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Abstract

This paper presents a dynamic model in which pessimistic expectations
cause an atomistic economy with flexible prices to get stuck in an inferior
equilibrium. The economy involves labor and two flow consumption goods,
households which are identical, competitive utility maximizers and firms
which are atomistic profit maximizers. Producers of one good formulate
point sales expectations which adjust adaptively. Prices adjust in response
to (possibly expectations-constrained) excess demands. 1In relative price
terms, a unique Pareto-optimal equilibrium and a continuum of Pareto-infer?or
equilibria exist. Under various initial conditions involving prices and

expectations, the economy converges to an inferior equilibrium.



1. Introduction

Consider the following story. An economy with atomistic agents is
in a full-eﬁployment equilibrium. Something causes firms to have lowered
sales expectations. These expectations lead to a lower employment level,
which leads to lower household income, which leads to lower realized sales,
which leads to a yet lower level of sales expectations, etc. This process
converges to a depressed level of economic activity and welfare which, due
to price rigidities, is at least a short-run equilibrium.

Such stori;s of self-fulfilling expectations raise the question of
whether an atomistic economy can get stuck in an inferior equilibrium even

1f prices are fully flexible.1 In the present paper a dynamic model is

presented in which this occurs. The model involves a barter economy with
three2 flow goods: 1labor and two consumption goods (goods one and two).

Each period, households, assumed to be identical, competitive, myopic

utility maximizers, and firms, assumed to be atomistic, myopic profit maxi-
mizers, contract for these commodities in a central marketplace.3 Recontract=-
ing opportunities are limited so that a firm's realized profits may suffer due
to the production of more [non-storable] output than can be sold. This pro-
vides an incentive for producers of good onme to formulate sales expectations.4
The idea here is that at the éutset of any period t each firm producing good
one has a point expectation of period t sales, ye(t), and plans to produce

and sell the minimum of ye(t) and the unconstrained competitive profit maxi-
mizing level of output. In the model below, this configuration of individual
profit maximizers with individual sales expectations is replaced by an aggre-
gate supply process for good one involving aggregate competitive profit

maximization and an aggregate point sales expectationm.



The price of each commodity adjusts in response to excess demand
(positive or negative) for that commodity. The aggregate sales expecta-
tion adjusts in an adaptive manner but with a flexible speed of adjustment.5
Conceptually, what results for this economy is a discrete time adjustment
process in prices and the aggregate sales expectation. In the model developed
in Section two below, a more convenient continuous time "approximation" is
substituted for the discrete time process.6

When the aggregate sales expectation constraint is binding, this is
reflected in the demand for labor and in the supply of good one. In such
cases, excess demand for labor and for good one, and hence price adjustment,
directly reflect the aggregate sales expectation. As a result this economy
has two types of equilibrium. One type-=which is unique in terms of relative
prices=~involves production of good one at the aggregate competitive profit maximizing
level i.e., production of good one is not effectively constrained by the
aggregate sales expectation. The second type--of which there is a one dimen-
sional éontinuum in terms of relative prices--involves production of good one
being effectively constrained by the aggregate sales expectation. The fact
that households are identical allows this set of equilibria to be totally
ordered by the Pareto principle. Essentially what happens is that in anvy
equilibrium of the second type, the aggregate sales expectation represents a
quantity constraint on the population of households, so as this point expecta-
tion falls through the set of equilibria, the equilibrium utility of the
representative household falls with it.

Finally, an assumption is made that when the aggregate sales expectation
is binding, it adjusts slowly7 (and when the market in good one is near [partial]

equilibrium, very slow1y7) relative to the price of good one. This assumption,

[}



together with some additional technical assumptions, allows one to show that
the economy can converge to a Pareto-inferior position. In particular, if
expectations in the aggregate are pessimistic7 and if [relative] prices are
near7 the equilibrium price vector which would cause household behavior to
exactly confirm these pessimistic expectations, then the economy converges to
a Pareto-inferior position.

The formal model is developed and discussed further in Section 2 below.
The main existenceﬁ efficiency and stability results are stated and proved in

Section 3.
2. The Model

Consider the barter economy discussed in the preceding section. Labor
is the only productive input. There are no multiproduct firms. Aggregate
supply of good one and the corresponding demand for labor are derived from
the solution of

¢)) m;x P1F1(x) - PoX

subject to (a) F1(X) < Ye

and to (b) X220
where Py is the accounting price of labor, Py is the accounting price of good
one, F1 is the aggregate production function for good one, Y is the aggre-
gate point sales expectation for good one and X is the quantity demanded of
labor. Aggregate supply of good two and the corresponding demand for labor are
derived from the solution of

(2) max P,F, (X) - pyX

subject to X 20



where P, is the accounting price of good two and F2 is the aggregate production

8
function for good two. The following assumptions are made on the functions Fi'

Al. TFor i =1, 2, F, is real-valued and defined on Ql and twice

i
continuously differentiable on Qi with F& >0, F; <0, Fi(O) =0,
lim F’i(X) =+o,  1im F'i(x) = 0.
X-0% X4

