> G —— G)76(G) — 1

splits (cf. Theorem 4.13). Note that in the case of a #-abelian group,
one has Zy(G) = ker(f), and the short exact sequence (0.5) clearly
splits, as the presentation in Theorem 0.2 provides an explicit comple-
ment of the #-centre in G. And as in Theorem 0.2, the #-centre of a
maximal pro-p Galois group detects the existence of non-trivial valua-
tions, and its presence can be deduced also from the cohomology ring
(cf. Theorem 4.19).

THEOREM 0.4. Let K be a field containing a primitive p-th root of
unity, with mazimal pro-p Galois group Gk (p) equipped with arithmetic
orientation 0: G (p) — Z). The following are equivalent:

(1) the 6-centre of Gk(p) is non-trivial;

(2) the F,-cohomology ring of Gk (p) is the skew-commutative ten-
sor product of an exterior algebra with a quadratic algebra;

(3) the field K has a p-Henselian valuation of rank equal to the
rank of Zg¢(G) as abelian pro-p group.

The above result is particularly relevant for the importance of being
able to find valuations, as underlined above. Indeed, with Theorem 0.4
we come full circle, as it completes the picture with the results con-
tained in [EK98] and [Ef06]. Also, it shows that cyclotomic orienta-
tions provide an effective way to express such results.

It is possible to go a bit further, in order to see how the existence of
a cyclotomic orientation for a pro-p group affects the structure of the
whole group. For example, we show that the torsion in the abelianiza-
tion of a finitely generated pro-p group with cyclotomic orientation is

6



induced by the “cyclotomic action” of the group (cf. Theorem 4.25).
Note that the existence of a cyclotomic orientation is a rather restrictive
condition: for example, certain free-by-Demushkin groups cannot be
equipped with a cyclotomic orientation, as shown in Subsection 4.2.1.

Given a pro-p group G, one may associate to G another graded F,,-
algebra, besides the [F,-cohomology ring: the graded algebra gr,(G) in-
duced by the augmentation ideal of the completed group algebra F,[G].

In many relevant cases — such as free pro-p groups, Demushkin
groups, f-abelian groups — the [F)-cohomology ring and the graded al-
gebra of a maximal pro-p Galois group happen to be related via Koszul
duality of quadratic algebra, and both algebras are Koszul algebras
(for the definition of Koszul dual of a quadratic algebra see Defini-
tion 17, and for the definition of Koszul algebra see Definition 19).

Moreover, one has that if the relations of G satisfy certain “rea-
sonable” conditions, then H*(G,F,) and gr,(G) are Koszul dual (cf.
Theorem 5.12). Thus, we conjecture that if K is a field containing a
primitive p-th root of unity with finitely generated maximal pro-p Ga-
lois group G (p), then F,-cohomology ring and the graded algebra of
Gk (p) are Koszul dual, and also that both algebras are Koszul algebras
(cf. Question 4).

Here we study the graded algebra gr,(G) of a pro-p group G via
the restricted Lie algebra induced by the Zassenhaus filtration of G.
The study of the graded algebras induced by filtrations of pro-p groups
has gained much interest recently, in particular the algebras induced
by the Zassenhaus filtration, as well as the algebras induced by the p-
descending central series (see [La70, La85, La06], [MSp96|, [CMO08,
CEM]). For example, we prove the following result (Theorem 3.19),
the proof of which uses indeed the Zassenhaus filtration of G, which
generalizes [CMQ, Theorem Al:

THEOREM 0.5. It is possible to detect whether a finitely generated
Bloch-Kato pro-p group G is 0-abelian from the third element of its
p-descending central series.

Also, the Zassenhaus filtration is proving to be closely related to
Massey products, which have shifted from their original field of ap-
plication (topology) toward number theory: see [Gall], [Ef14] and
[MT14].

Albeit we have still only a glimpse of the structure of maximal pro-
p Galois groups but in few specific cases (such as the two shores of
the picture) there is a conjecture which states how a finitely generated

7



maximal pro-p Galois group should look like, the so called Elementary
Type Conjecture (or ETC). Formulated first by 1. Efrat in [Ef97b],
the ETC states that finitely generated maximal pro-p Galois groups
have a rather rigid structure: namely, they can be built starting from
“elementary blocks” such as Z,, and Demushkin groups, via rather easy
group-theoretic operations, such as free pro-p products and cyclotomic
fibre products (defined in Definition 15).
The only evidences we have for this conjecture are:

(1) we have no counterexamples;
(2) it seems “just” it should be so;

which are not very strong. Yet, we show that all the classes of pro-
p groups we study — Bloch-Kato pro-p groups, cyclo-oriented pro-p
groups, Koszul duality groups and Koszul groups —, which are kind of
generalizations of maximal pro-p Galois groups, are closed with respect
to free pro-p products and cyclotomic fibre products, and this provides
at least more sense to this conjecture.

Therefore, the aim of this thesis is to show that our approach to-
ward Galois theory via the cohomology of maximal pro-p Galois groups
(in particular studying Bloch-Kato pro-p groups and cyclotomic orien-
tations) is particularly powerful and effective, as indeed it provides new
consistent knowledge on maximal pro-p Galois groups, and it promises
to bring more results in the future.

The thesis is structured in the following chapters:

(1) The first introductory chapter presents the theoretical back-
ground of the thesis. In particular, it introduces some prelim-
inaries on pro-p groups, together with cohomology of profinite
groups, Galois cohomology and restricted Lie algebras.

(2) First we introduce quadratic algebras and their properties.
Then we present the Bloch-Kato conjecture, and we define
Bloch-Kato pro-p groups and cyclo-oriented pro-p groups. Here
we explore the first properties of these groups — for example,
we prove an Artin-Schreier-type result for cyclo-oriented pro-p
groups (cf. Corollary 2.14). Also, we introduce Demushkin
groups and the ETC.

(3) Here we study the “mountain side” of cyclo-oriented pro-p
groups, i.e., f-abelian groups. We study the cup produt of
such groups and we prove Theorem 0.3. In order to describe

8



the group structure of #-abelian groups we study locally pow-
erful pro-p groups, and we show that the two classes of group
coincides (cf. Theorem 3.12). In order to explain the “arith-
metic role” of f-abelian groups we introduce p-rigid fields, and
we prove Theorem 0.2. Then we compute the Zassenhaus fil-
tration for such groups and we prove Theorem 0.5. Part of the
content of this chapter is published in [Qul4] and [CMQ)].

In the fourth chapter we study free products and cyclotomic
fibre products of cyclo-oriented pro-p groups. In particular,
we show that (0.5) splits and we prove Theorem 0.4. Also, we
show that the defining relations of a finitely generated cyclo-
oriented pro-p group which induce torsion in the abelianization
are induced by the cyclotomic action of the orientation (cf.
Theorem 4.25). Part of the material contained in this chapter
is being developed in [QW?2].

First we define the koszul dual of a quadratic algebra, and we
study Koszul duality for cyclo-oriented pro-p groups. Then we
define Koszul algebras. Part of the material contained in this
chapter is being developed in [MQRTW].






CHAPTER 1

Preliminaries

1. Group cohomology and Galois cohomology

Throughout the whole thesis, subgroups are assumed to be closed
with respect to the profinite topology, and the generators are assumed
to be topological generators (i.e., we consider the closed subgroup gen-
erated by such elements).

1.1. Cohomology of profinite group. We recall briefly the con-
struction of the cohomology groups for profinite groups, and the prop-
erty we will use further. We refer mainly to [NSW, Ch. 1.

Let G be a profinite group.

DEFINITION 1. A topological G-module M is an abelian Haus-
dorff topological group which is an abstract G-module such that the
action

GxM-—M

is a continuous map (with G x M equipped with the product topology).

For a closed subgroup H <. G, we denote the subgroup of H-
invariant elements in M by M*#, i.e.

M? ={me M|hm=mforallhec H}.

Assume now that M is a discrete module. For every n > 1, let
G*" be the direct product of n copies of GG. For a G-module M, define
C™(G, M) to be the group of (inhomogeneous) cochains of G with
coefficients in M, i.e., C"(G, M) is the abelian group of the continuous
maps G*" — M, with the group structure induced by M. (Note that,
if M is discrete, then a continuous map from G*" to M is a map which
is locally constant.) Also, define C°(G, M) = M.
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The n + 1-coboundary operator 9"*': C"(G, M) — C""Y(G, M) is
given by

d'alg) = ga—a forae M
Pflg192) = 01.f(g2) = florg2) + f(gn), € CHG, M)

" g1 gnrt) = 91 S92, gusa) +

n

Z(—l)if(gl, e 3 Gin1, 9iGit1, Git2, - Gnt1)

i=1
+(=1)""f(g1,...,90) for f € C™(G, M).

Then one sets Z"(G, M) = ker(9"!), called the group of (inhomoge-
neous) n-cocycles, and B"(G, M) = im(0"), called the group of (inho-
mogeneous) n-coboundaries.

DEFINITION 2. For n > 0, the quotient
H"(G,M)=272"(G,M)/B"(G, M)

is called the n-th cohomology group of G with coefficients in the
G-module M.

One has the following facts:

Fact 1.1. (i) The 0-th cohomology group of a profinite group
G with coefficients in M is the subgroup of G-invariant ele-
ments, 1.e.,

H°(G, M) = MFC.

In particular, if G acts trivially on M, one has HY(G, M) =
M

(ii) The I-cocycles are the continuous maps f: G — M such that

flg192) = f(g1) + 91-f(g2)  for every g1,92 € G.

They are also called crossed homomorphisms. The 1-coboundaries

are the continuous maps a: G — M such that a(g) = g.a — a
for every g € G. In particular, if G acts trivially on M, one
has

H'(G, M) = Hom(G, M),

where Hom(G, M) is the group of (continuous) group homo-
morphisms from G to M.

12



The following proposition states a fundamental property of group
cohomology (cf. [NSW, Theorem 1.3.2]).

PROPOSITION 1.2. For an exact sequence 0 -+ A - B — C — 0
of G-modules, one has connecting homomorphisms

& H'(G,C) — H"(G, A)
for every n > 0, such that

n

. H"(G,A) — H"(G,B) — H'(G,C) — H™ (G, A) — -

s a long exact sequence.

Also, the following result states the behavior of low-degree co-
mology with respect of normal subgroups and quotients (cf. [NSW,
Prop. 1.6.7)).

PROPOSITION 1.3. Let N be a normal closed subgroup of G. Then

one has an eract sequence

el 1
mfG’N resg n

0 HY(G, A)

inf2G’N
L H*(G/N, AV) H*(G, A)

called the five term exact sequence. The map tgg n 15 called transgres-
S10N.

HY(G/N, AN

l9a N

H'(N, A)S
)

Let A, B,C be G-modules with bilinear pairings
(1.1) AxB—A®z;B — C.

Then (1.1) induces the map

H"(G, A) x H"(G,B) —~ H™"(G,C)

called the cup-product, which has a very important role in the Bloch-
Kato conjecture, as we shall see later. The cup-product has the follow-
ing property (cf. [NSW, Prop. 1.4.4]).
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PROPOSITION 1.4. The cup-product is associative and skew-commutative,
i.e., fora € HY(G,A), € H™(G,B) and v € H"(G,C), one has

(aUB)Uy=aU(fUy) and aUpB=(-1)""FUa,
with the identifications
(AB)C=A® (B®C) and A® B=B® A.

REMARK 1.5. In the case the G-module is a ring k such that k ®7
k =k (eg., k=12Z,F,), the cup product makes the cohomology of G
with M-coefficients a graded-commutative k-algebra.

For a profinite group G the first Bockstein homomorphism
(1.2) pt: HY(G,F,) — H*(G,F,)

is the connecting homomorphism arising from the short exact sequence
of trivial G-modules

p
0 — Z/pZ — Z)p*’Z — Z/pZ — 0.

In the case p = 2, the first Bockstein morphism is related to the cup
product in the following way (cf. [EM11, Lemma 2.4)).

LEMMA 1.6. Let G be a profinite group. Then, for every x €
H'(G,Fy) one has f*(x) = x U x.

1.2. Continuous cohomology. Fix a profinite group G. The
complete group algebra of G over Z,, is the topological inverse limit

7,[G] = lm Z,[G/U),

U<,G

where U runs through the open normal subgroups of G, and Z,[G/U]
is the group algebra defined in the usual way for finite groups. Then
Z,[G] is a compact Z,-algebra. Thus, if M is a topological G-module
which is also a (continuous) Z,-module, then M is a topological Z,[G]-
module.

Let Q, be the field of p-adic numbers. Then the embedding Z,, C Q,
induces a short exact sequence

(1.3) 0—Z%Z,—Q,—1L,—0
14



which defines the discrete Z,-module I,. In particular, Z, and I, can
be considered as topological Z,[G]-modules, the former complete and
the latter discrete, with the topology inherited from @Q,. An essential
tool for working with profinite groups and Z,-modules is Pontryagin
duality.

DEFINITION 3. Let M be a Hausdorff, abelian and locally compact
Z,-module (e.g., a pro-p group, a compact Z,-module or a discrete
Z,-module). We call the group

MY = Homs (M, T,)
the Pontryagin dual of M.

For every Z, module M, one has (M"Y)¥ = M. In particular, if
M is a compact Z,-module, then M" is a discrete Z,-module, and
conversely. Thus, Pontryagin duality induces an equivalence (of cate-
gories) between the two categories of compact Z,-modules and discrete
Z,-modules.

For a profinite group G, the category of compact Z,[G]-modules
has sufficiently many projectives, and the category of discrete Z,[G]-
modules has sufficiently many injectives. Hence, it is possible to define
Ext-functors for the two categories in the usual way — see [Br66,
INSW, § V.2]) and [SWO00]. Then, one has the following result.

PROPOSITION 1.7. For continuous Z,[|G]-module N, one has the

1somorphisms
Hn<G, N) ~ EXt%p[[Gﬂ (Zp, N)

for every n > 0 Moreover, if N is discrete, one has the canonical
1somorphisms

H,(G,NY) ~ H"(G, N).

For a detailed exposition on continuous cohomology of profinite
groups (which would go far beyond the aims of this thesis) see the
aforementioned works by A. Brumer, by J. Neukirch and by P. Symonds
and Th. Weigel. For a brief introduction to cohomology and homology
of profinite groups, see also [Ri13, § 3.4-7].

For a (topologically) finitely generated torsion-free Z,[G]-module
M, one has also the following property. Set V' = Q, ®z, M and N =
I, ®z, M. In particular, V' is a Q,-vector space of finite dimension, and
N is a discrete divisible p-primary torsion group, and (1.3) induces the
short exact sequence

(1.4) 0 M 1% N 0.
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Then one has the following result (cf. [Ta76, Prop. 2.3] and [NSW,
Prop. 2.7.11]).

PrROPOSITION 1.8. For every n > 0 one has isomorphisms
H"(G,V)~ H"(G,M) ®z, Q,,

and in the exact cohomology induced by (1.4), the kernel of the bound-
ary homomorphism 6™: H" (G, N) — H"(G, M) is the mazimal di-
visible Z,-submodule of H" *(G,N), and its image is the torsion Z,-
submodule of H"(G, M).

DEFINITION 4. The cohomological dimension c¢d(G) of a profinite
group G is the least non-negative integer n such that

H™(G,M)=0 forallm>n

and for every discrete G-module M which is a torsion abelian group,
and it is infinite if no such integer exists.

If G is a pro-p group, then cd(G) < n if, and only if H"*}(G,F,) =
0, where IF, is a trivial G-module.

2. Preliminaries on pro-p groups

Let G' be a profinite group, and let m be a positive integer. We
define G™ and |G, G] to be the closed subgroups of G generated by the
m-th powers of G, resp. by the commutators! of G. l.e.,

G"={(¢g"lgeG) <. G and [G,G]=[g1,9] 91,92 € G) <. G.

DEFINITION 5. Let G be a profinite group.

(i) A subset X of G is said to be a system of (topological) gen-
erators of G if the closed subgroup of G generated by X is G
itself. Moreover, the system X is said to be minimal if any
proper subset of X' generates a proper subgroup of G.

(ii) The group G is finitely generated if it has a generating system
which is a finite subset. The minimal number of generators of
G —i.e., the (finite) cardinality of a minimal generating system

'We use the left notation for the conjugation of group elements: namely,

ty=aya”! and [yl ="y oyt =ayaT iy
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X of G — will be denoted by d(G), and sometimes it will be
called the “dimension” of G.2

(iii) Let F' be a free profinite group. A short exact sequence of
profinite groups

(1.5) 1 R F G 1,

is called a presentation of G. The the elements R are called
the relations of G, and the generators of R as (closed) normal
subgroup of F' are called defining relations of G. If G is finitely
generated, then the presentation (1.5) is said to be minimal
if d(F') = d(G). Moreover, if the minimal number of genera-
tors of R as normal subgroup is finite, then it is denoted by
r(G), and G is said to be finitely presented. In particular, it is
possible to present explicitly GG in the following way:

G=(@eX|p=1p€eR),

with R C R a minimal system of defining relations. Finally,
if G is a pro-p group, then

(1.6) r(G) = dimg, (H*(G,F,))

(cf. [NSW, Prop. 3.9.5]).
(iv) The rank of G is defined by

rk(G) = sup{d(C) | €' <. G} =sup{d(C) | C <, G}

(see [DASMS, § 3.2]).

2.1. Filtrations of pro-p groups. Recall that the terms of the
lower central series are defined by

Nn(G) =G, »G)=[G.G, ... %(G)=[1m(G)d

for every ¢ > 1.

The Frattini subgroup ®(G) of a profinite group G is the intersection
of all the maximal proper open subgroups of G. The Frattini subgroup
of G is a closed subgroup, and if X C G is a system of generators of
G, then X®(G)/P(G) generates G/P(G) (cf. [DASMS, Prop. 1.9]).
Note that if (1.5) is a minimal presentation of G, then R C ®(F).

2Following the notation of [DASMS]: indeed this makes sense in the case of
analytic pro-p groups.
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If G is a pro-p group, then one has the following (cf. [DdSMS,
Prop. 1.13]).

ProprosITION 1.9. If G is pro-p, then
?(G) = G"[G, G,

and the quotient group G/®(G) is a Fy-vector space. In particular, G
is finitely generated if, and only if, G/®(G) has finite dimension as
[F,-vector space, and d(G) = dim(G/®(G)).

The p-descending central series of a pro-p group is a sort of
“p-refinement” of the central series, and it is defined by

)\1(G) =G, >\2(G) = CID(G), )\i+1<G) = )\i(G)p [Gv )\i(G)] )

for every ¢ > 1.

REMARK 1.10. In [DASMS] the notation P;(G) is used instead
of \i(G), and D. Segal informally refers to this series as “the pigs
series”. Other authors, as I. Efrat and J. Mina¢, use the notation G
instead of A\;(G) (see [CEM, CMQ, EM11]). Finally, authors from
the “Neukirch’s school” use the notation G instead of \;(G), and G;
instead of v;(G) (see [NSW, § II1.8] and [G&al1l]).

The p-descending central series has the following properties.

PropPOSITION 1.11. Let G be a pro-p group.
(1) PG N(G)] < Nisyl(G) for all i > 1.
(ii) If G is finitely generated then \;(G) is open for every i > 1,
and the set {\;(G),i > 1} is a basis of neighbourhoods of 1 €
G.

The Zassenhaus filtration of an arbitrary group G (not neces-
sarily a pro-p group) is the descending series defined by Di(G) = G
and

Di(G) = Dy (G ] [Di(G), Du(G)]

j+h=i

for every i > 1, where [i/p] is the least integer m such that pm > i.
This series is also called Jennings filtration and the groups D;(G) are
called dimension subgroups of G in characteristic p. Note that if G is
pro-p, then Dy(G) = ®(G). Such series has the following properties
(cf. [DASMS, § 11.1]).
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PROPOSITION 1.12. (i) For eachi,j > 1, one has
[Di(G), Dj(G)] < Diy;(G) and  Di(G)" < Dpi(G),

and it is the fastest descending series with these properties.’
(ii) For each i > 1, one has the formula

(1.7) Di(G) = [T w(@r.

gph>i

due to M. Lazard.

(iii) If G is a finitely generated pro-p group, then G has finite rank
if, and only if, D;(G) = D;11(G) for some i > 1 (this result is
due to M. Lazard and D. Riley).

3. Restricted Lie algebras

Unless stated otherwise, if L is a Lie algebra (over an arbitrary
commutative ring), we denote by (_,_): L x L — L its Lie bracket,
and for v € L the notation

ad(v): L — L, w+—— (v,w)

denotes the adjoint endomorphism. Throughout this section, let F
denote a field of characteristic p > 0.

DEFINITION 6. A restricted Lie algebra over F is a F-Lie algebra L
equipped with a map
P L
satisfying the following properties:
(i) (av)P! = aPvlP!| with a € F and v € L;

(ii) (v +w)P = v[p] + w371 81(7;“’ where v,w € L, and the
si(v, w) denote the coefﬁments of X! in the formal expression
ad(Av 4+ w)P~(v);

(iii) ad(v®) = ad(v)P, with v € L.
In fact it is possible to see a restricted Lie algebra over F as a

subalgebra of a F-algebra. For any associative F-algebra A, let Ay be
the induced Lie algebra, i.e., A = A and

(a,b) = ab—ba for all a,b € A.

31\Iamely, if {D;(G)} is another descending series satisfying these two properties,
then D;(G) 2 D;(G) for every ¢ > 1.
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A Lie subalgebra L of Ay is said to be restricted if a? € L for every a €
L. Equivalently, a F-Lie algebra L together with a unitary operation
_IPl is said to be restricted if there exists an associative F-algebra A
and a Lie algebras monomorphisms ¢: L — Ay such that

L (a[p]) = (a)? for every a € L.

The pair (A, ) is called a restricted envelope for L.

An ideal v of a restricted Lie algebra L is an ideal of the under-
lying Lie algebra of L which is also closed under the operation _7.
Thus the quotient L/t is again a restricted F-Lie algebra. A homo-
morphism of restricted Lie algebras is a homomorphism of Lie algebras
that commutes with the operations _[P!.

DEFINITION 7. Let L be a restricted Lie algebra over F. An asso-
ciative F-algebra U,(L) equipped with a monomorphism of restricted
Lie algebras

(1.8) Yr: L — Uy(L)

is called universal restricted envelope of L, if it is a restricted
envelope for L and it satisfies the usual universal property: for any
restricted Lie algebras homomorphism ¢: L — Bj, with B a F-algebra,
there exists a unique F-algebra homomorphism ¢: U,(L) — B such

that ¢ o 1, = ¢.

For every restricted Lie algebras there exists a unique universal re-
stricted envelope [G&11, Prop. 1.2.4], and the morphism 1), is injective
(Gall, Prop. 1.2.5].

