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INNOVATIVE VS. IMITATIVE R&D AND
ECONOMIC GROWTH

Jinli Zeng*

First Draft: November, 1993
This Version: September, 1994

Abstract

The objective of this paper is to study the relationship between resource allocation
and R&D on the one hand, and economic growth and welfare on the other. The paper
presents a multi-sector dynamic general equilibrium growth model, in which resource
allocation between innovative and imitative R&D is the key to the speed of economic
growth. In this model, innovations and imitations can occur in the same sector at the
same time and economic growth is driven by innovation through its interactions with
imitation.

We discuss two types of imitations: rent-seeking imitations and productive imita-
tions. We identify the channels through which innovation and imitation interact with
each other. In the case where imitations are of the rent-seeking type, we show that
subsidizing innovation is not necessarily equivalent to taxing imitation: while taxing
imitative R&D always induces more investment in innovative R&D and less invest-
ment in imitative R&D, subsidizing innovative R&D always encourages innovation but
it discourages imitation only if the effective employment in innovative R&D is high
enough relative to the effective employment in imitative R&D; if the effective employ-
ment in innovative R&D is relatively low, then subsidizing innovation also attracts
imitation. In the case where imitations are productive, we show that, in addition to
the "nonequivalence” result, taxing imitative R&D may induce more imitations. In
both cases, we show that a subsidy to innovative R&D always speeds up economic
growth while a subsidy to imitative R&D always does the opposite, but the effects on
welfare of both subsidies are ambiguous.

*Department of Economics, The University of Western Ontario, London, Ontario, Canada N6A 5C2. I
would like to thank my advisor Peter Howitt for his guidance and Ake Blomqvist and Joel Fried for helpful
suggestions and comments.



1 Introduction

It has been recognized by more and more economists that technological progress is probably
the most important source of economic growth. This can been seen from the literature on
endogenous growth. All endogenous growth models base economic growth on technological
progress but through different channels. For example, in the first endogenous growth model
(Romer (1986)), technological progress was achieved along with physical capital accumula-
tion; Lucas (1988) focused on technological progress through human capital accumulation;
Aghion and Howitt (1992) and Grossman and Helpman (1991a) emphasized the impor-
tance of industrial innovations; and Dinopoulos (1991), Grossman and Helpman (1991b),
Segerstrom (1991) and Davidson and Segerstrom (1993) (hereafter DGSD) considered two
channels - innovations and imitations — at the same time. In this paper, we share with
the DGSD the same belief that both innovation and imitation are essential to technological

progress and thus to economic growth.

Innovation and imitation interact with each other in the process of technological progress.
On the one hand, they encourage each other. Successful innovations open up new opportu-
nities for imitations and therefore induce more resources to be spent in imitative R&D, while
imitations speed up the spread of the application of innovations. But on the other hand, thes'
also discourage each other. Further innovations render the previous imitations obsolete and
thus weaken the incentive for imitators to invest in imitative R&D, and successful imitations
increase the product market competition, therefore they discourage the innovators to invest
in innovative R&D. While the empirical evidence shows that like innovation, imitation is also
an important economic phenomenon, the literature on R&D races pays very little attention
to it. In this literature, imitation is either exogenously determined or totally ignored. This

paper is an attempt along the line of the DGSD to further understand the interactions of



innovation and imitation in the process of promoting technological progress, pushing eco-

nomic growth and improving welfare, and to see how public policies can influence this process.

We adopt a dynamic general equilibrium framework similar to Segerstrom (1991) and
Davidson and Segerstrom (1993), which are due to Grossman and Helpman (1991b). But
following Aghion and Howitt (1991) (Appendix 2), we model the processes of innovation
and imitation in such a way that innovations and imitations occur randomly and inde-
pendently across firms, across sectors and over time. In this model, economic growth is
driven by the interactions of innovation and imitation, but growth rate is determined by
innovation only although both innovation and imitation (in the case where imitations are
productive) contribute to welfare. We discuss two types of imitations - rent-seeking imi-
tations and productive imitations. For both types of im.ita.tions, we identify the channels
through which the investment (i.e. employment)! in innovative and imitative R&D affects
the values of innovation and imitation. In both cases, the employment in innovative R&D
has a "business-stealing” effect on the values of innovation and imitation and a positive
competition effect on the value of imitation; the employment in imitative R&D has a neg-
ative competition effect on the values of both innovation and imitation.? In the case where
imitations are of the rent-seeking type, we show that there may exist three stationary equi-
libria depending on the values of the model’s parameters. The first equilibrium involves zero
investment in both innovative and imitative R&D. As a result, there is no growth. In the
second equilibrium, firms invest only in innovative R&D. Therefore, the model degenerates
to an innovation-driven growth model such as Aghion and Howitt (1992) and Grossman and
Helpman (1991a). Our focus is on the third equilibrium, in which firms invest in both inno-

vative and imitative R&D. Several interesting results have been obtained. The most striking

1Throughout the paper, we use investment and employment interchangeably.
2 All these effects are explained in section 2.
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one may be that subsidizing innovation and taxing imitation are not necessarily equivalent.
The effects of these two policies on the investment in innovative R&D are the same: both
of them induce more investment in innovative R&D. But their effects on the investment in
imitative R&D can be different. While taxing imitation always reduces investment in im-
itative R&D, subsidizing innovation may or may not reduce investment in imitative R&D
depending on the effective employment in innovative R&D relative to that in imitative R&D:
if the employment in innovative R&D is relatively high, then, intuitively, subsidization of
innovation discourages imitations; but if the effective employment in innovative R&D is rel-
atively low, then the subsidization of innovation not only encourages innovation but also

induces imitation.

In the case where imitations are productive, we identify two more channels through
which the employment in innovative and imitative R&D affects the values of innovation and
imitation. That is, in addition to those effects mentioned above, the employment in both
innovative and imitative R&D has a positive and negative dynamic competition effect on
the values of both innovation and imitation.® We focus on the equilibrium with both innova-
tion and imitation. Numerical examples show that an increase in the subsidy to innovative
R&D induces more employment in innovative R&D, and it may increase or decrease the
employment in imitative R&D; an increase in the subsidy to imitative R&D reduces the em-
ployment in innovative R&D, and similar to the subsidy to innovative R&D, it may increase

or decrease the employment in imitative R&D.

In both cases, we show through numerical examples that a government subsidy to inno-

vative or imitative R&D may or may not improve welfare.

3The positive and negative dynamic competition effects are explained in section 5.



Closely related to the present paper are the DGSD mentioned above. We adopt the
similar basic framework: preferences are similar; production technologies are the same; and
as in Dinopoulos (1991), imitations also take the form of producing new varieties. However,
the processes of innovation and imitation are modelled in a different way. As in Aghion
and Howitt (1991) (Appendix 2), we model innovations and imitations in such a way that
innovations and imitations occur randomly and independently across firms, across sectors
and over time. The DGSD assumes that both innovative and imitative R&D are targeted
to specific sectors. In Grossman and Helpman (1991b), the static Bertrand competition is
used to analyze the product markets and imitation is driven by factor price differences across
countries, so innovations and imitations can not occur in the same country. In Dinopoulos
(1991), Segerstrom (1991) and Davidson and Segerstrom (1993), imitation is assumed to
be driven by sharing profit with the innovator (by producing different varieties to compete
with the innovator in Dinopoulos (1991) and through collusion in Segerstrom (1991) and
Davidson and Segerstrom (1993)), and equilibria are constructed such that at any point in
time, some sectors are targeted by innovators and other sectors are targeted by imitators, 7
therefore innovations and imitations can not occur in the same sector at the same time, al-
though they can coexist in the same country. In this model, the way of modelling innovation
and imitation leads to a different scenario: at any point in time, each sector has potential
innovators and imitators; therefore innovations and imitations can occur in the same sector

at the same time. We believe that this is consistent with casual observations.

The rest of this paper is organized as follows. Sections 2-4 are restricted to the case where
imitation is of the rent-seeking type. The next section describes the economic environment
and sets up the basic framework. Three stationary equilibria are discussed in section 3. Sec-
tion 4 focuses on the equilibrium with both innovation and imitation to analyze the effects

of exogenous changes in the model’s parameters and of the government policies. In section

4
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5, we consider productive imitations. We discuss the welfare properties of the laissez faire

equilibrium in section 6. Finally, some concluding remarks are given in section 7.

2 The Model

The basic framework is similar to Segerstrom (1991) and Davidson and Segerstrom (1993)
which are due to Grossman and Helpman (1991b). However, following Aghion and Howitt
(1991) (Appendix 2), we model the processes of innovation and imitation in such a way that
innovations and imitations occur randomly and independently across firms, across sectors

and over time.

2.1 Preferences

The model economy consists of a continuum of sectors, indexed by 1, located on [0, 1] and
is populated with identical infinitely-lived individuals with measure N. The representative

individual’s intertemporal utility function is assumed to be given by

U= /0 - e~Ptu(t)dt, (1)

where p is the individual’s subjective discount rate, and u(t) is the individual’s instantaneous
utility function which is assumed to take the following form
1 ai .
w(t) = [ (7" Z)di, 2)
0 =0
where 7 refers to vintage (quality) 7,* ¢; is the number of successful innovations in sector
i up to time ¢, ¥ > 1 is a measure of the size of innovation which represents the quality

improvement of a new product relative to its old counterpart, and Z;, is a utility index for

4A product of vintage 7 is a product whose quality has been improved 7 times since time 0.



consumption of the products of vintage 7 in sector . We assume that this subutility function

is

Mi" 1
Zif = Q(Mi‘r)(Mi‘r H (B:;'.T ) (3)
J=1

where z;;, is the consumption of variety j of vintage 7 in sector 7, M, is the number
of varieties of vintage 7 in sector ¢, and Q(M;,) represents the individual’s preference for
varieties. The function (M;,) is assumed to have the following properties: (i) Q'(M;,) > 0,
that is, the individual at least weakly prefer more varieties (if '(M;,) = 0, then imitations
are of the rent-seeking type because they do not contribute to welfare; if Q'(M;,) > 0, then
imitations are productive because they contribute to welfare.); (ii) limpy,, oo (M;r) < 7,
indicating that the individual’s preference for varieties is not too strong (or equivalently,
the quality improvements are large enough) so that new products can replace old ones; (iii)
Q(1) = 1, this is an assumption without loss of generality. In section 3 and section 4, we

consider the case where Q(M;;) = 1 for all M;, (therefore, Q'(M;,;) = 0). The case where

V(M;;) > 0 is left for section 5. The functional form (3) is equivalent to assuming that

the individuals’ preferences over different varieties are highly diversified and the population
is large so that by the law of large number each variety has the same demand if it has
the same price. So (3) represents the "average” individual’s preferences over varieties. The

representative individual’s budget constraint is
/0 ~ e"FOE(t)dt = W, (4)

where R(t) is the cumulative interest factor, Wp is the discounted expected life time income

at time 0, and E(t) the total expenditure at time ¢ which is given by

Bt = [ ' Ei(t)di = / ' go Bi(t)di = [ l(ijo Ié Piiris )di, (5)

where E;(t) is the expenditure on the products of sector 7 at time ¢, E;,(t) is the expenditure

on the varieties of vintage 7 in sector 4 at time ¢, and p;;, is the price (in terms of labor) of

6
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variety j of vintage 7 in sector 2.