Denote the vector of accounting prices (po, Py» p2) by p. Al implies
that for any p >> 0, there exist unique, positive solutions for (1) and (2).
Let T2(p)9 be the solution for (2) (i.e., Tz(p) is the aggregate competitive

profit-maximizing employment level for producers of good two). lLet Tl(p) be

the solution for (1) without the constraint (a), so that the aggregate
quantity demanded of labor by producers of good one is min{Tl(p), F-I(Ye)}.
The aggregate quantity supplied of good two is therefore F2(T2(p)), while
that of good one is min{Fl(Tl(p)), Ye}. Al implies that for p >0, i =1

or 2, Ti(p) is homogeneous of degree zero in P and once continuously

aT‘r BTi - Py
diff tiab > 0. = ——
ifferentiable with 5;; <0, 5;; 0. Additionally, i(Ti(p)) by and
lim, (Ti(P) - Fi(Ti(P))) =+ o for p>>0, i =1 or 2.
P, 20
0
For p > 0, aggregate profit functions are given by
. _ e e
I (e, ¥°) = py minfF) (T, (), ¥°} - py mialT, (), ¥°)
(3) (m = PFy(Ty(P)) = pyT,(p).
e, ¥) =1,(p, ¥°) + 1,(p)

Al implies that for (p, Ye) >> 0, HI(P, Ye) >0 and H?.(P) >0.
The economy includes n households with identical preferences and

identicél, nontradeable equity shares in firms. Households gain positive
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utility from consumption of goods onme and two and from leisure, defined
as the endowment of potential labor activity %, minus the quantity of
1labor suppliéd, L. Households have perfect foresight with regard to the
planned profits of firms.lo (A1l profits are distributed.) The represen=-
tative household makes consumption-demand and labor-supply decisions
according to the solution of the following problem

(4) max U(Z - E, c1’ C2)
(£, cq5 ¢,

subject to 2%y + pyc, < Pyt + m(p, Y°)

and to0 < 4<%, c, 20, c, 20

1
where U is the household's utility function, 4 is the quantity demanded

of good one, ¢, is the quantity demanded of good two and

(5) TT(P, Ye_) = M

n

is the representative household's share of aggregate profits. The following
assumptions are made with respect to the utility function ﬁ.
A2, U is real-valued and nonnegative (with U(0) =0) on 03, strictly quasi-

concave and twice continuously differentiable on Qi+, and quasi-concave

and continuously differentiable from above on 03 - Qi+, with U

i
(the partial with respect to the 1th argument, i =0, 1, 2) strictly

positive on Qi+, with the one-sided U: nonnegative on Q3, and with

1im U - 2, ¢y, 'ey) =+eoforf-A>0, c

- 4
€1

>0,c,>0,1i=1or 2.

1 2

It is also assumed that for p > 0, cl(p, m(p, Ye)) >0, cz(p, n(p, Ye)) > 0.

A2 implies that for amy p >> 0, Y = 0, exactly one solution

e
4 (p, m(p, Y)), cl(p, m(p, Ye)), cz(p, m(p, Ye)))exists to the utility
maximization problem (4). For (p, Ye) >> 0, this solution is continuously
differentiable in (p, Ye) wherever II(p, Ye) is and otherwise continuous

e
in (p, Y ). For p >0, Y = 0, this solution is homogeneous of degree zero in



p. For any (p, Ye) >> 0, the budget constraint in (4) holds with equality and
there exists a )\(p, Ye) > 0 such that for i =0, 1, 2,
) e
© 0@ - 4, w@, ), e (o we, YD), cylp, nlp, ¥))) = Al Y')p,. Finally,
A2 implies that for (p, Ye) >> 0, the weak axiom of revealed preference holds

for the individual household.ll

1]

In addition to these standard implications of A2, the following less
standard implications are required in the sequel.12

For any p € Qi - Qi+ and Y° 2 0 such that either P, >0 or H(p, Ye) >0,
no (finite) solution exists to the utility maximization problem and the
following are true.

e k _ek e
a. Given any such (p, Y ), for any sequence {p , Y )} approaching (p, Y )

with p& >> 0 all k,

i LGS, 165, ) + e 08, nek, ) 4,08, nGk, ¥E)) =+ e,
->+®

b. Given any such (p, Ye) and any such sequence but now with (pk, Yek) >0
all k,
(0 - 2G5, 76", ¥, ¢ G5, 16", ¥, ¢, 6% n6", ¥ 1
unbounded.

Given the foregoing, the aggregate excess demand system for this economy is
-1 e
2 (p, ¥*) = min{T, (0), ¥ ()} + T,() - L(p, lp, ¥))

7)  Z(p, Y) =¢y(p, N(p, ¥)) = minfF, (T;(p)), ¥°)

2 e
Z°(p, Y)

C,(p, Ti(p, Y°)) = F,(T,(p))

where Zi(p, Ye) is the aggregate excess demand for good i, 1 =0, 1, 2, as a
function of prices and expectations (with Z(p, Ye) being the column vector of the

zt(p, ¥9), and where L(p, N(p, ¥)) = nb(p, n(p, ¥°)) and

¢, (p, M(p, ¥°)) = ne,(p, m(p, ¥)), 1 =1, 2.



