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A THEORY OF DEVELOPMENT CONTROLS IN A '"'SMALL" CITY

Mark Frankena
David Scheffman

ABSTRACT

This paper analyzes the implications of an institutional structure
in which current residents of an urban area have the power to exercise
control over the level and pattern of new residential development. We
develop a general equilibrium spatial model of a "small" urban area in
which the current resideﬁts can control new residential development
through a zoning policy determined by majority vote. The current residents
are modeled explicitly as home owners, and are allowed to be arbitrarily
different in tastes and endowments. The urban government 1is assumed to
provide a public good for its residents, the level of which is also
determined by majority vote.

The "optimal'" development control policy from the point-of-view of
a particular current resident is determined and the allocation resulting
from a majority vote of the current residents is described. We describe
and analyze the resulting allocation when the public good is financed by
a '"head tax", and when it is financed by a property tax. We focus on
the use of zoning to control development and we distinguish two types of
zoning: 1) "aggregate zoning', which designates what land can be developed;
and 2) lot- and house-size zoning. Such zoning is usually termed '"'fiscal'
zoning in the literature. We show that the optimal development control
policy from the point-of-view of a particular current resident is always
independent of his preferences (but not necessarily of his endowment).

Somewhat surprisingly, perhaps, the ability of the current residents

to control the size of the market, is not, itself, a source of market failure.



First best optimality will always require restrictive zoning. Any distortion
from first best optimality is the result of the inefficiency of the tax
system, not of exercised market power. We show that deviations from first
best optimality may require "l;aapfrog" development, thus providing a

possible explanation for this common urban phenomenon. >
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I. Introduction

In recent years there has been an increasing amount of discussion in
the economics, geography and legal literature, of the land use controls exer-
cised by urban governments.1 This discussion is evidently largely in response
to a perceived tightening of such controls by urban governments all across
North America.2 Although there are several issues that arise under the
general topic of urban land use conérols, in this paper we will be concerned
with the implications of the fact that the current residents of an'urban
area can generally controi the level of new residential development through
planning and zoning controls. We will assume the absence of externalities
and congestion (which would, themselves, provide a case for some types of de-
velopment control), in order to focus on the inherent potential "monopoly
power'" which the current residents may be able to exercise in the housing
market.,

This is an issue which has received very little attention in the econo-
mics literature, despite the fact that it has been widely claimed (especially
by the development industry) that the exercise of monopoly power by urban
governments has been a contributing factor in the urban real estate boom ex-
perienced in most of North America in the seventies.3 Two recent papers
which address the issue of urban governments?® potential monopoly control of
development are White [1975], and Hamilton [1978].4 The paper by White is con-
cerned with the incentives created by property taxation for current residents
to control new residential development. In the Hamilton paper, it is argued
that since municipalities face a downward sloping demand for labour, they face
a downward sloping demand for housing, which it is in the interests of the

current residents to exploit. Hamilton tests this conjecture empirically for
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a sample of SMSA's, and argues that "interurban housing-price variations of
as much as 50% may be due to this phenomenon'.

The previous literature on development controls has been deficient in
three respects. First, a model which explains the decision-making of the
current residents, and how such decision-making determines development control
policies has not been developed. Second, the effects of such policies have
not been fully analyzed in the context of a general equilibrium spatial
model. Finally, the welfare implications of such policies have not been
édequately analyzed.

In this paper we deﬁelop a general equilibrium spatial model of an
urban area in which the current residents can control new residential develop-
ment through a zoning policy determined by majority vote. The urban government
is assumed to provide a public good for its residents, the level of which is
also determined by majority vote. The "optimal" development control policy
from the point-of-view of a particular current resident is determined and
the allocation resulting from a majority vote of the current residents is
described. We describe and analyze the resulting allocation when the public
good is financed by a '"head tax'", and when it is financed by a property tax.
We will focus on the use of zoning to control development and we will dis-
tinguish two types of zoning: 1) 'aggregate zoning", which designates what
land can be developed; and; 2) 1lot- and house-size zoning. Such zoning is

usually termed 'fiscal" zoning in the literature.

The main resulFs of our analysis are:
l. The zoning policy chosen by the current residents depends
critically on the tax system;
2. The optimal zoning policy (from the point of view of the
current residents), and the Pareto dptimal zoning policy are

always independent of the preferences of the current residents;



ta

3. When public good expenditures are finan;ed by a head tax, the
current residents will always be unanimous on the optimal
zoning policy;

4. A property tax system creates incentives for lot- and house-
size zoning. With a property tax, "optimal' aggregate zoning and
"optimal" lot- and house-size zoning may require "leapfrog"
development, thus providing a possible explanation for this
common urban phenomenon.

5. The Pareto optimal city requires aggregate zoning, and lot-
size zoning. Constrained Pareto optimality (where only aggre-

gate zoning is possible) may require 'leapfrog' development.

6. Assuming a "utility-taking" city (which is the model considered
by Hamilton), the exercise of monopoly power by the current
residents is not,itself, a source of market failure. Rather,
market failure, when it occurs, is the result of distortions

created by the tax system.
In Section II of the paper a simple model is developed, which clarifies

the major issues and exhibits some of the main results. In Section III a more
general model is developed, The results derived from the simple model of

Section II are shown to generalize, and the allocations resulting from various
tax systems are described and analyzed. In Section IV, the efficiency proper-

ties of the allocations are determined, and constrained and unconstrained efficient

allocations are derived,

o~



II. A Simple Model of Fiscal Zoning

As our point of departure, we will start with a simplified circular
city model of residential location.’ The residents of this city consume
a composite consumption good, a public good, and one unit of land® we will
distinguish two groups of consumers: current residents, and potential
residents. The current residents own the unit of land they reside on.

For simplicity, we take the central business district (CBD) to be the
point (0,0). All residents of the city work in the CBD and therefore must
commute there daily. The yearly wage for all residents is W, and the yearly

commuting costs for a resident living at distance x from the CBD is t(x).

