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I. INTRODUCTION

This paper will present a stochastic equilibrium model in which the
optimizing behavior of a heterogeneous population will determine the price of a
real asset. The characteristics of the equilibrium asset price, and the
determinants of its variability will be investigated. The heterogeneity of
the population may provide further insights into the determination of
excess stock price variability.

That stock prices appear to exhibit a high degree of variability is
well documented (see Grossman and Shiller [6], LeRoy and Porter [17], and
Shiller [22]). In addition there have been several attempted explanations
of this anomaly, such as: (i) a high degree of risk aversion exhibited
by agents (LeRoy and LaCivita [16], Grossman and Shiller [6]), (ii) fluctuations
in non-capital income or changes in the cost of producing new capital
(Huffman [11]), (iii) or flaws in the tests which (ostensibly) impliéd
excessive price variability (Flavin [5], and Kleidon [13]). This paper
will present yet another factor which may enable us to better understand the
determinants of asset prices. This paper is, to some extent, viewed as a
contribution to the theoretical studies of asset price determination as in
Huberman [9] and Lucas [18]. In both of these papers there are many capital
assets which yield dividends each period whose distribution is governed by
a stochastic process. The prices of the assets are determined by the behavior
of optimizing agents, and these prices may vary, depending upon present and
expected future realizations of factors in the environment. Lucas employs
the paradigm of an infinitely-lived representative agent, whereas Huberman
uses a model of two-period lived overlapping generations who have a non-capital

endowment in the first period of their life.



As mentioned elsewhere (Huffman [11]), the infinitely-lived representative
agent paradigm has not met with startling success when confronted with the
data (see Grossman and Shiller [6], Hansen and Singleton [7], Prescott and
Mehra [20]). This has then led to an analysis of the determinants of asset
pricing with heterogeneocus agents. Because, in general, all agents who
participate in the asset market are not faced with the same planning horizon
or budget constraints, it would seem to be of interest to inquire as to
whether these factors could deliver a pattern for the behavior of asset prices
substantially different from those described in the existing literature. This
paper is then a contribution to the growing literature which seeks to
develop environments in which the conventional representative agent asset-
pricing formulas do not obtain.

In the model presented below agents th live for two
periods. Each period, there are born some agents who have different endowment
streams, and potentiélly different preferences, than other agents born at
the same date. A special case of this would be an environment in which
some agents are endowed only in the first period of their life while their
cohorts are endowed only in the second period of their life. The latter
agents may appropriately be referred to as borrowers while the former

1

agents may be referred to as lenders. Hence, there are, at any date, four

different types of agents. In addition, there exists shares of a capital
asset which yields an exogenous stochastic dividend each period.

For convenience, it is assumed that each period a signal is given
to the population. These signals will be distributed according to a Markov
process, and will completely characterize the state of the economy. The
signal will completely determine the dividend payments and the composition

of the population. The price of capital is then determined to be a function

of this signal or state vector. .



The structure of this environment is important because it will permit
the study .of an environment in which there is borrowing and lending among
agents at the same time as capital assets are held. Those agents who are
heavily endowed in the second period of their life may wish to borrow some
of the consumption good in the first period of their life, and repay the
loan in the second period. Agents heavily endowed in the first period of
their life may be induced to participate in such a scheme only if ﬁhe
expected rate of return on these "loans"' is at least as great as the
prospective return on holding the capital asset.

Scheinkman and Weiss [21] have indicated that restrictions on borrowing
and lending opportunities may contribute to excess asset-price variability.

In contrast, the environment employed in this paper is of interest because

it may permit the analysis of whether heterogeneous participation in the

asset market together with private borrcwiqg and lending will produce high
asset price variability. Furthermore, the finite-lived overlapping generations
construct seems appropriate when one considers that titles to durable capital
goods typically last beyond the time period when any single agent participates
in the market for capital.

The remainder of this paper is as follows. Section II presents a
detailed description of the physical environment, including preferences and
technology. Section III contains a description of the optimization problems
faced by agents and a characterization of their solution, Detailed proofs
are relegated to the appendices. Section IV contains a discussion of the
effects on asset pricing of intragenerational borrowing and lending. This
is illustrated with a series of examples. The summary is contained in

Section V.



are relegated to the appendices. Section IV contains a diseussion of the
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Secti

II. THE PHYSICAL ENVIRCGNMENT

This section describes an economy in which at each date t 2.1, there -
is born a generation of two-period lived agents. In each period t, the
agents receive a signal z, simultaneously as the members of generation (t)

appear in the economy. The sequence {zt} is distributed according

to a Markov process with time-autonomous density function f(ztlzt-1) over
the space Z, For convenience, it is assumed Z is a compact subset of R/,

Henceforth, z, will be referred to as the state of the economy at time t, and vari-

t
ables which change over time will be written as functions of this state variable.
In each period t there are born N identical two-period lived agents

of type "£'. These agents are endowed with yf(zt) units of the homogeneous
consumption good in the first period of their life, and y;(zt,zt+q) units in
the second period of their life., Each of these agents maximizes the separate
strictly concave, twice continuously differentiable utility function

Uz(cft) +'V£(°;t)’ which represents utility derived from consumption in the
first and second periods of the agent's life. In addition, at each date

(t), there are born Mb(zt) jdentical two-period lived agents, of type "b",

who are endowed with y?(zt) of the consumption good in the first period of
their life. In addition, these agents also have an endowment of yg(zt,zt44)

in the second period of their life. Each of these agents maximizes a separable

strictly concave twice continuously differentiable utility function

Ub(cft) +'Vb(cgt> which, again, represents utility derived from consumption



in both first and second periods of the agent's lifetime,

Mb(zt)

N

MP( ), and hence 9( ) are restricted to be continuous., For convenience, the

Define the function 9(zt) = . The functions y%(.), yg(o,-), j=4,b,

endowments are further restricted so that

yi(z,) + 78z =1
and

£ b _ 2
y2(zt’zt44) +-y2(zt,zt+q)9(zt) = G(Zt).

