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Abstract

Consider an oligopolistic industry in which the firms produce perfect
substitutes and incur transaction costs of changing price. Under constant
inflation, there is an equilibrium in which the firms change their nominal
prices at equally spaced time-points. Increasing the inflation rate
increases the size of price changes, increases the frequency of price
changes, and increases the average real price paid by buyers. ‘The
analysis derives its significance from its implications for the welfare
costs of inflation: the inflation-induced distortions in relative prices
are larger the more sticky nominal prices are; and are larger the greater
the tendency for firms to stagger (rather than synchronize) their price
changes.
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1. Introduction

Can perfectly anticipated inflation be harmful? If inflation distorts
relative prices and thereby inhibits the allocative role of the price system,
it causes welfare losses. This occurs if nominal prices are sticky1 and
different firms change their nominal prices at different points in time
(Laidler, 1978; Parkin and Swoboda, 1978). The welfare loss from anticipated
inflation, therefore, is likely to be larger the more sticky are nominal
prices; and it is likely to be larger or smaller depending on whether there is
a tendency for firms within an industry to stagger or to synchronize their
price changes. This paper addresses the question of whether it is in firms'
interests to stagger their nominal price changes in the face of a predictable
inflation rate. The model identifies some sources of welfare loss from
anticipated inflation.

Several rational-expectations macroeconomic models postulate temporaty
rvigidities of prices and wages. Once it is admitted that prices do not
respond instantaneously to changed economic circumstances, the question of the
timing of price changes becomes important: by imposing certain assumptions
about timing, some Keynesian flavor is introduced into rational-expectations
models. The macroeconomic significance of timing is illustrated by the wodels
of Fischer (1977), Phelps (1978), and Taylor (1980, 1981). Fischer and Phelps
showed that the stickiness of prices means that correctly perceived but
unanticipated monetary policy can have real effects. Taylor's model
postulates an overlapping structure of price decisions. 1In each period, some
firms can change their prices, while the other firms must continue to charge
the same prices as in the previous period: inflationary inertia (and quantity
inertia) is generated by the dependence of current optimal prices on prices

which were set in the past but are still in effect.



The results of the Fischer, Phelps, and Taylor models depend crucially on
the time structure of the agents' decisions; both the extent of
synchronization of the different firms®' decisions and the length of time for
which nominal prices are held constant are given exogenously in these models.
As Lucas noted: "None of the models offers an explanation as to why people
should choose to bind themselves to contracts which seem to be in no one's
self-interest” (Lucas, 1981, p. 564). This paper develops some microeconomic
foundations for such models by making both the degree of price stickiness and
the timing of pricé changes the outcome of the firms' optimizing decisions.2

In the model of Taylor (1980, 1981) the assumed time structure is that
each firm's nominal price, once set, is held constant for N periods; a
fraction 1/N of the firms set their prices at the beginning of each period.
If N is the number of firms, these price changes are uniformly distributed
over time. An alternative symmetric time pattern has all firms changing their
prices simultaneously: if this were the equilibrium, the inertia identified
by Taylor woﬁld not exist. Thié paper addresses the question of whether
either of these patterns of price change could be the result of ralional
timing decisions by the firms.3

The following formulation presents a solution to a game-theoretic problem
in which the timing of actions is one of the strategic variables. What
emerges is in effect a discrete-time model in which the discreteness is
endogenous: the underlying framework is in continuous time but, by the
agents' choices, actions occur only at equally spaced points in time.
Discrete-time dynamic models of oligopoly often impose a particular time
slructure on the firms' moves: either simultaneous (for example, Friedman,
1977), or alternating (Cyert and de Groot, 1970). Other models allow the

choice between simultaneous and alternating moves to be made by the firms
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(Maskin and Tirole, 1982). All of these are special cases of a

continuous-time model in which not only the sequence of moves, but also the
duration of the time interval between actions are chosen by the firms: an
exanple of such a model is developed in this paper.

Our model has multiple Nash equilibria, none of which is subgame perfect.
To overcome the multiplicity problem we propose an additional equilibrium
criterion, robustness, which requires that the strategies used never call for
a drastic response to a small deviation by another player: thus robust
equiiibria are not destroyed by small miscalculations by the players or small
random shocks in the environment. Robustness allows us to focus on a

particular Nash equilibrium, in which the firms stagger their nominal-price

changes.

2. Transaction Costs

After noting that his model "does not provide a microeconomic basis for
the existence of long-term nominal contracts”, Fischer suggested that "the
transaction costs of frequent price setting and wage negotiations must be part
of thé explanation" (Fischer, 1977, p. 194). This paper elaborates on that
suggestion.

Consider a firm operating in an inflationary environment; inflation is
constant and predictable. If this firm were a textbook monopolist, its
nominal price would simply track the general price level. Suppose, instead,
that the firm incurs a transaction cost whenever it changes its nominal
price. The size of this transaction cost is assumed for simplicity to be
constant, regardless of the size of the price change. Then, as Sheshinski and
Weiss (1977) showed, the firm's nominal price, rather than continuously
changing, follows a pattern of being constant for some length of time and then

increasing in a discrete jump.4



In this paper, the Sheshinski-Weiss monopoly analysis is extended to a

market containing several firms competing with each other. This adds a new

dimension to the conventional oligopoly problem: in addition to using price .

as a strategic variable, the firms strategically choose the timing of their
price changes.

It might be suggested, in criticism of the present approach, that
transaction costs of changing price are likely to be small in practice, and
therefore that phenomena generated by transaction costs are likely to be of
little empirical significance. Three responses may be made.

First, the analysis to be developed applies for any non-zero level of the
transaction cost; the existence of any transaction cost, no matter how small,
will result in staggered price changes and some degree of price stickiness.

Second, Blanchard (1982) showed that interactions across different
industries can generate substantial aggregate price-level stickiness even if
individual firms hold their nominal prices constant for relalively shortl
periods of time. Thus small transaction costs may have significant
general—equilibrium consequences.