We assume that non-wage income arising from the production activities in the
CBD is earned by non-residents (or that labourers are paid their average product).

A. Current residents

A typical current resident living at distance x from the CBD owns and
resides on one unit of land. His preferences depend on his consumption of the
composite consumption good, C, the public good, G, and (because of a bequest
motive) on the value of his assets, which includes the value of his land p(x),

(and on his consumption of land, which is fixed at one unit), Therefore we will

write the preferences of a particular current resident, "Mr. j", as Vj(C,G,p(x) + Aj)
where Aj is non-land assets. (Notice that the preferences of current residents

are not assumed to be identical.) The budget constraint for Mr. j is

Cit(x) + Tj(x) = Wj, where wj =W+ Yj, and Yj is non-wage income, chc) is the
yearly tax paid by Mr. j (levied to pay for G), and the price of C is taken to be
unity., Therefore we can write the preferences of Mr. j as

(1) Vel - e - T, ¢, pa) +ad) .
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We assume that moving costs are such that Mr. j does not choose to change
his location in the city. We assume that the urban government of this city

controls the zoning over all land within distance x of the CBD, where x is such

that W*t(i) = 0. The current residents, through majority vote, determine
the level of G and the land which can be used for urban residential use.
The land in the city not occupied by the current residents is as-
sumed to be owned by absentee landlords. We assume that the current resi-
dents own and reside on the land within distance ¥ of the CBD, so that the

land between ¥ and x of the CBD is initially undeveloped.

B. Potential Residents

We assume that there are a large (at least niz) number of identical’
potential residents of the city. Any potential resident who is allowed to
reside in the city will, by assumption, consume one unit of land. Therefore,
we will write the utility function of one of these identical consumers as
U(C,G). The budget constraint of one of these consumers, if he is allowed
to live at diétance x, 18 C + r(x) + t(x) + T(x) = W, where r(x) is the rent
per unit of land at distance x and T(x) is the tax levied on such consumers
living at distance x. Therefore we can write the utility function of the

identical potential residents as

) U(W-r(x) - t(x) - T(x), G) «
These identical consumers can each, by assumption, attain a utility
level of U by residing elsewhere. Therefore for any of these potential residents

to live in the city, r(x), T(x) and G must be such that

(3) U(W-r(x) - t(x) -~ T(x), G) = Us

If there is free competition among potential residents for any vacant
residential lots in the city, since there are a large number of potential resi-
dents the constraint in (3) will be binding. Therefore, we can derive the

bid-rent gradient of potential residents from (2), yielding:



(4) r(x) = W- t(x) - T(x) - C(G)

where C(@) is such that U(C(G),G) = U.

C. Determination of G and zoning when G is financed by a head tax

We are going to assume a static world, where preferences and the para-
meters of the model (W,t(x),etc.) are constant over time. The urban govern-
ment must determine the level of G and the zoning policy. We assume these de-
cisions are the result of a majority vote of the current residents. For
technical simplicity we will assume that the chosen level of G and zoning
decisions of the current urban government fix G and the universe of residential
land for all time. Thus we can think of G as the services of an infinitely
durable public capital good which is purchased by the current urban govern-
ment.

When a current resident eventually sells his lot, he sells it to one
of the potential residents or to a landlord who will then rent it to one of
the potential residents. Similarly, the only purchasers of vacant land zoned
for residential use are potential residents or landlords. Therefore, the
value of a unit of residential land at distance x, assuming a constant interest

rate of i, is

(5) px)=(QAQ/A)x(x) .
In this section we assume that G .is financed by a head tax. We assume

that one unit of G costs one unit of numeraire per year so that the tax system
is given by:

®) 1) =1 =6/

where N is the total number of residents (current plus migrants) in the city.

Because each resident consumes one unit of land



x* 2
(7) N = ZnT xdx = 1 x*
0

where x*, the boundary of urban development, is determined by zoning. We

assume that the yearly wage, W, is a function of the number of workers

(residents) so that

8

where we will assume W! < O (our conclusions are not affected if W' > 0 for "small"

N). Now, from (4)-(8), land rents and prices are determined, given G and x%,

a) r(x;x*G) = W(nx*2) - t(x) - G/ﬂx*2 - C(G)

)
b) p(x;x*,G)

]

r(x;x*,G)/1i

Let the opportunity cost rental rate (e.g., return in agriculture) on

land be r. Then the boundary rent condition in the city is
(10) r(x*;x*%,G) = r

‘'The optimal G and city size from the point of view of a current resident,
Mr. j, who resides at x, is found as the solution of the problem:
3, '
1y omax Vol eme?) - e(x) - 6/m, 6, L roxxt,c) +ad)
{x*>G} .

subject to r(x*;x*,G) = r,

The first order conditions for (10) are

a) Vg[zﬂx*w' + 26/mew] + Vi T (X)) + Axt(x*) =0

- L
b) Vi 2 Vg + Varg(x) + A xp(x%) = 0
(12) -
c) r(x*;x*G) zr,

d) Alr(x*;x*,G) - r] =0

(We assume that x* > %.)



where rx*(x) = Or (x;x*,G)/dx*,

rt*(x*) = dr(x*;x%,G)/dx*,

and rG(x) = Or (x;x%,G)/3G .

We will assume that x* and G are determined sequentially in the
following way: first G is determined by a majority vote of the current
residents; then given this G, x* is determined by a majority vote of the
current residents. .Iet G* be the level of G chosen by majority vote. 1In
another paper we fully anélyze the determination of G*, but from now on in
order to focus on the optimal zoning policy we take G* as given. Now x*
is to be determined. For Mr. j, the optimal x* is found as the solution

of the problem.

(13) R W (me?) - tx) - ox/me, ks % r(x;x%,6%) + ad)
x%

subject to r(x¥*;x*,G) = r .