‘The notation is used to indicate several points. First, agents in the
first period of their life do not know with certainty what their endowments will
be in the second period. These endowments will depend upon the realizations of
the state variables in both the first and second periods of the agent's life.
Alternatively, second period endowments could have been written as functions of
only that period's state vector. Instead, this notation wés not used because, as
will be shown in Appendix B, the competitive equilibrium will be showm to exist
only for those economies in which second period endowments are dependent upon both

the current and previous state vector. Secondly, as will be described

1
below, it may be convenient to sppose that 3 <yie (zt) <1 and

-12- <y]2)(zt’zt+1)e(zt) <1 for all z € Z, Then, the notation "4" is meant

£’ %t
to signify that agents endowed with yf(zt) units of the consumption good

in the first period of their life will seek to lend some of the consumption
good to those agents endowed with only y?(zt) units., These latter agents
may be thought of as borrowers, and hence the superscript "b". These agents
have a larger endowment in the second period of their life than in the first,
and will therefore, at certain rates of interest, attempt to borrow from

their cohorts endowed heavily in the first period of their life. Lastly,



as the notation indicates, the utility functions of the two types of agents
need not be identical. That is, they may have different risk aversion pro-
perties.

At time t=1, there also exist N one-period lived agents who seek to
maximize the utility of their period 1 consumption. These agents also hold,
in aggregate, K units of non-augmentable, non-depreciatble capital. Members
of this generation can, with their endowment, purchase this capital.from the
members of generation zero, at a price Pt per unit of capital. In general,
members of generation (t), in aggregate, will purchase this capital from members
of generation (t-1) at the price Pt' Each period this capital yields a dividend
of d(zt), per unit of capital, in units of the consumption good. The function
d(+) is also assumed to be continuous,

At each date (t) the members of generation (t) purchase the K units
of capital from the members of generation (t-1). Trade will take place after
the dividends have been paid. That is, members of generation (t-1) receive
the dividend as well as the proceeds from the sale.of the capital,

Henceforth, the following assumptions are made.

(i) The utility functions satisfy the following conditions:

1im Ul;(x) 1im U Jg(x) =
x—0 x=0

1lim V;(x) = 1im Vz(x) = ®,
x=0 x=>0

As well, define

V% (x)
Y= mex { sup l, |}3
j=£,b x€R_H_ Vj (x)




(ii) Assume d = inf (d(z)) >0
z €Z

and [1'2_13 + y] <1, This is a restriction on second period risk
aversion.
(iii) The transition density function f(z'lz) is such that the

integral
f Y(z ',z)f(z 'lz)dz'
exists and is a continuous function of z if ¥: Z2xZ >R is

continuous.

(iv) For convenience, it is assumed that K = N.

III. EXISTENCE OF AN EQUILIBRIUM
. -1
Define Rt(zt’zt+'l) to be the valuve, in time (t) consumption units,
of a unit of the consumption good at time (t+l), when the state at (tH) is

Z 410 and the state at time t is Z, . Then the problem to be solved by the N

lenders who are members of generation (t) is to

4 4 L 4
v, =
maiimiie{Uz(cu) + Et .c(,c2t)} ch:,th 20
“1t°%%¢
subject to
L L 4 £
cle =V (zt) -q (zt) (1)
c'z = ‘e(z z,_,.)+R (2,2 )qz(z ) (2)
2t = T2 2 e/ TRAZ 20y t

Similarly, the problem to be solved by the M:(zt) borrowers who are

members of generation (t) is to

. . b b b b
ma:;:.mlie{Ub(c] t) + EtVb (czt)} 12t Z0
1%t



subject to

b, Tyhz,) + () 3)
b b ' b
Cor =V (BpaZpyy) * Re(Zpa%yy0)0 (3p) “)

Here qz(zt) represents the net lending by a member of generation (t), in state

Z.» who is endowed with yf(zt) in the first period of his or her life. Similarly,
qb(zt) represents net lending (which may be negative) by a member of generation
(t), in state Z.» who is endowed with y?(zt) units of the consumption good in

4
the first period. Of course, the solution of these optimization problems implies

U.E(cf e = E R (2,204 )V,;(cjt) } (%)

il

ul(eD) = B R, (2,,2,4) V(7)) (6)

Equilibrium in the capital market implies that the aggregate saving
of members of generation (t) must equal their purchases of capital from

generation (t-1). That is,
va¥z) + GG = pE. )

Furthermore, members of gemeration (t-1) receive the dividend yielded by the
capital as well as the value of the capital sold to members of generation (t).

