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FACTOR MARKET DISTORTIONS AND THE TWO-SECTOR MODEL
OF ECONOMIC GROWTH

The features of a two-sector, two-factor model of economic growth
have been extensively analyzed by many economists in recent years. The
popularity of this model with growth theorists can be gauged from the fact
that after the pioneering work by Shinkai (1960) and Uzawa (1961), more than
twenty related papers have been written in the last ten years.1 Indeed,
in the words of Inada (1964, p. 127), '"this is one of the most important
contributions to the economic growth theories, and the structures of the model
or equivalently the relationship between the aSSuhptions and results in such
an important work will be worth while to be studied in more detail."

Although the discovery of the two-sector growth model has been very
interesting and fascinating, and has increased our comprehension of the growth
behavior of the capitalistic economic system characterized by free market
enterprise, yet the model is far from reality. One of the central assump-
tions of this model (and growth models in general) is that all markets are
characterized by perfect competition which implies; among other things, that
all factors of production receive the same reward in both sectors. Now in
a world where the capitalist system permits and encourages the existence of
"hbusiness'" unionism in order to protect the rights of workers, the assumption
of similar factor rewards in all sectors of production may be far from truth.
Thus a perpetual inter-sectoral wage differential may be caused by different
policies followed by trade unions in the two sectors. Bhagwati and Ramaswami
(1963) have enumerated several other reasons for the existence of the wage
differential. Furthermore, not only the wage rate but also the reward

of capital may differ in the two sectors. For instance, Harberger (1962)

has shown that a tax on the use of capital in one sector alone (the corporate
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sector) will drive a wedge between rewards of capital in the two sectors.
Furthermore, this intersectoral f;ctor-price differential is compatible with
perfect factor mobility.

The purpose of this paper is to relax the assumption of perfect factor
markets and explore the consequences of the introduction of intersectoral
factor-price differentials for stability in the traditional two-sector model
of economic growth. Some of the results that we derive appear to be intere-
ting as well as unexpected.2 For example, a sufficient condition for sta-
bility in the traditional two-sector model is that the consumption goods
sector be capital-intensive relative to the capital-goods sector. This
condition is now well known as the capital-intensity condition. 1In the
presence of the factor-price differential, however, the factor-intensity of
the two sectors comes to acquire a special meaning and interpretation. A
distinction has now to be drawn between the factor-intensity in the 'physical"
as well as in the "value'" sense. Thus the traditional capital-intensity
condition, which in our model turns out to be the comparison between two
factor-intensities in the physical sense only, is no longer sufficient for
stability in the economic system. Section I deals with the assumptions and
other ingredients of the model, section II with the uniqueness of equilibrium
at any moment of time, section III with the stability of the long run equi-
librium for a given level of the factor-price differential, and section IV
with the effects of a change in the degree of distortion.3 Finally the major

findings of the paper are summarized in section V.

I. Assumptions and the Model
Except for the presence of an intersectoral factor-price differential,
the assumptions of this paper are the same as those of the traditional two-

sector growth model. There are two sectors of production, the capital-goods
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sector (sector 1) and the consumption goods sector (sector 2), with the outputs
in these sectors denoted by Y, and Y, respectivgly. There are two factors
of production, capital (K) and 1ébor (L); there is perfect competition in
the product markets, but imperfect competition in the factor markets. With-
out loss of generality it is assumed that the reward of capital is the same
in the two sectors, but the wage rates differ; returns to scale are constant
but returns to factor proportions are diminishing; full employment, perfect
factor mobility, a constant propensity to save, a constant rate of depreciation,
and an exogenously given rate of growth of labor are also assumed.

The main tool of our analysis is the "activity-analysis" technique
developed by Jones (1965) and later on utilized by Batra (1969).

The two production functions are:

yp = F1Gy0Ky)

and

"

Yo = FpynKy) -
With linearly homogeneous production functiong the entire information con-
cerning the production surface can be summed up in the unit isoquant which
denotes an output of one unit. The two production functions can accordingly
be expressed as

Fi@QypKyfyp) = Fi@pppag) =1

and

where aij denotes the amount of the itP factor per unit of the jth product
(i=L,K; j=1,2).

With full employment of both factors,

(1.1 aLly1 + aLzy2 L
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and
(1.2) ar1Y1 + aps¥y K,

where the bars indicate that both factors are in inelastic supply at any
moment of time. Under perfect competition in product markets, unit costs
reflect product prices. Let r stand for the reward of capital, wj for

the wage rate and pj for the price in the two sectors. Then

(1.3) a1 + anf = Py

and

(1.4) a; oW, + apof = Py s

where

(1.5) awy; = W, . (@ #1) .

If production coefficients are fixed, equations (1.1) - (1.4) describe the
production side of the system. However, in the gemeral case of variable
coefficients, four additional equations must be introduced in order to de-
termine the four input-output coefficients (aij's). These are provided by
the requirement that with linearly homogeneous production functions, each
aij is determined solely by the factor-price ratio.

h

Let wj = wj/r be the wage/rental ratio in the jt sector. Then

(1.6) aij = aijcnj) .

