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INEQUALITY IN THE LOCAL PUBLIC SECTOﬁ?

Sam Bucovetsky
Department of Economics
University of Western Ontario
London N6A 5C2 Canada

Abstract

This paper examines the welfare economics of the levels of local
public output in a metropolitan area. A fixed number of people of
different income allocate themselves among different jurisdictioms. It
is shown that increases in per capita public output provision in the
jurisdiction chosen by the rich residents will, in general, benefit poor
residents of other jurisdictions. Some inequality in these public output
levels (between jurisdictions) will maximize the "consumers ' surplus"
measure of aggregate welfare.

January 1980

*This is a revised version of Chapter 2 of my thesis '"Housing
Markets and the Local Public Sector in a Metropolitan Area: A Theoretical
Analysis". I wish to thank my committee, W. Brainard (Chairman), J. Quigley
and B. Wright for their advice. A Canada Council doctoral fellowship
provided financial support for the thesis.
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I. Introduction

Equalization of the "quality" of public output provided by different
local governments seems to be an idea whose time has come.1 Implementation
of this idea has given rise to some disagreement. But the notion that
increasing per capita local expenditure in jurisdictions currently spending
relatively little will benefit that jurisdiction's residents seems widely
accepted.2 In this paper such a notion will be challenged.

From the outset it should be made clear that I am making some strong
assumptions. The crucial one is that all residents are mobile. This means
that residents of jurisdictions with low levels of public spending have chosen
to live there. Raising that level will in a sense thwart the wishes of resi-
dents. If there are barriers to mobility (such as zoning restrictions in some
jurisdictions), the conclusions of this paper may not be applicable. For
then residents of low-spending towns may only be there because they are
barred from moving to their preferred location. 1In such a situation the
case for equalization of local public expenditure is clearly much stronger.

But with perfect mobility, it will be shown that residents of low-
spending jurisdictions will always benefit from increases in spending by
higher-spending jurisdictions. In addition, increases in per capita expenditure
by the low=-spending jurisdiction eventually will make its residents worse
off. These strong results hold for a 2-jurisdiction world in which there
is no substitution of land for other inputs in housing. They are weakened
when these assumptions are modified. 1In particular, consideration of variable

proportions in housing complicates the analysis considerably.

1I. The Basic Model

To begin with, consider some public output available at some level zj

to all residents of‘jurisdiction j+« This level will be treated as an



exogenous parameter. Citizens do not get to vote, other than with their
feet. The whole purpose of this paper is to examine the effects of changes

in the parameter z, on the utility of various residents. There are J

h|
jurisdictions. Each has a land area fj which is fixed. All land within the
metropolitan area consisting of the J jurisdictions is identical. The
metropolitan area also has a fixed population, which must be allocated to the
rvarious jurisdictions.

If the public output is a "good", as will be assumed, why would anyone
choose to live in jurisdiction j, if jurisdiction k provided more public
output? One reason would be that jurisdiction k levied higher income taxes
on its residents. But this reason will be ruled out here. All jurisdictions
are assumed to have two revenue sources: the local property tax and grants
from a central government. These grants are treated as parametric by all
resi.dents.3 It remains possible that local property tax levels will affect
mobility decisions. But a prospective renter does not directly pay the
property tax. It only affects his/her decision through its effect on gross
rents. Therefore what will, in this model, imduce a citizen to choose the
jurisdiction with low public output is a low level of rent.

It will be assumed that the prices of all goods and services, other

. than housing, do not vary between jurisdictions. Neither will the income

of an individual. The only variables affecting utility which vary between
jurisdictions are the public output level zj and the unit price of housing Qj.4
Individuals i are assumed to have utility functions of the form Ui(x,h,z),
where x is a vector of consumption goods, h is housing consumption, and z

the public output consumption. If the price of consumption goods (other than
housing) is exogenous to the metroplitan area, and is denoted by p, then if
the individual's income is Yy» his/her utility conditional on living in

jurisdiction j can be written
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max .
(1) Vi(yiij:Zj) = x,h Ui(x,h’z) subJeCt to p-x + th s yi

The individual's decision is then to find the jurisdiction j which maximizes
this mixed direct-indirect utility function V..

The housing price Q, is endogenous, and its detem ination will be

k|
explained below. In equilibrium, it certainly must be true that if zj > 2y
then Qj > Qk' Otherwise no one will choose to live in jurisdiction k, if

it had lower public output and higher housing prices than some other
jurisdiction. Let the jurisdictioms be numbered so that z; <2z, <eess< Zge
Therefore Q1 < Q2 Koo, < QJ. Jurisdictions with a low index (and low level

of zj) will be referred to as "low service" jurisdictions.

Consider now an individual's indifference curves for Vi’ with Q on
the vertical axis, and z on the horizontal. Since z is a good and Q a bad,
these slope up. Ellickson (1971) used these indifference curves to examine
jurisdictional choices of different individuals in a model similar to this
one. As can be seen in Figure 1, "high gervice" jurisdictions will be
occupied by people with steep indifference curves. An immediate corollary
of this, noted by Ellickson is that Yhigh service" jurisdictions will be
inhabited by wealthy residents if and only if the slope of these indifference
curves, -(BVi/Bz)/(BVi/BQ) rises with wealth. I will refer to this case as
"normal stratification™.

One implication of normal stratification is that there is no need for
minimum lot-size zoning in high-service jurisdictions. The low-income residents
of the metropolitan area will choose low-service jurisdictions, because of
their tastes, even if they are allowed to purchase small lots in high=-service

jurisdictions. Conditions which imply normal stratification, and some

evidence indicating that they actually hold, are presented in Ellickson (1971),
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Bucovetsky (1979) and Burstein (1979). For much of the analysis here, such
conditions are not necessary. All that is required is that there be some
parameter y distributed over the population, so that higher values of y
imply steeper indifference curves (through every point (Q,z)). This parameter
measures the taste for the public output, relative to housing consumption.
But for concreteness, it will be referred to as "income". Only in the latter
sections of the paper5 will this reference have any substance. Until then,
all I require is that some sort of unambiguous parameterization of the slope
of these indifference curves be possible.

Given the assumption that people with high values of y will prefer
high-gervice jurisdictions, it follows that in equilibrium there will be a
set of "cut-off" levels yj, such that people of income between yj-l and yj
will prefer jurisdiction j, where Yo < Yy <eees< Yy Figure 2 illustrates this.
If y does refer to income, each jurisdiction contains a stratum of the income
distribution, with higher levels of public output associated with higher
income. There are also two other types of equilibrium conditions which must
be satisfied. Each jurisdiction's land market must clear. And each
jurisdiction's public sector revenues must equal public sector expenditures.
Elsewhere I have shown that such an equilibrium exists, if one is willing to
accept fractional allocations of people to jurisdictions.6