Hence, the following equilibrium condition must hold

R(zt-] ,Zt) [qu(zt_]) + Mb(zt-1)qb(zt-])] = [Pt + d(zt) ]K . (8)

Equations (7) and (8) imply the simultaneous clearing of the markets for both
private loans and capital. For example, if qb(zt) < 0, then the saving of the
type "4£' agents must be sufficient to make the desired quantity of loans to

type "b" agents and buy the capital from members of generation (t-1). Conse-

quently, the left side of equation (7) represents the demand for capital. The



right side of equation (7) then represents the supply of capital. The
quantity of capital supplied (K) is independent of the price because members
of generation t-1 supply this quantity inelastically. This is a consequence
of the assumption that agents live for only two periods. Similarly, equation
@) states that second period consumption of a given generation equals the
proceeds of the sale of all capital, ex dividend, Clearly, agents who are
debtors in the first period of their life must repay these debts in the second
period.

As in the existing literature on asset-pricing, this study will be
restricted to the examination of stationary equilibria. Since the variable (Zt)
summarizes all information concerning the state relevant variables at time (t),
such as population composition and capital returns, the analysis will seek to
characterize the price of capital by a pricing function

Pt = P*(zt),
which is a time-autonomous function of the state variable (zt). It can now be
stated, in a precise manner, exactly what is meant by a competitive equilibrium

for such an economy.

*
Definition: A competitive equilibrium is a continuous function R :Z x 2 = (0,%)
%
and a continuous function P :Z - (0,1) such that:

Lk pE
s 4

(i) There exist functions q :Z - (0,1) such that equations (1)

*
through (6) hold identically when Rt(-,-) =R (+,¢) and qj(-) = qj*( ) j=0b,4,

%
(ii) Equations (7) and (8) hold identically when Rt("°) =R (e,),

qj(') = qj*(°), j=b,4, and P_= P*(zt)-

The characterization of a competitive equilibrium for the present economy
%*
is non-trivial because of the difficulty in characterizing the functions R and
%*
P . However, there exists an alternative technique which, while being somewhat

illuminating itself, will yield a proof of the existence of a competitive equilibrium.
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Before proceeding, it should be clear that members of a given gener-
ation can engage in trade or risk sharing in order to maximize expected utility.
Naturally, it is assumed that debts incurred by any agent in the first period
of his or her life will be repaid in the following period. Hence, the com-
petitive equilibrium is one in which there are no ex ante redistributions
among members of a given generation which would yield higher expected utility
without lowering the expected utility level of some other agent. Therefore,
the competitive equilibrium results in an optimum weighted average of expected
utilities of agents who are members of the same- generationm.

With this in mind, consider the following artificial planning problem.

A planner may, at each time (t), seek to maximize a weighted average of the
expected utilities of agents born at that date, subject to certain resource
constraints. In the context of the model described above, the resource
constraints take the form of feag}bility constraints on consumption allocations
which are determined, in part, by the total endowments and yields on capital.
The planner will be restricted to sol¥ing the following problem. The planner,

at each date t, must maximize a weighted average of the expected utilities

of agents born at time (t) subject to the constraint that members of generation
(t) must purchase the K units of productive capital from the agents who are
members of generation (t-1). This will then permit the determination of

the price of capital as it is sold from one generation to another. Specifically,

the planner's problem at time (t) is to
£ b
maximize Et{w (zt)[Uz(cft)-PVE(c;t)li-wb(zt)[Ub(c1t)-+V5(cgt)]} 9

subject to the resource constraints

£ ]P b -
L b b -,.b
N ot +M (zt)c2t =M (zt) + [Pt+'l + d(zt_ﬂ)]K an

where wz( ) and aP( ) are relative welfare weights.
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These weights may be restricted such that wz(zt) € (0,1) and wz(zt) + wb(zt) =1,
The.weights are further written as continuous functions of the state variable

z, because there appears to be no criteria for choosing a single set of time in-
variant  weights.

The formulation in equations (9) through (11) also treats equally, all
members of a single generation who have identical endowments In the same period. 1In
other words, all identical individuals of the same generation are treated
equally. Then, keeping in mind that N=K, the resource constraints can be

rewritten in the form

) b o<
¢ 8oy S1 - Bx

4

b
cpp * e(zt)c?.t s e(zt) + [Pt_|_1 + d(zt_H)]x,

with the restriction that x ¢ [0,1], with x =1 in equilibrium.5 As will be shown
this formulation will be beneficial because it will permit the straightforward
characterization of the price of capital as a function of the state vector A
In fact, the planner will be restricted to choosing allocations in which this
form for the pricing function results. As a result, should there occur at any
two distinct dates, the same realization of the state variable Zy» the young
agents alive at these dates will solve the same optimization problem, and
capital will have the same value, As well, this technique is useful because,
as will be shown, the equilibrium price of capital will then reflect the
quantity of the consumption good that a member of generation (t) would be
willing to pay for an extra unit of capital.

