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L. Introduction

The influence of econoﬁic growth on international trade and vice versa
has been exéminéd fairly often using either a comparati?e-static or a dynamic
type of analysis. The dynamic approach was taken, e.g.; by D. M. Bensusan-
Butt, J. Bhagwati, J. Black, H. Brems, H. G. Johnsoﬂ;‘J; Schumann, and T. N.
Srinivasan.1 But only in 1965/66 three articles Wére‘published by H. Oniki
and H., Uzawa and by P. K. Bardhan2 dealing with "fﬁlly;fledged" neo;classical
two-country two=commodity two-factor models. h

Oniki, Uzawa and Bardhan consideg two gconomiegihgving the usual neo-
classical properties which may exchange newly produced.goods without trade
impediments. International factor migrations and.inQestment abroad,
however, are excluded.3 They first analyze the reiatiénship'between the
national total factor intensities and the characteristics of the coriespond-
ing two-country.équilibria and then the variation iﬁ time of these inten-
sities as brought about by net investment and the increase of the labour
forces. Fyfthermore, assuming proportionate saving functions, they show
that the system's set of steady states is non-empty:and globally stable
provided that the exogendusly given growth rates of the labour supply are the
same in both countries, and that either the consumption good is always more
capital intenéivé thaﬁ the capital good or that otherwise all elasticities
of subétitutioﬁ are not smaller than unity. I1f, in addition, the countries
have identical production techniques and the same'sa;ihg functions they will
possess a steady autarky state and, therefore, the per-capita volume of
international trade will decrease to zero at 1eas; from some range of initial
positions. Obviously, international differences in technology and saving

behaviour hormally will ensure the possibility of trade between the countries

-1~
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in the long run, the degree and form of specialization'depending on the

amount and nature of these differences.

In the present paper we study a model of the Bardhan-Oniki-Uzawa type

with international trade impediments in the form of transport costs and with

a third industry, the transport industry.4 The case of import or export

tariffs can be dealt with in a similar but much more simpler manner if we

suppose that no factors of production are needed to éollect these tariffs.5

‘The main results are the same as those given below.

11,

ii)

iii)

iv)

v)

The Main Assumptions

We make the.following assumptions:
There are two countries i = 1,2 which may trade with each other.
In each country three homogeneous, internationally identical commo-

cities jf= 1,2,3 may be produced. These are thé'capital good, the

consumption good and the transportation service, respectively. The

two goods are intranationally completely but intérnationally incom=
pletely mobile.

To ship a unit of good j into qountry i Gij units of transportation
services are needed (Gij > 0) which have to be supplied by the import-
ing country 1i. |

The factors of production, capital and labour, are malleable, intra-
nationally compietely mobile and infernationaily completely immobile.
Their supply has a zero price elasticity.

The production functions, being defined for all positive, finite
input vaiues, are linear homogeneous and have continuous partial deriva-
tives of the first and second order. Their iso-product curves are

strictly concave from above.
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vi) Perfect competition‘prevails within each countr& as well as between
them,

vii) In both coﬁntries the same abstract unit of account is used to measure
"monetary" quantities.7 A positive demand for a commodity in a country
implies that its accounting price is there greatef than zero.

viii) All lahour'income is consumed and all capitalzingome invested in the

country in which they originate.

ix) Commodity inventories do not exist.
X) The balance of payments of each country is always balanced.
xi) The rates of growth of the labour forces are positive and constant.

xii) The capital stocks depreciate at positive, constant rates.
xiii) For every factor price ratio is the capital intensity in the trans-
portation industry lower than in the consumption good industry and

higher than in the capital good industry.8’9

It should be noted that we do not assume that the production functions
of an industry, the growth rates of the labour force and the depreciation rates
of the capital stock to be the same in both countries.

The following notations will be used:

Ki’ Ai total supply of capital and labour, resﬁectively, in country i
Kij’ Aij' input of capital and labour, respectively, in industry j of

_country i (i.e., in industry ij)

Py = Ki/Ai total capital intensity in country i
=K../A. . . . ,
Pij KlJ/ i capital intensity of industry ij
Fij production function of industry ij
Yij rate of output of industry ij
1j rate of total demand for commodity j in country i
zj rate of import demand (N:j > 0) or export supply (N?j < 0)

of good j in country i
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R,, L, monetary capital rent and monetary wage rate, respectlvely,
in country i

r,.» £ marginal physical product of capital and 1abour, respectively,

in 1ndustry ij

Pij '.'-acbounting price of commodity j in couﬁtry i
=P, . [P, relative price of commodity j in country i in terms of the
HJ 1 . capital good
Xi rate of growth of the labour force.in country i
61 rate of capital depreciation in country i
= A /A ni‘j=N?j/Ai, £y0y) = Fy (p #D

These assﬁmptions imply that the following basic relations hold: (If
not otherwiée stated the index i takes the values 1, 2 and the index j the

values 1, 2, 3).

Assumption (v).lo
ari,A- oF ' '
= = f! = = £ - £! ’ 1
15 Yl'jl ij’ fij EA_i'J.l ij ~ Pigtiy 1)
0<f,,<® O0<Ef' <o,
ij ij :
. 0<p,.<ow (2)
0< f,, ~p, fl.<® -o< ' <0 =
ij 13 1ij ij

For certain types of production functions, e.g., for CES functions with an

elasticity of substitution greater than unity, industry ij might produce with

one factor only. At pij = 0 and pij = © , however, the values of the func-
tions in (2) may become zero or infinity. Since this possibility would
cause some complications in our analysis we suppose that the sectoral factor

intensities take only positive, finite values.