The solution for the optimal x* for Mr. j is given as the solution of

e =

4) &) vilemowt + 20%/mee’] + vl 2e 20

x*

if r(x*;x*%,G*) = r, and x*

1%

X (all current residents live within

X of the CBD, by assumption),

or b) the solution of r(x*;x*,G*) = r, otherwise.

(In the rest of the analysis we will assume x* > ¥.)

Let X, be the solution of r(xc;xc,G*) = r. Then x, is the boundary of

urban residence of a perfectly competitive city (i.e., a city with no zoning

restrictions) Therefore, the solution in (14b) is to have the competitive

city, i.e., no zoning restrictions. ' .



Now let us examine (l4a). By (4)-(7) we can write (14a)

(15) Vg[an*W’ + 26%/m¥] + (V:/i)[an*W' + GH/mx*] = 0

Since Vg and Vg are both positive, this becomes

(16) 2 + 2G*/ﬂX*3 =0, or W + G*/N2 =0,

which is independent of preferences.9

From (14)-(16) we get the following very interesting result:

Independent of the current residents preferences, they

will be unanimous in their choice of the optimal zoning policy. The optimal

zoning policy is to restrict residential development to land within distance
x* of the CBD, where x* is the solution of (16), 1f r(x*;x*,6G*) = r. Other-

wise the optimal zoning policy is to have no zoning.

To analyze the likelihood that the solution of (16) will have the

property r(x*;x*,G*) 2 r, let us examine r(x*;x%*,G*). From (9),

a) d r(x*;x*,G%)/dx* = 2mx*W' + 2G/1Tx”=3 - t¥(x%)

a17)
b) d2r(x*;X*,G*)/dx*2= 2w + 4n2x*2W" - 6Gﬁ - t"(x¥)
m<*

Assuming t" = 0, W" = 0 (which are not necessary for the second order conditions),
T (x*;x%,G*) is a concave function of x* and the determination of the competitive
city is depicted in the following diagram (we have also assumed W' is bounded).

r (x*;x%,G%)

n

H1

“—b—————

o A

x%*

Figure 1



10

At X s the boundary of the competitive city, r(x ;x ,G*) = r.
c’e

At Xy dr (x*;x*,G%) /dx* = 0, or
3
? - =
Qaz7) 2nxaw +2G/nxa t'(xa) 0

Therefore, the solution of (16) is to the right of X, .

Since N = nx*z, we can write (16) as

(18)  W'(N¥) + G/N* = 0

and the boundary rent condition becomes
1
(19) WN ) - G/N - t((N /m?)-F =0
c c Ye

Rewriting (18) as

(20) - N*W*!(N*) - G/N* = 0, we see that in order for N* < Nc (l.e.,
x%* < xc), it must be the case that
7
% -
@) - ) < e - e - g
A necessary condition for this to hold is that the total wage bill, WeN, be
increasing at x* (i.e., W(N*) + W'-N* > 0), (Notice however from (18), if

Wt = 0, it is never the case that x* < xco)

E. Efficiency

Although there seems to be an element of monopoly power in the model,
in that the current residents can control the size of the "market" to their
benefit (if x* < xc), the resulting allocation (for x* < xc) is, given the tax
system, efficient (i.e., Pareto optimal, given the tax system). This is because
the resulting allocation maximizes the utility of the current residents, subject
to the utility of migrants being at least U (and the tax system). (Notice this
is true even if the utility of the current residents does not depend on the

value of their lots!) However, as we will see in Section IV, the optimal zoning

i
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policy will not generally be first best Pareto optimal, because the tax,
itself, introduces a distortion.

The competitive allocation is not efficient in the case x* < X, be-
cause the migrants do not take into account their effect on wages and taxes.
Even in the case x* > X, the competitive allocation is inefficient, in that
(given the head tax) it would pay the current residents to subsidize some
migrants to live beyond X.» by subsidizing their rent payments so that their

total rent payments would be r per person.
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II1I. A More General Model of Fiscal Zoning

In this section we will abandon the fixed lot size assumption and
also explicitly introduce housing in the model. We will compare the effects
of financing G by a head tax with a property tax system, and will develop a

model of fiscal zoning.

A, Housing

We will assume that housing is produced under constant-returns-to-
scale using factors purchased from outside the city, and that housing can be
measured by a scalar quantity, which we will denote h., Housing 1s assumed
to be infinitely durable and that the costs of demolition preclude replace-
ment. We will denote the price of a unit of housing by Ph. Then, given con-
stant interest rate i, the annual rental fee for a unit of housing is iP%,
which we will denote @.

A current resident, Mr. j, living at distance x owns a house hJ(x),

and a lot, EJ(x). His utility function can be written:

22) V-te-tw), 3, 1w, ¢, rasie) + ool +ad)

The utility function of one of the identical potential residents is
(23) U(C, s, hy G).
Therefore the total bid-rent for Mr. J's lot is
(24) r(x)EJ(x) =W- t(x) - T(x) - 0h7(x) - c(c, 59, &)
where C(G, sJ hJ) is such that

u(cee, 3, &y, 53, &3, ¢) = T
For "new" lots and houses (built on previously undeveloped land), the

bid-rent (per unit of land) is given as the solution for r(x) of the

equation

I
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(25) u(r(x), 9, W-t(x) - T(x), 6) = U ,
where u( ) is the indirect utility function of a migrant. Using the properties
of the indirect utility function, the lot size and house size at distance x

are

(26) (a) sx) =~ “r/“w
(b) h(x) =- uG/uw

As before, for simplicity we will assume that the current residents own
and reside on the land within X of the CBD. ILet N be the number of current resi-
dents. From (25) and (26), s = s(x; G,N), for x > X. The amount of land in
the ring with inner radius x and outer radius x + dx is 2mxdx. Therefore the
number of people living in that ring is 2mxdx/s(x; G,N). Then given G and x*,
the boundary of the zoned city, the total number of people in the city is

given as the solution of the equation

~ x%
(27) N=N+2n [ xdx/s(x; G,N),

~
X

and we will denote this solution as N(x*,G),

B. G financed by a head tax

In this section we will assume that G is financed by a head tax, so that
Tij) = T(x) = G/N. As before, we will assume that G is chosen initially by
majority voting to be at some level G*. Then the choice of the optimal x* for

current resident Mr, j is the solution of the problem.