It will also be beneficial to write the consumption allocations of
members of generation t as functions of the state variables which affect these

agents. Hence the planner's problem may be rewritten again as
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naxtmize | {0%(z,) [0(ef(z,)) +V (ep(z, 2, g0 ] + P2 IV, (7 (2

z
+ vb(cg(zt’ztﬂ)) 1£(z, lzt) 9z, 1 (12)
subject to the constraints
cf(zt) + e(zt)clb(ze)é' 1-px (13)
°ée(zt’zt+l) + e(zt)c];(zt’zt-ﬂ) = 0(z,) + [Py e ) ]x 1%

¥ Ze 4 eZ

Again, x is restricted to be €[0,1]with x=1 in equilibrium. The interior

solution to the planner's problem then takes the following form.
4 R 0, & _
ep(z): W (2 )0 (ey(z)) - Mz,) =0 (15)
b . b 7/, b _
e (z): 0. ()0 (cy(z)) - Mzp) %z, = .0 (16)

yi . ¢, 4 =
Cy (2,2 4q) 7 O (2)V (e (2, .2, 3))E(2 4 |2,) - wlz, 2, 0) =0, V2 462 (A7)

£ . .b ., b _ e
€3 (2,2 4) ¢ wt(zt)vb(CZ(zt’zt+'l))f(zt+1 12,) - ”‘(zt’ztﬂ)e(zt) =0,%. 44 %2 (18)

x: <P, A(zt) + [Pt_'_1 + d(zt+.[)]p(zt,zt+-|) = °’V2t+1 ez (19)

Mzt eiz) + 8z ete)=1-B, (20)

- z b —1
Bz ,2e00)E Sz, ze) + 0 (B 2 ) = 8(z) + [Byq +dG )] T2,y €2 (21

Here A(Z) is the single multiplier associated with equation (13) when the

state vector at time (t) is z, = z. w(z,z "y is the multiplier associated with

equation (14) when the state at time (t) is z, =2 and the realized state at

¢

time (t+1) is Zey T z .

It will be useful to combine these equations in the following form.

Combining equations (15), (17) and (19) and integrating with respect to

(zt+1) yields
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L L
PtU£(°1 (z)) = fz vl(c2(zt’zt+'l))(Pt+1 +a(z, 1))z lzt)dztﬂ . (22)

Similarly, equations (16), (18) and (19) yield

¢, b _ 7, b
P Up(ey(2,)) = IZV (ex(zy,2, 1)) (B g +d(2 1)) (2 lzt)dzt-l-l ° (23)

Equations (15) and (16) together yield
X280 [(e](2,)) = (2 )V (e} (z,)) (24)

Multiplication of equations (17) and (18) by (Pt+4 + d(zt+1) and integrating

yields
0¥z )8z )V Xz, 2 ) (B +dlz ) E(z, . |2 )dz
t t A 2172 e %t H t+ t+ t+l Tt e+

=w"<zt>£ Vieh(z, 2, ) (B, +a(z  NEG, |z ez, - (25)

£2%¢ £+ e+"

Equations (22) and (23) are the familiar intertemporal optimization
conditions for equilibrium in the asset market. These continue to hold despite
the presence of a heterogeneous population. Equations (24) and (25) are the
result of the optimization problem solved by the social planner. That is, thesge
are conditions which determine optimal intragenerational allocations. And again,
equations (20) and (21) are the intertemporal feasibility constraints.

Equations (20)-(25) completely characterize an optimal equilibrium set of
allocations which solve an artificial planning problem. In Appendix A it is
shown that there exists a stationary equilibrium for this economy, in

which there exists a function P*:Z = (0,1) such that equations (20)-(25) hold

with PtE P*(zt). It will also be straightforward to verify that
L I! 4 _ b 1, b
W (2)0(z )V, (c)(z 52 1)) = w (2 )V (e, (252, ,9)) (26)

for all z,» z ¢ Z, which is the exact equation gained from combining

t+1
equations (17) and (18).
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In Appendix B, the second theorem of welfare economics is proven for
this economy. That is, it is shown that for each of the sets
of allocations derived from the previous problem, there is a competitive
equilibrium which yields the identical allocations. Therefore, for each of the
continuous functiors wz(.) used to characterize the Pareto optimum, there is a
different competitive equilibrium with an appropriate redistribution of the
endowments. Hence, this analysis describes a wide range of competitive

equilibria.

Assumption (iii), which is used to show the existence of the pricing
function, is similar to a condition used in Huberman [9], in an overlapping
generations model with many capital assets. This may lead one to conjecture
that the model in this paper could also be generalized to include many
capital assets as well.

The present model is of interest because it emphasizes the rather
complicated way in which future dividends are discounted, and hence capital
assets are priced, in a model of heterogeneous agents. It is of interest
to compare equations (20)-(25) with the comparatively simple formulatiomns
in an infinitely-lived representative agent model (Lucas [18]) or in a
model of a sequence of identical overlapping generations (Huberman (9. In
these latter models, all agents who are faced with a non-trivial decision,
are faced with the game optimization problem. Hence the price of the asset
is determined as the amount such an agent would pay for an asset which
yields a dividend according to some probability distribution. The price of
the capital asset is formulated according to intertemporal considerations
only. However, in the present model, these considerations are present
as well, as is shown by equations (24) and (25). But there are also other

factors, which may be termed intratemporal constraints. Equations (20) and
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(21) are not budget constraints for a representative consumer. They are
feasibility constraints for a generation of individuals who are not identical
in terms of income profiles, or, possibly, utility functions. Equations (24)
and (25) are not familiar when considering conventional capital asset
pricing. These equations guarantee the endowments and capital returns
are distributed in such a way that there is no incentive for agents who are
members of the same generation to engage in further asset exchanges.