So far we have described the production side of the system. To close

the model, we postulate the following demand specification:
1.7) S = sy

where S equals savings, s denotes the constant average propensity to save

and y the level of national income:
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(1.8) y = Pyt Py, -

Under the condition that savings equal investment in equilibrium, we may

write,
Py, < s(pyy, + P,¥,)s oOT
Y1 _ s P2 _ Py
(1.9) =15 = ¢—
y2 = pl Pl

where ¢ = s/1-8 is a constant. With this last equation, we have gathered

the full complement of ingredients with which to conduct further analysis.

II. Uniqueness of Momentary Equilibrium
This section is concerned with the derivation of certain conditions
which will ensure the existence and uniqueness of equilibrium at any moment
of time, where the supply of labor and capital are given. It is evident
from equation (1.6) that the input coefficients are uniquely determined once

wj is known, and with a " so determined, the rest of the variables can be

ij
easily determined from other equations presented in the last section. Thus
the important point is to obtain a relationship between the overall capital/
labor ratio (K/L = k) and wj and, furthermore, to derive conditions that will
ensure that wj is uniquely determined from the k which is given at any moment
of time. 1In order to obtain this relationship the system of equations pre-
sented in the last section must be converted into equations of change. Let
an asterisk indicate the relative change in a variable or parameters (E,E,

*
Py and p2). Thus ¥y = dyl/yl, etc. Differentiating equations (1.1) - (1.5),

we obtain:

* % - * * x
(2.1) Ayt ALY =L - Opgapg T A3,)
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2.2 "1(1"’; ¥y = Kf - Oyt * A2

(2.3) 0¥ * O™ = Py - Cpyapy Okt

(2.4) O g% + O™ = By - (Oppory * Opon) ond
(2.5) m? + wi = wz .

In equations (2.1) - (2.4), ALj = aLij/L and XKj = aKij/K R

whereas 6_., = a_.w, and O, =a_.r/p.. In other words, \,. is the
L3 = %Li"3/P; k3 = 2ki*/P3 M

fraction of the ith factor employed in the jth sector, whereas eij is the

distributive share of the ith factor in the total earnings of the jth sector.
By their definition, Xil + Aiz = 1 and %J-+qu==1. Let \ and © denote the

matrices of coefficients shown in (2.1) - (2.4). Then

i M2 /7 1w
A= : %) = s

.: 4 d
i ke “ 8 Ok

where the determinants of A and © are given by

Al = ik Gri®k2 - 2u2%k1)

Y1Y2

(2.6) =-Ix %1% (kp-ky), and

P1P2 wlaLl-raKz - w,a ra

2212 F3x1)

er

= 3,7, 11712 (ky-akq) »

where kj = Kj/Lj is the capital/labor ratio in the jth sector. Since

each row sum in the A and 6 matrices add to unity, IAI and |6| can also

be written as:
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>
[

M1 M T e 7 A2

lof = 8y -8, = Oy - O

With perfect competition in the product markets,average revenue equals
unit cost in each sector, which equals (aijj + aKjr). Each producer treats
factor prices as fixed and chooses such factor combinations as minimize the

unit cost , which implies that the first derivative of (aL jw.’l + aKjr)

should be zero. That is,

* *

(2.7) 9L1 a, + 91(1 apy = 0, and
* *

(2.8) 9L2 a5 + 9K2 Ay = 0.

Substituting these in (2.3) and (2.4) yields:

* * *
(2.9) 9L1“’1 + eKlr = P

* * %k *
(2.10) 9L2w1 + 9K2r = p-a eLZ .

Next equations (2.1) and (2.2) should be simplified. Let O'j be the

elasticity of factor substitution in the jth sector. Then crj is defined as:

* *
a -
I <R B
(2.11) o = w‘f-r* , and
* *
a*_ -a
_ K2 1.2
(2.12) o, -_—Hzl'r* .

These together with (2.5), (2.7) and (2.8) yield the following equations:

= * ok

(2.13) ay < - 9K101 (wl- r™)
* * %

(2.14) ag = emal (w1 r’)

_ * % *
(2.15) ary = -[91(20'2 (wl- r') + echza ]
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* o *_ Kk *
(2.16) ag, = echrz(w1 r) + eLzaza

Substituting these equations in (2.1) and (2.2), and utilizing (2.5)

we obtain:

(2.17) xLly’{ +Ay5 = L* + B (W} - ) + )\.LZGKZUZG,*
F3 * . * % *

(2.18) Na¥y F AV = K - Bg(iy =T = Ay p0pa’

where BL = kLlechl + XLZBKZGZ > 0, and
Be = Ma®n1% T A% 0 -

Assume for the time being, that the wage differential is constant so that
of = 0. Later on we shall relax this assumption and see how our results
are modified. With o =0, (2.17) and (2.18) can be solved to yield:

x w D*-x* Bt By - )
(2.19) yl-yz = Ikl + Ilr .

From equation (1.9) we get:

(2.20) y; - ¥, = Py - P]

and from (2.9) and (2.10)

(2.21) Py - Py = - (-t [8],
remembering that with o* =0, wi = wg from (2.5).