Free restricted Lie algebras over F are defined via the usual prop-
erty. It is possible to construct such a restricted Lie algebra as follows.
Given a set of indeterminates X = {X;,i € Z}, let F(X) be the free
associative F-algebra on X', and let L be the restricted subalgebra of
F(X); generated by X. Then L is the free restricted F-Lie algebra
with free generating set X', denoted by L,(X). In particular, one has
the following (cf. [GA11, Prop. 1.2.7]).

PROPOSITION 1.13. The restricted universal envelope of the free re-
stricted Lie algebra L,(X) is the algebra F(X), via the monomorphism
which sends every X; to itself.
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3.1. The restricted Lie algebra induced by the Zassenhaus
filtration. We are interested in restricted Lie algebras, as the Zassen-
haus filtration of a pro-p group induces a structure of restricted Lie
algebra over IF,. Indeed, given a pro-p group put

Li(G) = Di(G)/Di;1(G) and L.(G) = EB Li(G)

for i > 1. Then every L;(G) is a F,-vector space, and the graded space
Lo(G) comes equipped with two further operations. Let v € L;(G),
v =2Di11(G), and w € Lj(G), w = yD;1(G), for some z,y € G.
Then one may define

('U, w) = [ZU, y]Di+j+1 € LZ+](G>)
'U[p] = Q?priJrl c LpZ(G),
which make Lo(G) a restricted Lie algebra over F, (cf. [DdSMS,
Theorem 12.8.(i)]).
Moreover, the restricted [F,-Lie algebra Le(G) of a pro-p group G
is thightly related to the group algebra F,[G]. Let wr, g be the aug-

mentation ideal of IF,[G] (i.e., wr,[g is the two-sided ideal of F,[G]
generated by the elements z — 1, with x € (), and put

grl(G) = Fp[G]/w]Fp[G] =~ F;m gri+1(G) = wﬁ‘p[G]/WIiFJ;[IGP

&r.(C) = Pan(6)

for ¢ > 1. Then every gr,(G) is a Fy-vector space, and gr,(G) is a
graded associative F,-algebra. Then one has the following result, due
to S. Jennings (cf. [DASMS, Theorems 12.8-12.9]).

THEOREM 1.14. Let 9: Lo(G) — gr (G) be the morphism of graded
IF,-algebras defined by

79(]7Di+1> = ([IZ’ - 1) + wgl, f07" xDiJrl € Ll(G),Z 2 1.

Then 9 is a monomorphism of restricted Lie algebras, and gr,(G) is
the universal restricted envelope of Le(G). In particular, one has

Di(G)=(1+ws)NG

for every i > 1.
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Let x be an element of GG, and let i« > 1 such that z € D;(G) ~
D;1(G). Then the image Z of x in the quotient D;(G)/D;;1(G) is said
to be the initial form of x in L.(G) (and in gr,(G)).

REMARK 1.15. The restricted Lie algebra Lo(G) of a pro-p group G
and the restricted envelope gr, (G) are to be intended as “linearizations”
of the group itself: since Lie algebras and associative algebras are easier
to handle than groups, they are supposed to provide new tools to study

pro-p groups.

3.2. Restricted Lie algebras of free groups. The class of pro-
p groups for which the induced restricted Lie algebras are best under-
stood are free pro-p groups. Let F' be a finitely generated free pro-p
groups with minimal generating system {xy,...,zq}, with d = d(F),
and let X = {X1,..., X4} be a set of non commutative indeterminates.
Then one has the following (cf. [G&11, Theorem 1.3.8]).

THEOREM 1.16. Let F' be a finitely generated free pro-p group, and
let X be as above, with d = d(F'). The restricted Lie algebra over F,
induced by the Zassenhaus filtration of I is free, i.e., one has

Lo(F) =5 Ly(X), Zi— X,
for every i =1,...,d, where T; € L1(F) is the initial form of x;.

In particular, by Proposition 1.13 and Theorem 1.14, the graded
algebra gr, (F') is isomorphic to the algebra IF,(X), considered with the
grading induced by the degree of the monomials.

REMARK 1.17. Let F,(X)) be the Magnus algebra, i.e., the F,-
algebra of formal series on the non-commutative indeterminates X’. It
is well known that one has a continuous isomorphisms F,[F] ~ F, (X))
given by z; — 1 + X, for every ¢ = 1,...,d(F). Then the powers of
the augmentation ideal wy,[ry of F,[F], and the powers of the ideal
(X1, ..., Xaer)) of the Magnus algebra induce an isomorphism of graded
[F,-algebras gr, (F') >~ F,(X) given by z; — X, foreveryi =1,...,d(F).

One has also the following useful property (cf. [Ga11, Prop. 1.2.6])

PROPOSITION 1.18. Let L be a restricted F-Lie algebra and let v <1 L
be an ideal. Let R denote the left ideal of U,(L) generated by 1y (v)
Then R is a two-sided ideal and the canonical epimorphism L — L/t
induces an ezract sequence

0 R Uy(L) —— U(Lft) —= 0 .
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4. Cohomology of Galois groups and Kummer theory

Fix a field K, and let L/K be a Galois extension of fields. Then
the multiplicative group L* is a module of the Galois group Gal(L/K).
The celebrated Hilbert’s Satz 90 (Noether’s version) states that the first
cohomology group of Gal(L/K') with coefficients in L* is trivial, i.e.,

(1.9) H' (Gal(L/K),L*) = 1.

Given a field K and a positive integer m, let p,, = p,,(K) be the group
of the roots of unity of order m contained in K, namely,

() = {C € K | ¢ = 1}
Thus, one has the short exact sequence of Gx-modules

m

(110) 1 — Mm<KSGP) - s (KSGP)X s (Ksep)x 1,

which induces the exact sequence in cohomology
K* = K* — H' (G, i (K>P)) — H' (G, (K5P)*) =0,

and hence an isomorphism K*/(K*)™ ~ HY(Gg, i, (K5P)). In par-
ticular, assume that the field K contains a primitive m*-root of unity,
i.e., m(K*P) C K. Then p,, is a trivial G g-module which is isomor-
phic to Z/mZ. This yields the isomorphism

—~ H'Y(Gg,Z/mZ) = Hom (Gg, Z/mZ),

(1.11) ¢k T

where the equality follows from Fact 1.1, called the Kummer isomor-
phism. In particular, fix an isomorphism of G-modules p,, ~ Z/mZ.
Then one has

(1.12) ¢x(a)(o) = e € Ln,

with @ = a mod (K*)™ (cf. [CMQ, (3.1)]).

Now let K(p) be the p-closure of K i.e., K(p)/K is the maximal
p-extension of K, and let Gk (p) = Gal(K (p)/K) be the mazimal pro-p
Galois group of K. Assume that K contains all the roots of unity of
p-power order. Then Hilbert’s Sats 90 holds for the extension K (p)/K,

23



and (1.12), together with a fixed isomorphism of trivial Gk (p)-modules
iy =~ I, yields an isomorphism

(1.13) KX J(K*) =~ H' (G (p), Fp)

Recall from Proposition 1.9 that for a pro-p group G, the quotient
G/®(G) is a F,-vector space. Then one has the following (cf. [NSW,
Prop. 3.9.1]).

COROLLARY 1.19. Let G be a pro-p group. Then the cohomology
group H'(G,F,) is the Pontryagin dual of the quotient G/®(G), i.e.,

(1.14) HY(G,F,) = Hom(G,F,) = Hom(G/®(G),L,) = (G/®(Q))",

and the groups H'(G,F,) and G/®(G) are isomorphic as (discrete)
[F,-vector spaces. In particular, if G is finitely generated, then

dims, (H'(G,F,)) = dimg (G/®(G)) = d(G).

Thus, if X = {z;,7 € Z} C G is a minimal system of generators of
G, the dual XV is a basis for H'(G,F,), with XV = {x;,7 € Z} such
that x;(x;) = d;; for every 4, j € Z. Therefore, the isomorphisms (1.13)
and (1.14) yield the isomorphism of discrete F,-vector spaces

K> [(K*)" = Gk(p)/® (Gk(p))

(with K satisfying the above conditions). Hence, if {a;,i € Z} C K* \
(K*)? is a set of representatives of K*/(K*)?, one has the minimal
generating sistem X of Gk (p) such that

zi(Ya) [ ¢ ifi=
(1.15) e {1 47

with ( € K a fixed primitive p-th root of unity, and the dual basis
XY c H'(Gk(p),F,).

Finally, one has this classic result (see also [Gel3, § 3.6] and
[BT12, § 3]).

PROPOSITION 1.20. Assume K contains a primitive p-th root of
unity, and let K(YK) = K({/a,a € K). Then K(VK)/K is Galois,
and it 1s the compositum of all finite cyclic extensions of K of degree
p. Its Galois group is

Gal (K(VE)/K) = Gie(p)/@(Ge(p)) = (K*/(K*)")”.

i.e.. Gy = 2(Cx(p)).
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One has an arithmetical interpretation also for the second cohomol-
ogy group of a Galois group. Indeed, for a Galois extension L/K one
has canonical isomorphisms

H2(Gal(L/K),L*) —= Br(L/K) ,

where Br(L/K) is the Brauer group of L/ K (cf. [NSW, Theorem 6.3.4]).
In particular, one has H?(Gy, (K*P)*) ~ Br(K), with Br(K) the
Brauer group of K. Thus, for a positive integer m the short exact
sequence (1.10), together with Hilbert’s Satz 90, induces the exact se-
quence in cohomology

m

0 — H*(Gg,pm) — Br(K) — Br(K) ,

which implies the following.

COROLLARY 1.21. Let m be a positive integer such that the char-
acteristic of K does not divide m. Then H?(Gg, pim) is (canonically)
isomorphic to Br,,(K), the subgroup of the Brauer group of K of ex-
ponent m.
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CHAPTER 2

The Bloch-Kato conjecture

1. Quadratic algebras

Fix a ring R, and let A, be a non-negatively graded R-algebra, i.e.,
A = @, An with Ag = R and A,, a R-module for every n > 1,
together with a product such that if a € A, and b € A,,, then ab €
Anim.

A graded algebra A, is said to be quadratic if A, is generated by
products of n elements of Ay, with n > 0, and the defining relations of
A, are generated by elements of degree 2: namely

T.(A1> . _ ®n
R ’ T (Al) - @Al )

n>0

(2.1) Ay ~

where R is a two-sided ideal of 7°(A;) generated by elements of A; ®p
Ay

EXAMPLES 1. Let F be a field, and let V' be a F-vector space.
(a) The symmetric algebra Se(V') is a quadratic F-algebra, as

V)
(VW —w V)

Se(V) = . vweV.

(b) The exterior algebra A,(V) is a quadratic F-algebra, as

_ T*(V)
n/>\o<v)_ wewtiwad VVEV

DEFINITION 8. Fix a field K. For a positive integer n, the n'*
Milnor K-group of K is the quotient

KM(K) = (K" ®g - @ K*) /1,

where [,, is the subgroup generated by the elements a; ® - - - ® a,, such
that a; + a; = 1 for some ¢ # j. (Such relations are called of Steinberg
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type.) Moreover, set K} = Z. Then the Milnor K-ring of K is the
quadratic Z-algebra

T (K)
a®@bla+b=1)

K (K) = DK (k) = <

n>0

equipped with the addition induced by the multiplication of K, and
with the multiplication induced by the tensor product.

Given ay,...,a, € K*, the symbol {a4,...,a,} denotes the image
of a; ® -+ ®a, in KM(K). A particular feature of Milnor K-rings of
fields is the anti-commutativity:

(2.2) {a,b} = —{b,a} forall a,b € K*

(cf. [Ef06, Prop. 24.1.2]). Therefore, the algebra K (K) is in fact a
quotient of the exterior algebra A, K*.
For a positive integer m, one may consider the Milnor K-ring mod-
ulo m, i.e.,
K (K) fm = @ KN (K) /m K (K).

n>0

Then KM(K)/m is a quadratic, anti-commutative Z/mZ-algebra. In
particular, one has the following (cf. [Ef06, Prop. 24.1.3]).

PROPOSITION 2.1. For positive integers m, one has

T (K (K)™)
@®@bla+be (Kx)m)’

K (K) /m =

where @ = a mod (K*)™ and b = b mod (K*)™.

1.1. Constructions with quadratic algebras. Let A, and B,
be two quadratic algebras over a field F. There are several constructions
which produce a new quadratic algebra C, generated by A; and Bj,
ie.,

T*(A1 & By)
R )
with R the two-sided ideal generated by Ry < (A; @ By)®2.

Let R{ < A; ® A; and RP < B; ® By be the relations of A,, resp.
of B,. Then one has the following constructions.

Ce =
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(a) The direct product Coy = Aq T B, (also denoted as A, & B,) is
such that C,, = A,, ® B,, for every n > 1. Thus, one has

Ri=Ry{ORF D (A ®B) @ (B ®A).

In particular, ab = ba = 0 for any a € A,, b € B,,, n,m > 1.
(b) The free product Cy = As 1l B, (also denoted as A, * B,) is the
associative algebra generated freely by A, and B,. One has

R, =Ry o R

(c) The symmetric tensor product A, @' B, (also called 1-tensor
product) is such that ab = ba for any a € A, b € B,,, n,m >
1. Thus,

Ri=RI®RE @ (ab— ba),

with a € A1 and b € Bl-

(d) The skew-commutative tensor product Ay @' B, (also called
(—1)-tensor product, or graded tensor product, see [Ef06,
§ 23.2]) is such that ab = (—1)""ba for any a € A,, b € B,
n,m > 1. Thus,

R1 =Ry @ RP @ (ab + ba),

with a € A; and b € B;.
See [PPO05, § 3.1] for further details.

2. The Rost-Voevodsky Theorem

Assume now that the characteristic of K does not divide m, and let
fim be the group of the m!-roots of unity as in (1.10). The isomorphism
(1.11) induces the isomorphism K;(K)/m ~ H'(Gg, ). Thus the
cup-product induces a morphism

K~ K~
2.3 L R Opimz e — H™ (G, u®"
(2.3) (Kx)m Qz/mz. Qz/ Z(Kx)m ( K ,um)

defined by a1 ® - - - ® @y, > Xay U+ - U Xa,, whith the y,,’s as in (1.15).
In fact, J. Tate showed in [Ta76] that the map (2.3) factors through
KM(K)/m, thus one has the homomorphism

hic: KY(K)/m — H" (G, p3")

(cf. [NSW, Theorem 6.4.2]) called the Galois symbol (or the norm
residue map) of degree n.
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THEOREM 2.2 (Bloch-Kato Conjecture). For every field K and for
every positive m prime to char(K), the Galois symbol hx is an isomor-
phism for every degree n.

For m = 2 this was conjectured first by J. Milnor in the late 60s,
whereas the full formulation of the conjecture was stated by S. Bloch
and K. Kato in [BK86|. The complete proof required several steps:

(i) for n = 1 the Galois symbol is just the Kummer isomorphism;
(ii) for n = 2 it was proved by A.S. Merkur’ev and A.A. Suslin in
the early '80s (cf. [MS82]);
(iii) for n = 3 and m = 2 it was proved by Merkur’ev and Suslin
in the late '80s (cf. [MS90]) and, independently, by M. Rost;
(iv) for any n and m a power of 2 it was proved by V. Voevodsky
at the beginning of the century (cf. [Vo03]).

For this, Voevodsky was awarded the Fields Medal in 2002. Later, he
announced a proof of the full conjecture in a preprint. Yet, it required
a while to see a complete (and published) proof, which appeared in
2011 (cf. [Voll]). Also Rost gave a remarkable and substantial con-
tribution to achieve the final proof — further, C. Weibel solved some
technical problems via what is now known as the “Chuck Weibel’s
patch” — so that now the Bloch-Kato Conjecture is adressed as the
Rost-Voevodsky theorem, see also [We08, We09].

3. Bloch-Kato pro-p groups

Let p be a prime. If K contains a primitive p*-root of unity, then
f, is isomorphic to I, as (trivial) G g-modules. In particular, one has
uffm ~ I, for every n > 1. Therefore, one has the cup product

U
Hn(GKJFp) X Hm(GK7IFP) - Hner(GKvIFp) )

with n,m > 0, and by Remark 1.5 we may define the graded-commutative
[F,-algebra

H.(GKva> - @HR(GKan)a

n>0

equipped with the cup-product. Since the Galois symbol is defined by
the cup product, hg induces an isomorphism of graded [F,-algebras

hic: KM(K)/p — H*(Gx,F,) |
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which implies that the IF,-cohomology ring of G'x is a quadratic F,-
algebra.
For a profinite group G let O,(G) be the subgroup

O,(G) = (C € Syl(G) [ £ # ),

where Syl,(G) is the set of the Sylow pro-¢ subgroups; namely one has
the short exact sequence

(2.4) 1 — 0,(G) — G — G(p) — 1,

with G(p) the maximal pro-p quotient of G, i.e., the Galois group of the
extensions K (p)/K (cf. [Qul4, § 2]). Therefore, in the case G is the
absolute Galois group G of a field with the above properties, O,(G)
is the absolute Galois group of the p-closure K(p), and by the Bloch-
Kato Conjecture the cohomology ring H*(O,(Gk),F,) is quadratic,
and thus generated by H'(0,(Gk),F,). Since O,(Gx) is p-perfect, by
Fact 1.1 one has

H' (0,(Gk),Fy) = Homy, (0,(Gk),F,) =0,

and hence H"(O0,(Gk),F,) = 0 for every n > 1. Thus in the Lyndon-
Hochschild-Serre spectral sequence (cf. [NSW, § I1.4]) induced by
(2.4), the terms

By = H" (Gk(p), H°(Op(Gk)))

vanish for s > 0, and the spectral sequence collapses at the Fs-term.
Hence the inflation map

(25) il o H' (Gu(p).E,) — H" (G, F)

is an isomorphism for every n > 0 (cf. [NSW, Lemma 2.1.2]). This
proves the following.

PROPOSITION 2.3. Let K be a field containing a primitive p'-
root of unity, with p a fixzed prime. Then the F,-cohomology ring
H*(Gk(p),F,) of the maximal pro-p Galois group of K is a quadratic
F,-algebra.

DEFINITION 9 ([Qul4]). Let G be a pro-p group. Then G is said
to be a Bloch-Kato pro-p group if for every closed subgroup C' < G
the [F,-cohomology ring H*(C,F,) is a quadratic [F,-algebra.
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Thus, the maximal pro-p Galois group Gk (p) of a field K containing
ttp is a Bloch-Kato pro-p group: indeed, every closed subgroup of the
maximal pro-p Galois group of a field is again a maximal pro-p Galois
group (and this justifies such a requirement in the definition).

By Proposition 1.4, the cohomology ring of a pro-p group G with
[F,-coefficients is skew-commutative. In particular, for G a Bloch-Kato
pro-p group let {x;,7 € Z} be a basis for H'(G, F,) as F,-vector space,
and let R be the defining relations of H*(G,F,) as in (2.1), i.e.,

T* (H'(G,F,))

(2.6) H*(G,F,) ~ 5

Then one has x; @ x;+x; ®x; € R for every i, j € Z, and (2.6) induces
an epimorphism of quadratic F,-algebras

(2.7) N H'(GF,)

H*(G,F,) ,

so that, in the case p odd, we may consider the exterior algebra gen-
erated by H'(G,F,) as an “upper bound” for the F,-cohomology of
Bloch-Kato pro-p groups, namely, this is the case when the ideal R is
the smallest possible. On the other hand, the ideal R may be gener-
ated by the whole group H*(G,TF,), i.e., the F,-cohomology ring of G
is concentrated in degrees 0 and 1, and this case can be considered as
“lower bound”. The latter case is completely explained by the following
classic result (cf. [NSW, Prop. 3.3.2 and Prop. 3.5.17]).

PROPOSITION 2.4. Let G be a pro-p group.

(i) forn >0, one has cd(G) = n if, and only if, H"**(G,F,) = 0.
(i) the group G 1is free if, and only if, cd(G) = 1.

In particular, if p is odd and G is a finitely generated Bloch-Kato
pro-p group, then (2.7) and Proposition 2.4 imply the following (see
also [Qul4, Prop. 4.1 and Prop. 4.3]).

COROLLARY 2.5. For G Bloch-Kato and p odd, one has the follow-
mg:
(i) cd(G) < d(G), and the equality holds if, and only if (2.7) is
an isomorphism;

(i) 7(G) < (“9).

2

The celebrated Artin-Schreier theorem states that the only non-
trivial finite subgroups of an absolute Galois group is the cyclic group
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of order two.! A similar condition holds for Bloch-Kato pro-p groups: a
Bloch-Kato pro-p group G' may have torsion only if p = 2. In particular
one has the following.

PROPOSITION 2.6. Bloch-Kato pro-p group G is torsion if, and only
if, G 1is abelian and of exponent 2, and moreover any of such group is
a Bloch-Kato pro-2 group.

PROOF. Let p be any prime and let C,, be the cyclic group of order
p, and assume that G admits a finite subgroup. Then G has C), as a
(closed) subgroup. If p is odd, then the cohomology ring H*(C,,F,)
is not quadratic, as H?(C,,F,) contains an element which is not a
combination of cup products of elements in H'(C,,F,), i.e., the map
(2.7) is not an epimorphism in degree 2. Thus G can’t be a Bloch-Kato
pro-p group.

Moreover, if p = 2 and G has 2"-torsion, with n > 1, the above
argument works also for Cy» instead of C),, with Cy the cyclic group
of order 2".

On the other hand, if p = 2 and G is abelian and of exponent 2,
then the cohomology ring H*(G,Fs) is isomorphic to the symmetric
Fy-algebra S,(H'(G,Fy)), and thus G is Bloch-Kato. O

For Bloch-Kato pro-p groups one may deduce the following result
from [CEM].

THEOREM 2.7. Let G be a Bloch-Kato pro-p group. Then the in-
flation map induces an isomorphism

H*(G/2(G),Fy)see — H*(G,T,),

where H*(_,IF,) e is the decomposable part of the cohomology ring,
i.e., the subalgebra generated by products of elements of degree one.
Moreover, if ¢: G1 — Go is a homomorphism of Bloch-Kato pro-p
group, then the induced map in cohomology

¢*2 H.(GQ,]FP) — H.(Gl,Fp)

1s an isomorphism if, and only if, the induced map on the quotients

G1/23(Gh) — Go/X3(Gy) is an isomorphism.

'In particular, the Artin-Schreier theorem states that if the absolute Galois
group Gk of a field K is finite (and non-trivial), then G ~ Z/27 and K is a real
closed field, i.e., K is of characteristic 0 with an unique ordering such that every
positive element is a square and every polynomial in K[X] of odd degree has a zero
in K.
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We shall study more in detail the quotient G/A3(G) in Section 4

4. Oriented pro-p groups

Fix a prime p and a field K, and let ppec = piye0 (K) be the group of
all the roots of unity of p-power order, i.e., ppe(K) = @kzo ppk ().
In particular, p,~ is a discrete torsion Z,-module, and one has

Autg (ppee (K5P)) ~ 2,

with Aut (ppe ) the group of K-automorphisms (cf. [Wr92, Lemma 1]).
Therefore, the action of the absolute Galois group on the separable clo-
sure induces an homomorphism of pro-p groups

(28) 9(%[() : GK — Z;;,

called the p-cyclotomic character of K.