Third, it is not obvious on a priori grounds that these transaction costs
are, in fact, small. The transaction cost incurred on changing nominal price
can be interpreted in two ways. It can be interpreted literally as a cost of
changing price. It has been argued that such costs are of significance in
practice: "One of the major stumbling blocks to swifl action in many
companies is administrative procedures. Price increases are a complex
exercise for many companies, in many cases involving a change of price lists,
notification to customers and salesmen, and changing computer data so that

invoices are issued at the appropriate rates. Only the customers and
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salesmen like price increases less than the administrative staff involved in
making these changes. Where catalogues and sales literature are involved,
price alterations may be expensive" (Hussey, 1976, pp. 83-84). Alternatively,
the transaction cost may be interpreted less directly as being a proxy for
losses incurred as a result of various kinds of informational problems
(although uncertainty is not incorporated in this model): the loss in profits
if some regular customers, as a result of the nominal'price change, decide to
shop elsewhere (Stiglitz, 1979; McMillan and Morgan, 1986), or the risk that
the firm will lose profits by mistaking a temporary demand change for a
permanent one and changing price when no price change is warranted (Kawasaki,
McMillan, and Zimmermann, 1983). The reason for simply assuming the existence
of a transaction cost, rather than modelling in detail the sources of the
transaction cost, is that this paper focuses on the timing of price changes;
the focus is not on the question of why prices are sticky. Postulating a
transaction cost of changing nominal price provides a siﬁple and dirvect way of
making stickiness of nominal prices the outcome of firms' optimizing decisions.
One way of reducing the total cost of changing prices, given the assumed
predictable nature of inflation, might be for a firm to quote, not a nominal
price, but a nominal-price function, linking nominal price to the inflation
rate. Since, realistically, firms often do not do this (perhaps because it
involves other kinds of costs), we assume firms must quote prices, not price
functions. (That is, the institutional setting is such that money is the unit

of account: Mussa (1977); Laidler (1978).)



3. Definitions and Assumptions

The model is partial équilibrium. a multi-firm generalization of the

monopoly model of Sheshinski and Weiss (1977). Consider an industry

e

containing k identical firms. Inflation occurs at the constant rate g > O.
Denote by q1 the nominal price charged by firm i and by z: = qie”gt the real
price of firm i at time t. Let wi denote the logarithm of a real price,
w:=2nz:, and let pi=2uqi. so that w:=pi—gt. For the sake of convenience, the
wt's will be referred to as "real prices” and the p:'s as "nominal prices”,
Let wt=(w1.....w:) be the k-vector of real prices and w:i be the (k-1)-vector
of real prices with the price of firm i excluded. Nominal-price vectors p and
p—i are defined similarly.

Assuﬁgtion 1: The firms produce homogeneous products.

Becauée of the homogeneity assumption, the firm charging the lowest price
captures the entire market. (The homogeneity assumption is somewhat
unsatisfactovy; as it implies a sudden switching of all buyers from one seller -
to another following one seller's price change.)

With homogeneous products, there must be some tie-breaking rule for the
case in which two or more firms charge the same.price; the simpleslL is as
follows. |
Assumption 2: With m firms charging the same lowest price, the market is

shared equally among the m firms.

Given the real price vector wt, the profit of firm i is given by

/
i 2 i 9
F(w) w =minw , 2 =1,...,k, and w # w
t t L t
for #i. .
~ i L i L
¥ (W) = Fiw) w =minw , 2 =1,...,k, and w =w
t t t Lt .
for some #i. N
{ 0 otherwise



i ~ i
where F(wt). F(wt) represent instantaneous profits at price wt, and

i ~ i
F(wt) > F(Ht). Thus firm i's profit is a function only of its own price and

~

the lowest of its rivals' prices. The functions F and F are assumed to be

measurable.

Following Sheshinski and Weiss (1977), assume that changing nominal price
is costly.
Assumption 3: Any change in nominal price entails a real cost of >0 to the

firm.

The positive real cost of changing nominal price clearly means that in
equilibrium nominal prices cannot change continuously; instead, a nominal
price, when it changes, will increase by a discrete amount and then be held

constant for some time interval. Suppose the firm i changes its nominal price

al the time-points ti. n=20,1,..., with t: < ti < ... . Within the inLerval
[ti t;+1), the firm's nominal price is held constant at pz. Hence its real

i

price declines over this interval: for tn <t t; firm i's real price

+1°
is w: = p; - gt.

Consider a firm charging at some time t a nominal price p below all the
other firms' prices. Take the initial time-point to be t=0 and denote the
initial real price by wo. Suppose that until the firm changes its price it
remains the lowest price. Then the net profits earned by the firm discounted

with rate r over this interval (including the moment of price change) can be

expressed as’

(2) J'g F(p-gt)e Ttdt - pe T,



or equivalently, by substituting w=p-gt, wTap—gT,

r r
- —(w -W) - (W -Ww )

g O g 0 T

F(w)e dw - Be .

T

c>:

(3)

G

[ I
Lo

Note that wb > wT since the real price decreases with inflation for a fixed
nominal price.
Assumption 4: For given g, r and B there exists "0 such that for some
W < Y, the expression (3) is non-negative.
If the inflation rate g is too large given the cost of price change B (or
if the cost of price change is too large given the inflation rate), it will
not be possible for a firm to earn non-negative profits in equilibrium.

Assumption 4 implies that g and B are such that non-negative profits are

attainable.