Assumptions (iii, vi, vii):

P =P -qg,.P
J

> i = a 5

i3
i.e., the accounting prices of a good which is internationally traded differ

in the import and the export country by the transport costs.

Ny =Yyt N;‘j, j=1,2 (4)

NiB = Y13 = Gilmax(Nil,O) + cizmax(Niz,O) ' (5)

N*I‘j + N;j =0, j=1,2 | (6)

Pijrij =R, Pijeij = Li, if Aij >0 (7N

Kin P Rp P Ryg =K Ay v A T A =4 ®
Assumption (viii):

PiaVia = RyRye PyoWNyp = Tghy &
Assumption (x):
Either

Nzl = sz =0 (10)
or

Nzl >0, N, < 0, (®q - "111?13)“:1 + PiZN:Z =0 (1)
or

Njy <0 Njp > 0, NG, + (B, = 0,R NG, = 0 12)

i.e., a country is either self-sufficient or imports one good and exports the
other, In the second case its expenditures for imports net of transport

costs equal its receipts from exports.

Assumptions (xi, xii):

il

R
A, = " - = (=i -
A, = MAL 0 (13) K, =N, 6K, (Pil Gi)Ki (14)



Assumption (xiii):
11

Pio > Pi3 > Piy if country i is incompletely specialized (15)
Pio > Py3 if country i produces no capital goods (16)
Py3 > i1 if country i produces no consumption goods Qa7

IITI A Single Open Economy -~ Incomplete Specialization

Consider first one country only and suppose that it is incompletely
'

specialized, Relations (1) and (7) imply:

" ' - '
£11 = Piotip = Pyafys | | (18)
- L - L = - ]
i mPufi = Py 7 Pipfip) = Pip(Eys - pysfiy) (19)
A e,
Lo, =23 (20
1 Tij

The equations in (20) have a solution if, and only if, the three marginal
product ratios take the same values for at least some values of the sectoral
capital intensities. We can simplify the analysis without altering the main

results by making

Assumption (xiv): For 0 < Py1° Pyp? Py3 < ® the ratios-eillril, £, /riz,
12
and £i3/ri3 have the same range of values.
From (1), (2), (15), (18)-(20) follows:
dp, . £ £
0<d—11=—2—1]-'—&<m, j=2’3 (21)
P. £ M
il p,.L..
ij ij 13
dp. . £} )E
_m<3_1_1.=3d_..7.f __.i_--__’-l <0, j=2,3 (22)
Pi1  “P11 tij £15

Pio and Py3 are monotonically decreasing and Pig is a monotonically
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increasing function over a certain open interval 'I(piz) of admissible prices
p,, defined by (18)-(20).13
(18) and (19) moreover imply: .
(Py3=P3p) £y + Pip(Py Py gy + Pyslyympy)E5 =0 23),
We shall make use of this equation later.
Taking Yij/Ai. a ai.jfij and Ki.j/Ai pij/a into account we can trans-
form (4), (5), (8) and (9) into the following system to determine the labour-

input ratios 8590 8490 8,4 and the per-capita trade volumes n:l’ n?.2:

2117 %12 ' 849 =1 (24)
P11 PP 19%P13%3 ! (2%)
fnn + “:1 =0l @6) _

£12212 +ng = EpmPit, (27)
fﬁ\ai3 -0 (nu,O) - o'izmax(niz,o) = 0 | (Zé)

35,7 0 "ii >0, 8,320 29 i

The last inequality derives from the assumption made i.ﬁ the present coxi-‘ ,
text that country i is incompletely specialized. Obviously, the five quantities -
mentioned above and p 12 together with the given values‘o,f Ai and Ki of the total’
factor supply are sufficient to determine all other demand, supply and input

variables.

(24), (25) and (28) imply:

a4y = —Leelp.  =p. + a,.(p a=P,,) ] ) (30)
Pig-Pry 12 P1 " %13%P137P12
# - -
852 piz-pﬂ loj=pyy + 8;3(py17045) ] @n
aj4 = f {aﬂmax(nn,O) + 0o max(niz,o)] (32) .

i3



-8=

By inserting (30)-(32) into (26) and (27) and using (23) to simplify

the first results we get:

a a : a
(py37Pyp) £4y Loy max(ny,,0) + o max(ng,50) 1 + (pyp-pyy) € qny, = g;f;4

(pgy7Py3) Ejploy max(ng 50) + o max(ny, 001 + (pyyp, ) E a0y = = L 8,4

Pi2

where

8; = PyoPsfio = Piofyy

With reference to the three possible cases stated in (10)=-(12) relatiomns
(33) and (34) can be solved. Using

hyy = (PypmPyp)Eig + 04y (Py3=Py) Yy

hiy = Pypllpip=ps ) E 3 + 035 (PsyPi9) E4p]

as abbreviations we find:

(a) Suppose n:l = nzz = 0, Then (33) and (34) are satisfied pro-

vided that gi = 0,

(b) Suppose ngl >0, niz < 0. (11), (33) and (34) imply:
T T
il hil i2 P il
i i b4 > - >
Conditions: gihil 0 (39), 1 9:1Pi3 0

(c) Suppose nil <0, niz > 0. (12), (33) and (34) imply:

a 8:fiq a a
Y S h, ° nyy = (Pyp = 40Py,

Conditions: gihiz <0 (42), 0

- >

Pio T %12P33 7
Next we have to find out for which values of the variables nil and niz

described by (38) and (41) there exists an equilibrium for country i with

incomplete specialization, i.e., over which domain Ii they are unique functions

(33)
(34)

(35)

(36)
37

(38)

(40)

(41)