If K D p,, then the p-closure K(p) contains iy~ (K*P), and the
maximal pro-p Galois group G (p) acts on fi,, namely, the cyclotomic
character 6, x is trivial on the subgroup O,(G), and it factors in a
unique way through a homomorphism 0: G (p) — Z);. We will call
the map 0 the arithmetical orientation of the Galois group Gk (p). This
is the arithmetical justification for the following definition.

DEFINITION 10. Let G be a profinite group. A continuous homo-
morphism of profinite groups 6: G — Z; will be called a p-orientation
of GG, and the group G will be called a p-oriented profinite group.

Thus, absolute Galois groups (and maximal pro-p Galois groups of
fields containing a primitive p'"-root of unity) are naturally equipped
with a p-orientation.

A p-orientation §: G — Z, of a profinite group G induces a natural
continuous action of G on Z, in the following way: for every g € G, the
multiplication by 6(g) induces an automorphisms of Z,. Thus Z,(1)
will denote the Z,[G]-module isomorphic to Z, as Z,-module,” and
with the G-action induced by the orientation 6. Also, for m € Z, one
has the Z,[G]-module Z,(m), together with the action induced by 6™,
ie, gA=06(g)™ - \forevery g € G and X\ € Z,,.

In the arithmetical case, the module Z,(m) is called the m*™ Tate twist of Z,,
as this construction was used first by J. Tate in [Ta76] (see also [NSW, (7.3.6)]).
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4.1. 6-abelian pro-p groups. From now on we will concentrate
on pro-p groups with p-orientations (and we will omit the “p” in the
notation, for simplicity).

REMARK 2.8. If G is a pro-p group, then the image of an orientation
0: G — Z, is again a pro-p group.

e If p is odd, then Z; is virtually pro-p, and the Sylow pro-p
group is 1+ pZ,, with |Zy : (1 + pZ,)| = p — 1. In particular,
one has that im(#) is contained in 1+ pZ,, and it is isomorphic
to Zj,.

e If p =2 then ZJ is pro-2, and it is isomorphic to Z/27Z X Zs.
Thus, one has that im(0) is torsion-free and isomorphic to Zs
if, and only if, im(0) < 1 + 47Zs.

In a pro-p group with orientation, one has a distinguished subgroup.

DEFINITION 11. Let (G, ) be an oriented pro-p group. The closed
subgroup defined by

Zo(G) = {h € ker(0) |ghg™" = h99) for all g € G}

will be called the 6-centre of G. Moreover, the group G will be called
G-abelian, if Zy(G) = ker(0).

Namely, the 6-centre of an oriented pro-p group is given by the
“copies” of the module Z,(1), induced by the orientation, lying inside
G. It is easy to see that Zy(G) is an abelian normal subgroup of G. If
a pro-p group with an orientation (G, ) is f-abelian, then it has a very
simple structure (see [Qul4, Prop. 3.4] and [CMQ, Remark 3.3]).

PROPOSITION 2.9. Let (G, 0) be a pro-p group with an orientation,
ans suppose that im(6) ~ Z,. Then G is 0-abelian if, and only if, there
exists a minimal generating system X = {xo,x;,1 € Z} C G, such that
G has a presentation

(2.9) G = <:1c0, x;

Towiry " = :L‘f(x()), [z, ;] =1,4,5 € I> :
In particular, G can be expressed as a fibre product
G ~im(0) x Z,(1)%,

with the action induced by the orientation.

35



4.2. Cyclotomic orientations. Let K be a field containing the
pth roots of unity p,, and let G (p) be the maximal pro-p Galois group.
For every n > 0, the p"th power induces the short exact sequence of
Z,[|Gk (p)]-modules

n

p

(2.10) 0 — Hpr — K(p)* — K(p)* — 0.

Since ppn is isomorphic to Z,(1)/p"Z,(1) as Gk(p)-modules, (2.10)
induces the commutative diagram in cohomology

KX (KX —= H' (Gx(p), tyr) H (G (p), Z,(1)/p"Zp(1))

¢ - |

KX (KX —= H (G(p), pym) = H (Gic(p), Z,(1)/p"Zy(1))

for every n > m > 1, where the left-hand side horizontal arrows are
isomorphisms by (1.13). In particular, one has the epimorphism
(2.11)

Tnm

HY (Gk(p), Zy(1) [p"Zy(1)) —= H' (Gk(p), Zp(1)/p™Zy(1))

for every n > m > 1. In particular, {H* (Gk(p), Z,(1)/p"Z,(1)) , Tpm }
is a projective system, and by [NSW, Corollary 2.7.6] one has the
isomorphism H'(G,Z,(1)) ~ Jm HY(Gk(p),Z,(1)/p"Z,(1)).

DEFINITION 12. Let (G, 0) be a pro-p group with an orientation.
Then 6 is called a cyclotomic orientation (and G is said to be cyclo-
oriented) if the following hold:

(i) G is a Bloch-Kato pro-p group;
(i) H*(C,Z,(1)) is a torsion-free abelian group for all closed sub-
groups C of G.

REMARK 2.10. If F'is a free pro-p group, then cd(F') = 1 by Propo-
sition 2.4. Then for any orientation #: F' — Zx one has H*(F, Z,(1)) =

0, so that (F,#) is cyclo-oriented for any 6.

One has the following elementary fact.
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LEMMA 2.11. Let (G,0) be a pro-p group with orientation. Then
H?*(G,Z,(1)) is a torsion-free abelian group if, and only if, the map

(2.12) HY(G,Z,(1)) — H'(G,F,)

induced by the short exact sequence of Z,[G]-modules

(2.13) 0 —> Z,(1) —> Z,(1) F, 0

18 an eptmorphism.

Proor. The short exact sequence (2.13) induces the exact sequence
in cohomology

H'(G.Z,(1)) — H'G,F,) — HC,Z,(1)) —~ HC.Z,(1).

and H*(G,Z,(1)) is torsion-free if, and only if, the right-hand side
arrow is injective, namely, if, and only if, the middle arrow is trivial
and the left-hand side arrow is surjective. O

Consequently, by (2.11) one has that H*(G(p),Z,(1)) projects
onto H'(Gk(p),F,), so that one has the following.

THEOREM 2.12. Let K be a field containing a primitive p-th root
of unity, and let Gk (p) be its mazimal pro-p Galois group. Then the
arithmetical orientation 0: Gk (p) — Z) is cyclotomic.

The following result is a refinement of Proposition 2.6 for pro-2
groups with a cyclotomic orientation.

PROPOSITION 2.13. Let (G,0) be a pro-2 group with cyclotomic
orientation.

(i) If G is non-trivial and torsion, then G ~ Cy and im(f) =

(+1).

(ii) Ifim(@) is torsion free, then G is torsion free.

PROOF. (i) By Proposition 2.6, G is an elementary abelian 2-group.
Let K = ker(f). Then (K, 6|k) is an elementary abelian pro-2 group
with trivial cyclotomic 2-orientation, namely, 6|x = 1 and Zy(m) ~
Z5(0) = Zs as K-modules for all m € Z. Since K is torsion, one has
HY(K,Q) = Hom(K,Q,) = 0, and the connecting map H'(K,I,) —
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H?(K,7Zs,) induced in cohomology by the exact sequence (1.3) for p = 2
is injective. Thus one has the embedding

KV = H\(K,I,) = H*(K,Z,) = H*(K,7Zy(1)) ,

which is torsion-free. Consequently KV = 0 and K is the trivial group,
and 6: G — Z; is injective. This shows (i), and (ii) is a direct conse-
quence of (i). O

From Proposition 2.6, Proposition 2.13 and Sylow’s theorem one
deduces the following corollary, which can be considered as a local ver-
sion of the Artin-Schreier theorem for profinite groups with cyclotomic
p-orientation.

COROLLARY 2.14. Let p be a prime number, and let (G,0) be a
pro-p group with cyclotomic orientation.
(i) If p is odd, then G has no p-torsion.
(i) If p = 2, then every non-trivial 2-torsion subgroup is isomor-
phic to Cy, the cyclic group of order 2. Moreover, if im(6) has
no 2-torsion, then G has no 2-torsion.

REMARK 2.15. Let 6: Zy — Z5 be given by 6(1 + A\) = —1 and
G(\) =1 for all A € 2Z,. Then 6 is a 2-orientation of G = Z, satisfying
im(f) = {£1}. As cda(Zs) = 1, 0 is also cyclotomic by Remark 2.10.
This shows that for a torsion free pro-2 group G with cyclotomic 2-
orientation 0: G — Z;, im(0) is not necessarily torsion free.

On the other hand, if im(#) < 14 4Z, for a cyclo-oriented pro-2
group (G, 0), one has the following.

PROPOSITION 2.16. Let (G,0) be a pro-2 group with cyclotomic
2-orientation satisfying im(6) ~ Zs. Then x U x = 0 for all x €
H'(G,TF,).

PROOF. Set Z4(1) = Zo(1)/4Z5(1). By Remark 2.8, Z4(1) is a
trivial Zy[G]-module, thus Z4 ~ Z/47 as abelian groups. Since the
group H?(G,Zy(1)) is torsion-free, one has a commutative diagram
with exact rows

(2.14)
HY (G, Zo(1)) —— HY(G,Zs(1) —> H'(G,Z4(1)) — 0

| |-

HU(G, Zo(1)) —— H' (G, Zs(1)) —— H'(G,Fy) — 0
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with 7 the canonical morphism. Hence by the weak four lemma applied
to the diagram (2.14) extended by another column of 0’s to the right,
7 is surjective. In particular, the first Bockstein morphism

gl HY(G,Fy) — H*(G,Fy)

is the trivial map, and the claim follows by Lemma 1.6. 0

Let (G,0) be a cyclo-oriented pro-p group. The above result, to-
gether with Remark 2.8, shows that if im(#) is pro-p-cyclic (possibly
trivial), then the cup product in H*(G,F,) is skew-commutative, and
Corollary 2.5 holds also in the case im ~ Z,. In particular, from (2.7)
one gets the epimorphism of quadratic F,-algebras

T* (H'(G,F,))
(X ®x)

(2.15) H*(G,F,)

for all cyclo-oriented pro-p groups (G,0) with im(f) ~ Z,, or im(f) =
{1} for p odd.

4.3. Modules of cyclo-oriented groups. Given an oriented pro-
p group (G,#), the orientation induces a G-action also on the Z,-
modules Q, and I,. Thus, one may define the Z,[G]-modules Q,(m)
and I,(m), for m € Z, and (1.3) induces the short exact sequence

(2.16) 0 — Z,(m) — Q,(m) — L,(m) — 0.

Fact 2.17. For m € Z, one has L,(m)" ~ Z,(—m).

PROOF. By definition, one has I, ~ Z;J/ as Zp-modules. Thus, for
Ael,, ¢ €l,(m)* and g € G one has

(g-0)N) =0 (97"A) = (0(g™)™ - A) =0(g) ™ - &(N),

and this yields the claim. O

LEMMA 2.18. For G a profinite group and 0: G — Z; an orienta-
tion, the Pontryagin dual induces the natural isomorphism of functors

Zy(m)*®@cHom(_,L,) — Homg(Z,(m),_)", m € Z.
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PROOF. Let N be a discrete left Z,[G]-module, and let A € Z,(m)*
and f € Hom(NV,L,). Then define ¢y € Homg(Z,(m), N)¥ such that
drar(h) = f(h(X)) for every h € Homg(Z,(m), N). Then, for every
g € G, one has

Orgof(h) = f(h(Ng)) = f (h(g™" X)) =
= [ (g7 h(N) = g-F(h(N) = drgg.r(h),
and this yields the claim. O

In particular, for m = 0 Lemma 2.18 implies the isomorphism
(2.17) Tor 1 (Z,, M) ~ Ext}} 10y (Z,, M)"

with M a discrete module (see also [NSW, Corollary 5.2.9]).

PROPOSITION 2.19. Let G be a profinite group with a p-orientation
0. Then for every m € Z the following are equivalent:
(i) H™YG,Z,(m)) is a torsion-free Z,-module.
(i) H™(G,1,(m)) is a p-divisible Z,-module.
(i) H,, (G, Z,(—m)) is a torsion-free Z,-module.

PROOF. The exact sequence (2.16) induces the exact sequence in
cohomology
(2.18)

0" (G, Zp(m)) —= H"(G,Qp(m)) —— H" (G, I;(m)) >

L> H™ (G, Zy(m)) —= H™ (G, Qy(m))

for m > 0. Then by Proposition 1.8, one has that ker(d) is the max-

imal p-divisible subgroup of H™(G,I,(m)), and im(d) is the torsion

subgroup of H™(G,Z,(m)). Thus, H"(G,Z,(m)) is a torsion-

free Z,[G]-module if, and only if, ¢ is the zero map, i.e., ker(d) =

H™(G,1,(m)). This establishes the equivalence between (i) and (ii).
Now set M =1I,(m). Then (2.17) and Fact 2.17 imply that

5m

Hyu(G, Zy(—m)) = H™ (G, T, (m))".
By duality, it follows that H,,(G,Z,(—m)) is a profinite torsion-free
Zy[G]-module if, and only if, H™(G,I,(m)) is a discrete p-divisible

Z,[G]-module. This establishes the equivalence between (ii) and (iii).
U
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The above result has the following consequence.

COROLLARY 2.20. Let (G,0) a cyclo-oriented pro-p group. The
abelianization ker(6)/[ker(0), ker(8)] of the kernel of the orientation 0
is a torsion-free group.

PROOF. Since the restriction flue(g) is trivial, Z,(1) is a trivial
Zy[ker(f)]-module. Thus, one has

ker(6)
[ker(0), ker ()]

Hy(ker(0),Z,(1)) = Hy(ker(0),Z,) ~

Therefore, ker(6)/[ker(f),ker(0)] is torsion-free by Proposition 2.19.
U

On the other hand, the following result describes the torsion of
HY(G,Z,(1)) as Z,-module ([QW1, Lemma 3.2]).

LEMMA 2.21. Let (G,0) be a cyclo-oriented pro-p group such that
im(0) = 1 + p*Z, ~ Z, for some k > 1. The torsion Z,-submodule of
HY(G,Z,(1)) is isomorphic to Z/p*7Z.

PROOF. The exact sequence of G-modules (2.16) with m = 1 in-
duces the exact cohomology sequence

50
L H' (G, Zy(1)) — HY(G,Qy(1)) — -+

As 6 is non-trivial, one has H°(G,Q,(1)) = Q,(1)¢ = 0. Moreover,
H'(G,Q,(1)) is a torsion free Z,-module, and thus by Proposition 1.8

§ induces an isomorphism between I,(1)¢ and the torsion submodule
of H' (G,Z,(1)). Since

- — H(G,Q)(1)) — H"(G,L,(1)) )

I,(1)¢ = %zpu)/zp(l) ~ 2,/p',

as Z,-modules, this yields the claim. O
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5. The Elementary Type conjecture

5.1. Demushkin groups. Let F be a field and let V. W be two
F-vector spaces. Recall that a non-degenerate pairing of V-and W is
a [F-bilinear form V' x W — F which induces injections V' — W* and
W < V* where V* and W* are the F-duals. If V and W have finite

dimensions, then such monomorphisms are isomorphisms.

DEFINITION 13. A finitely generated pro-p group G is called a De-
mushkin group if the cohomology ring H*(G,F,) satisfies the follow-
ing properties:

(i) H'(G,F,) =1 is isomorphic to F, as F,-vector spaces.
(ii) the cup product U: H'(G,F,) x H'(G,F,) — H*(G,F,) is a

non-degenerate pairing.

If G is an infinite Demushkin group, then G is a Poincaré group
of cohomological dimension cd(G) = 2. On the other hand, the only
torsion Demushkin group is the cyclic group of order 2 (cf. [NSW,
(3.9.9) and (3.9.10)]). In particular, one may find a basis {x1, ..., xq}
of H(G,F,), with d = d(G), such that

X1Uxa=xsUxa=...=Xa-1Uxa for2]|d,
X1Uxi =x2Uxzs=...=Xxa1Uxq for2¢td,

and H?(G,TF,) is generated by such element.

Demuskin groups are arithmetically interesting, as they appear as
Galois group of p-adic fields. In particular, if K is a p-adic local
field (i.e., a finite extension of the field Q,) containing the roots of
unity of order p, then the maximal pro-p Galois group Gk (p) is a
Demushkin group with d(Gk(p)) = |K : Q| + 2 (cf. [NSW, Theo-
rem 7.5.11]). From this, it follows that arithmetical Demushkin groups
are also Bloch-Kato pro-p groups.

By (1.6), a Demushkin group G is a one-relator pro-p group, i.e.,
r(G) = 1. Thus, one has that either

G/IG,Gl~Z] or G/[G,G]~Z/p"L x L™,

with £ > 1. Set ¢¢ = 0 in the former case and gz = p* in the latter.
The structure of Demushkin groups has been studied in the '60s by
S.P. Demuskin, J.-P. Serre and finally by J. Labute, who completed the
case p = 2 and equipped Demushkin groups with a suitable orientation.
Altogether, one has the following (cf. [La67]).
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THEOREM 2.22. Let G be a finitely generated one-relator pro-p
group, and set qi as above. Then G is a Demushkin group if, and only
if, it is isomorphic to the pro-p group with a presentation (1, ..., xqr =
1) with d = d(G), such that

(i) if p is odd or if p =2 and qg # 2, one has
r = xy, xol[xsy, T4] - - - [2g_1, T4a);

(ii) if ¢ = 2 and d is odd, one has

_o _of
rT=2I 2$2 2 [$27 $3HIE47$5] s [md—h $d],

for some f=2,3,...,00;
(iii) if g = 2 and d is even, one has

_9_ _of
r= a2y, wo)wy (w3, 4] - [Ta1, 4],

for some f=2,3,...,00 and o € 4Zs.
Moreover, let 0: G — Z, be the orientation defined by
(i) O(x2) = (1 — qc) and O(z;) = 1 for i # 2, if gc # 2;
(ii) O(x1) = —1, O(x3) = (1 — 27) and O(x;) = 1 fori # 1,3, if
gc = 2 and d s odd;
(iii) O(z2) = —(1+a)7Y, O(zy) = (1—27) and O(z;) = 1 fori # 2,4,
if qo = 2 and d is even.

Then 0 is a cyclotomic orientation for G.

REMARK 2.23. Note that in [La67], the author uses a different
notation:

(a) he uses the “right-action notation” for the commutator, i.e.,
[z,y] = 27 '2¥ = 7y~ Lxy, that is why we get the signs minus
in the relations;

(b) he uses x instead of € for the orientation (and he does not
use such term, as he calls x simply a “continuous homomor-
phism”);

(c) he uses U, instead of Z.

It is interesting to compute also the restricted Lie algebra Le(G)
induced by the Zassenhaus filtration, when G is a Demushkin group.
Let X = {x1,...,24}, d = d(G), be a minimal generating system for
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G such that G has a presentation with a relation r as described in
Theorem 2.22. Then 7 lies in Do(G) \ D3(G), and one has

[z1, 2] + ... + [X4—1, x4) mod D3(G) if qq # 2
r=4 2+ [x1, 22+ ...+ [T4_1,24) mod D3(G) ifge=2,2]|d
22 + [w9, 23] + ... + [¥4_1, 24) mod D3(G) if g =2, 21d

(where we used the additive notation for the quotient Dy(G)/D3(G)).
If g # 2, then [G&11, Theorem 2.4.6] and Theorem 1.14 imply that
the restricted Lie algebra Le(G) is the quotient of the free restricted
[F,-Lie algebra L,(X) over the ideal v generated by the image of r in
Lo(F'), where F' is the free pro-p group generated by X. Moreover, by
Proposition 1.18 one has

Fp (X)

(2.19) 8r.(G) = Up(Le(G)) =~ ([ X1, Xo] + ..o+ [Xao1, Xa])

where X = {X; ..., Xy}, with the grading induced by the degrees of
the monomials.

5.2. Free products and the Elementary Type Conjecture.
Let G be a profinite group, and let {G;,i € Z} be a collection of
profinite groups with Z a set of indices. For every ¢ € Z, let 1;: G; = G
be a continuous homomorphism. If the set Z is not finite, assume
further that for every open neighborhood U of 1 in G, U contains all
but a finite number of the images im(¢;) (if this condition is satisfied,
the family {¢;,7 € Z} is said to be convergent).

The profinite group G, together with the maps ¢;, is said to be the
free profinite product of the groups G; if the following universal
property is satisfied: whenever {¢;: G; — H,i € I} is a convergent
family of continuous homomorphisms into a profinite group H, there
exists a unique continuous homomorphism v : G — H such that

(2.20) G —

e

Tﬁil e
roY

H

commutes for every ¢ € Z. Such free product is denoted by

¢=1]¢G:

€L
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If the groups G;’s are all pro-p, then G is the free pro-p product
if (2.20) commutes for every i € Z and for any pro-p group H (see,
e.g., [RZ10, § 9.1] and [Ril3, § 2.7] for details). In particular, if Z is
finite, let G denote the free abstract product of the G;’s. Then G
is the projective limit 1£1 ./ G /N, where N is the family of normal

subgroups of G
(221) N ={N ||G" :N|=p",NNG; <G, open for all i } .
One may denote the free pro-p product also by

G =Gyxp- %5 Gy

It is well known that free profinite products of absolute Galois
groups of fields are absolute Galois groups. Moreover, the free pro-
p product of absolute Galois groups which are pro-p is a pro-p group
which is realizable as absolute Galois group for some fields (see, e.g.,
[Er01] and [HJK] for details).

Yet, such a general statement is still missing for maximal pro-p
Galois groups of fields. So far, only partial results are known: for
example

(a) the free pro-p product of two arithmentic Demushkin groups
is realizable as maximal pro-p Galois group of fields (this is a
consequence of [Ef97b, Main Theorem]);

(b) the free pro-p product of f-abelian maximal pro-p groups (and
of Z/27 in the case p = 2) is realizable as maximal pro-p
Galois group of fields (this can be deduced from [Ef97a]).

The possibility to use free pro-p products to construct new maximal
pro-p Galois groups provided the inspiration to formulate the Elemen-
tary Type Conjecture (=ETC) on maximal pro-p Galois groups,
which states how a finitely generated maximal pro-p Galois group of a
field should “look like”.

This conjecture originates form the theory of Witt rings: the ETC
on Witt rings of fields was concieved in the early ’80s to study maximal
2-extension of fields via Witt rings, and it states that the Witt rings
of fields of characteristic not 2 can be constructed from elementary
“building blocks” by means of two standard operations (cf. [Ef06,
§ 29.3]). Later, B. Jacob and R. Ware translated the conjecture in the
context of maximal pro-2 Galois groups of fields, and they obtained

a classification of such galois groups with small number of generators
(cf. [JW89] and [JWI1]). In this case, finitely generated pro-2 Galois
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groups can be built from some “basic” pro-2 groups, i.e., Zy, Demushkin
groups and Z/27.

