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MONOPOLY THEORY IN GENERAL EQUILIBRIUM AND THE
. *
TWO-SECTOR MODEL OF ECONOMIC GROWTH

In the past decade, the two-sector growth model has received a good
deal of attention from the growth theorist.1 One of the central assumptions
of this model (and growth models in general) is that all markets are char-
acterized by perfect competition. 1In spite of the ubiquitous presence of
monopolies and other types of imperfect markets in developed economies whose
growth beﬁavior this model is designed to describe, and in spite of the fact
that there exists a plethoric number of studies on the static models of im-
perfect competition, the implications of such market imperfections for
stability and dynamic behavior of a growth model have been somehow completely
ignored in the literature. The purpose of this paper is to relax the assump-
tion of perfect competition, and explore the consequences of the introduction
of "pure" monopoly in the product markets for stability in the traditional
two-sector model of economic growth. Some of the results that we derive
appear to be very interesting. For example, it turns out that the assumption
of a constant propensity to save conflicts with the existence of monopoly
equilibrium at any point of time., In other words, the propensity to save
must be variable in order to ensure the existence of monopoly equilibrium.
Given this necessary condition, the momentary equilibrium under monopoly is
always uniquely determined. However, in the long run, the stability of the
economic system and attainment of a unique balanced growth path are ensured
only under, what is now well known as, the capital-intensity condition. If
this condition is not satisfied, the model may actually be unstable.

Section I deals with the assumptions and.the model. Section II is

concerned with whether or not there exists a wage/rental ratio at which the
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producers'-price ratio is identical with the consumers'-price ratio. it

is worth pointing out here that under monopoly, unlike the case in perfect
competition, the producers'-price ratio is dependent on thg consumers'-price
ratio, In Section III the wage/rental ratio is shown to be uniquely
related to the overall capital/labor ratio. The question of

long run stability of the model is taken up in Section IV, The paper is

concluded in Section V with some remarks.

I. Assumptions and the Model

Except for the presence of monopoly in the product markets, the assump-
tionsof this paper are the same as those of the traditional two-sector growth
model, There are two sectors of production, the capital-goods sector (sector 1)
and the consumption-goods sector (sector 2), with the outputs in these sectors
denoted respectively by A and Yoo There is monopoly in the product markets,
but perfect competition in the factor markets; there are two factors of pro-
duction, capital (K) and labor (L); returns to scale are constant, but re-
turns to factor-proportions are diminishing; full employment, perfect factor
mobility, variable propensity to save, a constant rate of depreciation, and
an exogenously given rate of growth of labor are also assumed, It is
further assumed that there is no freedom of entry in the product markets.2

The two production functions are:

(1.2) y, = Lf, (k) ,

h

where L, is the labor input and k, is the capital/labor ratio in the it

i i
sector (i = 1,2)., The marginal product of capital in the ith sector (MPKi)

is given by
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We assume Inada [ 5] conditions, That is to say,

]
fi(ki) > 0, fi(ki) > 0,
11 1
fi(ki.) <0, fi(()) = o,
and f;(m) =0, for i=1and 2,

It may be noted that all marginal factor products depend upon the
capital/labor ratio in each sector, given our assumption of linear homo-
geneity of production functions, And this result holds independent of
whether production takes place under conditions of monopoly or perfect com-
petition, However, factor-rewards determination in the two sectors is now
different, Under competitive conditions in all markets, the reward of
each factor equals its marginal value product and is the same in both sectors.
However in the presence of monopoly in the product markets alone, although the
factor rewards are still equal in the two industries, the reward of each factor

equals its marginal revenue product which, in turn, equals the marginal revenue

(MR) times the marginal product, Let w stand for the wage-rate, r for the
rental of capital, and Py for the price of the ith output, Then factor re-
wards can be written as:

r = MRi MZPKi

w = MR, MPL, .
i i

Now as is well known in micro theory,
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where €, is the price elasticity of demand for the ith output, Therefore,

i

1 ' 1 '
e—-)f,l = pZ(T - ‘e—)fz

(1.3) r= p1(1-
1 2

'l 1 _ "_ _ 1

and

-k

=¥ _
1.5 ws= — i

Hil Hh
[y

i
where w is the wage/rental ratio, In perfect competition, the total revenue
(TR) earned in an industry is completely exhausted by payments to factors of
'production, which equal total cost (TC), However, under monopoly TR exceeds
TC and the difference equals the excess profit of the monopolist, If we
assume that the monopolist is also the owner of capital stock in each industry,
then the rate of monopoly profit in the ith industry (ﬂi) is given by

_ TRi-TCi _ piyi - (rK{HwLi)

T, = =
i Ki Ki

Straightforward calculations show that3

bk
6; k;

(1.6) m,
Equations (1.3)-(1.6) deal with the determination of factor rewards, The
important point is that there is no conflict between marginal productivity

theory and distribution of income when product markets are characterized by

monopoly,
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With ful; employment of factors,
(1.7) Pyt Py =1

(1.8) O1k1 + p2k2 =k
where k = K/L and pi = Li/L' Let y stand for the national income, Then

(1.9) 'y = py; + p,Y,.