There are three types of endogenous variables corresponding to these
equilibrium conditions. First are the '"cut-off'" incame levels described
above. Second are the land prices in each jurisdiction. Although land in
each jurisdiction is physically identical, in general its price should vary
between jurisdictions. That is because renting a house in a jurisdiction
is in effect renting a joint product, the house itself plus the local public
output in that jurisdiction. The third type of endogenous variable is the

property tax rate in each jurisdiction.
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Let rj denote the annual rent on land in jurisdiction j. It is
assumed that housing is produced from land and other inputs by a constant-
returns-to-scale production function. This does not rule out the case of
fixed coefficients, which will occupy much of the paper. Other inputs are
available in perfectly elastic supply, at a price of 1. Let g(£,k) be the
production function for housing, where 4 is land input and k the other input.
Then in jurisdiction j, cost-minimizing housing producers choose a land-
housing ratio Y(rj), and an other-input-housing ratio p(r) to minimize unit
costs rjy(rj) + u(rj) subject to g(y,u) = 1. Since the property tax
is assumed to be levied as a fraction of the housing price, it does not
enter in this factor-intensity decision. Denote these minimum unit costs

by q(rj). By definition

(2) q(r) = ry(r) + p(r)

Clearly the land-housing ratio y is non-increasing in rj and the cost ¢q

increases with the land price. It follows as an envelope relati.on7 that
(3) q'(x) = y(v)

The property tax rate tj is assumed to be a proportion of the net-
of-tax annual housing price. Competition among housing suppliers ensures

that the annual gross unit price of housing Qj satisfies
4 = (1+ t,)q(r.
(4) Q ( J)q( J)

The total tax base in jurisdiction j is the value of housing there. Since
f& is the land area there, and y(rj) the land-housingratio for all housing

in the jurisdiction, total tax collections can be written tjq(r )i}/y(rj).

3

It is assumed that the public output has a "pure private good" technology.



That is, the total cost of providing public output level zj to population
Pj is proportional to the population. This assumption is in accordance
with most empirical work on cost functions for the local public sector.
By appropriate choice of unit, this total cost can be written szj.

For convenience, the population will be represented as a continuum.
The density function £(y) will represent the distribution of the characteristic

yv. This function is assumed continuous, and positive-valued over some

y.
interval (yo,yl). The population of jurisdiction j is then I J f(y)dy.
Y.
j-1

Let the demand for housing be denoted h(y,Q). Since the public output level zj
does not appear as an argument, the level of output has been assumed not to
affect the choice between housing and other private goods. This greatly
simplifies the analysis, and seems a reasonable first approximation.

Before proceeding, it should be noted that the characteristic y is being
treated here as having an exogenously given distribution. If y is income,
then this would not be true if anyone owned land in the metropolitan area.

Then income would depend on the land prices r What now must be made

i
explicit is that it is assumed that all land is owned by non-residents. In
the first results to be presented, the welfare of these land owners will be
neglected. Residents in effect use the public sector to exploit these
outsiders. However, subsequently the welfare of these land owners will be
included in an aggregate welfare measure. The assumption of absentee
land ownership is made purely for analytic simplicity. Otherwise the demand
functions for housing would change with land prices, and consideration of how
land holdings varied with income would be required.

Given the definitions presented, the 3J-1 equilibrium conditions which

define the 3J-1 endogenous variables can be written as equations (5)-(7) below.

Equation (5) defines the "cut-off" levels yj (1 < j <J-1) as being those where

“
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the individual is indifferent between jurisdictions j and j+l. Equation (6)
is the market-clearing condition for land in jurisdiction j. Equation (7)
is the local budget constraint. Here Sj is per-capita aid from the central

government, which is regarded as exogenous.

(5) V(yj:stzj) = V(ijQj+1:zj+1) j=1,25...,3-1

- Y
6)  Li=v@)[? h0)EMdy =120
VY.
j-1

Y.
. j _ = .
(N (zj sj) J;- 1 f(y)dy tjq(rj)Lj/y(rj) j=ly e eeyd
J—

The only link between jurisdictions is through equation (5). A change
in public output in jurisdiction k will only affect variables in some other
jurisdiction j by altering the cut-off levels yj_1 and yj. This character-
istic of the equilibrium conditions will be used in analyzing the effects of

public output changes.

III. Fixed Coefficients in Housing Production

Suppose now that there are fixed coefficients in housing production, so
that y does not vary with r. Then examination of equation (6) shows that
the gross rent Qj is determined only by the population cut-off levels yj_1
and yj. Next, suppose there are only two jurisdictions. Then there is only
one endogenous cut-off level (yo is the minimum of the exogenous income
distribution, Yy the maximum). It then follows
Observation: With fixed coefficients in housing, and only two jurisdictions,
both of the jurisdictions' housing prices, Q and Q2 are determined solely

by the identity of the marginal resident, v
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1f the cut-of® income level rises, population rises in the low-service
jurisdiction, and falls in the high-service jurisdiction. This must raise
Q1 and lower Q2. With fixed coefficients in housing, it must be true that any
increase in public output z, in the high-service jurisdiction will lower Yi°
Suppose to the contrary that Y1 did not fall. This means Ql,,the gross reat in
the low-service jurisdiction, does not fall. The utility of the previously
marzinal resident, conditional on living in the low-service jurisdiction,
V(yl’Ql’zl) therefore is the same or lower than before the change (z1 has not
changed). If y1 is constaant or has increased, then szcannot have risen. And
z, has increased. Thus the previously marginal resident's utility in the
high-service jurisdiction V(yl’QZ’ZZ) must have increased. Since he/she was
previously indifferent, now jurisdiction 2 'is preferred. Thus there is
migration into the high-service jurisdiction. Hence the original assumption
is false. Analogous reasoning establishes that byllazl > 0. These results
can be summarized:

Proposition: With 2 jurisdictions, and fixed coefficients in housing, an -increase
in public output in the high service (low-service) jurisdiction, must lower
(raise) the cut-off income level y1» raising (lowering) Q2 the rent in the
high-service jurisdiction, and lowering (raising) Q-

It immediately follows that any increase in public expenditure per
capita by the high—sgrvice jurisdiction must increase the welfare of all
residents of the low-service jurisdiction. Their public output consumption
is unchanged, and their rent has fallen. But it is also true that everyone's
welfare increases in the high-service jurisdiction. The new marginal
resident's utility must have increased. He/she could have stayed in
jurisdiction 1, and increased utility due to the lower rent. Since he/she chose
to move to jurisdiction 2, utility there must have increased further.

This change in utility can be written
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N aQ v

(8) AV(yl,QZ,ZZ) ) (az )+ >0

2

d an oV

Since ag <0, 8 > 0 and 3z > 0, the first term is negative and the second

is positive. The fact that ghe resident has chosen jurisdiction 2 indicates
the positive effect of higher output outweighs the negative effect of higher
rent.

It will be recalled that higher values of y mean steeper indifference
curves for V. Therefore an infra-marginal resident of the high-service
jurisdiction has y > Yy and steeper indifference curves. By definition,
this implies he/she has a higher value for ~-(dV/dz)/(dV/XQ). But from
equation (8), this implies that his/her utility must also have increased
after the changes. Therefore all renters in the metropolitan area are
made better off by the increase in public output in the high-service juris-
diction. But the analogous result does not necessarily follow for increaes
in public output in the low-service jurisdiction. As before the marginal
resident must be better off. But now the infra-marginal residents in the
output-increasing jurisdiction have shallower indifference curves. Compared
to the marginal resident, they value the public output increase less
relative to the rent increase. That is why they have chosen the low-service
jurisdiction. Arbitrary public output increases in their jurisdiction may
well make them worse off.

