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Abstract

We investigate the implementability of the Social Choice Correspondence
induced by Constrained Rational Expectations Equilibria. An "almost
continuous” mechanism implementing it is constructed, provided certain

conditions, one of which is Non Exclusive Information, are satisfied.
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1. Introduction

The theory of implementation deals with ways by which a society can
achieve desired outcomes. It takes into account the strategic considerations
individuals would go through when asked to provide some information or take a
particular course of action and tries to overcome the resulting difficulties.

We restrict our analysis to economic environments with incomplete
information. Postlewaite and Scmeidler [9] and [10] provided a general
framework within which one can study the implementability of various social
goals. They formalized the notion of a Social Choice Correspondence (SCC) and
among other results provided a set of sufficient conditions for the
implementability of a given SCC. Palfrey and Srivastava [7] derived similar
results using a slightly weaker set of assumptions. Both proofs were
constructive and provided particular mechanisms carrying out the
implementation. As is well known, this approach differes from related
research on truthful implementation that utilizes the revelation principle;
see Postlewaite and Schmeidler [10] and Palfrey and Srivastava [8] for further
details.

As was the case under conditions of complete information a natural
question is, what SCC's of economic interest are implementable? To see this
question is indeed of interest we recall that an SCC maps environments to sets
of allocations. Given a family of environments and an SCC, implementing the
SCC amounts to designing a mechanism whose set of equilibrium outcomes for
each member of that family coincides with the set of outcomes prescribed for
that member by the SCC. Thus if an SCC is not implementable it implies that
once strategic considerations on the part of the individuals are taken into
account, as indeed they should be, a central planner would find it impossible

to design a mechanism (institution) realizing it.
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One of the leading models used to characterize the competitive behavior
of agents under uncertainty is Rational Expectations Equilibria (REE). REE
are a close counterpart of the Walrasian equilibria in economies with complete
information. A good discussion of this equilibrium notion, concentrating
mainly on the existence issue, and relevant references can be found in Jordan
and Radner [6].

The usual criticism levelled against the Walrasian paradigm is equally
applicable here. With a finite number of agents, the strategic aspects of
individualistic behavior do matter; this however is not incorporated into the
equilibrium notion. This issue can be partly resolved by considering the
implementability of the REE. The REE correspondence is not implementable due
to problems that occur on the boundary of the feasible set identical to those
encountered with the Walrasian correspondence. However, a suitably modified
version of the REE, namely the Constrained Rational Expectations Equilibria
(CREE), is indeed implementable under certain conditions.

This is closely related to Palfrey and Srivastava [8] where the
implementability of SCC's that are of particular interest to economists,
including the one induced by REE, was considered. The approach they employed
was either to show a given SCC satisfies a set of sufficient conditions, as in
the general implementability theorems, or to show that it violates a
monotonicity condition which was shown to be necessary for implementation. A
set of sufficient conditions for the implementability of REE was provided, and
it was demonstrated that relaxing part of the conditions leads to
non-implementabiltity. Example 4 in their paper stems from the issues raised

by corner solutions and is not valid if one's attention is restricted to CREE.

w
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The mechanisms constructed in the general implementability theorems are
quite complex and require the designer to know the individual preferences.
Furthermore they are highly discontinuous and the informational structure in
all the above theorems is assumed to be discrete with a finite number of
possible states of the world.

The importance of the continuity property is stressed in Postlewaite and
Wettstein [11]) and Wettstein [13]). Discontinuous mechanisms suffer from the
fault that a slight change in one's strategy which might be interpreted as a
slight mistake, is liable to cause a considerable change in the outcome
reached. A continuous mechanism also has the advantage that conclusions and
suggestions are robust with respect to slight misspecifications.

In Wettstein [13] the implementability theorems were generalized to
cover the case of a continuous informational structure, where the state of the
world is given by the realization of a random variable which may, but need
not, be discrete. The proofs were carried out by constructing an almost
continuous mechanism. As a corollary one could get that the CREE, under
certain conditions, are implementable in this more general setting as well.
However the mechanism constructed still requires the designer to know the
individual preferences.