It is of interest to note that the equilibrium derived from the
artificial planning problem, in which there is a stationary solution for
the price of capital, is one in which the steady-state rate of return in
the economy exceeds unity. However, the steady-state growth rate of the
économy is equal to unity because there is no growth. It is well known in
the study of overlapping generations economies that the competitive equili-
brium of such an economy is Pareto optimal only if the stationary steady-
state rate of return is not less than the economy's growth rate. It is
therefore conjectured (though no proof is offered) that the solution to the
artificial planning problem yields a competitive equilibrium which is
Pareto optimal,

Hence, there are at least three distinguishing characteristics of
the asset pricing formulas developed in this paper, as compared with
existing models. First, this model illustrates the interconnectedness
of the competitive equilibria and the Pareto optimal allocations.
Secondly, the present model guarantees that not only is the intertemporal
capital market in equilibrium (as in Lucas and Huberman) but also the intra-
generational loan market is in equilibrium as well. More will be said
about this in the next section. Thirdly, it is not necessary that all members

of a single generation have identical utility functions.
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v, INSIDE AND OUTSIDE ASSETS

A novel feature of this environment is the existence of agents who
are members of the same generation whose endowment patterns are different.
The setup described in Section II is illustrative of a more general
framework in which agents who are members of the same generation have
different income streams, and possibly no agent has an endowment stream
which coincides with the agent's desired consumption path. Hence, there
ig a reason for private borrowing and lending in order to " smooth" consumption
patterns and achieve a higher level of expected utility. These arrangements
also have an effect upon the equilibrium price of capital. Hence this
economy may be thought of as having both inside assets (private loans) and

outside assets (real capital).

Consider an environment in which
b .

yf'(zt) = y,(2.52.49) =1 (27)
and

b

y,(2.) = ¥,(20524q) =0 (28)
for all z ,2z ,.eZ. Further, let [cz(z )* cz(z z )* cb(z )cb(z ) cb(z z )*]

£’ e+ ? 1827 2%V %%’ T T T2 e e

denote the equilibrium consumption allocations for members of generation (t)

which result from the solution to the competitive equilibrium (equations 1 -8).

The competitive equilibrium for such an economy could be interpreted as one
in which, at time (t), the lenders each purchase one unit of capital at

a price E(zt). In addition, they each loan [1-§(zt) - cf(zt)*] units

of the consumption good to the borrowers of the same generation. These
borrowers each consume [1 - f(zt) - cf(zt)*]/e(zt) = c?(zt) units of the
consumption good. In the second period of this generation's life, the
borrowers repay the loan to the lenders in the amount e(zt)[l- cg(zt,zt44)*j
= Ef(zt’thq)* . S(zt+ﬂ) - d(zt)]_ The ex post rate of return on such

loans is then
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0z,) [1 - cb(z,,2z.,7) ]
[1- §(zt) - cﬂ'(zt)*]

(The ex ante rate of return on these loans is derived straight from
equations (22) and (23).) The borrowers then consume what is left of
their endowments and the lenders consume the proceeds from the private
loans plus the dividend yielded by the security d(zt +1 ), and the proceeds
from the sale of the asset P(zt +‘l) . It should be noted that because there
are complete markets, the repayment of the private loan is state-contingent.
Seen in this light, it is easy to see that the quantity of private loans
will affect the price of capital. This is illustrated with the following
example.
Example 1: Let the utility functions be

JERES CIERIC IR IC N I
Further, suppose dt =1 Vt and the only uncertainty is introduced through the

variable 8, where

1 with probability 1/2

2 with probability 1/2

There then exists an equilibrium in which the state variables take on values as

shown in Table 1.

TABLE 1
State 8 =1 8 =2
P(zt) 363 285
q!'(zt) 0.5 0.5
b [ J
1 (z) -137 | -.108




18

The lenders save the same amount in each state., The price of capital
is highest when there are few borrowers. An increase in the amount of
private borrowing depresses the price of capital and hence raises the
economy's interest rate, Hence private borrowing and lending can affect
the price of real assets.

The next example considers an identical economy in which there exists

a (legal?) restriction on private borrowing.

Exgmple 2: The economy is exactly the same as in Example 1 except that the restric-

tion is imposed that -.05 = qb <0 in all states. In this case

1

0.45 when ©
p(z) =
t 2

0.40 when 6
This borrowing restriction raises the price of capital (and lowers
the economy's interest rate) because lenders.must seek other assets, other

than private loans, in which to hold their wealth.

The formal model developed in Sections II and IIT did not require that
borrowers and lenders have identical preferences. However, a restriction on
absolute risk aversion was sufficient to guarantee the existence of an equi-
librium pricing function. It is then of some interest to study econo-
mies in which cohorts do differ with respect to endowments and preference
structures.

Consider the economy developed in Sections II and III in which the endow-

ments are given by equations (27) and (28), and the preferences of borrowers

are linear:

U (D (2)) + V, (eh(z,52,,0) = (2 +p ch(z oz, )

£ %+
where p ¢ (0,1). Equations (22) to (24), with a version of equation (26) now

become
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4
£ V(B2 g)) By DB, 2z,

r, L
PtUz(°1(zt)) 1

Po=E(Z pid(zt+i)}
i=1
z ’
w2820 (cfz)) = o (2
£ ’ . L
iz 00V (ckiz, 02,00 = W 20

Equation (18) is merely the conventional linear asset pricing formula

with a constant discount rate. This is simply the obvious notion that when

(29)

(30)

31

(32)

there exists even one agent with linear utility in the economy at every date,

the price of capital will be governed by this formula. In addition, risk-

neutral agents will then be willing to accept all risk. This is clear from

equation (32) which says that second-period consumption of the risk-averse agent

will be independent of the realization of z
consumption risk.
no state-contingent component. Only second-period consumption of borrowers
is state-contingent.