So far we have presented the production side of the model. To complete
the model, we also need the demand side which, we assume, is represented by
a homogeneous, constant elasticity of substitution (CES) utility function:

-8 -5, /P
(1.9%) U= [ay.I + by2 ]

where a and b are parameters, and where -1 < B <®, B # 0 and o =~?Ti55 s O
being the elasticity of product substitution between the two outputs,
Purely for the sake of simplicity of calculations, we assume that a/b =1,
From this utility function, the consumption/savings ratio (derived in the
next section) is given by

Y2 _ o

(1.10) 2 =p (p = pllpz)

With this last equation, the presentation of our miniature Walrasian general equi-
librium static model under monopoly is complete.5 The capital accumulation

process in this model is described by

¥
=% M-p

=&

(1.11)

where T} is the exogenously given rate of growth of labor and y is the con-

stant rate of depreciation of capital,
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II. The Consumer-Producer Equilibrium

The fundamental difference between perfect competition and mono-
poly equilibria is that while aggregate demand and supply for products
are independent and jointly determine outputs and prices in perfect com-
petition, in monopoly this dichotomy does not exist, The general equili-
brium problem under competitive conditions has three aspects, Given a
production function and fixed factor and product prices, individual firms
attempt to maximize their profits and in the process generate demand for
factor services, Their decisions determine demand and supply functions
for factor services and outputs, respectively, On the other side, given
a utility function and taking the factor and product prices as fixed, the
individual households offer factor services and buy goods in such a way
as to maximize their flow of satisfaction derived from the consumption of
commodities, Their decisions determine supply functions for factor ser-
vices and demand functions for products, Given these demand and supply
functions, equilibrium prices are determined in such a way as to clear all
product and factor markets,

However, under monopoly conditions in product markets alone, although
the households make their decisions independent of the production side,
the individual monopolists need data about demand for their products in order
to make profit-maximizing price-output decisions, This is evident from

(1.3) and (1.4), because

1 1 ' 1
B, f2 a - e—;) (f2~k2f2) Q -e—z)
2.1 p=—-= . ; .

P ' L1
2 f1(1 :

N 1
) (£,-k £)(1-—)
1 1T 171 e1
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In perfect competition

A} L]
£, £, -k,
oo 2
£ £ -5

and it is clear that the producers' price ratio is determined independent
of the consumers' price ratio furnished by (1.10). However (2.1) shows
that under monopoly, producers' price ratio depends not only on marginal
factor productivities, but also on the elasticities of demand for the two
products, This dependence of monopolist's price on consumers' demand
raises an important question about the conditions under which an equili-
brium can be shown to exist. 1In this section, we will show that for any
given capital/labor ratio, k, all the variables in the model are uniquely
related to the wage/rental ratio, w, It is evident from (2,1) that if

p is to be positive, each elasticity of demand must be greater than unity,
This is, of course, the well known result in monopoly theory, for the
profit maximizing monopolist produces an output where marginal revenue
equals positive marginal cost, and the former is positive only if the elas-
ticity of demand exceeds unity., Thus we may conclude that a necessary
condition for the monopoly equilibrium to exist is that both price elas-
ticities of demand are greater than unity,

We have already stated that under monopoly producers' price ratio
depends, among other things, on the two demand elasticities which, in turn, can
be shown to depend on the price ratio facing the consumers, Suppose we
impose any price ratio on the consumers, From (1.,10) we know that the
ratio in which commodities may be consumed is uniquely determined by the
product-price ratio, Corresponding to this price ratio, there also exists

a set of elasticities of demand and given these and the marginal factor
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productivities from the production functions, the producers' price ratio
will be determined uniquely from (2.1), The question is whether or not,
and under what conditions, the producers' price ratio will be the same as
the price ratio that was initially imposed on the consumers,

The utility function from (1.9%) is

-8 -8 -1/8
(1.9%) U=[ay.l + by "]

where -1 < B <o, B #0 and 0 = For this utility function, the

1
a+p) °

demand functions, remembering that a/b = 1, are:

(2.2) ¥ =_y_-;37
p, (14+2™%%)
and
(2.3) y = — .
2 p2(1+ch)

The corresponding demand elasticities are

-BU‘
(2.4) ¢ = 1+—‘:1;?_
T+p
and
go
(2.5) €, = 1_'*“’_133__
1+p
. oy, Py (
where €, = = — i=1,2)
1 3y ¥y ’

Dividing Yo by Yy» We can also obtain:
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A

Y, - go, , po
(1.10) 22 oy RO )/pT _ T-po _ 0
¥ 1+pBU .

An examination of (2.4) and (2.5) reveals that both € and €, ex-
ceed unity if and only if o0 > 1, Thus we conclude that the existence of
monopoly equilibrium requires that o, the elasticity of product substi-
tution, exceed unity which, in turn, means that B < 0.7 It is also
clear that both elasticities of demand depend only on the price ratio
facing the consumers,

We are now in a position to show that o > 1 implies a variable pro-

pensity to save, From (1,9) and (1.10) we have:

s b R
7
y 1+p0'1

(2.6) s

where s is the average propensity to save, so that

o-2
ds = LO-9p “]dp
2 L d
o-1
(+p )
Evidently ds = 0 only if ¢ = 1, and if ¢ > lyds/dp < 0. In other words,

the necessary condition for monopoly equilibrium to exist is that the pro-

pensity to save be variable, A constant propensity to save and monopoly

do not coexist,
In order to facilitate further exposition, we will now establish a

number of lemmas,

Lemma 1: a) e1 is a monotonic increasing function and €y is a monotonic

decreasing function of x, Furthermore,

b) lime1=cr; lime.l=1

X = ® x -0
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and

11meé=1; lime, =0

X = ® x - 0,

Proof: Substituting x = pU from (1,10) in (2.4) and (2,5), we obtain:

-B
@2.7) o = T E -
T+ x
and
B
(2.8) e, = Lﬁ.xa_ ]
1T+x
These equations show that € and €y depend only on x, because
de = (14+B)
1 _p0-0)x
(T+x )
and
de B-1
(2.10) 2 _ g(o-1)x <0 .

dx 2
(14xP)

Given our assumption that ¢ > 1 and B < 0, de.l /dx > 0 and dezldx <0,
establishes Lemma 1(a).