Assumption 5: There exists Yo such that for any wT < "b the expression (3)

is negative.
This assumption says that after attaining some low real price a firm would
lose more than the cost of price change if it continued with its current
nominal price, supposing, of course, that its price is the lowest. Denote by
po the upper bound of all wo which satisfy Assumption 5.
Because of Assumption 4, Py is finite. Since the integral and the
exponent in (3) are continuous functions of Wor Woos for Wy = Po

an x, such that for Wo, = X, (3) equals zero. This price X, provides a lower

there exists

bound on the real prices which a firm would wish to charge. Indecd, consider

continuing past xo. If one starled at po, going past xo means earning i

negative rather than zero profits. This implies that



r r r
-W -(x -x) -x
g O

Y 8 g O .
F(w)e dw - B(e -e ) <0 for any x > 0.

x
I
X -x
0

(4)

[

But the left-hand side of (4) is proportionate (up to exp{-rwb/g}) to the
difference between the profit earned starting with any Yo > X, (rather than

p,) and continuing to x, and the profits between w. and x.-x. Since this
o . 0 . -0 0

difference is always negative, continuing past x, is never profitable.

0

We shall also require that the firms will not set their prices in such a

way that the corresponding real prices are arbitrarily high.

Assumption 6: The expression in (3) attains its maximum value M < = for

o T 0

We can therefore restrict the real prices to a compact subset BiC R for

some w , w < w with wb < C<w,

i k i
firm i. The set B is bounded from below by xo. Denote B = I B and

assume that w € B.

Assumption 7: For any wi such that xo < WT < C there exists ¢ > 0 such

that, for any 0 < x < ¢,

r r r
w -w —(w -X) -w
i T g g T g T
5 - | F(w) e dw - B(e -e ) >0,
B wi—x

This assumption provides some regularity in the profit function by not
allowing it to dip down to too low negative values before reaching xo.
Suppose that F is continuous. Then (5) is equivalent to F(wT) > -rf for

xo < wT < C (note that F(xo) then equals -rf}).
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A price path wi(t) of firm 1 is given by a sequence of nominal prices and

times of price changes {p;. ti} with

i i i i
(6) w(t) = P, - Bt for bttt .

Denote by w(t) the vector (wl(t).....wk(t)). This definition of a price path
implies semi-continuity, since ti # ti+1 otherwise wi(t) is not unambiguously
defined at t = ti. It follows that along a price path the limit from the left:
(1) w (t) = lim w(t-s)
L 80
s>0
always exists.

The total discounted profits of firm i along a price path w(t) (stacting

ﬁith some price vector wo) depend on the price paths of all the firms

-i r i i r -i i
w -=(w -w) -—(w -w)
i N 1 n+#l i i B n i B ntl n
(8) V(w(t)) = 2 [ - [ M(w,w )e dw - Be ),
n=0 g i -i
w
n
i i i -4 i i i
where w =w (t ), w =w (t ), with w defined by (7). 1In (8), N could
n n n ' n 2

be infinity or a finite integer. Note that Assumption 6 guarantees that (8)

is bounded from above.

4. Stratepy Sets

Equilibria of dynamic games may be either open-loop or closed-loop. 1In an
open-loop equilibrium, strategies are functions of time alone. In the present
model, if one firm were to adopt an open-loop strategy, committing its price
to follow a fixed time-path, its rivals could slightly undercut its price over
some time-intervals, thereby obtaining. the whole market. That is, it would be

in the rivals' interest to adopt a strategy which is a function of the current
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price vector as well as time. Thus there is no open-loop equilibrium in this
model. We consider therefore closed-loop strategies.
We introduce several sets whose elements are price-paths or vectors of

price-paths satisfying (6) and thus (7) as well. Denote by Pi(T) the set of

price paths of firm i, wi(t). which satisfy (6) for 0 < t < T. Denote by

P(T) the set of vectors of price-paths from P (T), i=1l,...,k. For w(t)eP(T')
and T > T', denote by P(w(t),T) the set of paths w(t) over 0 < t < T such
that w(t) = w(t) for 0 < t < T', thus P(w(t),T) includes all price paths

with an identical history, w(t), up to T'. ff it is not important to
specify the price-path set we denote it by P.
The formula (8) can be used to evaluate the profits over any finite path

for any firm:

(9) vi: p(T)oR,

with Vi(w(t)) calculated according to (8). The values could diverge to -» as
T,

The strategies of the firms are real price decisions (with correspondingly
set nominal prices) for any point in time:
;: P(T)*Bi.

Thus, in response to an observed history up to but not including the present

(10) s

moment T the firm strategically chooses its price. Denote by ST the vector

1
(sT,...,s:). For any path w(t) in P(T) and for T' < T, denote by w(t)IT, the

path in P(T') which coincides with w(t) for 0 < t < 7',
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We say that a path w(t)eP(T) is strategy consistent if
(11) s;(w(t)lr,) = wi(T') for all T* < T, i=l1,...,k.
For a strategy vector s, denote by Ps(T) the subget of strategy-consistent

paths in P(T).
A strategy vector s is consistent if, for any w(t)eP(1') and any T > T,

the set of strategy-consistent paths with the history w(t), P (w,T), is
s

is nonempty. Note that if P (w,T) is nonempty it consists of a single
]

element; therefore, given any price path wich represents the price history of
the market, the strategy-consistent path which follows this history is

uniquely defined.

Along a consistent path, for any w(t)cP(T'), there exists x > 0 such that

w(t), for t < T*
(12) w(t) =

s(W(T'))-g(t-T'), for T' < t < T' + x

and

(13) sT‘+y(w(t)) = w(T'+y) for any y < x.

This property immediately follows from (6) and the definition of consistency.

1 k -
Suppose that 8 = (s ,...,8 ) is such that, for any w(t)eP(T*') and T > T,

the set consisting of paths w(t)eP(w,T), each of which is consistent

3 i

with every s ’ hi) the strategy vector

,» j#i, is nonempty. Denote by (s~

obtained from s by replacing si by hi. Then there'exists hi such that
(s—i. hi) is a consistent strategy vector. One example of such an hi is the

strategy which does not change the nominal price unless X, becomes the limit
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of firm i's prices along the price path. 1In that case firm i raises its price

to a point where it hits a path consistent with the strategies of the other
firms.