Presumably, in an environment in which agents exhibit differing
degrees of risk aversion, but no person was risk neutral, there would be
risk-sharing agreements among agents. Asset prices would then reflect
these differing degrees of risk aversion which were present in the economy.
If one generation's attitude toward risk was different from that of
another generation, the prices of assets should behave differently over
time. This could have been illustrated in the environment of Sections II
and III by making some agent's risk aversion dependent upon the state
vector (zt). As long as risk aversion does not change too much, the equili-
brium pricing function, derived in Appendix A, would then reflect this fact.

The following is another example in which agents do not have identical

preferences.

e+1° That is, these agents bear no

In this case, the loans paid from borrowers to lenders have
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Example 3: The economy is exactly the same as in Example 1 except that now

b
(el ) +V(c‘2”t) = :n(c}”t) +ep .

The resulting equilibrium is illustrated in Table 2.

TABLE 2
State 8 =1 0 =2
P(zt) 274 156
qz(zt) 0.5 0.5
qb(zt) - .226 -.172

In this case, when borrowers are risk-neutral with respect to second
period consumption, they borrow more and hence the price of capital is

lower than in Example 1,

In all the above examples, the price of capital exhibits variability
even when its dividends are constant., The intragenerational loans exist
because agents who are members of the same generation have different
endowment profiles. Agents who are cohorts can arrange private loans,
provided repayment can be guaranteed, with other agents who will be
present at a future date to repay the loan. In the existing model, inter-
generational private loans are not feagible because agents who are members
of different generations do not meet in more than one time period. In a
more general model, in which agents live for n periods, where n > 2, there
could conceivably be both intergenerational and intragenerational loans. Such
a model would have different implications for the pricing of a capital

asset.,
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A common strategy in the study of asset éricing is to compare the
behavior of a specific model when a structure for certain aggregate variables
is imposed upon the model, For example, it may be convenient to utilize
an infinitely-lived representative agent economy, in which a capital asset

is priced. Further, one could impose upon the model the obgerved behavior

of consumption for a particular actual economy. This is done in Grossman
and Shiller [6] and Prescott and Mehra [20]. However, the analysisvof this
paper indicates that the digtribution of consumption among different types
of agents will be critical for determining factors influencing the price

of capital, as well as interest ra.tes,6 In fact, it is relatively easy to
construct a generational economy in which aggregate consumption is constant
but the price of capital exhibits variability. Hence, it may be that deeper
ingights into the determinants of these prices, in an economy populated by
heterogeneous agents, can only be gained by also considering the budget

constraints faced by the different agents.

V. CONCLUSION

An economy has been constructed in which finite-lived agents of
the same generation have possibly different endowment profiles and different
utility functions. The agents can engage in intragemerational borrowing
and lending which, in turn, affects the equilibrium price of capital in
the economy.

To arrive at an equilibrium, a social planner's problem was solved
and interpreted as a competitive equilibrium. It was also shown that
for each such set of Pareto optimal allocations, within a certain class,
there exists a competitive equilibria which gives rise to the allocations.
The appendices make these ideas precise and may be of some technical

interest.
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It was shown, by way of example, that private borrowing, and any
factors which influence the‘amount of private borrowing, can also exert
some influence on the price of capital. This is in contrast to the work
done by Scheinkman and Weiss who showed that restrictions on borrowing
and lending can potentially influence the behavior of the price of capital.
It remains to be seen as to whether a significant amount of the vari-
ability in asset prices can be attributed to the variability in private
borrowing.

An obvious extension to this work would be to characterize the
behavior of asset prices in an environment populated by agents with
arbitrarily long lifetimes. However, recent work by Aiyagari (1] suggests
that such a task would meet with soﬁe difficulty. The reason is that the
state variable which describes all real variables in a given period
may no longer be sufficient to characterize the price of capital when agents
1ive for more than two periods. Hence, some discretion must be used in

constructing the "appropriate' state vector for the economy.
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Footnotes

lThe notion that borrowing against future income would have impli-

cations for financial markets, was also mentioned by Brock.

2This assumption is innocuous. An alternative assumption would
be that the aggregate endowments of all generations should be bounded with
probability one. The existence proof in the appendix would then hold with
a slight modification to assumptions (i) and (ii) below. The algebra in
the appendix then becomes tedious. The restriction on endowments was

imposed merely to simplify the calculations.

3For the purposes of assumption (ii), this definition is too restrictive.
A slightly less restrictive condition could be obtained if Mp(zt) and d(zt)

are bounded.

éThere is no possibility of agents being asked to repay debts which
are greater than their endowments. Since there are complete markets, agents
in this economy are insured against this event.

sThis is to guarantee that the maximization takes place over a compact

set. The quantity of capital (x) is a choice variable because the planner
must choose the "optimal" quantity of capital to purchase, in order to maximize

the objective function.