(43)
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of Pio satisfying condition (29) and, at every point, one of the conditions
(10)-(12). The size and position of Ii depend, as will be seen below, on
the total factor intensity p, and the transport coefficients o1 and P
First we show that to every positive, finite value of oy there corres=
. . aut . a a
ponds a unique autarky price Pip at which g i and therefore n.y and n,
vanish, and that this price belongs to Ii'
From (18), (19) and (35) we get:
= . ' - -
gy = (pypmpy)Pifiy = (PP Eyy (44)
- - - - - '
g; = Pyyl(o;mp; ) p = (PypmPyy) (£557P5pf55) ] (43)
According to these equations 8; is positive if Py - Pi2 and negative if

< . . - . - - _
P; < Pi1 Sigce there exist p,.-values with p, Pi1 and Py = P92 respec

i2 i

tively, gi(°, pi) vanishes at least once. This and the fact that

dg - f dp do
i il ' ' il Ti2

=p.£,., - [—-—(f. -0, £'.) + p, £ >0 (46)
3, g =0 ifi2 T LE, a2 iz 12 12541 dpiZJ 3, ,

establishes the uniqueness of p:;t(pi .14

Since for this value a;, =0
and Pi1 < N < pjo We see from (30) and (31) that (10) and (29) are satisfied
and that consequently p:;t is lying in Ii' Moreover, the following rela=-

tions hold:

d aut
. aut Pio <0 48
8 Z 0 if py, ER TS () 30, (48)

Now we have to ask where the conditions (40) and (43) are fulfilled.
(22) implies

d(1=0,,P..)
Pj2

- > i
and for p;, = 0 ,P;4 0, f.e., 0,, < p12/p13
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d(p;,70;,P;5) Py 9Pi3 _ (pi5pip) £y
—i2 12743 5 4 —i3 d2 il . (50)
dp;, Pig 9Py P3Py P E

Therefore, two uniquely determined values p,,(c..) and p,,(0.,) exist such
i2* il i2*"i2

that 1-Gilp. >0 if,

13 i2P13
and only if, Pio > piz(aiz). They may be boundary values of the interval

>0 if, and only if, Pio < piz(cil) and Pip™0

I(piz) of all admissible piz-values. It is easy to infer from (23), (36)

and (37) that

P
i2
D> v - > B
i1 p13(pi3 PiE1p 7 0 1E Py < pyy(oyyp) (31
. >
-'--(p12 pig0E41 7 0 1E py, > pyy(0,) (52)

Thus we have shown that the conditions (39/40) or (42/43) are satisfied if
aut aut

< . < < i i
Pip < Py PiZ(cil)Aor piZ(UiZ) Pip < Pyp 2 respectlyely. This means

a. . ) .
that the functions ng g and niz are single-valued over the closed interval

I: with min[piz(clz),p {2 ] as lower and max[p i2 11)’p12 ] as upper boundary
point and that at every point of Ii one of the conditions (10)-(12) holds.
However, I: is not the set of incomplete specialization we are interested in
since (29) need not be satisfied everywhere in I:.

It should be noted that the subset of I: to the right of the autarky
price will be empty if the value of the transportation coefficient 0,1 X~
ceeds a certain positive level which depends on Pse This has the consequence
that given the value of the total capital intensity there exist prohibitively
high real expenditures for transporting capital goods into country i and
that therefore this country cannot be incompletely specialized and import
capital goods. The same holds true with respect to the transport coefficient
0.

i2

sufficient,

and consumption goods. At worst country i may have to remain self-
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(46) implies that n: and -n>_ possess positive left-hand and right-

1 i2
. . aut
hand derivatives with respect to Py at P;, S° that at least near the
autarky price these two functions are monotonically increasing. But it is

not possible to assert whether or not they have positive derivatives over

the whole interval I:. To simplify the analysis we make
dn?l dn:Z z _aut
] - > e < i -
Assumption (xv): dpiz 0, T 0 if Pis € Ii . {pi2 } (53)

The set Ii of prices Py consistent with incomplete specialization ob=-
viously equals the subset of I: on which (29) is satisfied, i.e., as (26)
and (27) show over which the conditions

='-a> = - '-a>
2. = fl = m >0 2, =, i, 70 (54)

hold. A point at which zil[zi{] vanishes must lie to the right [left] of
]

aut R . .
There exists at most one such point for z;, since dzizldpiz >0,

Pj2 *
The sign of dzil/dpiZ’ however, is indeterminate even at 24 0. To avoid

the complicatioms arising from Ii possibly being a non-connected set we

suppose:
dz_1

Assumption (xvi): Efih- <0 (55)
Pj2 zil=0

We denote the values of Py with zil = 0 or 2:0 = 0, if they exist,

by piz and piz, respectively. It is easy to prove that

Z 2 Z z
oP;, op;, oP;, OPsy
< < < >
SET- 0, 557— 0, SET- 0, 5o 0 (56)
i i il i2
By setting
‘2z
P;qo if defined
max _ (57)

P
i2 aut .
max [piZ(Gil)’Piz ], otherwise
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z . .
Pip? if defined

min
Pip = (58)
i2 minlp,,(5..) aut] otherwise
Pio\03972P45 10

we get the following delimination of the interval Ii of all values of the
relative priée Py of the consumption good for which a uniquely determined
equilibrium with country i being incompletely specialized exists:

I, = 1% P19 U et (9

i i2 i2 i2

The last results fit quite well into the pure theory of international
trade. The world market price and the home market price of the export
good in terms of the import good16 are equal in the absence of trade impedi-
ments and are different otherwise but, as follows from (49) and (50), vary
in the same direction. It was shown by Oniki and Uzawa17 that in the first
case a country will expand its exports and its imports at least as long as
it is incompletely specialized if the world market price of the export good
rises, while we only could prove that the same must be true in the second
case if the country is nearly self-sufficient or if the production functions
are of the CES type. This dissimilarity is a consequence of the existence
of transport costs: An increasing import demand will cause a rising demand
for transport services and, as can be seen from (32), bring about an over=-
proportional increase in the factor inputs needed to produce these services.
Therefore, the supply of the export good on the home and the world market
may decline possibly even to such an extent that the actual imports the
country can afford are also forced down. Since this does not necessarily
mean that the actual factor inputs in the transport industry will decrease
a fall first in the export volume and then also in the import volume may
in fact occur if the world market price of the export good goes up. This

possibility, however, was here excluded by assumption (xv). Furthermore,
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a variation of the total factor intensity (with prices remaining constant)
has the usual consequences: According to (38) and (41) an increase in Py
makes the production of the capital intensive consumption good more and the
production of the labour intensive capital good less advantageous for
country i, This may result in a change in the pattern of specialization
of this country from possibly exporting capital goods to importing them
and, finally, even stopping their production, Furthermore, relation (56)
shows that lower values of the transport coefficients and therefore lower
transport costs allow country i to be incompletely specialized over a wider

range of the home market price of the consumption good.

IV. A Single Open Economy - Complete Specialization

The analysis of the two cases of complete specialization of country i
is once again based on equations (11), (12), (18)=(20) and (24)=-(29) which,
however, now have to be modified so that all references to industry i2 or
industry il are to be deleted if country i produces no consumption goods
(case o) or no capital goods (case B), respectively. Especially in the for-

1
'y - . 3 - f' . th
mer case the right-hand side of (27) is ;-(fil Pir il) and in the latter

i2
. . 1
case the right-hand side of (26) reads piZQifiZ .

It is easy to see that (18) and (20) im.ply:]'8

do;, dp?. B p§3
-1l <0, j=1,3 —Xl>0, j=2,3 o= == (60)
dp> ’ anP ’ SR

Pi3 i Pi2

In case o the modified system (24)=-(28) has the solution:

Py =P b, =0y
al, = -Ag-3“', ar. =0, al, = == Ll (61)

a i3 a _ o
Pi37Pi1 Pi37Pi1
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a o _a Sy
aw Py Eis @ _ “iz(pi; piy) £y pilfj])
n,, = (62) P.n = . (63)
i2 ( @ _a i2 ( _pa YE
032\P137P41 Pi7Pi17 i3
a [+ A
P.nP.E.. = P E.
aa, _ 1371 i3 i3 i1 _ | (& a y_aa
841 T (P157939P33) 5 (64)

a-
Pi37Pi1
Conditions (11) and (29) are satisfied on the set I“z(p§3) on which
the inequalities
a @ a a
> > - >
Pi3 ” Py 7 Py 204 Pyy " iRy 7 0 (65)

hold. Some further computations yield:

[ [o A aq
dp, 5 dp; 5 dn, '
—2 < 0, -1l > o, j = 1,3, —2l< 0, §=1,2 (66)
dCL dC!. dd. J
Pio Pi2 Pi2

The five variables the derivatives of which are given in (66) therefore
are strictly monotonic functions of p:é defined on the interval I:z that
R . az, a . @ _ &

is the image of I (piB) under the transformation Py piz(piB)'

Similarly we get in case B:

B B

P =P =0,
81°% 95,75 g ° %37 B _8 (67
Pi27Pi3 P327P13
B _ B _ '
ap _ (Pip7P) ;5 B (pip=p)fi3  £i3 ¢
n,. = =———Se—Sesz—  (68) Pp,, = —— = = p, (69)
i of Py 2 o o pPoye,  fip 13
11'P127P53 11P127P33/ 50
B B _ B - B
ap _ PiaPiafis T PioPifis  1794iPis g
L P N R (70)
P (Pi27P53) Pi2

Conditions (12) and (29) are satisfied on the set IBz(ng) on which

the inequalities

B S > P - B <
Pip ~ Py ~ Py and 1-0,,p;3 >0 (71)

hold. Moreover, it can be shown that19



B B B aPp
drr’, dp;; dp’, . dn

"3' > 0, ——g—§->o, —;l>o,j=2,3, —g—i>o,j=1,2 (72)
dp; dp; dp,, dp;,

i2 i2 i2 i2

Consequently, the last six variables are strictly monotonic functions of

PEZ on the interval Igz which is the image of IBzCng) under the transfor-
B _ BB
mation pg, pizfni).
It is evident that a unique equilibrium with country i producing no

consumption goods or no capital goods exists if, and only if, the rela-
tive price of the consumption good belongs to the part I? of I:z to the

left of Ii or to the part IE of Igz to the right of I,, respectively. We

i

denote by Ii the set of all prices Pio associated with unique equilibria,

i.e.,, the union of I?, Ii and IB, and define:

i

,
ao a ([ a a
nij for Pyp € I1 Pis for Pio € Ii

ae a € _ 20
nij { nij for Pio € Ii > Pyg =qP;q for Pio € Ii (73)
ap B B B
Lnij for Pio € Ii P;3 for Pi) € Ii
\

It was shown above that interval Ii of prices P;o compatible with in-
complete specialization is a subset of the interval I: of prices Pioy for
which the domestic price of the import good is not lower than the costs to
ship it from abroad. We shall prove that I? and I? are also contained in
Ii provided that piz > piz(aiz) and piz < piz(cil), respectively. As we
have seen the second of these inequalities implies that pf; is the upper
boundary point of Ii' Denote for the moment by a hat over a variable the

limit it reaches if Py tends rising against piz. Since a,, = 0 it is

il

a a2, 1 and 313 form a solution of the modi-

Y A a A
obvious that aiZ’ ai3, nil’ niZ’ piZ

fied system (24)-(28) in case B and therefore are described by (67)-(70).
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are positive condition (71) is satisfied.