Equations (2.19) - (2.21) may now be solved to furnish: wy-r" = ®*-1%)/

[(L+0y) IK"IGI], or

* k* - K*
(2.22) i G T DY I -] B
*
yi-y +
o _ ok x k_E _a _T17Y o BtR

is the elasticity of substitution along the transformation curve,4'and
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*
k

o =% = (14-03) ]A|-|9| is the aggregate elasticity of substitution, i.e.,
1

the elasticity of the overall capital/labor ratio with respect to the wage/

rental ratio in any sector, for k*ﬁni = k*/w; when o = 0. Equation

(2.2) furnishes the long sought after relationship between the overall
capital/labor ratio and the wage/rental ratio in the two sectors.5 However,
before we proceed to analyze the relationship between k and wl’ a few
remarks concerning the signs of IXI, |9| and o, are in order. It is at

this stage that a distinction must be drawn between the factor-intensities in the
physical and the value sense. The sign of IXI furnishes the relationship
between factor-intensities in the two-sector in the physical sense, because
here only the ratios between physical units of the factors employed in the
two sectors are being compared. The sign of |9| on the other hand describes
the intersectoral factor-intensity relationship in the value sense, because
here we compare the ratios between the value of factors employed in the two
sectors. For example, (kz- akl), which determines the sign of |9| in (2.5),
is given by:

k2 - akl = (rK2/w2L2) - (rKllwlLl) .

In the absence of the wage differential when o =1, the signs of

x| and |6]| are the same, so that

Ix]-]e] > o.
However, in the presence of the wage differential (a#1), the signs of Ikl
and |9| may be different. For the sake of illustration, suppose that k2>'k1,
that is, the consumption-goods sector is capital-intensive relative to the
capital-goods sector in the physical semnse. Then k, > akl if o<1, which

implies that w,>w,, so that the wage differential is paid by the producers

1 72
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in the capital-goods sector, which is labor-intensive relative to the
consumption-goods sector. In other words, the differential is paid by the
first sector on its intensive factor. Thus we conclude that Ikl and |9|
have the same sign if the differential is paid by a sector for its intensive
factor. However, if a sector pays the differential on its nonintensive
factor, the story is different. Here |A| and ]Gl may have different signs,
because o> 1. In other words, a sector may be intensive in the use of one
factor in the physical sense but unintensive in the use of the same factor
in the value sense.

The picture is further blurred by the fact that, as demonstrated by
Johnson (1966), the physical factor-intensity relationships may also change
sign in the presence of the wage differential, even though in its absence,
they are nonreversible.

. All this leads us to the conclusion that the existence of the wage
differential may cause reversals in the factor-intensity relationships be-
tween the two sectors in the physical sense and/or in the value sense.6

The complications caused by the wage differential do not end here.
Bhagwati and Srinivasan (1971) and Kemp and Herberg (1969) have recently
shown that outputs may respond ''perversely' to changes in commodity prices.
By this they mean that the output of a commodity may actually decline as a
result of a rise in its relative price and vice versa. Specifically, this
may occur if the factor-intensities get reversed either in the physical sense
or in the value sense. Thus in the presence of the wage differential, o

s

which is positive in its absence, may actually be negative. Symbolically,
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oy 2 0, if |X|-|9| Zo. Hereafter, we assume that 0 # -1, because, as
is evident from (2.22), the system becomes indeterminate if o5 = -1.

With these remarks in mind, we now proceed to derive sufficient
conditions which will ensure a unique relationship between k and Wy and,
thereby, the unique determination of all variables in the system. It can
be easily shown that the capital/labor ratio in each sector is positively
related to its wage/rental ratio because of our homogeneity assumption for
the two production functions. Since k lies between k1 and k2 if both sectors
are to produce positive outputs, one would expect a positive relationship
between k and the wage/rental ratio in the two sectors. Thus for the
viability of the economic system, the relationship between k and wl’ apart
from being unique, should be positive, or wf/k* > 0.

A careful examination of (2.22) reveals that wi/k* >0 if [XI
and |8| have the same sign. Because here not only |A]-|9| > 0, but o_ is
also positive. This means that the physical and the value factor-intensities
either néver get reversed, or both get reversed at the same time. However,
if only the physical or the value factor-intensities get reversed for some
wl’ w;/k* may possess any sign, thereby generating the possibility of
multiple equilibria.7 Of course, here also w;/k* is positive if ]as| >1.

These results will perhaps gain further clarification with the help
of diagrams. Consider Figure 1 which depicts a monotonic and positive re-
lationship between k, wy and(»z. Once the relationship between k and wl is
determined, the relationship between k andw2 is automatically determined by
the fact that dpl =(u2, where o is a given constant. Suppose at any moment
of time, k is given by k, then v, is given by'ﬁi and the level of W, can be

appropriately determined depending on whether o is less or greater than one.
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— (wg) (& <1)

~ @
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Figure 1
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Figure 2
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Once wj is determined, the rest of the variables can be easily determined.

The story, however, is different in Figure 2. Here the relationship
between k and ®) (or wz) is no longer monotonic. As can be seen for any k
equal to k, there are three equilibrium values of Wy 651, wi and wi) and
hence three equilibrium values for w,. Thus Figure 2 shows the possibility
of multiple equilibria.