6Prescott and Mehra mention this briefly.
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APPENDIX A
For convenience, equations (22)-(25) are rewritten in the following

form, using equations (20) and (21)

PG Ble 112 ] = [ Vylalag g 1(8(z) +Pey +d(agy 1)) 1y +02gy0))

(2, l20)dz, 4 (a1)

v, [(1-Blz D (1B ] =£ VL -0lz, 2, D (0(z) B, +d(z, 1)) ]
(Byyq Td(z 1)) EGE lzt)dzt (A2)
wb(z) 00z U0 B(2) (1B =0 *(2,)00 [(18(2,)) (1-2) ] (a3)

208z, [ Vylalz, 2, 1020 +Ryy (2 ) 1By +dlayy)
) .

R [z ydz

= “’b(z:2 ‘;Vl')[(]-a[zt’zt+'l D(8(z,) +P g +d(z DR +d(z 5))
" [zt)dzt (AG)

Equations (A1)-(A4) will hold for some B[zt], o, [z ,zt+1] e (0,1,
as this is just a way of substituting equations (20) and (21) into equations
(22) to (25). Notice that if equations (A1), (A2) and (A4) hold with
Pt = E(zt), for some function 5( ), then equation (A3) automatically holds
with equality, and hence is redundant.

Now define S to be the space of continuous functions such that

= {flftz“(-w,OJ} with norm

llell =

zel
It then becomes convenient to rewrite equations (A1), (A2), and (A3) in the

following form, for g ¢ S,

Al
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(z) g(z.) g(z_ 1)
& tullplz,1(1-e C)1= [ Vilolagn 10 & T +atag))
g(z_.q)
e T ra(e, )iz, 20z, (A5)
g(z.) g(z,) , i gz _,.)
e SUyla-plz,D(ime  T)H1=[Vjl(alz,.z D) +e T+ dlz))]
Z
g(z_ )
e 4 d(zt+1))f(zt+1lzt)d?t+1 (46)
g(z_ ) g(z,_,4)
w‘"(zt)e(zt)zr Vilalz,,z 10z +e S +dG N T +alz )
LY LR L
g(z_ 1) glz_ )
=P [ Vi(-alz 2 DOGE) +e T a@ NI E +atz,,,))
Z
£(z, 4 |2)d2, 4 (A7)

It should be clear that the function a[zt’zt-i-’l] can always be chosen

in -such a way as to yield
glz,__.)
t+l _
](G(Zt) +e + d(zt_ﬂ)] =

wz(zt) G(zt)V}[Ot [zt 2 41

8(z,41)

= IV - alz 2 D (0z) +e + dlz, )] (48)

t+

Vz ¢ Z. This will ensure that equations (17) and (18) will hold

t %t
for all realizations.
Now, by the definition of S, and other elements in equations (A5)-(A8),

the integrands in these equations are continuous. Since f(° |~) is a density

function, and by assumption (iii), there exists a z ¢ Z such that

wi(z,)08(z )V} [alz,,21(8(z ) +eEP +a() 1(BP +aa))

- wb(zt)V.;[U -alz,,21) (8(z,) + e8(? 1 4(2)1(e3® +a2))

8(z, 9 8(z,47)
Dozte Ttz Nl T taca )

wb(zt)ifv;)[('l -Ol[zt 21

Ezop lzpdz, (49)
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Define the function TI(K1,K2) as the solution to the following two

equations.
MuyBA-D] = K, (A10)
MU (- -D] = K, am)

for some B ¢ (0,1). The left side of (A10) is increasing in 17 and decreasing
in B, while the left side of (A1l, is increasing in both 7 and B. Hence,
for given (K.‘,Kz), there will exist unique values of T and B ¢ (0,1) such
that equations (A9) and (A11) hold with equality. Since Uﬁ.("') and Ub(-,-)
are twice continuously differentiable, M:{0,) x [0,=) = [0,1) is once
differentiable. Differentiation of equations (A10) and (Al11) reveal

that the elasticities of T(-<,*) satisfy

oN(K, ,K,)
0= (éi)(-——gﬁ;—g—a 51 (a12)
] |
ON(K, ,K,) '
0= (%—) (—-a—l‘(——z—) =1 (A13)
2 2 '

Now equations (A7)-(A1l1) determine an operator T such that T:S - S,

which can be described in the following mammer. For a given g €S, equation (A7)
determines a function a[-,+] such that this equality holds. There then

exists a z € Z such that (A9) holds. Let

& (2,) =V} [z, B (8(z) + 8 Ph a(@) 15D+ a@) (a14)
and

K,(z,) =VE [(1-z,2)) (8(z,) +e85® 4 4(3)) 18P+ a(z)) (A15)
as derived from equation (A9). Equations (A10) and (A11) then yield
MK, (z,) K, (z) 1-

Let

g(z) = f{NK,;(z)).K,(2) 1} (A16)
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Clearly g:Z =~ (-»,0) and, as a continuous function of continuous functions,
is continuous. Hence, equations (A7)-(A11) and (A14)-(A16)
determine a mapping T from S into S. It will now be shown that
this mapping has a fixed point. If there exists a g% ¢ S such that Tg* =g*,
which satisfies (A7)-(A11), (A14)-(A16), then it also solves the system

of equations (A1) -(A4) with

g*(z )
e t

Py = E(zt:)

It can now be established:

Lemma: T:S - S is a contraction mapping.
Proof: Noting that K1 and KZ’ from equations (Al4) and (A15), are functions

of g(*), we then get from the Mean Value Theorem then implies that, for £, h ¢ S
lle£(Ry (£),K,(8) - Th(R, () K, (b)) |

2 STE(K (F) K, (£f)) K, (f)
s flenll{ 5 | —et2 LTy
i=1 i f=g

for some function g in the convex hull of the two element set {f,h}].