(28) e Vol - e - eom,ad 5 6%, @esd + eidy + ad)
x%

subject to: 1) N= N(x*, G¥%) (given by (27))
ii) r(x;N(x*, G*),G*) (given by (24) and (25))

iii) r(x*; N(x*,G*),G*) = r.
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From (24),
(29) rN(x)sj(x) = W'+ G/

Let S(r(x; N,G*),TJ) be the Hicks-compensated demand for land.

and (26) S(r(x; N,G*),E)E s(x; G*,N). Therefore, from (27)
x* 2
(30) Nx* = (2m*/s (x*;G*,N))/ [1 + 211:[ xSNdx/S )]

X

=5 (W' + G/N?) /s

where SN = SrrN

Now the first order conditions for (28) can be written:

1 3§, -3
t * = =
GL &) v el + 7 vieEhy, =0
1f r(x*; N(x*,G*),G*) = r,
or b) r(x%*; N(x*,G*),G*) = {', otherwise.
Using (29), this can be written
j 1 -
@32) &) (+ivha +end)n, =0
if r(x*; N(x*,G*),G*) = r,
or b) r(x¥*; N(x*,G*),G*) = ;.:, otherwise.
Since Vg and Vi > 0, (32)a) can be written
(33) WY+ Gx/N =0,

which gives the same optimal population as Section II?

All that has changed from the simple model of Section II is the optimal

city size (since the relationship between N and x* is now given by (27), rather

Then by (25)

than N = nx*z). In particular the unanimity and efficiency properties of

optimal zoning under a head tax system are preserved in the more general model.

Notice that under a head tax system, there is no incentive for lot- or house-

size zoning.

s
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Ce G financed by a property tax
Now we will consider the effects of changing the method of financing

G to a property tax. We assume that the tax is levied on the market value

of the house and lot. Therefore if current resident Mr. j owns a lot of size
§j and house of size EJ, his property tax is T(r(x)QJ(x) + 0 ﬁJ(x))/i, where
T 1s the tax rate. Without loss of generality, we assume that no tax is

levied on agricultural land., In this section we will assume only aggregate zoning
i8 possible.

The total bid-rent for Mr. j's lot is
@) r@E@ =W- £@) - i) - c,sd,i)
and the bid-rent (per unit of land) for a "new" lot is given as the solution

for r(x) of the equation

(35) u(r(x),0,W - t(x),6) = U .

As before, s(x) and h(x) are given by (26).

Let a(x) be the proportion of land zoned for development at distance x, and
R(<x(x)>,G) be the total value of residential land and housing for a city with

zoning, <(x)>, and amount of public good, G. Then

x* x*
(36) REa(x)>,G) = %{Zﬂ I @ (x)xr (x;N(x*,G),G)dx + 2m I a(x)eh(x)xdx/s(x;N,G)]
o o

Given 2(x) and G, the tax rate, T, is given by - » = G/R(<x(x)>,G)

As before, we will assume that G is chosen initially by majority voting
to be at some level G* (we would expect the level to be different with the |
property tax). Then the choice of the optimal x* for current resident Mr. j

is the solution of the problem

7) max V- e@x) - @& + o Bl x)),
{<a(x)>,N}

sLider, aDewsa + o il +ad)
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x%*
subject to: 1) N=TN+ 211‘_[' x a(x)dx/S(x), where S(x) = S(r(x),e,TJ)

X
is the Hicks~compensated demand for land .

ii) r(x; N(x*,6*),G*) (given by (34) and (35))

(e

1i1) (L - 7/i)r(x*; N(x*,G*),G*) = r

iv) 0 sa(x)s1.

Using (34),

(38)  W-t(x)-(r /i) @I x) + ghI(x)) = (L-r /i) (x(x)sd + ghd(x))

3

+ 9 - 6,39 @), h ),

and Y"‘,C(G,Ej(x),ﬁJ (x)) are independent of N.

Therefore, the maximization problem (37), becomes

(39)  max (L - T/L) @) ) + 6hd(x))
{ < (x)>,N} .

which is independent of Mr. j's preferences.

By (34), given N, (r(x)Ej(x) + eﬁj (x) is determined. Therefore the
solution of (39) can be described as a two-stage maximization problem:
1) Given N, minimize r (i.e., given N maximize R(<x(x)>,G*). The solution
of this problem gives R* = R(N,G*). 2) Then substituting R(N,G) in (39),
maximize (39) with respect to N.

The first-stage maximization problem can be posed as an optimal con-
trol problem in the following way. Let

x

(40) a(x) = 2n [ za(z)[r(z) + gH(z)/S(z)]dz

~

X

Then the first-stage maximization problem is
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(41) max Q(x*)
{fox)}

subject to i) u(@(x),s, W- t(x)) = v
il) 0s=oa(x) =1
iii) S(x) = S(r(x),e,fl),i.e., the Hicks-compensated
demand for land,
iv) H(x) = H(r(x),e;ﬁ), i.e., the Hicks-compensated
demand for housing,

, x
v) ZW,I a(x)xdx/S(x) = N - N

~

X

vi) Q-7)@Gx*)=z=r.

Maximization problem (41) can now be posed as an optimal control problem with

state variable 0(x), control variable a(x), and dynamics (from (40))
(42) Q' (x) = 2meou(x)[x(x) + gH(x)/s(x)]

The Hamiltonian for this problem is
(43) X = A[2mea(x) (r(x) + eH(x)/S(x))] - p 2ma(x)/S(x)

where \ > 0 is the costate variable corresponding to (), and p 2 0is the
(constant) multiplier corresponding to constraint (41l)v).
The first-order conditions for the maximization of the Hamiltonian with

respect to the control variable require

(44) 1) ax)

1, if A[r(x) + OH(x)/S(x)] - w/S(x) 2 0
ii) ax)

]

0, otherwise.