Since the individual’s preferences defined by (1), (2) and (3) exhibit separability across
varieties, across vintages, across sectors and over time, the consumer’s problem can be de-
composed into four sub-problems: First, given the expenditure on the varieties of vintage 7 in
sector 1, Ej,(t), the consumer chooses the quantity of each variety, z;j,, to maximize (3) sub-
ject to the constraint, Zﬁ‘{ PijrTijr = Eir. The first-order conditions for this maximization
problem give the demand functions®

Eir

_EBe 6
M, irDijr ( )

Lijr =
Then the indirect utility function associated with vintage 7 of sector 7 is
Zi-r = A'rEi'n (7)

where A, = Q(M;, )15 pm'.w ). Second, given the expenditure on the products of sector ¢,
E;, the consumer allocates it among vintages within sector . That is, the consumer chooses

the expenditure on each vintage, E;,, to maximize

U = ln(zqi: v A E;), (8)

=0

subject to 3% , E;; = E;. Since products of different vintages adjusted for quality are
perfect substitutes, the consumer chooses the vintage with the highest marginal utility of
expenditure. It is easily verified that if the (product replacement) condition:® vA, > A, _;,

l.e.
M- '(7-1) M .
’)’Q(M,.,-)(H pt_rr ‘r) 2 Q(M‘("—I))( H p‘J(""i;;l) (9)
=1

$Notice that since the demand functions (6) exhibit a constant price elasticity and unitary expenditure
elasticity, they can be aggregated across consumers to obtain aggregate demand functions with exactly
the same form with F;, being the aggregate expenditure on the varieties of vintage 7 in sector ¢ and
correspondingly F; and E being the aggregate expenditure on the products of sector i and the aggregate
total aggregate expenditure respectively. So in what follows, we take (6) as aggregate demand functions.
6This product replacement condition is similar to the one in Dinopoulos (1991).

7



holds, then the consumer chooses vintage 7.7 Assume that once the 7th innovation succeeds,
the (7 — 1)th technology becomes common knowledge, then the prices of the varieties of
vintage (7 — 1) are driven to 1 (the marginal cost) when the products of vintage 7 become
available. We also assume that firms producing different varieties of the same vintage engage
in price competition, so they charge the same price p;; (i.e. pijr=pir). Then the condition
(9) becomes

) > (M) (10)
The price p;r will be set to satisfy this condition. Then the consumer will always just
consume the-state-of-the-art products. Consequently, the indirect utility function associated

with sector 2 is given by

u; = In(y¥ALE;), (11)
and, correspondingly, the indirect instantaneous utility function is

u(t) = [ * (1% A E:)di. (12)

Third, the consumer allocates the given total expenditure E(t) among the products of dif-
ferent sectors to maximize the instantaneous utility (12). Obviously, we have E;(t) = E(%).

Then the consumer’s life time utility is
U= [7 e[ In(y*Ag)di] + In E}dt. (13)
A b g

Finally, the consumer chooses the time path of the total expenditure E(t) to maximize his
life time utility (13) subject to the budget constraint (4), which gives rise to

% = T(t) =P (14)

"We assume that even the equality holds (then the consumer is indifferent between the products of two
vintages), the consumer still consumes only the higher quality vintage.



where E denotes the time change rate of the total expenditure E(t) and r(t) is the interest
rate at time t. We intend to focus on stationary equilibria,® so in what follows, all variables’
time subscripts will be dropped. Also, the subscripts for varieties, vintages and sectors can be
omitted because of the symmetrical structures of preferences and production technologies.®
This completes the description of the consumer’s preferences. Now we turn to technologies

and firms’ problems.

2.2 Technologies

There are three types of productive activities: consumption good production, innovative
R&D and imitative R&D. We assume that all these activities require only ome input -
labour. It is also assumed that each individual is endowed with one unit of labour which is
inelastically supplied to one of the above mentioned activities. So the total labour supply is

N. Each type of activities is described as follows.

Consumption Good Production

We assume that consumption good producers in all sectors have access to the same
constant-returns-to-scale technology with each unit of labour producing one unit of output
regardless of quality and variety. But only successful innovators and imitators are able to
produce the state-of-the-art products. Since the consumer buys only those products with the
lowest quality-adjusted prices ( if lower-quality and higher-quality products have the same
quality-adjusted price, then we have assumed that the consumer buys only higher-quality
products), for each variety, with the assumptions that (1) = 1 and Q'(M) = 0, the highest

price the producer can charge is p = -, where labor is taken as numeraire. From the demand

8In a stationary equilibrium, the total expenditure E is constant, so the interest rate r(t) must be constant
and equal to the individual’s subjective discount rate p.
9The production technologies will be described in the next subsection.



functions (6), we know that the profit flow, w(M), for each producer in any sector is
71 F
=(—)=—. 15
w0 = (g (15)

Note that, given the size of innovation and the consumer’s expenditure, the profit flow de-

pends only on the number of producers in that sector.

Innovative R&D

New higher-quality products have to be discovered through innovative R&D before they
can be produced. Innovation is assumed to follow the Poisson process. The arrival rate
depends on the productivity of innovative R&D, A7, and the amount of labour employed,
y1. The technology for innovative R&D is assumed to be constant returns to scale. So the
arrival rate is simply A;y;. It is also assumed that innovations can not be targeted to specific
sectors; they occur randomly and independently across firms, across sectors and over time.
Once an innovative R&D firm succeeds in discovering a higher quality product in a certain
sector, it becomes the sole producer of that sector and enjoys the monopoly profit until either
another firm discovers an even higher quality product in the same sector at which time it
is driven out of business or until some other imitative R&D firms copy the state-of-the-art
product to produce different varieties at which time it has to share the product market with
these imitators. Let W be the value of an innovative R&D firm and V; be the value of a

successful innovation, then we have the Bellman equation
pWr = max{Ary:Vr — y1}. (16)
y1>0
Assuming free entry into innovative R&D, we have Wi = 0. Then
0= g}%{AIZ‘/IVI - y1}. (17)
The first-order condition is
A1Vr <1,y; > 0, with at least one equality. (18)

10
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The value of innovation is given by'°

1

-
P+’\In1)]( 5 )E) (19)

Acnc

1
Vi=[35g+

where )¢ is the productivity parameter for an imitative R&D firm, n; and n¢ are the aggre-
gate labour employment in innovative R&D and imitative R&D respectively. Here, Ac > As

is assumed to reflect the fact that imitation is easier than innovation.!

Notice that both the employment n; in innovative R&D and the employment n¢ in imi-
tative R&D have a negative effect on the value of innovation (see the signs of %’f and %V:
in Appendix 3). That is, more employment in either type of research makes a successful
innovation less valuable. The reasons for this are simple: an increase in the employment in
innovative R&D shortens the length of time in which the previous innovator can enjoy its
monopoly profit (the ”business-stealing” effect); and an increase in the employment in imita-

tive R&D reduces the innovator’s profit flow by increasing the product market competition

(the negative competition effect).

Imitative R&D

As mentioned above, a successful innovator can not enjoy the monopoly profit forever.
Other R&D firms can engage in copying the state-of-the-art products to produce other
varieties. Like innovation, imitation is also assumed to follow the Poisson process and occur
randomly and independently across firms, across sectors and over time. The process of
imitation has the same structure as that of innovation. By employing yc units of labour,
an imitative R&D firm is successful in imitating the state-of-the-art product to produce a
new variety with an instantaneous probability Acyc. That is, the arrival rate of this Poisson

process is Acyc. In each sector, a successful imitator becomes the sole producer of the new

105ee Appendix 2 for derivation
11Mansfield et al (1981) found that the ratio of imitation time to innovation time was about 3.
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variety but shares the product market of that sector with the innovator and other imitators,
if any. The processes of innovation and imitation generate a stationary distribution of the
type K of sector across sectors.!> At any point in time, some sectors have one producer (i.e.
the innovator), some sectors have two (the innovator and one imitator), some have three (the
innovator and two imitators) and so on. The value of a successful imitation depends crucially
on this distribution. Let W be the value of an imitative R&D firm and Vi be the value of
a successful imitation, and assume free entry into imitative R&D, then we have a Bellman

equation and a zero profit condition similar to (16) and (17). The first-order condition is:
AcVe < 1,y¢ 2 0, with at least one equality, (20)

where the value of imitation is given by 13

_Amg Amr Acne
VC - p)\cnc [(1 + Acnc)ln(l + )tﬂ'l«[ )
p+Amg Acnc Y —1
—(1 In(1 E. 21
1+ 5 (1 4 2T (o)

As has been shown in Appendix 4, higher employment n¢ in imitative R&D is associated
with a lower value of imitation because the negative competition effect implies that higher
employment in imitative R&D leads to stronger competition in the product markets. How-
ever, the effect of an increase in the employment in innovative R&D on the value of imitation
depends on the effective employment Ajn; in innovative R&D relative to the effective em-
ployment A¢cnc in imitative R&D: if the effective employment in innovative R&D is relatively
low, then an increase in the employment in innovative R&D raises the value of imitation; if
the effective employment in innovative R&D is relatively high, then a further increase in the

employment in innovative R&D lowers the value of imitation. This is because an increase in

13The type of sector refers to the number of producers (also the number of varieties) in that sector. The
type of sector (more precisely, the variable K — 1) is geometrically distributed across sectors. See Appendix
1 for derivation.

135ee Appendix 2 for derivation.
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Table 1: The Effects of Changes in ny and n¢ with Q'(M) =0

Employ. Increase Effect on V; Effect on Vg
nr "Business-stealing” effect =~ ”Business-stealing” effect
= V7 decreases = V¢ decreases

Positive competition effect
=> Vo Increases

ne Negative competition effect Negative competition effect
= V; decreases = V¢ decreases

Note: In addition to these effects, increases in 7y and n¢ also decrease V7 and V¢ by reducing the employment
in consumption good production and thus making each producer’s profit flow smaller.

the employment in innovative R&D has two offsetting effects. On the one hand, the increase
in the employment in innovative R&D increases the probability with which an imitator can
succeed in sectors with single producers (the positive competition effect), and therefore in-
crease the profitability of imitation. But on the other hand, the increase in the employment
in innovative R&D in the next period also shortens the length of time in which the imitator
can enjoy the profit from producing a new variety (the "business-stealing” effect). So the net
effect depends on the relative strength of these two forces. When the effective employment
in innovative R&D is relatively low, the positive competition effect dominates the "business-
stealing” effect, as a result, the value of imitation rises; when the effective employment in
innovative R&D is relatively high, the "business-stealing” effect dominates, therefore the

value of imitation decreases.

The effects on the values of innovation and imitation of changes in the employment in
innovative and imitative R&D are shown in Figures 1 and 2 and summarized in Table 1 for

future reference.

Labour Market

Assume full employment, we have the labour market clearing condition

13



E
‘n1+'no+;=N, (22)

where E /v is the total employment in consumption good production.

Capital Market

Finally, we assume there exists a perfect capital market. R&D firms borrow funds from
this market to pay their researchers and issue risky securities. The equilibrium interest rate
r clears the market at each moment in time. Since there is a continuum of sectors and
innovations and imitations occur independently across firms and across sectors, individual
investors are able to completely diversify away risk by holding a diversified portfolio of se-

curities.