In the ’90s, 1. Efrat stated a stronger pro-p arithmetical version
of the ETC which mimics Jacob and Ware’s “pro-2 translation”: the
maximal pro-p Galois groups of fields of characteristic not p can be
constructed from elementary “building blocks”, such as Z,, Demushkin
groups and Z /27, by iterating two rather simple operations, i.e., free
pro-p products and certain fibre products (which we will define in Sec-
tion 4.3), and it was stated explicitly in [Ef97b, Question 4.8] and
reformulated in [En04, Definition 1].

The ETC has been proven in some particular cases, such as maximal
pro-p Galois groups of algebraic extensions of QQ, or fields satisfying
certain condition on valuations. A general answer for this conjecture
seems to be still quite far from being obtained (so far).
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CHAPTER 3

The upper bound: #-abelian groups

1. f-abelian pro-p groups and the cup product

In this chapter we shall study the “mountain boundary case” of
Bloch-Kato pro-p groups, namely, the case

(3.1) A HY(G.F,) —= H*(G,F,).

REMARK 3.1. Most of the content of this chapter is contained
(sometimes in a different shape) in [Qul4] and [CMQ)], plus some
generalizations for the two cases p = 2 and d(G) = oc.

In particular, one has the following fact.

LEMMA 3.2. Let (G,0) be a pro-p group with orientation, and as-
sume that 0 is cyclotomic with im(0) ~ Zs if p = 2. Then the epimor-
phism (2.15) is an isomorphism if, and only if, the map

/\Q(U)

(3.2) H'(G,F,) N H(G,F,) H*(G,F,) ,

induced by the cup product, is injective. In particular, if G is finitely
generated, then (3.2) is an isomorphism if, and only if,

(3.3) cd(G) = d(G).

PROOF. The proof is an easy argument from elementary linear al-
gebra, together with Proposition 2.16 for the case p = 2. See also
[Qul4, Prop. 4.3]. O

Since every closed subgroup of a maximal pro-p Galois group is
again a maximal pro-p Galois, it is worth asking what does the injec-
tivity of the morphism Aq(U) for every closed subgroup imply in the
case of Bloch-Kato pro-p groups. In particular, one has the following
Tits alternative-type result.
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THEOREM 3.3. Let (G,0) be a Bloch-Kato pro-p group, and assume
that 0 is cyclotomic with im(0) ~ Zs if p = 2. Then G does not contain
non-abelian closed free pro-p group if, and only if, the map

(3.4) No(U): HY(C,F,) A H(C,F,) —= H2(C,F,)

15 injective for every closed subgroup C of G.

PROOF. Assume that G contains a closed subgroup C' such that
(3.4) is not injective. Let {x;,i € Z} be an F,-basis of the H'(C,F,).
Thus there exists a non-trivial element

n= Z &ini A Xj — ker (AQ(U)) y
i,5€T
with J C Z finite. As n # 0, there exist m,n € J, m # n, such that
amn 7 0. Let {z;,i € T} C C be a minimal generating system of C'

such that every x; is dual to z; for all 7, and let S be the subgroup of
G generated by x,, and z,. Then by duality (1.14) the map

resg g0 H'(C,F,) —— H'(S,F,)
is surjective, and, by construction,
ker (res¢ g) = Spang {xi|i€Z, i#n,m}.

From the surjectivity of resa g and the commutativity of the diagram

/\Q(U)

(3.5) H'(C,F,) A H'(C,F,) H*(C,F,)

1 1 2
reSC,S % resc,s % l resc’S

/\Q(U)
HY(S,F,) A H'(S,F,) H?(S,F,)

one concludes that the lower horizontal arrow of (3.5) is the O-map.
Since S is Bloch-Kato, one has that H?(S,F,) = 0, i.e., S is a 2-
generated free pro-p group by Proposition 2.4, a contradiction.
Conversely, if G contains a non-abelian free pro-p group C, then
H?*(C,F,) =0, and (3.4) is not injective. O
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The following theorem is the key to study the group structure of
Bloch-Kato pro-p groups whose F,-cohomology ring is an exterior al-
gebra. It is due to P. Symonds and Th. Weigel (cf. [SWO00, Theo-
rem 5.1.6)).

THEOREM 3.4. Let G be a finitely generated pro-p group. Then the
map (3.2) is injective if, and only if, G is powerful.

2. f-abelian pro-p groups and powerful pro-p groups

2.1. Powerful pro-p groups and Lie algebras. Recall from
Section 1.2 that G™ is generated by the m-th powers of G, for m > 1.
A pro-p group is said to be powerful if

GP  for p odd
6,G] < { G* for p=2.

Moreover, G is called uniformly powerful, or simply uniform, if G is
finitely generated, powerful, and

IN(G) : At (G)] = |G B(G)| for all i > 1

Thus, one has the following characterization for uniform pro-p groups
([DASMS, Ch. 3-4]).

THEOREM 3.5. A finitely generated powerful pro-p group G is uni-
form if, and only if, G is torsion-free.

Finally, a pro-p group G is called locally powerful if every finitely
generated closed subgroup K of G is powerful. Moreover, for uni-
form pro-p groups, one has the following property (cf. [DdSMS,
Prop. 4.32]).

PROPOSITION 3.6. Let G be a d-generated uniform pro-p group, and
let {xq,...,xq4} be a generating set for G. Then G has a presentation
G = (x1,...,x4|R) with relations

(3.6) R= {[mi,xj] = g}t -xgd(i’j), 1<i<j< d} ,
and for all i,5 one has M\,(i,7) € p.Zy if p is odd, and \,(i,j) € 4.7

if p=2.

If G is a uniform pro-p group, then it is possible to associate a
Z,-Lie algebra log(G) to it (see [DASMS, § 4.5] and [Qul4, § 3.1]),
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ie., log(G) is the Z,-free module generated by the generators of G,
equipped with the sum

(3.7)

r+y= h_)m THny, TH,y= (:L,p"ypn)p*n’

and the Lie brackets

(3.8)

—2n

(2.9) = lim (@,9)n, (2.9 = [2",9"]"

n

REMARK 3.7. Note that the Z,-Lie algebra log(G) of a uniform
pro-p group is not related to the restricted IF,-Lie algebra L,(G) as
defined in Section 1.3.

The following result lists the properties of the Z,-Lie algebras as-
sociated to uniform pro-p groups we will need in the continuation (cf.

[Qul4, § 3.1 and § 3.3]).
PROPOSITION 3.8. (i) If G is uniform with minimal generat-
ing system {xq,...,x,}, then it is possible to write every ele-
ment g € G as g = xi\l et with N € Z,y, in a unique way.

(i)

(iii)

Thus the map
G — log(G), mi‘l .- ~3:TAL" > AN+ .+ AT,

is a homeomorphism in the Z,-topology (cf. [DASMS, Theo-
rem 4.9]).

If G is locally powerful and torsion-free, let C be a finitely gen-
erated subgroup of G. Then one can construct the Lie algebra
log(C), which is in fact a subalgebra of log(G). In particular,
the Z,-submodule Span, {x € S} oflog(G) is closed under Lie
brackets for every finite subset S C G.

An uniform pro-p group G with orientation 0 is 6-abelian if,
and only if, the associated Z,-Lie algebra log(G) has a basis
{v1,...,v4}, with d = d(G), such that

(v1,v;)) = Av;  and (v, v;) =0
for all 1 <i,j < d, where im(0) = 1 + \Z, and X\ € pZ,, or

AN €AZy if p=2 (cf. [Quld, Prop. 3.6])
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2.2. Locally powerful pro-p groups. In spite of a rather convo-
luted definition, torsion-free locally powerful pro-p groups have a very
simple (and rigid) structure: in fact such a group is naturally equipped
with an orientation 6 which makes it f-abelian.

THEOREM 3.9. Let G be a torsion-free pro-p group. Then G is
locally powerful if, and only if, there exists an orientation 0: G — Z;
such that (G, 0) is 0-abelian.

Proor. If G is #-abelian, then, by Proposition 2.9, G is locally
powerful and torsion-free.

Conversely, let G be a torsion-free locally powerful pro-p group,
and assume first that G is finitely generated, with d(G) = d > 2,
Thus by Proposition 3.6, G has a presentation G = (z1, ..., x4/ R) with
relations as in (3.6). Let H;; <. G be the closed subgroup generated
by the elements x;, z;. Since H;; is uniform as well, we have that

7

H;j = <3?z'>$j

[z, 2] = x%i(i’j)x;\j(i’j), Ais Aj € p.Zp> ,

so that R = {[z;,z;] = x;\"(z’])x;‘j(l’]),l < i < j < d} is the set of
relations.

Since an abelian pro-p group is l-abelian, where 1 is the trivial
orientation, we may assume that G is not abelian, i.e., we may assume
without loss of generality that xz; and x5 do not commute.

Step 1: First suppose that d = 2. It is well known that if G is non-
abelian, then G has a presentation (z,y|[z,y]y ") for some uniquely
determined positive integer k (with k& > 2 if p = 2, see [DASMS,
Ch. 4, Ex. 13]) — in fact G is a 2-generated Demushkin group. Thus,
G is G-abelian by Proposition 2.9, with 8(x) = 1 + p* and 0(y) = 1.

Step 2: Suppose d = 3. By the previously mentioned remark we
may choose 1, T3 such that [z, zo] = 23, with A\ € p.Z,, (resp. \ € 4.7,
if p=2). Thus

G= <$1, T2, T3 |[$1,$2] = %\, [$1, Is] = f?lxg)f, [$27$3] = xé"lxé? > )

with A;, p; € p.Z,, (resp. in 4.Z,). Let H;; be the subgroups as defined
above, with 1 < ¢ < j < 3, and let L = log(G). Clearly, (x;,x;), €
H;; for all n. Hence (z;,z;) € Spang {z;,z;}. In particular, the Lie
brackets in L are such that

(1, m2) = e, (@a,x3) = Powa + Pyws, (w1, 73) = Nx1 + Y323,
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with «, 8,7 € p.Z, (resp. in 4.Z,).
By the Jacobi identity, one has

0 = ((w1,22),23) + ((x2, 73), 1) + (w3, 21), T2)
= (axq,x3) + (Boxa2 + P23, 21) — (M121 + Y323, 2)
= —[sna1 + (afs — afs — ayr + Boys) X2 + (afs — Bays + Bays) o3,

hence (37,21 = 0, and thus g3 =0 or v; = 0.

(1) If B3 = 0, then by definition (73, 23) € Spany {z2}, i.e., the
Z,-module generated by x9 is an ideal of L. Therefore we
may choose without loss of generality x; and x3 such that
(z1,73) € Spang {z3}, and (z;, z9) € Spang, {x»} for i = 1,3.

(2) If 91 = 0, then by definition (x1,z3) € Spany {z3}, i.e., the
Z,-module generated by xo and x3 is an ideal of L. Therefore
we may choose without loss of generality x5 and x3 such that
(z2,73) € Spang {z.}, and (v, ;) € Spang, {z;} for i = 2,3.

Altogether the Lie brackets in L are

(961@2) = O/Iz, (Izaxs) = 5/@, (Ihl’s) = 7/553,

with o, ',y € p.Z, (resp. in 4.Zy). The matrix of ad(yzs) with
respect to the basis {x1, x5, x3} is given by

o O O

ad(v'z3) = 0 By
0

In particular, its trace is tr(ad(v'z3)) = 7. Since ad(v'z3) = (ad(x1), ad(x3)),
one has tr(ad(y'z3)) = 7 = 0. Therefore 5/ =0 or 7/ = 0.
(1) If B/ =0, let v = 21 + x5 and vy = x9 + x3. Then (vy,v9) =
o'z + +'z3. By Proposition 3.8, one has that (vy,v) is a Z,-
linear combination of v; and vy. Thus (vq,v2) is necessarily a
multiple of vq, i.e., o/ =~
(2) If v/ =0and § # 0, let v = x; + 9. Then (v,x3) = f'as.
Again by Proposition 3.8, one has that (v, r3) € Spang {v, v3}.
In particular, no multiple of x5 lies in Spanzp{v,xg}. There-
fore, this case is impossible.
(3) If 5/ =+ = 0 then « = 0 by (1). So L, and hence G, is

abelian. But this case was excluded previously.
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This yields ' = 0 and o/ =" # 0, with o € p.Z, (resp. in 4.Z,),
and the claim follows from Proposition 3.8.

Step 3: Suppose that G is locally powerful, torsion-free with d(G) =
n+1 >4, and let G be generated by z1,...,2,11. Since G is non-
abelian we may assume without loss of generality that xz; and x5 do
not commute.

Let H <. G be the subgroup generated by zi,...,z,. Thus by
induction there is a unique (non-trivial) orientation ¢: H — Zx such
that H is f-abelian. In particular, we may assume that [z, 7;] = 2

and [z;, ;] =1 for all 2 <4, j < n, where
A=0(x1)—1€pZ,~ {0}

(resp. in 4.Zy \ {0} for p = 2).

Furthermore, let H; <. G be the subgroup generated by x1, x;, 11,
for 2 < ¢ < n. By induction, for each ¢ there exists an orientation
0,: H; — Z, such that H; is 0;-abelian.

Since 0;(x1) = 0(x1) = 1+ X and 6;(x;) = 0(x;) = 1 for all i, then
necessarily 0;(x,,1) = 1 for all 4; i.e.,

(21, Tpi1) = 2y and [z, 2040 =1

for all i. Hence we may extend 6 to G such that 6(z,4+1) = 1. Thus G
is f-abelian.

Step 4: Assume now that G is not finitely generated, and let C' be
any finitely generated subgroup of G. Thus G is fc-abelian, for some
orientation 0c: C' — Z). Also, let Lo = log(C') be the Lie algebra
associated to C'

Also, let Vi be the commutator subalgebra (L¢, Le) < L, and let
Zc be the kernel of 8¢, considered as ideal of Le. Then (v, w) = 0 for
every v € Z¢o and w € Vg, and Vo = A\oZ¢, for some A € pZ, (and
A € 4Z, for p = 2). Note that Vi and Z¢ are abelian Lie algebras for
every C. Let

H=|JVe and Z=|] Z.
c<G c<G

where the line denotes the closure in the Z,-topology. Then H and Z
are abelian subgroups of GG, H is the commutator subgroup of GG, and
G/Z ~7,.

For every element z € G ~\ Z, one has ad(x)z = \,z, for some
Ae € pZ, (resp., A\, € 4Z,). Let xy € G ~ Z such that \,, has the
minimal p-adic value. Then we may define an orientation 6: G — Z
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such that ker(f) = Z and 0(xzy) = 1 + A;,. Then 6o = 0|¢ for every
finitely generated subgroup C, so that G is #-abelian. O

REMARK 3.10. Theorem 3.9 is the union of [Qu14, Theorem A] (for
the finitely generated case) and [CMQ, Prop. 3.5] (for the infinitely
generated case).

Recall from Definition 5 the definition of rank of a pro-p group.
The following is a well-known result.

Fact 3.11. A non-abelian free pro-p group has infinite rank.
From Theorem 3.3 and Theorem 3.9 one gets the following.

THEOREM 3.12. Let G be a Bloch-Kato pro-p group (and assume
further that G has a cyclotomic orientation 0" such that im(6') ~ Zsy
forp=2). Then the following are equivalent.

(i) G is locally powerful.
(ii) G does not contain non-abelian closed free pro-p subgroups.
(iii) There ewists an orientation 0: G — Z) such that G is 0-
abelian.

Moreover, if G is finitely generated, the above conditions and the below
ones are equivalent.

(iv) G is powerful.

(v) G is p-adic analytic.'

(vi) the cohomology ring H*(G,F,) is an exterior F,-algebra.

(vii) cd(G) = d(G).
(viii) d(C) = d(G) for every open subgroup C of G, i.e., G has

constant generating number on open subgroups.

PRrROOF. The equivalence between (i), (ii) and (iii) follows directly
from Theorem 3.3 and Theorem 3.9. Now assume that G is finitely
generated.

Condition (i) implies (iv) by definition. Conversely, if G is pow-
erful, then the rank rk(G) is finite [DdASMS, Theorem 3.13]. Thus,
by Fact 3.11, G contains no non-abelian free subgroups, and by The-
orem 3.3 G is f-abelian, for some orientation 6: G — Z). This estab-
lishes the equivalence between (iv) and the first three conditions.

LA topological group G is said to be a p-adic analytic group if G has the
structure of analytic manyfold over Q,, and the function
f:GxG—G, (r,y)— zy !
is analytic (see also [DASMS, Ch. 8])
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By [DASMS, Theorem 8.18], condition (i) implies condition (v),
whereas condition (v) implies condition (ii) follows by [DASMS, The-
orem 8.32].

Conditions (vi) and (vii) are equivalent by Lemma 3.2, and condi-
tions (iv) and (vi) are equivalent by Theorem 3.4.

If G is locally powerful, then it has finite rank by the argument
above, thus every open subgroup C of G is powerful. Thus, (i) implies
(viii) by [DASMS, Prop. 4.4]. Conversely, if (viii) holds, then one has
rk(G) = d(G), and G contains no non-abelian free subgroups. O

For a finitely generated pro-p group G, consider the property
(3.9) d(C)—n=|G:C|(dG)—n)

for all open subgroups C' of G, with n a fixed poritive integer. In
the early '80s, K. Iwasawa observed that pro-p groups satisfying (3.9)
have interesting representation-theoretic properties, and he raised the
question of determining the groups satisfying (3.9) for each n > 1.

For n = 1, (3.9) becomes the well-known (topological) Schreier
index formula, which characterizes free pro-p groups [NSW, Corol-
lary 3.9.6]. In [DL83], D. Dummit and Labute answer Iwasawa’s ques-
tion for n = 2 in the case of groups with one defining relation: G is
a Demushkin group if and only if G is a one-relator torsion-free pro-p
group satisfying (3.9) with n = 2.

Hnece, Theorem 3.12(viii) provides the answer to Iwasawa’s ques-
tion with n = d(G) in the category of finitely generated Bloch-Kato
pro-p groups. A similar answer has been proven in [KS11] for the cat-
egory of p-adic analytic pro-p groups. It is interesting to remark that
the groups listed in [KS11, Theorem 1.1.(1)-(2), (4)] are #-abelian for
some orientation 6 (in fact the groups listed in (4) are not powerful,
as the image of the orientation is torsion), whereas the groups listed
in [KS11, Theorem 1.1.(3)] are not Bloch-Kato (and thus they cannot
be realized as maximal pro-p Galois groups), for they have non-trivial
3-torsion.

3. Rigid fields and #-abelian Galois groups

Let K be a field containing a root of unity of order p, and let Gk (p)
be the maximal pro-p Galois group of K, with arithmentic orientation
0: Gr(p) — Z). The condition of f-abelianity of the group G (p) can
be translated in the arithmentic “language” (i.e., in conditions on the
field K) in some different ways.
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Recall from (1.13) that the first F,-cohomology group of Gk (p) is
isomorphic to the quotient K*/(K*)? as F,-vector space. Also, fix
an isomorphism of Gk (p)-modules p, ~ F,. Then by (2.5) and by
Corollary 1.21 one has that the second F,-cohomology group of Gk (p)
is canonically isomorphic to the subgroup Br,(K) of the Brauer group
of Br(K).

It is possible to define a map from K*/(K*)" A K*/(K*)" to
Br,(K) as follows. For a,b € K*, the cyclic K-algebra generated by
a and b is the K-algebra

K (u,v)

(up = a,vP = b,uv = Cvu)’

(CL, b)K =

where ¢ € K* is the fixed primitive p"-root of the unity (which de-
pends on the isomorphism p, >~ F,). For a,b € K*, the cyclic algebra
(a,b)k represents a class of the Brauer group Br(K). Moreover, for
every a,b € K*, the algebra (a?,b) splits, so that in fact the class of
(a,b)k lies in Br,(K), and we may define a map

(3.10) K (Y ) () —

Br,(K) .

In their work on the case n = 2 of the Bloch-Kato conjecture,

Merkur’ev and Suslin proved that one has a commutative diagram
(3.11)

(7’7) K

K (B)T N K> [ (K Br, (K)

A K

HY (Gre@),Fy) A (Gre@).Fy) — o B (Gic(p). )

where the upper horizontal arrow (and thus also the lower one) is an
epimorphism of vector spaces over [F,,.

3.1. p-rigid fields. Let a be a p-power free unit of K (i.e., a €
KX~ (K*)P). Then K(¢/a)/K is a Galois extension of degree p, with
cyclic Galois group generated by an element ¢ € Gal(K(¥/a)/K) of
order p. Recall that the norm 91: K(¥/a) — K of the extension
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K(¢/a)/K is defined by

Ny) = v-a(y)---a"'(y)

p—1
= H (CO +el'Va+ ...+ Cp_lci(p_l) Y ap_1> ,
=0

with vy =co+ 1 ¢/a+ ...+ ¢y Var.

DEFINITION 14. Let K be a field containing a primitive p-th root
of unity (and containing also v/—1, if p = 2).
(i) An element a € K* which is p-power free is said to be p-rigid
if M(K (¢/a)) is contained in the set | J/_} a" K?.
(ii) The field K is said to be p-rigid if all of the elements in K~ K7
are p-rigid.

REMARK 3.13. (i) Since M(K) = KP, every p-power of K is
a norm of K(¥/a)/K.
(ii) The restriction of the norm on the multiplicative group K (¥/a)*
is a group homomorphism.
(iii) If p is odd, then M(Y/a™) = a™, with m a positive integer,
whereas if p = 2 then 9(/a) = —a.

The notion of p-rigidity of fields was introduced by K. Szymiczek
in [Sz77], and it was developed and studed first in the case p = 2,
and then in the case of an odd prime. The notion of p-rigidity is
important expecially for the consequences on the existence of valuations
(see [Ef06, § 11.3-11.4]).

EXAMPLES 2. (a) Let £ be a prime different to p and k a pos-

itive integer such that p | (/¥ — 1), and let K be the field

Fpe (X)), i.e, K is the field of Laurent series on the indeter-

minate X with coefficients in the finite field Fp. Then K is
p-rigid [Wr92, p. 727].

(b) Let ¢ be a primitive p-th root of unity and ¢ a prime different

to p. Then the p-adic field Q,(() is p-rigid [CMQ, Exam. 3.1].

In the case p = 2, one may understand a 2-rigid field by studying
the structure of the Witt ring of quadratic forms of the field. The con-
sequences of 2-rigidity were studied in several papers, and today many
results about 2-rigid fields are known, and these fields are rather well
understood (see, for example, [Wr81], [AEJ], [JW89] and [LS02]).