It is thus natural to ask whether a particular SCC can be implemented
via a simpler mechanism, possessing nicer properties. Hurwicz [4), Schmeidler
[12] and Postlewaite and Wettstein [11] answered this question when
constructing mechanisms implementing the Walrasian (and variants thereof)
correspondence in economies with complete information. We address this

question in economies with incomplete information.
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In this paper we construct a feasible and almost continuous mechanism
which, under certain conditions implements the CREE. It improves upon the
previously suggested mechanisms in that it does not require the designer to
know the individual preferences. The strategy space itself will be
reminiscent of a market in which prices and quantities are announced. The
feasibility requires the mechanism to provide a feasible outcome for any
configuration of actions chosen by the participating individuals. We note
that if one allows for nonfeasible outcomes outside of equilibrium, the REE in
example 5 of Palfrey and Srivastava [8] can be implemented by an almost
identical mechanism to the one we shall present below.

The mechanism constructed will use a signalling stage which in our
opinion is a natural device in the modelling of market behavior under
conditions of incomplete information and greatly simplifies the presentation.
We shall make extensive use of the Non Exclusive Information (NEI)1 assumption
which appeared in Postlewaite and Scmeidler [9] and (10). In related work,
Blume and Easley [2] have shown that violation of the NEI assumption leads to
non implementability of the REE.

The second section describes the environments we consider and introduces
notation and definitions. In the third section we construct a feasible and
almost continuous mechanism implementing the CREE. The fourth and final

section discusses possible extensions and further lines of research.

2. Notation and Definitions

(Rn, Bn. ¥) - The n-dimensional Euclidean space viewed as a probability space

with B" denoting the set of Borel sets and y a probability measure defined on

B". A generic element of this space will be denoted by:

"
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€=(e ,...,¢ ) where ¢ €R for alli=1,...,n.
1 n i

J - The support 2 of u. It is interpreted as the set of possible
states of the world. J is assumed to be compact.

J - The projection of J onto the (i ,...,i ) axis. Since J is
il,..., i 1 m
m

compact this would be a closed set as well.

The economy E containing n individuals and k commodities consists of the
following:
1. An n-tuple of von Neumann-Morgenstern utility functions

Ui:Rf xJ>R

Ui (x, €) denotes the satisfaction individual i derives from

consuming bundle x, when the state of the world is given by .

The Ui's are assumed to be measurable3 in their last n coordinates.

2. An n-tuple of initial endowments (wl,...,wh) where LA € RE for all

™3

[ WO.
i=1l 1

i=1,...,n. W=
Hence initial endowments are fixed and do not vary with the state of the
world. 1If one were willing to consider nonfeasible implementation there
would be no need to fix the initial endowments. This issue was treated

extensively in Hurwicz, Maskin and Postlewaite [5].

We assume that the economy and the probability space are common

knowledge as in Aumann [1], but individual i observes ei; this observation is

private and gives rise to the asymmetric information aspect.

A - The set of feasible allocations for E.
nKk n j n j
A = {(x,..., x)R | I x < I w for j=1,...,k}
1 n 4+ i=1 i=1i=1 i
f - An allocation rule defined as a measurable function associating a

feasible allocation with each possible ¢.
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f = (fl,..., fn) where fi denotes the bundle allocated to individual i.
F - A Social Choice Correspondence (SCC) defined as a collection of

allocation rules.

Under conditions of incomplete information, one should not preclude the
possibility that the prices at which trade takes place partially (or
completely) reveal the state of the world. 1In that case one would expect the
individuals to use that additional information. This notion is formally
captured in the following definition of a Rational Expectations Equilibrium.

A pricing function P : J » Rf and an allocation rule f constitute a
Rational Expectations Equilibrium (REE) if the following holds:

(i) P is measurable.

(ii) fi is measurable with respect to € and P (e)A, for all
i=1,...,n.
(iii) For all i =1,...,n and almost everywhere (a.e.) in J
fi(e) solves:

max E (U (x , e)|e , P(e))
X i i i
i
S.T.
P(e)-xis P(s)°wi

X, 20
1

(iv) P (e) » (W - g f (¢)) =0 a.e. in J.
i=1l i

The conditional expectations are defined through the use of a
conditional probability measure on J given that the iﬁh coordinate equals €
and P equals P(e). It is of course assumed the individuals know the
probability space and the pricing function.