Omitting, for convenience the arguments of af-,*], Bl.], €(.),

and the utility functions, equation (Al14) yields

dKk. (z.) - z z
— =V eB(2) 4yt - (B (8P4 a2))

+ vy 5@ 4(3)) e+ e8P+ a2)) g—‘;‘ .

Differentiation of equation (49) yields

o -[8w vy +u vyl - @8y (8P4 a(z2)) +a vy - (8@ d(E))eg(E)

dg

[Gsz2+ u)bV;](eg(z)+ a(zy) (o +e8@+ azy)
Hence, these latter two equations imply

” ”n
—-————dKl(zt) = V’ . eg(Z) + Vz u.)bell. ( g
dg 4 [ewzvz+mbv b]

. a7



A similar operation yields

- ” v, 8(5) > 8(2)
dKz(zt) o B vy emzvza (e ] + d(z))e ) (18
“dg b (8w, vy +w v, ]

Writing equations (A14) and (A15) as functions of (g) ,.with the aid of

equation (A16) yields
8(z,) = @W{NIK (e(z,)) K,y (8(z N1},

and hence

og(z,) K, K
= _11_ N —2
5 [( )( )l[( ) 5 . [( 'ﬂ)( )][( ) e vend

oK oK,
Iy by <=2
@ TR %

by equations (A12) and (A13). Equations (A17) and (A18) then imply

Blz) _ 5 8@

< + (eg(Z))Y

E@y a3

=2,
T 14 y <1

by assumption. Hence we have HTg-TfH s (1sz+¥) Hf-g“, and so the desired

fixed point exists.
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APPENDIX B

In this appendix it is shown that, for each set of allocatioms,
with a pricing function derived in Appendix A, there exists at
least one corresponding competitive equilibrium which gives use to these
allocations and price of capital.

Define c%(zt)* as the strictly positive first-period consumption of
an agent of type j (=4,b) in state z, . Also, let cg(zt,zt+1)* be fhe
strictly positive second-period consumption of an agent of type j when
state (t) was (zt) and state (t+1) is (zt+1)' These are the
allocations derived as solutions to the social planners problem. Let
P(zt)* be the corresponding pricing function as well. From Appendix A,
it is clear that these functions are continuous functions of the state
variables. What is to be shown is that there exists functions:

@ v z 00,1

(ii) y;: zx2-[0,1]

(111) yb: 2 > [0, 8 y~ 11
(iv) yg: zxZ - [0, 6 )"]

. £ * 4 * b * b * .
such that the allocations (cl(zt) s °2(zt’zt44) s c1(zt) , c2(zt,zt4q) ) are in
fact those which result from some competitive equilibrium described by equations
(1) through (8), for j=4£,b, i=1,2,

Define

P(zt+1)* + d(z

)
g = t+1
R(zy2p4q) = ( B(z )%

)

Clearly E(',-) is continuous.

For arbitrary (zt,zt+]) e 72 X Z define the correspondence

Q(z,»2.,y) = (@D € [0,8(z) 1 x (0,11

.4 )
= Cp(2y 2y * "R(Zr2eyp) (- eq (209 ]
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That Q is non-empty is clear from equations (13) and (14). Because
. % 4 % 4L *
the functions R (-,°), cz(-,') and c; (+) are continuous, Q(.,.) is then a continuous

correspondence from Z X Z to [0,8(.)] X [0,1]. For arbitrary z, ¢ Z, define

P c (Z »2 ) )
n (zt) = —R(—z-t-_’_} + ¢ (zt) s
and
£ s
» _ c (ztaz ) - 9(z )
n (zt) = i,;}fez{ i{(zt’z ) } + e (z )

Clearly n’ (zt) >0, n”(zt) <n' (zt) , and it can be shown that equations (13)
and (14) imply n”(zt) <1, If n* e [max[O,n”(zt)], min[1,n’ (zt)]] then, for

any z ¢ Z there exists m* ¢ [O,G(Zt)] such that (m*,n*) ¢ Q(zt,z In

t+ t+1) .

other words, n* does not depend upon Z4° Therefore, there

exist continuous functionsm*:Z X Z - [O,G(Zt)] and n*:Z - [0,1] such that

(m*(zt’ztﬂ)’ n*(zt)) eQ(zt,zt_;_.l) v Z 5% € 2-
Hence an agent of type "4" who maximizes utility subject to

b = b = <
3 1 = n* =
constraints 1 and 2, with Y1 (zt) n (zt) and )ﬁ(zt’zt 1) m*(zt’zt 1) v ztez,
and who faces rate of return i(zt,zt|1), will consume cf(zt)* in the first

period and ¢ (z )* in the second period. This, together with

Ze4+1
equations (7), (8), (10) and (11) imply that equations (3) and (&)

will also give the desired allocation for agents of type "b", when

b = ot b = -1_ . .

y1(2) O(z,) " -n*(z) and y,(z.,2,4) Oz -m(z,z ) .V 2z ,2.41 2. That
equations (5) and ( 6) are satisfied is clear from equations (A1) and

(A2). Lastly, equations (7) and (8) clearly hold as they are just equatioms

(10), (11) together with equations (1) through (4).
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