We introduce a topology on the set of consistent strategy vectors, and
close the set in the induced topology. Consider the Ll norm on the vector
functions P(T) (which have their values in the compact set B). This norm
determines convergence almost everywhere. Denoté by dT(x(t).y(t)) the

distance between any two paths x(t), y(t) in P(T) under this norm. Suppose

that s1 and s2 are two consistent strategy vectors. For any history

;(t)cP(T'), with T'<T, denote by wj(;.T) the unique path from P (;.T) for
s
J

i -
j =1,2. The value of V (w_(w,T)) can be calculated using (8) along the
J

path wj(w. T). Define

- - i - i -

(14) 4 (s ,8) =d (w (w,T),w (w,T)) + max|V (w (w,T))-V (w (w,T))}|.
- T 1 2 T 1 2 i 1 2
w

Consider'a sequence {sp} of consistent strategies such that, for any

€ >0, ;, T, there exists an integer N such that d (s ,8 ) < ¢ for
- m n
w,T
any m,n > N. It is easy to see that for this sequence lim -]
m m

is uniquely defined for any ;cP(T'). Therefore, this sequence defines

i i
a limit strategy vector s with s (w(t)) = lim s (w(t)) for any path w(t).
m

i -
The values V (w (w,T)) converge as m?», We can therefore associate with
m

- i - i
s, w, T payoffs V (s,w(t),T) = lim V (w (w,T)), for every i=1,...,k.
mie m
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Thus (14) defines such a topology on the set of consistent strategy vectors
that the closure of this set is, firstly, a subset of the set of st;ategy
vectors, and secondly, a subset on which the payoff functionals Vi are
defined. Denote this subset by Q. For any s € Q denote by Q(s_i) Lthe set of
strategies hi such that the strategy vector (s-i.hi)e Q.

We have so far not discussed the cost the firm incurs on changing its
nominal price. Since every change in nominal price is necessarily accompanied
by a payment of B, while nothing prevents a firm from paying yet keeping the
same nominal price, we can assume that, at the moment when the firm changes
its price, two consecutive events occur: a paymené of B, then the setting of

a nominal price.

*
A stratepgy vector s € Q is an equilibrium if, for each i=1,...,k

and any price history w(t) € P(T') ending with firm i paying B at 7', for
all T > T,

i o* - i *xi i -
(15) V (s ,w,T) >V ((s ,h ),w,T))

*—0
for any hi € Q(s 1).

5. Myopic stratepies

In general, a large amount of information is required by the firm in
making a decision, since it depequ upon the ent?re history of prices. The
following pfoposition shows that it may not be necessary for a firm to use

this information if none of the firm's rivals use it. Suppose that a

_ i - - -
strategy s of firm i is such that, for any two paths w(t), u(t) € P(T)
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with ;g(T) = ;‘(T) (where the subscript L refers to the limit value defined

i- i- i
by (7)), sT(w(t)) = sT(u(t)). Then we call the strategy s myopic. Such a

strategy takes into account only the prices that ruled an instant before, and

disregards the history that led to these prices.

1 k
Proposition 1: Suppose that, in the strategy vector s = (s ,...,8 ) € Q, all

sj. j»#i, are myopic. Then the set of best replies to s by firm i includes a

myopic strategy.

Proof: 1It is sufficient to prove the Proposiiion for consistent strategies.

Suppose that two histories wl(t). wz(t) € P(T') end in firm i paying B to

change its price at T', and that

w (T') =w (T')
12 20

(here the subscript % refers to taking the limit according to (7)). Assume
that all the firms except firm i follow myopic strategies but

i- i-
s (w (t)) # s (w ().
1 2

Then we can assume that for T > T*

i - i- i - i-
V(s,w ,T) =V (w (t)) >V (s,w ,T) - V (w (L)).
1 1 2 2 ,
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Consider a strategy s for firm i such that, for any strategy-consistent

path wz(t) EP (;Z,T), it replies as if it were wl(t) EP (;1,T), that is,
s s

~ i ~i i
s (wz(t)) ='s (wl(t)); for any other path s = s . Since all the other

strategies are myopic they do not take into account the previous path (do

. - - -i ~i
not distinguish wzand wl). therefore (s , s ) is a consistent strategy

vector and

i i~ - i i i -
Vs ,s), wz,T) =V (s , s8), wl. T).

~i i
Thus substituting the strategy s for s can only improve the payoffs for

~f - ~i - - -
firm i, But s (w) = s (w) as long asw (T') = w (T').
2 1 28 10

Q.E.D‘
Thus if all the firms except one follow myopic strategies then it will
not benefit the remaining firm to select a more complex strategy. (Compare
with the “state-space" strategies of Fudenberg and Tirole (1986)).

For the rest of this paper, we restrict attention to equilibria in

myopic strategies.

6. Equilibria

In this section, we characterize two types of symnmetric equilibria for

the price-change game.

]

i
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X is an equilibrium strategy vector (we can assume it is

Suppose s

* %
consistent). If s is myopic then each component s * defines a mapping
*
s i: B*Bi, which maps any w € B onto a strategy-consistent path. Suppose
*
that w € B is such that s i(w) # wi. Then we say that w is an action point

for i; denote by Ai

C B the set of all action points for firm i.
If w € B is such that its ith component wi is equal to X, (defined
above following Assumption S5), then w € Ai. There are two possibilities for

this w. Either w € Aj for some j#i, so that some other firm besides i

changes its price upon observing the price vector w; or i is the only firm to

change its price at w. In this last case, a strategy-consistent path passes
through a point with all the coordinates except the ith equal to the
respective coordinates of w.

Suppose that on a strategy-consistent path firm i alone changes its

price from the lowest w- in the price vector w to a price above that of
some firm j. Then either wi = X, Or sj(w-gx) <wh - gx for any small x >

0. Indeed, assuming w1 # X, suppose that there exists ¢ > 0 such that, for

j(w'-gx) > wi—gx. Then firm i could delay its

any x < ¢ and all j# i, s
price change and after this delay at worst would join the same price path.
Its gain would then be proportional to (5), thus positive, contradicting the
optimality of the equilibrium strategy.