Equation (2,7) can be written as:
(2.7%) €, = —=

Since B < 0, 1/x P tends to zero as x tends to infinity, Therefore

1ime.' =0

X = ®,

Similarly, from (2.7) it is evident that

This
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1im € = 1

x-0,
With this, the first half of Lemma 1(b) is established, The remaining expressions
in Lemma 1(b) can be derived in the same way. For the sake of further compre-
hension of Lemma 1, consider the transformation curve TT' in Figure 1 which is
drawn for any given k. As we move close to point T, the output ratio x rises and
and so does el, whereas 32 declines towards unity. In the limit, at point T, where
no y, is produced, x = o, ¢, =0 and ¢, =1, The opposite is true at point

1 2

T', where no y, is produced, x = 0, ¢, =1, and ¢, = o, Thus, if mono-
2 1

2
poly is to exist in both sectors, points T and T' cannot be the equilibrium
production points since, for both demand elasticities to exceed unity, the

production point must be somewhere between T and T',

Lemma 2: a) At any given k, the output ratio, x, is a monotonic decreasing
or a monotonic increasing function of w depending on whether k2 > k1 or

k, <k,, Furthermore, b) if k, > k.,

2 1 2 1
limx =0 ; lim x = =,
w - ® w=-0

and c¢) if k2 < kl’
lim x = = limx =0
w - ® (.IJ"'O

Proof: From (1.7) and (1.8),

kz -k
(2.11) Py = E, - K,
and

k - k1
(2.12) Pr " %ok °
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and from (1.1), (1.2), (2.11) and (2,12)

y p, £, £, (k-k,)
(2.13) xay—2=p—253=f2(k—]l).
1 A £y

Differentiating (1.5) with respect to w, we have

dk f'z

(2.14) dwi =- " if-' .
i1

In view of f'i' <0, dk /dw > 0. Under Inada conditions stated earlier,
(2.15) lin k () =

® - o
and
(2.16) lim k (0) =0

w=-=0.

Differentiating (2,13) with respect to w and remembering that k is kept con-
stant, we have:
] 1 ]
f2 (kz-lc)[(f]-k1 f1 )+kf.|]k1 + f] (k-kl)[(f

) 2
@17 $&=-
% [, - ©E12

] ] ]
-k2f2)+kf2] k2

]
where k1 = dki/dw >0 .

Now in a two-sector model where both sectors have positive outputs,

k, Sk 3k .
Under the capital-intensity condition where k, >k > k.', 0x/fQw < 0, whereas if
kz <k < k1, OxPw > 0, This establishes Lemma 2(a).

Lemmas 2(b) and 2(c) can be proved simply by referring to Figure 1,

Since the wage/rental ratio is the same in the two sectors, any production point
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will lie on the Edgeworth-Bowley contract curve plotted in a box diagram or,
what is the same thing, on the transformation curve TT', Suppose x* is
one such point corresponding to some w, If k2 > kl’ a rise in w will re-
sult in a movement of the production point in the direction of the arrow
towards T', As o continues to rise, x will continue to decline and in
the limit will fall to zero at T', In other words, if k2 > k1,

limx =0

W=,
Similarly, a decline in w, under the capital-intensity condition, will re-
sult in the movement of x* towards T, and in the limit x will equal infinity,

so that

This proves Lemma 2(b). Lemma 2(c) can be proved analogously.

Lemma 3: a) Under the capital-intensity condition, ¢, is a monotonic de-

1
creasing and €, 8 monotonic increasing function of w for any k, Furthermore,
b) 1lim e1(w) =1 ; 1im el(m) =0
w - ® w-=-0
and
c) lim ez(w) =0 3 lim ezﬁn) =1
W - ® w-=0

Lemma 4: a) If the capital-intensity condition is not satisfied, then for
any k, € is a monotonic increasing and €, a monotonic decreasing function of
w., This is just the opposite of Lemma 3(a), Furthermore, Lemmas 3(b) and

3(c) are also reversed,
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Proof: Combining equations (2.9) and (2,10) with (2,17), we have:

1 £ >
(2.18) So >0, if k2 < k]
and 5

€

2 > >
(2.19) So <0, if k2 < k] .

This proves Lemmas 3(a) and 4(a). Similarly, Lemmas 3(b), 3(c) and &4(b)
and 4(c) can be established from Lemmas 1(b), 2(b) and 2(c).