B
i

upper boundary point EEZ of these intervals. Moreover, niﬁ and pis are

B
i2

Because a.., &
i2’ “i3 3

This means that piz belongs to I?z and I

»
and l-oilpi

but does not coincide with the

continuous at piz. To prove finally p., < piz(ail) we show that

€ Z
- .o -
1-0;1Pyy 7 1=0,9P;3 £or Py < Pyy < pyy(oyy) (74)

holds. It follows from (22), (23) and (72):

Py Pyy _ PipPifyy Py 5)
dpiy  Pyp  PyalPipPi)fis  Pyn
B B B B
dpy  d(p;,m) g dmy _ B _ Pi3
ot 7 =ﬂi+piza—>ni=—- (76)
Pi2 Pio Pi2 Pi2

Since Pig = p§3 at piz (75) and (76) imply Pi3 < 953 to the right of this
point., Therefore, (74) is correct,

In a similar manner we can prove the above proposition about I:. The
crucial relatiomn

P12 03P13 7 P1p iaPyy EOT Pyp(0) < By < Ry, an
is a consequence of (22) and (66).21

It should he noted that if the hitherto fixed value of Py decreases
so that piz tends rising against piz(cil) the interval IE moves ﬁo the
right and shrinks, Eventually, if piz reaches piz(oil) it becomes empty
so that no equilibrium with country i producing no capital goods exists at
all. Analogous results hold with respect to I?.

The conclusions reached above imply that in both cases of complete
specialization the world market price and the home market price of the ex-
port good in terms of the import good vary once again in the same direction

but that their difference is greater than under incomplete specialization

since according to (74) and (77) the transport costs for importing goods
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weigh morc heavily if a country produces onec good only. With an increcase
in these prices the import volume rises while at the same time becausc of

a favourable development of the terms of trade the export volume falls. A
completely specialized country will, however, be adversely affected by a
growing total capital intensity since then at constant prices its imports
must decrease and its exports increase.

After having established all the properties of‘one country's main vari-
ables we shall need below we now can carry out a static analysis of the two-
country equilibria. Especially we shall ask under which circumstances
either country 1 or country 2 will import capital goods and export consump-

tion goods or both are autarkic.

v. A Static Analysis of the Two-Country Equilibria

A necessary and sufficient condition for a two-country equilibrium to

prevail is that the imports, if any, of one country are the exports of the

other:
€ _ o8 ae _
X (P1p2Pyp) = Npp (P1p) + Ny () = 0 (62)
€ _ @€ ae -
X(Py21Ppg) = Npp(Ryp) + Npplpyy) =0 (60)

aut aut
)

These relations are always satisfied at the autarky point Qaut = (p12 3 2

but, as will be seen soon, this is not the equilibrium point Qg = (p%z,pgz)
if they also have another solution.
(38), (41), (64) and (70) imply that one of the equationms (6a) and

(6b) may be substituted by

Py
- €
%11P13

€ € aut
— - - - >
v (Py9oPpy) = (Pyy=0pgPyg)= 0 for P1y 7 PPy (78)

1

i.e., if country 1 imports capital goods (N?ﬁ > 0),_and by



-18-

P
22 = 0 for py, < P;;t (79)

€ = - € -
W (PyprPgg) = (Pyp=012P13) 1o, p
21P23

i.e., if country 1 exports capital goods (Nii < 0).
(6a) and (6b) describe two continuous curves gr(xi) and gr(X;),

respectively, which are lying in Ii X I; and have end points on the boundary

of this rectangle. From (53), (66) and (72) it follows that gr(xi)[gr(XZ)]

B
1

elsewhere. Both these curves cross the line Py = p;;t only once at Qau

increases if Py € IT or p,, € Ig [p12 € I, or Pyy € Ig] and decreases

t
ae ae . . .
since Nil and -Ni2 are positive to the right and negative to the left of
aut
Pig
We define gr(xe) as the curve consisting of the solutions gr(ve) of

= aut
P12
gr(xe) is also a continuous curve lying in  x I and ending on the boundary

1 2
of this set. (49) and (50) imply that gr(x®) increases at least in I1 X 1222

(78) and gr(we) of (/9) and their straight line comnection at Pyo

and is connected there. Furthermore, we note that gr(ve) lies above and
gr(ws) below the diagonal in the first quadrant of the (plz,pzz)-plane.

It is evident that the equilibrium point Qg must belong to gr(xe) as
well as to ngXi) and gr(XZ). Since these three curves have, as follows
from their properties stated above and from Qaut € I1 X IZ’ at most one
point in common the two-country equilibrium is uniquely determined if it ex-
ists. Moreover, we observe that through every point of intersection
of gr(xs and gr(X?) also gr(Xi), j # k, must pass. (Cf. Figure 1).

To complete our static analysis we have to find and interpret the con-
ditions under which the different possible types of equilibria will prevail.

Let Gr(v) and Gr(w) be the curves defined by

P1s

v(P1poPyp) ST ) =0 (80)

= (PyyTyyPy3)
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Pro

~ =0 (81)
1=051P)3

W(PyysPyy) = (Pyp=Ty5Pp3) =

respectively. They are lying in the rectangle I(p12) X I(pzz) of all
admissible price points, increase because of (49) and (50) throughout and
possess end points on the boundary of this set. Therefore, they divide

I(p12) x I(pzz) into the three disjoint domains Bo above Gr(v), Bu belqw

Gr(w) and thé intermediate set Bm which also includes the two Qurves themselves.