Thus for a stationary consistent equilibrium only three possibilities

can be realized:

(a). several firms change prices simultaneously;
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(b). a firm does not change its price unilaterally unless its price has

reached x ;

0
(c). fbr any price vector w € Ai which does not belong to any Aj with j=i
(i.e. where firm i changes its price unilaterally) if wi > Xg there

exists a strategy consistent path which passes through a point

wwithw <w for some j#¥i andw =w .

Assume the instantaneous profit function F to be continuous. Also, for
ease of notation, assume there are only two firms (the results clearly also
apply to the case of more than two firms).

We consider first an equilibrium which can, for obvious reasons, be

called the "price-matching” equilibrium.

Denote by V(a,b) the value of the expression (3) evaluated for F
between a and b as the lower and upper prices, respectively, and by V(a,b) a

similar expression for F.

Proposition 2: Suppose that the prices a and b are such that

(16) V(a,b) > 0;

~ ~ r(b-c)
(17) V(a,b) > V(a,c)e for a < ¢ < b;

r
- -d

(18) V(a-d,a) - ;(b—d,b) + B(l-e 8 ) <0, for any d < b-a;

(19) ;(x) >0 for x > a.

v
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Then the strategies s*1, s5*2 with

(i i 1 2
w ifb2w =nin(w ,w) > a,

*i 1 2 i 1 2
(20) s (w) = min(w ,w ) if b>w > min(w ,w ) > a,

b otherwise

\
for i=1,2 form an equilibrium.

Proof: We have to show that no change in strategy by one firm could improve

its payoff. We need concern ouselves with the following situations only:

(a). upon reaching price a together, one of the firms delays by ¢ changing
its price, then joins the other price;

(b). a firm raises its price before the other from the joint path;

(c). from the price above the other firm's (and above a) the firm continues
rather than joining the lower price;

(d). a firm changes its price along the joint path simultaneously with the
other but instead of going to b undercuts it by going to b-e. |

For (a), delaying the price changed from shared level a even momentarily

cannot be profitable because of (18), since the left-hand side of (18)

represents the gain from such a delay. Because of (19) (b) cannot be

-~

profitable since the momentary gain is -F(a) - Br and is clearly negative.
Once a payment was made, joining the lower price is more profitable than

continuing since the momentary gain (after the history ending in paying B) is

F(x) > 0 for x > a rather than zero, therefore (c¢) is not profitable.
Finally for (d) we note that the situation described in it cannot be a

part of a consistent strategy. Consider consistent strategies for the rival
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firm allowihg (d) to persist for some small amount of time during which a real
price declines by §, otherwise the strategy coincides with that prescribed by |
(20). 1If &0, that consistent strategy vector would approach one with the
designated firm going to b-¢ instead of b and being joined immediately by the
other. The gain from (d) would then be proportionate to

e

V(b-¢,e)e - V(b,a),

which is-negatiQe by (17).
Q.E.D.

The equilibrium of Proposition 2 is somewhat similar to the "matching”
equilibrium of Anderson (1985), but, contrary to Anderson's, this equilibrium
is not "grim", since here a deviation from the joint path is followed by a
return to the equilibrium path. The dynamic nature of the solution (that is,
a path of changing prices rather than a single price) allows for this
distinction. A “"grim" equilibrium, however, is also possible. An equilibrium
strategy pair could punish deviations from the equilibrium path by going to a
path where each firm earns non-positive profits with staggered price changes.
An equilibrium involving such paths will be presented in Proposition 3.

Note that the existence requirements of Proposition 2 are quite
stringent. 1In particular the number of the firms has Lo be limited from above

in order for the prices, a,b, satisfying Proposition 2 to existL. Too many

firms in the industry may exclude the possibility for V(a,b) ever to be

positive. Note also that an increase in the inflation rate, g, or in the cost

of price change, B, could result in the reduction of V(a,b) to a negative

value.

L

e

<+

[
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Note also that there may be many pairs of prices (a,b) consistent with
Proposition 2: there need not be a unique price-matching equilibrium.
Consider now a different type of equilibrium, which we shall call the

"zero-profit” equilibrium.

x %
Proposition 3: The strategy pair (sl, sz) defined by
f

! if ! > < 2 <
w w X, X w :
0. 0 = hy Pot
* 1 2
(21) s (W) = or if x <w <w;
1 0
{ if ! > 2 >
W w ;
Po PO.

. . 1 .
or if w <x,w >p
0 0

2 1 2
w +p°-xo ifw <x <w <p;

\
* x 1 2 *x 2 1
and symmetrically sz(w) defined by sz(w W) = sl(w »W ), is an equilibrium.

Moreover, no firm can earn positive net discounted profits. h path along
which each firm earns zero net discounted profits exists under assumptions 1-7.
Proof: Clearly if both firms follow the strategy (21) with the stated initial
prices, then, by the definition of po (following Assumption 55, no firm earns
positive discounted profits. We show that if wl is initially equal to

2p0-x0 and firm 1 plays the strategy s*, then there exists no interval between
price changes where firm 2 earns strfctly positive discounted profits net of
cos£ of price change. Note that s: requires that if firm 1's initial resl

price is 2p then there does not exist any price path (whatever 8, is)

0 X0’
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where firm 1 sets its real price above 2pgp-xg. If firm 2 sets a price below

that of firm 1 but above Py consider a sequence of consistent strategies for

*
firm 1 allowing such a price pair along a path which converge to 5, -

firm 2 would earn positive instantaneous profits for some time & (8§20), until

Then

firm 1 undercuts to Py vBut as 420 these profits would no£ cover the cost of
a price change.

Therefore, if firm 2 is to earn enough profit to pay for its price
change, it must start at a price equal to po. Then, after a time interval of
(pb—xo)/g. it has earned just enough profits to cover the cost of its next
price change. By that time, firm 1's real price has become equal to Py* The
best firm 2 can do is earn zero net discounted profits.