Definition 1. For any fixed Y* 2 0, an equilibrium for the system (7) is a
vector ;>>> 0 such that ZO(E, Ye) = Zl(s, Ye) = 22(;, Yﬁ) =0,
The following results are required in the sequel.13
a. For any fixed S 0, the system (7) is defined and continuous for
p >> 0, and 18 once continuously differentiable for p >> 0 wherever
Fl(Tl(p)) # Yo, Additionally, for any fixed Y 2 0 and p >0, the
system (7) is homogeneous of degree zero in p, satisfies Walras' Law:
PZ(p, Ye) = 0, and satisfies the weak axiom of revealed preference (in
the aggregate): For any equilibrium P and any nonequilibrium p,
pZ(p, Y°) > 0.
b. The system (7) 18 not defined for p € 03 - Qi+. For any fixed Ye > 0,

given p € o - o3, for any strictly positive sequence {pk} approaching

_H’
2 k _e e 3 3
p, lim X Zi(p s YY) =+® TForY =0, given p € Q+ - Q. with

k->+o 10

Py >0, for any strictly positive sequence {pk} approaching p,

2 k
lim X Zi(p . Ye) =+ o,
k-t {0’

Contracting for the three flow commodities takes place in a central
marketplace. During any one period, a single price vector p emerges, agents
behave in the optimizing fashions discussed above and some transactions are
actually consummated. (All realized transactions occur at the emerging price
vector p.) As indicated in the introduction, the incentive for producers of

good one to form expectations arises from the fact that recontracting is



limited in this economy.  The only assumptions made with respect to the
configuration of binding contracts are: 1) contracting 1s voluntary,
2) in any period, actual income equals actual expenditure for each household,
3) 1in any period, realized profit is non-negative for each firm.

The nature of buyer and seller interaction and in particular how
prices are set is left unexplained. The assumption is made that the relevant
market forces governing price adjustments are represented by the excess demand
system (7). For the present economy, in which transactions are actually
consummated, this means that buyers and sellers compete extensively enough or
more generally, that information flows are such that unrevised supplies and
demands rather than realized-transactions-constrained supplies and demands
determine price movements.l4 For instance, even if households are on the long

side of the labor market and must revise consumption demands accordingly, the

pressure of the unrevised demands is still felt in the consumption goods markets.

On the other hand, the present price adjustment assumption means that the
pressure of the true supply and demand desires of producers of good one is not
felt in the markets for labor and good one when sales expectation constraints
are binding.

In addition to the assumption that price adjustment is governed by (7),
the assumption is made that the aggregate point sales expectation Ye ad justs
adaptively but with a flexible speed of adjustment. Formally, the complete

dynamic model is given by15
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by = ko [minlT, @, F1()} + T, - L, e ¥ = ky2 (b, ¥°)

b =k, [6;(p, (e, ¥)) - minfF, (T, @), ¥} = ky2 (b, ¥°)
(8
B, =y [Cy(p, T(p, ¥°)) = Fp (T, @)] = k2’ (p, ¥°)

¥ = e, (p, U, Y)) - Y18 E [ (p, Y]

with constants ki >0, 1 =0, 1, 2, with H?[-] continuous, sign-preserving

and satisfying HF[O] =0, and with a "." over a variable indicating the first
derivative with respect to time (t).16 The following assumptioné are made for
this system.

A3. There exists a finite constant b >-%— defining the set

2 1
4 2 Py
(9 R={( Y)ENQ, : I 7—=b]}
i=0 "¢
such that 0
a. For any (pp, Y ) € R, there exists a unique, strictly positive
0 e0 e 0 e0
solution (p(t; (P, ¥ ))s Y (t3(p, ¥ )) to (8), defined for all

0
e

0
0
t = 0, continuous in (p , Ye ) and with Y (t;(po, © )) bounded above.

b. For any (p, Ye) € R such that ¥ < Fl(Tl(p))’

— k2 e, ¥ 2 (B 12°, ¥D1]
1

and when lzl(p, ™) | <1,

1
J_z_;m%,__;ﬁzl 2t e, )| = 112, Y11
1

Given Al-A2 above, not all of A3a need be assumed but this is done for
0
convenience. The boundedness of Ye(t;(pp, Y° )) must be assumed.
A3b is stronger than what is technically needed but admits a more

reasonable economic interpretation than weaker assumptions. Roughly speaking,
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this assumption means that when sales expectations effectively constrain
producers of géod one, 1) sales expectations adjust more slowly than price
in response to a nonzero excess demand for good one, and 2) producers of
good one are particularly cautious in revising expectations in response to a
nonzero excess demand when the market for good one is near [partial] equili-
brium (i.e., the adjustment of expectations is at least '"second order emall"

in excess demand when the market is near equilibrium).

3. Existence, Efficiency and Stability Results

The results for this model are straightforward. Theorem 1 concerns the
existence of equilibria for the dynamic system (8). Restricting attention to

price vectors in the unit simplex S3, there exists exactly one unconstrained
*
equilibrium (p*, Y ) and a continuum of expectations-constrained equilibria .