Theorem l: Any increase in public output in the high service jurisdiction must
make all renters better off, in the two-jurisdiction, fixed-coefficient
metropolitan area. Increases in public output in the low service jurisdiction
make renters in high service jurisdiction better off, but may lower the

utility of those with a low taste for the public output (low y).
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Note that the interpretation of the characteristic y as "income" was
not needed in this result. Also note that all the changes in public output
discussed here must preserve the inequality z, 2 2. If this inequality
were reversed, there would be mass migration, as the jurisdictions traded
populations. Since the land areas of the jurisdictioms need not be equal,
there is no presumption that this switch would be symmetric. The issue of
the optimal ordering of jurisdictions will not be addressed in this paper.

If there are more than two jurisdictions, but still fixed coefficients
in housing, a weaker version of the above theorem holds. In this situation
rent in jurisdiction j depends on the two cut-off levels yj_1 and yj. If
public output zj increases in one jurisdiction, two results are possible.

It may be that everyone is made better off. In this case yj,yj+1,...,yJ_1
all increase, in such a way as to lower rents in jurisdictions j+1 through J.

The cut-off levels Yyseeesy all decrease, in such a way to lower rents in

j-1
jurisdictions 1 through j-1. Rent increases in jurisdiction j, but all
residents are still better off because of the increased public output. In
the other case, the situation in jurisdictions j+1 through J is the same.
Rents all decrease, and yj through Y31 all increase. But now yl,yz,...,yj_1
all increase as well. Rents increase in jurisdictions 1 through j-1. All
residents of these jurisdictions are made worse off. The residents of
jurisdiction j who have low values of y are made worse off, and those with

a high value of j are made better off. But if j=J, only the first result

caﬁ occur. As in the 2-jurisdiction metropolitan area, all renters are

made better off by increases in public output in the highest service

jurisdiction. The above results, summarized below, are proved in analogous

manner to the 2-jurisdiction theorem. The proof is deferred to an appendix.
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Theorem 2: If jurisdiction j raises public output, with fixed coefficients in
A

housing, there is some income y such that welfare increases for all (and only)

people with y > §. Either § = Yo OF yj_1 <y < yj. If j=J, § = ¥, SO that

all renters benefit.

1v. Acknowledging Land Owners' Welfare

Returning to a world of two jurisdictions, which will occupy the
remainder of this paper, it is clear that land owners bear the tax burden
when there are fixed coefficients. This follows from the observation that
rents are demand-determined. Also, it did not matter above whether any
increases in public output were financed from property tax revenue or from
central government grants. If an increase in public output in the low-service
jurisdiction lowers utility of some residents, as may occur, this can happen
even if the increase is financed by a gift from outside.

But although land owners bear the tax burden, it is not necessarily
true that public output increases must make them worse off. Suppose that
the price elasticity of housing demand is a constant -17. If jurisdiction 2
increases per capita public output, all the effect in jurisdiction 1 is through

the cut-off level. Differentiating equation (6)

X, fy;) Q
(9 1 _ v h( )y >0
Sy M Y! yl’Ql
1 ’fl

From equation (7)

atl 9L arl

Since by definition Q1 = (1+t1)(q(r1)) then
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oty or; Xy
(11) &, U + Y(rl)(1+t1)§y—1- "y,

so that

<

3r1 _ f(Yl) h(YI’Ql)Ql

= — - (z,-8,)]
9yq L, M 11

(12)

If housing demand is sufficiently elastic, an increase in population in the
low service jurisdiction will lower land prices. But closer examination
reveals this to be unlikely. Here, for the first time, the characteristic y
must be interpreted as income. If y is income and housing is a normal good,
the average housing consumption E, in the low service jurisdiction must be
less than the housing consumed by the richest resident, h(yl,Ql). Local

budget balance requires that average per capita tax revenues thlhl equal

net expenditure per capita (zl-sl). Therefore, from (12), a necessary condition

or Q

for Erl- to be negative is t.q. > e s . This condition is equivalent to
¥1 1=

n>1+ %[, which seems to require an implausibly high price elasticity

of housing demand. Therefore, the reasonable result that an increase in
population in jurisdiction 1 raises net land prices there should hold.

This result is less likely in jurisdiction 2, since there the
quantity of housing consumed by the marginal resident h(yl’QZ) is less than
the average. The addition of new residents is more likely to lower property
values, since new residents bring in a negative fiscal residual. This tends
to raise taxes, and lower land values, and may exceed the direct effect on
land prices of increased gross houging prices.

However, if the cause of the migration is an increase in public
output in the high service jurisdiction, this increase in output will affect

land prices directly, quite apart from the effects of induced immigration.
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This direct effect must be to decrease land prices. If population is held

constant, so must the gross housing price Qj' By definition, Qj = q(rj)+tjq(rj).

With the land-housing ratio y and population constant, equation (7) shows

an increase in z, must therefore increase tjq(rj). With Qj constant, q and
thus rj must fall. Thus the overall effect of a public output increase in
the high-service jurisdiction on land prices there has 2 components. The
direct effect must be to lower land prices. The indirect effect, through
immigration, is ambiguous. The case cannot be ruled out that the indirect
effect is positive and outweighs the direct effect. But it is more plausible
that land prices decline in both jurisdictions after the public output
increase, supporting the notion that renters use the public sector to exploit
absentee land owners.

1f the renters' welfare is considered, it is clearly optimal to
raise public output in the high service jurisdiction as much as possible.
This upper limit presumably will be reached when land values there reach zero.
There is some conflict with regard to public policy in the low service
jurisdiction. Those residents with a high taste for the output (high income,
if normal stratification holds) will want arbitrarily large increases in
public output there as well. But lower-income residents will eventually
lose as public output increases, and will thus desire some finite maximum
public output level.

Suppose now the welfare of land owners is explicitly considered. 1In
particular, assume that responsibility for an equitable income distribution
rests with the central government. Then an aggregate measure of welfare
can be obtained by summing benefits across three groups: rex ters, land
owners, and the taxpayers who pay the subsidies 81 and 8,e Land owners'

total welfare is just their income rlfl + rifz. Taxpayers' costs are
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SlPl + SZPZ’ where Pi is the population of jurisdiction i. The utility of a

typical renter is V(y,Q,z). If rents and/or public output change, the measure

of the value (in dollars) of the. change in his/her utility is (%% N + %% IYAYAW
where )\ is the marginal utility of income. From Roy's Identity, %%/l = =h(y,Q)

and %%/x = g(ys Q,z), where g is the marginal rate of substitution of the‘publici

output for the numéraire.
Consider now the effect of a public output increase in the high-service

jurisdiction on renters' welfare in the low-service jurisdiction. This equals

y
1
-jyo h(y,Q)AQlf(y)dy, where AQI is the induced change in housing rents (due to

L
decreased population). This equals -'i} NQI. Equations (10) and (11) imply

~ of
1

&

L
1
a3 3

"y, T B oY)

Q/
et

y

The change in taxpayers' costs due to the emigration induced is slf(yl)myl.
Therefore, (13) implies that the total change in aggregate welfare due to

changes caused in the low-service jurisdiction can be written
(14) AWI = '21 f(yl) Ayl