Q.E.D.

Consider a situation in which one firm is changing its price part-way
through the other firm's interval of constant nominal price. Consider the
lower-priced firm's decision at its time of price change. 1t can raise its
price strictly above its rival's price and, temporarily at least, give up the
market to its rival. Alternatively, it can undercut its rival, charging a
price slightly less. If undercutting yields positive profit when the cost of
the next price change is taken into account, then this is the fitm's best
action (because it can later raise its price to the alternative, higher price
and in the meanwhile it has earned positive, instead of zero, profit).
Undercutting is not profitable only if the other firm has set a price yielding
zero discounted net profit for itself. If such a price has been set by the
other firm, the best this firm can do is raise its price above that and only
start earning positive instantaneous profits after its rival in turn incréases
its price. Thus, an equilibrium requires each firm to increase its price

half-way through the other firm's interval of constant nominal price.

()

19
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In equilibrium, the lowest-priced firm holds its nominal price until
inflation reduces its real price to xo; it then increases its real price to

2po - X5- At this point, its rival's real price is Py By the time the rival
in turn increases its price, this firm's real price has fallen to Py The
time interval between one firm's nominal-price change and the next firm's
nominal-price change is (po—xo)/g. In other words, this path is cyclic in
real prices with period length 2(po—xo)/g for each firm. Each firm's real
price at any point in time is wi = 2p0 - Xo = BTy where T represents the
time elapsed since firm i last changed its nominal price.

The possibility of being undercut by its rival means that, in
equilibrium, each firm earns zero net discounted profits. (The equilibrium
therefore is reminiscent of the equilibrium of the static price game of
Bertrand (1883).)

It is easy to show that adding new firms does not change the time-path
of lowest prices. If there were three firms instead of two, then when a firm
changed its price it would raise its price to 3po-2xo; it would hold this
nominal price until the other two firms had both had an interval of being the

lowest-priced sellér. by which time its real price would have become Py and it

would again be the lowest-priced seller. Thus adding extra firms increases
the price the firm sets when it changes its price and increases the interval
over whiéh the firm holds its nominal price constant, but does not change the
prices at which consumers buy. (Again, this is reminiscent of the Bertrand
game: adding extra firms beyond two does not change the equilibrium from the
point of view of the buyers.)

The zero-profit equilibrium involves price dispersion: all sellers are

charging different prices at any point in time. Hence the staggering of
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price changes provides a novel reason for price dispersion. In this model,
prices are dispersed even though all firms are identical, and there is no
uncertainty. This contrasts with most explanations of price dispersion, which
rely on search costs and differences either among buyers or among sellers.
Suppose that the firms suéceeded somehow in colluding. Maximizing joint
profits fequires'that price changes be uniformly staggered. To see this, note

that joint profits are

t -rt
1 2 @ T+l -rt T+l
(22) V +Vv = 3 (] F(w -gt)e dt - a Be ],
=0 t T T+1
T

where tT; t are time-points at which one or both of the firms change their

T+l

nominal prices, w is the real price immediately following a price change, and
@ 1" 1 (respectively, 2) if only one firm (respectively, both firms) change
1

nominal price at time t1+ + vz is maximized with

1’ It is easy to see that V
a = 1; that is, firms changing nominal price alternately. The time-path of
lowest prices is as described by the monopoly model of Sheshinski and Weiss
(1977), except that the firms alternate in having the lowest price.

Note also that this joint-profit-maximizing price path can be supported
as a Nash equilibrium (even in the absence of history-dependent strategies).
This can be done by having each firm "threaten” to undercut any deviating
price to the po level.

Thus there is a surfeit of Nash equilibria in this model. There can be
either simultaneous or uniformly staggered price changes in equilibrium. 1In

the next section, however, we propose a reasonable criterion that allows us to

focus on a particular equilibrium.

7. Robust Equilibrium

Note first that none of the equilibria described above are subgame

e

ts

(L]
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perfect. (There appears to be no perfect equilibrium in this model.) The

lack of subgame perfection arises because each equilibrium strategy requires
the possibility of "punishing" deviations from the equilibrium path; and such
"punishments” are not in the interest of the "punisher”. (This is clearly the
case for the price-matching equilibrium defined by (20) and the joint-profit-
maximizing equilibrium defined by (22). It is also the case for the
zero-profit equilibrium defined by (21), because (21) requires the high-price
firm to lower its price below the low-price firm's price in the event that the
low-price firm raises its price any time before the prescribed time of price
change.)

There is, however, one criterion that is satisfied by the zero-profit
equilibrium but not by the price-matching equilibrium or the joint-profit-
maximizing equilibrium. This criterion is that the strategies used never
require drastic responses to small deviations by another firm: the firms'
strategies are not sensitive to. small mistakes by rivals. Although our model
does not allow for uncertainty, it seems reasonable to suppose that only
equilibria of this sort would survive the introduction of small amounts of
uncertainty.6

‘Consider a Nash-equilibrium strategy vector s*. Consider two paths
wl(t). wz(t)EP(T), with wl(O) = wz(O). Suppose that wl(t)ePs*(T) is the
equilibrium path up to T. Suppose also that wz(t) is consistent with all the
components of s*-i. Denote by di(wl(t), wz(t)) the sum of the distance

between the ith components of the paths in the L1 norm and

lVi(wl(t))-Vi(wz(t))I. We call the path wl(t) robust if for any ¢ > 0 and

any j#i there exists § > 0 such that dj(wi(t), wz(t)) < ¢ provided

di(wl(t), wz(t)) < &§. This means
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that sufficiently small deviations from the strategy-consistent path due to

the ith firm either making its price change slightly earlier or later than

prescribed, or going to a price that differs by a small amount from that

prescribed, does not bring about a strategic response from the other fivms

(s

which is markedly different: neither an extra price change nor a

significantly bigger price change. -
It is easy to see that the price-matching strategies (20) are not

robust. This is because undercutting, however slight, of the joint price b

brings about an extra price change ("matching”) from the other firm. Thus

however small is the deviation by the firm i from the equilibrium path,

o > B for the other firms jwi.