It is interesting to note here that in the absence of the wage
differential, the momentary equilibrium is always uniquely determined. For

here || and lel always have the same sign and o > 0.

III. Existence and Stability of the Long Run Equilibrium

The long run growth‘path of an economy is determined by the rate of
capital accumulation and the exogenously determined rate of growth of labor
(L*). A growth model is said to be stable if the rate of growth of capital,
if not initially equal to the given rate of growth of 1labor , always con-
verges to L¥. Inother words, if the capital stock is growing faster (slower)
than labor, the rate of growth of capital declines (rises) and, in the limit,
equals the given rate of growth of labor. The growth path where capital and
labor grow at the same rate is called the balanced growth path. Symbolically,
the attaimment of the balanced growth path requires that dK%/dk‘< 0. Now K%,
with savings equal to investment, is given by y1/K. Let (yllK) = ¢. Thus,

for the stability and uniqueness of the long run equilibrium,

Ko .
y' -

1* x ¢* <0.

K'- L k

*
y, can be obtained from (2.17) and (2.18). Remembering that a% = 0, we derive:

P A S R L. o hit)
1 Ix]

(3.1)



-14-

Adding -K* to both sides of (3.1 ) and using (2.22), we obtain:

y; - K* o (B * ), 18D
(3.2) K*- L* = k* - (1+0.s) [AI_|GI ’

where, as before, Bg = XK19L1°1 + XKZQLZUZ >0.

A. The Capital-Intensity Condition:

Consider first the case where there is no wage differential (a=l).
Here |K|'|9| >0 and o is also positive. Since Bx >0, ¢*/k* < 0 1if
]9] > 0, which from (2.6) requires that k2 > kl' This is, of course, the
familiar capital-intensity condition.

Now consider the case where o # 1. It is clear.that even if k2 > kl’
so that lll > 0, there is no guarantee that ¢*/k* < 0. For one thing, the
signs of Ill and ]6|, as argued before, may be different, which gives rise
to the additional complication that o < 0; for another, even if |k| and |6|
always have the same sign and hence Tg > 0, stability and uniqueness of the
balanced growth pathare still far from assured, because of the unpredictable

sign of |6| which influences the sign of the numerator in (3.2 ). From this

discussion we may conclude that even if the capital-intensity condition is

satisfied, the two-sector growth model in the presence of an intersectoral

wage differential may be unstable. Furthermore this possibility of instability

does not derive from the multiplicity of momentary equilibria. Assume, for

the moment, that the momentary equilibrium is always uniquely determined, so
that the denominator of (3.2) is positive.8 Now this denominator is positive
under a variety of conditions. Comsider, for example, the case where Ix] > o,

so that the capital-intensity condition is satisfied, |9| < 0, and |cs| > 1.

Here the denominator of (3.2) is positive, but the numerator will also be
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positive if (BK + szlel) < 0. Hence the economic system may be unstable
in spite of the validity of the capital-intensity condition, even if the
momentary equilibrium is uniquely determined. 1In light of this discussion,
we may restate the capital-intensity condition and derive the following
theorem:

Theorem 1: In the presence of intersectoral factor-price differential, a

sufficient condition for the two-sector growth model to be stable is that

the consumption-goods sector is capital-intensive relative to the capital-

goods sector in both the physical and the value sense.

B. The Elasticity Condition:

In the general case where the capital-intensity condition is not
satisfied, the traditional two-sector growth model has been shown to be
stable only if certain restrictions on the elasticity of factor substitution
in the two sectors hold. This has now come to be known as the elasticity of
substitution condition, or simply the elasticity condition. The relevance
and significance of this condition will become apparent if we substitute the
value of Bg in ( 3.2) to obtain:

8* 'D‘KleLl(“l'l) * Agaf12(0pm1) + 8
i TFoI Al - o]

(3.3)

Evidently, a sufficient condition for ¢*/k* < 0 in the absence of the wage
differential is that Gj 21 (j=1,2).

It is not difficult to see that cj 2 1 is the elasticity condition
in the traditional model when the propensity to save is assumed to be constant.
In the presence of the wage differential, however, this condition must be

supplemented by additional qualifications. The following theorem is immediate:
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Theorem 2: If the momentary equilibrium is uniquely determined, the

two-sector growth model is stable in the presence of the wage differential,

provided the elasticity of substitution in each sector is at least equal

to one.

This is, of course, the traditional elasticity condition in a new
guise. In the absence of the wage differential, the momentary equilibrium,
as shown in the last section, is always uniquely determined when the pro-
pensity to save is constant. Hence the proviso attached to the elasticity
condition in theorem 2 is not needed. This, however, is not true when a wage
differential exists between the two sectors, because here the denominator of
(3.3 ) may possess any sign. Thus, even if the traditional elasticity con-
dition is satisfied, the economic system may be unstable in the presence of
the wage differential.