In the high-service jurisdiction, where public outpit has changed, the
welfare changes have two components. The first, due to immigration, is

similar to that in low service jurisdictions. The sum of renters' gain

y N _ dr
-(j 2 h(y,Q.,) —2 f(y)dy) Ay, and land owners' gain L =2 Ay, and taxpayers'
Y1 2 Byl 1 2 ayl 1

gain -szf(yl) Ayl is sz(yl) Ayl. The direct effect of public output increases
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y
2
on renters is I [¢(y,Q2,zz)Az2 - h(y,QZ)AQZ]f(y)dy and on land owners is

y
arz 1
L, 3z, 4z

Since tq = Q-q, differentiation of equation (7) yields

L, 0 or
2 "2 = 2
(15) P, =—<— -L,6 =
2y azz 2 822
2 or
(where 2. 2. refer to the direct effects of Z,» excluding induced effects
2 2

through immigration). This means the total direct effect on welfare is

y
2 . . .
Iyl ¢(y,Q2,22)f(y)dy - PZ' Since the cost of the public output is PZZZ’ P2

is the aggregate marginal rate of transformation. Thus the total direct

effect can be written XZMRS - MRT.9 Combining all the terms, the overall net

benefit of a marginal increase in public outtput in the high-service jurisdiction

is

W 0¥y
(16) g;; = £(yy) (z,-2) 3;; + (IMRS,-MRT,)

Similarly, the effect of an increase in public output in the low-service

jurisdiction is

an E - ey)(z,-2 )—ayl + (SMRS., MRT, )
azl 1”2 "1 le 1 1
oy, v,
Since it has already been established that === < 0 and == > 0, the
822 azl

levels of public output which maximize W, the '"consumers' surplus'" measure

of total welfare must satisfy

Theorem 3: With fixed coefficients in housing production, and 2 jurisdiction,

the “conventional" measure (MRS - MRT) of benefits of public expenditure
over-values those benefits in the high-gservice jurisdiction and under-values

them in the low-service jurisdiction. At the public output levels which
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maximize W there will be an over-supply in the conventional sense (MRI > IMRS)
in the low-service jurisdiction and an under-supply in the high service
jurisdiction.

However, the above assertion depended on the normalization that jurisdiction
2 was the high-service jurisdiction. As mentioned above, since it is not required
that El = fz, a "reversal of roles" of the 2 jurisdictions may have substantive
effects. What will be shown next is that, whatever jurisdiction is assigned
the high-service role, there will be an optimum of W with some variance in
public output. That is, the (z;,2,) which maximize W subject to z, 22
will involvez_, > z.. And the (zl,zz) which maximize W subject to z, <2

2 1
will involve z2 < Zq- The overall optimum is thus one of these 2 choices.
First, what would happen if we had an equilibrium with equal public
output z1=z2? Clé#rly, then, in equilibrium Q1 = QZ' Since all renters are
indifferent between jurisdictions, normal stratification need not occur.
Any allocation of the population of the metropolitan area to the two juris~-
dictions such that (i) both land markets clear (ii) both local budgets balance

(iii) the housing price is the same will be an equilibrium. Total welfare

from any such allocation is

y
- I 2 - -
(18) W =rL +1,L,+ j‘y V(y,Q,2) £(y)dy - s;B; - s,P,
1

If a small shift is made in allocation (remaining in equilibrium), the

change in welfare is

L L
=T T I S S -

(where the equilibrium condition Q1=Q2 has been used). But since Q = tiqi + qi
1

1o
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L L
i= I _-&- = ...—.]: 3 —L: -
(i=1,2) therefore Li(Ari Y) Y (A(tiqi))' Since tiqiy (zi Si)Pi’

L.
-(Atiqi) ?% = -(zi-si)APi. So the overall effect on welfare of the change is

-zlAP1 - zzAPZ, which equals zero (since 217255 and P1+P2 is constant).

Therefore

Lemma: Any equilibrium allocation of population to jurisdictions with identical
given public output (zl=zz) yields identical total benefits.

Because of this result, attention can be restricted to segregated
equilibria. If an equilibrium with 21255 and everyone of income less than
(more than) Y1 living in jurisdictionl (2) (for some yl) can be shown inferior
to one with z_ > zl, then so must every equilibrium with z,=2,- This segregated

2
equilibrium can be defined as the limiting case as z, approaches ﬁ.from above.

Suppose we have an equilibrium with 2,215 and the rich living in

jurisdiction 2. 1If gg < 0, welfare can be improved by lowering Z)5 which
1
would be feasible given the constraint zy < 2Z,. If %% > 0, then (from equation
1

(17)), ZMRS1 > MRT. But the public output level is the same in both juris-
dictions. So is the housing price Q. Therefore people in jurisdiction must
have higher marginal rates of substitution, since their income is higher.

Since the average MRS E& must be higher in jurisdiction2, %g > 0. Therefore
2

total welfare can be increased by increasing Z,e What has been shown is

that for any equilibrium with 2,525 and the rich segregated in jurisdiction 2,
there is some feasible policy (i.e., one with z, > zl) which increases welfare.
An analogous result can be proved for z; 2 Zy» with the rich living in

jurisdiction 1. Combining these, and using the above lemma:
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Theorem 4: With fixed coefficients in housing production, normal stratification
and some income inequality, maximization of "consumers' surplus" requires

inequality of public output per capita across jurisdictions.

v. Variable Coefficients in Housing Production

The remainder of this paper is concerned with the case of variable
coefficients in housing production. 1In this case, housing prices are no
longer determined solely by demand, as can be seen from equation (6), where
vy is no longer constant. In this situation land owners can pass on some of the
property tax burden to renters. (The assumption of a perfectly elastic
supply curve for "other inputs" to housing means that my model gives the
traditional, "pre-Mieszkowski" view of property tax incidence. See Edgeworth
(1959) or Richman (1967)). Also there is now an excess bu;den to the
property tax. By taxing "other inputs'" more than the numbraire, the tax
acts as an excise tax (on other inputs to housing). Therefore, welfare effects
of public output changes will now involve terms representing changes in the
excess burden of the property tax these changes induce.

The added complications caused by variable proportions mean that the
remaining results will be ambiguous. 1§iﬂce housing prices are no longer

ha

demand-determined, the effects of an increase in population on them, 5;—
1

must be obtained from an application of Cramer's rule to equations (6) and (7).
Let T be the absolute value of the price elasticity of housing demand, which
will be assumed constant. Define the term Al by

<1(1-'1)L1 Y1 t

@ b=y () g - ¥l + ¥ T '1++1 1h(y,Q,) £(y) dy

ta.

\w
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Then
R flypalry _ Y (r))
v (r))
—;(';1—)' q(f-'l)h(yl,Ql) t;}

From (20), a sufficient condition for Al to be negative is

1

t,
1

(22) <1+

which, as discussed earlier, seems a plausible restriction on the demand
elasticity, and will be assumed to hold. |

Given this assumption, the gross housing price will rise with
population (as was the case with fixed coefficients) if the expression in
brace brackets is negative. If substitution in housing is sufficiently
elastic, this may not occur. Then any increase in the land price r would
greatly increase the capital-intensity of housing. With a fixed land area,
this increases the total tax base. Hence the tax revenue per unit of
housing, tq, will fall. With a high enough elasticity of substitution, the
decrease in tq may be larger than the increase in q caused by a population
influx. Thean may fall if Y1 rises.