Obviously, the diagonal in the first quadrant of the('pl2 )-plane is lying

*Pa2
in the interior of Bm' Moreover, relations (74) aﬁ@ (77) in their extended
form (cf. note 21) imply that the parts of gr(ve)'énd gr(wﬁ) outside the
closure of Il X I2 belong to BO and Bu’ respectively. (C£. Figure 2).

Our last results lead to the following conclusions. An autarky equi-
1ibrium for both countries exists if, and only if, the autarky point is
in Bm. Otherwise, there may be a trade equilibrium with country 1 import-

ing capital goods if, and omnly if, Qau

€ € Bo or importing consumption goods
if, and only if, Qaut € Bu. This means that international trade is only
possible if the autarky prices differ by more than a certain positive minimum
amount which itself depends on pigt. The greater the divergence between
these prices becomes the more each country will cut down the output of the
good in the production of which it has a comparative disadvantage until
first one and then even both of them will specialize completely. Extremely
high differences between the countries' autarky prices, however, may prevent
the existence of a two~country equilibrium at all.

The direction of the international trade flows is as usual since, e.g.,
aut aut

Py, < Pyo obviously means that country 1 has a comparative advantage in

producing consumption goods and country 2 in producing capital goods. These

.
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advantages which depend on the production techniques in the capital goods
and the consumption goods industries and on the total factor intensities
have, however, to be strong enough to secure that QaUt belongs to Bo, i.e.,
to overcome the transport barrier between the countries.

We have seen earlier that to every positive, finite total capital in=-
tensity Py there corresponds a unique autarky price pigt which is the lower
the greater Py (cf. formula (48)). On the other hand, it is easy to make
sure that every admissible price Pip is the autarky price associated with
a certain Py Consequently, the partition of I(p12) X I(p22) into Bo’ Bm
and Bu induces an equivalent partition of the whole first quadrant of the
(pl,pz)-plane into domains Bz, Bz and Bﬁ. The second of these sets is a
"corridor" limited by two increasing curves Gr(vp) and Gr(wp) which are
the images of Gr(v) and Gr(w), respectively, while Bz lies below and BS above
Bg. It seems worth stating that Bﬁ contains the 45-degree line only if
the sectoral production functions are internationally equal or not too different.
(C£. Figure 3),. ‘ .

As is now evident, it follows from (pl,pz) € Bg that both countries must
be self-sufficient, and (pl,pz) € Bz [(pl,pz) € BE] implies that there may
be a trade equilibrium with country 1 importing [exporting] capital goods.

In the latter case the degree of specialization becomes greater if the differ-
ence between Py and P, grows in absolute value, The well-known proposition,
that each country will export the good in the production of which its rela-
tively abundant factor is used intensively, remains valid in our model if

we interpret, because of the existence of transport costs and the possibility
of international differences in the production techniques, the term "relative
abundancy" of, e.g., capital in country 1 [country 2] as meaning that (pl,pz)

belongs to BE[Bs]. Obviously, this will normally but not necessarily imply



Figure 3
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py 7Py le; < pyle |
Finally we note that the domains Bm and BP are the narrower the smaller
the values of the transport coefficients are and that in the Bardhan-Oniki-~

Uzawa case of zero transport costs B coincides with a certain part of the

45~degree line while Bg becomes an increasing curve.

VI A Dynamic Analysis of the Two-Country Equilibria
In the last part of our analysis we deal with the dynamic properties
of our model, especially with the development of the total capital inten=

sities and the associated two=-country equilibria.

Equations (13) and (14) imply:

' a
. fil 5i if Piy € Ii U Ii
-~ =y, -\, vhere p, = aB (82)23
i i i il . B
1 HErp€lh

ke
[y

5
wy is a continuous function of Pis which, as follows from (22), (60), (66)
i

and (72), is strictly decreasing over I? and strictly increasing over 1

and I?.
i
Denote by p 9 the uniquely determined piz-value in I(piz), if any, with
aut, z, Z, the p,-value with pY2 = P%Z' (p}
at<p .

P ol =) = Y
£ Gi Xi 0 and by R
From (48) and (56) we infer that p <p

exists if pzz is defined)
Otherwise this function

-\, is positive everywhere if Py < p .
B provided

i
may vanish at most twice, at p12 € I and p“ if Py <Py < p,, and at
Z ]
Py - Py coincides with p 12 or p.,
B W .
but not Py, Vary with Pye

% € 17 ana pﬁ“ € IB if o, =
12

pz, respectively.p i2 and p,

that p, = p,
Py pl or Py =
The case that the labour supply increases in both countries at the same

rate will be ahalyzed first.



We define ¢&(pl,p2) =py; - Ai where By depends on the equilibrium price

g
Pi2

tinuous curve ngpi) lying in the set of all combinations of the total factor

associated with Py and Pye The points at which ?; vanishes from a con-

intensities for which a two-country equilibrium exists and ending on the
boundary of this set. Obviously, steady states of growth are characterized
by the points of intersection of ngpl) and gr(¢2).

Clearly, gr(¢&) is a continuous curve consisting of different segments

the properties of which can be characterized as follows:

1) = (p12’p22) is a point in the interior of B and therefore equals

Qaut. The corresponding part of gr@pl) is the vertical linear segment with
= .aut P

Ql CN in Bm .

2) = (p12’p22) € Gr(v). Since Q% is fixed the relation between p, and

Py defined by ¢1 = 0 is determined by equation (6a) alone. Therefore, taking
also (38) and (41) into account we find that dpzldpl, being defined for some
interval p;ut s pl < 51 with 51 < pi, is negative and independent of Py and
P,e This implies that over the above interval gr(¢p1) is a falling straight
line which has the point on Gr(vp) with Py = p?ut as left-hand end point.