(Q(Ye), Yg), Y € ©, Yg*). Theorem 2 states that this set of equilibria can be
completely ordered by the utility level of the representative household and that
this equilibrium utility falls as Y® falls. Theorem 3 states that if the system
begins in the region R defined in (9) above, then either it converges to a
unique equilibrium (in terms of relative prices and expectations level) or it
converges to a point at which the system is not defined, with

Py =Py = ¥ = 0, Py = -/EIEZET (where b(0) is defined below) and a

utility level for the representative household of U, 0, 0) (equal to the
infemum of equilibrium utility levels). Finally Theorem 4 characterizes

subsets of R from which the system converges to equilibria (or the previously
mentioned infemum point) which yield lower equilibrium utility levels than

%
(p*, ).
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Definition 2. An equilibrium fecr the system (8) is a vector (;, §e> with

P>>0, ¥ 20, such that 23, T) =243, T) = 2, T) = 226, ) =o.
Theorem 1. Restricting attention to price vectors in the unit simplex SB,
the equilibrium set for (8) contains a unique,strictly positive element

e¥* e¥* e e¥
(p*, ¥ ) such that Y = Fl(Tl(p*)) and for every Y € (0, ¥ ), a unique,
strictly positive element which can be designated (E(Ye), Ye) and which
satisfies Y < Fl(TI(S(Ye))). Finally, no equilibrium existswith Y =0 and
lim p(¥°) = (0, 1; 0).
Y°0
Proof: Consider the excess demand system without expectations

No _

z'(p) = T,(p) +T,(p) - L(p, I(P))

1
(10)  z'(p) = ¢, (p, T(P)) ~ Fy (T, (p))

~2 -

z (p) = Cy(p, I(p)) = F,(T,(P))
where TI(p) = pyF; (T; (P)) = BT, (P) + P,F,(T,(R)) - B T,y (P).

Using Al-A2 and their implications (see pp. 4-6 above), existence of an
equilibrium price vector p* € Si for this system is proved by means of
Brouwer's fixed point theorem, following the lines of Arrow and Hahn ([1],
PP. 26-28 and 31-32). The uniqueness of p* is proved by using the fact
that under Al-A2, the weak axiom of revealed preference (in the aggregate)
holds for (10) (see Arrow and Hahn ([1], p. 218)). Defining Ye* by
Ye* = Fl(Tl(p*)), obviously (p¥*, Ye*) is an equilibrium for (8).

Now consider the excess demand system with expectations((7) above) with
any fixed ¢ > 0. Then using the properties listed on p .7 above, and again

a fixed-point and weak axiom of revealed preference proof along the lines of

Arrow and Hahn ([1], pp. 26-28, 31-32 and 218), there exists a unique ;(Ye) € Si
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such that ;(Ye) is an equilibrium for (7) (see Definition 1 on p. 7 above).

Take Yi 2 Ye* in (7) and supbose:; (Yi) # p*. Then a contradiction

arises, since p* is clearly an equilibrium for (7) when Y°© = Ye*, so that

‘;(Yi) # p* violates uniqueness for ¥ = Yi. Hence, far Y 2 Ye*, ;(Ye) = p*, =
Now take Yi € (0, Ye*) and suppose that:;(Yi) is such that

Fl(Tlf;(Yi))) < Yi. Then clearly ?(Y;) is an equilibrium for (10). Since

Fl(Tlég(Yi))) < Yi < Ye* = Fl(Tl(p*)) can only occur on Si if

- e * ) =
pl(Yl) < El_ , one has p(Y:) # p*, violating the uniqueness of p* for (10.).
) *
po(Yl) 0
* = =
Hence, for Y° € (0, ¥° ), p(¥°) 1s such that Y < Fl(Tl(p(Ye))).

The upshot of all this is that 1) the only possible equilibrium for
(8) with p € si and Y° 2 Yo s (p*, Y°'), 2) for each Y° € (0, Yo,
(;(Ye), Ye) is an equilibrium for (8) and it is the only equilibrium for .
(8) with sales expectations at Y° and P € Si, and 3) Ye* = Fl(Tl(p*)) and
for any Y° € (0, ¥, Y° < F (T, ((*))). This set of equilibria for (8)
will henceforth be designated by the set
1) E={(p ¥) €S x @ = : ¥ € 0, '] and p = (%)}
where p(¥°) = p(¥°) on (0, Y° 1.

Finally, consider the case of Y° =0 for the system (7). The existence
of an equilibrium [in Si] for (7) when Y = 0 implies that cl(p, m(p, 0)) =0 at this
equilibrium which contradicts the last part of A2 above. Hence no such equilibrium
exists. Suppose that'E(Ye) has a limit point p >> 0 as Y* 5 0. Then

the system (7) is defined and continuous at P and one can show that P is an

r(

equilibrium for (7) with Y = 0, a contradiction of the fact that no equilibrium

for (7) exists when Y° = 0. Since'S(Ye) remains in the compact set 83 for
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.
Ye € (, Ye 1, p(Ye) must have a limit point on the boundary of é as Ye->0.
Using b on p. 7 above, the conclusion is that

lim 0% =, 1, 0. 7
Y -0

Hence, when the economy is in equilibrium with Y = Ye*, activity is not
effectively constrained by sales expectations, whereas when the economy is
in equilibrium with Y < Ye*, sales expectations do constitute an effective
constraint on economic activity. The comparative statics consequences of

this constraint provide the subject of Theorem 2.