3 Stationary Equilibria

We consider only stationary equilibria. In equilibrium, the consumer’s total expenditure E,
the employment n; in innovative R&D and the employment n¢ in imitative R&D are all
constant; the instantaneous interest rate r is also constant and is equal to the individual’s
subjective discount rate p. A stationary equilibrium is described by a constant sequence of

{n1,nc, E} satisfying the following conditions

) A -1
[)‘C:zc In(1 + p +C"}"";I)](7 . )E <1, ny > 0, with at least one equality, (23)
AITLI[(1+ AInI )ln(1+ }\CnC) (1 P;'/\Inl)

cnc

A -1 .
In(1 + SZEZ)[(Fom)E < 1, mg 2 0, with at least one equality, (24)

E

m+nc+;=N- (29)

14
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Table 2: Three Equilibria (Q/(M) = 0)

Relative speed A (0, 1/2) [1/2, 00)
Labor endowment N
(O,Wh] n1=nc=0 n1=nc=0

(m’-’:__ﬁ:oo) ny>0nc>0 nr>0,nc=0

There exist three possible equilibria depending on the size of labor endowment and the
productivity of innovative R&D relative to that of imitative R&D (see Table 2). Now we
discuss the conditions for the existence of each equilibrium and the properties of each equi-

librium.

3.1 Zero R&D Equilibrium

There are two cases in which this equilibrium exists. The first case is that the labor endow-
ment is too small. The second case is a limiting case where imitations are instantaneous.

More specifically, letting A = Ar/Ac, we have

Proposition 1: A zero R&D equilibrium exists if and only if the labor endowment is
too small, i.e., N < X}'('-;-Ln’ and/ or imitations are instantaneous, i.e., A = 0.

The proof is given in Appendix 5. The intuitions behind this proposition are as follows.

In the first case, the labor endowment (correspondingly, the total expenditure) is so small
that even without imitation, the profit an innovator can make will be too low to cover the
cost of R&D. So there is no innovative R&D and therefore there is no imitative R&D.*

In the second case, imitations are so easy that once an innovation succeeds, an infinitely

14As has been shown in Appendix 5, if ny=0, then Vo=0.

15



number of successful imitations follow immediately. Threatened by immediate imitations
and thus zero returns to investment, no firms invest in innovative R&D. With no investment

in innovative R&D and thus no innovation, firms do not invest in imitative R&D either.

3.2 Equilibrium with Innovation only

If the labor endowment is large enough, but imitation is too difficult relative to innovation,
then firms invest in innovative R&D but do not invest in imitative R&D. Therefore we have

the following proposition.

Proposition 2: An equilibrium with innovation only exists if and only if the labor en-

dowment is large enough, i.e., N > XR—%—T)’ but imitation is too difficult, i.e., A > 3.

We prove this proposition in Appendix 6. The intuition is straightforward. If the labor
endowment is large enough and innovation is not too difficult relative to imitation, then the
profit potential is high enough to attract investment into innovative R&D. But since imitation
is not easy énough relative to innovation, the expected benefit will not be enough to cover the

cost of investment in imitative R&D. Therefore, in equilibrium, only innovative R&D occurs.

With zero employment in imitative R&D, the value of a successful innovation is V; =

%)-. 15 The zero profit condition for an R&D firm A\;V; = 1 implies ny = (1_'7—1-)N —;‘%.
This is exactly the result obtained in those endogenous growth models without imitation such
as Aghion and Howitt (1992) and Grossman and Helpman (1991a). In equilibrium, the ef-

fects of changes in parameters are stated as follows.

18limy, ;o Vy = Q=0 =n1)

ptArne
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Proposition 3: In the equilibrium with innovation only, the employment n; in innova-
tive R&D increases with (i) an increase in the arrival rate parameter Ar; (i) an increase in
the size 7 of innovation; (iil) an increase in labor endowment N and (iv) a decrease in the
individual’s subjective discount rate p. The economic intuitions are explained in Aghion and

Howitt (1992) pp. 334-335.

3.3 Equilibrium with Both Innovation and Imitation

If we rule out the limiting case (i.e. A = 0 ), then if the labor endowment is large enough,

1

1e, N > A_:(h’ and imitation is not too difficult, i.e., A < 3, then both innovative and

imitative R&D occurs and returns to the investment in both types of R&D are equal.

In the rest of this section and the next section, we will focus on the equilibrium with
both innovation and imitation. Solving (25) for E and substituting it into (23) and (24)

(with equalities) gives

1 )\cnc
—In(l + ——
Ac ( P+z\m1)
ny Arng Acnc p+ Amng Acnc
=M+ In(1 — (14 P Ay 4 28Ty, 2
p( ,\cnc) (+z\m:) (1+ /\cnc) ( p+z\m:)] (26)
A 101+ 29" ity = 1)(N = s —ng) =1 (27)
Acnc p+ A 7 roRer =~

The first equation (26) is an equal profitability condition, which says that in equilibrium
the expected returns to investment in innovative and imitative R&D are equal. We show in
Appendix 8 that the employment n; in innovative R&D and the employment n¢ in imita-
tive R&D described by this condition are positively related. That is, more employment in

imitative R&D accompanies more employment in innovative R&D in order for this condition
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to hold.

The intuition behind this can be understood from the effects of changes in the employ-
ment in innovative and imitative R&D on the values of innovation and imitation. Let us
start from a state in which the equal profitability condition holds (i.e. A\;Vr = AcV¢). Sup-
pose the employment in innovative R&D increases, then, as shown in Table 1, the increase
in the employment in innovative R&D has two effects: the "business-stealing” effect and
the positive competition effect. The "business-stealing” effect tends to lower the values of
both innovation and imitation; the positive competition effect does not affect the value of
innovation, but it tends to increase the value of imitation. The net result is that the value of
innovation decreases more than the value of imitation does. The latter may rise rather than
fall if the effective employment in innovative R&D is low relative to the effective employment
in imitative R&D! As a result, the expected return to imitative R&D is higher than that to
innovative R&D (i.e. A;Vy < AcV¢). The higher expected return to imitative R&D creates
an incentive for firms to employ more labor. Then the employment in imitative R&D rises
and the equality of the expected returns to both type of research is restored. Therefore we

have the positive relationship between these two types of employment.

The second equation (27) is a labour market clearing condition. The relationship be-
tween these two types of employment, n; and n¢, are negative as shown in Appendix 8. The
reason for this negative relationship is obvious. Since the total labour supply N is fixed,
then given the employment in the consumption good production, more labour hired by one
type of R&D implies less labour available for the other. We show that as long as the total
labour endowment N is large enough and 0 < A < %, there always exists an equilibrium with

both innovation and imitation. That is,

18



Proposition 4: An equilibrium with both innovations and imitations exists if and only

if N > ,\_,('-ly,-—ﬁ and 0 < X < 1. Moreover, the equilibrium is unique if it exists.'®

The equilibrium properties will be discussed in the next section.

Now we calculate the utility growth rate g. We consider the productive imitation case.!”

Substituting Ay, with p = yQ(M)/Q(M_,) and E; = E into (12) gives
E 1 . 1 .
u(t) =In(2) + /0 gilndi + /0 1n Q(M_,)di, (28)

where M_; is the number of varieties of vintage (¢; — 1) in sector :. Using the properties of

the Poisson distribution, as in Segerstrom (1991), we have

/01 alnqdi = 3 Qe

q;=0 a: !

)qee—f\.m.rt

g ln~y
= (Am,j)tln’y. (29)

And the stationary distribution of the type of sector across sectors implies

Uy = /0 "nQM)di= Y 6, ko), (30)

k_1=1

where k_; refers to the type of a sector in the previous generation. Hence, we have
E
'u.(t) = ln(;) + Amrtlny + u,. (31)
Then taking the derivative of u(t) with respect to time ¢ gives the growth rate
9= (Ams)n7. (32)

From (32), we know that the growth rate depends positively on the productivity A; of
innovative R&D, the amount of labour n; employed in innovative R&D and the size y of in-

novation. Given the parameters, A\r and vy, the growth rate depends solely on the equilibrium

16See Appendix 8 for proof.
17The rent-seeking imitation case can be considered as a special case.
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employment ny in innovative R&D. Since the growth rate and the employment in innovative
R&D change in the same direction, in the next section, the comparative-statics analysis
focuses on the effects of exogenous changes in the model’s parameters on the equilibrium

employment in innovative R&D (and the equilibrium employment in imitative R&D as well).

4 Comparative Statics And Public Policies

This section focuses on the equilibrium with both innovation and imitation. We look at the
effects of changes in the model’s parameters and government policies on the equilibrium em-
ployment in innovative and imitative R&D. The effects on welfare will be analyzed through
numerical examples in section 6. The effects of exogenous changes in the model’s parame-
ters (A7, Ac, p,y and N), and of government policies on the employment in innovative and

imitative R&D are summarized in the following Propositions.!®

Proposition 5: An increase in the productivity A; of innovative R&D increases the

equilibrium employment n; in innovative R&D.

The effect of an increase in the productivity of innovative R&D on the equilibrium em-
ployment n; in innovative R&D is intuitive. The increase in this parameter decreases the
marginal cost of innovative R&D by improving the efficiency of employment. It also de-
creases the marginal benefit to innovative R&D because it increases the rate of creative
destruction of the next innovation (reinforcing the "business-stealing” effect). But here the
former dominates the latter. Consequently, the equilibrium employment in innovative R&D

increases.

18The proofs are given in Appendix 9, 10 and 11.
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Numerical calculations (e.g. Table 4 in Appendix 9) show that an increase in the pro-
ductivity A; of innovative R&D decreases (increases) the equilibrium employment n¢ in
imitative R&D if 6; > 6; (61 < ;). *° The effect on the equilibrium employment in im-
itative R&D needs some explanations. The intuition may suggest that the increase in the
productivity of innovative R&D should always reduce the equilibrium employment in imita-
tive R&D because it reduces the marginal benefit to imitative R&D by increasing the rate of
creative destruction. But, as has been explained above, the value of imitation depends not
only on the length of time in which the imitator enjoys the profit from being the sole pro-
ducer of a new variety, but also on the distribution of the type of sector across sectors. The
increase in the productivity of innovative R&D reduces the length of time for the imitator
to earn profits, but it also increase the probability of copying the state-of-the-art products
from those sectors with single producers (the innovators), and therefore has a larger share of
that product market (strengthening the positive competition effect). So when the effective
employment Arn; in innovative R&D is low relative to the effective employment Acnc in
imitative R&D, the "business-stealing” effect is more than offset by the positive competition
effect. Therefore, the employment in imitative R&D increases rather than decreases. How-
ever, when the effective employment Arn; in innovative R&D is high relative to the effective
employment Acnc in imitative R&D, the "business-stealing” effect dominates. Thus, the net
effect follows the intuition, that is, the equilibrium employment in imitative R&D decreases

as a result of the productivity increase in innovative R&D.

Quite symmetrically, for changes in the productivity of imitative R&D, we have

Proposition 6: An increase in the productivity A¢c of imitative R&D decreases the equi-

librium employment n; in innovative R&D.