The problem to generalize the results obtained in the case p = 2 for
odd primes has been considered rather hard for long time. A first dif-
ficulty is that there is no usable version of Witt ring for higher degree
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forms. Thus, one has to find an “odd substitute” of a quaternionic
pairing. (Indeed, quaternionic pairings were developed as a tool for
studying abstract Witt rings.) The first attempts to use the cup prod-
uct in Galois cohomology to study the maximal pro-p Galois groups of
p-rigid fields are to be found in [Wr92] first, and then, more explicitly,
in [HJ95]. On the other hand, [EK98] makes no use of cohomological
tools.

It is worth to stress that all the contribuitions to p-rigid fields listed
so far make use of instruments provided by the theory of valuations,
whereas our approach (based only on Galois cohomology and the theory
of pro-p groups) makes it possible to study p-rigid without any “help”
from valuation theory. In fact, the following result is the key to relate
p-rigid fields with the cohomology of maximal pro-p Galois groups.

PROPOSITION 3.14. Let K be a field containing a root of unity of
order p (and also /=1, if p = 2). Then K is p-rigid if, and only if,
the map N2(U) in the F,-cohomology of the Galois group Gk (p) is a
monomorphism.

PRrROOF. The definition of p-rigidity states that for every a, the
norms of K(¥/a)/K modulo (K*)P are precisely the F,-multiples of
the a’’s, with @’ = a’ mod (K*)? and 0 <i <p—1, i.e.,

N({/a) = Spang {a, ... Jably < KX (K.

It is well known that the class of (a,b)x is trivial in Br(K) if, and
only if, b is a norm of K (¢/a)/K — in particular, if b is a p-power of K
or if b is F,-linearly dependent to @ in K*/(K*)?, by Remark 3.13.

Consequently, K is p-rigid if, and only if, the algebra (a, b) splits
if, and only if, b is F,-linearly dependent to a' in K*/(K*)? for some
i, namely, the map (3.10) is a monomorphism. Therefore the claim
follows from the commutative diagram (3.11). O

This provides a first immediate consequence.

COROLLARY 3.15. Let K be a field containing a primitive p-th root
of unity (and also /=1, if p = 2), and assume that the quotient
K*/(K*) is finite. Then K is p-rigid if, and only if, the mazximal
pro-p Galois group G (p) is 0-abelian, with 0: G (p) — Z) the arith-
metical orientation.

Note that under the assumption that K contains v/—1, one has that
either im(6) ~ Z, or § = 1.

In order to study explicitly the structure of maximal pro-p Galois
group of p-rigid fields, R. Ware introduced in [Wr92] also the notion
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of hereditary p-rigidity: a field K is said to be hereditarily p-rigid if
every subextension of the p-closure K(p) is p-rigid. As Ware pointed
out, to conclude that K is hereditary p-rigid, it is enough to check
that each finite extension L/K is p-rigid. In [EK98], A. Engler and
J. Koenigsmann showed that p-rigidity implies hereditary p-rigidity,
and later also the author, with S.K. Chebolu and J. Mina¢, proved the
same result using a different argument (cf. [CMQ), § 3.3]). The former
proof makes use of techniques from the theory of valuations.

THEOREM 3.16. If a field K containing a primitive p-th root of
unity (and /—1 for p = 2) is p-rigid, then every p-extension L of K
18 Tigid.

REMARK 3.17. Note that if the quotient K*/(K*)? is finite, then
it is possible to prove that a p-rigid field is also hereditarily p-rigid
without making use of arithmetical tools. Indeed, assume that the field
K (containing a primitive p-th root of unity and also v/—1 if p = 2)
is p-rigid. Then by Proposition 3.14 and Theorem 3.4 the maximal
pro-p Galois group Gg(p) is powerful, and by Theorem 3.12 it is also
locally powerful. Thus again by Proposition 3.14 and Theorem 3.4
every p-extension L of K is p-rigid.

Therefore, one has an “arithmetical version” of Theorem 3.12.

THEOREM 3.18. Let K be a field containing a primitive p-th root
of unity (and /—1 for p =2), and let G be the mazimal pro-p Galois
group of K, equipped with the arithmetical orientation 0: G — Z,.
Then, K is p-rigid if, and only if:

(i) G is B-abelian and im(0) = 1+ p*Z,, where k is the mazimum
positive integer such that py C K and ppn € K (in case
ppee C K, then k=00 and § =1);

(ii) there are no p-extensions L/K such that the mazimal pro-p
Galois group Gr(p) is free and non-abelian;

(iii) G is solvable;*
Assume further that the quotient K* /(K*)? is finite. Then, K is p-
rigid if, and only if:

(iv) G is powerful;

(v) the cohomology ring H*(G,F,) is isomorphic to the exterior
Fp-algebra J\;oo K>/ (K>)P;

?Le., G admits a finite normal series of closed subgroups such that each suc-
cessive quotient is abelian
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(vi) one has
cd(G) = dimg, (K*/(K*)?) = % | K /(K7

(vii) for every finite p-extension L/K one has
dimp, (L*/(L*)?) = dimg, (K™ /(K*)?).

The above result extends and generalizes the results proved in
[Wr92| and some in [EK98|. In particular, Corollary 2, Theorem 2
and Theorem 4 in the former paper require the assumption that K
contains also a root of unity of order p?, which is not necessary in our
result.

4. Finite quotients and #-abelian groups

It is possible to obtain further characterizations of #-abelian pro-
p groups which involve finite quotients, and which have a particular
arithmetical interpretation.

For a pro-p group G, let ®3(G) be the Frattini subgroup of the
Frattini subgroup, i.e.,

Thus, G < ®,(G), so that the quotient G/®,(G) has exponent p?.
In particular, if G is finitely generated, then the quotient G/P5(G) is
a finite p-group. Also, one has

(3.12) As(G) = o(G) - [G, @(G)],

where A3(G) is the third element of the p-descending central series (see
Subsection 1.2.1).

If G is f-abelian for some orientation €, then one has a tighter
relation between A\3(G) and ®o(G).

THEOREM 3.19. Let G be a finitely generated Bloch-Kato pro-p
group. Then there exists an orientation 0: G — Z; such that G is
0-abelian if, and only if, one has the equality



PROOF. Assume first that G is #-abelian, for some orientation 6.
Then one has

0y(G) = (G)P[D(G), 2(G)] = G** = \(G)

—in fact one has \;(G) = GP'" for every 7 > 1.
Conversely, assume that ®9(G) = \3(G). Since

[DA(G), Da(G)] < Di(G) and  Da(GY < Dy(G),
one has
Oy(G) = Da(G)P [Da(G), Do(G)] < Du(G),

as ®(G) = Dy(G). Moreover, one has the inclusion v3(G) < A3(G).
Therefore, one has the chain of inclusions

(3.13) 73(G) < A3(G) = Po(G) < Du(G).

We shall split the proof of this implication in three cases.
(i) Assume p > 3. By Lazard’s formula (1.7), one has

Ds(G) = [[ (G =7(G) -6,

Therefore, (3.13) implies
Dg(G) = 73(G) - GP S >\3<G) = (I)Q(G) - GP S D4(G>,

as GP < Dy(G). Thus, one has the equality D3(G) = Dy(G).
Hence, Proposition 1.12 implies that rk(G) is finite, and thus
by Theorem 3.12 there is an orientation 6: G — Z, such that
G is f-abelian.

(ii) Assume p = 2. From (1.7) one obtains

D3(G) = ] (@) =%(G) - (G)?- G,

i2h>3

Dy(G) = J] (G = (@) - n(G)? G

i2h>4
Therefore, (3.13) implies

D3(G) = 13(@) (GG < 0o(G)12(G)°G* < Dy(G),
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as 72(G)?G* < Dy(G). Thus, one has the equality Ds3(G) =
D4(G). Hence, Proposition 1.12 implies that rk(G) is finite,
and thus by Theorem 3.12 there is an orientation 6: G — Z)
such that G is f-abelian.

(iii) Assume p = 3. By (1.7), one has

Di(C) = [ & = (@) (@) ¢
i3h>4
D5(G) = [] %@ =(G) - n(@)* - .
i3h>5
Therefore, from (3.13) one obtains the chain of inclusions
1(G) = [G,73(G)] < [G, Da(G)] = [Dy1, Da(G)] < D5(G),
which implies

Dy(G) = nu(G) - 1%2(G)* - G* < Ds(G),

as G?,7(G)? < D5(G). Thus, one has the equality Dy(G) =
Ds5(G). Hence, Proposition 1.12 implies that rk(G) is finite,
and thus by Theorem 3.12 there is an orientation 6: G — Z)
such that G is #-abelian.

n

COROLLARY 3.20. Let G be a finitely generated Bloch-Kato pro-p
group. Then there exists an orientation 0: G — Z; such that G is
O-abelian if, and only if, one has

(3.14) B(G)/By < Z(G/Ds) .

PROOF. Assume that G is #-abelian. Then by Theorem 3.19 one
has A\3(G) = ®5(G), and \ao(G)/A3(G) is central in G/A3(G).

Conversely, assume that ®(G)/®P, is central in G/P5(G). This im-
plies that the commutator subgroup [G,®(G)] is contained in ®5(G).
Since

0,(G) = ¢ (2(G)) = (2(G))"  and  X4(G) = ((G))" G, ®(G)],

it follows that ®5(G) contains A\3(G), and thus A\3(G) = $o(G). O
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4.1. Rigid fields and small Galois groups. The above results
can be translated in the arithmetical “language” in terms of finite ex-
tensions. Let K be a field containing a root of unity of order p, and let
G be the maximal pro-p Galois group Gk (p). Recall that by Propo-
sition 1.20 the quotient G/®(G) is the Galois group of the extension
of K(VK)/K. Set L = K(¥/K). Then L(¥/L)/K is again a Galois

extension, and one has

2(G)
Dy (G)

and  Cal <L(\’VZ)/K> - %,

Gal (L(\’VZ)/L) -

as ®5(G) is the maximal pro-p Galois group of the field L(¥/L). An
important subextension of L(¥/L) is the following: let A C L* be the
set

A={ae L*|L(¥a)/K is Galois } .

Consider the field L({/A). The following well-known fact (cf. [CMQ,
Lemma 2.2]) is necessary to determine the Galois group of L(¥/A)/K.

FACT 3.21. Let K be a field containing a primitive p*-root of unity,
and let L/K be a p-extension with a € L*. Then L({/a)/K is Galois
if, and only if,

for every o € Gal(L/K).

PROPOSITION 3.22. Let K be a field containing a root of unity of
order p (and containing also /—1 in the case p = 2), and let L/ K and
A C L* be as above. Then the subgroup \3(G) of G is the mazimal

pro-p Galois group of L(Y/A), i.e.,
G/As(G) = Gal (L(\'/Z) /K) .
Proor. By Proposition 1.20 one knows that
L [ 9G))’
(L) \®(G) )
By Fact 3.21, the set A corresponds to the G-invariant submodule
(L*/(L*)P)C of L*/(L*)P, considered as discrete G-module.

On the other hand, (3.12) implies that the quotient ®(G)/A3(G)
is isomorphic to the G-coinvariant quotient of the discrete G-module
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®(G)/P2(G). Therefore, by duality one has the isomorphisms of dis-
crete G-modules

v (i) = (E&).) = (&)

so that the claim follows by Kummer duality. 0

Theorem 3.19 and Proposition 3.22 have the following consequence.

COROLLARY 3.23. Let 0: Gk(p) — Z, be the arithmetical orienta-

tion of the mazimal pro-p Galois group of K. Then Gk (p) is 0-abelian
if, and only if, the extension L(¥/a)/K is Galois for every a € L.

The equality of Galois groups A\3(Gk(p)) = P2(Gk(p)) is equivalent
to the equality of extensions

(3.15) L(VA)/K = L(YL)/K.

Therefore, K is p-rigid if, and only if, equality (3.15) holds. * This is
the main result in [CMQ)], and it completes the the result obtained by
D. Leep and T. Smith for 2-rigid fields in [LS02].

In the case p = 2 the quotient Gk (p)/A3(Gk(p)) has been exten-
sively studied under the name of “W-group”, in particular in connec-
tion with quadratic forms (see, e.g., [MSp90]). It was further shown
that in this case such quotient has great arithmetical significance, as it
encodes information about orderings and valuations of K. In the case p
odd the quotient Gk (p)/A3(Gk(p)) has been studied by S.K. Chebolu,
J. Miné¢ and Efrat in [CEM] (see also Theorem 2.7).

Also, one has the following (cf. [CMQ, § 4.2]).

THEOREM 3.24. Let K be a field containing a root of unity of order
p (and containing also \/—1 in the case p = 2). Then K is p-rigid
iof, and only if the p-closure of K is obtained by adjoining the p-power
roots of all the elements of K, namely,

K(p):K(P%,mZL(zGK).

Note that if the field K is p-rigid, then one needs only the quotient
K> /(K*)P and the image of the arithmetical orientation 6: Gk (p) —
Z, to recover the entire structures of the maximal pro-p Galois group
Gk (p) and of the p-closure K(p)/K.

3Note that the following notation is rather common in papers on rigid fields:
K® =1, K® = L({A) and K13} = L(Y/L), see for example [CMQ, § 2.3]
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5. The Zassenhaus filtration for #-abelian groups

The rather simple structure of a f-abelian pro-p group makes it
possible to compute explicitly the Zassenhaus filtration and the induced
quotients.

Let (G, 0) be a #-abelian pro-p group, with k£ € NU {oo} such that
im(0) = 1+p"Z, (in particular, k = oo if, and only if, § = 1, as p™ =0
in the pro-p topology). Then one has

(G) =ker(0)""" " for every i > 1.

For every n > 1 set £ = [log,(n)], i.e., £ is the least integer such that
n < p’. Hence, by Lazard’s formula (1.7), one has

(3.16) Du(G) = G ] ker(0)"" "™, withi> 2.
iph>n

We shall show that for every i, h such that ¢ > 2 and ip" > n, one has
the inequality

(3.17) k(i —1)+h >,

so that ker(9)*" V™" < G¥', and D,,(G) = G¥". If h > ¢, then inequal-
ity (3.17) follows immediately. Otherwise, notice that i > p’~"=1 > 1,
as ip" > n > p’~!, which implies

(3.18) k(i —1) >k (p M1 —1).

Therefore, for { —h > 2, the inequality (3.18) implies k(i — 1) > ¢ — h,
and thus (3.17), whereas for £ —h =1 (3.17) follows from the fact that
1> 2.

Altogether, this shows that

(3.19) Dn(G)=G" for p™ ' <n<ph.
Consequently, the quotients induced by the Zassenhaus filtration are

Di(G) { G/®(G) for i a p-power

(3.20) Li(G) = D (G) = 0 otherwise

as F-vector spaces. Therefore, L,(G) is an abelian restricted Lie al-
gebra over [F),, and by Proposition 1.18 the restricted envelope is the
polynomial F,-algebra in d(G) indeterminates, i.e.,
(3.21) g1 (G) = Up(Le(G)) = Fp [X1, ..., Xu(e)] +
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with the grading induced by the degrees of the monomials.

REMARK 3.25. It is worth to stress that the Zassenhaus filtration
loses completely the information about the image of the orientation 6
— as it happens for Demuskin groups, see (2.19).

THEOREM 3.26. Let (G,0) be a finitely generated pro-p group with
a cyclotomic orientation, and assume further that im(0) < 1+ 47Zy if
p = 2. Then the following are equivalent:
(i) G is 0-abelian;
(ii) the algebra Le(G) is an abelian restricted Lie algebra over F;
(iii) the algebra gr,(G) is a commutative polynomial F,-algebra.

PROOF. Assume first that G is f-abelian. Then (ii) and (iii) follow
from (3.20) and (3.21).

Assume that the algebra L.(G) is abelian. Then (3.21) follows
immediately. Moreover, one has L;(G) = D;(G)/D;+1(G) whenever i
is not a p-power. In particular, D;(G) = D;.1(G) for every such i’s, so
that [DASMS, Theorem 11.4] implies that G has finite rank, and (i)
follows by Theorem 3.12.

Assume now that gr,(G) is a commutative polynomial [F,-algebra.
Since the map ¥, : Lo(G) — gr,(G) is a monomorphism, also the
restricted Lie algebra Le(G) has to be commutative, so that (iii) implies
(ii). 0

COROLLARY 3.27. Let K be a field containing a primitive p-th root
of unity such that the quotient K> /(K*)P is finite, and assume further
that \/—1 lies in K if p=2. Then the following are equivalent:

(i) K is p-rigid;
(ii) the algebra Lo(Gk(p)) induced by the mazimal pro-p Galois
group Gg(p) is an abelian restricted Lie algebra over F;
(iii) the algebra gr,(Gk(p)) is a commutative polynomial F,-algebra.
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CHAPTER 4

Products, relations, and the ETC

1. The group H'(G,Z,(1))

Let (G, 0) be a cyclo-oriented pro-p group. Our first goal is to study
the structure of the cohomology group H'(G,Z,(1)) and the continuous
crossed homomorphism f: G — Z,(1) which represent the cohomology
classes.

The following result is a consequence of [La67, Prop. 6].

PROPOSITION 4.1. Let (G,0) be a finitely generated pro-p group
with orientation. Then 6 is cyclotomic if, and only if, one may ar-
bitrarily prescribe the values of a continuous crossed homomorphisms
f: G — Z,(1) on a minimal system of generators of G.

PRroOF. First of all, recall that by Proposition 2.11, 6 is a cyclo-
tomic orientation for G if, and only if, one has the epimorphism (2.12).

Assume first that it is possible to arbitrarily prescribe the values of
a crossed homomorphism f on a minimal system of generators of G.
Then it is easy to see that (2.12) is an epimorphism: indeed, for every
x € HY(G,F,), x is the image of a crossed homomorphism f: G —
Zy(1) such that f(xz) = x(z) mod p for every generator z of G.

Conversely, assume that (2.12) is an epimorphism. The composition
of projections Z,(1) — Z,(1)/p"Z,(1) — F, for every n > 1 implies
that the map

HY(G, Z,(1)/p"Zy(1)) —= H'(G.F,)

is surjective for every n > 1. In particular, condition (1) of [La67,
Prop. 6] holds, and this yields the thesis. O

For z,y € G and f: G — Z,(1) a continuous crossed homomor-
phism, one has the formula

(4.1) Sz yl) = (0(z) = 1) f(y) = (0(y) — 1) f ().
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Let

(4.2) 1 R F G 1

be a minimal presentation for a finitely generated cyclo-oriented pro-p
group (G,0). Since R < ®(G), we may extend 6 to an orientation
0: F — Z) such that § om = 0. Note that (F,0) is again a cyclo-
oriented pro-p group by Remark 2.10. Then, one has the following.

Fact 4.2. (i) A continuous crossed homomorphism f: G —
Zy(1) is uniquely determined by the values of f on a mini-
mal set of generators of G. In particular, we may arbitrarily

prescribe such values (cf. [La67, Prop. 6 (3)]).

(i) For a crossed homomorphism f: G — Z,(1), let f: F — Z,(1)
be the lift of f induced by the values of f on a minimal set of
generators of G, i.e., f = fomw. Then one has f|r = 0.

(iii) If a crossed homomorphism h: F — Z,(1) is zero on a set of
defining relations of R, then h|g = 0. Indeed, if p € R and
h(p) =0, (4.1) implies that

h(*p) = h([z,plp™")

= N[z, p]) +0([z, p))R(p™")

= (0(z) = Dh(p) — (6(p) — Dh(z) +1-0=0,
as 0(p) = 1.

For every crossed homomorphism f: G — Z,(1), the restriction
[lker(o) : ker(0) — Zp(1) is a morphism of pro-p groups. In particular,
if the orientation 0 is trivial, then Z,(1) is a trivial Z,[G]-module, and

H'(G,Z,(1)) ~ Hom(G, Z,).

Moreover, recall that from Corollary 2.20 one has that the abelianiza-
tion of ker(#) is torsion-free. Thus one has the isomorphism of abelian

pro-p groups
ker(6)
[ker(0), ker(0)]

~ Hom(ker(6),Z,) ~ H'(ker(9),Z,(1)).

REMARK 4.3. Using Proposition 4.4 and Fact 4.2 allows us to prove
Corollary 2.20 in a more “direct” way. Indeed, let (G,0) be a cyclo-
oriented pro-p group with 6 trivial. Let 4.2 be a minimal presentation
for GG, and assume for contradiction that there is a relation p € R and a
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generator € F such that p = 27" mod [F, F] for some finite m. With
an abuse of notation, consider z as element of G, and let x € H'(G,F,)
be the dual of . Also, let the crossed homomorphism f: F' — Z,(1) be

a “lift” of y, i.e., the cohomology class of f is equivalent to xy modulo
p. By assumption, Z,(1) is a trivial Z,[G]-module, and thus also a

trivial Z,[F]-module. Hence f is an homomorphism, and
0=f(p)=f (") =p"f(z) =p",
a contradiction. Thus, the abelianization G/[G, G] is torsion-free.
Assume now that im(6) ~ Z,. The orientation € induces an action

of G on H'(ker(0),Z,(1)), given by

(4.3) (9-N)(2) =0(9) - f(972), g€G, z€kex(0),

for f € H'(ker(),Z,(1)). Note that every g € G can be written as
g = 1z, with z € ker(f) and € G such that 0(z) generates im(6).
Thus, if f: G — Z,(1) is a continuous crossed homomorphism such
that f(a*) =0 for every A € Z,, (i.e., we may consider f as element of
Hom(ker(0),Z,)), then Fact 1.1 implies that

f(2?2) =0 (2) f(z) = 0 () f(22) = f(2)

for every A € Z, and z € ker(f), namely, by (4.3) G acts trivially on
f. Therefore, H*(ker(0),Z,(1))¢ embeds in H'(G,Z,(1)).

Moreover, for every crossed homomorphism f and for every z,y €
G, one has

flzy) = f(x) + f(y) mod gq,

with ¢ a p-th power such that im(0) = 1+ ¢Z,. Also, by Fact 1.1 every
A € Zy(1) induces a crossed homomorphism

A G—Z,(1), Mzx)=(6(z)—1)A
which is a 1-coboundary. Note that )\]ker(g) = 0, so that A\ factors

through the quotient G /ker(#), and the image of A is gA\Z,. Therefore,
by Lemma 2.21, the reduction modulo ¢ induces the isomorphism

(4.4) torg, (HY(G, Zy(1))) —= HY(G/ker(0),Z/qZ.).

69



Moreover, the five term exact sequence induced by the quotient
G/ker(0) (cf. [NSW, Prop. 1.6.7]) induces the exact sequence in co-
homology

0 — HY(G/ker(0),Zy(1)) — HY(G,Zy(1)) — H'(ker(6),Z,(1))" >

[—\ H?*(G/ker(0),Z,(1)) —— ---
which becomes
0 = HY(G/ker(0),Z/qZ) — H'(G,Z,(1)) — Hl(ker(Q),Zp)G —- 0

as cd(G/ker(f)) = 1. Consequently, one has the following.