The zero-profit equilibrium is robust:7 if one firm changes its price

slightly too early or too late, or by siightly too little or too much, it

causes only a small change in the other firms' price paths. Only robust

equilibria are not destroyed by small miscalculations by the players or small

random shocks in the environment. Hence the zero profit equilibrium is more

n

likely to be observed than the other equilibria.

8. Changes in Parameters

We restrict attention now to the zero-profit equilibrium, since, unlike
the other equilibria, it is robust. (Also, all it requires for existence is
Assumptions 1 through 7; as discussed in Section 5, the matching equilibrium
requires additional assumptions.)

Consider now the effect on the equilibrium price path of changes in
parameters. Denote by A the interval between two consecutive nominal-price

changes; from Proposition 3, A= (po-xo)/g. The interval between a pair of

(L]
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nominal-price changes for a particular firm when k firms operate in the market
is therefore kA. When a firm increases its nominal price, the difference
between its new nominal price and its old nominal price is I' = k(po—xo).
(Recall that all prices are expressed as logarithms, so that I' represents a
ratio of prices.) |

It is easy to show kthe proofs are omitted) that 3A/3B > 0 and

oF/3B > 0. Decreasing the real cost of a price change reduces the interval

between price changes and reduces the size of the change in real price. The

significance of this is that it is sometimes claimed that institutions and
customs eventually adapt to continuing inflation; such adaptations would have
the effect of reducing the cost of changing price and therefore, according to
this model, making prices less sticky.

By simple arithmetic, an increase in the inflation rate must cause more
frequent price changes, or bigger price changes, or both. The next
proposition shows that, in this model, an increase in inflation both increases
the size of nominal price changes and decreases the interval between price

changes. We assume here that F is differentiable.

Proposition 4:
Equilibrium price paths have the property that

ar

(23) —_>0
98

and
A

(24) - < 0.

98
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Proof: Denote the expression in (2) or (3) for wg = pg, wr = x0 by ¢(po,8).

Consider avlapo; we shall find two expressions for this derivative. First,

by direct differentiation of (2) with T = (po-xo)/6 we get

(p -x )/8 -r{p - x )/g
o9 00 -rt 1 0 0 .
(25) =—— = | F'(p ~g1)e dt + (F(x ) +Br) - e *
apo 0 0 0 8

On the other hand, (3) is

P ) tx /g -rp /g
1.0 ru/g 0 0
(26) o(p ,8) = [- [ F(u)e du-Be Je
0 g xo

Differentiating and noting that ¢(p°.g) = 0 we obtain
- /

o 1 t‘po 8
(27) ——= - F(p )e

op B 0

0

This is positive, since F(po) > 0, thus the right-hand side of (25) is also
positive.

Next, from (26),

cp -rp /g P
29 0 0 1 0 ru/g
(28) ~—— = — o@(p ,8) + & [ -~— | F(ue du
og 2 0 2 x
8 B8 0
rx / rX
r p0 ru/g 8
- = [ uF(u)e du + Be ¢ —_
3 x 2},
8 0 B

We utilize ¢(po,g) = 0 and for the second integral the generalized Mean Value

Theorenm to obtain from (28)

"
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-r(p -x )/g
dp 00 1~
(29) — a - -[1 4+ -(u-x)1,
13 8 8 0

~

where xo <u< po. Thus, by implicit differentiation,

3 -r(p -x )/g B 1~
0 0

apo -a—- -[1 + "‘(u—xo)]
e
(30) — = - 55 - & - 8
Y w legae O
- e
Po 5 Po
X /g 1 ~
0  BI1 + - (u-x))
e g 0
= y— > 0.
p0

Next rewrite w(po.g) = 0 from (2) as

-rt ~rl
(31) 1 F(xo + g(8 - t))e dt - Be =0,
and denote the left-hand side by ¢(4,g). Then

rd -rt -rl

oy - A
-— ' - .
(32) Yy F(xo)e +8 5 F (xo +g8(8 - t))e dt + rBe

Noticing that (32) is g times the right-hand side of (25), which in turn

equals the expression in (27), we obtain

-rp /8
Y 0
(33) — = F(p Je > 0.
A 0

Differentiating ¢ with respect to g,

W A ' -rt
(34) — = g (A - t)F'(x + g(A - t))e dt.
g (4]
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By the Mean Value Theorem, and utilizing (25) and (27), we get

~rp /g
Wy ~1 0
(35) — = a - F(p e >0
g g 0

with 0 < a < A. ‘ ©

Therefore

oA g a
(36) — a3 - ez =~ <0,

3 Y 4

Q.E.D.

Contrast this result with the case of monopoly, in which the effect of
inflation on the frequency of price changes is indeterminate: Sheshinski and

Weiss (1977).

One of the purposes of this paper was to investigate whether the

®

uniformly staggered structure of price changes assumed by Taylor (1980, 1981)

could be the outcome of optimizing actions. By showing that there is a robust *
equilibrium in which price changes are indeed staggered, the model has in one

sense provided éome microeconomic foundations for macroeconomic models of this

kind. But in another sense these macroeconomic models have been undermined.

In these models, on the one hand, the length of time for which nominal prices

are held constant is fixed. On the other hand, the inflation rate is allowed

to chenge; indeed, Taylor's 1981 paper analyzes the consequences of variations

in the inflation rate. According to the present model, however, a change in

the inflation rate causes a change in the period of price constancy. Thus

n

1
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Taylor, by making the period of nominal-price constancy independent of the

inflation rate, assumed away an interaction which may be of significance for

macroeconomic policy.