Lemmas (3) and (4) are geometrically depicted in Figures 2(a) and 2(b),
where demand elasticities are represented along the vertical axis and the
wage/rental ratio along the horizontal axis, 1In both diagrams, the € and €y
curves are bounded by unity and o, In Figure 2(a), which is drawn under
the capital-intensity hypothesis, € is shown to be a decreasing and €, an
increasing function of w. The opposite holds in Figure 2(b). There is one
wage/rental ratio where the two demand elasticities are equal, and this is
given by w', However, w' is one among an infinity of wage/rental ratios
consistent with equilibrium, and should not be confused with an equilibrium
®. With a number of lemmas already established, we are now in a position to
relate the consumers'-price ratio, P> (obtainable from (1.10)) and the
producers'-price ratio, Py (obtainable from (2,1)) to the wage/rental ratio,

The following lemmas may now be derived,

Lemma 5: a) The consumers'-price ratio, P> is a monotonic decreasing func-
tion or a monotonic increasing function of w for any given k, depending on
whether or not the capital-intensity condition is satisfied, Furthermore,

b) if k, >k

lim P, = 0; lim P, = ®

w = w-0
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Figure 2(a)

Figure 2(b)
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and c¢) if kZ < k.l
lim P, =3 lim p, = 0

w - w-0,
Proof: Differentiating (1.10) with respect to w we have:

op
c .1 _x
@20 %t T

C

Since from (2.17) d3x/dw S 0 if k, z ks it is clear from (2.20) that

2 Z k1. This proves Lemma 5(a). Lemmas 5(b) and 5(c) may

now be established in two steps.: Differentiating (1.10) with respect to x

3p_ /3w Soifk

we have:

c __1
(2.21) = = >0.

In other words P, is a monotonic increasing function of x. Furthermore, under
CES functions with elasticity of substitution greater than unity, it can be
easily shown that
(2.22) 1lim P, = and 1lim P, = 0
X - ® x -0,
This is because for CES functions where -1 < g < 0, the indifference curves
touch the axes at points of tangency, as shown in Figure 3.8 Then from lemma (2),

Lemmas 5(b) and 5(c) can be easily proved,

Lemma 6: a) At any k, the producers' price ratio, pp, is a monotonic increasing
or a monotonic decreasing function of w, depending on whether or not the capital-
intensity condition is satisfied. Furthermore, b) if k2 > k],

lim p = & ; limp_ =0

P P
w - ® w-0
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and c) if k, <k,

limp =0 ; limp =
Pp ? P

w = ® w=-=0,

Proof: Differentiating (2.1) with respect to w we have:

Iyl ek - 1 L
op £ a e )@ € )(kZ kl) a € )dez @ € )d€1
@23y ka2 % . 12 9 a_x]
: ow ' 2L (w+k1)00+k2) 2, 2 dx Jowd °
£,(1-) €% %

1

In the derivation of (2.23) use has been made of the following relations obtainable

from (1.5):

'
i) _fl =-——.I
f1 w+k1
and '
£
2 1
1) == = ——,
f2 w+k2

Under the capital-intensity condition, the first term within the brackets
is positive; the second term is also positive, because from (2.17) ox/ow < 0 and
from (2.9) and (2.10), de1/dx > 0 and de2/dx < 0, Hence when k, > k

2 1
g;ﬂ >0,

Similarly, when k2 < k1

)
™ s,

With this Lemma 6(a) is established, Lemmas 6(b) and 6(c) may be established
as follows, We have already shown that

]
P o1/

2.1) P

J t
Now f2/f.l is an increasing function of w if k2 > kl’ and a decreasing function of w

if k2 < k1. This is clear from the first term within the brackets of (2,23).

From Lemma (3), it can be proved that for k2 > kl’
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a - 1/62)
w - (<] ’
and
(1 - 1/ey)
(2.25) lim m =0
w-=-0

Furthermore, it is also clear that both f;/f; and (1-1/e2)/(1-1/e1) are in-
creasing functionsof w when k2 > k1. Then since the limit of a product equals

the product of the limits, Lemma 6(b) is established, Lemma 6(c) can be similarly
proved from Lemma 4 under the assumption that k2 < k1.

From Lemma 5 and Lemma 6, the following theorem is immediate,

Theorem 1: For a CES utility function, and assuming that -1 <p <0 or that o > 1,
there exists a unique w at which the producers'-price ratio and the consumers'-price
ratio, satisfying, respectively, (2.1) and (1.10), are equal,

The theorem can be best illustrated by referring to Figure 4, where P. and pp
are depicted as functions of w in accordance with Lemmas 5 and 6. In Figure 4(a),
k2 > k1, and pP is shown to be an increasing function and P, 2 decreasing function
of w, Figure 4(b) is drawn on the reverse assumption of k2 < k1. The equilibrium
price ratio is p* and corresponding to it, the equilibrium wage/rental ratio is w*,