To see conditions under which this perverse result can be excluded,
note that the first 2 terms in the brace brackets in (21) are negative,
while the last is positive. If the first term is larger than the last in
absolute value, then, g;% > 0. If o is defined as the (absolute value of

the) elasticity of substitution in housing production, then

Y _ _ e -y, o
@ 3@ T O«
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The expression in parentheses is the share of non-land inputs in housing

costs. From (23), the first term in (21) will dominate the third if

rlY(rl)
f17 S q(x) - r ()

(24)

High values for both the tax rate t and the elasticity of substitution o
3Q
are required for the perverse result S;l < 0 to hold. The right-hand side
1

of (24) is land's share of housing cost. It should also be recalled that
the tax rate t is expressed as a fraction of annual, net-of-tax housing

costs. It is thus much higher than the property tax as a proportion of

s 0, and XY for

housing value.11 Table 1 shows the values of t1 7 -1V

which (24) holds with equality. Lower values of t or o, or higher values of

a—%x;; than those in the table will satisfy (24).
3,
Equation (24) is sufficient, but not necessary for S;— to be positive.
1

The second (positive) term in equation (21) will dominate the third if

z,"8; > qltlh(yl,Ql). Since z,-s; is the per capita cost (net of federal
grants) of the local public sector, it must equal average tax revenue per
capita. But since housing is a normal good, qltlh(yl’Ql) > qltlhl’ so that the

required inequality can never hold in jurisdiction 1. However, if the mean

)

income in jurisdiction 1 and the maximal income y, were close, then S;l
1

could be positive even if inequality (24) did not hold. In the high-service
3Q

jurisdiction, a similar expression for 5;2 can be derived. However here the
1

marginal resident is poorer than average. The second term dominates the
oQ
third, and S;g must be negative, regardless of the elasticity of substitution
1

in housing.
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Table 1

Value of t (for given o, q_fl_y') such that

ot = LY
q-ry
t X 0 .05 .1 .2 .25 .3
| a-ry
r
¥ .
0 0 (<] (] [=-] [++] [++]
.2 0 .25 .5 1.0 1.25 1.5
A 0 .125 .25 .5 .62 .75
.6 0 .08 .17 .33 WAl .5
.8 0 .06 .12 .25 .30 .37
1.0 0 .05 .10 .20 .25 .30
1.2 0 .04 .08 .17 .20 .25
1.4 0 .04 .07 14 .19 .21
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Even if inequality (24) holds, an increase in public output in the
high-service jurisdiction may not cause immigration to that jurisdiction.
That is because the increase in public output z, now has a direct effect
on housing prices. Applying Cramer's Rule to equations (6) and (7), holding

Q.
Y1 constant (henceforth §;£ will refer to the direct effect, holding vy
i

constant),

=) L

(25) 5;5 = 5%‘;z%;y y’(rz) P, 2 0

where A, is the determinant defined as in equation (20) for the high
service jurisdiction.

Thus the direct effect of an increase in z, may be to lower the
utility of the marginal resident living in the high service jurisdiction,
if the disutility of increased rents exceeds the utility gain from more
public output. In that case, marginal residents would be induced to move

N
to the low service jurisdiction, raising housing prices there (if 5;l > 0).

1

Thus whether the direction of immigration is the same as in the fixed-coefficients
case depends on (i) inequality (24) and (ii) the direct effect on the utility

of the marginal resident. This latter effect can be written

3Q |
(26)  8V(3,5Qp52,) = [9(35Qp52,) - gz—zhw,qzmw,qz,zz)

where A is the marginal utility of income, ¢ is the marginal rate of
substitution of the public good for the private, and Roy's identity has

be used. If inequality (24) holds, then yzh > -y'tqh.12 This implies

yzh gL+ y’(rz)h gglb 0. Using the fact that %f = I%E’ and the definition

of AZ’ this then implies



(&

®

25

” YY) oy,
@n b, <-3Ey 4,L, ([ “ h(y,Q,) £(y)dy)
2 ¥y .
If EZ is the average housing consumption in the high-service jurisdiction,
(27) and the definition (25) then imply
_ %,
(28) h2 -a—z—z- <1

The expression in (26) will then have a positive sign if the ratio of the
marginal resident's housing consumption to the average in the high-service
jurisdiction h(yz,Qz)/H2 is less than his/her marginal rate of substitution g.
This expression being positive would mean that immigration to the high-sexvice
jurisdiction would result from the public output increase. By the same
reasoning used in the fixed-coefficient case, every renter's utility would

be increased by the public output increase.

Theorem 5: If tiO' < Oti (i=1,2) where ti is the property tax rate, o the

elasticity of substitution in housing production, and oy land's share in
housing costs, and h(yl,Qz) < ;zs(yl,Qz,zz.)H2 where ¢ is the marginal rate
of substitution of public output for the numéraire then an increase in per
capita public output in the high-service jurisdiction will increase all
renters' utility.

The conditions of the theorem are not necessary for the result. But
the second condition is quite strong. The slope of the indifference curves
in Figure 1 is ¢#(y,Q,2)/h(y,Q). Normal stratification thus implies g/h
increases with income. Thus if the condition of the theorem, ¢(y1,Q2,h2)/h(y1,Q2)
> I/K2 holds, then g/h > 1/-1;2 for every resident in the high-service

y : —
jurisdiction. It thus must be true then j'yzgs(y,QZ,zz) f(y)dy > (Jiih(y,Qz,zz)f(}')dy)/hz.
1
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But this is precisely ZIMRS2 > MRTZ. Therefore if there is:an oversupply of
the public output (ZMRS < MRT) in the high-service jurisdiction, the
conditions of the theorem do notﬁapply. Since these conditions are not
necessary, no insight is gained as to whether renters' common interest .
dictates an oversupply (using the conventional SMRS = MRT rule) of the
public output in the high-service jurisdictionms. Alternatively, there are
situatiops where it is in all renters' interest to upgrade the high-service
jurisdiction's public output, but these are situations when simple cost-
benefit calculations would also justify the increase.

The above results suggest the effects of public output increases in
renters' welfare are as follows. Fix Zs and let z, increase. As long as
the conditions of the theorem hold, all renters' utility increases as zZ,
increases. So does the population of the high-sexvice jurisdiction. But

2

eventually there is some zz(zl) where ¢(y1,Q2,zz) - 5;; h(yl’QZ) = 0, where

Y1 and Q2 are the cut-off income level and housing price associated with

‘e

(21,22,(21)). Here an increase, in public output has no direct effect on

the marginal resident's utility, so that Byllazz = 0, It is plausible that
N

the expression g - S;g h becomes negative for the
2

marginal resident. Then 22 maximizes both the population of the high-service

for higher values of z,

jurisdiction, and the utility of all renters who choose the low-service
jurisdiction (at (zl,gz(zl)). As z, rise above 22, immigration to the
low-service jurisdiction raises rents there--if inequality (24) holds--

making all residents there worse off. However, high-income residents of
jurisdiction 2, who value the service increases more heavily (relative to the
rent increases) will still be better off. Figure 3 shows the level of public
output z;(y,zl) which maximizes the utility of person y. It is equal to 22(21)

for y < yl(zl,ﬁz) and rises with y above that.
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Figure 3
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Above, it was implicitly assumed that 22(21) >z In genefal, this
is not the case. But it will now be shown that under certain conditions it

will always be optimal for all renters to have z, >z That is, if z, < 2y

(]

then z, can be lowered to increase all renters' utility. Since this requires

e

some additional assumptions, and refers only to renters' utility, it is
a much weaker result than those obtained for the fixed-coefficient case. The
conditions required are
(i) 1inequality (24) holds

(ii) the price elasticity 7T of housing demand does not vary with
income

(iii) the elasticity of substitution ¢ in housing production is constant,
and less than or equal to 1

(iv) federal subsidies are zero.