Due to problems created by corner solutions the REE correspondence is

not implementable. This is taken care of by limiting our treatment to a

"
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Constrained Rational Expectation Equilibrium (CREE) which is defined as
follows:
P: J > Rf and f : J + A constitute a CREE if the following holds:
(1), (ii) and (iv) as in the definition of an REE; (iii) is replaced by
(iii):

(iii)! for all i =1,..., n and a.e. in J,

fi(e) solves:

max E (U (x , ¢) | ¢, P(e))
x. 1 2 1
1

S.T.
P(e)ex, £ P(e)ew,
i i
X, £ W
i
x, 20

i

Thus the difference between CREE and REE stems from the fact that in the
former individuals are not allowed to demand a commodity bundle which exceeds
in one or more of its coordinates the aggregate endowment vector. It is
obvious that both defintions coincide for interior solutions.

Before outlining the specific mechanism constructed in this paper, we
formally define the notions of a mechanism, Bayesian Nash Equilibrium (BNE)
and implementation.

A mechanism G will consist of the following:

1. An n-tuple of measurable strategy sets (sl...., sn)
Si = Bi x Hi x Di
Bi denotes acts that have to be taken before the observation of any

private information, Hi denotes acts that are taken after the



observation of the private information, but prior to observing any

signals, while Di denotes acts taken after observing a signal sent by

the designer.

2. A measurable signalling structure P = (Pl""'Pn) where Pi: BxH»> Pi

Pi is the signal received by the 1.&1-1 individual and Pi is a measurable

signal space

3. A measurable outcome function
B :BxHxD-»>A
g = (gl,..., gn) where 8, denotes the bundle received by
individual 1i.
A strategy for individual i would be a choice of bi in Bi’ a measurable
function hi:Ji+ Hi and a measurable function di:Ji x Fi 2 Di'

In defining the BNE of such a mechanism we use the following notation:

~ -~ -

for s in §  define (s , s) = (s ,..., 8 »S, S serey 8 )
i -i 1 i-1 i+l n

A BNE of the mechanism is an n-tuple of strategies

~ ~ ~ ~ ~

s =(s ,..., s) wheres = (b, h, d) satisfies for all i = 1,..., n
1 n i i i i

E(U (g (s),e)) 2 E(U (g (s , s),e)) for all 8 in S .
ii i i -i i
Note that this would imply that the strategy choice made for any € and
any signal subsequently observed is optimal given the choices made by others

except, perhaps, on a set of ei's and signals which has a probability zero of

arising.

[
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The strategies chosen by the individuals yield an allocation rule a.

a(e) = g(s)

NG(E) - The set of allocation rules corresponding to BNE of the

mechanism for E.

G implements F if:

NG(E) = F a.e.s

The use of an explicit signalling stage is not essential; that type of a
mechanism can be represented by a more complicated one which will involve no
signalling. This can be done in the same way in which one moves from a game
in extensive form to a game in strategic form. However the use of a
signalling stage is only natural in the context of REE.

In the general implementability theorems the mechanism constructed
indeed depends on the Ui's. The mechanism we shall construct below will work
for an entire class of economies provided the Ui's satisfy some technical
conditions.

As remarked earlier, to achieve implementability we must assume the

support of uw satisfies a Non Exclusive Information (NEI) assumption. It can

be formulated in various ways and we formulate it as follows:

n
(NEI) T ¢i= 0 for all ¢ in J.

Admittedly this is not the most general formulation possible, however

all that is subsequently used is the fact any (n-1) coordinates of ¢ uniquely

determine the remaining one.

3. The mechanism
The strategy space for individual i will be:
SinB

i X Hi b 4 Di
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where B = P
i
H_=J
i i
K
D =R xR
i +—+

~ K
P is the set of all measurable functions from J into R . A generic
+

element of the strategy space will be denoted by (Pi, Ty» Zys mi).