So far we have assumed a CES utility function with -1 <8 <0 and shown that
monopoly equilibrium exists for any k, However, this type of utility function
is only a sufficient condition for the uniqueness of monopoly equilibrium at any k;
it is not a necessary condition, It is clear from Figure 4 that in general pp and
P, need not range from 0 to ®, For example, consider Figure 4(a). If pP starts
from the origin, then any homogeneous concave utility function, which ensures that
P, is a decreasing function of w, will furnish a unique equilibrium, Thus for a
unique equilibrium to exist, it is by no means necessary that the utility function

be of the CES type. In general, the monopoly equilibrium will be unique, if
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Figure 4(b) -0
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i) there exists a range of w for which both demand elasticities
exceed unity, and

ii) the relationship between ¢, and w is in accordance with that

i
described by Lemmas 3 and 4,

III. Uniqueness of the Momentary Equilibrium

In the previous section we have shown that all the variables can be uniquely
determined from w. In this section we will show that ® can be uniquely deter-
mined from k, so that at any moment of time, when k is taken to be given, the
monopoly equilibrium will be uniquely determined, In other words, we will show
that the momentary equilibrium is uniquely determined under all conditioms, pro-
vided the necessary condition for the existence of monopoly equilibrium established
in the previous. section, namely o > 1, is satisfied,

Substituting x from (2,13) in (1.10) we have:

B St LA
f1(k2-k)

3.1) x o

In equilibrium, the consumers'-price ratio is the same as the producers'-price
ratio, In other words, p can be substituted from (2.1), so that (3.1) can be

written as:

£ (k-k1) f a - — iy
6.2 Fam [f — ] :
€
Solving for k, then gives us:
o 'a -
where A1 = f2f1 > Ay = f1f2 and A= a - llei) . Differentiating (3,3) totally
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with respect to w, we obtain:

9

k 2 2 1 [} ] [}
3.4 3= —[(A1}\1k1 + A k )+ M hA + AR (N, = Ahy) (i, - kl)]

|} ] 1 1
= k -
where A A1 2A2 + A1A2k2 + A2k1A1 + A1A2k] A.'k]A2 A2k2A1,

' . 2 _ 2 v . s
ki = dki/dw >0 (i =1,2), D, = GA1K] + Azhz) , and ki = dli/dm. Differentiating

xi with respect to w and utilizing (2-7)-(2.10) we obtain:

(1+B) -1
10 X dx dx
(305) A }\ -\ )\. = O'B)\ A + =G =
1727 "2M 2[(1| ) (14 ﬁ) w dw

where G > 0,

Differentiating (2.13) totally with respect to w, we have:

dk ] (]
(3.6) E‘ —[f1f (el Yo = k£, (e, mlOF, = k)£, (k-kT)Fz]

2
2
where D, = [(kz—k)fl:l , and F = (£,-k, i) + kf >0, i=1,2.

Substituting (3.5) and (3.6) in (3.4) we derive:

[ ]
dk Q +Q2k2+Q

3.7) d_w D
where Q; = x] +D1AAGf (k,~k,) (k,"F)F, >0,
Q. = 22)\2+DAAGf(k k) (k-k )F, >0,
2 = Dpfghy + DAy
2 1
Q =DyANA, >0, and
22 2 2
b =02 + D2aA,60, k) E E, >0,

Since Q1, Q2, Q and D are all positive, dk/dw > O, In other words, w is uniquely

determined from k, Here it is worth pointing out that all the elements of dk/dw
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in (3.7) are shown to be unambiguously positive only because G is positive, which,
in turn, means from (3,5) that B <0 and 0 > 1, The following theorem is then

immediate.

Theorem 2: A sufficient condition for w to be uniquely determined by k, or, what
is the same thing, for the uniqueness of momentary equilibrium under monopoly when
community preferences are represented by a CES utility function, is that the elas-
ticity of substitution between the two outputs is greater than unity.

Once w is uniquely determined from k, then as we have established in the
previous section, all the economic variables are uniquely determined in equilibrium,
given, of course, that o > 1, or equivalently, the propensity to save is variable,
This unique determination of monopoly equilibrium is depicted in Figures 4(a) and
4(b), In the lower positions of the diagrams, we plot the positive relation be-
tween k and w, Suppose at any moment of time, k is given by k¥*; then in equili-
brium w equals w* and p equals p*. With the determination of w, the rest of the
variables are easily determined, It is of interest to note that under perfect
competition in both sectors, the momentary equilibrium is uniquely determined irre-

]
spective of the value of o, Because, here, xi =0, and A

A

1 9 = 1, so that

dk/dw > 0 for all values of o,

IV, Existence and Stability of the Long Run Equilibrium

The capital accumulation process described by (1.11) may be written as:

1.
=T - (n+ p‘)o

P

(4.1)

where 7 is the exogenously given rate of growth of labor and y is the constant
rate of depreciation, Using (1,1), (4.1) can be written as:

p, £
=—1E-l- M+ w.

E

(4.2)

Substituting (2.11) in (4.2), we have:
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. £ (k,-k)
k
4.3) E=ﬁgﬁﬁ-<n+m.

It is assumed that the differential equation (4.3 ) with any positive initial con-
dition has a solution continuous with respect to the initial condition, Let k¥

be the capital/labor ratio such that

% %
£k,
* % *
K - )

- k*)

(4.4) =N+,

%

* %k *
where £, kz and k1 all correspond to k , which we call the balanced capital/labor

ratio., We will now show that under the capital-intensity condition, the balanced
*
capital ratio, k , is uniquely determined, and the balanced growth path correspond-

*
ing to k is stable, To see this, define-

£ (k,-k)

R A e

where k satisfies

3.3) k=Aﬁﬁ'j?k%=¢@»
11 272

Substituting (3.3) in (4,5), we get:

£ A
.6 1AM

ok) =
ANk + A0k,

All the variables on the right-hand side of (4.6) are functions of w and since w
has a unique positive relation with k, all of them are functions of k, In
particular, we need to know how demand elasticities are related to k,

We know from Lemmas 3(a) and 4(a) and equations (2,18) and (2.19) that
for any given k, €; is uniquely related to w, Then given that dw/dk > 0 from

(3.7), the following expressions concerning the sign of dei/dk can be obtained:
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de de

_1 1 dep < . >
4.7 e Bw 3k >0, if k2 < k1
and
de de
2 _ Z.QQ > >

Since dw/dk > 0, dei/dk has the same sign as beilbw as described by (2.18) and (2,19).