(1]

These conditions are by no means necessary for the result.

oQ.
The result follows from the fact that 525 will be lower in jurisdiction .
i
2 than in jurisdiction 1, if Q1 = Q2, z) = 2, and conditions (i)~(iv) hold.

From this it will follow that either an increase in z2 or a decrease in z1

will increase every renter's utility. The definition (20) of the determinant Ai’

aQ;,
the definition (25) of S;l , and some manipulation yield
i
BQi B = YZ 1
(29) - (SZZD =Ry {(YTQi * I+ti) n -1

This holds in each jurisdiction. If Zy = Zy» equilibrium requires Q1=Q2.

From normality of housing demand Ei < Eé. With no federal subsidies, z, = tiqiﬁi’

so that thl > t2q2' Therefore 9, > 9, (since Q=q+tq), so that r, > . What

2 *
must be shown is that i;a-+ I%E is smaller in absolute value in the low-service

jurisdiction. From inequality (24), this term must be negative.13 Since



(L4

29

t t 2 2
__.2_. Sl X1 S s
r, > 71 and tyq; > €t,d,, then Tre, > Tre, ° Therefore 1Y'Q‘2 [i?a[l is

sufficient for my result. From the definition of o (equation (23)),

é;a-= - % I%E'f%i where a is land's share in housing costs. Since 0 < 1,

the factor share ratio f%; rises with r. Therefore it is higher in

jurisdiction 2, as is L . If o is constant, this then implies, using

1+t
an aQ2
the definition (29) that <—=> <
le oz
oQ, . .
If ¢(y1,Q2,z2) > h(yl’Q2)§;;’ then an increase in z, has been shown
o
to increase everyone's welfare. On the other hand if ¢(y,,Q,,2,) < h(y4,Q )——2,
12+2°72 1272 822

3Q
. - o . —1
then (since 21=2,; Ql—QZ), from the above result ¢(y,Q1,z1) < h(yl’Ql)azl'

This implies any decrease in public output in jurisdiction 1 will raise
everyone's welfare. It will be preferred by all residents of the low-service
jurisdiction, and the immigration it induces from the high-service jurisdiction
will lower rents there. This establishes the theorem. However, a weakness
should be noted. No attention has been paid, as was earlier, to the possible
equilibria not involving income segregation when z,=Z,- The above result

only applied to cases where Ei # Ez. It can be stated as

Theorem 6: Under conditions (i)-(iv) above, there is some equilibrium involving
differential public output provision (z2 # zl) which is preferred by all renters

to any equilibrium with 2,72y and some income segregation.

VI. A Digression on Tax Base Equalization

This theorem depended on the absence of central government funding. By
contrast, consider what occurs when full tax base equalization occurs.
That is, instead of giving out fixed per capita subsidies s;» suppose the

subsidies s, are so designed as to make the required tax rate for a given
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public output level independent of the jurisdiction. 1f b is some "guaranteed"
per capita tax base, then a jurisdiction's subsidy per capita is ti(;-qiﬁi)
which is endogenous. This policy has been widely propounded as one to redress
inequalities in the local public sector. Here I will deal only with the
effects of such a policy on local public output provision. I will show that
in general it will not be in renters' interest, under such a policy, to
equalize these outputs.

1f tax base equalization is in force, the local public sector's

budget constraint becomes

(30) zj = tjg

assuming local residents ignore the effects on their own income of increased

federal equalization payments. This constraint replaces the original equation

(7). 1t then follows that14

oqQ, -1 - 2 2
i S Y &Yy .
S (azi) a(r,) Myq ™ ?Qi) 1

Suppose the two jurisdictions had identical public output levels z. Then
equilibrium requires Q1=Q2. From (30), t1=t2, so that r and y must be the

same in each jurisdiction. If the price elasticity 1) of housing demand is the
same in both jurisdictions, then from (31), so will be szi. If
i

i . . . .
¢(y1,Qi,zi) > h(yl’Qi) 3z in both jurisdictions, then an increase in z,

would make everyone better off. If g<h %% then a decrease in zq would
make everyone better off. Only, in general, for one value of zy will
22(z1) = 2. Only one point on the whole Pareto-optimal (for renters)

frontier will involve equality of expenditure. And even here the very

poor would prefer more inequality (lower zl) as would the rich (higher zz).

[

(]
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Only residents marginal between jurisdictions would prefer equality of
public output under tax base equalization, and then, as mentioned, only
at the fortuitous level of zq where g = h %%. The only assumption required

for this was that T be the same in both jurisdictions.

VIiI. Adding Up Benefits With Variable-Coefficient Housing Production

Returning to the situation where subsidies are constant, something
should be said about the effects on land owners. Unfortunately nothing
unambiguous will be said. An expression can be deriﬁed for the change in
the "benefit-cost" measure of social welfare used before due to public
output level changes in one jurisdiction or other. This expression will
have more terms than the one derived in the fixed-coefficient case, with
the additional terms representing changes induced in the welfare loss due
to the property tax.

As before the effect on everyone's (renters, land owners and taxpayers)
welfare due to changes in population in the low service jurisdiction caused

by a public output increase in the high-service jurisdiction can be written

awl ayl aql L1+ or

L 5o - 5]

(32) Bzz - azz B Byl ;I L Byl

From the definition of Q (=q(r) + tq(r)), the local budget constraint (7) and

the definition of o (23), this can be written

W dy t.L or
N R Ny 1L e S
SN - L S U A R
where o is land's share in housing costs. Including both the indirect effect

(through yl) and the direct effect, the effect of the change in z, on welfare

in jurisdiction 2 can be shown--by a similar series of steps~--to equal
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oW or,, t.L
(34) —-—522 - £ MRS, - MRT, + —az2 ———; 2 o,
2 2 %2
£ L or
1 2" 2
v, 20D - () 5

Combining (33) and (34), the overall effect on welfare of the public output

increase is

M oYy gl on
(35) 822 = f(yl)(zz-zl)§;;-+ = MR82 - MRTZ) + oy o ayl
P N S W

The last terms represent the changes in the welfare loss due to the
property tax. To see this, compare the welfare from raising tax revenue for
a given public output level z by a head tax and a property tax. Let the
superscripts "h" and "p" refer to these cases. The utility loss to a person

of income y residing in the town is
h p
(36) & = V(y-z,Q ,z) - V(y,Q ,2)

whereas the difference in income of landlords is

< ||

B A= 2 ("-rP)

If the population parameter Y1 changes, leaving z unchanged, the total

change in the welfare loss is

(38)  J(WL) _ (W) 1, . (A
3y, [ 5% W+

where the integration is over the jurisdiction's population, and )\ is the

marginal utility of income.15 From Roy's identity and (36),

({4

"

\.
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W L. o, " py 30
(39) ayl X (YsQ)a + h(y,Q )ay

1
= Brh b h
Since jh = L[y, and y——— = %%— (since t = 0 here), the effects involving
1 1

the head tax in (38) cancel. This leaves

3§wﬁ2 _ (4P Py Y P
(40) 3, (t'q )(Y 5) L 5Y1

(using equations (6), (7) and the definition of Q). From the definition of o

this equals - (——-) o %? as in equation (35). Thus the additional terms in

1
(35) measure changes induced in property tax distortionsa.