Let the representative household's utility at any equilibrium (S(Ye), Ye)

be given by

(12) UY) = VA - 4@, 7@, ), ¢, BED), nGXD), ¥,
¢, (%), n(p(¥), ¥°))).

The following assumption is needed.17

- *
A4, p(Ye) is continuously differentiable on (0, Ve ).

Theorem 2. (Welfare at various equilibria.)

If Y:, ; are such that 0 < Yi < Y; < Ye*’ then m(Yi) < m(Yz).
Additionally, 1lim A(Y®) = u(Z, 0, 0) and ﬁ[(Ye) > U(E, 0, 0) for Y° € ©, Ye*].

°50
Proof. From Theorem 1, FI(TI(E(Ye))) > ¥° on o, Ye*). This, together with A4,
implies that ﬁ(Ye) is [totally] differentiable in Y© on (0, Ye*). Using first
order conditions for utility maximization ((6) above), Walras' Law for (7)
(see a on p.7 above), the fact that sz'z(Tz(p) ) = P, and the fact that

- e e e¥* e¥*
Fl(Tl(p(Y ))) >Y on (0, Y ), one easily deduces that on (0, Y ),

-1
. _ ar; - (Y%)
) 2.0 LS50

dy dy
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¥
Hence, using the mean value theorem, ‘H(Ye) is strictly increasing on (0, Y 1.

Consider the second part of the statement of Theorem 2. That
QI(Ye) > U(z, 0, 0) for Ye € (0, Ye*] follows from the fact that 1T(Ye, ;(Ye)) >0
for Y° > 0, the fact that the solution to the utility maximization problem (4)
above when profit income is positive yields utility not less than U(Z, 0, 0) and
the last part of A2. That 1im ¥A(Y°) = U, 0, 0) follows from the fact that

%0

9 has a limit as Y° -0 (since U is strictly increasing on (0, Ye*] and
bounded below by A2) and from the last part of Theorem 1. [

Tn equilibrium, pessimistic sales expectations (i.e., Y < Ye*) induce a
kind of rationing in good one which is, in a static sense, the source of
suboptimality. This is reflected in (13) above: at any equilibrium (B(Ye), Ye)

* -
with Y° < el , marginal social benefit of good one per capita’ (%-pl(Ye)) is

ar-Hv®)

greater than marginal social cost of good one per capita (%EO(Ye)-—l——)

ay®

and this difference is equal to the marginal net social benefit per capita of

rising sales expectations (9-?'-‘-;).
dy

Due to the homogeneity properties of (7) and (10), for any B > 0,
e e¥ -8
Y € @, Y 1, (Bp(Y), Ye) is an equilibrium for @) and the representative

- e
household's utility at (pp(Y ), Y ) is just U(Y®). TIet the full-dimensional

set of equilibria for (@) be denoted by € C Qj_f_.

0 0 0
0
For any time path (p(t;(p > ¥ )), Yo(t;(°, ¥ ))), (o°, ¥¢ ) € R

(see A3 above), define b(t;(p’Y" )) by

4
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2 [p,(0)]°
) = —E— =b),
i=0 i
0 e0
where dependence on (p , Y ) is suppressed, and let
2 p2
3 i _
BO) ={p€q, : X = =bO}
i=0 i
0 0

where again, dependence on (p, ¢ ) is suppressed.
One can easily show, using Walras' Law and (8), that for all t = 0,
18 e e¥*
p(t) € B(0). Then for each ¥ € (0, Y ], there exists a unique

B(Y®, B(0)) >0 such that (Y%, B(0)) p(¥®) € B(0). Hence, for any

o .
(po, Y© ) € R, the relevant equilibrium set for (8), € N B(0), is given by

0 .
as) E@’, Y2 ) = {(p, ¥°) €BO) x 0, Y] : p = p)pxD}

(various dependencies suppressed).
Theorem 3. (Local asymptotic stability of (8)). The system (8) is
asymptotically stable on R'in the sense that for any initial point

0
e
(po, Y ) € R, either (p(t), Ye(t)) converges to a point in E(po, Y ) or

it converges to the point (p, Ye) with
Py =Py = Y® =0 and P = Jilb(O), where b(0) is as in (14) above.
0

Proof. For any (po, ¥ ) € R, let (p(t), Ye(t)) be the solution path the
0

characteristics of which are given in A3 above (where dependence on (p , Y )
is suppressed). Note that because of the assumed boundedness of Ye(t)
and the fact that p(t) € B(0) (see above), (p(t), Ye(t)) remains in a set

0
S(pp, Y ) CR the closure of which is compact in Q4 and which satisfies:

(p, Ye) € S(p , et ) implies P, S\/E
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Let m(t) be the individual household's share of profits at time t on
the solution path and consider the function
(16) u(t) = U - &(p(t), (L)), c, (p(t), m(t)), e,(p(t), m(t))). This i
function is continuous on any solution path and is differentiable in t
expect where Y°(t) = F, (T, (p(t))).
case i: t € [0, ®) such that Ye(t) > Fl(Tl(p(t))) and such that

0

(p(t), Ye(t)) ¢ EO,-where for the remainder of the proof, E(po, Y* ) is denoted by EO.