19Here, 6, is a critical value of 6;.
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An increase in the productivity of imitative R&D does not affect the marginal cost of
innovative R&D but it decreases the marginal benefit to this activity by reducing the length
of time during which the innovator enjoys its monopoly profit (increasing the negative com-

petition effect), so the equilibrium employment in innovative R&D decreases.

It is shown through numerical calculations (e.g. Table 5 in Appendix 9) that an increase
in the productivity A¢ of imitative R&D increases (decreases) the equilibrium employment
ne in imitative R&D if 8; > 6;( 6, < 6;). ° The effect on the equilibrium employment in
imitative R&D again depends on two offsetting forces. On the one hand, the increase in the
productivity of imitative R&D reduces the marginal cost of imitative R&D by improving
the efficiency of employment, but on the other hand, it also decreases the marginal benefit
to this activity through the negative competition effect. If the effective employment Ayn;
in innovative R&D is low relative to the effective employment A¢n¢ in imitative R&D, the
negative competition effect dominates and thus, in equilibrium, the employment in imita-
tive R&D decreases. If the effective employment in innovative R&D is relatively high, then
the effect of the marginal cost decrease more than offsets the negative competition effect.

Therefore, the equilibrium employment in imitative R&D increases.

Proposition 7: An increase in the representative individual’s subjective discount rate

p always decreases the equilibrium employment n¢ in imitative R&D.

But we show through numerical examples (e.g. Table 6 in Appendix 9) that an increase
in the representative individual’s subjective discount rate p decreases (increases) the equilib-

rium employment ny in innovative R&D if p is large (small). The representative individual’s

20Like 9'1 , 8y is another critical value of ;.
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subjective discount rate is negatively related to the discounted expected benefits to both
innovative and imitative R&D. That is, an increase in the discount rate reduces the dis-
counted expected benefit to each type of research. Since it does not affect the marginal cost
of either type, the equilibrium employment in innovative and imitative R&D should decrease
responding to lower marginal benefits. This is true if the discount rate is large. However, if
the discount rate is small, the increase in the discount rate reduces the equilibrium employ-
ment in imitative R&D to such an extent that the negative competition effect outweighs the
discount rate effect on the marginal benefit to innovative R&D. As a result, the employment

in innovative R&D rises rather than falls.

Proposition 8: An increase in the size 4 of innovation and the labor endowment N in-
creases the equilibrium employment n; in innovative R&D and the equilibrium employment

nc in imitative R&D.

This proposition is very intuitive. An increase in the size of innovation or in the labour
endowment raises the marginal benefits to both innovative and imitative R&D. The increase
in the the size of innovation increases the marginal benefit through charging a higher price,
while the increase in the labour endowment increases the marginal benefit by increasing the

total expenditure.

Proposition 9: An increase in the subsidy sy to innovative R&D increases the equilib-

rium employment n; in innovative R&D.

The effect of an increase in the subsidy to innovative R&D works through the same mech-
anism discussed in proposition 5. It always induces more employment in innovative R&D by

reducing the marginal cost of innovative R&D.
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Numerical calculations (e.g. Table 7 in Appendix 9) reveal that an increase in the sub-
sidy sy to innovative R&D decreases (increases) the equilibrium employment n¢ in imitative
R&D if 6, > 6, (6, < ;). * The effect on the equilibrium employment in imitative R&D
again depends on the two conflicting effects mentioned above. If the effective employment in
innovative R&D is low relative to the effective employment in imitative R&D, the positive
competition effect is stronger than the "business-stealing” effect, thus the equilibrium em-
ployment in imitative R&D rises; if the effective employment in innovative R&D is relatively
high, the "business-stealing” effect dominates the positive competition effect, therefore the

equilibrium employment in imitative R&D decreases.

Proposition 10: An increase in the subsidy s; to imitative R&D decreases the equi-
librium employment n; in innovative R&D and increases the equilibrium employment n¢ in

imitative R&D.

This is again an intuitive proposition. An increase in the subsidy to imitative R&D
does not affect the marginal benefit to imitative R&D, but it decreases the marginal cost,
thus it induces more employment in imitative R&D . But the increase in the equilibrium
employment in imitative R&D reduces the marginal benefit to innovative R&D through the
negative competition effect. Therefore, responding to the decrease in the marginal benefit,

the equilibrium employment in innovative R&D declines.

Under most circumstances, taxation and subsidization are two alternatives for public
policies. That is, taxing an activity can usually be replaced by subsidizing another activity

(or other activities) to achieve the same policy objective. However, this does not apply here.

219," is another critical value of 6;.
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In this model, taxation and subsidization are not always equivalent. If the policy objective is
to discourage imitations, then taxing imitative R&D can always satisfy this objective. But

subsidizing innovative R&D may do the opposite. So we have the following corollary.

Corollary: Subsidizing innovations and taxing imitations are not necessarily equivalent.

The results regarding the effects of government subsidies will be compared with those in

Segerstrom (1991) in the next section.

5 Productive Imitation

In this section, we consider the case where individuals prefer more varieties, i.e. Q'(M) > 0.
We restrict our attention to the effects on the levels of innovative and imitative R&D of ex-
ogenous changes in the model’s parameters and of public policies. To this end, first, we need
to calculate the values of innovation and imitation under the new assumption. The com-

parative statics analysis can be done in the same fashion as in the rent-seeking imitation case.

To derive the value functions of innovation and imitation under the assumption that
Q'(M) > 0, we need to know the prices innovators and imitators can charge for a new
variety or a new product. From the product replacement condition (10), we know that the

highest price an innovator or imitator can charge is

p = BUM), (33)

where the subscripts for sectors and varieties are omitted, 8 = v/Q(M_,) and M refers to
the number of varieties of the-state-of-the-art product while M_; is the number of varieties

of the old product (one step down the quality ladder). Notice that with the assumption that
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Q'(M) > 0, the price of a new product (or a variety of a new product) depends not only on
the size v of the quality improvement but also on the numbers (M and M_,) of varieties of
both the new and old products. As in the case where imitations are of the rent-seeking type,
the price of a new product increases with the size of the quality improvement. In addition,
the price also increases with the number of varieties of the new product but decreases with
the number of varieties of the old one. That is, the larger the number of the old (new)
varieties, the lower (higher) the price an innovator or imitator can charge. As a result, the
values of both innovation and imitation depend crucially on the distribution of the type of
sector across sectors. In this case, the calculation of the values of innovation and imitation
turns out to be rather complicated. To illustrate the interactions between innovation and
imitation in a manageable way, we assume that the function Q(M) takes the following simple

form

1, M=1,
Q(M):{ v M2, (34)

where 1 < v < v represents the individual’s preference for varieties.?? As has been shown in

Appendix 12, the value function of innovation is given by

1 Aene (v-1+(1-6)], E
Vi={[—In(1+ —6,—-(1-6,)v] - 5
' = {4 575w = — (1 - b)) - S SE AL B (o)
and the value function of imitation is given by
Amr )\.mz Acnc
Ve = 1+ In(1
= rona\ o) 2+ 577)
p+ Ay Acnc _ E
1+ B2 (1 + S5l — - (1 - Bl (39)
where 6; = rr—u%_f_—’:\fm is the proportion of type 1 sectors.

22Note that if ¥ = 1, then we have the rent-seeking imitation case.
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Comparing (35) and (36) with (19) and (21) respectively, we can see that the assumption
that Q/(M) > 0 creates two more channels through which the employment in innovative
R&D and imitative R&D affects the values of innovation and imitation. In addition to the
"business-stealing” effect on the value of innovation V; and the "business-stealing” effect
and the positive competition effect on the value of imitation V¢, identified in section 2, an
increase in the employment ny in innovative R&D, on the one hand, increases the profit flows
for innovators and imitators by raising the prices they can charge (the positive dynamic com-
petition effect?®) because of (stochastically) fewer old varieties. But on the other hand, the
increase in the employment n; in innovative R&D also affects adversely the profit flows for
innovators and imitators by lowering the prices they can charge due to fewer new varieties
(the negative dynamic competition effect). Correspondingly, besides the negative competi-
tion effect on the values of innovation and imitation, an increase in the employment n¢ in
imitative R&D has another two conflicting effects on the values of innovation and imitation.
It decreases (increases) the values of innovation and imitation by increasing (reducing) the
competition between the producers of the products of two different generations (qualities)
because of more old varieties (more new varieties)(the negative (positive) dynamic competi-
tion effect) which tends to lower (raise) the prices the producers can charge. For comparisons

with Table 1 in section 2, we list all these effects in Table 3.

To close the modified model, we consider the labor market. Since each unit of output
of any variety and quality costs one unit of labor to produce, the total employment in

consumption good production is simply the total output. Let = denote the output of each

23We distinguish this effect from the positive competition effect because these two effects work through
different channels: the positive dynamic competition effect comes from reducing the competition between the
producers of a new product and the producers of the new product’s old counterpart (old varieties) while the
positive competition effect results from reducing the competition among the producers of different varieties
of the same generation (quality). For the same reason, we distinguish the negative dynamic competition
effect from the negative competition effect.
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variety, Mz is the employment in a single sector. Therefore, the total employment X is?*

X = / sdi= 3 [2( =AVAT A

k_1=1 k=1
= (6w + (1 — 6)][6: + (1 — 91)1/]%, (37)

where 6y is defined in Appendix 1 and 6j_, is the measure of sectors that are type k in the

previous generation. Thus, we have the labor market clearing condition
E
nr+nc+ v+ (1-61)]6:.+(1- 01)1/]7; = N. (38)

Therefore, the equilibrium conditions are

{ [ A I Acnc
Acnc p+ Ay

AI(V - 1)[01 + (1 - 91)1/] E
p+ Amr+ Acnc v

In(1 +

Nlyy — 6y — (1 - 61)v]

— <1, ny > 0, with at least one equality, (39)

Amnr Amr Ac'nc p+Aims Acnc
1 + In(1 + 1+ In(1 +
200114 32 a1 + 220) - (1+ £ a1 4 220
E . .
[yw—60.—(1— 01)1/]7-—1/ <1, n¢ >0, with at least one equality, (40)

and the above labor market clearing condition (38). In the rest of this section, we will

consider equilibria with n; > 0 and n¢ > 0, which are described by

1 Acnc (v=1)[6,+(1-6,)]
——In(1 -6, —-(1-6 -
e B+ o M — b = (= ] = e Yome
Amz z\cnc p+Amr Acnc
1 In(1 1 In(1
2L {223+ 520) - (14 A 1oy 4 R0
[yv — 61— (1 —61)v], (41)

and

24gee Appendix 13 for derivation.
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Table 3: The Effects of Changes in n; and n¢ with Q'(M) > 0

Employ.Increase Effect on V; Effect on V¢
nr "Business-stealing” effect  ” Business-stealing” effect
= V; decreases = Vo decreases
Positive dynamic Positive dynamic
competition effect competition effect
=> V increases = V¢ increases
Negative dynamic Negative dynamic
competition effect competition effect
=> Vi decreases = V¢ decreases

Positive competition effect
=> V¢ increases

ne Negative competition effect Negative competition effect
= V; decreases => V¢ decreases
Positive dynamic Positive dynamic
competition effect competition effect
= V7 increases => Ve increases
Negative dynamic Negative dynamic
competition effect competition effect
= V; decreases = V¢ decreases