The first component belongs to Bi’ and has to be decided upon before the
observation of any private information.

The second component belongs to Hi and has to be decided upon after the
observation of €;- The last two components belong to Di and are decided upon
after observing a signal which in our case will be some price vector.

The strategy of individual i can be given the following interpretation:

i

P The pricing rule individual i would like to prevail.

ri - The ei he "observed".

Z. - A net trade he would like to have.

8
|

A number playing a dual role of determining how much weight should
be assigned to the net trade demanded and how the fines imposed on
individual i (for any detected lies, e¢'s outside J) are determined.

The outcome function is defined as follows:

Stage 1

i - -
Construct a weighted average of the P 's and denote it by P. P(e), the

price vector corresponding to an ¢ in J, is constructed as follows:
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Define:

t!

t
(¢) = I - P
aj € . t'aej'p (¢) ()]

?

where pt denotes the pricing function announced by individual t.

n
Now define: a = £ «

=1 3
f
%
—_ ifae>0
a
B.=< i=1,..., n
J 1
- ifa=0
n
and finally: \

- n j 6
P(¢) = £ B P ()
j=1 j

From the construction of ; it is clear that if all the individuals

announce the same pricing function then no single individual can change the ;

arrived at by changing his own announcement.

Stage 2

This stage will involve several projections and care must be taken to

1

ensure all these operations are measurable. There are n closed sets (in R0

J1,2,...,i-1,i+1,...,n for i = 1,...,n on which we need to project tuples of
numbers announced by the individuals. Prior to starting the operation of the
mechanism, n measurable functions (one for each set) carrying out these
projections are constructed. When the sets in question are convex the
projection operation yields a continuous and thus certainly measurable

function. If the sets are not convex the projection operation turns out to be

a correspondence. The problem is resolved by lemma 1 in Hildenbrand
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[3, p. 55] which shows it is possible to select a measurable function out of
such a correspondence. These n functions are assumed to be common knowledge

among the individuals.

Those functions are used by the mechanism to construct n profiles in J.

. s

th ~i ~i
The i° profile denoted by (rl,..., r ) is constructed in the following
n

manner.

The projection (by the above mentioned function) of

(r ,..., r r .ees ")ond,... cee is denoted b
1777 Tia” i’ n 1777 i1, 441" y
~i ~i ~i ~i ~i ) ~i ~i
(r y..., T , T v+-+oC ) and r is defined by r =- I r.
1 i-1 i+l n i i =i j

This way we indeed get a profile in J given by:

~i ~i ~i
r =(r ,..., )
1 n

The following two facts are evident from the construction
(1) If (rl,.... rn) is in J then all the n-profiles are identical and
equal to r.
(ii) A change in the strategy of individual i will not change the iEh
profile.
~in

At this point we have a pricing function P and n profiles (r ) .

i=1
Individual i is now told what P(r ) is, i.e. he is told a certain price

K
vector in R .
+

{e
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Stage 3

Having been told their respective price vectors, the individuals send
their zi's and mi’s. A set k' is defined for each individual.

I3 ~1
* P(r )» 2 =0, z + wi 20

1 -~i K
K(P(r )QW.W)’—' Z e R
i z+w 3W
1

A is defined to be the closest point in K to z;. Once again a projection is

made; but since K1 is a closed and convex set this is continuous and well

defined.
Next the mechanism defines N
/
' mem £ 1 for all i =1,..., n
i
C = < mER and >
++
K] n /
me Im(y+w) W
\\ i=11i i i
8
* %
m will be defined by m = max m

meEC

For the last step we need to perform one more projection, this time on
J. Similar to our previous discussion we use a measurable projection function
constructed prior to the game and assumed to be common knowledge among the
individuals.

Project (rl,...,rn) on J and get a point e* in J (closest to

(rl....,rn)) and let:

gi(sl.....sn) = m*omiti (yi+wi)

where:
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Theorem: If the following assumptions are satisfied, then the mechanism
described above implements the CREE.