PROPOSITION 4.4. Let (G, 0) be a cyclo-oriented pro-p group. Then
one has the isomorphism of Z,-modules

HY(G,Z,(1)) ~ H'(G/ker(0),Z/qZ) & H (ker(0),Z,)°.

EXAMPLES 3. (a) Let (G, 0) be a finitely generated #-abelian
pro-p group with d(G) = d and a presentation (2.9), with
Z=1,...,d—1, and set 6(z¢) = 1 + p. Then H'(G,Z,(1))
is the Z,-module generated by the classes of the continuous
crossed homomorphisms f;: G — Z,(1), with f;(x;) = d;; for
1,7 =0,...,d— 1. In particular,

HY(G,Z,(1)) ~F, ® Z&

as Z,-modules, and ord(fy) = p, as pfy is the crossed homo-
morphism induced by 1 € Z,(1). Note that for every ¢ > 1
one has

(w0 £3) () = 0(z0) - £ (2“0 25") = ()0 (wo) " i) +0

i.e., the action of G fixes Hom(Zy(G), Z,(1)).

(b) Let G be as above, but equip it with the trivial orientation
0': G — Zy, 0" = 0. Then by Corollary 2.20 (G,¢') is not
cyclo-oriented, as the abelianization of G = ker(#’) is not
torsion-free. Moreover, H'(G,Z,) ~ Z,, and such group does
not projects onto H*(G,F,) — in particular, it is not possible
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to lift the dual of x; from H'(G,F,) to Hom(G,Z,) for every
i > 1, as one would have p = f; (%) = fi([zo,2;]) = 0.

2. Free products

Recall from Subsection 2.5.2 the definition of free product in the
category of pro-p groups. The class of Bloch-Kato pro-p groups is
closed under free pro-p products (cf. [Qul4, Theorem 5.2]). We want
now to extend such closure to the class of cyclo-oriented pro-p groups.

Then for two oriented pro-p groups (G1,6;) and (Gs,0s), the ori-
entations #; and 6, induce a new orientation on the free product, i.e.,
one has the commutative diagram

(4.5) G, —— Gy #,Go

e

with ¢ = 1,2. Thus, we may define the free pro-p product for oriented
pro-p groups, and one has the following.

THEOREM 4.5. Let (G1,0:) and (Go,02) be two cyclo-oriented pro-
p groups, and assume further that im(6;) has non non-trivial torsion
for both ©. Then the orientation 0 defined as in (4.5) is a cyclotomic
orientation for the free product G %5 Go.

PROOF. Set G = (41 *; (5. First, as stated above, the group G is a
Bloch-Kato pro-p group. Thus, it is enough to show that H?(C,Z,(1))
is torsion-free for every C'.

By [NSW, Theorem 4.1.5], the group H'(G,F,) decomposes as
H'(G41,F,) & H'(Go,F,). Thus, the inclusions ¢y, 12 induce the com-
mutative diagram

(4.6) HY(G,Z,(1)) HY(G41,F,) ® H(Go,F,)

1
\L reSG,Gi $

Hl(Giva<1)) HI(GZ'?]FP)

for 1 = 1,2, where the lower arrow is surjective by hypothesis and
by Lemma 2.11. In particular, the groups G; and G5 are properly
embedded in G (cf. [Qul4, Fact 4.5]).
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Moreover, by (4.5), one has that é|Gi = 6; for i = 1,2. Thus,
the restrictions H'(ker(), Z,) — H'(ker(6,),7Z,) are surjective. Also,
the monomorphisms 7;: G;/ker(6;) — G /ker(f) induce epimorphisms
HY(G/ker(0), Z/GZ) — H'(G;/ker(6;),Z/q;Z), with im(6;) = 1 + ¢;Z,
and im () = 1+ §Z,, if the respective orientation is not trivial. There-
fore, Proposition 4.4 implies that

(4.7) resg o, 1 H'(G, Zy(1)) — H'(G;,Z,(1))

is surjective for 4 = 1,2. Thus the map H'(G,Z,(1)) = H'(G;,F,)
is surjective for each 4, and therefore also the upper arrow of (4.6) is
surjective, and by Lemma 2.11 H?*(G, Z,(1)) is torsion-free.

Now let C' be a closed subgroup of G. Then by the proof of [Qul4,
Theorem 5.2], one has C' = I x; Cy x; Cy, with F' a free pro-p group
and for every i,

¢ = [[ena)

reR;

where R; is a set of representatives of the coset space C\G/G;. ' Note
that every C'N G} is a subgroup of a group isomorphic to G;, thus it is
again cyclo-oriented. Thus, for every r’ € R; one has the commutative
diagram

HY(C;, Z,y(1)) @D, H'(C NG, Fy)
% resci,Cme' %
HY (CNGY,Z,(1)) HY(CNGY,F,)

with the right-hand side vertical arrow is surjective by [Qul4, Eq. (5.1)].
Hence, also C; (and consequently C) is cyclo-oriented. U

2.1. Free-by-Demushkin groups. In the short paper [Wii85],
T. Wiirfel proves the following theorem.

THEOREM 4.6. Let K be a field such that char(K) # p and puyee C
K, and suppose that the mazximal pro-p Galois group G (p) is finitely
generated with one defining relation. Then there exists a normal closed

IThis construction is called the free pro-p product of a sheaf of pro-p groups,
see [Qul4, § 5.1] for further details and references.

72



subgroup N of G which is pro-p free such that the quotient G/N s a
Demushkin group, and the inflation map

2
1nfc,N

(4.8) H?(C/N,Z/p"Z) H2(C,Z/p"Z)

s an 1somorphism for every closed subgroup C' of G containing N .

He concludes with the following question: is it always true that
such Gk (p) is a free-by-Demushkin group, i.e., G is decomposable as
free pro-p product G = G/N %, F', with I’ a finitely generated free pro-p
group, if the map (4.8) is an isomorphism?

In [KZ05], D. Kochloukova and P. Zalesskil construct a pro-p group
as described in Theorem 4.6 such that (4.8) is an isomorphism, but
which is not a free-by-Demushkin group. Also they observe that such
group is not realizable as maximal pro-p Galois group of any field. Such
group is defined by the presentation

(4.9) G = (z,y,z|F[x,y] =1).

Let N be the normal subgroup of G generated by z, and set D = G/N.
Then N is an (infinitely generated) free pro-p group, and D is a 2-
generated abelian group. In particular, D is a 2-generated Demushkin
group with gp = 0.

We want to show that no orientations 6: G — Z; make (G,0) a
cyclo-oriented pro-p group. Assume for contradiction that G has a cy-
clotomic orientation 6. Since the abelianization G/[G, G] is isomorphic
to Zf, ®Z/pZ, by Remark 4.3 the orientation 6 can not be trivial. Also,

1=0(z"lz,y]) = 0(2") ([, y]) = 0(2)",

thus 6(z) = 1. Let f: G — Z,(1) be the continuous crossed homomor-
phism representing a lift of the dual of z in H'(G,F,), i.e., f(z) =1
and f(z), f(y) = 0 (such f exists by Proposition 4.4 and Fact 4.2, as
we are assuming that 0 is cyclotomic). Then, using (4.1), one obtains

flyl) = f()+0(2) f([2,9])
= pf(z) +(0(z) =1)fy) — (O(y) —1)f(2)
= p.

But f(z?[x,y]) = f(1) = 0, a contradiction.
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3. The cyclotomic fibre product

The other basic operation involved in the ETC is the cyclotomic
fibre product induced by the arithmetic orientation of a maximal pro-p
Galois group.

DEFINITION 15. Let (G, #) be an oriented pro-p group, and let Z
be a pro-p-cyclic group, i.e., Z ~ Z,. The cyclotomic fibre product
G = G Xy Z is the fibre product induced by the split short exact
sequence

(4.10) 1 Z G G 1

with Z ~ Z,(1) as Z,[G]-module. The group G comes equipped with
an orientation : G' — Z) such that 0|q = 6 and 0], = 0.

The class of maximal pro-p Galois groups is closed under iterated
cyclotomic fibre products, as shown by the following.

PROPOSITION 4.7. Let K be a field containing a primitive p-th root
of unity with cyclotomic orientation 0: Gg(p) — Z), and let A be
an abelian free pro-p group, i.e., A >~ Z;', for some m > 1. Then

the cyclotomic fibre product Gk (p) Xg A is realizable as mazimal pro-p
Galois group G (p) for some field L O K.

The above result is well known, and it can be deduced, e.g., from
[En04, § 1, p. 512]. Also, it is clear that the cyclotomic fibre product
“enlarges” the 6-centre of an oriented pro-p group. In particular, one
has the following elementary fact.

Fact 4.8. If (G,0) is an oriented pro-p group and Z is as above,
then for G = G xg Z one has Z5(G) = Zy(G) x Z.

As Theorem 4.13 will show, every #-centre of oriented Bloch-Kato
pro-p groups can be obtained as the result of a cyclotomic fibre prod-
ucts.

3.1. The 6-centre. Let C' < G be a closed subgroup of a pro-p
group GG. Then C' is called isolated if for every element g € G there
exists m > 1 such that ¢g?" € C if, and only if, g € C. It follows that
a closed normal subgroup N < G is isolated if, and only if, G/N is
torsion free.

PROPOSITION 4.9. Let (G, 0) be an oriented torsion free Bloch-Kato
pro-p group. Then Zo(G) is an isolated subgroup of G.
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PROOF. Assume first that 6 is trivial. Then Zy(G) is the centre
Z(G). Suppose there exists x € G \ Z(G) and m > 1 such that
2P" € Z(G). Without loss of generality, we may assume that m = 1,
ie, 2 = z € Z(G). As G is torsion free, one has z # 1. Since
r € Z(G), there exists an element g € G such that grg™! # z. Set C
to be the closed subgroup of G generated by x and g. As C'is a Bloch-
Kato pro-p group and z € Z(C), C' must be abelian by Theorem 3.12.
Hence grg~! = x, a contradiction, and this yields the claim.

Assume now that im(60) ~ Z,, and let p be odd. As Zy(G) is a closed
normal subgroup of G, it suffices to show that G/Zy(G) is torsion free.
Since Zy(G) = Z(ker(#)), the f-centre of G is isolated in ker(#). Thus
ker(0)/Zy(G) is torsion free. As G /ker(f) ~ im(6) is torsion free, this
yields the claim in this case.

Now let p = 2, and put K = ker(#). Since im(0) ~ Z,, Z(K)
is isolated in K. Moreover, Z(K) is a profinite left Zs][G/K]-module
which is a torsion free abelian pro-2 group. As

(4.11)  Zy(G)={z€ Z(K) | (9 —0(9)idg)z =0 for all g € G},

Zo(G) is an isolated subgroup of Z(K). Hence Zy(G) is an isolated
subgroup of K.

Suppose Zg(G) is not isolated in G. Then there exists © € G
Zo(G) such that 22 = 2 € Zy(G) and z # 1. As x & Zo(G), the
previously mentioned remark shows that = ¢ K, i.e., 8(x) # 1. Hence
z = xza~! = %@ As every element in Z5 acts fixed point freely on
the closed subgroup generated by z, one concludes that §(z) = 1, a
contradiction, and this yields the claim. 0

The following fact is straightforward.

FACT 4.10. Let ¢o: Ae — B, be a morphism of positively graded F,-
algebras such that ¢1: A1 — By is surjective, and that Be is generated
by By. Then ¢,: A, — B, is surjective for all n > 0.

PROPOSITION 4.11. Let G be a Bloch-Kato pro-p group of finite
cohomological dimension, and let Z be a closed normal subgroup of G
isomorphic to Z, such that G/Z is torsion-free. Then Z < ®(G).

PRrROOF. Let d = cd(G). As Z ~ Z,, one has cd(Z) = 1 and
HY(U,F,) ~ T, for all open subgroups U of Z. Thus, the virtual
cohomological dimension of G/Z is ved(G/Z) = d — 1 (cf. [NSW,
Theorem 3.3.9]). Since G/Z is torsion-free one has cd(G/Z) < oo,
hence [NSW, Prop. 3.3.5] implies that ¢cd(G/Z) = d — 1.
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Suppose that Z C ®(G). Then inf ,: H'(G/Z,F,) — H'(G,F,)
is an isomorphism. Since G is a Bloch-Kato pro-p group, Fact 4.10
implies that

(4.12) inf, ,: H"(G/Z,F,) — H"(G,F,)

is surjective for all n > 0. In particular, if (E5* d,.) denotes the
Hochschild-Serre spectral sequence associated to the extension of pro-p
groups Z — G — G/Z with F,-coefficients, then E% must be concen-
trated on the bottom row. However, H'(Z,F,) is a trivial G/Z-module
isomorphic to F,, and thus

(4.13) Ey Y =HY(G)Z,HY(Z,F,)) # 0.

For r > 2 the pages of the spectral sequence (E%*, d,.) are concentrated
in the rectangle {0,...,d — 1} x {0,1}. Thus the place (d — 1,1) can
never be hit by a differential non-trivially, and d?~%! = 0 for all r >
2. Hence EL1 = ESM £ 0. A contradiction, and this yields the
claim. U

Proposition 4.11 has the following consequence.

PROPOSITION 4.12. Let G be a finitely generated Bloch-Kato pro-p
group, and let Z be a closed normal subgroup of G isomorphic to 7Z,
such that G| Z is torsion-free. Then there exists a Z-complement in G,
i.e., the extension of pro-p groups 1 — 7 — G — G/Z — 1 splits.

PROOF. By Proposition 4.11 one has Z € ®(G). Hence there exists
an open subgroup C; of index p such that C1Z =G and Z; = C1NZ =
ZP. Moreover, Z; is a closed normal subgroup in C; such that C;/Z
is torsion-free and Z; ~ Z,. Thus again by Proposition 4.11 one has
Zy € ®(Ch). Repeating this process one finds open subgroup C,, of G
of index p* such that

m

CnZ =G and Z,=C,NZ=2"".
Hence (1,5, Cr is a Z-complement in G. O

THEOREM 4.13. Let (G,0) be a finitely generated cyclo-oriented
pro-p group. Then there exists a closed subgroup G, of G which is a
complement for Zy(G), i.e., the short exact sequence

(414) 1 —— Z@(G) — { — G/Z@(G) — 1

splits, with Go ~ G /Zo(G), so that G = G, xg Zg(G).
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We want now to compute the Zassenhaus filtration for a cyclo-
oriented pro-p group with non-trivial #-centre, as we did for f-abelian
groups in Section 3.5.

Let (G, 0) be as in Theorem 4.13, with G = G, X Zy(G) and Zy(G)
non-trivial. Also let p* be the p-power such that im(0) = 1 + p*Z,.
Then it is easy to see that for each ¢ > 1 one has

4(G) =%(Ge) X, Zo(G),
with 6., = 0], (c.). Therefore, an argument as in (3.19) shows that
(4.15) Dy (G) = Dy(Go) xg, Zo(G) for p=' < n < pf,

with 0, = 0|p, (c.). Consequently, the quotients induced by the Zassen-
haus filtration are

o S Li(Go) @ Zg(G) [ Zo(G)P for i a p'"-power
(4.16) Li(@) = { Li(G,) otherwise

as vector spaces over I,

PROPOSITION 4.14. Let (G,0) be a cyclo-oriented pro-p group, and
assume that im(0) ~ Zy for p = 2. Then the restricted Lie algebra
Lo(G) induced by the Zassenhaus filtration decomposes as

with G, < G as in Theorem 4.13, and A, an abelian restricted Lie
algebra such that dim(A,) = d(Zy(G)) = d. Also, one has

(4.17) o, (G) ~ U, (Lo (Q)) = gr,(Go) @ F,[Z1, ..., Z4),

where @' denotes the symmetric tensor product (defined in Subsec-
tion 2.1.1), and the grading in the polynomial part is induced by the
degrees of the monomials.

PRrROOF. The first statement follows from (4.16). As for the sec-
ond one, since (Le(G,), As) = 0, one has that 1 (Le(Gs)) and ¥ (A.)
commute in U,(L.(G)), and (4.17) holds. O
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3.2. Cohomology of cyclotomic fibre products. The next re-
sult is the cohomological “translation” of Theorem 4.13, namely, it
shows how the presence of the f-centre decomposes the IF,-cohomology
ring.

THEOREM 4.15. Let (G, 0) be a finitely generated Bloch-Kato pro-p
group with orientation such that Z¢(Q) is non-trivial, and let G, be the
complement of the 0-centre. Then one has the isomorphism of IF,-vector
spaces

(4.18) H*(G,F,) ~ H*(Go,F,) @ (VAW) @ (W AW),

with V.= HY(Go,Fp) and W = H'(Zy(G),F,).

Proor. We shall prove the result by induction on the minimal
number of generators of Zy(G).

Assume first that Zy(G) ~ Z,, and let z € Zy(G) be a generator.
Moreover, let ¢» € W be the dual of z, and pick a F,-basis {x;,7 € Z}
of V, so that {1, x;} is a basis for H'(G,TF,).

Let x € V be any non-trivial [F,-linear combination of the y;’s,
and let © € G, \ ®(G) be such that y is dual to z. Set C' < G be
the closed subgroup generated by x and z. By construction, C is a
2-generated 0|c-abelian pro-p group, and by Theorem 3.12 the coho-
mology ring H*(C,F,) is the exterior F,-algebra generated by resg ¢ (x)
and resac(w). In particular, one has

resg, (X U %) = resg o(x) Uresg o (v) # 0,

hence x U # 0 in H*(G,F,). Therefore, all the cup products y; U v,
with ¢ € Z, are Fp-linearly independent, and V' A W is a subspace of
H?*(G,F,).

Moreover, the short exact sequence of pro-p groups (4.14) induces

the five term exact sequence
(4.19)

res

el 1
infg g, G.Z(G)

0 — HY(G,,TF)) Vew

inf%yco
i—> H*(G.,F,) — = H*(G.F,).
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Since W = H'(Zy(G), F,), one has that resf, , ) is surjective, for the
-centre is properly embedded in G [Qul4, Fact 4.5]. Thus, the trans-
gression map tgq 7, (¢ 18 trivial, and infévGo is injective. In particular,
the image of inf?, ; is isomorphic to H*(G,, F,).

Since the intersection between V' A W and inféGo(HQ(Go,IFp)) is
trivial, one has

r(G) = dimg, H*(G,F,) > dimg,(V AW) + dimgp, H*(Go, F,)
= dlmFP(V) + T(Go);
by Definition 5. By hypothesis, the minimal number of relations of G
is exactly r(G) = r(G,) + dimg, (V), thus H*(G,F,) is generated by
inff, . H*(Go,Fp) and VAW,

Assume now that d(Ze(G)) > 1, and let Zy, Z5 be subgroups of
the #-centre such that Zy ~ Z, and Zy(G) = Z; x Z,. Moreover, set

W; = H'(Z;,F,), withi = 1,2, and G, = Gox¢Zy. Thus, H'(G,,F,) =
V & Wy, and by induction one has

H*(G,,F,) ~ H*(G,,F,) & (VAW @ (W) AWY).
Also, the above argument shows that
H*(G,F,) = H*(G,,F,) @ (V& Wh) A W),

and the claim follows. O

REMARK 4.16. By Theorem 4.15, the F,-cohomology ring of the
cyclo-oriented pro-p group is the skew-commutative tensor product

H*(G,F,) = H*(G.,F,) @ (/\ W) :

n>0

which can be considered also as a graded tensor product®. In particular,
the F)-cohomology ring of a Bloch-Kato pro-p group can be considered

’Let A, and B, be two (non-negatively) graded rings. The tensor product in
the category of graded rings is defined by

A.@@B.:H(@ Ai®Bj),

k>0 \itj=k

with the multiplication law (a ® b)(a/ @ V') = (=1)"9aa’ @ bV for a € A;, a’ € Ay,
be B; and b/ € By (cf. [Ef06, § 23.2]).
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as a k-structure (cf. [Ef06, Ch. 23]), and H*(G,F,) is the extension of
k-structures H*(G,,F,)[W] [Ef06, p. 211].

ExAMPLE 1. Let G, be a Demushkin group with cyclotomic ori-
entation ¢: G, — Z) such that im(0) ~ Z,, and let {x1,...,xa} be a
suitable basis for H'(G,,F,), with d = d(G,). Also, let Z be isomor-
phic to Z,(1) as Z,[G]-modules, and let 1) be a generator of H'(Z,TF,,).
Then for G = G, Xg¢ Z, the F,-vector space H*(G,F,) is generated by
the elements

xX1Uxa=...=xs—1Uxqs and x; U for every i,

and dim(H?*(G,F,)) =d+ 1.

Theorem 4.15 shows that the class of Bloch-Kato pro-p groups is
closed under cyclotomic fibre products. We want to extend the closure
to the class of cyclo-oriented pro-p groups.

THEOREM 4.17. Let (G,0) be a finitely generated cyclo-oriented
pro-p_group, and let G = G X¢ Z be the cyclotomic fibre product with Z
and 0 as in Definition 15. Then (G, 0) is again a cyclo-oriented pro-p
group.

ProoFr. By Theorem 4.15, G is a Bloch-Kato pro-p group, so it

remains to show that H2(G, Z,(1)) is a torsion-free Z,-module. Thus,
by Lemma 2.11, it is enough tho show that the morphism

(4.20) HY(G,Z,(1)) = HY(G,F,)

induced by (2.13) is surjective.

Let z be a generator of Z. Then H'(Z,7Z,(1)) is the Z,-module
generated by the morphism f: Z — Z,(1) defined by f(z) = 1. Note
that by (4.3) G fixes f, as

(9:1)(2) = 09)- 1 ("9 ™) = 0(9)0(g) "1 4+0 =1

for every g € G. Thus, H(Z,7,(1))¢ = HY(Z,Z,(1)). In particular,
this implies that the restriction map

rest, - H'(G,Z,(1)) — H'(Z,Z,(1))

is surjective.
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Therefore, by the five term exact sequence induced by (4.10) with
coefficients in Z,(1), one has the commutative diagram

el 1
mf(;,z resg 4

0 = HYG,Z,)(1)) —— HNG,Z,(1)) — HY(Z,Z,(1)) > 0

| | %

0 — Hl(G7Fl)) e Hl(Gan)@Hl<Zvle) e Hl(Za]Fp) — 0

where the left-hand side vertical arrow is surjective by hypothesis, and
the right-hand side one is surjective since f mod p generates H'(Z,TF,,).
Hence, by the snake lemma, also (4.20) is surjective.

Moreover, every closed subgroup C of G decomposes as cyclotomic
fibre product C' = C' Xg|, Z', with C a subgroup of G and Z’ a subgroup
of Z, and by the above argument H?(C,Z,(1)) is torsion-free. O

3.3. Arithmetic. Let K be a field. Recall that a valuation of K
is a group homomorphism v from K* into an ordered abelian group
(I, <) such that for every a, 8 € K* with x # —y, one has

v(z +y) = minfu(z), v(y)}-

The rank of the valuation v is the rank of the abelian group im(v) <T.