Of greater interest, however, is the case where the long run equilibrium
may be uniquely determined, but the momentary equilibrium may not. This case
never arises in the traditional two-sector growth models, because there the
conditions for the stability and uniqueness of the long run equilibrium are
invariably more stringent than those sufficient for the uniqueness of momen-
tary equilibrium. That this may no longer be true in the presence of the wage
differential, however, can be seen from (3.3 ). As stated earlier, the
momentary equilibrium is not unique if for some wl’ the denominator of (3.3)
is negative. However, this does not prevent ¢*/k* from being negative, pro-
vided the elasticity of substitution in one or both sectors is less than one,
because for small values of 0y and/or Ty the numerator of (3.3 ) may be

positive.



-17-

C. Properties of the Balanced Growth Path:

Until now we have derived theorems which ensure the attainment,
uniqueness and stability of the balanced growth path where both capital
stock and labor force grow at the same constant rate. Although the stability
theorems turn out to be substantially different from those in the traditiomal
model, the properties of the balanced growth path essentially remain the
*

same in spite of the wage differential. With K* =1L , it can be shown that

all factor rewards and commodity prices remain constant. From (2.22),

*=
1
and hence factor rewards and from (1.3) and (1.4) commodity prices remain

*
w 0 when k*(=KL -L*) = 0, which implies that input/output coefficients
constant over time. 1In the balanced growth path, both sectors grow at the
same rate as capital (or labor). For example, from (3.1), with K = L* and
* % * .
w,-r =0, y, can be written as

1
*_K*O‘Kz')‘u) *
|X|

¥y = K ,

because from the fact that each row in the A matrix sums up to unity, Ill also
*
equals (XKZ- ALZ). Similarly, y: can be shown to equal K or L*. Furthermore,

national income also grows at the same rate. From (1.8) we obtain:
* * % * *
Yy =A(p] +y;) + (1-A)(p, +y,), where A =pyy,/y.

*
Since pi = pz =0,y = y: . Since national income grows at the same rate
as labor and capital in the balanced growth path, it follows that the per
capita income, the income/capital ratio and the per capita consumption in
. % _* * _%* % _*
terms of Y, remain constant over time, that is, y -K =y -L = y2-L =0.

It may be observed that all these properties belong to the balanced growth

path even when the wage differential does not exist.
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IV - Comparative Dynamics

The analysis so far has been conducted under the assumption that
the wage differential remains constant throughout the growth process, so
that af = 0. The discussion in the previous section was concerned with
the derivation of conditions sufficient to ensure the uniqueness and the
stability of the long run equilibrium, and we have seen that the balanced
growth path may be uniquely determined for any given a. This section is
concerned with simple exercises in comparative dynamics. Given that the
system has approached the balanced growth path, so that k is constant over
time, what happens if there is an exogenous change in q, the degree of dis-~
tortion? Specifically, we wish to determine the effects of a change in o on
some key variables in the economic system at any given capital/labor ratio
(k). Although the balanced growth path is compatible with any o the balanced
growth values of variables in the system will be different for different
values of a. Here and elsewhere we assume that the long run equilibrium
is uniquely determined.

It is perhaps worth pointing out that the effects of a change in o
have been explored by other authors, but only under the static framework,
so that their analyses are essentially comparative-statics in nature.9

First, we determine the effect of a change in o on the rate of growth
of capital (¢). Unfortunately, the algebra here is more complicated. There-
fore, only the key equations are presented in the text, their derivation
being relegated to the appendix. Following essentially the same procedure
as in section II, remembering that K%==L* in the balanced growth path, we

obtain the following equations:




-19-

%
* Kk em(l"ley - Ay05)a

(4.1) W.l e p] = o
*
4.2) K (Inleg 075 - 8549 - Ay0))a
* 1 2 o

*
—_— (lhleKzeL1 + A,07 + 0 14,0,)0
(4.3) wy - By = L

%*
.t o 0o CInfory + A0
: 2" P2

o

*
-6 . (|rle,, - A0)a
% *
“.5) o L1 1.2(r 2°2

*
x % = GLZQHGU + A0)a

(4.6) -, = L
*
B R AT PR AR L T
: 1 iAo
*
x w109 + 00 (M6, - Ay0)) + 0Dy0yla
(408) y2-I" = - [}\lo. ?

where Al’ AZ’ C1, CZ’ D1 and D, are all positive and are defined in the

2
appendix and, as before, 0 = (1+US)|X|-|9|. The effects of a change in

a on real factor rewards, the rate of growth of capital and the per capita
consumption in terms of the consumption good can be analyzed in terms of equa-
tions (4.1)-(4.8). Consider first the case where the momentary equilibrium is
uniquely determined, so that o > 0, With o > 0, it is now the sign of Ikl

which crucially determines the behaviour of real factor rewards., If |A] <o,
which means from (2.6) that kz < k1, it is clear from (4.1) and (4.2) that a

rise in o results in a decline in the wage rate in the first sector in terms of
both commodities, and conversely. From (4.5) the real reward of capital in terms

of the first commodity rises as a result of a rise in a. However, the verdict is not

so clear for the real wage rate and the reward of capital in terms of the second
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sector. The reason for this indeterminacy is not far to seek. From (2.5)
we know that o + wi = wz, or o + (w:- p?) = (ﬁ;- p?), (j=1,2). When the
second sector is labor-intensive (in the physical sense), o« and (w;- pj)
are negatively related, so that it is not surprising to find that (wz- p?)
may not have the same sign as (wi- p?). The same type of explication
applies to the case of real reward of capital in the second sector. Thus if
(wg- p?) does not have the same sign as (wi— pg), then it follows from the
assumption of linear homogeneity of production functions that (r*- p;) and
(r*- pZ) will also be opposite in sign.