(A1) n 23

(A2) For all i=1l,..., n Ui is continuous, strictly increasing and strictly
concave in its first K arguments for any ¢ in J.
(A3) For alli=1,..., n ui(w. €) is integrable in its last n arguments.
. « e K
(A4) For all i=1,...,n wi is in R++
(A5) J satisfies NEI.

Proof: 1In the first part of the proof we show that any CREE allocation rule
can arise up to a set of measure zero as a BNE of this mechanism.

Let P(e¢) and f(e¢) denote a CREE.

We now construct the following BNE which yields f.

P for all i=1,...,n

o
]

r, = € for all ¢ in J and all i = 1,...,n

N
I

= fi(e)-wi for all ¢ in J, all possible signals arising out of

m =1 the P and r choice, and all i = 1,..., n.
i

In the first stage we obtain P and no single individual can change it by
deviating and declaring some other pricing function.

The second stage yields the true profile (el,.... en) for all the
individuals, and each individual is told the true price P(el..... en).

For almost every ¢ in J, zi belongs to Ki and hence yi = zi a.e. in J.

Since f was a CREE we have that for a.e. ¢ in J.

n
L f (¢) =W
i=1 i

and hence for a.e. ¢ in J

14
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n
I (y+w)=W
i=1 i i

Since m, = 1 for all i =1,..., n we get m* = 1 for a.e. ¢ in J.
Since individuals report their true €50 ti = 1 for all ¢ in J. Thus

g (sl,..., sn) = f(e) a.e. in J.

Now we must show that this n-tuple of strategies does form a BNE.

Individual i cannot change the pricing function, the signal he gets or
the set Ki.

By the definition of a CREE his strategy choice gives him for almost
every e, and signal observed the most preferred point in the set Ki. This is
true for all individuals i=1,...,n and hence this n-tuple of strategies forms
a BNE.

Now we shall show that any BNE of the game coincides, up to a set of
measure zero, with some CREE allocation rule.

A BNE gives rise to some pricing function P which is constructed in
stage 1. At the second stage we have an n-tuple of measurable strategies.

rl(el),..., rn(en) where ri: Ji 2 Ji

These functions show what observation individual i would report as a
function of his true observation. Because of the "ti term" we get that the
mapping

r(e):(rl(el)..... rn(en))
must satisfy r(e) is in J for a.e. ¢ in J, otherwise no choice of m, could
serve as an equilibrium strategy. Individuals would like to announce

infinitely large mi's.

~

We denote by J the set of ¢'s for which r(e) is in J, and restrict our

~

attention from now on to J.
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~

The "effective" pricing function on J is

;(e) = P(r(e))

After stage 2 individual i's expected utility of consuming commodity

bundle x_ is denoted by Vi(x.) where:
i i

V(x)=E U (x,)le, P(e))
ii ii i

Now we show that for a.e. ¢ in J, for all i=1,..., n,

*
m em = 1
i
and
n n
I (y+w) = X w,
i=1 i i i=zl i

This replicates arguments which appeared in Postlewaite and Wettstein
[11) and is given here in detail to make this presentation self contained.

Suppose by way of contradiction there exist an individual i and a set

- *
D of positive measure in J for which m -« mi< 1. In this case individual i

could improve his position by announcing a larger mi for all ei in the

projection of D on the igﬁ axis. (Precise calculations justifying this claim
are presented in Postlewaite and Wettstein [11]). This contradicts the fact

mi formed part of a BNE, since there exists a set of positive measure over

which the individual could have done better.

-~

*
So we have shown m -mi =1 a.e. in J, this fact will now be utilized in

proving the second claim.
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Suppose by way of contradiction there exists a set of positive measure

: in J for which

W
11i

I3

n
2o (y + w)#
i=1 1 1

*

i
. n n
By the definition of C, I (y + w ) £ .2 w for a.e. ¢; hence there
i=1 i i i=1 1

-~

must be a coordinate s and a set D of positive measure, in J for which

n s s n
Iy, +w < & W,
i=1 i i i=1 1

i
However since y is for all i = 1,..., n for a.e. ¢ in X , we have
i

n
P (f y +w)=P I w_for a.e. ¢ in J.
i=1 i i i=1 i

(3]

Hence there must be a coordinate s' and a set of positive measure in

J for which:

n s! s! n s'
I (y +w )> ¢ w,
i=1 i i i=l i

which once more contradicts the definition of C.