A valuation v: K* — T' is said to be p-Henselian if it extends
uniquely to the p-closure K(p), i.e., there exists a unique valuation
w: K(p)* — I such that w|gx = v. (For more details on valuation
theory see [Ef06].)

Assume now that K has characteristic prime to p. We are to show
the relation between the structure of the maximal pro-p Galois group
Gk (p) of K (and of its F,-cohomology ring) and the existence of certain
valuations of K.

PROPOSITION 4.18. Let (G,0) be a cyclo-oriented pro-p group, and
assume that im(0) is either pro-p-cyclic or trivial. Then the 6-centre
Z9(G) is the mazimal normal abelian subgroup of G

PRroor. If G is abelian, then 6 is trivial, and Z¢(G) = G. Thus,
assume that G is not abelian, and let N be the maximal normal abelian
subgroup of G. Note that N < ker(f), as (N, 0|y) is cyclo-oriented.

Fix an element z € N, and choose any x € GG. Let C' < G be the
closed subgroup generated by x and z: then either C' >~ Z, or d(C') = 2.
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In the former case, z and z commute, and moreover C' < ker(6): thus,
one has

(4.21) 2y =z =20@,

In the latter case, Theorem 3.12 implies that either C' is a 2-generated
free pro-p group, or C'is §'-abelian, for some orientation ¢': C' — Z.
Since N is normal, the commutator subgroup [C, C] of C'is contained in
N, hence [C, C] is abelian, and C'is #"-abelian. Since 0|¢ is a cyclotomic
orientation for C', one has 6’ = 0|, and z € Zy,(C): thus, one has

(4.22) Ty = lel® = @)

Thus for every z € N and x € G one has (4.21) or (4.22). Therefore,
N < Zy(G), and thus they coincide, as the #-centre is abelian. O

The following result shows the arithmetic meaning of the #-centre
of the maximal pro-p Galois group of a field, with 6 the arithmetic
orientation.

THEOREM 4.19. Let K be a field of characteristic charK # p con-
taining a primitive p-th root of unity, and also /—1 if p = 2. Let
0: Gk(p) — Z) be the cyclotomic orientation, and assume that the
mazximal pro-p Galois group G (p) is finitely generated. Then the fol-
lowing are equivalent:

(1) the O-centre Zo(G) is non-trivial;
(ii) there exist two F,-vector subspaces V,W < HY(Gk(p),F,)
such that

H' (Gk(p),F,) =V @& W, and
H* (Gic(p),Fy) = Ma(U)(V) & (V AW) @ (W AW),

with Na(U) as in (3.2).
(iii) there exists a mon-trivial p-Henselian valuation v: K* — T
with residue characteristic different to p.

Moreover, if the conditions above hold, then
d(Zo(Gk(p))) = dimg, (W) = rk(v).

PRrROOF. Assume first that d(Gk(p)) = 1 and K O ppe. Then
Gk (p) is isomorphic to Z,, and the p-closure of K is K(p) = K (fip).
Thus, K has non non-trivial valuations. Moreover, 6 is not trivial and
Zo(Gk(p)) is trivial. Therefore we may assume that d(Gg(p)) > 2.
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We have the second statement as a consequence of Theorem 4.15,
so that the implication (i) = (ii) is established.

If condition (ii) hold then [HJ95, Theorem 2.11] implies that the
field K is V-rigid (cf. [HJ95, Definition 2.1]), and there exists a non-
trivial p-Henselian (and non-p-adic) valuation v of K of rank rk(v) =
dim(W).

Thus by [Ef06, Corollary 26.6.2], there exists a valuation v: K* —
[' which is (K*)P-compatible, and therefore it is also p-Henselian.
Moreover, one has that |v(K*) : v(K*)?| > |V|, hence the rank of
v is at least dimg, H'(Zg,F),) = rk(Z¢(G)). This establishes the impli-
cation from (ii) to (iii).

The equivalence between (i) and (iii) follows from Proposition 4.18
and from [EK98, Theorem 3.1] in the case p # 2, and from [EN94,
§ 4] in the case p = 2. In particular, the equality rk(v) = d(Zy(QG))
follows by induction. 0

REMARK 4.20. Unfortunately the paper [HJ95] contains some es-
sential mistakes due to wrong interpretation of the Bloch-Kato con-
jecture. These mistakes affected also some subsequent articles on the
relations between Galois cohomology and Henselian valuations, written
in the late '90s. In the ’00s, 1. Efrat become aware of such mistakes, and
in fact his later results on valuations — in particular, the ones contained
in his book [Ef06] — are correct.

Recall that in Remark 4.16 we stated condition (ii) in terms of
extensions of k-structures. Thus, one may prove the implication (ii) =
(iii), i.e., the existence of non-trivial p-Henselian valuations, also using
[Ef06, § 26.5]. In particular, [Ef06, Corollary 26.6.2] says that there
exists a valuation v of K which is (K*)P-compatible (i.e., v(«) > 1 for
every p-power «), and therefore v is also p-Henselian. Therefore, the
proof of Theorem 4.19 is not invalidated by the mistakes contained in

[HJ95].

4. Relations

We want now to analise more in depth the relations of a minimal
presentation (4.2) for a finitely generated cyclo-oriented pro-p group
(G, 0), with orientation # such that either im(f) ~ Z, or # = 1. So far
we have studied explicitly the group-structure of two types of cyclo-
oriented pro-p groups with non-trivial relations:

(a) f-abelian groups, and more in general cyclo-oriented groups
(G,0) with non-trivial f-centre;
(b) Demushkin groups, with an orientation as in Theorem 2.22.
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In the former case, we may find a minimal system of generators
{z1,...,24-c, 21, ..., 2.} with the z;’s which generate G, and the z;’s
which generate Zy(G), such that (z1) = 1 + ¢, with ¢ = p* for some
k =NU{oc}, and 0(z;) = 1 for i > 2. Thus one has the relations

(4.23) 2 Nr1,z] =1 and [z, %] =1,

withi=1,...,cand j =2,...,d — c. In fact, the relations (4.23) are
the “commutator translation” of the cyclotomic action induced by 6
on the f-centre.

In the latter case, by Theorem 2.22 we may find a minimal system
of generators {z1,...,z4} C G, with §(z3) = 1 — ¢¢, such that one has
the relation

xy ey, o] -+ [wam1, a) = 1,

thus
(4.24) 2i¢xy, 1] =1 mod [ker(0), ker(9)].

Namely, we have the cyclotomic action, as in (4.23), but “perturbed”
by the commutator subgroup of the kernel of the orientation 6.

Recall that #-abelian pro-p groups and Demushkin groups (together
with free pro-p groups) are the two “bounds” for cyclo-oriented pro-p
groups. Therefore, it is natural to ask the following question: for a
finitely generated cyclo-oriented pro-p group (G, 6), with im(6) ~ Z,,
do (4.23) and (4.24) represent “models” for the behavior of the relations
of GG, such that they are induced by the cyclotomic action modulo
[ker(0), ker(0)]? Namely...

QUESTION 1. Given a finitely generated cyclo-oriented pro-p group
(G,0), with im(0) ~ Z,, is it possible to find a minimal presenta-
tion (4.2) with generating system {x1,...,zqq)} and defining rela-
tions 11, ..., ryq) such that x; € ker(6) for i =2,...,d(G) and either
r; € [F,F] or

}—9(x1)[x1’$i] mod [ker(6), ker(6)]

2

(4.25) ri=a

withi € {2,...,d(G)}?

We shall call a relation as in (4.25) a relation of cyclotomic type.
For a cyclo-oriented pro-p group with trivial orientation, the answer to
Question 1 is clearly positive, as Corollary 2.20 and Remark 4.3 imply
the following.
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PROPOSITION 4.21. Let (G,0) be a finitely generated pro-p group

with trivial cyclotomic orientation 6 = 0, and let (4.2) be a minimal
presentation for G. Then R < [F, F.

The following collects some useful facts.

FacT 4.22. Let (G, 0) a finitely generated cyclo oriented pro-p group,
and let G® be the abelianization G /|G, G).

(i) There are positive integers f,t, k;, with f+t = d(G) = d, such

that
~ 7, & (EB Z./p JZ)

(ii) One may find a minimal system of generators {x1,...,xq}
such that for 1 < i < t the images T; in G® generate the
torsion-free part, and for t +1 <1 < d the %;’s generate the
torsion part (in particular the order of T; is p* for j =i— f).

(iii) Also, one has 6(x;) = 1 for i > f, and one may choose the
x;’s for i < f such that 0(x;) = 1 also for 2 <i < f.

4.1. The module N?*. For a finitely generated pro-p group G
with cyclotomic orientation 6 such that im(f) ~ Z,, let N be the
kernel of #, and set
N

Nab:
[N, N]’

e., N* is the abelianization of the ker(f). Recall that by Corol-
lary 2.20, N’ is a torsion-free abelian pro-p group.
The action induced by the conjugation — i.e.,

r.y =%y =xyr ' mod [N, N,

with x € G and y € N — makes N a continuous Z,[G]-module, and
a trivial Z,[N]-module. Hence, set I' = G/N, and let k be such that
im() = 1 + ¢Z,, with ¢ = p*. Then, T is isomorphic to Z, as pro p-
group, and it may be identified with 14 ¢Z, = im(#). In particular, the
complete group ring Z,[I] is the Iwasawa algebra, and N** becomes a
Zp[I']-module, i.e., an Iwasawa module (cf. [NSW, 5.3.6]).

Let g be an element of G such that 6(g) = 1 + ¢q. Without loss of
generality, we may assume that ¢ = xy, with x; as in Fact 4.22. Let ~
be te image of z1 in I'. Then ~ is a generator of I'. Also, the Iwasawa
algebra Z,[I'] is isomorphic to the power series ring Z,[X], via the
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morphism?® given by v+ 14 X, so that X ~ v — 1, and N* becomes
a Zpy[X]-module via

Xy=(y-1Dyg=m9—g=21y-y
(4.26)

for every y € N. Hence, one has

AX™§ = [z1,my]> mod [N, N]
(4.27)
= [z1,my’] mod [N, N]

with A € Z,, m > 1 and (@i, y] = [z1]z1 ... [21, ¥]]].
Recall that a polynomial p € Z,[X] is said to be a Weierstrafs
polynomial if

O=X"4+amn 1 X"+ X+ a X + a,
with ag, ..., a1 € pZ, (cf. [NSW, Definition 5.3.2]). Thus, one has
the following.

PROPOSITION 4.23. For a finitely generated cyclo-oriented pro-p
group G with N = ker(0), there are positive integers f,t and irreducible
Weierstraf$ polynomials @, with j = 1,...,t, such that the Z,[I']-
module N* is isomorphic to a submodule of finite index of the Z,[X]-
module

(4.28) M =7,[X] & (@ Zp[if]]> :

with mj; > 1.

PROOF. Since N?* is an Iwasawa module, the Structure Theorem
for Iwasawa modules implies that there exist positive integers ay, with
h =1,...,s, together with suitable f,¢,s > 0 and p;’s such that one
has a morphism of Z,[X]-modules

¢: N** — Z,[X]' @ (EB %) ® (@ %ﬂ) :

and ¢ has finite kernel and finite cokernel (cf. [NSW, Theorem 5.3.8]).
Since N2 is a torsion-free Z,-module, the kernel of ¢ is trivial,
and the p-torsion part (the quotients Z,[X]/p*) disappears. Thus,

3Note that this is the same map as in Remark 1.17
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one has that ¢: N — M is injective, and N?" is isomorphic to a
Z,[X]-submodule of M of finite index. O

For every j =1,...,t, set

ULy

@J = th + Oé(j’hjfl)thil + ...+ Oé(jJ)X + CY]‘70.
Therefore, for every ij € N*", one has p;nj .y =0, and thus by (4.27)
(4.29)  r=[z1n,y) - [@1h,-1 Y] g,y U0y%0 € [N, N].

Now let y € N belong to a generating system of G (e.g., y =
x; for an ¢ > 2, with z; as in Fact 4.22), and let f,: G — Z,(1)
be the continuous crossed homomorphism such that f,(y) = 1 and
fy(x) = 0 for any other generator of G (in particular, f,(xz1) = 0).
Such a crossed homomorphism exists by Fact 4.2. Since f,|y is a group
homomorphism and f|jy,n] = 0, by (4.1) one has

fy ([B1,m y]?) = a(0(z1) = D) fy([F1m19]) = ... = ag™

(notice that [z1,,y] € N for any m > 0). Hence, by (4.29),
(4.30)  fylr) = o+ agug+ -+ agn g + 4" = 97" (9).

On the other hand, one has f,(r) = 0, asr € [NV, N], so that p;nj(q) =0,
and X — ¢ divides p;. Since g; is an irreducible polynomial, it follows
that in fact p; = X — ¢ for every j = 1,...,¢. In particular, one has
the monomorphism of Z,[X]-modules

t

(4.31) ¢: N** — M =Z,[X]' & (@ %) :

j=1
with m; > 1.

PROPOSITION 4.24. Let (G,0) be a finitely generated pro-p group
with cyclotomic orientation 6 such that im(0) ~ Z,, and with minimal
presentation (4.2). Let x1,y € G be as above, and let 1 € R be a
relation induced by the polynomial (X — q)™, with m > 1, i.e.,

(4.32)

r= y(_Q)m[

1,y 0" e y) e ] mod [N, N].

Then r can occur as defining relation only if m = 1.
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Proor. Consider the short exact sequence

(4.33) 1 C G G L,

where C'is the closed normal subgroup of G generated by all the gener-
ators x;’s with @ # 1 and z; # y, and G = G/C. Then G has a minimal
presentation 1 — R — ' — G — 1, where d(F) = d(G) = 2, and R is
generated as normal subgroup of F' by

(—q)m[

P s ) ),

r= Yy x1,Y
where we consider x; and y as elements of G and of F as well with an

abuse of notation. Then (4.33) induces the five term exact sequence
(4.34)

coel 1
infg, & resg o

0 — H'(G,F,) HY(G,F,)

~ ianG,c';
i—> H*(G,F,) — = H*G,F,).

By construction of C', the map reslg’c is surjective, so that the trans-

HY(C,F,)¢ )

tgq.c

gression map is trivial, and ianG(—; is injective. In particular, one has
the commutative diagram

(435 H'(G,F,) x H(G,F,) (G, T,)
J inflG,G‘ L infa@ inféyé
@]
H'(G,F,) x H'(G,F,) H%(G,F,)

where the vertical arrows are monomorphisms by (4.34).

Assume now that m > 1. In this case the relation 7 lies in A3(F),
thus by [CEM, Corollary 9.2] the cohomology ring H*(G,TF,) is not a
quadratic F,-algebra. In particular, let x,¢ € H'(G,F,) be the duals
of z; and y. Since 7 € A\3(F) and r(G) = 1, [NSW, Propositions 3.9.12-
13] imply that x Ut = 0. On the other hand, one has

H*(G,F,) ~F,, as dimp, (H*(G,F,)) =r(G)=1.
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Set A = im(inféjé) < H*(G,F,). By (4.35) one has that

A#0 and inflGE()O U infleé(w) =0,

thus, A is not induced by the cup product of x and . Also, by
the Hochschild-Serre spectral sequence Est = H*(G, H'(C,F,)) asso-
ciated to (4.33), A is not generated by cup products of elements of
H'Y(C,F,)¢, nor by cup products of inflG’é()O and inféyé(w) with ele-
ments of H*(C,F,)%.

Therefore, for m > 1 A is not generated by elements of H'(G,F,),
i.e., the cohomology ring H*(G,F,) is not a quadratic F,-algebra, a
contradiction. Thus, m = 1 and one has r = y~[x;,y] mod [N, N].*

0

Therefore, the relations of G which induce the torsion-module part
in the image of N2 in M via ¢ must be of cyclotomic type, and from
(4.31) and Proposition 4.24 one deduces the following.

THEOREM 4.25. Let (G,0) be a cyclo-oriented pro-p with im(6) =
1+4qZ, and N = ker(0), and let N/[N, N]| be a Z,[X]-module with the
action induced by (4.26) and (4.27). Then (4.31) induces the isomor-
phism of Z,[X]-modules

(4.36) [N—NN] > z,[X) @ (M>

with f +t=d(G) — 1.

In particular, Theorem 4.25 provides a positive answer to Ques-
tion 1.

EXAMPLES 4. (a) Let (G, 0) be a finitely generated #-abelian
pro-p group with im(#) = 1+ pZ,. Then N = Zy(G), and one

has
d(G)—1
yob o ((ZlXTNYY
~ (¥ .

4In fact this argument does not work properly, but this one does: assume that
one has a defining relation as (4.32), with m > 2; then
y~9z1,y] Z1mod [N,N] and (y_q[acl,y])m =1 mod [N, N],
i.e., N2P has non-trivial torsion, a contradiction.

89



(b) Let (G,6) be a Demushkin group with p # 2 and im() =
1 + pZ,, and let z;, 1 < i < d(G), be as in Theorem 2.22.

Then N is generated by xq,3,...,74cq), and one has
Zp[X]
Nab ~ P 71X d(G)—2
X —p @ pII ]] )

where the torsion-module part is induced by ;.

COROLLARY 4.26. Let (G,0) be a finitely generated cyclo-oriented
pro-p group with im(0) = 14 qZ,, with ¢ = p* and k € NU{co}. Then
one has

G/IG, G = 73D @ (Zp ) qZp)",

with t as in Theorem 4.25. In particular, if Gk (p) is the mazimal pro-p
Galois group of a field K containing a primitive p-th root of unity (and
also /=1 if p=2), then

Gk (p) Gk (p)
Gk (p), Gk ()] Gk (p), Gk (p)]

the former case if K contains a primitive q-th root of unity but not a
pq-th one, and the latter if K contains all roots of unity of p-power
order, with d = dimg, (K> /(K*)P).

~ 7d—t t ~ 7t
~ 7, ®(Z/qZ)" or ~ 7,

Thus, for a finitely generated pro-p group G with non-trivial cy-
clotomic orientation 6: G — Z;, one may define the I-torsion rank
t1(G) and the I-free rank fi(G) of G to be the rank as Z,-module of
the Z,[I']-torsion part of Hy(ker(6),Z,), resp. of the Z,[I']-free part of
H,(ker(9),Z,); i.e.,

tl(G) =¢ and fl(G) = f,

with ¢ and f as in Theorem 4.25.

By Examples 4 one easily deduces that if Zy¢(G) is not trivial, then
also the Z,[I']-torsion part of Hy(ker(6),Z,) is non-trivial, i.e., t;(G) >
d(Zo(G)).

Then, one may formulate the following questions.
QUESTION 2. Let G be a finitely generated pro-p group with non-
trivial cyclotomic orientation 0: G — Z, .

(i) Assume that t1(U) = 0 for every open subgroup U of G. Then
G s a free pro-p group.
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(ii) Assume that t1(U) = 1 for every open subgroup U of G, and
assume also that Zy(Q) is trivial. Then G is a cyclotomic fibre
product F' g Z, with F' a free pro-p group and Z ~ Z,, or G
is a Demushkin group, or G is the free pro-p product F' *; G,
with F a free pro-p group and G one of the former two groups
(fibre product or Demushkin).

(iii) Assume that Zo(G) is trivial and t,(G) > 2. Then there exist
two closed subgroups G and G of G' such that G = G *; Gs.

These questions will provide me some work (and hopefully a job)
in the next future.

5. Cyclo-oriented ETC

Now it makes sense to try to extend the Elementary Type Conjec-
ture to the whole class of finitely generated pro-p groups with a cyclo-
tomic orientation. In order to do this, we define the class of elementary
type cyclo-oriented pro-p groups.

DEFINITION 16. For p a prime number, let £7, be the minimal
class of finitely generated pro-p groups with an orientation such that

(i) the pro-cyclic group Z,, together with an orientation 6: Z, —
Z) (possibly the trivial one), is in 7 ;

(ii) if p = 2, then the cyclic group Z/2Z of order 2, together with
the non-trivial orientation 0: Z/27Z — {£1} C Z5, is in ET9;

(iii) every Demushkin group equipped with an orientation as de-
scribed in Theorem 2.22 is in ET p;

(iv) if the group (G,0) is in €T, then also the cyclotomic fibre
product G Xg Z,(1) is in ET;

(v) if the groups (G1,6;) and (Ga,0s) are in ET,, then also the
free pro-p product G; *; Gy with the induced orientation 6 is
in £T,.

Then £T, is called the class of elementary type pro-p groups with a
cyclotomic orientation.

By Theorem 4.5 and Theorem 4.17, every element of £7, is a
finitely generated cyclo-oriented pro-p group. In particular, every ele-
ment of £, can be realized as maximal pro-p Galois group of a field.
We can now state a new formulation of the ETC.

QUESTION 3. Let K be a field.

(i) Assume that the absolute Galois group Gy of K is a finitely
generated pro-p group. Then Gk is in ET .
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(i1) Assume that K contains a primitive p-th root of unity, and that
the mazimal pro-p Galois group Gk (p) is finitely generated.
Then Gk (p) is in ET .
Obviously, a positive answer to (ii) provides also a positive answer to
(1).

Note that Question 2 is coherent with the ETC, and a positive
answer would be a contribution to the ETC.

Moreover, the recent results obtained independently by Th. Weigel
and P. Zalesskii, and by K. Wingberg on free decomposability of pro-
p groups provide new tools also to study the ETC (cf. [WZ13] and
(Wn13)).
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CHAPTER 5

Koszulity for cyclo-oriented pro-p groups

1. Koszul duality

Let A, be a quadratic algebra over a field I, and let A; and R be
as in (2.1), with A; of finite dimension over F. In particular, set R; to
be the F-vector subspace of A; ® A; which generates R as two-sided
ideal of 7°(A4;).

Since A; is finitely generated, one has the isomorphism of F-vector
spaces

(5.1) AR AT~ (AL ® A",
Let Ri < (A; ® Ap)* be the annihilator of R;, namely,
Ry ={fec (A @A) | f(v)=0forallve R}

By (5.1) we may consider R{ as a subspace of A} ® A%. In particular,
one has that R ~ (AY?/R;)*. Then, the short exact sequences of
[F-vector spaces

0 R4 A2 A, 0,

I R e ey —

where one is the dual of the other, induce the following definition.

DEFINITION 17. Let A, be a quadratic algebra over a field F with
dim(A;) finite. The Koszul dual A, of A, is the quadratic algebra
over [ given by

where Rt is the two-sided ideal of T°(A}) generated by Ry .