8. The Welfare Costs of Inflation

In an equilibrium in which the firms choose to stagger their price
changes, there are relative-price distortions and consequent welfare losses
even though inflation is fully anticipated. (If price changes were instead
simultaneous, relative prices within the industry would not be distorted.)
Increasing inflation causes both bigger increases in nominal prices and more
frequent nominal-price increases; thus these relative-price distortions are
larger the larger is the inflation rate.

The resQlt that, as the inflation rate increases, both the size and the
frequency of nominal-price changes increase is consistent with empirical
findings that there is a positive relationship between relative-price
variability and the rate of inflation (Cukierman (1983)).

By presenting aAmodel in which there is an equilibrium in which firms
choose to stagger their price decisions, this paper provides an explanation
for a common empirical finding: studies of the determinants of the generélh
price level have found that the current price level is a function of tﬁe price
level in the past (Eckstein and Fromm, 1968; de Menil, 1974; McCallum, 1979;
Gordon, 1982). This model is very stylized (in that the firms produce
identical outputs and have identical cost functions); however, extrapolation
from the present analysis suggests an indirect measure of the extent of

inflation-induced relative-price distortions within any industry: the extent
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of autocorrelation in industry price indexes. The more sticky are individual
firms' prices, and the greater the tendency to stagger price changes, the
larger will be this autocorrelation and the larger the relative-price
distortions in any particular industry.

The model also identifies another source of welfare losses. Increasing
the inflation rate increases the number of times prices are changed within any,.
interval of time and therefore increases the size of the total transactions
costs incurred. 1In addition, increasing inflation increases the average real
price paid by buyers. To see this, note that the real price a firm charges at
the point in time when it becomes the lowest-priced firm in po; this, it has
already been shown, increases with the inflation rate. The real price a firm

charges just before it ceases to be the lowest-price firm is xo; this does not

change as inflation increases. Thus the average real price charged by the

lowest-priced firm increases with the inflation rate. Increasing inflation

(3

therefore forces consumers to pay on average a higher real price. Smaller

quantities are purchased. Inflation causes an output loss.

[

9. Conclusions

Under the assumptions that the oligopolistic firms produce homogeneous
products under constant returns to scale and incur lump-sum costs of changing
price, this paper has shown that, in the face of constant inflation, there is
an equilibrium in which price changes are uniformly staggered. A decrease in
the cost of changing price causes a decrease in the size of price change and
the interval between price changes. An increase in the inflation rate

increases the size of price change and decreases the interval between price

(v
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changes. Thus increasing inflation increases relative-price distortions and
therefore increases welfare losses. Moreover, increasing inflation increases
the average real price paid by consumers, caﬁsing output losses and therefore
further welfare costs. |

Because there is an equilibrium in which the firms choose to stagger
their price changes, the model provides some microeconomic foundations for the
macroeconomic model of Taylor (1980, 1981). However, in the Taylor model, the
interval between price changes is fixed, whereas in the present model, firms
will vary this interval as the inflation rate changes. This model thus
identifies an interaction which is ignored by the Taylor model.

The staggering of price changes results in equilibrium price
dispersion. In equilibrium, each firm earns zero discounted profits.
Increasing the number of firms in the industry beyond two increases the
stickiness of each firm's price. However, increasing the number of firms does
not change the time-path of price paid by consumers and therefore has no

effect on consumers' welfare.
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Footnotes

*He thank Peter Howitt, Chantale LaCasse, Preston McAfee, Michael
Parkin, Ariel Rubenstein, and Arthur Robson for their perceptive comments.
Both authors' research was supported by the Social Sciences and Humanities
Research Council of Canada.

1For some empirical evidence that firms tend not to adjust their nominal
prices instantaneously, see Kawasaki, McMillan, and Zimmermann (1982).

2This model, like that of Taylor (1981), is a model of product markets.
Fischer's (1977), Phelp's (1978), and Taylor's (1980) models were expressed in

terms of labor markets, but similar analyses would apply to product markets as

Taylor (1980, pp. 3-4) noted. On price stickiness in product markets, see
Kawasaki, McMillan, and»Zimmermann (1982, 1983).

3uussa (1977) examined the macroeconomic consequences of two sources of
inflationary losses to a firm: the costs of price changes and the losses from
not being at the instantaneous maximum-profit point. Parkin (1986)
investigatedrthe properties of the output-inflation tradeoff in a model in
which price changes are costly and compared the effects of staggered price
changes, simultaneous price changes, and flexible (auction) pricing. Calvo
(1983) developed a utility-maximizing model with sticky prices and exogenous
timing of price changes. Caplin and Spulber (1985) modelled the implications
for aggregate inflation of staggered price changes.

4stigler (1947) suggested that costs of changing price might prevent
frequent price changes. Costs of changing price as a source of price
inflexibility have been modelled, in addition to Sheshinski and Weiss (1977),
by Barro (1972), Bewley (1975), Caplin and Spulber (1985), Mussa (1977, 1981),

Rotemberg (1982a, 1982b), Kuran (1983), and Parkin (1986).

i€
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Sas with Sheshinski and Weiss (1977), this formulation, by implicitly

assuming that buyers' demands depend only on current real prices, requires
that buyers do not engage in intertemporal substitution in consumption; nor

can they store the commodity.

6On the timing of price changes under uncertainty for the case of

monopoly, see Danziger (1983) and Sheshinski and Weiss (1983).

7It is not h;rd to show that a robust equilibrium requires
non-simultaneous price changes by firms and in addition does not allow for a
unilateral price change until the firm's price has hit xo. Among robust
myopic equilibria those which allow for positive profits are characterized by
the following feature: for a firm i an alternative strategy which provides
the same value for its payoff functional V always exists; however, employing
this étrategy will undermine the payoffs of the other firms. Thus a firm is
indifferent between two responses to the actions of the other firms and could
choose the equilibrium play out of "altruism" or could unilaterally undermine
the equilibrium if it were "vicious". This possibility is eliminated in the

zero-profit equilibrium: any alternative moves would hurt the deviating firm.
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