For such t, one can easily show19 that

. r 2 1 e, i 2
(17) u(t) =-5 I Lk [Z(p(t), Y (t))] =<0

i=0
where A > 0 is as in (6) above and where equality holds if and only if
%*
p(t) = p(Y° )p* = p** € B(0). If this last occurs with Y°(t) > F, (T, (p(E))),
%
then one can easily show that (p(t), Ye(t)) converges to (p*¥, Vel ) € Eo.
Hence, for any time t covered in this first case, u(t) < 0 unless the system
e¥
converges to (p**, Y ).
case ii: t € [0, ®) such that Y (t) < F, (T;(p(t))) and such that
0
(p(t), Y(£)) € E .

Using essentially the same method as that used to derive the equality
in (17) and the fact that Y (t) < F (T, (p(t))) implies ;
2 p(e), Y (©)) = [p(t), Y(£)], one has

. _ A 2 i e 2
18) a(r) = - SLE K127 (p(E), Y ()]

-1 e
dF, " (Y (t))
- o (®) = By(®) —L————1 Bz R(e), (€)1} <0
dy

where for Zl[p(t), Yg(t)] < 0, the inequality follows from the fact that

ar (¥ ()

dy

Y (t) < F (T, (p(£))) implies py(£) - py(t) >0, and for

Zl[p(t), Ye(t)] > 0, the inequality follows from A3b and the fact that

Vi > pl(t).zo



17

case 111: t € [0, =) such that Y (t) = F, (T, (p(t))) and such that
@(t), Y (t)) ¢ E .

For any open interval on which this is true, u(t) is again differentiable
in t and one can simply use the approach for case i to gain u(t) < 0. Suppose
alternatively that t is an isolated point such that Ye(t) = Fl(Tl(p(t))) and
such that (p(t), Yg(t)) ¢ EC. Then it is the case that for some interval
k!, "), t € (t’, t”), 4(t) <0 on (t%, t) and (t, t’). But then by the
mean value theorem, u(t) must also be strictly decreasing at t.

Hence, either (p(t), Ye(t)) converges to (p*¥, Ye*), and the proof is done,
or u(t) is strictly decreasing along (p(t), Ye(t)). Suppose the latter. Then,
since u(t) is bounded below by zero (by A2), u(t) has a limit 4 € [0, u(0)].

As mentioned above (p(t), Ye(t)) remains in S(pp, Yeo) the closure of
which is compact in Qi. Hence (p(t), Ye(t)) has a limit point in the closure of
S(po, Yeo). Suppose (p(t), Y°(t)) has a limit point (P, %e) € R. Then there is
a sequence {(p(tk), Ye(tk))} converging to (P, %e)(as k, tk - ®), and an
argument analogous to that used by Uzawa ([8], p. 620) establishes that (P, §e)
is an equilibrium. Furthermore, this same argument establishes that & = m(§e).
But there is only one point in Eo which gives this utility level. Hence, (B, §e)
is unique.

Clearly, in this case, (p(t), Ye(t)) cannot also have a limit point in
the closure of S(po, Yeo) but not in R. (Such a point could only be
@, ge) with ﬁb = 52 =Y% =0 and 51 = JEIB?ET, by the definition of R, b on
p. 6 above and the fact that u(t) < u(0) < + ». However, if (P, §e) were a

limit point, then by the latter part of Theorem 2, the fact that u(t) has a

limit, and the limit assumption in A2, one would have 1lim u(t) = u(g, 0, 0) < M(Ye)
tow

*
for any Y € @, Y® }, contradicting the fact established in the previous

paragraph that lim u(t) = U(Y®) for some ¥° € (0, Y°'].) Hence, if
to> e,



18

(p(t), Y°(t)) has a limit point in R, it has a limit in R which is a
unique equilibrium point in Eo.

Suppose alternatively that (p(t), Ye(t)) has no limit points in R.
0

Then (p(t), Y (t)) has a limit point in the closure of S(p°, Y° ) but

not in R,and again, that limit point must have Py =P, = Y = 0 and

P = JElb(O). This completes the proof of Theorem 3.