Note: As in Table 1, this table does not list the effects of increases in n; and n¢ on V; and Ve by reducing
the employment in production and thus decreasing the profit flow for each producer.
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>\1 )\cnc
{[mln(l + m)][’w -6, —(1-61)v]
(=1l +(1—61)v] (N —nr—nc)

P Amitdene (B rA-tG+ Q6] - (42)

Since innovation and imitation interact with each other in such complicated ways, as shown
in Table 3, we do not attempt to do comparative-statics and public policy experiments
analytically. Instead, numerical examples are used. The numerical examples give us the

following results:

For the changes in Az, A¢,7,p, N and 5;1,2° we have qualitatively the same results as
stated in section 4 (i.e. the case where imitations are of the rent-seeking type). The effects

of changes in v and s¢ on the employment in innovative and imitative R&D are as follows

e An inc;ease in the degree v of preference for more varieties decreases the employment
nr in innovative R&D and it may increase or decrease the employment n¢ in imitative
R&D. For example, when (A1, Ac,7, p, N)=(0.3, 3, 2, 0.05, 1), an increase in the degree
v of preference for varieties from 1 to 1.1 decreases the employment n; in innovative
R&D from 0.020,882 to 0.019,221 and also decreases the employment n¢ in imitative
R&D from 0.190,179 to 0.183,109; when (A7, A¢,v,p, N)=(1.3, 3, 2, 0.05, 1), if the
degree v of preference for varieties increases from 1 to 1.1, then the employment ny in
innovative R&D drops from 0.322,868 to 0.263,759, but the employment n¢ in imitative
R&D rises from 0.156,196 to 0.211,520.

e An increase in the subsidy s¢ to imitative R&D decreases the employment n; in inno-

vative R&D and it may increase or decrease the employment n¢ in imitative R&D. For

25With a subsidy s; to innovative R&D, the equilibrium conditions are given by (41) with its left hand
side being multiplied by 1_—1" and (42) with its right hand side being replaced by 1 — s7; the equilibrium
with a subsidy s¢ to imitative R&D is described by (42) and (41) with its right hand side being multiplied
by ﬁ
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example, when (A1, A¢,7, p, ¥, N)=(0.1, 0.3, 2, 0.05, 1.5, 1), an increase in the subsidy
sc to imitative R&D from zero to 0.01 decreases the employment n; in innovative R&D
from 0.011,770 to 0.011,422 and also decreases the employment n¢ in imitative R&D
from 0.032,141 to 0.031,891. When (A1, A¢,, p, ¥, N)=(0.3, 3, 2, 0.05, 1.5, 1), with-
out a subsidy s¢ to imitative R&D, the employment n; (nc) in innovative (imitative)
R&D is 0.267,863 (0.387,805); with a subsidy s¢ = 0.01, the employment n; (nc) in
innovative (imitative) R&D decreases (increases) to 0.262,566 (0.393,147).

The above numerical calculations show that when imitations are productive, the "nonequiv-
alence” result still applies;?® in addition, taxing imitative R&D may induce more imitations!
The reason for this seemingly counterintuitive result is as follows. If imitative R&D is taxed,
then the marginal cost of imitative R&D will rise. Meanwhile, the employment in innovative
R&D will increase. As listed in Table 3, the increase in the employment in innovative R&D
has both positive and negative effects on the value of imitation. But with certain sets of
parameters, the positive effects dominate the negative effects and increases the marginal
benefit to imitative R&D. If the increase in the marginal benefit is greater than that in the

marginal cost, then the employment in imitative R&D will rise rather than fall.

Let us compare the results regarding government subsidies with those in Segerstrom
(1991).2” Before doing so, it is helpful to calculate the aggregate employment in innovative
and imitative R&D and the average growth rate in Segerstrom’s model. Using the nota-
tions in the present paper, we know that, in his model, n; = az(ﬁcc-)I , g = a,c(H_LC)C’
and g = a%n;ln ), where ar(ac) is the amount of labor required for each unit of innovative

(imitative) R&D activity, J(C) is the level of innovative (imitative) R&D in a single industry

26The "nonequivalence” result refers to the corollary in section 4.

27As has been introduced at the beginning of the present paper, in Segerstrom’s model, a steady state
equilibrium is defined in a way such that some industries are targeted by innovative R&D and the others are
targeted by imitative R&D, so innovations and imitations can not occur in the same industry at the same
time.
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(sector) if this industry is targeted by innovative (imitative) R&D, and X is equivalent to -y
in the present paper. We can easily see that, in Segerstrom’s model, the aggregate employ-
ment in innovative R&D and that in imitative R&D always change in the same direction.
Furthermore, the former is always proportionally greater that the latter because of the as-
sumption that a; > ac. This property comes directly from the definition of equilibrium. In
present model, the employment levels of innovative and imitative R&D are determined by
the costs and benefits of these two activities, therefore, they may or may not change in the

same direction.

Now let us see the differences in the effects of government subsidies on the employment
in innovative and imitative R&D. While both Segerstrom’s and the present model (in both
the rent-seeking and productive imitation cases) show that an increase in the subsidy sr to
innovative R&D always increases the employment in innovative R&D and thus the growth

rate, these two models have different results concerning the effect on the employment in

imitative R&D. Since, in Segerstrom’s model, the employment in imitative R&D changes in W

the same direction as the employment in innovative R&D does, the employment in imitative
increases with the increase in the subsidy s;. But the present model shows that in both the
rent-seeking and productive imitation cases, responding to an increase in the subsidy s, the

employment in imitative R&D may increase or decrease.

As to the effects of an increase in the subsidy s¢ to imitative R&D on the employment
in innovative and imitative R&D and the growth rate, the two models also have different
results. Segerstrom shows that the effects of an increase in the subsidy to imitative R&D
ambiguously affects the employment in innovative and imitative R&D and thus the growth
rate; we show that an increase in the subsidy s¢ always decreases the employment in in-

novative R&D and consequently the growth rate in either the rent-seeking imitation or the
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productive imitation case, and unambiguously increases the employment in imitative R&D
when imitations are of the rent-seeking type, although, as in Segerstrom’s model, the effect

on the employment in imitative R&D can go either way when imitations are productive.

6 Welfare

In this section, we analyze the effects of changes in government policies on the consumer’s
welfare. Before doing so, we need to calculate the consumer’s discounted expected life time
utility. Since the rent-seeking imitation case can be considered as a limiting case of the
productive imitation case, we just need to consider the productive imitation case. From
equation (30) in section 3 and the assumption in section 5 that (M) = 1if M = 1 and
QUM)=vif M > 2, we have

uy = (1—6;)lnv (43)

Then substituting (43) and (31) into (13) gives

)\Inzln'y

1. E
U= Un(Z) +u+ Js (44)

where 6 is defined in Appendix 1 and the total expenditure, E, must satisfy the labor market

clearing condition (36), or equivalently,

E _ V(N - N7 — ’nc) (45)
v [fv+(1—6))6:+ (1 —61)]
Notice that if » = 1 (i.e. imitations are of the rent-seeking type), then (44) becomes
1 E Amnrlny
= =[ln(=) + ———], 46
(2 + 2Ly )

where E/y = (N —np — n¢).
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It is clear from (32) that imitations do not contribute to growth. But we know from (44)
that except in the case where Q(M) =1 (i.e. v = 1), they do improve welfare by providing
the consumer with more varieties. Since the welfare depends on current consumption F, the
number of varieties ( indirectly represented by u,) and the growth rate g (i.e. Arnrlnvwy),
growth and welfare may change in different directions. That is, a higher growth rate does
not necessarily implies a higher level of welfare. Therefore, a government policy leading to

a higher growth rate may reduce welfare.

As has been shown in sections 4 and 5, an increase in the subsidy to innovative (imita-
tive) R&D increases (decreases) the employment in innovative R&D, so it speeds up (slows
down) economic growth. However, numerical examples show that an increase in the subsidy
sr to innovative R&D has an ambiguous effect on welfare. When (A1, Ac,7, p, v, N)=(0.1,
0.3, 5, 0.05, 1.5, 1), an increase in the subsidy s; from zero to 0.01 raises welfare, but when

(A, Acyv, p,v, N)=(0.1, 0.3, 2, 0.05, 1.5, 1), the same policy change lowers welfare.

The effect on welfare of an increase in the subsidy s¢ to imitative R&D is also ambigu-
ous. For example, when (A1, A¢,7,p,v, N)=(0.1, 0.21, 2, 0.05, 1.5, 1), an increase in the
subsidy s¢ from zero to 0.01 increases welfare, but when (A7, A¢c,7,p, v, N)=(0.1, 0.21, 5,
0.05, 1.5, 1), the same policy change does the opposite. These results are quite similar to
those obtained by Segerstrom (1991).

7 Concluding Remarks

This paper has developed a multi-sector dynamic general equilibrium growth model, in which
investments in both innovative and imitative R&D are endogenously determined and eco-

nomic growth is driven by innovation through its interactions with imitation. Different from
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the endogenous growth literature, the processes of innovation and imitation are modelled in
such a way that innovations and imitations can occur in the same sector at the same time,

which we believe is consistent with casual observations.

To understand the relationship between innovation and imitation, we identify the chan-
nels through which innovation and imitation interact with each other. We consider both
rent-seeking and productive imitations. When imitations are of the rent-seeking type, we
show that subsidizing innovative R&D is not necessarily equivalent to taxing imitative R&D;
When imitations are productive, we show through numerical examples that, in addition to
the "nonequivalence” result, taxing imitative R&D may induce more employment in imita-
tive R&D. We also show that, in both cases, a subsidy to innovative R&D always speeds up
economic growth while a subsidy to imitative R&D always does the opposite, but the effects

on welfare of both subsidies are ambiguous.

We believe that the model captures many important aspects of a real world economy,
especially the complicated interactions between innovation and imitation. It can be extended
to study several other issues. For example, patent enforcement can be introduced into the
model along the line of Dividson and Segerstrom (1993) to see how patent enforcement
affects economic growth through influencing the investment in innovative and imitative R&D.
Another promising area is international trade. By extending the model to the context of
an open economy, we can analyze the impact of international trade on the investment in
innovative and imitative R&D and therefore on a country’s growth rate and the roles of

government public and commercial policies in stimulating the country’s economic growth.
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Appendix
Appendix 1: Stationary Distribution of the Type of Sector

This appendix shows that the random variable ( K — 1) follows a geometric distribution.

Let ;. be the proportion of type k sectors, then we have
61 = (1 - 6:)Am; — 612¢omo,
ék = fr_1Acnc — 0k[)\1n1 + Acnc], k=23,...

Stationary distribution (6's = 0) implies

0, = Aj‘nj
Y7 Xmr+ Aeng’
- Acno k-1 —
6[3 - (AITI,I + Aonc) 01, k = 2,3, seee

Obviously, (K — 1) has a geometric distribution.

Appendix 2: Derivation of V; and V¢

We derive the value functions of innovation and imitation in this appendix. Let Vg; be

the value of the ith successful imitation, then we have the Bellman equation

_1 .
pVei = (7T)E/ (1 +14) = AmiVei — Aene(Vei — Vo),

which implies
(p+Amr + done)Vei — (L) E/ (i + 1)
Vegi) = py . (47)
Let ¢; = -(i_"-%?%?—) and ¢ = &A‘r"g%'&g > 1, then (47) becomes

Vei = ¢VG(£-—1) — $i-1
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-1
= Vo - 3915
=1

Or equivalently,

V s—l
= =Vo1 - Z : (48)
Pt ~p

Since the value of a new successful imitation decreases as more imitations succeed and

approaches zero as the number of successful imitations goes to infinity, we have

-1

1— 00 ¢ 1—»00

= Vo - S ) - 1

which gives

(5HE

=¥ ln(———) -5 (49)

)\nc.