VIII. Conclusions

It has long been accepted that some variety in public goods provision
across jurisdictions is efficient when there are no economies of scale
fa public good supply. This view can be attributed to Tiebout. What this
paper has done is extead (qualified) support for this view in several
directions. Most important, it has emphasized that equity coasiderations
need not act in the opposite direction. Given mobility, and normal
stratification, the iaterests of low-income renters are best served by
considerable disparity in local public good provision. This result does
not depend on the assumption, in the first part of the paper, that the
property tax can be passed on to land owners. It holds under fairly general
conditions when that assumption is relaxed. Also, the fact that low iucome
people might prefer a lowering of their jurisdiction's per capita public
output--quite plausible in this model--certainly does not seem aun obvious

result of being able to pass on the property tax burdea.
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It also is not true in this model that the jurisdictions are the
endogenous, optimal partitions of the population envisioned by Tiebout.

Instead the more realistic assumption of exogenously given jurisdictions

()

allows for the fact that forming new communities (or altering old ones) may

te

be very difficult. Also, taxes here are not ideal head taxes, but property
taxes, again corresponding to reality. These property taxes cause distortions
which complicate the results, but these are clearly complications which must
be faced, if the current local dependence on the real property tax is
regarded as immutable.

What should be emphasized is that, to a prospective immigrant, the
property tax bill is not the price of the local public goods consumed. Tae
price of the local public sector is the housiung price. This fact holds even

when there are variable proportions in housing, aud when the immnigrant intends

le

.to buy the house. And this is why the poor may suffer from improvements in

the local public sector (or any other local amenities).  Now immigrants with

"

a strong taste for local public goods will bid up the price of their housing.
The very fact that the low-income people chose to live in a low-service
jurisdiction reflects (in this model) their unwilliogness to pay high housing
prices for an attractive local public sector.

The previous paragraph highlights the crucial role of mobility in this
paper. 1Its conclusions are vitiated if the inhabitants of low-gservice
jurisdictions do not have the choices assumed here. Restrictive zoning,
slowness of the housing stock to adjust and other housing market imperfections
may determine location. Nonetheless, to the extent that there is some
mobility (not necessarily for everyone), improving the amenities in "property *

poor" jurisdictions may be "geatrification" which benefits the upper and

[

middle classes at the expense of the previous low-income»inhabitants.



(>

35

Appendix

Suppose there are J jurisdictions, and jurisdiction j (j < J) raises

per capita public output.

(1) QJ cannot rise.
1f QJ rose, then people must have immigrated there, so that Yy-1 has
fallen. It must therefore be that QJ_1 rose (to explain the immigration).

Since QJ_1 rose, population must have risen, implying Yy.2 fell. (Since
73
Pj = I;j-l f(y)dy, and Vi1 fell).

Therefore 1f QJ rose, so did QJ—I""’Qj+1' And yJ-l""’yj must
all have fallen.

Since people are leaving jurisdiction j to go to jurisdiction j+1, even
though Qj+1 rose and zj rose, it must be that Qj rose. So yj_1 must have
fallen to cause this.

The person in jurisdiction j with the steepest indifference curve
(in z-Q) space) has characteristic yj, and he/she emigrated to a jurisdiction

whose rent rose. So (BV/Bz)Azj + (avsz)AQj < 0 for him/her. This also must

be true (since Az, > 0, AQj < 0) for the person with shallower indifference

3
curves, yj-l’ who chose to immigrate to jurisdiction j-l1. Therefore his/her
other choice, jurisdiction j-1 must have zotten less attractive, so that Qj-l
must have increased. As before, this must have been caused by a fall in
yj_2 and so on. Hence Qj—l""’Ql must have increased. And yj_z,...,yl
decreased.
But if Y1 fell, Q1 must have decreased, since P1 = Jil f(y)dy.

Thus a contradiction has been established. Note this holds even if j=1,

since then, above, Qj was shown to have increased and §j decreased.

So QJ must have decreased, and Y3-1 increased.
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(2) Qj+1,...,QJ all have decreased. vy se-es¥r g have all increased.

3
If Qk+1,...QJ have all decreased (k>j) and Q increased, it must

o

be that Yi-1 decreased, to increase Pk’

Then the proof of (1) can be applied, with k replacing J.

(3) 1f yj_1 has increased then Ql”"’Qj-l have all increased.

An increase in yj-l and a decrease in Qj-l would mean yj_2 inéreased,
and Qj-2 decreased (since people emigrated from j-1 to j-2). This would mean
QJ__3,...,Q1 decreased and yj_z,...,y1 increased. But again this is inconsistent
with jurisdiction 1.

So Qj-l must have decreased and yj_2 increased.

Repetition of the above argument establishes Ql"“’Qj-l must all

increase, and YyseeosYi all increase.

j..

%) Ify has decreased, then Ql,...,Qj_1 have all increased.

j-1
If Qj-l increased, then yj_2 would have had to decrease, and the same

contradiction of sections (1) -(3) can be established.

(5) If yj_1 has decreased, all renters' utility has increased.

This clearly is true for residents of all jurisdictions other than j.
The resident of characteristic yj_l's utility has increased (since there has
been migration from jurisdiction j-1, where rents fell). Sor for him/her the
loss of utility due to the rent increase is overcome by the effects of the
public output increase. Since indifference curves get steeper as y increases,

this must be true for all residents of jurisdiction j.

It

(6) If yj_1 has increased, utility has fallen for all renters of characteristic
below y with yj_1 < ; < yj (and risen for all others). Sections (2) and (4)

establish the result for residents not in jurisdiction j. There the immigration
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at the high-service end, the emigration at the low-service end, and the

familiar "steeper indifference curve" argument prove the result,

Q) If j=J, all rents in jurisidictions 1,...,J-1 must fall after an
increase in zJ.
If Y11 decreases, the result follows (as in Section (4)). If it

has increased, QJ must have fallen. Since QJ has fallen, and z_ risen, aund

J

there has been emigration from jurisdiction J, Q must have fallen. This

J-1
(and the assumption Yy-1 has increased) establish the contradictory results

that Q1 has fallen and ¥y increased.

(8) All renters' utility rises after an increase in Zge

This is an immediate corollary of section (7) 4 using the "steeper

indifference curve" arzument.
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Footnotes

1The Serrano and Rodriguez cases, and other legal actions challenging
the local property tax are the best evidence of this. The increasing role
played by stateiand provincial governments in financing the local public
sector, whether or not under judicial order, also can be attributed to an

intent to reduce disparities in local government spending per capita.