0
e

Clearly, from the proof of Theorem 3, if the system begins at (po, Y )

such that
- o 0 e o 0 e° 0 0 e e*
u(©) =0 - L(p’, m(p, Y )), ¢y (P, m(p, Y )), co(p, m(p, Y ))) <UEX ),
A A *
then the system converges to an equilibrium (B, Ye) with M(Ye) < QI(Ye ) or to
the boundary point (0, Jklb(O , 0, 0) and utility level U(%, 0, 0). Theorem &
0 *
shows that there also exist points (po, Y° ) € R such that u(0) > ﬂ(Ye ) but

1im u(t) < AEST).
t >

Theorem 4. (Convergence to inferior positions)
0 0
0 e e¥ 0 _e
a. If (p, Y ) is such that u(0) < U(Y ) or if (p , Y ) satisfies

* * *
u(0) = AY®") but either p° # B(Y" )p* or p° = p(Y° )p* and

0
*
r < Vel , then the solution path converges to (P, ?e) € E(po, Y* )

A * ~ *
with Y < Y° (and hence %(¥®) < A(¥®)) or to (0, Vi 50). 0, 0)
(with utility level U(%, 0, 0)).
0 0 * *
e e e
b, There exist (p , Y ) € R such that u(0) > U(Y ) but 1lim u(t) < AY" ).
tow
Proof: The proof of a is immediate from the result in the proof of Theorem 3
that u(t) is strictly decreasing unless either (p(t), Ye(t)) is an equilibrium
* *
or p(t) = B(Ye )p* and Ye(t) >Y® . The proof of b is as follows.
*
Choose any Y e o, Ye ) and for the remainder of the proof, denote

- e - e e* #
p(Y ) by p. By Theorem 2, A(Y ) < A(Y ). Al-A2 above imply that for

such that ¥ = Fl(Tl(B)),

[
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A <UE - 4G, 1@ TN, e Gy 1By T, ey, wE, T2

e e P~
Hence, by a familiar continuity argument, there exists Y Y <Y <¥ ,

’

such that

Ay = u@ - 46, n( e’ 3, n(, ¥ 5 1, T
= - &4(p, m(p, ¥ )), cl(P’ (e, Y )), Cz(p, e, ¥ ))).

By appeal to part a of the present theorem, this implies that when

’
(r), Yg(O)) =(B§, ¥° ) in the interior of R, u(0) = M(Ye*) and

e* . e* e
1lim u(t) < A(Y ), so that for some t(Ye), u(t) <A ) for t =2 (¥ ).
t o
k ek ¢
Take any sequence {(p , Y )} inR converging to this (35, Ye ). For

the remainder of this proof, denote target utility as a function of (p,Y) by
0 - e k Kk e
V(p,Y). letx = (Bp, ¥ ), x = (p, Y ). Then using the continuity of the

solution path in the initial point, for any t 2 0,

u(tsx0) = Vip(tsxC), YS(t5x0)) = V(p(t; lim x%), Yo (t; lim x°))
koo k>»

=V(lim p(t;xk), lim Ye(t;xk))
k- ko>

= lim V(p(t;xk), Ye(t;xk)) = 1im u(t;xk)
ko k>

(where u(t;x) is target utility as in (16) but with dependence on the initial
point shown explicitly). This last implies that for some K > 0, k = K implies

u(t;xk) < ﬂ(Ye*) for t 2 t(Ye). But this implies that there exists an open set
e - e e 0 e0 e
N(Y )R, (Bp, Y ) € N(Y ), such that (p, Y ) € N(Y ) implies
0 0 e* - e”
lim u(t;(p , Y )) <U(Y ). This set contains points (Bp, ¥ ) with
t> «

ell ef - e ” *
Y > Y and therefore u(0;(Bp, ¥ )) > QI(Ye ) (in fact, there are open sets

»
within N(Ye) containing points (p, Y) with p # Bp, ¥ > Y® such that

%
u@;(p, V)) > QI(Ye )) and hence, the proof of part b is complete. [7
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Theorem‘; and its proof indicate that starting from a variety of
subsets of R, the economy converges to inferior positions. The most
intuitive case 1s the one of [more or less] self-fulfilling expectations
mentioned in the Introduction: If expectations in the aggregate are
pessimistic and if relative prices are near the equilibrium relative-
price vector which would cause household behavior to exactly confirm
these pessimistic eipectations, then the economy converges to a Pareto-

*
inferior position. In terms of the formal mgdel, for any Y € (O,Y'3 Y
2

P
there exists an open set S C {p € Q_:L_ : X fj; < b} containing the set
i=0 i
2
3 2 pi - e e e
{fpPeEQ,: T +=<band p=pp), B > 0}, such that for (p(0), Y (0)) € sx{Y },
SR

lim U(Z -~ £(p(t), m(t)), cl(p(t), m(t)), cz(p(t), m(t))) < ﬂl(Ye*)-

toow

i
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FOOTNOTES

*
This paper was completed while the author was at the University of

Western Ontario. Helpful comments and criticisms by Peter Howitt, Michael

Parkin and Charlie Stuart on earlier drafts are gratefully acknowledged.

1Hahn ([4], [5]) and Salop [6] study the existence of such equilibria

in static models with flexible prices. Varian ([9], Section 2) presents a
dynamic model in'which an atomistic economy with flexible prices can get
stuck. Eckalbar ([3], SectionV) presents a model very similar to Varian's
but does not explicitly comsider convergence to inferior equilibria.