When |\| > 0, that is, k,>k,, the results are reversed. Here it is

2 P
the real wage rate and the reward of capital in the second sector that have
a monotonic relationship with a. When the first sector is labor-intensive,
a rise (decline) in o raises (lowers) the real wage rate in the second sector
in terms of both prices, but lowers (raises) the real reward of capital in
terms of the second sector. However, once again the real wage rate in the
first sector and the real reward of capital in terms of the same sector may
not possess a unique relationship with . Thus we conclude that a change in a
affects the real wage rate unambiguously only in one sector, the effect on
the real wage rate in the other sector being indeterminate. Similarly, the
real reward of capital is uniquely related to o in terms of only one commo-
dity price.

This discussion suggests interesting and important policy prescriptions
for trade unions. To be specific, assume that the second sector is the
unionized sector and o> 1, so that w1<:w2. In other words, suppose that
the producers in the unionized sector have to pay a premium to labor over

the labor force employed in the nonunion, first sector. Suppose further that
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the union in the second sector seeks to secure an increase in this premium,
thereby increasing the value of a. However, a rise in o will unambiguously
raise the real wage rate in the unionized sector only if this sector is
capital-intensive relative to the first sector. If the unionized sector

is labor-intensive, the wage rate in the union-sector may actually decline
and the union action may turn out to be self defeating, This result has
been recently derived by Magee (1971), Jones (1970), Johnson and Mieskowski
(1970) and Batra and Pattanaik.TO However, it has not been made clear

that if the union labor suffers, the non-union labor must benefit,  Further-
more, the effects on the reward of capital are indeterminate, that is to
say, it is not clear just from the sign of |x| alone, whether the reward of
capital will rise or fall in terms of both commodity prices.

Until now we have assumed that the momentary equilibrium is uniquely

determined, so that ¢ > 0, In the presence of multiple equilibria, however, where o

is negative for some values of w;s the results derived above are reversed.
Here the union labor suffers if the union sector is capital-intensive
relative to the non-union sector .

Next consider the effects of a change in o on the rate of growth
of capital (p). Unfortunately the results here are more muddled and per-
plexing than before, One glance at equation (4.7) reveals that the source
of confusion lies in the sign of (IX|GL2 - Azcé) and ¢, Even if we assume
that ¢ > 0, little is gained in terms of clarity, for the sign of (|x|eL2- Azoz)
is still intractable,. A sufficient condition for the relationship between
¢ and o to be monotonic is that |X|9L2 > A,0,, because then |A| > 0 becomes
a necessary condition, so that with o > 0, ¢*/a* > 0, However, this suffi-

cient condition does not lend itself to simple economic interpretation.

Results are, of course, clear if 0 < 0, because then with lk‘ <0, or k2 < k1,
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¢*/a* < 0, However, here the momentary equilibrium is not unique, and
the unambiguity of the result loses most of its attraction.

Fortunately, there is one special case in which the results are
crystal clear, If the elasticity of factor substitution in both sectors
equals unity, the implications of a change in a for ¢ are apparent at
one glance, As will be shown in the appendix, the complicated expression

(4.7) reduces to
~ *
4.9 p* = XLZQLTG ,

when o, = 02 =1, In other words, a rise in a raises the rate of growth
of capital at a given capital/labor ratio in the economy, and conversely.
When o < 1, Wy >'w2, and the differential is paid by the capital-goods
sector, Here a rise in o implies a decline in the wage differential. The
role of o is reversed when o > 1, so that the differential is paid by

the consumption-goods sector. Here a rise in o signifies a rise in the

wage differential, From this discussion, the following theorem is

immediate:

Theorem 3: A decline in the wage-differential paid by the capital-goods

sector, or a rise in the differential paid by the consumption-goods sector

results in a rise in the rate of growth of capital at any capital/labor

ratio, and conversely, provided the momentary equilibrium is uniquely de-

termined, that is, o > 1, and the production functions in both sectors

are of the Cobb-Douglas type.
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It follows from theorem 3 that the overall capital/labor ratio of the
economy will be higher in the balanced growth path, the higher is the level
of a, and will be lower, the lower is the level of a«. An interesting
corollary to this result is that the capital/labor ratio in the balanced
growth path will be higher when o> 1 and lower when o<1 than the capital/
labor ratio which prevails in the absence of the wage differential (when a=l).