From the Bellman equation for the value of innovation, i.e.
-1
pPVr = (_’Y—)E — AnfVr — Aene (Vi — Vo),

we have

(Z1)E + dencVer

p+Amr+Acnc (50)

Vi =

Then substituting Vo, with 9 = &?&%—m into (50), we get the value function of innovation

Ac’nc 7—1
In(1 + E. 51
o+ S I) (51)

Vi=[

Now we derive the value function of imitation. From (48) and (49), we have

(HE
Vei = o 3
cne

?
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where a; = ¥*~![31n( ﬁl—) -1 -y Let = A—:—n%%\gn—c’ then the assumption

that imitations occur randomly and independently across sectors implies

Ve =) 8:Ve:
i=1
g, (’:-1)
(;6’ By v (52)

Using In(1 - 3) = - ye, G4 !, and 96 > 1, we get

5ot (LB OIS, 019
syre(LL2 ARCL A
sez (1/%)* (/%)
(L EEL 4 s

+..)

1 § §2
—ﬂ-!-%-l-m-l-
1 & 62
+3¢2+4¢2+5¢2+
1 ) §?
+4¢3+5¢3+6¢3
+...

+ ...

¢ = L m-4)-6

52
+W[—ln(1 —6)-6-3]

2 3
+ gl = 8)= 6= 5 = T+

BO-9 1 1 11 11
5 gb—1 T 9i—1 2pgi—1 sEgs 1t

- Sr—il () + vlalt - ) (5)

Substituting 1, § and (53) into (52) gives
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Vc - )\Inf {(1 A[nz )ln( )\cnc)

p/\cnc Ay
p+Amy Aeng 7 —1
1+ py— )In(1 + P ) " )E. (54)

This is the value function of imitation shown in section 2.

Appendix 3: Effects of n; and n¢ on V;

From the value function of innovation (19) (given E), we have

oV M(EHE

= <0

ong (p+ Amnr)(p + Ainr + Acne)

A% 1 Acne Agcng v—-1

_—= - E <0.
Onc Acné [( p+ Aan) p+Amr+ Acnc | v )

The second inequality is true because

)\cnc )\c‘nc
In(1 > .
1+ p+ /\I'nz) p+Amr + Aene

Appendix 4: Effects of n; and n¢ on V¢

For simplicity, we use the following notations: z = Arn;/p, s = (A1 + Acnc)/p, and

A = Xz/A¢. Then the value function of imitation (21) can be rewritten as

s+1

Ve = ;(-—w)z[ 111( )= (s +1)In(= )](——) (55)
Then given E, we get

Ve M ‘ sl s—z y-

il Py )2[(s+:v)ln( )— (:c+s+1)1n(m+1) $+1]( > )

We claim that there exists 0 < z° < s (or equivalently n3 > 0) such that
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—<¢ =0, z=12°
anI ) )

av; >0, 0<z<z°,
<0, s>z>z°

Note that given the model’s parameters, a higher value of z° is uniquely associated with a

higher level of effective employment in innovative R&D.

Proof: Define

_ s s+1 s-—z
f(m)=(3+z)lnz—(s+a:+1)lnm+1—m+1.
Then
oy 1. Szt+1l) s-—z
fe) =k ) " st I
and

") = s —z)(3z —z¥(z
@) = gz glle —2)B2 + 1) = (e + 1)

Obviously, we have

" >0,0<$<m”,
f(z){ <0, s>z>z"

where 0 < 2" < 0 satisfies f"(z") =0, i.e. 2"[1+ %%"’11)] = s. In addition,

s(z+1) s—z

lim f(z) = lim(ln ]

z—0 z—0 :B(.S + 1) - (B((B + 1)2
_ a‘z-i-l:_
= lim -2 2[ :S‘:l‘ - 1] = —00,
z—0 :c(a: + 1) =)
because
s{z+1
i 25D _ g z(z +1)° 0;

a—zx = lim =
=0 8w ==0g(z+1)+(s—z)(3z+1)

and

lim f'(z) = lim[ln se+1) "

T8 T8 2(3 <+ 1) - $($ + 1)2] =0.
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Then (57), (58) and (59) implies

!
LT INNN

>0, s>z >z,

where 0 < z’ < s satisfies f'(z') =0, i.e. In ";S%% - z_'(’:c_'_-iz-’l)_’ = 0. Furthermore,

s+1 s—z

lJ_%f(z) hm[ln——(.s+:z:+1)].n +1_m+1]=°°’
and
+1 s-—=z
Eglaf(m)—hm[ln——(s+a:+1)ln T $+1]=0.

Combining (61), (62) with (60), we have

>0, 0<z<x°
f(z)y =0, z=1z°,
<0, s>z>z°

where 0 < z° < s. Then (63) is equivalent to (56). Q.E.D.

From (55), we also have

OV __ oo
one  p(s—z)3

because we can show that

f&)=(e+o)n(d) ~ (e +a+ 2)ln(:i]i) >0,Vs >z >0,

Obviously, f(s = z) = 0. Moreover, we have

s(z+1) s —

fl(s) = ln[:c(.9 T 1)] g 1) > 0, because
[s(a: + 1)] —z
z(s+1) s(s +1)

Thus f(s = z) =0 and f'(s) > 0 are sufficient for (64) to hold.
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Appendix 5: Proof of Proposition 1

Proof: 1. f N < 52 ey and/or A = 0, then ny =n¢ = 0.

(i). ¥ N < 575, then

Az(v-1)?

1
max A;V; = lim s+

i =21 250~ (N = =)

_Mo-OYWV-n) o p My —ln
p+Amy ,0 +Amr p+Amg

So, n; = 0. But if n; = 0, then Vo = 0 because

s+1

im Vo = lim

z—0 z—0 p(s

e n ()~ (s + )In(

Equation (65) is true because

hma:ln— =0 and hm:z:ln

z—0 + 1

Thus nc = 0, therefore, ny = n¢ = 0.

I<1, if ny> 0.

)]( )(N ny —nc) = 0.

(65)

(ii). If A = 0, then A\;V7 = 0 < 1, so ny = 0. From (i), we know that n; = 0 implies

nc = 0. Therefore, ny = ng =0.

2. ¥n;=n¢c =0, thenN<A( a.nd/orz\ 0.
Hnec =0, then V; = Aa=UW-ng) Then1fn1=0, then we have

Ay

Ar(y —1)N
p

N< A_;(";—'—l)' and/or A =0. Q.E.D.

< 1, which implies
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Appendix 6: Proof of Proposition 2

Proof: 1. If N > W';-L and A > 1/2, then ny > 0 and n¢ = 0.

0y

(i). Show if A > 1/2, then A\;V; > AcVe Vs > z > 0. From (19) and (21), we have

Aczs l—A s+1 s

A]V)r—-)\ch— ( )2[( s )lnz_i_l—ln;]('y—l)(N—nI—nc).

Define i
_ A 1=, s+1 s

f(s,a:,)\)=(1+;+ s )1nz+1 m.
Since

of 1 1., s+1

B—A—(;_;)lna:+1>0 Vs>:c>0

if f(s,z,1/2) > 0,Vs > z > 0, then f(s,2,A) >0,V A >1/2,5s > z > 0. Now we show that
f(s,2,1/2) > 0,Vs > z > 0. Substituting A = ; gives

s+1 lns

%) z+1 z

f(s,z,1/2) —(1+ +

Because lim,_,; f(s,z,1/2) = 0 and

0f(s,z,1/2) 1 s(s—z) ln.s+1

Os "~ 22 [m(s +1) z+ 1]

1 s(s—z) s—z (s —z)?

-r z(s+1) z+ 1] 2zs%(z + 1)(s + 1) >0,

we know that f(s,z,1/2) > 0,Vs > z > 0. Therefore, f(s,z,1) >0,VA>1/2,s >z > 0.

(ii). From A;Vr > AcVe, we have ng = 0. With ng = 0, we know that

Ar(y = D)(N —nr)
AV =
i p+ Amr
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Then A;Vi=1and N > A—.r('vﬁ_-ﬁ implies n; > 0.

2. fnr>0and ng =0, then N > 22—~ and A > 1/2.

Ar(r-1)

Since ny > 0 and n¢ = 0, we have

My = D = 1)
p+ A

AlVp =

Then ny = M > 0 implies N > ;\—(:;’_—1)
Also, n¢ = 0 implies AcVe < 1 = A1V, Vs > z > 0 (equality holds only if ng = 0). Thus
we get

A1
z+1 2z+1

Km(AVr — Vo) =| )](N —ny) > 0, because

/\ls+1 A

11—1'23—‘1: z+1 z+1
and
s+1 1
?—%(s—w)zl'ﬂn (s+1)lnw+1]— 2(z+1)

Therefore, A > 1/2. Q.E.D.

Appendix 7: Proof of Three Useful Inequalities

In this appendix, we prove three inequalities which will be used in later proofs. The three

inequities are

Inequality 1:

s+1 s+1

z+1

s—x s+1
1[(:4r:+1)111m+l

(In = )[sln-—( +)h"")> —:z:ln%],Vs>:v>0.(66)
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Inequality 2:

s+1 s+1 s—2z s+1 s
(ln )[ ln——( +1)1nm+1]>3+1[(s+1)1nm+1—sln;], Vs >z > 0.(67)
Inequality 3:
s+1 s+1 $—z s+1 zs s
(2 et ) — (e+s 4 Dl gl > 7l g
Vs >z > 0. (68)
Proof: We prove Inequality 1 first. Define
_ s+1 s+1. s—=z S
f(s):(ln )[sln (s+1)In +1] +1[( l)ln +1 :z:lnx].
Then we have
9(z) = f'(s)
s+1
s+1 z+1)[]’1" +1]
s+1 s s—zz+l1l <
TilE+ D~ 7] = === - 7],
h(s) = ¢'(z)
1 s s+1 s+1
=il s torl :c+1[1n__ +1]
1 1 s+1 s
m+1]+(m+1)2[(m+1)lnm+1—:cln;]
n 1+s [a:+1_£]_s_-_-£[_1__l]
(z+1)2's+1 s z+1's+1 s’
PR . s, s+1 2 1 1 2 z+l =z
h(s) = (s+1)2[ a:+a:+1]+s+1[ a:+a:+1]+(z+1)2[s+1 s]
1+s z+1 z §—2 1 1
Tt GriE T e Tz i GRS

45



_2s(1+zs +2s) + (s — z)(s® + 2° + 227 s+3ms+2:1:+2s)
zs?(z + 1)2(s + 1)?

Obviously, f(s =z) =0, g(z = s) =0 and k(s = z) = 0. Then, 2'(s) <0 and h(s=z)=0
= h(s) < 0 = ¢g'(z) < 0 (along with g(z = s) = 0) = g(z) > 0 = f'(s) > 0 (together with
f(s=2z)=0) = f(s) > 0. Therefore, inequality 1 holds.