The equilibrium corresponding to the other end point (51,52) is characterized

by complete specialization only of country 2 if, and only if, 51 < pi and

of country 1 and possibly also country 2 if, and only if 51 = p% .

3) ) € 6r(w). As in case (2) it follows that the corres-

ponding part of grﬁpl) is a downward sloping straight line segment defined for
31 < pl < p;ut where 31 is some value not smaller than p;. The equilibrium
associated with its left-~hand end point (31,32) is characterized by complete

specialization only of country 2 if, and only if, 31 > pi and of country 1

and possibly also country 2 if, and only if, 31 = pi.
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4) The slope of all other parts of gr@pl) which obviously correspond to
equilibria with at least one country being completely specialized cannot
be determined.

In addition it can be shown that the absolute value of the slope of this
curve tends to infinity if A1/A2 - @ and to some finite value if A1/A2 -0,
Moreover, in both cases the length of the linear parts of gr(¢1) corresponding
to incomplete specialization in both countries shrinks to zero while the
other parts corresponding to incomplete specialization in the smaller country
only vanish totally if Al/A2 reaches certain extreme but finite values.

Obviously, gr(wh) has a similar shape as grﬁwl). It should be observed
that if Q“ = (Piz’pgz) belongs to Gr(v) or Gr(w) the linear segments of gr@pl)
and gr(¢h) in Bs or Bﬁ, respectively, associated with the equilibrium point
Qg equal to Qu must coincide since they have a common end point on Gr(v) or
Gr(w), respectively, and are both solutions of equation (6a). Furthermore,
it is evident that steady states with thg two countries being incompletely
specialized and trading with one anotgi;;izi and only if, Q“ is lying on Gr(v)
or Gr(w). This implies that in all other cases these linear parts of gr(¢i)
and gr(¢h) cannot intersect., Therefore, the absolute value of the slope
of the straight line segment of gr@pi) in Bs[Bﬁ] is the higher the smaller

t

[Larger] the value of piu is. (C£. Figures 4, 5 and 6).

aut "
=
P that

Finally, it follows from (48) and Wy ~ Xi‘g 0 if pfz =Pjy T

aut and = aut
i P = Py

the left and negative to the right of gr(¢i) and @, is positive below and

®; § 0 if Py % o) » k# i. Consequently, = is positive to

negative above gr(¢&).

‘"
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The last results have the following consequences:
a) If Q“ belongs to the interior of Bm there exists one steady state with

autarky and possibly others with one or both countries being completely special-

ized (Figure'a).24 The autarky state is at least locally stable.

b) Qu lying on Gr(v) or Gr(w) implies the existence of a whole range of
steady states with incomplete specialization of the two countries and, in ad-
dition, of one with autarky and one or more with complete specialization of
at least one country (Figure 5).

c) Finally, if Qu is a point in Bo or Bu only steady states with complete

specialization of country 1 and/or country 2 are possible (Figure 6).25

The long-run development of the two economies will not necessarily approach
a balanced growth path from every feasible initial position. For example,
the system of steady states is evidently not globally stable if gr@pl) and
gr(¢h) do not intersect or if gr@pl) lies above gr@pz) for all pl-values
greater than some 61 (see the parts of the two curves to the right of point
S1 in Figure 4) or to the left of gr(¢h) for all pz-values greater than
some 32. On the other hand, global stability prevails provided that these '
curves have at least one point in common, that every pair of positive,

finite Py and pz-values is compatible with an equilibrium solution, and that,

moreover, one of the following conditions is satisfied:

1) gr(yk), i = 1,2, has a positive slope at all its points associated with

complete specialization in country k, k # i. (Cf. Figure 5).

2) One country, say country l, is so large compared with the other country,
i.e., the value AllA2 is so high, that gr(¢h) lies to the left of the vertical

Z and gr(¢h) below the horizontal line py = pZ (C£. Figure 6).26

line P = pl 2°
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The final case to be analyzed is that of different growth rates of the
labour force in the two countries. Without loss of generality we may assume
Al > XZ' Then only the parts of grﬁpl) and grcpz) in Bz remain unchanged.
Outside this domain we find that, as the time t tends to infinity, ngpl)
approaches the vertical line Py = piut and gerZ) some limit position which
has everywhere a finite slope. Furthermore, the linear parts of these curves
corresponding to incomplete specialization in both countries shrink to zero
length. Consequently, a unique and globally stable autarky state exists
if Q“ belongs to Bm' Otherwise, country 1 becomes more and more self-sufficient
while after a finite period of time country 2 will be completely specialized,
producing no consumption goods if Qu € Bo or no capital goods if Qu € Bu' 1t
seems interesting to note that if this development does not lead to a disequili-
brium situation the total capital intensity Py tends to some positive, finite
value since the limit curve of gr(¢b) lies between p27= p; and Py = pi. This
means that country 2 will also approach a pseudo-steady state.27

The last results reveal the influence of the production techniques, the
growth rates of the labour force and the transport costs on the growth and
trade potential of the two countries in the long run. We have seen that,
given the values of the transport coefficients, certain minimum dissimilarities
between the countries with respect to their technology and the increase in
their labour supply are necessary to overcome the transport barrier for more
than a limited period of time. Under the assumption usually made in the
theory of international trade that both countries use the same production
techniques only a sufficiently rapidly increasing divergence in the size of
their labour force,and therefore also in their capital stocks, renders inter-

national trade in the long rum possible. (Clearly, even then the larger
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country will have a falling per-capita trade volume.)  Otherwise, the
countries will find themselves finally in no-trade situation unless tech=~ :
nical progress in transportation lowers sufficiently quickly the transport

barriers.