2The influential book by Clune, Coons and Sugarman (1970) is a good
example. The studies in Lindholm (1974) also assume this view. Feldstein

(1975) justifies this sort of view in terms of "categorical equity'.

3The effects of increased central government expenditure on local
residents will be ignored. Either they don't bear the -burden of taxes
used to raise this revenue, or (more plausibly) the metropolitan area is

small relative to the central government.

4It is assumed housing is a homogeneous commodity.

5From section IV onward.

61n Chapter 2 of my dissertation, pp. 40-46,

7Cost: minimization means the Langrangian

ry + p + Ag(ysw -1)

ig minimized. Therefore

& -
r+ )\ Sy 0
-
1+ 2\ o 0
So that %% = r%i. Since g(y(r), w(r)) =1, %%'Y'(r) + %ﬁ p' (r) = 0.
Since q(r) = ry + u(x), @’ (x) = xry'(x) + u/(x) + ¥(v)

And (xy'(x) + p/ ()= %ﬁ Y (x) + %ﬁ w (r) = 0.

o

(i
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8See Hirsch (1968) for a summary of this.

9Even though the public good here has a pure private good technology,
all residents of a jurisdiction must consume it at the same level. Thus for
o a single jurisdiction financing z by a non-distortionary, non-exportable tax,
the condition for Pareto optimality is IMRS = MRT, if MRT 1s the ggggégggg
cost of additional public good units to all the population.

10Let D(y,Qs#) be the "demand" for the public good at "price" g.

By definition

D(Y:Q:Q’(Y’Qsz)) =z

Varying y,
oD . oD 3¢ _
Sy Vg5 - °

Thus if the public good is normal, %$-> 0.

lllf € 18 the tax rate as a fraction of value, V is value and p the

interest rate, then
q= pV and tq = EV
So t = &_£
q [
Thus a 27 property tax rate (as fraction of value), and 5% interest

rate imply t = .4,

12Since to < é%&;; then from (23)

’ -
S M = - T2
Y r q q

80 ~y'tq < yz

13Footnote (12) shows inequality (24) implies Y'tq < Y2

2
therefore -tq < %7

divide by @ - tg _-_t__ _v2
Q 1+t Ya
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MFrom (30), g;: = é

Since L = Yj‘h(y,Q) £(y)dy

then
YhE+ o [Lana =0

since

QE__.. =L
3 n and‘]}: Y
Y or .1 _,
Yy 9z 0z Q

and St

SQ y (1+t) + q—a-- = y(1+t)

U‘IP

So
or _ _.._..(QQ.
dz y(1+t) Yo b)

And 30 Y’ 1___1},__._1’__. q .
so y 1
° fi—-—— e @ L@

(1+t)

lsAs befits a "consumers' surplus" result, it is required that )\ be

the same (for a person of given income) under both tax régimes.

is

it
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Derivations of Results in Sections V-VII

EQUATIONS 20, 21

(1)
(i1)

(iil)

(iv)

(v)

(vi)

(vii)

and

Since L

Note tq = Q - q(r)
Thea (6), (7) can be regarded as a system determining Q, r as functions of
yl’ z.
(dropping subscripts)
L - y(r) [h(y,Q £(y)dy = 0
¥(r) (z-8) [f(y)dy - (Q-q(r))L =0
Differentiate
h
/R < [h aq h(3 Q) £(y,)

= dyl
L Y (£)(z-8) [£(y)dy + yL| |dr Y(x) (z-8) £(y,)

Note

(z~8) If(y)dy = E%-E-and -

Subgtitute

¢ - — -
L - X;L ] dqQ Yh(y;5Q £(y,)

33{'_ eql. + yL | |%F ~¥(x) (z-8) £(y,)

b ps L. e

From Cramer's Rule

%8- = én' with
2 . y'L)

E(yL (Y h(y,Q) ta + h(y Q¥ - ¥ (1) (z-8)}

=L JL JL
B Y(Q Ytq+Q Y

A

]

yjh, B can be written

{®

¢
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B = I.J‘[y2 g -y + %1] h(y,Q) £(y)dy

or - } Al (since %¥~= T%;
g X Y
Bt -3 @) = £PUOL (e + L s - Lyt
So that
f%é%%é%% is the expression in (21).
EQUATION 23

-0 =(§£§/—u2-) m
r ¥
_Ye -u'y ry
S
" Y

(where Yy, p are the factor proportions)

From footnote 7, ry’ = -y’
' ’
So __crz Yutryy p
uZ Y
?
= (X Btry.
(Y)( u)

But y + ry=q 80 P =q - ry

[ AR B
So o (y)(q-ry)

EQUATION 24
From (6), (7) (and the notes for equation (20), 1))

0 _A
oz B

= - X
where B q A2
0

A = det
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EQUATION 28
From (25) and (27)

o, < ! qP
dz, v q([hf(y)dy)

Ihf(y)dy = EéP ~

o X 1

5, ° h
FQUATION 29
<—9) - i
A= -%j‘(vzg-v’ Y N7

2 I
oz v'qL
2
=k {1,—%1 1o - 1)
EQUATION 33

g—Q =y %5-(1+t) + %sq

9 1, 9or_ _otl or

— o o

So "% Y YT Wy Y Sy

Since tq ; = (z-8) ff(Y)dY

ML _ Y 19 o (-
(qu tay yz thay (z-8)

0L, | pe) - X pqrE
Then "3y Y By (z-8) Yz thay

which gives equation (33).

h(y,Q) £(y)dy

\e

[
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EQUATION 34
N _ ot
Since Sz az (l+t) Sz

Then (as abové)

.9 L,or, _ otL . NL
"Rz Y az A oz Y t 3z Y
a at or

And ( Bz 15, + X._ tqL == P (from budget balance)

XL, L 3r
So azy aEL ~-MRT + (a)o‘a
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Notation: "Inequality in the Local Public Sector"

£f(y): density function for income

g(L,k): production function for housing s
h(y,Q): housing demand function .
Ei: average housing demanded in jurisdiction i )
k: inputs (other thdn land) into housing

2 land input to housing

fi: land area of jurisdiction 1

p: price of private goods

P1: population of jurisdiction i

q(ri): net of tax unit price (per year) of housing in jurisdiction i

Q¢ gross of tax unit price (per year) of housing in jurisdiction i

r,: price of land in jurisdiction 1 .
8¢ per capita subsidy from central government to jurisdictiom i

ti: property tax rate (as fraction of net annual housing price) in

jurisdiction 1

U(x,h,z): utility function

V(y,Q,2): mixed indirect-direct utility function (=max U(x,h,z) subject
to psx + Q<h = y)

W: aggregate welfare

X: vector of private goods

y: income

vyt income of person marginal between jurisdictions i-1 and 1

z,: level of public output per capita in jurisdiction i

o share of land in housing costs

y(ri): ratio of land input to housing output V

A: marginal utility of lucome

u(ri): ratio of non-land input to housing output
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absolute value of price elasticity of housing demand
absolute value of elasticity of substitution in housing production

marginal rate of substitution of the public output for the
numeraire
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