A further appreciation of this result may be gained from Figure 3 which
depicts a negative, monotonic relationship between k and @, implying thereby
that the growth model is stable. The curve AB, A'B' and A"B" have been
drawn for different values of a. Consider first the case where o~ 1. A
decline in o results in a decline in ¢ at any k, so that the curve A'B'
shifts to the left, and, in the limiting case, where o approaches unity,

the curve A'B' shifts to AB. The balanced growth path, when o> 1, is achieved

¢
AN Al A
El
L*
B! B! B
(a <1) (a=1) (a>1)
0 C D F k

Figure 3
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at point E' where ¢ equals the given rate of growth of labor (L*¥), and the
corresponding balanced capital/labor ratio is given by OF. Clearly then
the balanced capital/labor ratio in the absence of the wage differential
equals OD. Thus, we see that the balanced k for the case where oo > 1 or
2 >-w.l is greater than the corresponding k in the absence of the wage dif-
ferential, In other words, the introduction of a wage differential against
the consumption-goods sector results in a higher capital-intensity in the
economy in the long run, Conversely, the introduction of a wage differential
against the capital-goods sector leads to a lower capital-intensity (=0C) in
the long run equilibrium,

The effects of a change in o on the per capita consumption are sym-
metrical, though opposite, to those on the rate of growth of capital, Equation

(4.8) is as tedious to interpret as its predecessor, equation (4.7). However,

with 01=02, (4.8) simplifies to

* *
4.10) g,k = A0 a

From (4.10), it is evident that a rise in o results in a lower per capita con-
sumption, and a decline in o leads to a rise in per capita consumption. In
other words, a higher value of a is associated not only with a higher capital-

intensity in the economy but alsowith a lower per capita consumption,and vice versa,

Iv. Conclusions
Although the intersectoral factor-price differentials are a certain
fact of life, their implications have been until now explored only in terms
of the static two-sector, two-factor model,. The foregoing analysis, however,
has been concerned with the analysis of factor market distortions in terms of a
two-sector growth model, The main conclusions of this study may be summarized

as follows:
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1. With a constant propensity to save, the momentary equilibrium in the
traditional two-sector growth model, where factor market imperfections have
been ignored, is uniquely determined. However, in the presence of the
wage differential, this result is valid only if the intersectoral factor-
intensity relations are the same in both the physical and the value sense.

Otherwise, there arises a strong possibility of multiple equilibria.

2. Traditionally it has been shown that the two-sector growth model is
stable if the capital-intensity condition is satisfied. 1In the presence of
the factor-price differential, this condition comes to acquire a different
role and meaning. Now a distinction has to be drawn between the capital-
intensity condition in the physical and the value sense, and there is no

a priori reason to ensure that their signs are the same. Specifically, we
have shown that the two-sector growth model may be unstable if the capital-
intensity condition is satisfied in the physical sense but not in the value
sense. Itis only when the consumption-goods sector is capital-intensive
relative to the capital-goods sector in both '"senses', that the growth model
can be unambiguously said to be stable for any given level of the intersector

factor-price differential.

3. As far as the elasticity condition for stability is concerned, here again
our results do not conform to the conventional discussions. Even if the
elasticity of factor substitution equals or exceeds unity in each sector,

the growth model in the presence of the differential may be unstable.

4., Another interesting result is that although the long run equilibrium
may be uniquely determined in spite of the differential, the momentary

equilibrium may not. This is a complete antithesis to the customary results.
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5, Assuming that the long run equilibrium is uniquely determined,
the effects of a change in the factor-price differential were explored
for factor rewards, the rate of growth of capital and the per capita
consumption, It was shown that a rise in the wage differential paid
by the consumption-goods sector or a decline in the one paid by the
capital-goods sector results in a rise in the rate of growth of capital
and a decline in the per capita consumption at any capital/labor ratio,
provided the production functions are of the Cobb-Douglas variety.

An interesting corollary to this result is that in the balanced growth
path, the economy's capital/labor ratio is higher when the wage differ-
ential is paid by the consumption-goods sector and lower when it is paid
by the capital-goods sector than the overall capital/labor ratio which

would prevail if the wage differemtial did not exist,



Footnotes

1. For an extensive bibliography of literature on two-sector growth
models, see Burmeister and Dobell (1970). Among the recent articles
written on this subject are those of Batra (1970), Batra and Singh
(1970), Stiglitz (1969) and Chang (1970.

2. A further proximity to reality could, of course, be achieved by intro-
ducing conditions of imperfect competition in product markets. This,
however, constitutes subject matter for another paper and has been recently
analyzed by Batra (1971).

3. The nature of our analysis in section IV is comparative-dynamic,
rather than comparative-statics, which has been the method of analysis

in numerous published and unpublished articles. See, for example, Batra
and Pattanaik (1970), Batra and Scully (1971), Magee (1971), Bhagwati and
Srinivasan (1971), Herberg and Kemp (1969) and Jones (1970).

4., TFor further details on the elasticity of the transformation curve,
see Jones (1965, 1961).

5. When o is constant, ¥ and w¥ are equal. Therefore, in order to obtain
a relationship between k &nd the“wage/rental ratio in both sectors, it is
enough to derive the relationship between k and w, only, the one between

k and w, following the same direction. This is tﬁe line of approach which
will be“followed in this section and the next.