Horst Herberg

T
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This assumption seems to be acceptable if we think of transport media
carrying for technical reasons goods in one direction only as, e.g.,
pipe lines. It is far less satisfactory with regard to media making
round trips as, e.g., ships, lorries, freight trains; it would imply
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that they are not used efficiently since they would be empty on every
outward journey. An assumption better suited for the latter case
could be adopted from a paper by G. Hadley and M. C. Kemp ("Equilib-
rium and Efficicncy in International Trade," Mctrocconomica, vol. 18
(1966), pp. 125-41). This, however, would mean greatcer analytical
difficulties without altering the main results.

This assumption is only made to facilitate stating the international
price differences caused by transport costs. The existence of some
sort of money is not assumed.

This is a special case of the so-called factor intemnsity hypothesis
that the consumption good is always more capital intensive than the
capital good, a hypothesis ensuring, as is well-known, the uniqueness
and global stability of the steady state in one- or two-country two=
commodity models with a classical saving function. (Cf. e.g.,

F. H. Hahn, R. C. O. Matthews, "The Theory of Economic Growth: A
Survey," The Economic Journal, vol. 74 (1964), pp. 779-902, esp.

part 1.8; H. Oniki, H. Uzawa, op.cit.) We do not deal in this paper
with the other case that the consumption good is always more labour
intensive than the capital good. It is a bit more difficult to handle
as, e.g., multiple temporary equilibria may exist (cf. H. Herberg,
Wirtschaftswachstum..., pp. 37 sequ.). The author doubts that the con-
dition that all elasticities of substitution are not less than unity
(see P. K. Bardhan,"Equilibrium Growth...} loc.cit.) is sufficient to
eliminate these difficulties in the present model.

The assumption that the capital intemsity is in the tramsport in-
dustry always lower than in the consumption goods industry and higher
than in the capital goods industry is made since it implies that in
the ith country, taking the capital good as numéraire, the relative
price P of transportation services is a function of the relative

price Pio of the consumption good and, moreover, that the domain of

definition of the variables considered, especially the quantities im-
ported or exported, is an interval of piz-values. However interesting

it would be to work out the consequences of this assumption being
abandoned this is not done here.

I1f the production functions are of the CES type a necessary condition
for this assumption to be satisfied is that the three elasticities of
substitution are identical. See e.g., P. K. ‘Bardhan,"Equilibrium
Growth...} loc.cit., note 4, and H. Herberg, Wirtschaftswachstum...,
p- 141,

fij denotes the first and f;j the second derivative of fij with respect

to P, ..
1]

The terms complete and incomplete specialization refer to the two goods
only.

It can be shown that this assumption as well as the other two made
later are satisfied if the production functions are of the CES
variety with the same positive, finite elasticities of substitutionm.

* x
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The interval I(piZ) may be equal to (0, ®) as in the case of Cobb-
Douglas functions or to some _proper subsets of (0, ®) as in the case
of other CES functions.

The autarky price is the equilibrium price of an isolated economy.
It is a well-established result that for each value of the total fac-
tor intensity at most one such equilibrium price exists provided that
the capital-intensity hypothesis holds and that the saving function
is of the classical type. Cf. e.g., F. H. Hahn, R. C. 0. Matthews,
op. cit., part I.8.

(a3 B) denotes as usual the open interval with a as lower and B as
upper boundary point. In Eq. (59) we have to add {p?“ } since the

autarky price belongs to I, but need not lie in (pT;n,piz ).

The world market price of the export good in terms of the import good
is p12/(1-011p13) if the ith country imports capital goods and

1/(P12~012pi3) if it imports consumption goods. The home market prices
are p., and llpiZ’ respectively.

H. Oniki, H. Uzawa, op.cit.
The variables referring to case o [case B] have o [B] as upper index.

The author stated in Wirtschaftswachstum... , p. 184, that the sign of
dn“B/dp 2 I8 indeterminate. Eqs. (275/6), pp. 183/4, however, show
that this derivative is positive.

Below all values in Ig

pZ
Eqs. (74/7) also hold for p12(° 2) < pyp < PEy and pZ £y < Pyp < Py 2(011)’
respectively.

are simply denoted by Pio*

In his Wirtschaftswachstum... , p. 191, the author asserted that the
curves gr(v€) and gr(w®) are uniformly increasing. However, this need
not be the case since the sign of the derivatives of p, 1279i2P53 and

/(l=o.

Pio 1pi3) with respect to p;, are indeterminate.
It is easy to see that p, has the dimension of a growth rate, i.e., the
dimension "per unit of time'.

This is somewhat surprising but even if both countries use the same
production techniques and their labour forces grow at the same rate

the possibility of steady states with complete specialization cannot

be excluded without making further assumptions. For example, conditions
1) and 2), given below in another context, guarantee that in case a)
only an autarky state exists, (cf. p. ).
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The points S1 - S3 in Figures- 4 - 6 characterize the following steady

states with complete specializationm:
S1 and SZ: country 1 produces only capital goods, country 2 consump-
tion goods and possibly also capital goods.

S country 2 produces only consumption goods, country 1 both goods.

3
Thus, the relative size of the countries has some influence not only
on the type of the steady states which exist but also on the stability
properties of the system: the larger one country is in relation to
the other the more likely is it that from every initial position a
balanced growth path is approached.

The reason for this is that the increase of the first country's labour
force is counterbalanced by the fall of its per-capita trade volume to
such an extent that its total trade volume eventually grows approxi-
mately with the rate Az.

The final equilibrium situation approached by the two countries has
all the characteristics of a steady state but one: reached at some
finite point of time it will be left again at once.
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