The transversality condition determining x* requires
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(45) 1) Arx*) + oH(x*)/S(x*)] - w/S(x) = 0, if (L-r/i)r(x*) = T,
or i1) (@1 - v/i)r(x*) = E, otherwise.

If w = 0, (45)i1) is binding, and all land is zoned for development.
If w > 0 and (45)1) holds, x* is determined by (45)i), and a(x) is deter=~
mined by (44)i).

Equation (44)i) can be written
(46) a(x) =1 1if r(x)S(x) + eH(x) = w/x ,
i.e., land at x is zoned for development if the total bid-rent for a lot and
house at x is at least p/x.v<By the budget constraint, r(x)S(x) + 6H(x) = W -~ t(x)
where C(x) = C(er),G;ﬁ) is the Hicks-compensated demand for consumption.

Differentiating this total bid-rent with respect to x,

(47) d/dx[r(x)S(x) + gH(x)] = -t'(1 + Cf/S)
since (by (25)) r'(x) = -t?*/S(x), and C'(x) = Crr'.

The sign of Cr depends on preferences, so the sign of (47) is
indeterminate.

The indeterminacy of the sign of (47) means that it may be the case
that for some X ¢ CE;X*), r(R)S(R) + eH(R) < w/A, which would mean that for
such %, land at £ is not zoned for development. In such a situation optimal

zoning requires rings of undeveloped land strictly within the boundaries of

development, which, in the popular terminology, we can term "leapfrog"
' 10

development.”” This possibility arises because given any N, to maii&lzé.fotal
property value (R), the sum of total expenditures on land and housing per
person should be maximized. Thus (46) requires the expenditure per person
(not per unit of land) to be at least p/A. Although land at £ is more
valuable than land at %'(> %), the total expenditure on land and housing per

person at & may be less than at &'. By (47), a necessary condition for

leapfrogging to occur is that Cr <0, i.e., consumption and land are net

e

~C(x)

(L}
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complements, or equivalently, that consumption falls with distance.

The solution of (40) gives Q(N). Now proceeding to the second stage

of the maximization problem,

48)  R(N,G*) =2 [ x(r(x)s(x) + 6h(x)/s(x))dx + QN)

o M2

The solution of (39) is given by the solution of

(49) ﬁu P )G (x) + e (x)
N

subject to T = G/R(N,G*), N = Y.
Using (34), the first-order conditions for this problem are
(50) 1 - r/A)W(N) + (‘rRN/iR)Aj = 0, or (l-t /i)W'(151)+(I?~N/1R)TJ (x) =0,

where AJ is the total bid-rent for Mr. j's property. An interior solution

to (50) requires RN > 0.

Assuming a regular interior solution, using the gsecond-order conditions

it is easily seen that

1) an/sd >0, o/ > 0, an/x <0.
s1,1

Therefore, current residents with more "valuable" properties prefer less

restrictive zoning.
Differentiating (48) with respect to N using (34),

(52) Ry = Wy + Qr ().

Using (25), Ty W'/S(x), so that Q*(N) can be written

(53)  Q*(N) = 2mH? l;‘—%’;—l)n +OH_ - GHGOS,/SGIdx +

HIe— NI

Combining (52) and (53),

X
(54) Ry = W'N + 2 :[gg%%[eﬂr - BH(x)S_/S(x)]dx +
X

Since Sr < 0, and an interior solution to (49) requires RN >0, if

housing and land are net substitutes (Hr > 0), an interior solution to (49)
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requires y > 0. In this case, using (44) and (45), the solution of (49)

is likely to require restrictive zoning.

It is not possible to compare (33) and (30), even assuming G* is
the same and that the tax burden of the median voter under the property tax
i8 equal to the head tax in (33). Therefore the relative restrictiveness of
optimal zoning under the two-tax system is not determinate. As with the

head tax, the optimal zoning policy is efficient, given the tax system, but

the policy is not generally first best efficient because the tax introduces
a distortion. Furthermore; as we will see in the next section, the property

tax system creates incentives to introduce further distortions.

D. Lot~ and house~-size zoning when G is financed by a property tax

When G is financed by a property tax it is in the interests of the
current residents to impose lot size and house size zoning on "new" residen-
tial development. This is the result of the fact that given any total number
of people, N, in the city, the tax paid by any current resident can be reduced
by making total property value as large as possible for that level of popula-

tion,

From (34), the total bid rent for Mr. j's lot and house is determined,
given N. Therefore given any total population N, (and G*), Mr. j's welfare
improves, the smaller is the tax rate, i.e., the larger is total property
value. In the simple property tax model of the previous section, the choice
of x* determined N and R, However, if s(x) and h(x) can be zoned by current
residents, both x* and N can be chosen (subject to constraints).

The optimal fiscal zoning policy for Mr. j can be described by a two-
stage maximization problem: first maximize R, given N; then maximize Vj with

respect to No The first-stage maximization problem is:

(»

-
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X
(35) max 2 [ a@)x[r(x; N,G*) + gh(x)/s(x)]dx
{a@x),s(x),h(x)} o

subject to

i) =x(x; N,G*,s,h) = [W-t(x) - eh(x) - C(G*,s(x),h(x))] /s (x)

X
ii) ZTTI g%)(:—‘;-x":N-'ﬁ'
X

i11) (1 - Prx; N,6%,s,h) 2 7

where a(x) is the proportion of land at x zomed for development, 0 = a(x) = 1.
x
Let Q(x) = 2m I a(z)z[r(z; N,G*) + gh(z)/s(z)]dz . Then (55) can be

~y

X
posed as an optimal control problem with state variable Q(x) and control variables,

(@(x), 8(x), h(x):

(56) max Q(x*)
{a(x),s (x),h(x),x*}

subject to i) Q' = 2mx(x)x[r(x; N,G*) + gh(x)/s(x))]
ii) (55) i) - iii).