The Varian and Eckalbar models are closely related to the model in
the present paper. However, these models differ from the one in the
present paper in that the particular dynamic adjustment specifications used
by Varian and Eckalbar together with the fact that their models involve
only two goods (labor and output) result in an attenuated role for price
flexibility and economies which are structurally prone to getting stuck in
inferior equilibria. (In [9], Section 3, Varian extends his two good
model to one with n productive factors but with assumptions such that the
characterization above still holds.) 1In Varian's model, this is reflected
in the fact that 1) whenever the real wage is below the Walrasian equili-
brium level and the sales expectation constraint is not binding, there is
excess supply of output, and 2) whenever the real wage is below the Walrasian
equilibrium level and the level of sales expectations is below the Walrasian
equilibrium level of output, the economy must converge to the inferior
equilibrium. In Eckalbar's model, the expectation adjustment specifications

imply that sales expectations can never rise.
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2The model can be extended to the case of r unproduced factors of pro-
duction and n consumption goods. Such an extension complicates the picture

but essentially adds nothing new.

3Market values are reckoned in terms of an abstract unit of account.
During any one period a single price emerges for each commodity, but how

prices are set is left unexplained.

4Of course, producers of good two and households have similar incentives.
For the sake of simplicity, the assumption is made that only the sales expecta=-
tions of firms producing good one enter the picture. The extension to the
case of all producers having sales expectations does not alter the basic thrust
of the results. One anticipates that this will also be true of extensions
which incorporate other quantity or price expectations.

5In a different setting, Turnovsky [7] has shown that adaptive

expectations with a variable adjustment coefficient can be rational in

the sense of arising from a Bayesian decision process. The question
regarding the extent to which expectations in the present model are
rational is left open, but Turnovsky's result suggests that in some cases
of interest, expectations in the present model are rational in the Bayesian

sense of agents not wasting information.

6The continuous time process below should not be considered as a limiting
case for a sequence of discrete time processes (see Burmeister and Turnovsky

[21).

7These terms receive precise definition in Sections two and three below.

“

]
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8thationa1 conventions: R denotes n~dimensional Euclidean space,
Qn denotes the nonnegative orthant of R

n
n _ n n n n n
Q ={r€a :r>0}, 0, ={req :r>>0]}, 8 ={r¢€ qQ : 1§1 r, =1},

=1}, where for r € R", r = 0 means that r, 20,

n
n _ n
S, {r € Q,, 21 r, :

i:
i=1,...,n, >0 means that r 20, r # 0, and r > 0 means that

r, >0, 1 = 1,..:,n, and for two sets X, ¥, XC¥Y, ¥Y~-X= {x €Y: x ¢ X}.

i

9For notational convenience, '1'i is designated as a function of the full

vector p, although it is nontrivially a function only of P, and P;-

10This last assumption is conventional in dynamic, competitive models

with production. A major consequence of this assumption in the present model
1s that a conventional form of Walras' Law holds.

11For this last, see Arrow and Hahn ([1], pp. 100-101.)

12The proof of the initial statement and a involves a case by case

approach to the utility maximization problem, A2 above and the type of
argument given in Arrow and Hahn ([1], pp. 103-104). b follows easily from a.

13The proof of the weak axiom of revealed preference follows the lines

of the proof in Arrow and Hahn ([1], p. 218). The proofs of all other state~
ments in a - b follow easily from Al - A2 and their implications listed above.

14The price adjustment specifications here differ from those of Varian

([9], Section 2) and Eckalbar ([3], Section V). In the Varian and Eckalbar
models, price adjustment in the commodity market is governed by the excess
commodity demand which explicitly reflects the revised (due to excess supply
in the labor market) commodity demand of households or the revised (due to

excess demand in éhe labor market) commodity supply of firms.
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1SThis represents a continuous time "approximation' to the discrete time

process of the economy. See the discussion on p. 2 above.

16The system (8) should not be seen as representing the economic process

in real time, but rather as an abstraction (in the variable t € [0, =)) repree
senting the adjustment dynamics of the economy over a finite period of time.

For ease of reference, the variable t will continue to be called "time".

17This assumption can be deduced, by means of the implicit function

*
theorem, from the assumption that for any fixed Y € (0, Y® ), the Jacobian

matrix of the system (7) is nonsingular on Si. For the sake of convenience,

the desired result involving E(Ye) is simply assumed.

188ee Arrow and Hahn ([1], p. 285).

19The proof of (17) represents a straightforward adaptation of the proof

on p. 287 in Arrow and Hahn [l]. It involves the first order conditions for

utility maximization, Walras' Law and the fact that piF;(Ti(p)) = Py i=1, 2.

2(hc.)t:e the role played by A3b here: A3b implies that a rise in the
aggregate point sales expectation when this expectation effectively constrains
producers of good one cannot increase the target utility of the representative

household even when there is positive excess demand for good one.

21Essentially what is involved here is simply the fact that in the system
without expectations (10) above, the target utility of the representative
household is minimized at p*. For an intuitive explanation of this under more

restrictive assumptions regarding utility functions, see Arrow and Hahn ([1], p. 288).
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