6. For further details on this point, see Magee (1971), Herberg, Kemp and
Magee (1970) and Jones (1970).

7. One may wonder why the momentary equilibrium is not uniquely determined
when k= and w, are negatively related even though this relationship under

some conditions is unique. However, for the reason cited in the text, k and
wy cannot be negatively related for all values of w;. For example if w;

rises, kz and k1 will both rise, but k, which is a weighted average of k2 and kl

(the weights being the proportion of labor employed in each sector), may still
decline if the weights change in a certain manner. However, this cannot go

on indefinitely. 1If o, @u'wz) approaches infinity, both k2 and kl approach

infinity, so that k must also approach infinity, no matter what way the
weights change. Thus the negative relationship between k and w1 is not

compatible with all levels of w5 although the positive relationship is.
Hence with k*/mf < 0, the momentary equilibrium cannot be unique for all

levels of w,-
8. See equation (2.22) and the results derived from it in the last section.
9. See the remarks made in footnote 3 above.

10. See Batra and Pattanaik (forthcoming).



Mathematical Appendix

In what follows, the derivation of equations (4.1) to (4.10) is shown,
It will be remembered that we are assuming K =L*. Furthermore, the following

definitions and relationships are used:
B = Mi®%1 % M2 80 %
B = Ma%m %1t Mo 80 %
A= My b T A B
By = MaOo * Ao O
G = Matke &1t Mo O
Co = Mol
Dy = M
Dy = Ao Mgy O%a * M M2 O

BL+BK = A10'1 +A20'2
o = BB+ Mol = Aoy +a0,+ [A]-]e]

Aty = (heg +2) Oy - [1l6g) = 1-[a]- o]
Mg2Prt Moy = GO+ G0
MLt MaBg = D191 *+Dy%

From (2,17) and (2.18) we have

(a.1) OF-vy) = B B G-+ a0, oF

I

On the other hand, from (2,9) and (2.10)



(A.2) My -1¥) = (p]-py) + 6, aF

lo | 8]

Substituting (A.2) into (A.l), and using (2.20), we obtain

* o k\ - *
o
and
d_ Ky - _ *
A.4 (P} - Py) (8154107 +8.48,0,) @
o
- { (|)\|9L2-A202)|e| ) em} o
o

Returning to (2,9) and (2.10), we may derive

* % — * _ K *
(A.5) (w1 - P‘I) = _6_1_(1 (p1 Py) + eL29K1 a
19] o]
* Ky _ N %
lof le|

Substituting for (p’;- p’;) from (A.4), we get

* *
0 o

= GKI(NGLZ'AZUZ) o

g

- * = - N
(A.8) (r - pp) 814 { o, - (858197 +8;44,0,) f o
0 a

*
- eu(lxleLz-Azcrz) o
o




From (A.4) and (A,.5)

&) o

* %
egg} (py - Py) + 81561
® lo|

{exz(llleLz'Az"z) -9 2} o
. L

k3

*
(I l0g185 - 0798197 - 450)) a
g

Similarly, from (A.4) and (A.6)

o * * % *
(A. 10) (r = Pz) - 6L2 (P-I - P2) - eL-' eLZ (o7
I

le o]

- eL2(|x|em+A1cr1) o*
g

Adding o to both sides of Aa.7):

0. (|N]6,, -A,0) + 11 =
o7y -p¥) = {7k 12 " 42% @
27 P { = }

%
(a.11) o« + (v - PY)

%
(|7‘|9K29m + A0y +0;14,0,)

(o3
Similarly, from (A.9):
- Y
(a.12) (W) - Py) = { (M ]0g; 8, - B p817 - 457)) ”Jk <
o
= x
= eKZ(Ix|eL1+A1o1) a

(e}

The change in the rate of growth of capital is derived from (2.17)

and (2.18):



(A.13)

S
1]

(y’; - K*) = )|‘1(2 [L* + BL(WT - r*) + XLZGKZG'ZG*]
N

-%[K*' By = T - g% L
A

OaBy, + MoB) G = T) + Mohep0y

M I¥
(C;0; +Cy0 )(w1 ™) + c,0, o*
A Al
Substituting from (A,3):
8% = [(Co; +Cp0,) (IN]6), - A,0,) + aCy0, 1"
[nlo

Similarly, the change in the rate of growth of consumption per capita
is given by

* %
(A.14) (y2 -L)

]

- M [I‘ B0 - T+ Ay Ppa0sa ]

Tl

+ )‘Ll [K BK(W -T ) kKZGLZGZ ]
Il

- OB+ A B) O = 1) | OgeydpoBpo + A henBrp) o o

I ] 2

_ D2c1'2 a:k

A Il

= (D g +D 0'2)(w -r*)

%
- [(Dy0,+D crz)(lxleLz A,0,) + 0D,0,] a

[\|o



For the special case where o, =0, =1, (A.13) and (A.14) may be

simplified by noting that

o = A+ay+a[-]e] =1
and
(Infopy - 8005 = Oy =M@y - (MpBpy+hgnBrn) = Mgy
Hence
(A.15) ¢F = [(Cy+Cp) (1) + Cy] o*
IA]
* *
(AppCp + ApCp) a7 = g, 00
A
and
(.16) 0y L) = - [0 +D,) (-},) + D,] a
[A]
*
oDy = MDD = = A0,

In]
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