Inequality 2 is equivalent to

s + 1 s+1
(ln —) z+1
[w+4¥jiggqﬂ>] e+ i —on ),
If we can show that
(z+ 1)((2 J: i))(zln o) | (69)

then (69) and Inequality 1 ensures that Inequality 2 is also true. But (69) is guaranteed by

s+1 s—a

SETS I RV e

We rewrite Inequality 3 as

s+1 +1 s4+1 S s+1
(a2 )hl st =l 2 =l 7]
—z s+1 s s(s — z) s
Tl Yy —sh ol e

Since inequality 2 holds, we just need to show that

s+1
z+1

s+1
z+1

]> S§—T S

a2 - —(s+1)(=c+1)1n;

(In (70)
To show (70), we define
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s+1 s s+1 S—T 25
fle)=(n +1)[111 Bl il pongy ey b
Then we have
9(z) = f'(s)
1 s s+1 3+1 1
=s+1[1n——1n +1]+(1 ) 1
1 li s—z i
TG Tz s+

(s — =)

g'(z)= _:cs(m +1)%(s + 1)2 <0

Moreover, we have f(s = z) = 0 and g(z = s) = 0. Then, ¢g'(z) < 0 and g(z =s) =0
= g(z) > 0 = f'(s) > 0. (along with f(s = z) = 0) = f(s) > 0, Hence, inequality 3 also
holds. Q.E.D.

Appendix 8: Proof of Proposition 4

This appendix proves the existence of an equilibrium with both innovation and imitation.
First, we show that the function n; defined by (26) is increasing in n¢ with n;(n¢ = 0) =0,
while the function n; defined by (27) is decreasing in n¢. Then we prove the necessary and

sufficient conditions of Proposition 4. Finally, we show that the equilibrium is unique.

Proof: 1. Show that the function n; defined by (26) has the following properties: %ﬂ“{; >0

and nr(n¢c =0) = 0.

Using the notations introduced in Appendix 4, we reformulate (26) as

A s+1
s—:c]n:z:+1 (s— a:)z[SIn ~(s+ 1)

s+1
z+1"

—
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which can be simplified to

A 1= In(s)—In(z)
2T s T ln(s+1)~In(z+1) ™

1+

Differentiating (71) with respect to z gives

éi_ _l+ 1n(z+1)+z+l(1+ +1 A)
&~ TP m(h) (14 i+ D)

s

— }‘iln(ﬁ-l) (1 A :.:}-i 72
== (1= N)Th(2l) (12)

Since z = Arnr/p, s = (A1 + Acnc)/p, %‘é— > 0 is equivalent to {’é > 1. Three sufficient
conditions for % > 1 are

s—z
z+1

A)

Condition 1: A2 ln(s +1y_ >0,
z z+1

T s+1
N (C7) >0,

s§— S— T
S Gl rar R gt rn il Gl e

From (71), we have

z/(s — z) s+1
2= o) e+ v

Substituting A into the above three conditions, we can easily verify that the three conditions
are equivalent to the three inequalities proven in Appendix 7. Therefore, %é- > 0. Clearly,
nr(nc =0) = 0 and ne(ny = 0) = 0.

2. Show that the function n; defined by (27) has the property: %é— < 0.

Differentiating equation (27), we have

( ) + Ar(s—z)(N-nz—n¢)
i zr1) T e . (73)
dn¢ 1n(=c+1 NN —nr—ne) — 1n(=:+1) + _c_(%(:%;ﬁ),
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Since the numerator is positive, the sign of %é— depends on the denominator. Let D denote

the denominator, then

N-n;. s+1. Ae(N-n;—nc) N-nis—z Ac(N—-n;—nc)
D=~ In - - -
[ ne (a:+1) p(s +1) ] [ ne s+1 p(s+1) ]
S 8-¢
(beca.useln + 1 Py 1)
s—zx
-——s+1<0.

Hence, %é‘ <0.
3. Showtha,tn1>0andnc>0ifa.ndonlyifN>-A-I—(-_;_L1)a.nd0</\<:}.
(i)IfN>;;(-:_—1)a.nd0<)\<%,thenn1>0a,ndnc>0.
First, we consider the condition 0 < A < }. If 0 < A < , then there always exists a pair

of n; and n¢ with n; > 0 and ng > 0 (or equivalently 0 < z < s) satisfying equation (26).

This is because

. A s+1 A
]él-%s—mlnm+1—;1n(s+1)
s+1
> b ey :1:)2[81]1 —(s+ )k =5)=0
and

lim A 1n3+1= A
z=ss—z z+1 s+4+1

T s s+1, 1 . 1
<£1E(s—;)—2-[31n;—(s+1)lnm+l]—2(s+1),1f0<A<2.
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The condition N > 52—y guarantees that the function defined by (27) has the properties:
ni(nc = 0) > 0 and ng(ny = 0) > 0. This is because if ny = 0, then equation (27) becomes

Ar
Acnc

(22 - (Y — ne) = 1. (14)

Since limpg—o LHS = 201N and 2LHS < 0, if N > 52, then MUV > 1. Thus,
ne > 0.

Also, if ng = 0, then equation (27) gives -

= MO DN —p
Ary '

(75)

Then, N > A—I(f:l—) implies that ny > 0.
(ii)Ifn;>0andnc>0,thenN>q,f_—1)and0<A<%.

From Appendix 4, we know that if ng > 0, then 0 < A < 1. We also know from (74) and

(75) that if ny > 0 and ng > 0, then N > 5-8—.

The uniqueness of the equilibrium is guaranteed by the monotonicity of the functions

defined by (26) and (27). Q.E.D.

Appendix 9: Proof of Propositions 5-8

We prove the propositions in the comparative steady-state analysis by determining the
signs of the derivatives of n; and n¢ with respect to the model’s parameters (i.e. Az, A¢,7,p

and N). The equilibrium conditions for the model are

A 1= In(s) — In(z)
4277 “In(s+1)—In(z+1)’ (76)
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2t

—y 1)]( —1)}(N —n;—ng) = 1. (77)

Differentiating these two equations with respect to parameter (i = Az, Ac,v, p and N ) gives
aj, aj; || 0nr/0i | _ |4
ay  ahy Oncldi | ~ | & |’

where (the sign of each coefficient is explained at the end of this appendix)

ai, = Ar(a—b)/p < 0,

a'iz = ACa‘/P > 0)

g =c<0,

as, =d <0,

cirz)‘%s[u_*_(l—}\)m)ln(;ii)_(1+A:E:s-i-*_(i)(—m)\+)-sl)§s—w)]<0,
——[m-% (s+1)](N nr—ng) <0,

G TR - >

c2°="7°[3f$1n(:ji) IV = 1= n0) >0,

o =0,

f =~ eIV — 1= no) <0,

&= -G+ TR+ 0+ 3 + e <O

"'5:(3_,,(?9’1 )_(:i_i)nC))O’

=0,
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s+1
=—In
and where
1 1-X, s+1 1 A 1=
TS T T (w+1)+s+l( _+—s—) 0
1 A s+1 1 A 1=
b=—+ — 1+-4+—-
.'c+a:2 (:c+1)+:c+1\ +:z:+ )>0,
c=_)q(.s—:c)(N—mr—nc)_ (s+1)<0’
p(s+1)(z+1) z+1
1 s+1 s—z s+1
d=——I(ln - —-ny — -
nc( (m+1) s+1)(N ny —ng) ln(m_H
Then
, ; i . .
Di=| % M2\ o gl 6l — gl >0,
Q3 Qa2
Ar Ar
Dy =] |- dras-aier>o,
) Q22
Az Ar
Adr _ | %11 G | _ ArpAr o Ar Ar
D¢ a,%{ c%’ C'@y; — Q216 ,
Ao Ac
Dy =9, % |[=d%is -asqde <o,
C Q23
Ac Ac
DAc = Q11 cl = Ac Ac _ Ac . Ac
a;{’ c%" Cy"Qyy — Q1 G,
¢l al
al, ¢
pp=|% &|-ad>o,
21 C2
¢ adf
Do=|“ 12 | _ Pal _ PP
I Icg at, 1022 — €209,
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) D% = Zgi z,f = cfaf, — cfafy < 0,
. DY = g Zi,:,i = —cYal} >0,
DY = Zg,i ﬁ =ca¥ > 0.
Therefore, we have
Z—Z=—g%>0, %%:g—i(seeTabletl);
gz—;=%‘g<0, ZnT:’::g%: (see Table 5);
< %=%§>, 367&_70_____5_%>0;
* %:%:%% (see Table 6), aals=%p%<0;

Explanations of the signs of the above coefficients:

o The sign of ai, is determined by the size of (a — b). It is easily verified that a — b < 0
is equivalent to Inequality 3 in Appendix 7.

e al, and a has the same sign. It is shown that a > 0 is equivalent to Inequality 2 in
Appendix 7.

e The sign of ai, (i.e. c) is obvious.
21

o The sign of ai, (i.e. d) is guaranteed by
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s+1 s—a
z+1>s+1.

e ¢} < 0 because

1-X)z,, ,s+1

S )ln(:c+1

Q+rz+ (1= A)s)(s — m)]

a_ 1 (
a' =1l G+DE+1)

)_

1 As+(1=A)z,s—z (1+dz+(1-A)s)(s—x)
<m[( s )a:+1_ (s+1)(z+1) ]
s+1 s—=
(because 1n:z:+1 < z+1)

_ (s —z) _ —92))s i 1
= Azsz(:c+1)(s+1)[(1 A)+(1-2X)s] <0, fA<2.

e ¢}’ < 0 because

= —[m—é (s+1)](N nr—nc)

s§—2z 1s—

[(s—i-l)(.'c-{-l) zs+1

Z)(N = nr —ne)

n(s—a;) 1
I(s+1) [:c+1"'£](N""’"”")<°‘

e ¢° > 0 is proven as follows:

Substituting A into this inequality, we have

s—z, s+1, ,, s+1 s . s+1, s s o s+l
/\cs\lna:+1) []na;+1(1na: 1n:z:+1) (s+11n:z: 1n:z:+1)]>0' (78)
Define
. s+1 s s s+1
f(w)_lnz+1 lln;—ln:c+l)>0’ (79)
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then we need to show that f(z) > 0. Two sufficient conditions for f(z) > 0 are

f(z=s)=0and f'(z) < 0. Let

1 s s+1

o(s) = @) = -l - 222

]

s+1 1 1 s 1

+l’“ac+1[_5+a:+1]"'a;(s+1)_ac+1‘

Now we need to show g(s) < 0, whose sufficient conditions are g(s = z) = 0 and

g'(s)<o.

s 1 1 1
g(s)= _[s(:z:-{- 1)(s+1) + z(z+1)(s+1) + z(s + 1)2] <0

So g'(s) < 0 and g(s = z) = 0 = g(s) < 0 = f'(z) < 0 ( along with f(z = s) = 0)
= f(z) > 0.

e c)° > 0 because

2 = p s—z ‘z+1

A ne 1 3+1 _ 1 _ _

[ a(3E0) - IV = s = 1) > 0
__nc [ln(s+1)_s—a:
Tp(s—z)" tz+17 s+1

J((N=nr—nc)>0

s+1 S—
m+1>s+1

)-

(again because In

e ¢} < 0is obvious.

o cf < 0 because

A 1= s+1 é 1-2) s—z

1
=1+ I m GG

s+1)_ In(s/z) s—z ]
z+1’ In((s+1)/(z+1)(z+1)(s+1)

1 s
= —;[(ln; —In
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Table 4: The Effect of A\; on n¢

)\1 01 nr nec
0.1 0.004690 0.005263 0.037228
0.2 0.007329 0.013136 0.118613
0.3 0.010861 0.020882 0.190179
0.4 0.015769 0.029701 0.247179
0.5 0.022747 0.040440 0.289560
0.6 0.032864 0.054025 0.317979
0.7 0.047741 0.071538 0.332952
0.8 0.069796 0.094198 0.334777
0.9 0.102510 0.123238 0.323689
1.0 0.150773 0.159777 0.299981
1.1 0.221401 0.204738 0.264000
1.2 0.324015 0.258876 0.216035
1.3 0.472500 0.322868 0.156196
14 0.687409 0.397415 0.084336

Note: In Tables 4-7, the model’s parameters

which are not shown in the tables are:

(A1, Xe, 1,2 N) =(1,3,2,0.05,1).