Note that the Koszul dual is an involution, as (A.)' = A, for every
quadratic algebra.
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EXAMPLES 5. (a) Let V be a finite-dimensional F-vector space,
and let A, be the tensor algebra 7°(V'). Then R = 0, and the
Koszul dual A is the algebra of dual numbers

T(V) =FaV,

with trivial multiplication.
(b) Let {vy,...,v,} be a basis for the F-vector space V', and let
A, be the symmetric algebra Se(V'). Then a basis for R{ is

{vf@v}‘—i—v;’f@vj,lgi,jgn},

with v} € V* the dual of v;. Hence, the Koszul dual of S.(V) is
the exterior algebra A,(V*), and conversely A, (V) = S.(V*).

The Koszul dual behaves with respect to the constructions of qua-
dratic algebras defined in Subsection 2.1.1 in the following way (cf.
[PPO05, § 3.1, Corollary 2.1, p. 58]).

PROPOSITION 5.1. Let Ay and B, be two quadratic algebras over a
field F.

(i) The Koszul dual of the direct sum is the free product of the
Koszul duals, i.e.

(AsT1B,) = A UB. and (A UB,) =A B,

(ii) The Koszul dual of the symmetric tensor product is the skew-
commutative tensor product of the Koszul duals, i.e.

(Av®'B.) = A, @ 'B, and (A.@'B.)) = A\ B.

The F,-cohomology ring of a Bloch-Kato pro-p group G is a qua-
dratic algebra over F,: thus, it is worth asking what is the Koszul
dual of such algebra. Also, other important graded algebras for a pro-p
group G are the restricted Lie algebra Lo(G) and the algebra gr,(G),
which are related by Theorem 1.14 — and they happen to be quadratic in
some important cases, such as Demushkin groups and #-abelian groups.
The following definition relates H*(G,F,) and gr,(G).

DEFINITION 18. Let G be a Bloch-Kato pro-p group. Then G is
said to be a Koszul duality group if the algebra gr,(G) is the Koszul
dual of the algebra H*(G,F,), i.e.,

H*(G,F,) ~gr (G).
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It follows that if G is a Koszul duality pro-p group, then gr,(G) is
a quadratic F-algebra. In particular, let

(5.2) 1 R F G 1

be a minimal presentation of G, with R generated by {r1,..., 7} as
normal subgroup of F. If G is a Koszul duality pro-p group, one has
that the initial forms of the relations r;’s have degree 2 in Lo(G), i.e.,

(5.3) ri € Do(F) N D3(G)(G) foreveryi=1,...,7(G).

Thus, we say that a pro-p group G is U-quadratic if it has a presen-
tation (5.2) such that (5.3) holds.

We are to see in the following that the basic blocks of the ETC
— i.e., free pro-p groups, Demushkin groups and groups obtained via
cyclotomic fibre products and free pro-p products — are Koszul duality
groups.

REMARK 5.2. Note that for a vector space V over F,, the Pontrya-
gin dual and the F,-dual are the same, i.e., V* =V".

2. Koszul duality and the ETC

2.1. Free pro-p groups and Demushkin groups. Let F be a
free pro-p group. (recall that by Remark 2.10 every orientation is cy-
clotomic for F'.) Then F' has cohomological dimension 1, and the coho-
mology ring H*(F,TF,) is concentrated in degree 0 and 1. In particular,
one has

T (F/®(F)Y)
R

Therefore, by Example 5 the Koszul dual of H*(F,F,) is the tensor
algebra T°*(F/®(F)).

Consider now the restricted Lie algebra induced by the Zassenhaus
filtration of F'. By Theorem 1.16 the algebra Lo(F) is a free restricted
Lie algebra over IF,,, and by Proposition 1.13 the universal envelope a
free non-commutative [F,-algebra, i.e.,

H*(F,F,) = . with Ry = (F/®(F)")**.

(5.4) gt (F) = Uy(Lo(F)) 2 F,(X) = T* (F/2(F)"),

with X a minimal generating system of F', where F,(X) is to be con-
sidered a graded algebra with the grading induced by the degrees of
the monomials. Therefore, one has the following.
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PROPOSITION 5.3. Let F' be a finitely generated free pro-p group.
Then the graded IF,-algebra gr,(F) is the Koszul dual of the cohomology
ring H*(F,F,), i.e.,

H*(F,F,)' =~ gr,(F).

Now let G be a Demushkin group, with g # 2. Let X = {x1,..., 24}
be a minimal generating system for G as in Theorem 2.22; and for each
i=1,...,d, let x;, € H'(G,F,) be the dual of ;. Then, one may write

T* (H'(G,TF,))
(Ry1) ’

H*(G,F,) =

with Ry < HY(G,F,)%2.

Since the element x2;—1 U X2; = —x2; U x2i—1 generates H*(G,F,),
with ¢ = 1,...,d/2, one has that R{ ~ H?*(G,F,)* is generated by the
element

PEXTOX2 = X2 ®@XTHX3@ X1~ F Xao1 @ Xa — Xa @ Xa-1»
thus
*(HYG,TF,)* F,(Xq,..., X
H.(G,Fp)! _ T ( ( ) p) ) ~ P( 1y ) d) ,
() (X0, Xo] 4+ 4 [Xar, Xa)
where X = {X; ..., X4} a set of non-commutative indeterminates and

(Xi, X;] = X;X; — X;X;, with the grading induced by the degrees.
Therefore, by (2.19), one has the following.

PROPOSITION 5.4. Let G be a finitely generated Demushkin group
with q¢ # 2. Then the F,-cohomology ring H*(G,F,) is the Koszul
dual of the graded F,-algebra gr,(G), i.e.,

H*(G,F,) ~gr (G).

2.2. Free products and cyclo-fibre products. In order to deal
with the restricted Lie algebra of a free pro-p product of pro-p groups,
we have to define the free product for restricted Lie algebras.

Let Ly and L., be two restricted Lie algebras. The free product
of restricted Lie algebras of L; and L, is the restricted Lie algebra
L = Ly *, Lo, equipped with two embeddings ¢;: L; — L, v = 1,2 such
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that for every morphism of restricted Lie algebras ¢;: L; — H there
exists a unique morphism ¢;: L — H such that the diagram

L

L; ;> Ly *p Lo

Y

H

commutes for both i’s (cf. [Li80, Remark 1]).

PROPOSITION 5.5. Let Gy and Gy be two finitely generated pro-
p groups, and set G to be the free pro-p product G x5 Gy. Then the
restricted Lie algebra Lo(G) is the free product of restricted Lie algebras
Lo(Gh) *z Le(G2). Moreover, its universal envelope is the free product

(5.5) Up (Le(G)) = Uy (Lo(G1)) Uy (Lo(G)) -

PROOF. Let G%* be the abstract free product G; * G5. Since both
G, and Gy are finitely generated, (2.21) implies that the free pro-p
product G = G *; Gy is the pro-p completion of G%*. By [Li80,
Theorem 2] one has

(5.6) Lo(G™) = Lo(G1) £ Le(Go).

Since G is finitely generated, every element of the Zassenhaus filtration
D;(G) is open in G, and thus every D;(G*) has finite index in G%.
Therefore D;(G)/D;i;1(G) =~ D;(G™) /Dy 1(G) for every i > 1, and
one has the isomorphism of restricted Lie algebras Lo(G) =~ Lo(G%*).

Equality (5.5) follows directly from [Li80, Theorem 1] and Theo-
rem 1.14. U

Thus, Proposition 5.5 and Proposition 5.1 imply the following.

PROPOSITION 5.6. Let (G1,0) and (Ga,0) be two finitely generated
cyclo-oriented pro-p groups, and assume that both are Koszul duality
pro-p groups. Then also the free pro-p product Gy x5 Gy is a Koszul
duality pro-p group.

Proor. By [NSW, Theorem 4.1.4], one has

(57) H.(Gl *:,3 GQ,]FP) = H.(Gl,Fp> M H.(GQ,]FP)
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(direct product of quadratic IF,-algebras). Therefore,

!

H* (Gy#; Gy, Fy) = (H*(Gy,Fy) M H*(Ga, )
= H*(Gy,F,) UH*(Gy,F,)
~ gr,(G1) Ugr,(G2)
= gr, (G1 %5 Ga),

and the statement holds. O

Now let (G, 0) be a finitely generated #-abelian pro-p group, with
im(6) ~ Z, if p = 2. Then by Theorem 3.12 the F,-cohomology ring of
G is the exterior algebra

d(G)
H*(G,F,) ~ )\ H'(G.F,).

1=0

Therefore, by Example 5, the Koszul dual of H*(G, F,) is the symmet-
ric algebra S*(G/®(G)). Note that such symmetric algebra is isomor-
phic to the commutative polynomial algebra F,[ X, ..., X4¢)], where
{X1,..., Xqqe)} is a set of commutative indeterminates, equipped with
the grading induced by the degrees of the monomials. Thus, by (3.21)
one has

a1, (G) ~ U,(L(G)) ~ H*(G,TF,)".

We are in a similar situation with (G, #) a finitely generated cyclo-
oriented pro-p group, with non-trivial f-centre and with im(0) ~ Z, if
p = 2. Indeed, Theorem 4.15 and Proposition 5.1 imply the following.

PROPOSITION 5.7. Let (G,0) be a finitely generated cyclo-oriented
pro-p group with non-trivial 0-centre, and assume im(0) ~ Zo forp = 2.
Moreover, assume that G 1s a Koszul duality group, with G, as in
Theorem 4.13. Then the F,-cohomology ring H*(G,F,) is the Koszul
dual of the graded F,-algebra gr,(G).
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PROOF. Set W = H'(Zy(G),F,). Then by Remark 4.16, Proposi-
tion 4.14 and Example 5, one has

H*(G,F,) = (H' G..,F,) (/\W))
— H*(G,,F,) (/\W)

= gro(GO)® Fp[}/lw'wyd]
= gr.(G),

with d = d(Ze(G)). O

EXAMPLE 2. Let G be the cyclotomic fibre product as in Example 1.
Recall that the F,-vector space H*(G,TF,) is generated by the elements

X1tUxa=...=xq1Uxq and y,Uey fori=1, ..., d.

Let HY(G,F,)* = Spang {X1,..., X4, Y}. Then, one has Ry = Rp @
R, with

7?/D - <[X1,X2] + [Xg,X4] + ..+ [Xd—I;XdD,
Rs = (Xi¥ —YXy,..., XY — YV X,).

Therefore,

F,(X1,...,Xq)

MG D) = Rl o, Xl

®l IFP[Y]a

with the grading induced by the degrees of the monomials.

Altogether, the class of Koszul duality pro-p groups is closed under
free pro-p products and cyclotomic fibre products, which are the basci
operations of the ETC. Also, the fundamental blocks of the ETC (free
pro-p groups and Demushkin groups) satisfy Koszul duality as well.
Thus, we may summarize the above results in the following theorem.

THEOREM 5.8. Every pro-p group of elementary type (i.e., every
finitely generated pro-p group lying in £T,) is a Koszul duality group.
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3. Koszul duality for cyclo-oriented pro-p groups

Let G be a pro-p group, and let (5.2) be a minimal presentation for
G. Then (5.2) induces a short exact sequence of restricted Lie algebras

(5.8) 0 NRe Lo(F) —> L(G) —> 0 .

In particular, R, is the restricted Lie algebra induced by the filtration
RN D1<F), i.e.,

5.9 o RNDiF)

= — " > 2.
RO Dyr (F) or every i >

Since (5.2) is minimal, one has that R C Dy(F). Thus, one has
My = R/RN D3(F) ~ RD3(F)/Ds(F). Also, by Proposition 1.12
the subgroup RP[R, F| is contained in D3(F'), and one may define a
morphism ¢: R/RP[R, F| — D2(G)/D3(G).

Moreover, H?*(F,F,) = 0, thus by the five term exact sequence the
transgression map tgy p is an isomorphism. Hence, the map tgp  and
the isomorphism (R/RP[R, F])* ~ H*(R,F,)" induce a natural perfect
pairing

(5.10) R/RP[R, F] x H*(G,F,) -

L

given by (7,1) — tg;}R(w).f, with ¢ € H*(G,F,) and r € R. Now let
G be a Bloch-Kato pro-p group. Then [CEM, Theorem 8.4] implies
the following.

PROPOSITION 5.9. Let G be a Bloch-Kato pro-p group, and let (5.2)
be a minimal presentationfor G. Then RP[R,F| = RN D3(F).

REMARK 5.10. Note that all the results produced in [CEM] for
maximal pro-p Galois groups can be generalized to Bloch-Kato pro-
p groups, as they are all developed starting from the characteristics
of the Fp-cohomology of such groups, depending on the Bloch-Kato
conjecture.

Thus, by Proposition 5.9 one has the isomorphism R/RP[R, F] =
R/R N D3(F) ~ RDs(F)/Ds(F), so that (5.10) induces the perfect
pairing

(5.11) RD3(F)/Ds(F) x H*(G,F,) -

100



The quotient RD3(F')/Ds(F') is a subspace of Do(F)/D3(F) = Ly(F).
Recall from Remark 1.17 that the universal envelope U,(L¢(F)) is
the free F,-algebra F,(X), with X = {Xj,..., X,} a set of (non-
commutative) indeterminates, with d = d(F) = d(G). We may identify
F,(X) with the tensor algebra 7°*(V*), with

V =H'(F,F,) = F/®(F)" ~G/®(G)".

Then the embedding 11, defined as in (1.8), together with (5.1), in-
duces a monomorphism

2
//M\\&
T e La(F) = (Vv

PROPOSITION 5.11. Let G be a finitely generated Bloch-Kato pro-p
group. Then the diagram of perfect pairings

(5.12) VeV)yxVeaV) F,
2 ] u L
RDy(F) .,
TF) x H (G,Fp) F,

commutes, i.e., tg7 (x1 U x2).T = ¥ao(T)(x1 @ X2) for every
X1,X2 €V = HY(F,F,) and 7€ RD3(F)/Ds(F).

PROOF. Set d = d(F), and let {z1,...,24} C F be a minimal
generating set and {xi,...,xqs} C V the dual basis. Then, the set
{xi ®x;,1 <1,j <d} is a basis for V® V, and it is enough to verify

(5.13) b8~ (i Uxg) 7 = 1a(7) (xi @ X5)

for every i,7 € {1,...,d}.
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By [NSW, Prop. 3.9.13] every element r € R may be uniquely
written as

d
H;E?“h H[a:h, z]™  mod D3(F), if p=2,
h=1

T = h<k
H[wi, z;|*"  mod Ds(F), if p # 2,
h<k
with 0 < a;,a;; < p— 1. Recall that gr,(F) ~ F,(Xy,...,X4). Thus,
for every i = 1,...,d, we may consider X; to be the dual of x; in V*.

Then one has
@/JL (ZB%) = Xh & Xh and @DL([ﬁh,ﬁk]) = Xh ® Xk; — Xk & Xh.
Therefore

a;modp ifi<y
o (T) (X ® x;j) = —a;; modp ifi>j
—(®)a; mod p if i =

Again by [NSW, Prop. 3.9.13|, the above result is the same we get for
tg~'(x; U x;).T, so that equality (5.13) holds. O

Proposition 5.11 implies the following.

THEOREM 5.12. Let G be a finitely generated Bloch-Kato pro-p
group with a minimal presentation (5.2), and let v be the ideal of the
restricted Lie algebra Lo(F) generated by the elements

pi € L2(F), Pi =T mod l)g<17>7

with i = 1,...,7(G). Then U,(Lo(F)/r) ~ H*(G,F,)". In particular,
if G is quadratically defined,' then G is a Koszul duality pro-p group,
1.€.,

gr(G) ~ H*(G,F,)".

PROOF. Let Ry < V ® V be the generating relations of the F,-
cohomology ring H*(G,F,). Since (5.12) commutes (and both the hor-

izontal lines are perfect pairings), one has that ¢, (7) € R{ for every
7, i.e., the quotient RD3(F)/Ds(F) embeds in R{ via 1. Moreover,

one has
e (o) =0 (i) =)

Te., G is U-quadratic and v = R,, with R, as in (5.9).
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and, on the other hand,

dimg, (Ry) = dimg, (V ® V) — dimg, (Rq)
= dimg, (H*(G,F,))
= r(G).

Therefore, RD3(F)/D3(F) and Ri are isomorphic.
Since RD3(F)/D3(F) generates v as ideal of Ly(F) and R* as ideal
of T*(V*), the statement holds by Proposition 1.18. O

COROLLARY 5.13. A finitely-generated Bloch-Kato pro-p group is
U-quadratic.

Note that in general for a Bloch-Kato pro-p group G the ideal v of
Lo(G) as defined in Theorem 5.12 is smaller than the ideal JR, as in
(5.9). Namely, one has

RN D(F) .
NLi(F)C ——% f > 2,
T ( )_RﬂDiH(F) or every 1 >
and the initial forms of a set {r1,..., 7.} of generators of R as normal
subgroup of F' may be not enough to generate the whole ideal R,.

COROLLARY 5.14. Let G be a finitely generated Bloch-Kato pro-p
group, and assume that G is quadratically defined. Then G is a Koszul
duality group.

The material developed in Section 5.3 is partially motivated and
inspired by J. Labute’s work [La06]. In this paper, Labute proves
many properties of mild groups (i.e., pro-p groups with a strongly free
presentation). In particular, he shows that if G is a mild group, then
one has t = R, (cf. [La06, Theorem 5.1}). Yet, in general mild groups
are very different to Bloch-Kato pro-p groups.

4. Koszul algebras and Koszul pro-p groups
DEFINITION 19. (i) A quadratic® algebra A, over a field F is
said to be a Koszul algebra over F if the homology groups

Hij (A.) = TOI'%' (F, ]F)

2In fact this definition holds for all positively graded algebras. Indeed, a Koszul
algebra is necessarily quadratic.
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(where the first grading 7 is the cohomological grading and the
second grading j is the internal grading induced from the grad-
ing of A,) are concentrated on the diagonal, i.e., H(A,) = 0
for i # j (cf. [PPO5, § 2.1], [Ps05] and [Ps14]).

(ii) A Bloch-Kato pro-p group is said to be a H-Koszul pro-p
group if the F,-cohomology ring H*(G,F,) is Koszul, and a U-
Koszul pro-p group if the graded algebra gr,(G) ~ U,(Le(G))
is Koszul.

Note that the conditions on H;;(A,) for i = 1,2 imply that A, is
necessarily quadratic. In particular, a ¢/-Koszul pro-p group is neces-
sarily U-quadratic. The definition of a Koszul algebra was introduced
first in the early "70s by S. Priddy, and later associated to Galois theory
and group cohomology.

In fact, Koszul algebras are strongly related to Galois cohomology,
as they provide an alternative approach to the Bloch-Kato conjecture,
see, e.g., [Ps14, § 0.1 and § 0.2]. Indeed, one has the following (cf.
[Ps05, Theorem 1.3]).

THEOREM 5.15. Let K be a field containing a primitive p-th root
of unity, and assume that:
(i) the Galois symbol of degree n K (K)/p — H" (G, p3") is an
isomorphism for n = 2 and a monomorphism forn = 3;
(ii) the Milnor K-ring KX (K)/p is a Koszul F,-algebra.
Then the Galois symbol hx is an isomorphism, i.e., the Bloch-Kato
congecture holds.

Koszul algebras have the following property.

PROPOSITION 5.16. A quadratic algebra A, is Koszul if, and only
if, the Koszul dual Al is Koszul. In particular, if As is Koszul, then
one has the isomorphism A, ~ H**(A,).

EXAMPLE 3. The symmetric algebra S*(V') and the exterior algebra
A.(V) of a vector space V over F are Koszul (cf. [PPO05, p. 20]).

COROLLARY 5.17. Let G be a Bloch-Kato pro-p group, and assume

that G is also a Koszul duality group. Then G is H-Koszul if, and only
iof, G is U-Koszul.

Let A, be a (positively) graded algebra over a field F. The Hilbert
series of A, is the formal power series defined by

ha,(t) =) dimg(A,)".

n>0
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For a quadratic algebra one has the following (cf. [PP05, Corol-
lary 2.4]).

LEMMA 5.18. Let A, be a quadratic F-algebra, and assume that
either A3 =0 or Ay = 0. If ha, (t)ha (—t) =1, then A (and thus also
AL) is Koszul.

4.1. H-Koszulity, 4-Koszulity and the ETC. It is natural to
ask about the behavior of the fundamental blocks of the ETC with
respect to H-Koszulity and U-Koszulity. So far, the following result
should not be very surprising.

PROPOSITION 5.19. Let G be a free pro-p group or a Demushkin
group. Then G is H-Koszul and U-Koszul.

PROOF. Assume first that G = F is a free pro-p group. Then
H*(F\F,) = F, ® H'(F,F,) and gr,(F) ~ F,(X;,..., X,), with d =
d(F), and we may computer their Hilbert series:

hie(rr,)(t) = 1+dt,
ha(p)(t) = 1+dt+d°C +d°° + ...
Thus, we may apply Lemma 5.18, and we obtain
hige () (—t) - hge, () (t) = (1 — dt)(1 + dt + &8> + &> + ..,

so that H*(F,F,) and gr,(F') are Koszul algebras.
Assume now that G is a Demushkin group. Then one has

hie(r,)(t) = 1+ dt + 2.

Moreover, since the canonical presentation of a Demushkin group is
strongly free, [La06, Theorem 5.1] implies that the Hilbert series of
gr.(G) is

1 1

e (1) () = = :
gra(F) (1) T—(t+t+...+t)+t2  1—dt+12

Therefore, hyecr,)(t) - heg ()(—=t) = 1, and Lemma 5.18 yields the
claim. U

Moreover, the classes of H-Koszul pro-p groups and of U-Koszul
pro-p groups is closed under free pro-p products and cyclotomic fibre
products.

PROPOSITION 5.20. Let G, G1 and G5 be finitely generated Bloch-
Kato pro-p groups.
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(i) The free pro-p product Gy %5 G2 is a H-Koszul pro-p group,
resp. a U-Koszul pro-p group, if, and only if, G1 and Gy are
both H-Koszul, resp. U-Koszul.

(ii) Assume that (G, 0) is cyclo-oriented. Then the cyclotomic fibre
product GXgZ, with Z ~ Z,, is again a H-Koszul pro-p group,
resp. a U-Koszul pro-p group, if, and only if, G s H-Koszul,
resp. U-Koszul.

ProoF. The first statement follows from (5.7) and (5.5) and from
[PP05, Ch. 2, Corollary 1.2]. The second statement follows from
Proposition 5.7, Example 3 and again [PP05, Ch. 2, Corollary 1.2]. O

THEOREM b5.21. Every pro-p group of elementary type (i.e., every
finitely generated pro-p group lying in ET,) is a H-Koszul group and
a U-Koszul group.

QUESTION 4. Let K be a field containing a primitive p-th root of
unity such that the mazximal pro-p Galois group Gk (p) is finitely gen-
erated.

(i) Is Gk(p) a Koszul duality group?
(i) Is Gk(p) H-Koszul and/or U-Koszul?

Note that if (i) holds and Gk (p) is H-Koszul, resp. U-Koszul, then
by Proposition 5.16 the group Gk (p) is also U-Koszul, resp. H-Koszul.
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