Differentiating (4,6) with respect to k, we have:12

l
k,f '
2e k)
2

d&:"—. 2 ! 1
“.9) T = 2 - Al (5K £)) - A1A2k1l2f (i, Rt —2
D3

de
1 2
+ of kz(e (e -1) dw € 1) aw ]

where AI’ AZ’ kT, hz have been defined before and are all positive, and

2

D3 = (ATA k. + A Mk ) > 0.

11 2722
Now the necessary and sufficient condition for the balanced growth path
to be stable and uniquely determined is that dgp/dk < O, Since dw/dk > 0,
dp/dk < 0 only if the expression within the brackets is negative. A careful
examination of (4.9) reveals that the expression within the brackets is neces-
sarily negative if the capital-intensity condition is satisfied, i.e., if k2 > k1.
Because if k2 > k1, then from (2.18) and (2.19), Bezlbw > 0 and 861/Bw <0,
The following theorem is then immediate,
Theorem 3: If the capital-intensity condition is satisfied, the balanced-
capital/labor ratio, k*, is uniquely determined and the balanced growth path corre-
sponding to k* is stable., That is to say, along any path of growth equilibrium,
the capital/labor ratio, k, asymptotically approaches the uniquely determined
balanced capital/labor ratio,

The stability of the growth process is described in Figure 5, where k¥ is

uniquely determined by (7 + p), and the balanced growth path is achieved at point E,
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In the balanced growth path, capital and labor grow at the same rate;
national income and the two outputs also grow at this rate; however, the
wage/rental ratio, factor rewards, prices, per capita income and the rates of
monopoly profit remain constant over time,

In the general case where the capital-intensity condition is not satis-
fied, the balanced capital/labor ratio may still be uniquely determined if
dp/dk < 0 in spite of k2 < k]’ in which case the balanced growth path will be
stable, However, the growth model may also be unstable as shown in Figure 6.
This may be proved as follows,

In view of the Arrow-Block-Hurwicz theorem, it is sufficient for the
growth path described by (1.11) to be globally stable if the right hand side of
(4.6) tends to infinity as k approaches zero and to zero as k approaches infinity.
However, k lies between k2 and k., both of which tend to infinity (or zero) as
k approaches infinity (or zero). In view of (2.14)-(2.16), it is sufficient
to show that

lim (k) = ® and lim (k) =0 ,
w-0 w-®

where (k) is defined by (4.6). Alternatively, it suffices to show that

1 _ N IR
(4.10) 1lim o(®) =0 and lim ) .

w-0 w - ®
From (4.6),
k. k
%.11) gk)=—l+f—2§3-%.
@ I B B
From Inada conditions 2.14) - (2,15),
k1 k1
(4.12) lim-f— =0 and lim— = » ,
1 1

w-0 W —
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(k)
M + w) &
0
Figure 5
(k)
M+ w
0

Figure 6
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Now (h2/X1) = (1-1/62)3/(1-1/61)0, From Lemma (3) we can show that when

k, <k,

2 1
(1-1/:52)‘I
(4.13) 1im —_—
(1-1/61)
w~-0
and
(1-1/e2)Cr
(4.14) 1im —_— = 0
(1-1/31)
w - ®

A comparison of (4.12) and (4.13) shows that the two terms on the right
hand side of (4.11) move in the opposite directions as w tends to zero (or
infinity), so that (4.10) may not hold even if (kZAZ)/(flAI)’ the multiplicand
of (12/k1) in (4.11),moves in the direction of (k1/f1), as w tends to zero (or
infinity). In other words, the growth model with monopoly in both sectors
may be unstable, if the capital-intensity condition does not hold, simply be-
cause, as in Figure 6, (k) may not tend to infinity as k tends to zero.

Of course, it is true that when o > 1, the growth path may be unstable
even under competitive conditions in both sectors, where (lehl) reduces to

unity, because here (4.11) reduces to

(4.15)

Now
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only if 0 < 0 < 1, so that (4,16) and (4.12) do not conflict only if o lies be-
tween, or is AE most equal to, zero and unity, If 0 > 1, we confront the same
problem as before, namely, the two terms on the right hand side of (4.15) move
in the opposite directions as w varies between zero and infinity, so that (4.10)
may not hold, In other words, when o > 1, even with perfect competition, the
growth path may be unstable, if the capital-intensity condition is not satisfied,
Hdwever, the interesting point is that when the capital-intensity condi-
tion is violated, the growth path becomes more unstable than before, or even if
the growth path was stable in the absence of monopoly (in spite of o > 1), it may
become unstable in its presence, The reason is clear from (4.,9), where we re-
quire dp/dk < 0 for the growth model to be stable. In the absence of monopoly,‘
Beikiw = 0, and suppose that dp/dk < 0 even if k, < k1, so that the growth path
is stable, With the introduction of monopoly, aezlaw < 0 and Bezlaw >0, if
k, <k,, This means that the presence of monopoly adds another positive factor

2 1

in (4.9), apart from -a(kz-kl), when k, <k,, Hence dp/dk may be positive in

2 1
the presence of monopoly even though it is negative in its absence, in spite of
k2 < k1. In other words, when the capital-intensity condition is not satisfied,
the presence of monopoly in the two-sector growth model is destabilizing.