(because of (76))

1 s+1 s s+1 s—z
=“pln((s+1)/(m+1))[(lnz+1)(1n5‘h‘m+1)‘ (z+1)(s+1)

In i] <0
z
(see proof of Inequality 3 in Appendix 7).

e ¢5>0and ¢ <0 are obvious. Q.E.D.

Appendix 10: Proof of Proposition 9

Proof: With a subsidy s; to innovative R&D, the equilibrium conditions become
Y 1—s;—X _ In(s)—In(z)

1+:c(1—s_r)+ s(1—s;)  In(s+1)=In(z+1)’ (80)
2 DIy~ W = —ne) =11 (8)
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Table 5: The Effect of Ac on n¢

/\C 01 nr n¢c

2.1 0.770232 0.415692 0.059050
2.5 0.329576 0.259223 0.210925
3.0 0.150773 0.159777 0.299981
3.5 0.083149 0.107584 0.338941
4.0 0.051841 0.077494 0.354339
4.5 0.035231 0.058798 0.357810
5.0 0.025498 0.046444 0.355002
5.5 0.019350 0.037858 0.348846
6.0 0.015230 0.031637 0.340934
6.5 0.012338 0.026972 0.332165
7.0 0.010137 0.023373 0.326060
7.5 0.008644 0.020529 0.313922
8.0 0.007420 0.018235 0.304928
8.5 0.006454 0.016353 0.296181
9.0 0.005677 0.014786 0.287739
9.5 0.005043 0.013465 0.279628
10.0 0.004518 0.012338 0.271860

Table 6: The Effect of p on ny
p 6, nr ne

0.02 0.131826 0.150900 0.331265
0.04 0.144846 0.157289 0.309538
0.06 0.156388 0.161891 0.291100
0.08 0.166838 0.165187 0.274973
0.10 0.176431 0.167469 0.260578
0.12 0.185323 0.168931 0.247539
0.14 0.193626 0.169711 0.235593
0.16 0.201420 0.169911 0.224551
0.18 0.208769 0.169609 0.214272
0.20 0.215723 0.168869 0.204645
0.22 0.222323 0.167740 0.195583
0.24 0.228600 0.166262 0.187014
0.26 0.234587 0.164473 0.178881
0.28 0.240305 0.162399 0.171135
0.30 0.245776 0.160068 0.163736
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Differentiating (80) and (81) with respect to sy gives
a;{ a.§§ 3’!‘&1/ 0sy _ C;I
ai a3 || Onc/Osr| | & |’
where
ag1 = Ar(a® - b)/p <0,

a1y = Aca®/p >0,

A(s —z) s+1

1 _
zs(1 — sy)? (m+1)<0’
al =¢c<0,
et =d <0,
ar nc
=—-——->=<0,
TN -
and where
1 1—s;—-2A s+1 1 A l—sr—2A
ar_ _ 2 _ 1
¢ s sz(l—s;)ln(m+1)+s+1( +z(1—sI) 3(1—31))>0’
1 A s+1 1 A l—s7—-2A
a_ = .
b :c+:c2(1—31) (m+1)+m+1(1+m(1—s_r)+s(l—s;))>0

Note that we consider only small subsidies, so the signs of the above coefficients are guaran-

teed by Appendix 9 and by using continuity arguments. Then

"'H a;é 87 8 a1 s
8y — I o381 I 3T
D = ¥l g | T @182z — G120z >0,
21 22
sr sr
c a
sr __ 1 12 — Jar_ ar sr or
D =| a sy | = €1'ag — a3y >0,
Cy" G
8r 3r
a c
8r __ 11 1 — 81,91 __ 81 51
Dg =| & S| = Cy @13 — Q2161
Qa1 2
So we have

58

[

11]



Table 7: The Effect of s; on n¢
dc =25
sy 6, ny nc
0.10 0.540869 0.369270 0.125386
0.11 0.571670 0.382967 0.114777
0.12 0.604959 0.397225 0.103756
0.13 0.640994 0.412060 0.092314
0.14 0.680061 0.427489 0.080446
0.15 0.722490 0.443528 0.068144
0.16 0.768656 0.460191 0.055402
0.17 0.818974 0.477492 0.042218
0.18 0.873924 0.495443 0.028590
0.19 0.934059 0.514054 0.014516
Ac =6
sI 6 ny ne
0.10 0.019357 0.042085 0.355341
0.11 0.019890 0.043421 0.356612
0.12 0.020450 0.044824 0.357840
0.13 0.021041 0.046299 0.359020
0.14 0.021664 0.047851 0.360148
0.15 0.022322 0.049484 0.361219
0.16 0.023018 0.051205 0.362229
0.17 0.023754 0.053019 0.363171
0.18 0.024533 0.054934 0.364040
0.19 0.026019 0.056957 0.364830
0.20 0.026945 0.059096 0.365533
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on; DY anc DC

331_E> * Bsr
Q.E.D.

(see Table 7).

Appendix 11: Proof of Proposition 10

Proof: Let s¢ be a subsidy to imitative R&D, then the equilibrium conditions are

Ai=sc)  1=X(1=se) | _ la(s)Iafa)
t— T s T In(s+1)—In(z + 1)’
—n%un(::i)](7 - 1)(N —ny —nc) =1.

Differentiating (83) and (84) with respect to sc¢, we have
a1f af | | Onit/Bsc | _ | °
a)l  agl Onc/Bsc | | &° |’

where

a1§ = Ar(a® —°9)/p <0,

a1§ = A¢ca’¢/p >0,

o= A=ty 5,

zs z+1
a =c<0,
ad =d <0,
&° =0,
and where
e AM L M) 1o
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(84)
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>0,

oo L X
T

l1-s¢), ,s+1 1 Al-s¢)  1-X1-s¢)
z2 ln(:z:+1)+:r:+1(1+ z + s )>0.

Note that, as in Appendix 10, we consider only small subsidies, so by continuity considera-

tions, the signs of the above coefficients are guaranteed by Appendix 9. Then

a';f a';g sc 8 ac .8
8c — [~ (] Cc C
D =| % se |= @568 — 505 >0,
G271 Q22
S¢C sc
a
Dac — G 12 | C’Ca'c <0
I sc ac 1 @22 ]
G Q22
sc Cc
s an c1 sc .8
DCO = ac 5c | = —a2€clc > 0.
an G
So we have
on; D onc DY
—_—= <0, ——= > 0.
Osc Dsc Odsc Dec
Q.E.D.

Appendix 12: Derivation of V; and V¢ with Q'(M) >0

To derive the value functions of innovation and imitation, we need to know the profit
flows for innovators and imitators. Since p(M_;, M) = BQ(M) and the profit flow for an

innovator or imitator is m(M_,, M) = (’;—I)FEJ-, with the assumption (34), we have

. _ | B, M =1, with probability 6,,
p(M|conditional on M_,) = { Bv, M > 2, with probability (1 — 6,), (85)

and

. _ [ (83})E, M =1, with probability 6;,
"(Mlconditional on M-1) = { (E1)E, M > 2, with probability (1 — 6,).
Then the stationary distribution of the type of sector and 8 = v/2(M_,) implies that the

price and profit flow are given respectively by
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v, M =1, M_; =1, with probability 62,
1, M =1, M_; > 2, with probability 8,(1 — 6,),

PM-1, M) =3 2 "M >2, M., =1, with probability 8(1 — 6,), (86)
v, M >2, M_; > 2, with probability (1 — 6,)?,
and
(Z1)E, M =1, M_; =1, with probability 62,
(M, M) = (M)E M =1, M_; > 2, with probability 91(1 — 61),

( l’-'I)M, M > 2, M_, =1, with probability 6;(1 — 6,),
(-y-l) E M >2, M_, > 2, with probability (1 — ;).

Let Vg;i(k-1) be the value of ith imitation that occurs in a type k_; sector.?® Then we

have the Bellman equation

pVei(k

(1+1) = AmtVei(k_1) — Aene[Voi(k-1) — Vogis)(k-1))-

Following the same calculation procedure as in Appendix 2, we get the value function of the

first imitation that occurs in a type k_; sector
¥ (°5H)E

VC1(k_1) = [¢ln(,¢ 1 1] ACnC‘ ’

where ¢ = etMnrrtdone 1ot Vi(k_;) be the value function of innovation that occurs in a

Acnc

type k-1 sector, then we have the Bellman equation

Vi(k-1) = (C520E = AmaVi(hes) = domolVilhor) = Vea (b,

which, along with (87), gives

done_yBv_1y_ -
p+ Amg ﬁV p+Amr+ Aene

1
Vilk) = {1 + (GNE (6

By assumption, innovations occur randomly and independently across sectors and over time,

so the value function of innovation is given by

28A type k_; sector is a sector which is a type k sector in the previous generation.
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Vi 3 Vilkoa)ho, = 6:Vi(1) + (1 - 60)VE(2). (89)

k-1=1
Substituting V(1) and V;(2) given by (88) into (89) and rearranging it gives the value func-

tion of innovation (35).

To derive the value function Vg, let Vo(k-;) denote the value of an imitation that occurs
in a type k_; sector. Then following exactly the procedure of deriving the value function in

the rent-seeking imitation case, we have

Vo(k1) = SL{(1+ 3220 ) la(1 + 322
pAcnc Amg
P+A1n1 )\cnc

Since it is assumed that imitations also occur randomly and independently across sectors
and over time, we get the value function of imitation by taking the expectation of Vg(k-1).

That is,
Ve= 3 Vo(kos)bo, = 8:Vo(1) + (1 - 1)V (2), (o1)

k_1=1
which, together with (90), gives (36). Notice that if » = 1, then (35) and (36) are respec-

tively the same as (19) and (21) in section 2.

Appendix 13: Derivation of Equation (37)
From (85) and (86) in Appendix 12, we have

X= Z [z )ok]ok—t

Z [01 +(1- GI)EIZ]O,ME
_ 1 18 % (1 — 88—+ (1— gL
= {91[917 +(1 91)7] +(1 91)[91,7,, +(1 91)7]}}-'7 (92)

Rearranging (92) gives (37).
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Figure 1: The Value of Innovation
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Figure 2: The Value of Imitation
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