~

Thus we have for a.e. ¢ in J

n n
L (y+w)= L w
i=1 i i i=1 i

Continuing as in Postlewaite and Wettstein [11] we show that for any e

th
in J the i" individual can get arbitrarily close to any net trade z that

(Y]

satisfies:

(1) P(e)ez = 0
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(ii) z+w sW
1

(iii) z+w_ 20
i

This can be done on observing ;(e). by announcing a large enough m ithat

*
will make m arbitrarily small. This will nullify the effect of other terms

* n -
in the sum m - .21 m (y + W ). Thus on observing P(¢), announcing z
i=1 i i i

which yields y equal to z will bring individual i arbitrarily close to
i

the z net trade.

Finally, we need to prove that P(e¢) and the allocation rule yielded by
the mechanism at the BNE point, denoted by f(e), form part of a CREE. Since

in the definition of a CREE everything holds up to a set of measure zero, we

~

are justified in restricting our attention to J.

-~

We shall show that a.e. in J f (¢) solves the problem:
i
max V (x )
x i i
S.T.
(1) P(e)x 5 P(e)w
i i
x &W
i

[

w
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-

*

i
By the definition of K and the fact m *m = 1 for a.e. ¢ in J, f (e)
i i

-

is feasible for the problem for a.e. ¢ in J.

Assume by way of contradiction there exists a set D of positive

~

measure in J, such that an allocation rule which is feasible for problem

(1) and measurable with respect to ¢ and P(e) yields a bundle individual
1

i strictly prefers to f (¢) for all € in D. By strict monotonicity of
i

preferences we may assume, without loss of generality, that all those

th
bundles lie on the budget line. Then as we have shown the i~ individual

can, by a suitable change of strategies, for the appropriate € 's and
i

;(e)'s get arbitrarily close to those bundles. By assumption (A3) we can use
the Lebesque Dominated Convergence Theorem and show that since the Ui's are
continuous (assumption (AZ))’ the Vi's are continuous as well. But the
continuity of vi implies the individual could make himself better off on a set

of positive measure, contradicting the fact we started from a BNE.

Thus for all i = 1,..., n and a.e. in J fi(e) solves problem (1).

In conclusion we have shown that the allocation rule yielded by the

-

mechanism coincides a.e. in J (and hence in J) with a CREE allocation rule.

4. Concluding Remarks

We have successfully implemented, constructing an almost continuous

mechanism, the SCC induced by CREE. The mechanism constructed, in contrast
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with previous mechanisms does not require the designer to know the Ui's and

performs well for a large class of economies. The mechanism will be truly .

continuous if all the projections performed can be carried out in a continuous

U]

fashion. This will be the case if J is a convex set.

One undesirable feature of this mechanism is the nonexistence of a best
response strategy for some parts of the strategy space. This could be avoided
by using well known punishment schemes if a lie is detected but then we lose
the continuity feature which we deem to be quite important. The NEI
assumption is admittedly very restrictive; however it seems to be unavoidable
in this framework.

We have used a deterministic signalling stage, one could also conceive
of random signalling schemes to capture the idea that individuals observe
noisy information.

Incorporating production into the pure exchange framework is a natural

te

extension and the subject for future research. The presence of incomplete
information which in a sense is similar to the phenomena of incomplete markets
creates several difficult issues which do not arise in the usual Walrasian

framework.
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Footnotes

1. The NEI assumption states that the pooled information of any set of n-1

individuals, where n is the total number of individuals, is complete.

2. The support of y is the smallest closed set in Rn with measure 1.

3. Unless otherwise specified, measurability is taken to be in the Borel
sense.

4, Thus the values fi assumes for any ¢ in J can depend only on the iE-

coordinate of ¢ and the associated price vector.

5. Any allocation rule in NG(E) is equal to some allocation rule in F

almost everywhere, and vice versa.

- k|
6. We note that P(e¢) is a continuous function of the P 's even though the

Bj's are not.
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