By the same token, the influence of monopoly on the growth path is stabi-

lizing in the case where the capital-intensity condition is valid,

v. Conclusions
In the foregoing analysis, using a two-sector, two factor model where

product markets are characterized by "pure" monopoly, we have derived conditions
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for the existence, uniqueness and the stability of equilibrium in the short run

as well as in the long run, It is well known from the traditional partial equi-
librium analysis of monopoly that the price elasticity of demand must exceed

unity for an equilibrium to exist, This result is also valid in a general equi-
librium analysis of monopoly, and, when translated in terms of a two-sector growth
model, it implies that the propensity to save is variable. Thus a variable pro-
pensity to save is shown to be a necessary condition for the monopoly equilibrium
to exist at any point of time, Given this condition, the momentary (or short

run) equilibrium is uniquely determined. However, in the long run, we require
additional conditions for the growth model to be stable, Specifically, the
balanced growth path is stable under monopoly if the capital-intensity condition

is satisfied, Otherwise, the growth path may be unstable. It may be noted here
that this result is in conformity with Inada's [6] result derived under the assump-
tion of perfect competition in product markets, The interesting point, however,
is that the presence of monopoly contributes to stability when the capital-intensity
condition is satisfied in the sense that the economic system, once off the balanced
growth path, approaches the latter at a faster rate under monopoly than under
perfect competition, On the other hand, if the capital-intensity condition is

violated, the presence of monopoly contributes to instability,
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Footnotes

*I am grateful to J., R. Melvin and R. W, Warne for giving me the privilege of
consulting their unpublished paper [7], which extends the traditional trade theory to
the case of monopoly. In fact, the stimulus to this paper came from reading their
paper, Thanks are also due to V. S, Rao for helpful discussions, None of them,
however, are responsible for any errors.

1See, for example, Shinkai [10], Uzawa [14] [15], Drandakis [4], Shell [9],
Sato [8], Takayama [12] ([13], Batra [1] and Batra and Singh [2].

2Freedom of entry may be restricted by assuming that either all production
takes place under govermment franchise, patent laws protect the monopolist, or
the monopolist has such an efficient technology that no other producer can possibly
compete with him,

3The assumption concerning ownership of the capital stock by the monopolist
is actually unnecessary and does not play any role in the stability analysis of
the model, We have made this assumption just to obtain an elegant expression for
the rate of monopoly profit (ni), and, of course, in most cases, this may be true in
reality,

4The CES utility function in the context of the two-sector growth model has
been previously used by Inada [6]. However, in the subsequent analysis we will
show that, like Inada's results, our results are valid even if the homogeneous
utility function does not have constant elasticity of substitution,

5This name is given by Solow [11] in the competitive case.

6These demand functions and the corresponding price elasticities are ob-
tained in the Appendix.

7Remember that o = 1/(1+B).
8See Chipman [3, pp. 57-9] and Melvin and Warne [7],

9Equation (3.4) is derived in the Appendix,

10See the Appendix for the derivation of (3.5)

1-lThat: A > 0 is shown in the Appendix,

]2Equation (4.9) is derived in the Appendix,
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Appendix
Some of the equations presented in the text without proof will now be derived,
Consider a utility function with a constant elasticity of substitution, o,
where 0 = 1/(14+8), -1 < B <0, With two sectors in the economy producing two
goods, Y1 and Yy» the utility function can be represented as

-B -p,71/8
A.1) U= (a vy b Yy )

where a/b is assumed to be unity for the sake of simplicity of calculations, Given

the constraint that y = p.ly1 + pzyz, we form the Lagrangian function:

-‘|/B

(A.2) z = (a y;B +b y;B) + a(y=p¥ P,Y,) -
Maximizing, we obtain
-1/po .
oz _ _ 1. .-B -B -1/ -
(A.3) ay]--B(ay1+by2) (-aBy13-p1oc-0,
-1/Bo
dz _ 1, _-B -B 3 -1/c =
(A.4)~g}§— s@ vy + by, -bpy ") -pa@=0,
oZ

(A.s) Ea'_ =y - p1y1 = szz =0 .