Using (34), the Hamiltonian for this problem can be written

(57) X = A2mu(x)x[W-t(x) ~ C(G*,s(x),h(x))]/s(x)
- p2m a@)x/s(x) + y 2m A)x[(l-r /i)r (x) - T]
where ) is the costate variable corresponding to ), and w and y are the (non-
negative) multipliers corresponding to the constraints (55)ii) and iii), re-
spectively. Since the dynamics ((56)i)) are not a function of the state vari-
able, A is a constant, as is p.
The first order conditions for maximization of the Hamliltonian with re-

spect to the control variables are:
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(58) 1) a(x) =1, if A[r(x)s(x) + 6h(x)] - pzo

a(x) = 0, otherwise.

g

C
1) - A@@/s +c /s + 8y - ya - T/i)(E-SQ +2) + p/s® =0, if a(x) = 1.
. g

c
141) - Ag /s - ¥( - 'r/i)(-;h--%- 8/s) =0, 1f a(x) = 1 .

[

iv) y[(@ - 7/i)r(x; N,G*¥) -] =0, y= 0.
Since Ch < 0, (58)iii) requires y > O which means that
(59) (1 - v/i)c(x; N,G*) =, for x such that a(x) =1 .

Therefore optimal lot- and house-size zoning results in flattening the bid-rent gradient

for developable land to r/(l - r/i), i.e., driving the bid-rent on land down to

its lowest possible value!

The transversality condition requires that the Hamiltonian be zero at

x%, l.e.,
60) ui(i—(’_-‘i}-/—i-; +eh(x*)] - p = 0 ’

Therefore, as long as (55)ii) is binding (so that y # 0), A # 0. From (60) we
also see that (u/\) is the rent on a property (land plus house) at the outer

boundary of development. Now, returning to (58)iii),

61) - g = T o, 15 o) = 1,

from which we see that the marginal rate of substitution between housing and
consumption is less than the price of housing. Therefore, given s(x), optimal

house-size zoning requires larger houses than would be freely chosen at price 6.
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Rewriting (58)ii)

62) @@ + ) = trva—yn PRE - e, tram) =1,

From (58)1),

(63) AOh(x) - p = - Aars(x)/(L -T/L) <0,

.so that the sign of r(x) + Cs is indeterminate. Therefore optimal lot-size
zoning may require either larger or smaller lots than would be freely chosen
at price r(x) =r/(l - /1)), given h(x). However, by (60),

- (64) Ah(x*) - = -ars(x*)/(1 - 7/i),

so that - (r(x*) + CQ< 0. Therefore at the boundary of development, lot
sizes (and house sizes) are larger than would be freely chosen at price

r/(l - /1), given h(x*).

Let 8(x) = 3/2mxa(x) (for x such that q(x) = 1). Then
(65)  X(x) = Ar(x) + gh(x)/s(x)] - p/s(x) + FI(L - /i) (x) - T]
Since f(x) is maximized with respect to s(x) and h(x), by the usual envelope
relationship
(66)  Ri(x) =-2tt/s - YA - 1/1)tt/s< 0

Finally, let us return to (58)i), which requires, (using (60)),
that for land to be developed at distance x, the total bid-rent for a
property (land plus home) at x be at least equal to the total bid-rent

for a property at distance x*, Using (65)
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(67)  AMr()s(x) + oh(x)] - p = R(x)s(x) -
Differentiating with respect to x,
(68) d/dx{[r(x)s(x) + eh(x)] - p} =Krs(x) +H'x) ,

and we have shown that ' < 0, To determine the sign of s*(x), we must
totally differentiate (58)ii)-iv). Multiplying by s(x) and totally differ-

entiating, we have
(69) i) -+ vy - 'r/i))Cssds - (AN +vyQ - 'r/i)Cshdh

=@ -r/A)E +C )y =~ (A+ vy - T/i))Es
i1) - (@ - 1/1))C ds - (My(1 - 'r/i))Chhdh - (A-r/1)(G -8)dy = 0

iii) - y(c + Cs)ds - y(e + Ch)dh =yl - r/i)t?/s
Solving for s!',

achh b (Ch- 0) acsh b (::~i-CS )

-¥(8+¢, ) 0 aC,  b(G-8)

where a=-(A+y(1 -r/i)), b=-1 - 7/i),

and A is the determinant of the matrix of coefficients of (69) which is posi-

tive by the second order conditions. Since the signs of (r + Cs) and Csh are

indeterminate, the sign of s' is indeterminate, and s0, returning to (58),

the sign of d/dx{[r(x)s(x) + gh(x) - p,]} is indeterminate.n

L4
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Therefore, for some X ¢ (X,x*), it may be that r(X)s(®) + ¢h(X) - y< 0,

which would mean that for such X, land at distance % is not zoned for develop-

ment., In such & situation, "optimal" zoning requires "leapfrog" development.
Recall now that the solution of (55) is the solution of the first

stage of a two-stage maximization problem. Given N, the maximized total
property value can be written

x -
(L) R(N,G*%) =27 I x[r(x; N,G*) + gh(x)/s(x)]dx
o

x*
+ 27 j a*(x)x[r + ph*(x)/s*(x)]dx
4

where a*(x), h*(x) and s*(x) are the maximizers of (55)« Then, using (39),
the solution for the "optimal" population for Mr. j has the first order
conditions

2)  @-rpwr - =0

where ™" TRN/R

It does not appear to be possible to compare the populations or size
of the cities for the model of this section with the model of Section C.
As we will see in the next section, with a property tax system neither

aggregate zoning nor lot-'and house-size zoning are efficient.
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Iv. The Efficiency of Urban Land Use Controls

In our discussion of efficiency, we will confine ourselves to
Pareto optimal allocations in which all potential residents attain a
utility level of U. Therefore we need only consider the welfare of
current residents and the absentee lzmdlords.l2 The absentee landlords'
welfare is an increasing function of the value of their land. In
what follows we will assume that G* is given.

The total bid-rent for Mr. j's lot and house (by (34)) is

73 e, B, N o0 @ cwe) - e - e, 3, )

From the budget constraint for Mr. j
7% ¢ =w@ - e +vd

Since Yj and C(G¥*, ;j’ ﬁj) are constants, independent of N, Mr. j's welfare

i1s an increasing function of the bid-rent for his lot and house. Thus, since
the welfare of the absentee landlords is an increasing function of the bid-rent
for their land, the Pareto optimal city maximizes the sum of the total bid-rent
for existing residents' lots and houses plus the excess of rents over
opportunity cost for the absentee landlords' land (minus the cost of the

public good, which is assumed fixed at G*). For this city the size of the

"pie" to be divided up (between current residents and absentee landlords)

1s largest. Therefore the Pareto optimal city is independent of the preferences

of the current resident§.

lig

(2

(]

gl

{o
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A. Constrained Pareto efficiency

If lot- and house-size zoning are not possible, the constrained Pareto

optimal city is given as the solution of

~

X
(75) max  2m [ x(W(N) - t(x) - C(G¥,s(x) + h(x)Hx/s(x)
{a(x):N} o

x
+ 27 J‘ x(x)(r(x) - ;:)dx
X
subject to: 1) u(@),0,W - tx)) =T

11) 0sa(x) s1

X
x0(x)dx NN
iii) 211:!: 5 (c(x),0.T) N-TN

X
where S(r(x),e,ﬁ) is the Hicks-compensated demand for land.

(76) rf(x) = -t?/S(x), x >X .
This can be posed as an optimal control problem with state variable

A(x) and control variable Q(x):

7)) max A(x*) + F(N)
{a(x)aN}

X
subject to: 1) F(N) = 2m [x(W(N) - t(x) - C(G*,5(x),h(x))dx/5 (x)
o

~

i1) A'(x) = 2ma(x)(x(x) - ), x > X

i1i) 0 sa(x) =1

x*
fv) om [ XUEKMX gy

% S(x(x),0,0)

v) r(x) given by u(r(x),0,W-t(x)) = U .
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The Hamiltonian for this problem is

(78) 2mxa(x) [B(r (x) = T) = w/S(x)]

where B is the (constant) costate variable corresponding to the state vari-

able A, and y is the (constant) multiplier corresponding to the constraint

1

(77)iv).
The first-order conditions for the maximization with respect to the

control variable requires

€79) a(x) =1, 1f p(r(x) - r) -~ p/S(x) = 0

a(x) = 0, otherwise .

The first-order conditions for the maximization with respect to the parameter

N require -
X

(80) W'N + 2m I xa.(x) sv(ax)(ﬂ + 4 S./S(x))dx +y = 0.
X

"

Since W' < 0,(80) requires y > 0 for a solution with N > N, Finally, the

\e

transversality condition requires

(81) B(x(x*) - ) = pu/S(x*) =0 .

Since, B,p > 0, (8l) requires r(x*) - r > 0, i.e., (constrained)

efficiency requires restrictive zoning. Rewriting (79),

(82) ax) =1, 1if (r(x) - £)S(x) = u/B

a(x) = 0, otherwise .

Differentiating (r(x) - r)S(x),

(x(x) - r)t'sx
S(x)

(83) d/dx[r(x)-r)S(x)] = r*S(x) + (r(x)-r)sSt(x) = -t? -

[
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Since Sr < 0, the sign of d/dx[(r(x) - E)S(x)] is indeterminate, and so for

some % ¢ (X,x*) it may be the case that (r(%) - r)S(®) < p/Be Therefore

leapfrog development may be required for (comstrained) efficiency?!
Constrained efficiency requires zoning because of the market failure
arising from the fact that migrants will not take into account their effect
on the wage rate. Constrained efficiency may require leapfrog development
because this market failure results in inefficient pricing in the land
market. As we see next, full efficiency requires aggregate and lot-size
zoning, but precludes leapfrog development.
Be Unconstrained Pareto efficiency
If lot- and house-size zoning are possible, the Pareto optimal city
1s given as the solution of
x
@)  max 2m | x(M(N) - t(x) - C(G*, 5(x), B(x))dx/5(x)
{a(x), s(x), h(x), N, x*} 0

+ 277 f: a()x[r(x; s(x), h(x), N, G¥) - f]dx

subject to i) r(x; s(x), h(x), N, G¥) = W(N) - t(x) - ¢h(x) -
C(G*, s(x), h(x)))/s(x)
i1) 0 sSa®x) =1

1i1) 2n ]x a(x)xdx =N~ N

z s(x)
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X
Let A(x) = 27 J‘ a(z)z[r(z;s(z),h(z),N,G*) - rldz. Then, as with (65),
X
" (84) can be posed as an optimal control problem with state variable A(x) and

dynamics A' = 2m(x) o(x)e[r(x; s(x),h(x),N,G*) - ¥]). The Hamiltonian for

the problem is

@®5) A2mx alx) [WE) - tx) - 8h(x) - C(G*, s(x), h(x)))/s(x) - 1]

= w2rx akx)/s(x)

The Hamiltonian is to be maximized with respect to the control variables:
a(x), s(x), hx).
The first order conditions for the maximization with respect to the

control variables require
(86) 1) a@&) =1, if A(r(x) - T) - w/s = 0
a(x) = 0, otherwise
11) -\ &)/s + Cy/s) + u/s? = 0

iii1) -x(e + ch) =0

The first order conditions for the control parameter, N, require

% £
(82) C2m Jo x W/(N)dx/s (x) + )\ 2m Jo x a(x) W/ (N)dx/s(x) + =0

which, using (84) iii), simplifies to

88) WN+AW'(N-N) +p =0.