From (A.3) and (A.4) we have:

-1/c -1/pc

ay;, “ay"

]

+ b y;B) PS>

-1/go

-1 - -
by, /U(a y,B + b yZB) Py .
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Dividing, using (A.5) and solving for Yys we obtain:

(A.6) y, =—2 ,
2 pl1 + 9%
A.7) y, = —L—
! p[1 +p B9
Py
where, as in the text, p =-;— .
2

From these demand functions, the "own'" price elasticities are derived

as follows:

Differentiating (A.6) partially with respect to Pys We have:

-po po
ws 2. 1+ o]
Py [ o 30]2
p, + (p,) (py)

s

whence

3y, b, |1+ "]

2 $2 ) p2+(p2)0(p1)50

so that

Bo
e =1tOop
1+ 0p

Similarly,

-Bo
e =1 +OTPp "

T 1 4pPC
It may be observed that in the derivation of demand elasticities, we have

assumed that money national income, y, is constant at all points on the transformation



-36-
curve, The validity of this procedure stems from the fact that for any product-
price ratio, individual prices can always be so adjusted as to keep income unchanged.
The elasticities will be unaltered, because they depend only on the price ratio.
So far we have derived some of the equations presented in Section II of
the text., Now we turn to some of the equations presented without proof in Section
III. From equation (3.3),

A k1kﬁ + ANk

272 2
(3.3) k=
Al + Ak
10‘ g g
where A, = fz 12 A= f1f2 and A, = (T-1/e1) , 1=1,2,

Differentiating (3.3) with respect to w we have:

k 1] 4 1 [ ] [ ]
@9 5= —[(Alx1 F A (K + G NAL AR+ AMK, + hkoA) + A, zxz)

- (A1X1k1 + Azxzkz)(k1A + A 11 + k A + A )]

2 2
where D1 = GA1K1 + Azhz) .

Simplifying, we get equation (3.4) in the text:

(3.4) —-—[(Axk +A )+xxA+A Ay Gk,mk ) (A, -xle)].

where

1 ' ' ' '
A= A1k2A2 + A1A2k2 + A2k1A1 + A1A2k] - A1k1A2 AZkZA.l .
g

= (1 - %—) with respect to w we have
1

o-1
w0 2! < o(-1/e) " ey g O de;  gp
. 1 2 dx dw e, (e,-1) dx " dw °
€ 11

Now differentiating x1

Substituting ¢, from (2,7) and de1/dx from (2.9), we obtain:

1
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2

-B - -(1+8)
v o )\.l (T+x ") B(1-0)x (+8) dx B o ).]x dx
@10 A= -5 5 7T dw B dw
(140 x ") (-0)x (1+x-;3) (140 x )
Similarly, from 12 = (1 - 1/62)0, we can derive:
1 O AB
(A.12) Ay = 2 3 %ﬁ
x(1+ o x")
Then utilizing (A.11), (A.12) and ki gives us equation (3,.,5) in the text.
We now show that
KA k + AKA k - AKA - AKA
A=Ak, + AR K + AR A+ ALK - AGA) - B)NAy
utilized in (3.4) is positive.
Now
' [ o-1 1" t O ¢
A1 = G(f1) f1k1f2 + (f1 f2k2
and
] '0'-1 llkl v O lkl
A2 = c(fz) f2 2f1 + (fz) f1 1
Since
: 2
v -(£)
ki = " i-= 1,2),
£.f
ii
we have,
¢ o1
' ‘U(f1) f2 1 T 4
(A.13) A.I =——§1—— + (f1) f2k2
[} 0-+1
1 0-(fz) f-l ] g t
(A.14) A, =- -—fz-— + (£) £k .
Then
] a 1 0-+1 L o L. | 1 ] g L} 4 kl
A= -G(fl) (f2) f1(k2-k]) + (f2) f2f1k1(k2-k1) + (f1) (f2) f2f1 9
o o c o+l 1 O Ty

+ (£ (f;) fzf1k1' + cr(f;) (f;) £, (k) = (£)) (£)) £pkyf; (kpky)
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Combining some terms we get,

] g 1 ] g k 1 ] 'f t g 1 ] o L L L Y ] o L ]
A= -0(E) (£) (oyk)(E,5-515,)) + (£) (£) £,fkk, + (£)) (£) £,k (£,-k £))
1] g [ ] g ] t lc. | ] g 1 [}
+ (£) (£)) £k, (£)-k ) + &) (£)) £k, Ek,
Now from (1.5),
) 'f L I | f'l f2 T ! k
257518y = 6,65 - =) = - £f,(k-kp),
£y
and
] f'
fiw = fi - ki i
so that
y 1, ol 2 A O
(A.15) A = O'(f]) (fZ) (kz-k.l) + (f]) (fZ) ka'lf'l (k2+w)
P '
+ (fl) (fz) f1k2f2(k1+w).

It may be observed from (A,15) that all three terms in its right-hand side are
positive. Therefore A > 0,
There still remains equation (4.9) to be derived, Equation (4.6) is

f1A1 7\1

(4.6) (k) = .
A MK+ A Lk,

Differentiating (4.6) with respect to k, we obtain:

@ - J— | I | ] 1
&.16) DZ[(A1 Mig o+ A0 k) B A £k, + £ 04, + £4,0)
3

] t 1 4 L ] ] W
- BAN QRN A NK F RMAT AL + A0k, + kz"zAz):El'c

2 _ 2
where Dy = (A1)“|k‘l + Azkzkz) R
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Simplifying (A.16) we get

i‘E - 1__ ) 9- 2 ] _ T l- 1
@17 $£ D?_[ TN (£ -k £1) + Ak £ (A -AA,)
3

4 ] | B | 1 dw
+ AJA K E (A =N A) + M MAA, (k- £ k) 5

Here it can be shown that now

¢ O A de o AA, Oe

' T MM 1
A.18) MM-MA, = e (e 3o T T (e, D W

2

Then substituting (A.18), (A.13) and (A.14) in (A.17), we get equation (4.9)

derived in the text,
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