I

\s
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The transversality condition requires
(89) A[r(x*) = r] - p/sx*) =0

Since A >0, by (88) (u/X) > 0. Therefore from (89) we have

r(x*) - r > 0; i.e., efficiency requires restrictive zoning. The first order

conditions for housing, (86) iii), require 8 + Ch =0, i.e., the marginal
rate of substitution between housing and consumption be equal to the price
of housing, so that house-size zoning is not required for efficiency.

Now consider (86) ii). Since p > 0, r(x) + c, = p/As(x), i.e.,
the marginal rate of substitution between land and consumption be greater

than the bid-rent for land. Therefore efficiency requires that lot sizes

be restricted to be larger than the freely chosen lot sizes at price r(x),

given h(x). This requirement arises because of the "externality" of migration
(introduced by W(N)), causes market failure in the land market. The
efficient land subsidy is p/As(x) (= ~ W/ (N)N/s(x)).
Now consider (86) i). To show that "leapfrogging" is never efficient,
we must show that d/dx[A(r(x) - r) - p/s] is one-signed.
(90) d/dx [AM(r(x) - 1) - p/s) =’ + p,/sz s’
From (84) 1), using (86) ii) and iii)
€)Y r’ = - (ulksz)s' -t'/s
Combining (90) and (91),
(92) d/dx [Ax(x) - 1) - p/s] = - at'/s. <0

Therefore efficiency precludes "leapfrogging".
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If developers operate collectively, and it is possible for them to
bribe the current residents, we would expect that the Pareto optimal allo-

cation would result from market forces, even in the abgence of zoning controls.

This would be less likely, the less concentrated the development industry, x

since Cournot behavior by individual developers would not yield a Pareto

“

optimal allocation.

Payments by developers to city governments in the form of interest-free
loans, provision of public goods (e.g., school buildings and roads), and out-
right cash grants, appear to be increasingly common in growing urban areas.
Contrary to the usual arguments made by developers, such payments (and develop-

ment restrictions) may increase efficiency.

Notice that the inefficiency which may arise with a head or property tax

is not the result of exercised monopoly power; i.e., the fact that the current

residents have control of the whole market is not the source of the inefficiency.
In fact, because of the constraint U(C,s,G) ='ﬁ, no monopoly power exists.
(Notice that the efficient allocation results if all land is owned by a mono-

poly developer!) The source of the inefficiency is the tax system.

V.  Summary

In this paper we analyzed the properties of allocations of urban land
which result from an institutional framework in which the current residents of
an urban area can control the zoning of undeveloped land. Although the model
we developed assumed a "utility-taking" city, we showed that it is always in
the interests of the current residents to impose a restrictive zoning poliqy.
The particular zoning policy which will be chosen depends cfitically on the way
that public good expenditures are financed. However, we showed that the optimal

zoning policy given a tax system, and the first best optimal zoning policy are

independent of the current residents?® preferences. The first best optimal

(v

]

-
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zoning policy always requires restricting the total amount of land developed,
and lot-size restrictions. Furthermore, "optimal" zoning with a property tax,

and constrained Pareto optimal zoning may require "leapfrog" development!
Somewhat surprisingly, perhaps, the ability of the current residents

to control the size of the market, is not, itself, a source of market failure.
First best optimality will always require restrictive zoning. Any distortion
from first best optimality is the result of the inefficiency of the tax
system, not of exercised market power.

Our "utility-taking" assumption seems Qalid for small cities, but it
is probably not reasonable for large cities, or in 3urisdictions where
regional government can control the zoning of several municipalities. There-
fore it would be useful to relax the utility~taking assumption, Furthermore,
the welfare implications of the imposition of restrictive zoning by all small
cities in a system of cities have yet to be determined. Finally, a closer

examination of the determination of public goods expenditure and its relation-

ship to fiscal zoning would be enlightening.
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Footnotes

*
This research was funded by the Ontario Economic Council, whose

support we gratefully acknowledge. The views expressed in this paper are

-

exclusively those of the authors. Earlier versions of this paper were

presented at the Third Annual Canadian Economic Theory Conference, at the
University of Montreal, in May, 1978, and at the Workshop on Analytical

Urban Economics, Queen's University, Kingston Ontario, June 1978.

1Recent literature which has addressed this issue includes the

papers in Mills and Oates (1975), Henderson (1977), Ellickson (1977), and

Hamilton (1978).

2Documentation of the tightening of such controls in American cities
is found in Ellickson (1977). 1In Canada, HUDAC has beer concerned with such
controls, and has documented them in such studies as Derkowski (1975).

3see Derkowski (1975), Bourne (1977), Markusen and Scheffman (1977),

Ellickson (1977), Scheffman, and Hamilton (1978).

M

4This problem is also considered in Stiglitz (1974).
5For a representative standard model see Solow (1973).
6The model developed in Section III will explicitly include housing.

7The results are unaffected if there are a number of classes of

identical potential residents, with a large number in each individual class.

8For a justification of such an assumption see Hamilton (1978).

9Those familiar with the optimal population or optimal city size
literature may recognize (16) as a variant of what Flatters, Henderson and .
Mieszkowski (1974) call the '"Henry George Theorem". This can be seen by
setting W(N) = F(N)/N in their notation. Other papers developing the Henry

George result include Arnott and Stiglitz (1975), and Stiglitz (1977).
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10
Markusen and Scheffman (R.E.Stud.) show that leapfrog development

might be the outcome if all vacant land in a "large" city (utility not

exogenous) is owned by a monopoly development industry. See Ohls and Pines

(1975) for other arguments on the causes of leapfrogging.
Another way of seeing this is that from the budget constraint,
r(x)s(x) + Oh(x) =W - t(x) - C, and the sign of -t’ - dC/dx is indeterminate.

In order to ignore the welfare of the recipients of non-wage income

in the CBD,'we will assume labourers are paid their average product.
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